Die approbierte Originalversion dieser Diplom-/Masterarbeit ist an der
Hauptbibliothek der Technischen Universitat Wien aufgestellt
(http://www.ub.tuwien.ac.at).

The approved original version of this diploma or master thesis is available at the
main library of the Vienna University of Technology
(http://www.ub.tuwien.ac.at/englweb/).

TECHNISCHE
UNIVERSITAT
WIEN

Vienna University of Technology

DIPLOMARBEIT

Optimal Transport on the n-Sphere

Ausgefiihrt am Institut fir

Diskrete Mathematik und Geometrie
der Technischen Universitat Wien

unter Anleitung von

Assoc. Prof. Dr. Franz Schuster

und Mitwirkung von

Univ.Ass. Dipl.-Ing. Dr.techn. Gabriel Maresch

durch

Florian Besau, BSc
Pfadenhauergasse 2/10
1140 Wien

Datum Unterschrift



Preface

Optimal Transport was first introduced by Gaspard Monge in 1781. In the 1940s
Leonid Kantorovich relaxed the original problem and introduced a dual representation
[Kan42, Kan48]. Since then many great mathematicians have contributed to this field

and made it a classic topic in probability and optimization theory.

In this thesis I aim to “explicitly” solve the Optimal Transportation problem on the

n-dimensional sphere.

In Chapter 1, I will give a quick survey of convex functions. The theory of convex
functions, and in particular the dual correspondence via conjugate functions, will prove
useful when we establish the Kantorovich duality in Chapter 2. Besides basic knowledge
in analysis and linear algebra no further knowledge is presupposed. Most of the results

and proofs in this chapter are taken from [Roc70].

In Chapter 2, I will motivate the definition of the original Monge problem (MP) and its
relaxation, the Monge-Kantorovich problem (MKP). I will prove the Kantorovich duality
and introduce c-concave functions and the c-transform of such functions. In the final
part of Chapter 2, I will solve the Optimal Transport problem on the real line for convex
cost functions. Basic knowledge in measure theory is recommended. The content of this

chapter is mostly along the lines of Villani’s work in [Vil03] and [Vil09].

In Chapter 3, I will study Optimal Transport on the n-dimensional sphere. I will first
use our results from Chapter 2 on the real line to solve the MKP on the circle for
convex cost functions. Then, I will prove the main theorem of Optimal Transport on the
n-sphere. I will introduce differential calculus and a version of Rademacher’s Theorem
on the n-sphere. In the final part of this chapter I will use these tools together with
the Kantorovich duality to solve the Optimal Transport problem “explicitly” on the
n-sphere. My strategy will be similar to McCann’s strategy in [McCO01], where he treats
the Optimal Transport problem on Riemannian manifolds. In this chapter the reader will

require basic knowledge in geometry, but no knowledge about Riemannian manifolds.
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Chapter 1

Convex Geometry

In this chapter we recall some results from convex geometry on convex sets and functions.
Most of the following results are taken from [Roc70] and [Sch93], which we recommend

for a more thorough study of this fascinating topic.

1.1 Convex Sets and Functions

Definition 1.1.1 (Convex set). A non-empty subset C' C R" is called convex if for all
r,yeC

A+ (1-NyeC, VA e (0,1). (1.1)

Example 1.1.2. Some basic examples for convex sets are

(a) Affine sets: A set £ CR" is called affine if for all z, y € F and A € R we have

(1-XNz+AyeE.

(b) Balls: Let a >0 and = € R". We define the open ball

centered in x of radius a by Ba(x) _amiieal
,/// %\\\\
Ba(z) = {y € "o —y]| < a}, A
where .|| : R™ — [0,+00) denotes the Euclidean norm. \ . '

Also, we denote the closure of By (z) by Ba(z).
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(c) Hyperplanes and half-spaces: Let v € R"\{0} and o € R. The set H,, o defined
by

Hyo={y eR"[(y,u) = a},

Uu
is affine and is called a hyperplane, where
Hy
AR ’
\b\\\\ ;
denotes the Euclidean scalar product. t}\\]{\ +
The set H, , defined by U,

Hy o= {y €R"[(y,u) <a},
is called an open half-space. The closure of H{L': o, 1s denoted by F;a. We have

==+
H,o=HyoUH/,.
Also, we define H, , by
H, , ={y €R"|(y,u) > a},

and denote its closure by H,, .

Convexity of a set is preserved under various operations.

Proposition 1.1.3.

(i) Let (Ci)ier be a family of convex sets. Then

s convex if it is non-empty.

(it) Let Cy, Cy be convex sets, then

Ci1+Cy:= {m+y|az eCh,ye 02}
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1S convez.

(iii) Let A :R™ — R" be a linear transformation and C CR™, D CR" be convez sets,
then AC CR™ and A~'D CR™ are convez sets.

Proof.

ad (i): Let z, y € C, then necessarily x € C; and y € C; for all i € I. Thus, for A € (0,1),

we have
Ar+(1=Ny e C;, Viel.

Hence Az + (1 —\)y € C and therefore C' is convex.

ad (ii): Let x, y € C1 + Cq, then there are x1, y; € C1 and x2, y2 € Cy, such that
r=2x1+x2 and y =y +yo.
For A € (0,1), we get
Az + (1= XN)xg € Cf, Ayr+ (1= N)yz € Cy
and therefore
A+ (1=Ny e Cr+Cy,

thus C1 + (5 is convex.

ad (iii): Let x, y € AC. There are u, v € C, such that z = Au and y = Av. For A € (0,1),

we have
A+ (1=XNved.
Thus, since A is linear, we get
A+ (1=Ny = u+ (1= )Av=AAu+(1-A)v) € AC.

Therefore AC' is convex.
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Now, let , y € A~'D, then Az, Ay € D. For A € (0,1), we have
Adz+(1=Ny) = Az+(1—-N)Ay € D.
Thus
A+ (1-NyeAD

and therefore A71D is convex. O
Remark 1.1.4. Let A >0 and > 0. For B CR", we have
(A+p)B CAB+uB.
If ACR" is convex, we have
YA+ HRACA,

thus we have
A+ pA=(A+p)A. (1.2)

Equation (1.2) characterizes convex sets: A is convex if and only if A # () and (1.2) holds
for all A >0 and p > 0.

Theorem 1.1.5. Let C' CR" be convex and closed. Then the intersection of all closed

half-spaces containing C' is equal to C, i.e.

C=(H]| C is contained in the closed half-space H}.
Proof. Obviously we have

C C({H]| C is contained in the closed half-space H}.

If C' =R" there is nothing to show. Let y ¢ C, then {y} is compact and C' is closed. Thus,
by the Hahn-Banach separation Theorem, there is u € R"\{0} and a € R such that
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<yau> <a< ;gg <=’L‘7u> : u N\
This yields NN y

yéﬁ;a QC N\

u, 0t

So for all y ¢ C' we find a closed half-space that separates {y}
and C, thus

C 2 ({H| C is contained in the closed half-space H}.

Definition 1.1.6 (Convex function). Let f:R" — RU{4o00}.

(i) For & € RU{+£o0o} the set {z € R"|f(z) = a} is denoted by {f = a}. Similar
definitions apply for {f <a}, {f < a}, etc.

(ii) We define the effective domain of f by dom(f) :={f < +oo}. f is called proper
if {f=—00} =0 and dom(f) # 0.

(iii) f is called convex if f is proper and the epigraph of f,
defined by

'f(z)
epi(f) = {(z,y) ER" Mz €R",y € R,y > f(x)},

T

is a convex set.

f is called concave if —f is convex.

(iv) Let g: ACR" - RU{£oo}. We call g proper if the extension to R" by

3(2) ::{ g(x), ifzeA

400, otherwise.

is proper.

Also, we call g convex (concave) if g is convex (concave).
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Example 1.1.7 (Affine functions). We call h:R" — R affine if for all z, y € R" and
A € R we have

hOa + (1= N)y) = A(z) + (1= N h(y).

Let A : R™ — R be affine. The function g : R™ — R defined by

)
9(2) == h(z) = h(0)
. h(x)
is linear. Thus there is u € R" such that g(z) = (z,u). epi(h)
Setting av = h(0) we have x
“Nw-
U, —
h(z) = (z,u) — .
This yields
. =+
epl(h> = H(u,—l),om

hence h is convex.

We note that if f is convex, all sublevel sets {f < a}, {f < a} as well as dom(f) are
convex sets. This follows easily from the convexity of epi(f), because all these sets can
be constructed as intersections of epi(f) with a half-space or projections on R™ (and by

Proposition 1.1.3 these operations preserve convexity).

In the following proposition we will give an equivalent condition for convexity of a

function.

Proposition 1.1.8. Let f:R" — RU{+o00} be a proper function. f is convez if and
only if

FOz+(1=Ny) <Af(x)+(1=XN)f(y), vie (0,1), (1.3)
for every x and y in dom(f).

Proof. Let f be convex and let x1, 2 € dom(f). Then (x1, f(x1)), (22, f(x2)) € epi(f)
and thus, since epi(f) is convex, for A € (0,1) we get

Ay, f(21)) + (1= A) (22, f(y2)) = Az1+ (1= Az, Af (21) + (1= A) f(22)) € epi(f).
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=

Figure 1.1: Sketch of condition (1.3) in Proposition 1.1.8.

This is equivalent to

fAz1+ (1 —=Nax2) < Af(z1)+ (1= XN) f(x2).

Now, assume that f satisfies (1.3) on dom(f) and let (z1,y1), (z2,y2) € epi(f). Then
y1 > f(x1) and y2 > f(x2). Therefore

fO@y+ (1 =XNxg) < Af(z1) + (1= A)f(r2) <Ay + (1= A)ya.

So epi(f) is convex and so is f. m|
Remark 1.1.9.

1. For a convex function f we can use induction on condition (1.3) to get

k k
f (Z/\z%) <D Nif(wi), (1.4)
i=1 i=1

for all A\; >0 (i =1,...,n) with Zle Ai = 1. This is also known as Jensen’s

inequality.

2. A convex function f is called strictly convex if and only if equality in (1.3) implies

r=y.
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As for convex sets, the convexity of a function is preserved under various operations.

Proposition 1.1.10.

(i) Let f:R™ =R be a convez function and g:R — R a non-decreasing and convex
function. Then go [ is convez if dom(go f)# 0 (we set g(+00) = +00).

(ii) Let f1 and fa be convex functions on R™, then fi+ fo is convex if dom(f1)N
dom(fa) # 0.

(iii) Let C CR™ ! be a convex set. Then the function f:R™ — R defined by
f(z) :=inf{a € R|(z,a) € C},

1S convez.

(iv) Let f1, fa, ..., fn be convex functions, then

(fiofen...Ofp)(x) :==inf{fi(x1) + fa(z2) +... + fu(zp) |1 + 22+ ...+ 25 = 2}

is a convex function, called the infimal convolution of f1, fo, ..., fn. Also, for

n =2, we can write

fioh(@) = int (A1) +fola—y)}.

(v) Let (fi)icr be a family of convex functions on R™. Define f:R™ — R by

f (@) := sup fi(x).

il

If dom(f)#0, i.e. there exists xy € R"™ such that

sup fi(zo) < +00,
icl

then f is convex.

(vi) Let A:R™ —R"™ and B :R"™ —R™ be linear transformations and f :R™ — RU{+o00}
be a convex function. Then fA:R™ — R defined by

fA(z) = f(Ax)
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and Bf :R™ — R defined by

Bf(y) == inf{f(x)|Bx =y}
are convex functions.

Proof.

ad (i): First, we notice that go f is proper, since dom(go f) # 0.
Let z, y € dom(f) and A € (0,1). We have

fQz+1=Ny) SAf(z)+ 1 =) f(y).

Since ¢ is non-decreasing and convex, we get

(go /i Az+(1=Ny) < g\ f(@)+(1=N)f(y))
<Ago f)(z)+(1=A)(go f)(y)

Thus go f is convex.

ad (ii): f1+ fo is a proper function, since
dom(f1 + fo) = dom( f1) Ndom( fa) # 0.
Let z, y € dom(f1+ f2) and A € (0,1), then
fida+(1=Ny) < Afi(z) + (1= fi(y)
for + = 1,2. Taking the sum of these inequalities we get

(f1+ ) Az+ (1= XN)y) <A(f1+ f2) (@) + (L= A)(f1+ f2)(y)

and therefore fi+ fo is convex.

ad (iii): dom(f) is the projection of C' onto R™. Thus, since C' is convex and therefore
C # 0, dom(f) #0 and f is proper.
Let x1, x2 € dom(f), then, for €, > 0, €2 > 0 small enough, we have

(1, f(x1)+e€1) € C and (2, f(x2)+€2) € C.
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Let A € (0,1). We get
A1, f(1) +€1) + (1= A) (22, f(72) +€2) €C
and therefore

fQOz1+ (1= Nz2) < A(f(z1) +e1) + (1= A)(f(22) +€2).

Since €; can be chosen arbitrarily small, we get
fQx1+ (1 =N)z2) < Mf(z1) +(1—=A) f(22)

and therefore f is convex.
ad (iv): Let F; :=epi(f;) and F := F1 + Fy+ ...+ F,, then F is convex. Further,

n
(x,y) € F if and only if there exist (z;)j~; in R™ and (y;);~; in R, such that Y x; =z,
i=1

i =y and fi(2;) <y; for all i=1,...n. Thus
=1

fz) = inf{y[(z,y) € F}

and therefore, by (iii), f is convex.

ad (v): Since sup;c; fi(zo) < +00 we have xo € dom(f) and therefore f is proper.
Let x, y € dom(f) and A € (0,1). Since

epi(f) C [ epi(fi),

el
we have x, y € dom(f;) for all 7 € I. Thus
fide+ (1 =Ny) <Afi(e)+ (A=A fily),  Viel

Therefore

fOz+(1=Ny) = Silel?fi()‘x"' (1-=Ny)
< sup Afi(x)+ (1 =N fily) < Af(2)+ (1= N)f(y),

hence f is convex.

10
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ad (vi): We have dom(fA) = A(dom(f)) # 0, thus fA is proper.
Let z, y € dom(fA) and A € (0,1). Then

FAQE+(1=XNy) = fAz + (1= A)Ay) SAfA(2) + (1= ) fA(Y)

and therefore fA is convex.

Bf is proper, since dom(Bf) = B~'dom(f) # 0.

Let y1, y2 € dom(Bf). Then, for ¢ > 0 and €3 > 0 small enough, there are zy,
x9 € R™ such that Bxy =y1, Bra =1vy2, Bf(y1)+e1 = f(x1) and Bf(y2) +e2 = f(x2).
If A€ (0,1), then

SO+ (1= Nw2) S Af(z1)+ (1= A) f(22)
=ANBf(y1)+e1) +(1=N)(Bf(y2) +e2)

and since B(Ax1+ (1 —A)z2) = Ay + (1 — N)y2 we get

Bf(Ay1+(1=Nyz2) < f(Az1+ (1= A)x2g)
SMBf(y1)+e)+(1=A)(Bf(y2) +€2).

Now, since ¢; can be chosen arbitrarily small, this implies

Bf(Ay1+(1—=Ny2) <ABf(y1) +(1—=X)Bf(y2)

and therefore Bf is convex. O

1.2 Differential Theory of Convex Functions

In this section we will show that a convex function is locally Lipschitz-continuous.
Furthermore, we will show that the directional derivatives exist and are sub-linear. We
will then conclude that convex functions are subdifferentiable. We recall definitions when

needed.

Definition 1.2.1 (Lipschitz-continuity). Let f: A CR™ — R™ be a function.

(i) We call f Lipschitz-continuous if there exists a constant B > 0 such that

1 () = FW)ll < Blle =yl Va,y € A. (1.5)

11



1.2. DIFFERENTIAL THEORY OF CONVEX FUNCTIONS

We denote the space of Lipschitz-continuous functions on A by Lip(A,R™). The

smallest constant B is given by

Lip(f):= sup M

1.6
S (16)

(ii) We call f locally Lipschitz-continuous if f is Lipschitz-continuous on all compact
C CA.

If f is Lipschitz-continuous on A C R™, then it obviously is uniformly continuous as well,

because for arbitrary ¢ > 0 we can set § := ﬁ(f) and get

1f(z) = f(y)|| < Lip(f) [lz —yl| <e,

for all z, y € A such that ||z —y|| <.

Theorem 1.2.2. A convex function f:R"™ — RU{+oc} is continuous and locally

Lipschitz-continuous on int(dom(f)).

Proof. The following proof is taken from Theorem 1.5.1 in [Sch93]. We set O :=
int(dom(f)) and assume O # (), because otherwise there is nothing to prove. First
we will show the continuity of f on O. Let z¢p € O. Since O is non-empty and open, we
can choose affinely independent (J:Z)?jll in O, such that the simplex S generated by these

points satisfies
xo €1int(S) C S C O.

Furthermore, there is p > 0 such that the open ball B,(z¢) € S. For x € S there is a

n+1 n+1
representation r = >’ Aiz; with \; >0 and 3 A\; = 1. Using Jensen’s inequality (1.4),

=1 =1
we deduce that
n+1
fz) < Z:l Nif(z;) <c:= 1§r2n§a7i<+1f(xi), Vr e S.

