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CHAPTER 1

Introduction & Outline

1.1. What is adaptivity?

What is adaptivity? A question, which I heard very often during the process of writing
this work. My parents, the non-mathematicians among my friends, even my grandparents
were—up to a certain amount—interested in understanding what I am doing. Often, when
I tried to reply to that question, I gave the following answer.

In the beginning, there is always the problem, one wants to solve. In most of the prac-
tical cases, this would be some kind of differential equation, because these mathematical
objects are superbly suited to describe processes which take place in the real world. For
this introduction, however, I want to consider a much simpler problem, we all know from
school: Calculating the area of a geometric figure. Our task shall be to calculate the area
of the blue domain under the red curve in Figure 1. Maybe the first attempt would be
to find a formula which describes the curve, and perform integration by hand. What is
expedient in school, happens to be impossible in most of the practical cases. Even if one
knows the correct formula for the curve, one is hardly able to calculate the area except
for very simple cases. Furthermore, the curve is often described only by a set of data
points, and there is no chance to find a formula.

But one simple thing one can definitely do, is shown in the middle image in Figure 1.
One chooses a point on the axes between a and b and draws the biggest possible rectangles
which fit under the curve. The area of rectangles is easy to calculate, just width times
height, and it only remains to sum up. Of course one may argue that this is only an
approximation to the real area and even a pretty bad one. But an approximation to the
exact solution of a problem is often the best result, we can expect. So, lets refine this
approach and draw many rectangles under the curve as seen in the rightmost image in
Figure 1. This is called uniform refinement in literature because each rectangle has the
same width. Again, we calculate the area of the rectangles and sum up. Now, this seems
like a good solution. We are pretty close to the real area, and as mentioned before, a
good approximation is the best we can hope for. But although one could perform the
calculation of the rectangle area with a computer, one can imagine that every additional
rectangle increases the computational work. This might not be a problem for our simple
example, but in real world applications, computational resources are limited and cost
lots of money. Therefore, we are interested to deploy our resources as smart as possible.
When we go back to the middle image in Figure 1, we see that the approximation in the
left part of the image is not too bad. The problem is the right part, where the area of
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FIGURE 1. A simple quadrature problem.

the rectangle is nowhere near the exact area. Maybe it would be sufficient to refine only
the right rectangle.

Here comes adaptivity into place. But how to quantify that some rectangles are better
than others? One could consider a so called uniform refinement of the two rectangles
into four rectangles as seen in the leftmost image in Figure 2. Now, we compare these two
approximations. We see that the refinement of the right rectangle yields a huge advantage
in accuracy, whereas the improvement for the left rectangle is moderate. This helps to
decide which rectangle we have to refine and which not. In literature, this strategy is
known as (h—h/2)-based error estimation, and it applies to a very wide field of interesting
problems.

Another approach is to consider a simpler problem. As mentioned before, we are not
able to calculate the area under the curve—which is not covered with the rectangles—
exactly. But we are able to calculate the distance between the upper edge of the rectangle
and the curve as depicted in the rightmost image in Figure 2. Again, we may use this
quantity (perhaps weighted with the width of the rectangles) to decide, whether we should
refine the rectangle or not. In both cases, we would end up with the approximation in
the middle image in Figure 2. Of course, one refinement is often not enough to reach the

N \ \

N\

a b a b a b

FIGURE 2. Smart improvement of the approximation.

desired quality of approximation. Thus, we iterate the described procedure until we are
satisfied with the outcome in Figure 3. There, we see that the rectangles are adaptively
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distributed. In regions with steep slope, many refinements have been performed, whereas
only a few refinements took place in regions, where the curve is flat. In contrast to
this example, in many practical application it is not possible to see the error between
approximation and the exact solution. Therefore, we are interested in reliable error
estimators, which means that the quantity we use to decide which rectangle to refine
gives also an upper estimate of the approximation error. In our particular case, the second
strategy depicted in the rightmost image in Figure 2 yields a reliable error estimate. In
order not to overestimate the real error—and consequently perform to many refinements
for the desired accuracy—we talk of efficient error estimators. In many applications,
(h — h/2)-based error estimators are efficient.

Now, as we thought of different error estimation strategies, two questions arise natu-
rally.

First: Does the strategy produce arbitrarily accurate approximations if we only per-
form sufficiently many iterations? Note that the answer to this question seems obvious if
we perform uniform refinements of the rectangles. But in context of adaptivity, it is not
clear that each rectangle is refined arbitrarily often.

Second: Is the strategy the best possible for particular situations and is it even better
than the naive approach of uniform refinement? This work tries to deal with these
questions in case of adaptive algorithms for general Galerkin schemes and particularly
for the boundary element method.

a b

F1cURE 3. Adaptive approximation of the area under the curve.

1.2. Outline

Recently, there was a major breakthrough in the mathematical understanding of conver-
gence and quasi-optimality of h-adaptive FEM for second-order elliptic PDEs. However,
many of the ingredients which appear in the proofs in [18, 23, 33] were mathematically
open for adaptive BEM. In Chapter 2 we consider a general adaptive algorithm (e.g.
BEM or FEM) and work out these ingredients to develop a fully abstract framework for



proving convergence and quasi-optimality of general adaptive algorithms of the type:

[ solve | — [ estimate | — [mark | — [ refine |

Moreover, we formulate a set of sufficient assumptions, which are used to prove the three
main results of this work:

e convergence of the adaptive algorithm,

e optimal convergence rate of the estimator,

e characterization of the approximation class and therefore optimal convergence
rate of the error.

In contrast to prior works on optimality of adaptive algorithms, we show that efficiency
of the error estimator is only needed to characterize the approximation class, whereas
convergence and optimality of the adaptive algorithm mainly depend on discrete local
reliability of the estimator. Chapter 4 applies the abstract analysis to a concrete model
problem, i.e. for a polygonal Lipschitz domain € C R?, we analyze Symm’s integral
equation

Vo= (K + %)g on the boundary 92

for some given boundary data g € H'/?(9€2). We use the weighted-residual error estima-
tor from [17] to steer the mesh refinement. We prove discrete local reliability and a new
inverse estimate, which allows us to prove convergence of the adaptive algorithm. To get
optimality of the adaptive algorithm, we present two 1D mesh refining strategies in Sec-
tion 4.4 which guarantee uniform shape regularity of the constructed meshes and satisfy
several other properties which are needed to apply the abstract analysis of Chapter 2.
Whereas, e.g. newest vertex bisection fulfills all required properties for meshes in 2D and
3D, the proof in 1D is inherently different, because we cannot rely on the angle condition
to prevent the collapse of an element, but we need to bound the ratio of the diame-
ters of two neighboring elements. Under some additional regularity assumptions on the
boundary data g, we are able to prove efficiency of the weighted-residual error estimator
on locally refined meshes, which was priorly only known on quasi uniform meshes under
even slightly stronger regularity assumptions (see [13]). Chapter 5 incorporates the ap-
proximation of the Dirichlet data g by a discrete function G in each step of the adaptive
algorithm. Using the concept of modified Dorfler marking (cf. [42, 3]), we prove conver-
gence and quasi-optimality of the corresponding adaptive algorithm. Finally, Chapter 6
provides some numerical experiments, which underline the results of this work and give a
comparison to naive uniform mesh-refinement. We conclude the work with some remarks
on the saturation assumption and give a slightly weaker result in the Appendix.



CHAPTER 2

Abstract Analysis of Adaptive Algorithms

The goal of this section is to analyze and understand the mathematical framework of
quasi-optimal convergence rates for adaptive mesh-refining algorithms. Note carefully
that this chapter does not rely on adaptive BEM, but applies to general adaptive al-
gorithms. Emphasis is laid on the observation that quasi-optimality of the adaptive
algorithm with respect to a certain abstract approximation class introduced below does
not need efficiency of the error estimator. In particular, the marking parameter for the
optimality of the Dorfler marking does essentially depend only on the reliability constant
(see also e.g. [18, 42, 33], where also the efficiency constant is involved). Later-on, the
efficiency is used to characterize the approximation class involved.

2.1. Abstract setting

Suppose that H is a separable Hilbert space with scalar product (-, -) and corresponding

norm || - ||, f/ € H* is a linear and continuous functional on H, and ¢ € H is the unique
solution of the variational formulation
{0, ¥) = f() forall ¢ e H. (2.1)

Note that existence and uniqueness of ¢ follow from the Lax-Milgram lemma. Based on
some triangulation 7, we assume that X, = X(7) is a finite dimensional subspace of H
with corresponding Galerkin solution ®,, i.e.

(®,,0,) = f(I,) forall T, € X,. (2.2)

As in the continuous setting, existence and uniqueness of ®, follow from the Lax-Milgram
lemma. We stress the Galerkin orthogonality

(¢p—@p, U,) =0 forall ¥, € X, (2.3)
which, in fact, characterizes ®,. Moreover, (2.3) implies the Pythagoras theorem
o = Woll* = ¢ — Pull* + | P — To[|*  for all T, € X,. (2.4)
In particular, this yields the best approximation property
6~ @,J1 = gmin 6 — .| (25)

of the Galerkin solution also known as Céa’s lemma. Finally, we assume that for each
element T' € T, we can compute a corresponding refinement indicator n,(T") which —at
least heuristically— measures the error between ¢ and ®, on 7. Under these hypotheses,
the usual adaptive algorithm reads as follows:

9
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Algorithm 2.1. INPUT: [Initial mesh Ty, adaptivity parameter 0 < 0 < 1, counter £ := 0

(i) Compute discrete solution ®, corresponding to Ty.
(ii) Compute refinement indicators ny(T) for all T € Ty.
(iii) Determine set M, C T, of minimal cardinality such that Dérfler marking

0> (T < 3 Ty (26)
TET, TeM,
is satisfied.

(iv) Refine (at least) marked elements T € Ty to obtain new mesh Tpy1.
(v) Increase counter £ — { + 1 and iterate.

1/2
OuTPUT: Discrete solutions ®, and error estimators 1y = ( Z m(T)z) for £ > 0.
TeT,

In the following, we want to work out the properties of the error estimator n, and
the mesh-refinement which guarantee convergence ®, — ¢ in ‘H as { — oo even with
quasi-optimal convergence rate.

2.2. Assumptions on discretization & mesh-refinement

We fix a mesh-refining strategy, e.g., red-green-blue refinement or newest vertex bisection
for triangular meshes in R?, see e.g. [43, Chapter 4] or bisection of elements for partitions
of a 1D manifold (see Section 4.4). For a given mesh 7 and M C T the set of marked
elements, we denote by

T’ :=refine(T, M) (2.7)

the coarsest mesh such that all marked elements T € M have been refined. Moreover,
we write

T' = refine(T) (2.8)

if there exist finitely many meshes 7, ... 7"+ and MU C TU such that T = 7O,

TUH) = refine(TW, MW) for all j = 0,...,n, and T' = T, Put differently, 7’

is obtained by finitely many steps of refinement. For the fixed initial mesh 7, from the
adaptive loop, we may now define

T:= {7 : 7' =refine(Ty)} (2.9)

as the set of all triangulations which can be obtained from 7, by use of the fixed refinement
strategy. Now, the assumptions on the discretization read as follows:
(D1) The discrete spaces are nested, i.e. 7' = refine(7) implies X' (7) C X(T") for
the corresponding spaces, as well as conforming, i.e. X(7) C H for all T € T.
(D2) Uniform mesh-refinement, i.e. 7© = 75 and TV = refine(7",T7¥) for
¢ > 0, yields convergence

I — @@ == 0 (2.10)
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with ®© € X(T®) being the corresponding Galerkin solution.
For the mesh-refinement, we state the following assumptions:

(R1) The mesh-refinement strategy guarantees that all constants involved in error
estimates in Section 2.3 remain bounded.

(R2) For T' = refine(T), each refined element 7' € T\ 7" is refined into at least two
sons, i.e. #(T\T') < #T' —#T.

(R3) The additional refinements which ensure (R1) do not lead to substantially more
elements, i.e. for 7, = refine(7y)

/-1

#72 - #76 S Cmesh Z #M(j) (211)
7=0

with some /-independent constant Clen > 0 which depends only on 7.
(R4) For two meshes 7,7’ € T, there is a coarsest common refinement 7 @& 7' € T,
Le. X(T)UX(T') C X(T & T'), which satisfies

HFHTOT) <HT +#T —#To. (2.12)

We stress that (D1),(D2), and (R1) are used to prove convergence of the adaptive loop,
whereas (R2)—(R4) are only used to prove quasi-optimal convergence rates.

Remark. In practice, (R1) is satisfied if all meshes T € T are, e.g., uniformly shape
reqular, and (D1) is obvious for piecewise polynomials. (D2) is usually guaranteed by
Céa’s lemma (2.5) and approximation properties of the discrete spaces X(T) since the
mesh-size tends to zero uniformly. Moreover, (D2) is necessary to allow for convergence of
the adaptive algorithm. Assumption (R2) is trivially satisfied in practice. Only (R3)—(R4)
are mathematically demanding: (R3) has first been proven for newest vertex bisection of
triangular meshes in 2D in [11]. The proof has been generalized to newest vertex bisection
of simplicial meshes and arbitrary dimension in [42]. Finally, (R4) has first been observed
for newest vertex bisection of triangular meshes in 2D in [42] and has been generalized
in [18] to arbitrary dimension. O

Remark. All assumptions (D1), (D2), (R1)-(R4) are satisfied for newest vertex bi-
section in arbitrary dimension if the initial mesh Ty satisfies a certain distribution of
the reference edges. For red-green-blue refinement, only (R4) fails to hold in general,
see [37]. In Section 4.4, we provide a local 1D refinement for adaptive 2D BEM, which
satisfies (D1), (D2) as well as (R1)~(R4) and additionally guarantees that the local mesh-
ratio k(Ty) remains bounded. O

2.3. Assumptions on the error estimator

We assume that the error estimator 7, satisfies the following properties with certain
constants Ciap, Creds Crels Ceft, Chots Cair, Cref = 1 and 0 < qreq < 1, which depend only
on the given meshes. Recall, that Assumption (R1) on the mesh refinement strategy
guarantees that the constants remain uniformly bounded for all meshes 7 € T.
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(E1) For T.,7; € T, the error estimator is stable on joint elements

(> ) -( X W<T)2)1/2‘§Cmb 10, — o], (213)

TeTNTe TeTNT;

1/2

where @, and ®, are the corresponding Galerkin solutions.
(E2) For 7, € T and T, = refine(7;), the error estimator satisfies some reduction
property on refined elements

(X @) <oa( X w@?) s Culo—all )

TeT\Te TET\Tx

(E3) The error estimator is reliable, i.e. it provides an upper bound

Crat lle = @l < mf = Y me(T)™. (2.15)
T€eT,

(E4) The error estimator satisfies the discrete local reliability

@, — @[ < Cair Z ne(T)? (2.16)

TeER,

for all refinements 7, = refine(7;) with corresponding Galerkin solution @, and
a certain subset R, C 7; which contains the refined elements 7,\7, C R, and
satisfies #Ry < Cret#(T\T5).

(E5) The error estimator is efficient up to terms of higher order, i.e. it provides a lower

bound
C i < ll¢ — @4f|* + hot;. (2.17)

In addition, we assume that uniform mesh-refinement, i.e. 7(® = 7 and 7+ =
refine(7W, TW) for £ > 0, yields convergence of the higher-order term with a
certain rate. This means that for 7; = refine(7¥), there holds

hoty < Chot(#TY — #7T5) (2.18)
for constants Cho > 1 and s, > 0 which depend only on 7y and (R1).

In the spirit of [18], the assumptions (E1)—(E3) are used to prove convergence and even
contraction of the adaptive loop. Moreover, (E1) and (E4) are used to prove optimality
of the marking strategy which generalizes the (concrete) analysis of [42] and [18], where
also efficiency (E5) is involved. Together with the contraction result which follows from
(E1)-(E3) and the Pythagoras theorem (2.4), the latter allows to prove that the adaptive
loop asymptotically leads to the best possible convergence rate for the estimator. Finally,
we only need the property of efficiency (E5) to characterize the approximation class and
to conclude that the best possible convergence rate for the error coincides with the one
of the estimator.

