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Abstract

In circuit quantum electrodynamics (QED) effective light-matter interactions can
be studied in terms of superconducting two-level systems (“artificial atoms”) cou-
pled to microwave resonators. Compared to regular cavity QED systems with
atoms and optical photons, the achievable coupling strengths in such artificial sys-
tems can be enhanced by many orders of magnitude and even exceed the bare
energies of the photons and atoms. In this so-called ultra-strong coupling (USC)
regime the simple physics of the Jaynes-Cummings model is no longer valid and
new exotic phenomena emerge.

This thesis addresses the physics of circuit and cavity QED systems beyond the
standard description based on the Dicke model. First of all, a rigorous derivation
of the effective circuit QED Hamiltonian is presented, which shows that the Dicke
model is no longer valid in the USC regime of circuit QED. Instead, a new model,
the Extended Dicke model (EDM), is identified as a physically consistent descrip-
tion. In the remainder of the thesis, the physics of the EDM is studied, first in
the case of non-interacting qubits. From this analysis a new ground state phase,
the subradiant phase, is found, where the qubits decouple from the photons, but
at the same time they are strongly entangled with each other. In a next step the
cases of repulsively and attractively interacting qubits are discussed. From this
analysis it can be shown that the origin of the usual superradiant phase transi-
tion is related to the presence of attractive qubit-qubit interactions and not to the
presence of a cavity mode, as commonly understood. In the successive parts of the
thesis also the excited states of the EDM are discussed, in particular in the low-
photon-frequency regime. In this limit the photons behave as effective particles
moving in a potential landscape determined by the coupling to the qubits. Several
symmetry-breaking transition in the qubit excited states are found and ways to
probe them are discussed. Finally, as an application of these new USC effects
a scheme to extract entanglement from the subradiant vacuum and a quantum
simulation scheme of the EDM with trapped ions are proposed and analyzed.
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Zusammenfassung

“Circuit quantum electrodynamics (QED)” bezeichnet ein junges Forschungsfeld in
dem effective Licht-Materiewechselwirkungen anhand der Kopplung von supraleit-
enden Qubits (“künstliche Atome”) und Mikrowellenphotonen untersucht werden.
Im Vergleich zu traditionellen Resonator QED Systemen mit Atomen und optis-
chen Photonen kann in diesen künstlichen Systemen die Kopplungsstärke um viele
Größ enordnungen erhöht und dadurch vergleichbar mit der absoluten Energie
der Photonen werden. In diesem Regime der sogenannten ultrastarken Kopplung
(USK) gelten die bekannten Gesetze der Quantenoptik nicht mehr und neue exo-
tische Phänomene treten zu Tage.

In dieser Dissertation werden die grundlegenden physikalischen Eigenschaften
von Circuit- und Resonator-QED Systemen anhand von einfachen Modellen be-
schrieben und diskutiert. Dazu wird insbesondere durch verschiedene explizite
Herleitungen gezeigt, dass in diesem Regime das oft verwendete Dicke Model seine
Gültigkeit verliert und durch ein erweitertes Dicke Model (EDM) ersetzt wer-
den muss. Im Bereich USK sagt dieses Model einen neuartigen, subradianten
Grundzustand voraus, in welchem die Qubits oder Atome von den Photonen kom-
plett entkoppelt, aber gleichzeitig untereinander stark verschränkt sind. Durch die
Ableitung von weiter vereinfachten effektiven Modellen kann diese Phase, so wie
auch viele andere Eigenschaften des Grundzustands und der angeregten Zustände
von stark-wechselwirkenden Licht-Materie Systemen, verstanden werden. Dadurch
konnten mit dieser Dissertation auch jahrelang kontrovers diskutierte Fragen in
diesem Feld, wie zum Beispiel die Existenz eines superradianten Phasenüber-
gangs, entgültig geklärt werden. Basierend auf diesem neuen grundlegenden Ver-
ständnis werden in dieser Dissertation des Weiteren ein Protokoll diskutiert, um
stark verschränkte Zustände aus dem subradianten Vakuum zu extrahieren und
die Möglichkeit das EDM mit Hilfe gefangener Ionen zu simulieren im Detail
analysiert.
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Chapter 1

Introduction

1.1 Cavity quantum electrodynamics

The study of light-matter interactions had a paramount importance for the devel-
opment of quantum mechanics [1]. At first, light-matter interactions were studied
in free space, where the coupling between radiation and matter is small. These
types of considerations led to, e.g., the understanding of spontaneous emission [2,
3] and the Lamb shift [4]. In 1946 Purcell discovered the Purcell effect : enhanced
spontaneous emission rate of an atom placed in a resonant cavity [5, 6]. This
discovery can be viewed as the start of cavity quantum electrodynamics (QED) [7]
the study of light-matter interactions between confined electromagnetic modes of
a cavity and atoms or other matter systems. The relevant energy scales in the
problem are the frequencies of the cavity and the matter systems, ωr and ωq, the
coupling between light and matter g and the dissipation rates of the cavity and
matter, κ and γ, respectively. The Purcell treatment is valid in the weak coupling
regime of cavity QED where the cavity can still be treated as a continuum, i.e.
g ≪ κ.

A new regime of cavity QED is reached when the light-matter coupling g is
larger than the dissipation rates γ and κ, the strong coupling regime [7, 8]. The
strong coupling regime was first demonstrated in systems with a large number of
atoms interacting with the electromagnetic field [9]. In multi-atom systems the
coupling of light and matter is enhanced by the number of atoms N to

√
Ng,

which facilitated the observation of the strong coupling regime with a small single
atom-photon coupling g ≪ κ, γ. The regime where the collective coupling

√
Ng

is larger than the dissipative rates is also called collective strong coupling. With
single atoms the strong coupling regime was reached in 1987 using microwave
cavities [10]. In the optical regime 5 years later [11]. Since these pioneering
experiments strong light-matter coupling has been demonstrated in a variety of

1
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2 CHAPTER 1. INTRODUCTION

different systems [12–21]. The strong (single atom-photon) coupling regime makes
it possible to couple matter to radiation in a highly controllable way, enabling
precision control of single quantum emitters, used e.g. for entangling quantum bits
(qubits) in small scale quantum processors [22–24].

1.2 Circuit quantum electrodynamics

With the advent of circuit QED [16, 17, 25] the study of light-matter physics with
even stronger couplings became relevant. Circuit QED is the study of light-matter
interactions in artificial setups. The optical or microwave photons are replaced
by microwave photons living in coplanar waveguides, transmission lines or lumped
element LC-circuits. These harmonic systems are coupled to superconducting
(SC) qubits, which play the role of artificial atoms. The advancement of the SC
technology in last decades has been staggering, and nowadays SC qubits and circuit
QED are one of the leading technologies in the pursuit of building a universal
quantum computer [26, 27].

In many systems the single atom-photon coupling g is inherently small [28], and
it is enhanced by coupling a large number of matter constituents to the electro-
magnetic field. In these cases the system can usually be described by a linearised
model [29], which loses the inherent non-linear character of the atoms. In circuit
QED, however, even the single photon-atom coupling strength can be very strong
[28]. One of the reasons of strong light-matter in circuit QED is the small mode
volumes of the “cavities” used. For example, in a transmission line resonator the
field is strongly confined along the transverse directions, reducing the mode vol-
ume well below the limit λ3, where λ is the resonant wavelength, of a traditional
3D cavity [25, 30]. Another advantage is the engineerability of SC qubits. Exper-
imenters do not have to settle for what nature provides them, rather SC qubits
can be designed to have properties needed in the experiment in question, whether
that is long coherence times [31–33], or large anharmonicity [34].

1.3 Ultra-strong coupling

The most extreme regime of light-matter interactions is reached when the coupling
is in the order of the bare energies of the atoms and the field, ωq and ωr. This regime
is called the ultra-strong coupling (USC) regime and for historical reasons has been
considered to start at g/ωr/q = 0.1 [35, 36]. This is an arbitrary bound and has
no physical meaning, rather it was set by the first experiments observing the
breakdown of the rotating wave approximation (RWA) [37–39]. In this thesis we,
however, set the limit of USC to g/ωr/q ∼ 1, in the literature sometimes referred to
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1.4. BEYOND THE DICKE MODEL IN CIRCUIT QED 3

as the deep strong coupling (DSC) regime [40], which has also been experimentally
demonstrated [41–43]. In the USC regime many exotic features of light-matter
coupled systems have been predicted, such as ground state entanglement [44–
46], phase transitions [47, 48] and light-matter decoupling [49–51]. Also some
applications of USC have been proposed such as protected [52], holonomic [53]
and ultrafast [54] quantum computing, ultrafast gates [55], quantum memories
[56, 57] and entanglement harvesting [58]. Compared to regular cavity QED, the
range of applications in the USC regime is, however, still limited and most of the
physics in this regime is still unexplored.

1.4 Beyond the Dicke model in circuit QED

This thesis concentrates on the physics of circuit QED systems in the USC regime,
which has been recently demonstrated in experiments with single superconducting
flux qubits [41, 42]. At the starting point of this thesis, there was still a debate
about the correct effective models to use to describe the physics of cavity and
circuit QED systems in this regime [47, 48, 59–66]. The debate concerned mostly
the existence or non-existence of the superradiant phase transition SRPT, pre-
dicted to occur in the ground state of the Dicke model (DM) [47, 48]. It was later
shown that the so-called A2-term, appearing in the minimal coupling Hamiltonian,
prevents such a transition [59, 60]. In the context of circuit QED it was claimed
in Ref. [65] that such a mechanism does not exist in circuit QED systems, while
Ref. [66] argued, based on very general considerations, that a SRPT does not exist
in these systems either.

One of the main motivations for this thesis was to resolve these contradictions,
and to provide a consistent description of multi-qubit circuit QED systems in the
USC regime. This we achieved by a rigorous derivation of the effective circuit QED
Hamiltonian starting from the full circuit models, considering both charge and flux
qubits, and different coupling schemes. These explicit first-principle derivations
show that neither the Dicke model nor the Dicke model with the A2-term provide
a correct description of these circuits. Instead, the Extended Dicke model (EDM)
is identified as a minimal model for multi-qubit cavity QED systems in the USC
regime. This new model resolves the issue of the SRPT in the DM, is physically
consistent with basic electrostatics and gives the SRPT a new interpretation as an
instability of interacting qubit ensembles [50, 51].

In addition to resolving long-lasting debates in the field of cavity QED, the
EDM predicts very different USC physics than what has been discussed in the
context of the DM. Thus, a large part of this thesis has been devoted to the
analysis of the ground and excited states of the EDM, approximation methods for
the USC regime and first potential applications of the new effects. These effective
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4 CHAPTER 1. INTRODUCTION

models have been compared to exact numerical simulations of small circuits in
order to identify realistic configurations, where this new physics could be observed.
In this regime, compared to regular circuit QED, the anharmonicity of the qubit
circuit has turned out to be the most crucial criterion, which makes flux qubits [67]
one of the most promising systems to explore this physics. In recent years work
towards USC using charge qubits [17, 31] has been made [68, 69]. In these systems
the qubits are only weakly anharmonic which sets bounds on the theoretically
obtainable coupling strengths [50, 68, 70]. A limitation that is not present in the
highly anharmonic flux qubit systems [50, 70, 71].

1.5 Outline

This thesis is organized as follows: In Chap. 2 we present the basics of supercon-
ductivity that are needed to understand superconducting circuits, the Josephson
effect and flux quantization. Chap. 3 is dedicated to the Hamiltonian formalism
in circuits and circuit quantization. The quantum LC-oscillator is presented along
with two main types of qubits, the charge and the flux qubit. At the end of the
chapter we discuss coupling of qubits to LC-circuits. The main coupling schemes,
capacitive and inductive coupling, are introduced, and bounds and scalings for the
obtainable light-matter coupling strength are derived.

In Chap. 4 we first discuss the two main USC models in the literature the
Rabi model and the Dicke model. We explain the superradiant phase transition
found in the Dicke model and the A2 no-go theorem based on the minimal cou-
pling Hamiltonian. Next we derive, with explicit examples, a new model for USC
systems the Extended Dicke model (EDM). We analyze three different example
circuits: non-interacting and attractively or repulsively interacting qubits coupled
to a field mode. Lastly we show that the EDM is an accurate two-level-truncated
description of the full physics in the USC regime in contrast to the Dicke model.
The reason for the lower accuracy of the two-level-approximation in the Dicke
model is identified as the momentum coupling to the electromagnetic field found
in the minimal coupling Hamiltonian.

Chap. 5 analyses the physics of the EDM. The ground state phase diagram
is discussed. A new vacuum state, the subradiant vacuum, is found in the USC
regime for systems of non-interacting qubits or qubits with repulsive dipole-dipole
interactions. In the subradiant phase the qubits and the harmonic mode are shown
to decouple, while the qubits are strongly entangled. The Dicke SRPT is given a
new interpretation as an instability of an attractively interacting TLS ensemble,
which is not created by the cavity mode. A new phase transition from the super-
radiant phase to the subradiant phase is found and its properties are discussed.

In Chap. 6 an extreme parameter regime in which the mode frequency is much
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1.5. OUTLINE 5

smaller than that of the qubits is discussed. A Born-Oppenheimer approximation
is used to analyze the situation and many instabilities are found in the excited
states. Protocols to probe the instabilities only involving qubit operations are
presented. The subradiant vacuum is put to use in Chap. 7 where it is used
to extract multi-qubit entangled states. The presented protocol is shown to be
robust against relevant experimental limitations and non-idealities. A flux qubit
implementation of the protocol is presented at the end of the chapter. Lastly a
trapped-ion quantum-simulation scheme of the EDM is proposed in Chap. 8. Using
appropriately chosen driving lasers the EDM Hamiltonian can be implemented as
the effective Hamiltonian description. The entanglement extraction protocol of
Chap. 7 is used to prepare the ion system in the subradiant vacuum state and a
measurement of the spectrum is described. In Chap. 9 we summarize our findings
and give an outlook on possible future research directions.

This thesis also includes three appendices that give more details on the deriva-
tions presented. In App. A the Polaron transformation is presented, and it is
applied to the EDM. The following appendix, App. B, presents details on the
perturbation theory used to derive the effective low-energy description used in
Chap. 5. Lastly the USC master equation used in Chap. 7 is derived in App. C.
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Chapter 2

Superconductivity

In this chapter we present the basics of the phenomenon of superconductivity,
that are needed to understand the properties of superconducting circuits used in
the rest of the thesis. We begin with a short review of the basics of the super-
conducting state, then we give a phenomenological explanation of the Josephson
effect and the properties of a Josephson junction, the fundamental building block
of superconducting qubits. Lastly we go through the effect of flux-quantisation,
extremely important for “flux-type” superconducting qubits i.e. flux qubits. The
discussion in this chapter is mainly based on references [72, 73].

2.1 Basics of macroscopic superconductivity

The microscopic theory of conventional superconductors, the BCS theory [74, 75],
was developed in the 1950’s by Bardeen, Cooper and Schrieffer. Before the BCS
theory a phenomenological macroscopic theory was developed by Ginzburg and
Landau [76, 77], verified by the microscopic theory of BCS. The basic assumption
of the macroscopic model is that the Cooper pairs of the superconducting state
can be described by a macroscopic wave function

ψ(r, t) =
√

ρ(r, t)eiϕ(r,t), (2.1)

where ρ(r, t) is the density of Cooper-pairs and ϕ(r, t) is the phase of the wave
function [72]. Using basic relations of quantum mechanics and electromagnetism,
an equation for the supercurrent density in the metal can be derived [72]

j =
e∗~

2im∗ (ψ
∗∇ψ − ψ∇ψ∗)− e∗

2

m∗c
|ψ|2A, (2.2)

with effective charge e∗ = −2e and effective mass m∗ = 2me of a Cooper pair,
e being the elementary charge and me the mass of an electron. In Eq. (2.2) A

7
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8 CHAPTER 2. SUPERCONDUCTIVITY

denotes the vector potential related to the magnetic field B = ∇ × A. For the
macroscopic wave function Eq. (2.1) we obtain

j =
~e∗ρ

m∗

(

∇ϕ− e∗

~
A

)

, (2.3)

where the term in the parentheses is the gauge invariant phase difference. From
this expression the London equations [78] can be deduced, and, thus, the two
fundamental attributes of superconductivity, the Meissner effect [79] and vanishing
electrical resistance [80], can be explained.

2.2 Josephson junction

The Josephson junction is probably the most important circuit element in circuit
quantum electrodynamics. Its non-linear current characteristic allows it to be
used to create circuits with anharmonic energy spectra. A Josephson junction is
comprised of two superconductors separated by a thin layer of oxide, acting as
an insulating barrier. The effect responsible for the properties of the Josephson
junction is called the Josephson effect, which we will now briefly review.

2.2.1 Josephson effect

The Josephson effect was discovered theoretically by Josephson in 1962 [81]. He
predicted the current and voltage relations across the junction. Already before
Josephson’s findings, the DC Josephson effect had been observed in experiments,
but it had been attributed to imperfections in the set-up. The first experimental
verification of Josephson’s predictions was conducted by Philip Anderson and John
Rowell [82] the next year.

The first Josephson relation tells how the junction behaves when there is no
voltage bias on the junction. It states that the current is given by

I(t) = Ic sin(ϕ(t)), (2.4)

where Ic is the critical current, that is the maximal current the junction can
pass through while remaining in the superconducting state. The phase ϕ is the
phase difference of the wave functions of the two superconductors connected by
the insulating layer, ϕ = ϕL − ϕR and ψL/R =

√
ρL/Re

iϕL/R with L(R) referring to
the superconductor left(right) of the insulating barrier. If the phase difference is
non-zero, mod π, the junction supports a current without a voltage difference.

The second Josephson relation describes the behaviour of the voltage across
the junction. It is given by

V (t) =
~

2e

dϕ

dt
(t) = Φ0

dϕ

dt
(t), (2.5)
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2.2. JOSEPHSON JUNCTION 9

where have defined the reduced flux quantum (the origin of which is explained in
the next section) Φ0 = ~/(2e) and ϕ is again the phase difference. This means that
if we bias the junction with an external DC voltage source such that V (t) = VDC

the phase evolves as

ϕ(t) =
VDCt

Φ0

+ ϕ0, (2.6)

where ϕ0 is the initial value of the phase, such that the resulting current is

I(t) = Ic sin

(

VDCt

Φ0

+ ϕ0

)

. (2.7)

The DC voltage bias, thus, results in AC current flowing through the junction.
The angular frequency of the AC current is VDC/Φ0.

Comparing the second Josephson relation to Lenz’s law

V = −dΦ

dt
, (2.8)

where Φ is a magnetic flux, we can say that the superconducting phase difference
acts for all intents and purposes like a magnetic flux.

The detailed derivation of the Josephson relations from microscopic details is
a complicated task, which we will not undertake. The effect can be understood
based on the phenomenon of Andreev reflection [83]. However, can one understand
these relations from simple arguments in a qualitative way?

Simple derivation of the Josephson relations

If we take as for granted the fact that Cooper-pairs can tunnel through the insu-
lating barrier coherently, it is possible to understand the Josephson relations based
on a simple model. We do this below.

In a superconductor the electrons have paired into Cooper-pairs of charge −2e.
Let us say there are N Cooper-pairs in the superconductor when it is in its ground
state. The total Cooper pair number is a conserved quantity as long as the super-
conductor stays in the ground state. Now let us take two such superconductors and
connect them with a thin insulating layer to form a Josephson junction. Let us call
the total number of Cooper-pairs in these two superconductors N . The number of
Cooper-pairs on the two superconductors can change, if the insulating layer is not
too thick, say NL in the left superconductor and NR in the right superconductor,
the only constraint is that NL + NR = N = const. at all times. The individual
Cooper-pair numbers for the left and right superconductors NL and NR change by
a Cooper-pair tunnelling through the insulating barrier to the other side. In the

https://www.tuwien.at/bibliothek
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10 CHAPTER 2. SUPERCONDUCTIVITY

first approximation we neglect the energy required to place an extra charge on the
superconductors, such that all combinations of NL and NR, with the constraint
NL +NR = N , have the same energy. The quantum states can be labelled as

|NL + l, NR − l〉 (2.9)

where l is the number of Cooper-pairs that have tunnelled from the right super-
conductor to the left after some, arbitrary, reference point with NL pairs on the
left and NR on the right. Negative value of l signifies that Cooper-pairs have
tunnelled from left to right. These sites form a “tight-binding” lattice in the
space of |NL + l, NR − l〉 states. The tunnelling of a Cooper-pair from right to
left through the junction is a hop between adjacent lattice sites |NL + l, NR − l〉
and |NL + l + 1, NR − l − 1〉. This process costs some amount of energy let us
call it EJ . It is the energy cost of transporting a single Cooper-pair through the
junction. The Hamiltonian for this system then reads

H =
∑

l

−EJ

2
[|NL + l, NR − l〉 〈NL + l + 1, NR − l − 1|+H.c.] , (2.10)

where H.c. stands for the Hermitian conjugate. This Hamiltonian can be diago-
nalized to [84]

H =
∑

ϕ

−EJ cos(ϕ) |ϕ〉 〈ϕ| , (2.11)

where ϕ is the Fourier transform of the tunnelled Cooper-pair number l. Since l
and ϕ are connected by a Fourier transform we know ϕ has to be a phase variable.
It can be identified as the phase difference between the superconductors introduced
above. If we now consider the current of Cooper-pairs from right to left we obtain

I = 2e
1

~

∂

∂ϕ
[−EJ cos(ϕ)] = Ic sin(ϕ), (2.12)

which is exactly the first Josephson relation, Eq. (2.4). Above we have used the
definition of the group velocity vg(ϕ) = ∂ϕE/~, multiplied by the charge to get the
current and defined the energy scale EJ through the critical current EJ = Φ0Ic.

This treatment gives an intuitive picture of the sin(ϕ) dependence of the current
by relating it to the well know tight-binding picture. This is of course not a
comprehensive explanation. We did not give an explanation why the Cooper-pairs
can move across the insulator in pairs without breaking them, for instance.

Also the second Josephson relation can be understood from this tight-binding
picture. Biasing of the junction with an external voltage can be taken into account
by adding a term

HDC = −2eVDCn, (2.13)
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2.3. FLUX QUANTIZATION 11

to the Hamiltonian, where n =
∑

l l |NL + l, NR − l〉 〈NL + l, NR − l| is the number
of Cooper-pairs transferred across the junction. The time evolution for the phase
ϕ is then given by

dϕ

dt
= − i

~
[HDC, ϕ] =

VDC

Φ0

, (2.14)

which is the second Josephson relation.

2.3 Flux quantization

Superconducting loop pierced by a magnetic flux

A phenomenon of superconductivity important to us is flux quantization. Consider
a loop made out of superconducting metal, cooled into its superconducting state.
Let us place the loop in a magnetic field B, smaller than the critical field Bc.
The current density in the superconductor is given by Eq. (2.3) above. Since the
field is smaller than the critical field the current density inside the superconductor
vanishes, j = 0. Thus, we also have

0 =

∮

C

j · dl =
∮

C

(~∇ϕ− 2eA) · dl = 2π~n− 2e

∫

∇×A · da, (2.15)

where C is a path inside the superconducting ring, n ∈ Z is an integer, due to the
uniqueness requirement on the wave function (going around the ring can change
the phase only by an integer multiple of 2π). In the last step in Eq. (2.15) we
have converted the closed line integral to a surface integral over the area enclosed
by C. From the above equation it follows that the magnetic flux threading the
superconducting loop satisfies

Φ =

∫

B · da = 2πnΦ0, (2.16)

That is the flux penetrating a superconducting loop is quantized in units of the
flux quantum, 2πΦ0 = h/(2e). The above result holds in the case that the su-
perconducting loop is much thicker than the London penetration depth λL. If the
thickness is on the order of λL the flux is still quantized, but the quantization unit
can be different from 2πΦ0.

A loop interrupted by junctions and/or inductors

Consider now that we interrupt the loop with a Josephson junction. Since the
superconducting phase difference ϕ behaves as a magnetic flux, up to unit conver-
sion, we must include it in Eq. (2.15). The equation including the phase difference
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12 CHAPTER 2. SUPERCONDUCTIVITY

becomes

0 = 2π~n− ~ϕ− 2e

∫

B · da, (2.17)

and, thus, instead of Eq. (2.16) we get

2πΦ0ϕ+ Φ = 2πnΦ0. (2.18)

That, is the phase difference and the external magnetic flux must sum up to
multiple of the flux quantum. Going forward we absorb 2πnΦ0 into the definition
of the external flux.

For a loop intersected by multiple junctions the above formula generalizes to
∑

i

2πΦ0ϕi + Φ = 0. (2.19)

If there are inductors part of the loop the flux penetrating the inductor has to be
also taken account. In general we can write

∑

i

Φi + Φe = 0, (2.20)

where the Φi are fluxes corresponding to Josephson junctions through the phase
difference, or actual magnetic fluxes in inductors, and Φe is the external magnetic
flux threading the loop formed by the inductors and Josephson junctions.

The flux quantization condition Eq. (2.20) is very important when it comes to
the analysis of flux type superconducting qubit, as we will see in Chap. 3. These
types of qubits always include a loop which is biased with an external magnetic
flux.
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Chapter 3

Quantum electric circuits

This chapter is dedicated for presenting the required theoretical formalism for mod-
elling quantum electromagnetic circuits. We begin by reviewing the Hamiltonian
description of electric circuits, a central tool in circuit QED. We proceed by apply-
ing this formalism to the simplest possible circuit, the LC resonator. Afterwards
we move to non-linear systems and discuss the most important superconducting
qubit types, the charge and flux qubits. Lastly we couple both types of qubits to
LC-oscillators and derive scalings and bounds to the obtainable coupling strength.
The Hamilton formalism for circuits presented in this chapter is mainly based on
reference [85].

3.1 Hamilton formalism for circuits

At an abstract level electric circuits are networks of elements which are connected
by nodes. The elements can be in principle be connected to an arbitrary number
of nodes. In this chapter and the whole thesis we are, however, only dealing with
dipole elements, i.e. elements that connect to two nodes only. The dipole elements
constitute what are called the branches of the networks. In addition we only
consider non-dissipative circuits in this chapter.

3.1.1 Generalized flux and charge, and types of elements

To each branch of the network, or rather to the element in each branch, we relate
two variables, the branch voltage Vb(t), over the element, and branch current Ib(t),
flowing through the element. The branch voltages and currents are defined through

13
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14 CHAPTER 3. QUANTUM ELECTRIC CIRCUITS

the underlying electromagnetic fields as [85]

Vb(t) =

∫

end of b

start of b

E(r, t) · ds, (3.1)

Ib(t) =
1

µ0

∮

around b

B(r, t) · ds. (3.2)

The direction of the positive current and voltage for each branch is arbitrary,
but we choose the positive current and voltage directions to be the opposite, as
is usually done. The energy stored in an element is obtained from the familiar
expression for power, P = V I, by integrating over time [85]

Eb(t) =

∫ t

−∞
Vb(t

′)Ib(t
′)dt′. (3.3)

The lower bound of the integral, −∞, refers to a time far in the past when the
circuit was at rest. An element is conservative, i.e. non-dissipative, if the energy
is stored in the electromagnetic field.

From the branch currents and voltages one can define another set of variables
which are essential for the development of the Hamiltonian description for circuits.
These variables are called the branch flux and branch charge defined through the
voltages and currents as [85]

Φb(t) =

∫ t

−∞
Vb(t

′)dt′, (3.4)

Qb(t) =

∫ t

−∞
Ib(t

′)dt′. (3.5)

Again the lower bound of the integral refers to a time in the distant past when no
currents or voltages were present.

An element is said to be capacitive if the voltage V (t) across it is directly only
a function of the charge Q(t) and nothing else

V (t) = f(Q(t)). (3.6)

The capacitance of the element is then defined to be

C(Q) =

[

df

dQ

]−1

(3.7)

and it only depends on the charge. For a linear capacitance C(Q) = C is indepen-
dent of Q, and thus V = Q/C. The energy stored by a linear capacitance is easily
calculated from Eq. (3.3) to be

E(t) =
Q(t)2

2C
=
CΦ̇(t)2

2
, (3.8)
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3.1. HAMILTON FORMALISM FOR CIRCUITS 15

where we have used I(t) = Q̇(t) and V (t) = Φ̇(t), from the definitions Eq. (3.4)
and Eq. (3.5), to obtain the two different forms.

An inductive element is an element for which the current I(t) is a direct function
of the flux Φ(t) only. The inductance of the element is defined as

L(Φ) =

[

df

dΦ

]−1

(3.9)

which only depends on the flux. A linear inductor is an inductive element for
which the inductance L(Φ) = L is independent of the flux Φ. The energy stored
by a linear inductor is given by

E(t) =
Φ(t)2

2L
=
LQ̇(t)2

2
, (3.10)

where we have again used Eq. (3.4) and Eq. (3.5) to obtain the two different forms.
In Sec. 2.2 we saw that the current through a Josephson junction is sinusoidal in

the generalized flux, the first Josephson relation Eq. (2.4), thus, it is an inductive
element but not a linear inductance. The inductance of a Josephson junction is
given by

L =
Φ0

Ic cos

(

Φ

Φ0

) ≡ LJ

cos

(

Φ

Φ0

) , (3.11)

where Φ0 is the reduced flux quantum and we have defined for future reference
the linear Josephson inductance LJ = Φ0/Ic, i.e. the flux independent part of
the inductance. With the help of the second Josephson relation we calculate the
energy stored by the junction to be

E(t) =
Φ2

0

LJ

[

1− cos

(

Φ(t)

Φ0

)]

≡ EJ

[

1− cos

(

Φ(t)

Φ0

)]

, (3.12)

In the rest of the work we use the Josephson energy to characterize a junction
rather than the critical current Ic. Many times the constant term EJ is dropped
so that the energy is varies between −EJ and EJ .

3.1.2 Degrees of freedom and the Hamiltonian

A circuit has less degrees of freedom than it has branches, due to restrictions from
Kirchhoff’s laws: the sum over voltages around every closed loop must be zero and
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16 CHAPTER 3. QUANTUM ELECTRIC CIRCUITS

the sum of currents arriving to a node must also be zero. In terms of the flux and
charge variables these rules read [85]

∑

b∈l
Φb = Φ̃l, (3.13)

∑

b→n

Qb = Q̃n, (3.14)

where the sums go over all branch fluxes Φb that are in loop l and branch charges
Qb which arrive to node n, and Φ̃l and Q̃n are constants. Using these equations
one has to eliminate the extra variables from the problem. The Kirchhof’s rule
for the branch flux is the same as the flux quantization condition Eq. (2.20). We
use a technique called the method of nodes to arrive at the solution. It works
for circuits which contain only linear capacitances [85]. This is in practice not
a stringent constraint, and especially all problems in circuit QED fall under the
applicability of this method.

We start by choosing a node in the circuit to be the ground node with respect
to all other nodes are defined, analogously to the ground point chosen for the
voltage, and is chosen to have the value of zero. Then we form a spanning tree
for the circuit, that is we form a path from the ground node to every other node
through capacitors only and without forming loops. To the nodes of the spanning
tree we can attach a node flux φn. The node fluxes are related to the branch fluxes
through relations [85]

Φb∈T = φn − φn′ , (3.15)

Φb/∈T = φn − φn′ + Φ̃b, (3.16)

where T is the set of branches in the spanning tree and Φ̃b is the flux, finite or
vanishing, enclosed by a loop containing the branch in question.

Now that we have the degrees of freedom for the circuit we can set up the
Lagrangian. The Lagrangian is the difference between the kinetic, Ekin, and po-
tential, Epot, energies of the system. For our circuits, due to the choice of using the
method of nodes, the capacitive elements provide the kinetic energy, since their
energy depends on the time-derivative of the node flux, Eq. (3.8) E = CΦ̇2/2.
The inductive elements give the potential energy. Thus, the symmetry between
flux/charge and capacitive/inductive elements has been broken and the flux plays
the role of “position” [85]. The Lagrangian will then have the general from

L =
1

2
φ̇

TCφ̇−
∑

b

f(Φb), (3.17)

where f is either f(Φ) = Φ2/(2Lb) for linear inductances or f(Φ) = −EJ cos (Φ/Φ0)
for Josephson junctions, and the sum goes over all the branches of the spanning
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3.1. HAMILTON FORMALISM FOR CIRCUITS 17

tree. The vector φ̇ is the a vector of the time-derivatives of the node fluxes and
the matrix C is the capacitance matrix. The diagonal elements of C are the sums
of the capacitances connected to a node and off-diagonal elements the negation of
the capacitances between nodes. Naturally the branch fluxes have to be expressed
through the node fluxes using Eq. (3.15). The equations of motion for the circuit
then follow from the Lagrangian through the Euler-Lagrange equations

d

dt

(

∂L
∂φ̇n

)

− ∂L
∂φn

= 0 (3.18)

as it should be.
Having established the Lagrangian there is only two step left to obtain the

Hamiltonian. The conjugate momenta related to the node fluxes are defined, as
always, through

qn =
∂L
∂φ̇n

. (3.19)

Since we restrict ourselves to linear capacitive elements the conjugate momenta
qn =

∑

n′ Cnn′φ̇n′ in general. The conjugate momentum is called the node charge or
conjugate charge and has the meaning of sum over all the charges on the capacitor
plates connected to the node in question. Defining a vector of node charges q we
can write

q =
∂L
∂φ̇

= Cφ̇. (3.20)

The Hamiltonian for the circuit is then given by the sum of the kinetic energy,
Ekin = Ekin({qn}) now expressed with the node charges qn, and the potential
energy Epot

H =
1

2
qTC−1q + Epot. (3.21)

Again the equations of motion are reproduced through the Hamilton’s equations

φ̇n =
∂H
∂qn

(3.22)

q̇n = − ∂H
∂φn

. (3.23)

Note that the particular form of the Hamiltonian depends on the choice of the
spanning tree.
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18 CHAPTER 3. QUANTUM ELECTRIC CIRCUITS

Figure 3.1: LC-oscillator: The simplest (quantum) circuit. A capacitor with
capacitor C and an inductor with inductace L connected together form a circuit
which obeys the equation of motion for a harmonic oscillator. The ground node is
marked with the line and and three bars. The active node is the one on the top
where L and C meet.

