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❆❜str❛❝t

❚❤❡ ❛✐♠ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♥♦♥✲●❛✉ss✐❛♥ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡
❤♦r✐③♦♥t❛❧ ♣❤❛s❡ s♣❛❝❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❛ s②♥❝❤r♦tr♦♥ ❛❝❝❡❧❡r❛t♦r ✈✐❛ ❛ s❧♦✇ r❡s♦♥❛♥t
❡①tr❛❝t✐♦♥ ♣r♦❝❡ss r❡❢❡rr❡❞ t♦ ❛s ✬❜❛r ♦❢ ❝❤❛r❣❡✬✳ ❆ ♠❛❥♦r ✐ss✉❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s
✉♥❞❡rt❛❦✐♥❣ ✐s t❤❛t ❛ ❞✐r❡❝t ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✐s ♥♦t ♣♦ss✐❜❧❡✱ ✇❤✐❝❤
✐♥ t❤✐s st✉❞② ✇❛s ❝✐r❝✉♠✈❡♥t❡❞ ❜② ✉s✐♥❣ t♦♠♦❣r❛♣❤✐❝❛❧ r❡❝♦♥str✉❝t✐♦♥ t❡❝❤♥✐q✉❡s✳
❚❤❡ r❡q✉✐r❡❞ ✐♥♣✉t ❞❛t❛ ❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠s ✭❢♦r s✐♠✉❧❛t✐♦♥s ❛♥❞ ♠❡❛✲
s✉r❡♠❡♥ts✮ ✇❡r❡ ❣❛t❤❡r❡❞ ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ P❤❛s❡ ❙❤✐❢t❡r ❙t❡♣♣❡r ♠♦❞✉❧❡ ✕ ❛
❞❡❞✐❝❛t❡❞ ♠❛❣♥❡t s❡t✉♣ ❞❡s✐❣♥❡❞ ❛t ❈❊❘◆ ❢♦r tr❛♥s✈❡rs❡ ♣❤❛s❡ s♣❛❝❡ ❛❞❥✉st♠❡♥ts✱
✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❤✐❣❤ ❡♥❡r❣② ❜❡❛♠ tr❛♥s❢❡r ❧✐♥❡ ❛t ▼❡❞❆✉str♦♥✳ ❚♦ ❞❛t❡✱ ♥♦
♦t❤❡r ❛❝❝❡❧❡r❛t♦r ❢❛❝✐❧✐t② ❤❛s ❤♦st❡❞ s✉❝❤ ❛ ♠♦❞✉❧❡ ♦r ❤❛s ✐♠♣❧❡♠❡♥t❡❞ ✐t ✐♥ s✉❝❤ ❛
✇❛②✳ ❚❤✉s✱ t❤❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ♠♦❞✉❧❡✬s ✇♦r❦✐♥❣ ❝♦♥❝❡♣t ✐s ❛❧s♦ ♣r❡s❡♥t❡❞
❤❡r❡✳

❚❤❡ ✜rst s❡❝t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ♦❢ tr❛❝❦✐♥❣ s✐♠✉❧❛t✐♦♥s r❡❧❛t✲
✐♥❣ t♦ q✉❡st✐♦♥s r❡❣❛r❞✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♠❡❛s✉r❡♠❡♥t ♣r♦❝❡❞✉r❡✱ s✉✐t❛❜❧❡ r❡❝♦♥✲
str✉❝t✐♦♥ s❡tt✐♥❣s✱ ♠❡❛♥✐♥❣❢✉❧ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ q✉❛♥t✐✜❝❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛♥❞
✉s❡❢✉❧ ❞❛t❛ ❝♦rr❡❝t✐♦♥ ♠❡❝❤❛♥✐s♠s✳ ❚❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ♦❢ ♠❡❛✲
s✉r❡♠❡♥ts ♣❡r❢♦r♠❡❞ ✇✐t❤ ✷✺✵▼❡❱ ♣r♦t♦♥ ❜❡❛♠s ❛♥❞ t❤❡ r❡❧❡✈❛♥t t♦♠♦❣r❛♣❤✐❝❛❧
r❡❝♦♥str✉❝t✐♦♥s ♣r♦✈✐❞❡ ✈✐s✉❛❧ ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ✬❜❛r ♦❢ ❝❤❛r❣❡✬ ❛♥❞ ❝♦♥✜r♠ t❤❡ t❤❡✲
♦r❡t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ s❧♦✇ ❡①tr❛❝t✐♦♥ ♣r♦❝❡ss✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t②
♦❢ t❤❡ ♣r♦❝❡❞✉r❡ ✭❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛❞❛♣t❡❞ P❤❛s❡ ❙❤✐❢t❡r ❙t❡♣♣❡r ✇♦r❦✐♥❣ ❝♦♥❝❡♣t
❛♥❞ t♦♠♦❣r❛♣❤✐❝❛❧ r❡❝♦♥str✉❝t✐♦♥✮ ✐s ❞❡♠♦♥str❛t❡❞ ❜② ❝♦♠♣❛r✐s♦♥ ♦❢ s✐♠✉❧❛t❡❞ ❛♥❞
♠❡❛s✉r❡❞ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥s✳ ❋✐♥❛❧❧②✱ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❞❡✈✐❝❡s
✉s❡❞ ♦♥ t❤❡ r❡s✉❧ts✱ ❧✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ♠❡t❤♦❞ ✐ts❡❧❢ ❛s ✇❡❧❧ ❛s ❛♥ ♦✉t❧♦♦❦ ♦♥ t✐♠❡
r❡s♦❧✈❡❞ r❡❝♦♥str✉❝t✐♦♥ ❛r❡ ❞✐s❝✉ss❡❞✳

❘❡s✉❧ts ♦❢ t❤✐s t❤❡s✐s ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞ ❛t t❤❡ ✻th ■♥t❡r♥❛t✐♦♥❛❧ P❛rt✐❝❧❡ ❆❝✲
❝❡❧❡r❛t♦r ❈♦♥❢❡r❡♥❝❡ ✐♥ ▼❛② ✷✵✶✺❬✶❪✱ t❤❡ ❙❧♦✇ ❊①tr❛❝t✐♦♥ ❲♦r❦s❤♦♣s ✷✵✶✻❬✷❪ ❛♥❞
✷✵✶✼❬✸❪ ❛s ✇❡❧❧ ❛s t❤❡ ❆❇❚❊❋ s❡♠✐♥❛r ❛t ❈❊❘◆ ✷✵✶✽✳
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❋✐rst ♦❢ ❛❧❧✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② s✐♥❝❡r❡ ❣r❛t✐t✉❞❡ t♦ ♠② s✉♣❡r✈✐s♦r Pr♦❢✳
▼✐❝❤❛❡❧ ❇❡♥❡❞✐❦t ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s s✉♣♣♦rt ❞✉r✐♥❣ ♠② st✉❞✐❡s✱ ❤✐s ♣❛t✐❡♥❝❡ ❛♥❞
t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❝♦♠❡ t♦ ❈❊❘◆✳ ❚❤✐s ✐♥❝r❡❞✐❜❧❡ ❡①♣❡r✐❡♥❝❡ ✐♥tr♦❞✉❝❡❞ ♠❡ t♦ t❤❡
✇♦r❧❞ ♦❢ ❛❝❝❡❧❡r❛t♦r ♣❤②s✐❝s✱ ❛ ✜❡❧❞ ♦❢ r❡s❡❛r❝❤ ❛♥❞ ✇♦r❦ ■ ❢♦✉♥❞ ♠❛♥② ❢r✐❡♥❞s ✐♥
❛♥❞ ❛♠ ❤❛♣♣② t♦ ❝♦♥t✐♥✉❡ ✇♦r❦✐♥❣✳

❆ s♣❡❝✐❛❧ t❤❛♥❦s t♦ ❊❇● ▼❡❞❆✉str♦♥ ❢♦r ♣r♦✈✐❞✐♥❣ ♠❡ ✇✐t❤ t❤❡ ♥❡❝❡ss❛r② ♠❛✲
❝❤✐♥❡ t✐♠❡ t♦ ♣❡r❢♦r♠ t❤❡ ♠❡❛s✉r❡♠❡♥ts ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❆ ✈❡r② ✇❛r♠ t❤❛♥❦s t♦
♠② ❝♦❧❧❡❛❣✉❡s ❛t ▼❡❞❆✉str♦♥ ❢♦r ❡♥❝♦✉r❛❣✐♥❣ ♠❡ ❛❧s♦ ❞✉r✐♥❣ ♠♦r❡ ❞✐✣❝✉❧t ♣❡r✐♦❞s✳
■ ❛♠ ✈❡r② ❣r❛t❡❢✉❧ t♦ ❆❞r✐❛♥♦ ●❛r♦♥♥❛✱ ❋❛❜✐♦ ❋❛r✐♥♦♥ ❛♥❞ ❙❡❜❛st✐❛♥ ◆♦✇❛❦ ❢♦r
♠❛♥② ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s✱ t❤❡ ❡♥❥♦②❛❜❧❡ t✐♠❡s ✇❡ ❤❛❞ ✐♥ t❤❡ ♦✣❝❡ ❛♥❞ ♣r♦♦❢r❡❛❞✐♥❣
♦❢ t❤✐s ❞♦❝✉♠❡♥t✳

❋✉rt❤❡r♠♦r❡✱ ■ ✇❛♥t t♦ t❤❛♥❦ ❯❧r✐❝❤ ❉♦r❞❛ ♦♥ ✇❤♦✬s ✐❞❡❛ t❤❡ t♦♣✐❝ ♦❢ t❤✐s r❡s❡❛r❝❤
❜❛s❡s ❛♥❞ ❢♦r t❤❡ ♥✉♠❡r♦✉s ✐♥✈❛❧✉❛❜❧❡ ❞✐s❝✉ss✐♦♥ ♦♥ ❛❝❝❡❧❡r❛t♦r ♣❤②s✐❝s ❛♥❞ ♣②t❤♦♥
✲ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ❡♥❞❡❛✈♦r✳

❋✐♥❛❧❧②✱ ♠② ❞❡❡♣ ❛♥❞ s✐♥❝❡r❡ ❣r❛t✐t✉❞❡ t♦ ♠② ❢❛♠✐❧② ❢♦r t❤❡✐r ❝♦♥t✐♥✉♦✉s ❤❡❧♣ ❛♥❞
✉♥r❡str✐❝t❡❞ s✉♣♣♦rt✳ ❚♦ ♠② ♣❛r❡♥ts ❢♦r ❣✐✈✐♥❣ ♠❡ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❡①♣❧♦r❡ ♥❡✇
❞✐r❡❝t✐♦♥s✱ s❤❛r✐♥❣ t❤❡✐r ❡①♣❡r✐❡♥❝❡ ❛♥❞ ❡①♣❡rt✐s❡ ❛♥❞ ♣✉tt✐♥❣ ♠❡ ♦♥ t❤❡ r✐❣❤t tr❛❝❦✳
❆♥❞ ♦❢ ❝♦✉rs❡ t♦ ♠② ✇✐❢❡ ▼❛♥✉❡❧❛ ❛♥❞ ♠② ✇♦♥❞❡r❢✉❧ ❝❤✐❧❞r❡♥ ❊❧❡♥❛ ❛♥❞ ❊❧✐❛s ❢♦r
s❡❧✢❡ss❧② ❡♥❝♦✉r❛❣✐♥❣ ♠❡✱ t❤❡✐r ❝♦✉♥t❧❡ss s❛❝r✐✜❝❡s t♦ ❤❡❧♣ ♠❡ ❣❡t t♦ t❤✐s ♣♦✐♥t ❛♥❞
t❤❡✐r ✉♥❝♦♥❞✐t✐♦♥❛❧ ❧♦✈❡✳ ❲✐t❤♦✉t t❤❡♠✱ ■ ✇♦✉❧❞ ♥♦t ❜❡ ✇❤❡r❡ ■ ❛♠ t♦❞❛②✳
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■♥ ♠♦❞❡r♥ ❝❛♥❝❡r tr❡❛t♠❡♥t t❤❡ t❤❡r❛♣② ✇✐t❤ ❤❛❞r♦♥s ❤❛s ❜❡❝♦♠❡ ❛ r♦✉t✐♥❡❧② ✉s❡❞
♠❡t❤♦❞ ❡s♣❡❝✐❛❧❧② r❡❣❛r❞✐♥❣ t❤❡ tr❡❛t♠❡♥t ♦❢ t✉♠♦rs ❝❧♦s❡ t♦ ❝r✐t✐❝❛❧ ♦r❣❛♥s ♦r ✐♥
♣❡❞✐❛tr✐❝ ❝❛r❡✳ ❚❤♦s❡ ♣❛rt✐❝❧❡s s❤♦✇ ❛♥ ❛❞✈❛♥t❛❣❡♦✉s ❜❡❤❛✈✐♦r ✇❤❡♥ ♣r♦♣❛❣❛t✐♥❣
t❤r♦✉❣❤ t✐ss✉❡ ✭s❡❡ ❋✐❣✉r❡ ✶✳✶✮✿ t❤❡ ❡♥❡r❣② ❞❡♣♦s✐t✐♦♥ ✐s ❢♦❝✉s❡❞ ✐♥ ❛ ❞❡❞✐❝❛t❡❞
♣❡♥❡tr❛t✐♦♥ ❞❡♣t❤ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ ❡♥❡r❣② ♦❢ t❤❡ ♣❛rt✐❝❧❡ ✇❤✐❧❡ t❤❡ ❝♦❧❧❛t❡r❛❧
❞❛♠❛❣❡ ❝r❡❛t❡❞ ❜② ❡♥❡r❣② ❞❡♣♦s✐t✐♦♥ ✐♥ t❤❡ ❡♥tr❛♥❝❡ ❝❤❛♥♥❡❧ ♦r ♦t❤❡r s✉rr♦✉♥❞✐♥❣
t✐ss✉❡ ✐s r❡❞✉❝❡❞✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐s r❡❢❡rr❡❞ t♦ ❛s ✬❇r❛❣❣ ♣❡❛❦✬ ❬✶✵❪✳

❋✐❣✉r❡ ✶✳✶✳✿ P❡♥❡tr❛t✐♦♥ ❜❡❤❛✈✐♦r ♦❢ ❞✐✛❡r❡♥t t②♣❡s ♦❢ r❛❞✐❛t✐♦♥ s❤♦✇✐♥❣ ❛ ❇r❛❣❣
♣❡❛❦ ❢♦r ♣r♦t♦♥s ❛♥❞ ❝❛r❜♦♥ ✐♦♥s ❬✹❪

❋♦r ♣r♦t♦♥s t❤❡ r❡q✉✐r❡❞ ❦✐♥❡t✐❝ ❡♥❡r❣✐❡s ♦❢ ✉♣ t♦ ✷✸✵▼❡❱ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜②
❡✳❣✳ ❝②❝❧♦tr♦♥ ♣❛rt✐❝❧❡ ❛❝❝❡❧❡r❛t♦rs✳ ❍♦✇❡✈❡r✱ ❢♦r ♦t❤❡r ❧✐❣❤t ✐♦♥s ✭❜✉t st✐❧❧ ✐♥❝❧✉❞✐♥❣
♣r♦t♦♥s✮ t❤❡ ♠♦st ❢r❡q✉❡♥t❧② ✉s❡❞ t②♣❡ ♦❢ ❛❝❝❡❧❡r❛t♦r ✐s t❤❡ s②♥❝❤r♦tr♦♥ ♦♣❡r❛t❡❞
✇✐t❤ ❛ s❧♦✇ ❡①tr❛❝t✐♦♥ s❝❤❡♠❡ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❛ q✉❛s✐✲❝♦♥t✐♥✉♦✉s ♣❛rt✐❝❧❡ ❜❡❛♠
t♦✇❛r❞s t❤❡ ♣❛t✐❡♥t ❬✶✶❪❬✶✷❪❬✶✸❪❬✶✹❪❬✶✺❪✳ ❉✐✛❡r❡♥t ❛❝❝❡❧❡r❛t♦r ❧❛②♦✉ts ❤❛✈❡ ❜❡❡♥ ❞❡✲
s✐❣♥❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✇❤✐❧❡ t❤❡ ❜❡❛♠ ❡①tr❛❝t✐♦♥ t②♣✐❝❛❧❧② ✐s r❡❛❧✐③❡❞ ✈✐❛ ♣❛rt✐❝❧❡
❡①❝✐t❛t✐♦♥ ❛t t❤❡ t❤✐r❞✲✐♥t❡❣❡r r❡s♦♥❛♥❝❡✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts ❢♦r t❤✐s t❤❡s✐s ❤❛✈❡
❜❡❡♥ ♣❡r❢♦r♠❡❞ ❛t t❤❡ ▼❡❞❆✉str♦♥ ■♦♥ ❚❤❡r❛♣② ❢❛❝✐❧✐t② ❬✶✻❪ ✐♥ ❲✐❡♥❡r ◆❡✉st❛❞t✱
❆✉str✐❛✱ ✇❤❡r❡ ❛ ❜❡t❛tr♦♥ ❝♦r❡ ✐s ✉s❡❞ t♦ ❛❝❝❡❧❡r❛t❡ t❤❡ ❜❡❛♠ ✐♥t♦ t❤❡ r❡s♦♥❛♥❝❡✳

❉✉❡ t♦ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❡①tr❛❝t✐♦♥ ♣r♦❝❡ss t❤❡ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❤❛s❡

✶
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✶ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ❙❝♦♣❡

s♣❛❝❡ ✭①✱ ①✬✮✶ ♦❢ t❤❡ ❡①tr❛❝t❡❞ ❜❡❛♠ t♦✇❛r❞s t❤❡ ✐rr❛❞✐❛t✐♦♥ ❛r❡❛s ♣♦♣✉❧❛t❡ ❛ ♥❛r✲
r♦✇ r❡❝t❛♥❣✉❧❛r✲❧✐❦❡✱ ♥♦♥✲●❛✉ss✐❛♥ s❤❛♣❡ ❦♥♦✇♥ ❛s ❜❛r ♦❢ ❝❤❛r❣❡✳ ❚②♣✐❝❛❧❧② t❤✐s
♣❤❛s❡ s♣❛❝❡ ❞✐str✐❜✉t✐♦♥ ✐s ♥♦t ❞✐r❡❝t❧② ♠❡❛s✉r❛❜❧❡ t❤♦✉❣❤ st✐❧❧ ♦❢ ✐♥t❡r❡st ❡✳❣✳ ❢♦r
t❤❡ q✉❛❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❡①tr❛❝t✐♦♥ ♣r♦❝❡ss ♦r ❛s ❜❡❛♠ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r ❢✉rt❤❡r
s✐♠✉❧❛t✐♦♥s❬✶✽❪✳

❚❤❡ ▼❡❞❆✉str♦♥ ❍✐❣❤ ❊♥❡r❣② ❇❡❛♠ ❚r❛♥s❢❡r ❧✐♥❡ ✭❍❊❇❚✮ ❤♦sts ❛ ❞❡❞✐❝❛t❡❞
s❡❝t✐♦♥ t♦ r♦t❛t❡ t❤✐s ❜❛r ♦❢ ❝❤❛r❣❡ ✇❤✐❝❤ ✐♥ t❤❡ P■▼▼❙❬✶✶❪❬✶✷❪ ❝♦♥❝❡♣t ✐s ✉s❡❞ t♦
❛❞❥✉st t❤❡ ❤♦r✐③♦♥t❛❧ s♣♦t s✐③❡ ♦❢ t❤❡ ❜❡❛♠ ✐♥ t❤❡ ✐rr❛❞✐❛t✐♦♥ r♦♦♠ ✐s♦❝❡♥t❡r❬✶✾❪✳ ❋♦r
t❤✐s t❤❡s✐s t❤✐s s❡❝t✐♦♥ ✐s ✉s❡❞ t♦ r♦t❛t❡ t❤❡ ❜❡❛♠ ❜② ✶✽✵◦ ❛♥❞ ♣❡r❢♦r♠ ❜❡❛♠ ♣r♦✜❧❡
♠❡❛s✉r❡♠❡♥ts ❢r♦♠ ✈❛r✐♦✉s ❛♥❣❧❡s ✉s✐♥❣ ❛ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡r ❣r✐❞ ♠♦♥✐t♦r ✭❙❋❳✮✳
❇❛s❡❞ ♦♥ t❤✐s ❝♦♠♣✐❧❛t✐♦♥ ♦❢ ❞❛t❛ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❤❛s❡ s♣❛❝❡ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✈✐❛ ❛
t♦♠♦❣r❛♣❤✐❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞ s✐♠✐❧❛r t♦ ❛ ❈❚ ♦r P❊❚ ✐♥ ♠❡❞✐❝❛❧ ✐♠❛❣✐♥❣ ✷✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ♣r♦❝❡ss ♦❢ t❤❡ s❧♦✇ r❡s♦♥❛♥t ❡①tr❛❝t✐♦♥
❢r♦♠ t❤❡ ▼❡❞❆✉str♦♥ s②♥❝❤r♦tr♦♥✱ t❤❡ t♦♠♦❣r❛♣❤✐❝❛❧ ♠❡t❤♦❞s ✉s❡❞ t♦ r❡❝♦♥str✉❝t
t❤❡ ❤♦r✐③♦♥t❛❧ ❍❊❇❚ ♣❤❛s❡ s♣❛❝❡✱ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❛♣♣r♦♣r✐❛t❡ ♠❡❛s✉r❡♠❡♥t
s❡tt✐♥❣s ❢♦✉♥❞ ✈✐❛ s✐♠✉❧❛t✐♦♥s ❛s ✇❡❧❧ ❛s t❤❡ ♠❡❛s✉r❡♠❡♥ts ✐ts❡❧❢ ❛♥❞ t❤❡ ❝♦♠♣❛r✐s♦♥
t♦ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❚❤❡ s❝♦♣❡ ♦❢ t❤✐s t❤❡s✐s ✐s t♦

✶✳ ❡♠♣✐r✐❝❛❧❧② ♣r♦♦❢ t❤❡ ✬❜❛r ♦❢ ❝❤❛r❣❡✬ ❝♦♥❝❡♣t

✷✳ ❞❡♠♦♥str❛t❡ t❤❡ ♠❡t❤♦❞ ♦❢ tr❛♥s❢❡r ❧✐♥❡ ♣❤❛s❡ s♣❛❝❡ ❞❡t❡r♠✐♥❛t✐♦♥ ❜② t♦♠♦✲
❣r❛♣❤✐❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ❛♣♣❧✐❡❞ ♦♥ ♠❡❛s✉r❡♠❡♥t ❞❛t❛ ❛❝❤✐❡✈❡❞ ❜② ♣❤❛s❡ s♣❛❝❡
r♦t❛t✐♦♥ ✈✐❛ t❤❡ P❤❛s❡ ❙❤✐❢t❡r ❙t❡♣♣❡r ❝♦♥❝❡♣t✳

✶✳✶✳ ❙t❛t❡ ♦❢ t❤❡ ❆rt ♦✈❡r✈✐❡✇

❚♦♠♦❣r❛♣❤✐❝❛❧ r❡❝♦♥str✉❝t✐♦♥ ❤❛s ❜❡❝♦♠❡ ❛ ❜❡❛♠ ❞✐❛❣♥♦st✐❝ t❡❝❤♥✐q✉❡ ✉s❡❞ ❢r❡✲
q✉❡♥t❧② ❡s♣❡❝✐❛❧❧② ✐♥ ❋r❡❡ ❊❧❡❝tr♦♥ ▲❛s❡r ✭❋❊▲✮ ❢❛❝✐❧✐t✐❡s❬✷✵❪❬✷✶❪✱ s②♥❝❤r♦tr♦♥ ❛❝❝❡❧✲
❡r❛t♦rs ❬✷✷❪❬✷✸❪ ❜✉t ❛❧s♦ tr❛♥s❢❡r ❧✐♥❡s❬✷✹❪❬✷✺❪❬✷✻❪✸✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ t♦♠♦❣r❛♣❤② ✐♥
tr❛♥s❢❡r ❧✐♥❡s ♦❢ ❤❛❞r♦♥ ❛❝❝❡❧❡r❛t♦rs✱ t✇♦ ♠❡t❤♦❞s ❛r❡ ❝♦♠♠♦♥❧② ✉s❡❞✿

✶✳ ▼✉❧t✐♣❧❡ ♠♦♥✐t♦rs ✐♥st❛❧❧❡❞ ✐♥ ❞✐✛❡r❡♥t ♣♦s✐t✐♦♥s ♦❢ t❤❡ tr❛♥s❢❡r ❧✐♥❡ ✇✐t❤
q✉❛❞r✉♣♦❧❡ ♠❛❣♥❡ts ✐♥ ❜❡t✇❡❡♥✳ ❚❤❡ ♠❛❣♥❡ts r♦t❛t❡ t❤❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥
✐♥ ♣❤❛s❡ s♣❛❝❡ ❛♥❞ ✈✐❛ t❤❡ ♠♦♥✐t♦rs ❜❡❛♠ ❞✐str✐❜✉t✐♦♥ ♣r♦✜❧❡s ❛r❡ r❡❝♦r❞❡❞✳
❘❡❣❣✐❛♥✐ ❡t ❛❧❬✷✽❪ s❤♦✇❡❞ t❤❛t ✈✐❛ t❤✐s s❡t✉♣ ❛♥❞ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠

✶❚❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❞❡✜♥✐t✐♦♥ ❢♦r t❤✐s t❤❡s✐s ✐s ❢♦❧❧♦✇✐♥❣ t❤❡ ▼❆❉❳ ❝♦♥✈❡♥t✐♦♥✳❬✶✼❪
✷❲❤✐❧❡ ✐♥ ❛ ❈❚ s❝❛♥♥❡r t❤❡ ♣❛t✐❡♥t r❡♠❛✐♥s st❛t✐❝ ❛♥❞ t❤❡ ❞❡t❡❝t♦r ✐s ♠♦✈❡❞ ❛r♦✉♥❞ t❤❡ ♣❛t✐❡♥t✱
✐♥ t❤✐s s❡t✉♣ t❤❡ ♠♦♥✐t♦r ✐s st❛t✐❝ ❛♥❞ t❤❡ ❜❡❛♠ ✐s r♦t❛t❡❞✳ ❋♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠
t❤✐s ✐s ♥♦ ❞✐✛❡r❡♥❝❡✳

✸❙tr❛t❛❦✐s ❡t ❛❧❬✷✼❪ s❤♦✇❡❞ t❤❛t ❛t ❛ ❋❊▲ ✉s✐♥❣ ❛♥ ♦♣t✐♠✐③❡❞ s❡t✉♣ ❛♥ ❡rr♦r ❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥
❛♥❞ ♠❡❛s✉r❡♠❡♥t ♦❢ ❧❡ss t❤❛♥ ✶✵✪ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳

✷
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✶ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ❙❝♦♣❡

▼❊◆❚❬✷✾❪❬✸✵❪✹ t❤❡ ♣❤❛s❡ s♣❛❝❡ ♦❢ ❛ ♣r♦t♦♥ ❜❡❛♠ ❡①tr❛❝t❡❞ ❢r♦♠ ❝②❝❧♦tr♦♥s
❛♥❞ s②♥❝❤r♦tr♦♥s ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞✳

✷✳ ❖♥❡ ♦r ♠✉❧t✐♣❧❡ q✉❛❞r✉♣♦❧❡s ❛r❡ ✉s❡❞ t♦ r♦t❛t❡ t❤❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ✐♥
♣❤❛s❡ s♣❛❝❡ ♦♥ ❛ s✐♥❣❧❡ ♠♦♥✐t♦r ❞♦✇♥str❡❛♠ t❤❡ ♠❛❣♥❡ts✳ ❚②♣✐❝❛❧❧② ✐♥ s✉❝❤
s❝❡♥❛r✐♦s ♥♦t ♦♥❧② t❤❡ ♣❤❛s❡ ❛❞✈❛♥❝❡ ✐s ❝❤❛♥❣❡❞ ❜✉t ❛❧s♦ t❤❡ ❜❡t❛ ❢✉♥❝t✐♦♥s
❛r❡ s❝❛❧❡❞ ❢♦r t❤❡ ✈❛r✐♦✉s q✉❛❞r✉♣♦❧❡ s❡tt✐♥❣s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ❢♦r t❤✐s
t❤❡s✐s✳

✶✳✷✳ ▼❡❞❆✉str♦♥

▼❡❞❆✉str♦♥ ✐s ❛ s②♥❝❤r♦tr♦♥ ❜❛s❡❞ ❝❛♥❝❡r tr❡❛t♠❡♥t ❛♥❞ r❡s❡❛r❝❤ ❢❛❝✐❧✐t② ❧♦❝❛t❡❞
✐♥ ❲✐❡♥❡r ◆❡✉st❛❞t✱ ❆✉str✐❛✳ ❋♦r ❝❧✐♥✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♣r♦t♦♥ ❜❡❛♠s ✉♣ t♦ ✷✺✵▼❡❱
❛s ✇❡❧❧ ❛s ❝❛r❜♦♥ ✐♦♥ ❜❡❛♠s ✉♣ t♦ ✹✵✵▼❡❱✴♥✉❝❧❡♦♥✺ ❝❛♥ ❜❡ ♣r♦✈✐❞❡❞ t♦ ✜✈❡ ❞✐✛❡r❡♥t
❜❡❛♠ ❧✐♥❡s ✻ ✇❤✐❧❡ ❢♦r ♥♦♥❝❧✐♥✐❝❛❧ r❡s❡❛r❝❤ ♣r♦t♦♥ ❜❡❛♠s ✉♣ t♦ ✽✵✵▼❡❱ ❛r❡ ❛✈❛✐❧❛❜❧❡
✐♥ ❛ ❞❡❞✐❝❛t❡❞ ✐rr❛❞✐❛t✐♦♥ ❛r❡❛❬✸✶❪❬✸✷❪❬✸✸❪✳ ❚❤❡ ❛❝❝❡❧❡r❛t♦r ❧❛②♦✉t ❜❛s❡s ♦♥ t❤❡ ❈❊❘◆
P■▼▼❙ st✉❞② ❛♥❞ t❤❡ ✜rst ♣❛t✐❡♥t ❤❛s ❜❡❡♥ tr❡❛t❡❞ ✐♥ ❉❡❝❡♠❜❡r ✷✵✶✻✳

❚❤❡ ✐♥❥❡❝t♦r ❤♦sts ✉♣ t♦ ❢♦✉r ❊❧❡❝tr♦♥ ❈②❝❧♦tr♦♥ ❘❡s♦♥❛♥❝❡ ✭❊❈❘✮ ✐♦♥ s♦✉r❝❡s✱ ❛
❘❛❞✐♦ ❋r❡q✉❡♥❝② ◗✉❛❞r✉♣♦❧❡ ✭❘❋◗✮ ❛♥❞ ❛♥ ■♥t❡r✲❞✐❣✐t❛❧ ❍✲♠♦❞❡ ❧✐♥❡❛r ❛❝❝❡❧❡r❛t♦r
✭▲■◆❆❈✮ ✇✐t❤ ❛♥ ♦✉t♣✉t ❡♥❡r❣② ♦❢ ✼▼❡❱✴♥✉❝❧❡♦♥✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ♠✉❧t✐t✉r♥
✐♥❥❡❝t✐♦♥ ✜❧❧s t❤❡ ♣❛rt✐❝❧❡s ✐♥t♦ t❤❡ ✼✼✳✻♠ ❝✐r❝✉♠❢❡r❡♥❝❡ s②♥❝❤r♦tr♦♥ ✇❤✐❝❤ ❤♦sts ❛
❧✐♥❡❛r ❧❛tt✐❝❡ ❝♦♠♣♦s❡❞ ♦❢ ✶✻ ❞✐♣♦❧❡s ♣♦✇❡r❡❞ ❜② ❛ ❝♦♠♠♦♥ ♣♦✇❡r s✉♣♣❧② ❛s ✇❡❧❧ ❛s
✷✹ q✉❛❞r✉♣♦❧❡s ❝♦♠❜✐♥❡❞ ✐♥ t✇♦ ❢♦❝✉s✐♥❣ ❛♥❞ ♦♥❡ ❞❡❢♦❝✉s✐♥❣ ❢❛♠✐❧②✳ ❋♦✉r s❡①t✉♣♦❧❡s
♣❧❛❝❡❞ ✐♥ ❞✐s♣❡rs✐✈❡ s❡❝t✐♦♥ ♦❢ t❤❡ ❧❛tt✐❝❡ ❛r❡ ✉s❡❞ t♦ ❝♦♥tr♦❧ t❤❡ ❝❤r♦♠❛t✐❝✐t② ✇❤✐❧❡
❛ ❞❡❞✐❝❛t❡❞ ✭r❡s♦♥❛♥t✮ s❡①t✉♣♦❧❡ ✐♥ ❛ ❞✐s♣❡rs✐♦♥✲❢r❡❡ s❡❝t✐♦♥ ✐s ✉s❡❞ t♦ ❞r✐✈❡ t❤❡ s❧♦✇
❡①tr❛❝t✐♦♥ ♣r♦❝❡ss✳

❇② ✐♥❝r❡❛s✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ♦❢ t❤❡ ♠❛❣♥❡ts ❛♥❞ s②♥❝❤r♦♥♦✉s❧② ❛❝❝❡❧❡r❛t✐♥❣
t❤❡ ♣❛rt✐❝❧❡s ✇✐t❤ ❛ ✇✐❞❡✲❜❛♥❞ ❘❛❞✐♦ ❋r❡q✉❡♥❝② ❝❛✈✐t② ✭❘❋✮✱ t❤❡ ❜❡❛♠ ❡♥❡r❣② ✐s
✐♥❝r❡❛s❡❞ t♦ t❤❡ ❞❡s✐r❡❞ ❡①tr❛❝t✐♦♥ ✭✢❛t t♦♣✮ ❡♥❡r❣②✳ ❆❢t❡r ❜❡✐♥❣ ❡①tr❛❝t❡❞ ✭❝❤❛♣t❡r
✷✳✷✮ t❤❡ ♣❛rt✐❝❧❡s tr❛✈❡rs❡ t❤❡ ❍✐❣❤ ❊♥❡r❣② ❇❡❛♠ ❚r❛♥s❢❡r ❧✐♥❡ ✭❍❊❇❚✮❬✸✹❪ t♦✇❛r❞s
t❤❡ ✐rr❛❞✐❛t✐♦♥ r♦♦♠s❬✸✺❪✳ ❚❤❡ ❞❡s✐❣♥ ❢♦r❡s❡❡s ✶①✶✵10 ♣r♦t♦♥s ❛♥❞ ✹①✶✵8 ❈6+ ✐♦♥s ✐♥
t❤❡ ✐rr❛❞✐❛t✐♦♥ r♦♦♠ ♣❡r ♣✉❧s❡ ❡①tr❛❝t❡❞ ✐♥ ❛ t✐♠❡ ✇✐♥❞♦✇ ❜❡t✇❡❡♥ ✵✳✶ ✲ ✶✵ s❡❝♦♥❞s✳

❋✐❣✉r❡ ✶✳✸ s❤♦✇s ❛ ✢❛tt❡♥❡❞ s②♥❝❤r♦tr♦♥ ❧❛②♦✉t ♦♥ t♦♣ ✐♥❞✐❝❛t✐♥❣ t❤❡ ♣♦s✐t✐♦♥ ♦❢
t❤❡ r❡s♦♥❛♥t s❡①t✉♣♦❧❡ ✭▼❘✵✽✵✵✵▼❳❘✮✱ t❤❡ ❡❧❡❝tr♦st❛t✐❝ ❡①tr❛❝t✐♦♥ s❡♣t✉♠ ✭▼❘✶✹✵✵✵❊❙❊✮
❛s ✇❡❧❧ ❛s t❤❡ ♠❛❣♥❡t✐❝ ❡①tr❛❝t✐♦♥ s❡♣t✉♠ ✭❊❳✵✵✵✵✵▼❙❚✮✳ ❚❤❡ ❜♦tt♦♠ ❝❤❛rts s❤♦✇
t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ β✲❢✉♥❝t✐♦♥s ❛♥❞ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐s♣❡rs✐♦♥✳

✹❚❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♠❛t❝❤✐♥❣ ❜❡st t♦ t❤❡ ❢❡✇ ♣r♦✜❧❡s ♠❡❛s✉r❡❞ ✐s ✐❞❡♥t✐✜❡❞ ❜② ❡✈❛❧✉❛t✐♥❣
t❤❡ ♠❛①✐♠✉♠ ❡♥tr♦♣②✳

✺❚❤♦s❡ ❡♥❡r❣✐❡s ❝♦rr❡s♣♦♥❞ t♦ ❛ ♣❡♥❡tr❛t✐♦♥ ❞❡♣t❤ ✐♥ ✇❛t❡r ♦❢ ❛❜♦✉t ✸✻❝♠✳
✻❚❤r❡❡ ❤♦r✐③♦♥t❛❧ ✜①❡❞ ❜❡❛♠ ❧✐♥❡s✱ ♦♥❡ ✈❡rt✐❝❛❧ ✜①❡❞ ❜❡❛♠ ❧✐♥❡ ❛s ✇❡❧❧ ❛s ❛ r♦t❛t✐♥❣ ❣❛♥tr②✳

✸
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✶ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ❙❝♦♣❡
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✷✳ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

❚❤✐s ❝❤❛♣t❡r ❞❡s❝r✐❜❡s s❡❧❡❝t❡❞ t♦♣✐❝s ♦❢ ❛❝❝❡❧❡r❛t♦r ♣❤②s✐❝s ✭s❡❝t✐♦♥ ✷✳✶✮✼✱ ✐♥tr♦❞✉❝❡s
t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ♦❢ r❡s♦♥❛♥t s❧♦✇ ❡①tr❛❝t✐♦♥ ✭s❡❝t✐♦♥ ✷✳✷✮ ❛♥❞ t❤❡ ✬❜❛r ♦❢ ❝❤❛r❣❡✬✱
♣✐❝t✉r❡s t❤❡ ♣❤❛s❡ s❤✐❢t❡r st❡♣♣❡r ❝♦♥❝❡♣t ✭s❡❝t✐♦♥ ✷✳✸✮ ❛♥❞ ❣✐✈❡s ❛♥ ♦✈❡r✈✐❡✇ ♦❢
t♦♠♦❣r❛♣❤✐❝❛❧ r❡❝♦♥str✉❝t✐♦♥ t❡❝❤♥✐q✉❡s ✭s❡❝t✐♦♥ ✷✳✹✮ t♦ ❡st❛❜❧✐s❤ ❛ ❝♦♥t❡①t ❢♦r t❤❡
❝♦♥t❡♥t ♦❢ t❤✐s t❤❡s✐s✳

