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Abstract

DIGITAL communication systems are today close to achieving the limits that were predicted by

Claude Shannon only a few decades ago. Core concepts of such high-performance systems are soft

information and iterative processing : receiver blocks like channel estimator, equalizer, demodulator

and channel decoder repeatedly compute and exchange log-likelihood ratios (LLRs) of the transmitted

bits before the final decision is made. Another recent paradigm in wireless networks is cooperative

communication: nodes in a network exploit the broadcast nature of the wireless channel and help each

other to receive their intended information, thereby realizing gains in communication reliability, power

efficiency, and transmission rates. Cooperation is especially important in wireless sensor networks,

where a large number of nodes needs to transmit possibly correlated data over long distances.

Besides the striking performance benefits, systems with iterative processing based on soft informa-

tion are more complex and more difficult to implement. Complexity reduction is therefore a vital issue.

In the first part of this thesis, we design and analyze reduced-complexity receivers for bit-interleaved

coded modulation (BICM). LLR clipping is analyzed using concepts of information geometry and the

system performance is evaluated numerically. We also propose a selective LLR update scheme for an

iterative BICM receiver, which reduces computational complexity by omitting computations that have

negligible impact on the performance.

In the second part, a cooperative transmission scheme for the three-node relay channel based

on quantized soft information is proposed. The relay demodulates the received data and quantizes

the resulting LLRs, before transmitting them to the destination. Numerical simulations show that

the proposed scheme delivers a performance comparable to amplify-and-forward, while having the

advantage of an all-digital implementation.

Finally, we consider a relay system with two correlated sources. For the uncoded case, we derive

analytical bounds on the error probability, both for optimum and sub-optimum detection. Then we

propose a distributed coding scheme based on spatially-coupled low-density parity-check codes, which

encompasses joint source, network, and channel coding. We derive theoretical limits of the achievable

system rate and prove that our scheme achieves these limits for independent sources and symmetric

link qualities. Based on numerical simulations of density evolution, we conjecture that our codes

achieve the limits also for correlated sources and asymmetric channels.
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Kurzfassung

DIGITALE Kommunikationssysteme erreichen heute bereits die Grenzen, die Claude Shannon

erst vor einigen wenigen Jahrzehnten postuliert hat. Die Basis für solch leistungsfähige Systeme

sind Konzepte wie Soft-Information und iterative Datenverarbeitung : Empfänger-Komponenten wie

Kanalschätzer, Entzerrer, Demodulatoren und Kanaldekodierer berechnen und tauschen mehrmals log-

likelihood ratios (LLRs) der übertragenen bits aus, bevor eine endgültige Entscheidung gefällt wird.

Ein weiteres, ständig an Bedeutung zunehmendes Paradigma in drahtlosen Netzen ist cooperative

communication: die Netzknoten nützen die broadcast-Eigenschaft des Kanals um einander gegenseitig

bei der Informationsübertragung zu helfen. Auf diese Weise erreicht man Verbesserungen in der

Zuverlässigkeit und Geschwindigkeit der Übertragung. Kooperation ist besonders wichtig in drahtlosen

Sensornetzen, wo eine große Anzahl von Netzknoten korrelierte Daten über weite Strecken übertragen

müssen.

Neben ihrer hohen Leistung sind Systeme mit iterativer Datenverarbeitung von Soft-Information

allerdings komplexer und schwieriger zu implementieren. Daher ist die Reduktion von Komplexität

eine wichtige Aufgabe. Im ersten Teil dieser Arbeit entwerfen und analysieren wir Empfänger für

bit-interleaved coded modulation (BICM) mit reduzierter Komplexität. LLR clipping wird mit Hilfe

von Konzepten der Informationsgeometrie untersucht und die Systemleistung numerisch bestimmt.

Außerdem präsentieren wir ein Verfahren zur selektiven LLR-Aktualisierung für einen iterative BICM-

Empfänger, welches die Komplexität durch Weglassen unwesentlicher Berechnungen reduziert.

Im zweiten Teil präsentieren wir ein kooperatives Übertragungsverfahren für den Relay-Kanal mit

drei Knoten, welches auf quantisierter Soft-Information beruht. Das Relay demoduliert die emp-

fangenen Daten und quantisiert die dazugehörigen LLRs, bevor es sie zum Empfänger weiterleitet.

Numerische Simulationen zeigen eine Leistungsfähigkeit des Verfahrens vergleichbar mit “amplify-

and-forward”, mit dem Vorteil, das es sich vollständig digital implementieren lässt.

Zum Schluss betrachten wir ein Relay-System mit zwei korrelierten Quellen. Für den un-

kodierten Fall leiten wir analytische Schranken für die Fehlerwahrscheinlichkeit her, jeweils für op-

timale wie auch für sub-optimale Detektion. Dann präsentieren wir ein verteiltes Kodierungsver-

fahren, basierend auf spatially-coupled low-density parity-check codes, welches gemeinsame Quellen-,

Netzwerk- und Kanalkodierung beinhaltet. Wir leiten theoretische Grenzen für die erreichbare Sys-

temübertragungsrate her und beweisen, dass unser Verfahren im Falle von unkorrelierten Quellen

und symmetrischer Kanalqualität diese Grenzen erreicht. Numerische Simulationen legen die Vermu-

tung nahe, dass unsere Codes diese Grenzen auch für korrelierte Quellen und asymmetrische Kanäle

erreichen.
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1

Introduction

RECENT years have seen an explosion of wireless data traffic in telecommunications networks.

This is largely due to the fact that people nowadays are used to carrying around “the internet”

right in their pockets in the form of smartphones or tablet computers, making use of them regularly

to chat with friends, browse the web, but also for more data-intensive tasks like watching videos while

riding the tram. Available transmission rates have increased significantly, thereby making these appli-

cations possible, thanks to standards like UMTS, HSPA, WiMAX and LTE for cellular systems, and

the evolution of the common IEEE 802.11 standard for wireless local area networks (WLANs). There

exist a number of key issues regarding the further development of high performance communicaten

systems: The wireless spectrum is a scarce resource, highly regulated and expensive, therefore engi-

neers are faced with the challenge to exploit that resource in an increasingly efficient manner. Another

constraint is the limited battery capacity in mobile devices, which calls for a minimization of required

transmit power. Finally, since the number of mobile devices increases steadily, interference more and

more becomes an issue.
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2 Chapter 1. Introduction

1.1 Motivation and Problem Formulation

Since simple recipes, like using more channel bandwidth or increasing transmit power in order to

increase performance are costly and pay of poorly, modern communication systems rely on sophisti-

cated signal processing in order to exploit the given resources as much as possible. In some areas,

like channel coding, modern communication systems are in fact already close to achieving information

theoretic limits. Fundamental design concepts for digital receivers are soft information and iterative

processing : receiver blocks like channel estimator, equalizer, demodulator and channel decoder re-

peatedly compute and exchange log-likelihood ratios (LLRs) of the transmitted bits before the final

decision is made. The fact that iterative receivers systems work with soft information instead of bits

and that the information is processed multiple times by each receiver component causes an increase

in computational complexity compared to non-iterative systems. The search for ways to reduce this

complexity is therefore an important issue, which is addressed in this thesis.

One way to deal with interference is to exploit it instead of considering it as an unwanted impair-

ment. A recent paradigm based on that notion is cooperative communication: nodes in a network

exploit the broadcast nature of the wireless channel and help each other to receive their intended

information, thereby realizing gains in communication reliability, power efficiency, and transmission

rates. Cooperation is especially important in wireless sensor networks, where a large number of nodes

needs to transmit possibly correlated data over long distances.

1.2 Scope of Work and Contributions

The systems considered in this thesis deploy iterative processing of soft information. Factor graphs

are used to understand, analyze and design communication systems: this very general framework

allows the description of modern high performance channel codes and their decoders, channel esti-

mators, channel detectors, and most importantly, how these components can work together as a high

performance receiver device.

There are three main topics to which this thesis contributes. The first is complexity reduction

for iterative bit-interleaved coded modulation (BICM) receivers. We achieve complexity reduction by

manipulating the soft information that is used internally by the detection algorithms. The second one

is designing a practical relaying scheme based on the quantization of said soft information. The third

part deals with transmitting the correlated data of two sources to a destination with the help of a

relay. We analytically derive performance bounds for an uncoded system, and we design and analyze

a coded system that operates very close to the theoretical limits. Our contributions are in detail:

Complexity Reduction in BICM. We investigate two main strategies for complexity reduction.

• Log-likelihood ratio (LLR) clipping : We consider LLR clipping at the output of a demapper in a

BICM system and give an interpretation of LLR clipping as a projection within the framework

of information geometry. This interpretation can be useful for further theoretical research on
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iterative decoders.

We also consider the mutual information between transmitted code bits and clipped LLR as a

measure for the performance impact in a non-iterative BICM receiver caused by LLR clipping.

We show that the LLRs can generally be restricted to a quite small range without degrading

performance.

Finally we show how the value of clipped LLRs has to be corrected in order to maximize the

BER performance of decoder, which uses the clipped LLRs as soft input.

• Selective LLR update: We consider an iterative BICM receiver. It consists of a demapper,

which extracts the soft information (channel LLRs) from the channel observations, and a BCJR

decoder, which produces soft information based on the channel LLRs and the code structure

(code bit LLRs). These blocks are connected by an interleaver and a de-interleaver. Usually,

the following LLR update schedule is used: the demapper computes all LLRs based on channel

observations and information fed back from the decoder, then the decoder updates all LLRs

based on all channel LLRs, and the next iteration begins. We propose a scheme in which only a

subset of LLRs is updated in each iteration. This subset is determined based on the magnitude

of the LLRs. Put in a simplified way, LLRs that are already ”large enough” are not updated in

future iterations. We show that this scheme can drastically reduce the number of computations

that are needed for a certain target performance.

Practical Quantize-and-Forward Scheme for the Relay Channel.

• We design a practical transmission scheme, in which the channel LLRs at the relay are quantized

before they are transmitted to the destination, which then uses them as additional information

for decoding the source transmission.

The quantizer is designed to maximize the mutual information between the LLRs and their

quantized versions.

Numerical simulations of the bit error rate (BER) for slow and fast Rayleigh fading channels show

a performance that is comparable to amplify-and-forward (AF) schemes, with the advantage that

only digital processing is used.

Decode-and-Forward Relaying for Two Correlated Sources. We consider the time division

multiple access relay channel (TD-MARC) with two sources. In contrast to most works, we assume

that the sources are correlated.

• Error probability bounds for decode-and-forward relaying with two correlated sources: For a sys-

tem without channel coding, we derive analytic bounds on the bit error probability, both for

additive white Gaussian noise (AWGN) and Rayleigh fading channels. Numerical simulations

show that the bounds are tight. We observe a performance improvement compared to both sys-

tems that do not take correlation into account, as well as systems without relay that do exploit

the correlation.
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• Spatially coupled LDPC codes for decode-and-forward (DF) relaying of two correlated sources:

We present a decode-and-forward transmission scheme based on spatially-coupled low-density

parity check codes for a network consisting of two arbitrarily correlated sources, one relay,

and one destination. The links between the nodes are modeled as binary erasure channels.

Joint source-channel coding with joint channel decoding is used to exploit the correlation. The

relay performs network coding. We derive analytical bounds on the achievable rate for the

binary erasure time-division multiple-access relay channel with correlated sources. We also prove

analytically that the proposed coding scheme achieves the Shannon limit for symmetric channel

conditions and uncorrelated sources. Using density evolution, we furthermore demonstrate that

our scheme approaches capacity also for asymmetric channel conditions and when the sources

are correlated, and we observe the threshold saturation effect that is typical for spatially-coupled

systems.

The results reported in this thesis are largely based on the following publications:

• S. Schwandter, P. Fertl, C. Novak, and G. Matz. Log-likelihood ratio clipping in MIMO-

BICM systems: Information geometric analysis and impact on system capacity. In Proc. 34th

International Conference on Acoustics, Speech, and Signal Processing (ICASSP), Taipei, Taiwan,

2009. [1]

• S. Schwandter, Z. Naja, P. Duhamel, and G. Matz. Complexity reduction in BICM-ID sys-

tems through selective log-likelihood ratio updates. In Proc. 11th IEEE Workshop on Signal

Processing Advances in Wireless Communications (SPAWC), Marrakech, Morocco, 2010. [2]

• S. Schwandter and G. Matz. A practical forwarding scheme for wireless relay channels based

on the quantization of log-likelihood ratios. In Proc. 35th International Conference on Acoustics,

Speech, and Signal Processing (ICASSP), Dallas, Texas, 2010. [3]

• S. Schwandter, H. Fares, A. Graell i Amat, and G. Matz. Error probability bounds for decode-

and-forward relaying with two correlated sources. In Proc. 54th IEEE Global Communications

Conference (GLOBECOM), Houston, Texas, 2011. [4]

• S. Schwandter, A. Graell i Amat, and G. Matz. Spatially coupled LDPC codes for two-user

decode-and-forward relaying. In Proc. 7th International Symposium on Turbo Codes & Iterative

Information Processing (ISTC), Gothenburg, Sweden, 2012. [5]

• S. Schwandter, A. Graell i Amat, and G. Matz. Spatially-coupled LDPC codes for decode-

and-forward relaying of two correlated sources over the binary erasure channel. To be submitted

to IEEE Transactions on Communications. [6]
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1.3 Outline

In the following, we give an overview of the subsequent chapters:

• In Chapter 2 we introduce basic concepts on which this thesis is based. It is meant as intro-

ductory material for a reader who is not familiar with the topics treated later in the thesis.

• Chapter 3 deals with complexity reduction in BICM receivers. First we consider a non-iterative

system and analyze the impact of LLR clipping to the system performance. Then we consider

an iterative system and propose a modification to the message update schedule that results in a

reduced computational complexity for a given error-correction performance.

• In Chapter 4, we consider the three-node relay channel. We present a practical low-complexity

compress-and-forward relaying scheme based on quantization of LLR values, which exhibits a

performance comparable to amplify-and-forward while allowing an all-digital implementation.

• Chapter 5 is dedicated to decode-and-forward relaying for correlated sources. We consider a

multiple-access relay channel (MARC) with two correlated sources. First, we derive analytic per-

formance bounds for an uncoded system, and we show that they are in agreement with numerical

performance simulations. Then, we design a joint source-channel-network coded system based

on spatially-coupled LDPC (SC-LDPC) codes. We prove that the coding scheme is capacity-

achieving in the case of symmetric channel conditions and uncorrelated sources, and show using

numerical density evolution that it approaches capacity also for general channel qualities and

correlation.

• Finally, we summarize our main findings and give an outlook on possible future work in Chapter

6.
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2

Preliminaries

THIS section briefly reviews basic concepts that are state of the art and necessary for understand-

ing the main contributions of this thesis. We will present the important concepts on a high level

and refer the reader to the appropriate literature for details.

7
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Encoder DecoderChannel
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Figure 2.1: The general digital communication system.
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Figure 2.2: A digital communication system with separate source and channel coding.

2.1 Digital Communications

A digital communication system solves the problem of reliably transmitting information over a noisy

channel. Fig. 2.1 shows the components of such a system: The source information is contained in a

k-dimensional random vector u with continous-valued entries (e.g., speech samples) with a probability

density function (pdf) p(u). It is encoded with an encoder ε(u) into a length-n vector x, which is

transmitted over a channel with a transition pdf p(y|x). The resulting channel output y is used by

the decoder ρ(y) to produce an estimate of the original vector ũ, that should resemble the original as

closely as possible. This is the general design goal for a digital communication system.

Since an optimal solution to the aforementioned problem, let alone one that has a reasonably

simple practical implementation, is hard to find, the tasks of encoding and decoding are usually split

into parts which are easier to handle individually (Fig. 2.2): the source data is first encoded by a

source encoder into a vector b of k̃ binary digits (bits), which are in the optimal case independent

and identically distributed (i.i.d.). Then a channel encoder converts this block of bits into a channel

input vector x of length n, which is passed over the channel. The channel decoder tries to reconstruct

the bit vector and delivers an estimate b̃ - the design goal of the channel code is to provide error-free

transmission. Finally, the source decoder delivers the estimate of the original source vector ũ.

This separation principle is motivated by the separation theorem from information theory, which

states that this separation is optimum, at least for infinitely long blocks. It is also often used for

theoretical considerations in (channel) coding theory: the problem of source coding is assumed to be

solved, the source data are therefore assumed to be i.i.d. bits. This point of view has proven useful

and led to the invention of transmission schemes that achieve the theoretical limits. The systems

considered in Chapters 3 and 4 of this thesis are based on this assumption.

The essential prerequisite for the separation theorem, the infinite length of the transmission blocks,

is problematic. Infinitely long blocks can be approximated by “very long” blocks in applications where

latency does not play a role, e.g., file downloads over the internet. But many important applications,

e.g., live speech and video transmissions, have a latency constraint, which demands short transmission
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blocks. The finite block length has three implications: first, it is principally impossible for a finite-

length channel code to ensure error-free transmission. Secondly, a finite-length source code will not

be able to get rid of all redundancy of the source information, which leads to non-i.i.d. output bits.

Thirdly, the nature of the source encoder (quantizer) leads to the fact that the bits are not equally

“important”, i.e., the quality of the reconstruction of the source signal depends on which bits are

decoded incorrectly by the channel decoder. Theeffects of finite-length transmission blocks can be

mitigated by iterative joint source-channel coding. Chapter 5 considers a communication system

which uses iterative joint source-channel coding to deal with the correlation between multiple source

nodes.

2.1.1 Channel Models

The channel in a communication system refers to the medium over which the information is trans-

mitted from the transmitter to the receiver. It could, e.g., be copper wire, the free space between

transmit and receive antennas in a wireless system, or a computer hard drive. The channel impairs

the transmit signal, so that the receiver cannot be sure about which signal was sent by the transmit-

ter. The challenge in digital communication is to use this unreliable channel to transmit information

reliably.

The most fundamental channel model is the additive white Gaussian noise (AWGN) channel. The

transmit signal is impaired by additive white Gaussian noise, which models the impact of thermal

noise that is present in electronic components. This channel is memoryless, i.e., each channel use is

independent of every other. Its input-output relation can be written as

y = x+ w (2.1)

for each individual channel use. Here, y ∈ R is the channel output, which is equal to the channel input

x ∈ R plus noise w ∈ R; w is a random variable (RV) that is normally distributed with zero mean and

variance σ2. The AWGN channel is characterized by its signal-to-noise ratio (SNR)

SNR =
E{x2}
σ2

, (2.2)

which is a measure for the strength of the useful signal (transmit power) with respect to the noise at

the receiver.

A simple channel model for wireless channels is the flat Rayleigh fading channel, characterized by

the input-output relation

y = hx+ w. (2.3)

The channel gain h is a complex Gaussian RV that describes the varying attenuation of the transmitted

signal due to wave propagation effects. We speak about fast fading when the channel gain varies from

one transmit symbol to the other, whereas block fading refers to the scenario when the gain stays

constant for a whole transmission block (in the latter case, the channel is not memoryless).

A channel model that is very often used in channel coding literature is the binary erasure channel

(BEC). The input to this channel is a binary RV, x ∈ {0, 1}. This variable is either transmitted
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correctly over the channel, with probability 1−ε, or it is “erased”. The output of the BEC is therefore

a ternary variable, y ∈ {0, 1, e}, where the additional value e denotes an erasure. The receiver knows

that all bits that could be received are correct, and it also knows the positions of bits that were

erased. The frequent use of the BEC in the channel coding literature is mostly due to its simplicity

and the fact that results and insights for the BEC can often be rather easily extended to more general

channels [7].

Finally we consider the channel model for multiple-input multiple-output (MIMO) communication

systems. For a system where the transmitter is equipped with MT transmit antennas and the receiver

with MR receive antennas, the channel can be defined by the input/output relation

y = Hx + w (2.4)

for each channel use, with the length-MR receive vector y, the length-MT transmit vector x, length-

MR noise vector w and the MR ×MT channel transfer matrix H. We assume that the noise vector

has i.i.d. circularly symmetric complex Gaussian components with zero mean and variance σ2
w. The

transmit vector is subject to the average power constraint E{‖x‖2} = Ex. The channel is considered

to be i.i.d. Rayleigh fading, such that the elements of the channel matrix H are assumed to be i.i.d.

circularly symmetric complex Gaussian RVs. Further assuming fading coefficients that are normalized

to unit variance, the channel SNR is

γ ,
E{‖Hx‖2}
E{‖w2‖} =

Ex
σ2
w

. (2.5)

2.1.2 Information-Theoretic Limits

The ultimate limit on the transmission rate over a communication channel, at which error-free trans-

mission is possible, is given by the Shannon capacity. The proof that this rate can be achieved is based

on random codes, i.e., the codewords are chosen randomly according to some probability distribution

(the mapping from information sequences to code sequences is of course fixed, and both transmitter

and receiver know both the code and the mapping). Also, to achieve an arbitrarily small error proba-

bility, the code blocks have to be infinitely long. For the AWGN channel defined by (2.1), the capacity

in bits per channel use (bpcu) is

CAWGN =
1

2
log2 (1 + SNR) . (2.6)

For the BEC, the capacity is

CBEC = 1− ε. (2.7)

2.2 Factor Graphs

Next we discuss factor graphs [8, 9], a concept that has seen tremendous research interest in the

past decade, because it is universally applicable to countless problems in communications, as well as



2.2 Factor Graphs 11
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Figure 2.3: A factor graph.

other fields of engineering and science. Particularly, it can be used as a framework for designing and

analyzing iterative receiver algorithms, which include channel estimator, equalizer, demodulator and

channel decoder as building blocks that repeatedly exchange information in order to come to a joint

result.

A factor graph is a graphical model. Fig. 2.3 shows a small factor graph containing the variable

nodes x1, . . . , x5 and the factor nodes f1, . . . , f3. Some of the nodes are connected to each other by

edges. A factor graph is bipartite, which means there are only connections between variable and factor

nodes, but no connections among nodes of the same kind.

The main idea can be summarized in one sentence: a factor graph is the graphical representation

of how a function f(x) (which can be arbitrary complex and depend on a large number of variables)

can be factorized into (i.e., written as a product of) a number of simpler functions fi, each of which

depend only on smaller number of variables (xi):

f(x) =
∏
i

fi(xi). (2.8)

Each factor in the equation corresponds to a factor node in the graph, and each variable to a variable

node. The factorization is given by the structure of the graph, e.g., the connections between variable

nodes and factor nodes: a factor depends on all the variables to which it is connected. The example

graph in Fig. 2.3 describes the factorization f(x) = f1(x1, x2, x3)f2(x2, x3, x5)f3(x1, x3, x4).

To illustrate the usefulness of such a description, let us now assume that the function f is a

probability mass function (pmf) p(x). We might be interested in obtaining the marginal probabilities

of the individual variables xi. If we knew nothing about the factorization of the function p(x),

calculating them would involve a lot of summations, to the point that it could be just infeasible when

the number of variables is too high. If we know the factorization, however, we can shift around the

order in which we carry out the summations in a clever way (based on the distributive law), and

thereby save a lot of computations. This is described in more detail, e.g., in [8]. The formalization

of this efficient way of calculating marginals is called the belief propagation (BP) algorithm (or sum-

product algorithm). It is an iterative algorithm that is defined on a factor graph. Since its description
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involves the notion of messages that are transmitted from factor nodes over graph edges to variable

nodes and vice-versa, it is called a message passing algorithm.

The bridge from factor graphs to the design of digital receivers is quickly established: the task

of the receiver is to estimate the transmitted bits u based on the channel observations y. The

optimum maximum a posteriori (MAP) sequence detector (optimum in the sense that it minimizes

the probability of picking the wrong sequence) gives us the estimate

û = argmax
u

p(u|y), (2.9)

i.e., the information sequence u that has the highest probability to have been transmitted (the maxi-

mum a posteriori probability p(u|y)), given the channel observations y. Since this seemingly harmless

function p(u|y) in general includes the whole digital communication system, including channel coding,

modulation/demodulation, channel coding/decoding, the communication channel, channel estimation,

phase offsets, etc., we might be tempted to just give up the optimum detector right now, because we

fail to even specify this function. Even if we succeed in making p(u|y) a relatively simple function

by choosing our system model accordingly, there remains the fundamental problem that the MAP se-

quence detector has to evaluate p(u|y) for each possible u before it can choose the maximum. That is

2L evaluations, if u is a sequence of bits of length L. We observe that the number grows exponentially

in L.

