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Abstract. In the present note a spectral theorem for normal definitizable
linear operators on Krein spaces is derived by developing a functional
calculus ¢ — ¢(N) which is the proper analogue of ¢ — [ ¢$dE in the
Hilbert space situation. This paper is the first systematical study of
definitizable normal operators on Krein spaces.
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1. Introduction

A bounded linear operator N on a Krein space (K,|[.,.]) is called normal,
if N commutes with its Krein space adjoint N, i.e. NNT = NTN. This
is equivalent to the fact that its real part A := N+TN+

part B := & _ziv = commute. We call N definitizable whenever the selfadjoint

operators A and B are both definitizable in the classical sense. This means
the existence of so-called definitizing polynomials p(z), ¢(z) € R[z]\ {0} such
that [p(A)z,z] > 0 and [¢(B)z,z] > 0 for all z € K; see [4].

In the Hilbert space setting the spectral theorem for bounded linear,
normal operators is a well-known functional analysis result. It is almost as
folklore as the spectral theorem for bounded linear, selfadjoint operators.

In the Krein space world there exists no similar result for general self-
adjoint operators. Assuming in addition definitizability, a spectral theorem
could be derived by Heinz Langer; cf. [4]. This theorem became an important
starting point for various spectral results. The main difference to selfadjoint
operators on Hilbert spaces is the appearance of a finite number of critical
points, where the spectral projections no longer behave like a measure.

Only a rather small number of publications dealt with the situation of a
normal (definitizable) operators on a Krein space. The Pontryagin space case
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was studied up to a certain extent for example in [7] and [5]. Special normal
operators on Krein spaces were considered for example in [1] and [6]. But
until now no adequate version of a spectral theorem on normal definitizable
operators in Krein spaces has been found.

In the present paper we derive a spectral theorem for bounded linear,
normal, definitizable operators formulated in terms of a functional calculus
generalizing the functional calculus ¢ — [ ¢dE in the Hilbert space case.
Thus, we provide the first systematical study of definitizable normal operators
and their spectral properties on Krein spaces. In order to achieve this goal,
we use the methods developed in [2] for definitizable selfadjoint operators
and extend them for two commuting definitizable selfadjoint operators.

Let us anticipate a little more explicitly what happens in this note.
Denoting by p(z) and ¢(z) the definitizing real polynomials for A and
B, respectively, we build a Hilbert space V which is continuously and
densely embedded in the given Krein space K. Denoting by T : V — K
the adjoint of the embedding, we have TT+ = p(A) + ¢(B). Then we
use the #-homomorphism © : (I'Tt) (C B(K)) — (TtT) (C B(V)),
C — (T x T)7Y(C), studied in [2], in order to drag our normal operator
N e (TT*) € B(K) into (T'"T)" C B(V). The resulting normal operator
O(N) acts on a Hilbert space. Therefore, it has a spectral measure E(A) on
C.

The proper family Fy of functions suitable for the aimed functional
calculus are bounded and measurable functions on

(c(O(N) U (Zy +1i25))0Z" (€ CUC?).

Here Z; = p~'{0} NR and Z} = ¢~ {0} N R denote the real zeros of p(z)
and q(z), respectively, and Z* = (p~1{0} x ¢ *{0}) \ (R x R). Moreover, the
functions ¢ € Fy assume values in C on o(O(N)) \ (Z§ + iZ}), values in
Cor(Re2)2(Im2)+2 gt » € ZR +iZ” and values in C*»(©)2™) at » = (¢,n) €
Z'. Here 0,(w) := min{j : p¥)(w) # 0} (94(w) := min{j : ¢ (w) # 0})
denotes p’s (¢’s) degree of zero at w. Finally, ¢ € Fy satisfies a growth
regularity condition at all points from ZE + iZﬂf which are not isolated in
o(O(N)) U (ZF +iZ}).

Any polynomial s(z,w) € C[z,w] can be seen as a function sy € Fy.
The nice thing about these, somewhat tediously defined functions ¢ € Fy is
the fact that

o(z) =sn(z)+ (pn +an)(2) - g(z) for all z € o(O(N)), (1.1)
for a suitable polynomial s € C[z,w] in two variables and a function g :
o(6(N)) — CUC?, where g : 0(O(N)) \ (2} +iZ;) — C is bounded and
measurable, and where g : 0(O(N)) N (Z; +iZ;) — C*.

We then define ¢(N) := s(4, B) + Tszggé)) gdET™, show that this
operator does not depend on the actual decomposition (1.1) and that ¢ —
¢(N) is indeed a *-homomorphism. Here f ng is the integral of g

with respect to the spectral measure F takmg 1nt0 account the fact that g
has values in C* on 0(O(N)) N (Z5 +iZ}).
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If ¢ stems from a characteristic function corresponding to a Borel subset
A of C such that no point of Zi[f + iZgR belongs to the boundary of A, then
¢(N) is a selfadjoint projection on K.

2. Multiple Embeddings

In the present section we fix a Krein space (K,[.,.]) and Hilbert spaces
W, D), VL)) and (Vo[- .]). Moreover, let Ty : Vy — K, Tz : Vo — K
and T : V — K be bounded linear, injective mappings such that

TT = VT, + TuTy
holds true. Since for x € K we have

[Trz, Tty = [TT 2,
= [Tlex,x] + [TQT;x,m] = [fo,Tfrx}yl + [T;x,T;x]VQ,

one easily concludes that Tz T;rx constitutes a well-defined, contractive
linear mapping from ran 7" onto ran Tj+ forj =1,2. As (ranTH)t = ker T =
{0} and (raLnTjJr)L = kerT; = {0} these ranges are dense in the Hilbert
spaces V and V;. Hence, there exists a unique bounded linear continuation
of TTa — Tj+x to V, which has dense range in V;.

Denoting by R; the adjoint mapping of this continuation, we clearly
have T; = TR; and ker R; = (ran R¥)* = {0}. From TT" = T\T}" + 1T,
we conclude

T(I)TT =TT = TRy R;T* + TRyR;T = T(Ry R} + RyR3)T.

ker T = {0} and the density of ran T yields R R} + RoR3 = 1.
If T1T1+ and T2T2+ commute, then by 7T+ = T1T1+ + T2T2Jr also TjTjJr
and TT+ commute. Moreover, in this case

T(THTR;RY)TY = TT T, = TyT; T+ = T(R;R;THT)T™.

Employing again T"’s injectivity and the density of ran T, we see that R, R}
and TTT commute for j = 1,2. We also obtain

Ty T;R;R; = R;(T*TR;R})R; = R;(R;R;TTT)R; = R;R;T;"Tj.
Thus, we showed

Lemma 2.1. With the above notations and assumptions there exist injective
contractions Ry : V1 — V and Ry : Vo — V such that Ty = TRy, T = TR,
and R1R] + RoR5 = 1.

