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Kurzfassung

In dieser Arbeit werden drei Modelle in Zusammenhang mit zeitunabhéngig-
er sowie zeitabhingiger Streuung an mehreren Objekten analytisch und nume-
risch diskutiert. Fiir diese Modelle wurden Programme entwickelt, die numeri-
sche Naherungen fiir die Losungen der entsprechenden Gleichungen produzie-
ren. Allen Systemen gemeinsam ist eine mathematische Beschreibung, mit der
die erhaltenen Ergebnisse im Rahmen der Maxwell-Theorie, der Akustik oder
der Quantenmechanik interpretiert werden kénnen.

Das erste System ist ein zweidimensionales System, welches aus ellipti-
schen nicht iiberlappenden Zylindern besteht, die in einem homogenen Me-
dium eingebettet sind, wobei die Anzahl der Zylinder, ihre Position und Geo-
metrie sowie ihre Materialkonstanten frei gewahlt werden koénnen. Die Losung
des entsprechenden zeitunabhéngigen Streuproblems liefert die asymptotische
Winkelabhéngigkeit der Intensitdtsverteilung der gestreuten Welle, wobei auf
die Interferenz mit der einfallenden Welle nicht néher eingegangen wird. Diese
Losung wird mit einem Separationsansatzes in elliptischen Koordinaten zuerst
fiir einen Zylinder erhalten. Um diese Losungen fiir einen elliptischen Zylin-
der darstellen zu kénnen, sind spezielle Funktionen notwendig, die sogenannten
Mathieufunktionen. Diese sind zwar in der einschligigen Literatur zu finden,
sind aber im Allgemeinen eher wenig bekannt. Die Streuung an einem einzel-
nen elliptischen Zylinder kann noch mit den Mathieufunktionen berechnet wer-
den, die in 6ffentlich verfiigbaren Bibliotheken erhiltlich sind. Um die Streuung
an mehreren solchen Objekten zu berechnen, ist die numerische Beherrschung
des Additionstheorems fiir Mathieufunktionen notwendig. Von diesem existiert
derzeit keine allgemein verfiigbare Implementierung. Dariiber hinaus stellte sich
heraus, dass es fiir die numerische Konvergenz in dem gewiinschten Parameter-
bereich notwendig war, die Mathieufunktionen mit weitaus groferer Préazision
zu berechnen als dies die oben erwihnten Programme tun. Es war somit eine
Hauptaufgabe dieser Dissertation, ein Programmpaket zur Berechnung der Ma-
thieufunktionen und dem zugeordneten inneren Additionstheorem in beliebiger
Prézision zu erstellen und zu testen.

Aus einer Uberlagerung von zeitunabhéngigen Lasungen mit einem geeigne-
ten Gewichtsfaktor erhdlt man eine zeitabhéngige Version des Streuproblems,
in welchem ein zun#chst freies Wellenpaket auf die Streuer trifft. In der Nihe
der Streuer treten dann Interferenzeffekte auf, welche mit der zeitunabhéngigen
Theorie nicht beschrieben werden kénnen. Lange nach dem Streuprozess ndhert
sich dann die zeitabhéngige Losung der schon vorhin berechneten zeitunabhéngi-

gen an. Die numerische Berechnung dieser zeitabhéngigen Losungen erwies sich
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als sehr aufwindig: die erwihnte Uberlagerung der zeitunabhingigen Losungen
muss fiir eine sehr grosse Zahl von Richtungen und Wellenlédngen durchgefiihrt
werden, was das Interesse an der praktischen Anwendung dieser numerischen
Losung begrenzt. Da sie allerdings mit beliebiger Prézision fiir beliebige Zeiten
berechnet werden kann, ist das erstellte Programm als Refernz fiir Vergleiche
mit anderen Methoden durchaus interessant. Weiters ist mit der Weiterentwick-
lung der Computertechnik zu erwarten, dass das Programm in der heutigen
Form in einiger Zeit durchaus auch dazu verwendet werden kann, physikalische

Anwendungen wie photonische Kristalle zu simulieren.

Das zweite System besteht ebenfalls aus zweidimensionalen Dirichlet-Streu-
ern, diesmal von beliebiger Form, die sich in einem durch Dirichlet-Randbedin-
gungen gegebenen Wellenleiter befinden. In diesem Modell kénnen gréflere An-
ordnungen von Streuern betrachtet werden, insbesonders dann, wenn sie re-
gelméBig wiederkehren, da freie Losungen an verschiedenen Querschnitten des
Wellenleiters immer mittels der sogenannten Transfermatrix miteinander in Be-
ziehung gebracht werden kénnen. Ein Programm wurde erstellt, welches die zei-
tunabhéngige Losung fiir eine Anordnung von gleichen, durch eine geschlossene
Kurve parametrisierbare Streuern berechnet. Mit diesem Programm sollen in
Zukunft Lokalisierungseffekte in zwei Dimensionen gesucht werden.

Um diese Lokalisierungseffekte besser zu verstehen, wurde die Untersuchung
des dritten Modells gestartet: dieses ist ein eindimensionales Modell, welches aus
einem Dirac-Kamm besteht, bei dem nur endlich viele Potenziale ungleich Null
sind; es kann als einfaches Modell fiir einen unvollkommenen eindimensiona-
len Kristall gesehen werden. Wenn die Potenzialverteilung symmetrisch ist, so
konnen lokalisierte Zustdnde sowohl analytisch wie auch numerische gefunden
werden. Das neue an diesem Zugang ist, dass analytisch der Zusammenhang
zwischen Transmissionskoeffizient und einem in dieser Arbeit definierten Lo-
kalisierungsmaf} hergeleitet wurde. Des weiteren wurde in einer zeitabhéngigen
Rechnung ein Wellenpaket simuliert, welches ausserhalb des endlichen ,,Kristal-
les” startet, in diesen eindringt, zum Teil reflektiert oder transmittiert wird,
zum anderen Teil aber relativ lange im Kristall eingeschlossen bleibt, bevor es
langsam wieder herausfliesst.



Abstract

In this thesis three models related to time-independent and time-dependent
scattering at several obstacles are discussed both analytically and numerically.
Programs which produce numerical approximations to the solutions were de-
velopped for these three models. All systems have in common that they are
described in a framework which permits to interpret the results obtained in
Maxwell theory, in acoustics, and in quantum mechanics.

The first system is a two-dimensional one which consists of elliptical, non-
overlapping cylinders embedded in a homogeneous medium. The number of
cylinders, their relative positions and geometries as well a their material con-
stants are parameters which may be freely choosen. The solution of the cor-
responding time-independent scattering problem yields the asymptotic angular
dependence of the scattered wave but does not provide information on its inter-
action with the incident wave. This solution is first obtained for one cylinder
using the separation of variables technique in an elliptical coordinate system.
To express these solutions for one elliptical cylinder one needs special functions,
the so-called Mathieu functions: although they can be found in literature, their
knowledge and use is not widespread. Scattering at one single elliptical cylin-
der may be calculated with a numerical implementation of Mathieu functions
which are publicly available. For the same calculation with several objects, a re-
liable implementation of the addition theorem for Mathieu functions is needed;
presently, no such library is available. During the implementation, it was found
that in order to obtain numerical convergence of this addition theorem for the
desired parameter range, it was necessary to know the Mathieu functions with
a much greater precision than provided by already existing and available imple-
mentations. Therefore, one of the principal tasks of this thesis was to produce
and test a software package which provides reliable approximations for Math-
ieu functions and the corresponding inner addition theorem. This required
the implementation of an internal part of the calculation in arbitrary precision
arithmetic.

In the sequel time-dependent solutions of the scattering process were ob-
tained by superposition of time-independent solutions with appropriate weight
factors. In these time-dependent solutions, a free wave packet which is free in
the beginning hits the scatterers. In the vicinity of the scatterers, interference
effects occur which cannot be described by time-independent theory. A long
time after the scattering process, the time-dependent solution converges asymp-
totically to the already calculated time-independent solution. The numerical



calculation of this time-dependent solutions turned out to be very expensive
in terms of computational cost: the superposition of the time-independent so-
lutions has to be performed for a large number of directions and wavelengths.
This limits the possibility of an application of this numerical scheme to physical
problems of practical interest. However, as the solution can be calculated with
arbitrary precision for arbitrary times, the program should be of interest as a
reference for comparison with other methods. As well, one can expect that with
ongoing development of computer technology it will become possible to use the
program in its present form to simulate physical devices like photonic crystals.

The second system studied consists of Dirichlet scatterers of arbitrary shape
which are placed in a waveguide given by Dirichlet boundary conditions. In this
model, one can study more extended structures of scatterers, in particular regu-
lar arrays, because free solutions at different cross sections in the waveguide can
be related with the transfer matrix technique. A repetition of this process yields
a repetition of the structure; the numerical realisation of this is computationally
very cheap. A program has been written which calculates a time-independent
solution of a given structure of identical scatterers which may be described by
a closed curve. With this program, it is intended to study localisation effects
in two dimensions.

In order to get more insight into localisation effects in two and three dimen-
sions, the analysis of a third model was undertaken. This model consists of a
Dirac comb in one dimension with only a finite number of non-zero potentials.
It may be seen as a simple model for an imperfect one-dimensional crystal. If
the potential distribution is symmetrical, localised states can be found analyt-
ically and numerically. An interesting result is the fact that maxima of the
transmission and localisation (in a measure defined in this work) are related to
each other. As well, in a time-dependent simulation, a wave packet was sim-
ulated which starts from outside of this finite ”crystal”, enters the crystal, is
partially reflected or transmitted, but in part also kept enclosed in the crystal
for a relatively long time before it dissipates slowly.
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Chapter 1

Introduction

The physical problem considered in this thesis is multiple scattering [1] of waves,
i.e., scattering in one and two dimensions by finite arrays of objects with var-
ious boundary conditions. In this context, scattering means the interaction of
an incident field with one or more obstacles. The solution of this problem is
theoretically interesting and important in many areas of physics, whence it is
a classical topic of research. The solution of the problem of many scatterers is
more complex than for one and thus it took longer to understand it: one of the
first papers on multiple scattering was written by Zaviska in 1913 [2]; for recent
research see, e.g., [3], where a problem similar to the one studied in chapter 3 is
discussed. The notion of multiple scattering refers to a recursive way of solving
the problem of scattering by several objects: the mathematical description of
the physical process starts by ignoring completely the interaction between the
waves of the individual obstacles, then introduces various 'orders of scattering’
by taking the scattered waves from every obstacle as new incoming waves. This
process eventually leads to a converging series and is one way to treat scattering
by several objects.

In this thesis, we consider several models. In all of them it is assumed that
the reaction of the objects to the incoming field may be described by linear
response theory. The first model considered is scattering of electrodynamic,
acoustical or quantum mechanical waves by elliptical cylinders. The necessary
mathematical framework is formulated in chapter 2 along with the boundary
conditions and asymptotic conditions at infinity which allow one to obtain a
unique solution of the problem. The reason why elliptical cylinders were chosen
is that it provides for each obstacle two more degrees of freedom than in the
simplest model (cylindrical obstacles): the ratio of the axes and the orientation
may be varied for each cylidner. Formally this problem is closely related to the
three-dimensional problem of scattering by ellipsoids. Despite of the general
analogy and the close relation of the special functions involved the treatment
in two dimensions is much simpler because only one scalar function of two
variables has to be computed. Thus it seemed to be reasonable to study this
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problem first.

The time-independent scattered fields are calculated in chapter 3 using the
separation of variables technique for an arbitrary number of scatterers with
given positions, geometries and material constants. The separation of variables
technique is based on the choice of the ’right’ coordinate system in which the
Helmholtz equation is solved; it anticipates the fact that in the following the
vacuum does not fill the whole space but only the exterior of one or more regions
which have a simple geometrical form in an appropriately chosen coordinate
system. The scattered wave is then expanded in eigenfunctions of the Helmholtz
equations. To determine the yet unknown coefficients of the expansion of the
scattered wave, we employ the boundary conditions described in chapter 2.
During this process, the field inside the scatterer is calculated, too.

If two or more scatterers are present it is not possible to solve the scattering
problem by simply adding the scattering waves of the isolated single scatterers
to the incident plane wave. The first-order multiple scattering approximation is
obtained if the response of the second cylinder to the primary scattering wave of
the first cylinder is added to the primary scattering wave of the second cylinder,
and vice versa. This yields the already mentioned iteration scheme which con-
verges to the solution of the multiple scattering problem: the incoming plane
wave plus an outgoing scattering wave for each scatterer. The mathematical
tool needed to realise this program is the so-called addition theorem where an
outgoing wave related to one coordinate system is expressed as superposition
of regular partial waves related to another coordinate system.

The second model is described in chapter 4: the physical process of scatter-
ing is now taking place in the interior of a waveguide with Dirichlet boundary
conditions. The waveguide has the advantage that by means of the transfer ma-
trix method, which relates free solutions at two cross sections of the waveguide,
calculations for bigger structures or even a periodic structure are easier per-
formed. The solution is based on the Green’s function method for an arbitrary
number of Dirichlet scatterers of arbitrary shape.

One application of multiple scattering is to understand localisation effects
due to constructive and destructive interference. The concepts for these local-
isation phenomena are discussed in chapter 5 with a one-dimensional model
system based on a transfer matrix approach. This approach turns out to be
useful for finite structures, both regular and irregular ones. In the first ones,
the concept of bands and gaps can be introduced with great advantage: they
express the fact that, depending on their wavelengths, some waves can pene-
trate the structure in question while others cannot. An interesting phenomenon
is localisation, in particular time-dependent localisation which is not so com-
monly studied. In chapter five, the situation of a wave packet entering a finite
one-dimensional crystal described by a Dirac comb is discussed in detail and
related to ’localised states’.



In order to proceed from the time-independent solutions already found to
time-dependent ones, we introduce in chapter 6 a weighted integral over two-
dimensional k space which yields a time-dependent solution. Here, the choice
of an efficient integration method is crucial for the numerical approximation.
Details of this choice are given in chapter 8.

In chapter seven, Mathieu functions are described in detail. They are special
functions analogous to sine and cosine, with the difference that the underlying
coordinate system is not circular but elliptical. These functions were used in
chapter 3 for time-independent scattering by elliptical scatterers embedded in
vacuum.

In chapter 8, the chosen numerical implementation of the formulas pre-
sented in the previous chapters is described in some detail. Chapter 9 presents
numerical results obtained with the code written during this thesis, and finally,
chapter 10 summarises, concludes and gives an outlook.
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Chapter 2

Formulation of the problem

In this chapter, the physical problems and the equations used to describe them
are presented. In particular, a common framework is formulated for electro-
magnetic, quantum mechanical, and acoustical scattering problems. We start
by explaining what is meant by scattering and then introduce the mathematical
framework we are working with, the meaning of the parameters entering there,
and the boundary conditions needed to obtain a unique solution of the given

problem.

2.1 Introduction to scattering

Fig. 2.1 shows a schematic view of the scattering problem considered here. An
incident field u™ interacts with a scatterer which occupies a bounded region
O with surface 9O in two-dimensional space R2. The total field u**' in the

' scattered field

scatterer

incident
field

Figure 2.1: Schematic scattering process

surrounding medium R?\ O is equal to the sum of the incident and the scattered
field, i.e. u'°* = u™ 4. The field inside the scatterer is called the internal field
u™. The problem is to determine the unknown scattered and internal fields in
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terms of the known incident fields. The mathematical formulation is based on
Helmholtz equations in R?\ O and O, boundary conditions on 0O that depend
on the physical nature of the field (electromagnetism, quantum mechanics, and
acoustics), and an asymptotic boundary condition far away from the scatterer
which we introduce in chapter 3. We show that with certain assumptions, we
can find the same basic equations regardless of the theory we are working with.
Thus, it is possible to interpret the results obtained in this thesis as solutions
of electrodynamic, quantum mechanical, and acoustical problems.

Figure 2.2: Schematic evolution of a free wave packet

The time-dependent scattering process for one scatterer is sketched here
in order to illustrate time-dependent scattering and also to relate it to time-
independent scattering. In Fig. 2.2 a free gaussian wave packet moves upwards
with constant velocity, its horizontal extension being essential given by the
two branches of a hyperbola (cf. chapter 6). If a scatterer is placed at the
center of this hyperbola, the initial evolution of the wave packet is the same as
long as the packet is sufficiently far away from the obstacle (Fig. 2.3). Long
after scattering process the wave packet is concentrated in a ring which moves
outwards from the scatterer with constant velocity. The wave packet is given

Figure 2.3: Schematic evolution of a scattered wave packet long before and long
after the scattering process
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by the superposition of the original free wave packet and a scattering wave
packet both located within the ring. The angular dependence of the scattering
wave packet is usually determined by time-independent scattering theory. Note
that within the hyperbola the two packets interfere, reducing the intensity in
the forward direction. This corresponds to the shadow caused by the obstacle.
Information about the scattering process, e.g., the structure of the wave packet
in the vicinity of the scatterer, is implicitly fixed by time-independent theory
but cannot be easily deduced from this theory.
The time-dependent general equation is

Ao L PN =0 (2.1)
2(x) ot? sy =5 '
where we assume that
‘ llim c(x) = co. (2.2)
The Fourier transform
1 [ -
u(x,t) = o /_OO u(x,w)e” ! dw (2.3)
and its inverse o
u(x,w) = / u(x,t)e™t dt (2.4)

yield a time-independent version of (2.1) for every value of w:
(A + %K) u(x) =0, (2.5)

with

cok = w, v(x) = — (2.6)

v(x) is a function whose meaning depends on the underlying physical theory.
In our models, y(x) is constant inside and outside the obstacle with different

)1 x € R?\ O
V(X)_{’y;«él O (2.7)

values.

It will be specified later on for the three theories under consideration. We will
only consider boundary conditions at the surface O which can be put into the
following general form!.

u(®)| g0+ = 0| eh0- (2.8)
0

a*n“(x) oo+ = ™M (Tnu(x) | xes0- (2.9)

Eqns. (2.7) and (2.8) may be generalised in an obvious way for any finite
number of obstacles.

!This means that we do not consider acoustical impedance boundary conditions
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2.2 Electromagnetism

In SI units, the Maxwell equations in a medium read as follows.

divD = p (2.10)

0B
tE4+— = 0 2.11
rot E + T ( )
divB = 0 (2.12)

oD
tH—— = J 2.13
ro 5 ( )

J and p denote the free current density and the free charges. They are sources
which are independent of the materials, i.e., all the induced currents and charges
are included in the fields H and D. The medium is characterised by two macro-
scopic fields: the polarisation density P and the magnetisation density M,
which are related to the fields D, E, B and H by [4]

D = ¢E+P=(1+x)eE =¢€cE =¢cE, (2.14)
B = puH+M)=(1+xm )poH = ppnoH = puH. (2.15)

In these formulas, the quantities characterising the materials are called as fol-
lows: xe is the electrical susceptibility, x,, the magnetic susceptibility, € is called
electrical permittivity, and finally u is known as the magnetic permeability. The
constants €y and pg are the vacuum values of € and p. They are related to the
vacuum velocity of light ¢y by the relation

cotto = (2.16)

o
om‘ —

We limit ourselves to isotropic, homogeneous materials, i.e., €, and u, are scalar
quantities whose magnitude does not depend on the field strengths, but may
depend on the position in space. In this case Maxwell’s equations reduce to

divE = : (2.17)
€1€0

0B
tE+— = 0 2.18
divB = 0, (2.19)

€rpir OE
tB — — = puod. 2.20
ro 2 ol firH0 (2.20)

Note that the frequency dependence of € and u is neglected in these equations,
although every real material exhibits such a dependence. However, this depen-
dence is not crucial for our purposes. In the following, we will limit ourselves
to a material with all the restrictions mentioned so far. Using the equality

rotrot A = graddiv A — AA (2.21)
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we get by straightforward combination of Maxwell equations the inhomogeneous
vector Helmholtz equation

erfiy O°E

AE —
cg Ot?

= prpiod. (2.22)

Boundary conditions

If a change in the material constants occurs — caused by the obstacle O with
surface 9O that we intend to study — the normal components of D and B and
the tangential components of E and H on either side of the obstacle are related
according to [4]

n-(Dy—Dy) = o, (2.23)
nx (Ey—E;) = 0, (2.24)

n-(B,—By) = 0, (2.25)
nx (Hy—H;) = K. (2.26)

n denotes the normal vector on 0d0O. Here, it is assumed that the external
charge density p is singular at the interface and may therefore be interpreted
as an idealised surface charge density o. As well, K is the idealised surface
current flowing on 0. Note that these still are the external sources and not
any induced charges or induced current densities. The induced charges and
currents are reflected in the discontinuities at 0O of the normal component of
E and the tangential component of B.

Harmonic time dependence

Fields with a harmonic time dependence e™™!, where w = kcy, lead to the

following Fourier decomposition of the Maxwell equations.

divE, = -2 (2.27)
€r€0
rot Ey —iwwBr = 0 (2.28)
divBy, = 0 (2.29)
rot By + iw "By = oo (2.30)
i)

With ‘2—22 = k? the wave equations for the electric and the magnetic field become
0

1
gradp — iwpirpoJ g, (2.31)
€-€0

(A+ eru,«k2) By = —prporot Jy. (2.32)

(A + erprk®) By =
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The model studied

In the following, we assume that ¢, and u, are piecewise constant functions
inside and outside the obstacles.

er(x) = {1 x¢0 (2.33)

e#1 xeO0
)1 x ¢ O
“T(X)_{ur R (2.34)

We further assume that free charges and currents do not exist within a finite
distance of the obstacles.

SN
o o o o

We then obtain the wave equations (2.1) and (2.5) with
V= Erfly (2.39)

Two-dimensional problems

Next we assume that the problem considered is two-dimensional, i.e., that all
planes parallel to a chosen axis — say the z axis — are physically equivalent: the
field vectors do not depend on z, and the obstacle is a cylinder with arbitrary
cross section whose axis is parallel to the z axis. The Maxwell equations then
simplify in the following way [5]: They decouple and we obtain two cases of
different polarisation, one called the transversal electric (TE) and the other
transversal magnetic (TM). Note that the terminology used for these two cases
is not unique [6]. The k vector of the incident field lies in the z-y plane.
The TE polarisation then refers to the situation where the incident electric
field is transverse to the z-y plane, i.e., E(x) = E(z,y)e,. As this means
that the electric field is parallel to the obstacle, we will call this the E-case.
Similarly, the TM polarised case refers to an incident wave with magnetic field
H(x) = H(z,y)e,. As this implies that E,(x,y) = 0, we refer to this as the
E | -case.

2.2.1 General equation and boundary conditions

We further have to specify the boundary conditions on the surface JO of the
obstacle O for the two cases. That is, the constants vy and v; vary depending
on whether we consider the E or the E | case.
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The EH—case

We set Ei(x) = u(x)e,, i.e., the incident electric field is parallel to the cylinder
axis z, and the magnetic field is normal to the cylinder. We then get the
following coefficients for the boundary conditions (2.8) and (2.9)

Y =1 E'™"8 continuous, (2.40)

1
mM=— H'™"8 continuous. (2.41)
oy
In the limit of the perfectly conducting cylinder (¢, — oo, g, — 0, €.pp =

const.) we get only one boundary condition, namely
u(X)|, cpo = 0- (2.42)

The E | -case

Similarly, we set By (x) = u(x)e, here; now we get from Maxwell equations and
the boundary conditions the following relation for general boundary conditions
and material constants.

1
Yo = — H'™"8 continuous (2.43)
L
1
v = E™"¢ continuous (2.44)
Er My

In the limit of the perfectly conducting cylinder (¢, — oo, g, — 0, €y =
const.) we now get the boundary condition

0

%u(x)lxeao =0. (2.45)

2.3 Quantum Mechanics

The situation in quantum mechanics is less complex. We want to solve the
one-particle Schrédinger equation [7]

L op(x,t) K2
whose time-independent form is obtained with the ansatz 1 (x,t) = u(x)ef%Et:
h2
—%Au(x) + V(x)u(x) = Eu(x). (2.47)

The model studied

In the following, we assume that V' (x) is a piecewise constant function inside
and outside the obstacles.

