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Chapter 1

Introduction

This chapter serves as an overview of the fundamentals for the subject matter.
For more details on Bayesian statistics see [7] and [5] for stochastic processes
and time series. An elementary introduction to Bayesian time series analysis is
[13] which will be summarized in chapter 2.

Section 1.1 deals with basic concepts of measure- and probability theory.
Subsequently we summarize conditional probabilities and conditional expecta-
tions with respect to a o-algebra that represents the state of knowledge.

Sections 1.3 and 1.4 introduce Bayes theorem and families of conjugate prior
distributions.

We conclude the chapter in section 1.5 with an introduction to stochastic
processes and time series with some examples of time series models.

1.1 Basics

Here we briefly summarize some important definitions and notation that will be
used throughout this thesis. For more details see [8], [3] and [2].

Let © be a set and F a o-algebra on . The tuple (2, F) is a measurable
space and the elements in F are the measurable sets. A mapping p : F — [0, o]
is a measure, iff

L p@)=0
2. p(U,; Ai) = >, n(A;) for pairwise disjoint A; € F, i€ I CN

is satisfied. Together with a measurable space, a measure p forms a measure
space, denoted (€, F,p). A measure P that satisfies P(2) = 1 is called a
probability measure and (2, F, P) is a probability space.

Let (Q;, F;), i = 1,2 be measurable spaces and f : Q; — s a function. f
is (F1, Fa)-measurable if f~1(A) € F; for all A € F». We omit the o-algebras
and simply call f measurable when there is no confusion.

The set {w € : f(w) € A} will sometimes be denoted [f € A] and similarly
[f=2] ={weQ: fw) ==z}

Let (92, F, 1) be a measure space and E some property which makes sense
for elements w € 2. We say the property E holds almost everywhere with respect
to o (1 — a.e.), if there exists a set N € F : u(N) = 0, such that E holds for all

3



4 CHAPTER 1. INTRODUCTION

elements w € N¢:= Q\ N. If u is a probability measure, we say that E holds
almost surely with respect to u (u — a.s.).

The Borel-c-algebra of R? is denoted B(R?). A measurable function f :
(2, F) — (R4, B(RY)) is called Borel-measurable.

Let (2, F,P) be a probability space. A Borel-measurable function X :
(2, F) — (R4, B(RY)) is called a random variable. The distribution of a random
variable X is the probability measure defined by px := P o X~ !. When X is
integrable, the expectation of X is defined by E(X) := [, XdP = [, px(dx).

1.2 Conditional probabilities

Definition 1. Let (2, F, P) be a probability space and A,B € F, such that
P(B) > 0. Then

P(ANB)

_ 1.1

is the conditional probability of A given B.

P(A|B) ==

Tt is easy to verify that A — P(A|B) is a probability measure on (B, BNF).
This definition of conditional probability requires the conditioning event B to
have non-zero probability and is therefore unsuited for continuous probability
distributions, since in this case, events of the form [X = z] have zero probability.

For a more general form of conditional probabilities we first introduce con-
ditional expectations.

Definition 2. Let (2, F, P) be a probability space, C C F a sub-o-algebra, X
a random variable on (Q, F, P) and Py := P|c the restriction of P on C. Each
R-valued measurable function gx on (,C, Py), which satisfies

,/,ng}% :l/“)(dp vC eC
C C

is called a version of the conditional expectation of X with respect to C and is
denoted by E(X|C) := Ep(X|C) := gx.

For an event A € F, P(A|C) := E(xalC) is called conditional probability of
A with respect to C. xa denotes the indicator function for the set A.

Theorem 1. Under the assumptions of definition 2, a version gx = E(X|C) of
the conditional expectation exists and is Py — a.s. unique.

Proposition 1. Let A, A, € F,n € N. Then
1. P(QIC)=1 Py—a.s.
2.0< P(A4|IC)<1 Py—a.s.

3. For pairwise disjoint (A, )nen the relation

P({J AnlC) =) P(A,[C)

neN neN

holds Py — a.s.
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Remark 1. Since the exceptional sets of P(A|C) depend on the event A there
are uncountably infinitely many exceptional sets, who in general do not add up
to a set with probability zero. Therefore P(.|C) is not a probability measure in
general.

A measure where this restriction does not apply is called a regular conditional
probability measure.

Definition 3. Let (2, F, P) be a probability space, C C F a sub-o-algebra and
A€ F an event. Then K : Q x C — [0,00] : (x,A) — P(A|C)(z) with K(-,A)
measurable for all A € C and K(w,-) a probability measure for all w € Q is
called a version of the regular conditional probability of A with respect to C
(under the information C).

The next theorem states that we can express conditional expectations as
ordinary expectations under a regular conditional probability measure.

Theorem 2. Let P(.|C) be a conditional probability and X a random variable
on (Q, F,P). Then

E(X[C)(z) = /Q X (w)P(dw[C)(z) Py—as.

Fortunately, regular conditional probabilities exist under rather general as-
sumptions.

Definition 4. Let (2, T) be a topological space. If there exists a metric d, that
generates T such that, (,d) is a complete, separable, metric space, we call
(©,7T) a polnish space.

Theorem 3. Let Q be a polnish spcae, (2,B(2), P) a probability space and
C C B(Q) a sub-c-algebra. There exists a regular version of the conditional
probability P(.|C).

We can describe the conditional expectation (probability) of a random vari-
able X with respect to a different random variable Y through the framework of
sub-o-algebras introduced above. In this case we set the conditioning o-algebra
C = o(Y) as the o-algebra generated by Y. This is the smallest o-algebra under
which Y is measurable. When conditioning with respect to events A;, i € I C N
(e.g. A; =[Y; = y;]) we take C = o((4;)icr), the smallest o-algebra that con-
tains all sets A;, i € I.

1.2.1 Conditional densities

We now take a look at conditional densities, which allow us to make calculations
with conditional probabilities. Suppose X and Y are random variables with
values in (R* B(R¥)) and (R™, B(R™)). Further, let (X,Y) have a density f
with respect to v ® u, where v and u are o-finite measures on (R*, B(R¥)) and
(R™, B(R™)) respectively. The density of the conditional distribution of XY is
given by

dpX1Y flz,y)

dv [ f(x,y)v(dx)

uw—a.e.,
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or if there is no confusion about v and p

f(z,y)
Ty (y) ’

where fy (y) = [ f(z,y)v(dz) is the marginal density of Y.

flzly) =

1.3 Bayes theorem

In this section we introduce Bayes theorem which allows us to update probabil-
ities of events when presented with new pieces of information (e.g. observations
of random variables). We start with a probability distribution that represents
our initial state of knowledge, called the prior distribution. Updating the prior
with the new information through Bayes theorem results in the posterior dis-
tribution which represents our newly aquired state of knowledge.

The law of total probabilities relates ordinary probabilities to conditional
probabilities and forms the basis for Bayes theorem.

Theorem 4. Let Z := {H; : i € I C N} be a measurable partition of Q and
AeF. Then
P(A) = 3 P(AH,) P(H,).
iel
The events H; are called hypotheses.

In the more general case where hypotheses are realizations of random vari-
ables (e.g. H; = [X = x;]) and the event A is of the form A = [V € A’] with a
random variable Y, the law of total probabiliy is written as the integral

P e4)= [ [ fulo)fs @y
A/
Here f(y|z) is the conditional density of Y|X = z and fx(z) is the density of

the marginal distribution of X.

Theorem 5 (Bayes formula). Let Z be a measurable partition of Q and A € F
with P(A) > 0. Then

_ P(ANH;) _ P(A|H)P(H;)
P(H;i|A) = P(A) Diel P(A|H;)P(H;)

Again this can be generalized to events H; = [X = z;], A =[Y € A’] and
densities f(y|z) and fx(x), resulting in

J o) fx (z)d
The denominator is independent of z and serves as normalization constant.
Thus (1.2) can be written as f(z|y) < f(y|x)fx(x). The symbol o expresses
proportionality.
Bayes theorem is the application of the Bayes formula to the situation where
we want to fit a statistical model to observed data. The observations X1, Xo, ...
are random variables of a model which is denoted X ~ f(.|#). This means that
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the distribution of X is determined by f(.|#) where 6 is a parameter. The
way we describe the distribution of X through f is not important and can be
either the density or the probability distribution function. The parameter 6 can
be interpreted as the unknown part of the model. In Bayesian statistics it is
therefore modelled as a random variable with a prior distribution 7(0). After
observing X = (X3, Xo,...,X,,), the density of X is the likelihood function

10) =10;21,...,2n) = f(21,...,2,]0).

For independent and identically distributed (iid) samples X;, the likelihood is
1(0;21--+ ,2,) = [, f(x:]f). The Bayes theorem describes the change of
knowledge of the parameter € through the observation X.

Theorem 6 (Bayes theorem). Let 7(6) be the density of the parameter 6 on
© C R" and f(x|0) the density of the real random variable X given the parameter
0. Then the conditional density of the parameter with respect to X (e.g. 6|X)

w(0)z) = M (1.3)

o Jo f(x|0)m(0)do

m(0) is called the prior density and w(0|x) is called the posterior density.

Omitting the integral in the denominator, we can write Bayes theorem as

m(0|D) o I(6; D)7 ().

1.4 Conjugate prior distributions

From Bayes theorem we can see that the structure of the posterior distribution
depends soley on the likelihood and the prior. In the fortunate case where the
likelihood and the prior are similar from the viewpoint of the parameter, we
can expect the posterior to be of the same structure as well. If the prior and
posterior belong to the same family we call them conjugate to the model.

Definition 5. A family of distributions Il = {my, : ¢ € ¥} for the parameter 6
with the set of hyperparameters U is conjugate to the family P = {Pp : 0 € O},
iff there exists a ¢, € ¥ such that |X = x ~ my, € II for each v € Q and
Ty € II.

With conjugate priors the Bayesian updating procedure is reduced to finding
the hyperparameter of the posterior.

Example 1. The iid data X4, ..., X, is Bernoulli distributed X; ~ Ay with
parameter 6 € [0,1]. The likelihood is

1(0) = 62" (1 — g)" 2™,

A conjugate family of distributions is the beta family 11 = {B(a,b) : a,b > 0}
with densities
I(a+b) oy b—1
0)= ————<0°""(1—-0)""".
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Bayesian updating yields the posterior

w(Olw1, .., wn) o 21— 0)" =TT —9)0
_ 9a+zi ZL’i*l(l o 9)b+n72i z;—1

which is a Bla+ >, x;,b+n— >, x;) distribution. In this example the prior
hyperparameter (a,b) is updated to the posterior hyperparameter (a+ ", x;, b+
n—y. ;).

We will often deal with distributions from the exponential family which have
densities of the form

k
fo(z) = C(0)h(x) exp (Z Qi(9)Ti(w)> : (1.4)

Examples of such distributions are the normal, poisson, exponential and bino-
mial distributions. For distributions of the exponential family we can always
find a family of conjugate distributions. This follows from the next, more general
result.

Theorem 7. Let X; ~ Py such that a sufficient statistic T with fized dimension
exists. Then there exists a conjugate prior family of distributions for 6.

For the exponential family of distributions the sufficient statistics are the
functions T;, i = 1,..., k so the theorem above can be applied.

We end this section with a discussion of the normal family of distributions
and their conjugate family.

Let X; ~ N(u,02) with known variance o2. The likelihood is

1 &
Z(/}:;l‘l,...,l'n) X €xp <_222(xl_/’4)2>
90 i

2
X  exp —5 o s
vn

2
which is a normal distribution N (En, %0) A conjugate prior family for the

parameter y is the normal family of distributions {N(m,d) : m € R,d € RT}.
By using the prior p ~ N(m,d) and calculating

L (=7 )exp ( 2;2 (- m)z)

2052
g1

B 1 72/¢xn+x w2 —2pm + m?

- P T2 * a2

alerd Tn 2
2+d2
2d2
T

7T(,U|1'1,...,.13n) X exp<

= exp| —

it is easy to see that the new hyperparameter for p is (m*, d*z) with

2 2

N oim+d°T,

m* = TR (1.5)
2d2

o= (1.6)

o2 + d?
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2
g,
where 0% = 22,

When the mean is known (X; ~ N(ug,0?)) we substitute the variance o
with the precision 7 = % A simple calculation yields the gamma distribution
v(a,b), a,b > 0 with density

2

(1) = b T lembm (1.7)

as conjugate distribution with the posterior hyperparameter (a*,b*) with

« n
a = a+§
2

i=1
Finally, when both the mean and the precision are unknown and therefore
parameters, the 2-dimensional normal-gamma family {NG(m,d?,a,b) : m €
R, d? a,b € R} is a conjugate family of distributions. (X,Y) is distributed
after NG(m,d?, a,b), when
d2
XY=y ~ N<m,> and
Y
Y ~ ~(a,b).

The prior density for (i, 7) ~ NG(m,d?,a,b) is

_ b 7_(17167177' \/F ex _ll —m)?
707) = 1 Ao (—gRe-m?) )

and the posterior hyperparameter (m*,d*?,a*, b*) is

« _ m+ d*nz,
" Pn+1
d*2 — d2

d?n+1

. n

a = a+ 5

* 1 n(f’ﬂ_m)Q — \2
b = b+2< 2n 1 "‘Xi:(xz_ajn) .

1.5 Stochastic processes and time series

In this section we give an overview of stochastic processes and time series which
are concrete realizations of an underlying stochastic process.

The underlying stochastic process of a time series is often unknown and
therefore we have to approximize it by fitting an appropriate model to the
observed time series data (inverse problem). Some simple time series models
are reviewed at the end of this section.
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Definition 6. Let (2, F, P) be a probability space and T a nonempty set called
the index set. For allt € T let

X (Q,F,P)— (R*", B(R™)) (1.9)
be a random variable. The family X = (X¢)ier is called a stochastic process on
(. F,P).

Remark 2. To address realizations of stochastic processes as time series we
require the index set T to exhibit features of time (e.g. causation). Typical
examples of T are N, Z, R and [0, c0).

Definition 7. Let X = (Xy)ier be a stochastic process andw € Q. The mapping
t— X, (W)
is called a trajectory of the stochastic process.

Definition 8. Let X = (Xy)ier be a stochastic process with E|X;| < oo and
E(X,” X;) < oo for allt € T. The mapping

t— EX;
is called the mean function and
v :T x T — R™™: (5,t) = y(s,t) = B(X, — EX,) (X, —EX;) "
is called the covariance function.

