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❖♣t✐♠❛❧❡ ❉✐✈✐❞❡♥❞❡♥③❛❤❧✉♥❣❡♥

✐♠ ❇r♦✇♥s❝❤❡♥ ▼♦❞❡❧❧ ♠✐t ❩✐♥s❡♥

❛✉s❣❡❢ü❤rt ❛♠

■♥st✐t✉t ❢ür

❙t♦❝❤❛st✐❦ ✉♥❞ ❲✐rts❝❤❛❢ts♠❛t❤❡♠❛t✐❦

❛♥ ❞❡r ❚❡❝❤♥✐s❝❤❡♥ ❯♥✐✈❡rs✐tät ❲✐❡♥

✉♥t❡r ❞❡r ❆♥❧❡✐t✉♥❣ ✈♦♥

❆♦✳ ❯♥✐✈✳✲Pr♦❢✳ ❉✐♣❧✳✲✐♥❣✳ ❉r✳ t❡❝❤♥✳ P❡t❡r ●r❛♥❞✐ts

❞✉r❝❤

❏✐♠♠② ❳✉❡✱ ❇❙❝

▼❛tr✐❦❡❧♥✉♠♠❡r✿ ✵✶✸✷✺✶✺✹

❱♦r❣❛rt❡♥str❛ÿ❡ ✶✻✸

✶✵✷✵ ❲✐❡♥

❲✐❡♥✱ ❛♠ ❉❛t✉♠
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❑✉r③❢❛ss✉♥❣

■♥ ❞✐❡s❡r ❉✐♣❧♦♠❛r❜❡✐t ❜❡❢❛ss❡♥ ✇✐r ✉♥s ♠✐t ❡✐♥❡♠ ♦♣t✐♠❛❧❡♥ ❉✐✈✐❞❡♥❞❡♥♣r♦❜❧❡♠
✐♠ ●❡❜✐❡t ❞❡r st♦❝❤❛st✐s❝❤❡♥ ❑♦♥tr♦❧❧t❤❡♦r✐❡✳ ❉❛❜❡✐ ♠♦❞❡❧❧✐❡r❡♥ ✇✐r ❞❡♥ Ü❜❡rs❝❤✉ss✲
♣r♦③❡ss ❡✐♥❡s ❯♥t❡r♥❡❤♠❡♥s ♠✐t ❡✐♥❡r ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ♠✐t ❉r✐❢t✱ ✐♠ ❙♣❡③✐❡❧❧❡♥
❤❛♥❞❡❧t ❡s s✐❝❤ ✉♠ ❡✐♥❡ ❉✐✛✉s✐♦♥s❛♣♣r♦①✐♠❛t✐♦♥ ❡✐♥❡s ❦❧❛ss✐s❝❤❡♥ ❈r❛♠ér✲▲✉♥❞❜❡r❣✲
▼♦❞❡❧❧s ❛✉s ❞❡r ❘✐s✐❦♦✲ ✉♥❞ ❘✉✐♥t❤❡♦r✐❡✳ ❲✐r ❜❡tr❛❝❤t❡♥ s♦♠✐t ❡✐♥ ▼♦❞❡❧❧ ✐♥ st❡t✐❣❡r
❩❡✐t✱ ✐♥ ❞❡r Prä♠✐❡♥③❛❤❧✉♥❣❡♥ ❦♦♥st❛♥t ❣❡③❛❤❧t ✇❡r❞❡♥ ✉♥❞ ❙❝❤ä❞❡♥ ③✉❢ä❧❧✐❣ ❛✉❢tr❡✲
t❡♥✳ ❊✐♥ ③✉sät③❧✐❝❤❡s ▼❡r❦♠❛❧ ✐♠ ▼♦❞❡❧❧ ✐st ❞✐❡ ❱❡r③✐♥s✉♥❣ ❞❡s Ü❜❡rs❝❤✉ss❡s ❞✉r❝❤
❡✐♥❡ ❦♦♥st❛♥t❡ ❩✐♥sr❛t❡✳ ❉❛s ❩✐❡❧ ✐st ❡s ♥✉♥ ❡✐♥❡ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ③✉ ✜♥❞❡♥✱ s♦✲
❞❛ss ❞✐❡ ❡r✇❛rt❡t❡♥ ❞✐s❦♦♥t✐❡rt❡♥ ❉✐✈✐❞❡♥❞❡♥③❛❤❧✉♥❣❡♥ ♠❛①✐♠✐❡rt ✇❡r❞❡♥✳ ■♠ ❋❛❧❧
❡✐♥❡s ▼♦❞❡❧❧s ♦❤♥❡ ❱❡r③✐♥s✉♥❣ ✇✐r❞ ❞✐❡ ❖♣t✐♠❛❧✐tät ❞✉r❝❤ ❡✐♥❡ ❇❛rr✐❡r❡str❛t❡❣✐❡ ❜❡✐
✉♥❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡ ❡rr❡✐❝❤t✳ ❯♥t❡r ❆♥✇❡♥❞✉♥❣ ❡✐♥❡r ❇❛rr✐❡r❡str❛t❡❣✐❡
✇✐r❞ ❞❡r ❆♥t❡✐❧ ❞❡s Ü❜❡rs❝❤✉ss♣r♦③❡ss❡s ü❜❡r ❡✐♥❡r ❇❛rr✐❡r❡ s♦❢♦rt ❛❧s ❉✐✈✐❞❡♥❞❡
❛✉s❜❡③❛❤❧t✳ ❉❡r ❘✉✐♥ ❞❡s ❯♥t❡r♥❡❤♠❡♥s ✐st ✐♠ ❋❛❧❧ ❡✐♥❡r ❇❛rr✐❡r❡str❛t❡❣✐❡ ❣❛r❛♥✲
t✐❡rt✳ ❲♦♠✐t ✇✐r ❡✐♥❡ ❇❡s❝❤rä♥❦✉♥❣ ❞❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡ ❞✉r❝❤ ❡✐♥❡ ❑♦♥st❛♥t❡ ✐♥
❇❡tr❛❝❤t ③✐❡❤❡♥✳ ❯♥t❡r ❞✐❡s❡r ③✉sät③❧✐❝❤❡♥ ❇❡❞✐♥❣✉♥❣ ✇❡r❞❡♥ ✇✐r ③❡✐❣❡♥✱ ❞❛ss ❞✐❡
♦♣t✐♠❛❧❡ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ❡✐♥❡ ❚❤r❡s❤♦❧❞✲❙tr❛t❡❣✐❡ ✐st✱ ✐♥ ❞❡r s♦❧❛♥❣❡ s✐❝❤ ❞❡r
Ü❜❡rs❝❤✉ss♣r♦③❡ss ü❜❡r ❡✐♥❡r ❜❡st✐♠♠t❡♥ ❙❝❤r❛♥❦❡ ❜❡✜♥❞❡t ❞✐❡ ♠❛①✐♠❛❧❡ ❉✐✈✐❞❡♥✲
❞❡♥r❛t❡ ❛✉s❜❡③❛❤❧t ✇✐r❞✳ ❙♦❜❛❧❞ s✐❝❤ ❞❡r Pr♦③❡ss ✉♥t❡r❤❛❧❜ ❞❡r ❙❝❤r❛♥❦❡ ❜❡✜♥❞❡t
✇✐r❞ ♥✐❝❤ts ❛✉s❣❡s❝❤ütt❡t✳
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❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s ✇❡ ❞❡❛❧ ✇✐t❤ ❛♥ ♦♣t✐♠❛❧ ❞✐✈✐❞❡♥❞ ♣r♦♣❧❡♠ ♦♥ t❤❡ ✜❡❧❞ ♦❢ st♦✲
❝❤❛st✐❝ ❝♦♥tr♦❧ t❤❡♦r②✳ ❚❤❡r❡❜② ✇❡ ♠♦❞❡❧ t❤❡ s✉r♣❧✉s ♣r♦❝❡ss ♦❢ ❛ ❝♦♠♣❛♥② ✇✐t❤
❛ ❜r♦✇♥✐❛♥ ♠♦t✐♦♥ ✇✐t❤ ❞r✐❢t✱ t❤✐s ✐♥ ♣❛rt✐❝✉❧❛r ✐s ❛ ❞✐✛✉s✐♦♥❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
❝❧❛ss✐❝ ❈r❛♠ér✲▲✉♥❣❜❡r❣ ♠♦❞❡❧ ❢r♦♠ t❤❡ r✐s❦ ❛♥❞ r✉✐♥ t❤❡♦r②✳ ❲❡ ❝♦♥s✐❞❡r t❤❡r❡❢♦r❡
❛ ♠♦❞❡❧ ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡✱ ✐♥ ✇❤✐❝❤ ♣r❡♠✐✉♠ ♣❛②♠❡♥ts ❛r❡ ♣❛✐❞ ❝♦♥st❛♥t❧② ❛♥❞
❝❧❛✐♠s ♦❝❝✉r r❛♥❞♦♠❧②✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡ ✐♥ t❤✐s ♠♦❞❡❧ ✐s t❤❛t t❤❡ s✉r♣❧✉s ❡❛r♥s
❛♥ ✐♥✈❡st♠❡♥t ✐♥❝♦♠❡ ❛t ❛ ❝♦♥st❛♥t ❢♦r❝❡ ♦❢ ✐♥t❡r❡st✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♥♦✇ ✐s t♦ ✜♥❞
❛ ❞✐✈✐❞❡♥❞ str❛t❡❣② s♦ ❛s t♦ ♠❛①✐♠✐③❡ t❤❡ ❡①♣❡❝t❡❞ ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ♦❢ ❞✐✈✐❞❡♥❞
♣❛②♠❡♥ts✳ ■♥ ❝❛s❡ ♦❢ ❛ ♠♦❞❡❧ ✇✐t❤♦✉t ✐♥t❡r❡st t❤❡ ♦♣t✐♠❛❧✐t② ✐s ❛❝❤✐❡✈❡❞ ❜② ✉s✐♥❣ ❛
❜❛rr✐❡r str❛t❡❣② ❢♦r ✉♥r❡str✐❝t❡❞ ❞✐✈✐❞❡♥❞ r❛t❡✳ ❯s✐♥❣ t❤✐s str❛t❡❣②✱ ❛❧❧ s✉r♣❧✉s ❛❜♦✈❡
t❤❡ ❜❛rr✐❡r ✐s ♣❛✐❞ ❛s ❛ ❞✐✈✐❞❡♥❞ ✐♠♠❡❞✐❛t❡❧②✳ ❚❤❡ r✉✐♥ ♦❢ t❤❡ ❝♦♠♣❛♥② ✐s ❝❡rt❛✐♥ ✐♥
❝❛s❡ ♦❢ ❛ ❜❛rr✐❡r str❛t❡❣②✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥s✐❞❡r ❛ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❞✐✈✐❞❡♥❞ r❛t❡
❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t✳ ❯♥❞❡r t❤✐s ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♦♣t✐♠❛❧
❞✐✈✐❞❡♥❞ str❛t❡❣② ✐s ❢♦r♠❡❞ ❜② ❛ t❤r❡s❤♦❧❞ str❛t❡❣②✱ ✐♥ ✇❤✐❝❤ ❞✐✈✐❞❡♥❞s ❛r❡ ♣❛✐❞ ♦✉t
❛t t❤❡ ♠❛①✐♠❛❧ r❛t❡ ❛s s♦♦♥ ❛s t❤❡ s✉r♣❧✉s ❡①❝❡❡❞s ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞✳ ❲❤❡♥❡✈❡r
t❤❡ s✉r♣❧✉s ✐s ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞ ♥♦ ❞✐✈✐❞❡♥❞s ❛r❡ ♣❛✐❞✳
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❑❛♣✐t❡❧ ✶

●r✉♥❞❧❛❣❡♥ ❞❡r ❙t♦❝❤❛st✐s❝❤❡

❆♥❛❧②s✐s

■♠ ❡rst❡♥ ❑❛♣✐t❡❧ ✇❡r❞❡♥ ✇✐r ❣r✉♥❞❧❡❣❡♥❞❡ ❉❡✜♥✐t✐♦♥❡♥ ✉♥❞ ❙ät③❡ ✈♦rst❡❧❧❡♥✳
❊s ❞✐❡♥t ③✉r ❲✐❡❞❡r❤♦❧✉♥❣ ❞❡r ✇✐❝❤t✐❣st❡♥ ❘❡s✉❧t❛t❡ ❞❡r st♦❝❤❛st✐s❝❤❡♥ ❆♥❛❧②s✐s✱
✇❡❧❝❤❡ ✇✐r ✐♠ ❱❡r❧❛✉❢ ❞✐❡s❡r ❆r❜❡✐t ❜❡♥öt✐❣❡♥ ✇❡r❞❡♥✳ ❲✐r ✈❡r③✐❝❤t❡♥ ❤✐❡r ✇❡✐t❡st✲
❣❡❤❡♥❞ ❛✉❢ ❇❡✇❡✐s❡ ✉♥❞ ✈❡r✇❡✐s❡♥ ❛✉❢ ▲✐t❡r❛t✉r❡♥ ✇✐❡ Pr♦tt❡r ❬✶✶❪✱ ❉❡❝❦ ❬✺❪ ♦❞❡r
Ø❦s❡♥❞❛❧ ❬✾❪✳

✶✳✶ ❙t♦❝❤❛st✐s❝❤❡ Pr♦③❡ss❡✱ ❋✐❧tr❛t✐♦♥❡♥ ✉♥❞ ❙t♦♣♣✲

③❡✐t❡♥

●❡❣❡❜❡♥ s❡✐ ❡✐♥ ✈♦❧❧stä♥❞✐❣❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐tsr❛✉♠ (Ω,F ,P)✳ ❩✉sät③❧✐❝❤ s❡✐
❡✐♥❡ ❋✐❧tr❛t✐♦♥ F = (Ft)t∈T ❣❡❣❡❜❡♥ ♠✐t ❡✐♥❡r ❩❡✐t♠❡♥❣❡ T ⊂ R✳ ❯♥t❡r ❋✐❧tr❛t✐♦♥
✈❡rst❡❤❡♥ ✇✐r ❡✐♥❡ ❋❛♠✐❧✐❡ ✈♦♥ ✇❛❝❤s❡♥❞❡ σ✲❆❧❣❡❜r❡♥ (Ft)t∈T✱ s♦❞❛ss Fs ⊂ Ft ❢ür
s ≤ t ❣✐❧t✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳ ■st F = (Ft)t∈T ❡✐♥❡ ❋✐❧tr❛t✐♦♥✱ ❞❛♥♥ ✐st (Ω,F ,F,P) ❡✐♥ ✜❧tr✐❡rt❡r
❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐tsr❛✉♠✳ ❊✐♥❡ ❋✐❧tr❛t✐♦♥ ❤❡✐ÿt

• ✈♦❧❧stä♥❞✐❣✱ ❢❛❧❧s ❛❧❧❡ P✲◆✉❧❧♠❡♥❣❡♥ ❛✉s F ❜❡r❡✐ts ✐♥ F0 ❡♥t❤❛❧t❡♥ s✐♥❞✱

• r❡❝❤tsst❡t✐❣✱ ❢❛❧❧s Ft+ :=
⋂

s>t

Fs = Ft ❣✐❧t✱ ❢ür ❛❧❧❡ t ∈ T✳

❊✐♥ ✜❧tr✐❡rt❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐tsr❛✉♠ (Ω,F ,F,P) ❡r❢ü❧❧t ❞✐❡ ü❜❧✐❝❤❡♥ ❇❡❞✐♥❣✉♥❣❡♥✱
❢❛❧❧s ❞✐❡ ❋✐❧tr❛t✐♦♥ ✈♦❧❧stä♥❞✐❣ ✉♥❞ r❡❝❤tsst❡t✐❣ ✐st✳

❲✐r s❡t③❡♥ ✐♠ ❋♦❧❣❡♥❞❡♥ ✐♠♠❡r ✈♦r❛✉s✱ ❞❛ss ❞✐❡ ü❜❧✐❝❤❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❡r❢ü❧❧t s✐♥❞✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳ ❊✐♥ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss ✐st ❡✐♥❡ ❋❛♠✐❧✐❡ X = (Xt)t∈T ✈♦♥ R
d✲

✇❡rt✐❣❡ ❩✉❢❛❧❧s✈❛r✐❛❜❧❡♥ ❛✉❢ ❡✐♥❡♠ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐tsr❛✉♠ (Ω,F ,P)✱ ✇♦❜❡✐ s✐❡
❞✉r❝❤ ❞✐❡ ❩❡✐t t ✐♥❞✐③✐❡rt ✐st✳

❆❧s♦ ✐st ❡✐♥ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss ❡✐♥❡ ❆❜❜✐❧❞✉♥❣

✶
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✶✳✶✳ ❙t♦❝❤❛st✐s❝❤❡ Pr♦③❡ss❡✱ ❋✐❧tr❛t✐♦♥❡♥ ✉♥❞ ❙t♦♣♣③❡✐t❡♥

X :T× Ω → R
d

(t, ω) 7→ Xt(ω).

