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Abstract

Nonlinear evolution equations of fourth- and higher-order in spatial derivatives emerge in
various models of mathematical physics. This thesis is devoted to the study of nonlinear
higher-order diffusion equations, which arise in the quantum modeling of semiconductor
and plasma physics, and describe the evolution of densities of charged particles in a quan-
tum fluid. These equations appear as quantum corrections to the classical models of the
transport of charged particles.

Primary questions in the mathematical analysis of nonlinear higher-order equations are
the existence and uniqueness of solutions, long-time behaviour and positivity of solutions,
growth of the support and speed of propagation. In order to obtain the answers, many
approaches rely on certain a priori estimates, called entropy production inequalities. These
estimates are results of mathematical dissipation of some nonlinear functionals (entropies)
along solutions of the equation under consideration, but often they also reflect the underly-
ing physical laws, namely that of conservation of mass and energy, or the dissipation of the
physical entropy. As a consequence, they provide necessary uniform bounds for solutions
in corresponding Sobolev (semi-)norms.

The first part of the thesis considers an algebraic approach for proving entropy pro-
duction inequalities for radially symmetric solutions to a class of higher-order diffusion
equations in multiple space dimensions. The approach is an extension of the previously
developed method for nonlinear evolution equations of even order in one space dimension.
Key idea is to translate the problem of proving the integral inequlities into a decision
problem about nonnegativity of corresponding polynomials. A benefit of this procedure
is that the latter problem is always solvable in an algorithmic way. In application of the
method, novel entropy production inequalities are derived for the thin-film equation, the
fourth-order Derrida-Lebowitz-Speer-Spohn equation, and the sixth-order quantum diffu-
sion equation.

In the second part, the initial-value problem for the sixth-order quantum diffusion
equation with periodic boundary conditions is studied. The concept of weak nonnegative
solutions for this equation is introduced and it is proved that the equation admits the
global-in-time solutions in two and three space dimensions. Moreover, these solutions
are smooth and classical whenever the particle density is strictly positive and particular
energy functional is uniformly bounded. In addition, the long-time convergence to the
spatial homogeneous equilibrium at a universal exponential rate is observed. The analysis
strongly uses a special entropy production inequality, which is a direct consequence of the
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dissipation property of the physical entropy.

Finally, the third part is devoted to novel approximations of the fourth-order quantum
diffusion equation, also known as the Derrida-Lebowitz-Speer-Spohn equation. Two differ-
ent approaches are discussed, which have the common goal of preserving some qualitative
properties of solutions on a (semi-)discrete level. First, the semi-discrete two-step backward
difference (BDF-2) method of a reformulated equation yields the discrete entropy stability
property and second-order convergence of the method in a specific case. Next, a particular
variational structure of the equation is used to introduce the discrete variational derivative
method in the onedimensional case. The method preserves the mass and the dissipation
property of the corresponding energy (Fisher information) functional on a discrete level.
Furthermore, the method is extended to the temporally more accurate multistep discrete
variational derivative methods, which possess generalized discrete dissipation properties.



Chapter 1

Introduction

“I consider that I understand an equation when I can predict
the properties of its solutions, without actually solving it.”
— Paul A. M. Dirac

State of the art analysis of nonlinear fourth- and sixth-order evolution equations em-
ploys the so-called entropy production inequalities. They reflect the dissipation or stability
property of certain nonlinear functionals (entropies) along the sought solutions, and give
rise to desired a priori estimates. In this thesis, variety of such estimates have been con-
structed in a systematic way for radially symmetric solutions to higher-order nonlinear
diffusion equations. One particular estimate, that reflects the dissipation of the physi-
cal entropy, has been exhaustively used to establish the existence result and long time
behaviour of solutions to a multidimensional sixth-order quantum diffusion equation. In
addition, variational structure of a fourth-order quantum diffusion equation has been em-
ployed to construct reliable numerical schemes, which preserve the original structure and
its dissipation property on a discrete level.

1.1 Motivation

In the last three decades, there has been a growing interest in the analysis of fourth- and
sixth-order nonlinear parabolic equations, mainly because of their increasing appearance
in various models of mathematical physics. Such equations arise for example, in pattern
formation models, in lubrication approximation of thin viscous fluids along solid surfaces or
in thin layers, as approximations of non-local models for the transport of charged particles
in quantum fluids with applications in quantum semi-conductor and cold plasma modeling,
as an approximation of a nonlocal model for the Bose-Einstein condensation, etc. Below,
we briefly review these specific examples and their origins in physics, assigning a special
emphasis on a nonlocal quantum diffusion model and related higher-order equations for
the transport of charged particles in a quantum fluid.

Rigorous results about the existence of solutions and their qualitative behavior are typ-
ically much harder to obtain than in the context of the well-studied second-order parabolic
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equations. One of the principal difficulties is the non-applicability of comparison prin-
ciples for higher-order equations. For instance, even the fourth-order linear equation
on + A’n = 0 doesn’t preserve positivity of solutions. To substitute for this loss, one
has to rely on suitable a priori estimates. Often, the underlying physical system con-
serves the energy and/or minimizes' the physical entropy. That provides basic a priori
bounds on solutions. However, one usually needs additional a priori estimates to prove
some mathematical properties of solutions. Derivation of such estimates, which depends
on the equation at hand, is typically a difficult task. Having in mind the importance of
good a priori estimates, leads us immediately to the first goal of the thesis — to extend
the existing tools for constructiong such estimates in a systematic way.

Despite of general non-applicability of comparison principles, a particular interest has
been devoted to equations that are positivity preserving. This is clearly, a core feature
for equations that model for example, the evolution of particle densities. Thanks to their
special nonlinear structure, such equations allow for the introduction of a suitable solution
concept, which asserts that a nonnegative initial datum leads to a nonnegative global
solution. Typically, sophisticated regularizations are constructed that yield smooth and
strictly positive approximative solutions. The limit of vanishing regularizations, which is
carried out due to certain a priori estimates and related compactness arguments, then
provides a nonnegative weak solution. To perform this concisely introduced concept and
general ideas for a novel multi-dimensional sixth-order quantum diffusion equation makes
a further subject of the interest.

Finally, to make below listed physical models practically useful in applications and to
explore their qualitative properties, it is a necessary task to develop reliable numerical
schemes, which preserve as many structural properties as possible of the original model.
This includes discrete conservation of mass, discrete conservation or dissipation of the
energy and other discrete a priori estimates. Having such discrete properties, typically
improves on the stability and convergence of schemes. Moreover, corresponding numerical
solutions match the underlying physical processes better.

1.2 Model equations

Starting in the late 1970’s, mainly initiated by the research on pattern formation and
motion of thin viscous fluids on a solid surface, the number of nonlinear fourth- and sixth-
order parabolic equations appearing in various models of mathematical physics together
with the accompanying literature on the rich mathematical structure of such equations has
grown rapidly.

'In contrast to the physical point of view, where underlying systems maximize the physical entropy.
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Cahn-Hilliard equation

For historical reasons, we first mention the Cahn-Hilliard equation
On + div (u(n)V(An — f'(n))) =0,

which originates in material science describing the phase separation process in a binary
mixture. The nonlinearity f is a so-called double-well potential, typically f(n) = y(n*—1)2,
v > 0, and p is the diffusional mobility, which takes a thermodynamically motivated form
p(n) = 1 — n? The equation was first derived and studied by Cahn and Hilliard in a
series of seminal papers in late 50’s starting with [12]. Till date, it has been subject of
hundreds of papers exploring variety of analytical, numerical and applicational aspects.
Recently, a modified Cahn-Hilliard equation has also appeared as an inpainting tool in
image processing [11].

Thin-film equations

Among the positivity preserving models, probably the most famous study object is the
fourth-order thin-film equation

O + div(n”’VAn) =0. (1.1)

This equation appears in lubrication approximation of several models describing the surface
tension-dominated motion of thin viscous films of height n > 0 under small slip (5 = 2)
or no-slip (f = 3) boundary conditions [5, 52]. Parameter § = 1 corresponds to the
lubrication approximation of the Hele-Shaw flow, a Stokes flow between two parallel flat
plates separated by a very small gap [17]. The one-dimensional family of equations has
been first analyzed by Bernis and Friedman [4], while the multidimensional case has been
studied in the work of Dal Passo et al. [18]. In both works, integral (entropy) estimates play
a crucial role. On an explicit dependence on the parameter 3, such estimates provide the
existence and qualitative properties of solutions like, long-time behaviour [14], positivity,
finite speed of propagation, growth estimates for the support [6], etc., as well as numerical
schemes with respective conservation and dissipation properties [3]. The available literature
on these topics is huge and steadily growing; see [3] for a collection of further references.
Other models for thin viscous films lead to sixth-order equations. One example is

o + div(n’VA?n) =0,

which models the spreading of a thin viscous fluid under the driving force of an elastic
plate [27]. The model was first introduced in [43] in space dimension d = 1 with § = 3
together with a more general form of this equation arising in the isolation oxidation of
silicon. Another application for such thin-film equations concerns the bonding of Silicon-
Germanium films to silicon substrates [27]. Further examples of sixth-order equations can
be found in [26, 37, 44].
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Quantum drift-diffusion model

Recent trends in development and production of highly miniaturized devices in nano-
technology require novel models of the transport of charged particles, in which quan-
tum effects play an important and sometimes even a dominant role. Using a moment-
constrained optimization procedure, a whole hierarchy of macroscopic models with fluid-
type unknowns has been derived from a many particle Schrodinger—Poisson system [34].
The models consist of balance equations for the particle density, current density and energy
density. The simplest model, that of the first-order moment-constraint, is the quantum
drift-diffusion model [1],

on = TAn + div (nV(VB[”] + V)) ’
—)\QAV =n — C1dot .

It consists of the balance equation for the particle density n, which is self-consistently
coupled to the Poisson equation for the electrostatic potential V. The nonlinear term
Vg[n] = —R2A\/n/+/n describes quantum effects in the model. This is the so-called Bohm
potential, which also appears in the Madelung transformation of the Schrédinger equation.
Other parameters of the model are the scaled temperature T', the scaled Planck constant
h, the scaled Debye length A\, and the doping profile Cy,;, which describes the distribution
of charged background ions.

Alternatively, applying a moment method to a Wigner-BGK model, Degond et al. de-
rived in [21] a nonlocal quantum drift-diffusion model for charged particles in, for instance,
semiconductors or cold plasmas. The model reads as

O =div(nV(A —-V)),

where n denotes the particle density, A is the quantum chemical potential defined im-
plicitly as a Lagrangian multiplier of a moment-constrained minimization problem and V'
is a given external potential. Simplifying the model to zero external potential (V' = 0),
i.e. considering only diffusive effects, an asymptotic expansion of A in terms of the reduced
Planck constant A% leads to a family of parabolic equations for the particle density n. A
brief note on the expansion, using pseudo-differential calculus, is attached in Appendix
A. The first member of this family is the classical heat equation d;n = An. This asserts
that the semi-classical limit (2 — 0) of the (nonlocal) quantum drift-diffusion model is the
classical drift-diffusion model.

Derrida-Lebowitz-Speer-Spohn equation

The second member is the fourth-order Derrida-Lebowitz—Speer—Spohn (DLSS) equation

o+ div (n¥ () ) <o, (12)

which provides another well-studied example of a fourth-order equation. Observe that,
like in the original quantum drift-diffusion model, the nonlinear part contains the scaled
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Bohm potential. Interestingly, the one-dimensional version of the DLSS equation, dyn +
2(n(log 1)z )ze = 0 arose in the context of spin systems. Derrida et al. [23] derived it in the
studying of fluctuations of the interface between the regions of predominantly positive and
negative particle spins in the Toom model. It has been first analyzed in [7] for local positive
smooth solutions and then in [40] for global nonnegative weak solutions. The existence, non
uniqueness and long-time behaviour of weak solutions to the multidimensional equation
has been proven recently in [36]. Moreover, this equation possesses a particular variational
structure, it constitutes the gradient flow of the Fisher information with respect to the
L2-Wasserstein metric [30].

Sixth-order quantum diffusion equation

When the non-local quantum diffusion model is expanded to order A*, the main part of
the differential operator is of sixth order, and the corresponding equation reads as

d
On = div (nV [Z (%(0% logn)? + %822](718% log n))]) : (1.3)

3,j=1

In further, we will omit the above sum and assume the Einstein’s summation convention
over repeated indices from 1 to d. The one-dimensional problem has recently been studied
in [37]. In Chapter 3 we study in detail the initial-value problem for this equation on the
d-dimensional torus T = [0,1]¢ (imposing periodic boundary conditions) in dimensions
d=2andd=3.

Local model for the Bose-Einstein condensation

Our final example is related to the quantum kinetic theory for bosonic gases. Relaxation
to equilibrium of spatially homogeneous and isotropic fluid of weakly interacting bosons
with s-wave scattering is described by the Boltzmann-Nordheim kinetic equation [56, 58].
Assuming small energy exchange via scattering, the latter (nonlocal) equation can be
approximated by the nonlinear fourth-order evolution equation [33]

1 1
8n:—[x13/2(n4<—> —n?(lo nmﬂ , v>0,t>0, 1.4
where z > 0 denotes the energy variable and n(t; x) the energy distribution function. If
the initial mass (||ng||z1) is bigger than the prescribed critical value, an accumulation of
matter appears at low energies and solutions to (1.4) eventually blow-up in finite time [33].
The finite-time singularity in solutions explains formation of the Bose-Einstein condesate.

1.3 Summary of the thesis and main results

Let n be a nonnegative solution to a nonlinear higher-order partial differential equation, and
let F and ) be nonnegative functionals defined by n and its spatial derivatives. Estimates
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of the type

S Bln(t)] + eQln(t)] <0, 150, (15)

are the key tools in the mathematical analysis of such equations and make the core in-
gredient of this thesis. Inequalities like (1.5) provide a priori bounds for the evolution.
They are a necessary first step in proofs for existence of solutions; they allow to describe
the equilibration behavior of the solutions and other qualitative properties like, growth of
support, speed of propagation etc. We call E an entropy if (1.5) holds with some suitable
choice of () and ¢ > 0 for arbitrary solutions n of the evolution equation under consid-
eration. Estimate (1.5) is referred to as an entropy production inequality, and @ is the
corresponding entropy production. Typically, one is interested in a-functionals E, being
entropies for certain range of parameters o € R, where

Eo[n]:/g(n—logn)dx, (1.6)

and Q C R? is a domain. Specially in this thesis Q = B¢ = {x € R?, |z| < 1} (unit ball)
or Q = T? (d-dimensional torus). Further candidates for entropies are functionals defined
by first-order derivatives

F.n] = / V22 dz, 4 >0 and Fyn] = / |V log n|*dz .
Q Q

Among them, functional F, often has a notion of the energy of the system, while F} is
know as the Fisher information, since it plays an important role in the information theory.
Here is more interesting as the energy of the fourth-order equation (1.2) (see Chapter 4).

The subject of the first chapter is to determine a-functionals (1.6), which are entropies
along radially symmetric smooth positive solutions to the above reviewed evolution equa-
tions (1.1)—(1.3); and to prove estimates of the type (1.5) for a particular choice of entropy
productions. The principal technique for proving estimates (1.5) are integration by parts
formulae. In order to find as many entropies as possible, we have to employ a systematic
approach, which considers all integration by parts formulae. For this purpose we adapted
a systematic approach for construction of entropies proposed in [35] for a large class of
nonlinear evolution equations of even order in one space variable. The main idea is to
translate the procedure of integration by parts into a decision problem about the nonneg-
ativity of certain polynomials. The latter is a well-known problem in the real algebraic
geometry, which is always solvable in an algorithmic way. Briefly explained, to each evolu-
tion equation one formally associates a polynomial P in real variables §;, which represent
quotients dZn/n. Due to explicit apperance of the radial variable r in evolution equations,
additional polynomial variable 7 is used to represent 1/r. For example, the fourth-order
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thin-film equation (1.1) for radially symmetric solutions n takes the form (see Example 2.4

(A))

rn’  n’ n

O+ @Dy, (T,d1n6+1p(1 T Ther. M)) =0,

where P(n,&1,&,&3) = &+ (d — 1)(néy — n*&1). Assuming no-flux boundary conditions on
the unit sphere in R?, one calculates the dissipation of the a-functionals

d ! T 1 T Tr TrT
— FE,[n] = —wd/ u“+5( - n—)P(— fr 1 ,n—>rd_1dr
0

dt n rn’ n’ n

! 1
Ny Nyr Myrr\ o
=: —wd/ u‘”ﬁSO(— — LI PRl U
0

) )
T n n n

where Sy(n,&1,&,&3) = =& P(n, &1, &2, &) and wy denotes the surface of the unit sphere in
R?. Besides the no-flux condition, we also assume the homogeneous Neumann boundary
condition on the sphere. Based on given boundary conditions, one finds a set of all basic
integration by parts formulae with vanishing boundary terms. These are then translated
into the polynomial form resulting in the so-called shift polynomials, whose linear combi-
nations characterize all possible integration by parts formulae (see Section 2.2). Adding a
linear combination of shift polynomials to Sy then modifies polynomial Sy into some other
polynomial S, but preserves the value of the integral. If a suitable linear combination,
which makes the resulting polynomial S nonnegative, can be found, then this formally
gives a proof of the entropy dissipation and an estimate of the type (1.5). Further details
on formulation of decision problems and finding its solutions are left for Chapter 2.

In the subsequent, let n be a radially symmetric smooth and positive solution to the
respective model equations (1.1)—(1.3) on the unit ball B? with homogeneous Neumann
and no-flux boundary conditions, and the functionals E, defined in (1.6). The following
summarizes our main results of Chapter 2 (see Theorems 2.1 — 2.3).

Thin-film equation. The functionals F, are entropies provided that 3/2 < a4+ 5 < 3. In
this case, the entropy production inequality (1.5) holds with
16
c= m(?) —a—0)2(a+p)—3) and Q.[n| = /Bd (An(a+5)/2)2dm.

The obtained constant c¢ is optimal for our method.

DLSS equation. The functionals F, are entropies if

(Vd —1)? 3
=1,2 4 L <a< -
d ,2,3, or 4, and 152 _a_2,
(Vd—1)° (Vd +1)?
= - < ag< —
d=5,6, or 7, and 7112 <a< 112
—4 1)2
d > 8 and d—SQS(\/E+ ) )
2(d — 2) d+2
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and the entropy production inequality (1.5) holds with Qu[n] = [.(An®/?)2dz. The
optimal choice of the constant ¢ is given explicitly in Theorem 2.2.

Sizth-order equation. The functionals F,, are entropies if

d=1and 0.1927... <a<1.1572...,
d=2and 0.2827...<a<1.0982...,
d=3and 0.3470... < a <1.0517...,
d=4and 0.3968...<a<1.0123...,
d=5and 04380...<a<09775....

Moreover, in dimensions d = 1, ..., 4 and for a = 1, the entropy production inequality
(1.5) holds for some ¢ > 0 if one chooses

@l = [ (IVAVAF + [V il)do.

The above results of Chapter 2 are published by the author, A. Jiingel (TU Wien) and
D. Matthes (TU Miinchen) in journal Commaunications in Mathematical Sciences [10].

Chapter 3 is concerned with the analysis of the sixth-order quantum diffusion equation
(1.3) whose solutions describe the evolution of the particle density in a quantum fluid.
Recall that this equation has been obtained by an asymptopic expansion to the order A* of
the nonlocal quantum diffusion model, where h denotes the scaled Planck constant. A brief
derivation of the equation can be found in Appendix A. We study the Cauchy problem for
equation (1.3) in the d-dimensional torus T? in space dimesions two and three. The aim
is to prove the existence of solutions and to observe their long-time behaviour. For that
purpose, two solutions concepts are compared: weak and classical. In order to prove the
existence results, certain reformulations of (1.3) are necessary. First of all, the concept
of weak solutions requires a form that is also well-defined for vanishing densities n, while
semilinearity of new form would be most convenient for the classical approach. It turns
out that the form

din = N°n + 92, FP (n) + 02 F57 (n), (1.7)

with the nonlinear operators F; and F», defined in (3.4), is appropriate to study both
solution concepts. The first concept, that of weak nonnegative solutions, is an adapted
generalization of the results obtained in the one-dimesional case [37]. Starting with the
implicit Euler semi-discretization, additional change of variables n = e has been employed;
semi-discrete equations are regularized by an e-elliptic term and eventually solved by means
of the Leray-Schauder fixed point theorem. The key estimate of the type (1.5), which
essentially provides the compactness argument to carry out the deregularization limit € | 0
and later the time-continuous limit, is related to the dissipation of the physical entropy in
space dimensions d < 3,

d

B +c/ (IV* vl + |V ¥/alf) de < 0.
Td
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It has been proved by Matthes using the aforementioned entropy construction method (see
Lemma 3.8). To summarize, the following two results about weak solutions are obtained
(Theorems 3.1 — 3.2).

Global existence. Let d < 3 and ng € L'(T?) be a nonnegative function of the finite
entropy Fj[ng] < co. Then there exists a nonnegative function n satisfying /n €
L% _(0,00; H3(T?)) that is a solution to (1.7) in the following weak sense

loc

/0 (Oyn, ) dt +/0 /Td ((?f‘jkgo 8f’jkn + 8f'jkg0 Fl(ijk)(n) — 8%@ FQ(”)(n)) dzdt =0

for all test functions ¢ € L4(0, T; H*(T?)).

Long-time behaviour. Let n be the weak solution to (1.7) in the previous sense. Then n
converges exponentially fast to the constant steady state.

Concerning the classical solution concept, the semi-linearity of equation (1.7) allows to
employ the standard theory of analytic semigroups, which yields the following (see Theorem
3.3).

Local existence. Let ng € H?(T?) be strictly positive. Then there exist T, > 0 and unique
smooth strictly positive classical solution n € C*((0,T%); C*°(T?)) to (1.7) with
n(t) — no in H?(T?) as ¢ | 0. Moreover, either T, = +oo, or there exists a limiting
profile n, € H?(T4) such that n(t) — n, in H*(T%) as t 1 T, and min,era n,(z) = 0.

Furthermore, introducing the energy functional

1
En] = —/ n||V?logn||* dz,
2 Td

one formally observes the gradient flow structure of (1.3) with respect to the L2-Wasserstein

metric
Oy = div (nV (55[n])> ,
on

which immediately implies the Lyapunov property of £ along smoth positive solutions to
(1.3). Assuming that the Lyapunov property holds along weak solutions, the subsequent
has been proved (Theorem 3.5).

Regularity of weak solutions. Atop of the Lyapunov property of £, assume that the weak
solution n is strictly positive on some time interval. Then n equals the classical
solution on that time interval.

Preprint of results presented above and discussed in Chapter 3, written by the author
together with Jiingel and Matthes, has been submitted for publication at Annales de
Ulnstitut Henri Poincaré (C) Nonlinear Analysis [9].
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In Chapter 4, novel numerical schemes of the fourth-order quantum diffusion equation
(1.2) are investigated. The goal there is to increase the temporal accuracy of approxi-
mations, but preserving some analytical properties. In particular, some estimates of the
type (1.5) on a (semi-)discrete level. First we consider the two-step backward difference
(BDF-2) semi-discretization. In order to accomplish that, another form of (1.2) has been
employed in which the time drivative 0;n is substituted by an a-dependent expression and
the spatial operator by the standard logarithmic form,
gnl_wo‘@t( /2y 4 82 (n82 logn) =0. (1.8)
Above, a > 1 naturally belongs to the range of real parameters establishing entropies (1.6)
for equation (1.2). Equation (1.8) is discretized in time by the BDF-2 method, resulting in
the sequence of elliptic problems on a time grid {k7},>1 with a given time step 7 > 0. For
particular admissible «, existence of weak semi-discrete solutions follows again the idea
of an appropriate e-regularization, and a uniform boundedness of the corresponding time
discrete a-functional allows to perform the deregularization limit ¢ | 0 (Theorem 4.1).
Unlike the implicit Euler semi-discretization, specific structure of the BDF-2 scheme infers
only stability of the time discrete a-functionals (a > 1), i.e

nm+/<aa72/ a/Q dx<E[ of, m>1, ke >0,

where ny, denotes the weak solution of the BDF-2 scheme for (1.8) at the time 27 < ¢, < T.
On the other hand, employing the G-stability of the BDF-2 method leads to novel time
discrete entropies EY[ny,, nj,_1], defined in (4.42), and the time discrete dissipation property

ES g 1, me] + /iaT/ (A(niﬁ))de < ESIng,np—1], k>1.
Td

It is easily to see that ES[ng, ng_1] is formally an O(7)-perturbation of E,[n;]. Further-
more, assuming additional regularity of the exact solution and strict positivity of weak
solutions constructed by the BDF-2, we prove for a = 1 the second-order convergence of
the method (see Theorem 4.2).

Second objective of Chapter 4 are fully discrete finite difference type approximations,
which preserve the dissipation property of the Fisher information F; on a discrete level.
The idea for the method, which explores variational structure of (1.2), has been taken from
[29]. Equation (1.2) in one space dimension takes the form

- ((52)) -

where dFi[n]/on = —(y/n)./+/n denotes the variational derivative of the Fisher infor-
mation. Assuming periodic boundary conditions, the latter immediately implies the dis-
sipation of Fj. Key idea of the method is to define a discrete analog F} 4 of the Fisher
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information and to perform a discrete variation procedure in order to define the discrete
version of the variational derivative. Denoted by 6 Fy 4/5(U*, U*), where U* ~ n(t), the
discrete variational derivative makes the key ingredient of the method, which by construc-
tion dissipates F} q (see Theorem 4.3).

Discrete variational derivative method. Assume discrete periodic boundary conditions and
an equidistant grid on the interval (0, 1). Numerical scheme for equation (1.9), defined
by the nonlinear system

5Fi,a

1
—(UkL _gky = s (ghtgh (T Ld
7_( 3 i ) ) i 3 5(Uk+1’ Uk)l

)) . i=0,...,N—1, k>0,

where 5;1) denotes the central difference approximation of the first-order derivative,
conserves the mass and dissipates the energy, i.e. Fy q[U*™] < Fy 4[U*] for all k > 0.

These properties are direct consequence of the discrete form, which resembles (1.9), and
do not depend on the concrete approximation of the Fisher information and its discrete
variational derivative.

Further generalization of the method, discussed in Section 4.3.2, is based on the multi-
step backward difference formulae and naturally increases the temporal accuracy of the
enhanced scheme (see Theorem 4.7). All the aforementioned numerical schemes are im-
plemented and tested in MATLAB, using the additional NAG toolbox [53]. Results of
numerical experiments, presented in the last section, confirm the analytical results. In
fact, they provide even better outcomes, for instance, an obvious exponential deacy of the
Fisher information and releted relative entropies. The latter naturally poses further tasks
in the numerical analysis for the above schemes.

Obtained results related to Chapter 4 are under preparation for publishing in a joint
paper with A. Jingel and E. Emmrich (TU Berlin).
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Chapter 2

Entropies for radially symmetric
higher-order nonlinear diffusion
equations

2.1 Introduction and results

In [35], Jiingel and Matthes proposed a systematic approach to the derivation of a priori
estimates for certain classes of nonlinear evolution equations of even order. This procedure
allows one to determine entropies (Lyapunov functionals) and to derive integral bounds
from their dissipation, i.e. entropy production inequalities. The developed method has been
successfully applied to several equations in one space dimension. The main idea is to trans-
late the procedure of integration by parts — which is the core element in most derivations
of a priori estimates — into an algebraic problem about the positivity of polynomials.
Roughly speaking, to each evolution equation, a polynomial in the spatial derivatives of
the solution is associated, and integration by parts allows one to modify the coefficients of
this polynomial. If a suitable change of coefficients can be found that makes the resulting
polynomial nonnegative, then this corresponds (formally) to a proof of an a priori estimate
on the solutions. The key point is that such polynomial decision problems are well-known
in real algebraic geometry, and there exist powerful methods to solve them.

The approach of [35] can, in principle, be generalized in a straightforward way to
multidimensional higher-order equations by taking all partial derivatives as polynomial
variables. However, this leads, even in simple situations, to huge polynomial expressions,
and the corresponding algebraic problem is too complex to be solved directly, even with
the aid of computer algebra systems. The method has been successfully adapted to deal
with certain multidimensional equations of second order [42, 50] and fourth order [36, 51],
but the systematic extension of the scheme to the general multidimensional case is still
under development. In this chapter, we propose a further adaption that works generally for
radially symmetric solutions to higher-order nonlinear equations of a certain homogeneity.
And we prove its practicability by applying our scheme to the model equations (1.1)—(1.3)

13
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listed in the Introduction.

The objective of this chapter is to prove, for radially symmetric smooth positive solu-
tions n(t) to (1.1), (1.2), or (1.3) satisfying no-flux and Neumann-type boundary conditions
(see below for the precise conditions), estimates of the type

d(i“ ()] + cQun(t)] <0, (2.1)

on a specific range of parameters «, where as in (1.6),

1
/no‘dx, a#0,1,
) Jo

ala—1

Ey[n] = /Q (n —logn)dz, (2.2)
Ei[n] = /Q (n(logn —1) + 1)dz.

Above, Q = B¢ = {|z| < 1} is the unit ball in R, ¢ > 0 is a constant independent of the
solution n, and @), is a nonnegative functional containing higher-order derivatives of n.

Entropy production inequalities for the evolution equations reviewed in Introduction
have been extensively studied in the literature. Concerning the thin-film equation, with
no-flux and homogeneous Neumann boundary conditions, it has been shown in [6, 18]
that E, is an entropy if 3/2 < o+ < 3. The same result holds for periodic boundary
conditions [35]. This bound turns out to be sharp, at least in the one-dimensional case
[45] Moreover the entropy production @, in (2.1) can be made explicit: a valid choice is

= [ (n (a+9) )/2) 1z|?dx with a suitable ¢ > 0 if 3/2 < a + 3 < 3, see [35].

Let n be a Smooth solution to the DLSS equation (2.6) with periodic boundary condi-

tions. Then (2.1) holds with

Eu[n] =

2p(a)
© = @ple) — p(0) 22
where p(a) = —a?+2a(d+1)/(d+2) — (d — 1)?/(d+ 2)?, and Qu[n] = [,(An*/?)*dx for
all 0 < a < 2(d+1)/(d+2) [36]. In the one-dimensional case, this estimate holds true for
a larger range of values for a, with ¢ = 2/a? for 0 < a < 4/3 and ¢ = 8(3 — 2a)/a? for
4/3 < a < 3/2.

Entropy estimates for the sixth-order quantum diffusion model (2.8) with periodic
boundary conditions are available only in one space dimension. In fact, it has been
shown in [37] that E) is an entropy and (2.1) holds for some ¢ > 0 and with Q[n] =
fQ xwa: (%)g)dl’

To our knowledge, no entropy production inequalities (2.1) are available for the DLSS
equation with no-flux and Neumann boundary conditions! and for the sixth-order equation
with a £ 1. In this chapter, we will prove such results for radially symmetric solutions.

'In one spatial dimension, calculations related to entropy production estimates typically carry over from
one “reasonable” boundary condition to another (e.g. from periodic to no-flux or Neumann conditions).
In dimensions d > 2, this is no longer true since the boundary terms resulting from integration by parts
have a more complicated structure.
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The advantage of considering radially symmetric solutions n(t;x) = wu(t;|z|) — in
comparison to solutions of the full multidimensional problem — is that the reduced function
u(t; ) satisfies an evolution equation with only one spatial variable r > 0. Still, the proof
of entropy production inequalities (2.1) is substantially more difficult than in the genuinely
one-dimensional situation considered before [35]. The reason is that the variable r appears
explicitly in the evolution equation. On the algebraic level, this adds one polynomial
variable.

In the following we summarize our main results. Below, Q = B? C R denotes the
d-dimensional unit ball, and v is the exterior unit normal vector to 0f).