Now let y = zo+au with « € (0,1) and |Ju|| = p. Since y = (1 —a)zo + a(xo+u), we get

fly) (A1 —a)f(wo) +af(zo+u),

12
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hence

f(y) = f(zo) < a(f(xo+u)— f(x0)) < alc— f(x0))

since xg+u € B,(zg) C S.
On the other hand,

1 n o
_1+ay 1+«

0 (xg—u)

and hence

f(x0) < ——f(y) +

S Tral W g/ lmo—u)

which yields

f(xo) = f(y) < a(f(zo —u) — f(x0)) < ale— f(x0)).
Thus, since ap = ||y — ||, we get

c— f(xo)
p

[f(y) = fwo)| < ale— f(zo)) = ly = oll,

for y € B,(x0). Therefore f is continuous in zg and hence, since ¢ was arbitrarily chosen,
f is continuous on O.
To prove local Lipschitz-continuity let C' C O be compact. We need to show that f is

Lipschitz-continuous on C'. By compactness, there exists p > 0 such that
C,:=C+DB,0) CO.

On the compact set C), the continuous function |f| attains a maximum a. Let z, y € C,
then

Zi=y+ (y—x)eCp

|y — |l
and

ly — ]|

y=(1-Nz+Az with A= —2 1L
( ) p+ly—z|

13
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hence f(y) < (1—A)f(x)+Af(y) yields

Fly) = f@) SA(f(2) = f(2) < Z lly—al].

2
p
and y. Therefore f is Lipschitz-continuous on C'. O

Interchanging = and y we get |f(y) — f(z)| < Blly — z|| with B = < independent of x

By Rademacher’s Theorem (see Theorem 3.3.1), a Lipschitz-continuous function is
differentiable £™-a.e. with Borel measurable gradient. Thus a convex function is differ-

entiable £L"-a.e. on the interior of its effective domain.
We will now show that the directional derivatives of a convex function exist everywhere.
Definition 1.2.3 (Directional derivatives). Let f:R"™ — R.

(i) If

i @A)~ f(2)
A—0T A

(1.7)

exists it is called the one-sided directional derivative of f in z € R" with
respect to direction y € R"\{0} and denoted by f'(z;y).

(ii) In the one dimensional case (n = 1), we distinguish be- y s
tween the right derivative f) defined by
/ T f(x“‘)‘)_f(x)_ 1o
i) = tim HEEAZIE i -
and the left derivative f’ () defined by Ay /
oI
Py e d@ =N, .
e S =

Remark 1.2.4. Let f:R— R and z € R. If f} (z) = f_(z), then f is differentiable at x
with derivative f'(z) = f (z) = f_ ().

To prove the existence of the directional derivatives of a convex function we will first

prove the 1-dimensional case.

Theorem 1.2.5 (Differentiability of convex functions in R). Let f:R —RU{+o00} be a
convex function. Then f and f' exist on int(domf) and are non-decreasing functions.

The inequality f. < f' is valid, and with the exception of at most countably many points,

14
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fL = fi holds (implying differentiability of f). Furthermore, f. is continuous from the
right and f' is continuous from the left and therefore, if f is differentiable on an open

set, it is actually continuously differentiable.

Proof. The following proof is taken from [Sch93](Theorem 1.5.2). We will assume all
arguments of f to be taken from int(domf). Let 0 < A < . Then

Fla+d) =f(E2a+ 2z +p) < E2f(2)+ 2 f(v+p),

hence
Fa+ N 1) _ fletn) — ()
A B It
Analogously,
Fla=N)=f(E2a+ 2@ —pn) < EAf(@)+ 2 f(e—p),
hence
fla) = fle—p) _ fl@) = fla=N)
L - A

@)= f (e —m+ e+ ) < 535 =)+ 55+ 0),

hence

fl)=fle—p) _ fle+A) = f(z)
1 - A '

From the monotonicity and boundedness properties we just established, we can deduce

the existence of f/ and f” as well as the inequality f/ < f%. So, for z <y,

fly)—f(x)

FL@) < fola) < HE=

< fL(y) < fiw). ()
Hence f” and f! are non-decreasing and thus have at most countably many discontinuities.

At each continuity point = of f’ the above inequality implies f’ (z) = f/ (z) and hence

the existence of the derivative f’(z).

15



1.2. DIFFERENTIAL THEORY OF CONVEX FUNCTIONS

Let x <y. Using (x) we get

M: lim M> lim f%(2)

Yy—x z—zt y—=z Tzt

hence f/ (z) >lim, ,,+ fi (). Since f is non-decreasing, this implies that f’_ is contin-

uous from the right. Analogously one obtains that f’ is continuous from the left. O

We will now prove that the directional derivatives of a convex function exist and are

sub-linear functions of the direction.

Definition 1.2.6 (Sub-linear functions). Let f:R" — RU{+o0} be a function.

(i) f is called positively homogeneous if

f(Az) = Af(z), VA >0,z € R". (1.8)

(ii) f is called sub-additive if

fla+y) < f@)+fy), Vr,y eR". (1.9)

(iii) f is called sub-linear if it is positively homogeneous and sub-additive.

Remark 1.2.7. A proper sub-linear function f is convex, because

J(A=Nz+Ay) < f(1=Az)+ f(Ay) = (1 =A)f(2) + Af ().

Theorem 1.2.8 (The directional derivative of a convex function is sub-linear). Let
f:R" 5 RU{+00} be a convex function and x € int(dom(f)). Then the directional
derivatives at x exist and f'(z;.) : R"\{0} — R is sub-linear.

Proof. Let x € int (dom(f)) and fix a direction y € R"\{0}. Then g: R — R defined by
g(A\) := f(z+ A\y) is convex and by Theorem 1.2.5 the right derivative of g in 0 exists.
This yields

/ . A)—g(0 . ) —
g4+(0) = A£r0n+ g())\g() — AIE& flr+ fi) f(z)

= f'(z;y).
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1.2. DIFFERENTIAL THEORY OF CONVEX FUNCTIONS

So the directional derivatives of f in x exist.
Next we will prove the sub-linearity of f/(z;.). Let y € R™\{0} and A\, 7 > 0. We get

flz+7hy) — f(z)

f'(w:Ay) = lim, -
\y) —
:Tg%lJr)\f(x_l_TT?j\) f(flf) :)\f/(x7y>7

hence f'(x;.) is positively homogeneous. For y, 2 € R"\{0} convexity of f implies
fla+7y+2) < f(3@+2ry)+ 5@ +272)) < 3 f(w+27y) + 3 f (v +272),

therefore

fla+7(y+2) = f(x)

f(z;y+2)= lim

T—07F T
70+ 2T 27
Hence f’(z;.) is sub-additive and thus f’(z;.) is sub-linear. O

We will show that the existence and sub-linearity of the directional derivatives imply,

that a convex function is subdifferentiable on the interior of its domain.

Definition 1.2.9 (Subdifferentiability and subgradient). Let f:R"™ — RU{+4o00} be a
proper function and fix x € dom(f). f is called subdifferentiable in = with subgradient
p € R" if

fy) = fx)+py—z)+olly—=|) as y — . (1.10)
We call
0. f :={p € R"|p is subgradient of f in z.} (1.11)

the subdifferential of f in x.
Remark 1.2.10.

1. Analogously one defines superdifferentiability and supergradients. The superdiffer-
ential of f in = will be denoted by 0. f.

2. If f is differentiable at « then obviously V f(z) € 0,.f.

17



1.2. DIFFERENTIAL THEORY OF CONVEX FUNCTIONS

3. If a function f has a supergradient as well as a subgradient in z, then f is
differentiable at x and 9, f =0, f = {V f(x)}.

Let f:R"™ — R be convex and subdifferentiable at x with subgradient p. Consider the
affine function h : R"™ — R defined by h(z) = f(x)+ (p,z — z), then f(x)=h(x). So locally
around x we have h < f. This even holds globally, because suppose there is yg € R such
that f(yo) < h(yo). Let A € (0,1), then

fQyo+(1=A)z) < Af(yo) + (1= A)f(z)
< Ah(yo) + (1= A)h(z) = h(Ayo + (1 = A)z).

Therefore

f(z+e(yo—)) <h(r+e(yo — 1))

for all € > 0 in contradiction to h < f locally around x. Thus h < f holds globally on R"
and therefore a convex function f:R"™ — R is subdifferentiable at x with subgradient p if

and only if
f(z) > f(z)+(p,z—z),Vz € R". (1.12)
Also, note that
: -t
epi(h) = H (), 1) (o.p)— f(2)-
and h < f if and only if
epi(h) 2 epi(f).

Thus H, _1),(»p)—f(z) 15 @ supporting hyperplane of epi(f).

Theorem 1.2.11 (Subdifferentiability of convex functions). Let f:R"™ — R be a convex
function and x € int(dom(f)). p € R™ is subgradient of f in x if and only if

f (@) = (p,y) Vy e R (1.13)

18



1.2. DIFFERENTIAL THEORY OF CONVEX FUNCTIONS

Thus
9.f ={p €R"|VYy €R" : (p,y) < f'(w39)} (1.14)
and 0, f is a compact convex set.

Proof. Let x € int(dom(f)) and y € R™"\{0} arbitrary. We recall from the proof of
Theorem 1.2.5 that the quotient w is a decreasing function as A — 0%, thus

flx+Xy) — f(x)
)

> f(z;9) > (p,v), VA > 0.

Analogously we get

fle—Xy)— f(x)

A >(p,—y),  VA>0.
Combining these inequalities we get
fle+dy)—f(z) = {p,Ay),  VAeR
Thus, by putting z := x + Ay, we get
f(z) > f(x)+(p,z—x), Vz e R"™.

Therefore p satisfies condition (1.13) if and only if p is subgradient of f in x.
Let x € int(dom(f)). We will show that 0, f is non-empty. (z, f(x)) is a boundary point
of epi(f). Since {(x, f(z))} is compact and

int(epi(f)) = {(, )| f () <}

is non-empty and open, we can use the Hahn-Banach separation Theorem and get
u € R™ 1 and a > 0 such that

H, 2 int(epi(f))

and (z, f(z)) € Hyq, ie. (u,(z, f(z))) =a. Let u= (p,—v) for p € R" and v € R. Since
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1.2. DIFFERENTIAL THEORY OF CONVEX FUNCTIONS

(x,p) € int(epi(f)) for all u > f(x), we have

(p,x) —vf(x) = o> (u,(z,p)) = (p,x) —vp,

hence v > 0. Put ¢:= £, §:=2 and define the affine function 7 : R™ — R by

h(z) = (q,2) = B.

Then h(z) = L({p,z) —a) = f(z) and h < f, because

epi(h) =H, 1) = H{pn).a 2 epi(f).

Therefore g € 0., f.

Equality (1.14) is obvious from condition (1.13). Thus, we can write

of= N A{reR"py) < f(zy)}= ) ﬁ;f’(m;y)’

yeER™ yERN

hence 0, f is convex and closed as an intersection of convex and closed sets (closed
half-spaces) by Proposition 1.1.3.
To show that 0, f is compact we need to show that 0, f is bounded. We notice that

sup (p,y) < f'(w;y) < +oo Vy eR",
pel, f

hence 0, f has to be bounded and therefore 0, f is compact. O

Remark 1.2.12.

1. Let f:R — R be a convex function. The subdifferential of f in z € int(dom(f)) is
given by the closed interval 9, f = [f(z), fi (z)].

2. For a convex set C' C R"™ we call the sub-linear function defined by

h(y|C) := sup{(z,y) |z € C}

the support function of C.

It is a basic result from convex analysis (see Corollary 13.2.1 in [Roc70]) that every
sub-linear function f is the support function of a closed convex set C', namely
C ={y|(x,y) < f(x)}. So the previous Theorem actually states that the directional

20



1.3. CONJUGATES OF CONVEX FUNCTIONS

Figure 1.2: Examples of lower semi-continuous functions.

derivative is the support function of the subdifferential of f, i.e.

fl(@y) = h(ylo.f).

This result can also be found in [Roc70] (Theorem 23.4).

3. If the subdifferential of f in z is single-valued, i.e. 9,(f) = {p}, we have

[ (@y) = h(yld.f) = (p,y)-

So the directional derivative is a linear function and therefore f is differentiable at
x with Vf(z) =p.

1.3 Conjugates of Convex Functions

By Theorem 1.1.5 a closed convex set is the intersection of all closed half-spaces containing
it. We will show that a lower semi-continuous (see the definition below) convex function

is the point-wise supremum of all affine functions less or equal to it.

Definition 1.3.1. (Lower semi-continuous (Isc) functions)
A function f: A CR"™ — RU{%o0} is called lower semi-continuous (Isc) in z € A, if

and only if

fla) <liminf f(y) := lim inf{f(y)ly € By/n(@)\{z}}.
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1.3. CONJUGATES OF CONVEX FUNCTIONS

Remark 1.3.2.

1. A function f:R"™ — R is Isc on R if and only if the epigraph of f is closed. This
can be seen easily: f is Isc in z if and only if for any sequence (;);en in R and
(x;)iern with p; — p, x; — x and p; > f(z;) we have p > f(x). But this is just the

closure of epi(f) = {(z, u)R" | f(x) < u}.
In view of this relation a lsc function is sometimes called closed.

2. Given a proper function f, one defines the lower semi-continuous hull of f by

clf =sup{g|g is Isc and g < f}.

Then

epi(clf) = U{epi(g)|g is Isc and g < f}

is closed and clf(z) < hz‘[}lglf f(y).

3. Let f be a convex function. Then clf is convex and since a convex function is
continuous in int(dom(f)) we have clf = f there. Furthermore, because f = 400
outside dom(f) we actually have {clf # f} C ddom(f), where ddom(f) denotes
the boundary of dom(f).

Theorem 1.3.3. Let f:R"™ — RU{+oo} be Isc and convex. Then f is the point-wise

supremum of all affine functions h such that h < f, i.e.
f(z) =sup{h(x)|h is affine and h < f}.

Idea of the proof. This can be deduced from the following: f is Isc and convex if and
only if epi(f) is closed and convex. A closed convex set is the intersection of all closed
half-spaces containing it (Theorem 1.1.5). Now, one can show that the intersection of
half-spaces of the form F@_l),a with u € R", o € R and epi(f) C ﬁ(tu—l)ﬂ are sufficient
to generate epi(f). This leads to the above result, because epi(h) = H, 1) . For a
rigorous proof of this fact we refer to [Roc70] Theorem 12.1. O
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1.3. CONJUGATES OF CONVEX FUNCTIONS

Definition 1.3.4 (Conjugate function). Let f:R"™ — RU{+o0} be a proper function.
The function f*:R"™ — RU{+o00} defined by

f*(y) == sup (z,y) — f(x) (1.15)

z€eR?

is called the conjugate of f.

Remark 1.3.5.

1. The conjugate function is also sometimes called the Legendre-Fenchel trans-

form.

2. The conjugate of a proper function which is bounded from below by an affine
function is a lower semi-continuous convex function. This can easily be seen: Let
f be a proper function and h affine such that h < f. Since f is proper we have
{f =400} #R" and therefore {f* = —oco} = . Since h is affine, there are u € R"
and « € R, such that h(z) = (z,u) —a. We get

(x,u) — f(z) <a < +o0 Vx e R"

hence f*(u) <« and thus {f* = +o00} #R™. So f* is a proper function. To show

lower semi-continuity and convexity we rewrite the epigraph of f* as

epi(f*) = M {w,m) ER"™ > (w,9)— f(@)} = () oty so)-

reR™ TER™

Therefore epi(f*) is a closed convex set as an intersection of closed half-spaces and

non-empty since f* is proper. Thus f* is lower semi-continuous and convex.

3. Definition (1.15) implies
(x,y) < f(x)+ f*(y) for all z,y € R™. (1.16)

This inequality is known as Fenchel’s inequality. Its equality cases will be very

important to us.
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1.3. CONJUGATES OF CONVEX FUNCTIONS

Example 1.3.6.

“Ip(z)

(a) Let f:R — R be defined by

F(x) = exp(a).

f is convex and its conjugate f*:R — R is given by 0 ¥
yln(y) —y if y >0, ¥
fy) = 0 if y =0, 1
+00o else.

(b) Fix p € (1,400) and define f:R"™ — R by

_ l=l”
fla) ="

is convex and its conjugate f*:R"™ — R is given b
jug g v

con lyll®
fy) = .

where ¢ € (1,4+00) such that %—i—% =1.

2
= @ = f*. One can show that this is the only solution

Forp:q:%vvehavef

for a convex function f such that f = f*.

We will now give a characterization of the subdifferential and state a duality correspon-

dence of lower semi-continuous convex functions. The following results are mostly taken

from [Vil03].

