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1 Some preliminary definitions

Spearman’s Rho pg and Kendall’s Tau 7 between two random variables X and Y are defined as

ps = 12 // wwdC(u,v) — 3 = 12 // Fyx(2)Fy (2)dFxy (z,y) — 3 = 12E (Fx (X)Fy (Y)) — 3

_ 12 / / Cu, v)dudv — 3 = 12 / / Fyy (2, y)dFx (2)dFy (y) — 3 = 12ExEy (Fxy(z,9)) — 3
(AL.1)

T= 4// C(u,v)dC(u,v) — 1 = 4// Fxy(z,y)dFxy(z,y) — 1 =4E (Fxy(z,y)) — 1
(A1.2)

Where Fx is the cumulative distribution function (cdf) of X, Fy is the cdf of Y, Fxy is the
joint cdf of (X,Y) and C' is the associated copula of the joint distribution (see e.g. Nelsen, 1992).
In the following, we will make use of the concept of U-statistics to provide the limit theorems
for the estimators of both correlation measures under short-range dependence. U-statistics ave-
rage a kernel function over permutations of a subset of a sample, thereby providing an unbiased
estimate of a parameter of the underlying distribution. For a symmetric kernel h of degree m,
which is just a measurable function symmetrical in its arguments, the corresponding U-statistic

can be written as

Un(h) = 1 > h(Xiy,..., X)) (A2)

)
m/ 1< <ig<...<tm<n

For general theory on U-statistics see e.g. Chapter 12 in van der Vaart (1998)) and Dehling (2006)).



2 Corollaries, Lemmas and proofs

Corollary 1. Let (X;,Y;)icz be a bivariate, strictly stationary, absolutely reqular process with

absolutely continuous marginal distributions and B-mixing coefficients By, satisfying

S k-8 < oo (3.A)
k=1

for some 6 > 0. Under the assumption of independence between (X;)icz and (Y;)icz, the limiting
distributions of the estimators of Spearman’s Rho ps and Kendall’s Tau T between (X;)icz and

(Yi)iez are given by

Vips 2 N (0,1 +2Z,0§(j)p’§(j)) (3.1)
j>0
Vi 2 N (o, g (1 +23 05 (j)p?(j))) (3:2)
Jj>0

where pfg( (j) refers to the Spearman-correlation between X; and X;—;, and the analogue applies

to p ()-

Proof of Corollary [l The estimators of Spearman’s Rho pg and Kendall’s Tau 7 can be written

as U-statistics. The corresponding symmetric kernels have degree 3 and 2, respectively, and are

given by
BPS (X1, 1), (X2, Ya), (X3, ¥3)) = 12(1(g,00) (X2 = X1)1(0,00) (Y3 = Y1)

+1(0,00) (X3 — X1)1(0,00) (Y2 — Y1)

+1(0,00) (X1 — X2)1(0,00) (Y3 — Y2)

+1(0,00) (X3 — X2)1(0,00) (Y1 — Y2)

+1(0,00) (X1 — X3)1(0,00) (Y2 — ¥3)

+1(0,00) (X2 — X3)1(0,00) (Y1 — Ya)) -3 (A3.1)
BT (X1, Y1), (X2, ¥2)) = 2(1(0,00) (X2 = X1)1(0,00) (Y2 = Y1)

+1(0,00) (X1 = X2)1(0,00) (V1 — ¥2)) — 1 (A3.2)

To obtain the limiting distribution, we make use of the Hoeffding decomposition, more precisely

we need the following Hoeffding kernels hy

hfs ((xlvyl)) =ER’s ((xlayl)a (X27 YVZ)v (X37}/3)) —ps
=1- 2Fx(.171) — 2Fy(y1) + 4Fx(ﬂj‘1)Fy(y1) (A4.1)



AT ((z1,91)) =ER" ((z1,41), (X2, Y2)) — 7
=1- QF)(({L‘l) — 2Fy(y1) + 4Fx(l’1)Fy(y1) (A4.2)