Theorem 2.1 (Thin-film equation). Let n be a radially symmetric smooth and positive
solution to the thin-film equation with homogeneous Neumann and no-flux boundary con-
ditions:

o +div(n’VAn) =0 in Q, fort >0,
Vn-v=n’VAn-v=0 ondQ, fort>0.

Then the functionals E,,, defined in (2.2), are entropies provided that 3/2 < a4+ < 3. In
this case, the entropy production inequality (2.1) holds with

C:L —a— a — an n] = n@+6)/2)\2 4,
e A8 =3 wnd Qulol = [ (An?) s

The facts that E, is a Lyapunov functional for 3/2 < a < 3 and that Q,[n] is an
entropy production, for some unspecified constant ¢, are well known [18]. The explicit

dependence of the constant ¢ on o and § is new. This dependence is illustrated in Figure
2.1.

1.2

0.8r1

04r

0 1 1
1.5 2 2.5 3

a—+p

Figure 2.1: Thin-film equation: Values of ¢ as a function of v + f3.
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Theorem 2.2 (DLSS equation). Let n be a radially symmetric smooth positive solution to
the DLSS equation with homogeneous Neumann and no-flux boundary conditions:

A
On + div (nV( \/\%ﬁ>) =0 nQ, fort >0, (2.6)
Ay/n
Vn-u—nV(\/ﬁ)-u—O on 082, fort > 0. (2.7)
Then the functionals E,, defined in (2.2), are entropies if
(Vd —1)? 3
=12 4 — < a< =
d ,2,3, ord, and 172 _a_2,
(Vd -1y (Vd +1)°
= - < ag< —
d=>5,6, or7, and 172 <a< 112
_ 2
d>8 and &SQSW—J“),
2(d —2) d+2

and the entropy production inequality (2.1) holds with Qu[n] = [,(An®/?)2dz and

2p(av) for (Vd—1)? o 5d + 7
d=1.23: c¢={ (pla)—p(0)) d+2 = 3d+6
e 8(3 — 2a) 5d+ 7 3
T Jor sav6 <2< %
2p() (Vd -1y (Vd +1)?

d=4 :oc= A A wer
,0,6,7: ¢ 22(p(a) — p(0)) for 152 <a< 112

16(d — 2)a — 8(d — 4) d—4 d* —5d — 8

203 Jor SOS BT g

U58. e Lo 2(d — 2) 2 —2d—38
= 2p(c) for 4> —5d — 8 e (Vd+ 1)
a?(p(a) — p(0)) d*> —2d —8 d+2

where p(a) = —a? + 2a(d + 1) /(d + 2) — (d — 1)?/(d + 2)%.

The dependence of ¢ on « is illustrated in Figure 2.2 for various dimensions d. The
values for ¢ for d = 4,5,6,7 are the same as those derived in [36]. We are able to improve
the results from [36] in the radially symmetric case for space dimensions d = 2,3 and
d > 8, see Figure 2.3. Our main contribution is that the range of parameters « leading to
entropies is larger than in [36].

It is known from [35] that the bounds 0 < a < 3/2 are optimal if d = 1. We prove
in Section 2.5 that in dimension d = 2, no entropies exist for a < 0, and that the lower
bound o = (d — 4)/(2d — 4) is optimal for d > 8.
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Figure 2.2: DLSS equation: Values of ¢ as a function of d and «.
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Figure 2.3: DLSS equation: Values of ¢ as a function of a. The solid line represents the
values from Theorem 2.2, the dashed line those from [36]. Here, [ = 2(8 —1/15)/17.

Theorem 2.3 (Sixth-order quantum diffusion equation). Let n be a radially symmetric
smooth and positive solution to the sizth-order quantum diffusion equation:

1 1
O — div <nV (5(8J2k logn)® + E@fk(n(‘?fk log n))> =0 inQ, fort>0,

Vn-V:nV<

Avn
NG

Then the functionals E,, defined in (2.2), are entropies if

d=1 and
d=2 and
d=3 and
d=4 and
d=>5 and

0.1927..
0.2827...
0.3470. ..
0.3968 ...
0.4380. ..

L a<1.1572. ..
<a<1.0982...
<a<1.0517...
<a<1.0123...
<a<L09775. ...

(2.8)

1 1
) v =nV (5(8]2k logn)? + E@fk(nafk log n)) cv=0 ondQ. (2.9)
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Moreover, in dimensions d = 1,...,4 and for a = 1, the entropy production inequality
(2.1) holds for some ¢ > 0 if one chooses

Quln] = [ (VAVAP + Vi) ds (210)

The bounds for « are roots of certain polynomials and can be determined only numer-
ically, see Figure 2.4. The Lyapunov property of E, for « = 1 and d = 1 is proved in
[37]. The proof of this property for « # 1 and d > 1 as well as the entropy production
inequality are new. Interestingly, it seems that the logarithmic functional F} is no longer
a Lyapunov functional for the sixth-order equation in (the unphysical) space dimensions
higher than 4. We remark that in dimension d = 2, the results from Section 2.5 show that
there are no entropies if o > 4/3.

121 o

[ ]
[ ] ° o
09r
e upper bounds
® 0.6t |©lower bounds
o °© °
0371 o
o
0 .
1 2 3 4 5
d

Figure 2.4: Sixth-order quantum diffusion equation: Upper and lower bounds for a de-
pending on the dimension d.

The chapter is organized as follows. The algebraic formalism is developed in Section 2.2.
Section 2.3.2 is devoted to the proof of two auxiliary results about quadratic polynomials.
The proofs for Theorems 2.1 to 2.3 are given in Section 2.4. In Section 2.5, a sufficient
condition is provided under which FE, is not an entropy.

2.2 Decision problem and shift polynomials

In this section, we establish the connection between the analytical problem of proving
entropy production inequalities (2.1) and an algebraic problem about the non-negativity
of certain polynomials. This correspondence — which is summarized in Lemma 2.5 below
— constitutes an extension of the ideas previously developed for entropy estimates in one
spatial dimension [35]; see also [45] for an alternative approach. The proof of the main
theorems are then obtained by solution of the associated algebraic problems.
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2.2.1 Formulation as a decision problem

To start with, let us introduce some notation. First, observe that n : Q — R, is a smooth
and positive radially symmetric function if and only if there exists some

uweld:={ueC®[0,1;Ry) | | _ u(r) =0 for all odd m € N}

such that n(z) = u(r) with r = |z| for all x € Q = B?. We shall refer to u as the (radial)
reduction of n, and to n as the (radially symmetric) extension of u.

Throughout this article, n and &, &, ... denote real variables. For k € N| let Y, be the
linear span of all monomials n°&" - - - £7* satisfying s+1-p; +- - -+ k-pp = k. Alternatively,
one can define ¥ as the set of polynomials P in (1,&,...,&) with the homogeneity

property

r=0

PO, Me, N2, NRE) = NEP(n, €1, 6, L&) (2.11)

for all A € R. To any P € ¥, we associate a non-linear differential operator Dp of order
less or equal to k by

Dplu,r] = P (1, aru(r), e 8ffu(r))

T ou u

acting on functions u € U.

The key point behind this formalism is that the reductions u(¢; ) of radially symmetric
solutions n(t;x) to the evolution equations under consideration satisfy equations of the
form

O +r~ D9, (r W Dplu,r]) =0, ¢ >0, (2.12)

where 5 € R is a parameter, P € YXx_; and K is order of the equation.

Example 2.4. Recall the representation of the gradient, divergence and Laplacian in radial
coordinates: If W(x) = w(r) is a radially symmetric function on Q = B? and e, = z/r is
the unit vector in radial direction, then
d—1
r

V. W(z) =w.(r)e, div,(W(z)e,)=w,(r)+ w(r) = r~“90, (r w(r)),

and, in combination,

AW (z) = wp(r) + ?wr(r) =: Ayw(r).

For our examples, this leads to the following:

(A) A radially symmetric solution n(t; ) = u(t; r) to the thin-film equation (2.4) satisfies:

rrr d -1 rr T
on = — divx(nﬁvazn) = —div, {uﬁﬂ (u_ + (u — u_)) er] )

u T u ru

This equation is of the form (2.12), with
P(n, &) =&+ (d—1)(n& — n°&).
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(B) A radially symmetric solution to the DLSS equation (2.6) satisfies:

o = — div, {nvx(A\%ﬁ)} — — div, {u@r((@W + d; ! (@’“)er}

di 1 Uppp  Upp Uy N 1 N d—1 (U u* u,
= —div, |u| = — - —F — 4+ ==L ———— e |.
2 wu u w2 ud 2r U w2 ru

Also this equation is of the form (2.12), with 5 = 0 and

(&8 — 2661 + & + (d = 1) (& — 1&7 — °61)).

N | —

P(n,§) =

(C) If n(t;z) = u(t;r) is a radially symmetric solution to the sixth order equation (2.8),
then tedious but straightforward computations show that dn = div,(uG(u)e,),

where
5 3 2 9
G(U):—G%—i—lS% urr—llﬂ urr_S%M_*_g& UTTTT+5UTT uTTT_urrrrr
ud ud u u u? u v v u —u
1 ut 1wl u u 1 w2 u2
—(d=1)=(—6—L+(2d—T)= =+ 14— "+ (3d — 8)— —= —4—=
( )r( il ey e vl )5 5 4k
1w, u Uy U 1 u 1w
_3d_4__7" Tr_6_7" T 3d—3——r—3d—3— rr
( )r U u uou +3( )r?’ u ( )TQ "
1“’7“7“7‘ Upyprr
+(d—5)~ 2T 42 )
r ou u

In principle, one can easily deduce the correct choice of P from here.
Equation (2.12) is supplemented by initial conditions at ¢ = 0,
w(0,7) = up(r). (2.13)

For the fourth order equations (K = 4), homogeneous Neumann and no-flux boundary

conditions are assumed,
u.(r) =0, " Dplu,r] =0 at r=0and r = 1. (2.14)

An additional boundary conditions will be specified for the sixth-order equation (2.8), when
K =6.

Notice that the Neumann condition at » = 0 is already implied by v € &. On the other
hand, the no-flux condition at » = 0 is in general not trivially satisfied since Dp|u, | might
contain terms with negative powers of . More precisely, the condition is that

13&1 (r"'Dp[u,r]) = 0.
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In terms of the radially symmetric extension n(t; x) = u(t;r), the homogeneous Neumann
and no-flux boundary conditions (2.14) for an equation of the form 9;n = div,(n’*1G(n))
correspond to

v-Vn(t;2) =0, v-n’"'G(n)=0  forallz € 9Q and t > 0,

with v = e, denoting the outer normal vector at the boundary of the unit sphere.
For radially symmetric solutions n(t;z) = u(t;r), the entropy functionals in (2.2) be-
come

1
Wd o,.d—1
E [n(t)] = —— t; dr,
(0] = s [ uteinera
where wy is the surface of the unit sphere in R?. For the time derivative along (2.12), one
calculates

d Wy

T Baln(t)] =

1
- 1/0 u(t;r)a’latu(t;r)rdfldr
1 1 K—1
- —wd/ uots (_@u) P (—, Ou M) ri-ldr, (2.15)
0

u rou u

where the no-flux boundary conditions in (2.14) have been taken into account. The inte-
grand in (2.15) is again of polynomial structure: defining Sy € X, by

50(7775) = _flp(nvfla e agK—l)a
one can write

d

EEa[n(t)] = —wglplu(t)] with Ipfu(t)] ::/O u(t; 7)) Dg, [u(t), r]r*'dr.  (2.16)

Following [35], we call Sy the canonical symbol that characterizes the dissipation of E, by
(2.12).

Recall that the primary goal is to identify — for a given equation of the form (2.12)
— those entropies E, which are monotone in time along all smooth radially symmetric
solutions. Thus, we wish to determine values a € R such that the corresponding functional
Iy in (2.16) is nonnegative on U. To prove nonnegativity, we apply integration by parts to
the integral expression for I in a systematic way that we explain now.

Let v € R and a polynomial R € Yk_; be given. Introduce the diwergence T' = 6, R as
the unique element 7' € Y i which satisfies

9, (r*u(r)Y Dglu,r]) = r* " u(r)” Drlu, 7]

for all w € U. Formally, 0, : ¥g_1 — Xk is a linear map that acts on monomials
R(n, &) = &t - €55 as follows,

0y R(n, &) = [(d_1_3)77+(7_p1_"'_pK—1)§1 +p1%+"'+pf<—1 s

R(n,§).
(2.17)

§x-1
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For § = Sy +T with T" = 0,R, where v = a + 8 and R € ¥Xg_4, it follows by the
fundamental theorem of calculus that

1
I[ul ::/ u(r)* P Dglu, r]ri- 1dr—/ aw Dso[u,r]—i—DT[u,r])rd’ldr
0

= Iofu] + [u(r)*** Dyl 7}y |

Assuming that u satisfies boundary conditions which imply in particular that

r=1

r= 0

" ' Dgu,7] =0 atr=1and for r |0, (2.18)

then Iu| = Iy[u], i.e., the replacement Sy — S = Sy + T modifies the integrand but
does not change the value of the integral. Hence, if there exists an R € Y _; for which
S = Sy+0da+sR is a nonnegative polynomial, then it follows that Iy[u] = I[u] is nonnegative
for all u € U that satisfy (2.18). Consequently, if the boundary conditions (2.14) for (2.12)
imply (2.18), then E,[n(t)] is monotone in time for all smooth radially symmetric solutions.

In practice, it is more convenient to work directly with the polynomials 7' = ¢, R € Xk
rather than with their pre-images R € Yx_1. Let R; to R,, be a collection of linearly
independent polynomials in X _; for which (2.18) holds; we refer to Section 2.2.2 below
for details on how to select appropriate R’s. Denote by Ty = d,R; to T, = 0, R, their
respective divergences, which can be explicitly calculated using the rule (2.17) above. In
analogy to [35], we call them shift polynomials. In conclusion of our discussion, the following
is now obvious.

Lemma 2.5. If the algebraic decision problem
Jer, .o em €ER V(N E) € RFY L (So+ e Ti+ -+ + e ) (0,€) > 0 (2.19)
can be solved affirmatively, then E, is a Lyapunov functional for (2.12).

Algebraic decision problems of the type (2.19) are solvable in an algorithmic way; this
is discussed in Section 2.3 below. We remark that it would suffice to prove (2.19) for all
¢ € RY and positive n € R only, since n = 1/r > 0. However, since both Sy and the T}
satisfy the homogeneity property (2.11) with an even K, their values at (1, ) and (—n, =¢)
agree; thus, (2.19) is true under the restriction n > 0 if and only if it is true without this
restriction. We prefer to work directly with (2.19).

2.2.2 Determination of the shift polynomials

The next goal is the following. For the boundary conditions at OS2 as prescribed in Theo-
rems 2.1 to 2.3, we shall compose a list of linearly independent shift polynomials T" € Y.
Recall that shift polynomials are divergencies 7' = . R of polynomials R € X _; satisfying
the relations (2.18). Consequently, the key is to characterize these R in a systematic way
and select among all of them those, which satisfy (2.18) in all dimensions d > 1 and give
rise to “useful” (in a specific sense explained below) shift polynomials.
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To begin with, we discuss the case K = 4 of the DLSS and the thin-film equation.
First, we use that fact that u € U satisfies homogeneous Neumann boundary conditions,

w(0) = u, (1) = 0. (2.20)

We wish to find all polynomials R € Y 1 = X3 for which (2.18) holds. To this end,
observe that

d—1 _ Uy (1)
(r DR[u,r])L:l —R<1,0, u(l) ,)

Observe further that R(1,0,&,&3) = 0 for arbitrary & and &3 if and only if R can be
factored in the form R(n, &y, &, &) = &1Q (1, &1, &) with some @ € X5, Among polynomials
R of this type, it remains to single out those for which also
: d—1 _
17%1 (r*"' Dglu,r]) = 0. (2.21)
Since Y, is spanned by &, &7, n&;, and 7%, we need to investigate (2.21) for Ry = & &,
Ry = &, Ry = né2, and Ry = n*&, respectively. Since Ry and R, are independent of 1,
both satisfy (2.21). Further, by I’'Hospital’s rule, and since u,(0) = 0 and d > 1,

e e (ue(r) ()N e (0)u(0) g
iy (7 Dbrl) =i (2 ) = g e =0
. d—1 T (1) ri=2 - Uy (0) .. d—2

i (" D feor) = i (%57 0) = Sy

The second limit does not vanish in dimensions d = 1 and d = 2. Therefore, we shall not
use Ry for further computations.
According to (2.17), the corresponding shift polynomials are

Ti(1,€) = baspRi(n,€) = (a4 B —2)6i& + &1& + & + (d — 1)n&i &, (2.22)
TZ(TI’ 5) = 5o¢+ﬂR2(777 5) = (CY + 5 - 3)6? + 35%52 + (d - 1)”5% (223)
Ts(1,€) = darpRa(n,€) = (a+ B —2)n& + (d — 2)n*E} + 206, (2.24)

This finishes the discussion of the homogeneous Neumann boundary conditions (2.20) for
equations of order K = 4.

Next, we continue to assume K = 4, and we recall that v € U also satisfies no-flux
boundary conditions, i.e.,

r* ' Dplu,r] =0 atr=0andr=1

with the corresponding polynomials P € Y3 given in Example 2.4 (A) and (B). Thus,
trivially, P itself satisfies (2.18), giving rise to the shift polynomial T) = 0, 3P. However,
it is easily seen that T; is of no use for our calculations: The coefficient of &3 in the
polynomial P is positive, so the coefficient of & in T} is positive as well. Recalling that
So = —& P does not contain &4 at all, it follows that S = Sy + ¢4Ty diverges to —oo as
& — too if ¢4 < 0 (keeping 7, &, & and &5 fixed). Hence, for S = Sy + ¢4Ty to have a
definite sign, it is required that ¢y = 0. Consequently, we omit 7} in the following.
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Remark 2.6. The argument is not completely conclusive, since there could be another shift
polynomial Ty € ¥4 for which T + Ty is non-trivial and does not contain &. In fact, this
cannot happen in the context of radially symmetric solutions, but cancellations of this type
do occur when dealing with general multi-dimensional solutions.

We turn to the sixth-order equation (2.8) and start again with the discussion of homo-
geneous Neumann boundary conditions (2.20). Arguing as for K = 4 above, it suffices to
consider polynomials R of the form R;(&,n) = &Q(E,n) with @ € Yg_ o = X4, There are
12 such polynomials, listed in Table 2.1 below.

Remark 2.7. Observe that the 5-tuples (p1,...,ps) in the table represent precisely the
integer partitions of 5 — s with p; > 1. Generally, for a differential operator of order K,
one would find (K — 1)-tuples of integer partitions. This indicates the rapid growth of the
number of shift polynomials with K.

# S p1 P2 D3 Pa D5
10 5 0 0 0 0
210 3 1 0 0 0
3/0 1 2 0 0 0
410 2 0 1 0 0
510 1 0 0 1 O
61 4 0 0 0 O
7112 1 0 0 0
8/1 1 0 1 0 0
912 3 0 0 0 0
0/2 1 1 0 0 0
173 2 0 0 0 O
12/4 1.0 0 0 0

Table 2.1: Exponents of the monomials n*¢}" - - - €8 satisfying s +p; +2p2+---+5-ps =5
and p; > 1.

We investigate the limits (2.21) corresponding to these R;. For Ry = n&,&3, Ry = n°&3,
Rip = n°61&, Ry = 03¢, and Ryy = n'&, respectively, one obtains by I'Hospital’s rule
(using that u,(0) = u,.(0) = 0 for all u € U) that

. d—1 T u,(7) Td_l“ﬂ"?"(?") . Uy (0)ypyrr (0) . d__
i (¢ Dufe)) =t (S50 = g g O
. d—1 1 ur(r)s r o UTT(O) ’ . d _

17%1 (r Dg,[u, 7“]) = 17%1 ( = —u(r)3> = —u(()) 17%17“ =0,

(s =2 rr T O 2
lim (7! Dp,o[u, 7]) = lim <u (r) r™"u (7’)) = (U—U) lim r4~2
rl0 rl0
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lim (74 Dy, [u, 7]) = lim <u"(’”>2 i ) _ (uw(O))Qnmrd‘Q,

rl0 rio \ o r2ou(r)? u(0) / rio
. d—1 T . (7) it . . (0) .. d—4
i (" Daaler) = i (%) = Sy

The limits corresponding to Rjp, R1; and R;3 do not vanish in general in dimensions
d =1 or d = 2; we thus shall not use these mononomials directly for the derivation of
shift polynomials; however, we will employ a suitable linear combination of them below.
Omitting the analogous calculation, we remark that (2.21) is also satisfied for Rg = n&}
and R; = né2&y in d > 1. For all the remaining monomials R; to Rs, property (2.21) holds
trivially since these R; are independent of 7.

Since equation (2.8) is of sixth order, additional boundary conditions can be imposed.

We choose
\V4 Avn -v=0 on 0f.
vn

In terms of the reduction u, this means that we assume

urrr(r) + (d . 1)urr(r)

u(r) ru(r)

=0 atr=1. (2.25)

There are polynomials R € X5 for which r¢! Dg[u,r] vanishes for r | 0 and at r = 1
because of (2.25), and not on grounds of the homogeneous Neumann conditions alone. In
analogy to the case of Neumann boundary data, these polynomials can be written in the
form R(n,&) = (& + (d — 1)&n)Q(n, &) with an appropriate () € ¥5. There is no need to
consider Q = £2, since then R contains &; as a factor, and this has already been investigated
above. It is easily seen that the choice R = (& + (d — 1)n&)n? does not satisfy (2.18) in
dimension d = 1. On the other hand, R, = ({3 + (d — 1)n&2)&, gives

d—1 2
. d—1 T Upr (T) U (7) . (0) . d—2
17}%1 (7“ Dg, [u, 7“]) = 17}{51 ()2 + u(0) I;i(r)lr
2
= —uﬂ(o)urwr(o) lim ¢ + Urr(0) lim 7472,
U(O)Q rl0 U(O) rl0

While the first term vanishes in all dimensions d > 1, the second diverges for d = 1 or is
finite but generally nonzero for d = 2. However, it can be annihilated by a suitable linear
combination of R;y and Ri;. Indeed, replacing R by

R/10<777§) = (d - 1)7725152 —2(d - 1)7735% + (63 + (d — 1)n&a)&a,

it is now easily verfied that R}, has the property (2.18). Finally, the shift polynomial
arising from the no-flux boundary condition is neglected for the same reason as in the case
K = 4 above.
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In summary, we shall use the following expressions for the definition of the shift poly-
nomials:

R =&, Ry=6&, Ry=68, Ry=E6&, Rs=E6E,
Rs =n&l, Rr=né&, Rs=n&&, Ry=n°¢,
Ry = && 4 (d— 1) (PG — 20°8 +1é3).

The corresponding shift polynomials read as follows:

a+ B —5)E +561& + (d— 1)ngy,

, a+ [ —4)6& + 36165 + & + (d — 1)néis, 2.27
, o+ B —3)EE + & + 2668 + (d— 1)n&&3, 2.28
) o+ B —3)E8s + 2668 + E& + (d — 1)n&iés, 2.29

~— — N S

a+ B —nE + mEi& + (d — 2)n°E, .
: a+ B =3)n&l + 2m& &5 + n&i&s + (d — 20 &, 2.32
) a+ -2 775%53 + n&a&s + n&i&s + (d — 2)77251537 2.33

= ( (
= ( (
= ( (
= ( (
= (a4 8 —2)&& + &1 + L& + (d — 1)n&i&a, (2.30
= ( (
= ( (
= ( (
= ( (

a+ B =3¢ + 366 + (d = 3)n°E,
=66+ &+ (a+ B —2)66& + (d—1)(a+ B —2)n&H& (2.35
+3(d = néels + (d — D)*6&s + (d = 1)*°€5 + (d = 1)(a + 5 — 2)°E76s
+(d=1)(d=T)6& —2(d = V) (a + B — 2’6 — 2(d — 1)(d — 4)n'eL.

2.3 Solution of the algebraic problem

We discuss the solution of the algebraic problem derived in the previous section and we
solve two easy quantifier elimination problems.

2.3.1 Quantifier elimination and sum of squares

The algebraic problem stated in Lemma 2.5 is of quantifier elimination type: one is given a
statement about a polynomial inequality with quantifiers over certain polynomial variables,
and one wishes to find an equivalent formula in which all quantified variables are eliminated.
Specifically, in (2.19), all variables except « are quantified, and one wants to derive a
statement that involves a only. The latter statement provides the range of parameter
value a such that E, is an entropy.

Problems of this kind have been studied extensively in (real) algebraic geometry. In his
pioneering work [59], Tarski has proven that a quantified formula for polynomial inequali-
ties can be reduced to a quantifier free formula (for another set of polynomial inequalities)
in an algorithmic way. He even proposed such an algorithm, which, however, is rather
impractical. Nowadays, a variety of computer algebra tools are available that perform
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quantifier elimination efficiently. Most of them are based on cylindrical algebraic decom-
position (CAD), which was originally introduced by Collins [16] and has since then been
improved by various authors. Quantifier elimination performed by a computer with such
an algorithm is equivalent to a genuine proof (to the extend to which one is willing to
accept computer-aided proofs at all).

For the solution of the problems arising in the proofs of Theorems 2.1 to 2.3, we have
made use of the command Reduce provided by the computer algebra software Mathematica,
which uses an implementation of CAD. For Theorems 2.1 and 2.2, it has a posteriori —
i.e., knowing from the Mathematica’s result what the solution should be — been possible
to write down an explicit proof, choosing suitable values for the variables ¢; and applying
Lemma 2.8 and 2.9 below. For Theorem 2.3, the effort of giving an explicit proof would
have been too large, so instead, the output of Mathematica is presented in Appendix B.

A remark on the (im)possible extension of our method to more complicated equations is
in order here. The main problem with the CAD-based algorithms is that their complexity
grows doubly exponentially in the number of polynomial variables (novel algorithms with
single exponential complexity, see e.g. [2], are not yet implemented). This limits the type
of problems that can be dealt with in practice. The calculations involved in the computer-
aided proof of Theorem 2.3 appear to be already at the edge of feasability. In fact, the
solution with Mathematica was only possible after performing a priori simplifications of
the problem. Entropy calculations for PDEs of order K" = 8 are currently out of reach.

An alternative — more efficient but less rigorous — approach to the solution of the
specific decision problem (2.19) is provided by sum-of-squares (SOS) decompositions. In-
stead of verifying the existence of decision variables ¢; to ¢, for which the polynomial
S, := Sy +ciTh + -+ - + Ty, is non-negative for all (n,£) € REFL one tries to determine
specific values of the ¢; such that S, can be written as the sum of squares of polynomials in
(n,€). The existence of such an SOS decomposition for S. clearly implies its non-negativity,
but it is in general far from being equivalent. The reformulation of (2.19) as an SOS prob-
lem allows for its approximate solution by application of efficient numerical optimization
tools, also in situations where the complexity for CAD would be by far too high.

In contrast to the quantifier elimination algorithms discussed before, the numerical
SOS method never delivers a proof of the statement, and its results will in general be sub-
optimal due to the non-equivalence of positivity and the existence of a SOS decomposition.
However, the SOS approach often reveals invaluable information about the suitable choice
of the decision variables ¢;, and this information can later be used for the simplification in
the (rigorous) quantifier elimination. For a priori simplifications in the proof of Theorem
2.3, we have employed the MATLAB tool yalmip [48], see Remark 2.10.

2.3.2 Two auxiliary lemmas

In this section, we solve two easy quantifier elimination problems by elementary means.
These results will be useful later to perform the proofs for Theorems 2.1 and 2.2 completely
explicitly, and to reduce the computational effort for proving Theorem 2.3 with computer
aid.
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Lemma 2.8. Let

P(n,€1,&) = 1€ + €l + azéd + amés + asn*€l + agnéi&o

be a polynomial with real coefficients. Then the quantified formula

V(n,6,&) €R®: P(1,&1,6) >0 (2.36)
is equivalent to the quantifier free formula

either az > 0 and

[(4a3a5 — a% > 0 and 4aiasas — agai — agag, — alaf; + asaqag > 0) or

(4asas — ai = 2a4a3 — azag = 0 and 4aza; — a; > O)] (2.37)
oras =0 and ay = ag = 0 and

[(a5 > 0 and 4asa, — a3 > 0) or (as = a5 = 0 and a; > 0)].

Proof. The polynomial P is nonnegative on the hyperplane & = 0 if and only if ag > 0.
For &; # 0, formula (2.36) is equivalent to the statement that the quadratic polynomial

2 2
p(x1,m2) = a1 + asxs + azxs + ayry + asxi + agriry

is nonnegative for all real values x; = n/& and zo = & /&7, For fixed 7 € R, the quadratic
polynomial in x5,

(], m2) = (a1 + as2’ + as(2})?) + (ag + agr?) s + asz3,
is nonnegative if and only if

either az > 0 and q,(2}) := 4as(a; + asx’ + as(z})?) — (az + agz})* > 0

2.38
or az = 0 and qu(2}) := ag + agr} = 0 and g3(}) = ay + au2} + as(z})* > 0. (2.38)

Therefore, p(x1, z2) is nonnegative if and only if ¢;(x1) > 0 or if go(z1) = 0 and ¢3(z1) > 0
for all z; € R. The polynomial

¢ (1) = daza; — a% + 2(2aza4 — agag)ry + (dazas — a%)x%
is nonnegative if and only if

either 4azas — ag > 0 and (4asas — a3)(4aza; — a3) — (2aza4 — azag)® > 0

or 4asas — aé = 2a4a3 — asag = 0 and 4asa; — a% > 0.

The polynomial g, vanishes on R if and only if ay = ag = 0, and q3(z1) = a1 + ayx1 + asx?
is nonnegative if and only if

either as > 0 and 4asa; — ai >0

or ag = as = 0 and a; > 0.

Inserting these statements into (2.38) yields (2.37). O
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Lemma 2.9. Let the polynomial P(x) = by + bix + box® with by > 0 and real numbers
21 < 2o be given. Then the quantified formula

dr € (21,29): P(z) <0 (2.39)

15 equivalent to the quantifier free expression

etther bs > 0 and [bo +biz + bng < 0 or (4boby — bf <0 and 2byz; + b1 < 0)}
and [bo 4+ bizy + byza < 0 or (4boby — b < 0 and 2byzy + by > O)]

or by, =0 and [(bl >0 and by + byz1 < 0) or (by <0 and by + byzy < 0)
or (b1 = 0 and by < 0)].

(2.40)

Proof. First assume that b, > 0. Then the quadratic polynomial P is nonpositive in some
interval if and only if 4byby — b? < 0 and exactly for those x which lie in between the
two real roots w1 = (£4/03 — 4boby — by)/2by. The statement (2.39) is then equivalent to
z1 < xy and zy > z_, which can be rephrased as the first two lines of (2.40). Indeed, if
21 4 b1/2by < 0 then z; < z, is always satisfied, and if z; + b1 /2by > 0 then 2z; < xy is
equivalent to by+b; 21 +b222 < 0. Notice that this inequality is satisfied only if 4byby—03 < 0.

If b, = 0, then P is linear. If additionally b; = 0, (2.39) is equivalent to by < 0.
Therefore, let by # 0. Then P vanishes at xo = —by /by, and (2.39) is equivalent to z; <
(if by > 0) or z9 > xo (if by < 0). This leads to the last two lines of (2.40). O

2.4 Proofs of the theorems

2.4.1 Proof of Theorem 2.1
By Example 2.4 (A) and (2.16), the canonical symbol of (2.4) reads as follows:

So(n, &) = =&&s — (d — 1)n&i& + (d — D).

We have to solve the decision problem
Jer, 03 € R V(1 61,60,63) €RY:S(1,€) = (So + Ty + 2T + e3T5)(1,€) > 0, (2.41)

where the shift polynomials T, Ty, and T3 are given by (2.22)-(2.24).