❇❡tr❛❝❤t❡♥ ✇✐r ❢ür ❡✐♥ ❢❡st❡s ω ∈ Ω ❞✐❡ ❋✉♥❦t✐♦♥ t 7→ Xt(ω)✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❡✐♥❡♥
❡✐♥③❡❧♥❡♥ ❱❡r❧❛✉❢ ❡✐♥❡s ③✉❢ä❧❧✐❣❡♥ ❱♦r❣❛♥❣❡s✳ ❉✐❡s❡r ✇✐r❞ ❛✉❝❤ P❢❛❞ ❞❡s Pr♦③❡ss❡s
❣❡♥❛♥♥t✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳ ❊✐♥ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss X ❤❡✐ÿt ❛❞❛♣t✐❡rt ✭❜❡③ü❣❧✐❝❤ F✮✱ ❢❛❧❧s
Xt Ft✲♠❡ss❜❛r ✐st✱ ❢ür ❛❧❧❡ t ∈ T✳

❆♥s❝❤❛✉❧✐❝❤ ❧ässt s✐❝❤ ❛✉s ❡✐♥❡♠ ❛❞❛♣t✐❡rt❡♥ Pr♦③❡ss ♥✐❝❤t ♠❡❤r ■♥❢♦r♠❛t✐♦♥❡♥ ❛❧s
❞✐❡ ❜✐s ③✉♠ ❩❡✐t♣✉♥❦t t ❛✉❢❣❡tr❡t❡♥❡♥ ❊r❡✐❣♥✐ss❡♥ ❣❡✇✐♥♥❡♥✳ ❏❡❞❡r st♦❝❤❛st✐s❝❤❡r
Pr♦③❡ss X ✐st ❛❞❛♣t✐❡rt ❛♥ ❞✐❡ ✈♦♥ ✐❤♠ ❡r③❡✉❣t❡ ❋✐❧tr❛t✐♦♥

FX
t := σ(Xs | s ∈ T, s ≤ t)

:= σ
(⋃

s≤t

X−1
s (B(Rd))

)

,

✇♦❜❡✐ B(Rd) ❞✐❡ ❇♦r❡❧❵s❝❤❡ σ✲❆❧❣❡❜r❛ ❛✉❢ Rd ❜❡③❡✐❝❤♥❡t ✇✐r❞✳ ❉✐❡s ✐st ❛✉ÿ❡r❞❡♠ ❞✐❡
❦❧❡✐♥st❡ ❋✐❧tr❛t✐♦♥✱ ❛♥ ❞✐❡ X ❛❞❛♣t✐❡rt ✐st✳

❉❡✜♥✐t✐♦♥ ✶✳✹✳ ❊✐♥ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss ❳ ❤❡✐ÿt ❝à❞❧à❣ ✭❝♦♥t✐♥✉❡ à ❞r♦✐t❡✱ ❧✐♠✐t❡
à ❣❛✉❝❤❡✱ ❢r❛♥③ös✐s❝❤ ❢ür ✒r❡❝❤tsst❡t✐❣ ♠✐t ❧✐♥❦ss❡✐t✐❣❡♠ ●r❡♥③✇❡rt✏✮✱ ❢❛❧❧s ✐❤r❡ P❢❛❞❡
t 7→ Xt ❛♥ ❥❡❞❡r ❙t❡❧❧❡ t ❢❛st s✐❝❤❡r r❡❝❤tsst❡t✐❣ s✐♥❞ ✉♥❞ ❞❡r ❧✐♥❦ss❡✐t✐❣❡ ▲✐♠❡s
❡①✐st✐❡rt✱ ❛❧s♦ Xt− = lims→tXs ❢ür ❛❧❧❡ t ∈ T✳

❉❡✜♥✐t✐♦♥ ✶✳✺✳ ❊✐♥ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss ❳ ❤❡✐ÿt ♣r♦❣r❡ss✐✈ ♠❡ss❜❛r ✭❜❡③ü❣❧✐❝❤
F✮✱ ✇❡♥♥ ❢ür ❛❧❧❡ t ∈ T✱ ❞❡r Pr♦③❡ss ❛❧s ❆❜❜✐❧❞✉♥❣

(s, ω) 7→ Xs(ω)

B([0, t])⊗Ft✲♠❡ss❜❛r ✐st✳

❆✉s ❞❡r ❉❡✜♥✐t✐♦♥ ❞❡r ♣r♦❣r❡ss✐✈ ▼❡ss❜❛r❦❡✐t ❦❛♥♥ ♠❛♥ s❝❤❧✐❡ÿ❡♥✱ ❞❛ss ❢ür ❡✐♥❡♥
st♦❝❤❛st✐s❝❤❡♥ Pr♦③❡ss X✱ ❆❞❛♣t✐❡rt❤❡✐t ❛✉s ♣r♦❣r❡ss✐✈ ▼❡ss❜❛r❦❡✐t ❢♦❧❣t✳ ■st ❡✐♥
st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss X ❛❞❛♣t✐❡rt ✉♥❞ r❡❝❤tsst❡t✐❣✱ ❞❛♥♥ ✐st X ♣r♦❣r❡ss✐✈ ♠❡ss❜❛r✳

❉❡✜♥✐t✐♦♥ ✶✳✻✳ ❩✇❡✐ st♦❝❤❛st✐s❝❤❡ Pr♦③❡ss❡ ❤❡✐ÿ❡♥ ▼♦❞✐✜❦❛t✐♦♥❡♥ ✈♦♥❡✐♥❛♥❞❡r✱
❢❛❧❧s ❢ür ❛❧❧❡ t ∈ T ❣✐❧t✱ ❞❛ss ❢❛st s✐❝❤❡r Xt = Yt✳
❩✇❡✐ st♦❝❤❛st✐s❝❤❡ Pr♦③❡ss❡ X ✉♥❞ Y ❤❡✐ÿ❡♥ ✉♥✉♥t❡rs❝❤❡✐❞❜❛r✱ ❢❛❧❧s ❢❛st s✐❝❤❡r ❣✐❧t✱
❞❛ss Xt = Yt ❢ür ❛❧❧❡ t ∈ T✳

▼❛♥ ♠❡r❦❡ ❛♥✱ ❞❛ss ❢❛❧❧s X ✉♥❞ Y ✉♥✉♥t❡rs❝❤❡✐❞❜❛r❡ Pr♦③❡ss❡ s✐♥❞✱ ❞✐❡s❡ ✐♠♠❡r
▼♦❞✐✜❦❛t✐♦♥❡♥ ✈♦♥❡✐♥❛♥❞❡r s✐♥❞✳ ❉✐❡ ❯♠❦❡❤r✉♥❣ ❣✐❧t ✐♠ ❆❧❧❣❡♠❡✐♥❡♥ ♥✐❝❤t✳ ❉❡r
❢♦❧❣❡♥❞❡ ❙❛t③ ③❡✐❣t ✉♥t❡r ✇❡❧❝❤❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥ ❞✐❡ ❯♠❦❡❤r✉♥❣ ❣ü❧t✐❣ ✐st✳

❙❛t③ ✶✳✶✳ ❙❡✐❡♥ X ✉♥❞ Y ③✇❡✐ st♦❝❤❛st✐s❝❤❡ Pr♦③❡ss❡✱ ❞✐❡ ▼♦❞✐✜❦❛t✐♦♥❡♥ ✈♦♥❡✐♥✲
❛♥❞❡r s✐♥❞✳ ❋❛❧❧s X ✉♥❞ Y r❡❝❤tsst❡t✐❣❡ P❢❛❞❡ ❢❛st s✐❝❤❡r ❜❡s✐t③❡♥✱ ❞❛♥♥ s✐♥❞ X ✉♥❞
Y ✉♥✉♥t❡rs❝❤❡✐❞❜❛r✳
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✶✳✶✳ ❙t♦❝❤❛st✐s❝❤❡ Pr♦③❡ss❡✱ ❋✐❧tr❛t✐♦♥❡♥ ✉♥❞ ❙t♦♣♣③❡✐t❡♥

❉❛♠✐t s✐♥❞ ③✇❡✐ st♦❝❤❛st✐s❝❤❡ Pr♦③❡ss❡ X ✉♥❞ Y ❞✐❡ ❝à❞❧à❣ ✉♥❞ ▼♦❞✐✜❦❛t✐♦♥❡♥
✈♦♥❡✐♥❛♥❞❡r s✐♥❞✱ ❛✉❝❤ ✉♥✉♥t❡rs❝❤❡✐❞❜❛r✳

❆❧s ♥ä❝❤st❡s ❞✉r❝❤❧❡✉❝❤t❡♥ ✇✐r ❞❡♥ ❇❡❣r✐✛ ❙t♦♣♣③❡✐t✳ ❙t♦♣♣③❡✐t❡♥ s✐♥❞ ❡✐♥ ❛❧❧✲
❣❡♠❡✐♥ ✇✐❝❤t✐❣❡s ❍✐❧❢s♠✐tt❡❧ ③✉r ❙t❡✉❡r✉♥❣ ✈♦♥ st♦❝❤❛st✐s❝❤❡♥ Pr♦③❡ss❡♥ s♦✇✐❡ ③✉r
❊r♠✐tt❧✉♥❣ ♦♣t✐♠❛❧❡r ❙tr❛t❡❣✐❡♥✳ ❉❛❜❡✐ ✇✐r❞ ❡✐♥ ③✉❢ä❧❧✐❣❡r ❩❡✐t♣✉♥❦t τ ♠♦❞❡❧❧✐❡rt✱
❛♥ ❞❡♠ ❡✐♥ ❜❡st✐♠♠t❡s ❊r❡✐❣♥✐s ❡rst♠❛❧✐❣ ❡✐♥tr✐tt✳

❉❡✜♥✐t✐♦♥ ✶✳✼✳ ❊✐♥❡ ❩✉❢❛❧❧s✈❛r✐❛❜❧❡ τ : Ω → [0,∞] ❤❡✐ÿt ❙t♦♣♣③❡✐t ✭❜❡③ü❣❧✐❝❤ F✮✱
❢❛❧❧s {τ ≤ t} ∈ Ft ❢ür ❛❧❧❡ t ∈ T✳

❋♦❧❣❡♥❞❡r ❙❛t③ ✐❧❧✉str✐❡rt ❞✐❡ ❇❡❞❡✉t✉♥❣ ❞❡r ❇❡❞✐♥❣✉♥❣ ❞❡r ❘❡❝❤tsst❡t✐❣❦❡✐t ❞❡r
❋✐❧tr❛t✐♦♥✳

❙❛t③ ✶✳✷✳ ❉❛s ❊r❡✐❣♥✐s {T < t} ∈ Ft✱ t ∈ T ❣❡♥❛✉ ❞❛♥♥✱ ✇❡♥♥ T ❡✐♥❡ ❙t♦♣♣③❡✐t ✐st

❙❛t③ ✶✳✸✳ ❙❡✐❡♥ τ ✉♥❞ σ ❙t♦♣♣③❡✐t❡♥✳ ❉❛♥♥ s✐♥❞ ❢♦❧❣❡♥❞❡ ❋✉♥❦t✐♦♥❡♥ ❡❜❡♥❢❛❧❧s
❙t♦♣♣③❡✐t❡♥✿

✶✳ τ ∧ σ = min(τ, σ)❀

✷✳ τ ∨ σ = max(τ, σ)❀

✸✳ τ + σ✳

❏❡❞❡ ❞❡t❡r♠✐♥✐st✐s❝❤❡ ❩❡✐t t ✐st ③✉❞❡♠ tr✐✈✐❛❧❡r✇❡✐s❡ ❡✐♥❡ ❙t♦♣♣③❡✐t✳ ❆✉ÿ❡r❞❡♠ ✐st
❥❡❞❡ ❙t♦♣♣③❡✐t τ Fτ ✲♠❡ss❜❛r✳

❉❡✜♥✐t✐♦♥ ✶✳✽✳ ■stX = (Xt)t≥0 ❡✐♥ R
d✲✇❡rt✐❣❡r st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss ✉♥❞ A ⊂ R

d✱
s♦ ❤❡✐ÿt ❞✐❡ ❋✉♥❦t✐♦♥ τA : Ω → [0,∞] ♠✐t

τA(ω) := inf{t ≥ 0 | Xt(ω) ∈ A}
❊✐♥tr✐tts③❡✐t ✐♥ ❆✳ ❊s ❣✐❧t ❢♦❧❣❡♥❞❡ ❑♦♥✈❡♥t✐♦♥ ❢ür ❞✐❡ ❧❡❡r❡ ▼❡♥❣❡✱ inf ∅ = ∞✳

❙❛t③ ✶✳✹✳ ❙❡✐ X ❡✐♥ ♣❢❛❞st❡t✐❣❡r✱ F✲❛❞❛♣t✐❡rt❡r Pr♦③❡ss ✐♥ R
d✳ ■st A ⊂ R

d ❛❜❣❡✲
s❝❤❧♦ss❡♥✱ s♦ ✐st ❞✐❡ ❊✐♥tr✐tts③❡✐t τA ❡✐♥❡ F✲❙t♦♣♣③❡✐t✳

❊✐♥❡ ▼❡♥❣❡ ✈♦♥ ❊r❡✐❣♥✐ss❡♥✱ ❞❡r❡♥ ❊✐♥tr❡t❡♥ ❜✐s τ ❡♥ts❝❤❡✐❞❜❛r ✐st✱ ✇✐r❞ ❞✉r❝❤
❇❡♦❜❛❝❤t✉♥❣ ❡✐♥❡s st♦❝❤❛st✐s❝❤❡♥ Pr♦③❡ss ❜✐s ③✉ ❡✐♥❡♠ ③✉❢ä❧❧✐❣❡♥ ❩❡✐t♣✉♥❦t τ ❜❡✲
st✐♠♠t✳ ❉❛ ❞✐❡ σ✲❆❧❣❡❜r❛ Ft ❛❧❧❡ ✈❡r❢ü❣❜❛r❡♥ ■♥❢♦r♠❛t✐♦♥❡♥ ❜✐s ❡✐♥s❝❤❧✐❡ÿ❧✐❝❤ ❞❡♠
❩❡✐t♣✉♥❦t t ❡♥t❤ä❧t✱ ✇♦❧❧❡♥ ✇✐r ❡✐♥❡♥ ❛♥❛❧♦❣❡♥ ❇❡❣r✐✛ ❢ür ❜❡♦❜❛❝❤t❜❛r❡ ❊r❡✐❣♥✐ss❡
❜✐s ③✉ ❡✐♥❡r ❙t♦♣♣③❡✐t ❞❡✜♥✐❡r❡♥✳

❉❡✜♥✐t✐♦♥ ✶✳✾✳ ❙❡✐ τ ❡✐♥❡ ❙t♦♣♣③❡✐t ❛✉❢ (Ω,F ,P)✳ ❉❛♥♥ ✐st ❞✐❡ σ✲❆❧❣❡❜r❛ ❞❡r
❊r❡✐❣♥✐ss❡ ❜✐s ③✉r ❩❡✐t τ ❞❡✜♥✐❡rt ❞✉r❝❤

Fτ = {A ∈ F | A ∩ {τ ≤ t} ∈ Ft, ❢ür ❛❧❧❡ t ∈ T}.
❲✐r ✇♦❧❧❡♥ ♥✉♥ ❡✐♥❡♥ st♦❝❤❛st✐s❝❤❡♥ Pr♦③❡ss ❦♦♥tr♦❧❧✐❡r❡♥✱ ✐♥❞❡♠ ✇✐r ✐❤♥ st♦♣♣❡♥
s♦❜❛❧❞ ❡✐♥ ❜❡st✐♠♠t❡s ❊r❡✐❣♥✐s ❡rst♠❛❧s ❡✐♥tr✐tt✳

❉❡✜♥✐t✐♦♥ ✶✳✶✵✳ ❙❡✐ X ❡✐♥ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss ✉♥❞ τ ❡✐♥❡ ❙t♦♣♣③❡✐t✳ ❉❛♥♥ ❤❡✐ÿt
❞❡r Pr♦③❡ss

Xτ
t := Xt∧τ

❞❡r ❣❡st♦♣♣t❡ Pr♦③❡ss ❜❡③ü❣❧✐❝❤ τ ✳

✸
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✶✳✷✳ ▼❛rt✐♥❣❛❧❡

✶✳✷ ▼❛rt✐♥❣❛❧❡

❉❡✜♥✐t✐♦♥ ✶✳✶✶✳ ❙❡✐ M = (Mt)t≥0 ❡✐♥ R✲✇❡rt✐❣❡r ✉♥❞ ❜❡③ü❣❧✐❝❤ F ❛❞❛♣t✐❡rt❡r
Pr♦③❡ss ♠✐t E[|Mt|] <∞✱ ❢ür ❛❧❧❡ t ≥ 0✳ ❉❛♥♥ ❤❡✐ÿt M

✶✳ ▼❛rt✐♥❣❛❧✱ ❢❛❧❧s ❢ür s ≤ t✱ E[Mt|Fs] =Ms ❢❛st s✐❝❤❡r ❣✐❧t✱

✷✳ ❙✉❜♠❛rt✐♥❣❛❧✱ ❢❛❧❧s ❢ür s ≤ t✱ E[Mt|Fs] ≥Ms ❢❛st s✐❝❤❡r ❣✐❧t✱

✸✳ ❙✉♣❡r♠❛rt✐♥❣❛❧✱ ❢❛❧❧s ❢ür s ≤ t✱ E[Mt|Fs] ≤Ms ❢❛st s✐❝❤❡r ❣✐❧t✳

❊✐♥ ▼❛rt✐♥❣❛❧ ❦❛♥♥ ❞❡♥ ❱❡r❧❛✉❢ ❡✐♥❡s ❢❛✐r❡♥ ❙♣✐❡❧s ♠♦❞❡❧❧✐❡r❡♥✳ ❊♥ts♣r❡❝❤❡♥❞ ❜❡✲
s❝❤r❡✐❜t ❡✐♥ ❙✉❜♠❛rt✐♥❣❛❧ ✭❙✉♣❡r♠❛rt✐♥❣❛❧✮ Pr♦③❡ss❡ ❜❡✐ ❞❡♥❡♥ ✐♠ ▼✐tt❡❧ ●❡✇✐♥♥❡
✭❱❡r❧✉st❡✮ ❛✉❢tr❡t❡♥✳

❙❛t③ ✶✳✺ ✭▼❛rt✐♥❣❛❧❦♦♥✈❡r❣❡♥③s❛t③✮✳ ❙❡✐ X ❡✐♥ r❡❝❤tsst❡t✐❣❡s ❙✉♣❡r♠❛rt✐♥❛❧ ♠✐t
sup

0≤t<∞
E[|Xt|] < ∞✳ ❉❛♥♥ ❡①✐st✐❡rt ❞✐❡ ❩✉❢❛❧❧s✈❛r✐❛❜❧❡ Y = lim

t→∞
Xt ❢❛st s✐❝❤❡r ✉♥❞

❡s ❣✐❧t E[|Y |] <∞✳

❙❛t③ ✶✳✻✳ ❙❡✐ M ❡✐♥ ▼❛rt✐♥❣❛❧ ✉♥❞ τ ❡✐♥❡ ❡♥❞❧✐❝❤❡ ❙t♦♣♣③❡✐t✳ ❉❛♥♥ ✐st M τ ❡✐♥ ③✉♠
❩❡✐t♣✉♥❦t τ ❣❡st♦♣♣t❡s ▼❛rt✐♥❣❛❧✱ ❛✉❝❤ ❡✐♥ ▼❛rt✐♥❣❛❧✳

❲✐r ❜❡tr❛❝❤t❡♥ ♥✉♥ ❡✐♥❡ ✈❡r❡✐♥❢❛❝❤t❡ ❱❡rs✐♦♥ ❞❡s ❖♣t✐♦♥❛❧ ❙❛♠♣❧✐♥❣ ❚❤❡♦r❡♠s✳

❙❛t③ ✶✳✼ ✭❖♣t✐♦♥❛❧ ❙❛♠♣❧✐♥❣ ❚❤❡♦r❡♠✮✳ ❙❡✐ M ❡✐♥ F✲❙✉❜♠❛rt✐♥❣❛❧ ✉♥❞ σ, τ s❡✐❡♥
❜❡s❝❤rä♥❦t❡ F✲❙t♦♣♣③❡✐t❡♥ ♠✐t ❡♥❞❧✐❝❤❡♥ ❲❡rt❡♠❡♥❣❡♥ ✉♥❞ ♠✐t σ ≤ τ ✳ ❉❛♥♥ ❣✐❧t

Mσ ≤ E[Mτ |Fσ].