{O x¢0 (2.48)
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2.3.1 General equation and boundary conditions

Again, we obtain the general time-independent and time-dependent wave equa-
tions (2.5) and (2.1). If, k? and 7?(x) are given by

B2 %E (2.49)
oK = (B~ V(). (250)

The boundary conditions at dO are determined by the fact that the wave func-
tion and its normal derivative have to be continuous. Thus, the coeflicients for
(2.8) and (2.9) are

Yo =1 u(x) continuous, (2.51)
0
m=1 a—nu(x) continuous. (2.52)

In the limit V' — oo, the derivative of the wave function jumps and we get the
Dirichlet boundary condition

w(x)|, o0 = 0. (2.53)

2.4 Acoustics

The wave equation for a homogeneous, lossless, source-free medium at rest is
given by the familiar wave equation for the density [§]

Pp(x,t)

A (x)Ap(x,t) — o2

=0. (2.54)
However, as the boundary conditions introduced below will depend on normal
velocity and pressure, this is a too general equation. Thus, we introduce the
further assumption that, in the equilibrium state, the fluid is at rest and that
the acoustical changes are isentropic. In this case, the relation between the
acoustical pressure and its equilibrium value is given by

()
P po)

where v is the ratio of the specific heats. Linearisation yields the following
relations between the acoustical pressure p = P — Py, the acoustical density
d = p — po, and the speed of sound ¢yp. The index 0 denotes equilibrium
quantities.

p = ¢ (2.55)
P,

2 = 0 (2.56)
Po
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Eventually, we get a more specialised version of the wave equation which is ex-
pressed in terms of pressure and thus expressed in the desired quantity, suitable
for simple application of the boundary conditions.

1 9%p(x,1)
2(x) ot?

Ap(x,t) — =0 (2.57)

A quantity that we will need further on is the velocity

1
u(x,t) = o /gradp(x, t) dt. (2.58)

Harmonic time dependence

Assuming again harmonic time dependence, i.e.,

p(x,t) = p(x)e™", (2.59)

we obtain the now already familiar form of the wave equation when kcy = w

62
Ap(x) + — &) k2p(x) = 0. (2.60)

The harmonic and linearised expression for the velocity (2.58) is

u(x) grad p(x). (2.61)

~ ikpoco
The model studied
We assume in the following that ¢(x) and p(x) describe two different media.

o(x) = {C+ x¢0 (2.62)

cc x€O0

+ X
p(x) = {2_ ) i g (2.63)

Boundary conditions

The boundary conditions on the surfaces of obstacles are: both the normal
velocity through the boundary surface and the pressure across the surface have
to be continuous.

p(X)‘x€80+ = P(X)\xeao, (2.64)
10 10
E@inp(x) ‘xeao+ = %%p(x) ‘xeaO* (2.65)

The speed of sound ¢(x) does not appear in (2.65) because it has no effect in
the order considered in the linearised theory. Two limits to these boundary
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conditions exist: the acoustically soft case where the pressure vanishes on the
surface

P(¥)|xe00 = 0: (2.66)

and the acoustically hard case, where the normal velocity, and thus in our model
the normal derivative of the pressure, vanishes on the surface.

0

a—np(x)‘xeao =0 (2.67)

2.4.1 General equation and boundary conditions

Again, the equation has the desired form for the pressure p(x) = u(x). With

the equilibrium speed of sound ¢y, we get the following expressions for k? and

v

2

o= 2 (2.68)
0
2

V(x) = CQ(OX)' (2.69)

Finally, the v coefficients for (2.8) and (2.9) are

v =1 p(x) continuous, (2.70)

o

2 u(x) continuous. (2.71)
Po

71

2.5 Summary

In this chapter, we introduced the Helmholtz equation and the corresponding
boundary conditions for two-dimensional electromagnetic, quantum mechanical
and acoustical problems. The meaning of the constants has been given for
each of these theories. These equations, supplemented by suitable asymptotic
boundary conditions, are the mathematical framework used to discuss various

scattering problems.



Chapter 3

Scattering in vacuum

In this chapter we discuss solutions of the time-independent Helmholtz equation
in an infinite domain in which an array of cylinders is embedded.

(A + &) u(x) =0, for 2 € R*\ O (3.1a)
(A +77k%) u(x) =0, for x € O; (3.1b)

Here, O is the union of several bounded regions (’scatterers’) O; C R?

o=Jo:, 0ino;=0. (3.2)

We will use the separation of variables technique for elliptical cylinder geometry.
A review of other methods commonly used to solve scattering problems may be
found in [9]. It is well known [10] that the Helmholtz equation plus boundary
conditions at the scatterer are not sufficient to obtain a unique solution of
the time-independent scattering problem. This question has been investigated
by Sommerfeld [11] in connection with the Green function of the Helmholtz
equation for spaces of infinite extent: a supplementary condition has to be
added in order to uniquely specify the scattering problem in an infinite domain.
This condition is called radiation condition.

Formulation of the time-independent scalar scattering problem

The function u(x) = u'®(x) + u*(x), whose physical meaning was discussed in
chapter 2, is uniquely determined [12] if the following conditions are fulfilled.

(a) u(x) satisfies (3.1a) and (3.1b).

(b) wu(x) satisfies homogeneous boundary conditions of the type

“(X)’xeaoj = ’)/((]i)u(XHanO; (3.3)

0 (i) O
50X ’xeaoj N g tx) ‘XGBO;
(4) (4)

where «,” and 7y, are constants or specified functions of position.

15
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(¢) For r = |x[, the scattering wave u*°(x) fulfills the radiation condition

lim 7 <‘9“SC(X) - ikuSC(X)> 0. (3.5)

r—00 or

The sense of the — sign in the radiation condition will become more evident

in chapter 6, where time-dependent scattering is introduced.

Separation of variables method

The basic idea of the separation of variables method [9] is to make a separation
ansatz for the solution of the scalar Helmholtz equation (3.1a, 3.1b) and to
obtain from the scalar Helmholtz equation a set of differential equations for
each component. In order to make this happen, we first have to formulate the
partial differential equation in a coordinate system adapted to the geometry of
the problem. Then, in this particular coordinate system, we have to separate the
equation into as many ordinary differential equations as there are dimensions to
the problem. The solutions of these equations are finally used as building blocks
for the construction of an unique solution that fulfills the boundary conditions
[13].

The separation of variables method is very useful if the shape of the scatterer
may be described by a simple geometric form. There exist (at least) eleven
coordinate systems called separable coordinate systems for which this method
works for the Helmholtz equation [14]. These coordinate systems allow families
of separated solutions from which all solutions of the Helmholtz equation can
be built up.

3.1 Scattering by one elliptical cylinder

First, we solve the scattering problem for one elliptical cylinder as sketched in
Fig. 3.1. Now we are looking for a function wy fulfilling the scalar Helmholtz

equations

(A +E*) u(&,m) =0 £> & (3.6)
(A+ w2k2) u(&,m) =0 § < &o (3.7)

in the implicitly defined elliptical coordinate system

(z,y) =x = (hcosh&cosn, hsinh&sinn) = X(h, §) (3.8)

(5’ 77) :s — COSh_l \/Sh,x,y ;_h;/ th,z,y ’ O'(:E, y) + COS_l \/Sh,a:,y - thw,y — E(h, X)

2h?
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Em)
12738 i(@m) i§?<ign \
u(En)

boundary /
conditions
/
/
as}r’qptotlc /
boundary_ 27
conditions ™ ~ -~

— —

Figure 3.1: Scattering by one elliptic cylinder

where the o(z,y) depends on the quadrant containing (z,y) in the following

way.
0 zz>0,y>0
z <0,y >0
olwy) =42 -7 (3.10)
T x<0,y<0
32> 0,y<0
Finally, 2h is the distance between the two focal points and
Shay =h° + 2% +y°, (3.11)
thay =4h%y? + (a:2 +y? — h? )2 . (3.12)
In the coordinate system (3.8), the Laplacian reads [14]
2 o
A= — + == |. 1
h? [cosh 2§ — cos 27 | (8{2 * 87)2) (3:.13)

In addition to (3.6) and (3.7) we impose the following conditions.

1. Continuity of uy(&,n) and grad uk(§,n) for x ¢ 90. As we see from (3.9),
necessary conditions for smoothness of uy (&, n) are

li_r% [uk (€, €)—uk(€,2m —€)] =0, (3.14)
9 5 -

li_r)% _a—nuk(f,e)—a—nuk(f,Qﬂ - e)_ =0, (3.15)

11 im [uk (e, n)—uk(e,2mr — )] =0, (3.16)

lii% aaguk( )—l—gguk(e,%r - n)_ =0. (3.17)
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2. Radiation condition in elliptical coordinates

tim VicE (e - ) e - afen] =0 (319

where ui’(¢,n) is the incoming wave e’ in elliptical coordinates.

k = (kcosf,ksin 8)7 (3.19)
uf(&m) = €= " ey(Bia)MP (& gr)mep(mi i), (3.20)
p=—00
Pmey(B; qr) p=>0
B; = v 3.21
) {—(i”)mep(ﬂ; a) p<0. 21
In these equations
272
Gk = % (3.22)

and the functions M (5, qr) and mey(n; i) are Mathieu functions and
Modified Mathieu functions in the notation of chapter 7.

3. Boundary conditions at & = &.
lirn {uk(&) +€,1m)—youk(&o — €, n)} =0 (3.23)

tiy [ 6o + )= e — )] =0 (328)

The constants v9 and v, are discussed in chapter 2.

General solution

Solutions of (3.6) are products of Mathieu functions me,,(n; q) in the ’angular’
variable n and modified Mathieu functions M;(,j ) (&;q) in the ’radial’ variable
¢ (cf. chapter 7). There exist two linearly independent modified Mathieu
functions which we characterize by thelr behaviour when the ellipse becomes a
cylinder (h — 0). The first one, M (§ q), becomes the Bessel function and
the second one, M (§, q), the Neumann function; moreover M( ) = Mél) +
’LMI(7) and Mz(;l) = Mz(,l) 'Mz(f). These functions and their properties will be
discussed in chapter 7. The products of angular and radial Mathieu functions
are called ’partial waves’ related to a certain k. M (f qr)mep(n; g ) is called an
‘outgoing’ partial wave in the sense of (3.5) and M (5 s qk)mep(n; gr) a ‘regular’
partial wave because it is smooth. A general solution uk(§,n) of equations (3.6)
and (3.7) is

(0
ue(§,m) = {u‘(‘ (€ foré <& (3.25)
k

u(&,m) for &> &
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where

Z ap M) (& 7% qr)mep (0 ¥ qr)

p=—00
and

o0

u(&m) = Y [ V(& ar) + oM (&5 gr) | mep (115 qi)-

p=—00

Asymptotic boundary condition

The radiation condition (3.18) implies that

cp = €p = €p(B, qx).

Boundary condition at the obstacle
With (3.28), the boundary conditions at £ = &£ become

[ee])

> [epMy(:»l)(go;Qk)"’dng(;?))(‘fOQQk) me, (1; g) =

p=—00

% Z apMY (&0; v qr)mep (0 v ax)

p=—00

and

Z d£ (£O7qk’) dp dg

p=—00
00 (1)
dMS,

Ny ap—r— a& (€03 72 ar)mep (10572 qr).-

p=—00

00 (1) (3)
dM,, dM;;
[ep (&»%)] me,(7; qx) =

Solution of the truncated set of linear equations

19

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

Since the parameters in the Mathieu functions are ¢; on the left hand side and

72q on the right hand side, the situation is more complicated than for circular

cylinders where the same angular functions appear on both sides. With

27
Apr(qu,q2) = me,(n; q1)me,(1; g2) dn
0

(3.31)
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egs. (3.29) and (3.30) become by integration over fo% me,(1; qx) dn

M®) (€03 qr) =0 >, M (&0; v ak) Apr (g Yo ar)ap =

p=—00
—eMWY (€05 qr), (3.32)
dM(g) oo dM(l)
dr——(&oiar) — > —— (oY ar) Apr(ars ¥ ar) ap =
¢ 2T
am
BT (€05 qr)- (3.33)

For actual calculation, this linear system has to be truncated with —P <p < P
and —R < r < R (cf. section 8.3 for the details on the truncation procedure).
In order to formulate these equations as a linear system which can be solved by
standard methods, we introduce the following matrices. We use the notation
Diag (dy,ds,...,dy) for diagonal matrices with the entries dy, do, ..., dy.

A_p_p(a7ar) - A—rp(ae;v2ar)
Arxp(qr, V) = : : (3.34)
Arp_pla;Y’ae) - Arp(a" ar)
M%) (&0 ar) M (€03 1)
MRgxr Diag ( 11)% ] L) ﬁ) ] (335)
ML % (€05 qr) Mg (fo, Qk)
o) (3) a
DE — 4 M y 4
M%. r = Diag 8; (1]; (03 ax) e 8 (&) 2 (3.36)
aig -R (£O7qk) M (‘507(]/6)
1 1
MRXR - Dlag T (337)
1) . (1) (¢ .
M5 (605 qx) M3 (o; qr)
1 1
dM]a%xR — Dlag A (338)
GMY) G AMY (o)
‘Mpyp =Diag (MJ}; (C0:7%qr) -+ MY (&o; ’Y2Qk)> (3.39)
@ ) )
M%, p = Diag <8§ 11)3 (&057°ar) - ’%M%) (50;72%)) (3.40)

A vector xp with index R means that the vector x which has an infinite number
of components is truncated to

XR:(JJ,R,.T,R+1,...,$R,1,1‘R). (3.41)
We now reformulate the equations (3.32) and (3.33) in the following way.

Mrxrdr = —egr + 7 Mrxr Arxp (072 ar) ‘Mpxpap (3.42)
M% pdr = —er + 71 ‘ME, p Arxp (aw; 72%) "M%, pap (3.43)
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If we eliminate ap, we obtain

XdR = —YeR (3.44)
with

1 2 i -1

%( MprxrRARxP(qk; 7V k) ‘Mpxp)  Mprxr (§o0;qx) —

1 d i 1

%( M9, rARx P (qk; V2 qr) "M% P) M2 i (€05 ar) | (3.45)
1 1
%< Mgy RARx P (q1; V2 qr) MPXP)

1 dpn 0 2 -1

*1( M% . RARx P (qk; Y k) MP><P> : (3.46)

Note that for the inverse of the matrices to exist, we must demand R = P.
If we do not wish to set R = P or if, in a possible evaluation scheme, matrix
inversion is not the preferred method of solution, it is more convenient to join
the two vectors dr and ap into one single vector called v p:

VRer:(d,R,...,dR,a,p,...,aP). (347)

Then, we obtain, with the 2R x (R + S) matrix

_ d . ~2 i
Mgrxr 70 MRxRARxP(Qk,7 q’f) Mpxp (3.48)

U= ,
~M% k1 MY g Arxp (@157 ak) "M p

and the vector
ep+p = (e_R,...,eg,€_p,...,€ep) (3.49)
the set of linear equations
Uvrip = egyip. (3.50)

As we will see, it is also more convenient to demand R = P in this formulation.

Limiting cases

Note that in the limit of Dirichlet boundary conditions at 0O and v = 0 in O
(e.g., ideally conducting cylinder for the E| case, soft acoustic obstacle) (3.29)
and (3.30) become, according to chapter 2, a,, = 0 and

o0

> { oMY (o5 k) + dp M (éo,Qk)] mey(1; gx) = 0 (3.51)

p=—00

with the solution

(1) ¢ .
dp(o, qr) = — w%(a,%)- (3.52)

) (os ar)



22 CHAPTER 3. SCATTERING IN VACUUM

°/ %
\ scattered wave

- \

N scatterers

incoming
wave

Figure 3.2: Multiple scattering by elliptical cylinders

Similarly, the Neumann limit (e.g., ideally conducting cylinder for the E
case, hard acoustic obstacle) leads to the boundary conditon

S amV M@
E Cp dg (o5 qr) + deg(fo;Qk) me,(1;qx) =0 (3.53)
p=—00
with the solution
amiH (&:
—at— (&3 ax)
dp(, qx) = — deg)iep(a, qr) - (3.54)
— P .
d¢ (évak)

3.2 Scattering by several elliptical cylinders

Next we consider time-independent scattering of electromagnetic waves by an
array of elliptical cylinders. If N > 1 scatterers are present it is not possible
to solve the scattering problem by simply adding the scattering waves of the
isolated single scatterers (‘primary scattering waves’) to the incoming plane
wave. This is an approximation which only makes sense if the distances between
any two scatterers exceeds a critical value that depends on the wave length of
the incoming wave and the related cross section of the single scatterers. If this
condition is not satisfied one has to take into account that a scattering wave
which emerges from one cylinder modifies the regular field in the vicinity of
another cylinder. As illustrated in Fig. 3.2, no a priori limitations are imposed
on the number of scatterers, on the geometric parameters that fix their elliptical
form, on their orientation, on their relative positions (except that overlap is
forbidden), and on their material constants.

To describe non-confocal elliptical coordinates labelled with an index [ we
use the following implicitly defined excentric coordinate system.

T = p(l) cos 1/1(1) +h® (cosh f(l) cos n(l) cos o) — sinh 5(1) sin n(l) sin a(l)>

Yy = p(l) sin w(l) + AW (cosh f(l) cos n(l) sina® + sinh f(l) sin n(l) cosa(®)

N——
—~
o
(S
(=}
~—~
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With (3.8) and (3.9), we can write this as follows.

x =x® 4 D(a®)X (hm, 5(1)) —xO (gl)) (3.57)
¢ =2 (n0,D(-a®)(x - x")) = £0(x) (3.58)
o) - () @

Besides p, @, o) and bV, the parameters of the I’th cylinder are its ra-
dius &0 and the material constants 7(1),7(()”, and ’yg). The area covered by
the I’th cylinder is denoted by Ol C R2, bounded by the ellipse 0; which
is parametrised by 5(()” = <§l . ) If a quantity is cylinder-dependent, its
cylinder number is added as a superscript in parentheses. An exception to this
rule is El(%l) = ¢m) (X(l)(ﬁg))) meaning the ’elliptic’ radius of the I’th cylinder
expresseci in the coordinate system of the m’th cylinder.

General solution

Let u! )(f(l),n( )) be the incoming wave expressed in the coordinates of the
I’th cylinder, iul({m) (f(m),n(m)) the interal wave of the m’th cylinder, and
eul(:n) (€(m) (™)) the outgoing (scattering) wave from the same cylinder. The
superscript (1) in £ and 7 denotes the fact that these are local coordinates rela-
tive to the coordinate system of the I’th cylinder as defined in (3.55) and (3.56).

They are given by

W= Y dMP (™) mep (ma™) for € > &m0,
p=—00
(3.60)
i, (m > m m)2 (m m)2 (m
e =Y almM® (5;7( g )) me,, (77;7( g )) for & < &m.o,
p=—00
(3.61)
where
JRINOE

N
uge(x) = ul(x) + Z euf(m) (ﬁ(m) (X)) for x ¢ U Om, (3.63)

uk(x) = iuf(l)(f(l (x)) for x € Oy (3.64)
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Plane wave

@

If the origin of the I’th coordinate system is denoted by rg’, the incoming
wave function in this coordinate system may be expressed with the help of the
two-dimensional rotation matrix D(a) given in (3.59) as follows. Note that

k-D(aM)x = D(—a®M)k - x.
. ikr® ieD(a®)x ikr) in
uk’(l)(r(()l), ()75( )>77(l)) — eikry’ pikD(aM)x; _ ikerg uD(_a(z))k(f(l)’n(l)) (3.65)

)
=c*n 37 (B — oD M (ED; g ymey (1Y)

p=—00

(3.66)

For the definition of 3 see (3.19).

Boundary conditions at the obstacles

The N boundary conditions for the obstacles labelled by 1 < | < N read as
follows.

! l m m D (1 l
ur O, aDiel) + 3wl €y =+ W) 67

\w i

0

0 7
M) = o ) (€)) (3.68)

N
in, (1 !
A CEDY " 9e®

k
oeW —

QD

£

If we consider the boundary equations at a given cylinder with index [, the
first step is now to express all the outgoing fields from all other cylinders with
index m # [ with the help of the addition theorem.

Addition theorem

To solve these equations, we have to express an outgoing partial wave related
to one coordinate system (index [) as superposition of regular partial waves
related to another coordinate system (index m) as sketched in Fig. 3.3. This
may be done with the so-called addition theorem for Mathieu functions.

M, D055 = 3 B, 00—l 1) )
M (gtm; Q;E;m))mer(n(m); q,ﬁm)) (3.69)

The addition theorem and its coefficients B,(fg (v,a, k,q1,q2) are described in

detail in chapter 7.
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Figure 3.3: Two elliptical coordinate systems

The set of linear equations
The transformed equations (3.67) and (3.68) read as follows.

S e (6 ) mey (10 0) + 30 3

—=—00 m=1 p=—o0
P mi P

S BEP™, am — o kg™, ) )MD (] g yme, (0

+ i dz(vl M(B <5l0’qk >mep (77()7ql(cl))

p=—00

2 2
=S amD (5}2;7(” q,il)) me, (n(”;v(l) ql(f))

N [e'e)
5 0 () o 1) + 3 3°

—=—00 m=1 p=—00
j2 ml P

m l ! l l
ZB,p cam — D kg™, g MO () ¢ yme, (nV; ¢

+ 820 i dM <§lo,qk )mep (n(”;q;(f))

) 0 ! 2 2 (1
>y az(f)@Mél) (51(,3;7(” q;i)) me,, (n(’);v(” q,(c))

25

(3.70)

(3.71)
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Truncated set of linear equations

We multiply the equations we obtained in this way with me, (n(l);q,(cl)) and
integrate them over 7)) from 0 to 27. This yields, using (3.31)

@)

S otk )y o (m) p(3) (lm o . g™ O
M( ) (g() q(l)) drl € ; Z; dpm Brl,pm(p y Om, — Jkoaq s ap )+
T 1,00 4k m;l Pm=—00
00 (1) (5 (z) ())
! 1,007 i
R e () o )
pi=—00
(3.72)

d B (), (@)
e ™ (l’o’ a0 — _ 0 m)BB)  (pim 4O _ m) () (m)
0 M) (ﬁ(l)'q(l)>d LD Z B Brip (P77 07 = a0 K )+
65”) 1 1,00 1k z;l Pm=—00

> (fl I(f
ag(l) Mgll) (gl 0’ )

)> Ay (qk)ﬁ( )2q(l))

(3.73)

In order to write this equation in matrix form, we introduce the following
notation. Assume that vectors d) and al¥) are truncated according to chapter

8.3. Their components are (d(l))”, —R; <7 < Ry and (a(l))pl, —P<p <P,
We introduce the following matrices.
M®) 3) (). (1
MO — Di (floa > MSRL) (&%m}g)) .
I (EY MO (0.0 (38.74)
—Rl (f 4y, ) R; (51,0’% )
3 3) (). (
oo (EPC ) ()
U o O (0a®) 2o (o) ‘
ae@ M —R; \S1,00 9k ae® VR, \S1,00 Tk
1 1
MO =Diag e (3.76)
G (60ia?) MG (605a)
1 1
dp)d 1y
M"Y =Diag R (3.77)
0 D (0. @)
ag(l)M—Rl (5;07 ) %M( (‘Sl,O’q ))
MO =Diag (M}, (¢10:90%¢(") .- M) (65:4”)) (3.78)
4 0 2 0
in(Ond _ ®) (O, @2 1) W) (O, (1)
MO _ Diag (agu)M—PZ (5170,70 gl ) e Mh (gho,qk )> (3.79)
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As well, let T(:™) be defined by

B n () . B p ()
Tm) — : : (3.80)
BY o () ... BY . p ()
where
BY.() = BOu (™ 0 —al™ kg g™, (3:8)

This yields the following equations.