This problem can be simplified. Indeed, the variable &5 appears in .S only in the term
£1&3, and its coefficient —1+ ¢; has to vanish; otherwise, S(7, ) would become negative for
& =1and & — oo if ¢p < 1. Thus, ¢; = 1, and the decision problem reduces to finding

¢z, c3 € R such that for all (n, &) = (n,&1,&) € R,

S, &) = (So + 11 + coTo + ¢3T5)(n, €)
= m&] + a&i& + az&s + an; + asn’&; + agnéi&e > 0,

where, setting v = o + 3,
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a; = (7 — 3)ea, ag = v — 2+ 3co, az =1,
ay = (v —2)es + (d — 1)y, as = (d—2)czs +d — 1, ag = 2cs.

In this proof, we perform the quantifier elimination explicitly, without computer aid. By
Lemma 2.8, this decision problem is equivalent to either

0 < dazas — aj = —4(c3 +1)(c3 — d + 1) =: —4C, (2.42)
0 < qlcg, c3) := 4ajazas — asa; — asas — a1a; + aza406 2.43)
= (9C — (d — 3¢5 — 1)%) 5 4+ 2Cyea + (v — 2)°C

or
0 = dazas — ag = —4(c3 +1)(c3 — d + 1), (2.44)
0= 2&3&4 — Q20 — 262(d — 363 — 1), (245)
0 < 4ajas — a3 = 4(y — 3)cy — (3cg + v — 2)? (2.46)

:—9<c2+%)2+§(3—7) (v—g)‘

First, we solve (2.44)-(2.46). Equation (2.45) yields co = 0 or ¢3 = (d — 1)/3. Because of
(2.44), the latter case is only possible if d = 1. Let ¢5 = 0. Then (2.46) is fulfilled if and
only if v = 2. On the other hand, if ¢3 = (d — 1)/3 (and hence, d = 1), the largest range
for ~ fulfilling (2.46) is obtained by choosing the maximizing value ¢; = —v/9. With this
choice, (2.46) is fulfilled if and only if 3/2 < v < 3. This shows that (2.44)-(2.46) holds for
some ¢z, cg € Rif and only if d =1 and 3/2 <~y <3 orifd > 1and v = 2.

Next, we solve (2.42)-(2.43). The first inequality implies that —1 < ¢35 < d — 1. For
any fixed cg, the polynomial ¢(cs,c3) is quadratic in ¢ with a strictly negative leading
coefficient (since C' < 0 by (2.42)). Thus, there exists c; € R such that g(c, c3) < 0 if and
only if the discriminant of ¢(+, ¢3) is nonnegative:

0 < (207)° = 4(9C — (d — 3¢5 — 1)?) (v — 2)2C = 4CA(c3),
where
Aes) =7 +3(y —2)°(d — 4 —7*d)es + (v — 2)*(d — 1)(d + 8) +7° — 7%d.

Since C' < 0, the discriminant is nonnegative if and only if the quadratic polynomial A(c3)
is nonpositive for some —1 < ¢3 < d — 1. By Lemma 2.9, this is the case if either d = 1
and 3/2 <y <3ord>1and3/2 <~y <3. Thus, there exist ¢; € R, ¢3 € (=1,d — 1)
such that (2.42)-(2.43) holds if and only if 3/2 <~ < 3. This shows that F, are entropies
for all 3/2 < a+ 3 < 3.

We wish to quantify the constant ¢ > 0 in the entropy production inequality (2.1) for
the choice

1
Qa[n] :/ (An'y/2)2dx :wd/ u” Dw[U,T‘]Tdfldr,
L 0
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The symbol W that characterizes @, is

w0 (3 (G-1)'s () (- e ()

v =1 (3) (L 1)+ @-12 (3) g+ 2w -1 (3) neiee

We wish to find the largest ¢ > 0 for which there exist ¢, ¢3 € R such that for all
(n,€) = (1,61, &) € R? it holds

Se(n,€) = (8 = cW)(n,€) = ar&] + 2618 + as&3 + am&S + asn’&E + agnéie > 0,

where

2 2
weraen-n(3) (G-1)
wore(l).
ay=(y—2)es+ (d—1)cg — 2¢(d — 1) (%)2(%—1>,

as = (d—2)cs+d—1—c(d— 1) (%)2’

ag = 2c3 — 2¢(d — 1) (%)2

We consider the cases az > 0 and a3 = 0 separately. First, let a3 = 0, which is equivalent
to ¢ = 4/v% By Lemma 2.8, we find that ay = ag = 0, which gives ¢co = 0 and ¢35 = d — 1.
Furthermore, we obtain a5 = 0. Hence, by the same lemma, a; = 0 and a; = —(y/2—1)% >
0, implying that v = 2. Next, let ag > 0. By Lemma 2.8, the nonnegativity of S, for certain
values ¢, ¢o, and c3 is equivalent to either

0 < 4asas — a2 = —(c3 — d + 1)(4cs — y*dc +4) =: —F, (2.47)
0 < q(co, c3,¢) := dajasas — azai — azas — ayag + axa4ag (2.48)
1 2 oy2, B K 2
= 4—72(:(9]3_ (2d —2 —6c5 +~*(d — 1)) c)c2+5702+z(7_2)
or
0 = 4asas — ai = —(c3 — d + 1)(des — yed + 4), (2.49
0 = 2azaq — asag = c3(2d — 2 — 6¢3 + v*c(d — 1)), (2.50
1
0 < 4aya3 — a3 = —9c3 + %( c—4) + 5(7 —2)%(7%c — 4) (2.51)
V2 )2 L 4 2
= — - — —14 — —4 2 144(1 — :
9 (e = 5- (%= 4)) + (0P = D3 e +32 + 144(1 7))
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First, we solve (2.49)-(2.51). We obtain a maximal value for ¢ by choosing ¢, = vy(v%c —
4)/36. Since a3 = 1 — ~*c/4 > 0 by assumption, we have c; < 0. With this choice
of ¢y, condition (2.51) implies that ¢ < 16(2y — 3)(3 — 7)/9*. Furthermore, by (2.50),
c3 = (d —1)(y*¢c+2)/6. Condition (2.49) can be satisfied only if d = 1.

Next, we consider (2.47)-(2.48). The polynomial g(-,cs,¢) is quadratic in ¢y with a
negative leading coefficient (since ag > 0). Hence, there exists ¢y € R such that ¢(co, c3, )
is nonnegative if and only if its discriminant D(cs3, ¢) = EAq(cs, ¢)/4 is nonnegative, where
E <0 (by (2.47)) and

No(cz,c) = 4v°c5 + (87" + 12(y — 2)*(d — 4) — 4y°d — v'ed) 3
+4(y —2)2(d — 1)(d + 8) — 47%d + 47* — 4y2c(y — 2)*(d — 1)* — v ed + v ed?

is a quadratic polynomial in ¢3. Applying Lemma 2.9, we find that
1
ifdzland’yé(%,i&): c<7—§(2fy—3)(3—’y);
. 3 16
ifd>1and~y € 5,3 \{2}: c§¥(27—3)(3—’y).

The case az = 0 provides the choice v = 2 with ¢ = 16/4* = 1. This proves the theorem.

2.4.2 Proof of Theorem 2.2
By Example 2.4 (B), the canonical symbol Sy for entropy dissipation along the DLSS
equation (2.6) is given by

1

So(1,€) = 56165 + &8 — 564 — 5(d = V(6 — € — 6y).

Again, we have to solve the decision problem (2.41). The same argument as in the previous
subsection shows that ¢; = 1. Thus, we wish to find ¢y, ¢35 € R such that for all (n,£) =

(777 gla 52) € R37
28(n,€) = a1l + a2l + azés + amsS + asn’E; + agnéals > 0,

where
ap = (@ —3)cag — 1, ag = o+ 3¢y, ag =1,
ay=(a—2)cz+ (d—1)(ca+1), az=(d—2)cz+d—1, ag=2cs.
According to Lemma 2.8, the above decision problem is equivalent to either
0 < 4asas — a2 = —4(cs +1)(c3 — d + 1) =: —4C, (2.52)
0 < q(co, c3) 1= 4ajasas — azai — azas — ayag + axasag 2.53)
= (9C — (d—3c5 —1)%)c5 = 2(d* + 4d + (d — T)es — 5 — aC) ey
+a*C —d®> —2d+ 4¢3+ 3
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or
0 = 4azas — ag = —4(c3 +1)(c3 — d + 1), (2.54)
0= 2@3(14 — Q20 = —2(62 + 203 —+ 3C2C3 + 1) -+ 2(62 -+ 1)d, (255)
0 < 4ajas — a3 = —4 — o — 12¢5 — 2acy — 9c3. (2.56)

First, we solve (2.54)-(2.56). Condition (2.54) implies that either ¢3 = —1 or ¢ = d — 1.
In the former case, (2.55) gives ¢c; = —(d+1)/(d + 2). Then (2.56) is equivalent to
s 2(d+1) (d—1)2

— <
R N BTr F P

which is satisfied if and only if

R

In the latter case c3 = d — 1, (2.55) is satisfied if d = 1 or if d > 1 and ¢ = —1/2. If
d = 1, we choose the maximizing value co = —(a + 6)/9 for (2.56). Then, this inequality
is satisfied if and only if 0 < o < 3/2. On the other hand, if d > 1, (2.56) can be written
as a? — a + 1/4 < 0, which is satisfied if and only if @ = 1/2. We have shown that the
decision problem is solvable if d =1 and 0 < a < 3/2 or if d > 1 and (2.57) hold.

Next, we solve (2.52)-(2.53). The discriminant D(c3) of the quadratic polynomial g(-, c3)
factorizes as D(c3) = 4CA(c3), where

Ales) = a*c3 +2(a*(d — 5) — ald — 7))cs + (d* + 6d — 7)o
—2a(d? +4d — 5) + (d — 1)
Notice that C' < 0 by (2.52). An application of Lemma 2.9 shows that D(c3) is nonnegative
ifd=1and0 < a<3/2 ordec {2,3}and (Vd—1)?/(d+2) <a <3/2,ord € {4,5,6,7}
and (Vd —1)?/(d+2) < a < (Vd+1)?/(d+2),or d> 8 and (d —4)/(2d —4) < a <
(v/d 4+ 1)?/(d 4 2). This proves that dE,/dt < 0 if these conditions are satisfied.

The estimates for the entropy production term wy [(A,u®/?)2r4=1dr are obtained by
similar arguments as in the previous subsection. Therefore, we omit the lengthy proof here.

2.4.3 Proof of Theorem 2.3

The canonical symbol associated to the sixth-order equation (2.8) can be read off from the
representation of its radially symmetric solutions as given in Example 2.4 (C). One finds

So(n, &) = 667 — 18816 + 116765 + 8E7E3 — 36764 — 5616265 + &1&5
+(d = 1)[ = 6nE} + (2d — )€} + 14nEi&s + (3d — 8)°E} — 4n&i &3
— 3(d — )*e&, — 6nEfes + 3(d — 3)n'E} — 3(d — 3)’61&e + (d — 5)n*6rés
+ 2n&1&4].
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We have to solve the decision problem

dey, . oosc0 €RV(0,6) : S(1,6) = (So +aTh + -+ 4 c10Th0)(0,€) > 0

where the shift polynomials 7} are given by (2.26)-(2.35) with 8 = 0. Again, we can simplify
this problem by eliminating the terms whose sign cannot be controlled. We choose c3 = 0
to eliminate &5, ¢s = —1 to eliminate &&5, cg = —(d — 1) to eliminate n&, &y, ¢4 = a — 2
to eliminate £2&4, and 19 = 1 to eliminate the product ¢, introduced by Ts. With these
choices,

S(n, &) = (01T1 +eTo+0-T34+ (a—2)Ty+ (—1) - Ts + T + 7 T7 — (d — 1) T}
+colg+1- Tlo)(Th £)
= ((=5)cr +6)&7 + (5er + (a — 4)ep — 18)&16 + (32 + 11)E7E;
+ (c2 + (a + 1)( —3) 4+ 8)&1& + (B — 5)616&3
+ ((a = 4)c + (d = 1)(cr = 6))né}
(= 3)co + (d = 2)ce + (d — 1)(2d — 7)) ¢}
((v = 3)er +4cs + (d — 1)(c2 + 14))n& &,
((d—3)cg —2(a = 2)(d — 1) + (d — 1)(3d — 8))n’°¢}
(2¢7 + (= 6)(d — 1))n&&;
(o = 2) d—1)+3co+ (d — 2)c; — 3(d — 1)(d — 4))°&1&
(c7 = 3(d = 1))n&i&s + (d— 1)*n*f — 2(d — 1)’ &
—2(d — D)n&i&s + 2(d — Dnéabs + (d — 1)*0°85 + &5

+ o+ + + + A

The corresponding decision problem contains the four variables 7, &,..., & and the five
coefficients ¢y, co, cg, ¢7 and ¢g. For further simplification, we make a change of variables.
Let ¢
n 2 1 &3 n (& 1
=75, G=%—7, G= ——3—<———)' (2.58)
& & & & L \& &

These definitions are motivated by the observation that for any radially symmetric function
n(z) = u(r), the tensors V,n, Vin and V3n of the first, second and third total derivatives
take the form

Van(z) = uére,,
Vin(z) = ui (Ger ® e, + (11),
Vin(:c) = Uf? (C?,er Xe e, + CICQG’I“ X 1)7

where (e, ®41);x = 0;jT% + dk2; + 0ixj. It turns out that S can be expressed in terms of
¢ = ((1, G, 3) only. Furthermore, choosing ¢; = —¢y = (a+1/2)(d—1) — see Remark 2.10
below — some higher-order terms cancel, and we end up with S;(¢) = £8S(n, €), which
is defined in Appendix B in input line 6 of the Mathematica notebook. For any fixed (;
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and (s, the polynomial S;(() is quadratic in (3, with leading coefficient equal to one. This
quadratic polynomial is nonnegative if and only if its discriminant

D(C1,6) = (96,51(C1, G2, 0))” = 481(Cr, G, 0)

is nonpositive. Thus, the nonnegativity of Sy for some coefficients ¢; is reduced to the
following decision problem:

dey, 0,06 € RV, G € R —D(C, Go) > 0.

The discriminant D((, (2) is again of quadratic type, now in terms of ¢; and ;. Thus
Lemma 2.8 is applicable and yields several conditions on ¢y, ¢; and c¢g for the nonpositivity
of D. This nonlinear system of equations and inequalities is solved by the computer algebra
system Mathematica (see Appendix B for more details). As a result, we obtain, for given
dimension d > 1, conditions on the admissible values of . More precisely, a has to
be in between the numbers ag(d) and a4(d), and «;(d) are the positive roots of certain
higher-order polynomials which are explicit. Their roots, however, can be calculated only
numerically and are given in the statement of the theorem.
The entropy production

oy /0 (AVa)2 + (a))ri-tdr

is represented by the symbol
1

Wn€) = 1 (6 — 566 + 16+ (= e — 308 —1P6)) + ot
6 6
= & (465 + (26~ 1)(2+ )1~ 3))” + gz = EW(0)

Setting o = 1 in the definition of S;((), we obtain the decision problem
Je, 2,06 € R e > 0:VC = (€1, G2, G3) € R 2 51(¢) — eWA(¢) > 0.

Our solution strategy is the same as before. We observe that S; — ¢W; is a quadratic
polynomial in (3, and we calculate the respective discriminant. The latter turns out to be
quadratic in the remaining variables (; and (. Omitting the details, we remark that the
reduced decision problem for the discriminant is again solvable with the aid of Lemma 2.8
and Mathematica. This results in numerical values for ¢ > 0 such that (2.1) holds.

Remark 2.10. The ad hoc choice of the coefficients c¢; and c¢g in the proof was originally
motivated by the numerical result for the SOS decomposition of S; obtained with yalmip
[48]. There are several reasons to believe that this choice is indeed optimal: First, cg = —¢7
cancels the coefficient of the indefinite term ¢}, which is obtained after rewriting S; in terms
of (¢1, s, ¢3). Second, with ¢; = (a + 1/2)(d — 1), the coefficient of the term (;¢3 in the
discriminant D((3, (3) vanishes, such that the remaining polynomial becomes quadratic in

C1 and (.
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2.5 Absence of entropies

Similarly as in [35, 45], it is possible to prove that certain functionals E, cannot be en-
tropies. Below, we generalize Theorem 19 in [35] to the multidimensional, radially sym-
metric situation. Specifically, let v € R and S € Xk be given, and define

]I[u]:/o u(r)? Dglu, r]r®~tdr.

Further, define the components of a vector £ € RE by
51:0-7 52:0-<O-_1)7"'7 EK:U(U_l)(U_K+1>7

where 0 = (K — d)/v. By inserting (1,£) = (1,£) into formula (2.17), one easily verifies
that all shift polynomials T} vanish at this particular point. Therefore, the values of any
two characteristic symbols S and S’ coincide at (1,€). Hence, if the given S is negative
at (1,€), so is any affine combination S + ¢;Ty + - - - + ¢,,T1,. In this case, I[u] cannot be
written as an integral over a pointwise nonnegative expression by the method developed

before. This statement can be strengthened as follows.

Theorem 2.11. Assume that S(1,€) < 0. Then there exists a family of functions u. € U
with us(r) =1 for r € [2/3,1] satisfying lim. o [[u.] = —oc0.

The set U is defined on page 19. We remark that, since the functions u. are equal to
a positive constant for r > 2/3, they satisfy any homogeneous boundary condition that
involves derivatives at r = 1.

The principal idea for our definition of u. in (2.59) is borrowed from Laugesen’s con-
struction of a “trial function” in one space dimension [45]. Our definition and also the
proof of I[u.] — —oo are more straight-forward, since we work under the assumption of
strict homogeneity (2.11); the proof in [45] has been designed for a slightly more general
situation. The functions u. are chosen as suitable e-regularizations of the radially symmet-
ric power function (x) = r?. A purely formal calculation gives Dg[r, @] = r7°~KS(1,¢)
and, even more formally, I[d] = S(1,€) fol r~'dr = —oo. The rigorous calculations below
heavily exploit the marginal singularity of the r~!-integral for the estimation of the addi-
tional terms that originate from the regularization u — u.; the argument would not work

for o £ (K —d) /.

Proof. Let a cut-off function ¢ € C*°(R) with 0 < ¢ < 1 be given that satisfies
o(r)=1 forr<1/3and ¢(r)=0 forr>2/3.

Choose € € (0,1/2) arbitrary and define u. by

ue(r) = o(r/e)e” + [1 = o(r/e)]o(r) r” + 1 = ¢(r). (2.59)
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Clearly, u. is positive and of class C*°. Moreover, notice that u.(r) =1 for 2/3 <r <1 as
stated in the theorem. We need to evaluate the integral

H[ua]:/o ue(r)Y Dplug, rjrétdr.

This is done by splitting the domain [0, 1] into three intervals. To start with, let r €
[0,2¢/3]. Then u.(r) = &% (r/e), where ¥(p) = ¢(p) + [1 — &(p)]p?, and consequently

8fu6(7“) _ ok agw(m

ue(r) v(p)
with p = r/e. The homogeneity (2.11) of S € X now implies

DS[UE7 T] - E_K DS[wv p]

Substitution of r = £p under the integral leads to

2¢/3 2/3
I = / ue(r)Y Dplug, rjré—tdr = 5”7_K+d/ U(p)Y Dp[e, plp*tdp.
0 0

Since v is positive and smooth, and all of its derivatives vanish at p = 0, the last integral
is well-defined and finite. In fact, the value of Iy is independent of ¢, since 0y = K — d by
definition of o.

Next, let r € [2¢/3,1/3] and notice that u.(r) = r?. It follows that

Hu.(r)y=0c(c—1)- (0 —k+ 1)r"F =r~*&u.(r).

Using the homogeneity (2.11) once again, we obtain Dg[u.,r] = r~%5(1,&,...,&k), and
thus

1/3 3 3 1/3 dr
L:= / us (1) Dgfue, r)r*tdr = S(1,&, . .. ,fK)/ protd=K
2

c/3 2/3 r

— S(L,&,. .., &) In[1/(22)].

Finally, for r € [1/3,1], the function u.(r) is smooth and positive, and does not depend on
€ > 0. In other words,

1
I ::/ UE(T)’YDS[UE,T]Td_ldT
1/3

is a finite, e-independent value. In summary, there is some constant C' > 0 for which
H[ua] = [1 + [2 + [3 =C + S(lvgla s 751() ln[1/<2€)]

This sum converges to —oo as € J 0 since S(1, &, ... ,EK) < 0 by assumption. O]
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As a corollary, we obtain that F, cannot be an entropy for the evolution equation (2.12)
if the associated canonical symbol Sy has the property that

So(l,0,0(c —1),...,0(c—=1)--- (6 =K +1)) <0

for o = (K —d)/(a+ ). Indeed, we may use the corresponding function . constructed in
the proof of Theorem 2.11 above as an initial condition ug in (2.13). The functions u. are
positive and smooth, and they satisfy the boundary conditions since u. is constant close to
the boundary. By classical parabolic theory, there exists a corresponding solution u.(t), at
least locally in time, i.e. for ¢ € [0, 7], and this solution and its spatial derivatives depend
continuously on ¢ € [0, 7]. Hence,

E,us(7)] — Eqlus] = —wq /oT/o us(t;7)? Dg, [ua(t),r]rd_ldr dt.

Choosing ¢ and 7 sufficiently small, the double integral on the right-hand side is negative,
and one concludes that E,[u.(7)] > E,[u.].

We apply this result to the fourth- and sixth-order equations introduced in the intro-
duction. It turns out that for the thin-film equation (2.4), we have Sy(1,&) < 0 if and only
ifa+p¢&[3/2,3|ford=1, a+ € (—o0,1) ford=2, a+ p € (—1,1/2) for d = 3, and
a+pe(—(d—4)/2,(d—4/(d+ 2)) for d > 4. (Our method does not give any statement
for d = 4.) In one space dimension, we achieve the optimal bounds for a + (3, being in the
interval [3/2, 3] (as in [45, 35]). However, we obtain much less information for d > 1.

For the DLSS equation (2.6), Sp(1,£) < 0 holds if and only if o ¢ [0,3/2] for d = 1,
a € (—00,0) for d =2, a € (—1/2,0) for d = 3, and o € (0,(d —4)/(2d — 4)) for d > 4.
We recover the optimal range in the one-dimensional case. Moreover, we see that the lower
bound for d > 8 is optimal, at least for nonnegative values for «.

Finally, for the sixth-order equation (2.8), we have Sy(1,€) < 0 if and only if a €
(5/4,10/3) for d = 1, o € (4/3,00) for d = 2, o & [-3(1 — /33)/8, —3(1 + +/33) /8] for
d =3, and a € (—o0,—1) for d = 4. For higher space dimensions, Sy(1,£) > 0 holds for
all @ € R, and we do not obtain any information. In the two-dimensional case, there are
no entropies for aw > 4/3, which is not far from the upper bound o = 1.0982. .. obtained
in Theorem 2.3.



Chapter 3

Nonlinear sixth-order quantum
diffusion equation

3.1 Introduction and results

This chapter is concerned with the sixth-order quantum diffusion equation obtained from
an expansion to order hA* of the nonlocal quantum diffusion model. Employing Einstein’s
summation convention, equation (1.3) reads as

o = div (nV(%(@f logn)® + %8%(71812 log n))) (3.1)

J J

~

We study the initial-value problem for (3.1) in the d-dimensional torus T¢ = [0,1]¢ in
dimensions d = 2 and d = 3.

Specifically, we compare two solution concepts for (3.1). The first concept is concerned
with adapted weak nonnegative solutions. In this framework we generalize the global
existence result from [37] to the multidimensional situation. The second concept is that
of positive classical solutions. In analogy to the results obtained by Bleher et al. for the
fourth-order DLSS equation [7]

o+ div (n9 () ) =, (32)

we are able to establish the existence of such regular solutions for (3.1) locally in time.
Naturally, a classical solution is also a weak solution on the time interval of its existence.
Vice versa, from a given weak solution, one obtains classical solutions on all time sub-
intervals where the weak solution is a strictly positive and energetic (see Definition 3.4
below) density function. Since we are not able to rule out the loss of strict positivity due
to the evolution, it thus might happen that the classical solution concept breaks down on
certain, possibly even infinite time intervals along the globally well-defined weak solution.

We shall provide further motivations to study (3.1) in Section 3.2 below. At this point,
we simply want to put equation (3.1) into the general context of higher-order parabolic
equations.

39
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In the existence analysis for equations like (3.2), one of the main difficulties is to estab-
lish non-negativity of the solutions. Typically, sophisticated regularizations are constructed
that lead to smooth and strictly positive approximative solutions. The limit of vanishing
regularizations then provides a nonnegative weak solution.

For our equation (3.1), the situation is more delicate since the nonlinearity in the
equation is not well-defined when n vanishes. This is a problem: Although nonnegativity
of the solution is expected on physical grounds, the possibility that a vacuum (localized in
time and space) is created from an initially strictly positive density cannot be ruled out.
Thus, atop of constructing strictly positive approximations, we need to define a solution
concept that works also for merely nonnegative densities, so that the passage to the limit
of vanishing regularizations is sensible.

The key idea here is to rewrite the nonlinearity in (3.1) in a way that substitutes the
logarithm by an expression that is still well-defined for n = 0. It turns out that the
following equivalent representation of equation (3.1),

O = N°n + 02, 7P (n) + 02757 (n), (3.3)
with the nonlinear operators
FI9(n) = 49,5/n (40;/nd/n — 30%/n),

, d 3.4
F(n) =8 Z (951 — 40,3/ndkN/n) (95,v/n — 40;V/ndiv/n) .
k=1

is appropriate to study both concepts of solutions: weak and classical. Here and in the
following, we employ the notations 0; = 9/dx;, 82-2]- = 0?/0z;0x;, etc. and the summation
convention over repeated indices from 1 to d.

The construction of strictly positive approximative solutions uses yet another transfor-
mation of the nonlinearity. First, (3.1) is discretized in time with the implicit Euler scheme.
The semi-discrete equation is regularized by an additional term of the form (—A)?logn.
Each time step then requires the solution of a strictly elliptic problem in terms of y = logn.
Classical elliptic theory provides L*-bounds on y and thus strict positivity of n = exp(y).

The required compactness to perform the deregularization limit ¢ | 0 and later the
passage to the time-continuous limit is obtained from the dissipation of a distinguished
Lyapunov functional: The physical entropy!

Hlu] = /Td (u(logu —1) +1) dz (3.5)

is nonincreasing along the solutions. In fact, using the entropy construction method of [35],
which is based on systematic integration by parts, we are able to prove that the entropy

IThe same functional is in the context of a-functionals denoted by F;. In this chapter we use #, which
is Boltzmann’s notation for the entropy.
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dissipation —d?H/ dt controls certain spatial derivatives,

dH[n]
At

> 5 / (IR + 9l d, (3.6)

where V¥ denotes the tensor of all partial derivatives of order k. The resulting estimates
are sufficient to pass to the limit.
Our main results about weak solutions are the following two theorems.

Theorem 3.1 (Global existence of weak solutions). Let ng € LY(T?) be a nonnega-
tive function with finite entropy Hlng| < oo. Then there exists a nonnegative function

n € Wit(0,00; H(TY)), satisfying /i € L,(0,00; H*(T9) and n(0) = no, that is a

loc loc
solution to (3.3) in the following weak sense:

/0 (Oyn, ) dt + /O /T d (D2r0 02m + B FL7P () — 2 By (n)) dzdt =0 (3.7)

for all test functions p € L*(0,T; H3(T4)) and given terminal time T > 0.

It is not trivial at all to see that all integrals on the right-hand side of (3.7) are well-
defined for functions n of the stated regularity. At this point, we just mention that under
these hypotheses, +/n is a well-defined Sobolev function; see Lemma C.4 in Appendix C as
well as [47] and [30, Section 3] for a discussion about the regularity of square and fourth
roots of nonnegative functions. The relevant estimates on the pairings inside the integrals
are established in the cause of the proof; see, e.g., Lemma 3.11 below. Since dimension-
dependent Sobolev embeddings are involved, this particular concept of weak solution does
not carry over to space dimensions d > 4.

Theorem 3.2 (Exponential time decay). Let ng € L*(T?) be a nonnegative function of
finite entropy H[ng] < oo and unit mass [L,nodx = 1. Let n be the weak solution to (3.3)
constructed in Theorem 3.1. Then there exists a constant X > 0, depending on d, such that
for allt >0,

In(t; ) — 1| prray < 2H [ngle .

Since equation (3.3) is semi-linear parabolic, it is accessible by methods from the theory
of analytic semigroups. This approach leads to the following result on classical solutions.

Theorem 3.3 (Existence and uniqueness of a classical solution). Let ng € H?(T?) be strict-
ly positive. Then there exist T, > 0 and precisely one smooth and strictly positive classical
solution n € C*((0,T,); C°°(T%)) to (3.3) with n(t) — ng in H*(T?) ast | 0. Moreover,
either T, = 400, or there exists a limiting profile n, € H?*(T?) such that n(t) — n, in
H?(T?) as t T T, and mingera n.(x) = 0.

In other words, the only possibility for a classical solution to break down is the loss
of strict positivity. This result parallels the one of [7] for the fourth-order DLSS equation
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in space dimension d = 1. Since stronger Sobolev embeddings are available for the sixth-
order equation (3.3), our result holds in dimensions d = 2 and d = 3 as well. It is an open
problem if loss of positivity can occur at t > 0 or not.

Naturally, we shall establish a connection between the concept of weak solutions, defined
in (3.7), and classical solutions. To do so, we need to introduce the energy: For a positive
and smooth function u € C*(T?), define

1
Elu] = 3 /WUHV2 log u||? dz. (3.8)

This functional is equivalent to the L?*-norm of V?/u in the sense that
2 2
||VVu|| . < Eu] < C||VPVul| L, (3.9)

for some constants 0 < ¢ < C' [30, 36]. For smooth and positive solutions to (3.3), one
easily proves that £ is a Lyapunov functional, see Lemma 3.7 below. The functional &|u]
extends in a weakly lower semi-continuous manner to all nonnegative functions u with
Vu € H?(T?); see [30, Section 3] for details. Hence, if n is a weak solution in the sense of
Theorem 3.1, then E[n(t)] is well-defined for almost every ¢ > 0.

We expect that £ is a Lyapunov functional also for weak solutions, but currently we are
not able to prove this conjecture, mainly because £ is not a convex functional. Therefore
we assume the Lyapunov property.

Definition 3.4. Let n € C°((0,00); H3(T%)) be the t-continuous representative of a weak
solution in the sense of (3.7). We call n energetic on the interval (T1,Ts) C Ry if E[n(t)]
is uniformly bounded for all ¢t € (17, T3).

Notice that a weak solution is energetic on (7, T3) if and only if \/n € L>(T},Ts;
H?(T?)).

Theorem 3.5 (Regularity of weak solutions). Assume that the weak solution n from Theo-
rem 3.1 is energetic on (11,T3) and strictly positive at some time ty € [T1,Ts); here Ty =0
and/or Ty = 400 are admissible. Then there exists T, € (11,13 such that n equals the
classical solution from Theorem 3.8 on (to,T). Moreover, either T, = Ty or n(t) loses
strict positivity as t T T, in the sense of Theorem 3.3.

In summary, an energetic weak solution is classical on each time interval on which it is
strictly positive, and the loss of positivity occurs in an H2-continuous way.