✷✳✶✳ ❆❝❝❡❧❡r❛t♦r ♣❤②s✐❝s

✷✳✶✳✶✳ ❚r❛♥s✈❡rs❡ ♠♦t✐♦♥

❚❤❡ tr❛♥s✈❡rs❡ ♠♦t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s tr❛✈❡rs✐♥❣ t❤r♦✉❣❤ t❤❡ ❧✐♥❡❛r ❧❛tt✐❝❡ ♦❢ ❛ s②♥✲
❝❤r♦tr♦♥ ❝❛♥ ❜❡ ♣❛r❛♠❡tr✐③❡❞ ❛♥❞ ❞❡s❝r✐❜❡❞ ❜② ❛ ♣s❡✉❞♦ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t✐♦♥❬✹✸❪❬✸✻❪✿

z(s) = A
√

β(s) cosµ(s) + B ✭✷✳✶✮

✇✐t❤

µ(s) =

∫ s

0

ds

β(s)
✭✷✳✷✮

❚❤❡ ❝♦♥st❛♥ts ❆ ❛♥❞ ❇ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡✳
❚❤❡ ❜❡t❛ ❛♠♣❧✐t✉❞❡ ❢✉♥❝t✐♦♥ β(s) ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ t❤❡ ♣❤❛s❡ ❛❞✈❛♥❝❡ µ(s) ❛r❡
❞❡✜♥❡❞ ❜② t❤❡ ♦♣t✐❝s ♦❢ t❤❡ ❧❛tt✐❝❡✳ ❋✉rt❤❡r ♣❛r❛♠❡t❡rs t❤❛t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠
t❤❡ ❜❡t❛ ❢✉♥❝t✐♦♥ ❛r❡✿

α(s) = −1

2

dβ

ds
✭✷✳✸✮

γ(s) =
1 + α2

β
✭✷✳✹✮

✼❋♦r ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥s ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦♦❢s t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ s♣❡❝✐❛❧✐③❡❞
❧✐t❡r❛t✉r❡❬✸✻❪❬✸✼❪❬✸✽❪❬✸✾❪❬✹✵❪ ❛♥❞ ❧❡❝t✉r❡s ♦❢ ❞❡❞✐❝❛t❡❞ ♣r♦❣r❛♠s ❧✐❦❡ ❈❆❙❬✹✶❪ ♦r ❯❙P❆❙❬✹✷❪✳
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

❚❤❡s❡ t❤r❡❡ ♣❛r❛♠❡t❡rs ✭α, β, γ✮ ❛r❡ ❝❛❧❧❡❞ ❈♦✉r❛♥t✲❙♥②❞❡r ♣❛r❛♠❡t❡rs ♦r ❚✇✐ss
❢✉♥❝t✐♦♥s✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ♣❛r❛♠❡t❡r ✐♥ tr❛♥s✈❡rs❡ ♦♣t✐❝s ✐s t❤❡ ♣❤❛s❡ ❛❞✈❛♥❝❡
♦✈❡r ♦♥❡ r❡✈♦❧✉t✐♦♥ ✐♥ t❤❡ s②♥❝❤r♦tr♦♥ ❝❛❧❧❡❞ t❤❡ ✭❜❡t❛tr♦♥✮ t✉♥❡ ◗ ✭2πQz = ∆µ✮✳
■t ❞❡s❝r✐❜❡s t❤❡ ♥✉♠❜❡r ♦❢ ❜❡t❛tr♦♥ ♦s❝✐❧❧❛t✐♦♥s ❛r♦✉♥❞ t❤❡ ❝❧♦s❡❞ ♦r❜✐t ♣❡r t✉r♥✳

❊①tr❛❝t✐♥❣ ❛♥❞ ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ♣❤❛s❡ t❡r♠ ♦❢ ❡q✉❛t✐♦♥s ✷✳✷ ❛♥❞ ✷✳✸ ❧❡❛❞s t♦ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ♥❡✇ ♥♦r♠❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s

Z(µ) = Acos(µ+B) = z(s)
1√
β

✭✷✳✺✮

Z ′(µ) = −Asin(µ+B) = z′(s)
√

β + z(s)
α√
β

✭✷✳✻✮

❚❤✐s ❋❧♦q✉❡t tr❛♥s❢♦r♠❛t✐♦♥ ✐s ❧✐♥❡❛r ❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ♦❢t❡♥ ❝♦♥✈❡♥✐❡♥t t♦ r❡✇r✐t❡
✐t ✐♥ ♠❛tr✐① ❢♦r♠

(

Z

dZ/dµ

)

=

(

1/
√
β 0

α/
√
β

√
β

)(

z

dz/ds

)

✭✷✳✼✮

(

z

dz/ds

)

=

( √
β 0

−α/
√
β 1/

√
β

)(

Z

dZ/dµ

)

✭✷✳✽✮

❊❧✐♠✐♥❛t✐♥❣ t❤❡ ♣❤❛s❡ ❛❞✈❛♥❝❡ µ ❢r♦♠ ❡q✉❛t✐♦♥s ✷✳✺ ❛♥❞ ✷✳✻ ❧❡❛❞s t♦ ❛♥ ✐♥✈❛r✐❛♥t
❞❡s❝r✐❜✐♥❣ ❛♥ ❡❧❧✐♣s❡ ✐♥ ✭r❡❛❧✮ ♣❤❛s❡ s♣❛❝❡ ✭③✱③✬✮ ❛♥❞ ❛ ❝✐r❝❧❡ ✐♥ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡
s♣❛❝❡ ✭❩✱ ❩✬✮ ✭s❡❡ ❋✐❣✉r❡ ✷✳✶✮✿

ǫ

π
= A2

norm = γz2 + 2αzz′ + βz′2 = Z2 + Z ′2(= constant) ✭✷✳✾✮

❚❤❡ ❝♦♥st❛♥t ǫ ❡q✉❛❧s t♦ t❤❡ ❛r❡❛ ❝♦✈❡r❡❞ ❜② t❤❡ ❡❧❧✐♣s❡ ✭✐♥ r❡❛❧ ❛♥❞ ♥♦r♠❛❧✐③❡❞
♣❤❛s❡ s♣❛❝❡✮ ❛♥❞ ❢♦r ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ✐s r❡❢❡rr❡❞ t♦ ❛s s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❡♠✐tt❛♥❝❡✳ ❚❤❡
s❤❛♣❡ ♦❢ t❤❡ ❡❧❧✐♣s❡ ✈❛r✐❡s ❢♦r ❞✐✛❡r❡♥t ❧♦❝❛t✐♦♥s ✐♥ t❤❡ ❧❛tt✐❝❡ ✇❤✐❧❡ t❤❡ ❛r❡❛ r❡♠❛✐♥s
❝♦♥st❛♥t✽✳

✽❚❤❡ ❡♠✐tt❛♥❝❡ ❞♦❡s ❝❤❛♥❣❡ ❡✳❣ ✳✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s♣❛❝❡ ❝❤❛r❣❡ ♦r ✐❢ t❤❡ ♣❛rt✐❝❧❡ ✐s ❜❡✐♥❣ ❛❝✲
❝❡❧❡r❛t❡❞ ✭✬❛❞✐❛❜❛t✐❝ ❞❛♠♣✐♥❣✬✮✳ ■♥ ❛ ♣❧❛✐♥ ❧✐♥❡❛r ❧❛tt✐❝❡ ❤♦✇❡✈❡r t❤❡ ❛r❡❛ r❡♠❛✐♥s ❝♦♥st❛♥t
✭❂▲✐♦✉✈✐❧❧❡✬s t❤❡♦r❡♠✮✳
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

x'

x

xmax = 
√
βǫ/π

x′
max = 

√
γǫ/π

ǫ=(γx 2 +2αxx′+βx′ 2 )π

ǫ=A 2
normπ

real phase space
X'

X

Anorm = 
√
X 2 +X′ 2

ǫ=(X 2 +X′ 2 )π

ǫ=A 2
normπ

normalized phase space

❋✐❣✉r❡ ✷✳✶✳✿ ❚r❛♥s✈❡rs❡ r❡❛❧ ❛♥❞ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡

✷✳✶✳✷✳ ❉✐s♣❡rs✐♦♥ ❛♥❞ ❈❤r♦♠❛t✐❝✐t②

❊q✉❛t✐♦♥ ✷✳✶ ❞❡s❝r✐❜❡s t❤❡ ♠♦t✐♦♥ ♦❢ ❛♥ ♦♥✲♠♦♠❡♥t✉♠ ♣❛rt✐❝❧❡ t❤r♦✉❣❤ t❤❡ ❧❛tt✐❝❡
♦s❝✐❧❧❛t✐♥❣ ❛r♦✉♥❞ t❤❡ ❝❡♥tr❛❧ ♦r r❡❢❡r❡♥❝❡ ✭❝❧♦s❡❞✮ ♦r❜✐t✾✳ ❆ ♣❛rt✐❝❧❡ ✇✐t❤ ❛ r❡❧❛✲
t✐✈❡ ♠♦♠❡♥t✉♠ s❤✐❢t δp/p = (ppart. − p0)/p0 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡❢❡r❡♥❝❡ ♣❛rt✐❝❧❡
♦s❝✐❧❧❛t❡s ❛r♦✉♥❞ ❛ s❤✐❢t❡❞ ♦r❜✐t ✭❂❞❡s✐❣♥ ♦r❜✐t✮✳ ❚♦ ✜rst ♦r❞❡r ❛♥❞ ♦♥❧② s♠❛❧❧ δp/p
t❤✐s s❤✐❢t ✐s ❛ ♣r♦❞✉❝t ♦❢ t❤❡ t❤❡ ♠♦♠❡♥t✉♠ ❞❡✈✐❛t✐♦♥ ❛♥❞ ❞✐s♣❡rs✐♦♥ ❢✉♥❝t✐♦♥ ❉✭s✮
❝r❡❛t❡❞ ❜② ❞✐♣♦❧❡s✳

∆x(s) = D(s)
δp

p0
✭✷✳✶✵✮

∆x′(s) = D′(s)
δp

p0
✭✷✳✶✶✮

❋✉rt❤❡r♠♦r❡✱ ❛❧s♦ t❤❡ t✉♥❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ❛✛❡❝t❡❞ ❜② t❤❡✐r ♠♦♠❡♥t❛ ❛s t❤❡
❢♦❝❛❧ str❡♥❣t❤ ♦❢ t❤❡ q✉❛❞r✉♣♦❧❡s ✐♥ t❤❡ ❧✐♥❡❛r ❧❛tt✐❝❡ ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♣❛rt✐❝❧❡
♠♦♠❡♥t✉♠✳ ❚❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✉♥❡s ♦❢ ❛♥ ♦✛✲♠♦♠❡♥t✉♠ ❛♥❞ ❛♥ ♦♥✲
♠♦♠❡♥t✉♠ ♣❛rt✐❝❧❡ ✐s ❝❛❧❧❡❞ ❝❤r♦♠❛t✐❝✐t② Q′

z✳

Q′

z =
∆Qz

δp/p0
✭✷✳✶✷✮

✾❆♥ ♦♥✲♠♦♠❡♥t✉♠✱ ♦♥✲❛①✐s✱ ③❡r♦ ❜❡t❛ ❛♠♣❧✐t✉❞❡ ♣❛rt✐❝❧❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♦♣t✐❝❛❧ ❛①✐s ♦❢ t❤❡
❧❛tt✐❝❡ ❝♦♠♣♦♥❡♥ts ✐s r❡❢❡rr❡❞ t♦ ❛s r❡❢❡r❡♥❝❡ ♣❛rt✐❝❧❡✳
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

✷✳✷✳ ❙❧♦✇ ❡①tr❛❝t✐♦♥

■♥ ♦r❞❡r t♦ ❡①tr❛❝t t❤❡ ♣❛rt✐❝❧❡s s❧♦✇❧② ❢r♦♠ t❤❡ s②♥❝❤r♦tr♦♥ ✭❤✉♥❞r❡❞ t❤♦✉s❛♥❞s ♦❢
t✉r♥s✮✱ ❛♥ ♦❢t❡♥ ✉s❡❞ ❛♣♣r♦❛❝❤ ✐s t♦ ❞r✐✈❡ t❤❡ ♣❛rt✐❝❧❡s ✐♥t♦ ❛ r❡s♦♥❛♥❝❡ ✐♥ ❛ ❝♦♥✲
tr♦❧❧❡❞ ♠❛♥♥❡r✳ ❆ss✉♠✐♥❣ t❤❡ ♣❛rt✐❝❧❡ ♠♦t✐♦♥ ❛s ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t✐♦♥✱ ❛ r❡s♦♥❛♥❝❡
❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛ ♣❡rt✉r❜❛t✐♦♥ ✇✐t❤ ❛ ❤❛r♠♦♥✐❝ ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ t❤❡ ❡✐❣❡♥❢r❡✲
q✉❡♥❝② ✭❂s✐♥❣❧❡ ♣❛rt✐❝❧❡ t✉♥❡✮ ♦❢ t❤❡ ♣❛rt✐❝❧❡❬✸✼❪✳ ❚❤❡ ♣❛rt✐❝❧❡ ✇✐❧❧ ❜❡❝♦♠❡ ✉♥st❛❜❧❡✱
✐♥❝r❡❛s❡ ✐ts ❜❡t❛tr♦♥ ❛♠♣❧✐t✉❞❡ ❛♥❞ ❡✈❡♥t✉❛❧❧② ❜❡ ✬❧♦st✬ ✐♥t♦ t❤❡ ❡①tr❛❝t✐♦♥ ❝❤❛♥♥❡❧✳

✷✳✷✳✶✳ ❚❤✐r❞ ✐♥t❡❣❡r r❡s♦♥❛♥❝❡

❋♦r ❛ ♥♦♥✲❧✐♥❡❛r ♣❡rt✉r❜❛t✐♦♥ r❡♣r❡s❡♥t❡❞ ❜② ❛ s❡①t✉♣♦❧❡ t❤❡ t❤✐r❞ ✐♥t❡❣❡r r❡s♦♥❛♥❝❡
✐s ❡①❝✐t❡❞✳ ❋✐❣✉r❡ ✷✳✷✭❛✮ s❤♦✇s t❤❡ ♣r♦❝❡ss ♦❢ ❛♠♣❧✐t✉❞❡ ✐♥❝r❡❛s❡ s❝❤❡♠❛t✐❝❛❧❧②✿
❆ ♣❛rt✐❝❧❡ ✇✐t❤ ❛ ❜❡t❛tr♦♥ t✉♥❡ ✭❂❡✐❣❡♥❢r❡q✉❡♥❝②✮ ♠❡❡t✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ✸◗H ❂
✐♥t❡❣❡r ❛♥❞ ❛ ♥♦♥✲③❡r♦ ❡♠✐tt❛♥❝❡ r❡❝❡✐✈❡s ❛ ❦✐❝❦ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ s❡①t✉♣♦❧❡✳ ❆s
✐♥❞✐❝❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✷✭❜✮ ❛❧❧ ♣❛rt✐❝❧❡s ✇✐t❤ X 6= 0✱ X ′ = 0 ❛r❡ ❡①♣♦s❡❞ t♦ ❛ ❦✐❝❦ ✐♥
t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❜❧✉❡ ♣♦✐♥ts ✐♥ ❋✐❣✉r❡ ✷✳✷✭❛✮ r❡♣r❡s❡♥t s✐① ❝♦♥s❡❝✉t✐✈❡ t✉r♥s✿
✇❤❡♥ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ s❡①t✉♣♦❧❡✱ t❤❡ ♣❛rt✐❝❧❡ r❡❝❡✐✈❡s ♥♦ ❦✐❝❦ ✇❤✐❧❡
✐♥ ❛❧❧ ♦t❤❡r ❝❛s❡s ✐t ❞♦❡s ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❝r❡❛s❡s ✐ts ❛♠♣❧✐t✉❞❡ ✭✐♥❝r❡❛s✐♥❣ t❤❡ r❛❞✐✉s
♦❢ t❤❡ ❣r❡❡♥ ❝✐r❝❧❡ ✐♥ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡✮✶✵ ✳

✭❛✮ ❆♠♣❧✐t✉❞❡ ❣r♦✇t❤ ♦❢ ❛ ♣❛rt✐❝❧❡ ✇✐t❤ ❛
❢r❛❝t✐♦♥ t✉♥❡ ♦❢ ✶✴✸ ❝❛✉s❡❞ ❜② ❛ s❡①t✉♣♦❧❡❬✻❪

✭❜✮ ❙❝❤❡♠❛t✐❝ ♦❢ ✜❡❧❞ ❧✐♥❡s ❛♥❞ ▲♦r❡♥t③
❢♦r❝❡ ✈❡❝t♦rs ❢♦r ❛ ♥♦r♠❛❧ s❡①t✉♣♦❧❡❬✹✹❪

❋✐❣✉r❡ ✷✳✷✳✿ ❙❡①t✉♣♦❧❡s ❝r❡❛t❡ ❛ ♥♦♥✲❧✐♥❡❛r ♣❡rt✉r❜❛t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ r❡s♦♥❛♥❝❡s
t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ s❧♦✇ ❡①tr❛❝t t❤❡ ♣❛rt✐❝❧❡s✳

✶✵P♦✐♥t ✶ ❛♥❞ ♣♦✐♥t ✹ r❡♣r❡s❡♥t t❤❡ s❛♠❡ ♣❛rt✐❝❧❡ t❤r❡❡ t✉r♥s ❧❛t❡r ✇✐t❤ ✐♥❝r❡❛s❡❞ ❛♠♣❧✐t✉❞❡✳ ■❢
t❤❡ ❛♠♣❧✐t✉❞❡ ❤❛s ✐♥❝r❡❛s❡❞ t♦ ❛ ❝❡rt❛✐♥ ♣♦✐♥t✱ ❜❡t✇❡❡♥ ♣♦✐♥t ♥ ❛♥❞ ♣♦✐♥t ♥✰✶ t❤❡r❡ ✐s ❛♥
❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠ ✐♥st❛❧❧❡❞ ❣✉✐❞✐♥❣ t❤❡ ♣❛rt✐❝❧❡ ✐♥t♦ t❤❡ ❡①tr❛❝t✐♦♥ ❝❤❛♥♥❡❧✳
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

■❢ t❤❡ r❡s♦♥❛♥❝❡ ❝♦♥❞✐t✐♦♥ ✐s ♥♦t ♠❡t✱ t❤❡ ♣❛rt✐❝❧❡ ✇♦✉❧❞ ❛❧s♦ r❡❝❡✐✈❡ ❦✐❝❦s ✐♥ t❤❡
X ′ > 0 ❤❛❧❢ ♦❢ t❤✐s ❝❤❛rt ❦✐❝❦✐♥❣ t❤❡ ♣❛rt✐❝❧❡ ✬❜❛❝❦✬✳ ❖✈❡r ♠❛♥② t✉r♥s✱ t❤❡ ❛r❡❛ ♦❢
t❤❡ ❡❧❧✐♣s❡ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ ✇❤✐❧❡ t❤❡ s❤❛♣❡ ♠✐❣❤t ❣❡t ❞❡❢♦r♠❡❞✳

✷✳✷✳✷✳ ❊①tr❛❝t✐♦♥ ♣r❡♣❛r❛t✐♦♥

■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ▼❡❞❆✉str♦♥ ❛❝❝❡❧❡r❛t♦r✱ t❤❡ ♣r♦❝❡ss ♦❢ t❤❡ ❡①tr❛❝t✐♦♥ ✐s ♣r❡♣❛r❡❞
t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ t❤❡ ❤♦r✐③♦♥t❛❧ ❧❛tt✐❝❡ t✉♥❡ QH ✐s 5/3 ✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ r❡s✲
♦♥❛♥❝❡ ❝♦♥❞✐t✐♦♥ ♦❢ ❛ s❡①t✉♣♦❧❡ ✇❤✐❧❡ QV ✐s 1.789 ❛♥❞ t❤❡r❡❢♦r❡ ✐♥ s❛❢❡ ❞✐st❛♥❝❡
t♦ ❛♥② r❡s♦♥❛♥❝❡✳ ❚❤❡ ❝❡♥tr❛❧ ❜❡❛♠ ♠♦♠❡♥t✉♠ ✐s ♦✛✲♠♦♠❡♥t✉♠ ❛t ✢❛t t♦♣ ❜②
✲✸✳✺❊✲✸ ✇❤✐❧❡ t❤❡ ♠♦♠❡♥t✉♠ s♣r❡❛❞ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ✇✐t❤✐♥ t❤❡ ❜❡❛♠ ✐s ±✷✳✵❊✲✸✳
❇❡❝❛✉s❡ ♦❢ t❤❡ ❝❤r♦♠❛t✐❝✐t② Q′

H ♦❢ ❛❜♦✉t −4.0 t❤❡ ❜❡❛♠ t✉♥❡ ✐s s❧✐❣❤t❧② ❛❜♦✈❡ t❤❡
r❡s♦♥❛♥❝❡ ❛♥❞ t❤❡ ❜❡❛♠ ✐s ✇❛✐t✐♥❣ t♦ ❜❡ ❡①tr❛❝t❡❞✳✶✶ ❖♥❧② ♥♦✇ t❤❡ r❡s♦♥❛♥t s❡①✲
t✉♣♦❧❡ ✐s r❛♠♣❡❞ t♦ ❡①❝✐t❡ t❤❡ t❤✐r❞ ✐♥t❡❣❡r r❡s♦♥❛♥❝❡ str♦♥❣❧②✳✶✷ ❚❤❡s❡ st❡♣s ❛r❡
✈✐s✉❛❧✐③❡❞ ✐♥ t❤❡ ❙t❡✐♥❜❛❝❤ ❞✐❛❣r❛♠ ✐♥ ❋✐❣✉r❡ ✷✳✸✭❛✮ s❤♦✇✐♥❣ t❤❡ r❛♠♣✐♥❣ ♦❢ t❤❡
r❡s♦♥❛♥t s❡①t✉♣♦❧❡✳

✭❛✮ ❘❛♠♣✐♥❣ r❡s♦♥❛♥t s❡①t✉♣♦❧❡ ✭❜✮ ❘❛♠♣✐♥❣ r❡s♦♥❛♥t s❡①t✉♣♦❧❡

❋✐❣✉r❡ ✷✳✸✳✿ ❙t❡✐♥❜❛❝❤ ❞✐❛❣r❛♠s s❤♦✇✐♥❣ t❤❡ ❧❛st ♣r❡♣❛r❛t♦r② st❡♣s ❜❡❢♦r❡
❡①tr❛❝t✐♦♥❬✻❪

▼❛t❤❡♠❛t✐❝❛❧❧②✱ ♣❛rt✐❝❧❡s ♣❛ss✐♥❣ t❤r♦✉❣❤ ❛ s✐♠♣❧✐✜❡❞ t❤✐♥ ❧❡♥s s❡①t✉♣♦❧❡ r❡❝❡✐✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❦✐❝❦s✶✸✿

✶✶❇❡❝❛✉s❡ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ DH(s) t❤❡ ❜❡❛♠ ✐s ❛❧s♦ s❤✐❢t❡❞ ✐♥ ♣♦s✐t✐♦♥✳ ❖♥❧② ✐♥ ❧♦❝❛t✐♦♥s ✇❤❡r❡
t❤❡ DH = 0 ❧✐❦❡ ❛t t❤❡ r❡s♦♥❛♥t s❡①t✉♣♦❧❡ t❤❡ ❞❡s✐❣♥ ♦r❜✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ r❡❢❡r❡♥❝❡ ♦r❜✐t✳

✶✷❇❡❝❛✉s❡ ♦❢ ✐t ❜❡✐♥❣ ❧♦❝❛t❡❞ ✐♥ ❛ ❞✐s♣❡rs✐♦♥✲❢r❡❡ r❡❣✐♦♥ ✭Dz = D′

z = 0✮ t❤✐s r❛♠♣ ✐♥ ✜rst ♦r❞❡r
❞♦❡s♥✬t ❛✛❡❝t t❤❡ ❝❤r♦♠❛t✐❝✐t②✳

✶✸❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠✐✲q✉❛❧✐t❛t✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s❧♦✇ ❡①tr❛❝t✐♦♥ ♣r♦✈✐❞❡s ♦♥❧② ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡

✾
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

∆x′ =
1

2
lsk

′(x2 − y2) ✭✷✳✶✸✮

∆y′ = −lsk
′xy ✭✷✳✶✹✮

✇✐t❤ ls ❛s t❤❡ ♠❛❣♥❡t ❧❡♥❣t❤ ❛♥❞ k′ ❛s t❤❡ ♥♦r♠❛❧✐③❡❞ s❡①t✉♣♦❧❡ ❣r❛❞✐❡♥t✳

k′ =
1

|Bρ|

(
d2Bz

dx2

)

✭✷✳✶✺✮

■♥ ♥♦r♠❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ ❦✐❝❦s ❛r❡ ❞❡s❝r✐❜❡❞ ❛s

∆X ′ = S

(

X2 − βy

βx

Y 2

)

✭✷✳✶✻✮

∆Y ′ = −2S
βy

βx

XY ✭✷✳✶✼✮

✇✐t❤ ❙ ❛s t❤❡ ♥♦r♠❛❧✐③❡❞ s❡①t✉♣♦❧❡ ❣r❛❞✐❡♥t

S =
1

2
β3/2
x lsk

′ ✭✷✳✶✽✮

❋✐❣✉r❡ ✷✳✸✭❜✮ s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ t❤❡ r❡s♦♥❛♥t s❡①t✉♣♦❧❡ r❛♠♣✐♥❣ ✐♥ ♥♦r♠❛❧✐③❡❞
♣❤❛s❡ s♣❛❝❡ ❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥t s❡①t✉♣♦❧❡ ❢♦r ❢♦✉r ♣❛rt✐❝❧❡s ♦❢ ❞✐✛❡r❡♥t
❡♠✐tt❛♥❝❡✳ ❚❤❡ ❜❧✉❡ ❝✐r❝✉❧❛r ♠♦✈❡♠❡♥t ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❣❡ts ❞❡❢♦r♠❡❞ t♦✇❛r❞s ❛
tr✐❛♥❣✉❧❛r s❤❛♣❡ ✐❢ t❤❡ r❛♠♣✐♥❣ ✐s ♣❡r❢♦r♠❡❞ ❛❞✐❛❜❛t✐❝❛❧❧② ✭❂s❧♦✇ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ r❡✈♦❧✉t✐♦♥ t✐♠❡✮✳

❆ss✉♠✐♥❣ t❤❛t ❨ ✐s s♠❛❧❧ ✇✐t❤ r❡s♣❡❝t t♦ ❳ ✭❡s♣❡❝✐❛❧❧② ❝♦♥❝❡r♥✐♥❣ t❤❛t t❤❡ ❡①✲
tr❛❝t✐♦♥ t❛❦❡s ♣❧❛❝❡ ✐♥ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ ❳✮ ❧❡❛❞s t♦ t❤❡ ❡q✉❛t✐♦♥s

∆X = ∆Y = ∆Y ′ = 0 and ∆X ′ = SX2 ✭✷✳✶✾✮

❇❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥s s♦ ❢❛r✱ t❤❡ ♠♦t✐♦♥ ♦❢ ❛ ❤♦r✐③♦♥t❛❧ ♣❛rt✐❝❧❡ ✇✐t❤ ❛ ♣❛rt✐❝❧❡
t✉♥❡ ❝❧♦s❡ t♦ t❤❡ t❤✐r❞ ✐♥t❡❣❡r r❡s♦♥❛♥❝❡ ✭6πδQ ❂ ♠♦❞✐✜❡❞ t✉♥❡ ❞✐st❛♥❝❡ ζ✶✹✮ ❝❛♥

♣r♦❝❡ss✳ ❆s t❤❡ ▼❡❞❆✉str♦♥ ❛❝❝❡❧❡r❛t♦r r❡♣r❡s❡♥ts ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❈❊❘◆ P■▼▼❙
st✉❞②✱ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ t❤❡r❡ ❬✶✶❪❬✶✷❪❬✽❪❬✹✺❪

✶✹❚②♣✐❝❛❧❧② ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t❤❡ ❧❡tt❡r ǫ ✐s ✉s❡❞ ❢♦r t❤❡ ♠♦❞✐✜❡❞ t✉♥❡ ❞✐st❛♥❝❡ ❛s ✇❡❧❧ ❛s ❢♦r t❤❡
❡♠✐tt❛♥❝❡✳ ❋♦r ❝❧❛r✐t② ✐♥ t❤✐s ❞♦❝✉♠❡♥t ζ ✐s ✉s❡❞ ❢♦r t❤❡ ♠♦❞✐✜❡❞ t✉♥❡ ❞✐st❛♥❝❡✳

✶✵
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ s✐♠♣❧✐✜❡❞ ❑♦❜❛②❛s❤✐ ❍❛♠✐❧t♦♥✐❛♥❬✹✻❪ ❞❡s❝r✐❜✐♥❣ t❤❡ ♠♦t✐♦♥
✐♥ ❛ ❧✐♥❡❛r ❧❛tt✐❝❡ ✇✐t❤ ❛ s❡①t✉♣♦❧❡ ♣❡rt✉r❜❛t✐♦♥✶✺✿

H =
ζ

2
(X2 +X ′2)
︸ ︷︷ ︸

✉♥♣❡rt✉r❜❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t✐♦♥

+
S

4
(3XX ′2 −X3)

︸ ︷︷ ︸

s❡①t✉♣♦❧❡ ♣❡rt✉r❜❛t✐♦♥

✭✷✳✷✵✮

0.010 0.005 0.000 0.005 0.010 0.015 0.020
X

0.015

0.010

0.005

0.000

0.005

0.010

0.015

X
′

d=0.01, S=1.0

0.010 0.005 0.000 0.005 0.010 0.015 0.020
X

0.015

0.010

0.005

0.000

0.005

0.010

0.015

X
′

h

Area=3
√
3h2

P0
P1

P2

P3

d=0.01, S=1.0

❋✐❣✉r❡ ✷✳✹✳✿ ▲❡❢t✿ P❛rt✐❝❧❡ tr❛❥❡❝t♦r✐❡s ✐♥ ♥♦r♠❛❧✐③❡❞ ❤♦r✐③♦♥t❛❧ ♣❤❛s❡ s♣❛❝❡ ✭❙ ❂
✶✳✵✱ ζ ❂ ✵✳✵✶✮✳ ❘✐❣❤t✿ ❚❤❡ st❛❜❧❡ tr✐❛♥❣❧❡ ❞❡✜♥❡❞ ❜② t❤❡ s❡♣❛r❛tr✐❝❡s
❛♥❞ ✜①❡❞ ♣♦✐♥ts P0✲P3 ✭h = 2ζ

3S
✮❬✼❪

■♥ ❝❛s❡ H = (2ζ/3)3/S2 t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝❛♥ ❜❡ ❢❛❝t♦r✐③❡❞ ✐♥t♦ t❤r❡❡ ❧✐♥❡s r❡✲
❢❡rr❡❞ t♦ ❛s s❡♣❛r❛t✐❝❡s ❞❡s❝r✐❜✐♥❣ t❤❡ ❜♦r❞❡rs ❜❡t✇❡❡♥ st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ r❡❣✐♦♥s
✐♥ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡ ✭s❡❡ ❋✐❣✉r❡ ✷✳✹✮✳ ▼♦✈✐♥❣ ❛❧♦♥❣ t❤❡ r✐♥❣ ✐♥ ♥♦r♠❛❧✐③❡❞
♣❤❛s❡ s♣❛❝❡ r♦t❛t❡s t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ tr✐❛♥❣❧❡ ❜✉t t❤❡ s✐③❡ ✐♥❞❡❡❞ r❡♠❛✐♥s t❤❡
s❛♠❡✳

(
S

4
X +

ζ

6

)(√
3X ′ +X − 4ζ

3S

)(√
3X ′ −X +

4ζ

3S

)

= 0 ✭✷✳✷✶✮

❚❤❡ ❛r❡❛ ♦❢ t❤❡ ❧❛r❣❡st st❛❜❧❡ tr✐❛♥❣❧❡ ✐s ❝❛❧❧❡❞ ❛❝❝❡♣t❛♥❝❡

acceptance =
48π

√
3

S2
(δQ)2π ✭✷✳✷✷✮

❙t❛❜❧❡ ♣❛rt✐❝❧❡s t❤❡r❡❢♦r❡ ❤❛✈❡ t♦ ❢✉❧✜❧❧

✶✺❚②♣✐❝❛❧❧② t❤❡r❡ ❛r❡ ♠✉❧t✐♣❧❡ s❡①t✉♣♦❧❡s ✐♥st❛❧❧❡❞ ✐♥ ❛ s②♥❝❤r♦tr♦♥✳ ❋♦r t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
❡①tr❛❝t✐♦♥ ♣r♦❝❡ss t❤❡ str❡♥❣t❤s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ t♦ ♦♥❡ ✈✐rt✉❛❧ s❡①t✉♣♦❧❡❬✶✶❪✳

✶✶
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

ǫstable =
√
X2 +X ′2π = A2

normπ ≤ acceptance ✭✷✳✷✸✮

❚❤✐s r❡s✉❧ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ❢♦r t❤❡ r❡s♦♥❛♥❝❡ ❧✐♥❡✿

A =

√

48
√
3π

∣
∣
∣
∣

δQ

S

∣
∣
∣
∣
=

√

48
√
3π

∣
∣
∣
∣

Q′

S

∣
∣
∣
∣

∣
∣
∣
∣

δp

p

∣
∣
∣
∣

✭✷✳✷✹✮

❚❤✐s ✐s ✈✐s✉❛❧✐③❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✺✭❛✮ ❜② t❤❡ t✇♦ ❜❧✉❡ ❧✐♥❡s✿ ♣❛rt✐❝❧❡s ❜❡❧♦✇ t❤❡ ❧✐♥❡s
❛r❡ st❛❜❧❡ ✇❤✐❧❡ ♣❛rt✐❝❧❡s ❛❜♦✈❡ ❛r❡ ✉♥st❛❜❧❡✳

✭❛✮ ❲❛✐t✐♥❣ ❜❡❛♠ ✇✐t❤ str♦♥❣ r❡s♦♥❛♥❝❡ ✭❜✮ ❉r✐✈✐♥❣ t❤❡ ❜❡❛♠ ✐♥t♦ t❤❡ r❡s♦♥❛♥❝❡

❋✐❣✉r❡ ✷✳✺✳✿ ❙t❡✐♥❜❛❝❤ ❞✐❛❣r❛♠s ❥✉st ❜❡❢♦r❡ ❡①tr❛❝t✐♦♥❬✻❪

❙♦ ❢❛r ❛❧❧ ♣❛rt✐❝❧❡s ❛r❡ st❛❜❧❡ ❛♥❞ t❤❡ ❜❡❛♠ ✐s ✬✇❛✐t✐♥❣✬ t♦ ❜❡ ❡①tr❛❝t❡❞✳ ❆t
▼❡❞❆✉str♦♥✱ t❤❡ s❡❧❡❝t❡❞ ♠❡❝❤❛♥✐s♠ ♦❢ ❞r✐✈✐♥❣ t❤❡ ❜❡❛♠ ✐♥t♦ t❤❡ ✉♥st❛❜❧❡ r❡❣✐♦♥
✭r❡s♦♥❛♥❝❡✮ ✐s ❜② ❛❝❝❡❧❡r❛t✐♥❣ t❤❡ ❡♥t✐r❡ ❜❡❛♠ ✇✐t❤ ❛♥ ✐♥❞✉❝t✐✈❡ ❝♦♠♣♦♥❡♥t ❝❛❧❧❡❞
❜❡t❛tr♦♥ ❝♦r❡✶✻✳ ❋✐❣✉r❡ ✷✳✺ ❣r❛♣❤✐❝❛❧❧② s❤♦✇s t❤❡ ❡✛❡❝t ♦❢ t❤✐s ❞❡✈✐❝❡✿ t❤❡ ❡♥t✐r❡
❜❡❛♠ ✐s ♠♦✈❡❞ t♦✇❛r❞s t❤❡ r❡s♦♥❛♥❝❡✳

✷✳✷✳✸✳ ❊①tr❛❝t✐♦♥

❉✉❡ t♦ t❤❡ ❞r✐✈✐♥❣ ♠❡❝❤❛♥✐s♠ st❛❜❧❡ ♣❛rt✐❝❧❡s ✇✐❧❧ ❛t s♦♠❡ ♣♦✐♥t r❡❛❝❤ t❤❡ r❡s♦♥❛♥❝❡
❧✐♥❡ ❛♥❞ ❜❡❝♦♠❡ ✉♥st❛❜❧❡✳ ■♥ ❋✐❣✉r❡ ✷✳✹ t❤❡ ♣❛rt✐❝❧❡s ♠♦✈❡ ❢r♦♠ t❤❡ s♦ ❢❛r ❝❧♦s❡❞
tr❛❥❡❝t♦r✐❡s ✐♥s✐❞❡ ♦❢ t❤❡ st❛❜❧❡ tr✐❛♥❣❧❡ ✭s❡t ✉♣ ❜② t❤❡ t❤r❡❡ s❡♣❛r❛tr✐❝❡s✮ t♦✇❛r❞s
t❤❡ ♦♣❡♥ tr❛❥❡❝t♦r✐❡s ♦✉ts✐❞❡✳ ❚❤❡② st❛rt ✬❥✉♠♣✐♥❣✬ ❢r♦♠ ♦♥❡ s❡♣❛r❛tr✐① t♦ t❤❡ ♥❡①t
r❡t✉r♥✐♥❣ ❡✈❡r② t❤✐r❞ t✉r♥ ❜✉t ♦♥ ❛ ❢✉rt❤❡r ♦✉t✇❛r❞s ❛♠♣❧✐t✉❞❡✶✼✳ ❚❤❡ ❝❤❛♥❣❡ ♦❢