MOq® — Z TEmgm) 40 dpgO) p (q,i”;%%,ﬁ”) iM®O a0
m;él
(3.82)
MDIqh) — _ e _ Z TWm) q(m) Jr,y%l) LIVIOLNN (qig;l);V(l)qu(gl)> iM»HIZ0
et
(3.83)

Elimination of al¥) yields

Lo Capoary im®Y @ — L ap®oay igg®) T e | g
(Z)(MA()M>M W(M A()M)M d
N
-1 1 -1
_ | = dn@® ) - dng(DHo ) ) (Iym
Lm( MOAC) MO) o (MO%A0) MO) 2T
0 M :’:;}
(3.84)
where
AC) = A (a7 0%) (3.85)
With

( MDA z‘Mm)‘l M0
(3.86)

1 i -1 1 7 -t
YO = [ - (dMoA(_) M(l)) _W(dM(l)aA(-) |v|<l>) ] (3.87)
71

()

MO [t) ( IMOA() z‘Mm)‘l mo _ L
Yo T

we can write the N equations 1 <[ < N as

xWal = |:e(l > Thmd m] (3.88)

m#l
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Iterative solution

The iterative approach to solve (3.88) starts with the single-scattering solutions
dgl) for every scatterer. The equivalent of (3.50) for the I’th scatterer may be
written in the form of (3.88) as

X0l = —yDe®. (3.89)

In these vectors, the index 0 denotes the ’order’ of the approximation. The
single-scattering approximation which neglects all the interactions between the
scattering bodies will be called order 0. Now, we take the zero-order outgoing
waves dém) of all the cylinders and form a new incoming wave for the I’th

cylinder with partial wave coeflicients fél).

£ =3 Ttmgl™ (3.90)
m#l
Now, this yields a first-order approximation for the coefficients d:
X0a) = —yOs®), (3.91)

If we continue this process by taking now the dgl) as incoming waves, we obtain

a converging iterative scheme, starting with (3.89).
!
x0a), = YO 3" rlmgm), (3.92)
m#l
This scheme corresponds to a matrix inversion as described below. As for nu-

merical computation the latter is much faster, we focus on the 'matrix-inversion
technique’ for solving the multiple scattering problem from now on.

Solution by solving the linear system

With the help of the extended vectors

da° = (d<1>T, . G )T (3.93)

T

el = ((Y(l)e(l))T ey (Y(N)e(N))T ) (3.94)

we eventually get a set of linear equations that may be solved with standard

methods.
ud® = ey (3.95)
Here, U is given by
X(1) yOT@2) vy T(1LN)

y(2)T(2,1) X(2) e y(2)T(2,N)

U= : . :
y(N-1)T(N-1,1) e X(N-1) Y(N-1)T(N-1,N)
YN TN, YTWN2) Lo y(N)TIV,N-1) XN)

(3.96)
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Limiting cases

In the limit of Dirichlet scatterers, the boundary conditions (3.67) and (3.68)
at the [I’th obstacle simplifiy to

N
in l
urE) + > w (€)= 0. (3.97)
m=1
Writing this explicitly we get
). N 00
M) _ikery) 0. 0y (m) R(3)
—d = 0 e, (B —a'; 1/1 Z Z d ™) B\ ) (),
M (€05 g0y e p=oe :
(3.98)
where
BY)() = BY)(p™, oV —al™ kg ¢™). (3.99)
In the same way as before this yields a matrix equation
UPd° = e (3.100)
where
M@ TL2) ... T,N)
T M@ .. T(2.N)
u? = : : (3.101)
TWV-1,1) cor M=) T(N=LN)
TNV TWV2) Lo TNN-1) (V)
and

= () (e )T. (3.102)

For Neumann scatterers, the boundary conditions (3.67) and (3.68) at the
[’th obstacle simplifiy to

o . 3 (m
@“i?(fz(,%HZiu( '(€10) =0. (3.103)

Writing this explicitly we get

zkr<) (ﬁ a l)wl) Z Z dm Tz,pm ')7

) m=1 pm=—00

3
6§<l) anl)(f( ) q,(c)) L =
Gl (1 (@
e M <€(l) g

. (3.104)
where Bfﬁ)n() is again given by (3.99). In the same way as before this yields a
matrix equation

UNd® = e° (3.105)
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where
M@®o T(1,2) TON
T@D M(2)9 T@N)
TWN-11) v MWV=10  T(N-LN)
TNV TWNV2) .. TWN-1) V)

Both (3.105) and (3.100) are sets of linear equations which may be solved
with standard methods [15].

Asymptotic boundary condition

Another form of the addition theorem (cf. chapter 7), called ezterior addition
theorem is given by

M) (€05 g yme,(nD:g)) = 3 Ar(p™, 0D — o™ kg g™

r=—00

MO

r+p(§(m); ql(cm))mer(n(m); q,(cm)). (3.107)

This shows that the sum of outgoing scattered waves from all scatterers can be
brought into the following form which is valid for £ large enough (cf. chapter 7
again).

wegm =Y d (d<l>,...,d<N>) M, (€; g)me, (1; gr) (3.108)

p=—00

Thus, all the outgoing waves from all the cylinders fulfill the asymptotic bound-
ary condition as in (3.18). u*‘(x) has the asymptotic behaviour

ikr

w(x) = f/? [uoo (;) +0 <i>] (3.109)

The MI(,j) are defined to fulfill MZ(,j)(f; q) — qu{)(Q\/a cosh &) for £ — oo. With
2,\/qcosh§ ~ \/aef for € > 1 and

we get

e:l:i\/(je5 ‘ 2 x
M (5 q) — (=i =i (3.110)

Vvaes

So, we define a far-zone field for one scatterer

uoo(n)z(—i)ml\;; S d™me, (n;q,g’”)). (3.111)

p=—00
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For several scatterers, we have r = r(()l) + r(®). This means that M,(,j) & q) —
Zf,{)(2\/§ cosh & — k\r[()l)| cos(n—1pW) for £ — oo, therefore the far-zone field for
several scatterers is

o) N

1+ m—k[r{™ | cos(n—p(™) 1(m m
oo () = Y 7 3 (—iyme M eostr=p ) gom e, (n;q,i )). (3.112)

p=—00 m=1

3.3 Summary

In this chapter, we considered time-independent scattering of electromagnetic
waves by an array of elliptical cylinders. The mathematical model is formu-
lated explicitly in elliptical geometry and solved by the separation of variables
method. No a priori limitations are imposed on the number of scatterers, on
the geometric parameters that fix their elliptical form, on their orientation, on
their relative positions (except that overlap is forbidden), and on their material
constants.

The solution is obtained in two steps: first, a solution of the single scattering
problem (scattering by one elliptical cylinder) is obtained. By using the addition
theorem for Mathieu functions (cf. chapter 7) two solution methods for the
problem of several scatterers is then given for a given wave vector k: first, an
iterative approach which makes clear why the framework of solution for several
scatterers is called multiple scattering. Second, a numerically more efficient
approach is presented which is based on solving the set of linear equations
directly.
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Chapter 4

Scattering in a waveguide

This chapter deals with several scatterers in a two-dimensional waveguide where
x is the longitudinal and y the transverse direction. This waveguide is described
by Dirichlet boundary conditions at y = 0 and y = W. Note that this implies
a modification of the asymptotic boundary condition. The physical meaning
of these boundary conditions is a 'potential wall’ of infinite height in quantum
mechanics, an ideal conductor for the E| case in electrodynamics, and two
infinite acoustically soft walls in acoustics. The waveguide contains several
obstacles O; C R? whose shapes are parametrised by closed curves 0;. See
Fig. 4.1 for an illustration of the geometry. We demand that u(x) satisfies
Dirichlet boundary conditions on 00;.

e »
® - ’

Figure 4.1: Obstacles in waveguide

Waveguide modes

Free solutions u(z,y) in the waveguide without any obstacles must be solutions
to the Helmholtz equation

(A + &) u(z,y) =0, for (z,y) € D (4.1)

in the domain

D = (—o00,0) x [0, W], (4.2)

33
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and fulfil the boundary conditions

The general free solution is given by

ufree(x’ y; CCO) _ Z and)n(y)emn(zfxo) + bnqﬁn(y)efmn(xfxo)’ (45)
n=1

on() =\ 32 S0k, (16)

ke = — (4.7)

kn =V k2 — k2 . (4.8)

The index n labels the modes of the waveguide. If k,, is real, the mode is called

where

propagating, if it is imaginary, it is called evanescent. Note that for a given k,
there exist always only a finite number of propagating modes. The function (4.5)
is well-behaved for any finite x. In order to calculate real scattering problems,
we have to make sure that no exponentially growing waves are present for
r — *£o0.

4.1 Green’s function formulation

In order to formulate an integral equation for the problem sketched in Fig. 4.1,
we have to calculate the Green’s function G (x,x’), first. From its definition,
it has to satisfy the inhomogeneous wave equation

(A+ k%) Gr(x,x) = =d(x = x') = =8(z =)oy —¢/),  (z,y) € D. (4.9)
Here, x = (z,y), X' = (2/,¢') and
D = (—o0,00) x (0,W). (4.10)
The boundary conditions imposed on Gg(x,x’) are:
1. Dirichlet boundary conditions on the walls

Gr(x,x") =0, ony=0,y=W. (4.11)

2. At infinity G (x,x’) must consist of outgoing waves only.

(0 v N (o) duf —
lim <a$—mn>/0 Gx,x)pn(y)dy =0 (4.12)

r——+00

0 v o
lim (6x+mn>/0 G(x,x)on(y)dy =0 (4.13)

Tr— —00
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In view of (4.11), let us make the ansatz

Substituting this into (4.9), we obtain

oo
0
D (a + ) On()on (W) fule ') = =0 =)oy~ ). (4.15)
n=1

Note that either k,, > 0 or k,, = ix), with ), > 0. By applying a test function,
we see that (4.15) is equivalent to the following differential equation for f,.

(;24% )fn(x ) = —5(:5—33’)% (4.16)

For x # 2/, f, satisfies the homogeneous one-dimensional wave equation so that
we can write, using the radiation conditions (4.12) and (4.13),

(4.17)

Cpe "n(x —2') forxz < a'.

f = {Cnem”(a: —2') forxz>a

The amplitude C), is the same for both cases, since G must be continuous across
x = 2/. In order to determine C,,, we integrate (4.16) once with respect to x.
As

. ' +e o 8fn ' +e
11_{% ' —e <82 e )fn(w x)dx _EE’%% x/—e
) 9 r=x'+¢ , 2
= —EE%W . iz —2") = W (4.18)

and as from (4.17) we see that the discontinuity of %i; across the x = 0 plane
is 2ik, C,,, we see that

C, = . 4.19
. (4.19)
Therefore, we obtain finally [16]
/ sin (W y) sin (%Ty/) mn|z x |
Gr(x,x) = o Z - (4.20)

4.1.1 Formulation of the problem

We outline some properties of the scattering solutions to the two-dimensional
Helmbholtz equation (4.1) for a single obstacle O C D with the help of the
Green’s function (4.20). Given an integrable function 1)(x), we define the single-
layer potential [17]

[SY] (x) = - Gr(x,x'(s))¥(x'(s)) ds, xeD \O. (4.21)
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=W

y=0

Figure 4.2: Coordinates for describing a scatterer in the waveguide

It is a solution to the Helmholtz equation in D \ O and satisfies the same
boundary and asymptotic conditions as G (x,x’) (4.11 - 4.13). For a given
curve 0O C D, which is parametrised by (cf. Fig. 4.2)

S1 (1‘1, 801) =r; + Sl(gpl), 0< w1 < 27, (422)

we demand
u(s' (r1, 1)) =0, for 0 < ¢ < 2m. (4.23)

A general solution for u(x) is given by the sum of a given incident field
X xO Z a1n¢n mn T—2x0) + blnd)n( ) —ikn(T—20) (424)

and the single layer potential of a yet unknown source distribution (51 (rq, cpl)) :
u(x) = U (x; o) + [S6] (%) = 0 (x;0) + w5 (x)
1

S o 1 1 dis
=u (X,CL‘o)+ ; Gy, (X,S (1‘1,()01))1/}(5 (I‘l,gpl)) dor ngl. (425)

4.2 Solution of the waveguide problem

Now, we make a Fourier ansatz for the unknown source distribution ¢ on the
boundary.

w (sl (r17 §01

Z Gm €L (4.26)

m=—0oQ

This leads to the field -
S muS(x) (4.27)

m=—00
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where

- ¢n(y) 2m 1 mn’xfsl(rl,gol)-ez| img@ld
=W E T ) bu(s™ (r1, 1) - €y)e e ¥1-
n
n

(4.28)
In order to calculate the j,,, we multiply the boundary condition

u'® (s1 (r1, ) Z Fmup ( s (r1,9)) =0 0<p<2m (4.29)

m=—00

by €™ and integrate it over ¢ from 0 to 27. This yields for every n € Z an

equation
Z [V;Ll,l(xO)al + V | 170 bm} Z Unm]m = 0 (430)
=1 m=—o00
where
2T )
/ usS (st (1, ©)) € dy, (4.31)
0
2T L ‘
1 (s' (r1,9) - €) eimls rr@leamroleing 4, (4.32)
0
2T
& s! (ri, ¢ ey)eﬂ"”(Sl(rl’“")'ezﬂo)em@dgo. (4.33)
0

This is a linear set of equations. In vector and matrix notation, we obtain

j=-U""|V,a" + v’bm|. (4.34)

Several scatterers with overlap in z-direction

Next, we discuss the situation where several scatterers Op C D, 1 < k < N,
are present in the waveguide. With the unknown source distributions ¥, the
general solution for the IV scatterers is

u(x) = u™(x;x0) + Z [ka} = u"(x; 20) + iusc’k(x)

k=1
= u™(x; 20 +Z/ Gk X s* rka@k))¢<sk (%%)) ‘dSk dpg.
dey,
(4.35)
Similarly to (4.22), we parametrise 0Oy by
¥ (rr, or) = % + sk (0r), 0 < g < 2m. (4.36)

We need functions

dsk

—| = el 4.37
dor > g (4.37)

m=—00

%Z)k((Sk (rx, s%))
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on the surfaces 00y of the scatterers. To solve the N boundary equations, on
the surfaces 00;, we introduce

sck Z ¢n (Sk (rk’ @k) . ey)em"‘w_sk(rk#k)'eZ‘eimcpk d(pk,

K
n 1 n 0

(4.38)
The boundary equations read for 1 <¢ < N

0= uls' (viy 1)) = 0" (8" (1, ) +§N:[ JICICEY)
k=1
N 00

= ( ruSOz xO + Z Z SCk rzv‘/’z))jfm 0< (z)z < 2.

k=1 m=—o00

(4.39)

Next, we multiply (4.39) by €™, and integrate over ¢; from 0 to 27. This
yields for every 1 <i < N and every n € Z an equation

i [Vs,’li(xO) bm} + Z Z nmjm =0, (4.40)

=1 k=1 m=—o00
where
Uyl = / use® (s (rs, 1)) € dep, (4.41)
0
. 2 ) ; ‘
V;’;(;UO) = / & ( (r“ ©i)-e ) iR (s (rispi)-ec—w0) ingi de;, (4.42)
’ 0
. 27 ; ‘
Vi (z0) = Di(87 (17, 1) - € ) S i) ea—a0) ginei g, (4.43)
’ 0
This is again a linear set of equations. Using
. NT .nT Navaks
=t @M (4.44)
and
V&l Vb’l
Va72 Vb,2
Ve = |, ver= | (4.45)
Vt;7N VI;,N
Ul,l U1’2 L. Ul’N
U2,1 U2,2 . U2’N
ve=| R (4.46)
U]‘V,l UN’2 U]\.I,N

we rewrite it as follows:

j*=— (U [vera + Verbt (4.47)
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4.3 Transfer Matrix

Take the two free solutions u”(x;zz) and uf(x;xR) defined to the left and to
the right of the scatterer(s).

(x:21) ZQL% gifn(@=71) | pL (e=inn(eTn) oo < p < gy
(4.48)

(x;2R) ZaRgZ)n Jeln(@=TR) L pRe (e n(@mTR) - pp < g < oo,
(4.49)

Similarly to chapter 3, a will denote a vector with an infinite number of compo-
nents (a1, ag,...,an,an+1,...) and ay the finite vector (aj, a9, ...,an). Now,
n (4.25), set u(x;z0) = uX(x;21), and u(x) = uf*(x;2g). With the source
distributions given by (4.34) or (4.47), uf*(x;xg) is then uniquely determined
by the coefficients a” and b’. The transfer matrix T(xy,zg) is defined as the
matrix which describes this relation in the following way (cf. Fig. 4.3).

aR aL
< bf ) = T(vaxR) < bl ) . (450)

Note that once the transfer matrix is known for a given source distribution j,
we can calculate the solution for an arbitrary number of identical structures
with the same source distribution by multiplying the free-wave coefficients on
one side of the obstacles with the transfer matrix as often as necessary.

y=W

y=0

Figure 4.3: Transfer Matrix relating free solutions
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4.3.1 Determination of the transfer matrix for one scatterer

Now, take (4.25) and its derivative, both with u™(x;z0) = u”(x;zr), and
u(x) = uf'(x;zp) and the source distribution (4.26) at a point x with z >
xR, and identify these functions with the free solutions (4.48 - 4.49) and its

derivatives, respectively.

uB(x;2p) =ub(x; 1) Z JmUn (2, y) (4.51)
0 R/,. _ 0 L. - . 0 sc
875” (x;zR) = 875” (x;21) + mz_:oojmgxum(a:,y) (4.52)

We multiply both equations by ¢;(y) and integrate them from 0 to W over y.
This yields

alReml(x—xR) + blRe—ml(a}—xR) _alLeml(r—xL) + bL —ik(z—xL)

+ Z Jm/ &1 (y)uss(x,y) dy,

T (4.53)

ik [alReim(m—mR) _ blPoe—im(w—IR):| =K [alLeiﬁl(m—rL) B bLe_i”l(m—xL)

+ Z Jm/ Ay fu“xy)d

(4.54)
With the definitions
Xim (2 / d1(y)up (2, y) dy (4.55)
x{ <>—/ Sy i (z,y) d (4.56)
I,m\Z ikt o 1\y O Yy Y .

and z = zp equations (4.53) and (4.54) become
aff + b = afemi@r—r) 4 ple—im@r—a1) 4 Z Xim(xR)jm (4.57)

m=—0o0

—b —CLLeml(xR L) blLefim(me:L“L)_i_ Z ch,lm(xR)jm (4.58)

m=—00
In matrix notation, we obtain

al’ + b =TW (zp:zp)al + T (2 21)bl + X (25)], (4.59)
a —bf =TW(zp;wp)a” — T®) (2p; 20)b" + X (2p)j, (4.60)
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where the elements of the diagonal matrices T (25 2¢), T3 (z; z¢) are defined
by

T (w521) = G e (721, (4.61)
T2 (z;21) = 0y pe” " (@=oL), (4.62)

)

Now, knowing from (4.34)
j=-U"! [V“aL + vbbL} (4.63)

from eq. (4.30), we end up with the following equations (in which we omit the

arguments for brevity).
all + bl = [TU) - XU—lva} al + [ T® XU—lvb} bt (4.64)
all — bl = [TU) - XdU‘IV“} al + [ 7@ XdU—lvb} bl (4.65)

To shorten the notation, we introduce now

M = [TO - XU—lva] , (4.66)
My=|T® — XU*lvb} : (4.67)
My = |70 — XdU—IVa} : (4.68)
My=|-1® _ XdU_lvb} . (4.69)
Finally, we obtain with
af + bff = Mal + Mobt, (4.70)
R _ bl = Mza® + Myb*%, (4.71)

the following solution for a’* and b® in transfer matrix form:
a \ 1 My+ Mz M+ M, al (4.72)
b | 2\ M —Ms My,— M, bl '

4.3.2 The transfer matrix for several scatterers

We perform a similar procedure in order to relate again u” (4.51) and uft (4.52)
for N obstacles. We start again with the following equations derived from (4.25)

N 0o
uf(x;xR) =ub(x; 21, —|—Z Z GE USSR (1 (4.73)
k=1m=—o0
0 0 S 0
R/,. _ L. -k sc,k
%u (X7:UR) - %u (XaxL) + Z Z Jm%um (xvy)7 (474)

k=1 m=—o0
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multiply these by ¢;(y) and integrate them from 0 to W over y. This yields
with

w

Xim@) = | dulyui(e.y) dy (4.75)
1 (W o

X (x) :Z'F»'l/o ¢l(y)% W (z,y) dy (4.76)

and x = xr equations the following equations in matrix notation

a4 b =T (g zp)ab + T (opa)bh + Xo(ep)f,  (477)

alt —bf =TW (zp;xp)al — TP (zg;21)b" + X% (zR) j. (4.78)
Here,

X°= (XL, X2...,X"), X%-= <Xd1,Xd2, - ,Xd") : (4.79)

Now, knowing from (4.47)
j=— @) [veral + vept] (4.80)
we obtain
all L bR = [T(l) —xe(Ue ) Vea] al & [T(Q) —xe(Ue)! Veb} bl (4.81)

af _pR — [T(l) _ xde (U* )71 Vea:| al 1 [ _(2) _ xed (U* )71 Veb] bl

(4.82)
We introduce now the matrices
Mg = [T — xe (e ) vea} , (4.83)
M= |T® — xe ey Veb] , (4.84)
Mg = [T — xde (e ) vea} , (4.85)
Mg = [ —T® _ xde(pe ) V@b} . (4.86)

With these, the transfer matrix for N obstacles is formally the same as for one
scatterer. It is given by

aft \ 1 My+M§ Mg+ M al (4.87)
bt | 2\ M- M§ Mg — Mg bl |- ‘
4.3.3 General properties of the transfer matrix

Time reversal

Time-invariance of the time-dependent Helmholtz equation (2.1) means that
if u(x,t) is a solution, so is u(x,—t). The Fourier transforms are u(x,w) and
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u*(x,w), respectively, and are both solutions to the Helmholtz equation (4.1).
This means that the time-inversed counterparts to u’(x;zy) and uf(x; zg):

D (x;21), (4.88)
R*(x:2R). (4.89)

These are solutions for the free waveguide problem (4.1 - 4.4), too. Their
components are denoted by ~a and ~b, respectively. Comparison yields their
relation to the components of (4.48) and (4.49) [18].

"a 0 I a¥ a¥
() (50) () -e(3) o

Here, the matrix Q is defined by

0 I
o-(11) o

As the vectors ~a and ~b have to be related by the same transfer matrix

(4.50),
< :zi ) = T(zr,zR) ( :Ei ) : (4.92)

we obtain the time-reversal invariance requirement
T*(.%'L,:L'R) = QT(.%'L,:L'R) Q (4.93)

Flux conservation

The time-averaged flux density for the Helmholtz equation is (cf. chapter 2)

e e e o |

As the total flux through every section & = o has to be constant, we note that
in the expression

Fla;w) = /0 i) - en dy, (4.95)

the value of F'(x; W) is constant and independent of . With the orthogonality
relation

W
/0 ()60 (y) dy = b (4.96)

the total flow F'(z; W) of the free solution (4.5) is

) — v u(zo,y) | _ o~ . \
F(z; W) =Re {/0 u(xo,y)ax} = Re { ng_l ikn [anay, — bnbn]} .
(4.97)
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Thus, with vK = Diag (1//{1, VE2s oo s A/RN=15 /KN, - - ) we get the expression

VK 0 a) (1 o VK 0 a
e = (0 ) (5) (0 %) (W &) ()
(4.98)

If we compare now the flux of the free solutions (4.48) and (4.49), and use

I 0
w-(1 %) o

we obtain
a f a a f a
L L R R
W W
T
— 25 T(zr,2r) W T (2, 7R) ar ). (4.100)
bL bL

Thus, we obtain the flux conservation requirement

Tz, ) WT (21, 25) = W. (4.101)

By multiplication with TTil(:cL,xR) from the left and with T(xp,zg)~! from
the right, and the observation (W)_1 = W, we obtain the equivalent form

T(xp,zp) WTT (21, 25) = W. (4.102)

General form

If we suppose that the transfer matrix has the structure

b
T(zp,2r) = < ¢ ) , (4.103)
c d
where a, b, ¢ and d denote N x N matrixes, then we see from (4.93) that
d=a", c="b" (4.104)
so that (4.103) becomes
a b
T(xp,zR) = ( . x ) . (4.105)
b* a
Flux conservation (4.101) yields
ala — b7 = 1, (4.106)
a'b = b'a*. (4.107)

The equivalent condition (4.102) yields in the same way

ala —bb' =1, (4.108)
ab” = ba’. (4.109)
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The scattering matrix

The scattering matrix relates the outgoing to the incoming modes. Defining that
a mode with exponential e”*»* ’runs to the right’, we set al’ = ai®, bl = beut,
af® = a°" and b = b™. With these quantities, we define the scattering

matrix

aout Ain S 11 S 12 Ain
=95 = . 4.110
( out ) (xL,zR) ( by, ) ( Sy1 Soo by, ( )

Note that S(xp,zg) is related to the transfer matrix in the following way.

a = Si1 — S1255 Sa1 (4.111)
a* = Sy (4.112)
b= 51255 (4.113)
b* = —S9255, (4.114)

By means of these equations, the scattering matrix may be calculated from the
transfer matrix. It will be used during the numerical implementation in chapter
(8) because its use presents some advantages over the transfer matrix.