Proposition 1.3.7 (Characterization of the subdifferential). Let f:R™ — RU{+o00} be

a lower semi-continuous convex function. Then

y € 0uf & (x,y) = f(z)+ (). (1.17)
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1.3. CONJUGATES OF CONVEX FUNCTIONS

Proof. By Fenchel’s inequality (1.16) we have

(r,y) = f(@)+ [ (y) & (z,y) = f(2) + [ (y)
< (z,y) > f(2)+(y,2) — f(2) VzeR"
< f(z) > flo)+(y,z —x) VzeR"
sSyed,f O

A
oA

Theorem 1.3.8 (Duality correspondence of convex functions). Let f:R" — RU{+o0}

be a proper function. Then f is a lower semi-continuous convex function if and only if

[ =

Proof. From Remark 1.3.5(2) it is clear that f** = f implies that f is lower semi-
continuous and convex. So all we need to show is that a lower semi-continuous convex

function satisfies f** = f. Using Fenchel’s inequality (1.16) we get

f(x) = sup (z,y) = f*(y) = [ (2),
yeR?
hence f > f**(x).
On the other hand, for = € int(dom(f)), by Theorem 1.2.11, we have 9, f # 0, thus we
can choose y € 9, f. Using Proposition 1.3.7 we have f(x)+ f*(y) = (x,y) and therefore

f(@) < sup (z,y) = [ (y) = [T (2),
yeR?
which implies f = f** on int(dom(f)). So, if dom(f) =R", then f = f**.
To finish the proof we will use the same strategy as in the proof of Proposition 2.5 in
[Vil03]. We will regularize f by infimal convolution (see Proposition 1.1.10(iv)): Let

=

ge() : QEQ and
fe(x) = foge(z) = inf f(z4y)+ge(y).
yeR

We will show that lim+ fe=f. First, notice that for y =0 we get fe(z) < f(x) and
0

€E—
therefore lim+ fe < f. To show the other inequality, we fix an arbitrary affine function
e—0

h(z) = (z,u) —a with h < f. We get

2
ol

felx+y)+9(y) > (z+y,u) — R
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1.3. CONJUGATES OF CONVEX FUNCTIONS

The right-hand side of this inequality is a quadratic function in y and therefore attains

an unique minimum at y = —eu. Thus

Thus limJr fe > h for all affine h with h < f. Since f is lower semi-continuous and convex,
e—0
we can use Theorem 1.3.3 to get

f= sup A< lim fe,
h<f e—0T
h affine

hence lim f.=f.

e—0T
Since dom(f¢) = R", we have f** = f.. Furthermore, f. < f implies f* > f* which in

turn implies f* < f**. We conclude

*k > 1
@z B

f() = lim fo(@) = f(z),

thus f = f**. O
Remark 1.3.9.

1. Let f be a lower semi-continuous convex function. Using Theorem 1.3.8 and

Proposition 1.3.7 we have
y €0, f = (xy) = fla)+ [ (y) =)+ (y) e red,f

2. Let f be lower semi-continuous and strictly convex. For 21 # x2 € int(dom(f)) one

can show that
QxlfﬂQ.’EQf - @

Therefore y € 0, f implies that d, f* = {x}, hence f* is differentiable at y with
Vf*(y) =x. If f is also differentiable at x, then one has 9,.f = {V f(x)} and thus

VI (Vi(z) ==
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1.3. CONJUGATES OF CONVEX FUNCTIONS

Since y € 0, f < x € 9, f* (see Proposition 1.3.7), we also have

VIVIW) =y

A convex function is differentiable £"-a.e. in the interior of its effective domain
with Borel measurable gradient (see Theorem 1.2.2 and Theorem 3.3.1). So we
have Vf* oV f(z) =z L™a.e. on int(dom(f)). Hence we may use V f* as inverse

to Vf.
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Chapter 2

Introduction to Optimal Transport

In this chapter we will first motivate and define the Monge Problem (MP) and a
relaxation of it, the Monge-Kantorovich Problem (MKP). We will then prove a
dual representation of the MKP, called the Kantorovich Duality. In the proof we will
introduce c-transform and c-concavity, which can be seen as generalization of conjugates

and convexity.

In the final part of this chapter, we will solve the MKP explicitly on the real line.

2.1 Motivation and Definitions

Before we give a formal definition of the Optimal Transport Problem let us consider the

following economic example, which was given by Cédric Villani in [Vil09]:

“Consider a large number of bakeries, producing loaves, that should be
transported each morning to cafés where consumers will eat them. The
amount of bread that can be produced at each bakery, and the amount that
will be consumed at each café are known in advance, and can be modeled as
probability measures (there is a “density of production” and a “density of
consumption”) on a certain space, which in our case would be Paris (equipped
with the natural metric such that the distance between two points is the
length of the shortest path joining them). The problem is to find in practice
where each unit of bread should go, in such a way as to minimize the total

transport cost.”
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2.1. MOTIVATION AND DEFINITIONS

T

TN

dv

X x Y Y

Figure 2.1: In the Optimal Transport Problem we are looking for transport plans 7" :
X — Y that transport mass from X distributed by p to Y according to v,
ie. T#Hpu=v.

To put this in mathematical terms, the “space of bakeries” will be called X and the
“space of cafés” Y. The “density of production” is then a probability measure 1 on X

and the “density of consumption” is a probability measure v on Y.

In order to move loaves of bread from a bakery x € X X
to a café y € Y some kind of effort has to be made.
This will be measured by a measurable cost function
c: X xY — [0,400]. So the cost of moving z to
y equals ¢(z,y). For example, c(z,y) could be the
length of the shortest path between x and y.

The problem can now be described as finding measurable maps 7" : X — Y which assign
to each bakery x a café y = T'(z) such that the “density of production” p matches the

“density of consumption” v. This condition is characterized by the following

T#p=v, (2.1)

by which we mean that for every measurable set B CY we have u[T~1(B)] = v[B],
where T~ (B) = {z € X|T(z) € B} is the preimage of B under T. T#y is called the
push-forward of p by T. Maps T which satisfy (2.1) will be called transport plans.

To get a better understanding of condition (2.1) we may consider p and v to be discrete.
Then u(x) is the quantity of bread produced at bakery x and v(y) is the quantity of

bread consumed at café y. Further, a map T: X — Y is a valid transport plan if and
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only if

viy)= Y, plx),

x:y=T(x)

i.e. the quantity of bread moved to a café y by T" has to match the quantity of bread

which is consumed there.
Given a transport plan T we will assign a total cost I.(T') to it by letting
L(T) = / c(z, T(x))dp(z). (2.2)
X

We can now formulate the Optimal Transport Problem.

Definition 2.1.1 (Monge Problem, MP). Let x and v be probability measures on
probability spaces X respectively Y and let ¢: X x Y — [0,4+00] be a measurable cost
function. The Monge Problem (MP) is to find a transport plan 77 : X — Y such that

I.(T*)= inf [I.(T),
where

T(u,v):={T:X —Y| T is a transport plan between p and v.}.

The MP may not have a solution, i.e. the set of transport plans 7 (u,~) may be empty

or there may not exist a minimizer 7.

Example 2.1.2 (Solvability of MP).

(a) Let X ={z} be a space with only a single point and Y = {y1,y2} a space with two
points. Let u be the trivial probability measure on X and v the probability measure
that splits its mass evenly on the two points of Y, i.e. v[{y1}] = v[{y2}] = 3.
Clearly, there are only two maps to consider: T} (z) = y; or Ta(z) = y2. But neither
of those maps are transport plans, since the push-forward of x by neither 77 nor

Ty is equal to v. In fact T (p,v) = 0.

(b) Let

X =1[0,1] x {0} and Y = [0,1] x {£1}.
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.yz

Figure 2.2: Sketch of Example 2.1.2(a). A situation where no transport plans exist.

Let g be uniformly distributed on [0,1] x {0}, i.e.
u(Ax {0}) = £1(4)
where £! is the Lebesgue measure on R. Let v be uniformly distributed on Y, i.e.
v((Brx {=1}) x (B2 x {+1})) = 3£ (B1) + 3L (Ba).

One can think of X as one line and Y as two parallel lines, one to the left and one
to the right of X. The cost function shall be

((2.0),(9.2)) = [[(@.0) ~ (.2)]]* = (z— ) +1

for all x, y € [0,1] and z € {£1}. Then one can define a sequence of transport plans
(T3)ien in the following way: First define 77 by

(21’,—1), S [07%)a
2z —1,41), z€[},1

Ty ((x,0)) = {

So T} basically cuts the line X in half and assigning the lower half to the left side
of Y and the upper half to the right side. It is easy to verify that 77 is a valid
transport plan from g to v. The total cost I.(T) is given by

13
1+ 22de = —

I(Ty) =
(T) 12

S — e
S —

1
1+x2dx+/1+(1—x)2dx:2
1

2

Next we define T5 by cutting X into four equal parts and assign two to the left of
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Y and two to the right, i.e.

(—1,2z), x€]l0,

[

1y
Ty ((2,0)) = (+1,22—3), x€ {
[

~—

(-1,2z—3), =€
(+1,2z—-1), z¢€

~—

=0 ol R
N—

OO DOl i

—

This again yields a valid transport plan and the total cost is given by

1
4

49

I(Tz) = 4/1+:c2dq: 5

0

Proceeding in this manner, 7} will be the transport plan that cuts X into 2° equal
parts and distributes them to the left and right of Y. The total cost I.(7};) is given
by

2—1’

. |
[(T) =2 / 14 22de =1+
0

3.4t

One can show that

Te%,m L(T) = zlggo I(Ti) =1,

thus the optimal transport cost of the MP is approximated by the sequence (7;);en.
But the sequence does not converge to a map 7*. In fact, there is no transport
plan 7% € T (u,v) such that I.(T*) = 1, therefore the MP has no solution.
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.
\

ey

i

Figure 2.3: Sketches of the transport plans 77, T» and T3 as defined in Example 2.1.2(b).

This sequence approximates the optimal transport cost, but does not converge
to a map.
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Example 2.1.3 (Nonlinear constraint on 7). Let X =Y =R" and p, v be probability

measures on R" which are absolutely continuous with respect to the Lebesgue measure

L7 ie.
dp(x) = f(x)dz and dv(y) = g(y)dy.

Now condition (2.1) for a transport plan 7' can be formulated as
/ f(ﬂf)dl":/g(y)dy,
B

r-i(B)

whenever B C R™ is measurable. If we assume T to be a C!-diffeomorphism from R"

onto itself we can use the change of variable formula to get
/ flo)de = / g(T(z))|det dT (z)|dz.
T-1(B) 7-1(B)
So if u and v are absolutely continuous to £" with densities f respectively g, then a
differentiable function 7": R™ — R" is a transport plan if and only if
F(2) = g(T ()] detdT (z)], ja.c.

This condition is obviously nonlinear.

The MP was relaxed by Kantorovich in the forties' [Kan42, Kan48]. Instead of looking
for transport plans, Kantorovich considered probability measures « on the product space

X xY with marginals p and v, i.e. for all measurable A C X and measurable B CY:
Y(AXY)=pu(A) and v(X x B) = v(B). (2.3)

A measure 7 satisfying (2.3) will be called a transference plan.

For a transference plan v one can interpret the quantity v(A x B) as the amount of mass
that is moved from A C X to B CY. Therefore the condition y(A xY) = u(A) means
that all the mass p(A) in A is moved somewhere to Y and the condition v(X x B) =v(B)

means that the amount of mass that is moved to B is v(B).

Leonid Kantorovich was awarded a Nobel prize in economics in 1975 for related work.
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Every transport plan 7" induces an unique transference plan yp := (id x T')#p. Thus

transference plans can be seen as relaxations of transport plans.

The total cost of a transference plan ~ is defined by

()= [ eoydyay).
XxY

We can easily verify that I.(T) = I.(yr). The set of transference plans is denoted by
(u,v) :={y€P(X xY)| v is a transference plan between p and v.}.

Note that II(u,v) # 0 since u x v € I(u,v). Therefore the optimal transport cost I,
defined by

I.:= inf I.
yEI(p,v) ™

always exists (but may be +00).

We can now reformulate the Optimal Transport Problem.

Definition 2.1.4 (Monge-Kantorovich Problem, MKP). Let p and v be probability
measures on probability spaces X respectively Y and let ¢: X xY — [0,+00] be a
measurable cost function. The Monge-Kantorovich Problem (MKP) is to find a
transference plan v* € II(x,v) such that

I.(v") = L.

The MKP always admits solutions under quite general assumptions on the spaces X, Y

and the cost function c.

Theorem 2.1.5 (Solvability of the Monge-Kantorovich Problem). Let X, Y be Polish
probability spaces (i.e. complete, metric and separable) and p, v Borel probability measures
on X respectively Y. Let ¢: X XY — [0,400] be a lsc cost function. Then there exists

an optimal transference plan v* € I1(p,v).

Remark 2.1.6. Analogously to Definition 1.3.1, a function f: X — RU {400} on a Polish

space X is Isc if f isIsc in x, i.e.

f(2) <liminf f(y) := lim inf{f(y)ly € Byjn(x)\fo}},

y—
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for all x € X.

Before we prove Theorem 2.1.5 we need to recall some results from measure theory on

Polish spaces.

Definition 2.1.7 (Borel measure, regular measures, tightness, weak convergence). Let

X be a Polish probability space.

(i)

(i)

(iii)

(iv)

A measure p is called a Borel measure if it is defined on the Borel o-algebra on
X, i.e. the smallest o-algebra on X that contains all open subsets of X. The set of
Borel probability measures on X is denoted by P(X).

A probability measure p on X is called regular if for all measurable A C X and
€ > 0 there is a closed set F" and an open set G such that F'C AC G and u(G\F) <e.
Equivalently, A is regular if and only if

p(A) =sup{u(F)|F C A, F closed}
and

u(A) =inf{u(G)|G C A, G open}.

A subset B C P(X) of probability measures on X is called tight if for all ¢ > 0

there exists a compact set K, such that

sup u(X\Ke) <e.
neEB

Further, we call a measure o € P(X) tight if {u} is tight.

A sequence (fip)nen of probability measures on P(X) is said to converge weakly

to a probability measure p € P(X), pn ~ p, if and only if

for all bounded continuous functions f: X — R. (Equivalently one can choose

bounded Lipschitz-continuous or Isc and bounded from below functions.)
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Remark 2.1.8.

1.

2.

Any Borel probability measure on a Polish probability space is regular.

Any probability measure on a Polish probability space is tight. Furthermore, for
a tight sequence of probability measures, there exists a measure p € P(X) and a

subsequence (i )nen, such that ju, ~» u, this is Prokhorov’s Theorem.

Remark 2.1.9.

1.

Any non-negative lsc function f: X — [0,400] on a metric space can be written as
the supremum of a non-decreasing sequence of bounded, uniformly continuous and

non-negative functions. One can choose

fo(z) = ylg)f( [min(f(y),n) +nd(z,y)],

then 0 < f,, <n and one easily shows that

fn(@) = fuly) < nd(x,y),

thus f, is bounded and uniformly continuous.

Furthermore, for m < n, we have
Jm(z) <min(f(y),m)+md(x,y) <min(f(y),n)+nd(z,y) Vy € X,

thus f,(z) < fn(x) and therefore (fy,)nen is a non-decreasing sequence.
Finally, we have fp(x) <min(f(x),n), hence fp(x) < f(z). On the other hand, for
all n € N there exists y,, such that

falx)+ 5 = min(f(yn),n) +nd(z, yn).

If f(z) =400, then obviously Jim fn(z) = +00. Otherwise f(z) < 400 and we

necessarily have g, — x. Thus

lim fy(x) > iminfmin(f(yn),n) +nd(z,yn)] = f(z),

n—oo

where in the last inequality we used the fact that f is Isc. We conclude that

lim f,(z) = f(z).
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2. Any Isc function f: X — [0,400] on a Polish space X is Borel measurable. This

follows easily from the previous remark and monotone convergence.

Proof of Theorem 2.1.5. First we notice that u x v is a transference plan and therefore
IT(p,v) # (). Since p and v are probability measures on a Polish space, they are tight.
So for any € > 0 there are compact sets K. C X and L, CY such that u(X\K) < e and
v(Y\L¢) <e. Thus we get

YXXY)N\(Ke x Le)) < ((X\NEKe) x V) +7(X x (Y\L))
= WX\ Ke) +v(Y\Le) < 2,

for all v € II(u,v). Since K, x L is compact in X x Y, we have that II(u,v) is tight.

Now let (7;)ien be a minimizing sequence, i.e.
IC — nli_)n(‘)lo Ic<f)/l).

Since II(u,v) is tight, there exists a subsequence (7 )ren which converges weakly to a
probability measure v* € P(X x Y). v* is a transference plan, because for any Borel set
A C X we have

Y(AXY) = klim Y(AXY) = p(A)
— 00

and analogously for any Borel B CY we have v*(X x B) = v(B). Hence v* € II(p,v).
Since ¢: X XY — [0,400] is Isc, we may assume ¢ to be the supremum of a non-decreasing
sequence (cg)gen of continuous non-negative functions (see Remark 2.1.9). Thus, by weak
and monotone convergence, we get

I.(v") = /cd’y* = lim [ cydy" = lim lim [ ¢pdyy, < limimf/calw€ = lim I.(7g),
l—00 l k—o0 k—o0

—00 k—00

hence v* is an optimal transference plan. O

Remark 2.1.10. We know that the MKP always has a solution (see Theorem 2.1.5). It is
an open question whether the existence of optimal transference plans in the MKP can be
linked to the existence of optimal transport plans for the MP.

It is easy to see that if an optimal transference plan +* is concentrated on the graph of a
map T, this map is an optimal transport plan. In the next section we will study the

Kantorovich duality, which will prove to be an important tool in answering this question.
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B e e it >
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Figure 2.4: Sketch of the optimal transference plan v* of Example 2.1.12.