Remark. Assumption (E1) usually follows from the triangle inequality and certain scal-
ing arguments as e.g. inverse estimates and therefore explicitly exploits assumption (R1).
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The observation that the mesh-size decreases uniformly on refined elements, combined
with the foregoing arguments also proves (E2). Reliability (E3) is usually satisfied for
residual error estimators. Finally, (E4) has first been observed in [42] for lowest-order
adaptive FEM for the 2D Poisson problem, where Ry is the set of refined elements plus
an additional layer of elements, and Cres > 0 depends only on uniform shape regularity of
the meshes under consideration. In [18], one finds the improved result with R, = T\ T,
being the set of refined elements only. O

Remark. We stress that discrete local reliability (E4) and convergence (D2) for uni-
form mesh-refinement together with nestedness (D1) and shape regularity (R1) prove the
reliability (E3). To see this, we argue as follows: For fivzed ¢ € N and arbitrary € > 0,
we may use (D2) to obtain that k uniform refinements of Ty provide a mesh To, which
satisfies

o = Polll < e llo — el
for the corresponding Galerkin solution ®qy. The nestedness assumption (D1) implies
that k uniform refinements of Ty provide a mesh Ty, with X (To k) C X (T k). In particular,
the Céa lemma (2.5) reveals

o = @eill < [l — Poill <ellp— el

Together with X, = X(Ty) € X(Tek), the triangle inequality and the discrete local relia-
bility (E4) for T, = Toy yield

1/2
o — @l < [l — Pelll + 1o — Pefll < ell|¢ — el + (Cdlr > m(T)Z) :

TeT,

Hence, we see

Cdlr 2 Cdlr 2
¢ — d* < g ne(T')” = N,
||| £||| (1 5)2 = f( ) (1 5)2 y4

which holds for all e > 0. Altogether, we thus end up with (E3) even with Cye = Cq,. O

2.4. Convergence of adaptive algorithm

We start with the observation that reduction of the error estimator (E2) and stability (E1)
lead to a perturbed contraction of the error estimator in each step of the adaptive loop.
From now on, we assume that boundedness of the constants (R1) holds for the chosen
discretization.

Lemma 2.2. Under assumptions (E1) and (E2), one obtains
77§+1 < Gest M + Cest || @eg1 — P> for all £ > 0. (2.19)

The constants 0 < qesy < 1 and Coyy > 0 depend only on the constants in (E1) and (E2)
and on the marking parameter 0 < 0 < 1 of the Déorfler marking (2.6).
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PROOF. Recall the Young inequality (a + b)* < (1 +d)a® + (1 + 6 1)b? for all a,b € R
and 6 > 0. This and the application of (E1) and (E2) gives

Mep1 = Z e (T)? + Z ne41(T)?

Te€Ter1\Te TeTo+1NTe

SO+ 0 Y, mTP+A+38) D (D) + Catll|Pesr — Dol

TETN\To11 TETNTo11

where Cesy = (1 + 0 1(C2, + C2,.,). Therefore, My C T;\Ti41 and the Dorfler mark-
ing (2.6) give

n§+1s<1+5>(Zm<T>2—<1—qfed> > nl@)?) + Ceall®eir — ell?

TET, TeTo\Te+1

< (1+9) (1 —(1- qred Z ne(T 2+ Cest[|Pe1 — (I)€|||2'

TeT,

Finally, we choose ¢ > 0 sufficiently small so that gess = (1+6)(1— (1 —¢24)0) <1. O

It has already been observed in the seminal work [9] that the Céa lemma (2.5) com-
bined with nestedness &, C X, for all £ > 0 implies a priori convergence

lim [|®o — ] = 0 (2.20)
{—r00

towards a certain (unknown) limit ¢, € H. Note that @, is the Galerkin solution with
respect to the subspace X, which is the closure of J,~, A, in H. In particular, this
proves that |[|[®,1 — @4|| — 0 as £ — 0, and hence the sequence of error estimators is
contractive up to a non-negative zero sequence, see (2.19). It is therefore a consequence
of elementary calculus that (2.19) leads to convergence, see [4, Lemma 2.3].

Corollary 2.3. If the discrete spaces are nested (D1), the estimator reduction (2.19)
implies estimator convergence limyn, = 0. Under reliability (E3), this proves convergence
of the adaptive algorithm limy ||¢ — P[] = 0. O

This estimator reduction concept is studied in [4] and applies to a quite general class of
problems and estimators, e.g. non-symmetric or even nonlinear problems and residual as
well as (h— h/2)-type error estimators. Note carefully that the Pythagoras theorem (2.4),
i.e. symmetry of (-, -) has not been used so far. In our framework of symmetric problems,
however, we may now use the Pythagoras theorem (2.4) to improve (2.19) and to obtain
even linear convergence of the adaptive loop in the spirit of [18].

Theorem 2.4. Assume that (2.19) holds true, since e.g. (E1) and (E2) are valid. Pro-
vided nestedness (D1) and reliability (E3), there exist constants 0 < v,k < 1 such that

Apr <Ay forall € >0 and Ay = ||¢ — 4||> + ;- (2.21)
The constants 0 < 7,k < 1 depend only on ey and Cey from (2.19).
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PROOF. By use of nestedness (D1) and the Pythagoras theorem |[|¢ — ®[|*> = ||¢ —
(I)€+1|||2 + |||(I)£+1 - (I)e|||2, we see

Apr = l¢ = @oll” + 7 07y — [ esr —
<6 = Pell* + VGest 0 + (YCest — )| @1 — el

For sufficiently small 0 < 7 < 1, it holds that 7Cs; < 1, and the last term can be
dropped. With an additional parameter € > 0 and reliability (E3), we obtain

Apir <16 = Plll® + vgest 17 = (1 =€) |6 = Pell* + (Gest + £Cre) 7, < 5 Ay
where k := max {1 — €, Qest + €Cre1} satisfies 0 < k < 1 for € > 0 sufficiently small. [

2.5. Optimality of Dorfler marking

So far, we have seen that Dérfler marking (2.6) guarantees the (perturbed) contraction
properties (2.19), (2.21) and hence limy 7, = 0, see Lemma 2.2 resp. Theorem 2.4. Now,
we prove —in some sense— the converse.

Proposition 2.5. Suppose that the assumptions (E1) and (E4) hold. Then, for all
0 < Ky < 1 there exists a constant 0 < 0, < 1 such that for all 0 < 6 < 6, and all
T. = refine(Ty) it holds that

W< ka = 0 n(T)?< > n(T) (2.22)
TeT, TER,y
with Te\Te € Re C Ty from (E4). The constant 0, depends only on the constants in (E1)
and (E4) as well as on k..

PROOF. Note that the Young inequality, (E1), and (E4) give

=Y T+ > m(T)

TET\ T+ TeTiNTx

< D m(TP+(1+0) D m+ (140 CE 0. — o)
TeT\Tx TeTNTx

< (L4 0k + (L+ (L+ 6 )C3Can) Y ne(T)*.

TER,
Rearranging these terms, we see

1 — (14 0)ks ng < Z W(T)Q-

_ =
T+ (1+0 N Car "~ &

For arbitrary 0 < k, < 1 and sufficiently small § > 0, we have

1— (1+0)k,
0, = > 0. 2.23
1+ (1 -+ 5*1)Cftab0dlr ( )

Then, 0 < 6, < 1 concludes the proof of (2.22). O
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Remark. Under the assumption n? < k.n;, the preceding proof shows that stability (E1)
and discrete local reliability (E4) prove the optimality of the Dérfler marking (2.22). Pro-
vided the error estimator 1, is reliable (E3) and that the discrete spaces are nested (D1),
it is easy to show that Dérfler marking for Ry C Ty does also imply the discrete local
reliability:

O, 1B, — B[l < 0, |6 — Del|* < OuCra; < Cra Y melT)?,
TER,y

whence (E4) holds with Cy, = 0;1Cq. O

Therefore, the discrete local reliability (E4) is not only sufficient but in case of 7, <
K.7Me even necessary to prove optimality of the Dorfler marking.

2.6. Quasi-optimality of adaptive algorithm

Finally, we aim to analyze the best possible algebraic convergence rate which can be
obtained by the adaptive algorithm. To that end, we define the set

Ty = {T; € T : #7; — #7; < N}

of all triangulations which have at most N € N elements more than the initial mesh and
can be generated from 7, by use of the fixed mesh refinement strategy. Since the adaptive
algorithm is steered by the error estimator, it is natural to ask for the best algebraic
convergence rate O(N %) for the error estimator. This is mathematically characterized
as follows: For given data f € H* and exact solution ¢ € H of (2.1), we write

(0.f) €AL 5 (6, Nllaz = sup_inf (N*n.) < oo, (2:24)
NeN T+€Ty
where 7, denotes the error estimator corresponding to the triangulation 7,. By definition,
a convergence rate 7, = O(N~*) is possible if the optimal meshes are chosen. Concep-
tually, we say that the adaptive algorithm is quasi-optimal if the sequence of adaptively
generated meshes 7, leads to ny, = O(N %), whenever (¢, f) € A”. The precise result is
given in Theorem 2.7.

Lemma 2.6. Suppose that the mesh-refinement satisfies (R2) and (R4) and that (D1) is
satisfied by the discretization. Assume that the estimator fulfills the assumptions (E1)-
(E3). Then, for (¢,f) € A", T, € T, and k, € (0,1), there is a certain refinement
T. = refine(T;) with

< wkap and #T, — #T; < i, 7, (2.25)
where the set Ry 2 Ty \ Ty from Propostition 2.5 satisfies
#Re < 0277[1/37 (2.26)

as well as the Dérfler marking (2.6) for all0 < 0 < 0,. The constants C; > 0 and Cy > 0
depend only on ||(¢, f)|

Al-
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PROOF. Let A > 0 be a free parameter which is fixed later-on. According to the definition
of the approximation class A7, we find for given £? := An7 > 0 some triangulation 7. € T
such that

HT. —#To <e* and n. <e. (2.27)
We now consider the coarsest common refinement 7, := 7. @ 7, and first note that
#T — #T0 < (F#Te +#Te — #To) — #To = #T. — #7To (2.28)

according to (R4). Due to T, = refine(7;), we may argue as in Lemma 2.2 to see, for
arbitrary ¢ > 0,

n; < (L40)n2 + (146 ) (Chg + Cou)l|®s — @.]|%, (2.29)

where we have roughly estimated g..q < 1. By use of nestedness (D1), reliability (E3),
and the Céa Lemma (2.5), one sees

@4 = P < [l = Pull + Ml = Pl S Ml — Pel < 7
Together with (2.29), this proves
S nZ < ng
Choosing A > 0 sufficiently small, we enforce n? < k,n?. Next, we employ Proposition 2.5
to obtain that R, from (E4) satisfies the Dorfler marking. For fixed A > 0, we obtain
e ~ 1. Together with (2.27) and (2.28), this proves (2.25). To see (2.26), we use (R2) as
well as (2.28) and end up with
#R SH(TAT) < #T = #T < #T - #T S ez, '

This concludes the prove. 0

Now, the quasi-optimality for a general adaptive algorithm which fits in the framework
of this chapter is stated in the following theorem.

Theorem 2.7. Let the discretization satisfy (D1). Suppose that the mesh-refinement sat-
isfies (R1)—(R4) and that the Dérfler marking is optimal in the sense of Proposition 2.5.
Assume that Ay is equivalent to n} and contractive, i.e. Ay < KAy for some 0 < k < 1,
cf. Theorem 2.4, and that the error estimator satisfies (E1)~(E3). For 0 < 6 < 6,, then
there holds equivalence

(p,f) € AT <= 0y < Copt (#To —#To)° forall >0 (2.30)
for all s > 0. The constant Cop > 0 depends only on ||(¢, f)|lan, and (R1).

ProOOF. First, we show that M, < n[l/ ®. Therefore, we apply Lemma 2.6 to obain

#Ro < 77;1/5 from (2.26) and that the set R, satisfies Dorfler marking (2.6). In step (iii)
of Algorithm 2.1, however, M, was chosen to be the minimal set which satisfies the
Dorfler marking (2.6). We thus obtain

HM, < #Ry S (2.31)
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Now suppose that cnf < A, < Cn? and Ayyy < kA, for some 0 < k < 1, cf. Theorem 2.4.
We employ (2.31) and optimality (R3) of the mesh closure to see

-1 -1 -1
T —#To SO #M S PS> AT
j=0 5=0 5=0
Inductively, we see A, < k*7A; and hence
-1
#T, — #T5 < Aé—l/szﬁ(f—j)/s < %WAZ_US < 776_1/8

=0
by use of the geometric series. For (¢, f) € A", this proves the estimate
ne S (#To — #T5)~Y* forall € > 1.

The sufficiency of the condition (2.30) follows by definition of the approximation class
Al O

Finally, we want to characterize the abstract approximation class A7 in terms of the
Galerkin error.

Theorem 2.8. Suppose reliability (E3) and efficiency (E5) of n,. Let 0 < s < s,. For
given data f € H* and corresponding solution ¢ € H of (2.1), it holds

(0, f) e Al = ¢cA,,
where the approrimation class Ay is defined by

hoi= {0 €M s s, = sup min | inflo = |V < oo},

NeN T+€TN U.eX(Tx

i.e. the approximation class A is characterized by the optimal rate of convergence of the
best approximation in the natural energy norm.

PROOF. First, we assume (¢, f) € A7. Then the reliability estimate (E3) together with
Céa’s lemma (2.5) prove

[9]la, < Cralll(d, f)llan < o0,

ie. ¢ € A,.
Second, we assume ¢ € A for some s € (0,s,]. The definition of the approximation

class A, guarantees a mesh Ty/, € T with
#Tnj2 — #To < N/2  and mf o = Wnpall(N/2)” < 9]

Un/2€X (T2

Ag-

Because of the Céa Lemma (2.5), we get

e = @wy2ll(N/2)* <[]l



CHAPTER 2. ABSTRACT ANALYSIS 19

For N > 4#7,, we construct a quasi-uniform mesh 7, € T by splitting each element
T € 7o uniformly in exactly k = | N/(2#7,)] parts. Then, it holds

BT — #T5 = (k- D#T < — 4T = NJ2.

24To
We define the overlay 7, := Ty @ 7,. The mesh 7, has at least
N
k >(—— —1 =N/2 — > N/4
#T0> (537 — 1) #To = N2~ #T > N/

elements. Therefore and by Equation (2.18), it holds that hot; < 4%C,o, N ~**. With the
Céa lemma (2.5)

¢ — @l < [l — Pyl
we then obtain

(Il = @L|* + hot? )N < [l — ppall*(5)% 2% + 4% Chio N>
< £[9|12, + 4% Chor < 00.
Efficiency (E5) now gives
M S llé — ®f|* + hot?, (2.32)
and therefore
BN S (116 — B4 J12 + hot2)N> S 7|62, + 4 Ch. (2.33)

The overlay estimate (R4) finally yields #7, — #7Ty < #7Tnj2 + #7T, — 2#7To < N. This
proves (¢, f) € Al O






CHAPTER 3

A Short Introduction to the Boundary Element Method

The purpose of this section is to give a quick dive into the boundary element method
and to clarify notation for the following sections. Throughout, we consider the (formal)
Laplace operator

d
o 2
Au(z) = Z@xju(x)
j=1
for a smooth function u € C%(Q) on a bounded domain Q C R? for d = 2,3. As a model

problem serves the following elliptic partial differential equation: Find v € C*(2) such
that

—Au=0 1in €, (3.1)
and wu fulfills some prescribed Dirichlet boundary conditions, i.e.
up=g¢g onl : =00 (3.2)

for a given function g € C(2). We now aim to reformulate (3.1) and (3.2) equivalently.
Therefore, we introduce the Newton kernel

1 =
G(2) = 2 log_|12| for d = 2,
+5- 2] for d = 3.

Obviously, the function G : R?\ {0} — R is smooth. Now, the solution of (3.1) can be
characterized with the representation formula (see e.g. [39, Theorem 3.1.6]).