4.3.4 Solution to the initial problem

In order to solve the problem initially proposed and depicted in Fig. 4.1, we
cut the array of scatterers into non-overlapping slices to which we apply the
transfer matrix method as sketched in Fig. 4.4. Then, in the given example,

uR

’

T

6

| |
| |
! !
| |
! !
| ‘\
| |
! !
T T
I | Ts
Figure 4.4: Transfer matrix method

the transfer matrix of the whole system is obtained by multiplication of the
transfer matrices of the single ’slices’.

aR aL
or | = TBDILT (4.115)

Note that the numerical calculation is not straightforward. It is discussed in
chapter 8.
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4.4 Summary

In this chapter, we presented the problem of several Dirichlet scatterers in a
waveguide where the projection of the scatterers normal to the infinite axis
of the waveguide may be overlapping. For finite slices with a finite number
of scatterers, we derive expressions for transfer matrices which may be used
subsequently to calculate the solution for an arbitrary number of obstacles. In
order to obtain these transfer matrices, an equation for the unknown source
distribution at the boundary of the scatterer(s) in question is derived by a
Green’s function approach. An ansatz for this unknown function is made as a
Fourier series and subsequently, a set of linear equations is derived which relates
the coefficients of the series to the initial data given as the coefficients of an
incoming wave that exists to the left of all scatterers.



Chapter 5

Scattering in one dimension

5.1 The problem

In order to understand the nature of localisation phenomena occurring with
repulsive potentials, we look at the following one-dimensional model. Consider
the Schrodinger equation

2 2
— I (@) + V(@) i) = B() (1)

with a Dirac comb potential of variable height given by

V(z) = Z Von+1 0(x — 2n — 1), (5.2)

n=—oo

where v2,41 = V3, 1, v2n = 0, and the comb is of finite length (one-dimensional
"finite crystal’).
v, =0 for |n|>2N (5.3)

In the following, we use units where
h?/2m = 1.

The assumption v, > 0 implies £ = k% with k = k* > 0. At a given point
z in the ’cell’ number with n, the wave function may be represented as a linear
combination of plane waves with amplitudes A and B.

P(x) = Agy, eF@72) 4 By o7k @72 forop 1<z <2n+1. (5.4)
Since V(z) = V(z)*, ¥ (z) may be chosen to be real, i.e.,
Y(z) =(x)" <= B =45, (5.5)

We abbreviate the coefficient vector as

AQn
:Vn~ .
( A) 2 (5.6)

47
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From (5.4, 5.5), we obtain

1d
245, =¢Y(2n) +ip(2n) with ¢(x) = z 12;:1:) . (5.7)
The coefficients of two adjacent cells are related by a transfer matrix
Vonto = Tont1 Von, (5.8)

where 15,11 is of the form
" .
T:<S+? y“?) (5.9)
y—1z Ss—1it
with
detT =8+t —¢y* - 22 =1 (5.10)

For T' = Topy1 = T(k,v) with £ = 2k and v = va,41, the functions appearing
in the transfer matrix are given by

s(k,v) = cosk+ (v/K) sink, (5.11)
t(k,v) = sink— (v/K) cosk, (5.12)
y(k,v) = 0, (5.13)
z(k,v) = —v/k. (5.14)

Note that y = 0 is a consequence of the fact that va, 1 §(z—2n—1) is symmetric
with respect to the reflection x —2n — 1 — —x + 2n + 1.

As det To,+1 = 1 for all n, all vectors Vg, may be generated from a single
one and if one of them vanishes, so do all of them.

5.1.1 Symmetric combs
We now make the simplifying assumption that all combs are symmetric.

Vopt1l = U_op_1 (5.15)
This entails the following

(i) y = 0 in the nondiagonal elements of the transfer matrix 7" which relates
the free wave right of the crystal to the free wave left of it.

Von =TV_on =Toy-1 ... T_on+1 Voon (5.16)
Proof by induction: The upper nondiagonal element of 711 = 11 17 is
1211 = 218121, (5.17)
and that of To19 = To 11 Ty is

12919 = Z'(ngl + t%zl + 2818929 — 2t1toz9 + 212’3). (518)
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(ii) For every energy E > 0, the two linearly independent eigenfunctions may
be chosen to be even (p = 0) and odd (p = 1), respectively.

W) = (1) (-x) = AL, = (=1)P(A3,) (5.19)

Even and odd eigenfuctions are normalised such that for —1 < z < 1 we
have ¢°(x) = 2coskz and ' (x) = 2sinkx. The vectors (5.6) for even
and odd eigenfunctions can be expressed with the help of transfer matrices
and the following coefficients in the cell with number 0.

7

VO(r,v) = U" — ( 1 ) Vi, v) = U = ( _Zj ) (5.20)

5.1.2 Transmission coefficient T

The transmission coefficient T is related to the transfer matrix 7" with elements
s + it and +iz in the following way.

T= (82 +t2)_1 — (1 + 22)—1 (521)

T=1 <<= 2=0 (5.22)

Note that for asymmetric combs y does not vanish identically whence T = 1
would imply both y = y(k) = 0 and z = z(k) = 0. To satisfy both conditions
simulaneously is impossible in general.

The transmission coefficient is also related to the even and odd eigenfunc-
tions in the following way. From (5.6), (5.9) with y = 0, and (5.16), we see
that

Re Ay (Azn)" = — 2Tm AYy (Azn)" (5.23)

Setting A%\ = ALy | exp iy, we obtain
T =sin®(y9 — 7). (5.24)

This shows that T = 0 if the even and odd wave functions outside the crystal
have common nodes, and that T = 1 if the distance between these nodes is half
a wavelength.

5.1.3 Localisation

As a measure of the amplitude of the wave function in the interval (2n—1,2n+
1), we take
2|Vanl® = 4[Agn|* = [9(20)* + [v(2n) . (5.25)
Therefore
N-1
Min=2[AonP+ > 4]Agn|” +2|Aon] (5.26)
n=—N+1
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even wave functions odd wave functions

Figure 5.1: Comparison between exact norm of wave function inside the crystal
and the approximation Il

is a (rough) measure for finding the particle inside the crystal and
Mou = 4N |A_on[* + 4N |Agn[? (5.27)

is the corresponding measure for finding the particle in one of the two intervals
to the left and to the right of the crystal, each of it being half as long as the
crystal. We define the 'measure of localisation’ as

Hin

A=
1_Iin + 1_[out

€ (0,1). (5.28)

It might seem more natural to define II;j, and Il by the corresponding
integrals over |¢(z)|?. Fig. (5.1) shows a comparison between the exact integral,
coloured in red, over the squared wavefunction from one end of the crystal to
the other and corresponding approximation (5.26), coloured in blue. The figure
shows clearly that (5.26) is a good approximation to the exact value of the
integral.

5.1.4 Properties of the matrix T'(k,v)

The characteristic equation of the transfer matrix (5.9) is w? — 25w +1 = 0
whence the two eigenvalues of T'(k,v) are given by

w(k, ) = s(k,v) £+ r(k,v) (5.29)

where for nm < k < (n+ 1)7

(1, v) = (=1 \/W for s(k, v)2 >1, (5.30)
) i) 1 = s(k,v)2 for s(k,v)2 < 1. ‘

The sum of the two eigenvalues may be used to define band and gap regions of
the crystal, painted in red and green in Fig. 5.2. The corresponding eigenvec-
tors, defined by the equation

T(k,v) WE(k,v) = w(k,v) WE(k, v) (5.31)
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Figure 5.2: Band and gap regions for one-dimensional crystal

are
+ _ a(’£7v)q:1/2
W(k,v) = < a(sv)*172 | (5.32)
with
ny
z(k,v)

Note that r(k,v), w(k,v), and a(k,v) are continuous functions of x and

w(k,v) =wlk,v)*, |a(k,v)|=1 for s(k,v)*>>1, (5.34)

w(k,v)| =1, a(k,v) =a(k,v)* for s(k,v)?<1. (5.35)

The change between unimodular and real values occurs whenever

27(k,v) = w(k,v) — w(k,v) !

=iz(k,v)(alk,v) — a(k,v) ") (5.36)
becomes equal to zero. This happens at the 'upper band edges’ kK = nm,
n =1,2,3,..., and at the ’lower band edges’ x,, n = 1,2..., which satisfy
(n—1)7 < Ky, < nm and

v tang for n odd,
Z_ 5.37
K { —cot 5 for n even. ( )
K=rfp: wil=s=(-1)"" o' =—t/z=(-1)"" (5.38)
k=nm: wil=s=(-1", o =—t/z=(-1)" (5.39)

It follows from (5.31) and (5.32) that for integer n

T(k,v)" = Adiag(w™,w ™) A7, (5.40)
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where A and A~! are given by
Y o122 e 1 o122 (5.41)
a2 g2 )0 Tal_a |\ —atl2 go12 G
In these equations, a = a(k,v) and w = w(k,v).

5.2 Perfect comb

First, we examine the perfect comb with 2N delta spikes of equal height. In
this case the matrix 7' = T'(k,v)?" of eq. (5.16) is of the form

aw=2N _ q—1,2N W2N

2N 1 2N
TN — l_a w2V _ 2N aw?N _ q-1p-2N ] (5.42)

In the first gap region, 0 < k < k1, w(k,v) > 1 and w(k,v)*¥ > 1if v or/and N
are large. In this case T & 0 because of (5.21). In the first band region £ < K <
7, |w(k,v)| = 1 and its argument increases continuously from 0 to m, cf. (5.38),
and (5.39). The argument of w(k,v)*" increases therefore continuously from
0 to 2N, so that its imaginary part (1/2) (w(k,v)?" — w(k,v)™2") vanishes
2N + 1 times, namely for w(k,v) = e™m™/2N 1y = 0,1,2,...,2N. For m = 0
and m = 2N, w(k,v) — w(k,v)™! = 0 and a(k,v) — a(k,v)"t = 0 but their
ratio is different from zero, see (5.36). This leaves us with the well-known result
that the first band region contains 2N — 1 ’resonances’ where the transmission
coefficient assumes its maximum value T = 1. These considerations are easily
extended to higher energies.
In the perfect comb,

1
al/2 £ g1/2

i

0 _
U T oal/2 —g1)/2

(WH+ W), Ut (WH—W"),

(5.43)

where W¥ are the eigenvectors (5.32) of T'(k,v). With (5.6 - 5.8), (5.20), (5.43),
and (5.31), we obtain for n =0,... ,N

Po2n)= UO.TPU° =u" 4w, (5.44)
¢'(2n)= -UL-T"UY =—iB(W"—w™"), (5.45)
P'2n)= U T"U' =i (" —w™), (5.46)
p'(2n)= -UL.-T"U! = (" +w™), (5.47)
where 1
a J—
= ) 5.48
b a+1 ( )
In the first gap |a| = 1, 8 = =%, and w = w* > 1. If w¥ > 1 such that
terms of order w™2" (relative to the leading term) may be neglected, then both
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eigenfunctions increase, in essence, exponentially with the distance from the
center of the crystal. In this case ¢!(z) ~ i3 '°(x) for x > 2N — 1 which
implies T &~ 0. In the first band 0 < a=a* <1, =1 < = 3* <0, and

N -N N -N
w" —w w' tw
tan70:ﬁ7WN+w_N , tan'ylzﬁin_w_N . (5.49)

The nodes of the even and the odd eigenfunction outside the crystal are therefore
shifted by half a wavelength if, and only if, w" = w™ (even resonances) or

wh = —w™ (odd resonances).
In the first gap
414G P = 18177 [(L+18P) (@ +w7) 21 (1= 187)] (5.50)
so that
I, = 2N |37 [(1+182) (@Y +w ™) + 217 (1= 187)| . (551)
I, = |82 [(1+ |82) Fan(w) + AN (=17 (1 - 8P)] (5.52)
2N+1 _ , ,—2N-1 2N—-1 _ , ,—2N+1

Fwlw) = —¥ (5.53)

For w™ > 1, 1Y ~ (1/2N) 1%, and AP ~ (1/2N) which is consistent with the
(average) exponential growth of the eigenfunctions ¢P(z) for 0 < z < 2N.
In the first band

41AB, 2 =37 487 + (1 - B2) | + (— 1] (5.54)
and hence
[, = 2N 87 [457 + (1= %) [ + (~ 1wV . (5.55)

This is an oscillating function of w, the minima and maxima being essentially
given by those of |w?" 4 (—1)Pw=2V|2 since 3 is slowly varying with w. On the
other hand, the oscillations of

I, = B2 [AN (1+|8]%) + (~1)"(1 - 82) Fan(w)] - (5.56)

P

out 10

are negligible so that the oscilations of AP are determined by those of II
the vicinity of each resonance energy, where T = 1, therefore one of the two

functions I1?

out Das a local minimum and the corresponding function AP a local

maximum.
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5.3 Comb with a gap

A comb with a gap is given by the symmetric potentials

v for 2L <2n+1<2L+2M =2N (5.57)
v =v_gp_1 = .
antd =t 0 otherwise
This means that the transfer matrix (5.16) is
T =T(v,r)™ D(r)*E T(v, k)M, (5.58)
where
D(k) = T(0, ) = diag (e, e~ ). (5.59)

With T'(v, k)M = Ty, D(k)? = T} (and hence z; = 0), we obtain from (5.18)
12919 = 21 29 (5152 — tltg) = 2i z9Re (81 + itl)(SQ + itg) (5.60)

From this equation, we see that the condition for full transmission, T = 1, can
only be fulfilled if 29 = 0 or Re (s1 +it1)(s2 +ity) =0.

(i) z2 = 0. Resonances of a given comb are also resonances of a comb that
consists of two such combs separated by a gap. (Obvious: Tb is always
diagonal, and if T} becomes so, so does T»T1T5). There are M — 1 such
resonances in each of the bands of the potential v.

(ii) Re (s1 +it1)(s2 +ite) = 0. These resonances result from the interaction
of the two perfect combs.

(s1+it1)(so+ity) = e* % far(v, k) (5.61)
a oM —quw™M
fM(UW'{) = al_a

1 @Mt (et —a) + (W —w ™M) (a7 + )

2 al—a
1 M-1

= 3 (WM 4+ w™M) it ZOWM—l—?m (5.62)

m=

with o = (K, v), w = w(k,v), and t = t(k,v). Both (5.61) and (5.62) are
continuous functions of k. We are especially interested in the argument of
(5.61) because T = 1 whenever it becomes equal to a half-integer multiple
of 7.
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First gap

The first gap is given by 0 < k < k1. It follows from (5.62), (5.12), (5.14), and
(5.38) that

fr(v, k) — % (w(O,v)M + w(O,v)_M> +i(—o0) for K—0 (5.63)

and
fu(v, k) = 1+i(Mv/ky) for kK — K. (5.64)

The argument of fj/(v, k) increases continuously from — /2 to
01 = arctan(Mv/k1) € (0,7/2) (5.65)

(without assuming these values). As a consequence the argument of the func-
tion (5.61) increases continuously from — /2 to 2Lk1 + 01 and the number of
resonances in the first gap is

G = i ®<2Lm +01— (n+ %)7?) : (5.66)
n=0
First band
The first band is given by k1 < kK < w. Here
(v k) = (=DM (1 =i (Mv/7)) for &k — 7. (5.67)
Since now 0 < a < 1 and w = cos¢ + i sin ¢ with 0 < ¢ < 7 the argument of
the function

-1
far(v, k) = cos(Mo) + % sin(M ¢) (5.68)

increases continuously from é; to M7 — €1 where
€1 = arctan(Mv/7) € (0,7/2). (5.69)

Accordingly the argument of (5.61) increases continuously from 61 + 2Lk; to
(2L + M)m — €1 and one obtains, in addition to the M — 1 rsonances already
found, another

By = i@((n + %)77 — 2Lk — 51>@((M +2L)T — € — (n + %)ﬂ) (5.70)
n=0

resonances in the first band. Since €; < 7/2 the total number of resonances in
the range k € (0, 7) is the same as for a perfect comb of the same length.

Gi+Bi+(M—-1)=2L+2M—1=2N—1 (5.71)
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Wave functions
For0<n<L

V9, = cos(kn) U° —sin(kn) U' | V1 =sin(kn) U° + cos(kn) UL,  (5.72)

whence for 0 < m < M we obtain

0 B cos(kL) S i
V2L+2m = m (L() W +w W )
i sin(kL) N ey
1 _ Sin(ﬁL) m —-m —
Vorsom = i (W"WT +w W)
i cos(kL) N ey
Therefore
YP(2N) = cos(kL) (wM + w_M), —i sin(kL) 871 (wM - w_M), (5.75)
¢ (2N) = —sin(kLl) (WM +w™) — i cos(kL) B (WM —w™M), (5.76)
P(2N) sin(kL) (wM + w_M) + i cos(kL) pt (wM - w_M), (5.77)
' (2N) = cos(kL) (WM +w™M) — isin(kL) B (WM —w ™). (5.78)

Provided that
cos(kL) — i 3T sin(kL) # 0 (5.79)

and w™ > 1 we find in the first gap
©’(2N) ~ —i fY°(2N) ~ wM [—i 3 cos(kL) — sin(rkL)] (5.80)
©'(2N) ~ —i B¢t (2N) = wM [—i 3 sin(kL) + cos(kL)] (5.81)

which implies ¥°(z) o ¥!(x) for x > 2N and thus T ~ 0. However, if

cos(kL) —i B sin(kL) =0 <= VI, « W~ (5.82)
then (2 Lo
¢’(2N) ¥
YO(2N) — —ih Y1(2N) (5.83)

and the transmission coefficient is essentially different from zero for those en-
ergies where (5.82) holds true. Comparison of (5.80), (5.81), and (5.83) shows
that in the vicinity of these energies 7o, the phase of A}, increases suddenly by
m whereas 1, the phase of A% N> remains essentially the same. Because of (5.24)
T thereore assumes its maximum value 1 witin this narrow energy range. On
the other hand, condition (5.82) means that the amplitude of the wave function
¥ (), which is constant for |z| < 2L, decreases (on the average) exponentially
for 2L < |z| < 2N, a property that vanishes when the energy is even slightly
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varied. If cos(kL) —i 3 sin(kL) = 0, the situation is esentially the same except
that even and odd eigenfunctions change their roles. In both cases we find in
the first gap G1 (5.66) sharp maxima of the transmission coefficient, and at es-
sentially the same energies a maximum of one of the two localisation measures.
Between these resonances T &~ 0, both wavefunctions are exponentially grow-
ing at the ends of the comb, and the localisation measures are correspondingly
small (AP < 0.5).

5.4 Summary

A one-dimensional localisation model based on the Schrodinger equation and
a finite Dirac-comb potential was formulated. The comparison of the trans-
mission coefficient and a localisation measure for wave functions allows one to
make predictions for the k-dependence of localised states. It can be seen that
the transmission coefficient, which depends on the relative phase of the two
linearly independent solutions outside the crystal, is related to the localisation
coefficient which depends essentially on the magnitudes of these wave functions.
This connection was shown analytically for two models, a finite Dirac comb of
equal potential heights and a similar Dirac comb with a ”"hole”in the middle.
The same phenomena were also observed in numerical studies of more general
symmetric combs.
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Chapter 6

Time dependent scattering

This chapter deals with solutions of the time-dependent Helmholtz equation
(2.1) with a piecewise constant y(x) as in (2.7). The time-dependent solutions
are obtained by a generalised inverse Fourier transform of time-independent
wave functions in k-space u(k, x) with a Gaussian weight factor. These u(k, x)
were obtained in chapters 3, 4 and 5.

6.1 Scattering in vacuum

The time-dependent solution has the form

u(x,t) = 2177/ u(k, x)p(k, t) d%k, (6.1)
]R2
where
Pk, t) = Po(k)e P, 2)
do(k) € L*(R?), 6.3
and
w(k) = ark + azk>. (6.4)

Here, a1 > 0 and as > 0 depend on the model chosen. From chapter 2, we
know that for electromagnetical and acoustical problems, a; = ¢ and as = 0,
as well as for quantum mechanical problems, ay = 0 and ag = %kz.

A two-dimensional Gaussian wave packet which moves in the direction of
the wave vector kg is described by the weight factor

do(k) = ,/ge—“k—k@?. (6.5)

The normalisation is chosen to fulfil
%
Hon = ( - Yo (k)5 (k) d2k> =1 (6.6)

59
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A free plane wave is described by
u(k,x) = ek, (6.7)

The corresponding free wave packet takes the form of a two-dimensional Fourier

(x,4) = 2i /ﬂ/ ¢ikx = T(k= ko)* =i(ark+azk?)t g2pc (6.8)
T T R2

This corresponds to the situation where we have a Gaussian wave packet with

integral:

an initial wave vector ko and a ’shape’ constant I' determining its spread in
k-space and x-space, respectively. In general, only numerical solutions for (6.8)
are available. The method how to obtain these numerical solutions is described
in chapter 8.

6.1.1 Exact solutions

Analytic solutions for (6.8) are only available in special cases. Note that for
all these, we tacitly assume that a;, ag and T' are real, as well as I' > 0.
The integrals may be evaluated using integral tables or standard software like
Mathematica [19].

State at t =0

The solution ¥ (x,0) reads

¢(Xa 0) _ \/f/ zkxx T'(ke—ko, z)? dk: / ikyy_r(ky_ko!y)z d/{:y,
= - p _ar 2+Zk() X 6 9
\/2;6 (6.9)

From the density
1 1

Y0 = 5 €T

and its plots (cf. Fig. 6.1.1) we see that I is a measure for the width of the

2

(6.10)

wave packet at t = 0.

Quantum mechanical dispersion relation oy =0

The quantum-mechanical case a; = 0, i.e., w(k) o< k? is exactly solvable, too.

(2T
'lp(X,t) _ \/]R2 1kx — T'(k— ko)? 71a2k2t d2k

,kQFJr (chfil“kog
— = - iagt) 6.11
\/ - 2(F+zta2)e (6.11)
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— _ 3
r=1 r=3

Figure 6.1: Width of the two-dimensional wave packet for various I'

The absolute value of ¥ (x,t)

- (x— 2
|(x,t)| = HE;Q 4(1‘2+a§t2)(x 2azkot) (6.12)

T 2¢/T2% + ajt?

shows that the ’'quantum mechanical’ wave packet travels with a speed propor-
tional to kg. As well, the wave packet disperses for as # 0, i.e., for % £ 0.
This can be seen from the pre-factors in rftd:qma.

6.1.2 Approximate solutions

Asymptotics for the plane wave

With k = (ks, ky) = (kcosa, ksina) and x = (x,y) = (rcos ¢, rsin¢) we can
write the plane wave (6.7) as [12]

ez‘k~x _ eikrcos(qﬁ—a) _ Z ime(kT)eim(¢_a). (6.13)
From [20] we know the asymptotic form of HPD®.
2 Am +i(z—T)
Hp(2) = ) — (F9)"e 4/, (6.14)
Tz

Assume now that kr > m. Then,
m ml [ () 2)
i T (k) = i ér[fim (kr)%—f?m/(krﬂ

= %[fﬂHﬁJ@w)+(—1W%—mfﬁ£Nkm]. (6.15)

can be approximated by its asymptotic form. This yields for (6.13)

1 o0

% o N L [ei(kr—g) I eiimwe—(kr—%ﬂ gmie—a) (6.16)

z
Ny =) (6.17)
PV oonp '

m=—0oQ

where
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Asymptotics for the Gaussian weight factor
With the modified Bessel function of integer order I, (z) = i~™J,,(iz) we
obtain also in analogy to (6.13)

0o
€2Fkk0cosa — Z (2Fk‘k‘ ) zma (6.18)

m=—00

thus we have the following series representation for 0.