The chapter is organized as follows. Section 3.2 provides some background informa-
tion on the derivation and properties of (3.1). In Section 3.3, we derive the alternative
formulation (3.3) of (3.1) and we prove the entropy inequality (3.6). Sections 3.4, 3.5, 3.6,
and 3.7 are devoted to the proofs of Theorems 3.1, 3.2, 3.3, and 3.5, respectively. Some
technical lemmas and known results which are used in the existence analysis are collected
in Appendix C.
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3.2 Derivation and motivation

In this section, we indicate several motivations to study equation (3.1) by reviewing its
derivation from the nonlocal quantum model, putting it in the context of gradient flows,
and establishing connections to the heat and DLSS equations.

3.2.1 On the derivation from the nonlocal quantum model

Degond et al. derived in [21] the nonlocal and nonlinear quantum diffusion model
om = div(nVA) inR? ¢ >0, (3.10)

where the potential A is defined implicitly as the unique solution to

n(t;x) = /]Rd Exp (A(t; x) — @) dp.

The so-called quantum exponential Exp is defined as the Wigner transformed operator
exponential: Denoting by W the Wigner transformation and by W~! the corresponding
Weyl quantization, then Exp(f) = W™ o exp oW (f); see [21] for details.

In the semi-classical limit & | 0, the expression Exp(A —|p|?/2) converges to e#, so that
A = logn, and we recover from (3.10) the classical heat equation. For i > 0, however,
the quantum exponential is a complicated, genuinely nonlocal operator. An asymptotic
expansion in terms of A has been performed in Appendix A, leading to the following local
approximation of A in terms of n:

h? h

_ w o 6
A_A0+24A1+360A2+O(h) (3.11)

with the local expressions

A 1 1
AO = log n, Al = —4%, AQ = 5(812] lOg n)2 + ﬁ@fj(nafj log n)
Replacing A in (3.10) by Ag, Aj, or A, yields, respectively, the heat equation, the DLSS
equation (3.2), or the sixth-order equation (3.1). In this sense, (3.2) and (3.1) constitute,
respectively, the primary and secondary quantum corrections to the classical diffusion
equation.

3.2.2 Gradient-flow structure

Equation (3.1) possesses—at least on a formal level—a variational structure. The diver-
gence form implies that solutions n formally conserve the total mass, i.e., the integral
m = de n(t; x) dx is independent of ¢. By homogeneity, we can assume m = 1 without
loss of generality. Thus, any solution to (3.1) defines a curve ¢ — n(t) in the space of
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probability measures on T?. Provided that n is regular enough, this curve realizes a steep-
est descent in the energy landscape of the energy functional £ from (3.8) with respect to
the L?-Wasserstein metric. Indeed, by a formal calculation, we obtain the gradient-flow

representation
L d&[n]
o = div (nV 5 )

n

from (3.10) with A = Ay, where Ay = §€[n|/on is the variational derivative of &.

This variational structure is a remarkable property by itself. Atop of that, it establishes
yet another connection to the heat and DLSS equations. It is well known since the seminal
paper [32] that the heat equation is the gradient flow of the entropy functional H from (3.5)
with respect to the L2-Wasserstein distance. The dissipation of H along its own gradient
flow amounts to the Fisher information,

1dH[n] 1

——/ n|V logn|? du,
Td

Fll=-5—q =3

while the second-order time derivative produces the energy from (3.8),

_1d*H[n] 1

_ 2 2 2
=1 ae - 2/WTLHV log n||* dz.

Eln]

The Fisher information, in turn, has been proven to generate the DLSS equation (3.2)
as a gradient flow with respect to the L:-Wasserstein distance [30]. It is readily checked
that £ also equals the first-order time derivative of the entropy along solutions of the
DLSS equation. In this sense, the sixth-order equation (3.1) is related to the fourth-order
equation (3.2) in the same way as (3.2) itself is related to the heat equation.

We mention this point because the intimate relation between the heat and the DLSS
equations (and, more generally, between second-order porous medium and fourth-order
diffusion equations) has been the key tool in obtaining optimal rates for the intermediate
asymptotics of solutions to (3.2) in [51]. It would be interesting to derive estimates on the
long-time behavior of solutions to (3.1) by similar means.

3.3 Alternative formulations and functional
inequalities

In this section, we derive two alternative formulations of the sixth-order equation (3.1) and

prove an energy-dissipation formula and an entropy-dissipation estimate. First, we show

that (3.1) can be written as the sum of a symmetric sixth-order term and a fourth-order
remainder, and as the sum of a linear sixth-order part and a fifth-order remainder.

Lemma 3.6. Equation (3.1) can be written for smooth positive solutions equivalently as

on = Gf’jk (n 8f’jk logn) + 28% (n o3, logn(?]?k logn) inTY t>0, (3.12)
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and also equivalently as
om = An+ 0%, P () + 02 E (n) in T, ¢ > 0, (3.13)
where the nonlinear operators Fl(ijk) and F2(ij) are defined in (3.4).

We recall that we have employed the summation convention in the above formulas.

Proof. For the following formal calculations, we introduce the shorthand notations y =
logn, y; = d;logn, y;; = 97;logn etc. Observing that dyn = nyy, ndy(1/n) = —(hn)/n =
—1yr, we calculate

1
§n8k(8i2j log n)* = nd;y0:yr,
and
1
ndk (5312](”3@2] log n)) = az?)]k(nyzy) - ykﬁ?j (nyi5)
= 02 (yn(nyiz) + nyij) — yn0is (nys;)
= 0 (yn0(nysj) + Y (ni5)) — 03 (nyig) + 05 (nyin)
= yin0; (nyi;) + Yijr(nyi;) + yix0i(nyi;) + 035 (0 yk)
= 2y0;(nyi;) + n@ijaijk + (912](7183]%)
= 20;(nyiyix) — naizj?/aijk + 8%- (nafj?/k)

Summing these results, we obtain
1 1
§n8k(8?j log n)? + ndy (Eﬁfj(nﬁfj log n)> = 6,?]- (n@ijk) + 20;(ny;;yik)-
Differentiation with respect to xj yields
1 1
O, (§n8k(8i2j log n)? + noj, (5812] (nd}; log n))) = 05.(n0 1) + 205, (nyijyin)

which shows (3.12).
Similarly, introducing u = /n, w; = Ju, w;; = 8i2ju, etc. and observing that dyn =

duPug, O5n = 120 uzu; + 4uug;, and uug; = 055(u®) /2 — uzuy, we calculate

ndy = O)yn — %Q-anﬁkn + %&n@jnakn (3.14)

= 0f’jkn - 48u2uijuk — 16uu;ujuy,
= 0 — 1207 (u®) O (u®) + 16u;u;0r (u®)
= 00 + 40,/ (40;3/n0;v/n — 305,4/n)
= O + 17V (n),

2nYikYjk = 32u4(% — u;?) (% — u;?)

= 8(8i2k(u2) — 4uiuk) (afk(ﬁ) — 4ujuk)

= 8(85.v/n — 40;v/ndj /) (3v/n — 40,3/ n0/n)

= £ (n).
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Differentiating both equations and summing them leads to

03

zjk(na?jky) + 281'23' (nyirye) = A%n + a?ijfijk) + a?sz(ij)a (3.15)
which gives (3.13). O

In the next lemma, we make our claim about the Lyapunov property of the energy &,
defined in (3.8), more precise.

Lemma 3.7. If n € C™((t1,ty); C>°(T%)) is a positive and classical solution to (3.1), then
the energy E[n(t)] is a smooth and nonincreasing function on the inverval (t1,t2). In fact,
the energy s dissipated according to

d 1 1 2
Eg[n(t)] = — Adn‘v(g(ag logn)2 + E@fj (no;; logn))‘ dz, t>0. (3.16)

J

Proof. The smoothness of £[n(t)] follows since on the set of positive functions u € C*(T?),
the operation u +— log u is a smooth map from C*(T?) to itself. Dissipation formula (3.16)
follows by using formulation (3.1) and integration by parts:

d . ]_ 2 2 2 2 8tn
Eg[n] = /Td (58”1( - logn)® +nd;;(logn)d;; (7) dx
1 1
- /Td omn (5(8123 logn)? + ﬁaf](naf] log n)) dz
= \Y% L 9% 1 2 182 0921 2d
= - Tdn’ <§( ij ogn) +ﬁ ij(n ij ogn))‘ x,
which shows the claim. O

Finally, we prove the entropy production inequality (3.6).

Lemma 3.8 (D. Matthes). Let d < 3 and let u € H*(T) be strictly positive on T¢. Then
there exists k > 0, only depending on d, such that

/’]I‘d (ijk(log u)@f’]ku + af’jk(log u)Fl(”k)(u) — ﬁfj(log u)FQ(m (u)) dz (3.17)
> 5/ (1V3Val + |V Val®) da.
Td

Proof. The proof is based on an extension of the entropy construction method developed
in [35] for one-dimensional equations. A proof for d = 1 is given in [37]. Therefore, we
restrict ourselves to the cases d = 2 and d = 3. By (3.15), (3.17) is equivalent to, up to a
factor,

/ u( (0%, log u)? — 207 log u(83, log ud3, logu)) da > 1—2/ (2°|V3V/ul? + 6°|V¥/ul®) da.
Td Td
(3.18)
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Setting y = logn, y; = 0;logn, v;; = 6%- logn, etc., a tedious computation shows that
(3.18) is equivalent to

/ w(125]u] — kR[u]) dz > 0, (3.19)

where S[u] = yfjk — 2Y;59xYri and

Rlu] = 2y7y3vi + 1207y9muk + BYilliylise + 2495 Yinye + 120795 + 48Yiiseyn + 16y5.

The idea of the entropy construction method is to find the “right” integrations by parts
which are necessary to write the integrand of (3.19) as a sum of squares. To this end, we
define the vector field v = (vy,...,v4)" : T — R? by

vk = (2U7Y5 + yays + SYiviy; + 5V )
+ (Byly; + vy + 24,y )y — (5viy; + 1Y) i

A tedious but straight-forward computation shows that the weighted divergence

Tu] = %div(uv) = e YOk (eYvy)

can be written as
Tlu] = 2y7y3ve + 3y7y: yrr + 1657 y595k 0k + U7 Yi e + Vi si Ve + TYalliVik Vs
+ 40y vy 6 Yx + 3,%23/]2'k + 5YiYij Yk + 40YiYi Yk + 3YiYijeYik + L1y Yik
— 11y7 5 + 24YiY kY-

By the divergence theorem, we have

/Td uT[u] dz = 0.

Hence, (3.19) is equivalent to
/ w(1257u] — xR[u] + Tfu]) dz > 0. (3.20)
Td

We prove that there exists x > 0 such that the integrand is nonnegative. The expres-
sion T[u] turns out to be the “right” integration-by parts formula allowing us to prove
the nonnegativity of the above integral. At this point, we need to distinguish the space
dimension.

First, consider d = 2. Let € T? be fixed. Without loss of generality, we may assume
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that Vu(z) points into the first coordinate direction, i.e. yo = 0 at . Then we compute

12S[u] — eR[u] + T[u] = (2 - 25)9? + 39%(911 + Y2o) +4(4 — 35)9%911 + 9?J:1))<9111 + Y122)
— 8eyiyinn + 5 (i1 + vo2)? + Tyiyi (v + y22) + 8(5 — 3e)yi (i) + uis)
+3(1 = 4e)yi(yiy + 201 + Ya) + 5y1 (Y + 122) (ynn + y2)
+ 40y <y11(y111 + Y122) + y12(yi22 + ?J222))
+3(1 — 16¢)y (yllynl + 2y12y112 + ?Jzzymz)
+ 11((9111 + y122)% + (Y112 + ?/222)2) + (1 — 16¢) (?/%11 + 3y515 + 3yia + 9522)
=&AL+ By,

where ¢ and n are the vectors

§= (?J%y?hyn,yl?/227?/11179122)T, n= (y1y12,y11z,y222)T,

and the symmetric matrices A, and B, are defined by

A—4e 19-12¢ 3 9-—8e 9
1912 02— 9 448 45
A== 3 9 8 — 24¢e 5 8 — 48 |,
21 9-8 48-48 5 24-32: 22

9 45 8—48= 22 28— 96e

46 — 48¢ 23 —48: 20
B.=|23-48 14—48 11
20 11 12— 16¢

Sylvester’s criterion shows that the unperturbed matrices Ay and By are positive definite.
Indeed, the principal minors fo Ay are 2, 47/4, 20, 13, and 149/4, and the principal minors
of By are 46, 115, and 334. Since the set of (strictly) positive definite matrices is open in
the set of all real symmetric matrices, there exists €9 > 0 such that for all 0 < € < ¢y, the
matrices A, and B. are positive definite, too. This shows that 12S[u] — e R[u] + T'[u] > 0
for 0 < € < e, which implies (3.20).

Next, let d = 3. This case is similar to the previous one, but technically more involved.
Again, we fix some x € T? and assume that Vu(x) is parallel to the first coordinate
direction, i.e. yo = y3 = 0. For easier presentation, we introduce the abbreviations

D+ = Y22 + Y33, DP— = Y22 — Y33,
Qi+ = Yjoo + Yj33, Q- = Yjoo — Yjzz, J=1,2,3.
Observe that
2(y3o + Y33) = pi +p2,
2(%2'22 + yg2‘33) = q12‘+ + q?-_,
2(y22yj22 + Y33Yj33) = D4+t + D—Gj—-
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With these notations, we find that

12S[u] — eR[u] + Tlu] = (2 — 2)yy + 3yi (Y1 + p+) + 44 — 3e)yiyan + 93 (Y + @14)
= 8eyfyin + ¥5 (v + 1) + Tyiyn (i + py) +8(5 = 39) Y5 (yh) + Yo + uis)
+3(1 = 4e)yi (i1 + 502 +p7) + 2(yiz + yis +¥3)) + 5y (Y + @) (Y +p+)
+ 40y1 (y11 (yan1 + q14) + 12wz + @o4) + v1s(ys + as4))

+ 3(1 = 162)y1 (1w + 3(@p+ + q—p—) + 2(Y112912 + Y113Y13 + Y123023))
+ 11((y111 +q11) + (Y112 + @24 ) + (Y113 + C]3+)2)
+ (1= 162) (v, + 3yt + yiis) + 5(aiy + @l + a3y + 65 + @3y + d25) + Gyiay)

3
1
=§TAL+ ) 0 Benj + (TCC+ 207 Cov + (1= 166) (g3, +03),
=2
where
§= (y:f,ylyll,ylp+,9111791+)Ta ny = (ylylj>y11j7Qj+)T
¢= (y1p77q17>T7 V= (3/13/23a3/123)T-

Y

The matrices A. and B. are almost identical to those given above, with minor modifications
in the third and fifth rows and columns:

4 — 4¢ 19 — 12¢ 3 9 — & 9
|19 -12e 10272 9 AR — 48 45
A= - 3 9 5— 126 5 13/2— e |,
21 9_8 48— 48¢ 5 24 — 32¢ 92
9 45 13/2— 24 22 25 — 48¢
46— 482 23— 48= 20
B.— | 23— 48: 14— 48e 11
20 11 47/4—12¢

Furthermore, the matrix C. is given by

o _(3-12 3/2-2¢
© \3/2—24e 3—48z )

Again, the Sylvester criterion shows that Ay, By, and Cj are positive definite. The principal
minors of Ay are 2, 47/4, 19/8, 5/8, and 453/64, while those of By are 46, 115, and 1221/4,
and those of Cj are 3 and 27/4. Thus, there exists gy > 0 such that for all 0 < € < g, also
A., B., and C. are positive definite. ]

3.4 Existence of weak solutions

The proof of Theorem 3.1 is divided into several steps.
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3.4.1 Solution of the semi-discretized problem

Let T > 0 and 7 > 0 be given. We wish to solve, for a given initial datum ny € L(T?),
the semi-discrete problem

1 g
—(n—no) = A%n + 05 | () + 92 F P (n)  in T,
where F{"" and F{?) are defined in (3.4).

Proposition 3.9. For a nonnegative function ng € L'(T?) of unit mass, ||no||;2 = 1, and
of finite entropy, H[ng] < oo, there exists a sequence of solutions ny, n, ... in H3(T?) to
the elliptic problems

1 ( T ), T
?/w (ng—n;_l)qﬁdH/T (03,002}, + 02 0PN (nf) — 03,0 FY7 (nf)) dz = 0, (3.21)

holding for all test functions ¢ € H3(T?), with the initial solution ny = ng. These solutions
are of unit mass, and the entropy estimate

’H[nk+m/ (IV*mp||* + |V /n7|*) de < Hng_,], &k >1, (3.22)

holds with k > 0 given in Lemma 3.8.

Proof. For simplicity, we only give the argument for the construction of n = nj from ny.
The passage from nj, to nj_,, works precisely in the same way since finiteness of the entropy
is inherited from one step to the next.

Regularized problem. In a first step, we are going to construct strictly positive solutions
n. € H3(T?) to the regularized problem

1
;(n —ng) = A’n + 8fjk

FU% (n) 4 82-2]-F2(ij)(n) +e(A%logn —logn). (3.23)
Writing n = €Y, it follows from (3.14) that
ijk)
A3n:8?j (nﬁjky) 33kF(] (n).

Thus, assuming strict positivity and H?3-regularity of n, we can reformulate (3.23) as
1 i
—(n—no) = 3G ((n+€)y) — ey + 7 (1), (3.24)

which is an equation in H~3(T9).
Fized point operator. We define the continuous map S. : X x [0,1] — W?24(T9) on the
set

x€Td

X = {u c W24(T?) : minu(z) > 0}
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as follows. For given n € X and o € [0, 1], introduce

a(y, z) = /d ((on+€)8y 0z + eyz) dz
T

g

f(z)= ——/Td(n—no)zdx—l—a/ Féij)(n)ﬁszdx

T Td

for all y, z € H3(T¢). Observe that a is a bounded and coercive bilinear form on H3(T?),
a(z, z) > 5/ (V2?4 2°) da > ce|z||3
Td

for some constant ¢ > 0, and a varies continuously with (n,0) € X x [0, 1], since the
embedding W24(T?) — L*°(T9) is continuous.

Next, we claim that f is a linear form on H?(T¢). Indeed, due to the continuity of the
Sobolev embedding W?24(T4) — WH8(T%) in dimensions d < 3 and the strict positivity
and continuity of functions in W24(T9), the mapping F," ) allows for the representation

]

g 02 nd?. 2 , 29 9
FZ(Z])(TL) -9 an k’]n _ 48 knak»na]n + 2(8kn) 8Zna]n,

n n? n3

from which FZ(U )(n) € L?(T?) follows for all n € W?*(T%). In fact, f varies continuously
with (n,0) € X x [0, 1].

The Lax-Milgram Lemma provides the existence and uniqueness of a solution y €
H3(T9) to the elliptic equation

a(y,z) = f(z) forall z € H¥(T?).

This solution depends H?*-continuously on (n,c) € X x [0, 1]. In particular, y = 0 if o = 0,
and y solves (3.24) if 0 = 1.
The definition of the fixed point operator S is now completed by setting

S:(n,0) = €’.

Since y € H3(TY) — L>(T?), it is clear that S.(n,0) € H3(T?) is a strictly positive and
bounded function. In view of the compactness of the embedding H3(T¢) — W24(T?),
S. maps bounded subsets of X x [0, 1] into precompact sets in W?*(T?). Finally, notice
that S.(n,0) = 1 for all n € X and S.(n., 1) = n, for some n, € X if and only if n, is
a solution to (3.23). To verify the last statement, observe that n, = S:(n., 1) implies the
H3-regularity of n,, which justifies the passage from (3.24) to (3.23), and in particular it
allows us to define A3logn, as an element of H—3(T?).

A priori bound. Our goal is to obtain a fixed point of S.(-,1) by means of the Leray—
Schauder theorem. Having already verified the continuity and relative compactness of S
as well as the condition S.(+,0) = 1, it remains to find a suitable closed, bounded, convex
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subset B C X such that all solutions n, € X of S.(n.,o) = n, for some o € [0, 1] lie in
the interior of B. We shall choose

B={ueW>T% :minu >4, |[ufp2s <0} (3.25)

with a suitable 6 > 0 determined below.

Let n. € W24(T9) be a fixed point of S(:,0) for some o € [0,1]. By construction, we
have n, = e¥* € H3(TY) for y, € H3(T%), and n, is strictly positive. The convexity of
h(s) = s(logs — 1) + 1 implies that

~(3tfn.] = Hina) =+ [ (1) = b))

-
1 1
< —/ (ny —ng)h'(n,) do = —/ (n. — ng) logn, dz
T Jrd T Jrd
= _/ (a ]ky* az]kn* + 8zjky*F(Uk (n*) a]y* ( *)) dI
Td
€
2 [ UVl + i) s
0 Jrd
g .
e [ VPV + I e = S [ (9P ) do
Td O Jrd
For the last estimate, the functional inequality (3.17) has been used. Thus, we have proven

Hln.] + m/ (IV3V/n,])? + [V ¥/n,|%) da + %6/ ([IVPy.]1? + y2) dz < H[no]. (3.26)
Td Td

A consequence of this inequality is that y, is bounded in H?3(T¢),
C?‘[ [no]

TE

[yl s < C/d (VP9 + y2) dz <
T

for some constant C' > 0 depending on 7 and & (which are fixed positive numbers at this
point), but not on o € [0,1]. The continuity of the embedding H?(T?) — W?24(T9) yields
the o-independent bound

CH [no]

«llw2a < , 3.27
el < =2 (3:27)

maybe for another constant C' > 0. Furthermore, the continuity of the embedding H?(T¢)
< L>®(T?) provides the estimate

minn, > minexp (— [|y.l/z=) > exp (—C}ino]> > 0. (3.28)

From (3.27) and (3.28) follows that there exists a set B of the form (3.25) which contains
all potential fixed points n,. The Leray—Schauder fixed point theorem in the version of
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[55] (see Theorem C.7) applies to our situation and yields the existence of a solution n. to
n=S:(n,1).

Deregularization. From the entropy estimate, it follows that |/n. is e-uniformly bounded
in H*(T?), and ¢n. is e-uniformly bounded in W'(T%). Hence, there exists a limit
function n € H3(T%), such that, as ¢ | 0, up to subsequences,

VA S in HY(TY), (3.20)
Ve = v/n in WHTY) and in W (T9), (3.30)
i > i W), (3.31)
G i W), (3.32)
Here we take (3.29) for the definition of n; then (3.30) follows from the compactness of
the embedding H?(T¢) — W24(T9). The strong convergence in (3.31) is a direct conse-
quence of Proposition C.6, since /n. is “sandwiched” between /n. and ¢/n.. Concerning
(3.32), observe that H?*(T?) embeds continuously into W%6(T?), so that /n. is bounded
in WH12(T?) by Lemma C.4. In particular, ¢/n. converges weakly to some limit in that

space—which necessarily agrees with the strong W14 (T¢)-limit obtained in (3.31).
For the various terms in (3.23), this implies the following. The sequence

Gf’jkng = 2\/7153%“/715 + 68“/7158]2,c Ne
converges weakly in L?(T?) to 8%kn, since \/n. converges strongly in L>(T%) and 8%,6\/715

converges weakly in L*(T%), while 9;/n. and 9%./n. both converge strongly in L*(T%).
Further, the sequence

Fl(ijk) (n.) = 48“/71_5(48]- VMO ne — 38]216\/”_5)

converges strongly in L?(T?), since d;,/n. converges strongly in L>(T%), D%/ converges
strongly in L?(T?), and 9;/n. and 0x/n. both converge strongly in L*(T?). Finally, we
consider

37 (1) = 8(0un/m0j/e — A0y /nc0y/0: /e
— AR 2O /1205 3/ + 160,120 /e (O /7))

The first term converges strongly in L?(T?) since it is the product of two second-order
derivatives of \/n. which converge strongly in L*(T?). The second and third expressions
converge strongly in L*3(T¢) since each of them is the product of three strongly L*-
convergent terms. To obtain weak L8/°-convergence of the last product, we use the strong
L*-convergence of 9;/n. to conclude strong convergence of 9; /n. (9x¢/nz)? in L*3(T?), and
combine this with the weak convergence of 9; /n. in L'*(T¢). Notice that weak convergence
in L8/5(T?) suffices, since F\(n.) is tested in (3.21) against ¢ € H3(T?) and hence,
92.¢ € L5(TY).

Finally, the entropy estimate (3.26) shows that (1/gy.) is bounded in H3(T¢) and hence,

ey. — 0 strongly in H3(T?).
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The above convergence results allow us to perform the limit ¢ — 0 in (3.23), i.e., both
sides converge in H—3(T?). Hence, n is a nonnegative solution to (3.21).

Proof of auxiliary properties. It remains to verify that n has unit mass and that the
dissipation inequality (3.22) holds. Conservation of mass follows directly from (3.21) by
using ¢ = 1 as a test function. The entropy estimate (3.26) shows that n. satisfies

Hind + 7 [ (19l + [ ) do < Hinal

Since V3,/n. — V3y/n weakly in L?(T?)
and V¢/n. — V. ¢/n. weakly in L° (T4), we conclude by lower semi-continuity that

Hin] +m/ (V3 + |V ¥alf) de
’]I‘d
< lirr(l)’z’-[[ng] + 7k lim iglf/ (V3 /me|? + |V ¢/na|®) dz < Hng).
E—r E—r Td

This finishes the proof. [

3.4.2 Passage to the continuous limit

Proposition 3.9 guarantees the existence of a solution sequence (nf, nj,nl,...) to the semi-
discrete implicit Euler scheme (3.21). Define accordingly the piecewise constant inter-
polants n™ € L>(0, co; H3(T9)) by

n™(t) =ng for (k—1)7r <t <kr, ke N, n7(0)=nf,

and introduce the discrete time derivative

— 1
dn7(t) = ;(nz —np_y) for (k—1)71<t<kr, keN.

Corollary 3.10. The interpolated function n™ satisfies

T T - -
/ ) d-nTpdrdt + / /d (850 O™ + 8f’jkg0F1(”k)(F) - 81,2].@}72(%3)(?)) dzdt =0
o Jr o Jr
(3.33)
for all test functions ¢ € L*(0,T; H3(T?)).

Proof. Equation (3.33) is a direct consequence of (3.21), and the definitions of n™ and 4, n7.
Simply choose ¢ = p(t) € H3(T?) as a test function in (3.21) for (k — 1)7 < ¢t < k7 and
integrate with respect to ¢t € (0,T). Notice that at this point, the L-regularity of ¢ with
respect to time is not of importance. In fact, we could replace L* by L!. O

The following lemma summarizes various consequences of the discrete entropy estimate
(3.22). Recall that we are working in spatial dimensions d < 3.
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Lemma 3.11. For any finite T > 0,

(n7) s bounded in L*3(0,T; H*(T%)), (3.34)
(VVAT) s bounded in L'*/°(0,T; L= (T%)), (3.35)
(VAV7AT) s bounded in L*(0,T; L*(T%)) and in L¥3(0,T; L*?/°(T%)), (3.36)
(VVn7) s bounded in L°(0, T; LY(T%)) and in L'/3(0, T; L**/5(T4)), (3.37)
(VVn7) s bounded in L8(0,T; LS(T?)), (3.38)

uniformly with respect to T > 0.

Proof. First notice that the boundedness of VA" in L?(0,T; H*(T¢)) follows from the en-
tropy estimate (3.22). Indeed, by Lemma C.1 and the conservation of mass, we find that

VAT (O)llas < CUIVVAT ()22 + VAT (1)]l2) = C(IVPVAT(1)]|2 + 1),
where C' > 0 does not depend on 7. Therefore,
IV |09y < CIVVIT || 200,09 + TY?) < C(Hlng] +T2).

Estimate (3.38) follows also from the entropy estimate (3.22).
To prove the remaining estimates, first notice that, by the Gagliardo-Nirenberg inequal-
ity (see Lemma C.3), for some constants B; > 0,

VAT (1) || < BV 0|55 IV (1)]]527°,
IVVAT (8) ]| < Bal VAT (t) 1 T IVAT (1|12 °,
IVVAT (8|22 < B3| VAT (@) |55 VAT (0)]]15

Integrating over (0,7), we infer that

—1d/6 1-d/6
VAT | presago,rszeey < BulVAT 25 oy IV | to gy < C (3.39)
= /—_T (2+d)/6 /— 4-d)/6
||V ||L12/(d+2) (0,T;L°°) < B2|| ||L2+0)1/“H3 H ||§;oo o/T L?) < 07 (3-40)
—12/3 1/3
IV | aoriazy < BslVAT 75t s VA2 0 ey < € (3.41)

where C' > 0 does not depend on 7. Estimate (3.40) implies the bound (3.35) since
12/(d+2) > 12/5 for d < 3. Taking into account

83 kn‘r - 83 (\/:)2
= 2V VAT + 2(0VAT RNTT + OVTT OGVET + OV OV,
Holder’s inequality and estimates (3.39)-(3.41) give
T
(AT ey <C / (VAT IR IVPVAT|[ 5+ IV VAT [Z2 I VAVar |l de

L4/3(0,T;L?)
—114/3 —14/3
< OV oo IV VAT 1t g
—14/3 4/3
+o|vvar |y, IVAVAT|| o g2y < C

L12/5(0,T;L>°)
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since 12/d > 4 for d < 3. This proves (3.34). The first bound in (3.36) follows from (3.40),
while

T T
— o\ (18/3 — (24+d)/27), /== (12—d)/27
‘A vV ()Hﬁw5t<iB{A VA @I IV @l
yields the second bound, since 2(24 + d)/27 < 2. Finally, (3.37) is a consequence of (3.36)
in combination with the Lions-Villani estimate [47] on square roots (see Lemma C.4). O
Lemma 3.12. For any finite T > 0, the sequence
(6.n7) s bounded in L*3(0,T; H=3(T?)), (3.42)
uniformly in 7 > 0.

Proof. We need to show that there exists a constant M > 0 such that

) .7 (t;x)p(t; ) dedt| < MH<p||L4(07T;H3)
T

holds for every test function ¢ € L*(0, T; H3(T%)), independently of 7 > 0. Since, according
0 (3.33), the discrete time derivative can be decomposed as

5,7 = AT + 02, PP (a7) + 02 BV ()

in the sense of L*/3(0,T; H3(T%)), it suffices to discuss the three terms on the right-hand
side separately. For A3n7, using Holder inequality, it follows that

T T
[ eetionimea awa] < [ ool 0

< lellsomas 07l Lm0,

and the last expression is uniformly bounded with respect to 7 in view of (3.34). Concerning
o3 F ” *) we find that

Uk
/ / ]kgota: Z]k)(ﬁ(t;x))d:pdt

< 4/0 oIV VAT ()| (B VAV ()22 + 4V Vi (8)]7) dt

< Aol NV 25 100y BIVV | s0,:02) + AV VAT (o070
which is bounded, in view of (3.35), (3.36), and (3.37). Finally,

T
‘ /0 /Td Op(t; ) Py (W (¢ ) dr dt
T
C/O ng<t)”H3(Hvz\/ﬁ<t)HL12/5 +8Hvﬁ<t)HiQ4/5)2dt

< 2Clpl| aor:19) (HWﬁHiS/S(o,T;Ll?/E)) + 16||VﬁH4Lw/3(o,T;L24/5))

SLHWNMM%@meﬁt
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shows that also (32-2]-F2(ij ) is uniformly bounded with respect to 7 in LY/ 3(0,T; H3(T?)), see
(3.36) and (3.37). O

Lemma 3.13. There exists a nonnegative function n € LY3(0,T; H*(T?)) such that along
a suitable sequence T | 0,

nT —n in LY3(0,T; H3(T?)), (
6.n7T — O in LY3(0,T; H-3(T9)), (3.44
VAT = v/ in L0, T; H*(T?)), (
Vam = ¥ in LY0, T; WY4(T9)). (

Proof. Estimate (3.34) immediately implies (3.43), i.e., (a subsequence of) n™ converges
weakly to some limit n in L*/?(0,T; H*(T?)). This convergence is even stronger: The 7-
uniform bound (3.42) on 0,n7 allows us to apply Aubin’s compactness lemma [57] to n™
(using Lemma A.2 of [15]). It follows that n7 converges strongly to the same limit n in
LA3(0,T; H*(T%)) and that 6,.n7 converges to dyn weakly in LY/3(0,T; H=3(T%)), proving
(3.44).