Here the expectation is taken for independent copies of (X;,Y;);cz and assuming independence
between (X;);ez and (Y;);ez. The limiting distribution of the estimators can be obtained with
Theorem 2 in Dehling (2006). The assumptions of the theorem are met because we have a

bounded kernel for both estimators, and we obtain

Vi (Un(h) = 0) 2 N'(0,m?0?) (A5.1)

with

o? =E (h(X1,Y1))* + 2 Cov (h1(X1, Y1), h1(X;,Y5)) (A5.2)
j>1

Where U, (h) is the U-statistic estimator of either Spearman’s Rho or Kendall’s Tau and m is
the respective degree of the kernel. For the Hoeffding kernels in equations [A4.T] and [A4.2] under

the assumption of pairwise independence, we obtain
1 . .
Cov (h1(X1, Y1), h1(X;,Y;)) =Eh1 (X1, Y1)hi (X}, Y;) = §P§(J ~Dpy(i—1) (AG)

where p3 (j — 1) is the Spearman-autocorrelation of X for lag j — 1, with p¥(j — 1) being the
analogous for Y. The usual estimator for Kendall’s Tau given in equation 1.2 is algebraically
equivalent to the U-statistic estimator for Kendall’s Tau U, (h"); the asymptotic result holds.
The algebraic relationship between the estimator for Spearman’s Rho in equation 1.1 and the
U-statistic for Spearman’s Rho is given by

n—2 3

g = U, (h’s —7
Ps n+1 n( )+n+1T

(A7)

It follows that /n (Un,(h?S) — ps) = op(1l), therefore the estimators have the same limiting
distribution (Theorem 2.7 (iv) in van der Vaart, 1998)). O



Corollary 2. Let (X;,Y;)icz be a bivariate, strictly stationary, absolutely regular process with
absolutely continuous marginal distributions and [-mizing coefficients By satisfying equation
. Let k be a kernel function satisfying Assumptz'on (Assumption 1 in de Jong und Davidson
(2000)) and by, be a non-decreasing sequence with b, — oo and b, = O(nl/z). Let k and b,, also
satisfy

Zn:l V7K (zi) — o(n}/?) (4.A)

Then
. 2 h\ R P
#=1425 (5-) P @k m) D142 Y o (o () = o (4.1)
h=1 h>0
st (R (R W) (42)
e R o ()
= h(RY R )(Rm E) (4.3)

\/z )y, (R -R)

Assumption 1 (Assumption 1 in de Jong und Davidson (2000)). Let x : R — [—1, 1] be conti-

nuous at 0 and all but a finite number of points and fulfil

k(z) = k(—z) VzelR
/O:O |k(z)|dx < oo

© |1 oo )
[m %[w li(x)ezgmdx

Proof of Corollary[3 Via the dominated convergence theorem it follows that

dé < o0

n—2

1+2z ( ) Wk (h) = 1+23 pX(h)pk (h) (A8)

h=1

The absolute summability of the Spearman-autocorrelations is guaranteed by the assumption
on the mixing coefficients. In order to show the consistency of the long-run variance estimator

we show that

= h ~X 11\ AY X Y P
> k() (BF @RS m - s (k) Lo (A9)

h=1

It follows that



B3 w (i) (P W) - o <h>p§<h>)‘
h=1 n
n—2
(3w (5) (50 (35 () - pF ) + ¥ () (A5 1) - p§<h>))‘
h=1 n
<EY & () (5|35 ) - o] + |o¥ ] |55 ) = 5 )]
s
<Y n (o) (B[p ) - oE )] + E[Y () - ¥ (1))
h=1 n
n— [n/2]
< (bh) (B[ ® - s 0| +E[FW - @) + s Y k() hre: S w(

The last inequality follows from Lemma (1}, where ﬁfg( (h) is given by equation |A10.2| and corre-
sponds to a different estimator of the Spearman-autocorrelations. C1 and Cs are constant and
independent of n and h. The last two terms of the above expression tend to 0 per our assump-

tions on the kernel, we therefore omit them from further algebraic transformations. It follows that

,; () (&[0 - ¥ ] + B[ ) - s )
<SS (1) (JpEm - o], + [Em - iEm],)
h=1 n
= h: (:) ( WUMP?“)) Gl ’;j]’jjvnw?(h)) — 5 ()

