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Kurzfassung

Das Prinzip der Beweiskompositionalitdt wird durch die Inferenzregel
Schnitt formal vertreten. Beweise einfacher Lemmas konnen durch die
Schnittregel zusammengesetzt werden, um damit komplexe Theoremen
beweisen zu konnen. Gentzens Hauptsatz, in welchem die Eliminier-
barkeit der Schnittregel bewiesen wird, ist einer der wichtigsten und
bertihmtesten Sitze der Beweistheorie, denn viele niitzliche Korollare,
wie zum Beispiel Herbrands Satz und die Teilformeleigenschaft, folgen
aus ihm. Um einige von diesen Korollaren in der Praxis benutzen zu
konnen, muss man zuerst Algorithmen entwickeln, welche die Schnittin-
ferenzen aus Beweisen wirklich eliminiert. Die Methode CERes zeichnet
sich dabei als eine effiziente und robuste Methode fiir Schnittelimination
aus.

Diese Dissertation enthélt eine generelle Untersuchung von CERes
durch die Entwicklung vieler verschiedenen Varianten, die in zwei Grup-
pen eingeteilt werden kénnen. Varianten der ersten Gruppe sind charak-
terisiert durch Anderungen in der Konstruktion der schnittzugehérigen
Klausenmenge und der Projektionen. Sie nutzen die Moglichkeit aus,
Inferenzen zu permutieren, und benutzen strukturelle Klauselformtrans-
formationen, um die exponentielle Vergroflerung der Klausenmenge zu
vermeiden. Die zweite Gruppe enthdlt Verfeinerungen des Resolution-
skalkiils zum Zwecke der Schnittelimination durch CERes. Die Ver-
feinerungen beschrdnken die Benutzung der Inferenzregeln des Reso-
lutionskalkiils, sodass sich die Varianten in der Mitte, beztiglich kanon-
ischer Refutationen, zwischen unbeschrianktem CERes und reduktiven
Schnitteliminationsmethoden bewegen. Deswegen koénnen diese Vari-
anten weiter erklaren, wodurch diese zwei anscheinend sehr verschiede-
nen Methoden sich wirklich unterscheiden und trotzdem dhnlich sind.
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Schliefllich wird in dieser Dissertation auch gezeigt, wie CERes in
eine Methode fiir die Einfiirung atomarer Schnitte (CIRes) umgewandelt
werden kann. Diese Methode kann Beweise komprimieren, und es wird
vermutet, dass exponentiell kleinere Beweise dadurch erhalten werden
konnen.



Abstract

The cut rule formally represents the principle of compositionality of
proofs. Proofs of simple lemmas can be composed using the cut rule
to form proofs of more complex theorems. The cut-elimination theorem
(i.e. the completeness of Sequent Calculus without the cut-rule) is one of
the most important and famous theorems of proof theory, mainly because
it leads to many useful corollaries, such as the subformula property and
the midsequent or Herbrand’s theorem. However, in order to exploit
these corollaries in practice, it is often necessary to have algorithms for
the actual elimination of cuts, and CERes stands out as an efficient and
robust cut-elimination method based on the resolution calculus.

This thesis contains a general investigation of CERes through the de-
velopment of several variants of the method, which can be distinguished
in two groups. The first group consists of variants obtained by modify-
ing the construction of cut-pertinent clause sets and projections. They
exploit the possibility of swapping inferences in sequent calculus proofs
and use structural clause form transformation to avoid the exponential
blow-up in the size of the clause sets. The second group consists of re-
finements of the resolution calculus that are specific for cut-elimination
by CERes. A few refinements are defined by increasingly restricting the
applicability of the inference rules of the resolution calculus in such a way
that the variants are intermediary, regarding simulation with respect to
canonic refutations, between the unrestricted CERes and reductive meth-
ods of cut-elimination (i.e. methods based on local proof rewriting rules).
Consequently, this group of variants further clarifies the differences and
similarities between these two kinds of methods, which appear to be so
distinct from each other.
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Furthermore, this thesis shows how CERes can be transformed into
a method of atomic-cut-introduction (CIRes), which is capable of com-
pressing proofs. Asymptotically, an exponential compression in the size
of proofs is conjectured to be achievable by the method.
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Chapter 1

Introduction

1.1 Introduction

Cut-elimination theorems and algorithms that actually perform the elim-
ination of cuts from proofs are among the most prominent results and
techniques of proof theory and of logic in general. Originally devised
as a way to prove consistency [48] 49], cut-elimination also has many
important applications (discussed in Section [3.T).

Gentzen’s demonstration of the cut-elimination theorem implicitly de-
fines a method (described in Chapter[3) that actually eliminates cuts from
proofs. The method is based on certain proof rewriting rules, which
are very convenient for demonstrating the theorem by induction, be-
cause they reduce (hence the name reductive methods) the grade and rank
measures of the proof. However, the use of the method in practice is
jeopardized by the fact that it is unable to exploit redundancies in the
proofs, as it is a very local method, and hence is not very efficient.

Therefore, an alternative and substantially different method of cut-
elimination, known as CERes (Cut-Elimination by Resolution, defined in
detail in Chapter[)), has recently been developed with the aim of being an
efficient method of cut-elimination to be used in practice, and particularly
for the automated analysis and transformation of formalized mathemati-
cal proofs. In contrast to reductive methods, CERes is a global method. It
extracts an unsatisfiable clause set from the whole input proof with cuts,
and refutes it by resolution. The leaf clauses of the resolution refutation
can be replaced by so-called projections, which are cut-free parts of the
input proof. In this way, a normalized proof in which all cuts are atomic
is created.
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In spite of its superiority, CERes is constantly under development
and there is still much room for improvement. Among the possible
improvements that were clear at the start of this thesis, refinements of
the resolution calculus specifically for CERes stood out as a main goal
to be pursued. Indeed, experiments with the current implementation
of the method had shown that typical theorem provers working only
with the unrestricted resolution calculus had been unable to refute clause
sets within a reasonable time. The price paid for CERes’s flexibility and
generality is the large search space for unrestricted resolution refutations.
The task of the refinements (defined in Chapter [@) is to allow controlled
restrictions of CERes in order to make refutations easier to find.

In principle there could be many ways for refining the resolution
calculus and restricting CERes. In this thesis, focus lies on defining re-
finements and restrictions such that the restricted CERes methods are,
in a certain sense, intermediary between reductive methods and the un-
restricted CERes. Consequently, Chapter [5] and most of Chapter @] are
dedicated to comparing CERes with reductive methods. The refinements
could only be developed by understanding the differences and similari-
ties between them, and hence these chapters also contribute to clarifying
the essential ideas behind both methods.

For the technical reason that profile clause sets (developed in [66]) are
more invariant under rank reduction than standard clause sets, its use
had been preferred in this thesis, especially because the proofs of many
theorems in Chapters [0l and [6l become simpler. However, the original
definition of profile clause sets is highly technical and lacks an intuitive
explanation. This served as a motivation to look for more natural ways of
defining the CERes method, which eventually culminated in an approach
that relates construction of clause sets to conjunctive normal form trans-
formations and abandons the operations of union and merge that used to
be employed before (Section4.2.1)). Even if naturality is essentially a mat-
ter of personal taste, atleast the approach defined here provides a different
angle to look at and understand how the CERes method works. Moreover
within this approach, it is shown that the optimizations of profile clause
sets correspond to exploiting the possibility of swapping inferences less
redundantly in the input proof (Section 4.4). The investigation of infer-
ence swapping and normalization for clause sets led to the invention of
swapped clause sets (Section [4.3), which behave more uniformly with
respect to inferece swapping than profile clause sets. Furthermore, the
fact that the construction of standard, swapped and profile clause sets is
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analogous to standard conjunctive normal form transformation makes it
evident that these clause sets suffer from the same kind of exponential
blow-up in size. To avoid this problem, structural conjunctive normal
form transformations were investigated, leading to the development of
definitional and swapped definitional clause sets (Sections [4.5] and [4.6)).
Other variations (Sections [4.8] and 4.9) of the CERes method were in-
spired by previous experience with Herbrand sequent extraction [95,94],
for which it is sufficient to eliminate quantifiers from cut-formulas.

Investigations of the behavior of CERes using the more recent vari-
ants of clause sets (i.e. profile and swapped clause sets) together with a
new kind of projection, called O-projection, on proofs of different kinds
led to the realization that the method could be modified to do not cut-
elimination but rather cut-introduction by resolution (CIRes, Chapter[7),
resulting in potential compression of proofs.

Throughout the thesis all the developed and described methods are
compared mostly in a purely qualitative manner. Nevertheless, some
quantitative complexity results comparing sizes of search spaces, proof
normal forms and clause sets are shown in Chapter[8

In an attempt to make this thesis reasonably self-contained, a brief
chapter containing basic notions of Logic (Chapter [2) is also present.
Moreover, for the non-proof-theorist reader who might wonder if this
technical proof-theoretical work and, more generally, the study of the
cut rule, its elimination and introduction is relevant outside proof theory,
an informal chapter (Chapter Q) discusses and exemplifies the existence,
introduction and elimination of cuts that are implicit in other scientific
disciplines.






Chapter 2

Basics of Logic

As Modern Logic is a very broad and ever expanding field of studies, any
attempt to define it precisely is unlikely to be successful. Nevertheless,
one can easily notice that logicians are usually concerned with syntacti-
cally well-defined languages, whose sentences have meanings (frequently
truth and falsity) depending on interpretations. Furthermore, one of the
main problems in Logic is that of deciding (or trying to decide, as it is
usually an undecidable problem) entailment (¥) of a sentence F from a set
of sentences S, deciding whether it holds that, if all sentences of S are
true under some interpretation, then F must also be true under the same
interpretation. As it would be impractical to exhaustively test all possible
interpretations, logicians attempt to prove or derive F from S in formal
calculi. Such calculi must be carefully designed to be sound (i.e. if there is
a proof of F from S, then F is entailed by S) and, if possible?, complete (i.e.
if F is entailed by S, then there is a proof of F from S).

This thesis is mainly concerned with a language for pure predicate
logic, defined in Section 2.1 and a sequent calculus for this language,
defined in Section [2.2]and known to be sound and complete. Moreover,
the resolution calculus, defined in Section is an essential auxiliary
calculus necessary for the technique of transformation of sequent calculus
proofs known as cut-elimination by resolution, which is explained in
Chapter 4 and refined in Chapter|[dl

It is a consequence of Goedel’s Incompleteness Theorem that a complete calculus is not
always possible [56} 57]
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2.1 The Language

The language defined in this section has sentences composed of expressions
that can be distinguished as either terms or formulas inductively defined
over a signature. It is a quite standard language for predicate logic or
first-order logic, so called because, from a type theoretical point of view, its
expressions have types of order smaller or equal to one and quantifications
are allowed on variables of individual type.

Definition 2.1.1 (Signature). The signature of the language consists of:
1. A countably infinite set of variables V

2. For every n > 0, a countably infinite set of function symbols F,.
(F = Uyso Fn is the set of all function symbols. % is the set of
constant symbols).

(P = U, 50 Pn is the set of all predicate symbols).

3. For every n > 0, a countably infinite set of predicate symbols P,.

4. The set of propositional connectives {V, A, —, -}
5. The set of quantifiers {V, 3}
6. The set of parentheses {(, )}

In this thesis, uppercase letters (e.g. A, B, C,..., P, Q, R) are used for
predicate symbols; lowercase letters are used either for function symbols
(eg.a,b,c, ..., f, g h,..)orfor variables (e.g. x, ¥, z,...).

Definition 2.1.2 (Terms). The set of terms 7 is defined as the smallest set
satisfying:

1. VcT
2. Foralln>0:If fe F,and t,...,t, €T, then f(t,...,t,) €T.

Definition 2.1.3 (Formulas). The set of formulas 8 is defined as the smallest
set satisfying:

1. Foralln >0: If Pe P,and ty,...,t, € T, then P(ty,...,t,) € B.
2. lf FeB,thenF =-Fe 8B

3. If F,FhbeBandoe€{A,V,—}, thenF = (F;0F,) e 8B

4, fFeBandxe Vand Qe {3,V}, then FF = (Qx)F e B
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Formulas of the first base kind above are called atomic. Formulas
constructed inductively according to the three last cases above are called
compound. In such cases, the formulas F;, F, and F are called direct subfor-
mulas of F'. Inductively, the subformulas of F" are its direct subformulas,
all the subformulas of its direct subformulas, and F’ itself.

Definition 2.1.4 (Annotated Formula). An annotated formula is a pair (F, )
where Fis a formula and /is an annotation of that formula occurrence (e.g.
alabel, a color, or any other structure that could store relevant information
for manipulations of the formula)®.

Definition 2.1.5 (Scope of Quantifiers and Bound and Free Variables). In
a formula F of the form (Qx)F’, with Q € {V, 3}, F’ is the scope of (Qx). An
occurrence of x in F’ is bound by (Qx) if and only if there is no (Q’x) in F’
such that the occurrence is in the scope of (Q’x). A variable occurrence is
free if and only if it is not bound by any quantifier.

By a suitable renaming of the variable occurrences bound by each
quantifier to new distinct variables, a formula can always be brought
to an equivalent form in which all quantifiers bind different variables
and all the occurrences of each variable are either all bound or all free.
Subsequently, it will be assumed that all formulas are in this form.

Definition 2.1.6 (Sentence). A formula is a sentence if and only if it has no
free variables.

Definition 2.1.7 (Polarity of Formula Occurrences). The polarity of a for-
mula occurrence F’ is defined as follows:

be a direct subformula occurrence of a formula occurrence F with an
assigned polarity p(F) € {positive, negative}. Then:

e If F" isnot a subformula occurrence of any other formula occurrence,

then p(F’) = positive.

e Otherwise, let F be the formula occurrence of which F’ is a direct
subformula occurrence. Then:

- If F = =F’, then p(F) = p(F).
- IfF= (F > F”), then p(F") = p(F).
— Otherwise, p(F’) = p(F)

PThe use of labels in proof theory is widespread. I unified treatment of labeled deductive
systems can be found in [45]. Examples of labels used for resolution refinements can be found,
for example, in [80) 44]
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Definition 2.1.8 (Strong and Weak Quantifiers).
Let F = (Qx)F’ be a subformula occurrence. Q is called strong if and only
if (Q, p(F) € {(V, positive), (3, negative)}. Otherwise it is called weak.

2.2 Sequent Calculus

The first two variants of sequent calculi were invented by Gentzen [48,
49], and they were called LK, for classical predicate logic, and L], for
intuitionistic predicate logic. In this thesis a variant of LK is used, in which
no implicit weakening and no implicit contraction occur in inferences*.
The reason for this is that contraction and weakening play an important
role in cut-elimination, and the fact that they can only occur explicitly
makes it easier to keep track of their effect on cut-elimination methods
and, consequently, certain proofs in Chapters@d and [6] turn out to be more
elegant than if they were shown for other variants of LK.

A sequent calculus relies on the notion of sequent, and its proofs are
composed of inferences that operate on sequents according to the infer-
ence rules of the calculus. Formal definitions of these concepts are given
subsequently in this Section.

Definition 2.2.1 (Sequent). A sequent I + A is composed of two multisets?
of formulas: the antecedent, I, and the consequent , A. The formulas in the
consequent are assigned positive polarity, and the ones in the antecedent
are assigned negative polarity.

Definition 2.2.2 (Formula Corresponding to a Sequent). The formula cor-
responding to a sequent I' + A is:

Such a variant sequent calculus is usually called purely multiplicative, following a terminology
from linear logics [52, 53]

41t is also common to define sequents using sets or lists, instead of multisets. The use of
sets would imply that contractions are implicit, because a set does not state the multiplicity of
its elements. Indeed, contraction inferences would be superfluous, since their premise sequents
would be the same as their conclusion sequents, and the issues of contractions would be transfered
to the quantifier rules, which would have to be modified slightly to implicitly simulate contraction.
A definition using sets would therefore not be convenient for the investigations of this thesis,
exactly because contraction would be implicit. The use of lists would have the advantage of being
conceptually closer to simple and yet efficient implementations, as lists are common data structures
in many computer languages. However, it requires additional structural rules of inference like
exchange or permutation to take care of the correct positioning of formulas. A sequent calculus
using lists for sequents, including a description of cut-elimination by resolution in this calculus,
can be seen in [102] and served as the theoretical basis for the implementation of the method in the
system CERes. As the position of formulas is not relevant in classical predicate logic, however, the
definition via multisets is clearly more convenient for the theoretical investigations of this thesis.
Note, however, that some substructural logics, such as, for example, the logic defined by the Lambek
calculus, do not admit the exchange rule, and hence they do not admit the multiset definition for
sequents.
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FIEA)=((/\D) - (\/A)

Definition 2.2.3 (Substitution). A substitution is a finite set of assignments®
of terms to variables. If 0 = {v; « #,...,0v, < t,} is a substitution, then
Fo is the formula obtained from F by substituting all occurrences of free-
variables v; by the corresponding terms ¢;.

Definition 2.2.4 (Inference Rules (of the Sequent Calculus LK)). The in-
ference rules of sequent calculus LK are shown below':

e The Axiom Rule:

AFA axiom

where A is any atomic formulas.

e Propositional Rules:

F],Fz,r FA A F1 F Al,F1 rz F Az,FZ
FIAE,TrA T, T, F Ay, Ay, Fy AFs

Ar

F],Tll—Al Fz,rzl-Az FFA,F1,F2 v
Fi VvV F, T, I kA, Ay l I'tAFiVEF, '

F1 I-Al,F1 Fz,rzl-Az 5 F],FI-A,FQ
F] —>F2,T1,T2FA1,A2 FFA,F1 —>F2

¢Alternatively, but equivalently, a substitution can be defined as a function from variables to
terms that is different from the identity function only in a finite subset of its domain.

fApart from the rules shown here, there are two kinds of rules that are particularly useful in
the formalization of mathematical proofs. As equality is a very common predicate in mathematics,
it makes sense to have specialized rules to handle it. One approach is to have equality rules that
resemble paramodulation [34], while another complementary approach is to work with deduction
modulo [36),37]. Cut-elimination by resolution in a sequent calculus with equality rules has been
studied in [102]. Even though, for simplicity, these rules are not used in this thesis, the techniques
developed here could be applied to cut-elimination in a sequent calculus having these rules as well.
Cut-elimination by resolution in a calculus with deduction modulo is currently being investigated
in [103].

8The axiom rule has many variants. Its conclusion sequent could, for example, have contexts
(ie. AJA + AT). While this would have the advantage of rendering the weakening rules
superfluous (i.e. eliminable or admissible), it is not appropriate for the goals of this thesis, since
weakening would then be essentially built implicitly in the axiom rule. Another variant consists
of allowing arbitrary atomic formulas in the sequent. This allows more compact and human-
readable proofs but prevents the eliminability of atomic cuts in general [22]. Furthermore, the
restriction that formulas should be atomic could be dropped, but this would obscure investigations
of the complexity of cut-elimination and renders some transformations of proofs impossible (e.g.
Skolemization of proofs would be impossible if formulas containing quantifiers were allowed in
axiom sequents) [10].
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T'rAF - F,TrHA .
-F,T+FA I'tA,—F

e Structural Rules:

— Weakening Rules":

'rA
F,TrHA

I'-A

Y OTEAT

— Contraction Rules':

F,F,FFAC FFA,F,FC
FTrA NN

e The Cut Rule':

F1 F Al,F F,F;_ F rz
I, R AL A

cut
The cut rule is an analytic cut-rule iff F is a subformula occurring in
Fl, rz, A] or Az.

e (First-order)* quantifier rules:

Flx «— t}, T+ A
(Vx)F, T+ A

T+ A, Fix « a)
Tr A, (Vx)F

Vi AL

Flx <« a}, T+ A
(Ax)F,T+ A

Tk A, Flx — t)
T+ A, (Jx)F

3 4,

"The acceptance of weakening rules is closely related to the fact that the logic considered here
is monotonic [45]. In non-monotonic logics, such as default logic [100, 58] and reasoning under closed
world assumption [99], circumscription [82,41], negation-as-failure [25], answer set programming
[47], the addition of more information to the knowledge base (i.e. w;) could falsify sentences that
were previously considered true.

IThe acceptance of contraction rules is related to the fact that, in the logic considered here,
sequents are judgments about the relative truth of the formulas that it contains. On other logics,
however, they are seen as judgments about, for example, resources of the kinds expressed by
the formulas, and hence contraction is not accepted because resources cannot be indefinitely
consumed [52]; Other logics that reject contraction are investigated in [101].

JAlthough the cut rule is usually classified as a structural rule, because, as in the case of
weakening and contraction, the logical forms of the formulas are not changed, this is not done in
this thesis, simply because of the special role played by the cut.

X A much harder case for cut-elimination by resolution occurs if inference rules that go beyond
predicate logic and into higher-order logics are added to the calculus, such as rules for quantifiers
over expressions of higher-order types. This has been partially studied in [71},169] and is still under
investigation in [116} [81].
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For the V, and the 3, rules' the variable a must not occur in I nor in
Anor in F. This is the eigenvariable condition.

For the V¥; and the 3, rules the term f must not contain a variable that
is bound in F.

The sequent below the line of an inference rule is its conclusion, while
the sequents above the line are its premises . An inference rule is nullary,
unary, binary, n-ary if and only if it has, respectively, 0, 1, 2, n premises.

In the inference rules above, the colored formulas are called active
I'AI'1,A1,T5,A, are multisets of formulas called contexts. The active for-
mulas in the conclusion sequent of a rule, colored in red, are the main
formula of the rule, while the active formulas in the premises, colored in
blue, are the auxiliary formulas.

Definition 2.2.5 (Inference Rules (of the Sequent Calculus LKD)). The
inference rules of the sequent calculus LKD are the rules of the sequent
calculus LK together with the definition rules shown below™:

e Definition Rules:

Flxi,...,x,,TFA v ' A, Flxq,...,x,]
P(xy,...,x,), T A ! ' A, P(xy,...,x,)

v,

where P is a predicate defined by

P(x1,...,x,) © Flxq1,...,x,]

Definition 2.2.6 (Inference). An inference is an instance of an inference
rule.

Definition 2.2.7 (Proof). A proof is a tree of inferences in which every
premise sequent of an inference is a conclusion sequent of another infer-
ence. The last sequent derived by a proof is its end-sequent.

Definition 2.2.8 (Ancestor Relation). For every inference p of a proof
¢, each auxiliary formula occurrence w}, is the immediate ancestor of the
corresponding main formula occurrence w,. Moreover, every formula

!According to Definitions2.2.Tland 2.1.8] the V¥, and the 3, always introduce strong quantifiers.
For this reason, they are also called strong quantifier rules. Analogously, the other quantifier rules
introduce only weak quantifiers and are called weak quantifier rules
™The main advantage of having definition rules lies in the fact that mathematical proofs
frequently define new concepts as a way to structure reasoning. This corresponds to the extension
principle in Logic and can be handled by definition rules or superdeduction rules [17] (essentially
macro-inferences composed of definition rules and propositional rules).
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occurrence w,, in the context of the premise sequent is also an immediate
ancestor of the corresponding formula occurrence w. in the context of
the conclusion sequent. The ancestor relation is the reflexive, transitive
and compatible (with respect to subformulas) closure of the immediate
ancestor relation. The fact that a (sub)formula occurrence w; is an ancestor
of a (sub)formula occurrence w; is denoted: w; \, w;.

Theorem 2.1 (Soundness of the Sequent Calculus).
If Fy,...,F, v Fy,...,F, is the end-sequent of a sequent calculus proof,
then{F{ A...AF,}EF,V...VF,.

Proof. A detailed proof can be found in [112]. A sketch follows:

By induction on the length of proofs. In the base case, consider a proof
consisting of a single axiom inference. As induction hypothesis, assume
that the theorem holds for the immediate subproofs (which have shorter
lengths, of course) above the last inference, and show that it also holds
for the whole proof no matter the rule (V,,AL, ¥y, cut,...) of which the last
inference is an instance. |

Theorem 2.2 (Completeness of the Sequent Calculus).
If{FiA...AF,}EFV...VF,,thenFy,..., F, + F},..., F, is the end-sequent
of a sequent calculus proof.

Proof. Gentzen, in [48], did not prove the completeness of sequent calculus
as stated above, but only the relative completeness with respect to a
Hilbert deduction system [74] and natural deduction, a calculus that was
also defined in [48] and further investigated in [97]. A comprehensive
detailed proof can be found in [112]. O

Remark 2.2.1 (The Meanings of Sequents, Rules and Proofs). By theo-
rems 2.1land 2.2] the meaning of a sequent is precisely fixed by the used
semantics (i.e. by the entailment or logical consequence relation k). In
predicate logic, the entailment relation satisfies the deduction theorem,
and, therefore, the meaning of a sequent I' - A is the same as the meaning
of the formula AT — \/ A". In other words, the commas in the antecedent
of a sequent can be seen as conjunctions, the commas in the consequent of
a sequent can be seen as disjunctions, and the sequent symbol (+-) can be
seen as implication. In this sense, the rules of sequent calculus can be seen
as operating on subformulas at depth 2 of formulas having a particular
structure.

"Or I + A could be understood as meaning that AT' A A —A is unsatisfiable, in which case
sequent calculus acquires a refutational flavor [35].
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Alternatively, sequents can be seen as rules and rules of the sequent
calculus can be seen as meta-rules generating new (conclusion) rules from
previous (premise) rules [117]. So, the sequent I + F can be read as the rule
that F can be inferred (or “proved”, or “derived”) from the assumptions
I'. The meaning of cut within this alternative is clear: the left premise
states that the lemma F (assume A; is empty for simplicity) can be inferred
(or “proved”) from I';; the right premise states that the lemma, together
with I'; can be used to infer (or “prove”) something else A,; finally the
conclusion of the cut, which is now seen as a meta-rule, is a rule stating
that A, can be inferred (or “proved”) from the assumptions I'y and I';.

It is this richness of possible meanings that makes sequent calculus so
convenient for many purposes, including the formalization of mathemat-
ical proofs.

Definition 2.2.9 (Proof Sizes). Let ¢ be a proof. Then length(¢) denotes the
length of @ (i.e. the total number of inferences in @), ||, denotes the atomic
size of @ (i.e. the total number of predicate sysmbols occurring in ¢), and
lp| denotes the symbolic size of ¢ (i.e. the total number of (constant,
function, variable, predicate, connective and quantifier) symbols in ¢).

2.3 Resolution Calculus

While the sequent calculus presented in the previous section is conve-
nient for the formalization of proofs, it is inadequate for automated proof
search. This inadequacy originates mainly from the fact that the instanti-
ation (considering a bottom-up proof construction) of weakly quantified
variables according to weak quantifier rules is unrestricted. This inade-
quacy led to the development of calculi such as the Resolution Calculus (R)
[104, 80], whose power in proof search essentially stems from restricting
substitutions of variables to most general unifiers. The use of clauses, in-
stead of arbitrary sequents, further eases the search process, as the lack of
logical structure (i.e. all formulas are simply atoms) allows the calculus
to have just two rules of inference: resolution and factoring.

Although resolution deals with sequents in a restricted form (i.e.
clauses), it can be applied in general, because there are transforma-
tions (i.e. CNF-transformations[2]) that transform any formula into a
satisfiability-equivalent set of clauses. These algorithms will not be
described in this thesis, however, as they are not necessary for cut-
elimination by resolution, which extracts clause sets directly from a se-
quent calculus proof.
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Definition 2.3.1 (Clause). A clause is a sequent in which all formulas are
atomic®.

Definition 2.3.2 (Generality (for Expressions)). An expression (term, for-
mula, clause, sequent) e; is more general than (or equally general to) an
expression e, denoted e; <; e, if and only if there is a substitution 7 such
that (e1)t = e,P. A substitution oy is more general than (or equally general to)
a substitution o, (denoted o1 < 0,) if and only if there is a substitution ©
such that, for all expressions t, (to1)t = to.

Definition 2.3.3 ((Most General) Unifier). Let F; and F, be formulas. If
there is a substitution o such that F;o = F,0, then F; and F, are said to be
unifiable and o is called a unifier for F; and F,. A unifier o of F; and F; is a
most general unifier if and only if, for any unifier ¢’ of F; and F,, 0 <; 0.

Definition 2.3.4 (Inference Rules (of the Resolution Calculus)). The infer-
ence rules of the Resolution Calculus R are shown below:

e Initial Rule:

T'rA
e Resolution Rule:

F1 F Al,A1 A;_,l“;_ F Az
I'ion, I'yon v+ Ajon, Axon

r(0)

where I'; + Ay, A1 and A, I, F A, do not have any variable in com-
mon, o is a most general unifier of A; and A, and 7 is a substitution
that renames all variables to globally new fresh ones. The conclusion
of a resolution rule is called a resolvent of its premises.

°Here the definition of clause is based on that of sequent. The reason for this choice is that the
similarity between the cut and resolution rules and the possibility of using a resolution refutation
as a skeleton for a sequent calculus proof (as described in Chapter ) become more apparent.
However, in the automated deduction community, clauses are more frequently defined as either
sets or multisets or disjunctions (lists) of literals. A comparison of different definitions can be seen
in [80].

PHere it is assumed that the definition of substitutions can be extended in such a way that they
can be applied to any kind of expression possibly containing variables, and not just to formulas
as in Definition 2.2.3]

9The resolution rule is very similar to the cut rule. Indeed, if ¢ is the identity substitution,
then the resolution rule is essentially just a cut rule with an atomic cut-formula. Analogously, the
factoring rules are very similar to the contraction rules. The resolution rule is more commonly
defined (e.g. [80]) in a way that implicitly incorporates factoring. The resolution rule described
here, on the other hand, corresponds to the simpler binary resolution rule described in [80], and is
more convenient in the context of this thesis exactly because the correspondence between cut and
resolution rules and contraction and factoring rules becomes simpler.
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e Factoring Rules:

AATEA
Aon,T'on + Aon

'k AAA
I'on+ Aon, Aon

fio) f+(0)

where ¢ is a most general unifier of A and A" and ) is a substitution
that renames all variables to globally new fresh ones. The conclusion
of factoring rule is called a factor of its premise.

If the rules above are restricted to having the empty substitution, then
they are called propositional resolution and factoring rules (pr, pfi, pf;).

Definition 2.3.5 (Deductions and Refutations). A resolution deduction of
a clause I' + A from a set of clauses C is a tree" of resolution inferences
(i.e. instances of the inference rules of the Resolution Calculus), in which
every premise clause of an inference is the conclusion clause of another
inference, and the conclusion clauses of initial inferences are instances of
clauses of S. A resolution refutation of a set of clauses C is a resolution
deduction of the empty clause (i.e. ) from C. A resolution deduction
containing only pr, pf; and pf, inferences is called a propositional resolu-
tion deduction. A ground resolution deduction is a propositional resolution
deduction in which no variables occur and all terms are built from the
function symbols occurring in C (i.e. all terms belong to Herbrand uni-
verse of the signature of C).

Definition 2.3.6 (Generality (for Resolution Deductions)). Let 6 and ¢’ be
resolution deductions of I' + A and I + A’ respectively. 6 is more general
than (or equally general to) &', denoted 6 <; ¢’,ifand only if ' - A <, I + A’
and, if 5; and 6, are immediate subproofs of 6 and 6] and 6, are immediate
subproofs of ¢’, then 6; <, 6] and 6, <; 6.

Theorem 2.3 (Refutational Completeness of the Resolution Calculus). If
C is an unsatisfiable set of clauses (i.e. if there is no interpretation under

which all clauses of C are true), then there exists a resolution refutation of
C.

Tt is also common, indeed even more common, to define resolution deductions as lists or
directed acyclic graphs. It is more convenient for proof search and deductions are smaller (e.g.
the size of a refutation of {r P(x); P(x) - P(f(x)); P(f*' (x)) +}) is necessarily O[2"] if the tree format
is used, while it can be O[n] if lists or directed acyclic graphs are used. The reason why trees are
used here is that the method of cut-elimination by resolution needs refutations in the tree format,
so that they can be converted to a sequent calculus proof with atomic cuts.
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Proof. A detailed proof can be found in [80]. It proves firstly a restricted
form of the theorem, for sets of ground clauses and, correspondingly,
ground resolution refutations. This proof relies on the notion of semantic
tree, which is very similar to a tableau calculus [30] having analytic atomic
cut as its only rule. In this sense, the proof can be seen as a relative proof
of completeness with respect to the completeness of this semantic tree
or tableau calculus. The completeness of this semantic tree calculus is
proved semantically, resorting to Herbrand interpretations. The finite
completeness (i.e. that an unsatisfiable set of clauses has a finite closed
semantic tree) depends on Koenig’s lemma [108, [77], a weaker form of
the axiom of choice [108, 119], and is closely related to the property of
compactness [32] that holds for predicate logic.

The general theorem is then obtained by lifting the ground case with
the lifting theorem (Theorem [2.4).

It is also possible to prove the relative completeness of resolution with
respect to the completeness of sequent calculus [39), 3]]. m|

Lemma 2.1 (Lifting Lemma for the Factoring Rules). LetI' - Aand I + A’
be clauses such thatT'F A <, T + A’. If F’f F A’f is a factor of I” + A’, then

there exists a factor I'r + Af of I' + A such that I'y + A < l"} F A’f.

Proof. A detailed proof is available in [80]. It consists basically of con-
structing I'r + As from I+ AL by using, in a reversed way, the substi-
tutions that are given by the assumptions that I' + A <; I” + A’ and that
I+ ALisa factor of I” + A’. It is interesting to note that factors, as defined
here, are necessarily factors of degree 1, as defined in [80], and hence

induction is not necessary in this case. m|

Lemma 2.2 (Lifting Lemma for the Resolution Rule). LetI'; F Ay, I'x A,
I+ A, T b A be clauses such that I't + Ay < I F Al and I + Ay <

I F ASIE T - A is a resolvent of T’} F A7 and I’} + AJ, then there exists a
resolvent I', - A, of I'1 F A and I'; F Ay such that I, - A, < T F AL

Proof. A detailed proof is available in [80]. It is analogous to the proof of
Lemmal2.1] m

Theorem 2.4 (Lifting Theorem). Let C and C’ be sets of clauses such that
C <, €5, Let ¢ be a resolution deduction from C’. Then there exists a
resolution deduction 6 from C such that 6 <, ¢’.

C <, C’ if and only if for every clause ¢’ of C’ there is a clause ¢ of C such that ¢ <, ¢/
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Proof. A detailed proof is available in [80]. It is a proof by induction on
the size of the deductions, where the base case is trivial, and the inductive
case can be proved with the lifting Lemmas2.Tland 2.21 m

Definition 2.3.7 (Resolution Refinement). A resolution refinement' replaces
the rules r(0), fi(o) and f,(0) by refined rules r.(0), f,(c) and f, (o) such
that the refined rules are more restricted than the original rules, i.e., if ¢,
is a resolvent of ¢; and ¢, according to r.(0), then c, is also a resolvent of ¢;
and c; according to 7(0), and if ¢ is a factor of c according to f,,(0) or f,,(0),
then ¢ is also a factor of c according to f,(c0) or fi(0), but the converses do
not hold.

Definition 2.3.7] of resolution refinement is not as general as that in [80]. It roughly coincides
with the definition of resolution refinement operator given in [80]. There are many well known
refinements, such as linear resolution and hyper-resolution, that are not (at least not without an
unnatural use of annotations and labels) considered refinements by the definition given here.
Nevertheless, Definition 2.3.7)is sufficient for the refinements that are described in Chapter[6l






Chapter 3

Cut-Elimination

Simultaneously with the invention of sequent calculus, Gentzen proved
the cut-elimination theorem® [48], which states that, if a sequent is the end-
sequent of a proof ¢ with cuts, then there is a proof ¢’ without cuts of the
same end-sequent; or, in other words, sequent calculus without the cut
rule is still complete. Moreover, his proof not only proved the existence
of such a proof ¢’, but described a constructive method based on proof
rewriting rules to eliminate the cuts from any proof ¢, transforming it
into a proof ¢’ without cuts.

This chapter starts with a general discussion of the importance of cut-
elimination for logic (Section and ends with a detailed description of
proof rewriting rules for cut-elimination in the spirit of Gentzen’s (Section

B2).

3.1 The Importance of Cut-Elimination for Logic

The cut-elimination theorem plays a very significant role in logic, be-
cause it has many important corollaries. Firstly, any cut-free proof ¢’
has the subformula property: the formulas occurring in the premises of
an inference of ¢’ are subformulas of formulas occurring in the conclu-
sion sequent of the inference. This allows many advances in automated
deduction, such as relatively easy bottom-up (backward, goal-oriented)
proof search in automated deduction (as new formulas do not have to
be guessed®), analytic tableau [43,30], Maslov’s inverse method [35] and

?The cut-elimination theorem is also known as Gentzen’s Hauptsatz.
bNote, however, that in the case of weak quantifier rules, an instance for the variable still has to
be guessed from an infinite number of potential terms. The superiority of the resolution calculus

23
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logic programming [110].

Moreover, the subformula property also leads to the major theoretical
application of the cut-elimination theorem: consistency proofs. For a theory
is trivially consistent if all its theorems can be derived by a sequent cal-
culus where cut is eliminable, simply because there is no cut-free proof of
the empty sequent. Consistency proofs were, in fact, the main motivation
for the development of sequent calculus, and cut-elimination is therefore
one approach within Hilbert’s program [74].

Another interesting consequence of the cut-elimination theorem is
derived from the fact that cut-free proofs allow the construction of inter-
polants of their end-sequents via Maehara'’s lemma [112), 9], by induction
on the structures of the proofs. In this sense, the cut-elimination theorem
and Maehara’s lemma provide a purely syntactical and constructive proof
of Craig’s interpolation theorem [27]. Moreover, a corollary, Beth’s definabil-
ity theorem, can also be given a constructive proof: if a predicate symbol
is defined implicitly, then cut-elimination and the method of Maehara’s
lemma can be used to construct an explicit definition [9].

Not only interpolants but also Herbrand disjunctions can be easily
constructed or extracted from cut-free proofs. This has been shown in
Gentzen’s Midsequent theorem‘[48, 49] for the prenex case and extensions
to more general cases have been studied and compared in [94,95]. There-
fore, from a certain point of view, the midsequent theorem can be seen
as the missing link relating the cut-elimination theorem with Herbrand’s
theorem [64, 62, 63| 21]. Indeed, Herbrand’s theorem preceded the cut-
elimination theorem and was hard to prove without it, but relatively eas-
ier proofs can be obtained by using cut-elimination as a lemma and then
using either the mid-sequent theorem, for the prenex case, or arguments
like the ones shown in [22,85,95], for more general cases.

If sequent calculus is seen as a meta-calculus about proofs in another
calculus (e.g. natural deduction [48]]), then the cut rule essentially says
that the proofs denoted by the premise sequents can be composed, result-
ing in a proof denoted by the conclusion sequent. But it does not say how
the composition has to be done. Cut-elimination methods can therefore
be seen as processes that actually do the composition of the proofs. In
certain areas of logic, such as that which relates proofs to functional pro-

over the standard sequent calculus for proof search lies exactly on the fact that resolution restricts
instantiation to most general unifiers, while the standard sequent calculus does not. There are,
however, analytic tableaux and hence sequent calculi that incorporate most general unification in
proof search.

“The midsequent theorem is also known as Gentzen’s sharpened Hauptsatz
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grams via the Curry-Howard isomorphism [28}, 29, 33], it may be important
that this composition be deterministic and unique, because the compo-
sition (cut-elimination) of proofs corresponds to the computation of the
corresponding programs. This requirement is equivalent to demanding
that methods of cut-elimination should be confluent.

The desire to have minimalistic proof representations (e.g. generalized
lambda terms [96], proof nets [53], short tautologies [68], Deep Inference
(formalism A, atomic flows and deductive nets) [60, [18, [19], Herbrand
sequents [95, 94, 70] , logical flow graphs [20, 24], ...) that are “free of
bureaucracy” is equivalent to the question of identity? of proofs [111} 78]
(“when should two proofs be considered the same?”), for bureaucracy can
be defined as all the syntactic differences between two proofs that should
be considered the same. This gives rise to the approach of semantics of
proofs [78]], that attempts to assign meanings to proofs and then answer
the question of the identity of proofs affirmatively if the proofs have the
same meaning. This includes assigning meanings to proofs with cuts, and
hence it might again be relevant to enforce confluence of cut-elimination,
as it is usually desirable to have the same meaning for a proof with cuts
and its cut-free normal forms and this might be harder to achieve if there
are too many cut-free normal forms.

Even though cut-elimination and many other proof-theoretical tech-
niques had been developed for purely foundational reasons and thus
were intended to be used only in an abstract sense, later they came to be
applied to actual mathematical proofs. Girard’s informal application of
cut-elimination to eliminate the lemmas of a mathematical proof by Fuer-
stenberg and Weiss of van der Waerden’s theorem, resulting in van der
Waerden's original mathematical proof, is one of the most famous exam-
ples [54]. Luckhardt’s extraction of bounds for the number of solutions of
certain Diophantine equations from proofs of Roth’s theorem by analyz-
ing the terms of Herbrand disjunctions extractable from these proofs is
another impressive example, especially considering that the achievement

4By Leibniz’s law of the identity of indiscernibles [79}89] (YxVy(YP(P(x) & P(y)) — x = y))
applied to proofs, and by the adoption of Henkin semantics [61] for second-order quantification,
it is clear that the question of the identity of proofs is only well-defined if the domain over which
the variable P is quantified is precisely fixed, which is frequently not the case. Leibniz’s law also
suggests that the identity of proofs can only be assessed relative to a domain of properties of proofs
that are of interest for a given application (e.g. the property of “proving the same theorem” might
be sufficient to classify two proofs as the same, if the only interest is to know whether the theorem
holds, while the additional interest of analyzing the mathematical content of a proof could require
additional properties such as “having the same Herbrand sequent”). Searching for an absolute
concept of proof identity is futile.
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of such bounds by standard number-theoretic techniques occurred only
later and with much more effort [16].

Cut-elimination is also related to a principle of parsimony and simplic-
ity popularly known as Ockham’s razor [87], according to which simpler
explanations should be preferred over more complex ones. A proof with
non-analytic cuts does not satisty the subformula property, and hence
contains superfluous concepts, which, as shown by the cut-elimination
theorem, are not really necessary to derive the end-sequent. Therefore,
in a qualitative sense of Ockham’s razor, cut-free proofs are simpler and
ought to be preferred over proofs with cuts. Therefore, methods of cut-
elimination ought to be seen as means to achieve the simplicity demanded
by Ockham’s razor in the specific area of logic. On the other hand, cut-
free proofs can be significantly larger than proofs with cuts [109) 93].
Therefore, according to a purely quantitative Ockham’s razor principle,
cut-elimination ought to be avoided. The phenomenon of cut-elimination
is then almost a paradox for the Ockham’s razor principle. It shows the
relativity of simplicity in a very simple way, by exhibiting an intrinsic
trade-off between the qualitative and quantitative kinds of simplicity.
Surprisingly, though, cut-elimination seems to have not yet been a case
studied by philosophers concerned with issues of this popular principle.