Remark 2.1.11. Let (X,d) be a Polish probability space. For p € [0,400) we define a cost
function ¢,(z,y) = d(z,y)? and
P

Wp(u,v) :=< inf L:p(v)>

YEll(p,v)

So Wy (p,v)P is the optimal transport cost between p and v in the MKP. One can show,
that W, is a metric on the space of probability measures on X and that it metricizes the
weak convergence, i.e. i, — v if and only if lim,, s Wy (pin,v) = 0.

W), is called the Wasserstein distance and W is also known as the Kantorovich-
Rubinstein distance. The Wasserstein distance has very nice properties. For instance,

the Kantorovich duality (see Theorem 2.2.1) implies that

W (1) = ( sup J(W/))) ’

(%Wel)cp

thus W, may be approximated from below by some pair (¢,1) € ®.,. We refer to Chapter
6 in [Vil09] for a thorough study.

Example 2.1.12 (Solvability MKP). Let us recall the Example 2.1.2(b). Let
X =[0,1] x {0} and Y =[0,1] x {£1}.

Let g be uniformly distributed on X and v be uniformly distributed on Y. Further, let
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the cost function be ¢((x,0),(y,2)) = (z —y)?>+ 1. A transference plan is given by
7 ((Ax {0}) x [(Br x {=1}) U (B2 x {1})]) := 3£(AN B1) + 3£ (AN Ba),
for all measurable A, By, By C [0,1]. v is indeed a transference plan because
7 ((Ax {0}) x V) = £1(A) = p(A x {0})
and

Y(X x (B x {—1})U(By x {1}))) = 3£ (B1) + 3£ (By)
=v((B1 x{—-1})U (B2 x {1})).

The cost of ~v is given by

1 1
I.(y)= %/c((m,O), (x, —1))dx+%/c((x,0), (x,1))dx = 1.
0 0

In 2.1.2(b) we constructed a sequence of transport plans that converged in cost to 1. We
also claimed that there was no transport plan 7" € T (u,v) such that I.(T) =1, i.e. the
MP had no solution. We have now constructed a transference plan v with I.(y) =1. The
question that still remains is whether ~ is optimal or not, i.e. I.(y) = I.. At the end of

the next section we will be able to answer this.
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2.2 The Kantorovich Duality

The MKP has a dual representation which was introduced by Kantorovich in 1942.

Theorem 2.2.1 (Kantorovich Duality, dual MKP). Let X, Y be Polish probability spaces
and p, v probability measures on X respectively Y. Let ¢: X xY — [0,+00] be a lsc cost
function.

For v € (u,v) we define

I.(y) = / c(x,y)dy(x,y)
XxY

and for (¢,) € LY(X, ) x LY(Y,v) we define

J(p,) == /sodwr/wdu
Y

X
Also, define
b :={(p,0) € L'(X, 1) x L' (Y, 1) |0(2) + 9 (y) < e(,)}.
Then
inf I.(y)= sup J(p,¥). (2.4)
v (p,v) (. h)ede

The problem of finding a mazimizing pair (¢,v) € ®. is the dual MKP.

Remark 2.2.2. The Kantorovich duality actually holds under much weaker assumptions
on the cost function c¢. In [BS11] Beiglbock and Schachermayer showed that the duality
holds if ¢ is Borel measurable, ;X v-a.e. finite and if there exists at least one finite

transference plan.

The Kantorovich duality has a nice informal interpretation. We will use our bakery
example from the beginning: X is the space of bakeries with the “density of production”
i and Y is the space of cafés with the “density of consumption” v. Furthermore, the cost
of delivering bread from a bakery x € X to a café y € Y is given by ¢(x,y). Our task is
to find an optimal transference plan v € II(u,v).

Suppose a company shows up with the following offer: They will pick up the bread

from each bakery and deliver it to the cafés. They will charge the cost ¢(z) for each
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bakery x € X and the cost ¥(y) for each café y € Y. Furthermore, they claim that they
will never charge more than the cost we would have to pay when delivering the bread

ourselves from a bakery z to a café y, i.e.

o(x) +v(y) < clz,y).

If we accept this offer we will have to pay the total cost J(p,1), which is given by
J(p,¥) Z/sodwr/iﬁdv.
X e

Now a quick calculation shows that

J(p,0) = / p(z) +Y(y)dy(z,y) < /cd'yzfc(”r)-

XxXY XxY

So whatever transference plan v € II(u,v) we choose, the cost I.(7) is greater or equal to

J(p, ).

The Kantorovich duality tells us that, if the company also maximizes their profit, we will

in fact pay as much as if we would have handled the task ourselves optimally.
To prove the Kantorovich duality we will need some preliminary results.

Assume ¢ to be a continuous cost function. In the dual MKP one is looking for pairs
(p,1) of measurable functions ¢ : X - RU{—0o0}, ¥ : Y - RU{—00} (not equal —oo
everywhere) with ¢(z)+¥(y) < c¢(z,y), such that J(p,1) is maximal. Now, given a pair

(p,1), we can take a closer look at condition (2.4) and notice that for all z € X we have

() < clz,y) =¥ (y). (*)

Thus, if we want to increase (p,1), it makes sense to try and improve ¢ by defining
¢ X - RU{—o0} by

U(e) = inf el y) (o).

Since ¢ # —o0, there is a yg € Y such that ¥ (yp) > —oo and therefore

Y(x) < c(z,y0) — ¥ (yo) < o0, Vz € X.
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By (%) v°(z) > ¢(z), thus ¢ £ —oco and by definition

c(x,y) > (x) +v(y) > (x) +1(y).

Proceeding in the same way with ¢, we define ¥“:Y — RU{—o00} by

Ue(y) = ind clo,y) =¥ (a),

and again we get ¢ # —oo, ¥ > ¢ and

c(w,y) > ¢ (x) +“(y) > ¢ (x) +(y).

We still need to show, that ¢¢ as well as ¥ are measurable. Since c¢ is continuous,
one can show that —¢ is Isc and therefore Borel measurable. This can be seen in the
following way: —1 is lIsc if and only if epi(—1°) is closed. For y € Y we define g, : X =R
by gy(z) = ¥(y) —c(x,y). Then g, is continuous, since ¢ is continuous and epi(g,) is

closed. We can write

epi(—y°) = [ epi(gy),
yey

thus epi(—1°) is closed and therefore —¢° is Isc. One argues analogously to prove that

—1% is also Isc and therefore Borel measurable.

So, starting with (p, 1) we have constructed to a “better” pair (¢¢,1°¢), which satisfies

Y€ > p and ¥ > 1. We may apply the same procedure again and thus expect an even

better pair (1% ). But it turns out that 1)°“ =°. This can easily be seen: First, by

definition ““(x) := inf ey c(z,y) —1*“(y) and therefore 9““(x) > 1“(x). On the other

hand, because of ¥(y) < ¥(y), we get

V() < clz,y) —v(y) < clz,y) —(y)

and therefore

¥*(2) < inf c(2,y) —¥(y) = ¥(2).

Y

Therefore, if we are looking for maximizing pairs in the dual problem, we can restrict
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ourselves to pairs (¢,1) which satisfy

p =1 and ¢ = ¢,

(2.5)

we will call such pairs tight. Given a tight pair (¢,1), one can always reconstruct one

function from the other, so we only need to look at one of the two functions.

Definition 2.2.3 (c-transform, c-concavity and c-subdifferential). Let X, Y be Polish
spaces, ¢: X XY — [0,4+00) a continuous cost function and ¢ : X - RU{—00}, ¥ :
Y — RU{—o0} functions, not identically —oo. The functions ¢¢:Y — RU{—oc0} and

¢ : X - RU{—o0} defined by

() = nf c(z,y) - p(z),

V() = inf c(z,y) —¥(y),

yey

are called the c-transforms of ¢ and 1 respectively.
A function ¢ is called c-concave if p““ = .

For a function ¢ we define

Ip = {(r,y) € X xY|p(x) + ¢ (y) = c(z,y)},

the c-superdifferential of ¢. Further, the c-superdifferential of ¢ in z € X is

Ip(z) :={y € Y|(z,y) € %]}

or equivalently y € 0.p(z) if and only if

p(2) <plr) +c(zy) —cla,y)

Remark 2.2.4. Let ¢ be a continuous cost function and ¢ : Y — RU{—o0}.

Vze X.

(2.6)

1. If there is an g € X and an « € R such that ¥(y) < ¢(zg,y) —« for all y € Y, then
°(zp) > —oo and therefore ¢ # —oco. Thus —¢° is Isc (see the remarks before

Definition 2.2.3).

2. If ¢ is c-concave, then ¥ (z) +1¢(y) < ¢(x,y) and therefore —1)¢ as well as —)*¢ = —1)

are Isc and hence Borel measurable.
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Furthermore we have

y € 0% () & x € 09 (y) & w(z) +¢°(y) = c(z,y).

This is completely analogous to Theorem 1.2.11 in the convex case.

3. Let ¢ be c-concave and define 7, : Y — R by

72(y) = c(@,y) —¥°(y),

then ¢ < 7, for all x € X. One can think of 7, as a tool shaped by c¢(z,.) and
1 < 7, implies that the graph of ¢ can be caressed from above by such tools. In
fact, a function v is c-concave if and only if its graph can be caressed from above

by the cost function ¢ in such a way (see figure 2.5).

4. The c-transform is a generalization of classic conjugates (Legendre-Fenchel Trans-
form) for concave functions (see Definition 1.15). In fact, for X =Y =R" and the

cost function c(z,y) = 3 |lv — y||%, we have

Clay) = — inf L 2_ _ _1 2
() = inf clw,y)—p(@) = inf yl>— {2.9) — (o(2) = e,

hence

Llyll? = °(y) = sup (z,y) — (4 |=[* — o(x)).

TeR

Thus, for h(z) := 5 Lilz||* = ¢(z) we have that h*(y) = % lylI* = ¢°(y). So for the
quadratlc cost function c(z,y) = 3 ||z — y|l?, a function ¢ is c-concave if and only if

5 Llz||* = ¢(x) is convex in the usual sense.

We will need one more concept before we can prove the Kantorovich duality

Definition 2.2.5 (c-cyclical monotonicity). Let X and Y be Polish spaces and ¢ :
X XY — [0,400) a cost function. We call a set I' C X x Y c-cyclically monotone if
for all finite collections of pairs (x1,y1), (£2,%2), - -, (Tn,yn) €' we have

n n
Yol yi) <Y e yiv), (2.8)
1=1 i=1
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Figure 2.5: The graph of a c-concave function can be caressed from above by a tool
shaped like the cost function c.

where y,41 := y1. Further, we will call a transference plan v c-cyclically monotone if its

support sptvy, defined by
spty := {(z,y) € X xY|y(Be(z,y)) > 0,Ve > 0}, (2.9)
is c-cyclically monotone.

c-cyclical monotonicity of a transference plan is closely linked to optimality.

Theorem 2.2.6 (Finite optimal transference plans are c-cyclically monotone). Let X
and Y be Polish probability spaces and p, v probability measures on X respectively Y .
Further, let ¢: X XY — [0,400) be a continuous cost function. Then a finite optimal

transference plan v € I(u,v) is c-cyclically monotone.

Proof. The following proof is taken from the proof of Theorem 2.3 in [GM96]. First
we recall the following results from probability theory. Given a collection of measures
i € P(X) (j=1,2,...,n), there exists a probability space (€2,B(£2),n) such that each
i can be represented as the push-forward of 1 through a Borel map ; : {2 — X. For
instance, let 1 := puy X pg X ... X uy, be the product measure on the Borel subsets of
:= X", and take m;(z1,22,...,2,) = z; the projection onto the j-th component of €.
Also, recall that if U C X is a Borel set of mass u(U) > 0, one can define u [y, the
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normalized restriction of u to U, i.e. the probability measure defined by

1
ply (V)= —=u(VNU).
u(U)
Now, suppose that v € II(u,v) is optimal. We will prove indirectly that spty is a c-
cyclically monotone set. If spty is not a c-cyclically monotone set, then there is an n € N

such that the function

F@1,22,. . g1, Y2, Yn) = Y (@i, yis1) — c(@i, yi)
=1
is negative for some points (z1,41), (2,42),- .-, (Zn,yn) € spty. Thus, since ¢ is continuous,
f is continuous and hence there are compact neighborhoods U; C X of z; and V; C Y
of y; such that f(u1,...,up;v1,...,v,) <0 whenever u; € U; and vj € V;. Further, since
(zj,yj) € spty, we have v(U; x Vj) > 0 and therefore we can define 7; to be the normalized
restriction of y to Uj X Vj, L.e. 7 =7 Ty, xv;. Also, define

A= min y(U; xVj).

j=1,..n

Then A > 0 and

1 1
(A) = AN(U; xV;)) < =~(A
/VJ( ) 'y(U]xV])V( ( ]X J))—)\/y( )a
which implies
)\ n
=3 y5(A) < (A)
ni4
Therefore
)\ n
v—n;%‘

is a positive measure.
There is a probability space (2,5(£2),n) and Borel maps w +— (oj(w),5;(w)) that take
their values on U; x V; such that v; = (a; x 5;)#n. Thus we can define

n

A
v =4+ - > (e X Bjg1)#n — (o x Bj)#n.

=1
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Then ~' is a positive measure. Furthermore, for measurable A C X we have

V(AXY) =1(AxY) 2Zag><5]+1 Jn(AXY) — (a5 % ) #n(Ax V)

A+ 3 e () =7 (4) =)

and analogously we get 7/(X x B) = v(B), hence 7' € I1(i,v). Using the fact that f is
n n

negative on ( [T U;) x ([T V;) and that «; takes values only in U; and 3; only in Vj, we
=1 j=1

can conclude that

)\ n
L) = Le(r) =5 / 3 el fyn) =elay. By)dn <.

Therefore 1.(y") < I.(7), which is a contradiction to the optimality of 7. Thus spty is

c-cyclically monotone. |

Remark 2.2.7. Actually a lot more is true. One can show that for a Borel measurable
cost function ¢: X xY — [0,400] every finite optimal transference plan v € II(u,v)
is concentrated on a c-cyclically monotone set. Also, if a finite transference plan is
concentrated on a c-cyclically monotone set it is optimal if {¢ = +oc0} = FUN, where
F C X xY is closed and N is a pu x v-null set. These results can be found in [BGMS09]

Theorem 1.

Theorem 2.2.8 (Characterization of c-cyclically monotone sets). Let X and Y be Polish
spaces and ¢ : X XY — [0,+00) be a continuous cost function. A set I' C X XY is

c-cyclically monotone if and only if there exists a c-concave function ¢ such that T' C 0.

Proof. Let ¢ be c-concave. We will first show that 0% is c-cyclically monotone. Let
n €N and (z1,91), - .-, (Tn,yn) € 0% . Then, by definition of 0, we have for all z € X

p(2) < ol(x)) +c(2,y5) — c(x5,5),

for j=1,...,n. Choosing z = x;_1 we can write

p(zj-1) —p(zj) < c(Tj-1,95) — c(x5,5),
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hence we get
n n

Z o(wj,yj+1) — c(x5,y5) Z p(zj—1) —p(z;) = 0.

Therefore 9 is c-cyclically monotone and thus also all subsets of 0°p are c-cyclically
monotone.

To prove necessity assume I' C X x Y to be c-cyclically monotone. We need to construct
a c-concave function ¢ such that I' C 0. Fix (x0,y0) € I' and define ¢, : X xI™ - R
by

@n(xQxlayla---;xnayn) = [c(m,yn) xmyn + Z xz—t—layz (l’uyz)]
Next, define ¢ : X - RU{—00} by

QO(:E) = inf{gpn(m;xl,yl,...xn,yn)|n €N, (x1,y1),...,(xn,yn) € F}'

Using the definition of ¢ for n =1 and (z1,y1) = (x0,y0) we see that ¢(xg) < 0. On the

other hand for x = xg we have, using c-cyclical monotonicity of I,

n
@n(x0;$17y17' .- 7xnayn) = Zc<wi+1ayi) _C(Ii7y’i) > 07
1=0

thus ¢(zg) = 0.
Relabeling y,, =y we get

‘Pn(x@hyl; .. -l‘n,y) - C(CC y x’l’L) + Z :L"H-lvyl (x%yl)]a

hence defining ¢, : Y xI'""1 xI';y = R by

n—1
wn(%xl,yla . 'xnflayn*hxn) = C(l’n,y) - Z [C(xiJrhyi) - C(Ii,’yi)],
=0

where I'1 = {z|Jy € Y : (z,y) € '}, we obtain

on(T21,Y15- . n,y) = (@, y) = Un (Y 21,91, - Tn—1,Yn—1,Tn).
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Therefore, for ¢ : Y — RU{+oo} defined by
1/}(y> = SUp{l/’n(y;xhyla .. 'xn—layn—l)xn”n €N, <x17y1)7 SRR (xnuy) € F}?
fory e 'y ={y|3x € X : (z,y) € I'} and ¥(y) := —oo otherwise, we get
p(z) = inf {c(z,y) =¥ (y)} = ().
yeY
Also, since () =0, we have that ¢(y) < +oo for all y € Y. Thus
p(x) = () = 9(2) = p(2)

and therefore ¢ is c-concave.

Now let (z,7) € I'. We can write
en (221,915 Tn=1,Yn-1,T,7) = Pn—1(T; 21,41, - - -, Tn—1,Yn—1) + ¢(2,7) — c(Z,7),
thus
p(2) < () +c(2,7) —c(T,7)
for all z € X. Therefore ¥ € 9°(T), which implies ' C 9. O
We can now proof the Kantorovich duality.