Here ||.||,, denotes the usual Ly-norm [ X||, = (E 1X])/?, and U, (h#s (M) denotes the U-statistic
estimator of the Spearman-autocorrelations (equation , for which the algebraic equality
holds with 53 (h). Again Cs ist independent of n and h and the term involving the constant
C5 tends to 0 per our assumptions on the kernel function. We now use the Hoeffding decom-

position of the U-statistic estimator for the Spearman autocorrelations (see e.g. section 2.1 in

Fischer et al., 2016al), which is given by

n—h
X 3
Uy, (h?s My = p&X () + — > " g1 ((Xs, Xitn))
i=1

3

+ Y 2 ((Xi Xitn), (X5, X))

—h
(n2 ) 1<i<j<n—h

Y (X Xee) (X5 X ), (X X))

+ n—nh
( 3 )1§i<j<k§n—h

with

91 (1, 2140)) = Exy X By Xoyn 175 (21, 148, (X2, Xogn), (X, X31n)) — s ()

+C3
2

n—2

h=|n/2|+1

1
n—~h

)

h

n

i)



92 (w1, T148), (T2, T244)) :EX37X3+hhpS ((z1, 2141), (T2, 21 1), (X3, X348)) — P?(h)

— g1 (i, zirn)) — 91 (5, Tj4n))

93 (21, T14n), (€2, B241), (23, 2318)) =hPS (21, T148), (22, T24n), (23, 348)) — p3 (h)
— g1 ((x1,2140)) — 1 (¥2, B240)) — 91 (%3, T340))
— g2 ((x1, 2141), (72, T240)) — g2 (21, Z1410), (23, T344))

— g2 ((x2, 24 1), (3,734 1))

where h?S ((x1,x141), (T2, Totn), (T3, T344)) is given by equation This leads to

=)
w2

h=1 bn

n—2 o n—h
<5 |o() i (| T o)

n=na

n—h-—2
n—h+1

n—h-—2

Un (75 ™)) — o () W hrl

Un (75 M) — p¥ (n)

2

2

3
+ G0 > 92 ((Xi, Xiyn), (X5, Xj4n))
2 ) 1<i<j<n—h

2

1
+ G > 93 (Xi, Xivn), (X, Xjn)s (X, Xeyn))
3 ) 1<i<j<k<n—h )
3 n—h
=1 2
3
+ n—h Z g2 ((Yvivn-l-h)v(yrjayvj—i—h))
("3") 1<iSZnn )
1
+ > g3 (Y Yign), (Y5, Yien), (Y, Yatn)) )
2

—h
("5") 1<i<j<k<n—h

e (30) o (o) +p’§<h>)]

[(n—3)/2] n—2 n—2
h h h h h
< . (b) K\t 3} & <b> C+Y <b> 6= (p¥ (k) + ¥ ()
n T Ve EE B i= "
/2] n—2 n—2
h h h h h
< K <) K\y|2— + Z K () C+ Z K () 6— (p:)g((h) + pg(h))
h=|(n—3)/2)+1 =
The penultimate inequality follows from Lemmas [2} 3] and 4] K and C are independent of h

and n. This expression tends to 0 per our assumption on the kernel x and the bandwidth b,.

Therefore, the estimator in equation [I.1] converges to the long-run variance in mean and hence



in probability (7.3.2 in Grimmett und Stirzaker, 2020).

Lemma 1. For h < |n/2] it holds that

ps(h) ~ ps(h)] < O

where pg(h) is given by equation[{.3 and ps(h) is given by equation[A10.1]

Proof of Lemma[1. The algebraic relationship from eqation[A7]holds for the following estimators

of the Spearman-autocorrelation for lag h

1

Un(h?s M) = — Yo WX Xiwn), (X, Xjn) s (X, X)) (A10.1)
( 3 )1<z‘<j<k:§n—h
—X —X
Zn ! il (1:n— - R n— RZX m) R n
( i|(1:n—h) a Z)) ( +h|(1+h:n) (1+h )) . (A10.2)
—X n —X
\/E z| (1:n—h) R(l:n—h)) Zi:h-‘rl (Rz?\((h—l—l:n) B R(h—i—l:n))

Here Rjj(;.x) is the rank of the variables X; with respect to the set of random variables {Xi, ..., X}
with ¢ < j < k. Algebraic transformations lead to

ﬁs(h)—ﬁs(h) =

12 nh
PR Z R¥RY, — =) (n =)= 1) ; Ry 1oy RS (1 him)
I
3(n+h)n+1)2 3n—h)(n—h)+1)2% 6n+1) (& "
) + (n—h)((n—h)%2-1) * n(n2 —1) (; i i:;wrl RzX)
11 II1

Further algebraic transformations reveal

<cl
n

h
11 < Gy
n

11T < Cyt
n

where C7, Cy and C3 are independent of h and n. These inequalities hold for h = 1,...,n — 2
for the first and second term and for h < |n/2] for the third term.