If T1T1+ and TQT;— commute, then the operators RjR;f and TTT on V
commute as well as the operators R R; and T;Tj onV; for j =1,2.
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By ©; : (I;T}7) (S B(K)) — (I;'T;)" (S B(V;)), j = 1,2, and by
© : (TTT) (C B(K)) — (T*tT) (C B(V)) we shall denote the *-algebra
homomorphisms mapping the identity operator to the identity operator as in
Theorem 5.7 from [2] corresponding to the mappings T;, j = 1,2, and T*

0;(C) = (T; x T;) " (C) =T, 'CT;, C e (T;T;),

0(C)=(TxT)" " (C)=T"'CT, Cec(TT"). (2.1)
Here S’ denotes the commutant of the bounded linear operator S : X —
X in B(X). We can apply Theorem 5.7 in [2] also to the bounded linear,

injective R; : V; — V, 7 = 1,2, and denote the corresponding x-algebra
homomorphisms by T'; : (R; ;)" (C B(V)) — (R;R;)" (€ B(V;)):

T;(D) = (R; x R;)""(D) = Rj_lDRj, D € (R;R;)".

Proposition 2.2. With the above notations and assumptions we have (TyT;")'N
(ToT57) C(TTT) and O(TAT, ) N(ToT5)) € (RiR;) N (R R3) N (TTTY,
where in fact (7 =1,2)
O(C)R;R; = R;0,(C)R; = R;R;0(C) (2.2)

and

0;(C)=T;00(C) foral Ce (YT} N(TTy). (2.3)
Proof. (TW'T;")' N (ToTy) C (TTH) is clear from TT+ = TyT} + ToTy .
According to Theorem 5.7 in [2] for j = 1,2 we have ©;(C)T}" = T;‘C’ and
O(C)TT =T*C for C € (T'T;) N (TyT5)'. Therefore,

T(R;0;(C)R;)T" = T;0,;(C)T;" = T;T;C

— TR;R;T*C = T(R;R;0(C))T™.

From kerT" = {0} and the density of ranT" we obtain R;0;(C)R; =
R;R;0(C). Applying this equation to C* and taking adjoints yields
R;©;(C)R; = O(C)R;R;. In particular, ©(C) € (R;R;)". Therefore, we
can apply I'; to ©(C) and get

[;00(C)=R;'T'CTR; =T, 'CT; = 6,(C). O
For the following assertion note that, by (2.3) and by the fact that I';
is a *x-algebra homomorphism mapping the identity operator to the identity

operator, we have (j = 1,2)

a(0(C)) 20(0;(C)) forall C e (VT N(TLTy ). (2.4)
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Corollary 2.3. With the above notations and assumptions let N € (TyT;7)" N
(ToT5F) be mormal. Then ©(N),01(N),O2(N) are all normal operators in
the Hilbert spaces V, Vi, Va, respectively. If E (Ey,Es) denotes the spectral
measure for O(N) (01(N), O3(N)), then E(A) € (R1R})'N(RyR3)' N(THT)
and (j =1,2)

I;(B(A)) = B(A)

for all Borel subsets A of C, where E;(A) € (R} R;)' N (Tj'Tj)’.
Moreover, [ hdE € (RiR}) N (R2R3)' N (TTT) and

T, (/th> = | hdE;

for any bounded and measurable h : 0(©(N)) — C, where [ hdE; belongs to
(R5Ry)' N (T} T;)'.
Proof. The normality of O(N),0;(N) and O2(N) is clear, since ©, ©1, 0,
are x-homomorphisms. From Proposition 2.2 we know that ©(N) € (R1R})'N
(RoR3)'N(TTT)'. According to the well known properties of ©(N)’s spectral
measure we obtain E(A) € (RiR})'N(R2R3)'N(THT)" and, in turn, [hdE €
(R1R3) N (R2R3) N (TTT). In particular, T'; can be applied to E(A) and
[ hdE. Similarly, ©;(N) € (T;7T;)" implies E;(A), [ hdE; € (T;7T;)' for a
bounded and measurable h.

Recall from Theorem 5.7 in [2] that I';(D)Rjz = R;D for D € (R; R})'.
For x € V and y € V; we therefore have

[0 (E(A)Rja,y] = [RFE(A)z,y] = [E(A)r, Ry

and, in turn,

[E 5(z, 2) d[T;(E) RS, ) = [C s(2,2) d[Ex, Ryy) = [s(O(N), O(N)*)z, Ryy]
— [RIs(B(N), O(N)")a, y] = [T;(s(O(N), O(N)")) Riz, 1]

for any trigonometric polynomial s(z, z) € C|[z, z]. By (2.3) and the fact that
I'; is a *-homomorphism we have I';(s(O(N),©(N)*)) = s(0,(N), 0;(N)*).
Consequently,

/s(z,Z)d[Fj(E)R;‘x,y] :/s(z,é) dlE; Rz, y|.
C C

Since E(C\ K) = 0 and E;(C\ K) = 0 for a certain compact K C C and
since Clz, z] is densely contained in C'(K), we obtain from the uniqueness
assertion of the Riesz Representation Theorem that

[L(E(A)) Rz, y] = [E;(A)Riz,y] forall zeV,yeV;,
for all Borel subsets A of C. Due to the density of ran R} in V; we even
have [I';(E(A))z,y] = [E;(A)z,y], y,z € V; and, hence, I';(E(A)) = E;(A).
Since I'; maps into (R} R;)’, we have E;(A) € (R;R;)" and, in turn, [ hdE; €
(RS R; ) for any bounded and measurable h.
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If h: 0(©(N)) — C is bounded and measurable, then, clearly, also its
restriction to 0(©;(N)) = o(I';j0O(N)) is bounded and measurable; see (2.4).
Due to E;(A)R; =T;(E(A))R; = R;E(A) for z € V and y € V; we have

o ([ 1ae) ] =[5 ( [z )] = [(f )

_ /hd[Ex,Rjy] _ /hd[EjR;x,y]

= </thj> R;fx,y} .

Again the density of ran R} yields I'; ([ hdE) = [ hdE;. O

Recall from Theorem 5.10 in [2] the mappings (j = 1, 2)
Z;: (T 1) (S B(Vy) — (T4T}7) (€ B(K)), Ej(D;)=T;D;T;, (2.5)
and 2 : (T*T) (C B(V)) — (TT*+) (C B(K)), (D) = TDT*. By (j = 1,2)
Aj: (RjRy) (€ B(Vy)) — (R;R;) (S B(V)), A;j(Dj) = R;D;R;,

we shall denote the corresponding mappings outgoing from the mappings
R; :V; — V. By Lemma 2.1 we have

Ej(Dj) = TR]DJR;T+ =Z=o0 AJ(DJ) for Dj S (R;RJ)/ N (TJ+TJ)/

According to Lemma 5.10 in [2], A;j o I';(D) = DR;R;. Hence, using the
notation from Corollary 2.3

= (/thg) =Eofjoly (/th) =E<RjR;/th>. (2.6)

Finally, T-\TyTHT = T-\TR;RIT+T = R;R;T*T. Tn case that Ty} and
ToT5 commute we have TyT;", ToT;" € (TT) and the later equality can be
expressed as (j = 1,2)

O(IT}) = RyR{ T*T. (2.7)

3. Normal Definitizable Operators

Definition 3.1. We will call a bounded linear and normal operator N on
a Krein space definitizable if its real part A := N+TN+

N-N+

and its imaginary
part B = = are both definitizable, i.e. there exist real polynomials
p,q € R[z] \ {0} such that p is definitizing for A ([p(4)x,z] > 0, x € K) and
such that ¢ is definitizing for B ([¢(B)z,z] > 0, z € K); see [4]. O

