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Abstract

The goal of this diploma thesis was to write out and extend the paper [14] by Martin Burger,
Marco di Francesco and Yasim Dolak-Struss, dealing with two different versions of the so
called Keller-Segel model, describing diffusion and movement of certain cells and a chemoat-
tractant in a liquid. They achieved global-in-time existence under certain restrictions on the
parameters and analysed the long time behaviour of the densities for linear and non-linear
diffusion in the special case where overcrowding does not occur.

The author of this thesis was able to prove that similar results can be obtained for a wider
class of differential equations both in the case of linear and non-linear diffusion, either for
subcritical mass or for models where overcrowding is prevented. It was shown that under al-
most natural restrictions on the sensitivity and diffusivity functions, global-in-time solutions

exist.
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1 Introduction

1.1 Introduction to the Keller-Segel Model

The following short introduction to the class of Keller-Segel type differential equations is a
brief version of the extensive historical survey of the Keller-Segel model given in [12].

We start by considering a density of cells p(x,t) and a density of a chemoattractant S(z,t).
Assuming that the total mass of the cells is conserved, we conclude that the change of mass
in a small volume D € R? is equal to the total flow through the boundary 0D of D.

Hence,

g/p(x,t)dm = - Jo(z,t) - vds,
ot Jp oD

where J,(xz,t) denotes the flow of the density of cells and v is the outward pointing unit
surface normal. Now the flow should depend linearly on

1. the gradient of p (diffusion) and

2. the gradient of S (attraction).
Therefore we obtain

Jp(x’ t) = _kl(p’ S)vp + kQ(P, S)VS,
for non-negative functions k1 (z), ko(z). Inserting this into the integral equation yields
oS

Ip(,1) _ op s
/D Y dr = aDkl(p,S)ay k;g(p,S)aV ds

/ div (k1 (p, 5)Vp — ka(p, 5)VS) d,
D

where we have used Gauss’ divergence theorem. This equation is clearly fulfilled if p and S
satisfy the pointwise differential equation

ap .

2t = 4V (kilp, S)Vp — k2(p, S)VS). (1.1)
For an equation describing the behaviour of the chemoattractant S we shall assume that S
diffuses and, taking into account that the chemoattractant is produced by the cells, we have
a source term proportional to the density of cells and to a function k4(S) > 0. Since this will

lead to a behaviour where the total mass of S increases (for there is a source but no drain)
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we shall also assume that the chemoattractant is decomposed with a rate proportional to
the density S. Therefore the integral equation reads

/de = /div(kg(p,S)VS) dx+/ k4(S)Pd$—R/ Sdz,
D ot D D
N——

D

diffusion source drain
and again, switching to the pointwise differential equation

%f = div (k3(p, S)VS) — RS + ka(S)p. (1.2)

Therefore we get the famous system of differential equations

% = div (k1(p, S)Vp — ka(p, S)V.S)

(1.3)
95— div (ks(p, S)VS) — RS + ka(S)p,

that was first presented by E. F. Keller and L. A. Segel in [13].

In the following we shall also assume that the diffusion of the chemical is much faster than
the motion of the cells (due to diffusion and attraction), which will consequently lead to a
parabolic-elliptic system:

If we consider a time intervall [tg, 1] that is small compared to the motion of the cells but
large compared to the motion of the chemoattractant, we can assume that the change in the

density p is negligable. The second equation of (1.3) then reads

08

E = diV(k3(p0,S>VS) —RS+I€4(S)p0. (14)
where pg = p(to) = p(t1). Since we assume that the chemical diffuses very fast, we expect
that S has almost reached the equilibrium state (here we shall also assume that there is an

equilibrium state for every pg) at time ¢; and therefore
0 = div (ks(p(tr), S(t)VS(t)) — RS(t1) + ka(S(t2))p(t1). (1.5)

Now we simply state that our solution shall statisfy this quasi-stationary equation for each
time t; and obtain the coupled parabolic-elliptic system of non-linear partial differential

equations

(1.6)
0 = diV(kg(p,S)VS)*RS+]€4(S),D.

In the following we will analyse two special cases of the system (1.6) for = € R%.

In chapter 2 we will fix

k1(p, S) €

ka(p,S) = f(p) _ % =B dv (f(0)VS)
ks(p,S) = R =1 0 = AS—S+p,

ky(S) = 1
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and obtain a model with linear diffusion, whereas in chapter 3 on the other hand we will fix

ki(p,S) = em(p)

ka(p,S) = mlp) _J# = div(m(p)V(er - 9))
ks(p.S) = R =1 — AS—S+p.

ki(S) = 1

This choice leads to a degenerated problem at points where m(p(x,t)) = 0 and the diffusion
vanishes. Here, ¢ € RT and f(z) and m(z) are functions R — R. Similar to the results in
[14] (parabolic-elliptic-system) and [15] (parabolic-parabolic-system), where these two cases
are studied for f(x) = m(xz) = z(1 — ), we will achieve global-in-time existence and other
properties such as positiviy and conservation of mass under almost natural restrictions on
F(x), m(x) and po.

We will also analyse the existence of stationary solutions for both cases and come to the
conclusion that there exist no stationary solutions in the case of linear diffusion if the mass
is too small. In the case of non-linear diffusion on the other hand, we will prove existence
of stationary solutions with arbitrarily small mass at least for one space-dimension.

Before we proceed, we will shortly recall definitions and basic results from the theory of
Sobolev spaces both for further reference and to introduce the notation used in chapter 2
and 3.
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1.2 Introduction to Sobolev Spaces

Here, we want to briefly recall some basic definitions and properties of Sobolev spaces. A
detailed elaboration, and proofs of the stated propositions can be found in [2, Chapter 5]
and [1] for the ordinary Sobolev spaces and [8] for the Sobolev spaces including time.

In the following, let  C R? be an open set, not necessarily bounded, but 9Q € C! if there

is a boundary.

Definition 1.1 (W™ P-gpaces). Let m € N and 1 < p < co. Then we define the Sobolev
space W™P(Q) as the set of functions u € LP(Q) satisifying,

D%u € LP(Q), for all multiindices || < m.

Here, D® denotes the partial derivative in the sense of distributions.

The Sobolevspaces WP are reflexive Banachspaces with the following norms

luliymey = [ Dul”, o, for p < oo
() (Q)
|a]<m
lullwmey = max || D%l Lsq), for p=occ.
|a]<m

Definition 1.2 (H™-spaces). Fizing p = 2 leads to an important class of Hilbert spaces
H™(Q) := W™2(Q) with the inner product

<@ p>gm = Z < D%, DY >p2q) -

|| <m

Proposition 1.3 (Density). Let 1 < p < co. Then C®(Q)NW™P(Q) is dense in W™P(Q).
Definition 1.4 (H~"-spaces). By definition H=™(Q) = (H™(Q))" is the dual space of H™.

H~™ is a reflexive Banach space with the operator norm. For u € H~™(Q) and ¢ € H™(Q)
we use the following notation

u(@) = <@ >mom,
indicating that for functions with enough regularity, for example u € L?(2) the H~™ bracket
can be seen as the inner product:

<u, o >p-m = ulp) = <u,o >r2.

Definition 1.5 (W."?-spaces). Similar to the W™P-spaces (taking proposition 1.3 into
account) we define the space Wy""(Q) = C’(‘)’O(Q)H'”Wmm as the closure of C§°(Q) with
respect to the W™P(Q)-norm. Again, fizing p = 2 leads to a class of Hilbert spaces H*(2)

with the inner product given by definition 1.2.
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Since we want to study equations in space and time we have to introduce suitable Sobolev

spaces that also inlcude time.

Definition 1.6 (C™(0,T, B)-spaces). Let B be a reflexive Banach space and T > 0 and
m € Ny. The space C™(0,T, B) defined as the set of all m-times continuous differentiable
functions u : [0,T] — B with the norm

m

. _ @
lullemo,r5) max [u(0)] 5

i=0

Definition 1.7 (LP(0,T, B)-spaces). Let B be a reflexive Banach space and T > 0 and
p € [1,00]. The space L*(0,T, B) is the set of all measureable functions u : [0,7] — B
satisfying

T 1/p
lullzro.r,8) = (/ ||U(t)||%dt> < oo, forp<oo
0
lull(o,r,5) = esssupllu(t)[z < oo
0<t<T

Finally let us introduce the standard space for dealing with parabolic equations:

Definition 1.8 (W2(0,T,V, H)-spaces). Let V be a seperable reflexive Banach space and
H a seperable Hilbert space such that there exists a continuous embedding V- — H. Then

we define
1,2 2 9 2 /
WA0.T.V.H) = o e PO.TV) | g0 e PO.TV) .
Proposition 1.9. Let the assumptions on V and H be the same as in definition 1.8. Then,
e W12(0,T,V, H) is a Banach space with the natural norm
lullwrz0,1,v,m) = lull20,7,v) + el 220,707 -
o CY0,T,V) is dense in WH2(0,T,V, H).

e the embedding W2(0,T,V,H) — C°(0,T, H) is continuous.

o forue WY2(0,T,V, H), the function t — ||u(t)||x is absolutely continuous (especially

differentiable almost everywhere) and

0
Fille@lE = 2 <w(t),u(t) >v: .

In order to prove boundedness (in the case where overcrowding is prevented), we will need

the following two propositions. For a proof we refer to [6, Theorem 1.56 and Theorem 1.57].

10
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Proposition 1.10. Let G € CY(R) with G’ € L*(R) and in addition G(0) = 0 if Q is
not bounded. Whenever u € WHP(Q) (for 1 < p < o0), G(u) belongs to WHP(Q) with
VG(u) = G'(u)Vu.

If Q is bounded and u € Wy P(Q), then G(u) also belongs to Wy (Q).

Proposition 1.11 (Stampaccia’s theorem). For 1 < p < oo and u € WHP(Q) or u €
WoP(Q) (in the case of bounded domains). Then [u]*,[u]~ and [u — ¢]* for some constant

¢ > 0 belong to WHP(Q) (or Wy P (Q) respectively) and the weak derivatives are given by

Viu" = xe+(u)Vu,
Viu]" = xgr-(w)Vu and
Viu—c™ = xg+(u—c)Vu

where x1(x) denotes the characteristic function statisfying x1(z) =0 ifx ¢ I and x1(z) =1
ifxel.

More tools and definitions that will be needed, especially in the case of non-linear diffusion,

are to be found in the appendix (chapter 5) or directly before their application.

11
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2 Linear Diffusion for General Attraction Terms

In this chapter we consider the Cauchy-problem for the parabolic-elliptic-system

9 = eAp — div (f(p)VS)

-AS+S=p (2.7)

p(z,0) = po(x)
where z € R, d > 1,t > 0,¢ >0, f : R = R locally Lipschitz continuous (with local
Lipschitz constant Ly on the intervall [-M, M]), and py € L (R9) N L*(R%). For reasons
of simplicity we shall also assume that f(0) = 0. We will see later that this assumption
is not necessary to prove existence of a local-in-time solution but it shortens some of the
proofs and seems to be a natural restriction. Intuitively, it is evident that the particle flux
originates only in diffusion if p(x¢, ) = 0 at a point (xg,t) € R? x R*. In order to develop

a suitable definition of weak solutions of (2.7) and prove the existence of solutions, we need
some expertise on the linear theory first.

2.1 Non-Homogeneous Heat Equation in R?

We first turn our attention to the non-homogeneous heat equation on the whole space

%‘t’ =eAp+ f
p(,0) = pola) € LA(RY) (2.8)
(z,t) € R? x [0,T] and f(x,t) € LR x [0,T)).

Luckily, due to the Fourier transform, an explicit representation formula for the solution of

(2.8) can be derived at least for po(x) € C(R?) and f(z,t) € C([0,T] x R%). We recall the
following proposition (see for instance [2, Chapter 2.3]):

Proposition 2.12. Let py(z) € C(R?) and f(z,t) € C([0,T]xRY). Then the strong solution
p € C=((0,T) x RY)NC([0,T] x RY) of the heat equation is given by

plant) = (Gxp)et)+ [ [ Gyt =) f(y.) dyds 29)

z|2
wherein G(z,t) = me’% is called the fundamental solution of the heat equation or
the heat convolution kernel.

Since the existence result in proposition 2.12 does not yield integrability we need to prove
the following:

12
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Corollary 2.13. Let p € C*((0,T) x RY) N C([0,T] x RY) be the strong solution of the
non-homogeneous heat equation provided by proposition 2.12 and let the right hand side
f(z) € C([0,T) x RY) and the inital data py € C(R?) additionally be in L*([0,T] x R?) and
L?(R%) respectively. Then, p € W12(0,T, H'(RY), L?(R%)).

Proof. Multiplying the heat equation (2.8) by p and integrating with respect to z yields

—pdr = /5Ap~p+fpdx
Rd

10
= f—/ prde = —5/ |Vp|? dx—l—/ fpdz,
Qat Rli Rd Rd

where we have used integration by parts. Using Young’s inequality on the last term leads

to
10
20t Ja

0
= &”P(J)HZL%W) +2|Vo(s ) Tamay < NFCONF2@ay + 100 DI gays

1
7 f2dx+—/ P dx
R 27 Jra

IN

p*dx + z—:/ |Vp|? dz
Rd 2

where we have fixed v = 1. Applying Gronwall’s lemma (see for instance [2, Appendix j])

gives us

t
(D ey < ef-(||po||%2(Rd)+ / ||f<.,s>||iz<Rd>ds>

'« (Ilpol2a gty + 171220,y )

IN

= olBsorperey < (7= 1) (loollZamay + 17135 qo.zyxre) )

where we have integrated with respect to ¢t. Therefore, by inserting the L?(R%)-estimate of
p(.,t), we obtain

0
&”;o(wt)"%?(]}%d) +2| Vol ey < N OIT2Gra
+ et (ool + 1132 0.11xm0 ) -
Integrating with respect to 0 < ¢ < T leads to
lpC DTz 0.7y xmay + 21Vl 2 o 1yxray < € - (HPOH%z(Rd) + ||f||2L2([o,T]de)) ;

which implies that p € L2(0, T, H'(R%)).