Lemma 2. Let (X;);cz be a strictly stationary, absolutely regular process with absolutely conti-

nuous marginal distribution and mizing coefficients By, satisfying equation [3.Al Then

3 n—h
> 91 ((Xi, Xiyn))
i=1

<K
n—h < -

2

for h < [(n—1)/2]

n—nh

where K 1is independent of h and n.

Proof of Lemma[3 g1 ((Xi, Xitn));ez is a measurable function of (X;, X;44)icz and bounded.
If (X;)iez is absolutely reguar, the same holds for (X;, X;ip)iez for any h > 0 and the same
summation conditions apply to the mixing coefficients of (X;, X;1p)iez, such as equation
(for (Z(h)i)iez = (Xi, Xiyn)iez it holds that By zpy < Be—n for k > h + 1, where By 7 refer
to the S-mixing coefficients of (Z(h););cz and Sy refer to the mixing coefficients of (X;);cz). It
follows from the inequality of Davydov (1970) for some 6 > 0

)

[Eg1 ((Xis Xitn)) 91 (Xisk, Xivrrn))| < € B gn

Thus
3 n—h 2 3 n—h 2
p— Y 91 (Xi, Xign))| =E (n—h oo ((XiaXi+h))>
i=1 2 i=1
n—h
<o 2 B (K X)) 1 (55, X00)
ig—1
9 n—h—1
RCEE > (n—h—k)|Eg (X0, Xorn)) 91 (Xp, Xisn))]
k=0
n—h—1
< f 3 [Ear (X0, Xorn) g1 (X Xion)
k=0
n—h—1

265}5

Now we can use the trivial upper bound S}, 73y < 1 for k < h. And for h < n—h—1 respectively
h<l(n—1)/2]

n—h—1 n—h—1 5 x5 h
X e < (T ) 2 (e S <ot

k=0

For h > |(n —1)/2] we obtain a uniform bound

il 725 9¢
g n_h(n—h):C



Lemma 3. Let (X;);cz be a strictly stationary, absolutely regular process with absolutely conti-

nuous marginal distribution and mizing coefficients By, satisfying equation[3.A] It holds that

h
n—h

3 <K

Y 92 ((Xi, Xivn), (X, Xjen)) for h < [(n—2)/2]

R
(") 1<i<j<n—h

2

where K is independent of h and n.

Proof of Lemmal[3. g2 is a measurable function and bounded. Let

J (XZ17XZ27X137 Xi ) =92 ((Xilei1+h)7 (Xi27 Xi2+h)) ((X237X13+h)7 (Xi47 Xi4+h))

It follows from Lemma 1 of Yoshihara (1976) (see Lemma 2 in Dehling, [2006}, for an alternative
formulation of the lemma) that
)

‘]EJ (X“,ngyXlg)X )| C : ﬁlﬁh)

where S}, 7, are the mixing coefficients of (Z(h)i)icz = (Xi, Xiyn)icz, where we set B, z) = 1
for k < h, I = max{ig) — i(1),%u4) — i3} With i;) being the j-th smallest integer among
{i1,12,13,14} ( <) <) < i(4)), and C' is independent of [ and the indices. Now

| )

2
=E > 92 ((Xi, Xiyn), (Xj7Xj+h)))

1<z<g<n h

3
W Z 92 ((Xs, Xign), (X5, Xj4n))
2 ) 1<i<j<n—h

3
nh)

Z E[QQ ((XiNXil-i-h)’ (Xi27Xi2+h)) ((XZ3aXZ3+h)7 (Xi4in4+h))}

1<11<12<n h1<iz<ia<n—h

M

1<i1<ig<n—h 1<iz<ig<n—h
2n—h—2

w

Il
/\/\/\
wloo

Z EJ(thXZQ?XZmX )
1=0 1<ii<iz<n—h
1<is<ig<n—h
max{i(2) (1) i(a) ~i(3) =L

> > EJ (X, Xiy, Xy, Xiy)

N |

The number of terms in the inner sum can be obtained via combinatorial arguments. For a fixed
[, there are two possibilities: Only the difference of the two largest or the two smallest indices
equals [, or both differences equal .

