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CHAPTER 1

Introducion

In this paper, we are interested in problems of the following form: There is a space E with

appropriate structure and a measurable function ψ on E, so that for each λ ∈ E the value

ψ(λ) describes an optimiziation problem of some sort, which usually has more than one

solution. We aim to find a measurable function φ on E, so that φ(λ) is a solution of ψ(λ)

for λ ∈ E . To this end, we use selection theorems.

Selection theorems are results from the field of descriptive set theory, which generally are of

the following form: Given a set with a certain structure that can be interpreted as a multi-

function, there is a subset with certain properties that can be a interpreted as a function.

Unfortunately, the resulting set usually cannot be assumed to be Borel, but at least it is

analytical. This is, however, not very prohibitive, as analytical sets are still measurable for

any Borel measure.

The problems we will discuss will mainly be different variations of optimal transport prob-

lems. We also show a theorem for selecting stopping-times for the Skorokhod-Embedding

Problem and for finding Barycenters of measures. A number of results in this area have al-

ready been published, but have either unnecessarily restrictive assumptions [7], [11] or have

a slightly different setting and prerequisite conditions that are relatively technical [6]. In this

paper we try to present results that are sufficiently general so that they can be applied to

many settings, and yet can be stated in terms that are easily understandable and applicable

for people primarily focused on stochastics.

For two probability spaces (X,BX , µ) and (Y,BY , ν), a BX ⊗BY - measureable function c on

5
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6 CHAPTER 1. INTRODUCION

X × Y and a probability measure π on BX ⊗ BY that has the marginals µ and ν, one can

define the transportation cost I(π) of π with respect to the cost-function c, namely

I(π) :=

∫

c dπ.

We interpret this as the cost that it takes to transport µ to ν according to the cost-function

c. The Kantorovich Optimal Transportion Problem is concerned with finding the minimal

cost of transporting µ to ν,

K(µ, ν) := inf
π∈Π(µ,ν)

I(π),

where Π(µ, ν) denotes the set of all probability measures π so that π has the marginals µ and

ν. If minimizers exist we call them optimal transport plans. The existence of minimizers is

well studied and under broad assumptions guaranteed [13], [12].

Sometimes people do not want mass from µ to be split up in the process of transportation

and thus are interested in the Monge Optimal Transportation problem, which is of the same

kind as the Kantorovich problem, with the key difference that the infimum is taken over all

measures π so that π has the correct marginals and that π can be written as π = (Id×T )#µ,

where T is a measurable function from X to Y and # denotes the push-forward.

The Skorochod-Embedding Problem concerns finding measurable stopping times τ for a

given Brownian motion B and a probability distribution µ, so that the stopped process Bτ

has the same distribution as µ. Solutions to this problem have been studied in the literature

[3] and the solvability is guaranteed under rather weak assumptions.

In physics, the concept of barycenters has proven very useful. This concept of the center of

mass can be generalized to finding the center of measures in an analoguous fashion. These

objects have been studied, for example, by [1] and [5], on whose results we build upon.

Furthermore we show that there are cost functions c, so that the minimal-transportation-

value-map K defined above is not measurable. Hence, we cannot hope to find similar

results as stated in this paper by merely requiring c to be measurable. This approach

surprisingly leads to the discovery that any optimization problem with a measurable function

to be minimized, is equivalent to a transport problem with a measurable cost function. We

also show that optimizing over a lower-semicontinuous function is significantly harder than

solving the transport problem for a lower-semiconinuous cost function.
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CHAPTER 2

Definitions and Properties of Descriptive Set Theorey

Definition 2.0.1. A separable, completely metrizable topological space is called a Polish

space.

In many fields of stochastics the concept of σ-algebras has proven very expedient, in partic-

ular for its stability under many setoperations. They leave, however, some useful properties

to be desired, as for example the images of Borelsets for even basic functions, such as pro-

jections, are not guaranteed to be Borel. If collections of subsets are needed that are closed

under operations of this kind, then the idea of analytic sets is useful. The proofs of most of

the following theorems can be found in [9].

Definition 2.0.2. Let X be a Polish space. A set A ⊆ X is said to be analytic, if there is

a Polish space Y and a continuous function f : Y → X so that F (Y ) = A. The set of all

analytic sets of a space X is denoted as Σ1
1(X).