It turns out that it is more feasible to consider the symbol-wise MAP detector which minimizes

the probability of a symbol error:

ûi = argmax
ui

p(ui|y) = argmax
ui

∑
∼ui

p(u|y). (2.10)

It contains the marginalization over all symbols except the one that is estimated, which again is a

task that is exponentially complex in the information sequence length u.

Factor graphs to the rescue! If p(u|y) is factorizable into a number of functions, each of which

only depends on a small number of variables ui, we have won, since we can use the aforementioned

BP algorithm to approximately obtain the marginals with complexity that is linear in L. There is an

important caveat: we obtain the exact marginals only if the factor graph of p(u|y) is a tree. As soon

as there are loops in the graph (“loopy BP”), there are problems. First, it is not clear anymore in

which order the message updates should be carried out (issue of scheduling). The message schedule

impacts convergence and convergence speed and can be optimized. Secondly, the BP algorithm is

not guaranteed to converge anymore. And thirdly, even if it converges, the resulting marginals are

only an approximation to to true marginals. It turns out however, that in many practically relevant

contexts these problems are not as big as they might appear. For example, as we will see in one of the

next sections, the BP algorithm is near optimum for decoding modern practical channel codes, with

a performance that is close to that of the optimum MAP detector.



2.3 Channel Coding 13

2.3 Channel Coding

In order to be able to use an unreliable communications channel to transmit information reliably, i.e.,

without errors, it is necessary to employ channel coding. The basic idea, in simple words, is to restrict

the set of channel input sequences that the transmitter is allowed to send over the channel, such that

the decoder only has to decide between fewer options, thereby increasing the chances that it picks the

correct one.

Shannon stated the fundamental limits for the transmission of information over communication

channels. His statements concerning the achievable rate were based on the use of random channel

codes. This kind of codes proved to be useful for showing theoretical limits, but they have a practical

downside: it is not possible to implement them in real systems. The most fundamental problem here is

that random codes do not have any structure that could be exploited for efficient description, encoding

and decoding of the code. For example, an implementation of a random coding scheme would require

a table with all the code words. The memory necessary for such a table grows exponentially in the

block length - the description complexity is impractically high.

In the following, we will discuss codes that have been developed for and used in practical systems.

Surprisingly, the best of them achieve the performance of Shannon’s random codes despite having

enough structure so that the complexity for encoding and decoding them increases only polynomially

with the block length, which makes the use of long codewords feasible. These “modern” codes and

their practical decoding algorithms can again be described within the framework of factor graphs.

Definition 1. A code C of length n and cardinality M over a field F is a collection of M elements

from Fn, i.e.,

C(n,M) = {x1, . . . ,xM}, xm ∈ Fn, 1 ≤ m ≤M (2.11)

Definition 2. The rate of a code C(n,M) is

R =
1

n
log|F|M. (2.12)

It is measured in information symbols per channel use.

2.3.1 Linear Block Codes

The issue of description complexity can be solved by using linear codes.

Definition 3. A code C over a field F is linear if it is closed under n-tuple addition and scalar

multiplication:

αx + α′x′ ∈ C, ∀x,x′ ∈ C and ∀α, α′ ∈ F (2.13)

Due to this property, C is a subspace of the vector space Fn and therefore itself a vector space

of dimension k, 0 ≤ k ≤ n. C has |F|k (linearly independent?) codewords. This vector space has a

basis consisting of k linearly independent codewords, and each codeword can be represented as the
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linear combination of the basis vectors. Hence, gathering the basis vectors as the columns in a k × n
generator matrix G allows to define the code C as

C(G) = {x ∈ Fn : x = Gu,u ∈ Fk}, (2.14)

i.e., the code is defined completely by its generator matrix, thereby solving the problem of description

complexity. Equivalently, the code can be described as the set of sequences that satisfy the parity

check equation

C = {x ∈ Fn : Hx = 0}, (2.15)

with the n× k parity check matrix H.

2.3.2 Convolutional Codes

Convolutional codes are conceptually different from block codes. Instead of a series of finite length

code words, a convolutional encoder produces an (in principle) infinite stream of correlated code bits.

The encoder is a linear filter whose operation can be described by a convolution, hence the name.

The famous Viterbi decoder, a practical implementation of the optimum MAP sequence detector,

is often used for decoding. Besides their use as “stand-alone” channel codes, convolutional codes

have become important as components of turbo codes [10], and other iterative schemes like BICM

with iterative demodulation/decoding (BICM-ID) [11]. In the context of iterative processing, the

BCJR algorithm (the acronym stands for the names of the authors of [12]: Bahl, Cocke, Jelinek, and

Raviv) is commonly used for soft-output decoding of convolutional codes, because it delivers reliability

information for individual bits instead of sequences.

2.3.3 LDPC Codes

Low-density parity-check (LDPC) codes were introduced by Gallager in his PhD thesis [13]. They had

been more or less forgotten for decades, and it was not until the invention of turbo codes [10] in 1993

that interest in them was renewed, leading to their rediscovery by McKay et al. in [14,15].

LDPC codes are block codes which have a parity-check matrix which is sparse, in the sense that the

number of non-zero entries in the matrix grows only linearly with the block length. This sparsity allows

the practical but sub-optimum BP decoder to achieve a performance that is close to the optimum yet

infeasible MAP decoder. LDPC codes can be described by a factor graph (in the context of channel

coding, Tanner graph is the commonly used term). Each variable node corresponds to one code bit,

and each factor node (check node) to one parity check equation.

The description and analysis of LDPC codes is based on the concept of code ensembles: a code

ensemble is the set of all codes that satisfy a given criterion. Statements concerning code performance

are usually made about an ensemble, and this statements hold for a specific code realization usually

on average, with higher probability when the block length is longer. A specific code is obtained by

choosing one code out of the ensemble randomly.
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The most basic code ensemble, introduced by Gallager, is the regular (l, r)-ensemble. It consists

of all codes described by a graph which has variable node degree l and check node degree r. Regular

LDPC codes have been shown to approach Shannon capacity quite closely, but it is also known that

their performance deteriorates with increasing node degrees (at fixed code rate) when BP decoding is

used (they achieve the Shannon limit under MAP decoding for high node degrees, however).

To approach capacity even closer, more sophisticated code constructions were necessary. In 1998,

irregular LDPC codes were introduced by Luby et al. [16,17]. While for regular codes, the check node

and variable node degrees are the same for all check and variable nodes, respectively, irregular codes

allow more design freedom. The basic idea is to allow different node degrees, up to a certain maximal

degree. An irregular code ensemble is specified by the fraction of nodes of a certain degree, using

so-called degree distribution polynomials. Using irregular LDPC codes, it was possible to achieve a

performance within 0.0045dB of the Shannon limit in Chung et al. [18]. The design of such excellent

irregular codes is computationally complex, however, a disadvantage compared to regular codes.

2.3.4 Density Evolution

Density evolution (DE) [7,19] is a standard tool for assessing the performance of the BP algorithm. DE

is itself an iterative algorithm that computes the evolution of the probability distributions (densities)

of BP messages under some assumptions, such as infinite block length, which make this computation

feasible. In the context of channel coding, it can be used to obtain the BP threshold of a given code

ensemble, which is the worst channel parameter for which error-free BP decoding is possible.

While DE is very simple for the BEC (where the “density” reduces to a scalar value) and reg-

ular LDPC codes, it is more challenging to implement and computationally more complex for more

sophisticated code designs like spatially-coupled LDPC (SC-LDPC) codes and AWGN channels. But

the problems are manageable, and DE, sometimes with approximations, has successfully been used

for both design and analysis of near-capacity LDPC codes (see e.g. [20]).

2.3.5 Spatially-Coupled LDPC Codes

In terms of design freedom and graph structure, there is an upward progression from regular LDPC

code ensembles to irregular ones: whereas a regular LDPC code ensemble is described by two integer

numbers, irregular codes allow much more fine-grained code design based on their degree distribution

polynoms. But it is possible to take this a lot further: besides LDPC codes, other sparse-graph

based codes have been invented, with excellent performance and other desirable qualities (decoding

threshold, error floor, encoding and decoding complexity, ease of hardware implementation): turbo

codes, repeat accumulate codes and variants, to name a few. These codes differ from (ir)regular LDPC

codes in that their graphs have more structure and more design parameters that can be tweaked to

achieve the design goals. Protograph-based LDPC codes [21] are an example of LDPC codes with

additional structure. A protograph is a relatively small graph, which defines the code structure. Via

a randomized lifting procedure, a bigger graph (corresponding to a code with long block lengths) is

derived, which conserves the properties of the protograph. Richardson and Urbanke introduced a
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Figure 2.4: Protograph of a regular (3,6,5) SC-LDPC code.

general framework called “Multi-edge-type LDPC codes” [22] which allows analysis and design of all

previously mentioned code families, as well as completely novel ones.

In this thesis, we make use of yet another class of LDPC codes: spatially-coupled LDPC

(SC-LDPC) codes, which where originally proposed under the name “LDPC convolutional (LDPCC)

codes” by Felström et al in [23]. Their original name reveals their most important property: in contrast

to LDPC codes with their block structure, they are convolutional codes, which means their encoding

and decoding can be carried out in a streaming fashion. It also means that there is the notion of

“time” in the graph, and connections between check and variable nodes are allowed only within a

finite “time interval”. The most important difference to convolutional codes is that their parity check

matrix is very big and sparse (justifying the “LDPC” in their name). This translates to a trellis with

a huge number of states, which in turn makes Viterbi decoding infeasible. Instead, BP is used for

decoding. A number of works deals with the question how the BP messages should be scheduled in

order to exploit the convolutional graph structure (e.g., sliding window decoding ).

Just as a classical convolutional code, an LDPCC code can be terminated to obtain a block

code. Besides being a necessity in most practical systems, the termination of an LDPCC code has

a surprisingly pleasant side-effect: It has been noted early on that terminated LDPCC codes exhibit

an improved performance when compared to their non-convolutional counterparts. In fact, their

performance has been observed to be so close to the Shannon limit in numerical simulations that it

was soon conjectured that they might provably achieve it. This proof was recently given in Kudekar,

first for the BEC [24] and then the general binary memoryless channel (BMS) channel [25], which

includes the important AWGN channel. The term SC-LDPC code as a synonym for a terminated

LDPCC code was coined in these papers, and an SC-LDPC ensemble was introduced, which made the

analysis possible.

It is instructive to explain SC-LDPC codes based on a protograph representation. Fig. 2.4 shows



2.3 Channel Coding 17

10 20 30 40 50 60
10

−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

B
E

R

Code section

Iterations

Figure 2.5: Evolution of error probabilities (plotted over code sections i = 1 . . . , 65) for a (3, 6, 65)

SC-LDPC code (first, second, forth, and tenth iteration).

the protograph of a regular (3, 6, L) SC-LDPC code ensemble, with a termination length L = 5. At

each time instant there are two variable nodes and one check node. The maximum number of time

steps between two connected nodes is two. Due to the termination, and the assumption that the

transmission is preceded by and followed by zeros, the check nodes at the beginning and end of the

chain have lower degree than the ones in the middle. Therefore, the bits in the beginning and the

end are better protected than the rest. The crucial observation is the following (c.f. Fig. 2.5): when

BP is used, the effect of better protection at the borders “travels” through the whole chain to the

middle, even if the chain is very long (the length only increases the number of required iterations).

This explains why a (l, r, L) SC-LDPC code can be successfully decoded for worse channels than the

corresponding (l, r) LDPC code. As stated above, it has been conjectured and proven in [24] that

the BP threshold of a regular SC-LDPC ensemble tends to the MAP threshold of the corresponding

regular LDPC code ensemble. Recall that the MAP decoder is the optimum decoder, which BP usually

only manages to approximate in general.

The (l, r, L, w,M)-ensemble

Protograph-based SC-LDPC code ensembles, while being practical and easy to visualize, are difficult

to analyze, because different densities have to be tracked for each edge of the protograph. Kudekar

et al. introduced the randomized (l, r, L, w,M)-ensemble1 in [24], which is more accessible to DE

analysis.

A regular (l, r) LDPCC code with variable node degree l and check node degree r is defined by an

1In [24], it was actually called (l, r, L, w) ensemble, leaving M unspecified.
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infinite parity check matrix

HT =



. . .
. . .

HT
0 (0) . . . HT

ms
(ms)

. . .
. . .

HT
0 (t) . . . HT

ms
(t+ms)

. . .
. . .


, (2.16)

where superscript T denotes the matrix transpose. The factor graph describing such a code is divided

into “positions” or “time instants” t, similar to the trellis sections in classical convolutional codes. At

each position t ∈ (−∞,∞) there are M variable nodes, and M l
r check nodes. This is reflected in the

parity check matrix by the fact that each submatrix HT
j (t+j), j ∈ [0,ms], is a sparse M×(M l

r ) binary

matrix. For our application we will consider SC-LDPC ensembles, where the codeword is restricted

to t ∈ [1, L], and the parity check matrix is therefore of finite size.

In the (l, r, L, w,M) ensemble, a variable node at position t has l connections to check nodes at

positions from the range [t, t+w−1], where w = ms+1. For each connection, the position of the check

node is uniformly and independently chosen from that range. This randomization results in simple

DE equations and thus renders the ensemble accessible to analysis. For transmission over the BEC,

the code rate of the (l, r, L, w,M) ensemble tends to the one of the underlying block code ensemble

lim
w→∞

lim
L→∞

lim
M→∞

R(l, r, L, w,M) = 1− l

r

as M , L and w go to infinity, in that order. Furthermore, its belief propagation (BP) threshold εBP

(i.e., the highest value ε for which density evolution converges to zero error probability) tends to the

MAP threshold εMAP (the highest value of ε where the optimum MAP decoder is able to decode

successfully without errors) of the underlying ensemble,

lim
w→∞

lim
L→∞

lim
M→∞

εBP(l, r, L, w,M) = εMAP(l, r).

On the BEC, the Shannon limit for transmission at rate R is given by εSh = 1 − R, i.e., the erasure

probability below which reliable (error-free) transmission is possible. The MAP threshold of a regular

LDPC block code ensemble tends to the Shannon limit exponentially fast in l if the design rate R(l, r)

is kept fixed (cf. [24, Lemma 8]):

lim
l→∞

εMAP

(
l, r =

l

1−R(l, r)

)
= 1−R = εSh. (2.17)

Therefore, the BP threshold of the (l, r, L, w) ensemble asymptotically tends to the Shannon limit.

2.4 Bit-Interleaved Coded Modulation (BICM)

The channel codes considered so far were binary codes. A binary code paired with two transmission

symbols like, e.g., binary phase-shift keying (BPSK) can be used to transmit data over an AWGN
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Figure 2.6: Block diagram of a BICM transmitter.

Demapper DecoderΠ−1

y L̃dem Ldem û
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Figure 2.7: Block diagram of a BICM receiver.

channel, however, the maximum rate is 1 bit per channel use in that case. Therefore, such a system

can approach the Shannon limit only in channels whose capacity is below 1, like an AWGN channel in

the low SNR regime. A straightforward method to transmit more than one bit per channel use is coded

modulation (CM): After an information sequence is channel-encoded with a binary code, the resulting

codeword is divided in a sequence of shorter bit sequences. Each sequence is mapped (“modulated”) to

a symbol, the sequence of symbols is then transmitted over the channel. It is not obvious how channel

code and bit-to-symbol mapping should be designed to obtain capacity-approaching performance, and

a number of design paradigms have been proposed. One of them, which has often been termed a

“pragmatic” approach to CM, is bit-interleaved coded modulation (BICM). It has been first proposed

by Zehavi [26] and a thorough analysis of the achievable information rates and error probabilities was

given by Caire et al. [27]. Li and Ritcey proposed to use iterative demodulation and decoding in [11].

A comprehensive survey on BICM can be found in [28]. BICM has been used in many recent standards

like digital video broadcasting - satellite (2nd gen) (DVB-S2), wireless local area networks (WLANs),

digital subscriber line (DSL) and worldwide interoperability for microwave access (WiMAX) because

of its flexibility and simplicity, and is the de facto standard for coding over the Gaussian channel in

modern systems.

Fig. 2.6 shows a BICM transmitter: information bits u are encoded to a code word c by a channel

encoder. This code word is bit-wise interleaved (permuted) by an interleaver Π, c̃ = Π(c). Length-I

sub-sequences c̃i are mapped to channel symbols x, which are transmitted over the channel. The BICM
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receiver processing (Fig. 2.7) starts with a demapper, which generates bit-wise reliability information

in the form of log-likelihood ratios (LLRs), based on the channel observations y. The LLRs are

de-interleaved and used as the input for a channel decoder. As already mentioned, it is possible to

increase the performance by using iterative demodulation/decoding at the receiver (BICM-ID). In

this case, the soft output of the channel decoder is re-interleaved and fed back to the demapper as a

priori information for the next iteration. The process is repeated until a stopping criterion is fulfilled.

This iterative processing is another example for BP, applied to a factor graph describing the BICM

transmission scheme (see Section 3.2.2 for details).

2.5 MIMO-BICM

BICM can be used to realize high performance multiple-input multiple-output (MIMO) systems [29].

In MIMO systems [30], multiple antennas are used at both transmitter and receiver. This provides

large gains with respect to rate and reliability. Only the mapper and demapper blocks have to be

replaced by MIMO counterparts, otherwise the processing is the same as in the single antenna case,

which shows the flexibility of BICM. In MIMO systems, the bulk of the complexity often lies in

the demapper. We will consider complexity reduction in the context of a MIMO-BICM system in

Chapter 3.

2.6 Relay Systems

Classical digital communications theory (and our discussion so far) was mainly focused on point-to-

point transmission links. Modern wireless systems pose new challenges: the distinguishing feature

of the radio transmit channel is its “broadcast” property, i.e., the signal of a transmitter is received

by all the receivers nearby, whether the signal is intended for them or not. Wireless transmissions

therefore suffer from interference, which at first glance seems to be nothing but a problem that should

be eliminated. The good thing about broadcast, however, is that mulitple nodes can receive a certain

message; these nodes can collaborate to forward the message to the intended destination. This principle

is called cooperative communications, and has become a very active research topic in recent years. The

most elementary cooperative communications network is the relay channel, which is discussed next.

2.6.1 The Relay Channel

The classical relay channel, which has been introduced by van der Meulen [31, 32], and first compre-

hensively analyzed by Cover and El Gamal [33], consists of three nodes (see Fig. 2.8): a source “s”

transmits data to a destination “d” with the help of a relay “r”.

A number of random coding schemes for the relay channel have been proposed in [33], and have

since received a lot of analysis and refinement. There are two main approaches, by which the relay

can help the source to transmit data to the destination:
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s

Figure 2.8: The relay channel.

In the first approach, called observation in [33], the relay forwards the received signal, without

decoding the source data. This leads to two important relaying strategies: in the amplify-and-forward

(AF) protocol, the relay forwards a scaled (amplified) version of the received signal to the destination.

Since no attempt is made to recover the originally transmitted data, the impairments due to the

channel of the received signal are amplified together with the useful signal. Another drawback of AF

is that analog processing is needed at the relay. Another important relaying strategy based on the

channel observation at the relay is compress-and-forward (CF), also known as quantize-and-forward

(QF). The relay does not attempt to decode the source data, instead it compresses (quantizes)

the signal received from the source before it transmits the result to the destination. Optimum QF

schemes exploit the fact that the channel observations at relay and destination are correlated to lower

the requirements on the transmission rate from relay to destination.

The second approach to relaying has been termed cooperation [33]. The most important relaying

scheme based on this idea is known as decode-and-forward (DF). In this scheme, the relay tries to

decode the source signal. Then it sends data derived from the source data, which aids the destination

in decoding. The biggest drawback with this strategy is that the relay can only assist the source when

it could successfully decode the source data. It therefore works best when the source-to-relay link is

strong.

The maximum transmission rates in these schemes are achieved when source and relay are allowed

to transmit at the same time in the same frequency band, which leads to the issue of multiple access at

the destination. Also, the relay has to be able to transmit and receive at the same time (full-duplex),

which is difficult to implement in hardware. Oftentimes (see e.g. [34]) it is therefore assumed that

the links in the system are orthogonal, which circumvents both issues. The orthogonalization can be

achieved by the use of time-division multiple access (TDMA), or frequency-division multiple access

(FDMA), for example. The relaying schemes proposed in this thesis are based on TDMA.

2.6.2 The Multiple Access Relay Channel

The multiple-access relay channel (MARC) is an extension to the relay channel, which models a system

in which multiple sources transmit data to a destination with the help of a shared relay. As it combines

aspects of both the multiple access and the relay channel, it’s theoretical analysis is quite challenging.

Capacity results have been given in [35–37]. In these works it is assumed that there is no correlation
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between the data of the individual sources. Coding theorems for the MARC with correlated sources

have recently been derived in [38]. In Chapter 5, we will consider the TD-MARC, where the multiple

access problem is solved with the use of TDMA.



3
Complexity Reduction in

Bit-Interleaved Coded

Modulation Receivers

ITERATIVE receiver designs are fundamentally based on “soft information”, i.e., numerical values

that express how certain the receiver is about a received bit. Since these values are real numbers,

there is the issue of representing them in practical finite wordlength digital designs: a real number will

have to be both quantized to discrete values and restricted in its range. Floating point implementations

suffer from this problem less than fixed point implementations, but this leads to another practical

problem: computational complexity. Today’s communication devices become smaller and smaller and

have to be more and more energy efficient.

Soft information is often represented by log-likelihood ratios (LLRs). An LLR is a real number

with unrestricted magnitude. Its sign expresses the guess of a decoder wether a bit was a one or a

zero, and the magnitude express the certainty of that guess. It turns out, that in many cases, the

actually useful value range is a relatively small interval around zero. It therefore makes sense to

“clip” the LLR values to that range, thereby avoiding the need to provision numerical accuracy and

memory storage for values that are not relevant for the receiver algorithm. Furthermore, computations

that only increase the value of LLRs that are already “big enough”, can be avoided, thereby further

decreasing complexity.

In this chapter, we first analyze the effect of LLR clipping on the performance of a non-iterative

bit-interleaved coded modulation (BICM) receiver. We give an information-geometrical interpretation

of LLR clipping, investigate the impact on the system performance, and ensure that a system that

employs clipping at the demodulator stage performs well in connection with an LDPC channel decoder.

Then we consider a multiple-input multiple-output (MIMO)-BICM receiver with BICM with iterative

23
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demodulation/decoding (BICM-ID), and propose an algorithm that reduces computational complexity

by carrying out only calculations that concern “small” LLR values, avoiding unnecessary computations

that do not improve the receiver performance.

3.1 LLR Clipping in BICM Systems

Bit-interleaved coded modulation has recently received increasing interest in the context of MIMO

systems. Since optimum demapping is exponentially complex in the number of transmit antennas, a

large number of low-complexity detectors have been proposed. Specifically, soft sphere decoding with

single tree search and LLR clipping was observed to provide an excellent performance-complexity

tradeoff [39].

In this section, which is based on [1], we first provide an interpretation of LLR clipping in terms

of notions from information geometry [40]. In particular, we show that clipping LLRs amounts to

a projection onto a log-convex submanifold. This work was inspired by [41], where an information-

geometric description of a BICM-ID receiver is given.

We then study the performance of a MIMO-BICM system with LLR clipping using the performance

measure proposed in [42], which reveals that strong clipping is possible without noticeable performance

loss. However, the theoretical limits cannot be approached by plain application of low-density parity-

check (LDPC) codes with sum-product decoding. We argue that this is due to the fact that clipped

LLRs tend to be overly pessimistic and we propose a simple LLR remapping that avoids this problem.

All of our claims are substantiated via numerical simulations. We note that a similar problem in the

context of iterative tree search has been investigated in [43].