Proof of 2.2.1. First we notice that for any pair (¢,9) € &, and v € [I(u, ) we have

Jp) = [edn+ [vav="[ @) +v@drey) < | edy=1L),
X Y

XxY XxY

hence J(p,1) < I.. Therefore we only need to show the inequality

sup J(p, 1) = L.
(8071/’)6‘1)0

We will assume ¢ to be bounded and continuous. Then, because of Theorem 2.1.5, there
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is always a solution v* € II(u, ) to the MKP and because

le=1(y)= [ edy” <supfe(z.y)|(w,y) € X x Y} < +o0,
XxXY

~* is finite. Thus, because of Theorem 2.2.6, v* has c-cyclically monotone support

I' ;== spty*. So, using Theorem 2.2.8, we get a c-concave, and therefore measurable,
function ¢ such that I' C 0. For (z,y) € 0° we have by definition p(z)+ ¢%(y) = c(x,y)

and therefore we can conclude that

He)= | e+ @iy = [ edy=1() =L
XxY XxY

Thus we have proved the Kantorovich duality for a bounded and continuous cost function.
Now if ¢ is Isc, then ¢ can be written as the supremum of a non-decreasing sequence
(ck)ken of bounded and continuous functions (see Remark 2.1.9). We will show that

I, — I.. Since cj < ¢, we have

I, (7) < Le(y) for all v € H(p,v),

hence I, < I.. Now, for each k € N let v, € II(i,v) be optimal for ¢y, i.e. I, (vk) = I,
Since II(p,v) is tight, there is a subsequence (7yy)gen that converges weakly to a v € I1(u, v).

We conclude

I. <I.(y)= lim cpdy = lim lim crdyp < lim lim cedye = lim 1o, (7).
k—o0 k—o0 f—00 k—o0l—00 {—00

XxY XxY XxY

Hence I., — I. as k — co. Next, for every k we may assume (¢, ¢x) € P, to satisfy

J(r, ) > Ie, — 1
Since ¢ < ¢ we have (¢, ¥r) € ®. and thus
. > T 1 — .
klggo‘](gpqujk) = kILI&Ick I3 I,
Therefore we have proved the Kantorovich duality for Isc cost functions. O

Corollary 2.2.9 (Maximizers for the dual MKP). Let X, Y be Polish probability spaces
and p, v probability measures on X respectively Y. Let ¢: X xY — [0,4+00] be a
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2.2. THE KANTOROVICH DUALITY

continuous cost function. If either
(i) there exists a finite optimal transference plan ~v € I(p,v), or
(ii) c is bounded from above

then there exists p : X — RU{—o0} c-concave such that (¢,p) € &, mazimizes the dual
MKP.

Proof. In case (i), by Theorem 2.2.6, spty is c-cyclically monotone. Thus, by Theorem
2.2.8 there is ¢ : X - RU{—00} c-concave such that spty C 0. Thus I.(7) = J(p,¢°)
and therefore (¢, ) is a maximizing pair of the dual MKP.

In case (ii), for v € II(p, ) we have

I.(y) < sup  c(z,y) < +oo,
(z,y)EX XY

thus an optimal transference plan (which exists by Theorem 2.1.5) is finite and we can

apply (i) to complete this proof. |

Corollary 2.2.10 (c-cyclically monotone transference plans are optimal). Let X, Y be
Polish spaces and p, v probability measures on X respectively Y. Let ¢: X XY — [0, +00]
be a continuous cost function. If a transference plan v € Il(p,v) has c-cyclically monotone

support, then it is optimal.

Proof. Since 7 has c-cyclically monotone support, by Theorem 2.2.8, there is a c-concave
function ¢ (which is measurable since ¢ is continuous and therefore ¢ is upper semi-
continuous) such that spty C 0%, thus p(x)+¢“(y) = c(z,y) y-almost everywhere. Hence

we get

Ie > J(p,¢%) = 1e(7),
Therefore ~ is optimal. O

Example 2.2.11 (Continuation of Example 2.1.12). We recall the previous example.
Let

X =1[0,1] x {0} and Y = [0,1] x {%1}.
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2.3. OPTIMAL TRANSPORT ON THE REAL LINE

Let p be uniformly distributed on X and v be uniformly distributed on Y. Furthermore,
let the cost function be ¢((z,0), (y,2)) = (x —y)?> + 1. We have previously constructed

a transference plan v € II(u,v) such that I.(vy) = 1. We will now use the Kantorovich

1

duality to prove that + is optimal. Let ¢ : X — R and 1 : Y — R defined by ¢(z) = 35

and ¥ (y) = % Then () +¢(y) =1 < c(z,y) and
J(p.0) = [wdut [odv=3u(X) + 1Y) = 1= L().
X Y

Thus v is optimal and (¢,%) is a maximizing pair in the dual Problem. We have also
just proved the claim we made in 2.1.2 that the optimal cost of the Monge Problem is
equal to I. = 1.

2.3 Optimal Transport on the Real Line

In this section we consider the MKP on the real line. The results we obtain will help us,
when we treat the MKP on the circle. On the real line the Optimal Transport Problem
can be solved explicitly for cost functions of the form c¢(x,y) = A(Jz —y|), where X is

strictly convex, non-negative and increasing.

Definition 2.3.1 (Cumulative distribution function and generalized inverse). Let u be

a probability measure on R. F), : R — [0,1], defined by

Fu(x) := p((—o0,2]), (2.10)

is called the cumulative distribution function of u.
The function Fljl :10,1] - RU{+£o0o} defined by

F;l(y) =inf{x e Rly < F,(x)} (2.11)

is called the generalized inverse of F},.
Remark 2.3.2.

L. F), as well as F); I are right-continuous and non-decreasing.

2. One can reconstruct p from F), in the following way: For a < b we have u((a,b]) =
F,,(b) — Fy(a) and the sets (a,b] generate all Borel sets on R.
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2.3. OPTIMAL TRANSPORT ON THE REAL LINE

Figure 2.6: The cumulative distribution function F), and its generalized inverse F}; Lofa
measure fi.

3. If uu is absolutely continuous with respect to the Lebesgue measure £' on R, then

p does not assign mass to points and F), is continuous. Further, Fu(Fﬂ_l(t)) =t.

4. F;'(a) = —oc if and only if a = 0 respectively F,;!(b) = +oco only if b= 1, thus
1N ! is real valued on the open interval (0,1).

5. Sometimes the generalized inverse is defined by F; *(y) := inf{z € Rly < F,,()};

then F[l is left-continuous instead of right-continuous.

Definition 2.3.3 (Monotone sets). We call a set I' C R? monotone if and only if for
each (z1,y1), (z2,y2) €T

(r1 —x2)(y1 —12) =0,

or equivalently, if x1 < xo implies y; < yo and y; < y2 implies 1 < 9.

Remark 2.3.4. Monotone sets can be considered as the complete graphs of monotone
functions. For instance if f : R — R is increasing, then its graph is a monotone set if we
add the segments [f(z7), f(z1)] for all z € R where f is discontinuous (see figure 2.7).
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2.3. OPTIMAL TRANSPORT ON THE REAL LINE

ot R

Figure 2.7: A monotone set I' is the complete graph of a non-decreasing function f.

Lemma 2.3.5 (Monotonicity vs. c-cyclical monotonicity). Let ¢(z,y) = A(|z—y|) be a

cost function.

(i) If X is convexz, increasing and non-negative, then every monotone set I' C R? is

c-cyclically monotone.

ii) If \ is also strictly convex, then every c-cyclically monotone set T CR2 is monotone
(i) If Y : y c-cy Y

as well.

Proof.

1. Assume A\ to be strictly convex. First we show that
c(z1, 1) + (w2, y2) < c(21,y2) +c(22,91) (%)
if and only if

(1 —22)(y1 —12) > 0.

If we assume 1 < x2 we will need to show that (x) is true exactly for y; < y2. To
prove this, we will look at all the possible alignments of the points z1, x2, y; and

y2. Let

a:=|ra—y1], b= [z1 -l c:=|xa — 2|, d:=|x1—y2|
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2.3. OPTIMAL TRANSPORT ON THE REAL LINE

So, to prove (x), we need to show

Case (i):

Case (ii):

A(D) + A(e) < Ala) + A(d).

If x1 <29 <1 < yo, we get

a<b<danda<c<d. ﬁ
-

We see that :
b= et o= N
d—aa d—a ' b
7d—c c—ad ¢
C_d—aa d—a ’
with
d—b b—a d—b
d—a+d—a an O<d—a<
as well as
d—c c¢c—a d—c
=1 and 1.
d—a d—a an 0<d—a<
Now, since A is strictly convex, we get
d—b b—a
)\(b)<d_a>\(a) d_a)\(d),
d—c c—a
A(c)<d_a>\(a) g a)\(d)

By taking the sum of these inequalities, and since a+d = b+ ¢, we get

A(D) + A(c) < Aa) + A(d).

If 21 <y < a2 <yo, we get

d
a+b+c=d. m

We see that d > b and d > c. Since A is strictly increasing 1 Y1 T2 Y2

we get A(d) > A(b) and A(d) > A(c). So, if either a > b or U U
a > ¢, we also get A\(a) > A(b) or A(a) > A(c).
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2.3. OPTIMAL TRANSPORT ON THE REAL LINE

Case (iii):

Case (iv):

Therefore
Aa) +A(d) > A(b)+A(c).

Otherwise, we have a < b,c < d and can use the same procedure as in case (i)

to get
d—>b b—a
)\(b)<d_a/\(a)—|—d a)\(d),
d—c c—a
Ae) < d_a)\(a)+d_a>\(d).
We obtain

2d—b—c)\ b+c—2a

AD)+ A(e) < . (a)+ T

A(d).

Using the equation a+ b+ c = d we can rewrite this to

AB)+ ) < (1+ d2_“a) M@+ (1- d2_aa> Ad)

= Aa)+A(d)+ d2_a

~(A(@) = A(d)) < Ala) +A(d),

where in the last inequality we used the fact that A(a) < A(d).

If v1 <y1 <yo < a9, we get
d a

b<dand c<a. I‘ ‘ ‘ \.
rr oy Y2 12
Thus A(b) + A(c) < Aa)+ A(d), because A is a strictly U U
b c

increasing function.

All other cases can be reduced to one of the cases (i) - (iii) by setting

(xlluyll) = (yl,l'l) and (x/Q’y/Q) = (yz,ib‘z).

2. If I' is c-cyclically monotone, then for (z1,y1), (z2,y2) € I' we have

c(z1,y1) +c(2,y2) < c(x1,y2) + c(x2,y1).
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2.3. OPTIMAL TRANSPORT ON THE REAL LINE

Using step 1. we can deduce that this either implies x1 = x5 or y; = y2 and therefore
(w1 —m2)(y1—y2) =0,

or
(z1—22) (11 —y2) > 0.

So c-cyclically monotone sets are monotone.

Now assume A to be convex, increasing and non-negative and I' to be monotone.

We can argue as in 1. to see that
(1 —22) (11 —y2) >0
implies
c(z1,y1) +c(@2,y2) < c(z1,y2) + (22, y1).

We need to show that

anc(xiayi) < Zc(xi,yi+1). (**)

=1

for arbitrary (x1,y1), (z2,92), ..., (Tn,yn) €T

We will prove this by induction on n. For n =1 we have nothing to show. Let n > 1
and assume that (xx) holds for n—1. Let (z1,v1), ..., (Zn,yn) € I' be arbitrary
and choose k € {1,...,n} to be the index of the largest y;, i.e.

Yr = max {y;}.
i=1,....,n

=1,...

We will show

c(@p—1,yr) + (@, Yrt1) > c(Tr—1, Yrs1) + (T, Yr)- (Hek %)

By definition of k£ we have y; > y;._1 and by using the monotonicity of I" we obtain
T > Tp—1. We also have yp > yg41 thus

(zr —2p—1) (Y& — Yk+1) >0
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2.3. OPTIMAL TRANSPORT ON THE REAL LINE

which implies (x*x).

Now put
_ (xlayl) 1f2<ka
(l‘z:yz) = e -
(Tit1,¥i41) P>k
Then
n n—1
ZC(%A?/@'—H) Z C(l’k,yk) + Z C(Ti,yi+1)~
i=1 i=1

Using our induction hypothesis for n —1 yields

n—1 n—1

c(zr,yp) + Y (T, Tir) = clwp,ye) + ) o(Ti,7;) = Zn:c(xi,yi)-
)

=1 =1

Hence (xx) holds for n, which completes our induction. Thus I' is c-cyclically

monotone.

O

Example 2.3.6. Let ¢(z,y) = A(|x —y|) be a convex cost function (i.e. A is convex,

non-negative and increasing), p the Lebesgue measure on [0,1] and v the Lebesgue

measure on [1,2]. Consider the transport plans

{[0,1] - [1,2],
Ty :
r — x+1,

and

T

0,1 — [1,2
TQ;{W 1,2],
xr = 2—ux.

The support of 7, is the graph of the function T7.
Therefore the support of vz, is a monotone set and
since A is convex, it is also c-cyclically monotone and

hence 7, is optimal.

Ty

Let ¢(x,y) = |z —y|, i.e. ¢ is convex but not strictly convex. Then the cost of T} resp. Tb
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2.3. OPTIMAL TRANSPORT ON THE REAL LINE

is given by
Ic(yry) = [ c(t,T1(t))dt =1,

IC(’YTQ) -

o O—

1
c(t,Tg(t))dt:/IQt—2|dt:1.
0

Thus 77 as well as T» are optimal transport plans. Since 77, is optimal, it has a c-cyclically
monotone support. Thus the graph of the function 75 is a c-cyclically monotone set,
but it obviously is not monotone. This shows that the distinction between convex and
strictly convex cost functions in Lemma 2.3.5 is necessary.

We could also use the Kantorovich Duality to show that the optimal cost is equal to 1:
Choose ¢(z) = —z and ¢ (y) =y. Then

o(r)+Y(y) =y—z =z —y| =c(,y), Vo €[0,1],y € [1,2]
and

1 2
T = [e@)da+ [viy)dy=1.
0 1

This also shows that 77 and T5 are optimal.

If we choose c(z,y) = |z —y|?, then c is a strictly convex cost function and 7, is still
optimal. Since vz, has non-monotone support, it cannot be optimal. If it were optimal,
its support would necessarily be c-cyclically monotone and therefore, since c is strictly

convex, also monotone — a contradiction. And indeed the costs are
1
L) = [ o=@+ 1)Pdz =1,
0

1
Lyn) :/|2:c—2]2d:c 141
0

Thus 75 is not optimal.

Theorem 2.3.7 (MKP on the real line for strictly convex cost function).
Let pi, v be two probability measures on R and c(x,y) = M|z —y|) a convex cost function

(i.e. X\ is convex, non-negative and increasing). We define a probability measure v* on
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R2 by
v = (Bt FY) #L (2.12)

where L' is the Lebesque measure on R. Then v* € I(p,v), i.e. v* is a transference plan

and if 1.(7*) < 400 then it is optimal. In this case, the optimal transport cost is given by

1
le=L{y) = [ clwy)dy (o) = [MIE (0 - F (0
RxR 0

Furthermore, if ju is absolutely continuous with respect to L, then
T:=F,'cF, (2.13)
is an optimal transport plan, i.e. I.(yp) = I.(v*).

Proof. The following proof was given by Villani in [Vil03|(Theorem 2.18).

1. First we check that v* is a transference plan from p to v. For the set R(x,y) =

(—00,z] X (—o0,y| we have

VY (R(z,y)) =Lt € [0,1]|F, (t) <z and F, ' (t) <y}
= min(F,(z), F, (y)),

since {t € [0, 1]]Fﬂ_1(t) <} is either [0, F,(z)] or [0, F,(z)) and analogously for v.

Therefore
7 ((=o00,2] xR) = Fy(z) and v*(R X (—00,y]) = Fy,(y),

which implies 7*(A xR) = u(A) and v*(R x B) = v(B) for measurable A and B,

so v* is a transference plan.

2. We will show, for (z,y) € spt(y*), that
Fu(z7) < Fy(y) and Fy(y™) < Fu(z).

Assume that F,(z7) > F,(y). Now, since F, is right-continuous and F), as well

as F, are non-decreasing, for 2/ in a small neighborhood of z and ¢ in a small
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neighborhood of y, we get that F,(z’) > F,,(y') and therefore v*(R(z',v")) = F,(y').
So for a sufficiently small rectangle (z/,2"] x (¢/,y"] with 2’ <z < 2" and ¢/ <y <y”

we have

V(@2 < () =7 (R ") =" (R(2y7) = v (R, ) +97 (R(2',y)
=F") - F.0") - F.@)+ () =0.

Thus (z,y) ¢ spt(*).

3. We will now show that +* has c-cyclical monotone support and, since I.(v*) is
finite, is therefore optimal (see Corollary 2.2.10). Let (z1,y1), (z2,y2) € spt(y*)
and assume that x1 < z9. Since the cost function is convex it is sufficient to show

that y; <y (see Lemma 2.3.5). We can use the previous step to deduce

Fy(yr) < () < Fu(zy) < Fu(ye).

If F,(y; ) < Fu(y2), then y; <y and we are done.