Remark 2.0.3. If A is not empty, then the space Y can be chosen to be N = NN.

Typically, there are more analytic sets than Borel sets, which can be seen in the next

theorem.

Theorem 2.0.4. Lety X be an uncountable Polish space. Then B(X) ( Σ1
1(X) holds.

Definition 2.0.5. Let X be a Polish space and (Ps)s∈N<N a family of subsets called Suslin-

scheme, which are indexed by N<N, where N<N denotes the set of all finite sequences of N.

The Soulin Operator A applied to such a family yields the set

AsPs =
⋃

x∈N

⋂

n

Px|n.

7
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8CHAPTER 2. DEFINITIONS AND PROPERTIES OF DESCRIPTIVE SET THEOREY

Let Γ be any set of subsets of X, then AΓ is defined as the set of all AsPs for which Ps ⊂ X

is in Γ.

There are many equivalent definitions for analytic sets, the most important of which are:

Theorem 2.0.6. Let X be a Polish space and A ⊆ X, then the following are equivalent:

1. A is analytic.

2. There is a polish space Y and a Borelset B ⊆ X × Y for which A = projX(B).

3. There is a closed set F ⊆ X ×N so that A = projX(F ).

4. There is a Suslin-Scheme of closed sets so that A = AsFs .

Analytic sets are stable under many operations.

Proposition 2.0.7. Let X and Y be Polish spaces, f : X → Y Borel, An ⊆ X as well as

A ⊆ X and B ⊆ Y analytic then ∪n∈NAn,∩n∈NAn, f(A) and f−1(B) are, too.

Analytic sets also have particular structural properties.

Theorem 2.0.8. (Isomorphisms Theorem) Let X, Y be Polish spaces. Then there exists a

Borel isomorphism between X and Y exactly if the cardinality of both spaces is the same. In

particular, any two uncountable polish spaces are Borel isomorphic.

Definition 2.0.9. Let X be a Polish space and a A ⊆ X. A set A is co-analytic if its

complement is analytic. The set of co-analytic sets is denoted by Π1
1. Sets that are both

analytic and co-analytic are called bi-analytic.

Analytic sets have a close relationship to Borelsets.

Theorem 2.0.10. Let X be a polish space. Then the bi-analytic sets are exactly the

Borelsets.

Theorem 2.0.11. Let X, Y be Polish spaces, and f : X → Y . Then the following are

equivalent:

1. f is Borel.

2. graph(f) is Borel.

3. graph(f) is analytic.
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9

In particular, Borel bijections are always also Borel isomorphisms.

Definition 2.0.12. Let X, Y be two sets and P ⊆ X × Y , then a uniformisation of P is a

subset P ∗ ⊆ P so that for all x ∈ X, ∃yP (x, y) ⇐⇒ ∃!yP ∗(x, y).

Theorem 2.0.13. (Jankov, von Neumann uniformisation theorem) Let X, Y be polish spaces

and P ⊆ X × Y in Σ1
1. Then there equists a uniformisation P ∗ of P which is σ(Σ1

1)-

measurable, that is, P ∗−1(B) is in the σ-algebra generated by the analytic stets on X for any

Borel set B ⊆ Y .

Definition 2.0.14. Let X be a Hausdorf space. A capacity on X is a map γ : P(X) → [0,∞]

so that:

1. A ⊆ B =⇒ γ(A) ≤ γ(B);

2. A0 ⊆ A1 ⊆ · · · =⇒ (γ(An) → γ(∪nAn));

3. For any compact K ⊆ X the condition γ(K) ≤ ∞ holds; if furthermore γ(K) < r for

some r ∈ R, then there is an open subset U which satisfies U ⊇ K, γ(U) < r.

Theorem 2.0.15. Let X be a Polish space and µ a finite Borel measure on X. Then the

outer measure µ∗ induced by µ is a capacity.

Definition 2.0.16. Let γ be a capacity on a Hausdorff space X. A ⊆ X is called γ-

capacitable if γ(A) = sup {γ(K) : K compact,K ⊆ A}. A is called universally capacitable

if it is capactiable for any capacity γ.