■st M ❡✐♥ ▼❛rt✐♥❣❛❧✱ s♦ ❣✐❧t s♦❣❛r ●❧❡✐❝❤❤❡✐t✳

✶✳✸ ❉✐❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣

❲✐r ✇♦❧❧❡♥ ✉♥s ♥✉♥ ❡✐♥❡♠ ❞❡r ♣r♦♠✐♥❡♥t❡st❡♥ ❇❡✐s♣✐❡❧❡♥ ❡✐♥❡s ▼❛rt✐♥❣❛❧s ③✉✲
✇❡♥❞❡♥✳ ❉✐❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣✱ ❞✐❡ ❞✉r❝❤ ❞❡♥ ❇♦t❛♥✐❦❡r ❘♦❜❡rt ❇r♦✇♥✶ ✶✽✷✼
❡♥t❞❡❝❦t ✇✉r❞❡✱ ❜❡s❝❤r❡✐❜t ③✉❢ä❧❧✐❣❡ ✉♥r❡❣❡❧♠äÿ✐❣❡ ❇❡✇❡❣✉♥❣ ✈♦♥ ♠♦❧❡❦✉❧❛r❡♥ ❚❡✐❧✲
❝❤❡♥✳ ❉✐❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ✜♥❞❡t ♠✐tt❧❡r✇❡✐❧❡ ✐♥ ✈❡rs❝❤✐❡❞❡♥st❡♥ ❋♦rs❝❤✉♥❣s✲
❣❡❜✐❡t❡♥ ❆♥✇❡♥❞✉♥❣✳ ■♠ ❇❡s♦♥❞❡r❡♥ ✐♥ ❞❡r ❋✐♥❛♥③♠❛t❤❡♠❛t✐❦ ③✉r ▼♦❞❡❧❧✐❡r✉♥❣
✈♦♥ ❆❦t✐❡♥✳ ❉✐❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ✐st s♦♠✐t ❞❛s ✇✐❝❤t✐❣st❡ ❇❡✐s♣✐❡❧ ❢ür st❡t✐❣❡
▼❛rt✐♥❣❛❧❡✱ ✇❡❧❝❤❡s ✉♥s ✐♥ ❞✐❡s❡r ❆r❜❡✐t ❞✉r❝❤❣❡❤❡♥❞ ❜❡❣❧❡✐t❡♥ ✇✐r❞✳ ❱✐❡❧❡ ✇❡✐t❡r❡
Pr♦③❡ss❡ ❧❛ss❡♥ s✐❝❤ ❞✉r❝❤ s✐❡ ❞❛rst❡❧❧❡♥✱ ✇✐❡ ❡t✇❛ ❉✐✛✉s✐♦♥s♣r♦③❡ss❡✳ ◆♦r❜❡rt ❲✐❡✲
♥❡r✷ ❜❡s❝❤r✐❡❜ ✶✾✷✸ ❡rst♠❛❧✐❣ ❞✐❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ❞✉r❝❤ ❡✐♥ ♠❛t❤❡♠❛t✐s❝❤❡s
▼♦❞❡❧❧✱ ✇❡s❤❛❧❜ ❞✐❡ st❛♥❞❛r❞✐s✐❡rt❡ ❱❡rs✐♦♥ ❛✉❝❤ ❤ä✉✜❣ ❛❧s ❲✐❡♥❡r✲Pr♦③❡ss ❜❡③❡✐❝❤✲
♥❡t ✇✐r❞✳ ❲✐r ✇❡r❞❡♥ ❞✐❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ♠✐t ❞❡r ❆❜❦ür③✉♥❣ ❇❇ ❜❡③❡✐❝❤♥❡♥✳

❉❡✜♥✐t✐♦♥ ✶✳✶✷✳ ❊✐♥ R✲✇❡rt✐❣❡r st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss B = (Bt)t≥0 ❛✉❢ (Ω,F ,F,P)
❤❡✐ÿt ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ✭❜❡③ü❣❧✐❝❤ ❞❡r ❋✐❧tr❛t✐♦♥ F✮✱ ✇❡♥♥

✶❘♦❜❡rt ❇r♦✇♥✱ s❝❤♦tt✐s❝❤❡r ❇♦t❛♥✐❦❡r✱ ✯✷✶✳ ❉❡③❡♠❜❡r ✶✼✼✸ ✐♥ ▼♦♥tr♦s❡✱ †✶✵✳ ❏✉♥✐ ✶✽✺✽✳
✷◆♦r❜❡rt ❲✐❡♥❡r✱ ❯❙✲❛♠❡r✐❦❛♥✐s❝❤❡r ▼❛t❤❡♠❛t✐❦❡r✱ ✯✷✻✳ ◆♦✈❡♠❜❡r ✶✽✾✹ ✐♥ ❈♦❧✉♠❜✐❛✱ †✶✽✳

▼är③ ✶✾✻✹ ✐♥ ❙t♦❝❦❤♦❧♠✳

✹
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✶✳✸✳ ❉✐❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣

✶✳ B0 = x P− f.s.✱

✷✳ ❞✐❡ ■♥❦r❡♠❡♥t❡ ✉♥❛❜❤ä♥❣✐❣ s✐♥❞✱ ❛❧s♦ ❢ür ❜❡❧✐❡❜✐❣❡ 0 ≤ t0 < · · · < tn s✐♥❞
Bt1 − Bt0 , . . . , Btn − Btn−1 ✉♥❛❜❤ä♥❣✐❣❡ ❩✉❢❛❧❧s✈❛r✐❛❜❧❡♥✱

✸✳ ❞✐❡ ■♥❦r❡♠❡♥t❡ ♥♦r♠❛❧✈❡rt❡✐❧t s✐♥❞✱ ❛❧s♦
❢ür ❛❧❧❡ 0 ≤ s < t ❣✐❧t Bt − Bs ∼ N(µ(t− s), σ2(t− s))✱

✹✳ B st❡t✐❣❡ P❢❛❞❡ ❜❡s✐t③t✱ ❛❧s♦ ❞✐❡ ❆❜❜✐❧❞✉♥❣ t 7→ Bt(ω) ✐st st❡t✐❣ ❢ür ❛❧❧❡ ω ∈ Ω✳

❙❡✐ µ = 0 ✉♥❞ σ = 1 ✉♥❞ ✇✐r ✈❡rs❝❤är❢❡♥ ❞✐❡ ✶✳ ❇❡❞✐♥❣✉♥❣ ③✉ P[B0 = 0] = 1✱
❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❙t❛♥❞❛r❞ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣✳ ❲✐r ✇❡r❞❡♥ ✐♠ ❋♦❧❣❡♥❞❡♥
♠✐t W = (Wt)t≥0 st❡ts ❞✐❡ st❛♥❞❛r❞✐s✐❡rt❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ❜❡③❡✐❝❤♥❡♥✳
❲✐❝❤t✐❣❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❇r♦✇♥s❝❤❡♥ ❇❡✇❡❣✉♥❣ s✐♥❞✿

• ❉✐❡ ❇❇ (Bt)t≥0 ✐st ❡✐♥ ▼❛rt✐♥❣❛❧✱ ❛❧s♦ ♠✐t ❞❡r ❞✉r❝❤ ❞✐❡ ❇❇ ❡r③❡✉❣t❡ ❋✐❧tr❛t✐♦♥
(FB

t )t≥0 ❣✐❧t✿

E[Bt|FB
s ] = Bs ❢❛st s✐❝❤❡r✱ ❢ür s ≤ t.

• ❉✐❡ ❇❇ (Bt)t≥0 ✐st ♠✐t ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t 1 ♥✐r❣❡♥❞s st❡t✐❣ ❞✐✛❡r❡♥③✐❡r❜❛r✳

• ❉✐❡ P❢❛❞❡ ❞❡r ❇❇ (Bt)t≥0 ❤❛❜❡♥ ❢❛st s✐❝❤❡r ❡✐♥❡ ✉♥❡♥❞❧✐❝❤❡ ❚♦t❛❧✈❛r✐❛t✐♦♥✱
❛❧s♦

sup{
n∑

k=0

|Btk+1
− Btk |} = ∞, P− f.s.,

✇♦❜❡✐ ❞❛s ❙✉♣r❡♠✉♠ ü❜❡r ❛❧❧❡ ❩❡r❧❡❣✉♥❣❡♥ ✈♦♥ [α, β] ❣❡❜✐❧❞❡t ✇✐r❞✳

• ❆❧❧❡r❞✐♥❣s ❤❛❜❡♥ ❞✐❡ P❢❛❞❡ ❞❡r ❇❇ (Bt)t≥0 ❡♥❞❧✐❝❤❡ q✉❛❞r❛t✐s❝❤❡ ❱❛r✐❛t✐♦♥❡♥✱
❛❧s♦ ❢ür 0 ≤ α < β ✉♥❞ t(n)k := α + (β − α) k

2n
✱ ❢ür k = 0, 1, . . . , 2n✱ ❣✐❧t✿

2n−1∑

k=0

(B
t
(n)
k+1

− B
t
(n)
k

)2
n→∞−−−→ β − α, P− f.s.,

❊✐♥❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ❧ässt s✐❝❤ ❡✐♥❢❛❝❤❡r✇❡✐s❡ ❞✉r❝❤ ❞✐❡ ❙t❛♥❞❛r❞ ❇r♦✇♥s❝❤❡
❇❡✇❡❣✉♥❣ ❞❛rst❡❧❧❡♥✿

❉❡✜♥✐t✐♦♥ ✶✳✶✸✳ ❙❡✐ W ❡✐♥❡ ❙t❛♥❞❛r❞ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣✳ ❉❛♥♥ ❤❡✐ÿt ❞❡r Pr♦✲
③❡ss Bt = x + µt + σWt ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ♠✐t ❙t❛rt✇❡rt x✱ ❉r✐❢t µ ∈ R ✉♥❞
❱♦❧❛t✐❧✐tät σ2 > 0✳

❉❡✜♥✐t✐♦♥ ✶✳✶✹✳ ❙❡✐ W ❡✐♥❡ ❙t❛♥❞❛r❞ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣✳ ❉❛♥♥ ❤❡✐ÿt ❞❡r Pr♦✲
③❡ss Mt = e(µ−

1
2
σ2)t+σWt ❣❡♦♠❡tr✐s❝❤❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣✳

✺
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✶✳✹✳ ■tô✲■♥t❡❣r❛❧ ✉♥❞ ■tô✲❋♦r♠❡❧

✶✳✹ ■tô✲■♥t❡❣r❛❧ ✉♥❞ ■tô✲❋♦r♠❡❧

❲✐r ✇♦❧❧❡♥ st♦❝❤❛st✐s❝❤❡ ■♥t❡❣r❛❧❡ ü❜❡r ❡❧❡♠❡♥t❛r❡ ❋✉♥❦t✐♦♥❡♥ ❦♦♥str✉✐❡r❡♥✳ ❋ür
❞✐❡s❡ ❞❡✜♥✐❡rt ♠❛♥ ❞❡r❡♥ ■♥t❡❣r❛❧ ❛❧s ❣❡❡✐❣♥❡t❡ ❙✉♠♠❡ ✉♥❞ s❡t③t ❞❛s ■♥t❡❣r❛❧ ❛✉❢
❡✐♥❡ ❣röÿ❡r❡ ❑❧❛ss❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥ ❞✉r❝❤ ❡✐♥❡♥ ●r❡♥③ü❜❡r❣❛♥❣ ❢♦rt✳ ❆❧s ❡rst❡s ❧❡❣❡♥
✇✐r ❞✐❡ ❡❧❡♠❡♥t❛r❡♥ ❋✉♥❦t✐♦♥❡♥ ❢❡st✳

❉❡✜♥✐t✐♦♥ ✶✳✶✺✳ ❉❡r ❱❡❦t♦rr❛✉♠ ❛❧❧❡r ❚r❡♣♣❡♥❢✉♥❦t✐♦♥❡♥ ❛✉❢ R s❡✐ ❞✐❡ ▼❡♥❣❡
❛❧❧❡r ▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥❡♥ ❛✉s ■♥❞✐❦❛t♦r❢✉♥❦t✐♦♥❡♥ 1[a,b) ✉♥❞ ✇✐r❞ ♥♦t✐❡rt ❛❧s

T (R) := span{1[a,b) | a, b ∈ R, a < b}.

■♥s❜❡s♦♥❞❡r❡ ✐st ❞❡r ❱❡❦t♦rr❛✉♠ ❛❧❧❡r ❚r❡♣♣❡♥❢✉♥❦t✐♦♥❡♥ ❛✉❢ [α, β] ⊂ R+ ❞❡✜♥✐❡rt
❞✉r❝❤ T ([α, β]) := {g|[α,β] | g ∈ T (R)}.
■st f ∈ T ([α, β]) s♦ ❣✐❜t ❡s ❩❡✐t♣✉♥❦t❡ tj ♠✐t α = t0 < t1 < · · · < tN = β ✉♥❞ ej ∈ R

s♦✱ ❞❛ss ❣✐❧t

f(t) =
N−1∑

j=0

ej1[tj ,tj+1)(t) + eN1{β}(t), ❢ür ❛❧❧❡ t ∈ [α, β]. ✭✶✳✶✮

❉❡✜♥✐t✐♦♥ ✶✳✶✻✳ ■st (Wt)t≥0 ❡✐♥❡ ❙t❛♥❞❛r❞ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ✉♥❞ f ❞✉r❝❤ ✭✶✳✶✮
❣❡❣❡❜❡♥✱ s♦ ❤❡✐ÿt

I(f) :=

∫ β

α

f(t)dWt :=
N−1∑

j=0

ej(Wtj+1
−Wtj), ✭✶✳✷✮

❞❛s ❲✐❡♥❡r✲■♥t❡❣r❛❧ ü❜❡r f ✳

❙❛t③ ✶✳✽ ✭❊❧❡♠❡♥t❛r❡ ■tô✲■s♦♠❡tr✐❡✮✳ ❋ür ✭✶✳✷✮ ❣✐❧t✿

E

[

(

∫ β

α

f(t)dWt)
2
]

=

∫ β

α

|f(t)|2dt.

❉✐❡ ❊❧❡♠❡♥t❛r❡ ■tô✲■s♦♠❡tr✐❡ ❜❡s❛❣t✱ ❞❛ss ❧✐♥❡❛r❡ ❆❜❜✐❧❞✉♥❣❡♥ f 7→ I(f) ❡✐♥❡ ■s♦✲
♠❡tr✐❡ ✈♦♠ ❘❛✉♠ T ([α, β]) ♥❛❝❤ L2(P) ✐st✳ ❉❛♠✐t ❡r❧❛✉❜t s✐❡ ❞✐❡ ❆❜❜✐❧❞✉♥❣ st❡t✐❣
✈♦♥ T ([α, β]) ❛✉❢ ❞❡♥ L2(P)✲❆❜s❝❤❧✉ss ❢♦rt③✉s❡t③❡♥✳ ■st f ∈ L2([α, β]) ❞❡r ●r❡♥③✇❡rt
❢ür ❡✐♥❡ ❣❡❡✐❣♥❡t❡ ❋♦❧❣❡ fn ∈ T ([α, β])✱ ❞❛♥♥ ❢♦❧❣t ❢ür fn → f ✐♥ L2([α, β])✱ ❞❛ss
(fn) ❡✐♥❡ ❈❛✉❝❤②✲❋♦❧❣❡ ✐♥ L2([α, β]) ✐st✳ ❲❡❣❡♥ ❞❡r ■tô✲■s♦♠❡tr✐❡ ✐st (I(fn)) ❡✐♥❡
❈❛✉❝❤②✲❋♦❧❣❡ ✐♥ L2(P)✱ ❞❡r❡♥ ●r❡♥③✇❡rt I(f) ✐st✳ ❊✐♥❡ ❞❡t❛✐❧❧✐❡rt❡ ❉❛rst❡❧❧✉♥❣ ❞❡r
❇❡st✐♠♠✉♥❣ ❞❡s L2(P)✲❆❜s❝❤❧✉ss❡s ❦❛♥♥ ✐♥ ❉❡❝❦ ❬✺❪ ❑❛♣✐t❡❧ ✷ ♥❛❝❤❣❡❧❡s❡♥ ✇❡r❞❡♥✳

❲✐r ✇♦❧❧❡♥ ♥✉♥ ❞❛s ❲✐❡♥❡r✲■♥t❡❣r❛❧ ✈❡r❛❧❧❣❡♠❡✐♥❡r♥✱ ✐♥❞❡♠ ✇✐r ❞✐❡ ❚r❡♣♣❡♥✲
❢✉♥❦t✐♦♥ ❞✉r❝❤ ❚r❡♣♣❡♥♣r♦③❡ss❡ ❡rs❡t③❡♥✳ ❲✐r ✇❡r❞❡♥ ③✉❡rst ❞✐❡ ■tô✲■s♦♠❡tr✐❡ ❢ür
q✉❛❞r❛t✐♥t❡❣r✐❡r❜❛r❡ ■♥t❡❣r❛♥❞❡♥ ✈❡r❛❧❧❣❡♠❡✐♥❡r♥ ✉♥❞ ❞❛♥♥ ❞❛s ❢♦rt❣❡s❡t③t❡ ■♥t❡✲
❣r❛❧ ❛❧s ▲✐♠❡s ✐♠ q✉❛❞r❛t✐s❝❤❡♥ ▼✐tt❡❧ ❞❡✜♥✐❡r❡♥✳ ❲✐r ❧❡❣❡♥ ♥✉♥ ❡✐♥❡ ❑❧❛ss❡ ✈♦♥
■♥t❡❣r❛♥❞❡♥ ❢ür ❞❛s ■tô✲■♥t❡❣r❛❧ ❢❡st✳

✻
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✶✳✹✳ ■tô✲■♥t❡❣r❛❧ ✉♥❞ ■tô✲❋♦r♠❡❧

❉❡✜♥✐t✐♦♥ ✶✳✶✼✳ ❙❡✐ p ∈ [1,∞) ✉♥❞ [α, β] ∈ R+✳ ❉✐❡ ▼❡♥❣❡ Lp
a([α, β]) ❜❡③❡✐❝❤♥❡

❛❧❧❡ F✲❛❞❛♣t✐❡rt❡♥ Pr♦③❡ss❡ f ♠✐t f ∈ Lp([α, β] × Ω,B([α, β]) ⊗ F , λ ⊗ P)✳ ●✐❜t ❡s
❡✐♥❡ ❩❡r❧❡❣✉♥❣ {t0, . . . , tN} ✈♦♥ [α, β] ✉♥❞ ❩✉❢❛❧❧s✈❛r✐❛❜❧❡♥ e0, . . . , eN s♦✱ ❞❛ss ❢ür
❛❧❧❡ (t, ω) ∈ [α, β]× Ω ❞✐❡ ❉❛rst❡❧❧✉♥❣

ft(ω) =
N−1∑

j=0

ej(ω)1tj ,tj+1
(t) + eN(ω)1{β}(t), ✭✶✳✸✮

❜❡st❡❤t✱ s♦ ❤❡✐ÿt f ❚r❡♣♣❡♥♣r♦③❡ss✳

❉❡✜♥✐t✐♦♥ ✶✳✶✽✳ ■st f ∈ Ta([α, β]) ✇✐❡ ✐♥ ✭✶✳✸✮✱ s♦ ✐st ❞❛s ■tô✲■♥t❡❣r❛❧ ✈♦♥ f ❞❡✜♥✐❡rt
❞✉r❝❤

I(f) :=

∫ β

α

ft dWt :=
N−1∑

j=0

ej(Wtj+1
−Wtj)

❋ür p = 2 ❡r❤❛❧t❡♥ ✇✐r ❢♦❧❣❡♥❞❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡r ■tô✲■s♦♠❡tr✐❡ ❢ür ❲✐❡♥❡r✲
■♥t❡❣r❛❧❡✳

❙❛t③ ✶✳✾✳ ❋ür f ∈ L2
a([α, β]) ❣✐❧t✿

E

[∣
∣
∣

∫ β

α

ft dWt

∣
∣
∣

2]

= E

[ ∫ β

α

f 2
t dt

]

. ✭✶✳✹✮

❉✐❡ ●❧❡✐❝❤✉♥❣ ✭✶✳✹✮ ③❡✐❣t✱ ❞❛ss ❞✐❡ ❆❜❜✐❧❞✉♥❣ f 7→ I(f) ❡✐♥❡ ■s♦♠❡tr✐❡ ✈♦♥ T 2
a ([α, β])

♥❛❝❤ L2(P) ✐st✳ ❙♦♠✐t ✐st ❡✐♥❡ st❡t✐❣❡ ❋♦rts❡t③✉♥❣ ❛✉❢ L2✲●r❡♥③✇❡rt❡ ✈♦♥ ❚r❡♣♣❡♥✲
♣r♦③❡ss❡♥ ♠ö❣❧✐❝❤✳ ❆✉❢ ❞❡♥ ❇❡✇❡✐s ❞❡r t❛tsä❝❤❧✐❝❤❡♥ ❉✐❝❤t❤❡✐t ✈♦♥ T 2

a ([α, β]) ✐♥
L2

a([α, β]) ✇❡r❞❡♥ ✇✐r ❤✐❡r ♥✐❝❤t ♠❡❤r ❡✐♥❣❡❤❡♥✳ ❋ür ✐♥t❡r❡ss✐❡rt❡ ▲❡s❡r s❡✐ ❛✉❢ ❉❡❝❦
❬✺❪ ❑❛♣✐t❡❧ ✹ ✈❡r✇✐❡s❡♥✳

❉❡✜♥✐t✐♦♥ ✶✳✶✾✳ ❙❡✐ 0 ≤ α ≤ β✳ ❋ür f ∈ L2
a([α, β]) ✇ä❤❧❡ fn ∈ T 2

a ([α, β]) ♠✐t
fn → f ✐♥ L2

a([α, β])✳ ❉❛♥♥ ✐st ❞❛s ■tô✲■♥t❡❣r❛❧ ü❜❡r ❢ ❞❡✜♥✐❡rt ❞✉r❝❤

I(f) :=

∫ β

α

ft dWt.