We mention some other works that deal with LLR clipping in the context of BICM: In [44],

an asymptotic BER analysis for a MIMO-BICM-ID system with LLR clipping based on closed-form

expressions for the quantized demapper output distributions is presented. This analysis allows to

determine design rules for the clipping threshold. In [45], the authors propose a method to increase

the performance of a non-coherent BICM-ID system with short block lengths via LLR clipping with

adaptive clipping thresholds.

This section is organized as follows: Section 3.1.1 presents the MIMO-BICM system model. In

Section 3.1.2, we provide an information geometric interpretation of LLR clipping and Section 3.1.3

studies the per formance of MIMO-BICM systems with LLR clipping. A correction of the clipped

LLR values is introduced in Section 3.1.4. A discussion is provided in Section 3.1.5.

3.1.1 System Model

In the considered MIMO-BICM system, a block of L information bits u is encoded with a rate-R code,

yielding a block of N = L/R code bits. The code bits are passed through an interleaver Π and groups

of R0 = mMT interleaved bits1 cl[n], l = 1, . . . , R0, are mapped to complex-valued transmit vectors

1Here, n = 1, . . . , N/R0 denotes discrete symbol time.
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x[n] , (x1[n] . . . xMT
[n])T with symbols xk[n] from an alphabet X of size |X | = 2m. Assuming MR

receive antennas and fast Rayleigh fading, the output of the MIMO channel is

y[n] = H[n]x[n] + w[n],

where H[n] is the MR×MT channel matrix and w[n] is the noise vector with i.i.d. circularly symmetric

complex Gaussian components of variance σ2
w. The transmit vector is subject to the power constraint

E{‖x[n]‖2} = Ex. Given normalized entries of the channel matrix, the receive SNR therefore equals

γ = Ex/σ
2
w.

Assuming perfect knowledge of the channel state H[n] and the noise variance σ2
w at the receiver,

the demapper calculates posterior LLRs for the code bits:

Λl[n] , log
Pr{cl[n]=1|y[n]}
Pr{cl[n]=0|y[n]} , (3.1)

where Pr{E} denotes the probability of the event E. With the max-log approximation [27] there is

Λl[n] ≈ 1

σ2
w

[
min
x∈X 0

l

‖y[n]−H[n]x‖2 − min
x∈X 1

l

‖y[n]−H[n]x‖2
]
.

Here, X dl denotes the subset of transmit vectors x for which the lth bit equals d. These LLRs are

de-interleaved (Π−1) and passed to a soft-in channel decoder that exploits the code structure to deliver

final estimates of the information bits.

Soft sphere decoding with LLR clipping uses a threshold Λ̂ to terminate the tree search as soon as

it turns out that Λ̃l[n] is larger than Λ̂ or smaller than −Λ̂, in which case ±Λ̂ is passed to the channel

decoder. The output of the sphere decoder with LLR clipping is therefore

Λ̃l[n] =


Λ̂, for Λl[n] > Λ̂,

Λl[n], for |Λl[n]| ≤ Λ̂,

−Λ̂, for Λl[n] < −Λ̂.

(3.2)

3.1.2 Information-Geometric Interpretation of LLR Clipping

We next provide some basics on information geometry which views probability distributions as points

on a manifold. For further details we refer to [40], [46] and [47].

Fundamentals. In the following, we are mostly concerned with length-N sequences c = (c1 . . . cN )

of code bits c(n−1)R0+l = cl[n]. The 2N possible sequences can be characterized via their (sequence)

probability mass functions (pmfs) p(ck) = Pr{c=ck}, k = 0, . . . ,K, where K = 2N−1.

Since
∑K

k=0 p(ck) = 1, i.e., p(c0) = 1−∑K
k=1 p(ck), the collection of all possible pmfs of c constitutes

an exponential manifold of dimension K = 2N−1. Without loss of generality, we assume that the 2N

possible sequences are indexed such that ck equals the length-N binary representation of k. Equivalent

coordinates for pmfs on this manifold are given by p̃ = (p̃1 . . . p̃K)T with p̃k = p(ck) (”expectation

parameters”) or η̃ = (η̃1 . . . η̃K)T with η̃k = log p(ck)
p(c0) (”natural parameters”).
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Distances on the manifold of pmfs can be measured in terms of the Kullback-Leibler divergence

(KLD) [48] between two distributions p(c) and q(c),

D(p‖q) =
K∑
k=0

p(ck) log
p(ck)

q(ck)
.

There is D(p‖q) ≥ 0 with equality if and only if p(c) = q(c). However, the KLD is non-symmetric

and hence not a metric.

The orthogonal projection of Euclidean geometry has an analogue in information geometry which

is termed I-projection [46]. Given a distribution q, the I-projection onto a convex set S is defined as

the distribution p∗∈ S that is “closest” to q in terms of KL divergence:

p∗ = argmin
p∈S

D(p‖q). (3.3)

The asymmetry of the KLD further allows us to define a so-called rI-Projection (the ’r’ stands for

“reverse”):

p∗ = argmin
p∈S

D(q‖p), (3.4)

where S now is a log-convex set.

Demapper Output PMF. A special case important for our analysis is the set of bit sequence pmfs

that are factorizable:

F =
{
p : p(c) =

N∏
i=1

pi(ci)
}
, (3.5)

Here, pi(ci) =
∑
∼ci p(c), where ∼ ci means summation with respect to all bits except ci. It can

easily be verified that F is an N -dimensional log-convex submanifold with coordinates (p1 . . . pN )T

where pi = Pr{ci = 1} or η = (η1 . . . ηN )T with ηi = log Pr{ci=1}
Pr{ci=0} . Specifically, using the factorization

property in (3.5) allows to rewrite the natural sequence parameters as

η̃ = Bη , (3.6)

where B is a K ×N matrix whose kth row contains the length-N binary representation of k. Thus,

in the log-domain F is an N -dimensional linear submanifold.

Note that the natural coordinates are in fact equal to the bit LLRs. It can be shown (cf. [41] for

the single-antenna case) that the demapper output corresponds to a factorizable sequence pmf

pdem(c) =

N∏
i=1

pdem
i (ci) , pdem

i (ci) =
1

1 + e−(2ci−1)Λi
,

(where Λ(n−1)R0+l = Λl[n]), which is the factorizable pmf closest to the “observed” distribution

pobs(c) ∝ p({y[1], . . .y[N/R0]}|c).

More precisely,

pdem(c) = argmin
p∈F

D(pobs‖p).
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Clipping Manifold. In the following, we will show that bit-wise LLR clipping can be interpreted

as a reverse I-projection of the observed pmf onto a log-convex submanifold, which we call “clipping

manifold”. To begin with, we consider a single bit ci with pmf pi(ci), i.e., with expectation parameter

pi and natural parameter ηi. Clipping the LLR Λi = ηi of this bit using a threshold Λ̂ is equivalent to

restricting pi to the symmetric interval

p̂ ≤ pi ≤ 1−p̂, (3.7)

with p̂ = 1/(1 + eΛ̂). An equivalent formulation of this restriction can be given in terms of the KLD

between pi(ci) and the uniform distribution p̄(0) = p̄(1) = 1/2, or equivalently, the entropy of pi(ci),

i.e., the clipped distributions pi satisfy

D(pi‖p̄) = 1− h2(pi) ≤ D̂,

with D̂ = 1− h2(p̂) and h2(p) denoting the binary entropy function.

Applying the above conditions to all bit LLRs in a sequence defines the “clipping manifold”

M = {p ∈ F : |ηi| ≤ Λ̂, i = 1, . . . , N}

Clearly, M ⊂ F . In view of (3.6), it is straightforward to show that this is a log-convex manifold,

i.e., for two distributions p0(c) ∈M and p1(c) ∈M with natural coordinates η̃0 and η̃1, respectively,

the log-domain convex combination η̃α = αη̃1 + (1− α)η̃0 corresponds to a distribution again in M.

Fig. 3.1 illustrates the clipping manifold for N = 2 and Λ̂ = 2.

Projection Interpretation. We next provide an interpretation of LLR clipping in terms of infor-

mation projections. Consider the distribution pclip(c) ∈ F with natural coordinates ηi = Λ̃i, which

corresponds to the output of the demodulator after LLR clipping. In the following, we will argue that

pclip(c) = argmin
q∈M

D(pobs‖q), (3.8)

i.e., pclip(c) is the unique distribution that is factorizable, has LLRs with magnitude not larger than

Λ̂, and is closest to the observed distribution pobs(c).

We provide the main arguments underlying (3.8). First we recall that M ⊂ F and hence the

projection in (3.8) can be performed by first projecting onto F , which yields pdem(c), and subsequently

projecting onto the clipping manifold (see Fig. 3.1):

pclip(c) = argmin
q∈M

D(pdem‖q). (3.9)

Since both pdem(c) and q(c) ∈M are factorizable, the sequence KL divergence can be split into a sum

of bit-wise KL divergences,

D(pdem‖q) =

N∑
i=1

D(pdem
i ‖qi),

where each term can now be individually minimized subject to the side constraint q ∈M. On the bit-

level, this constraint reduces to (3.7). Clearly if pdem
i (ci) satisfies (3.7), we can achieve D(pdem

i ‖qi) = 0

by setting qi(ci) = pdem
i (ci). Otherwise, it can be shown by direct verification that the minimum of

D(pdem
i ‖qi) is achieved by choosing qi(ci=1) = p̂ or qi(ci=1) = 1−p̂, depending on which one is closer

to pdem(ci).
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Fig. 1. Bit LLR clipping: interpretation as projection of pdem onto
the clipping manifold M.

Since both pdem(c) and q(c) 2 M are factorizable, the sequence
KL divergence can be split into a sum of bit-wise KL divergences,

D(pdemkq) =

NX

i=1

D(pdem
i kqi),

where each term can now be individually minimized subject to the
side constraint q 2 M. On the bit-level, this constraint reduces to
(7). Clearly if pdem

i (ci) satisfies (7), we can achieve D(pdem
i kqi) =

0 by setting qi(ci) = pdem
i (ci). Otherwise, it can be shown by

direct verification that the minimum of D(pdem
i kqi) is achieved by

choosing qi(ci =1) = p̂ or qi(ci =1) = 1�p̂, depending on which
one is closer to pdem(ci).

4. CAPACITY ANALYSIS

Performance Measure. In the following, we investigate the impact
of LLR clipping on the rates achievable in a non-iterative MIMO-
BICM system by using the code-independent performance measure
described in [4]. Specifically, it was proposed to quantify the ca-
pacity that can be achieved with a specific MIMO-BICM demodula-
tor in terms of the mutual information between the input and output
of an equivalent “modulation” channel. This modulation channel
comprises the modulator, the wireless channel, and the demodulator,
i.e., the channel inputs are given by2 cl and the channel outputs are
given by the LLRs. In our case, where the demodulator performs
LLR clipping (cf. (2)), the channel is completely characterized by
the conditional probability density function (pdf)

f(⇤̃l|cl) = f0(⇤̃l|cl) rect(⇤l; ⇤̂)

+ Pcl�(⇤̃l�⇤̂l) + P1�cl�(⇤̃l+⇤̂l),
(10)

where f0(⇤l|cl) is the conditional pdf of the true LLRs (assumed
to satisfy f0(⇤l|cl) = f0(�⇤l|1 � cl)), Pcl = P{⇤l > ⇤̂|cl}
denotes the conditional clipping probabilities, and rect(⇤̃l; ⇤̂) is 1 if
⇤̃l 2 ] � ⇤̂; ⇤̂[ and zero otherwise.

Following [4], the achievable rate of MIMO-BICM with LLR
clipping at the demodulator is given by

R = R0 �
R0X

l=1

1X

cl=0

Z 1

�1

1

2
f(⇤̃l|cl) log2

f(⇤̃l)
1
2
f(⇤̃l|cl)

d⇤̃l, (11)

2For convenience, we suppress the symbol time index n in the following.

where f(⇤̃l) = 1
2

P1
b=0 f(⇤̃l|cl = b); here, we assumed that the

code bits cl are uniformly distributed and statistically independent
(as guaranteed by an ideal interleaver). Note that the measure R
constitutes a code-independent performance measure. Moreover, the
data processing inequality [7] implies that R  CBICM, where CBICM

denotes the capacity delivered by the MIMO-BICM system employ-
ing an optimal soft MAP demodulator [9].

Capacity Results. In what follows, we evaluate the capacity in
(11) using various clipping thresholds under the assumption of er-
godic i.i.d. fast Rayleigh fading. The required pdfs were estimated
by means of Monte-Carlo simulations. Fig. 2(a) shows the results
obtained for clipped max-log demodulation in bit per channel use
(bpcu) versus clipping threshold ⇤̂ for a 2⇥2 MIMO system with
16-QAM (here, R0 =8) and Gray labeling for various SNRs (shown
as curve labels). As a reference we also plot the performance curves
for a hard ML detector that corresponds to infinitesimally small clip-
ping threshold. It is seen that above a certain threshold (about ⇤̂>5),
the capacity at all SNRs is virtually the same as without clipping. In
contrast, for ⇤̂ < 0.5 performance rapidly approaches that of hard
ML detection. Further simulations (not shown due to lack of space)
revealed that a similar behavior holds true for other labeling strate-
gies, constellation sizes, and antenna configurations. Moreover, it
can be observed that the relative capacity loss incurred by strong
clipping is lower at higher SNR, i.e., the impact of clipping is more
pronounced at low SNR.

Complementing the plots of maximum rate at fixed SNR,
Fig. 2(b) shows the minimum SNR required to achieve a fixed
target rate versus the clipping threshold. Again, the required SNR
increases only if the clipping threshold is below a certain value.
Very strong clipping results in an SNR penalty of about 3 dB at rate
1/4 and about 2 dB at rate 3/4. This confirms that LLR clipping
incurs performance loss particularly at low rates/low SNR.

5. LLR CORRECTION

The LLR magnitude provides reliability information about the cor-
responding code bit, which can be exploited by the channel decoder.
LLR clipping always renders the corresponding bit less reliable than
it actually is, i.e., the clipping amounts to an overly pessimistic
worst-case representation of all LLRs whose magnitude is larger
than the clipping threshold. This suggests that clipped LLRs should
be mapped to a different value that on average better represents the
actual reliabilities. This view can be supported by the equivalent
modulation channel given by (10). Clearly, there are two discrete
channel outputs (±⇤̂) with positive probabilities and the decoder
should actually use the LLR of these discrete channel outputs. We
note that belief propagation [10], predominantly used for LDPC de-
coding, is particularly sensitive to incorrect reliability information.
We remark that the capacity results of Section 4 do not depend on
the actual representative of clipped LLRs since mutual information
does not depend on the channel inputs and outputs but only on their
probabilities; however, incorrect reliability information passed to the
channel decoder may prevent the system from approaching capacity.

Based on (10), we obtain the LLRs for the equivalent channel as

⇤⇤
l = log

f(⇤̃l|cl = 1)

f(⇤̃l|cl = 0)
=

8
><
>:

⇤̂⇤, for ⇤l > ⇤̂,

⇤l, for |⇤l|  ⇤̂,

�⇤̂⇤, for ⇤l < �⇤̂.

(12)

Here, ⇤̂⇤ denotes the corrected value of the clipped LLRs that is

Figure 3.1: Bit LLR clipping: interpretation as projection of pdem onto the clipping manifold M.

3.1.3 Performance Analysis

Performance Measure. In the following, we investigate the impact of LLR clipping on the rates

achievable in a non-iterative MIMO-BICM system by using the code-independent performance measure

described in [42]. Specifically, it was proposed to quantify the performance that can be achieved with a

specific MIMO-BICM demodulator in terms of the mutual information between the input and output of

an equivalent “modulation” channel. This modulation channel comprises the modulator, the wireless

channel, and the demodulator, i.e., the channel inputs are given by2 cl and the channel outputs are

given by the LLRs. In our case, where the demodulator performs LLR clipping (cf. (3.2)), the channel

is completely characterized by the conditional probability density function (pdf)

f(Λ̃l|cl) = f0(Λ̃l|cl) rect(Λl; Λ̂) + Pclδ(Λ̃l−Λ̂l) + P1−clδ(Λ̃l+Λ̂l), (3.10)

where f0(Λl|cl) is the conditional pdf of the true LLRs (assumed to satisfy f0(Λl|cl) = f0(−Λl|1− cl)),
Pcl = Pr{Λl > Λ̂|cl} denotes the conditional clipping probabilities, and rect(Λ̃l; Λ̂) is 1 if Λ̃l ∈ ]− Λ̂; Λ̂[

and zero otherwise.

Following [42,49], the mutual information of MIMO-BICM with LLR clipping at the demodulator

is given by

R = R0 −
R0∑
l=1

1∑
cl=0

∫ ∞
−∞

1

2
f(Λ̃l|cl) log2

f(Λ̃l)
1
2f(Λ̃l|cl)

dΛ̃l, (3.11)

where f(Λ̃l) = 1
2

∑1
b=0 f(Λ̃l|cl = b). Here, we assumed that the code bits cl are uniformly distributed

and statistically independent (as guaranteed by an ideal interleaver). Note that R constitutes a

2For convenience, we suppress the symbol time index n in the following.
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Figure 3.2: Simulation results for a 2×2 MIMO-BICM system with 16-QAM: (a) Mutual Information

vs. clipping threshold for different SNRs, (b) required SNR vs. clipping value for different code rates,

(c) BER vs. SNR for different clipping levels with and without LLR correction.

code-independent performance measure. Moreover, the data processing inequality [48] implies that

R ≤ CBICM, where CBICM denotes the capacity delivered by the MIMO-BICM system employing an

optimal soft MAP demodulator [50].

Results. In what follows, we evaluate the mutual information in (3.11) using various clipping thresh-

olds under the assumption of ergodic independent and identically distributed (i.i.d.) fast Rayleigh

fading. The required pdfs were estimated by means of Monte-Carlo simulations. Fig. 3.2(a) shows

the results obtained for clipped max-log demodulation in bit per channel use (bpcu) versus clipping

threshold Λ̂ for a 2×2 MIMO system with 16-QAM (here, R0 = 8) and Gray labeling for various

signal-to-noise ratios (SNRs) (shown as curve labels). As a reference we also plot the performance

curves for a hard ML detector that corresponds to infinitesimally small clipping threshold. It is seen

that above a certain threshold (about Λ̂>5), the mutual information at all SNRs is virtually the same

as without clipping. In contrast, for Λ̂<0.5 performance rapidly approaches that of hard maximum-

likelihood (ML) detection. Further simulations revealed that a similar behavior holds true for other

labeling strategies, constellation sizes, and antenna configurations. Moreover, it can be observed that

the relative rate loss incurred by strong clipping is lower at higher SNR, i.e., the impact of clipping is

more pronounced at low SNR.

Complementing the plots of maximum rate at fixed SNR, Fig. 3.2(b) shows the minimum SNR

required to achieve a fixed target rate versus the clipping threshold. Again, the required SNR increases

only if the clipping threshold is below a certain value. Very strong clipping results in an SNR penalty of

about 3 dB at rate 1/4 and about 2 dB at rate 3/4. This confirms that LLR clipping incurs performance

loss particularly at low rates/low SNR.

3.1.4 LLR Correction

The LLR magnitude provides reliability information about the corresponding code bit, which can be

exploited by the channel decoder. LLR clipping always renders the corresponding bit less reliable
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than it actually is, i.e., the clipping amounts to an overly pessimistic worst-case representation of

all LLRs whose magnitude is larger than the clipping threshold. This suggests that clipped LLRs

should be mapped to a different value that on average better represents the actual reliabilities. This

view can be supported by the equivalent modulation channel given by (3.10). Clearly, there are

two discrete channel outputs (±Λ̂) with positive probabilities and the decoder should actually use

the LLRs of these discrete channel outputs. We note that belief propagation [19], predominantly

used for LDPC decoding, is particularly sensitive to incorrect reliability information. We remark

that the results of Section 3.1.3 do not depend on the actual representative of clipped LLRs since

mutual information does not depend on the channel inputs and outputs but only on their probabilities;

however, incorrect reliability information passed to the channel decoder may prevent the system from

approaching capacity.

Based on (3.10), we obtain the LLRs for the equivalent channel as

Λ∗l = log
f(Λ̃l|cl = 1)

f(Λ̃l|cl = 0)
=


Λ̂∗, for Λl > Λ̂,

Λl, for |Λl| ≤ Λ̂,

−Λ̂∗, for Λl < −Λ̂.

(3.12)

Here, Λ̂∗ denotes the corrected value of the clipped LLRs that is given by

Λ̂∗ = log
P1

P0
= log

Pr{Λl> Λ̂| cl=1}
Pr{Λl> Λ̂| cl=0}

. (3.13)

Since closed-form expressions for the distribution of the optimum LLRs Λl are not available, Monte

Carlo simulations are required to determine the clipping probabilities P0 and P1. In a practical

implementation, the corrected LLRs Λ∗i may be precomputed and stored for the system and channel

parameters of interest.

Simulation results. To illustrate the effect of LLR correction, we simulated a 2×2 MIMO-

BICM system with 16-QAM signal constellation, Gray labeling, and a regular rate 1/2 LDPC code3

of block length 64000. Fig.3.2(c) shows BER versus SNR for conventional LLR clipping according to

(3.2) (labeled “clip”) and for LLRs correction according to (3.12) (labeled “corr”), both for clipping

thresholds of Λ̂ = 0.5 and Λ̂ = 2. The minimum SNRs required to support rate 1/2 (cf. Fig. 3.2(b))

are also indicated. With clipping threshold Λ̂ = 2, LLR correction is within 0.6 dB of the limit,

outperforming plain clipping by roughly 1 dB and approaching the performance of an idealized system

without LLR clipping. In contrast, with clipping threshold Λ̂=0.5, plain clipping is practically useless

while LLR correction allows coming within roughly 1.5 dB of the limit of 10.63 dB. We conclude that

LLR correction is more important for small clipping thresholds and can provide significant performance

improvements.

3The code design was performed using the EPFL web-application at http://lthcwww.epfl.ch/research/ldpcopt.
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3.1.5 Discussion

We have investigated the problem of LLR clipping in demodulators for MIMO-BICM systems. An

information geometric analysis revealed that bit-wise LLR clipping can be interpreted in terms of

an rI-projection on a log-convex manifold, thereby providing a first step towards a better theoretical

understanding of LLR clipping. We then used a mutual information-based performance measure to

investigate the effect of LLR clipping onto the ultimate performance of a MIMO-BICM demodulator.

It turned out that it is possible to use quite small clipping thresholds without noticeable rate loss.

Finally, we proposed an LLR correction scheme for the clipped LLRs which is necessary in order for

the decoder to indeed approach capacity.

3.2 Selective LLR updates for BICM Systems with Iterative Detection
and Decoding

In the previous section, we considered non-iterative, “one-shot” demodulation and decoding. We now

turn to BICM-ID, a system where after an initial demodulation/decoding pass, the soft information

of the decoder is fed back to the demodulator for subsequent iterations. At the same time, we shift

the focus away from describing and quantifying the performance loss due to LLR clipping (which

occurs in practical systems) in information-geometric and information-theoretical terms. Instead, we

propose a practical modification to standard BICM-ID receivers that leads to complexity savings.

Using numerical simulations we show that these savings are possible with little to no performance

degradation.

Since iterative demodulation/decoding of BICM increases the computational complexity of the

receiver, low-complexity implementations have received increasing attention. With regard to the

demodulator, complexity reduction is often achieved using the max-log approximation. Approaches

to further simplify the max-log demodulator are described in [51, 52]. BICM has also been studied

in the context of MIMO systems [53]. Here, the demodulator complexity is very high, even with

sophisticated sphere decoder implementations (e.g. [54]).

In this section, we propose a general approach to reduce the computational complexity necessary

in the iterative decoding process. In contrast to previous work, we save computations not only at

the demodulator but also at the decoder. Our approach builds on the interpretation of BICM-ID as

message passing or loopy belief propagation (BP) on a corresponding factor graph. The basic idea,

referred to as “selective LLR update”, is to stop updating the LLR for a code bit once the magnitude

of this LLR exceeds a prescribed threshold. While being applicable to any turbo-like iterative receiver

(see [55] for the application in a multi-user setup, and [56, 57] for low-complexity LDPC decoding),

we here consider to BICM–ID and describe in detail the modifications to the usual message passing

scheme. We further provide an interpretation of our approach as an adaptive message passing schedule.