Proposition 3.1. Let Q C R? be a bounded domain with Lipschitz boundary T'. Let
u € C%*(Q) be a solution of (3.1). Then, there holds

ule) = [ Glo =yt dy — [ Dy Glo— v)uly) dy (33
r r
for all z € Q. Here, n(y) denotes the outer normal unit field aty € T.

This formula motivates the definition of the following formal integral operators:
e The simple-layer potential of b : I' = R

(V)@= [ Glo— )0t dy (3.4

for all x € Q.
21
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e The double-layer potential of v : I' = R

(Fo)(@) = [ 80 Gla = y)ota) dy (3.5)

for all z € ).
With the definitions above, the representation formula (3.3) reads

u(x) = (V@n(y)u) (x) — (I?u) (x).

for all z € ).
Now, consider the Hilbert space
H'Y(Q) :={ve L*Q) : Vve L*Q)}, (3.6)
equipped with the norm ||v||%{1(9) = ||v||%2(9) + HVU”%Q(Q)' Here, the gradient V is

understood in the weak sense. It is possible to define the trace v|r of a function v € H(Q)
by continuous extension of the classical trace for smooth functions. To that end, we use
the famous result of MEYERS-SERRIN that C™(f)) is a dense subset of H*(Q). In a
similar fashion, one may define a weak normal derivative d,v for functions v € H*(Q),

which additionally satisfy Av € H ~1(Q). The space H ~1(Q) denotes the dual space of
H'(2). This allows the definition of

e the trace space of H'(Q):
H'Y2(T) == {v e LX) : exists w € H'(Q) with v = w|p} (3.7)

associated with the norm [|v]| g2y := inf {||w||m(q) : v = w|r for w € H'(Q)}
as well as
e its dual space

H~Y2(T) .= HYX(I')*.

We revisit the integral operators from (3.4) and (3.5) and continuously extend them to
the following boundary integral operators:

V= (Vo)|r « HY3(I) — HYA(D),
(K — Y= (Kv)p : HY*(T) — HY*(T).
One can explicitly represent the boundary integral operators as

(Vb)) := / Gz —y)dly)dy and  (Kv)(z) = pu. / Bt G( — y)o(y) dy

r

for all z € I'. Here, p.v. fr denotes Cauchy’s principal value. With this, we may refor-
mulate the representation formula (3.3) for functions v € H'().

Theorem 3.2. Let Q C RY be a bounded domain with Lipschitz boundary I'. Let u €
H'(Q) be a weak solution of (3.1). Then, there holds

u=Veé— Kulr in H(Q), (3.8)
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where ¢ == 0,u € H™Y*(T") denotes the normal derivative of .

Applying the trace to the equation above and rearranging the terms, we obtain
Symm'’s integral equation: Given g = u|r € HY?(T'), find ¢ € H~Y/2(T") such that

Vo= (K+1)yg in HV*D). (3.9)

The link between (3.9) and (3.1)—(3.2) is given via the representation formula (3.8), which
provides the solution u of (3.1)—(3.2) by the solution ¢ of (3.9), i.e.

u=V¢—Kg in H(Q). (3.10)

Conversely, computing the normal derivative ¢ = 9,u of the solution of (3.1) and (3.2)
yields the solution of (3.9).

Among others, the boundary element method denotes the approximation of the so-
lution ¢ of (3.9) with a Galerkin scheme, i.e. for a finite dimensional subspace X C
H~'2(T"), we formulate the following problem: Find ® € X, such that

(Vo, U)p=((K+1)g, U)r forall ¥eX. (3.11)

Here, (-, -)r denotes the L?*(T') scalar product, which can be extended to the duality
pairing of H'/?(T") and H~'/2(T") by continuity. Elementarily, we observe that (3.11) is
equivalent to a finite dimensional linear system of equations if we expand the solution ®
in terms of basis functions. It is well-known (see e.g. [41, Theorem 6.23]) that || - || :=
(V- -)1/2 admits an equivalent norm on H~'/%(T"), provided that diam () < 1. Therefore,
(-,-) :=(V-,-)is even a scalar product on H~'/2(Q), i.e. it holds

CrommllVIl < 112y < Crommll@lll for all v € HHA(T) (3.12)

for some I' dependent constant Cgm > 0.
Thus, we may apply the Lax-Milgram lemma to prove that both, the continuous
problem (3.9) as well as the discrete formulation (3.11) allow for a unique solution.

Theorem 3.3. Let ¢ denote the solution of (3.9) and let & € X denote its Galerkin
approzimation (3.11). Then, there holds the Céa lemma

llo - ®J| = int [lo— ]I (3.13)

for all closed subspaces X C H=Y*(T'). For a partition T of the boundary T with mesh-
width h > 0, consider the test space X = P°(T;) of T-piecewise constant functions.
Under the additional reqularity assumption ¢ € L*(T) N HY(T) (see Section 4.5.1), there
holds the a priori error estimate

l¢ = @I < Caprion A2, (3.14)

The constant Cy priori > 0 depends only on T
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PROOF. For the proof of (3.13), see e.g. [41, Theorem 8.1]. To see (3.14), let II, :
L*(T') — X denote the L?-orthogonal projection. With the approximation properties of
I, (cf. [14]) and (3.13), we prove

llo =@l < (1= Tl < 121 = )l aqry.

Applying the elementwise Poincaré inequality, we end up with
llo — @[ < K>
This concludes the proof. O



CHAPTER 4

Application of Abstract Analysis to Symm’s Integral Equation
in 2D

4.1. Model problem

The remainder of this paper deals with the following concrete model problem and applies
the abstract results from Chapter 2: We consider Symm’s Integral equation

Vo= (K+3)g onT (4.1)

where T' := 9€ is the boundary of a polygonal Lipschitz domain 2 C R? with diam(§2) <
1. To abbreviate notation, we will denote the right-hand side of Equation (4.1) by
f:= (K +1/2)g. Whereas g € H'/?(T") is sufficient to guarantee the solvability of (4.1),
the weighted-residual error estimator needs the given boundary data to satisfy g € HY(T).

This section provides an overview on this work and its main results. We start with
a discussion of the concrete realization of the modules which compose the adaptive algo-
rithm (Algorithm 2.1).

4.1.1. Algorithm 2.1, Step (i): solve. Let 7; denote a partition of the boundary I'
generated from an initial partition 7y by local mesh-refinement with Algorithm 4.1. As
usual, we denote the L?-scalar product on the boundary T' by (-, -) r2) and extend it
to the duality brackets of H~'/(T") x H'/?(T") by continuity. The lowest-order Galerkin
discretization of the continuous model problem (4.1) reads: Find ®, € X(T;) := P(T;)
such that

(P, W) = (K +1)g, Vp)ory for all U, € PO(Ty), (4.2)
where we use the polynomial spaces P?([0,1]) := {v € C>([0,1]) : aaspTiv =0} to define
PP(Ty) == {v € L*(T") : vo Fr € P?([0,1]) for all T € T,}.

Here, Frp : [0,1] — T is an affine transformation which maps the unit interval onto the
element 7' € 7;. As in the continuous setting, it is well known that (4.2) allows for a
unique solution. For simplicity, we assume that the module solve computes the exact

discrete solution. However, it would be possible to include an approximate solver into
our analysis.

4.1.2. Algorithm 2.1, Step (ii): estimate. We recall the definition of the residual-
based error estimator 7, which dates back to the seminal work [19] for 2D and has been

25
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extended in [20] to 3D. The local contributions of 7, are defined by
no(T) = diam(T)" 2|2 (V®, — f)|12¢ry forall T € Ty (4.3)

Here, % denotes the arclength derivative along I'. We define the local mesh-width func-
tion hy € L>°(T") by hy|p := diam(7T’), where diam(7") denotes the Euclidean length of an
element 7' € T,. Now, 1, reads

1/2
mei= (Do mlT?) " = 22V~ ). (4.4)
TeT,

Note that due to the assumption g € H(T'), we obtain by use of the mapping properties
of V and K that f = (K + 1)g € HY(I') as well as V®, € H'(T') (cf. [34]). Therefore,
the estimator 7, is well defined.

4.1.3. Algorithm 2.1, Step (iii): mark. As in the abstract framework of chapter 2,
we use Dorfler markin (2.6).

4.1.4. Algorithm 2.1, Step (iv): refine. Locally refined meshes 7, are obtained
from an initial partition 7;. For a given set M, C 7, of marked elements, we refine 7T,
such that at least all elements T' € M, are refined and the K-mesh constant remains
bounded, i.e. for

:‘i(n) = Imax {hg|T/h,g‘T/ : T, T/ € 72 with 7'M T/ 7£ (Z)} (45)
holds
K(Te) < 26(To) (4.6)

for all meshes 7T, generated from 7. In contrast to the abstract setting in Chapter 2, we fix
the refinement routine and perform local mesh refinement with the following Algorithm,
which guarantees (4.6):

Algorithm 4.1. INpuT: Partition T,, marked elements Méo) = My, counter i := 0.
(i) Define UV = UTeM‘Ei) {T" € TAM neighbor of T = help > k(Tg) |7}
(i) IfUD # 0, define M?H) = Mg) UUY , increase counteri v i+ 1, and goto (i).
(ili) Otherwise, bisect all marked elements T' € Méi) to obtain Tpiq.
OuTPUT: Refined boundary partition Tpyq as well as Méi) =T\ Tos1-

A detailed analysis of this algorithm is given in Section 4.4.

4.2. Function spaces involved

The definition of H/?(T") as the trace space of H!(f2) is given in (3.7). For v € (0,5/2],
we define H"(I") as a trace space, i.e.

HY(T) := {v|r : ve HT2(Q)}
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equipped with the norm
||w||H”(F) = lnf {||v||HU+1/2(Q) LW = 'U|F, v E HV+1/2(P)}.

In the sense that the corresponding sets are equal and the norms are equivalent, this
definition coincides with the classical definition of H”(I") as a Sobolev space on the 1D
Lipschitz-manifold I" for v € (0,1). Moreover, we may use the Sobolev-Slobodeckij norm

|w(z) — w(y)[*
W] gy ::/F = dx dy

to define the equivalent norm (||- ”%2([‘) +|- ‘%{»(r))l/Z on H"(T'), for v € (0,1). Furthermore
for v =1, H(T') is equipped with the equivalent norm
||w||§11(r) = ||w||%2(r) + ||%w||%2(r) for all w € H'(T),

where % denotes the arclength derivative along I'.

Finally, for v € (0,1), we may equivalently define H"(I") as the real interpolation
space of L*(T') and H'(T') (cf. [10]). All mentioned definitions of H”(T') are—at least
for v € (0,1)—equivalent. The norm equivalence constants, however, depend on the
boundary I'.

4.3. Main results

First, we prove convergence of adaptive BEM (see Theorem 2.4 for a more general version
of this result).

Theorem 4.2. Let the sequence of meshes T, and the corresponding solutions of ®, of
Equation (4.2) be obtained from Algorithm 2.1. Then, there exist constants 0 < v,k < 1
such that

Apy1 <KDy foralll >0  with A= ||¢ — > + v 7. (4.7)
The constants 0 < v,k < 1 are independent of { € Nj.

Now, for given boundary data g € H*<¢(I") for some s,e, > 2, we are able to prove
efficiency of 7.

Theorem 4.3. Let the given boundary data satisfy g € H*¢(I') for some s.eg > 2. Let
¢ denote the solution of (4.1). Then, for T, € T the error estimator n, is efficient in the
following sense

Ce_ﬁlﬂg < ||¢) - (I)gHH—l/z(p) + hOtg. (48)

Here, Cog > 0 depends only on T and k(T;). The higher-order term hot, is given in detail
in Definition 4.19. For all € > 0, it satisfies

1/2 )
hot, = ( 3 hotg(T)Z) and  hoto(T) < Chop (hy|p)mintsress/2-1/2= (4.9)

TET,

where Chor > 0 depends only on T, k(T;), Sreg > 2, and € > 0.
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Following the steps of adaptive FEM, we prove discrete local reliability for n,, see
Proposition 4.9. With this results, we are able to prove the optimal rate of convergence
of the estimator. With fixed mesh refinement strategy, we recall the definition of

Ty :={T. €T : #T. —#To < N}

and
def.

(9, ) € Al

from Chapter 2. Using the efficiency estimate in Theorem 4.3, we are able to characterize
the approximation class A7 in terms of the Galerkin error only. Therefore, we introduce

(@, f)]|an :=sup inf (N°n.) < oo, (4.10)
NeNT+€Ty

peh, &L |yl

= sup inf inf — W l|N? < 0.
As Ne%ﬁETN U, eP(T:) ”W} *m

Precisely, this quasi-optimality is stated in the following theorem.

Theorem 4.4. Let (®y)en denote the sequence of solutions generated by Algorithm 2.1
driven by the weighted residual-based error estimator n,. Assume that the corresponding
sequence of meshes (Tp)een is created by local refinement as stated in Algorithm 4.1.
Then, for sufficiently small adaptivity parameter 0 < 6 < 1, Algorithm 2.1 is optimal in
the following sense

peA! = 0 <Cs3(#To—#To)* forallleN.

The constant C3 > 0 depends only on ||(¢, f)||an and I'.  In addition, let the given
boundary data additionally satisfy g € H®=(I") for some sieg > 2. Then, for 0 < s <
min{s,es, 5/2} — 1/2 and sufficiently small 0 < § < 1, Algorithm 2.1 is optimal in the
following sense

o, = o=@ <Cu(#Te—#To)~* foralll €N,
where the constant Cy > 0 depends only on ||¢||a, and I

4.4. Optimal local mesh-refinement for 2D BEM

In this section, we aim to develop a local mesh-refinement strategy for 2D BEM which
mathematically guarantees the assumptions (D1), (D2) and (R1)-(R4). Clearly, emphasis
is laid on the mesh closure (R3) and the overlay estimate (R4). We stress that the
considered mesh-refining algorithms of Section 4.4.1 and Section 4.4.2 have first been
analyzed in the technical report [7], where the focus is, however, only on (R3). For
the sake of completeness, we elaborate the proofs of [7] and extend them by considering
also (R4).

Suppose that 7o = {T1,...,Tn} is a given initial partition of I" into affine boundary
segments 7); and that a sequence of meshes 7, is obtained inductively by local refinement,
where

Tev1 = refine(T,, My) (4.11)
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is generated from 7; by refinement of (at least) certain marked elements M, C 7,. Here,
refinement of an element 7' € M, means that T is bisected into two elements T1, T, € Tyi1
of half length, i.e., there holds hei1|r = 5 he|r. In particular, assumption (R2) is already
satisfied. Moreover, we aim to guarantee that the K-mesh constant (4.5) satisfies the
uniform boundedness

k(Te) <2k(Ty) forall £ €N. (4.12)
We stress that, for our analysis below, the uniform boundedness (4.12) implies (R1).

Remark. Clearly, the boundedness estimate (4.12) cannot be improved in general. For
instance, let Ty be a uniform partition with #79 > 1 and #My = 1. Provided that the
obtained partition satisfies #T1 < 247y, i.e., the local refinement does not lead to a
uniform refinement, there holds k(To) = 1, whereas k(T;) = 2. O

4.4.1. Level-Based Mesh-Refinement. To use the analytical techniques developed
in [11, 42], we introduce the level of an element by induction: For T" € 7y, let level(T) :=
0. If T"€ 7Ty is bisected into two sons 11, Ty € Tyy1, we define level(T)) := level(Ty) :=
level(T) + 1.

Algorithm 4.5. INpuT: Partition T,, marked elements Méo) = My, counter i := 0.
(i) Define U = Ure {T" € 7}\./\/1?) neighbor of T : level(T") < level(T)}.
(ii) IfUD #£ 0, define M%H) = ./\/l;) UUY | increase counter i — i+ 1, and goto (i).
(iii) Otherwise, bisect all marked elements T € ./\/lg) to obtain Tpiq.
OuTPUT: Refined boundary partition Ty 1 as well as Méi) =T\ Tos1-

Note that Algorithm 4.5 is well-defined in the sense that it terminates for some counter
0 <i < #7T; — 1. Moreover, the following lemma states that x(7;) < 2 k(7).