In the first case, assuming 1 <[ < n — h — 2, the difference between the two largest or the two
smallest summation indices equals [, while the difference of the other pair is always smaller. We
can split this up into two more cases: [ = i(9) — i(1) Or i(4) — i(3).

For | = i(9) —i(1), there are (n—h—1—1) possibilities of choosing the smallest index i(1), permit-



ting up to one equality among the remaining indices, and the position of i(y) is fixed. For i(;) and
i(2) fixed, we can choose the remaining indices so that there is at most one or no equality among
i(2), 9(3) and i(4). The number of possibilities to choose i(3) depends on the number of permitted
equalities. For i(1), i(2) and 4(3) fixed, the number of possibilities for i(4) are determined by the
constraints i) — i(3) <, iy < n—h and i(g) — i) > 0. In the case of one pair of indices being
equal to another, there are two ways to obtain this index set in the sum above. In the case of all
indices being distinct, there are 6 ways to obtain an index set that fulfils the conditions above.

Therefore, the number of terms is

n—h—Il—1n—h—(i+1)—
2 Z min{l—l,n—h—(i—i—l—i—k:)}
i=1 k=0
n—h—l—1n—h—(i+l)
> > min{l,n—h—(i+1+k)+1}
i=1 k=1
n—h—l—2n—h—(i+l)—1
Z Z min{l—1,n—h—(i+1+k)}
i=1 k=1

+2

+2

The terms where the upper bound of the summation index of the first sum is smaller than 1
should be evaluated as 0. For the case of | = i) — i(3) the number of terms is exactly the same
which can be found via analogous arguments. Therefore, the number of terms for the asymme-

trical case (the maximum is obtained for one pair of indices) is

n—h—Il—1n—h—(i+
4( Z min{l—l,n—h—(i—i—l—i—k)}
i=1 k=0
n—h—l—1n—h—(i+
+ Z m1n{ln—h—(i+l+k)—|—1}
i=1 k=1
n—h—l—2n—h—(i+
+ Z min{l—l,n—h—(i—i—l—i—k)})§12(n—h—1)2l
i=1 k=1

In the symmetrical case of | = i(9) —i(1) = i(4) —%(3), there are n —h — 2l ways to fix i(1) and i()
is fixed implicitly. There are then n — h — (i(l) + 21) + 1 possibilities to choose i(s), i(4) is fixed
implicitly. Again, in the case of three distinct integers there are 2 ways to obtain a set of indices
fulfilling these conditions in the sum above, and in the case of four distinct integers there are

six ways. The number of terms is given by

Y Rn—h—(i+2)+1)+4n—h—(i+20)] <12(n—h—1)?
This term should be evaluated as 0 for n — h — 2] < 0. For the case of [ = 0, the only relevant
cases are i(1) = i(2) < i(3) = i(4). There are n —h — 1 possibilities to fix i(;) and simultaneously

i(2), and with that there are (n — h — i(;)) possibilities to fix i(3) and hence 4. Therefore, for

[ = 0, the number of terms is

10



n—h—1

Z (n—h—i)<(n—h-1)>

i=1

It follows

3 2p—h—2
((nh)> > > EJ (Xiy, Xiyy Xiy, Xiy)
=0

2 1<ii<io<n—h
1<iz<is<n—h
max{i(z) _i(l) ,i(4) —i(3> }:l

§<(n3h)> [C(n—h—l) +C(n—h—1)?° Z f%?m]