3.1.1 Related Approaches

While sequent calculus and cut-elimination were Gentzen's late approach
to Hilbert’s program, Hilbert himself had originally chosen a different
approach, based on the epsilon calculus [72] and the epsilon substitution
method [1,90]. Particularly, both a cut-free proof in the sequent calculus
and a proof without epsilon-terms in the epsilon calculus allow easy
extraction of Herbrand disjunctions [91] . Historically interesting is also
the fact that the epsilon calculus preceded Herbrand’s theorem by a few
years, and later enabled the first correct proof of Herbrand’s theorem to be
obtained as a corollary of an extended version of the first epsilon theorem
[91) 73]

Yet another approach to proving consistency is Goedel’s “Dialectica”
method of functional interpretation [55]. Interestingly, the focus of this
method (and its variants, such as the refined A-translation [15,[113]]) also
migrated from foundational issues to applications on actual mathemat-
ical proofs [76], 113]. Indeed, not only “programs” (functionals) can be
extracted from proofs in this way, but also Herbrand disjunctions [51],
since the functional interpretation essentially encodes all the terms of a
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Herbrand disjunction into recursive functionals.

3.2 Reductive Cut-elimination Proof Rewriting Rules

It is evident that a cut can be easily eliminated if it occurs immediately
below an axiom inference. This can be done by rewriting the proof ac-
cording to the rewriting rule shown in Definition This leads to the
following idea for the elimination of cuts in general: swap the cut infer-
ences upward, until they are immediately below axiom inferences, where
they can easily be eliminated. This swapping can be done according to the
rewriting rules of Definition[3.2.90 However, if the cut-formula occurrence
is not atomic, the swapping will eventually be blocked when the cut oc-
curs immediately below the inferences that introduce both its cut-formula
occurrences. When this happens, the cut (and the inferences immediately
above it) can be replaced by new cuts such that their cut-formula occur-
rences are proper subformulas of the cut-formula of the replaced cut. As
the blocking inferences are also removed by the replacement, it is clear
that the upward swapping can proceed. This replacement can be done
according to Definition if the cut-formula has a propositional con-
nective in its shallowest level, or Definition if the cut-formula has
a quantifier in its shallowest level. Structural inferences above cuts can
also block their upward swapping. In the case of weakening, the cut
can be simply eliminated, analogously to the case for axiom inferences,
according to Definition The case for contraction is more compli-
cated, since it requires the duplication of some subproofs, as shown in
Definition [3.2.201

Historically, cut-elimination methods based on proof rewriting meth-
ods have been known as reductive cut-elimination methods, because the
upward swapping of cuts reduces its rank (Definition 3.2.9) and the re-
placement of a cut by others obviously (except in the case of contraction)
reduces the overall complexity (grade (e.g. Definitions and [3.2.17))
of the cut-formulas of the proof.

As usual, rewriting rules are seen here as abstract definitions of com-
patible closed relations over the set of proofs. Infix notation is used: if ¢
can be rewritten to ¢’, then ¢ >, ¢’ (meaning (¢, ¢’) € >,).
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3.2.1 Preliminaries about Rewriting Relations

The following definitions are standard from rewriting systems. They are
heavily used in all subsequent chapters.

Definition 3.2.1 (Transitive Closure). Let » be a rewriting relation. Then:

* ¢ »" @, if and only if there are proofs ¢;,...,p,—1 such that ¢ » ¢,
Q1™ Q2o Pp—1 P Qp.

e ¢ »" ¢’ if and only if there is a natural number n such that ¢ »" ¢,.

»" is the reflexive transitive closure of ».

Definition 3.2.2 (Normal form). Let » be a rewriting relation on proofs.
A proof ¢ is a »-normal-form if and only if ¢ » ¢’ for no proof ¢’.

A proof ¢’ is a »-normal-form of ¢ if and only if ¢ »* ¢’ and ¢’ is a
»-normal-form.

Definition 3.2.3 (Normalization Relations). Let » be a rewriting relation
on proofs. Then »! is the sub-relation of »* such that ¢ »! ¢ if and only
if o »* ¢ and ¢ is a »-normal-form.

Definition 3.2.4 (Confluence). A rewriting relation » is confluent if and
only if every proof ¢ has only one »-normal-form.

Definition 3.2.5 (Normalization). A rewriting relation » is weakly normal-
izing if and only if, for every proof ¢, there is a proof ¢’ such that ¢ »* ¢’
and ¢’ is a »-normal-form.

A rewriting relation » is strongly normalizing if and only if, for every
proof ¢, there is no infinite sequence of proofs (i, ¢»,...) such that
@n » @ui (forall n > 0).
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3.2.2 The Rewriting Rules

Definition 3.2.6 (>>,). Cut-elimination over axiom inferences:

(2
ArA ATIFA
ATIFA

cut

U

©r
AITIEA

Y
I'rAA ArA
IFAA

cut

U

@1
I'tAA

Definition 3.2.7 (>>,,). Upward swapping of cuts over unary inferences

(unary rank reduction):

@,

@ AT A

I'tAA ATl A
T,IIFA A cu

U

(Pl (Pr

LrAA  AIVEN
TIT r A A cu
T.IIFA A

]
I"'tAA o
THAA ATl A
ILITFA A

cut

Pi Pr
I+t ALA AITIEA
I, II+ A, A
I[LITFAA

cut

Definition 3.2.8 (>>,,). Upward swapping of cuts over binary inferences

(binary rank reduction):

¢1 ©2 1 P2
] A,rll-Al rzl-Az 0 P1 F1I—A1 A,rzi-Az 0
IrAA ATVA IFAA ATVA
ILTFA A cu ILTFAA cu
U u
@1 P1 @1 @2
ITFAA AT1F N ; (%] P1 ITFAA AT, A ;
LT FA, A Ut A, Ty A LA cu
ILTFAA ILTFAA
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1 P2 ¢1 P2
I1FA A I kA, 0 ©r | ER AN Ih+-Ay) A 0 ©r
THFAA AITIFA ; THAA AITIFA ;
T,IIF A, A cu T,I1F A A cu
U u
¢1 Pr P2 Or
Nird,A  ATRA @2 @1 LrdyA  ATFA
TLILF Ag, A U e Ay o Dird L ITr Ay A cu
T,IIFA A T,IIFA A

Definition 3.2.9 (>,). Upward swapping of cuts (rank reduction):
>, = >y Uy,

>y wome 1 the sub-relation of >, obtained by restricting it to non-
atomic cut-formulas.

Definition 3.2.10 (>>,,). Reduction of complexity of a cut-formula having
A as shallowest connective (grade reduction):

®1 ©2 Oy
I''+Aq,B I A, C A B,CII+ A A
T, T,FAL,ALBAC 7 BAGIIFA !

T, T, I1F Ay Ag, A cut
U
1 ©r
@2 [FALB  BCIFA
T - Ay, C CL,IrALA cu

F1,F2,H F Al/ AZ/A
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Definition 3.2.11 (>, ). Reduction of complexity of a cut-formula having
V as shallowest connective (grade reduction):

)] P1 P2
MrABC |, BLrA  Chrd,
IIrABVC ' BVCT,I,r AN, tl

Ty, Do, I1F Ay, Ay, A o
U

2 P2

IT-A,B,C CI,r A, / ®1
LT, r A, A B U BT F A t
Ty, T, ITF Ay, Ay, A o

Definition 3.2.12 (>>,_ ). Reduction of complexity of a cut-formula having
— as shallowest connective (grade reduction):

1 1 ()]
BIIFAC  _ TirA,B Gk, _
r 1
II+A,B—>C B—>C,F1,F2|—A1,A2
Ty, T, T1F Ay, Ay, A ¢

ut

U

P P2
P1 B, 11+ A,C CIrA;
I''+Ay,B B, IL T, Ay, A
I';, I, 1T A, Ay, A

cut

cut

Definition 3.2.13 (>,_). Reduction of complexity of a cut-formula having
- as shallowest connective (grade reduction):

P s
BTrA mrAB _
r

I'tA,-B -B,ITF A
I[LIT+-AA

cut

U

Pr Pi
IT+ A,B B,T+A
IITFA A
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Definition 3.2.14 (>>,). Propositional grade reduction:

Definition 3.2.15 (>>,,). Reduction of complexity of a cut-formula having
a universal quantifier at its shallowest level:

Pi Pr
't A, B{x < a} v B{x < t},IT+ A
I'+A,VxB ' VxB,IT+ A

[LIT-AA

v
cut

U

Pl « t} ©r
I'A,B{x <t} B{x « t},IT+ A
T,IIFA A ¢

where @] is obtained from ¢; by renaming all bound variables to glob-
ally fresh new ones, so that they are not equal to any free variable in the
term t.

ut

Definition 3.2.16 (>>,,). Reduction of complexity of a cut-formula having
an existential quantifier at its shallowest level:

Pi Pr
't A, B{x « t} r B{x < a},TTF A
'+t A, dxB ' dxB, T+ A

[LIT-A A

=
cut

U

(o) pila « t}
THAB{x 1t  Blxe—t),IIrA
T.IIFA A ¢

ut

where ¢; is obtained from ¢, by renaming all bound variables to
globally fresh new ones, so that they are not equal to any free variable in
the term t.

Definition 3.2.17 (>>,). Quantificational grade reduction:

Bq =Pgy Uy
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Definition 3.2.18 (>>;). Reduction over definition inferences:

P Pr
' A A[xq,...,x,] Alxy, ..., x,,TTF A g
T+AP(xy,..., %) P@M“m@HkAlt
TIIFA A H
U
Z Pr
e AA[x, ..., x,] Alxi, ..., x,],TTF A ;
T,IIF A A o
Definition 3.2.19 (>>,). Cut-elimination over weakening inferences:
P Qr
r'cA o, Pr % A 4,
TFAA T ATIFA , r-AA  ATIRA
T,IIFAA o T,IIF A A o
U U
Pi Pr
_LtA oy w _EA
ILITFA A [LITFA A

D> wonaomie 1S the sub-relation of >;, obtained by restricting it to non-
atomic cut-formulas.

Definition 3.2.20 (>>.). Duplication of cuts over contraction inferences®:

@ @
LrAAA @, @ AATEA
THFAA AITIFA TrAA AITIFA
T,I1F A, A cut T,IIF A, A cut
U U
(f)l (Pf ’ (pl (Pr
TFAAA  ATIFA ?, i a4 AAIRA
TIrAAA cut ATIFA THFAA AT IIFA A cut
TILILF A A, A cut LLIrAAA .
== TIrAA

ILITFA A

¢The use of a purely multiplicative calculus, in which all contractions occur explicitly via
contraction inferences, allows the isolation of the phenomenon of duplication of subproofs (and
the need for renaming of eigenvariables) to the case of cut-reduction over contractions. Had
an additive or mixed calculus been chosen, implicit contractions would occur, and its treatment
would not be as transparent.
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where @] and ¢; are variants of, respectively, ¢; and ¢,, in which the
eigenvariables are renamed to preserve proof regularity.

> conaome 18 the sub-relation of >, obtained by restricting it to non-
atomic cut-formulas.

Definition 3.2.21 (>>;). Reduction to atomic cuts (with possibly contracted
or weakened cut-formula-occurrences):

I>d = [>rnan—atamic U |>P U |>'1 U Dwnan—atamic U I>Cnan—atamic

Definition 3.2.22 (>>7). Reduction to atomic cuts (so that no cut-formula-
occurrence is contracted or weakened):

Dz = D, U D, U, Uy U,

Definition 3.2.23 (>>). Reductive cut-elimination:

> = >z U D,
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3.2.3 Examples of Reductive Cut-Elimination

Two detailed simple examples of reductive cut-elimination are shown
below. In each example the arrows have a subscript indicating which
proof rewriting rule has been applied.

Example 3.1. Let ¢ be the proof below:

BrB -
BFrB - B+ B -B,B+ v
rB,—-B BV —B,BF B !
FrBV-B ' BV -B+B— B w;
AFA w +B— B
— Y W] —_— W
CArA DrB—B |,
ArA ACVDrAB—B !

A, CVDrA,B—B

Its cuts can be eliminated according to the following proof rewriting sequence:

B+B -
BFrB _ B+B -B,B+ v
+B,-B__ | BV-B,BrB__ '
FBV-B ' BV -BrB—B w;
ArA w; +rB— B w
CAFA DrB—B
ArA A CVDrA,B—B
ACVDrAB—SB cut
Us,
B+B - BB -
+ B,—B ) B+ B -B,B+ v
F BV —B BV -B,B+B
BrB N cut
AFA w; +rB— B w
CAFA DrB—B |,
AFA A CVDFrA,B—B
ACVDrADB—B cut
U,
BB -, BrB _
+ B, -B -B,B+
B+ B cut BrB .
B+B .,
AFA w; +rB— B w,
CAFA DrB—B |,
AFA ACVDrAB—>B

A, CVDrAB—-B
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U,
B+ B B+ B cut
B+ B B+ B cut
B+B N
- = r
ArA o, rB>B
CAFA Dr-rB— B vV
ArA ACVDrAB—B :
A CVDFrAB—B cH
Uy,
B+ B B+ B cut
B+ B B+ B cut
MZU} B+ B -,
ArA CAFA t +rB— B w
ACrA cut DrB—B v’
A CVDrAB—B :
Uoy
B+ B B+ B cut
B+ B B+B ut
ArA  ArA B+ B cut
cut _— 7y
ArA w +B— B
— W — =W
CAFA Dr-rB—B v
A CVDFAB—B !
U,
B+ B B+ B cut
AFA ArA BB '
cut _— r
ArA w +B— B
— W — 2w
CAFA Dr-rB—B v
A CVDFrAB—>B ’
U,

ArA Ar A cut M—n
ArA w +B— B
— W S n g W
CAFA D+B—B v

A CVDrAB—B :
U,
B+B =,
ArA w; +rB— B w
CA+rA D+B—B v,

A CVDFAB—B
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Example 3.2. Let ¢ be the proof below:

P(u) v P(u) Q) F Q) _, P(a) + P(a) Q) F Q) _,
P(u), P(u) = Qu) F Q(u) P(a), P(a) = Q(v) + Q(v)
Pu) — Q(u) v P(u) — Q(u) ; P(a) — Q(v) + P(a) — Q(v)
P(u) — Q(u) + Ay(P(u) — Q) rvl P(a) > Q) F Jy(P(a) > Qy)) I
Vx(P(x) = Q(x) F Jy(P(u) = Qy)) Ay(P(a) — Q(y)) - Jy(P@@) = Q)

Vx(P(x) = Q) FYady(P() - Q) " Vady(P(x) — Q) + y(P(a) - Q) a[:t
Vx(P(x) = Q) F Jy(P(a) = Q(y))

Its cut can be eliminated according to the following proof rewriting sequence:

P) - P@) Q) Qw) _, P@rP@ Q@) FQW) _
P(u), Pu) » Qu) F Q) P(a), P(a) > Q(0) + Q(v)
P(u) = Q) F P(u) - Q) P(a) — Q(v) F P(a) — Q(v)

P(u) — Q(u) F y(P(u) —» Qy)) P@) - Q@) + Jy(P@ - QW)
Vx(P(x) = Q) F y(P(u) > Qy)) ;, Fy(P@) — Q) + Iy(P@) — Q)
Vx(P(x) — QM) F Yady(P(x) — Q) Vady(P(x) — Q) r Ay(P(@) — Q) C;t

Vx(P(x) — Q) F Ay(P(a) - Q(y))
UDW
P@rP@)  QurQ@ _, P@rP@  QOrQE) _,
P(@),P(a) > Q@) Q@) P(a), P(a) — Q(0) + Q(v)
P@) — Q@) FP@) > Q) P(a) — Q(v) F P(a) - Q(0)
P(a) = Q@) + Iy(P(a) — Qy) P(a) = Q) - Fy(P@) > QW) '
Vx(P(x) > QW) F y(P@) - Qy) ' Jy(Pa) » Q) + Iy(P(a) > Q1)) a’lt
Vx(P(x) — Q) F Ay(P(a) > Q(y))
Ue,
P@+P@) QW+ QE
P@rP@  Q@rQE) _ P(@), P@) > Q@) - Q@) _,
P(@), P(@) > Q@) - Q@) P@) » Q@) F P@ > Q) 5
P@ — Q@ Pl@) > Q) P@ = Q@) r P ~ QW)
P@) - Q@ r P@ - QW) Ty(PW@ - Q) - WP@W - QW)

P(a) — Q(a) F Fy(P(a) — Qv))
Vx(P(x) > QW) - Fy(P@) = Q)

UD'H
P(a) + P(a) Q@) - Q@) _,
POrP@ Q@@ _P@P@—0Wr 0@
P(a), P(a) — Q(a) + Q(a) P(a) = Q(a) + P(a) — Q)

-

P@a) - Q@) +P@@) - Q@) P — Q@) r Fy(P@) > Qy) a; ;
P(a) = Q(a) + Fy(P(a) — Qv))
Vx(P(x) = QW) + Ay(P(@) > Qy)

Uo,

1



38 CHAPTER 3. CUT-ELIMINATION

P@FP@  QWrQ@ _,  P@rP@  Q@rQ@
P(a),P(a) » Q@) - Q@)  _ P(a), P(a) > Q@) - Q@)
P(a) > Q@)+ P(a) > Q) P@ﬁqmwwemm,;
P@) > Q@)+ P@) > Q@) _ -

Pa) — 0@ r Iy(P@) > Q) ",

Vx(P(x) > Q) F Jy(P@) > Q)

U,

1

P(a) + P(a) Q) Q@) _,
Pla),Pla) > Q@) Q@) _,  _Pla)+ Pla) Q@) r Q@

P(a) — Q(a) + P(a) — Qa) P(@),Pa) — Q@) Q@)
P(a) — Q(), P(a) F Q(a) o

-

P(a) — Q) + P(a) — Qa)
P@ - Q@)+ Fy(P@ - Q) ",
Vx(P(x) —» Q()) F Iy(P(@) — Q(y))

Uo,,

P@+P@)  Q@rQ@
P(a), P(a) — Q(a) F Q(a) Q) + Qa)
P(a) + P(a) P(a), P(a) — Q@) F Q(a)
P(a) > Q(a), P(a) - Q@) cut
P@) - Q@) - P@) - Q@) |
P(a) > Q@) r Ay(P@@) » Qy))
Vx(P(x) — QM)  y(Pa) » Q(y))

cut

r

b,
QWHAW QW@
P) - Pla) Qwrow
Pa) + P(@) P(@), P(a) = Q@) r Q@)
P@) > 0@, P@r QW)
P@) = Q@) r Pla) > Q@)
P(@) ~ Q@) + 3y(Pl@) - Q)
Va(P() = Q0) F Fy(Pl@) > Q)
b,
P@rP@  P@rP@ — QWrQW  QWrQ@
P(@) - P(a) - Qurow
P(@) > Q@) Pla) r Q(0)
P(a) = Qa) + Pla) ~ Q@)

P(@) - Q@) - Fy(P@ - QW) ",
Vx(P(x) — Q()) F Jy(P(@) — Q(y))

Us,
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Q(a) F Q(a) Q@) F Q@)

P@+ P@) @wrow "
P@) > Q@ P@ Q@
P@ — QW P@) > Q@) |

P(a) — Q(a) + Fy(P(a) — Q(y)) rv
Vx(P(x) > QW) - Fy(P@) — Q)

Us,

P@FP@ Q@+ Q@ _,
P(a) — Q(a), P(a) + Q(a)
P@) — Q@) - P@) - Q@) |
P(a) > Q@) r Iy(P(@) > Q) '
Vx(P(x) — QM)  y(Pa) » Q(y))

r

39
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3.2.4 Some Properties of Reductive Cut-elimination

The following properties of reductive cut-elimination are well-known.
They are included here for the sake of self-containment.

Theorem 3.1 (Lack of Strong Normalization for >). > is not strongly
normalizing.

Proof. Consider the proof ¢ below:
ArA ArA,, ArA ArA

AVArAA AA+AAACN
AVAFA AFAAACJ
AVAFANA

As shown in [66,67] , there is a rewriting sequence leading to ¢’

ArA ArA v ArA AL A

Ar

AFA AFA v, AVAFRAA AAFrANA cut
AVAFAA AVAAFrAAANA
AVAAVATAAANA cut ArA AvA
AVALrAAANA AAFANA
AVAFAANA ArAAA
AVAFAANAANA cut
AVArAAA ’

Both auxiliary formula occurrences of the lowermost cut are again
main formula occurrences of contractions. Essentially the same reduc-
tions can be employed indefinitely, in order to produce always larger
proofs and never reaching a >-normal-form. O

Theorem 3.2 (Lack of Confluence for ©>). > is not confluent.

Proof. Consider the proof ¢, below:

Ar A ArA

1 r
A,—AF Al FA,-A v,
AN-AF w FAV-A w)

AN-A+rA ' ArAvV-A
AN-AFAV-A

It has two distinct >-normal-forms, depending on which side is pre-
ferred for the cut-reduction over weakening;:

AFA - AFA -,
A, —AF FA —A
— N\ —V,
AN-AF w FAV-A w;
AN-AFrAV-A ' AN-AFAV-A

Non-confluence can also be caused by contractions on both sides of a
cut, as shown in the proof ¢. below [66} 31} 46, [115]:
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ArA AFAV ArA AFAA

AVAFAA ! AAFANA
AVAFA AFAAAC#
AVAFAAA

@, has the following two >-normal-forms:

ALA AL A A AL A ALFA A
AAFANA o ' AAFANA o '
AFAANA AFrAANA v

AVAI—A/\A,A/\AC
AVAFAANA '

ArA AI—AV ArA ArA

AVAFAACI AVAFAA

AVArA AVArA '

AVAAVAFAAAQ ’
AVArAAA

Theorem 3.3 (Weak Normalization for >). > is weakly normalizing.

Proof. Two well-known terminating strategies for > are Gentzen’s [48,[13],
which selects uppermost cuts, and Tait’s [9], which selects cuts of maximal
logical complexity. |

Theorem 3.4 (Cut-elimination Theorem (Gentzen’s Hauptsatz)). If there
is a proof ¢ with end-sequent I + A, then there exists a cut-free! proof ¢’
with end-sequent I' + A.

Proof. By Theorem[3.3] there exists a proof ¢’ with end-sequent y + 6 and
such that ¢ >* ¢” and ¢’ is a >-normal-form. Assume, for the sake of
contradiction, that ¢’ has cuts. Then, at least one of the proof rewriting
rules that define > can be applied, and hence ¢’ is not a >-normal-form.
As this contradicts the fact that ¢’ is a >-normal-form, ¢’ must be cut-free.
Therefore, there exists a cut-free proof with end-sequent I' - A.

While Gentzen proved his Hauptsatz syntactically and constructively
by using essentially t>. It is also possible to give a semantic proof based on
the facts that sequent calculus is semantically sound and cut-free sequent
calculus is semantically complete [112]. However, this proof has the
disadvantage of not providing a method (except, of course, naive proof

{Gentzen’s Hauptsatz holds for proofs with axiom sequents of the form A + A, as assumed
in this Thesis. However, for mathematical applications, it is frequently convenient to allow more
flexible forms of axiom sequents. In this case, some cuts might not be completely eliminable. An
in-depth discussion of this topic can be found in [22].
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search) for actually constructing a cut-free proof from a proof with cuts.
O

Remark 3.2.1 (The Complexity of Cut-Elimination). Since [93] and [109]
it is known that the complexity of cut-elimination is non-elementary. The
elimination of cuts from a proof ¢ can result in a proof whose size and
length are non-elementarily bigger than the size of ¢. Detailed discussions
of the complexity of cut-elimination can be found in [22, 98, (13, [106].
More refined bounds, showing the role of quantifier alternations and
contractions, can be found in [50].



Chapter 4

Cut-Elimination by Resolution

Although reductive cut-elimination methods are sufficient for theoretical
purposes, such as Gentzen’s original aim of proving the cut-elimination
theorem and its corollaries, they have a few drawbacks® when it comes
to practical applications, such as the actual automated elimination of cuts
from formalized mathematical proofs in order to obtain new and simpler
mathematical proofs [6].

Firstly, reductive cut-elimination methods are not robust to changes in
the sequent calculus. If new rules were added to the sequent calculus or
if the existing rules were just slightly modified (e.g. if rules with implicit
contractions and weakenings were used, such as in an additive or mixed
calculus), then new rewriting rules would have to be formulated to cope
with the modified calculus.

Secondly, the elimination of cuts by reductive methods is a long and
costly process of local rewritings. This locality of the method also implies
that itis not capable of exploiting the global structure of the proof in order
to potentially achieve significantly shorter cut-free proofs.

Finally, a comparison [9} 11]] of Gentzen’s rewriting strategy to that of
Tait and Schuette shows that there are two sequences of proofs (¢,)qen
and (1,,)nen such that:

e there is a sequence of cut-free proofs (¢),en obtained from (¢,)qcn
via > whose sizes of the cut-elimination sequences grow polyno-
mially with respect to the sizes of the proofs in ((,0,? )nen but the sizes

2It is interesting to note that Goedel’s alternative approach, the dialectica functional interpre-
tation, also has some drawbacks in the actual extraction of functionals from proofs, which led to
the development of the refined A-translation [113].

43
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of the cut-free proofs of any sequence (QDZ Jnew Obtained from (¢, )nen
via T grow non-elementarily.

e there is a sequence of cut-free proofs (#’Z Juen Obtained from (¢,,),en
via > whose sizes of the cut-elimination sequences grow polyno-
mially with respect to the sizes of the proofs in (ybf )new but the sizes
of the cut-free proofs of any sequence (¢5),ci obtained from (¢,) e
via >¢ grow non-elementarily.

This shows that the non-deterministic choices made in reductive cut-
elimination can have a significant effect on the size of the cut-free proofs.
But the right choices could only be done with a global analysis of the
proof.

These drawbacks motivate the continuous development of an alterna-
tive method of cut-elimination by resolution, which:

e is compactly and abstractly described, ensuring robustness with
respect to details of the sequent calculus.

e eliminates all cuts at once.
e is global.

e is such that there is always a sequence (V;).ew Of cut-free proofs
obtained from (¢,,),ew by cut-elimination by resolution whose sizes
grow at most elementarily with respect to the sizes of the proofs
(gbﬁ)nem obtained from (1, ),eiv by reductive cut-elimination following
any rewriting strategy.

Cut-elimination by resolution starts with the extraction of a cut per-
tinent struct from a proof ¢ with end-sequent I' + A. This struct can
be transformed into a cut-pertinent clause set, which is always unsatisfi-
able. By the refutational completeness of the resolution calculus (Theorem
2.3), there is a resolution refutation 0 of the cut-pertinent clause set. A
new proof CERes(¢,0) of I' + A can then be constructed by using the
refutation as a skeleton (with an appropriate conversion of factoring to
contraction inferences and resolution inferences to cuts), on which the leaf
subproofs (each consisting of an initial inference deriving a clause from
the cut-pertinent clause set) are replaced by projections. CERes(¢p, 0) is not
completely cut-free, but its cuts have atomic cut-formulas only. Such cuts
are inessential, because, as their cut-formulas do not have quantifiers,
they do not prevent the extraction of a Herbrand sequent [94].
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The first Section (Section K1.1)) of this Chapter explains the most fun-
damental concept of cut-elimination by resolution as presented here: the
cut-pertinent struct. The following Sections (4.2} 4.3} 4.4} [4.5] 4.6)) explain
different ways® to transform the cut-pertinent struct into a cut-pertinent
clause set, as well as different algorithms to construct projections for the
clauses of such clause sets. Finally, Section4.7lexplains how to put refuta-
tions and projections together, in order to obtain CERes-Normal-Forms.

Although the rules of the sequent calculus defined and used in pre-
vious chapters have at most two premises, sequent calculi with rules
having greater arity do exist. This is the case, for example, of sequent
calculi with superdeduction [36}17] and sequent calculi for multi-valued
logics [5) 4, [118]. Therefore, in contrast to usual presentations of the
method®, cut-elimination by resolution is defined here in a general way,
making no assumptions about the arities of the rules present in the cal-
culus. Nevertheless, examples and proofs of some theorems stick to the
case of sequent calculi having at most binary rules.

4.1 Cut-Pertinent Struct

In order to extract from proofs information that is pertinent to the cuts in
the proofs, auxiliary definitions @.1.5 4.1.2) B.1.1] 4.9.2)) are necessary to
clarify the notion of pertinence in this context. Then, the concept of struct
(Definition 4.1.4) can be used as a compact way to store the cut-pertinent
information of a proof (Definition 4.1.7).

Definition 4.1.1 (Cut-Pertinent and Cut-Impertinent Occurrences). A for-
mula occurrence is cut-pertinent if and only if it is an ancestor of a cut
formula occurrence. The set of cut-pertinent formula occurrences of a proof
@ is denoted Qcp(¢).

A formula occurrence is cut-impertinent if and only if it is not cut-
pertinent. The set of cut-impertinent formula occurrences of a proof ¢ is
denoted Qci(p).

Remark 4.1.1. In LK, a cut-impertinent formula occurrence is an ancestor
of a formula occurrence in the end-sequent.

® For the reader who is not yet so familiar with cut-elimination by resolution, it might be
profitable to skip Sections[4.3][4.4] .8 and [.6]in a first read, focusing instead on the simplest way
of constructing clause sets described in Section 4.2 only.

“Note, however, that a method of cut-elimination by resolution for sequent calculi for multi-
valued logics containing rules with arbitrary arity has already been defined in [5]
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Definition 4.1.2 (QQ-Pertinence). Let p be an inference of a proof ¢, and
let Q) be a set of atomic formula occurrences of ¢. Then p operates within
Q if and only if all its active atomic occurrences are in Q; and p partially
operates within () if and only if at least one of its active atomic subformula
occurrences is in (). Moreover, p is Q-pertinent if and only if p operates
within Q; p is Q-partially-pertinent if and only if p partially operates within
(); and p is Q-impertinent if and only if p is neither Q-pertinent nor Q-
partially-pertinent.

Definition 4.1.3 (Cut-Pertinence). An inference p is cut-pertinent if and
only if p is Qcp(@)-pertinent.
An inference p is cut-impertinent if and only if p is Qc;(¢p)-pertinent.

Definition 4.1.4 (Structs). The set of structs® S is defined as the smallest
set satisfying:

1. If A is an atomic formula occurrence, then A € S.
€s € S (the empty ®-junction).

€p € S (the empty @-junction).
IfSy,...,5,€S,then(5,®...95,) €8.
IfSy,...,S,€S,then($;®...85,) €S.

SANEE L S

If S €S, then =S €8S.

The connectives ® and & are assumed to be commutative. So, the order
of substructs in ®-junctions and @-junctions does not matter. Moreover,
they are also assumed to be associative. So, inner parentheses can be
dropped in structs that contain either only ® or only @.

Definition 4.1.5 (Closure for Sets of Formula Occurrences). A set Q) of
atomic (sub)formula occurrences of a proof ¢ is closed if and only if, if any
active atomic subformula occurrence of an inference p in ¢ is in Q, then
all active atomic subformula occurrences of p are in Q.

d A struct is essentially the same as a clause term, as defined in [10,[13] . A new name is given
here for three reasons:

e there is a subtle, although inessential, difference: in clause terms, leaves are occupied by
clauses; while in structs, leaves are occupied by atomic formulas.

e the name “term” is already used in Definition2.1.2]

e the name “struct” explicits the fact that structs extracted from proofs (e.g. cut-pertinent
structs) have the same branching structure as their proofs, as shown in Example[4.2]
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Remark 4.1.2. If Q is closed, then every inference p is either Q-pertinent
or Q-impertinent, but never Q-partially-pertinent.

Definition 4.1.6 (Pertinent Struct). The Q-pertinent struct Sy of a proof ¢
with respect to a closed set of formula occurrences Q is defined induc-
tively, as follows:

e If ¢ consists of an axiom inference p only: Letw], ..., w, € Qbe pos-
itive formula occurrences and w7, ..., w,, € Q be negative formula
occurrences® in the axiom sequent of ¢. Then:

Q . - - + +
S, =Wy @ ... Q) "W, @ Wy B ... Q) w,

If n=0and m = 0, then 7 is the empty ®-junction, denoted €.

¢ If ¢ ends with an n-ary Q-pertinent inference p: Let ¢, ..., ¢, be the
immediate subproofs of ¢. Then:
Q. QO Q
S, =8, 9.8, S,
o If ¢ ends with an n-ary Q-impertinent inference p: Let ¢4, ..., ¢, be
the immediate subproofs of ¢. Then:
Q. QO Q
Sp =85, -..8, S5,
A connective ®, or @, is said to correspond to the inference p. When

this correspondence is clear or irrelevant, the subscript p can be simply
omitted.

Definition 4.1.7 (Cut-Pertinent Struct). The cut-pertinent struct of a proof
@ is defined as:
Sq) - S(%CP((P)

Example 4.1 (Cut-Pertinent Struct). Let ¢ be the proof below:

AFA BI—B/\l FB AFA A2

ABrAANB " _ABrBAA 7

ANBrAAB ' AABFBAA ', CrC CrC
AANBFBAA cut crC s M

(ANB)VCr+BAA,C !

¢In the standard sequent calculus LK, only axiom sequents of the form A + A are allowed.
Therefore,n <1land m < 1.
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Its cut-pertinent struct is:

S, = (A®' B) @ (-8 @ -A)) & (C&* —C)

Example 4.2 (Struct Displayed as a Tree). Let ¢ be the proof of Example[d.]]
Its cut-pertinent struct S, can be displayed as a tree, making it clearly visible
that S, has the same branching structure as .

A\GB/ _| \®/ AC =-C
N\
N

4.2 CEResg

4.2.1 Cut-Pertinent Standard Clause Set

Cut-pertinent structs can be transformed into clause sets (Definition[4.2.3)
that are unsatisfiable (Theorem i.T)). The transformation is analogous to
the standard clause form transformation for formulas in negation normal
form [2], with @ playing the role of A and ® playing the role of V. Firstly,
®®-Normalization ( Definition [4.2.1) distributes ® connectives over the
@ connectives until a struct in normal form is reached, which is a ®-
junction of ®-junctions. Then each ®-junction can be interpreted as a

clause (Definition [4.2.2).

Definition 4.2.1 (~g4g). The standard struct normalization is defined by
the following struct rewriting rules:

S®(S1®...8S,) ~ae (S®S)®...0(S®S,)

(S1®...85,)®S ~ap (S10S)®...8(S,®95)

Definition 4.2.2 (Clausification of Structs). Let S = (P Z.61((81 <jr<j, Wi ®
&) <<, Wiy) De a struct in @®-normal-form. Then:

cl(S) = {a)i_l,...,a)i_].[ F a);;,...,a);;ili el)
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Definition 4.2.3 (Cut-pertinent Standard Clause Set). The cut-pertinent
standard clause set"® of a proof ¢ is:

S . .
Cq) - Cl(Sq))
where Sfp is the ~gg-normal-form of S,,.

Theorem 4.1 (Unsatisfiability of the Cut-Pertinent Clause Set). C(f, is un-
satisfiable, for any proof ¢.

Proof. Detailed proofs for sequent calculi with at most binary rules are
available in [9} 10]. A proof for certain calculi for multi-valued logics
with rules of arbitrary arity is available in [5]. The essential idea of the
proof is to construct a sequent calculus refutation ¢’ (i.e. a proof of the
empty-sequent +) of the clause set by modifying ¢. In [9, [10], this is
done by induction, removing cut-impertinent formula occurrences (this
guarantees that the end-sequent of ¢’ is the empty sequent), skipping
unary cut-impertinent inferences and performing a technically intricate
proof merging procedure in the case of binary cut-impertinent inferences.
This merging procedure guarantees that the axiom sequents of ¢’ are
clauses of C;. ¢’ is therefore a sequent calculus refutation of C5, and by
the soundness of the sequent calculus inference rules, C(f) is unsatisfiable.

It is interesting to remark that, by using proof transformation tech-
niques that are developed in later sections and chapters of this thesis,
the construction of ¢’ can be described in a simpler. Namely, ¢’ is
construct by removing cut-impertinent formula occurrences, replacing
cut-impertinent inferences by Y-inferences and then performing merging

Y-elimination O

f Clause sets can be defined more generally with respect to any ¢-closed set of formula
occurrences, and not just with respect to the set of cut-pertinent formula occurrences. For example,
cut-impertinent clause sets are used in [68].

8 The cut-pertinent (standard) clause set is exactly the same as the characteristic clause set [13],
which is the original clause set developed together with and for the method of cut-elimination by
resolution [9} 10, 12]]. It is interesting to note, however, that they are constructed in substantially
different ways. While the characteristic clause set is obtained by interpreting ® and ® in the
characteristic clause term as, respectively, a set union and a clause set merge operation (although
it is also possible to construct the characteristic clause term directly from the proof, without
prior extraction of the characteristic clause term [6]), the cut-pertinent (standard) clause set is
constructed via ®®-normalization of the cut-pertinent struct. Here, this alternative approach via
@®-normalization is chosen not only to show that it is possible, but also for two other reasons.
Firstly, the analogy between transformations of structs into clause sets and transformations of
formulas into clause forms becomes clearer. Secondly, this approach provides a good framework
in which improvements of the standard clause set (e.g. the profile clause set (Section £4) and
the definitional clause set (Section[.5) can all be seen as improved ways of @®-normalizing the
cut-pertinent struct.
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Example 4.3 (Cut-Pertinent Standard Clause Set). Let ¢ be the proof shown
in Exampleld.1l Its cut-pertinent struct S, can be ®®-normalized as follows:

Sy

(A®B)® (-B® ~A))® (Ce® -C)

~ee (ADB)®(C®-C))®d((-B®-A)® (Ca —-C))

~ee (A®Cd-C))d B (Cad-C)))d((-B®-A)®(Cad—C))

~gs (ARC)BA®-C)dBe(Ca®-C)&((-B®-A)®(Ca®-0))

~gs (ARC)B(A®-C)d(BRC)®B®-C))d(-B®-A)®(Ca-(C))

~ee (ARC)BA®-C)d(B®C)®d(BR-C))® ((-B®-A)®C)d (-B® -A)® =C))
A®C)p(A®-C)®(B®C)»(BR-C)d(-B®-A®C)® (-B® -A®-C)

And the cut-pertinent clause set of ¢ is:

Co={+AC; C+rA; +B,C; C+rB; BA+C; B,ACH}

4.2.2 Projections

Since a projection’s purpose is to replace a leaf in a refutation of a clause
set, its end-sequent must contain the leaf’s clause as a subsequent. More-
over, if its end-sequent contains any other formula occurrence, then this
formula must appear in the end-sequent of the original proof with cuts,
because this formula occurrence is propagated downward after the re-
placement and thus necessarily appears in the end-sequent of the CERes-
normal-form. So, if the formula were not in the end-sequent of the orig-
inal proof, the CERes-normal-form’s end-sequent would be necessarily
different from that of the original proof with cuts, and this is not in-
tended. Finally, a projection must, of course, be cut-free, otherwise the
CERes-normal-form would contain more (and potentially essential) cuts
in addition to those inessential atomic cuts originating from the refutation.
These three conditions are formally expressed in Definition 4.2.4l

Two alternative ways of constructing projections are defined in this
Subsection:
S-projections (first Subsubsection below) and O-projections (second Sub-
subsection below).

Definition 4.2.4 (Projection). Let ¢ be a proof with end-sequentI' - A and
c=I.+ A, € Cp Any cut-free proof of (I”,I'. + A’,A;)o, where I" C T,
A’ € A and ¢ is a substitution, is a projection of ¢ with respect to c.

S-Projections

In this subsection the standard method for the construction of projections
is described. It has already been extensively described [13} 7, 10,9, [102],
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and it is frequently implicitly defined by an inductive proof of the ex-
istence of projections. Here an explicit definition (Definition is
given, which is essentially the proof-recursive algorithm that can be di-
rectly extracted from the usual inductive proof of existence of projections.
The main advantage of this algorithm is that it is very easy to prove its
correctness, exactly because of its closeness to the proof of existence of
projections.

Definition 4.2.5 (S-Projection). Let ¢ be a proof and ¢ € C,. Let A%cr(®
denote the Qcp(¢p)-pertinent subset of A and A%®) denote the Qcp(¢p)-
impertinent subset of A. Then |¢’]. is constructed for every subproof ¢’
of ¢ with ¢’ the subclause of ¢ containing occurrences from ¢’ only:
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o If ¢’ is of the form

————axiom
T'rA

then | ¢’ |~ is:

axiom
T'rA

and, clearly:

A [Qcil@) Tr@) p AQc(@)  AQcr(@)

(Ma@) 1 AQa@)) o ¢!

o If ¢’ is of the form

@) (o8
I'nk A I, +A,

I'rA P

where p is a Qcp(p)-impertinent inference, then | ¢’ ] is:

L(P“Ci I.(P;Jc%
(F?Cl((P) L A?Cl((P)) o Ci o (rfl)a((l)) L A?Cl(q))) o C;

(ch1(<P) F AQCI((P)) o) Ci 0...0 C;l

/

and, by definition of cut-pertinent clause set, ¢; o...oc; =c¢

/

o If ¢’ is of the form

®1 @
I'hvA I',+A,
THFA

P

where p is a Qcp(p)-pertinent inference, then, by definition of cut-
pertinent clause set, ¢’ = ¢/ for some j such that 1 < j < n and hence
¢’ ]» can be constructed as:

/7
Lpider
(I‘]QCI((P) L AJQC[((P)) o C;.

([9a@)  ASa@) o ¢/

*
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Finally, the S-projection™ of ¢ with respect to c is:

LplS = Lol

Definition 4.2.6 (Skolemized Proof). A proof is Skolemized if and only if
@ has no cut-impertinent strong quantifier inferences.

Lemma 4.1 (S-Projections are Proofs). Let ¢ be a skolemized proof and
C=wy,...,w, Fwl,..., 0} €Cyp. Then L(PJi)l',.‘.,w;!—wi’,‘.‘,w;, is a proof.
Proof. The only critical case in the inductive construction of S-projections
according to Definition is the case when p is a Qcp(@)-impertinent
strong quantifier inference. As ¢’ have been merged to the premise se-
quents, a violation of eigen-variable condition for p could occur if ¢; con-
tained the eigen-variable of p. However, as ¢ is assumed to be skolemized,

this critical case cannot occur. m|

Example 4.4 (Violation of Eigen-Variable Condition in S-Projection of a
Non-Skolemized Proof). Let ¢ be the non-skolemized proof below:

P@)+P@) P(B) + P(B)
(Vx)P(x) F P(a) ' (Vx)P(x) F P(p)
(VX)P(x) - (Vx)P(x) " (Vx)P(x) + (VYX)P(x) "
V0P F (Y0P cut

A/

It cut-pertinent clause set is:

Cy =1{rP(a) ; P(p)+}

S e
And | ¢] p(p)- 15°

P(p) - P(B)
Pp) + (Yx)P(x)
P(B), (Vx)P(x) + (Yx)P(x)

L(pjfg(ﬁ)F is clearly not a proof, because the eigenvariable condition for the V,
inference is violated.