Otherwise, necessarily Fy,(y1) = Fy(z7) = Fj.(22) = F),(y5 ). We will assume y1 > 42
and show, that (z1,y1) can not belong to spt(y*). Since F,(x1) = F, (x5 ) we see
that F), is constant on [x1,22) and because of F),(y; ) = F,(y2) we see that F), is
constant on [y2,y1). So if we consider the rectangle (z1 —€,21 + €] X (y1 —€,y1 + €],

then for € small enough we get
Fu(xl —€) < Fu(xl +e€) = Fu(xl) = Fu(yl_) =F,(y1—¢) < Fy(y1+e).
Thus we have

T ((z1—€z1+ef X (Y1 —€y1+¢€])
=7 (R(z1+ey+e) =7 (R(w1— e,y +¢))
=7 (R(z1+e€y1—¢€) +7 (R(z1—€,y1—€))
=Fu(z14+€)—Fy(x1—€) — Fy(x1+€)+ Fu(x1—e) =0,

and therefore (z1,y1) € spt(y*), which is a contradiction.

4. If p is absolutely continuous, then F), is continuous and F,(F, L(#)) = t. Therefore,
letting T = F,; 1o F},, we will show that p:= (id x T)#u coincides with v*. Let
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u(z,y) be a measurable function on R?, then

[utwy)dple,y) = [ute, T(@)du(x)
= [, o Fu())dp(x)

:/u(F/jl(t),F,jloFHoFljl(t))dt

= [u(F 0. 57 @)t = [ ey’ (w.),

where we used the substitution F); L) ==, O
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Chapter 3

Optimal Transport on the n-Sphere

In this chapter we will study the MKP on the n-sphere S". We will restrict ourselves to
cost functions ¢ of the form c(x,y) = A(d(x,y)), where d: S x S — [0, 7] is the chord

length metric on S”, i.e.
d(x,y) := arccos({x,y)), Va,yeS" (3.1)

and A :[0,7] — [0,+00) is a strictly convex, non-negative and increasing function. We
will call such cost functions strictly convex. To prove our main Theorem we will also

require A to satisfy some more conditions (see Proposition 3.4.2).

Let ¢ be a strictly convex cost function and pu, v probability measures on S™. Then c is
obviously bounded and continuous. By Theorem 2.1.5 there is an optimal transference
plan v* € II(p,v) and by Corollary 2.2.9 there is also a c-concave function ¢ : S” — R
that maximizes the dual MKP, thus

I(v") = J(p,9°).

In the sequel we will show that if x is absolutely continuous with respect to ¢”, where
0" denotes the volume measure on S”, then there is a ¢-a.e. uniquely determined

optimal transport plan 7':S™ — S” that solves the MKP.

But first we will consider the 1-dimensional case of the circle.

64



3.1. OPTIMAL TRANSPORT ON THE CIRCLE

3.1 Optimal Transport on the Circle

In this section we will study the MKP on the circle for strictly convex cost functions.
We will use the results of Theorem 2.3.7. To do so, we will basically 'cut’ the circle at

some point and unwind it onto the real line.

First we consider the map ¢: R — S! defined by
W(t) := [cos(2nt),sin(27t)] .

For any n € R the restriction ¢, := ¢ [(;,41] 1 a bijective
mapping.
Given a probability measure ; on S, we can use ¢ to define a

measure ji on R by

whenever A is a Borel set contained in an interval (n,n+ 1] or [n,n+1). Thus g is
a periodic Borel measure on R, with measure equal to 1 over any period (7,174 1] or

[n,m+1). Furthermore, ¢, #/1 = p.
We define a function F, : R — R by

Fylt) = ((0,1]) for t € (0,1],
and we extend this definition to R by F,(t+2) = F,,(t) + z, for all z € Z. Thus, for

(a,b] C (n,n+1], we have F,(b) — F,(a) = i((a,b]).
We define F)]: [n,n+1] — [0,1] by

then F)] is the cumulative distribution function of the probability measure fi [, ;1 1] (see

-1
Definition 2.3.1). We also define (FZ]) :10,1] = [p,n+1] by

(F2) " () :=inf{ € Rly < F(2)},

1
where we set (Fl’]) (1) :=n+1. (Fg) maps into [,n+ 1], because F)J(x) =0 for
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=
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Figure 3.1: Example for a distribution function £}, of a periodic measure fi. F)] can be
seen as a snapshot of F,.

~1
x <n and thus we have (FZZ) (0) > n. Also, since F/(z) =1 for x > n+1 we have
-1 -1
(FZ]) (17) <n+1. If we recall Definition 2.3.1 then we notice that (FZZ) (y) is the

generalized inverse of F}] on [n,n+1].

If ;1 and v are probability measures on S', we can consider the measures ji on (0,1] and ¥
on (n,n+ 1] and their distribution functions F, B respectively F)). Using Theorem 2.3.7 we
see that, independent of the strictly convex cost function we use, an optimal transference

plan is given by

G = ((FD) = (P ) e,
because

() - 0] < e

and therefore 1.(%;,) < 400, i.e. ¥, is finite. This plan induces a transference plan on st
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by defining v, := (10 X t))#7y, because
(A X SY) =3 (15 (A) x (n,n+1]) = wo#(A) = u(A),
(ST x B) =3,((0,1] x 15, 1(B)) = ty#0(B) = v(B),

for measurable A and B. Also, if ¢(x,y) is a cost function on S', we get

[ etm= [ els)a®)diy(sh

Stxst (0,1]x (n,n+1]

_ / c (L <(F3)—1 (t)> (D (t))) du(t).

(0,1]x(n,n+1]
So if we define é(s,t) := c(¢(s),c(t)) we get
L= [ edy= [ i =1).
Stxst (0,1]x (m,n+1]

Theorem 3.1.1 (Optimal Transport on S! for strictly convex cost function). Let u, v

be probability measures on S* and c(z,y) = A(d(x,y)) a convex cost function (i.e. \ is a
convezx, non-negative and increasing function). Then there exists 6 € [—%,%] such that

the transference plan g is optimal. The optimal transport cost is given by

1
le=Ieo) = [¢((F2) ™ (0. (F) ™ (1)) de. (3.2)
0

If 11 is absolutely continuous with respect to o', then T : ST — S defined by

-1
T:= L@O(Ff) oFSoaal (3.3)

is an optimal transport plan.
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Proof. Let k be an optimal transference plan (which exists by Theorem 2.1.5), thus
I.=1.(k).

1. Since every transference plan 7, on R leads to a transference plan ~y, on St and

because I.(vy) = Iz(7y), we get

I.(k)= inf I.(v)< inf Iz:(7,).
(%) e () ) (%)

2. Next we show that « in turn induces a transference plan on R. For 0 [—%, %] we
define &g on Ry := (0,1] x (0,0 + 1] by setting

Rg(A) = r((ex1)(A))

for every Borel set A C Ry. This is a transference plan between i on (0,1] and
on (6,0+ 1], because

Ro(Ax (0,0+1]) = r(e(A) x S') = p(e(A)) = i(A),
76((0,1] x B) = k(St x u(B)) = v(u(B)) = #(B).

We also see that (g X tg)#Fkg = K.

3. We show that &(s,t) is a convex cost function for s, t € I':= {(s,t) € R?||s —t| < 3}.
For s, t € R there exist n € N such that |s —t| € (n,n+1] and either [s—¢|—n < 1
or n+1—|s—t| < 5. Further, we get

d(e(s),u(t)) = arccos (( :j:g:j)) ) . ( ZZ:((;:;) ))

= arccos(cos(2ms) cos(2nt) + sin(27s) sin(27t))

= 27mmin{|s —t|mod 1,1 — (|]s —¢|mod1)}.
So, for s, t € I' the cost function ¢ is convex, because

&(s,t) = Md(u(s), (1)) = M2r|s —t]).
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3.1. OPTIMAL TRANSPORT ON THE CIRCLE

Next we show that there exists 6 € [—3, 3] such that spt(&g) C I'. To prove this,
assume no such 6 exists. Then there exist pairs
i
- 13
(s1,t1),(s2,t2) € J  spt(Rg) S (0,1] x (=35, 3] (50,2 +1)
1 °
96[_57 ]

[\el[oV)
|

DO —
—_

| Jntitl)
with s1 < s9, t1 <ta, |s1—t1| < 5 and t3 < s5— 3. So
either (s2,t2) € spt(&y) or (s1,t1+1) € spt(&g), but
in either case, since |sg —to| > % and |s; —t; — 1| > %, .(82,152)
we get (so,t2) ¢ I and (s1,t;+1) ¢ T 0

We show that this contradicts the c-cyclical mono- (s1,t1)

r

D=

Y

tonicity of the support of k and therefore its optimal- — L+
ity. We know that

E(Sl,tl) = )\(27T’81 — tl‘) and 5(82,152) = )\(271"52 —to — 1‘)

Because of
-1< —sp+1 < —t < —t <l
5 S 51 =852+ 35 < 51— 12 < s51—10 <3
—%S S9—to—1 < so—1t1—1 < 82—81—% S%

we also get
é(s1,t2) = A (2m|s1 —ta]) and ¢&(s2,t1) = A(2m|sa —t1 —1]).
We know that ss — 1 < s1 and t1 < to, therefore
é(s1,t2) +¢(s2,t1) < é(s1,t1)+¢(s2,t2).
Now, since (s,t) € spt(Rg) implies (¢(s),¢(t)) € spt(x) this inequality implies, that
for (¢(s1),e(t1)) and (¢(s2),c(t2)) K is not c-cyclically monotone. But since an

optimal transference plan is always c-cyclically monotone, our initial assumption

has to be wrong and there exists € [—1,3] such that spt(&g) C L.
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3.1. OPTIMAL TRANSPORT ON THE CIRCLE

In 2. we saw that &g is a transference plan between i on (0,1] and 7 on (6,0 +1].

Now, for any convex cost function ¢ we know by Theorem 2.3.7 that an optimal
“1

transference plan is given by 7y = (Fﬂ_ I (Fye ) ) #/L and therefore

(%) < Ie(Fo).-
So if we extend A : [0,7] — [0,00) by defining

N ()

(e —m)?

Ax) = A(m)+

for x > m (we recall that A\ is the left derivative, see Definition 1.2.3), then
A [0,400) — [0,4+00) is still convex, non-negative and increasing. Thus we can

define the convex cost function
c(s,t) = \(2m|s —t])
and we have ¢=¢ on I'. Hence we get

Ie(Y9) = inf Ia(y) < Ie(Rg) = Ie(Rg) = 1.(k) < +00.
yE(f1,77)

On the other hand, because of ¢ > ¢, we have
I(%9) > 1:(30) = 1c(70) = Ic(k),

where the last inequality follows because x is optimal. Thus we can conclude

Ie(ve) = Ie(r)

and therefore vy is optimal.

. Finally, if x is absolutely continuous with respect to o!, then ji is absolutely
continuous with respect to £! and by Theorem 2.3.7 the map T : [0,1] — [4,60 +1]
defined by

. ~1
T=(F]) oF)
is an optimal transport plan between i on (0,1] and 7 on (6,0 +1]. Thus T, as

defined in (3.3), is an optimal transport between p and v. O
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3.1. OPTIMAL TRANSPORT ON THE CIRCLE

Example 3.1.2. Consider the quadratic cost function ¢(x,y) = %d(:ﬂ,y)z and let p be the
uniform probability measure on the upper half of the circle and v the uniform probability

measure on the lower half of the circle. Then the cumulative distribution functions are

given by
. 1 1 |
FO(a) = 2z ifre0,3),
K 1 else,
F, F
and
i 1 0 ‘ }
F)(z) = 0 ifeel0s), 0 1 1
2r—1 else, 2
For 7 € [—3,0) the inverse of F}J is given by oyl en=1
(F) =
1 n=0

W= o=

ST+ if z € [0,—2n),
%(a:+1)+77 if x € [—-2n,1],

(F)™ () = {

\

D[ —

\ \

and for n € [0, %] the inverse is given by

o | Yar itzefo), 0
(£ (x)_{21+n if £ =1.

Thus for n € [—3,0) the transport map 7}, := (Fmy~ o Fy,

is given by T, s
— =%
. 1,, -0
r+n if x €[0,—n), szg
T)(z) = ZL‘+77+% ifxe[—n,%% ﬁn:_i
n+1  ifzeld1], L/

and for n € [0, %] the transport map is

T (z) = x—l—% ifxE[O,%),
T n+1 ifzeldal

N
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3.1. OPTIMAL TRANSPORT ON THE CIRCLE

Figure 3.2: Sketch of the solution of Example 3.1.2.

We get
I
(602 +3n+3) ifne[—3,0), LOm,)
IC(7TU) = 1 9 . 1

3T if n€0,5]. 4

This expression becomes minimal for n = —%1 and therefore 12
T 1 is an optimal transport plan. One can think of T'
1 !
in the following way: First we cut the circle at the bottom

DNO|— 1
N
D=

(L(—%l) = (0,—1)%). Then we move in a counter-clockwise

direction from there and transport p to ¥ monotonously.
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3.2. CALCULUS ON THE n-SPHERE

3.2 Calculus on the n-Sphere

Definition 3.2.1 (Differentiability in R™). A function f:R"™ — R™ is called differen-
tiable at z € R™ if there is a linear function L, : R™ — R" such that

lim 1f(y) — f(x) = La(y — )]

y=e ly — ||

=0, (3.4)
or, equivalently, if
f(@+h) = f(z)+ La(h) +o([[h]]). (3.5)

L, will be denoted by Df(z), the derivative of f in x. Furthermore, since Df(x) is

linear, there is a matrix df (z) € R™*™ such that

Df(x)(h) = df (x)h. (3.6)

We call this uniquely determined matrix the Jacobian of f in z.
If f:R™ — R then df (z) € R*" is a vector called the gradient of f in x, we denote it

by Vf(z).

Next we will give a similar definition for functions defined on S™. To do so we need to

introduce the concept of tangent-space.

Definition 3.2.2 (Tangent space). The space of tangent vectors of S at a point = € S™

is

T.S" :={veR"M|(v,2) =0}.  (3.7)

v
Further, we denote the set of unit tangent S5

vectors by

UpS" = {0 € T8 [l =1}, (3.8) \/

In the Euclidean case we defined differentiability by the approximation property (3.5). We
can use a similar approximation on S™ to define differentiability for real-valued spherical

functions.
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3.2. CALCULUS ON THE n-SPHERE

Definition 3.2.3 (Differentiability in S”). The function ¢ : S* — R is called differen-
tiable at x € S” if there exists a unique vector p € T,S" such that

P(cos(a)x +sin(a)v) = (x) + a(p,v) +o(a) (3.9)

for all &« > 0 and v € U,S". In this case we will denote p by Vi(z), the gradient of

in x.
We should note here that for z € S and v € U,S™ the path 0., : R — S™ defined by

Oz0(t) == cos(t)x +sin(t)v

is geodesicl, i.e. d(x,0,,(t)) =t for t € [0,7].
This is similar to (3.5) where 2+ h can be
interpreted as a geodesic path, i.e. a straight

line from x to x4+ h.This similarity is no coin-

cidence since both R™ and S™ are Riemannian

manifolds and on Riemannian manifolds dif-

ferentiability of a function can be expressed

by a condition similar to (3.5) resp. (3.9).
We will now give some equivalent conditions for differentiability of functions on S™.

Proposition 3.2.4. Let ¢ : S = R be a function and ¢* : R*N\{0} — S" the 0-
homogenous extension of 1 from S"™ to R"T\{0} given by

() = v(E).

Then ¢* is differentiable at x if and only if ¥ is differentiable at x. Further, in this case
Vi (z) = Vi (z).

Proof.

1. If ¢* is differentiable at z € S” we fix an arbitrary unit vector v € U,S™ and define

a function g(«) := cos(a)z +sin(a)v. Using the first order Taylor-approximation of

LA path is geodesic if and only if it is locally the shortest connection between curve points.
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3.2. CALCULUS ON THE n-SPHERE

P*ogin 0 we get

P(cos(a)r+sin(a)y) = ¢* o g(a) =(z) +ad(y* 0 g)(0) +o(a)
=¥(z) + (VY (z),v) +o(a).
For Viy*(x) to be the gradient it has to satisfy (3.9). Thus we have to check

Vi*(x) € T,S™. Since ¥* is constant along rays from the origin, the gradient
V*(x) is orthogonal to x and therefore indeed Vi)(x) = Vio*(x).

2. Let ¢ be differentiable at x. We want to show that

U (2) =) = (Vi(z), 2 —x) = o[z — z[)), (3.10)

for z — z. To prove this, we set 2/ = %, a =d(z,2), v= Bl G| get
H lz2—(z,z)||

U (2) —(x) = (2)) —(x) = Y(cos(a)x +sin(a)v) — ¥ (x) = a {p,v) +o(a),
(Vi(z),z —x) = ||2[[sina (Vi (2),v) ,
Iz =l = VIIz? +1—2]z] cos(a).

Combining these equations we get

o )~ V(@) = (Ve(2), 2 —a)
= 2 =al

_ (o — ||z||sine) (Vip(2),v) + o(e)
l2l=1a=0 2] 41— 2|2 cos(a)

=0,

proving the differentiability of ¥* at x. O

Next we will relax the condition (3.9) to extend the concept of differentiability.