▼✐t ❞❡r ❉❡✜♥✐t✐♦♥ ❞❡s ■tô✲■♥t❡❣r❛❧s ✇♦❧❧❡♥ ✇✐r ♥✉♥ ❡✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡r ❑❡t✲
t❡♥r❡❣❡❧ ❛✉s ❞❡r ❣❡✇ö❤♥❧✐❝❤❡♥ ❆♥❛❧②s✐s ❡✐♥❢ü❤r❡♥✳ ❩✐❡❧ ✐st ❡s ❡✐♥❡ ❑♦♠♣♦s✐t✐♦♥sr❡❣❡❧
❢ür ❋✉♥❦t✐♦♥❡♥ F ∈ C1(R2) ♠✐t Xt✱ ✇❡❧❝❤❡s ❡✐♥❡♥ s♦❣❡♥❛♥♥t❡♥ ■tô✲Pr♦③❡ss ❞❛r✲
st❡❧❧t✱ ③✉ ✜♥❞❡♥✳ ❩✉♥ä❝❤st ✈❡r❛❧❧❣❡♠❡✐♥❡r♥ ✇✐r ❞❡♥ ❇❡❣r✐✛ ❞❡s ■tô✲■♥t❡❣r❛❧s✱ ❞❛♠✐t
✇✐r ❜❡③ü❣❧✐❝❤ dXt st❛tt dWt ✐♥t❡❣r✐❡r❡♥ ❦ö♥♥❡♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✵✳ ❊✐♥ ■tô✲Pr♦③❡ss (Xt)t∈[α,β] ✐st ❡✐♥ st❡t✐❣❡r✱ F✲❛❞❛♣t✐❡rt❡r Pr♦③❡ss✱
❞❡r ❢ür ❛❧❧❡ t ∈ [α, β] ❡✐♥❡ ❉❛rst❡❧❧✉♥❣ ❜❡s✐t③t ✈♦♥ ❞❡r ❋♦r♠

Xt = Xα +

∫ t

α

f(r)dr +

∫ t

α

g(r)dWr P✲❢✳s✳, ✭✶✳✺✮

♠✐t ❣❡❡✐❣♥❡t❡♠ f ∈ L1
ω([α, β]) ✉♥❞ g ∈ L2

ω([α, β])✳

✼
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✶✳✹✳ ■tô✲■♥t❡❣r❛❧ ✉♥❞ ■tô✲❋♦r♠❡❧

❋ür ❛❧❧❡ α ≤ s < t ≤ β ❣✐❧t ❞✐❡ ●❧❡✐❝❤❤❡✐t

Xt −Xs =

∫ t

s

f(r)dr +

∫ t

s

g(r)dWr P✲❢✳s✳

■♥ ❉✐✛❡r❡♥t✐❛❧s❝❤r❡✐❜✇❡✐s❡ ❡r❤ä❧t ♠❛♥

dXt = ft dt+ gt dWt.

❙❛t③ ✶✳✶✵ ✭■tô✲❋♦r♠❡❧✮✳ ❙❡✐ f ∈ L1
ω([α, β])✱ g ∈ L2

ω([α, β]) ✉♥❞ Xα ❡✐♥❡ F✲♠❡ss❜❛r❡
❩✉❢❛❧❧s✈❛r✐❛❜❧❡✳ ❙❡✐ ✇❡✐t❡r X ❡✐♥ ■tô✲Pr♦③❡ss ❞❡r ❋♦r♠ ✭✶✳✺✮✳ ■st F ∈ C1,2([α, β]×R)✱
s♦ ❣✐❧t ❢ür ❢❡st❡ α ≤ s ≤ t ≤ β✿

F (t,Xt)− F (s,Xs) =

∫ t

s

∂F

∂t
(u,Xu)du+

∫ t

s

∂F

∂x
(u,Xu)dXu

+
1

2

∫ t

s

∂2F

∂x2
(u,Xu)(dXu)

2
P✲❢✳s✳

▼✐t ❞❡♥ ❘❡❣❡❧♥ (du)2 = 0✱ dudWu = 0 ✉♥❞ (dWu)
2 = du✱ ❡r❤❛❧t❡♥ ✇✐r ❞✉r❝❤

❆✉s♠✉❧t✐♣❧✐③✐❡r❡♥ (dXu)
2 = g2(u,Xu)du✳ ■♥ ❉✐✛❡r❡♥t✐❛❧♥♦t❛t✐♦♥ s❝❤r❡✐❜t ♠❛♥ ❞✐❡

■tô✲❋♦r♠❡❧ ❛✉❝❤ ❛❧s

dF (t,Xt) =
(∂F

∂t
(t,Xt) +

1

2

∂2F

∂x2
(t,Xt)g

2(t,Xt)
)

dt+
∂F

∂x
(t,Xt)dXt.

❉❡✜♥✐t✐♦♥ ✶✳✷✶✳ ❙❡✐ X = (Xt)t≥0 ❡✐♥ r❡❡❧❧❡r st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss✳ ❲❡♥♥ ❢ür ❥❡❞❡s
t > 0 ✉♥❞ ❥❡❞❡ ❩❡r❧❡❣✉♥❣s♥✉❧❧❢♦❧❣❡ (Zn)n∈N ✈♦♥ [0, t] ❞❡r ●r❡♥③✇❡rt

〈X〉t := lim
n→∞

Nn−1∑

k=0

[X
t
(n)
k+1

−X
t
(n)
k

]2

❡①✐st✐❡rt✱ s♦ ♥❡♥♥t ♠❛♥ 〈X〉t ❞✐❡ q✉❛❞r❛t✐s❝❤❡ ❱❛r✐❛t✐♦♥ ✈♦♥ ❳✳

❙❛t③ ✶✳✶✶ ✭◗✉❛❞r❛t✐s❝❤❡ ❱❛r✐❛t✐♦♥ ✈♦♥ ■tô✲Pr♦③❡ss❡♥✮✳ ❙❡✐ f ∈ L1
ω([α, β])✱ g ∈

L2
ω([α, β])✱ ✉♥❞ Xt :=

∫ t

α
f(s)ds +

∫ t

α
g(s)dWs ❢ür t ∈ [α, β]✳ ❉❛♥♥ ❣✐❧t ❢ür ❥❡❞❡

❩❡r❧❡❣✉♥❣s♥✉❧❧❢♦❧❣❡ {t(n)0 , . . . , t
(n)
Nn

} ✈♦♥ [α, β]✿

〈X〉t =
∫ β

α

g2(s)ds.

❆✉s ❙❛t③ ✶✳✶✶ ❢♦❧❣t ❢ür ❥❡❞❡s f ∈ L2([0,∞)) ❞✐❡ ■♠♣❧✐❦❛t✐♦♥

Xt =

∫ t

0

f(s)dWs =⇒ 〈X〉t =
∫ t

0

f 2(s)ds.

■♥s❜❡s♦♥❞❡r❡ ❤❛t ❞✐❡ ❇❇ q✉❛❞r❛t✐s❝❤❡ ❱❛r✐❛t✐♦♥ 〈W 〉t = t✳ ■st X ❡✐♥❡ ❇❇ ✉♥❞
F ∈ C1,2([α, β]× R) ❞❛♥♥ ❦❛♥♥ ♠❛♥ ❞✐❡ ■tô✲❋♦r♠❡❧ ✉♠❢♦r♠❡♥ ✐♥

dF (t,Xt) =
(∂F

∂t
(t,Xt) +

1

2

∂2F

∂x2
(t,Xt)

)

dt+
∂F

∂x
(t,Xt)dXt.
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❑❛♣✐t❡❧ ✷

❘✐s✐❦♦✲ ✉♥❞ ❘✉✐♥t❤❡♦r✐❡

❉❛s ●❡s❝❤ä❢ts♠♦❞❡❧❧ ❡✐♥❡s ❱❡rs✐❝❤❡r✉♥❣s✉♥t❡r♥❡❤♠❡♥s ❜❡st❡❤t ❞❛r✐♥ ❡✐♥③❡❧♥❡
❙❝❤❛❞❡♥s✈❡r❧ä✉❢❡ ✈♦♥ ❊✐♥③❡❧r✐s✐❦❡♥ ❞✉r❝❤ ❡✐♥ ❑♦❧❧❡❦t✐✈ ❛✉s③✉❣❧❡✐❝❤❡♥✳ ▼❛♥ s♣r✐❝❤t
✈♦♥ ❡✐♥❡♠ ❆✉s❣❧❡✐❝❤ ✐♠ ❑♦❧❧❡❦t✐✈✳ ❉✉r❝❤ ❢❡st❡ ❩❛❤❧✉♥❣❡♥ ✈♦♥ Prä♠✐❡♥ s♦❧❧ ❞✐❡ ●❡✲
s❛♠t❤❡✐t ❛❧❧❡r ❙❝❤ä❞❡♥ ✐♥ ❡✐♥❡♠ ❇❡st❛♥❞ ❣❡❞❡❝❦t ✇❡r❞❡♥✳ ❉✐❡ ❍ö❤❡ ❞❡r ●❡s❛♠ts❝❤ä✲
❞❡♥✱ ❛✉❝❤ ❙❝❤❛❞❡♥ss✉♠♠❡ ❣❡♥❛♥♥t✱ ❦❛♥♥ ✐♥ ③✇❡✐ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡ ❆rt❡♥ ♠♦❞❡❧❧✐❡rt
✇❡r❞❡♥✳ ❩✉♠ ❊✐♥❡♥ ✐♥ ❞❡r ❇❡tr❛❝❤t✉♥❣ ❛❧❧❡r ❡✐♥③❡❧♥❡♥ ❘✐s✐❦❡♥ ✉♥❞ ③✉♠ ❆♥❞❡r❡♥
✐♥ ❞❡r ❇❡tr❛❝❤t✉♥❣ ❞❡r ❘✐s✐❦❡♥ ❛❧s ❑♦❧❧❡❦t✐✈✳ ●❡❤t ♠❛♥ ❞❛✈♦♥ ❛✉s✱ ❞❛ss ❞❛s ❱❡r✲
s✐❝❤❡r✉♥❣s✉♥t❡r♥❡❤♠❡♥ ✐❤r❡ Prä♠✐❡♥ ✈♦rs✐❝❤t✐❣ ✉♥❞ ❦♦rr❡❦t ❦❛❧❦✉❧✐❡rt✱ ❞❛♥♥ ✐st ❡s
❡❤❡r ✉♥✇❛❤rs❝❤❡✐♥❧✐❝❤✱ ❞❛ss ❞✐❡ ❙❝❤ä❞❡♥ ❞✐❡ Prä♠✐❡♥ ❦♦♠♣❧❡tt ❛✉❢③❡❤r❡♥✳ ❉❛s ❞❛✲
❞✉r❝❤ ü❜❡rs❝❤üss✐❣❡ ❑❛♣✐t❛❧ ❦❛♥♥ ❡♥t✇❡❞❡r ✇✐❡❞❡r ✐♥s ❯♥t❡r♥❡❤♠❡♥ r❡✐♥✈❡st✐❡rt ♦❞❡r
❛❧s ❉✐✈✐❞❡♥❞❡ ❛♥ ❞✐❡ ❆❦t✐♦♥är❡ ❛✉s❣❡s❝❤ütt❡t ✇❡r❞❡♥✳ ❯♥t❡r ❇❡rü❝❦s✐❝❤t✐❣✉♥❣ ❞❡r
❙❝❤❛❞❡♥s❛✉s❣❛❜❡♥ ✉♥❞ Prä♠✐❡♥❡✐♥♥❛❤♠❡♥✱ s✐♥❞ ✇✐r ❞❛r❛♥ ✐♥t❡r❡ss✐❡rt ❡✐♥ ❦♦♥❦r❡t❡s
▼♦❞❡❧❧ ❢ür ❞❛s ❢r❡✐❡ ❑❛♣✐t❛❧ ❛✉❢③✉st❡❧❧❡♥✳ ❉❛s ❲❡r❦ ✈♦♥ ❍❛♥s ❯✳ ●❡r❜❡r ❬✽❪ s♦✇✐❡
❞✐❡ ▼♦❞❡r♥ ❆❝t✉❛r✐❛❧ ❘✐s❦ ❚❤❡♦r② ❬✻❪ ✇❡r❞❡♥ ✉♥s ❤✐❡r❜❡✐ ❜❡❣❧❡✐t❡♥✳

✷✳✶ ❘✐s✐❦♦t❤❡♦r✐❡

✷✳✶✳✶ ❉❛s ✐♥❞✐✈✐❞✉❡❧❧❡ ▼♦❞❡❧❧

■♠ ✐♥❞✐✈✐❞✉❡❧❧❡♥ ▼♦❞❡❧❧ ❜❡tr❛❝❤t❡♥ ✇✐r ❡✐♥③❡❧♥❡ P♦❧✐③③❡♥ ✐♥ ❡✐♥❡♠ ❇❡st❛♥❞✱ ❞❡r❡♥
❆♥③❛❤❧ ✇✐r ♠✐t n ❞❡✜♥✐❡r❡♥✳ ❲✐r ❜❡③❡✐❝❤♥❡♥ Yi ❛❧s ❞✐❡ ❙❝❤ä❞❡♥ ❞❡r i✲t❡♥ P♦❧✐③③❡✱
❞✐❡ ✐♥♥❡r❤❛❧❜ ❡✐♥❡s ❢❡st❣❡❧❡❣t❡♥ ❩❡✐tr❛✉♠s✱ ❜❡✐s♣✐❡❧s✇❡✐s❡ ❡✐♥ ❏❛❤r✱ ❛✉❢tr❡t❡♥✳ ❉❡r
●❡s❛♠ts❝❤❛❞❡♥ ❞❡s ❇❡st❛♥❞s ✐st ❞❛♠✐t ❞✐❡ ❙✉♠♠❡ ❞❡r ❊✐♥③❡❧s❝❤ä❞❡♥ Y1, . . . , Yn✳ ■♥
❞✐❡s❡♠ ▼♦❞❡❧❧ s✐♥❞ ✇✐r ❛♥ ❞❡r ❱❡rt❡✐❧✉♥❣ ❞❡r ●❡s❛♠ts❝❤❛❞❡♥s✉♠♠❡ ✐♥t❡r❡ss✐❡rt✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❙❡✐ Y1, . . . , Yn ❞✐❡ ❙❝❤ä❞❡♥ ❡✐♥❡s P♦rt❢♦❧✐♦s✳ ❉❛♥♥ ✐st ❞✐❡ ❙❝❤❛❞❡♥s✲
s✉♠♠❡ ❞❡✜♥✐❡rt ❛❧s

Sind :=
n∑

i=1

Yi.

❲✐r ❦ö♥♥❡♥ ❞✐❡ ❊✐♥③❡❧s❝❤ä❞❡♥ ❛❧s ✉♥❛❜❤ä♥❣✐❣ ✉♥❞ ✐❞❡♥t✐s❝❤ ✈❡rt❡✐❧t ❛♥♥❡❤♠❡♥✱ ✇♦✲
♠✐t ✇✐r ❡✐♥ ❤♦♠♦❣❡♥❡s P♦rt❢♦❧✐♦ ❜❡tr❛❝❤t❡♥✳ ❉❡r ❊r✇❛rt✉♥❣s✇❡rt ✉♥❞ ❞✐❡ ❱❛r✐❛♥③
❧ässt s✐❝❤ ❞❛♥♥ ❡✐♥❢❛❝❤ ❜❡r❡❝❤♥❡♥✿

✾
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✷✳✶✳ ❘✐s✐❦♦t❤❡♦r✐❡

E[S] = E

[ n∑

i=1

Yi

]

= nE[Y1]

V[S] = nV[Y1]

❉✉r❝❤ ❊✐♥s❡t③❡♥ ✐♥ ❞✐❡ ❚s❝❤❡❜②s❝❤❡✛✬s❝❤❡ ❯♥❣❧❡✐❝❤✉♥❣ ❦❛♥♥ ♠❛♥ ❞❡♥ ❊✛❡❦t ❞❡s
❆✉s❣❧❡✐❝❤s ✐♠ ❑♦❧❧❡❦t✐✈ ❜❡✐ ✇❛❝❤s❡♥❞❡♠ ❇❡st❛♥❞ ❜❡♦❜❛❝❤t❡♥✳

P

( |S − E[S]|
E[S]

≥ ǫ
)

= P(|S − E[S]| ≥ ǫE[S]) ≤ V[S]

(ǫE[S])2
=

V[Y1]

nǫ2E[Y1]

▼❛♥ ❦❛♥♥ s❡❤❡♥✱ ❞❛ss ❞✐❡ r❡❧❛t✐✈❡ ❆❜✇❡✐❝❤✉♥❣ ✈♦♥ ❙❝❤❛❞❡♥ss✉♠♠❡ S ✉♥❞ ❡r✇❛rt❡t❡
❙❝❤❛❞❡♥ss✉♠♠❡ E[S] ✉♠ ♠❡❤r ❛❧s ǫ✱ ♠✐t ✇❛❝❤s❡♥❞❡♠ ❇❡st❛♥❞ ❦❧❡✐♥❡r ✇✐r❞✳ ❉✐❡
r❡❝❤t❡ ❙❡✐t❡ ❞❡r ●❧❡✐❝❤✉♥❣❡♥ ❦♦♥✈❡r❣✐❡rt ❛✉ÿ❡r❞❡♠ ❢ür n→ ∞ ❣❡❣❡♥ 0✳

✷✳✶✳✷ ❉❛s ❦♦❧❧❡❦t✐✈❡ ▼♦❞❡❧❧

■♠ ●❡❣❡♥s❛t③ ③✉♠ ✐♥❞✐✈✐❞✉❡❧❧❡♥ ▼♦❞❡❧❧ ❜❡tr❛❝❤t❡♥ ✇✐r ✐♠ ❦♦❧❧❡❦t✐✈❡♥ ▼♦❞❡❧❧
♥✐❝❤t ❞✐❡ ❱❡rt❡✐❧✉♥❣ ❞❡r ●❡s❛♠ts❝❤ä❞❡♥✱ s♦♥❞❡r♥ ✈✐❡❧♠❡❤r ❡✐♥❡♥ ❇❡st❛♥❞ ❛❧s ❑♦❧✲
❧❡❦t✐✈✱ ❞✐❡ ✐♥ ❡✐♥❡♠ ❜❡st✐♠♠t❡♥ ❩❡✐tr❛✉♠ ❡✐♥❡ ❣❡✇✐ss❡♥ ❆♥③❛❤❧ ❛♥ ❙❝❤ä❞❡♥ ✈❡r✉r✲
s❛❝❤t✳ ▼✐t N ❤❛❜❡♥ ✇✐r ❡✐♥❡ ❩✉❢❛❧❧s✈❛r✐❛❜❧❡✱ ❞✐❡ ❡✐♥❡ ③✉❢ä❧❧✐❣❡ ❆♥③❛❤❧ ❛♥ ❙❝❤ä❞❡♥
❜❡s❝❤r❡✐❜t✳ ❋ür i = 1, . . . , N ✐st Xi✱ ❡✐♥❡ ✉♥❛❜❤ä♥❣✐❣❡ ✉♥❞ ✐❞❡♥t✐s❝❤ ✈❡rt❡✐❧t❡ ❩✉✲
❢❛❧❧s✈❛r✐❛❜❧❡✱ ❞✐❡ ❞✐❡ ❍ö❤❡ ❞❡s i✲t❡♥ ❙❝❤❛❞❡♥ ❜❡s❝❤r❡✐❜t✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳ ❙❡✐ N ❡✐♥❡ ③✉❢ä❧❧✐❣❡ ❆♥③❛❤❧ ❛♥ ❙❝❤ä❞❡♥ ✐♥ ❡✐♥❡♠ P♦rt❢♦❧✐♦ ✉♥❞
X1, . . . , XN ❞✐❡ ❙❝❤❛❞❡♥s❤ö❤❡♥✳ ❉❛♥♥ ✐st ❞❡r ●❡s❛♠ts❝❤❛❞❡♥ ❡✐♥❡ ❩✉❢❛❧❧ss✉♠♠❡
✉♥❞ ❞❡✜♥✐❡rt ❞✉r❝❤

Skoll := X1 + · · ·+XN =
N∑

i=1

Xi.