✶✻❚❤❡ ♣❛rt✐❝❧❡s ♣❛ss t❤r♦✉❣❤ t❤✐s r✐♥❣✲s❤❛♣❡❞ ♠❛❣♥❡t ❛❧♦♥❣ t❤❡ ❝❡♥tr❛❧ ❛①✐s s✐♠✐❧❛r t♦ ❛ t✉♥♥❡❧✳
❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ t❤❡ ❞❡✈✐❝❡ ✐s r❛♠♣❡❞ ✐♥❞✉❝✐♥❣ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❜❡❛♠ ✈✐❛

▼❛①✇❡❧❧✬s ✸r❞ ❡q✉❛t✐♦♥ ∇ ① ~E = − δ ~B
δt

✶✼■♥❞❡❡❞ t❤❡ ♣❛rt✐❝❧❡ r❡♠❛✐♥s ♦♥ t❤❡ s❛♠❡ s❡♣❛r❛tr✐① ❛❧❧ t❤❡ t✐♠❡ ❜✉t ❛s t❤❡ ❢r❛❝t✐♦♥❛❧ t✉♥❡ ✐s
✵✳✸✸✸✱ ✐t s❡❡♠s t❤❡ s❡♣❛r❛tr✐❝❡s ❛r❡ st❛❜❧❡ ✐♥ ♣❤❛s❡ s♣❛❝❡ ❛♥❞ t❤❡ ♣❛rt✐❝❧❡ ✐s ❥✉♠♣✐♥❣✳

✶✷
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

♣♦s✐t✐♦♥ ❛♥❞ ❛♥❣❧❡ ♦✈❡r t❤r❡❡ t✉r♥s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s s♣✐r❛❧ st❡♣ ❛♥❞ s♣✐r❛❧ ❦✐❝❦
r❡s♣❡❝t✐✈❡❧②✿

∆R = ∆X3 = ζX ′

0 +
3

2
SX0X

′

0

∆R′ = ∆X ′

3 = −ζX0 +
3

4
S(X2

0 −X ′2
0 )

✭✷✳✷✺✮

❋✐❣✉r❡ ✷✳✻✳✿ ❆♠♣❧✐t✉❞❡ ✐♥❝r❡❛s❡ ❞✉r✐♥❣ t❤❡ ❧❛st t❤r❡❡ t✉r♥s ❜❡❢♦r❡ ❡①tr❛❝t✐♦♥❬✽❪✳

❋✐❣✉r❡ ✷✳✻ ✈✐s✉❛❧✐③❡s t❤❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ❝❛✉s❡❞ ❜② t❤❡ ❦✐❝❦s ♦❢ t❤❡
s❡①t✉♣♦❧❡ s❝❤❡♠❛t✐❝❛❧❧②✳ ❲✐t❤ t❤❡ ❧❛②♦✉t ♦❢ t❤❡ ❛❝❝❡❧❡r❛t♦r ❛♣♣r♦♣r✐❛t❡❧② ❞❡s✐❣♥❡❞✱
t❤❡ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ s❡①t✉♣♦❧❡ ❛♥❞ t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠ ✐s s❡t✉♣ t❤❛t
♦♥❧② ♦♥❡ s❡♣❛r❛tr✐① ✐s ❛✛❡❝t❡❞ ❜② t❤❡ s❡♣t✉♠ ❛♥❞ t❤❡ ❛♥❣❧❡ Θ ✐s ♦♣t✐♠✐③❡❞✳ ❚❤❡
♣❛rt✐❝❧❡ ❛t ♣♦s✐t✐♦♥ ✵ ❥✉st ♣❛ss❡s t❤❡ s❡♣t✉♠ ♦♥ t❤❡ ✐♥s✐❞❡ ✇❤✐❧❡ t❤r❡❡ t✉r♥s ❧❛t❡r
✭♣♦✐♥t ✸✮ ✐t ✬❥✉♠♣s✬ ❜❡❤✐♥❞ t❤❡ s❡♣t✉♠✱ r❡❝❡✐✈❡s ❛ ❦✐❝❦ ❜② t❤❡ ✈♦❧t❛❣❡ ❛♥❞ ✐s ❞❡✢❡❝t❡❞
❧✐❣❤t❧② ✭❂❝❤❛♥❣❡ ♦❢ ❳✬✮✳ ■♥ ❋✐❣✉r❡ ✷✳✼ t❤✐s ✐s s❤♦✇♥ ❣r❛♣❤✐❝❛❧❧② ♦♥ t❤❡ ❧❡❢t s✐❞❡✳

❚②♣✐❝❛❧❧② t❤❡ ❦✐❝❦ ♦❢ t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ✐♠♠❡❞✐❛t❡❧②
❡①tr❛❝t t❤❡ ♣❛rt✐❝❧❡ ❜✉t ❛ ♠❛❣♥❡t ✐s r❡q✉✐r❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❦✐❝❦ t❤❡ t♦✲❜❡✲❡①tr❛❝t❡❞
♣❛rt✐❝❧❡s ❤❛✈❡ r❡❝❡✐✈❡❞ ❢r♦♠ t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠ ❞❡✈❡❧♦♣s ✐♥t♦ ❛ ♣♦s✐t✐♦♥ ♦✛s❡t
✇❤❡♥ r♦t❛t✐♥❣ t❤❡ ♣❤❛s❡ s♣❛❝❡ ❜② ❛ ❞❡❞✐❝❛t❡❞ ♣❤❛s❡ ❛❞✈❛♥❝❡ µ ❛s t❤❡ ♣❛rt✐❝❧❡ tr❛✈❡❧s
❢✉rt❤❡r ❞♦✇♥str❡❛♠✳ ❆ ♠❛❣♥❡t✐❝ s❡♣t✉♠ ✇❡❧❧ ♣♦s✐t✐♦♥❡❞ ✇❤❡r❡ t❤❡ ❝r❡❛t❡❞ ❣❛♣ ✐s
s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❝❛♥ ❛♣♣❧② ❛ str♦♥❣ ❦✐❝❦ t♦ t❤❡ ♣❛rt✐❝❧❡s ❛♥❞ t❤❡r❡❢♦r❡ r❡♣r❡s❡♥ts
t❤❡ ♣❤②s✐❝❛❧ st❛rt ♦❢ t❤❡ ❍✐❣❤ ❊♥❡r❣② ❇❡❛♠ ❚r❛♥s❢❡r ❧✐♥❡ ✭❍❊❇❚✮✶✽✳

❙♦ ❢❛r ♦♥❧② ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳ ❆♥ ❡♥t✐r❡ ♣❛rt✐❝❧❡ ❜❡❛♠ ❤♦✇❡✈❡r
❝♦♥s✐sts ♦❢ ♣❛rt✐❝❧❡s ♦❢ ✈❛r✐♦✉s ❡♠✐tt❛♥❝❡ ❛♥❞ ❛ ❝❡rt❛✐♥ ♠♦♠❡♥t✉♠ s♣r❡❛❞✳ ❆s ❞❡✲
s❝r✐❜❡❞ ❜② ❡q✉❛t✐♦♥ ✷✳✷✹ ❛♥❞ ✈✐s✉❛❧✐③❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✽✭❛✮ ♣❛rt✐❝❧❡s ♦❢ ❝❡rt❛✐♥ ❡♠✐tt❛♥❝❡

✶✽❖♣t✐❝❛❧❧② t❤❡ ❍❊❇❚ st❛rts ❛t t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠✳

✶✸
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

❋✐❣✉r❡ ✷✳✼✳✿ ❑✐❝❦ ♦❢ t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠ ✐♥ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡❬✽❪✳

✐♥t❡r❛❝t ✇✐t❤ t❤❡ r❡s♦♥❛♥❝❡ ❧✐♥❡ ❛t ❛ ❝❡rt❛✐♥ t✉♥❡ ❞✐st❛♥❝❡ ✇❤✐❝❤ ✈✐❛ t❤❡ ❝❤r♦♠❛t✐❝✐t②
✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ♠♦♠❡♥t✉♠ s❤✐❢t ✭❡q✉❛t✐♦♥ ✷✳✶✷✮✳

■♥ ❡✳❣✳ ❛ ❞✐s♣❡rs✐♦♥✲❢r❡❡ r❡❣✐♦♥ t❤❡ ❣❡♦♠❡tr✐❝ ❝❡♥t❡rs ♦❢ t❤❡ ✈❛r✐♦✉s tr✐❛♥❣❧❡s ❝r❡✲
❛t❡❞ ❜② ❞✐✛❡r❡♥t ❡♠✐tt❛♥❝❡s ♦✈❡r❧❛♣✳ ❈♦♥s❡q✉❡♥t❧② t❤❡ s❡♣❛r❛tr✐❝❡s ♦❢ t❤♦s❡ tr✐❛♥❣❧❡s
❞♦ ♥♦t ♦✈❡r❧❛♣ ✭s❡❡ ❋✐❣✉r❡ ✷✳✾✭❛✮✮ ✇❤✐❝❤ ✐♥❞❡❡❞ ✐♥❞✉❝❡s ♣❛rt✐❝❧❡ ❧♦ss❡s ❛t ❛ ❡❧❡❝tr♦✲
st❛t✐❝ s❡♣t✉♠ ♣❧❛❝❡❞ ✐♥ s✉❝❤ ❛ r❡❣✐♦♥ ❛s ✇❡❧❧ ❛s ✉♥❢❛✈♦r❛❜❧❡ ❜❡❛♠ ❝❤❛r❛❝t❡r✐st✐❝s✳
❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✽✭❜✮ t❤❡r❡ ❛❝t✉❛❧❧② ✐s ♦♥❡ ❛❝❝❡❧❡r❛t♦r ❛♥❞ ❜❡❛♠ ❝♦♥✜❣✉r❛t✐♦♥
t❤❛t ②✐❡❧❞s ❛ ♠✐♥✐♠✉♠ ♦❢ ♣❛rt✐❝❧❡ ❧♦ss❡s✶✾✳

✭❛✮ ❈♦rr❡❧❛t✐♦♥ ♦❢ ❡①tr❛❝t❡❞ ♠♦♠❡♥t✉♠ ❛♥❞
♣❛rt✐❝❧❡ ❡♠✐tt❛♥❝❡

✭❜✮ ❊❧❡❝tr♦st❛t✐❝ s❡♣t✉♠✱ ❍❛r❞t✲❝♦♥❞✐t✐♦♥ ❢✉❧✲
✜❧❧❡❞

❋✐❣✉r❡ ✷✳✽✳✿ ❊①tr❛❝t✐♦♥ ❝♦♥s✐❞❡r❛t✐♦♥s tr✐❣❣❡r❡❞ ❜② ✈❛r②✐♥❣ ♣❛rt✐❝❧❡ ♣❛r❛♠❡t❡rs
✇✐t❤✐♥ ❛ ❜❡❛♠❬✽❪

✶✾❉✉❡ t♦ t❤❡ ✜♥✐t❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠ ♣❛rt✐❝❧❡s ✇✐❧❧ ❜❡ ❧♦st ❤✐tt✐♥❣ ✐t ❢r♦♥t❛❧❧②✳
❋✉rt❤❡r♠♦r❡ ❞✉❡ t♦ t❤❡ ♣❤②s✐❝❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ s❡♣t✉♠ ♣❛rt✐❝❧❡s ❥✉st ♣❛ss✐♥❣ t❤❡ s❡♣t✉♠ ❡♥tr❛♥❝❡
♦♥ t❤❡ ✐♥s✐❞❡ ❜✉t ✇✐t❤ ❛♥ ♦✉t✇❛r❞s ♣♦✐♥t✐♥❣ ❛♥❣❧❡ ✇✐❧❧ ❝♦❧❧✐❞❡ ✇✐t❤ t❤❡ s❡♣t✉♠ ❢r♦♠ t❤❡ s✐❞❡✳
❚❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ❡①tr❛❝t❡❞ ♣❛rt✐❝❧❡s ✇✐t❤ ❛♥ ✐♥✇❛r❞s ♣♦✐♥t✐♥❣ ✈❡❧♦❝✐t② ✈❡❝t♦r✳ ❚❤❡s❡ t✇♦
❝❛s❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✬❧♦st✬ ❛r❡❛s ❛♥❞ t❤❡ r❡❞ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✷✳✽✭❜✮
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

❖♥❡ ✇❛② t♦ ♦♣t✐♠✐③❡ t❤✐s s✐t✉❛t✐♦♥ ✐s t♦ s✉♣❡r✐♠♣♦s❡ t❤❡ ❡①tr❛❝t✐♦♥ s❡♣❛r❛tr✐❝❡s
♦❢ t❤❡ ✈❛r✐♦✉s tr✐❛♥❣❧❡s ❛t t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠ ❛♥❞ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❧♦ss❡s ❢♦r t❤✐s
❝♦♠♠♦♥ s❡♣❛r❛tr✐①✳ ❋✐❣✉r❡ ✷✳✾✭❜✮ ✐❧❧✉str❛t❡s ❛♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛♥ ❛rr❛♥❣❡♠❡♥t ♦❢
s❡♣❛r❛tr✐❝❡s✳

✭❛✮ ❘❡s♦♥❛♥t ❙❡①t✉♣♦❧❡✱ ❉x❂❉✬x❂✵ ✭❜✮ ❊❧❡❝tr♦st❛t✐❝ s❡♣t✉♠✱ ❍❛r❞t✲❝♦♥❞✐t✐♦♥ ❢✉❧✲
✜❧❧❡❞

❋✐❣✉r❡ ✷✳✾✳✿ P❤❛s❡ s♣❛❝❡ ♠♦✈❡♠❡♥t ♦❢ t❤r❡❡ ♣❛rt✐❝❧❡s ❜❡✐♥❣ ❡①tr❛❝t❡❞ ❛t ❞✐✛❡r❡♥t
❧♦❝❛t✐♦♥s ✐♥ t❤❡ s②♥❝❤r♦tr♦♥✳

❚❤❡ s✉♣❡r♣♦s✐t✐♦♥ ❜❛s❡s ♦♥ t❤❡ ❢❛❝ts t❤❛t ♣❛rt✐❝❧❡ ❡♠✐tt❛♥❝❡ ❛t ❡①tr❛❝t✐♦♥ ❝♦r✲
r❡❧❛t❡ t♦ ❛ ♠♦♠❡♥t✉♠ s❤✐❢t ✭❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✮ ❛♥❞ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞✐s♣❡rs✐♦♥
✭❂❝♦rr❡❧❛t✐♦♥ ♦❢ ♠♦♠❡♥t✉♠ s❤✐❢t ❛♥❞ ♣♦s✐t✐♦♥✴❛♥❣❧❡ s❤✐❢t✮✳ ▼❛t❤❡♠❛t✐❝❛❧❧② t❤✐s
r❡s✉❧ts ✐♥ t❤❡ s♦ ❝❛❧❧❡❞ ❍❛r❞t ❝♦♥❞✐t✐♦♥

Dncos(α−∆µ) +D′

nsin(α−∆µ) = −4π

S
Q′ ✭✷✳✷✻✮

✇✐t❤ ✭Dn, D
′

n✮ ❛s t❤❡ ♥♦r♠❛❧✐③❡❞ ❞✐s♣❡rs✐♦♥ ✈❡❝t♦r ❛t t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠✱ α ❛s
t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡♣❛r❛tr✐① ❛t t❤❡ s❡①t✉♣♦❧❡✱ ∆µ ❛s t❤❡ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❢r♦♠ t❤❡
s❡①t✉♣♦❧❡ t♦ t❤❡ s❡♣t✉♠ ❛♥❞ ❙ ❛s t❤❡ ♥♦r♠❛❧✐③❡❞ s❡①t✉♣♦❧❡ str❡♥❣t❤✳ ❚❤❡ r❡s✉❧t ♦❢
❛ s✐♠✉❧❛t✐♦♥ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✵✭❜✮ ❝❧❡❛r❧② s❤♦✇s ❛ ♥♦♥✲●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥
r❡❢❡rr❡❞ t♦ ❛s ✬❜❛r ♦❢ ❝❤❛r❣❡✬ ✭❇♦❈✮✳ ❉✉❡ t♦ ❤✐❣❤❡r ♦r❞❡r ❡✛❡❝ts t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢
❛❧❧ s❡♣❛r❛tr✐❝❡s ❝❛♥♥♦t ❜❡ ❛❝❤✐❡✈❡❞ ♣❡r❢❡❝t❧②✳
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

✭❛✮ ▲❛st t✉r♥s ♦❢ ♠✉❧t✐♣❧❡ ♣❛rt✐❝❧❡s ♦❢ ❝♦♠✲
♠♦♥ ❡♠✐tt❛♥❝❡❀ r❡❞ ❂ ❡①tr❛❝t❡❞ ❜❡❛♠ s❡❣✲
♠❡♥t ✭❇♦❈✮
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✭❜✮ ❉❡t❛✐❧s ♦❢ t❤❡ ❇♦❈ ✐♥❝❧✳ ♠♦♠❡♥t✉♠ ❞✐str✐✲
❜✉t✐♦♥

❋✐❣✉r❡ ✷✳✶✵✳✿ ❙✐♠✉❧❛t✐♦♥ ♦❢ s❧♦✇ ❡①tr❛❝t✐♦♥ r❡s✉❧t✐♥❣ ✐♥ t❤❡ ✬❜❛r ♦❢ ❝❤❛r❣❡ ✭❇♦❈✮✬
✭✶✵✵✵✵ ♣❛rt✐❝❧❡s✮

❋✐❣✉r❡ ✷✳✶✶ s❤♦✇s s♦♠❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❡①tr❛❝t✐♦♥ ♣r♦❝❡ss r❡s✉❧t✐♥❣ ✐♥ t❤❡ ❜❛r ♦❢
❝❤❛r❣❡✳ ■♥ ❜♦t❤ ❣r❛♣❤s t❤❡ ❝♦❧♦r✲❝♦❞❡ r❡✢❡❝ts t❤❡ ❡♠✐tt❛♥❝❡ ♦❢ t❤❡ s✐♥❣❧❡ ♣❛rt✐❝❧❡✳
❚❤❡ ❧❡❢t ♣❧♦t s❤♦✇s t❤❛t ❤✐❣❤ ❛♠♣❧✐t✉❞❡ ♣❛rt✐❝❧❡s ❛r❡ ❡①tr❛❝t❡❞ ❡❛r❧✐❡r ✐♥ t✐♠❡ ❛♥❞
✇✐t❤ ❛ ❝❡rt❛✐♥ ♠♦♠❡♥t✉♠ s❤✐❢t t❤❛♥ q✉❛s✐✲♦♥✲♠♦♠❡♥t✉♠ ♣❛rt✐❝❧❡s ✇✐t❤ ❛ ✈❡r② s♠❛❧❧
❡♠✐tt❛♥❝❡✷✵✳ ❚❤❡ r✐❣❤t ❝❤❛rt s❤♦✇s t❤❛t s♠❛❧❧ ✭❛❧♠♦st ③❡r♦✮ ❡♠✐tt❛♥❝❡ ♣❛rt✐❝❧❡s
❥✉♠♣ ❜❡❤✐♥❞ t❤❡ s❡♣t✉♠ ❢✉rt❤❡st ✇❤✐❧❡ t❤❡ s♣✐r❛❧ st❡♣ ♦❢ ❤✐❣❤ ❡♠✐tt❛♥❝❡ ♣❛rt✐❝❧❡s ✐s
s❤♦rt❡r✳
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❋✐❣✉r❡ ✷✳✶✶✳✿ ❉❡t❛✐❧s ♦❢ t❤❡ ❡①tr❛❝t✐♦♥ ♣r♦❝❡ss ❧❡❛❞✐♥❣ t♦ t❤❡ ❇♦❈ s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✷✳✶✵✭❜✮✳

✷✵❋♦r tr❡❛t♠❡♥t t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❡①tr❛❝t❡❞ s♣✐❧❧ ✭✐♥ t❤✐s ❝❤❛rt ❁ ✸✺✵✵✵ t✉r♥s✮ ❛s ✇❡❧❧ ❛s t❤❡
❧❛st ♣❛rt ✭❃✾✵✵✵✵ t✉r♥s✮ ✐s ❞✉♠♣❡❞ ❛♥❞ ♥♦t ❞❡❧✐✈❡r❡❞ t♦ t❤❡ ♣❛t✐❡♥t✳

✶✻
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

✷✳✸✳ ❍❊❇❚ ❛♥❞ P❤❛s❡ ❙❤✐❢t❡r ❙t❡♣♣❡r ✭P❙❙✮

❊✈❡♥ t❤♦✉❣❤ ♣❤②s✐❝❛❧❧② st✐❧❧ ♣❛rt ♦❢ t❤❡ s②♥❝❤r♦tr♦♥ t❤❡ ❍✐❣❤ ❊♥❡r❣② ❇❡❛♠ ❚r❛♥s✲
❢❡r ❧✐♥❡ ✭❍❊❇❚✮ ❢r♦♠ ❜❡❛♠ ♦♣t✐❝s ♣❡rs♣❡❝t✐✈❡ st❛rts ❛t t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠✳
❉✉❡ t♦ t❤❡ ♥♦♥✲●❛✉ss✐❛♥ ♥❛t✉r❡ ♦❢ t❤❡ ❜❛r ♦❢ ❝❤❛r❣❡ t❤❡ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
❜❡❛♠ ✈✐❛ t❤❡ ❚✇✐ss ❢♦r♠❛❧✐s♠ ✐s ♥♦t ❝♦rr❡❝t❬✶✾❪✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✶✵✭❜✮ t❤❡
s❡♣❛r❛tr✐❝❡s ❢♦r ♦♥✲♠♦♠❡♥t✉♠ ❛♥❞ ♦✛✲♠♦♠❡♥t✉♠ ♣❛rt✐❝❧❡s ❛r❡ ❛❧♠♦st ♣❛r❛❧❧❡❧ ❜✉t
s❤✐❢t❡❞✳ ❚❤✐s ♠♦♠❡♥t✉♠ ❞❡♣❡♥❞❡♥t s❤✐❢t ✈❡❝t♦r ✭①✱ ①✬✮ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ❝❡♥t❡rs ♦❢
t❤❡ ♦♥✲♠♦♠❡♥t✉♠ ❛♥❞ t❤❡ ∆p/p = 1E − 3 s❡♣❛r❛tr✐❝❡s ❞✐✈✐❞❡❞ ❜② t❤❡ ♠♦♠❡♥t✉♠
❞✐✛❡r❡♥❝❡ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ✐♥✐t✐❛❧ ❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ ❍❊❇❚ ✭s❡❡ ❜♦tt♦♠ ❝♦r♥❡r
♦❢ ❋✐❣✉r❡ ✷✳✶✵✭❜✮✮✳

■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ✉s❡ st❛♥❞❛r❞ ❜❡❛♠ ♦♣t✐❝s ❝♦♠♣✉t❛t✐♦♥ ❛❧❣♦r✐t❤♠s ✐t ✐s
❝♦♠❢♦rt❛❜❧❡ t♦ ✜t ❛♥ ✭q✉❛s✐✲❡♠♣t②✮ ❡❧❧✐♣s❡ t♦ t❤❡ ❜❛r ♦❢ ❝❤❛r❣❡✳ ❆s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱
t❤❡ ❚✇✐ss ♣❛r❛♠❡t❡rs ♦❢ t❤✐s ❡❧❧✐♣s❡ ✇✐❧❧ ♥♦t ❞❡s❝r✐❜❡ t❤❡ ❜❡❛♠ s❤❛♣❡ ❛s ✐❧❧✉str❛t❡❞
✐♥ ❋✐❣✉r❡ ✷✳✶✳ ❚❤❡r❡❢♦r❡✱ ❛t ▼❡❞❆✉str♦♥✱ t❤❡ ✭t❤❡r❡❢♦r❡ ❢r❡❡❧② s❡❧❡❝t❛❜❧❡✮ ✐♥✐t✐❛❧
❚✇✐ss ♣❛r❛♠❡t❡rs ✇❡r❡ ❞❡t❡r♠✐♥❡❞ ✇✐t❤ βx = 5m ❛♥❞ α = 0✳ ❚❤✐s s❡❧❡❝t✐♦♥ ✐s
st✐❧❧ ✉s❡❢✉❧ ❛s ❢♦r ❡①❛♠♣❧❡ ❛t ❛ ♣♦s✐t✐♦♥ n ∗ 180 ❞❡❣r❡❡s ♣❤❛s❡ ❛❞✈❛♥❝❡ ❞♦✇♥str❡❛♠
t❤❡ ❡❧❡❝tr♦st❛t✐❝ s❡♣t✉♠✱ t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ❜❛r ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ t♦ ❜❡ s❝❛❧❡❞ ✇✐t❤
xESE ∗

√

β/βESE✳

❚❤❡ ✜rst s❡❝t✐♦♥ ♦❢ t❤❡ ❍❊❇❚ ❞♦✇♥str❡❛♠ t❤❡ ❡①tr❛❝t✐♦♥ s❡♣t❛ ✐s s❡t✉♣ ❛s ❛
❞❡❞✐❝❛t❡❞ ❢✉♥❝t✐♦♥❛❧ ♠♦❞✉❧❡ t♦ ❝❧♦s❡ t❤❡ ❞✐s♣❡rs✐♦♥ ✭❉x❂✵✮ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❛♥❞
t❤❡r❡❢♦r❡ ♦♣t✐♠✐③❡ t❤❡ ❜❡❛♠ s❤❛♣❡ ❛t t❤❡ ✐s♦❝❡♥t❡r ❛s ✇❡❧❧ ❛s ❡❧✐♠✐♥❛t❡ ♠♦♠❡♥t✉♠✲
✐♥❞✉❝❡❞ ♣♦s✐t✐♦♥ ♦✛s❡ts ✐♥ ♠♦st ♦❢ t❤❡ tr❛♥s❢❡r ❧✐♥❡✳ ❚❤❡ ♠♦♠❡♥t✉♠ r✐❣✐❞✐t②✷✶ Bρ
♦❢ t❤❡ ❍❊❇❚ ✐s s❡t ✉♣ t❤❛t t❤❡ ❝❡♥tr❛❧ ♠♦♠❡♥t✉♠ ♦❢ ❛❧❧ ❡①tr❛❝t❡❞ ♣❛rt✐❝❧❡s ✐s
♦♥✲♠♦♠❡♥t✉♠✷✷✳ ❲✐t❤✐♥ t❤❡ ❍❊❇❚ t❤❡ ♠♦♠❡♥t✉♠ ❞✐str✐❜✉t✐♦♥ t❤❡r❡❢♦r❡ ✐s ♥♦t
❬0, 1E − 3❪ ❜✉t r❛t❤❡r ❬−0.5E − 3, 0.5E − 3❪✳ ❚❤❡ ❡✛❡❝t ♦❢ t❤❡ ❝❧♦s❡❞ ❞✐s♣❡rs✐♦♥ ✐s
✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✷✭❛✮✿ ❚❤❡ ♠♦♠❡♥t✉♠ ❞❡♣❡♥❞❡♥t ✭①✱ ①✬✮ s❤✐❢t ✈❡❝t♦r ✐s ③❡r♦
❛♥❞ t❤❡ ❣❡♦♠❡tr✐❝ ❝❡♥t❡rs ♦❢ t❤❡ s❡♣❛r❛tr✐❝❡s ♦❢ ❛❧❧ ❡①tr❛❝t❡❞ ♠♦♠❡♥t❛ ♦✈❡r❧❛♣✳ ❚❤❡
❜❛r ❢✉rt❤❡r ❞♦✇♥str❡❛♠ t❤❡r❡❢♦r❡ ❤❛s ❛ r❛t❤❡r tr❛♣❡③♦✐❞❛❧ s❤❛♣❡✳

❆❢t❡r t❤❡ ❞✐s♣❡rs✐♦♥ s✉♣♣r❡ss♦r s❡❝t✐♦♥✱ ❛ str❛✐❣❤t s❡❝t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ❧✐♥❡ ❤♦st✐♥❣
s✐① q✉❛❞r✉♣♦❧❡s ✐s ✉s❡❞ t♦ ❝♦♥tr♦❧ t❤❡ ❜❡❛♠ s✐③❡s ✐♥ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ♣❧❛♥❡
✭s❡❡ ❋✐❣✉r❡ ✷✳✶✷✭❜✮✮✳ ■♥ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ t❤✐s ✐s ♣❡r❢♦r♠❡❞ ❜② t❤❡ r♦t❛t✐♦♥ ♦❢ t❤❡
❜❛r ♦❢ ❝❤❛r❣❡ ✐♥ ♣❤❛s❡ s♣❛❝❡ ✇❤✐❝❤ ✐♥ t❤❡ ❛❝❝❡❧❡r❛t♦r ✐s r❡❛❧✐③❡❞ ❜② ❛❞❛♣t✐♥❣ t❤❡
❤♦r✐③♦♥t❛❧ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥ ❦❡❡♣✐♥❣ t❤❡ ❤♦r✐③♦♥t❛❧ ❜❡t❛
❢✉♥❝t✐♦♥ ❝♦♥st❛♥t✳ ❆s t❤❡ ❜❡❛♠ s✐③❡ ✭✇✐❞t❤✮ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡
♣❤❛s❡ s♣❛❝❡ ♦♥t♦ t❤❡ ❛❜s❝✐ss❛ ✭♣♦s✐t✐♦♥ ❝♦♦r❞✐♥❛t❡✮ ❛ ♠♦r❡ ✉♣r✐❣❤t st❛♥❞✐♥❣ ✬❜❛r✬
❝♦rr❡s♣♦♥❞s t♦ ❛ s♠❛❧❧ ❜❡❛♠ s✐③❡ ✇❤✐❧❡ ❛ ❤♦r✐③♦♥t❛❧❧② ❧❛②✐♥❣ ✬❜❛r✬ ❝♦rr❡s♣♦♥❞s t♦ ❛
❧❛r❣❡ ❜❡❛♠ s✐③❡✳

✷✶Bρ = p
q
❀ ♦r✐❣✐♥❛t❡s ❢r♦♠ ❝❡♥tr✐❢✉❣❛❧ ❢♦r❝❡ ❂ ▲♦r❡♥t③ ❢♦r❝❡ ❛♥❞ ❞❡✜♥❡s ♦♥✲♠♦♠❡♥t✉♠ ♣0✳

✷✷❖♥✲♠♦♠❡♥t✉♠ ✐♥ t❤❡ ❍❊❇❚ ✐s s❤✐❢t❡❞ ❜② 0.5E − 3 ✇✳r✳t t❤❡ s②♥❝❤r♦tr♦♥✳

✶✼
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

■♥ ✈❡rt✐❝❛❧ ♣❧❛♥❡ t❤❡ ❜❡❛♠ s✐③❡ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ ❡❛s✐❧② ❜② s❝❛❧✐♥❣ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❜❡t❛
❢✉♥❝t✐♦♥ ❜❡❝❛✉s❡ ♦❢ t❤❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✐♥ ✈❡rt✐❝❛❧ ♣❤❛s❡ s♣❛❝❡ ✭♥♦t s❤♦✇♥✮✳
❚❤❡r❡❢♦r❡ t❤✐s s❡❝t✐♦♥ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✬P❤❛s❡ ❙❤✐❢t❡r ❙t❡♣♣❡r ✭P❙❙✮✬❬✶✶❪✳

✭❛✮ ❈♦❧♦r❝♦❞❡❞ ♠♦♠❡♥t✉♠ ❞✐str✐❜✉t✐♦♥ ✇✐t❤✐♥
t❤❡ ❇♦❈ ❛t ❊❳✵✶✵✵✸❙❋❳

✭❜✮ ❋♦✉r ❞✐✛❡r❡♥t s♣♦t s✐③❡s ❜② ❞✐✛❡r❡♥t ❇♦❈
r♦t❛t✐♦♥ ❛♥❣❧❡s✳ ❚❤❡ ❝♦❧♦r❡❞ ❜❛r ❜❡❧♦✇ ✐♥❞✐✲
❝❛t❡s t❤❡ ❛❝❝♦r❞✐♥❣ s♣♦t s✐③❡

❋✐❣✉r❡ ✷✳✶✷✳✿ ❇❛r ♦❢ ❝❤❛r❣❡ ✭❇♦❈✮ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ P❤❛s❡ ❙❤✐❢t❡r ❙t❡♣♣❡r ✭P❙❙✮ ✐♥
♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡ ❢♦r ❞✐✛❡r❡♥t s❡tt✐♥❣s✳

❋✐❣✉r❡ ✷✳✶✸ s❤♦✇s t❤❡ ❞❡s✐❣♥ ♦♣t✐❝ ❢♦r ✈❛r✐♦✉s ❜❡❛♠ s✐③❡s✳ ❚❤❡ s✐① q✉❛❞r✉♣♦❧❡s ♦❢
t❤❡ P❙❙ ❛r❡ ✐♥❞✐❝❛t❡❞ ❛❜♦✈❡ ✐♥ r❡❞✱ t✇♦ ❜❡❛♠ ♣♦s✐t✐♦♥ ♠♦♥✐t♦rs ✭❙❋❳✮ ✐♥ ❜❧✉❡ ✇✐t❤
❊❳✵✶✵✵✸❙❋❳ ❜❡✐♥❣ t❤❡ ♠♦st r❡❧❡✈❛♥t ♠♦♥✐t♦r ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts ✐♥ t❤✐s t❤❡s✐s
❛s ✇❡❧❧ ❛s t✇♦ ❝♦rr❡❝t♦r ❞✐♣♦❧❡s ✐♥ ❣r❛②✳

■♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ t❤❡ β✲❢✉♥❝t✐♦♥s ❛r❡ ✐❞❡♥t✐❝❛❧ ❛t t❤❡ ❡♥tr❛♥❝❡ ❛♥❞ t❤❡ ❡①✐t ♦❢
t❤❡ ♠♦❞✉❧❡✱ ♦♥❧② t❤❡ ♣❤❛s❡ ❛❞✈❛♥❝❡s ❛r❡ ❞✐✛❡r❡♥t✳ ❚❤♦✉❣❤✱ ✐♥ ♣r✐♥❝✐♣❧❡ ❡✈❡r② ♣❤❛s❡
❛❞✈❛♥❝❡ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇❤✐❝❤ ❢♦r t❤✐s t❤❡s✐s ✐s t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ t❤❡ P❙❙✳
❆♥ ❛❞❛♣t✐♦♥ ♦❢ t❤❡ β✲❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ♦♣t✐❝❛❧ ✬③♦♦♠✬ ♦♥ ❛ ♠❡❛s✉r❡♠❡♥t
♣❡r❢♦r♠❡❞ ❞♦✇♥str❡❛♠✳

✷✳✹✳ ❚♦♠♦❣r❛♣❤②

❚♦♠♦❣r❛♣❤② ✐s t❤❡ ♣r♦❝❡ss ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ✐♥s✐❞❡ ♦❢ ❛♥ ♦❜❥❡❝t ✐♥ ❛ ✷❉ ❞♦♠❛✐♥ ❜②
❛ss❡♠❜❧✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ✶❉✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥s ❣❛t❤❡r❡❞ ❢r♦♠ ♦✉ts✐❞❡ ♦❢ t❤❡
❞♦♠❛✐♥❬✹✼❪✳ ▼❛t❤❡♠❛t✐❝❛❧❧② t❤✐s ❝♦♥❝❡♣t ❜❛s❡s ♦♥ t❤❡ ❘❛❞♦♥ tr❛♥s❢♦r♠❛t✐♦♥❬✹✽❪
✇❤✐❧❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞♦♠❛✐♥ r❡♣r❡s❡♥ts t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥✳
❆ ✇❡❧❧ ❦♥♦✇♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t♦♠♦❣r❛♣❤② ✐s t❤❡ ①✲r❛② ❝♦♠♣✉t❡❞ t♦♠♦❣r❛♣❤②
✭❈❚✮ ♦r t❤❡ ♣♦s✐tr♦♥ ❡♠✐ss✐♦♥ t♦♠♦❣r❛♣❤② ✭P❊❚✮ ✐♥ ♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡
r❡s✉❧t✐♥❣ ✐♠❛❣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞♦♠❛✐♥ ✐s ❝❛❧❧❡❞ t♦♠♦❣r❛♠✳
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞
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❋✐❣✉r❡ ✷✳✶✸✳✿ ❍♦r✐③♦♥t❛❧ ♣❤❛s❡ ❛❞✈❛♥❝❡s s❤✐❢t ❛♥❞ ✈❡rt✐❝❛❧ ❜❡t❛ st❡♣♣✐♥❣ ❢♦r ✈❛r✐♦✉s
❜❡❛♠ s✐③❡ s❡tt✐♥❣s ✭❞❡s✐❣♥ ♦♣t✐❝s✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❞❡s❝r✐❜❡ t❤❡ ❘❛❞♦♥ tr❛♥s❢♦r♠❛t✐♦♥✱ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡
❝♦♥❝❡♣t ♦❢ r❡❝♦♥str✉❝t✐♦♥ ❛s ✇❡❧❧ ❛s ❞❡s❝r✐❜❡ t❤❡ t✇♦ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠s ✉s❡❞
✐♥ t❤✐s t❤❡s✐s✿ ❋✐❧t❡r❡❞ ❇❛❝❦ Pr♦❥❡❝t✐♦♥ ❛s ✇❡❧❧ ❛s t❤❡ ✐t❡r❛t✐✈❡ ❛♣♣r♦❛❝❤ ✭❙✐♠✉❧t❛✲
♥❡♦✉s✮ ❆❧❣❡❜r❛✐❝ ❘❡❝♦♥str✉❝t✐♦♥ ❚❡❝❤♥✐q✉❡✳