Lemma 4.6 (Assumption (R1) for Algorithm 4.5). Assume that Ty is a given initial
partition and that the partitions T, are inductively generated by Algorithm 4.5, where the
sets M; C T; of marked elements are arbitrary. Then, neighboring elements satisfy

|tevel(T) — level(T")| <1 for all T,T" € T, with TNT" # 0. (4.13)
Moreover, there holds k(Ty) < 2k(Ty) for all ¢ € N.

PROOF. The estimate (4.13) easily follows from induction and the definition of the /()
in step (i) of Algorithm 4.5. Now, let T, T € Ty be neighbors, ie., T'# T and TNT" # 0.
Consequently, the unique ancestors T = To with T' C T and T’ C T" either coincide or
are neighbors as well. Moreover, accordmg to bisection, there hold hy|p = 2772 @) |
and hy|p = 277X R |5, Together with (4.13), we obtain

h£|T _ 21eve1(T’)flevel(T) h0|f‘ < 2/43(76)
el ho 7
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Taking the supremum over all possible neighbors, we conclude x(7;) < 2k(7y). O
<

Theorem 4.7. Algorithm 4.5 satisfies (R2)—(R4) as well as uniform boundedness k(T)
2k(7To) for all meshes T that can be generated from Ty.

PrOOF. The boundedness of x(7) was proved in Lemma 4.6. Moreover, the assump-
tion (R2) is satisfied by definition of the refinement strategy. We aim to use the arguments
from [42] to verify (R3). In the latter work, the focus is on newest vertex bisection for
simplicial meshes in R? with d > 2. To adopt the notation of [42], note that the sets M;
are pairwise disjoint. Therefore, there holds #M = Zﬁ;é #M; with M = Uﬁ;é M,;.
Finally, [42, Theorem 6.1] states the estimate
-1
#To— #To <#To— #(TiNTo) = #HTNT N To)) SHM =D #M,;,
=0

where the notation 5 suppresses the constant Ceqn from (R3). From now on, our proof
only aims to point out the modifications to ensure that the proof of [42, Theorem 6.1]
applies to our case as well. — In our context, we call a partition 7 conforming provided
that the level property (4.13) holds. It is easily observed that Algorithm 4.5 provides the
coarsest conforming refinement 7, of the partition 7, such that all elements T € M,
are refined. Moreover, we note that our refinement rule, i.e. refinement of an element
by bisection, leads to a binary refinement tree as does newest vertex bisection in RY.
Therefore, we can even call the refinement routine elementwise: Suppose that 7' =
refine(7, M) is a realization of Algorithm 4.5 which applies refinement for the set
MNT, where we define 7' := T in case of MNT = (). Suppose that M, = {T1,...,T,,}.
By induction, we may define

7" =T and T :=refine(T"V (T}}) fori=1,....m.

Then, there holds Ty := refine(7T,, M;) = E(m). These observations provide the
framework for the analysis of [42].

First, we note that the definition of

d = mindiam(7) and D := maxdiam(7),
TeTo TeTo

leads to

97 1evel(D) g < diam(T) < 277D for all T € T; and ¢ € Ny, (4.14)

which follows from the fact that diam(7") = 2*16"61(T)diam(f), where T € g is the unique
ancestor of T' € Ty, i.e. T'C T. This observation corresponds to [42, Equation (4.1)].
Second, [42, Corollary 4.6] is satisfied due to Estimate (4.13).

Third, suppose that 7" € T,1\7; is generated by a call of refine(7;,{7T'}) for some
T € M,. By definition of Algorithm 4.5, there are some elements Ty, ..., T, € T, such
that 7} is a neighbor of T;_; with level(T;) < level(T;_;), Ty =T, and 7" C T,. This
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implies level(7") = level(7,)+1 < level(7p)+ 1 = level(T)+1 for r > 0 and verifies
the analogon of [42, Theorem 5.1].

Fourth, [42, Theorem 5.2] is a consequence of [42, Equation (4.1)] and [42, Theorem
5.1] and therefore holds in our case as well.

Finally, the proof of [42, Theorem 6.1] only relies on [42, Theorem 5.1-5.2] and [42,
Equation (4.1)] and therefore applies to our mesh-refinement as well.

It remains to prove the overlay estimate (R4). We aim to proof even a little bit more,
i.e. for meshes 7,7’ € T, there holds T ® 7' € T and
TOT =Te:={T €T :exists T €T with T C T}
U {T' €T :existsT €T with TV C T}.
If the characterization of T @7 above holds true, the estimate in (R4) is fulfilled trivially.
First, we show that 7 as defined in (4.15) is a refinement of 7 and 7’. Assume it exists
T €T with T ¢ Tg. Then, for all 7" € 77, it holds T' Z T". Because, the refinement rule

generates a binary refinement tree, this implicates 7" C T or |[T'NT'| =0 for all 7" € T".
Therefore, we have 17, ..., T, € T’ with

(4.15)

By definition of Ty, T} € Ty for all i = 1,...,k and therefore Ty is a refinement of 7.
The same argumentation for 77 yields that 7T is a refinement of 7’. Obviously, 7 is the
coarsest common refinement of 7 and 7'. Next, we show by contradiction that

|llevel(T) — level(T")| <1 forall T,T" € Ty with TNT" # (. (4.16)

Therefore, assume neighbors T', 7" € Tg, with level(T') > level(7”)+ 1. Because T, 1" €
Te CTUT and (4.16) is guaranteed for 7 and 7' by Lemma 4.6, we obtain immediately
T €T and T" € T'. By definition of Tg, it exists T € T with 7" C T. Thus, we have

~ -~

level(T) < level(7T') < 1+ level(T), ie. |level(T)— level(T")| > 1.

This contradicts Lemma 4.6 because f, T € T are neighbors or coincide. Therefore, we
prove (4.16). Consequently, we may generate Tg by iterative refinement of 7y := T

Tiv1 :=refine(7;, T; \ Ta)

for all i > 0 with 7; \ T # (. This yields T € T and therefore 75 = T & T, which
concludes the proof. O

4.4.2. k-Based Mesh-Refinement. In this section, we use the level-based mesh-
refinement to prove that the mesh-refinement proposed in [25, 26, 30] (see Algorithm 4.1)
is also optimal. The advantage of this is that there is no need to compute or store the
level function.
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Remark. For the implementation of Algorithm 4.1, it pays to sort the elements T, =

{Th,..., Ty} by its diameter, i.e., one determines a permutation m with diam(T5;)) <
diam(T (G+1) y) forjg=1,...,N—1. Up to O(NlogN) for sorting, Algorithm 4.1 can then
be realized in linear complexity. (l

We note that, by definition, Algorithm 4.1 provides the coarsest refinement 7,,; of a
partition 7, with x(7;) < 2 k(Ty) such that all elements T' € M, are refined and that there
holds k(Ty11) < 2k(7p). The following theorem states optimality of the mesh-refinement
from Algorithm 4.1. The proof will be achieved by comparison of Algorithm 4.1 with
Algorithm 4.5.

Theorem 4.8. Algorithm 4.1 satisfies (R2)—(R4) as well as uniform boundedness k(T) <
2k(To) for all T € T.

PROOF. First, we prove the uniform boundedness (4.12) of the K-mesh constant. To
that end, let T,7" € T;y1 be neighbors, ie., T # T and T NT" # (). Consequently,
the fathers f T' € T; of T and T’ either coincide or are neighbors as well. We aim to
provide an upper bound for the quotient hyy 1|7/ hg+1|T In case of T = T' there holds
hest|lr = hett|r. Therefore, we may assume that T +T. T'. We now consider four cases:
(a) If T, T' are both not refined, there holds hei1|p = he|7 and hepq|r = hel.
(b) If T, T" are both refined, there holds Ay | = hel5/2 and hyq|p = hel7 /2.
(¢) If T" is refined and T is not, there holds heiy |y = holz /2 and hypi|r = hels.
(d) If T' is not refined and T is refined, there holds hei1|r = helg and hep|r =
he|5/2. Moreover, Algorithm 4.1 implies hy|7 < k(7o) he|7.
In the cases (a)—(c), we thus observe hoi1|r/hesi|r < hels/hels < K£(Te). In case (d),
there holds hei1|r7/hes1|r = 2 helz/ /hels < 2K(Tp). Altogether, this proves

hZJrl ‘T/

T < max{r(T;),2k(Ty)} for all neighboring elements T, 7" € Ty, 1,
1|7

whence k(Tp41) < max{x(7;),2k(To)}. By induction, we conclude x(711) < 2 k(7).
Second, the optimality (R3) for the s-based mesh-refinement is obtained via the
estimate for the level-based mesh-refinement from the previous section. To that end, let

refine denote the level-based mesh-refinement from Section 4.4.1. By induction, we now
define an additional sequence of partitions by

ﬁﬂ = ra\ige(ﬁ,ﬁ/l/g) with ﬂg =M,N 7},

where 76 = Ty and MO := M. In the following, we prove that the partitions T, generated
by Algorithm 4.1 are coarser than the partitions 7, generated by Algorithm 4.5 in the
sense that each element T € 7, is the union of elements from 7y, i.e.,

VeNNT e, 3V, CT, T= UT. (4.17)
’f‘EV@
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This implies #7, < #7}. Moreover, there holds #Mg < #M, by definition of the set
M,. Using the optimality (R3) of the level-based refinement, we therefore infer optimality
of the k-based refinement

/-1 /—1
T —#To < #To—#T0 SO _H#M; <> #M,;.
j=0 J=0

Here, the symbol < suppresses the constant Cyesn from (R3). Altogether, it thus only
remains to verify (4.17).

This is done by induction on ¢ € Npy: Ihe case ¢ = 0 follows by definition Ty = 7~6.
Now, suppose that (4.17) holds for 7; and 7, and consider an arbitrary element T € Ty, .
We have to distinguish certain cases:

First, let T' € T, N Tyy1. By the induction hypothesis, there is some V C 7, such that

T=UT.
Tey
For any T € V, there holds either T € ﬁﬂ or T = T'UT" for some f’,f” € 7~Z+1.
Consequently, this implies

T = UT with )7::{1:'673“ 3T ey f’gf}.
Tev

Second, let T" € Ty11\ Ty, fix the unique T €T, withT ;Cé f, and assume that T € 72\73

By the induction hypothesis, there is some V C 7, such that
T=UT.
Tey
Moreover, T € 72\% implies V C ﬁﬂ. Now, recall that bisection leads to a binary
refinement tree. Consequently, the two sons of T" have an analogous representation. In
particular, this implies
T=UT with V:={TeV:TCT}C Ty
Tev

Finally, let T € T+1\7Z, fix the unique 7 € 7; with TS T, and assume that T €

TﬂT In particular, T is refined by the x-based mesh- reﬁnement from Algorithm 4.1. We

now aim to show that 7' will be marked for refinement by the level-based mesh-refinement
from Algorithm 4.5 as Well To that end, we > again. consider all possible cases:

e First, we note that T e M, implies T e Mg due to T € 7.0 T, Therefore, we
obtain 7' € Tpy1.

e Second, assume that T ¢ T\ M, has a marked neighbor T ¢ M, which leads
to the additional marking of 7, i.e., helz > /<;(76)hg|T, Let fo,f € To be the —not
necessarily distinct— unique elements with 7 - TO and T C T’ By definition of

K(To), there holds holg < /<;(76)h0|T6 From the definition of the level function, we infer
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helg = 27tever@ h0|T and hy|s = 2_1evel(f,)h0|fé. Combining these relations, we obtain

271evel(T h0|TO _ h£|T > K(%)th’ = /{(76)271eve1(f/)h0|7’;6 and end up with

K(To) > 0|TO > K/<76>21eve1(j"\)flevel(f')
h0|T,

and hence level(f’ ) > level(T ) Accordlng to the induction hypothesis for T' € T; and
the level-estimate (4.13), we infer that T €T, Consequently, T € M, 1mphes T e M,
according to our first observation. Now, T' € M, and level(T’) > level(T) enforces
refinement of 7' by the level- based Algorithm 4.5. This and T eT,imply T € T

e Finally, for any element T e T\ M, which is refined by Algorithm 4.1, we find a
marked element 7 € M ¢ and a chain of elements T L TO ¢ T\ M, such that

k(7o) helpG-1 < helpg forj=1,...,7 and TO =T.
In particular, all these elements will be refined by call of Algorithm 4.1. Proceeding as
111 the previous step, we see that there holds T TG € T for all 7 = 0,...,7 as well as
) e M ¢ and that all these elements will be refined by the level-based mesh—reﬁnement
as Well. As above, we thus obtain T' € ﬁﬂ.
To verify the overlay estimate (R4), we propose for 7,7’ € T

TeT =Ts (4.18)

with 7 from (4.15). Analogously to the last step of the proof of Theorem 4.7, we see
that 7 is a refinement of 7 and 7'. It remains to show k(73) < 2k(7p). We argue
by contradiction. Therefore, assume neighbors 7,7" € Tg with diam(7)/diam(7") >
max{k(T),x(T")}. By definition of the K-mesh constant x, we obtain 7" € T and
T' € T'. The definition of 75 thus gives an element 7" € 7' with T C T'. Now, we
obtain the contradiction

diam(7") - diam(f’)
diam(7") — diam(7")

max{x(T), s(T")} < < K(T"),

where we used that 7 and 7" are neighbors in 7" or coincide. The remainder of the proof
follows analogously to the last step of the proof of Theorem 4.7. O

4.5. Proof of main results

This section applies the abstract analysis from Chapter 2 to the concrete model problem
from Section 4.1. Therefore, ¢ € L?(T") and ®, € PY(7;) denote the solutions from (4.1)
and (4.2), respectively. The estimator 7, was defined in Section 4.1.2.

4.5.1. Notation. As stated in Section 4.1, 7, denotes a partition of the boundary
I' into affine line segments T' € 7T, generated by refinement of the initial mesh 7y with
Algorithm 4.1 or Algorithm 4.5. By N, we denote the set of nodes of 7,. For any element
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T € 7T,, we define an affine transformation Fr : T T , where T .= [0, 1] denotes the
reference interval. We define the L2-orthogonal projection I, : L*(T) — P°(7;) for all
¢ € N. For any subset IV C I, the patch is

w(l"):={T €Ty : TNT' #0}, (4.19)

and consequently for any subset & C 7,, we define

u}g(gg) = Wy ( U gg) . (420)
Furthermore, the first-order spline space with respect to 7, is defined as
SY(T;) :={v e H\I) : v|lp o Fp € PY([0,1]) for all T € T;},

i.e. S1(7y) is the space of piecewise affine and global continuous functions on I'. For v > 0,
we define broken Sobolev spaces as

H"(Ty) == {ve L*T) : vlr € H*(T) for all T € T;}.
Finally,
Tes = unif® (T;) (4.21)

denotes a mesh which is generated by bisecting all elements T" € T, k-times and unif® (T)
denotes the set of sons T} € unif® (To),i=1,....28of T € Ty.

4.5.2. Scott-Zhang quasi-interpolation. We recall the definition of the Scott-Zhang
projection J, : L?(T') — SY(7;) from [40] for our particular situation: For all nodes
z € Ny, we choose an element T, € T, with z € T,. For v € L*(T"), Jv € SY(T;) is then
defined nodewise

(Jew)(2) = (=, v) 21

for all nodes z € N;. Here, 1, € P! (T,) denotes the L?-dual basis function defined by
(Y2, Co)r2r) = 022 The hat function (., with respect to the node 2z’ € Ny is given by

1 1 z=2
(eS8 (Ty) and (u(2):= (4.22)
0 z+#72
for all z € N,. By definition, .J, is a projection, i.e.
JVi=V, forall V, € S'(Ty).

Additionally, for T' € 7T;, we have the following local stability properties (cf. [40, Corol-
lary 4.1])

H(l — JZ)UHLQ(T) < CSZHU”LQ(Uwg(T)) for all v € LQ(F),
||(1 - Jg)'UHHl(T) S CSZH%UHLQ(UUJ[(T)) for all v € Hl(F),
as well as the local approximation property

H(l — Jg)UHLQ(T) S CSZ diam(T)H%va(Uw(T)) for all v € H1<F), (424)

(4.23)
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where the constant Cy, > 0 depends only on x(7;) and I'. H'2-stability of J, follows
from interpolation arguments.