Definition 9. Let X = (X;)ier be a stochastic process and ty,...,t, € T. If
the random vectors (Xi,,...,Xt,.) and (Xt 4us - Xty +u) have the same dis-
tribution for each wu, the stochastic process X is called strong stationary.

Definition 10. A stochastic process X = (X¢)er is called weak stationary, iff
1. EX/ X)) <oo VteT
2. EX;,=peR" VteT
3. (s, t) =~(s+rt+r) Vrstel.

Remark 3. For a (weak) stationary process the covariance function -y only
depends on the time difference t — s. In such a case we write y(s) = (s, 0).

We now review some important stochastic processes which are often used
to model existing time series. Unless stated otherwise, the index set of the
processes is Z.

1.5.1 White noise process

The white noise process (€;)iecz is the simplest case of a stochastic process. It
is defined by

1. B¢, =0 VieZ
2. E(ese) ) =652 Vs, t€Z

where ¥ € R"*"™ is a non-negative definite matrix and the ¢; are R™-valued
random variables. With d,; we denote the Dirac-delta.

The white noise process is stationary, both in the strong and the weak sense.
It is often used as the unexplainable residual component in a time series model.
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1.5.2 Autoregressive process

An autoregregressive process X = (X;)iez of order p > 1 depends on its own
past. At time t € Z the process is defined through

p
Xt == Zaithi + € (110)
i=1

where a; € R"*" (a, # 0) and (€;)ez is a white noise process. The matrix
coefficients a; determine the dependence of the process on its own past and the
€;’s represent the “noise” in each time step.

1.5.3 Moving average process

Let (€;)tcz be a white noise process and X = (X;)¢ez be defined by
q
Xt = Z bjet—j (111)
j=0
with b; € R**" for all t € Z. X is called a moving average process of order g
(bo # 0 and by # 0). A simple calculation yields

L E(X,/X,) <o VteZz,

2. EX; =0 VteZand

3. v(s,t) = Zfrinm{fx%i:s})} bi Xbi_sy; for|s—t| <gq '
7 0 for [s —t| > ¢

Thus a moving average process is (weak) stationary.

1.5.4 Wiener process

The Wiener process, named after Norbert Wiener, is a continuous time (T =
[0, 00)) stochastic process. W = (W});>¢ is a Wiener process, iff

1. Wo=0 a.s.
2. t — W, is continuous a.s.

3. The increments W; — Wy (0 < s < t) are independent and W; — W ~
N(0,t —s).

The Brownian motion (By)ier is a prominent example of a Wiener process which
describes the random movement of particles in a fluid. A Brownian motion on
T = [0,1] with the extra condition B; = 0 is called a Brownian bridge.
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Chapter 2

The Dynamic Linear Model

A simple, yet flexible model for time series data is the dynamic linear model
(DLM). Pole, West and Harrison describe the DLM in a Bayesian analysis con-
text in [13] and in this chapter we will discuss the DLM as a Bayesian time
series model.

The model assumes a normal distribution for all random variables, which
means that, because normally distributed random variables are closed under
linear transformations, all distributions remain normal. Therefore the model is
analytically tractable and we only have to calculate the posteriori parameters.

In Section 2.1 we introduce the structure of the DLM and discuss it in a
Bayesian context with a more detailed analysis in sections 2.2, 2.3 and 2.5. The
DLM is capable of modelling structural components in time series, like trends,
seasonal components or regression components, which we present in section 2.4.
In aection 2.7 we apply the DLM to model a real dataset.

2.1 Model structure

The DLM enhances the linear (regression) model through a time dependent
parameter with its own dynamic, the system equation. Structurally, it can
be interpreted as a hidden Markov model where the state corresponds to the
parameter in the DLM. The observation is modelled through the observation
equation which depends on the (hidden) parameter of the model. Put together,
the DLM is written as

Y, = F'0,+uv, v~N(0,V) (2.1)
Gt = Gﬁt,l + Wt, Wi ~ N(O, Wt)

where (2.1) is the observation equation and (2.2) is the system equation, Y; de-
noting the observation, F; the (regression) coefficients, G the matrix describing
the system dynamics and v; and w; normally distributed error variables with
known variances V; and W, at time t respectively. For the DLM we choose the
index set T'= N. The model parameter at time ¢ is denoted 6;. We concentrate
on the univariate case in with Y; € R and F; € R™. We further assume that the
random variables, describing the errors, v; and w; are mutually and temporally

13
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independent
cov(vs,ry) = 0 Vs,teN:s#t
cov(ws,wy) = 0 Vs,teN:s#t
cov(vs,wy) = 0 Vs, teN.

We also assume the error variable 1, of the observation equation to be inde-
pendent of the state variable 6; (e.g. cov(f;, 1) = 0 Vt € N). That G, the
coeflicient of the system equation, is constant over time, is a restriction that can
be relaxed to a time dependent coefficient Gy.

The Bayesian perspective in the DLM concentrates on the parameter ;. In
each time step ¢t we have to consider realized observations in the past yq, ..., ¥:—1
and the and the prior distribution of the parameter ;. We obtain the prior for 6,
through the posterior for 8;_1, moved forward to time ¢ by the system equation.

In the next section we look at this prior to posterior analysis more closely.

2.2 Bayesian Updating in the DLM

Using the normal distribution as prior and the assumption that all the random
error variables are also normal makes the Bayesian updating process easy in-
sofar, that we only have to calculate the posterior mean and variance, as the
distribution stays normal. Here we will describe the cycle from prior to forecast
to posterior to next prior in more detail as in [13]. We start the cycle at time
t + 1 with the prior distribution 6;41|D¢ ~ N(aty1, Re+1). With D; we denote
our knowledge at time ¢ which in our case consists of the observations y1,. .., y:.
From this prior we can generate forecasts for future observations through the
observation equation. First we consider the one-step-ahead forecast of Y 1. We
have

Yij1 = Ft119t+1 + Vi1
which is a linear combination of normally distributed random variables (6;11 and
vi41) and is therefore also normal. Thus the one-step-ahead forecast distribution
Yi11|D; has mean
fer1 = E(Yi1|Dy) = E(FL10e1 + v |Dy)
E(F,} 101411 Dt) + E(viq1|Dy)
F/ A E(0i41] D) + E(veta)

= Ft—-ri-lat-&-l
and variance
Qi1 =var(Yeu1|Dy) = war(F 1041 + v |Dy)
= war(F,},0:11|Dy) + var(ves1|Dy)
= Flyvar(0i41|Di) Fiy 4 var(vig)

= FtTHRtJrlFt+1 + Vit1,

$0 Yir1 ~ N(fi11, Qi+1). In this calculation we assumed that the error variable
Vey1 is independent of the parameter 0y .
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For a k-step-ahead forecast of Y; i we have to project the prior distribution
0i11|D; into the future to obtain 6;4x|D;. This is accomplished through the
repeated application of the system equation. At time ¢ + 2 we obtain this
implied prior from

Orr2 = GOr1 + Wiya,

which again is a linear combination of normally distributed random variables.
The mean and the covariance matrix of 6;42|D; are

E(0112|D) = E(GOi11|Dy) + E(wit2| D)
= GE(0i41|Dy) + E(wi2)
= Gat+1
var(0ir2|Dy) = var(GOiy1|Dy) + var(wes2|Dy)

= Guar(fi41|Dy)G " + var(weys)
= GR1G" + Wigo.

Repeated application of the system equation yields the k-step-ahead forecast
prior
Or 1| Dt ~ N(az(k), Ri(k))
with
at(k) = Gk_lat+1

and i
T . T
Rt(kﬁ) _ Gk_lRH_le_l + Z Gk—]Wt+ij—J .
j=2
After observing the quantity y; at time ¢ we turn our attention to the
Bayesian updating step through Bayes theorem, yielding the posterior distribu-

tion 0¢|Di_1,y:. Besides the prior distribution 6;|D;_; we need the likelihood
of the observation Y;|0;, V; which we obtain through the observation equation

Y, = F'0 +v, v ~N(0,Vp).

Therefore Y;|0;, Vi ~ N(F," 0;,V;) and we write the likelihood of the observation
yr as p(Yy = y¢|0:, V2). Asin [13], p denotes a general probability density function
of a random variable. Using Bayes theorem we get the posterior density

P(Yt = yt\ﬂt, Vt)P(Qt|Dt—1)
0:|Dy_q, =
PO De1.10) oV: = )

o p(Ye = ye|0s, Vi)p(0:| Dy —1).

Both the likelihood and the prior are normally distributed, yielding the posterior
density

1
p(0|Di—1,y:) o< exp <—2Vt1(yt - FtTet)2>
1 _
exp <_2(9t - at)TRt 1(975 - (lt)>

1
X exp (2(91‘, - mt)TC’t_l(Qt - mt)>
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which in turn is a normal distribution with

my = ap + Agey,
Ct = Rt - AtA;era
R F}
A = ,
' Q:
et = Yi— fr

Heuristically, we update the prior mean a; with a multiple of the forecat error
e to obtain the posterior mean m;. The posterior variance C; is in general
smaller than the prior variance because of the additional information in the
observation ;.

In the last step of the cycle we use the posterior distribution at time ¢t — 1
to obtain the prior distribution for time ¢. This is achieved by applying the
posterior 8;_1|D;_1 to the system equation

Gt = Get,l + Wt, Wt ~ ]\7(07 Wt)

Again, this is a linear combination of normally distributed random variables.
Thus, we find the normally distributed prior for time ¢ as

0 ~ N(at, Ry)

with mean
a; = Gmy—1

and variance
Rt GCt 1G + Wt

This concludes the cycle of Bayesian updating in the DLM.

2.3 Smoothing

The activity in which we use all the available time series data y1,...,y, to fit
the model retrospectively is called smoothing. In the DLM this corresponds to
finding the filtered distributions 6;|D., t = 1,...,7. This is achieved by filtering
future information back to time t using Bayes theorem.

In this section we analyze the filtering of information back on time step from
time ¢ to t — 1 as described in [13]. The general result for filtering back over k
time steps can be found in [17].

From the Bayesian updating analysis, outlined in the previous section, we
have the following prior and posterior distributions

Oi—1|Di—2 ~ N(az—1,Ri-1),
0i—1|Ds—1 ~ N(my—1,Ci1),
0t|Dt71 ~ N(atht)
0.|D;y ~ N(my, Cy)
and we want to calculate the retrospective parameter distribution 6;_1|D;. We

can express the probability density function p(6;_1|D;) through the law of total
probability as

(01| Dy) = / (8116, D)p(6, D16
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The second term in the integrand is the posterior density at time ¢ which is
known. To obtain the first term in the integrand we split Dy = {D;_1,y:} into
the information up to time ¢t — 1 and the observation y;, thus p(6;—1|6:, D;) =
p(0:-110t, Di—1,y:). Applying Bayes theorem we get

P(yt|9t71, 0, thl)p(atfl |9t7 thl)
p(ye|0s, Di—1)

p(0t-1(0t, De—1,y:) = . (2.3)

From the observation equation
Y, = FtTHt +
it is clear that Y;|6; is independent of 6;_1, thus
p(Ye|0e—1,0¢, Di—1) = p(ye|0s, Di—1).
From (2.3) we now have
(0110, Dt —1,y¢) = p(0r—110¢, Di—1)

which means that the observation y; carries no additional information for 8;_;
if we know the parameter #;. Finally we apply Bayes theorem one more time to
get
P(0¢]0s—1, Dy —1)p(0¢—1|D¢—1)

p(0¢|Di—1)

where all the densities on the right hand side are known:

P(9t71|9t,Dt71) =

etletflathl ~ N(Getflawt))
Or—1|Dy—1 ~ N(mp-1,Ci1),
0t|Dt—1 ~ N(at,Rt).

From this we obtain that 6;_1|0;, D;—1 is normally distributed
01—110¢, Di—q ~ N(h(1), Hi(1))
with parameters
he(1) =my—1 + Bi—1(0; — ay),
Hy(1) = C4_1 — Bi_1 BB/,

where
B; = C;G"R,.

We now know that all the terms of the integrand in (2.3) are normal distri-
bution. With the theory of normally distributed random variables we can now
calculate the distribution of 8;_1|D; we are seeking:

9t71\Dt ~ N(at(—l), Rt(_l))

with
ay(—1) = my + By—1(my — ay)

and
Ri(—-1)=Cy_1 — B;_1(R; — Cy) B/ ;.
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2.4 Modelling structural components

Time series usually comprise some structural components like trends, where the
average level of the data changes with time according to some law. Another
common component is a seasonal pattern. Here the average level shows a peri-
odic behaviour. A time series can be influenced by a different (exogenous) time
series, in which case the original series can be modeled as a regression on the
exogenous components with time varying regression coefficients. Finally, a time
series can be made up of several different components, for example a time series
with seasonal fluctuations and a genereal upward sloping trend.
We will introduce how to model these components in this section.

2.4.1 Trend components

A trend determines the average level of a time series with a dependence on the
time. The observation equation in this case simply is

Yi=pe+ve, v~ N0, V)

where p; is the trend level at time ¢ and 1, the noise around that level.
The simplest case is a constant, noisy trend level in which case the system
equation is
p = pre—1 +wi,  we ~ N(0,Wy).
A trend where the level changes with constant increments (linear trend) can
be modelled with the system equation

Pt = pht—1 + €+ wy

where c¢ is the deterministic increment in the trend level between two time
steps. Should the increment also be time dependent, we have to increase the
dimension of the system equation and add the dynamics for the increment c¢; to
it. A random walk increment, for example, can be written as

Bt = -1+ Ci—1 + wie
Ct = C—1twy

with 0; = (u¢, ;). The observation equation has to be changed to
Y; = FTGt —+ 4

with F' = (1,0)". This technique allows the construction of more complicated
forms of trends.

2.4.2 Seasonal components

Periodic fluctuations of a time series can be modelled through a seasonal com-
ponent in the DLM.

One way to describe seasonal components is by assigning seasonal effect
variables to each season. For a quarterly sampled time series with an annual
cycle we need four effect variables

q1
q2

0 =
k g3
g4
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which rotate as time moves forward, thus at ¢ + 1 we have the parameter

041 =

This can be modelled through the system equation with coefficient matrix

— O O O
SO o=
o O = O
o= oo

In the observation equation we simply take the first effect variable off the pa-
rameter vector, accomplished by setting

oo o

The problem with this modelling technique is, that the system equation can get
high in dimension quickly.