By Corollary 7.15 in [2] the definitizability of A and B is equivalent to
the concept of definitizability in [2]. Also note that in Pontryagin spaces any
bounded linear and normal operator is definitizable in the above sense; see
Example 6.2 in [2].
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Proposition 3.2. Let A and B be commuting, bounded linear, selfadjoint and
definitizable operators on a Krein space (K, |.,.]) with definitizing polynomials
p € R[z]\ {0} for A and q € R[z]\ {0} for B. Then there exist Hilbert spaces
Vi, 0, O, 1]), V)1, .]) and bounded linear and injective operators

T VI - K, Ty : Vo =K, T:V — K such that

NI =p(A), BT =q(B), TT =p(A)+q(B) = W1 + Ty
with commuting TyT;F and ToTyE. Moreover, if © : (TTT) (C B(K)) —
(T*T)Y (C B(V)) is as in (2.1) and R; : V; — V (j = 1,2) are as in
Lemma 2.1, then

p(O(A)) = R1Ri (p(O(A)) + ¢(6(B)))
9(9(B)) = Ra B3 (p(©(A)) + a(6(B)))
where R1 Ry and R R commute with p(©(A)) + ¢(©(B)).

Proof. Let (V1,].,.]) be the Hilbert space completion of K/kerp(A) with
respect to [p(A).,.] and let 77 : V1 — K be the adjoint of the embedding of
into V. Since T} has dense range, T} is injective. Analogously let (Vs,[.,.])
be the Hilbert space completion of K/ ker ¢(B) with respect to [¢(B).,.] and
denote by T : Vo — K the injective adjoint of the embedding of K into Vs.
Finally, let (W, [.,.]) be the Hilbert space completion of K/(ker p(A4) + q(B))
with respect to [(p(A4) + ¢(B)).,.] and let T : V — K be the injective adjoint
of the embedding of K into V.

From [TT%z,y] = [TT2,Tyly = [z,yly = [(p(A) + ¢(B))z,y],
[TlTl—i_x’y] = [Tl—‘rx7T1+y]V1 = [x7y}v1 = [p(A)x,y] and [T2T2+x7y] =
[¢(B)z,y] for all x,y € K we conclude that

T =p(A), ToTy =q(B), TT" =p(A)+q(B),

where p(A) = Ty T} and ¢(B) = T>T," commute, because A and B do.
From (2.7) and Theorem 5.7 in [2] we obtain

P(O(A)) = O(p(A)) = O(TT") = RiR{T*T = RiR{O(TTY)
= RiR1O(p(A) + ¢(B)) = R1R{ (p(0(A)) + ¢(6(B))).

Similarly, ¢(©(B)) = RaR5(p(©(A)) + ¢(©(B))). Finally, Ry R} and RaR}
commute with 77T = p(©(A)) + ¢(6(B)) by Lemma 2.1. O

+4q(0(B))),
L g(o( | (3.1)

The fact that a normal operator is definitizable implies certain spectral
properties of O(N).
Lemma 3.3. With the notation of Proposition 3.2 applied to the real part
A= N+2N+ and the imaginary part B := N—2£\/+ of a bounded linear, normal
and definitizable operator N we have

{z € C:[p(Rez)| > [[RiR[| - [p(Re z) + ¢(Im 2)[} € p(O(N)),

and
{2 €C: Jq(lm2)| > [ RaRs| - [p(Re 2) + g(Im 2)]} € p(O(N)).

In particular, the zeros of p(Re z) + q(Im z) are contained in p(O(N))U{z €
C:pRez)=0=q(Im=z)}.
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Proof. We are going to show the first inclusion. The second one is shown in
the same manner. For this let n € N and set

1
A, = {z € C: |p(Re2)|* > — |RiR;|)? - |p(Re 2) + q(Imz)|2} .
For x € E(A,)(V) we then have

Hp(@(A))fCIIQZ/ p(Re Q) d[E(), 2]

n

n

> /A n L alB(Q)w,2) + | RaR7 | / Ip(Re )

n

+q(Im Q)? d[E(¢)x, ]
1 *
> EHJEII2 + [[R1 R (p(O(A)) + q(O(B))) x|
By (3.1) this inequality can only hold for = 0. Since A,, is open, by the

Spectral Theorem for normal operators on Hilbert spaces we have A,, C p(N).
The asserted inclusion finally follows from

{z € C:|p(Rez)| > |R1R]| - [p(Rez) + q(Im 2)|} = U A, O
neN

Corollary 3.4. With the notation and assumptions from Lemma 3.3 we have

RiRyE{z € C:p(Rez) #0 or ¢q(Imz) # 0}
/ p(Re 2)
{z€C:p(Re 2)#0 or q(Im z)#0} p(Re Z) + Q(Im Z)

E(2)

and

RoR5 E{z € C:p(Rez) #0 or ¢(Imz) # 0}
_ / q(Rez)
{z€C:p(Re z)#0 or q(Im z)#0} p(Re Z) + q(Im Z)

Proof. First note that the integrals on the right hand sides exist as bounded
operators, because by Lemma 3.3 we have [p(Rez)| < ||Ri1Ri|| - [p(Rez) +
¢(Im z)| and |¢(Im 2)| < ||R2R3|| - [p(Re 2) + ¢(Im z)| on o(O(N)).

Clearly, both sides vanish on the range of E{z € C : p(Rez) = 0 =
q(Im z)}. Its orthogonal complement

H:=ranE{z € C:p(Rez) =0=q(Imz)}*
=ranE{z € C:p(Rez) # 0 or g(Im z) # 0},

is invariant under [ (p(Rez) + ¢(Imz)) dE(z) = (p(©(A)) + q¢(©(B))). By
Lemma 3.3 the restriction of this operator to H is injective, and hence, has
dense range in H. If = belongs to this dense range, i.e. z = (p(©(A)) +
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¢(©(B)))y with y € H, then

/ p(Re z)
{z€C:p(Re z)#0 or q(Im z)#0} p(Re Z) + q(lm Z)

/ p(Re2) dE(2)y = p(O(4))y
{z€C:p(Re z)#0 or ¢q(Im z)#0}

= RiRi(p(6(4)) +q(O(B)))y = R R x.

By a density argument the first asserted equality of the present corollary
holds true on H and in turn on V. The second equality is shown in the same
manner. 0

4. The Proper Function Class

In order to introduce a functional calculus we have to introduce an algebra
structure on A, ,, := (C™ @ C") x C? ~ C™"*2 and on By, ,, := C" @ C" ~
C™™ for m,n € N.

Definition 4.1. For m,n € N we provide A,, ,, with the componentwise addi-
tion and scalar multiplication. Moreover, writing the elements a € A,, ,, as
a = (ap,1)(ket,, » With index set I, ,, := ({0,...,m =1} x {0,...,n—1})U
{(m,0),(0,n)}, we set @ := <akvl)(k,l)elm,n
elements a = (ak,l)(k,l)elmm7b = (bk,l)(k,l)elmm, from A, ,, by

kool
a-b:= (Zzac,dbkfc,lfd)(k —

c=0 d=0

and define the multiplication of

On B,,,, we define addition, scalar multiplication, multiplication and conju-
gation in the same way only neglecting the entries with indices (m,0) and
(0,m).