3.2 Quantization of circuits

Having established the classical Hamiltonian for a circuit the quantization of the
Hamiltonian is performed in a canonical manner. The conjugate pairs φn and qn
are promoted to operators φ̂n, q̂n satisfying the canonical commutation relation

[

φ̂n, q̂n′

]

= i~δnn′ , (3.24)

where δnn′ is the Kronecker-delta. Analogous to spatial problems q̂n = −i~ d

dφn

.

For nodes that are connected to capacitors and Josephson junctions only there is
a slight correction to this. In this case the node flux is a compact variable defined
only modulo Φ0 [28, 85]. This leads to a modified commutation relation between
q̂ and φ̂ [28]

[

eiφ̂/Φ0 , q̂
]

= −2e× eiφ̂/Φ0 . (3.25)

For φ̂ ≪ Φ0 this gives back the standard relation Eq. (3.24). In the following we
always omit the hat’s above operators for notational convenience.

3.3 Quantum LC -oscillator

The simplest quantum circuit is arguably the quantum LC oscillator Fig. 3.1. The
circuit consists of just a linear capacitance and inductance and has two nodes: the
ground node and one active node. We label the active node as φ, which in this
case has the meaning of the magnetic flux treading the inductor. The Lagrangian
of the LC resonator is then, using the prescription laid out in Sec. 3.1,

L =
Cφ̇2

2
− φ2

2L
. (3.26)

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

3.3. QUANTUM LC-OSCILLATOR 19

The conjugate charge to φ is given by q = ∂L/∂φ̇ = Cφ̇. Finally the Hamiltonian
is given by

H =
q2

2C
+
φ2

2L
. (3.27)

The equations of motion for a harmonic oscillator are recovered using the Hamil-
ton’s equations, Eq. (3.22),

Cφ̈+
φ

L
= 0. (3.28)

We see that the capacitance C plays the role of the mass in the mechanical analog
and inductance L is the inverse spring constant.

The quantum version is obtained by raising the conjugate pair φ, q to operators
with commutation relation Eq. (3.24). We can also introduce the raising and
lowering operators a† and a, as usual, defined by

a =

√

ωC

2~

(

φ+
i

ωC
q

)

,

a† =

√

ωC

2~

(

φ− i

ωC
q

)

.

(3.29)

With these operators the Hamiltonian reads

H = ~ω

(

a†a+
1

2

)

, (3.30)

where ω = 1/
√
LC is the frequency of the quantum LC resonator. Inverting the

relations Eq. (3.29) gives us φ and q in terms of a and a†,

φ =

√

~

2ωC

(

a† + a
)

,

q = i

√

~ωC

2

(

a† − a
)

.

(3.31)

Thus, the zero point flux and charge, for a harmonic oscillator, are given by
φzpf =

√

~/(2ωC) =
√

~Z/2 and qzpf =
√

~ωC/2 =
√

~/(2Z), where we have
defined the impedance Z =

√

L/C of the resonator. The scaling of the flux and
charge zero-point fluctuations with

√
Z and

√
Z−1, respectively, will turn out to be

very important later when estimating the coupling strengths of different coupling
schemes [28, 50].
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20 CHAPTER 3. QUANTUM ELECTRIC CIRCUITS

3.4 Superconducting qubits

In this section we briefly review the two main types of superconducting qubits
(SC), the charge based qubit and the flux based qubit. They both have their
own merits in simplicity, ease of manufacturing, control etc. What we are most
interested in is their usefulness in ultra-strong coupling physics.

3.4.1 Charge qubits

(a) (b)

=

Figure 3.2: Charge qubit designs. (a) The widely used transmon qubit design. (b)
Cooper-pair-box qubit, the external biasing voltage VG is added so that the CPB
can be biased to its charge sweet spot CgVG/(2e) = 1/2 The fluxes are defined as
in (a).

The most widely deployed SC qubit is a charge qubit called a transmon [31].
It is used in many current experimental works in circuit QED and in most efforts
towards building a universal quantum computer based on superconducting qubit
technology.

In Fig. 3.2(a) the circuit diagram for a transmon qubit is shown. It consist
of a loop made out of two Josephson junctions (JJ) threaded by an external flux
Φex. This design is not the simplest one for a transmon, a single Josephson junc-
tion would do as well, but the addition of another one adds the ability to tune
the qubit using Φex. This loop made out of two JJs is called a superconducting
quantum interference device (SQUID). We assume the junctions to be identical
with capacitances CJ/2 and Josephson energies EJ/2. In real world experiments
there would be a large shunt capacitance in parallel with the junctions. Here we
have for simplicity omitted this large capacitor and simply assume the junction
capacitances to be large instead. This does not change the physics in anyway.

One of the capacitors is chosen to be the branch in the spanning tree and the
rest of the branch fluxes will be determined by Eq. (3.15). The flux at the active
node is labelled as φ. There is a closed loop in the circuit formed by the two
junctions and we have to use the flux quantization condition Eq. (2.20). That is
the branch fluxes for the Josephson junctions Φ1 and Φ2 for the left and the right
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3.4. SUPERCONDUCTING QUBITS 21

junction, respectively, are related by

Φ1 + Φ2 = Φex. (3.32)

The Lagrangian for the transmon reads

L =
CJ φ̇

2

2
+ EJ/2

[

cos

(

φ+ Φex/2

Φ0

)

+ cos

(

φ− Φex/2

Φ0

)]

(3.33)

=
CJ φ̇

2

2
+ EJ cos

(

Φex

2Φ0

)

cos

(

φ

Φ0

)

. (3.34)

The conjugate momentum for φ is q = CJ φ̇ and the Hamiltonian becomes [31]

H =
q2

2CJ

− EJ(Φex) cos

(

φ

Φ0

)

, (3.35)

where we defined the external magnetic flux dependent Josephson energyEJ(Φex) =
EJ cos (Φex/(2Φ0)). Thus we can change magnitude of the potential energy by
changing the external flux. This feature is of great importance for flux qubits as
will become clear in sub–Sec. 3.4.2.

What makes this qubit a transmon qubit is actually the ratio between the so
called charging energy EC = e2/(2CJ), i.e. the energy of charging the capacitor of
the junction by a single electron, and the Josephson energy [31]. For a transmon
the potential energy term EJ dominates, EJ/EC ≫ 1. Due to this condition the
expectation value of the flux variable will be always close to zero. Now we can
quantize the circuit using the normal commutation relation Eq. (3.24) because
the lowest states do not feel the periodicity of the potential. We introduce the
dimensionless variables ϕ = φ/Φ0 and n = q/(2e), [ϕ, n] = i, so that the quantized
Hamiltonian reads

H = 4ECn
2 − EJ cosϕ. (3.36)

The wave functions of the few lowest states of the transmon and the potential
are plotted in Fig. 3.3 for EJ/EC = 70. Because of the condition EJ/EC ≫ 1
the lowest states of the transmon can be described by expanding the cosine term
up to fourth order resulting in a spectrum of a anharmonic oscillator. In this
approximation the splitting between the two lowest states ~ωq = E1 −E0 and the
anharmonicity ~α = E2 − 2E1 + E0 can be shown to be given by [31]

~ωq =
√

8ECEJ − EC , (3.37)

~α = −EC . (3.38)

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

22 CHAPTER 3. QUANTUM ELECTRIC CIRCUITS

(a) (b)

Figure 3.3: (a) Few of the lowest eigenstates of a transmon qubit in the cosine
potential. (b) Eigenvalues of the CPB plotted against the gate charge nG. The
black dotted lines indicate the bare charge states without the cosine tunnelling
term.

For USC purposes the transmon is not ideal since it does not allow to use the
two-level-approximation for large couplings due to the lack of a large positive
anharmonicity. Also the capacitive coupling between transmons and LC oscillators
and the near harmonicity of the spectrum restrict the achievable coupling rates as
will be shown in sub–Sec. 3.5.1.

The above treatment was done in the flux, i.e. position, eigenbasis. It is also in-
structive to consider it in the basis of the charge eigenstates. Since q = −i~d/(dφ)
the eigenstates will be plane waves ψQ(φ) = eiφQ/~. Operating on this eigenstate
with the Hamiltonian of Eq. (3.35) gives

HψQ(φ) = ψQ(φ)

[

Q2

2CJ

− EJ(Φex)

2

(

ei2eφ/~ + e−i2eφ/~
)

]

. (3.39)

We have three terms in the expression: the first one is just the original eigenstate
multiplied by the eigenvalue Q from the q2 operator. The last two terms include
new charge eigenstates where the charge has changed by ±2e, from the cos(φ)
operator. We see, thus, that the cosine term moves a charge of 2e, i.e. a Cooper
pair, across the junction. Thus we need to consider only states which contain
an integer number of Cooper pairs. This means that the dimensionless operator
n = q/(2e) only has integer eigenvalues and in this basis we can write [25]

H =
∞
∑

n=−∞
4Ecn

2 |n〉 〈n| − EJ(Φex)

2
(|n〉 〈n− 1|+ |n〉 〈n+ 1|) . (3.40)

This form gives us also the interpretation of n as the number of Cooper pairs in
the island.
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=

Figure 3.4: A tunable 4-junction flux qubit. Two of the Josephson junctions are
replaced with a SQUID to allow the tuning of the Josephson energy as explained
in sub–Sec. 3.4.1.

Above we took the Josephson energy EJ to be much larger than the charging
energy EC , EJ/EC ≪ 1. This resulted in the weakly harmonic transmon qubit. In
the opposite regime where the cosine potential can be considered as a weak per-
turbation on top of the kinetic energy EJ/EC < 1 the circuit behaves as a Cooper
pair box (CPB) [86]. By adding a possibility to bias the qubit as in Fig. 3.2(b)
with an external voltage VG, called the gate voltage, the Hamiltonian in the charge
basis reads [25]

H =
∞
∑

n=−∞
4Ec (n+ nG)

2 |n〉 〈n| − EJ(Φex)

2
(|n〉 〈n− 1| |n〉 〈n+ 1|) , (3.41)

where nG = CJVG/(2e) is the gate voltage in units of Cooper pairs and the charging
energy now includes the gate capacitor Cg, EC = e2/(CJ + Cg). Now by tuning
nG appropriately we can tune two charge states n and n + 1 to be degenerate by
setting n+nG = −1/2. At this charge degeneracy or “charge sweet spot” point the
spectrum of the system consist of two nearly degenerate levels split by EJ due to
the cosine term and all other charge states are far higher in energy, see Fig. 3.3(b).
We have thus realized a two-level-system to a very good approximation. The
draw back of the CPB is its sensitivity to fluctuations of the gate charge nG [86].
The transmon on the contrary is immune to these fluctuations due to the smaller
charging energy EC so that the spectrum is not sensitive to the exact value of the
gate charge [31].

3.4.2 Flux qubits

Flux-type qubits are less intuitive in their nature, but due to the laws of nature
they are more useful in the experimental study of USC physics, as explained in

https://www.tuwien.at/bibliothek
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sub–Sec. 3.5.2. We will review the physics of the tunable 4-junction flux qubit
[58]. It is not the simplest flux type qubit, but we will use it in Chap. 7 so it is
useful to introduce it now in detail.

The circuit diagram for a tunable 4-junction qubit is depicted in Fig. 3.4. It is
a 4-junction qubit [34] where two of the junctions have been replaces by a SQUID.
There are, thus, six junctions in the qubit. Two of them have capacitances CJ and
Josephson energies EJ . For the SQUIDs the capacitances and Josephson energies
are scaled, pairwise, by factors of α and β compared to the single junctions, see
Fig. 3.4. The self-inductance of the wires are neglected since they are much smaller
than the Josephson inductances LJ . The three loops give us three flux-quantization
conditions:

4
∑

i=1

Φi = Φǫ, (3.42)

∑

i=2,6

Φi = Φα, (3.43)

∑

i=4,5

Φi = Φβ, (3.44)

where ΦX , X ∈ {ǫ, α, β} are the external fluxes threading the big loop and the
smaller SQUID loops, respectively. We use these equations to eliminate the fluxes
Φ2, Φ5 and Φ6. Let us introduce the dimensionless phases ϕi = Φi/Φ0 and external
magnetic fluxes fX = ΦX/Φ0 for convenience. The potential energy for the tunable
4-junction qubit then reads

Epot = −EJ

[

cos (ϕ1) +
α

2
cos (ϕ1 + ϕ3 + ϕ4 − fǫ) +

α

2
cos (ϕ1 + ϕ3 + ϕ4 − fǫ + fα)

+ cos (ϕ3) +
β

2
cos (ϕ4) +

β

2
cos (ϕ4 − fβ)

]

,

= −EJ

[

cos (ϕ1) + α cos

(

fα
2

)

cos
(

ϕ1 + ϕ3 + ϕ̃4 − f̃ǫ
)

+ cos (ϕ3) (3.45)

+ β cos

(

fβ
2

)

cos (ϕ̃4)

]

,

where f̃ǫ = fǫ + (fβ − fα)/2 and we have defined a displaced phase jump variable
ϕ̃4 = ϕ4 − fβ/2. This does not effect the kinetic energy, which is given by

Ekin =
CJΦ̇

2
1

2
+
αCJ

2

(

Φ̇1 + Φ̇3 + Φ̇4

)2

+
CJΦ̇

2
3

2
+
βCJΦ̇

2
4

2
. (3.46)
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3.4. SUPERCONDUCTING QUBITS 25

(a) (b) (c)

Figure 3.5: Properties of the tunable 4-junction flux qubit. (a) The double well
potential of the qubit along a direction ϕ+ defined in the text, and the wave
functions of the three lowest eigenstates. (b) Frequency of the qubit transition
ωq ≡ ω01 of the qubit as a function of the external fluxes fα, fβ. (c) Matrix
element of ϕ4 between the two lowest eigenstates ϕ01 = 〈1|ϕ̃4|0〉 as a function of
the external fluxes fα, fβ. We have used EJ/EC = 50, EJ = 300GHz, f̃ǫ = π,
α = 0.6 for (a-c), and fα = fβ = 0, β = 1 for (a) and β = 6 for (b,c).

From this we can calculate the kinetic energy as a function of the conjugate charges
q = CΦ̇ by inverting the capacitance matrix C, see Eq. (3.21). We obtain

Ekin =
4EC

α + β + 2αβ

[

(α + β + αβ)
(

n2
1 + n2

3

)

+ (1 + 2α)n2
4 (3.47)

− 2αβn1n3 − 2α (n1 + n3)n4

]

,

where we have introduced the dimensionless variables ni = qi/(2e) and the charging
energy EC = e2/(2CJ). The Hamiltonian operator is then the sum of the kinetic
and potential energies [42]

H =
4EC

α + β + 2αβ

[

(α + β + αβ)
(

n2
1 + n2

3

)

+ (1 + 2α)n2
4 − 2αβn1n3

− 2α (n1 + n3)n4

]

− EJ

[

cos (ϕ1) + cos (ϕ3) (3.48)

+ α cos

(

fα
2

)

cos
(

ϕ1 + ϕ3 + ϕ̃4 − f̃ǫ
)

+ β cos

(

fβ
2

)

cos (ϕ̃4)

]

,

where ϕi and ni are operators satisfying the commutation relation Eq. (3.25).
The few lowest eigenstates of the 4-junction flux qubit along with the potential

are plotted in Fig. 3.5(a). The coordinate in the plot is the eigenvector of the
largest eigenvalue of the capacitance matrix C [34]. Along the two other orthogonal
directions the potential has a single well located at the origin. It is evident that the
spectrum of the qubit is highly anharmonic, and the anharmonicity being positive,
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i.e. ~α = E2 − 2E1 + E0 > 0≫ E1 − E0 = ~ωq. This is an important property to
be useful in USC experiments.

In the later chapters these types of qubits will be coupled to LC oscillators.
The coupling is usually obtained by embedding a junction into the wire of the
LC circuit [39, 41]. We will use a configuration where one of the junctions of the
SQUID with junctions of size β is shared between the resonator and the qubit. In
this case the coupling will happen through the flux jump related to the junction
in question, in our notation ϕ̃4. In Fig. 3.5(c) we plot the matrix element of ϕ̃4

between the qubit levels 0 and 1, ϕ01, as a function of the flux through the α
and β SQUID-loops fα/β, respectively. The coupling will be directly proportional
to ϕ01. For fβ ≪ 1 the matrix element is small and, thus, also the coupling of
the qubit to a resonator would be small. When fβ gets close to π the matrix
element starts to grow rapidly and approaches π/2. The dependence on fα is
weaker, but larger values of it do decrease the matrix element a small amount.
The value is understood as half the distance between the double well minima in
the ϕ̃4 direction. In electric engineering terms, for small fβ the size of the SQUID-
junction is largest and, thus, the inductance of the SQUID is small, L ∝ β−1

eff .
Current can flow through the SQUID easily making the flux difference small. When
the external flux is increased towards π the effective size gets smaller and smaller,
thus increasing the inductance and making the current smaller and increasing the
flux jump.

In Fig. 3.5(b) we also plot the qubit frequency ωq as a function of fα and fβ.
The tendency of ωq is inverse to that of the coupling. For small fβ we obtain the
largest qubit frequency and for fluxes close to fβ = π it reaches its lowest values.
The reason for this change is that by tuning the magnetic flux we can only change
the effective Josephson energy of the SQUID-loop not the charging energy EC .
Thus, the potential energy changes while the kinetic energy stays the same which
leads to the observed change in the qubit frequency.

3.5 Circuit quantum electrodynamics

In this section we present the two main coupling schemes used to couple SC qubits
to microwave modes, capacitive and inductive coupling. We will go through a
simple example circuit for the two schemes and give limits to the coupling strength
in limiting cases of two coupled harmonic oscillators and ideal charge and flux
qubits.
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Figure 3.6: A transmon qubit capacitively coupled to an LC-circuit. We use the
same circuit diagram for the tunable junction as in Fig. 3.4.

3.5.1 Capacitive coupling

We will start by considering the capacitive coupling scheme. As the name suggest
the SC qubits are coupled to the microwave mode(s) capacitively through a mutual
capacitance. Normally coupling through a capacitance is used to couple charge
qubits to microwave modes.

We consider the simple circuit of Fig. 3.6. A transmon qubit is coupled to a
simple LC circuit through a capacitance Cg. We choose the dynamical variables
as depicted in the figure: φr is the time-integrated voltage over the resonators ca-
pacitance, Cr. Correspondingly φq is the generalised flux related to the transmon’s
Josephson junction. Since there are no closed loops in the circuit we do not need to
worry about the flux quantization condition. The Lagrangian of the circuit reads

L =
Crφ̇

2
r

2
− φ2

r

2Lr

+
CJ φ̇

2
q

2
+ EJ cos

(

φq

Φ0

)

+
Cg(φ̇r − φ̇q)

2

2
. (3.49)

The Hamiltonian is obtained then with the recipe of Sec. 3.1 and Sec. 3.2.
The total Hamiltonian consist of three parts, the LC Hamiltonian Hr, free qubit
Hamiltonian Hq and interaction Hamiltonian Hint, H = Hr+Hq+Hint. The three
parts are given by

Hr =
q2r
2C̃r

+
φ2
r

2Lr

, (3.50)

Hq =
q2q

2C̃J

− EJ cos(
φq

Φ0

), (3.51)

Hint =
qrqq

C̃g

. (3.52)

The capacitive coupling leads to renormalization of all the capacitances Cr,J,g. The
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renormalized capacitances are given by

C̃r =
C̃2

CJ + Cg

, (3.53)

C̃J =
C̃2

Cr + Cg

, (3.54)

C̃g =
C̃2

Cg

, (3.55)

and C̃2 = CgCr + CJ(Cr + Cg).
Let us take a closer look at the coupling Hamiltonian. We can rewrite it in the

form

Hint = χqqṼr, (3.56)

where χ = C̃r/C̃g = Cg/(CJ+Cg) and Ṽr = Qr/C̃r is proportional to the resonator
voltage. For an uncoupled oscillator it would be the voltage, but the coupling to
the qubit changes the situation [51]. In this form we see that the coupling is of
the same type as in cavity QED: the dipole moment of the qubit, the charge q,
couples to the electric field of the mode, the resonator “voltage” Ṽr.

Introducing the raising and lowering operators for the LC resonator and making
a two-level-approximation for the qubit we can write the free qubit and resonator
Hamiltonians as

Hr = ~ω̃qa
†a, (3.57)

Hq =
~ω̃q

2
σz, (3.58)

where ω̃r = 1/
√

LrC̃r and ω̃q are the coupling renormalized oscillator and qubit
frequencies, due to the capacitance renormalization. The qubit-resonator coupling
becomes

Hint =
~g

2

(

a† + a
)

σx, (3.59)

where ~g = 2qrzpfq
q
zpf/C̃g is the coupling and qr,qzpf the zero point charge fluctuations

of the resonator and two-level-system. We have included the factor of half for it
is useful when dealing with systems of multiple qubits coupled to the oscillator.

The zero point fluctuation of charge for the resonator we have calculated al-

ready earlier and it is qrzpf =
√

~/(2Z̃), where Z̃ =
√

Lr/C̃r is the renormal-

ized resonator impedance. For the qubit we define it to be qqzpf = 2eq01q , where
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q01q = 〈1| qq |0〉 /(2e) is the matrix element of the transmon charge operator be-
tween the qubit levels 0 and 1. An important figure of merit in cavity and circuit
QED for the strength of the coupling is the ratio of the coupling constant to the
oscillator frequency g/ω̃r. For this configuration it is given by [28]

g

ω̃r

=
2qrzpfq

q
zpf

~ω̃rC̃g

=
2e

ω̃rC̃g

√

2

~Z̃r

q01q = 2

√

πZr

RQ

4

√

CrC̃
3
r

C̃4
g

q01q , (3.60)

where we have used (ωr

√
Zr)

−1 = Cr

√
Zr, ωr and Zr are the bare resonator

frequency and impedance, respectively, and introduced the Quantum resistance
RQ = h/(2e)2 ≈ 6453Ω.

The frequency normalized coupling depends on three parts: there is a geo-

metrical factor coming from the capacitances 4

√

CrC̃3
r /C̃

4
g , which depends just on

the ratios of the capacitances, it is limited from above by Cr/(Cr + CJ) < 1 and
saturates this bound when the coupling capacitance Cg is the largest capacitance
in the system. Then there is the qubit dependent part q01q which varies depend-
ing on the charge qubit type. We will come back to this shortly. Lastly there
is the coupling method dependent part

√

πZr/RQ. For the capacitive coupling
scheme it scales with the root of the impedance due to the qubit coupling to the
electric field, i.e. to the “voltage” of the resonator. Dividing this by the LC fre-
quency gives the impedance. Thus reaching large coupling strengths requires LC
resonators with impedances on the order of the quantum resistance RQ. It turns
out this is hard to achieve using geometrical capacitances and inductances. Stray
capacitances in inductors tend to lower the value of the impedance to few tens or
hundreds Ohm’s. In experiments oscillators with impedance Z ∼ 50Ω are usually
deployed due to the availability of commercial coaxial cables in this impedance
range. For this typical value of the impedance the coupling type dependent factor
gives

√

π50Ω/RQ ≈ 0.156. Thus, reaching extremely high values of g/ω̃r is not
trivial with capacitive coupling.

There are ways of manufacturing inductors where the inductance is in the order
RQ, so called “superinductors” [32, 87, 88]. These superinductors take advantage
of linear arrays of Josephson junctions operated in a regime where the current
through the array is extremely low compared to the critical current Ic, i.e. I =
Ic sin(Φ/Φ0) ≪ Ic, such that the sine term is, to a very good approximation,
given by the lowest order Taylor expansion Φ/Φ0, rendering a linear behaviour,
with inductance LJ = Φ0/Ic. In this case the Josephson inductance can be made
very large without increasing the capacitance of the junction too much, yielding
very high impedances. The draw back of this method is of course that the linear
behaviour is just an approximation and there are also other modes in the Josephson
junction array which might spoil the single mode behaviour of the system.
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Let us come back to the qubit dependent part of the coupling q01q . For a
transmon qubit, deep in the EJ/EC ≪ 1 regime, it would be approximately given

by the harmonic oscillator charge zero point fluctuation qqzpf = 2eq01q =
√

~ω̃qC̃J/2

which depends on the qubit frequency. For a Cooper pair box qubit the charge
matrix element is given by q01q = 1/2 and is roughly independent of the qubit
frequency ω̃q = EJ . Another important figure of merit for the coupling strength
is the combination

ζ =
g2

ω̃rω̃q

. (3.61)

For reasons that will become clear in Chap. 4 the value of ζ = 1 is regarded as the
threshold for USC. Evaluating this parameter for the transmon gives [50, 68]

ζ =
2qrzpfq

q
zpf

C̃g

=
C̃JC̃r

C̃2
g

=
C2

g

(Cr + Cg)(CJ + Cg)
< 1. (3.62)

Thus, with a weakly anharmonic qubit it is not possible to reach the USC threshold
of one. This is of course due to the fact that the charge zero point fluctuation terms
in g scale as

√

ω̃r/q. Instead for the Cooper pair box we obtain the relation [35,
50]

ζ =
C̃JC̃r

C̃g

4EC

EJ

=
C2

g

(Cr + Cg)(CJ + Cg)

4EC

EJ

, (3.63)

where EC = e2/(2C̃J) is the renormalized charging energy. The ζ parameter is
enhanced by a factor of 4EC/EJ compared to the transmon and can in principle
have an arbitrary large value.

Let us make another note on the resonator frequency normalized coupling con-
stant. It is easy to see that

g

ω̃r

=
2qrzpfq

q
zpf

~ω̃rC̃g

=
C̃r

C̃g

qqzpf
qrzpf
≤
qqzpf
qrzpf

, (3.64)

as follows from the definitions of C̃r and C̃g. Thus, the renormalized coupling
strength depends on the size of the qubit induced charge on the resonator compared
to the zero-point fluctuations of the oscillators charge. The typical qrzpf exceed
the elementary charge by almost an order of magnitude, limiting the obtainable
coupling strengths. High impedance resonators have qrzpf ∼ e such that the bound
is increased to allow for larger couplings.
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Figure 3.7: A 4-junction flux qubit inductively coupled to an LC-resonator. We
use the box and arrow to represent the whole 4-junction flux qubit circuit diagram
Fig. 3.4.

3.5.2 Inductive coupling

The second coupling scheme we review is the inductive coupling. In this situation
the coupling element between the LC circuit and the qubit will be an inductor. In-
ductive coupling is used as a means to couple flux qubits to microwave resonances.
In earlier works coupling between the qubit and to resonator was achieved through
a mutual inductance. This is not as effective as sharing an inductor between the
qubit and oscillator as we will present in the following.

The circuit we analyse is presented in Fig. 3.7. A tunable 4-junction flux qubit
is coupled to an LC oscillator through its inductance Lr. The Lagrangian of the
circuit becomes

L =
Crφ̇

2
r

2
− (φr − φq)

2

2Lr

+ L4jfq, (3.65)

where L4jfq is the 4-junction flux qubit Lagrangian and we have used φq for the
flux φ̃4. Since this circuit does not involve any shared capacitances the derivation
of the Hamiltonian is simple. We obtain

H =
q2r
2Cr

+
φ2
r

2Lr

+ H̃q +
φrφq

Lr

, (3.66)

where H̃q = H4jfq + φ2
q/(2Lr), H4jfq is the bare 4-junction qubit Hamiltonian,

Eq. (3.48).
Let us now take a closer look at the coupling Hamiltonian

Hint =
φrφq

Lr

= φqIr. (3.67)

We have introduced the resonator current operator Ir = φr/Lr. It does not,
however, correspond to the current flowing through the inductor Lr, which is
given by (φr − φq)/Lr. This is an important fact to remember when interpreting
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what a non-zero value of Ir means in terms of physical currents. The coupling is
of the type magnetic field coupled to the magnetic dipole moment Brµ. In our
case Ir ∝ Br and φq ∼ µ.

Let us introduce the dimensionless operators a(†) for the oscillator as in sub–
Sec. 3.5.1 and use a two-level-approximation for the qubit. Using these variables
the resonator Hamiltonian is given by Hr = ~ωra

†a, where ωr = 1/
√
LrCr is the

bare resonator frequency, i.e. there is no renormalization of the oscillator energy
in this case. The qubit frequency is renormalized, due to the inclusion of the term
φ2
q/(2Lr), to the qubit Hamiltonian to ω̃q. The interaction Hamiltonian becomes

Hint =
~g

2
(a† + a)σx, (3.68)

where ~g = 2φr
zpfφ

q
zpf/Lr is the coupling constant and we have included the factor

of half, as in sub–Sec. 3.5.1, for later convenience. The resonator zero-point flux
fluctuations are given by φr

zpf =
√

~Zr/2 and for the qubit we use φq
zpf = Φ0ϕ01,

where ϕ01 = 〈1|φq/Φ0 |0〉, analogously to sub–Sec. 3.5.1.
Again we are interested in how the coupling constant g between the oscillator

and the qubit scales with the system parameters, especially we take interest in
the two parameter ratios g/ωr and g2/(ωrω̃q). Let us evaluate first the oscillator
frequency normalized coupling constant

g

ωr

=
2φq

zpfφ
r
zpf

~ωrLr

=

√

2Zr

~

Φ0

ωrLr

ϕ01 =

√

RQ

πZr

ϕ01, (3.69)

where we have used
√
Zr/ωr = Lr/

√
Zr. In contrast to the capacitive coupling

situation the dependence on the coupling type dependent factor is inverted to
√

RQ/(πZr). This gives a much more favourable scaling with Zr regarding high
coupling strengths. This factor alone for a typical resonator impedance of Zr =
50Ω is given by

√

RQ/(π50Ω) ≈ 6.41 a very large value indeed (the inverse of
this is ∼ 0.16, so an increase of a factor of 40). There is no geometrical factor
in the qubit-resonator coupling in this case, but we will encounter also situations
where one exists, see Sec. 4.3. It will depend only on ratios of inductances in the
system analogously to sub–Sec. 3.5.1 where the geometric factor depended only
on the capacitive elements. A geometric factor would be present e.g. when the
coupling to the qubit does not happen through the resonator inductance, but a
dedicated inductance [50]. These types of factors can again be made at most of
order one, as in the capacitive coupling case [50]. The inverted scaling of the
coupling constant can be understood from Ir/ωr ∝ 1/

√
Zr. Next we will consider

the qubit dependent factor ϕ01.
As explained in sub–Sec. 3.4.2 the matrix element of the flux is given by half

the distance between the two minima in the qubit potential landscape. For the
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4-junction qubit it can be up to ϕ01 = 1/2, and for a flux qubit with almost a
harmonic spectrum it would be given by the same expression as for the resonator.
Thus, for a nearly harmonic qubit we obtain the bound

ζ =
g2

ωrω̃q

≤ 1, (3.70)

as we derived earlier for the capacitive coupling. For the anharmonic qubit the
qubit frequency and the matrix element are not correlated like for the harmonic
qubit and the bound of one can be broken. There is no simple expression for ω̃q

for the 4-junction qubit so we cannot write down a simple expression like we did
for the capacitive coupling to a CPB.

In a similar manner to sub–Sec. 3.5.1 we can derive a bound for the oscillator
frequency normalized coupling strength

g

ωr

=
2φr

zpfφ
q
zpf

~ωrLr

≤
φq
zpf

φr
zpf

, (3.71)

in complete analog to the capacitive coupling situation. The set up of Fig. 3.7
saturates this bound, and any geometrical factors will only reduce the coupling.
It is a coincidence that the flux quantum is very large compared to the zero-point
flux fluctuations of typical electric circuits, yielding a large value for this bound.