Definition 3.2.5 (Superdifferentiability and supergradient). Let ¢ : S™ — R be a function
and fix a point x € S". ¢ is called superdifferentiable at x with supergradient
p e T,S" if for all v € U, S™ and a > 0

p(cos(a)z+sin(a)v) < o(z)+a(p,v) +o(a) as a — 0. (3.11)
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3.2. CALCULUS ON THE n-SPHERE

Further, we denote the superdifferential of ¢ at x by
0z = {p € T,S"|p is supergradient of ¢ at x}. (3.12)

Remark 3.2.6. By reversing the inequalities, we define subdifferentiability of a function
¢ in x € S™ with subgradient p € T,S". Also, we define the subdifferential 0,¢ as
the set of all subgradients of ¢ in x.

Now, if a function is super- as well as subdifferentiable at x, it is differentiable.

Lemma 3.2.7. Let 1) :S" — R be a function and x € S™ arbitrary. If 1 is superdifferen-
tiable and subdifferentiable at x, then v is differentiable at x and 0y = 0,10 = {V)(x)}.

Proof. Since v is superdifferentiable there is at least one p € 0,1 and because it is

subdifferentiable there also is at least one g € 0,.¢). By combining the inequalities

(cos(a)r+sin(a)v) <¢P(z) +a(p,v) +o(a),
P(cos(a)x +sin(a)v) > P(z) + a{q,v) +o(a),

we get
0<a(p—quv)+o(a).

Dividing by « and letting @ — 0, we get 0 < (p—¢q,v) and since v € U,S" is arbitrary,
we necessarily get p = ¢. Since p was arbitrarily chosen from 9, we get 9,4 = {q} and
analogously 0, = {p}, so in fact 9,1 = 9,4 = {p}. Thus

(cos(a)z +sin(a)v) = () +a(p,v) + o),

hence v is differentiable at x with gradient Vi (x) = p. O
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3.3. RADEMACHER’'S THEOREM

3.3 Rademacher’s Theorem

In this section we will introduce a version of Rademacher’s Theorem on the sphere S”.

First, we recall the classic version.

Theorem 3.3.1 (Rademacher’s Theorem). Let f :R"™ — R™ be a locally Lipschitz-
continuous function. Then [ is differentiable L"-a.e. and df : R™ — R™*™ 4s a Borel

map.

Idea of the poof. A rigorous proof can be found in [EG92], we will only state the general
idea. We can reduce the problem to Lipschitz-continuous functions f:R"” — R. Let
v € S"! be an arbitrary direction and define

Euf(ﬁ) = lim sup f($+tvt) B f(l’)

k—00 1
0<\t|<E
teQ

and

Then D, f and D, f are Borel maps and obviously D, f < D, f. We define
Ay = {z €R"D, f(z) < Dy f(2)}.

Now the function ¢ : R — R defined by ¢(t) := f(x +tv) is Lipschitz-continuous, therefore
absolutely continuous, thus differentiable £'-a.e. Hence A, N L has Hausdorff measure
zero for all lines L parallel to v. Using Fubini’s Theorem we conclude that £"(A,) =0,

thus the directional derivative

Duf(a) = i 010110

exists for L™-a.e. x and D, f is a Borel map. Thus we can define

aradf (o) i= (@) )
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3.3. RADEMACHER’'S THEOREM

for L"-a.e. x. gradf is also a Borel map.
Next, one shows that D, f(x) =v-gradf(z) for L a.e. . Then, for v € S*~! we define

Fy:={x € R"|D,f and gradf exist and D, f(z)=v-gradf(z)}.
Thus for a countable dense subset (v3)ren € S?! we define

F = ﬂ Fy,,
keN

and therefore £"(R™\ F') = 0. Finally one shows that gradf satisfies condition (3.4) on F'
and therefore f is differentiable on F' with gradient V f(z) = grad f(z). Since f is not
differentiable outside of F}, we also have that V f is a Borel map. O

Definition 1.2.1 also applies to functions f:S"™ — R™, since S C R"*1. However, it

is more natural to link Lipschitz-continuity on the sphere to the chord length metric

d(x,y) = arccos({x,y)).

Lemma 3.3.2. The function ¢ : S*™1 — R™ s Lipschitz-continuous if and only if there
1s a constant B > 0 such that

[ (2) =¥ ()l < Bd(z,y) Va,y € S". (3.13)
The smallest such constant is given by

Lip,(f) := X W < Lip(f). (3.14)

Proof. We first notice that

12
d(z,y) = arccos (1 — ”;") .

5 O :
Thus, since g(z) := arccos(1 — %) is an increasing convex
function on [0,2] with g(0) =0 and g(2) = § we have
<Zz.
9(z) < 32 % 1 2

On the other hand, we have

arccos(l1— %) = — for z € [0,2),
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3.3. RADEMACHER’'S THEOREM

hence ¢’ > 1 and increasing, thus g(z) > z. We can conclude that
lz —yll < d(z,y) < 5[z -yl

and therefore condition (3.13) is equivalent to (1.5). Also

o) =@l _ 1Y) oWl _ « [lv(z) — o)l
diz,y) = e—yll T2  d=y)

and therefore Lip,(f) < Lip(f) < SLip,(f). O

Note that since S" is compact, a locally Lipschitz-continuous map ¢ : S — R"" is always

Lipschitz-continuous.

To prove a version of Rademacher’s theorem on S" we will use

Definition 3.3.3 (Hyperspherical coordinates). For the n-sphere S" we define the
hypersperical coordinates ™™ : U C R™ — S™ centred in N := (0,...,0,1) by

777]LV+1 (y) = cos(y1)cos(y2) ...cos(yn—1) cos(yn)

where U := [-Z, Z]" "1 x [—m, 7).

Furthermore, we define coordinates centered in € S” by setting n*(y) = Gu - 1™ (y)
where G, € SO(n+1) with G, - N =z, thus n*(0) = z (Note that G, is not unique!).
N)—

The inverse map ¢V = (n?¥)~! is given by

¢V (x) = arctan s
\/x%H—i-...—i-x%

¢ (x) = arctan 2
\/xi+1+...+x§
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3.3. RADEMACHER’'S THEOREM

¢N | (x) = arctan (Zn_l)
\/ xn—!—l -I—I‘%

¢N(x) = 2arctan ( n )

2
VT + 22+ Tng

and we note that ¢*(2) = (N (G 2). Also, n* as a function from the interior of its domain

to R"*1 is C* in the Euclidean sense. Furthermore, since
&) =),

we can regard (% as a function from R?*1\{0} to R" and as such it is C* in the Euclidean

sense as well.

Using these coordinates we can express a function 1 : S” — R locally around x € S” as a
function in R™ by ¢ on,. We will now show that ) o, is differentiable at 0 if and only if
1) is differentiable at x.

Proposition 3.3.4. Let ¥ : S™ — R be a function and y € S arbitrary. Then ¢ is
differentiable at v € S™ if and only if Yon? is differentiable at (Y(x). Further, the
gradient of 1 at x is determined by

Vip(z) = V(pon?)(¢¥(x)) - d(¢¥)(), (3.15)
where d(CY) is the Jacobian of (Y when (Y is regarded as function from R™\{0} to R".

Proof. 1f 1 is differentiable at 2 then, by definition, the extension 1* to R\ {0} is
differentiable at x. Since n? is differentiable as a function from R” to R™*! we get that
Y*on¥ =1ponY is differentiable at (¥(x).

Next, we assume that @ on? is differentiable at (¥(x). We consider the function ¢(z) = ﬁ
Since the inverse coordinates satisfy (Y o g = (Y and are differentiable at x in the Euclidean

sense, we can conclude that

Y*=1og=(pon’)o(¢"og) (%)

is differentiable at = and thus, by Proposition 3.2.4 ¢ is differentiable at x as well. Finally,
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3.4. OPTIMAL TRANSPORT ON THE n-SPHERE

by using the chain rule on (x), we get

V' (z) = V(v on’)(¢Y(x)) - d(¢Y)(z),
thus we are done, since Vi(x) = Vip*(x) for z € S™. m|

Theorem 3.3.5 (Rademacher’s Theorem for S™). Let 1) : S™ — R be Lipschitz-continuous,
then v is differentiable 0" -a.e. and V1 is a Borel map.

Proof. Let x € S™, € > 0 and choose coordinates n*. We will show that 1 is differentiable
o"-a.e. in a neighborhood B¢(x) = {y € S"|d(z,y) < €}. There exists § > 0 such that
n*(Bs(0)) D Be(x). Since ¢ : S™ — R is Lipschitz-continuous, 1 on?® is Lipschitz-continuous
from R” to R. Now Rademacher’s Theorem guarantees that there is a Lebesgue-null set
Z C Bs(0) such that 1 on® is differentiable on Bs(0)\Z and that V(i)on®) is a Borel
map. Thus by Proposition 3.3.4, ¢ is differentiable on Fy, := B¢(z)\n*(Z) and therefore

o-a.e. since

" (2) = [ do" = [ \Jaeu((dn (y)Tdi ()AL (y) = 0.

n*(Z) Z

Further, using (3.15), we see that the gradient V1 is a Borel map on F. Thus, since S™ is

compact, there are x1, xa, ..., x such that Ule Be(z;) =S™ and hence 1 is differentiable
on F:=U | F,, and ¢™(S"\F) = 0. Therefore ¢ is differentiable ¢™-a.c. and V4 is a
Borel map. O

3.4 Optimal Transport on the n-Sphere

In this section we will prove that there is a ¢"-a.e. unique solution to the MP on the
n-sphere, if the cost function is c¢(x,y) = M\(d(z,y)) and p is absolutely continuous with

respect to o”.

McCann showed in [McCO01] that the MKP can be solved on Riemannian manifolds for
strictly convex cost function. Our main Theorem 3.4.9 can be seen as a corollary to
Theorem 13 in [McCO01]. To prove Theorem 3.4.9, we will follow mostly the same strategy

as McCann, but we will restrict ourselves to the n-sphere.
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First we show that a c-concave function is Lipschitz-continuous. To do so, we need some

properties of the chord length metric d(z,y) = arccos({x,y)).

Lemma 3.4.1. Lety € S be arbitrary and d(x,y) = arccos({z,y)). Define ky:S™ — [0, 7]
by ky(x) :=d(z,y). Then ky has the following properties:

(1) Ky is Lipschitz-continuous with Lipschitz-constant Lip,(ky) < 1.

Vi, (z)

(i) Ky is differentiable for x # +y with gradient

Viy(r) = =2 (cos(a)r —y) (3.16)

sina

where o = ky(x) = d(z,y).

(iii) ky is superdifferentiable at x = —y with superdifferential

D_yry = U,S™. (3.17)

Proof.

ad (i): Since d is a metric we get

and therefore

So we obtain Lipy(ry) < 1.

ad (ii): For z # +y, ky(x) =arccos((z,y)) is obviously differentiable at x. We extend &,
to R"1\{0} by k() = /iy(”””T”). Using the chain rule we can compute the differential
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3.4. OPTIMAL TRANSPORT ON THE n-SPHERE

of /‘iz at ©

Vi) = T (g~ ).
()

For x € S" and o = d(x,y) we get

Viy(z) = Vi, (z) = L_(cos(a)z —y).

sina

ad (iii): Let x = —y and choose z # +y. We have

T =d(—y,y) = d(—y,z) +d(z,y).

By (ii) s, is differentiable at —y, thus for >0 and w € U_,S™ we have

d(z,cos(3)(—y) +sin(B)w)
= kiz(cos(3)(—y) +sin(S)w)
= Kz (—y) + B(VE(=y),w) +o(B).

v,
Using the triangle inequality we conclude (=)

iy (cos(B) (—y) +sin(B)w)
< d(y,z)+d(z,cos8(8)(—y) +sin(B)w)
= d(y,2) +d(—y,2) +8(VE.(—y),w) +o(B).

++

d(_y7 )

Therefore Vk,(—y) is a supergradient of x, in —y.
Since Vk.(—y) € U_,S™ and because

o cos(d(—y,2))(-y) ==z _ cos(d(y,z))y — 2
Vi (-y) = sin(d(—y, 2)) - sin(d(y,z))

we get that Vk,(—y) points in the direction of y — z when projecting y — 2z onto U,S™.

Hence Q_y/{y =U,S"™ i

For our main Theorem 3.4.9 we require the strictly convex cost function ¢ to satisfy some
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further properties.

Proposition 3.4.2. Let \:[0,7] = [0,4+00) and d(z,y) = arccos({x,y)). We will call a
cost function c(x,y) = Nd(x,y)) strictly convex” if X satisfies the following properties:

(i) X\ is strictly convex on [0,7].
(ii) X\ is differentiable on (0,7).

(7ii) X satisfies

and

)\/_(71‘) _ tl_igﬁr )‘(ﬂ-) _j(ﬂ' _t>

< +00.

Given a strictly conver* cost function ¢ and arbitrary y € S™, the function 7:S™ — [0,+00)
defined by 7(x) = c(z,y) is Lipschitz-continuous and differentiable for x # —y. The
gradient of T in x # %y is given by

V(hor)(z) = 2 (cos(a)a —y), (3.18)

sin «

where o = d(z,y) and V(AoT)(y) =0. Furthermore, for x = —y, 7 is superdifferentiable

with superdifferential
D_y(hoT) = N_(m)U,S".

Proof. Since A is differentiable on (0,7) and d(z,y) is bounded by 0 < d(z,y) < 7 for
x # +y, we see by Lemma 3.4.1 that 7 is differentiable for x # +x. By using the chain
rule we get (3.18).

For x =y we get 7(y) =0 and for w € U,S™ and 5 > 0 we have

7(cos(B)y +sin(F)w) = Aarccos({cos(B)y +sin(B)w,y))) = A(F),

thus

iy Tlcos(By +sin(B)w) —(y) . AB) _

B—0t+ ﬂ B—0+ 5
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Therefore 7 is differentiable at =y with gradient V7 (y) = 0.
Finally, for x = —y, we have 7(—y) = A(d(—y,y)) = A(7). Since A is convex and differen-
tiable in (0,1), we have

hr(r)l+ fl(m—e) = f(7) < o0,

thus for € > 0 we have
M7 —€) < A(m) —eX_(7) +o(e).

Now, let v € U,S™. Then by Lemma 3.4.1 —v is a superdifferential of z — d(z,y) at —y.
Hence, for w € U_,S™ and 5 > 0 we set € = (v, w)+o(f) and, since A is increasing, we

conclude

A(T(=cos(B)y +sin(B)w)) < M7(~y) — B (v,w) +0(B)) < A7) — BA_(7) (v,w) +0(B).
Therefore —\_(7)v is a supergradient of 7 at —y. m|

Example 3.4.3. The quadratic cost function ¢(z,y) = %al(az:,y)2 is strictly convex* since

the function A(z) = % satisfies all required properties of Proposition 3.4.2.

Proposition 3.4.4 (c-concave functions are Lipschitz-continuous).

Let c(x,y) = MNd(x,y)) be a cost function, with A :[0,7) — [0,+00) strictly conver and
increasing. Let ¢ : S" — RU{—o00} be a c-concave function (i.e. =1 and {yp =
—oo} #8S™). Then ¢ and its c-transform ¢ are both Lipschitz-continuous and the

Lipschitz-constant of 1 is bounded by B := sup,egn Lipg(1y) < +00, where 7y(x) = c(x,y).

Proof. Since the distance function d(z,y) is bounded from above by 7, the cost function
is bounded by 0 < ¢(x,y) < A(w). Further, because 1 is c-concave, it follows that ¢ (z) =
infyecgn c(x,y) —¥(y). Thus ¢ is bounded from above, because otherwise ¢) = —oo, and
therefore v is bounded from below. Thus, since ¥ < 400 and S" is compact, we see that
1 is bounded.

Fix z € S", then Ve > 0 there exists y such that

Y(2)+e>clz,y) = (y).
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Furthermore, by definition, we have

Y(x) < clz,y) = (y).

Combining these inequalities we get

() =(2) < elz,y) —c(z,y) +e

The map 7, : « — c(z,y) is Lipschitz-continuous because A is convex and therefore
Lipschitz-continuous and the map = +— d(x,y) is Lipschitz-continuous by Lemma 3.4.1.

Thus we get

P(x) —(2) <c(r,y) —c(z,y) + e < Lipg(ry)d(z, 2) +e.

Thus v is Lipschitz-continuous and the Lipschitz-constant of v satisfies

Lip, () < sup Lip(ry) = B,
yesSn

which is finite because Lip,(7y) < 400 and S" is compact. m

We recall the following result.

Proposition 3.4.5 (The dual MKP has maximizers.). Let c¢(z,y) = Ad(z,y)) be a cost
function, with \:[0,7] — [0,00) strictly convex and increasing. Let p and v be probability

measures on S™, then there exists a c-concave function i which satisfies

J(h,9) = sup J(u,0),

(u,0)EP,
where
J(u,v) :/ud,u+/vdy
Sn Sn
and
®c = {(u,0) € (8", 1) x L1 (8", ) u(x) +v(y) < e(x,y)}.
Proof. This is clear from Corollary 2.2.9, since ¢ is continuous and bounded. O
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Remark 3.4.6. Proposition 3.4.5 could also be proved directly. First, we may restrict
ourselves to tight pairs (u,v) € &, to maximize J(u,v), thus we may assume u to be
c-concave and v = u¢. Then let u, be a sequence of c-concave functions such that
limy, 00 J (up, uf,) is maximal. Since c-concave functions prove to be Lipschitz-continuous,
one can apply the Arzela-Ascoli Theorem to extract a converging subsequence with

Lipschitz-continuous limits (u*,v*) € ®.. Using dominated convergence
Jim J (un,uy) = J(u*,v%).