4.5.3. Proof of estimator related assumptions (E1)—(E4). The purpose of this
section is to prove that the residual based error estimator 7, satisfies the assumptions
(E1)-(E4) given in Section 2.3, which are sufficient for the optimality of the adaptive
algorithm. The discrete local reliability (E4) has first been proved for a more general
model problem in [28, Proposition 4.3]. For our particular situation in 2D, we provide a
simplified proof.

Proposition 4.9 (discrete local reliability (E4)). Let T, = refine(7;) denote an refine-
ment of T, € T with associated Galerkin solution ®, € P°(T,). Let Ry := we(Te \ T2)
denote the enriched set of refined elements. Then, it holds

@, — @] < Cdlr( > ne(T)2> v (4.25)

TeERy

with some constant Cq, > 0 which depends only on T' and k(T;). Moreover, we have
Te\ Tx C Ry with #Ry < Cs#(Te \ Tz) for some constant Cs > 0, which depends only on
k(Te) and therefore is uniformly bounded due to (4.6).

PROOF. For each node z € Ny, let ¢, € S'(T;) denote the nodal hat function from (4.22).
To abbreviate notation, we define for a function £ : I' — R and a subset w C T’

¢ inw,
£|w = .
0 inl\w.
Recall f = (K +1/2)g. For ¥, € P(T,), the Galerkin orthogonality of ®, yields
(f =V®, Wa)rary = (f = VP, (1 = )W) 2(ry. (4.26)

Note that (1 —II)V, =0in J(T:NT.) =T\ U(Te \ To). With Ny, := NN U(Te \ 7o),
we may write > .. (. =1on [J(7\ 75). Therefore, it holds

(f =V, Wary = {3 G = V@), (L= T)¥.)

zGM *

:< S G-V, \If*>L2(F) (4.27)

ZGM,*
—( Y G = ve), ()lys,)
5 >L (r)
where Sy := R\ (Te \ 7x) € T N 7. In the last equality, we used

( Z C )’ = O as Well as <f — V(I)g, (HZ\P*)|U(72\71)>L2(F) = 0
v U(Te\Re)

L)
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By use of hy = h, on S, and elementwise stability of II, on S, C 7, N 7T, one derives

(Ve Wpm < || 2 G =veo|,,, Il
ZE./\/'[*
+ Hh Y G- V‘I’f)} 17T [l 22y s
ZENe* )
(4.28)
< (f-VD ‘ U, ||,
\\Z%c (F =V Ml
+Hh 2N (S - V@)‘ N ([ R P
ZENe* L (F)

With the local inverse inequality from [32, Theorem 3.6], we finally prove
(f =V, W)
~1/2 4.29
S| 5 6Vl #1736 vo Wl 629
ZENg * ZGNZ *

Now, we use that the function Y- . C.(f — V&) € H'(T') is continuous on I'. Due to

(f = V&), W)z = 0 for all U, € P°(7T;), the function has a zero on each element.
Analogously to [20, Theorem 3.3], Friedrich’s inequality allows us to estimate the right-
hand side of the above estimate by

(f =V, U)o <Hh1/28 S G- V(bg)‘
ZENe*

< (w7 30 «)s —ven

ZE O,%
—1/2
b 2 (f = Vo) laura ) 1%l -2

where we used the pointwise estimate % Y e N, G < h;l. Again, we apply Friedrich’s
inequality and finally end up with

(f =V, W)ramy S 10 &(f = VO lauroll Wl =12
Plugging in ¥, = &, — ®,, we get
10, = @l = (F = VO, W sy S 1022 (F = V) 2ro 11200

Canceling the term ||V, || g-1/2(r and norm equivalence (3.12) prove the statement. [

el

L2 (URy)

As a next step, we prove a new inverse estimate which is the heart of the matter to
verify (E1), (E2), and (E5). We need a slightly more general version than in [28]. The
main difference to [28, Proposition 3.3] is that this result holds for ¢» € L*(T") instead of
discrete 1 = WU, € P°(T;) only. Note that with adapted notation, the arguments of the
proof also hold in the 3D case.
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Lemma 4.10. Let T, € T. Fory € L*(T'), it holds
O ke &V ebllney < Il a-vay + el 2oy, (4.30)

where the constant Cy > 0 depends only on I' and the fixed mesh-refinement strategy of
Algorithm 4.1 resp. Algorithm 4.5.

PROOF. First, we define the reference element 7 := [0,1]. For § > 0 and for all T € T;,
let By :=U,cr {7 € R* : |z — x| <6} C R?* denote a certain neighborhood of 7. We
choose § > 0 sufficiently small such that

BrNT Cwy(T) forall T €T,

Note that d depends only on the shape of . Let V : H-Y2(I') — H} .(R?) (cf. [34,
Theorem 6.11]) denote the simple-layer potentlal corresponding to V. Furthermore, for
all T e Ty let ul™ := (Q/JXU wo(r)) and U =V (Yxr\Jw,(r)) denote the near-field resp.

the far-field of Vw. Here x,, denotes the characteristic function with respect to the set
w C R?. We observe with hr := diam(7T')

1/92 near ar
Hh/ 8vw|’L2 Z hTH%Vq/;”%Q(T) < Z (hTH%uT ”%Q(T) —|—hT”aas f HL2 T))

TeT, TeT,

(4.31)
where we used W™ |r = V(YXw, ) as well as uf|p = V(Yxr\uw,(r))- First, we treat
the near-field term in the estimate using the stability of V' : L*(T") — H'(T)

near 1/2
> bl ey S D el zary S I 052w (4.32)
TeT, TeT,

Second, we treat the far-field term. With [28, Lemma 3.6], we obtain

Z hTHaS far”LQ(T N Z | far‘Hl (Br)

TeT, TeT,

S (V003 + 15 s )

TeT,

S IVl (s) T Z |u near|H1(BT)
TET;

S ll%- 2y T Z| near|Hl(BT

TeT,

with S := Uy, Br and where we used the stability of V: H™Y/2(I') — HY(S). It remains
to take care of the near field terms in the estimate above. For T' € 7,, we consider the
affine transformation

(4.33)

Fr:R?> 5 R* z+ hpAx + b
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with b € R? and A € R2*2 being orthonormal such that Fp(T x {0}) = T. We define
Br = FrY(Br). Because Fr is affine, we may write £ ( g(T)) =Ty UT UT; as union

of three affine line segments. The angles between TO, T and T1 are determined by the
finitely many corners of I'. Additionally, for two nelghbormg elements T', T" holds

hy/hg € {QkhTO/hTé . ke, Ty, T, € Ty such that QkhTO/hTé € [k(To) ", w(T0)] }-

Since the mesh-refinement ensures 1 < x(7;) < 2x(7y), we obtain #{diam(ﬁ) D do=
0,1, T € Ty, £ € N} < co. Therefore &(T) := Fy'(wi(T)) belongs to a finite set of
reference patches. We compute

o (w3 o Fr)(z) /W(T) log | Fr(x) — ylib(y) ds,

by / log |hrA(x — 9)[(Fr(D)) ds;
W (T)

hT( /a . log |hr| ¥(Fr(y)) dsg + /@ . log |z — 7| w(FT@))dS@)

([ ol (@) dog ~ 20Tr(0 0 Fr)(@)),

where Vi : H1/? (@g(T )) — H 1(BST) denotes one of finitely many single-layer potentials
on the reference patches. Note that the first term in the last line of the equation above
doesn’t depend on = € R2. This and the stability of Vi give

|unear|H1(BT < |unear o FT|§{1(B h%H,l?Z)HH 1/2(%,(T)) (4 34)
S hT||¢||%2(@(T)) = hT||@/)||L2(w(T))-
Plugging the estimates (4.32), (4.33), and (4.34) into (4.31), we end up with
1/2 1/2 near
g ZV el Faiy S e $llry + 101512y + D 165 sy
TET;
1/2
S Zay + 1051 /2r)-
This yields the assertion. O

The last result allows us to prove the assumptions (E1) and (E2).

Proposition 4.11 (stability assumption (E1)). The weighted-residual error estimator
satisfies (E1) and Cyap > 1 depends only on k(7T;), I, and the constant Cy > 0 from
Lemma 4.10.

ProOOF. With the reverse triangle inequality and hy = h, on T, N T, we see

)" - )" < ey, — o
> m(T) > nd(T) < RS 75 V(@ — @)l L2umnTy)-

TeTNTx TeTNTx
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The next step is to apply the inverse inequality from Lemma 4.10 as well as the inverse
inequality from [32, Theorem 3.6]
10255V (@ = @)l 2 uemnmy < 125V (@ — @)l )
S N1®e = @ull 120y + 1122(@e — @)l 2qry
S P — Pullg-1r2ry = [P0 — 4],

where we used norm equivalence (3.12). The combination of the last two estimates proves
the result. ]

Proposition 4.12 (reduction assumption (E2)). The weighted-residual error estimator

satisfies (E2) with ¢rea = \/1/2 and Cieq > 0 depends only on k(Ty), I' and the constant
Cv > 0 from Lemma 4.10.

PRrROOF. The triangle inequality shows
1/2
>0 n0)) T < IRPEVE — Pl + 102V (@, = 8y, (4:35)
TeT\T,

To treat the first term on the right-hand side of the above estimate, we use h, < h;/2 on
T, \ T¢ and obtain

1/2
1122 (Ve = f)llumamn < VIR( Y m(@?)".
TETN\Tx

The second term on the right-hand side of (4.35) is estimated as in the previous proof,
by help of Lemma 4.10

122V (@, — o)l 12y S 1Pe — Pull /2y + 1122 (@0 — ) |22y
S NP — Pullg-rr2ry = | Pe — .-

Plugging everything together, we conclude the proof. U

Now, as we have proved the assumptions (E1), (E2), and (E4), we see that convergence
(Theorem 2.4) and quasi-optimality (Theorem 2.7) hold true for our particular situation.
The next step is to characterize the approximation class A in terms of the energy norm
error. Therefore, we need an efficiency estimate for 7.

4.5.4. Proof of Efficiency (E5). The key to efficiency is again Lemma 4.10. We want
to use the statement with ¢ := ¢ — ®,, which gives us

e = 1h 2V (6 — o) |2y S 16— Pellgr-roqry + 17" (6 — @) 20y. (4.36)
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With the L?-orthogonal projection I, : L*(T') — P°(7;), we see
Iy (& = @)l ey < 1> (1 = T)@ll ey + (1" (Tep — Bo)| 2y
< 102 (1 = )|l oy + IITLed — @ell 12y
< Ihg*(1 = )l ey + 11 = TSl 1120y + 16 — Pell 172y

SN — el 1oy + 1B (1 = 1) 2oy
(4.37)

where we used the approximation properties of I, (cf. [14, Theorem 4.1]). Note, that the
last term on the right-hand side of the estimate above is a priori at least of order O(h'/?)
on uniform meshes. This allows us to formulate the next proposition.

Proposition 4.13. Let the solution of (4.1) additionally satisfy ¢ € L*(T) N H"(Ty) for
some v > 0. Then, for all 0 < s < min{v, 1} + 1/2, it holds (¢, f) € Al. Moreover, for
0 < 6 <1 sufficiently small, it also holds

llf — Pell < Copt(#Te — #7T5)~

forall ¢ > 0 and hence ¢ € A,. The constant éopt > 0 depends only on ||(¢, f)||an. In par-
ticular, this states that the adaptive algorithm yields at least the same rate of convergence
as uniform mesh refinement (cf. Theorem 3.3).

PROOF. The estimate (4.37) gives an efficiency estimate (E5) with higher-order term
||h§/2(1 — )@ z2ry. Let To = refine(T®) for a uniform mesh 7% with mesh-width
RO ~ (#T® — T5)~1. Without loss of generality, assume v < 1. We aim to prove (2.18)
by use of the elementwise Poincaré inequality

1/2 1+2v
12y (1 =) Fay < BO Y (1 =TI Fairy S (W)™ D 16wy

TeT) TeTo

~ (H#TY = To) ™ Z [leee

TeTo

This proves s, = min{v, 1} +1/2 in (E5). Together with the a priori convergence result
in Theorem 3.3, the estimate above yields (¢, f) € A” for 0 < s < s,. Therefore, we may
employ Theorem 2.7 to prove the assertion. O

Because the regularity of the solution ¢ is influenced by the boundary I', this result
is not fully satisfactory. Thus, we aim to estimate the term ||h;/ (¢ —d)) r2r) to get a
better result. To formulate the next statement, recall the definition of the uniform refined
mesh unif®) (7;) given in (4.21).

Proposition 4.14. Let the given boundary data satisfy g € H*=(I') for some Syeq > 2.
We consider a mesh T, € T. Then, the unique solution of (4.1) can be decomposed
as ¢ = ¢o + Gsing- The smooth part satisfies ¢po € H"="15(T;) for all € > 0, where
Vreg := MiN{Syeq,5/2}. The singular part fulfills ¢sng € L*(T). Moreover, it exists hg > 0
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such that for all Ty with mesh-width ||hg|| pery < ho and for all k > 0, there exists k € N
such that

1hy2(1 = T )@l 2y < #lly> (1 = TGl 2y + Collhy* (1 = D)ol 2y (4.38)

where Ty, LAT) — PO(unif®™ (7)) and IV : L2(T) — PYT,) denote the respective
L?-orthogonal projections. The constants Cg > 0,hg > 0, and k € N depend only on T’
and k(T;). The function ¢o depends on Ty and syeg > 2, but for all € > 0 the elementwise
norm is bounded uniformly, i.e.

Z ||¢0||§{V1‘eg—1—5(’]") S Chot < o0 (439)
TeT,

and Cyoy > 0 depends only on I', k(Tp), Sreg > 2, and € > 0.

The proof of this proposition needs several preliminary lemmata and the definition
of the space of singularity functions: Let 8; € (—=1/2,2], j = 1,...,m, with 8; # f; for
1 # j. Then, for an interval T'C R

Heing (T, (B5)121) = span({s =P =1, ,m} (4.40)
U {s+— s% log(s) : jzl,...,m})@?l(T) .

is called the singularity space for (3;)7L;.

Lemma 4.15. Assume h > 0 and r > h/v for some v > 0. Letl xg, 1, S2 € [r,r + hl.
For |sg — xo| > h/4 and 5 € (—1/2,2], it holds

| [, 172

g SO (a.41)
Zo
where C7 = 4/(1 +v)?~2 > 0.
PROOF. Because § — 2 < 0, we may estimate
r[naxh] P72 = P72 and r[ninh} 2 = (r+h)P > (L4 0)" 22
te|r,r+ te(r,r+
With |se — zo| > h/4, we see
| 1:21 f,ﬂ_th‘ _ hrB—2 _ 4
|f;02 t0=2dt| = h/4(1 +v)B-2rB-2 = (1 +v)B-2
This concludes the proof. 0

In the following, we will write (-) = % to abbreviate the notation.

Lemma 4.16. Assume h > 0 and r > h/v for some v > 0. Consider the interval
T = [r,r+ h] and o € Hang(T, (B;)72,). Then, there exists o > 0 such that for r <y

max /] < Gy min [/, (4.42)
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where T" := [r,r + h/4] or T' := [r + 3h/4,r + h]. The constants Cg > 0 and ry > 0
depend only on v >0 and (B;)7; € (—1/2,2].