[e.9]
Po(k) = Ne PFHR) ™ 1 (2Dkko)e™. (6.19)
m=—o00o
Here, N is the normalisation constant such that ||¢)|| = 1. The asymptotic form

of the modified Bessel function I,,,(z) for large arguments x is given by [21]

In(z) ~ — ew[ zz+o<1>] (6.20)

V2nx z
Assume now that kovT > 1, and that kvT > e ﬁ’ then
1 __m?
I (2Dkko) ~ TRk g~ aTkRg (6.21)

VAnTkky

As the factor e T(k=k0)* hag 4 sharp maximum around k = kg, we set k =~ kg
in the exponential of (6.21) and obtain for (k) the approximation

s _ 2 — -l—zma
Tl)o(k) _ N/ F(k —k2) Z 4Fk (6.22)
\/E m=—oQ
For kyv/T > 1, we approximate the series with an integral:
S m2 . m2 .
DL A / T g J4kZaTe TR, (6.23)
m=—o00 —o0

This yields finally an approximation for ﬁo(k) which is separated in a radial
and an angular part:

720 = quﬁmk(kj)Na?ﬁO,a(a) (6'24)

where
Jo(k) = \}Ee—”’“"@i (6.25)
Po.alc) =e TH". (6.26)

The normalisation factors are chosen such that

o || = /0 " hdk ok () = 1. (6.27)
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; / o2k Fo)? \/; 1+erf(2‘ﬁ’“0) (6.28)
Ni / —2Tkgo? /2Fk2erf(f 2mkoVT ). (6.29)

and as kovT > 1 and the error function converges very quickly towards its

In particular,

limit lim,_, erf(z) = 1, we can approximate the normalisation constants to

1
2N\ 4
Ny = () : (6.30)
T
T2\ 7
Na:( 7r0> . (6.31)

Stationary phase method

Next, we search for an approximation to the integral
b
/ A(k)e®®) gk (6.32)
a

where

1. A(k) is changing slowly, and ®(k) is changing fast, i.e.,

A o)
% < % almost everywhere in (a, b). (6.33)
2. ®(k) is oscillating very quickly.
®(b) — ®(a)
— Y >1 .34
o > (6.34)

The approximation presented here is called the method of stationary phase. It
is applicable to integrals of the form (6.32 - 6.34). Under these circumstances,
the major contribution to the integral is made in intervals J; around values
®(k) = ®(k;) defined by %(k:i) = 0. In Fig. 6.1.2 this argument is justified
visually. We call the points k; with this property stationary points and split the
interval [a, b] into the sum of the intervals J = UJ; and a part J. = [a,b] \ UJ;.
We state that

/ A(k)e®® dk ~ 0. (6.35)

e

An expansion of the remaining integral yields

/JA( eiek dk—Z/[ (k)(k ki) +

; @(ki)#%(ki)(k—ki) +

« el 2 ak - an (6.36)

~ 3 Ak ) / ehEE Bk g (6.37)
i i
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Figure 6.2: Stationary phase method

As all the contributions from k ¢ J; are neglectable, we can write the integral
as

0o o2
/A(k)ezd)(k) dk dk = ZA(k,l)ez@(kl)/ el%%(ki)(kfki)Q k. (6,38)
J i

—0o0

The integral in (6.38) is a standard integral with a solution in closed form:

o 1 i o
/ [cos ak® + isin ak®] = ToONa T i signa (6.39)
oo lal V2 lal

Eventually, the stationary phase approximation reads

b . 2 i i)+ Tsi nﬁ i
/ AR P dk ~ 3" Aky) | e [P0+ st GEE)] (6 40)
a ‘ ez (ki)
(2 dk (2
6.1.3 Free solutions
Now, take (6.1) in polar coordinates for k = (k, @)
1 oo 21 _
u(x, 1) = —— / / u(k, x)ib(k, )k dk do, (6.41)
2w 0 0

and insert (6.2), (6.24), (6.7) and (6.13). This yields

u(x,t) =NpNoNp Z / [ei(kr_%) + eiim”e_(kr_%)] e T(k—ko)? g—iw(R)t g
m=—o0 0
o 2

n2 .
x Yy 6_4”8“’”‘1’% eln=ma qq, (6.42)
T Jo

n=—oo
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Note that —7m < ¢ < 7. Integration over « yields

o0 m2 3 .
u(x,t) :NkNaNp{ Z AR /OO o~ (k—ko)?—iw (k) t+ikr
m=—00 0
m2 . -

i io: G*W+zm(¢ﬂ:w)*lz /oo eF(kko)in(k)tikr}‘ (643)

m=—o00 0

With (6.23), and
oo
I,(rt) :/ o~ T(k—ko)?—i(a1k+agk?)t+ickr dk, (6.44)
0

Ny = \/4kgnT, o =41, (6.45)

we can approximate this as

u(x,t) =NgNa NN D e TROTEE00 1 (1), (6.46)
o==+1

Next, we approximate I,(r,t) with the method of stationary phase. There is

one stationary point
or — ajt

k. = 6.47
s 2t042 ( )
and with (6.40) we obtain
T —2mz (=G (ko)) STk Viohort
L(rt) ~ | —e 773 gilmwlke)tokort faz] (6.48)
a2

According to (6.35), with the approximations made I, (r,t) ~ 0 for r % a%(k}o)t.
Finally, we obtain for the limits t — oo for u(x,t) with N = NyNoN,N;, | o5

T dw 2
T [r— G (ko)t]

lim Ju(x, t)] ~ Ne7Ho%"e , (6.49)

__T dw 2
) lim |U(X, t)| ~ Ne—Fk%(qSiw)?e 41202 [T+ dk (ko)t] ) (6.50)
——00

From the form of these equations we deduce the following statements.

1. The free wave packets evolve asymptotically in a hyperbola whose enve-

Tho(p£m)

lope is given by e~ Tk59* for positive times and by e~ * for negative

times (cf. Fig. 2.2).

2. The velocity of the peak of the wave packet travels with a speed which is
given by the group velocity %(ko).
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6.1.4 Scattered wave packet
In the presence of a scatterer, the time-independent solution has the form
u(k, x) = e** 4+ 4%k, x), (6.51)

where u*°(k,x) is a solution which fulfills the Helmholtz equation (2.5), the
boundary conditions (2.8 - 2.9) on the obstacle and the Sommerfeld radiation
condition (3.5). Expansion of u*(k,x) in cylindrical coordinates yields

‘(k,a,r, ¢) = Z dpm, (kr)eim(@=a), (6.52)

m=—0o0

For the time-dependent scattered field, we obtain after integration over «

> >° _m? im
Wl g) = N [ "o Uro st 57 2 g e T (653)
0 = Vo

Iy (T,t)

Therefore, the scattered wave packet has the form

w(r, ¢) = I (r, )W (o) (6.54)

o] 2
2 - +im
W) =N = S o) TET (6.55)

The Sommerfeld radiation condition ensures that u*‘(r,t) is a linear combi-

with

nation of ’'outgoing’ waves H,,(kr)e™?. They are called ’outgoing’ because
I (r,t) =~ 0 for t <0, and thus

u(x, ) ~ u™(x, 1), for t < 0. (6.56)

Note that outside of the hyperbola for t > 0, ¥"¢(x,t) ~ 0. In this region, the
angular dependence of u(x,t) is given by Wi°(¢) and thus time-independent.
These facts are illustrated by the right-hand side of Fig. 2.3 where the free
wave packet is shown in blue and the area where I, (r,t)W3°(¢) % 0 in red.

6.2 Waveguide

For the waveguide model the time-dependent solutions have the form

u(x, 1) = ,/% /_ S ulh, x)0 (k1) s, (6.57)

Dk, t) = Po(k)e B, (6.58)
do(k) = \/f ¢~ T(k=ko)? (6.59)

where
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Free wave packet

A free solution of the Helmholtz equation has the form

free X k ZSID ny [ Z/@n(a:—:co) + bne—mn(x—azo):| , (660)
where
nmw
kn = —, 6.61
i (6.61)
kn = kn(k) = V/k? — k2, (6.62)
and the free wavepacket is therefore given by
free X t / / / —F(k ko)? ZSIH Y [ mn(z x0)
+ byetn(@=w0 ]e*“’(’“)t dk. (6.63)

Stationary points only exist for real k,, i.e., if the sum over n ends at M =
[kTW], where [x] denotes the first integer bigger or equal than x. We will call
the remainder of the infinite sum, where n is such that s, is imaginary, r(x,t).

r(x,t) = ro(x,t) + 1p(x, 1), (6.64)

ro(x,t) = N/ ¢ T(k—ko)? Z sin(kyy)ape” 1Fnl@=0) gmiw(k)t (6.65)
n=M

rp(x,t) = N/ ¢ T(k—ko)? Z sin(kyy)byelfnl(@—0) g=iw(k)t (6.66)
n=M

Note that for |x| — oo, either the exponential of r,(x,t) or the exponential of
rp(x,t) diverges. Thus, we require a,, = 0, and b, = 0 for M < n < oo for a
free solution with infinite domain; in other words, a free solution with infinite
domain may not contain evanescent waves'. In the following, we will therefore
require that r(x,t) = 0.

For the search of stationary points, we make the approximation k =~ kg in
T'(k—ko)2

the square root of k,. This is justified by the exponential factor e~ in
the integrand. A Taylor expansion of %mn around k = ko yields
d [, /nm\? ko (5?2
- = - 7 (k= o) + O ([k = kol?)
k-G (k- G7))”
(6.67)

! Another way to get rid of the exponentially growing waves is to split the infinite domain
in two half-infinite domains at a point x = x¢, allowing for exponentially decaying waves in
every direction like in (4.48) and (4.49).
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As stationary points we obtain

k- _
kg A 0 ol@—w) o g (6.68)
2 n 2 2a2t 20&2
ks — (%)

The =+ sign reflects the signs in the exponential which corresponds to the coef-
ficients a,, and b,, respectively. Thus, for the free wave packet, we obtain

% (6.69)
In these equations,
R 2
—— (k) = —2—~ — 2aqst. 6.70
dk:Q( ) (kz—k%)% i (6:70)

nm

k2 — ()
We see that the for |z — zo| % %(ko)t% , u™°(x,t) ~ 0. Thus, we

obtained a sum of travelling wave packets where a mode n travels with the

2_(nm 2
speed %(lﬂo)M.

ko

Scattered wave

For the scattered wave, we start with
u(x,t) = u™(x, ) + u*(x, 1). (6.71)

Take a given source distribution ¢(x’) as in chapter 4, then the scattered field
is (4.21)
u*(x) = Gr(x,x'(5))(x'(s)) ds. (6.72)
00
In this representation of the solution, the evanescent waves with k,, imaginary
cannot cause any problems because for |z| > 1, the exponential en#=2'()l «
1. The time-dependent scattered wave for this source distribution is then given
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by

(1) = \/; i > i) [ sintha st (s)

X / L T h—k)? jirala—a’(s) [=iw(b)t g, 4. (6.73)

Kn
With the same approximation as for the free wave packet, we obtain for the
stationary points
1{20 x—12'(s aq
ksn(s) =~ | () - (6.74)

k’g . (%)2 20é2t 20[2

The stationary-phase approximation for the integral is therefore

d2e

X/ Sin(k?ny/<8>)¢(x’(3))ei kz,n—k%m—x'(s) |+%Signw(ks,n) ds
o0
(6.75)

We see that for the scattered wave, the modes travel with the same speed as
K—(57)"

for the free wave as u*°(x,t) ~ 0 for |[x — 2/(s)| % %(k‘o)tTW , where s

parametrises the surface of the scattering body.

6.3 One-dimensional case

In one dimension, the time-dependent solution reads

u(x,t) = 1/% /OO u(k, z)0(k, t) dk, (6.76)

with
bk, t) = Po(k)e @B (6.77)
o (k) = (i) * Tk, (6.78)

The one-dimensional normalisation is chosen such that

1
- 0o _ - 3
H%H = (/ Yo (k)b (k) dk> =1 (6.79)
The one-dimensional free plane wave is described by

u(k, ) = e, (6.80)
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The corresponding free wave packet is described by the integral

1
1 /T\4 [ . .
l/)(l'ﬂf) = 27 <> / elkwe— I'(k— ko)Qe—Zw(k’)t dk’, (681)
T \T oo
where
w(k) = (a1lk] + a2k?), 1> 0,00 >0. (6.82)

6.3.1 Exact solutions

The advantage of the one-dimensional case is that more analytical solutions are
available as in the two-dimensional case. They are described below.

Free wave packet with a; = 0,3 > 0 (quantum mechanics)

The quantum-mechanical case a; = 0, i.e. w(k) ox k? is exactly solvable for all
dimensions. The one-dimensional integral to be evaluated here is of the form

1 [e.o]
zpqi(a:,t) = 1 <F> 4 / ik = T(k— ko)? ,—iaskt g,

2w \mw — s
1 ) 2
I = (6.83)
ir) T titog

Similarly to the two-dimensional case, the absolute value of ¢ (z,t) is given by

1
I ) 2 1 —72(1,2_‘1_;%)52) (:!:x+2042/€0t)2 .

4 VT2 + ait? 7

it shows that the quantum mechanical wave packet travels with a speed pro-

[ @ O] = ( (6.84)

portional to kg and disperses. For t — +o00, we observe two phenomena: first,
r

2¢/T2+a3t2’

comes larger with increasing absolute values of t. Secondly, the peak of the

the width of the wave packet, determined by the pre-factor —

wave packet travels at x = F2askot with the velocity %(k:o). In particular, we

note that for

d
ko > 0, d—:(ko) = 2ask > 0, (6.85)

the following asymptotics hold true.

Vi (z,t> 1) ~0 for z <0 (6.86)
w;(x,t < —-1)=0 forz >0 (6.87)
Yy (r,t>1)~0 for x >0 (6.88)
Y, (z,t < —=1) =0 for x <0 (6.89)
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d
max ¢ (2,1 > 1) ~ ﬁt > 1 (6.90)
z 0
d
max ¢ (z,t < —1) ~ %t < -1 (6.91)
B 0
d
max ¢, (, > 1) ~ — %t < -1 (6.92)
z 0
d
max 1y (z,t < —1) ~ — %t > 1 (6.93)
& 0

Thus, we see that w;r (z,t) is a wave packet which travels from —oo to 400 and
Y, (z,t) travels in the opposite direction.

Free wave packet with a; > 0,2 = 0 (electromagnetism)

The integral may be written down with the help of the error function [20].

1 o)
VE(x,t) = \/T r 4/ ke = T(k— ko)? ,—iclklt gz
e 2m \ 7w e

1
1N [ o ko + i(z — ct)
— - (z—ct)?Liko(z—ct) 0
<47TF> {6 N {Hcerf( VAT >]

i o~ i (a-et)*Eiko(a+ct) [1 T+ erf <2Pk0 ti(z+ Ct))] } (6.94)

V4T

Here, erf(z) is defined by

erf(z) = \/2E /OZ e~ dt. (6.95)

In this case, there is no dispersion of the wave packet: its width is always
characterised by T'. Note that 1= (x,t) ~ 0 for x % +ct, thus the main peak
travels in the same direction as ko with the velocity %(kzo). We assume now

that vTko > 1, i.e. the width of the wave packet (which is characterised by
VT is much bigger then the average wave length \g = % Then, for x ~ Fct,
erf(...) in (6.94) is given approximately by erf(vTkq). As lim, .o erf(z) = 1
converges quickly, this is approximately 1. The asymptotic expressions for
YF (x,t) with

dw

ko > 0, E(kg) = o1sign ko >0 (696)

are given by the following equations.

Y (z,t > 1) =0 for z <0 (6.97)
v (z,t < —1) =0 for x >0 (6.98)
P, (z,t>1) =0 for z >0 (6.99)
P, (z,t < —1) =0 for z <0 (6.100)
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d
max ¢l (z,t > 1) ~ ﬁt > 1 (6.101)
@ 0
+ dw
max ), (z,t < —1) = Et < -1 (6.102)
x 0
_ dw
max 1, (x,t> —1)~ — @t < -1 (6.103)
x 0
_ dw
x 0

Again, we see that 1 (z,t) is a wave packet whose peak of constant height
travels from —oo to +oo; as well, 1. (z, t) travels in the opposite direction from

+00 to —o0.

6.3.2 Scattered wave packet

A scattering "body’ which may be described with a «y(z) that is bounded to the
interval [—xg, zo] can be described outside of this interval by the sum of two
related free solutions.

u(k, ) = u™(k, 2) + u*(k, ) for |x| > xo (6.105)

u(k,x) = a™e™ 4 pre (6.106)

SC(fe ikx
w(k,z) = {a (R)e™ 2> a0 (6.107)

be(k)e ** g < a

The scattering matriz relates the coefficients of the free solutions long before
(u=>°(k,z)) and long after (u>°(k,x)) the scattering process.

a®® . a”® B Sll(k‘) Sm(k‘) a~®
( b>® ) = 5k) ( b= ) B [ So1(k)  Saa(k) ] ( b= ) (6:108)

The free solutions are given by

u®(k,z) =a e 4 p= ek (6.109)
u®(k, ) = a™®e*® 4 p>Pe ik, (6.110)

where the coefficients are related to the ones already defined by
a~® = CLin h—>® = bin

a>® = ain 4 a5C e — bin + bse. (6111)

Conservation of the probability current leads for the scattering matrix to the

relations
|S11(k)” + [S12(K)[* =1, (6.112)
|01 (k)| + | S22 (K)[* = 1, (6.113)
Sll(k‘)sﬁb(k) + 521(]?)5;2(]{) =0. (6.114)
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From these relations, we show that S(k) and ST (k) are unitary. Time-reversal
invariance signifies that if u(x,t) is a solution and (z) is real, then u*(x, —t) is
also a solution of the same Helmholtz equation with the same ~(z). Note that
that this operation interchanges incoming and outgoing waves. In terms of the
scattering matrix, this means

S(k) = ST (k). (6.115)

Furthermore, as for every u(k, z) the function u(k,z)* is also a solution to the
one-dimensional Helmholtz equations, the equation

S(—k) = ST(k) (6.116)

holds. Finally, if the scattering potential is symmetric, i.e., y(x) = y(—z), then
S(k) may be written as

_ | tk) —rr(k)
S(k)_!T(k) (k) ] (6.117)

where r(k) and t(k) are the reflection and transmission amplitudes. The corre-
sponding reflection and transmission probabilities are given by R(k) = r(k)r(k)*
and T'(k) = t(k)t(k)*. Note that R(k) + T'(k) = 1. The scattered wave fulfills
the Sommerfeld radiation condition in one dimension which states that at in-

finity, ©*°(x, k) must consist of outgoing waves only.

: g . sc -
zlljlrloo <8x — zk> u*(z, k) =0 (6.118)
lim 9 + ik | u*(x, k) =0 (6.119)
Jm | o ik ) w(z, k) = .

The scattered wave packet is given by the following integral.

l (o ¢]
( I >4 / asc(k)eikxe—F(k—ko)2e—i(a1k+a2k2)t dk x> 2
wSC(x’ t) —

43 ) )
L \i [~ . . )
(3) / bsc(k)efzkzefF(kfko) efz(oquragk )t dk x < g
4am oo

(6.120)

Because of the sharp peak of e~ T(k=k0)* around k = ko, we approximate a*°(k)

and b°(k) in the integrand with a*°(kg) and b°°(kg). Note that this approx-
imation is not good enough to explain the two peaks in the time-dependent
behaviour of wave packets hitting the one-dimensional model for localisation as
shown in chapter 9. Now, omitting the subscript e or ¢ for the electrodynamical
or the quantum mechanical case, we rewrite ¢°(z,t) as follows.

a*C (ko) (z,t) = > 29

(6.121)
b5 (ko) (x,t) x <o
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In the usual situation @™ = 1, b = 0, the full wave packet may be written

as follows.
t(ko)t (z,t) x> T

r(ko)¢™ (2,t) + ¥ (2, t) = <o

Looking at (6.86 - 6.93) and (6.97 - 6.104), we see that long before the scattering
process, the wave packet is given by

P(a,t) ~ { (6.122)

Yot < —1) =T (a,t), (6.123)

i.e., long before the scattering process, (6.122) describes the free solution ™ (z, t)
coming from —oo to hit the scattering potential. Long after the scattering pro-
cess, the wave packet is given by the following expression.

t(ko)y™ (z,t) > xo

(6.124)
r(ko)Y™ (z,t) x <z

Y(x,t>1) ~ {

From this, we see that asymptotically long after the scattering process, we have
a transmitted wave packet travelling in the direction of kg with the intensity
T'(ko) and a reflected wave packet which travels in the opposite direction with
the intensity R(ko).

6.4 Summary

We have presented a method which may be used to obtain time-dependent wave
packets as a weighted superposition of the time-independent solutions obtained
in previous chapters. Analytic solutions as well as asymptotic expressions were
given for scattering in vacuum, for waveguide scattering with and without scat-
terers, and for one-dimensional scattering. Only in one dimension, it is possible
to find an analytic solution for free electrodynamical and acoustical wave pack-
ets. In higher dimensions, this is only possible in the quantum mechanical
model. In vacuum, the evolution of the free wave packet in a hyperbola and its
interaction with the scattering wave packet was described for asymptotically
large times.



Chapter 7

Mathieu functions

Mathieu functions were introduced in 1868 [22]. They are needed whenever
a separation of variables technique is used to solve the Helmholtz equation in
elliptic coordinates [23]. For example, these functions are needed to describe
the scattering of classical and quantum mechanical waves by elliptical objects
[24]. The exact solution obtained this way can be used to test the accuracy of
other numerical schemes [25].

7.1 Eigenvalues of the Mathieu equation

Floquet solutions of the Mathieu equation

First, we introduce Mathieu functions using a terminology that refers to the
eigenvalues of these functions with respect to certain operators. Mathieu func-
tions are solutions of the Mathieu equation

HIy(z) = —y/(2) + 2qcos 2z y(z) = Ay(2) . (7.1)

We consider only values ¢ > 0 and ask for solutions that are normalizable in
the following sense.

| R s =yl < o0 (72)
To classify these solutions it is useful to introduce two more operators, namely
Try(2) = y(z + ) (7.3)
and
Soy(z) = y(—=2) . (7.4)
Note that both Tﬂ and S’g commute with flq,
SoH?'=HYS,, T,HY=HIT,, (7.5)
but that
Son 8y =T =T (7.6)

75
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In a quantum mechanical context, where HY is the Hamiltonian, T, and Sy are
unitary operators that commute with H? and generate a symmetry group of
infinite order (dihedral group D). Accordingly, the irreducible representations
of this group may be used to label the eigenfunctions and eigenvalues of H1,
To this end we first consider the eigenvalue equation

Tey(z) =™ y(z) with pe (—=1,+1]. (7.7)
A solution of (7.1) which satifies (7.7) is called Floquet solution of the Mathieu
equation with characteristc exponent p.

Characteristic exponent p € (0,1)

For given p € (0, 1) the functions satisfying both (7.7) and (7.2) span a separable
Hilbert space where the scalar product of two elements a(z) and b(z) is defined
by

1 ™
(a,b) = / a*(z)b(z)dz (7.8)
™ Jo
and the functions
ulh??”(z) = ei(ﬂ+2r)z , = O7 ¥1, :FQ, . (79)

constitute an orthonormal basis. The action of H? onto the elements of this
basis,
Hiuppr(z) = ) (H),, w2 (2) (7.10)

,r,l

is given by the matrix H} with elements

(), = (o (2) T 00(2) ) (7.11)

H} is Hermitean and bounded from below.
The Floquet solutions of (7.1) with characteristic exponent p € (0,1) may
therefore be obtained by a two-step procedure (algebraic eigenvalue problem):

e determination of the eigenvalues of the Hermitean matrix

(1 +0)? q q 0 0
¢ (n—=27 0 q 0
0 +2)2 0
o _ q (n+2) ) q
iz 0 q 0 (n—4) 0
0 0 q 0 (1 +4)?

with row and column indices

r=0,—-1,41,-2,+2,.... (7.13)
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The eigenvalues A}, of this matrix with
n=01,2,... (7.14)

are nondegenerate and bounded from below whence they may be ordered
according to their magnitude.