It is interesting that the coupling to the magnetic field of the resonator can give
a stronger coupling than coupling to the electric field. In experiments with real
atoms instead of artificial ones, we are used to the situation that electric coupling
dominates over the magnetic one unless some symmetries protect the atom against
coupling to the electric field.
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Chapter 4

Models of ultra-strong light-matter

coupling

In this chapter we discuss the models of ultra-strong light-matter coupling. We
begin by introducing the conventional models used in the literature, the Rabi and
Dicke models. Then we show, with explicit examples, that the correct description
of USC systems is given by the Extended Dicke model (EDM). This is done by
carefully analyzing a generic light-matter system and proving that the EDM is the
only model consistent with the two-level-approximation widely used in cavity/cir-
cuit QED.

4.1 Rabi model

The simplest model used to describe ultra-strongly coupled systems is the Rabi
model [89, 90], or more correctly the quantum Rabi model. We will, however, use
just Rabi model for brevity. It describes systems with a single mode ultra-strongly
coupled to a two-level-atom. The Hamiltonian of the Rabi model is given by

Hrabi = ~ωra
†a+

~ωq

2
σz +

~g

2

(

a† + a
)

σx, (4.1)

where a(†) is the annihilation (creation) operator of the field mode and σα, α =
x, y, z,+,−, are the Pauli matrices. For couplings in the strong coupling regime a
RWA can be made and the “counter-rotating” terms, aσ−, a†σ+, of the interaction
(a† + a)σx can be dropped. In this case the Rabi model reduces to the Jaynes-
Cummings model [91]. The full dipole interaction of the Rabi Hamiltonian, a
small change in principle, makes the system however much more complicated. It is
still exactly solvable, like the JC model, but the analytic solution was found only
recently [92]. The reason is the lower symmetry of the Rabi Hamiltonian. The
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(a) (b)

Figure 4.1: Effective potentials formed by the qubit for the resonator. In the
semiclassical approximation the operator a can be replaced by a c-number α, which
can be chosen real. The plotted curves E± are the eigenvalues of the semiclassical
Rabi Hamiltonian HRabi(α) as a function of α. (a) When g2 < ωrωq the potentials
only have a single minimum at α = 0. (b) For g2 > ωrωq the ground state potential
curve develops a double-well structure with minima at α 6= 0.

JC Hamiltonian has a continuous U(1) symmetry compared to the Z2 symmetry
of the Rabi Hamiltonian, corresponding to flipping the sign of a† + a and σx

simultaneously.
Now let us consider the ground state of the system in the ultra-strong coupling

regime, g/ωr, g
2/(ωrωq) > 1. Let us for simplicity at first set ωq = 0. Then

the Rabi Hamiltonian can be diagonalized by the polaron transformation U =
exp

[

g(a† − a)σx/ωr

]

, explained in detail in App. A, which displaces the oscillator
by a TLS-state dependent amount. The ground state of the system is doubly
degenerate and the states are given by [45, 46]

|G±〉 =
1√
2
(|←〉 |α〉 ± |→〉 |−α〉) = 1√

2
(|↑〉 |C+(α)〉 ± |↓〉 |C−(α)〉) , (4.2)

where ← / → and ↑ / ↓ refer to the σx and σz eigenstates, respectively, |β〉
is a coherent state of amplitude β and |C±〉 (β) = N−1

± (|β〉 ± |−β〉) is a Cat-
state of amplitude β. The normalization constants N± are close to 1/

√
2 for

β ≫ 1. A finite qubit frequency ωq induces transitions between the two states and
lifts the degeneracy. These solutions become possible classical ground states after
g2/(ωqωr) = 1. Before this point the energy is always minimized by a wave function
of the photons centred at α = 0. In Fig. 4.1 we show the effective potential created
by the TLS’s for the photons, see Chap. 6. Below g2/(ωqωr) = 1 the effective
potential has a single global minimum located at α = 0. For g2/(ωqωr) > 1
the potential has two degenerate minima at a finite α 6= 0. Due to quantum
tunnelling through the barrier, driven by σz, the ground state is the superposition
of the classical states centred in these minima, Eq. (4.2). The formation of these
states is a precursor of the superradiant phase transition (SRPT) observed in the
Dicke model, see Sec. 4.2.
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4.2. THE DICKE MODEL 37

This analysis explains the boundary g2/(ωqωr) = 1 used for USC regime: the
formation of new classical stable points in the phase space. For g/ωr > 1 the two
coherent states in Eq. (4.2), |±β〉, are well separated and almost orthogonal.

4.2 The Dicke model

The Rabi model is a description of a single emitter coupled to a field. For multiple
non-interacting emitters coupled to a single field mode the standard description
is the Dicke model [35, 36]. It is a simple generalization of the Rabi model to N
TLS’s coupled to an oscillator. The Hamiltonian is given by

HDM = ~ωra
†a+ ~ωqSz + ~g(a† + a)Sx, (4.3)

where Sχ =
∑N

i=1 σ
χ
i /2 are collective spin operators. The model is named after

R. Dicke, who studied in his seminal work collective effects in dense clouds of
atoms emitting radiation [93]. He found that when the atomic cloud is prepared,
e.g., with a single excitation, and the inter-particle spacings are smaller than the
wavelength of the emitted radiation, the decay rated of the excitation is enhanced
by the number of atoms from Γ to NΓ. This happens due to correlations building
up between the emitting atoms. Enhancement factors that scale with N2 are
achievable, by preparing states near the equator of the Bloch-sphere of the atoms,
e.g. a σx polarized state [94, 95].

The Dicke model has a Z2 symmetry like the Rabi model. The symmetry is
reflected in the eigenstates as having a definite parity defined trough (below the
critical coupling introduced below) [35, 36]

P = exp

[

iπ

(

a†a+ Sz +
N

2

)]

. (4.4)

The RWA version of the DM is called the Tavis-Cummings (TC) model [96].
Analogously to the JC model the TC model is obtained from the Dicke model by
neglecting the CR terms in the interaction Hamiltonian

HTC = ~ωra
†a+ ~ωqSz +

~g

2
(a†S− + aS+). (4.5)

4.2.1 Superradiant phase transition

The Dicke Hamiltonian supports two distinct ground states as a function of the
collective coupling strength G =

√
Ng [35, 36]. For weak coupling the ground

state respects the Z2 symmetry and has, accordingly, 〈a〉 = 〈Sx〉 = 0. For large
coupling the ground state breaks this symmetry. This allows for the system to be
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in states for which 〈a〉 6= 0 and 〈Sx〉 6= 0. The transition to this symmetry broken
regime is called the superradiant phase transition [47, 48].

The transition point can be obtained in multiple ways. We use here the equa-
tions of motion (e.o.m.). The e.o.m. for the field mode and the collective spin
expectation values read [97]

〈ȧ〉 = −iωr〈a〉 − i
G

2
〈Sx〉, (4.6)

〈Ṡx〉 = −iωq〈Sy〉 (4.7)

〈Ṡy〉 = iωq〈Sx〉 − i
G

2
〈(a† + a)Sz〉, (4.8)

〈Ṡz〉 = i
G

2
〈(a† + a)Sy〉. (4.9)

In the mean field description the expectation values of products of operators are
factorized, e.g. 〈aSz〉 ≈ 〈a〉〈Sz〉. Using this approximation and solving for the
steady-state of the the above equations gives

〈a〉 =



0, ± G

2ωr

√

1−
(

G

Gc

)4


 , (4.10)

〈Sx〉 =



0, ∓ G

2ωr

√

1−
(

G

Gc

)4


 , (4.11)

〈Sy〉 = (0, 0) , (4.12)

〈Sz〉 =
(

±N
2
, 0

)

, (4.13)

where the first, respectively second, elements in the parentheses denote the normal
and superradiant phases. Of the two stationary states 〈Sz〉 = ±N/2 the state with
a negative polarization is dynamically stable and the other unstable [97]. The

superradiant states, 〈a〉 = ± G

2ωr

√

1−
(

G
Gc

)4

, become valid stationary points at

the critical collective coupling [47, 48]

G > Gc =
√
ωrωq, (4.14)

or gc =
√

ωqωr/N in terms of the single atom-photon coupling. Both of the possible
solutions are dynamically stable [97]. The stationary points at 〈Sz〉 = ±N/2
survive in the superradiant phase, but are now both unstable fixed points [97].
The SRPT has been observed in driven-dissipative scenarios [98–101], but not as
a standard ground state phase transition.
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4.2. THE DICKE MODEL 39

4.2.2 The A
2-term and no-go theorems

The discussion of the SRPT was based on the DM Hamiltonian Eq. (4.3). Let us
go back to the more fundamental Hamiltonian where it can be derived from. Our
starting point is the Hamiltonian for N charged particles, with charge q and mass
m, moving in one dimension in an electromagnetic (EM) field

H = ~ωra
†a+

∑

j

[

(pj − qA)2
2m

+ V (xj)

]

, (4.15)

where V (x) is an external potential confining the particles, A = A0(a
† + a) is the

vector potential with zero-point amplitudeA0, p−qA is the kinetic momentum and
we have additionally used the dipole approximation A(x) ≈ A in the interaction of
the field and the particle. Expanding the square of the kinetic momentum allows
us to separate the Hamiltonian into three parts

H = H̃mode +Hparticle +Hint, (4.16)

where

H̃mode = ~ωra
†a+

Nq2A2
0

2m
(a† + a)2, (4.17)

Hparticle =
p2

2m
+ V (x), (4.18)

Hint = −
qA0

m
(a† + a)p. (4.19)

The interaction with the particles renormalizes the bare Hamiltonian of the field
by a term ∝ Nq2A2. This is the so called A2-term [59]. In the following we explore
its consequences on the physics.

Let us start, however, by neglecting it altogether. This is a valid treatment
if the coupling between the field and the particles, ∝ qA0, is small since it ap-
pears quadratically in the A2-term. In the two-level-approximation (TLA) the full
Hamiltonian H then reduces to the Hamiltonian of the DM. For large couplings
also the A2-term becomes significant and it cannot be neglected anymore.

It is also possible to include the effect of the renormalization exactly. The
modified field Hamiltonian can be diagonalized with a Bogoliubov-transformation
[102, 103], resulting in a renormalized field mode frequency ω̃r =

√

ω2
r +D2 with

D2 = 2Nq2A2
0ωr/(~m) [70]. Thus, the Hamiltonian in the two level description

reduces again to that of the DM

H = ~ω̃rc
†c+ ~ωqSz + ~g̃(c† + c)Sx, (4.20)
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where c are the new field operators and g̃ = g
√

ωr/ω̃r is the renormalized coupling.
It can then be shown [59, 66, 70] that

g̃2

ωqω̃r

< 1. (4.21)

This means that the critical coupling of the Dicke model cannot be reached, such
that the SRPT is not possible.

The above result is not the complete story though, as we show in Sec. 4.4. The
no-go theorem does not hold in general for systems with non-convex potentials.
The reason is the failure of the simple two-level-approximation we have used in
this section in conjunction with the Coulomb gauge [70]. The qualitative result
is, however, correct: for non-interacting TLSs interacting with a mode of the
electromagnetic field there is no superradiant phase transition.

4.3 The Extended Dicke model

In the previous sections we have shortly reviewed the discussion on USC phe-
nomena in the Rabi and Dicke models. For the rest of the chapter we focus on
the Extended Dicke model [50, 51] which we develop in this section. We present
the theory applied to superconducting circuits, but it is a more general theory
applicable to all systems where a single EM mode is coupled to two-level-atoms,
real or artificial [51]. We start by considering non-interacting qubits coupled to
a mode of the electromagnetic field. Then we proceed to treat systems where
the qubits additionally interact with each other through dipole-dipole couplings,
either attractively or repulsively. An example circuit of each situation is given.
Finally we show that the Dicke model does not give the correct description of USC
light-matter systems.

4.3.1 Non-interacting qubits

Let us consider a system of comprising of an LC-resonator coupled to N super-
conducting charge qubits as presented in Fig. 4.2. In Chap. 3 we derived the
Hamiltonian for a single charge qubit coupled to an LC-oscillator. The derivation
for N qubits proceeds very much in the same manner, but with some important
differences. The Lagrangian for the circuit is given by

L =
Crφ̇

2
r

2
− φ2

r

2Lr

+
N
∑

i=1

[

Lq(φi, φ̇i) +
Cg

2

(

φ̇r − φ̇i

)2
]

, (4.22)
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. . .

Figure 4.2: N charge qubits coupled to an LC resonator. The qubits can to be
CPB qubits or transmon qubits depending on the ratio chosen between EC and
EJ . The circuit is a prototype of non-interacting qubits coupled to a common
resonator mode.

where the Lagrangian for a single qubit is given by

Lq(φ, φ̇) =
Cq

2
(φ̇− VG)2 + EJ cos

(

φ

Φ0

)

. (4.23)

Introducing the vector notation from Sec. 3.1 allows us to write the Hamiltonian
of the circuit as

H =
1

2
qTC−1q + Epot(φr, {φi}) = Hr +

∑

i

Hqi +Hint +Hqq, (4.24)

where the individual parts are given by

Hr =
q2r
2C̃r

+
φ2
r

2Lr

, (4.25)

Hqi =
q̃2i
2C̃q

− EJ cos

(

φi

Φ0

)

, (4.26)

Hint =
∑

i

q̃iqr

C̃g

, (4.27)

Hqq =
∑

i,j 6=i

q̃iq̃j
2Cqq

, (4.28)

with q̃ = q+CqVG and the variables are now operators obeying [φr, qr] = [φi, q̃i] =
i~. The coupling results in renormalized capacitances C̃r = C̃2/(Cq + Cg), C̃q =
C̃2/[Cr + Cg + (N − 1)CgCq/(Cq + Cg)] and C̃g = C̃2/Cg, with C̃2 = CgCr +
Cq(Cr +NCg), as in the single qubit case, now scaling with the number of qubits
N . Especially the effective resonator capacitance C̃r ≥ Cr which in turn leads
to a smaller resonator frequency. This goes completely against the result for the
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Dicke model including the A2-term where an increase of the mode frequency in the
presence of the coupling is obtained. Lowering of the oscillator frequency would
advance the possibility for a SRPT.

In addition, rather surprisingly, there appears coupling terms between the
qubits in the Hamiltonian, with Cqq = (Cg + Cq)C̃

2/C2
g . To add to the unusu-

ality of this term it seems to be an all-to-all interaction with a constant strength.
This should not be, however, interpreted as a direct static coupling. Writing down
the equations of motion for φr and φi’s resulting from the Hamiltonian Eq. (4.24)
gives

φ̇r =
qr

C̃r

+
∑

i

q̃i

C̃g

, (4.29)

φ̇i =
qi

C̃q

+
qr

C̃g

+
∑

j 6=i

q̃j
Cqq

. (4.30)

Assuming a stationary oscillator φ̇r = 0 gives

qr = −
∑

i

C̃r

C̃g

q̃i. (4.31)

Plugging this into the equation for the qubit variable yields

φ̇i =

(

1

C̃q

− C̃r

C̃2
g

)

q̃i +
∑

j 6=i

(

1

Cqq

− C̃r

C̃2
g

)

q̃j =
q̃i

Cq + Cg

, (4.32)

and the coupling to other qubits has vanished. To obtain the above result we
have used Cqq = C̃2

g/C̃r and C̃−1
q − C−1

qq = (Cq + Cg)
−1. Thus, there are couplings

between the qubits mediated by the dynamical resonator, and they do not exist if
the resonator does not have dynamics of its own. Note that to arrive at this con-
clusion the qubit-qubit “interactions” have to be included in the Hamiltonian, since
without them there would appear a static interaction due to relation Eq. (4.31).
Another argument against interpreting the S2

x-term as direct qubit-qubit interac-
tions is the fact that it could be removed by a gauge transformation [51, 70], as
we discuss in Chap. 4. Thus, the appearance of the term is related to our choice
of canonical variables, φr/i and qr/i, rather than any physical interaction between
the qubits.

Hamiltonian of Eq. (4.24) is defined in the full Hilbert space of the system.
To proceed we apply the two-level-approximation to the charge qubits. In the
TLA we can write for Cooper-pair-box qubits Hqi ≈ ~ω̃qσ

z
i /2, with ~ω̃q ≈ EJ , and

q̃i ≈ eσx
i [25]. We also introduce the annihilation and creation operators of the
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Figure 4.3: Flux qubits coupled to an LC-circuit. The flux quantization condition
for the loop formed by the resonator inductor Lr, coupling inductor Lg and the
qubits constrain the currents flowing the this loop. The constraint induces dipole-
dipole interactions between the qubits, see text. Removing the resonator inductor
removes the loop in which case the qubits would be non-interacting.

mode, defined through φr = i
√

~Z̃r/2(a
† − a) and qr =

√

~/(2Z̃r)(a
† + a). The

Hamiltonian in the TLA then reads

HEDM = ~ω̃ra
†a+ ~ω̃qSz + ~g(a† + a)Sx +

~g2

ω̃r

S2
x, (4.33)

where ω̃r = 1/
√

LrC̃r and g =
√

πZ̃r/RQC̃r/C̃gω̃r which can be obtained easily
from the result derived in sub–Sec. 3.5.1. The Sα =

∑

m σ
x
m/2, α ∈ {x, y, z},

are collective spin operators. The factor of the S2
x-term, coming from the Hqq

term in the full Hamiltonian, follows due to the relation Cqq = C̃2
g/C̃r. The

Hamiltonian we have derived is the Extended Dicke model Hamiltonian [50, 51].
In the following chapters we mostly drop the tilde-notation from the resonator and
qubit frequencies for convenience.

4.3.2 Repulsive dipole-dipole interactions

We consider a system described by the circuit of Fig. 4.3. Flux qubits are induc-
tively coupled to an LC-oscillator through a dedicated coupling inductance Lg. We
assume them to be 4-junction flux qubits as before for definiteness, but any flux
qubit will do. The difference to the inductively coupled circuits we have looked at
before is the inclusion of a dedicated resonator inductance Lr in the circuit, rather
than letting the resonator inductor be also the coupling inductance.

Let us label the branch flux of the resonator inductor φr, for the branch flux
through the coupling inductor we use φg, and ∆φk is the flux jump over the
qubit k = 1, 2, . . . , N (for the 4-junction qubit it corresponds to φ̃4 of Eq. (3.48)).
Without the dedicated resonator inductor the only closed loops in the circuit are
the ones of the qubits’. However, with Lr included there is also a big loop formed
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by Lr, Lg and the qubits. Thus, we need to apply the flux quantization condition
to this loop

φr + φg +
∑

k

∆φk = 0, (4.34)

where we have assumed the external flux threading the loop vanishes. This equa-
tion can be used to eliminate e.g. the flux through Lg: φg = −(

∑

k ∆φk+φr). Up to
the appearance of a qubit-qubit coupling term, the derivation of the Hamiltonian
is identical to the single qubit circuit in sub–Sec. 3.5.2. The resulting Hamiltonian
is given by

H = Hr +
∑

k

H̃k +Hint +Hqq, (4.35)

where

Hr =
q2r
2Cr

+
φ2
r

2L̃r

, (4.36)

H̃k = H4jfq +
∆φ2

k

2Lg

, (4.37)

Hint =
φr

Lg

∑

k

∆φk, (4.38)

Hqq =
∑

k,l 6=k

∆φk∆φl

2Lg

, (4.39)

and H4jfq is the bare Hamiltonian of a 4-junction flux qubit, Eq. (3.48). Due to
the renormalization of the resonator inductance to L̃r = LrLg/(Lr + Lg) there
will be a renormalization of its frequency, which, however, does not scale with the
number of coupled qubits. The renormalized qubit and interaction Hamiltonians
are the same as obtained in sub–Sec. 3.5.2, with the replacement of Lr → Lg.
The qubit-qubit Hamiltonian is of the same form as we derived for the capacitive
circuit in Sec. 4.3, however now it also contains real DD interactions as opposed
to Sec. 4.3.

Quantizing this Hamiltonian, using the two-level-approximation for the flux
qubits and introducing the annihilation and creation operators for the resonator,
we obtain

H = ~ω̃ra
†a+ ω̃qSz + ~g(a† + a)Sx + (1 + ε)

~g2

ω̃r

S2
x. (4.40)

The coupling g = Lr/(Lr +Lg)
√

RQ/(πZ̃r)ω̃rϕ01 is the same as in sub–Sec. 3.5.2,

replacing Lr with L̃r, and also including a geometric factor Lr/(Lr+Lg) ≤ 1. The
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factor in front of the S2
x is however not equal to g2/ω̃r as before. Rather there

is an additional εg2/ω̃r term with ε = Lg/Lr ≥ 0. This can be interpreted as a
collective dipole-dipole interaction among the qubits, as we will demonstrate. The
additional factor vanishes for Lg/Lr → 0, i.e. if we remove the inductance Lr (in
that case “Lr =∞”).

The interpretation of the εg2/ωrS
2
x as a direct dipole-dipole interaction is cor-

roborated by considering the e.o.m. for the system. Let us go back to the variables
qr(k), (∆)φr(k). Writing down the equations for qr and qk and assuming a stationary
oscillator, q̇r = 0, as in sub–Sec. 4.3.1 we obtain the following equation for qk

q̇k = −
∂H4jfq

∂∆φk

−
∑

l

∆φl

Lr + Lg

. (4.41)

The appearance of other qubits l 6= k in the e.o.m. for qubit k indicates a static
interaction between them not mediated by a dynamic field φr. The interaction
term vanishes in the limit Lr →∞ as it should.

The direct dipole-dipole coupling originates from the flux quantization condi-
tion Eq. (4.34), which relates the currents flowing in the resonator and coupling
inductors, and through the qubits. It constrains the current through the coupling
inductor, which is a free variable if the dedicated resonator inductor, and thus also
the loop, is missing. This constraint then leads to the observed direct interaction,
which also explains the collective nature of the interaction: all of the qubits are
equally represented in Eq. (4.34), necessitating a collective interaction.

4.3.3 Attractive dipole-dipole interactions

Using flux qubits it is also possible to create systems with attractive direct DD
interactions between the qubits. We analyze here a setup from Ref. [104]. Rather
than coupling the qubits to the resonator through a single coupling inductor as
previously, we couple them to the resonator in parallel through dedicated coupling
inductors Lg for every qubit, see Fig. 4.4. We have taken the qubits to be single
Josephson junctions as in Ref. [104].

Every loop formed by the resonator inductor L, coupling inductor Lg and the
junction are threaded by an external flux φe. For N qubits this gives rise to N
flux quantization conditions

φr + φgi + ψi = φe, ∀ i = 1, 2, . . . , N, (4.42)

where φr(gi) is the flux jump across the resonator (coupling) inductor and ψi the
flux jump across the junction. These equations are used to eliminate the N extra
variables. In [104] the node fluxes φr, φi are chosen as the independent variables,
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Figure 4.4: Flux qubit circuit implementing attractive dipole-dipole interactions.
The N loops formed by the resonator inductor Lr, every coupling inductor Lg and
the junction of the qubit give flux quantization conditions that couple the qubit
variables together. The external flux φe is used to invert the cosine potential of
the Josephson junctions.

where φi is the node flux in the node between the ith junction and coupling in-
ductor, leading to

φg = φi − φr, (4.43)

ψi = φe − φi. (4.44)

There are no capacitive couplings in the circuit such that the conjugate charges to
φr and φi’s are just qr = Crφ̇r and qi = CJ φ̇i, respectively. The Hamiltonian then
becomes [104]

H =
q2r
2Cr

+
φ2
r

2Lr

+
∑

i

[

q2i
2CJ

+
(φi − φr)

2

2Lg

− EJ cos

(

φi + φe

Φ0

)]

. (4.45)

The external flux is chosen to have a value of φe/Φ0 = π, such that the sign
of the cosine potential is flipped for every qubit. Going to the annihilation and
creation operators for the resonator and performing a two-level-approximation on
the qubits1 we obtain the Hamiltonian

H = ωra
†a+ ωqSz + g(a† + a)Sx. (4.46)

The resulting Hamiltonian looks identical to that of the Dicke model. However,
the interpretation of the Hamiltonian is not that simple due to Eq. (4.42) which
couples the branch fluxes related to the coupling inductors and the Josephson
junctions to that of the resonator. We can again gain intuition by looking at the

1The TLA is not justified [104], but since we are only interested in the form of the Hamiltonian
it is fine for the current analysis.
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equations of motion for the circuit in the case of a static resonator, q̇r = 0. This
gives the equations of motion for the qubit variables

q̇i = Ic sin

(

φi

Φ0

)

− φi

Lg

+
∑

j 6=i

L̃r

L2
g

φj, (4.47)

where L̃r = LrLg/(Lg + NLr). In the e.o.m. there appear variables of the other
qubits φj 6=i such that there are static dipole-dipole interactions between them, not
dynamic ones mediated by a dynamic oscillator mode.

Based on the above considerations it is instructive to write the Hamiltonian
Eq. (4.46) in the same form as Eq. (4.40)

H = ωra
†a+ ωqSz + g(a† + a)Sx + (1 + ε)

g2

ωr

S2
x, (4.48)

where ε ≡ −1 is now fixed rather than tunable as in the case of the repulsive
interactions. Thus, we can interpret the system as a collection of qubits coupled to
a common resonator with attractive collective DD interactions. It is an interesting
coincidence that the strength of the interactions is exactly such that the gauge
dependent S2

x-term is cancelled, resulting in the Dicke model.

4.3.4 General description of qubits coupled to a single mode

resonator

The treatment above can be generalized to describe a generic system of dipoles
interacting with a single mode resonator through a dipole transition and with
each other through dipole-dipole interactions [51]. The generic cavity/circuit QED
Hamiltonian is then given by

HcQED = ωra
†a+

∑

i

[

ωi

2
σz
i +

gi
2
(a† + a)σx

i +
gigj
4ωr

∑

j

(1 +Dij)σ
x
i σ

x
j

]

. (4.49)

In the above equation we have allowed the two-level-systems to have different
frequencies and interaction strengths with the field mode. The Dij is the dipole-
dipole interaction strength between qubits i and j. Note, the DD coupling strength
is given in units of gigj/ωr and the Dij are dimensionless. The dipole-dipole
interactions Dij do not have to have a r−3 dipole character, rather they depend
on the boundary conditions for the field modes that mediate the interactions. In
case of free-space the typical DD couplings would be recovered [51].

The above Hamiltonian also shows that the single mode approximation cannot
be done in a simple minded way of just cutting the full radiative field to a single
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mode. Rather, the other modes have to be carefully adiabatically eliminated, and
they result in relevant interactions between the qubits [51].

The general Hamiltonian Eq. (4.49) is very complex. In order to simplify the
discussion we need to make some simplifications. As before we assume that the
qubits are identical, i.e. their transition frequencies are equal ωi = ωq and the
qubits couple to the resonator with the same coupling strength gi = g. In the
simplest approximation we take the dipole-dipole interactions into account only
in an average way. This is achieved by introducing the averaged DD coupling
strength

ε =
1

N

∑

i,j 6=i

Dij, (4.50)

which is equal for all of the qubits. Then we replace the DD interaction with a
collective coupling

∑

i,j

Dijσ
x
i σ

x
j /4→ εS2

x. (4.51)

The general cQED Hamiltonian of Eq. (4.49) then reduces to that of the Extended
Dicke model

HEDM = ωra
†a+ ωqSz + g(a† + a)Sx + (1 + ε)

g2

ωr

S2
x. (4.52)

This approximation captures the qualitative behaviour of the dipole-dipole inter-
actions: with on average ferromagnetic interactions ε < 0 the qubits want to
align them selves parallel in the x-direction, and for ε > 0, i.e. anti-ferromagnetic
(averaged) interactions they prefer to be anti-aligned along x. Of course in this
approximation the total angular momentum S is conserved which is not true in the
general case. Especially for larger DD coupling strengths this can cause inaccura-
cies. The value of ε is sensitive to the geometry of the qubit ensemble [51]. For
example, if we have dipoles arranged in a lattice and the ensemble has a spherical
shape the averaged dipole-dipole interaction strength vanishes ε = 0 [51].

This approximation can be made more rigorous. Let us take the dipole-dipole
interaction matrix Dij and diagonalize it. This gives us the N eigenmodes of the
DD coupling matrix. The averaged interaction strength ε then corresponds to the
totally symmetric mode of Dij in which all of the qubits participate equally. The
above approximation then consists of neglecting all other modes of the interaction
matrix.

Clearly the Hamiltonians for the two circuits we have analysed above fall under
this description. In the cases we have treated gi = g for all the qubits and also
Dij = D for all different pairs of qubits. The DD interactions are given by D =
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Lg/((N − 1)Lr) for repulsive DD interactions, and for the attractive couplings
D = −1/(N − 1). Note that for the circuits we analysed the EDM Hamiltonian is
not an approximation of the general Hamiltonian. In these setups the dipole-dipole
interactions, if present, are naturally of collective type.

4.4 Justification of the EDM: Gauge non-invariance

in the USC regime

The Hamiltonians we have derived in the previous section all are written in the
electric dipole gauge (introduced below). In principle a gauge transformation could
be performed on the Hamiltonian and a different looking, but equivalent Hamilto-
nian will be obtained. In the literature another widely used gauge is the Coulomb
gauge.The equivalence of Hamiltonians in different gauges is, however, guaranteed
only in the full Hilbert space of the system. We demonstrate that the electric dipole
gauge, which leads to the Extended Dicke model after the two-level-approximation,
is the gauge to use in the USC regime rather than Coulomb gauge.

4.4.1 Gauge freedom in cavity QED

Maxwell’s equations of classical electrodynamics are invariant under the transfor-
mation of the scalar potential Φel and vector potential A by [105]

Φel → Φel +
∂f

∂t
(4.53)

A→ A+∇f, (4.54)

where f is a twice differentiable function of position and time. In the language
of Lagrangians this freedom appears as a two Lagrangians differing by a total
derivative giving the same equations of motions. For Hamiltonians gauge trans-
formations can be performed with canonical transformations in the classical case
and in the quantum realm by unitary transformations. In cavity QED mostly two
gauges are used when performing calculations, the Coulomb gauge and the electric
dipole gauge. Next we shortly review how they are defined.

Note, we are only treating systems in the dipole approximation and consider
systems of non-interacting TLS’s. Dipole-dipole interactions are gauge invariant
and will not change the conclusions made in this section.

Coulomb gauge

The Coulomb gauge is defined by the condition [106]

∇ ·A = 0. (4.55)
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In this case we can use the well know minimal coupling replacement for a charged
particle moving in an electromagnetic field

p→ p+ qA, (4.56)

where q is the charge of the particle and p its momentum. Thus, the Hamiltonian
for a single particle of mass m, moving in one dimension, coupled to a single mode
of the electromagnetic field will have the form

HC =
(p− qA)2

2m
+ V (x) + ~ωra

†a, (4.57)

where V (x) is the confining potential of the particle, ωr the frequency of the field
mode and A = A0(a

† + a), with A0 a zero-point amplitude. The interaction
between the particle and the mode is of the form

HC
int ∝ p× A. (4.58)

Expanding the square gives also the infamous A2-term, q2/(2m)A2, which renor-
malizes the mode frequency to ω̃r =

√

ω2
r +D2 [59], with D = 2q2A2

0ωr/(~m).

Electric dipole gauge

We can change from the Coulomb gauge to the electric dipole gauge by performing
the unitary transformation [70]

U = e−iqxA/~. (4.59)

The Hamiltonian in the electric dipole gauge reads [70]

H =
p2

2m
+ Ṽ (x) + ~ωra

†a+ iωrqA0(a
† − a)x, (4.60)

where the potential of the particle has been renormalized to Ṽ (x) = V (x) +
mD2x2/2 due to the coupling to the mode. The coupling is now of the form

HD
int ∝ x× E, (4.61)

where E = iωrA(a†− a) is the electric field. Since HD and HC are connected by a
unitary (i.e. gauge) transformation they share the same spectrum and are, thus,
equivalent.

The equivalence of the Coulomb and dipole gauge Hamiltonians is no longer
true when using a two-level-approximation for the matter system as discussed in
detail in Ref. [70]. Here we present the analysis as it concerns superconduct-
ing quantum circuits, where different circuit variables can be connected by gauge
transformations.
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Figure 4.5: (a) Fluxonium qubits coupled to an LC-circuit. (b) The bare potential
V (φ) of the fluxonium qubit. We choose the parameters ELq/h = 7GHz, ECq/h =
12GHz and EJ/h = 50GHz for the qubit. These give ωq/(2π) ≈ 3GHz and
anharmonicity ω12/ω01 ≈ 15, consistent with experimentally realized values [107].

4.4.2 Case study: flux qubits coupled to an LC-resonator

As an example we consider flux qubits coupled to an LC-resonator. We present
the Hamiltonian in the Coulomb and electric dipole gauges.

Electric dipole gauge Hamiltonian

We consider the circuit of Fig. 4.5(a). The Hamiltonian for this system is given
by [70]

HΦ = 4ECrn
2
r +

ELr

2

(

ϕr −
∑

i

ϕi

)2

+
∑

i

[

4ECqn
2
i + EJ cos(ϕi) +

ELq

2
ϕ2
i

]

,

(4.62)

where ECr/q
= e2/(2Cr/q) and ELr/q

= Φ2
0/Lr/q are the charging and inductive

energies, and ϕi = ∆φi/Φ0, ϕr = φr/Φ0 and ni,r = qi,r/(2e) are the dimensionless
flux and charge variables, respectively. This Hamiltonian is identical to the electric
dipole gauge Hamiltonian Eq. (4.60): an effective particle moving in a potential
V (ϕ) = EJ cos(ϕi) +ELqϕ

2
i /2, shown in Fig. 4.5(b), is coupled to a mode through

its position variable ϕi.