✷✳✹✳✶✳ ❘❛❞♦♥ tr❛♥s❢♦r♠❛t✐♦♥ ✲ ❙✐♥♦❣r❛♠

❆ss✉♠✐♥❣ ❛♥ ♦❜❥❡❝t ♦❢ ✐♥t❡r❡st ❛s ❛ ❢✉♥❝t✐♦♥ f(x, y) ✐♥ ❘2 ❛♥❞ γ ❛ ❞❡t❡❝t♦r ❧✐♥❡
❞❡✜♥❡❞ ❜② t❤❡ ❛♥❣❧❡ Θ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ①✲❛①✐s ❛♥❞ t❤❡ ❞✐st❛♥❝❡ s t♦ t❤❡ ♦r✐❣✐♥
♦✉ts✐❞❡ ♦❢ t❤❡ ♦❜❥❡❝t✳ ❚❤❡♥ ♦♥❡ ♠❡❛s✉r❡♠❡♥t r❡♣r❡s❡♥t✐♥❣ ❛ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t
♦♥t♦ t❤❡ ❞❡t❡❝t♦r ❧✐♥❡ ❜② ❧✐♥❡ ✐♥t❡❣r❛❧s ♦❢ ♣❛r❛❧❧❡❧ ❧✐♥❡s ❣ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❞❡t❡❝t♦r
❧✐♥❡ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✶✹✭❛✮ ❛♥❞ ✷✳✶✹✭❜✮ ❛♥❞ ❞❡✜♥❡❞ ❛s

pΘ(s) =

∫

g

f(x, y)dl ✭✷✳✷✼✮

✇✐t❤ t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ❧✐♥❡ ❣

g = x cosΘ + y sinΘ ✭✷✳✷✽✮

❚❤✐s ♣r♦❥❡❝t✐♦♥ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ❛tt❡♥✉❛t✐♦♥ ♦❢ ①✲r❛② ✐♥t❡♥s✐t② ✐♥ ❛ ❈❚ ♦r t❤❡
❝♦✉♥ts ♦❢ ♣❤♦t♦♥s ✐♥ P❊❚✳ ■♥ t❤✐s t❤❡s✐s ❛ ♣r♦❥❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❛ ❜❡❛♠ ❞✐str✐❜✉t✐♦♥
♠❡❛s✉r❡♠❡♥t ✈✐❛ ❛ ❜❡❛♠ ♣♦s✐t✐♦♥ ♠♦♥✐t♦r✳
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

✭❛✮ ❆ s✐♥❣❧❡ ♣r♦❥❡❝t✐♦♥ ❧✐♥❡ ❣ ❛❧♦♥❣
✇❤✐❝❤ ❛ ❧✐♥❡ ✐♥t❡❣r❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞
r❡♣r❡s❡♥t✐♥❣ ❛ s✐♥❣❧❡ ♣♦✐♥t ✐♥ t❤❡ ♥❡✇
♣r♦❥❡❝t✐♦♥ ❞♦♠❛✐♥

✭❜✮ P❛r❛❧❧❡❧ ✐♥t❡❣r❛t✐♦♥ ❧✐♥❡s r❡s✉❧t✐♥❣ ✐♥ ❛ ♣r♦❥❡❝t✐♦♥
♦♥ t❤❡ ❞❡t❡❝t♦r ❧✐♥❡

❋✐❣✉r❡ ✷✳✶✹✳✿ ❙❦❡t❝❤❡s ♦❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ r❛❞♦♥ tr❛♥s❢♦r♠❛t✐♦♥❬✾❪

❈♦♥s✐❞❡r✐♥❣ ❛❧❧ ♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡s 0 ≤ Θ ≤ π ❛♥❞ ❞✐st❛♥❝❡s s0 ≤ s ≤ smax ❞❡✜♥❡s
t❤❡ ❘❛❞♦♥ tr❛♥s❢♦r♠❛t✐♦♥

Rf(Θ, s) =

∫

g

f(x, y)dl = p(Θ, s) ✭✷✳✷✾✮

✇✐t❤ t❤❡ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝r❡❛t❡❞ ♣r♦❥❡❝t✐♦♥ ❞♦♠❛✐♥ ✭st❛❝❦ ♦❢ ♣r♦✲
❥❡❝t✐♦♥s ❛❧❧ ♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡s✮ ❝❛❧❧❡❞ s✐♥♦❣r❛♠✷✸✳ ❋✐❣✉r❡ ✷✳✶✺ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢
❛♥ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❛s ✇❡❧❧ ❛s t❤❡ ❛❝❝♦r❞✐♥❣ s✐♥♦❣r❛♠✳

✷✳✹✳✷✳ ❘❡❝♦♥str✉❝t✐♦♥

■♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❝❛s❡ ✭✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❛♥❣❧❡s✱ ✐♥✜♥✐t❡ st❡♣s ✐♥ s✮ t❤❡ ♦❜❥❡❝t
❞♦♠❛✐♥ ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞ ❡♥t✐r❡❧② ✈✐❛ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❡♣t✿

❼ ❊❛❝❤ ♣r♦❥❡❝t✐♦♥ ✭❘❛❞♦♥ tr❛♥s❢♦r♠✮ ❝❛♥ ❜❡ ✶❉ ❋♦✉r✐❡r tr❛♥s❢♦r♠❡❞ r❡♣r❡s❡♥t✲
✐♥❣ ❛ s✐♥❣❧❡ ❧✐♥❡ ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❛t t❤❡
♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡ Θ ❂ ❈❡♥tr❛❧ ❙❧✐❝❡ ❚❤❡♦r❡♠

✷✸❚❤❡ t❡r♠ s✐♥♦❣r❛♠ ♦r✐❣✐♥❛t❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❛ ♣♦✐♥t✲❧✐❦❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ r❡♣r❡s❡♥ts ❛
s✐♥✉s♦✐❞❛❧ ✇❛✈❡ ✐♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ❞♦♠❛✐♥✳

✷✵
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

✭❛✮ ■♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✐♥ ♦❜❥❡❝t ❞♦♠❛✐♥
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Radon transform
(Sinogram)

✭❜✮ ❆❝❝♦r❞✐♥❣ s✐♥♦❣r❛♠ ✭✶✷✼ ❛♥❣❧❡s✮ ✐♥ ♣r♦❥❡❝t✐♦♥
❞♦♠❛✐♥

❋✐❣✉r❡ ✷✳✶✺✳✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❛♥ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✐ts s✐♥♦❣r❛♠

❼ ❇❡❝❛✉s❡ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❝❛s❡ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ✐s ❝♦♠♣❧❡t❡✱ ❛ ✷❉ ✐♥✈❡rs❡
❋♦✉r✐❡r tr❛♥s❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ r❡❝♦♥str✉❝t✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥
✐♥ t❤❡ ♦❜❥❡❝t ❞♦♠❛✐♥

■♥ ♣r❛❝t✐❝❡✱ t❤❡ ✐♠♠❛♥❡♥t ♣r♦❜❧❡♠ ♦❢ ✐♥❝♦♠♣❧❡t❡ s❡ts ♦❢ ❞❛t❛ ♦❝❝✉rs✿ ✶✮ t❤❡ ♥✉♠✲
❜❡r ♦❢ ♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡s Θ ✐s ✜♥✐t❡ ✭t②♣✐❝❛❧❧② ❛ ❢❡✇ s✐♥❣❧❡ ✉♣ t♦ ❛ ❢❡✇ ❤✉♥❞r❡❞ ❛♥❣❧❡s✮
❛♥❞ ❜✮ ❞❡t❡❝t♦rs t♦ ❛❝q✉✐r❡ t❤❡ ♣r♦❥❡❝t✐♦♥s ❤❛✈❡ ❛ ♠✐♥✐♠✉♠ s♣❛❝✐❛❧ r❡s♦❧✉t✐♦♥ r❡✲
s✉❧t✐♥❣ ✐♥ s ❜❡✐♥❣ ❞✐s❝r❡t❡✳ ❚❤❡r❡❢♦r❡✱ ❋♦✉r✐❡r s♣❛❝❡ ✐s ♥♦t ❝♦♠♣❧❡t❡ ❛♥❞ ❛♥② r❡❝♦♥✲
str✉❝t✐♦♥ r❡q✉✐r❡s s♦♠❡ ❦✐♥❞ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥tr♦❞✉❝✐♥❣ ❛rt✐❢❛❝ts ✭❂s②st❡♠❛t✐❝
❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ ✐♥✐t✐❛❧ ♦❜❥❡❝t ❛♥❞ t♦♠♦❣r❛♠✮ ✐♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❧❡❛❞✐♥❣ t♦ ❛
f(x, y)✲s✐♠✐❧❛r ❞✐str✐❜✉t✐♦♥ g(x, y)✳ ❉✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ✐♥❝❧✉❞✐♥❣ ❞✐✛❡r❡♥t ❛♣♣r♦①✐✲
♠❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ✇✐t❤ t❤❡ ♠♦st ♣♦♣✉❧❛r ❜❡✐♥❣ ❋✐❧t❡r❡❞ ❇❛❝❦ Pr♦❥❡❝t✐♦♥
✭❋❇P✮✱ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ ❆❧❣❡❜r❛✐❝ ❘❡❝♦♥str✉❝t✐♦♥ ❚❡❝❤♥✐q✉❡s ✭❆❘❚✱ ❙❆❘❚✱ ❙■❘❚✱
✳✳✳✮ ♦r ▼❛①✐♠✉♠ ❊♥tr♦♣② ❘❡❝♦♥str✉❝t✐♦♥✳

✷✳✹✳✸✳ ❋✐❧t❡r❡❞ ❇❛❝❦ Pr♦❥❡❝t✐♦♥ ✭❋❇P✮

❚❤❡ ♠♦st s✐♠♣❧❡ ♠❡t❤♦❞ t♦ r❡❝♦♥str✉❝t t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ f(x, y) ✐s ❝❛❧❧❡❞
❜❛❝❦ ♣r♦❥❡❝t✐♦♥ ✇❤✐❝❤ ❜❛s✐❝❛❧❧② ♠❡❛♥s ✬s♠❡❛r✐♥❣✬ ♦✉t ❡❛❝❤ ♣r♦✜❧❡ ❛❧♦♥❣ Θ ♦✈❡r ❛♥
✐♥✐t✐❛❧❧② ❡♠♣t② ♦❜❥❡❝t✐♦♥ ❞♦♠❛✐♥ ❣r✐❞✳ ❆❢t❡r ❛❧❧ ♣r♦❥❡❝t✐♦♥s ✈✐❛ ❛❧❧ ❛♥❣❧❡s ❤❛✈❡ ❜❡❡♥
♣r♦❝❡ss❡❞✱ t❤❡ ❝♦♥t❡♥t ♦❢ ❡❛❝❤ ❝❡❧❧ ♦❢ t❤❡ ❣r✐❞ ✐s s✉♠♠❡❞✳ ❆s t❤❡ r❡s✉❧t ✐s str♦♥❣❧②
❜❧✉rr❡❞ ❛♥❞ s❤♦✇s ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❛rt✐❢❛❝ts✱ t❤✐s ♠❡t❤♦❞ ✐s ❜❛s✐❝❛❧❧② ♥♦t ✉s❡❞✳
❖♥❡ ❝❛♥ ✐♠❛❣✐♥❡ t❤❡ s✐t✉❛t✐♦♥ ❛s ❢♦❧❧♦✇❡❞✿ t❤❡ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ ❧✐♥❡s ✐♥ ❢r❡q✉❡♥❝②
❞♦♠❛✐♥ ✭❋♦✉r✐❡r s♣❛❝❡✮ r❡s✉❧t ✐♥ ❛ ❤✐❣❤❡r ❞❛t❛ ♣♦✐♥t ❞❡♥s✐t② ❝❧♦s❡ t♦ t❤❡ ♦r✐❣✐♥

✷✶
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

r❡♣r❡s❡♥t✐♥❣ ❧♦✇ ❢r❡q✉❡♥❝✐❡s ✇❤✐❧❡ ❢✉rt❤❡r ♦✉t✇❛r❞s t❤❡ ❞❛t❛ ♣♦✐♥t ❞❡♥s✐t② ✐s ❧♦✇❡r✳
❚❤❡r❡❢♦r❡ ❡❞❣❡s ❛♥❞ ❜♦✉♥❞❛r✐❡s ❛r❡ ♥♦t ✇❡❧❧ r❡♣r❡s❡♥t❡❞✳

❚❤✐s ♠❛❥♦r ❞✐s❛❞✈❛♥t❛❣❡ ✐♥ t❤❡ ❋❇P ✐s ❝♦✉♥t❡r❛❝t❡❞ ❜② ❛♣♣❧②✐♥❣ ❛ ❤✐❣❤ ♣❛ss
✜❧t❡r ❛tt❡♥✉❛t✐♥❣ ❧♦✇ ❢r❡q✉❡♥❝② ❝♦♥tr✐❜✉t✐♦♥s ❛♥❞ t❤❡r❡❢♦r❡ ❡♠♣❤❛s✐③✐♥❣ ❡❞❣❡s✳ ❚❤✐s
✜❧t❡r✐♥❣ ✐s ❛❝❤✐❡✈❡❞ ❜② ❋♦✉r✐❡r tr❛♥s❢♦r♠✐♥❣ ❡❛❝❤ ♣r♦✜❧❡✱ ❛♣♣❧②✐♥❣ ❛♥ ❛❝❝♦r❞✐♥❣ ✜❧t❡r
✭❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ✇✐t❤ ❡✳❣✳ ❛ ❘❛♠✲▲❛❦✱ ❍❛♥♥ ♦r ❙❤❡♣♣✲▲♦❣❛♥ ✜❧t❡r❀ s❡❡
❋✐❣✉r❡ ✷✳✶✽✭❛✮✮ ❛♥❞ tr❛♥s❢♦r♠✐♥❣ ❜❛❝❦ r❡s✉❧t✐♥❣ ✐♥ ❛ ❝❤❛♥❣❡❞ ♣r♦✜❧❡ t❤❡♥ ✉s❡❞ ❢♦r
❜❛❝❦ ♣r♦❥❡❝t✐♦♥✳

❋✐❣✉r❡ ✷✳✶✻✳✿ ❊①❛♠♣❧❡ ❢♦r ❛♥ ✉♥✜❧t❡r❡❞ ♣r♦❥❡❝t✐♦♥✱ t❤❡ ❙❤❡♣♣✲▲♦❣❛♥ ✜❧t❡r ❢✉♥❝t✐♦♥
❛♥❞ t❤❡ ✜❧t❡r❡❞ ♣r♦❥❡❝t✐♦♥

❋✐❣✉r❡ ✷✳✶✻ ✭❧❡❢t ❝❤❛rt✮ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ❢♦r ❛♥ ✉♥✜❧t❡r❡❞ ♣r♦❥❡❝t✐♦♥ ✉s❡❞ ✇✐t❤
❜❛❝❦ ♣r♦❥❡❝t✐♦♥✳ ❚❤❡ ♠✐❞❞❧❡ ❝❤❛rt s❤♦✇s t❤❡ ❛❝❝♦r❞✐♥❣ ❙❤❡♣♣✲▲♦❣❛♥ ✜❧t❡r ❢✉♥❝t✐♦♥
❛tt❡♥✉❛t✐♥❣ ❧♦✇ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❛ ❤✐❣❤ ❢r❡q✉❡♥❝② ❝✉t✲♦✛ t♦ r❡❞✉❝❡ ♥♦✐s❡✳ ❚❤❡ r✐❣❤t
❝❤❛rt ✐❧❧✉str❛t❡s t❤❡ ✜❧t❡r❡❞ ♣r♦✜❧❡ ✉s❡❞ ✇✐t❤ ❋❇P✳ ❊❞❣❡s ❛r❡ str♦♥❣❧② ♣r♦♥♦✉♥❝❡❞
✇✐t❤ r❡s♣❡❝t t♦ ♣❧❛t❡❛✉s✳

❋✐❣✉r❡ ✷✳✶✼ s❤♦✇s t❤❡ r❡❝♦♥str✉❝t❡❞ t♦♠♦❣r❛♠ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡ s✐♥♦❣r❛♠
✉s✐♥❣ ❋❇P ✇✐t❤ ❞✐✛❡r❡♥t ♥✉♠❜❡rs ♦❢ ♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡s✳ ❲❤✐❧❡ ❋✐❣✉r❡ ✷✳✶✼✭❛✮ s❤♦✇s
t❤❡ s✐♥❣❧❡ ✜❧t❡r❡❞ ♣r♦❥❡❝t✐♦♥✱ ❋✐❣✉r❡ ✷✳✶✼✭❜✮ s❤♦✇s ❛ r❡❝♦♥str✉❝t✐♦♥ ❜❛s❡❞ ♦♥ ♣r♦✲
❥❡❝t✐♦♥s ♦❢ ✸✷ ❛♥❣❧❡s✳ ❚❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❜✉t ❛❧s♦ t❤❡ ❛rt✐❢❛❝ts
❛r❡ ❝❧❡❛r❧② ✈✐s✐❜❧❡✳ ❋✐❣✉r❡ ✷✳✶✼✭❝✮ ✉s❡s ✶✷✼ ✇❤✐❝❤ ♠❡❛♥s ♦♥❡ ♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡ ♣❡r
♣r♦❥❡❝t✐♦♥ ♣✐①❡❧ ✭✶✷✼ ❛♥❣❧❡s✱ ✶✷✼ ♣✐①❡❧s✮✳

▼❛t❤❡♠❛t✐❝❛❧❧②✱ ❋❇P ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

g(x, y) =

∫ π

0

dΘ

[∫
∞

−∞

dω|ω|P (ω)e2πiωs
]

s=x cosΘ+y sinΘ

✭✷✳✸✵✮

✇✐t❤

✷✷
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

✭❛✮ ✶ ❛♥❣❧❡ ✭❜✮ ✸✷ ❛♥❣❧❡s ✭❝✮ ✶✷✼ ❛♥❣❧❡s

❋✐❣✉r❡ ✷✳✶✼✳✿ ❋❇P r❡❝♦♥str✉❝t✐♦♥ ❢♦r ❞✐✛❡r❡♥t ♥✉♠❜❡rs ♦❢ ♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡s Θ

❼ P (ω)✿ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ p(Θ, s)

❼ |ω|✿ t❤❡ r❛♠♣ ✜❧t❡r

❼

∫
∞

−∞
✿ t❤❡ ✐♥✈❡rs❡ tr❛♥s❢♦r♠❛t✐♦♥

❼ [...]✿ t❤❡ ❜❛❝❦ ♣r♦❥❡❝t✐♦♥

❼

∫ π

0
✿ t❤❡ s✉♠ ♦✈❡r ❛❧❧ ✜❧t❡r❡❞ ♣r♦❥❡❝t✐♦♥s

❚❤❡ ❜❛❝❦ ♣r♦❥❡❝t✐♦♥ r❡♣r❡s❡♥ts t❤❡ r❡✈❡rs❡ ♣r♦❝❡ss ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✷✳✶✽✭❜✮✿ ❚❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✜❧t❡r❡❞ ♣r♦✜❧❡ ♣♦✐♥t P (Ω, s) ❝♦♥tr✐❜✉t❡s t♦ t❤❡
❡♥t✐r❡ ✭①✱②✮ ❞♦♠❛✐♥✳ ■♥ ❛ ♣✐①❡❧✲❞r✐✈❡♥ ❛♣♣r♦❛❝❤✱ t❤❡ ❞✐s❝r❡t❡ ❞❛t❛ ♣♦✐♥t ♦❢ P (Ω, s)
t②♣✐❝❛❧❧② ❞♦❡s♥✬t ♣❛ss t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❞♦♠❛✐♥ ♣✐①❡❧s ✐ts ❝♦♥tr✐❜✉t✐♥❣ t♦✳ ❚❤❡r❡❢♦r❡✱
t❤❡ ✈❛❧✉❡ ✐s ✐♥t❡r♣♦❧❛t❡❞ ✈✐❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ✭❡✳❣✳ ❧✐♥❡❛r✱ ♥❡❛r❡st✱ ❝✉❜✐❝ ♦r
s♣❧✐♥❡✮✳

✷✳✹✳✹✳ ❆❧❣❡❜r❛✐❝ ❘❡❝♦♥str✉❝t✐♦♥ ❚❡❝❤♥✐q✉❡ ✭❆❘❚✮

❚❤❡ ❆❧❣❡❜r❛✐❝ ❘❡❝♦♥str✉❝t✐♦♥ ❚❡❝❤♥✐q✉❡ ❆❘❚✷✹ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡s ❧✐❦❡ ❙❆❘❚ ✭❙✐✲
♠✉❧t❛♥❡♦✉s ❆❧❣❡❜r❛✐❝ ❘❡❝♦♥str✉❝t✐♦♥ ❚❡❝❤♥✐q✉❡✮ ♦r ❙■❘❚ ✭❙✐♠✉❧t❛♥❡♦✉s ■t❡r❛t✐✈❡
❘❡❝♦♥str✉❝t✐♦♥ ❚❡❝❤♥✐q✉❡✮ ✐♥t❡r♣r❡t t❤❡ ❘❛❞♦♥ tr❛♥s❢♦r♠ ❛s ❛ s②st❡♠ ♦❢ ❧✐♥❡❛r ❡q✉❛✲
t✐♦♥s ❜❛s✐♥❣ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♥✐t✐❛❧ ♦❜❥❡❝t ❞♦♠❛✐♥ ✐s ❞✐s❝r❡t✐③❡❞ ❜② t❤❡ ❞❡t❡❝t♦r
r❡s♦❧✉t✐♦♥ ❛♥②✇❛② ❛♥❞ t❤❡r❡❢♦r❡ r❡♣r❡s❡♥ts ❛ ✷❉ ♠❛tr✐①✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥s ❝❛♥ ❜❡
❞❡s❝r✐❜❡❞ ♠❛t❤❡♠❛t✐❝❛❧❧② ❛s

✷✹❆❘❚ ❞❡s❝r✐❜❡❞ ❜② ●♦r❞♦♥✱ ❇❡♥❞❡r ❛♥❞ ❍❡r♠❛♥ ✶✾✼✵❬✹✾❪ ✇❛s t❤❡ ✜rst ❛❧❣❡❜r❛✐❝ r❡❝♦♥str✉❝t✐♦♥
t❡❝❤♥✐q✉❡ ❛♥❞ ❜❛s❡s ♦♥ t❤❡ ❑❛❝③♠❛r③ ♠❡t❤♦❞❬✺✵❪ ♦❢ s♦❧✈✐♥❣ ❧✐♥❡❛r ❡q✉❛t✐♦♥ s②st❡♠s✳

✷✸
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

0.4 0.2 0.0 0.2 0.4
frequency

0.0

0.2

0.4

0.6

0.8

1.0

g
a
in

window filter functions

ram-lak

hann

hamming

cosine

shepp-logan

✭❛✮ ❲✐♥❞♦✇ ✜❧t❡r ❢✉♥❝t✐♦♥s

y

x
P

✭❜✮ ❇❛❝❦ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✜❧t❡r❡❞ ♣r♦✜❧❡ ♦♥t♦ t❤❡
♣✐①❡❧✲❜❛s❡❞ s♣❛❝❡ ❞♦♠❛✐♥

❋✐❣✉r❡ ✷✳✶✽✳✿ ❱✐s✉❛❧✐③❛t✐♦♥ ♦❢ ✈❛r✐♦✉s ✜❧t❡r ❢✉♥❝t✐♦♥s ❛♥❞ ❣r❛♣❤✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢
❜❛❝❦ ♣r♦❥❡❝t✐♦♥ ✐❧❧✉str❛t✐♥❣ t❤❡ ♥❡❡❞ ♦❢ ✐♥t❡r♣♦❧❛t✐♦♥✳

w11f1 + w12f2 + w13f3 + ...+ w1nfn = p1

w21f1 + w22f2 + w23f3 + ...+ w2nfn = p2

...

wm1f1 + wm2f2 + wm3f3 + ...+ wmnfn = pm

✭✷✳✸✶✮

✇✐t❤ fj ❛s ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣✐①❡❧ ✈❛❧✉❡s ♦❢ t❤❡ ♠❛tr✐① ♦❢
❧❡♥❣t❤ ◆2✱ wij ❛s ❛ ♠❛tr✐① ♦❢ t❤❡ ✇❡✐❣❤ts ♦❢ t❤❡ ❝❡❧❧s ♦❢ s✐③❡ ▼ ❜② ◆2 ❛♥❞ pi ❛s t❤❡
♣r♦❥❡❝t✐♦♥ ✈❛❧✉❡ ♦❢ ❧❡♥❣t❤ ▼✳

❚❤❡ ✇❡✐❣❤ts ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ❝❡❧❧ ✈❛❧✉❡ t♦ t❤❡
♣r♦❥❡❝t✐♦♥ ❛♥❞ t✇♦ ❡①❛♠♣❧❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✶✾✿ t❤❡ ✬❧✐♥❡ ❦❡r♥❡❧✬ ❛s t❤❡ ❧❡♥❣t❤
♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ r❛② ✇✐t❤✐♥ ❛ ❝❡rt❛✐♥ ❝❡❧❧ ✭♣♦✐♥ts ❆ t♦ ❇✮ ❛♥❞ t❤❡ ✬str✐♣ ❦❡r♥❡❧✬ ❛s
t❤❡ ❛r❡❛ ✇✐t❤✐♥ ❛ ❝❡❧❧ ❝♦♥tr✐❜✉t✐♥❣ t♦ ❛ ❝❡rt❛✐♥ ❞❡t❡❝t♦r str✐♣✳

❋r♦♠ t❤✐s s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ♣❂✇❢❂
∑

i wijfj t❤❡ ♣❛r❛♠❡t❡rs ♣ ❛♥❞ wij ❛r❡
❦♥♦✇♥ ✇✐t❤ t②♣✐❝❛❧❧② fj❂❲

−1♣ ♥♦t ❜❡✐♥❣ s♦❧✈❛❜❧❡ ❛s❲ ✐s t♦♦ ❧❛r❣❡ t♦ ❜❡ ✐♥✈❡rt❡❞✳
❆❘❚ ❛❧❣♦r✐t❤♠s t❤❡r❡❢♦r❡ s♦❧✈❡s t❤✐s ♣r♦❜❧❡♠ ✐t❡r❛t✐✈❡❧② ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❡♣t✿

❼ st❛rt ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❣✉❡ss ♦❢ ❢(0) ✭♦❢t❡♥ ❛ ③❡r♦✲♠❛tr✐① ♦r t❤❡ r❡s✉❧t ♦❢ ❛ ❋❇P✮

✷✹
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✷ ❚❤❡♦r❡t✐❝❛❧ ❜❛❝❦❣r♦✉♥❞

pi

A B

wkl

wij

pixel fj

❋✐❣✉r❡ ✷✳✶✾✳✿ ❆❘❚ ♠❛tr✐① ✇✐t❤ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ✇❡✐❣❤ts ✭❧✐♥❡ ❛♥❞ str✐♣✮

❼ ❝♦♠♣✉t❡ t❤❡ ❢♦r✇❛r❞ ♣r♦❥❡❝t✐♦♥s ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❡q✉❛t✐♦♥s ✷✳✸✶

❼ ✉♣❞❛t❡ ❢(1) ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✷✳✸✷

❢(k+1) = ❢(k) +❈❲T❘✭♣m✲❲❢(k)) ✭✷✳✸✷✮

✇✐t❤

❼ ❲❢(k) ❛s t❤❡ ❢♦r✇❛r❞ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t s♦❧✉t✐♦♥

❼ ♣m ❛s t❤❡ ♠❡❛s✉r❡❞ ♣r♦❥❡❝t✐♦♥s

❼ ❘ ❛s ❛ ✇❡✐❣❤t rii = 1/
∑n−1

j=0 wij ✭s❤♦rt r❛②s ❤❛✈❡ ❛ ❤✐❣❤❡r ❝♦♥tr✐❜✉t✐♦♥❀ r❡✲
q✉✐r❡❞ ❢♦r ❝♦♥✈❡r❣❡♥❝❡✮

❼ ❈❲T ❛s t❤❡ ❜❛❝❦ ♣r♦❥❡❝t✐♦♥ ✇❡✐❣❤t❡❞ ❜② cjj = 1/
∑m−1

i=0 wij

❖♥❡ ✐t❡r❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡ ✇❤❡♥ ❛❧❧ ❡q✉❛t✐♦♥s ♦❢ r❛② ♣r♦❥❡❝t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✉s❡❞
❡①❛❝t❧② ♦♥❝❡ ❬✺✶❪✳ ❲❤✐❧❡ ❆❘❚ ✉♣❞❛t❡s t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❝❡❧❧s ♦❢ t❤❡ ✷❉ ♠❛tr✐① ❛❢t❡r
❡✈❡r② ❡q✉❛t✐♦♥✱ ❙■❘❚ ♦♥❧② ✉♣❞❛t❡s t❤❡ ♠❛tr✐① ❛t t❤❡ ❡♥❞ ♦❢ ❡✈❡r② ✐t❡r❛t✐♦♥ ✇✐t❤ t❤❡
❛✈❡r❛❣❡ ♦❢ ❛❧❧ ❝♦♠♣✉t❡❞ ❝❡❧❧ ❝♦♥tr✐❜✉t✐♦♥s✳ ❲✐t❤ ❙❆❘❚✱ t❤❡ ♠❛tr✐① ❝❡❧❧s ❛r❡ ✉♣❞❛t❡❞
❛❢t❡r ❛❧❧ ♣r♦❥❡❝t✐♦♥s ♦❢ ♦♥❡ ♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡ ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✳ ❆s t②♣✐❝❛❧❧② t❤❡
♣r♦❥❡❝t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ♥❡✐❣❤❜♦r✐♥❣ ❛♥❣❧❡s ❛r❡ ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞✱ t❤❡ ♦r❞❡r ♦❢ ✉s❡❞
❛♥❣❧❡s ✐s s❡❧❡❝t❡❞ r❛♥❞♦♠❧②✳

❋♦r ❞❛t❛ ❝♦♥s✐st✐♥❣ ♦❢ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✭❞❡t❡❝t♦r ♣✐①❡❧s ❛s ✇❡❧❧ ❛s ♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡s✮
❛♥❞ ❣♦♦❞ s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦✱ ❋❇P t②♣✐❝❛❧❧② ✐s t❤❡ ❢❛✈♦r❛❜❧❡ ❛❧❣♦r✐t❤♠ ❛s ✐t ✐s
♠✉❝❤ ❢❛st❡r t❤❛♥ t❤❡ r❡s♦✉r❝❡✲✐♥t❡♥s✐✈❡ ❆❘❚ ❛❧❣♦r✐t❤♠s✷✺✳ ❍♦✇❡✈❡r✱ ❢♦r ♥♦✐s②✱ ❧♦✇❡r
r❡s♦❧✉t✐♦♥ ❞❛t❛ t②♣✐❝❛❧❧② ❆❘❚ ❛❧❣♦r✐t❤♠s ❞❡❧✐✈❡r ♠✉❝❤ ❜❡tt❡r r❡s✉❧ts❬✺✷❪✳

✷✺❚❤❡r❡❢♦r❡ ❛❧s♦ ✐♥ ♥♦✇❛❞❛②s ①✲r❛② ❈❚ s❝❛♥♥❡rs ❋❇P ✐s ✉s❡❞ ❛s r❡❝♦♥str✉❝t✐♦♥ ♠❡t❤♦❞✳
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✸✳ ❙✐♠✉❧❛t✐♦♥s

❚❤✐s ❝❤❛♣t❡r ❝♦♥t❛✐♥s ❞❡t❛✐❧s ❛♥❞ r❡s✉❧ts ♦❢ s✐♠✉❧❛t✐♦♥s t❤❛t ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞
♣r✐♦r ❜❡❛♠ ♠❡❛s✉r❡♠❡♥ts t♦ ❛✮ ♣r♦♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ t♦♠♦❣r❛♣❤✐❝❛❧ ♣❤❛s❡ s♣❛❝❡
r❡❝♦♥str✉❝t✐♦♥ ✈✐❛ t❤❡ P❤❛s❡ ❙❤✐❢t❡r ❙t❡♣♣❡r ♠♦❞✉❧❡✱ ❜✮ ✐❞❡♥t✐❢② ❛♣♣r♦♣r✐❛t❡ ❞❛t❛
❛❝q✉✐s✐t✐♦♥ s❡tt✐♥❣s✱ ❝✮ t❡st t❤❡ ❞❡✈❡❧♦♣❡❞ s♦❢t✇❛r❡ t♦ ❜❡ r❡❛❞② ❢♦r ♠❡❛s✉r❡♠❡♥t ❞❛t❛
♣r♦❝❡ss✐♥❣ ❛s ✇❡❧❧ ❛s ❞✮ ❝r❡❛t❡ r❡❢❡r❡♥❝❡ r❡s✉❧ts ❢♦r ❝♦♠♣❛r✐s♦♥✳ ❋♦r t❤❡ s✐♠✉❧❛t✐♦♥s ♦❢
♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❛❧❧ r❡q✉✐r❡❞ ❜❡❛♠ ♦♣t✐❝ ❝♦♠♣✉t❛t✐♦♥s t❤❡ ❈❊❘◆❬✺✸❪ ♣❛rt✐✲
❝❧❡ ❛❝❝❡❧❡r❛t♦r s♦❢t✇❛r❡ ▼❆❉✲❳❬✺✹❪ ✇❛s ✉s❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ❞❡❞✐❝❛t❡❞ P②t❤♦♥❬✺✺❪
s♦❢t✇❛r❡ ❢r❛♠❡✇♦r❦ ✇❛s ❞❡✈❡❧♦♣❡❞ t♦ ❣❛t❤❡r t❤❡ ✐♥♣✉t ❞❛t❛✱ ❝r❡❛t❡ ❛ s✐♥♦❣r❛♠ r❡✲
q✉✐r❡❞ ❛s ✐♥♣✉t ❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥✱ ❤❛♥❞❧❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ♣r♦❝❡ss✱ ✜❧t❡r✱
q✉❛♥t✐❢② ❛♥❞ ✈✐s✉❛❧✐③❡ t❤❡ ♦✉t♣✉t ❞❛t❛✳ ❋♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ✐ts❡❧❢ t❤❡ P②t❤♦♥
s❦✐♠❛❣❡❬✺✻❪ ♠♦❞✉❧❡ ✇❛s ✉s❡❞✳

❖♥ t❤❡ ♥❡①t ♣❛❣❡s t❤❡ t❡r♠s s✐♥♦❣r❛♠ ❛♥❞ t♦♠♦s❝♦♣❡ ❛r❡ ❡①♣❧❛✐♥❡❞✱ ♣❛r❛♠❡t❡rs
t♦ q✉❛♥t✐❢② ❛ s✐♥♦❣r❛♠ ♦r t♦♠♦s❝♦♣❡ ❛r❡ ✐♥tr♦❞✉❝❡❞✱ ♣♦t❡♥t✐❛❧ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦✲
r✐t❤♠s ❛r❡ ❝♦♠♣❛r❡❞✱ t❤❡ ❡✛❡❝t ♦❢ ♥♦✐s❡ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❥❡❝t✐♦♥s ✐s s❤♦✇♥ ❛s
✇❡❧❧ ❛s ❡rr♦rs ❞✉❡ t♦ ✐♠♣❡r❢❡❝t tr❛❥❡❝t♦r② st❡❡r✐♥❣ ✐♥❝❧✉❞✐♥❣ t❤❡✐r ❝♦rr❡❝t✐♦♥ ♠❡❝❤❛✲
♥✐s♠s ❛r❡ ♣r❡s❡♥t❡❞✳

✸✳✶✳ ◗✉❛♥t✐✜❝❛t✐♦♥ ♣❛r❛♠❡t❡rs

■♥ ♦r❞❡r t♦ ❞❡s❝r✐❜❡ ❛♥❞ ❝♦♠♣❛r❡ ❞✐✛❡r❡♥t ✷❉ s❝❛❧❛r ❞❛t❛ ❧✐❦❡ s✐♥♦❣r❛♠s ❛♥❞ t♦✲
♠♦s❝♦♣❡s ✭❞❡✜♥✐t✐♦♥ ✐♥ s❡❝t✐♦♥ ✸✳✸ ❛♥❞ ✸✳✹❀ ❤❡r❡❛❢t❡r r❡❢❡rr❡❞ t♦ ❛s ♠❛♣s✮✱ ❝❡rt❛✐♥
q✉❛♥t✐✜❝❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ r❡q✉✐r❡❞✳

❼ ❜❡❛♠ ❝❡❧❧s✿ ❝❡❧❧s ♦❢ ❛ ♠❛♣ ❝♦♥t❛✐♥✐♥❣ ❜❡❛♠ ✐♥❢♦r♠❛t✐♦♥

❼ ❡♠♣t② ❝❡❧❧s✿ ♠❛♣s ♦❢ s✐♠✉❧❛t❡❞ ❞❛t❛ ✭❞✐str✐❜✉t✐♦♥s ❛♥❞ s✐♥♦❣r❛♠s✮ t❤❛t ♦♥❧②
❝♦♥t❛✐♥ ♥♦✐s❡ ♦r ❛rt✐❢❛❝ts✳ ❚❤❡r❡❢♦r❡ ❛❧❧ ❝❡❧❧s ❜✉t ❜❡❛♠ ❝❡❧❧s ❛r❡ ❡♠♣t②✳

❼ ❛rt✐❢❛❝t ❝❡❧❧s✿ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ✐♥tr✐♥s✐❝❛❧❧② ✐♥tr♦❞✉❝❡s ❛rt✐❢❛❝ts ✐♥ ❛❧❧ ❝❡❧❧s✳
❲❤✐❧❡ ✐♥ ❜❡❛♠ ❝❡❧❧s t❤❡ s❝❛❧❛r ✈❛❧✉❡ r❡♣r❡s❡♥t✐♥❣ ❜❡❛♠ ✐♥❢♦r♠❛t✐♦♥ ✭t②♣✐❝❛❧❧②
✐♥t❡♥s✐t②✮ ✐s ♠♦❞✐✜❡❞✱ ♥♦♥✲❜❡❛♠ ❝❡❧❧s ♦♥❧② ❝♦♥t❛✐♥ ❛rt✐❢❛❝t ❞❛t❛✷✻✳

✷✻❘❡❛❧ ♠❡❛s✉r❡♠❡♥t ❞❛t❛ t②♣✐❝❛❧❧② ❝♦♥t❛✐♥ s♦♠❡ ❦✐♥❞ ♦❢ ♥♦✐s❡ ✐♥ ❛❧❧ ❝❡❧❧s✳ ❆ ❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥
❛rt✐❢❛❝t ❛♥❞ ♥♦✐s❡ ✐s ♥♦t ❡❛s✐❧② ♣♦ss✐❜❧❡✳

✷✼
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✸ ❙✐♠✉❧❛t✐♦♥s

❼ ❞❡❧t❛ ♠❛♣✿ ❝❡❧❧✲✇✐s❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ♠❛♣s ✭♠❛♣✶ ✲ ♠❛♣✷✮

▼❡❛♥ ❆❜s♦❧✉t❡ ❊rr♦r ✭▼❆❊❬✺✼❪✮ ❚❤❡ ❛✈❡r❛❣❡ ♦❢ ❛❧❧ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡
❞❡❧t❛ ♠❛♣ ✐♥ ❛✮ ❜❡❛♠ ❝❡❧❧s ♦r ❜✮ ❛rt✐❢❛❝t ❝❡❧❧s r❡s✉❧t ✐♥ t❤❡ MAEbeam r❡s♣✳ MAEarti