Proposition 2.0.17. Let X be a Polish space and µ a finite borel measure on X. If γ = µ∗,

then A is γ -capacitable exactly if it is µ-measurable.

Theorem 2.0.18. (Choquet Capacibility Thoerem) Let X be a Polish space. Any analytic

subset of X is universally capacitable.
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CHAPTER 3

Optimal Transport

Here we prove theorems about optimal transport problems. In this section, P(X) denotes

the set of all Borel probability measures on a space X.

Lemma 3.0.1. Let X1, X2, . . . , Xn be Polish spaces. The i-th marginal map πi
# : P(X1 ×

X2 × · · · ×Xn) 7→ P(Xi) is continuous for all i.

Proof. Assume that µn converges weakly to µ ∈ P(X1 × X2 × · · · × Xn). The function

f ◦πi : X1×X2×· · ·×Xn 7→ Xi is continuous and bounded for any bounded and continuous

f : Xi 7→ R and hence (πi
#µn)(f) = µn(f ◦ πi) 7→ µ(f ◦ πi) = (πi

#µ)(f).

Theorem 3.0.2. Let X, Y be Polish spaces, µ ∈ P(X × Y ), then there exists a measurable

function φ : (π, x) ∈ (P(X × Y )×X) 7→ (πx) ∈ P(Y ) where πx is a disintegration of π with

respect to x ∈ X.

Proof. See [4, Proposition 7.27].

Theorem 3.0.3. Let (E,Σ,m) be a σ-finite measurable space, X and Y Polish spaces,

c : X × Y 7→ [0,∞] lower semi-continuous and consider a measurable function ψ : λ ∈ E 7→

(µλ, νλ) ∈ P(X) × P(Y ).

If moreover for m-a.a. λ there exists a Monge solution to the optimal transport problem

between µλ and νλ, then there exists a function (λ, x) 7→ T (λ, x) which is measurable with

respect to Σ ⊗ B(X) and such that

T (λ, x)

is an optimal Monge transport for m-a.a. λ.

11
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12 CHAPTER 3. OPTIMAL TRANSPORT

Proof. Since c is assumed to be nonnegative and lower semi-continuous, the function

F : π 7→
∫

c dπ is also lower semi-continuous [13, Lemma 4.3] . Consider the function

G : (µ, ν) 7→ inf
π∈Π(µ,ν)

∫

c dπ,

which is clearly lower semi-continuous as well, since for any (µ, ν) ∈ P(X) ×P(Y ) and any

sequence (µn, νn) that converges weakly to (µ, ν), we can find a πn ∈ Π(µn, νn) that satisfies

∫

c dπn < inf
π∈Π(µn,νn)

∫

c dπ + ε.

(πn)n∈N has a subsequence that converges to a π̂ ∈ Π(µ, ν) [13, Lemma 4.4]. Now we find

inf
π∈Π(µ,ν)

∫

c dπ <

∫

c dπ̂ < lim inf
n

inf
π∈Π(µn,νn)

∫

c dπ + ǫ

which proves that G is lower semi-continuous.

The function H : (µ, ν, σ) 7→ (µ, ν,
∫

c dσ) is Borel, since any lower semi-continuous function

is Borel as well. This means that the set A := {(µ, ν, π) : π is an optimal transport plan

with respect to (µ, ν)} = h−1(graph(G)) is also Borel and hence also the nonempty set B :=

{(µ, ν, π) : ∃T : X → Y, so that T is measurable and ν = T#µ, π = (x 7→ (x, T (x)))#µ, π

is an optimal transport plan with respect to (µ, ν)}, which is the intersection of A and the

set of triples C := {(µ, ν, π) : ∃T : X → Y, so that T is measurable and ν = T#µ}. C is

Borel because the set of Monge-maps is Borel [2, Prop. 5.5] and, by Lemma 3.0.1 so is the

function that maps a measure to its marginals. Now we can simply express the required

function as a combination of simpler functions:

(λ, x)
f
7−→ (µ, ν, x)

g
7−→ (π, x)

h
7−→ πx

i
7−→

∫

y dπx(y),

where f is defined by f(λ, x) := (ψ(λ), x), g is obtained from B by the Jankov, von Neuman

Uniformization theorem, since the resulting set can be interpreted as the graph of a total

function and h is a disintegration as guaranteed by the previous theorem. Since all these

simpler functions are at least analytic and analytic sets are universally capacitable by 2.0.18,

we can modify it on a set with vanishingm-measure to obtain a Σ⊗B(X) measurable function

T so that m-a.a. T (λ, x) is optimal.