Numerical simulations corroborate the fact that our scheme achieves significant complexity savings.
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Demapper

Decoder

Ldem(c̃k,l)

Ldec(ci,j)

Figure 3.3: Block diagram of a BICM–ID receiver.

3.2.1 System Model

Transmitter. A sequence of I information bits ui ∈ {0, 1}, i = 1, . . . , I, is encoded using a convo-

lutional channel code C of rate R. The encoder generates J = 1/R code bits ci,j , j = 1, . . . , J , per

information bit. Denoting the encoder states by si, we write (si, ci) = ω(si−1, ui) to characterize the

state transition and code bits ci = (ci,1 . . . ci,J) generated when the encoder is in state si−1 and is

fed with the information bit ui. The code bits ci,j are passed through an interleaver Π that provides

the sequence c̃k,l with (k, l) = Π(i, j). Here, k = 1, . . . ,K denotes the symbol time and l = 1, . . . , L

with L = log2|X |, where X denotes the complex signal constellation. Each block c̃k = (c̃k,1, . . . , c̃k,L)

is modulated to a symbol xk = µ(c̃k) ∈ X using a mapping µ : {0, 1}L → X . The symbols are

transmitted over a flat fading channel with input-output relation

yk = hk xk + wk, k = 1, . . . ,K.

Here, yk is the received symbol, hk is the fading coefficient and wk is additive white Gaussian noise

with variance N0.

Receiver. The optimum receiver minimizing the block error probability is an ML receiver that

jointly takes into account the channel code and the symbol mapping. Due to its high computational

complexity such an ML receiver is practically infeasible. Therefore, practical BICM receivers use a

suboptimal divide-and-conquer strategy that separates the demodulation and the channel decoding.

The performance loss of this approach can be partly compensated by feeding back (soft) information

from the decoder to the demodulator. This results in a BICM-ID scheme that is illustrated in Fig. 3.3.

Here, the demodulator first computes extrinsic LLRs L̃dem
k,l for the interleaved code bits from the

channel observations yk. The LLR sequence is then deinterleaved according to (i, j) = Π−1(k, l),

resulting in the permuted sequence Ldem
i,j = L̃dem

Π(i,j) which is passed on to the channel decoder; the

decoder in turn calculates extrinsic LLRs Ldec
i,j for the J code bits associated with each information

bit ui. The LLRs are re-interleaved and used as a priori information for the demodulator in the next

iteration (in the first iteration, the demodulator uses L̃dec
k,l ≡ 0). Through this iterative exchange

of soft information, the information bit LLRs obtained after convergence represent an approximate

solution to the ML decoding problem. This approximate solution is typically very close to the ML

solution and hence achieves low bit error rate (BER).
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Figure 3.4: Factor graph representation of BICM–ID.

3.2.2 Factor Graph Representation

Basic Principle. Factor graphs represent another way to study BICM–ID receivers [8, 28]. A fac-

tor graph captures the structure of the joint probability distribution (in other words, the statistical

dependencies) of all variables involved. The decoding problem can be viewed as the calculation of

the information bit probabilities, i.e., a marginalization of the joint distribution. This is usually ac-

complished by running the sum-product algorithm (i.e., loopy belief propagation, message passing)

on the factor graph (cf. [8]). In our case, this amounts to updating the LLRs for the code bits and

the information bits. A fundamental degree of freedom here is the scheduling of the message updates.

Factor graphs have the advantage of capturing the receiver operation in a more fine-grained way than

a turbo block diagram. This is useful since it allows to understand the receiver in more detail and

think of modifications that might lead to algorithm improvements.

Fig. 3.4 shows a part of the factor graph for a BICM–ID receiver with rate R = 1/2 convolutional

code (i.e., J = 2 code bits per information bit) and a 16-QAM symbol constellation (L = 4 bits

per symbol). The left-hand side corresponds to the (de)modulator and the right-hand side to the

(de)coder. These two parts are connected via the (de)interleaver. In the modulator, factor nodes Sk,

k = 1, . . . ,K (depicted as a black squares) connect the variable nodes c̃k,1, . . . , c̃k,l, and yk (depicted

as white circles) and represent the constraints imposed by the modulator and the channel. The

demodulator computes (outgoing) code bit LLRs L̃dem
k,l based on the (incoming) code bit LLRs L̃dec

k,l

and the constraint node Sk. The decoder block consists mainly of a Markov chain of states si that

reflects the trellis structure; here, trellis factor nodes Ti, i = 1, . . . , I, describe how the previous

state si−1 and the current information bit ui are mapped to the code bits ci = (c1
i , . . . , ci,j) and the
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subsequent state si by the encoder mapping ω, i.e.,

Ti(ui, si−1, si, ci) =

1, (si, ci) = ω(si−1, ui),

0, else.

The decoder processes the code bit LLRs Ldem
i,j from the demodulator and combines those with the

probabilities of the current state α(si) and of the subsequent state β(si) to obtain improved LLRs

Ldec
i,j .

LLR Updates. We next discuss in more detail the LLR updates at the factor nodes. Using the max-

log approximation, the demodulator updates (assuming perfect channel state information) amount to

computing the extrinsic LLRs

L̃dem
k,l = min

x:c̃k,l=0
ψk,l(x) − min

x:c̃k,l=1
ψk,l(x) (3.14)

with the demodulator metric

ψk,l(x) =
1

N0

∣∣yk − hkx∣∣2 − 1

2

∑
l′ 6=l

(2cl′(x)−1) L̃dec
k,l′ , (3.15)

where cl(x) denotes the lth bit in the bit label of x.

For the message updates at the decoder, the code bit LLRs are mapped to probabilities according

to

γ(ci,j) =
1

1 + exp
(
(1−2ci,j)Ldem

i,j

) .
Furthermore, the forward and backward probabilities of the states si are determined as4

α(si) =
∑
∼si

Ti(ui, si−1, si, ci)α(si−1)

J∏
j=1

γ(ci,j), (3.16)

β(si−1) =
∑
∼si−1

Ti(ui, si−1, si, ci)β(si)
J∏
j=1

γ(ci,j). (3.17)

The code bit LLRs then equal Ldec
i,j = log

γ̄(ci,j=1)
γ̄(ci,j=0) with

γ̄(ci,j) =
∑
∼ci,j

Ti(ui, si−1, si, ci)α(si−1)β(si)
∏
j′ 6=j

γ(cj
′
i ),

After the receiver iterations are terminated, the information bit LLRs are obtained as

Li = log
φ(ui = 1)

φ(ui = 0)
(3.18)

where

φ(ui) =
∑
∼ui

Ti(ui, si−1, si, ci)α(si−1)β(si)
J∏
j=1

γ(cji ),

4The notation
∑
∼x indicates that the summation is with respect to all variables except x.
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We emphasize that Li and φ(ui) have to be computed only once at the end of the decoding process.

Schedule. The classical BICM–ID receiver described in Section 5.2.1 can be viewed as message passing

scheme on the factor graph according to the following message schedule. First, all demodulator factor

nodes Tk, k = 1, . . . ,K, compute the LLRs (i.e., “messages”) L̃dem
k,l in (3.14), which are passed to

the decoder factor nodes Si via the interleaver (Ldem
i,j denotes the messages after de-interleaving).

Then, the decoder runs the BCJR algorithm [12] which performs the forward and backward recursions

(3.16), (3.17) sequentially for all states si and then determines the decoder output LLRs Ldec
i,j which

are re-interleaved and passed to the demodulator nodes Tk. This completes one decoding iteration.

While this is just one possible schedule, apparently no other types of schedules for iterative decoding

of BICM have been considered thus far. Alternative schedules have the potential of faster convergence

and better approximation of the optimal ML solution; see [58] and [59] for examples that respectively

consider sequential scheduling in the context of general belief propagation and LDPC decoding. The

selective LLR update scheme we propose in the next section can be interpreted as an adaptive message

passing schedule; our primary goal in this paper, however, is complexity reduction and not performance

improvement. The latter is a natural next step for further research.

3.2.3 Selective LLR Update

The computational complexity (measured in number of LLR updates) of the demodulator and decoder

in a BICM–ID receiver can be prohibitive. From (3.14) we see that the calculation of the messages

L̃dem
k,l is quite costly for higher-order constellations, and it becomes even higher in the case of a MIMO

systems. The complexity of the decoder essentially depends on the code rate and on the number

of states. Several techniques for reducing the overall complexity of BICM–ID have been proposed

(see the introduction). Our proposed approach to reduce the BICM–ID complexity is based on the

observation that LLRs that are large in magnitude correspond to almost certain knowledge about the

corresponding bit and hence need not be further updated; this idea has previously been applied to the

design of a low-complexity MIMO-IDMA receiver [55], and in the context of LDPC decoding [56,57].

We adapt this approach to a BICM–ID system in order to reduce the number of LLR/message updates

both in the demodulator and the decoder.

Our proposed scheme, termed “selective LLR update”, consists of the following steps:

1) Initialization: The demodulator first calculates all code bit LLRs L̃dem
k,l according to (3.14) and

(3.15) using the initialization L̃dec
k,l ≡ 0. The de-interleaved LLR sequence Ldem

i,j = L̃dem
Π−1(i,j) is

passed to the decoder which runs the BCJR algorithm once to obtain the LLRs Ldec
i,j .

2) Update Criterion: The code bit LLRs that are going to be updated in the next iteration are

characterized by the index set (a justification for this is provided below)

U =

{
i

∣∣∣∣ J∑
j=1

∣∣Ldec
i,j

∣∣ ≤ Lth

}
×
{

1, . . . , J
}
. (3.19)

Here, Lth is an “LLR update threshold” that can either be fixed or may change in the course of

the receiver iterations.
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3) LLR Updates: The demodulator uses the interleaved decoder LLRs L̃dec
k,l = Ldec

Π−1(k,l) to perform

the LLR updates (3.14), (3.15) for the code bits c̃k,l with (k, l) ∈ Ũ = ΠU . The rest of the

demodulator LLRs are no longer updated, i.e., their value remains unchanged. After performing

the forward/backward recursion for α(si) and β(si), the decoder also updates only the code bit

LLRs Ldec
i,j for which (i, j) ∈ U and leaves the other LLRs (i.e., those satisfying the inequality in

(3.19)) unchanged.

4) Termination: If a given stopping criterion is satisfied, the algorithm calculates the information

bit LLRs Li and terminates. Otherwise, the algorithm goes back to step 2 and determines a new

update set U according to (3.19).

Our method reduces the receiver complexity by performing only 2|U| instead of 2IJ LLR updates

per iteration. With a fixed LLR threshold Lth, the update set U becomes smaller after each pass of

LLR updates (all LLRs not belonging to U remain frozen forever); hence, in this case the complexity

(number of LLR updates) per iteration is monotonically decreasing (although not necessarily strictly)

with the iteration count.

The update criterion (3.19) can be justified as follows. The final information bit decisions and

their reliabilities are respectively given by the signs and magnitudes of the information bit LLRs Li in

(3.18). Hence, the decision whether to update or not specific LLRs should ideally be based on the LLR

magnitude |Li|. However, such a direct approach is impractical since the information bit LLRs need

to be calculated only once, at the end of the receiver iterations; calculating the information bit LLRs

would actually increase the complexity. Hence, we estimate the reliability of the information bit LLRs

in terms of the code bit LLRs according to the sum
∑J

j=1 |Ldec
i,j |; if this sum is large, our uncertainty

about the respective information bit tends to be low and hence updating the code bit LLRs becomes

less useful. This heuristic reliability measure was observed to result in excellent performance (see

Section 3.2.4).

Our selective LLR update scheme can alternatively be interpreted as an alternative message passing

schedule on the associated factor graph in which unreliable code bit LLRs are updated while reliable

ones remain frozen (temporarily or forever). The unusual aspect of this message schedule is its adaptive

nature, i.e., the order and frequency of the LLR updates is not prescribed but depends on the specific

realization of channel and noise.

3.2.4 Simulation Results

We next provide numerical simulations illustrating the complexity savings and performance of the

proposed selective LLR update scheme. We used a (13,15) convolutional code of rate R = 1/2 to

encode I = 512 information bits into I/R = 1024 code bits. The code bits were passed through

a random interleaver and modulated to 16-QAM symbols using set partition mapping [60]. A fast

Rayleigh fading channel was simulated via i.i.d. complex Gaussian channel coefficients hk ∼ CN (0, 1).

The signal-to-noise ratio is defined as SNR = Eb
N0

, where Eb = E{|xk|2}/(LR) denotes the energy per

information bit and N0 is the noise variance.
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Figure 3.5: BER versus complexity of selective LLR updates for (a) Eb/N0 = 6 dB, (b) Eb/N0 = 8 dB,

(c) Eb/N0 = 10 dB.

To measure algorithm complexity, we use the quantity Nrel which equals the total number of LLR

updates after initialization, normalized by twice the block length. For conventional BICM–ID, Nrel

is always integer and equals the number of turbo iterations minus one. In contrast, our algorithm

can realize fractional Nrel. Fig. 3.5 shows BER versus complexity Nrel for SNRs of 6, 8, and 10 dB

(markers indicate one pass of LLR updates). The different curves correspond to conventional BICM–

ID (labeled ‘no sel’) and our selective LLR update with Lth = 5 (‘+’), Lth = 10 (‘�’), and Lth = 15

(‘×’). It is seen that for small LLR thresholds the BER initially decreases faster but also levels off

at high values while for large LLR thresholds a lower BER saturation level is payed for by a slower

convergence rate. An LLR threshold that gradually increases from 5 to 15 (labeled ‘var’ in Fig. 3.5(b))

leads to fast initial convergence and low BER saturation level. Compared to conventional BICM–ID,

our scheme can realize enormous complexity savings. As an example consider the practically relevant

case of SNR = 10 dB, where conventional BICM–ID requires Nrel = 2 iterations (4096 LLR updates)

after initialization to achieve a BER of 4.4 · 10−5. Our proposed algorithm achieves the same BER

with only Nrel = 0.2 (400 LLR updates), amounting to a complexity reduction by a factor of about

10. At lower SNRs, complexity is reduced by factors of about 5 (at 8 dB) and 2.5 (at 6 dB).

The reason why much fewer updates can lead to identical BER performance can be understood

from the distribution of the information bit LLRs which are used for the final bit decisions. Fig. 3.6

shows the empirical cumulative probability distribution function (ecdf) of the information bit LLRs

Li conditioned on ui = 1 at an SNR of 8 dB for BICM–ID with Nrel = 1 (‘×’ marker) and Nrel = 9

(‘�’ marker) and for our selective update scheme with Nrel = 1 (no marker). It is seen that our

scheme tends to produce smaller LLR magnitudes (e.g., the frequency of LLRs less than 20 equals

44% for our scheme but only 26% and 10% for conventional BICM–ID with Nrel = 1 and Nrel = 9,

respectively). However, our selective update simultaneously decreases the number of negative LLRs

which correspond to bit errors, i.e., the frequency of LLRs below 0 (which equals the BER) is about

3 · 10−4 for our scheme with Nrel = 1 and for BICM–ID with Nrel = 9. This confirms the usefulness of

our reliability measure in (3.19). Apparently, conventional BICM–ID spends a lot of computational
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Figure 3.6: Empirical cdfs of information bit LLRs.

effort to generate large LLRs that do not improve the BER.

3.2.5 Discussion

We proposed a pragmatic selective LLR update scheme for BICM–ID systems with the goal of reducing

computational complexity. This scheme can be interpreted as an adaptive schedule for loopy belief

propagation on the BICM factor graph. Simulation results revealed that a significant complexity

reduction can be achieved without performance loss. Maybe the most interesting question that can

now be raised is: how should I choose the threshold Lth for a certain target complexity and/or

performance? An analytical treatment of the convergence properties of the scheme and the derivation

of design guidelines for the LLR threshold are possible topics for future research. Instead of updating

a variable number of LLRs whose magnitude lies below a given threshold, a practically interesting

alternative may be to update the smallest (in magnitude) U LLRs, with U a fixed number determined

by hardware constraints.



4

A Practical Relaying Scheme

based on the Quantization of

Log-Likelihood Ratios

WHILE the focus in the previous chapter was on receiver design and analysis, with point-to-

point communication in mind, we now consider a cooperative communication network: the

three-node relay channel. We propose a practical implementation of a quantize-and-forward (QF)

relaying scheme, which is based on the quantization of log-likelihood ratio values.

39
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4.1 Background and State of the Art

The use of relays in a wireless network promises power savings as well as an increase in diversity as

compared to using only the direct link from source to destination. This enables reliable communication

at higher data rates and improved coverage. Information theoretical results for special cases like the

Gaussian relay channel have existed for a while, see e.g. [61], but the capacity of the general relay

channel is still unknown. During the last few years, a lot of research efforts focused on the design

of relaying schemes that can be implemented in practical hardware. Decode-and-forward (DF) is a

scheme where the relay attempts to decode the source message and, in case of success, re-encodes it

for the transmission to the destination (see [62] for a recent implementation using LDPC codes). In

the amplify-and-forward (AF) scheme, the relay simply retransmits a scaled (amplified) version of the

signal it has received. An advantage of AF is that the relay can also be active when the source-relay

link is in outage, in which case DF fails. The downsides of AF are the additional noise from the relay

and the difficulty of implementing the analog forwarding scheme in hardware. There are also schemes

that try to combine the advantages of DF and AF like decode-amplify-and-forward (DAF) [63] and

soft-DF [64]. Another possibility is QF, also known as compress-and-forward or estimate-and-forward.

Here, the relay compresses the information about the received signal and passes it on to the destination

in digital form. Unlike DF, such schemes work well even when the source-relay link is in outage and,

unlike AF, they do not require analog processing at the relay.

So far, research efforts on practical relaying schemes have been concentrated mainly on DF. There

are much fewer publications proposing practical QF systems. Notable exceptions are [65–70].

In this section we present a practical QF scheme in which the relay soft-demodulates the source

symbols, performs a low-complexity quantization of the resulting log-likelihood ratios (LLRs), and

forwards the quantized LLRs to the destination. This is in contrast to many other works where

either the received value is quantized directly, or the relay employs soft-output channel decoding. The

proposed relaying scheme has the following properties:

• performance similar to or better than AF or DF, unless the relay is close to the source;

• lower computational complexity than DF and DAF since channel decoding is not required;

• lower hardware complexity than AF thanks to digital operation.

Furthermore, the processing in the relay node is the same as the transmit and receive processing at

the source and destination node, respectively. This is an advantage in larger cooperative networks,

where each node can act in alternation as source, destination, and relay. Although we here consider

only a three-node network to illustrate the basic principle, we think that the scheme is promising in

setups with a larger number of nodes, specifically when combined with soft-information-based network

coding in the spirit of [71,72].

The proposed scheme is not an attempt to achieve the theoretical limits that are possible with

QF, instead it is meant to be a practical (because digitally implementable) alternative to AF relaying,

like the scheme proposed in [67]. Our contribution differs from [67] in the design of the quantizer, and



4.2 System Model 41
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Figure 4.1: Schematic illustration of the relay channel.

that we are considering a scenario with channel code. Numerical simulations show that our scheme

achieves bit error rates (BERs) and frame error rates (FERs) that are comparable to those of AF.

This chapter is structured as follows. Section 4.2 describes the relay channel system model. In

Section 4.3, we present the proposed QF relaying scheme and in Section 4.4 we explain the underlying

LLR quantizer. In Section 4.5, the performance of our scheme is illustrated with simulation results.

A discussion is provided in Section 5.2.9.

4.2 System Model

We consider a wireless relay channel as shown in Fig. 4.1, consisting of one source ’s’, one relay ’r’

and one destination ’d’. The relay is assumed to have a half-duplex constraint, i.e., it cannot receive

and transmit data at the same time; this is a realistic assumption in view of existing RF hardware.

The overall transmit frame of length N is therefore partitioned into two time slots. In the first

(“broadcast”) slot, the source transmits a codeword xs[n] of duration N1 while relay and destination

listen:

yd[n] = hsd[n]xs[n] + wd[n], n = 1, . . . , N1, (4.1)

yr[n] = hsd[n]xs[n] + wr[n], n = 1, . . . , N1.

Here, yd[n] and yr[n] denote the signals received at the destination and the relay, respectively, hsd[n]

is the the fading channel between source and destination, hsr[n] is the source-relay channel, and wd[n]

and wr[n] denote the white complex Gaussian noise at the destination and the relay, respectively.

In the second time slot, the relay is transmitting a codeword xr[n] of length N2 = N−N1 over the

relay-destination channel hrd[n] and the destination listens again:

yd[n] = hrd[n]xr[n] + wd[n], n = N1+1, . . . , N. (4.2)

The destination combines the signals received within the two time slots in order to recover the message

transmitted by the source.

For simplicity we assume that source and relay transmit BPSK symbols xs[n], xr[n] ∈ {−1, 1}.
Furthermore, the noise components wd[n] and wr[n] have zero mean and variance σ2

d and σ2
r , respec-

tively. The channel coefficients hsd[n], hsr[n], and hrd[n] are assumed to be independent zero-mean
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complex Gaussian random variables, corresponding to a Rayleigh fading channel model. We consider

both block fading (i.e., the channel coefficients remain constant during the time slot) and fast fading

(i.e., the channel coefficients change with each channel use). The signal-to-noise ratio (SNR) for the

source-destination link is defined as SNRsd , E{|hsd[n]|2}/σ2
d, and similar definitions apply for the

SNRs of the source-relay link and the relay-destination link. With our proposed scheme, only receiver

channel state information (CSI) is assumed at the relay and destination. For the AF scheme considered

for comparison, the destination also needs to know the source-relay channel.

4.3 LLR-based Quantize-And-Forward

In the following, we describe the proposed QF scheme in detail.

Source. The source is active only in the first time slot. It encodes the information bits with an LDPC

channel code C1 of rate R1. The resulting code bits are mapped to BPSK transmit symbols xs[n],

n = 1, . . . , N1, which are broadcast to the relay and the destination.

Relay. During the first time slot, the relay demodulates the received signal yr[n] using a soft-output

demapper, resulting in LLRs Lsr[n] for the code bits transmitted by the source. For BPSK, the LLRs

are obtained from (4.1) as

Lsr[n] =
4 Re{h∗sr[n] yr[n]}

σ2
r

. (4.3)

The relay then quantizes the LLRs using the scalar quantizer discussed in Section 4.4, which yields

the quantization indices (q is the quantizer’s bit resolution)

iL[n] = Q(Lsr[n]) ∈ {0, 1, . . . , 2q−1}.

Quantizing LLRs instead of the received signal has the advantage that the LLRs implicitly contain the

channel state information, which otherwise would have to be transmitted separately to the destination.

This advantage becomes even more important in scenarios with multiple relays. The binary repre-

sentations of the indices iL[n], consisting of q bits per LLR value, are then optionally1 encoded using

an LDPC code C2 of rate R2 and mapped to BPSK symbols xr[n], n = N1+1, . . . , N . In the second

time slot, these qN1/R2 BPSK symbols are transmitted to the destination. We note that increasing

the number of quantization bits q per LLR is compensated for by a corresponding reduction of the

effective SNR. However, the second time slot may be longer as in the AF and DF schemes. If the LLR

quantizer is adapted to the current channel conditions (this is feasible e.g. for block fading), the relay

furthermore has to transmit the mapping between the quantization indices iL[n] and the associated

LLR reconstruction values L̂sr[n]. In case of fast fading the LLR quantizer remains fixed and such

overhead transmissions are not required.

Destination. During the first time-slot, the destination uses a soft demapper to generate LLRs

Lsd[n] based on the observations from the source-destination link (4.1), similar to (4.3). In the second

time slot, the destination first calculates LLRs Lrd[n] from the relay-destination link (4.2). If an

1We observed that this encoding does not help when the relay is close to the destination.
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LDPC code was used at the relay, the destination uses these LLRs as input to an LDPC decoder for

code C2, which produces estimates of the bit labels for the quantization index iL[n]. If the packet

from the relay is successfully decoded, it is used to retrieve the quantized source-relay LLRs L̂sr[n].