❉❛❜❡✐ ✐st Xi ❢ür ❛❧❧❡ i = 1, . . . , N ✉♥❛❜❤ä♥❣✐❣ ✉♥❞ ✐❞❡♥t✐s❝❤ ✈❡rt❡✐❧t ✉♥❞ N ✉♥❛❜✲
❤ä♥❣✐❣ ✈♦♥ Xi ❢ür ❛❧❧❡ i = 1, . . . , N ✳ ❲❡♥♥ ❦❡✐♥❡ ❙❝❤ä❞❡♥ ❛✉❢tr❡t❡♥✱ ✐st ❞❡r ●❡s❛♠t✲
s❝❤❛❞❡♥ ❣❧❡✐❝❤ ◆✉❧❧✱ ❞❛❤❡r ❣✐❧t S = 0 ❢ür N = 0✳

❋♦❧❣❡♥❞❡ ❱❛r✐❛♥t❡♥ ❞❡s ▼♦❞❡❧❧s s✐♥❞ ❣❡❜rä✉❝❤❧✐❝❤✿

• ❇❡s✐t③tN ❡✐♥❡ P♦✐ss♦♥✲❱❡rt❡✐❧✉♥❣✱ ❞❛♥♥ ❤❛t S ❡✐♥❡ ③✉s❛♠♠❡♥❣❡s❡t③t❡ P♦✐ss♦♥✲
❱❡rt❡✐❧✉♥❣ ✭❜③✇✳ ❝♦♠♣♦✉♥❞ ♣♦✐ss♦♥ ❞✐str✐❜✉t✐♦♥✮✳

• ❋❛❧❧s N ✭♥❡❣❛t✐✈✮ ❜✐♥♦♠✐❛❧ ✈❡rt❡✐❧t ✐st✱ ❞❛♥♥ ❤❛t S ❡✐♥❡ ③✉s❛♠♠❡♥❣❡s❡t③t❡
✭♥❡❣❛t✐✈❡✮ ❇✐♥♦♠✐❛❧✲❱❡rt❡✐❧✉♥❣✳

❉✐❡ ▼♦♠❡♥t❡ ❞❡r ●❡s❛♠ts✉♠♠❡ S ❧❛ss❡♥ s✐❝❤ ❞✉r❝❤ ❞✐❡ ▼♦♠❡♥t❡ ✈♦♥ N ✉♥❞ ❞❡r
Xi✬s✱ ♠✐t❤✐❧❢❡ ❞❡r ■t❡r❛t✐✈✐tät ❞❡s ❊r✇❛rt✉♥❣s✇❡rts✱ ❤❡r❧❡✐t❡♥✳

E[S] = E[E[S|N ]] = E[NE[X]] = E[N ]E[X],

V ar[S] = E[V ar[S|N ]] + V ar[E[S|N ]] = E[NV ar[X] + V ar[NE[X]]

= E[N ]V ar[X] + [E[X]]2V ar[N ].

✶✵
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✷✳✶✳ ❘✐s✐❦♦t❤❡♦r✐❡

❲✐r ✉♥t❡rs✉❝❤❡♥ ❞❛s ❦♦❧❧❡❦t✐✈❡ ▼♦❞❡❧❧ ✐♠ ❋❛❧❧ ❞❡r ③✉s❛♠♠❡♥❣❡s❡t③t❡♥ P♦✐ss♦♥✲
❱❡rt❡✐❧✉♥❣ ♥♦❝❤ ❡t✇❛s ❣❡♥❛✉❡r✳

❉❡✜♥✐t✐♦♥ ✷✳✸✳ ❉✐❡ ❙❝❤❛❞❡♥s❛♥③❛❤❧ N s❡✐ ♣♦✐ss♦♥✲✈❡rt❡✐❧t ♠✐t P❛r❛♠❡t❡r λ✱ ❛❧s♦
N ∼ P (λ) ✉♥❞ s✐♥❞ Fi(·) ❞✐❡ ❱❡rt❡✐❧✉♥❣s❢✉♥❦t✐♦♥❡♥ ❞❡r ❙❝❤❛❞❡♥s❤ö❤❡♥ Xi✳ ❉❛♥♥
s❝❤r❡✐❜t ♠❛♥ ❢ür ❞✐❡ ❱❡rt❡✐❧✉♥❣ ❞❡s ●❡s❛♠ts❝❤❛❞❡♥s

S ∼ CP (λ, F (·)).

❙♦ ❢♦❧❣t ❢ür ❞✐❡ ▼♦♠❡♥t❡

E[S] = λE[X] ❜③✇✳ V ar[S] = λE[X2].

❉✐❡ ♠♦♠❡♥t❡♥❡r③❡✉❣❡♥❞❡ ❋✉♥❦t✐♦♥ ❦❛♥♥ ❡❜❡♥s♦ ❧❡✐❝❤t ❤❡r❣❡❧❡✐t❡t ✇❡r❞❡♥✿

MS(t) = E[etS] = E[E[etS|N ]]

=
∞∑

n=0

E[et(X1+...+XN )|N = n]P[N = n]

=
∞∑

n=0

E[et(X1+...+Xn)]P[N = n]

=
∞∑

n=0

(MX(t))
n
P[N = n] = E[(eln(MX(t)))N ]

=MN(ln(MX(t))).

❙❛t③ ✷✳✶✳ ❙❡✐❡♥ S1, . . . , Sm ✉♥❛❜❤ä♥❣✐❣ ✉♥❞ ③✉s❛♠♠❡♥❣❡s❡t③t ♣♦✐ss♦♥✲✈❡rt❡✐❧t ♠✐t
P♦✐ss♦♥✲P❛r❛♠❡t❡r λi s♦✇✐❡ ❙❝❤❛❞❡♥s✈❡rt❡✐❧✉♥❣❡♥ Fi✱ i = 1, . . . ,m✱ ❞❛♥♥ ❜❡s✐t③t
S = S1 + · · ·+ Sm ❡✐♥❡ ③✉s❛♠♠❡♥❣❡s❡t③t❡ P♦✐ss♦♥✲❱❡rt❡✐❧✉♥❣ ♠✐t S ∼ CP (λ, F (·))
✇♦❜❡✐

λ =
m∑

i=1

λi ✉♥❞ F (x) =
1

λ

n∑

i=1

λiFi(x). ✭✷✳✶✮

❇❡✇❡✐s✳ ❙❡✐❡♥ MXi
❞✐❡ ♠♦♠❡♥t❡♥❡r③❡✉❣❡♥❞❡ ❋✉♥❦t✐♦♥ ✈♦♥ Fi✳ ❉❛♥♥ ❜❡s✐t③t S ❡✐♥❡

♠♦♠❡♥t❡♥❡r③❡✉❣❡♥❞❡ ❋✉♥❦t✐♦♥ ❞❡r ●❡st❛❧t✿

MS(t) =
m∏

i=1

exp

{

λi[MXi
(t)− 1]

}

= expλ

{

1

λ

m∑

i=1

λiMXi
(t)− 1

}

.

❙♦♠✐t ❜❡s✐t③t S ❡✐♥❡ ③✉s❛♠♠❡♥❣❡s❡t③t❡ P♦✐ss♦♥✲❱❡rt❡✐❧✉♥❣ ♠✐t P❛r❛♠❡t❡r ❞❡r ●❡✲
st❛❧t ✭✷✳✶✮✳

✶✶
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✷✳✶✳ ❘✐s✐❦♦t❤❡♦r✐❡

✷✳✶✳✸ ❉❛s ❦❧❛ss✐s❝❤❡ ▼♦❞❡❧❧

❋ür ❞✐❡s❡♥ ❆❜s❝❤♥✐tt ✇✐r❞ ✉♥s ❞❛s ❦♦❧❧❡❦t✐✈❡ ▼♦❞❡❧❧ ✇❡✐t❡r❤✐♥ ❛❧s ●r✉♥❞❧❛❣❡
❞✐❡♥❡♥✳ ■♠ ✈♦r✐❣❡♥ ❆❜s❝❤♥✐tt ✇✉r❞❡ ❡✐♥ ❜❡st✐♠♠t❡r ❩❡✐tr❛✉♠ ❢❡st❣❡❧❡❣t ✉♥❞ ❞❛✲
♠✐t ❞❡r ❊✐♥tr✐tts③❡✐t♣✉♥❦t ❞❡r ❊✐♥③❡❧s❝❤ä❞❡♥ ♥✐❝❤t ❜❡rü❝❦s✐❝❤t✐❣t✳ ❲✐r ✇♦❧❧❡♥ ♥✉♥
❡✐♥ ▼♦❞❡❧❧ ❜❡s❝❤r❡✐❜❡♥✱ ❞❡ss❡♥ ●❡s❛♠ts❝❤❛❞❡♥ ❜✐s ③✉ ❡✐♥❡♠ ❜❡st✐♠♠t❡♥ ❩❡✐t♣✉♥❦t
❞✉r❝❤ ❡✐♥❡♥ st♦❝❤❛st✐s❝❤❡♥ Pr♦③❡ss ③✉♠ ❩❡✐t♣✉♥❦t t ❞❡✜♥✐❡rt ✇✐r❞✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ❙❡✐ (Nt)t≥0 ❞❡r ❙❝❤❛❞❡♥s❛♥③❛❤❧♣r♦③❡ss ✉♥❞ Xn ❞✐❡ ❙❝❤❛❞❡♥s❤ö❤❡
❞❡s n✲t❡♥ ❙❝❤❛❞❡♥s✳ ❉❛♥♥ ✇✐r❞ ❞❡r ●❡s❛♠ts❝❤❛❞❡♥ ❞❡✜♥✐❡rt ❞✉r❝❤

St :=
Nt∑

n=1

Xn, t ≥ 0.

❲✐r ♥❡❤♠❡♥ ✐♠ ❋♦❧❣❡♥❞❡♥ ❛♥✱ ❞❛ss Nt ∼ P (λt) ❢ür ❛❧❧❡ t ≥ 0✳ ❉❛♥♥ ✐st St ❡✐♥ ③✉✲
s❛♠♠❡♥❣❡s❡t③t❡r P♦✐ss♦♥✲Pr♦③❡ss ✉♥❞ ❞❡ss❡♥ ▼♦♠❡♥t❡ ❦ö♥♥❡♥ ❣❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥
❛❧s

E[St] = λtE[X], ❢ür t ≥ 0 ✉♥❞ V ar[St] = λtE[X2], ❢ür t ≥ 0.

❲✐r ✇♦❧❧❡♥ ❞✐❡ ❡✐♥❣❡♥♦♠♠❡♥❡♥ Prä♠✐❡♥ ❞❡s ❯♥t❡r♥❡❤♠❡♥s ✐♥ ❡✐♥❡♠ Pr♦③❡ss ❞❛r✲
st❡❧❧❡♥✿

ct = ct, t ≥ 0.

❉✐❡s❡ st❡❧❧t ♠✐t Prä♠✐❡♥r❛t❡ c > 0 ❞✐❡ Prä♠✐❡♥ ❜✐s ③✉♠ ❩❡✐t♣✉♥❦t t ❞❛r✳ ❉❡r Prä♠✐✲
❡♥♣r♦③❡ss✱ ❞❡ss❡♥ Prä♠✐❡♥r❛t❡ ❞✉r❝❤ Prä♠✐❡♥❦❛❧❦✉❧❛t✐♦♥s♣r✐♥③✐♣✐❡♥ ❜❡st✐♠♠t ✇❡r✲
❞❡♥✱ ✐st ❞❡t❡r♠✐♥✐st✐s❝❤✳ ❏❡❞♦❝❤ ✇❡r❞❡♥ ✇✐r ❛✉❢ ❞✐❡ Prä♠✐❡♥❦❛❧❦✉❧❛t✐♦♥s♣r✐♥③✐♣✐❡♥
✐♥ ❞✐❡s❡r ❆r❜❡✐t ♥✐❝❤t ❡✐♥❣❡❤❡♥✳

❉❡r ③❡♥tr❛❧❡ ●❡❣❡♥st❛♥❞ ❞✐❡s❡s ❑❛♣✐t❡❧s ✐st ❞❛s ❦❧❛ss✐s❝❤❡ ▼♦❞❡❧❧✳ ❉✐❡ ❆r❜❡✐t❡♥ ✈♦♥
❍❛r❛❧❞ ❈r❛♠ér✶ ✉♥❞ ❋✐❧✐♣ ▲✉♥❞❜❡r❣✷ ❧❡❣t❡♥ ❞❛s ❋✉♥❞❛♠❡♥t ❢ür ❞✐❡ ♠♦❞❡r♥❡ ❘✐s✐✲
❦♦t❤❡♦r✐❡✱ ✇❡s❤❛❧❜ ❞❛s ❦❧❛ss✐s❝❤❡ ▼♦❞❡❧❧ ❛✉❝❤ ❛❧s ❈r❛♠ér✲▲✉♥❞❜❡r❣ ▼♦❞❡❧❧ ❜❡❦❛♥♥t
✐st✳ ❯♥t❡r ❇❡rü❝❦s✐❝❤t✐❣✉♥❣ ❞❡r ●❡s❛♠ts❝❤ä❞❡♥ s♦✇✐❡ ❞❡r ❡✐♥❣❡♥♦♠♠❡♥❡♥ Prä♠✐❡♥
❦ö♥♥❡♥ ✇✐r ❡✐♥❡♥ Ü❜❡rs❝❤✉ss♣r♦③❡ss ❛✉❢st❡❧❧❡♥

Ut = u+ ct − St, t ≥ 0,

✇♦❜❡✐ Ut ❞❛s ❑❛♣✐t❛❧ ❞❡s ❯♥t❡r♥❡❤♠❡♥s ③✉♠ ❩❡✐t♣✉♥❦t t✱ U0 = u ❞❛s ❆♥❢❛♥❣s❦❛♣✐✲

t❛❧✱ ct ❞❡r Prä♠✐❡♥♣r♦③❡ss ✉♥❞ St =
Nt∑

n=1

Xn ❞❡♥ ●❡s❛♠ts❝❤❛❞❡♥s♣r♦③❡ss ❞❛rst❡❧❧t✳

✶❍❛r❛❧❞ ❈r❛♠ér✱ s❝❤✇❡❞✐s❝❤❡r ▼❛t❤❡♠❛t✐❦❡r✱ ✯✷✺✳ ❙❡♣t❡♠❜❡r ✶✽✾✸ ✐♥ ❙t♦❝❦❤♦❧♠✱ †✺✳ ❖❦t♦❜❡r
✶✾✽✺ ✐♥ ❙t♦❝❦❤♦❧♠✳

✷❋✐❧✐♣ ▲✉♥❞❜❡r❣✱ s❝❤✇❡❞✐s❝❤❡r ▼❛t❤❡♠❛t✐❦❡r✱ ✯✸✶✳ ❉❡③❡♠❜❡r ✶✽✼✻ ✐♥ ❯♣♣s❛❧❛✱ †✷✳ ❏✉♥✐ ✶✾✻✺ ✐♥
❙t♦❝❦❤♦❧♠✳

✶✷
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✷✳✷✳ ❘✉✐♥t❤❡♦r✐❡

✷✳✷ ❘✉✐♥t❤❡♦r✐❡

❙❡✐ Ut = u + ct − St ❞❡r Ü❜❡rs❝❤✉ss ❜③✇✳ ❞❛s ❢r❡✐❡ ❑❛♣✐t❛❧ ❡✐♥❡s ❯♥t❡r♥❡❤♠❡♥s
③✉♠ ❩❡✐t♣✉♥❦t t ≥ 0✳ ■♠ ❋♦❧❣❡♥❞❡♥ ✇♦❧❧❡♥ ✇✐r ❛♥♥❡❤♠❡♥✱ ❞❛ss ❞✐❡ ●❡✇✐♥♥❜❡❞✐♥❣✉♥❣
❡r❢ü❧❧t ✐st✿

c > λµ1, ✭✷✳✷✮

✇♦❜❡✐ µ1 ❞✐❡ ❡r✇❛rt❡t❡ ❙❝❤❛❞❡♥s❤ö❤❡ ♥♦t✐❡rt✳ ❉✐❡ ●❡✇✐♥♥❜❡❞✐♥❣✉♥❣ ❜❛s✐❡rt ❛✉❢ ❞❡r
❆♥♥❛❤♠❡✱ ❞❛ss ❞✐❡ ❡✐♥❣❡♥♦♠♠❡♥❡♥ Prä♠✐❡♥ ❞✐❡ ❡r✇❛rt❡t❡♥ ❙❝❤ä❞❡♥ ③✉ ❥❡❞❡r ❩❡✐t
ü❜❡rst❡✐❣❡♥✳ ❉✐❡s ❢ü❤rt ✉♥s ③✉♠ ❇❡❣r✐✛ ❞❡s r❡❧❛t✐✈❡♥ ❙✐❝❤❡r❤❡✐ts③✉s❝❤❧❛❣s✿

Λ :=
c

λµ1

− 1,

❞❡ss❡♥ P♦s✐t✐✈✐tät ✈♦r❛✉s❣❡s❡t③t ✇✐r❞✳ ❉❡r r❡❧❛t✐✈❡ ❙✐❝❤❡r❤❡✐ts③✉s❝❤❧❛❣ ✇✐r❞ ❛✉❝❤
❞❡✜♥✐❡rt ❛❧s ❞❡r r❡❧❛t✐✈❡ ❆♥t❡✐❧ ✉♠ ✇❡❧❝❤❡r ❞✐❡ Prä♠✐❡♥r❛t❡ ❞✐❡ ❞✉r❝❤s❝❤♥✐tt❧✐❝❤❡♥
❙❝❤❛❞❡♥s❤ö❤❡ ♣r♦ ❩❡✐t❡✐♥❤❡✐t ü❜❡rst❡✐❣t✳ ▼✐t ρ := λµ1 ❦❛♥♥ ❞❡r ❙✐❝❤❡r❤❡✐ts③✉s❝❤❧❛❣
❛✉❝❤ ❛♥❣❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥ ❛❧s

Λ =
c− ρ

ρ
.