If we assume a slightly stronger set of axioms than ZFC, we can drop our requirements for

c as long as we know that solutions exist. Namely, we need to assume Σ1
1-determinacy. For

the ramifications of this assumption, see [9].
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Theorem 3.0.4. (Σ1
1 − determinacy)Let X and Y be Polish spaces and let (E,Σ,m) be a

σ−finite measurable space and consider a measurable function λ ∈ E 7→ (µλ, νλ) ∈ P(X) ×

P(Y ). If for m-a.a. λ the optimal transport problem between µ and ν has a solution, then

there exists a function λ 7→ πλ which is measurable with respect to Σ and such that πλ is an

optimal transport plan with respect to the marginals (µλ, νλ) for m-a.a. λ.

If moreover for m-a.a. λ there exists a Monge solution to the optimal transport problem

between µλ and νλ, then there exists a function (λ, x) 7→ T (λ, x) which is measurable with

respect to Σ ⊗ B(Rd) and such that

T (λ, x)

is an optimal Monge transport for m-a.a. λ.

Proof. The set A := {(µ, ν, π) : π is an optimal transport plan with respect to (µ, ν)} is

co-analytic, since we can write its complement as the union of the open set {(µ, ν, π) : π does

not have the marginals (µ, ν)} and the analytic set {(µ, ν, π) : π has marginals (µ, ν), but

is not optimal} = proj1,2,3{(µ, ν, π, σ) : π and σ have marginals (µ, ν) and
∫

c dσ <
∫

c dπ}.

By [9, 36.20] we see that A is universally measurable and we can proceed analogously to the

proof of the previous theorem.

Remark 3.0.5. From these two results we see that by assuming some regularity of the cost

function c the requirement that µ does not give any mass to sets with Hausdorff dimension

smaller or equal to d− 1 can be dropped in [7, Theorem 1.1].

The following theorem, its Lemmas and its proof are based on [11] but in a slightly different

setting, while the proof is virtually the same.

Lemma 3.0.6. The marginaliser map Π : P(X1×X2×· · ·×Xn) 7→ P(X1)×P(X2), . . . ,P(Xn)

defined by

Π(µ) = (π1
#µ, . . . , π

n
#µ)

maps closed sets into Borel sets for any Polish spaces X1, X2, . . . , Xn.

Proof. Π is coninuous by 3.0.1, and thus borel as well. The spaces P(X1 ×X2 × · · · ×Xn)

and P(X1)×P(X2), . . . ,P(Xn) are Polish. The preimage of Π for any singleton is compact.

This means all requirements for [11, Lemma 3.8] are met and give the desired result.

Lemma 3.0.7. Let (E,Σ) be a measurable space, X and Y Polish spaces and consider a

measurable function ψ : λ ∈ E 7→ (µλ, νλ) ∈ P(X) × P(Y ). The map F (λ) := Π(φ(λ)) is

measurable as a set-valued mapping from E to P(X × Y ).
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14 CHAPTER 3. OPTIMAL TRANSPORT

Proof. We write F (λ), that is the set of couplings of µλ and νλ, as the preimage of the

previously defined marginaliser,

F (λ) = Π−1({(µλ, νλ)}).

F (λ) ∩ A 6= ∅ is equivalent to µ ∈ F (λ) for some µ ∈ A, that is, Π(µ) = (µλ, νλ) for some

µ ∈ A. Therefore, the set-valued inverse of F may be written as

F−1(A) = {λ ∈ E : F (λ) ∩ A 6= ∅} = {λ ∈ E : (µλ, νλ) ∈ Π(A)}.

By the previous Lemma Π(A) is a Borel set in X × Y whenever A ⊂ P(X × Y ) is closed.

Since the map λ 7→ (µλ, νλ) is assumed to be measurable, we may conclude that F−1(A) is

a measurable subset of E for any closed A ⊂ P(X × Y ).