Lemma 4.2 (S-Projections are Cut-free).
Let p bea proof and ¢ = wy, ..., w, +F ],...,w, € C,.
Then lp|> .+ is cut-free.

1 m

i
..... Wy FWT ...y

I S-projections are simply called projections in other publications about cut-elimination by
resolution, because they used to be the only projections considered. Here they have a distinct
name to distinguish them from projections constructed by other methods, such as O-projections.
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Proof. In the inductive construction of S-projections, no cuts are intro-
duced and all Qcp(p)-inferences (including, of course, all cuts of ¢) are
skipped or replaced by sequences of weakening inferences. Therefore,
S-projections are cut-free. O

Lemma 4.3 (S-Projections have Correct End-Sequents). Let ¢ be a proof
with endsequent I' + A and ¢ = w(,...,w, + @f,..., @, € C,. Then
L(PJi;,...,w;raq,...,w;, has end-sequent I, wy, ..., w;, F A, @f, ..., 0.

Proof. In the inductive construction of S-Projections, for every subproof
¢’ of ¢, |¢’' ]~ has an end-sequent that is the composition of the Qcp(p)-
impertinent subsequent of the end-sequent of ¢” with the subclause ¢’ of ¢
containing only atoms that occurin ¢’. For ¢’ = ¢, the Qcp(p)-impertinent
subsequent of I' - Ais I" + A itself and ¢’ is equal to c. Therefore, the end-
sequent of I_QDJCSUI o 19 T, wp,...,0, FA @, ..., w0 O

,...,w;l—a)f,..., m

Theorem 4.2 (Correctness of S-Projections). A S-projection of a skolem-
ized proof ¢ with respect to a clause c is a projection of ¢ with respect to
c.

Proof. This is an immediate consequence of Lemmas 4.7} A.2land O

Example 4.5 (S-Projection). Consider the proof ¢ of Example[d.T}

Ar A BI—B/\ B+ B AI—A/\

A B-rAAB Ar ABFBAA Ar

ANBFrAAB ! AABFBAAwﬁt cvC crC .
AANBFBAA Ckal

(ANB)VCFBAA,C

S

Then, the projections |¢|>, ~ and L(pJfB/C are:

FA,C

ArA 4, BrB o,

ABrFA A,B+B

ANBrA ' _CrC ANBrB ', _CrC

r r r r

ANBFA,BANA CrCC v ANBFB,BAA Cr(CC v
ANB)VCFrACBAAC (ANB)VCrBCBAAC
The projections | @2, , and |@J?, , are:

ArA 4 BrB 4,

ABrHA A,B+B 1

_ABrA _AbFD

AANBFrA w, CrC w; AANBrB w, CrC 4,
AANBFABANA CCrC v, ANBFB,BAA CCrC v,

(ANB)VCCFA,BAAC (ANB)VCCFB,BAA,C
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S

The projections | @]y », - and I_(pjg/ Ay are:

B+ B AL A A, B+ B ArA .
B,A,+rBAA W CrC w, B,AFrBAA w CrC 1
AAB,BArBAA CrCCC AANB,BArBAA CCrC
(AANB)VCB,A+rCBAA,C : (AANB)VCB,A,C+-BAA,C

O-Projections

Construction algorithms directly extracted from proofs of existence are
usually not optimal’, and this is the case for the algorithm that constructs
S-projections. S-projections are very redundant, simply because their
end-sequents must always contain the whole end-sequent of the original
proof with cuts.

This Subsubsection describes a method to construct less redundant
projections, which are called O-projections. Many auxiliary definitions
are needed to formalize precisely certain proof transformations. While
these auxiliary definitions might make the construction of O-projections
seem to be a quite technical procedure, the intuitive idea behind this con-
struction is quite simple and perhaps even more intuitive than the proof-
recursive construction of S-projections. The method follows roughly three
steps: firstly, cut-pertinent inferences are “deleted” (so that cut-pertinent
occurrences are propagated down to the end-sequent, and thus the end-
sequent now contains every clause of the clause set); then, occurrences
and inferences that are not in a certain sense relevant to the occurrences of
the specific clause under consideration are also “deleted” (this guarantees
that only that clause will occur in the end-sequent of the projection); and
finally, the problems introduced by the previous two steps are fixed.

Most of the auxiliary transformations make use of Y-inferences. This
is because inferences cannot be simply “deleted”, especially if they have
arity greater than one, since then it would not be clear how to merge
the subproofs of all branches. That is why inferences are actually not
deleted, but rather replaced by Y-inferences of arbitrary arity. Later, the
Y-inferences can be eliminated (Definition [4.2.19).

Definition 4.2.7 (Y Rule). The Y rule of inference is shown below:

P1 Pn
A I, v A,
Iy,....,T,rA1..., A,

! For another example of non-optimal algorithms extracted from proofs, note that reductive
methods of cut-elimination can be seen as algorithms directly extracted from Gentzen’s proof of
the cut-elimination theorem, which is essentially a proof of existence of cut-free proofs.

Y
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Definition 4.2.8 (Inference Replacement). Let ¢ be the proof below:

(Pl (Pn
I, IV ALAY 0 T, ThEAA), o
Iy,....T, T A, ..., A, AP Egb
I'rA

Then the proof ¢’ shown below is the result of replacing the inference
p1 by the inference sequence p;.

P1 ©On
T, T FALAY . T, ThE A, AL
Ty,..., T, TP, TTF Ay, ..., A, AP2, A

I, IT+ A, A

P
Ly

where )’ is the proof thread y with all descendant occurrences of I'”
and AP replaced by the corresponding occurrences of I'”z and AP> and
having the extra conclusion occurrences of p;, ITand A, added to each of
its sequents (i.e. the extra occurrences are propagated downward to the
end-sequent).

Example 4.6 (Inference Replacement). Let ¢ be the proof below:

Ar A ArA
ArA

cut
Then @y below is the result of replacing cut by a Y-inference:

ArA ArA
AAFAA

Y

And @_, below is the result of replacing cut by a —, in the right branch and
an,:

AFA -,
ArA FAﬁAA
AFA (AAN-A) '

Definition 4.2.9 (Pertinent Y-Replacement). Y{(¢p) denotes the result of
replacing all Q-pertinent inferences in ¢ by Y inferences, called the Q-
pertinent Y-replacement of ¢.
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Example 4.7 (Pertinent Y-Replacement). Let ¢ be the proof below, where the
cut-pertinent atomic occurrences and inferences have been highlighted:

Ar A B+ B B+ B ArA

A, A,
A,B-rAAB A A,BFBAA A
AANBFrAAB ! A/\BI—B/\ACLit CrC_CrC .
AANBrBAA CrC ,
(ANB)VCFBAA,C
Then Y5 (@) is:
Ar A BI—BY B+ B AI—A/\
ABrA,B /\@ A BFBAA 7
AANBFADB ABFBAA .° CLC CrC

ANB,A,BFA,B,BANA Yo CCrCC Yo

(ANB)VC A,B,CrA,BBAA,CC

Vi

Definition 4.2.10 (Impertinent Y-Replacement). Y$(p) denotes the result
of replacing all Q-impertinent inferences in ¢ by Y inferences, called the
Q-impertinent Y-replacement of ¢.

Definition 4.2.11 (Eigen-Y-Replacement). A Q-pertinent Y-replacement
of ¢ is an eigen-Y-replacement if and only if Y2 (¢) violates no eigen-variable
conditions. In this case, ¢ is called Q-pertinent eigen-Y-replaceable.

A Q-impertinent Y-replacement of ¢ is an eigen-Y-replacement if and
only if Y(¢) violates no eigen-variable conditions. In this case, ¢ is called
Q-impertinent eigen-Y-replaceable.

Example 4.8 (Y-replacement with Eigen-Variable Violations). Let ¢ be the
proof below:

P(a) + P(a) v P(a) + P(a)
(Vx)P(x) F P(a) ' (Vx)P(x) F P(a) '
(VX)P(x) - (Vx)P(x) " (Vx)P(x) + (VX)P(x) "

V0P@) F (Y0OP@) cut

Then, chp ((’))(qo), shown below, has a violation of the eigenvariable condition
for the ¥, inference:

P(a) + P(a) P(a) + P(a)
(Vx)P(x) - P(a) ' P(a) F P(a)
(Vx)P(x) + P(a) P(a) + (Vx)P(x) |

(Yx)P(x), P(a) + P(ax), (Vx)P(x)
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Lemma 4.4 (Qcp(¢p)-pert. Eigen-Y-replaceability of Skolemized Proofs).
If ¢ is a Skolemized proof, then ¢ is Qcp(@)-pertinent eigen-Y-replaceable.

Proof. By definition of Skolemized proof (Definition 4.2.6)), ¢ has no cut-
impertinent strong quantifier inferences. By definition of pertinent Y-
replacement, any cut-pertinent strong quantifier inference in ¢ are re-
placed by Y inferences in the Qcp(p)-pertinent Y-replacement chp ((P)(go).
Therefore, Yg CP ((p)((p) has no strong quantifier inference, and hence violates
no eigen-variable condition. By definition of eigen-replaceability (Defini-
tion £.2.11)), @ is therefore Qcp(p)-pertinent eigen-Y-replaceable. O

Example 4.9 (Non-Skolemized but Qcp(p)-pertinent Eigen-Y-Replaceable
Proof). Let ¢ be the proof below:

Qa) F Q(a)
PrP_ PrP (Vx)Q@) F Qa)
Prp M @00 (O |
P, (Vx)Q(x) - P A (Vx)Q(x) '

Then, even though ¢ is not skolemized, chp((P)((p), shown below, has no
violation of eigenvariable conditions:

Q@) + Q(a)
PrP_ Prp . (WQE Q@)
PP+PP (Vx)Q(x) + (Vx)O(x) A’
P,P,(¥x)Q(x) + P,P A (Yx)Q(x) '

Definition 4.2.12 (Axiom Linkage). Two atomic (sub)formula occurrences
w1 and w, in a proof ¢ are axiom-linked, denoted w, e w,, if and only if
there are formula occurrences w; and @) in an axiom sequent of ¢ such
that ] \, w1 and W), \ ws.

Definition 4.2.13 (Axiom-Linked Set of Occurrences). Let w be an atomic
(sub)formula occurrence in a proof ¢. The set of occurrences axiom-linked
to w in @ is:

Qu(p) = {wilw; oo w}
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Example 4.10 (Axiom-Linked Sets of Occurrences). Let ¢ and chp ((p)((p) be
the proofs shown in Exampleld.Zl These proofs are shown again below, with each
color representing a set of mutually axiom-linked atomic occurrences.

AFA BI—B/\ F AI—A/\

A,B-rAAB ' A BFBAA /\’

AABFAAB 'Y TAABEF AAC& CrC _CrC .,
ANBEBAA CI—CVZ

(ANB)VCFBAAC

AFA B+ B Y F AFA A
A,B+A,B ® A, BFBAA y ’
AABFA,B A,BFBAA Y® CrC CrC
AANB,AB+A,B,BEANA ® C,CrC,C
(ANB)VC,AB,CFrABBAA,C,C

1

Yo

Vi
Definition 4.2.14 (Proofoid). The proofoid (@) of a proof ¢ with respect
to a set of occurrences () (an Q-proofoid) is obtained by:

1. performing Q-impertinent Y-replacement.

2. removing all Q-impertinent formula occurrences.

Definition 4.2.15 (Proof-Slice). The slice of a proof ¢ with respect to a set
of atomic occurrences {wy, ..., w,} is:

LPS01,00 = (@)U, 00 (0)

Remark 4.2.1. A slice of ¢ is an Q-proofoid of ¢ with the additional
restriction that Q should be the union of sets of axiom-linked atomic
occurrences.

Example 4.11 (Slice). Consider chp ((P)((p) shown in Example Then
o P (@)1, s:

AFA F F F
A FA Ye r Yo
L T8 A — Y,
AANBFA = y CrC - y
AN FA ® C vC ®
(AAB)VC A, C :

The A inference in the proofoid above is “broken”, since one of its auxiliary
formula occurrences is missing. This motivates Definitions [4.2.16 and 4.2.17
which aim at fixing such problems.
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Definition 4.2.16 (Broken Inference). Aninference p is broken in a proofoid
Y if and only if some of its auxiliary occurrences are missing.

Definition 4.2.17 (W-Fixing). Fixing a broken inference p that is not a
contraction can be done by adding weakening inferences according to the
proof rewriting rule shown below:

P1 Pn
A I,rA, 0
THFA
U

P1 Pn
I e Ay . I,rA, X
w w

[, IR A AL I, T F A, A,

I'rA P

where I': and A’ (1 < j < 1) are the missing auxiliary occurrences of p.

If p is a broken contraction, simply skipping it is better than adding
weakening inferences to fix it. This is done with the following proof
rewriting rules:

I'+AF
I'+AF

r

I'+AF

ETHA
ETFA

ETFA
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Example 4.12 (W-Fixing). Consider 1Y 5" (9)$(a.c) shown in Example 111
Then Wes (@Y™ (@)51,0) is:

Ar A F

A FA Ye F F
T w Yo
A,BrA
AR L SEIN Yg
AANBFA y CrC - y
AN FA ® cC rC ®
(AAB)VC A, C ’

Definition 4.2.18 (Argmin). Let Sbeasetand f : S — IN.
Then argmin f(x) denotes an x € S such that forall y € S, f(x) < f(y).

xeS

Definition 4.2.19 (Y-Elimination). The elimination of Y inferences follows
the proof rewriting rule shown below:

P1 ©On
AN TnFAnY
Iy,.... T, r AL A,
U
Pj
FJI-A] §
w

Iy,..., T FA LA,

as long as the following contraints are satisfied:

e The proofoids ¢, ..., @, should not contain Y-inferences (this en-
forces an uppermost Y-elimination strategy and guarantees conflu-
ence).

o Let P = (Y| = p;and 1 < i < nand ¢;is a proof}. If P # 0, then
@; = argmin [{].

peP

[¢] denotes the normal-form of ¢ according to the Y-elimination proof
rewriting rules.
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Example 4.13 (Y-Elimination). Consider WﬁX(ZYgCP ((P)((p)S{ A,cy) Shown in Ex-
ample 120 A Y-elimination rewriting sequence for it is shown below:

Ar A F

A, +HA wY® H 5
T wy Yo
A,BrFA F
PR 4 SN
ANBEA F CrC ,_
AN FA Yo C +C VY@
(AANB)VC A, C :
U
A FA w, F + Y®
A,BFA F
ANBEA M F Yo
Y CrC vy
AN FA ® c rC ®
(ANB)VC FA, C :
U
A FA W
A,BFA F
4 A
ANBFA F 11;@ CrC F oy
AN FA ® C rC ®
(ANB)VC FA, C :
U
A FA w
ABrA Al
ANBFA . y. CrC oy
AN FA ® cC rC ®
(ANB)VC FA, C :
U
A FA
ABrA_ Y crCc v
ANBFA c rc_°
(ANB)VC FA, c

U
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A FA W,

A,BFA A

AANBFA ' CcrC y
(AAB)VC A, c !

Therefore [Wax(Y 5" (@)$14,0c)] is:

Ar A
A,BrA
— A
ANBFrA CrC

(AANB)VCFEA,C

w

Vi

Definition 4.2.20 (Necessary Empty ®-juncts). Let S be a ®-junct in a ®®-
normal-form of the cut-pertinent struct S,, of a proof ¢. If S has an empty
®-junct occurrence € as a substruct, €, is called necessary if and only if
there is an inference p in ¢ and a formula occurrence w in S such that p is
simultaneously Q,(¢)-pertinent and Q. (p)-pertinent.

Definition 4.2.21 (O-Projection (With Respect to a ®-junct)). Let ¢ be a
proof and S be a ®-junct in a ®®-normal-form of the cut-pertinent struct
S,. Let S" be S after removal of all unnecessary empty ®-juncts. S’ is of
the form 51 ® ... ® S,, where S; is either a formula occurrence w;, its dual
—w; Or a necessary empty ®-junct €.. The O-projection of ¢ with respect to
Sl®...®5nis:

92 = Wi QY5 @)S1a,..00)]

where @; is the corresponding w; or €..
Remark 4.2.2. The reason why O-projections must take the empty ®-

juncts eg into account is that otherwise ZYSCP ((p)((P)S{@l,,,,,@n} would contain
non-fixable broken binary inferences.

Example 4.14 (O-Projection (With Respect to a ®-junct)). Let ¢ be the proof
below:

PrP Pkpcut
PrP F

Ay
P,OrPA

Its cut-pertinent struct S, is:
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It can be ~»gg-normalized to:
P®c.)®(-P®c.)

Then L(pJI?® is shown below (note that ¢, is unnecessary in P ® ¢.):

PrP

And | |9, is shown below (note that c.. is necessary in =P ® c..):

PrP F
P,OrPA

Remark 4.2.3. Interestingly, the distinction between necessary and unnec-
essary empty ®-juncts is only required in the case of ~gg-normalization.
If ~gg,-normalization (Definition 4.4.T)) and ~g,,-normalization (Defini-
tion4.3.12) are used, all empty ®-juncts are necessary.

Definition 4.2.22 (O-Projection).

Let ¢ be a proof and c be clause from C, and S be the ®-junct whose
clausification resulted in c. The O-projection of ¢ with respect to the
clause c is:

lpl0 = LpI9

Remark 4.2.4. The reason why the O-projection with respect to a clause
is defined as the O-projection with respect to its corresponding ®-junct
is that the ®-junct still contains information about the empty ®-juncts
(which originate from axiom sequents containing no cut-pertinent for-
mula occurrences), which is lost during clausification.

Lemma 4.5 (O-Projections are Proofs).

Let ¢ be a Qcp(¢)-pertinent eigen-Y-replaceable proofandc = wy, ..., w, +

a);r, ..., @y, € Cy. Then I_(pjg, T is a proof.
O F T 0y

Proof. All'Y inferences are eliminated. No eigen-variable conditions are

violated, since ¢ is Qcp(p)-pertinent eigen-Y-replaceable. All other infer-

ences are correct due to W-fixing. O

Lemma 4.6 (O-Projections are Cut-free).
Let ¢ be a proof and ¢ = w7, ..., w, + @7,...,w,, € C,.
Then [ @]9 .+ is cut-free.

1 m

,...,a);l-a)f,..., )
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Proof. chp ((P)((p) is the result of replacing all cut-pertinent inferences in
@ by Y inferences. Since cuts are cut-pertinent, they are also replaced.
Therefore qujg_ ot St be cut-free, because no procedure in the
O e

construction of O-projections adds cuts. ]

Lemma 4.7 (O-Projections have Correct End-Sequents). Let ¢ be a proof
with endsequent I' + A and ¢ = w7,...,w, + @j,..., @, € C,. Then
|_q0J2I ,,,, Wt has end-sequent I, w{, ..., w, + N, w7, ..., w,, withT" C
I'and A" C A.

Proof. wi,..., w,,w7,...,w, are ancestors of cuts and, after cut-pertinent
Y-replacement, they will appear in the end-sequent of chp ((p)((p). More-
over, Wy, ..., w;,,w;,..., o are (Ui, Q,-(p)) Y (UL, Q,:(p)))-pertinent,
and hence they are not removed during slicing. On the other hand, slic-
ing removes other cut-pertinent occurrences (i.e. it removes occurrences
from other clauses from the end-sequent), since these occurrences are
necessarily (Uu eor,.. w5 ar,.. ot Qo (@))-impertinent.

I and A’ are the multisets having the formula occurrences of I' and
A which are (Uw'e{m;,,.,,w;,w;,,.,,w; 1 Qu(¢@))-partially-pertinent. The formula
occurrences that are (Um'e{m;,,.,,w;,w;,,.,,w;} Q. (p))-impertinent are removed
by slicing. m|

Theorem 4.3 (Correctness of O-Projections). An O-projection of a Qcp(p)-
pertinent eigen-Y-replaceable proof ¢ with respect to a clause c is a pro-
jection of ¢ with respect to c.

Proof. This is an immediate consequence of Lemmas .5 4.6/and O

Example 4.15 (O-Projections). Consider the proof ¢ of Example 4.1k

AFA B+ B A F AFA,A

A,B-rAAB ' A BFBAA Ar

AABFAAB 'Y AABEF AAC& CrC _CrC .
ANBEFBAA CFCVZ

(ANB)VCFBAA,C

Then, the projections L(pJ?A’C and L(pJ?B,C are:
ArA W, B+B w
ABFA A ,BF+B
AABEA 1 CkC ABFB ' CkC

Vi

(AAB)VCFA,C (AAB)VCFB,C

The projections | ]2 , and @]9, , are:
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ArA B+ B
A,BFA CrC w ,BFB CrC w
ANBFA CrC ABFB CrC
(ANB)VC,CFA,C (AANB)VC,CrB,C
The projections |_(pJO’ o and I_(pJO, ey are:
F ArA A, F ArA A,
A,BFBAA w A,BFBAA CrC w
AB,A BFBANA CrC ANB,A,BFBANA ,CrC v,
(AANB)VGABrEAA,C (ANBYVC,ABFBAAC
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4.3 CERespy

The construction of a clause set from the cut-pertinent struct requires
that the struct be transformed to a ®®-normal-form. In the case of stan-
dard clause sets, this transformation is done via ~~¢g, Which basically
distributes ® over @, causing many duplications. Remembering that
cut-impertinent inferences correspond to ® and cut-pertinent inferences
correspond to @, a preprocessing that swapped cut-impertinent infer-
ences upward above cut-pertinent inferences would lead to proofs having
cut-pertinent structs where ® (corresponding to the cut-impertinent infer-
ences that are swapped upward) connectives occur above @ connectives
(corresponding to cut-pertinent inferences over which cut-impertinent
inferences are swapped). Therefore, fewer distributions and duplications
would be necessary, and thus simpler clause sets would result.

Moreover, it is sometimes also the case that, by swapping weakening
inferences downward, whole subproofs could be deleted, resulting in
proofs with even simpler cut-pertinent structs and clause sets.

However, performing local proof rewritings like inference swapping
goes against the philosophy of cut-elimination by resolution, that strives
to abstract away from the proof and work only with compact repre-
sentations (e.g. structs and clause sets) of the information relevant for
cut-elimination. With this philosophy in mind, it turns out that it is pos-
sible to employ an improved struct rewriting system (~gg, ) that trans-
forms structs into ®®-normal-forms taking the possibility of inference
swapping into account, without actually performing the swapping in the
proof. Indeed, it can be shown that ~gg, actually corresponds to in-
ference swapping, in a sense that is made precise in Lemma The
improved cut-pertinent clause set that results from using ~gg,, instead of
~gg is known as the cut-pertinent swapped clause set.

4.3.1 Inference Swapping

In this Subsection, a proof rewriting system (Definition 4.3.10) for in-
ference swapping is described. It is subdivided according to the kind
of dependence (Definition between the inferences that are being
swapped. If the lower inference is independent of the upper inference,
then they can easily be swapped (Definition , with no increase of
proof size. However, if the lower inference is indirectly dependent on the

IThe study of inference swapping in Gentzen’s sequent calculi goes back to [75]. Another
modern and more abstract study of inference swapping can be found in [59].
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upper inference, then swapping requires a duplication of the lower infer-
ence, as well as the introduction of weakening and contraction inferences
(Definition [4.3.3)). The case of eigen-variable dependence can be avoided
by considering skolemized proofs only. Even though two inferences can-
not generally be swapped if there is direct dependence between them,
swapping is possible in the particular case when the upper inference is
a contraction (Definition 4.3.5) or a weakening (downward swapping of
weakening inferences, Definition 4.3.5).

Definition 4.3.1 (Inference Dependence). An inference p; is directly de-
pendent on another inference p,, denoted p; <p p», if and only if a main
occurrence of p, is an ancestor of an auxiliary occurrence of p;.

A strong quantifier inference p; is eigenvariable-dependent on another
inference p, occurring above p;, denoted p1 <o p2, if and only if the
substitution term of p, contains an occurrence of the eigenvariable of p;.

Aninference p; is indirectly dependent on another inference p, occurring
above p1, denoted p;1 <; py, if and only if it is not directly dependent on
p2 and the auxiliary occurrences of p; have ancestors in more than one
premise sequent of p.

An inference p; is independent of another inference p; if and only if p;
is neither directly dependent nor eigenvariable-dependent nor indirectly
dependent on p,.

Example 4.16 (Directly Dependent Inferences). In the proof ¢ below, V; <p
A (i.e. Vs directly dependent on A):

AFA BI—BA B+ B AI—A/\

A B-rAAB A’ A BFrBAA Ar
ABFANB "' AABrBAA ., CrC _ CrC _,
ABFBAA ! CrC 2

V
(ANB)VCFBAA,C :

Example 4.17 (Eigenvariable-Dependent Inferences). In the proof ¢ below,
Y, <0 Y.

P(f(@)) + P(f(a))
(V0P() F P(f(a))
(Y)P(x) F (YO)P(f(x))

A/
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Example 4.18 (Indirectly Dependent Inferences). In the proof ¢ below, the
ancestors or descendants of active occurrences of A, are highlighted in green:

ArA B+ B B+ B AFA.A

A, B-FrAAB ABFBAA A’

ANBrANB AABrBAA ., CrC  CrC .
AANBFBAA ! crC .y, 2

(ANB)VCFBAA,C

Since occurrences highlighted in green occur in two premise sequents of /\,,

<1 A, (i.e. A is indirectly dependent on A,).

Moreover, the green occurrences are also ancestors or descendents of
Therefore, it is also the case that \/, <;

Example 4.19 (Independent Inferences). In the proof ¢ below, ancestors and
descendants of active occurrences of V; are highlighted in red:

ArA BI—B/\ B+ B AI—A/\
ABrAnB " _ABrBAA 7
ANBFAAB AABFBAAC&
AANBFBAA !
(AANBYVCFBAA,C

CrC CrC
CFCVICWZ

Since occurrences highlighted in red occur in only one premise sequent of
cuty and V,, V| is not indirectly dependent on cut,. Moreover, V, is also clearly
neither directly dependent nor eigenvariable-dependent on cut,. Therefore, V, is
independent of cut;.

Definition 4.3.2 (>). Swapping of Independent Inferences:

»1
) ) ) D
I, T, Ty kAP, AP, Ay

TP, TP, Ty k- AP AP, Ay
TP, TP, Ty - AP AP, A

P2

U

©®1
T, Tk AT AT, A
IV, T02, Ty - Al AP, A
P, TP2, T F AP, AP, Ag

P2
P1
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1 P2
YT Ty R AT AR, A I, T AY, Ay

o] o] pl
rpllrf]zlrlll-é F A{)1,A;2’A1, AZ
TP, 10, Ty, To AP, A, Ay, Ay 42

U

(4]

IV T Ty R A AR, A ©2

IV, T02, Ty A AP, A 0T+ AN A,
o T7, T T F AP AP AL A, P1

P2 P1

LT AV A, T, T, T e A AT A

o] o] pl
rpllrf]zlrlll-é F A{)1,A;2’A1, AZ
TP, 10, Ty, To AP, A, Ay, Ay 2

U

1
®2 T T E A, AR, A 5
2
[Tk AV, A T, TP Tk AT, AP A

TP, 17, T3, Ty - AP, AP, Ay, Ag b1

1
VT T e AT AT, A ®2

Ff)l,l“‘l)z,Fl |_AP1,A;)2’A1 ng,l"z I-Agz,AQ

rplr rPZ’ rl/ FZ F Apl/ Apzl Al/ AZ

U
1 ©2
VT Tk AV AT A T, Tk A Ay 0
2
I, 102, Ty, Ty b A AP, Ay, A

TP, T, Ty, T F AP, AP, Ay, Ay ©°

(]
) ) ) )
. 0 T0 T e A AT B
1
ng,l"z F Agz,AZ Ff’l,l“‘;z,l"l F A{)1’Afl)2, Aq

TP, T7, Ty, T F AP, A, Ay, A b2
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P2 01
Fsz, Fz F Agz, Az F;”,FTZ, Fl F A;”,A;JZ, A1

0 )
rflll I’Pz/ Fl/ FZ F Afl 1/ Ap2’ Al/ AZ

To, 10, Ty, T, F A0, AP, Ay Ay F
1 P2
YT Ty R AT AR, A I, T AY, Ay o ©3
FF’I,F$2,F1,F2 |_AP1,A;)2’A1,A2 ng,l“g I-Agz,A3
I0, 00, Ty, T5, s A7, A7, Ay, Ay, A P2
U
1 P3
VT Tk AVLAT, A T, Tk A, As 0 ©2
TV, 102, Ty, T b AV A, Ay, A I, Lok AS, Ay
I0, 102, Ty, Ty, Ts £ A7, A7, Ay, Ag, A P
1 (]
F‘l)l,l“l I-Afl)l,Al Fgl,Fg2,F2|—Agl,Ag2,A2 p (p3
1
FP1,FS2,F1,F2I—APT,A‘Z”,ALAZ ng,l“gl—Ag2,A3 02
rpl 7 rpzl I—‘1/ FZ/ TS F AP] 7 Apz/ Al/ AZ/ AS
U
©2 @3
1 Fgl,ng,Tz F Agl,Agz, Ay Fg2,1"3 F Af;z, Az 0
— 2
rfl)llrl F A;)llAl rgIIFPZIFZI FS - Afz)llAPz, AZ/ AB
0,00, Ty, To, Ts AV, A7, Ay, Ag, A 1
1 P2
®3 VT TR AV AT, A T, Tk AV, Ay 0
1
r§21r3 F AgzlAS rpllrfl)zlrllrz - ApllA;)zl Al/ AZ

rplr rpzr Fl/ FZ/ FS F API’ Apz/ Al/ AZI AS

U
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©3 ©1
l"gz,I} F Agz, A3 rg)],r;}z,l} F A;)],A;)Z, Al 0 ©2
r;)llrpzlrlll—é F ATllApzl Al/ A3 F;IIFZ F AFZ)IIAZ
[P, 102, T, Iy, Ta B AP A2, Ay, Ay, Ag P
P1 Q2
@3 F‘l)l,l"l F A;)I,Al Fgl,ng, Fz F Agl,Agz, Az 0
1
rgzl FS F Agzl AS rpllrgzl I-_‘1/1—‘2 F AP]IASZI Al/ AZ pz
1—‘F)]ll—‘[;)zl:l~—‘l/ FZ/ FS F API/APZ/ Al/ AZ/ AS
U
Ps3 Q2
1 ng,Fg, I-AQZ,Ag, FSI,FSZ,FZI—AS],ASZ,Az
F‘l)l,l"l F A;)I,Al Fgl,FPZ, I, 5+ A;llApz, Ay, A3 o1

FPII erI rl/ FZ/ FB F Apl/ Apz/ Al/ AZ/ A3

Remark 4.3.1. For the sequent calculus LK, the proof rewriting rules
defined in Definition are sufficient. For sequent calculi in general,
analogous rules can be defined for the cases where p; or p, have arity
greater than two.

Example 4.20 (Swapping of Independent Inferences). As shown in Example
4.191v, is independent of cuty in the proof ¢ below:

AFA BI—BA B+ B AI—A/\

A, BFAAB Af A, BFBAA Af

AANBFAAB ! AABFBAAC& CrC  CrC
AANBFBAA ! crC,, 2

(ANB)VCFBAA,C

Therefore, V; can be swapped above cut,, resulting in the following proof ¥
with ¢ > :

AFA B+ B

A
A, BFAAB Ar CkC CrC ., BrB ArA ,
AABFrAAB CrC 2 _ABrBAA 7
(ANB)VCFAAB,C : AABFBAAC;
1

(ANB)VCFBAA,C

The cut-pertinent struct of 1\ is:

Sy, =(AeB)® (Co—C))® (—~B®-A)
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While the cut-pertinent struct of ¢, as shown in Example[d.1) is:

S, =(A®B)® (-B®-A))® (Ce -C)

By comparing the cut-pertinent structs, it is possible to see that the effect of
swapping a cut-impertinent inference (V) above a cut-pertinent inference (cut;)
was that the ®-junction corresponding to V; was swapped within (above, if the
struct is displayed as a tree) the ®-junction corresponding to cut;.

V| can be further swapped above cut,, resulting in the following proof Y’ with

Y >y

AFA B+ B A
A,B-rAAB '
ANBFAAB ' CkC BrB ArA ,
(AABYVCFAAB,C CFCcut A,BFBAA /\’
(AANBYVCFAAB,C 2 A/\BI—B/\AC;t
1

(ANB)VCFBAA,C

Its cut-pertinent struct is:

Sy = (A®B)®C) @ —C) @ (-B® —A)

And its cut-pertinent clause set is:

Cy={+AC; +B,C; Cr; B A}

Comparing it with the cut-pertinent clause set of ¢ shown below, it is clear
that effect of swapping cut-impertinent inferences upward is significant.

Co={rAC; C+rA; +B,C; C+B; BA+C; BACH|

The reason for this beneficial effect is that ®®-normalization distributes ®
over all ®-juncts of a ®-junction, causing many duplications. Swapping, on the
other hand, distributes only over one ®-junct, causing no duplications.
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Definition 4.3.3 (>>p). Distributional Swapping of Indirectly Dependent
Inferences:

P1 ©2
r;)l’r;)z’rl F A;)IIA;)ZI Al r[z)ll r[2)2/ FZ F A;l,Agz,Az pl
[0, T, T9, Ty, Ty b AP, AP, T, Ay, Ay 0
1—‘F)lll—‘[;)zl:lj‘l/ FZ F Apl/ APZ/ A], Az
U
P1 P2
0O T e AT AR A I0, T2, Ty - AL, A%, Ay

w w
P1 P2 P2 P1 AP2 AP2 P1 P2 P2 P AP2 AP2
EIVBIﬁAwAﬂ%&p IO, T, T, T b AS, A AR A,
2
IV, TP, Ty kA, AR, A I, 102, Ty b AV, AP, Ay
rplr rp2/ rp2/ rl/ FZ F APl/ Ap2/ Apz/ Al/ AZ

e, 102, I, T B AP AP, A, Ay

P1

Remark 4.3.2. For the sequent calculus LK, the proof rewriting rule de-
fined in Definition 4.3.3] is sufficient. However, for sequent calculi in
general, the rule must be generalized to cases where, for example, p,
has arity greater than one. Nevertheless, such more general cases are
analogous to the case shown here.

Remark 4.3.3. While the inference p, in the proof rewriting rules of Defi-
nition[4.3.3]can be a contraction, there are cases in which contractions can
be swapped upward in a smarter way, as shown in Definition 4.3.4]

Example 4.21 (Distributional Swapping of Indirectly Dependent Infer-
ences). In the proof Y’ below, /., <

AFA B+ B

A,BFAAB

ANBFAANAB CFCVZ B+ B ArA ,
(AAB)VC+AAB,C CrC AB-rBAA 7

(ANB)VCFAAB,C cutz

AANBFBAA 2\’
(AAB)VCFBAA,C

uty

can be swapped above /\,, resulting in the following proof " with ¢’ >p

lP//..
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ArFA w; B+ B w;

ABFA A,B+ B

AANBFA AANBFB

ANBANBFANB
ANBFAANB CrC v B+ B ArFA A
(ANB)VCFAAB,C Cc+C cut, A BFBAA Al’

(AABYVCFAAB,C AABFBAA

(ANB)VCFBAA,C cuh

Definition 4.3.4 (>>pc). Swapping of indirectly dependent contractions

©1
[, T, To AL A A,
I, 0, Tl B A Ap, A
Iy, T, T B Ay, Ay, A

Fl/ F Al/ .
U
®1
rl/ rp/ rp F A]/ Ap/ Ap
I, [ F A, ¢
I-_‘1/ - Al/
P1 Q2

Tl,rfl),rf FAl,Ap,Ap Fz,r; FAz,A;

Tl,Fp,Hp F Al,Ap,Ap

P2
I, T; F A, A;

rl/ Hp/ Hp F A1/ Ap/ Ap

*

Fl/ F Al/ .

U
1
Fl,Fg),F;) I-Al,AT,AT ()]
T, 1 r A, T,
Fl/ F Al/
P2 P1
©2 T, IO F A, AY Ty, IO, TV F Ay A, A,

I, FS F Ay, A;

I-_‘1/ rp/ Hp F A1/ Ap/ Ap
Ty, 1L, 11, F Ay, Ay, A,

C’(‘
I—‘1/ F Al/

75
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U
®1
P2 Fl,Ffl),Ff I-Al,AT,AT
T, IO F Ag, A Ty, F A, ¢
rl/ F Al/

Definition 4.3.5 (>). Distributional Swapping over contractions:

®1
I-_‘1/ rp/ r?} F Al/ Ap/ AE)

rl/ rp F A]/ Ap
Tl,Hp + Al,Ap

*

c

U

®1
Fl,l"p,l";) F Al,Ap,A;)
[, Tp, T B AL A A,
Iy, T, T, + Ay, Ay, A
Iy, T, T B Ag, Ay, A
Iy, F A,

*

g

-

*

(@}

(4]
Fl/ r;)/ rl P, F Al/ A;)/ A;) o P2
I‘1,l"p |‘A1,Ap I‘Z,FS F Az,Ag
O T+ A A, P

U
®1
T, T2, T kA, A?, A 0>
w*
L, IV T R Ay A, A Do, I0 Ay, A P2
T3, T, 00, F Ay, A, A, P Tk Ay A
Fl,Hp,Hp "Aerp/Ap P

*

I—‘1/ F Al/
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®1

©2 Iy, IV, IV R A, A AT *

T, IOk Ay, Al T, T, kAL A, ¢
I-_‘1/ Hp F A]/ Ap

U
(4]
@2 Tl,FF],F; FAl,A;,A; .
2 Fz,Fg F A, A; Tl,rfl), TT F A, Ap, Ap
Fz,r; F Az,A; Fl,Fp,Hp F Al,Ap,Ap 0
rl/ Hp/ Hp F Al/ Ap/ Ap
Iy, [ F Ay, ‘

Example 4.22 (Distributional Swapping over Contractions). In the proof

Y (with " >c ") below, V| has been swapped above the contraction and
duplicated into two copies: V;and V.

ArA w, B+ B w,
ABrA A,B+B

ArBrA " AABrB
AANB,ANBFAAB ’ CrC v,
(AANBY)VC,AAB+AAB,C CrC
(AANB)VC,(AAB)VCFAAB,C,C
(ANB)VCHANBCC BLB ArA
(AAB)VCFAAB,C CrC at, ABFBAA A[’
(AANB)VCFAAB,C AANBFBAA

t
(ANB)VCFBAAC o

Vi

Cl

Example 4.23 (More Swapping). Now that V| has been duplicated, V; and V,
can be swapped above A, since each copy is now independent of A,. The resulting

proof Y is:

ArA w, B+ B w,
ABFA A,B+B
— N —_— N
AABFA CrC v, AANBFB CrC
(AAB)YVCEAC (AAB)VCrBC
(ANB)VC(AAB)VCHAABCC '
(ANB)VCrANBCC _ : BrB  ArA
(ANB)VCFAAB,C ot ABrBAA T
. _AbEBAA
(AANB)VCFAAB,C 2 ANBFBAA ’t
CUry

(AANB)VCFBAA,C

Its cut-pertinent struct is:

Sy = (A®C)®(BRC))@-C)a(~Be®-A) = (A®C)&(BRC)&-~Co(~Bo-A)
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Note that, due to all the swapping Sy~ is already in ©®-normal-form, and
hence the cut-pertinent clause set of 1" can be obtained simply by clausification

of the struct:
Cy={+AC; +B,C; C+; BAF}

It is interesting to note that Cy» = Cy (Y is shown in Example 4.21),
even though Sy # Sy/. This is because the ®®-normalization of Sy has the
same effect of distributional duplications as the distributional swapping over
contractions.

Definition 4.3.6 (>w). Downward swapping of weakening inferences

over independent inferences.

®1
MTEALA
ETVTFALA
FI°TrArA "

U

®1
IV, TrALA
o T Ap AP
I°,T AP A

w
F,I?, T+ AP, A

1
IV, T AL A ” P2
F,T° Iir Ap,Al Fg,l’z + AS/AZ

»1
ILTRALA
I, TrAYAF
FI°,Tr A, AF "

U

1
IV, THALA
o1 Ap A P
[ TrEAYA
I°, T+ AP AF

1
I, T AL, A ” P2

r‘l},rll-A;),ALF FS,FZI—AS,AZ

7 1/
F/ I—‘p/ Fl/ FZ F Ap/ A1/ AZ

U

$1 P2
NI e AL A T, T r AL A,
P, T, To = AP, A1, Ay
F, 1?0, T, T2+ AP, A1, Ay

P2
o1 I, Tk AD, A,
IV, T1 kA A I,
F/ I—‘p/ Fl/ FZ F AP, A1/ AZ

U

w
F,I0,To kAL, A,

I—‘p/ Fl/ FZ F Ap/ Al/ F/ AZ

U

P1 P2

VT r AL A T0, TR ALLA,
0,1, To = AP, A1, Ay

[0, I, T2+ AP, A1, F, Ay

r

$1 P2
VT rALA T0, T rALLA,
0,1, To = AP, A1, Ay
F,I?,I,T2 - AP, Ay, Ay
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P2 P1 ©2
o1 I, T2k A, A , IV, T kAL A I, Tk AD, A,
I, Tk AL A IV, T+ A, A, F [P, T, T FAP, A, Ay )
0Ty, TaF A, ALE, A, [P, I, T F AP, Ay, F, Ay
U

Definition 4.3.7 (Degenerate Inferences). An inference p in a proof ¢
is degenerate when all its auxiliary formula occurrences are descendants
of main formula occurrences of weakening inferences. When only some
auxiliary (sub)-formula occurrences of p are descendants of main formula
occurrences of weakening inferences, p is partially degenerate.

Definition 4.3.8 (>>p). Downward swapping of weakening inferences
over directly dependent inferences.