13
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For the estimate of p; we consider a testfunction ¢ € L?(0,7T, H'(R%)) and obtain similarly

T
dp

< Pty >g-1pay dt = / —pdzdt
/0 ' HEHED (0,7]xrd Ot

_ /[ R
0,T]x

= —E/ V,o~V<pdxdt+/ fodzdt
[0,T] xR¢ [0,T] xRd

< ellVollzzo,rxra) Vel L2 ((0,1) xra)
+ [ fllz2(0,rxr) €1 L2 ([0, 1) x R4
< (elVoll2orxray + 1 flL2(o,myxre)) - 1@l L2 0,7, 1 (R2))

where we have used Cauchy Schwarz’s inequality. Now the estimate of Vp, which we have

already proven, shows that

T
/ <prp >g-ray At < Clpo, £, D)ol 20,7, 121 (R))
0

and therefore p, € L*(0,T, H~1(Q)).
O

To prove that we can apply this approach for f(x,t) € L2(R? x [0,7]) and po(x) € L*(R9)
(but not necessarily continuous), and that the function defined by (2.9) does indeed exist
and is a solution of (2.8) in some sense, we need some properties of the heat kernel, which

are summarised in the following lemma.

Lemma 2.14. The heat kernel G fulfils

[GC.OllLrray = 1 (2.10)
VG O)llr@a = Clp.edt™ 5" p>1 (2.11)
RdVG(x,t)dx = 0 ¢R? (2.12)

14
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Proof. The estimates are easily obtained by straightforward computation.

GGl v [ e F e = (e [ )’
. pry —_— e et Tr = —_— e et €T
P (4met)d/2 J5a (4met) 172 [y

- [E DR - (e ey -
Vid — VB 2 Jr
1 22 =12 |
p — [ T det
VG = s [ |(~ ) 5 s
_ap_ _plsl? o(EZ)V? =
= C(p,e,d)t 2P z|Pe” 1t do = et
(p ) ]Rd| | dl‘(ﬁ)dm = du
= C(pe,dyt=Fpte/20d/2 [y pe—lul® gy
Rd
=C"(d,p)<o0
= C(p7€7d)t_p(ip;z+p
0 _l=?
G(z,t)de = C | z;e %t dx
Rd 8{EZ Rd
o0 L2 d—1 e L2
= C’(/ efmdz) (/ ze*@dz) =0
—0o0 — 00

=0

Now we have the proper tools to prove

Theorem 2.15. Let f(z,t) € L2(R? x [0,T]) and po(z) € L%(R?). Then, the representation
formula (2.9) yields a weak solution p(x,t) € WH2(0,T, H'(R?), L2(R%)) of the heat equation
(2.8) in the following sense:

ot
Vo € L*(0,T, H'(RY)) (2.13)
hd p(a O) = PO()
If, in addition, f(z,t) € L*(0,T, H™(R?)) and po(x) € H™(R?) for some m € Ny, then
there even holds p(z,t) € L?(0,T, H™TY(R%)) N L>(0, T, H™(RY)).

t a t
° / < =p,p>g-1 ds:—a/ Vp-Vo+ fodrds
0 0 JRd

Proof. Let us start by considering sequences
fn € C>([0,T] x RY) N L2([0,T] x RY), fn — fin L2([0,T] x R?) and
po.n € C°(RY) N L2(RY), Po.n — po in L*(RY).

15
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The existence of these sequences is justified by proposition 1.3, telling us that the space
C>([0,T) x R N L2([0,T] x R?) is dense in L?([0,T] x R?). According to proposition 2.12
we now define, for all n € N, p,, as the strong solution of the heat equation (2.8) given by
the representation formula (2.9) with source f, and inital data pg .

Our first aim is to prove that the sequence p,, € C*°((0,T) x RY) N C([0,T] x RY) N W2 is
a Cauchy sequence in W12 := W1.2(0, T, H'(R?), L?(RY)).

Let, for fixed m,n € N, p,, — pm =: p, fa — fm = f and po.n — po.m =: po. Subtracting the

differential equations for p, and p,, yields

0 _ o
5P = eAp+ f (2.14)

multiplying by p and integrating over R leads to

o _
P pdr = €| Ap-p+ fpdx

Ra Ot R4

10 5 oo =

= —— prdr = —¢ Vp-Vp+ fpdx
20t Rd Rd
a, _ _ — _
= a”pH%Q(Rd) < =2e||VillTemay + 122 ma) + 120172 gy (2.15)

0, _ z _
= S lolie@sy < 1F1L2@a) + 1272 @a),

where we have used integration by parts and Young’s inequality. Applying Gronwall’s lemma

gives us
Hﬁ(ﬂt)HQL%Rd) < e (llpollZ2gey + ||f||2L2(Rdx[o,t]))
< el (HﬁOH%Q(Rd) + ||f||2L2(Rdx[o,T]))
= Ipl72@axory < (€7 =1) - (pollF2gay + 17l Z2maxpo.m7)- (2.16)

For the estimate of the gradient of p we take the inequality (2.15) and integrate with respect
to t from 0 to T'

15 T 2ay = 1P0ll72@ay < —2elVDlI72@axpo.ry + 171 22@axor) + 17172@axp0.m)
= QEHVﬁH%%Rdx[o,T]) < ||ﬁo||2L2(Rd) + ||fH%2(Rd><[O,T]) + Hﬁ”%?(Rdx[O,T])
= 25Hvﬁ|‘%2(Rdx[0,T]) < el (||ﬁO\\2L2(Rd) + Hf||2L2(Rdx[o,T]))> (2.17)

where we have used the estimate (2.16) for ||p] z2(ra x[o,77) from above.
To achieve convergence in W12 we need an additional estimate for || % pllL2(0,7,1-1(ray)- For

this purpose let ¢ € L2(0,T, H'(R?)), l¢ll2 0,1, 11 (rey) < 1. Then, multiplying equation

16
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(2.14) by ¢ and integrating over R? x [0, 7] yields

/T<8 > dt = / g’ dxdt
o (‘%p’@ H-1(R4) = ReX[0.T] atﬂ@

—5/ Vp- Ve + fodzdt
R4 x[0,7]

IA

e[Vl Lz @axio,m IVl L2 ®axo,7)
1l 2axjo,m el L2 R x o, 77)

where we applied Cauchy-Schwarz’s inequality. Taking into account the assumption on ¢
and the estimate (2.17) for the gradient of p leads to

T T
0 _ e B _ _
/0 < 5P P ZH® dt < 5 (1501172 @ay + I FI172Raxo.r7)) + I1Fll L2 @axgo.ry)
GT 2 eT =12
= 7”50“1:2(11{‘1) + (? + DI fI 2 @ax o, 77)- (2.18)
In conclusion we obtain
12 A2 12 2
1ol = N2l720,7,22 Ry + IVOIT200,7,L2R2)) + 121720, -1 (RAY)
3e+1 _ 3e+1, -
= (€T725 —1) - |90l 72 (gay + eTTerHQL?(RdX[O,T]) (2.19)

Since f, — f in L%([0,T] x R?) and pgn — po in L*(R%), the difference |pm — pnllwr.2
vanishes as m,n — oo and therefore p,, is a Cauchy sequence. Since W12 is a Banach space
this implies that the sequence converges to p’ € W2 in the sense of W2, As already
used, the functions p, naturally satisfy the weak formulation of the heat equation (2.13)
by simply multiplying by ¢, integrating over R% x [0, 7] and applying integration by parts.
Because of the convergence in W2 we just proved we can pass the limit and establish the

weak formulation for p’

t 6 t
/ < =p,o>pg1 ds = —5/ Vo' -Vo+ fodrds
0 ot o Jra

for all functions ¢ € L2(0,T, H'(R4)) and p'(.,0) = po(.). In order to complete the proof
we have to show that p’ = p, wherein p denotes the function we obtain by inserting f and

po into the representation formula (2.9). It is, of course, sufficient to prove that ||p, —

17
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P||L2(Rdx[o,T]) — 0.

t
lpn = pllzey < |G *(pon — po)llL2(me) + H/ Gt =) * (ful8) = f(.8))ds
0 L2(Re)
< Gl @yll(pon = po)llL2ra)
t
4 [IGE =85 (Fales) = £ ds
0
t
< |l(pon — PO)HL?(Rd) +/o 1G(.,t — 5)||L1(Rd)||fn(~v s) = f(., 5)||L2(Rd) ds
t
< 6o = podlzage + [ o) = £ aagan ds
0
< ||(P0,n - p0)||L2(]Rd) + th/2. Il fn(s8) = fC(, 5)||L2(Rd><[0,t])
< o = po)llzzray + 72 - [ (s 8) = £ 8) |l L2(raxo,r)s

where we have used the inequalties of Holder and Cauchy-Schwarz and || G| 11 (ray = 1.

By construction of the sequences, we can find, for every § > 0, an integer N(4) € N such
that [|(po.n — po)llL2mey < 8 and [|fn(.,8) — f(., 8)||L2rax(o,r)) < J. Integrating with respect
to t yields

T
lpn — PH%Z’(Rd)X[o’T] < /0 (6 + t1/25)2 dt

752
< BT+ 8T/2 +6) 229 0.

For the higher regularity we can assume that f,, — f in L%(0,7, H™(R%)) and pg,n — po in
H™(R4). Just like before, we subtract the strong formulation of the heat equation for p,
and p,,, respectively. Since p,, pn € C®((0,T) x R?), we can differentiate the equation

0
aDa(pn - pm) = EADa(pn - pm) + Da(fn - fm)

for some multiindex |a] < m. Multiplying by po := D*(p, — pm) and integrating with
respect to x leads to

19 =2 =2 /7 7
= dr = - Vol dx + afad
t/dpaa: 5/d| Pol” dz dpf x

g, _ _ _ 1 -
= 7||pa('7t)||2L2(Rd) < _25||Vpa(~at)||%2(md)+7\|Poc(~at)||%2(u@d)+*Hfa(~at)||2Lz(Rd)-
ot ~
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Choosing v = 1, omitting the norm of Vp, and applying Gronwall’s lemma leads to

t
Hﬁa(-vt)H%Z(Rd) < 6t||pa(~70)||2L2(Rd)+/Oetista(-vs)”i%Rd)ds

t
< a4 | o)y
< €t||ﬁa(-70)||%2(uad)+€t||fa\|%2([o,t]xkd)
< eT”ﬁOt("O)H%Z(]Rd)+6T||fa||%2([0,T]de)

= ||p0¢('at)”LOO(O,T,Lz(Rd)) — O, for n,m — oQ.

Here we used that || fallr2(0.11xre) < |[fn = finllL2(0,7,5m ®ay)y for |a| < m (and the same
relation for the inital data). Taking again the inequality from above and integrating with

respect to ¢t yields

||ﬁa(‘7t)||%2(Rd) + 2€||vﬁa('=t)H%Q([O,T]x]Rd) < Hﬁa('ﬂo)H%Q(]Rd) + Hﬁa('vt)‘l%?‘([o,T]de)
+||f_a('vt)”%’é’([O,T]de)'

Together with the previous result we have
||vﬁa('7t)”L2([0,T]><]Rd) — 0, for n,m — oo.

Since this holds true for every multiindex «, |o| < m, we can conclude that p,, converges in
L2(0,T, H™tY{(RY)) N L>(0, T, H™(R?)). O

Unfortunately, we will see that f € L2(0,T, L?(R?)) is not wide enough to cover the situation
we will have to deal with later on. Therefore, we will prove a more general version of the

previous lemma.

Theorem 2.16. Let f(z,t) = div(V(z,1)), V € (L>(0,T, Lz(Rd)))d. Then, the function p
defined by

plx,t) = (G* pg)(z,t) — /0 y VG —y,t—s)-V(y,s)dyds (2.20)

belongs to W2 .= WL2(0,T, H (R?), L*(R%)) and satisfies, for all ¢ € L*(0,T, H'(RY)),

the following equation

t a t
/ < =p,p>p-1ds = —/ / eVp - Vo +V - -Vepdxds. (2.21)
0 6t 0 Rd

In addition, there holds p(.,0) = po(.) and therefore p is called a weak solution of the heat

equation.

Proof. The proof will basically be the same as in the previous lemma and we will therefore

keep the calculations shorter. In addition, we can assume that the initial data pg = 0. The
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solution for arbitrary pg is then given by the sum of the solution p; of the homogeneous
heat equation with inital data py (for which the previous lemma can be applied) and p,, the
solution of the non-homogeneous heat equation with inital data equal to zero.

We start by taking a sequence V;, € (C*°([0,T] x R%) N L*>(0,T, LQ(Rd)))d that converges
towards V in (L>(0,7, L2(]Rd)))d. Then the sequence f,, = div(V;,) € C*(]0,T] x R?) leads
to a sequence p,, € C°°((0,T) x RY) NC([0,T] x RY) N W2 of solutions of the heat equation
(see remark 2.17), such that there holds

on(z,t) = (Gxpg)(z,t)+ /0 y Gz —y,t —s) div(V,(y, s)) dyds (2.22)
— (G o)) —/O [ VG =yt =) Vil dyds (2.23)
% = eAp, +div(V,). (2.24)

Now we consider for fixed n,m € N, the differences p = p,, — p,,, and V=V,-V,.
Let ||V, = Vinll(z2(0,mxre))a < 0. Then, by using the same procedure as in the proof of

theorem 2.15 we obtain

10, 9 o B
5&‘“)“[,2(]1@) = /Rd*EVp'Vp*V-Vpdx

_ a, 1 5
< —e|VollTa gy + §||VP||2L2(Rd) + %HVH?H(Rd))d'

And therefore by integrating with respect to ¢ and then fixing o = &€ we obtain in the same

way as before

IN

121l 22 (0,77 x R4 Cle, DIV l(ze o1 r2@ayye < C(e,T) 6
IVl 2o rixrey < C'(e, DIV || (oo, 2ayye < C'(e,T)- 4.