Otherwise the packet is discarded. The rationale for this is the threshold behavior of LDPC codes:

the packet will either be decoded with a vanishing number of wrong bits, or the error rate will be

close to 1/2 if the relay-destination link is too weak. In the case of uncoded relay transmission over

reliable relay-destination links, the sign of the LLRs Lrd[n] is used to make a hard decision about the

quantization indices iL[n] and in turn about the quantized source-relay LLRs L̂sr[n]. The destination

finally combines the LLRs from the source-destination link and the quantized LLRs of the source-relay

link that were forwarded by the relay according to

Ld[n] = L̂sr[n] + Lsd[n].

This LLR combination is optimal since all channels were assumed to be independent. If the relay-

destination link is in outage, the destination uses only the source-destination LLRs. The combined

LLRs Ld[n] constitute the input to an LDPC decoder for the code C1, which finally delivers estimates

of the source information bits.

4.4 Quantizer Design

A scalar quantizer for quantize-and-forward relaying is described in [73] but has rather high design

complexity. Since we strive for a low-complexity relay design, we base the design of the LLR quantizer

on the results from [74]. We drop the time index n in this section.

We consider a scalar quantizer for real-valued LLRs withK = 2q bins Ik = [lk, lk+1], k = 0, . . . ,K−1

(we use the conventions l0 = −∞, lK = −∞) with associated quantization index iL and reconstruction

value L̂sr, i.e., iL = k and L̂sr = l̂k iff Lsr ∈ Ik. The concatenation of source-relay channel, soft

demodulator, and LLR quantizer can be seen as an equivalent discrete memoryless channel with binary

input xs[n] ∈ {−1, 1} and K-ary output L̂sr. The crossover probabilities pbk = Pr{L̂sr = l̂k |xs = b} of

this compound channel are given by

pbk = Pr{Lsr∈ Ik|xs = b} =

∫
Ik
fLsr|xs(ξ|b) dξ, (4.4)

where fLsr|xs(ξ|b) is the conditional probability density function (pdf) of the LLR Lsr given xs = b (cf.

(4.3)).

The proposed quantizer design maximizes the mutual information I(Lsr; L̂sr) between the

continuous-valued LLRs Lsr and the quantizer output L̂sr. This quantity was shown in [74] to be

maximized for a uniform distribution of the quantizer output L̂sr which in turn leads to the optimum

quantization thresholds

lk = F−1
Lsr

(
k

K

)
, k = 1, . . . ,K−1. (4.5)
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Here, FLsr(l) = Pr{Lsr ≤ l} is the unconditional cumulative distribution of the LLRs, i.e., FLsr(l) =
1
2

∫ l
−∞

[
fLsr|xs(ξ| − 1) + fLsr|xs(ξ|1)

]
dξ.

For a fast Rayleigh fading channel, the LLR quantizer can be designed using the following analytic

expression for the conditional pdf of the LLRs (see [75]):

fLsr|xs(ξ|b) =
σ2

r

4
√

1+σ2
r

exp
(ξ b

2
−
√

1+σ2
r

|ξ|
2

)
. (4.6)

For a block fading channel (i.e., fixed channel), the conditional LLR distribution is Gaussian and the

LLR quantizer can be adapted for each channel realization by appropriate scaling. Alternatively, the

quantizer designed for fast Rayleigh fading can be used for all blocks in a block fading scenario. Our

simulations indicated that this results only in a slight performance degradation, which is payed off by

the simplification of the LLR quantizer.

The optimum reconstruction values of the quantized LLRs are computed as the LLRs of the

equivalent DMC described above [1, 74], i.e.,

l̂k = log
Pr{iL = k|xs = 1}
Pr{iL = k|xs = 0} = log

p1k

p0k
. (4.7)

4.5 Simulation Results

To illustrate the performance of the proposed QF scheme, we performed Monte Carlo simulations with

the following parameters: the source used an LDPC code of rate 1/2 and block length N1 = 64800,

optimized for an AWGN channel. The modulation format for all links was BPSK. Source, relay,

and destination were assumed to be situated on a straight line, where source and destination have

distance one and the relay is located between them, at distance d from the source. The mean-

squared channel gain on the source-destination link is assumed to be γsd = E{|hsd|2} = 1, such that

γsr = E{|hsr|2} = d−α and γrd = E{|hrd|2} = (1−d)−α. The channel attenuation exponent was chosen

α = 4. With these conventions, it is sufficient to plot error rates versus the source-destination SNR

SNRsd with different distance parameters d. We compare the proposed QF scheme with both direct

transmission and the following variants of AF and DF. For the direct transmission result we used a

transmission power of E{|xs[n]|2} = 2, i.e. the sum of the transmit powers of source and relay in the

relaying schemes, for a fair comparison.

DF scheme. Here, the source encodes the information bits with an LDPC code C of rate R = 1/2

and transmits the resulting code bits during the first time slot. The relay tries to decode the received

packet. If successful, it re-encodes the decoded source information bits with the same channel code C
and transmits the result in the second time slot. The destination demaps the symbols received from

the source and from the relay in the first and second time slot, respectively. The sum of the resulting

LLRs is passed to the LDPC decoder for C, which produces final estimates for the information bits. If

decoding at the relay fails, the relay stays silent in the second time slot and the destination uses only

the signal from the source.

AF scheme. The operation of all nodes in the first time slot is the same as in the QF and DF
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Figure 4.2: Frame error rate versus source-destination SNR in block fading: (a) relay near destination

(d = 0.9), (b) relay halfway between source and destination (d = 0.5), (c) relay near source (d = 0.1).

case. In the second time slot the relay transmits a rescaled (amplified) version of the received signal

yr[n], i.e., xr[n] = αr yr[n], with αr =
√

N∑N
n=1 |yr[n]|2 . The destination calculates LLRs for the Gaussian

compound channel consisting of source-relay and relay-destination channel according to Lsrd[n] =
4<{αrh∗sr[n]h∗rd[n]yd[n]}
|αrhrd[n]|2σ2

r +σ2
d

. Note that this presupposes that the destination knows the channel coefficients

and the noise variances for the source-relay link and the relay-destination link, which is unrealistic in

fast fading scenarios. Finally, the destination feeds the sum of Lsrd and Lsd to the channel decoder.

We note that with the AF and the DF scheme, the relay transmits exactly as many symbols as

the source. In our QF scheme, however, the number of symbols transmitted is N2 = qN1/R2. In the

simulations, this fact is accounted for in the power constraint to ensure a fair comparison.

4.5.1 Block Fading

We first consider frequency-flat Rayleigh block fading channels. Here, the quantizer in the QF scheme

was adapted to each block.

Fig. 4.2(a) depicts frame error rate (FER) versus source-destination SNR SNRsd for our QF scheme

(with q = 1, 3), for AF, and for DF, in a scenario where QF schemes are expected to work best, i.e.,

when the relay is close to the destination (d = 0.9), so that the relay-destination link is reliable. The

use of a channel code on the relay-destination link is therefore not required, thus reducing complexity

at the relay and the destination. The results show that our QF scheme indeed achieves diversity order

two and, with q = 3, performs as well as AF. DF works worse than our scheme even for q = 1; this is

due to the high outage probability of the source-destination link.

Fig. 4.2(b) shows the results for the case where the relay is located halfway between source and

destination. For QF, only quantization with one bit is shown, because quantization with two bits

already performs worse. This means that the gain in accuracy of the forwarded LLRs in the two bit

vs. one bit case does not compensate the resulting loss in SNR on the relay-destination link. In this
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Figure 4.3: Bit error rate versus source-destination SNR in fast fading: (a) relay near destination

(d = 0.9), (b) relay halfway between source and destination (d = 0.5), (c) relay near source (d = 0.1).

scenario, QF outperforms AF and looses about 1.5 dB against DF.

If the relay is close to the source (d = 0.1), QF performs worst as can be seen from Fig. 4.2(c).

The reason is the low SNR on the relay-destination link. DF works best here, followed by AF. For

low SNR, QF performs even worse than without relay. This can be attributed to the fact that we

allocated equal power to the source and the relay. Apparently, for such low SNR all power should be

allocated to the source. We note, however, that the diversity order of our QF scheme still equals two.

4.5.2 Fast Fading

We next consider fast Rayleigh fading channels with a fixed LLR quantizer designed based on (4.6).

Fig. 4.3(a) shows the bit error rate obtained with the various relaying schemes versus SNR for the case

where the relay was close to the destination. Again, our QF scheme with 3 bits per LLR performs as

well as AF. QF with q = 2 still performs better than DF.

With the results shown in Fig. 4.3(b), the relay was located at d = 0.5. Here, our QF scheme

performs about 3.5 dB worse than DF but 3.5 dB better than AF.

Finally, Fig. 4.3(c) depicts the case with the relay located near the source (d = 0.1). Here, the

QF scheme fails to improve the BER over the no-relay case. This is due to the fact that the relay-

destination link is in outage most of time. We therefore have effectively direct transmission only, but

with half the source transmit power of the “no relay” reference case. DF performs better because the

relay performs channel decoding.

To summarize, our simple QF relaying scheme performs comparable to AF in block and fast

Rayleigh fading channels, unless the relay is close to the source, with the advantage that the processing

on all the nodes is fully digital.
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4.6 Discussion

We presented a transmission scheme for a simple relay channel where the relay i) performs soft-

demodulation to obtain log-likelihood ratios (LLRs) for the source code bits and ii) quantizes and

forwards these LLRs to the destination. The LLR quantizer was designed to maximize a mutual

information criterion. In spite of its reduced computational and hardware complexity, simulations

showed that our scheme performs comparably to decode-and-forward (DF) and amplify-and-forward

(AF) schemes, except for scenarios where the relay is very close to the source. Another advantage

is that (contrary to AF) the relay uses conventional transceiver processing, allowing a node to easily

switch between source/destination/relay mode. Possible future research directions include an analysis

of the outage behavior and extensions in which unequal power allocations are used or only a subset of

LLRs is forwarded. Furthermore, while here we have considered a simple three-terminal network, we

believe that our approach offers further gains in larger networks since it nicely integrates with network

coding.
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5

Decode-and-Forward Relaying

for Two Correlated Sources

IN this chapter, we consider a two-source extension of the three-node relay channel, the multiple-

access relay channel (MARC). Time-division multiple access (TDMA) is used to make the links

orthogonal. With the help of a relay, the sources transmit correlated data to a common destination.

This scenario occurs, e.g., in wireless sensor networks, when spatially-adjacent sources measure the

same physical phenomenon. First we investigate an uncoded system and derive analytic error proba-

bility bounds for both the optimum and a sub-optimum detector. We show that the bounds are tight

by comparing them with numerical simulations. In the second part, we design a distributed coding

scheme based on spatially-coupled LDPC (SC-LDPC) codes. We derive the achievable system rate

and prove that our scheme achieves this rate for symmetric link qualities. Using density evolution

(DE), we show that capacity is approached also for non-symmetric links.

49
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γs1d
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γrd

γs1r

γs2r

Figure 5.1: Relay network consisting of two correlated sources with a common destination and one

relay.

5.1 Error Probability Bounds for an Uncoded Decode-and-Forward Sys-
tem with Correlated Sources

We consider a wireless communication system with two sources that transmit their data to one common

destination with the help of a relay (see Fig. 5.1). The data of the two sources is assumed to be

correlated, an assumption that applies, for example, to wireless sensor networks (WSNs) [76], where

nearby sensors measure statistically dependent data and transmit this data to a common processing

node. We here restrict ourselves to uncoded transmission, which is practically relevant since power is

a scarce resource in inexpensive sensor nodes and hence a coding/decoding stage may be infeasible.

The relay works in a half-duplex mode and uses the decode-and-forward (DF) strategy introduced

and analyzed in [33].1 The relay makes a hard decision on the transmitted data and forwards it to

the destination. Instead of relaying the information of the individual sources in an alternating way,

network coding [77] is used at the relay to combine the data of the two sources, thereby increasing

the transmission capacity. The relay network in Fig. 5.1 was first considered in [78], where coding

strategies were proposed. For the same relay network, performance bounds for convolutionally coded

DF were derived in [79]. These works assumed that the data transmitted by the two sources is

statistically independent. Joint detection of correlated sources (for a system without relay) has been

recently addressed in [80].

In the following, we derive analytical bounds on the error probability for the relay system shown

in Fig. 5.1. Our work extends the results in [79] by introducing correlation between the sources.

We consider two types of detectors at the destination: i) the optimal maximum a posteriori (MAP)

decoding rule which explicitly takes into account that detection errors may occur at the relay; ii) a

simplified MAP decoder that works on the assumption that the two-hop source-to-relay-to-destination

channel can be approximated by a virtual single-hop memoryless channel between the sources and the

destination (this assumption has been previously used e.g. in [81]); the corresponding receiver will be

termed the virtual channel MAP (VC-MAP) decoder.

1A pedantic reader might prefer to expand DF as “detect-and-forward” in this section, since the considered system

does not use channel codes.
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We demonstrate the performance gain that can be obtained by exploiting the correlation between

the sources and we compare our results to a correlation-aware system without relay. It turns out

that the gain achievable with a relay decreases with increasing correlation, i.e., for scenarios with very

high correlation the gain is limited. Furthermore, we show that by tuning a free parameter in the

sub-optimal detector the performance of the optimal detector can be closely approached. Simulation

results confirm the tightness of the bounds obtained.

5.1.1 System Model

We consider the wireless relay channel with two sources, one relay and one destination depicted in

Fig. 5.1. In practice, terminals cannot transmit and receive at the same time and over the same

frequency band and hence we assume that all transmissions are over orthogonal channels. We restrict

ourselves to uncoded binary transmission and binary phase-shift keying (BPSK) modulation. Each

source si, i = 1, 2, wants to transmit an information bit xsi ∈ {0, 1} to the destination (we assume

p(xsi = 0) = p(xsi = 1) = 0.5). The statistical dependence of the two source bits can be represented

by the relation [80] xs2 = xs1 ⊕ a, where ⊕ is the modulo-2 addition; here, a ∈ {0, 1} is a random

variable (RV) that is independent of xs1 and xs2 and determines the amount of correlation. We denote

by pa ∈ [0.5, 1] the probability that a equals 0 (pa = 0.5 corresponds to the case where xs1 and xs2 are

uncorrelated). Note that p(xs1 , xs2) = pa/2 for xs1 = xs2 and p(xs1 , xs2) = (1− pa)/2 for xs1 6= xs2 .

The sources modulate their information bits xsi to BPSK symbols x̃si ∈ {±1} using the mapping

0 → +1, 1 → −1 and broadcast these BPSK symbols to the relay and the destination, which receive

the signals

ysir = hsirx̃si + wsir

ysid = hsidx̃si + wsid, i = 1, 2.
(5.1)

Here wsir and wsid are additive white Gaussian noise (AWGN) variables with zero-mean and respective

variance σ2
sir and σsid, and hsir and hsid denote the source-to-relay and source-to-destination channel

coefficients, respectively. Two different channel models are considered: binary-input AWGN (hsir =

hsid = 1) and Rayleigh fading. In the fading case, each coefficient is a zero-mean, unit-variance random

variable. The signal-to-noise ratio (SNR) for the source-to-relay and source-to-destination links are

given by γsir = 1/(2σ2
sir) and γsid = 1/(2σ2

sid
), respectively.

In order to exploit the correlation between the source symbols, the relay uses both ys1r and ys2r

to jointly detect the source signals. The relay then forwards the modulo-2 sum xr = x̂s1r ⊕ x̂s2r of the

two detected signals x̂s1r and x̂s2r to the destination, which receives

yrd = hrdx̃r + wrd.

Here, wrd is AWGN with variance σ2
rd and hrd is the relay-to-destination channel coefficient (again

either corresponding to AWGN or Rayleigh fading). Correspondingly, the relay-to-destination SNR

equals γrd = 1/(2σ2
rd). Since detection errors may occur at the relay, xr may be different from xs1⊕xs2 .

Based on the noisy observations ys1d, ys2d, and yrd, the destination attempts to detect xs1 and xs2 .

The detected symbols are denoted by x̂s1 and x̂s2 .
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5.1.2 Bounds on the Error Probability

The error event at the destination is defined by

e = {x̂s1 6= xs1 ∨ x̂s2 6= xs2} .

For our analysis, we assume xs1 = 0. This implies no loss of generality since xs1 has a symmetric

distribution.

Defining the error events at the relay,

er1 = {x̂s1r 6= xs1} , er2 = {x̂s2r 6= xs2} ,

and

er = (er1 ∪ er2)� (er1 ∩ er2) ,

the error probability at the destination can be written as

p(e) = p(e|ēr, xs1 =xs2) p(ēr, xs1 =xs2) + p(e|ēr, xs1 6=xs2) p(ēr, xs1 6=xs2)

+ p(e|er, xs1 =xs2) p(er, xs1 =xs2) + p(e|er, xs1 6=xs2) p(er, xs1 6=xs2),
(5.2)

where we distinguish between the four cases where the relay makes an error and where it does not,

and where the source symbols are identical or not. We write ēr for the complementary event of er.

For example, in the event {ēr, xs1 = xs2}, xr is equal to 0.

For the detection at the relay we use a MAP detector that jointly detects xs1 and xs2 by taking

into account the correlation between the sources according to

[x̂s1r, x̂s2r] = argmax
[x′s1 ,x

′
s2

]
p(x′s1 , x

′
s2 |ys1r, ys2r)

= argmax
[x′s1 ,x

′
s2

]
p(ys1r|x′s1)p(ys2r|x′s2)p(x′s1 , x

′
s2).

Alternatively, we can write the MAP detector using L-values (log-likelihood ratios) as

[x̂s1r, x̂s2r] = argmax
[x′s1 ,x

′
s2

]

{
x̄′s1Ls1r + x̄′s2Ls2r + ln p(x′s1 , x

′
s2)
}

(5.3)

where x̄ = x⊕ 1 and the L-values are defined as

Ls1r = ln
p(ys1r|xs1r = 0)

p(ys1r|xs1r = 1)
= 4γs1rys1r, Ls2r = 4γs2rys2r.

The relay error probabilities in (5.2) can be developed as

p(ēr, xs1 =xs2) = p(ēr1 , ēr2 , xs1 =xs2) + p(er1 , er2 , xs1 =xs2)

p(ēr, xs1 6=xs2) = p(ēr1 , ēr2 , xs1 6=xs2) + p(er1 , er2 , xs1 6=xs2)

p(er, xs1 =xs2) = p(ēr1 , er2 , xs1 =xs2) + p(er1 , ēr2 , xs1 =xs2)

p(er, xs1 6=xs2) = p(ēr1 , er2 , xs1 6=xs2) + p(er1 , ēr2 , xs1 6=xs2).
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From (5.3), after some basic calculations, the error probabilities at the relay for the case xs1 = xs2

and an AWGN channel can be bounded as

p(ēr1 , er2 , xs1 =xs2) ≤ pa
2

erfc

(
4γs2r − La

4
√
γs2r

)
(5.4)

p(er1 , ēr2 , xs1 =xs2) ≤ pa
2

erfc

(
4γs1r − La

4
√
γs1r

)
(5.5)

p(er1 , er2 , xs1 =xs2) ≤ pa
2

erfc
(√

γs1r + γs2r

)
(5.6)

p(ēr1 , ēr2 , xs1 =xs2) ≤ pa, (5.7)

where

La = ln
p(xs2 6= xs1)

p(xs2 = xs1)
= ln

1− pa
pa

.

The bounds for the case xs1 6=xs2 are obtained by replacing pa by 1−pa and La by −La in (5.4)–(5.7).

Similar bounding expressions can be found for a Rayleigh fading channel. In this case, the SNRs

in the expressions are random variables, and the bounds for the AWGN channel hold for a certain

realization of these random variables. To obtain the average error probability for the fading channel,

it is necessary to take the expection with respect to the joint distribution of the SNRs [82]. In the

following, we restrict the derivations to the AWGN channel.

5.1.3 VC-MAP Decoder

The VC-MAP decoder detects the symbols transmitted by the sources assuming that the observation

yrd is the output of a virtual memoryless channel with input xs12 = xs1 ⊕ xs2 and SNR γ′rd ≤ γrd.

Therefore, the VC-MAP implicitly models the relay decoding errors via a degraded SNR. Note that

the degraded SNR γ′rd can be tuned to optimize the VC-MAP performance. Based on this model, the

VC-MAP detector reads

[x̂s1 , x̂s2 ] = argmax
[x′s1 ,x

′
s2

]
p(x′s1 , x

′
s2 , x

′
s12 |ys1d, ys2d, yrd)

= argmax
[x′s1 ,x

′
s2

]
p(ys1d, ys2d, yrd|x′s1 , x′s2 , x′s12) p(x′s1 , x

′
s2)

= argmax
[x′s1 ,x

′
s2

]

{
x̄′s1Ls1 + x̄′s2Ls2 + x̄′s12Lr+ln p(x′s1 , x

′
s2)
}
, (5.8)

where x′s12 = x′s1 ⊕ x′s2 , Lsi = 4γsidysid and Lr = 4γ′rdyrd. In the second equality we used the fact that

p(xs1 , xs2 , xs12) = p(xs1 , xs2), since xs12 = xs1 ⊕ xs2 . Given x̃si = ±1, Lsi are Gaussian RVs with mean

±4γsid and variance 8γsid; given x̃r = ±1, Lr has mean ±4γ′rd and variance 8γ′2rd/γrd. We next bound

the four conditional error probabilities in (5.2).

Case 1 (ēr, xs1=xs2): This case is equivalent to the transmission of xs1 , xs2 and xr = 0 over

three independent parallel channels with SNR γs1d, γs2d, and γ′rd, respectively. Thus, the probability

of error can be upper-bounded as (we define x′s = [x′s1 , x
′
s2 ])

p(e|ēr, xs1 =xs2) = p(e|xs1 = 0, xs2 = 0, xr = 0)
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≤
∑

x′s 6=[0,0]

p

(
x̄′s1Ls1 + x̄′s2Ls2 + x̄′s12Lr < ln

p(x′s)
p(0, 0)

)

=
1

2
erfc

4(γs2d + γ′rd)− La
4
√
γs2d + γ′2rd/γrd

+
1

2
erfc

4(γs1d + γ′rd)− La
4
√
γs1d + γ′2rd/γrd

+
1

2
erfc

(√
γs1d + γs2d

)
. (5.9)

The last expression is obtained by observing that Ls1 , Ls2 and Lr have positive mean. Therefore, the

random variable x̄′s1Ls1 + x̄′s2Ls2 + x̄′s12Lr is Gaussian with mean 4
(
x̄′s1γs1d + x̄′s2γs2d + x̄′s12γ

′
rd

)
and

variance 8(x̄′s1γs1d + x̄′s2γs2d + x̄′s12γ
′2
rd/γrd).

Case 2 (ēr, xs1 6=xs2): A bound for the probability p(e|ēr, xs1 6=xs2) is obtained by replacing La

by −La in (5.9).

Case 3 (er, xs1 =xs2): In this case, the relay decodes one of the sources with error, i.e., xr = 1.

The probability p(e|er, xs1 =xs2) can be upper-bounded as

p(e|er, xs1 =xs2) = p(e|xs1 = 0, xs2 = 0, xr = 1)

≤ 1

2
erfc

4(γs2d − γ′rd)− La
4
√
γs2d + γ′2rd/γrd

+
1

2
erfc

4(γs1d − γ′rd)− La
4
√
γs1d + γ′2rd/γrd

+
1

2
erfc

(√
γs1d + γs2d

)
(5.10)

The last expression is obtained by observing that Ls1 and Ls2 have positive mean while Lr has negative

mean due to the error event at the relay. Therefore, x̄′s1Ls1 + x̄′s2Ls2 + x̄′s12Lr is Gaussian with mean

4
(
x̄′s1γs1d + x̄′s2γs2d − x̄′s12γ′rd

)
and variance 8(x̄′s1γs1d + x̄′s2γs2d + x̄′s12γ

′2
rd/γrd).