❲❡♥♥ ❞❛s ❢r❡✐❡ ❑❛♣✐t❛❧ ❞❡s ❯♥t❡r♥❡❤♠❡♥s ♥❡❣❛t✐✈ ✇✐r❞ ✉♥❞ s♦♠✐t ❞❡r ●❡s❛♠ts❝❤❛✲
❞❡♥ ❞✐❡ ❡✐♥❣❡♥♦♠♠❡♥❡♥ Prä♠✐❡♥ ü❜❡rst❡✐❣t✱ ❞❛♥♥ s♣r❡❝❤❡♥ ✇✐r ✈♦♠ t❡❝❤♥✐s❝❤❡♥
❘✉✐♥ ❞❡s ❯♥t❡r♥❡❤♠❡♥s✳ ❍❛✉♣t❛✉❣❡♥♠❡r❦ ❞✐❡s❡s ❆❜s❝❤♥✐tts ✐st ❡✐♥❡ ❣❡❡✐❣♥❡t❡ ❇❡✲
r❡❝❤♥✉♥❣ ❞❡r ❘✉✐♥✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ❉✐❡ ❘✉✐♥③❡✐t τ ✇✐r❞ ❞❡✜♥✐❡rt ❞✉r❝❤

τ = inf{t > 0 | Ut < 0}.

❲♦❜❡✐ τ = ∞✱ ❢❛❧❧s Ut > 0 ❢ür ❛❧❧❡ t ❣✐❧t✳

❉❛s ❢ü❤rt ✉♥s ③✉ ❡✐♥❡r ❣❡❡✐❣♥❡t❡♥ ❉❡✜♥✐t✐♦♥ ❞❡r ❘✉✐♥✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t✳

❉❡✜♥✐t✐♦♥ ✷✳✻✳ ❉✐❡ ❘✉✐♥✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t Φ(u) ✇✐r❞ ❞❡✜♥✐❡rt ❞✉r❝❤

Φ(u) = P

[

inf
t>0

Ut < 0
∣
∣ U0 = u

]

= P[τ <∞].

❉✐❡ ❘✉✐♥✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ✐st ❡✐♥❡ ❋✉♥❦t✐♦♥ ❛❜❤ä♥❣✐❣ ✈♦♠ ❆♥❢❛♥❣s❦❛♣✐t❛❧ u✳ ❉✐❡
❘✉✐♥✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ✐♥ ❡♥❞❧✐❝❤❡r ❩❡✐t ✐st ❞❡✜♥✐❡rt ❞✉r❝❤ Φ(u, t) = P(T < t)✳ ❲✐r
✇❡r❞❡♥ ✐♠ ❋♦❧❣❡♥❞❡♥ ❞✐❡ ❘✉✐♥✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t Φ(u) ü❜❡r ❡✐♥❡♥ ✉♥❡♥❞❧✐❝❤❡♥ ❩❡✐t✲
❤♦r✐③♦♥t ❜❡tr❛❝❤t❡♥✳

❉✐❡ ❘✉✐♥✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❦❛♥♥ ❢ür ❡✐♥❡ ❡①♣♦♥❡♥t✐❡❧❧✲✈❡rt❡✐❧t❡ ❙❝❤❛❞❡♥s❤ö❤❡ ❡①✲
♣❧✐③✐t ❜❡r❡❝❤♥❡t ✇❡r❞❡♥✳ ❋ür ❛❧❧❣❡♠❡✐♥❡ ❱❡rt❡✐❧✉♥❣❡♥ ♥✉t③t ♠❛♥ ü❜❧✐❝❤❡r✇❡✐s❡ ❡✐♥❡
❡❧❡❣❛♥t❡ ❆❜s❝❤ät③✉♥❣✿

✶✸
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✷✳✸✳ ❉✐✛✉s✐♦♥s❛♣♣r♦①✐♠❛t✐♦♥

Φ(u) ≤ e−Ru, ✭✷✳✸✮

✇♦❜❡✐ R ❤✐❡r❜❡✐ ❞❡♥ ❆♥♣❛ss✉♥❣s❦♦❡✣③✐❡♥t ❜❡③❡✐❝❤♥❡t✳ ❉❡r ❆♥♣❛ss✉♥❣s❦♦❡✣③✐❡♥t R
s♣✐❡❧t ❡✐♥❡ ✇✐❝❤t✐❣❡ ❘♦❧❧❡ ✐♥ ❞❡r ❘✉✐♥t❤❡♦r✐❡ ✉♥❞ ✭✷✳✸✮ ✐st ❛✉❝❤ ❛❧s ❈r❛♠ér✲▲✉♥❞❜❡r❣
●❧❡✐❝❤✉♥❣ ❜❡❦❛♥♥t✱ ❞✐❡ ❢ür ❛❧❧❡ u ❣ü❧t✐❣ ✐st✳ R ✐st ❡✐♥❡ ♥✐❝❤t✲tr✐✈✐❛❧❡ ♣♦s✐t✐✈❡ ▲ös✉♥❣
❞❡r ●❧❡✐❝❤✉♥❣

λ+ rc = λMX(r). ✭✷✳✹✮

❉✐❡ ❧✐♥❦❡ ❙❡✐t❡ ✐st ❡✐♥❡ ❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥ ✉♥❞ ❞✐❡ r❡❝❤t❡ ❙❡✐t❡ ✐st ❡✐♥❡ ❦♦♥✈❡①❡ ❋✉♥❦t✐♦♥
✈♦♥ r✳ ❉✐❡s❡ ●❧❡✐❝❤✉♥❣ ❤❛t s♦♠✐t ③✇❡✐ ▲ös✉♥❣❡♥✱ ✇♦❜❡✐ ❡s ❡✐♥❡ tr✐✈✐❛❧❡ ▲ös✉♥❣ ❣✐❜t✿
r = 0✳ ▼✐t ❞❡r ●❡✇✐♥♥❜❡❞✐♥❣✉♥❣ ✭✷✳✷✮ ✐st ❞✐❡ ❆❜❧❡✐t✉♥❣ ❞❡r ❧✐♥❦❡♥ ❙❡✐t❡ ❣röÿ❡r
❛❧s ❞✐❡ r❡❝❤t❡ ❙❡✐t❡ ❛♥ ❞❡r ❙t❡❧❧❡ r = 0✳ ❉❛ ❞✐❡ r❡❝❤t❡ ❙❡✐t❡ stär❦❡r st❡✐❣t ✉♥❞
♠✐t r → ∞ ❣❡❣❡♥ ∞ ❦♦♥✈❡r❣✐❡rt✱ ❡①✐st✐❡rt ❡✐♥❡ ③✇❡✐t❡ ▲ös✉♥❣✱ ❞✐❡ ✇✐r ❛❧s ❞❡♥
❆♥♣❛ss✉♥❣s❦♦❡✣③✐❡♥t❡♥ R ✐❞❡♥t✐✜③✐❡r❡♥✳

❙❛t③ ✷✳✷ ✭▲✉♥❞❜❡r❣ ❯♥❣❧❡✐❝❤✉♥❣✮✳ ❙❡✐ Ut ❡✐♥ ③✉s❛♠♠❡♥❣❡s❡t③t❡r P♦✐ss♦♥✲Pr♦③❡ss
♠✐t ❆♥❢❛♥❣s❦❛♣✐t❛❧ u✱ ❡✐♥❡r Prä♠✐❡♥r❛t❡ ❝✱ ❙❝❤ä❞❡♥ ♠✐t ❱❡rt❡✐❧✉♥❣s❢✉♥❦t✐♦♥ F (·)
✉♥❞ ♠♦♠❡♥t❡♥❡r③❡✉❣❡♥❞❡r ❋✉♥❦t✐♦♥ MX(t)✱ ✉♥❞ s❡✐ R ❞❡r ❆♥♣❛ss✉♥❣s❦♦❡✣③✐❡♥t
❞❡r ❞✐❡ ●❧❡✐❝❤✉♥❣ ✭✷✳✹✮ ❡r❢ü❧❧t✳ ❉❛♥♥ ❣✐❧t ❞✐❡ ▲✉♥❞❜❡r❣ ❯♥❣❧❡✐❝❤✉♥❣ ✭✷✳✸✮✳

✷✳✸ ❉✐✛✉s✐♦♥s❛♣♣r♦①✐♠❛t✐♦♥

■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇♦❧❧❡♥ ✇✐r ✉♥s ♠✐t ❡✐♥❡r ❆♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❈r❛♠ér✲▲✉♥❞❜❡r❣
▼♦❞❡❧❧s ❜❡❢❛ss❡♥✳ ❲✐r ❡♥t♥❡❤♠❡♥ ❞❡♥ ■♥❤❛❧t ❞❡s ❆❜s❝❤♥✐tts ❛✉s ❆s♠✉ss❡♥ ❬✸❪✳ ❩✐❡❧
✐st ❡s ❞❡♥ Ü❜❡rs❝❤✉ss♣r♦③❡ss ✐♠ ❈r❛♠ér✲▲✉♥❞❜❡r❣ ▼♦❞❡❧❧ ❞✉r❝❤ ❡✐♥❡ ❇r♦✇♥s❝❤❡
❇❡✇❡❣✉♥❣ ♠✐t ❉r✐❢t ③✉ ❛♣♣r♦①✐♠✐❡r❡♥✳ ❉✐❡ ▼❡t❤♦❞✐❦ ❞❛❤✐♥t❡r ❧✐❡❣t ✐♥ ❞❡r ●❧❡✐❝❤✲
s❡t③✉♥❣ ❞❡s ❡rst❡♥ ✉♥❞ ❞❡s ③✇❡✐t❡♥ ▼♦♠❡♥ts✳
❲✐r ❢♦r♠✉❧✐❡r❡♥ ③✉❡rst ❉♦♥s❦❡r✬s ❚❤❡♦r❡♠ ❢ür ❡✐♥❢❛❝❤❡ ❘❛♥❞♦♠ ❲❛❧❦s ✐♥ ❞✐s❦r❡t❡r
❩❡✐t✿

❙❛t③ ✷✳✸✳ ❙❡✐ (Sn)n=0,1,... ❡✐♥ ❘❛♥❞♦♠ ❲❛❧❦✳ ❋❛❧❧s µ = E[S1] ❞❡r ❉r✐❢t ✉♥❞ σ2 =
V ar[S1] ❞✐❡ ❱❛r✐❛♥③✱ ❞❛♥♥ ❣✐❧t

( 1

σ
√
k
(S⌊tk⌋ − tkµ)

)

t≥0

D→ (B0(t))t≥0, k → ∞, ✭✷✳✺✮

✇♦❜❡✐ (Bζ(t))t≥0 ❞✐❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ♠✐t ❉r✐❢t ζ ✉♥❞ ❱❛r✐❛♥③ 1 ✐st✳

❲✐r ✇♦❧❧❡♥ ❞❛s ❘❡s✉❧t❛t ❛✉❢ st❡t✐❣❡ ❘❛♥❞♦♠ ❲❛❧❦s ü❜❡rtr❛❣❡♥ ✉♠ ❡✐♥❡ ❆♣♣r♦①✐✲
♠❛t✐♦♥ ❢ür ✉♥s❡r❡♥ ❙❝❤❛❞❡♥s♣r♦③❡ss ③✉ ❡r❤❛❧t❡♥✳ ❍✐❡r❢ür ✇♦❧❧❡♥ ✇✐r ✈♦r❛✉ss❡t③❡♥✱
❞❛ss ❞❡r r❡❧❛t✐✈❡ ❙✐❝❤❡r❤❡✐ts③✉s❝❤❧❛❣ Λ ❦❧❡✐♥ ✉♥❞ ♣♦s✐t✐✈ ✐st✳ ❯♠ ❞❡r ❇❡❞✐♥❣✉♥❣ ③✉
❣❡♥ü❣❡♥ ❜❡tr❛❝❤t❡♥ ✇✐r ❡✐♥❡ ❋❛♠✐❧✐❡ ✈♦♥ Ü❜❡rs❝❤✉ss♣r♦③❡ss❡♥ (S

(c)
t )t≥0✱ ✇♦❜❡✐ c ❞✐❡

❢❡st❣❡❧❡❣t❡ Prä♠✐❡♥r❛t❡ r❡♣räs❡♥t✐❡rt✱ s♦❞❛ss ❞✐❡ ❙❝❤❛❞❡♥s✈❡rt❡✐❧✉♥❣ FX(·) ✉♥❞ ❞✐❡

❍ä✉✜❣❦❡✐ts✐♥t❡♥s✐tät λ ❦❧❡✐♥ ❢ür ❛❧❧❡ c ✐st✱ ❛❧s♦ S(c)
t =

Nt∑

i=1

Xi − ct✳ ❉❡s ❲❡✐t❡r❡♥ ❜❡✲

tr❛❝❤t❡♥ ✇✐r ❞❡♥ ●r❡♥③ü❜❡r❣❛♥❣ c → ρ✱ ✇♦❜❡✐ ρ ❛❧s ❞✐❡ ❦r✐t✐s❝❤❡ Prä♠✐❡♥r❛t❡ λµX

❞❡✜♥✐❡rt ✐st✳

✶✹
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✷✳✸✳ ❉✐✛✉s✐♦♥s❛♣♣r♦①✐♠❛t✐♦♥

❙❛t③ ✷✳✹✳ ❋ür c→ ρ ❣✐❧t

( |µ|
σ2
S
(c)

tσ2/µ2

)

t≥0

D→ (B−1(t))t≥0,

♠✐t µ = µc = ρ− c✱ σ2 = λE[X2]

❇❡✇❡✐s✳ ❙❡✐ ③✉♥ä❝❤st ❛♥❣❡♠❡r❦t✱ ❞❛ss

( 1

σ
√
k
(S

(c)
tk − tkµc)

)

=
( 1

σ
√
k
S
(ρ)
tk

)
D→ (B0(t))t≥0 ✭✷✳✻✮

❣✐❧t✱ ♠✐t k = kc → ∞ ✇❡♥♥ c→ ρ ❧ä✉❢t✳ ❉✐❡s ✐st ❡✐♥❡ ❑♦♥s❡q✉❡♥③ ❛✉s ✭✷✳✺✮ ✉♥❞ ❞❡r
❯♥❣❧❡✐❝❤✉♥❣

S
(ρ)
nh − ρh ≤ S

(ρ)
t ≤ S

(ρ)
(n+1)h + ρh. ✭✷✳✼✮

❯♠ ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ③✉ ③❡✐❣❡♥✱ s❡✐ u, v ≥ 0✱ ♠✐t

Su+v ≥ Su − ρv.

■♥ ❞❡r ❚❛t ♥✐♠♠t Su+v − Su ✐❤r ▼✐♥✐♠✉♠ ✐♥ −ρv ❛♥✳ ❉❡♠♥❛❝❤ ❣✐❧t ❢ür t = nh+ v
♠✐t 0 ≤ v ≤ h✿

Snh − ρh ≤ Snh − ρv ≤ St.

❉✐❡ r❡❝❤t❡ ❯♥❣❧❡✐❝❤❤❡✐t ✐♥ ✭✷✳✼✮ ❦❛♥♥ ä❤♥❧✐❝❤ ❣❡③❡✐❣t ✇❡r❞❡♥✳
❙❡✐ k = σ2

µ2
c
✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❢ür ✭✷✳✻✮ ❞✐❡ ❋♦r♠

( |µ|
σ2
S
(c)

tσ2/µ2 + t
)

D→ (B0(t)),

( |µ|
σ2
S
(c)

tσ2/µ2

)
D→ (B0(t)− t) = (B−1(t))

■♥s❣❡s❛♠t ❤❛❜❡♥ ✇✐r ❞✐❡ ❇❡③✐❡❤✉♥❣ ❞❡s Ü❜❡rs❝❤✉ss♣r♦③❡ss❡s ✐♠ ❈P✲▼♦❞❡❧❧ ✉♥❞ ❡✐♥❡r
❇r♦✇♥s❝❤❡♥ ❇❡✇❡❣✉♥❣ ♠✐t ❉r✐❢t ❣❡③❡✐❣t✳ ❙❡✐ ❞❛❤❡r ❞❡r Ü❜❡rs❝❤✉ss♣r♦③❡ss ♠♦❞❡❧❧✐❡rt
❞✉r❝❤ ❡✐♥❡♥ ③✉s❛♠♠❡♥❣❡s❡t③t❡♥ P♦✐ss♦♥♣r♦③❡ss

Ut = u− St,

♠✐t

St =
Nt∑

n=1

Xn − ct.

✶✺
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✷✳✸✳ ❉✐✛✉s✐♦♥s❛♣♣r♦①✐♠❛t✐♦♥

❩✉sät③❧✐❝❤ ❞❛③✉ ✇♦❧❧❡♥ ✇✐r ♥✉♥ ❡✐♥❡♥ ✇❡✐t❡r❡♥ ❘✐s✐❦♦♣r♦③❡ss ❜❡tr❛❝❤t❡♥✿

Ût = u+ µt+ σWt.

❲✐r ❧❡✐t❡♥ ❞✐❡ P❛r❛♠❡t❡r µ ✉♥❞ σ ❤❡r ✐♥❞❡♠ ✇✐r ❞✐❡ ③✇❡✐ Pr♦③❡ss❡ ❣❧❡✐❝❤s❡t③❡♥✱ ❛❧s♦

Ut = Ût

⇔ u− St = u+ µt+ σWt

⇔ −St = µt+ σWt.

■♥❞❡♠ ✇✐r t = 1 s❡t③❡♥ ✉♥❞ ❢ür −S1 = µ+σW1 ❞❡♥ ❊r✇❛rt✉♥❣s✇❡rt ✉♥❞ ❞✐❡ ❱❛r✐❛♥③
❜❡st✐♠♠❡♥ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❣❡✇ü♥s❝❤t❡♥ P❛r❛♠❡t❡r✿

µ = E[−S1] = E[c−X1] σ2 = V ar[−S1] = V ar[S1]

= c− λE[X1] = λE[X2
1 ].