<... (7.15)

e calculation of the related eigenvectors by solving the equations

Z (Hz)r,r’ (Cg,n)rl = AZ,TL (Cz,n)T : (716)

,r./

To obtain a unique solution of (7.16), we impose the following conventions.

(Cin), = (Chn), (7.17)

S (ce)i=1. (7.18)

T

(7.16), (7.17) and (7.18) determine the eigenvectors C{ , up to a sign
which is fixed by a convection, cf. equations (7.39), (7.51), (7.78) below.

The common eigenfunction of H? and T related to the eigenvalues M}, and
e is then

Y (Cha)r e (2) = yhulz) - (7.19)

T

Because of (7.17) and (7.18) these functions satisfy
/ dz |ygvn(z)‘2 = . (7.20)
0

Characteristic exponent u € (—1,0)

The only difference in the approach outlined above is the sign of the charac-
teristic exponent. Inspection of (7.12) shows that for u € (0,1) the matrix
ng may be obtained from the matrix H} by the orthogonal transformation
H?, = WIHiW_ where

; (7.21)

O O O O =
SO O = O O
o O O = O
= o o O O
O = O O O
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this corresponds to a permutation of rows and colums (indices 0,-1,+1,-2,42,
.— 0,+1,-1,42,-2,...). Therefore

Mop=2A,, for n=012.... (7.22)
Another way to derive this relation is to consider the function So yf »(z) where
yin(2) is a Floquet solution with characteristic exponent p € (0,1) and eigen-
value X% ,. Tt follows from (7.5) that Spyl,(z) is also an eigenfunction of HY
with eigenvalue A} ,; but because of (7.6) this function has the characteristic
exponent —u € (—1,0). Since the eigenvalues of H} are nondegenerate and Flo-
quet solutions with noninteger characteristic exponent are linearly independent
it is possible to choose the normalization constants and phase factors in such a
way that

YL n(2) = Soyfn(2) = yhn(=2) for 0<|u/<1. (7.23)

Characteristic exponent y =0

In the space spanned by the functions ug2,(z) the translation operator T,
becomes the identity operator so that it is possible to diagonalize Ty, So, and
H 4. simultaneously. Let W be the unitary matrix

1 0 0 0 O
X :
0 ? \% 0 0
0 = =% 0 0
\{i V2
—1
0 0 O 5O
with row index (7.13) and column index
sp =0+, 14,1—,24,2—, ... . (7.25)
Then
02 VvV2¢ 0 0 0
V2¢ 22 0 ¢q O
; 220 ¢
Wy Hi Wy = ~ H{ & Hj_ (7.26)
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(row/column index (7.25)). The first submatrix

02 Vv2¢ 0 0 0
V2¢ 22 ¢ 0 0
0 g 4% ¢ 0
Hi=1 o 0 ¢ 6 g (7.27)
0 0 0 g &
with row and column index
s+ =0+4+,14,24,... (7.28)
shows the action of HY onto the following basis.
1 for s =0
V2s4-\Z = 7.29
+(2) {\/5008232' for s >0 ( )
u.0(z for s =0
- - for s >0
\/EU()’_QS(Z) + ﬂuoygs(z) or s
The eigenvalues of (7.27) are denoted as [20]
)‘?),Qm = agm (731)
m=0,1,2, ... (7.32)
and its eigenvectors are calculated according to
> (Hiy), . (A3,)s = a8, (A3,)s (7.33)
s'=0
> (43,) =1, (7.35)
and
> (44, > 0. (7.36)
The related eigenfunctions read
Wom(®) = D (A% )svaes(z) = D (Clom) wozr(z),  (7.37)
s=0 r

(Clan), = (Ao (Clan), = \2 (A%,), forr>0  (7.38)
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and are normalized as the functions for p € (0,1), see eq. (7.20). The phase

convention (7.36) is equivalent to

yg,Qm(O) > 0.

The second submatrix is

22 ¢ 0 0 0
g 4 ¢ 0 0
0 62 0
mo_| 00
U 0 0 g¢qg 8 q
0 0 0 ¢ 107

where row and column indices are given by
s—=1—,2—3—,....
The corresponding basis is

Vs (2) = V/2sin2sz
1 1

E“O,—Qs - EU(LQS

The eigenvalues of (7.40) are denoted as [20]

q _ 14
)‘0,2m+1 - b2m+2 .

The eigenvectors are defined by

[e.9]

Z (Hg—)s,s/ (Bgm+2)8’ = bgm+2 (Bgm+2)s ’

s'=1

*

(Bgm-i-?)s = (Bgm+2)s )

Z (Bgm+2)§ = 1’

and
Zs (BSns2), > 0.

The related eigenfunctions read

yg,2m+1(z) = Z(Bgm+2)5 U(2s)—(z) = Z (Cg,2m+1>r uo,2r (2)

s=1 T

1
(Cg,Qm—i—l)ir = :Fﬁ (Bgm—i—Q)r for >0

(7.39)

(7.40)

(7.49)

(7.50)

and are normalized as the functions for p € (0,1), see eq. (7.20). The phase

convention (7.48) corresponds to

d
[dz yg,2m+1(z):| - > 0.

(7.51)
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Characteristic exponent =1

In this case, the operator T becomes again a multiple of the identity operator,
namely —1. Following the same procedure as in the case p = 0 we introduce
the unitary matrix

1 —i
viovi 9
Wy = 0 0 =5 & (7.52)
0 0 5 I
2 V2
with row index (7.13) and column index
sp=0+,0—,14+,1—, 24+,2—, ... . (7.53)
Then
1+q O g 0 0 O
0 1—-q 0 g 0 O
q 0 32 0 ¢ O
wiHiw, =] 0 g 0 3 0 ¢ ~Hi, ®H!_ . (7.54)
0 0 g 0 52 0
0 0 0 0 52
The first submatrix is
1+g g 0 0 O
q 32 ¢ 0 0
0 g 52 ¢ 0
qa _
Hi, = 0 0 ¢ 7 ¢ (7.55)
0 0 0 gq 9

where rows and columns refer to the indices s+, eq. (7.28). The corresponding

basis is
V(ost1)4+(2) = V2 cos(25 4+ 1)z (7.56)
1 1
R 7.57
ﬂum \/im, 25—2 (7.57)

The eigenvalues, eigenvectors, and eigenfunctions are given by the following
equations.

)‘(11,2m+1 = angrl (7.58)



82 CHAPTER 7. MATHIEU FUNCTIONS

o0

(Hf+)375/ (Agm+1)3/ = agm+1(Agm+1)s (7.59)
s'=0
(A%m+1)s = (Agm—l-l): (760)
> o(A8,0) =1 (7.61)
> o (A43,.,),>0 (7.62)
y(11,2m+1(z) = Z(Agm+1>sv(25+1)+<2) = Z (CiI,Qm-l-l)r UI,QV‘(Z) (763)
s=0 r
(C" ) -2 (A%,.1), forr >0 (7.64)
1,2m+1 - \/5 2m+1) =

(C€,2m+1> ., = \}5

and are normalized as the functions for p € (0,1), see eq. (7.20). The phase

(A%,.1)_,_, forr<0 (7.65)

convention (7.62) corresponds to

Y1 2m+1(0) > 0. (7.66)

The last submatrix is
1-¢g g 0 0 O
g 3% g 0 0
qg 5% q 0
0 ¢ 7% ¢
0 0 ¢q 92

HI = (7.67)

o O O

where rows and columns refer to the indices s— given by eq. (7.41). The
corresponding basis is now

Viost1)—(2) = V2 sin(2s + 1)z (7.68)
i i
= —ﬁul,gs + %UL_QS_Q (7.69)
and the eigenvalues, eigenvectors, and eigenfunctions read as follows.
)‘%,2m = bngrl (770)
o0

Z (Hilf)&S’ (Bngrl)S/ = bgm+1(Bgm+1)S (771)

s'=0
(Bgm+1)s = (B§m+1): (7.72)

S (Bhi)i=1 (7.73)

S
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> (25 +1) (Bfypa), >0 (7.74)
Y1 om(2) = Z(Bgm—i—l)sv(%—i-l)—(z) = Z (CiI,Qm)T u12r(2) (7.75)
s=0 r
)
<Ci],2m+1>T NG (B3py1), forr>0 (7.76)
1
(Ci],Zm—H)r = ﬁ (Bgmﬂ)ﬂbl forr <0 (7.77)

The functions (7.75) are again normalized according to (7.20). The phase con-
vention (7.74) corresponds to

sz yggm(z)]zzo > 0. (7.78)

Characteristic exponent p & (—1,1]

If the characteristic exponent is not in the interval (—1,1], we decompose it
according to p + 2k accordingg to u € (—1,1] and k € Z. Looking at

(1 + 2k)? q q 0 0
q (u+ 2k — 2)? 0 q 0
. q 0 (p + 2k + 2)? 0 q
Hy o, = 0 q 0 (1 + 2k — 4)? 0
0 0 q 0 (u+ 2k + 4)2
(7.79)

we see that it corresponds to H} if columns and rows are appropriately rear-
ranged.

q —
<H,u+2k) ror! - (Hg)r_;,_kﬂn/_;_k (7'80)

We therefore relate the eigenvalues and eigenvectors of Hz 4oy to those of H}
in the following way.

A e =M (7.81)

(C;quZk,n)r = (Cln )i (7.82)

7.1.1 Recurrence relations

Line r of (7.16) corresponds to

N = (14207 (Cln), = @[ (Clan) o + (Cln), | =0 (7:83)
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Line s of (7.33) yields

% (A3, — V24 (43,,), =0
(0 = ) (43,.), — 4 [VZ (45, )o + (44,),] =0,

a4, — (28)%] (AL,), — a [(A%), 1 + (A5), 1] =0  s>2.

Equivalently, from (7.59) we obtain

(angrl -1- q) (Angrl)o —q (Agm+1)1 = 0’

[agm-‘rl —(2s+ 1)2] (Agm—H) —dq [(Agmﬂ)sq + (Agmﬂ )s+1:| =0
(7.45) yields

(Vms2 =4) (Bimia)o = 4 (Binya), =0,
[0 42 — (25 +2)7] (Bimta), — [( Smt2) o1 (Bgm+2)s+1] =0

and with (7.71) we finally obtain

(bgm+1 -1+ q) (Bngrl)() —4q (Bngrl) =0,
[bgm-H B (28 + 1)2} (Bgm-&-l) [(Bgm—s-l) + (Bgm+1)s+1] =0

Terminology of Meixner and Schafke

(7.84)
(7.85)
(7.86)

(7.89)
s> 2,
(7.90)

(7.91)
s>2.
(7.92)

A very convenient notation is introduced in [26]. Its advantage is that all

Mathieu functions can be considered as one single function, the distinction

between the four cases being taken care of by the notation used. Following [26]

we write for m =0,1,2,...

1

——yd z =ceom(z;9) = —=me ,
ﬂyo,Qm( ) 2m (23 q) 7 om (23 q)
1 1
ﬁyllzﬂm(z) = ceam11(2;q) = ﬁm62m+1(2 iq)
1 )
ﬁy(lz,2m+l(z) = seam11(25q) = \ﬁmemefl(za q),

1 i
\ﬁy&gmﬂ(Z) = seam+2(2;q) = \ﬁme—m—z(z; q) -

(7.93)
(7.94)
(7.95)

(7.96)
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In [26], a one-index notation for the (Cfl ), coefficients is used which is denoted
by ¢5%(q). For m > 0, it is related to the previously defined coefficients by
cl, ) (7.97)

027‘ =

)= (
c%?‘“ (Ctam) - (7.98)
") = (Clymin) - (7.99)

cgfm—2<q> = (Clomsn) - (7.100)

The index n of the functions ce,(z;¢q) and sey,(z;¢q) is called the order of these
Mathieu functions. The eigenvalues related to the eigenfunctions (7.93) - (7.96)

q q q q
are Aoy Ao 1s b2m+17 62m+2 and
al <bl <af <bl<al <bl<al<.... (7.101)

Note that for ¢ — 0 we have

bl, —al, form >0 (7.102)

and
éiil’(l] cen(z;q) — cosnz, (7.103)
;i_r% sen(z;9) — sinnz. (7.104)

7.2 The modified Mathieu functions

If we replace the variable z in the Mathieu equation (7.1) by iz we obtain the
modified Mathieu equation

d?y

FERe (A —2gcosh2z)y =0. (7.105)

Solutions of (7.105) may be obtained from the previously defined Mathieu func-
tions by substituting z — iz. The functions obtained are series in coshnz and
sinhnz, the coefficients being the same as for the Mathieu functions with real
argument.

Although theoretically well-defined, this series representation is numerically
inconvenient. It is more efficient to use a series representation in Hankel func-
tions. The symbol Z,, with m € Ny has the following meaning.

ZW(2) = (7.106)
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Jm(2) is the Bessel function with

2
Im(2) — — cos (z — g — %) for z — o0, (7.107)

Y, (2) is the Neumann function with
2
Y (2) — 4/ —sin (z—m—z) for z — o0, (7.108)

and ZT(,?A)(,Z) are the related Hankel functions with asymptotic form [20]

ZB)(2) —(—i)™/ %e“(z—%) (7.109)
T

2 o
ZW (2) S(—i)™y | iz, 7.110
(D(2) (i) ZeeS (7.110)
Using these functions, we introduce the following modified Mathieu functions.
) 1 s
Mc) (z1q) =———— S (1) 7 (4%). Z¥)(2,/g cosh z 7.111
650 = o U (48, 25 2V geosh (7.11)
1

Mcg]n)Jrl(Z%CI) = (—=1)"77 (49,.41), Zéjrﬂ (2y/qcoshz) (7.112)

ce2n+1(05q)

tanh z
Se/2n+2 (07 q) r=0

10

(=1)""(2r +2) (Bgn+2) g@w@x@ cosh 2)

(7.113)

Ms$) (2 q) =

i tanh z >
MSéJ”)H(Z;q) seh 4 ( 0 q) Z )" (2r +1) (Bgn—H) Z(er+1(2\/EJCOShZ)
n—+ =

(7.114)
The relation of these functions to the functions me,(iz;q) is discussed in [26].

For j > 1, the following equivalent series representations [26] are more useful
for numerical calculations (cf. chapter 8).

D5 a) = 1 .- _ 1\t (A4 Jr—s(V/ae™ Z)ZS=] s(Vae?)
Meg, (23 9) (1+ds0) (A3, ), ;0( D™ (A ), +Jrts(\/qe” Z)Z] s(/a€?)
(7.115)
C(j) PR 1 . n-+r Aq i JT*S(\/ae_Z)Zg{Fs+1 qez) ]
M 2n+1( vQ) (Agn+1)s TZO( 1) ( 2n+1) i +Jr+s+1(\/§6 ) ) ( qez)
(7.116)
S(j) 5 1 S ntr (B4 % [ Jr— 8(\[6_2) r+s+2( qez)
Motne2l2i0) = (Bini2), Tz:;)( U Bl | —Irrsra(y/ae” 920 (/Ge?)
(7. 117)
O (s Ly (g0 | Js(Vae )7 Hsﬂwe ) |
M 2n+1( 7Q) (Bgn+1)s T:O( 1) (B2n+1) X T+S+1(\/~e z) (\[6 )

(7.118)
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Note that in (7.115) - (7.118) s = 0,1,2,... is a free index and Z(jy)n(z) =
(—1)mZ,(7§)(z). Finally, the functions M,(,‘Z)(z;q) are defined in the following
way.

MJ(2;q) = Mc)) (2: ) (m=0,1,2,...) (7.119)
(—1)"MY) (21q) = Ms) (3 q) (m=1,2,3,...) (7.120)

The asymptotic behaviour of these functions is given by [26]

Mé{)(z; q) — Z%)(2\/§cosh 2) for z — oo. (7.121)

7.3 Eigenfunctions of the Helmholtz equation

With the Laplacian (3.13), the Helmholtz equation (2.5) with piecewise constant
~v(x) reads

8y L h2k? u L h2k2
cosh 26 = 87172 - T

- 0e? 2

(7.122)

From the ansatz u(§,n) = U(£)V(n) we obtain the following two ordinary dif-
ferential equations with the separation constant A and ¢, = h%k2 k as in (3.22).

—U”(f) + ()\ — 272qcosh 26) U(é)
V(1) + (A = 2v*g cos 2n) V(1)

(7.123)

0
0 (7.124)

Eq. (7.124) is equivalent to (7.1) and (7.123) to (7.105). Thus, we know that we
can write the general solution for given A, called partial wave, for the Helmholtz
equation in elliptic coordinates as sum of two linearly independent solution, e.g.,

up(§,m) = apM (5,7 ar)mey, (13 v qr) + by M (&2 qr)mep(n; 7 qr,). (7.125)

Smoothness around the z-axis

Note that the conditions (3.14 - 3.17) have to be fulfilled for a partial wave
inside of a scattering body. For p > 0, the sign of me,(n;+?q) flips when
going though y = 0; for p < 0, the sign of imep(n'fyzqk) flips. This jump
is ’compensated’ for the regular partial wave M (f ~ qk)mep(n,’y qr) by the
fact that, for & — 0, M (§ v%q) — 0 for p > 0 and - p (f,’y qr) — 0 for

p < 0. However, the &- derlvatlves of the singular partzal wave M, (2 )(5 y2qy) do
not become zero, thus M (5 v2qr)me,(n; v2qx) is not continuous; therefore,
it cannot be part of the solution (3.26) inside of a scattering body. This is
illustrated in Fig. (7.3).



88 CHAPTER 7. MATHIEU FUNCTIONS

—3<rL3,-1<y<1 r=05-3<y<3

Figure 7.1: Discontinuity of the partial wave M(E% (&(z,y);2) me_s (n(z,y);2)

7.4 Addition theorem for Mathieu functions

The addition theorem relates two solutions of the Helmholtz equation in dif-
ferent coordinate systems. It was used in chapter (3) to solve the scattering
problem for N elliptical scatterers. We formulate it here for the two elliptical
coordinate systems

¢ _= <h(1>’ D(—aM)(x — X(l>>> = ¢W(x), (7.126)
€@ —x3 (h@), D(—a®)(x — X<2>)> = ¥ (%), (7.127)

where E(h,x) is given by (3.9) and D(a) by (3.59). The origins of the two co-
ordinate systems are joined by the vector p = (p, 1) = x(V) — x| We assume
that the geometric parameters o¥, A9, and h(® are all real. Formulas for com-
plex parameters are similar, but the expansions are valid in more complicated
regions [27]. For the description of the addition theorem coefficients, we will
use the terminology (7.97 - 7.100). Now, the exterior Addition theorem

MO (D g0)me, (5D ¢V) Z AMY) (€D ¢@)mey (1?4,

S=—00

(7.128)
A= D" (=) (¢ ) (q@P)eirrantenen) 1y, ()=,

l=—o0
r=—o0o

(7.129)

is valid in the region coloured in blue in Fig. 7.4

€@ > @) (7.130)

(x + D(a) ( ’; ) x4 D(a) ( ‘Oh )] . (7131

where

fl(li)lx = max
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2

Figure 7.2: Range of addition theorem

The interior Addition theorem

MP(EV; ¢ men(nD;qM) = Y BI) M (P ¢P)me, (n); ),

T (7.132)
BY,(¢W,q?) = i (=1 (¢ (62) 2o (kp)
f=—oo
T x e~ ir=m+2(f=g)v o —i(2g+m) (a1-a2) (7.133)
is valid in the region coloured in red in Fig. 7.4
€@ <2 (7.134)
where
G = min | (< + D) ( : ) XU+ D) ( Y )] (a3

Note that in (7.133), the exponent of (—1)9=/+™ differs from that in [28].

7.5 Summary

In this chapter, Mathieu functions were introduced as square-integrable eigen-
functions of commuting operators. The advantage of this approach is that the



90 CHAPTER 7. MATHIEU FUNCTIONS

labelling of Mathieu functions is clearly related to eigenvalue problems. This
labelling is then related to the notation of Meixner and Schéfke [26] which
excels in its simplicity all others, in particular the standard notation of [20].
The expansion coefficients of the Mathieu functions obtained in the first sec-
tion are also used to define the Modified Mathieu functions and appear in the
interior and exterior addition theorems for solutions of the Helmholtz equation
in elliptic coordinates.



Chapter 8

Numerical Implementation

8.1 Mathieu Functions

Numerical routines for Mathieu functions are available, e.g. [29], [19], but the
numerics of the addition theorem requires an implementation with supplemen-
tary precision. The approach presented here combines a well-known iterative
approach [26] with matrix techniques [30], [31]; the matrix part is similar to the
method used by Stamnes and Spjelkavik [32].

The Mathieu library implemented as described here allows the numerical
calculation of the functions in the required precision. In addition it provides
the user with a formalism [26] that is of comparable simplicity as calculations
in spherical coordinates (cosine, sine, Bessel and Hankel functions).

The software presented here is written in an object-oriented language (C++)
and organized around an ’object’ which calculates and stores the Mathieu eigen-
values and eigenvectors. This object may then be used to calculate approxima-
tions for the eigenfunctions by truncating the corresponding series.

The object has to be initialized before Mathieu functions can be computed
for various arguments (cf. fig. 8.1). The necessary subroutines are embedded
in the object. The advantage of this object-oriented implementation is that the
allocation, calculation and deallocation of the series coefficients is invisible to
the user. As well, debugging is facilitated by the operator overloading feature
of the language with which bounds checking may easily be introduced and then
removed afterwards for performance reasons. The routines are designed for
multiple evaluations of Mathieu functions with the same ¢. Thus, evaluation
for different arguments is performed fast once the object is initialized.

The calculation of the coefficients is based on three public domain libraries:
LAPACK [15] for the calculation of the eigenvalues of a tridiagonal matrix and
GMP [33] for the iterative procudure which is performed in arbitrary precision.
The Bessel and Hankel functions in the summation of the truncated series of the
modified Mathieu functions are calculated with GSL [34]. To obtain Mathieu
functions in arbitrary precision, one would just have to use Bessel and Hankel

91
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Parameters
m,q

q=0 q>0

AN |
Estimate truncation
for matrices

Calculate approximate
eigenvalue A

Estimate dimension of
eigenvector

Increase dimension
of eigenvector

Special case
(polar coordinates)

Compute correction S\

Replace A by A + oA

Sh>e /&>

dA<e

Figure 8.1: Flowchart of the initialization procedure

functions of the desired precision.

The case ¢ = 0 is easily treated: the Mathieu functions become sine and
cosine functions, and the modified Mathieu functions reduce to Bessel, Neu-
mann and Hankel functions [26]. For ¢ > 0, we first calculate an estimate for
the eigenvalues A}, as described in section 8.1.1 below; afterwards in section
8.1.2 it is estimated how many components of the eigenvector will be needed.
Finally in section 8.1.3 the estimate for A}, ,, is iteratively refined.
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8.1.1 Approximate eigenvalues

The eigenvalue problems that define the Mathieu functions are suited for auto-
mated calculation of an approximation to the characteristic values A}, ,, (also for
calculation of the eigenvectors Cy,, but this will not be exploited here). To this
end, we start from one of the matrices Hoy, Ho—, Hiy, Hi—, eqgs. (7.27, 7.40,
7.55, 7.67). The infinite matrix is truncated at dimension N(n,q) according to
the following heuristic rule.

0<n<10 N =20 x max(1,logq) (8.1)
n > 10 N = 2n x max(1,logq) (8.2)

Then, the real eigenvalues of the truncated matrix are calculated using the dou-
ble precision routine dstev for tridiagonal symmetric matrices from CLAPACK
[15].