Coulomb gauge Hamiltonian

From the electric dipole gauge Hamiltonian we can obtain the Coulomb gauge
Hamiltonian by the inverse of the unitary transformation we introduced above,
Eq. (4.59), with A → qr and x → φi, plus a sum over the qubit variables i. The
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Hamiltonian in the Coulomb gauge is given by [70]

HQ = 4ECrn
2
r +

ELr

2
ϕ2
r +

∑

i

[

4ECq(ni − nr)
2 + V (ϕi)

]

. (4.63)

It can be readily seen that the Hamiltonian is equivalent to the Coulomb gauge
Hamiltonian Eq. (4.57): an effective particle moving in a potential coupled to the
field through its conjugate momentum.

4.4.3 Gauge non-invariance of the two level approximation

Now that we have obtained the full Hamiltonians in the electric dipole and Coulomb
gauges we consider both of them in the two-level-approximation for the flux qubits.

4.4.4 TLA in Coulomb gauge

Let us start with the derivation of the two-level Hamiltonian in the Coulomb
gauge. To start with expand the square (ni − nr)

2 and obtain an “A2-term” for
the oscillator mode which can be absorbed into the kinetic energy term to obtain
a renormalized charging energy

EC̃r
= ECr +NECq . (4.64)

Then we can introduce the creation and annihilation operators through nr =
i 4
√

ELr/(32EC̃r
)(a† − a) and ϕr = 4

√

2ECr/ELr(a
† + a). The individual qubit

Hamiltonian can be diagonalized to obtain the two lowest energy levels |ψ0〉 and
|ψ1〉 and their splitting ωq. Then the charge operator can be expressed using the
eigenstates as n = |〈ψ0|n|ψ1〉|σx = n01σx. The two-level Hamiltonian then becomes

HTLA
Q = ~ω̃ra

†a+ ~ωqSz + i~gQ(a
† − a)Sx, (4.65)

with ω̃r =
√

8EC̃r
ELr/~ the renormalized cavity frequency and

gQ =
8ECq

~

√

√

√

√

ωr

ω̃r

√

ELr

2ECr

n01, (4.66)

the coupling. Above ωr =
√

8ECrELr/~ is the bare oscillator frequency. The
obtained Hamiltonian is given by that of the Dicke model.

Consider now a situation with only a single flux qubit coupled to the LC-
oscillator. The matrix element of the charge operator appearing in the definition
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of the coupling constant can be turned into a flux matrix element by using the
general relation

pnk = im(ωn − ωk)xnk, (4.67)

between position and momentum matrix elements. Using this result we get [70]

g2Q
ωqω̃c

=
ECq

ECr + ECq

f, (4.68)

where f = 2CqΦ
2
0ωqϕ

2
01/~ is the oscillator strength. Using the Thomas-Reiche-

Kuhn (TRK) sum rule we can constraint f ≤ 1, so that

g2Q
ωqω̃r

≤ 1. (4.69)

This is the no-go result of the SRPT when including the A2-term, the critical
coupling of the Dicke model cannot be reached.

4.4.5 TLA in electric dipole gauge

Now we repeat our derivation of the two-level Hamiltonian from the electric dipole
gauge Hamiltonian Eq. (4.60). For the oscillator the annihilation and creation
operators are as before with the replacement of the renormalized charging energy
EC̃r

with the bare one ECr . The qubit eigenstates and energies are obtained
using the renormalized potential Ṽ (ϕ) = V (ϕ) + ELr/2ϕ

2 resulting in a qubit
frequency ω̃q and we expand the flux operator using the two lowest energy states
to ϕ = |〈ψ̃0|ϕ|ψ̃1〉|σx = ϕ̃01σx. The Hamiltonian becomes

HTLA
Φ = ~ωra

†a+ ~ω̃qSz + ~gΦ(a
† + a)Sx +

~g2Φ
ωr

S2
x, (4.70)

with the coupling constant

gΦ = ωr
4

√

ELr

2ECr

ϕ̃01. (4.71)

The obtained approximate Hamiltonian is that of the Extended Dicke model as
expected based on Sec. 4.3.

Let us again consider a situation with a single qubit coupled with the resonator
and evaluate the dimensionless coupling constant. We obtain

g2Φ
ωrω̃q

=
ECqELr

~2ω̃2
q

f̃ , (4.72)
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with the modified oscillator strength f̃ = 2Cqω̃q|ϕ̃2
01|/~. Again the oscillator

strength is bounded from above using the TRK sum rule and we obtain

g2Φ
ωrω̃q

≤ ECqELr

~2ω̃2
q

. (4.73)

For an arbitrary potential, thus, the dimensionless coupling constant is not bound
by unity, rather it can have a priori any value. It can be show [70], however, that
in order for to obtain g2Φ/(ω̃qωr) > 1 the bare potential of the qubit V (ϕ) must be
non-convex at ϕ = 0. Thus, e.g. with a transmon qubit the critical Dicke coupling
cannot be reached.

We have derived a two-level Hamiltonian in two gauges and shown that they
result in different conditions on the dimensionless coupling constant g2/(ωqωr).
This implies differences in the physics predicted by the two Hamiltonians. This
shows clearly that the two approximate Hamiltonians are not anymore equivalent
in their spectra or other gauge invariant quantities.

For a multi-qubit system it can be shown [70] that the Coulomb and electric
dipole gauge Hamiltonians both predict absence of superradiance. However, the
mechanism is different. In the Coulomb gauge the absence of superradiance traces
back to the limitation on the dimensionless single qubit-photon coupling strength,
Eq. (4.69). In the electric dipole gauge it is rather the S2

x-term present in the
Hamiltonian that prevents superradiance as we will shown in Chap. 5, while the
dimensionless interaction strength is not constrained. These no-go theorems apply
in systems of non-interacting qubits coupled to a field mode. As we will show
in Chap. 5 attractive dipole-dipole interactions can cause an instability, in both
gauges, and a transition into a superradiant phase. This is possible, however, only
in specific situations and has nothing to do with the cavity [51].

4.4.6 Validity of the TLA

Now that we have established that the TLA Hamiltonians derived in different
gauges predict different physics when the coupling is large, we need to ask which
one gives accurate predictions, or if possibly both are inaccurate. To answer this
question we compare the two approximate Hamiltonians Eq. (4.65) and Eq. (4.70)
to the full Hamiltonian HΦ of Eq. (4.62).

In Fig. 4.6(a) we compare the spectra from the approximate TLA Hamiltonians
to the numerically exact spectrum of the full Hamiltonian. The eigenenergies are
plotted against

g0 = ωr
4

√

ELr

2ECr

|〈ψ0|ϕ|ψ1〉|, (4.74)

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

4.4. JUSTIFICATION OF THE EDM 55

0.1 1 100.01
0

2

4

Full

0 1 2 3 4 5
0

1.2

0.6

Full

0.10
0.9

1

1.1

0.05

(a) (b)

Figure 4.6: (a) Comparison between the spectra from the full Hamiltonian of
Eq. (4.62), blue line, and the two-level truncated Hamiltonians Eq. (4.70), green
square markers, and Eq. (4.65), red round markers. (b) The ground state pho-
ton number, 〈GS| a†a |GS〉, and entanglement entropy of a single qubit S1 =
−Tr[ρ1 log2(ρ1)], with ρ1 = Trr,N−1[ρ] the single qubit reduced density matrix,
from the full Hamiltonian, solid blue line, and the electric dipole gauge TLA
Hamiltonian, green square markers.

which is the coupling strength in the electric dipole gauge without including a
modification of the flux matrix element coming from the harmonic renormalization
term. We see that all of the spectra agree for small interaction strengths as one
would expect. As the coupling increases, however, the spectrum calculated using
the Coulomb gauge two-level Hamiltonian starts to deviate strongly from the exact
spectrum, while the approximate electric dipole gauge Hamiltonian still agrees
with it. For even stronger couplings, g0/ωr ∼ 4, also the TLA Hamiltonian in the
electric dipole gauge breaks down and deviates strongly from the exact result.

This observation is not just specific to the chosen system of flux qubits and an
LC-oscillator. Using the two-level-approximated versions of the generic Hamiltoni-
ans Eq. (4.57) and Eq. (4.60) with a double-well or box potential for the qubit gives
the same result: for ultrastrong couplings the electric dipole gauge Hamiltonian
in the two-level-approximation gives more accurate results than the correspond-
ing Coulomb gauge Hamiltonian [70]. Intuition for why this is the case can be
obtained from the relation Eq. (4.67). It shows that the matrix elements of the
momentum operator, in circuit QED language the charge operator, are enhanced
by the transition frequency of the transition. We plot the matrix elements of the
flux and the charge operator for the flux qubit that we have used in Fig. 4.7(a)
and (b), respectively. We see clearly that the matrix elements of the flux operator
only weakly couples the two lowest states |ψ0/1〉 to the rest of the spectrum. For
the charge operator this is not true, the matrix elements of the qubit states to the
other states tend to be larger than the coupling between the qubit states. Thus,
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(a) (b)

Figure 4.7: (a) Matrix elements of the flux ϕ between eigenstates |ψn〉 and |ψm〉 of
the qubit. (b) Matrix elements of the charge operator q between eigenstates |ψn〉
and |ψm〉 of the qubit. In both plots we have normalized the magnitude of the
matrix elements to one.

even though the anharmonicity of the flux qubit is large, ω12/ω01 ∼ 15 for the
parameters we have chosen, the simple two-level-approximation is not valid in the
Coulomb gauge due to large matrix elements of the charge operator coupling the
two-level-subspace to the rest of the spectrum. In the electric dipole gauge the
coupling of the qubit to the resonator happens through the flux operator which is
well contained in the two-level-subspace. For a harmonic “qubit” the charge and
flux, or more generally the momentum and position, variables are equivalent and
there is no distinction between the Coulomb and electric dipole gauge, or any other
gauge either, but of course the TLA is in this case not relevant since there is no
separated transition to begin with.

In Fig. 4.6(b) we demonstrate that not only the spectrum is correctly repro-
duced by the electric dipole gauge TLA Hamiltonian. We plot the ground state
photon number and the entanglement between the spins as a function of g0 for the
approximate and full Hamiltonians and observe good quantitative agreement for
the photon number and qualitative agreement for the entanglement. The entan-
glement from the full Hamiltonian does not saturate since the two-level-subspace
is not perfectly decoupled from the rest of the spectrum, a result which cannot
be captured with the TLA Hamiltonian due to the maximal entanglement entropy
of log2(2) = 1. However, qualitatively they both predict highly entangled qubit
states. See Chap. 5 to how this behaviour comes about.

4.4.7 Remarks

We have demonstrated that the simple two-level-approximation cannot be per-
formed equally accurately in the Coulomb gauge and the electric dipole gauge.
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It is possible, however, to perform the TLA in a different way in the Coulomb
gauge and obtain a two-level Hamiltonian that performs equally well as the elec-
tric dipole gauge Hamiltonian [108]. The resulting Hamiltonian, however, is not
of the Rabi, Dicke or even extended Dicke model type. This Hamiltonian can also
be obtained from the EDM Hamiltonian by a two-level truncated version of the
full gauge transformation Eq. (4.59) [51, 108] which is equivalent to the polaron
transformation, see App. A. In [108] the authors relate the failure of the simple
two-level-approximation in the Coulomb gauge to an incomplete application of
the minimal coupling replacement p → p − qA when using the simple TLA. In
the two-level-approximation the potential of the qubit becomes non-local, which
is equivalent to a momentum dependent potential energy [108]. The p → p − qA
replacement has to be done also in the potential not just in the kinetic energy.

If one is only interested in producing the two lowest energy eigenvalues with the
highest fidelity with a TLA Hamiltonian, it is possible that neither the Coulomb
gauge nor the electric dipole gauge gives the best result [109]. In this situation a
gauge which eliminates the counter rotating terms from the light-matter coupling
can be the best choice, in Ref. [109] called the Jaynes-Cummings gauge. The rest
of the spectrum naturally cannot be reproduced in this gauge since the spectrum
will be that of the Jaynes-Cummings model.

In [110] the authors study a situation where the TLS is coupled strongly to
not one but two modes simultaneously. In this case the best Rabi-type two-level
Hamiltonian can be found with an intermediate gauge between the Coulomb and
electric dipole gauges. For larger number of coupled modes it is still an open
question what is the optimal gauge.

Finally, let us touch on a limitation of the discussion presented in this chap-
ter. The analysis we have used, and also discussion in [108–110], assumes the
TLSs to have non-compact support. That is, charge qubits capacitively coupled
to resonator cannot be treated by the formalism presented. The failure in this
situation comes about due to the different canonical commutation relation (CCR)
Eq. (3.25). The modified CCR invalidates the relation Eq. (4.67) and also the
TRK sum rule used to bound the oscillator strength.
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Chapter 5

Physics of the Extended Dicke

model

In this chapter we discuss the physics of the Extended Dicke model. We begin
by analysing in detail the important case of non-interacting qubits coupled to a
resonator mode. Then we expand the discussion to qubits who additionally have
dipole-dipole interactions. A phase diagram of cavity QED is presented and the
different phases are discussed.

Since the Hamiltonian of the EDM, Eq. (4.33), commutes with the total spin
operator [HEDM, S

2] = 0, with S2 =
∑

α S
2
α. Thus, the Hilbert space factorizes

into non-interacting blocks between subspaces of different spin quantum number s.
This allows us to concentrate on a total spin subspace s which brings the number
of qubit states down from 2N to 2s+ 1, allowing to perform numerics for N > 10
qubits coupled to the mode.

5.1 Special case of non-interacting qubits

Let us start by considering the case of non-interacting qubits, ε = 0. In the next
section we explore the phase diagram in the g, ε landscape.

5.1.1 Bosonization in the large N limit

To analyse the physics of the EDM we start by considering the limit of a large
number of coupled qubits N ≫ 1. In this situation it is beneficial to transform
from the collective spin variables to bosonic operators with the Holstein-Primakoff

59
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transformation [111]:

Sz = b†b− N

2
, (5.1)

S+ =
√
Nb†

√

1− b†b

N
, (5.2)

S− =
√
N

√

1− b†b

N
b. (5.3)

This transformation is exact, the commutation relations of the spin operators are
preserved. We can, however, make a simplification, when the number of qubits
is large compared to 〈b†b〉, or, equivalently, the qubits are close to their collective
ground state, 〈Sz〉 ≈ −N/2. This allows us to expand the square roots as a series
in b†b/N and only keep the leading order term. This results in the collective spin
becoming a bosonic mode

Sz = b†b− N

2
, (5.4)

Sx ≈
√
N

2
(b† + b). (5.5)

The resulting Hamiltonian is (~ = 1)

HHP = ωra
†a+ ωqb

†b+
G

2
(a† + a)(b† + b) +

G2

4ωr

(b† + b)2, (5.6)

where we have introduced the collective coupling constant G =
√
Ng, already

familiar from previous sections. We call this Hamiltonian the Holstein-Primakoff
Hamiltonian.

Hamiltonian Eq. (5.6) is quadratic in the bosonic operators a(†) and b(†). This
means it can be diagonalized with a Bogoliubov-transformation. We denote by
operators c± the resulting upper and lower polariton modes with frequencies

ω2
± =

1

2

[

ω2
r + Ω2

q +
√

(ω2
r − Ω2

q)
2 + 4G2ωrωq

]

, (5.7)

where Ω2
q = ω2

q (1 + G2/(ωrωq)). The diagonal Hamiltonian is given by H =

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.
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∑

η ω±c
†
±c±. The new operators written in terms of the old ones are

c†+ + c+ = cos(θ)

√

ω+

ωr

(a† + a) + sin(θ)

√

ω+

ωq

(b† + b), (5.8)

c†+ − c+ = cos(θ)

√

ωr

ω+

(a† − a) + sin(θ)

√

ωq

ω+

(b† − b), (5.9)

c†− + c− = − sin(θ)

√

ω−
ωr

(a† + a) + cos(θ)

√

ω−
ωq

(b† + b), (5.10)

c†− − c− = − sin(θ)

√

ωr

ω−
(a† − a) + cos(θ)

√

ωq

ω−
(b† − b), (5.11)

where the mixing angle θ is defined through

tan(2θ) =
2G
√
ωrωq

ω2
r − Ω2

q

. (5.12)

A hall-mark of the SRPT in the Dicke model is the vanishing of the lower
polariton mode frequency ω−(Gc) = 0 [65]. From Eq. (5.7) we can evaluate this
condition:

ω− = 0

⇔ ω2
r + Ω2

q =
√

(ω2
r − Ω2

q)
2 + 4G2ωrωq

⇔ ω2
rΩ

2
q = G2ωrωq

⇔ G2

ωr

= ωq +ND,

(5.13)

where D = g2/ωr is the coefficient of the S2
x-term in Eq. (4.33). Thus, this con-

dition can be fulfilled only in the special case of ωq = 0. For the Dicke model,
however, we would have D = 0, and the critical coupling derived in Sec. 4.2 is
recovered. Thus, we have shown that the SRPT is not present in the Extended
Dicke model. It is prevented by the S2

x-term which is responsible for the D de-
pendent terms in ω±. It, thus, seems to be analogous to the A2-term of the Dicke
model, since they both prevent the phase transition. However, in contrast to the
A2-term, the S2

x-term is not present for a single qubit coupled to a resonator.
Expectation values of all desired operators can be obtained in the eigenstates

of the normal modes |n+, n−〉 using c
(†)
± |n±〉 =

√

n±(+1) |n± − (+)1〉 and the
expressions of the old operators a(†) and b(†) as combinations of the new operators.
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Inverting the relations (5.8 - 5.11) we obtain

a† + a = cos(θ)

√

ωr

ω+

(c†+ + c+)− sin(θ)

√

ωr

ω−
(c†− + c−), (5.14)

a† − a = cos(θ)

√

ω+

ωr

(c†+ − c+)− sin(θ)

√

ω−
ωr

(c†− − c−), (5.15)

b† + b = sin(θ)

√

ωq

ω+

(c†+ + c+) + cos(θ)

√

ωq

ω−
(c†− + c−), (5.16)

b† − b = sin(θ)

√

ω+

ωq

(c†+ − c+) + sin(θ)

√

ω−
ωq

(c†− − c−). (5.17)

For example, the expectation value of the number of photons n = 〈a†a〉 in the
ground state is found to be [50]

〈a†a〉 = 1

8
(cos(2θ)ζ− + ζ+ − 4) , (5.18)

where we have defined ζ± = (ω+ω− ± ω2
r)(ω+ ± ω−)/(ωrω+ω−). This is a cumber-

some expression in general, but for G≪ ωr, ωq it can be simplified to

〈a†a〉 ≈ G2ωr

4(ωr + ωq)2[ωq +ND −G2/ωr]
, (5.19)

In our case ND−G2/ωr = 0 and nothing special happens at the critical coupling
Gc as expected. For the Dicke model, however, D = 0 and there would be a
divergence at the critical coupling

√
ωrωq. The above equation is of course only

approximate, but this conclusion holds for the full photon number Eq. (5.18) as
well. For extremely strong couplings we can derive the limit, to leading order in
G−1,

〈a†a〉 ≈ G

4ωrωq

− 1

2
, (5.20)

that is the photon number is linear in the collective coupling for G ≫ ωr, ωq. A
result very different to what one expects from the DM, 〈a†a〉 ∝ G2.

5.1.2 Light-matter decoupling: the subradiant phase

Taking N → ∞ for the bosonization also implies that the single qubit-photon
coupling g → 0, in order to keep the collective coupling G =

√
Ng finite. In

the following we are interested in N > 1 and g > ωr, ωq, where a few qubits
and the resonator are ultra-strongly coupled in the single qubit-photon regime.
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0

0.5
1

0

0.5

(a) (b)

0 1 2 3 4 5 0 1 2 3 4 5

Figure 5.1: (a) Photon number per qubit 〈a†a〉/N in the ground state of the EDM.
The photon number is plotted against the coupling for N = 10 and N = 9 qubits.
The dotted line is the DM prediction which diverges at the critical coupling gc. The
dashed lines are analytical predictions from the Holstein-Primakoff Hamiltonian,
for small g, and the effective Hamiltonian Eq. (5.25) for large g. (b) The spin
observables 2|〈Sz〉|/N and 4〈S2

x〉/N plotted as a function of the coupling forN = 10
qubits. The dashed lines are as in (a). For 〈Sz〉 the effective Hamiltonian Eq. (5.25)
is inaccurate and also corrections to the eigenstates have to be taken into account
in order to quantitatively match the g ≫ ωr result, see App. B. The behaviour
of 〈Sz〉 and 〈S2

x〉 for N = 9 qubits is qualitatively same, the only difference being
that 〈S2

x〉 → 1/4 rather than to 0 for large couplings g.

In this regime the non-linearity of the spins plays a central role in the physics
and the Holstein-Primakoff Hamiltonian loses its applicability. In order to tackle
the problem in this regime we use exact numerical diagonalization techniques and
strong coupling perturbation theory.

In Fig. 5.1(a) we plot the ground-state photon number per qubit 〈a†a〉/N for
the EDM as a function of the coupling g. We plot it for ωq/ωr = 0.5 and for 9
and 10 qubits coupled to the resonator. The behaviour for small g, up to g ≈ ωr,
is well predicted by the linearised Holstein-Primakoff Hamiltonian Eq. (5.6). For
larger couplings the behaviour for 9 and 10 qubits, surprisingly, start to deviate
from each other. Especially, for 10 qubits the photon number reaches a maximum
at a finite g and then decreases approaching 0 as g →∞. On the other hand, for
9 qubits there is a small plateau where the 10 qubit system reaches its maximum,
but then the photon number increases again monotonically. This is completely
unexpected from the perspective of the Dicke model, where there is no difference
between an odd or even amount of coupled qubits, nor can the photon number
decrease for increasing coupling.

How can these findings be understood? A rough argument can be made just
based on the magnitudes of the coefficients of the different terms in the EDM
Hamiltonian Eq. (4.33). When the coupling energy is the dominant energy scale
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g > ωr, ωq the S2
x-term in the Hamiltonian is the most dominant part. Since the

eigenvalues of S2
x are positive the minimal energy penalty from this term comes

from states with the minimal eigenvalue. For an even number of qubits this will
be the eigenstate |mx〉 of Sx for which mx = 0, such that also S2

x |mx = 0〉 = 0.
However for an odd number of coupled qubits the total spin is a half-integer s =
N/2 = k + 1/2 for some k ∈ N, such that the possible values for mx are also half
integers mx = −s, . . . ,−1/2, 1/2, . . . , s and there is no state for which mx = 0.
Thus, the energy is minimized by two states, namely |mx = ±1/2〉. The coupling
term between the resonator and the qubits then displaces the oscillator by an
amount ±g(a† + a)/2 depending on the qubit state. The ground state is, thus, an
entangled state of the form |GS〉 ≃ (|α,−1/2〉+|−α, 1/2〉)/

√
2, where α = g/(2ωr)

is the amplitude of the resonator coherent state. The photon number of this state
is 〈a†a〉 = |α|2 ∝ g2 rather than g as we derived from the Holstein-Primakoff
Hamiltonian for large G. This, difference is a signal of the non-linear effect of the
TLSs. For an even qubit number the coupling to the resonator vanishes altogether
g(a† + a)mx → 0. Thus, the ground state of the system will be a product state
of the oscillator vacuum state and the |mx = 0〉 state, |GS〉 ≃ |0, 0〉, giving a zero
photon number. Thus, we have given an intuitive explanation of the observed
behaviour of the ground state photon number and the surprising difference for
odd/even number of qubits.

The above argument is not quite the complete picture. In considering only the
S2
x-term we have neglected the effect of the interaction term Hintg(a

† + a)Sx. A
priori it is possible that the lowering of the energy from this term, by displacing
the resonator such that the expectation value of the coupling Hamiltonian be-
comes negative, could compensate the energy penalty compared to the eigenstate
with minimal mx, and lead to a different ground state. We will give the detailed
explanation to why this is not the case later in this section. The free qubit Hamil-
tonian Sz will lead to mixing of different Sx eigenstates and could in principle also
change the ordering of the energy levels. However, in the regime g > ωr, ωq it
is highly suppressed, and only weakly mixes the different mx-states, not affecting
the qualitative behaviour we have laid out. This will also be discussed later in the
section.

The conclusions made from the simple considerations made above are corrobo-
rated by the spin observables shown in Fig. 5.1(b). We plot the expectation values
|〈Sz〉| and 〈S2

x〉 normalized by N/2 and N/4, respectively, for 10 coupled qubits.
The absolute value of the z-polarization and the square of the x-polarization both
tend to zero for large couplings, as expected from our intuitive picture.
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5.1. SPECIAL CASE OF NON-INTERACTING QUBITS 65

EDM in the polaron frame

It is instructive to move into the polaron frame for the EDM Hamiltonian where
the bilinear interaction term is removed. The full derivation is presented in App. A,
here we give an outline of the treatment.

We apply the unitary transformation U = exp
[

γ(a† − a)Sx

]

to Eq. (4.33),
with γ = g/ωr. This displaces the annihilation and creation operators to a(†) →
a(†) − γSx. The Sx dependent parts do not change since [Sx, U ] = 0. The free
qubit Hamiltonian is rotated by an amount dependent on the resonator to

Sz → cos(iγ(a† − a))Sz − sin(iγ(a† − a))Sy. (5.21)

Using these substitutions the transformed Hamiltonian is given by

Hpol = ωra
†a+

ωq

2

(

D(−γ)S̃+ +D(γ)S̃−

)

, (5.22)

where D(α) = exp(αa†−α∗a) is the displacement operator and S̃± = Sz ± iSy are
the ladder operators with respect to the Sx eigenbasis.

By moving into the polaron frame we have removed both the linear coupling
to the cavity and the S2

x-term. Moreover, the free qubit Hamiltonian Hz
pol, second

term in Eq. (5.22), is heavily suppressed for g > ωr, ωq, Hz
pol ∝ ωqe

−γ2/2. Thus,
to lowest order in ωq/g the resonator and the qubits are decoupled, and all the
2N qubit eigenstates are degenerate. This is in conflict of our simple treatment
where we concluded that the eigenstate, or states, with the minimal Sx quantum
number will be the ground state. The reason for the exponential degeneracy is
the interaction term Hint as we anticipated. However, this result is also in conflict
with our numerical results for 〈S2

x〉, which shows clearly that the state of the qubits
approaches the state with the minimal Sx eigenvalue.

Effective low-energy Hamiltonian

The reason for this discrepancy is the importance of quantum fluctuations due to
Hz

pol [50, 51]. In App. B we calculate the effective Hamiltonian in the 0 photon
subspace {|n = 0, s,mx〉}s,mx for the EDM up to second order in the perturbation
Hz

pol. The first order perturbative correction is exponentially suppressed in γ =
g/ωr

H
(1)
eff = ωqe

−γ2/2Sz. (5.23)

Surprisingly the second order correction does not go exponentially in the coupling,
rather it is polynomial in ωq/g

H
(2)
eff =

ωrω
2
q

2g2
(

S2
x − S2

)

, (5.24)
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(b)(a) (c)

Figure 5.2: SU(2) Q-functions of the reduced qubit states ρq = Trc[ρ]. (a) For
small couplings the qubit state is close to a coherent spin state at the south pole
of the Bloch-sphere. (b) For increasing coupling the state is squeezed along x. (c)
In the limit g →∞ the state approaches a narrow circle in the plane Sx = 0.

where S is the total spin operator. In this result we have neglected an exponentially
suppressed term that couples different mx states, and assumed γ & 2 in order to
simplify H(2)

eff to the from given above, see App. B.
Interestingly, coupling to the higher photon number manifolds n 6= 0 induces

strong shifts of the energies of the spin states. Since the second order term is not
exponentially suppressed, it determines the ordering of the energy levels rather
than H(1)

eff . The effective Hamiltonian describing the ground state photon manifold
n = 0 is then

Heff = ωqe
−γ2/2Sz +

ωrω
2
q

2g2
(

S2
x − S2

)

. (5.25)

Thus, we see that our simple argument produced the correct result; the ground
state of the system has a minimal Sx quantum number. Moreover, from H

(2)
eff we

see that the ground state is in the maximal total spin subspace s = N/2, which
we could not deduce from our simple argument, but what we implicitly assumed
anyway.

In the polaron frame the resonator and the qubits are decoupled in the low-
energy sector of the Hilbert space and the ground state for a system with odd
number of qubits is |GS〉 = (|s = N/2,mx = −1/2〉 + |s = N/2,mx = 1/2〉) ⊗
|n = 0〉 /

√
2 and for even qubit number |GS〉 = |s = N/2,mx = 0〉⊗|n = 0〉. Mov-

ing back to the original frame with U−1 gives the ground state deduced from the
simple argument.

In Fig. 5.2 we show the SU(2) Q-function of the reduced density matrix of the
qubits, Q(n̂) = 〈n̂|ρq|n̂〉, where n̂ is a unit vector on the Bloch-sphere and |n̂〉 is
the corresponding spin-coherent state. The plot is for N = 10 and shows three
different couplings g/ωr = 0, 3, 8. As the coupling is increased the initial spin
coherent state |s = N/2,mz = −N/2〉 is squeezed along x, and approaches a ring
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5.1. SPECIAL CASE OF NON-INTERACTING QUBITS 67

Figure 5.3: Charge configurations of Fig. 4.2 corresponding to a states |mx| =
1, left, and mx = 0 right. The DM would predict an energy difference for the
presented configurations even though they differ only by the sign of the charge on
the coupling capacitor Cg. In the EDM this energy difference is not present. The
inductive parts of the circuit have been left out for clarity.

in the x = 0 plane for large couplings g.
Now that we have understood the behaviour of the ground state of the system

for different couplings, we are in place to understand the importance of the S2
x

term. Consider the e.g. the circuit of Fig. 4.2 in the regime where the inductive
energies EJ and EL = Φ2

0/L are negligible compared to the capacitive contribution.
If there would be no S2

x term in the Hamiltonian the charge configurations depicted
in Fig. 5.3, corresponding to mx = 0 and |mx| = 1, would have different energies.
In both of the configurations the energy is stored as the charging energy Q2/(2Cg)
of the coupling capacitor Cg, and the charge on the resonator capacitor plate Cr

vanishes, such that the voltage across it also vanishes. The only difference in the
two configurations is the sign of the charge on one of the coupling capacitors.
This however cannot lead to an energy difference since the charging energy is
quadratic in the charge. Thus, the Dicke model is in conflict with basic electrostatic
considerations by predicting an energy difference between these equivalent charge
configurations. This, discrepancy is fixed by the inclusion of the S2

x term which
correctly gives the degeneracy of all the charge configurations.

Even though we have derived the effective spin Hamiltonian Eq. (5.25) for the
ground state manifold n = 0 it has predictive power also in the excited manifolds
n > 0, see Fig. 5.4. We see that also in these manifolds 2N fold degeneracies start
to form when the coupling g ≫ ωr, ωq. This means that for a few of the lowest
excited manifolds the eigenstates will have the same form as in the ground state
manifold |ψn,s,mx〉 = |n〉 |s,mx〉.

Ground state entanglement

It is interesting that, for an even number of qubits, increasing the qubit-oscillator
coupling leads to a complete decoupling of the two. Even though the resonator
and the qubits are not entangled, the state of the qubits’ is highly entangled.
Entanglement between subsystems A and B of a composite system HA ⊗ HB
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2

1

1 2 3 4 50
0

Figure 5.4: The spectrum of the EDM, solid blue lines, and the DM, red dashed
lines, plotted against the coupling strength g. The behaviour of the spectrum
in the single qubit-photon USC regime in the two models is completely different.
Rather than forming degenerate manifolds of pairs of superradiant states, in the
EDM manifolds of 2N fold degeneracy are formed. The plot is for N = 2 qubits.

can be quantified with entropy of entanglement SE, defined as the von Neumann
entropy of the reduced density matrix of one of the subsystems

SE = −Tr(ρA log(ρA)) = −Tr(ρB log(ρB)), (5.26)

where ρA(B) = TrB(A)(ρ) is the reduced density matrix of subsystem A(B) and log
is the base two logarithm.

In Fig. 5.5 we plot the entanglement entropies of the reduced qubit density
matrix ρq = Trr(ρ) and the reduced single qubit density operator ρ1 = TrN−1(ρq),
Sq and S1 respectively, for a N = 10 qubit system. The entanglement entropy Sq

quantifies the entanglement of the spins with the resonator and S1 the entangle-
ment among the qubits. (This is actually not quite true in the case Sq 6= 0, due to
the entropy of entanglement being a valid measure only for pure states ρ = |ψ〉 〈ψ|.
We are however only interested in the entanglement between the qubits in the sub-
radiant phase when Sq ≈ 0, such that S1 measures to a very good approximation
only the entanglement among the spins.)