■♥s❣❡s❛♠t ❦ö♥♥❡♥ ✇✐r ♥✉♥ ❡✐♥❡♥ Pr♦③❡ss ✐♠ ❦❧❛ss✐s❝❤❡♥ ❈r❛♠ér✲▲✉♥❞❜❡r❣ ▼♦❞❡❧❧
♠✐tt❡❧s ❇r♦✇♥s❝❤❡r ❇❡✇❡❣✉♥❣ ♠✐t ❉r✐❢t ❛♣♣r♦①✐♠✐❡r❡♥✳

✶✻
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❑❛♣✐t❡❧ ✸

❙t♦❝❤❛st✐s❝❤❡ ❑♦♥tr♦❧❧t❤❡♦r✐❡

❉❡r ■♥❤❛❧t ❞❡s ❢♦❧❣❡♥❞❡♥ ❑❛♣✐t❡❧s ❜❛s✐❡rt ❛✉❢ ❞✐❡ ❱♦r❧❡s✉♥❣ ❙t♦❝❤❛st✐s❝❤❡ ❑♦♥✲
tr♦❧❧t❤❡♦r✐❡ ✈♦♥ ❉r✳ P❡t❡r ●r❛♥❞✐ts ❛♥ ❞❡r ❚❯ ❲✐❡♥✳ ❲✐❝❤t✐❣❡ ◆❛❝❤s❝❤❧❛❣s❧✐t❡r❛t✉r
❤✐❡r❜❡✐ ✐st ✉♥t❡r ❛♥❞❡r❡♠ Ø❦❡s❡♥❞❛❧ ❬✾❪✳ ❉✐❡ st♦❝❤❛st✐s❝❤❡ ❑♦♥tr♦❧❧t❤❡♦r✐❡ ❜❡❢❛sst
s✐❝❤ ♠✐t ❖♣t✐♠✐❡r✉♥❣ ✈♦♥ ❞②♥❛♠✐s❝❤❡♥ ❙②st❡♠❡♥✱ ✇❡❧❝❤❡ ❞✉r❝❤ ❩✉st❛♥❞s♣r♦③❡ss❡
♠♦❞❡❧❧✐❡rt ✇❡r❞❡♥✳ ▼✐tt❡❧s ❡①t❡r♥❡r ❙t❡✉❡r✉♥❣ ✐♥ ❋♦r♠ ❡✐♥❡s ❑♦♥tr♦❧❧♣r♦③❡ss❡s s♦❧❧
❡✐♥ ❖♣t✐♠✐❡r✉♥❣s③✐❡❧ ❡rr❡✐❝❤t ✇❡r❞❡♥✳ ❉❛s ❖♣t✐♠✐❡r✉♥❣s③✐❡❧ ✐st ❞✉r❝❤ ❡✐♥ ❩✐❡❧❢✉♥❦✲
t✐♦♥❛❧ ❣❡❣❡❜❡♥✳
❲✐r ❣r❡✐❢❡♥ ③✉♠ ▲ös❡♥ ❡✐♥❡s st♦❝❤❛st✐s❝❤❡♥ ❑♦♥tr♦❧❧♣r♦❜❧❡♠s ❛✉❢ ❞✐❡ ▼❡t❤♦❞❡ ❞❡s
❞②♥❛♠✐s❝❤❡♥ Pr♦❣r❛♠♠✐❡r❡♥s ③✉rü❝❦✳ ❉✐❡ ▼❡t❤♦❞❡ ❜❡r✉❤t ❛✉❢ ❞❛s ❇❡❧❧♠❛♥ Pr✐♥✲
③✐♣ ❞❡r ❞②♥❛♠✐s❝❤❡♥ Pr♦❣r❛♠♠✐❡r✉♥❣✱ ✇❡❧❝❤❡s ❞✉r❝❤ ❞❡♥ ▼❛t❤❡♠❛t✐❦❡r ❘✐❝❤❛r❞
❇❡❧❧♠❛♥✶ ❢♦r♠✉❧✐❡rt ✇✉r❞❡✳ ◆❛❝❤ ❞✐❡s❡♠ Pr✐♥③✐♣ ✇✐r❞ ❡✐♥ ❖♣t✐♠✐❡r✉♥❣s♣r♦❜❧❡♠ ✐♥
❡✐♥③❡❧♥❡ ❣❧❡✐❝❤❛rt✐❣❡ ❚❡✐❧♣r♦❜❧❡♠❡ ③❡r❧❡❣t✱ ❞❡r❡♥ ▲ös✉♥❣❡♥ ❞❛♥♥ ③✉r ●❡s❛♠t❧ös✉♥❣
③✉s❛♠♠❡♥❣❡s❡t③t ✇❡r❞❡♥✳ ❉❡r ❆♥s❛t③ ❧✐❡❢❡rt ❡✐♥❡ ♣❛rt✐❡❧❧❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣✱ ❣❡✲
♥❛♥♥t ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥✲●❧❡✐❝❤✉♥❣ ✭❛❜❣❡❦ür③t ❍❏❇✲●❧❡✐❝❤✉♥❣✮✱ ❞❡r❡♥ ▲ö✲
s✉♥❣ ❞❛s ❖♣t✐♠✉♠ ❡r❣✐❜t✳ ❉❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠ ✈❛❧✐❞✐❡rt ❞❛♥♥ ❞✐❡ ❖♣t✐♠❛❧✐tät
❡✐♥❡r ❣❡❢✉♥❞❡♥❡♥ ▲ös✉♥❣ ❛✉s ❞❡r ❍❏❇✲●❧❡✐❝❤✉♥❣✳

✸✳✶ ❉❛s st♦❝❤❛st✐s❝❤❡ ❑♦♥tr♦❧❧♣r♦❜❧❡♠

●❡❣❡❜❡♥ s❡✐ ❡✐♥ ✈♦❧❧stä♥❞✐❣❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐tsr❛✉♠ (Ω,F ,P) ✉♥❞ ❡✐♥❡ ❋✐❧tr❛✲
t✐♦♥ F✱ ❞✐❡ ❞✐❡ ü❜❧✐❝❤❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❡r❢ü❧❧t✳ ❲✐r s❡t③❡♥ ❡✐♥❡♥ ❩❡✐t❤♦r✐③♦♥t T > 0
❢❡st ✉♥❞ s❡✐ W = (Wt)t∈[0,T ] ❡✐♥❡ d✲❞✐♠❡♥s✐♦♥❛❧❡ ❙t❛♥❞❛r❞ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣✳

❋♦❧❣❡♥❞❡ ❑♦♠♣♦♥❡♥t❡♥ s✐♥❞ ③✉r ❇❡s❝❤r❡✐❜✉♥❣ ❞❡s ❑♦♥tr♦❧❧♣r♦❜❧❡♠s ♥öt✐❣✿

• ❉❡r ❑♦♥tr♦❧❧♣r♦③❡ss u = (ut)t∈[0,T ] ✐st ❡✐♥ ♣r♦❣r❡ss✐✈ ♠❡ss❜❛r❡r st♦❝❤❛st✐s❝❤❡r
Pr♦③❡ss ♠✐t ❲❡rt❡♥ ❛✉s U ⊂ R

d✳

• ❉❡r ❩✉st❛♥❞s♣r♦③❡ss X = (Xt)t∈[0,T ] ✐st ❞✉r❝❤ ❡✐♥❡ st♦❝❤❛st✐s❝❤❡ ❉✐✛❡r❡♥t✐❛❧✲
❣❧❡✐❝❤✉♥❣ ✭❜③✇✳ ❉✐✛✉s✐♦♥s❣❧❡✐❝❤✉♥❣✮ ❣❡❣❡❜❡♥ ✐♥ ❋♦r♠ ✈♦♥

dXt = b(t,Xt, ut)dt+ σ(t,Xt, ut)dWt ♠✐t X0 = x, ✭✸✳✶✮

✶❘✐❝❤❛r❞ ❇❡❧❧♠❛♥♥✱ ❯❙✲❛♠❡r✐❦❛♥✐s❝❤❡r ▼❛t❤❡♠❛t✐❦❡r✱ ✯✷✾✳ ❆✉❣✉st ✶✾✷✵ ✐♥ ❇r♦♦❦❧②♥✱ †✶✾✳ ▼är③
✶✾✽✹ ✐♥ ▲♦s ❆♥❣❡❧❡s

✶✼
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✸✳✶✳ ❉❛s st♦❝❤❛st✐s❝❤❡ ❑♦♥tr♦❧❧♣r♦❜❧❡♠

✇♦❜❡✐

b(·, ·, ·) : [0, T ]× R
n × U → R

n

✉♥❞

σ(·, ·, ·) : [0, T ]× R
n × U → R

n×d

❇♦r❡❧✲♠❡ss❜❛r❡ ❆❜❜✐❧❞✉♥❣❡♥ s✐♥❞✳ b(·, ·, ·) ✐st ❞❡r ❉r✐❢t❦♦❡✣③✐❡♥t ✉♥❞ σ(·, ·, ·)
✐st ❞❡r ❉✐✛✉s✐♦♥s❦♦❡✣③✐❡♥t ❞❡s ❉✐✛✉s✐♦♥s♣r♦③❡ss❡s✳ ❉✐❡ ◆♦t❛t✐♦♥ Xu

t s②♠❜♦✲
❧✐s✐❡rt ✐♠ ❋♦❧❣❡♥❞❡♥ ❞✐❡ ❆❜❤ä♥❣✐❣❦❡✐t ❞❡s ❩✉st❛♥❞s♣r♦③❡ss❡s ✈♦♠ ❑♦♥tr♦❧❧♣r♦✲
③❡ss u✳

• ❉❛s ❩✐❡❧❢✉♥❦t✐♦♥❛❧ J(t, x, u) ✐st ❣❡❣❡❜❡♥ ❞✉r❝❤

J(t, x, u) = E

[ ∫ T

t

ϕ(s,Xu
s , us)ds+Ψ(T,Xu

T )
∣
∣
∣ Xu

t = x
]

, ✭✸✳✷✮

✇♦❜❡✐ ϕ(s,Xs, us) ❞✐❡ ❧❛✉❢❡♥❞❡♥ ❑♦st❡♥ ❜③✇✳ ❞❡♥ ❧❛✉❢❡♥❞❡♥ ◆✉t③❡♥ ✉♥❞Ψ(T,XT )
❞✐❡ ❊♥❞❦♦st❡♥ ❜③✇✳ ❞❡♥ ❊♥❞♥✉t③❡♥ ❜❡③❡✐❝❤♥❡t✳

• ❉✐❡ ▼❡♥❣❡ ❛❧❧❡r ③✉❧äss✐❣❡♥ ❑♦♥tr♦❧❧♣r♦③❡ss❡ A(t, x) ∋ (us)s∈[t,T ] s✐♥❞ ♣r♦❣r❡ss✐✈
♠❡ss❜❛r❡ Pr♦③❡ss❡✱ ❞✐❡ ✐♥ ✭✸✳✶✮ ❡✐♥❡ ❡✐♥❞❡✉t✐❣❡✱ st❛r❦❡ ▲ös✉♥❣ ❛✉❢ [t, T ] ❜❡s✐t③❡♥
✉♥❞ ❢ür ❞✐❡ ✭✸✳✷✮ ✇♦❤❧❞❡✜♥✐❡rt ✐st✳

• ❉✐❡ ❲❡rt❢✉♥❦t✐♦♥ ❞❡s ❖♣t✐♠✐❡r✉♥❣s♣r♦❜❧❡♠s ✐st ❞❡✜♥✐❡rt ❞✉r❝❤

V (t, x) = sup
u∈A(t,x)

J(t, x, u).

❉❛s ❩✐❡❧ ✐st ♥✉♥ ❢ür ❡✐♥❡♥ ✈♦r❣❡❣❡❜❡♥❡♥ ❙t❛rt✇❡rt x0 ❞❡♥ ❲❡rt V (0, x0) ③✉ ❜❡r❡❝❤♥❡♥
✉♥❞ ❡✐♥❡♥ ♦♣t✐♠❛❧❡♥ ❑♦♥tr♦❧❧♣r♦③❡ss u∗ s♦ ③✉ ❡r♠✐tt❡❧♥✱ ❞❛ss ❞✐❡ ❩✐❡❧❢✉♥❦t✐♦♥❛❧❡
♠❛①✐♠✐❡rt ✇✐r❞✱ ❞❛❤❡r V (0, x0) = J(0, x0, u

∗) ❣✐❧t✳

❙❛t③ ✸✳✶ ✭❊✐♥❞❡✉t✐❣❦❡✐t ✉♥❞ ❊①✐st❡♥③ ❡✐♥❡r st❛r❦❡♥ ▲ös✉♥❣✮✳
❙❡✐ T > 0 ✉♥❞ b(·, ·) : [0, T ] × R

n → R
n✱ σ(·, ·) : [0, T ] × R

n → R
n×d ♠❡ss❜❛r❡

❋✉♥❦t✐♦♥❡♥ ❞✐❡

|b(t, x)|+ |σ(t, x)| ≤ C(1 + |x|), x ∈ R
n, t ∈ [0, T ],

❢ür ❡✐♥❡ ❑♦♥st❛♥t❡ C > 0 ❡r❢ü❧❧t ✉♥❞ s♦✱ ❞❛ss

|b(t, x)− b(t, y)|+ |σ(t, x)− σ(t, y)| ≤ D|x− y|, x, y ∈ R
n, t ∈ [0, T ],

❢ür ❡✐♥❡ ❑♦♥st❛♥t❡ D > 0 ❣✐❧t✳
❙❡✐ Z ❡✐♥❡ ❩✉❢❛❧❧s✈❛r✐❛❜❧❡✱ ❞✐❡ ✉♥❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡r ❞✉r❝❤ ❞✐❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣
(Wt)t≥0 ❡r③❡✉❣t❡ ❋✐❧tr❛t✐♦♥ F ✐st✱ ✉♥❞ ❡r❢ü❧❧t

E[|Z|2] <∞.

✶✽
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✸✳✶✳ ❉❛s st♦❝❤❛st✐s❝❤❡ ❑♦♥tr♦❧❧♣r♦❜❧❡♠

❉❛♥♥ ❜❡s✐t③t ❞✐❡ st♦❝❤❛st✐s❝❤❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣

dXt = b(t,Xt)dt+ σ(t,Xt)dWt, 0 ≤ t ≤ T, X0 = Z

❡✐♥❡ ❡✐♥❞❡✉t✐❣❡✱ st❛r❦❡ ▲ös✉♥❣ Xt✳ ❉✐❡s❡ ▲ös✉♥❣ ✐st ✐♥ t st❡t✐❣ ✉♥❞ ❛❞❛♣t✐❡rt ❛♥ ❞❡r
❞✉r❝❤ Z ✉♥❞ (Wt)t≥0 ❡r③❡✉❣t❡ ❋✐❧tr❛t✐♦♥ FZ

t ✱ ✉♥❞ ❡r❢ü❧❧t

E

[ ∫ T

0

|Xt|2dt
]

<∞.

❇❡✇❡✐s✳ ❋ür ❡✐♥❡♥ ❛✉s❢ü❤r❧✐❝❤❡♥ ❇❡✇❡✐s s✐❡❤❡ Ø❦s❡♥❞❛❧ ❬✾❪ ❚❤❡r❡♦♠ ✺✳✷✳✶✳

❉✐❡ ▲ös✉♥❣ ♥❡♥♥t ♠❛♥ ❛✉❝❤ ■tô✲❉✐✛✉s✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ❊✐♥❡ ③❡✐t✲❤♦♠♦❣❡♥❡ ■tô✲❉✐✛✉s✐♦♥ ✐st ❡✐♥ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss
Xt(ω) = X(t, ω) : [0,∞) × Ω → R

n ❞❡r ❡✐♥❡ ▲ös✉♥❣ ❡✐♥❡r st♦❝❤❛st✐s❝❤❡♥ ❉✐✛❡✲
r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❞❡r ❋♦r♠

dXt = b(Xt)dt+ σ(Xt)dWt, t ≥ s,Xs = x

✐st✱ ♠✐t ❑♦❡✣③✐❡♥t❡♥ b✱ σ ❞✐❡ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❛✉s ❙❛t③ ✸✳✶ ❡r❢ü❧❧❡♥✱ ✇♦❜❡✐ ✐♥ ❞❡♠
❋❛❧❧ ❞✐❡s❡ ✈❡r❡✐♥❢❛❝❤t ✇❡r❞❡♥ ③✉✿

|b(x)− b(y)|+ |σ(x)− σ(y)| ≤ D|x− y|, x, y ∈ R
n.

❲✐r ✇❡r❞❡♥ ✐♠ ✇❡✐t❡r❡♥ ❱❡r❧❛✉❢ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ◆♦t❛t✐♦♥❡♥ ❜❡♥✉t③❡♥✿

Et,x[Y ] = E[Y |Xt = x] s♦✇✐❡ Ex[Y ] = E0,x[Y ].

❙❛t③ ✸✳✷ ✭▼❛r❦♦✈ ❊✐❣❡♥s❝❤❛❢t ❢ür ■tô✲❉✐✛✉s✐♦♥❡♥✮✳ ❙❡✐ Xt ❡✐♥❡ ■tô✲❉✐✛✉s✐♦♥ ✉♥❞
f ❡✐♥❡ ❜❡s❝❤rä♥❦t❡ ❇♦r❡❧✲♠❡ss❜❛r❡ ❋✉♥❦t✐♦♥ f : Rn → R✱ ❞❛♥♥ ❣✐❧t✿

✶✳ ❋ür ❛❧❧❡ t, s ≥ 0 ✉♥❞ ω ∈ Ω ❣✐❧t

Ex[f(Xt+s)|Ft](ω) = EXt(ω)[f(Xs)].

✷✳ ■st τ ❡✐♥❡ ❙t♦♣♣③❡✐t✱ ♠✐t τ <∞✳ ❉❛♥♥ ❣✐❧t ❢ür ❛❧❧❡ s ≥ 0 ✉♥❞ ω ∈ Ω

Ex[f(Xτ+s)|Fτ ](ω) = EXτ (ω)[f(Xs)].

❇❡✇❡✐s✳ ❉❛ ❢ür r ≥ t

Xr(ω) = Xt(ω) +

∫ r

t

b(Xu)du+

∫ r

t

σ(Xu)dWu

✶✾
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✸✳✷✳ ❉②♥❛♠✐s❝❤❡ ❖♣t✐♠✐❡r✉♥❣

❣✐❧t✱ ❡r❤❛❧t❡♥ ✇✐r ✇❡❣❡♥ ❊✐♥❞❡✉t✐❣❦❡✐t Xr(ω) = X t,Xt
r (ω)✳ ❲✐r ❦ö♥♥❡♥ F (x, t, r, ω) =

X t,x
r (ω) ❢ür r ≥ t ❞❡✜♥✐❡r❡♥ ✉♥❞ ❡r❤❛❧t❡♥

Xr(ω) = F (Xt, t, r, ω), r ≥ t.