8.1.2 Approximate eigenvectors

Next we need an estimate for the range 1 < s < Spax such that (A), < €

or (B) s < € for s > Spax. We know that for the converging solution of a
three-term recursion

Yk+1 — Dkyk + Yp—1 = 0 k= 1, 2, 3, ce (83)
the following relation holds true [26].
il < 5 e (54)
Yk = Du[—1 Yk—1 .

For the components of the eigenvector A2 this implies

1

((A),| < =53 [GES (8.5)
ag,, —(2s) _1
q
For an estimate of S that fulfills
(A,), <e  fors>S, (8.6)

we assume that the value of (A% ), at s = 0 is equal to 1. Then we use
(8.5) to estimate the magnitude of the coefficients for increasing s. The typical
behaviour of the coefficients is shown in fig. 8.1.2: there is only one maximum,
after which the absolute value of the coefficients decreases with s according to
(8.5).
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Figure 8.2: Typical values of C} ,,, coefficients

8.1.3 Iteration procedure for eigenvalues and eigenvectors

The core of the numerical calculation of Mathieu functions as proposed here is
an iteration scheme which yields eigenvectors and eigenvalues with a prescribed
precision. We use the iterative method of [26] because it is both efficient when
good estimates for eigenvalues are available and easy to implement using an
arbitrary precision library (in contrast to methods requiring equation solvers).
As the original source [26] is written in German, the procedure will be briefly
described here for ad and A% . The three other cases are treated analogously.
If we set

(Agn)erl _
NI (8.7)

in relations (7.84) - (7.86), we obtain

Ny = Yn (8.8)
0= —F—7—, .
V2q
1 al —4
V2—+ N = 22—, 8.9
Ny ! q (8.9)
1 ad —(2s)?
+ N, = 2o 7 for s > 2. 8.10
stl S q ( )
It follows that
Jim F(a3,,S) = (8.11)
—00
if ,
.  al 2 1 1 1
Flaw S =" -G g e g G-esr (8.12)
q q q q

ad is the exact eigenvalue, and Ny — 0 for s — oco. The last condition follows
from [26]

1
4Ny +q=qO <s> for s — o0. (8.13)
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We start the iteration from a given pair (af ,S) and use the magnitude of
the function (8.12) as measure for the quality of the eigenvalue af and the
dimension S of the eigenvector.

In the beginning, we calculate the quotients Ny, ..., Ng|z, according to the
recurrence relations (8.8) - (8.10). Here, L indicates that these recursions are
relations that 'run from the left’ (increasing s). Assuming Ng to vanish exactly
we may use equations (8.10) and (8.9) to define a recursion that runs from the

right’.
Ngr=0 (8.14)
q
Ns-uin = o7 — sy &1
1
Ng_ojr = — > (8.16)
ad —(25-2
2n (q ) _ NS—l‘R
1 1
Nop=—F2—7—1—— (8.17)

V2 ag’;_4 — Nir

If we change aZ by dad , the quotients N, will change according to

dal
SNy = —22 (8.18)
V2q
dal V2
SNy = —20 4+ “ 26N, 8.19
dal 1
SNs = q2” + SNs_1 for s > 2 (8.20)
s—1
or
2 6agn
ONg = N7 |0Ng41 — . for s > 2. (8.21)
Therefore
dad 1 1 1
| q Nt2—1 Nf—thQ—2 Nf—thQ—Q T leNg
and su
a
SNyr=— ;” [NZ + NZNZ + -+ NZNZ, -+ NG| . (8.23)
If we require
Nt|R + 5Nt‘R == Nt|L + 5Nt|L . (824)
for an index 2 < ¢t < S then 6@%71 has to be determined from
dal 1 1
Nyr — Ny = —2% |1+ + o +
| | q th—1 th—th2—2 NE—INt2—2 o ‘N12Ng

N} + NENPy + -+ NENE - N | (8.25)
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We now choose t according to the condition

F(a§, + da3, (a3, S,t),5) — min. (8.26)

The magnitude of the right-hand side of (8.26) then determines whether the
procedure has to be iterated or not. If yes, the pair (ad, + dad , S+ 1) is used
as input in the next interation step.

8.1.4 Numerical validation

The tests performed are based on the calculation of the eigenvalue. If the value
obtained is a good approximation to the true eigenvalue, so will be the related
eigenvectors. It has turned out that in available standard packages the correct
calculation of the eigenvalues is not always assured.

The quality of the eigenvalues is tested with 6 = F(a ,S) (cf. eq. (8.12))
and analogous functions for the other eigenvalues. However, for some A}, (8.26)
is very unstable, so it was necessary for testing purposes to obtain the eigenvalue
up to a much higher precision than necessary for the use of the routines in
vacuum scattering problems.

The eigenvalues listed in [20] are reproduced correctly by our calculation
package. A selected list of eigenvalues not listed in [20] is shown in Table 8.1.

The smallness of § indicates the accuracy of the approximation.

w,n | m q A 0

1,52 | =53 | 15 2809.04 | 1.43891 x 102

1,52 | =53 | 150 | 2813.01 | 5.50336 x 1073

1,52 | =53 | 1500 | 3261.11 | 6.61372 x 1011
1,52 | =53 | 15000 | —5744.58 | 1.38183 x 10~193
0,7 | -8 | 20 67.2522 | —1.54185 x 1078
0,7 | —8 | 200 | —6.29144 | —4.90374 x 1038
0,7 | =8 | 2000 | —2687.24 | —3.17698 x 10~8°
0,7 | —8 | 20000 | —35785.8 | —4.87859 x 10~%7
1,9 | 9 10 81.6283 | 3.71361 x 10~124
L9 9 100 | 126.396 | 8.32945 x 107130
1,9 | 9 | 1000 | —845.479 | 4.5954 x 10126

1,9 | 9 | 10000 | —16245.8 | 1.26889 x 10~12°
0,48 | 48 13 2304.04 | 2.04218 x 10734

0,48 | 48 | 130 | 2307.67 | 6.48867 x 10~8!

0,48 | 48 | 1300 | 2729.32 | 8.02361 x 107126
0,48 | 48 | 13000 | —5129.57 | 3.2098 x 10~ 154

Table 8.1: Numerical test of eigenvalue precision
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Next we compare the eigenvalues given in Table 8.1 with the corresponding
values obtained from other sources [29], [19].

wn | m q A Mathematica | Alhargan
1,52 | =53 15 2809.04 2809.04 2809.04
1,52 | =53 | 150 2813.01 2813.01 2813.01
1,52 | =53 | 1500 | 3261.11 —2922.79 3261.11
1,52 | —53 | 15000 | —5744.58 —5744.58 —5706.88
0,7 | —8 20 67.2522 67.2522 67.2522
0,7 | —8 200 | —6.29144 —6.29144 —6.29144
0,7 | —8 | 2000 | —2687.24 —2687.24 —2687.23
0,7 | —8 |20000 | —35785.8 —35785.8 —37959.83
1,9 9 10 81.6283 81.6283 81.6283
1,9 9 100 126.396 126.396 126.396
1,9 9 1000 | —845.479 —845.479 —845.479
1,9 9 | 10000 | —16245.8 —16245.8 —15768 .42
0,48 | 48 13 2304.04 2304.04 2304.04
0,48 | 48 130 2307.67 2307.67 2307.67
0,48 | 48 1300 | 2729.32 5350.44 2729.32
0,48 | 48 | 13000 | —5129.57 —5129.57 —5070.66

Table 8.2: Comparison of eigenvalues obtained by different methods

Although Mathematica probably uses a similar routine for the determination
of the eigenvalues, there seems to be a problem. As it is not possible to calculate
a particular eigenvalue of a matrix, perhaps the error lies in choosing the right
eigenvalue out of the list of all the eigenvalues. The issue is illustrated by Fig.

8.3.

8.2 Addition Theorem

For the numerical calculation of the interior addition theorem given by (7.132)

and (7.133)

M (EW; qW)men, (1

)

BY),(¢",¢?)

o0

o0

= Y BOMDE:

r=—00

S (e )

f=—o00
g=—o0

X e

—ilr—m+2(f-g)ly

/()

e—i(2g+m) (a1 —a2) ’

a@ymer (1),

(8.27)
()
Zr m+2(f— g)(kp)

(8.28)
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Figure 8.3: Eigenvalue )\‘{752 as calculated by Mathematica

we need to estimate the range of fiin < f < fmax and gmin < ¢ < gmax Which is
used to truncate the series for (8.28). As well, for a given m, we need numbers
Rupin and Rpax to truncate the summation over r in the right-hand side of
(8.27).

To determine at which f, g we may stop the calculation the coefficient BS’%,
we look at the quantity

(3) (3)
B (kp) + B, — - (kp)

3 rom,F,G rom,—F,—G

i,azz,F,G(kp) = FC (8.29)
- By gghr)
f=—F
9g=—G

where
BO) 5 oMY (€2:6@) =c (4M)s,(a) 2, s (ko)

x MM <€(2);q(2)> , (8.30)

The series abortion number X is chosen according to the following equation
where 9§ is the desired relative precision.

S xx| <& (8.31)
Typical numerical values are given in Fig. 8.4, where the X values for § = 1072%
are plotted on a r,m grid where —10 < r < 10 and —10 < m < 10. The
remaining parameters are x() = (—4|0), a(") = 10° and x® = (0/0), a(}) = 30°.
We see that X values between 10 and 20 are sufficient for the desired precision.
In the very same way, we proceed to an estimate for the truncation of (8.27)
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Figure 8.4: Flowchart of the initialization procedure

with the help of

B M (€®:¢®) + BE), | (kp)MU), (654
SE L BEL (kMY (6@ ¢@)

T Vp(e?) (8.32)

We demand again Tr(ri )R(§(2)) < € and series coefficients which are calculated
with a precision of 1072°. Looking for the same geometry at the point x =
(—2|1), we see from table 8.3 that for a desired ¢ = 1075, we need for this
particular point a cutoff parameter between 32 and 64.

Note that when comparing the size of the Bg,, and the size of M g) that
increasing m values demand a very high amount of precision of the Mathieu
functions: e.g., any error made in Ml(?l)) is multiplied by 103V.

8.3 Time-independent scattering in vacuum

For the numerical calculation of the scattered field (3.63) a cutoff parameter
P(e) is chosen such that the following a-posteriori estimate is fulfilled for every
scatterer m.

a5 (8.3 MP (€, g™ + dD (8,1 M_p(£™ g™

3 PdI (8, 0)MP (™, ¢™)
p=—P(€)

SP(G, baaaﬁ> k) =

< €.

(8.33)
For Dirichlet scatterers, the following alternative estimate works well. Since the
Mathieu function M,(g) (&; qr) typically has its maximum value around £ = 0 (it
behaves asymptotically for small g or large £ like the Neumann function), an
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m | R| T06®) | Bl + 1B_ruml | IMP ()] + M) (@)
—13 [ 61| 7.069 x 10~7 6.827 x 10%7 5.919 x 10734
—12 [ 61 | 7.409 x 107 1.442 x 10%7 5.919 x 10734
—11(531]9.278 x 107 1.616 x 1020 1.642 x 10726
—4 |35 7.640 x 1077 9.736 x 10* 5.676 x 10712
-3 129 |1.205 x 1077 9.323 x 10! 5.501 x 108
—2 | 35| 4.146 x 1077 2.218 x 10* 5.676 x 10712
—1 |35]3.593 x 1077 7.805 x 103 5.676 x 10712
0 |32)3.308x 1077 3.256 x 102 6.558 x 10710
1 [32]4.359 %1077 8.330 x 102 6.558 x 10710
2 132]4.814x 1077 1.291 x 103 6.558 x 10710
3 132]6.176 x 1077 1.750 x 103 6.558 x 10710
4 1332076 x 108 7.906 x 103 1.080 x 1010
11 |56 [4.275x 1077 |  2.849 x 10?2 3.405 x 1072
12 |57 [ 1.537 x 1077 |  1.026 x 10%* 4.392 x 10730
13 |64 (5416 x 1077 |  1.870 x 10%° 8.345 x 1037

Table 8.3: Cutoff value for interior addition theorem

(3)

estimate for the maximum of ’dm(ﬁ, k)M, (u; gk )| is given by
[deg) (u; Qk)] ~ M,(%) (uo: k) - (8.34)
u=ug
The condition
R(e) = {m : MO (uos i) < 6} (8.35)

with € ~ 10~ yields reliable results.

In Tab. 8.4, the cutoff parameters Sp(a, b, a, 3, k) for e = 1072 can be seen
for the time-independent plots for one cylinder as shown in section (9.1). For
brevity, Sp is denoted as SE (k) for Dirichlet scatterers with only k as parameter
and S¥ (k) for Neumann scatterers.

Note that there is no difference between Dirichlet and Neumann scatterers.
As to be expected, an increase in k£ demands more partial waves.

8.4 Waveguide Scattering

8.4.1 Calculation of the coefficients

The coefficients (4.31, 4.32, 4.33, 4.41, 4.42, 4.43, 4.55, 4.56, 4.75, 4.76) are all

calculated with Gaussian quadrature rules as described in section 8.5.1.
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b | RP(1) | RN(1) | RP(3) | RN(3) | RP(4) | RN(4) | RP(5) | RN (5)
0.99 | 10 10 15 15 17 17 20 21
0.95| 20 21 15 15 17 17 20 21
0.9 | 20 20 15 15 17 17 20 20
0.75 | 20 20 14 15 16 16 20 20
0.5 | 18 18 13 14 15 15 18 18
0.25| 16 17 12 13 14 14 16 17
01| 15 16 12 12 13 13 15 16
0.05| 15 16 12 12 13 13 15 16
0.01| 15 14 11 12 13 12 15 14

Table 8.4: Cutoff values for single vacuum scatterers

8.4.2 Evanescent waves

For numerical calculation of eq. (4.20), it has to be truncated. Looking at an
a-posteriori estimate of it, we examine for various x — z’ and y — 3’ the function

. ( Nﬂ- ) . ( Nﬂ— />
sin | —y | sin | —y
w w einN\m—z’|

Skn(x,%') = o 558
i Sin (%y) Sin (%y/) eiﬁ7b‘m_$l‘
n=1 Fon

In our calculations, we limited the summation always to 20 evanescent waves:
this way, numerical convergence was obtained for all parameter ranges used.
However, it would be possible to reduce computational cost considerably with
a more rigourous truncation condition.

8.4.3 Transfer matrix

The transfer matrix (4.50) is ill-conditionned. This can be measured by the
condition number of the transfer matrix: for a linear equation system Ax =
b with a disturbed matrix A — A + AA, an estimate of the relative error
introduced by the disturbance is [35]

[Ax] . [1A4]

, 8.37
|Ax + x| = ||AA+ A (8:37)
where the condition number K is given by

K = | AJ|A7"), (8.38)
and the matrix-norm ||-|| for a matrix A with elements a;, is one of the following

commonly used norms.
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e The column-sum norm ||Alj; = maxi<i<m > oy |k |

e The spectral norm ||Alj2 = maxj<x<p \/maxlgkgn{)\iATA}
e The line-sum norm [|Al|oc = maxi<g<n > soy |k |

Looking at the transfer matrix of vacuum,

B eirﬂ(xR—J:L) 0 T
CLR eiﬁn(xR_xL)
bl = e—im(zR—wL)
0 efmn(mea:L)
i (8.39)
we see that its condition number Koo = ||T]|oo||T |00 is given by
Koo [Tvacuum ] _ 62|Hmax(ZR*ZL)‘ (840)

Typical condition numbers for circular obstacles are K ~ 10'3. The scattering
matrix is, with typical condition numbers for the same situation K = 100,
much better conditionned.

|
| y=W
a- |
|
|
|
|
bL
- |
|
| y=0
X=X

Figure 8.5: Combining two scattering matrices

7 ’ % - R
o) )=l S0 )L

(8.41)

CLL
() o

Two scattering matrices
ot
b |

can be combined as shown in Fig. 8.5 to

(%)

1 1
0
521 522

Cn Si2
Co1 S22
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where
ou=s 1-ssf] sl sy
o= 59 [1-5@s?] s 152, (say)
Cn = S5y + 858 [1 - (5] s, (8.45)
O = Ss [1-sWs] " sWsD 4 ssB. (840)

8.5 Numerical Integration

In this section, we describe the methods used to obtain numerical approxima-
tions for one-dimensional integrals like

b
Lyl = / f(z)dx (8.47)
or also two-dimensional integrals like
b rd
I[%z,b}x[c,d]f :/a /C f(z,y)dzdy. (8.48)

One-dimensional numerical integration is also called quadrature, two-dimensional
integration cubature [35]. These methods are applied usually when analytic
expressions for (8.47) or (8.48) cannot be given or when they are simply not
needed. Usually, numerical integration approximates the integral with a weighted
sum over the values of the integrand within the range of integration. The aim
is to obtain the integrand as accurately as possible with the smallest number
of evaluations of the integrand. An N-point quadrature rule of order n is a
formula of the form

N
Q'[a, b f =D wif(xs) (8.49)
k=1
with the nodes a < 1 < 22 < --- < x,, < b and weights wy chosen such that
Q' flay) = Ty f (8.50)

is exact for all polynomials up to degree n. A rule which uses the value of
the integrand at the endpoints, f(a) or f(b), is called a closed formula. If
we cannot evaluate the integrand at the endpoints, e.g. because it has an
integrable singularity there, we choose an open quadrature rule which only uses
values a < z; < b. Note that a higher order does not imply higher accuracy in
practical calculations. In two dimensions, an N-point cubature rule of order n
is given by [36]

N
Qtuiiearf = D wif (T, yk). (8.51)
k=1

Again,a <z <o < - <zp<bandc<y; <y < - <yn <d; the rest of
the terminology is also the same.
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8.5.1 Quadrature

For one-dimensional numerical integration, a variety of methods exist, e.g., the
trapezoidal rule, Simpson’s rule, ”pulcherrima”, and Milers rule denote the
first four special cases of the so-called Newton-Cotes rules which are obtained
by approximation of a function with a Lagrange polynomial and subsequent
analytical integration of the polynomial [35]. Various methods exist for the
approximation of oscillating integrands [37, 38, 39]. However, their use is limited
for our applications because they usually work very well only for the integration
of integrands which oscillate quickly with one frequency.

If we do not choose the abscissas in advance and calculate the corresponding
weights afterwards, but take them also as degrees of freedom, we can achieve
quadrature rules of higher degrees. In one dimension, a general form of optimal
quadrature rules is known. This optimal quadrature rule is called Gaussian
Quadrature Rule [35]; it integrates a polynomial of degree 2n + 1 exactly with
n points. The rules (up to 16 digits) which were used for this thesis are

e The 3-point rule

Lq Wy
0 0.888888888888889
£ 0.7745966692414833 | 0.5555555555555556

The 5-point rule

€T, w;

0 0.5688883888888889
£ 0.5384693101056830 | 0.4786286704993664
£ 0.9061798459386639 | 0.2369268850561890

The 7-point rule

X W

0 0.4179591836734693
+ 0.4058451513773971 | 0.3818300505051189
+ 0.7415311855993944 | 0.2797053914892766
+ 0.9491079123427585 | 0.1294849661688696

The 9-point rule

€T, w;

0 0.3302393550012597
£ 0.3242534234038089 | 0.3123470770400028
+ 0.6133714327005903 | 0.2606106964029354
+ 0.8360311073266357 | 0.1806481606948574
£ 0.9681602395076260 | 0.08127438836157441

e The 11-point rule
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X4

w;

0
£ 0.2695431559523449
£ 0.5190961292068118
£ 0.7301520055740493
£ 0.8870625997680952
=+ 0.9782286581460569

0.2729250867779006
0.2628045445102466
0.2331937645919904
0.1862902109277342
0.1255803694649046
0.05566856711617366

e The 15-point rule

T

W;

0
£ 0.2011940939974345
£ 0.3941513470775633
£ 0.5709721726085388
+ 0.7244177313601700
£ 0.8482065834104272
£ 0.9372733924007059
£ 0.9879925180204854

0.2025782419255612
0.1984314853271115
0.1861610000155622
0.1662692058169939
0.1395706779261543
0.1071592204671719
0.0703660474881081
0.03075324199611726

e The 21-point rule

Zq

w;

0
£ 0.1455618541608951
£ 0.2880213168024011
£ 0.4243421202074388
+ 0.5516188358872198
£ 0.6671388041974123
£ 0.7684399634756779
£ 0.8533633645833173
£ 0.9200993341504008
£ 0.9672268385663063
£ 0.9937521706203895

0.1460811336496904
0.1445244039899701
0.1398873947910732
0.1322689386333375
0.1218314160537285
0.1087972991671484
0.09344442345603386
0.07610011362837930
0.05713442542685721
0.03695378977085249
0.01601722825777433
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In this thesis, they were needed for the calculation of the time-dependent in-
tegrals as (6.1) and for the waveguide scattering coefficients (4.31, 4.32, 4.33,
4.41, 4.42, 4.43, 4.55, 4.56, 4.75, 4.76).

We use a combination of the following quadrature rules: 3-5, 7-9, 9-15,
15-21. The difference between the first and the second rule is always taken
as an error estimate e [ Q'f ] If the error estimate is acceptable, then the
value of the higher order integration rule is taken as estimate for the true
value of the integral. Note that using Gauss-Kronrod rules [40], one could
reuse some points which are already calculated. However, in one-dimensional
integration, calculation time was not such a concern as that this implementation
was necessary.
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8.5.2 Cubature

For higher-dimensional integration, the situation is more complicated [41, 42].
Some particular rules exist for which it is proven that they perform an inte-
gration of a polynomial up to a certain order exactly with the least number
of points, but no general rule comparable to the Gaussian quadrature rules
is available. Whenever for comparison purposes, arbitrary precision cubature
rules were necessary and thus the nodes and points had to be recalculated, the
formulas of [43] were used. All the rules we used and many more may be found
in the a review on available cubature rules [44]. A particular cubature method
which also specifies how the error estimate was obtained is always denoted by
two number of points: N-M, where again each number specifies a cubature rule
and the difference between the values obtained with rules is used as an error
estimate. The value of the higher order rule is then used as an estimate for the
integral in the particular subarea.

e The 4-7 rule (order 3 / order 5)

e The 7-10 rule (order 5 / order 6)
e The 7-12 rule (order 5 / order 7)
e The 10-12 rule (order 6 / order 7)
e The 10-17 rule (order 6 / order 9)

e The 17-24 rule (order 9 / order 11)

e The 33-44 rule (order 13 / order 15

(

(

(

e The 24-33 rule (order 11 / order 13

(

e The 44-60 rule (order 15 / order 17
(

)
)
)
e The 60-72 rule (order 17 / order 19)

8.5.3 Adaptive integration procedure

We chose an adaptive approach [45] for the numerical calculation of integrals.
This takes care of integrands which require a significantly higher concentration
of points in some intervals than in others (cf. Fig. X). The following algorithm
was used to obtain an approximation to the integral with a relative precision §.

1. Calculation of Q[la b] f as an approximation for I'f and estimation of the
error e [Q[la b] f } of the approximation. If the error is smaller than ¢, the

process is terminated. Otherwise,

2. we define a set of subintervals which is initially S = {[a,b] }. Then, we
set £1 = a and x9 = b.
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3. Calculate Q!

x1+x
|:$17 12 2]

estimates. Remove the interval [z1,z3] from S and add the intervals

[[ZL‘l, m1—5$2] and [11—593271-2] toit. Ife [Ql[m w]f Ql[w xQ} f] <
P 2

0, accept the sum of all the estimates for the integrals of the subintervals

f and le bay f and their corresponding error
2 b

+e

as an approximation for I' f. Otherwise,

4. S consists now of M subintervals L;, 1 < ¢ < M. Take the interval
Lj = [xj1,2;2) € S with the property e [Qijf} > e [QlLlf] for all 7 # j.
Set 1 = x;1 and x2 = x;2 and proceed to 2) if the number of iterations
does not exceed a defined limit.

The adaptive cubature algorithm works similarly with a subdivision of one area
in four subareas of equal size.

8.6 1D scattering

8.6.1 Transfer matrix

The transfer matrices of the one-dimensional system were all calculated using
arbitrary precision arithmetic [33]. In this manner, numerical problems were
avoided at the expense of longer calculation times. However, in one dimension
this is no essential problem.