However this problem can be avoided by using periodic functions like sin
and cos to describe the periodic fluctuations directly. This way we only need a
two-dimensional system equation with coefficient matrix

G = [ cosw sin w
—sinw cosw

where w denotes the frequency of the seasonal component, with the period given

by %ﬂ For the quarterly example above we would set w = 7. Generally for

a cycle of length (period) p we need to set w = 27”. The observation equation

coefficient vector is
1
F= .

The parameter 0; = (a;,b;)' can often be difficult to interpret and it would
be desireable to transform it to a vector of seasonal effect variables ¢; that we
introduced above. Fortunately this can be achieved through the linear transfor-
mation ¢, = L, defined by

)T

FT
FTG
L= _ e RP*?2
FTGr1

where p is the period of the seasonal component. Note that G = GP, therefore
the seasonal effects also have period p.
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2.4.3 Regression components

A regression on an exogenous time series (214, Tot, . . . ,xqt):eN is easily imple-
mented in the DLM by setting

Lqt
and modelling the regression coefficients (the model parameter)

Bt
Bat
O =1 .
6qt
with the system equation
0y = GO_1 + wy

where G = I (the identity matrix) and w; ~ N (0, Wy).

2.4.4 Combining structural components

If a time series exhibits several structural components we can superposition them
together into one model by assembling the system equation in a block-structure
where each block corresponds to an independent structural component of the
time series.

We exemplify this approach by modelling a time series with a regression
component on ($1t7l’2t);r6N and a seasonal component with period p. The pa-
rameter

B

Pat

Qg
by

consists of the regression coefficients 81; and (o; and the seasonal parameters
a; and by. The system coefficient matrix has the form

0, =

1 0 0 0
oo 01 0 0
~—10 0 cos(%”) Sin(?)
00 — sin(%”) cos(=F)
and the coefficient vector of the observation equation is
T1t
| ot
F= 1
0

This example shows the ease with which we can model more complicated
structural patterns for time series, simply by combining basic components to a
block structured model. It would be trivial to add a trend component to the
example above.
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2.5 Unknown Observation Variance

So far we have assumed that the observation variances V; are known. This is
an unrealistic assumption most of the time. In this section we summarize a
simple generalization of the DLM for unknown variance, which is outlined in
more detail in [13].

We assume the variance constant over time V; = V and add the precision
¢ = V™! as unknown Bayesian parameter to the DLM which in this case is
defined by

Yt = FtTet + Vi, Vg ~ N(Oa ¢71)7
Ht = Get_l +wg, Wi~ N(O7Wt*¢71)’

the observation equation and the system equation respectively. The covariance
matrix of the system equation is scaled with the observation equation error
variance. The reason for this is that the model prior remains conjugate. We
can recover the original covariance matrix by setting W; = W ¢~ 1.

The gamma distribution is a conjugate prior for the precision of a normally
distributed random variable. Therefore the parameter prior for (6;,¢) " at time
t consists of

etlthlad) ~ N(ahRZ(b_l) )

ng_1 di_1
D7 ~J
¢| t—1 ’Y( 2 9 2 )v

ne—1

with the mean of the prior for the precision i

The conditional forecast distribution is similar to the one outlined in section
2.2

)/75|Dt—17¢ ~ N(FtTat7¢_1Qr)

with
Qi =1+ F,RIF,.

We get the unconditional forecast distribution by applying the law of total
probability

Pl D) = [ Dl lDics. Op(oIDL-) o
which results in a t distribution with n;_; degrees of freedom
Yi| D1~ tn, , (ft: Q1)-
The parameters f; and @Q; are given by

ft - FtTata
Q¢ Si1+ F RS 1 Fy

di—1
ng—1"

with Stfl =
Finding the posterior of the parameter (6;,¢)" in the DLM with unknown

variance is a two-step process. We start by calculating the posterior of the
precision ¢|D;_1,y; by applying Bayes theorem

P(AIDi—1,yt) X p(ye| Di—1, d)p(¢| Dy —1).



22 CHAPTER 2. THE DYNAMIC LINEAR MODEL

The first density on the right hand side is for the conditional forecast distribution
which we obtained above. Because the second density belongs to the prior for
¢ at time t we can calculate

PP ) o (070 e (—5(07 Q0 - £

¢w%1*1 exp < dia (;5)

which yields a gamma distribution

T dt
¢|Dt ~ (2» 2)

with the parameters given by

ng = ng1+1
2
Ct
dt = dtfl + Qizi

To ascertain the posterior for 6, we consider the joint distribution of
Y:|Di—1,¢ and 0| D;_1,¢. Both distributions are normal so the joint distribu-
tion is also normal

ft Q* —1 FTR* -1
Dt—lvquN((at)a(Rththbl %R:g;fl ))

From this joint distribution we obtain the posterior by conditioning on the
observation, resulting in

Y;
0

et‘Dt7¢ = et‘Dt—laths ~ N(mtact*¢71)

with the mean
R: Ft (&

Q;

my = ay +

and variance
R;F.F," R;¢~!
Q7 '
For the posterior of #;, unconditional on the precision, we have to apply the
law of total probability which yields

Cz(b_l — R:Cb_l

p(6,|Dy) = / p(6:| Dy, $)p(8|D1)do.

The distribution of 6;|D; is a multivariate ¢-distribution with n; degrees of

freedom, mean m; and scale parameter C; = C;S; = Cf Z—j.
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2.6 DLM Representation for AR and MA Pro-
cesses

Autoregressive (AR) (see section 1.5.2) and moving average (M A) (see section
1.5.3) processes are often used to model time series. Therefore, in this short
section, we present possible representations for these processes in the DLM. For
reasons of simplicity we consider univariate processes.

A possible, and very intuitive representation of an AR(p) process X =
(Xt)tez, defined through equation (1.10), is by choosing

Tt—1

Tt—2
F, = ) )

Tt—p

ai

a2
Gt = . )

ap

G = I, and setting 14 = ¢ and w; = 0 for all ¢ € Z. This representation is
structurally similar to the representation of regression components in the DLM
which we presented in subsection 2.4.3.

A MA(q) process X = (Xi)tez, defined through equation (1.11) can be
represented by the deterministic observation equation

Xt = FTQt
with
1
0
F=1. c Rq+1><q+1
0

and the system equation
011 = GO + wy

where
o1 0 ... 0
0O 0 1 ... 0
G=1: : - - | eRetixetl
0 0 O 1
0 0 O 0
and
bo
by
W = . €t
bq

It is easy to see that repeatedly applying the system equation and then inserting
into the observation equation yields the equation (1.11) for the process.
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2.7 COs-Emission: An Example

To summarize the DLM an example is in place. In this section we model a
famous time series, the atmospheric CO5 concentration at Mauna Loa [6] which
is measured in parts per million (ppm) and is included as dataset in R. We used
R to perform the analysis and python to generate the graphics. The source code
in R is listed in appendix A. This time series consits of monthly observations
from the years 1959 to 1997. Figure 2.1 shows a plot of this time series.

CO, Concentration (ppm)

a10 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
R cC S L LI G S C N

Figure 2.1: Atmospheric COs Concentration at Mauna Loa

The concentration of COs is gradually increasing over time with pronounced
seasonal fluctuations. When we zoom in and look at the observations in the years
1990 and 1991 (Figure 2.2), we can see that the seasonal fluctuations seem to
be an annual pattern. Indeed in figure 2.3 we can see a spike in the spectral
density of the time series at the frequency 0.0833 which corresponds to a period
of exactly 12.

Therefore our time series model will consist of a trend component, which we
choose to be a polynomial of order 2 and a seasonal component with period 12.

From section 2.4, where we reviewed how to model various components with
the DLM, we know that there are two ways to model seasonal components,
either by assigning seasonal effects or by using trigonometric functions. In this
example we choose the former alternative because it is more robust against
imperfect fluctuations.

The basic DLM, introduced in section 2.1, assumes the observation variance
and the system covariance matrix to be known, which is not the case in this
example. To circumvent this problem we calculate the maximum likelihood
estimates for the observation variance V' and the diagonal elements of the system
covariance matrix W and use them in the model. Alternatively we could add
them as parameters to the model. However this would complicate the Bayesian
anslysis to a point that is not desired in this example.

Before we can go through the Bayesian analysis of the model, outlined in
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Figure 2.2: CO2 Concentration in the years 1990 and 1991

section 2.2, we need to set an initial prior for the first time step. For the trend
level e choose a normal distribution with mean 315 and variance 5. For the other
parameters we assume approximately uninformative priors by using a normal
distribution with mean 0 and variance 107.

Figures 2.4 and 2.5 show the time series with the one-step-ahead forecasts
and the 95% confidence intervals.

The decomposition of the time series in the trend and seasonal component
is shown in figure 2.6.

A prediction of the time series multiple steps into the future is shown in
figure 2.7. Note the widening confidence intervals as we predict further ahead

into the future.
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Figure 2.3: Spectral Density of the time series
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Figure 2.4: One-step-ahead forecast for the first four years
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Figure 2.5: One-step-ahead forecast for the years 1990 and 1991
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Figure 2.6: Decompositon of the time series in the trend component and seasonal
component
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Figure 2.7: Forecast for the years 1995, 1996 and 1997



Chapter 3

Monte Carlo Methods

This Chapter serves as an introduction to Monte Carlo integration methods,
Markov chain theory and Markov chain Monte Carlo (MCMC) methods, sum-
marizing the books [14] and [15] by Robert and Casella. The methodologi-
cal framework of Monte Carlo simulation methods is an important tool to nu-
merically analyze more complicated statistical models that are analytically not
tractable.

In the next chapter 4 we will analyze Bayesian time series with non-conjugate
priors. Bayes theorem states that calculating the posterior distribution includes
evaluating the integral [ f(z|0)r(6)dd, which usually is difficult and often impos-
sible analytically. However with Monte Carlo integration methods this integral
can be approximated numerically.

In section 3.1 we introduce Monte Carlo integration methods which can be
used to approximately evaluate integrals similar to the one in the example above.
The theory of Markov chains, fsummarized in section 3.2, is the theoretical
foundation for sampling algorithms like the Metropolis-Hastings algorithm or
the Gibbs sampler which we introduce in sections 3.3 and 3.4 respectivelty.

3.1 Monte Carlo Integration

Monte Carlo integration methods attempt to find an approximation for the
integral

By (h(X) = [ hia)(o)da, (3.1)

The classical approach is to generate a sample x4, ..., x, from the distribution
f and approximate 3.1 by the arithmetic mean

B == h(;). (3.2)
i=1

S|

By the Law of Large Numbers, h, converges to E;(h(X)) almost surely. If
(3

E;(h*(X)) is finite we can even estimate the variance of (3.2)
— 1
var(in) = - [ (bla) = By (h(X)) P Fla)da

29
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through
I —
o= > (h(wi) = B ).
i=1
Further, the Central Limit Theorem states that

hn — By (h(X))
o

which allows the construction of confidence intervals for h,,.

This approach is very powerful since the only requirement is that we are
able to generate samples from the distribution f. Omne disadvantage of this
method is that we need to simulate new samples each time we want to evaluate
(3.1) for different distributions f which often is the case in Bayesian inference.
Importance Sampling avoids this limitation by using samples from a different
distribution g which usually is easier to simulate. It takes advantage of the fact
that (3.1) can be rewritten as

9 N0,1) as n— oo,

B/ (h(X)) = [ )2 g(a)do 33)

for any distribution g with suppg 2 supp f. Similar to the classical approach
(3.3) can be approximated by

Y hah (3.4

where the sample z1, ..., z, is simulated from the distribution g. Since the two
methods are the same if we choose g = f, importance sampling is a generaliza-
tion of the classical Monte Carlo integration method.

We now present a result from [14] which states the optimal choice for the
sampling distribution g such that the variance of the estimator (3.4) is minimal.
Note that this variance is finite, if and only if

() - () -

Therefore if the ratio 5 is unbounded the variance will often be infinite. Addi-
f(x4)
- 9(@:) : : L
more sensitive to the used sample. The optimal choice of ¢ that minimizes the

variance of the estimator for a given function h and distribution f is

_ |h@)lf)
[T f(2)dz

See [14], theorem 3.3.4. To prove this result we can write the variance of the
estimator (3.4) as

o () -5 (SEEE) - (o ()

tionally, the weights will show a greater variability, thus the result will be

9" (x) (3.5)
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The second term does not depend on g so we can minimize the variance by
minimizing the first term. Applying Jensen’s inequality

() = (5 (M) = (o)

yields a lower bound which is attained by choosing g = g*.

From this we can see that the choice ¢ = f (the classical Monte Carlo
integration method) is always suboptimal except in the trivial case where h is
constant.

The dependency of the optimal choice g* on h and f is not surprising however
it reduces its practicality since one of the advantages of importance sampling
should be the independence of these functions. Moreover if h > 0 the choice
g* requires knowledge of the integral [ h(xz)f(z)dz which we actually want to
approximate. In [14], the authors suggest to use distributions g for which the
term

[h(@)lf (x)
9(x)
is (almost) constant and has finite variance.

3.2 Markov Chains

In this section we present some of the theory for Markov chains, summarizing
the more detailed introduction by Robert and Casella in [14], chapter 4.

Later in this chapter when we introduce Markov chain Monte Carlo (MCMC)
algorithms we will recourse to results from Markov chain theory presented in
this section to establish the validity of these algorithms.

We describe Markov chains through a transition kernel, an operator which
describes the evolution of the chain given the current state.

Definition 11. Let (Q, F, P) be a probability space and K : Q x F — [0,1] a
function, such that

e K(z,.) is a probability measure for all x € Q.
e K(.,A) is measurable for all A € F.
Then K 1is called a transition kernel.

We actually already defined the transition kernel in definition 3 as a version
of the regular conditional probability measure with respect to a o-algebra.

Definition 12. Let (2, F, P) be a probability space and K a transition kernel
on (Q,F,P). A stochastic process (X, )nen is a Markov chain, if
P(Xi41 € Alzo, ... 21) = P(Xp41 € Alzy) = / K (x4, dx) (3.6)
A

forallt e N and A € F.