This estimates allow us to easily estimate ||%/3||L2(0,T)H_1(Rd)) < C"(e,T) - 6.

Therefore p,, is a Cauchy sequence in W12 and converges towards a function p’ € W12,
By using the exact same arguments as in theorem 2.15 we can pass the limit in the weak
formulation and achieve for all p € L2(0, T, H*(R?))

t o t
/ < —p,o>p ds:—/ / eVp -V +V - -Veodrds.
0 ot o Jra

Now we need to identify p’ with p given by the formula (2.20). This can be done easily by
looking at the difference between p,, and p:
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t
lon = pllLzmey < ‘ / VG(.,t—s)x(Vo(,s)—V(,s))ds
0 12 (R4)
t
< / IVG(.,t = 9)|lLr@eyl[Va (- 8) = V(. 8) [l (L2 (may)a ds
0
t
< CWe) WV~ Vigmomisaoys [ =97 ds
0
< C(d,e) 6 t'/?

< C(deT)6 — 0.
O

Remark 2.17. For reasons of clarity we skipped a similar result to corollary 2.13 in the
case of f(x,t) = div(V(z,t)), V € (L=(0,T, LQ(Rd)))d. The proof is mainly the same to
the one given above, where f € L([0,T] x RY).

2.2 A Special Elliptic Equation

We now direct our attention to the elliptic equation
~AS(z) + S(x) = f(z), r € R? (2.25)

for f € L"(RY), » > 1. Just as in the previous section, thanks to Fourier transformation,
there exists an explicit representation of the solution for smooth f(x) (see for instance [4,
Chapter 12, Example 8]).

Proposition 2.18. Let f(z) € C®(RY) with compact support. Then there exists a unique
strong solution S € S(R?) of equation (2.25) given by

o0 e_t_‘if
=B here B(x) := ———dt 2.2
S * f, where B(x) /o ()72 (2.26)

is called the Bessel potential. Here S(R?) denotes the Schwartz space or space of rapidly

decreasing functions.

S = {f S C’OO(Rd) | sup |xO‘D5f(x)| < 0 Va,5}7 (2.27)

zeRd

where o and B are arbitrary multi-indices.
Just as before we need the following properties of B.
Lemma 2.19.

[Bllrirey = 1 (2.28)
IVBlpigy = C < o (2.29)
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Proof. Straightforward compution will lead to the desired properties.

1
||B||L1(]Rd) - W/ td/Q Ad dl’ dt
—(47rt)d/2

= / e tdt = 1

0
lel 1=
IVB| ey = d/2/ +d/2 /Rd o € d:vdt

:r:(ﬁ)l/2 = /°° / ~lul?

= = C(d “dudt
dl‘(%)d/Q — du ( ) 0 t1/2 Rd ‘u|€ U

— —

=C'(d)

O

Now we can introduce a suitable defintion of weak solutions of (2.25) and prove existence
and uniqueness.

Theorem 2.20. For every f(z) € L?(RY) the function S(z) defined by S = Bx f, where B
is the Bessel potential, is an element of the Sobolev space H*(R?) and satisfies

VS -Vo+ Sp dr = / fo dx (2.30)
R4 R4

for all p € HY(R?). Therefore S is called a weak solution.

In addition, if S € H*(R?) satisfies the weak formulation (2.30), then S = S.

Proof. Just like before we want to use an approximation argument. Let f,, € C5°(R?) be a
sequence that converges towards f in the sense of L2. Let S,, be the corresponding sequence
defined by S,, = B* f,. The previous proposition tells us that S, € S(R?) ¢ C>®(R?) are
strong solutions of the elliptic equation —AS,,(z) + S, (z) = fn(z).

Since f,, f € L?>(R?), it is easy to see that S,,,S € L*(R?), where S = B f.

1Sl 2 (ray IB* fullL2may < IBllor@eyll fullczway = [1fnlle2@e

1512 me) IBx fllzwey < IBllor@aylfllczwey = [flz2we

Subtracting the differential equations for .S, and S, from each other, multiplying the result
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by S, — S,, and integrating over R yields

/ V(S — S)? + (Sn — Syn)? d / (Su = Su)(fr — fu) dt
R4 R4

1 1
§/Rd(Sn_Sm)2d$+§-/Rd(fn_fm)zdmv

where we have used Young’s inequality. Therefore

IN

IN

1
HSn - Sm”%ﬁ(Rd) + EHV(Sn - Sm)“%ﬂ(Rd)

= IS0 = Smldpey < Ifa — funll3egg)-

1
§||fn - meQLZ(Rd)

Hence, S, converges in H'(R?) towards some S’ € H*(R%). The S,, clearly satisify the weak
formulation (2.30) of the differential equation. Due to the convergence in H!(R?) we can
pass the limit in the weak formulation and obtain for all ¢ € H'(R%)

/VS'~V50+S'cpdm:/ fodz.
Rd Rd

Now we need to identify S’ with S. We do so by simply looking at the difference between
S, and S

[Sn = Sllr2ey = IB* (fo — F)llz2®a)
< |IBllzr@sll fo = fllL2@e
< Nfa = fllzwey — 0,

and therefore S,, = S = 5.
In order to prove uniqueness, we subtract the weak formulations for S and S and use the
difference p = S — S € H*(R?) as testfunction

V(S—8)-V(S—8) + (S — 5)2de /Rd(f—f)(s—g)dx

Rd
= V(S —S)[femey + 1S = SlZ2@ay = 0,
and therefore S = S. O

Corollary 2.21 (Higher regularity). Let f € H'(RY) N L>(R%). Then the solution S(z) of

(2.30) given by the convolution S = B x f features also improved regularity, namely

o [[VS|Le®ey < COfllze @
o [[Sluzre) < Cllfllmrray-

Proof. These two inequalities can easily be obtained by using the representation of .S

||VS||L<>°(1R«1) VB * f”LDO(]Rd)

IN

VBl L1 ey | f1l Loe (mey
CHf”LOO(Rd)a

IN
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where we have used Hoélder’s inequality and estimate (2.29). We continue analogously for
the H2-estimate

o2 OB 8f
||8TZ%S||L2 (RY) = H ||L2(Rd)
< HVBHL1 Rd)vaHL2(Rd)
< ClIVElla wey-

2.3 Weak Solutions, Local-in-Time Existence

Our aim in this section is to prove existence and uniqueness of a local solution of (2.7).
Because we have explicit representations of the non-homogeneous heat equation and the
elliptic equation we define a solution of our problem as a fixed point of an operator 7. To

define 7 properly, we need to establish the underlying space first.

Definition 2.22. Let T > 0 and M > 0, then we define

Xr = L>(0,T,L*(RY) N L>®(RY))
1fllxr = [fllee(o,r,zr @) + [ fllLoeo,7,000 (r2)) Vf € X7
Xyt = {f e Xo| [Ifllx, < M}

Definition 2.23. Let pg € L* N L™, then for p € XM we formally define
t
T(o)(w.0)i= (G pu)(t)+ [ [ VGt =) (VB p)(o.s)dyds. (231)
0 d

In order to define T rigorously (which will be done in lemma 2.25) and identify a fixed point

of T with some kind of weak solution we are looking for, we need the following short lemma.

Lemma 2.24. Let p € XM for some constants T,M > 0. Then the function defined by
9= F(p)V(Bxp) is in (L=(0,T, L?))".

Proof.

l9llz2@aya = [If(P)V(B*p)ll(r2may)a
Hf(p)||L°°(Rd) [VB x PH(L?(Rd))d

IN

< Lullpllpee may VBl 1 wayll ol L2 (re)

< CLullpll poe ey llpll L2 ey
CLM”PHLOO(W)HP HLl (R)

< CLullpll @y ol g 101 2 gy

3/2 1/2
CLMHPHL/OO(]Rd)Hp”L/l Rd)>
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where we have used ||V B| 1 (gey < C (corollary 2.21 of the previous section) and Hélder’s
inequality. Taking the supremum yields

IN

3/2 1/2
gl zeorr2@one < CIllol}2 o 7 oo oy 101 0.1 11 et

< CLyM?

O

Due to theorem 2.16, this allows us to understand 7 (p) to be the weak solution of the non-
homogeneous heat equation (2.7). This will be useful both in the following and in addition
a justification to work with 7 in the first place.

To prove the existence of a fixed point we will take advantage of the Banach fixed point
theorem (also known as the contraction mapping theorem, see for instance [5, Chapter 1]). It
provides us with existence and uniqueness of fixed points of contractive self-maps of banach
spaces.

Theorem 2.25. There exist M > 0 and T > 0 such that T is a self mapping, i.e.
T XM xM,

Proof. Let p € XM and 1 < r < oo, then using estimates (2.10), (2.11) and Holder’s

inequality several times, yields

IT(e)ler < (G *po)(z,t)||lr + ‘/ VG(z —y,t—s)(f(p)V(B*p))(y,s)dyds
0 JR4 Lr
< Gl ool + / I(VG(,t = 5) * (F(0) V(B * p)(., 5))r ds
=1 0
< ool + / VGt — )l - |(F(P)V(B* ) 8)] e ds
< ool + Cld)- / (t— )72 £ (o )|~ [(VB % p) (oo 8)] - ds
< ol + Cd)- / (t— )72 | £ (o )|~ VBl 9., 8)]| - ds
< ool + C@) - Ipllzmor 1 (0]l 1 (0.1 / (t—s)"/2ds

< Alpollzr + Ca- llpll .z, 1 (0)ll L (o,7,Lo0) - £7/2.

Since p € XM = ||pllre(0,7,00) < M and f(z) is Lipschitz continuous with f(0) = 0, we
get:

IN

HT(P)”LOO(O,T,U-) llpollzr + Ca - ||PHL00(0,T,LT') : SliI])M |f(z)] -T2 (2.32)

||
llpoll L + CaM Las - ||p]l zo= o, T2 (2.33)

IN
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In particular if we insert r =1, 00

A

IT(P)llL=r,ry < lpollze + CaM? Ly T2
1T (Pl o000y < |\P0||L°°+CdM2LMT1/2-

In conclusion we obtain:

!
1T (P xy < C14TY2 - (CoM?La) < M

with constants C1 = ||po||z1 + [lpollze and C2,C5 depending only on the dimension d and
the diffusion constant . The inequality above is clearly satisified if
M- Cy

Cy < Mand TV? < 2 — 21
! an = oMLy

(2.34)
O
Theorem 2.26. There exist M > 0 and T > 0 such that T is a contraction:

ITF) =T Dlxr < If —9glxr Vf9€Xp.

Proof. We calculate the difference between two functions p; and p2 using similar methods
as in the proof of the theorem above. Note that the term including py cancels immediately.
Let p1, po EX%/I and 1 <r < oo

[T (p1) = T(p2)llzr <

< H / (VGLot =)+ [(H)(TB 1) = F(p2) (VB # o)) (9] |
< Ct2 [ f(p) (VB * p1) = f(p2) (VB p2) | L= (o.1.r)
= C-t/%. ||f(Pl)(VB* (p1 — Pz)) + (f(ﬂl) - f(PQ))(VB * p2)||L°°(0,T7LT)
< C-t'2 | VB - 1f ()l o= 0,7,z00) - lp1r = p2ll Lo 0,1, L7)

+C-t'?2. VBl - 1f(p1) = f(p2)llL=0,7.27) - [IP2llL (0,7, 2)
< C'tV2 Ly - M+ Lag - M) - |lp1 — pall (o2

< C"-t% Ly M- |lp1 — poll=(0,1,17)-

Here, we have used again that f(x) is Lipschitz continuous and f(0) = 0. Similarly to the

proof above we now insert » = 1, 00 and obtain

[T (p1) = T(p2)llLo=(0,7,1) C-T'? Ly - M- |p1 = pallp=(o.r,)

IT(p1) = T(p2)llpo,r,ney < C -T2 Lag M- |lp1 — pall(o.,0)

IN
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and therefore, for some constant Cs(¢, d),

!
1T (1) = T(p2)llxr < Cs3-TY2-Lag- M- o1 — p2llxs < llpr — p2lxz-

Hence, if
T2 < (CsLa M), (2.35)

then 7 is a contraction. O

Now we easily conclude

Corollary 2.27 (Existence and uniqueness of a fixed point). Let pg € L' N L>, then there
ezists a fized point p(z,t) € XM of T for some T > 0.

Proof. If there is a pair M, T that fulfils inequalities (2.34) and (2.35) of the two previous
theorems then 7 ist a contractive self-mapping on the banach space X2 and the banach

fixed point theorem provides us with a unique fixed point in X, Let M = 2C; and

T2 = min( ! ) M- G )
CsLyyM’™ CoM?2Lyy,
B . 1 1
= WG TG G0 Ly
~ CiLu
for some constant Cy depending only on ¢ and d and C1 = ||po||zr + ||pollLe~. This choice
clearly satisfies the two inequalties and therefore the proof is complete. O]

The following corollary will conclude this section and summarise the results.
Corollary 2.28 (Local existence of weak solution). Let pg € L' N L, then there exists a
unique p € XM N WH2(0, T, H(R?), L2(R?)) that satisifies
t a t
° / < —p,p >t ds=—€/ Vp-Veo+ (f(p)V(Bx*p)) - Voduds
0 ot o Jra
Vo € L2(0,T, H'(R?)) (2.36)
e p(-,0)=po(.)
for some T, M > 0.
Proof. Due to corollary 2.27 there exists a fixed point p of 7 and due to theorem 2.16 from

the previous section we can interpret p as a weak solution of the non-homogeneous heat
equation with source div(f(p)V (B * p)) and inital data po. O
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Remark 2.29 (Initial data in LP).