Finally, for m,n € N we introduce the projection 7 : Ay, — Bmon,

(ar1)(kyelmn = (ar1)o<k<m—1. On By, , we assume 7 to be the identity.
' 0<i<n—1

O

Remark 4.2. It is easy to check that A, , and By, , are commutative, unital
x-algebras. Setting ego = 1 and ex; = 0, (k,I) # (0,0), it is easy to verify

that (ek,l) is the multiplicative unit in A,, , and (€k,l)ogk§m—1 is

(k1) E L g

the multiplicative unit in B,, . We shall denote these units by e.
Moreover, it is straight forward to check that an element (ax,;) of Ay, »
(of By, ) has a multiplicative inverse in Ay, ,, (in By, ») if and only if ag ¢ # 0.

¢

For the rest of the paper assume that N is a bounded linear, normal
and definitizable operator in a Krein space IC with real part A and imaginary
part B. Moreover, we fix definitizing polynomials p € R[z] \ {0} for A and
q € R[z] \ {0} for B.
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Definition 4.3. We define the functions 9,,9, : C — N U {0} by 0,(2) =
min{j € NU {0} : pi)(2) # 0} and 9,(2) := min{j € NU {0} : ¢)(z) # 0}.
Moreover, we shall denote the set of their real zeros by Zzﬂf and Zg&, i.e.

Zy =p HO}NR, Z;:=q {0} NR,

and we set Z' := (p~1{0} x ¢ 1{0}) \ (R x R).
Now we introduce the following classes of functions:
(i) By My we denote the set of functions ¢ defined on

(c(ON) U (Z) +iz,))0Z"

with ¢(2) € €(z), where €(2) := By (¢),0,(n) for z = (§,n) € Z%, €(2) :=
As, (Re 2),0,(im 2) for z € (ZF +iZy) and €(z) := C for z € o(O(N)) \
(ZE + z'Z?f).

(ii) We provide M y pointwise with scalar multiplication, addition and mul-
tiplication, where the operations on Ay (Re2),0,(Im2) OF Ba,(¢),0,(n) are

as in Definition 4.1. We also define a conjugate linear involution .# on
My by

o7 (2) =d(z) for z€a(ON))U(ZS +iZy),

o7 (& m) = (& n) for (&m) e 2"

(iii) By R we denote the set of all elements ¢ € My such that 7(¢(z)) =0
for all z € (Z;+iZ;)UZ"; see Definition 4.1. O

With the operations introduced in Definition 4.3 My is a commutative
x-algebra as can be verified in a straight forward manner. Moreover, R is an
ideal of M x.

Definition 4.4. Let f : dom f — C be a function with dom f C C? such that
T(o(O(N)) U (Zy +iZy)) C dom f, where 7 : C — C?, (z +iy) — (z,y),
such that for is sufficiently smooth—more exactly, at least max, ,egr 9, (%) +
0,(y) — 1 times continuously differentiable—on an open neighbourhood of
Z¥ +iZy, and such that f is holomorphic on an open neighbourhood of Z*.

Then f can be considered as an element fn of My by setting fy(z) :=
foT(z) for z € o(O(N))\ (Z; +iZ]), by

() = (7 s f o 7(2)
n(z) = <klf072)

kUil 9ty (kD) €To, (Re 2),04 (Im 2)
for z € Z;If + iZg{, and by

1 okt
In(€m) = <k'l' azkawlﬂg’n))mm%(@l ’
OSZSDq(ﬁ)—l

for (¢,n) € Z°. O

Remark 4.5. By the Leibniz rule f — fy is compatible with multiplication.
Obviously, it is also compatible with addition and scalar multiplication. If we
define for a function f as in Definition 4.4 the function f# by f#(z,w) =
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f(Z,w), (z,w) € dom f, then we also have (f#)y = (fn)#. Note that in
general (f)n # (fn)*. %

Example 4.6. For the constant one function 1 on C? we have 1y(z) = e for
all z € (0(O(N)) U (Zy +iZy))UZ", where e is the multiplicative unit in
€(2); see Remark 4.2. O

Ezample 4.7. p(z) considered as an element of C[z, w] is clearly holomorphic
on C?. Hence, we can consider py as defined in Definition 4.4. Thereby,

pN(Z)kyl =0, (k7l) € ID,,(Rez),aq(Imz) \ {(ap(Re Z),O)}, and

1
— (0p(Re 2)) (R,
pN(z)Dp(ReZ),O DP(ReZ)'p ( eZ)

for all z € Z; +iZy. Since Re z is a zero of p of degree exactly 9,(Re z) the
entries with index (9,(Re z),0) do not vanish. Moreover, py(§,7) = 0 for all
(€,m) € Z'. Hence, py € R. Similarly, if g(w) is considered as an element of
Clz,w], then gn(2)r1 = 0, (k,1) € Iy, (Re 2),0,(tm =) \ {(0,04(Im 2))}, and

1
__ 1 eumag
qN(Z)O,Dq(Imz) Oq(Imz)'q ( mz) # 0
for all z € ZE + iZﬂf‘. Also here gy (€,m) = 0 for all (£,1) € Z% and, in turn,
qn € R. O

We need an easy algebraic lemma based on the Euclidean algorithm.

Lemma 4.8. Let a(z),b(z) € C[z] \ {0} be polynomials of positive degrees m
and n, respectively. By a=1{0} we denote the set of all zeros of a in C, and
we set 04(2) := min{j : a¥)(w) # 0}. The set b={0} and the function d,(z)
is defined correspondingly. Then any s € Clz,w| can be written as

s(z,w) = a(2)u(z, w) + b(w)v(z,w) + r(z,w)

with u(z,w),v(z,w),r(z,w) € Clz,w] such that r’s z-degree is less than m
and its w-degree is less than n. Here u(z,w),v(z,w),r(z,w) can be found in
Rz, w] for a(z),b(z) € R[z] and s € Rlz, w].

If we define w : Clz,w] — C™™ by

) ( 1 gkt ( ) >
wis) = (7 —— sz, w ) _
171§kl ~\°? 0<k<d,(z)—1
KN 0zFow 0<I<0y (w)—1 z€a—1{0},web—1{0}

)

then s € kerw if and only if s(z,w) = a(z)u(z,w) + b(w)v(z,w) for some
u(z,w),v(z,w) € Clz,w]. Moreover, w restricted to the space of all poly-
nomials from Clz,w] with z-degree less than m and w-degree less than n is
bijective.

Proof. Applying the Euclidean algorithm to s(z,w) € C[z,w] and a(z) we
obtain s(z,w) = a(z)u(z,w) + t(z,w), where u(z,w),t(z,w) € Clz,w] are
such that t’s z-degree is less than m. Applying the Euclidean algorithm to
t(z,w) and b(w) we obtain

s(z,w) = a(2)u(z,w) + b(w)v(z,w) + r(z,w),
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where v(z,w),r(z,w) € C[z,w] are such that r’s z-degree is less than m
and its w-degree is less than n. The resulting polynomials u(z,w),t(z, w),
v(z,w),r(z,w) belong to Rz, w] if a(z),b(z) € R[z], s(z,w) € Rz, w].