Case 4 (er, xs1 6= xs2): A bound for the probability p(e|er, xs1 6=xs2) is obtained by replacing La

(5.10) with −La.

Optimization of γ′rd: The virtual source-to-destination channel is clearly only an approximation

since it subsumes the channel quality on the source-to-relay and relay-to-destination links and the

detection errors at the relay into an equivalent Gaussian model characterized by the degraded SNR

γ′rd. The SNR γ′rd can be tuned such that the virtual channel approximation best matches the actual

two-hop channel involving the source-to-relay and relay-to-destination links. Such an optimization of

the SNR of the equivalent channel has been proposed in [79]. We will show via simulations in Section

5.1.5 that this optimization is feasible also for the case of correlated sources and that it allows the

VC-MAP detector to closely approach the performance of the MAP detector. The optimal γ′rd can be

calculated off-line before deployment.

5.1.4 MAP Decoder

In this section, we consider the MAP decoding rule, which is optimal for the scenario in Fig. 5.1 and

is given by

[x̂s1 , x̂s2 ] = argmax
[x′s1 ,x

′
s2

]
p(x′s1 , x

′
s2 |ys1d, ys2d, yrd)

= argmax
[x′s1 ,x

′
s2

]

∑
xr∈{0,1}

p(x′s1 , x
′
s2 , xr|ys1d, ys2d, yrd). (5.11)
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Since the evaluation of (5.11) requires a marginalization with respect to xr, we resort to a simplified

approach that jointly estimates source and relay symbols. The corresponding (joint) MAP decoding

rule reads

[x̂s1 , x̂s2 , x̂r] = argmax
[x′s1 ,x

′
s2
,x′r]

p(x′s1 , x
′
s2 , x

′
r|ys1d, ys2d, yrd)

= argmax
[x′s1 ,x

′
s2
,x′r]

p(ys1d, ys2d, yrd|x′s1 , x′s2 , x′r) p(x′s1 , x′s2 , x′r)

= argmax
[x′s1 ,x

′
s2
,x′r]

{
x̄′s1Ls1 + x̄′s2Ls2 + x̄′rLr + ln p(x′r|x′s1 , x′s2) + ln p(x′s1 , x

′
s2)
}
.

Contrary to the VC-MAP rule, the fourth term in the last expression explicitly takes into account

relay errors.

From this decision rule, bounds on the error probability of the (joint) MAP detector can again

be derived based on the expansion (5.2) of the total error probability. We follow a similar procedure

as with the VC-MAP decoder and as in [83]. In our derivations below, we will use the following

definitions:

Ls = ln
p(xr = 0|xs1 =xs2)

p(xr = 1|xs1 =xs2)
, Lt = ln

p(xr = 0|xs1 6=xs2)

p(xr = 1|xs1 6=xs2)
,

Lu = ln
p(xr = 0|xs1 =xs2)

p(xr = 0|xs1 6=xs2)
, Lv = ln

p(xr = 1|xs1 =xs2)

p(xr = 1|xs1 6=xs2)
,

Lw = ln
p(xr = 0|xs1 =xs2)

p(xr = 1|xs1 6=xs2)
, Lx = ln

p(xr = 0|xs1 6=xs2)

p(xr = 1|xs1 =xs2)
.

Case 1 (ēr, xs1 =xs2): In this case, the probability of error can be upper-bounded as

p(e|ēr, xs1 = xs2) ≤ 1

2
erfc

(
4γs1d+Lu−La

4
√
γs1d

)
+ erfc

(
4γs2d+Lu−La

4
√
γs2d

)
+

1

2
erfc

(
4(γs1d+γrd) + Lw − La

4
√
γs1d+γrd

)
+

1

2
erfc

(
4(γs2d + γrd) + Lw − La

4
√
γs2d+γrd

)
+

1

2
erfc

(√
γs1d+γs2d

)
+

1

2
erfc

(
4(γs1d+γs2d+γrd) + Ls

4
√
γs1d+γs2d+γrd

)
. (5.12)

Case 2 (ēr, xs1 6=xs2): The bound here is obtained by replacing Lu, Lw, Ls, and −La in (5.12)

with −Lw, −Lv, −Lt, and La, respectively.

Case 3 (er, xs1 = xs2): We have

p(e|er, xs1 = xs2)

≤ 1

2
erfc

(
4γs1d+Lv−La

4
√
γs1d

)
+ erfc

(
4γs2d+Lv−La

4
√
γs2d

)
+

1

2
erfc

(
4(γs1d+γrd)− Lx − La

4
√
γs1d+γrd

)
+

1

2
erfc

(
4(γs2d+γrd)− Lx − La

4
√
γs2d+γrd

)
+

1

2
erfc

(√
γs1d+γs2d

)
+

1

2
erfc

(
4(γs1d+γs2d+γrd)− Ls

4
√
γs1d+γs2d+γrd

)
. (5.13)

Case 4 (er, xs1 6= xs2): The error bound here is obtained by replacing Lv, Lx, −Ls, and −La in

(5.13) with −Lu, Lv, Lt, and La, respectively.
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Figure 5.2: Error probability bounds (lines) and simulations (markers) of a relay system with two

correlated sources for a VC-MAP decoder with AWGN channels for the cases γ′rd = γrd (solid lines)

and γ′rd = γopt (dashed lines); here, γsr = γrd = 5 dB.

5.1.5 Numerical Results

In this section, we illustrate the tightness of the error probability bounds derived in Sections 5.1.3

and 5.1.4 by comparing them to simulation results. We also compare the performance of the VC-

MAP decoder and the MAP decoder. For simplicity, we assume that the SNRs are symmetric, i.e.,

γs1d = γs2d = γsd and γs1r = γs2r = γsr. We also consider fixed γsr and γrd.

In Fig. 5.2, we plot the bounds on the error probability for the VC-MAP decoder for γ′rd = γrd

(solid lines) and for γ′rd = γopt (dashed lines) together with the simulation results (markers), as a

function of γsd (in dB), for several degrees of correlation between the two sources, γsr = γrd = 5

dB, and AWGN channels. A good match between the simulations and the bounds is observed. We

note that γ′rd = γrd yields a significant deviation from the case where the source-to-relay channels are

error-free. However, for optimized γ′rd (γ′rd = γopt), the bounds are much closer to the case of error-free

source-to-relay channels.

Fig. 5.3 shows the bounds on the error probability (lines), together with the corresponding sim-

ulation results (markers) as a function of γbsd, where γbsd = γsd/R, for the VC-MAP decoder over a

Rayleigh channel for both a non-cooperative system and a single relay cooperative system. The system

rate equals R = 1 and R = 2/3, respectively, for the case of no relay (dashed lines) and one relay

(solid lines). In the figure, γ′rd = γopt and γsr = γrd = 15 dB. While performance is generally better

for more strongly correlated sources, the relay is less useful in this situation.

Fig. 5.4 shows the bounds on the error probability (solid lines) of the (joint) MAP detector, as well

as the corresponding simulation results (markers) as a function of γbsd for Rayleigh fading. Sizable gains
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Figure 5.3: Error probability bounds (lines) and simulations (markers) of a relay system with two

correlated sources for a VC-MAP decoder in Rayleigh fading for two cases: non-cooperative system

(dashed lines) and single relay cooperative system (solid lines); here, γsr = γrd = 15 dB.

with increasing level of correlation (increasing pa) are observed over the uncorrelated case (pa = 0.5).

The latter case corresponds to the scenario where there is no source correlation or where a demodulator

oblivious of existing correlation is used. For example, the gain for pa = 0.95 is over 5 dB at an error

probability of 10−4.

Fig. 5.5 shows the performance improvement that is achieved by the use of relaying and (joint)

MAP detection over a scenario without cooperation (again for Rayleigh fading). With pa = 0.95, we

observe a gain of about 6 dB at a p(e) of 10−4. However, the gain vanishes for very high correlation

(pa = 0.999). Finally, comparing Fig. 5.3 with Fig. 5.5, we observe that the (lower-complexity) VC-

MAP detector with optimized γ′rd approaches the performance of the (optimal) MAP detector very

closely.

5.1.6 Discussion

We derived analytical bounds on the error probability of a decode-and-forward relaying system consist-

ing of two correlated sources, one relay, and one destination. We showed that by taking into account

the source correlation via joint channel detection at the relay and at the destination, noticeable per-

formance gains can be achieved. We also showed that the use of a relay results in a performance

improvement over a system without relay, specifically at medium correlation levels.

Future work includes the extension of our results to scenarios with more than two sources, more

than one relay, higher-order modulation, and coded transmissions.
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Figure 5.4: Error probability bounds (lines) and simulations (markers) of a relay system with two

correlated sources for a MAP decoder in Rayleigh fading for different correlation factors pa; here,

γsr = γrd = 15 dB.

5.2 Spatially-Coupled LDPC Codes for Decode-and-Forward Relaying
with Correlated Sources

The three-node relay channel was introduced by van der Meulen in [32] and the first capacity results

were presented in [33]. Recent years have seen a vast amount of research on the topic, both in the infor-

mation theory and coding communities. Nevertheless, the capacity for the general relay channel is still

unknown. However, a number of relaying strategies have been devised, which established achievable

rates. One of the most prominent examples is the decode-and-forward (DF) relaying scheme, which

was introduced in [33]. With DF, the relay fully decodes the source data and provides a re-encoded

copy of the source message to the destination. Apart from information theoretical considerations,

there has also been a huge interest in designing practical relaying schemes. For a scheme to be prac-

tical, it is mandatory that it uses codes that can be decoded in linear time. Several papers have

considered practical implementations of DF based on convolutional codes [84], capacity-approaching

turbo codes [85] or low-density parity check (LDPC) codes [86]. In [87], so-called bilayer (BL-) LDPC

codes were introduced and were shown to closely approach the theoretical DF rate. A combination

of the bilayer structure and spatially-coupled LDPC (SC-LDPC) codes [23, 24, 88] was investigated

in [89] and it was shown that BL-SC-LDPC codes can actually achieve the Shannon limit of a DF

relay system with orthogonal binary erasure channel (BEC) links. Since the SC-LDPC code ensembles

are regular, the design complexity is very low compared to schemes based on irregular LDPC code

ensembles, which require extensive optimization.

Despite the complexity that is inherent already in the three-node relay channel, more complicated
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Figure 5.5: Error probability bounds (lines) and simulations (markers) of a relay system with two

correlated sources for a MAP decoder in Rayleigh fading for two cases: non-cooperative system (dashed

lines) and single relay cooperative system (solid lines); here, γsr = γrd = 15 dB.

networks have been investigated as well. For example, in a practical system, the need could arise that

one relay assists more than just one single source. Such a system, in which multiple sources share

one relay is modeled by the multiple access relay channel (MARC). Capacity results for the MARC

with independent sources were given in [35–37]. Information theoretical bounds for the MARC with

correlated sources have been recently given in [38]. A common assumption is that the transmissions in

the relay system are orthogonalized using time division multiple-access (TDMA). For this TD-MARC,

several coding schemes have been proposed based on regular LDPC codes [90], irregular LDPC codes

[91], and serially-concatenated codes [92]. The authors recently proposed a scheme based on SC-LPDC

codes [5]. However, none of these works consider correlated source data.

The task of efficiently transmitting the correlated data from two or more source nodes to one

or more destination nodes in a communications network is topic currently undergoing high research

activity. This so-called “sensor reach-back problem” [93,94] occurs, e.g, in wireless sensor networks [95],

where measurements of neighboring sensors can be spatially correlated. In the simplest case, two

correlated sources transmit their data directly to one common destination. For independent discrete

memoryless channels, it has been shown [93, 94] that the separation of source and channel coding is

asymptotically optimum in this (and more general) scenario(s). Therefore, the achievable rate for such

a system can be derived assuming this separation. However, for designing practical schemes, many

works take a joint source-channel decoding (JSCC) approach, where the uncompressed source data is

directly encoded with channel codes, and the correlation is exploited at the receiver using joint channel

decoding (JCD). There are several reasons for not separating source and channel coding in a practical

system: first, the design of practical source codes for correlated sources is an open problem [96].
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Secondly, errors introduced by the channel decoder could be catastrophic for the source decoder.

Thirdly, the implementation of JCD in form of an iterative decoder based on a factor graph [8, 9]

is conceptually simple and appealing, and it allows analysis through the proven density evolution

(DE) technique [7]. Early works on practical transmission schemes for two correlated sources were

based on turbo codes and low-density generator matrix (LDGM) codes [97–103]. More recent works,

e.g., [104,105], use DE and extrinsic information transfer (EXIT) chart techniques to optimize irregular

LDPC codes. A scheme based on regular SC-LDPC codes has recently achieved a performance close

to the theoretical limits [106]. The results suggest that this near-optimum performance is due to

the threshold saturation effect [24] exhibited by SC-LDPC codes. Furthermore, since the codewords

(as opposed to the information sequences) of the two sources should ideally be independent for the

transmission of correlated sources over independent channels (see [94]), [107] and [106] use “punctured

systematic” codes (codes where all systematic bits are punctured) to minimize the correlation between

codewords.

In the present chapter, we consider a system in which the data of two correlated sources is trans-

mitted to a common destination, with the help of a relay. The links between the nodes are modeled

as BECs and they are orthogonalized using TDMA. The main contributions of this chapter are the

following: we derive an achievable rate for the TD-MARC with correlated sources. Since the links

in our system are independent, the maximum rate is achieved by separate source and channel cod-

ing [94]. We then design a decode-and-forward relaying scheme based on regular punctured systematic

SC-LDPC codes for two correlated sources. The system uses JSCC for the transmission to both the

relay as well as the destination node, for the above mentioned reasons. In addition, the relay implic-

itly uses network coding to combine the source data before forwarding it to the destination. Since

the SC-LDPC codes used are regular, their design is simple, does not involve the optimization of the

degree distributions, and boils down to choosing appropriate node degrees of the component codes

for given link qualities. The factor-graph-based design of the joint source-channel-network decoder at

the destination node incorporates aspects of the decoders for correlated sources described in [107] and

for two-user bilayer relaying proposed by the authors in [5]. We give numerical DE results that show

that the performance of the system is very close to the derived theoretical bounds. We also show that

the phenomenon of threshold saturation occurs, which is responsible for the outstanding performance.

Finally, for the special case of uncorrelated sources and symmetric link capacities, we prove that our

scheme achieves the maximum rate achievable by decode-and-forward.

The remainder of this chapter is structured as follows: Section 5.2.1 introduces the system model.

In section 5.2.2 we revisit the achievable DF rate of the two-source TD-MARC and extend it to the

case where the sources are correlated. In section 5.2.3, we give a brief overview of SC-LDPC codes.

Our main contribution, the two-user bilayer SC-LDPC coded relaying scheme, is presented in Sections

5.2.4–5.2.6. In section 5.2.7, we explain the structure of the decoders in the system and analyze them

using density evolution. Numerical results are presented in Section 5.2.8, and Section 5.2.9 provides

conclusions and ideas for future research.
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γs1d

γs2d

γrd

γs1r

γs2r

Figure 5.6: Two-user relay network in which all links are modeled as binary erasure channels (links

are labeled with erasure probabilities).

5.2.1 System Model

We consider the relay network depicted in Fig. 5.6, consisting of four nodes: Two sources, s1 and

s2, transmit correlated data to the destination d with the help of a relay r. The links between the

nodes are BECs with erasure probabilities εs1r, εs2r, εs1d, εs2d, and εrd, where the first subscript

denotes the transmitter, and the second subscript the receiver in each link. One transmission block

is split into three phases in order to orthogonalize the transmission links. In each phase only one

node transmits and the others listen. In phase i (i = 1, 2), source si transmits a length-ni codeword

x(i) ,
(
x

(i)
1 , . . . , x

(i)
ni

)T
, obtained by encoding ki information bits u(i) ,

(
u

(i)
1 , . . . , u

(i)
ki

)T
with a code

of rate Ri , ki/ni. The relay receives x(i) over the si-r link, which has capacity Csir = 1 − εsir. The

destination receives the same codewords over the si-d links with capacities Csid = 1− εsid. The relay

decodes both transmissions, combines the decoded source data as described below, and encodes the

resulting kr bits into a codeword of length nr using a code of rate Rr. In the third time slot, the joint

information of both users is forwarded to the destination over the r-d link, with capacity Crd = 1−εrd.

The whole transmission block consists of N , n1 + n2 + nr bits. The length of each phase relative to

the total block length is θj , nj/N (j = 1, 2, r). The effective transmission rates of the sources are

defined as

R′i ,
ki
N

=
kiθi
ni

= θiRi source bits/transmission block, (5.14)

(we use a prime superscript to indicate an effective rate). The sum rate of the system is Rsum ,
k1+k2
N = R′1 +R′2.

In the system presented above, source coding is not considered. For deriving the maximum achiev-

able rate for this system, however, we consider that the source data are compressed before transmission:

source si compresses k information bits with a source coding rate

Rsi ,
k̃i
ki
, (5.15)

resulting in k̃i compressed bits. Then, it uses a channel code of rate Rci ,
k̃i
ni

to encode the compressed

bits to ni code bits. The overall transmission rates including source and channel coding are therefore

Ri =
ki
ni
,
ki

k̃i

k̃i
ni

=
Rci

Rsi
source bits/channel use. (5.16)
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The effective channel code rates are defined as

R′ci ,
k̃i
N

=
k̃iθi
ni

= θiRci, (5.17)

combining (5.14), (5.16), and (5.17) results in

R′i =
R′ci
Rsi

. (5.18)

The correlation between the sources is modeled in the following way [107]: Let Zn be a binary

random variable (RV) in a length-k sequence Z of independent and identically distributed RVs with

Pr(Zn = 1) = p (RVs are denoted by capital letters). The source bits U
(1)
n and U

(2)
n have the following

relationship, (
U (1)
n , U (2)

n

)
=

independent Bernoulli-1
2 RVs, if Zn = 0

same Bernoulli-1
2 RV Ui, if Zn = 1.

(5.19)

It is assumed that the decoder knows the realization z of Z. Let U(i) = (U
(i)
1 , . . . , U

(i)
k )T. The mutual

information between the two source bit sequences U(1) and U(2) is (with slight abuse of notation for

brevity) H(U1, U2) = 2− p, and the conditional entropies are H(U1|U2) = H(U2|U1) = 1− p.

5.2.2 Theoretical Limits

In this section we derive the achievable DF rate for the TD-MARC described in the previous sec-

tion, when the sources are correlated. Since the derivations are based on the achievable DF rate for

uncorrelated sources, we revisit those first for clarity purposes.

Uncorrelated sources

The achievable DF transmission rates for a TD-MARC with independent sources are given by [108]

R′c1 ≤ θ1Cs1r (5.20)

R′c2 ≤ θ2Cs2r (5.21)

R′c1 ≤ θ1Cs1d + θrCrd (5.22)

R′c2 ≤ θ2Cs2d + θrCrd (5.23)

R′c1 +R′c2 ≤ θ1Cs1d + θ2Cs2d + θrCrd. (5.24)

Under the assumptions Cs1r ≥ Cs1d, Cs2r ≥ Cs2d, Crd ≥ Cs1d and Crd ≥ Cs2d, the time allocation

leading to the maximum achievable effective rates is [108]

θ∗1 =
Crd

(1 + σκ)Crd + (1 + σ)Cs1r − Cs1d − σκCs2d
(5.25)

θ∗2 = κθ∗1, (5.26)

θ∗r = 1− θ∗1 − θ∗2, (5.27)
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where κ , Cs1r/Cs2r and σ , R′c2/R
′
c1. This time allocation results in the effective rates

R′c1 =
Cs1rCrd

(1 + σκ)Crd + (1 + σ)Cs1r − Cs1d − σκCs2d
(5.28)

and

R′c2 = σR′c1. (5.29)

Note that in the uncorrelated case, these effective channel coding rates are equal to the effective

transmission rates, R′i = R′ci.

Correlated sources

For the transmission of correlated sources to a common destination over independent discrete memo-

ryless channels, it was shown in [94] that it is optimum to consider source coding and channel coding

separately (for infinitely long blocks): First, the source data is compressed up to the Slepian-Wolf

limit [109], then the compressed data is channel encoded with capacity-achieving codes and transmit-

ted over the channels. We apply this strategy to obtain an achievable rate for the transmission of

correlated sources over the TD-MARC.

The achievable source coding rates given by Slepian and Wolf [109] are

Rs1 ≥ H(U1|U2) (5.30)

Rs2 ≥ H(U2|U1) (5.31)

Rs1 +Rs2 ≥ H(U1, U2), (5.32)

where H(X|Y ) denotes the conditional entropy of RVs X and Y . The part of the region given by

(5.30)-(5.32) that gives the lowest possible rates (i.e., maximal compression of the sources) is the one

given by

H(U1|U2) ≤ Rs1 ≤ H(U1) (5.33)

Rs2(Rs1) = H(U1, U2)−Rs1. (5.34)

For this reason, we implicitly assume (5.34) whenever we write Rs2 from now on.

In the following, we assume k1 = k2 , k, which entails R′1 = R′2 , R′, for simplicity. From the

bounds on the achievable effective transmission rates for the TD-MARC with uncorrelated sources

(5.20)-(5.24), considering the fact that we compress the source data before transmission over the links

(5.18), we obtain the following bounds for the achievable effective transmission rate for the TD-MARC

with correlated sources:

R′ ≤ 1

Rs1
θ1Cs1r , f1 (5.35)

R′ ≤ 1

Rs2
θ2Cs2r , f2 (5.36)

R′ ≤ 1

Rs1
(θ1Cs1d + θrCrd) , f3 (5.37)
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R′ ≤ 1

Rs2
(θ2Cs2d + θrCrd) , f4 (5.38)

R′ ≤ 1

H(U1, U2)
(θ1Cs1d + θ2Cs2d + θrCrd) , f5, (5.39)

where the source coding rates Rsi (with the restrictions (5.33) and (5.34)) and the time allocation

parameters θ1, θ2 and θr = 1 − θ1 − θ2 are free parameters that have to be optimized to obtain the

maximum achievable rate

R′max , max
θ1,θ2,Rs1

R′. (5.40)

This maximum is given in the following theorem:

Theorem 1. The maximum rate achievable on the TD-MARC with correlated sources is

R′max =
1

R∗s1
θ∗1Cs1r, (5.41)

where the optimum time allocation parameters and source coding rates are

θ∗1 =
Crd

(1 + κ′)Crd + H(U1,U2)
R∗s1

Cs1r − Cs1d − κ′Cs2d

(5.42)

θ∗2 = κ′θ∗1 (5.43)

R∗s1 =


H(U1|U2) if κ > ν

1 if κ < ν

arbitrary in [H(U1|U2), 1] if κ = ν,

(5.44)

(5.45)

where

κ =
Cs1r

Cs2r
, κ′ = κ

(
H(U1, U2)

R∗s1
− 1

)
, (5.46)

ν =
Crd − Cs1d

Crd − Cs2d
. (5.47)

Proof. See Appendix

5.2.3 SC-LDPC Codes

We briefly review SC-LDPC codes, originally called “LDPC convolutional codes”. For a detailed

description of the ensemble used in this paper, the reader is referred to [24].

A regular (l, r) SC-LDPC code with variable node degree l and check node degree r is defined by

an infinite parity check matrix

HT =



. . .
. . .

HT
0 (0) . . . HT

ms
(ms)

. . .
. . .

HT
0 (t) . . . HT

ms
(t+ms)

. . .
. . .


, (5.48)
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where superscript T denotes the matrix transpose. The factor graph describing such a code is divided

into “positions” or “time instants” t, similar to the trellis sections in classical convolutional codes. At

each position t ∈ (−∞,∞) there are M variable nodes, and M l
r check nodes. This is reflected in the

parity check matrix by the fact that each submatrix HT
j (t+j), j ∈ [0,ms], is a sparse M×(M l

r ) binary

matrix. For our application we will consider terminated spatially-coupled code ensembles, where the

codeword is restricted to t ∈ [1, L], and the parity check matrix is therefore of finite size.