Theorem 3.0.8. Let (E,Σ) be a measurable space, X and Y Polish spaces, c : X × Y 7→

[0,∞] lower semi-continuous and consider a measurable function ψ : λ ∈ E 7→ (µλ, νλ) ∈

P(X) × P(Y ). Then there exists a function λ 7→ πλ which is measurable with respect to Σ

and such that πλ is an optimal transport plan with respect to the marginals (µλ, νλ).

Proof. Let Γ(λ) = Π(µλ, νλ) for λ ∈ E. Due to the previous Lemma this map is measurable

as a set-valued map and takes compact values. Define for each q ∈ Q the level sets Lq := {µ ∈

P(X × Y ) : µ(c) ≤ q}, which are closed since the map µ 7→ µ(c) is lower semi-continuous

[13, Lemma 4.3]. The set-valued mapping

L̂q(λ) :=











Lq ∩ Γ(λ), if Lq ∩ Γ(λ) 6= ∅

Γ(λ), otherwise,

(3.1)

has compact values. To see that it is also measurable as a set-valued map, consider for a

closed set F

L̂−1
q (F ) = {λ ∈ E : L̂q(λ) ∩ F 6= ∅}

= {λ ∈ E : Γ(λ) ∩ Lq(λ) ∩ F 6= ∅} ∪ {λ : Γ(λ) ∩ F 6= ∅,Γ(λ) ∩ Lq = ∅}

= Γ−1(F ∩ Lq) ∪ (Γ−1(F )\Γ−1(Lq)),

(3.2)

which is measurable as λ 7→ Γ(λ) is measurable. It is clear that

Γopt(λ) := {µ ∈ Γ(λ) : µ(c) is minimal} =
⋂

q∈Q

L̂q(λ).

Since Γopt(λ) is a countable intersection of compact-valued mappings λ 7→ L̂q(λ), and because

P(X × Y ) is a complete separable metric space, it follows [8, Theorem 3.1 and 4.1] that
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15

it is measurable as a set-valued mapping. Because Γopt(λ) is non-empty, compact-valued

and measurable, we may apply the measurable selection theorem [10] to optain the desired

result.

Remark 3.0.9. This result can easily be generalized. The first part of the theorem holds

true in multi marginal optimal transport problems, with the same proof. We can also add

countably many linear counstraints in the form
∫

f dπ = 0 for suitable f as long as we

can guarantee that there still are solutions to the optimal transport problem under these

constraints.
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CHAPTER 4

Skorokhod Embedding

We can also apply a similar technique to get measurable selections for the Skorochod-

Embedding-Problem. First we recall the setting we are in and state some important defi-

nitions related to the problem. For a more complete discussion of the spaces involved and

their properties see [3].

Let Ω = (Ω,G, (Gt)t≥0,P) be a stochastic basis, rich enough to support a Brownian motion B

and a uniformly distributed G0-random variable, independent of B. Let γ : C0(R+)×R+ 7→ R

be a cost function, where C0(R+) denotes the set of continous functions on R+ starting in

0.

For a measure µ on R with mean 0 and finite second momentum, the Skorokhod Embedding

Problem concerns the question of finding a stopping time τ , so that the stopped Brownian

Motion Bτ is distributed according to µ and E[τ ] < ∞. Many of such stopping times can

be constructed, and many canonical constructions will be minimizers of certain functions γ

as defined above, namely

Pγ(µ) = inf

{
∫

γ(B, τ) dP : τ is a stopping time

}

.

Here, we want to select minimizers for a given γ while µ changes in a measurable fashion.

We will also consider the space C0(R+) equipped with the topology of uniform convergence

on compact sets. Elements of this space will be denoted by ω. The canonical process on this

space will be denoted by (B)t≥0, so, Bt(ω) = ωt. Furthermore, let this space be equipped

with the Wiener Measure W. Let F0 be the natural filtration of C0(R+).