In any case it is easy to check that then w(s) = @(r). Hence, r(z,w) = 0
yields s(z,w) € ker . On the other hand, if 0 = w(s) = w(r), then for each
fixed ¢ € a=1{0} and k € {0,...,0,(¢) — 1} the function w %T(Qw) has
zeros at all w € b~1{0} with multiplicity at least d;(w). Since w + %T(C, w)
is of w-degree less than n, it must be identically equal to zero.

This implies that for any n € C the polynomial z — r(z,n) has zeros
at all ¢ € a~1{0} with multiplicity at least 9,(¢). Since the degree of this
polynomial in z is less than m, we obtain r(z,n7) = 0 for any z € C. Thus,
r=0.

Our description of kerw shows in particular that w restricted to the
space of all polynomials from C[z, w] with z-degree less than m and w-degree
less than n is one-to-one. Comparing dimensions shows that this restriction
of w is also onto. O

Corollary 4.9. With the notation from Definition 4.3 for any ¢ € My we
find an s € Clz,w] such that ¢ — sy € R.

Proof. By Lemma 4.8 there exists an s € C[z,w] such that @w(s)Resm> =
m(¢(2)) for all z € Zy +iZy, and such that @ (s)e,, = ¢(§,n) for all (&,7) €
Z'. Hence, by the definition of R we obtain ¢ — sy € R. 0

Remark 4.10. Recall from Lemma 3.3 that p(Rez) + ¢(Imz) = 0 with z €
o(6(N)) implies p(Rez) = 0 = ¢(Im z2), i.e. z € Z +iZ}.

If ¢ € R, then we find a function g on ¢(©(N)) with ¢g(z) € C for
z€a(O(N)\(Z;+iZy) and g(z) € C? for z € 0(O(N)) N (Z5 +iZy), such
that 6(2) = (px-+av) (=)-9(2), = € 7(O(N)). Here we define (py-+a) (2)-9(2)
as the usual multiplication on C for z € 0(O(N)) \ (Z 4 iZ}), whereas

((pwv +an)(2) «g(z))kyl =0, k=0,...,0,(Rez) =151 =0,...,0(Imz) — 1,
and

((pv + an)(2) '9(2))%(1{“),0 = (pn +an)(2)o,(Re2)0 ~ 91(2),

(o~ +an)(2) - 9(2))0,%(11,12,) = (pv +an)(2)(2)0,0,(tm =) * 92(2)-

for z € o(O(N)) N (Zy +iZy); see Example 4.7.

In fact, we set g(z) := % for z € o(O(N)) \ (ZE + iZgQ) and
( ) . Dp(ReZ)!¢(z)DP(Rez)a0 ( ) L Dq(Imz)!¢(z)0,aq(Imz)
P = T e ®ea(Re sy P2V T T g0 ) (Tm 2)
for z € a(O(N)) N (ZF +iZ). o

We are going to introduce a subclass of My, which will be the suitable
class, in order to build up our functional calculus.
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Definition 4.11. With the notation from Definition 4.3 we denote by Fn the
set of all elements ¢ € My such that z — ¢(z) is Borel measurable and
bounded on o(O(N)) \ (Z5 +iZ, ), and such that for each w € o((N)) N
(Zg{ + iZgg)
6(=) = 3T ™ ! Blw)ig Re(z — w) Im(z — w)
max(| Re(z — w)[?»(Rew) | Im(z — w)|?a(Imw))

is bounded for z € o(O(N))NU(w) \ {w}, where U(w) is a sufficiently small
neighbourhood of w. O

(4.1)

Note that (4.1) is immaterial if w is an isolated point of o(©(N)).

Ezample 4.12. For ¢ € (Z; +iZ;)UZ" and a € €(¢) consider the functions
ade € My which assumes the value a at ¢ and the value zero on the rest of
(c(O(N) U (ZF +izk)uz!

If ¢ belongs to Z* or if ¢ is an isolated point of o(O(N))U(Zy+iZ} ), then
ad¢ belongs to Fy. O

Remark 4.13. Let h be defined on an open subset D of C with values in
C. Moreover, assume that for given m,n € N the function h is m +n — 1
times continuously differentiable, and fix w € D. The well-known Taylor
Approximation Theorem from multidimensional calculus then yields

m+n—2
1 o
Z Z k"l' &nké)y >Re(2_’LU)kIm(Z—w)l+0(|z_w| v+ 1)
k,LENg
k+l=j

for z — w. From
|z — w|™ Tt < 2Pl max (| Re(z — w) ™71 | Tm(z — w) ™71
= O(max(|Re(z — w)|™, | Im(z — w)|™))
and from Re(z — w)* Im(z — w)! = O(max(| Re(z — w)|™, | Im(z — w)|")) for
k > m or [ > n, we conclude that also

m—1n—1 1 ak+lh

=2 Z Rl oahay ) e w)* Tm(z — w)'

k=0 1=

+O(maX(| Re(z —w)[™, [Im(z —w)[")). %
Lemma 4.14. Let f : dom f (C C?) — C be a function with the properties
mentioned in Definition 4.4. Then fn belongs to Fn.

Proof. For a fixed w € o(O(N))N(Zy +iZy) and z € 0(O(N)) \ (Z5 +iZy)
by Remark 4.13 the expression

p(Rew)—104(Imw)—1

fn(z) — Z Z fn(w)g Re(z — w)* Im(z — w)’
k=0 1=0

9y (Rew)—10,(Imw)—1

OFtlfor
= for(z) — Z Z %Wf@yl(w) Re(z — w)* Im(z — w)'
k= 1=0 o
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is a O(max(|Re(z — w)[?»®e®) | Tm(z — w)[2«(™®))) for 2 — w. Therefore,
N € FN. O

In order to be able to prove spectral results for our functional calculus,
we need that with ¢ also z — ¢(2)~! belongs to Fy if ¢ is bounded away
from zero.

Lemma 4.15. If ¢ € Fn is such that ¢(z) is invertible in €(z) (see
Remark 4.2) for all z € (c(O(N)) U (Zy +iZ3))UZ" and such that 0 does
not belong to the closure of ¢(a(O(N))\ (Z5 +iZy)), then ¢~ : 2z ¢(2) 7!
also belongs to Fy.

Proof. By the first assumption ¢! is a well-defined object belonging to My .

Clearly, with ¢ also z — ¢(2) 71 = ﬁ is measurable on o(O(N))\(Z5+iZ;).
By the second assumption z — ¢(z) "t = ﬁz) is bounded on this set.

It remains to verify the boundedness of (4.1) on a certain neighbourhood
of w for each w € o(O(N)) N (Z5 +iZL) for ¢~1. To do so, for z € o(O(N))\
(Zy +iZy) we calculate

9y (Rew)—10,(Imw)—1

¢ (z) — Z Z ¢ Hw)p  Re(z —w)* Im(z —w)!  (4.2)

1 1
#(2) ZZ":%% w)—1 ?ﬁ(lmw) ! d(w)g, Re(z — w)* Im(z — w)!

1

+ - mw)—
SR TSR T g (w) g Re(z — w)* Tm(z — w)!
9y (Rew)—10,(Imw)—1

- X X 0T R w) i - (4.4)

The expression in (4.3) can be written as
1 1
o(2) ZZ":(giew)_l ?igmw)_l d(w)g, Re(z — w)* Im(z — w)!
9, (Rew)—10,(Imw)—1

o(z) — Z Z d(w)g 1 Re(z — w)F Im(z — w)’
k= =0

Here ﬁ is bounded by assumption. The assumed invertibility of ¢(w) means
d(w)o,0 # 0. Hence,

1

pr(ew) =t bt )=t )y Re(z — w)* Im(z — w)!