▼❆❊❝❡❧❧s =
1

♥✉♠❜❡r ♦❢ ❝❡❧❧s

❝❡❧❧s∑

|❝❡❧❧ ❡rr♦r ✈❛❧✉❡| ✭✸✳✶✮

❚❤❡ ❛❧t❡r♥❛t✐✈❡ ♣❛r❛♠❡t❡r ✬r♦♦t ♠❡❛♥ sq✉❛r❡ ❡rr♦r ✭❘▼❙❊✮✬ ✐♠♣❧✐❡s ❛ ✇❡✐❣❤t✐♥❣
♦❢ t❤❡ ❡rr♦rs ✇❤✐❝❤ ✐s ♥♦t ❛❞❡q✉❛t❡ ❢♦r t❤❡s❡ ❛♥❛❧②s✐s ❛♥❞ t❤❡r❡❢♦r❡ ✐s ♥♦t ✉s❡❞ ✐♥
t❤✐s st✉❞②✳

❊♠✐tt❛♥❝❡ ✈✐❛ t❤r❡s❤♦❧❞ ❛♥❛❧②s✐s ✭❊▼❚✮ ❖❢t❡♥ ❡♠✐tt❛♥❝❡ ✐s r❡❢❡rr❡❞ t♦ ❛s
❛r❡❛ ✐♥ tr❛♥s✈❡rs❡ ♣❤❛s❡ s♣❛❝❡ s❤❛♣❡❞ ❛s ❛♥ ❡❧❧✐♣s❡ ❝♦✈❡r✐♥❣ ❛ ❝❡rt❛✐♥ ❢r❛❝t✐♦♥ ♦❢ t❤❡
✐♥t❡♥s✐t② ♦❢ ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ♦❜❥❡❝t ♦❢ ✐♥t❡r❡st ♦❢ t❤✐s st✉❞②
✐s ❛ ♥♦♥✲●❛✉ss✐❛♥ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ✭t❤❡ ✬❜❛r ♦❢ ❝❤❛r❣❡✬✮ ❛♥❞ ✐t ❤❛s ❛❧r❡❛❞② ❜❡❡♥
s❤♦✇♥ t❤❛t ✈❛r✐♦✉s ❡❧❧✐♣s❡s ❝❛♥ ❜❡ ❢♦✉♥❞ tr②✐♥❣ t♦ ❞❡s❝r✐❜❡ t❤❡ s❛♠❡ ♣❤❛s❡ s♣❛❝❡
❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥ ✈❛r②✐♥❣ ✐♥ s✐③❡❬✶✶❪✳

❚❤❡r❡❢♦r❡✱ t❤✐s st✉❞② ❢♦r t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ❡♠✐tt❛♥❝❡ ❢♦❧❧♦✇s ❈♦♥t❡ ❛♥❞ ▼❛❝❑❛②
✭✬✳✳✳❡♠✐tt❛♥❝❡ s♦♠❡❤♦✇ s♣❡❝✐✜❡s ❛♥ ❛r❡❛ ♦❢ ❛ r❡❣✐♦♥ ♦❢ tr❛♥s✈❡rs❡ ♣❤❛s❡ s♣❛❝❡ ✇❤❡r❡
t❤❡ ❜❡❛♠ ✐s ❧♦❝❛t❡❞ ❛t s♦♠❡ ✐♥st❛♥t ♦❢ t✐♠❡✳✬✱ ♣✸✸✺ ❬✸✽❪✮ ❛♥❞ ❲✐❡❞❡♠❛♥♥ ✭✬✳✳✳♦♥❡
♠✐❣❤t ❞❡✜♥❡ t❤❡ ❜❡❛♠ ❡♠✐tt❛♥❝❡ ❝♦♥t❛✐♥✐♥❣ ✾✺✪ ♦❢ t❤❡ t♦t❛❧ ❜❡❛♠ ✐♥t❡♥s✐t② ♦r
✇❤❛t❡✈❡r s❡❡♠s ❛♣♣r♦♣r✐❛t❡✳✬✱ ♣✷✾✷ ❬✸✼❪✮ ❜✉t ❣❡♥❡r❛❧✐③❡s ✐t t♦ ❛❧s♦ s✐♥♦❣r❛♠s✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ❞♦❡s ♥♦t ❜❛s❡ ♦♥ ❛♥② s❤❛♣❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♥♦r ❞❡t❡r♠✐♥❡s ✐❢ t❤❡
❛r❡❛ ❤❛s t♦ ❜❡ ❧♦❝❛❧❧② ❝♦♥♥❡❝t❡❞✳ ❚❤❡ ✈❛❧✉❡ ♦❢ ❊▼❚ ❞❡✜♥❡s t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ♦❢ ❛
♠❛♣ ❝♦♥t❛✐♥✐♥❣ ❛ ❝❡rt❛✐♥ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ❡♥t✐r❡ ♠❛♣ ✐♥t❡♥s✐t②✳ ■t ✐s ❡✈❛❧✉❛t❡❞ ❜②
✶✮ ❝♦♠♣✉t✐♥❣ t❤❡ ❝✉♠✉❧❛t✐✈❡ s✉♠ ♦❢ t❤❡ ✐♥t❡♥s✐t②✲s♦rt❡❞ ❝❡❧❧s ❛♥❞ ✷✮ ❝♦✉♥t✐♥❣ t❤❡
♥✉♠❜❡r ♦❢ ❝❡❧❧s ❛❜♦✈❡ ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞ ♦❢ t❤❡ ♠❛①✐♠✉♠✳ ❚❤❡ ❛❝r♦♥②♠ ❊▼❚✷✵
❞❡s❝r✐❜❡s t❤❡ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ❝♦♠♣✉t❡❞ ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✇✐t❤ ❛ t❤r❡s❤♦❧❞ ♦❢ ✷✵✪✳

❊♠✐tt❛♥❝❡ ✈✐❛ ❙❈❯❇❊❊① ❛♥❛❧②s✐s ✭❊▼❙✮ ❚❤❡ ❙❡❧❢✲❈♦♥s✐st❡♥t ❯♥❜✐❛s❡❞ ❊❧✲
❧✐♣t✐❝❛❧ ❊❳❝❧✉s✐♦♥ ❛♥❛❧②s✐s ♠❡t❤♦❞❬✺✽❪ ❛ss✉♠❡s ❛ ❧♦❝❛❧✐③❡❞ ❜❡❛♠ ❞✐str✐❜✉t✐♦♥ ❛♥❞
s✉rr♦✉♥❞✐♥❣ ❜❛❝❦❣r♦✉♥❞ ✐♥ tr❛♥s✈❡rs❡ ♣❤❛s❡ s♣❛❝❡✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❡♠✐t✲
t❛♥❝❡ ❢♦❧❧♦✇s ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ✐♥❝r❡❛s✐♥❣ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ ❛ ✈✐rt✉❛❧ ❛r❡❛ ✭❡❧❧✐♣s❡✮
❡❛❝❤ ✐t❡r❛t✐♦♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❛✈❡r❛❣❡ ✐♥t❡♥s✐t② ✭♦✛s❡t✮ ♦✉ts✐❞❡ t❤❡ ❛r❡❛✱ s✉❜tr❛❝t✐♥❣
t❤✐s ♦✛s❡t ❢r♦♠ t❤❡ ✐♥s✐❞❡ ❞❛t❛ ❛♥❞ ❡✈❛❧✉❛t✐♥❣ t❤❡ r♠s ❡♠✐tt❛♥❝❡✷✼ ✐♥s✐❞❡ t❤❡ ❛r❡❛✳
❲❤❡♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❛r❡❛ ❤❛s ❜❡❡♥ ✐♥❝r❡❛s❡❞ t♦ ❝♦♥t❛✐♥ t❤❡ ❡♥t✐r❡ ❜❡❛♠ ❞✐str✐❜✉t✐♦♥✱
t❤❡ t✇♦ ❝✉r✈❡s ✭r♠s ❡♠✐tt❛♥❝❡ ❛♥❞ ♦✛s❡t ✈s✳ ❛r❡❛ s✐③❡✮ st❛❜✐❧✐③❡ ♦♥ ❛ ♣❧❛t❡❛✉✳ ❚❤❡
r❡s✉❧t✐♥❣ ❛r❡❛ ❞❡s❝r✐❜❡s t❤❡ ✉♥❜✐❛s❡❞ ❡st✐♠❛t❡ ❢♦r t❤❡ r♠s ❡♠✐tt❛♥❝❡ ❢r♦♠ ✇❤✐❝❤ t❤❡
❚✇✐ss ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡r ✐s r❡❢❡rr❡❞

✷✼ǫrms =
√

〈x2
i 〉
〈
x′2
j

〉
−
〈
xi ∗ x′

j

〉2

✷✽
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✸ ❙✐♠✉❧❛t✐♦♥s

t♦ t❤❡ ❧✐t❡r❛t✉r❡❬✺✾❪❬✻✵❪❬✻✶❪❬✻✷❪ ✐♥❝❧✉❞✐♥❣ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✉s❡❞
✐♥ t❤✐s t❤❡s✐s❬✻✸❪✳

◆✉♠❜❡r ♦❢ ❝❡❧❧s ❛❜♦✈❡ t❤r❡s❤♦❧❞ ✭❈❆❚✮ ❚❤❡ ❈❆❚ ❞❡s❝r✐❜❡s t❤❡ ♥✉♠❜❡r ♦❢
❝❡❧❧s ✇✐t❤ ❛ ✈❛❧✉❡ ❛❜♦✈❡ ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞✳ ❚❤❡ ❈❆❚✶✵ r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢
❝❡❧❧s ✇✐t❤ ❛ ✭✐♥t❡♥s✐t②✱ ❛♠♣❧✐t✉❞❡✮ ✈❛❧✉❡ ❛❜♦✈❡ ✶✵✪ ♦❢ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ t❤❡
❡♥t✐r❡ ♠❛♣✳✷✽

✸✳✷✳ ❇❡❛♠ ♦♣t✐❝s

❋♦r ❛❧❧ ❢♦❧❧♦✇✐♥❣ s✐♠✉❧❛t✐♦♥s ❛♥❞ ♠❡❛s✉r❡♠❡♥ts t❤❡ ♦♣t✐❝s ♦❢ t❤❡ P❙❙ ❞❡s❝r✐❜❡❞
✐♥ ❝❤❛♣t❡r ✷✳✸ ❤❛s ❜❡❡♥ ❛❞❛♣t❡❞ ✐♥ ♦r❞❡r t♦ ❡♥❧❛r❣❡ t❤❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ♦♥
❊❳✵✶✵✵✸❙❋❳ ✇❤✐❝❤ ✐s t❤❡ ✉s❡❞ ❜❡❛♠ ♣r♦✜❧❡ ♠♦♥✐t♦r ✭❇P▼✮ ✐♥ t❤✐s st✉❞②✳ ❆s
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✶ t❤❡ ❤♦r✐③♦♥t❛❧ ❜❡t❛ ❢✉♥❝t✐♦♥s ✭❇❊❚❳✮ ❤❛✈❡ ❜❡❡♥ ♠❛t❝❤❡❞ t♦
❜❡ ✹✵♠ ❛t t❤❡ ❇P▼ ❢♦r ❛❧❧ ✉s❡❞ ♣❤❛s❡ ❛❞✈❛♥❝❡s ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♠❛①✐♠✉♠
❧❡♥❣t❤ ♦❢ t❤❡ ❜❛r ♦❢ ❝❤❛r❣❡ ♦❢ xESE ∗

√

β/βESE =✶✵♠♠∗
√

40/5 ≈✷✽♠♠ ✐♥st❡❛❞ ♦❢
≈✽♠♠ ❛t ❞❡s✐❣♥ ♦♣t✐❝s✳ ❚❤❡ ❤♦r✐③♦♥t❛❧ ❛❧♣❤❛ ❢✉♥❝t✐♦♥s ✭❆▲❋❳✮ ✐♥❞❡❡❞ ❛r❡ ✈❛r②✐♥❣
❢♦r ✈❛r✐♦✉s ♣❤❛s❡ ❛❞✈❛♥❝❡s ❜✉t ❛✮ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ♣r♦✜❧❡s r❡q✉✐r❡s
❇❊❚❳ ♦♥❧② ❛♥❞ ❜✮ ❢♦r ♠❡❛s✉r❡♠❡♥ts t❤❡ ❜❡❛♠ ✇✐❧❧ ✐♥❞❡❡❞ ❜❡ ❧♦st ✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞
❛♥❞ ❛❝❝❡♣t❛❜❧❡✳ ❈♦♥str❛✐♥ts ♦♥ t❤❡ ♠❛t❝❤✐♥❣ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❜❡t❛ ❛♥❞ ❛❧♣❤❛ ❢✉♥❝t✐♦♥s
❛t t❤❡ ❇P▼ ❛r❡ ♥♦t ❛♣♣❧✐❡❞✳
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❋✐❣✉r❡ ✸✳✶✳✿ ❩♦♦♠❡❞ P❙❙ ♦♣t✐❝s

✷✽❆❧s♦ t❤❡ ❊▼❚ r❡♣r❡s❡♥ts ❛ ♥✉♠❜❡r ♦❢ ❝❡❧❧s ❛❜♦✈❡ ❛ t❤r❡s❤♦❧❞ ❜✉t ✇✐t❤ t❤❡ t❤r❡s❤♦❧❞ ❜❡✐♥❣ ❜❛s❡❞
♦♥ ✐♥t❡♥s✐t② r❛t❤❡r t❤❛♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳
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✸ ❙✐♠✉❧❛t✐♦♥s

❚❤❡ ❛♣❡rt✉r❡ ✐♥ t❤✐s s❡❝t✐♦♥ ♦❢ t❤❡ tr❛♥s❢❡r ❧✐♥❡ ✐s ±✸✸♠♠ t❤❡r❡❢♦r❡ ❛ ❢✉rt❤❡r
✐♥❝r❡❛s❡ ♦❢ ❇❊❚❳ ❝♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞ r❡s✉❧t✐♥❣ ✐♥ ❣❛t❤❡r❡❞ ❜❡❛♠ ♣r♦✜❧❡s ♦❢ ❤✐❣❤❡r
r❡s♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐t ❤❛s t♦ ❜❡ ❛✈♦✐❞❡❞ t❤❛t ♣❛rt✐❝❧❡s ❛r❡ ❧♦st ✐♥s✐❞❡ t❤❡ P❙❙ ✐♥
❜♦t❤ ♣❧❛♥❡s✳ ❚❤❡ ❜❛r ♦❢ ❝❤❛r❣❡ ♥❛t✉r❛❧❧② ❤❛s ✬s❤❛r♣✬ ❡❞❣❡s ✇❤❡r❡ ❛s ✐♥ ✈❡rt✐❝❛❧
♣❧❛♥❡ t❤❡ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❜❡❛♠ t❛✐❧s ❛r❡ ♠♦r❡ ❝r✐t✐❝❛❧✳ ●✐✈❡♥ ❛♥ ❡♠♣✐r✐❝❛❧
✈❡rt✐❝❛❧ ❡♠✐tt❛♥❝❡❬✻✹❪ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ❛ ❜❡❛♠ ❝✉t ❛t ±3σ t❤❡ ✈❡rt✐❝❛❧ ❜❡t❛ ❢✉♥❝t✐♦♥
✐s ❧✐♠✐t❡❞ t♦ ✹✵♠✳✷✾

✸✳✸✳ ❙✐♥♦❣r❛♠

Pr♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ ❛ ✷❉ ♦❜❥❡❝t ❢r♦♠ ✈❛r✐♦✉s ❛♥❣❧❡s ✭s✐♥♦❣r❛♠✮ ❛r❡ t❤❡
✐♥♣✉t r❡q✉✐r❡❞ t♦ ❝♦♠♣✉t❡ ❛ t♦♠♦❣r❛♣❤② ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✉s❡❞ r❡❝♦♥str✉❝t✐♦♥
❛❧❣♦r✐t❤♠✳ ❚❤❡ s✐♠✉❧❛t✐♦♥s ✐♥ t❤✐s st✉❞② ❜❛s❡ ♦♥ t❤r❡❡ ❞✐✛❡r❡♥t ♠❡t❤♦❞s t❤❛t ❛r❡
✉s❡❞ t♦ ❣❡♥❡r❛t❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ❞❛t❛ ✇❤✐❝❤ ❛r❡ ❛❧s♦ ❝♦♠♣❛r❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❧❛t❡r
♦♥✳ ■♥♣✉t ❢♦r t❤✐s ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✐s t❤❡ ❜❛r ♦❢ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥ s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✷✳✶✷✳ ❋✐❣✉r❡ ✸✳✷ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥ ✐♥ r❡❛❧ ❛♥❞ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡ s❛♠♣❧❡❞
✐♥ ✷❉ ✇✐t❤ t❤❡ ✶♠♠ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♠♦♥✐t♦r ❊❳✵✶✵✵✸❙❋❳✸✵ ✳
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❋✐❣✉r❡ ✸✳✷✳✿ ❙❛♠♣❧❡❞ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✐♥ r❡❛❧ ❛♥❞ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡

❘❡♠❛r❦✿ t❤❡ ✉♥✐ts ♦❢ ❜♦t❤ ❛①❡s ✐♥ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡ ✐s ❬m1/2❪✳ ❍♦✇❡✈❡r✱ ❢♦r
❝❧❛r✐t② ❛♥❞ t♦ ❛✈♦✐❞ ♠✐①✐♥❣ ✉♣ ✇✐t❤ r❡❛❧ ♣❤❛s❡ s♣❛❝❡ ❞✐❛❣r❛♠s✱ ✐♥ t❤✐s t❤❡s✐s ❳✬✲❛①✐s
t②♣✐❝❛❧❧② ✐s ✐♥❞✐❝❛t❡❞ ✇✐t❤ t❤❡ ✉♥✐t ♥♦r♠✳ ♠r❛❞ ❛♥❞ t❤❡ ❳✲❛①✐s ✇✐t❤ ♥♦r♠✳ ♠♠✳
❚❤❡ ❛❜❜r❡✈✐❛t✐♦♥ ♥♦r♠ ✐♥❞✐❝❛t❡s t❤❡ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡ ✇❤✐❧❡ ♠r❛❞ ✐❞❡♥t✐✜❡s
❳✬ ✭10−3✮ ❛♥❞ ♠♠ ❳ ✭10−3✮✳

✷✾▼♦r❡ ✜❣✉r❡s ♦♥ t❤❡ ❜❡❛♠ ♦♣t✐❝s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❆✳✷✱ ❆✳✸✳
✸✵❚❤❡ ✉s❡❞ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡r ♠♦♥✐t♦rs ✭❙❋❳✮ ❝♦♥s✐st ♦❢ ✻✹ s❝✐♥t✐❧❧❛t♦r ✜❜❡rs ♦❢ ✵✳✾♠♠ ✇✐❞t❤ ❡❛❝❤

s❡♣❛r❛t❡❞ ❜② ❛ ✵✳✶♠♠ ❛❧✉♠✐♥✉♠ s♣❛❝❡r✳ ❖♣t✐❝❛❧ ✜❜❡rs ❣✉✐❞❡ t❤❡ ❧✐❣❤t ❣❡♥❡r❛t❡❞ ❜② ♣❛rt✐❝❧❡s
✐♥t❡r❛❝t✐♥❣ ✇✐t❤ t❤❡ s❝✐♥t✐❧❧❛t♦r t♦ ❛ ❈❈❉ ❝❛♠❡r❛ ✇❤✐❝❤ ❝♦✉♥ts t❤❡ ✐♥t❡r❛❝t✐♦♥s✳

✸✵
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✸ ❙✐♠✉❧❛t✐♦♥s

✸✳✸✳✶✳ ❘♦t♦r❣r❛♠

❆s ❞❡s❝r✐❜❡❞ ✐♥ ✷✳✶✳✶✱ ✐♥ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡ ♣❛rt✐❝❧❡s ♦❢ s❛♠❡ ❡♠✐tt❛♥❝❡ ❞❡s❝r✐❜❡
❛ ❝✐r❝❧❡ r❛t❤❡r t❤❛♥ ❛♥ ❡❧❧✐♣s❡ ❧✐❦❡ ✐♥ r❡❛❧ ♣❤❛s❡ s♣❛❝❡✳ ❚❤❡r❡❢♦r❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦
♠❛t❤❡♠❛t✐❝❛❧❧② r♦t❛t❡ t❤♦s❡ ♣❛rt✐❝❧❡s ❜② ❛✮ tr❛♥s❢♦r♠✐♥❣ t❤❡✐r ❈❛rt❡s✐❛♥ t♦ ❝②❧✐♥✲
❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✱ ❜✮ ❝❤❛♥❣✐♥❣ t❤❡ ❛♥❣❧❡ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ r❡q✉✐r❡❞ ♣❤❛s❡
❛❞✈❛♥❝❡ ❦❡❡♣✐♥❣ t❤❡ r❛❞✐✉s ❝♦♥st❛♥t ❛♥❞ ❝✮ tr❛♥s❢♦r♠✐♥❣ t❤❡ ❝♦♦r❞✐♥❛t❡s ❜❛❝❦ t♦
t❤❡ ❈❛rt❡s✐❛♥ s②st❡♠ ✭s❡❡ ✸✳✸✱ r✐❣❤t ✜❣✉r❡✮✳

❇② ♣❡r❢♦r♠✐♥❣ t❤✐s ♣r♦❝❡❞✉r❡ ❢♦r ❛♥ ❡♥t✐r❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥✸✶ ❢♦r ✈❛r✐♦✉s ♣❤❛s❡
❛❞✈❛♥❝❡s✱ ♦♥❡ ❢♦r ❡❛❝❤ ✐t❡r❛t✐♦♥ ❝❛♥ ❝♦♠♣✉t❡ ❛ ❤✐st♦❣r❛♠ ♦❢ t❤❡ ❳✲❝♦♦r❞✐♥❛t❡s ♦❢
t❤❡ ♣❛rt✐❝❧❡s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❜✐♥♥❡❞ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦♥t♦ t❤❡ ❳✲❛①✐s✳
❚❤✐s ♠❛t❤❡♠❛t✐❝❛❧ s✐♥♦❣r❛♠ ✐♥ t❤✐s t❤❡s✐s ✐s r❡❢❡rr❡❞ t♦ ❛s r♦t♦r❣r❛♠✳

✸✳✸✳✷✳ P❙❙ r♦t❛t❡❞ ♣❛rt✐❝❧❡s

❋♦r t❤✐s st✉❞② t❤❡ s✐♥❣❧❡ ♣❛rt✐❝❧❡ tr❛❝❦✐♥❣ ♠♦❞✉❧❡ P❚❈ ▼❆❉✲❳ ✐s ✉s❡❞✳ ❚❤✐s s♦❢t✲
✇❛r❡ ❛♠♦♥❣st ♦t❤❡rs ♣r♦✈✐❞❡s t❤❡ ♦♣t✐♦♥ t♦ ♣❧❛❝❡ ✈✐rt✉❛❧ ♣❛rt✐❝❧❡s ✐♥ ❛♥ ❛❝❝❡❧❡r❛t♦r
❧❛tt✐❝❡✱ s✐♠✉❧❛t❡ t❤❡✐r ❜❡❤❛✈✐♦r ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ❛❝❝❡❧❡r❛t♦r ❛♥❞ st♦r❡ t❤❡✐r ♣♦s✐✲
t✐♦♥ ♣❛r❛♠❡t❡rs ✭tr❛♥s✈❡rs❡ ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧✮ ❛t ❞❡❞✐❝❛t❡❞ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥ts✳ ❚❤✐s
♣r♦❝❡ss ✐s ❝❛❧❧❡❞ ✭♣❛rt✐❝❧❡✮ tr❛❝❦✐♥❣✳

❚❤❡r❡❢♦r❡✱ t❤✐s s♦❢t✇❛r❡ ✐s ✉s❡❞ t♦ tr❛❝❦ t❤❡ ❦♥♦✇♥ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ t❤r♦✉❣❤
t❤❡ P❙❙ s❡❝t✐♦♥ ❢♦r ❞✐✛❡r❡♥t q✉❛❞r✉♣♦❧❡ str❡♥❣t❤s ❝♦♥✜❣✉r❛t✐♦♥s r❡♣r❡s❡♥t✐♥❣ ❞✐❢✲
❢❡r❡♥t ♣❤❛s❡ ❛❞✈❛♥❝❡s µx ✭s❡❡ s❡❝t✐♦♥ ✸✳✷✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ❞❛t❛ ❝♦♥t❛✐♥s ♣❛rt✐❝❧❡
❝♦♦r❞✐♥❛t❡s ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ P❙❙ ✐♥ r❡❛❧ ♣❤❛s❡ s♣❛❝❡✳ ■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♠✲
♣❛r❡ t❤❡ r❡s✉❧ts t♦ t❤❡ r❡s✉❧ts ♦❢ ✸✳✸✳✶✱ t❤❡ ❝♦♦r❞✐♥❛t❡s ❤❛✈❡ t♦ ❜❡ ♥♦r♠❛❧✐③❡❞ ✭s❡❡
❋❧♦q✉❡t tr❛♥s❢♦r♠❛t✐♦♥✱ ❡q✉❛t✐♦♥s ✷✳✺ ❛♥❞ ✷✳✻✮✳ ❚❤❡♥ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ♦❢ ❜✐♥♥✐♥❣
♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ r❡s✉❧ts ♦❢ t❤❡ tr❛❝❦✐♥❣ ❢♦r t❤❡ ✈❛r✐♦✉s ♣❤❛s❡ ❛❞✈❛♥❝❡s ❝❛♥ ❜❡ ✉s❡❞
t♦ ❞❡t❡r♠✐♥❡ ❛ s✐♥♦❣r❛♠✳

✸✶❚❤❡ ✐♥✐t✐❛❧ r❡❢❡r❡♥❝❡ ❝♦♦r❞✐♥❛t❡s ❛r❡ ❛❝❤✐❡✈❡❞ ❜② tr❛❝❦✐♥❣✭s❡❡ s❡❝t✐♦♥ ✸✳✸✳✷✮✳

✸✶

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

✸ ❙✐♠✉❧❛t✐♦♥s

X [norm.mm]

X
' 
[n

o
rm

.m
ra

d
]

reference

X [norm.mm]

reference

r=
√
X+X′  

 φ=atan(X/X′) +µx 
 Xnew=r+sinφ 
 X′

new=r+cosφ

❋✐❣✉r❡ ✸✳✸✳✿ ❱✐s✉❛❧✐③❛t✐♦♥ ♦❢ P❙❙ r♦t❛t❡❞ ♣❛rt✐❝❧❡s ✭❧❡❢t✮ ❛♥❞ r♦t♦r❣r❛♠ ✭r✐❣❤t✮ ♣r✐♥✲
❝✐♣❧❡ ✐♥ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡

❚❤❡ ❧❡❢t ❝❤❛rt ♦❢ ❋✐❣✉r❡ ✸✳✸ s❤♦✇s t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ P❙❙ r♦t❛t❡❞ ♣❛rt✐❝❧❡s✳ ❚❤❡ ❝♦❧♦r✲
❝♦❞❡❞ ♣♦✐♥ts r❡♣r❡s❡♥t t❤❡ tr❛❝❦✐♥❣ r❡s✉❧ts ♦❢ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ♣❛rt✐❝❧❡ ❢♦r ❞✐✛❡r❡♥t
♣❤❛s❡ ❛❞✈❛♥❝❡s✳ ❚❤❡ ✉s❡❞ ♣❤❛s❡ ❛❞✈❛♥❝❡ r❛♥❣❡ ♦❢ t❤❡ P❙❙ ✐s 0.25− 0.75 ❬2π❪ ✭❜❧✉❡
t♦ r❡❞✮✸✷✳

❋✐❣✉r❡s ✸✳✹ ❛♥❞ ✸✳✺ s❤♦✇ r♦t♦r❣r❛♠s ❛♥❞ s✐♥♦❣r❛♠s ❢♦r t❤❡ s❛♠❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉✲
t✐♦♥ ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t ♣❤❛s❡ ❛❞✈❛♥❝❡s✳ ❋✉rt❤❡r♠♦r❡ ❤✐st♦❣r❛♠s ❜❡❧♦✇ r❡♣r❡s❡♥t t❤❡
♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ❞❡♥s✐t② ♦♥t♦ t❤❡ ❳✲❛①✐s✳ ❱✐s✉❛❧❧② t❤❡ t✇♦ ♠❡t❤♦❞s
♣r♦❞✉❝❡ ✐❞❡♥t✐❝❛❧ r❡s✉❧ts ✇❤✐❧❡ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❛✈❡r❛❣❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦
♠❡t❤♦❞s ❢♦r t❤❡ s❛♠❡ ♣❛rt✐❝❧❡ ✐s r❡❛s♦♥❛❜❧② s♠❛❧❧ ✭< 10−8♠✮✳

✭❛✮ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❂ ✵✳✹✷✵✽✸ ✭❜✮ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❂ ✵✳✺✹✶✻✼ ✭❝✮ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❂ ✵✳✻✻✻✻✼

❋✐❣✉r❡ ✸✳✹✳✿ ❉✐str✐❜✉t✐♦♥s ❢♦r t❤r❡❡ ♣❤❛s❡ ❛❞✈❛♥❝❡s ❛❝❤✐❡✈❡❞ ✈✐❛ P❙❙ r♦t❛t✐♥❣ t❤❡
♣❛rt✐❝❧❡s ✭tr❛❝❦✐♥❣✮

✸✷❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ P❙❙ ✐s ✶✶♠ ❛♥❞ t❤❡ ❜❡t❛ ❢✉♥❝t✐♦♥s ❛r❡ ♥♦♥✲③❡r♦✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡
✐s ❛❧✇❛②s ❛ ♠✐♥✐♠✉♠ ♣❤❛s❡ ❛❞✈❛♥❝❡✳ ❚❤❡ ♠❛①✐♠✉♠ ✐s ❧✐♠✐t❡❞ ❜② t❤❡ q✉❛❞r✉♣♦❧❡ str❡♥❣t❤
r❡s♣❡❝t✐✈❡❧② t❤❡ ♠❛①✐♠✉♠ ❛❝❝❡♣t❛❜❧❡ ❜❡t❛ ❢✉♥❝t✐♦♥s✳

✸✷
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✸ ❙✐♠✉❧❛t✐♦♥s

✭❛✮ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❂ ✵✳✹✷✵✽✸ ✭❜✮ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❂ ✵✳✺✹✶✻✼ ✭❝✮ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❂ ✵✳✻✻✻✻✼

❋✐❣✉r❡ ✸✳✺✳✿ ❉✐str✐❜✉t✐♦♥s ❢♦r t❤r❡❡ ♣❤❛s❡ ❛❞✈❛♥❝❡s ❛❝❤✐❡✈❡❞ ✈✐❛ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡
s♣❛❝❡ ❝♦♦r❞✐♥❛t❡ r♦t❛t✐♦♥ ✭r♦t♦r❣r❛♠✮

❚❤✐s ✜♥❞✐♥❣ ✈❛❧✐❞❛t❡s ❛✮ t❤❛t t❤❡ ▼❆❉❳ ♠♦❞❡❧s ♠❛t❝❤ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♥✲
❝❡♣t✱ ❜✮ t❤❛t t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ✇♦r❦s ❛s ❡①♣❡❝t❡❞ ❛♥❞ ❝✮ t❤❡ r❡s♦✉r❝❡
❝♦♥s✉♠✐♥❣ tr❛❝❦✐♥❣ ❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❢❛st r♦t♦r❣r❛♠
❝♦♠♣✉t❛t✐♦♥s ✐♥ ❝❡rt❛✐♥ s✐t✉❛t✐♦♥s✳

✸✳✸✳✸✳ P❙❙ r♦t❛t❡❞ ♣r♦✜❧❡s

❚❤❡ r❡s✉❧t ♦❢ ❛ ❜❡❛♠ ♣r♦✜❧❡ ♠❡❛s✉r❡♠❡♥t t②♣✐❝❛❧❧② ✐s ❛ ❜✐♥♥❡❞ ✐♥t❡♥s✐t② s✐❣♥❛❧ ✇✐t❤
❛ r❡s♦❧✉t✐♦♥ ❧✐♠✐t❡❞ ❜② t❤❡ ✉s❡❞ ♠❡❛s✉r❡♠❡♥t ❞❡✈✐❝❡✳ ❚❤✐s s✐❣♥❛❧ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛
❜✐♥♥❡❞ ❳✲❛①✐s ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ r❡❛❧ ♣❤❛s❡ s♣❛❝❡ ✭❳✬ ✐♥❢♦r♠❛t✐♦♥ ✐s ❧♦st✮✳

❚❤❡ t❤✐r❞ ♠❡t❤♦❞ t♦ r❡❝❡✐✈❡ ❞❡♥s✐t② ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ✐s ✉s✐♥❣
t❤❡ s❛♠❡ tr❛❝❦✐♥❣ r❡s✉❧ts ❛s ✐♥ ✸✳✸✳✷✱ ♣❡r❢♦r♠s t❤❡ ❜✐♥♥✐♥❣ ♦❢ t❤❡ ①✲❝♦♦r❞✐♥❛t❡s ✐♥
r❡❛❧ s♣❛❝❡ ❛♥❞ t❤❡♥ tr❛♥s❢♦r♠ t❤❡ r❡s✉❧t✐♥❣ ♣r♦✜❧❡ ✐♥t♦ ♥♦r♠❛❧✐③❡❞ ♣❤❛s❡ s♣❛❝❡ ✭✐♥
❝♦♥tr❛r② t♦ ✸✳✸✳✷ ✇❤❡r❡ ✜rst t❤❡ ①✲❝♦♦r❞✐♥❛t❡s ❛r❡ ♥♦r♠❛❧✐③❡❞ ❛♥❞ t❤❡♥ ❛ ♣r♦✜❧❡ ✐s
❣❡♥❡r❛t❡❞✮✳

❆s t❤❡ ❞❛t❛ ❞✉r✐♥❣ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦❝❡ss ❞♦♥✬t ❝❤❛♥❣❡✱ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥
♣r♦❝❡ss ❜❛s✐❝❛❧❧② r❡♣r❡s❡♥ts ❛ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❛①✐s✳

❋✐❣✉r❡ ✸✳✻ s❤♦✇s ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ s✐♥♦❣r❛♠s ✭♥♦r♠❛❧✐③❡❞ ❳✲♣♦s✐t✐♦♥ ✈s✳ ♣❤❛s❡
❛❞✈❛♥❝❡✮ ♦❢ t❤❡ t❤r❡❡ ♠❡❝❤❛♥✐s♠s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❚❤❡ r♦t♦r❣r❛♠ ✭❧❡❢t ❝❤❛rt✮ ✐s
✉s❡❞ ❛s r❡❢❡r❡♥❝❡ ❛♥❞ ✐ts ❝♦♥t♦✉r ✭❜❧❛❝❦ ❞♦ts ❡♥✈❡❧♦♣✐♥❣ t❤❡ ♥♦♥✲❣r❡② s❤❛♣❡✮ ✐s
♣r♦❥❡❝t❡❞ t♦ t❤❡ ♦t❤❡r ❝❤❛rts✳ ❚❤❡ ❝❡♥tr❛❧ ❝❤❛rt ✐s t❤❡ s✐♥♦❣r❛♠ r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡
♣r♦❥❡❝t✐♦♥s r❡❝❡✐✈❡❞ ❜② P❙❙ r♦t❛t❡❞ ♣❛rt✐❝❧❡s✳ ❆❧r❡❛❞② t❤❡ ❝♦♥❝❧✉s✐♦♥s ❛❝q✉✐r❡❞ ❢r♦♠
✜❣✉r❡s ✸✳✺ ❛♥❞ ✸✳✹ ✐♥❞✐❝❛t❡❞ t❤❛t ❛❧s♦ t❤❡ s✐♥♦❣r❛♠s s❤♦✉❧❞ ❜❡ ✐❞❡♥t✐❝❛❧✳

❚❤❡ r✐❣❤t ❝❤❛rt ♦❢ ❋✐❣✉r❡ ✸✳✻ s❤♦✇s t❤❡ r❡s✉❧t ♦❢ t❤❡ t❤✐r❞ ♠❡t❤♦❞ r❡♣r❡s❡♥t✐♥❣
❜❡❛♠ ♣r♦✜❧❡ ♠❡❛s✉r❡♠❡♥ts ✭r❡❛❧ ♣❤❛s❡ s♣❛❝❡✮ t❤❛t ❛r❡ tr❛♥s❢♦r♠❡❞ t♦ ♥♦r♠❛❧✐③❡❞
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✸ ❙✐♠✉❧❛t✐♦♥s

♣❤❛s❡ s♣❛❝❡ ✭P❙❙ r♦t❛t❡❞ ♣r♦✜❧❡s✮✳ ❆❧❧ t❤r❡❡ s✐♥♦❣r❛♠s ✈✐s✉❛❧❧② ❛♥❞ ❛♥❛❧②t✐❝❛❧❧② ❛r❡
✐❞❡♥t✐❝❛❧✸✸✳
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❋✐❣✉r❡ ✸✳✻✳✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤❡ t❤r❡❡ ♠❡❝❤❛♥✐s♠s ✭r♦t♦r❣r❛♠✱ P❙❙
r♦t❛t❡❞ ♣❛rt✐❝❧❡s✱ P❙❙ r♦t❛t❡❞ ♣r♦✜❧❡s✮✳

✸✳✹✳ ❘❡❝♦♥str✉❝t✐♦♥ ❝♦♠♣❛r✐s♦♥

❉✐✛❡r❡♥t r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠ ❛♥❞ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s❡tt✐♥❣s r❡s✉❧t ✐♥ t♦♠♦s❝♦♣❡s
♦❢ ✈❛r②✐♥❣ q✉❛❧✐t②✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤♦s❡ s❡tt✐♥❣s ❛r❡ st✉❞✐❡❞ t♦ ✐❞❡♥t✐❢② ❛ s❡t✉♣
t♦ ❜❡ ✉s❡❞ ❢♦r r❡❛❧ ♠❡❛s✉r❡♠❡♥ts✳ ■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ q✉❛♥t✐❢② t❤❡ q✉❛❧✐t② ♦❢
t❤❡ r❡❝♦♥str✉❝t✐♦♥✱ t②♣✐❝❛❧❧② t❤❡ ❝♦♥t♦✉r ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ✐s ✐♥❞✐❝❛t❡❞ ✐♥ t❤❡ ♠❛♣s
✭❜❧❛❝❦ ❞♦ts✮ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ❊▼❚✱ ❈❆❚ ❛♥❞ ❊▼❙ ❛r❡ ❣✐✈❡♥ ❛s r❛t✐♦ ✇✳r✳t✳
t❤❡ r❡❢❡r❡♥❝❡ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ✷❉ s❛♠♣❧❡❞✱ ♥♦t r❡❝♦♥str✉❝t❡❞ ♣❛rt✐❝❧❡
❞✐str✐❜✉t✐♦♥✳ ❋✐❣✉r❡ ✸✳✼ s❤♦✇s ✸❉ ✜❣✉r❡s ♦❢ t❤✐s r❡❢❡r❡♥❝❡ ✐♥ s✐❞❡ ❛♥❞ ❢r♦♥t❛❧ ✈✐❡✇✳