Of course, n™ also converges strongly to n in L'(0,T; L*(T%)). Therefore,

/oT /qrd VAT (t2) — Va(ty2)|* dedt < /OT /Td [A7(t;2) = n(t; 2)| dw dt = 0,

since |v/a — Vb|> < |a — b| for a, b > 0. It follows that /7" converges strongly to y/n in
L?(0,T; L*(T%)). Invoking the Gagliardo-Nirenberg inequality, we obtain

/0 IV2VAT (t) — V2V/n(t)|2: dt < B / VAT (£) — Vo) || VAT () — /a2 dt

2/3

<5(/ V@ s + IVADI) ) B (/ VA - Aol @)

which tends to zero since v/" is uniformly bounded with respect to 7 in L?(0,T; H3(T%)),
by (3.34), and it converges strongly to /n in L?(0,T; L?(T?)). This proves (3.45).
Finally, (3.46) is a consequence of Proposition C.6, applied with @ = 1/2, § = 1/6,
v=1/4, and p = 2, ¢ = 6, r = 4. Indeed, simply combine the strong convergence of
VAT in L2(0,T; H2(T?)) with the boundedness of (v77) in L6(0, T; WLS(T?)) (see (3.38)),
which gives the conclusion. ]

Proof of Theorem 8.1. It remains to prove that the limit function n € L*?(0,T; H*(T?))
from Lemma 3.13 is the sought weak solution for (3.7). In other words, we need to identify
the limit d;n with the right-hand side of (3.3). We recall that, by the weak convergence of
5,7 to Opn in LY3(0,T; H=3(T9)),

T

T
/ O, o) dt = lim [ (5,77, ) dt
0 ™0 Jo
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holds for all ¢ € L*(0,T; H3(T?)). In view of (3.33), the goal is thus to prove that

17}{51/ / zykz knT + 8l]k90F1( ! )(nT) 8]()0F ( T)) dzdt

/ | @ettun + BiuepF ) = 0 0B ) da

for all test functions ¢ from some dense set of L*(0,T; H*(T¢)). Since the C* functions
are dense in that set, it suffices to prove the weak convergence of 97 N Fl(ij k) (n7), and
F{'(n7) to their respective limits A, FU% (), and F{?(n) in L'(0,T; L'(T%)).

First term of the integrand. From (3.43), it follows in particular that J,n™ converges
weakly to O%kn in L*3(0,T; L?>(T?)) for any combination of the indices 7, j, and k, and

thus, as 7 ] 0,
T T
| [ aonimavai— [ [ oy p0hnara
0 Td 0 Td

Second term of the integrand. We recall the definition of Fl(ij) from (3.4). As a
consequence of (3.46), the first-order derivatives @W converge strongly to 0;v/n in
LA(0,T; L*(T?)) for all j. As a product of strongly convergent sequences, each 8;v/n 9 V'n"
converges strongly in L?(0,7; L*(T%)) to the respective product 9;+/ndx/n. Clearly,
all second-order derivatives 3]2,6\/7”7—T tend strongly to their respective limits 6]2k n in
L*(0,T; L*(T%)) as well, taking into account (3.45). In combination with the strong conver-
gence of VA" to d;/m in L2(0,T: L*(T4)), by (3.45), it follows that each F\7®(n7) is the
sum of products of two strongly convergent sequences in L?(0,T; L?(T¢)) and consequently,
the product converges strongly in L'(0,T; L*(T%)) to the product of the limits:

// Ukch(”k nw) dxdt—>/ /awk FU9 () da dt.

Third term of the integrand. Arguing as above, it follows from (3.45) and (3.46) that
both summands in FQ(ij )(F) converge strongly in L2(0,T; L?(T?)) to their respective limits,
and so the sequence of the product converges strongly in L(0,T; L}(T¢)) to the product
of the limit. This means that

T g T N
/ / 0%y () da dt — / / 02 FS (n) dx dt.
0 Td J 0 Td J

finishing the proof. ]

3.5 Exponential time decay of weak solutions

Proof of Theorem 3.2. Let 7 > 0 and let n], nj, ...be the sequence of solutions to the
semi-discretized problem constructed in Proposition 3.9. The discrete entropy estimate
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(3.22) implies that

Hiof) + 7 [ VOl de < Ml ), ke
Td

with a positive constant £ > 0 independent of £ and 7. Employing the generalized loga-
rithmic Sobolev inequality,

Tl ( d 3 2d
/Td”k 08 anHLl - x_327rﬁ/ IV /il da,

which is proven as in [36], and observing that ||nf||,1(ray = ||no||f2(re) = 1, we infer that

1
Ve /ng|? dz.
s IV VP o

Then the above entropy inequality yields

Hng] <

H[nj] + 327°7kH[n;] < H[ni_,], k€N,
which in turn implies for all ¢t € ((k — 1)7, k7] that

M (1)) < (1 + 32n°rw) " H[ng),
since k > t/7. Recall that n7(t) converges a.e. to n(t) as 7 — 0, and observe that
(1 + 32757k) " converges to exp(—327%kt). Thus the limit 7 — 0 gives

H[n(t)] < Hlnle ™™, ¢ > 0.

An application of the Csiszar-Kullback-Pinsker inequality (see, e.g., [60, Section 2]) con-
cludes the proof. [

3.6 Existence and uniqueness of classical solutions

In this section, we invoke the machinery of analytic semigroups to prove Theorem 3.3.
Our approach follows closely the strategy developed in [7] by Bleher at al. for the fourth-
order DLSS equation. However, the more complicated structure of the nonlinearities in
our sixth-order equation induces a variety of additional technical difficulties.

3.6.1 Definitions

We collect some standard results on the operator A®. By abuse of notation, we use the
symbol A? for the L'(T%)-closure of the operator Ay = S7¢ 828282<p, defined for

1,7,k=1 "1 ~j
@ € 0°°(T?). Define the auxiliary function H € C*(R?) by

H(z) = (2m)™? /Rd e ISPl g,
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and introduce for each t > 0 the so-called solution kernel G(t) € C*(T¢) by
4—d/6 Z /5y + A)).
Aezd

The series converges since H(z) decays exponentially for |z| — oo. Classical parabolic
theory provides the following result.

Lemma 3.14. Let m € Ny, p € [1,00), and a € (0,1). If u € W™P(T?), then the
convolution U(t) = G(t) x u defines a smooth curve, satisfying
d

U € €((0,00): C=(T) N C*([0, 00): W™(T%), -

—U(t) = A*U(t), U(0) = u.
(3.47)
If w € C%([ty,ta]; W™P(T?)) is a Hélder continuous curve on [ty,ts], then the function

t
W(t) = / G(t —s)xw(s)ds
t1
defines a Hélder continuously differentiable curve, satisfying
W e CY([ty, to]; W™T6P(T?), %W(t) = AW (t) +w(t), W(t;) = 0. (3.48)

Proof. The proof of (3.47) and (3.48) is technical but standard. One possible approach,
which would be most similar to [7], is to observe that —A? is the generator of the analytic
semigroup defined by ¢ + G(t) x f for all f € L'(T9). We refer to [31, Chapter 3] or to
[54, Chapter 4] for further details on the semigroup approach. [

Apart from Lemma 3.14, we shall not need classical results on parabolic equations.
Instead, we derive our core estimates with the help of the following lemma.

Lemma 3.15. For given a € N4, p > 1, and t > 0, the kernel G satisfies the estimate
| D*G(t)]|,, < Tt lel+di=1/m/6 (3.49)
where I' > 0 is independent of t > 0.
Here and in the following, D* denotes a partial derivative of order |«|.

Proof. For t > 0, define the half-open cube Q(t) = [0,¢7'/%)? ¢ R?. Using the change of
variables z(t) = t~'/%y, we obtain

1/p
e G()HW—W(/ > | g 1/6y+A>\”dy)
0

0.1 \eza

1/p
<ty (/ [tV DS H (2 4 ¢ VON) |44/ dz)
t)

Aczd

1/p
— ¢~ (d+lal=d/p)/6 </ |D"‘ (z)’pdz) )
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Here we used the Minkowski inequality and the fact that, for each ¢ > 0, the space R? is
the disjoint union of the cubes Q(t) + ¢t~/°A, where A € Z?. So I' = || D* H|| »(ga) is the
required constant. O

3.6.2 Existence and uniqueness of a mild solution

Our main result of this subsection is contained in the following proposition.

Proposition 3.16. Let ng € H?*(T%) be strictly positive. Then there exist T > 0 and
precisely one continuous curve n : [0,T] — H?*(T9) with n(0) = ng that satisfies the
following “very mild” formulation of (3.3):

n(t) = G(t) xno + 92, /0 t G(t — 5) % F{"(n(s)) ds + 03 /0 t G(t — s)* F\P (n(s))ds
(3.50)

for every t € (0,T). This solution is differentiable with respect to t € (0,T) with a Holder
continuous derivative, i.e. n € CYY'2([7 T); H*(T?)) for every T € (0,T).

To prove Proposition 3.16, we adapt the proof of Theorem 4.2 (a) in [7] to the situation
at hand. That means, we are going to obtain the solution n to (3.50) as the unique fixed
point of the map u +— ®[u], defined by

Bul(t) = Gt) *no + U] (t) (3.51)
on a suitable set Vp C C°([0, T]; H?*(T?)), where ¥ = 8fjk@/)§ijk) - 8fj¢§ij) and
0 = [ G FP =) as, 0 = [ 66w - ) s
' " (3.52)

The core ingredient of the proof of Proposition 3.16 is the following Lipschitz estimate on
the nonlinearities Fl(” " and F2(” ).

Lemma 3.17. For any 0 < 6 < 1, Fl(ijk) and FQW) are Lipschitz continuous as mappings
from any bounded subset of

Us = {u e H*(T?) : minu(z) > 6, |lullg <5'} (3.53)
into L3%(T9) and into L*(T?), respectively, satisfying

IEP ()| e < Mi6™%, [V (un) — FE () || pore < Mid™ 4wy — |z, (3.54)
IESD ()| < Mad™™, 1 FS9 (wr) — F (u2) || o2 < Mad™S|ur — o[ g2, (3.55)
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for all u,uy,us € Us, where My and My are universal constants. Moreover, Fl(ijk) and FQ(ij)
map

Uj = {u € Us nWH2(T%) : ||ul|ysse < 57}
into L*(T%) and L*?(T9), respectively, satisfying
IE )2 < Mi6™2, IF (wn) = FP9(ug) e < M6~ — sl (3.56)
13 @)l < Mgs™", |7 (wn) = Fy? (wo)l| e < Mad~lfuy = wallpe,  (3.57)
for all w,uy,uy € Us, where M, and M, are universal constants.

Proof. Since we are working in dimensions d < 3, every u € Uy is a strictly positive and
continuous function on T¢, with 9%u € L*(T?) and d;u € LS(T?). It follows that we can
write

FOM () = 29Y ;3 g e (3.58)
2 u u? us

Thus, Fl(ijk) and FQ(ij ) are sums of products of derivatives (of order one or two) of u,
divided by a power of u. By application of Holder’s inequality and the continuity of the
Sobolev embedding H?(T9) < W1(T9), one readily verifies the first inequalities in (3.54)
and (3.55). The Lipschitz continuity is straightforward to verify from the representations
(3.58) and (3.59) by repeated application of the triangle inequality. For proving (3.56) and
(3.57), we use additionally the continuous embedding W?33/2(T4) — W?23(T?). O

A consequence of the above lemma is that ¥ maps bounded curves u into Holder
continuous curves.

Lemma 3.18. Assume that there exists a § > 0 such that u € C([0,T); H*(T?)) satisfies
1. either u(t) > & and ||u(t)|| gz < 671,
2. or u(t) >0 and E[u(t)] < 5!
for all0 <t <T. Then V[u] € CY**([0,T]; H*(T?)), i.e.,
O[] (t') — Clu)(t)||g2 < LI — ]2 for all t,t' € ]0,T], (3.60)
where L > 0 depends on ¢, but not on u.

Proof. To begin with, we remark that

IED (@)l se < 20 and B3P (w(t)]| 1 < Zs (3.61)
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holds for all t € [0, T'], where the positive constants Z; and Z, depend on § > 0 only. Indeed,
if the first set of assumptions on w is satisfied, then (3.61) is an immediate consequence of
Lemma 3.17. If instead the second set of assumptions is satisfied, then Hélder’s inequality

implies
IE () 072 < AV Vul®)l|zs (A Va5 + 3V u(®)22),
ij 2
|57 )z < 8(IV*Vul®)22 + 41V Vu®)]17:)"
In view of (3.9) and Lemma C.4, these right-hand sides are controlled in terms of Eu(t)] <
571 only.
Now, let ¢, t' € [0,T] be given with 7 = ¢ — ¢ > 0. For a given a € N with |a| = 2,
introduce
O%(t;T) = H D (W[u](t + 7) — \If[u](t))||L2

By definition of ¥ and a change of variables under the integrals, we find that

O%(t;7) < / (/D2 32,(G(s +7) = G(s)) » F{ ™™ (u(t = 9))||
+ | DY 92(G(s + 1) — G(5)) % By (u(t — s))
+ [ (1D s« Fute 4 7= ),
+ || DY 2G(s) x By (u(t + 7 — 5))
Using (3.61) and Young’s inequality for convolutions,

6% lle < Tl[@l Lallo]] -,
for p € LP(RY), p € L"(RY), and 1 + 1/p = 1/q + 1/r, where T > 0, the term under the
last integral above can be estimated for 0 < s < 7 as follows:
1D 054G (5) % F{7P (ult + 7 — )| 1o < TalIVG(s)l| poss |11t 47 = )|
< AEPAIN

I,2) ds

I,2) ds.

z]k HL2

51
< Vol VAG(s) |2l Fa(ult + 7 — 5)) | o
< TQZQFQ

| D* 02G(s) % Fy7 (u(t + 7 — 5))|| .

s¥2
where, according to (3.49), the exponents are given by
Y1 =(5+d/6)/6 <1 and vYy=(44+d/2)/6 < 1.

We apply the analogous estimate to the expression under the first integral, and estimate
further by employing relation (3.47). For 0 < s < t, we have

V3 (G + 5) = G(s))|| s < Hv / " A (o) do

16/5

s+T s+T
- / [V*(A*G(o HL6/5 do < Fﬁ/ A7 F—ll(sfﬁl —(s+71)"").

0-1+191 191
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In a similar fashion, we obtain

I

V4G (s + 1) = G(9)| » < 9,

(s7 = (s+7)7").

In summary, this leads to

T Z F/ t T Z FI t
O%(t;7) < 1191 : / (57791 —(s+ 7')7191) ds + 2192 2 / (5*192 —(s+ 7—)*192) ds
1 0 2 0

+ 1,2, / s ds + Yo ZoT / s ds
0 0

1,71 Yo 2,17,
= (1= 90, (1 —95)05
lelrl 7_1_191 + TQZQFQ 7_1_192‘
1—9 1 =1,

((t + 7_)1—191 . tl—ﬁl) + ((t + 7_)1—192 . tl—ﬂg)

To finish the proof, we observe that, since 0 < ¥; < 1, we have (t + 7)17% < 179 4 71-9;,
and ¥; < 11/12 in dimensions d < 3. This proves the Holder continuity of ©%(¢;7) with
exponent 1/12 for |a| = 2. The cases |a| =1 and a = 0 are similar. O

Proof of Proposition 3.16. As indicated above, we are going to show that ®, given by
(3.51), is a well-defined contraction on a suitable subset Vy C C([0,T]; H?(T4)) for some
sufficiently small 7" > 0.

Recall the definition of U; from (3.53). Since ny € H?(T?) is strictly positive by

assumption, we can choose § > 0 such that nyg € Uys. Accordingly, for a given T" > 0,
define

Vr = {u e C°0,T); H*(T%)) : u(t) € Us for all t € [0, T}

Fix a curve u € Vp. In view of Lemma 3.17, Fl(ij k) (u) and FQ(ij ) (u) are continuous curves
on [0, 7] with values in L3?(T?) and L'(T%), respectively.

Since ®[u](0) = ng for every u € Vz, the H2-distance of ®[u|(t) to ng becomes small as
t 1 0, uniformly in u € Vp. Moreover, since the infimum of ®[u|(t) is controlled in terms

of this distance, one may choose T' > 0 sufficiently small to achieve ®[u](t) € Us for all
t €[0,T] and u € V. Hence, ® : Vi — Vp is well-defined.

Next, we verify the contraction property of ®. The calculations follow the same pattern
as above, now using the Lipschitz estimates in (3.54) and (3.55). Let uy,us € Vi be given.
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Then, for |o| = 2,

| D (®[ua](t) — Buz) (1)) || .. < / (IV°G(t — ) * (B (i (5)) — B (ua(s))) | .
+ || VGt — 8) * (Fy7 (un(s)) — 5 (ua(s)))]| =) ds

t
< T1M15_4/ (t — 8)""Jus(s) — ua(s)|| 2 ds
0

t
+T2Mz56/ (t =) ur(s) — ua(s)]| w2 ds
0
'Tlﬂll TEA4Q 1
< T /12
= (54(1 —9y) (1 —192))

x sup lui(s") — ua(s) |2
0<s'<T

Similar estimates are obtained for |a| < 1. Diminishing 7" further if necessary, it follows
that ® is contractive on Vy. The claim about the Hélder continuity is a consequence of
(3.60) in combination with (3.47). O

3.6.3 Bootstrapping

We prove that the very mild solution to (3.3) is actually smooth for ¢ > 0. To this end, we
need the following lemma.

Lemma 3.19. Let § > 0 be given. For each m > 1, there exist continuous and increasing
functions ng), g’”) : Ry — Ry such that

IE (ur) — FY (ug) [ < Q™ (lun ]| ppmsr + (o[ ggmss ) ur — o] grmsz,  (3.62)
IESD () = B () lyymve < QY™ ([t || s + (g g ) [Jun — tg]| rme2 (3.63)

holds (componentwise) for all u € Us N H™2(T?).

Observe that this lemma does not apply for m = 0, in which case one has to resort to
the estimates provided in Lemma 3.17.

Proof. Basically, we follow the ideas of the proof of Lemma 3.17, namely we apply several
times the triangle inequality, the Holder inequality, and continuous Sobolev embeddings.
However, due to the higher-order derivatives, the proof is technically more involved. Rep-
resentations (3.58) and (3.59) show that 7" and F\") are sums of products of derivatives

of u divided by a power of u, i.e. sums of monomials of the form

1 k
DY u...DY u

uk—1 ’

(3.64)
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where of € N¢, £ =1,...,k, 1 < |a] <2, and 35, |a!| = K equals 3 or 4 for FUR op
FQ(” ), respectively. A partial derivative of such a monomial is again a sum of monomials of
the form (3.64):

Do (Do‘lu...Do‘k u>

uk—1

ZD’glu DBQU...D’BTU

ur—1 ’

fora € N, |af <m, 1 < | <m+2,k<r<k+lal,and }_,_, |3 = K+|a|. In view of
the continuous Sobolev embeddings H™2(T%) — W™HL6(T?) and H™?(T?) — C™(T?),
it follows from the above representation of D Fl(ij k) (u) and D FQ(ij)(u) that for every
w € H™2(T?), it holds D* F\9% (u) € L(T%) and D* F{¥) (u) € L3/2(T?) for each || < m
and m > 1. Then, by the repeated application of the triangle and Holder inequalities, we
obtain functions Q{™ and Q{™ as well as the estimates (3.62) and (3.63). O

Proposition 3.20. The very mild solution from Proposition 3.16 is a continuously differ-
entiable curve from (0,T] to C>(T?).

Proof. Let 7 € (0,T) be fixed. We are going to prove, inductively on m, that
n e CYVYR ([, T); H™H(T)) (3.65)

for every integer m € Ny. For m = 0, the claim (3.65) is part of the conclusion of Proposi-
tion 3.16 above. The compositions of the Holder continuous curve n with the locally Lips-
chitz continuous nonlinearities F fij " and FQ(U ) (see Lemma 3.17) are Holder continuous with
the same exponent, F\"* (n) € CY2([r, T): L¥*(T%)) and F\?)(n) € CV'2([r, T); L'(T¢)).
For wf M and wéij )| defined in (3.52), the second part of Lemma 3.14 implies that
P[] € CYV([r, T); WOS2(T?) and 37 [n] € CHV12([r, T]; WO (T?). In combina-
tion with (3.47), it thus follows directly from (3.50) that n € C'/12([r, T]; W33/2(T?)). An
iteration leads, via (3.56), to the improved regularity FUR () € CY2([7,T); L*(T%)), and
thus to ¥\7"[n] € C1V12([7, T); H5(T¢)). Furthermore, by (3.57), we infer that 17 (n) €
CY'2([7, T]; L¥(T?)) and hence, ¥$?[n] € CYV12([r, T); W83/2(T¢)). By the continuity
of the embedding W&3/2(T4) — H5(T%), it follows that {7 [n] € CTV/12([7, T); H5(T¢)).
Then the representation (3.50) proves (3.65) with m = 1.

Assuming (3.65) for some m > 1, it follows from Lemma 3.19 that F\7®(n) €
CV2([7,T); H™(T?) and F{7(n) € CV2([7, T); W™3/2(T?)). By property (3.48) of the
kernel GG and since the Sobolev embedding W™+6:3/2(T?) < H™+5(T?) is continuous, we
infer that zpﬁj’“) e CY2([r, T]; H™6(T?)) and 57 € CV2([7, T); H™+5(T%)). Using this
inside the representation (3.50) and combining it with the smoothness property (3.47), we
arrive at n € CY/12([7, T]; H™+3(T4)), which implies (3.65) with m replaced by m+1. [

Proof of Theorem 3.5. First, we extend the local solution n € C([0,T]; H?(T%)) obtained
from Proposition 3.16 to the respective mazimal solution n., by the usual procedure:
Provided that n(T") € H?(T?) is strictly positive, we can invoke Proposition 3.16 with the
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new initial datum 7y := n(T), thus obtaining another “very mild” solution 7 : [0,7] —
H?(T%) to (3.3). Using the semigroup property G(7) x G(0) = G(7 + o) for arbitrary o,
7> 0, it can be easily checked that the concatenation ny : [0,T + T] — H?(T%), given by

(1) = n(t) for0<t<T,
UEL At-T) for T<t<T+T

is another continuous curve satisfying (3.50).

The maximal solution Ny : [0,7,) — H?(T9) is the uniquely determined curve that
satisfies (3.50) on every subinterval [0, 7] C [0, T), but it cannot be extended to a solution
on [0,7]. In view of our solution concept, this means that

1. either T, = +o00, i.e., the solution is global,
2. 07 Npax(t) — n, in H?(T9) as t 1 T, but the limiting profile n, is not strictly positive,
3. 07 Npmax(t) does not converge in H2(T?) as t 1 T.,.

We are going to exclude the last option. First notice that Proposition 3.20 guarantees
that n is a classical and positive solution on every subinterval (0,7] C (0,7}), SO Nyax €
C*>((0,T.); C°°(T?)), as desired. This means that, in turn, the formal calculation (3.16) is
rigorous. Combining this with the continuity of ny.x(t) in H*(T?) at ¢ = 0, it follows that
ENmax(t)] < E[ng] < oo is uniformly bounded on [0,7%). If T, < oo, then np.. satisfies
hypothesis (2) of Lemma 3.18. Since nuax(t) = G(t) * 1o + ¥ [nmay (t) by definition, it is a
Holder continuous curve with exponent 1/12 in H2(T?) on, say, [T./2,T.) with a uniform
Holder constant L. This implies, in particular, that ny.,(t) converges in H?(T?) to a limit
Ny ]

3.7 From weak to classical solutions

In this brief last section, we prove Theorem 3.5 about the passage from energetic weak to
classical solutions. In preparation of the proof of Theorem 3.5, we first show that any weak
solution satisfies the very mild formulation (3.50), but in a weaker sense.

Lemma 3.21. Any weak solution n in the sense of Theorem 3.1 is a Holder continuous
curve in H=3(T%), satisfying, fort >0,
n(t) = G(t) xny + Z]k/G’ s) * F'%) (n(s ds—|—82/Gt—5 ) x F37 (n(s)) ds.
(3.66)

Proof. By our definition of a weak solution, n lies in W’ L4/ 3(0, oo; H=3(T?)). As a conse-
quence, n is a Holder continuous curve with exponent 1/ 3 in H=3(T?) and, in particular, n
is absolutely continuous in H~3(T%). Hence, its time derivative d;n(t) is defined in H~3(T¢)
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for almost every ¢ > 0. Moreover, n € L4/3(0 oo; H3(T4)), thus, n(t) € H3(T?) for almost

loc

every t > 0 and An € L4/3(0 oo; H=3(T?)). Tt follows that

loc

g =0 — A’n € L0, 00; H3(T%)).

loc

For fixed ¢t > 0, consider the continuous curve u : (0,t) — C>(T¢), defined by u(s) =
G(t — s) xn(s). Recalling (3.47), it follows for arbitrary 0 < s < t that

Osu(s) = —A*G(t — s) xn(s ) (t s) x Osn(s)
= G(t = 5)x (Osn(s) — A%n(s)) = G(t — 5) * g(s).

Therefore, u € W;>*/*(0, 0o; H~3(T%)), and

loc

limu(t') = u(0) + /0 G(t —s)xg(s)ds.

1t
Since u(0) = G(t) * ng and u(t') — n(t) in H=3(T?) as ¢’ 1 ¢, formula (3.66) follows. O

Lemma 3.22. Let n be the energetic weak solution to (3.50). Then Fl(ijk) (n(t)) is bounded
in L3?(T?%) and Fz(”)(n(t)) is bounded in L*(T9), uniformly in (T1,T5).

Proof. By the Holder and the Sobolev inequalities and Lemma C.4, it follows that

I ()| g2 < 4V /0|26 (A V /()24 + 31 V20 (E)]|12)
< AC|V/n(0) ]| 2 (ACK /1) 122 + 3)[V/n(E) |2,
IES (1)) |10 < 8(IV2y/n(B)]l 22 + 4V /n(D)]34)°
( +4CVH\/_HH2) H\/_Hm

The last terms are uniformly controlled in terms of £[n(t)] which concludes the proof. [

In the following, let n be a weak solution satisfying the hypotheses of Theorem 3.5.
Without loss of generality we may take to = 0. Then ny € H?(T?) and minng(xz) > 0.
Since we are working with an energetic solution, it is a priori clear that n(t) is bounded in
H?(T?). Actually, more is true.

Lemma 3.23. The energetic solution n is a Hélder continuous curve in H?(T).

Proof. Let t > 0 and 7 > 0 be fixed. Since G(t — s) € C>®(T?) and f(n(s)) =
02, FL7 (n(s)) +0% 7 (n(s)) € H3(T?) for all s € (0,), we have G(t — 5) x f(n(s)) €
C>=(T9). Tt follows that

V2G(t — ) % f(n(s)) = V2O2,G(t — s) % FY7 (n(s)) + V2ZG(t — ) % Fy? (n(s)).
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By Young’s inequality, it follows further that
IV2G(t — )% f(n(s)|l2 < C(IV°G(E — 8)|| oss || 7P (n(3)) | oo
+IVAG(E = ) 2| 57 (n(5))]| 1)
S C((t . S)—(5+d/6)/6 + (t . S)—(4+d/2)/6)
< C(t _ S)—11/12,

where C' > 0 is a generic constant and recalling that d < 3. This implies that, for all
t€(0,7) and 7 > 0,

Hv? /tm Gt + 7 — 5) % f(n(s)) ds

< C’((t + 7_)1/12 . t1/12) < o2,
L2

Similarly, we find that
HVQ(G(t—l—T—s)—G(t—3)*f(n(s)))||L2 “
< C(IVP(GLt+ 7 = 8) = G(t = )lonll 7 ()l v
+||VHG(E+ 7= 5) = Gt — 9)) || 2| B (n(s)) || 1)

By relation (3.47), for m = 4,5,

t+7—5 dG
V™Gt +7—5)=G(t—s))||lr < HV’"/ —G(9) d
t—s d@ Lp
t+7—5 t+7—5
< / IV ASG(9) 1 d9 < T / g1 lm+d(1=1/0)/6 g g
t—s t—s

As in the proof of Lemma 3.18; this proves the continuity with the Holder exponent 1/12.
]

The above results, together with Theorem 3.3, provide the proof of Theorem 3.5.
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Chapter 4

Entropy stable and energy dissipative
approximations of the fourth-order
quantum diffusion equation

4.1 Introduction and results

This chapter is devoted to the study of several approximations of the fourth-order equation
appearing as the second member in the local expansion of the quantum diffusion model,

o+ div (n9 (1)) <. (41)

It can be easily seen that for smooth positive solutions equation (4.1) admits a symmetric
logarithmic form

1
on + 5812](71812] logn) =0, (4.2)

which is exactly the multidimensional form of the originally onedimensional Derrida-
Lebowitz-Speer-Spohn (DLSS for short) equation [23]. Again we employed the summa-
tion convention over repeated indices. Throughout this chapter we assume that periodic
boundary conditions are imposed and an initial data is given by a nonnegative measurable
function ng.

The existence theory for the DLSS equation was subject of many papers and it is by
now resonably well understood. The very first result can be found in paper by Bleher
et. al [7], in which they used classical semigroup approach to prove the existence and
uniqueness of a local in time positive solution. In [36] Jiingel and Matthes proved the
existence of global in time weak nonnegative solutions and observed their convergence to
the homogeneous steady state. Results in there rely on entropy dissipation techniques and
low-dimensional Sobolev embeddings. It has been shown that a-functionals, defined in (1.6)
with Q = T, are Lyapunov functionals for the DLSS equation for all (v/d — 1)?/(d+2) <
o < (Vd+1)?/(d+2). Moreover, if a lies strictly between these bounds, entropy production

71
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inequality

d

—E,[n(t)] + Ka / (Ana/2)2dx <0 (4.3)
dt Td
holds, where k, > 0 can be computed explicitly (see Lemma C.5). Gianazza et. al [30]
were the first who explored the variational structure of the equation. They proved that

equation (4.1) constitutes the gradient flow of the Fisher information
Fln] = / V/nl2de
Q

with respect to the L?-Wasserstein metric. The variational derivative of the Fisher in-
formation equals 0.F[n]/on = —Ay/n/y/n and equation (4.1) then — under appropriate
boundary conditions — directly implies the dissipation of the Fisher information along its

solutions,
S F]+ [ o ‘v (f_jf])

Estimates (4.3) and (4.4) play a crucial role in the analysis of the DLSS equation.
As we already pointed out in the introduction chapter, such inequalities are essential for
the existence theory, long time behaviour of solutions and other qualitative properties of
solutions. Furthermore, estimate (4.3) for & = 1 and (4.4) have a physical meaning of the
entropy and the energy dissipation, respectively. It is therefore a desirable and challenging
task to propose (semi-)discrete approximations and eventually develop numerical schemes,
which preserve these structural properties on a (semi-)discrete level. Several numerical
schemes have been proposed in the literature to solve equation (4.1) or (4.2). Most of them
are based on finite differences in one space dimension and preserve positivity of solutions
[13, 38]. Instead of a direct approximation of the equation itself, a novel approach has
been introduced recently in [24]. It employs the variational structure of equation (4.1) on
a fully discrete level and respective numerical solutions are obtained by introducing the
discrete minimizing movement scheme. This approach directly implies global decay of the
discrete Fisher information and nonnegativity of solutions.