We use the regular (l, r, L, w,M) ensemble described in [24]. In this ensemble, a variable node at

position t has l connections to check nodes at positions from the range [t, t+w−1], where w = ms+1.

For each connection, the position of the check node is uniformly and independently chosen from that

range. This randomization results in simple DE equations and thus renders the ensemble accessible

to analysis. For transmission over the BEC, the code rate of the (l, r, L, w,M) ensemble tends to the

one of the underlying block code ensemble

lim
w→∞

lim
L→∞

lim
M→∞

R(l, r, L, w,M) = 1− l

r

as M , L and w go to infinity, in that order. Furthermore, its belief propagation (BP) threshold εBP

(i.e., the highest value ε for which density evolution converges to zero error probability) tends to the

MAP threshold εMAP (the highest value of ε where the MAP decoder is able to decode without errors)

of the underlying ensemble, i.e.,

lim
w→∞

lim
L→∞

lim
M→∞

εBP(l, r, L, w,M) = εMAP(l, r).

On the BEC, the Shannon limit for transmission at rate R is given by the εSh = 1 − R below which

reliable (error-free) transmission is possible. The MAP threshold of a regular LDPC block code

ensemble tends to the Shannon limit exponentially fast in l if the design rate R(l, r) is kept fixed

(cf. [24, Lemma 8])

lim
l→∞

εMAP

(
l, r =

l

1−R(l, r)

)
= 1−R = εSh. (5.49)

Therefore, the BP threshold of the (l, r, L, w) ensemble asymptotically tends to the Shannon limit.

5.2.4 Two-User Bilayer SC-LDPC Code Structure

We now present the main contribution of this chapter. Before we go into the details of the relaying

scheme, we first give a high-level overview of the proposed coding structure: Each source uses an

SC-LDPC code to transmit its data. The rates of the codes are chosen such that the decoder at

the relay can perfectly recover the source data (note that, since the decoder exploits the known

correlation between the sources, the rates can be higher then the respective link capacities). The relay

recovers the codewords transmitted by the sources, and generates additional “syndrome” bits, which

are transmitted to the destination protected by a channel code that allows error-free transmission. The

decoder at the destination uses the known correlation of the sources and, additionally, the syndrome

bits provided by the relay, to construct an overall code for both users that is decoded jointly in order

to reconstruct the original source data.
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Sources s1 and s2 use codes from the ensembles C1(l1, r1, L, w,M1) and C2(l2, r2, L, w,M2), re-

spectively, with design rates Ri = k
ni

= k
LMi

, and parity check matrices H1 ∈ [0, 1](n1−k)×n1 and

H2 ∈ [0, 1](n2−k)×n2 (for simplicity, we assume L1 = L2 = L and w1 = w2 = w without loss of gen-

erality). They constitute the first layer of the bilayer structure. Their rates must be designed such

that the relay is able to decode the source data error-free (see Section 5.2.5). Assuming this is the

case, the relay can recover the codewords x(1) and x(2) transmitted by the sources. It then generates

kr additional syndrome bits according to

s =
[

H1
synd H2

synd

] [ x(1)

x(2)

]
, (5.50)

using parity check matrices H1
synd ∈ [0, 1]kr×n1 and H2

synd ∈ [0, 1]kr×n2 from the code ensembles

C1
synd(l1synd, r

1
synd, L, w,M1) and C2

synd(l2synd, r
2
synd, L, w,M2), respectively. These codes constitute the

second layer of the bilayer code.

The syndrome bits are transmitted to the destination protected by another SC-LDPC code of rate

Rr = Crd (its design is independent of the other codes and will therefore not be considered further).

It is assumed that this code can be decoded error-free, and separately from the other codes in the

system. With that assumption, the destination can now decode the source bits using the parity check

matrix H of the overall code

H

[
x(1)

x(2)

]
=


H1 0

0 H2

H1
synd H2

synd

H1
corr H2

corr


[

x(1)

x(2)

]
=


0

0

s

0

 . (5.51)

Here, Hi
corr = HZHi

sys denotes an (ni × k) matrix, which represents the parity-check equations that

are due to the correlation model: The (ni × k) matrices Hi
sys are used to “extract” the systematic

bits of the corresponding code word, i.e., Hi
sysx

(i) = u(i). HZ is a diagonal (k × k) matrix, where the

n-th diagonal entry is equal to zn (the n-th entry of z). In this way, the parity-check u
(1)
n ⊕ u(2)

n = 0

is enforced for all indices n for which zn = 1.

Since the height of each component matrix in Hi
synd is Mi

lisynd
risynd

(cf. Section 5.2.3), we see that the

condition

M1

l1synd

r1
synd

= M2

l2synd

r2
synd

(5.52)

has to hold to have a proper alignment of the entries in H1
synd and H2

synd (cf. Fig. 5.7). This alignment

is necessary for the DE analysis in Section 5.2.7.

We note that the overall matrix H does not have the band structure of an SC-LDPC code

(cf. (5.48)). Nevertheless, we will analytically prove capacity-achieving performance for symmetric

channel conditions when there is no correlation between the sources and we conjecture that capacity

is achieved under general channel conditions and with source correlation, based on DE results.

From (5.50) we see that each syndrome bit depends in general on code bits from both sources. Of

the total number kr of syndrome bits, effectively kir bits (kr = k1
r + k2

r ) are used to respectively decode
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M1

l1synd
r1synd

M1
l1
r1

M2
l2
r2

Figure 5.7: Two-user bilayer LDPCC code parity check matrix structure (without the part due to

correlation).

si at the destination. The number of bits from source si involved in one of the kr checks is given by

the check node degree risynd, since the degree is equal to the number of ones in a row of Hi
synd. The

effective number of syndrome bits for source si is therefore

kir = krµi, (5.53)

where

µi ,
risynd

r1
synd + r2

synd

(5.54)

is the ratio of the number of bits of codeword xi involved in one particular syndrome bit in s and the

total number of code bits involved in that syndrome bit. We also define

µ ,
µ1

µ2
=
r1

synd

r2
synd

(5.55)

for later use.

The second layer codes that are used at the relay to generate the syndrome bits have rates

R1
synd , 1− kr

n1
, R2

synd , 1− kr

n2
. (5.56)

They are related according to

1−R1
synd

1−R2
synd

=
R1

R2
(5.57)

due to (5.57) and n1
n2

= R2
R1

, which follows from (5.16) and the assumption k1 = k2 = k.
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5.2.5 Code Rate Design

In the following, we derive the design rates R1, R2, R1
synd, and R2

synd of the component codes of the

two-user bilayer code as well as the assignment µ1 and µ2 of syndrome bits to the sources, for given

link capacities.

Uncorrelated Sources

In order to ensure reliable transmission to the relay, we use channel codes of rate

Ri = Csir (5.58)

at the sources.

The destination has to be able to decode the bilayer code consisting of the bits transmitted by a

source plus the additional syndrome bits from the relay. The rate of the overall bilayer code for source

si is

Ribl ,
ni − (ni − k + kir)

ni
=
k − kir
ni

(5.59)

= Ri − µi(1−Risynd). (5.60)

For reliable transmission, we have to set Ribl = Csid. Since µi =
Ri−Ri

bl

1−Ri
synd

=
Csir−Csid

1−Ri
synd

(from (5.60)),

we obtain using (5.57) and µ1 + µ2 = 1,

µ =
µ1

µ2
=
Cs2r

Cs1r

Cs1r − Cs1d

Cs2r − Cs2d
. (5.61)

µ1 =
1

1 + µ−1
, µ2 =

1

1 + µ
(5.62)

The rates of the second layer codes therefore have to be set to

Risynd = 1− 1

µi
(Ri −Ribl) = 1− 1

µi
(Csir − Csid), (5.63)

R1
synd = 1− (2Cs1r − κCs2d − Cs1d) (5.64)

R2
synd = 1−

(
2Cs2r −

1

κ
Cs1d − Cs2d

)
(5.65)

It can easily be shown that this choice of code rates together with Rr = Crd leads to the optimum

time allocation (5.25):

θ1 =
n1

n1 + n2 + nr
=

1

1 + n2
n1

+ kr
Rrn1

(5.66)

=
Crd

Crd(1 + κ) + (1−R1
synd)

= θ∗1, (5.67)

for σ = 1. Similar calculations verify θ2 = θ∗2 and θr = θ∗r .
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Correlated Sources

To derive the rates for the case of correlated sources, we again turn to the system with separate

source-channel coding, which we used to find the optimum time allocation in Section 5.2.2. The

joint source-channel coded system then uses channel codes of rates R1 and R2 that are equal to the

transmit rates (i.e., rates including source and channel coding) of the system with separate source-

channel coding.

In the case of correlated sources, we consider punctured systematic codes. Since all the systematic

bits are punctured, only n′1 = n1 − k and n′2 = n2 − k coded bits are transmitted in the first two

time slots of the transmission block. The total transmission length is then N = n′1 + n′2 + nr and

we redefine θ1 = n′1/N and θ2 = n′2/N . With these redefinitions, the relation between effective and

actual transmission rates (5.14) becomes

R′ =
k

N
=

kθi
ni − k

= θi
Ri

1−Ri
. (5.68)

We define the punctured code and transmit rates

R̃ci ,
k̃i

ni − k̃i
=

Rci

1−Rci
, (5.69)

R̃i ,
k

ni − k
=

Ri
1−Ri

. (5.70)

From (5.68), (5.35) and (5.36), we obtain the optimum transmit rates on the first layer,

R1 = φ

(
Cs1r

R∗s1

)
, R2 = φ

(
Cs2r

R∗s2

)
. (5.71)

where

φ(x) ,
x

1 + x
, (5.72)

or, in terms of the punctured transmission rates,

R̃1 =
Cs1r

R∗s1
, R̃2 =

Cs2r

R∗s2
. (5.73)

The rates of the codes of the second layer can be obtained from the optimum time allocation with

Rr = Crd and
θr
θi

=
nr

ni − k
=

kr

(ni − k)Rr
=

1

Rr(1−Ri)
(1−R1

synd). (5.74)

We have

R1
synd = 1−Rr(1−R1)

(
1

θ∗1
− κ′(R∗s1)− 1

)
(5.75)

= 1− (1−R1)

(
H(U1, U2)

R∗s1
Cs1r − κ′Cs2d − Cs1d

)
(5.76)

and

R2
synd = 1−Rr(1−R2)

(
1

θ∗2
− 1

κ′(R∗s1)
− 1

)
(5.77)
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= 1− (1−R2)

(
H(U1, U2)

R∗s2
Cs2r −

1

κ′
Cs1d − Cs2d

)
. (5.78)

The punctured bilayer code rates are

R̃ibl,c ,
k̃i − kir
ni − k̃i

=
1

1−Rci

(
Rci − µi(1−Risynd)

)
, (5.79)

and they have to satisfy R̃ibl,c = Csid. Therefore we get

µ =
µ1

µ2
=
Rc1 − R̃1

bl,c(1−Rc1)

Rc2 − R̃2
bl,c(1−Rc2)

1−R2
synd

1−R1
synd

(5.80)

=
R̃c1 − R̃1

bl,c

R̃c2 − R̃2
bl,c

1−Rc1

1−Rc2

Rc2

Rc1
=
R̃c1 − R̃1

bl,c

R̃c2 − R̃2
bl,c

R̃c1

R̃c2

(5.81)

=
Cs1r − Cs1d

Cs2r − Cs2d

Cs2r

Cs1r
, (5.82)

and we can obtain µ1 and µ2 from (5.62).

With that, we have determined the parameters R1, R2, R1
synd, R2

synd, µ1 and µ2 of a bilayer code

for correlated sources.

5.2.6 Achievable Channel Parameters for Given Code Rates

In order to compare the performance of a certain two-user bilayer code ensemble, consisting of codes

with rates R1, R2, R1
synd and R2

synd, with the theoretical limit, we derive the corresponding pairs

of channel parameters (εs1r, εs2r), and (εs1d, εs2d), respectively, for which error-free transmission is

possible. We carry out the derivations first for non-punctured codes (used for uncorrelated sources)

and then for punctured codes (used for correlated sources).

We consider the si-r links first: From (5.35) and (5.36), we obtain

R1 ≤
1

Rs1
(1− εs1r), R2 ≤

1

Rs2
(1− εs2r), (5.83)

⇒ εs1r ≤ 1−Rs1R1, εs2r ≤ 1−Rs2R2. (5.84)

The system with joint source-channel coding does not have specific source coding rates. We obtain

the achievable (εs1r, εs2r)-region as the union of all regions defined by the inequalities (5.84) for all

H(U1|U2) ≤ Rs1 ≤ 1. The resulting region is a pentagon with corner points (0, 0), (asr, 0), (asr, bsr),

(csr, dsr), and (0, dsr), where

asr = 1−H(U1|U2)R1, dsr = 1−H(U2|U1)R2 (5.85)

csr = 1−R1, bsr = 1−R2 (5.86)

For the si-d links, we consider the inequalities (5.37), (5.38) and (5.39). Using

θr
θi

=
nr

ni
=

kr

niRr
=

1

Rr
(1−R1

synd) (5.87)
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and Rr = Crd, we obtain the following expressions: From (5.37)

Rs1R
′ − θrCrd

θ1
≤ 1− εs1d (5.88)

⇒ εs1d ≤ 1−
(
Rs1R1 −

1−R1
synd

Rr
Crd

)
(5.89)

= 1−
(
Rs1R1 − (1−R1

synd)
)
, (5.90)

from (5.38)

εs2d ≤ 1−
(
Rs2R2 − (1−R2

synd)
)
, (5.91)

and from (5.39)

εs2d ≤ 1−
(
R2H(U1, U2)− R2

R1
(1− εs1d)− (1−R2

synd)

)
. (5.92)

We obtain the achievable (εs1d, εs2d)-region as the intersection of the union of all regions defined by

inequalities (5.90) and (5.91) forH(U1|U2) ≤ Rs1 ≤ 1 with the region defined by (5.92) for 0 ≤ εs1d ≤ 1.

It is again a pentagon with corner points (0, 0), (asd, 0), (asd, bsd), (csd, dsd), and (0, dsd), where

asd = 1− (H(U1|U2)R1 − (1−R1
synd)) (5.93)

dsd = 1− (H(U2|U1)R2 − (1−R2
synd)) (5.94)

csd = 1−R1, bsd = 1−R2. (5.95)

When systematic punctured codes are used, which have shown better performance than non-

punctured codes in the correlated case, we have the following modified limits. We obtain for the S-R

links instead of (5.84)

εs1r ≤ 1−Rs1R̃1, εs2r ≤ 1−Rs2R̃2, (5.96)

the corner points of the pentagon defining the achievable (εs1r, εs2r) region are now

apsr = 1−H(U1|U2)R̃1, dpsr = 1−H(U2|U1)R̃2 (5.97)

cpsr = 1− R̃1, bpsr = 1− R̃2. (5.98)

The inequalities for the S-D links become

εs1d ≤ 1− 1

1−R1

(
Rs1R1 − (1−R1

synd)
)
, (5.99)

εs2d ≤ 1− 1

1−R2

(
Rs2R2 − (1−R2

synd)
)
, (5.100)

εs2d ≤ 1− 1

1−R2

(
H(U1, U2)R2 (5.101)

− R2

R1
(1−R1)(1− εs1d)− (1−R2

synd)
)
. (5.102)

The pentagon describing the achievable (εs1d, εs2d)-region has the corner points

apsd = 1−
(
H(U1|U2)R̃1 −

1

1−R1
(1−R1

synd)

)
, (5.103)
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dpsd = 1−
(
H(U2|U1)R̃2 −

1

1−R2
(1−R2

synd)

)
, (5.104)

cpsd = 1− R̃1, bpsd = 1− R̃2. (5.105)

Examples for these channel parameter regions will be shown in Section 5.2.8.

5.2.7 Decoder Structure and Density Evolution Analysis

In this section, we give details about the structure of the decoders at the relay and the destination

nodes. Then we use DE to investigate the performance of the proposed SC-LDPC bilayer codes.

First we treat the case of uncorrelated sources, and give a proof that our code construction achieves

the maximum decode-and-forward rate when the link capacities are symmetric. Then we extend our

consideration to the case of correlated sources.

Uncorrelated sources

When there is no correlation between the sources, the optimum decoder at the relay consists of two

separate decoders for codes C1 and C2, since the two source-to-relay links are independent. The regular

SC-LDPC codes used allow to asymptotically achieve the Shannon limit on both links individually,

using BP decoding (see Section 5.2.3).

The decoder at the destination however decodes both users jointly from the channel observations

of both source transmissions plus the additional syndrome bits obtained from the relay. Fig. 5.8 shows

the factor graph of the decoder (if one ignores the “correlation” part).

For source si, we denote the messages (erasure probabilities) sent from a variable node at position

t in iteration I to a check node in the first and the second layer as p
(t,I)
i and p

(t,I)
synd,i, respectively. The

messages from check nodes at position t in iteration I to variable nodes are called q
(t,I)
i and q

(t,I)
synd,i.

For t /∈ [1, L], we have p
(t,I)
i = p

(t,I)
synd,i = 0. The DE update equations for source s1 for t ∈ [1, L] are

given as (cf. [24])

p
(t,I+1)
1 = εs1d

(
1

w

w−1∑
j=0

q
(t+j,I)
1

)l1−1( 1

w

w−1∑
j=0

q
(t+j,I)
synd,1

)l1synd
q

(t,I)
1 = 1−

(
1− 1

w

w−1∑
k=0

p
(t−k,I)
1

)r1−1

(5.106)

p
(t,I+1)
synd,1 = εs1d

(
1

w

w−1∑
j=0

q
(t+j,I)
1

)l1( 1

w

w−1∑
j=0

q
(t+j,I)
synd,1

)l1synd−1

q
(t,I)
synd,1 = 1−

(
1− 1

w

w−1∑
k=0

p
(t−k,I)
synd,1

)r1synd−1

·
(

1− 1

w

w−1∑
k=0

p
(t−k,I)
synd,2

)r2synd
. (5.107)

The equations for source s2 are simply obtained by changing the source indices. The coupling of the

codes of the two sources in the decoding process manifests itself in the messages (5.107) sent from the

second layer check nodes.
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First layer 

Second layer

Correlation

x(1)

x(2)

r1

l1

q1

p1

psynd,1
qsynd,1

qsynd,2

rsynd,2

lsynd,1

pcorr,1f(pcorr,2)

(s1)

(r)

(to    check nodes)s2

Figure 5.8: Factor graph structure for a relay system with correlated sources. x(1) and x(2) shown

here are systematic bits. The parity bits are connected to a channel factor node instead of a correlation

factor node. The spatial coupling is not shown.
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In the following we show that for symmetric channel conditions, defined as εs1r = εs2r = εsr,

εs1d = εs2d = εsd, the proposed scheme achieves the highest possible DF rate on the TD-MARC with

BEC links. We call the two-user bilayer ensemble consisting of Ci(l, r, L, w) and Cisynd(lsynd, rsynd, L, w)

the Cbl(l, lsynd, r, rsynd, L, w) ensemble.

Lemma 1. For the case of symmetric channel conditions and rsynd = r/2, the two-user bilayer code

Cbl(l, lsynd, r, r/2, L, w) achieves the same DE threshold for each source-destination link as the single-

layer code C(l + lsynd, r, L, w).

Proof. First note that the choice rsynd = r/2 allows us to write the DE equations in a form that

we need to proof the capacity-achieving property. However, this does not restrict the possible rates

available in the system and therefore the result is general.

Assuming symmetric channel conditions, both source nodes use codes Ci from the same ensemble

(l, r, L, w), and the relay generates the syndrome bits using two codes Cisynd from the same ensemble

(lsynd, rsynd, L, w). This means l1 = l2 = l, r1 = r2 = r, l1synd = l2synd = lsynd and r1
synd = r2

synd = rsynd.

The initial variable-to-check messages in the first iteration are equal for both sources and both layers

p
(t,1)
1 = p

(t,1)
synd,1 = p

(t,1)
2 = p

(t,1)
synd,2 = εsd. With rsynd = r

2 , (5.107) becomes equal to (5.106), i.e.,

the check-to-variable messages of the users in both layers are equal. This means that in the second

iteration the variable-to-check messages will be equal again, and via induction, the same will happen

in all the following iterations. Due to the assumed symmetry, the equations for the second user are

the same as for the first user. The DE for each user can therefore be written as

p
(t,I+1)
i = εsd

(
1

w

w−1∑
j=0

q
(t+j,I)
i

)l+lsynd−1

= εsd

(
1− 1

w

w−1∑
j=0

(
1− 1

w

w−1∑
k=0

p
(t+j−k,I)
i

)r−1)l+lsynd−1

,

which is the update equation for a single-layer SC-LDPC code ensemble (l + lsynd, r, L, w). The

bilayer code ensembles for both users will therefore have the same DE thresholds as the single-layer

ensemble.

Lemma 2. For symmetric channel conditions and rsynd = r/2, the design rate of the two-user bilayer

code Cbl(l, lsynd, r, rsynd, L, w) for each source-destination link approaches that of the C(l+ lsynd, r, L, w)

single-layer ensemble for L,w →∞.

Proof. The design rate of an SC-LDPC code is [24] R = 1− NC
NV

, where NV and NC denote the number

of variable nodes and check nodes, respectively, in the graph. The number of variable nodes per user

is NV = ML. The number of checks per user in the first layer is

NC = M
l

r

[
L+ 1 + w − 2

w−1∑
j=0

(
j

w

)r ]
,



5.2 Spatially-Coupled LDPC Codes for Decode-and-Forward Relaying with Correlated Sources 75

and the number of checks, shared by both users, in the second layer is

NC,synd = M
2lsynd

r

[
L+ 1 + w − 2

w−1∑
j=0

(
j

w

)r
2
]
.

Since the checks in the second layer are shared equally between the two users, the effective number

of checks per user is N eff
C,synd = NC,synd/2 (cf. (5.54)). The rate of the bilayer code for each user is

therefore Rbl = 1− NC+NC,synd/2
ML . For L,w →∞, in that order,

lim
w→∞

lim
L→∞

Rbl = 1− l + lsynd

r
, (5.108)

which is the same expression as for the rate of a single-layer (l + lsynd, r, L, w) code ensemble in the

limit L,w →∞.

Corollary 1. For symmetric channel conditions, the two-user bilayer SC-LDPC code

Cbl(l, lsynd, r, r/2, L, w) has the rate of the single-layer (l + lsynd, r, L, w) code,

lim
w→∞

lim
L→∞

R(l, lsynd, r, r/2, L, w) = 1− l + lsynd

r
,

and for fixed (l + lsynd)/r, its BP threshold tends to the Shannon limit of that code,

lim
(l+lsynd)→∞

lim
w→∞

lim
L→∞

εBP(l, lsynd, r, r/2, L, w) =
l + lsynd

r
.

Proof. From Lemmas 1 and 2 we know that in the limit of large w and L, the bilayer code ensemble

has the same rate and DE threshold as the single-layer (l + lsynd, r, L, w) code ensemble. Therefore,

the corollary follows from [24, Theorem 10 and Lemma 8].

Theorem 2. For a binary erasure relay channel with two sources, one relay, one destination, and for

symmetric channel conditions, there exists an SC-LDPC code C and an associated two-user bilayer

code Cbl such that C achieves the capacity for both source-relay links and Cbl achieves capacity for both

source-destination links. In addition, this code construction achieves the highest possible rate with DF

relaying.

Proof. Remember that the capacities of the source-relay links are Csr = 1 − εsr. We use capacity-

achieving SC-LDPC codes from the ensemble C(l, r, L, w), with

l

r
= εsr, (5.109)

which are known to be asymptotically capacity achieving (cf. (5.49)), and therefore the relay will be

able to decode successfully.