2

now for h < |(n — 2)/2] we obtain

()]
(%)

n—h—2
Cln—h—-12+Cn—h-1?% Y 1+l[3’f§‘(sh]
=1

h n—h—2 5 h?
Cln—h—1)2+C(n—h—1)? (Z Q+h+ > @ +z)5_+,f)] NG

=1 I=h+1
and so
3 h
= > 92 (X, Xign), (X5, Xjn))| < K— N
(", )1§i<j§nfh 9 n

For h > | (n — 2)/2] we obtain a uniform bound

n—h—2

2 )
(713_h> [C(n—h—l) +Cn—h—=1* % (L+1B7
("2") =1

2

< <(n3_h)>2{C(n—h—1)2+C(n—h—1)2(n—h—2) <1+<”_;_1>ﬂ <c

2

11



Lemma 4. Let (X;);cz be a strictly stationary, absolutely regular process with absolutely conti-
nuous marginal distribution and mizing coefficients By, satisfying equation[3.A] It holds that
1 h

<K
- n-—~h

> 93 (X Xivn), (X5, Xjin)s (Xky Xieyn) for h < [(n —3)/2]

h
("3") 1<i<j<k<n—h

2

where K is independent of h and n.

Proof of Lemmal[]]. g3 is measurable and bounded, as h*$, g; and g are measurable and boun-
ded. Let

J (X, Xig, Xig, Xiys Xigy Xig)

139 <X 149 X159

=93 ((Xl1vX1+h) (XmaXZz-i-h) (XZ33X13+h)) ((Xl4aX24+h) (Xl57XZ5+h) (XZ67X16+h))

and let {i(1),7(2),%(3), 4(4): i(5)> U(6) } = {91, 12, 13,94, 15, 16} With i1y <oy <idgy <y <iigs) <igg)-
It follows from Lemma 1 of Yoshihara (1976) that

‘EJ (XllaX227X7,37X7,47X207X16)‘ < C 6[22?}1

Here By, z(n) refer to the mixing coefficients of (Z(h):);cz = (Xi, Xiyn)iez, Which we set to 1
for k < h, and | = max{z'(2) — (1), i) — z'(5)}, where i(;) is the j-th largest integer among

)

2
Yoo g3 ((Xi, Xiyn), (X5, Xjyn), (X, Xk+h)))

3 1<z<]<k<n h

{ila Z.27 i37 i47 i57 ZG} Now

(

(n}h > 93 ((Xi, Xign), (X5, Xjin)s (X Xiern))

3 ) 1<i<j<k<n—h
’ (

(¢
(@

1
h

n

_ o~~~

) Z EJ (X217X127X237Xl47X257X )
1<iy <12<13<n h 1<iy<is<ie<n—h
)2n h—3

|—loo\

> EJ (Xi,, Xiy, Xigy Xiyy Xis, Xig)

145 <2159

=0 1<ii<iz<iz<n—~h
1<iy<is<ig<n—~h

max{i(2) ~i(1).i(6) ~i(5) }=

The number of terms in the inner sum for a fixed [ can be obtained via combinatorial arguments.
The maximum value for [ is n — h — 3, because of the conditions on the summation indices, and
the minimum value for [ is 0. For a fixed [, there are 2 possibilities: Only the difference of the
two largest or the two smallest integers equals [, or both.

In the first case, assuming 1 <1 < n—h — 3, the difference of the two largest or the two smallest
summation indices equals I, while the difference of the other is always smaller. We can split
this up into two more cases: | = i) — i(1) and | = i) — i(5). For | = i@y) — i(): there are

either n —h—1—2,n—h—1—3orn—h—1[— 4 possibilities of choosing the smallest index

12



i(1), depending on how many equalities are allowed among the remaining indices. i(o) is fixed.
For i(3), i(4) and i) the number of possible choices has to accommodate enough positions for
the respective remaining indices. Finally, the choices for i) are determined by the constraints
i) — i5) <!, i) < n—hand i@ — iy > 0. There are 20, 6 and 2 ways to obtain an index
sextuple with no, one and, respectively, two equalities among them in the sum above. Therefore,

the number of terms for this case is

2 (I+II+II1)4+2-(IV+V +VI+VII)+2-(V+VI)+2-VIII

with

n—h—Il—2n—h—(i+l)—2n—h—(i+j+l)—1 n—h—(i+j+k+1)—1

I: > > > min{l —1,n —h — (i +1+j+k+m)}
i=1 §=0 k=1 m=0
n—h—1—2n—h—(i+)—2n—h—(i+j+1)—1 n—h—(i+j+k-+I)
IT: Z Z Z Z min{l,n—h—(i+l+j+k+m)+1}
i=1 j=0 k=1 m=1
n—h—l—2n—h—(i+1)—1 n—h—(i+j+1)—1 n—h—(i+j+k+1)
IIT: > > min{l,n —h—(i+1+j+k+m)+1}
i=1 j=1 k=0 m=1
n—h—Il—3n—h—(+l)—3 n—h—(i+j+1)—2 n—h—(i+j+k+1)—1
IV : > > min{l —1L,n—h—(i+1+j+k+m)}
i=1 j=0 k=1 m=1