8.6.2 Time-dependent scattering

The wave functions are implemented as functions returning complex double
values which may be integrated by the routines of 8.5.1.

A comparison of the efficiency of these routines for the one-dimensional
integration is given in Table 8.5. There, the integral (6.1) is evaluated for
various paramteres kg and I'. The rest of the parameters are as = %, t=1
and x = aot — ﬁm' The integration interval (—oo, 00) is approximated by

(—%, %) All the integrations reproduced the exact integral to a precision of
107% or slightly better.

8.7 Interpolation

For efficiency reasons, we interpolate the scattering coefficients, the radial Math-
ieu functions, and the angular Mathieu functions each on a two-dimensional grid
as described below.
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35 | 79| 9-15 | 15-21
ko=1 T=1| 776 | 240 | 312 | 252
ko=1, I'=3| 552 | 208 | 168 | 180
ko=1T=6| 472 | 144 | 168 | 180
ko=2 T=1|1512 | 400 | 360 | 252
ko=2 T=3| 984 | 272 | 360 | 252
ko=2 T'=6| 856 | 240 | 168 | 180
ko=3, T=1|3096 | 752 | 600 | 468
ko=3, [ =3 |2488 | 528 | 408 | 252
ko=3, T=6|1096 | 240 | 360 | 252
ko=4, T=1|6552 | 848 | 1080 | 540
ko=4, T =3 | 3608 | 560 | 744 | 252
ko=4, T =6 | 2184 | 400 | 312 | 252

Table 8.5: Necessary number of integration points for one-dimensional time-
dependent scattering integral

8.7.1 Details of the interpolation procedure

Take a function f(z,y) and a grid {z1,...,zpm} X {y1,...,yn}. The values
f(zi,y;) are denoted by f; ;. For a given point (z,y), the indices ¢ = i(x,y) and
j = j(x,y) are the ones which fulfill

ZT; S x S Ti41, (852)
Yi <Y < Yjt1- (8.53)

Then, the values at the four points surrounding this interior point are f; ;,
fix1,j, fij+1, and fiy141. The simplest interpolation in two dimensions is
bilinear interpolation on the grid square [46]. For i = i(z,y) and j = j(z,y),
its formulas are

Xr — Xy

p= 8.54
Ti+1 — T4 ( )

R A (8.55)
Yi+1 — Yi

and

flx,y) =~ (1 =t)(1—u)fij +t(1—u)fiv1j +tufijr+ (L =t)ufitrj+1. (8.56)

We obtain a better approximation to the true value if we take into account not

only the values f; ; at each grid point, but also the gradients %(Zbi,l‘j) =i
%(mi,xj) = f};, and %(wi,xj) = f;j. To obtain such an approximation, we

use an interpolation function which is cubic in the scaled coordinates t and u
and fulfills the following requirements.
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1. The values of the function and the specified derivates are reproduced
exactly on the grid points.

2. The values of the function and the specified dedrivates change continu-
ously as the interpolating point crosses from one grid square to another.

The interpolation method described in the following is called bicubic interpola-
tion [46]. With S
o o1 o2 Cos

i 43 4 g
cii— | “o ‘11 ‘2 A3 (8.57)
- 1] 1] 1] 1] ) .
€30 €91 C2 O3
/Y B Y
C30 €31 C32 C33
and
T
t = (1,¢,¢%,¢°)", (8.58)
T
u = (l,u, uz,u3) , (8.59)

we make the following ansatz for the function and its derivative:

fla,y) = g7 (t,u) = t7CV (8.60)
0 g dtT ..
é(xa y) ~ g;:] (ta U) = FC” u, (861)
ajyc(w, y)~ gy (tu) =tCY—m, (8.62)
% f ij dt” ;. du”

Now, the matrix C% has to be calculated from the values at the grid points. If
we write the initial data as a vector d” and the coefficients of the matrix C%
as a vector ¢ ,

/B U N % R % N/ M ¥ Ny B %/ N N %/ N % By N %/ M N %y N ¥ N |
cr = (Coo,001,00270037010,611,01270137020,021,022,0237030,031,032,033>,
(8.64)
/- L f. .. . . T rx x x
dv = <fz,]afH—LjafZ,J+17fz+1,J+17fi,jvfiJrl,j? i1 Jig1 410
Yoy Yy y Ty pry Ty Ty
i fivigo Figans Fiva o figo i+1,j’fi,j+17fi+1,j+1>’ (8.65)
we can relate them with the 16 x 16 matrix M defined by
cY =MdY. (8.66)

We obtain the matrix M by solving the 16 equations

97(0,0) ¢”(0,1) ¢“(1,0) g¢”(1,1) fis fivrg fige1 S
92(0,0) g2(0,1) ¢z'(1,0) 9 (L) | _ | i flay fim Shaga
94(0,0) gy/(0,1) gy'(1,0) gy'(1,1) fig Ty i S
9y(0,0)  gy(0,1) gy (1,0) gay(1,1) fi Fhy v Fhga

(8.67)
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The solution is

1 0 0 0O 0O 0O O O O O O O O 0 0 0]
o 0 0 0 0 0O 0 0 1 0 0 0 0 0 0 0
3 0 0 3 0 0 0O 0O -2 0 0 -1 0 0 0 0
2 0 0 2 0 0 0 0 1 0 0 1 0 0 0 O
o 0 0 0 1.0 0 0 O O 0O 0O O 0 0 O
o 0 0 0 00O 0 0 0 O 0 0 1 0 0 0
0o 0 0 0 30 0 3 0 0O 0 0 -2 0 0 -1

M = o 0 0 0 2 0 0 -2 0 0 0 0 1 0 0 1
3 3 0 0 -2 -1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 -3 3 0 0 2 -1 0 0

9 9 9 9 6 3 -3 6 6 -6 -3 3 4 2 1 2

6 6 6 6 -4 -2 2 4 -3 3 302 1 -1 -2

2 -2 0 1 1 0 0 0 0 0 0 0

0 0 0 0 0o 0 0 2 -2 0 0 1 1 0 0

6 6 6 6 -3 -3 3 3 4 4 2 -2 -2 2 -1 -1
4 4 4 4 2 2 2 2 2 2 2 2 1 1 1 1 |

8.8 Time-dependent scattering in vacuum

The calculation of the time-dependent integral (6.1) requires for every point
in x-space whose value is not equal to zero a grid of about 20000 points in
k-space for a relative precision of 1072; if the value of a point is zero, we cannot
reasonably use an estimate of relative precision as this will lead to an explosion
of calculation time. This is the main reason for the fact that the numerical
approximation of the solution is so expensive, and the reason why calculation
of the coeflicients and their interpolation afterwards is separated. The cubature
procedure used for the integral is the adaptive cubature algorithm described
above with a 13-25 point rule.

8.8.1 Estimation of computational cost

The calculations were performed on an Athlon64 3500+ with 1GB of RAM. On
this computer, the tabulation of the Mathieu functions with the grid described
takes about 8 hours. The tabulation of the scattering coefficients on the chosen
grid depends on the size of the scatterer and on the k values used; for one
scatterer, it takes 3-6 hours with the chosen grid; for 2-3 scatterers one day.
Once the scattering coefficients are calculated for a given system, the interpo-
lation and integration procedure is relatively quick: a density plot of 50 x 50 is
produced in about 2 hours with the precision and number of integration points
described above.

A comparison with other numerical scattering methods, many of which are
described in [9], is beyond the scope of this thesis: it would be necessary to
calculate a numerical solution for a given system with several different methods.
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Rule | Time (s)
4-7 15778
7-10 5776
7-12 5264
10-12 1185
10-17 1152
17-24 168
24-33 112

33-44 92
44-60 87
60-72 78

Table 8.6: Performance of cubature rules

In Tab. 8.6, we see a comparison of the time needed for the calculation

of Fig. 8.6 according to (6.81) on a 80 x 80 points grid in x-space with the

parameters I' = 2, kg = (1,0), oy =1, ag = 0, t = 2.

0.3
0.25
0.2
0.15
0.1
0.05

(=}
p T T T T T

=10

Figure 8.6: Free wave packet

We see very clearly, unlike the case of the cubature of the free wave packet

in one dimension, that higher order cubature rules perform much better here.

8.9 Summary

Having formulated the algebraic eigenvalue problems for Mathieu functions in

Section (7.1), we first present a package of subroutines which, due to the im-

plementation in arbitrary precision, are more accurate than the ones presently
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available. The iteration scheme used here depends on good initial values for the
eigenvalues, which are obtained by formulating an eigenvalue procedure which
is numerically solved with standard linear algebra routines. Numerical tests
indicate that available routines can fail in extreme parameter regions.

Next, the chosen method for the numerical calculation of the Addition the-
orem was presented, based on an a-posteriori estimate of the truncation of the
series. The procedure for the calculation of time-independent scattering is also
based on a a posteriori error estimate. In the numerical solution of the waveg-
uide scattering problem, the large magnitude of the condition number of the
transfer matrix was pointed out. A remedy to this problem is the reformulation
for several scatterers in terms of the scattering matrices. Finally, the numerical
integration and interpolation methods used were briefly described.
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Numerical Results

9.1 Time-independent scattering in vacuum

For the time-independent plots in vacuum, we plot (3.111) in the following way.
A plot for 0 < n < 27 would be seen in the left of Fig. 9.1. On the right-hand
side, we see a curve plotted whose circular cylindric coordinates are given by
(luso(n)],m). This type of plot is also called 'parametric plot’.

45

4

rectangular

1.5

parametric

Figure 9.1: Angular intensity plot styles

113
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9.1.1 One scatterer

The plots in Fig. 9.2 to 9.7 agree well with results known in literature [47].

Figure 9.2: Angular intensity plot for Dirichlet scatterer with a = 1, b = 0.01,
8 = 90°

Figure 9.3: Angular intensity plot for Neumann scatterer with a = 1, b = 0.01,
8 =90°
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Figure 9.4: Angular intensity plot for Dirichlet
8 =90°

Figure 9.5: Angular intensity plot for Neumann scatterer with a = 1, b = 0.5,
B =90°
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Figure 9.6: Angular intensity plot for Dirichlet scatterer with a = 1, b = 0.9,
B =90°

Figure 9.7: Angular intensity plot for Neumann scatterer with a = 1, b = 0.9,
B =90°
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9.1.2 Several scatterers

The following configurations are examined:

Configuration 1 Two cylinders with a =2, b =1 at (0,2) and (0, —2)

O

0 O

B=90 B=0
B=90 PB=0
Configuration 1 Configuration 2

Figure 9.8: Time-independent multiple scattering configuarions 1 and 2

Configuration 2 Three cylinders with a =2, b =1 at (0, 3), (0,0) and (0, —3)

Configuration 3 Four cylinders, all of them rotated by 7 with axes a = 3,
b =1, placed at (—4, —4), (0,4), (4,—4), and (8,4).

Tﬁ:% B=0

Figure 9.9: Time-independent multiple scattering configuarion 3

These results are interesting for comparison to other results in literature.
They all fulfil numerically the prescribed boundary conditions at the obstacles;
however, they do not agree completely with the results in [48]. We believe
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that one possible explanation are the problems related to the numerical imple-
mentation of the addition theorem which led us to the implementation of the
coefficient calculation routine in arbitrary precision as described in chapter 8.
It is possible that in 1991, similar techniques were not available and thus the

results do not agree.

k=6

Figure 9.11: Multiple scattering configuration 1, Neumann b.c., 5 =0
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Figure 9.13: Multiple scattering configuration 1, Neumann b.c., § = 90
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Figure 9.15: Multiple scattering configuration 2, Neumann b.c., 3 =0
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Figure 9.17: Multiple scattering configuration 2, Neumann b.c., § = 90



122 CHAPTER 9. NUMERICAL RESULTS

I
2

7

Figure 9.19: Multiple scattering configuration 3, Neumann b.c., 3 =0
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Figure 9.21: Multiple scattering configuration 3, Neumann b.c., 8 = 90
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9.2 Time-dependent scattering in vacuum

Results of the time-dependent scattering code are displayed in figures 9.2 and
9.2. In these figures, we see a gaussian wave packet with parameters ko = (0, 2)
and v = 2 travelling along the y axis from negative to positive values. It is
scattered by three elliptical cylinders with axesa =1, b= % at positions (0, 2),
(—=2,0), and (2,0), respectively. The latter two are rotated by 7.

10 10
'
0.9
5t 4 o7 5+ 4
0.6
) b o1 )
% of o o B 03 3 of B
> 01 >

10 L L L 10 L L L
10 5 0 5 10 10 5 0 5 10
X axis X axis
10 10
1
0.9
5t 1B 5t 1
0.6
05
R 04 2
3 of 1 0z s of 1
> 0.1 >
o
5F 4 5EF 2
10 L L L 10 L L L
10 5 0 5 10 10 5 0 5 10
X axis X axis
10 10
1
0.9
5| B o7 51 B
0.6
05
2 04 8
3 o 1 o & of 1
> 0.1 >
o
5| 4 5| 4
10 I I I 10 I I I
10 5 0 5 10 10 5 0 5 10
X axis X axis

Figure 9.22: Density plot



9.2. TIME-DEPENDENT SCATTERING IN VACUUM 125

10 10
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0.9
51 1 o7 5 B
06
05
K%} 0.4 %]
3 of 1 o 30 1
> 01 >
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50 R 5 g
10 | | | 10 | | |
-10 -5 0 5 10 -10 -5 0 5 10
X axis X axis
10 10
1
0.9
st 4 07 5 R
0.6
05
K%) 0.4 %] '__='
% of 1 03 0 ’!ﬁ 1
> 01 >
0
5| B 5 B
-10 L 1 1 -10 L L L
-10 -5 0 5 10 -10 -5 0 5 10
X axis X axis
10 10
1
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5t 1 o7 5 1

Y axis
o
T
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cooo

2R8g

Y axis
o

-10 I I I -10 I 1 I
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Figure 9.23: Density plot
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9.3 Scattering in Waveguide

In the following figures, the absolute value of wave function inside a waveguide
is plotted for various values of k and for varying circular cylinder radius. The
other parameters are W = 5 and L = 4. To the left of every figure, we see a
density plot of the wave function, and to the right, we see a plot of F(z,y) as
described in (4.95).

lu(z,y)| F(z,y)

Figure 9.24: Waveguide: N =6, M =6,d =2,7 = 0.5,k = 2 and mode 1

lu(z, y)| F(x,y)

Figure 9.25: Waveguide: N =6, M =6,d = 2,r = 0.5,k = 2 and mode 2
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lu(z, y)| F(x,y)

Figure 9.26: Waveguide: N =6, M =6,d =1,r = 0.5,k = 1 and mode 1
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lu(z, y)| F(x,y)

Figure 9.27: Waveguide: N =6, M =6,d=1,r = 0.5,k = 1.5 and mode 1
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lu(, y)| F(x,y)

Figure 9.28: Waveguide: N =6, M =6,d =1,r = 0.5,k = 2 and mode 1
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lu(z, y)| F(x,y)

Figure 9.29: Waveguide: N =6, M =6,d =1,r = 0.5,k = 1 and mode 2
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lu(x, y)| F(x,y)

Figure 9.30: Waveguide: N =6, M =6,d=1,r = 0.5,k = 2.5 and mode 1
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lu(x, y)| F(x,y)

Figure 9.31: Waveguide: N =6, M =6,d =1,r = 0.5,k = 3 and mode 1
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lu(z, y)| F(x,y)

Figure 9.32: Waveguide: N =6, M =6,d=1,r = 0.5,k = 3.5 and mode 1
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lu(z, y)| F(x,y)

Figure 9.33: Waveguide: N =6, M =6,d=1,r = 0.5,k = 4.5 and mode 1
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02

lu(, y)| F(x,y)

Figure 9.34: Waveguide: N =6, M =6,d=1,r = 0.5,k = 5.5 and mode 1
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9.4 Scattering in 1D

In this section, the phenomenon of time-dependent localisation is illustrated
for a wave packet hitting a symmetric comb which consists of 12 evenly spaced
delta potentials: 3 delta potentials with V' = 0.5 followed by 6 delta-potentials
of height 0, finally followed by again 3 delta potentials with V' = 0.5 (cf. Fig.
9.4). The transmission and localisation coefficients for this system are displayed

08

021

0
-20 -10 0 10 20

Figure 9.35: One-dimensional model for localisation

in Fig. 9.4. We see that the maxima of the transmission coefficient correspond
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Figure 9.36: Transmission coefficient and localisation coefficient

to maxima of the localisation coefficient. Note that the latter is plotten for even
(red) and odd (blue) wave functions. The numerical values for the first and the
second maxima of the transmission coefficient are k; = 0.3793000572532422
and ko = 0.7410735144813703. The wave functions for these wavelength can be
seen in Fig. 9.4 and Fig. 9.4 for the exact k values as well as for kq 2 + 0.05.
The non-localisation of the wave function with a small deviance of the k value
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is due to the sharpness of the maxima in the localisation coefficient.

In Fig. 9.39 and 9.40, a symmetric Gaussian wave packets with parameters
xg = £800, T' = 15000, ¢ = 1, and kg = ki (corresponding to the first even
localised state as in Fig. 9.4) hits the finite Dirac comb as described above.
To the left, the squared wave function is plotted, with a scale which permits
to see the maxima of the wave packet evolving outside of the Dirac comb. To
the right, the same wave function is plotted on a scale which permits to see the
maximum of the wave function inside the ’crystal’. At ¢ = 2600, we already
see in the zoomed image to the right of the figure that a part of the wave gets
‘trapped’ inside the Delta potentials; while the parts of the wave which have
k-values which are too far away from ki get reflected, the parts very near to
the resonance wavelength get trapped. They lead to the formation of a second
maximum (visible from ¢ = 4000 on) in the free wave packet far away from the
Dirac comb.

In Fig. 9.41, a similar situation is displayed for the odd localised state
k1. Note that the wave packet hitting the model is anti-symmetric; as the
square of the wave function is plotted, this can not be seen in the figures — the
corresponding symmetric wave packet is totally reflected.
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Figure 9.37: Wave functions for 15 (even) localised state
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Figure 9.38: Wave functions for 2"¢ (odd) localised state
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9.5 Summary

Results of the software packages for time-independent scattering in vacuum,
time-dependent scattering in vacuum, time-independent scattering in a waveg-
uide, and time-dependent localisation in one dimension were presented in this
chapter. For the one-dimensional model, the time-dependent evolution of a
wave packet which gets trapped inside a finite Dirac comb was shown.
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Chapter 10

Conclusion

In this thesis, multiple scattering models were studied using the mathematical
framework introduced in chapter 2. This framework is based on the Helmholtz
equation, asymptotic boundary conditions at infinity, and boundary conditions
for the obstacles. The solutions can be interpreted as two-dimensional electro-
magnetic, quantum mechanical, or acoustical problems.

Three models were studied: time-dependent scattering in vacuum by sev-
eral elliptic cylinders, time-independent scattering in a waveguide by arbitrar-
ily shaped objects, and time-dependent scattering and localisation in a one-
dimensional Dirac comb model.

Scattering in vacuum

The solution for time-dependent scattering in vacuum by an array of elliptical
cylinders is constructed in chapters 3, 6, 7 and 8: in chapter 3, time-independent
scattering theory for elliptical scatterers in vacuum is introduced. No a priori
limitations are imposed on the number of scatterers, on the geometric parame-
ters that fix their elliptical form, on their orientation, on their relative positions
(except that overlap is forbidden), and on their material constants. Here, time-
independent scattering is formulated explicitly in elliptical geometry and solved
by the separation of variables method.

The solution is obtained in two steps: first, a solution of the single scat-
tering problem is calculated. By means of the addition theorem for Mathieu
functions the outgoing field from one cylinder is then expressed in the vicinity
of another cylinder as superposition of incoming fields. This is needed to fulfil
the boundary conditions at all scatterers simultaneously. The procedure for
the truncation of the series appearing in time-independent scattering theory is
based on an a posteriori error estimate (cf. chapter 8).

To calculate the solution of the problem explicitly, we need the Mathieu
functions which were introduced in chapter 7 as square-integrable eigenfunctions
of commuting operators. The notation used here for the Mathieu functions [26]

137
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excels all other notations in its simplicity, in particular the standard notation
of [20]. Series for the Mathieu functions are derived; the expansion coefficients
obtained in this way are used subsequently to define the Modified Mathieu
functions and also to treat numerically the addition theorem for solutions of the
Helmholtz equation in elliptic coordinates. In chapter 8, the details of a package
of subroutines for the numerical calculation of Mathieu functions are presented.
The coefficients are obtained with an iteration scheme which relies on good
initial guesses for the eigenvalues; these guesses are obtained by formulating
an eigenvalue procedure which is then numerically solved with standard linear
algebra routines. As the calculation of these coefficients is implemented in
arbitrary precision arithmetic, is is possible to obtain Mathieu functions with a
higher precision than with other libraries publicly available. Note also that the
routines present are not only more precise than others, but that numerical tests
indicate that the available routines for the calculation of Mathieu functions
fail in some parameter regions. However, this higher precision obtained here
is a necessary requirement for the numerical convergence of the series in the
addition theorem.

In chapter 6, the method used to obtain time-dependent wave packets as
weighted superpositions of time-independent solutions which are already nu-
merically available is presented. Analytic solutions as well as asymptotic ex-
pressions were given for scattering in vacuum; an exact analytic solution is only
available for the evolution of a quantum mechanical wave packet. The evolution
of this free wave packet and its interaction with the scattering wave packet is
described for asymptotically large times. For the efficient calculation of numer-
ical time-dependent solutions, it proved necessary to separate the calculation in
two steps: first, the tabulation of Mathieu functions and expansion coeflicients
for the scattered fields; secondly, the interpolation and subsequent integration
with cubature formulas to obtain the time-dependent solutions. The interpo-
lation method as well as the performance of the cubature rules is discussed in
chapter 8.

In chapter 9, results of time-independent theory are shown which agree with
the ones given in literature. In addition, an application of the time-dependent
code is shown: scattering by three elliptic Dirichlet cylinders.

Scattering in a waveguide

In chapter 4, we presented the problem of several Dirichlet scatterers in a waveg-
uide where the projection of the scatterers normal to the infinite axis of the
waveguide may be overlapping. For finite slices with a finite number of scatter-
ers, we derive expressions for transfer matrices which may be used subsequently
to calculate the solution for an arbitrary number of obstacles. In order to ob-
tain these transfer matrices, an equation for the unknown source distribution
at the boundary of the scatterer(s) in question is derived by a Green’s function
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approach. An ansatz for this unknown function is made as a Fourier series and
subsequently a set of linear equations is derived which relates the coeflicients
of the series to the initial data given by the incident free wave which is defined
left of all scatterers. In chapter 8, the important aspects of the numerical im-
plementation chosen are discussed. In the numerical solution of the waveguide
scattering problem, the large magnitude of the condition number of the trans-
fer matrix was pointed out: a remedy to this problem is the reformulation for
several scatterers in terms of the scattering matrices.

In chapter 9, we present examples of time-independent scattering in a waveg-
uide for various wave numbers and shapes of scatterers.

One-dimensional scattering and localistion

In chapter 5, a one-dimensional localisation model based on the Schrédinger
equation and a finite Dirac-comb potential was formulated. The definition
of a localisation measure allows one to make predictions for the dependence
of localised states on the wavelength of the incident field. In chapter 6, we
have presented a method which may be used to obtain time-dependent wave
packets as a weighted superposition of the time-independent solutions. Analytic
solutions as well as asymptotic expressions were given: in one dimension, it is
possible to find an analytic solution also for free electrodynamical and acoustical
wave packets. Then, the evolution of the free wave packet and its interaction
with the scattering wave packet was described for asymptotically large times in
one dimension.

In chapter 9, we present an example of a time-dependent localisation phe-
nomenon: one even and one odd ’localised’ state inside a small finite one-
dimensional structure are excited by a wave packet starting outside of this
crystal.

Outlook

Is is intended to generalise the results from one-dimensional localisation to the
two-dimensional waveguide model by formulating a transmission coefficient for
various modes, defining a measure for localisation similar to the one in 1D, and
finally searching for localised states for particular modes.
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