Remark 4. In this thesis we always assume N as the index set for Markov
chains. Therefore we omit the index set in the notation and denote a Markov
chain (Xp,).
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Remark 5. Since Markov chains are defined on the index set N, we need to
define the initial distribution of Xo. Given the initial distribution Xy ~ pg we
can construct the whole chain through (3.6). With P, we denote the probability
measure for the chain given the initial distribution u. If the initial distribution
is a Dirac distribution 6, we write Py, := P, .

Remark 6. If the state space Q is finite (i.e. Q = {1,...,k}), we can repre-
sent the transition kernel as a matriz K (i,j) = (ki;). The matriz entries then
correspond to the transition probabilities between two states. Therefore

PXy1=jlXe=19)=ky; Vi, je

The mapping 2,11 — K (2, Tp41) is a version of the conditional density of
Xn+1/X, = x,, as the following properties of the transition kernel are easy to
show:

Px(Xl S Al) = K($7A1),

PI((Xl,XQ) S Al X Ag) = K(yl,Ag)K(J},dyl)
Ay

Pz Xl,...,Xn)€A1X"'XAn):

((
/ / K(yn—17An)K(yn—27dyn—l)"'K(xvdy1)~
Ay A

n—1

Therefore the transition kernel K describes the probabilistic law after which the
chain evolves between two successive points in time. We can also define a kernel
for multiple time steps (e.g. from ¢ to t + n) by

K'(z,A) = K(z,A),
K"z, A) = /K”_l(y,A)K(x7dy) for n > 1.

The Chapman-Kolmogorov equation describes a convolution identity for transi-
tion kernels.

Theorem 8 (Chapman-Kolmogorov equation). Let (2, F, P) be a probability
space, K a transition kernel, v € Q, A € F and (n,m) € N2. Then

K"t (x, A) = /K"(y,A)Km(x,dy). (3.7)

For a Markov chain (X,,) the dependence on its own past is limited per
definition. The Weak- and Strong Markow properties generalize this fact.

Proposition 2 (Weak Markov property). Let (X,) be a Markov chain, h a
function, u a probability measure (the initial distribution) and (xo,...,x,) a
sample of (X,,). Then

]Eu(h(Xn+17Xn+2a e )‘Jjo, e 7In) = Exn(h(Xn-‘rlaXn—i-% e ))7

provided the expectations exist.



3.2. MARKOV CHAINS 33

Remark 7. E,, is the expectation under the probability measure P, and similarly
E;, is the expectation under the probability measure Py .

Definition 13. Let (X,,) be a Markov chain and A € F. The stopping time at
A is defined through
Ta=inf{n>1:X, € A}

and it is the first time in which the chain (X,,) enters the set A.

Proposition 3 (Strong Markov property). Let (X,,) be a Markov chain, h a
function, p a probability measure and T a stopping time which is finite almost
surely. Then, provided the expectations exist

]E/L(h(XT+17XT+27 ‘e )‘ZZZQ, NN ,SCT) = ]Exr (h(X7-+1,X7-+2, RPN ))

The resolvant associated with a transition kernel is a notion that is used in
results concerning the stability and convergence of Markov chains.

Definition 14. Let K be a transition kernel and € € (0,1). The kernel

K(x,A)=(1-€> ¢K'(x,A)

i=1

18 called a resolvant associated with K. A Markov chain with transition kernel
K. is called K -chain.

The goal of MCMC algorithms is to construct a Markov chain that converges
to an invariant distribution. Therefore the chain should not be sensitive to the
initial distribution or the initial starting point. The concept of irreducibility is
important to assess this property.

Definition 15. Let (X,,) be a Markov chain with transition kernel K and ¢ a
measure. The chain is ¢-irreducible if for A € F with ¢(A) > 0 there exists
some n € N such that

K"(z,A) >0 Vzel.

The chain is strongly ¢-irreducible if K(x, A) > 0 for all x € Q.
The next theorem lists some properties that are equivalent to ¢-irreducibility.

Definition 16. Let (X,,) be a Markov chain and A € F. The random variable,
defined by

na = Z XA(Xn)
n=1

is the number of passages of (X,,) in A.

Theorem 9. Let (X,,) be a Markov chain, ¢ a measure, x € Q and A € F :
d(A) > 0. (X,) is ¢-irreducible if and only if one of the following properties
holds:

e IneN:K"(z,4) >0
(] Ex(”A) >0
o K. (z,A)>0 Vee (0,1).
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The next theorem shows that the measure ¢ is not that important in the
definition of irreducibility and that it is a property of the Markov chain.

Theorem 10. Let (X,,) be a ¢-irreducible Markov chain. There exists a prob-
ability measure 1 (called the maximal irreducibility measure) such that:

(X)) is Y-irreducible

If (X,,) is &-irreducible, then & < ¢

IfAe F:y(A) =0, then y({y € Q: Py(t4 <o0) >0})=0

The probability measure ¢ is equivalent to
Wo(A) = / Ky(z, A)p(dz) VA€ F,

that is, ¥ < Yo and Py K Y.

Other important concepts for Markov chains are atoms and small sets which
are crucial in determining the stability of a chain.

Definition 17. Let (X,,) be a Markov chain with transition kernel K. If there
erists a set o € F and a non-zero measure v, such that

K(z,A)=v(A) Vxea, VAEF,

then « is called an atom of the chain (X,,). If (X,) is y-irreducible the atom
is accessible if ¥(A4) > 0.

In the case of a continuous state space, atoms are often a too strong notion
since they imply a constant transition kernel on a set with positive measure.
Therefore we introduce the weaker notion of small sets.

Definition 18. Let K be a transition kernel. A set C € F is small if there
exists m € N and a non-zero measure v, such that

K™(x,A) > v,(A) VexeC,VAeF.

The following theorem states the connection between irreducible chains and
small sets.

Theorem 11. Let (X,,) be a y-irreducible Markov chain and A € F such that
¥(A) > 0. There exists m € N and a small set C C A with the associated non-
zero measure Vy, such that v,(C) > 0. The state space Q can be decomposed
into a countable infinite partition of small sets.

Additionally, Meyn and Tweedie [10] present a result which states, that for,
in some sense, regular Markov chains every compact set is small.

Next, we present the construction of split chains introduced by Athreya
and Ney in [1] and summarized in [14] through renewal times which serve as a
technique of proof.

Definition 19. A function (x1,xo,...) is called a stopping rule if the set
[€ = n] is measurable for the o-algebra o(Xo, X1, ..., X,).
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Definition 20. Let (X,) be a Markov chain. A stopping rule T such that
(X, Xrg1,...) and (Xr-1,X;—9,...,X0) are independent is called a renewal
time.

Definition 21. Let (X,,) be a Markov chain with transition kernel K. If there
exists a set C € F, € > 0 and a probability measure v such that

K(z,A) > ev(A) VeeC,VAeF
the chain (X,,) fulfills the minorizing condition.

If the Markov chain (X,,) with transition kernel K fulfills the minorizing
condition for the set C, the constant € and the probability measure v and ad-
ditionally P,(1¢ < o0) = 1, Va € Q we can modify the transition kernel when
X, € C, such that

v with probability €
Xnt1~ 3 K(Xn,)—er()

7 with probability 1 —e.

The conditional distribution X, 1|X,, = z, does not change since

K(zp, A) —ev(A)

ev(A)+ (1—¢) -

= K(xp, A).

However this modified kernel produces renewal times, whenever X,, € C and
X,41 ~ v since v is independent of the past history. The split chain of (X,,) is
the chain (X,) = (X,,&,) where &, = 1 when X,, € C and X, 41 ~ v. This
chain posesses the atom & = C x {1}. The subchain (X,) is still a Markov
chain.

The notion of aperiodicity is another important property for the convergence

of Markov chains.

Definition 22. Let (X,,) be a -irreducible Markov chain. If there exists a
small set C € F with integer M € N and an associated probability measure
vys then the chain has a cycle of length d, where d is the greatest common
denominator of the integers

{m >1:36, > 0:C is small for vy > 0mva}.
The Markov chain (X,,) is aperiodic if it has a cycle of length d = 1.

Irreducibility of a Markov chain ensures that the chain visits every set with
positive measure at least once. However for Markov chain Monte Carlo algo-
rithms we require a stronger property which ensures that each set is visited
often enough.

Definition 23. Let (X,,) be a Markov chain. A set A € F is called recurrent if
E.(na) = oo for every x € A. The set A is uniformly transient if there exists a
constant M such that Ex(na) < M for all x € A. It is transient if there exists
a countable collection of uniformly transient sets B; such that

A=|]JB..
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The following results establish the connection between irreducibility and
recurrence.

Definition 24. Let (X,,) be a Markov chain. (X,,) is recurrent, if
o there exists a measure ¥ such that the chain is ¥-irreducible.
o B (na) =00 VAeF:9(A)>0,VreA

The chain is transient if it is ¢-irreducible and if Q is transient.

Theorem 12. Let (X,,) be a v-irreducible Markov chain with an accessible
atom o € F. Then,

e if v is recurrent, every accessible set A € F is recurrent.
e if « is transient, () is transient.
Theorem 13. A -irreducible chain is either recurrent or transient.

The next proposition states a criterion for recurrence that is based on small
sets.

Proposition 4. Let (X,,) be a y-irreducible Markov chain. The chain is recur-
rent if there exists a small set C with ¥(C) > 0 such that P,(tc < 00) =1 for
each x € C.

A further property to strenghten the stability of Markov chains is by requir-
ing an infinite amount of visits to each small set for every sample path and is
called Harris recurrence.

Definition 25. Let (X,,) be a Markov chain and A € F. The set A is Harris
recurrent if Py(ng = o0o0) =1 for all x € A. The chain (X,,) is Harris recurrent
if there exists a measure v such that (X,,) is ¥-irreducible and if every accessible
set A is Harris recurrent.

The requirement E,(n4) = oo in definition 23 implies P,(na = oo) > 0.
However Harris recurrence requires P,(n4 = oco) = 1. Therefore it is clear that
Harris recurrence is a stronger property than recurrence. The following results
compare Harris recurrence to conditions on stopping times.

Proposition 5. Let (X,,) be a Markov chain. If for every set A € F
Po(ta <o0)=1 Vz€ A,

then
P.pa=o0)=1 VoA

and the chain (X,,) is Harris recurrent.

Theorem 14. Let (X,,) be a y-irreducible Markov chain with o small set C
such that Py(1¢ < 00) =1 for all x € Q. The chain (X,,) is Harris recurrent.

Positive recurrence is an even stronger property, that most Markov chains
constructed by Markov chain Monte Carlo algorithms possess. For such chains
there exists an invariant probability measure which is also called stationary
measure.
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Definition 26. Let (X,,) be a Markov chain with transition kernel K. A o-finite
measure T is invariant for the transition kernel, if

~(B) = / K(x, B)n(dx) VB e F.

Definition 27. A v-irreducible Markov chain with an invariant measure is
called positive recurrent. A recurrent Markov chain without an invariant mea-
sure is called null recurrent.

Proposition 6. Let (X,,) be a Markov chain. If (X,,) is positive recurrent it is
also recurrent.

The following theorem provides an equivalent classification of positivity for
chains with an atom.

Theorem 15. Let (X,,) be a -irreducible Markov chain with an atom «. The
chain is positive recurrent if and only if E,(7,) < co. In this case the invariant
distribution 7 for the chain (X,,) satisfies

m(@) = (Ea(7a)) ™"

Remark 8. E, is the expectation under a probability measure P, with x € a.
The probability measure P, is the same for all x € a by definition 17. Therefore
the expectation E, is well defined.

The next theorem assures the existence of invariant measures for recurrent
Markov chains.

Theorem 16. Let (X,,) be a recurrent Markov chain. There exists an invariant
o-finite measure which is unique up to a multiplicative factor.

The next step in the study of Markov chains is to evaluate the limiting
behaviour of the elements X;. Since for recurrent Markov chains there exists an
invariant measure 7 (theorem 16), this measure is a candidate for the limiting
distribution of the series of X,, when n — oco. We denote the distribution of X,
by P™. One important condition for the convergence of P™ to 7 is ergodicity.

Definition 28. Let (X,) be a Harris positive Markov chain with invariant
distribution w. An atom « of the chain for which

lim |[K™ (o, ) — w(a)| =0

n—oo
1s called ergodic.

Remark 9. Note that the expression K(a, ) is well defined since K(x,a) =
v(a) for all x € a (see definition 17).

Definition 29. Let (0, F) be a measurable space with measures p and v. The
distance of between the two measures based on the total variation norm ||.|rv
1s defined as

I = vlizv = sup [u(A) —v(A)[.
AeF
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Proposition 7. Let (X,,) be a Harris positive Markov chain with transition
kernel K on (Q,F, P) where Q is countable. If there exists an ergodic atom «
and an invariant distribution m then

ILm IK™(x,.) — 7|lry =0 Va € Q.

Theorem 17. Let (X,,) be a positive recurrent, aperiodic Markov chain with
transition kernel K on (Q, F, P) where Q is countable and an invariant distri-
bution w. Then

lim [|[K™(z,.) —7|lrv =0 VzeQ.

n—o0

Theorem 18. Let (X,,) be a Harris positive and aperiodic Markov chain with
transition kernel K. Then, for every initial distribution p

lim H/K”(az Yuldz) — =

n—oo

= 0.
TV

We end this section with two important convergence theorems for Markov
chains. The Ergodic Theorem (see [14], theorem 4.7.4) which can be interpreted
as a Law of Large Numbers for Markov chains ensures the convergence of the
partial sums

Su(h) = = " h(X;)
=1

where h is integrable and (X,,) is a Markov chain.

Theorem 19 (Ergodic Theorem). Let (X,,) be a Markov chain with a o-finite
inwvariant measure w. The following statements are equivalent:

o If f,g € L1(Q, F,m) with [ gdr # 0, then
Sup) [

i = .
n—oo S, (g) fgdﬂ'

o The Markov chain (X,,) is Harris recurrent.

The last theorem in this section is a Central Limit Theorem for Markov
chains (see [14], theorem 4.7.5). However, other than in the iid case, this theorem
requires more restrictive conditions.

Theorem 20 (Central Limit Theorem for Markov chains). Let (X,,) be a Harris
positive Markov chain with an atom «, invariant distribution © and let h €
Ll(Qa‘F77T)' If

Ea(Tg) <oo, K, (Zm: |h(Xn)|> < 00
and ,
72 = 71(@)Eq (Z(h(Xn) - ]Ew(h))> >0

then

(Z(h(Xi) - Eﬂ<h>)> 4 N(0,72).