= 0(1)

for = — w. As ¢ € Fn we conclude that the expression (4.3) is a
O(max(|Re(z — w)|?»®e®) | Im(z — w)[Pa(Im @) for z — w.
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Because of ¢(w) - ¢~ 1(w) = e (4.4) can be rewritten as
1

St s 8a = ), Re(z — w)k Im(z — w)!
0, (Rew)—104(Imw)—1

Z Z Re(z — w)* Im(z — w)" -
kool
D> b ¢ (W)k—ci-a

c=0d=0

—|—O(max(| Re(z _ w)lap(Rew)7 |Im(z _ w)lbq(lmw))) _ 1)

= O(1) - O(max(| Re(z — w)[?»®e®) | | Im(z — w)[Pa(Imw)))
— Ofmax(| Re(z — w)? (™), | Im(z — w) 207 )

for z — w. Thus, ¢~ € Fy since we verified that the expression (4.2) is a
O(max(| Re(z — w)[P»®e®) | Im(z — w)[PaTmw))), 0

5. Functional Calculus

In this section we employ the same assumptions and notation as in the pre-
vious one.

Lemma 5.1. For any ¢ € Fy there exists a polynomial s € Clz,w] and a
function g on o(©(N)) with values in C on o(O(N))\ (Zy +iZy) and values
in C? on o(O(N))N(Zy +iZy) such that —sy € R, such that g is bounded
and measurable on o(O(N))\ (Zy +iZy), and such that
¢(2) = sn(2) + (pnv + an)(2) - 9(2), z € 7(BO(N)), (5-1)
where the multiplication here has to be understood in the sense of Remark 4.10.
Proof. According to Corollary 4.9 there exists an s € C[z, w] such that ¢ —
sy € R, and by Remark 4.10 we then find a function g such that (5.1) holds
true. The measurability of
¢(z) — s(Rez,Imz
o) = 9 = )
p(Re z) + g(Im z)

follows from the assumption ¢ € Fy; see Definition 4.11.
In order to show g¢’s boundedness, first recall from Lemma 3.3 that

max(|p(Re z)], |¢(Tm 2)[) < max([|R1 Ry], [[R2Ra]) [p(Re 2) + ¢(Im 2)]
for z € (O(N)). Hence, for z € 0(O(N)) \ (Z 4 iZ}) we have

on c(O(N)\ (ZF +izZ¥)

max(|p(Re z)], [¢(Im z)|)
[p(Rez) + ¢(Im 2)|
As ¢ € Fy for each w € 0(O(N))N(Z,;+iZ;) we find an open neighbourhood

U(w) of w such that (4.1) is bounded for z € U(w) \ {w}. Clearly, we can
make the neighbourhoods U(w) smaller so that they are pairwise disjoint.

< max(|[ Ry Ry |, [[R2 Ral]).
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Since for w € o(O(N)) N (Zy + iZy) the real number Rew (Imw) is a zero
of p(Re z) (¢(Im z)) with multiplicity d,(Rew) (9,(Imw)), we have

c|Re(z — w)P*®e®) < |p(Rez)| and d|Im(z — w)P*!™ ) < |g(Im 2)|
for z € U(w) with constants ¢, d > 0. Hence,
max (| Re(z — w)[?r(Re®) | Tm(z — w)|2« (™ w))
max(|p(Re 2|, |¢(Tm 2)])

on o(O(N))NU(w) \ {w} for some C,, > 0. By what was said in Remark
4.13 we also have

<C

— Yw

9 (Rew)—104(Imw)—1

s(Rez,Imz) = Z Z $(w)ey Re(z — w)* Im(z — w)!
k=0 1=0
—|—O(max(| Re(z — w)\al’(Re“’)7 | Tm(z — w)|°q(1m w))),

because ¢ — sy € R implies p(w),; = ﬁaa;;;z (Rew,Imw). Using the

boundedness of (4.1), altogether we obtain the boundedness of
z) — s(Rez,Im z
(o) — #) = s(RezIm2)
p(Rez) + ¢(Im 2)
_ max(|p(Re z)], |¢(Im 2)[)
p(Rez) + ¢(Im 2)
max(| Re(z — w)?»®e) | Tm(z — w)[Palmw))
max([p(Re 2)|, [¢(Im 2)])
#(z) — s(Re z,Im 2)
max(| Re(z — w)[Pr®ew) [ Tm(z — w)[2a(mw))
. ) .
for z € o(O(N))NU (w)\{w}. Since by Lemma 3.3 the function TR

is continuous, and hence bounded on (O(N)) \ Uyeq(o(n))n(z24izx) UWw),
P q
we see that (5.2) is even bounded for z € o(O(N)) \ (25 4 iZ}). O

(5.2)

Definition 5.2. For any ¢ € Fy we define
R1,R2
o) =sa B +2( [ - ga).
o (O(N))

where s € C[z,w] and g is a function on o(©(N)) with the properties men-
tioned in Lemma 5.1, and where

R1,R2
/ gdE = / gdE
o (O(N)) F(O(N)\(Z5+iZF)

+ Z (9(w)1 Ry R{ E{w}+g(w)sRo Ry E{w}).
wEF(O(N)N(ZE+iZ2)

O
First we show that ¢(NN) is well defined.
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Theorem 5.3. Let ¢ € Fun, s,5 € Clz,w] and functions g,g on o(©(N)) be
given, such that the assertion of Lemma 5.1 holds true for s, g as well as for
$,g9. Then

Rl,Rz R17R2
s(A,B)+ 2 / gdE | =3(A,B) +E / gdE |.
a(O(N)) a(O(N))

Proof. By assumption we have ¢ — sy, ¢ — §y € R. Subtracting these func-
tions yields 5§y — sy € R. Using the notation of Lemma 4.8 this gives
w(5 — 8)ey = 0 for (&,n) € p~ {0} x ¢~ '{0}. According to Lemma 4.8
we then have

5(z,w) = s(z,w) = p(2)u(z, w) + g(w)v(z, w) (5.3)

for some u(z,w),v(z,w) € Clz,w].
By Lemma 5.10 in [2] we have

=, (u(O1(4), 04 (B))) = Z1 (O1 (u(A, B))) = p(A)u(A, B).
Z2(v(02(4),02(B))) = E2(02(v(A4, B))) = a(B)v(A, B),
where =;, j = 1,2, are as defined in (2.5). Since u(©:(A),0:(B))
= [w(Rez,Imz) dE;(z), we obtain from (2.6)

E1(u(©1(4),0:(B))) == <R1Rf/u(Rez,Imz) dE(z))

Similarly, 22 (v(©2(A), 02(B))) = E(R2R5 [ v(Re z,Im z) dE(2)). Therefore,
employing Corollary 3.4 we get

E (RlRf /U(Re z,Imz)dE(z) + R2R5 /U(Re z,Im z) dE(z))