®1
I'rA .
p p w
I, TEALA 0
I, ' AP, A
U
»1
I'rA -
I, ' AP, A
P1 1
__hirh L P2 P2 _ DifA
F‘f,rl F A;),Al rg,rz - A;/ Ay rg/FZ F A;/AZ rtl)’rl F AF1)’Al
rp/ Fl/ FZ - Al)/ Al/ AZ b 1_‘p/ FZ/ Fl F Al)/ AZ/ A1
U U
1 P1
I rF A . I'nk A .
w w
rp/ Fl/ FZ - Ap/ Al/ AZ 1_‘p/ FZ/ Fl F Al)/ AZ/ A1

Definition 4.3.9 (>). The proof rewriting relation for downward swapping
of weakening is:
>w = (>wr U >wp)

Definition 4.3.10 (>>). The proof rewriting relation for inference swapping
is:
>= (> U p US> peU>S>cU>y)
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4.3.2 Cut-Pertinent Swapped Clause Sets

In this section another struct rewriting system (~gg,,) to transform structs
into ®®-normal-forms is described. It takes the possibility of inference
swapping into account and distributes ® not among all @-juncts, but only
among some of them. Indeed, it is shown in Lemma4.§that every rewrit-
ing of the struct according to ~»4g,, corresponds to an inference swapping
sequence in the corresponding proof according to >. In summary, while
~ge does full distribution of ® over @, as if cut-impertinent inferences
were always indirectly dependent on the cut-pertinent inferences above
them, ~4g,, does partial distribution when the corresponding inferences
are independent. Moreover, ~ ¢, is capable of exploiting the presence
of weakening in the proof.

In order for the partial distribution and the correspondence to in-
terence swapping to be possible, the struct must encode not only the
branching structure of the proof, in the form of ® and ® connectives, but
also enough extra information to allow the retrieval of the dependencies
between the branching inferences. Although there could be various ways
to extend structs to encode dependency information directly, an indirect
and quite minimalistic extension is given here. In the proof of Lemma
[4.8]it becomes clear that it is possible to retrieve dependency information
from structs containing additional information regarding the pertinence
of its formula occurrences in the sets as described in Definition

Cut-pertinent swapped clause sets (Definition of proofs are simply
defined as the clausification of ~gg,-normal-forms of the cut-pertinent
structs of the proofs. While swapped clause sets are always smaller than or
of equal size to standard clause sets, they have the disadvantage of being
non-unique, because ~gg,, is non-confluent. Therefore, in general more
than one swapped clause set of a proof is necessary to fully characterize
the set of all possible CEResy-normal-forms for the proof. Nevertheless, it
isimportant to note that each swapped clause setis unsatisfiable (Theorem
4.5).

Swapped clause sets are very similar to profile clause sets, which have
been defined in [66]. In fact, the concept of swapped clause set evolved
from attempts to find an intuitively simpler definition for profile clause
sets. In Subsection 4.4, profile clause sets are defined and the slight
difference with respect to swapped clause sets is discussed.

Definition 4.3.11 (Inference Occurrences). Let w;, ..., w, be all the occur-
rences of atomic subformulas of auxiliary occurrences of an inference p
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in a proof ¢. Then:

Q) = | Qu (@)

1<i<n

81
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Example 4.24 (Inference Occurrences). In the proof ¢ below, the occurrences
belonging to Oy, (@) have been highlighted in red:

AFr A BFBA B+ B AFA.A
ABrAAnB 7 _ABrBAA 7
AANBFrAAB ! AABFBAAC&
AABFBAA !
(AANBYVCFBAA,C

CrC CrC
CFCVZCWZ

And below, the occurrences belonging to Qe (@) have been highlighted in
blue:

Ar A B+ B B+ B Ar A

ABrAAB p’ ABrBAA f’
ANBFAAB ! AABFBAA Ctht CrC  CrC
AANBFBAA ! CrC 2

(ANB)VCFBAA,C Vi
Definition 4.3.12 (~gg, ). In the struct rewriting rules below, let p be
the inference in ¢ corresponding to ®,. For the rewriting rules to be
applicablek, Suit, -+, Suem and S must contain at least one occurrence from
Q,(¢p) each (i.e. there is an atomic substruct S’ , of S, such that S, €
Qu(p)), and Sy,...,S, and S; and S, should not contain any occurrence
from Q,(¢). Moreover, an innermost rewriting strategy is enforced: only
minimal reducible substructs (i.e. structs having no reducible proper
substruct) can be rewritten.

SR, (S1D. . DSBS 1D . DS 111) ~agy S10. . DS D(S®,S,111)®. . D(S®S,4m)

(51®.. . 85:85,:1®. . BS,11)®,S ~azy S10...B5,B(S5,1180,5)®. . .(S5,:m®,S)

Sl®psr oW S Sl®psr ~ oW S, Sl@psr oW S Sleapsr oW S,

569987 ~ o Sy Sl®ps oy Sl

Remark 4.3.4. The struct rewriting rules of ~4g,, include not only rules
to distribute ® over @ in a more clever way, but also rules to handle

X Note that 111 can be equal to zero, in which case the first two rewriting rules simply degenerate
to:
5®‘,(51®...®Sn)’\»@®w S]@@Sn

(Sl@...@sn)@VS’\/}@@W 510...85,
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struct connectives that correspond to degenerate and partially degenerate
inferences. These rules are related to downward swapping of weakening
inferences, as shown in Lemma 4.8

Example 4.25 (©®w-Normalization). Let ¢ be the proof below:

AFA B+ B Al F AFA A2

A,B-rAANB r A,BFBANA /\r

AANBFAAB ' AANBrBAA Zt3 CrC _CkrC
AANBFrBAA cu CrC 5

(ANB)VCFBAA,C !

cut*

Its cut-pertinent struct is:

S, = (A8'B)® (-B & —A)) @ (Ca* —()

Considering that {A, B, C} C Qv?((p) and {A,B,C} N QV?((p) = (), the struct
can be normalized in the two ways shown below:

S, (Ae'B)@® (B & -A)) ®° (Ce* -0)

~egy  (AGB)® (Cat —0)) @° (B &> —A)

~emy (A (Cat—=0)) @' (B&® (Cat () @® (~5B&*-A)

~eey  (A® C) @t -C) @ (B®® C) @ -C)) @° (-5 &* —A)
= ARRO)e-CoBCO)d-Ca(—5&®*-A)

Si

)
<
Il

(A®' B) ®® (B ®* =A)) ® (Ca* -C)

~es, ((A®'B)®° (C*-0)) & (-5 " -A)

~asy  (A®'B)® C) &' -C) & (-5 @ —A)

~asy (A C)@' (B® () @' —())®° (-5 & -A)
= A QO)®BRC)e-Ca(—-Bc*-A)
= S,

Theorem 4.4 (Non-Confluence of ~gg,, ). ~as,, is non-confluent.

Proof. Example shows a struct having two different ~gg, -normal-
forms. Therefore ~ 45, is non-confluent. Example also shows that
non-confluence can be caused when there is a reducible substruct on
which both of the two first rewriting rules shown in Definition [4.3.12]
can be applied. Yet another and more obvious source of non-confluence,
however, are cases in which any of the four last rewriting rules shown in
Definition can be applied, because then another of those rules can
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always be applied. It is necessary to choose which @-junct (or ®-junct) to
delete; and, unless both juncts are equal, each choice will clearly lead to a
distinct normal form. m]

Definition 4.3.13 (Cut-pertinent Swapped Clause Set). A cut-pertinent
swapped clause set of a proof ¢ with respect to a ~»gg,-normal-form S
of S, is:

c;vls = cl(S)

In cases where a proof ¢ has only one cut-pertinent swapped clause
set, it can be denoted simply as Cy)'.

Example 4.26 (Cut-Pertinent Swapped Clause Set). Let ¢ be the proof con-
sidered in Exampleld.2bland Sy and S, the two ~ g, -normal-forms of S, shown
there. Then:

Chis, ={ +AC; +B,C; Cr; Cr; BAF)

Cois, =1 +FA,C; +B,C; Cr; B A}

. . . W _ W . . .
It is interesting to note that C s = Cs (since they are sets). This is no

coincidence. It always occurs when the non-confluence in the struct level is due
to non-degenerated applications of the first two rewriting rules.

Lemma 4.8 (Correspondence between ~ g, and >). If ¢ is skolemized
and S, ~eg, S, then there exists a proof ¢ such that ¢ > 1pand S, = S.

Proof. The proof can be subdivided into the possible cases of ~gg, -
rewriting:

e Case 1: the selected reducible substruct has the form 5®,(5:®. . .®5,)
(and is rewritten to S1 & ... ® S,):

Let p be the inference in ¢ corresponding to ®,. Let ¢’ be the
subproof having the conclusion sequent of p as end-sequent, @] be
the subproof of ¢ having the left premise sequent of p as its end-
sequent and ¢/, be the subproof of ¢ having the right premise sequent
of p asits end-sequent. Clearly, Sf;,cp @ = Sand S%CP @ = (5,0...85,).

1

Since S2?) contains no occurrence of Q,(¢p), it must be the case
2
that all auxiliary occurrences w; of p occurring in its right premise



4.3. CERESy 85

sequent are descendants of main occurrences of weakening infer-
ences. Hence, there is a proof >-normal-form ¢’ of ¢7.

Moreover, since S®(S; @ ...® S,) is a minimal reducible substruct,
the occurrences w; are not ancestors of any cut-impertinent binary
inference (for if they were, there would be a reducible substruct of
52(51 @ ...®S,), contradicting the fact that S®(51 @ ...® S,) is a
minimal reducible substruct of S,). And, clearly, w; are also not
ancestors of any cut-pertinent binary inference, because p is cut-
impertinent. Therefore, in the sequence rewriting ¢’ into ¢;, none
of the rewriting rules of >y that delete binary inferences is used.

Consequently, S7®) = §9r@),
(2 (2
Let ¢” be the result of replacing @) by ¢’ in ¢’. Clearly, ¢” is of the
form:
¢é//
z IhrA

p p p p w
F],Fll—A],A1 Fz,le—Az,Az
Iﬂp/ FZI rl F Ap/ AZ/ Al

where ¢} is:

7’

P,
ILEA,

w
[0, Tk AL Ay

By using one of the rewriting rules of >p, ¢” can be rewritten to
the proof 1" below:

7’

®,
F2 F Az
[0, To Ta F AV, Ay Ay

*

Clearly, Sf;,cp((’)) =(51®...885,)

Therefore, there exists a proof 1 (namely, the proof obtainable from
¢ by replacing its subproof ¢’ by ¢) such that ¢ > ¢ and S, is S,,
with S®&(5:®...® S,) rewrittento S1®...® S,,.

e Case 2: the selected reducible substruct has the form (S5;®...8S5,)®S
(and is rewritten to 51 @ ... ® S,): Symmetric to case 1.
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Case 3: the selected reducible substruct has the form S,®S, (and is
rewritten to S,): Analogous to case 1.

Case 4: the selected reducible substruct has the form S,®S, (and is
rewritten to S;): Analogous to case 2.

Case 5: the selected reducible substruct has the form S;®S, (and is
rewritten to S,): Analogous to case 1.

Case 6: the selected reducible substruct has the form S;®S, (and is
rewritten to S;): Analogous to case 2.

Case 7: the selected reducible substruct has the form S®S, (and is
rewritten to S,): Analogous to case 1.

Case 8: the selected reducible substruct has the form S;®S, (and is
rewritten to S;): Analogous to case 2.

Case 9: the selected reducible substruct has the form S®,,(S" ®,, 5”)
(and is rewritten to S’ @, (5®,,5")):

Let p, be the inference corresponding to ®,, and p; be the infer-
ence corresponding to ®,,. Since p; is cut-pertinent and p, is cut-
impertinent, p, is not directly dependent on p;. Moreover, ¢ is
skolemized and thus p, is also not eigen-variable dependent on p;.
As only 5” has occurrences of Q,,(¢), €,,(¢) has occurrences in at
most one premise sequent of p;, and hence ancestors of auxiliary
occurrences of p, occur in at most one premise sequent of p;. There-
fore p, is independent of p;. Moreover, any inference p; (on the path
between p, and p;) on which p, directly depends is also independent
of p1.

Consequently, there exists a proof { with ¢ >} 1) where p; and all
inferences p; on which it depends have been swapped above p;, so
that Sy is S, with 5®&(5’ ® S”) rewritten to S’ ® (S®S5”).

Case 10: the selected reducible substruct has the form S®(5” & S”)
(and is rewritten to (5®S") ® S”’): Analogous to case 7.

Case 11: the selected reducible substruct has the form (5’ & S§”)®S
(and is rewritten to (5'®S) @ S”'): Symmetric to case 7.

Case 12: the selected reducible substruct has the form (S’ & 5”)®S5
(and is rewritten to S’ @ (5”’®S5)): Analogous to case 9.
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e Case 13: the selected reducible substruct has the form (5’ ®,, 5”)®,,S
(and is rewritten to (5'®,,5) ®,, (5”®,,5)):

Since p; is cut-pertinent and p, is cut-impertinent, p, is not directly
dependent on p;. Moreover, ¢ is skolemized and thus p, is also
not eigen-variable dependent on p;. However, as both 5" and 5”
have occurrences of Q,,(¢), p2 <; p1. In the sequent calculus LK,
this can only happen if there exists a sequence of unary' inferences
Py = (Ppys---,Pp,) On the path between p, and p; such that pp, is
indirectly dependent on p; and p, depends on pp,, for any i such that
1 <i < n. Moreover, any inference pp, (on the path between p, and
p1) on which p, directly depends is also independent of p;.

Let ¢’ be the subproof of ¢ having the conclusion sequent of p; as its
end-sequent. Then, there exists a proof ¢ with ¢’ > ¢” (swapping
p;, and p; above all inferences on which they do not depend) such
that ¢” has the following form (or a form symmetric to it):

P1 P2
Iy, IV T R A A AR T, T2, T F Ag, A, A o
rlIFZI r‘fzrrgzlrpl - Al/ AZ/ A;)ZIASZIAPl p* q)3
2 D 2
Iy, To, TPk Ay, Mg, FL, AP I3+ As, FY

Fl/ FZ/ F3/ ey Al/ AZ/ A3/ sz/ APt P2

Then there exists a proof ¢”” with ¢” >* ¢"’ (swapping p}, above
p1) such that ¢”” has the following form:

P1 ¢2
D2 )2 g 3
Iy, T2, T8 - Ay, AL, A ) T, 0%, IOk Ay, AD?, AD )
w
P2 P2 P1 P2 AP2 AP1 P2 P2 P1 P2 AP2 AP

F],rl ,F2 'Fl FA],AI ’AZ 'Al p* Fz,rl ,F2 'FZ I-Az,AI ,A2 ’AZ p*
> D > D

Ty, Tk A, P2, AT Ty, IOk Ag, FV2, A )

1

) )
Ty, T, TPk A, Ag, FS F2, APL c ?3
T
T1, T2, TPk A, Ag, F3, AP T3+ Ag, FY?

2
T3, T, T, TP b Ay, A, As, FV2, AP P

77

Then there exists a proof ¢® with ¢’ > ¢® (swapping p, above
the contraction) such that ¢ has the following form:

'If the inferences were not unary, the struct would simply not be of the form (5’ @,, S”)®,,S.
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P1 @2
Ty, I Tk Ay, AP, A7 o, T9 T b 8o, AT, AT

D2 D2 P ); ); P w’( D2 D2 P ); ); P w’(

Ty, T, 105, Tk Ay, AP AR AT . Ty, I, T, T50 F Ag, ATF, AD? AT .

— fp — fp

T, T kA P AT Lo, I kA, F2 A ) @3
1
Iy, T2, TP+ Ay, Ag, 3L F AP T3+ Ay, FY o

2 _ 02 \7
4,02, T3, TP+ Ay, Ay, As, FS FP2, AP T3+ As, FS

P2
Ty, 12,135,153, TP + Ay, A, Az, Az, P2, FP2, AP1

Iy, 1o, T5,15,T° F Ay, Ay, Ag, Ag, 72, AP
Iy, T, 5, TP B Ay, Ay, Ag, P2, AP

Finally, there exists a proof ¢’ with ¢® >* ¢’ (swapping each copy
of p; above p;) such that ¢’ has the following form:

P1 P2
Ty, I, T F Ay, A AT Lo, 19, T8 b Mg, AP, AY
) w*
Ty, T T T R A AT A AT P Lo, TV T5 TS b Ao, AT, A, A .
Pp Pp
Iy, TP R Ay F AT T3k Ag, Py Lo, I0 Ay, s A T3k A, FY
— p2 - — P2
Iy, Ts, T - Ay, As, P2, AT I3, T3, T + Ay, Ag, FP2, A

P1

[y, Ty, TP b Ay, Ay, P D, AP
= c
Iy, 1,135,153, T7 B Ay, Ag, As, As, P2, AP
Ty, T, T3, 1P+ Ay, Ag, Ag, FP2, AP

Consequently, there exists a proof 1) with ¢ >" ¢ (namely, the proof
obtained from ¢ by rewriting its subproof ¢’ to ¢ as shown above)
where p, and all unary inferences pp, on which it depends have
been swapped above p, so that S, is S, with (5" ® 5”)®S5 rewritten
to (S'®S) @ (5" ®85).

e Case 14: the selected reducible substruct has the form S®(S” & S”)
(and is rewritten to (S®S5’) ® (S®S5”)): Symmetric to case 11.

O

Lemma 4.9 (Iterated Correspondence between ~»gg, and >). If @ is
skolemized and S, ~¢,, S, then there exists a proof ¢ such that ¢ >* ¢
and Sy = S.

Proof. This Lemma is just the iterated version of Lemma 4.8/ and can be
easily proved by induction on the number of rewriting steps to rewrite
S‘P to Slp O

Theorem 4.5 (Unsatisfiability of the Cut-Pertinent Swapped Clause Set).
For any skolemized proof ¢ and any ~gg,-normal-form S of S, CZXS is
unsatisfiable.

Proof. By Lemma [4.9] there exists a proof ¢ such that S, = S. Clearly,

C(';\lfs = Cl'/’y. But CZJV = Ci, since S is also a ~»gg-normal-form. Therefore,

C(?lfs = Cﬁ) and, by Theorem [.1] it is unsatisfiable. O
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Proof. Yetanother approach involves an actual construction of a resolution
refutation for C(?'/S, as shown in Chapter By the soundness of the
resolution calculus, C 2'75 must then be unsatisfiable. O

Remark 4.3.5. It is not possible to prove Theorem 4.5 analogously to the
proof of the unsatisfiability of the profile shown in [66, [67], which is es-
sentially based on the fact that the profile clause set of ¢ subsumes C;.
Unfortunately, C (I;\I]S does not subsume C;, in general. In particular, the sub-
sumption fails when ¢ contains degenerate cut-impertinent inferences, in
which case ~gg,, prunes too much of the struct and hence some clauses
of C;, are not subsumed by any clause of Cy.

4.3.3 Projections

The method for constructing S-projections does not work with swapped
clause sets. Specifically the inductive case for cut-impertinent inferences
is problematic. In the case of the standard clause set, in which ® is
fully distributed over @, it must be the case that such cut-impertinent
inferences must always appear in the S-projection. In the case of the
swapped clause set, on the other hand, the existence of degenerate cases
with no distribution imply that such cut-impertinent inferences should
not always appear in the S-projection. While it is definitely possible to
define a modified S-projection with a more fine-grained analysis of the
inductive case for cut-impertinent inferences, as has been done for the
profile in [66] for example, this will not be done here, because it is much
simpler to use O-projections instead.

The construction of O-projections assumes only that the signature of
the struct remains constant™ during the struct normalization process. As
this is the case for both ~ g and ~ 4, , O-projections work equally well for
standard and swapped clause sets. In fact, O-projections were originally
developed here as projections that would work for swapped and profile
clause sets, but they turned out to be quite independent of and hence
robust to changes in the normalization process, allowing them to be used
together with standard clause sets too.

™ In Section[dH] a struct normalizing process that extends the signature is defined. Therefore
O-projections cannot be used there.
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Example 4.27 (O-Projections for Swapped Clause Sets). Consider the proof
@ of Example 4.1l and its cut-pertinent swapped clause set shown in Example
4.20]

Then, the projections | @1°, - and ||, - are:
M w M w
A,BFA A ,B+B
ANBFA ' CrC ABFB ' _CrC |,
1 1

(ANB)VCFA,C (AANB)VCFB,C

The projections |@]2, and L@]? ,, are:

CrC + Ar A
A,BFrBANA

Ar

Comparing the projections above with the projections with respect to the
clauses of C3, shown in Example it is clear that not only the number of
projections is reduced (from six to four), since Cy) has fewer clauses than C(f,, but
also the projections are less redundant as a whole, since each initial cut-pertinent

occurrence is duplicated less often and thus the clauses have fewer occurrences.

4.4 CEResp

Another cut-pertinent clause set, called profile, was developed in [66].
While there the profile is extracted directly from proofs where formula
occurrences are annotated with labels, it is possible to define the profile in
terms of an alternative struct rewriting system for the ®®-normalization
of cut-pertinent structs: ~gg, (Definition 4.4.T)).

The rewriting system ~gg, is very similar to ~gg, , with two differ-
ences: It avoids the first source of non-confluence®, i.e. cases when the
tirst two rules of ~4g, are applicable, because the only rewriting rule of
~ e, 1 essentially equivalent to a unique and minimal choice of applica-
tion order of the two applicable rules of ~g4g,, in such cases. And it avoids
the second source of non-confluence, i.e. the “degenerate” cases in which
a whole substruct is deleted by one of the last four rules of ~¢g,, simply
by keeping both substructs connected by a @ connective (i.e. “degener-
ate” © remain @ while “degenerate” ® are converted to ®). Hence there
is no choice of what substruct to delete in such cases anymore.

"Nevertheless, note that the first source of non-confluence for ~»gg, is not so important,
because it only creates copies that are eventually disregarded during clausification, since clause
sets are sets. In other words, all swapped clause sets obtained from ~»gg, -normal-forms that
differ only because of the first kind of non-confluence are equal.
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Since the last four rules of ~4g,, correspond to the downward swap-
ping of weakening inferences (>wp), it is clear that swapped clause sets
exploit the presence of weakening in the proofs better than profile clause
sets. This is the price paid by the profile clause set for its confluence. Re-
lated to this way of handling weakening is the fact that the profile clause
set of a proof is the union of all the swapped clause sets of the proof.

It is interesting to note that it is possible to define an additional proof
rewriting relation, >, that corresponds to the conversion of “degen-
erate” ® into @. Therefore, while ~gg,, corresponds to > (Lemma [4.9),
~egp cOrresponds to > U >, (Lemma [4.17).

4.4.1 Cut-Pertinent Profile Clause Set

Definition 4.4.1 (~gg,). In the struct rewriting rule below, let p be the in-
ference corresponding to ® in the proof ¢ from which the struct was
extracted. For the rewriting rule to be applicable S,.1,...,S,:, and
Tks1, ..., Try must contain at least one occurrence from €2,(¢) each, and
Si,...,S, and T1,..., T} should not contain any occurrence from C,(¢).
Moreover, an innermost rewriting strategy is enforced: only minimal re-
ducible substructs (i.e. structs having no reducible proper substruct) can
be rewritten.

(T:8..0Ti@T i ®..0T )51 ®..05, 85,1 ®...05,.,)

~o®p
(Me..eTeSe..0S)e( P T.85.)
1<i<!
1<j<m

Example 4.28 (©®p-Normalization). Let ¢ be the proof below:

ArA B+ B F ArA

/\l /\2

A,B-rAANB /\r A,BFBANA /\r
ANBrAAB ' AABFBAA ’t3 CrC_ CrC .,
AANBFBAA cu CrC 5

(ANB)VCFBAA,C !

Its cut-pertinent struct is:

S, =(Aa'B)@ (-8B & -A)) & (Ca* —C)
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And it can be normalized as follows:

S, = (Ae'B)&’(-B&*-A)e (Ca*-0)
~ae, (A®'B)® (C&* ())&’ (5@ -A)
~es (A7 C) @' (B® () &' -0) & (-5 ® ~A)
= ARRO)eBRCO)e-Co(-B&>-A)
= S

Note that S = S,, for S, shown in Example .25l One application of a
rewriting rule of ~qg, corresponded to two applications of rewriting rules of
~eq, i1 an optimal order.

Theorem 4.6 (Confluence of ~gg,). ~ag, is confluent.

Proof. This follows from the non-existence of critical pairs, which is easy
to see, as ~~¢g, has only one rewriting rule and an innermost rewriting
strategy is enforced. O

Definition 4.4.2 (Cut-pertinent Profile Clause Set). The cut-pertinent profile
clause set of a proof ¢ is:

Cp = cl(S)
where S is the ~gg,-normal-form of S,,.

Example 4.29 (Cut-Pertinent Profile Clause Set). Let ¢ be the proof consid-
ered in Examplel4.28l Then:

CI(;:{ FAC; +B,C; Cr; B,AFr)

Comparing Cq, with Cyis and Cyjs, shown in Example#.26) it is interesting
to note that C;, = Cf;\lfsl = C(‘Qlfs2. This is so because there are no degenerate

cut-impertinent inferences in @.

Example 4.30 (Cut-Pertinent Profile Clause Set).
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Definition 4.4.3 (>,). Conversion of degenerate inferences to cuts:

P1 P2
I'hvA . ILEA

p p w p p w
T F AT A, e Ay
rp/rllr.'Z F Ap/ Al/AZ

U
1 P2
| R AN | DREWAY
I'hrALA @r AT+ A Z(Zt

I, - A, A
T, Lok A%, AL Ay

*

Remark 4.4.1. A degenerate inference p, as shown in Definition
could also be removed by using >. However, in this case only one of
the subproofs could be kept and the end-sequent of the other subproof
together with the main formula of p would be introduced by weakening.
Therefore, it would be necessary to non-deterministically choose which
subproof to keep.

It is precisely in the presence of degenerate inferences that profile
clause sets and swapped clause sets differ. While profile clause sets avoid
non-determinism by using a struct normalization that corresponds to >
in such cases, swapped clause sets do not care about non-determinism
and prefer to prune whole subproofs by using a struct normalization that
corresponds to >y in such degenerate cases.

Lemma 4.10 (Correspondence between ~gg, and > U >.,). If ¢ is
skolemized and S, ~eg, Sy, then there exists a proof 1 such that p(>
U >>cut)*1;b and Sl][, = Sl][,.

Proof. The proof is analogous to the proof of Lemma except that the
case for degenerate cut-impertinent inferences corresponds to > ;. O

Lemma 4.11 (Iterated Correspondence between ~gg, and > U > ). If
¢ is skolemized and S, ~g, Sy, then there exists a proof i such that
P> U> ) Ppand Sy = Sy.

Proof. This Lemma is just the iterated version of Lemma and can be
easily proved by induction on the number of rewriting steps to rewrite
S(p to Slp O
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Theorem 4.7 (Unsatisfiability of the Cut-Pertinent Profile Clause Set). For
any skolemized proof ¢, C}, is unsatisfiable.

Proof. The original proof of the unsatisfiability of the profile can be found
in [66,67]. The idea of the proof is to note that C;, always subsumes C;,
which is, by Theorem[4.1], unsatisfiable. Therefore, Cg is also unsatisfiable.

O

Proof. Alternatively, this theorem can be proved analogously to the proof
of Theorem By Lemma [4.11] there exists a proof i such that S, = S.
Clearly, CIL; = Ci, since S is also a ~»gg-normal-form. Therefore, Cg = Ci
and, by Theorem [4.1] it is unsatisfiable. ]

4.4.2 Projections

A modified inductive method for constructing S-projections for profile
clause sets is shown in [66]. The method for constructing O-projections,
on the other hand works without any modification for profile clause sets.

Example 4.31 (O-Projections for Profile Clause Sets). Consider the proof ¢
of Exampleld1L Since its profile clause set Cy, is equal to its swapped clause set
Cy’ shown in Exampleld.26] the O-projections with respect to the clauses of C},

are exactly the same as the O-projections with respect to the clauses of C)), which
are shown in Exampleld.27]

45 CEResp

The construction of standard clause sets from structs is analogous to the
standard transformation of formulas to conjunctive normal forms. Con-
sequently, it has the same well-known disadvantage of increasing the size
significantly in the worst case. Indeed, the size of a standard clause set
can be exponential with respect to the size of the struct from which it is
constructed, in the same way that the size of a clause normal form of a
formula can be exponential with respect to the size of the formula itself.
There exists, however, an improved technique known as structural clause
form transformation [2], based on the extension principle. By using this
technique, it can be shown that the atomic size of the clause normal form
of a formula is in the worst case only linearly bigger® than the size of
the formula itself. The price paid is that the structural conjunctive nor-
mal form of a formula is not logically equivalent to the formula anymore,

°However, the symbolic size can be quadratic due to Skolem terms produced by skolemization.
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because new defined predicate symbols are added, thus extending the sig-
nature. Nevertheless, satisfiability-equivalence is preserved: the formula
is unsatisfiable if and only if its structural clause form is unsatisfiable.
Although profile clause sets and swapped clause sets are great im-
provements of the standard clause set, it is not so hard to see that, in the
worst case, the size of these clause sets is still exponential with respect
to the size of the struct, because distributive duplications still occur (in
cases corresponding to swapping of indirectly dependent inferences). It
is therefore only natural to investigate the possibility of adapting the idea
of structural clause form transformation to the construction of clause sets
from structs, in order to avoid the exponential blow-up in size in the worst
caseP. The purpose of this section is to show how this can be done.

45.1 Cut-Pertinent Definitional Clause Set

Definition [4.5.1] adapts to structs the idea of structural conjunctive nor-
mal form transformation. Every substruct is given a new name, a new
predicate symbol defined to be equivalent to the substruct. The defin-
ing formulas are very shallow formulas and can be easily transformed to
@-junctions of ®-junctions.

Definition 4.5.1 (~>gg,). Let S be a struct. For every non-literal substruct
§=85®...85,0r5=5®...085, of S, a new predicate symbol can be
created together with a corresponding defining formula:

DEfS, = NS/(.X1, . ,xm) > Nn(Si)&”@n(sg)(xl, . ,xm) Ud n(Si) ®...Q n(S;)
or
DEfS, = NS/(.X1, e ,xm) U4 Nn(SE)@”@n(S’;)(xl, e ,xm) g n(Si) b...D n(S;)

where xy, ..., x,, are the free variables of §’, n(S;) is S, if S, is a literal struct
and N 52(}/1, ..., y;) if 5 is a non-literal struct with free variables yy, ..., y;.
The connective < is considered to be just an abbreviation?:

Ao B ®..®B,=(A®B;®...8B,)®(B1®A)&...® (B, ®A)

AoB®..0B,=B1®...9B,9A)®(A®B) ... (A®B,)

PSince structs do not contain quantifiers, no skolemization is necessary. Therefore, by adapting
the structural clause form transformation technique to structs, not only the atomic size of the clause
set remains linearly bounded with respect to the atomic size of the struct but also its symbolic size
remains linearly bounded with respect to the symbolic size of the struct.

9The abbreviation can be intuitively understood due to the analogy of ® with V and & with A.
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where C is -D,if C=D,and D, if C = =D.
Then:
S M®®D S’e
where:

s=ns)e P D,

non-literal substructs S of S

Each defining formula Def ;, originates so-called definitional ®-junctions.
All other ®-junctions (e.g. n(S)) are called proper ®-junctions.

Example 4.32 (®®p-Normalization). Let ¢ be the proof below:

AFA B+ B

/\1 - AFA /\2

A,BFAAB r A, BFBAA /\’
AANBFAAB ' AABFBAA "', CrC CrC
AANBFBAA cut CrC s cut

(AAB)VCEFBAA,C !

Its cut-pertinent struct is:

So=(AeB)o(-B®-A)®(Ce -0)
New predicate symbols can be created and defined by the following formulas:
e Do Co-C
e Eo - B®-A
e F>A®B
e GoFO®E

e HoG®D
Finally, the ~ eg,-normal-form of S,, is:

S* = H®
(-DC)®d(-D®-C)e(-CD®C)®
(CE®-BE®-A)®(EQB)®(E® A)®
(-F®A)®(-F®B)® (~A®-BQF)®
(-G®F)®(-GQE)® (mE®-F®G)®
(FH®G®D)® (-G®H)® (-D®H)
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Definition 4.5.2 (Cut-pertinent Definitional Clause Set). The cut-pertinent
definitional clause set of a proof ¢ is:

CZ = cl(S)

where S is the ~ g, -normal-form of S,

The clauses corresponding to definitional ®-junctions are called defini-
tional clauses. The clauses corresponding to proper ®-junctions are called
proper clauses.

Example 4.33 (Definitional Clause Set). Let ¢ be the proof in Example[d.32]
Then, its definitional clause set C}) consists of the following clauses. The proper
clause is + H. All other clauses are definitional clauses.

DrC D,Cr C+D,C
E,B,AFr +E, FE A
FrA F+B A,B+F
G+ F GF+E E,F+rG
H+G,D G+H D+ H
FH

4.5.2 Projections

The construction of projections requires special care when definitional
clause sets are used. The reason is that the clauses now contain many new
predicate symbols which do not occur in the proof. Since S-projections
and O-projections contain only symbols that occur in the proof, it is clear
that they cannot be used with definitional clause sets. New kinds of
projections, called D-projections have to be developed.

D-Projections

For all definitional clauses of a definitional clause set, projections can be
constructed very easily by using definition rules, even without any de-
pendence on the proof. These projections are the definitional D-projections
explained in Definition However, in every definitional clause set
there is exactly one clause, namely the proper clause, for which defini-
tional D-projections do not work. Then a proper D-projection (Definition
4.5.4) is necessary. It is called proper, because it actually depends on the
proof.
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Definition 4.5.3 (Definitional D-Projection). Let ¢ be a proof and ¢ a
definitional clause in C}). The Definitional D-projection Lo 2" with respect
to the clause ¢ can be easily constructed by using definition rules, as
exemplified below:

Assume c is one of the definitional clauses originating from the fol-
lowing defining formula:

Defs, = Nuse..on(s)(X1, .-, Xm) © n(S) ®...n(S,)
Then c is one of the following clauses:
° Nn(Si)®.,.®n(S;l)(x1/ oo Xm) F1(SY), ..., 1(S))
e n(Sy) + Nﬂ(Si)&.@n(S;)(xl, cees Xm)
o ...
e 1(5}) F Nuspe.an(sy) (X1, - - -, Xm)

And the definitional D-projections are:

DL) . DL) .
LPING ¢ ooy trinen(s)), )’ LWn(S;)FNs;&..@s;l (61"

n(S;) + n(S;)
n(S7) + n(Ss) n(S,) v n(S;,) v n(S;) F n(Sy), ..., n(Sy)
n(S) Vv ...vn(S,) rn(sy,...,n(s;,) ! n(S;) Fn(S) Vv...vn(s;,

’ /! l !’
Nus)e.en(s,) (X1, - -, Xm) b 1(S}), ..., n(S},) n(S;) F Nuspe..an(s,) (X1, - -, Xm)

wy

v
)

r

r

If ¢, on the other hand is one of the definitional clauses originating
from the following defining formula:

Def, = Nn(s;)@...@n(s;)(xh s Xy) ©n(S) @ ... on(S;)
Then c is one of the following clauses:
o 1(S)), ..., 1n(5}) F Nuse..on(sy) (X1, - - -, Xm)
® Nushe..en(s) (X1, -, Xm) F 1(S))
o ...
® Nushe..en(s) (X1, -, Xm) F 1(S;,)

And the definitional D-projections are:
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L(PJNS ®..5/, (X170 Xm)F1(S] ) 0. 11(S), )y |'(pJn(S N5t o es;, (11, )’

n(S;) + n(Sy;)

n(s)) F n(S})

n(s;) +n(S;)

n(s), ...

,1(S}) + n(S}) i

n(8y), ..., n(S,) Fn(S)) A

.. An(S))

n(SHA ...

An(S)Fns)

n(S7), ..., n(S8,) F Nus)e...en(s;) (X1, - -

~/xm) '

Nus)e..ens,) (X1, - - -,

Xm) F 1(S})

If S’ is a negative literal, it is necessary to add negation inferences to

the definitional D-projections above.

Example 4.34 (Definitional D-Projection). The simple D-projections are:

L(PJDI—C. L(PJD C L(PJCI—D c
CrcC w,
CrC o C,CrC _ _CrC
C,-CrC A C,—C,CF /l\ CrC I—C—|C
EA:QLQd CA=C,CF ' CFQCAﬁCdV
DrC D—Cl—dl C+C,D
I-(PJFEA' L(PJ?ED, I-(PJEA b
M - |_ _ly
_j:éjL_ _ kBB kB _ArA_
— _|A A r F = ,_lA, ! —b, bk _'A/A F v,
F = V—|A,A Vi F=aBV oA Vi —BV =4, ,Al_d :
FE A0 CED ERAr
I-(PJFD-A' I-(PJFD—B I-(PJA BHE
AFA BB
— Wi —w AFA B+ B
ABrA A A,B+B A ABrANED Ar
AANBEA d AANBFB d, ~ ABLrFE d,
FrA ™ FrB ’
L(PJGD—F. L(PJGI—E L(PJFEI—G.
_FrF _EFE
wy wy F+F E+E
A
‘EE+F Al ‘EE+E Al FEFEAE
FAEFFE 4 FAEFE 4 ~FErc %
GFrF GFrE !
DerDd’

D+H
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GrG w L¢JDD . GrG D+ D

G+G,D H-GD’ GVDrGD dvl
GFGVD dr H+GD ™
G+H r

Definition 4.5.4 (Proper D-Projection). Let ¢ be a proof and S, its cut-
pertinent struct. Then, the proper D-projection L(pJSf( s, can be constructed
inductively. Let ¢’ be a subproof of ¢ having p as its last inference and
let S” be the corresponding substruct of S,. The following cases can be

distinguished:

e pis an axiom inference: Then ¢’ is of the form:

Ara’
— If both occurrences of A are in Qcp(p) (i.e. they are ancestors of
cut-formulas), then ¢” is defined as:

P

r

ArA
- —|A,A
F-AVA [\i/r
Fn(s)

— If only the occurrence of A in the antecedent is in Qcp(¢p) (i.e. an
ancestor of a cut-formula), then ¢” is defined as:

P

r

AFA
I-—|A,A

- Otherwise, ¢ = ¢’

e pis an-ary inference (with n > 2): Then ¢’ is of the form:

1 ¥
I FA] I - A,

I'F A P

By induction, ¢} is of the form:

7’

k
Iy + AY,n(S),)

where S:P;Q is the substruct of S’ corresponding to ;.
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— p is cut-impertinent: Then ¢” is defined as:

’” ’”
1 n

Y EALRS,) . TR A A(S),)
g n(S:H),,n(S:MI) v
A 1S )V v nS)
1 n
7 F A7, n(S) N

P

More informally, after the cut-impertinent inference p, the defin-
ing components of 1n(S’) are available to be combined disjunc-
tively. By the defining formula of n(S’), a d, inference can be
used to encapsulate the disjunction in the single defined predi-
cate symbol n(S’).

- p is cut-pertinent: Then ¢” is defined as:

144 144

1 n

I+ A7, n(S! 1) I v A, n(S ,n)
| A”,n(S:P,) A...An(S,)
1 n

I+ A”,n(S")

Ar

d,

More informally, the cut-pertinent inference p can be replaced
by a A, inference, which combines the defining components of
n(S’) conjunctively. By the defining formula of n(S’), a d, infer-
ence can be used to encapsulate the conjunction in the single
defined predicate symbol n(S’).

e pis a unary inference: Then ¢’ is of the form:

1101
rra’

- p is cut-pertinent: then ¢” is defined as:

11011
More informally, p is simply skipped.
— p is cut-impertinent: then ¢” is defined as:

be

s P
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More informally, p is simply kept and nothing changes, ex-
cept for the downward propagation of changes that occurred in
transforming the proof ¢ above to ¢".
. . D
The proper D-projection I-(ijp(sq,)
construction, i.e. it is ¢’ when the subproof ¢’ coincides with the whole

proof ¢.

is the final result of this inductive

Example 4.35 (Proper D-Projection). Consider again the proof ¢ from previous
examples:

ArA B+ B F ArA

Al A2
A,BHrAAB /\r A, BFBANA A’
ANBFAAB ' TAANBFBAA "',

ANBrBAA cut CrC s
(ANB)VCFBAA,C !

Below the inductive construction of the proper D-projection L(pflg is shown
step-by-step. An informal skeleton of the original proof is shown in every step,
just to emphasize that the construction follows the structure of the original proof.

Ar A B+ B /\} F Ar A /\3
A, A
cub’ CrC Ckccut‘L
V5

I

Some of the axiom sequents contain cut-pertinent formula occurrences in the
antecedents. It is necessary, therefore, to add —, inferences to move these formula
occurrences to the consequents:

F AFA
ArA  BrB F B, FoAA
A A CrC
A A CrC  F=CC
cut’ cut?
Vi

A} and cut* are cut-pertinent inferences, and hence they must be replaced by
A, inferences followed by appropriate d, inferences. A2, on the other hand, is a
cut-impertinent inference. Therefore, a V, inference and a d, inference must be
added after A%
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F ArA
F b, F oA A P
A
ArA BrB , FoB,2A,BAA '
A,BHrAAB F=BV-ABAA CrC
A,BF A FE,BAA A CrC F-C,C
! 13 CrFrCAAC,C
cut
CrD,C V5

1

The leftmost A; unary inference is cut-impertinent, and hence must be kept.
The rightmost A; unary inference, on the other hand, is cut-impertinent, and
hence must be skipped.

F ArA
ArA BrB , +7B FoAA S
A,BHrAAB F=B,-A,BANA r CrC
A,BF A F=BV-ABAA CrC F=C,C
ANBFE ! FEEANA CrCA-C.C
C+D,C vf
The procedure for cut® is analogous. It must be replaced by A” and d:
F ArA
ArA BrB , +7B FoAA S
A,BHFrAAB F—B,-A,BAA r
A,B+ A F=BV-ABAA CrC
AABrF " FL,BAA CrC  raGC
ANBFFANE,BANA CrCA-C,C
ANBFrG,BANA CvD,C V5

1

Finally, v, and d, are added after the cut-impertinent \V; inference, thus
resulting in the following proper D-projection:

F AFA
AvA BB kB, FoAA
A,B-rAAB F=B,mA,BAA '
A,BF A F=BV-ABAA CrC
AANBrE ! FE,BAA CrC +-CC
AANBFFAE,BAA CrCA=C,C
AANBFG,BANA C+D,C

V
(ANB)VCFG,D,BAA,C :

(AAB)VCFGVD,BAA,C
(AANB)VCFI,BAAC
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4.6 CEResDW

Although the number of defined symbols introduced by the construction
of definitional clause sets is only linearly bounded with respect to the
size of the structs, it is still far from optimal. A technique that combines
ideas from swapped clause sets and from definitional clause sets can be
used to significantly reduce this number. Once again, the difficulty lies in
the projections. As in the case of definitional clause sets, a new notion of
projection has to be developed.

4.6.1 Cut-Pertinent Swapped Definitional Clause Set

Swapped definitional clause sets are obtained by a straightforward com-
bination of the normalizations used for swapped clause sets and for def-
initional clause sets. Initially, a restricted form of ~gg,-normalization
(namely ~gg),,, ) can be applied as long as no duplications of substructs
occur. Subsequently, a limited form of ~gg, (namely ~qg,, ) can be ap-
plied with the restriction that only substructs that are @-junctions nested
within ®-junctions are replaced by new defined predicates.