Sl-
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3.3 The Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm belongs to the family of Markov chain Monte
Carlo (MCMC) methods. Tt generates a Markov chain with a specific invariant
distribution to which the chain converges. Therefore we can use the elements of
the generated Markov chain from a certain cutoff index on as an approximate
sample from the invariant distribution which in turn can be used to approximate
integrals of the form (3.1). MCMC methods are therefore an alternative to the
methods described in section 3.1. In the case of MCMC methods the theoretic
argument for the convergence of the approximation is the ergodic theorem 19.

In this section we introduce the Metropolis-Hastings algorithm and establish
conditions for its convergence. A more detailed discussion of the Metropolis-
Hastings algorithm can be found in [14], chapter 6.

Given a distribution with density f that we want to simulate, the algorithm
generates a Markov chain with invariant distribution f. The elements of the
Markov chain are generated by drawing a sample from a conditional proposal
density q and accepting this sample with a certain acceptance probability.

Algorithm 1 (Metropolis-Hastings). Given x; the element of the Metropolis-
Hastings Markov chain at time t,

1. Generate Yy ~ q(.|x¢).
2. Set the element of the chain at time t + 1

X, Y:  with probability p(x¢,Yy)
LTy with probability 1 — p(x,Y;),

where

_ [ f) a(=zly) }
plac) = min{ FHEE
The algorithm is very flexible and allows a lot of variations based on the na-
ture of the proposal density. Before we explore some variations of the Metropolis-
Hastings algorithm, we summarize conditions which ensure the convergence of
the algorithm. First we take a closer look at the transition kernel which will then
allow us to use the theoretical results for Markov chains presented in section
3.2.

Definition 30. Let (X,) be a Markov chain with transition kernel K. The
chain satisfies the detailed balance condition if there exists a function f such
that

K(y,z)f(y) = K(z,y)f(z) VY(z,y) € xQ.

Theorem 21. Let (X,,) be a Markov chain with transition kernel K. If the
chain satisfies the detailed balance condition with a probability density function
f, then f is the invariant distribution (density) of the chain.

Proof. Let B € F. Then

KBy = [ [ Ko -

| | K@@y = | sy

which means that f is by definition 26 an invariant distribution of the chain. [
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This result allows us to proof that the Markov chain generated by the
Metropolis-Hastings algorithm has the target distribution f as an invariant dis-
tribution.

Theorem 22. Let (X,,) be the Markov chain associated with the Metropolis-
Hastings algorithm with the target distribution f. For each conditional proposal
distribution g, such that

supp g 2 supp f,
f is a stationary distribution of the chain (X,).

Proof. The transition kernel for the Metropolis-Hastings algorithm is

K(z,y) = p(z, y)q(ylz) + (1 = r(2))d2(y), (3-8)

where r(z) = [ p(x,y)q(y|z)dy. To verify the detailed balance condition for
(3.8) we can show that

p(z,y)q(ylx) f(x) = p(y, 2)q(zly) f(y)

and
(I —=r(@))dz(y)f(z) = (1 —r(y)dy(x)f(y)

Since K satisfies the detailed balance condition we can use theorem 21 to proof
that f is an invariant distribution of the chain. O

Theorem 22 establishes that the Metropolis-Hastings algorithm is a valid
approach to approximate samples from the target distribution with minimal
restrictions on the conditional proposal density. The next theorem states the
conditions under which the Markov chain from the Metropolis-Hastings algo-
rithm can be used to approximate integrals of the form (3.1). The proof makes
use of the ergodic theorem 19 and can be found in [14], theorem 6.2.5.

Theorem 23. Let (X;) be a Markov chain generated by the Metropolis-Hastings
algorithm with transition kernel K. If the chain is ps-irreducible then:

o limy o 23;1 h(Xy) = [ h(z)f(z)dz pp—as. Vh e Li(Q,F,uy)

o If (X}) is also aperiodic, then

=0

lim H/K"(x,.)u(dx) —

for each initial distribution p.

The next theorems state alternative conditions under which the conclusions
of theorem 23 hold.

Theorem 24. The conclusions of theorem 23 hold if the conditional proposal
density q satisfies

P (f(Xe)q(Ye| X)) < f(Ye)a(Xe|Yy)) <1

and
q(zly) >0 V(z,y) € supp(f)*.
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Theorem 25. The conclusions of theorem 23 hold if the target density f is
bounded and positive on every compact set in supp f and if there exists € > 0
and § > 0 such that

qlylz) > e if |z —y| <é.

We now describe two specializations of the Metropolis-Hastings algorithm
which differ in the king of proposal distribution used to construct the Markov
chain. A more detailed presentation can be found in [14], section 6.3.

Algorithm 2 (Independent Metropolis-Hastings). Given x; the element of the
Metropolis-Hastings Markov chain at time t,

1. Generate Yy ~ g(.)
2. Set

Xpuy = { Y, with probability min{ﬁgg Zg,i;,l}

x; otherwise.

At each time step the generated proposal Y; is independent of the current
element x; in the chain. A different approach is the Random walk Metropolis-
Hastings algorithm where the proposal is simulated according to

Yi=Xi +¢

where €; is a random variable with distribution g, and therefore the conditional
proposal density is of the form

q(ylz) = g(y — ).

Algorithm 3 (Random walk Metropolis-Hastings). Given x; the element of
the Metropolis-Hastings Markov chain at time t:

1. Generate Yy ~ g(y — x¢)
2. Set

; 0 o J F()
Xy = Y: with prébabzlzty min { Flae) 1}
xy otherwise.

The Metropolis-Hastings algorithm described so far worked with a fixed
proposal density as input which determined the transition kernel and in turn the
theoretical properties of the Markov chain. Therefore the proposal density has to
be chosen carefully to suit the algorithms target density. The Adaptive Rejection
Metropolis Sampling (ARMS) algorithm, developed by Gilks et al. [4] constructs
a proposal density by adapting to the target density in a seperate step. However
through this adaption the resulting Markov chain is time inhomogenous as the
transition kernel is changed with each adaption. Therefore the theoretical results
for Markov chains in section 3.2 do not apply. This problem can be circumvented
by stopping the adaption after a certain number of steps and then fixing the
proposal density. From then on the Markov chain is time homogenous and the
theoretical results can be applied.

Before we describe the ARMS algorithm we introduce some notation. Let
f1 o< f be proportional to the target density f and set h(z) = log f1(z). Further
let S, = {z;: 0 <i<n+1} be aset of points in supp f. Withy = L; ;41(z) we
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denote the equations for the lines between (x;, h(x;)) and (zi4+1, h(zit1)). We
then set

Lo. () T < o
max{Ly1(x),L1,2(x)} o < o < a1
() = 4 ax {Liipr (), min{Li15(2), Livaipo(2) ) @ S @ <@g,
1=1,....,n—1
max{Ly nt1(x), Lyn_1.n(z)} Ty <0 < Ty
Loni(@) Tpyr <

which determines the proposal density for the Accept-Reject part of the algo-

rithm as g, o« exp(hy,). The instrumental density is

Wn(@) oc min{ f1 (), exp(hn(x))}.

Algorithm 4 (Adaptive Rejection Metropolis Sampling). With the notation
introduced above and the value xy of the Markov chain at time t:

1. Simulate Y ~ gn(.) and U ~ Ujg 1) until

S1(Y)
— exp(hn(Y))
Set Sp+1 = S, U{Y} if Y is rejected and the algorithm is in its burn-in
phase.
2. Set

Xyt = { Y  with probability min {%’m, 1}

ry otherwise.

3.4 The Gibbs Sampler

The Metropolis-Hastings algorithm from the previous section did not take into
account the particular form of the target distribution. In that sense it is a
generic sampling algorithm. The Gibbs sampler that we describe in this section
is more closely linked to the target distribution and requires explicit knowledge
about it. The disadvantage from this necessity is countered by an improved
performance over more general algorithms.

Gibbs sampling is by construction multi-dimensional with the target distri-
bution f decomposed into individual parts f = (f1,..., fp), p > 1 such that the
conditional components f;(.|z1,...,%i—1,%it1,...,2p) can be simulated. The
densities f; of X;|z1,...,%i—1,%it1, ..., %, are called the full conditionals.

Algorithm 5 (Gibbs sampler). Given the value x; = (T¢1,...,2¢p) of the
chain at time t, generate:

1 Xiv1a~ filllzee, . 2ep)

2 Xy~ fo(lTe41,0, T3, - Tep)

P Xiv1p ~ fp(lTerin, s Tep1po1)-
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A more general version of the Gibbs sampling algorithm can be constructed
by demarginalizing the target distribution f and using a completion distribution
g such that

[ stz = s(a).

For this, set y = (z, z) and denote the conditional densities of
9(y) = 91, -, yp) by

Y1|y2a" '7yp Ngl('|y27"'7yp)
Yolyi,y3, -, Up ~ 92(|Y1, Y35 - - -, Up)

Yolyis s Up—1 ~ gp( Y1, Yp—1)-

Algorithm 6 (Completion Gibbs sampler). Given the value yi = (Yi1,-- -, Yi,p)
of the chain at time t, generate:

1 Yip0 ~ 910 Y2, - Yep)

2 Y2~ 900 |yir1,15Y63 - Yp)

P Yig1p~ gp(-\yt+1,1, e 7yt+1,p71)'

The completion distribution g should be chosen such that the full condition-
als g; can be easily simulated. With this construction the chain (Y;) generated
by the Completion Gibbs sampler is a Markov chain (however the subchain (X;)
is not necessarily a Markov chain) and therefore we can establish convergence
properties for the algorithm similar to the ones for the Metropolis-Hastings
algorithm.

Theorem 26. If the Markov chain (Y;) generated from the Gibbs sampler 6 is
ergodic, then g is an invariant distribution of (Y:) and f is the limiting distri-
bution of the subchain (X4).

Theorem 27. If the transition kernel

K@y, v') = Wilyz, - )92 (Walyr, yss - yp) -
I Wply1, - Yp-1)

associated with the Gibbs sampling algorithm 6 is absolute continuous with re-
spect to the dominating measure, the generated Markov chain is Harris recurrent.

This result allows a proof of a convergence theorem similar to 23
for Metropolis-Hastings.

Theorem 28. If the transition kernel associated with the Gibbs sampling algo-
rithm 6 with the Markov chain (Y:) is absolutely continuous with respect to the
dominating measure, then:
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o If hi,hy € L1(Q, F, pg) with [ hodpg # 0, then

Yo (V) _ [ adpy

lim = lhg — Q.S.
Tooo ST ho(vy) [ hedpy 77
o If (Y;) is also aperiodic, then
| [ & utin) - | =0
TV

for every initial distribution p.

Similar to theorem 25 for the Metropolis-Hastings algorithm, Robert and
Casella state an alternative condition on g such that theorem 28 holds. See [14],
lemma 7.1.15 and corollary 7.1.16.

One requireemnt of the Gibbs sampling algorithms above is the ability to
simulate samples directly from the full conditionals f; or g; respectively. If this
requirement is not met for some i € {1,...,p} we can customize algorithm 6 and
insert a Metropolis-Hastings step and sample from an instrumental distribution
g; instead of g;. This modification was suggested by Miiller [11] and is called
Metropolis-within-Gibbs.

Algorithm 7 (Metropolis-within-Gibbs). In the setup of algorithm 6, and

(Yer1,05 - Yed1,im15 Ytyis - - Ytp) 1S given:
1. Simulate Y; ~ G Ytt1,15 s Yt 1,i—15 Ytyit1s - > Yt.p)
2. Set

v }7z with probability p
LU s with probability 1 — p,

where _
gi(}jiIyt+1,1;-~~’yt+1,i—17yt,i+1;~~~’yt,p)

Qi (YilYt 41,150 Yt41,i—1,Yt,i4+15---,Yt,p) 1
i (Y, |Yt4+1,15 Yt 1,i—1,Yt,i415--,Yt,p)
Qi (Yt,i|Yt+1,150 Yt 4+1,i—1,Yt,i+15--3Yt,p)

p = min




Chapter 4

MCMC for Bayesian Time
Series Analysis

In this chapter we use the Metropolis-Hastings and Gibbs sampling algorithms
to analyze a time series model from a Bayesian context. We choose a simple
AR(1)-process with unknown variance and a conjugate prior which allows us
to compare the numerical results from the MCMC algorithms to the analytical
solution. We simulate different time series with differing distributions for the
error variables which allows us to assess the robustness of the methods. In the
next section 4.1 we describe the model we use for the time series and derive
the closed form solution for the posterior distribution. In section 4.2 we present
the MCMC methods used for the example, which are the Metropolis-Hastings
algorithm and the Gibbs sampler. The results of these algorithms are presented
in section 4.3 along with comparisons to the theoretical results. We end the
chapter with some concluding remarks in section 4.4. We implemented the
simulations in C++ and generated the graphics in R using the ggplot2 library.
The source code of the simulations is listed in appendix B.

4.1 The AR(1)-process

For the example in this chapter we consider an AR(1) process on the index set
N. A discussion of higher order AR(p) processes from a Bayesian standpoint see
[12]. Thus for a given starting value x the process can be constructed through

Xt =pXi1+€, teN (41)

We assume the error process (€:):en to be white noise (see section 1.5) with a
probability density function fc(.|f) with parameter §. The likelihood function
of the process is then given by

T
L(p,0;z0,...,27) :er(l’t—PJUt—l\e)- (4.2)
t=1
Given observations xg, . . .,z from an AR(1)-process our goal is for a given

prior distribution to obtain a posterior distribution for the parameter (p,0),

45



46 CHAPTER 4. MCMC FOR BAYESIAN TIME SERIES ANALYSIS

which is a straightforward application of Bayes theorem. If we assume that
the error variables ¢; are normally distributed with unknown precission 7 then
the normal-gamma distribution is a conjugate prior. With normally distributed
error variables the likelihood of the process can be written as

T
N
@ e wt)

t=1

L(p7T;$07"';xT)

The normal-gamma prior with hyperparameter (m, d?, a, b) has the density func-
tion .

m(p,7) o< T4 Le TP/ exp (—ﬁ(p - m)2) :
Applying the likelihood and the prior to Bayes theorem yields the posterior
distribution

7T(p, T|J;05 e axT) X L(p,T;.TO, cee ,J?T)Tr(p, T)
T\% T T
2 —1_—bt
= (%) exp (—2 tE:1(xt — pxt1)2> 79 Le ™0 /T exp (—ﬁ(p — m)z) .