Let us first concentrate on Sq. It follows qualitatively the behaviour of the
ground state photon number shown in Fig. 5.1. First there is an increase in the
amount of entanglement until at a finite g it reaches a maximum value, after
which it decreases monotonously back towards zero as g →∞. The entanglement
entropy of a single qubit, however, behaves rather differently. At first it increases
at a much slower rate than Sq, but S1 continues to increase even after Sq has
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0 1 2 3 4 5

1

0

Figure 5.5: Entropy of entanglement for the EDM ground state. Sq, red line,
quantifies the entanglement between the oscillator and the qubits and S1 between
a single qubit and the rest of the system. When Sq ≈ 0 a non-vanishing value of
S1 signals entanglement among the qubits. For g → ∞ the single qubit density
matrix is a completely mixed state ρ1 = I2×2/2 such that S1 saturates to 1.

started to decrease. For g →∞ it saturates to S1 = 1 which is the upper bound,
logarithm of the single qubit Hilbert space dimension, S1 = log(2).

We call the regime of parameter space for which the resonator is in a low photon
number state and the qubits are in the highly entangled state the subradiant phase,
as opposed to superradiant phase. It is not, however, a phase in a rigorous sense,
rather the transition from the normal phase is a smooth crossover without a closing
of an energy gap. This is discussed in more detail in the next section.

5.2 Phase diagram of cavity QED

We want to explore the ground state physics of the cavity QED Hamiltonian
Eq. (4.49) as a function of the coupling strength g and the DD coupling strengths
Dij. We do this qualitatively using the EMD Hamiltonian. In the previous section
we analysed the ground state for non-interacting qubits, ε = 0, and saw that the
ground state for large couplings is in the subradiant phase. Here we map the
parameter space for arbitrary ε.

In Fig. 5.6 we plot the phase diagram of the cavity QED ground state, with
numerical, black solid and dashed lines, and analytical, red dotted line, phase
boundaries, for varying effective fine structure constant α and DD interaction
strength ε. The effective fine structure constant is defined through

g

ωr

=
√
2πα. (5.27)

This is motivated by the relation g/ωr ≤
√

2παfs, with αfs ≃ 1/137 the fine
structure constant, for regular cavity QED systems with atoms in cavities [7, 28,
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1 2 30.1 0.5

0.1

-0.1

0 “normal”

“superradiant”

“subradiant”

crossover

2nd order

1st order

Figure 5.6: Ground state phase diagram of cavity QED. The black lines denote the
numerically obtained phase boundaries, solid normal to superradiant and dashed
normal to subradiant, and the red dotted line is the analytical phase boundary
Eq. (5.35). The insets show the reduced qubit state in each phase, see Sec. 4.3 and
Fig. 5.2. The numerical phase boundaries have been obtained for N = 10 qubits.

51]1. Next we will go through the different phases of the ground state, starting
with the normal phase.

5.2.1 Normal phase

In the limit of very small coupling g ≪ ωr, ωq the ground state will be the standard
uncoupled vacuum state with 〈a†a〉 ≃ 0 and 〈Sz〉 ≃ −N/2, regardless of the average
DD coupling strength. This is the so-called normal phase. Since the coupling is
small, the terms proportional to g2 in the EDM Hamiltonian can be neglected.
Additionally a RWA can be performed such that the EDM Hamiltonian reduces to
the TC Hamiltonian Eq. (4.5). All the phenomena of the strong coupling regime
are then reproduced such as the vacuum Rabi splitting [112] and Rabi oscillations
[106] between dressed states.

For couplings large enough to break the RWA we can use the Hollstein-Primakoff
approximation to calculate properties of the ground state for finite coupling g, as
was done in Sec. 4.3. The bosonic Hamiltonian corresponding to Eq. (4.52) is the

1Note, that in [7, 28] a resonant coupling is assumed which alters the scaling with αfs
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same as Eq. (5.6) with the replacement G2/(4ωr)→ (1+ε)G2/(4ωr), in accordance
with the additional term εg2/ωr in Eq. (4.52),

HHP = ωra
†a+ ωqb

†b+
G

2
(a† + a)(b† + b) + (1 + ε)

G2

4ωr

(b† + b)2, (5.28)

where we have again introduced the collective coupling G =
√
Ng. From the above

Hamiltonian we can again calculate e.g. the ground state photon number, which
is for G≪ ωr, ωq given by

〈a†a〉 ≃ Ng2ωq

4(ωq + ωr)2(ωq + εNg2/ωr)
, (5.29)

in accordance with Eq. (5.19).
For positive ε the normal phase borders the subradiant phase, encountered

already for ε = 0 in Sec. 5.1, and for ε < 0 to the superradiant phase. We will
comeback to the definition of these borders when discussing the respective phase.

5.2.2 Subradiant phase

For larger couplings and ε ≥ 0 the system transitions into the subradiant phase
with 〈a†a〉 = 0, but 〈Sz〉 = 0 and 〈S2

x〉 = 0 for even number of qubits or 〈S2
x〉 = 1/4

for odd numbers, as explained in Sec. 5.1. In the polaron frame we get the following
Hamiltonian, see App. A

H = ωra
†a+ ε

g2

ωr

S2
x, (5.30)

where we have neglected the term coming from the free qubit Hamiltonian ωqSz.
From this Hamiltonian it is clear that the inclusion of repulsive interactions does
not qualitatively change the ground state properties for finite coupling since the
additional εg2/ωrS

2
x term drives the qubits also to states with minimal Sx projec-

tion. However, for g → ∞ the exponential ground state degeneracy is lifted due
to the energy penalty to other Sx eigenstates.

In Fig. 5.6 we have used the condition (for even number of qubits)

∂〈a†a〉
∂g

= 0, (5.31)

to define the boundary between the normal and subradiant phases, plotted as the
black dashed line. This, condition is satisfied for α ≈ O(1), i.e. when the dipole-
field coupling becomes non-perturbative. It is interesting that also the linearised
Holstein-Primakoff Hamiltonian Eq. (5.28) predicts a maximum of 〈a†a〉 at finite
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g for ε > 0. In the limit g →∞ the ground state photon number of the bosonized
Hamiltonian approaches [51]

lim
g→∞
〈a†a〉HP =

1 + 2ε− 2
√

ε(ε+ 1)

4
√

ε(ε+ 1)
> 0. (5.32)

Thus, the reduction of the photon number of the full Hamiltonian below this value
indicates the emergence of the entangled antiferromagnetic states of the qubits.
These states decouple from the cavity much better than the two-mode squeezed
states of the bosonic description, resulting in photon numbers well below Eq. (5.32).

Let us for a moment consider a circuit QED realization of Eq. (4.52). The two
quadratures of the mode a are qr = qzpfr (a† + a) and φr = −iφzpf

r (a† − a). For
a charge qubit coupled to an LC-resonator these would correspond to the total
resonator charge and its flux. As a more robust sign for the subradiant phase we
consider the operator

Vr = V zpf
r

(

a† + a+
2g

ωr

Sx

)

, (5.33)

where V zpf
r = qzpfr /Cr is a zero-point amplitude. This operator corresponds to

the voltage measured across the resonator capacitor and V zpf
r is the zero-point

amplitude of it. The form of Vr follows from the definition

Vr = φ̇r = −i [HEDM, qr] , (5.34)

where φr is the flux variable of the resonator. The difference between qr and Vr
is that Vr corresponds only to the charge on the resonator capacitor plate and qr
includes charges on all capacitor plates connected to the node of the resonator, see
Fig. 5.3. Especially, considering the setup of Fig. 4.2, qr includes the charges in
the plates of the coupling capacitors Cg which do not create a voltage difference on
the resonator capacitance Cr. The charges in the coupling capacitor are created
by a finite polarization of the charge qubits, and, thus, the variable qr contains
both resonator and qubit degrees of freedom. A non-zero value of 〈qr〉 does not,
however, necessarily correspond to a current in the resonator inductor, this is the
case only if also 〈Vr〉 6= 0.

In a more general setting Vr corresponds to the generalized velocity of the
generalized coordinate φr of the electromagnetic mode. The mechanical analog is
that Vr corresponds to the kinetic momentum of a particle, which does not have
to equal the canonical momentum.

In Fig. 5.7 we plot the variance of Vr in the ground state ∆V 2
r = 〈V 2

r 〉−〈Vr〉2 =
〈V 2

r 〉, since expectation values of a, a† and Sx vanish due to the parity symmetry of
the Hamiltonian. There is a peak in the variance for both even and odd number of
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Figure 5.7: Plot of the resonator voltage, solid lines, and flux, dashed lines, fluctu-
ations across the normal-to-subradiant phase boundary. Both odd and even num-
ber of qubits have the same qualitative behaviour. The linear Hollstein-Primakoff
Hamiltonian, black dotted line only for 〈V 2

r 〉, cannot reproduce the features of the
full Hamiltonian for large single-atom photon coupling g.

qubits at α ≈ 1, and the position does not depend sensitively on ε or N [51]. The
absence of even-odd effects in the variance makes it a good signature of reaching
the subradiant regime. In Fig. 5.7 we plot also the variance of the resonator flux
variable ∆φ2

r. It displays a dip at the point of the voltage peak, however, the
variances are larger than those for a minimum uncertainty state.

The transition from the normal phase to the subradiant phase is not a phase
transition in the strict sense. There is no closing of an energy gap, in the ther-
modynamic limit, when passing to the subradiant phase. Rather the two phases
are continuously connected to each other in a crossover manner. However, the two
phases are clearly qualitatively different.

5.2.3 Superradiant phase

For on average attractive dipole-dipole interactions ε < 0 the normal phase be-
comes unstable for larger couplings, and the system enters into the superradiant
phase. This transition is similar to the Dicke superradiant phase transition, how-
ever, the interpretation of the transition is different.

As in the Dicke model it is possible to quantify the phase transition using the
bosonized Holstein-Primakoff Hamiltonian. The Hamiltonian is that of Eq. (5.28)
with ε < 0. From the Hamiltonian we can obtain the normal mode frequencies ω±
as in Sec. 4.3. The condition for the superradiant phase transition from ω− = 0
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Figure 5.8: Superradiant phase (a) The fluctuations of the field, ∆a2, and the
spin, ∆S2

x, across the phase boundary. The peaks of the fluctuations are close to
the analytical transition point, marked by the dotted line. (b) Fluctuations of the
resonator voltage, 〈V 2

r 〉 solid lines, and flux, 〈φ2
r〉 dashed lines, across the phase

boundary for N = 8, 20, 50 qubits. The dashed horizontal line marks the analytical
prediction Eq. (5.37) and matches the numerical result well for large N . For all of
the plots we have used ωq = ωr, ε = −0.1 and a symmetry breaking field ∝ Sx of
10−3ωq.

becomes [51]

g > gc =

√

ωrωq

−εN , (5.35)

which is plotted as the red dotted line in Fig. 5.6. The transition point is qual-
itatively same as for the Dicke model, but has been scaled by a factor (−ε)−1/2,
and the transition is possible only for ε < 0, i.e. for attractive dipole-dipole inter-
actions. As discussed in Sec. 4.2 the superradiant phase is characterized by finite
expectation values of a and Sx

〈Sx〉 = ±
N

2

√

1−
(

gc
g

)4

, 〈a〉 = − g

ωr

〈Sx〉. (5.36)

The transition into the superradiant phase is signalled by a sharp peak in the
variance of the qubit polarization ∆S2

x = 〈S2
x〉 − 〈Sx〉2 and the field amplitude

∆a2 = 〈a†a〉 − |〈a〉|2 as shown in Fig. 5.8(a). The fluctuations of the qubit po-
larization ∆S2

x are used in Fig. 5.7 to numerically obtain the phase boundary
between the normal and superradiant vacuums. The discrepancy between the an-
alytical and numerical phase boundaries in the limit of small single photon-atom
coupling, but large collective coupling, g ≪ ωr, ωq is due to finite size effects and
would go away in the thermodynamic limit. The discrepancy in the limit of large
g is a quantum effect which we discuss in a moment.

In Fig. 5.8(b) we plot the fluctuations 〈V 2
r 〉 of the voltage operator, introduced

in Eq. (5.33), and of φr. Again there is a peak in the voltage fluctuations, cor-
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respondingly a dip in the flux fluctuations, and they coincides with the phase
transition point. Note, however, that now the averages of Sx and a do not vanish,
implying a finite value of qr. Regardless of this the average value of Vr still vanishes
due to Eq. (5.36), which means 〈qr〉 6= 0 corresponds to a static charge not lead-
ing to a current in the resonator inductor. This means that the properties of the
resonator alone, i.e. the voltage Vr and flux φr are not affected by the transition
in the mean field level.

Unlike in the transition to the subradiant regime the peak of 〈V 2
r 〉 gets sharper

for increasing qubit amount, turning into a cusp at the critical coupling gc in the
thermodynamic limit. The maximum of the voltage fluctuations can be calculated
from the linearised theory to be

〈V 2
r 〉

(V zpf
r )2

≈

√

1 +
1

|ε|

(

ωq

ωr

)2

. (5.37)

Surprisingly the maximum is independent of the number of qubits. For an interac-
tion dominated system, |ε| → ∞, the peak vanishes. Thus, it can be interpreted as
a quantum signature of the phase transition which involves the dynamical cavity
mode.

Based on our findings we can reinterpret the superradiant phase transition as
an instability in the collection of qubits, driven by the attractive dipole-dipole
interactions, which is there regardless of the presence of the field mode. This,
interpretation is supported by the fact that the mean field properties of the mode
alone do not change at the phase transition point. The presence of the mode can,
however, affect the quantitative details of the precursor of the phase transition
for moderate number of qubits N and strong single atom-photon coupling. To
illustrate this we compare the EDM with the corresponding Lipkin-Meshkov-Glick
(LMG) Hamiltonian [113]

HLMG = ωqSz + ε
g2

ωr

S2
x, (5.38)

which presents a ferromagnetic phase transition at the critical coupling gc of the
DM in the thermodynamic limit. In Fig. 5.9(a) we plot the fluctuations ∆S2

x of the
DM and LMG for different |ε|N across the phase transition point. We see when
|ε|N . 1, i.e. when the transition point requires a rather large g, that the coupling
to the cavity in the Dicke model reduces fluctuations of the spin and stabilizes the
ferromagnetic phase for smaller couplings than in the LMG. For larger |ε|N the
predictions from the two Hamiltonians become closer to each other as is expected
due to the reduction of the importance of quantum effects and better validity
of the mean field description, see Fig. 5.9(b). The cavity’s tendency to reduce
fluctuations is understood by the dressing of the spins by photons. The dressed
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Figure 5.9: Comparison of the EDM and the corresponding LMG Hamiltonian.
(a) The fluctuations of Sx from the EDM, solid lines, and the LMG, dashed lines,
for N = 10, 50 as a function of the effective fine structure constant. (b) The critical
coupling αc and the width of the peak of the spin fluctuations of (a). For N →∞
the EDM and LMG model give the same results, indicating that the cavity mode
has no effect on the spins. We have taken ωq = ωr and ε = −0.1 for the plots. A
bias field Hbias = 10−3ωqSx is used to deterministically pick one of the degenerate
minima.

spin effectively experiences a smaller ωq reduced roughly by the overlap of the
cavity states corresponding to the two superradiant spin states.

5.2.4 Super- to subradiant phase transition

In the previous section we saw that the subradiant and superradiant phase bound-
aries merge in the limit of strong couplings g/ωr > 1, resulting in a direct transition
between the two phases. In this regime the mean field description is not valid any-
more and we need to take into account the full non-linearity of the qubits. Consider
the effective pure spin Hamiltonian for the low energy physics in the EMD

HS = ωqe
−g2/(2ω2

r)Sz +
ωrω

2
q

2g2
(

S2
x − S2

)

+ ε
g2

ωr

S2
x. (5.39)

In this Hamiltonian we clearly see the suppression of tunnelling due to the polaronic
nature of the eigenstates, responsible for the reduced fluctuations in the EDM
compared to the LMG model observed in the previous section. The interplay
between the two S2

x terms in the Hamiltonian decides the ground state phase of
the system. For ε > 0 the term will be positive resulting in a subradiant order.
For attractive dipole-dipole interactions there is a competition between the two
terms and a critical εc < 0 emerges at which the transition to the superradiant
state takes place. We can use the Holstein-Primakoff approximation of the spin
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Figure 5.10: (a) The voltage and spin fluctuations and the mean cavity field across
the super-to-subradiant phase transition. The effective fine structure constant is
α = 2. (b) Zoom of the phase diagram Fig. 5.6 around ε = 0. Red solid lines
denote the numerical phase boundaries, the dashed line is the critical DD coupling
strength Eq. (5.42), and the dotted line the standard phase boundary Eq. (5.35).
(c) Born-Oppenheimer potentials of the oscillator for the ground state of the EDM,
see Chap. 6. For ε > εc the wave function of the oscillator is concentrated around
X = 0. Around the critical point the state spreads to occupy all of the dif-
ferent degenerate minima. For ε < εc the wave function randomly collapses to
one of the two degenerate minima corresponding to the superradiant qubit states
|mx = ±N/2〉. We have used a symmetry breaking field ∝ Sx of 10−3ωq in all plots
and ωq = ωr. For (a) and (b) we have used eight qubits and for (c) four.

Hamiltonian HS to obtain the condition for the phase transition

ωqe
−g2/(2ω2

r) +N

(

ε
g2

ωr

+
ωrω

2
q

2g2

)

= 0. (5.40)

We can now explain the discrepancy observed in the previous between the nu-
merically obtained and analytic phase boundary of the superradiant regime. By
neglecting the second term in the parentheses we get a critical coupling

gc =

√

ωrωq

−εN e−g2/(4ω2
r), (5.41)

which corresponds to the previously obtained critical coupling but with an expo-
nentially suppressed qubit frequency. This leads to a much smaller critical coupling
for g/ωr > 1. Neglecting the exponentially suppressed qubit frequency gives us a
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critical DD coupling strength

εc = −
ω2
qω

2
r

2g4
, (5.42)

which is independent of N . For large couplings at this point the system transitions
directly from the superradiant to the subradiant phase. For smaller couplings the
transition happens through the normal phase. In Fig. 5.10(b) we plot a zoom of
the phase diagram around |ε| ≪ 1 and for α & 1 and compare the analytic ex-
pression Eq. (5.42) to the numerically obtained one. The agreement is very good
for sufficiently strong couplings and we see clearly that the subradiant vacuum
extends to negative values of ε as predicted by Eq. (5.42). Thus, the fluctuations
induced by coupling of the spin states to higher photon manifolds n > 0 stabilize
the subradiant state against small attractive DD interactions. In Fig. 5.10(a) we
show 〈a〉, 〈V 2

r 〉 and ∆S2
x along a sweep in ε for large g/ωr. All of the expecta-

tion values show a discontinuous behaviour at the boundary of the two phases,
reminiscent of a first order phase transition. However, the situation is more com-
plex in our case. In a first order phase transition there are two minima which
cross each other at the critical point resulting in a discontinuous behaviour. In
the super-to-subradiant transition there are 2s + 1 = N + 1 minima involved in
the process. In Fig. 5.10(c) we plot the adiabatic Born-Oppenheimer potential
VBO(X) = X2/2 +E0(X), where X = (a† + a)/

√
2 and E0(X) is the ground state

of the spin part

HEDM(X) = ωqSz +
√
2gXSx + (1 + ε)

g2

ωr

S2
x, (5.43)

for different ε. At εc all of the different minima become degenerate.
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Chapter 6

Ultra-strong coupling

radio-frequency circuit QED

In the previous chapters we have mainly explored the ground state properties of
USC systems. In this chapter we expand our analysis to excited states. Another
drastic difference is the parameter regime we are considering. Previously the cavity
mode and the qubits have had comparable frequencies, ωr ∼ ωq. In this chapter
however we consider the extremely dispersive limit ωq ≫ ωr while maintaining
strong interactions g2/ωr ∼ ωq. In this regime the mode can be treated adiabat-
ically and described as an effective particle moving in a potential created by the
qubits. In the Rabi- and Dicke model this regime has already been studied in
previous works [114–122], but the emphasis has been on the ground state poten-
tial. It has been shown that already for a single qubit coupled to a low-frequency
mode a ground-, excited- and dynamical phase transitions can be obtained in the
limit of ωr → 0 [119–122]. In studying only the ground-state potential, the energy
scales at which the physics takes place is given by that of ωr which is the smallest
energy scale in the problem. Probing the system at this small energy scale can be
challenging. For example, in circuit QED standard measurement techniques work
efficiently only for frequencies & 1GHz. By considering physics in the excited qubit
potentials, we gain the benefit of being able to utilize standard measurements and
techniques in probing the system.

We consider a generic circuit- or cavity-QED system described by the general
Hamiltonian Eq. (4.49) (~ = 1)

HcQED = ωra
†a+

∑

i

ωi

2
σz
i +

gi
2
(a† + a)σx

i +
∑

j

gigj
4ωr

(1 +Dij) σ
x
i σ

x
j . (6.1)

For concreteness imagine, for example, an LC-resonator coupled to flux qubits, see
Fig. 6.1(a). The dipole-dipole interactions can arise, for example, from placing the
flux qubits near each other such that they have mutual inductance, or by coupling
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(a) (b)

flux qubit

Figure 6.1: (a) Multiple flux qubits coupled to an LC-oscillator. Additional direct
dipole-dipole interactions can be engineered by coupling the qubits to SQUID
loops. (b) When ωr ≪ ωq the dynamics of the electromagnetic mode are identical
to a particle moving in an effective potential created by the qubits.

them to auxiliary SQUIDs [123]. The sign and magnitude of Dij can be tuned
in situ in the latter case by bias currents applied to the SQUIDs [123]. In what
follows we assume for simplicity that the qubits are identical and that they couple
to the cavity with a uniform strength. We treat the dipole-dipole interactions in
the collective approximation and replace them by their average as in Chap. 5. The
resulting Hamiltonian is that of the extended Dicke model

HEDM = ωra
†a+ ωqSz + g(a† + a)Sx + (1 + ε)

g2

ωr

S2
x. (6.2)

Note, the qualitative results presented in the following do not require perfectly
identical qubits. However, we do require that the Z2 symmetry of the Hamiltonian,
a→ −a and σx

i → −σx
i , is preserved by any imperfections.

6.1 Born-Oppenheimer approximation

In the regime ωq ≫ ωr the qubit variables are fast and respond adiabatically to
the slowly varying field of the oscillator. The concept of a photon and Fock-states
are not useful in this regime anymore, and it is beneficial to use a particle in a
potential picture the for resonator, see Fig. 6.1(b).

To describe the system we introduce the rescaled quadratures

X =

√

ωr

2ωq

(a† + a), P = i

√

ωq

2ωr

(a† − a), (6.3)
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6.1. BORN-OPPENHEIMER APPROXIMATION 81

for the oscillator mode which correspond to the standard position and momen-
tum operators of the harmonic oscillator. The EDM Hamiltonian written in the
quadrature variables and renormalized by the qubit frequency, H̃EDM = HEDM/ωq,
becomes

H̃EDM =
P 2

2µ
+
X2

2
+ H̃q(X), (6.4)

where µ = (ωq/ωr)
2 is the effective mass of the oscillator and

H̃q = Sz +
√
2λXSx + (1 + ε)λ2S2

x. (6.5)

Above we have defined the dimensionless coupling constant λ = g/
√
ωqωr. For

large frequency ratios ωq/ωr, i.e. large effective mass, Eq. (6.4) shows that the
kinetic energy term ∼ P 2 is much smaller than the other terms in the Hamil-
tonian. Thus, in analogy to electron-nucleus systems we can employ the Born-
Oppenheimer (BO) approximation [124] to separate the fast dynamics of the qubits
from that of the slow oscillator. In the BO limit the eigenstates of the system are
given by [116, 117]

|ψ〉n,k =
∫

dXφn,k(X) |X〉 |χn(X)〉 , (6.6)

where |χn(X)〉 is the adiabatic eigenstate of the qubit which solves the Schrödinger
equation

H̃q |χn(X)〉 = Ẽn(X) |χn(X)〉 , (6.7)

for every value of X. Since the adiabatic eigenvalue Ẽn(X) depends on the oscilla-
tor coordinate X it provides an additional effective potential to the resonator who
follows the Schrödinger equation

[

− 1

2µ

d2

dX2
+ Ṽn(X)

]

φn,k = ǫn,kφn,k. (6.8)

Above Ṽn(X) = X2/2 + Ẽn(X) is the total BO potential of the mode resulting
from qubit eigenstate n. The BO potentials are even functions of X due to the Z2

symmetry of the Hamiltonian.
In the Born-Oppenheimer approximation the coupling of the adiabatic qubit

eigenstates |χn(X)〉 are neglected. The leading coupling terms, which couple
Eq. (6.8) for different n, are given by

Cn,m =
1

µ

∂φn,k

∂X

〈χm(X)|
√
2λSx|χn(X)〉

Ẽn(X)− Ẽm(X)
, (6.9)
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where we have used 〈χm(X)|∂X |χn(X)〉 = 〈χm(X)|∂XH̃q|χn(X)〉/[Ẽn(X)−Ẽm(X)]
with ∂X = ∂/(∂X). Near the potential minimum we can approximate the eigen-
states φn,k(X) with harmonic oscillator eigenfunctions, such that ∂Xφn,k ∼

√
µ

resulting in a scaling Cn,m ∼ λ/
√
µ.

As we will show, for larger couplings some of the excited state effective po-
tentials are separated by higher-order avoided crossings, in which case the energy
difference |Ẽn(X)− Ẽm(X)| ≪ 1. In these cases corrections beyond the BO treat-
ment may become relevant. In situations we are interested in, however, the BO
approximation is well-satisfied, which we have confirmed by comparison to the
numerically exact solution.

6.2 Adiabatic potential structures

In this section we explore the potential structures resulting from Hq(X) as a func-
tion of the coupling parameters λ and ε and the number of qubits N .

6.2.1 Ground state instability

We start with the simplest situation of a single qubit coupled to the resonator.
In this case HEDM reduces to the quantum Rabi Hamiltonian. In Fig. 6.2(a) and
(b) we plot the BO potentials V0/1(X) for two different coupling strengths. For
small couplings the potentials are almost harmonic and only slightly perturbed
by the coupling to the qubit. For larger couplings the ground state potential
becomes flatter and flatter, and at a critical coupling λc = 1 it transforms into a
double-well, with minima at Xmin = ±

√

λ4 − λ4c/(
√
2λ2cλ). The same qualitative

behaviour occurs also in the N -qubit Dicke model, see Fig. 6.2(c) for N = 2,
which is obtained by setting ε = −1 in the Hamiltonian. In this setting of strong
attractive DD interactions the potentials have an analytic form given by [97, 116]

Ṽ DM
s,mz

(X) =
X2

2
+mz

√

1 + 2(λX)2, (6.10)

and are labelled by the total spin quantum number s = 0, 1, . . . , N/2 and the
z-projection mz = −s,−s + 1, . . . , s − 1, s. As can be seen from Eq. (6.10) the
ground state, mz = −N/2, is the first one to become unstable for any N at a
critical coupling λc = 1/

√
N . This change in the stability of the ground state

potential is just the manifestation of the superradiant phase transition that we
have discussed before in the approximately resonant case.

Above the transition point we can obtain the tunnel-splitting of the lowest res-
onator states by approximating the full potential V DM

N/2,−N/2(X) by a quartic double-
well potential with the correct barrier height VN/2,−N/2(0)

DM−V DM
N/2,−N/2(Xmin) and
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(a)

(d)

(c)
N = 1 N = 1

N = 2

N = 2

N = 2

N = 2

(b)

(e) (f)

(DM)

X XX

Figure 6.2: BO potentials for one and 2 coupled qubits. (a) and (b) N = 1, the
Rabi model. In (a) λ2 = 0.1 is below the critical coupling and (b) λ2 = 1.5 above
it. (c) Dicke model, i.e. ε = −1, for N = 2 and λ2 = 0.8 above the transition
point. The potentials are qualitatively identical to the Rabi model BO potentials.
(d-f) ε = 0, i.e. non-interacting qubits for N = 2 and (d) λ2 = 0.1, (e) λ2 = 0.8
and (f) λ2 = 2.1. In (c-e) the orange dashed line denotes the singlet state and blue
solid lines are for the triplet states. We have plotted the potentials with respect
to the minimum of the ground state potential, i.e. E0 = min{V0(X)|X}.

location of the minima Xmin. We obtain [125]

∆ǫ̃λ>λc ≈
8√
π
Ae−S0 , (6.11)

with a prefactor A = 4
√

(λ2 − λ2c)5/[µ(λ2 + λ2c)]/(λ
2
cλ) and exponent

S0 = 2
√

µ(λ2 − λ2c)3(λ2 + λ2c)/(3λ
4
cλ

2). For couplings far above the transition
point the tunnelling is suppressed by ∆ǫ̃ ∼ e−2

√
µ(Nλ)2/3. At the critical coupling

when the potential is almost purely quartic the energy splitting is given by [126]

∆ǫ̃λ=λc = c 3

√

λ2

µ2
, (6.12)

with a prefactor c ≈ 1.1. Thus, at the transition point the density of states (DOS)
ρ̃λ=λc = ∆ǫ̃−1

λ=λc
∼ 3
√

Nµ2 which diverges in the classical limit µ→∞. Compared
to DOS of the bare harmonic potential of the oscillator ρ̃λ=0 =

√
µ, the scaling is

only weakly enhanced.
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6.2.2 Non-interacting qubits

We move now to non-interacting or only weakly interacting qubits ε ≃ 0. In
Fig. 6.2(d-f) we plot the potential curves for this case for three different coupling
strengths, again for N = 2 qubits. There is a qualitative difference in that the
ground state potential remains stable at X = 0, while developing additional min-
ima at X ≈ 2 for λ & 1. More interestingly for us, the potential corresponding to
the first qubit excited state develops a double-well structure already at an inter-
mediate interaction strength.

It is not possible to obtain an analytic expression for the effective potentials
in the non-interacting case, however, we can calculate analytically the transition
point for the first excited state potential using fourth order perturbation theory.
At X = 0 we can diagonalize H̃q exactly for two qubits, since the triplet state
|s = 1,mz = 0〉 ≡ |T 〉 is decoupled from the other states |s = 1,mz = ±1〉 ≡ |±1〉.
The eigenenergies and states are given by

Ẽ
(0)
T = ε̄λ2, |χT 〉 = |T 〉 , (6.13)

and

Ẽ
(0)
± =

1

2

(

ε̄λ2 ±
√
4 + ε̄2λ4

)

, (6.14)

|χ±〉 = N−1
±

[(

2ε̄−1λ−2 ±
√
1 + 4ε̄−2λ−4

)

|1〉+ |−1〉
]

,

with the normalization constant N± =
√

1 + (
√
1 + 4ε̄−2λ−4 ± 2ε̄−1λ−2)2 and we

have introduced the abbreviation ε̄ = 1+ε. The singlet state |S〉 ≡ |s = 0,mz = 0〉
is decoupled from the cavity so that its energy is given by ẼS = 0 regardless of λ.
Thus, even at X = 0 where the field of the resonator vanishes there is an energy
splitting between the singlet and triplet states given by

∆ẼTS = (1 + ε)λ2, (6.15)

for any ε 6= −1, i.e. the DM. At first this seems odd, but recalling, e.g., a flux qubit
realization of this Hamiltonian, it becomes clear. The interaction Hamiltonian
between the qubits and the resonator is given by Hint ∝ (φr +

∑

i φi)
2, where

φr/i are the flux variables of the resonator and the qubits, see Fig. 6.1(a). At
X = 0, i.e. φr = 0 there is an energy penalty for states for which

∑

i φi ∼ Sx 6= 0,
see Sec. 4.3, which is the case for the triplet state, however, for the singlet this
contribution vanishes.

In order to obtain the instability point of the |χT 〉 state we calculate corrections
to the X = 0 eigenenergy due to the resonator field term

√
2λXSx. Up to fourth
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order in X we obtain [127]

Ẽ
(2)
T = −2X2ε̄λ4, (6.16)

Ẽ
(4)
T = 4X4ε̄λ6(1 + ε̄2λ4), (6.17)

so that the effective potential is given by

ṼT (X) = ε̄λ2 +
X2

2
(1− 4ε̄λ4) + 4X4ε̄λ6(1 + ε̄2λ4). (6.18)

From the above equation we see that ṼT transitions from a single-well to a double-
well potential when the quadratic term in X vanishes, that is at

4ε̄λ4c = 1↔ λc =
1

√

2
√
1 + ε

. (6.19)

In Fig. 6.2 we have used ε = 0, such that the transition point is given by λc = 1/
√
2.