Definition 4.6.1 (~gg,,). In the struct rewriting rules below, let p be
the inference in ¢ corresponding to ®,. For the rewriting rules to be
applicable, 5; and S must contain at least one occurrence from Q,(¢) each
(i.e. there is an atomic substruct S, of S; such that S| € Q(¢))", and
Si,...,8, and §; and S, should not contain any occurrence from ,(¢).
Moreover, an innermost rewriting strategy is enforced: only minimal
reducible substructs (i.e. structs having no reducible proper substruct)
can be rewritten.

S(S1®...0 5D ... S,) ~ospy, S1O...0(585)@...0S,

(51©...05.@...05,)85 ~agpy, S19...05, @ (5®5)@...85,

S®SI’ ,\/)@@DWW SI’ SZ®S ,\/}@@wa Sl SGBSV ’\’}@@wa SV 81695 ’\’}@@wa Sl

" An atomic substruct is a formula occurrence. Therefore it makes sense to talk about perti-
nence of atomic substructs in Q,(¢), even though it might look strange at first.
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SZ®SV ,\/}@@DWW Sl SI®SV ,\/}@@DWW SV 816957’ ,\/}@@DWW Sl 816957’ ,\/}@@DWW SV

In the struct rewriting rule below, C[ ] is a struct context (i.e. C[S]
indicates that the struct S is a substruct of a struct C[S]). For the rewriting
rule to be applicable, S = S &®...® S, must be a ®-junct in C[S]. Moreover,
an innermost rewriting strategy is enforced: S = S; @ ...® S, can be
replaced by Ns(x, ..., x,,) only if S has no substruct S’ that is a ®-junction
of @-junctions (if this were the case, then S’ must be replaced before).

C[S] = ClSi1@...85,]

~agp, CINs(x1, ..., xm)] & (Ns(x1,...,xm) © 51 @...885))
The relation ~gg,,, is the composition of ~gg  —and ~gg = (ie.
S ~eepy S if and only if there exists S’ such that S ~ompm, O and
S’ Mjﬁ@DWD 5.

The ®-junctions of a struct in ~gg,, can be classified in the following
way:

e If the ®junction originates from a defining equation, it is called a
definitional ®-junction.

e Otherwise:
— If the ®-junction does not contain new defined predicate sym-

bols, it is called pure.

— Otherwise, it is called mixed.

Example 4.36 (®®pw-Normalization). Let ¢ be the proof below:

AFA BrB Al F AFA A2

A,B-rAAB /\r A,BFBAA A’
AANBFAAB ' TAABFBAA "', CrC CkrC
ANBrBAA cut CrC s
(ANB)VCFBAA,C !

cut

Its cut-pertinent struct is:

S, =(Ae'B)@ (-8 &* -A)) & (Ca* —~C)

Considering that {A, B, C} C Qv?((p) and {A,B,C} N QV?((p) = (), the struct
can be normalized in the way shown below:
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Sy = (Ae'B)@® (-B®?-A))&° (Ca* ()
~oepy, ((A®'B)& (Ce* ()& (B -A)
~eepy, (A®'B)®° C) &' -() & (-5 ®* ~A)
~oson, ((Daes ® C)&* ~C)) &° (-5 & =A) & (Dses > (A®' B))
= (Dags ®° C)@* -C @3 (B ®>-A)®
(=Daes ® A) & (=Dses ® B) @ (D.aes ® (-A ® =B))

(mDaep ® A), (mDags ® B) and (Daep ® (—A ® —B)) are definitional ®-
junctions. =C and (-5 ®* =A) are pure ®-junctions. And, finally, (D yep ® C)
is a mixed ®-junction.

Definition 4.6.2 (Cut-pertinent Swapped Definitional Clause Set). A cut-
pertinent definitional clause set of a proof ¢ is:

Coisr = cl(S)

where §' is a ~gg),, -normal-form of S, and &’ ~oepm, O

The clauses corresponding to definitional ®-junctions are called defi-
nitional clauses. The clauses corresponding to pure ®-junctions are called
pure clauses. The clauses corresponding to mixed ®-junctions are called
mixed clauses.

If the ~eg,,, -normal-form S’ is unique or clear from the context, then
it can be omitted. The swapped definitional clause set is then denoted

simply as C.

Example 4.37 (Swapped Definitional Clause Set). Let ¢ be the proof in
Exampleld.25l Then one of its swapped definitional clause sets is:

F Dags, C
Ctr ;
AR
Dpgp + A
Dpgs + B ;
A,BF Dagp

aQ
< T
Il

The clauses Dagp v A, Dagp v B and A, B + D ygp are definitional clauses.
Cvand B, A v are pure clauses. And v D g5, C is a mixed clause.
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4.6.2 Projections

While construction of swapped clause sets is reasonably straightforward,
the construction of projections for some of the clauses presents some diffi-
culties. As in the case of definitional clause sets, some clauses of swapped
definitional clause sets are merely definitional, and hence corresponding
definitional D-projections can be easily constructed. Other clauses are
pure in the sense that they do not contain any defined predicate symbol,
and hence O-Projections can be constructed for such clauses. However,
there are mixed clauses for which none of the previously defined notions
of projection work, because these clauses contain a mix of defined and
undefined predicate symbols.

DW-Projections

The new notion of projection required by mixed clauses is called mixed
DW-Projection (Definition and it is essentially a combination of O-
projection and proper D-projection. It requires the auxiliary concepts of
encapsulated formula occurrences (Definition4.6.3) and encapsulated in-
ferences (Definition 4.6.4). Roughly, constructing a mixed DW-projection
is initially similar to constructing an O-projection, taking care to include
encapsulated formula occurrences in the slice. Later cut-pertinent infer-
ences are replaced by A, and d, inferences, similarly to whatis done during
the construction of proper D-projections, in order to re-encapsulate the
encapsulated formula occurrences into the defined predicate symbol.

Definition 4.6.3 (Encapsulated Formula Occurrences). Let S be a struct
and S’ be a substruct of S. Let Ng be the defined predicate for S’. Then,
the encapsulated occurrences of Ng are all the atomic occurrences of S’.

Example 4.38 (Encapsulated Formula Occurrences). The encapsulated for-
mula occurrences of the defined predicate D a5 of the ~>gg,,,,-normal-form of the
struct S, shown in Exampleld.36lare: A and B.

Definition 4.6.4 (Encapsulated Inferences). Let S be a cut-pertinent struct
of a proof ¢ and S’ be a substruct of S. Let Ng be the defined predicate
for S’. Then, every inference p of ¢ which corresponds to a connective &,
or ®, in §’ or that is an axiom inference having a formula occurrence of 5
in its conclusion sequent is an encapsulated inference of Ng.

Example 4.39 (Encapsulated Inferences). The encapsulated inferences of the
defined predicate D s of the ~ ey, -normal-form of the struct S, shown in
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Example are: Al and the axiom inferences having A v+ A and B + B as
conclusion sequents.

Definition 4.6.5 (Definitional DW-Projection). Let ¢ be a proof and c a
definitional clause in C$|5' Then the definitional DW-projection of ¢ with
respect to c is constructed in the same way as a definitional D-projection
and thus simply defined as:

Llpl?"P = [p]2"

Definition 4.6.6 (Pure DW-Projection). Let ¢ be a proof and ca pure clause
in Cgls. Then the pure DW-projection of ¢ with respect to c is constructed
in the same way as a O-projection and thus simply defined as:

Llpl?™P = |p)?

Definition 4.6.7 (Mixed DW-Projection). Let ¢ be a proof and c a mixed
clause in Cgls. Let Qr and Y be the sets of, respectively, encapsulated
formula occurrences and encapsulated inferences of defined predicates
occurring in c¢. Let (. be the set of undefined formula occurrences in
c. Then the mixed DW-projection of ¢ with respect to ¢ can be computed
according to the following steps:

1. Construct ¢! = {¢5i0,00,)-

2. Replace the inferences of Yr in ¢! by —,, A,, V, and d, (analogously
to what is done in the construction of proper D-projections). Let ¢?
be the resulting proofoid.

3. Construct ¢* = Yg < ((pz)(qoz) by replacing the cut-pertinent inferences
of ¢? by Y-inferences.

4. Construct ¢* = Wy, (¢®) by fixing broken inferences with weakening.

DWWy
Cc

5. Finally, construct the mixed DW-projection | ¢ | = [¢*] by elimi-

nating the Y-inferences from (p4.

Example 4.40 (Mixed DW-Projection). Let ¢ be the proof shown in Example
4.36] which is displayed again for convenience below:

AFA B+ B Al F ArA A2

A,BHrAAB /\r A, BFBANA A’
AABFAAB ' TAANBFBAA "', CrC CkrC
AABrEAA cut CrC s
(AANB)VCFBAA,C !

cut
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DWy

The first step in the construction of the mixed DW-projection @] 5" - is

the slicing with respect to Qp U Q. where Qf = {A, B} and Q). = {C}:

ArFA B+ B Al
A,BFAAB /\’ F %
ANBFAAB ! F Y CrC F
ANBrAAB CFCV5
(AANB)VCFHAAB, C !

Y

Y

The second step is the introduction of definition inferences, resulting in the
proofoid ¢? below:

AFA BI—BA
A,BI—A/\Bd ' - - y
A,B v Djgp /i F y
AANBFDyes ] y CrC F oy
A/\BI-DA@B CrC

(A/\B)VCI‘DA@B, C !

Subsequently, cut-pertinent inferences of ¢* should be replaced by Y-inferences.
However, since @* has no cuts, there is nothing to be replaced, and hence ¢* = ¢>.
Subsequently, broken inferences of @3 should be W-fixed. However, there are no
broken inferences in @°. Therefore, only the last step of eliminating Y-inferences
remains and its result is the mixed DW-projection L(p]f)gi " ¢ shown below:

ArA __BvB ,
A,BkA/\Bd
A,BI—DA@B r
ANBF Dugs CrC s
(A/\B)VCI‘DA@B,C !

r

4.7 CERes-Normal-Forms

The refutation of a clause set and the projections of a (skolemization of
a) proof with arbitrary cuts can be combined to produce a new proof

whose cuts are atomic and thus inessential. This combination procedure
is described in detail in Definition

Definition 4.7.1 (CERes-Normal-Form).
The CERes-normal-form CERes(¢, 6) of a proof ¢ with respect to a refu-
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tation 6 of a cut-pertinent clause set C of the skolemization® ¢’ of ¢ is
constructed according to the following steps:

1.

2.

$ is obtained from 6 by replacing each initial inference by the corre-
sponding projection.

Let 0y, ...,0, be the unifiers of each resolution inference in 6 and let
0 = 0;...0,. Then ¢ is obtained from do by replacing all resolution
inferences by atomic cuts and all factoring inferences by contraction
inferences.

. In general, the end-sequent of ¢’ can have a different number of

copies (even zero) of each formula of the end-sequent of ¢’. There-
fore, ¢” is constructed by appending weakening and contraction
inferences to the end of ¢’, so that ¢” has the same end-sequent as

’

(N

. Finally, CERes(gp, 6) is constructed by deskolemizing ¢” so that the

end-sequent of CERes(¢, 0) is equal to the end-sequent of ¢.

Moreover, subscripts and superscripts are used to explicitly indicate
the kind of clause set and the kind of projections that have been used:

CERes:(¢, ) uses the standard clause set and S-projections.
CERes{ (¢, 6) uses the standard clause set and O-projections.
CERes;, (¢, 6) uses a swapped clause set and S-projections.
CERes\y (@, 6) uses a swapped clause set and O-projections.
CERes; (¢, ) uses the profile clause set and S-projections.
CERes} (¢, 6) uses the profile clause set and O-projections.
CERes (¢, ) uses the definitional clause set and D-projections.

CERespi (@, 0) uses the swapped definitional clause set and DW-
projections.

* In general, skolemization and deskolemization of proofs are not unique, since there are
various alternative algorithms [8]. Nevertheless, for simplicity, it is assumed here that a fixed
deterministic algorithm is used, with the respect to which every proof has a unique skolemization
and a unique deskolemization. Consequently, the CERes-normal-form of a proof ¢ is indeed
determined by the proof ¢ itself and by a refutation 6 of its clause set.
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Example 4.41 (CERes;-Normal-Form). Let ¢ be the proof shown in Example
Its standard cut-pertinent clause set, as shown in Examplel4.3]is:

C,={+AC; CrA; +B,C; C+B; BA+C; B,ACH

Let & be the following refutation of Cj:

B,A+C C,B,AF

+B,C C+B . B,A,B,A+ f

FA,C CrA . I—B,Bf B,A,B+ f’
FAA FB 77 ABr 77
A Ar ’

[

Consider the S-projections |¢]° e L(pJfB’C, LloL3, 4 LoLe 5 I_gojfgr e and
I_qojgl s Shown in Exampleld.3l Then, the result of replacing all initial inferences
of 6 by the corresponding projections and replacing resolution inferences by

atomic cuts and factoring inferences by contraction inferences is ¢ shown below:

L(pjg,Ar—C L(f’sta,A,G
Lp L35 lpLe s BATFAC  CBATHKA
LpLsc LpJ, A TrABC  CIrAB BABATTFAA cut
T+AAC CTrAA I,Tr A A B,B cut B,A,B,T,T+ A, A
T,TFAAMAA cut T,TrAAB ABT,TFAA
LTFAMNA ATT,T,TFAAMA A cut

I,L,LT,I,TFAAAAAA cut

Finally, CERes3(¢, 6) shown below is obtained by adding contraction infer-
ences to the bottom of the proof:

L(Pjg,mc L(PJ?i,A,CF
Lp 35 lpLe s BATFAC  CBATHKA
LpJPs Lp 12,4 TrABC  CTrAB BABATTFAA cut
TFAAC cread LTrAABB cut B,ABT,T+AA
LTrAAAA ILTrAANB ABTTrAA
TL,TrAAA AT,T,T,TFAAAA

I,T,T,I,T,T+ A A A A A A cut

T'rA

c*




Example 4.42 (CEResS-Normal-Form). Consider again the proof ¢ shown in ExampledTland its standard cut-pertinent clause
set, shown in Exampleld.3l Let 6 be the refutation shown in Exampled.41]

Consider the O-projections L(pJ?A’C, I_(pJ?B,C, LlplS . LplS 4, I_(pjg e and I_(pjg sy Shown in Example[.15l Then, the result of

replacing all initial inferences of & by the corresponding projections is & shown below:

LeJ5 arc L(PJ](SJ,A,CI—
lp)% ¢ lel2 (AABYVCABFBAAC CANB)VC,ABFBAAC
Lp Iy lplE.4 (AAB)VCEB,C (AAB)VC,CrB,C A B, A B (ANBVC(ANBVCFBAABAAC
(AANB)VCHA,C (AANB)VC,CFA,C . (AAB)VC,(AANB)VC+B,B,C f ’ A,B,B,(AANB)VC,(AANB)VCFBAABAA,C ffr
r r

(AANB)VC,(AANB)VCFAA,C f (AANBYVC,(AANB)VCFB,C A,B,(ANB)YVC,(AANBY)VCFBAA,BAA,C .
(AANBYVC,(AAB)VCFA,C ! A,AANB)VC,(AAB)VC,(AAB)YVC,(AANBY)VCFBAABAA,C .
(AANBYVC,(AANBYVC,(AANBYVC,(AANB)VC,(AANBYVC,(ANB)VCFBAABAA,C,C

Then @ shown below is the result of replacing resolution inferences by atomic cuts and factoring inferences by contraction
inferences.

L‘PJg,mc L(PJg,A,G
LpISs lpl2 5 (AABYVC,ABFBAA,C C(AABVC,ABFBAA,C
Lp sy c LlplS , (AAB)VCFB,C (AANB)VC,CrB,C A B, A B (AABVVC,(AAB)VCFBAABAA,C cut
(AAB)VCFA,C (AABVCCHAC (AAB)VC(IABVCFBBC cut A BB ANDVYCANDVCFBAABAAC
ANB)VCANRVCHAAC (AAB)VC,(AAB)VCFB,C AB(ANB)VC,(AABYVCFBAABAAC Cu't
AANBVC(ANBVCFAC A AANBVC(ANBV G AABDVG(AABVCFBAABAAC

cut

(AANBYVC,(AANBYVC,(AAB)VC,(AAB)VC,(AANBYVC,(AANB)VCFBAABAA,C,C

48}

NOILMTOSHA A9 NOILLVNINTTA-L1D ¥ J4LdVHD



Finally CERes$ (¢, 6) shown below is obtained by adding contraction inferences to the bottom of the proof:

L‘PJg,mc LPJgac
Lp ) LIS g (AABYVCABFBAAC CAABYVCABFBAAC
e lpl9 , (AAB)VCFB,C (AAB)VC,CFB,C AL, A B (AABNC(ANBVCFBAABAA,C cut
(AAB)VCFA,C (AANBY)VC,CrA,C (AAB)VC,(AANB)VCFB,B,C cut A,B,B,(AANB)YVC,(AANBYVCFBAABAA,C o
(ANHVCANBVCrAAC cut (AABVC(AABVCEBC A B, (ANBYVC,(ANBYVCFBAABAA,C C;’f
(AANBY)VC,(AAB)VCFA,C A,(AANBYVC,(AAB)VC,(AANBYVC,(AANB)VCFBAABAA,C

cut

(AABYVC,(AABYVC,(AAB)VC,(AAB)VC(AANBYVC,(AAB)VCFBAABAA,C,C
(AANB)VCFBAA,C

c

Comparing CEResS (¢, 6) shown above with CERes3(¢, &) shown in Example @41 it is clear that the use of O-projections
results in smaller proofs, mainly because there are fewer redundant weakening and contraction inferences.

SIWRAOA-"TVIWION-SHIAD LY

cll
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Example 4.43 (CERes\)-Normal-Form). Consider now the swapped clause set
of the proof ¢ of Example

C(‘;V:{ FA,C; +B,C; Cr; BAF}

A refutation 6 of C}F’,V is shown below:

+B,C AR
FA,C AI—Cr
+FC,C
FC f CFr
r r

Consider the O-projections L(pJ?A,C, L(pJ?B,C, lpl2, L(PJ?, . Shown in Example

Then, the result of replacing all initial inferences of 6 by the corresponding
projections is & shown below:

BrB
ArA B+ B A

A,BFA A ABFB CrC v, F AFA A

AANBEA CrC (AAB)VCEFEB,C ABFBAA
ArDVCrEAC CABVCArBAAC ’

(AANB)VC,(AANB)VCFrBAA,C,C f
(AABYVC,(AAB)VCFBAAC '
(ANB)VC,(AAB)VCFBAA,C

CrC

Then @ shown below is the result of replacing resolution inferences by atomic
cuts and factoring inferences by contraction inferences.

BrB
_ArA o, _ABFB
ABrA A ABFB CrC v F AFA A
ANDEA cre (AABVCrB,C ABrBAA
arpvcrac (AABVGAFBAA,C cut
(ANAVCAABVCrEnACC cut
AABVVC(AABVCFBAAC CcrcC

AABVC(AANB)VCFBAAC cut

Finally CERes\ (¢, 8) shown below is obtained by adding contraction infer-
ences to the bottom of the proof:

BrB w,
_ArA _ABYB
ABrA A ABFB CrC v, F ArA A
AANBEA CrC (AANB)VC¢HB,C A,BFBANA
AABVCrAC (AABVGAFBAAC cut
(ANBVC(ABVCrEAACC cut
(ANB)VC,(AANB)VCFBAA,C CrC

(AANB)VC,(AANB)VCFBAA,C
(AANB)VCFBAA,C
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Comparing CEResw (¢, 6) shown above with CEResZ (¢, 6) shown in Exam-
ple @ZT) and CERes{ (¢, d), it is clear that the use of swapped clause sets and
O-projections results in smaller proofs.

Example 4.44 (CEResS-Normal-Form). For the proof ¢ of Example[d.T] C, =
C}F’,V and CERes} (¢, 6) = CEResy/(¢, 8), since there are no degenerate inferences.

Example 4.45 (CEResp-Normal-Form). Consider the definitional clause set
C) of the proof ¢ shown in Example[d.33}

Dt C D,Ctr C+D,C
E,B,AFr +E, FE A
FrA F+rB A,B+F
G+ F GF+E E,F+G
H+G,D G+FH Dv+H

rH



The shortest refutation 6 of Cg is shown below:

F+B E,B,A¢r
F+rA EFEE A+
FEE+
GF+E FEFr rﬁ
G+F G,F+ .
G,GFr D+ C D,Cr
Hv+G,D GF rﬁ D,D+ f
HrD Dr 7
FH H&¢r ,
=

By using the proper D-projection shown in Example@.35land definitional D-projections shown in Examplel.34, CEResp (¢, 0)

1S:
: - Lo1E: LoIE2 .
T — e o,  EEAr M
A,BFAAB F=B,=A,BAA Fra T cut
ABr A F-BV-ABAA crC ; EEEr o
AABF FEBAA CrC +-C,C Lelee EEr
ANBFEALBAA CrCA-CC Lples GFr ot
AANBFG,BAA CrD,C v G,GF o cut Lplp Lplps,
(AAB)VCFG,D,BAA,C Lol Gr ~— Dbbpr
(AANBY)VCHGVD,BAA,C HvD cut D+ “
(AABYVCFrH,BAA,C Hr cut

(AANB)VCrBAA,C

cut

cut

911
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Example 4.46 (CERespy-Normal-Form). Consider again the swapped definitional clause set of the proof ¢ shown in Example
4.3/t

Cp =1rDaes,C ; Cr ; B,AF ; Dpgg+ A ; Daes+ B ; A BF Dygs)

The shortest refutation 6 of CJ) is shown below:

Dygp + B AR .

Djgp + A Djgp, A+ ’
FDpgs, C  CF . D g, Dags £
F Dagp Dgp ’
|_

By using the mixed DW-projection shown in Example 4.40, pure DW-projections shown in Example |4.15 and definitional
DW-projections shown in Exampled.34, CEReshy (¢, 0) is:

B+ B

ArA__BrB ArA , _ABFrB
ABrAAB | ABrA . AABrB ;' Br ArA ,
A, B+ Dagp XZ 7(X§17(d1 Dugs F B ! JAFBAA t’
A ABF Dagp CrC s Dyest A N Dies, AFBAA cu
(AAB)VCFDjen,C__ ' CrC Daes, Daas F BAA v
(A/\B)VCI—DA@B,C DA@BI- ANA

cut

(ANB)VCFBAA,C

SIWRAOA-"TVIWION-SHIAD LY
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4.8 CERes Ignoring Atomic Cuts

If CERes is applied to a proof containing only atomic cuts, CERes still
transforms the proof into a new proof containing only atomic cuts, but
with additional structural inferences and with the atomic cuts located
in the bottom of the proof. This is clearly non-ideal, because the proof
could be simply left unchanged. More generally, if CERes is applied
to a proof containing complex cuts and atomic cuts, CERes unnecessar-
ily includes the atomic cuts in the process of reduction, even though
atomic cuts cannot be reduced further. The inclusion of atomic cuts re-
sults in larger clause sets that are more costly to refute, and in normal
forms with possibly additional structural inferences. This indicates that
there is a very simple and evident improvement of the CERes method
that has been thoroughly overlooked so far: instead of distinguishing
between cut-pertinent and cut-impertinent formula occurrences (i.e. be-
tween ancestors and non-ancestors of all cut formula occurrences) and
cut-pertinent and cut-impertinent inferences (i.e inferences that operate
on the ancestors and on the non-ancestors of cut formula occurrences),
it suffices to distinguish between ancestors of complex cut formula occur-
rences and ancestors of either occurrences in the end-sequent or of atomic
cut-formula occurrences.

Definition 4.8.1 (Complex-Cut-Pertinent and Complex-Cut-Impertinent
Occurrences). A formula occurrence is complex-cut-pertinent if and only
if it is an ancestor of a non-atomic cut formula occurrence. The set of
complex-cut-pertinent formula occurrences of a proof ¢ is denoted Qccp(¢).

A formula occurrence is complex-cut-impertinent if and only if it is not
complex-cut-pertinent. The set of complex-cut-impertinent formula occur-
rences of a proof ¢ is denoted Qccr(p).

Definition 4.8.2 (Complex-Cut-Pertinence). An inference p is complex-cut-
pertinent if and only if p is Qccp(p)-pertinent.

An inference p is complex-cut-impertinent if and only if p is Qccr(¢p)-
pertinent.

Definition 4.8.3 (CERes-Normal-Form Ignoring Atomic Cuts).

The CERes-normal-form ignoring atomic cuts CCERes(¢, 0) of a proof ¢ is
obtained in the same way as CERes(¢, 6) except that, in all manipulations
and constructions of structs, clause sets and projections, Qccp(p) is used
instead of Qcp(p), Qccr(p) is used instead of Q¢i(@p) and complex-cut-
pertinence of inferences is used instead of cut-pertinence of inferences.
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Example 4.47 (CERes-Normal-Form Ignoring Atomic Cuts). Let ¢ be the
proof below:

AFA B+ B Al F AFA A2

A,B-rAAB /\r A,BFBANA Af
AANBrAAB ' TAABFBAA "', CrC CkC
AANBEBAA cut CrC 5
(ANB)VCFBAA,C !

cut*

Its complex-cut-pertinent struct is shown below. 1t is interesting to note that
cut* now corresponds to a ® connective, because cut* is complex-cut-impertinent.

S; = (A@'B)@* (-5 ®% /) & (e5 ®" €5)
The struct can be ~>gg,,-normalized to:
S=(A® ey ® ey) @ (B® ey ® €5) @ (—5®% —A)
And the corresponding clause set is:
Co={FrA; vrB; BAF}
It can be refuted by the refutation 6 shown below:

+ B LA F

FA AL
|_

r

r

The O-projection ||, is shown below. Interestingly, projections can now
contain atomic cuts because they are complex-cut-impertinent inferences.

ArA

L0 w
ABrA ", CkC_CrC .,
ANBEA CrC s
(AANB)VCFEA,C !
Analogously, the O-projection | ]S, is:
5 e cec
, A F FC

ABFB ! CrC

Ve
(ANB)VCEB,C !
And the O-projection | @], is:
F ArA o

A,BFBANA r



Combining the refutation and the projections as usual, CCERes\ (¢, 6) is obtained:

B+B w,
ArA ,B+FB CrC CrC
—— W A Cl/lt4
A,BrFA A CrC CrC . ANB+B CrC 5 F AFA A2
AANBrA ! CrC .5 cu (AAB)VCFB,C ! A, AA

Vv

(AANBYVCFEA,C ! (ANB)VC,ArBAA,C
(ANB)VC,(AABYVCFrBAA,C,C ¢
(AANB)VCFrLAAC

C*

ut

0ct

NOILMTOSHA A9 NOILLVNINTTA-L1D ¥ J4LdVHD
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4.9 CERes Ignoring Quantifier-Free Cuts

In fact, for some applications, such as Herbrand sequent extraction [94,
95], it suffices to eliminate only cuts that have quantifiers® in their cut
formulas.

Definition 4.9.1 (Quantified-Cut-Pertinent and Quantified-Cut-Imperti-
nent Occurrences). A formula occurrence is quantified-cut-pertinent if and
only if it is an ancestor of a cut formula occurrence that contains quanti-
fiers. The set of quantified-cut-pertinent formula occurrences of a proof ¢ is
denoted Qgcp(p).

A formula occurrence is quantified-cut-impertinent if and only if it is
not quantified-cut-pertinent. The set of quantified-cut-impertinent formula
occurrences of a proof ¢ is denoted Qgci(¢).

Definition 4.9.2 (Quantified-Cut-Pertinence). An inference p is quantified-
cut-pertinent if and only if p is Qgcp(p)-pertinent.

An inference p is quantified-cut-impertinent if and only if p is Qgci(@)-
pertinent.

Definition 4.9.3 (CERes-Normal-Form Ignoring Quantifier-Free Cuts).

The CERes-normal-form ignoring quantifier-free cuts QCERes(¢p, 0) of a proof
@ is obtained in the same way as CERes(¢, 6) except that, in all manipula-
tions and constructions of structs, clause sets and projections, Qocp(¢) is
used instead of Qcp(@), Qocr(p) is used instead of Q¢;(¢) and quantified-
cut-pertinence of inferences is used instead of cut-pertinence of inferences.

'In fact, evenif the cut formula occurrences of a cut p in a proof ¢ do contain quantifiers, if these
quantifiers are dummy in the sense that they were introduced by weakening inferences instead of
being properly introduced by quantifier inferences, then p could also be considered “quantifier-
free” and therefore be ignored. Nevertheless, for simplicity, this additional improvement is not
considered in detail here.






Chapter 5

Comparison of Cut-Elimination
Methods

The purpose of this chapter is to compare cut-elimination by resolution,
as described in Chapter 4] and reductive cut-elimination, as described in
Chapter 3, with respect to the normalized proofs that they produce.

A naive comparison that would check for exact syntactic equality of
the normalized proofs would not be convenient, since occasional syntac-
tical differences might occur not because of essential differences in the
proofs but actually because of the bureaucracy required by sequent cal-
culi. Indeed, such a naive comparison would tell nothing beyond the
quite non-informative fact that cut-elimination by resolution is different
from reductive cut-elimination by resolution, simply because the nor-
malized proofs produced by the former always have atomic cuts in the
bottom, while the normalized proofs produced by the latter usually have
atomic cuts on the top.

What is needed is a comparison based on a proof equivalence rela-
tion that disregards bureaucratic matters such as the position of atomic
cuts. To this aim, the notion of canonic refutation (Definition of a
normalized proof is used. Roughly speaking, two proofs are then con-
sidered CR-equivalent (Definition[5.1.6) when they have the same canonic
refutations.

Comparisons based on CR-equivalence are much more informative.
In particular, it is possible to show (Theorem that cut-elimination
by resolution CR-simulates® (Definition [5.2.2) reductive methods, i.e. for

2 Essentially, the notion of CR-simulation allows the precise formalization of informal claims

123
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any normalized proof ¢" produced from ¢ by a reductive method, cut-
elimination by resolution is capable of producing a proof ¢* from ¢ such
that ¢* is CR-equivalent to ¢’. On the other hand, reductive methods do
not CR-simulate cut-elimination by resolution (Theorem [5.6)).

5.1 Canonic Refutations

Informally and rather sketchy, the canonic refutation from a proof ¢ with
atomic cuts consists simply of removing all the cut-impertinent formula
occurrences and inferences of ¢ and transforming the remaining cut in-
ferences into resolution inferences. Even more informally, the intuitive
idea is that a canonic refutation from a proof is the “resolution skeleton”
that lies within a proof whose cuts are atomic, if these cuts are seen as
resolution inferences.

However, the concept of canonic refutation is formally not so simple,
because there are many ways in which the cut-impertinent inferences
could beremoved. In order to avoid this complication, canonic refutations
are defined only for proofs that are also in >gg-normal-form (Definition
B.1.4), in which case the removal can be made precise and simple by
using auxiliary Y inferences and a method to eliminate them (Definition
5.1.2). For proofs ¢ that are not in >gg-normal-form, a set of canonic
refutations can be defined as the set having the canonic refutations of all
>ge-normal-forms of ¢ (Definition 5.1.5).

As shown in Theorem [5.1] the canonic refutation from a proof ¢ is
indeed a refutation of the swapped clause set of ¢. This is not just a coin-
cidence, but a fundamental goal that had to be achieved when conceiving
the notion of canonic refutation, since it is essential to the proof that
cut-elimination by resolution CR-simulates reductive cut-elimination.

Definition 5.1.1 (>>gg). >4 is the sub-relation of > with the additional re-
striction that n-ary (for n > 1) cut-pertinent inferences cannot be swapped
above m-ary (for m > 1) cut-impertinent inferences. Moreover, in order
to ensure that >4y is weakly-normalizing, any swapping is forbidden if
the proof is already in a form such that no n-ary (for n > 1) cut-pertinent
inference occurs above a m-ary (for m > 1) cut-impertinent inference.

Definition 5.1.2 (Merging Y-Elimination). The merging-elimination of Y
inferences follows the proof rewriting rules shown below:

that cut-elimination by resolution “subsumes” or is “more general than” reductive methods.
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I'nr A I, v A,

T ... T.rA LA, Y

U
Iy,.... T, F AL A,

2
I'r A

Tra Y

U

P
I'+A

Definition 5.1.3 (cut-r-Replacement). 7/ .(¢) denotes the result of replac-
ing all atomic cuts in ¢ by resolution inferences.

Definition 5.1.4 (Canonic Refutation). Let ¢ be a proof in >;-normal-form
and in >gg-normal-form. Then the canonic refutation® from g is:

CR(@) = (1Yo (@) 1)

Example 5.1 (Canonic Refutation). Let ¢ be the proof below with the cut-
pertinent occurrences and inferences highlighted in red:

ArA w, BrB
ACHA A AFA I—B,—|B/\
ANCFA ! ArB,AA-B 7

ANCFBAA-B cut - pi B

cut

ANCFB,AN-B

b This definition of canonic refutation for swapped clause sets is inspired by the definition
of canonic refutation for characteristic clause sets given in [12]. However, while in [12] canonic
refutations are defined for any proof containing atomic cuts only (i.e. any proof in >;-normal-
form), here proofs are also required to be in >gg-normal-form. This is convenient, because it
allows a very simple and direct extraction of canonic refutations from proofs. In [12], where
this additional requirement is not made, canonic refutations are constructed inductively. While
it would be in principle possible to construct canonic refutations for swapped clause sets in a
similar inductive fashion and without the restriction to >gg-normal-form, the description of the
construction would be much more complex than in the case for characteristic clause sets, for
two reasons. Firstly, the inductive case for binary cut-impertinent inferences would have to take
their dependencies into account when merging refutations; and secondly, if a proof is not in
>ge-normal-form, its swapped clause set might not even be unique, due to degenerate inferences,
and hence, such degenerate inferences would also have to be handled appropriately during an
inductive construction of canonic refutations for swapped clause sets of proofs with atomic cuts
in general.
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@ is in >z-normal-form and in >ge-normal-form. Therefore it is possible
to extract a canonic refutation from it. Firstly, cut-impertinent inferences are
replaced by Y-inferences and cut-impertinent formula occurrences are removed:

A + B
I—A%; Ak I—Bl;
A Achut
+ B B+
|_ cut

Then the Y-inferences are eliminated according to the proof rewriting rules
of Definition[5.1.2

FA A+ B
cut

+ B B+
I_

cut

Finally, CR(¢) is obtained by replacing cuts by resolution inferences:

FA AI—Br

+ B B+
|_

r

Theorem 5.1 (Correctness of Canonic Refutations). CR(¢p) is a refutation
of CV.
P

Proof. The uniqueness of the swapped clause set C (';,V is guaranteed by the
fact that ¢ is in >>gg-normal-form.

As ¢ is in >;-normal-form, the only cut-pertinent inferences are cuts
(cut-pertinent weakenings and contractions do not occur, because ¢ is in
>ge-normal-form), and all other inferences are replaced by Y-inferences
in Yo% (@). So, Y9 () contains only atomic cuts and Y-inferences.

Since ¢ is in >>gg-normal-form, all the Y inferences with arity greater
than one occur above cuts. Hence, merging Y-elimination can be applied
and all Y inferences can be eliminated by the proof rewriting rules of
Definition[5.1.21 Then the only remaining inferences are atomic cuts, and
these are replaced by resolution inferences. Thus CR(gp) is a resolution
deduction.

CR(p) is a resolution deduction of the empty clause (i.e. a refutation),
simply because the end-sequent of ¢ contains no cut-pertinent formula
occurrences. And CR(gp) is a refutation of C(';V , because, since S, is in

~gg,,-Normal form, the initial clauses of |[Yé)2 < ((P)((p)]] M are in C(';V. O
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Definition 5.1.5 (Set of Canonic Refutations). Let ¢ be a proof in >;-
normal-form. Then the set of canonic refutations of ¢ is:

Scr(p) = { CR(Y) | ¢ is a >gg-normal-form of ¢ }

Remark 5.1.1. Note that, if ¢ has no degenerate inferences, the cardinality
of Scr(¢p) is equal to one. Moreover, the cardinality of Scr(¢p) is equal to
the number of swapped clause sets of ¢.

Example 5.2 (Set of Canonic Refutations). Let ¢ be the proof below:

AFA AFA(mt B+ B B+ B
Ar A w B+ B w

r - r

ArAC BFBJ)A

A,B+A,B,CAD '

cut

Even though ¢ is in >z;-normal-form, it is not in >>gg-normal-form. Hence
a canonic refutation cannot be directly extracted from ¢.

However ¢ has two >>gg-normal-forms. One of them is the proof ¢, shown
below:

ArA Ar A
ArA

A,B+A,B,CAD

cut
w*

The other one is the proof ¢, shown below:

B+ B B+ B
B+ B

ABFABCAD ©

cut

*

Canonic refutations can be extracted from ¢, and @,. CR(¢@1) is:

AFA AFAr
|_

And CR(qy) is:

B+B B+B
I_

cut

Then, by the definition of set of canonic refutations:

Scr(p) = {CR(¢1), CR(¢p2)}



128 CHAPTER 5. COMPARISON OF CUIT-ELIMINATION METHODS

Definition 5.1.6 (CR-Equivalence).

Two proofs ¢; and ¢, in >;-normal-form are strongly CR-equivalent, de-
noted @1 =scr @2, if and only if Scr(p1) = Scr(p2). They are weakly
CR-equivalent, denoted ¢ =,cr @, if and only if there exists 6 such that
6 € Scr(p1) and 6 € Scr(p2).

5.2 CR-Simulation

CR-simulation (Definition 5.2.2) allows the comparison of different cut-
elimination methods based on whether the normalized proofs produced
by them are CR-equivalent.

Definition 5.2.1 (>>;-Normalization Method).
A relation » is a >;-normalization method if and only if @ » 1) implies that
Y is in >;-normal-form.

Example 5.3 (>>;-Normalization Method). Clearly, D; is a >;-normalization
method. Moreover, D% and CERes (with any kinds of clause set and projections)
are also t>z;-normalization methods.

Definition 5.2.2 (CR-Simulation). Let »; and », be two >;-normalization
methods. »; CR-simulates »; if and only if, for any proofs ¢ and ¢, with
@ > @y, there exists ¢; such that ¢ »; @1 and @1 =ycr 2.

5.2.1 CR-Simulation between Two Reductive Methods

Theorems[5.2and [5.3]show simple CR-simulation results for two slightly
different reductive cut-elimination methods. Dé (Definition and
Dé (Definition [3.2.22) differ essentially only in the fact that Daf is more
eager to shift atomic cuts upward; their normal forms differ essentially
only in the position of atomic cuts. Hence it is natural to assume that
these methods are equivalent in an informal sense. The fact that they
CR-simulate each other supports the claim that the formal notion of CR-
simulation captures the informal idea of equivalence of cut-elimination
methods.

Theorem 5.2. Dé CR-simulates Daf.

\ * ;
2 @ D@y It is easy

to see that there exists ¢; such that ¢ Dé @1 and @1(>. U >y U [>y)l(P2
(this is because, for any rewriting sequence @ I>> ¢,, a rewriting sequence
Q> @1(>U>,U>,) @, can be obtained by postponing the rewritings that

Proof. Assume ¢ Duf @>. Then, by definition of >
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shift atomic cuts upward and possibly adding a few more rank reduction
rewritings to shift more complex cuts above the atomic cuts that have
been left in place). Let 6 € Scr(¢2). Then, by definition of set of canonic
refutations, there is a proof 1) such that CR(1)) = 6 and ¢ is a >gg-normal-
form of ¢,. Moreover, it must be the case that 6 € Scr(¢1), because 1 is a
>gg-normal-form of ¢;. Therefore, ¢1 =,cr @2 and thus Dé CR-simulates
L. O

Theorem 5.3. Dé CR-simulates Dé .

Proof. Assume @ > ¢,. Then, by definition of >}, ¢ > @,. Since >; is a
sub-relation of 1>z, it is also the case that ¢ >y Letd € Scr(92). Then,
by definition of set of canonic refutations, there is a proof i such that
CR(¢) = 6 and ¢ is a >gg-normal-form of ¢,. Consider a particular >4
rewriting sequence from ¢, to ¢ passing through a proof ¢;, i.e. such
that @, > @1 and @1 1, 1, with the restriction that ¢, 7%, ¢; only by
downward shifting of cut-pertinent contractions and weakenings. Then
it is also the case that @,(>. U >;, U D,)lqol, and hence ¢ Dé @1. Since
1 >>$® Y, it is the case that 6 € Scr(@1). Therefore, p1 =4cr ¢2) and thus
Dﬂf CR-simulates Dé. |

5.2.2 CR-Simulation by CERes

This Subsection is devoted to proving that cut-elimination by resolu-
tion CR-simulates reductive cut-elimination. The proof is based on sev-
eral technical lemmas® collectively stating that, when a reductive cut-

¢ Similar invariance lemmas for standard clause sets can already be found in [12]. These
results were improved in [66] with the invention of profile clause sets. Namely, profile clause sets
are invariant under >,, while standard clause sets are not. The invariance lemmas presented in
this section differ from the ones in the cited works mainly in two ways:

e The lemmas are stated for structs, and not for clause sets, as in [66], or for “characteristic
clause terms”, as in [12]. The reason for this, is that, as shown in Chapter [ structs can be
transformed into different kinds of clause sets. Therefore, proving invariance lemmas for
structs is a way of proving invariance lemmas for all kinds of clause sets at once. Moreover,
since structs have a good correspondence to the actual structure of proofs, as evidenced by
Exampled2land Theorem[4.8] they allow a cleaner presentation of the invariance results.

e However, for certain cut-reductions, the struct itself does not remain invariant. Never-
theless, some of its normal-forms do remain invariant. This is the case, for example, of
invariance under >,. The ~»gg,-normal-forms and the ~»gg,,-normal-forms remain invari-
ant. Since the invariance for ~»gg,-normal-forms correspond to the invariance for profile
clause sets already shown in [66], only the invariance for ~+gg,-normal-forms is shown
here. This invariance implies that swapped clause sets are also invariant under >,.

e Lemma [5.3] shows that ~ e, -normal-forms of structs (and hence also swapped clause
sets) are invariant under t>,. Profile clause sets do not enjoy this invariance. This is
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elimination step is performed on a proof, its struct and clause sets either
do not change or change only in inessential ways.

Lemma 5.1 (Invariance of the Struct under ).

Vlpl >, Yle’]  implies  Sypp = Syje

Proof. The case analysis below shows that the cut-pertinent struct does not
change (modulo commutativity and associativity of @) when the subproof
@ of Y is rewritten according to any of the four propositional cut reduction
rules, >, >,,, >, and >, : S, = S, and hence Syj,) = Syje-

e >, : Asshownbelow, S, = (S,, ®S,,)®S,, and S,y = S, ® (S, ®
S,,)- Therefore, by associativity and commutativity of ®, S, = S .