The strong assumptions on the initial data are not necessary to achieve a fixed point and
therefore local existence. In fact, pg € LP(R?) for some p > 1 is sufficient. To see this, we
can simply define 7 on L>°(0,T, LP(R%)). If we want to prove that 7 is a self-map and a
contraction, we have to perform the same steps as in the proof above, fixing r = p instead
of r = 1,00. We will later see that important properties like mass conservation and even
global existence do not necessarily depend on the higher regularity we required. We made
the extra effort because in that way we can interpret p as weak solution of (2.7) and this

will be crucial to prove decay estimates as t goes to infinity (section 2.4).

2.4 Properties of the Local Solution and Global Existence

In this section we want to study the long time behaviour of our system. Naturally, the
characteristic for large time or even the existence of a global-in-time solution do heavily
depend on the behaviour of f. We can however, without any further requirements, prove
global existence and strong decay estimates if the inital mass is not to large. Therefore, in
this section, we will not impose any further restrictions on f, we shall just assume that f is
Lipschitz continuous and f(0) = 0.

We start by proving some properties (namely positivity, mass conservation and uniform
L>-estimates) of the local solution we found in the previous section. These properties will
help us find a global solution. The idea will be to take a T-step in time and take p(.,T') as
the new initial value. If we can guarantee that ||p(.,t)||z: + [|p(.,t)||L~ does not increase,

we can take another step with the same stepsize T and so on.

Theorem 2.30 (Positivity). Let po(x) > 0, then the local weak solutions p(z,t) and S(x,t)
of (2.7) are positive for all 0 <t <T.

Proof. Let us for a moment consider f(x) = xg+ () f(x), where xg+ (x) is the characteristic
function of RT. Since f(z) is clearly Lipschitz continuous (f(0) = 0), we can find a weak
solution for our new sensitivity function. Using ¢ = [p]~ = min(0, p) as testfunction (see
proposition 1.11) in the weak formulation (2.36) leads to

/<%p’[p}f >g-ds = *5/0 RdVﬂVM’+f(p)V(B*p)~V[p]*da;ds

0
1[0, ~12
= 3 ), gl Iee@nds = =elVIol lzaor. 2@y

<[] [p]i@)wB*p)-Vpdzds

= —5||V[P]_||2Lz(o,T,L2(Rd))-
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And therefore

o)™ (D2 ey + 26NV ) 20 L2y = N[0} (O Z2 ey
—_———
=0

where we have used that po(z) > 0. Clearly, [p](z,t) =0 < p(z,t) > 0.

Since p(z) > 0, the change from f(z) to f(z) has not changed anything after all, because
clearly f(z) and f (z) are equal on the range of p.

For the positivity of S we follow the same procedure. Taking ¢ = [S]” = min(0,S5) as
testfunction in the weak formulation of the elliptic equation yields

VS0 ) - VS| (o) de + [ S(8[S] (8 dz = /p(.,t)[S]_(.,t) de
R R4 Rd N~~~ ——

= IVISI™(D)llZ2@ay + IS C O Z2@ay < O

and therefore [S]™(x,t) =0 < S(x,t) > 0. O

Next, we turn our attention to the conservation of mass. Since we can write our model in

divergence form %p = div(eVp — f(p)VS), we expect the mass to be conserved and we

will see that this is naturally incorporated in this model.

Theorem 2.31 (Mass conservation). Let M(t) := [, p(z,t)dz. Then M(t) = M(0) =: M,
forallt <T.

Proof. Using the representation formula of our weak solution leads directly to
/ p(x,t) dx
Rd

/ (G po)(a, ) di + / / VG(x — .t — ) de-(f(p)V(B* p))(y, ) dyds
Rd 0 JRAdJRd

=0

M(t)

/ po(x,t)de = My.
Rd
O

Knowing that the L'-norm of p(z,t) is conserved (and 0 < p(x,t), assuming that the inital
data is non-negative), we still need a global L*-bound of p. As mentioned before, this can be
done by either restricting the initial data or the sensivity function f(x). In the following, we
turn our attention to the case of subcritical initial mass, however we will discuss properties
of f(x) that will lead to a prevention of overcrowing in section 2.5.

In fact we will prove even more than just global boundedness, but we will derive decay
estimates for the LP(R%)-norm for 2 < p < oo. Numerical results and the substantial
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similarity in the heat equation suggest that the L>°-norm of p(z,t) tends to zero as t goes
to infinity. We will see that this is in fact the case if the total mass is small enough.

Let us start by proving LP decay estimates for 2 < p < oo.

Lemma 2.32. Let f(z) > 0 for x > 0, 0 < po(z) and po(z) € L*(R?) N L>(RY). Then,
there exists a constant C(d,e, L) depending only on the dimension d, the diffusivity ¢ and

on the Lipschitz constant L, such that if the total mass satisifies
/ podx < C(d,e,L). (2.37)
Rd

Then the weak solution p(x,t) of (2.7) satisifies the decay estimates
_dp=1)
1(0) ey < O+ 1)~ 5,2 < p < . (2.38)
Proof. Let p € XM nW12(0,T, H'(RY), L?(R%)) be the weak local-in-time solution of (2.36).
Our first step is to prove that ¢ := ppP~1 € W2 and we can therefore use it as testfunction

in the weak formulation (2.36).

lpp" Ze@ay = P210°P VL (ray
< Pl e ol o ey
< pzMz(pq)
1PV Mliemay = P°(0—12p" >Vl 72 may
< P20 = D210 2T ey VOl T 2 e
< Pp— 1)’ M*P || Vp| T2 ey < o0

o . _ 50
< Papp L > H-1(R4) pp—1) <p? 2&%#’ > H-1(Rd)
0 _
= pp—=1) < 500" > i ae
0 _
= plp— 1)”&/’”H*1(Rd)||pp 2P| ey < 00

for some testfunction ¢ € H'(RY), ||| i (rey < 1. Therefore, we can easily integrate with
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respect to time and obtain ¢ := ppP~t € W12, Inserting ¢ into the weak formulation yields

0
E/ pldx = —sp/ Vpp_l-Vpd:r+p/ VP 1 f(p) - VS dx
R R R4

= —ep(p— 1)/Rd PP ~*Vp - Vpdr +p(p — 1)/Rd PPV pf(p) - VS dzx

_ _“(i.;”Ad|vpp/2|2dx—p(p—1)Ad (/Opup_Qf(u)du) .ASdz
= 2D [ wprtacpp-n [ ([Cetioa) - )i

_w p/2|2 _ < g p—2 )
< ; /RdIVp | dz + p(p 1)/Rd /Ou flw)du ) - pd,

where we have used 0 < p and therefore 0 < f(p) and S > 0. Here, fop uP=2f(u)du is a
formal notation denoting the primitive of uP~2 f(u) evaluated at p. Thanks to the Lipschitz

continuity of f we can easily estimate
Iz 2 2 I
/ W2 f () du = / W2 F(u) — £(0)) du < L/ W20 — 0)du < 2.
0 0 N~ =~ 0 p
>0 =0

Combining the two inequalities above leads to

de(p—1
g/ pPrde < —M/ \Vp”/2|2dx+L(p—1)/ PP da.
ot Rd p R4 Rd

Using a version of the Gagliardo-Nirenberg inequality (see for instance [9])

1" H|zr < C(d, p) ol e V0P 2132 < C(d, p)llpoll A1V 072132
where @« =1 for d = 1,2 and a = d/2 for d > 2, leads to

de(p—1)

0 @
el <~ IVp""2 32 + L(p = 1)C(d, ) | pol| 5 IV 67/ 13.

If de(p — )p~t > L(p — 1)C’(d,p)\|p0|\}:/1a & ol < <pLg(6d,p))a7 the inequality can be

written as P
ol + C'|VpP/?||2, <0 for some C' > 0.

Due to the following interpolation inequalitiy (see for instance [10])

W " /21|12 %
ol """ < CIVPRIL: Nl iy

we can finally conclude
d(p—1)+2

) . =S
Sl +Cl? 17 <o,

31



Keller-Segel Model Stefan Schuchnigg

Applying Gronwall’s lemma leads to the polynomial decay

d(p 1)

[p(t)llzr < (Cit+ Co)~
O

Lemma 2.33. Let py satisfy the same conditions as in lemma 2.32. Then, the solution

p(x,t) satisifies the L*°-decay estimate

lp(t) || Loo ey < C(t + 1), (2.39)

Proof. Using the implicit representation of p provided by formula (2.31), we obtain for

t>ty >0
2t

I 20wy = NCCH*p(o0)+ [ VG2 =) (F()V(B*p))(-.5) sl gy
< GGt * p(s )| oo (ray +
2t
n ‘ VG(., 2t = s) = (f(p)V(B*p))(.,s) ds
\ Loo (R4)
< NGO poe ey o] 1 ray +
/VGt—s (f(p)V(Bx*p))(t+s)ds
Loo (Rd)
< NGl zoe ey llpoll 1wy +

t
+/||VG(t_S)HLP(R")Hf(p)V(B*p)(t+S)HL‘J(]R”’)dS
0

where we have taken into account that the mass is conserved and applied Holder’s inequality
(with I + 1 =1). Inserting the L>-estimate for G yields

o, 28)[| oo (ray <

t
C't=2|poll o1 (may + /0 IVG(t = s)[Le@n) | (P)V(B* p)(t + 5)|| Lo (re) ds

IN

IN

t
Ct4% + /0 IVG(t = $)llo@ey | f (p( + )| L rey VBl Lo mayllp(t + $)l| o (ma) ds

t
< Ct ¥ + L| VB poza /0 IVG(t = 5)[ Lo ey lp(E + )| Luray |l p(E 4 $)]| L (ra) ds

for % + % + i = % + 1, where we have used Lipschitz continuity of f and again Holder’s
inequality. Applying the LP-estimates proven in lemma 2.32 leads to

p(z,2t)|| oo (ray <

—d/2 t _d(u=1) _ d(w—1)
< Ct" + L|VB|pvwaey | VGt = 5)Le@a)(Ci(t+5) + C2)~ 2w zo ds
0
t —1
< Ct—d/2+L||VB||LU<Rd)/ (t— )" "5 “H(Cit+ ) + Co)"HEGHD) gs
0
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where we have used estimate (2.11) for the convolution kernel G. Choosing p < 7% and
v = 1 implies that the exponent becomes —d+%( +1) = —d+ g% = f%(% +1). Therefore
da/2 ¢ d(p=1) 1 d(lyq
lp(x, 2t)[| pocmay < Ot / —l—C// (t—s)" " 2(t+s4+C") "2 ds
0
¢
< o +c'(t+c”)—%<%+1>/ (t— 554 ds
0
< Oy Ot 0y EGT
S Ct_d/2 4 Clt_d_‘—%
< Ct2

Here, the last step is justified by d > 1 & —d + 1/2 < —d/2. Since [|p(t)|| o @) is
bounded by one, we can always find a constant C' that provides us with the desired estimate
lp(t)l| oo (ray < C(t+1)7%. O

As mentioned above, we can now state a corollary including global existence of weak solu-
tions.

Corollary 2.34 (Global existence of weak solutions). There exists a constant C(d,€) such
that if

i ||p0||L1(Rd) < C(d7 5)7 pPo € Loo(Rd)v po > 0;

e f(x) is Lipschitz continuous, f(0) =0, f(xz)>0Vz > 0.

Then, for every T > 0 there exists a unique global weak solution p of (2.7) satisfying
e pcWh0,T, H'(RY), L*(R?))

t a t
. / < —p,p >t ds:—a/ Vp-Veo+ (f(p)V(B*p)) - Voduds
g Ot o Jra

Yo € L?(0,T, H*(R?))
p(-,0) = po(.)
plz,t) 20

ol = llpollr
()l < (Crt + Co)

_d»

771) +
2 72§p§007 017026R-

Proof. We start by taking a To-step in time, where [0, Tp] is the interval of existence of the
local solution. Now we want to take another step with initial data p(Tp). Since we have a
global bound of the L®-norm, we can guarantee that the stepsize does not decrease with
every step we take. Therefore, we can extend our solution uniquely to any point 7' > 0. The

stated properties have already been proven above. O
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x

Figure 1: Three different F;-functions

2.5 Prevention of Overcrowding

In this section we want to find restrictions on f(z) that prevent the system from overcrow-

ding. Therefore we will not need any further assumptions on py to achieve global existence.

Definition 2.35. For further reference we say a function f(x) has property ( Fy, ) if f(x)
is Lipschitz continuous, f(0) = f(b) =0 for some b >0 and f(z) >0 for 0 <z <b.

Lemma 2.36. Let f have ( F, ), 0 < pg < b and p € L'(R?). Then, the weak solutions p
and S are also bounded by b.

Proof. Without loss of generality we shall assume f(x) = 0 for > b. For general f we just
follow the replacing procedure we already applied proving lemma 2.30.

We start by taking [p(z,t) — bt = max(p(z,t) —b,0) as testfunction in the weak formulation
(2.36)

t t
/ < %pv [P(x,t) - b}Jr >pg-1 ds = —5/ Vp . V[p(a:7t) _ b]+ dxds
0

0 R4
t
+ F(P)V (B p) - Vip(a,t) — " dads
0 JRd4

1

t
)
2 Jo Silllo(@, ) =0 egayds = —ellVip@,t) = b 2 0,7,12(rey)

+ /0 /RdXW[p(x’z_bmp)v(B*P)‘Vﬂdxds

—||Vip(,t) — b]+||2L2(O,T,L2(]R"))

and therefore

oz, t) = b1 (, D)l[72may + 26V Ip(2, ) = O 12207 L2 (Ray) = Nlo(2,8) = b F 72 ey

=0
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where we have used that pg(z) < b. From this it follows that p(x,t) < b and subsequently
that S(x,t) < bby using [S(z,t)—b]" as testfunction in the weak formulation and proceeding
exactly as in the proof of positivity. O

Since we have a uniform L*°-bound, we can state the same result for global existence as in

the previous section (of course without the decay estimates):

Corollary 2.37 (Global existence of weak solutions with prevention of overcrowding). If

e 0<po<b, poeL'(RY;
e f(x) has (Fp);
then, for every T > 0 there exists a unique global weak solution p of (2.7) satisfying
o pcWh(0,T, H (RY), L*(RY))
t a t
/ < —p,p >t ds:—s/ Vp-Veo+ (f(p)V(B*p)) - Vo drds
0 ot o Jra
Vo € L*(0,T, H'(RY))

p(-0) = po(.)
0<p(z,t)<b

ez = lleollzr-

2.6 Stationary Solutions and Energy of the System

Another interesting question is whether stationary solutions exist. For the case of small
initial mass we have already proven that there cannot be any stationary solutions because
of the decay estimates (see corollary 2.34).