We want to show the following theorem:

17
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18 CHAPTER 4. SKOROKHOD EMBEDDING

Theorem 4.0.1. Assume that γ : C0(R+)×R+ 7→ R is optional and lower semi-continuous

and bounded from below in the sense that for some constants a, b, c ∈ R+

−(a+ bs+ c maxr≤sB
2
r) ≤ γ(Bt, s)

holds on C0(R+) × R+. Let (E,Σ,m) be a σ−finite measurable space and consider a mea-

surable function ψ : λ ∈ E 7→ µλ ∈ W2(R) ∩ {µ ∈ P(R) :
∫

x dµ(x) = 0}. Then, there

exists a function λ 7→ τλ such that it is measurable with respect to the σ-algebra generated by

convergence in probability and m(dλ)−almost everywhere τλ is a minimizer of the functional

Pγ(µ) = inf

{
∫

γ(B, τ) dP : τ is a stopping time

}

. (4.1)

To facilitate this, we will shift to a different space.

Let S be the set of stopped Paths

S = {(f, s) : f : [0, s] is coninuous, f(0) = 0},

endowed with the polish topology generated by the metric

ds((f, s), (g, t)) := max(t− s, sup0≤u≤s|f(u) − g(u)|, sups≤u≤t|g(u) − f(s)|),

for (f, s), (g, t) ∈ S, s ≤ t. This space is related to C0(R+) × R+ by the function

r : C0(R+) × R+ 7→ S, r(ω, t) = (ω|[0,t], t),

which is a continuous open mapping.

Furthermore, we need to define randomized stopping times, which are measures that are

supposed to be interpreted as stopping times that do not stop at a single time, but rather

have a distribution associated with them. For the following definition, let P≤1(X) denote

the set of all positive Borel measures on a space X, with a mass less or equal 1.

Definition 4.0.2. We call a measure ξ ∈ P≤1(C0(R+) × R+) a randomized stopping time,

if projC0(R+)(ξ) ≤ W and the process Aξ
ω(t) = ξω([0, t]) is optional, where (ξω)ω∈C0(R+) is a

disintegratoin of ξ in the first coordinate. We call the set of all randomized stopping times

RST.

Let (C̄0(R+), F̄ , (F̄t)t≥0, W̄), where C̄0(R+) = (C0(R+) × [0, 1], W̄(A1 × A2) = W(A1)L(A2)

(where L denotes Lebesgue measure) and F̄0 is the completion of F0 ⊗ B([0, 1]). We will
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write B̄ = (B̄t)t≥0 for the process given by B̄t(ω, u) = ωt. Then, given a randomized stopping

time ξ, the random time

ρ(ω, u) := inf{t ≥ 0 : ξω([0, t]) ≥ u}

defines an F̄ -stopping time, called the representation of ξ. Let T denote the projection

T : C0(R+) × R+ 7→ R+.

Definition 4.0.3. For a measure µ on R with mean 0 and finite second moment, we denote

by RST(µ) the set of ξ with representation ρ for which Bξ = µ, i.e. B̄ρ ∼ µ and ξ(T ) =

Ē[ρ] =
∫

x2µ(dx).

Proof of 4.0.1. First, by [3, Lemma 3.2], we see that we can define γS on a S so that

γ = γS ◦ r. γS obviously satisfies the same lower bound and is lower semi-continuous.

Furthermore, by [3, Lemma 3.11] we see that we can work on C0(R+)×R now and consider

randomized stopping times instead of regular stopping times. Observe that by the contruc-

tion of the stopping time associated with a randomized stopping time in [3, Lemma 3.11]

and [3, Lemma 3.15] we see that we can associate randomized stopping times on C0(R+)×R

with stopping times on Ω in a measurable way.

We want to show that P S
γ (µ) is lsc with respect to µ. To that end, consider a sequence

µn ∈ W2 with mean 0 that converges to a µ ∈ W2 with mean 0. For each µn take ξn ∈

RST(µn) so that
∫

γS ◦ r(ω, t)ξn(dω, dt) ≤ P S
γ (µ) + ε for ε ≥ 0. Since ξn ∈ RST(µ), we have

Ē[ρn] = EξnT =

∫

x2 dµn(x) →

∫

x2 dµ(x), (4.2)

and thus supnEξnT is bounded and hence T (ξn) is tight. But the projection on the first

coordinate is tight for all randomized stopping times and therefore (ξn)n∈N is tight and