If we replace the time derivative by the backward difference formula and discretize
equation (4.2) by the standard implicit Euler scheme,

2

dz =0. (4.4)

1 1
;(nk+1 — nk) + 5822](nk+1812] 10g nk+1) = 0, k > 0, (45)

where 7 > 0 is the time step and nj approximates n(ty, ) with ¢ = 7k, then an entropy
dissipation on the time discrete level holds ([36, Lemma 4.1]),

Ey[ng1] + Tlia/ (AnZﬁfd:c < Eung] forallk >0. (4.6)
Td

This is the key estimate for the existence result in [36], and moreover, it says that the im-
plicit Euler scheme dissipates the entropy i.e. it preserves the entropy dissipation structure
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on the time discrete level. Since the Euler scheme (4.5) is only of the first order in time,
our aim is to consider possibly higher-order schemes, which are entropy dissipative or at
least entropy stable, i.e. E,[ng] < C for all £ > 1 with C' > 0 independent of k. There are
numerous numerical schemes developed for ordinary differential equations which exhibit
higher-order accuracy and all of them could formally be incorporated for our DLSS equa-
tion. However, due to complexity of the nonlinear term, we will restrict our attention to
the well-known multi-step backward difference methods. An even more important feature
of these methods are remarkable stability properties (up to order 6) for stiff systems, which
also include parabolic equations.
For a given ordinary differential equation

y'(t)=ft.y),
the ¢-step backward difference method takes the form

q
> Biykrr-j = Tf (ki vker), k>q—1,
=0

where coefficients /3; are uniquely determined by interpolating points (tx41—g; Yk+1—q), - - - »
(tk+1, Yrt1) with the g-th degree Lagrange interpolation polynomial L, and requiring the
collocation condition L (txy1) = f(tks1,Yx+1). Table 4.1 below brings coefficients of the
first three BDF-¢g schemes, in particular those which will be considered here. Using any

| B0 B B Bs
BDF-1 1 -1 - —
BDF-2 | 3/2 -2 1/2 -
BDF-3 | 11/6 -3 3/2 1/3

Table 4.1: Coefficients in backward differentiation methods.

g-step method, the first ¢ — 1 values must be initialized somehow; usually, by a one-step
or some other methods, but keeping in mind the desired accuracy of the method in total.

In order to prove the existence result for the two-step backward difference method, we
employ yet another form of the DLSS equation, so-called a-entropic form

2 4, o 1
anl 20,(n®/?) + 58%(7@12] logn) =0, (4.7)
which has been already introduced in [41]. From practical reasons o > 1 belongs to the
range of real parameters determining Lyapunov functionals E, to the equation. Note
that equation (4.7) is for smooth and positive solutions equivalent to the orginal equation.
Further details in favor to the new form are discussed in Section 4.2. We will analyze its
BDF-2 time approximation

2 901 <3

1 1 .
ponl eI L 2uy, + Evkq) + 551’2]'(71“13% logngi1) =0 inT k>1, (4.8)



74 CHAPTER 4. APPROXIMATIONS OF THE FOURTH-ORDER EQUATION

/2

2 . . .
where v, = nz/ . Assume that vy = ny’” is given initial datum and v; is constructed from

vo by the implicit Euler scheme

202 0y — ) + S0 (m % logny) =0 in T (49)
Using additional change of variables n = e¢¥ and employing the standard e-regularization
strategy as in [36] and in Section 3.4, a sequence of strictly positive approximative solutions
is constructed by use of the Leray-Schauder fixed point theorem. In particular, the integral
inequality related to the BDF-2 scheme (for a > 1),

3 1
m /Td Uiﬂdg’j + 04(04—_1) /Td(vkﬂ — v)?dx + KT /Td(Aka)Qda:
1 1
ﬁm/w[ (21),%—Evg_1>dx+/rd(vk_vk_l)2dm7 k>,

provides the required a priori bounds and compactness arguments to perform the deregu-
larization limit € | 0. That gives us the existence of weak nonnegative solutions to (4.8).
If we fix @ = 1 and assume in addition that our weak solutions remain strictly positive and
bounded from below with a positve constant, then such solutions are smooth and we can
prove the second-order convergence of the scheme.

The following two theorems summarize our main results for the two-step backward
difference method.

Theorem 4.1 (Existence of semi-discrete solutions). Let 1 < a < (vVd+1)?/(d+2) and let

no € LY(T?) be nonnegative measurable function such that E,[ng] < co. Let vy = n%? be a

weak solution of the implicit Euler scheme (4.9). Then there exists a sequence (vy) = (nzﬂ)

of weak nonnegative solutions to (4.8) satisfying
v >0 a.e, v, € HQ(']I'd)

and for all ¢ € W2°°(T?)

1 2/a—1<3 1
- 2 et — 205+ = _) d 410
ar Jpa Vg1 27Jk+1 v + 2% 1) odx ( )

1 2/a—1 (6% 1/a 1/a
+ / (Goetl o — S0, (05) ) 9 eda = 0.

If a > 1, the scheme (4.8) is entropy stable and moreover, the a priori estimate
Eqy[nm] + K,a’/'Z/ (A(nz/z))Qd:fv < Eu[ng), m>1, (4.11)

holds.
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Remarks.

(i) If nis a positive solution to the DLSS equation, then Lemma C.5 (Appendix C) yields
an H?-bound on v = n®? for the given range of a’s. This motivates to rewrite the
nonlinear term into formally equivalent forms:

1 1 .., o L 9/ o o
§na§j logn = Enl /281-2]-(71 %) — adi/ndj\/n = EUQ/ 107 v — ad; (v )0, (v,
(4.12)

which are then used to obtain weak solutions.

(ii) Existence of weak solution v; = n‘f/ ? to the implicit Euler scheme (4.9) follows the
same steps as in [36, Section 4.1] and moreover, the discrete entropy dissipation
E,[n1] < E4[ne] holds. Construction of v; can also be recovered from the procedure
of constructing vy, k > 2 in the BDF-2 scheme. Therefore, we omit this step here.

(iii) Due to restrictions of Sobolev embeddings in higher-dimensions, Theorem 4.1 is valid
only in phisically relevant space dimensions 1 < d < 3.

Theorem 4.2 (Second-order convergence). Let the assumptions of Theorem 4.1 hold, let
a =1 and (vg) sequance of smooth positive solutions to (4.8), with vy being solution to (4.9).
Let n be smooth and positive solution to equation (4.2), such that (v/n)u: € L*(T? x (0,T))
and (/n)y € L=(T% x (0,T)). Then for k > 2

e — v/n(tw) | p2ray < CT°,

where C' > 0 does not depend on 7.

Unlike the semi-discrete BDF-2 method, which approximates equation (4.7) and paves
the attention on the stability of entropies, the following fully discrete finite difference
type method approximates the original equation equation (4.1) and preserves its energy
dissipation property (4.4) on a discrete time-space grid. For the ease of presentation we
restrict our consideration to the spatially onedimensional case. Let Ty = {zo,...,zx}
denote an equidistant grid on T consisiting of N points, such that 0 = 2y ~ xn;1 = 1
and let UF ~ n(tg,z;). According to [29], the key idea for this method is to define a
discrete version of the Fisher information (energy) F4 and to derive the discrete variational
derivative §.F,; /6(U**1, U*) so that the discrete chain rule holds,

=

0F
AU R0 = 3 st

(2

(U — UM (4.13)

I
o

Discrete variational derivative method is then defined by a sparsely coupled system of
nonlinear equations

0Fq

1
—(UkL _gky = s (gt (224
7_( i ) ) i % 7 5(Uk+17 U'k)z

)) . i=0,....,N—1, k>0, (4.14)
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where 5i<1> denotes the central difference approximation of the derivative at points x; € Ty.
In particular, the following choice of discrete Fisher information

N-1

FalU] = 5 3 (G + (6, V?)h,

=0

yields, according to (4.13) and periodic boundary conditions,

dFq B S (VI vy o .
5(Uk+1,Uk)i__ Vikﬂ‘f'vik , 1=0,.... N—1, kE>0.

Obviously by construction (assuming the existence of nonnegative solutions), numerical
scheme (4.14), like its continuous version (4.1), directly implies the discrete dissipation
property analogous to (4.4),

1 «— SF, 2

1 d
= 2 + 0 (o () ) o
i=0 ’ !

Main properties of the scheme are given by

Theorem 4.3. Numerical scheme (4.14) is consistent of order (1,2) with respect to the
time-space discretization, i.e. the local discretization error is of order O(r,h?). Let N € N
and U € RN, U2 >0 for alli =0,...,N — 1, such that 3.~ ' U’h = 1 and F4[U°)] < oo.
Let (U*) ¢ (RM)N be sequence of solutions to scheme (4.14). Then (U*) € I=°(RY),
Zﬁgl UFh =1 for all k > 1 and the discrete Fisher information is monotonically decreas-
ing, FalU] < Fa[U*] for all k > 0.

Generalization of the method on the d-dimensional torus T¢ is straightforward if we
assume rectangular grids. Further adaptation of the idea to the Galerkin framework in
case of nonrectangular grids is also possible, but we don’t open this subject here. We do,
however, try to increase the temporal accuracy of the method. This is subjet of Section
4.3.2. Finally, to conclude this chapter, in Section 4.4 we give a few numerical illustrations,
which show in favor of the aforementiond numerical schemes.

4.2 Two-step backward difference (BDF-2) time
approximation

Before we start with the BDF-2 method, let us briefly recall the implicit Euler and the
dissipation structure therein. Multiplying equation (4.5) by the test function 7¢! (ngi1),
where ¢,(s) = s/(a(a—1)), a # 1, and ¢;(s) = s(logs — 1) + 1 and integrating over T¢,
integration by parts formulae yield

-
/ (ngs1 — ng) Ol (ngy 1 )d + B / Nye1105; 108 11050 (1 )da = 0.
Td Td
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Convexity of function ¢, gives the control from below on the first term

/ (miesr — 1) (mip)d > / balnnen)dz — [ galng)de,
Td Td

Td

while Lemma C.5 gives

%/ nkH@?j log nkHafjgb'a(nkH)dx > Tlia/ (Angﬁ)Qdm.
Td Td
The last two inequalities now obviously imply the time discrete dissipation property (4.6).
Of course, the above arguments are only formal and work in general for smooth positive
solutions, but everything can be justyfied also in an appropriate setting of weak solutions
as precisely described in [36].

Now discretizing equation (4.2) by the two-step backward difference formula (BDF-2)
in time we get a sequence of equations for time approximated solutions ny:

1/3 1 1 )
; <§nk+1 — 2nk + §nk71) + §8Z(nk+1822] log nk+1) =0 in Td, k Z 1. (415)

Following the idea presented for the implicit Euler — multiply equation (4.15) by the test
function 7¢/, (ny,1) and integrate over T¢ — convexity of function ¢, this time gives

3 1 3
/d <§nk+1 — 2ny, + 5%-1)%(”“1)0@ > 5 ¢a(nk+1)d$ -2 ¢a(nk)dx
T

Td Td
1 "(n
+5 [ Galnp—1)dr + / %—()(nm = ng) (g1 — ng-1)dr,
2 Td Td 2

where n comes from the Lagrange mean value theorem for ¢/. Since the last term on
the right hand side is a priori indefinite, we cannot conclude the “BDF-2 dissipation”
of the entropy analogous to the implicit Euler case (4.6). Due to the lack of convexity
argument, we are forced to reformulate the original equation (4.2) in a form which is
more appropriate for algebraic manipulations and in fact appreciates the G-stability (see
Definition 4.4 below) of the BDF-2 method. This motivates the a—entropic form (4.7) and
its BDF-2 approximation (4.8) is eventually analyzed throughout this section.

Definition 4.4. A ¢-step method is G-stable if and only if there exists a positive definite
matrix G, such that

[Vir1 — Wipille < [[vie = willg forall k>¢q—1,

where Vi1 = (Ugs1, Uk, .-, Up—gy2) and Wypq = (Wgt1, Uk, - - ., Wk—_g42) are two solutions
of the method with initial values v,_; and w,_;, respectively, and the norm is defined by
|v]|Z = vIGv.

It can be proved that || - ||¢ is a Lyapunov functional for the method (see [19]).
The following algebraic inequalities imply the G-stability of the BDF-2 method and are
essential for our existence proof, the entropy stability property and the convergence result.
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Lemma 4.5. For all a,b,c € R it holds

3 1 3 1
o _ - > 202 _9p2 4 202 N2 (2 _
2(2a 2b+20>a_ 54 2b +5¢ +(a—b)*—(b—c)*, (4.16)

3 1 1
o + > 2 (g2 N2 12 AV
2<2a 2b + 2c)a_ 2(a + (2a—b)> =0 — (2b —¢)?) . (4.17)

Proofs are easily obtained by elementary algebraic identities.

Let us comment at this point that we were not able to obtain similar inequalities for
the BDF-g methods when ¢ > 3. Hence, no entropy stability neither improved convergence
results could be achieved with this approach. The reason for that might be the fact that
the only G-stable BDF methods are the implicit Euler (BDF-1) and the BDF-2 (see [20]).

4.2.1 Existence of solutions, entropy stability — proof of
Theorem 4.1

In the following part we provide the proof of Theorem 4.1, which is devided into several
steps. Concept of the proof is, first to regularize the scheme by adding an e-elliptic term,
which asserts the existence of a strictly positive solution in the sense of the Leray-Schauder
fixed point theorem. Then, based on an a priori estimate, which we derive below, and
continuity and compactness of Sobolev embeddings, we are able to perform the limit € | 0
and finally obtain the existance of weak nonnegative solution in the sense of (4.10).

2/

Proof of Theorem 4.1. Regularized problem. Writing n = €Y = v*®, equation (4.7) be-

comes 5 .

ae(l_o‘/z)yﬁtv + 58%(&8%@/) =0.
For the sake of brevity, let us denote yx11 ~ y(tgs1,) simply by y, hence vy = e/2,
Also, assume we have solved first & > 1 equations, i.e. values vy, v1,...,vr are known and
the last £ — 1 values are solutions to (4.10) in the sense of Theorem 4.1. We discretize
the above equation by the BDF-2 method and regularize it by adding a strongly elliptic

operator

2 3 1 1
ae(l_o‘my(éeo‘y/z — 2up, + §vk,1> + 562-2]-(6318%@}) +elo(y) =0, k>1,e>0, (4.18)

where
Lo(y) = A(em @ DYAY) — (o — 1) div(e” @D Vy[>Vy) + e~ @Dy o> 1.

Solution of the regularized problem — fized point operator. Let € > 0 be given, we want
to find weak solution for equation (4.18) by means of the Lerray-Schauder fixed-point
theorem (Theorem C.7). Let o € [0, 1] and z € X, where

X ={zec HY(TY : |z|lwrs < M} c WH(T?),
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for a given constant M > 0 that will be specified later. X is closed and convex subset of
WL4(T9). For y, ¢ € H*(T?) define bilinear form and linear functional on H?(T%):

ao(y, d) = %/ ezﬁijaquﬁdx + 6/ eV AYAP + (a — 1)|V2*Vy - Vo + yod)dx
Td T

d

2 3 1
fa(9) = —0/ e(lfa/2)z(§eaz/2 — 2u, + 5%4) ¢da .
Td

aT

Since WH4(T?) — L*>°(T9) in space dimensions d < 3, it follows ||z| e~ < C||2|lw1a < OCM
and e~(@1z > g=(a=Dllzlree > o=(a=)EM —. ;" Therefore is a, continuous and coercive

taly,y) > eca / (Ay)* + ) dz > Caellyle

Td

with ¢, = p for a > 1 and ¢, = 1 if a = 1. Continuous embedding W4(T?) — L>(T9)
also yields continuity of the linear functional f,. Consequently, Lax-Milgram’s lemma
asserts the existence of a unique solution y € H?(T?) to the problem

Galy, @) = —fa(9) for all g € H*(T?).

Now define the fixed-point operator S. : X x [0,1] — W'4(T?) by S.(z,0) := y. The
solution depends H?-continously on z € X. Particularly, y = 0 if 0 = 0 and S.(y,1) =y
is equivalent to (4.18). Due to compactness of embedding H?(T¢) — W4(T?), operator
S. is also compact.

A priori bound. It remains to obtain a uniform bound for all fixed points of S.(-, o).
First consider the case a > 1. Let y € H?*(T?) be a fixed point of S.(-,0) for some
o € [0,1]. Take the test function ¢ = (el —1)/(a — 1) € H*(T?), then A¢ =
eV (Ay + (a — 1)|Vy|?), V¢ = el Vy and the weak form of (4.18) reads as

20

3 1
= (1—a/2)y <_ ay/2 _ 9 o ) (e=Dy _ 1)q
Oé(a—l)T/Tde 5¢ Uk;+2vk1 (e ) x

MCTOE

w [ (0P + @ = 1)(aylVyl + [y do

/Td eyﬁijﬁfj(e(‘”—”y)dx

+—= / y(1 —e @ W)dz = 0. (4.19)
Td

a—1
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Using algebraic inequality (4.16), and Young’s inequality, the first term in the above weak
form can be controled from below

20 3 1
7 Soou/2 oy 4 Lo ) ay/2 _ J(1-a/2)y)q
ala— D)7 /Td (26 vet e ) (e c Jdz
o 1

3
Z a—Dr / (e =20t ok = (o — e )?) e

o 1 1
- 3eY + Zp? z (2*a)y>d
ala—1)T /']I'd ( . g Vh-1 N 2° v
-7 / (éeay v le@aw)dx
ala— D)7 Jpa \2 2
7 / (207 + (v — vp—1)?)d.
Td

Since term (a(a— 1))~ (e /2 —3e¥ — @7V /2) > —¢,, for some ¢, > 0, is bounded from

below uniformly in y, application of the Young’s inequality in further yields

o 3 4 1 5, o
/Td (56 Y —3e¥ — 56(2 )y)d:r; T aa—1r /Td (203 + (v — v—1)?)dz

Cala—1)7

ala—1)7 a—1)r
g o o
>~ | eMdr— ——— | (dui+ 20 )de - —ca. (42
T ala-1)7 /w © ala—1)T /Td< Vi + 2031 )dz s (4.20)
The second term in (4.19) is bounded from below by inequality (C.7),
g 2. 52 (a—1 /2N 2
20a—1) /’J]‘d eyaijyaz’j<€( )y)dﬂc > OKq /1rd (Ae v/ ) dz, (4.21)

with k£, > 0 explicitly computed (C.9). Also the regularizing terms can be easily estimated.
First, by the Cauchy-Schwartz inequality we find

3—« a—1
[ @07+ =@V 4> e [ (G52 + Sl a,
Td Td
(4.22)
and an elementary calculus showes
€ o€ ofa
1 — e @7v)q >—/ do — ———. 4.23
1 [ e s T [ a2 (1.23)

Now summing up the obtained inequalities (4.20)—(4.23) gives us an a priory bound:

L/ €aydl’+0'/<da/ (Aeay/2)2dx
Td

ala—1)T Td

33—« a—1 o€

S N p— 4>d —/ d
+€/Td( By 5= IVyf)de+ 2= | lylde
o¢c

(= 1)

o

0 [ o )des %
O(((I-].)T/rﬂ*d( Ve vk_l) x+76 +
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Hence, we proved

- —1
N I K e e AL
Td 2 2

Td o
TE
—1

/ lylde < 4E,[ng| + 2Eq[ng-1] + ca + (4.24)
Td

(—1)*
This inequality together with the Poincaré inequality implies that y is uniformly bounded
in H?(T%),

ol <€ [ (@02 +)de < C,

where constant C,, = C'(a, vg, vg_1,&,7) > 0 does not depend on ¢. Continuity of the em-
bedding H?(T¢) — W14(T%) then yields uniform (o-independent) bound on y in W4(T?),

[yllwes < Ca, (4.25)

where C, > 0 may now change. Taking M > C,, we have obtained a uniform bound on
the set of all potential fixed points of S.(-,0). Leray-Schauder fixed-point theorem then
provides existence of a solution y. to S.(y,1) = y.

Next, we consider the case o = 1. Again, let y € H*(T%) be a fixed point of S.(-,) for
some o € [0,1]. In this case take the test function ¢ = y, since the formal pointwise limit

lim L (e(o‘_l)y — 1) =y.

o\l a—1
Then we get from the weak form

2 3 1
il ey/2<—ey/2 — 2u + —vk_1>ydm
T Td 2 2

+2 / e¥(0y)*dx + e/ (Ay)* +y*)dz = 0. (4.26)
2 Td J Td

In order to estimate the first term in the weak form, we separate the domain of integration
into two parts {y < 0} and {y > 0} and apply Young’s inequality:

20 3 1 o
— » ey/Q(éey/2 — 2u, + Evk_1>yda: = /{ . (3eyy - 4ey/2vky + ey/zvk_ly)daj
y
g y 4e9/? y/2 d
+; { }(36 y —4e’ oy +e vk_ly) T
y=>0

o ) 1
> 2 3y——y2—22——2>d
= 7 /{y<o}( ey —5eY Uk = 5Uk-1 )T

o 5 5 1
7 Bevy — Sev — Tyt — vt — ik, )da.
+ - /{y20}< €Y =€ ~ ¥ T U T JUk))dT
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Thus,

2 3 1
2| e (—ey/2 — 2u + —Uk_l)yd:v
Td 2 2

-
) 1
> g/ (ey(y -1+ (1 + 2y — —y2> e — 2u7 — —v,il)dx
T {y<0} 2 2
3 ) 1
+ g/ <ey(y — 1)+ 2e%y — —e¥ — ~y* — v} — —U,A;_1>dx.
T {y>0} 2 4 4

Next, since (14 2y —5y?/2)e¥ > —c <o and 2e¥y — 3e¥ /2 —5y* /4 > —c, >0, where cy<q, ¢y>0
are positive constants independent of y < 0 and y > 0, respectively, we obtain an estimate

5 1
[ e (e m e
T J{y<o} 2 :
- 3. 5 1
-|-—/ <ey(y—l)+2€yy——€y——?/4_7’4__”4* >dx
T J{y=0} 2 1 R
o g 1 1 U
>2 [ ey —1)de — = (22 i+ oun —4)d ——c, 4.27
_T[Tde(y )dx T/qrd Uk+vk+2vk—1+4vk—1 - (4.27)

with ¢; = ¢y<o + ¢y>0 > 0. For the second term we use inequality (C.8),

a/ e!(07y)*da ZGlﬁ/ (Aey/z)Qdm, (4.28)
T4 T4

where k1 > 0 is explicitly given. Bringing together the last two inequalities one obtains

g/ e’(y — 1)dx + cml/ (Aey/Q)Qda: + 8/ ((Ay)® + y*)dz
T J1d Td Td

o 1 1 o
< /w <2v,§ + 0+ v+ Zv,ﬁ,1>dx +—er (4.29)

Thus,
Ey(u) + 7K1 / (Aey/2)2dx + T ((Ay)* + y*)dz
Td g Jrd

1 1
< / (21},3 +vg 4+ v+ —v,‘i_1>dx +c. (4.30)
Td 2 4

The right hand side gives a uniform bound, since our solutions v;_1, v € W1’4(’]Td). The

last inequality together with Poincaré inequality implies that y is uniformly bounded in
H2(T9),

Iyl < O/w (Ag) + y)de < O
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where C7 > 0 does not depend on o, but on €, 7,vx_1 and vy, only. In the same way as
in the case before, continuity of the embedding H?(T¢) — W14(T?) then yields uniform
(o-independent) bound on y in W14 (T9),

[yllwra < Ch, (4.31)

where C] has may changed. Taking now M > (', we have obtained a uniform bound on
the set of all potential fixed points of S.(+,0). Leray-Schauder fixed-point theorem again
provides the existence of a solution y. to S:(y,1) = v.

Deregularization. By construction we have v, = ng/g = /2 > . > 0, since 1. €
L>(T4) — H?*(T%). A priori estimates (4.24) and (4.30) imply that (v.) is uniformly
bounded in H?(T?). Therefore, there exists a limit function v € H?(T?), such that, up to
a subsequence, as € — 0

v, = v weakly in H*(T?), (4.32)
and due to compact embeddings H?(T?) < W'4(T?) and H?*(T¢) — L>°(T?)
v — v strongly in W'4(T%) and L>(T?). (4.33)
All together,
vsafjvs — v@fjv weakly in L*(T%) foralli,j=1,...,d. (4.34)

Recall that 1 < a < (vV/d + 1)2/(d + 2). First, let us assume o > 1. According to the
Lions-Villani result on the regularity of the square root of Sobolev functions (Lemma C.4),

IVvelliyrs < Cllvella -

Hence, (1/v;) is uniformly bounded in W**(T%). Since 1/2 < 1/a < 1 for d < 3, Proposi-
tion C.6 then yields
v}/ — vV strongly in W2 (T?)

which implies
(Vol/®)? = (Vol/*)?  strongly in L*(T¢) (componentwise). (4.35)
If & = 1 then obviously from (4.33)
(V)2 — (Vv)?  strongly in L*(T?) (componentwise). (4.36)
Inequalities (4.24), (4.30) and coercivity of the bilinear form a, also imply
lyellmz < Cae™? and  |[Vyel|pe < Cae™/",
with C, > 0 now independent of ¢ > 0. Thus,

eLq(y.) = 0 weakly in H?(T%). (4.37)
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Defining vy, := v and testing equation (4.18) by the test functions ¢ € W?°(T?) and
applying convergence results (4.33)—(4.37) we are able to pass to the limit in (4.18) as
¢ — 0 and finally obtain weak form (4.10). Note that if @ = 1, one can use test functions
¢ € H*(T?) in (4.10), and if o > 1, one can take test functions from the space W' a=1 (T9).
Since vy 1 is obviously nonnegative a.e., we are able to define ny,, := viﬁ and convergence
results in (4.33) show that n. — ny,; strongly in W14 (T4).

Entropy stability. Let o« > 1 and k > 1. Assume we have constructed solutions

Vg, V1, . - ., Vkp_1. For the implicit Euler scheme we have the following stability condition

;/ vidr — ;/ Ugdx—i-;/ (v1 —U())de—l-Tlia/ (Avy)*dz < 0.

ala—1) Jpa ala—1) Ja ala—1) Jpa Td -
(4.38)

Let us reconsider construction of vyy1. Using 7@~ Y% /(o — 1) € H?(T?) as a test function
in (4.18) and applying algebraic inequality (4.16) we estimate the first term from below:

2 /(3 5 +1 ) de > 1 /(3 5 +1 )d
_ —Ve — 20 —Vp_q v dr >——— —2v v T
ala—1) Jpa \2 BT a(a—1) ole T Ak T 5k

1 / (v = v)* = (vk — vp—1)?)dz.

* ala—1) Jpa

The nonlinear term is again estimated according to Lemma C.5,

T

—2(a Y / eyeaijaQ (@ Nvedy > kot /Td (Aeayaﬂ)zdx = KaT /Td(Ava)de.

Thus we obtain

ﬁ/ @ ve = 20 + ;vk 1>dx + ﬁ/w ((v- = v)* = (vp — vp—1)?)da

—l—/-iaT/ (Av,)*dx + 7 /La(yg)e(al)yfdxgo.
Td 1 Td

o —

Convergence results (4.20), (4.33), (4.37) and lower semicontinuity of the functional
Jpa(Aw)*dz imply an apriori bound for the limit function vy

1 3 1 1
aa —1) /Td (5”’3“ —2vi+ §U§,1)dx R /w ((Vre1 = o)* = (v — v41)?)da

+ HQT/ (Avpyq)*dr < 0.
Td
(4.39)

Summing (4.38) and in (4.39) over k =1,...,m — 1 many terms cancel out and we get

3 1
m/ () dl"i‘/‘daTZ/ Aﬂk+1 dx<m/Td (U?n_l‘i_U%‘f'Ug)dI.
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Using the time discrete entropy dissipation of the implicit Euler scheme and applying the
induction principle for this recursive inequality, we find

1 ) = 1
—_ d o Avp)?dr < ——— ad
oz(oz—l)/wvm I—H{TZ/W( 0 x_a(a—l)/wvo ’

and therefore,

o[ +/<QTZ/ Ang/Q dx < E,[ngl,

which is the desired a priori estimate and implies entropy stability of the scheme. This
finishes the proof. [

Introducing the relative entropy E"¢[n;] := E,[ny, Eo[ fza ni] and applying generalized
convex Sobolev inequality [36, Lemma 2.5, (2.8)] to the above a priori estimate, one obtains
an a priori bound for the relative entropy

Ern,,) + 87tk Z E™ng] < Ealne] . (4.40)

Recall that the BDF-2 method is G-stable and if we apply inequality (4.17) instead of
(4.16), then at the place of (4.39) we obtain

1 1 1 1
g L3 o —00)e = ——s [ Sk 20— e

. / (Avger)?dz < 0. (4.41)
Td
Defining the discrete quantity

1
E%ng, np_1] == ) / (n + (2n2/2 — nz/i) Jdz, k>1, (4.42)

2a(a— 1) Jpa

and rewriting inequality (4.41) in terms of EY,
ECngpr, ni] + IiaT/ (Angﬁ)de < ES[ng,np—1], k>1,
Td

E¢ is to be interpreted as a Lyapunov functional for the BDF-2 scheme, since
ES[ngy1,np] < ESng,ng_y] for all k& > 1. By the usual Taylor expansion procedure

one formally observes aproximation relation ES[ny, ny_1] = Eq[ng] + O(7) for k > 2.

Remark 4.6. At this point we don’t discuss in which sense (in which parabolic spaces)
sequence (vy) converges to a solution of the contionous DLSS equation, but we rather
emphasize only on the order of convergence.
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4.2.2 Regularity of weak semi-discrete solutions

In the following we consider particular case o = 1. Let us assume in addition that weak
solutions solutions vy € H?(T?) from Theorem 4.1 are bounded from below with a positive
constant puy, i.e. v > g > 0 a.e. in T¢ for all k > 1. The weak form (4.10) reads as

1 3 1 1
— / V41 <_Uk+1 - QUk + —’Uk_1>¢d$ + = / (vk+18i2jvk+1 - aivkﬂajvkﬂ)@?jgbdm =0.
Td 2 2 2 Td

T

Sobolev embeddings and uniform bound from below give upyy = v, € H*(T?) and
logngy1 € H?(T?), while integration by parts in the above weak form together with (4.12)
yield

1 3 1 1 . _
;UkJrl (§Uk+1 — 2Uk + 5’01471) + Zafj(nkﬂafj lOg nk+1) =0 inH 2(Td) . (443)

Since, formally (for smooth and positive w)

Ofwojw (8jw)28iw>

2

92 (w7 log w) = A*w — div <2 " "

equation (4.43) is in the H2-sense equivalent to

2 2
191 (9np11)*0ingera

. 4 3 1
A2nk+1 = div <2 ) - ;vkﬂ <§vk+1 —2vk—|—§vk_1> . (4.44)

2
Mk+1 Met1

Second term on the right hand side of (4.44) possesses H?-regularity. Continuity of the
Sobolev embedding H?(T?) — WS(T?) implies (9jn4+1)*0nk+1/niy; € L*(T?) for all
i =1,...,d. Moreover, we have 2ny10;n11/nps1 € L3?*(T4) — H~/(T?). Hence, the
right hand side of (4.44) lies in H~%/2(T?), i.e.

A’nyy, € H32(T?) .

The standard regularity theory for elliptic operators, using Fourier transform on the torus,
yields ng,1 € H*2(T?). The latter embeddes continuously into W23(T¢), in space dimen-
sions d < 3. Taking into account the improved regularity for n;.; and applying variety of
Sobolev embeddings in a procedure like above, we conclude in the next step

AanH S H_l(Td) .

The last conclusion again improves on the regularity of nj.;, namely we conclude like
before ny, € H3(T?). By this bootstrapping procedure we obtain H™-regularity for ny.
of arbitrary order m € N. Therefore we conclude that positive, bounded from below,
solutions of the BDF-2 scheme are smooth.
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4.2.3 Convergence of the BDF-2 scheme

Through this subsection we again assume o = 1 and weak solutions from Theorem 4.1
remain positive and bounded from below with a positive constant. We have shown that
these solutions are smooth. Next, we want to consider convergence of the method under
these assumptions and prove Theorem 4.2.