Finally, one puts ¢ := (v*)¢. So ¢ is c-concave and the pair (¢,9°) maximizes the
functional J. A rigorous proof using this method can be found in [McC01] (Proposition
3).

By Proposition 3.4.5 there is always a solution v to the dual MKP. This solution is c-
concave and therefore, by Proposition 3.4.4, Lipschitz-continuous. Rademacher’s Theorem
3.3.5 shows that the maximizing function is differentiable ¢"-a.e. with a gradient Vi

that is a Borel map. We will use this gradient to define a transport plan.

Proposition 3.4.7. Let c¢(z,y) = A(d(z,y)) be a strictly convex™ cost function (as defined
in Proposition 3.4.2) with X\ : [0,7] — [0,+00). Also, let ¢ : S™ — R be c-concave and
x € S™ arbitrary. Let i be differentiable at x and define

a:= X\ (IVe@)]),

where \* is the conjugate function of A (which is

differentiable since X is strictly convex). Then y € S"
satisfies (x) +1(y) = c(x,y), if and only if

y = cos(a)r — sin(a)%. (3.19)

Note that if Vip(x) =0 then a =0. In this case (3.19)

should be read as y=x.

Proof. Let ¢ be differentiable at € S™ and let y € S™ be such that ¥ (z) +¢(y) = c(z,y).

By definition of the c-transform we get

0= clz,y) =(x) =9 (y) < c(z,y) = (2) =P(y)-
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Now let ¢t > 0 and v € U,S™ such that z = cos(t)x +sin(t)v. Since ¢ is differentiable at z,

we obtain
U(2) = (cos(t)z +sin(t)v) = ¥ (x) +t (Vip(x),0) + o(t).
Using these results we get

co(z,9) = c(z,y) = () +4(2) = cl,y) + 1 (VY(2),0) +o(t),

and therefore Vi(z) is a subgradient at x of the function 7: x + ¢(x,y). Using Proposition
3.4.2 we see that 7 is always superdifferentiable and therefore 7 is actually differentiable.

For x # y the gradient of 7 at z is

N(B)
sin 8

where = d(x,y). For © =y we have V7(x) =0. Since V7(z) = Vi)(z) we get

Vr(z) = (cos(B)z —y), (*)

V@)l = [IV7 ()| = X(8) = N(d(z,y)),

or ||[Vi(x)|| =0 if x =y. Now, since (\*) (N (8)) = 8 for 5 € (0,7) and because 0 € 9y
implies (A*)'(0) = 0, we have

a=X)(IVe()]) =d(z,y) = 8.

Thus, by using this equation in (x) and the fact that X' ((A*)'(¢)) =t, we conclude

Vip(z) = M (cosax) —y)

sin o

which proves equation (3.19).
We just showed that if there exists y € S with ¥ (z) +¢°(y) = c¢(x,y), then it is uniquely
defined by (3.19). We still need to prove that such a y always exists. Since v is c-concave

we know that
Y(z) =y (z) = inf c(z,y) —¢(y).
y€eS

Now the function y — ¢(z,y) —1(y) is continuous (since y — ¢(x,y) and 1) are Lipschitz-
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continuous) and S" is compact, thus there exists yp € S such that

(@) = cz,y0) — ().
Thus this proof is completed. O

Theorem 3.4.8. Let c(x,y) = A(d(x,y)) be a strictly convex* cost function as defined
in Proposition 3.4.2. Let u be a probability measure on S™ absolutely continuous with
respect to o and let ¢ : S™ — R be c-concave. We define T': S™ — S™ by

Vo)l (3.20)

T(x) { cos(a)x — sin(a)M if ¥ is differentiable at x and Vi)(x) #0
x) =
x else,

where a = (A\*) (||Vo(2)||). Then T is a Borel map and v :=TH# is a probability measure.
Further, T is the solution to the MKP for u and v, i.e.

1. = inf I.(7v),
(vr) ot ()

where yp = (id X T))#u. Moreover, if S is another optimal transport map for p and v
then p[S#T) =0, i.e. T equals S p-a.e.

Proof. Because of Proposition 3.4.4 1 is Lipschitz-continuous and therefore, according
to Theorem 3.3.5, ¢ is p-a.e. differentiable and the gradient V) is a Borel map. So T'(x)
is defined p-a.e. and a Borel map.

Because of Theorem 3.4.8, we have ¢(z) + (T (x)) = ¢(z,T(x)) o"-a.e. Since p is

absolutely continuous with respect to " we get
W05 = [wdp+ [wedv = [b(@)+ 05 (T()du()
sn sn sn

= [ el T@)dp) = [ ey = L),
S Smx§n

Hence ~7 is optimal in the MKP.

If S:S™ — S™ is another optimal transport plan for 4 and v, i.e. S#u = v, then necessarily
I.(vs) = J(¢,¢°). Therefore ¢(x)+1°(S(z)) = c(z,S(x)) p-a.e. and because of Theorem
3.4.7 it follows that S =T p-a.e. O

We can now prove the main result:
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Theorem 3.4.9 (Optimal Transport on the n-sphere for a strictly convex* cost function).
Let c(z,y) = Ad(x,y)) be a strictly convex* cost function, u and v probability measures
on S™ with p absolutely continuous with respect to ™. Then there exists a c-concave
function 1 : S — R such that the map T : S™ — S™, defined in Theorem 3.4.8, solves the
Optimal Transport Problem, i.e. T#u=v and

L) =__inf [ ela)dr(e.y) (3:21)

Furthermore, T is p-a.e. uniquely determined.

Proof.

1. Because of Proposition 3.4.5 there exists a c-concave 1, such that

J(, )= sup J(u,v).

(u,0)eD,

Thus using Theorem 3.4.8 we can p-a.e. define

T(x) = cos(a)x - sin(a) g,

where o= (\*)'(|| Vi (x)])).

2. Next we need to show that T#pu = v, or equivalently

/fonu:/fdu,
§n gn

for all f € C(S™). We fix an arbitrary f € C(S") and define

Te(y) =V (y) +ef(y),
Ye(x) :=75(x) = inf c(x,y) —9(y) —ef(y).

yesn

1, is c-concave, because V¢ = 75 = 75 = .
We fix xg € S™ such that 1 = 1) is differentiable. Due to Proposition 3.4.7

c(zo, T (o)) = Yo(z) +95(T(z0)) = 1o(z0) + 70(T(20)),
Yo(wo) = c(xo,T(z0)) — 70(T'(20)).
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For small values of € there exists y. € S™ such that
Ve(w0) = (w0, Ye) — ¥ (Ye) — €f (Ye)- (%)
Proposition 3.4.7 also states that T'(xg) is an unique solution and therefore
iy =T
or equivalently
ye = T(wg) +o(1) as e — 07,
Since f is continuous we get

ef(ye) = ef (T(xo) +0(1)) = ef (T'(x0)) +0(e)

where

Using this and (x) along with

Yo(zo) < c(x0,ye) — ¥ (ye),

we get a lower bound for .:

Yo(wo) —ef(T(w0)) +0(€) < c(wo,ye) = ¥ (ye) — €/ (ye) < Ye(wo).

Further, by definition of v,

Ve(r0) < c(z0,y) =V (y) —ef(y) < tho(wo) —ef(T(w0))

and by setting y = T'(zg), we get an upper bound:

Ve(wg) < ho(xo) — e f(T'(20)).
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Therefore

Ve(w0) = to(x0) — ef (T (20)) +0(e).

Proposition 3.4.5 also states that J(1b¢,¢) is maximal for e = 0 and therefore we

get
0= gy L0V E) (00
e—0
-l [ 2 o)+ [0
—/f ))dp(x —i—/f Ydv(y —i—hm/
Since 2 ( ) is bounded we can use the Theorem of dominated convergence to see that

the last integral vanishes. Therefore, since f € C(S™) was arbitrary, we just proved

/fonu /fdy

S'Il
ie. TH#Hu=v.

3. In order to complete the proof we need to show the uniqueness of T p-a.e. So,
assume that S is another optimal transport plan, i.e. S#u=wv and I.(vg) = I.(77).
Then by Theorem 3.4.8 S =T p-a.e. and we are done. O

Remark 3.4.10. In the classical setting of optimal transport in R"” with quadratic cost
function ¢(z,y) = ||z — y||* the gradient V4 of a c-concave maximizer ¢ : R — R of the
dual MKP induces an optimal transport plan. In this case, V4 is more generally known
as Brenier map. The transport plan 7" in Theorem 3.4.9 may be seen as a spherical

Brenier map.

Corollary 3.4.11 (Inverse Transport). Let c(z,y) = Ad(z,y)) be a strictly conver*
cost function. Let p and v be probability measures on S™ with u and v absolutely
continuous with respect to ™. According to Theorem 3.4.9, there exists a c-concave
which determines a transport map T. Also, since v is absolutely continuous with respect

to o™, ¥° defines an optimal transport map T for the inverse problem, i.e. TT#v = p
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and

Ic(ypi)= sup | c(z,y)dy(z,y).
YE(v, )

Then Tt is inverse to T p-a.e., i.e. ToTT =TtoT =idgn p-a.e.

Proof. Theorem 3.4.9 guarantees the existence of T and T, so we only need to show

that T is inverse to T p-a.e. Let

Uy = {x € S"|¢ is differentiable at x},
Uye = {y € S"[¢° is differentiable at y}.

Since ¢ as well as ¢ are c-concave they are also Lipschitz-continuous. Thus, since p
and v are absolutely continuous with respect to ¢”, Rademacher’s Theorem 3.3.5 implies
that p(Uyp) = v(Uye) = 1. We define V := Uy NT 1 (Uye) to see

0 < u(E"\V) < p(S"\Uy) + 4 (ST (Uye)) =0,

where we used that p(S"\T 1 (Uye)) = v(S™\Uye) since v = T#u. Hence the set of points
x € S™ such that ¢ is differentiable at  and ¢ is differentiable at T'(x) is of full measure,
i.e. u(V)=1. Using Proposition 3.4.7 and the definition of 7" we see that for x € V,

0=c(z,T(x)) = ¢(x) =T (x))

o(T(x),x) = (T () — (),

where T'(x) is uniquely determined by this equation. Using the symmetry of ¢, i.e.
c(z,y) = c(y,z), we also get that z is uniquely determined by T'(z), and therefore, by
the definition of TT, TT(T(z)) = x for x € V.. Replacing T by T and vice versa, we also

get T(TT(y)) =y p-a.e. O

Corollary 3.4.12 (Polar factorization of spherical maps). Let c¢(z,y) = A(d(x,y)) be a
strictly convex® cost function. Let S:S™ — S™ be a Borel map and pu a probability measure
on S™ absolutely continuous with respect to o¢". Define v := S#u, then, by Theorem
3.4.9, there exists a transport plan T : S™ — S™ defined by (3.20) for some c-concave
map P : S" — R. If v is also absolutely continuous with respect to o™, then there exists
a measure preserving map U : S™ — S", i.e. U#u = p, such that S =ToU p-a.e. The

maps T and U are p-a.e. uniquely determined.
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Proof. Using Theorem 3.4.9 we get a c-concave 1 and a transport map 7 : S — S™. By
Corollary 3.4.11 we get the inverse transport map 77 and define U := TT0 5. Also there
is V C S" with v(V) = 1 such that for all y € V we have T(T"(y)) =y. Then

S(x)=(ToTh)oS(z) = (ToU)(x)
holds for all z € S™Y(V), i.e. p-a.e. For f € C(S™) we get
/fOUd,u:/fOT*OSd,u:/fOT*dV:/fd,u

and therefore U#u = p.

Thus we only need to show that T and U are p-a.e. uniquely determined. Let T” be
another optimal transport map such that 7'#u = v and let U’ be a measure preserving
map such that S =T"oU’ holds on W; C S" with u(W7) = 1. By Theorem 3.4.9 there is
Wy C S™ with pu(Ws) =1 such that T'(x) = T(x) for x € Ws. Finally let W3 C S™ be the
set of all 2 such that TToT(z) = 2, then u(W3) =1 by Corollary 3.4.11. Put

B:=winU) Y (Wa)n (UL (Ws).

Then for x € B, we have

S(@) "D (0 () UL (0 () (*)
Thus
Ue) & T1(S(2)) Y 11 (00 () VL 1)
and since
H(S™\B) < u(S™\W) + p(S™\(U) "L (Wa)) + p(S™\(U") " (Wa)) = 0
=0 1(SM\Wa)=0 p(S™\Ws3)=0
we have U = U’ p-a.e. O

Remark 3.4.13. We should mention here the polar factorization Theorem for Euclidean
maps due to Brenier [Bre91| and its extension to the setting of Riemannian manifolds
due to McCann [McCO01].
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List of symbols

epi

LY (X, )
Lip

cl

a*(.|C)

T#p
spt

R
Vf
df
rn

integers {...,—2,—1,0,1,2...}

natural numbers {0,1,2...}

rational numbers

real numbers

closure of a set A

effective domain

interior of a set A

boundary of a set, 0A = A\int(A)
conjugate function of f

continuous functions

c-superdifferential of f

c-transform of f

n-times continuously differentiable functions
epigraph

p-integrable functions on X
Lipschitz-continuous functions

lower semi-continuous hull

support function of the convex set C
o-algebra of Borel sets

Borel probability measures

push-forward measure of p by T

support of a measure

Wasserstein distance of order p
n-dimensional Euclidean space

gradient vector of a real-valued function f on R”
Jacobian-matrix of a function f:R" — R™

Lebesgue measure on R”
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LIST OF SYMBOLS

I
()
8(Ef
0rf
Sn

daf(.,.)
T,S"
U, S™

Euclidean vector norm in R"

Euclidean vector product in R™

superdifferential of a real-valued function f in x
subdifferential of a real-valued function f in x
n-dimensional sphere {z € R""!|||z| =1}
canonical volume measure on S™

chord length metric on S", d(x,y) = arccos((x,y))
tangent vectors of S in x {y € R"™!|(x,y) = 0}
normalized tangent vectors {y € T,S"|||y|| =1}

96



Bibliography

[BGMS09] Mathias Beiglbock, Martin Goldstern, Gabriel Maresch, and Walter Schacher-

[Bre91]

[BS11]

[EG92]

[GMO6]

[Kan42]

[Kan48]

[McC01]

[Roc70]

mayer, Optimal and better transport plans, J. Funct. Anal. 256 (2009), no. 6,
1907-1927. MR 2498564 (2010i:49075)

Yann Brenier, Polar factorization and monotone rearrangement of vector-
valued functions, Comm. Pure Appl. Math. 44 (1991), no. 4, 375-417. MR
1100809 (92d:46088)

Mathias Beiglbock and Walter Schachermayer, Duality for Borel measurable
cost functions, Trans. Amer. Math. Soc. 363 (2011), no. 8, 4203-4224. MR
2792985

Lawrence C. Evans and Ronald F. Gariepy, Measure theory and fine properties
of functions, Studies in Advanced Mathematics, CRC Press, Boca Raton, FL,
1992. MR 1158660 (93f:28001)

Wilfrid Gangbo and Robert J. McCann, The geometry of optimal transporta-
tion, Acta Math. 177 (1996), no. 2, 113-161. MR 1440931 (98e:49102)

Leonid V. Kantorovich, On the translocation of masses., C. R. (Doklady)
Acad. Sci. USSR 321 (1942), 199-201.

, On a problem of monge (in russian)., Uspekhi Mat. Nauk. 3 (1948),
225-226.

Robert J. McCann, Polar factorization of maps on Riemannian manifolds,
Geom. Funct. Anal. 11 (2001), no. 3, 589-608. MR 1844080 (2002g:58017)

R. Tyrrell Rockafellar, Convexr analysis, Princeton Mathematical Series, No.
28, Princeton University Press, Princeton, N.J., 1970. MR 0274683 (43 #445)

97



BIBLIOGRAPHY

[Sch93|

[Vilo3]

[Vilog]

Rolf Schneider, Convex bodies: the Brunn-Minkowski theory, Encyclopedia
of Mathematics and its Applications, vol. 44, Cambridge University Press,
Cambridge, 1993. MR 1216521 (94d:52007)

Cédric Villani, Topics in optimal transportation, Graduate Studies in Mathe-
matics, vol. 58, American Mathematical Society, Providence, RI, 2003. MR
1964483 (2004e:90003)

, Optimal transport, Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences|, vol. 338, Springer-Verlag,
Berlin, 2009, Old and new. MR 2459454 (2010£:49001)

98



Index

c-concave, 44
c-cyclically monotone set, 45
c-superdifferential, 44

c-transform, 44
Arzela-Ascoli Theorem, 87
Brenier map, 92

chord length metric, 64
conjugate function, 23
cost function
strictly convex, 64
strictly convex*, 84

cumulative distribution function, 53, 65

derivative, 73
directional, 14
left, 14
right, 14

domain
effective, 5

dual MKP, 41

effective domain, 5
epigraph, 5
Euclidean norm, 1

Fuclidean scalar product, 2

99

Fenchel’s inequality, 23

function

c-concave, 44
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