(ξn)n∈N converges weakly to a ξ. ξ is a randomized stopping time because the set of all

randomized stopping times is closed [3, Corollary 3.10]. The calculation in 4.2 shows that

ξ(T ) = Ē[ρ] =
∫

x2µ(dx), and Bξ = µ is obvious. Thus, ξ ∈ RST(µ). Now

P S
γ (µ) ≤

∫

γS ◦ r(ω, t)ξ(dω, dt) ≤ lim inf
n→∞

∫

γS ◦ r(ω, t)ξn(dω, dt) ≤ P S
γ (µν) + ε

holds since
∫

γS ◦ r(ω, t)ξ(dω, dt) is lower semi-continuous [3, Theorem 4.1] and we see that

Pγ(µ) is indeed lower semi-continuous.

We can now once more proceed just like in the proof of 3.0.3.
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CHAPTER 5

Barycenters

In physics, the notion of barycenters proved very useful. Recall that the barycenter of a n

objects r1, r2, . . . , rn with the masses m1,m2, . . . ,mn is defined as

rB =
n

∑

i=1

λiri,

where λi = mi∑
n

i=1
mi

or, equivalently, minimizers of

x 7→
n

∑

i=1

λi(x− xi)
2

and for continuous mass distributions,

rB =
1

∫

ρ(x) dx

∫

xρ(x) dx

where ρ(x) denotes the density at the point x.

Analoguous to the discrete case, we can define for measures (νi)i∈{1,...,n} ∈ W2(R
d) and

weights (λi)i∈{1,...,n} ∈ R, λ ≥ 0,
n
∑

i=1

λi = 1 barycenters, that is, minimizers in W(Rd) of the

functional Jν1,...,νn,λ1,...,λn
(ν) =

n
∑

i=1

λiW
2
2 (νi, ν), where W2

2 (µ, ν) = infγ∈Γ(µ,ν)
∫

|x−y|2 dγ(x, y)

denotes the squared Wasserstein metric and W2(R
d) the Wasserstein space of all probability

measures µ for which
∫

d(x0, x)2 µ(dx) is finite. These objects have been studied for example

by [1].

Theorem 5.0.1. Let (E,Σ,m) be a σ−finite measurable space and consider a measurable

function ψ : λ ∈ E 7→ (ν1, . . . , νn, λ1, . . . , λn) ∈ (W2(R
d))n × (R)n. Then there exists

21
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22 CHAPTER 5. BARYCENTERS

a measurable function λ 7→ νλ such that m(dλ)−almost everywhere νλ is a barycenter of

(ν1, . . . , νn, λ1, . . . , λn).

Proof. The functional Jν1,...,νn,λ1,...,λn
(ν) is continuous in all its 2n+1 arguments with respect

to the topology of the Wasserstein space since the Wasserstein distance is a compatible metric

for the topology. Let (µi)i∈N ∈ W2(R
d) be a countable dense collection of measures of the

separable space W2(R
d). Due to the measures being dense we can rewrite the function

f : (ν1, . . . , νn, λ1, . . . , λn) → inf
ν∈W2(S)

Jν1,...,νn,λ1,...,λn
(ν)

as

(ν1, . . . , νn, λ1, . . . , λn) → inf
i∈N

Jν1,...,νn,λ1,...,λn
(µi).

For any input of f there exists a minimzer, as has been shown in [1, Proposition 2.3]. f

is Borel as it is the infimum of a countable number of coninuous functions. Now the same

chain of arguments as in 3.0.3 can be used to get the desired result.

We can also generalize barycenters with continuous mass distribution to measures, as was

done by [5]. Let Γ ∈ P(P(Rn)), then a barycenter to the distribution Γ is a minmizer of the

functional

µ 7→

∫

W2
2 (µ, ν) dΓ(ν).

Let M+(Ω) denote the set of all Borel probability measures that are concentrated on a

compact set Ω ⊂ Rn.

With the same argument as above, utilizing the separability of P(Rn) we can show the

following:

Theorem 5.0.2. Let (E,Σ,m) be a σ−finite measurable space and consider a measurable

function ψ : λ ∈ E 7→ Γλ ∈ P(M+(Ω)).