- p(Re z)u(Re z,Im z) + g(Im z)v(Re z,Im z)
=E dE(z)
o (O(N)\(ZE+iZ) p(Rez) + q(Im z)
+ Z (u(Rew,Imw) R R} E{w} + v(Rew, Imw) Ry R5 E{w})) .

wea(O(N))N(ZE+iZE)
(5.4)

On the other hand, since (5.1) holds true for s,g and 3, §, we have
(58 —sn)(z) = (py +an)(2) - (9(2) = §(2)), z € o(O(N)). (5.5)
For z € 0(O(N)) \ (Z; 4+ iZ;) by (5.3) this means

p(Rez)u(Rez,Imz) + ¢(Im z)v(Re z,Im 2)
=3(Rez,Imz) — s(Rez,Imz) = (p(Rez) + ¢(Im 2)) - (9(2) — §(2))

and, in turn,

_ p(Rez)u(Rez,Im z) + ¢(Im z)v(Re z,Im 2)

9(2) = 4(2) p(Re z) + ¢(Im z)
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Considering for z € o(O(N)) N (Z§ +iZ;) the entries of (5.5) with indices
(0,(Rez),0) and (0,9,(Im 2)) together with (5.3) we get
1
0,(Re 2)!
1 8Dp(Rez)

B 0,(Rez2)! Axo»(Rez) ($(Rez,Im z) — s(Re z,Im 2))
p !

pR»Ee2)(Re 2) u(Re 2, Im z)

1
= — (Dp(Rez)) -
~ 9,(Re2)! p (Rez) (9(2)1 — g(2)1)
and
1

04(Im 2)!

1 aaq(lmz) R
=3 (Tm 21 Doe(7) ($(Re z,Im z) — s(Re z,Im z))
4 !
1

= o) ¢4 =) (Tm 2) (g(2)2 — §(2)2)

q®a™2) (Im 2) v(Re z, Im 2)

where we employed the product rule and the fact that p*)(Rez) = 0 =
@V (Imz) for 0 < k < 9,(Rez), 0 < I < 9,(Imz). Since p®r(Re2)(Re2)
and ¢®(™ =) (Im z) do not vanish for z € ¢(O(N)) N (ZE +iZ¥), we obtain
u(Rez,Imz) = g(2)1 — g(2)1 and v(Rez,Imz) = g(2)2 — §(2)2. Therefore,
we can write (5.4) as

g(A,B)—s(A,B)=E</ (g—g)dE>,

showing the asserted equality. U

Ri,Ro

(©(N))

Theorem 5.4. The mapping ¢ — ¢(N) constitutes a x-homomorphism from
Fn into {N,N*}' (C B(K)) with sy(N) = s(A, B) for all s € Clz,w].

Proof. From Theorem 5.3 we infer sy(N) = s(A,B) for all s € Clz,w]
because we have sy = sy + (py + gn)(2) - 0 for all z € o(O(N)).

Assume that for ¢, 9 € Fn we have s, € C[z,w] and functions g, h on
o(©(N)) such that ¢ — sy, ¥ —ry € R, such that g and h are bounded and
measurable on o(O(N)) \ (Z; +iZ;), and such that (5.1) as well as

¥(z) =rn(2) + (pnv +an)(z) - h(z) for =z € a(O(N))
hold true; see Lemma 5.1. Then for A\, u € C we get from Remark 4.5
(MA@ + u)(2) = (As + pr)n (2) + (py + an)(2) - (Ag(2) + ph(2))

for z € o(O(N)), where Ao+ ) — (As+ur)y = M@ —sny) +pu(p —ry) € R,
and where Ag + ph is bounded and measurable on o(O(N)) \ (Z; +iZ}).
Since the definition of ¢(N) in Definition 5.2 depends linearly on s and g, we
conclude from Theorem 5.3 that

(Ad + p)(N) = AG(N) + pgp(N).
Similarly, ¢# (2) = (s%)n(2)+(pn+qn)(2)-G(2) for z € 0(O(N)); see Remark
4.5. Thereby, ¢ — (s7)n = (¢ — sn)* € R holds true due to the fact that
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2,(€) = 0,(£) and v,(n) = 04(7) for all (£,n) € Z'. Since g is bounded and
measurable on o(O(N)) \ (Z} +iZ;), and since

R1,R>
H(N)T =57 (A,B) + 2 </ ng>7
7(O(N))

we again obtain from Theorem 5.3 that ¢ (N) = ¢(N)*.
Concerning the compatibility with -, first note that by Remark 4.5

$(2) - (2) = (s - 7)n(2) + (pv + an)(2) - w(z) for 2 € o(O(N)).

Here we have w(z) = s(z)h(z) + r(2)g(z) + g(2)h(z)(p(Re z) + ¢(Im 2)) for
z € o(O(N)\ (ZF +iZy) and w(z); = s(z)h(2); + r(2)g(2);, j = 1,2 for
z € g(O(N)) N (ZE +iZ}) because a,b € ker 7 implies a - b = 0 and, in turn,
(Pnv +an)(2) - (pv + an)(2) = 0 for 2 € (O(N)) N (Z,) +1iZ,).

On the other hand, by Lemma 5.10 in [2] we have H(D) =Z(DO(0)),
CE(D) = E(O(C)D), and =Z(D1)E(Ds) = E(DyDoTHT), where THT =
p(©(4)) +¢(O(B)). Hence,

¢(N) %(N)

+f  (p(Re()) + q(Im())) - h- ng>
a(@(N))\(Z§+2Z§)

R1,R2
:(s-r)(A,B)+E</ wdE).
o(6(N)

Here w is bounded and measurable on o(O(N)) \ (Z5 + iZ;) and, using the
fact that R is an ideal,

¢-tp—(s-r)n=(¢—sn) ¥+ (¥ —rN) sy ER.
Hence, we again obtain from Theorem 5.3 that ¢(N) - (N) = ((b . w) (N).
Finally, we shall show that ¢(N) € {N,N*}". Clearly, s(4,B) €
{A,BY = {N,N*}". 1If C € {A,BY C (p(A) + ¢(B)) = (T'T"), then
O(C) € {6(A4),0(B)} because O is a homomorphism. By the spectral the-
orem for normal operators ©(C) commutes with

Ri,R2
o=
(@(N))
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According to Lemma 5.10 in [2] we then get
E(D)C =Z(DO(C)) =E(B(C)D) = C=(D).

Hence, Z(D) € {A4,B}" = {N,N*}’, and altogether ¢(N) € {A, B} =
(N,N+V". -

FEzxzample 5.5. We want to discuss the simple case of a normal N on a Krein
space K such that its real part A and its imaginary part B are both non-
negative, i.e. [Az,z] > 0 and [Bz,z] > 0 for all € K. According to these
assumptions the polynomial p(t) := ¢t =: ¢(t) is definitizing for A and B.
Consequently, Zy = {0} = ZF, Z' = () and 2, = dp = 0.