Since ¢/vp1 € HA(TY) for all ¢ € H?(T?), using ¢/vis1 as a test function in (4.10) we
obtain

1/3 1 1 . _
; <§Uk+1 — QUk + §Uk_1> + m@% (vzﬂﬁfj lOg Uk—i—l) =0 inH Z(Td> . (445)

Proof of Theorem 4.2. Let (vg) = (y/nk) be sequence of smooth positive solutions to (4.10)
and n be a solution to (4.2) satisfying (v/n) € L*(T? x (0,T)) and (v/n)y € L®(T? x
(0,7")). Taylor expansion shows that

1/3 1
Vi (thyr) = ;(§U(tk+1) — 20(ty) + §U(tk—1)> + §a k=1,

where fj is given by the remainder terms and it is to be interpreted as the local truncation
error

trt1 ) 1 tetr1 )
fu = —/ Ve (8)(tr, — s)°ds + Z/ Ve (8) (tp—1 — s)°ds.
tr tre—1
Estimating fr we find
m—1
| fillZ2(zay < Crllviellzz a0y ™ (4.46)
k=1

where C'r > 0 does not depend on 7 and m € N. Similarly, with the same assumptions on
solutions of the implicit Euler scheme we get

(b)) = H(o(t) — olto)) + 22

where fj is the local truncation error of the scheme

fo= /OT v (8)sds,

and under assumed regularities on the exact solution, we are able to estimate it as

1 1
L foll72(pay < §||Utt||%2(qrdx(o,T))T3 < §||Utt’|%°°(’ﬂ‘d><(0,T))T4' (4.47)
Thus, v = u®? solves
-
QU(tl)

_T 2 202
" .. — — > .
2U(tk+1) al‘] (U (tk+1> 87'.7 log 'U(tk+1)) fk: 9 k sl ].

’U(t1> - U(to) + 82] (v(tl)zﬁfj IOg U(tl)) = —f07 k= 07

3 1
év(tkﬂ) — 22)(1%) + Ev(tk_l) +
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Taking the difference of these equations with (4.9) and (4.45), respectively, we obtain error
equations for e = vy — v(ty),

er — e+ 7(A(n) — A(v(tr))) = fo, k=0,

3 1
g€kt — 26k + Seho1 F T(A(vgs1) — A(W(tps))) = fe, k>1,
where we introduced the operator A : H?(T?) — H~2(T¢) defined for positive functions by
1
A(v) = %afj(vzafj logv) .

Multiplying the error equations by e, for & > 0, respectively, integrating over T¢ and
finally summing over £ = 0,...,m — 1 one finds

m—1
3 1
/ (e1—eg)erdx + g / <§ek+1 — 2ep + iek,1>ek+1dx (4.48)
T k=17 T¢

+7 kz_: /1rd (A1) = A((thr1))) (Vrs1 — v(thra))de = kz_; /Td frepirda .

According to algebraic inequality (4.16), we obtain

3 1
er + Z (§€k+1 — 2ey, + §€k71>6k+1
k=1
2 = 3 5 o, 1y 1 2
> e+ <Z€k+1 € + 16k—1 + 5((€k+1 —ex)” — (e — ex—1) ))
k=1
3 1 3 1 1
= 6% + Zefn — Z_Leil 1 + —<€m — €m,1)2 — Z—lel + 163 — 5(61 — 60)2
3 1 1
Z Z@i — 1—16721_1 — Z@%

In the last inequality we also used the fact that ey = 0. Next, we use monotonicity
of the operator A. It has been proved in [39, Formula (3.3)] that for positive functions
wy, wy € HA(TY) it holds

/]I‘d (A(wr) — A(ws)) (wy — wo)dx = / L ‘div (w%V(wl — w2>> ’2dx >0.

Td W1W2 w1

The right hand side in (4.48) can be estimated applying Young’s inequality:
1
/d fO‘eldQj < 2||f0||%2 + §”61||%2 for k = 0,
T

1 T
/ frerinde < il + Dllewnlfe fork>1.
Td T 2
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Bringing together the above considerations and the bounds (4.46), (4.47) for fx, we get

3 1 1 e
;L||em||iz < 71”6”1‘1”%"’ + leellliz + 2| foll72 + |€1||L2 Z I fell72 + Z llext1]7
k=1

1 3 1 T
< Tlemalis + Hlesli +200r* + 3007+ T3 el

k=2

W

where Cy, Cr > 0 now also depend on v, but not on 7. Taking the maximum over m =
1,..., M, gives

5
max flenlz: < ¢ max flenillz +C7" 4 5 ZHekHL?’

n-l>~|00

where C' = 2C) + Cg/2. The first term on the right-hand side is controlled by the term on
the left-hand side. Thus,

M

leallz: < max femll7: <8CT!+87 ) llexz- -
k=2

We separate the last summand in the sum

M-—1
(1= 87)[lenmll7> <8CT +87 > [lerlz2,

k=2

and apply the discrete Gronwall lemma, see e.g., [61, Theorem 4]

4 _
leall72 < 18C; <1 + ] §T87_>M . 80741 — 87) "M+,
Since
(1= 87) M+ = (1 — 87)™~1/7 < exp (8““) ,
1—8r7
the result follows, for 7 < 1/16, with the konstant v/8C exp(8T), where T > 0 is some
terminal time. O

4.3 Fully discrete structure preserving finite
difference approximations

Recall again that the DLSS equation shares a particular variational structure, which is the
gradient flow of the Fisher information with respect to the L?-Wasserstein metric. Special
form of equation (4.1) immediately implies (under periodic or no-flux boundary conditions)
dissipation of the Fisher information (4.4). In this section we explore the corresponding
dissipative structure on a discrete level. For ease of presentation and exposure of main
ideas, we limit ourselves to the one dimensional case and periodic boundary conditions.
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4.3.1 Discrete variational derivative method

In several papers [28, 49] before and later in the book [29], Furihata and Matsuo presented a
structure preserving numerical scheme for large class of conservative and dissipative partial
differential equations. Let us consider an evolution equation of the form

d&n]

on
where £ is a given energy functional and 0€[n|/dn denotes its variational derivative. Equa-
tion (4.49) is dissipative in the sense that

ot = [ Elgaa = [ (Y .

Observe that this dissipation property is again direct consequence of variational form
(4.49) and the concrete form of the energy, and accordingly of the evolution equation,
is irrelevant. Such dissipation properties usually have some physical meaning and phys-
ical solutions of equation (4.49) obey these laws. It is therefore desirable to construct
numerical schemes which preserve the dissipative structure on a discrete level. Let
Ty ={x; : i =0,...,N, g = xy} denotes an equidistant discrete grid of mesh size
h on the one dimensional torus T = [0,1] and let U* € RY, such that UF approximates
n(tg,x;) for i =0,..., N —1 and k > 0. First step is to define a discrete energy functional
Eq4 : RY — R as an approximation of the continuous energy functional £. Applying a
discrete variation procedure to £4, one obtains discrete variational derivative, denoted by
6Eq/6(U UF). Tt is a vector of N components depending on values of U**! and U*. For
example, it can be defined! to satisfy the discrete chain rule

zeT, t>0, (4.49)

atn:—

N—-1
o0&
EaU] = Eall") = 3 st gy (UM = UMk, k20,
i=0 ’ i

Finally, one defines a numerical scheme

l(U’fH — UM =— 04

I 1 =0,.... N—1, k> 4.
. s umy, T N k20, (4.50)

which by construction yields the discrete dissipation property, £4[U*1] < €4[U*] for k > 0.
Let us now reconsider the above ideas for our DLSS equation

8tn+<n<(\/_%>x)m:0, zeT, t>0. (4.51)

The variational derivative of the Fisher information F[n] = [.(v/n)2dx equals

SFI) (V) w5

on N4

!The definition depends on quadrature rule used to define £4. In the above example we took the
simplest first-order quadrature rule.
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and one immediately observes special variational form of equation (4.51),

Oim + (n (5;[1”]))90 ~0. (4.53)

Integration by parts then automatically implies the dissipation of the Fisher information
along solutions to (4.53),

d §F[n) SFn]\?
ondx = — dr <0. 4.54
@ 0= /T on /T”< on ) S (4.54)
Introducing our standard change of variables v = /n, the Fisher information takes the
form F|n fT v2dz. In order to define discrete Fisher information, we first approximate
the term .
(V) |omas & 3 ((6FVi)?+ (6;V)*), i=0,...N—1,

where v(z;) = V;, and §;°, §; denote the standard finite difference operators, difference
forward and difference backward, respectively. Other choices of discretizations for v? are
possible and allowable, but they eventually leed to another numerical scheme. We choose
this approximation because of its symmetry. To approximate the integral of one-periodic
functions w, we use the first-order quadrature rule Zz‘]\fol w(z;)h. This rule is in fact of
the second order, since due to periodic boundary conditions coincides the trapezoidal rule
(w(zo) +w(xn))h/2 + S0 w(x;)h. So we arrive to the definition of the discrete Fisher
information functional, F4 : RV — R,

T

FalU] = ((67Va)* + (6; Vi)*) b, (4.55)

N | —
I
o

i
where U € RY and V, = /U, fori =0,...,N — 1.
Defining the discrete energy, next step is to obtain its discrete variational derivative.

Applying the discrete variation procedure and using summation by parts formula (see [29,
Proposition 3.2]) for periodic boundary conditions, we calculate:

N-1
D (VN2 = (VR + (07 V)2 = (67 V)

0

]_—d[Uk—i-l] _ j—_-d[Uk;] —

N | —
-
Il

=

(6 (VT + VOO (Vi = V)

N | —
<
I
=)

+ 6, (VA + VRo; (VT = V)R

=

5 2>(Vik+1 + V;k)(vik+1 . Vik)h
0

]

2

VI A VE) ke
:_‘ Vk:+1_|_Vk (Ui+1_Ui)h7 k207

)

@
Il
o
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where 5i<2>w,~ = 66, w; = 0; 0;w; denotes the second-order central difference formula.
The discrete variational derivative, denoted by 6.F4/6(U*™, U*) € RY is then defined
componentwise by

5 Fy B _5§2)(‘/;k+1 + V;k)

S(UFL UR), VAL R i=0,...,N—1. (4.56)

Note that the discrete chain rule

i

0F4 kL _ Uf)h ’

FalUM] = Fa[UM] = M( ;

(2

Il
=)

holds and (4.56) is a Crank-Nicolson type approximation of the variational derivative (4.52).
Finally, the discrete variational derivative method (DVDM for short) for the DLSS
equation is defined by the nonlinear system with unknowns Uf“ = (V;kH)Q,

0Fq

1 k1 rrky _ (1) k+1 5(1)

)) . i=0,....,N—1, k>0, (457)

where §Z-<1> denotes the central difference approximation of the first-order derivative at
points x;. We assume that an initial condition to equation (4.51) is given by a nonnegative

function ng, which is approximated by the projection on Ty and gives the starting values
U® € RY for scheme (4.57).

Proof of Theorem 4.3. Let n = v? be a smooth positive solution to (4.51). By straightfor-
ward Taylor expansion calculations around (tx.1,z;) we obtain

5fd _ (5Z<Q> (U(tk_H, l’z) + U(tk, l’z))
6(n(tks+1), n(tr)) la: U(tt1, ) + vty 27)
== 4o
v (tk+1,l‘i)
_ 0FIn]

+O(r,h*), i=0,...,N—1,k>0.

(tet1,740)

on

Similarly,

)" (n@tkﬂw§1> (5<n<tki§fn<tk>))> - (n (6%71])>

Thus, the local truncation error of the right hand side in (4.57) is of order O(r, h?). Since
the left hand side is of order O(7) in time and exact at spatial grid points z;, the local
truncation error of scheme (4.57) is of order O(r, h?).

+O(1, h?).

(thg1,24)
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In fact, we solve scheme (4.57) in terms of variables V;¥ = \/UF. Therefore, UF > 0 for
alli=0,...,N —1and k£ > 1, and the discrete dissipation property follows immediately
from the structure of the scheme and summation by parts formula,

N-1

OF
R0t = Fal0"] = 3 e, g, U4~ VD
i=0 ’ !

N-1 5F 2

_ k+1 [ (1) d

- (1 () ) =0
i=0 ’ !

The mass conservation is also an obvious direct consequence of the scheme. It remains to
prove uniform boundedness of solutions. The energy decay implies a uniform bound on
the discrete H'-seminorm,

2

(5+v’f) h < Fq[U°)] <

Il
o

According to the discrete Poincaré-Wirtinger inequality ([29, Lemma 3.3]), the latter im-

plies
N-1

VE—1P <) (6fVF’h<C foralli=0,.... N-1, k>1,
i=0
where C' = F4[U"] is a positive constant independent of k. Finally, by the triangle inequal-
ity |[V#| < V/C +1 and thus UF < 2C +2for alli =0,...,N —1 and k > 1. The last
estimate prevents the blow-up of numerical solutions constructed by scheme (4.57). [

4.3.2 Temporally higher-order discrete variational derivative
method

There are numerous ways of generalizing the above discrete variational derivative method.
In order to stay in the spirit of Sections 4.2, we derive temporally higher-order discrete
variational derivative methods, which are based on backward difference formulae and tem-
porally higher-order approximations of the variational derivative. Let us introduce sym-
metric biquadratic form f(&,¢) = (£2+¢?)/2, which represents both, the Fisher information

= [. f(vs,v,)dz and the discrete Fisher information Fy[U] = SN 1 £(0: Vi, 67 Vi)h.
The reason for introducing f lies in the following formal representation of the variational
derivative,

dF[n] Vs _ (_ 1

- - 0: (9t ,,.) — 0:(0c S| CZW)) = (4.58)
This formula gives an idea how to approximate the variational derivative in general. First,
let us denote with 5,1’(1 the g-th step backward difference operator at time point t; (see
Table 4.1). Discrete variational derivative of order ¢ in time is defined componentwise by

0F 1 _
5(Uk+1, o ’dUk—q—&-l)Z, = o1/ k+1 (_51' (8Edf)i o 5i+ (8Cdf)z) , k2q-1, (4-59)
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where the discrete operators are in addition defined by

(afdf)i = aﬁﬂg:ajyf“ + rcorrd/ﬁﬂ(dzﬁ]z‘kﬂ)
= OV O (87U

(@cdf)i = aCf}c:a;Vf“ + rcorﬂslﬁfl((s;Ufﬂ)
= 0; VI reon 0y (07U,

7

and r.,,.. is the so-called correction term, which is to be determined in order to satisfy the
discrete chain rule

i

0Fq
(UKL . Uk—atl),

o FalUM] = Sy Uk (4.60)

Il
=)

i

Observe that (4.59) is a discrete analog of (4.58) and the role of the correction term is not
only to satisfy the discrete chain rule (4.60), but also to increase the temporal accuracy
of the discrete variational derivative (see proof of Theorem 4.7 below). Straightforward
computations with the above expressions using summation by parts formulae and assuming
periodic boundary conditions yield

2y k+1 5141 5§2>U]€+1
0Fa _ TV PPN L NN SR (4.61)
S(UK+T, . Uk-atl), Ve s
and .
L, FalUM) — 5 o Ve (e

(4.62)

7

Teorr k+1
N-1;ctclq 7rk+1y st (Ot Ul
> ico (05 0 UT)0; ( Vo h

Temporally ¢-th order discrete variational derivative method (BDF-¢ DVDM for short) is
then defined by the nonlinear system in unknowns UM = (VF1)2,

La ket ) (ke s(1) 0Fq .
5kf1U+ J; (UZ.+5Z. ((5(U’“+1,...,U’“q+1)i))’ 1=0,....N—1, k>q—1.
(4.63)

The following theorem summarizes on assumptions and main properties of the scheme.

Theorem 4.7. Let N € N, U° € RY be nonnegative initial data and U' € RN given
starting values of the unit discrete mass, i.e. ZZ "Ulh = 1, and let FoUT'] < ... <
FqlU°] < oo. Numerical scheme (4.63) is consistent of order (q,2) with respect to the
time-space discretization. Let (U*) C (RM)N (k > q) be sequence of solutions to scheme
(4.63). Then (U*) € I>=°(RY), Ei]i_ol UFh = 1 for all k > q and the discrete Fisher

information is dissipated in the sense that it satisfies

O F[UK) <0 forallk > q. (4.64)
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Proof. Again let n = v* be a smooth positive solution to (4.51) and integer ¢ > 2 (typically
q < 6) the order of the backward difference formula. The left hand side of (4.63) is by
assumption of order O(79) in time and exact at spatial grid points x;. Thus it remains
to prove that the right hand side is of order O(79, h?). The following estimates are easily
obtained by Taylor expansions around (t;y1,;):

5i+v<tk+17 xl) = Uz}(tk+1,xi) + §sz‘(tk+1,zi) + O(hQ) ) (465)
_ h 2
62‘ ’U(tk+17 I‘l) = Um}(tk+1’wi) - §wa‘(tk+1,$i) + O(h ) y (466)
2
0o m) s +0(h?) (4.67)
U(tk+1,xi) UV (tgg1,2:) ’
1,g (2
5]64?151( >n(tk+17 J;’L) _ Nizx + O(Tq h2) (4 68)
U(tk+1> .I‘Z) VM (tey1,xs) ’ ’
h
07 (b, w) = ntx|(tk+17xi) 2ntxx|(tk ey T O(r%, h%), (4.69)
h
5 5k+1n<tk+17 iL‘l) ntw|(tk+17xi) N 2nt$1|(tk+1,az¢) + O(Tq7 h2) ) (4'70)
oo n(tei1, ;)
+( %+1 +1, %)\ q 1.2
' ( O(tkt1, T4) B QUml(tkHawi) * hvt”‘(tkﬂﬂfi) +O(r", 17, (4.71)

(b)) | — Mgz | +0(79, %) (4.72)
' O(tt1, ;) - ) B (g ) e '
Let us show that re,., = ry/rq is of order O(79, h?). First we consider the denominator rq.
Note that due to periodic boundary conditions

- 54—51,‘1 t 5+ 5k+1n<tk+1’xl h = — 5 5 t 5 5;f1n(tk+laxi) h
i:O( 7 O (e, )0 ( v(tert, 72) ) ; r (e, ©))0; ( o(trrr, 22) ) :
Hence,
N—-1 1
1 5. n(tyyr, ;)
= o0, t D)o (2 i
Iq 2 ; (( k‘+1n( k+1, Li )) i ( U(tk—l,-l,xi) )
SrLn(tpe, ;)
+ (07 08 (g, 1)) 07 (2 ’ h
070t ey (D) )y

and according to above estimates (4.69)—(4.72),

rq = Z nt$vtm|(tk h + O 4 hz) (473)
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Similarly we consider the nominator term r,. Using (4.65)—(4.66), the first term can be
estimated like

1d
5,1flfd[n(tk+1)] =5 (6 v(t, ) + (6; v(t, 2:))*) h N + O(719)
i=0 i
N-1
=2 Uwvxt|(tk+1,x¢)h + O<7—q7 hz) : (4'74)
=0

Again, due to periodic boundary conditions

N
Z5Z»+U(tk+1,xi)5i+<5k+ln(tk+hxz ) Z 0; v(tes1, x:)0 <5k+1n(tk+l’) ))h7
0

(tk—‘rlwI’L (tk—‘rlv'rz

and according to estimates (4.65)—(4.66) and (4.71)—(4.72),

N-1 1,9
1 + 4 5k+1n(tk+17 xl) (5k+1n(tk+17 )
- ) ARy h
9 Zz:; (51 U(tk+17$1)6z ( U(tk-l-l;xi) > + 5 'U(tk-i-laxz)é < (tk—&-laajz) )
=2 Z vxvxt’ eyt O(1, h?). (4.75)

Thus, applying estimates (4.73)—(4.75) in (4.62) yields r. = O(79, h?). Finally, estimates
(4.67)—(4.68) imply

0.Fq _ _5z‘<2>v(tk+la$i) _ 5iﬁ15§2>n(tk+la$i)
O(nltis1), - nltiri—g)) las O(tgt1, i) T (g, )
dF[n] )
= + O(19, h7),
O0n Ntygr,i) ( )

which showes that the discrete variational derivative (4.61) is of order ¢ in time. The
rest of the proof follows the same steps as in the proof of Theorem 4.3, and the discrete
dissipation property (4.64) is again direct consequence of the scheme. ]

4.4 Numerical ilustrations

In this section we do numerical experiments with our aforementioned schemes. We consider
equations (4.1) and (4.2) in space dimension d = 1 with periodic boundary conditions.
Again, let Ty ={z; : i =0,...,N, xy = zy} denotes an equidistant spatial grid of mesh
size h = 1/N on the one dimensional torus T = [0, 1]. Let 7 > 0 be given time step and
U* € RN such that UF ~ n(ty, z;), where tp = kr, k >0and i =0,..., N — 1.
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4.4.1 BDF-2 finite difference scheme

First we consider the onedimensional equation (4.2),
1
om + é(n(logn)m)m =0, z€T, t>0, n(0)=ne,
which we solve with the scheme (4.7) — the BDF-2 method — using finite differences in
space. The scheme is given by the nonlinear system of equations with unknowns V}* =

(UFY*/2 fori=0,...,N —1and k > 1,

(VO (V= v0) 4 mof (V)6 10g V) =0, i=0,...,N =1, (4.76)

(Vikﬂ)z/aq <2V£k+1 oV %V;kl)
o (VP 10g V) =0, =0, N =1, k> 1.
(4.77)
VE=Vhiw, leZ. (4.78)

Above, a given value o € [1,3/2) belongs to the range of entropies for the onedimensional
DLSS equation. We assume that initial data (V;°)~;', which approximates ng/ 2 is given by
the projection on Ty. The system (4.76) is the implicit Euler scheme, which is solved only
once to initialize the BDF-2 scheme (4.77). Both systems of nonlinear equations, (4.76)
and (4.77) with discrete periodic boundary conditions (4.78), can are solved by the Newton
iterative method. In each time step ¢, = (k+1)7, we take the solution from the previous
time step t; as an initial guess to compute the solution at the current time step ¢x1. In
practice, only a few iterations (3 to 4) are enough to compute the solution of the system
at each time step. The following example has been used to test the above BDF-2 scheme.

Example 4.8. Let the initial condition for equation (4.2) be ng(z) = 0.001 + cos'®(mz).
Other relevant parameters have the following values: the spatial mesh size h = 0.005
(N = 200), the time step 7 = 107% and the terminal time 7' =5 - 107%.

Figure 4.1(a) showes the stability, in fact the decay, of the corresponding discrete a-
functional for different values of . Moreover, we observe even an exponential decay of the
relative entropies, as shown in Figure 4.1(b). Although Theorem 4.1 doesn’t provide even
stability of the physical entropy E;, numerical experiments however give expected decay of
the discrete version Fy q[U] = S~ (Ui(log U; — 1) + 1)h. Interestingly, one also observes
an exponential decay of the discrete Fisher information F4 defined in Section 4.3.1.

Next, we want to consider temporal convergence of the BDF-2 finite difference scheme.
We saw in Section 4.2.3 that for = 1, the time discrete BDF-2 scheme possesses the
second-order convergence in time. In the fully discrete case (4.76)—(4.78) this may not
be the case, since the monotonicity structure of the spatial operator has been destroyed
by the discretization. However, Figure 4.2 showes that numerically estimated convergence
rates for different parameters of o are close to 2. Numbers in the legend of Figure 4.2 are
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Figure 4.1:
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(a) Entropy stability (decay) for the BDF-2 finite difference scheme for dif-

ferent values of a. (b) Exponential decay of the relative entropy and the discrete Fisher
information for the BDF-2 finite difference scheme.

averaged convergence rates obtaind by the linear regression method. Convergence of the
method is meassured in the discrete /2-norm

lemlliz == (

N-1

=0

>1/2

(4.79)

and numerical solutions are compared at the time instance t,, = 5-107°. The exact solution
V™ has been computed by method (4.76)—(4.78) using the very small time step 7 = 1071,

10_4 E T T T T T TTTT T T T ||E

F——a=1, cr=1. 89 Z

L ~a=5/4, cr ~1.88 . ]

10 %———af4/3, cr~1.87 E

:E 1076 & =

= c 3

1077 3

10—8 1 1 1 111 II 1 1 1 1111
1078 1077 1076

T

Figure 4.2: Temporal convergence rates of the BDF-2 finite difference scheme for different
values of a.
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4.4.2 Discrete variational derivative methods

Here we present numerical results obtained for the discrete variational derivative methods
introduced in the previous section. Recall equation (4.1) (in space dimension d = 1), which
admits the particular variational form (4.53),

0tn+(n(6}_[n])) =0, z€T,t>0, n(0)=ng.

on

First, we consider the discrete variational derivative method (DVDM) given by scheme
(4.57). The numerical test takes the same ingredients as in Example 4.8: the initial
condition ng(x) = 0.001 + cos'®(wz), grid size h = 0.005, time step 7 = 107, but the
bigger terminal time 7' = 5- 1073, We observe (Figure 4.3(a)) decay of the discrete Fisher
information Fy, in fact an exponential decay, as well as an exponential decay of particular
relative entripies ngld

Next, we employ the temporally higher-order variational derivative method (4.63) with
discrete temporal operators d,> (BDF-2) and 6,° (BDF-3). Initialization values for higher-
order methods are computed by the DVDM and the BDF-2 method, respectively. Using
the above inputs for the numerical simulation, the very same decay results for discrete
functionals have been obtained (see Figure 4.3(b)).

102 g T I T E 102 g T I T E
E —a=1 ; o a=1 ;
101;‘ ~a=5/4 101;‘ - =5/43
. 100_ ———0424/3; 100- ———0624/3;
% E E O E 3
2 0k Fall] = w0k L
102 3 3 102 3 3
- b ook
10—4 L Il | Il 1 10—4 L Il | Il 1

0 0.0025 0.005 0 0.0025 0.005

tx 123
(a) (b)

Figure 4.3: (a) Exponential decay of the discrete Fisher information and relative entropies
for the DVDM. (b) Exponential decay of the discrete Fisher information and relative
entropies for the BDF-2 DVDM.

Finally, we tested numerically the time convergence of discrete variational derivative
methods. Figure 4.4 ilustrates the numerical error of the methods with respect to time
step size 7. We took initial data ny as before, the mesh size h = 0.01 and we compared
our numerical solutions in the [>-norm (4.79) at the time instance t,, = 5 - 107°. The
exact solutions are computed by the respective methods taking the very small time step
7 =107, Table 4.2 gives estimated temporal convergence rates of the schemes, which are
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computed by the linear regression method for data from Figure 4.4. Note that the BDF-3
DVD method gives only slightly better results than the corresponding BDF-2 method.
The reason is that the first step is initialized by only the first-order scheme (4.57) and
this initialization error cannot be compensated due to higher-order accuracy of the local
approximation. Obviously, one should use a higher-order one-step method for the initial-
ization.

At this point, it should be mentiond that nonlinear systems in schemes (4.57) and
(4.63), in all numerical experiments here, were solved by the NAG Toolbox routine c05nb
[53], which proves to be at least three times faster than the standard MATLAB routine
fsolve.

lem|li2

10_7 §/ ....... RO o _ BDF—2 DVDM
C BDF-3 DVDM
1078 1 1 1 L1 1 II 1 1 1 L1111
1078 1077 10
T

Figure 4.4: Numerical convergence rates of discrete variational derivative methods.

scheme ‘ conv. rate

DVDM 1.020
BDF-2 DVDM 1.824
BDF-3 DVDM 1.977

Table 4.2: Estimated temporal convergence rates for discrete variational derivative meth-
ods.



Chapter 5

Conclusion and outlook

Conclusion

To conclude the thesis let us provide a brief overview of preceding chapters and main results
therein.

In Chapter 2, a previously developed algebraic approach for proving entropy production
inequalities is extended to deal with radially symmetric solutions for a class of higher-order
evolution equations in multiple space dimensions. In application of the method, novel a
priori estimates are derived for the thin-film equation, the fourth-order Derrida-Lebowitz-
Speer-Spohn equation, and the sixth-order quantum diffusion equation.

Chapter 3 deals with the Cauchy problem for the sixth-order quantum diffusion equa-
tion, whose solutions describe the evolution of the charged particle density in a quantum
fluid. The global-in-time existence of weak nonnegative solutions in two and three space
dimensions under periodic boundary conditions has been proved. Moreover, these solu-
tions are smooth and classical whenever the particle density is strictly positive, and the
long-time convergence to the spatial homogeneous equilibrium at a universal exponential
rate has been observed. The analysis strongly uses the Lyapunov property of the physical
entropy.

Finally, Chapter 4 brings out novel approximations of the fourth-order Derrida-
Lebowitz-Speer-Spohn equation. The semi-discrete two-step backward difference (BDF-2)
method of the reformulated equation yields the discrete entropy stability property and
second-order convergence of the method in a specific case. Particular variational struc-
ture of the equation has been used to introduce the discrete variational derivative method,
which preserves dissipation of the Fisher information on a discrete level.

Outlook

The entropy construction method developed in Chapter 2 can be adapted for equations
similar to (1.4), where the energy variable x — like the radial variable r in (2.12) — appears
explicitly in the equation. For example, the dominating part on the right hand side of (1.4)

101
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at low energies and for large n is the cubic term in n. Hence, the nonlinear equation

1 1
atn == ﬁ [1313/2n4 (ﬁ)xaj xw, T E (0, L) 3 t> 0, (5].)
describes the asymptotic dynamics of the condensate formation [33]. Corresponding phys-
ically motivated boundary conditions are

1 1
n4(—> =0 and [x13/2n4(—> } =0 as x—0,L,
n/’ zx n/ zx
which directly imply the Lyapunov property of the functional Ey[n fo ( —log n) dx.

In fact, this is the only entropy among a-functionals, naturally deﬁned by

/\/_no‘dx a#0,1 and FEi[n /\/_ (logn —1) 4+ 1)dz.

Employing the homogeneous Neumann boundary condition n, = 0 instead of the
second-order condition, more can be done. However, since the Neumann boundary con-
dition is from physical point of view completely irrelevant for the model at hand, the
subsequent material is purely artistic work. First, let us write equation (5.1) in the form
(cf. (2.12))

Ealn] = a—l

1
on = %ax (gsﬁngDp[n7 :E]) ,

where 8 = 13/2 and P(n, &1, &2, &) = 260E2 42863 — Bnéy+2€, & — &3 with ) now representing
1/z. Using the no-flux boundary condition, one easily calculates

L

Bl == [ 2D alde with Su(n.€) = 6P(.6).
0

Based on prescribed boundary conditions (cf. Section 2.2.2), we find a list of basic (linearly

independent) shift polynomials

Ti(n,€) = Bn&; + (a — 2)&] + 3676,
Ty(n, &) = Bnéi&s + (a — 1)E& + & + &1&3,
T3(n, &) = (B — 1)} + (. — 1)n&} + 20616, .

Eventually, we solve the decision problem of the type (2.19) and obtain the following result:
Let n be smooth positive solution to (5.1) satisfying homogeneous Neumann and no-flux
boundary conditions at the boundary points x = 0, L. Then the functionals E,, defined above
are entropies if —(11 + 2v/33)/5 < a < 1/3. Moreover, if —(11 + 2v/33)/5 < a < 1/3,
then there exists ¢ > 0, such that the estimate of the type (1.6) holds:

d L
aEa[n(t)] + c/ 13/ [(n(aﬂw)im + (n T2/ ]dx <0.
0
Concerning the sixth-order equation (3.1) studied in Chapter 3, we propose several

questions that we find interesting to consider:
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(i) With our entropy construction methods, we are able to prove the dissipation property
(3.6) of the physical entropy H only in dimensions d < 3. Is H still a Lyapunov
functional in higher dimensions d > 47

(ii) Isthe Fisher information F a Lyapunov functional for equation (3.1)7 Our only result
in this direction so far is a formal proof of dissipation of F in dimension d = 1, given
in Appendix D.