Setting d** = (& + Y, xf,l)fl and m* == d** (3, mex4—1 + %) we can write
the posterior as

1 2 *2
(p,7|zo, ... o) o T F " exp <—T <b+ 2 <ZL2 - %2 + zt:ﬁ))) "

% _L _ *\2
T exp( 2d*2(p m))

From this we can see that the posterior distribution is again a normal-gamma
distribution with hyperparameter (m*,d*?,a*, b*) where

N 1 (m?> m? 9
b :b+2<d2—d*2+zxt>.

4.2 MCMC Methods

In this section we describe the Metropolis-Hastings algorithm and the Gibbs
sampler for the application of approximating the parameter posterior distribu-
tion of the AR(1)-process.
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4.2.1 Metropolis-Hastings

In the Metropolis-Hastings algorithm the target density f is only used as a quo-
tient in the expression for the acceptance probability. Therefore it only has to
be known up to a proportional factor. Since f(p,7) x L(p, T; g, ..., x1)7(p,T)
we can write the acceptance probability as

: L(py; Ty 0, - -, )T (Py, Ty) 4P Telpy, 7y)
p(pm T py7 Ty) i {17 L(pﬂm Tx; L0y - - - 7xT)7r(pfﬂ’ TI) Q(Pyv Ty|pra Tx) } .
(4.3)
The question remaining is what proposal distribution ¢ should be used. We
choose an exponential distribution for the parameter 7 and a normal distribution
for the parameter p. To obtain the parameters for the proposal distribution we
first caclulate the maximum likelihood estimates of p and 7 which are

and
T-1

Zt(xt - /3377571)2 '

7 will be our parameter for the proposal distribution of 7, therefore

Tprop ™ Eﬂ?+ .

The variance of p is of order (3, #7_;)~! (see [16]) and therefore should be an
appropriate value for the variance of the proposal distribution for p. We use a
random walk design for the mean of the proposal distribution of p which gives

—1
Pprop,i ™~ N Pi—1, <Z xt2_1>
t

for the proposal distribution at iteration ¢ of the parameter Markov chain.
With the proposal distribution we have everything needed to apply the
Metropolis-Hastings algorithm.

4.2.2 Gibbs Sampler

For the application of the Gibbs sampling algorithm we first need to derive
the full conditionals p|7 and 7|p. A derivation for a more general process with
constant drift can be found in [9]. We can rewrite L(p, 7; xo, ..., z7)7(p, T) to
get

f(T|P7 Zoy---, mT) X L(paT7 Lo, - - - 7-75T)7T(;0a T)

T
X TZ exp (72— t_zl(xt - pxt_1)2> 7% et /T exp (f%(p - m)z)

T 2
T+1 T —n
BRI )

t=1
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Therefore 7|p ~ ~(a,b) with

. n T+1
a=a+——
2 3
T
7 1 2 (p—m)’
b:b+§ (;(mtpxt—l) +T .
For the full conditional p|T we can again rewrite L(p, 7; xo, . .., )7 (p, T) in the

following way:

fplr,zo,...,x7) x L(p, T;x0, . .. ,xp)7(p, T)
T

sy (<5 3 ) e e (- )

t=1
1
o exp (—; (fo = QpiEtl‘t—l +p22xf_1 + (p* — 2pm+m2)>> .
t t t

Setting d? = (& + >, a:f_l)_l and m’ := d? (5 + 3, z424-1) we can sim-
plify the last expression to get

T
f(p|7-a Zoy .- - 71'T) X exp (_2d7 (,O — m’)Q)

and therefore p|7 ~ N (m’, dTIQ .
We now have everything needed to apply the Gibbs sampler 5 and the

Metropolis-Hastings algorithm 1 to the simulated time series.

4.3 Simulation Results

In this section we present the results of the Metropolis-Hastings algorithm and
the Gibbs sampler applied to the simulated time series of the AR(1)-process de-
scribed in section 4.1. We simulated four different time series of length 7" = 100
with p = 0.8 and V) ~ N(0,1), ¢ ~ N(0,5), &) ~t1, eV ~t5, t =1,...,T.
As prior distribution we chose a normal-gamma distribution NG(m,d?,a,b)
with hyperparameters m = 0, d> = 4, a = 1 and b = 1. For the processes
N(0,1) and N(0,5) the prior is conjugate to the model and the posterior hy-
perparameters are listed in table 4.1.

We also calculated the “posterior hyperparameters” for the processes t; and
ts, although the prior is not conjugate to the model in these cases, to assess the
robustness of the methods against model misspecifications in the error distribu-
tion. These hyperparameters are also listed in table 4.1.

Next we describe the results of the individual MCMC methods in detail.

4.3.1 Metropolis-Hastings

We applied the Metropolis-Hastings algorithm as described in the previous sec-
tion on all simulated time series which produced samples of size 50000 with
a burn-in period of 10000. The sample means and variances along with the
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P T
Process m* d*? a* b*
N(0,1) 0.743 0.003521 50.5 58.838
N(0,5) 0.806 0.000539 50.5 325.875
t1 0.678 0.000104 50.5 2607.022
ts 0.744 0.001059 50.5 154.386
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Table 4.1: Theoretical posterior hyperparameters from the conjugate AR(1)-

process models.

Mean Variance
Process  Sim. Theor. Sim. Theor.
N(0,1) 0.744  0.743 4.19-1073 4.10-1073
N(0,5) 0.808 0.806 3.13-1073 3.48-1073
t1 0.682 0.678 4.36-10~3 5.37-1073
t3 0.744 0.744 3.20-107% 3.24.10°3

Table 4.2: Means and variances of the simulated posterior samples for the pa-
rameter p from the Metropolis-Hastings algorithm.

Mean Variance
Process Sim. Theor. Sim. Theor.
N(0,1) 0.857 0.858 1.49-10"2 1.46-10"2
N(0,5) 0.155 0.155 4.78-107% 4.76-107%
t1 0.019 0.019 7.38-107% 7.43.10°6
t3 0.327 0.327 2.12-1073% 2.12-1073

Table 4.3: Means and variances of the simulated posterior samples for the pa-
rameter 7 from the Metropolis-Hastings algorithm.
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theoretical values for the parameters p and 7 are shown in tables 4.2 and 4.3
respectively.

A measure for the effectiveness of the Metropolis-Hastings algorithm is the
average acceptance rate. This is the average probability of proposals being ac-
cepted. These are listed in table 4.4. The fact that all acceptance rates for
the simulations are below 20% shows that the Metropolis-Hastings algorithm
performed very inefficiently in this setting, accepting less than 2 out of 10 pro-
posals. The reason for this could be that the exponential distribution is not
suited as a proposal distribution for the parameter 7. A gamma distributed
proposal for 7 would surely perform better if we choose the right hyperparam-
eters for the proposal distribution. This however would mean that we have to
use our knowledge about the “real” posterior distribution for the application
of the Metropolis-Hastings algorithm which would make it less of a black-box
algorithm that can be used with minimal knowledge of the target distribution
being simulated.

Process  Acceptance Rate (%)

N(0,1) 13.6
N(0,5) 15.6
t 16.2
t5 14.8

Table 4.4: Average acceptance rates for the Metropolis-Hastings algorithm.

Figures 4.1 and 4.2 display the histograms of the generated samples along
with the densities of the theoretical posterior distributions. Overall it seems that
the simulated posterior distribution fits relatively good to the theoretical poste-
rior distribution. The quantile comparison plots in figures 4.3 and 4.4 confirm
this belief except for the parameter p in the model with ¢; distributed errors.
There the quantile-quantile points are S-shaped which indicates that the tails of
the simulated distribution are thinner than the tails of the theoretical distribu-
tion. Besides that, the simulation results match with the theoretical results in
the case of ¢ distributed errors. In this sense the Metropolis-Hastings algorithm
is robust against model misspecifications in the error distribution. This should
be no surprise since the MCMC methods generate samples of this “theoretic”
posterior distribution. The model misspecification does not influence the result
on the level of the MCMC methods but on the expected posterior distribution
which is implied by the choice of the model.

To assess the convergence of the simulated samples to the theoretical param-
eter we ran the algorithm multiple times, each time generating a new sample.
From this set of samples we calculated the median, 10% and 90% percentiles
of the sample mean. The evolution of these statistics with increasing sample
size is plotted in figures 4.5 and 4.6. The sample mean converges quickly to
the theoretical value for the parameter 7. Convergence for the parameter p is
not quite as fast and in the case of ¢; distributed errors the evolution of the
parameter mean is not stable, even for large sample sizes.
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Figure 4.1: Histograms for the simulated posterior samples of the parameter p
with the theoretical densities.
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(c) t1 - Metropolis-Hastings (d) t3 - Metropolis-Hastings

Figure 4.2: Histograms for the simulated posterior samples of the parameter 7
with the theoretical densities.



4.3. SIMULATION RESULTS 53

gos- 3
£ H
z sos
g g
k-4 g
2 g
g H
For &
0s
os-,
' o7 08 07 o8 09 o
05 Postenia theoretical quasmies Posterior theoretical quantiles
(a) N(0,1) - Metropolis-Hastings (b) N(0,5) - Metropolis-Hastings
08
os
os
8 8
£ £
So7 S
z :
g g
s s
z g,
n n-
o
s . ol os
Posterior theoretical quantiles
o7 os
Posterior theoretical quantiles
(¢) t1 - Metropolis-Hastings (d) t3 - Metropolis-Hastings

Figure 4.3: Quantile comparisons of the simulated posterior samples of the
parameter p to the theoretical quantiles.
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Figure 4.4: Quantile comparisons of the simulated posterior samples of the
parameter p to the theoretical quantiles.
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Figure 4.5: Evolution of the simulated sample means for the parameter p. The
black trajectory is the median of the sample paths and the borders of the grey
area are the 10% and 90% percentiles respectively. The horizontal line represents

the theoretical posterior mean.
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Figure 4.6: Evolution of the simulated sample means for the parameter 7. The
black trajectory is the median of the sample paths and the borders of the grey
area are the 10% and 90% percentiles respectively. The horizontal line represents

the theoretical posterior mean.
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4.3.2 Gibbs Sampler

We applied the Gibbs sampling algorithm, detailed in section 4.2, to the simu-
lated processes with a sample size of 50000 and a burn-in period of 10000. Tables
4.5 and 4.6 list the sample means and variances along with the theoretical values
for the parameters p and 7.

Mean Variance

Process  Sim. Theor. Sim. Theor.

N(0,1) 0.743  0.743 4.20-107% 4.10-1073
N(0,5) 0.805 0.806 3.56-107% 3.48-1073
t1 0.677  0.678 5.49-107% 5.37-1073
ts 0.742  0.744 3.31-107% 3.24-1073

Table 4.5: Means and variances of the simulated posterior samples for the pa-
rameter p from the Gibbs sampler.

Mean Variance

Process Sim. Theor. Sim. Theor.

N(0,1) 0.858 0.858 1.45-10"2 1.46-1072
N(0,5) 0.155  0.155 4.73-107*% 4.76-10~*
t 0.019 0.019 7.39-107% 7.43.1076
ts 0.327 0.327 2.11-107% 2.12-1073

Table 4.6: Means and variances of the simulated posterior samples for the pa-
rameter 7 from the Gibbs sampler.

The histograms of the generated samples along with the densities of the
theoretical posterior distributions are shown in figures 4.7 and 4.8 and match
the theoretical densities very well for all processes. This is confirmed by the
quantile comparison plots which are shown in figures 4.9 and 4.10. Compared
to the Metropolis-Hastings algorithm (see figures 4.1 and 4.2) the Gibbs sampler
produces more accurate posterior samples even for ¢; distributed errors. This
improved accuracy however is at the cost of having to know the full conditional
distributions and the ability to generate samples from them.

Figures 4.11 and 4.12 show the evolution of the arithmetic means of the
simulated parameters. Again, compared to the parameter evolutions of the
Metropolis-Hastings algorithm (see figures 4.5 and 4.6), the Gibbs sampler
genereated parameter evolutions are much more stable and converge very fast
for all processes.

4.4 Conclusions
In this chapter we applied the Metropolis-Hastings algorithm and the Gibbs

sampler to simulated time series of an AR(1) process. Under the assumption of
normally distributed error variables the normal-gamma distribution is conjugate
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Figure 4.7: Histograms for the simulated posterior samples of the parameter p
with the theoretical densities.
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Figure 4.8: Histograms for the simulated posterior samples of the parameter 7
with the theoretical densities.
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Figure 4.9: Quantile comparisons of the simulated posterior samples of the
parameter p to the theoretical quantiles.



4.4. CONCLUSIONS 61

Simulated quantiles
Simulated quantiles

08 o 015 oz
Posterior theoretical quantiles Posterior theoretical quantiles

(a) N(0,1) - Gibbs sampler (b) N(0,5) - Gibbs sampler

Simulated quantiles

Simulated quantiles

0.015-

0.020 0.025 05 035 0.4
Posterior theoretical quantiles Posterior theoretical quantiles

(c) t1 - Gibbs sampler (d) t3 - Gibbs sampler

Figure 4.10: Quantile comparisons of the simulated posterior samples of the
parameter p to the theoretical quantiles.
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Figure 4.11: Evolution of the simulated sample means for the parameter p.
The black trajectory is the median of the sample paths and the borders of the
grey area are the 10% and 90% percentiles respectively. The horizontal line
represents the theoretical posterior mean.



4.4. CONCLUSIONS 63

| | | | | | | |
200 400 600 800 200 400 600 800
t t
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Figure 4.12: Evolution of the simulated sample means for the parameter 7.
The black trajectory is the median of the sample paths and the borders of the
grey area are the 10% and 90% percentiles respectively. The horizontal line
represents the theoretical posterior mean.
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to the model which enabled us to compare the results of the MCMC methods
with the theoretical posterior distribution of the model.

Both algorithms managed to generate good approximations of the posterior
distribution, except the Metropolis-Hastings algorithm in the case of a simu-
lated time series with t; distributed errors (see figure 4.1(c)). Here the simu-
lated posterior sample for the parameter p had too thin tails as can be seen in
figure 4.3(c). A too small sample size and a suboptimal choice for the proposal
distribution can explain this and is further supported by the low acceptance
rates produced by the Metropolis-Hastings algorithm (see table 4.4).