Spy Sp, Sor
®1 %) ©y
I'n+Aq,B I+ A, C A B,CII+ A A
T,T,FA,ABAC " BAGIIFA
T, T, T1F AL Ay, A cut
(S, 8Sp,)0S,,
U
Sy, Sor
Sy P1 (PT’
02 T +A,B BCIIFA
ok Ay, C CT IrALA M
T T IIF Ay, Ay A cut
Spr®(Sp; ©Sy)

another evidence of the superiority of swapped clause sets with respect to the presence of
weakening in proofs.
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e >, : Asshownbelow, S, = S, ®(S,, ©S,,) and S, = (S, ©S,,) ®
S,,. Therefore, by associativity and commutativity of ®, S, = S .

S‘ﬂ[ S‘/’ 1 S‘VZ
@i ¢1 ®2
IT+A,B,C Y B,T1+ A CI,rA, Y,
TIIFABVC '~  BVCI,LLFrALA,
T T, T Ay Ay, A cut
SoyH(Sp, 8Sp,)
U
S‘/’/ Sv’z
P1 % Sp,
II+A,B,C CI,r A, 1
LA AB - Y BIkA
T T, T0F AL Ay A cut
(S ®Sp, )88y,

e >, : Asshownbelow, S, = S, & (S,, ®S,,) and S,y = S, & (S, ®
S,,)- Therefore, by associativity and commutativity of ®, S, = S, .

Soy Sy Sy
@1 1 @2
B,II+ A,C -, I''+AB CI,+A, —
IT+-A,B—>C B— CTI,I+A,A
Ty, 5, I1F Ay, Ay, A cut
S &(Sp, ©Sp,)
U
S‘/’/ Sv’z
Spy P1 P2
®1 B,II+ A, C CI,rA, cut
I'n+Aq,B B, II,T, + Ay, A cut

rl/ FZ/ IT+ Al/ AZ/ A
S, B(Sp, 8Sy,)
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e >, : Asshownbelow, S, =S, ®S,, and S, = S, ®S,,. Therefore,
by commutativity of ®, S, = S, .

Sq) i S(Vr

@ ©r
B,T+A . II-FAB _
TFA-B ' —BIIFA
TIIFA A
Sy @Sy,

cut

U

Spr So,
Pr 'z
I[T-A,B B, TrHA
[IT-A A
Spr®Sp,

cut

O

Definition 5.2.3 (Instantiation of Structs). Let S; and S, be structs. Then
51 <s S, if and only if there is a variable substitution o such that S;0 = S,.

Lemma 5.2 (Instantiation of the Struct under >,).

Vlpl >, ¢le’]  implies  Syjy) <s Sy

Proof. The case analysis below shows that the cut-pertinent struct is only
instantiated when the subproof ¢ of 1) is rewritten according to any of
the two quantifier cut reduction rules, >,, and >,;: S, <; S/, and hence
Sl Ss Syt

e >, As shown below, S, = S, ® S, and Sy = S, {a « t} & S,,.
Since S, does not contain a, S, = (S, ® Sy, ){a < t}. Therefore, by
the definition of <,, S, <, S

So, Spr
@ ©r
' A, B{x « a} v B{x < t},IT+ A v
TF A, VxB ’ VxB,TIF A '
TIIFAA cut

S‘/’[ @Sq),-
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U
Syt Spr
pila — t} ©r
't A,B{x « t} B{x « t},IT+ A ;
T,IIFA A cu
Sy, la—t}@S,,

e >,.: As shown below, S, = S, &S, and S, = S, ® S, {a « t}.
Since S, does not contain o, S, = (S, ® S, ){a < t}. Therefore, by
the definition of <, S, <, S

Sy, S
§01 qu
't A, B{x « t} 3 B{x « a},TI+F A E
T+ A,3xB r AxB,IIF A "
TIIFA A cut
Sy, Sy,
U
8471 Sy laet}
@ pla —t}
THABx—t  Blxet,IrA
TIIFA A cut
SW, ©Sy, (ot}

Lemma 5.3 (Normalized Invariance under ).

Ylp] > Yle’] implies Syt = SylS’]
such that Syy) = Sy[S] ~as, Sy[S']

Proof. The case analysis below shows that even though the cut-pertinent
struct changes because a substruct is deleted when the subproof ¢ of i is
rewritten according to the weakening cut reduction rules >, this change
is inessential with respect to ~»¢g,-normalization, because the deleted
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substruct would be deleted by ~gg,-normalization anyway. In other
words, the ~gg,,-normalized struct does not change®.

e >, with weakening in the left branch: As shown below, S, =
S, @S, and S, = S,,. Nevertheless, S, ~qg,, S,, via the struct
rewriting rule 5;®S, ~gg,, Si.

Sy,

@ Sor
I'r A w, Pr
I'kAA ATIFA

TIIFA A cut

qu[ @Sq;,"\*@@w qu[

U
Spy
@1
_LrA gy
T, 11+ A A
S{ﬂ

1

e >, with weakening in the right branch: As shown below, S, =
S, ®S8,, and S, = S,,. Nevertheless, S, ~¢g, S, via the struct
rewriting rule 5;®S, ~¢g,, S

S,
Soy Pr
Pi IrA
THAA AITI+FA
IITFA,A

S(/), EBS(/);» P edyy Sq}y

cut

U

4 Note that only ~>ge-Normalized structs are invariant under . ~»gg,-normalized structs
are not invariant. This is because ~¢g,, is better than ~»gg, when it comes to exploiting redun-
dancies due to cut-pertinent weakening inferences. Consequently, the swapped clause sets are
also invariant under >, while profile clause sets are not. Indeed, the behaviour of profile clause
sets under >, is quite complex to describe [67,66] .
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Sy,
Or
ITF A W, w;
IIT+AA
S

Pr
|

Definition 5.2.4 (Equivalence of Structs Modulo Renaming and Multi-
plicity of ®junctions). Let S; and S, be ®-junctions (i.e. they are structs
not containing the @ connective). Then S; =; S, if and only if there is a
variable renaming o such that S;0 = S,.

LetS; = @13@ Sy;and S, = ®1§j§m S»j be two structs where Sy; and
S,; are ®-junctions. Then S; = S, if and only if for all Sy, there is a Sy
such that S,; =, Six and for all Sy there is a Sy such that Sy =; Sq1p.

Let S; and S, be arbitrary structs. Then S; = S, if and only if for all
S such that S; ~eg,, S there exists S, such that S; ~eg, S, and S| = S
and for all S, such that S; ~¢g, S) there exists S| such that S; ~gg, S
and S| = §).

Lemma 5.4 (Duplication of Substructs). Let S; be a substruct of S. Let S’
be the struct obtained from S by replacing S; by S; @ S, where S, = S0

for a variable renaming 0. Let S ~gg Sporm and S ~gg S),,,. Then

’
Snorm —s Snorm'

Proof. By induction on the structure of S or on the length of the normal-
ization sequence. O

Lemma 5.5 (Duplication of Substructs). Let S; be a substruct of S. Let S’
be the struct obtained from S by replacing S; by S; ©@ S, where S, = Si0
for a variable renaming 0. Let S ~gg, Sporm and S’ ~gg, S Then

’
norm:*

—_ ’
Snorm -s Snorm'

Proof. By induction on the structure of S or on the length of the normal-
ization sequence. O

Lemma 5.6 (Duplication of Substructs). Let S; be a substruct of S. Let S’
be the struct obtained from S by replacing S; by S; ® S, where S, = S0 for
a variable renaming o. Then, for any S, such that S ~gg,, Sporm there is

’ ’ ’ — ’
a S, such that S’ ~gag, Shom and Suorm =s Shorm-

Proof. In contrast to the previous cases for ~gg and ~gg,, for ~¢g,, it was
necessary to state the lemma in a slightly modified way, due to the fact
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that ~gg, is not confluent. The proof, however, can also be easily made
by induction on the structure of S or on the length of the normalization
sequence. O

Lemma 5.7 (Invariance Modulo Renaming and Multiplicity under >).

Ylpl>cYle’]  implies  Sypy) =s Sy

Proof. The case analysis below shows that applying . in a subproof ¢ of
Y adds copies of some clauses to the characteristic clause set. However,
the new clauses are just variants obtained by renaming eigenvariables.
Therefore, S, =; S/, and hence Syy] =5 Sy[p]-

e >, with a contraction in the left branch: As shown below, S, =
Sy @Sy, and Sy = (S, @ S,,) ® Sy Since @ is just a copy of
@, with the eigenvariables renamed for the sake of proof regularity,
Sy =5 S,,. Therefore, S, = S,.

Sy,
@i Sor
TFAAA ®r
TrFAA "OATIFA
TIIFA A cut
S0, S,
U
Sy, Sor
@i ®r Sey
TFAAA  ATIEA @,
TIIFAAA CUb A TIF A
LILIFAAA, . cut
T,TIF A, A v
(S ®Sp,)0S,,

e >, with a contraction in the right branch: As shown below, S, =
Sp ® Sy, and Sy = Sy & (S, @ Sy,)- Since ¢ is just a copy of
¢ with the eigenvariables renamed for the sake of proof regularity,
SfP{ = Sy, Therefore, S, =, S,.
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Sor
S, @
¢1 AATIFA o
I'rAA ATIFA
TIIFA A cut
Sy | &Sy,
U
Sy, Spr
Sof P Pr
®; TrA A AATIFA
TrAA ARHFAACMCM
LLIOFAAA .
[LTIFAA V7

Sy ®(Sp,8S,)

Lemma 5.8 (Normalized Invariance under >,).

1,0[(‘0] > ¢[¢,] 1mp11es S¢[q)/] = 84,[5’]
such that Sy, = Sy[S] ~eey SplS']

Proof. The case analysis below shows that no change occurs in the ~gg,,-
normalized cut-pertinent structs, when the subproof ¢ of ¢ is rewritten
according to the cut rank reduction rules >,.

e >, with a unary rule: As shown below, S, = S, &S, and S, =
S, ®S,,. Hence, S, = S, .

S‘Pr
SW/ (pV
) ATT + A
I'tAA ATl A
TIIFA A cut
S0 Sy,
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Sy, Spy
(Pl qu
TEAA  ATTFA
TITFA A
TIIFAA |

S0 @Sy,

cut

S,
@1 Spr
I+t AA @y
I'tAA ATl A
ILIT-FAA
S0, S,

cut

Sy, .
Pi Pr
T'EA A ATIFA
T TIF A A
TIIFAA |

S0 @Sy,

cut

e >, with a cut-pertinent binary rule: In all cases below, S, = S,/ by
the associativity and commutativity of .

Sy Sy
Sy, P1 P2
®i AT +HA | P WAV
A A ATFEA P
TLTFAA cut
S 1 GB(SW 1 69&/’2 )
U
SWI SWI
2 1 Sop,
ITFAA AT A P2
LT FA A Cut | A,
ITFAA P

(S ®Sp1 S,
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S‘Vl Swz
Sp, P1 P2
@1 I'n+ A AT, A,
TF A A ATEA P
TLTEAA cut
S ®(Sp; ®Sp,)
U
S(/)I S(/’Z
Soy 2 ©2
®1 HI‘A,A A,rzFAz
Ty F A LT, F A, A, cut
TTFA A P
Sy @(Sp8Sp,)
SV’I Sv’z
1 P2 Spr
I'hrALA I A, ©r
I'rAA P ATIFA
TIIFA A cut
(S, 8Sp,)0S,,
U
Sp, Spr
P1 Pr Sy,
IhrAL A AITIFA P2
TLIIFALA L W
TIIFA A P
(Spy 8Sp)®Sp,
Spy Sp,
P1 P2 S
Fl I- A] Fz I- Az,A Oy
I'rAA P ATIFA
TIIFA A cut

(Spy ©S,)8S,

139
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Sy Spr
Sy P2 Pr
®1 LA A ATIFA
Ty kA T, I1F Ay A cut
TTIFA A P
S, DSy, ®S,,)

e >, with a cut-impertinent binary rule:

In the rank reduction immediately below, S, = (S, ® S,,) ® S,,,
and thus S, # S,,. However, it is easy to see that S, ~g5,, Sy, due
to the fact that ~ g, performs only a partial distribution® of ® over

.

Sp, Sp,
Sp, P1 P2
®i AT +HA | P WAV
ITFAA ATEA
ILTFAA
S B(Sp; ®pSpy)

P

cut

U

SWI S(/)l
@1 1 S,
ITFAA AT A ©2
LT FA A Cut | A,
TLTFAA

(S8 )®p Spy~emy S ®(Sp; ©pSp,)

P

Soy Soy
Spy P1 P2
Y] I'irA A, ILFA
ITFAA ATFEFA
ILTFAA
Sy (Sp; ®Sp,)

P

cut

U

¢ Not only ~gg,-normalized structs (and, correspondingly, swapped clause sets) but also
~ggp-normalized structs (and, correspondingly, profile clause sets) are invariant under t>,. The
proof of this fact can be found in [66}/67]. However, ~¢g-normalized structs (and, correspondingly,
standard clause sets) are not invariant under >,. This negative fact can be seen in [12]].
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S(ﬂl S‘I’Z
54’1 (Pl (PZ
¢1 ITFAA AT A,
Ty F A LT, F A, A ut
TLTFAA P
Sp1®p (S 880y remyy Spy®(Sp; ®Syy)
S‘I’] S(/’Z
P1 P2 S
Fll-Al,A rzl-Az Oy
I'rAA ATIEFA
TIIFA A cut
(Sp,®pSp,)BS,
U
S‘I’] Sq?r
P1 Pr Sy
IrALA AITIEA ©2
TLIFALA Y Tea,
TIIFAA P
(Sp1 ©S0pr)®p Spy~osyy (Spy @ Sp )BS,
S‘I’l S‘/’Z
$1 P2 Spr
Fl F Al Fz F Az,A Oy
I'rAA P ATIEFA
TIFA A cut
(Sp,®pSp,)BS,
U
Sps Spr
Spy ¢2 ©r
®1 A A ATIFA
Ty F A T, TTF Ay, A cut
T IIF A A P

S‘/)l ®p (S‘/’Z GBS(/);' )MQB@W (S(/)l ®pS</)2 )@SW],



142 CHAPTER 5. COMPARISON OF CUIT-ELIMINATION METHODS

Definition 5.2.5 (Struct Precedence).
<= <, U=, U=

Lemma 5.9 (Precedence under ). If {[p] > Y[¢’] then for any ~gg,-
normal-form S’ of Sy, there exists a ~ gg,, -normal-form S of S, such
that S < S".

Proof. This lemma is a direct consequence of Lemmas[5.1] 5.2} 5.3, 5.7 and
0.95] O

Lemma 5.10 (Refutations of Preceding Clause Sets). Let S; and S, be
structs in ~gg,-normal-form such that S; <* S;. Then, any resolution
refutation 6 of cl(S,) is also a refutation of cl(Sy).

Proof. By the definition of <, the clauses in cl(S,) must be instances of
cl(51). Since the leaf clauses of any refutation 6 of cl(S;) are instances of
clauses in cl(S,), they are also instances of clauses of cl(S1). Therefore, 6
is also a refutation of cl(5,). O

Theorem 5.4. CERes}, CR-simulates Daf.

Proof. Let ¢ be a proof with cuts and ¢’ such that ¢ Daf ¢’, and let S’ be
~ egy-Normal-form of S .

By Lemma there exists a proof ¢” such that ¢’ >* ¢” and S, =
S’. Moreover, ¢” is in >>gg-normal-form. Hence CR(¢") exists and is a
refutation of S’.

By an iterated use of Lemma[5.9] there exists a ~ag, -normal-form S of
S, such that S < §’; and, by Lemma[5.10, CR(¢") is also a refutation of S.

Let ¢* = CERes‘VDV(go, CR(¢")). Clearly, CR(¢*) = CR(¢"”). Therefore,
CERes;y CR-simulates Dg. O

Remark 5.2.1. The proof of Theorem together with the soundness of
the Resolution calculus, can be seen as an alternative constructive proof
of Theorem A refutation of a swapped clause set is constructed by
applying Dé to a proof and extracting its canonic refutation. Therefore,
since a refutation (i.e. the extracted canonic refutation) of the swapped
clause set exists and the resolution calculus is sound, the swapped clause
set must be unsatisfiable.

Theorem 5.5. CERes!, CR-simulates Dé.

Proof. By Theorem CERes}; CR-simulates >!. By Theorem B3| >
CR-simulates Di . Therefore, CERes}, CR-simulates D; . m|
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Theorem 5.6. CERes}, cannot be CR-simulated by any cut-elimination
method based on >.

Proof. Many examples of proofs for which CR-simulation is impossible
are shown in Chapter |






Chapter 6

Resolution Refinements for
Cut-Elimination

Theorems in Chapter b have shown that CERes is better than
reductive cut-elimination methods in the sense that CERes can always
produce (modulo CR-equivalence) the normal forms produced by reduc-
tive methods but the converse does not hold. However, CERes pays a
high price for its flexibility and power. As shown in Example [6.1] re-
futing a clause set of a proof can be as hard as proving its end-sequent
by resolution (i.e. refuting the negation of its end-sequent) from scratch.
Moreover, Theorem shows that Example is not an isolated case;
there is actually a large class of proofs, namely proofs that do not con-
tain certain kinds of redundancy (e.g. weakening inferences), for which
refuting the clause set is as hard as proving the end-sequent from scratch.

That the difficulty of refuting clause sets is a serious issue, which jeop-
ardizes the practical application of CERes, is empirically supported by
experiments made with Fuerstenberg’s proof of the existence of infinitely
many primes [6]. Fuerstenberg’s proof, which uses lemmas (cuts) from
topology, has been formalized as a sequence of proofs where the k-th
proof shows that there are more than k primes. Current theorem provers,
such as Otter [83] and Prover9 [84], were unable to refute the clause sets
fork > 2.

One possible approach to solve the issue of refutation search is to
enrich the cut-pertinent struct with additional information (defined in
Subsection [6.2.T)) about the cuts in the proof. Subsequently, resolution re-
finements can be defined, which use the extra information to constrain the

145
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inferences of the resolution calculus and thus reduce the space of allowed
resolution deductions. Subsections and show a
few possible refinements, and Subsection 6.2.8]is devoted to proving that
clause sets are still refutable when the refined resolution calculi are used.

6.1 Refuting Clause Sets versus Searching for Resolu-
tion Proofs of End-Sequents

Example [6.1] shows a case in which refuting the clause set of a proof
is as hard as refuting the negation of the formula corresponding to the
end-sequent of the proof.

Indeed, in general, a proof with only atomic cuts can always be ob-
tained by simply reproving the end-sequent by resolution (i.e. refuting
its negation) and then converting this refutation to a sequent calculus
proof [39]. However, this process is normally more costly than to use
CERes or reductive methods, simply because a large amount of informa-
tion contained in the proof with cuts is simply disregarded and only the
end-sequent is considered and reproved. But for cases such as that of
Example[6.]] it is actually simpler to reprove the end-sequent by resolu-
tion; and this is certainly an undesirable result for CERes (and perhaps
even for cut-elimination in general), because a cut-elimination method
ought to be able to exploit the information contained in the input proof
with cuts in such a way that a proof with only atomic cuts could be
constructed more easily than if it were constructed simply by reproving
the end-sequent without no additional information. In summary, a cut-
elimination method ought to be simpler and easier than simply searching
again for a cut-free proof (or a proof with only atomic cuts)?.

A semantic proof of cut-elimination together with a complete search
procedure for cut-free sequent calculus proofs could hardly be considered
a cut-elimination method. Analogously, if using CERes were always as
hard as reproving the end-sequent by resolution, it could be argued that
CERes is not really a cut-elimination method, but just resolution proof
search disguised as a cut-elimination method. Fortunately, there are many
proofs for which using CERes is computationally simpler than reproving
the end-sequent by resolution. Nevertheless, Theorem 6.1l characterizes a

2 In fact, this kind of requirement could be generalized to proof transformations in general.
A method that transforms a proof ¢ into a proof ¢’ satisfying certain properties ought to be
computationally simpler than searching for another proof i) having the same end-sequent as ¢
and satisfying those properties.
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disturbingly large class of proofs on which CERes behaves as in Example

Theorem [6.Tlindirectly suggests that CERes behaves well (in compari-
son with pure resolution proof search) when the proofs with cuts contain
weakening inferences or axiom sequents having either no cut-pertinent
formula occurrences or only cut-pertinent formula occurrences. In such
cases the clause sets are smaller and simpler to refute than the clause
forms of the negated end-sequents. Theorem [6.2] shows that CERes also
exploits the instantiations of cut-impertinent quantifiers, which are incor-
porated on the clause sets, making them easier to refute than the clause
forms of the negated end-sequents. These theorems informally indicate
that CERes is intermediary between a pure proof search method and a
pure proof transformation method.

Example 6.1 (The Difficulty of Refuting Clause Sets). Let ¢ be the proof
below:

ArA _ArA . BrB
F-AA B+ B — -AF—-A -B,B + l

A— B+-A,B v -B,-AVBF-A .
A—>Br-AVB —“AVBF-B— -A cut

ASBrF-B— A

Then, its cut-pertinent struct is:

S, = (~A®B)® (A ®-B)

And its clause set is:

C/={ArB; rA; Bt}

The formula corresponding to end-sequent of ¢ is:

F,=F(A—> B+ -B— -A)=((A— B) = (=B — -A))

The clause form of —F,, is:

C={A+B; +rA; B+ }

Since Cy = C, refuting Cy) is as hard as proving the end-sequent of ¢ by
resolution without using any information from @.

Theorem 6.1 (Difficulty of Refuting Clause Sets of Some Proofs). Let ¢ be
a proof with a quantifier-free end-sequent, with neither contraction nor



148 CHAPTER 6. RESOLUTION REFINEMENTS FOR CUT-ELIMINATION

weakening inferences and such that every axiom sequent contains exactly
one cut-pertinent occurrence. Let C be the clause form of the negation of
the formula corresponding to the end-sequent of ¢. Then C{ = C.

Proof. Let S,,\p denote the substruct of S, at the inference p. Let S\p
denote the ~gg,-normal-form of S, \p. Let Cg\p = cl(S\p).

Let s, denote the cut-impertinent subsequent of the conclusion sequent
of the inference p. Let cf(F) denote the standard clause form of a formula
E. Let C, denote cf(—~F (s,))-

Below it is shown by induction that Cg\p = C, for all inferences p in
¢@. The theorem then follows from the facts that C) = C/\p* and C,» = C,
for p* the bottommost inference of ¢.

In all proofs displayed below, cut-pertinent formula occurrences are

highlighted in red.

e Base case, p is an axiom inference: then the subproof at p has one of
the following two forms:

— If the cut-pertinent formula occurrence is in the consequent of
the conclusion sequent of p:

———— axiom
ArA

In this case, Cg\p = {+ A} and C, = {r A}. Therefore Cg\p =C,.
— If the cut-pertinent formula occurrence is in the antecedent of

the conclusion sequent of p:

A A o

In this case, Cj,\p = {A +} and C, = {A +}. Therefore C},\p = C,..

e p is a cut-pertinent unary inference: then the subproof at p has the
following form:

T AFATL pp
T AF AT

By induction hypothesis, C;\p” = C,. Since s, = s, C, = Cr. And
Cf;\p = Cf;\p’, because S, \p = S, \p’. Therefore, Cf;\p = C,.

e p is a cut-pertinent binary inference: then the subproof at p has the
following form:
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’

rllAl F A]/“l p

rZ/ AZ |_ AZI HZ p2

IV/ Al/ AZ F A// Hl/ HZ

P

By induction hypothesis, CP\p; = Cy; and Ch\p; = Cyy. S,\p =
S,\p; @ Sp\p5, and hence Co\p = C\p; U Cp\pj. Moreover:

C =

Therefore, Cf;

cf(=F (A1, Az + 11y, T1))

cf(~(AA A AN — VIV VIDL))

= fAMANANMA=VILA=VID)

= cf(A\ A1) Uct(A Ap) Ucf(=VIL) Ucf(=VID)
= cf(A\ A1) Ucf(=VII) Uct(A Ap) Ucf(=VID)
= cf(AAMA=VIL)UH(A A A=VID)

= cf(=F (A1 +T1)) U ct(=F (Ay + I1p))

Cpr UCy,

\p =C,.

e p is a cut-impertinent unary inference: then p is a unary inference
introducing a propositional connective, since by assumption con-
traction, weakening and quantifier inferences are not present in ¢.
The following cases can be distinguished:

- p is a —, inference: Then the subproof at p has the following

form:

TAEFATL "

T,AFATL—F

(o)

Clearly, Co\p = C})\p’, because S,,\p = S, \p’. Moreover:

C =

cf(=F (A + I1,=F))
cf(=(A A = VIIV =F))
f(ANAA=VIIAF)
cf(ANAANFA=VII)

= cf(=(ANAAF— VII)
= cf(=(F (A, F+11))

_ Cp’

By induction hypothesis, C))\p’ = C,. Therefore, C}\p = C,..

- pis a - inference: Analogous to the previous case.
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- p is a A; inference: Then the subproof at p has the following
form:

T AL, L F ATl p/\( )
T AL A FA I P

Clearly, Co\p = C})\p’, because S,,\p = S,)\p’. Moreover:

C, = cf(=F (A FiAF 1))
cf(=(AAAF1 AF, — \/1I))
cf(ANAANFL AFy A=\ TI)

= cf(=F (A, Fi, Fr +1D))
= C o
By induction hypothesis, C\p’ = C,v. Therefore, C;\p = C,.
- pisa V, inference: analogous to the previous case.
- p is a =, inference: analogous to the previous cases.
e p is a cut-impertinent binary inference: then p is a binary inference

introducing a propositional connective. The following cases can
therefore be distinguished:

- p is a A, inference: then the subproof at p has the following
form:

’

rl/AlF.A]/Hl/Fl pl FZIAZF.AZIHZIFZ 9\2( )
I, To, Aty Ag v Ay, Ay, 11, T, Fy A F A
Then, C,y = cf(A\ Ar) U cf(=V ITy) U cf(=Fy), Cpor = cf(A A U
cf(= 'V ITy) U cf(=F) and:
CP

cf(=F (A1, Ao + 111,11, F1 A Fy))

cA((AMAAA - VILVVILV(F1LAF))
cA(AAMANAMA=VITA=VIT A=(F) A F))

cf(A\ A1) U cf(A Az) U cf(= V TTh) U cf(= V TTp) U cf(=(Fy A Fy))
cf(A A1) U cf(A Az) U cf(= V TTh) U cf(= V TTp) U cf(=F; V —F3))
cf(A\ A1) U cf(A Az) U cf(= V TTh) U cf(= V TTp) U (cf(=F1) © cf(=F2))

where (cf(=F;) ® cf(=F;)) denotes the set

{ciocy|c1 € cf(=Fy), c; € cf(—F,))

On the other hand, S,\p = S,\p] ®, S,,\p;. By induction hy-
pothesis, Co\p; = Cy = cf(/\ A1) U cf(=V ITh) U cf(=F,) and
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Cf;\p;_ = Cp, = cf(A A1) U cf(= V IT1) U cf(=F,). Then, by defini-
tion of ~»gg,-normalization:

Ch\p = cf( /\ A1) Uc( [\ A) Ucf(= \/ Th) Uch(= \/ To) U (cf(~F1) © cf(~F>))

because only the substructs corresponding to cf(—F;) and cf(—F,)
are Q,(¢p)-pertinent. Therefore, Cg\p =C,.

- pisa V;inference: analogous to the previous case.

- pis a —; inference: analogous to the previous cases.
O

Remark 6.1.1. Since Theorem[6.T[requires the proof ¢ to be free of weaken-
ing inferences, Cy = C;. Therefore, the theorem also holds for swapped
clause sets. However, the theorem does not hold for standard clause
sets, since the simple ~»gg-normalization employed in the construction of
standard clause sets creates redundant clauses and literals and hence the
case of cut-impertinent binary inferences would fail.

Remark 6.1.2. A proof ¢ in the class of proofs that satisfy the conditions
of Theorem [6.T)is such that it essentially as hard to compute CERes$ (¢, 5)
or CERes\ (¢, 6) as to simply reprove the end-sequent by resolution. It
is interesting to notice, moreover, that for this class of proofs, due to the
redundancies introduced in the construction of standard clause sets, it is
actually easier to simply reprove the end-sequent by resolution than to
compute CERes{ (¢, 5). Moreover, the proofs produced by reproving the
end-sequent would be in general shorter and smaller than CERes (¢, ).
This is yet another way of recognizing the superiority of profile and
swapped clause sets in comparison to standard clause sets.

Theorem 6.2 (Difficulty of Refuting Clause Sets of Some Proofs). Let ¢
be a skolemized proof with neither contraction nor weakening inferences
and such that every axiom sequent contains exactly one cut-pertinent
formula occurrence. Let C be the clause form of the negation of the
formula corresponding to the end-sequent of ¢. Then C <, Cy).

Proof. The proof is analogous to the proof of Theorem , with the following
two additional cases when p is a weak quantifier inference:

e pisa V;inference: Then the subproof at p has the following form:

T A F AT
T, A, (VOF() - A, TT

Yi(p)
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By induction hypothesis, C,; <, C\p’. Clearly, C{)\p = C;\p’, be-
cause S, \p = S, \p’; and C, < C,. Therefore, C, <; C{\p.

e pisa d, inference: analogous to the previous case.
O

Remark 6.1.3. Theorem|[6.2lshows that, in the presence of weak quantifier
inferences, while retaining all the other conditions of Theorem [6.1] it is
easier to refute the cut-pertinent clause set than to reprove the end-sequent
by resolution from scratch. This is so because the cut-pertinent clause set
contains information about the instantiations that were used in the weak
quantifier inferences, and hence it is more specific than the clause form of
the negation of the formula corresponding to the end-sequent.

Remark 6.1.4. It might be fruitful to investigate further generalizations
of Theorems [6.1] and [6.2 which would, for example, not require absence
of contraction and weakening inferences. It seems that the presence of
weakening inferences is always beneficial to CERes. However, Example
suggests that the presence of contractions can be bad for the CERes
method. In that example, the swapped clause set has twice more clauses
than the clause form of the negation of the formula corresponding to the
end-sequent of the proof. Half of the clauses of the swapped clause set
are mere duplicates caused by contractions. Therefore, it seems that a
more detailed analysis of the effect of contractions on CERes could lead
to improvements of the method.

6.2 Refinements based on Reductive Methods

In Section [6.1] it has been argued that the amount of search performed
by CERes is in some cases unacceptably high; as high as to cast doubts
on CERes status as a genuine cut-elimination method. The amount of
search is high because the cut-pertinent structs do not contain enough
information about the proofs with cuts. Therefore, to constrain the search,
the natural solution is to enrich the cut-pertinent struct with additional
information and define refined resolution calculi that make use of the
extra information to constrain the inference rules and thus reduce the
search space.

The following subsections define increasingly constrained refinements
using increasingly more information from the proof with cuts. This allows
a trade-off between how constrained the refutation search is and the
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variety of normal forms that can be produced. The more constrained the
refinement and the more information is used from the proof with cuts,
the farther the refined CERes is from being a pure resolution proof search
method and closer it is to being a genuine proof-transformation method.

The refinements are inspired by reductive methods of cut-elimination.
Basically, the aim is to define refined CERes methods that still CR-simulate
reductive methods, but do not CR-Simulate the unrefined CERes. In
this sense, the refined methods are intermediary between CERes and
reductive methods. To achieve this aim, a simple procedure is used:
firstly, example proofs with cuts are found for which reductive methods
are not capable of producing normal forms that are CR-equivalent to some
normal forms produced by CERes; then a refinement is defined in such a
way that the refined CERes does not produce these normal forms that are
not producible (modulo CR-equivalence) by reductive methods.

This procedure for designing refinements is also interesting from the
point of view of clarifying the relation between CERes and reductive
methods, two fundamentally different kinds of cut-elimination methods.
In particular, it shows very clearly the reason why reductive methods
do not CR-simulate CERes. Reductive methods are bound to preserve
cut-linkage and cut-side annotations, as defined in Subsection and
proved in Subsections[6.2.2land [6.2.3] while the unrefined CERes methods
are not.

6.2.1 Cut-Linkage and Cut-Side

The following auxiliary definitions allow the annotation of cut-pertinent
formula occurrences with information about how they relate to the cuts
of a proof. These annotations persist when the cut-pertinent struct is
extracted, therefore the cut-pertinent struct is automatically enriched with
such annotations. Resolution refinements that exploit these annotations
are defined in the following subsections.

Definition 6.2.1 (Cut-Linkage). Two cut-pertinent atomic (sub)formula
occurrences 1, and v, in a proof ¢ are cut-linked, denoted v, — v, if and
only if there is a cut p such that v; is an ancestor of v; and v, is an ancestor
of v; where v; and v; are auxiliary occurrences of p.

Remark 6.2.1. v; and v; can be the same auxiliary occurrence. They do
not need to be in different premises of the cut.
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Example 6.2 (Cut-Linkage). In the proof ¢ below, occurrences highlighted with
the same color are cut-linked to each other.

P(s) F P(s)

P@FP@) FoPE),PE) | POFPE)
P(a),=P(a) + P(e) 5, =P(s) — P(s) + P(s), P(s) o
P(a), F =P(a) — P(a) =P(s) = P(s) + P(s) v P(s) + P(s)
(Yx)P(x), v =P(a) = P(a) ! (Vx)(=P(x) — P(x)) + P(s) ! P(s) F (Ay)P(y) c;t

r

(YX)P), - (YX)(=P(x) — P(x)) (V) (=P(x) = P()) F @Y)PY) cut

(YX)P(x) = Fy)P(y)

Definition 6.2.2 (Cut-Side). Let v be an ancestor of an auxiliary formula
occurrence v’ of a cut p. v has left (right) cut-side if and only if v occurs in
the left (right) premise of p.

Definition 6.2.3 (Atomic Cut-Linkage). Two cut-pertinentatomic formula
occurrences v; and v, in a proof ¢ are atomically cut-linked, denoted v =5,
if and only if there is a cut-inference p such that vy N\ lv;| and v, \, [v;]x
where 7 is the position of an atomic sub-formula and v; and v, are auxiliary
occurrences of p.

Remark 6.2.2. v; and v; can be the same auxiliary occurrence. They do
not need to be in different premises of the cut-inference.

Example 6.3 (Atomic Cut-Linkage). In the proof ¢ below, occurrences high-
lighted with the same color are atomically cut-linked to each other.

P(s) + P(s) .
Pa)r () PO, PG PO
P(a), —P(a) + . =P(s) > + P(s), P(s)
P(a), - —P(a) — v ! —P(s) > P(s) + P(s) ' P(s) + P(s)
(Vx)P(x), v =P(a) — ! v (VYx)=P(x) > + P(s) ! P(s) - Ay)P(y) rt
(Y0)P(), - (Yx)—P(x) — ’ (=P0) > P00 F GPG) o

(Y0)P(x) - (Fy)P(y)

Definition 6.2.4 (Proofs Annotated with Cut-Links and Cut-Sides). A
proof ¢ is said to be annotated with cut-links and cut-sides if and only if
every atomic cut-pertinent (sub)formula occurrence is annotated with a
set of labels that indicate its cut-side in ¢ and the set of (atomically)
cut-linked occurrences of ¢ to which it belongs.

If v is a cut-pertinent atomic (sub)formula occurrence in ¢, then:

e cutlink(v) denotes the label that indicates to which set of cut-linked
occurrences v belongs;

o cutlink,(v) denotes the label that indicates to which set of atomically
cut-linked occurrences v belongs;
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e and cutside(v) denotes the label that indicates the cut-side of v.

Remark 6.2.3. The annotations of a formula occurrence are meant to be
persistent in the sense that they are carried along with the occurrence
when the occurrence is used for the construction of cut-pertinent structs
and clause sets. In other words, when a cut-pertinent struct S is extracted
from an annotated proof ¢, the atomic formula occurrences in S have the
same annotations as the corresponding occurrences in ¢.

Moreover, if ¢ is transformed to a proof ¢’ by a proof transformation
method, the annotations of a formula occurrence v in ¢ persist as anno-
tations of any formula occurrence v’ corresponding to v in ¢’. Clearly,
what it means for an occurrence in ¢’ to “correspond” to an occurrence
of ¢ might be not always clear and ultimately depends on the particular
proof transformations under consideration. Nevertheless, for the proof
transformations considered here (i.e. reductive cut-elimination methods),
the intuitive notion of correspondence of occurrences seems to be clear
enough not to justify a tedious fully formal definition of correspondence.
A problematic case might be reductions over contractions, in which oc-
currences are duplicated. In this case, both copies in ¢” are considered to
correspond to the occurrence in ¢ that was duplicated. Hence the annota-
tions are also duplicated and carried along to both copies. Another prob-
lematic case are transformations that merge equal subproofs by adding
contractions (e.g. the proof rewriting rewriting relations shown in Defi-
nition4.3.4). In this case, the merged occurrences inherit the union of the
annotations of the corresponding occurrences that have been merged.

To avoid confusion and clarify the fact that the labels have been inher-
ited from ¢, the following notation can be used:

o cutlink(v’, @) = {cutlink(v)ly" corresponds to v};
o cutlink,(v', ) = {cutlink,(v)|v" corresponds to v};
o cutside(v’, p) = {cutside(v)|v" corresponds to v};

Remark 6.2.4. To facilitate visualization, the annotations indicating cut-
linkage are displayed as colors in the examples in this chapter. The
annotations indicating the cut-side of an occurrence are displayed as
superscripts on the occurrence (! for left cut-side and r for right cut-side).



156 CHAPTER 6. RESOLUTION REFINEMENTS FOR CUT-ELIMINATION

6.2.2 Cut-Linkage Preservation under Reductive Cut-Elimi  nation

The importance of the concepts of cut-linkage and atomic cut-linkage
developed in the previous section lies in the fact that, under reductive cut-
elimination, they are preserved (in a sense made precise in Theorems
and [6.4). Preservation of cut-linkage annotations is therefore an essential
property of reductive cut-elimination methods, and it informally entails
that canonic refutations from normal forms produced by reductive cut-
elimination methods are always such that resolved literals have the same
(atomic) cut-linkage annotations with respect to the input proof with cuts.
This fact can be used to design resolution refinements for CERes as shown

in Subsections and

Definition 6.2.5 (Positions and Subformulas). "F'™ denotes the subfor-
mula of F at position 7.

Remark 6.2.5. Positions can be encoded as binary strings. In this case, for
example: "TA A (BV (Yx)C(x))™ = A;"TAA (BV (Yx)C(x))™ = BV (Vx)C(x);
TAA(BV (Yx)C(x))™M0 = B;TA A (B V (Yx)C(x)) ™ = C(x).

However, for the remainder of this chapter, it is irrelevant how posi-
tions are actually encoded.

Definition 6.2.6 (Context Formulas). F[F’],, denotes a formula F with the
subformula F’ in position 7 of F.

Theorem 6.3 (Atomic Cut-Linkage Preservation under Reductive Cut-E-
limination). Let ¢ be a proof with cuts and ¢* a proof such that ¢ > ¢*.
Let p be a cut in ¢* with auxiliary occurrences v; and v,. Then, for any
position 7, cutlink,("v;'™, ) = cutlink,("v, ", @).

Proof. The theorem can be proved by induction on the length n of the
sequence rewriting ¢ > @' > ... > ¢" = ¢*. The base case, when n = 0 is
trivial. For the inductive case, it is assumed as induction hypothesis that
the theorem holds for n = k and it is shown that it also holds for n = k+ 1.
To this aim, all possible cases of rewriting from ¢* to ¢**! are analyzed
below.

In all cases, it suffices to analyze what happens to a cut p of ¢**! if
it was modified (shifted, created, reduced, ...) by the rewriting of gok
to ¢**! (for if p is not modified, then cutlink,("v,™™, ) = cutlink,("v,™™, @)
holds trivially).

o ¢f >, **!: This case can be subdivided in four cases, depending on
which connective is eliminated:
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- ¢*>,, **1: Notice that in the lowermost of the two new cuts of

@**1, for any position 75, the occurrences of the atomic formula
C occupying that position in both auxiliary occurrences of the
cut have the same atomic cut-linkage annotations (the same
color blue). The same analogously holds for the uppermost of
the two new cuts. Therefore, for any cut p of ¢! with auxiliary
occurrences v; and v, and for any position m, cutlink,("v, "™, @) =

cutlink,("v, ™™, ).
1 P2 ©r
I'1 v Ay, F1[Blr, Ik Ay, Fo[Cly, A F1[Blr,, F2[Clr, ITF A A
Ty, ToF Ay Mg, Fi[Bly, AFo[Cly, " Fi[Bly, AFo[Cly, TTF A ,
Fl/ FZ/H - Al/ AZ/A cu
U
P1 ©r
(PZ rl '_Alrpl[B]ﬂl Fl[B]ﬂllFZ[C]TIz/H'_A Cut
rz - AZ/FZ[C]‘IIZ FZ[C]le/ rl/H F Al/A t
Ty, o, TLF Ay, Ay, A o
- ¢ >,, ¢! Analogous to the case for >, .
@1 P1 Q2
HFA/Fl[B]TEUFZ[C]TEZ v Fl[B]ﬂllrl - Al FZ[C]‘II2/FZ - AZ
I+ A Fi[Bln, V F2[Cln, FilBly V FalCleg, D, o Ay, A0
Ty, T2, 1 Ar, Ay, A o
U
¢i P2
HFArpl[B]TIl/FZ[C]TEZ FZ[C]leIFZ '_AZ Cut q)l
IT, T2 + Ay, A, Fi[ B, Fi[Blw,, T F Aq ;
Ty, o, T1F Ag, Ag, A o
- ¢* >, ¢**1: Analogous to the case for 1>, .
¢1 P1 (%]
Fl[B]TlllH'_A/FZ[C]T[Z R 1-'1 - Al/Fl[B]ﬂl FZ[C]leIFZ |_AZ N
r
H F A/ Fl[B]Tll - FZ[C]‘IIZ Fl[B]Tll - FZ[C]‘Rzl rl/ FZ F Al/AZ

Ty, Do, 11 Ay, Ay, A cut

U
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®i P2
P1 Fi[Bln,, IT+ A, F2[Clr, Fo[Clr,, T F Ay cut
It + Ay, Fi[Blx, Fi[Bl,, IL T2 F Ay, A cut

Fl/ FZ/ I+ A1/ AZ/A

- ¢* >, **': Analogous to the case for 1>, .

2 @y
F[A],THA IT+ A, F[A]x

TrA-FAL, |~ —FALIIFA
T,IFA A

U

©r @1
IF A F[Al,  F[A]l,TFA
T IIr A, A ¢

1

cut

ut

e ¢* >, **!: Similar to the case for 1>,. It can also be subdivided in
two cases, according to which quantifier is eliminated:

— ¢Fr>4, ™1 Notice thatin the cut of ¢**! thathas been changed by
the rewriting, for any position 7, the occurrences of the atomic
formula A occupying that position in both auxiliary occurrences
of the cut have the same atomic cut-linkage annotations (the
same color red). Therefore, for any cut p of ¢! with auxiliary
occurrences v; and v, and for any position 7, cutlink,("v;"™, ) =
cutlink,("v, ™™, ).