Our aim in this section is to derive a suitable functional that is non-increasing for every
solution and derive characteristics of stationary solutions.

We start by defining an energy function &£(p, S):

Definition 2.38 (Energy functional). Let g(z) : R? — R? be a two times differentiable
and Lipschitz continuous function satisfying g(0) = 0. Then we define the energy function
E(p,S): (H'(RY) N L'Y(R))2 — R in the following way
1
E(p,S) = 7/ (|VS]? + S%) da —/ dex+5/ g(p) da. (2.40)
2 R4 R4 R

d

Since S € HY(R?) and p € L*(RY) N L%(RY) (and g(x) is Lipschitz continuous) all three
integrals exist and E(p, S) is well defined.

Now we want to analyse what happens if we insert our weak solution into the functional.
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Lemma 2.39 (Partial derivatives). Let p, S satisfy the weak formulation of the elliptic
equation —AS + S = p. Then, the partial derivatives of € in direction ¢ € H'(R?) N L} (RY)
at the point (p,S) € (H*(R?) N LY(R%))? exist, and are given by

DsE(p,S)(§) = 0, ¥¢e H'(RY)NL'(RY)

DEPSO = - [ eSdr+e /R (e

Proof. Since Dg&(p, S) and D,E(p, S) are clearly linear functionals we only need to prove
that the difference quotient goes to zero. Let ¢ € H*(R?) N LY(R?), then we compute

E(p, S +&) —&(p,S) — Ds&(p, 9)(§) =
! 2 2 X — X X
= 3 [ VP + (S +90do— [ oS+ Odote [ g

2 R

1
77/ (|VS|2+SQ)dx+/ dexfe:/ g(p)dx
2 Jpa Rd Rd
1

= 7/ 2VS~V§+|V§|2+QS§+§2dz—/ p€ dx
2 R4 Rd

= %/ |V£|2+£2d:£+/ VS -VE+ 5S¢ — p&dx
R R

=0
1 1

= §||V£H%2(]Rd)+§”£H%2(Rd)
1

= SR < Il o

Where we have used that S satisifies the elliptic equation and ¢ € H'(RY) is a valid test-

function. Therefore, it follows

£(p,S +€) — E(p, S) — DsE(p, 5)(©))| €1 (e
€11 21 (ray + €1l a1 (ray = €l @ay + 1€l ey
€1 e
T €l ey

£—0
< élgrway = 0.

A

Here, £ — 0 means that [|€|| 11 ra) + [[€] g1 (ra)y — 0.
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Slightly more effort is needed to prove the result for the partial derivative with respect to p.

5(p+§,5)—5(p,S)—Dp5(p,S)(§) =
- %/Rd(WSF+52)dx—/Rd(p-i-«E)Sda:—i—/Rdg(p-i-f)daf

1
—f/ (|VS|2+52)dx+/ dew—e/ g(p) dz
2 Rd Rd

Rd

+ | &Sdx — 5/ g (p)édw
R4 Rd

5/ glp+€) —g(p) — g (p)& du.
Rd

Since g(x) is differentiable, the operator G : 1 — g(v) : HY(RY)NLY(RY) — LY(R?) is clearly
Frechet differentiable and its derivative is given by DG(¥)(§) = ¢'(¢)¢. Therefore, there
exists for every € > 0 a d > 0 satisfying ||G(¢+&) —G(¥) —g" (V)| 1 (ray < €ll€ll g1 reynrr (may
for all & with ||| g1 (ra)np1(rey < 6. Using this reasoning in the equation above yields

|5(P +¢&, S) - &(p, S) — ng(P, S)(§)| €€||5HH1(Rd)mL1(Rd)
€1l e1 ey L2 () - €1l a1 eyt ()
< e =Y.

O

Now we want to use the results from above and turn our attention to the energy in the

evolving system.

Lemma 2.40. Let (p, S) be a pair of weak solutions of (2.7) and e(t) := E(p(.,t), S(.,1)).

Then its time derivative is given by

Oe
5 = [ 0TV (Vo f()TS)

Rd
Proof. Unfortunately, we cannot differentiate with respect to ¢ by using the chain rule be-
cause we would need % P, %S € LY(RY) N H(RY). Therefore we start by taking an approxi-
mating sequence of functions p, € L2(0,T, L*(R?) N HY(R4)) N C>(]0,T] x R?) (and the

corresponding sequence S,,) such that ||p, — p|lwr.2 — 0.
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Now we can compute

o = D050 1)
= DSS(pn,Sn)(a; )+ DpE(pn, Sn )(%”>
= [ e (o) = S o
= <O ()~ >
- < % £9'(pn) — Sn > r2(ma) — %,sg’(p)—sh%n@d)
+< % eg'(p) = 8 >p2me — < %,69’(/)) — S > re
+< %759/@) =5 >p-1ra)
= €< %,9/(%) —9'(p) >r2ma) + < aat S —Sn >pr2ra)
+ < % - %,sg’( ) =8 >p-1ra) + < %,69'(0) =5 >p-1(re),

where we have inserted several terms and juggled them around a bit. Therefore we get

0
—£<pn<.,t>,sn<. B)= < 55229 ()) = S >nrr | <

0pn
|| ||L2 @) llg'(pn) — 9" (P) |2 rey + HWHLZ(RUZ)”S — Sull L2 ey

0pn  Op
Hl— — aHHfl(Rd)Hé‘gl(P) — S| m1 (may-

8pn

Now the assumed convergence implies that || 5

£2(re) is uniformly bounded and the norms
IS — SnllL2@ay — 0 and [|g'(pn) — 9'(p )||L2(Rd) — 0 as n goes to infinity. Therefore we

conclude

0 ap
Eg(pn('ﬂt)vsn('vt)) = 8t759 (,0) -5 >H*1(Rd)

= —<eVp—f(p)VS.V(eg'(p) = ) >(p2rayy

- [ (€Y= 1)) (4 (9)Vp = VS) da.

O

Intuitively, we would like to choose g(z) in such a way that ¢”(x)f(z) = 1. But since
we only assumed that f(x) is Lipschitz continuous and f(z) > 0, problems will occur
at points g € R where f(z9) = 0. To overcome this problem, we define a sequence of
functions g, (z) € C?(R%) N C%(R?) for a > 0 in the following way: g (z) = (w)+a
f(z) + a > a > 0, the function g,(x) is two times differentiable and Lipschitz continuous

Since
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and we can use the derivations from above. Now we can extract necessary conditions for

stationary solutions.

Lemma 2.41 (Stationary solutions). Let f(x) be Lipschitz continuous, f(z) >0, f(0) =0
and (p(x), S(x)) be a pair of stationary weak solutions of (2.7). Then, there holds

o cVp=f(p)VS or (2.41)
e flp)=0. (2.42)
Proof. Since we have stationary solutions, every functional is also time independent and

therefore its derivative with respect to time is equal to zero. Taking the sequence of functions

go from above and using the result from lemma 2.40 yields

0
O = &gga(p"s’)
= - /R (c95(p)Vp = VS) - (Vp— f(p)V5S) da
= - _Vr ooy - ’
- /f(p(z))—o(gf(P)—lroz VS)-(eVp— f(p)VS)d
Vp

—

R f(p(z))#o(gm = VS) - (eVp = f(p)VS) dx

v 1
P _VS). eVpdz — / L eVp— F() VS dx
flp(x))=0 Flp)£0 f(p)

Il
|
—

i /f<p(m>>¢o(€vp ~fPVS)- V- (f(p): a ﬁ) o
1
B a /f(p(x))=0 EQ‘V/)'Q ot /f(p(af))=0 Ve VS
‘5 /ﬂp(m)#o(gw ~1OVS)- Vo i
- /f(p(m))#O %/’)kvp G

2 1/2 1/2
< -= |vp\2daz+s(/ |Vp|2dx) (/ |VS|2d:c)
@ J(p(a))=0 F(pla))=0 F(p(a))=0
:Cl :CZ
+a€/ Vp — f(p)v S| 22 dx—/ L eV — F(p) VS dx
F(p(x))#0 f2(p) Fp)£0 f(p)

where we have used Cauchy-Schwarz’s inequality. Now let 0 < o < % if C1,Cy > 0 or

a>0if C;y =0 or Cy =0. Then, —%%—i—Cng < 0, and we get
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9 1
0 = =&,.(p),S) < —/ ——|eVp — f(p)VS|? dx
o £ (0),9) T 10V
Vol
tae / eVp — f(0)VS| VL g
Fp(@)#0 f*(p)

Now passing on to the limit @ — 0 in this inequality yields
1

0 < - / €V — f(p)VS[2da
Fotanzo f(p)

And therefore eVp = f(p)V.S or f(p) = 0.
O

Remark 2.42. It may feel like we have beaten around the bush here for some time. The main
difficulty is that the functional £, does not necessarily exist for some g(x) with g"(z) = ﬁ
Though g(z) is always two times differentiable, it does not have to be Lipschitz continuous

and we therefore cannot expect the integral fRd g(p)dx to be well defined. (See example 2.45).

Remark 2.43 (Energy dissipation). If we assume a-priori that the solution is smooth en-
ough, such that the functial exists for each fixed time, the exact same steps as in lemma 2.41
lead to

0

atgga (p’ S) O

We therefore say that the system is dissipative.

Now we want to show that the relation between p and S given in lemma 2.41 can easily lead

to non-existence of stationary solutions.

Example 2.44 (Non-existence of non-trivial continuous stationary solutions). Let f(z) =«
and (p(z),S(z)) € (HY(R?) NC(RY))? be a pair of stationary solutions. Due to lemma 2.41
we have eVp = pV.S or p = 0. These equations are equivalent to p = e 5t or p =0 for some
constant C € R. Let us assume that p # 0 on a mazimal domain Q. Now since S(x) > 0,
it follows that p > e in Q and therefore Q0 has to be bounded. Because we assumed that

p € C(RY) and p =0 on Q°, we conclude that there are no stationary solutions.

The next example shall emphasize that problems can occur when defining the energy func-
tional for unsuitable choices of f(x).
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Example 2.45 (Non-existence of the energy functional). Letd = 1 and f(z) = 42°/2. Then
g(x) = —x'/? satisfies ¢" (x)f(z) = 1 Vo € Rt. Now, choosing as inital data the function
po = min(|z|7%/2,1) € L=(R) N L*(R), we immediately see that the integral [, g(po)dx =
f_ll(—l)dac +2 [ (—|z|73/*)dx does not exist.

Still, we can specify conditions for stationary solutions, namely —2ep~'/? = S+ C' for some
constant C € R or p=0.

Remark 2.46. The non-ezistence of stationary solutions (especially in the case of small
mass, where we have derived the decay-estimates) is one of the main reasons for conside-
ring the model with non-linear diffusion in the next chapter. We will see that in that case
stationary solutions exist for arbitrary mass.

In chapter 4 we will see that this has also great influence on the behaviour of time dependent
solutions. Solutions of the model with linear diffusion will either decay to zero or blow up
(in the case with no prevention of overcrowding), solutions of the model with non-linear

diffusion on the other hand seem to converge towards a (non-trivial) stationary solution.
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3 Non-Linear Diffusion with Prevention of Overcrow-

ding
In this chapter we want to turn our attention to the slightly different non-linear model

% = div (m(p)V(ep — S))
—AS+S=p (3:49)
p(x,0) = po(x),z € R

In this chapter we will only consider functions m(x) that imply a prevention of overcrowding
similar to section 2.5. Note that this restriction (that leads to global boundedness) is not
necessary in order to achieve global existence and can be replaced by an assumption on the
initital data (||pol| 1 (rey < C'), which would lead to decay estimates similar to lemma 2.33.
Therefore, let m(z) be Lipschitz continuous, differentiable, m(0) = m(1) = 0 and let m(z) >
AxP(1 — 2)P for constants 3 > 0, A > 0 and for all = € (0,1). Similar to the case of linear
diffusion let 0 < pg < 1 and pg € L}(R?).

The main technical difference in comparison to the model in previous chapter is that the non-
linearity also affects the diffusion term. Since no representation formula is known (in contrast
to the previous chapter where we could obtain one from the non-linear heat equation), we
will need a different approach.

Before we derive a suitable defintion of weak solutions, let us briefly recall a well known
result from the linear theory of parabolic differential equations, a proof can be found for
instance in [2, Chapter 7.1].

Proposition 3.47 (Existence of weak solutions for linear parabolic equations). Let 2 be
a bounded subset of RY, a;;,b;,c € L°°([0,T] x Q) and f € L?([0,T] x Q). Additionally,
let g € L*(Q) and Zij:l ai j(z, )& > 0|E|? for all (x,t) € @ x [0,T], £ € RY and some
0> 0.

Then, there exists a unique u(x,t) € WH2(0,T, H}(Q), L*(Q)) satisifying

d d
ou Oy ou
< U, @ >H_1(Q)+/QE ai,jafm%j-i-g_lbia—xitp—i-cugodx = /Qfgodx, and

i,j=1

for all times 0 < t < T and for all ¢ € L*(0,T,H}(Q)). Therefore, u is called the weak

solution of the linear parabolic equation.
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3.1 Weak Solutions

Now, let us turn our attention back to the system of non-linear equations. By multiplying

(3.43) by a Wh2-function and integrating by parts one obtains
t t
/ < pr,p > ds +/ /d[e -VM(p) —m(p)VS]-Vedrds =0 (3.44)
0 0 JR

t
/ / VS -Vo+(S—p)pdrds =0 (3.45)
0 Jrd

Where 2% — (), M(0) = 0.