(iii) Is the energy £ (defined in (3.8)) monotonically decreasing along the weak solutions
constructed in Section 3.47 If the answer is affirmative, then the additional hypotheses
that the weak solution is energetic could be removed from Theorem 3.5.

(iv) Does (3.1) admit global weak solutions in dimensions d > 47 Even if we assume
that an inequality of the form (3.6) continues to hold, it is far from clear how to
rewrite the weak formulation (3.7) in a form that does not take advantage of Sobolev
embeddings in low dimensions.

(v) If (3.1) is posed on R? instead of T¢, one readily verfies that there exists a family of
self-similar solutions ug, namely

us(t;x) = AU (Mt)'z)  with  A(¢) = (1 +6t)°

and the Gaussian profile
|2

2€/§)'

Do these “spreading Gaussians” play the same role for (3.1) as they do for the heat
equation and for the DLSS equation? In other words, is U an attracting stationary
solution of (3.1) after the self-similar rescaling with z = A(¢)§ and ¢ = (¢®”—1)/6, and
do arbitrary solutions converge to U at a universal exponential rate? In dimension
d = 1, there is numerical evidence for an affirmative answer (see Appendix E).

U(z) :exp<—

Discrete variational derivative method, presented in Chapter 4 for the DLSS equation,
has been employed to solve variety of conservative or dissipative nonlinear PDEs; for exam-
ple, nonlinear Schrodinger equation, Klein-Gordon equation, Ginzburg-Landau equation,
Cahn-Hilliard equation, etc [29]. However, it seems that the method has not been explored
yet for dissipative equations of the type

dn = div (m(u)V (5%@)) , (5.2)

where m is so-called mobility function (typically a power function) and £ denotes corre-
sponding energy functional. Equation (5.2), with appropriately defined m and &£, includes
porus-medium equation, thin-film equations and Wasserstein gradient flows in general. If
appropriate boundary conditions are imposed, then £ is dissipated along solutions to (5.2),
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and the key idea of the method is to preserve that property on a discrete level. It is
straightforward to generalize the scheme (4.57) for equations of the type (5.2) on the oned-
imensional torus T. Moreover, it might be fruitful to investigate on possible extensions of
the discrete variational derivative method to the multidimensional case on more general
domains. In principle, both basic concepts: finite volumes and finite elements could be
considered.
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Appendix A

In this appendix we give a sketch of the derivation of the sixth-order equation (1.3). This
equation is formally derived from an O(h®) approximation of the generalized quantum
drift-diffusion model of Degond et al. [21], where £ is the scaled Planck constant. Without
electric field, this model is given by

on = div(nV A), (A.1)

where the particle density n(¢; z) and the function A(¢;x) are related through the integral

ooy L . lp|* d
n(t;x) = ) /]Rd Exp (A(t,x) 5 dp, xe€R% t>0.

Here, the so-called quantum exponential Exp is defined by Exp(a) = W (exp(W~!(a))),
where a(t;z,p) is a function in the phase-space, W is the Wigner transform, W' its
inverse and exp is the operator exponential. For precise definitions and the derivation of
the quantum drift-diffusion model we refer to [21].

The crucial step in the O(h%) derivation of (A.1) is to determine an O(h®) approximation
of Exp(a) with a(z,p) = A(t;x) — |p|?/2. To this end, we follow the strategy proposed
in [21]. Define F(z) = Exp(za) and expand F(z) formally as a series in A, i.e. F(z) =
> oo B Fi(2). The functions Fj(z) can be computed by pseudo-differential calculus. For
odd indices k, we have Fi(z) = 0, and for even indices we have to solve the following
differential equation:

d
EF%(Z) = a Qg Fk(Z) + a oy Fk,Q(Z’) + ...+ aog Fo(Z), z >0,

with the initial condition F}(0) = dxo. The multiplication o,, is defined for any two smooth
functions w; and wy by (see also (5.19) in [21])

i\" (_1)|ﬁ| fe% le’
W1 Op Wy = Z <§) a'—ﬁlax 85w1858p Wa, (A2)
laf+|Bl=n

where «, 3 € N? are multi-indices.

105



106 APPENDICES

Let V¥ denote the k-tensor of partial derivatives of order k, i.e.,

(viw) = Pl Ik)w’ (ka), A = QULd2dk)
11,82, ik z P g1,g2, 3Jk P

Lemma A.1. It holds

W1 Op Wy = 2Zn' <Z(—1)k <Z> (Vi V’;wl) ; (V;“k ® VI;WQ)) ) (A.3)
" \k=0

where “X7” denotes the tensor product and “7 the component-wise inner product.

Proof. Let k = |B| = B1+---+ 4 for B € N¢. According to the Schwartz rule, each partial
derivative 85 appears in V’; on exactly k!/B! positions, where 5! = 51!... 34!. Analogusly,
for |a| = n—Fk, each 92 appears at V72~* on (n—k)!/a! positions. Thus, the expression 905
appears in V' * @ V’; on (n — k)k!/(a!p!) positions, and the same number of appearance
holds for the expression 92050795 in (Vi *@VE) : (Vi *®@VE). Using these combinatorial
observations, formula (A.3) follows immediately. O

The functions Fy(z) and Fy(z) have already been calculated in [21]:

Fo(z)(x,p) = eza(m’p),

1 za(z,p) [ .2 2 2 2° 2
Fy(2)(z,p) = g€ (z ALA+ §|V1A| — gva :p®p>.

Thus, it remains to solve

d
£F4(z) =aog Fy(z)+aoy Fy(z) +aoy Fy(z) = a- Fy(z)
+ f92 SIVA + 524 VAPAA — 25| VAR (VA p @ p)

— 4HV?A Vi Ap @ p) + 2°(V2A  p®p)? + 2% V2A|?
CBAAA(VEA: p@ p) + 625 (AA) + 3:2A24 + ZSA[V AP
— 2BA(V?A:p®Rp) +62°VA-VAA +2'VA .- V|VA|?

za

—2'VA-V(V?A :p®p)} + ;’84 [24(V4A:p®p®p®p)

— (VA (popel) - 2(VA: pR V,(po D))
~ (VA V,(papap)+2A(VIA:V,(pal))

+AVIAV(p® p))] :

with F4(0) = 0. In the above computations, we have exhaustively used Lemma A.1. By
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the variation-of-constants formula, we obtain

e’ 11 2
Fy(1) = 25 g|VA\4 +2|[VAPPAA — g|VA|2(V2A :p®p)

8 1
— g(VQA : V2 Ap @ p) + §(V2A :p®@p)° +||[VPAIP

—2AA(V?A:p@p)+ (AA)? + 2A%A + %A|VA|2

1 4
~GA(VA:p@p) +3VA-VAA+ VA V|VA]

4 1
—gVA-V(VQA:p®p)+5(V4A:p®p®p®p)

LV pepeD) + (VA pe V,pep)
+(V'A:V,pep)p)) + %((V‘*A Vo(p@1)
+ (

VA Vip o).

This gives us the O(h®) expansion of the quantum exponential.
It remains to represent the density u as a function of A. We integrate Fy, Fs, and Fy
with respect to p € R and employ the formulas

€A

1 A—|p|?/2
— D€ dp = ———0;,,
G P =

e

1 A
o i\d prpspipjeA_|p‘2/2dp = —F (57‘851] + 57“2'53]' + 5Tj53j)7
(2rh)¢ Jga (v2rh)?

where 0;; denotes the Kronecker symbol. This gives

n = m—lh)d /Rd(Fo(l) +R2F(1) + BE(1))dp + O(H)
6A h2 ) 4
= T (1 + 57 (2844 VAP) + =

1
+ [V2A[12 + 20(AA)? + 24A%A + ;A|VA|2 +33VA-VAA

(5\VA|4 4 20|VAPAA

+12VA- V\VA|2>) +O(K).

To obtain an h-expansion of A in terms of n, we insert the ansatz A = Ay + h2Ay + h* Ay +
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O(h%) in the above expression for u. Equating equal powers of & yields the system

Ao

1
° 0= Ay + = (2A4g + |V A,

(v2m)d’ 24(
1 1 1
0= Ay + SA3 + 574 (2840 + [VAP) + 5 (Ads + VA - VAy)
1
T 5760
+QMYAﬁU§NVAN+$W%mVAAW+uV%-VWAﬁ)

n =
<MVAW+QWVAJAAAWV%%W+2MAA@

Therefore,

Ag =logn + dlog(V2m), Ay= é A\/\é_

1 /. A’n |Vn|4 ) An\Vn]z VAn Vn
Any? [ VPn]? 1 2 2 2. 2
—2<7> B > 360< IV=lognl||” + — V : (nV logn))

Finally, up to terms of order O(R°), (A.1) becomes

o = An — %Qdiv (nV(A\/\/ﬁ_>> 360 — div < <%||V2 log n||* + %Vz : (nV? 10gn))>.

The second term on the right-hand side is the fourth-order operator of the DLSS equation.
The sixth-order equation (1.3) is obtained by taking into account only the sixth-order
expression and choosing A* = 360.
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Appendix B

The following Mathematica notebook has been used in the computer-aided proof of The-
orem 2.3.

the sixth - order quantum diffusion equation

characteristic polynomial

= S[{n_, €1_, €2_, €3_}] := ((a-5)cl+6) 1%+ (5cl+ (a-4) c2-18) §1* €2+ (3c2+11) 12 2%+
(c2+ (a+1) (a-3) +8) §1° €3+ (3a-5) E1E2E3+ ((a-4)c6+ (d-1) (cl-6)) n&l®+
((@-3)ec9+ (d-2) c6+ (d-1) (2d-7)) n? 1%+ ((a-3) cT+4c6+ (d-1) (c2+14)) nE13 g2+
((d-3)e9-2 (a-2) (d-1) + (d-1) (3d-8))n3€1%3+ (2c7+ (a-6) (d-1)) n €L 2% +
((@=-2) (d-1) +3c9+ (d-2) c7-3(d-1) (d-4)) n? €122+ (c7-3 (d-1)) n€E12 3+
(d-1)2n*€12-2(d-1)2n€162-2(d-1)n?€E1E3+2 (d-1) nE2E3+ (d-1)2n? €22 + £3%;

change of variables

nei= €1 = n/El; €2 =&1% (£1+82); £3 = £1° (£3+3£182);

choice of particular coefficients — integrations by parts

1
nBl= e¢7 = (d-1) (a+ —);
2
c9 = -c7;
5= Expand[S [{n, €1, £2, £3}] £1° /n® // FullSimplify]

characteristic polynomial in new variables

in6l:= S1[{&1_, §2_, £3_}] :=
6-5cl+cla-1281+4clfl-4c281-4c6L1-6dfl+cldfl+c2all+c6all+4812+2c281%+
2 2 2 2 2 pq2 4981 %2
2c68l°+5d8l°+c2d8l°+c6dfl1°+2d°L1°-18L2+5clf2-4c282+c2af2+ —m +
2

25d¢g182 7aflg2 5
8c2E182+4c68182+ ———— +c2dEl82- ———— - —dallf2+2a?182+da®g182-
2 2 2

15 5
5812p2- —de12g2- —d?g12e2+4al?e2+4dagl?e2+d?al2e2+1122+3c22%2-10¢1 822 -
2 2

5d1822+6aL1822+3dal12?2+4212¢222+4dr1%2£22+d%2212¢222+583+c283-2al3+a?83-

58183 5dg1g3 2
- ——+2a8l83+dalflf3-58283+3a8283+4818283+2d81L8283+L83%;
2 2

the discriminant with minus sign

7}~ Expand[- (D[S1[{£1, £2, £3}], £3] /. {£3 > 0})%+ 4 S1[{&1, &2, 0}]]

Ooui7l- -1-20cl-10c2-c2?+20a+4cla+dc2a-14a’-2c2o’+4a’ -a*-23C1+16clCl-11c2°C1-
16c6C1+dCl+4cldll+5c2dCl-30all+4c6all-20dacll-2c2dall+13a®Cl+

39 £12 15d¢1°?

9da?Cl-40°Cl-2da’Cl+ +8c2C1?+8¢c6C1%°+ ————— +4c2dC1%+4c6dC1%+
2

742 ¢1?
—— +10afl?+15dacfl?+5d%°acl?-4a?C1?-4do” 1> -d*a? 1% -22¢E2+20cl £2 -
4
6c2C82-500C2-2c2aC2+220°C2-60°C2+33C1C82+24c2C1C82+16c6C1C82+5dC1C2+
37aC1C2+23dallc2-120°C1C82-6da?C1C2+19¢C2%+12c2C2%+30aC2%-90a? 22
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coefficients like in Lemma 3.1

d = 3; (*specify the dimensionx)

al=-1-20cl-10c2-c2?2+20a+4cla+4c2a-14a’-2c2a®+4a’-a* // Simplify;

a2 = -23£1+16cl181-11c281-16c681+dfl+4cldfl+5c2df1-30afl+4c6all-
20dafl-2c2dafl+13a?81+9da?fl-4a>81-2da’E1 /. {£1 > 1} // Simplify;
39 r12 15dg1? 7 d? g1

a3 = +8c2212+8c6L1%2+ ——— +4c2dl1?+4c6dl1?+ —— +10a 1% +
4 2 4

15dafl®+5d2atl?-4a?¢21%-4da?1?-d?a? 1% /. {€1 » 1} // Simplify;
a4 =-22£2+20clf2-6c282-50af2-2c2al2+22a%2-6a°82 /. {€2> 1} // Simplify;
a5=19222+12c222+30a2?-9a%£2% /. {£2 > 1} // Simplify;
a6 =33L182+24c28182+16c6L182+5dL1L2+37alll2+
23daflf2-12a%8182-6da*C182 /. {€1>1, £2 > 1} // Simplify;

eliminate existence quantifiers

Reduce[
Exists[{cl, c2, c6}, a3 > 0&& (4a3a5-a6” > 0&s4ala3a5-a3a4’-a2’a5-ala6’+a2ada620|
4a3a5-2a6° = 0&62ad4a3-a2a6==0&s42a3al-2a2%20)||a3==0s&sa2 = 04&&
a6 == 065 (a5>0684a5al-a4”°20||ad=0&&a5=0&&al 20)]] // FullSimplify

Root [393 601781429741 700 - 30869 921438354950 920 51 + 909136 653589444589 613 1117 -
13067554891 693074455322 11° +10707119880424272193302911° -
53028518598710965733715011° +148506553100723634206736011° -
903670068054124067973182 11" -11349670571166667138590671 #1° +
56577 657354736919146273378#1° - 147230360918572718046770295#1% +
231738416778937419353125992 11 - 152027093646093153304 987580 H1'% -
284596131 667929366633259084 11 +1101664331459877604997419944 1#1'% -
2005868470113009076388148352 11" +2528368657408139905354920900 11 -
2393183070603095081573333536 117 +1741484151169186832842089152 11—
974340 654437711767 04476569611%° + 412502 928272845793838861 3121120 -
127825181451243356527 042560 #1%! + 27303 715635205678 822932480 1122 -
3581686556834839599513600H1%°+21646922680956876226560011%% &, 5] <o <

Root [393 601781429741 700 - 30869 921438354950 920 51 + 909136 653589444589 613 117 -
13067554891 693074455322 H1°+107071198804242721933029 11" -
53028518598710965733715011° + 1485065531 00723634206736011° -
903670068054124067973182H17 -11349670571166667138590671 #1°% +
56577657 35473691914627337881° - 147230360918572718046770295 11 +
231738416778937419353125992 111 - 152027093646093153304 98758012 -
284596131667 929366633259084 11 +1101664331459877604997419944 11
2005868470113009076388148352 11" +2528368657408139905354920900 11 -
239318307060309508157333353611'7 +174148415116918683284208915211'° -
974 34065443771176704476569611%° + 412502 928272845793838861 3121120 -
127825181 451243356527 042560 #1%! + 27303 715635205678822 932480 H#1%% -
358168655683483959951360011%°+216469226809568 762265600 H1%% &, 6

evaluate these roots numerically

% // N

N RRATNIR < <1 NKRT74
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Appendix C

Here we provide a collection of functional inequalities and other known results used
throughout calculations in Chapters 3 and 4.

Lemma C.1. Let m € N be given. Then there exists a constant C' > 0 such that for all
u € H™(T?),
lullzm < C(IV™ullze + [Ju2).-

Lemma C.2. Let m,n € N and 1 < p,r < oo be given and assume that n—d/r < m—d/p.
Then the Sobolev space W™P(T?) embeds compactly into W™"(T?). In the borderline case,
if n —d/r =m —d/p is not an integer, the embedding is still continuous.

The following result is from [62, p.1034]).

Lemma C.3 (Gagliardo—Nirenberg inequality). Let m, n € Ny with m > n and let 1 <
p,q,r < 00. Assume that there exists 6 € (0,1) such that

d d d
n——z@(m——) —(1-0)-.
r p q
There exists a constant B > 0 such that for all u € Wm’p(']Fd),
IV ullr@) < Bllulliyms lull s (C.1)

Estimates on square roots play a key role in the proofs of our results. The following
result is a consequence of Théoreme 1 (ii) in [47].

Lemma C.4. Let 1 < p < oo. Then there exists a constant Cry > 0 such that for all
nonnegative function u € W*r(T?),

IV ulliys 2oy < Crvllullwesra). (C.2)

Proof. Let ¢ € C*(R) be a nonnegative cut-off function satisfying ¢(z) =1 for 0 < z < 1,
and ¢(z) = 0 for z > 2 and for x < —1. Define accordingly ¢4 € C?(R?) by

Ga(x1, 9, . .., xq) = G(x1)P(22) -+ - d(T4q). (C.3)

Given u € W2P(T?), consider w € W2P(RY) with w(z) = ¢g(x) Eu(z); recall that Ewu is
the periodic extension of u to R?. By definition of ¢4, we have w(z) = Eu(z) for z € [0,1]¢
and suppw C [—1,2]% On one hand,

HD\/_HL2p (1dy = Z/Old]aj\/Eu(m)‘Zpdx
<Z/ 0,/ (@) de = || D V|2, .
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On the other hand, with constants A,, B; > 0,

| D% |, o) = Zj/| )P da

1<j<k<d
Z / |8]k¢dEu + 0;040k Evu + 0r¢a0; Eu + ¢4 0 kEu‘pdx
1<j<k<d
< A ||(;5d||02 RY) Z / |Eu‘p+|ajEu|p—|—|8jEu|p+‘8]2kEu|p) dx
1<j<k<d
< Ay Ballbalg Ny ©3)

By Théoreme 1 (ii) in [47],
1D V2 gy < KD w0 (C.6)

where K > 0 only depends on d and p. Then, combining (C.4) with (C.5) via (C.6), it
follows that

1D V%, 0y < ApBak 6l 1y -
Finally, observe that, trivially,
||\/_HL2p(1rd HUH]zp(Td) < Hu‘|€v2,p(qrd)-

Hence, (C.2) holds with the constant

Civ=(1+A4 pBaK || Pallt2 ay )1/p’
ending the proof. )

Next, we quote the key inequality in the existence proof of global weak solutions to the
DLSS equation, proved in [36, Lemma 2.2]. It is in analogy to the inequality from Lemma
3.8 related to the sixth-order equation.

Lemma C.5. Let u € H*(T?)NWY(T4) N L>°(T?) in dimension d > 2 be strictly positive.
Then, for any 0 < a < 2(d+1)/(d + 2),

1 2 72 2 2(a—1) / ay2
- i ‘. > .
o= 1) /Td u”0;;(log u) 0y (u )dx > ke Td(Au ) dx, (C.7)
ifa#1, or
/ w07, (log u)*dx > 111/ (Au)*dr, (C.8)
Td Td
if a =1, respectively, where
p(a) s  2(d+1) d—1\2
Fa = CEpla) —ploy) 4 @) = et — e <d+2> (€.9)

Furthermore, if the stronger condition (vVd —1)%/(d +2) < a < (Vd+ 1)2/(d + 2) holds,
then ko > 0.
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The following result is proved in [37, Appendix]. It is needed to obtain strong conver-
gence of the sequences (/u,) or (V/u,), given strong convergence of the sequence (u,,) and
a uniform bound on (/u,,) or ({u,), respectively.

Proposition C.6. Let 0 < <y < a < oo, 1 <p,q,r < oo be given, where ap = Bq =
yr. Assume that (uy) is a sequence of strictly positive functions on T with the following
properties:

1. u® converges strongly to u® in WP(T?), and
2. uf is bounded in WH(T4).

Then u) converges strongly to u” in WH(T?).
The respective result holds for sequences of nonnegative functions u, : (0,T) x T? — R
upon replacing W4H*(T?) by L*(0,T; WL(T4)) for, respectively, s = p,q,r.

Finally, we recall a particular variant of the Leray-Schauder theorem that has been
proven in [55].

Theorem C.7 (Leray—Schauder). Let X be a Banach space and let B C X be a closed and
conver set such that the zero element of X is contained in the interior of B. Furthermore,
let S: B x[0,1] = X be a continuous map such that its range S(B x [0,1]) is relatively
compact in X. Assume that S(xz,0) # x for all x € OB and o € [0,1] and that S(OB x
{0}) C B. Then there exists xy € B such that S(xg,1) = xo.

Appendix D

In this appendix we provide a fromal proof of the Lyapunov property for the Fisher infor-
mation along smooth positive solutions to the sixth-order quantum diffusion equation in
space dimesion d = 1. The proof is based on the entropy construction method from [35].

Proposition D.1. Let n be smooth and positive solution to equation (3.1) on the oned-
imesional torus T. Then the Fisher information F[n] = [.(v/n)idz is monotonically

decreasing in time, i.e.

%}"[n(t)] <0 forallt>0.

Proof. According to Lemma 3.6, the sixth-order equation is for smooth positive solutions
equivalent to

om = (n(10g 1) vea)ewe + 2(n(logn)2,) se ,
and using the standard change of variables logn = y, the latter becomes

Oy = € Y("Yran)zra + 26V (€YY2,) an - (D.1)

The Fisher information in new variable reads as

Finl = [ (Ve = [ eryzan

T



114 APPENDICES

Integrating by parts, the time derivative of the Fisher information along solutions to (D.1)
is calculated:

d d
—F[n(t)] = = / elyadr = / e (Y2yy + 2ypye)dr = — / (Y2 + 2yue ) yed
dt At Jy T T

- _ /]I‘(yi + 2052) [ (€"Yawa ) wwe + 2(€¥Y2y )] o

- _ /T (V2 + 2Y0) [€" (YoYoza + Yozar + 202,)]

=— /Tr (Y3 + 2Yaw)ar Yaraa + Yrzao + 2y5,)d2

= -2 /T ¢ (Yao + YoYuzz + Yovss) YoYzze + Yosse + 250 )do

= —Q/GySO(yw, Yo, - - -)dT
T
where the polynomial Sy equals

So(€) =285 + 361658 + 3656 + 65 + 26 &6+ &

In order to prove the Lyapunov property for F, we use integration by parts in a systematic
way [35]. Symbol Sy is of order 8, but only variables &, ...,&, appear in its definition.
Thus, it is enough to consider only the following 8 integration by parts formulae and
corresponding shift polynomials:

= @)~ T = 66+ 266 + &6
L= [(@i)e ~ T =66 + 6+ 266,
= [, ~ T =€ + & + 3686,
L= @) = T6) = s + 21886 + 616 + 66260
= @k, - T =i+ 3+ 20
hi= (@) ~ To©) = e+ 4606t +
= @, = T(6) = 6+ 566 + €6
h= [, - BO-g+1

These integration by parts formulae correspond to nonnegative integer solutions of the
equation py + 2py + 3ps + 4ps + Sps + 6ps + Tpr = 7 with py = ... = p; = 0.
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We are looking for a polynomial S of the form S(£) = So(€) + S5, ¢;Ti(€), which

satisfies
d

@l = _Aeys(yx,ym,...)dz,

and there exist real coefficients ¢; such that S(&) > 0 for all € = (£, &, &3,&) € R If such
polynomial S, i.e. coefficients ¢; € R can be found, then this formally gives a proof of the
Lyapunov property.

Firstly, the above decision problem can be optimized by using the sum of squares
optimization tool available in MATLAB toolbox yalmip [48]. In particular, we obtain the
following choice of coefficients to be useful:

1 3 1

1
cyg = —2¢c;, c3=0, C4:§, 05217 g = —— 07:—m‘

50

After changing polynomial variables to @ = & /&2, y = &/ and 2z = &;/&}, we calculate
S(g) = 5?501708 (l‘, Yy, Z) with

3
Seres(,y,2) = 22" + (5 - 2C1>y2 + 22+ (e1 + 4y + (a1 +3)2%2 + (2 — 4y )yz
_|_19 —I—l +33+12+<7 1> 7 3 i
—X —XTZ —XT - Cg — — | X — —Y — —X% Cg .
2577 T 5 1 7Ts 8100 1007 " 507 T

Finally, it remains to solve the polynomial decision problem
dey,cs €ER (Vr,y,z € R0 S, oo(2,y,2) > 0.

This has been done by the computer algebra software Mathematica applying the command
Reduce, which uses an implementation of CAD algoritham for quantifier eliminations. The
result is affirmative and consequently, the Fisher information is a Lyapunov functional for
equation (3.1). O
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Appendix E

In the last appendix we provide a numerical evidence (in d = 1), which shows in favor of
the question (v) (page 103) about the long-time asymptotics of the sixth-order equation
(3.1) posed on R. After the self-similar rescaling with o = (1+6t)Y/%y, t = (¢% —1)/6 and
equivalent reformulation according to Lemma 3.6, the function

v(s;y) == (1 + 6t)Y5n(t; z)
solves the equation
950 = (v(1og V) yyy)yyy + 2(v(log U)zy)yy +(yv)y, Yy€ER, s>0. (E.1)

One easily deduces the stationary solution of (E.1); v (y) = cexp(—y?/2v/2), where the
positive parameter ¢ is chosen to adjust the mass according to given initial condition.

In order to perform numerical experiments we have to restrict our domain to a finite
symmetric interval (—L, L) C R, and for simplicity we impose periodic boundary condi-
tions. Equation (E.1) is then discretized by the implicit Euler in time and standard finite
differences in space:

Vk+1 _ Vk 2 2
U W G 1o 1))+ 280 (VA (6 log V1)) (B2
1
o (VI 2 — ) + VI Wl = 207 0l 0) = VIV 0 — 0 ).
V=YL ez, i=0,... ,N—1, k>0, (E.3)

where V¥ =~ v(s;vi), h = 2L/N, 7 > 0 is a given time step and the finite difference
operator 51.(3> is defined by

@y - 1
0"V 2h3<

Note that the convection term (yv), is first substituted with (©,v),, where © = y?/2, and
then discretized. For a given initial data V° & vg, nonlinear system (E.2)—(E.3) is solved

by the standard Newton iterative method, where we take the solution from the previous
time step as an initial guess in the next step.

Viga = 2Vig1 + 2V — Vio).

Ezrample E.1. Numerical test presented here assumes the following: interval length 2L =
10, mesh size h = 0.05, time step 7 = 1072 and initial condition vy(y) = e(sin(my/L) + 3)
with € = 0.0938. Figures E.1(a)-(d) convincingly show convergence of numerical solutions
{V*}1>0 to certain stationary profile, which we denote by V°°. Here we approximated V>
by VBOOO.

Nevertheless, the observed convergence can be even further numerically explored. Let
us introduce the perturbed entropy functional defined by

1
Hv:/vlovd+ /Zvd.
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Figure E.1: Convergence of numerical solutions V* of system (E.2)—(E.3) towards the
stationary profile V°: (a) sg = 0, (b) s400 = 0.4, (¢) s1100 = 1.1, (d) S2500 = 2.5.

Its definition is motivated in order to satisfy H[v.] = 0 and we will use it to measure the
convergence of numerical solutions {V*};>¢ to the corresponding stationary profile V.
In fact, we have to reformulate H slightly, since on finite intervals V> is never the perfect
Gaussian and thus H[V>°] > 0. Therefore, we adapt H relatively to V> by defining

HaV] = H[V] — H[V™].

Above, ﬁ[V] is to be understood in the sense of some quadrature rule, which approximates
corresponding integrals. In our computations we use the composite Simpson’s rule.
Figures E.2(a)-(b) below, show an exponential decay to zero of the perturbed entropy
7—~[d along solutions {V*};>¢ from Example E.1 and an exponential decay to zero of the
L*-norm of the sequence {V* — V>},~y. The dashed lines indicate upper bounds for the
convergence. These numerically established convergence results parallel to those obtained
for the confined fast diffusion equation (second-order Fokker-Planck equation) [8] and for



118 APPENDICES

a family of confined nonlinear fourth-order equations [51]. Especially interesting result
in [8] is the proof for sharp decay rate of the relative entropy along solutions to the fast
diffusion equation, which has been performed via formal linearization of the equation aroud
the stationary profile and applying a sharp Hardy-Poincaré inequality. The sharp decay
rate equals —2A, where A denotes the optimal constant in the Hardy-Poincaré inequality
and coincides with the spectral gap of the corresponding linear operator. Moreover, the
optimal rates are saturated for translatations of the stationary profile [22].
Expanding a solution v of (E.1) in terms of an e-perturbation w around v,

v(s;y) = (14 ew(s;y))vse(y)
and keeping only first-order terms in ¢, yields the linear equation for w,
osw~+ Lw =0,

with Lw = —8210 + %y@iw — (%Iy2 + %)3;‘10 - (%/—lgy + %93)3310 - (3\75 - 292)wyy +Yywy.
Using additional change of variables z = y/+v/2, operator L admits a Sturm-Liouville form
[46],

Lw = —622/2 [2(€7Z2/2wzzz)zzz - 4\3/5(67)22/211&,2),22 + \3/21(67)22/271&),2

Solutions of the eigenvalue problem Lw = Aw are properly scaled Hermite polynomials

d'fl
Pa(y) = 2"°Hy(y/V2) . where H,(z) = (=1)"¢”/*—e™2,
Zn
with corresponding eigenvalues )\, = n*(n+1)/2. Obviously, the smallest nontrivial eigen-
value (spectral gap) is A; = 1.

10! T T 102
100 L
101 L
10!
1072
100 L
-3 : L . . .
T 1 o100 2 0 1 2
Sk Sk
(a) (b)

Figure E.2: Exponential convergence of: (a) perturbed entropy functional 7:2017 (b) L'-norm
with C' = 30(H ¢[V°])/2.
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Next, observe the Figure E.2(a) and a kind of phase transition in decay of H 4 around
time points Ss400 and sq1199. Before the time s499 and after sq1go, ﬁd decays almost paral-
lelly to the dashed line, which represents the exponential curve H 4[Vple ?** in the semi-
logarithmic plot. Figure E.1 and our simulations indicate that these temporal regions
correspond to the translation dominated regime of the solution. Hence, in the spirit of
results from [8, 22, 51|, our numerical experiments suggest the optimal decay rates being
—2A1 and —\; for the perturbed entropy H and L'-norm, respectively.

Based on the above formal observations and obtained numerical results, we conclude
the appendix with the following conjecture.

Conjecture. Let vy € L'(R) be a nonnegative initial datum of finite entropy ﬁ[vo] < 00
and let v be solution to the rescaled quantum diffusion equation (E.1). Then v converges
exponentially fast towards the respective Gaussian profile vy, in L'(R),

[0(s) = voo|| 1 < C(H[wo])/2e™* forall s> 0,

where C' > 0 depends only on vy. Furthermore, the perturbed entropy functional H decays
along v at an exponential rate

Hlv(s)] < H[vgle ™ forall s>0.
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