n—h—Il—3n—h—(i+l)—2n—h—(i+j+l)—2 n—h—(i+j+k+1)—1

Ve > > > > min{l —1,n —h — (i +1+j+k+m)}

i=1 ) k=0 m=1
n—h—I1—3n—h—(i+)—2n—h—(i+j+l)—1 n—h—(i+j+k+1)—1
VI Y > > min{l —I,n—h—(G+1+j+k+m)}
i=1 j=1 k=1 m=0
n—h—l—3n—h—(i+l)—2n—h—(i+j+l)—1 n—h—(i+j+k+I)
VII: Y > > min{l,n—h—(+1+j+k+m)+1}
i=1 j=1 k=1 m=1
n—h—l—4n—h—(i+l)—3 n—h—(i+j+1)—2 n—h—(i+j+k+1)—1
VIII : Z Z min{l—1,n—h—(+1+j+k+m)}
i=1 j=1 k=1 m=1

If the upper bound of the first summation index of a sum in any of the terms above is smaller
than 1 the expression should be evaluated as 0. By an argument of symmetry, the number of
terms for [ = i) — i(5) is exactly the same, so the number of terms for the asymmetrical case

(the maximum [ is attained either between the two smallest or the two largest indices) is

2-2-(I+II+1I)+2-(IV+VHVIHVI)+2-(V+VI)+2-VIII|
<40-(n—h—1)>%n—h—-2)%
In the symmetrical case of I = i) —i(5) = i(2) —%(1), there are either n —h -2 -1, n—h—2] -2

or n — h — 2l — 3 ways to fix i(;), depending on how many equalities are permitted among the

remaining indices. The possible cases include allowing for ip) = i(3) and i(4) = i(5), or only
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allowing for either one of those equalities, or allowing for i) = i(4). As before, sextuples with

no, one or two equalities can be obtained in 20, 6 or 2 ways, respectively. We obtain

n—h—2l—1n—h—1—(i+l)—1 n—h—1—(i+j+l) n—h—1—(i+j+k+I)
IX: Y, Z 1
=1 1 m=0
n—h—2l—2 n—h—I— (z—i—l) 2 n—h—l—(i+j+1)—1 n—h—I—(i+j+k+1)
X: Z 1
i=1 J= m=1
n—h—21—2n—h—l—(i+l)—1 n—h—1—(i+j+1)—1 n—h—1—(i+j+k+I)
xXr: ¥ Z > 1
i=1 j=
n—h—21—2 n—h—l—(i+1)—1 n—h—I—(i+j+1) n—h—l—(i+j+k+1)
XII : > > > 1
i=1 j= =
n—h—2l—3n—h—Il—(i+1)—2n—h—1—(i+j+l)—1 n—
XIIT: ) > 1
i=1 j=1 k=1 m=1

L1

o

N?r
Il
—

If the upper bound of the first summation index of a sum in any of the above expressions is
smaller than 1 the expression should be evaluated as 0. The total number of terms for this case

(the maximum [ is attained for both the two smallest and the two largest indices) is
2-IX +4-X +6-XI+4-XIT+4-XIIT<20-(n—h—1)*n—h—2)?
All the considerations above are valid for 1 <! < n — h — 3. For the special case of [ = 0, it

holds that i(;) = i(9) and i(5) = i(g). The remaining indices i(3) and i) can be distinct or equal

to one another. For the number of such terms we obtain

3
m

—2n—h—i—1n—h—(i+j)—1 n—h—(i+j+k)

> X >, 1

j m=1

J=1
)—1 n—h—(i+j+k)

k=0
h—i—2n—h—(i+j
Z 2 !