Let NV be the number of variable nodes in C. In the limit L → ∞ there are NC = l
rNV check

nodes. The effective number of additional bits needed by the destination and provided by the relay is

(cf. (5.54), (5.63), µi = 1/2)

N eff
C,synd = NC,synd/2 = NV(Csr − Csd) = NV(εsd − εsr). (5.110)
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Remember that we chose rsynd = r/2. The additional effective N eff
C,synd check nodes from the second

layer therefore add NC,syndr/2 = rN eff
C,synd edges. The variable node degree lsynd is

lsynd = rN eff
C,synd/NV = r(εsd − εsr). (5.111)

From Corollary 1 together with (5.109) and (5.111) it follows that

lim
w→∞

lim
L→∞

R(l, lsynd, r, r/2, L, w) = 1− l + lsynd

r
= 1− εsd

and for fixed (l + lsynd)/r,

lim
(l+lsynd)→∞

lim
w→∞

lim
L→∞

εBP(l, lsynd, r, r/2, L, w) = εsd.

Therefore we see that Cbl achieves the capacity on the source-destination links Csd = 1 − εsd for

both users. The number of channel uses in the first two transmission phases is n1 = n2 = NV. A

capacity-achieving SC-LDPC code is used to transmit the NC,synd syndrome bits in the third phase,

using nr = NC,synd/Crd channel uses. Thereby we have shown (using (5.110))

ni
n1 + n2 + nr

=
Crd

2Crd + 2(Csr − Csd)
= θ∗i ,

i.e. our design uses the optimum time allocation (5.25), which maximizes the achievable rate.

Correlated Sources

The fact that the sources are correlated is important for the design of the decoders both at the relay

as well as at the destination. The task of the relay is to detect two correlated sources whose data

is transmitted over two independent noisy channels. A joint source-channel coding scheme for this

scenario based on SC-LDPC codes was described in [106]. We focus therefore now on the decoder at

the destination, assuming the relay has successfully decoded the source data (which is the common

assumption for DF relaying schemes). The detector at the destination has to incorporate the syndrome

bits obtained from the relay, in addition to taking the correlation between the sources into account.

The structure of the resulting BP decoder (corresponding to the overall parity check matrix H from

(5.51)) is depicted in Fig. 5.8. Note that the variable notes depicted in the figure correspond to

systematic bits. For non-systematic bits, the factor node due to the correlation model does not exist -

each non-systematic bit is connected to a factor node describing the channel law (erasure probability

of the channel) instead.

For this decoder, the density evolution update equations for source s1 are:

p
(t,I+1)
1 =

[
γ1f

(
p

(t,I)
corr,2

)
+ (1− γ1)εs1d

]( 1

w

w−1∑
j=0

q
(t+j,I)
1

)l1−1( 1

w

w−1∑
j=0

q
(t+j,I)
synd,1

)l1synd
q

(t,I)
1 = 1−

(
1− 1

w

w−1∑
k=0

p
(t−k,I)
1

)r1−1
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p
(t,I+1)
synd,1 =

[
γ1f

(
p

(t,I)
corr,2

)
+ (1− γ1)εs1d

]( 1

w

w−1∑
j=0

q
(t+j,I)
1

)l1( 1

w

w−1∑
j=0

q
(t+j,I)
synd,1

)l1synd−1

q
(t,I)
synd,1 = 1−

(
1− 1

w

w−1∑
k=0

p
(t−k,I)
synd,1

)r1synd−1(
1− 1

w

w−1∑
k=0

p
(t−k,I)
synd,2

)r2synd
(5.112)

p
(t,I+1)
corr,1 =

(
1

w

w−1∑
j=0

q
(t+j,I)
1

)l1( 1

w

w−1∑
j=0

q
(t+j,I)
synd,1

)l1synd
The equation (5.112) for the updates from the relay check nodes to the variable nodes of source s1

is valid under the assumption (5.52). The equations for source s2 have the same structure, with the

indices that indicate the source switched. The function of the correlation factor node is

f(a) = (1− p) + pa, (5.113)

p being the the correlation parameter. This expresses that a factor node connecting the graphs of the

two users exists with probability p, and there is no connection with probability (1−p) (cf. correlation

model from Section 5.2.1).

5.2.8 Numerical Results

The outstanding performance of SC-LDPC ensembles is due to the threshold saturation effect. This

effect has been proven in [24] to occur in single-user SC-LDPC (l, r, L, w) ensembles. Since we could

show that the density update equations of our two-user bilayer SC-LDPC code ensemble reduce to

the ones of a single-user code in the case of symmetric channel conditions, we have also proven that

threshold saturation occurs in this code - in fact that the threshold tends to the MAP threshold. In

the following, we will utilize “BP EXIT charts” [7] to show that threshold saturation does also occur

in non-symmetric channel-quality scenarios. Furthermore, we show how the joint decoding of both

users makes the system more robust.

Using two-dimensional EXIT analysis, we show that the BP threshold closely approaches the limits

derived in Section 5.2.6. In our system, there are two users and two decoders. We concentrate on the

decoder at the destination, since the one at the relay was already described in [106]. The following

results therefore hold under the assumption that the transmissions from sources to the relay, as well

as the transmissions of the syndrome bits from relay to destination, are error-free.

For each source, the decoding performance depends on both channel erasure probabilities εs1d and

εs2d. The two-dimensional EXIT chart for source si is

h(i)(εs1d, εs2d) ,
1

L

L∑
t=1

m
(i)
t , (5.114)

where

m
(i)
t , lim

I→∞

(
1

w

w−1∑
j=0

q
(t+j,I)
i

)li( 1

w

w−1∑
j=0

q
(t+j,I)
synd,i

)lisynd
. (5.115)
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Figure 5.9: 2D EXIT chart h(1)(εs1d, εs2d) for Code A, Source s1. Correlation parameter p = 0.3,

chain-length L = 10.
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Figure 5.10: 2D EXIT chart for Code A, Source s1. Correlation parameter p = 0.3, chain-length

L = 20. With respect to the previous figure, the transition from zero erasure probability to a value

close to one is faster.
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Figure 5.11: 2D EXIT chart for Code A, Source s1. Correlation parameter p = 0.3, chain-length

L = 300. The surface tends to a limit-plane (threshold saturation).

To obtain a single parameter for the whole code chain, we average over all messages at different time

instants (cf. [24]).

Fig. 5.9 shows the EXIT surface for source s1 for Code A (see Table 5.1 for code parameters),

correlation parameter p = 0.3, and a chain length of L = 10. There is a region where h(1)(εs1d, εs2d) ≡ 0:

this is where error free decoding of s1 is possible. In the remaining region, h(1)(εs1d, εs2d) > 0. Fig. 5.10

shows the same scenario, only that now L = 33. The transition from the error-free region to the

region where h(1) is close to one is steeper. Finally, in Fig. 5.11, L = 300. The transition is very steep.

Increasing the chain length further results in very small changes of the shape of the surface. This

is the typical picture when “threshold saturation” occurs, as was shown for a one-dimensional EXIT

chart for point-to-point SC-LDPC codes e.g. in [24].

To compare the performance predicted by DE with the theoretical limits, we define the achievable

(εs1d, εs2d)-region A as the region where both users can be decoded successfully at the destination,

A = {(εs1d, εs2d)|h(1) ≡ 0 and h(2) ≡ 0} (5.116)

Fig. 5.12 shows A (dotted area) for Code A, for the case where the sources are uncorrelated (p = 0).

The figure also contains the theoretical limit given by (5.103)-(5.105) (black line). We see a largely

uniform gap of less than 0.02 between the DE result and the theoretical limit.

It can also be seen that a lower link quality for one user is compensated by a better quality on the

other link. Note that this is possible only because the data of both sources is combined via network

coding at the relay and jointly decoded at the destination.
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Figure 5.12: Achievable (εs1d, εs2d)-region and theoretical limit for Code A and p = 0 (no correlation).

When the correlation is increased to p = 0.3, the theoretical region as well as A become bigger,

see Fig. 5.13. Now, the additional parity checks due to the correlation model in the factor graph of

the decoder allow successful decoding at higher channel erasure probabilities.

Fig. 5.14 shows A for code B, again with a correlation of p = 0.3. This code is designed for

εs1d 6= εs2d (the check node degrees of C1
synd and C2

synd are chosen such that µ1 6= µ2), but εs1r = εs2r

(the same code ensemble is used on the si-r links). We note that the plots for Code A and B are

virtually identical, both DE result and theoretical region. It is not surprising that the theoretical limit

is not changed, since the rates of the component codes are nearly the same (there are different rate

losses due to the different node degrees of C2
synd in the two cases) and the theoretical region does not

depend on µi. It is interesting, however, that also the DE results are virtually the same for both codes

A and B. Note that although the figures show the correlated case, this happens also when there is no

correlation p = 0.

The picture changes with Code C (Fig. 5.15), which is designed for a system with si-r links of

different reliabilities, which is reflected by the use of codes C1 and C2 with different rates. As expected,

the theoretical region changes and is now asymmetric because of its dependency on R1 and R2. The

DE result is again very close to the theoretical limit.

5.2.9 Discussion

In this chapter, we presented a spatially-coupled low-density parity-check code design for a system

where two correlated sources transmit their data to a common destination with the help of a relay.
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Figure 5.13: Achievable (εs1d, εs2d)-region and theoretical limit for Code A and p = 0.3.

Table 5.1: Code ensembles.

Label (l1, r1) (l2, r2) (l1synd, r
1
synd) (l2synd, r

2
synd) µ1 µ2 w L R̃1 R̃2 R1

synd R2
synd

Code A (6, 10) (6, 10) (2, 10) (2, 10) 0.5 0.5 10 600 0.6446 0.6446 0.7973 0.7973

Code B (6, 10) (6, 10) (2, 10) (4, 20) 0.3̇ 0.6̇ 10 600 0.6446 0.6446 0.7973 0.7970

Code C (12, 20) (14, 20) (4, 14) (3, 14) 0.5 0.5 10 600 0.6427 0.4080 0.7102 0.7827

The scheme contains joint source channel coding at the sources together with joint detection at both

the relay and the destination to exploit the correlation. The relay employs network coding in order

to enable joint decoding of both users at the destination even in the non-correlated case, thereby

improving the robustness of the system. We derived theoretical bounds on the achievable system

rate, based on separate source and channel coding. A proof was given for uncorrelated sources and

symmetric channel conditions, that our code construction achieves the Shannon limit. Numerical

density evolution results showed that the scheme approaches the Shannon limit also for asymmetric

channel conditions.

There are several possible extensions to this work. A proof that the scheme achieves the Shannon

limit for general link qualities and correlation would be highly desirable. Recent efforts to prove

threshold saturation for general spatially-coupled systems [110, 111] could be a useful starting point.

The extension of our results to AWGN, Rayleigh fading and general binary symmetric channels,

together with more general models for the source correlation, has great practical significance. Another
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Figure 5.14: Achievable (εs1d, εs2d)-region and theoretical limit for Code B and p = 0.3.

interesting direction would be the consideration of more than two sources.

5.A Achievable DF Rate for TD-MARC with Correlated Sources

To obtain the maximum R′, we have to optimize the time allocation given by θ1, θ2 and θr, and the

source coding rates Rs1 and Rs2. For this, we have to solve the following optimization problem:

maximize min{(f1, . . . , f5)(θ1, θ2, Rs1)} (5.117)

s.t. H(U1|U2) ≤ Rs1 ≤ H(U1) (5.118)

Rs2 = H(U1, U2)−Rs1 (5.119)

θr = 1− θ1 − θ2 (5.120)

0 ≤ θ1, θ2 ≤ 1 (5.121)

Csir ≥ Csid (5.122)

Crd ≥ Csid. (5.123)

The functions f1, . . . , f5 are defined in (5.35)-(5.39). Let θ∗1, θ∗2 and R∗s1 be the values for which

R′ is maximized. To solve this optimization problem, we assume that out of the five inequalities

(5.35)-(5.39), only three are active at the optimum (θ∗1, θ
∗
2, R

∗
s1), namely (5.35), (5.36) and (5.39). The

optimum corresponds to the point where the three hyperplanes described by the three inequalities

(taken as equalities) have their intersection. Then we will show that the other two constraints are not
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Figure 5.15: Achievable (εs1d, εs2d)-region and theoretical limit for Code C and p = 0.2.

active at the optimum.

First we set f1(θ1, Rs1) = f5(θ1, θ2). This gives the relation

θ∗2 = θ∗1
Cs1r

Cs2r

(
H(U1, U2)

Rs1
− 1

)
= κ′(Rs1)θ∗1, (5.124)

where κ′ = κ
(
H(U1,U2)

Rs1
− 1
)

. Then we set f2(θ2, Rs1) = f5(θ1, θ2) and insert (5.124) for θ2, obtaining

θ∗1(Rs1) =
Crd

(1 + κ′)Crd + H(U1,U2)
Rs1

Cs1r − Cs1d − κ′Cs2d

. (5.125)

Using (5.35) the resulting achievable rate is

R′(Rs1) =
1

Rs1
θ∗1Cs1r. (5.126)

We still have to maximize this expression over H(U1|U2) ≤ Rs1 ≤ 1 to obtain the maximal achievable

rate. The behavior of this function is determined by the value of α = (1− κ)Crd − Cs1d + κCs2d. For

α = 0, i.e.,
Cs1r

Cs2r
=

Crd−Cs1d

Crd−Cs2d
, (5.126) does not depend on Rs1. For α > 0, it is monotonically decreasing

in Rs1 and therefore the maximum R′ is achieved for

R∗s1 = H(U1|U2), R∗s2 = H(U2) = 1. (5.127)

For α < 0, it is monotonically increasing, and therefore the optimum choice is R∗s1 = 1, R∗s2 =

H(U2|U1).
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This result tells us that in general, one source should be maximally compressed while the other

should not be compressed at all. Only in the special case α = 0 the choice of Rs1 can be made

arbitrarily within the constraint (5.33) without affecting the effective transmission rate.

We still have to show that inequalities (5.37) and (5.38) are fulfilled with the optimum (θ∗1, θ∗2 and

R∗s1). First we show that the right-hand side of (5.35) is smaller than the right-hand side of (5.37),

i.e., f1(θ∗1, R
∗
s1) ≤ f3(θ∗1, θ

∗
2, R

∗
s1). From f1(θ∗1, R

∗
s1) = f5(θ∗1, θ

∗
2) we obtain

(1− θ∗1 − θ∗2)Crd =
H(U1, U2)

Rs1
θ∗1Cs1r − θ∗1Cs1d − θ∗2Cs2d (5.128)

Inserting this into (5.37) gives

θ∗1Cs1r

R∗s1

(
H(U1, U2)

R∗s1
−
(
H(U1, U2)

R∗s1
− 1

)
Cs2d

Cs2r

)
≥ θ∗1Cs1r

R∗s1
, (5.129)

since H(U1,U2)
Rs1

≥ 1 and Cs2r ≥ Cs2d.We can show in a similar way that inequality (5.38) is satisfied by

comparing it to (5.36).



6
Conclusions and Outlook

“Endlich ist der Zeitpunkt gekommen
Es ist vorüber:

Das Sehnen, das Wüten, das Brüten.
Adios!

Auf zu neuen Ufern
Auf zu neuen Bergen

Und zu neuen Tälern.
Die Sonne scheint

Heute nur für mich!”

TO conclude this thesis, we summarize the most important aspects and results of our work, draw

conclusions, and provide an outlook on possible future research directions.

We analyzed and designed communications systems that employ iterative processing of soft in-

formation. First, we considered complexity reduction in bit-interleaved coded modulation (BICM)

receivers. An interpretation of log-likelihood ratio (LLR)-clipping as an information-geometric pro-

jection was given, we investigated the effect of LLR-clipping on system performance, and proposed

a value correction for clipped LLRs that is necessary for achieving the optimum performance of a

subsequent channel decoder. Secondly, we proposed a quantize-and-forward (QF) relaying scheme

based on LLR-quantization. We showed using numerical simulations that the performance of the

system is comparable with the amplify-and-forward relaying strategy, with the added benefit that it

has an all-digital implementation. Finally, we considered a system with two correlated sources that

transmit data to a common destination with the help of one relay. We derived analytical bounds

on the performance of the system in the uncoded case, and verified the tightness of the bounds by

comparing to numerical simulations. Then we designed a decode-and-forward relaying scheme with

joint source-network-channel coding based on spatially-coupled LDPC (SC-LDPC) codes. We showed,

that the proposed coding scheme closely approaches theoretical limits and achieves them in special

cases.
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6.1 Conclusions

Based on the work presented in this thesis, we draw the following conclusions:

Complexity Reduction in BICM Receivers.

• LLR clipping has an interpretation as a projection within the framework of information geometry.

This interpretation can be useful for further theoretical research on iterative decoders.

• It is possible to clip to quite low thresholds without noticeable loss in BICM system performance.

If a sphere decoder is used as demapper, this means a significant reduction of computational

complexity. The relative rate loss incurred by aggressive clipping is lower at high signal-to-noise

ratios (SNRs), i.e., the impact of clipping is more pronounced at low SNR.

• If the clipped LLRs are used as input for a soft-input channel decoder, a correction of the clipped

LLR values is necessary to preserve the decoder performance. The stronger the clipping is, the

more performance can be regained by this correction.

• We proposed a selective LLR update scheme for BICM with iterative demodulation/decoding.

This scheme can be interpreted as an adaptive schedule for loopy belief propagation on the

BICM factor graph. It is based on a heuristic measure for the reliability of the output LLRs of

the channel decoder.

• Numerical simulations show that the number of necessary computations for a certain target

performance is significantly reduced. Our scheme achieves this complexity savings by omitting

computations that involve LLRs that are already large in magnitude and therefore correspond

to reliable bit decisions.

A Practical QF Transmission Scheme for the Three-Node Relay Channel.

• We presented a transmission scheme for the relay channel where the relay performs soft mod-

ulation to obtain LLRs for the source code bits, quantizes them and forwards them to the

destination.

• The quantizer design maximizes the mutual information between the LLRs and their quantized

versions. The achievable performance saturates at a description length of three bits per LLR in

all considered scenarios.

• When the relay is very close to the destination, our scheme performs as good as amplify-and-

forward (AF), both for block and fast fading channels.

• With the relay half-way between source and destination, our scheme outperforms AF, with a

quantization of only one bit per LLR.

• The scheme does not perform well when the relay is close to the source, i.e., the relay-to-

destination link is too weak.
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Decode-and-Forward Relaying for Two Correlated Sources.

• We derived analytical bounds on the error probability bounds of a decode-and-forward (DF)

relaying scheme without channel coding, for both additive white Gaussian noise (AWGN) and

Rayleigh fading links. The tightness of the bounds is verified by numerical simulation results.

• Compared to a system with relay that ignores the correlation we showed that a significant

performance improvement can be obtained by exploiting the source correlation via joint channel

detection at relay and destination.

• Comparing with a correlation-aware system without relay, we observe a performance benefit;

this benefit, however, decreases with increasing correlation.

• The performance of the sub-optimum virtual channel MAP (VC-MAP) detector approaches the

performance of the optimum MAP detector very closely if the equivalent relay-to-destination

SNR is optimized. This can be done offline before the transmission.

• We presented a DF transmission scheme for binary erasure channel (BEC) links based on

SC-LDPC. The scheme implements joint source-network-channel coding. The use of regular

codes makes the code design simple.

• We derived the achievable system rate and compared it with the performance of our scheme.

We proved that the scheme achieves the Shannon limit for uncorrelated sources and symmetric

channel qualities.

• Numerical density evolution results show a near-Shannon limit performance also for general

correlation and link qualities. We conjecture that the limit can also be achieved in that case,

but a proof remains open. Our work is another indication of the universal usefulness of spatially-

coupled systems.

6.2 Future Research

Complexity Reduction in BICM Receivers.

• The interpretation of LLR clipping as information-geometric projection could be used in a general

description of iterative receivers in the information geometry framework.

• The most important open question in our selective LLR update scheme is how to choose the

threshold for a certain error correction performance and complexity at a certain SNR. While it

is possible to determine the threshold with bit error rate simulations, this approach requires high

computational effort. The obvious alternative is to use numerical density evolution to predict

the performance. Eventually, an analytical framework would be desirable.
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• An alternative strategy for selective LLRs updates in each iteration would be to update a fixed

number od LLRs per iteration, which is determined by hardware constraints.

A Practical QF Transmission Scheme for the Three-Node Relay Channel.

• It would be interesting to study the impact of different quantizer designs, like the information

bottleneck method used in [72], on the system performance.

• Instead of using equal power in both time slots, the power allocation could be optimized to

accommodate the qualities of source-to-relay and relay-to-destination channel.

• The considered system could be extended by additional source, relay and/or destination nodes.

DF Relaying for Two Correlated Sources.

• Different models for the source correlation could be used.

• We assumed binary phase-shift keying (BPSK) modulation in the derivation of the error prob-

ability bounds. It would be interesting to consider higher-order modulation formats.

• It should be possible to extend our analytical error bounds for the uncoded case to systems that

employ convolutional channel codes, similar to [79].

• For our DF relaying scheme based on SC-LDPC codes, the most interesting extension would be

a proof of the capacity-achieving property for general correlation and asymmetric link qualities.

A possible starting point can be found in the papers [110, 111], where threshold saturation for

general spatially-coupled systems is proved.

• Instead of using time-division multiple access to orthogonalize the transmission links, a system

with multiple access at relay and destination could be considered. Information-theoretic trans-

mission schemes for such a system have been proposed [38] and possibly could be adapted to

the use of SC-LDPC codes.

• Besides the BEC, other channel models like AWGN and fading channels should be considered.

• Another natural next step would be to consider more than two sources and/or more than one

relay and destination.

• The SC-LDPC ensemble used in our work is very useful for theoretical analysis. A practical im-

plementation would probably be based on protograph-based ensembles, which were not explicitly

considered in this work.



Appendices

89



90



A

Notation

We use the following notational conventions throughout this thesis: A scalar variable is denoted by

italic letters, e.g., x. Bold face letters indicate vectors or sequences, e.g. x. Matrices are indicated by

the use of upper-case bold-face letters, X. Calligraphic upper-case letters denote sets, e.g., A. Further

notational conventions are:

, Equal by definition

6= Not equal

<{·} Real part of complex number

Pr{·} Probability of an event

E{·} Expectation value

R Set of real numbers

∪ Union

∩ Intersection

� Set difference

× Cartesian Product

∈ Set membership

/∈ Denial of set membership
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·T Transposition

0 Null vector or matrix

H(X) Entropy of X

H(X|Y ) Conditional entropy of X given Y

H(X,Y ) Joint entropy of X and Y

D(p‖q) Kullback-Leibler divergence

|·| Absolute value

‖·‖ Euclidean Norm

max f(x) Maximal value of function f(x)

min f(x) Minimal value of function f(x)

argmax
x

f(x) Argument x for which f(x) is maximized

argmin
x

f(x) Argument x for which f(x) is minimized

lim Limit

rect Rectangle function



B
Acronyms

AF amplify-and-forward

BMS binary memoryless channel

BP belief propagation

bpcu bits per channel use

CF compress-and-forward

CM coded modulation

AWGN additive white Gaussian noise

BPSK binary phase-shift keying

BCJR Bahl Cocke Jelinik Raviv

BEC binary erasure channel

BER bit error rate

BICM bit-interleaved coded modulation

BICM-ID BICM with iterative demodulation/decoding

DE density evolution

DF decode-and-forward

DSL digital subscriber line
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DVB-S2 digital video broadcasting - satellite (2nd gen)

FDMA frequency-division multiple access

FER frame error rate

HSPA high speed packet access

IEEE Institute of Electrical and Electronics Engineers

i.i.d. independent and identically distributed

KLD Kullback-Leibler divergence

LDPC low-density parity-check

LDPCC LDPC convolutional

LLR log-likelihood ratio

LTE long-term evolution

MARC multiple-access relay channel

MAP maximum a posteriori

ML maximum-likelihood

MIMO multiple-input multiple-output

pdf probability density function

pmf probability mass function

QAM quadrature amplitude modulation

QF quantize-and-forward

RV random variable

SC-LDPC spatially-coupled LDPC

SNR signal-to-noise ratio

TDMA time-division multiple access

TD-MARC time-division multiple access relay channel

UMTS universal mobile telecommunications system

VC-MAP virtual channel MAP

WiMAX worldwide interoperability for microwave access

WLAN wireless local area network
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