❚❤❡ ✉s❡❞ r❡❝♦♥str✉❝t✐♦♥ ♠♦❞✉❧❡ ♣r♦✈✐❞❡s t❤❡ ♦♣t✐♦♥ t♦ ♣❡r❢♦r♠ t❤❡ r❡❝♦♥str✉❝t✐♦♥
✈✐❛ t❤❡ t✇♦ t❡❝❤♥✐q✉❡s ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✷✳✹✳✷✿ ❋✐❧t❡r❡❞ ❇❛❝❦ Pr♦❥❡❝t✐♦♥ ✭❋❇P✮
❛♥❞ ❙✐♠✉❧t❛♥❡♦✉s ❆❧❣❡❜r❛✐❝ ❘❡❝♦♥str✉❝t✐♦♥ ❚❡❝❤♥✐q✉❡ ✭❙❆❘❚✮✳ ❲❤✐❧❡ t❤❡ ❙❆❘❚
❛❧❣♦r✐t❤♠ ❞♦❡s♥✬t ♣r♦✈✐❞❡ ❛❞❥✉st❛❜❧❡ ♣❛r❛♠❡t❡rs t♦ ❛✛❡❝t t❤❡ r❡❝♦♥str✉❝t✐♦♥✱ ❢♦r
❋❇P t❤❡ ✇✐♥❞♦✇ ✜❧t❡r ✭s❡❡ ❋✐❣✉r❡ ✷✳✶✽✭❛✮✮ ❛♥❞ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♠❡t❤♦❞ ✭✬❧✐♥❡❛r✬✱
✬♥❡❛r❡st✬✱ ✬❝✉❜✐❝✬✮ ❝❛♥ ❜❡ s❡❧❡❝t❡❞✳

✸✸❉✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❈❆❚ ❜❡t✇❡❡♥ t❤❡ t❤r❡❡ s✐♥♦❣r❛♠s ♠♦st ❧✐❦❡❧② ♦r✐❣✐♥❛t❡ ❢r♦♠ ❛ ♥✉♠❡r✐❝❛❧
❧✐♠✐t❛t✐♦♥ ❝❛✉s❡❞ ❜② t❤❡ ❧✐♠✐t❡❞ ♥✉♠❜❡r ♦❢ tr❛❝❦❡❞ ♣❛rt✐❝❧❡s ✭✶✵✵✵✵✮✳
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✸ ❙✐♠✉❧❛t✐♦♥s

✭❛✮ r❡❢❡r❡♥❝❡ ✲ s✐❞❡ ✈✐❡✇ ✭❜✮ r❡❢❡r❡♥❝❡ ✲
❢r♦♥t❛❧ ✈✐❡✇

❋✐❣✉r❡ ✸✳✼✳✿ ✸❉ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ✷❉ s❛♠♣❧❡❞ r❡❢❡r❡♥❝❡ ❞✐str✐❜✉t✐♦♥

❋✐❣✉r❡ ✸✳✽ s❤♦✇s ❛ r❡s✉❧t ♦❢ ❊▼❚✱ ❊▼❙ ❛♥❞ ❈❆❚ ❢♦r t❤❡ ✈❛r✐♦✉s ❝♦♠❜✐♥❛t✐♦♥s ♦❢
t❤❡ ♣❛r❛♠❡t❡rs✳ ❲❤✐❧❡ ❊▼❙ ❛♥❞ ❈❆❚ ❝♦♥s✐st❡♥t❧② ♦✈❡r❡st✐♠❛t❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥✱
❊▼❚ ❢♦r t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ r❛♠♣ ✭❘❛♠✲▲❛❦✮ ✜❧t❡r ❛♥❞ ❛ ❝✉❜✐❝ ✐♥t❡r♣♦❧❛t✐♦♥ s❡❡♠
t♦ ✇❡❧❧ ♠❛t❝❤ t❤❡ r❡❢❡r❡♥❝❡✳ ❚❤❡r❡❢♦r❡ t❤❡s❡ ♦♣t✐♦♥s ❛r❡ ✉s❡❞ ❛s ❞❡❢❛✉❧t✳✸✹
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Filtered Back Projection Options

EMT CAT EMS

❋✐❣✉r❡ ✸✳✽✳✿ ❘❡❝♦♥str✉❝t✐♦♥ q✉❛❧✐t② ♦❢ ❋❇P ❢♦r ✈❛r✐♦✉s ♦♣t✐♦♥s ✭✜❧t❡r✱ ✐♥t❡r♣♦❧❛t✐♦♥✮

❋✐❣✉r❡ ✸✳✾ s❤♦✇s t❤❡ ✸❉ r❡s✉❧t✸✺ ♦❢ t❤❡ ❋❇P r❡❝♦♥str✉❝t✐♦♥✳ ❲❤✐❧❡ t♦ t❤❡ s✐❞❡s

✸✹❚❤❡ r❡s✉❧t ♣❧♦t ♦❢ t❤❡ ❙❈❯❇❊❊① ❛♥❛❧②s✐s ✐s s❤♦✇♥ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❆✳✺✳
✸✺❚❤❡ ❢♦❧❧♦✇✐♥❣ ✸❉ ❝❤❛rts ♦♥❧② ❤❛✈❡ ❛ q✉❛❧✐t❛t✐✈❡ ❝❤❛r❛❝t❡r ❛♥❞ t❤❡r❡❢♦r❡ ❛r❡ ❝♦♠♣✉t❡❞ ✇✐t❤ ❛
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✭s❤♦rt ❛①✐s✮ t❤❡ ❡❞❣❡s ❛r❡ ✇❡❧❧ s❤❛♣❡❞ ❛♥❞ s❤❛r♣✱ ❛❧♦♥❣ t❤❡ ❧♦♥❣ ❛①✐s ♣r♦♥♦✉♥❝❡❞
❛rt✐❢❛❝ts ❛r❡ ❝r❡❛t❡❞✳ ❚❤❡ ❛rt✐❢❛❝t ❛♠♣❧✐t✉❞❡ r❡❛❝❤❡s ✉♣ t♦ ✷✵✪ ♦❢ t❤❡ ♠❛①✐♠✉♠
❛♠♣❧✐t✉❞❡ ❛♥❞ t❤❡r❡❢♦r❡ ♠✐❣❤t ❛✛❡❝t t❤❡ ❛♥❛❧②s✐s ♣❛r❛♠❡t❡rs ✭❊▼❚✱ ❈❆❚✱ ❊▼❙✮✳

✭❛✮ ❙✐❞❡ ✈✐❡✇ ✭❜✮ ❋r♦♥t❛❧ ✈✐❡✇

❋✐❣✉r❡ ✸✳✾✳✿ ✸❉ r❡❝♦♥str✉❝t✐♦♥ ✈✐❛ ❋❇P

❖♥ t❤❡ ♦t❤❡r s✐❞❡✱ t❤❡ ❙❆❘❚ r❡❝♦♥str✉❝t✐♦♥ ✭❋✐❣✉r❡ ✸✳✶✵✮ r❡s✉❧ts ✐♥ ❢❛r ❧♦✇❡r
❛rt✐❢❛❝t ❛♠♣❧✐t✉❞❡s t❤❛♥ ❋❇P✱ ❡s♣❡❝✐❛❧❧② ❛❧♦♥❣ t❤❡ ❧♦♥❣ ❛①✐s✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ t♦♣
✈✐❡✇ ♦♥❡ ❝❛♥ ✐❞❡♥t✐❢② ♠♦r❡ s♠❡❛r❡❞ ♦✉t ❛♥❞ ❧❡ss s❤❛r♣ ❡❞❣❡s ❛❧♦♥❣ t❤❡ ✢❛♥❦s ✭s❤♦rt
❛①✐s✮✳

r❡s♦❧✉t✐♦♥ ♦❢ ✸ ① t❤❡ ❙❋❳ r❡s♦❧✉t✐♦♥ ❂ 1/3 ♠♠✳
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✸ ❙✐♠✉❧❛t✐♦♥s

✭❛✮ ❙✐❞❡ ✈✐❡✇ ✭❜✮ ❋r♦♥t❛❧ ✈✐❡✇

❋✐❣✉r❡ ✸✳✶✵✳✿ ✸❉ r❡❝♦♥str✉❝t✐♦♥ ✈✐❛ ❙❆❘❚

❆s t❤❡ ❞❡✜❝✐❡♥❝✐❡s ♦❢ t❤❡ t✇♦ r❡❝♦♥str✉❝t✐♦♥ t❡❝❤♥✐q✉❡s s❡❡♠ ❦✐♥❞ ♦❢ ❝♦♠♣❧❡♠❡♥✲
t❛r②✸✻ ❛ t❤✐r❞ ✬✈✐rt✉❛❧✬ r❡❝♦♥str✉❝t✐♦♥ ✐s ❝r❡❛t❡❞ ❝❡❧❧✲✇✐s❡ ♠✉❧t✐♣❧②✐♥❣ t❤❡ r❡❝♦♥str✉❝✲
t✐♦♥ ♠❛♣s ♦❢ ❙❆❘❚ ❛♥❞ ❋❇P✳ ❚❤❡ ❞✐✛❡r❡♥t ❛rt✐❢❛❝t ♣❛tt❡r♥s ✈✐❛ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥
♦♣❡r❛t✐♦♥ ♠✐♥✐♠✐③❡ ❛♥❞ r❡s✉❧t ✐♥ ❛ r❡❝♦♥str✉❝t✐♦♥ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ r❡❢❡r❡♥❝❡ ✇✐t❤
s❤❛r♣ ✢❛♥❦s ❛♥❞ ♠✐♥✐♠✐③❡❞ ❛rt✐❢❛❝ts ❛❧♦♥❣ t❤❡ ❧♦♥❣ ❛①✐s ✭s❡❡ ❋✐❣✉r❡ ✸✳✶✶✮✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ t❤❡ ❛❝r♦♥②♠ ❢♦r t❤✐s ✬✈✐rt✉❛❧✬ r❡❝♦♥str✉❝t✐♦♥ ✐s ✬▼❯▲❚✬✳

✭❛✮ ❙✐❞❡ ✈✐❡✇ ✭❜✮ ❋r♦♥t❛❧ ✈✐❡✇

❋✐❣✉r❡ ✸✳✶✶✳✿ ✸❉ r❡❝♦♥str✉❝t✐♦♥ ✈✐❛ ▼❯▲❚

✸✻Pr♦♥♦✉♥❝❡❞ ❋❇P ❛rt✐❢❛❝ts ❛r❡ ❧♦❝❛t❡❞ ✐♥ ❛ r❡❣✐♦♥ ✇❤❡r❡ t❤❡ ❙❆❘❚ r❡❝♦♥str✉❝t✐♦♥ ✐s ✈❡r② ❝❧♦s❡
t♦ ③❡r♦ ✇❤✐❧❡ t❤❡ ❛t t❤❡ ❙❆❘❚ ❛rt✐❢❛❝t ❧♦❝❛t✐♦♥s t❤❡ ❋❇P ❞❛t❛ ✐s ❝❧♦s❡ t♦ ③❡r♦✳
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✸ ❙✐♠✉❧❛t✐♦♥s

❚❤❡ r❡s✉❧t ♦❢ t❤❡ q✉❛♥t✐t❛t✐✈❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✸✳✶✷✳ ❚❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ ❡rr♦r ♦❢ ❜❡❛♠ ❝❡❧❧s ✭MAEbeam✱ ✐♥❞✐❝❛t❡❞ ✐♥ ❜❧✉❡✮ ❢♦r ❙❆❘❚
❛♥❞ ▼❯▲❚ ❛r❡ ❤✐❣❤❡r ✭≈✶✺✪✮ t❤❛♥ ❢♦r ❋❇P ✭≈✶✸✪✮✳ ❆s ✐♥❞✐❝❛t❡❞ ❛❧r❡❛❞② ✐♥ t❤❡
q✉❛❧✐t❛t✐✈❡ ✸❉ ❝❤❛rts✱ t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ ❡rr♦r ♦❢ ♥♦♥✲❜❡❛♠ ❝❡❧❧s ✭MAEarti✱ ✐♥❞✐❝❛t❡❞
✐♥ r❡❞✮ ❢♦r ❋❇P ✐s t❤❡ ❤✐❣❤❡st ❢♦❧❧♦✇❡❞ ❜② ❙❆❘❚ ❛♥❞ t❤❡ s♠❛❧❧❡st ❢♦r ▼❯▲❚✳
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❋✐❣✉r❡ ✸✳✶✷✳✿ ◗✉❛♥t✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t❤r❡❡ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠s ✭❊▼❚✱
❈❆❚✱ MAEbeam✱ MAEarti✮

❲❤✐❧❡ t❤❡ ❈❆❚ ❡✈❛❧✉❛t✐♦♥ ❢♦r ❙❆❘❚ ❛♥❞ ❋❇P r❡s✉❧t ✐♥ ❛♥ ♦✈❡r❡st✐♠❛t❡ ✇✳r✳t✳ t❤❡
r❡❢❡r❡♥❝❡ ✭✰✻✵✪ ❛♥❞ ✰✹✵✪✮✱ ❢♦r ▼❯▲❚ ✐t ✐s ❜❛s✐❝❛❧❧② ❛ ♠❛t❝❤✳ ❚❤❡ ❊▼❚ ❡✈❛❧✉❛t✐♦♥
❢♦r ❋❇P ❛♥❞ ▼❯▲❚ ✜ts ✈❡r② ✇❡❧❧ ❛♥❞ ♦♥❧② ❙❆❘❚ ❛❣❛✐♥ r❡s✉❧ts ✐♥ ❛♥ ♦✈❡r❡st✐♠❛t❡
♦❢ ✰✹✵✪✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❞✐✛❡r❡♥t r❡❝♦♥str✉❝t✐♦♥s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ♠♦r❡
❞❡t❛✐❧✳ ❋✐❣✉r❡ ✸✳✶✸ s❤♦✇s t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❛s ✇❡❧❧ ❛s t❤❡ t♦♠♦❣r❛♠s ✈✐❛ t❤❡
t❤r❡❡ r❡❝♦♥str✉❝t✐♦♥ ♠❡❝❤❛♥✐s♠s✸✼✳ ❚❤❡ ❜❧❛❝❦ ❞♦ts ✐♥ ❛❧❧ ❝❤❛rts ✐♥❞✐❝❛t❡ t❤❡ ❡❞❣❡ ♦❢
t❤❡ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ r❡❢❡r❡♥❝❡ ♠❛♣ ❛♥❞ ❛r❡ ♠✐rr♦r❡❞ ✐♥t♦ t❤❡ ♦t❤❡r ❝❤❛rts✸✽✳ ❚❤✐s
✜❣✉r❡ ✈✐s✉❛❧✐③❡s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥s s♦ ❢❛r ❛♥❞ s✉♣♣♦rts t❤❡ ▼❯▲❚ ❝♦♥❝❡♣t ❛s ❢♦r
t❤✐s ♣❛rt✐❝✉❧❛r ❞✐str✐❜✉t✐♦♥ t❤❡ t♦♠♦❣r❛♠ ♠❛t❝❤❡s ❜❡st✳

✸✼❈❡❧❧s ✇✐t❤ ❛♥ ❛♠♣❧✐t✉❞❡ ✈❛❧✉❡ ♦❢ ❧❡ss t❤❛♥ ✺✪ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❛r❡ ❝♦❧♦r❡❞ ✐♥ ❣r❛② t♦ ❣✉✐❞❡ t❤❡
❡②❡✳

✸✽❙♦♠❡ ♣♦✐♥ts ❛❧r❡❛❞② ❢♦r t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥ ❛r❡ ♥♦t ♣❡r❢❡❝t❧② ❢♦❧❧♦✇✐♥❣ t❤❡ s❤♦✇♥ ❝♦♥t♦✉r✳
❚❤✐s ✐s ❛ r❡s✉❧t ♦❢ ❛♠♣❧✐t✉❞❡s ❁✺✪ ♥♦t ❜❡✐♥❣ s❤♦✇♥ ✐♥ t❤♦s❡ ❝❤❛rts✳
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❋✐❣✉r❡ ✸✳✶✸✳✿ ❘❡❝♦♥str✉❝t✐♦♥ ❝♦♠♣❛r✐s♦♥ ✭✸ ① ❤✐❣❤❡r r❡s♦❧✉t✐♦♥✮

❋✐❣✉r❡ ✸✳✶✹ ♣r❡s❡♥ts t❤❡ st❛t✐st✐❝❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❋❇P r❡❝♦♥str✉❝t✐♦♥✳ ❚❤❡ ❧❡❢t
❝❤❛rt s❤♦✇s t❤❡ ❛♠♣❧✐t✉❞❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❜❡❛♠ ❝❡❧❧s ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ❛♥❞ ❋❇P ❞❛t❛✳
❲❤✐❧❡ t❤❡ ❤✐❣❤ ❛♠♣❧✐t✉❞❡s ✭❃✵✳✺✮ ❛r❡ s❧✐❣❤t❧② ♦✈❡r❡st✐♠❛t❡❞✱ t❤❡ ❧♦✇❡r ❛♠♣❧✐t✉❞❡s
❛r❡ ✉♥❞❡r❡st✐♠❛t❡❞✳ ❊▼❚✷✵ ✜ts ✈❡r② ✇❡❧❧ ✇❤✐❧❡ ❈❆❚✶✵ ❛♥❞ ❊▼❙ r❡s✉❧t ✐♥ ❛ t♦♦
❤✐❣❤ ✈❛❧✉❡✳
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cell error analysis - FBP
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❋✐❣✉r❡ ✸✳✶✺✳✿ ✷❉ ♠❛♣s ♦❢ t❤❡ ❋❇P r❡❝♦♥str✉❝t✐♦♥

❋✐❣✉r❡ ✸✳✶✺ s❤♦✇s t❤r❡❡ ♠❛♣s✿ t❤❡ ✐♥✐t✐❛❧ r❡❢❡r❡♥❝❡ ✭❧❡❢t✮✱ t❤❡ ❋❇P r❡❝♦♥str✉❝t✐♦♥
✭r✐❣❤t✮ ❛♥❞ t❤❡ ❞❡❧t❛ ♠❛♣ ✭❝❡♥t❡r❀ r❡❝♦♥str✉❝t✐♦♥ ✲ r❡❢❡r❡♥❝❡✮✳ ❚❤❡ ❞❡❧t❛ ♠❛♣ s❤♦✇s
❛♥ ♦✈❡r❡st✐♠❛t❡ ❛❧♦♥❣ t❤❡ ✬❧♦✇❡r✬ s✐❞❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ✭❜r♦✇♥✴♦r❛♥❣❡✮ ❛s ✇❡❧❧ ❛s
t❤❡ ♣r♦♥♦✉♥❝❡❞ ❛rt✐❢❛❝ts ✭❣r❡❡♥✴②❡❧❧♦✇✮✳

❋✐❣✉r❡s ✸✳✶✻ ❛♥❞ ✸✳✶✼ s❤♦✇ t❤❡ s❛♠❡ ❛♥❛❧②s✐s ❢♦r t❤❡ ❙❆❘❚ r❡❝♦♥str✉❝t✐♦♥✳ ❍❡r❡
❛♥ ♦✈❡r❡st✐♠❛t❡ ♦❢ ❤✐❣❤ ❛♥❞ ♠✐❞❞❧❡ ❛♠♣❧✐t✉❞❡s ✐s ✈✐s✐❜❧❡✱ ❡s♣❡❝✐❛❧❧② ❛❧♦♥❣ t❤❡ ✬❧♦✇❡r✬
s✐❞❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥✳
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cell error analysis - SART
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❋✐❣✉r❡ ✸✳✶✼✳✿ ✷❉ ♠❛♣s ♦❢ t❤❡ ❙❆❘❚ r❡❝♦♥str✉❝t✐♦♥

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ▼❯▲❚ ❛♥❛❧②s✐s ✭✜❣✉r❡s ✸✳✶✽ ❛♥❞ ✸✳✶✾✮ s❤♦✇s ❛ ✇❡❧❧ ♠❛t❝❤✐♥❣
❤✐st♦❣r❛♠ ✇✐t❤ s♦♠❡ ♠✐s♠❛t❝❤ ✐♥ t❤❡ ♠❡❞✐✉♠ r❛♥❣❡❞ ❛♠♣❧✐t✉❞❡s✳
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cell error analysis - MULT
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❋✐❣✉r❡ ✸✳✶✾✳✿ ✷❉ ♠❛♣s ♦❢ t❤❡ ▼❯▲❚ r❡❝♦♥str✉❝t✐♦♥

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s ❝♦♠♣❛r✐s♦♥ ♦❢ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠s ✐s t❤❛t

❼ ▼❯▲❚✸✾ ♣r♦✈✐❞❡s t❤❡ ❝❧♦s❡st ❈❆❚✱ ❊▼❚ ❛♥❞ ❊▼❙ r❛t✐♦ ✇✳r✳t t❤❡ r❡❢❡r❡♥❝❡

❼ ❋❇P ❢♦r t❤❡ ❣✐✈❡♥ r❡s♦❧✉t✐♦♥ r❡s✉❧ts ✐♥ t❤❡ ❧♦✇❡st r❡❝♦♥str✉❝t✐♦♥ ❡rr♦r ✐♥s✐❞❡
t❤❡ ❞✐str✐❜✉t✐♦♥ ✭MAEbeam✮ ❛♥❞ ❛ ✇❡❧❧ ♠❛t❝❤✐♥❣ ❊▼❚ ✈❛❧✉❡✹✵

❼ ❙❆❘❚ ♣r♦✈✐❞❡s ❛ s♠❡❛r❡❞✲♦✉t ♦✈❡r❡st✐♠❛t❡❞ r❡s✉❧t ✇✐t❤ t❤❡ ❧❛r❣❡st ❡rr♦rs

❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❈❆❚ ❛♥❞ ❊▼❙ ❛r❡ ❡✈❛❧✉❛t❡❞ ❜❛s❡❞ ♦♥ t❤❡ ▼❯▲❚
r❡❝♦♥str✉❝t✐♦♥ ✇❤✐❧❡ t❤❡ ❊▼❚ ❛♥❞ MAEbeam ❜❛s❡s ♦♥ t❤❡ ❋❇P r❡s✉❧t✳

✸✳✺✳ ❘❡❝♦♥str✉❝t✐♦♥ st❛❜✐❧✐t②

❱❛r✐♦✉s ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ ❛♥❞ r❡❝♦♥str✉❝t✐♦♥ ♣❛r❛♠❡t❡rs ❧✐❦❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❥❡❝✲
t✐♦♥s ♦r t❤❡ ❊▼❚ ❛♥❞ ❈❆❚ t❤r❡s❤♦❧❞s ❛✛❡❝t t❤❡ q✉❛❧✐t② ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ s♦♠❡ ♦❢ t❤♦s❡ ♣❛r❛♠❡t❡rs ❛r❡ st✉❞✐❡❞ ❛♥❞ t❤❡✐r r♦❜✉st♥❡ss ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦✐s❡ ✐♥ t❤❡ s✐♥♦❣r❛♠ ❞❛t❛ ✐s ✐♥✈❡st✐❣❛t❡❞✳ ❋✐♥❛❧❧②✱ t❤❡ ❡✛❡❝t ♦❢
❛ ♥♦♥✲❝❡♥t❡r❡❞ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ❛s ♣r❡s❡♥t ❢♦r r❡❛❧ ♠❡❛s✉r❡♠❡♥t ❞❛t❛ ❛♥❞ t❤❡
❛❝❝♦r❞✐♥❣ ❝♦rr❡❝t✐♦♥ ♠❡❝❤❛♥✐s♠s ❛r❡ s❤♦✇♥✳

✸✾❝❡❧❧✲✇✐s❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ❙❆❘❚ ❛♥❞ ❋❇P r❡s✉❧t
✹✵❋♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥s ♣r♦✈✐❞❡❞ ❜② t❤❡ ✸ ① ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ✭❋✐❣✉r❡ ✸✳✶✸✮ t❤❡ ✭MAEbeam✮ ♦❢

t❤❡ ❋❇P ✐s ✵✳✶✶✽✱ ❢♦r ▼❯▲❚ ✵✳✵✾✾ ❛♥❞ ❙❆❘❚ ✵✳✷✹✾✳
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✸ ❙✐♠✉❧❛t✐♦♥s

✸✳✺✳✶✳ ◆✉♠❜❡r ♦❢ ♣r♦❥❡❝t✐♦♥s

❚❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❥❡❝t✐♦♥s ❛✛❡❝ts t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❝♦♥t♦✉r ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥✿
❛ ❧❛r❣❡r ♥✉♠❜❡r r❡s✉❧ts ✐♥ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❝♦♥t♦✉r❀ ❛ ❧♦✇❡r ♥✉♠❜❡r r❡s✉❧ts ✐♥ ❛
♠♦r❡ ❜❧✉rr❡❞ t♦♠♦❣r❛♠✳ ❍♦✇❡✈❡r✱ t②♣✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ t❤✐s ♥✉♠❜❡r ✐s ♥♦t ❧✐♠✐t❡❞
t❡❝❤♥✐❝❛❧❧② ❜✉t r❛t❤❡r ♦r❣❛♥✐③❛t✐♦♥❛❧ ❛s ❛♥ ✐♥❝r❡❛s❡ ♦❢ ♠❡❛s✉r❡♠❡♥ts ❝♦rr❡❧❛t❡s t♦ ❛
❧❛r❣❡r ❛❝❝❡❧❡r❛t♦r ♠❛❝❤✐♥❡ t✐♠❡ r❡q✉✐r❡❞✳

❋✐❣✉r❡ ✸✳✷✵ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ ❛ s✐♠✉❧❛t✐♦♥ st✉❞② ✈❛r②✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦✲
❥❡❝t✐♦♥s ❡q✉❛❧❧② ❞✐str✐❜✉t❡❞ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✽✵ ❞❡❣r❡❡s✳ ▲❡ss t❤❛♥ ✹✵ ❛♥❣❧❡s r❡s✉❧t
✐♥ ❈❆❚✱ ❊▼❚ ❛♥❞ ❊▼❙ ✈❛❧✉❡s ❢❛❝t♦r ✷ ❧❛r❣❡r t❤❛♥ t❤❡ r❡❢❡r❡♥❝❡✳ ❚❤❡ ❝✉r✈❡s ♦❢
❛❧❧ t❤r❡❡ ❡✈❛❧✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ✈❡r② ❝❧♦s❡ t♦ t❤❡ r❡❢❡r❡♥❝❡ ✭s✐♥❣❧❡ ♣❡r❝❡♥t✮ ✐♥ ❛
r❛♥❣❡ ♦❢ ✶✶✵ t♦ ✶✹✵ ❛♥❣❧❡s✳ ■♥ t❤✐s r❛♥❣❡ ❛❧s♦ MAEbeam ❛♥❞ MAEarti ❛r❡ ✈❡r② st❛❜❧❡
✭s❡❡ ❋✐❣✉r❡ ✸✳✷✶✮✳
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✸ ❙✐♠✉❧❛t✐♦♥s
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❋✐❣✉r❡ ✸✳✷✶✳✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ ♣r♦❥❡❝t✐♦♥s ✇✳r✳t✳ ▼❆❊

❇❛s❡❞ ♦♥ t❤❡ r❡s✉❧ts ♦❢ t❤❡s❡ s✐♠✉❧❛t✐♦♥s ✶✷✵ ♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡s ❡q✉❛❧❧② ❞✐str✐❜✉t❡❞
❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✽✵ ❞❡❣r❡❡s ❛r❡ ✉s❡❞✳

✸✳✺✳✷✳ ❚❤r❡s❤♦❧❞s

❚❤❡ t❤r❡s❤♦❧❞s ✉s❡❞ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❈❆❚ ❛♥❞ ❊▼❚ ❛✛❡❝t t❤❡ r❡s✉❧t✐♥❣ ✈❛❧✉❡s
❛s ♠♦r❡ ♦r ❧❡ss ❛rt✐❢❛❝ts ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ❜❛r ♦❢ ❝❤❛r❣❡ ♣♦♣✉❧❛t❡s ❛
s♠❛❧❧ ❛r❡❛ ✐♥ ♣❤❛s❡ s♣❛❝❡ ♦♥❧② ✭❣✐✈❡♥ t❤❡ ✉s❡❞ ❙❋❳✲❡q✉✐✈❛❧❡♥t r❡s♦❧✉t✐♦♥ ♦❢ ✶♠♠
✐♥ r❡❛❧ s♣❛❝❡✮✱ ❛ ❤✐❣❤ t❤r❡s❤♦❧❞ r❡s✉❧ts ✐♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ s✐♥❣❧❡ ❝❡❧❧s t♦ t❤❡
❈❆❚✴❊▼❚ ♦♥❧②✳ ❚❤❡ ♣❛r❛♠❡t❡r t❤❡♥ ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ❡❛s✐❧②✳
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❋✐❣✉r❡ ✸✳✷✷ s❤♦✇s t❤❛t t❤❡ ❈❆❚ ♣r❡s❡♥ts ❛ st❛❜❧❡ ♣❧❛t❡❛✉ ❛t t❤❡ ❝♦rr❡❝t r❡❢❡r❡♥❝❡
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✸ ❙✐♠✉❧❛t✐♦♥s

✈❛❧✉❡ ✐♥ ❛ t❤r❡s❤♦❧❞ r❛♥❣❡ ♦❢ ✽✪ t♦ ✶✹✪ ❛♥❞ t❤❡ ❊▼❚ ❜❡t✇❡❡♥ ✶✺✪ ❛♥❞ ✷✹✪
r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❢♦r❡✱ ❈❆❚✶✵ ❛♥❞ ❊▼❚✷✵ ❛r❡ ✉s❡❞ ❢✉rt❤❡r✲♦♥✳
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CAT MULT   CAT10: 35
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EMT FBP   EMT20: 22

considered cells discarded cells

✭❜✮ ❊▼❚✷✵ ❡✈❛❧✉❛t✐♦♥ ✭❜❛s❡❞ ♦♥ ❋❇P✮

❋✐❣✉r❡ ✸✳✷✸✳✿ ❘❡❢❡r❡♥❝❡ t❤r❡s❤♦❧❞ ❝❤❛rts

❋✐❣✉r❡ ✸✳✷✸✭❛✮ s❤♦✇s t❤❡ r❡s✉❧t✐♥❣ ▼❯▲❚ r❡❝♦♥str✉❝t✐♦♥ ✇✐t❤ ❛❧❧ ❝❡❧❧s ❧❡ss ♦r ❡q✉❛❧
t♦ ✶✵✪ ♦❢ t❤❡ ♠❛①✐♠✉♠ ✐♥❞✐❝❛t❡❞ ✐♥ ❣r❛②✳ ✸✺ ❝❡❧❧s ✭❂❈❆❚✶✵✮ ♣r❡s❡♥t ❛ ♥♦r♠❛❧✐③❡❞
❛♠♣❧✐t✉❞❡ ❧❛r❣❡r t❤❛♥ t❤✐s t❤r❡s❤♦❧❞✳ ❋✐❣✉r❡ ✸✳✷✸✭❜✮ s❤♦✇s t❤❡ ♥♦r♠❛❧✐③❡❞ ❝✉♠✉✲
❧❛t✐✈❡ s✉♠ ✈❡rs✉s t❤❡ ✐♥t❡♥s✐t②✲s♦rt❡❞ ❝❡❧❧s ③♦♦♠❡❞ t♦ t❤❡ ❜❡❛♠ ❝♦♥t❛✐♥✐♥❣ ❝❡❧❧s✳
❉✉❡ t♦ t❤❡ s♦rt✐♥❣ ♦❢ t❤❡ ❝❡❧❧s✱ t❤❡ ❝✉♠✉❧❛t✐✈❡ s✉♠ ❜❡❝♦♠❡s ♥❡❣❛t✐✈❡ ✜rst✱ r❡❛❝❤❡s ❛
♠✐♥✐♠✉♠ ❛♥❞ t❤❡♥ r❛✐s❡s ❛❣❛✐♥✳ ❚❤❡ ♥❡❣❛t✐✈❡ ❝❡❧❧ ✈❛❧✉❡s ❛❧❧ ♦r✐❣✐♥❛t❡ ❢r♦♠ ❛rt✐❢❛❝ts
✇❤✐❧❡ s♦♠❡ ♦❢ t❤❡ s♠❛❧❧ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♠✐❣❤t ❛❧s♦ ❜❡ ❝❡❧❧s ✇✐t❤ ✈❡r② s♠❛❧❧ ❜❡❛♠
❝♦♥tr✐❜✉t✐♦♥s✳ ❚❤❡ ❊▼❚✷✵ ❢♦r t❤❡ s❤♦✇ ❞✐str✐❜✉t✐♦♥ r❡s✉❧ts ✐♥ ✷✷ ❝♦♥s✐❞❡r❡❞ ❝❡❧❧s✳

✸✳✺✳✸✳ ◆♦✐s❡ r♦❜✉st♥❡ss

◆♦✐s❡ ✐s ❛♥ ✐♥❤❡r❡♥t ❝♦♠♣♦♥❡♥t ♦❢ r❡❛❧ ♠❡❛s✉r❡♠❡♥t ❞❛t❛ ❛♥❞ t❤❡r❡❢♦r❡ ❛✛❡❝ts t❤❡
❞❛t❛ ❛♥❛❧②s✐s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ t❤r❡❡ r❡❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠s
✇✳r✳t ❞✐✛❡r❡♥t ♥♦✐s❡ ❧❡✈❡❧s ❛♥❞ ❦✐♥❞s ♦❢ ♥♦✐s❡ ✭✉♥✐❢♦r♠ ❛♥❞ ●❛✉ss✐❛♥ ❞✐str✐❜✉t❡❞✮ ✐s
s❤♦✇♥✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❡✈❡r② ♥♦✐s❡ ❧❡✈❡❧ ✇❛s ♣❡r❢♦r♠❡❞ ✶✵ t✐♠❡s ✇✐t❤ ❞✐✛❡r❡♥t
r❛♥❞♦♠ ♥♦✐s❡ ❝♦♥tr✐❜✉t✐♦♥s✳ ❚❤❡ ❡rr♦r ❜❛rs ♦❢ t❤❡ ❝✉r✈❡s r❡♣r❡s❡♥t t❤❡ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥ ♦❢ t❤♦s❡ s✐♠✉❧❛t✐♦♥s✳

❋✐❣✉r❡ ✸✳✷✹ s❤♦✇s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞
♥♦✐s❡ ❛♠♣❧✐t✉❞❡s ✭✪ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❞❛t❛ s✐❣♥❛❧❀ ●❛✉ss✐❛♥ ♥♦✐s❡ s❤♦✇♥ ✐♥ t❤❡
❛♣♣❡♥❞✐① ❆✳✾✮ ❢♦r ❋❇P✳ ❈❆❚✶✵ ✐s ✈❡r② ✉♥st❛❜❧❡ ❛♥❞ ❢♦r ✼✪ ♦❢ ♥♦✐s❡ ✐♥❝r❡❛s❡s t♦
❢❛❝t♦r ✼ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ ✭❂ ♥♦ ♥♦✐s❡✮ ✈❛❧✉❡ ✭♥♦t s❤♦✇♥ ❤❡r❡✮✳ ❊▼❚✷✵ ❢♦r ❛ ❧♦✇ ♥♦✐s❡
❧❡✈❡❧ ✭✉♣ t♦ ✼✪✮ ♦♥ ❛✈❡r❛❣❡ r❡♠❛✐♥s ❝❧♦s❡ t♦ t❤❡ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ ✇✐t❤ ❛ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥ ♦❢ ✉♣ t♦ ≈✶✺✪✳ ❊▼❙ ❛♥❞ ❇❊❚❳ ❤♦✇❡✈❡r ✉♣ t♦ ✼✪ ♥♦✐s❡ s❡❡♠ t♦ ❜❡ ✈❡r②
r♦❜✉st t❤♦✉❣❤ t❤❡ ❊▼❙✬s ❛✈❡r❛❣❡ st❛②s ❛r♦✉♥❞ ✰✹✵✪✳

✹✺
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✸ ❙✐♠✉❧❛t✐♦♥s
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FBP - AddUniform
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❋✐❣✉r❡ ✸✳✷✹✳✿ ❋❇P ❡✈❛❧✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r ✐♥❝r❡❛s✐♥❣ ♥♦✐s❡ ❛♠♣❧✐t✉❞❡s

❋✐❣✉r❡s ✸✳✷✺ ❛♥❞ ✸✳✷✻ s❤♦✇ t❤❡ s✐♥♦❣r❛♠ ❛♥❞ t♦♠♦❣r❛♠ ❢♦r ♥♦♥❡ ❛♥❞ ✺✪ ♥♦✐s❡
✭❛♠♣❧✐t✉❞❡s ❜❡❧♦✇ t❤❡ ❈❆❚✶✵ ❧❡✈❡❧ ❛r❡ ❝♦❧♦r❡❞ ✐♥ ❣r❛②✮✳ ❚❤❡ st❛t✐st✐❝❛❧❧② ❤✐❣❤❡r
❛rt✐❢❛❝t ❛♠♣❧✐t✉❞❡s ♦❢ ❋❇P s✉♣❡r✐♠♣♦s❡ ✇✐t❤ t❤❡ ♥♦✐s❡ ❛♥❞ t❤❡r❡❢♦r❡ ♠♦r❡ ❝❡❧❧s
❡①❝❡❡❞ t❤❡ ❈❆❚ t❤r❡s❤♦❧❞✳ ❚❤❡ ❈❆❚✶✵ r❛✐s❡s ❢r♦♠ ✹✽ t♦ ✶✶✻✳
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CAT10=48 reference FBP