6.2.3 General structure

For increasing number of qubits the potential structure becomes more complicated
with various global and local minima, and local maxima depending on λ and ε. In
Fig. 6.3(a) and (b) we demonstrate this for N = 3 and ε = 0.02. In this situation
the adiabatic potential corresponding to the first excited state develops a triple-
well structure. However, in contrast to the ground state effective potential of the
two qubit system, the minima at X 6= 0 can become lower in energy than the
original global minimum at the origin as λ increases. This situation is reminiscent
of a first order phase transition point in which there is a discontinuous jump of the
global minimum of the free-energy, see Fig. 6.3(b). In addition to this the ground
and second excited state BO potentials exhibit a double-well transition.

To obtain a better intuition about the possible potential structures let us con-
sider the limit λ ≫ 1. In this case the terms proportional to Sx are dominant
compared to the Sz term. As a first approximation neglecting the bare qubit
Hamiltonian gives the eigenstates |χs,mx(X)〉 ≡ |χs,mx(0)〉 which are specified by
the total spin s and its projection mx along x. The corresponding adiabatic po-
tentials are

Ṽ (0)
s,mx

(X) =
1

2

(

X +
√
2λmx

)2

+ ελ2m2
x. (6.20)

They are parabolas centred at mx with a minimum of ελ2m2
x. The resulting total

eigenstates |φs,mx,k(X)〉 |χs,mx(0)〉 are the semiclassical analogs of the displaced
states of Sec. 4.3. In Fig. 6.3(c) they are plotted as the dotted lines. Analogously
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(a) (b)

(c)

X

X
m

in
X

–10 –5 0 5 10

10

0

Figure 6.3: Multi-qubit BO potentials. (a) Effective potentials for N = 3, ε = 0.02
and λ2 = 1.86. The first excited state potential has three degenerate minima at
the chosen λ, ε, reminiscent of a first order phase transition. (b) Location of the
global minima of the potentials in (a) as a function of λ. The highest potential
surface has been omitted since its minimum is at X = 0 for all couplings due to
symmetry. We have omitted the degenerate minimums at −Xmin. (c) Three lowest
potentials for N = 4 and λ ≫ 1 for non-interacting qubits. The bare potentials
Eq. (6.20) are plotted as the dotted lines. We have only plotted the s = N/2
potential curves in all plots for better visibility.

to Sec. 4.3 we can calculate perturbatively the corrections arising from the bare
qubit Hamiltonian Sz to these bare potentials. At the minima of each potential
Ṽs,mx(Xmin), with Xmin = −

√
2λmx the Sz term induces a second order shift due

to coupling to neighbouring states mx ± 1 given by [127]

∆Ṽs,mx =
∑

m′
x 6=mx

|〈m′
x|Sz|mx〉|2

Ṽs,mx(Xmin)− Ṽs,m′
x
(Xmin)

= − 1

4λ2

(

s2+(mx)

1 + (2mx + 1)ε
+

s2−(mx)

1− (2mx − 1)ε

)

, (6.21)

where s±(mx) =
√

s(s+ 1)−mx(mx ± 1). For weak interactions ε≪ 1 we obtain

∆Ṽs,mx ≈
(1− 3ε)m2

x − (1− ε)s(s+ 1)

2λ2
, (6.22)
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and at ε = 0 we reproduce exactly the result of the full quantum calculation of
Sec. 4.3. At the points where two neighbouring parabolas meet Xdeg = −(1 +
ε)(2mx + 1)λ/2 we can exactly diagonalize the 2 × 2 Hamiltonian describing the
states mx,mx + 1 to obtain the splitting between the resulting potential curves.
The effective Hamiltonian for the two states is given by

H̃Xdeg
= Ṽ (0)

s,mx
(Xdeg)I2×2 +

s+(mx)

2
σx, (6.23)

where I2×2 is the 2×2 identity matrix. The eigenvalues of the effective Hamiltonian
are

Ẽ± = Ṽ (0)
s,mx

(Xdeg)±
s+(mx)

2
, (6.24)

which leads to a splitting ∆ = s+(mx). There are also higher order avoided
crossings between adiabatic potentials corresponding to states mx and mx± n. In
Fig. 6.3(c) the resulting potentials are plotted with solid lines. For a general λ
and ε the effective potentials are smooth transformations of the stacked parabolas
Ṽs,mz = X2/2+mz in the uncoupled case, all the way to the degenerate parabolas
of Eq. (6.20).

6.3 Probing the spectrum

In traditional circuit QED systems both the qubits and the resonator are in the
GHz regime and they can be efficiently probed using electronic readout techniques.
However, in the rf-regime this is no longer feasible with usual methods. Thus, all
the information about the oscillator mode has to be deduced from measurements
on the qubits.

As a first example we consider the single-qubit excitation spectrum S(ω) given
by [112]

S(ω) =
Γ

2
ℜ
∫ ∞

0

dτ〈σx(τ)σx(0)〉eiωτ , (6.25)

where the expectation value is taken with respect to the equilibrium state of the
system. Due to the assumption of identical qubits, any of them can be chosen to be
excited, all giving the same result. Above we have introduced a characteristic decay
rate Γ of the correlation function. In the parameter regime we are considering the
qubits are not so strongly affected by the resonator, such that Γ will be close to
the bare decay rate of the qubit. In the numerical calculations that follow we have
assumed rather large values Γ ∼ ωr for the decay rate, compared to the achievable
rates in state-of-the-art flux qubits [33].
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(a) (b) S(ω)S(ω)

Figure 6.4: Single qubit excitation spectrum S(ω) for N = 2 qubits on resonance
(a) and for µ = 104 (b). The black dotted lines in (b) are the energies of the triplet
and singlet state potentials relative to the ground state at X = 0. We have used
ε = 0 and Γ/ωq = 5× 10−3 in both plots.

6.3.1 Strong-coupling condition

Let us assume the qubit-resonator system has been initialized close to the ground-
state |GS〉 of the system, which can be achieved e.g. by cooling [128]. In this
situation we can express S(ω) as

S(ω) =
1

4

∑

f

Γ2|〈f |σx|GS〉|2
(ω − ωf )2 + Γ2/4

, (6.26)

where the sum goes over the final states 〈f | separated from the ground state by
ωf . In Fig. 6.4 we plot the excitation spectrum for a standard resonant cavity
QED system, (a), and for a low frequency resonator, (b). We have taken N = 2
for both plots, and plot them against g rather than λ as is common practice.

In the resonant case the vacuum Rabi splitting ΩR =
√
2g is visible in the

plot, resulting from the hybridisation of the resonator and the triplet state |T 〉
of the qubits. The strong coupling regime for a resonant cavity QED system is
then reached when the splitting exceeds the linewidth ΩR > Γ. The resonance in
between the Rabi-split lines is the antisymmetric singlet state |S〉 of the qubits,
which does not couple to the cavity. Its frequency with respect to the ground state
does however change, visible as the bending down of the line for larger interaction
strengths.

In the rf-domain, µ = 104, the frequency of the resonator cannot be seen on the
scale of the plot. The interaction between the mode and the qubits nevertheless
has a strong influence on the spectrum. The coupling induced splitting between the
singlet and tripled states, Eq. (6.15), can be seen, and a strong coupling condition
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for the radio-frequency regime can be formulated as

g >

√

Γωr

1 + ε
, (6.27)

i.e. when ∆ETS exceeds the linewidth.
The excitation frequencies obtained from the BO potentials at X = 0 are

plotted in Fig. 6.4(b) as the dashed lines. The agreement with the main peaks of
the excitation spectrum demonstrates that at low temperatures the single qubit
spectrum probes the BO potentials at X = 0. This can be understood considering
the wave function of Eq. (6.6). For moderate couplings the qubit states are only
weakly dependent on X such that they can be approximated by χn(X = 0) where
the ground state wave function is concentrated. With these approximations the
spectrum is given by

S(ω) ≃ | 〈χ1(0)| σx |χ0(0)〉 |2
4

∑

k

Γ2|〈φ1,k|φ0,0〉|2
(ω − ωk0)2 + Γ2/4

, (6.28)

where ωk0 = ǫ1,k−ǫ0,0. Form the above formula we see that states with big overlap
with the resonator ground state wave function, extending∼ 1/

√
µ aroundX = 0 in

the harmonic approximation, are most relevant for the spectrum. Due to this fact
there is no special feature at the transition point λc = 1/

√
2, which corresponds

to g/ωq ≃ 0.07 in Fig. 6.4(b).

6.3.2 Detecting the change in the stability of the excited

state

In order to pin point signatures of the symmetry breaking transition, we show
in Fig. 6.5(a) and (b) zoom of the triplet resonance and cuts of S(ω) for various
coupling strengths below and above the transition point λc, respectively. For cou-
plings below the critical value the height of the resonance peak decreases slightly,
which is mostly attributable to a decrease in the matrix element 〈χ1(0)| σx |χ0(0)〉.
At the transition point, however, there is a rapid decrease in the height of the
spectral line. Moreover, for λ > λc the lines get significantly broader and start to
exhibit additional structure. These features can be, again, understood based on
the resonator states. At the critical coupling the BO potential corresponding to
the triplet state becomes quartic, as we have shown, such that the lowest resonator
wave function φ1,0 corresponding to it broadens significantly, reducing the overlap
to the ground state wave function φ0,0. For couplings above the transition point
V1(X) is a double-well potential, such that the amplitudes of the energetically
lowest wave functions at X = 0 are further reduced. Thus, the main contribution
to the spectral line comes from eigenstates close to energy V1(X = 0), whose wave
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(a) (b)

(d)(c) V

X

S(ω)

S(ω)

Figure 6.5: Probing the symmetry breaking transition. (a) Zoom of the triplet
resonance of S(ω) from Fig. 6.4 (b) for λ > λc. Note, here we plot the spectrum
against λ2 ∝ g2 and the resonance line is linear in λ2. (b) Cuts of S(ω) for
different λ2 ∈ [0.1, 0.8] in steps of 0.1. The black dotted line is a guide to the eye.
(c) Spectrum for a finite temperature kBT/ωq = 0.1. Only the triplet resonance
is shown. (d) A finite temperature enables transitions between the ground state
potential and the lowest states in the double-well of the excited states, upper
dashed orange line, due to the wider spread of the thermal state, lower green solid
line. We have used µ = 104, ε = 0 and Γ/ωq = 5× 103 for all plots.

functions are more concentrated around X = 0. Other smaller amplitude peaks
are generated by states living in the two wells of V1(X) which are resolved only
for sufficiently small Γ.

A clearer signature of the change in the stability of the triplet state is obtained
from the spectrum at finite temperature T , which we show in Fig. 6.5(c). To
calculate the thermal spectrum, Eq. (6.28) has to be averaged over a thermal
distribution of initial states φ0,k. The excited oscillator states of the ground state
allow transitions to states farther away from X = 0, such that the spectrum
probes the triplet potential on a broader range of X. We consider a temperature
of kBT/ωq = 0.1, for which the qubits are still in the ground state with a high
probability, but several resonator states ∼ kBT/ωr = 10 are occupied. In this
situation the triplet-state resonance splits into two for λ > λc. They can be
identified with the energy separations between the ground and triplet potentials
at X = 0 and X = Xmin of the triplet potential. This is illustrated in Fig. 6.5(d).
This measurement does not require any cooling of the rf-mode offering a simple
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(a) (b)

(c)

X X X
–1 0–11 00 1 1–1

Figure 6.6: Ramsey protocol. (a) Sketch of the protocol for detecting the wave
packet dynamics. The resonator state is prepared in a superposition between two
effective potentials and is let to evolve freely for a variable time τw. After a π/2-
pulse the return probability P0(τw) to the qubit ground state is measured. (b) The
return probability P0 as a function of the coupling strength λ2 and the waiting
time τw. (c) The resonator wave function conditioned on the qubit excited state
|χ1(0)〉 during the free evolution and λ2 = 0.8. The initial wave packet, orange
dashed line in the first panel, is a superposition of many eigenstates φ1,k of V1(X),
and, thus, starts to spread. After reaching the classical turning points it returns
back. We have used ε = 0 for all plots and have not included qubit decoherence.

path for observing signatures of the change in the triplet-potential structure.

6.4 Wave-packet dynamics

Another way to probe the excited state transition is through dynamics. The basic
idea is to perform a Ramsey-type measurement [129] illustrated in Fig. 6.6(a). In
the beginning of the protocol the system is prepared in the absolute ground state.
Then a single qubit is driven creating an equal superposition between the qubit
excited and ground states, while keeping the resonator state fixed. After creating
the superposition the resonator state is let to evolve in the superposition potential.
After some waiting time the system is driven back, and the overlap between the
two wave packets that have evolved in the two potentials can be determined by
measuring the qubit polarization.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

92 CHAPTER 6. USC RADIO-FREQUENCY CQED

We apply this protocol to an N = 2 qubit system as in the previous section.
The system is prepared in the ground state |Ψ(t = 0)〉 ≃ |φ0,0〉 |χ0(0)〉 e.g. by
cooling. A microwave field of frequency ωd is used to drive the system to a 50-50
superposition between the qubit ground state and the triplet state. During this
time the system evolves according to the Hamiltonian H = HEDM +HΩ(t), with

HΩ(t) = Ω cos(ωdt+ θ)σx, (6.29)

and σx is a single qubit operator for an arbitrary qubit. For the first pulse we
set the phase θ = 0 and optimize the pulse time τπ

2
∼ Ω−1 for every λ. The

driving can be done in a time much smaller than the characteristic time of the
oscillator, such that its state does not evolve during the pulse time. In the second
step we let the system evolve under the free Hamiltonian HEDM for a waiting time
τw. The resonator wave packet propagates in two different potentials V0(X) and
V1(X) during this time. Finally, a second π/2-pulse is applied this time with an
optimized phase θ to counteract any trivial phase differences accumulated between
the states. For λ = 0 the qubits would be driven perfectly back into the ground
state. For a general λ the return probability P0(τw) = Tr [ρ(tf ) |χ0(0)〉 〈χ0(0)|],
with ρ(tf ) the density operator at the final time tf = 2τπ

2
+ τw, can be used to

probe the dynamics of the resonator wave packet during the free evolution. The
ground state probability can be measured e.g. by dispersively coupling the qubits
to another GHz resonator [25].

The return probability P0(τw) is plotted in Fig. 6.6(b) for varying τw and λ. We
see a clear difference in P0 above and below the critical coupling λc = 1/

√
2. For

couplings smaller than λc the ground and triplet state potentials are both approx-
imately harmonic, such that the resonator wave packet remains localized around
the origin in both potentials, resulting in a near perfect return to the initial state.
Above the transition point the wave packet starts to oscillate in the double-well
potential of the triplet state, resulting in oscillations in the return probability.
We have confirmed that the oscillation frequency matches the dynamics of a wave
packet initialized in the centre of the triplet state BO potential. Thus, the Ramsay-
sequence probes the overlap between the time-evolved wave packet in the excited
state potential and the Gaussian ground state. In Fig. 6.6(c) we plot a few snap-
shots of the resonator state φ(X) conditioned on the qubit excited state |χ1(0)〉.
For τw = 0 the state is the Gaussian ground state wave packet centred at X = 0.
After waiting time of 1/(2νr) almost all of the wave packet has left the central re-
gion and arrived at the classical turning points. For a longer waiting time the wave
packet returns, but due to the non-linearity of the triplet potential a perfect revival
is not possible. In the simulations we have not considered qubit decoherence, thus
in order to observe these effects the qubit coherence time T2 has to be longer than
τw ∼ ω−1

r . This is not a stringent requirement, even for ωr/(2π) ≈ 10MHz it can
be fulfilled with realistic coherence times of T2 ∼ 1− 100µs [33].
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=

(b)(a)

Figure 6.7: (a) More realistic circuit, including the self-reactances Ls and Cs of
C and L, respectively. Using this circuit we can estimate the effect of a higher
mode ωex ∼ 1/

√
LsCs on the physics. The qubits are taken to be three junction

flux qubits. (b) The BO potentials of the LF mode resulting from the two-mode
circuit of (a), blue solid lines, are compared to the ideal potential curves of the
corresponding EDM, orange dashed lines. The parameters used for the two-mode
circuit are given in Tab. 6.1. Note that we have adjusted the capacitance CJ in
order to maintain the same qubit frequency for the single and two-mode circuits
(CJ ≈ 3.5 fF for the single-mode circuit).

6.5 Circuit QED implementation

As we mentioned in the beginning of the chapter the physics described above could
be probed with flux qubits coupled inductively to an LC-resonator. In traditional
circuit QED systems with ωr ∼ ωq the higher resonances of the LC-circuit can be
made much higher than ωr/q such that even in the USC regime ωex ≫ ωr, ωq, g [41].
In the low frequency oscillator parameter regime this is not, however, clear and we
need to analyse the validity of the single mode approximation more carefully.

In Fig. 6.7(a) we show a more realistic model for a system with two flux qubits
coupled to an LC-oscillator. We take into account the self-capacitance Cs of the
inductor and the self-inductance of Ls of the capacitor [130]. This gives rise to
a second mode ωex ∼ 1/

√
LsCs with a frequency much above the resonator. For

concreteness we take the flux qubits to be three-junction qubits [67, 131–133].

We choose the flux variables as indicated in Fig. 6.7. The Lagrangian of the
two-mode circuit then becomes

L =
Cφ̇2

a

2
+
Cs(φ̇b −

∑

k ∆φ̇k)
2

2
− (φa − φb)

2

2Ls

− (φb −
∑

k ∆φk)
2

2L
+
∑

k

Lqk ,

(6.30)
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where the qubit Lagrangian is given by

Lqk =
Cq∆φ̇

2
k

2
+
C−φ̇

2
−,k

2
+ EJ

[

α cos

(

∆φk + Φe

Φ0

)

+ 2 cos

(

∆φk

2Φ0

)

cos

(

φ−,k

2Φ0

)]

,

(6.31)

and the additional qubit variable φ−,k, not coupled to the LC-circuit, corresponds
to the generalized flux between the two junction in the lower arm of the qubit. The
qubits are biased with an external magnetic flux Φe, and the effective capacitances
are given by Cq = CJ(α + 1/2) and C− = CJ/2. After introducing the conjugate
charges qa/b = ∂φa/b

L, qk = ∂∆φk
L and q−,k = ∂φ−,k

L the Hamiltonian becomes

H = HLC +Hint +Hq, (6.32)

where Hq =
∑

k [Hqk +
∑

l ∆φk∆φl/(2L)] and

Hqk =
q2k
2Cq

+
q2−,k

2C−
− EJ

[

α cos

(

∆φk + Φe

Φ0

)

+ 2 cos

(

∆φk

2Φ0

)

cos

(

φ−,k

2Φ0

)]

(6.33)

is the single flux-qubit Hamiltonian. The LC-circuit is described by the two-mode
Hamiltonian

HLC =
q2a
2C

+
q2b
2Cb

+
(φa − φb)

2

2Ls

+
φ2
b

2L
, (6.34)

and

Hint =
qaqb
Cq

+
φqφb

L
(6.35)

is the qubit-resonator interaction Hamiltonian. In Eq. (6.34) we have introduced
the effective capacitance Cb = CsCq/(Cs + 2Cq) of the b-mode.

As a next step we diagonalize the LC Hamiltonian to HLC =
∑

η=± ωηc
†
ηcη

with the normal mode frequencies

ω2
± =

1

2

(

ω2
a + ω2

b ±
√

(ω2
a − ω2

b )
2 + 4g2abωaωb

)

, (6.36)

where the bare frequencies are given by ωa = 1/
√
LsC, ωb = 1/

√
LbCb and gab =

√

Zb/Zaωa is the coupling between them. The impedances of the bare modes are
Za/b and Lb = LsL/(Ls +L) is the effective inductance of mode b. In terms of the
normal modes the coupling Hamiltonian Hint becomes

Hint =
∑

k,η=±
i
gq,η
2

(c†η − cη)nk +
gφ,η
2

(c†η + cη)ϕk, (6.37)
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where we have used the dimensionless qubit variables nk = qk/(2e) and ϕk =
∆φk/Φ0. The couplings are given by

gq,+ = 2

√

πZb

RQ

Cb

Cq

√

ω+

ωb

sin(ξ)ωb, (6.38)

gq,− = 2

√

πZb

RQ

Cb

Cq

√

ω−
ωb

cos(ξ)ωb, (6.39)

gφ,+ =

√

RQ

πZb

√

ωb

ω+

sin(ξ)ωb, (6.40)

gφ,− =

√

RQ

πZb

√

ωb

ω−
cos(ξ)ωb, (6.41)

where the mixing angle ξ is defined through

tan(2ξ) = −2gab
√
ωaωb

ω2
a − ω2

b

. (6.42)

In the limit Ls ≪ L, Cs ≪ C the normal mode frequencies reduce to ω− ≈
1/
√
LC = ωr and ω+ ≈ 1/

√
LsCb and the couplings can be simplified to

gφ,−
ω−

=

√

RQ

πZ
,

gq,−
ω−

= 2

√

πZ

RQ

Cb

Cq

, (6.43)

gφ,+
ω+

=

√

RQ

πZb

Ls

L
,

gq,+
ω+

= 2

√

πZb

RQ

Cb

Cq

, (6.44)

where Z =
√

L/C is the impedance of the low frequency mode. From the above
definitions we see that for a typical Z ≈ 50Ω resonator the charge coupling is
negligible. Moreover, for the high-frequency mode the dimensionless inductive
coupling is reduced by a factor Ls/L≪ 1, assuming Zb ∼ Z.

We continue by introducing the rescaled quadratures, Eq. (6.3), and arrive at
the renormalized Hamiltonian H̃ = H/ωq

H̃ =
P 2

2µ
+
X2

2
+ H̃h(X,P ), (6.45)

with ωq the characteristic qubit frequency and effective mass µ = (ωq/ω−)
2. Note,

that the Hamiltonian for the high-frequency physics now also includes the high-
frequency mode c+

Hh(X,P ) = ω+c
†
+c+ +Hint(X,P ) +Hq, (6.46)
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Qubit Resonator
CJ = 2.21 fF C = 79.58 pF
EJ/h = 336.8GHz L = 127.3 nH
α = 0.74 Cs = 1.06 fF

Ls = 1.27 nH

Table 6.1: The set of circuit parameters for the qubits and the LC-resonator,
which are used for the numerical simulations shown in Fig. 6.7(b).

and depends also on the momentum P of the low-frequency mode due to the
presence of the charge coupling.

In Tab. 6.1 we give the set of parameters that we consider. The parameters for
the LC-circuit are comparable to what can be achieved in state-of-the-art experi-
ments [134–137]. The high-frequency Hamiltonian H̃h is then diagonalized, with-
out using a TLA for the qubits, and BO potentials for the low-frequency mode are
obtained. We compare the effective potentials from the full two-mode circuit to the
ideal BO potentials from the corresponding single-mode circuit, by neglecting the
self-capacitance and self-inductance of the resonator inductor and capacitor, re-
spectively. The parameters of Tab. 6.1 give ωq/(2π) ≈ 8GHz, ω−/(2π) = 50MHz,
such that the effective mass is µ ≈ 2.5 × 104. The coupling constants are given
by gφ,−/ω− ≈ 7.15 and gq,− ≈ 0.06, which would translates to λ ≈ 0.84 in a single
mode setup. For the high-frequency mode we obtain ω+/(2π) ≈ 160GHz, safely
above the qubit, and the couplings are gq,+/ω+ ≈ 0.37 and gφ,+/ω+ ≈ 0.01.

In Fig. 6.7(b) we show the comparison of the BO potentials from the single-
and two-mode circuits. The potentials are qualitatively similar, with only small
shifts near X = 0. The appearance of the momentum P in H̃h(X,P ) in principle
changes the effective potential picture. However, the charge coupling gq,− is very
small and only contributes a second order term ∼ (gq,−/ω−)

2P 2, resulting in a
small renormalization of the effective mass, which for the current set of parameters
is negligible. Thus, we conclude that the presence of other resonances does not
change the physics as long as they are above the qubit frequency.
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Chapter 7

Generating multi-qubit

entanglement from the subradiant

vacuum

In the previous chapters we have concentrated on the basic description of ultra-
strongly coupled light-matter systems. In this chapter we explore how the strong
coupling can be used as a resource.

In Chap. 5 we have shown that in a system of N non-interacting qubits cou-
pled to a common oscillator mode the qubits become highly entangled in the USC
regime. More specifically the ground state of the system, for N even, is given
by |GS〉 ≃ |0〉 |N/2, 0〉, where |n〉 is a Fock state of n photons and |s,mx〉 is an
angular momentum eigenstate of total angular momentum s and x-projection mx.
The Dicke state |N/2, 0〉 is highly entangled, but since the system is strongly in-
teracting this entanglement among the qubits is not useful. We present a protocol
to prepare the system in the entangled ground state |GS〉 starting from the un-
coupled standard vacuum state |n = 0〉 |s = N/2,mz = −N/2〉 and then bring the
entangled qubit state back into the non-interacting regime. As a possible realiza-
tion of the presented protocol we envision flux qubits coupled to a lumped element
LC-resonator, see e.g. Fig. 4.3.

7.1 General description of the protocol

As we have shown in Chap. 5, the system of non-interacting qubits coupled to a
common resonator mode is described by the Hamiltonian (~ = 1)

HEDM = ωra
†a+ ωqSz + g(a† + a)Sx +

g2

ωr

S2
x. (7.1)
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USC

weak
coupling

USC

Figure 7.1: The general entanglement extraction protocol. The system parameters
ωq(t) and g(t) are varied adiabatically and diabatically to first prepare a given
state, determined by the initial state, and then extract it to a non-interacting
regime, respectively.

We assume that the qubit frequency ωq and the light-matter coupling strength g
can be tuned by changing some underlying system parameters. The parameters are
initialized in the beginning of the protocol to ωq(t = 0) = ωmax ≫ ωr, g(t = 0) =
gmin ≪ ωr. In this regime the eigenstates of the system are to a good approximation
given by the uncoupled eigenstates |n〉 |s,mz〉. The system is initialized to a chosen
eigenstate or any superposition or incoherent mixture, such as a thermal state see
sub–Sec. 7.3.1, of the eigenstates, ρi. By adiabatically adjusting ωq(t) and g(t) the
system is tuned into the USC regime in two steps: First the coupling strength is
tuned from the initial value in time T1 to g(T1) = gmax ≫ ωr, while ωq(t) is kept
constant. Second the qubit frequency is tuned in time T2 from the initial value
to ωq(T1 + T2) = ωmin ∼ ωr and the coupling strength is kept constant during
this time. In a perfectly adiabatic situation the state of the system will evolve
adiabatically into a final state ρf completely determined by the initial state that
was chosen, and the values ωmin, gmax. At this point the steps taken are executed
again in a reverse manner, but in a diabatic way: First the coupling is ramped
quickly back to its initial value in time T3, g(t = T1+T2+T3) = gmin, and then the
qubit frequency is switched in time T4 back, ωq(T1 + T2 + T3 + T4) = ωmax. Since
these changes in the system parameters are done in a diabatic manner, the system
does not have time to respond to these changes, and the state of the system stays
ideally unchanged during the last two steps. Thus, at the end of the protocol the
system is in the state ρf that was prepared during the first half of the protocol, but
the system is brought back into the non-interacting regime. Since the qubits do not
anymore interact strongly with the resonator they can be manipulated separately
and the entanglement can be used, e.g., in a quantum information protocol. The
basic idea is illustrated in Fig. 7.1.

Due to the large qubit frequency ωmax ≫ ωr the resonator and the qubits are
highly off-resonant in the beginning of the protocol. Thus, the ramp-up of the cou-
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7.2. EXTRACTING THE GROUND STATE ENTANGLEMENT 99

pling needs to be slow only compared to this fast time scale set by the initial qubit
frequency. In the second step the coupling is already large, such that when the
qubit and resonator frequencies become comparable the non-adiabatic state transi-
tions are reduced by the exponentially suppressed qubit frequency ωmine

−g2max/(2ωr),
see Sec. 5.1. Thus, ramping the qubit frequency has to be slow only compared to
the fast time scale g−1

max. In the same spirit the diabatic steps, switching of the
coupling strength and the qubit frequency, have to be fast only compared to the
slow time scales ω−1

r , ω−1
min and g−1

min. This is very important so that the ramping
times are experimentally feasible and consistent with the two-level-approximation
that we have used for the qubits.

12
0

0.2

0.4

0.6

0.8

1

0 4 8 13 13.5 142 6 10

Figure 7.2: Fidelity of the state of the system to the entangled qubit state |N/2, 0〉
during the protocol. The oscillations after the end of the protocol are trivial
and can be undone by single qubit rotations. The parameters we have used are
ωmax/ωr = 20, ωmin/ωr = 0.5, gmax/ωr = 4.5, gmin/ωr = 0.1 and the time intervals
are T1 = T2 = 6.5ω−1

r and T3 = T4 = 0.5ω−1
r , which are all same for the different

qubit numbers. The impurity 1− P is plotted only for N = 4.

7.2 Extracting the ground state entanglement

In order to extract the entanglement in the ground state of the system we choose
the uncoupled ground state |0〉 |N/2,mz = −N/2〉 as the initial state. By virtue
of the adiabatic theorem [138] the system will stay in the instantaneous ground
state during the adiabatic steps T1 and T2 of the protocol. Thus, after these two
steps the system has been prepared in the qubit-entangled USC ground state |GS〉.
After ramping down the coupling and ramping up the qubit frequency the qubits
are in the entangled USC ground state, but do not anymore strongly interact with
the resonator.

We quantify the effectiveness of the protocol by using the fidelity of the pre-
pared qubit state to the ideal state |s = N/2,mx = 0〉 defined through F(t) =
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Tr [ρ(t) |N/2, 0〉 〈N/2, 0|], where ρ(t) is the density operator of the system. The
total duration of the protocol is given by Tf =

∑4
i=1 Ti. As a figure of merit

for the whole protocol we use the entanglement extraction fidelity (EEF) FE =
max{F(t)|t ≥ Tf}, i.e. the maximum fidelity after the protocol has been run. In
Fig. 7.2 we plot the fidelity F(t) during the protocol. The protocol is run for
four different number of qubits N = 2, 4, 6, 8, all of which use the same values for
the parameters, see Fig. 7.2 caption. The obtainable EEFs are all near perfect
FE ≈ 0.95 − 0.99 without fine-tuning the protocol for different qubit numbers.
The oscillations in F(t) after finishing the protocol are due to trivial phase fac-
tors from the evolution of the entangled state under the free qubit Hamiltonian
Hfree = ωqSz, and can be undone by local qubit rotations.

We also plot 1− P where P is the purity P = Tr [ρq(t)
2] of the reduced qubit

state ρq(t) = Trr [ρ(t)] in Fig. 7.2, black dashed line. The purity of the qubit state
at the end of the protocol is essentially one. During the protocol the qubits and
the resonator entangle, but when the USC ground state is reached the purity of
the qubit state is regained. The purity plot is for the case of N = 4 qubits.

As a possible experimental realization of the protocol we consider qubits with a
maximal energy gap ωmax/(2π) ≈ 10GHz coupled to an LC-resonator of frequency
ωr/(2π) ≈ 500MHz. Then the maximal required coupling in the protocol gmax =
4.5ωr ≈ 2π × 2.25GHz is consistent with experimentally demonstrated values in
flux qubits [41, 42]. The required amount of tunability of the qubit frequency and
the coupling is demonstrated in Sec. 7.4. The diabatic switching times we have
assumed are T3,4 = 0.5ω−1

r ≈ 0.16 ns. Sinusoidal modulation of flux qubits on these
time scales has already been demonstrated [139] and they are within reach of state-
of-the-art waveform generators. The duration of the protocol Tf = 14ω−1

r ≈ 5 ns
is much smaller than coherence times of flux qubits ∼ 1− 100µs [33].

Modifications of this scheme can be used to prepare also other entangled qubit
states. For example a singlet state of the qubits characterized by total angular
momentum s = 0 and zero projection along all axes Sx/y/z |S〉 = 0 can be prepared.
The biggest difference to the presented scenario is that the s conserving nature of
the Hamiltonian has to be broken during the protocol in order for the qubits to
evolve out of the maximal spin subspace s = N/2 to the singlet subspace s = 0.
The singlet preparation scheme is inherently robust against disorder in the qubit
frequencies. Retaining a coupling g(Tf ) & ωr at the end of the protocol, which
can be done since the singlet states are decoupled from the cavity, energetically
separates the s = 0 subspace from the other total spin subspaces. The reason is
the finite energy splitting between the singlet and triplet states, see Chap. 6. If
this energy gap is larger than the spread in the qubit frequencies, transitions away
from the singlet subspace are energetically suppressed [58].
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Figure 7.3: (a) The EEF for different gmin and T4(= T3) for a system of N = 4
qubits. High EEFs, FE ≥ 0.9, are obtained in a sizeable range of parameters, such
that limitations in the switching times and obtainable minimal coupling strengths
do not render the protocol useless. (b) F(t) during the protocol including resonator
decay and a T = 0K bath. The quality factor of the oscillator is taken to be
Q = 100 and ωmax = 10ωr. (c) The EEF, red solid line, as a function of the
temperature of the initial state of the system, when the oscillator is taken to
be in a thermal state in the beginning of the protocol. The blue dashed line
gives the occupation probability of the ground state. (d) as (b), but with a finite
temperature bath kBT = ~ωr. Green dashed line denotes the performance of the
protocol neglecting the resonator decay. Parameters not explicitly specified are as
in Fig. 7.2.