PROOF. The function ¢ can be written as

m

P(s) = Z a;s” + b;s% log(s) + ar, (4.43)

j=1

with ar € PYT) and a;,b; € R. First, we observe that (s — s') € P}(T'). Therefore, we
assume a; = 0 for §; = 1. Note that the statement (4.42) is trivial if ¢" is constant. Due
to the last observation, this happens only if all coefficients a;, b; are zero. Therefore, we
may additionally assume that at least one coefficient a; or b; is non-zero. Let [¢'(x¢)| =
minger [ (x)| for 29 € T. We use the minimality of |¢)'(x)| to show that, for all s € T,
either one of the terms |¢'(x¢)| and f Y"(t)dt is zero or that both terms must have the

same sign. We argue by contradiction and assume 1’ (g fxo " (t)dt < 0, i.e. both terms
have opposite sign for some s € [r,r + h]. We choose x; € [r,r + h] such that

| / h Y (1)di] < [/ (zo)| and ¥ (wo) / St < 0. (4.44)
This is possible because fxl " (t)dt — 0 for 1 — xo. With (4.44), we obtain
el = o) + [ o] = W)l - | [ o] <l @)
which is a contradiction to tile minimality of |¢'(z0)]. \(;Ve just proved
W (o) / Y'(#)dt >0 forallseT
o

i.e. both terms have the same sign or at least one of them is zero. With this result, we
may write

[9'(s)] =

o)+ [ woa] = )+ | [ v (1.46)

for all s e T
Now, we fix the index j, with the smallest exponent 3;, € (—1/2,2] and a;, # 0 or
bj, # 0 in (4.43). Note that we can explicitly compute ", i.e.

Za]ﬁ] : 24 b;s" 2 (B;(8; — 1) log(s) + 28, — 1).

J=1

Now, we have to distinguish two cases:
Case 1: It holds that bj, = 0. Due to our assumptions, we have 3;, # 1, since a;, # 0.
Then, we choose 9 < 1/(1+ v) sufficiently small such that for all 0 < s < r9(1 + ) holds

0< %‘aj06j0<6j0 - 1)Sﬁj072| < ‘w(s)//| < 2‘aj06j0<6j0 - 1>Sﬁj072|7 (4'47)
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which is possible because 3; —2 < 0 and the term with the smallest exponent dominates
the function v”.

Case 2: It holds that b, # 0. If 3;, # 1, we choose ry < 1/(1+ v) sufficiently small
such that for all 0 < s < ro(1 + v) holds

0< %‘bjoﬁJ'o(ﬁjo - 1) 10g<8>sﬁj072| < W}(‘S)”‘ < 2|bj06j0<6j0 - 1) log(s)sﬁjoiav (448)

which is possible because 3; —2 < 0 and the term with the smallest exponent dominates
the function ¥". If B, = 1, the log-term vanishes and we get

< 5lbjos™H < (s)"] < 2[bjs ™', (4.49)

i.e. case 1 with different constants. All arguments for case 1 in the proof below work
analogously for this case.

In either case, we see that for r < ro, we get r +h < r(1+v) < ro(1+v). Therefore,
s € T satisfies s < ro(1 + v), and we get with (4.47)—(4.48) that ¢” has no zero on 7.
Using this and (4.46), we get for s1,s9 € T', 59 # xg

[ (sl _ [0l + | Loy ¥ (O] _ W' (o)l + | [y &7 (B)dt] + | [, 4" ()dt

[ (s2)l (o)l + 1 [ v (t)dt] — W' (zo)| + 1 [, v (t)dt| (4.50)
< 1 |f51 w//dﬂ _ 1 |f81 w//dﬂ .
S92 —_ + 32
[0 (o)| + | [, v"dt] | [ dt]
Again we use (4.47) and (4.48), to estimate
' 2la;, B, (Bi, — 1) [T tPo=2dt P02 dt
W/(:ﬂ)\ <1+ 1| Joﬁjo(ﬁjo )L;SQQ — | 14 |f3822 — " (451)
|¢"(s2)| slagoBio (B — 1) [0 tPo~dt] | [yt 2dt]
for case 1, and by use of r + h < r1o(l1 +v) <1
W)l 200,03, (1 = Bjo) [, 17072 log(t)|dt fSI t572dt| | log(r)|
[W(s2)l = b8 (1 = Bj) [, 170 log(t)dt| f” tPi=2dt| [log(r + h)
(4.52)

for case 2. If we restrict ourselves to |se — xo| > h/4, all assumptions of Lemma 4.15 are
satisfied, and we get for case 1

|4 (s1)]
|9 (s2)]

by help of Equation (4.51). For case 2, we additionally have to bound | log(r)/log(r+h)| <
Cy in (4.52) by

<14 4Cy. (4.53)

| log(r)] | log(r)]
Cy= sup ——2 < gsu
O orD Tlog(r + h)[ = ocrer, [Tog(r) + log(1 + 1)

< 00,
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where we used 7 + h < (1 +v) <ro(l +v) < 1. With the definition

,_ Jlrreh/a) orag € [t hj2, 4 )
- [r+3h/4,r+ h] for xzg € [r,r + h/2)

and sy € T", we ensure |sy — xo| > h/4. Plugging everything together, we use (4.53) to
prove the statement (4.42). O

Lemma 4.17. Assume h > 0 and r > h/v for some v > 0. Consider the interval
T :=[r,r +h] and Y € Hang(T, (8;)721). Then, there exists ro > 0 such that for v < rq,
it holds

11 = )9 |72y < Cro2[I(1 = Il (4.54)

where the constants C1op > 0 and ro > 0 depend only (8;)7; € (—=1/2,2] and v > 0.
Here, I}, - L2(T) — P°(unif® (7)) and 11 : L*(T) — P°(T) denote the L2-orthogonal
projections.

PROOF. The statement is trivial for constant 1, i.e. we may assume v'(s) # 0 for at least
one s € T. For r < ry, Lemma 4.16 proves

0< mTaXW’\ < Cy rr:}j/n [¢']. (4.55)
Next, we use that (1—1II;)% has a zero sz, on each T}, € unif®(T'),i = 1,...,2*. Therefore
(- e)] = | [ (= mowya] =] [ e] < b max o

for s € T;. With (4.55) and hy, = hy, = 27%h, we conclude

2k
_ 2 < 3 N2 < p3 ok N2 < p3 ok s 12

(1 HkW”L?(T) ~ ;hn mTi_iXW ° < by, 2 mTax\w 1 < by, 2 mn '] (4.56)

_o=2kp3 s 712

=2"“h H;lplfnw‘ .

Now, we calculate for sqg,s € T”
S 2 S 2
h? min |¢)/| 2/ (/ min|@[/|dt) ds < / / Y'dt| ds, (4.57)
T T S0 T T S0

where we used 4|7"| = |T'| = h and the fact that ¢’ doesn’t change sign on 7" because
of (4.55). To bound the last term in the estimate above, we introduce the L*-orthogonal
projection I : L2(T") — PY(T"). Let sq € T' denote the zero of (1 — IT')1) and note that
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(1 =II')¢p) = ¢ on T". With this and the estimates (4.56) and (4.57), we end up with

2

0=l S22 [ | [ (- ds
’ 50

_ _ 4.58
= (0 Iy <200 gy Y

< 27)[(1 = I)9l[72er,
due to the best-approximation property of II" on T”. This proves the assertion. O
Lemma 4.18. Assume h > 0. Consider the interval T = [0,h] as well as 1) €

Heing(T', (85)721). Then, there holds

(L = T)Y 22y < Cu27*[[(1 — DY [|72 ), (4.59)

where the constant Cyy > 0 and € > 0 depend only on (8;)7, € (=1/2,2]. Here, I} :
LA(T) — PO (unif ™ (7)) and 11 : L*(T) — P°(T) denote the L?-orthogonal projections.

.....

(cf. [22, Corollary 4.9]). We define the fractional Sobolev norms by interpolation. Recall
that all definitions of the fractional Sobolev norms are equivalent on the whole space
H=(T"). But as the constants depend on the domain, we get some elementwise properties
like the Poincaré inequality (cf. [10])

11 = Mollz@) < A%

me(ry forallve H (T)

more easily if we choose the definition by interpolation. Let fi(s) := u(hs). First we
prove that 1 belongs to a finite dimensional space:

i(s) = Z a;h’ % + b; (hP % log(s) + h% log(h)s™) + ar(hs) € Hang([0, 1], (8;)1y),

j=1

where dimHging ([0, 1], (8;)72,) < 2m + 2. With this and standard scaling arguments, one
obtains

ey S hE

~Y

[ 4] o) S P ENAN 20,y S PNl Zaerys (4.60)
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where the second estimate holds because of norm equivalence on finite dimensional spaces.
By use of (4.60) with p = (1 —II)%, we conclude

11 = )l 72y = (1 = ) (1 = )bl 72y

_ Z (1 = o) (1 = I [[72(

S thZH my|l3

S h%’i”( — I3 (1)
< (hay /)1 =T 2y S 272001 = T[22,

Where we used the Poincaré inequality for fractional Sobolev norms and the fact that
Z L lwl|3. T S |w||? wre(r) for all w € H(T) (see [10]). O

Now, we are ready to prove Proposition 4.14.

(4.61)

He(T,)

PROOF OF PROPOSITION 4.14. According to [22, Theorem 4.8], the solution ¢ has the
form

O(x) = 9o(x) + dsing 1= do(x) + Z X;(@)p;(|x —¢;)  forall z €T, (4.62)

where m € N is the number of corners ¢; of I' and ggo € H"e="17¢(Tp) for all € > 0. The
singularity functions ¢; satisfy

M
= > aigs™ o+ by log(s) € Hang (10,00, ((5)2) ) (4.63)

i=1

where the exponents f3;; > —1/2 are determined by the inner angle a; in ¢; through
Bij +1 = kym/o; for some non-negative integer k; € N. x; is a smooth cutoff function
with ¢; ¢ supp(x;) for all ¢ # j. For each y;, it exists a neighborhood U; C I of ¢; such
that x; = 1 in U;. We choose hg > 0 sufficiently small so that the ball By, (c;) N T' C U;
for all j = 1,...,m. Additionally, we observe that for 3; ; > 2 the corresponding term

in (4.63) is smoother than ¢o. Thus, it is sufficient to consider Bij € (—1/2,2]. Of course,
we want to exploit Lemma 4.17 and Lemma 4.18. We prove estimate (4.38) elementwise,
ie.
1/2
1h*(1 = o) pl32y = D helrll (1 = o)l 32 (4.64)
TeT,

By use of an affine transformation, we can treat each element that appears in the sum
as an interval on the real axis, i.e. we identify the corner ¢; with zero and T' = [r,r + h|
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for some r > 0, h = hy|p. If r > 0, there exists at least one element 7" with 7" NT # (),
which is located between the corner ¢; and T'. Mesh regularity thus gives
he|r
K(Te)
Now, we consider equation (4.64) and distinguish three cases:

(i) If T'= |0, h], the assumption on the mesh-width shows h < hy and therefore

11 = M)l 720ry S (1 = Tek) (@5 + ar) 72y + b0 — azllza -

We choose ar = (H§1)$O)|T € PY(T) and apply Lemma 4.18 to estimate the first
term

r > hlpr > (4.65)

1(1 = Tew) Bl 72
— 1 o
<2 2skH(1 —T0) (¢; + QT)”%%T) + (1 — Hé ))(250”%2@)
— 1 b
S 2= 16y + 11 =Tl gy

(ii) If 7' = [r,r 4+ h] with r+h < hg and additionally r < ry with the constant ry > 0
from Lemma 4.17, we obtain

(1 = )l 2 )
_ I\
< 27|(1 = ) (5 + ar)l[2aiy + (1 — L) ol 22y
_ N7
< 27(1 = )2y + 11 = TIY) o 1 22

by use of Lemma 4.17.

(i) If T = [r,r + h] with r > rq or r + h > hg, we obtain by use of mesh regularity
r&(Te) > h that » > min{rg, ho/(1 + £(7¢))} > 0. Therefore, ¢ging|r is smooth
and ¢|r € H"="17¢(T). We apply Lemma 4.17 with ¢ = ap := (Hé”(b)\T to see

11 = )l 2o
_ 1
<271 = Hoar 2oy + (1 = TE)6|[20 )
_ 1
S 27)[(1 = T @l 2a gy + 11 = TY) o) 20

Finally, we define ¢, elementwise by

do|r for cases (i), (ii)
Golr ==

¢|lr  for case (iii)

and obtain ¢y € H"="17¢(T;) for all ¢ > 0. Choosing k¥ € N sufficiently large in the
estimates above, we insert in (4.64) to prove the assertion. U

With this result, we may prove the first estimate (4.8) of Theorem 4.3.
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PROOF OF THEOREM 4.3. Due to (4.36), it remains to estimate the term Hhé/Q(qﬁ —
)| 2qry. Let gy o L2(T) — PO (unif™ (7;)) denote the L*orthogonal projection. First,
note that due to the approximation properties of Il (cf. [14, Theorem 4.1]), it holds

Mend = Pollgr-1r2y) < [[(1 = o) @l r-120y + |0 = Pell g-172r)
< Cllhy? (1 = o)l 2y + 16 — Pell -1z (4.66)
= C272|| 1y (1 = M) 2y + 16 — Pell 172y

for all k € N. Here, the constant C' > 0 stems from the inverse estimate in [32, Theorem
3.6] and is independent of ¢, k € N. Consequently, we may estimate

1/2 1/2 1/2
e’ (6 — @)l 2y < Iy (6 — Tog )2y + 1he'* (e 6 — @) 221y
< (11" (& = Mews &)l ) + Cllhe/hes 112y I Tei & = Pellgaiaey (467)
< 1+ O)Ihy"(¢ — Tep )l 2y + C2/2 (|6 — Bl yr-1/2r

where C' > 0 again stems from the inverse estimate in [32, Theorem 3.6]. With hg > 0
from Proposition 4.14, we choose k; sufficiently large such that ||, || Ly < ho for all
¢ € N. For ky € N, we get

1" (1T, )l ey
< 1Ay (1 = Ty )0l 2y + g2 (1 = T )y 400l 22
< Hh;ﬂ(l — gy kn )@l 22(r) + ”h;/2H£,k1+k2<¢ — @) 22y (4.68)
< |Ihg(1 = Mgy i) bl 2y + C2F 2| Ty gy (6 — @)1z
< (14 Oy (1 = Ty 1)l 2y + C2BHD721 6 — By -1/,

where we applied the inverse inequality from [32, Theorem 3.6] as well as (4.66). Given
k > 0, Proposition 4.14 now provides ko € N such that

Hh%i(l—ﬂz katha) @ L2(r)
i s (L 4.69
Fllhle, (1= Tog )@l 20y + Collhy,, (1= Toy 4 Vol 2(ry (4.69)
1/2 1/2 1)
< "i”h/kl( Hf,kl)d)HLQ(F) + Cb‘”hz,/kl(l - Hg,kl)%ﬂﬂ(r)-

Plugging (4.69) into (4.68) and rearranging the terms, we get

(1= (1+ Ok (1 = )@l 2y S 116 — @ellrrary + 1y (1 = T ) ol 2y -

For k > 0 sufficiently small, combine the estimate above with (4.67) to prove the assertion.
Note that £ > 0 determines ky € N as well as hg determines k; € N. Therefore, the hidden
constants in the estimate above are fixed uniformly. O
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Definition 4.19. Let the given boundary data satisfy g € H*¢(I') for some Syeq > 2.
With Vyeg := min{s,eq, 5/2}, we define the higher-order term hot, by

hoty = [[h"*(1 = TI{)ollary  with  hote(T) := [[hy'* (1 = T ol 2r)

for all T € Ty. Here, k = ki € N as in the proof of Theorem 4.3 depends only on I'. As
stated in Proposition 4.1/4, the function ¢g € H"="17%(Tyx) for all e > 0 depends on Ty
and syeg > 2, but the piecewise norm is uniformly bounded, i.e.

Z ||¢0||2Hﬂreg—1—5(T) S Chot < o0, (470)

TeTek

where Choy > 0 depends only on ', k(Ty), Sreg > 2, and € > 0. Therefore, the Poincaré
inequality for fractional Sobolev norms yields

hoto T = 37 I (A =T 0lFamy < (helr) = 9C,, (4.71)
T; eunif ) (T)
for all e > 0. Note that vyeg —1/2 —€ > 3/2 for e > 0 sufficiently small. Considering the
generic rate of convergence O(h*?) of lowest-order BEM for Symm’s integral equation
and smooth solutions (cf. Theorem 3.3), we confirm that hot, is indeed a term of higher
order.