Compared to the Metropolis-Hastings algorithm, the Gibbs sampler per-
formed better for all simulated time series which is no surprise since it makes
use of special knowledge of the posterior distribution — the full conditionals.

The parameter evolution plots (Figures 4.5, 4.6, 4.11 and 4.12), which display
the median, 10% and 90% quantiles of the paths for the sample mean for multiple
generated posterior samples, clearly show the difference of the stability and the
convergence of the posterior mean between the Metropolis-Hastings algorithm
and the Gibbs sampler.

To sum up, we can say that there is a certain performance and effectiveness
tradeoff between algorithms that require explicit knowledge of the posterior
distribution (e.g. the Gibbs sampler) and black-box algorithms that lack this
requirement (e.g. the Metropolis-Hastings algorithm).
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C'O9-Emission: Source Code

Listing A.1: Functions for the Bayesian Analysis of the DLM

require (expm)

# A model 1is a list with elements F, V, G and W
# that correspond to the respective objects in
# the DLM model.

dlm.forecast.prior <- function(model, a, R, steps=1) {
k = steps
G <- model$G
a.k <= G %h(k-1)%*%a
R.k <= G% " %(k-1)%*%R%*x%t (GY%~%h(k-1))
if(k>1) {
W <- model$W
for(j in 2:k) {
R.k <- R.k + G% " %(k=3)%*%Wh*%t (G% " %(k-3))
}
}
return(list (a=a.k, R=R.k))
}
dlm.forecast <- function(model, a, R, steps=1) {
prior <- dlm.forecast.prior(model, a, R, steps)
F <- model$F
V <- model$V
f <- t(F)l=*)prior$a
Q <- t(F)%*%prior$Ry%*%F + V
return(list (f=as.numeric(f), Q=as.numeric(Q)))
}
dlm.posterior <- function(y, model, a, R) {
forecast <- dlm.forecast(model, a, R, 1)

<- a + Axe
<- R - A%*%t(A)=*Q

Q <- forecast$Q
f <- forecast$f
F <- model$F

A <- (R%U*%F)/Q
e <-y - f

m

C
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return(list (m=m, C=C))
}
dlm.updated.prior <- function(model, m, C) {
G <- model$G
W <- model$Ww
a <- G%*%m
R <- GU*%Ch*%t(G) + W
return(list (a=a, R=R))
}
dlm.walkforward <- function(data, dlm.mod) {
T <- length(data)
model <- list(F=t(dlm.mod$FF), V=dlm.mod$V, G=dlm.mod$GG,
W=dlm.mod$W)

m0 <- dlm.mod$mO

CO <- dlm.mod$CO

m <- matrix(ncol=length(m0), nrow=T)
C <- 1list ()

a <- matrix(ncol=length(m0), nrow=T)
R <- 1list ()

f <- cQ)

Q <- cO

for(t in 1:T) {

prior <- dlm.updated.prior (model, mO, CO)
alt,] <- prior$a
R[[t]] <- prior$R
posterior <- dlm.posterior(datal[t], model, alt,], R[[tI])
m[t,] <- posterior$m
CL[[t]] <- posterior$C
m0 <- m[t,]
co <- C[[t]]
forecast <- dlm.forecast(model, alt,], R[[t]])
f[t] <- forecast$f
QL[t] <- forecast$Q
}
return(list (m=m, C=C, a=a, R=R, f=f, Q=Q))

Listing A.2: Bayesian Analysis of the COy dataset with the DLM

require (dlm)

# The dlm package provides functionality

# for gemerating DLM models and MLE

# which we use to obtain the ’known’ wariance.

source(’dlm.r’)

data(co2)
data.ts <- ts(co2, start=start(co2),
frequency=frequency (co2))

# Genereate the spectrum
spec <- spec.pgram(as.vector(co2), spans=c(3,3),
log=’no’)




spec.df <- data.frame(freq=spec$freq,
spec=spec$spec)

# Build the DLM model with the MLE for V and W
build.fun <- function(x) {
mod <- dlmModPoly(order=2, m0=c(315,0),
CO=diag(c(5,1))) +
dlmModSeas (12, CO=diag(1,11))
V(mod) <- exp(x[1])
W(mod) <- diag(c(exp(x[2:3]),rep(0,11)))
return (mod)
}
fit <- dlmMLE(data.ts, parm=c(0,0,0), build=build.fun)
dlm.mod <- build.fun(fit$par)

# Walkforward analysis from previous listing
dlm.res <- dlm.walkforward(data.ts, dlm.mod)
res.df <- data.frame(co2=co2, f=dlm.res$f,
ci.u=dlm.res$f +
qnorm (0.975,sd=sqrt (dlm.res$Q)),
ci.l=dlm.res$f -
qnorm (0.975,sd=sqrt (dlm.res$Q)))
res.dec.df <- data.frame(co2=co2, trend=dlm.res$al,1],
seasonal=dlm.res$al,3])

f <- cQ
Q <- cO
model <- 1list(F=t(dlm.mod$FF), V=dlm.mod$V, G=dlm.mod$GG,
W=dlm.mod$W)
a <- dlm.res$al[dim(dlm.res$a)[1]-36,]
R <- dlm.res$R[[length(dlm.res$R)-36]]
for(k in 1:37) {
forecast <- dlm.forecast(model, a, R, k)
f <- c(f, forecast$f)
Q <- c(Q, forecast$Q)
}

data.ts.v <- as.vector(data.ts)
data.ts.v.pre <- rep(NA, length(data.ts.v))
data.ts.v.post <- rep(NA, length(data.ts.v))
pre <- 1:(length(data.ts.v)-36)

post <- (length(data.ts.v)-36):length(data.ts.v)
data.ts.v.prel[pre] <- data.ts.v[pre]
data.ts.v.post[post] <- data.ts.v[post]
plot.ts(data.ts.v.pre, data.ts.v.post)

f.ts <- rep(NA, length(data.ts.v))

Q.ts <- rep(NA, length(data.ts.v))
f.ts[post] <- £

Q.ts[post] <- Q

ci.l <- f.ts - qnorm(0.975, sd=sqrt(Q.ts))

ci.u <- f.ts + qnorm(0.975, sd=sqrt(Q.ts))

fc.df <- data.frame(pre=data.ts.v.pre,
post=data.ts.v.post,
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fc=f.ts, ci.u=ci.u, ci.l=ci.l)




Appendix B

MCMC-Methods: Source
Code

Listing B.1: Model.hpp

#ifndef __MODEL__
#define __MODEL__
#include<gsl/gsl_rng.h>
#include<vector>

class Model {

public:
typedef std::vector<double> param_vec;
typedef std::vector<double> data_vec;

Model () {3}
virtual ~Model() {}
};

class MHModel : public Model {
protected:
const gsl_rng* rng;

public:
MHModel (const gsl_rng* rng) : rng(rng) {}

virtual double target_prop(const Model::param_vec& param,
const Model::data_vec& data) const = 0;

virtual double proposal_density(const Model::param_vec& y,
const Model::param_vec& cond,
const Model::data_vec& data) const = 0;
virtual Model::param_vec proposal_generator (
const Model::param_vec& cond,
const Model::data_vec& data) const = 0;
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class GibbsModel : public Model {
protected:
const gsl_rng* rng;

public:
GibbsModel (const gsl_rng* rng) : rng(rng) {}

virtual Model::param_vec full_conditionals_generator(
const Model::param_vec& current,
const Model::data_vec& data) const = 0;
};

#endif // __MODEL__

Listing B.2: Simulator.hpp

#ifndef __SIMULATOR__
#define __SIMULATOR__
#include<cmath>
#include"Model .hpp"
#include"DatalLogger .hpp"

class Simulator {
protected:
Model* model;
Datalogger* logger;
const Model::data_vec& data;
const Model::param_vec& initial_param;
std::size_t sample_size;
std::size_t burn_in;
const gsl_rng* rng;

public:
Simulator (Model* model,
DataLogger* logger,
const Model::param_vec& initial_param,
const Model::data_vec& data,
std::size_t sample_size,
std::size_t burn_in,
const gsl_rng* rng)
model (model), logger (logger),
initial_param(initial_param),
data(data),
sample_size (sample_size),
burn_in(burn_in),

rng (rng) {2}

virtual void run() = 0;
3
class MHSimulator : public Simulator {
protected:

Model::param_vec mh_step(
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const Model::param_vec& current_param);
std::size_t acceptance_count;

public:
MHSimulator (MHModel* model,

DatalLogger* logger,
const Model::param_vec& initial_param,
const Model::data_vec& data,
std::size_t sample_size,
std::size_t burn_in,
const gsl_rng* rng)

Simulator (static_cast<Model*>(model), logger,
initial_param,
data,
sample_size,
burn_in,
rng),

acceptance_count (0) {}

virtual void run();

double get_acceptance_rate() const {

return this->acceptance_count /
double (this->sample_size);

}

std::size_t get_acceptance_count () const {
return this->acceptance_count;

}

};

Model::param_vec MHSimulator::mh_step (
const Model::param_vecé& current_param) {
MHModel* mh_model =
dynamic_cast <MHModel*>(this->model);
Model::param_vec new_param =
mh_model ->proposal_generator (current_param, this->data);
double u = gsl_rng_uniform(this->rng);
double post_prop_new =
mh_model ->target_prop(new_param, this->data);
double post_prop_current =
mh_model->target_prop(current_param, this->data);
double prop_density_mnew =
mh_model ->proposal_density(new_param, current_param,
this->data);
double prop_density_current =
mh_model ->proposal_density(current_param, new_param,
this->data);
double rho = std::min(l., post_prop_new/post_prop_current x*
prop_density_current /
prop_density_new);
if (u <= rho) {
this->acceptance_count++;
return new_param;
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}
else
return current_param;
}
void MHSimulator::run() {
Model::param_vec current_param = this->initial_param;
for(std::size_t i = 0; i < this->sample_size; ++i) {
current_param = this—>mh_step(current_param);

if (i >= this->burn_in)
this->logger->log_param_vec (current_param);

}
}
class GibbsSimulator : public Simulator {
public:
GibbsSimulator (GibbsModel* model,
DatalLogger* logger,
const Model::param_vec& initial_param,
const Model::data_vec& data,
std::size_t sample_size,
std::size_t burn_in,
const gsl_rng* rng)
Simulator (static_cast<Model*>(model), logger,
initial_param,
data,
sample_size,
burn_in,
rng) {}
virtual void run();
3

void GibbsSimulator::run() {
Model::param_vec current_param =
this->initial_param;
for(std::size_t i = 0; i < this->sample_size; i++) {
current_param = dynamic_cast<GibbsModel*>(this->model)->
full_conditionals_generator(current_param, this->data);
if (i >= this->burn_in)
this->logger->log_param_vec (current_param);

#endif // __SIMULATOR_

Listing B.3: DataLogger.hpp

#ifndef __DATA_LOGGER__

#define __DATA_LOGGER__
#include<string>
#include<vector>
#include<list>




73

#include <map>
#include<fstream>
#include<cmath>

#include <gsl/gsl_sort.h>
#include <gsl/gsl_statistics.h>

#include"Model.hpp"

class Datalogger {
public:
DatalLogger () {}

virtual void log_param_vec(
const Model::param_vec& param) = O;

};

class MemoryLogger : public Datalogger {
protected:
typedef std::list<Model::param_vec> param_list;
typedef std::map<std::string, double> var_map;

param_list parameters;
var_map variables;

public:
MemoryLogger () {}

virtual void log_param_vec (
const Model::param_vec& param) {
this->parameters.push_back (param);
}
3
class CSVLogger : public DatalLogger {
protected:

typedef std::map<std::string, double> var_map;

std::ofstream file;
var_map variables;

public:
CSVLogger (const std::string& filename)
file(filename.c_str()) {}

“CSVLogger () {this->file.flush();this->file.close();}

virtual void log_param_vec (const Model::param_vec& param) {

for (Model::param_vec::const_iterator it = param.begin();
it != param.end(); it++) {
this->file << x*xit;
if (it != (--param.end (D)) {

this->file << ",";
¥
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else {
this->file << "\n";
}
}
this->file.flush();
}
};

class TrajectoryLogger : public Datalogger {
protected:
typedef std::vector<double**> grids_t;

std::size_t p, tc, T;
std::size_t curr_traj, curr_t;
grids_t param_trajectories;
std::ofstream file;

grids_t setup_grids(std::size_t gc, std::size_t yc,
std::size_t xc) {
grids_t grids(gc);
for(std::size_t i = 0; i < gc; ++i) {
grids[i] = new doublex[yc];
for(std::size_t t = 0; t < yc; ++t) {
grids[i][t] = new double[this->T];
for(std::size_t j = 0; j < this->T; ++j) {
grids[1i1[t][j] = 0.0;
}
}
}
return grids;

}

void free_grids(grids_t& grids, std::size_t gc,
std::size_t yc) {
for(std::size_t i = 0; i < gc; ++i) {
for(std::size_t t = 0; t < yc; ++t) {
delete[] grids[il[t];

}
delete[] grids[il;
}
grids.clear ();
}
public:

TrajectorylLogger (std::size_t param_count,
std::size_t trajectory_count,
std::size_t sample_size,
const std::string& filename)

p(param_count), tc(trajectory_count),

T(sample_size), file(filename.c_str()) {

this->param_trajectories =
this->setup_grids(this->p, this->tc, this->T);

this->curr_traj = 0;

this->curr_t = O0;




}

virtual “TrajectoryLogger () {
this->free_grids (this->param_trajectories,
this->p, this->tc);
this->file.flush();
this->file.close();

}

virtual void log_param_vec (const Model::param_vec& param) {

if (this->curr_t >= this->T ||
this->curr_traj >= this->tc) {

return;
}
for(std::size_t i = 0; i < this->p; ++i) {

this->param_trajectories[i] [this->curr_traj]

[this->curr_t] =
param[i];

}
this->curr_t++;

}

void start_next_trajectory() {
this->curr_traj++;
this->curr_t = 0;