Definition 3.48. A pair of functions (p, S) is called weak solution of (3.43) if the following
conditions are satisfied:

1. pr € L*([0,T), H~Y(R%))

2. M(p) € L*([0,T], H'(R?))

3. pe L>([0,T] x RY) and 0 < p(z,t) < 1 almost everywhere in [0,T] x R<.
4. S € L*([0,T], H'(R))

5. For all p € L?(0, T, H*(R?)) the relations (3.44) and (3.45) hold.

6. p(.,0) =po(.) € LY(RY) and 0 < py < 1

The subject of the following section is to prove existence of weak solutions. The main
technical difficulties are in particular the degeneracy of the diffusion coefficient at the values
p = 0,1 and the unboundedness of the domain. To overcome this problems we will first
consider a non-degenerated-problem on a closed ball with Dirichlet boundary conditions.
Then we will pass the limit in the diffusion coefficient and finally send the radius of the ball
to infinity.

3.1.1 Regularized Problem on a Ball

Before we proceed we shall introduce some short-hand-notations.
e Q:={z R’ |z| <R}
o X :=WL2(0,T, H}(Q), L?(2))
e B:=L12(0,T,L*Q))

e f:R— R, f(r) =max(min(z,1),0)
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Figure 2: Cut-off-function

By adding aeVp to the diffiusion term, equation (3.44) becomes

t t
/ < pryp >p-1 ds+ / / [e-VM(p) +acVp —m(p)VS]- Vodrds =0 (3.46)
0 Q

Now we define an Operator T'(p) = p that maps B — B. To keep things clear, we will first
write down the plain definition without going into existence details and work on that issue
in the following lemma.

Definition 3.49. Let po r := pola- Then for p € B we shall define the operator T in two
steps:

1. S is the weak solution of the linear elliptic equation —AS + S = f(p) for x € Q and
—AS+ 8 =0 for|z| > R. It is given by S = B x (xaf(p)).

2. T(p) := p is the weak solution of the linear parabolic equation
pt —e-div(AVp)+b-Vp = h,

with inital data p(.,0) = po,r(.) and homogeneous Dirichlet boundary conditions.

Alz,t) = m(f(p(x,1))) +
b(a,t) = m'(f(p(x t)))VS(l‘ t)
h(z,t) = —m(f(p(z,1))) - AS(z,1)

As mentioned above, first of all we need to make sure that the operator T' described above
is at least well defined and that it maps B — B.

Lemma 3.50. For p € B there exists a unique p € B and S such that the differential
equations from definition 3.49 are satisfied.
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Proof. In order to apply the theory for linear parabolic equations, we need to make sure that
the coefficients A, b, h satisfy the assumptions of proposition 3.47. Since 0 < m(f(x)) < L

we directly obtain
0 < A@,t) = a+m(f(p,t) < a+L

For the L>-estimate of b we recall the properties of B proven in the first chapter (lemma
2.19)

|m' (f(9)) VS| Lo ([0,11x2)

161l o= (0,71 x2)

< Hm/(f(ﬁ))||L°o([0,T}xQ) ||VS||L°°([0,T}><Q)
< LIVS|L=(o,11x0)

< L|IVS|lzee(jo,r)xr4)

< LIIIVBI| L1 weylIxef ()| oo rey | Lo (0,1)
< LO@If(A) Lo (jo,r)xr)

< LC(d) =: By,

where we have used that f(z) <1 and m/(z) < L. Similarly, we obtain an L2-estimate for

S

1Sz ) < 1SllL2(may
< |Bllzr@ellxaf(d)llr2 e
< [fPlz2)-

Since S satisfies the equation AS = S — xof(p) in a distributional sense and the right hand
side is in L?(Q), AS has to be square-integrable, too:

[AS|z2) < 1S — xaf(P)llL2(o)
< SNz + lIxef (Al L2
< Sllz2) + 1f (D)2
< 2 f(P)llz2(o)
< 2C'(d,R).
Therefore, we can conclude
[Pz = [Im(f(p)AS]|L2(a)
< lm(f(P) | Lee ) |AS] 220
< 2LC'(d,R)

and finally

bz < C(d,R,T) =: Hy.
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Now, proposition (3.47) provides us with the existence of a unique function p belonging to
Wh2(0,T, HY(Q), L3(Q)) satisfying

<P, P >H-1(Q) +/ AVp-Vp+b-Vppdr = hy dzx, (3.47)
Q Q

and p(.,0) = g(.)
for all € L?(0,T, H}(2)). Therefore, the definition of T': B — B is justified. O

To prove continuity of T', the coefficients A, b, h need to be continuous with respect to p in

some sense, which is clarified by

Lemma 3.51. Let py L4 p and let Ay, by, hi be the corresponding sequences defined by
definition 3.49. Then there exists a subsequence p). such that Ay — A and by — b almost
everywhere and hy E h. Here A, b, h are the coefficients associated with p.

Proof. Since py, LY p due to proposition 5.67, there exists a subsequence pys that converges

almost everywhere. Since f(z), m(x) and m/(z) are continuous functions, we directly obtain

m(f(pr)) — m(f(p)) almost everywhere, and
m' (f(pr)) — m/'(f(p)) almost everywhere.

Using the representations of Sy, and S leads to

[VSk = VS|lL=omxe) < IIVSk = VS| Lo ((0,7]xre
< VBl poeo,7,01 ey X f (Prr) — Xf (B) | Loe (j0,77 x R4
< C@AIf(pr) = F(P)llLe=(jo,r1x2) — 0.

For the convergence of AS, we proceed just as before:

[ASy —AS|s < |[Sw = Sls +1f(pe) — f(P)llB
< Sw = Sliz+ (o) = F(D)lB
< Bllpeeo,r,r @y 1 (oe) = F(D) | + 11f (orr) — f(P)]I 8
< 2f () = f(P)lB — 0.

Now we can combine these convergences and obtain the desired convergences of Ay, by and
h . O

Another important ingredient in order to prove existence of a fixed point of T will be the

following a-priori estimate:

Lemma 3.52. The operator T satisfies the a-priori estimate ||T(p)|lx < Cy, for some
constant Cy depending on o, R,d, T and ||po| r2(q)-
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Proof. Using ¢ = p as testfunction in (3.47) leads to

< P p >t +/5A\Vp|2d:c = —/ b-Vpp+hpdx
Q Q
10
= 5 5ilPOe +2a- IVplE@ < Bo [ IplIVelde+ [ hoda.
2 0t Q Q

Now applying Young’s inequality on both integrals yields

10 2 2 Boy 2 By 2
——||p(t % < —|V —
2ath( iz +ea- IVolizg < 5 IVollzzq) + 2 pl172(0)
Lo 1,9
+ 5o + §||P||L2(Q)-
Fixing v = 25—(?‘ and multiplying by two leads to

0 B2
ez < (= +Dlelieq) + Ha-
ot Qe

Now Gronwall’s lemma gives us the first a-priori estimate and we obtain:

o5 < C(R,d, T, ||poll r2(q))- (3.48)

Using again ¢ = p, but choosing v = F* (so the term including the gradient does not

vanish), leads similarly to

IVp(®)IB < C'(r, R,d, T, || pol| 2(e))- (3.49)

These two inequalities allow to estimate < py,¢ >g-1< C" (o, R, d, T, [|po||22(0) 1€l 72 (o)
by simply applying Young’s inequality on all terms. Therefore, we obtain the essential

a-priori estimate stated above. O

The next step is to prove that T' is continuous.
Lemma 3.53. T is continuous, i.e.
e D5 = T(pr) > T(p).
Proof. Let py Y p and therefore ||pg||z < C. Now the a-priori estimate from the previous

lemma tells us that the sequence py := T(py) is bounded in X and therefore, by defintion
of the spaces B and X, we have ||px||p < ||px||x < C’. Taking into account that a bounded
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sequence is convergent if and only if all convergent subsequences have the same limit (propo-
sition 5.68), we start by taking any convergent subsequence pj, LY p'. Now we want to prove
that independently of the choice of pj we always have p’ = T'(p) and therefore pj S T(p).
Since p}, is bounded in X, there exists a weakly convergent subsequence and we can therfore
assume (without loss of generality) that pj, X P’ (in addition to the strong convergence in
B).

Applying lemma 3.51 and again switching to the subsequence provided by proposition 5.68
we find that

Ak/ — Aa.e.
by — bae.
he B h

X /
P — P

Therefore, we can pass on to the limit in the weak formulation (3.47) and obtain

< Py > +/aAVp’~V<p+b-Vp’gpda: = /fgpdz.
Q Q

Since the solution of the linear parabolic equation is unique, we can conclude that p/ = p

for every subsequence pj.. Therefore, T' is continuous. O

Now we can make use of Schauder’s fixed point theorem (see for instance [7, Theorem 10.1])

and prove the following corollary

Corollary 3.54. The operator T has a fized point p € K where K := {p € X | ||¢|lx < Cy}

C,. denotes the constant given by lemma 3.52.

Proof. Since K is clearly a subset of B and due to the a-priori estimate from lemma 3.52
we can define T': K — K. Since X — B is compact, K is a convex compact subset of B.
Now we already know that 7' : B — B is continuous and therefore especially if we restrict
the domain to K. Hence, we can apply Schauder’s fixed point theorem and obtain a fixed
point p € K O

In the following two corollaries we will derive important estimates for fixed points p = T'(p).
These will become crucial for passing the limit @ — 0.
Corollary 3.55. Let p be a fixred point of T. Then we have 0 < p, S < 1. The weak

formulation therefore reads

< P, >H-1 +/ e[m(p) + a]Vp-Vedz = /m(p)VS-Vgoda:
Q Q

/VS-Vap-i-(S—p)cpdx = 0.
Q
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Proof. Since S(.,t) € H'(R?) satisfies
/ VS - Vo + Spdx :/ xaf(p)pdr = / f(p)pdz
Rd Rd Q

for all o in H!(R?), we start by using ¢ = [S]~ as testfunction:

VS-V[S]” + S[S]” dx / FO)[S] dz
“ 30

IN

= IVISIT 22 ey + 18] 122 mey 0.

and therefore S > 0. For the upper bound we look at the L*°-norm

[Szoeay = 1B * (xaf(p)ll Lo e
< |Bllr@sllxef ()= e
< Bl f(o)llL=(@)
< 1.

Similarly, using ¢ = [p]~ € W2 as testfunction in the weak formulation (3.47) of the

parabolic equation leads to

[ <onlel >n ds [ [ clmlso) + allTlo) 4 (7p) VS - Vol dads =
0 0JQ

_ /0 t /Q m(f(p)) - AS[p]~ ds.

B o= gl GOl = [ [ w098 Volpl dads,

And therefore

S (Dl + <0l VIol™

where we have used that f(z) = 0 for # < 0 and m(0) = 0. Now, taking into account that
Volp]~ = %V([p]_z) and 0 < pg <1 and due to integration by parts we obtain

SN Ol + 2l = 2 [ Aspl~? dods

= L[ i asas

L [t _2

5/@/9(1—;»[;)] dxds
L
5l

IN

IN

oI5,

and therefore

IA

o1~ D11z 0 L|[o]~ |1,
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which implies that ||[p] (., ?)||z2(q) = 0 and therefore p > 0. Analogously, using ¢ = [p— 1]
as testfunction yields p < 1.
Especially the cut-off function f(p) is just the identity and we obtain, for fixed points of T’

the following equation

< prp >p +/ elm(p) +a)Vp - Vodz = —/ m/(p)VS - Vpp +m(p)ASep dw
Q Q

/ m(p)VS - Vedz,
Q

which is exactly the weak formulation of the regularized equation (3.46). Similarly, the

elliptic equation reads

VS -Vo+(S—p)pdx = 0
Q

O
Corollary 3.56. Let p be a fized point of T. Then we have the following estimates
M zz0rm20) < Ch (3.50)
valpllpzormi@) < Oo (3.51)
||pt||L2(07T7H61(Q)) < G (3.52)

with constants C; independent of a.
Proof. Using ¢ = p as testfunction directly leads to
< Pty P >H-1 +/ elm(p) + a]Vp-Vpdx = / m(p)VS - Vpdx
Q
/ M(p)(p—S)d
2 [ Mip)(p - 5)ds
Q
2 / M(p)p dx
Q
P
= 2 (/ m(u)du) -pdx
o \Jo
P
2L/ (/ udu> -pdx
0

Q
L | p?dx
Q

L/ p?dz,
Q

IN

= ol +ea [ [V da

IN

= a”pHQLQ(Q) + 2<504||VP||2L2(Q)

IN

IN

IN

IN
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and therefore (by using Gronwall’s lemma)

0
EHPH%Z(Q)
= HP(»t)Hiz(Q)

Accordingly, we have

lIo(.,

= a| Vol

T)|1 720y + 2ea||Vpll3

IN

L/dex
Q

" lp(, 0)l122(q)-

IN

" lp(.,0

eLT

7||p

Nz
0)[IZ2(0)

Now, using M (p) as testfunction (see lemma 5.70), we similarly obtain

< pt, M(p) >p— +/
Q

0
= GIME)e + [ VMG +am

0
= a”M(p)HLl(Q)‘f’E/ |VM(P)|2d$
Q

0
= aHM(P)”Ll(Q) +e|VM(p)ll72(0)

where we have used that m(z) is Lipschitz

to t yields
M) (T |1y + VM ()3 <
<
<

where we have used that M(z) < L%S

elm(p) +a]Vp-

VM(p)dx

/m )WVS - VM(p) dz

s
{{f
(=
([ )

L2

3
L2
3
L?

3

(0)|Vp|* dz

ptdx
Q

p? dx
Q

< <Ml

0)II72(c)

continuous and p > 0. Integrating with respect

L

g(eLT = Dl 0)[I72(q) + IM () (- 0)l L1 ()
L

g(BLT = Dllp(; 01720y + [IM(p0) |1 ()

L L

g(eL —Dlp(0)[1720) + gHPSHLl(Q)

L

g(QeLT = Do 0)[172(0

and pp < 1. Due to Poincare’s inequality (proposition

5.71) there exists a constant such that [|1[| g1 () < C||V¥||L2(q) and we have proven the

first estimate.
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For the estimate of p; we consider a function ¢ € H*(Q).