X1V :

3n—

XV

Mi*M

m=1

Il
—

%

If the upper bound on the first summation index of a sum in any of the above expressions is

smaller than 1 the expression should be evaluated as 0. The total number of terms for [ = 0 is
XIV+XV <2 - (n—h—1)>*n—h-2)?

So

14



-3

2n—h
1 n
<(n—h)> Z Z EJ(XlleZ27X23aXZ47Xl57X )
3 =0

1<i1<ia<iz<n—h
1<ig<isg<ig<n—h
max{i(z) ~i(1),i(e) ~i(z) }=

2 n—h—3
1
g((n_h)> [C-Q-(n—h—1)2(n—h—2)2+0-40-(n—h—1) n—h-27> Y ( +lﬂf;§h]
3 =1
now for h < |(n — 3)/2] we obtain
1 2 n—h—3
((n_h)> C-2-(n=h=12n—h-22+C-40- (n—h—1*(n—h—-2)*> Y ( +wﬁ;gh
3 =1

()

20(n —h—1)*(n —h = 2)* +40C(n — h —12(n — h - 2)° (Ehiu PO+ 3 (08T )]

=1 I=h+1

h

<K
- n—~h

GQ > 93 (Xi, Xivn), (X, Xjn)s (X, Xegn))
3 ) 1<i<j<k<n—h

2

For h > |(n — 3)/2] we obtain a uniform bound

n—h—3

2
<(n1h)> [C-z-mh1)2(nh2)2+C’-40-(nh1) n—~h 722 Z +lﬂl22((§h]

3 =1

N ot b 120 b 22 400 b 10— h— 22— 3) (14 P2
§<(n3h)> [QC(n h—1)%(n—h—2)2 +40C(n —h —1)%(n— h—22(n — h 3)<1+ . )]

<c
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Corollary 3. Let (X;,Y;)icz be a bivariate, strictly stationary, absolutely regular process with
absolutely continuous marginal distributions and [-mizing coefficients By satisfying equation
. Let k be a kernel function satisfying Assumptz'on (Assumption 1 in de Jong und Davidson
(2000)) and by, be a non-decreasing sequence with b, — oo and b, = O(nl/z). Let k and b,, also
satisfy equation . Under the assumption of pairwise dependence between (X;)icz and (Y;)icz
with ps, T # 0, the test based on the test statistics

nps
Ty = = (5.1)
N
T = —F—— 5.2
T %32 (5.2)

with % from equation s consistent.

Proof of Corollary[3. Under the alternative pg, 7 # 0 we know that the respective test statistic
is still asymptotically normally distributed from Theorem 2 in Dehling (2006), but the long-run
variance differs from the case of pairwise independence. The long-run variance estimator 62 from
equation still converges to the long-run variance under the Null-hypothesis 03 (equation
and , no pairwise independence is needed for the consistency. We now look at the consis-
tency of the test regarding Spearman’s Rho, but the result for Kendall’s Tau can be obtained

completely analogously. We rewrite the test statistic in the following way

nps _ /n(ps —p1) | Vnpr
Los="%= 52 + 52 (A11)

Where p; refers to the Spearman correlation of the pairs X; and Y;. From Slutsky’s Lemma and
Theorem 2 in Dehling (2006) it follows that the first term converges in distribution and is hence
stochastically bounded

\/ﬁ(ﬁs - Pl) 2) N (07 J%)

52 2

Here 03 refers to the long-run variance of the estimator under the Null hypothesis (A5.2)) and

o? refers to the long-run variance of the estimator under the alternative, which is given by

o? =E(g1(X1,Y1))> + 23 Cov (g1(X1, Y1), 91(X;, 7))

3>0

with
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g1 ((z1,91)) = 2|1 = Fx(z1) — Fy(y1) + Fx(z1) Fy (y1)

+1— Fx(z1) — Fy(y1) + Fx(z1)Fy (y1)
_|_/ / (0,00) xl —u)[l _FY( )]dFX,Y(uv U)

+/ / (0,00) yl —’U)[l—FX( )]dFXQ/(U,’U)
+/_ Fxy(x1,v)dFy(v)

+/ FX,Y(u,yﬁde(U)] -3-m

For p; # 0 the second term in equation [14] diverges in probability, which implies the consistency
of the test:

Jim P (‘Tps’ > Zlfa/Z‘Hl ips = Pl) =

for any a > 0. O
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