Therefore, the elements ¢ € My are functions defined on ¢(©(N)) U
{0} with ¢(2) € C for z # 0 and ¢(0) € A;; = C3. Such a ¢ belongs to
Fn if ¢lsovyfo is bounded and measurable and, in case that 0 is an
accumulation point of o(O(N)), if

¢(z) — ¢(0)o0

max(| Re z/, | Im z|)

is locally bounded for z € o(©(N))\ {0} near 0. If we split up a given ¢ € Fy
as ¢ = ¢1 + ¢a, where ¢1l-on)\{0} = Plo@(N)\{0} P2lo@N)N\f03 = O
and ¢1(0)o,0 = #(0)o,0, #2(0)1,0 = ¢(0)1,0, 2(0)0,1 = ¢(0)o,1, ¢1(0)10 =
d)l (0)0,1 = QSQ(O)O’O = O, then (251, d)g S .7:1\[ with (;5% =0. Hence,

P(N) = ¢1(N) + ¢2(N), (5.6)
where ¢o(N)? = 0. Applying Lemma 5.1 to ¢ and ¢1, ¢ we see that the
polynomial s(z,w) for ¢ can be chosen to be the zero polynomial and that
the polynomial s(z,w) for ¢ and ¢; can be choose to be equal. Moreover, the

corresponding functions g in (5.1) vanish at 0 for ¢; and assumes the value
(#(0)1,0,9(0)0,1) € C? for ¢o; see also Remark 4.10. Thus,

s =s(A.B)+T [ gdE T+,
a(6(N))\{0}

¢2(N) =T ($(0)1,0R1 Ry E{0} 4+ ¢(0)o1 RoR3 E{0}) T'*.

The decomposition in (5.6) can be seen as generalization of the result in [3]
saying that any non-negative operator H on a Krein space can be written as
the sum S + fj;o tdF, where S satisfies S? = 0 and where F is the classical
Krein space spectral function of H. O

6. Spectral Properties

Remark 6.1. For ¢ € Z' or for an isolated ¢ € 0(O(N)) U (ZF +iZ) we saw
in Example 4.12 that ad; € Fy. If a is the unit e € €(() (see Remark 4.2),
then (ed¢) - (ed¢) = (ed¢) together with Theorem 5.4 shows that (ed¢)(V) is
a projection. It is a kind of Riesz projection corresponding to (.

We set £ :=Re(, n:=Im(if € o(O(N))U(Z +iZy) and (&,1) :=¢
if ( € Z'. For A € C\ {¢ + in} and for s(z,w) := z + iw — X we then have
sn-(ed¢) = (sn(¢))dc, where the entry s(&,7) of sy (¢) with index (0, 0) does
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not vanish. By Remark 4.2 it therefore has a multiplicative inverse b € €(().
We obtain

SN (654) . (bdc) = 654.

From SN(N) = N—\ we then see that N|ran(eéc)(N)_/\ has (b6C)(N)|ran(eég)(N)
as its inverse operator. Thus, o(N|can(es ) (v)) S {€+in}.

Lemma 6.2. If for ¢ € Fn we have ¢(z) =0 for all
z€ (a(ON)U((Zy +i2;) No(N))U{(e, B) € Z' : o+ i, a+iff € o(N)},
then ¢(N) = 0.

Proof. Since any ¢ € (Z; +iZ;) \ o(N) is isolated in 0(O(N)) U (Z; +1iZy),
we can apply Remark 6.1. Hence, for

Ce((ZE+iZF\o(N)) U{(a,8) € Z' : e+ € p(N)}

=71 =:Z3

the expression (ed¢)(INV) is a bounded projection commuting with N. Hence,
(ed¢)(N) also commutes (N — (€ + in))~', where £ := Re(, n := Im( if
(€ Zyand (&,n) :=(if ( € Zs.

Consequently, N an(es.)(v) — (€ +in) is invertible on ran(ed¢)(N), i.e.
§+in & 0(Nlran(es)(v))- By Remark 6.1 we have (N |ran(es.)(nv)) € {§+1in}-
Hence, o(N|;an(es.)(n)) = 0, which is impossible for ran(ed¢ ) (V) # {0}. Thus,
(ed¢)(N) = 0. For

(&n) € Zs:=={(a, ) € Z' : a+if € p(N)}
we have (£,7) € Za, and in turn
0= (eéé,ﬁ)(N)+ = (ed¢,n)(N).
By our assumption ¢ is supported on Z; U Z5 U Z3. Therefore,

SN =1 D Q| (M= D $Qed)(N)=0. O

CEZ1UZ5UZs CEZ1UZyUZs

Remark 6.3. As a consequence of Lemma 6.2 for ¢ € Fy the operator ¢(N)
only depends on ¢’s values on

on = (c(O(N)) U ((Zy +iZy)Na(N)))
U{(e,B) € Z" - a+if,a+iB € o(N)}
Thus, we can re-define the function class Fy for our functional calculus so
that the elements ¢ of Fy are functions on this set with ¢(z) € €(z) such

that z — ¢(z) is measurable and bounded on o(©(N))\ (Z5 +iZ}) and such
that (4.1) is bounded locally at w for all w € o(O(N)) N (Z5 +iZy). O

Lemma 6.4. If ¢ € Fy is such that ¢(z) is invertible in €(z) for all z € on
and such that 0 does not belong to the closure of ¢(c(O(N))\ (Z§ +iZy)),
then ¢(N) is a boundedly invertible operator on K.
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Proof. We think of ¢ as a function on (0(©(N))U(Zy +iZy))UZ" by setting
@(z) = e (see Remark 4.2) for all z not belonging to . Then all assumptions
of Lemma 4.15 are satisfied. Hence ¢! € Fy, and we conclude from Theorem
5.4 and Example 4.6 that

T IN)P(N) = p(N)¢~H(N) = (¢ ¢~ (V) = Ln(N) = I. O

Corollary 6.5. If N is a definitizable normal operator on the Krein space IC,
then o(N) equals to

o(ON)U((Zy +iZy)Na(N))
U{a+iB: (a,B) € Z' a+iB,a+if € o(N)} (6.1)

Proof. Since © is a homomorphism, we have 0(©(N)) C o(N). Hence, (6.1)
is contained in o(N).

For the converse, consider the polynomial s(z,w) = z+iw—\ for a A not
belonging to (6.1). We conclude that for any z € oy the first entry (sy(2))o,0
of sy (2z) € €(z) does not vanish, i.e. is invertible in €(2). (sy(c(O(N))))o,0 =
o(O(N))— A being compact, 0 does not belong to the closure of sy (d(O(N))\
(ZF+iZ})). Applying Lemma 6.4 we see that sy (N) = (N —\) is invertible.

O

Corollary 6.6. For ¢ € Fny we have
a(¢(N)) € ¢(on)o,0-

Proof. For X ¢ ¢(on)oo and any z € on we have (¢p(z) — My (2))o0 =
#(2)0,0 — A # 0. Hence ¢(z) — AL n (%) is invertible in €(z).

Moreover, 0 does not belong to the closure of ¢ (o(O(N))\(Z; +iZy)) —
A= (¢—Mpy)(c(ON)\ (Z; + iZgQ))(),O. Therefore, we can apply Lemma
6.4 to ¢ — A, and get A € p(¢(N)). O

Remark 6.7. For any characteristic function 1 of a Borel subset A C C such
that (Zy +iZ;) No(N)NdcA = 0 the function (1,(a))n belongs to Fy; see
Definition 4.4 and Lemma 4.14. Since this function is idempotent and satisfies
(ﬂT(A))ﬁ = (I;a))n, (I7(a))~(N) is a bounded and self-adjoint projection
on the Krein space K. These projections constitute the family of spectral pro-
jections for N. O
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