7.3 Experimental imperfections

In experimental realizations of the protocol there might be limitations on the tun-
ability of the parameters ωq(t) and g(t) or the diabatic switching times obtainable
are longer than what we have assumed. In Fig. 7.3(a) we plot the entanglement
extraction fidelity for N = 4 qubits as a function of gmin and T4. Let us first con-
sider fast switching time T4ωr < 1. In this case EEFs of FE ≈ 0.8 can be obtained
up to very large gmin = ωr. Vice versa, for small minimal couplings gmin/ωr . 0.1
switching times up to T4ωr ≈ 4.5 result in EEFs of FE = 0.8. In the next section
we consider the performance of the protocol when the qubit frequency and the
coupling are not independently tunable using a flux qubit implementation of the
protocol.
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Up to know we have not considered dissipative processes during the entan-
glement extraction protocol. Next we consider the effect of cavity dissipation on
the performance of our protocol. Since the qubits and the oscillator are ultra-
strongly coupled we cannot use the standard quantum optical master equation
[140]. Rather, the coupling has to be taken into account in the derivation of the
master equation such that correct jump operators are used. After obtaining the
correct jump operators we can move back to the composite basis |n〉 |s,mz〉 with a
unitary transformation. During the protocol the qubit frequency and the coupling
are changed in time, and, thus, we have to calculate the jump operators at every
time step. See App. C for details of the derivation of the master equation and
how the time-dependent couplings are handled. In Fig. 7.3(b) we plot the fidelity
F(t) during the protocol for N = 4 qubits and a cavity of quality factor Q = 100.
Even for this extremely low quality factor the protocol is essentially not affected
by the resonator decay. This can be understood based on the adiabatic nature of
the protocol. During the preparation the system stays at all times in the instan-
taneous ground state defined by H(t). During the last two steps the cavity decay
could in principle have an effect, but these steps take such a short time ω−1

r such
that the resonator decay does not have time to have any effect.

We have assumed that the qubits are all identical in our protocol. This is
not, however, a strict requirement. A considerable amount of disorder, ∼ ±10%,
in both the frequencies ωi

q of the qubits and the couplings gi can be tolerated
without losing much of the EEF. In the case of disordered qubit frequencies this is
easily understood since the coupling is the dominant energy scale when the qubit
entangled ground state is reached. Deviations in the qubit frequencies do not
matter since the bare qubit Hamiltonian is irrelevant at that point [58].

7.3.1 Extracting entanglement from a thermal state

In order to reach the large detuning assumed between the qubits and the resonator
ωmax/ωr ≈ 20 the oscillator has to have a rather low frequency ωr/(2π) ∼ 500MHz.
This means that even in the ∼ 10mK temperatures of dilution refrigerators the
resonator will be thermally occupied. This can be in principle counteracted with
cooling methods [128]. However, it is not even necessary. In Fig. 7.3(c) we plot
the EEF starting from an initial state where the oscillator is in a thermal state
at temperature T as a function of the initial state temperature. For temperatures
kBT/(~ωr) ≤ 0.5 there is essentially no degradation of the achievable EEF. Even
for kBT/(~ωr) = 2 we obtain FE ≃ 0.8. Note that only the coherent dynamics has
been simulated and the EEF has been obtained by averaging the EEFs for different
initial states according to a thermal distribution at the corresponding temperature.
The EEF decays much slower than the population of the ground state, blue dashed
line in Fig. 7.3(c), showing that the qubit state is effectively mapped to the en-
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7.4. CIRCUIT QED IMPLEMENTATION 103

Figure 7.4: Circuit diagram of the tunable four-junction flux qubit. The frequency
of the qubit and its coupling to the LC-resonator can be tuned by changing the
external fluxes, fα/β, threading the two SQUID-loops.

tangled |N/2, 0〉-state also in the higher Fock-state manifolds. Fig. 7.3(d) shows a
master equation simulation at a finite temperature of kBT/(~ωr) = 1. The dashed
green line shows the obtained EEF neglecting the resonator decay. Even for the
very low quality factor Q = 100 assumed the difference to the unitary evolution is
only ∼ 3.5%. The full master-equation simulation justifies the approximate treat-
ment used in Fig. 7.3(c). The robustness against resonator decay is due to the
short time of the entire protocol. Even for Q = 100 the length of the protocol is
only a fraction of the resonator decoherence time Tf ∼ 0.1κ−1.

Why the protocol works so well, even in the presence of thermal photons in the
resonator, can be understood from the effective USC Hamiltonian Eq. (5.25)

Heff = ωqe
−g2/(2ω2

r)Sz +
ωrω

2
q

2g2
(

S2
x − S2

)

. (7.2)

As we have shown numerically it can also qualitatively describe the higher photon
manifolds n > 0, see Sec. 5.1 and Fig. 5.4. Thus, when the resonator starts in a
thermal state the prepared state will be approximately given by

|Ψ(Tf )〉 = ρctherm ⊗ |N/2, 0〉 〈N/2, 0| , (7.3)

such that to a first approximation the qubits and the resonator do not entangle.
The quantitative agreement of the effective Hamiltonian in the n > 0 manifolds
is not as good as in the ground state manifold, such that the obtained EEF is
reduced compared to the resonator prepared in its ground state.

7.4 Circuit QED implementation

In this section we present an example implementation of the protocol in circuit
QED using flux qubits coupled to a lumped-element LC-circuit. We take the flux
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Figure 7.5: Tunability of the qubit. Qubit frequency (a) and coupling (b) as a
function of the external fluxes fα/β. The path that we take in the (fα, fβ)-space
is marked with the orange line and the arrows show the direction in which it is
traversed. The parameters for the qubit are given in the main text.

qubits to be the tunable four-junction flux qubit, see Fig. 7.4, we have introduced
in Chap. 3. The tunability of the qubit frequencies and couplings is implemented
by changing the external fluxes fα/β = φα/β/Φ0.

We consider the parameters EC/h = 4.99GHz, EJ/h = 99.7GHz, α = 0.6 and
β = 6 for the qubit, and C = 1.59 pF and L = 63.7 nH for the resonator in the
numerical simulations below. These parameters give an LC-oscillator frequency
of ωr/(2π) = 500MHz. The qubit frequency ωq and the coupling constant g are
plotted in Fig. 7.5(a) and (b), respectively, together with the path taken in the
(fα, fβ)-landscape, orange solid line. The starting point is at (fα, fβ) = (0, 0) where
the maximal qubit frequency, ωmax = 22.8ωr, and the minimal coupling, gmin =
0.25ωr, are obtained. In the adiabatic stage the fluxes are tuned to (0, 0.96π)
where the minimal qubit frequency, ωq = 0.7ωr, and maximal coupling, g = 4.5ωr,
are reached. Finally fβ is switched diabatically back to 0.

The pulse shapes for ωq(t) and g(t) obtained using the path in Fig. 7.5 are
shown in Fig. 7.6(a). We see that the qubit frequency and the coupling cannot
be independently tuned using this simple qubit. However, it is important to eval-
uate the performance of the protocol using this qubit design close to what has
been implemented in experiments [39, 41, 42]. The lack of independent tunabil-
ity reduces the adiabaticity of the protocol due to a different path taken in the
(ωq, g)-landscape, such that the total protocol time is longer than that of the ideal
protocol. The fidelity during the protocol is plotted in Fig. 7.6(b) for N = 4
qubits. Even with these non-ideal pulse shapes the obtained EEF for four qubits
is very good FE > 0.9 and for two qubits it goes up to FE ≈ 0.96 (not shown).
Thus, the protocol performs very well even under these non-ideal conditions.
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Figure 7.6: The protocol as implemented using tunable flux qubit of sub–Sec. 3.4.2.
(a) Pulse shapes of ωq(t) and g(t) obtained by the path marked in Fig. 7.5. (b)
The fidelity during the entanglement extraction protocol using the pulse shapes of
(a). The plot is for N = 4 qubits and parameters are given in the text. Inset: a
zoom to the end of the protocol.
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Chapter 8

Simulating non-perturbative cavity

QED

In the previous chapters we have considered the EDM as a fundamental description
of physical systems. However, experimentally realizing systems in the USC regime
with multiple two-level-systems is challenging, and, thus, so far only systems with
a single two-level-system ultra-strongly coupled to a mode have been realized [41,
42]. Quantum simulation, digital and analog, is a powerful method to simulate
quantum systems [141, 142]. In a digital simulation the dynamics of a system or its
quantum ground state are approximated by applying gates on a system of qubits.
In analog simulation, on the other hand, the Hamiltonian of another quantum
system is implemented as the effective Hamiltonian of the simulator, possibly in
some rotating frame.

Trapped ions [143] are a well developed platform for quantum simulation [144–
146]. In this chapter we propose to simulate, in an analog manner, non-perturbative
light-matter systems with trapped-ions. We begin by showing how to implement
the general cavity QED Hamiltonian (~ = 1)

HcQED = ωra
†a+ ωqSz + g(a† + a)Sx +

g2

ωr

S2
x +

∑

i,j

Dij

4
σx
i σ

x
j (8.1)

with the trapped-ion quantum simulator. Note, in this chapter we assume an inde-
pendent scaling of the P 2-term and the dipole-dipole interactions Dij in contrast
to Chap. 5. We take for simplicity the qubits to be identical and the couplings
homogeneous. The other half of the chapter is devoted to possible applications
and experiments that could be performed with the system. Trapped-ion systems
have already been used to simulate the Rabi model [147, 148] and the Dicke model
[149–151], and the dynamics of the Rabi model in the USC regime has been sim-
ulated also digitally using SC qubits [152]. The Dicke SRPT has been realized
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(a) (b)

(c) (d)

Mode number
0

2

4

6

x

y

z

Figure 8.1: The setup: (a) A sketch of the setup. (b) Normal mode frequencies
of the crystal. The trap is taken to be stiffest along the y-axis and softest along
longitudinal z-axis, νz < νx < νy. Specifically we consider νz = 2π × 1MHz,
νx = 2π×5MHz and νy = 2π×5.5MHz. (c) Detunings of the driving lasers along
x-axis, and (d) y-axis.

in driven-dissipative scenarios with atoms in cavities [98–101, 153]. Proposals for
simulating the Rabi- and Dicke-models with cold neutral atoms trapped near to
tapered optical fibres also exist [154].

8.1 Trapped-ion implementation of the EDM

We consider a chain of ions trapped in a linear Paul trap, Fig. 8.1(a). The axis
of the chain is assumed to be directed along the z-axis. The trapping frequency
along the z-axis is smaller than in the two orthogonal directions. We take the x-
and y-axes trap frequencies to be off-resonant to avoid any accidental resonances.
Fig. 8.1(b) shows the normal mode frequencies. The ions are driven with pairs of
lasers along the x- and y-axes, with frequencies ωα,l, amplitudes Ωα,l,i and phases
φα,l, with α = x, y labelling the axis and l = r, b the laser. The Hamiltonian of
the system in a frame rotating with the free-ion Hamiltonian H0 =

∑

i ω0σ
z
i /2 is
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given by [143]

HI =
∑

α,l,i

Ωα,l,i

2

[

σ+
i e

i(kα,lrα,i+δα,lt−φα,l) + H.c.
]

, (8.2)

where δα,l = ωq − ωα,l and we have used the optical RWA to neglect terms ∝
e±i(ω0+ωα,l)t. The ions are treated as two-level-systems with frequency ω0 and the
frequencies of the normal modes of the ions’ motion are να,m. In the above equation
rα,i =

∑

m r
zpf
α,i,muα,i,m

(

b†α,m + bα,m
)

is the position operator of ion i around the

equilibrium position r(0)α,i on axis α. The zero-point amplitude for mode m along α

is rzpfα,i,m =
√

~/(2Mνα,m), with M the mass of the ion, and uα,i,m is the envelope
of the normal mode m at the position of the ion n.

8.1.1 Collective TLS-field coupling

Let us start by engineering the collective Dicke couplingHint = g(a†+a)Sx between
the qubits and the mode. The normal modes in the x-axis will be used for this
purpose, and the centre of mass (COM) mode in the x-axis plays the role of
the photonic mode a. In order to realize Hint we choose the laser frequencies as
in Fig. 8.1(c). The ions are driven near the first red and clue COM side-band
resonances ωx,l = ω0 ± (νx,c − ∆x,l), where ∆x,l ≪ νx,c is a small detuning from
the exact resonance and νx,c = νx is the COM mode frequency. The plus sign
corresponds to the blue laser l = b and minus for the red laser l = r. The
amplitudes of the red and blue lasers are chosen to be equal and homogeneous
Ωx,r,n = Ωx,b,n = Ωx and the phases are also set to be equal φα,1 = φα,2 = π/2.
The Hamiltonian in the Lamb-Dicke (LD) regime and in a RWA keeping only the
COM first side-band transitions the Hamiltonian becomes [147]

HI,x =
∑

n

Ωxηx,cux,c
2

[

σ+
n

(

b†x,ce
i∆x,b + bx,ce

i∆x,r
)

+H.c.
]

, (8.3)

where b(†)x,c is the annihilation (creation) operator of the COM mode and ηx,c =
kxr

zpf
x,c is the Lamb-Dicke parameter for COM mode, which in the LD regime sat-

isfies ηx,c

√

〈(b†c + bc)2〉 ≪ 1. Additionally we have moved to a rotating frame
with respect to the x-modes of the crystal. The COM mode has a uniform mode
envelope ux,c,i = 1/

√
N ≡ ux,c. By introducing the effective frequencies [147]

ωr =
1

2
(∆x,b +∆x,r)

ωq =
1

2
(∆x,b −∆x,r) (8.4)

g = Ωxηxux,c

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

110 CHAPTER 8. SIMULATING NON-PERTURBATIVE CAVITY QED

and after performing a unitary transformation U(t) = exp[−i(ωqSz + ωra
†a)t] to

eliminate the time-dependence we obtain the effective Hamiltonian

Heff
x = ωra

†a+ ωqSz + g(a† + a)Sx, (8.5)

where we have renamed bx,c to a. Thus, the effective Hamiltonian implemented by
the x-modes is that of the Dicke model and we have a collective coupling of the
ions to the COM mode in that axis. The effective parameters Eq. (8.4) are easily
tunable by the laser detunings ∆x,r/b and amplitude Ωx.

8.1.2 The P
2-term

We proceed with the y-modes, which will be used to implement the collective
S2
x-term. The detunings of the driving lasers are set to δy,l = ±µy − ωq, where
µy = νy,c + ∆y, νy,c is the COM frequency in the y-direction and the plus and
minus sings correspond to the blue, l = b, and red, l = r, lasers, respectively, see
Fig. 8.1(d). The ωq dependence of the driving laser frequencies are needed due to
the effective field ωq created using the transverse x-modes. The Hamiltonian for
the y-driving lasers in the Lamb-Dicke regime after neglecting other terms than
the first side-band transition in a RWA is given by [155, 156]

HI,y =
∑

i,m

Ωyηy,muy,i,m
2

(

σ+
i e

iωqt +H.c.
)

sin(µyt)
(

b†y,me
iνy,mt +H.c.

)

, (8.6)

where ηy,m = kyr
zpf
y,m is the Lamb-Dicke parameter for y-mode m. We have assumed

the driving lasers to have equal and homogeneous amplitude Ωy,l,i = Ωy and the
phases have been set to φy,b = 0, φy,r = π. Without the external field ωq the time-
evolution created by Eq. (8.6) can be calculated exactly using a Magnus expansion
[155, 156]. In the presence of ωq we can calculate it to second order and obtain
the following time-evolution operator

U(t) = exp

[

−i
∑

i,m

(

βi,m(t)b
†
y,m +H.c.

)

σx
i − i

∑

i,j

φij

4
σx
i σ

x
j

]

, (8.7)

where

βi,m(t) = Ωyηy,muy,i,m
µy − eiνy,mt (µy cos(µyt)− iνy,m sin(µyt))

µ2
y − ν2y,m

, (8.8)

φij =
∑

m

2Ω2
yηy,i,mηy,j,m

µ2
y − ν2y,m

[

νy,mt−
νy,m sin(2µyt)

2µy

(8.9)

+
sin((µy + νy,m)t)

µy + νy,m
− sin((µy − νy,m)t)

µy − νy,m

]

.
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The presence of the local field generates a term ∝ b†y,mby,mσ
z
n which is, however,

suppressed by a factor ωq/(µy−νy,m) and can be neglected in the parameter regime
of interest [157]. The first term in Eq. (8.7) coherently displaces the modes by an
amount

∑

i βi,m(t)σ
x
i depending on the ions’ state, which leads to entanglement

between the ions and the modes. In order to create pure spin-spin interactions
we, thus, require βi,m(t)≪ 1, such that the modes are only virtually excited. The
second term gives a conditional phase between two ions i and j. In the limit of
long evolution times tνy,m ≫ 1 the phase factor is given by the secular term, ∝ t,
in Eq. (8.9). Thus, the time-evolution at long times is created by the effective
Hamiltonian

Heff
y =

∑

i,j

Dij

4
σx
i σ

x
j , (8.10)

where the dipole-dipole coupling strength is given by [158–163]

Dij =
∑

m

2Ω2
yη

2
y,muy,i,muy,j,mνy,m

µ2
y − ν2y,m

. (8.11)

The shape of Dij can be tuned by choosing µy close to a specific mode νy,m. Then
the mode function uy,i,m of that mode will be reflected in the DD interaction
matrix Dij [164]. We choose the detuning close to the COM mode, such that the
dipole-dipole couplings will be mainly homogeneous

Dij ≃
(Ωxηx,cuy,c)

2

∆y

(8.12)

for all i, j with smaller corrections coming from the far off-resonant modes. By
choosing µy in the middle of the band one obtains couplings with alternating signs,
leading to frustration and related effects [161].

8.1.3 Dipole-dipole interactions

In order to implement the short-range dipole-dipole interactions present in the
EDM, we generalize the scheme from above to laser beams with multiple sidebands
with different frequencies. This can is taken into account by replacing

Ωye
iδy,lt →

∑

n

Ωy,ne
iδy,l,nt (8.13)

in Eq. (8.2). The Hamiltonian is then given by that of Eq. (8.6) with a sum
over the different sidebands n. Asserting that the detunings between different
sidebands remain large, ηy,mΩy,n ≪ |δy,l,n−δy,l,n′ |, the cross terms from lasers with
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different sideband frequencies that are created are rapidly oscillating and, thus,
can be safely neglected. The spins are then described by the effective Hamiltonian
of Eq. (8.10), and the generalized dipole-dipole matrix is given by

Dij =
∑

m,n

2 (Ωy,nηy,m)
2 νy,muy,i,muy,j,m

µ2
y,n − ν2y,m

. (8.14)

It can be engineered by combining multiple near-resonant and/or far-detuned
lasers. The short-range dipole-dipole interactions can then be implemented by
adding a laser which is far detuned from all of the modes [158, 160], adding a
component to Dij which decays roughly as ∼ |i− j|−3 for very large detuning.

8.1.4 Accessible parameter regimes

In summary, we have show that by addressing different phonon branches of the
ion chain, collective spin-mode and dipole-dipole interactions can be engineered.
Thus, by combining the schemes, we obtain

HcQED = H
(x)
eff +H

(y)
eff (8.15)

with a dipole-dipole interaction matrix given by

Jij = Dij −
g2

ωc

. (8.16)

This completes our goal of engineering Eq. (8.1) as the effective Hamiltonian of
the ions. In theory this approach gives us full control over the model parameters,
but the hierarchy of frequency scales and the single-mode addressability assumed
in the derivation, impose limitations on the accessible parameter regimes. This
will be discussed next.

Ultra-strong coupling regime

As a concrete example we consider a chain of N = 10 trapped 40Ca+ ions with
a phonon spectrum of Fig. 8.1(b). The LD parameter for the x-motion is ηx,c =
0.043, and for Ωx = 2π × 15.4 kHz, ∆x,b = 2π × 0.41 kHz and ∆x,r = 0 we obtain
ωr = ωq = 2π × 0.21 kHz and a coupling parameter of g/ωr = 1. The P 2-term
is implemented by the scheme discussed above and we use a pair of lasers with
Rabi-frequency Ωy,1 = 2π×139 kHz to drive the COM mode with detuning ∆y,1 =
2π × 14 kHz. For LD parameter ηy,c = 0.041 this gives us a collective S2

x-coupling
of magnitude g2/ωc = D = 2π × 0.21 kHz. Since the driving laser couples to all
other y-modes as well, the exact evaluation of the coupling matrix Dij in Eq. (8.14)
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Figure 8.2: Engineered dipole-dipole interactions for N = 10 ions. (a) The residual
dipole-dipole interaction matrix of the non-interacting system. The case of repul-
sive (b) and attractive (c) dipole-dipole interactions. (d) The distance dependence
Dr=|i−j| of the interaction matrix elements for a single near-resonant pair of lasers,
two upper solid lines with markers, averaged over the chain. The lowest line with
markers shows the distance dependence of the dipole-dipole interactions for the
far-detuned laser pair The solid lines are fits to the markers giving α ≈ ±0.16 for
the upper lines and α ≈ 2 for the lowest line. The black dotted line gives the value
of D specified in the text.

results in small spatial variations, Dij ∼ |i− j|−0.16. The resulting residual dipole-
dipole interactions, Jij, are shown in Fig. 8.2(a). Each dipole feels a residual
field J̄i =

∑

j 6=i Jij on average, whose variance is (∆J̄)2 =
∑

n(J̄i)
2/N . For the

parameters we consider ∆J̄/ωq ≈ 0.19, such that the qubits are approximately
non-interacting. Since the P 2-term scales as ∝ g2 the imperfections Jij share this
scaling, and become negligible for small g.

To add the short-range dipole-dipole interactions, we use another pair of lasers
along the y-axis with Rabi-frequency Ωy,2 = 2π × 1.0MHz and detuning ∆y,2 =
2π×1.7MHz. Since the lasers are far detuned the coupling to all the phonon modes
is approximately equal. The dipole-dipole interactions resulting from this laser pair
are approximately given by Jij ≈ J0/|i− j|α, with α ≃ 1.98 and J0 = 2π × 80Hz.
The total mean field introduced by these lasers J̄ ≈ 2π×0.20 kHz is on the order of
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ωq. The coupling matrix Jij, including imperfections from the P 2-term, is plotted
in Fig. 8.2(b). The value of α . 2 is limited by the ratio between the bandwidth of
the y phonon modes and the detuning. For a 1D chain the |i−j|−2 couplings can be
considered as mid-range [165]. Since the beat-note of the far detuned pair of lasers
must be larger than the COM frequency, µy,2 > νy,c, the effective interactions are
always repulsive. In order to implement an equivalent model with Jij < 0, we can
reverse the sign of the other terms in HEDM [166]. This is obtained by replacing
Ωx → −Ωx and reversing the sign of the detunings, ∆x,r/b and ∆y,1. This trick
results in the model −HcQED with J0 < 0. The overall minus sign is irrelevant for
the quantum simulation. The resulting attractive dipole-dipole interactions are
plotted in Fig. 8.2(c) for ∆y,1 = −2π × 11 kHz and Ωy,1 = 2π × 112 kHz. Apart
from the sign, these parameters give essentially the same effective parameters as
above.

We have shown that trapped ions can be used to engineer few-body cavity QED
models with coupling constants g/ωr ∼ O(1) at absolute frequency scales of a few
hundred of Hz. These scales are still fast compared to simulation times of tens of
milliseconds available in state-of-the-art trapped-ion experiments [157, 167].

Non-perturbative regime

Above we have shown that reaching the regime of g/ωr ∼ 1 is possible with our
trapped-ion implementation of the EDM. As shown in Chap. 5 significant non-
perturbative changes in the ground state of the EDM happen beyond g/ωr & 2−3.
In order to simulate this regime two difficulties arise. Firstly, for a fixed value of
D ≈ 2π×200Hz the qubit and mode frequencies have to be an order of magnitude
lower ωr,q ≈ 2π × 20Hz than before, leading to longer absolute time scales. In
addition to this a smaller value of ωq also means that the variations in Dij will
become more important, ∆J̄/ωq ≈ 2 and the qubits can no longer be considered
non-interacting. In general these issues a worse for larger N , since the mode
spacing of the crystal is smaller making the single mode addressability harder to
achieve. This results in a competition between the time scale of the simulation
and the fidelity of the realized model. For small and moderate number of ions,
however, many interesting effects can be explored within these constraints. It
also has been shown [168, 169] that with single ion addressability and machine
learning algorithms, it is possible to improve the quality of the created spin models
significantly.
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8.2 Examples

The above analysis shows that trapped ions can be used to simulate regimes of
cavity QED at the moment inaccessible in other experiments. In this section we
present two examples, also illustrating possible measurements that one can apply
to gather information about the system. We begin by considering the excitation
spectrum of a cavity QED system and later use the ground state preparation
scheme of Chap. 7 to probe the light-matter decoupled ground state in the USC
regime.

8.2.1 Qubit excitation spectrum

The first example we consider is the measurement of the excitation spectrum of
a cavity QED system. We consider the parameter regime g/ωr . 1. In order to
measure the excitation spectrum the ions are prepared in their ground state |g〉
and the phonon mode is cooled to its ground state. At this point the couplings
are gradually switched on such that the system is adiabatically prepared into the
ground state |G〉 of Eq. (8.1). Then a weak perturbation Hp(t) ∼ Ae−iωt+A†eiωt is
applied for a time Tp. For long pulses Tp →∞ the amount of excitations created
by the perturbation is proportional to the excitation spectrum

S(ω) =
Γ

2
ℜ
∫ ∞

0

dτ〈A(τ)A†(0)〉ρ0eiωτ , (8.17)

where the average is taken with respect to the state ρ0 ≈ |G〉 〈G| obtained with
the adiabatic preparation. Practically speaking, a difference in the measurement
of 〈A†A〉 before and after the perturbation gives a good estimate of S(ω) for a
finite Tp.

If one takes A = a, a measurement of the cavity spectrum is performed. We
choose instead A = σ−

3 , in which case the spectrum also contains information
about the dark excitations of the qubits not coupled to the mode. In Fig. 8.3
we plot the numerically calculated spectra for N = 6 qubits. Other parameters
are similar as discussed above. In our case a purely adiabatic preparation of the
ground state was not feasible, taking a time of hundreds of milliseconds, and a
non-adiabatic bang-bang scheme was used [151, 170, 171]. Using this scheme we
are able to prepare the ground state with a fidelity F = 〈G| ρ0 |G〉 & 0.8 within
Tprep . 7ms. Using this prepared state the spectrum is evaluated assuming a
common phenomenological decay rate Γ = 2π × 4Hz for all states, corresponding
to experimental runtime of Tp ≈ 40ms.

In the excitation spectrum the USC regime can be identified as the regime
where the splitting between the upper an lower polariton modes ∆ω no longer
follows the initial linear behaviour ∆ω ∼ G =

√
Ng. In 8.3(a), corresponding
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Figure 8.3: Excitation spectra of N = 6 non-interacting qubits, J0 = 0, for varying
g (a). The dotted lines indicate the initial linear scaling of the polaritonic branches
ωr ±G/2. (b) Sketch of the phase boundary (green line) between the normal and
the ferroelectric phase. The insets show the behaviour of the p(mx) distribution
in the two phases. Parameter sweeps in (a), (b) and (c) are indicated by the blue
arrows. In (c) and (d) the phase boundary is crossed by changing the qubit-photon
coupling g for J0/ωq ≃ −0.38 and the DD interaction strength J0, and g/ωr = 1,
respectively. The dashed lines indicate the point at which the phase boundary is
crossed. We have used ωq = ωr for all plots.

to non-interacting dipoles Jij = 0 (up to small corrections c.f. Fig. 8.2(a)), the
linear scaling can be observed for small G. Due to probing a single ion, the
response is sensitive to all excitation modes and the coupling to the collective
polariton modes is reduced by a factor N−1. Being able to observe both collective
and single-qubit effects is, thus, an interesting feature of the few-qubit regime. For
larger couplings the P 2-term starts to become important and the spectrum deviates
from the predictions of the DM [44, 172–175]. The most important difference being
that the lower polariton branch stabilizes to a non-vanishing value for any coupling
[44, 172]. Another interesting feature of the few-qubit regime is the redshift of the
dark polariton modes seen in Fig. 8.3(a). It is caused by the fact that the ground
state energy EG(g) is an increasing function of the coupling g. When a qubit
is excited to a dark mode less energy is required. This cannot be predicted by
a purely linear theory, and conversely not observed in traditional experiments in
the optical and THz regime, where the single qubit-photon coupling g ≪ ωr and
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only the linearized collective interaction of a large number, N ≫ 1, of qubits is
available. Non-linear effects such as this are expected to be observable only for a
moderate number of qubits N . 10 [176]. The presence of the small residual DD
interactions can also be observed in Fig. 8.3(a) as the finite splitting between the
dark polariton modes.

Consider next a system with strong attractive dipole-dipole interactions, Jij ≈
J0/|i−j|α with J0 < 0. In this situation the qubits can exhibit a phase transition to
a ferroelectric state at a critical coupling J c

0 . For α = 2 and in the thermodynamic
limit the critical value J c

0/ωq ≃ −0.4 is obtained [177]. When the qubits are
additionally coupled to a cavity the critical DD coupling is expected to decrease
as

J c
0(g) ≈ J c

0(g = 0)e−g2/(2ω2
r), (8.18)

due to the qubits getting dressed by virtual cavity photons, see Chap. 5. This is
a purely non-perturbative effect absent in the Dicke model, where the transition
is driven by strong ferroelectric DD interactions Jij = −g2/ωr and is only weakly
modified by the presence of the cavity mode [51]. For the N = 6 qubits considered
only a crossover between the normal phase and the ferroelectric phase takes place.
It is possible, however, to find the phase boundary by considering the probability
distribution

p(mx) = 〈G|Pmx |G〉 , (8.19)

where Pmx =
∑

s Ps,mx is the projection operator to collective spin states with
total spin s and x-projection mx, Sx |s,mx〉 = mx |mx〉. In the normal phase
this distribution has always a single maximum at minimal |mx|. In contrast in
the ferroelectric phase the distribution is bi-modal with the maximal weight at
mx = ±s for very large couplings. The phase diagram and p(mx) in the different
phases are sketched in Fig. 8.3(b).

As we see from Eq. (8.18), the phase boundary can be crossed in two ways:
Either one can increase the qubit-photon coupling g while keeping |J0| < |J c

0 |
constant or by increasing the DD coupling |J0| directly. The spectra corresponding
to these cases are plotted in Fig. 8.3(c) and (d). In both cases the frequency of
first excitation mode approaches zero at the phase boundary, but stays finite due
to finite size corrections, as expected. Even though the lowest excitation mode
behaves very similarly in both tuning schemes, there is a clear difference in the
excited states. When tuning the qubit-photon coupling there are many avoided
crossing around ωr indicating a strong hybridization with the mode. These features
a completely absent in the case where J0 is tuned.
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Figure 8.4: Adiabatic ground-state preparation in the USC regime for (a) non-
interacting qubits J12 = 0 and (b) J12/ωc = −3.5. Starting from the normal ground
state |n = 0〉⊗|mz = −N/2〉, the ground state is prepared by adiabatically turning
on the qubit-photon coupling and DD interactions during a time of Tprep . 10ms
for a given pair (g, J0). In both cases we have taken ωq = ωr.

8.2.2 Ground state preparation

As we have shown above, the first non-perturbative corrections are observable in
the regime g/ωr . 1. However, the ground state is still essentially determined by
ωq and Jij, while the effect of the cavity mode can be only seen in the excited
states. For large enough coupling g/ωr & 2 this is no longer the case. In this
regime, in addition to renormalizing ωq, see Eq. (8.18), the qubit-photon coupling
also creates effective anti-ferroelectric interactions between the qubits, see Chap. 5,

HAF =
ωrω

2
q

2g2
(

S2
x − S2

)

. (8.20)

These effective interactions compete with |J0| favouring a subradiant ground state
with completely anti-aligned qubits, that decouple from the cavity, see Chap. 5.