❋✐❣✉r❡ ✸✳✷✺✳✿ ❋❇P s✐♥♦❣r❛♠ ❛♥❞ t♦♠♦❣r❛♠ ❢♦r ✵✪ ♥♦✐s❡ ❛❞❞❡❞
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✸ ❙✐♠✉❧❛t✐♦♥s
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CAT10=116 noiselevel 5% (AddUniform) FBP

❋✐❣✉r❡ ✸✳✷✻✳✿ ❋❇P s✐♥♦❣r❛♠ ❛♥❞ t♦♠♦❣r❛♠ ❢♦r ✺✪ ♥♦✐s❡ ❛❞❞❡❞

❚❤❡ r❡s✉❧t ❢♦r t❤❡ ▼❯▲❚ s✐♠✉❧❛t✐♦♥s ✭❋✐❣✉r❡ ✸✳✷✼ ❛♥❞ ❆✳✶✵ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✮
❝♦♠♣❛r❡❞ t♦ ❋❇P ❛r❡ ✈❡r② st❛❜❧❡✳ ❈❆❚✶✵✱ ❊▼❙ ❛♥❞ ❇❊❚❳ s❤♦✇ ❛ st❛♥❞❛r❞ ❞❡✲
✈✐❛t✐♦♥ ♦❢ s✐♥❣❧❡ ♣❡r❝❡♥t ✉♣ t♦ ♥♦✐s❡ ❧❡✈❡❧s ♦❢ ✾✪✳ ❋✐❣✉r❡ ✸✳✷✽ s❤♦✇s t❤❛t ❡✈❡♥ ❛
✈❡r② ♣r♦♥♦✉♥❝❡❞ ♥♦✐s❡ ♣❛tt❡r♥ ♦❢ ✶✷✪ ♥♦✐s❡ ❛♠♣❧✐t✉❞❡ ✐♥ t❤❡ s✐♥♦❣r❛♠ r❡s✉❧ts ✐♥
❛♥ ✐♥❝r❡❛s❡ ♦❢ ❈❆❚✶✵ ❢r♦♠ ✸✻ t♦ ✸✽ ♦♥❧②✳ ❍♦✇❡✈❡r✱ ❊▼❚✷✵ ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ✈❡r②
❢❛st✳ ❋✐❣✉r❡ ✸✳✷✾ s❤♦✇s t❤❡ ❝✉♠✉❧❛t✐✈❡ s✉♠ ✇✐t❤ ✺✪ ♥♦✐s❡ ❛❞❞❡❞ ❛♥❞ ✇✳r✳t✳ t❤❡
r❡❢❡r❡♥❝❡ ✭❋✐❣✉r❡ ✸✳✷✸✭❜✮✮ t❤❡ ❊▼❚✷✵ r❛✐s❡s ❢r♦♠ ✷✷ t♦ ✹✶✳
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❋✐❣✉r❡ ✸✳✷✼✳✿ ▼❯▲❚ ❡✈❛❧✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r ✐♥❝r❡❛s✐♥❣ ♥♦✐s❡ ❛♠♣❧✐t✉❞❡s
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✸ ❙✐♠✉❧❛t✐♦♥s
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CAT10=38 noiselevel 12% (AddUniform) MULT

❋✐❣✉r❡ ✸✳✷✽✳✿ ▼❯▲❚ s✐♥♦❣r❛♠ ❛♥❞ t♦♠♦❣r❛♠ ❢♦r ✶✷✪ ♥♦✐s❡ ❛❞❞❡❞
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EMT20 noiselevel 5% (AddUniform) MULT

considered cells (41) discarded cells

❋✐❣✉r❡ ✸✳✷✾✳✿ ▼❯▲❚ ❝✉♠✉❧❛t✐✈❡ s✉♠ ❢♦r ✺✪ ♥♦✐s❡ ❛❞❞❡❞

❚❤❡ ❙❆❘❚ r❡❝♦♥str✉❝t✐♦♥ ✭❋✐❣✉r❡ ✸✳✸✵ ❛♥❞ ❆✳✶✶ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✮ s❤♦✇s ❛ st❛❜❧❡
❜❡❤❛✈✐♦r ❢♦r ❊▼❙ ✭✰✻✵✪✮ ❛♥❞ ❇❊❚❳✱ ❈❆❚✶✵ ❜❡❝♦♠❡s ✉♥st❛❜❧❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣
♥♦✐s❡ ✇❤✐❧❡ ❊▼❚✷✵ r❡♠❛✐♥s ❛t ≈✰✹✵✪ ❜✉t ✇✐t❤ ❛ ❧❛r❣❡r st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ t❤❛♥
❋❇P✳

✹✽
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❋✐❣✉r❡ ✸✳✸✵✳✿ ❙❆❘❚ ❡✈❛❧✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❢♦r ✐♥❝r❡❛s✐♥❣ ♥♦✐s❡ ❛♠♣❧✐t✉❞❡s

❚❛❜❧❡ ✸✳✶ s✉♠♠❛r✐③❡s t❤❡ r❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s s♦ ❢❛r ❛♥❞ ♣r♦✈✐❞❡s r❡❢❡r❡♥❝❡
✈❛❧✉❡s✳

❘❊❈❖◆ ❈❆❚✶✵ ❊▼❚✷✵ ❊▼❙ ❇❊❚❳ ❆▲❋❳

❙■◆❖ ✶✻✵ ✶✸✻✹ ♥✳❛✳

❘❊❋ ✸✺ ✷✷ ✺✳✺❊✲✽ ✶✼✳✾ ✾✳✻

❋❇P ✉♥st❛❜❧❡ ✷✷ st❛❜❧❡ ❜✉t ✰✹✵✪

❙❆❘❚ ✉♥st❛❜❧❡ ✰✹✵✪ st❛❜❧❡ ❜✉t ✰✻✵✪

▼❯▲❚ ✸✺ ✉♥st❛❜❧❡ ✺✳✺❊✲✽ ✶✺✳✶ ✽✳✵

❚❛❜❧❡ ✸✳✶✳✿ ❙✐♠✉❧❛t✐♦♥ r❡❢❡r❡♥❝❡ ❞❛t❛

✸✳✻✳ Pr♦✜❧❡ ❝❡♥t❡r✐♥❣

❆ ♣❛rt✐❝❧❡ ❡♥t❡r✐♥❣ t❤❡ P❙❙ ♠♦❞✉❧❡ ♦✛✲❛①✐s ✭①✴①✬ 6= ✵✮ ❡①✐ts t❤❡ ♠♦❞✉❧❡ ✇✐t❤ ✈❛r②✐♥❣
♣❤❛s❡ s♣❛❝❡ ❝♦♦r❞✐♥❛t❡s ❢♦r t❤❡ ✈❛r✐♦✉s P❙❙ ♣❤❛s❡ ❛❞✈❛♥❝❡s ✭r♦t❛t✐♦♥ ❛♥❣❧❡s✮✳ ❋✉r✲
t❤❡r♠♦r❡✱ ❞✉❡ t♦ ♠❛❣♥❡t ❛❧✐❣♥♠❡♥t ❡rr♦rs✱ ♠❛♥✉❢❛❝t✉r✐♥❣ ✐♥❛❝❝✉r❛❝✐❡s ♦r t❤❡ ❧✐♠✐t❡❞
❛♠♦✉♥t ♦❢ st❡❡r✐♥❣ ♠❛❣♥❡ts ♦r ❜❡❛♠ ♠♦♥✐t♦rs ❛ ♣❡r❢❡❝t ♦♥✲❛①✐s ❜❡❛♠ s❡t✉♣ ❢♦r ❛❧❧
r♦t❛t✐♦♥ ❛♥❣❧❡s ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❛❝❤✐❡✈❡ ✐♥ r❡❛❧✐t②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ♣r❡❝♦♥❞✐t✐♦♥
♦❢ ❛ ❝♦♠♠♦♥ r♦t❛t✐♦♥ ❛①✐s ❢♦r ❛❧❧ ♣r♦❥❡❝t✐♦♥ ❛♥❣❧❡s ✐s ♥♦t ❢✉❧✜❧❧❡❞ ❛♥②♠♦r❡✹✶✳

✹✶■♥ ❛ ❝❧❛ss✐❝❛❧ ♠❡❞✐❝❛❧ ❈❚ t❤✐s ✇♦✉❧❞ ❡✳❣✳ ❝♦rr❡s♣♦♥❞ t♦ ❛ ♠♦✈✐♥❣ ♣❛t✐❡♥t ✇❤✐❧❡ ❡①❛♠✐♥❛t✐♦♥✳

✹✾
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✸ ❙✐♠✉❧❛t✐♦♥s

❚❤❡r❡❢♦r❡ ✐t ✐s r❡q✉✐r❡❞ t♦ ❝♦rr❡❝t t❤❡ ❛❝❤✐❡✈❡❞ s✐♥♦❣r❛♠ ❜❡❢♦r❡ r❡❝♦♥str✉❝t✐♦♥✳
◆❡❣❧❡❝t✐♥❣ ❤✐❣❤❡r ♦r❞❡r ❡✛❡❝ts ♦❢ t❤❡ q✉❛❞r✉♣♦❧❡ ♠❛❣♥❡ts ♦❢ t❤❡ P❙❙✱ t❤❡ ♣r♦✜❧❡s
❝❛♥ ❜❡ ✬r❡❛❧✐❣♥❡❞✬ t♦ ❛ ❝♦♠♠♦♥ r♦t❛t✐♦♥ ❛①✐s ❜② s❤✐❢t✐♥❣ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦✜❧❡s
❛♣♣r♦♣r✐❛t❡❧②✳ ■♥ t❤✐s st✉❞②✱ t✇♦ ♠❡❝❤❛♥✐s♠s ❤❛✈❡ ❜❡❡♥ t❡st❡❞ ❛♥❞ ❡✈❛❧✉❛t❡❞✿ ❚❤❡
♣r♦❥❡❝t✐♦♥ ♣r♦✜❧❡s ✐♥ t❤❡ s✐♥♦❣r❛♠ ❛r❡ ❝❡♥t❡r❡❞ ❡✐t❤❡r ❜② ❝❡♥t❡r✐♥❣ t❤❡ ❝❡♥t❡r ♦❢
❣r❛✈✐t② ✭❈♦●✮ ♦r t❤❡ ❣❡♦♠❡tr✐❝ ❝❡♥t❡r ✭●❡♦✮ ♦❢ t❤❡ ♣r♦✜❧❡✳ ■♥ ❜♦t❤ s❝❡♥❛r✐♦s
❡rr♦rs ✐♥tr♦❞✉❝❡❞ ❜② ❛♥ ❛s②♠♠❡tr② ♦❢ t❤❡ ❜❡❛♠ ❞✐str✐❜✉t✐♦♥ ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞✳
❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r♦✜❧❡s ❝❛♥ ♦♥❧② ❜❡ ❝❡♥t❡r❡❞ ❜② s❤✐❢t✐♥❣ t❤❡ ❞❛t❛ ♦❢ t❤❡ ♣r♦✜❧❡ ✐♥
t❡r♠s ♦❢ ❡♥t✐r❡ ❜✐♥s✹✷✳

❋♦r t❤❡ ●❡♦ ♠❡❝❤❛♥✐s♠✱ ❛ t❤r❡s❤♦❧❞ ✐s r❡q✉✐r❡❞ ❛❣❛✐♥✳ ▲✐❦❡ ❢♦r t❤❡ ❈❆❚✱ t❤❡
❣❡♦♠❡tr✐❝ ❝❡♥t❡r ✐s ❝♦♠♣✉t❡❞ ❛t ❛ ❝❡rt❛✐♥ ❛♠♣❧✐t✉❞❡ ❧❡✈❡❧ ❣✐✈❡♥ ❛s ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡
♠❛①✐♠✉♠✳ ❋♦r t❤✐s st✉❞②✱ ✸✵✪✱ ✺✵✪ ❛♥❞ ✼✵✪ ❛r❡ ✉s❡❞✳

❋✐❣✉r❡ ✸✳✸✶ s❤♦✇s t❤❡ r❡s✉❧t ♦❢ ❝❡♥t❡r✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ s✐♥♦❣r❛♠✳ ■❞❡❛❧❧② t❤✐s
s✐♥♦❣r❛♠ ✐s ♥♦t ❝❤❛♥❣❡❞ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ❢♦r t❤❡ ❈♦● ♠❡❝❤❛♥✐s♠✳ ❚❤❡ ●❡♦✲
❝♦rr❡❝t❡❞ s✐♥♦❣r❛♠s s❤♦✇ ❛ s❤✐❢t ♦❢ s♦♠❡ ♣r♦❥❡❝t✐♦♥s ❜② ♦♥❡ ♣✐①❡❧✳
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❋✐❣✉r❡ ✸✳✸✶✳✿ ❙✐♥♦❣r❛♠s r❡s✉❧t✐♥❣ ♦❢ ❝❡♥t❡r✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ s✐♥♦❣r❛♠

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ t♦♠♦❣r❛♠s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✸✳✸✷✳ ❲❤❡r❡❛s ❊▼❚✷✵ ❛♥❞ ❈❆❚✶✵ ❛r❡ ♥♦t ♦r ♦♥❧② s❧✐❣❤t❧② ❛✛❡❝t❡❞✱ t❤❡ ✈❛❧✉❡s ❢♦r
❊▼❙✱ ❇❊❚❳ ❛♥❞ ❆▲❋❳ ❝❤❛♥❣❡ ❜② ❛❜♦✉t ✶✵✪✳ ❋r♦♠ t❤❡ ❝❡♥t❡r✐♥❣ ♣❡rs♣❡❝t✐✈❡✱ ❛❧❧
♠❡❝❤❛♥✐s♠s ♣r♦✈✐❞❡ ✈❡r② s✐♠✐❧❛r r❡s✉❧ts✳

✹✷❘❡✢❡❝t✐♥❣ t♦ t❤❡ ✉s❡❞ ❙❋❳ ♠♦❞❡❧✱ ♦♥❧② s❤✐❢ts ♦❢ ✶♠♠ ✭r❡❛❧ s♣❛❝❡✮ ❂ ♦♥❡ ✜❜❡r ❛r❡ ❛❧❧♦✇❡❞✳

✺✵
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✸ ❙✐♠✉❧❛t✐♦♥s
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Profile Centering Options

ALFX BETX EMS EMT20 CAT10

❋✐❣✉r❡ ✸✳✸✷✳✿ ❈♦♠♣❛r✐s♦♥ ♦❢ r❡❝♦♥str✉❝t✐♦♥ ♣❛r❛♠❡t❡rs ✈s✳ ❝❡♥t❡r✐♥❣ ♠❡❝❤❛♥✐s♠s
❛❢t❡r ❝❡♥t❡r✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ s✐♥♦❣r❛♠

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝❡♥t❡r✐♥❣ ♠❡❝❤❛♥✐s♠s ❤❛✈❡ ❜❡❡♥ t❡st❡❞ ✇✐t❤ ❛ ♣❛rt✐❝❧❡ ❞✐str✐✲
❜✉t✐♦♥ ✐♥t❡♥t✐♦♥❛❧❧② ♠✐s♣❧❛❝❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ tr❛♥s❢❡r ❧✐♥❡ ❜② ✷✵✵✉r❛❞ ❛♥❞
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❋✐❣✉r❡ ✸✳✸✸✳✿ ❘❡❢❡r❡♥❝❡✱ ✉♥❝♦rr❡❝t❡❞ ❛♥❞ ❈♦● ❝♦rr❡❝t❡❞ s✐♥♦❣r❛♠ ♦❢ ❛♥ ♦✛✲❛①✐s ♣❛r✲
t✐❝❧❡ ❞✐str✐❜✉t✐♦♥

❋✐❣✉r❡ ✸✳✸✹ ♣r❡s❡♥ts t❤❡ s✐♥♦❣r❛♠s ♦❢ t❤❡ ♦✛✲❛①✐s ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ❝♦rr❡❝t❡❞ ❜②
t❤❡ ❢♦✉r ♠❡❝❤❛♥✐s♠s ✭❈♦●✱ ●❡♦✸✵✱ ●❡♦✺✵✱ ●❡♦✼✵✮✳ ❆❧❧ ♦❢ t❤❡♠ ♣r❡s❡♥t ❛ str❛✐❣❤t✲

✺✶
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❡♥❡❞ s✐♥♦❣r❛♠ ✇✐t❤ s♦♠❡ ♣r♦❥❡❝t✐♦♥s s❤✐❢t❡❞ ❜② s✐♥❣❧❡ ♣✐①❡❧s ✇✳r✳t t❤❡ ❝❡♥t❡r❡❞
r❡❢❡r❡♥❝❡✳
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❋✐❣✉r❡ ✸✳✸✹✳✿ ❙✐♥♦❣r❛♠s r❡s✉❧t✐♥❣ ♦❢ ❝❡♥t❡r✐♥❣ t❤❡ ♦✛✲❛①✐s s✐♥♦❣r❛♠

❆❢t❡r ❝♦♠♣✉t✐♥❣ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❢♦r t❤❡ ✈❛r✐♦✉s ❝❛s❡s ❤♦✇❡✈❡r✱ ✐t t✉r♥s ♦✉t
t❤❛t t❤❡ ❡✈❛❧✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ❛✛❡❝t❡❞ ❛ ❧♦t ✭s❡❡ ❋✐❣✉r❡ ✸✳✸✺✮✳ ❊▼❚✷✵ ❢♦r ❛❧❧
❝❡♥t❡r✐♥❣ ♠❡❝❤❛♥✐s♠s ❛r❡ ✐♥❝r❡❛s❡❞ ❜② ≈✺✵✪ ✇❤✐❧❡ ❇❊❚❳ ❛♥❞ ❆▲❋❳ ✈❛❧✉❡s ❛r❡
❞❡❝r❡❛s❡❞ ❜② ≈✹✵✪✳ ■♥ t❤✐s ❝♦♠♣❛r✐s♦♥✱ t❤❡ ❈♦● ♠❡❝❤❛♥✐s♠ ♣r♦✈✐❞❡s t❤❡ ❜❡st
r❡❝♦♥str✉❝t✐♦♥ ❜✉t st✐❧❧ ❊▼❙ ✭✰✶✷✪✮ ❛♥❞ ❈❆❚✶✵ ✭✰✷✷✪✮ ❛r❡ ❛✛❡❝t❡❞✳
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❋✐❣✉r❡ ✸✳✸✺✳✿ ❈♦♠♣❛r✐s♦♥ ♦❢ r❡❝♦♥str✉❝t✐♦♥ ♣❛r❛♠❡t❡rs ✈s✳ ❝❡♥t❡r✐♥❣ ♠❡❝❤❛♥✐s♠s
❛❢t❡r ❝❡♥t❡r✐♥❣ t❤❡ ♦✛✲❛①✐s s✐♥♦❣r❛♠

❱✐s✉❛❧❧②✱ t❤❡ r❡❢❡r❡♥❝❡ ✭❋✐❣✉r❡ ✸✳✸✻✭❛✮✮ ❛♥❞ t❤❡ ❈♦●✲❝❡♥t❡r❡❞ t♦♠♦❣r❛♠ ♦❢ t❤❡
♦✛✲❛①✐s ❞✐str✐❜✉t✐♦♥ ✭❋✐❣✉r❡ ✸✳✸✻✭❜✮✮ ♣r❡s❡♥t ❛ q✉✐t❡ ❤✐❣❤ s✐♠✐❧❛r✐t②✳ ❚❤✐s ✐♥❞✐❝❛t❡s
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✸ ❙✐♠✉❧❛t✐♦♥s

t❤❛t t❤❡ s❡❧❡❝t❡❞ ❡✈❛❧✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❈❆❚✱ ❊▼❚ ❛♥❞ ❊▼❙ ✭✇✐t❤ ❇❊❚❳✴❆▲❋❳✮
❛r❡ ♥♦t r♦❜✉st ✇✳r✳t✳ t❤❡ ❝❡♥t❡r✐♥❣ ♣r♦❝❡ss✳
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CAT10: 35     EMT20: 22
EMS:5.37e-08     βX=18.30     αX=9.80
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✭❛✮ ❚♦♠♦❣r❛♠ ♦❢ r❡❢❡r❡♥❝❡ ♣❛rt✐❝❧❡s
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EMS:6.01e-08     βX=11.90     αX=6.45
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✭❜✮ ❊▼❚✷✵ ❡✈❛❧✉❛t✐♦♥ ✭❜❛s❡❞ ♦♥ ▼❯▲❚✮

❋✐❣✉r❡ ✸✳✸✻✳

▼♦r❡ ❞❡t❛✐❧s ♦♥ t❤✐s ♣❤❡♥♦♠❡♥♦♥ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✸✼✿ ✐♥ t❤❡s❡ s✐♠✉❧❛t✐♦♥s
t❤❡ ❜✐♥♥✐♥❣ ♦❢ t❤❡ ❇P▼ ✐s s❤✐❢t❡❞ ✐♥ ❛ r❛♥❣❡ ♦❢ ±✶✳✹♠♠ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ❜❡✐♥❣ ❞❡t❡❝t❡❞ ✐♥ ❞✐✛❡r❡♥t ✐♥t❡♥s✐t② ♣❛tt❡r♥s ✭❞❡♣❡♥❞✐♥❣ ♦♥
❤♦✇ t❤❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ✐s ❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ♠♦♥✐t♦r ✜❜❡rs✮✳ ❚❤❡ ❝❤❛rt s❤♦✇s
❛ r❡♣❡t✐t✐✈❡ ✇❛✈❡✲❧✐❦❡ str✉❝t✉r❡ r❡♣❡❛t✐♥❣ ❡✈❡r② ♠✐❧❧✐♠❡t❡r ✇❤✐❝❤ ❝♦rr❡❧❛t❡s t♦ t❤❡
✶♠♠ ❜✐♥♥✐♥❣ ♦❢ t❤❡ ✉s❡❞ ❙❋❳ ✜❜❡r ❣r✐❞✳ ❆s ❛❧r❡❛❞② s❤♦✇♥ ❜❡❢♦r❡ t❤❡ ❝❡♥t❡r✐♥❣
♠❡❝❤❛♥✐s♠ ✇♦rs❡♥s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ✭❋✐❣✉r❡ ✸✳✸✽✮✳
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❋✐❣✉r❡ ✸✳✸✼✳✿ ❊✈❛❧✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜✐♥ s❤✐❢t ✲ ♥♦t ❝❡♥t❡r❡❞
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✸ ❙✐♠✉❧❛t✐♦♥s
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❋✐❣✉r❡ ✸✳✸✽✳✿ ❊✈❛❧✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜✐♥ s❤✐❢t ✲ ❝❡♥t❡r❡❞ ✭❈♦●✮
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✹✳ ▼❡❛s✉r❡♠❡♥ts

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ❞❡s❝r✐❜❡s t❤❡ ❜❡❛♠ ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ♣❡r❢♦r♠❡❞ ❛t t❤❡
▼❡❞❆✉str♦♥ s②♥❝❤r♦tr♦♥ ♠❡❛s✉r✐♥❣ ♦♥ t✇♦ s❡♣❛r❛t❡ ♠♦♥✐t♦rs✳ ❋✉rt❤❡r♠♦r❡✱ ❛ t✐♠❡
r❡s♦❧✈❡❞ ❛♥❛❧②s✐s ✐s ♣r❡s❡♥t❡❞✳

✹✳✶✳ ❚♦♠♦❣r❛♠ ❛t ❊❳✵✶✵✵✸❙❋❳

❋♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts✱ ♣r♦t♦♥ ❜❡❛♠s ✇✐t❤ ❛ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ ✷✺✷▼❡❱✱ ❛ s♣✐❧❧ ❧❡♥❣t❤
♦❢ ✺ s❡❝♦♥❞s ❛♥❞ ❛♥ ❛✈❡r❛❣❡ ♦❢ ✾✳✼❊✾ ♣❛rt✐❝❧❡s ♣❡r s♣✐❧❧ ✭st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✿ ✺✳✽❊✽✮
✐♥ t❤❡ s②♥❝❤r♦tr♦♥ ✇❡r❡ ✉s❡❞ ❛♥❞ ♠❡❛s✉r❡❞ ♦♥ ❊❳✵✶✵✵✸❙❋❳ ✇✐t❤ ❛♥ ❡①♣♦s✉r❡ t✐♠❡
♦❢ ✻✵♠s ♣❡r ❢r❛♠❡ ❛♥❞ ✶✵ ❢r❛♠❡s ♣❡r s❡❝♦♥❞✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ✐♥t❡♥s✐t②
✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ ❛❝❝❡❧❡r❛t♦r✱ t❤❡ ❜❡❛♠ ♣r♦✜❧❡s ✐♥t❡♥s✐t✐❡s ✇❡r❡ ♥♦r♠❛❧✐③❡❞ t♦ t❤❡
s②♥❝❤r♦tr♦♥ ✐♥t❡♥s✐t② ♠❡❛s✉r❡❞ ✈✐❛ ❛ ❝✉rr❡♥t tr❛♥s❢♦r♠❡r ✭❈❚❙✮✳ ❋✐❣✉r❡ ✹✳✶ ✭✉♣♣❡r
❝❤❛rt✮ s❤♦✇s t❤✐s ✈❛❧✉❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣❤❛s❡ ❛❞✈❛♥❝❡✹✸ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝♦rr❡❝t✐♦♥ ✭s❝❛❧✐♥❣✮ ❢❛❝t♦r✳ ❚❤❡ ❜♦tt♦♠ ❝❤❛rt s❤♦✇s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢✉❧❧✲✇✐❞t❤ ❛t
❤❛❧❢ ♠❛①✐♠✉♠ ✭❋❲❍▼✮✹✹✳

✹✸❙■❉ ✐s ❛♥ ❛❝r♦♥②♠ ❢♦r ❙❡tt✐♥❣s ■❉❡♥t✐✜❡r ❛♥❞ r❡♣r❡s❡♥ts t❤❡ ✶✷✵ ❞✐✛❡r❡♥t ♣❤❛s❡ ❛❞✈❛♥❝❡ s❡tt✐♥❣s
✉s❡ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t✳ µ(x− SID) = 0.25 + SID ∗ π

nr.ofangles
✹✹❋♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts✱ t❤❡ ❖♣❆♣♣s ♠❡❛s✉r❡♠❡♥t ❢r❛♠❡✇♦r❦❬✻✺❪ ✭✈❡rs✐♦♥ ✶✳✾✮ ✇❛s ✉s❡❞ ✇❤❡r❡

❛s t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ s✐♥❣❧❡ ♠❡❛s✉r❡♠❡♥t ✜❧❡s ✇❛s ♣❡r❢♦r♠❡❞ ✈✐❛ t❤❡ ♠❡❛s✉r❡♠❡♥t ❞❛t❛ ❛♥❛❧✲
②s✐s ❢r❛♠❡✇♦r❦ P❆❈▼❆◆❬✻✻❪ ✭✈❡rs✐♦♥ ✶✳✹✳✶✮✳ ❚❤❡ r❛❞✐❛t✐♦♥ ❞❛♠❛❣❡ ♦❢ t❤❡ ✜❜❡rs ❤❛✈❡ ❜❡❡♥
❝♦♠♣❡♥s❛t❡❞❬✻✼❪✳

✺✺
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SFX (EX01003SFX) horizontal intensity normalized by CTS
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❋✐❣✉r❡ ✹✳✶✳✿ ❇P▼ ✐♥t❡♥s✐t✐❡s ♥♦r♠❛❧✐③❡❞ t♦ s②♥❝❤r♦tr♦♥ ✐♥t❡♥s✐t✐❡s ❛♥❞ ❋❲❍▼ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ ♣❤❛s❡ ❛❞✈❛♥❝❡

❘❡♠❛r❦✿ ❋♦r t❤❡ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❂ ✵✳✹✵✽✸✸ t❤❡ ❋❲❍▼ ✐s t❤❡ s♠❛❧❧❡st ❛♥❞ ❛❧♠♦st
❛❧❧ t❤❡ ❡①tr❛❝t❡❞ ♣❛rt✐❝❧❡s ❛r❡ ❛❝❝✉♠✉❧❛t❡❞ ✐♥ ♦♥❧② ❛ s✐♥❣❧❡ ✜❜❡r ✇❤✐❝❤ s❡❡♠s t♦
❤❛✈❡ s❛t✉r❛t❡❞ t❤❡ ❛❝❝♦r❞✐♥❣ ♠♦♥✐t♦r ❝❛♠❡r❛ ♣✐①❡❧✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ❝❛s❡ ♦♥❧② t❤❡
✐♥t❡♥s✐t② ✈❛❧✉❡ ♦❢ t❤✐s s✐♥❣❧❡ ✜❜❡r ✇❛s ❝♦rr❡❝t❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ ❡♥t✐r❡ ♣r♦✜❧❡✳

❋✐❣✉r❡ ✹✳✷ s❤♦✇s t❤❡ s✐♥♦❣r❛♠s ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥s ❛s ✇❡❧❧ ❛s ❢r♦♠ t❤❡ ♠❡❛s✉r❡✲
♠❡♥ts ✭♥♦t✲❝❡♥t❡r❡❞ ❛♥❞ ❝❡♥t❡r❡❞ ✈✐❛ t❤❡ ❈♦●✲♠❡❝❤❛♥✐s♠✮✳ ❉✉r✐♥❣ ❝♦♠♠✐ss✐♦♥✐♥❣
♦❢ t❤❡ tr❛♥s❢❡r ❧✐♥❡❬✻✽❪ t❤❡ st❡❡r✐♥❣ ♦❢ t❤❡ ❜❡❛♠ tr❛❥❡❝t♦r② ❢♦r ♦♥❧② ♦♥❡ ♣❤❛s❡ ❛❞✈❛♥❝❡
s❡tt✐♥❣ ✇❛s ♦♣t✐♠✐③❡❞✳ ❘❡♠❛✐♥✐♥❣ ✇✐t❤ t❤✐s s✐♥❣❧❡ s❡tt✐♥❣ ❢♦r ❛❧❧ ♣❤❛s❡ ❛❞✈❛♥❝❡s ✉s❡❞
✐♥ t❤✐s st✉❞② r❡s✉❧t❡❞ ✐♥ ❜❡❛♠ ❧♦ss❡s✳ ❚❤❡r❡❢♦r❡ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❞❡♣❡♥❞❡♥t st❡❡r✐♥❣
♠❛❣♥❡t s❡tt✐♥❣s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♣❛rt✐❝❧❡s ♦❢ ❛❧❧ s❡tt✐♥❣s r❡❛❝❤
❊❳✵✶✵✵✸❙❋❳✳

❈♦♠♣❛r✐♥❣ t❤❡ s✐♥♦❣r❛♠s ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s ❛♥❞ t❤❡ ❝❡♥t❡r❡❞ ♠❡❛s✉r❡♠❡♥ts✱ ♦♥❡
❝❛♥ s❡❡ t❤❛t ❛✮ t❤❡ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✇✐❞t❤ ♦❢ t❤❡ s✐♥♦❣r❛♠s ❛r❡ ♦❢ ✈❡r②
s✐♠✐❧❛r s✐③❡✱ ❜✮ t❤❡ ✐♥t❡♥s✐t② ❣r❛❞✐❡♥t ❛t t❤❡ ❤✐❣❤❡st ✐♥t❡♥s✐t② ♣❡❛❦ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
♣❤❛s❡ ❛❞✈❛♥❝❡ s❡❡♠s s♠❛❧❧❡r ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t t❤❛♥ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❝✮
t❤❡ s♠❛❧❧❡st ✇✐❞t❤ ✐s s❤✐❢t❡❞ ✐♥ ♣❤❛s❡ ❛❞✈❛♥❝❡✳

✺✻
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EX01003SFX

❋✐❣✉r❡ ✹✳✷✳✿ ❊❳✵✶✵✵✸❙❋❳✿ s✐♠✉❧❛t✐♦♥✱ t❤❡ ♠❡❛s✉r❡♠❡♥t ❛♥❞ ❝❡♥t❡r❡❞ ♠❡❛s✉r❡♠❡♥t
s✐♥♦❣r❛♠s

■♥ ❞❡t❛✐❧✱ t❤✐s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✹✳✸ ♣r❡s❡♥t✐♥❣ t❤❡ s✐♠✉❧❛t❡❞ ❛♥❞ ♠❡❛s✉r❡❞
♣r♦✜❧❡ ❢♦r t❤❡ ♣❤❛s❡ ❛❞✈❛♥❝❡ ✇✐t❤ t❤❡ s♠❛❧❧❡st s✐♠✉❧❛t❡❞ ♣r♦✜❧❡ ❛❝❝✉♠✉❧❛t✐♥❣ ❛❧❧
♣❛rt✐❝❧❡s ✐♥ ❛ s✐♥❣❧❡ ✜❜❡r ✭❜❛r ♦❢ ❝❤❛r❣❡ st❛♥❞✐♥❣ ✉♣r✐❣❤t✮✳ ❚❤❡ ♠❡❛s✉r❡❞ ♣r♦✜❧❡
❤♦✇❡✈❡r ❝♦✈❡rs ♠✉❧t✐♣❧❡ ✜❜❡rs ✭s❡❡ ❋✐❣✉r❡ ✹✳✽ ❢♦r t❤❡ s♠❛❧❧❡st ♠❡❛s✉r❡❞ ❜❡❛♠ ♣r♦✲
✜❧❡✮✳

❚❤❡ ✐♥✲❞❡♣t❤ ❛♥❛❧②s✐s ♦❢ t❤❡ s✐♥♦❣r❛♠s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡s ✹✳✹ ❛♥❞ ✹✳✺✳ ❚❤❡
❈❆❚✶✵ ♦❢ t❤❡ s✐♠✉❧❛t❡❞ ✭✶✻✵✮ ✐s ✈❡r② ❞✐✛❡r❡♥t t❤❛♥ t❤❡ ♠❡❛s✉r❡❞ ♦♥❡ ✭✹✾✶✮ ✇❤❡r❡
❛s t❤❡ ❊▼❚✷✵ ✐s ♠♦r❡ s✐♠✐❧❛r ✭✶✸✻✹ ✈s ✶✵✾✶✮✳
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❋✐❣✉r❡ ✹✳✺✳✿ ❊▼❚ ❛♥❛❧②s✐s ♦❢ s✐♥♦❣r❛♠s

❋✐❣✉r❡ ✹✳✻ s❤♦✇s t❤❡ s✐♠✉❧❛t❡❞ ❛♥❞ ♠❡❛s✉r❡❞ t♦♠♦❣r❛♠ r❡❝♦♥str✉❝t❡❞ ✈✐❛ ▼❯▲❚
✇❤✐❧❡ ❋✐❣✉r❡ ✹✳✼ ♣r❡s❡♥ts t❤❡ ❋❇P t♦♠♦❣r❛♠s✳ ❚❤❡ ❈❆❚ ❛♥❞ ❊▼❙ ✈❛❧✉❡ ❛r❡ ❛❧♠♦st
✐❞❡♥t✐❝❛❧ ✇❤❡r❡❛s ❊▼❚✷✵ ✐s ❧❛r❣❡r ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t✳ ❚❤✐s ✐♥❞✐❝❛t❡s ❛ ❞✐✛❡r❡♥t
✐♥t❡♥s✐t② str✉❝t✉r❡ ✐♥s✐❞❡ t❤❡ ❜❛r ♦❢ ❝❤❛r❣❡ ✇✐t❤ ❧❡ss ❤✐❣❤ ✐♥t❡♥s✐t② ♣✐①❡❧s✳
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❋✐❣✉r❡ ✹✳✼✳✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❋❇P r❡❝♦♥str✉❝t❡❞ t♦♠♦❣r❛♠s

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❇❊❚❳ ❛♥❞ ❆▲❋❳ ✈❛❧✉❡s ❛r❡ s♠❛❧❧❡r ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t t❤❛♥
❢♦r t❤❡ s✐♠✉❧❛t✐♦♥❀ ❛❧s♦ ✈✐s✉❛❧❧② t❤❡ ❜❛r ✐s ✬s❤♦rt❡r✬ ❛❧♦♥❣ t❤❡ ❧♦♥❣ ❛①✐s✳ ❆s ❈❆❚ ❛♥❞
❊▼❙ ❛r❡ ❛❜♦✉t ✐❞❡♥t✐❝❛❧✱ t❤❡ ♠❡❛s✉r❡❞ ❞✐str✐❜✉t✐♦♥ ❤❛s t♦ ❜❡ ✇✐❞❡r ❛❧♦♥❣ t❤❡ s❤♦rt
❛①✐s✳ ❚❤✐s ♠❛t❝❤❡s ✇✐t❤ ❋✐❣✉r❡ ✹✳✽ s❤♦✇✐♥❣ t❤❡ s♠❛❧❧❡st ♠❡❛s✉r❡❞ ♣r♦✜❧❡ ✇❤✐❝❤
❝♦♥tr✐❜✉t❡s t♦ ♠♦r❡ t❤❛♥ ❛ s✐♥❣❧❡ ✜❜❡r✳

❆❧s♦ ✐♥ t❤❡ t♦♠♦❣r❛♠s ♦♥❡ ❝❛♥ ✐❞❡♥t✐❢② ❛ ♠✐♥♦r ♣❤❛s❡ ❛❞✈❛♥❝❡ ❞✐✛❡r❡♥❝❡ ❛s t❤❡
t✇♦ ❜❛rs s❤♦✇ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t r♦t❛t✐♦♥✳
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❋✐❣✉r❡ ✹✳✽✳✿ ❊❳✵✶✵✵✸❙❋❳✿ s✐♠✉❧❛t❡❞ ❛♥❞ ♠❡❛s✉r❡❞ ♣r♦✜❧❡ ❢♦r ♦♥❡ ♣❤❛s❡ ❛❞✈❛♥❝❡
s❡tt✐♥❣

❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✹✳✾ s✉♠♠❛r✐③❡s t❤❡ ❞❡s❝r✐❜❡❞ ✜♥❞✐♥❣s ✐♥ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✇♦
✸❉ ♠♦❞❡❧s ✭s✐♠✉❧❛t❡❞✱ ♠❡❛s✉r❡❞✮✳