ProOF OF THEOREM 4.4. We proved all the needed assumptions on the error estima-
tor (E1), (E2), (E4) in Proposition 4.11, Proposition 4.12, and Proposition 4.9. The
assumptions (R3) and (R4) are proven in Theorem 4.7 and Theorem 4.8, respectively. As
mentioned in Chapter 2, the remaining assumptions are fulfilled trivially, or follow from
the proven assumptions. Therefore, we may apply Theorem 2.7 to derive the equivalence

(0, f) € Al <> || — @y|| S (#To — #To)~° forall £ € N.

This proves the first statement of Theorem 4.4 With efficiency (E5) proved in Theo-
rem 4.3, Equation (4.71) states

Se = lVpeg — 1/2—¢ forall e > 0.

Together with the characterization of A7 in Theorem 2.8, we prove the second statement
of Theorem 4.4. U



CHAPTER 5

Approximation of Dirichlet Data

So far, we assumed that we are able to compute the right-hand side (K +1/2)g of (4.1)
exactly. However, in practical applications, this may turn out to be quite demanding.
Therefore, we take a different approach and approximate the Dirichlet data g with a dis-
crete function Gy € §'(T;). Due to the assumption g € H'(T'), Kondrachov’s embedding
theorem states that ¢ is continuous on the 1D manifold I'. Therefore, the simplest choice
is Gy := I,g, where I, is the nodal interpolation operator with respect to the nodes N, of
T¢. According to [12, Theorem 1], G, satisfies the approximation property

lg = Gellsrray < Crallhy® 2 (g = GOl oy for all £ € N (5.1)

with some constant Cj2 > 0 which depends only on k(7). The well-known identity
%[ g = HZ% g in 1D gives the following elementwise best approximation result

1h*2(g — G)leary = inf [|h/*2(g = Vi)l p2ry forall Le N, TeTp. (52)
VeeSH(Te)
For this section, we introduce the perturbed discrete formulation of (4.1) with ap-
proximated Dirichlet data, i.e.
(@, Up) = (K + )G, Tp)r for all U, € PO(Ty). (5.3)
Next, we define the data oscillations

08¢y = thzé(g — Go)ll2),

and the error indicators
~ 1/2 =
e = (| 8, (Ve — (K + 5)Go) e
The combination of error indicators and data oscillations gives the error estimator for
the perturbed problem (5.3):
pi =1} + oscy.

As in the previous chapters, we denote the elementwise contributions by p,(7)* = m,(T)*+
oscy(T)?. To regain optimality of the adaptive algorithm, we use a slightly different
approach and replace the Dérfler marking criterion with the stronger (cf. Lemma 5.4)
modified Dérfler marking, which was proposed firstly in [42] and has been employed for
adaptive FEM with inhomogeneous Dirichlet data in [3]. The adaptive algorithm now
reads:

51
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Algorithm 5.1. INPUT: Initial mesh Ty, adaptivity parameters 0 < 61,605,179 < 1, counter
(:=0
(i) Compute discrete solution D, of (5.3) corresponding to T, and Gy = I,g.
(ii) Compute refinement indicators 1,(T) and oscy(T) for all T € Ty.
(iii) Provided that osc; < Un?, choose My C Ty of minimal cardinality such that

00 > (T < Y (1) (5.4)
TeET, TeM,
(iv) Provided that osc; > 912, choose M, C Ty of minimal cardinality such that
0y Z oscy(T)? < Z oscy(T)?. (5.5)
TeT, TeM,

(v) Refine (at least) marked elements T € Ty to obtain new mesh Tpy1.
(vi) Increase counter £ — ( + 1 and iterate.

OutpuUT: Discrete solutions 6( and error estimators py for £ > 0.
Next, we state an inverse inequality similar to Lemma 4.10.
Lemma 5.2. Let v e H(T) and T, € T denote a mesh. Then, it holds
R 2 Kollaqy < Moll ey + 1Y ol o, (5.6)
where Cx > 0 depends only on k(Ty) and I'.

PRroOF. Following the proof of [5, Theorem 1, Eq. (22)], we see that the statement (5.6)
is proven as a preliminary result and no restriction on the data besides v € H'(T) is
needed. U

To recycle the analysis from the previous sections, we give some dependence between
the solutions ®, and ®, of (4.2) and (5.3), respectively.

Proposition 5.3. Let G, € §'(T;) satisfy (5.1). Then, it holds

Ct (Il = @l + oscr) < [lé — Dol + 0sc, < Chg([l¢ — Dol + o5c) (5.7)
as well as
Cf;( Z ne(T)? + oscz) < Z ne(T)? + osc; < 013< Z ne(T)? + oscz) (5.8)
TeE, TeE, TeE,

for all ¢ € N and for each subset & C T;. The constant C3 > 1 depends only on k(Ty)
and .

Proor. We start with the first statement. The triangle inequality shows
¢ — @elll < [ — Pell| + [[Pe — Lel-
The second term is treated by use of the stability of equation (5.3), i.e.
10 — @4 = (K + 5)(g — Gr), Po — Po)r < [lg — Gell graraqy|Pe — Pell 172,
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where we use the continuity K : HY?(I') — HY/2(I'). With norm equivalence (3.12), we
may cancel ||, — @y on both sides and use the approximation property (5.1) to obtain

llé = Dell < 6 — el + osce.

The converse estimate follows analogously.
To prove the second estimate, we apply the inverse inequalities from Lemma 4.10 and
Lemma 5.2. This gives

(S )" < (X am?) " 102 2@, - 8l

TeM TeM
1/2
+ k> 2 (K + (g — GOl 2

~ 1/2 ~
< (S am?) s el + oser
TeM

Again, we apply (5.1) and the inverse inequality from [32, Theorem 3.6]. Stability of (5.3)
proves the first inequality of (5.8). The converse inequality follows the same lines. O

The result above shows, that 7, is even locally equivalent to 7, up to oscillation terms.

Lemma 5.4. For arbitrary 61,0, € (0,1) and sufficiently small 9 € (0, 1), there is some
0 < 0 < 1 such that the marking criterion (5.4)~(5.5) for p} = n} + osc? implies the
Dorfler marking

0> p(1)*< Y pulT)? (5.9)
TeT, TeM,

for p? :=n? + osci. The parameter 0 < 0 < 1 depends on 0 < 0y,05,9 < 1 as well as on

013 > 0.

PROOF. First, assume osc? < 977, By use of Proposition 5.3, we see
pi < (1+ Cia) (0 + oscy) < (14 Cy)(1 + )i/ (5.10)
Again, with Proposition 5.3 and (5.4), we conclude
0 < Y (TP < CH( DD ml@)F +oset) < C3 D0 puT) + CRi
TeM, TeM, TeM,
and therefore
(61 — Cs0)i; < O pe(T)*.
TeM,
The combination of (5.10) and the estimate above now yield
0.C (14 Ch) (1 +0) 7 (00— CRd)p; < Y pul(T)*.
TeM,

With ¢ > 0 sufficiently small, we obtain ¢, := 6,C;*(1 + C%)~Y(1 + 9)~1(0; — C%0) €
(0,1).
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Second, assume osc; > 917, Now, we exploit (5.5) to see

Osp7 < 05(1 4+ CL) (7 + oscy) < Oo(1 4+ C%) (1 + 9 Hoscs
<L+ CR)A+97) Y ose(T) < (1+CH)A+07Y) Y pe(T),
TeM, TeM,
where ty == 05(1 + CF) (1 + 971~ € (0,1) for ¥ > 0 arbitrarily. Now, we define
0 := min{ty, 5} to prove (5.9). O
Lemma 5.5. The extended error estimator p; := n24osc; satisfies the assumptions (E1)-

(E4).

PRrROOF. First, note that (E1)—(E4) hold for 7, (see Proposition 4.9, Proposition 4.11,
Proposition 4.12). Therefore, the assumptions (E3) and (E4) follow obviously from
ne(T)? < po(T)? for all T € T,. To prove (E1) and (E2), it remains to show the as-
sumptions for the oscillation term. Let therefore 7, = refine(7;) € T. Then, it holds

’( Z 0sc (T)) 12 ( Z OSCg(T)) 12

TeTNT; TeT.NT,
= 11" (9 = Gllzwmom = 139 = Go)luem
<1k $(Gs = Goll 2 manmy =0,
because G, = I,g = I;g = Gy, on T, NT;. This proves (E1). To see (E2), we exploit
hi|r < he|7/2 on refined elements T' € T, \ T,. This gives

1 1/2 1/2 o
> osel(T) < SlIh* & (g = Glagram) < 2”h/ 559 = GOlirmy,
TeT\Te

where we used the T-elementwise best approximation property (5.2) of the nodal inter-
poland G, = I,g. This concludes the proof. O
Let A’ denote the approximation class according to (5.3)

(6, f,9) €A ES (b, f,9)|lae = sup inf N°p, < oo.

*EN

Theorem 5.6. Let T, denote the sequence of meshes generated by Algorithm 5.1. Then,
for arbitrary 6,,05,9 € (0,1), it holds convergence

llp = @4fl =0, as€— oo (5.11)

Furthermore, for sufficiently small 0 < 61,9 < 1 but arbitrary 0 < 0y < 1, Algorithm 5.1
guarantees the existence of a constant Cy4 > 0 such that

(0, f,9) €Al = Dy <Cu(#To—#To)° foralll >0 (5.12)

for all s > 0. The constant Cy4 > 0 depends only on ||(¢, f,g)| 7. the shape reqularity
k(Te), and T.
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PROOF. Lemma 5.5 shows that the extended error estimator p, satisfies (E1)—(E3).
Therefore, Theorem 2.4 states for A, := ||¢ — @[> + vp?

AVIRIL AV,

for all £ € N and for some 7,k € (0,1). Particularly, we obtain lim,_,, py = 0. Proposi-
tion 5.3 now yields

llé — Dell* = |6 — Be]|* + o5} S pf =0, as £ — oo,

where we used reliability (E3) of p, (Lemma 5.5). This proves the first statement (5.11).
To see (5.12), we apply Lemma 2.6 with 0 < k, < 1 arbitrary. For (¢, f,g) € A’
Lemma 2.6 guarantees the existence of a mesh 7, € T such that

#T. =T S and p? < kupf,
as well as Dorfler marking

e*p? S Z pg(T)Q’

TeERy

where the set Ry D T, \ T satisfies #R,; < ,021/5. Now, we want to show that this implies
the modified Dorfler marking (5.4)—(5.5) for p:

e In case of osc? < 9772, we obtain

0.7 < 0.7 < Z pe(T)* S Z me(T)? + 977 .

TEeR, TeR,
Put differently, we have
(0.C5" =) < > m(T)”. (5.13)
TeER,

For 6;,9 > 0 sufficiently small, 7, satisfies the marking criterion (5.4).
e In case of osc? > V17, we use the local definition of oscy, i.e.

Z oscy(T)? = Z 0sc, (T)? < osc? < p? < k(1 + 9 Hosc?.
TeTNTx TeTNTx
This estimate yields
(1= Crzra(14+971))osc] < Z oscy(T)? < Z osce(T)?.

TeT\Tx TeR,

For k, > 0 small enough, osc, satisfies the marking criterion (5.5) with R, D
T\ Ts. Note carefully, that 6, and therefore ¥ (Equation (5.13)) depend on the
the choice of k,, but as one can check in Equation (2.23), 6, becomes larger for
smaller .. Thus, we may fix ¥ € (0, 1) sufficiently small and choose x, € (0,1)
afterwards.
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The conclusions above and the minimal choice of M, in (5.4) and (5.5) show
HM < #Ry S p, P~ AP forall € € N.
With Proposition 5.3, we obtain equivalence
Pe = pe = Ay
With this, we prove analogously to the proof of Theorem 2.7
Dr < (#To— #T5)"Ys forall £ € N.
The converse implication in (5.12) is obvious. This concludes the proof. u

Corollary 5.7. Let the given boundary data satisfy g € H*¢(I') for some syeg > 2. Let
¢ denote the solution of (4.1). Then, the error estimator p, is efficient in the following
sense

Ci'Be < |6 — Dol yy-1/2(r) + 0scy + hoty. (5.14)
Here, Cy5 > 0 depends only on I and k(7Ty). The higher-order term hot, is given in detail
in Definition 4.19. For all € > 0, it satisfies
1/2 .
hot, = ( 3 hotg(T)Q) and  hoty(T) < Chos (hy|p)@intsme5/2}-1/2-¢
TeT,

where Cyor > 0 depends only on T', k(T;), and seq > 2.
Proor. We apply Proposition 5.3 as well as Theorem 4.3 and conclude

pe S me+osce S |6 — @oll 12y + 0see + hot,
for all / € N. O

Now, we are able to characterize the approximation class A? and refine the optimality
result in Theorem 5.6. Therefore, we define

N def
<¢7 g) E AS <:> H(¢7 g)| &S,osc < o0 and ”<¢7 g)’ &S,err < OO’
with
T = inf inf  N¥||¢o—
1, )1z, ere := sup inf " ik N7Hl6 = ol

1.9 = 3008, 0 NI = Vo)l

Note that additionally to the Galerkin error, only the oscillation term
L 1/2 o N o . 1/2 o N
osce = ||h," 5;(9 — Go) || r2(ry = v 1" 55 (9 = Wl 2r)

appears in the definition of the approximation class and these two contributions are
decoupled, i.e. it is sufficient that there exist optimal sequences of meshes for the Galerkin
error and for the oscillation term separately.
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Corollary 5.8. Let (5@)(61\] denote the sequence of solutions generated by Algorithm 5.1
driven by the weighted residual-based error estimator p;. Assume that the corresponding
sequence of meshes (Ty)een is created by local refinement as stated in Algorithm 4.1 or
Algorithm 4.5. Let the given boundary data additionally satisfy g € H®es(I") for some
Sreg > 2. Then, for 0 < s < min{s,e, 5/2} — 1/2 and sufficiently small parameters
01,9 € (0,1) but arbitray 6 € (0,1), Algorithm 5.1 is optimal in the following sense

(0,9) €Ay <= (¢ — Bl +o0scr) < Crg(#Ti — #To)™*  for all € €N,
where the constant Cig > 0 depends only on ||(¢, g)|lz and T

A,
ProoF. For this proof, we define

y T = 'f ‘f NS - * + * < .
16 9)lz, == sup inf " inf  N7(ll¢ = il + osc.) <00

First, we show the following equivalence

(e, 9)llz, <o = [l 9)lIz, oe <00 and [[(&, 9|z, ere < 00 (5.15)

for all s > 0. The first implication is trivial due to
max {[|(¢, 91z, osc » 18 D7, e} < 1@ 9)llz, < 00

To see the converse implication, fix N € N. The definition of A, guarantees meshes
ﬁ,erra 7;,050 S P]FN/Q Wlth

inf N/2)% P — Yo < s < 00,
ot (N2~ el 1695,

i S||pL/2 0 (g — ~
o N2 Y~ Wae) 12 < 10:9) 5, e < o

Now, consider the overlay Ty := Ty crr ® Ty 0se. With (R4), we obtain
#TN - #76 S #7:’,61‘1‘ - #76 + #ﬁ,osc - #76 S N.