< Py >g-1 = /Q(—E[m(p)—Fa]Vp—km(p)VS)-Vgoda:

lelm(p) + alVp +m(p)VS | 2 gy IVl 20y

IN

< lelm(p) +a]Vp+m(p)VS| 12 (q) Il (o)

< (elm(p)Volla@ + =0l Vol + Im(p) VS| e ) - el o

< (IVM) 2 + 2allplim @) + Lol VSl @) - el o)
< (€||VM(P)||L2(Q) +evaovalpllm ) + L||P||L2(Q)C) Nl (e

< Clpo, o) - lella (o)

where we have used Cauchy-Schwarz’s inequality Holder’s inequality and the estimates we
have already proven. This holds true for all o < ag and implies that ||p;||-1(q) < C for

some constant independent of a (for a small). O

3.1.2 Limit o« — 0

In order to pass on the limit o — 0, we need several terms to converge. Looking at the weak

formulation of the regularized equation (3.46), we need to ensure that

o (pa)e = pe in L*(0,T, H () (3.53)
e VM(py) — VM(p)in L*(0,T, L*(Q)) (3.54)
e m(pa)VSs, — m(p)VS in L*(0,T, L*(Q)) (3.55)
e cVp, — 0in L*(0,T, L*(Q)) (3.56)
e po — pin L*(0,T, L*(Q)) (3.57)
e S,— SinL*0,T, H'(Q)). (3.58)

The main difficulty is not to prove that the sequences converge but to identify the limits
with the desired functions. For this purpose it is necessary to have an additional strong
convergence of p, in B. This can be done by proving that the sequence p, is uniformly
bounded in a function space that is compact in B. The most natural space would be of
course W12(0, T, H} (2), L3(£2)), but unfortunately we can not expect that the H}(Q)-norm
of po does not increase for « — 0 (although (p4 )+ is uniformly bounded, see estimate (3.52)).
The idea is to make use of estimate (3.50) which tells us that ||M (pa)llL2(0,7,m52(0)) < C1
and shift the regularity from M (p,) to po. For this purpose we need to additionally assume
that the inverse function M ~!(z) is Hélder continuous. The following lemma will give us a

sufficient condition.
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Lemma 3.57. Let m(z) > Az®(1 — 2)? for some B > 0. Then the inverse function M~
of M(x) exists and satisfies

|M ™ (y2) = M~ ()| < C(A, B)|y2 — 111°, Vy2,51 € {y € R Iz € 0,1], M(z) =y}
8 %
for0=28+1)""<1and C = (67) > 0.

Proof. Since m(x) > 0, it follows that M (z) is strictly increasing and therefore invertible

on its range. Now let y; = M(x1) and y2 = M (x2) and without loss of generality xo > 7.

C(A, By —wl” = C(A,B)M(22) — M(a1)|’

T 0
/ m(u) du

> C(4,8) (/: AuP (1 —u)? du> ’

1

= C(AB)

= C(A,B)A"|u(1 — u)| %"

LA ([z1,22])

0 6 —
= 6/39”“(1 - u)||5 ) H1||§q([$1@2])($2 — 1)

Bo
q
LB ([z1,z2

=1

For % + % =l & % = 0 — 1 we can apply Holder’s inequality (reversed) and obtain
CA By —wil” = 6% (fu(l—w)|[ [ (,, 4oy (@2 — 1))
—a3 +a} | xf—af\se ~
= 6’39( 23 Ly 22 1) (22 — 1)?(=5)
T34 Twe + 23 | T + 32\ P
= 6%z _xl)ﬁg(_ : 13 4= 2 2) (22 — 21)077)
22— 2xq0 + 22 =322 — 322 x4 a9\P
— 6’80(.1'2—1}1)6( 2 122 1+ > 1+ 1 2)
6 6 2
2 2 2
- —a3) + (x —x7) \Po
— 659 (g — e((952 1) (xo — 23) 2 )
(x2 — 1) G + 5
>0

— 21)2 B0
> 669(562—:61)9(7(%2 ml))

6
1)259+9

= (z2—=x
= M '(y2) - M~ (y).
O
As mentioned above, we will use this to prove that p, is uniformly bounded in a functional

space that is compact in B. For this purpose we briefly recall the lemma of Chavent-Chalftre,

the proof of which is straightforward and will be omitted.
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Proposition 3.58 (Chavent-Chaffre). Let Q be an open subset of R, 0 < s < 1 and
1 < p < oo. In addition, let f : R = R, f(0) = 0 be a Hélder continuous function with
exponent 0 € (0,1) and constant cy > 0. Then, there holds

I @) lweono)y < crlulliven

for allu € WP(Q).

Applying the proposition with s € (0,1), p = 2, f = M~! to the function u = M(p) €
WP(Q) c WhP(Q) leads to

1M~ (M (p ))llww,z/e(m
cal| M (p) V-2 @
CHIIM(/J)wa (@)

HPHWSG‘Q/"(Q)

IN

IA

0
for 0 = (28+1)"! and cy = (%) . Taking the a-priori estimate (3.50) into account yields

ol 20z wezrny < cullM(P) %20 rwiz@) < caCl.

Furthermore, the compact embedding W*%:2/(Q) < L?/?(Q) (proposition 5.73) allows us
to apply the lemma of Aubin (proposition 5.74) and we deduce L2(0, T, W*%-2/9(Q), L?(Q))
is compact in B.

Hence, there exists a strongly convergent subsequence p, Ee p- Therefore, proposition 5.67
tells us that we can achieve that p, converges pointwise almost everywhere by switching
again to a subsequence.

Since m(z) and M (x) are continuous bounded functions, we can now apply lemma 5.69 and
it follows that m(py) Y m(p) and M (pqar) S M(p). We already know that M (p,/) and
(par)e converge weakly in L%(0,T, Hi(Q)) and L2(0,T, H=1(Q)), respectively. Because of
the strong convergence in B we can identify the limits and deduce

° (Pa’)t — p in L2(07T7 H_I(Q»

e VM(po)— VM(p)in L*(0,T, L*())

o m(par) = m(p) in L*(0,T, L*(2))

e po — pin L*(0,T,L*(Q)) N L>(0,T, L>=(Q))

3.59
3.60
3.61

)
)
)
3.62)

(
(
(
(

Because of the strong convergence in B of p, it is easy to see that S, = B * p,s converges
towards S in L2(0,7T, H}(Q)) and VS, — VS almost everywhere.
Therefore we finally arrive at the following existence

Corollary 3.59 (Existence for the degenerate equation). Let m(x) satisfy the assumptions
of lemma 3.57 and 0 < pg < 1. Then, there exists a solution satisifying definition 3.48
(replacing RY with ).
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Proof. Since

t
60//0 /Qvﬂa/'vwdﬂﬂds < \/&”\/avpo/HL2(O,T,L2(Q))H‘P”L%O,T,H(%(Q))
< \/&CQHSDHL?(O,T,H[}(Q)) — 0,

where we have used the estimate (3.51), we can pass the limit in the weak formulation. Since
a (weakly) convergent sequence is uniformly bounded, regularity follows directly from the

convergences. O

3.1.3 Limit R — o0

In this section we want to finally send the radius of the ball to infintiy. Let pr, Sr be the
weak solutions of the degenerated problem for some fixed radius R given by corollary 3.59.
Again, we will need a-priori estimates independent of the radius R. Let us recall what we

have already proven:

L4 OSpRHSRSl

o lor(DZ20) < " lorolZz) < e llroll7z e
o [[M(pr)ll2o, 1,1y < C(T)llprollzzi) < C(D)lpollzz®e
e |(pr)illz2orm-12) < C'(Dlprollez@ < C'(T)lpollp2@ay-

And therefore (regarding the solutions pgr from the previous section on a ball with radius R
as functions in R¢ with pg(R¥\Q) = 0)

N

lpr( DIz < € lloolTara
1M (pr)l 20,70 @®eyy < C(T)llpollL2(ray
1(pr)ell20r-1®ay < C'(D)|lpollr2(ra)-

Therefore, we can easily conclude uniform bounds for Sg

ISkllz20,7,2Re)) < 1B * XarprllL2(0,1,02Re))

< |IBllpe 0,1t raylIXQr PRI 20,1, L2 (R2))
< llerllezo,r,22 @)
< CMpollLz(ra

IVSkllrz0r,2e)) < IVB* Xxarprlr20,1,22R))
< VBl s (0,7,21 ®ay) IXr PRI L2 (0,7,22 (R))
< Cliprllzor.c2@r)
< O/(T)HPOHL2(R"’)7

and similarly
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IN

VSR Lo~ (0,7,L ) VB xanpr| L~ 0,1,L5 @)

A

< IVB|lL(o,7,01 )1 XQr PRI Lo (0,1, L5 (R4))

IN

Cllpr|l Lo (0,7,L° (r))
C.

IA

Therefore we have

IN

lm(pr)V S| L2(0,7,12 (R4Y) VS| Lo 0,1, Lo ey M (pR) | L2 (0,7, L2 (R 1))

IN

Cllm(pr) ||L2(0,T,L2(1Rd))

IA

CL|prllL2(0,7,12®4))
C/(T)HPO“L?(Rdy

IN

If we look at a sequence R,, — oo and the corresponding sequence p,, S, we can deduce

that there exist subsequences such that

(pn)e = g1in L*(0,T, H™'(R7)) (3.63)

VM(p,) — goin L*(0,T, L*(R%)) (3.64)

m(pn)VS, — gsin L?(0,T, L*(R?)) (3.65)

pn = pin LX(0,T, L*(R)) (3.66)

S, — gsin L*(0,T, H'(R%). (3.67)

These are exactly the desired convergences necessary to perform the limit in the weak for-
mulation. Just as before, the remaining problem is to identify the limits. Unfortunately,
we cannot directly use the same approach as in the previous section, because the compact
embeddings we applied do not work in the case of unbounded domains. In fact, we cannot

expect a strong convergence at all and we will therefore pursue a different strategy.

We start by proving the following

Lemma 3.60. For each fized R, there exists a subsequence R, C R, such that p,, — p in
Loo([O’T] X QR’)'

Proof. Since

M (pn)llz2 01,8510 )) < M (pn)ll20 10 Ry < C(T,d)

due to the lemma of Chavent-Chaffre (see proposition 3.58 and the following) and the Holder

continuity of M ~! (see lemma 3.57), we can deduce that

lonllL20,0,ws02/0 )y < C0,cm, T, d).
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Again, by taking into account that the embedding W*%2/%(Qp/) < L*(Qg/) is compact
(proposition 5.73), we conclude that there exists a subsequence p, satisifying p/, — p in
L2([0,T] x Qg).

Using proposition 5.67 once again leads to the desired subsequence that converges in L*>°. [

Now we can easily prove

Corollary 3.61. Let p, — p in L*(0,T,L*(R%)) and S = B* p. Then, there exists a

subsequence py: satisfying

(pn)e  —  pe in D'(J0,T] x RY)
VM(pn) — VM(p) inD'([0,T] x RY)
m(pn)VSn  — m(p)VS in D'([0,T] x RY)

S, — S inD'([0,T] x RY).

Proof. We start by choosing a testfunction 1 € D([0, T] x R%). Since ¥ has compact support
K, there exists a radius R’ such that K is a subset of Qg/. Now we can easily estimate

‘ < (pn)t - Ptﬂ/) >pr | - ‘ < P — pnawt >pr |

| (o) udade

[0,T] xRd

| o) vudoi
[O,T] XQR/

/ Py dxedt
[O,T] X QR'

Now the previous lemma 3.60 tells us that there exists a subsequence p,s that converges

A

< lp— pn“L‘x’([O,T]xQR/)

almost everywhere and therefore

|< (Pn/)t - Ptﬂ/’ >D'| — 07

for every fixed ¢ € D(R?) = (pn/): — p¢ in D'(]0,T] x R?).
Now starting with the subsequence p,,» from above, we similarly get for ¢ € (D([O, T] x Rd))d

< mlpu) VS = m(pVS G >p = [ (mlpu) VS, m(p)VS) - i
[0,T] xR
= / (m(pn’)vsn’ - m(p)vsn’) ~pdxdt
[0,T] xR

+ / (m(p)VSyp —m(p)VS) - dadt
[0,T] xR4

[ o)~ m(p) S, - o
[0,T]xRe

+/ m(p)(VSy — V.S) - ¢ dadt,
[0,T]xRd
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and therefore, using that m(x) is Lipschitz continuous and applying Holder’s inequality,

|[< m(pn )VSy —m(p)VS, ¢ >p/| <

< Llpn *p||Loo([o,T]xQR/)||V5n/HLoo([o,T]xQR,)/ || dxdt
[0,T] xR
FL]VSy — VS| e (0150 / | dadt
[0, T]xR4
< 2LCW) o = pllieomeo, [ [oldedt - 0
[0,T] xRd

where we have used that p,, — p almost everywhere. The proof of the remaining conver-

gences follows the exact same pattern and will be omitted. O

Now we are well prepared to state the final theorem of this section.

Theorem 3.62 (Existence of weak solutions). Let pg € L= (RY)NLY(R?), 0 < pg < 1, m(z)
Lipschitz continuous, m(0) = m(1) = 0, m(x) > AzP(1—z)8 for some constants A > 0 and
B >0 and for all x € (0,1).

Then, there exists a weak solution of (3.43) in the sense of definition 3.48 for any time
T > 0.