✭❛✮ ✸❉ s✐♠✉❧❛t✐♦♥ ✭✷❉ s❛♠♣❧❡❞✱ ♥♦ r❡❝♦♥✲
str✉❝t✐♦♥✱ ❙❋❳ r❡s♦❧✉t✐♦♥✮

✭❜✮ ✸❉ ♠❡❛s✉r❡♠❡♥t ✭❈♦●✲❝❡♥t❡r✐♥❣✱
▼❯▲❚ r❡❝♦♥str✉❝t✐♦♥✱ ❙❋❳ r❡s♦❧✉t✐♦♥✮

❋✐❣✉r❡ ✹✳✾✳

✹✳✶✳✶✳ ❚✐♠❡ r❡s♦❧✈❡❞ ❛♥❛❧②s✐s

❆s ❞❡s❝r✐❜❡❞✱ t❤❡ ♣❛rt✐❝❧❡s ✇❡r❡ ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ s②♥❝❤r♦tr♦♥ ✐♥ ❛ t✐♠❡ ✇✐♥❞♦✇
♦❢ ✺ s❡❝♦♥❞s ♣❡r ♠❡❛s✉r❡♠❡♥t ❛♥❣❧❡ ✇❤✐❧❡ t❤❡ ❙❋❳ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ r❛t❡ ✇❛s s❡t
t♦ ✶✵ ❢r❛♠❡s ♣❡r s❡❝♦♥❞✳ ❚❤✐s r❡s✉❧ts ✐♥ ✺✵ ✐♥tr❛s♣✐❧❧ ❜❡❛♠ ♣r♦✜❧❡s✱ s✐♥♦❣r❛♠s ❛♥❞
t❤❡r❡❢♦r❡ t♦♠♦❣r❛♠s✳ ❋✐❣✉r❡ ✹✳✶✵ s❤♦✇s ❛ t✐♠❡ r❡s♦❧✈❡❞ ❛♥❛❧②s✐s ♦❢ t❤♦s❡ t♦♠♦❣r❛♠s✳
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❋✐❣✉r❡ ✹✳✶✵✳✿ ❚✐♠❡ r❡s♦❧✈❡❞ t♦♠♦❣r❛♣❤✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛♥ ❡①tr❛❝t❡❞ ♣❛rt✐❝❧❡
s♣✐❧❧

❋♦r t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤✐s ❞❛t❛ ♦♥❡ ❤❛s t♦ ❝♦♥s✐❞❡r t❤❛t ✶✷✵ s♣✐❧❧s ❝♦♥tr✐❜✉t❡ t♦
t❤❡s❡ ✐♥tr❛s♣✐❧❧ t♦♠♦❣r❛♣❤✐❡s✳ ❋✐❣✉r❡ ✹✳✶✶ s❤♦✇s t❤❡ t✐♠❡ r❡s♦❧✈❡❞ ✐♥tr❛s♣✐❧❧ ♣r♦✜❧❡s
♦❢ ❢♦✉r s♣✐❧❧s✳ ❖❜✈✐♦✉s❧② t❤❡ ❡①tr❛❝t❡❞ ✢✉① ✭♣❛rt✐❝❧❡s ♣❡r t✐♠❡✮ ✈❛r✐❡s ❢r♦♠ s♣✐❧❧ t♦
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♣❛r❛♠❡t❡r ✈❛❧✉❡s ❤❛✈❡ t♦ ❜❡ q✉❡st✐♦♥❡❞✳
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Time resolve beam profiles
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✹✳✷✳ ❇❡❛♠ ♦♣t✐❝s ❝♦♥s✐❞❡r❛t✐♦♥s

■♥s✐❞❡ t❤❡ ♣❤❛s❡ s❤✐❢t❡r st❡♣♣❡r ♠♦❞✉❧❡✱ ❛♥♦t❤❡r ❇P▼ ✭❊❳✵✶✵✵✷❙❋❳✮ ✐s ✐♥st❛❧❧❡❞✳
❚❤❡ ♣❤❛s❡ ❛❞✈❛♥❝❡s ❛♥❞ ❜❡t❛ ❢✉♥❝t✐♦♥s ❛r❡ ♥♦t ♠❛t❝❤❡❞ t♦ ❝♦♠♣✐❧❡ ❛ s❡t ♦❢ ❞❛t❛
r❡❛❞② ❢♦r t♦♠♦❣r❛♣❤✐❝❛❧ r❡❝♦♥str✉❝t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦✜❧❡s ❢♦r t❤❡ ✈❛r✐♦✉s s❡tt✐♥❣s
❢♦r t❤❡ t♦♠♦s❝♦♣❡ ❤❛✈❡ ❜❡❡♥ r❡❝♦r❞❡❞ ❢♦r ❛ s✉❜s❡t ♦❢ ✻✵ ♣❤❛s❡ ❛❞✈❛♥❝❡s ✭❡✈❡r② s❡❝♦♥❞
s❡tt✐♥❣ ♦❢ t❤❡ t♦♠♦❣r❛♣❤② ❛t ❊❳✵✶✵✵✸❙❋❳✮✳ ❋✐❣✉r❡ ✹✳✶✷ s❤♦✇s t❤❡ s✐♥♦❣r❛♠s ♦❢ t❤❡
s✐♠✉❧❛t✐♦♥✱ t❤❡ ♠❡❛s✉r❡♠❡♥t ❛♥❞ t❤❡ ❝❡♥t❡r❡❞ ♠❡❛s✉r❡♠❡♥t ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡
♣❛tt❡r♥ ♦❢ ✇✐❞❡ ❛♥❞ s♠❛❧❧ ❜❡❛♠ r❡❣✐♦♥s ❛♣♣r♦①✐♠❛t❡❧② ♠❛t❝❤✹✺✳
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❋✐❣✉r❡ ✹✳✶✷✳✿ ❙✐♥♦❣r❛♠s ❢♦r s✐♠✉❧❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥t ✭♥♦t✲❝❡♥t❡r❡❞ ❛♥❞ ❈♦●✲
❝❡♥t❡r❡❞✮ ❢♦r ❊❳✵✶✵✵✷❙❋❳ ✭❤♦r✐③♦♥t❛❧ ♣❧❛♥❡✮

❋✐❣✉r❡ ✹✳✶✸ ♣r❡s❡♥ts t✇♦ ❝✉r✈❡s✿ t❤❡ ✈❡rt✐❝❛❧ ❜❡t❛ ❢✉♥❝t✐♦♥ ✭❜❧❛❝❦✮ ❛s ✇❡❧❧ ❛s
t❤❡ ❋❲❍▼2 ♦❢ t❤❡ ♠❡❛s✉r❡❞ ❜❡❛♠ ✐♥ ✈❡rt✐❝❛❧ ♣❧❛♥❡ ✭r❡❞✮ ❛t ❊❳✵✶✵✵✷❙❋❳✱ ❜♦t❤
♥♦r♠❛❧✐③❡❞ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✜rst ♣❤❛s❡ ❛❞✈❛♥❝❡ s❡tt✐♥❣✹✻✳ ❆s t❤❡ ❝✉r✈❡s ♠❛t❝❤
✈❡r② ✇❡❧❧ ✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ❜❡t❛ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ♠❛t❝❤ ✇❡❧❧ t❤❡ r❡❛❧
♠❛❝❤✐♥❡ ❜❡❤❛✈✐♦r✳

✹✺❆❧s♦✱ ♦♥ t❤✐s ♠♦♥✐t♦r ♠✉❧t✐♣❧❡ q✉❛❞r✉♣♦❧❡ s❡tt✐♥❣s r❡s✉❧t ✐♥ ❛ ✉♣r✐❣❤t st❛♥❞✐♥❣ ❜❛r ♦❢ ❝❤❛r❣❡
❛❝❝✉♠✉❧❛t✐♥❣ ❛❧❧ ♣❛rt✐❝❧❡s ✐♥ ❛ s✐♥❣❧❡ ✜❜❡r ✭s❡❡ ❋✐❣✉r❡ ❆✳✶✺✮✳

✹✻FWHM = 2.36 ∗
√
ǫβ ∝

√
β

✻✷
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optic (twiss) measurement

❋✐❣✉r❡ ✹✳✶✸✳✿ ▼❡❛s✉r❡❞ ✭❛♣♣r♦①✐♠❛t✐♦♥✮ ❛♥❞ s✐♠✉❧❛t❡❞ ✈❡rt✐❝❛❧ ❜❡t❛ ❢✉♥❝t✐♦♥s ❢♦r
❊❳✵✶✵✵✷❙❋❳✱ ♥♦r♠❛❧✐③❡❞ t♦ ✜rst✴❧♦✇❡st ♣❤❛s❡ ❛❞✈❛♥❝❡ s❡tt✐♥❣✮

❆t ❊❳✵✶✵✵✸❙❋❳ ✭✈❡rt✐❝❛❧ ♣❧❛♥❡✮ t❤❡ ♠❛t❝❤ ❤♦✇❡✈❡r ❧♦♦❦s ❞✐✛❡r❡♥t✳ ❚❤❡ ❣❡♥❡r❛❧
❝♦rr❡❧❛t✐♦♥ ✐s ❝♦rr❡❝t ❜✉t ❡s♣❡❝✐❛❧❧② ❢♦r ❧❛r❣❡r ❜❡❛♠ s✐③❡s✱ ❜✉t ♥♦t ♦♥❧② t❤❡r❡✱ ✐s ❛ ❧❡ss
✇❡❧❧ ♠❛t❝❤✐♥❣ ❜❡❤❛✈✐♦r ✈✐s✐❜❧❡✳ ❋✐❣✉r❡ ✹✳✶✺ s❤♦✇s t❤❡ ❜❡t❛ ❢✉♥❝t✐♦♥s ♦❢ ❛ s✉❜s❡t ♦❢
❧❡ss ✇❡❧❧ ♠❛t❝❤✐♥❣ ♣❤❛s❡ ❛❞✈❛♥❝❡ s❡tt✐♥❣s ❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ ❡♥t✐r❡ ♣❤❛s❡ ❛❞✈❛♥❝❡
r❛♥❣❡ ✐♥s✐❞❡ t❤❡ P❙❙ ♠♦❞✉❧❡✳ ❊s♣❡❝✐❛❧❧② ✐♥ t❤❡ ✈❡rt✐❝❛❧ ♣❧❛♥❡ ✭❜♦tt♦♠✮ t❤❡ ❝❤❛rt
s❤♦✇s t❤❛t ❛❧s♦ ❧♦✇ ❛♠♣❧✐t✉❞❡ ❇❊❚❨ ❢✉♥❝t✐♦♥s ❛r❡ ♣❛rt ♦❢ t❤✐s s✉❜❣r♦✉♣ ✭❛s ❋✐❣✉r❡
❆✳✶✻ s❤♦✇s t❤❡ s❛♠❡ ❢♦r ✬❣♦♦❞✬ ❝❛s❡s✮ ✐♥❞✐❝❛t✐♥❣ t❤❛t t❤❡ ❧♦✇❡r ♠❡❛s✉r❡❞ ❛♠♣❧✐t✉❞❡s
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❊❳✵✶✵✵✸❙❋❳✱ ♥♦r♠❛❧✐③❡❞ t♦ ✜rst✴❧♦✇❡st ♣❤❛s❡ ❛❞✈❛♥❝❡ s❡tt✐♥❣✮
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❚♦ ❝♦♥❝❧✉❞❡✱ ✐t r❛t❤❡r s❡❡♠s ❧✐❦❡ t❤❛t t❤❡ t❤❡♦r❡t✐❝❛❧ ♦♣t✐❝s ♠♦❞❡❧ ✉s❡❞ ❢♦r t❤❡
s✐♠✉❧❛t✐♦♥s ❞♦❡s♥✬t ♠❛t❝❤ t❤❡ r❡❛❧ ❧❛tt✐❝❡ ❢✉♥❝t✐♦♥s ♣❡r❢❡❝t❧②✳

✻✹
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✺✳ ❈♦♥❝❧✉s✐♦♥s

❚❤✐s r❡s❡❛r❝❤ ❛✐♠❡❞ t♦ ♣r♦✈✐❞❡ s♦♠❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ✬❜❛r ♦❢ ❝❤❛r❣❡✬ ❝♦♥❝❡♣t
♦❢ ❛ s❧♦✇ t❤✐r❞ ♦r❞❡r s❧♦✇ r❡s♦♥❛♥t ❡①tr❛❝t❡❞ ♣❛rt✐❝❧❡ ❜❡❛♠ ❢r♦♠ ❛ s②♥❝❤r♦tr♦♥✳
❚❤❡ s✐♠✉❧❛t✐♦♥s ❛♥❞ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❢♦❧❧♦✇✐♥❣ ❛ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥
♣r♦❝❡❞✉r❡ ❜❛s❡❞ ♦♥ t❤❡ P■▼▼❙ P❤❛s❡ ❙❤✐❢t❡r ❙t❡♣♣❡r ❝♦♥❝❡♣t ✇❤✐❧❡ t♦♠♦❣r❛♣❤✐❝❛❧
r❡❝♦♥str✉❝t✐♦♥ t❡❝❤♥✐q✉❡s ✇❡r❡ ✉s❡❞ ❢♦r t❤❡ ❛♥❛❧②s✐s✳

❚❤❡ ❞❛t❛ ♣r❡s❡♥t❡❞ ✐♥ t❛❜❧❡ ✺✳✶ ✐❧❧✉str❛t❡s t❤❛t ✐♠♣♦rt❛♥t q✉❛♥t✐✜❝❛t✐♦♥ ♣❛r❛♠✲
❡t❡rs ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ♣❤❛s❡ s♣❛❝❡ ❝♦♥❝✉r ❜❡t✇❡❡♥ ❛
✭s✐♠✉❧❛t❡❞✮ r❡❢❡r❡♥❝❡ ❛s ✇❡❧❧ ❛s r❡❝♦♥str✉❝t✐♦♥s ✉s✐♥❣ s✐♠✉❧❛t❡❞ ❛♥❞ ♠❡❛s✉r❡❞ ❞❛t❛✳
❋✐❣✉r❡ ✺✳✶✱ ❜② ✇❛② ♦❢ ❡①❛♠♣❧❡✱ ✈✐s✉❛❧❧② ❞❡♣✐❝ts t❤❡ s✐♠✐❧❛r✐t② ♦❢ s✐♠✉❧❛t❡❞ ❛♥❞ ♠❡❛✲
s✉r❡❞ r❡❝♦♥str✉❝t✐♦♥ r❡s✉❧ts✳

❘❡s✉❧t ❈❆❚✶✵ ❊▼❚✷✵ ❊▼❙ ❇❊❚❳ ❆▲❋❳

❘❡❢❡r❡♥❝❡ ✸✺ ✷✷ ✺✳✺❊✲✽ ✶✼✳✾ ✾✳✻

❙✐♠✉❧❛t✐♦♥ ✸✺ ✷✷ ✺✳✺❊✲✽ ✶✺✳✶ ✽✳✵

▼❡❛s✉r❡♠❡♥t ✸✹ ✷✾ ✺✳✹✺❊✲✽ ✼✳✵ ✹✳✽

❚❛❜❧❡ ✺✳✶✳✿ ❈♦♠♣❛r✐s♦♥ ♦❢ s✐♠✉❧❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts

❚❤❡r❡❢♦r❡✱ t❤✐s ♠❡t❤♦❞ ✇♦✉❧❞ ❛♣♣❡❛r t♦ ❜❡ ✇❡❧❧ s✉✐t❡❞ t♦ ❡♥❧❛r❣❡ t❤❡ r❛♥❣❡ ♦❢
❡①✐st✐♥❣ ❝♦♠♠✐ss✐♦♥✐♥❣ ♣r♦❝❡❞✉r❡s ❛t ▼❡❞❆✉str♦♥ ♦r ♦t❤❡r ❛❝❝❡❧❡r❛t♦r ❢❛❝✐❧✐t✐❡s✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r ❜❡❛♠ ❧✐♥❡ ❧❛②♦✉t✳ ❲❤✐❧❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❜❛s❡❞ ♦♥ ✐♥t❡❣r❛t❡❞
❜❡❛♠ ♣r♦✜❧❡s ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❡✳❣✳ ✭st❛t✐❝✮ ♦♣t✐❝s ♦♣t✐♠✐③❛t✐♦♥✱ t❤❡ t✐♠❡ r❡s♦❧✈❡❞
❛♥❛❧②s✐s ♣r♦✈✐❞❡s t❤❡ ♦♣t✐♦♥ t♦ st✉❞② t❤❡ ✭❞②♥❛♠✐❝✮ ✐♥tr❛s♣✐❧❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❜❡❛♠✳

✻✺
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✺ ❈♦♥❝❧✉s✐♦♥s

3 2 1 0 1 2 3
X [norm.mm]

3

2

1

0

1

2

3

X
' 
[n

o
rm

.m
ra

d
]

CAT10: 35
EMS:5.48e-08     βX=15.08     αX=8.05

MULT SIM

0.15

0.00

0.15

0.30

0.45

0.60

0.75

0.90

1.05

1.20

n
o
rm

a
liz

e
d
 i
n
te

n
si

ty

✭❛✮ ❙✐♠✉❧❛t✐♦♥
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✭❜✮ ▼❡❛s✉r❡♠❡♥t

❋✐❣✉r❡ ✺✳✶✳✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ▼❯▲❚ r❡❝♦♥str✉❝t❡❞ t♦♠♦❣r❛♠s

❍♦✇❡✈❡r✱ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❣❛t❤❡r❡❞ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤✐s t❤❡s✐s ✇♦✉❧❞
❛♣♣❡❛r t♦ s❤♦✇ ❝❡rt❛✐♥ ❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥ ✭❡✳❣✳ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥
❛♥❞ ❧❡♥❣t❤ ♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞ ❞✐str✐❜✉t✐♦♥✮✳ ❆❧s♦✱ ❞✉❡ t♦ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞
❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥ ♣❛r❛♠❡t❡rs ♦♥ t❤❡ ❜❡❛♠ ❝❡♥t❡r✐♥❣ ♠❡❝❤❛♥✐s♠✱
t❤❡ ✈❛❧✉❡s ♣r❡s❡♥t❡❞ ✐♥ t❛❜❧❡ ✺✳✶ s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇✐t❤ r❡s❡r✈❛t✐♦♥✳ ❚♦ ❜❡tt❡r
✉♥❞❡rst❛♥❞ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ s✉❝❤ ❞❡✈✐❛t✐♦♥s ❛♥❞ t❤❡r❡❢♦r❡ ❧✐♠✐t❛t✐♦♥s ❢♦r t❤❡ ✉s❡❞
♠❡t❤♦❞s✱ ❢✉t✉r❡ st✉❞✐❡s s❤♦✉❧❞ ❛❞❞r❡ss t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦t❡♥t✐❛❧ s♦✉r❝❡s ♦❢ ❡rr♦rs✿

❼ ❙❋❳ r❛❞✐❛t✐♦♥ ❞❛♠❛❣❡✿ ❚❤❡ ✜❜❡rs ♦❢ t❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡r ❣r✐❞ ❜❡❛♠ ♣r♦✜❧❡
♠♦♥✐t♦rs ❤❛✈❡ ❜❡❡♥ ❡①♣♦s❡❞ t♦ r❛❞✐❛t✐♦♥ ❞✉r✐♥❣ t❤❡ ❝♦♠♠✐ss✐♦♥✐♥❣ ♦❢ t❤❡
▼❡❞❆✉str♦♥ ❛❝❝❡❧❡r❛t♦r r❡s✉❧t✐♥❣ ✐♥ ❛ ❧♦ss ♦❢ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♠♦st ✐♥t❡♥s✐✈❡❧②
✉s❡❞ ✜❜❡rs✳ ❋✐❣✉r❡ ✺✳✷ s❤♦✇s t❤❡ s❡♥s✐t✐✈✐t② ♣r♦✜❧❡s ♦❢ ❊❳✵✶✵✵✸❙❋❳ ❛s ❛♥
❡st✐♠❛t❡ ♦❢ t✇♦ ❞✐✛❡r❡♥t ✬✐♥✲✈✐✈♦✬✹✼ ❞❡t❡r♠✐♥❛t✐♦♥ ♣r♦❝❡❞✉r❡s ♣❡r❢♦r♠❡❞ ❜②
t❤❡ ❛✉t❤♦r ✭❆❲▲✮ ❛♥❞ ❛ ❜❡❛♠ ❞✐❛❣♥♦st✐❝ ❡①♣❡rt❬✻✼❪ ✭❈❑❯✮✹✽✳ ❇❡s✐❞❡s t❤❡ ❢❛❝t
t❤❛t t❤❡ ❝✉r✈❡s ♦❢ ❜♦t❤ ♠❡t❤♦❞s ❝❛♥♥♦t s✉❜st✐t✉t❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❛❧✐❜r❛t✐♦♥
♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❞❡✈✐❝❡✱ t❤❡ ❝❤❛rt ✐❧❧✉str❛t❡s t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❡✛❡❝t ❛s
✇❡❧❧ ❛s t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ❝♦rr❡❝t✐♦♥ ✈❛❧✉❡s✹✾✳

✹✼❚❤❡ ❞❡✈✐❝❡ ✇❛s ♥♦t ❞✐s❛ss❡♠❜❧❡❞ ❢r♦♠ t❤❡ ❛❝❝❡❧❡r❛t♦r ❛♥❞ ❝❤❛r❛❝t❡r✐③❡❞ ✇✐t❤ ❛ r❡❢❡r❡♥❝❡ s♦✉r❝❡
❜✉t t❤❡ ♣r♦t♦♥ ❜❡❛♠ ✐♥ t❤❡ ❛❝❝❡❧❡r❛t♦r ✐ts❡❧❢ ✇❛s ✉s❡❞✳

✹✽❋♦r t❤✐s st✉❞②✱ ✜♥❛❧❧② t❤❡ ❜❧✉❡ ❝✉r✈❡ ♦❢ ❈❑❯ ✇❛s ✉s❡❞ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ r❛❞✐❛t✐♦♥ ❞❛♠❛❣❡✳
✹✾❚❤✐s ❡✛❡❝t r❡♣r❡s❡♥ts t❤❡ ♠♦st ❧✐❦❡❧② ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ♠❡❛s✉r❡❞ ❞✐str✐❜✉t✐♦♥ ❜❡✐♥❣ ✬s❤♦rt❡r✬

t❤❛♥ t❤❡ s✐♠✉❧❛t❡❞ ❜❛r✲♦❢✲❝❤❛r❣❡s✳

✻✻
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Radiation Damage Evaluation EX01003SFX

AWL CKU

❋✐❣✉r❡ ✺✳✷✳✿ ❘❛❞✐❛t✐♦♥ ❞❛♠❛❣❡ ♦❢ ✜❜❡rs ♦♥ ❊❳✵✶✵✵✸❙❋❳✱ t✇♦ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❛t
t✇♦ ❞✐✛❡r❡♥t ♣♦✐♥ts ✐♥ t✐♠❡

❼ ❙❡tt✐♥❣s ♦❢ ❜❡❛♠ ♣r♦✜❧❡ ♠♦♥✐t♦rs✿ ❆s ♣❛rt ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ♣r♦❝❡❞✉r❡✱ t❤❡
❡♥t✐r❡ ❜❡❛♠ ✐♥t❡♥s✐t② ♦♥❝❡ ✐s ❢♦❝✉s❡❞ ♦♥t♦ ❛ s✐♥❣❧❡ ❇P▼ ✜❜❡r ✇❤✐❧❡ ✐♥ t❤❡
✾✵ ❞❡❣r❡❡ ♣❤❛s❡ ❛❞✈❛♥❝❡ ❝❛s❡ t❤❡ ✐♥t❡♥s✐t② ✐s ❞✐str✐❜✉t❡❞ ♦✈❡r ♠♦r❡ t❤❛♥ ✷✵
✜❜❡rs✳ Pr♦♣❡r s❡tt✐♥❣s ♦❢ t❤❡ ❡①♣♦s✉r❡ t✐♠❡ ❛♥❞ ❛♠♣❧✐✜❝❛t✐♦♥ ❣❛✐♥ ♠✉st ❜❡
❢♦✉♥❞✳ ❋♦r t❤✐s t❤❡s✐s ✐t s❡❡♠s t❤❛t t❤❡ s❝❡♥❛r✐♦ ♦❢ ❢✉❧❧② ❢♦❝✉s❡❞ ❜❡❛♠ ❝❛✉s❡❞ ❛
s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ❝❛♠❡r❛ ♣✐①❡❧ ✇❤✐❝❤ ✇❛s ❝♦♠♣❡♥s❛t❡❞ ❜② ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡
♠❡❛s✉r❡♠❡♥t ❞❛t❛✳ ❍♦✇❡✈❡r✱ s❡tt✐♥❣s s❤♦✉❧❞ ❜❡ ❢♦✉♥❞ t♦ ❛✈♦✐❞ t❤✐s ❞❡✜❝✐❡♥❝②✳

❼ ▼❛❣♥❡t✐③❛t✐♦♥ ❝♦♥❝❡♣t✿ ❚♦ ❛❝❤✐❡✈❡ ❛❧❧ r❡q✉✐r❡❞ ♠❡❛s✉r❡♠❡♥t s❡t✉♣s✱ s♦♠❡
♠❛❣♥❡ts ❢♦r s♦♠❡ ♣❤❛s❡ ❛❞✈❛♥❝❡s ✇❡r❡ ♦♣❡r❛t❡❞ ✐♥ ❢♦❝✉s✐♥❣ ♣♦❧❛r✐t②✱ ❢♦r ♦t❤❡r
♣❤❛s❡ ❛❞✈❛♥❝❡s ✐♥ ❞❡❢♦❝✉s✐♥❣✳ ❚❤❡ ❝✉rr❡♥t ❛❝❝❡❧❡r❛t♦r ❝♦♥tr♦❧ s②st❡♠ ❤♦✇✲
❡✈❡r ♦♥❧② s✉♣♣♦rts ♦♥❡ ❝✉rr❡♥t✲t♦✲✜❡❧❞ ✭❇■✮ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳ ❋♦r ♦♣❡r❛t✐♦♥
t❤❡r❡❢♦r❡ t❤❡ t✇♦ ❝✉r✈❡s ♦❢ t❤❡ ❤②st❡r❡s✐s ✇❤❡r❡ ❛✈❡r❛❣❡❞ ✐♥tr♦❞✉❝✐♥❣ s❡✈❡r❛❧
♣❡r❝❡♥t ♦❢ ♦✛s❡t ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❡❞ ❛♥❞ t❤❡ ❛♣♣❧✐❡❞ ♠❛❣♥❡t ❣r❛❞✐❡♥ts✳
❚❤♦s❡ ♦✛s❡ts ❛✛❡❝t ♥♦t ♦♥❧② t❤❡ ♣❤❛s❡ s❤✐❢t❡r st❡♣♣❡r s❡tt✐♥❣s ❜✉t ❛❧❧ ❝♦♠♣♦✲
♥❡♥ts ❧❡❛❞✐♥❣ t♦ ❡rr♦rs ♦♥ t❤❡ ❜❡❛♠ ♦♣t✐❝s ♦❢ t❤❡ ✐♥❝♦♠✐♥❣ ❜❡❛♠✱ t❤❡ ♣❤❛s❡
s❤✐❢t❡r st❡♣♣❡r ♠❛t❝❤✐♥❣ ❛s ✇❡❧❧ ❛s t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♣r♦❝❡ss ♦❢ t❤❡ ♠❡❛s✉r❡✲
♠❡♥t ❞❛t❛✺✵✳

❼ s♣✐❧❧ t♦ s♣✐❧❧ r❡♣r♦❞✉❝✐❜✐❧✐t②✿ ❚❤❡ ✐♥tr❛s♣✐❧❧ ❜❡❛♠ ✐♥t❡♥s✐t② ✢✉❝t✉❛t✐♦♥s ❝♦rr❡✲
s♣♦♥❞ t♦ ❛ ♠♦✈✐♥❣ ♣❛t✐❡♥t ✐♥ ❛ ❤♦s♣✐t❛❧ ❈❚ s❝❡♥❛r✐♦✳ ❋♦r t❤❡ ✬s✐♠♣❧❡✬ r❡❝♦♥✲
str✉❝t✐♦♥ ✉s✐♥❣ t❤❡ s✉♠♠❡❞ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❡♥t✐r❡ s♣✐❧❧ t❤♦s❡ ✢✉❝t✉❛t✐♦♥s
♠❛② ❜❡ ❛✈❡r❛❣❡❞ ♦✉t ❜✉t ❢♦r t❤❡ t✐♠❡ r❡s♦❧✈❡❞ ❛♥❛❧②s✐s t❤❡② ❤❛✈❡ ❛ ♠❛❥♦r
✐♠♣❛❝t✳

✺✵❚❤❡r❡❢♦r❡ ❢♦r t❤❡ ❛✉t❤♦r t❤✐s ✐s t❤❡ ♠♦st ❧✐❦❡❧② ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡
♣❤❛s❡ s♣❛❝❡ ❞✐str✐❜✉t✐♦♥ ❜❡t✇❡❡♥ s✐♠✉❧❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥t✳
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✺ ❈♦♥❝❧✉s✐♦♥s

❼ ❝❡♥t❡r✐♥❣ ♣r♦❝❡❞✉r❡✿ ❜❡s✐❞❡s t❤❡ ❢❛❝t t❤❛t ♣❤❛s❡ ❛❞✈❛♥❝❡ ❞❡♣❡♥❞❡♥t st❡❡r✐♥❣
♠❛❣♥❡t s❡tt✐♥❣s ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ✐♥❝♦♠✐♥❣ ❜❡❛♠ ✐♥t♦ t❤❡ ♣❤❛s❡ s❤✐❢t❡r st❡♣♣❡r
♠♦❞✉❧❡ ✐s s❡t✉♣ s✉❜✲♦♣t✐♠❛❧❧②✱ t❤❡ str♦♥❣ ❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡ q✉❛♥t✐✜❝❛t✐♦♥
♣❛r❛♠❡t❡rs ♦♥ t❤❡ ❝❡♥t❡r✐♥❣ ♠❡❝❤❛♥✐s♠ ❝❛♥ ❜❡ ❛❞❞r❡ss❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡
❞❡t❡❝t♦r r❡s♦❧✉t✐♦♥✳ ▼✉❧t✐♣❧❡ ♠❡❛s✉r❡♠❡♥t ♣♦✐♥ts ❛❧♦♥❣ t❤❡ s❤♦rt ❤❛❧❢✲❛①✐s ♦❢
t❤❡ ❞✐str✐❜✉t✐♦♥ ✇♦✉❧❞ ❜❡ ❤❡❧♣❢✉❧✺✶✳ ❆❧t❡r♥❛t✐✈❡❧② t❤❡ ♦♣t✐❝s ❝❛♥ ❜❡ ♠❛t❝❤❡❞
t♦ ❛♥ ❡✈❡♥ ❧❛r❣❡r ❜❡t❛ ❢✉♥❝t✐♦♥ ✬③♦♦♠✬ t❤❛♥ ✸♠ ✐♥ ✲ ✹✵♠ ♦✉t✺✷✳

❚❤♦✉❣❤✱ ❡✈❡♥ ❛❢t❡r ❤❛✈✐♥❣ r❡✢❡❝t❡❞ ♦♥ t❤❡ ♠❡♥t✐♦♥❡❞ ❧✐♠✐t❛t✐♦♥s✱ t❤❡ r❡q✉✐r❡❞
t✐♠❡ ❢♦r ❛♥ ♠❡❛s✉r❡♠❡♥t ✐s st✐❧❧ ✶✷✵ s♣✐❧❧s✺✸ ♣❡r ❜❡❛♠ ♠♦❞❛❧✐t② ✭❡✳❣✳ ♣❛rt✐❝❧❡ t②♣❡✱
♣❛rt✐❝❧❡ ❡♥❡r❣②✱ ✳✳✳✮✳ ❚❤❡r❡❢♦r❡ t❤✐s ♣r♦❝❡❞✉r❡ s❡❡♠s t♦ ❜❡ r❛t❤❡r ❛♣♣❧✐❝❛❜❧❡ ❢♦r ❝♦♠✲
♠✐ss✐♦♥✐♥❣ ♦r ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❛♥ ❛❝❝❡❧❡r❛t♦r ♦r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛ ♥❡✇ ❡①tr❛❝t✐♦♥
❞r✐✈✐♥❣ ♠❡❝❤❛♥✐s♠ t❤❛♥ ❛s ❛ r♦✉t✐♥❡❧② ♣❡r❢♦r♠❡❞ ◗❆ ♠❡❛s✉r❡♠❡♥t✳

✺✶■♥❞❡❡❞✱ ❛♥ ❡①tr❛❝t✐♦♥ s❝❤❡♠❡ ❢✉❧✜❧❧✐♥❣ t❤❡ ❍❛r❞t ❝♦♥❞✐t✐♦♥ r❡s✉❧t✐♥❣ ✐♥ ❛♥ ❛♣♣r♦①✐♠❛t❡❧② ✶♠♠
✇✐❞❡ ❜❡❛♠ ❞✐str✐❜✉t✐♦♥ ✭❧✐❦❡ ❛t ▼❡❞❆✉str♦♥✮ ✐s ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ t❤❛♥ ♦t❤❡r s❝❤❡♠❡s r❡s✉❧t✐♥❣
✐♥ ❛ ❜r♦❛❞❡r ❞✐str✐❜✉t✐♦♥✳

✺✷❆t ▼❡❞❆✉str♦♥✱ t❤❡ ❧✐♠✐t✐♥❣ ❢❛❝t♦r ❢♦r t❤✐s ✐s t❤❡ ❧❛r❣❡ ✈❡rt✐❝❛❧ ❡♠✐tt❛♥❝❡ ✇❤✐❝❤ ✐s ♦✛ ✇✳r✳t✳
❞❡s✐❣♥ ❜② ♠♦r❡ t❤❛♥ ❢❛❝t♦r ✷✳ ❚❤❡ ❧❛r❣❡ ❡♠✐tt❛♥❝❡ ❧✐♠✐ts t❤❡ r❛♥❣❡ ♦❢ ✈❡rt✐❝❛❧ ❜❡t❛ ❢✉♥❝t✐♦♥
✈❛❧✉❡s ✐♥s✐❞❡ t❤❡ ♣❤❛s❡ s❤✐❢t❡r st❡♣♣❡r ❛♥❞ t❤❡r❡❢♦r❡ ❛❧s♦ t❤❡ ❤♦r✐③♦♥t❛❧ ✭str♦♥❣ q✉❛❞r✉♣♦❧❡
❣r❛❞✐❡♥ts ❛✛❡❝t ❜♦t❤ ♣❧❛♥❡s✮✳

✺✸❈✉rr❡♥t❧②✱ t❤❡ ♣r❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❛❝❝❡❧❡r❛t♦r ✭q✉❛❞r✉♣♦❧❡ s❡tt✐♥❣s✮ ❛s ✇❡❧❧ ❛s t❤❡ ♠❡❛s✉r❡♠❡♥t
♦❢ ♦♥❡ ♣❤❛s❡ ❛❞✈❛♥❝❡ ✐ts❡❧❢ t❛❦❡s ❛❜♦✉t ♦♥❡ ♠✐♥✉t❡ ❛t ▼❡❞❆✉str♦♥✳

✻✽
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DI DI Alexander WASTL  

 
Date of birth June 12th, 1984 
Place of birth Klagenfurt, Austria 
Nationality Austria 
Address Muldenweg 14,  
 9170 Ferlach, Austria 
 

 
 

Employment 

2013 – Present EBG MedAustron, Wiener Neustadt, Austria 

 Physicist in the Accelerator and Beam Physics group with focus on 
simulation studies, operation and commissioning procedures as 
well as student supervision 

 Software developer responsible for the measurement data 
analysis framework (in python) as well as product coordinator for 
the measurement acquisition suite 

 Beam commissioner responsible of optimization of the accelerator 
and beam quality as well as the implementation of the settings in 
the medical product according to the QMS SOPs 

 Project lead for commissioning a new clinically used beam 
modality including time line and resource allocation responsibility, 
requirement engineering and project controlling/reporting 

2012 – 2013 European Organization for Nuclear Research CERN 
Geneva, Switzerland; PhD-student 

2000 – 2010 Miscellaneous jobs during summer time in various companies
 including Paropa Computer Point, Klagenfurt Airport Inc.,  
 Arsenal Research as well as a dive center 

Education 

2012 – 2020  PhD Program “Technical Sciences Technical Physics” 

Vienna University of Technology, Austria; particle accelerator 
physics, carried out at CERN and at MedAustron 

2010 – 2013 Master Program ”Biomedical Engineering“  
Vienna University of Technology, Austria; “Development of the 
orbit correction procedure and simulations on rf-noise driven slow 
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resonant extraction of MedAustron synchrotron”, carried out at 
CERN within the MedAustron project, Pass with distinction 

2010 – 2011 Master Degree “Physical Energy and Measurement 
Engineering”, Vienna University of Technology, Austria; 
“Multielement and spacial distribution analysis of gunshot residues 
using TXRF”, ISO17025 cert. lab, Pass with distinction 

2010 Bachelor Degree “Technical Physics” 

Vienna University of Technology, Austria 

2003 – 2004 Military service Austrian Armed Forces 

1998 – 2003 Higher technical school HTL, Klagenfurt, Austria 
Graduation with honors 

1996 – 1998 La Cima Middle School, Tucson, Arizona, USA 
(eleven months in total) 

Extracurricular Education 

2017 United States Particle Accelerator School, ‘Accelerator physics, 
rating: outstanding, Rohnert Park, California, USA 

2012/2016 CERN Accelerator School, Granada, Spain and Vienna, Austria 

2013 Radiation Protection Training, Courses ‘Basic’ and ‘Sealed 
radioactive sources’, Seibersdorf Laboratories 

2013 Participation in the European Forum Alpbach 2013 
BMVIT grant ‘talente@alpbach’ 

2011 – 2012 Participant in TUtheTOP – the high potential program of the 
Vienna University of Technology 

Skills and Qualifications 

Languages German (mother tongue), English (fluent) 
 French (basic), Spanish (basic) 
Computing Windows, Linux, Office, LaTeX 
Programming Python, MADx, LabView 
Economy European Business Competence Licence A 
Red Cross Squad leader, EMT (Notfallsanitäter) 

Interests 

Sports ski touring, mountain biking, sailing 
Travelling longer period of residence in USA, Costa Rica, France/Switzerland 
EMS Austrian Red Cross - Emergency Medical Service 
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