}

grids_t get_trajectory_stats() {
grids_t stats = this->setup_grids/(
this->param_trajectories.size(), 3, this->T-1);
double* curr_mean = new double[this->tc];
for(std::size_t i 0; i < this->p; ++i) {
for(std::size_t t = 1; t < this->T; ++t) {
for(std::size_t tr = 0; tr < this->tc; ++tr) {
if(t == 1) {
curr_mean[tr] = (
this->param_trajectories[i][tr][t-1] +
this->param_trajectories[i][tr][t]) / 2.0;
} else {
curr_mean[tr] = (
t*xcurr_mean[tr] +
this->param_trajectories[i][tr][t]) / (t+1);

}
gsl_sort (curr_mean, 1, this->tc);
double mean_q_10 =
gsl_stats_quantile_from_sorted_data(
curr_mean, 1, this->tc, 0.1);
double mean_q_50 =
gsl_stats_quantile_from_sorted_data(
curr_mean, 1, this->tc, 0.5);
double mean_q_90 =
gsl_stats_quantile_from_sorted_data(
curr_mean, 1, this->tc, 0.9);
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stats[i] [0] [t-1]
stats[1][1][t-1]
stats[1]1[2] [t-1]

mean_q_10;
mean_q_50;
mean_q_90;

}
}

return stats;

void write_to_file() {
grids_t stats = this->get_trajectory_stats();
for(std::size_t t = 0; t < this->T-1; ++t) {
for(std::size_t i = 0; i < this->p; ++i) {
this->file << stats[i][0]J[t] << ",";
this->file << stats[i][11[t] << ",";
this->file << stats[i][2][t];
if (i < this->p-1) {
this->file << ",";
}
}
this->file << "\n";

}

this->free_grids(stats,
this->param_trajectories.size(), 3);

}
};

#endif // __DATA_LOGGER__

Listing B.4: AR1.hpp

#ifndef __AR1_

#define __AR1_

#include<cmath>
#include<gsl/gsl_randist.h>

class GibbsAR1Model : public GibbsModel {
public:
GibbsAR1Model (const gsl_rng* rng) : GibbsModel (rng) {}

virtual Model::param_vec full_conditionals_generator (

const Model::param_vec& param,

const Model::data_vec& data) const {
Model::param_vec theta(2);
double a = 1.0;
double Db 1.0;
double m 0.0;
double d_2 = 4.0;
std::size_t n = data.size();
double ssq = 0.0;
double ssq2 =
double ssq3 =
for(std::size

¢ o o
¢ O O~

= 1; t < n; ++t) {




ssq += std::pow(datalt] - param[0]xdatalt-1], 2);
}
for(std::size_t t = 0; t < n; ++t) {

ssq2 += std::pow(datalt], 2);

ssq3 += datal[t]*datalt-1];

}
double a_p = a + 0.5%(n);
double b_p = b + 0.5 *
(ssq + std::pow(param[0]-m, 2)/d_2);
double d_2_p = 1.0 / (1./d_2 + ssq2);
double m_p = ssq3 / ssq2;
theta[1] = gsl_ran_gamma(this->rng, a_p, 1./b_p);
theta[0] = m_p +

gsl_ran_gaussian(this->rng,
std::sqrt(d_2_p / thetal[1]));

return theta;
}
};

class MHAR1Model : public MHModel {
protected:

mutable double tau_exp;

mutable double d_2;

void calc_a_b(const Model::data_vec& data) const {
std::size_t T data.size ();
double ssql
double ssq2
for(std::size_t t = 1; t < T; t++) {
ssql += datal[t]l*datal[t-1];
ssq2 += std::pow(datalt]l, 2.0);

0.0;
0.0;

}
double rho = ssql / ssq2;
double ssq = 0.0;

for(std::size_t t = 1; t < T; t++) {
ssq += std::pow(datalt] - rhoxdatal[t-1], 2.0);
}
this->tau_exp = (T-2) / ssq;
this->d_2 = 1.0 / (ssq2);

public:
MHAR1Model (const gsl_rng#* rng) : MHModel (rng) {
this->tau_exp = 1e-99;
this->d_2 = 1e-99;
}

virtual double target_prop(

const Model::param_vec& param,

const Model::data_vec& data) const {
double a = 1.0;
double b 1.0;
double m 0.0;

7
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double d_2 = 4.0;
std::size_t T = data.size();
double ssq = 0.0;
for(std::size_t t = 1; t < T; t++) {
ssq += std::pow(datal[t] - param[0]*datal[t-1],
2.0);
}
return std::pow(param[1],
a+(T-2)/2.0) *
std::exp(-0.5*xparam[1] *
(ssq + 2xb +
std::pow(param[0]-m, 2)/d_2));

virtual double proposal_density (
const Model::param_vec& 7y,
const Model::param_vec& cond,
const Model::data_vec& data) const {
if (this->tau_exp <= 1e-99 || this->d_2 <= 1e-99) {
this->calc_a_b(data);
}
return gsl_ran_exponential_pdf (y[1], this->tau_exp) *
gsl_ran_gaussian_pdf (y[0] - cond[0],
std::sqrt(this->d_2));

virtual Model::param_vec proposal_generator (
const Model::param_vec& cond,
const Model::data_vec& data) const {

if (this->tau_exp <= 1e-99 || this->d_2 <= 1e-99) {
this->calc_a_b(data);

}

Model::param_vec theta(2);

theta[1l] = gsl_ran_exponential (this->rng, this->tau_exp);

theta[0] = cond[0] +
gsl_ran_gaussian(this->rng,
std::sqrt(this->d_2));
return theta;
}
g

void calc_rho_tau(const Model::data_vec& data,
double*x rho, doublex tau) {
std::size_t T = data.size();
double ssql 0.0;
double ssq2 0.0;
for(std::size_t t = 1; t < T; t++) {
ssql += datal[t]l*datal[t-1];
ssq2 += std::pow(datalt]l, 2.0);

}
*rho = ssql / ssq2;
double ssq = 0.0;
for(std::size_t t = 1; t < T; t++) {
ssq += std::pow(datal[t] - *rhox*datalt-1], 2.0);




}
xtau = (T-2) / ssq;
}

#endif // __AR1__
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Listing B.5: ar_mh.cpp

#include<vector>
#include<sstream>
#tinclude<fstream>
#include<string>
#include<iostream>
#include<gsl/gsl_randist.h>

#include"Simulator.hpp"
#include"AR1.hpp"

int main(int argc, char**x argv) {
if (argc < 2) return -1;
std::string data_filename (argv[1]);
std::ifstream ifs(data_filename.c_str());
std::cout << "Readinggdatafrom file " <<
data_filename << ", ,...";

std::istringstream sstr;

std::string buf;

double val;

Model::data_vec data;

while (!std::getline (ifs, buf).eof ()) {
sstr.clear ();
sstr.str (buf);
sstr >> val;
data.push_back(val);

}

ifs.close();

std::cout << "_loaded_ " << data.size() <<
"Lyrows." << std::endl;

std::size_t sample_size = 10000;
std::size_t burn_in = 1000;
if (argec >= 3) {
sstr.clear ();
sstr.str(argv[2]);
sstr >> sample_size;
}
if (arge >= 4) {
sstr.clear ();
sstr.str(argv([3]);
sstr >> burn_in;

}

std::cout << "Creatingy" << sample_size <<
"usamples" << std::endl;
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std::cout << "Burnyingyperiodjis," <<
burn_in << std::endl;

gsl_rng_env_setup ();

const gsl_rng_type * T = gsl_rng_default;
gsl_rng * rng = gsl_rng_alloc(T);
Model::param_vec initial_param(2);
initial_param[0] 0.8;

initial_param[1] 0.0;

MHAR1Model* model = new MHAR1Model (rng);
std::string results_file(data_filename+"_mh");
CSVLogger* logger = new CSVLogger (results_file);
MHSimulator sim(model, logger, initial_param,

data, sample_size+burn_in, burn_in, rng);
sim.run();

std::cout << "Acceptances: " <<
sim.get_acceptance_count () << std::endl;

std::cout << "Accpetanceyrate: " <<
sim.get_acceptance_rate() << std::endl;

gsl_rng_free(rng);
return O0;

Listing B.6: ar_gibbs.cpp

#include<vector>
#include<sstream>
#include<fstream>
#include<string>
#include<iostream>
#include<gsl/gsl_randist.h>

#include"Simulator.hpp"
#include"AR1.hpp"

int main(int argc, char** argv) {
if (argc < 2) return -1;
std::string data_filename (argv[1]);
std::ifstream ifs(data_filename.c_str());
std::cout << "Readinggdatagfromyfiley" <<
data_filename << "_,...";

std::istringstream sstr;
std::string buf;
double val;
Model::data_vec data;
while (!std::getline (ifs, buf).eof ()) {
sstr.clear ();
sstr.str (buf);
sstr >> val;
data.push_back(val);




¥

ifs.close();

std::cout << "_loaded " << data.size () <<
"Lurows." << std::endl;

std::size_t sample_size = 10000;
std::size_t burn_in = 1000;
if (argec >= 3) {
sstr.clear ();
sstr.str (argv [2]);
sstr >> sample_size;
}
if (argec >= 4) {
sstr.clear ();
sstr.str(argv[3]);
sstr >> burn_in;

}

std::cout << "Creating, " << sample_size <<
",samples" << std::endl;

std::cout << "Burngingyperiodjis," <<
burn_in << std::endl;

gsl_rng_env_setup ();

const gsl_rng_type * T = gsl_rng_default;
gsl_rng * rng = gsl_rng_alloc(T);
Model::param_vec initial_param(2);
initial_param[0] = 0.5;

initial_param[1] = 1.;

GibbsAR1Model* model = new GibbsAR1Model (rng);

std::string results_file(data_filename+"_gibbs");

CSVLogger* logger = new CSVLogger(results_file);

GibbsSimulator sim(model, logger, initial_param,
data, sample_size+burn_in,
burn_in, rng);

sim.run();

gsl_rng_free(rng);
return O;
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Listing B.7: ar_mh_param_evolution.cpp

#include<vector>
#include<sstream>
#include<fstream>
#include<string>
#include<iostream>
#include<gsl/gsl_randist.h>

#include"Simulator.hpp"
#include"AR1.hpp"
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int main(int argc, char** argv) {

if (argc < 2) return -1;

std::string data_filename (argv[1]);

std::ifstream ifs(data_filename.c_str());

std::cout << "Readinggdatagfromfiley" <<
data_filename << "_,...";

std::istringstream sstr;

std::string buf;

double val;

Model::data_vec data;

while (!std::getline (ifs, buf).eof ()) {
sstr.clear ();
sstr.str (buf);
sstr >> val;
data.push_back(val);

}

ifs.close();

std::cout << "_loaded_ " << data.size() <<
"urows." << std::endl;

std::size_t sample_size = 10000;
std::size_t sim_paths = 1000;
std::size_t burn_in = 0;
if (arge >= 3) {
sstr.clear ();
sstr.str(argv[2]);
sstr >> sample_size;
}
if (argec >= 4) {
sstr.clear ();
sstr.str (argv[3]);
sstr >> sim_paths;

}

std::cout << "Simulating" << sim_paths <<
"Ltrajectories" << std::endl;

std::cout << "eachywithy" << sample_size <<
",samples." << std::endl;

double rho;
double tau;
calc_rho_tau(data, &rho, &tau);

gsl_rng_env_setup ();
const gsl_rng_type * T = gsl_rng_default;
gsl_rng*x rng = gsl_rng_alloc(T);

double avg_acceptance = 0.0;
std::string results_file(
data_filename+" _mh_pe");
TrajectoryLogger* logger =
new TrajectoryLogger (
2, sim_paths, sample_size, results_file);




for(std::size_t i = 0; i < sim_paths;
Model::param_vec initial_param(2);
initial_param[0] = rho;
initial_param[1] = tau;

MHAR1Model* model = new MHAR1Model (r

MHSimulator sim(model, logger, initi
data, sample_size+bu
burn_in, rng);

sim.run();

avg_acceptance += sim.get_acceptance

logger->start_next_trajectory ();

delete model;

}

logger->write_to_file ();
delete logger;

std::cout << "Average accpetance rate:
avg_acceptance / sim_paths << std::e

gsl_rng_free(rng);
return O;

++i) {

ng);
al_param,
rn_in,

_rate();

\_’" <<
ndl;

83

Listing B.8: ar_gibbs_param_evolution.cpp

#include<vector>
#include<sstream>
#include<fstream>
#include<string>
#include<iostream>
#include<gsl/gsl_randist.h>

#include"Simulator.hpp"
#include"AR1.hpp"

int main(int argc, charx* argv) {
if (argc < 2) return -1;
std::string data_filename (argv[1]);
std::ifstream ifs(data_filename.c_str (
std::cout << "Reading_data from, file "

data_filename << ",...";

std::istringstream sstr;
std::string buf;
double val;
Model::data_vec data;
while(!std::getline(ifs, buf).eof ()) {
sstr.clear ();
sstr.str (buf);
sstr >> val;
data.push_back(val);

));
<<
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ifs.close();
std::cout << " loaded_ " << data.size() <<
"yrows." << std::endl;

std::size_t sample_size = 10000;
std::size_t sim_paths = 1000;
std::size_t burn_in = 0;
if (arge >= 3) {
sstr.clear () ;
sstr.str (argv [2]);
sstr >> sample_size;
}
if (arge >= 4) {
sstr.clear ();
sstr.str(argv[3]);
sstr >> sim_paths;

}

std::cout << "Simulatingy" << sim_paths <<
"Ltrajectories" << std::endl;

std::cout << "eachywith," << sample_size <<
",samples." << std::endl;

double rho;
double tau;
calc_rho_tau(data, &rho, &tau);

gsl_rng_env_setup ();
const gsl_rng_type * T = gsl_rng_default;
gsl_rng * rng = gsl_rng_alloc(T);

std::string results_file(data_filename+"_gibbs_pe");
TrajectoryLogger* logger = new TrajectoryLogger (
2, sim_paths, sample_size, results_file);

for(std::size_t i = 0; i < sim_paths; ++i) {
Model::param_vec initial_param(2);
initial_param[0] = rho;
initial_param[1] = tau;

GibbsAR1Model* model = new GibbsAR1Model (rng);

GibbsSimulator sim(model, logger , initial_param,
data, sample_size+burn_in,
burn_in, rng);

sim.run();

logger->start_next_trajectory ();

delete model;

logger->write_to_file ();
delete logger;

gsl_rng_free(rng);
return O;
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