Proof. Since (p,,)¢ — g1 in L2(0,T, H~1(R%)), it also converges in a weaker sense, namely
(pl)e — g1 in D'([0,T] x R%). Now corollary 3.61 tells us that there exists a subsequence
that satisifies

(pn)e = pein D'([0,T] x RY).

Since we started with a D’'([0,T] x R?)-convergent sequence (p,); in the first place, the

subsequence (p,): has to have the same limit, and therefore p; = g;.

The exact same argument can be applied for all needed convergences (3.63)-(3.67) and we
finally deduce

(pn)e — pein L2(0,T, H(R))
VM(p,) — VDM(p)in L*(0,T,L*(R%))
m(pn)VS, — m(p)VS in L*(0,T, L*(RY))

pn — pin L*(0,T, L*(R%))

S, — Sin L*0,T, H'(RY).

Therefore we can pass the limit in the weak formulation and obtain
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t t
/ < pt,p >H-1 ds+// [e-VM(p) —m(p)VS]-Veodrds =0
0 0 Jrd

t
/ VS -Vo+(S—p)edrds=0
0 JRre

for all ¢ € L?(0,T, H} (Qp/)) for some R’ > 0.
Since ;e L2(0, T, H (%)) D D([0,T] x R?) is dense in L*(0,T, H'(R)) we can also admit
@ € L?(0,T, H*(R)). The required properties of p and S in the defintion 3.48 result directly

from the weak convergences.

O

3.2 Energy Dissipation

In this section we will define an energy functional and formally prove the non-positivity of
its derivative with respect to time. The proof can be made rigorous by applying a similar
approximation procedure we have already employed in section 2.6 (energy dissipation for

linear diffusion).

Definition 3.63 (Energy functional). For p € L'(R%) and 0 < p < 1, we define the

following energy functional

E(p) = /]Rd plep — Bx p)dx (3.68)

Lemma 3.64 (Dissipation of energy and stationary solutions). Let p(z,t) be a solution of

(8.43). Then
Se(n) <0

In addition, if %S(p(.,t)) =0, then m(p) =0 or V(ep — Bx*p) =0.

Proof. As mentioned above we will only do a formal computation, assuming p is sufficiently

smooth.

SEWC) = [ oo —Brp)+plep— Brpo) ds
= /pt(%pfb’*p)*p(B*pt)dx-

d

=

=
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Since B is even, the second term can be rewritten in the following way:

/Rd p(B*py)dr = /Rd /Rd p(z, )B(z — y)pe(y, t) dyda
B /]R /]R p(z,)B(y — x)p(y, t) drdy

_ / (0 B)(y thpuly, 1) dy

]Rd
and therefore we obtain
0
FE(1) = 2/ pi(ep — B x p)dx
Rd
= 2 [ div(m(p)V(ep—Bxp))(ep— Bxp)dx
Rd
= —2/ m(p) |V(5p—B*p)|2 de < 0
R

O

In contrary to chapter 2, where solutions with small mass decay to zero, we can construct

solutions with arbitrarily small mass:

Theorem 3.65. Let 0 < ¢ < 1 and d = 1. Then, for every My < K(g), there exists
at least one pair of stationary solutions p(x),S(x) of (3.48) satisfying 0 < p < 1 and
Jg p(x)dx = M.

Proof. As suggested by lemma 3.64, we say that our pair of functions shall satisfy

ep=S+C for|z| <R,
p=0 for |z| > R,

for constants R > 0 and C' € R. Inserting S = ep — C' into the elliptic equation yields

—ep' +ep—eC = p
1" l1—¢ !
=0 = (=0
——

=:a?

This differential equation can be easily solved and we obtain for p/(0) =0 and p(R) =0

pla) ="+ (1 <28} for o] < R,

plx) =0 for |x| > R.
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The differential equation —S”(z) 4+ S(x) = p(zx) for z € R and ep(x) — S(x) = constant for
x < R leads to

S@)=C"- (1-=223) forfa] < R,
S(xz)=C"-(1—¢)-ef el for |z| > R.

The remaining constants C’ and R will be determined from S’(R™) = S’(R") (ie. S is
continuously differentiable) and [, p(x)dz = My, which yields

,  sin(aR) ,
- _C'-(1-—
C EaCOS(aR) C'-(1-¢)
= tan(aR) = L —a.
et 62

Since R, > 0, we use the second branch of the arctan and obtain R = %tdn(a) For the

last constant we compute

My = /Rp(x)dm:2/0Rp(x)dac:2C’~(R—taniéaR)> = 2C"-(R+1)

My

A
= ¢ = 2-(R+1)

Since we only searched for solutions p < 1 and p is decreasing by construction, we get an
upper bound for C’, namely

<1

and therefore after inserting R from above

2 a4+ 7+ arctan(a)
My < —- =: Kf(e).
‘= a Q141 )

Remark 3.66 (Stationary solutions with larger mass). A similar approch with

p=1 for |z] < Ry
ep=S+C for Ry <|z| < Ry,
p=0 for |z| > Ry,

for 0 < Ry < Rg will (in combination with theorem 3.65) lead to the existence of stationary
solutions with arbitrary mass. Since the calculations of the occuring constants are rather
lengthy we will omit the derivation.
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Figure 3: Stationary solutions of theorem 3.65 for different values of M and ¢
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4 Numerical Results

In this chapter we want to discuss numerical solutions for different choices of f(z) (for
the linear model) and m(z) (for the non-linear model) in one dimension, on an intervall
with homogeneous Neumann boundary conditions. For reasons of simplicity we use finite
differences in space and then solve the resulting non-linear system of ordinary differential
equations (in time) by making use of an implicit one-step formula. Note that the use of
an implicit scheme is indispensable since numerical results show that we cannot expect the
absolute values of the eigenvalues of the Jacobian to be (stay) small.

We start by comparing the effects of different choices of € and f(x) in the case of linear

diffusion.
1 1 n 1 ﬂ
038 {\ 08 0.8
06 06 0.6
04 04 04
0.2 0.2 0.2
0 0 J | : J |
-5 0 5 -5 0 5 -5 0 5
(a) f(z) =x(1 —z), e =0.01, (b) t =100 (c) t = 1000
t=20
! 35 6
08 3 5
25 4
06
2
3
04 15
2
1
02
) )
0 0 0
-5 0 5 -5 0 5 -5 0 5
(d) f(z) ==z, e=0.01, (e)t=2 fHet=4
t=20

Figure 4: Behaviour for supercritical mass

Since ¢ is small compared to the total mass, we can not expect our solution p to decay in
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L for t — oo. In the first case (f(x) = z(1 — x)) we observe global boundedness (i.e.
prevention of overcrowding, see section 2.5), whereas in the second case a typical behaviour
for Keller-Segel models with no prevention of overcrowding, a so called blow-up, occurs. (see
for example [12] for details about blow-up phenomena in Keller-Segel-type equations).

A completly different situation is observed in the case of subcritical mass (see lemma 2.33)
or equivalently for large ¢:

1 1 1
0.8 (\ 0.8 0.8
06 06 0.6
04 04 04
0.2 0.2 /\ 0.2 /\
0—5 0 5 95 0 5 q5 0 5
(a) f(x) =x(1—x),e=0.5, b)t=1 (c)t=2
t=20
1 1 1
0.8 ﬂ 0.8 0.8
06 06 06
04 04 04
02 0.2 0.2 /\
q5 0 5 95 0 5 95 0 5
(d) f(x) =2,e=0.5, (e)t=1 fHyt=2
t=0

Figure 5: Behaviour for subcritical mass

Obviously, the diffusion term is dominant for both functions f(z) and therefore p — ;\f—‘(’l
as t — oo, where My denotes the total mass and = € [a,b]. Therefore, if we consider this
numerical solution as an approximation for the solution on R, we obtain, just as expected,
that p — 0 for [a,b] — R and t — oco.

If we insert the same initial data and € = 0.5 into the second model, we expect a completely
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different behaviour. Since stationary solutions exist, we suppose that the solutions do not
decay to zero but they tend towards a stationary state. As shown in the following, numerical
results emphasise our expectations. Here, the second set of plots illustrates the difference
between the numerical solution (shown in the first set), and the stationary solution given
by theorem 3.65.

0.8 ﬂ 0.8 08
06 06 06
0.4 0.4 04
02 02 /\ 02 /\
0 0 0
5 0 5 5 0 5 5 0 5
(a) t=0 (b) t =10 (c) t =150
1 0.08 0.08
08 0.06 0.06
08 0.04 0.04
0.02 0.02
04
0 0
02
0.02 -0.02
0 0.04 -0.04
02 -0.06 -0.06
04 -0.08 -0.08
5 0 5 5 0 5 5 0 5
(d)t=0 (e) t =10 (f) t = 150

Figure 6: Behaviour in the case of non-linear diffusion

Another interesting difference between linear and non-linear diffusion is the completely dif-
ferent behaviour considering the speed of propagation. As proven in [14], for f(z) = (1 —
x),m ass spreads with infinite speed in the linear model whereas the non-linear model has a
finite rate of dispersion. This is not surprising when comparing the differential equations to
other similar models like the heat equation and the porous medium equation, respectively.
Finally, we want to study a choice of initial data that visualises the effect of attraction.
Therefore, we consider a function py with two peaks next to each other and choose the
diffusion constant not too large in order to prevent pure diffusion. Again, we will first look
at the model with linear diffusion:
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Figure 7: Linear diffusion for f(z) = (1 — z) and € = 0.07

Here we see that initially, due to attraction, the cells tend to clump together. Later however,

since the total mass is not large enough, the diffusion becomes dominant and p — 0. In the

case of non-linear diffusion on the contrary, since the diffusion depends on the density p and

becomes zero for p = 0, the solutions tends (just like before) to a stationary solution of the

model.
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Figure 8: Non-linear diffusion for f(z) = (1 —z) and € = 0.5
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5 Appendix

The following proposition is one of the most fundamental tools in the theory of non-linear
partial differential equations (and of course many other fields). A proof can be found, for

instance, in [3, Théoreme IV.9].

Proposition 5.67 (Dominated convergence). Let @ C R? an open set and fr € LP(Q) a

sequence.

1. 1<p<oo)Iffr = f almost everywhere in Q for k — oo and there exists a function
g € LP(Q) satisfying |fix] < g in Q for every k € N, then f € LP(Q) and fr — [ in
LP(Q).

2. 1<p<o0)Iffi— finLP(Q), then there exists a subsequence fy and a function
g € LP(Q) satisfying frr — [ almost everywhere in Q and |fr/| < g, VK .

Another standard tool for proving convergence is the following

Proposition 5.68. Let B be a reflexive Banach space and up € B a bounded sequence.

1. uy is (weakly) convergent towards u if and only if all (weakly) convergent subsequences

uy have the same limit u.

2. There exists a weakly convergent subsequence uy By and llullz < liminf|jus | 5.

A proof can be found, for instance, in [8, Proposition 21.23]
The proof of the following useful lemma is a straightforward application of proposition 5.67
and 5.68 and will be omitted.

Lemma 5.69. Let Q C R? be a bounded open set, f : R — R continuous and bounded.
Then there holds

uy Bu = flu) B fw),

for B=LP(Q) and 1 < p < 0.

The next lemma is a generalisation of proposition 1.9 and will be crucial in order to prove

estimates for fixed points.

Lemma 5.70. Let Q C R? be a bounded open set, w € W12(0, T, H} (), L?(?)), F: R = R
Lipschitz continuous, differentiable and F(0) = 0. Then there holds

1. F(u) € L*(0,T, H:(Q)),

2. VF(u) = f(u)Vu, where F'(z) = f(x),
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3.t = || Fu(., )|z, where F'(x) = F(z), F(0) = 0, is an absolute continuous
function and

4. <ug, F(u) >g-1= %H}'(u(.,t))\\p(g),

Proof. We start by simply estimating and using the Lipschitz continuity of F'(z) and pro-
position 1.10 for the identification VF(u) = F'(u)Vu

1P ooy = / |F () ? dedt
Qx[0,T]

IN

L2/ lu|? dzdt < oo and
Qx[0,T]

IVF@Isoriay = [ VP deds
Qx[0,7]

/ |F’ (w)Vu|? dedt

Qx[0,T]

< L2/ |Vu|? dedt < oo.
Qx[0,T]

The proof of the remaining properties is similar to the the proof of proposition 1.9, which
can be found in [2, Chapter 8, Theorem 3]. O

The following inequality is widely used in the theory of partial differential equations on

bounded domains and a proof can be found in [7, Theorem 7.17].

Proposition 5.71 (Poincaré inequality). Let  C R? be a bounded open set, 92 € C* and
1 < p < 0. Then there is a constant Cp > 0 satisfying

lullLe @) < CplIVullLe(q),
for all functions u € Wy (Q).

Definition 5.72 (Fractional Sobolev spaces). Let 0 < s < 1 < p < oo and € be an open
subset of R*. Then we define:

wWoP(Q) = {ue LP(Q) | |lullwsr) < oo}, where
- P
P / [u@) = ww) ) 4
el o o |z -yl

These spaces are reflexive Banach spaces. Another important property is the following

embedding into Lebesgue spaces (see for instance [1, chapter VII]).
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Proposition 5.73. Let 1 > s’ > s > 0, Q bounded with 9Q € C' and

p<r<mnp/(n-—sp) forn>sp,
p<r<oo for n = sp and

p<r<oo forn < sp
then W*'P(Q) < L"™(Q) and WP(Q) < W*2(Q) are both compact embeddings.

The following proposition, known as Aubin’s lemma, will allow us to achieve strong conver-
gence for a sequence that is bounded in a fractional Sobolev space. A proof of this result
can be found for instance in [11, Corollary 4].

Proposition 5.74 (Aubin’s lemma). Let V' be a seperable reflexive Banach space and H a
seperable Hilbert space such that there exists a compact embedding V — H. Furthermore let
1 < p < oo. Then the embedding WP (0,T,V,H) — L?(0,T, H) is compact.
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