P Pr
't A F[A]{x < a} v F[A]{x « t},IT+ A
't A, (Vx)F[A] ' (Vx)F[A], ITF A

[LITFA A

U

pila ) Pr
't A F[A]{x « t} F[A]{x « t},IT+ A
ILIT-A A

A4
cut

cut

- ¢F >4, **1: Analogous to the case for >,.

Pi Pr
I't A F[A]{x « t} F FIA]{x < a},TT+ A F
T+ A, IxF[AlL ’ AxF[A],, ITF A C;t

ILITFA A
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U
@ pla « t}
I't A F[A]{x « t} FlA]{x « t},TI+ A ;
T, IIF A, A cu

e ¢f >, **1: This is the simplest case. Notice that in the cut of ¢!
that has been shifted upward by the rewriting, for any position 7,
the occurrences of the atomic formula A occupying that position
in both auxiliary occurrences of the cut have the same atomic cut-
linkage annotations (the same color red). Therefore, for any cut p
of (p’“rl with auxiliary occurrences v; and v, and for any position 7,
cutlink,("v;"'™, @) = cutlink,("v, ", @).

@
@ HMWWFNP
LrAFAL  FAL TR A
T, IIF A A cu
U
@1 ©r
CrAFAL  FAL Ve A
LITFAA cu
TIIF A A
(]
'+ A AL @,
T+ A, F[A], FAL ITFA
T.IIF A A cu
U
@1 ©r
A AL FALITRA
DN A cu

I[LITFA A
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(4] P2
@1 F[A]n, Fl F A] rz F Az 0
I+ A, F[A], F[A],TF A t
TILTFAA cu
U
@1 1
[T+ A, F[A],  F[A],, Ty F A t ©2
TLT,FA A oA, 0
ILTFAA
®1 (%)
P I'tAy F[A], TR Ay 0
I+ A, F[A], F[A],TF A t
ILTFAA cu
U
@i )
(Pl IT+ A/ F[A]Tl F[A]TU FZ F AZ ¢
Ty A OLEAL cu
ILTFAA
®1 ©2
F1 F Al,F[A]n 1"2 F Az p (Pr
T+ A, F[A], F[A],,, TIF A t
T,IIFA A cu
U
P1 Pr
I-_‘1 F Al/F[A]Tl F[A]TUH FA # (PZ
T, IIF Ay, A Ut A, )
[TIF A, A
P1 P2
| ER AN I FA,, F[A]n 0 ©r
T+ A, F[A], lmMmHFACm

I[LITFAA
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U
P2 ©r
®1 I Ay, FI[A] F[A],,, IT+ A ;
T kA Lo, 1T Ay, A cu
ILITFAA
e ">, ¢"!: Notice that in the two new cuts of ¢**! that have been cre-

ated by the rewriting of ¢* to p**!, for any position 7, the occurrences
of the atomic formula A occupying that position in all auxiliary oc-
currences of the cuts have the same atomic cut-linkage annotations
(the same color red). This is so because atomic cut-linkage annota-
tions persist, being distributed to all copies of an occurrence when it
is duplicated (i.e. when >, duplicates some occurrences, all copies
of an occurrence are assumed to retain the same cut-linkage an-
notations as the original occurrence). Therefore, for any cut p of
"1 with auxiliary occurrences v, and v, and for any position 7,
cutlink,("vi"'™, @) = cutlink,("v, '™, ¢).

Y]
I'r A/ F[A]Tl/ F[A]Tl c (Pr
T+ A, F[A], " FIA]lL IIF A ,
T IIF A, A cu
U
2 ©r
I't A F[A]l., F[Al,  F[A]l., 1T+ A ; Py
T,TIr A, A, F[A]L U AL, TIF A t
[ILTIFA A A, |, cu
c,C
T,IIF A A
@
¢ FIAL, FIAL T A
T+ A, F[A], HMmHFAC;

ILIT-AA
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Y1 Pr
®; T'rAF[Al,  F[Al. FIALL ITF A
T A, F[A] FIAL.TILF A, A cut
LLIOrAMA . cut
[TIrA A V7

e ¢' >, *1: When ¢* is rewritten to ¢**! via 1>, the only thing that
happens is the elimination of one cut. All cuts the remain in ¢**!
are left unchanged. Therefore, for any cut p of ¢**! with auxiliary
occurrences v; and v, and for any position n, cutlink,("v,", @) =

cutlink,("v, "™, ).
@1
T'rA w Pr
TrAFAlL, ' FAL,IIF A ,
T ILFA A ct
U
Y
't A W wt
[LIIFA A
©y
Pi ITrA z
LrAFAL  FALIIFA
T IIFA A cu
U
Oy
IT-FA W wt
[IIFA A 7
e ¢ >, p*1: Analogous to the case for >,
Or
ArA ATI+FA
cut

ATl A

U
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©r
ATl A

@1
THAA AFA
IEAA

cut

@1
I'tAA

O

Theorem 6.4 (Cut-Linkage Preservation under Reductive Cut-Elimina-
tion). Let ¢ be a proof with cuts and ¢* a proof such that ¢ >* ¢*. Let p
be a cut in ¢* with auxiliary occurrences v; and v,. Then, for any position
1, cutlink("v;'", ) = cutlink("v,"", ).

Proof. This theorem follows from Theoreml6.3land from noting that atomic
cut-linkage is a sub-relation of cut-linkage. m|

6.2.3 Cut-Side Preservation under Reductive Cut-Eliminat ion

A similar preservation result can be proved for cut-side annotations, as
shown in Theorem[6.5]

Theorem 6.5 (Cut-Side Preservation under Reductive Cut-Elimination).
Let ¢ be a proof with cuts and ¢* a proof such that ¢ > ¢*. Let p be a
cut in ¢* with auxiliary occurrences v; and v,. Then, for any position 7,
cutside("v; '™, ) # cutside("v,", @).

Proof. Analogous to the proof of Theorem |

6.2.4 Using Cut-Linkage

The refinement described in this subsection (Definition [6.2.7) uses only
cut-linkage annotations and yet in a very loose way. Nevertheless, it is
already strict enough to prevent certain refutations, as shown in Examples

[6.4land 6.5
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Example 6.4. Let ¢ be the proof of Example[6.21 Then the clause set of ¢ is:

Cy = {F P(a); P(s) + D(s); P(s) + P(s); P(s) F}
—_ ~——

Let 6 be the following refutation of C:

C1 Cq

- r

There is no >z-normal-form ¢’ of @ such that CR(¢’) = 0 (this fact can be
easily verified by performing reductive cut-elimination on ¢ or by noting that
otherwise this would lead to a contradiction of Theorem[6.4).

Definition 6.2.7 (Refined Resolution using Cut-Linkage). The inference
rules of the resolution calculus refined by using cut-linkage R, are the
same as the rules of the unrestricted resolution calculus, except for an
additional restriction on the resolution rule:

e Resolution Rule (restricted by using cut-linkage):

F1 F Al,A1 A;_,l“;_ F Az
I'ion, I'on + Ajon, Axon

r(0)

only if there exist formula occurrences F; € I'1 UA; U {A;} and F, €
I, U Ay U {A,} such that cutlink(Fy) N cutlink(Fy) # 0.

where o is a most general unifier of A; and A, and ) is a substitution
that renames all variables to globally new fresh ones.

Example 6.5 (Refined Resolution using Cut-Linkage). The R-refutation 6
shown in Example[6.4]is not a Ry-refutation, because ¢, and c4 do not have any
literals that have the same cut-linkage annotations (i.e. the same colors). There
are four minimal Rq-refutations of C,, which are shown below:

a1 %) »
F P(S) Cyq
E r
€1 C3 »
F P(S) Cy
E r
Co Cyq
C1 P(S) F

|_
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Cs3 Cy4 .
(o] P(S) F
- r

Infinitely many non-minimal Rq-refutations of C, can be obtained by re-
solving c; with c3 many times. An example of such a non-minimal refutation is
shown in Examplel6.6]

6.2.5 Using Cut-Linkage (More Strictly)

The refinement described in this subsection also uses only cut-linkage
annotations, but it does so in a more strict way than the refinement de-
scribed in the previous subsection. Here it does not suffice for two clauses
to contain literals having equal cut-linkage annotations, but the resolved
literals themselves must have equal cut-linkage annotations.

Example 6.6. Consider the proof ¢ of Example 6.4l and let 6* be the following
Ra-refutation of C,:

P(s) + P(s) P(s) + P(s)
- P(a) P(s) + P(s)
F P(s) ' P+
|_

There is no >z-normal-form ¢’ of ¢ such that CR(¢’) = 6. Otherwise,
Theorem [6.4 would be contradicted. In any case, this fact can also be seen by
analyzing the cut reduction at the moment when the lowermost cut has been
shifted up to the —; and —, inferences of . At this moment, the proof has the
following form ¢4, where 1 is a partial proof:

Ps) +P(s) P(s) + P(s) _
P(s), =P(s) - P(ar) R F-P(s),P(s) ' P(s)FP(s) _
P(s), F =P(s) — P(s) ﬁP@)—ép@)kP@LP@)Cut
P
Applying ©>,_, yields the following proof @-:
P(s) + P(s) _ P(s) + P(s)
F=P(s),P(s) = P(s),—P(s)F P(s) '
P@s), - P(s), P(s) cut POFPE)

4
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The reduction displayed above shows that the elimination of the cut with
cut-formula —P(s) — P(s) creates two new cuts such that their cut-formula
occurrences have all equal cut-linkage annotations (colors). Therefore, in CR(¢’),
resolved literals necessarily have the same cut-linkage annotation. This is not
the case with 0", because the first resolution inference resolves two literals with
different cut-linkage annotations.

Definition 6.2.8 (Refined Resolution using Cut-Linkage (More Strictly)).
The inference rules of the resolution calculus refined by using cut-linkage
more strictly, Rqs, are the rules of the unrestricted resolution calculus with
the following additional restrictions on the resolution and factoring rules:

¢ Resolution Rule (using cut-linkage more strictly):

F1 F Al,A1 A;_,l“;_ F Az
I'ion, Iyon + Ajon, Axon

r(0)

only if cutlink(A1) N cutlink(A,) # 0.

where o is a most general unifier of A; and A, and ) is a substitution
that renames all variables to globally new fresh ones.

e Factoring Rules:

AATHA
Aon,Ton + Aon

'k AAA
T'on+ Aon, Aon

fr(o)

fio)

and then cutlink(Aon) = cutlink(A) U cutlink(A’).

where ¢ is a most general unifier of A and A’ and ) is a substitution
that renames all variables to globally new fresh ones.

6.2.6 Using Cut-Side and Cut-Linkage

Example shows that, even when R is used, CERes could still pro-
duce normal forms not obtainable by reductive methods modulo CR-
equivalence, because Ry still allows the resolution of literals having
equal cut-side annotations. Such cases can be avoided by refining the
resolution calculus in a way that uses cut-side annotations as well, as
described in Definition

Example 6.7. Let ¢ be the following annotated proof:
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POFP() _

P(a) + P(a) " —D(f), P() F _

P(a) F ~P(a), P(@) ., ~P(HF=P(E) Pt r P

P(a) - =P(a) V P(a) ' —P(t) V P(t) v P(t), ~P(t)
(VX)P(x) F =P(a) V P(er) ! —~P(t) vV P(t) F P(t) v =P(t) .

v
cut

(Yx)P(x) F (Yx)(=P(x) V P(x)) " (Vx)(=P(x) V P(x)) + P(t) V =P(t)
(Yx)P(x) + P(t) V =P(t)

Then the clause set of ¢ is:

Cy = {r P(a); v P(t); P(t) +}
—_— —— ——

A possible Ras-refutation of C,, is shown below:

Co C3

- r

On the other hand, any >z-normal form vy such that ¢ D% Y is such that
CR(v) is the following:

ala=t)
|_

Definition 6.2.9 (Refined Resolution using Cut-Linkage (Strictly) and
Cut-Sides). The inference rules of the resolution calculus refined by using
cut-linkage and cut-sides, Ry, are the rules of the unrestricted resolution
calculus with the following additional restrictions on the resolution and
factoring rules:

¢ Resolution Rule (using cut-side and cut-linkage):

I‘l F Al,Al Az, Fz F Az

I'ion, Iyon v Ajon, Ayon r(0)

only if cutlink(A1) N cutlink(A,) # 0 and cutside(A,) N cutside(Az) = 0.

where 0 is a most general unifier of A; and A, and nis a substitution
that renames all variables to globally new fresh ones.

e Factoring Rules (using cut-side and cut-linkage):

AATEA
Aon,Tont+ Aon

' AAA
T'on+ Aon, Aon

filo) f(0)
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only if cutside(A1)Ncutside(A;) = 0. And then cutlink(Aon) = cutlink(A")U
cutlink(A’).

where ¢ is a most general unifier of A and A’ and ) is a substitution
that renames all variables to globally new fresh ones.

6.2.7 Using Atomic Cut-Linkage

The most restrictive refinement studied in this chapter is obtained when
atomic cut-linkage is used. More precisely, resolved literals are required
to have equal atomic cut-linkage annotations, as described in Definition
It is capable of preventing refutations such as the one shown in
Example

Example 6.8. Let ¢ be the proof below:

__P@rP@ P(tY F P(f) P(s) + P(s)
(V2P@FP@ P F Qw)P@w) ) P F Gw)P@)
(V2)P(2) - (Yx)P(x)) » (V0P F @w)Pw) | (YyP(y) F Gw)Pw)
(Y2)P(z) + (Yx)P(x)', (Yy)P(y)' rv (Yx)P(x)" vV (Yy)P(y)" + Fw)P(w), (Jw)P(w) Vi
(V2)P(2) - (Y0P v (PG (PP V (WP + G)P@) '

(V2)P(2) v (Fw)P(w)

Its clause set is:

Cy = {F P(); P(t) +; P(s)" +}
N — \_\/._/ N — e’

Let 6 be the following Rea-refutation of C,:

C1 C3

- r

The refutation 6 cannot be the canonic refutation of any normal form ¢
obtained by reductive cut-elimination methods. This can be seen by an analysis
of the first cut-reduction, on V, which matches each subformula of the left cut-
occurrence with its corresponding subformula in the right cut-occurrence. To
obtain 6 as a canonic refutation, on the other hand, it would be necessary to
match the left subformula of the left cut-occurrence with the right subformula of
the right cut-occurrence when doing the cut-reduction on V. Indeed, the only
canonic refutation for a reductive normal form @* is the following o*:

cla =t} o
|_

r
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Definition 6.2.10 (Refined Resolution using Atomic Cut-Linkage). The in-

ference rules of the resolution calculus refined by using atomic cut-linkage,
R,q, are the rules of the unrestricted resolution calculus with the following
additional restrictions on the resolution and factoring rules:

e Resolution Rule (using cut-linkage more strictly):

I‘l F Al,Al Az, Fz F Az

I'ion, I'yon v Ayon, Ayon r(0)

only if cutlink,(A1) N cutlink,(Az) # 0.

where o is a most general unifier of A; and A, and nis a substitution
that renames all variables to globally new fresh ones.

e Factoring Rules:

AATEA
Aon,Tont+ Aon

' AAA
T'on+ Aon, Aon

filo) f(0)

and then cutlink,(Aon) = cutlink,(A”) U cutlink,(A).

where ¢ is a most general unifier of A and A" and ) is a substitution
that renames all variables to globally new fresh ones.

6.2.8 Refined Refutability
Sections have shown how cut-linkage and cut-side

annotations and refined resolution calculi that use these annotations can
be used to prevent certain kinds of refutations. A question that naturally
arises from this approach is whether clause sets remain refutable if these
refined resolution calculi are used.

For unrestricted resolution, the refutability is a consequence of the
unsatisfiability of clause sets (Theorems .1land and the refutational
completeness of unrestricted resolution. However, refined resolution cal-
culi are generally not refutationally complete, and hence the refutability
of clause sets must be proved by other means. In particular, the proofs
shown here are constructive; they actually show how to construct a reso-
lution proof for a clause set.

Theorem shows that at least one of the swapped clause sets of
a proof is indeed refutable by the most refined resolution calculus R,q.
Theorem [6.7] shows that, in fact, any swapped clause set is R,q-refutable.
This result can be transfered to less refined calculi by using Lemma 6.1
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Although these theorems hold for swapped clause sets, it is conjec-
tured the similar results could also be proved for standard clause sets
and profile clause sets. The proofs, however, would be more complicated
because standard clause sets and profile clause sets are not as invariant
as swapped clause sets.

Theorem 6.6 (R,q-Refutability of a Swapped Clause Set). For any proof
@, there exists a R,q-refutation of a swapped clause set C(I;\llS* of ¢ with
respect to a ~gg,-normal-form 5" of S,,.

Proof. Let ¢’ be such that ¢ >! ¢’. By Definitions and and
Theorem there exists 0 € Scr(¢’) such that 6 is a R-refutation of C(‘;‘fls,
where S’ is a ~»gg,-normal-form of S,,. By Lemma 5.9, there exists a
~gg,-Normal-form S* of S, such that S* < §’. By Lemma5.10), 6 is also a
refutation of C<‘,/)V|s“ By Theorem [6.3] the resolved literals of any resolution
inference p of 6 must have a non-empty intersection of atomic cut-linkage

annotations. Therefore, 6 is a R,q-refutation of C;\fs“ O

Theorem 6.7 (R,q-Refutability of any Swapped Clause Set). For any proof
@, there exists a R,q-refutation of the swapped clause set C<12|[5* of ¢ with
respect to any ~gg,-normal-form S* of S,,.

Proof. By Lemma (4.9 there exists a proof ¢" such that S, = 5*. Let ¢’
be such that ¢ Dé @’. Since ¢" is in >gg-normal-form and >; does not
introduce any degenerate inference, ¢’ has only one > gg-normal-form.

Let ¢” be the >gg-normal-form of ¢’. Let 6 be the canonic refutation

from ¢”. By Definition and Theorem 0 is a R-refutation of C(‘;‘fls,
where §’ is the ~»gg,-normal-form of S,. By Lemma 5.9, there exists a
~egy-normal-form S of S, such that S < §’. Moreover, since ¢* is in
>gg-normal-form, there is only one ~gg, -normal-form of S,-. Hence,
S = § and §* < §'. Therefore, by Lemma [5.10] ¢ is also a refutation
of cl(§¥) = CHS*' By Theorem [6.3] the resolved literals of any resolution
inference p of 6 must have a non-empty intersection of atomic cut-linkage

annotations. Therefore, 0 is a R,q-refutation of C}//XS*‘ O

Lemma 6.1 (Restrictiveness of Refinements). The following hold with
respect to a refutation 6 of a clause set C, of a proof ¢ enriched with
atomic cut-linkage, cut-linkage and cut-side annotations:

e If 6 is a R,q-refutation, then ¢ is a Ryq-refutation.

e If 6 is a Ryy-refutation, then 6 is a Rys-refutation.
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e If 6 is a Rys-refutation, then 6 is a Ry-refutation.

e If 6 is a Ry-refutation, then 6 is a R-refutation.

Proof. The last three items of the lemma are evident; they follow directly
from the definitions of each refined resolution calculus. The first item,
though, is slightly less evident and hence is shown below:

For simplicity, assume that 6 contains only resolution inferences (the
analysis for the general case containing factoring inferences is analogous).
Assume, for the sake of contradiction, that ¢ is a R,g-refutation but not
a Rgq-refutation. Then, by the definition of R,q, for any resolution in-
ference p with resolved literals A; and A,, cutlink,(A1) = cutlink,(A>).
Consequently, cutlink(A,) = cutlink(A,). Moreover, since 6 is not a Req-
refutation, by the definition of Ry, there must be a resolution inference p’
with resolved literals A} and A}, such that cutside(A]) = cutside(A}). And
this, together with the fact that cutlink,(A]) = cutlink,(A’), implies that A]
and A, must have the same polarity. But this is a contradiction, because
only literal of opposite polarity can be resolved. m]

Theorem 6.8 (Rsq-Refutability of any Swapped Clause Set). For any proof
@, there exists a Rqq-refutation of the swapped clause set CXS* of ¢ with
respect to any ~gg,-normal-form 5* of S,,.

Proof. This theorem follows from Theorem[6.7land Lemma O

Theorem 6.9 (Rqs-Refutability of any Swapped Clause Set). For any proof
@, there exists a Rys-refutation of the swapped clause set C(‘Qlfs* of ¢ with
respect to any ~eg,-normal-form 5* of S,,.

Proof. This theorem follows from Theorem[6.8 and Lemma O

Theorem 6.10 (Rq-Refutability of any Swapped Clause Set). For any proof
@, there exists a Ry-refutation of the swapped clause set CZXS* of ¢ with
respect to any ~eg,-normal-form S* of S,,.

Proof. This theorem follows from Theorem [6.9]and Lemma [6.1] O

Theorem 6.11 (R-Refutability of any Swapped Clause Set). For any proof
@, there exists a R-refutation of the swapped clause set C("’)\lfs* of ¢ with
respect to any ~gg,-normal-form S* of S,,.

Proof. This theorem follows from Theorem 4.5 and the refutational com-
pleteness of R. However, notice that such a proof does not construct a
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R-refutation of the swapped clause set. It just proves that it exists. A
proof according to the proof of Theorem and using Lemma [6.T], on
the other hand, does construct a R-refutation. O

6.2.9 CR-Simulation among Refinements

The refutability results established in Section[6.2.8/can be reformulated as
CR-simulation results.

Theorem 6.12 (CR-Simulation among Refinements). The following CR-
simulation results hold:

e CERes with Rygq CR-simulates CERes with R,q.
e CERes with Ry CR-simulates CERes with Ryq.
e CERes with Ry CR-simulates CERes with Rg;.
e CERes CR-simulates CERes with R.
Proof. These results follow immediately from Lemma O

Theorem 6.13 (CR-Simulation of Reductive Methods by Refined CERes).
CERes}, with R € {Req, Raa, Ras, Ra} CR-simulates .

Proof. This is clear from an analysis of the proof of Theorem O

Conjecture 6.1 (CR-Simulation of CERes with R, by Reductive Methods).
Dé CR-simulates CERes‘VJ\, with R,q.

Proof. Proving or disproving this conjecture remains for future work. In
case it is disproved, it would be interesting to define a more restricted
refinement for which this conjecture could be proved. O



Chapter 7

Cut-Introduction

It is well-known that eliminating cuts frequently increases the size and
length of proofs. In the worst case, cut-elimination can produce non-
elementarily larger and longer proofs [109,93]. This fact naturally leads to
a desire to devise methods that could introduce cuts and compress proofs.
However, this has been a notoriously difficult task. Indeed, the problem of
answering, given a proof ¢ and anumber / such that! < length(¢), whether
there is a proof ¢ such that length(y) < I is known to be undecidable
[14]. Nevertheless, a lower bound for compressibility based on specific
cut-introduction methods that are inverse of reductive cut-elimination
methods is known [65]?, and some ad-hoc methods to introduce cuts of
restricted forms have been proposed. They are based on techniques from
automated theorem proving, such as conflict-driven formula learning
[42], and from logic programming, such as tabling [92} 86].

Besides the concern of compression, cut-introduction is also interesting
as a way of structuring and extracting interesting concepts from proofs.
In [40], for example, it is shown that many translation techniques of
automated deduction can be seen as introduced cuts. Furthermore, in
mathematical proofs, automatic introduction of cuts would correspond
to the automatic discovery of potentially useful lemmas. And Chapter
shows how cuts and the introduction of cuts corresponds to various
procedures in other areas of science.

This Chapter shows that, with very simple modifications, the CERes
method can be converted into a method for the introduction of atomic

?A cut-introduction method g is inverse of a reductive cut-elimination method if and only if,
for any cut-free proof ¢, the proof with cuts g(¢) rewrites to ¢ (i.e. g(p) > @).

173
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cuts that can compress proofs.

7.1 Cut-Introduction by Resolution

The CIRes method of cut-introduction by resolution is based on two
simple observations:

e In anaive attempt to introduce cuts by applying the proof rewriting
rules of reductive cut-elimination methods in an inverse direction,
the first step, which is the introduction of atomic cuts in the top
of cut-free proofs, is trivial. However, pushing the cuts down (by
applying inverse rank reduction rules), combining the cuts to make
more complex cuts, and exploiting redundancies in the form of con-
tractions is non-trivial.

e Ifapplied to a proof containing atomic cuts in the top, CERes outputs
a proof containing atomic cuts in the bottom, because a CERes-
normal-form is constructed by plugging all the projections on the
top of the refutation, and all atomic cuts are converted resolution
inferences from the refutation.

The CIRes method then simply consists of adding atomic cuts to every
leaf of the cut-free proof and applying CERes to push these cuts down.
Compression can be achieved thanks mainly to three ways by which
CEREes is able to exploit or avoid redundancies:

e Itis possible that the refutation uses only some clauses of the clause
set. The effect is that large parts of the proof (i.e. the projections
with respect to the unused clauses) can be deleted, replaced by
weakening. Clearly, this kind of deletion can lead to compression.

e If a refutation contains factoring inferences, the corresponding proof
with cuts has cuts whose cut-formula occurrences are being con-
tracted. Since the presence of cut-pertinent contractions is a major
reason for the increase of size and length during cut-elimination,
adding cut-pertinent contractions (via factoring) can lead to com-
pression.

e The improved normalizations used in the construction of profile or
swapped clause sets and the careful construction of O-projections
minimize redundancy. (It is interesting to note, on the other hand,
that in the case of standard clause sets and S-projections, parts of
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the proof frequently occur repeated in several projections, jeopar-
dizing the potential for compression. The evolution from standard
clause sets to profile or swapped clause sets and from S-projections
to O-projections has been therefore a critical step to enable the de-
velopment of CIRes from CERes.)

Definition 7.1.1 (Naive Introduction of Atomic Cuts). Let ¢ be a cut-free
proof. Then ¢ denotes the proof obtained from ¢ by replacing every
axiom inference with conclusion sequent of the form A + A by a subproof
of the form:

Ar A ArA
ArA

Definition 7.1.2 (CIRes-Normal-Form). The CIRes-normal-form of a cut-
free proof ¢ with respect to a refutation 6 of a clause set Cx is:

cut

CIRes(p, 0) = CERes(¢", 0)

Remark 7.1.1. Analogously to CERes, subscripts and superscripts are also
used to explicitly state which variants of clause sets and projections are
used. So, CIRes\ (¢, 5) denotes a CIRes-normal-form in which a swapped
clause set and O-projections are used, for example.

Example 7.1 (CIRes Applied to a Very Simple Compressible Proof). Let ¢
be the proof below:

ArA AFAA Ar A AFAA
AAFANA ' A,AI—A/\AC '

Ci i
AFANA AFANANA v
AVAFANAANA c
r
AVAFANANA
Then ¢* is:
ArA __AvrA . ARA__AvA . ARA __AvA . ARA__ArA
ArA ArA F AFA
Ar Ar
AAVANA ArANA
ArAnA ArANA
AVAFANA,ANA !

AVAFAANA

Its cut-pertinent struct is:

Sy = (AD-A)@" (AD-A) @ (AN D) ®" (AD-A))

And it can be ~ g, -normalized as follows:
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S = (A -A) " (A®-A) @ (A ®-A)Q" (A®-A))
~egy (ABA®(CA®" ~A) Q" (A&1)®" (A®A))
~agy ADAD (AR -A) X (ADA® (AR —A))
~agy AT A)BOARXA)B (AR A)B (AR A)® (AR —A) D (A ®" —A)

The swapped clause set is therefore:

CZ)‘QE{I—A, s FAA S FAA FAA AJAE AAR )

And 6 shown below is one of the possible refutations of C(‘Qﬂ:

FA, AAF
FA J AF fi
r
|_
The O-projections are:

L(PHJ?A, : L(PHJS,AF'
ArFA Ay ArA ArA A
AVAFA, : AAFANA T

Finally, the O-projections and the refutation can be combined in order to
produce CERes\y (¢*, 0), which is, by definition, CIRes (@, 0):

ArA F v ArA AI—A/\
AVAFAA AAFANA | '
AVArA ArAAA cu’t

AVARFANANA

The following hold regarding sizes and length of ¢:

o length(p) = 6

° |pl =41

® |pl, =32

Regarding sizes and length of CIRes\ (¢, 5), on the other hand:
° length(CIRes?v((p, 0)=>5

e |CIRes (¢, 8)| = 32
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e |CIRes\ (¢, d)l, = 26

This shows that CIRes is indeed able to compress proofs. It is interesting to
note that CIRes (¢, 6) is the shortest proof of AV A v A A A in the sequent
calculus used. The proof @, on the other hand is one of the two shortest cut-free
proofs of AV A+ A N A. The other shortest proof is the proof ¢’ shown below:

AFrA AI—AV ArA AFA
AVArAA ! AVAFrAA

AVArA " AVArA "
AVAAVAFAANA '

AVAFANA

Ci

Note that CIResy (¢, 8)>"¢ and CIRes} (¢, 6)>"¢’, and it is also not so hard
to verify that CIResy(¢’, 6) = CIRes\ (¢, 8) (not considering the colors/labels).

In fact, there are infinitely many ¢* such that CIRes\ (¢, 8) >* ¢* [66], and
for any of them CIRes\y(¢", 0) = CIRes\ (¢, 5). Considering that the size of ¢
is arbitrary, the amount of compression achievable with CIRes is unbounded.



Example 7.2 (CIRes Applied to a More Interesting Proof). Although Example[Z1lshows that CIRes can compress proofs, the
proof used is very simple. In this example, a more interesting proof° ¢ shown below is used:

plypt _ PIRP2

-

_Plr Pt PZy P - _PePU P!, -P'+ P2-Prv
plypl _ PP+ PL,-P2v  PL-P't P2,P, =PIV -P2F :
Pl -plr P2, pL-ply-pry PP, =PV PPV P E P2y p?
1

Pl,Pl,—!Iﬂsz_,—lPlVﬂpz_ F Pl,—|P1vP2_,—|P1v—|P2_ F
Pl, -Plv PZ_, -P'v =P? + Pi,Pl vV _'P%r/ -Plv pz_, -Plv —P? +
Plv Pi, -Plv PZ_, -Plv _|P2_’P1 \Y —|Pi, -Plv p%, —Pl'v =P?
Pl'v Pi, -Plv p%, -Plv ﬂPE,Pl \Y _|P3" —Plv =P?

Pl v Pi, -Plv p%,Pl \Y _|P3" —Plv =P? +

- l
P2 —|P2 F
+7 + v

(]

Vi

Ci
(o]

The subproofs highlighted below are equal. This redundant repetition suggests that cut-introduction might be able to compress
this proof.

® The end-sequent of this proof was adapted from an instance of a sequence of clause sets used in [26] to show that the resolution calculus can produce
significantly shorter proofs than the analytic tableaux calculus. .

81
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P v Pt F ~
PrP P Pept o PLoPTE SalL
PP P!, =P+ Il P!, =P+ Pl =Pty =P v
P!, —P'r PPV PLP, PV P, ~PTV Pk P+ P}
P],Pl, -Plv ,—|P] V=l kR o Pl, -Plv ,—lP] V=l kR P%_, —|P3_ F
P, =P'Vv P?,=P' vV =P + P2,Ptv =P2, =P v P2, =PtV —-P2 +

P'v P%,=P'Vv P2,=P'v =P2,P'v =P, =P' v P2, =P' v -P2 +
P'v P2, =PV P2, P!V =P?, P'v =P?, =P' vV =P? ¢
P'v P2,-P'v P?,Plv =P?,-P'Vv -P? +

(o]

(]

Following the steps of the CIRes method, ¢* is obtained by adding atomic cuts to the leaves of ¢:
PP v,
Plv P2, =Pl P2, =Py =P Py =P7 =Py P2 =Pl —P? b c
1
P1VP3_,—|P1VP%,—|P]V—| ,P1V—| , Pl v =P? +
Plv Pf_,ﬂpl \Y P%,Pl V= ,—|P1 \Y —|P% =

Cl

where @f is:
1 1 1 1 F -
_P_"_IZ___P_ l_l)_ Cut ———————————— Cut
Pl P! P P! Py Pl F .
T pep M P1, =P+ R
B I
P!, =P ,PL =Pty =Ptk
Vi

P, P, =Pl v P2, =Pl v =l b
P, =Pl v P?, =Py =P b

—

Vi

NOILMTOSHA A9 NOILLONAO}INI-LND T2
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and @7 is:

PLypl  plypt TTpip o P2rpP2 ot
ST e T PPl R,
P!, =P+ P2 PL PtV =Pt e P%+ P2
PLPL-PTV PRSPV P : TR
P!, =P'V PZ,=P'V =P’ v P, -

P2,P'V =1, =Pl v P2, =Pl v P2 b

Its cut-pertinent struct is:

Sy = (P'@-PHY®" (P'@=-P)e (P @="))e™ (P'e-P)e" (P'e-P)e" (P2e-r))e" (Pie-"))

And it can be normalized as follows:

S(Pﬂ

(P'e-PHY®" (P'®-P)®" (" ®&=""))e (P'®-P)®" (P'®-P)®" (P> &-F))e" (P2&-/"))
~amy (P1@®=PHY® (PlelP” & (=P @ =)e™ (P'®-P")®" (P'®-P")®" (P> & -P%))e" (P2 & -
~op, (PPO®P' @ (-P'®" P )@ (=P @ =P’) ™ (P'@-P") " (P'®-P")®" (P2 ®-F2))®" (P ®-
~agy (PP @ (=P @ P?)@® (=P @ =) @ (P! @ -P') @ (P' @ P2 & (=P' @ =P?))) ®" (P2 & —
~ e (pl @ pl @ (‘!Pl ®" ) ey (_|Pl ®" = )) @™ ((Pl @ Pl ey (—|P1 ®* P%) ® (—|P1 ® —|P%)) ®* (P%r ®—

)
)

)

~agy (POP @ (=P @ PY)@® (=P @ =)@ (P' @™ =) @& (Pl @ =1"") @ (=P'®" P?)® (-P' ®" -P?)® P?)
~ogy (P@®@*P2)@ (Pl P2)@ (=P @ P)e (=P e =)@ (P'®" = )® (P @ =) & (-P' @ P?)® (=P' ®" —=P?))
= (Pl PHeP e P)e(-P e P)e (=P @ -P)e (P @ - )e (P @ =)@ (=P ®" P?)® (=P ®" =P?)

The swapped clause set is therefore:

08T

NOILONAO/}INI-LND £ JALdVHO



Coo={FP P PP PRl PLP R PLRP  PIRP PR P2 PLPY )
C(?ﬁ can be refuted by the refutation 6 below:
F P!, P2 P! Pl v PPk .
+ P!, P! f PP f
Pt Py 7'
The O-projections are:
I-(PQJ?P',Pi: L(PaJO Lpl
|_
plI—P] pi"pi Vl p1|_p1 , -
p]VP_Z'_I-P],pi ’plv_| yall
Lp" 19, 1919 . -
Py P _ Py P! - F ~
P!, =P v F P!, =P + AL
Pl,—|Pl\/ F : P], ,—|P]V—| - l
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CIResyy (¢, 6), which is by definition equal to CERes{ (¢, 6), is:

F P! v P! P! P! F
1 1 - 1 1
P'vP' P R P2 Pl P! ok, PLoPE P, PLoPE el
1 I 1 - I
Ptv P2 Pl P2 ,Plv =pP” P! ; P!, =P'v P? ¢ Pt pP?, =Pt v =P? k- ;
CU - CU
P'v Pi,P] VvV =Pk Pl P! PY P! =Plv P?, =Pl v =P?

r r

Ptv P2, Ptv =P+ P! P, =PtV P?, =Pl v =P
PV P2, PtV =P, =Pt v P2 =Pl v =P

cut

Comparing the lengths and sizes, the compression achieved is now much more impressive than in Example (7.1}

o length(p) =17

e || =169

® |pl. =97

e length(CIResy (@, 6)) = 13
e |CIRes) (¢, 6)| = 105

e |CIRes) (¢, 5)l, = 70

81

NOILONAO/}INI-LND £ JALdVHO



7.2. REMARKS 183

7.2 Remarks

Even though CIRes can successfully introduce atomic cuts and compress
proofs, the method still has a major drawback. Refuting the swapped
clause sets is, at least in the examples considered in the previous section,
as hard as refuting the clause form of the negation of the end-sequent.
This means that introducing cuts via CIRes is approximately as compu-
tationally expensive as simply reproving the theorem by resolution and
then converting the resolution proof to a sequent calculus. Nevertheless,
it might be possible to design resolution refinements for CIRes that could
use more information contained in the cut-free proof in ways that would
facilitate the introduction of cuts.

Another drawback is the fact that CIRes produces normal forms in
which all atomic cuts are in the bottom. In the examples considered in
this chapter, this was not a problem, because the shortest proofs with
cuts happened to be proofs in which the atomic cuts occur in the bottom.
However, this is not generally the case, and then CIRes will sometimes
produce sub-optimally compressed normal forms, because the projections
will contain redundancies in order to allow the atomic cuts to be in the
bottom. This drawback could only be solved by using radically different
notions of projections, which would allow them to be combined in more
flexible ways with the refutation of the clause set, so that the atomic cuts
do not necessarily appear in the bottom of the normal forms. However,
such an improvement of projections and of the CERes method itself is far
from trivial and has yet to be developed.

Finally, it must be remarked that much more significant compression
(e.g. non-elementary compression) could in principle be obtained via
introduction of quantified cuts. The CIRes method described in this
chapter introduces only atomic cuts and is therefore just a small first
step toward the harder task of introducing general complex quantified
cuts. An intermediary step could be the introduction of propositional
cuts, which could be perhaps possible by using definitional and swapped
definitional clause sets. But even then, there would still be a long way
to achieve compressive quantified-cut-introduction. And in any case, an
algorithm that would generally guarantee optimal compression cannot
exist, due to the undecidability results in [14].






Chapter 8

Complexity

In previous chapters, several variants of the CERes method were de-
veloped, but comparisons were purely qualitative. The purpose of this
chapter is to complement this qualitative analysis with a few quantitative
results and conjectures regarding the asymptotic sizes of proofs, clause
sets and refutation search spaces when various variants are used.

8.1 Number of Clauses in Clause Sets

In this section, the asymptotic number of clauses in different variants of
clause sets is compared.

Theorem 8.1 (Number of Clauses in Profile and Swapped Clause Sets).
There exists a sequence of proofs @1, @y, ..., ®,, ... such that:

® |p,| = kn, for some constant k.

° IanI = 3n.
o [C sl =3, for any ~gg,-normal-form S of S,,.
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Proof. Let ¢, be the proof below:

A+ A By + By A

A+ A By + B; A A{,Bi+A; ANBy /\lr
A,Bi+A; ANBy ’ A ANBi A AB

A{,Bi+A; ABy cut

And let ¢, for n > 1, be:

A, +r A, B,+ B

Avv A, BivB, _Ay,B,rA,ANB, AAV

nt A B, FA,AB, ' A,AB,rA,AB, !

Aty An1,Biyo Byt F Ay ABy, oo Ayt ABuy A, B v A NBr cut
A, ...,A,1,By,...,B1+A T ANBq,...,A,_.1 ANB,4,C ' CA,B,+A,AB,

t,—
Ay,...,A,B,..., B+ A1 ANBq,..., A, ANB, U

Then:
Sy, =(..(A1®B)®(~A1®-B1)®...)® ((A, ®B,) ® (A, ® =B,))

S, is already in ~»gg,-normal-form. Therefore:

Cy

And hence, |C}, | = 3n.
However, S, is not in ~ g, -normal-form, because the inferences cut; (1 < i < n) are degenerate. Therefore, there
are 1 ~gg,-normal-forms S; (1 < j < n)) of S, :

={FA1;FBy; A,Bib; FAy; F By Ay Bak; oo F AL EBy; Ay Byt

S]' = (A]'@B]')@ (—IA]‘® —|B]')

981
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Consequently:

W
And hence, |C <pn|S]-|

C

W =
PnlS;

{I—AJ‘,‘I-B]‘,‘A]‘,B]‘I-}

= 3, for any ~~gg,,-normal-form S; of S, .

SLAS ASAVID NI SHSV'ID HO dd9NNIN T8
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Theorem 8.2 (Number of Clauses in Definitional and non-Definitional
Clause Sets). There exists a sequence of proofs @1, @, ..., ¢y, ...such that:

® |p,| < k4", for some rational constant k.
° IC;HI > k’2%", for some rational constant k’.
° IC%I < k72® "™ for some rational constants k” and k.

Proof. Let 11(s) be the following proof:

A1) F Ai(s)  Bi(s) F Bi(s) A Ci(s) F Ci(s)  Da(s) F Di(s)
A1(s), Bi(s) F Ai(s) A Bi(s) AZV C1(s), D1(s) F Ca(s) A Di(s) /\lr
A1(8) A Bi(s) F Ax(s) A Ba(s) C1(8) A Di(s) F Ci(s) A Di(s) v,
(A1(s) A Bi(s)) V (Ci(s) A Di(s)) F Ax(s) A Bi(s), Ci(s) A Di(s)
(A1(s) A B1(s)) V (Ca(s) A D1(s)) F (A1(s) A B1(s)) V (Ca(s) A Di(s)) "

And let ¢,,(s) (n > 1) be:

an—l (LZ.S) l;Dn—l (bS) l;Dn—l (C'S) an—l (dS)
Au) FANS)  Bu&)FBu(s) , Culs)FCuls)  Duls) F Du(s)
Au9),Bu®) F A ABLE) T C9),Du®) F GG ADAS)
Au) ABuS) F A ABAs) 1 Culs) ADu(s) F Culs) ADAGS) |,
(Au(5) A B.(5) V (Cols) A D)) F Au(s) ABi(5),Cu(5) ADls) |
(A(8) A B(5)) V (Cu(8) A Di(5)) F (Au(s) A Bu(5)) V (Culs) A Dis))

where (for n > 1):

An(s) = (Au-1(a8) A Bya(a.s)) V (Cy-1(a.s) A Dy-1(a.s))
Bu(s) = (Ana(bs) ABua(b:5)) V (Coa(b:s) A Dya(bo5))
Cn(s) = (An—l(c's) A By (C'S)) v (Cn—l (C'S) A Dn—l(c's))

Dn(s) = (An—l(d's) A Bn—l(d's)) v (Cn—l(d's) A Dn—l(d's))

and x./ denotes the result of appending the character x in the beginning
of the list of characters I.
Moreover, let @, be the proof below:

P D)
(Au([D) A Bu(D) V (CulD A Diu(ID) F (An([D A Bu([])) v (Cu([D) A Di([

Let Silzk(s) be the substruct of S,,, at the root inference of the subproof

YPi(s) in left side of ¢,. Analogously, let 504) be the substruct of S,,, at the

) cut
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root inference of the subproof 1(s) in the right side of ¢,. Then S, is
(displayed as a tree):

1 r
S‘Pn([]) San([])
&®
where S and Sr ©) (k> 1) are:
I 1 r r
Vk 1(a.5) 5, bi-1(b:5) Vk 1(cs) Sl#k 1(d.s) Wk 1(a.s) 5y br-1(b.5) Vk 1(cs) 5 Di-1(d-s)

N AVZARERN
\/ ~.