Therefore, we have Ty € Ty and conclude with the best approximation property of
Gy = I;g9 (5.2) and Céa’s lemma

inf N* — + < inf N/2)%||¢ — Ywerr
ponf N6~ vnll +osex) < b (N/2) 6~ ueall

inf N28h1/zg _WOSC
+W*,osc€121(7lyosc)( / ) || *705C88(g *, )HL?(F)

< 1@ DIz, e + 105 DIz, o5
This proves (5.15). With efficiency of p, ~ p, (Corollary 5.7) and the characterization of

A, in (5.15) , the remainder of the proof follows analogously to the proof of Theorem 4.4.
O






CHAPTER 6

Numerical Examples

6.1. Preliminaries

The aim of this chapter is on the one hand to underline the results from the previous
chapters and on the other hand to provide a fair comparison between the adaptive ap-
proach from Algorithm 5.1 and the more obvious uniform approach from Algorithm 6.1
to approximate solutions. To achieve this, we consider the model problem (4.1) with dif-
ferent data g, and approximate the solution with Algorithm 5.1. To visualize the results,
we plot the following quantities with respect to the number of elements:

Instead of the energy norm error ||¢— EIv>g||| which can hardly be computed analytically,
we plot the following reliable error bound:

erre = [|hy* (6 — @) | L2)-
Due to Céa’s Lemma (2.5) and Proposition 5.3, we may prove

[ — Belll < [l — Del|| + 0scr < [|¢p — Tegp]| + osce
S ||hé/2(¢ —110) || 21y + osce < erry + oscy,

where the hidden constant depends only on the shape regularity «(7;). The integral is
computed via Gauss-Legendre quadrature. Note that under the regularity assumptions
of Theorem 4.3 resp. Corollary 5.7, we obtain that err, is up to terms of higher order and
oscillation terms even a lower bound for the energy norm error, i.e.

erre S [ — el + osce + hot,

for all £ € N.
We plot the error indicator 7, = Hh;ﬂ%(vzﬁg — (K + 3)Go))|lz2(ry- The functions

(V®,)(z) and (KG,)(x) are computed analytically, which is possible, since &, € PO(7T;)
and G, € S!(T;) are discrete functions.

An important quantity in our analysis is the term of higher order hot, from Defini-
tion 4.19. Even if we prescribe the solution ¢, we do not know ¢q in general. Therefore,
we aim to visualize the behavior of hot, as follows: First,

hotye := [|hy/*(1 — T 2y
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is intuitively an upper bound of hot, because ¢ is less regular than ¢y. Second,
1/2 1
hots = [|,*(1 = I")0| 2t

where I'eg = I'\Uj_, Bs(c;). Here, § > 0 is small compared to the size of the domain (for
the depicted domain sizes in Figure 1, we chosse § = 0.01) and ¢;, 7 = 1,..., m denote
the corners of the boundary, i.e. the generic singularities of ¢. From the expansion (4.62),
we know that ¢|r,, has the same regularity as ¢o|r,,. Therefore, hoty, should give a
good representation of hot,.

The data oscillation term osc, := ||hé/2%(g — Gy)|| 2y must be considered because

we only compute the right-hand side of (4.1) for discrete functions.
Next, we give a brief illustration of the uniform strategy.

Algorithm 6.1 (Uniform mesh-refinement). INPUT: Initial mesh Ty, counter ¢ := 0
(i) Compute discrete solution 9 of (5.3) corresponding to T and GO = 1.
(ii) Refine all elements T € T, to obtain new mesh TV = refine(7T, T1).
(iii) Increase counter £ — ¢+ 1 and iterate.

OUTPUT: Discrete solutions ®® for all ¢ € N.

To compare the adaptive approach presented in Algorithm 5.1 and the uniform ap-
proach above, we want to consider the computational times:

e The time t,,;; to compute the solution ®® of the uniform approach in Algo-
rithm 6.1 is the time needed to perform ¢ uniform refinements of the initial mesh
To, plus the time needed to build and solve the linear system corresponding to
T . Obviously, the second contribution is vastly dominant.

e The time f,4.p to compute the solution ®, of the adaptive approach in Algo-
rithm 5.1 is the time to build an solve the system corresponding to the mesh 7,
plus the time needed to compute all the previous solutions, to compute the error
estimators, to discretize the data g, and to mark and refine the meshes.

Although this definition seems to favor the uniform approach, we think that it provides a
fair comparison between those strategies. All the following experiments where conducted
by use of the MATLAB-BEM library HILBERT. See the web page

http://www.asc.tuwien.ac.at/abem/hilbert/
for detailed information. Throughout, all the occurring linear systems were solved directly

with the MATLAB backslash operator.

6.2. Experiments

Unless stated otherwise, the adaptivity parameters in Algorithm 5.1 are set as

91:92:19:1/2
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L-shape

square slit

0.1}
0.08}
0.06} or o0———O
0.04}

0.02}
0 .— -2 . |
h ! 0.05 0.1 -2 -1 0 1 2

F1cURrE 1. Different domains ) with initial partitions of the boundary 7.

6.2.1. Experiment on L-shape with singular solution. Here, I' is the boundary of
the L-shaped domain €2 in Figure 1. We prescribe the solution u of

—Au=0 in Q,

u=g¢g onl, (6.1)

as u(z,y) := r¥3 cos(2a/3) with polar coordinates (r,a) with respect to (0,0) € R2. It
is easy to check that u|p = g is smooth and therefore meets the regularity assumptions
of Theorem 4.3 resp. Corollary 5.7. We compute the data and solution thereof. Figure 2
shows that the error and the error estimator converge with optimal order O(N~%/2) on
adaptively generated meshes. The terms hot; , and hot,, converge with even higher or-
der, which underlines that the error estimator is efficient. Recall that v € H'+t?/37¢(Q)
for all € > 0 has a generic singularity in the reentrant corner. Therefore, uniform re-
finement leads to a suboptimal rate of convergence O(N~2/3). Figure 3 compares the
two approaches in terms of computational time. We see that despite the computational
overhead which comes with adaptive refinement, this strategy is superior to uniform
refinement after only a few iterations.

In Figure 4, we vary the adaptivity parameters 61, 05,1 between zero and one. We
observe that each choice yields the optimal rate of convergence O(N%/?). Although all
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FIGURE 2. Experiment on L-shape with singular solution. The quantities
erry, 1, hoty ¢, hote, and oscy are plotted versus the number of elements
N = #7, for adaptive mesh-refinement (left) and uniform mesh-refinement
(right).

error

erry, adaptive
s erry, uniform

i 10" 10° 10'

? computational time [sec]
FiGURE 3. Experiment on L-shape with singular solution. Error of uni-
form and adaptive mesh-refinement is plotted over the computational time

measured in seconds.

choices of the adaptivity parameters behave asymptotically similar, we see slight advan-
tages for parameter choices 0; = 6, =9 > 1/2.

6.2.2. Experiment on Z-shape with singular solution. Next, I' is the bound-
ary of the Z-shaped domain 2 in Figure 1. We prescribe the solution u of (6.1) as
u(r,a) := r*7cos(4a /7). As in previous case, the boundary data g is smooth and fulfills
the regularity assumptions of Theorem 4.3 resp. Corollary 5.7. Figure 5 and Figure 6 show
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FI1GURE 4. Experiment on L-shape with singular solution. Error of adap-
tive mesh-refinement is plotted over the number of elements N = #7, (left)
and over the computational time measured in seconds (right). The adap-
tivity parameters are chosen equally as 6, = 0y = 9 := 0, where 6 varies in

0,1).

the results of the experiment. Now, the solution has an even stronger singularity than in
the examples on the L-shape (u € H'**7((2)). Therefore, the uniform mesh-refinement
converges only with suboptimal rate O(N~%7), whereas adaptive mesh-refinement con-
verges with optimal rate O(N~%/2). Superiority of adaptive mesh-refinement can already
be observed for meshes with approximately 200 elements.

6.2.3. Experiment on square with smooth solution. Here, I' is the boundary of
the square € in Figure 1. We prescribe the smooth solution u of (6.1) as u(x,y) =
sinh(27x) cos(2my). Figure 7 and Figure 8 show the results of the experiment. Note
that for a smooth solution, uniform mesh-refinement is asymptotically the best strategy
to approximate the solution. This can be easily confirmed with results from a priori
analysis. Nevertheless, Figure 8 shows that adaptive mesh-refinement does not need
significantly more computational time to reach the same accuracy.

6.2.4. Experiment on L-shape with singular solution and singular data. Again
[' is the boundary of the L-shaped domain 2 in Figure 1. We prescribe the solution u
of (6.1) as u(w,y) = voy3(x,y) + vrs(x — 21,y — 22), where vs(z,y) := 7° cos(dar) and
z = (21, 22) is the uppermost corner of the L-shape in Figure 1. The solution ¢ has a
generic singularity in the reentrant corner and in addition a singularity resulting from the
singular data g. Note that v; € H'*9=¢(Q) for all £ > 0. Therefore, g € H/**7/8=¢(T") ¢
H?*(T) for all € > 0. Hence, g does not meet the regularity assumptions of Theorem 4.3
resp. Corollary 5.7. Nevertheless, Figure 9 and Figure 10 show that the error bound err,
and the error estimator behave perfectly in case of adaptive refinement. Even hot; , and
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FIGURE 5. Experiment on Z-shape with singular solution. The quantities
erry, 1, hoty ¢, hote, and oscy are plotted versus the number of elements
N = #7, for adaptive mesh-refinement (left) and uniform mesh-refinement
(right).
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FIGURE 6. Experiment on Z-shape with singular solution. Error of uni-
form and adaptive mesh-refinement is plotted over the computational time
measured in seconds.

hoty , converge with higher order, which gives us err, o~ ||¢ — ®;|| for the computed steps.
This indicates that the regularity assumptions in Theorem 4.3 are not fully necessary.
The error for uniform mesh-refinement converges with suboptimal rate O(N~2/3) and the
data oscillations show suboptimal rate O(N~7/%), too.
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F1GURE 7. Experiment on square with smooth solution. The quantities
erry, 1, hoty ¢, hote, and osc, are plotted versus the number of elements
N = #7, for adaptive mesh-refinement (left) and uniform mesh-refinement

(right).
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FIGURE 8. Experiment on square with smooth solution. Error of uniform
and adaptive mesh-refinement is plotted over the computational time mea-
sured in seconds.

6.2.5. Experiment on slit. Finally, we define I' := [—1,1] as the boundary of R? \
[—1,1] in Figure 1. In contrast to our model problem, we consider indirect BEM, i.e.

Vo=,

with f(z,y) := —x and ¢(z,y) = —2x/+/1 — 2. Therefore, we do not need to approxi-
mate the right-hand side f and may use Algorithm 2.1 with § = 1/2 instead. Again, as
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FIGURE 9. Experiment on L-shape with singular solution and singular
data. The quantities erry, 1, hot;,, hots,, and osc, are plotted versus
the number of elements N = #7; for adaptive mesh-refinement (left) and
uniform mesh-refinement (right).
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F1GURE 10. Experiment on L-shape with singular solution and singular
data. Error of uniform and adaptive mesh-refinement is plotted over the
computational time measured in seconds.

shown in Figure 11 and Figure 12, the adaptive strategy is much superior compared with
uniform mesh-refinement.
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FIGURE 11. Experiment on slit. The quantities erry, 7, hot; ;, and hots
are plotted versus the number of elements N = #7, for adaptive mesh-
refinement (left) and uniform mesh-refinement (right).
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FIGURE 12. Experiment on slit. Error of uniform and adaptive mesh-
refinement is plotted over the computational time measured in seconds.






APPENDIX A

Some Remarks on the Saturation Assumption

The saturation assumption for the Boundary Element Method states that there exists
q € (0,1) such that

¢ = Peall < gllg — Peff|  for all £ € N, (A1)

where ®,; is the Galerkin solution with respect to the uniformly refined mesh 7,; :=
refine(7;,7;). In terms of (h — h/2) based error estimators as proposed in [4], the
saturation assumption (A.1l) is equivalent to the reliability of these error estimators.
Therefore, it is of certain interest to confirm this assumption. Up to data oscillation
terms, (A.1) was proved for the finite element method and the Poisson problem, but still
remains open for BEM. In this appendix, we attempt to prove a slightly weaker version
of (A.1).

We assume the given boundary data to satisfy g € H®<¢(7y) for some s,¢, > 2 through-
out the whole section.

Lemma A.1. Let T, € T denote a mesh and let ¢ denote the solution of (4.1). Then, it
holds the following discrete efficiency estimate

Cne < || @ex — D] + hoty,

where k € N and C17 > 1 depend only on x(T;) and I'. Here, @,y denotes the solution
of (4.2) with respect to the mesh Ty := unif® (7T;).

PROOF. Recall the Céa Lemma and norm equivalence (3.12), to see
16 = Pekllz-1r2r) S MY = Pegll < M =)@l S N = ep)@ll 172y

With the approximation properties of the L?-projection (see [14, Theorem 4.1]), we
conclude

16 = Derllr-ramy S IHAEA = Tew)gllamy < 272102 (1 =)@l 2y (A2)
Now, we argue as in the proof of Theorem 4.3 and conclude together with (A.2)
1y (6 — @)l 12y S 16 — Pell 12y + hote
<|l¢ = Perllg-1200y + | Pes — Pell r-1/2(r) + hote
S 2782y (1= @)l 2y + | ®es — ®ell-1/2(py + hote
S 2720y (6 — @) 2y + 1®ek — Pell 172y + Dot
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Hence, for k € N sufficiently large, there holds
11" (@ = @)l 2y < 12k = Bell -2y + ot (A3)
With (4.36) and the approximation properties of the Galerkin solution, we prove

1/2
e S 16 = Relli-srzqey + 11 (@ = @) 2
1/2
< 1he(6 = @020
S ||(I)g7k - (I)gHH_l/z(F) + hOtg,
where we inserted (A.3) to obtain the last estimate. Norm equivalence (3.12) proves the
result. O

Now, we are able to prove the following result.

Proposition A.2 (weak saturation assumption). There exist constants k € N and 0 <
q < 1 which depend only on k(Ty) and T' such that for all T, € T with corresponding
Galerkin solution ®,, it holds

llo — Pexll* < glllo — PefI* + hot.

PROOF. We combine reliability (2.15), Lemma A.1, and the Galerkin orthogonality to
see

¢ — Pell? = ¢ — el — [ Pex — Pl
< l¢ — @lI* — $C7n; + hot;
<lg = @c]|* = 3CFCLlld — @ell® + hot;
< qll¢ — eI* + hot;.

for0<q:=1- %C#C’_Z < 1. Here, we used C\q, Ci7 > 1 to guarantee ¢ > 0. ]

rel

In contrast to (A.1), the result above needs a certain number of uniform refinements
to achieve a contraction. This raises the question if one could construct examples in
which one uniform refinement is actually not sufficient. Obviously, one can construct
examples, for which assumption (A.1) fails to hold for an arbitrarily large number of
steps by choosing

¢ € PO (T D),

where 71 .= unif("+1)(76). Then, there holds ®,; = ®, = 0 for at least all meshes 7,
with ¢ < n.

We conclude this appendix with a numerical example which underlines this result.
Consider the example on the L-shape from Section 6.2.1. We plot the following quantities:

e The ratio between the two Galerkin error bounds err, and erry ;.
e The ratio between the higher order terms hot; , and hot,, and the Galerkin error
bound err,.
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For the definition of err, and hot, ¢, hots ¢, see Chapter 6. Figure 1 shows the results of the
experiment. We see that the ratio erry; /erry levels out at approximately ¢ = 0.35 in case of
the adaptive algorithm. Combined with the observation that the ratios hot; /err,, i = 1,2
tend to zero, this indicates that the saturation assumption (A.1) holds for this example.
For uniform mesh refinement, we see that the ratio is approximately ¢ = 0.63. A heuristic
computation as proposed in [30] may even predict the value of ¢q. Assume therefore that
the adaptive scheme has reached the asymptotic regime, i.e. ||¢p— || = C(#Te—#7To)*
for all ¢/ > ¢y and some s > 0. Then, it is plausible to calculate

_ o= @uill  CHT - #T0))
o — 2l (#Te — #7To)~*
In case of the L-shape experiment from 6.2.1, we saw that the adaptive algorithm con-
verges with s = 3/2. Therefore, this calculation predicts ¢ ~ 0.3536. Analogously, we
get s = 2/3 and therefore ¢ ~ 0.6299 for uniform mesh refinement. Both cases coincide
very well with the experimental results.

=27

10° b q=0.63

10° |
107
107
2 Q107
) -
2 2
107%F
10°F
10°F 5 ] i
Ty 1 /€Ty 10 ITy
ot3 ¢/erry o 3 [ erry
0t7] ‘g/errg ‘ ‘ ot 1) ‘g/errg
10‘ 10° 10° 10‘ 10° 10
number of elements N number of elements N

F1GURE 1. Test for saturation on the L-shape with adaptive mesh refine-
ment (left) and uniform mesh refinement (right). The corresponding quan-
tities are plotted over the number of elements N.
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