There exists a function λ 7→ µλ which is measurable with respect to Σ and such that µλ is a

barycenter for m-a.a. Γλ.

Proof. To be able to use the same argument as above all we have to do is to check that

solutions actually exist for any Γλ. Let νn be a minimizing sequence. Since they all are

concentrated on a compact set, by Prokhorov’s theorem, there is a subsequence that weakly

converges to a measure ν, which, again, is concentrated on Ω. Now ν is a minimizer, since

by Fatou’s lemma
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∫

1

2
W2

2 (µθ, ν) dΓλ(θ) ≤

∫

lim inf
n→∞

1

2
W2

2 (µθ, ν
n) dΓλ(θ) ≤ lim inf

n→∞

∫

1

2
W2

2 (µθ, ν
n) dΓλ(θ).

Hence, ν indeed is a minimizer and the desired barycenter.
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CHAPTER 6

Regularity of Optimal Transport Prolems

Theorem 6.0.1. There exist measurable cost functions c on Polish spaces for which the

associated transport problem does not depend measurably on the marginal distributions.

Proof. Let X := P × [0, 1), where P is some uncountable Polish space – we may take

P = [0, 1).

Let A ⊆ P × [0, 1) be a measurable set whose projection onto P is not measurable. Such

a set must exist, since any uncountable polish space has analytic sets that are not Borel,

analytic sets can be defined by such projections and [0, 1) is borel-isomorphic to N by the

isomorphisms theorem (2.0.8).

Define

c : X ×X → R

c(p, x, q, y) =











−1A(p, (y − x) mod 1) if p = q

0 otherwise

.

We show that the value function of the optimal transport problem with c as cost function

cannot depend measurably on the marginal measures, i.e. that

V : P(X) × P(X) → R

V (µ, ν) := inf
π∈Cpl(µ,ν)

∫

c dπ

is not measurable.
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26 CHAPTER 6. REGULARITY OF OPTIMAL TRANSPORT PROLEMS

More specifically, we show that V ◦ ι is not measurable, where ι is the measurable map

ι : P → P(X) × P(X)

ι(p) :=
(

(x 7→ (p, x))#(λ) , (x 7→ (p, x))#(λ)
)

and λ is Lebesgue measure on [0, 1).

(V ◦ ι)(p) = inf
π∈Cpl(λ,λ)

∫

c(p, x, p, y) dπ(x, y)

For any z ∈ [0, 1) the measure

πz := (x 7→ (x, (z + x) mod 1))#(λ),

which puts mass only on the diagonal shifted by z, satisfies πz ∈ Cpl(λ, λ) and

∫

c(p, x, p, y) dπz(x, y) = −1A(p, z).

If for p ∈ P there is no z ∈ [0, 1) s.t. (p, z) ∈ A, then
∫

c(p, x, p, y) dπ(x, y) = 0 for all

π ∈ Cpl(λ, λ).

In summary,

(V ◦ ι)−1({−1}) = {p : ∃z ∈ [0, 1) s.t. (p, z) ∈ A}

which by construction is not measurable.

Remark 6.0.2. The idea of this proof can be further adapted to show that any optimisation

problem V ′(p) = inf
x∈[0,1)

G(p, x), where the argument is from some arbitrary space P and G

is the function on P × [0, 1) to be minimized, is equivalent to an optimal transport problem,

by changing the cost function in the previous proof to

c : (P × [0, 1)) × (P × [0, 1)) → R

c(p, x, q, y) =











G(p, y − x mod 1) if p = q

∞ otherwise

.

Arbitrary lower semi-continuous target functions cannot, however, be reduced to optimal

transport problems with lower semi-continuous cost functions. To see this, observe that

G(p, x) = −1A where A is closed set on P × P , for some Polish space P , whose projection

onto P is not measurable (such sets exist, as can be seen in the proof of [9, 14.2], P could

be chosen as N ). Since A is closed, G is lower semi-continuous and resulting function
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V ′(p) = inf
x∈[0,1)

G(p, x) is not measurable. If there existed a cost function c that induces

an equivalent optimal transport problem, then we could deduce that the associated optimal

transport problem would be lower semi-continuous and hence measurable (see the proof of

3.0.3), which is a contradiction.
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