I
and S V165) and S ) @

Aq(s) Bi(s) Ci(s) Ds(s) —A;(s) —Bi(s) —C1(s) —Di(s)

N/ N

® @

®

Let fi(n) be the number of clauses in C;n whose formula occurrences
occur in the left branch of the cut. Analogously, let f,(n) be the number
of clauses stemming from the right branch of the cut. Clearly, [C, | =
fi(n) + f.(n). A careful analysis of the structs displayed above shows that:

4 Jifn=1
fitn) = { 4(fi(n - 1))?> , otherwise

2 ,ifn=1
fr(n) = { 2(fi(n — 1))2 , otherwise

It can be easily proved by induction that fi(n) = 4%'~Y and f,(n) =
2@"-1)_ Therefore:
C5 | = 42" 4 22D 5 2

An inspection of the structs displayed above also shows that the num-
ber of non-literal substructs in S, is 2(4") — 1 (4" — 1 substructs in each of
Sl% @ and 50 plus the whole unproper substruct S,,,). Each substruct
generates a new defined predicate, and for each defined predicate, three
clauses are formed. An additional clause corresponds to the whole struct.
Therefore |C]) | = 3(2(4") — 1) + 1 = 6(4") + 2 < 7(2*").

O
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Remark 8.1.1. Theorem[8.2]could be modified so thatC f;n orC (‘;,‘L were used

instead of C3, . For ¢, shown in the proof of the theorem, C, = Cy/ =C5, .

Therefore, exactly the same bounds on the sizes would apply.

Remark 8.1.2. Theorem could be modified so that CqD)n were used in-
stead of C}) . Clearly, the upper bound for |C) | would still be exponential,
but the constants k”” and k' could be smaller.

8.2 Search Space

In this section, the search spaces when using different variants of the
CERes method are compared.

Definition 8.2.1 (Search Space®). The search space sg(C) used for refuting a
set of clauses C in a refined resolution calculus R is the minimum number
of resolvents generated by a breadth-first search strategy until the empty
clause is obtained.

Remark 8.2.1. For Theorems and [8.4] it is assumed that no kind of
subsumption algorithm is used together with the resolution search pro-
cedure.

Theorem 8.3 (Search Space Improvement by Using Swapped Clause Sets).
There exists a sequence of proofs @1, @y, ..., @,,...such that:

® |p,| = kn, for some constant k.
o sr(Cp,) = 21,

° SR(C(?ZIS) = 2, for any ~gg,,-normal-form S of S,,.

?A much more general and deeper investigation of the complexity of resolution refutation
search can be found in [80].



Proof. In the proofs below, subscript indexes are used to distinguish occurrences of the same predicate symbol that
occur in different subproofs. Thus, A; and A, are considered to be the same predicate symbol A, but A; occurs in the
subproofs ¢;, for i > 1, and A, occurs in the subproofs ¢;, for i > 2 only.

Let @1 be the proof below:

A1 |-A1 B1|-B1 A

A1 |-A1 B1|-B1 A Al/Bl |-A1/\B1 '
Al,Bll-Al/\Bl ' Al/\Bll-Al/\Bl !
Ai,B1+ A1 ABy cut

And let ¢, for n > 1, be:

A, +A, B,+B

n
Ayv A, BivBy  _AyB,FAAB,
Pn1 A,B,vA,AB, '~ A,AB,FA,AB, ’t
Ay,...,A,-1,B1,...,BuciF AL ABy,..., A1 AN B, - A, B,+A, \NB, w cu
Ay,...,A-1,B1,...,BiciF AL ABy,..., A1 NB,_1,C ' CA,B,+A,AB, Clxit
Ai,...,A,By,...,B,r A ABy,..., A, AB, -
Then:
Co, ={FA1; FB1; A,Bir; FAy; FBy; Ay Bok; ... s F Ay v By AyByk )
And hence, sg(Cy, ) = 2n* (n” resolvents with resolved atom A and n” resolvents with resolved atom B.).
On the other hand:
CII/’\:CB]‘ :{I-A]‘,‘ I-B]‘,‘ A]‘,le-}
And hence, SR(CZ)‘;lS) = 2 (one resolvent with resolved atom A and one resolvent with resolved atom B.). O

HOVAS HOYVHS C'8
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Theorem 8.4 (Search Space Improvement by Using Refinements). There
exists a sequence of proofs @1, @2, ..., @y, ... such that:

® |p,| = kn, for some constant k.
o sg(C},) = 21°.
b SR(CZn) = 2n, for R € {Rq, Ras, Reat, Raat}-

Proof. Consider again the proofs shown in Theorem It was already
shown there that sg(C}),) = 2n°. It is easy to see that, when using any of
the refinements, two atoms A; and A; (or B; and B;) can only be resolved
if i = j. Therefore, there are only n resolvents with resolved atom A
and only 7n resolvents with resolved atom B, and hence sR(CZn) = 2n, for
R e {Rcl/ Rus, Rea, Racl}' O

Remark 8.2.2. Theorem [8.4/holds not only for profile clause sets, but also
for standard clause sets, because both variants of clause sets coincide for
the sequence of proofs used in the proof of the theorem. However, the
proof of theorem cannot be adapted to work for swapped clause sets,
simply because they handle degenerate inferences more cleverly than
standard and profile clause sets.

8.3 Proof Sizes and Lengths

In this section, the sizes and lengths of proofs using different variants of
CERes are compared.

Theorem 8.5 (Sizes of CERes-Normal-Forms using Definitional Clause
Sets). There exists a sequence of proofs @1, @2, ..., @y, ... such that:

o |p,| < k4", for some rational constant k;.

° ICERes?((pn, 8s)| > k2%, for some rational constant k,, for any refu-
tation Os.

e |CEResp(¢,, 0p)| < 2®", for some rational constant kj, for some
refutation 6p.

Proof. Consider the proofs ¢, defined in the proof of the Theorem[8.2l As
proved there, ICé,nI > k22" for some rational constant k’. Moreover, in
any refutation 6s of C(f)n, every clause of C(f)n has to be used at least once.

Therefore, [0 > k'2%". Since |CEResS (¢,,, 65)| > |05, ICEResS (¢, 6s)| > k'2%"
too.
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It was also proved in TheoremB2lthat |C}) | < k72®"m Tt is not too hard
to see that a refutation 6p of C}) could be constructed so that every clause
of C) is used at most once, with the exception of the clause containing
only the defined predicate symbol corresponding to the whole struct,
which must be used three times. Therefore, there is a rational constant ¢
such that [6p| < 2. The sizes of all definitional D-projections is constant.
The size of the proper D-projection L(anFD[’;SW , which has to be used three

times, is linear on the size of ¢,,. Hence Iquan)gs | < c’4", for some rational
Pn
constant ¢’. Therefore ICEResg(gon, op)| < 28 for some rational constant

k3. O

Theorem 8.6 (Sizes of QCERes-Normal-Forms). There exists a sequence
of proofs (4, Cy, ..., Cy, ... such that:

e |C,| < k4", for some rational constant k;.

° ICEResg(Cn, 8s)| > k»2%", for some rational constant k,, for any refu-
tation os.

o |QCERes(C,, 0)| < k34", for some rational constant k3, for any refuta-
tion 0.

Proof. Let & be the proof below:
P(a) + P(a) v P(c) + P(c) v
(VX)P(x) F P(a) ' (¥x)P(x) F P(c) '
(VX)P(x) - (Vx)P(x) " (Yx)P(x) + (Ax)P(x)
(Yx)P(x) + (Ax)P(x)
Let C, be the proof below:

,
cut

< @n
(V)P() V (Au(]) A Bu(ID) V (Cul[]) A Du(ID)) + (An([D) A Bu([1) V (Cul[D) A Du([D)), (3X)P(X)
where ¢, is defined in the proof of Theorem [8.2]

CS is similar to CS except for the additional clause P(c) + and the
fact that the literal P(a) is merged to every clause stemming from the
left branch of ¢,. By essentially the same argument used in the proof of
Theorem B.5, |CERes(C,, 0s)| > k;22", for some rational constant k,, for
any refutation dg.

The clause set according to QCERes, though, is simply:

{FP(a); P(c) -}

The only ground refutation of this clause set is:



194 CHAPTER 8. COMPLEXITY

+ P(c) P(c) + .

|_
And the QCERes-normal-form QCERes((,, 6) is:
P(c) + P(c)
(P FPE) ' g P@) + P(¢)
(Vx)P(x) V T+ T,P(c) : P(c) F (Ax)P(x) 't
u

(Vx)P(x) vV T + T, (Ax)P(x)
where:

T = ((Ax(ID A Bu([1) V (Cu([]) A Du(11))

Clearly, the size of QCERes(C,, 0) is therefore linear on the size of zeta,,.
Therefore, |QCERes((,, 0)| < ks4". O

Definition 8.3.1 (A Non-Elementary Function). The function s() is defined

as follows:
=l ifn=0
| 250D otherwise

Conjecture 8.1 (Sizes of CERes-Normal-Forms using Profile and Swapped
Clause Sets). There exists a sequence of proofs @1, @, ..., @y, ...such that:

e |p,| < 2, for some rational constant k.

° ICERes%((pn, Ow)| > k’s(n), for some rational constant k', for any refu-
tation Oy.

° ICEResg((pn, Op)| = k”, for some constant k’, for some refutation op.

Proof. Let ¢, be a proof of the following form:

Vi v,
Il A w, _LnbA,
r'+ALA I+ A,B A’
LT ALAL,AANB
Let C; be the subset of C}, having the clauses stemming from ¢, and
let C, be the subset of C}, having the clauses stemming from ;..
Due to the degenerate inference A,, ¢, has two swapped clause sets:
C(‘;\ilsl = Cl and C}//)\ilsz =
Assuming thatboth ¢/, and 1, admit only non-elementary cut-elimination,
any refutation oy of any of the two swapped clause sets will have non-
elementary size.
On the other hand, Cg = C; U C,, and hence it might be possible, if 1,051
and 1}, are in a certain sense partially dual, that there are clauses c; € C;
and ¢, € C, such that the following refutation of qu) exists:
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C; Cr

= r

However, the construction of ¢/, and 1/, has not been done yet. m|

8.4 Proof Compression by Cut-Introduction

This section discusses a conjecture regarding the amount of compression
that can be achieved by the CIRes method.

Conjecture 8.2 (Compression via CIRes). There exists a sequence of se-
quents s1, Sy, ..., Sy, ... such that: such that:

o |p,| > 22" for some rational constant c.
e |CIRes\ (¢, |) < 2™, for some rational constant k.

where @1, @y, ..., @y, ... is the sequence of smallest cut-free proofs having,
respectively, s1,5,...,5y, ... as their end-sequents.

Proof. The idea for this proof is to use a sequence of sets of clauses given
in [26]:
T,={+xP'Vv+P2v+P} v...v+P" }

where + preceding a predicate symbol is either empty or —, and the string
of + in the subscript of a predicate symbol corresponds to the values taken
by + before the previous predicate symbols. For example:

T, = {P'v P2,-P'v P?,P' v —=P?,-P' v -P?}
It is known (from [26]) that:
e There are refutations 0, of T, such that |5,] < 2%,
e For any analytic tableaux refutation 1, of T, |1p,| > 22").

Example [Z.2| shows that CIRes is able to do the desired compression
for T,. And there is no reason to believe that it would not work for T,, in
general. m|






Chapter 9

Applications of Cut

In the previous chapters, the cut rule and methods for its elimination and
introduction were studied in a quite abstract, technical and theoretical
way. Even though motivations for the study of cut were given in Section
they were still mostly theoretical and restricted to the field of proof
theory. The purpose of this chapter is to illustrate that proof theory, and
hence also this thesis, is actually not as isolated and closed in itself as
the previous chapters might suggest. The main aim is to suggest that
proof theory is highly cross-disciplinary, since it can serve as a tool for
foundational investigations of a wide range of scientific disciplines.

Applications of proof theory to linguistics, for example, are well
known [23]88]. In the following sections, informal correspondences be-
tween proof theory and a few other scientific disciplines are discussed. It
is shown how typical concepts, methods and tasks in these disciplines
can be understood from a proof-theoretical perspective as cuts, cut-
elimination, cut-introduction, proof search and extraction of Herbrand
disjunctions.

9.1 Physics: Energy Conservation as Cut

To solve problems of physics, certain invariants (such as energy) are fre-
quently used. This is so because solving problems by using a derived
principle (such as the principle of energy conservation) is usually easier
than solving them by using the most basic physical laws. This section
intends to exemplify how problem solution can generally be seen from a
proof-theoretic perspective in which the use of derived principles corre-

197
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spond to an implicit use of cut. The following simple problem of physics
shall be considered:

An object of mass m is dropped from height iy and with
initial velocity equal to zero. The only force acting on the
object is the force of gravity (with an intensity mg). What is the
velocity of the object when its height is equal to zero?

A typical solution (Solution 1) to this problem uses the principle of
energy conservation, as follows:

1.

2.

Let tf be the time when the object reaches height zero.

According to the principle of energy conservation, e(ts) = e(0), i.e.
the energy at t; is equal to the initial energy.

. Hence, by definition of gravitational potential energy in a uniform

gravitational field and by definition of kinetic energy, mgh(ts) +

h(ts)? 1(0)2
m—4— = mgh(0) + m%

. According to the initial conditions, h(0) = hy and }1(0) = 0. Moreover,

i 2
by assumption, h(ts) = 0. Therefore, mh(tTf) = mghy.

. Clearly, m™" = mghy holds if (t;) = /2gho ot i(ty) = — \2ghs.

. Since itis known that the height is decreasing and velocity is the rate

of change of height, the only solution is: /i(tf) = — /2.

Another solution (Solution 2) computes the velocity as a function of
time by integrating the acceleration produced by the gravitational force.
Then it determines the time when the object reaches height zero, and
computes the velocity at that time. The details are shown below:

1.

According to Newton’s second law of motion, f(t) = mh(t) at any
time t. Moreover, the uniform gravitational field produces a force
f(t) = —mg. Hence, h(t) = —g.

. By integration, h(t) = — gt + 71(0).
. According to the initial conditions, 71(0) = 0, and hence A(t) = — gt.

. By integration again, h(t) = —g5 + h(0).
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5. According to the initial conditions, h(0) = hy, and hence h(t) = — g% +
hy.

6. For h(tf) = 0 to hold, it must be the case that tf = , /%

7. Hence h(t f)=-8 %"E which can be simplified to h(tf) = —4/28hy.

Solution 2 is more basic in the sense that it uses only the basic physical
laws of motion (here assumed to be Newton’s laws of motion) and of
uniform gravitational fields. Solution 1, on the other hand, assumes that
energy is conserved, without actually proving it from Newton’s basic
laws.

In order to view problem solving from a proof theoretic perspective,
it is necessary to formalize problem solving as theorem proving. In the
example above, the problem can be stated as the following theorem to be
proved:

@AYh(t') = 0 A (F0) h(t') = v)

Solving the given problem then consists of finding a proof of the
theorem above such that v is instantiated by a ground term. Interestingly,
formalizing the problem as a theorem to be proved enforces the explicit
mention of the hidden assumption that the height eventually becomes
zero; otherwise the variable ' would be free and the theorem would be
open.

Solution 1 can be easily formalized as the proof ¢; below. To keep the
size of the proof small enough, the inference rule s; was used to encode
simple algebraic simplifications. Clearly, this rule is admissible in the
sense that it could be replaced by several applications of more formal
and more basic inference rules such as paramodulation and appropriate
axioms.
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h(te) = —[2gho F Its) = — \/2gho .
Itr) = 2gho + (F0) hts) = v

It )
2

S1

mg0 + m =mgh0+m% F (o) ity) = o

w

. ()2 .
h(tf) = 0, h(0) = hg, h(0) = 0, mg0 + mWTf) =mghy + m% F(Jo) h(ty) =0

h(ts) = 0,h(0) = ho, h(0) = 0, mgh(ty) + m@ = mgh(0) + m@ F(Jo) h(ty) =0

h(tg) = 0,h(0) = ho, 1(0) = 0,e(t;) = e(0) + (Fv) h(ts) = v
h(tr) = 0,h(0) = ho, h(0) = 0, (Y£:)(Vt)) e(t;) = e(t)) + (F0) h(t;) = v
h(t)) =0+ h(tr) =0 h(tg) = 0,h(0) = ho, 1(0) = 0, (Y£)(Vt)) e(t) = e(t)) + (F0) h(ts) = v /\]
h(tg) = 0,h(ts) = 0,h(0) = ho, 1(0) = 0, (V£;)(¥t)) e(t;) = e(t)) F h(t) = 0 A (To) h(ty) = .
h(ts) = 0,h(0) = hy, h(0) = 0, (V£:)(Vt;) e(t;) = e(t)) + h(ts) = 0 A (Fo) hts) = v
h(ts) = 0,h(0) = ho, h(0) = 0, (Y£:)(¥t;) e(t;) = e(t;) + (At')(h(t') = 0 A (Fo) (') = v)
@t) h(t) = 0,h(0) = hy, h(0) = 0, (VH;)(Vt)) e(t;) = e(t;) + At )(h(t') = 0 A (Fo) (') = v)
@1 h(t) = 0,h(0) = hy A (0) = 0, (V£:)(Vt;) e(t;) = e(t)) + Q') (h(t') = 0 A (Fv) (') = v) d'
Fall, Init, EnergyConservation + (3t')(h(t') = 0 A (o) h(t') = v) !

1

Solution 2 can be formalized as the following proof ¢,. Again, due
to size constraints, integration has been encoded only semi-formally by
means of the inference rule fz
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h(\/zgﬂ)z -9 2hok(ﬂv)h <=0
v
h(@):mh(@):o . VO (i(t) = —gt)k(ﬂv)h( 2?):0 ]w,

h(0)=ho,h(\/7) th(\/%) 0 10 = 0, (V) (i(t) = —gt)l—(EIv)h(\/i)zv
h(0)=h0,h(0)=0,h(\/7) O(Vt)(h(t)——gt)kh(\/i) O/\(Hv)h(\/i)zv

h(0) = ho, (0) = Oh(\/%) =0, (VO ((t) = —gt) + @A) (h(t') = 0 A (o) h(t') = )

Ar

3

S

) = o, 0) = 0,11 {22 ) = N i = —giy + @R = 0 8 Gy ) = o)
h(0) = ho, h(0) = 0, (V£)(h(t) = —gz + ho), (YH)((t) = —gt) + (A )(A(t") = O A (Fo) A(t') = 0)
1(0) = ho, h(0) = 0, (YH)(h() = —g& + h(0)), (VH)(it) = —gt) + (A )(n(t') = 0 A (To) h(t') = v)
h(0) = ho, h(0) = 0, (Y1) (h(t) = —g1), (V) ((t) = —gt) + A)(h(t') = 0 A (Fo) (') = 0) . :
h(0) = ho, h(0) = 0, (YH)(i(t) = —gt) + @) (h(t') = 0 A (Fo) h(t') = v)
h(0) = ho, h(0) = 0, (Y1) (i(t) = —gt + 0) + (At )(h(t') = 0 A (Fv) A(F) = v)
h(0) = ho, h(0) = 0, (YH)(i(t) = —gt + 1(0)) + (A )(h(H') = 0 A (Fo) h(t') = v) .
h(0) = ho, h(0) = 0, (YH)(i(t) = —g) + At")(h(t') = 0 A (Fv) I(t') = v) h
h(0) = ho, h(0) = 0, (Yt)(mh(t) = —mg) + (A')(h(t') = 0 A (Fo) h(t') = v)
h(0) = ho, h(0) = 0, (YH)(f(t) = =mg) + () (h(t') = 0 A (F0) h(t') = v) ;
h(0) = ho A (0) = 0, (VH(f(t) = —mg) + (A )(h(t') = 0 A (Fo) h(t') = v) 4
Init, Gravity + (3')(h(t') = 0 A (Fo) h(t') = v)

As expected ¢ is not only smaller than ¢,, but also simpler, since it
does not need to use integration. Furthermore, while in ¢, the time when
the object hits the floor has to be computed explicitly (i.e. ¢’ is instantiated
to a ground term), in ¢ this is not so (i.e. t’ is instantiated to a variable).

The idea of formalizing a problem as a theorem and in such a way that
its solution is in the instances used for the quantified variables in the proof
is the fundamental principle behind the logic programming paradigm, of
which Prolog [107] is the most prominent language. However, while logic
programming languages usually use refined resolution calculi, which are
suitable for proof search, here a high-level sequent calculus was used,
since the aim was not to search for proofs automatically but to formalize
existing solutions as proofs in the simplest and most natural possible
way. The fact that both ¢; and ¢, use sophisticated simplification rules
and ¢, even uses an integration rule shows that even such a simple
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physics problem would be hard to solve (and even to state) in pure logic

programming. It illustrates the practical necessity of deduction modulo

[36] and the integration of logic programming (or automated deduction
& 81C prog &

in general) with computer algebra systems [114].



Solution 1 implicitly uses cuts, because EnergyConservation and Fall are not considered to be basic laws of physics.
In principle, ¢; must be composed with a proof ¢ of EnergyConservation and a proof ¢r of Fall. This is done with two
cuts, as shown in the proof ¢ below:

PE Pp
©F Gravity + EnergyConservation Init, Fall, EnergyConservation + (t")(h(t') = 0 A (Jv) h(t') = v)
Init, Gravity v Fall Init, Gravity, Fall + (3t")(h(t') = 0 A (Fo) h(t') = v)

Init, Init, Gravity, Gravity + (3t")(h(t') = 0 A (Jv) h(t') = v) c
. !
Init, Gravity + (3t)(h(t') = 0 A (Fo) h(t') = v)

LND SV NOLLVAAASNOD ADYANH ‘SOISAHI 'T'6
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Where ¢r is the proof below, proving that the object will eventually
fall to height zero under the gravitational field and the initial conditions
specified in the description of the problem:

1(0) = ho, I (\/7) Ol—h(\/%)zo
h(ﬁ) 0F @) h(t') =
h(\/%)z g(\/ﬂ)2+h0|—(3t)h(t)

(YH(h(t) = —g5 +ho) + (AX) h(t') =
h(0) = ho, (VH)(h(t) = —gz +ho) F () h(t') =
h(0) = ho, (Y)(h(t) = =g& + h(0) - () h(¥ ) =

3

S

=1
h(0) = ho, (YH(i(t) = —gt) F (3¥) h(t') = f’ )
h(0) = ho, h(0) = 0, (YH)(h(t) = —gt + 0) + (3t') h(t )=0
h(0) = ho, 1(0) = 0, (YH)(h(t) = —gt + 0) + () h(t') =0

h(0) = ho, 1(0) = 0, (YH)(i(t) = —gt + 1(0)) + (At') h(t’ ) -

h(0) = ho, h(0) = 0, (Yt)(i(t) = —g) + (At') h(t') =
h(0) = ho, h(0) = 0, (Yt)(mh(t) = —mg) + (') h(t’) =
h(0) = ho, 1(0) = 0, (VH)(f(t) = —mg) v (A') k(') =
h(0) = ho A 1(0) = 0, (VH(f(t) = —=mg) F ') h(t') =
Init, Gravity v Fall

»
==




And ¢ is the proof that energy is conserved in a uniform gravitational field:

F gh(0) + MO = gn(0) + 1O

() = —ga + (0), (h(t) = =g + h(O)ax + h(0)), ((B) = —gf + h(0)), (h(B) = —g5 +(0)p + h(0))  gh(0) + 0 = gh(0) + 1

() = —ga +(0), (h(t) = =g + h(O)a + h(0)), ((B) = —gB + h(0)), ((B) = —g5 + O)p + h(0)) F gh(a) + "5~ = gi(p) + 4"

wi

— — V)
(Y)(h() = =gt + (), (V)((t) = =g + (O}t +h(0)), (V((t) = =gt + h0)), (Y)((t) = =g 5 + h(O)t + h(0)) + gh(a) + "5= = gh(p) + "5 .

(V1D = =gt + h(0), (Y)((E) = ~g’5 + IO} + h(0)) - gh(a) + "5~ = ghip) + “F~
. —= 1

(VH((t) = ~gt + O) F ghla) + 5" = gh(p) + "4~ [

1

S — S
(YE)(mii(t) = —mg) v mgh(a) + m™&L = mgh(p) + m@

(VH)(mh(t) = —mg) + e(a) = e(p)
(VO(f(E) = —mg) - e(a) = e(p)
(VO(f(t) = —mg) - e(@) = e(p)

(VH(f(H) = —mg) + (V1:)(V1)) e(t;) = e(t))

Gravity + EnergyConservation

(1)(i(t) = —g) - gh(a) + " = gn(p) + 1

a;

r

r
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The proofs discussed above illustrate that an essential task of theo-
retical science is to invent and discover concepts, such as the principle
of energy conservation, that turn out to be useful cuts. In other words,
a significant part of the usual scientific activity can be described as cut-
introduction. Different levels of Science can also be related to cuts. When
reasoning about chemical reactions, the Chemistry laws used can be seen
as cuts derivable from more fundamental laws of Quantum Mechanics.
Major scientific revolutions, on the other hand, usually involve radical
transformations of proofs. For example, while in the proofs above, which
assume Newtonian Mechanics, energy is a mere derived concept, in Rel-
ativistic Mechanics energy is equivalent to mass, and hence a much more
fundamental concept.

9.2 Robotics and Agent Theory: Plan Reuse as Cut

In this section, a simple example of a mobile robot in an environment
with rooms and corridors is used to investigate tasks like planning from
a proof-theoretical perspective.

The picture below depicts the environment where the robot is located.
It consists of four rooms connected by corridors.

The robot is assumed to have acquired, by sensory experience, a set of
beliefs regarding the existence of rooms and corridors in the environment:

E(1),E(2),E(3), E(4),
Beliefs = ¢ C((1,¢), (2, w)), C((3,¢), (4, w)),
C((1,n),(3,9)), C((2,n),(4,5))
where, for example, E(1) can be interpreted as “x is a room”, and

C((1,e),(2,w)) can be interpreted as “there is a corridor connecting the
east of room 1 with the west of room 2.
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Moreover, the robot assumes, in the form of rules of inference, that it
can move from one room to another by moving in a certain direction, if
there is a corridor connecting the rooms with an appropriate direction:

FE@) A EQW) A&, 2), (v,2)

F M(x, y,2) ’
FE(x) A E(y) A C((y, 2), (x, 2)) M
F M(x, y,2) ’
F E(x) A E(x)
FM(x,x,0) "
E(x) A E(y) A C((x,2), (y,2)) + M

M(x,y,z) +

E(x) NE(y) A C((y,2), (x,2)) F M
M(x,y,z) + !

E(x) A E(x) +
M(x,x,0) +

The robot can also reason about composed movements:

F (Jz)(M(x, z,51) A M(z, Y, 52))
FM(x,y,5s1:52)

M/

r

(Fz)(M(x,z,51) A M(z,y,s2)) F
M(x,y,s1:5) +

M;

So, based on its beliefs and on its reasoning capabilities, the robot
knows that it can go from room 1 to room 2, because it can construct the
following proof (justification) @1,:

FE()  FEQ) FC(1,e), 2,w)
FEM) AEQ) AC(L, 0,2 w)
FM(1,2,e) '

It also knows that it can move from room 1 to room 4, because of proof
(14 below:
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FE(1) FEQ) FC(L0),2w) FEQ2) - E(4) FC((2,n), (4,9))
FE(1) A EQ2) AC((1,e), (2, w)) M ' F E(Q2) A E(4) A C((2,1), (4,5)) M '
F M(1,2,e) ' F M(2,4,n) '
FM(1,2,¢) A M(2,4,n)
F (Jz)(M(1, z,e) A M(z,4,n)) N},
FM(1,4,e:n) r

M,




In fact, the robot knows that, wherever he is, he can go wherever he wants. Essentially, the robot has the following
proof ¢ stored in his memory:

FE(1) FE(2) FC((1,e), (2,w)) FE(2) FE(4) FC((2,n),(4,s))

FED) AEQ) AC(10),2w) P FEQ AE@ AC(2 1), 49) P
FM(1,2,e) ’ FM@2,4n) !
FE)  FEQ) rC(Le),Qw) F M(1,2,e) A M(2,4,n) !
FE(1) A EQ2) A C((1,e), (2, w)) M ' F (Jz)(M(1, z, ) A M(z,4,n)) M
FM(1,2,7) ’ FM(1,4,e:n) ’
F(@p)M(1,2,p) F (Ap)M(1, 4, p) /\

F Nien2s a4 /\jen,2,3.4/(3P)MG, j,p)

LND SV ASNHA NV'Id AJOFIHL LNADV ANV SOLLOLO¥ C'6
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Now the environment changes. A new room and a new corridor are

added:
3 4
1 2

And the robot is informed of the changes and updates its beliefs ac-
cordingly:

| | | 5

1

E(1),E(2),E(3), E(4), E(5),
Beliefs = { C((1,e), (2,w)), C((3,e), (4, w)),
C((1,n),(3,9)), C((2,1n),(4,5)),C((4,e), (5, w))

Now assume that the robot has the desire to go from his current room 1
to the new room 5. Naturally, if a desire ever becomes a goal, it is because
the agent knows that is possible to realize the desire. So, the agent will be
interested in proving the possibility of going from room 1 to room 5. In
doing so, he can of course use his previous knowledge that he can move
everywhere in the four previous rooms, as shown in proof ¢/.:

FE@)  FEG)  FC(40),5w)
FE@ NEG) A C(4,0), Gw) ,
M@, 4,a) F M(1,4, &) - M(4,5, ) ’

M4, ) F M(L4,a) A M@, 5, e) .
M(@1,4,a) v (A2)(M(1,z, ) A M(z,5, e)) ]\/}’
M(1,4,a) F M(1,5,a : e) ’
M(1,4,a) v @p)M(,5,p) "
(FpMQ,4,p) - @p)M(L5,p) A

Nienpaa /\ je{1,2,3,4}(3p)M(i/ Jp)+ (Ap)M(1,5,p)

Strictly, the robot has used cut to show that its desire is realizable, as
shown in proof @;s:

@ Pls
F Aiepaza /\ je{1,2,3,4}(3P)M(i/ ip) Niei1,2,3,4 /\je{1,2,3,4}(3p)M(ir Jp) F Gp)M(1,5,p)
F(3p)M(,5,p)

cut
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After knowing that the desire is realizable, the robot must come to a
plan to realize it. In other words, the robot is now not only interested in
showing that (dp)M(1, 5, p) holds, but also in a finding a ground term p’
that instantiates the quantified p in such a way that M(1, 5, p’) also holds.
As p’ is a sequence of atomic actions, it can be considered a plan. Proof-
theoretically, planning correspond to extraction of the terms of Herbrand-
disjunctions from proofs of the realizability of the corresponding desire.

However, proofs with quantified cut-formulas do not admit this ex-
traction. For example, in ¢1s5, p is instantiated by a : e, which is not a
ground term. The eigenvariable a does not tell which actions should be
taken. « : e can be understood as a high-level underspecified plan composed
of lower level plans a to go from room 1 to a certain room x and a lowest
level plan e to go east from there. a should be substituted by an actual plan.
One approach would be to replan by reproving (dp)M(1, 5, p) without cuts
from scratch, so that a ground instance for p could be extracted from the
cut-free proof. A better approach, however, is simply to eliminate the cut
in the proof ¢15. The process of cut-elimination substitutes a by a ground
plan to go from room 1 to room 4, thus effectively composing a previ-
ously known plan with a new small action. Cut-elimination corresponds
to plan reuse. The proof ¢}, shows the result of cut-elimination.

P15

FE4) +EGB) +C(4e), (5 w)
P14 F E(4) A E(5) A C((4,¢), (5, w)) M !
FM(1,4,¢: n) FM(4,5,e) A '
FM(1,4,e:n) A M(4,5,¢) .
F (dz)(M(1,z,e:n) A M(z,5,e)) Mf
FM(1,5,e:n:e) '
(@M, 5,p)

9.3 Machine Learning: Decision Tree as Cut

Machine learning [87] is concerned with the study and development of
algorithms that allow computers to learn from data. Usually, such algo-
rithms try to construct structures (e.g. decision trees, neural networks,
induced logic programs, clusters, bayesian networks, support vector ma-
chines ...) that are more compact than the data, and which can be used
instead of the data to answer certain particular queries of interest about
instances of the data (e.g. queries about the class to which a particular
instance of the data belongs, in the case of supervised learning algorithms).
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More importantly, these compact structures learned from training data
set can usually be used to accurately answer queries about previously
unseen instances that were not in the training data set, assuming that
the training data contains a statistically significant sample of the whole
data. In other words, it is possible to reason inductively about the whole
data based on experience limited to a small training subset of the data.
It is possible and easy to extrapolate the compact structure that has been
learned from the training data set to the whole data set.

Clearly, a notion of inference is ubiquitous to machine learning, as one
can argue that learned compact structures are inferred from the training
data and that the classification of new data is inferred from the compact
structure. However, this notion of inference seems to be broader and
more informal than notions of inference used in proof theory, and the
relation between them is not entirely clear. The purpose of this section is
to illustrate how these notions of inference coincide and how the learned
compact structures can be seen as cuts. To this aim, a simple example of
decision tree is used.

The training data is shown in Table 0.1l Every instance has two at-
tributes, which have values “low”, “medium” or “high”, and is classified
either as belonging (“yes”) or not belonging (“no”) to the class C. The
attributes could represent certain symptoms, and the class a disease. Or
the attributes could represent performance in certain tasks in a test or
evaluation, and the class whether the individual passed the test.

i Al A2 C

1 low high no
2 medium  high yes
3 medium medium yes
4 high low yes
5 low low no
6 medium low no

Table 9.1: Training Data

The given data can be represented as a formula:

Data, = (Ay(1,1) A Ax(1,h) A C(1,m)A
(A1(2,m) A Ax(2, 1) A C2, ))A
RRRAN
(A1(6,m) A Ax(6,1) A C(6,1))
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By using a closed-world assumption, Data’. can be transformed to:
Datar = Dataz A(=A1(1, m)A=A1(1, i) A=Ay(1, 1) A=A (1, m)A=C(1, y))A. ..

From the training data, decision tree learning algorithms (e.g. ID3
and C4.5) can be used to generate a decision tree. In general, there
might be many possible decision trees for a given training data set, and
consequently there are various optimality criteria and heuristics to choose
good decision trees. In this section, it is assumed that the following
decision tree has been chosen:

Al
low medium high
A2

/

(¢}

I
6 6 o

The decision tree above can be expressed as the following formula:

DT = /\ DT, (i)

i€(1,2,3,4,5,6)
where:

(A1(i, 1) — C(i,n))
A
DTi=  /\ | (A(i,m) - DTy
i€{1,2,345,6}| A
(A1(i, h) = C(i, y))
and:

(As(i, 1) — C(i,n))
A

DTy(i) =| (Aa(i, m) = C(i, y))
A
(Aa(i, h) — C(, y))
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It is interesting to note that the formulas above can be seen as logic
programs composed of Horn clauses, and in principle, these formulas
could have been obtained by inductive logic programming techniques
from Datar. So, decision tree learning algorithms are essentially inductive
logic programming algorithms that induce logic programs of a specific
form.



As desired, DT is (slightly) more compact than Datar. DT does not summarize all information in Datar, though,
because it is not the case that DT — Datar. However, Datay — DT holds, as sketched by the proof ¢pr only partially
shown below:

Pbr Por
DataT + (A1(1,1) = C(i,n)) A (A1(1,m) — DT,) A (A1(1,h) = C(1,y)) e Datar + (A1(6,1) = C(6,n)) A (A1(6,m) — DT3) A (A1(6,h) — C(6,y))

Datar + DT

However, DT contains enough information to classify the instances, as exemplified by the proof ¢, below, which
correctly instantiates the queried class variable x to y (class “yes”):

A>(2,h) F Ay(2,h)
C2,y)FC2,y)
C2,y) F (Ax)C(2,x) 5
Ay(2,h) — C(2,v),Ax(2,h) + (AX)C(2, x)
A2, m) + A2, m) DT,(2), A2, ) F (30)C2,x) _|
A1(2,m) = DT»(2), A1(2,m), A>(2,h) + (3x)C(2, x)

(A1(2,1) = C(2,1)) A (A1(2, m) — DT,(2)) A (A1(2, 1) — C(2,v)), A1(2,m), Ax(2, 1) F (Fx)C(2, x) A
DT, A1(2,m), A»(2,h) F (3x)C(2, x) !

The decisions taken at the decision nodes of the decision tree correspond to the pairs of A; and —; inferences in ¢;.

LD SV HFAL NOISIDHA -ONINJ VAT ANIHOVIN €6
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The use of the decision tree is an implicit use of cut, because the cut
rule has to be used to actually show that the classification of instance 2
follows from the data, as shown in the proof ¢, below:

®pr ©2
Datar v+ DT DT, A1(2,m), Ax(2,h) + (Ax)C(2, x)
Datar + (Ax)C(2, x)

Moreover, since the decision tree itself can be seen as a cut-formula in
certain proofs , the construction of a decision tree can be seen as special
kind of cut-introduction.

The generalization of the decision tree to data not belonging to the
training data set corresponds simply to replacing the conjunction over all
instances of the training data set by universal quantification, and results
in the following formula:

DT* = (Vi)DT(i)

To classify previously unseen instances, such as an instance k for which
Aq(k, h) and Ay(k, m), the decision tree can be used as it is, resulting in a
the classification “yes”. By using DT" instead of DT, the inferential use of
the decision tree on a previously unseen instance to deduce its class can
also be mapped to a formal proof ¢:

C(k, y) + C(k, y)
C(k, y) + (Ax)C(k, x)
Ak, h) - Ay(k i) Clk, ), As(k, m) v (3x)C(k, x) _i
Ai(k,h) = C(k, v), Ai(k, h), Aa(k, m) + (Fx)C(k, x)

(Ax(k, 1) = C(k, ) A (Ax(k,m) — DTa(k)) A (Ar(k, ) = C(k, y)), Ai(k, m), Ax(k, 1) F (3x)C(k, X)

DT*, Ay (k, ), Ax(k, m) + (3x)C(k, x)

However, the classification of k only follows from the training data
if a principle of induction allowing the generalization of conjunctions to
universal quantification is incorporated into the calculus. This can be
done by relaxing the cut rule, so that the right cut-formula is allowed to
be a generalization of the left cut-formula. In this sense, the (relaxed)
cut rule provides an easy way of incorporating inductive reasoning to a
calculus. Evidently, this relaxed cut rule cannot be eliminated.

®pT @k
Datar + DT DT, A1(k, h), Ay(k, m) + (Ax)C(k, x)
Datar + (Ax)C(k, x)

Cutrelaxed



Chapter 10

Conclusion

The initial goal of developing resolution refinements for cut-elimination
by resolution was successfully achieved, as shown in Chapter 6l More-
over, the process of development of the refinements proved to be very
fruitful, leading to many other major contributions to the understanding
and improvement of the CERes method, which are summarized below:

e The CERes method is now a family of methods, all described within
a unified framework of normalization of cut-pertinent structs, where
different variants of the method correspond to different normaliza-
tions.

¢ Anintuitive explanation of the notion of profile clause set was given
by showing that the struct normalization that is used for the con-
struction of the profile roughly corresponds to the swapping of in-
ferences.

e Pushing further the correspondence with swapping of inferences led
to the development of swapped clause sets, which are better than
the profile clause sets in terms of size.

e The problem of the exponential size of clause sets with respect to
the size of the proofs from which they are extracted was solved with
the development of definitional and swapped definitional clause set,
which do not have this problem because they use a normalization
that is analogous to structural conjunctive normal form transforma-
tion.

217
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CHAPTER 10. CONCLUSION

e A less redundant kind of projection called O-projection was devel-
oped.

The differences and similarities between normalized proofs pro-
duced by CERes and by reductive methods, two methods that pre-
viously seemed to be so fundamentally different and hence incom-
parable, are now clearer, thanks to the definition of intermediary
refined methods.

A method for introducing atomic cuts by resolution, CIRes, was de-
veloped. The method is capable of compressing proofs significantly.

Perhaps more importantly than the results that have been achieved so

tar, though, this thesis opens many doors for future research:

e Regarding refinements, there are at least four directions for further
research:

— The study of refinements inspired by reductive methods could

be continued by trying to define refinements resembling par-
ticular strategies (e.g. Gentzen’s or Tait’s) for reductive cut-
elimination.

Other kinds of refinements could be pursued. For example:
the unifications allowed during resolution could be restricted
according to the instantiations of quantifiers present in the input
proof; semantic resolution could be considered in the case of
interactive refutation search; bounds on the number of times
that a clause should be used could perhaps be obtained by an
analysis of the structure of the input proof . ..

While the refinements studied here are adequate for pure logic,
mathematical applications usually use specialized inference rules
like equality rules and rules incorporating deduction modulo
theories. Therefore, refinements that restrict not only resolution
and factoring rules but also paramodulation and demodulation
rules must be developed.

While this thesis focused on first-order logic, CERes is already
being extended to higher-order logics. Considering that the
search for refutations is even harder in higher-order logics, re-
finements will definitely be necessary. While the refinements
described here can probably serve as good starting point, it is
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likely that specific refinements for the higher-order case could
be investigated.

— The implementation, experimentation and use of the refine-
ments in the CERes system also remains to be done, since this
thesis focused on their theoretical development and analysis
only.

e The unified framework used to describe all the variants of CERes
paves the way for the systematic study of other variants in the future.
Definitional clause sets, for example, were still defined in a rather
naive way, corresponding to the simplest structural conjunctive nor-
mal form transformations. More sophisticated definitional clause
sets could be defined analogously to existing more sophisticated
structural transformations.

e It is clear that, even though O-projections are much less redundant
than S-projections, they still contain redundancies in certain cases.
Trying to develop better projections seems to be a very challenging
direction for future research. Itis likely that it would require a major
modification of the CERes method involving more complex ways of
combining projections and refutations. A good benchmark for this
kind of improvement are substructural logics without weakening
and without contraction, because the still existing redundancies in
current variants of CERes are due to the unnecessary use of con-
traction and weakening. In order to modify CERes to work for
substructural logics, this source of redundancy would have to be
eliminated.

e Less redundant projections would also imply a greater potential
for compression of proofs via CIRes. Atomic cut-introduction by
resolution is still just a first step toward the introduction of more
complex cuts, and therefore there is still a lot of work to be done in
this direction.
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