Experimentally this physics can be seen already in the simple case of N = 2
ions. In this case the interaction matrices reduce to a single relevant parameter
Dij = D and Jij = J0. The detuning constraints are relaxed, which allows us to
considerD = g2/ωr = 2π×2 kHz corresponding to a value of ωr = ωq = 125 kHz for
g/ωr = 4. In Fig. 8.4 we plot the expectation value of the simulated ground state
photon number 〈a†a〉 for non-interacting qubits J0 = 0, (a), and ferroelectrically
coupled qubits J0/ωq = −3.5, (b). In this case an adiabatic preparation is possible
in a reasonable time and that is what has been used, see Chap. 7 for details.
For small values of the coupling constant g, both cases show an increase in the
photon number as expected from the hybridization of the mode and the qubits.
In the ferroelectric case this trend continues for larger couplings, experiencing a
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rapid increase after g/ωr ≈ 1, as one expects in the superradiant phase. In the
non-interacting system the increasing trend turns around after g/ωr & 2, and for
g/ωr ≈ 4 the cavity mode has approximately returned into the vacuum state.
The simulated ground state photon number differs from the correct value for the
preparation time Tprep ≈ 10ms used here, but it shows the correct qualitative
behaviour, especially the characteristic maximum of 〈a†a〉, a witness of entering
the subradiant regime [51], is reproduced. This effect can be easily confirmed in
the trapped-ion platform by doing full tomography of the internal state of the ions.
We find a high fidelity of Tr[ρ0 |T 〉 〈T |] ≈ 0.95, where |T 〉 = (|eg〉+ |ge〉)/

√
2 is the

triplet state minimizing Eq. (8.20), for the largest coupling.

8.3 Discussion

In this chapter we have shown that trapped ions can be used to implement quan-
tum simulation of non-perturbative cavity QED. This platform offers a flexible
way to tune both the interactions between the qubits and a cavity mode, and the
direct dipole-dipole interactions. In the two examples presented, we have high-
lighted some possibilities for observing signatures of non-perturbative light-matter
interactions.

We have used a small number of ions, for which we can benchmark the perfor-
mance of the simulation with exact numerical methods. In this sense the simulation
aspect lies in the possibility of studying light-matter interactions in a regimes not
accessible today with systems of real or artificial atoms, rather than simulating
systems beyond the scale of classical simulations. The proposal presented can
be, however, extended to tens of ions and/or multiple modes, allowing to study
non-perturbative effects in systems well beyond the reach of classical capabilities.
The main difficulty in increasing the simulation scale is the collective P 2-term,
∼ g2/ωrS

2
x, which is the most dominant term in the USC regime. This term is

created by addressing a single transverse normal mode of the ion crystal, which
becomes more difficult the larger the crystal is, in turn increasing the experimental
runtime. In the future with improved motional heating rates and ion coherence
times, second scale quantum simulations can become available, enabling the ex-
tension of the proposed scheme to tens of ions.
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Chapter 9

Summary and Outlook

In this thesis we have studied the interaction between light and matter in the ultra-
strong coupling regime. The main focus has been in circuit QED systems, since
they offer an experimentally relevant platform in realizing ultra-strong light-matter
couplings.

We started with a brief introduction to Hamiltonian circuit theory and basic
phenomena of superconductivity, namely the Josephson effect and flux quanti-
zation, needed to understand superconducting (SC) circuits. The quantum LC-
oscillator was introduced and two prototypical type of SC qubits, the charge qubit
and the flux qubit. The two main coupling schemes, capacitive and inductive cou-
pling, between qubits and LC-circuits in experiments were discussed. The suit-
ability of the coupling schemes for USC were discussed and limits to the obtainable
coupling strengths were derived.

Chap. 4 started with a review of the main USC models used in the literature.
The superradiant phase transition of the Dicke model and the no-go theorem were
discussed. Then, by starting from three different microscopic circuit models repre-
senting superconducting qubits, we showed that the Extended Dicke model must
be used to correctly capture the USC physics of multi-qubit circuit QED systems.
It was shown that the Extended Dicke model is the accurate two-level-truncated
Hamiltonian in the USC regime, while the tradional Dicke model, derived in the
Coulomb gauge, fails due to the momentum coupling to the field.

In Chap. 5 the ground state properties of the EDM were discussed first in the
case of non-interacting qubits, and it was shown that there is no SRPT in this
model. The ground state in the USC regime is in a new subradiant phase, where
the qubits form a highly entangled state and decouple from the resonator mode.
Next the treatment was expanded to include dipole-dipole interactions between
the qubits in a collective approximation. The ground state phase diagram of light-
matter systems was explored as a function of the light-matter coupling strength
and the DD interaction strength. In the case of repulsive dipole-dipole interac-
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tions it was shown that the ground state is also in the subradiant phase as in the
case of non-interacting qubits. For attractive DD interactions the ground state
was shown to be in the superradiant phase for sufficiently strong couplings. This
allowed us to give a new interpretation of the Dicke SRPT as an instability of the
interacting qubit ensemble which is not created by coupling the TLSs with the
mode. For extremely strong light-matter coupling it was shown that a new type of
phase transition exist where the system transitions directly from the superradiant
vacuum to the subradiant phase, the super-to-subradiant phase transition. The
new PT is reminiscent of a first order phase transition, with the important differ-
ence that at the critical point more than two states become degenerate. Including
quantum corrections it was shown that the transition from the superradiant to the
subradiant phase happens at a finite attractive DD interaction strength.

In Chap. 6 we moved our focus to the excited states of the EDM, whereas in
the previous chapters mainly the ground state physics was considered. A regime
where the qubits and the resonator have very dissimilar frequencies, the resonator
frequency being much smaller than the qubit frequency, was considered. In this
case a Born-Oppenheimer approximation can be used to separate the fast and
slow dynamics of the qubits and the resonator, respectively. The qubits create
an effective potential for the resonator, whose shape depends on the light-matter
and DD coupling strengths and the number of coupled qubits. It was shown
that the BO potentials show various instabilities in the ground and excited states.
Schemes to detect an instability in the excited states were presented. The first
possibility is to perform single qubit excitation spectroscopy. An instability can
be detected as a splitting of the excitation spectrum above the critical coupling of
the transition for a thermal resonator. As another method a Ramsay-type scheme
was presented. The qubits are driven in a superposition state and the resonator
is let to evolve in a superposition of effective potentials. Measurements of the
coherence of the qubit state in the energy basis, then reveal the motion of the
resonator in the BO potential. Importantly the presented schemes only involve
operations in the frequency scale of the qubit, such that standard circuit QED
methods and measurements can be applied.

A scheme to extract entanglement from the subradiant vacuum was presented
in Chap. 7. High fidelity multi-qubit entangled states can be prepared using the
protocol. The suggested protocol was shown to be robust against experimental
restrictions and non-idealities, and that the presented protocol can be performed
with state-of-the-art circuit QED systems. An example realization using the tun-
able four-junction flux qubit was presented.

In Chap. 8 a quantum-simulation scheme of non-perturbative cavity QED using
trapped ions was suggested. By driving the harmonic modes of the trapped-ion
crystal, interactions between qubits, and between qubits and a mode of the crystal,
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9.1. OUTLOOK 123

can be engineered. It was shown that the general cavity QED Hamiltonian can be
implemented in these systems. The available parameter regimes of the simulation
in state-of-the-art trapped-ion systems were discussed and the main limitations
were pinpointed. Possible experiments with the quantum simulator include using
the scheme of Chap. 7 to prepare the subradiant vacuum state and confirming the
generated multi-qubit-entangled state with full-state tomography. The spectrum
of the EDM could as well be probed in the ion system.

9.1 Outlook

In the future an interesting research direction would be to study how the single
mode description we have presented arises from a more complicated situation where
the TLSs are ultra-strongly coupled to multiple, possibly infinite number of modes.
This regime has already received some attention, but mainly for single qubits
coupled to a continuum of modes [42, 69, 178–182]. As we have shown the physics
of multi-qubit systems can be very different, opening chances for exiting physics.
This situation presents challenges both numerically and analytically. The fast
growth of the size of the systems Hilbert space restricts the domain where brute
force numerical simulations can be performed. Existing sophisticated numerical
methods such as matrix product states (MPS) are limited to situations where
the system is only weakly entangled, a priori not guaranteed in the USC regime.
Also the long-range interacting nature of the EDM presents a challenge for MPS
simulations which are more suited to simulate short-range interactions. Numerical
techniques based on the polaron ansatz exist [183–185], but also these methods
run into problems for g/ωr & 1. Due to the numerical restrictions new analytical
methods have to be developed that capture the important physical features of the
multi-mode USC system in a simpler manner, enabling numerical simulations of
manageable size.

Another direction would be to study the two-level-approximation in a multi-
mode USC system. Results on the optimal gauge for the TLA exist only up to two
coupled modes [110]. It would be interesting to expand the analysis to an arbitrary
number of coupled modes. Also in this case exact numerical simulations will be
limited to very small system sizes and analytical methods have to be developed.

In this thesis we have treated the dipole-dipole interactions always in the mean-
field approximation. Including the exact DD interaction matrix opens up possibili-
ties for new interesting physics. The complete 2N -dimensional Hilbert space of the
qubits has to be considered in this case, again creating challenges in numerical sim-
ulations. One interesting direction to take would be to look for quantum effects
of the superradiant phase transition stemming from the DD interactions. This
could be done, e.g., by studying the quantum Kibble-Zurek mechanism (QKZM)
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[186–188]. By tuning the light-matter system across the SRPT and observing the
rate of defect production, the dynamical scaling exponents of the transition can
be obtained [189]. The scaling exponents determine if the phase transition is in
the mean field class or not [189]. (For the Dicke model the SRPT is in the mean
field class.)
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Appendix A

Polaron transformation

In this appendix we present the Polaron transformation used frequently in the
analysis of ultra-strongly coupled systems. It is a useful tool in context of the
Dicke and Extended Dicke models. The aim of the transformation is to simplify
the Hamiltonian so that it can be solved analytically at least quasiexactly. This is
achieved by eliminating the qubit-resonator coupling from the Hamiltonian.

We analyze the effect of the transformation on the most general Hamiltonian
used in this thesis and give simplified results for the DM and EDM with the col-
lective spin approximation. The starting Hamiltonian is the that of the Extended
Dicke model with dipole-dipole interactions

H = ~ωra
†a+ ~ωqSz + ~g

(

a† + a
)

Sx +
~g2

ωr

S2
x +

~g2

4ωr

∑

i, j

Dijσ
x
i σ

x
j , (A.1)

where Sα are the collective spin operators introduced in Chap. 4. As stated above,
our aim is to eliminate the qubit-oscillator coupling term Hint ∼ g

(

a† + a
)

Sx.
This can be achieved with the unitary transformation [50, 51]

U = eγ(a
†−a)Sx , (A.2)

where γ = g/ωr.
The effect of the transformation on the operators a and a† can be calculated

using the Baker–Campbell–Hausdorff formula

eABe−A = B + [A, B] +
1

2!
[A, [A, B]] + . . . (A.3)

for exponential of operators. Since
[

a, a†
]

= 1 the above formula truncates after
the first order. Thus, we obtain

UaU † = a+
[

γ
(

a† − a
)

Sx, a
]

= a− γSx, (A.4)

Ua†U † = a† +
[

γ
(

a† − a
)

Sx, a
†] = a† − γSx, (A.5)
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126 APPENDIX A. POLARON TRANSFORMATION

i.e. the resonator field operators are displaced by an amount γSx. Let us now
move on to the qubit operators. Since U ∝ Sx it commutes with Sx and by
extension with all of the single qubit Pauli sigma-x operators, σx

i . The effect on
the collective sigma-z operator Sz can be calculated by thinking of U as a resonator
dependent rotation of the qubit around the x-axis. The angle of rotation is given
by θ = −iγ

(

a† − a
)

as can be seen by writing U = eiθSx = Rx(θ). The effect of
this Sx rotation on Sz is given by

Rx(θ)SzR†
x(θ) = cos(θ)Sz + sin(θ)Sy. (A.6)

Thus, the action of U is

USzU † = cos(−iγ
(

a† − a
)

)Sz + sin(−iγ
(

a† − a
)

)Sy

= cos(iγ
(

a† − a
)

)Sz − sin(iγ
(

a† − a
)

)Sy. (A.7)

Using cos(x) =
(

eix + e−ix
)

/2 and sin(x) = −i
(

eix − e−ix
)

/2, and defining the
raising and lowering operators S̃± = Sz ± iSy with respect to Sx, we obtain

USzU † =
1

4

(

e−γ(a†−a) + eγ(a
†−a)

)(

S̃+ + S̃−

)

+
1

4

(

e−γ(a†−a) − eγ(a
†−a)

)(

S̃+ − S̃−

)

=
1

2

(

e−γ(a†−a)S̃+ + eγ(a
†−a)S̃−

)

=
1

2

(

D(−γ)S̃+ +D(γ)S̃−

)

, (A.8)

where we have introduced the displacement operator D(α) = exp
(

αa† − α∗a
)

. In
this frame the Sz term thus induces jumps between different Sx eigenstates and
simultaneously displaces the resonator by γ.

It is now easy to see that we get a term from the free oscillator Hamiltonian
that cancels the interaction Hamiltonian Hint, but we also get a term that is
proportional to S2

x. Also transforming Hint gives that kind of term, but with a
negative sign and factor of two in front. The result is to cancel the collective S2

x

term in the EDM Hamiltonian. Putting everything together gives

H̃ = ~ωra
†a+

~ωq

2

(

D(− g

ωr

)S̃+ +D( g
ωr

)S̃−

)

+
~g2

4ωr

∑

i, j

Dijσ
x
i σ

x
j . (A.9)

The resulting Hamiltonian is diagonal in the Sx eigenbasis when neglecting the
second term.

For the EDM with the collective spin approximation, i.e.
∑

i, j Dijσ
x
i σ

x
j /4 →

εS2
x see Sec. 4.3, we obtain

H̃EDM = ~ωra
†a+

~ωq

2

(

D(− g

ωr

)S̃+ +D( g
ωr

)S̃−

)

+ ε
~g2

ωr

S2
x. (A.10)
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In the special case of ε = −1, corresponding to the Dicke model see Sec. 4.3, we
get

H̃DM = ~ωra
†a+

~ωq

2

(

D(− g

ωr

)S̃+ +D( g
ωr

)S̃−

)

− ~g2

ωr

S2
x. (A.11)
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Appendix B

Effective low energy theory for the

USC regime

B.1 Effective Hamiltonian

In this appendix we give the details of the perturbative approach to obtain a low
energy effective Hamiltonian for the Extended Dicke model. The starting point is
the Hamiltonian in the polaron frame obtained through the polaron transformation
of App. A (we set ~ = 1 through out this appendix),

H = ωra
†a+

g2

4ωr

∑

i, j

Dijσ
x
i σ

x
j +

ωq

2

(

D(− g

ωr

)S̃+ +D( g
ωr

)S̃−

)

, (B.1)

where S̃± = Sz ± iSy. We divide the Hamiltonian in two parts H = H0 + H1,
where

H0 = ωra
†a+

g2

4ωr

∑

i, j

Dijσ
x
i σ

x
j , (B.2)

H1 =
ωq

2

(

D(− g

ωr

)S̃+ +D( g
ωr

)S̃−

)

. (B.3)

The first term is diagonal in the basis |n, {si}〉, where n is the photon number
and the si, si = ±1, specifies the spin state. In the limit of ωq → 0 these are the
eigenstates of the system. The second term, H1, induces transitions between these
states by flipping a spin, not a specific one but a superposition of all N possible
flips, and at the same time displaces the resonator state by ±g/ωr depending on
the direction. Note that in the original basis these states are given by

Ψn, {si} = exp

[

− g

ωr

(

a† − a
)

Sx

]

|n, {si}〉 . (B.4)
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130 APPENDIX B. LOW ENERGY USC THEORY

These states are displaced Fock-states where the amplitude of the displacement
α = g/ωr

∑

i si depends on the total projection along x-direction.
Let us introduce the short-hand notation γ = g/ωr. We want to calculate

the effective Hamiltonian for the systems low energy states in the limit ωq/g → 0.
Thus, we need to evaluate the perturbative corrections to the energies of eigenstates
of H0 coming from H1. In general this will be very difficult due to the presence
of the dipole-dipole interactions and, thus, the dependence of the energy of the
eigenstates on the spin state. Thus, we will restrict ourselves to the situation
when these energy differences are negligible compared to the coupling induced
between the states by H1. Neglecting the dipole-dipole coupling induced energy
shifts makes all of the spin states degenerate and allows us to do the perturbation
theory using the collective spin states |s,mx〉. Thus, the states with the lowest
energy are the ones with no photons and the spin state is arbitrary {|0, s,mx〉}s,mx .

The direct coupling induced between the states in the lowest n-manifold by H1

is given by

〈0, s′,m′
x|H1 |0, s,mx〉 =

ωq

2
e−γ2/2δs,s′

(

S̃mx,mx+1
+ δm′

x,mx+1 + S̃mx,mx−1
− δm′

x,mx−1

)

,

(B.5)

where S̃mx,mx±1
± = 〈s,mx ± 1| S̃± |s,mx〉 =

√

s(s+ 1)−mx(mx ± 1). Thus, the
effective Hamiltonian at first order is

H
(1)
eff = ωqe

−γ2/2Sz. (B.6)

We see that to first order the different mx-states are coupled through the pertur-
bation by the bare qubit Hamiltonian Sz, but the frequency of the qubits has been
suppressed exponentially. The origin of this suppression is the photonic compo-
nent of the spin eigenstates in the polaron frame. The coherent cloud of photons
in the states reduces the overlap by a factor exp (−γ2/2) = 〈0,−γ|0, γ〉, where
|n, α〉 is a displaced Fock-state.

To obtain the second order correction we need to evaluate the effect of virtual
transitions to higher n-manifolds and again back to the ground-state manifold.
The perturbation H1 can only change the mx-state by ±1 and leaves s untouched.
The photonic component is displaced by ±γ and, thus, all photonic states n ≥ 1
are coupled. Thus the needed corrections are given by

M (s,mx,m
′
x) =

∞
∑

n=1

[

〈0, s,m′
x|H1 |n, s,mx + 1〉 〈n, s,mx + 1|H1 |0, s,mx〉

E0,s,mx − En,s,m′
x

(B.7)

+
〈0, s,m′

x|H1 |n, s,mx − 1〉 〈n, s,mx − 1|H1 |0, s,mx〉
E0,s,mx − En,s,m′

x

]

.
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B.1. EFFECTIVE HAMILTONIAN 131

Of these elements the only ones that can be non-zero are the ones where m′
x = mx

or m′
x = mx ± 2. For both of the terms the denominator is given by E0,s,mx −

En,s,m′
x
= −nωr.

Let us evaluate the diagonal term first

M (s,mx,mx) =
∞
∑

n=1

ω2
q

4

[

(S̃mx,mx+1
+ )2e−γ2

(−γ)2n
−nωrn!

+
(S̃mx,mx−1

− )2e−γ2

γ2n

−nωrn!

]

= −
ω2
q

2ωr

e−γ2 [

s(s+ 1)−m2
x

]

∞
∑

n=1

γ2n

n× n! . (B.8)

The sum can be evaluated exactly to be

∞
∑

n=1

γ2n

n× n! = Ei(γ2)− 2 log(γ)− Γ, (B.9)

where Ei(x) = −
∫∞
x

e−t/tdt is the exponential integral, log(x) is the natural log-
arithm and Γ ≈ 0.5772 is the Euler-Mascheroni constant. For γ & 2 it is approxi-
mately given by

∞
∑

n=1

γ2n

n× n! ≈
eγ

2

γ2
, (B.10)

such that the diagonal term can be simplified, in this regime, to

M (s,mx,mx) =
ωrω

2
q

2g2
[

m2
x − s(s+ 1)

]

. (B.11)

This term is not exponentially suppressed like the first order coupling, thus, it is
this second order term which will determine the ordering of the levels for large γ.

Next we evaluate the off-diagonal elements:

M (s,mx,mx ± 2) =
∞
∑

n=1

ωqe
−γ2

(−γ)nγnS̃mx±2,mx±1
− S̃mx,mx±1

+

−4nωrn!

= −
ω2
q

4ωr

e−γ2

S̃mx±2,mx±1
− S̃mx,mx±1

+

∞
∑

n=1

(−1)nγ2n
n× n! . (B.12)

Also the sum appearing above can be solved analytically

∞
∑

n=1

(−1)nγ2n
n× n! = Ei(−γ2)− 2 log(γ)− Γ, (B.13)
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and for large γ it is approximately given by

∞
∑

n=1

(−1)nγ2n
n× n! ≈ −2 log(γ), (B.14)

so that the off-diagonal terms simplify to

M (s,mx,mx ± 2) =
ω2
q

2ωr

e−γ2

log(γ)S̃mx±2,mx±1
− S̃mx,mx±1

+ . (B.15)

These off-diagonal elements are, again, exponentially suppressed in g compared to
the diagonal terms. It is also exponentially smaller than the first order term such
that we neglect it all together. Thus, the effective Hamiltonian at second order
reads

H
(2)
eff =

ωrω
2
q

2g2
(

S2
x − S2

)

, (B.16)

where S2 = S2
x + S2

y + S2
z is the square of the length of the collective spin S.

The total effective Hamiltonian for the ground state n = 0 manifold is then

Heff =
ωrω

2
q

2g2
(

S2
x − S2

)

+
g2

4ωr

∑

i, j

Dijσ
x
i σ

x
j + ωqe

−γ2/2Sz, (B.17)

where we have reinserted the small dipole-dipole interactions.

B.2 Correction to the eigenstates

Not only the energies of the states get shifted also the eigenstates change due to
the perturbation from H1:

|0, s,mx〉 ≃ |0, s,mx〉(0) + |0, s,mx〉(1) , (B.18)

where |0, s,mx〉(0) are the unperturbed eigenstates introduced earlier. The first
order correction is given by

|0, s,mx〉(1) =
s
∑

m′
x=−s

∞
∑

n=1

〈n, s,m′
x|H1 |0, s,mx〉
−nωr

|n, s,m′
x〉

= −ωq

ωr

eγ
2/2

∞
∑

n=1

γn

n
√
n!

(

(−1)nS̃mx,mx+1
+ |n, s,mx + 1〉 (B.19)

+ S̃mx,mx−1
− |n, s,mx − 1〉

)

.
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B.2. CORRECTION TO THE EIGENSTATES 133

The states in the ground state manifold get some higher n manifold states mixed
to them and also some character from the neighbouring mx ± 1 states. For most
of the observables these corrections do not make a practical difference, but there
are some exceptions. For example, the qubit polarization in the ground state is
significantly modified due to the mixing [50]

〈Sz〉GS =
2

ωq

〈0, s, 0|H1 |0, s, 0〉 ≈ −s(s+ 1)
ωqωr

g2
, (B.20)

which would decay exponentially in g according to Heff . In the above analysis we
have again assumed the dipole-dipole energy to be negligible.
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Appendix C

Master equation for ultra-strongly

coupled systems

In this appendix we give the details of the derivation of the master equation used
in Chap. 7. The derivation presented in mainly based on [140]. The environment
is modelled in the standard way as a collection of harmonic oscillators, and the
coupling between the bath and the system is assumed to be bilinear. The derivation
is done for an almost generic system operatorX with a HamiltonianHS. In Chap. 7
the specific case of X = a+ a† and HS = HEDM is used.

The system and the bath, under the rotating wave approximation of the inter-
action Hamiltonian, are described by the total Hamiltonian H = HS +HB +HSB,
where

HS =
∑

n

~ωn |n〉 〈n| , (C.1)

HB =
∑

k

~ωkb
†
kbk, (C.2)

HSB =
∑

k

~gk(b
†
kX+ + bkX−), (C.3)

and X+(−) =
∑

n,m>(<)n xnm |n〉 〈m|, xnm = 〈n|X |m〉. The system Hamiltonian is
expressed in the energy eigenbasis {|n〉}n with eigenfrequencies ωn. The frequen-
cies ωk are the eigenfrequencies of the bath oscillators and b(†) is the annihilation
(creation) operator for mode k of the environment. We have assumed that the
system operator that couples to the bath has only off-diagonal matrix elements
(thus this treatment does not include pure dephasing).

The density operator for the whole system + environment ρtot satisfies the von
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Neumann equation [30]

dρtot
dt

= − i

~
[H, ρtot(t)]. (C.4)

We move to an interaction picture with respect to the free Hamiltonians of the
system and the bath, HS +HB. The von Neumann equation in this frame is given
by

dρI
dt

= − i

~
[HSB(t), ρI(t)], (C.5)

where the interaction picture system-bath coupling Hamiltonian is

HSB(t) =
∑

k

gk

(

b†ke
iωktX+(t) + bke

−iωktX−(t)
)

, (C.6)

X+(−)(t) =
∑

n,m>(<)n

xnme
i∆nmt |n〉 〈m| , (C.7)

and we have defined ∆nm ≡ ωn−ωm. The von Neumann equation can be integrated
to [30]

ρI(t) =ρI(0)−
i

~

∫ t

0

dt′[HSB(t
′), ρI(t

′)] (C.8)

− 1

~2

∫ t

0

dt′
∫ t′

0

dt′′[HSB(t
′), [HSB(t

′′), ρI(t
′′)]].

We assume weak coupling to the reservoir so that we can use the Born approxi-
mation [30], and assume an uncorrelated system bath state ρI(t) ≈ ρI,S(t)⊗ ρB(0)
for all times, where ρB(0) is the equilibrium state of the bath. Taking a trace over
the bath degrees of freedom gives

ρI,S(t) = ρI,S(0)−
i

~

∫ t

0

dt′TrB ([HSB(t
′), ρI,S(0)⊗ ρB(0)])

− 1

~2

∫ t

0

dt′
∫ t′

0

dt′′TrB ([HSB(t
′), [HSB(t

′′), ρI,S(t
′′)⊗ ρB(0)]]) . (C.9)

The second term of the above equation gives

TrB ([HSB(t
′), ρI,S(0)⊗ ρB]) =

∑

k

[X+(t)〈b†k〉+X−(t)〈bk〉, ρI,S(0)]. (C.10)

We assume, without loss of generality, that 〈b(†)k 〉 = TrB(ρB(0)b
(†)
k ) = 0, which is

mostly the case. A non-vanishing value is easily incorporated [30]. Thus, the first
integral vanishes.
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To continue we take a derivative of ρI,S and obtain

dρI,S
dt

= − 1

~2

∫ t

0

dt′TrB ([HSB(t), [HSB(t
′), ρI,S(t

′)⊗ ρB(0)]]) . (C.11)

Expanding the double commutator gives in total 16 terms, which contain autocor-
relation functions of the environment. We take them to be

〈bk(t)b†k(0)〉 = (Nth(ω) + 1)e−iωtδ(t), (C.12)

〈b†k(t)bk(0)〉 = Nth(ω)e
−iωtδ(t), (C.13)

and everything else vanishes, as is the case for a bath in a thermal equilibrium.
Above Nth(ω) = (eβ~ω − 1)−1 is the thermal occupation of the environmental
modes at frequency ω. Assuming a delta correlated bath allows us to approxi-
mately replace ρI,S(t′) → ρI,S(t), making Eq. (C.11) time-local. This is the so
called Markov approximation. Putting everything together and going back to the
Schrödinger picture gives [140]

dρ

dt
= − i

~
[HS, ρ] +

∑

n,m>n

ΓnmNth(∆mn)D[|m〉 〈n|]ρ(t)

+
∑

n,m>n

Γnm(1 +Nth(∆mn))D[|n〉 〈m|]ρ(t), (C.14)

where D[O] = OρO† − {O†O, ρ}/2. The decay constants are given by

Γnm = 2πd(∆mn)g
2(∆mn)|xmn|2, (C.15)

and we have taken a limit of a continuous bath with density of states d(ω). The
coupling constant g(ω) also depends on the energy of the transition. For a one
dimensional bath, such as a transmission line, we have g2(ω) = ω [190]. In addition
to these bath dependent factors the relaxation rate for a transition also depends
on the matrix element of the coupling operator between the eigenstates in question
xmn = 〈m|X |n〉.

The form of the USC master equation has a simple interpretation. The dissipa-
tors in the eigenbasis are given by the negative and positive frequency components
of the operator X coupling to the environment. Consider for example the situation
where the resonator mode in the Extended Dicke model is coupled inductively to
a transmission line. Then we would have X = a + a†. Using just the standard
dissipators a and a† would not result in the system relaxing towards its ground
state [140]. Instead taking the positive and negative frequency components results
in the correct behaviour.
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C.1 Simulation of the master equation with time-

dependent couplings

In Chap. 7 the qubit frequency and the coupling of the qubits to the resonator
mode were taken to be time-dependent. This introduces additional complexity to
the simulation. The master equation of Eq. (C.14) is not adequate because the
basis {|n〉}n = {n(t)}n of the EDM is in this situation time-dependent. In order
to use the eigenbasis of the EDM, Eq. (C.14) needs to be complemented with
terms ∝ 〈n(t)|ṅ(t)〉, where the dot denotes the time derivate. We, however, take
a complementary approach.

In order to accommodate for the changing qubit frequency and coupling, we
diagonalize the EDM Hamiltonian for every time step and construct the correct
jump operators, X±, as explained above. Then these operators are transformed
back to the time-independent uncoupled basis, |k, s,mz〉, spanned by the Fock-
states |k〉 and the collective spin states |s,mz〉. This is done with a time-dependent
unitary transformation

U(t) =
∑

n,k,mz

|k, s,mz〉 〈n(t)| . (C.16)

In the uncoupled basis no additional terms ∝ 〈n(t)|ṅ(t)〉 are needed, in the expense
of the jump operators becoming very complicated, inducing transitions between
multiple basis states |k, s,mz〉. The master equation is simulated using the solver
provided in the quantum optics package QuantumOptics.jl [191] for the julia pro-
gramming language.
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In addition to this thesis the results described in the end of chapter 3 and chapters
4-7, can be found in the following peer-reviewed publications. Reference [192] that
is the basis of chapter 8 has been posted to the arXiv, and is under peer review.

• T. Jaako, Z.-L. Xiang, J. J. García-Ripoll, and P. Rabl, Ultrastrong-coupling
phenomena beyond the Dicke model, Phys. Rev. A 94, 033850 (2016). [50]

In this paper we describe circuit QED systems in the USC regime. First
the Hamiltonian of circuit QED systems in the USC regime is derived and
its properties are discussed. It is shown that circuit QED systems cannot
undergo Dicke superradiant phase transition. Rather a new ground state
phase is discovered where the qubit and the field mode decouple, while the
qubits are entangled among themselves. In this work I performed all the
analytical calculations and most of the numerical simulations. The data for
figure 4 was produced by Z.-L. Xiang.

• F. Armata, G. Calajó, T. Jaako, M. S. Kim, and P. Rabl, Harvesting Multi-
qubit Entanglement from Ultrastrong Interactions in Circuit Quantum Elec-
trodynamics, Phys. Rev. Lett. 119, 183602 (2017). [58]

In this publication a circuit QED system in the USC regime is exploited
for entanglement generation. A protocol is devised in order to prepare a
circuit QED system into the USC vacuum where the qubits are in a highly
entangled state, and then bring the entangled qubit state back to the non-
interacting regime. In this work I was responsible for the circuit QED re-
alization of the protocol. I designed the tunable flux qubit that was used,
and performed simulations regarding to it. The master equation simulations
were also performed by me. I also participated in discussing all of the results
and gave feedback on the manuscript.

• D. De Bernardis, T. Jaako, and P. Rabl, Cavity quantum electrodynamics
in the nonperturbative regime, Phys. Rev. A 97, 043820 (2018). [51]
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In this paper a toy model of cavity QED is analysed. The model consist
of dipoles interacting with a single mode of electromagnetic field and with
other dipoles through dipole-dipole (DD) interactions. A general cavity QED
Hamiltonian is derived. Its properties are discussed first in the classical limit
and then in the quantum case. The ground state phase diagram of cavity
QED systems in the presence of DD interactions is obtained and analysed.
New super-to-subradiant phase transition is discovered. In this publication
I performed part of the analytical calculations and numerical simulations in
sections 5 and 6. I also participated in discussing all the results and gave
feed back on the manuscript.

• D. De Bernardis, P. Pilar, T. Jaako, S. De Liberato, and P. Rabl, Breakdown
of gauge invariance in ultrastrong-coupling cavity QED, Phys. Rev. A 98,
053819 (2018). [70]

This publication is concerned on the gauge equivalence of approximate
two-level Hamiltonians in the USC regime. A Rabi model description of
light-matter systems is derived in two prevalent gauges used in the field,
the Coulomb gauge and the electric dipole gauge. It is shown that the ap-
proximate Hamiltonians give different predictions in the USC regime, and
that only the Rabi model derived in the electric dipole gauge can reproduce
the results of the full Hamiltonian. The culprit for the failure of the two-
level-approximation in the Coulomb gauge is identified to be the momentum
coupling. A circuit QED example is discussed and gauge invariance is found
also in this system. In this paper I participated in devising the circuit QED
example of section 5 with P. Pilar. I participated in discussing the results
and gave feedback on the manuscript.

• T. Jaako, J. J. García-Ripoll, and P. Rabl, Ultrastrong-coupling circuit QED
in the radio-frequency regime, Phys. Rev. A 100, 043815 (2019). [127]

A circuit QED system is discussed in the limit where the qubit frequency
is much larger than that of the oscillator. A Born-Oppenheimer type descrip-
tion of the system is used to show that several symmetry breaking transitions
can be found in the ground and excited states of the system. Protocols to
probe the transitions in the excited states are presented that involve only
measurements on the qubits, avoiding operations on the MHz resonator. In
this publication I performed all of the numerical simulations and analytical
calculations.
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