❲✐r ♠❡r❦❡♥ ❛♥✱ ❞❛ss ω → F (x, t, r, ω) ✉♥❛❜❤ä♥❣✐❣ ✈♦♥ Ft ✐st✳ ❲✐r ❦ö♥♥❡♥ ❛❧s♦

E[f(F (Xt, t, t+ h, ω))|Ft] = E[f(F (x, 0, h, ω))]x=Xt
✭✸✳✸✮

s❝❤r❡✐❜❡♥✳ ❲✐r ❜❡tr❛❝❤t❡♥ g(x, ω) = f ◦F (x, t, t+h, ω)✱ ❞✐❡ ❛✉❢❣r✉♥❞ ❩✉s❛♠♠❡♥s❡t✲
③✉♥❣ ♠❡ss❜❛r❡r ❋✉♥❦t✐♦♥❡♥ ♠❡ss❜❛r ✐st✳ ▼❛♥ ❦❛♥♥ g ❞✉r❝❤ ❡✐♥❡ ❋✉♥❦t✐♦♥ ♣✉♥❦t✇❡✐s❡
❜❡s❝❤rä♥❦t ❛♣♣r♦①✐♠✐❡r❡♥ ✐♥ ❋♦r♠ ✈♦♥

m∑

k=1

φk(x)ψk(ω).

◆✉t③❡♥ ✇✐r ❞✐❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡s ❜❡❞✐♥❣t❡♥ ❊r✇❛rt✉♥❣s✇❡rt❡s✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r

E[g(Xt, ω)|Ft] = E

[

lim
∑

φk(Xt)ψk(ω)|Ft

]

= lim
∑

φk(Xt)E[ψk(ω)|Ft]

= lim
∑

E[φk(y)ψk(ω)|Ft]y=Xt

= E[g(y, ω)|Ft]y=Xt
= E[g(y, ω)]y=Xt

.

❉❛ Xt ③❡✐t❤♦♠♦❣❡♥ ✐st✱ ❣✐❧t

E[f(F (Xt, t, t+ h, ω))|Ft] = E[f(F (y, t, t+ h, ω))]y=Xt

= E[f(F (y, 0, h, ω))]y=Xt
,

✇❛s ❣❧❡✐❝❤ ✭✸✳✸✮ ✐st ✉♥❞ ✇♦♠✐t ❞✐❡ ✶✳ ❇❡❤❛✉♣t✉♥❣ ❜❡✇✐❡s❡♥ ✐st✳
❋ür ❞✐❡ ✷✳ ❇❡❤❛✉♣t✉♥❣ s✐❡❤❡ Ø❦s❡♥❞❛❧ ❬✾❪ ❚❤❡♦r❡♠ ✼✳✷✳✹✳

✸✳✷ ❉②♥❛♠✐s❝❤❡ ❖♣t✐♠✐❡r✉♥❣

❙❡✐ ❡✐♥❡ st♦❝❤❛st✐s❝❤❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❞❡r ❢♦❧❣❡♥❞❡♥ ❋♦r♠ ❣❡❣❡❜❡♥✿

dXt = b(t,Xt, ut)dt+ σ(t,Xt, ut)dWt,

❉✐❡ ❑♦❡✣③✐❡♥t❡♥ ❡r❢ü❧❧❡♥ ③✉❞❡♠ ❞✐❡ ▲✐♣s❝❤✐t③✲st❡t✐❣❦❡✐t ✉♥❞ ❲❛❝❤st✉♠s❜❡❞✐♥❣✉♥❣✱
s♦❞❛ss ❞✐❡ ❡✐♥❞❡✉t✐❣❡ st❛r❦❡ ▲ös✉♥❣ ❞❡r ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❡✐♥❡ ■tô✲❉✐✛✉s✐♦♥ ✐st✳
❲✐r ❜❡③❡✐❝❤♥❡♥ ❛✉ÿ❡r❞❡♠ a(t, x) := σ(t, x)2 ❛❧s ❉✐✛✉s✐♦♥s❦♦❡✣③✐❡♥t ✈♦♥ ❳✳

❉❡✜♥✐t✐♦♥ ✸✳✷✳ ❉❡r ✐♥✜♥✐t❡s✐♠❛❧❡ ●❡♥❡r❛t♦r ❡✐♥❡r ■tô✲❉✐✛✉s✐♦♥ X ✐st ❞❡✜♥✐❡rt
❞✉r❝❤

Lf(s, x) := lim
t→s

Es,x[f(t,Xt)]− f(s, x)

t− s
, ❢ür ❛❧❧❡ s ≥ 0, x ∈ R

n,

♠✐t ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤DL := {f : [0,∞)×R
n → R | Lf(s, x) ❡①✐st✐❡rt ❢ür ❛❧❧❡ s ✉♥❞ ①}✳

✷✵
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✸✳✷✳ ❉②♥❛♠✐s❝❤❡ ❖♣t✐♠✐❡r✉♥❣

❉❡✜♥✐t✐♦♥ ✸✳✸✳ ❉❡r ♣❛rt✐❡❧❧❡ ❉✐✛❡r❡♥t✐❛❧♦♣❡r❛t♦r ✐st ❞❡✜♥✐❡rt ❞✉r❝❤

L :=
∂

∂t
+

n∑

i=1

bi(t, x)
∂

∂xi
+

1

2

n∑

i,j=1

aij(t, x)
∂2

∂xi∂xj

♠✐t ❉❡✜♥✐t✐♦♥s♠❡♥❣❡

C1,2 :=
{

f : [0,∞)× R
n → R

∣
∣
∣
∂f

∂t
,
∂2f

∂xi∂xj
s✐♥❞ st❡t✐❣ ❢ür i, j = 1, ..., n

}

.

❉❡r ♣❛rt✐❡❧❧❡ ❉✐✛❡r❡♥t✐❛❧♦♣❡r❛t♦r ❡r❢ü❧❧t

Lf(t, x) := ft(t, x) + b(t, x)Dxf(t, x) +
1

2
tr(a(t, x)Dxxf(t, x)),

✇♦❜❡✐ Dxf(t, x) ❞❡♥ ●r❛❞✐❡♥t❡♥ ✈♦♥ f(t, x) ♥♦t✐❡rt ✉♥❞ Dxxf(t, x) ❞✐❡ ❍❡ss❡✲▼❛tr✐①
✈♦♥ f(t, x) ❜❡③❡✐❝❤♥❡t✳

❙❛t③ ✸✳✸✳ ❙❡✐ f ∈ C1,2✱ T ≥ t ✉♥❞ ❡s ❣❡❧t❡♥

Et,x

[ ∫ T

t

|Lf(s,Xs)|ds
]

<∞, ✭✸✳✹✮

Et,x

[ ∫ T

t

‖Dxf(s,Xs)σ(s,Xs)‖2ds
]

<∞. ✭✸✳✺✮

❉❛♥♥ ❣✐❧t✿ f ∈ DL ✉♥❞ Lf(t, x) = Lf(t, x)✳
❇❡✇❡✐s✳ ▼❛♥ ✇❡♥❞❡ ❞✐❡ ■tô✲❋♦r♠❡❧ ❛✉❢ f(s,Xs) ✐♥ ❞❡r ❉❡✜♥✐t✐♦♥ ❞❡s ✐♥✜♥✐t❡s✐♠❛❧❡♥
●❡♥❡r❛t♦rs ❛♥✳ ▼✐t ✭✸✳✹✮ ✉♥❞ ✭✸✳✺✮ ✐st ❞✐❡ ❊①✐st❡♥③ ❛❧❧❡r ■♥t❡❣r❛❧❡ s♦✇✐❡ ❞✐❡ ❱❡r✲
t❛✉s❝❤❜❛r❦❡✐t ✈♦♥ ❊r✇❛rt✉♥❣s✇❡rt ✉♥❞ ●r❡♥③ü❜❡r❣ä♥❣❡ ❣❛r❛♥t✐❡rt✳ ❉✐❡ ❇❡❤❛✉♣t✉♥❣
❢♦❧❣t ❞❛♥♥ ✉♥♠✐tt❡❧❜❛r✳

❙❛t③ ✸✳✹ ✭❉②♥❦✐♥✲❋♦r♠❡❧✮✳ ❙❡✐ f ∈ C1,2 ♠✐t ❦♦♠♣❛❦t❡♠ ❚rä❣❡r ✉♥❞ τ ❡✐♥❡ ❙t♦♣♣③❡✐t✱
♠✐t Ex[τ ] <∞✳ ❉❛♥♥ ❣✐❧t

Ex[f(τ,Xτ )] = f(0, x) + Ex

[ ∫ τ

0

Lf(s,Xs)ds
]

.

❇❡✇❡✐s✳ ❲✐r ✇❡♥❞❡♥ ❞✐❡ ■tô✲❋♦r♠❡❧ ❛✉❢ f(τ ∧ n,Xτ∧n) ❢ür ❡✐♥ ❢❡st❡s n ∈ N ❛♥✱ ❛❧s♦

f(τ ∧ n,Xτ∧n) = f(0, x) +

∫ τ∧n

0

Lf(s,Xs)ds+

∫ τ∧n

0

σ(s,Xs)Dxf(s,Xs)dWs.

✭✸✳✻✮

❲❡♥❞❡♥ ✇✐r ❞❡♥ ❊r✇❛rt✉♥❣s✇❡rt ❛♥✱ ❞❛♥♥ ❢ä❧❧t ❞❡r r❡❝❤t❡ ❙✉♠♠❛♥❞ ✐♥ ✭✸✳✻✮ ✇❡❣✱
✇❡✐❧ f ∈ C1,2 ♠✐t ❦♦♠♣❛❦t❡♠ ❚rä❣❡r ✉♥❞ ✇✐r ❡r❤❛❧t❡♥✿

Ex[f(τ ∧ n,Xτ∧n)] = f(0, x) + Ex

[ ∫ τ∧n

0

Lf(s,Xs)ds
]

. ✭✸✳✼✮

❉✉r❝❤ ❆❜s❝❤ät③✉♥❣ ❞❡s r❡❝❤t❡♥ ❊r✇❛rt✉♥❣s✇❡rt❡s ✐♥ ✭✸✳✼✮ ✉♥❞ ✇❡❣❡♥ ❙❛t③ ✈♦♥ ❞❡r
❞♦♠✐♥✐❡rt❡♥ ❑♦♥✈❡r❣❡♥③ ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳

✷✶
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✸✳✷✳ ❉②♥❛♠✐s❝❤❡ ❖♣t✐♠✐❡r✉♥❣

❩✉r ❍❡r❧❡✐t✉♥❣ ❞❡r ❍❏❇✲●❧❡✐❝❤✉♥❣ ❞✐❡♥t ✉♥s ❞❛s ❇❡❧❧♠❛♥♥✲Pr✐♥③✐♣✳ ❉❛s Pr✐♥③✐♣ s❛❣t
❛✉s✱ ❞❛ss ✇❡♥♥ ♠❛♥ s✐❝❤ ♦♣t✐♠❛❧ ✐♠ ■♥t❡r✈❛❧❧ [t, t1] ✈❡r❤ä❧t ✉♥❞ ❛✉❝❤ ♥❛❝❤ t1 ♦♣t✐♠❛❧
❤❛♥❞❡❧t✱ ❞❛♥♥ ❢ü❤rt ❞✐❡s ③✉ ❡✐♥❡♠ ❣❧♦❜❛❧❡♥ ❖♣t✐♠✉♠✳ ❉❛s ❇❡❧❧♠❛♥♥✲Pr✐♥③✐♣ ✇✐r❞
s♦♠✐t ❢♦❧❣❡♥❞❡r♠❛ÿ❡♥ ❢♦r♠✉❧✐❡rt✿

V (t, x) = sup
u∈A(t,x)

Et,x

[ ∫ t1

t

ϕ(s,Xu
s , us)ds+ V (t1, X

u
t1
)
]

, ❢ür t1 ≥ t. ✭✸✳✽✮

❲✐r s❡t③❡♥ ✈♦r❛✉s✱ ❞❛ss ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥ ❣❧❛tt ❣❡♥✉❣ ✐st✱ ❛❧s♦ V (t, x) ∈ C1,2✳ ❲❡♥❞❡♥
✇✐r ❞✐❡ ■tô✲❋♦r♠❡❧ ❛✉❢ V (t1, Xt1) ❛♥✱ ❞❛♥♥ ❢♦❧❣t

V (t1, X
u
t1
) =V (t, x) +

∫ t1

t

(

Vt(s,X
u
s ) + b(s,Xu

s , us)DxV (s,Xu
s )+

1

2
tr(a(s,Xu

s , us)DxxV (s,Xu
s ))

)

ds+

∫ t1

t

DxV (s,Xu
s , us)dWs.

■♠ ♥ä❝❤st❡♥ ❙❝❤r✐tt ✇✐r❞ V (t1, X
u
t1
) ✐♥ ✭✸✳✽✮ ❡✐♥❣❡s❡t③t ✉♥❞ ✇❡✐❧ ✇✐r ❛♥♥❡❤♠❡♥✱ ❞❛ss

∫ t1

t

Vx(s,X
u
s )σ(s,X

u
s , us)dWs

❢ür t1 > t ❡✐♥ ▼❛rt✐♥❣❛❧ ✐st ✉♥❞ ❞❛❤❡r ✉♥t❡r ❞❡♠ ❊r✇❛rt✉♥❣s✇❡rt ◆✉❧❧ ✇✐r❞✱ ❣✐❧t

V (t, x) = sup
u∈A(t,x)

Et,x

[ ∫ t1

t

ϕ(s,Xu
s , us)ds+ V (t, x) +

∫ t1

t

(

Vt(s,X
u
s )+

b(s,Xu
s , us)DxV (s,Xu

s ) +
1

2
tr(a(s,Xu

s , us)DxxV (s,Xu
s ))

)

ds
]

▼❛♥ ❞✐✈✐❞✐❡r❡ ❞✉r❝❤ (t1− t) ✉♥❞ ❜✐❧❞❡ ❞❡♥ ●r❡♥③✇❡rt lim
t1→t

✱ ✉♥t❡r ❞❡r ❆♥♥❛❤♠❡✱ ❞❛ss

❱❡rt❛✉s❝❤✉♥❣❡♥ ❡r❧❛✉❜t s✐♥❞✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣✿

0 = sup
u∈U

{ϕ(t, x, u) + Vt(t, x) + b(t, x, u)DxV (t, x) +
1

2
tr(a(t, x, u)DxxV (t, x))}.

▼✐t LuV (t, x) := Vt(t, x) + b(t, x, u)DxV (t, x) + 1
2
tr(a(t, x, u)DxxV (t, x)) ❢♦❧❣t ❡✐♥❡

✈❡r❡✐♥❢❛❝❤t❡ ❉❛rst❡❧❧✉♥❣ ❞❡r ❍❏❇✲●❧❡✐❝❤✉♥❣✿

0 = sup
u∈U

{ϕ(t, x, u) + LuV (t, x)}. ✭✸✳✾✮

❩✉r ❇❡st✐♠♠✉♥❣ ❡✐♥❡s ♦♣t✐♠❛❧❡♥ ❑♦♥tr♦❧❧♣r♦③❡ss❡s u∗ ✇✐r❞ ❢♦❧❣❡♥❞❡r ❆❜❧❛✉❢ ❜❡❢♦❧❣t✿

✶✳ ▼❛♥ ❜❡st✐♠♠❡ ❞❛s ▼❛①✐♠✉♠ u = û(t, x) ✐♥ ✭✸✳✾✮✳ ❊①✐st✐❡rt ❞✐❡s❡✱ ❞❛♥♥ st❡❤t
s✐❡ ✐♥ ❆❜❤ä♥❣✐❣❦❡✐t ✈♦♥ Vt✱Vx✱ ✉♥❞ Vxx✱ ❞❛❤❡r ❣✐❧t

û(t, x) = ũ(t, x, Vt(t, x), Vx(t, x), Vxx(t, x)).

✷✳ ❙❡t③❡♥ ✇✐r ❞❛s u ❛✉s ✶✳ ✐♥ ✭✸✳✾✮ ❡✐♥✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❡✐♥❡ ♣❛rt✐❡❧❧❡ ❉✐✛❡✲
r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❢ür V (·, ·) ♠✐t ❘❛♥❞❜❡❞✐♥❣✉♥❣ V (T, x) = Ψ(T, x)✳ ❉✐❡ ▲ös✉♥❣
❞✐❡s❡ ❘❛♥❞✇❡rt♣r♦❜❧❡♠s st❡❧❧t ❞✐❡ ♠ö❣❧✐❝❤❡♥ ❑❛♥❞✐❞❛t❡♥ ❢ür ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥
❞❡s ❖♣t✐♠✐❡r✉♥❣s♣r♦❜❧❡♠s ❞❛r✳

✷✷
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✸✳✸✳ ❉❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠

✸✳✸ ❉❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠

■♠ ✈♦r✐❣❡♥ ❆❜s❝❤♥✐tt ✇✉r❞❡ ❣❡③❡✐❣t✱ ❞❛ss V (t, x) ✉♥t❡r ❜❡st✐♠♠t❡♥ ❆♥♥❛❤♠❡♥
❞✐❡ ▲ös✉♥❣ ❞❡r ❍❏❇✲●❧❡✐❝❤✉♥❣ ✐st✳ ❉❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠ s♦❧❧ ❞✐❡ ❋r❛❣❡ ❜❡❛♥t✲
✇♦rt❡♥✱ ✉♥t❡r ✇❡❧❝❤❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ❡✐♥❡ ▲ös✉♥❣ ❞❡r ❍❏❇✲●❧❡✐❝❤✉♥❣ ❞✐❡ ❣❡s✉❝❤t❡
❲❡rt❢✉♥❦t✐♦♥ ✐st✳
❲✐r ❜❡tr❛❝❤t❡♥ ❤✐❡r❜❡✐ ❞✐❡ ❆✉s❣❛♥❣ss✐t✉❛t✐♦♥ ✇✐❡ ✐♥ ❆❜s❝❤♥✐tt ✸✳✶✱ ❛❧s♦

dXs = b(t,Xs, us)ds+ σ(t,Xs, us)dWs, ♠✐t X0 = x, ✭✸✳✶✵✮

J(t, x, u) = E

[ ∫ T

t

ϕ(s,Xs, us)ds+Ψ(T,XT )
∣
∣
∣ Xt = x

]

, ✉♥❞

V (t, x) = sup
u∈A(t,x)

J(t, x, u).

❲✐r ❜❡st✐♠♠❡♥ ♥♦❝❤ ✇❡❧❝❤❡ ❇❡❞✐♥❣✉♥❣❡♥ ❞✐❡ ▼❡♥❣❡ ❛❧❧❡r ③✉❧äss✐❣❡♥ ❑♦♥tr♦❧❧♣r♦✲
③❡ss❡ A(t, x) ❡r❢ü❧❧❡♥ ♠✉ss✿

✶✳ ❉❡r ❑♦♥tr♦❧❧♣r♦③❡ss u = (us)s∈[t,T ] ✐st ♣r♦❣r❡ss✐✈ ♠❡ss❜❛r✱ ♠✐t

E

[ ∫ T

t

‖us‖2ds
]

<∞.

✷✳ ❉✐❡ st♦❝❤❛st✐s❝❤❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ✐♥ ✭✸✳✶✵✮ ❜❡s✐t③t ❢ür ❛❧❧❡ u ∈ A(t, x)
❡✐♥❡ ❡✐♥❞❡✉t✐❣❡ st❛r❦❡ ▲ös✉♥❣ Xt ♠✐t Xt = x ✉♥❞

E

[

sup
t≤s≤T

‖Xs‖2
]

<∞.

✸✳ ❉❛s ❩✐❡❧❢✉♥❦t✐♦♥❛❧ J(t, x, u) ✐st ✇♦❤❧❞❡✜♥✐❡rt✳

❙❛t③ ✸✳✺ ✭❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠✮✳ ❙❡✐ ϕ(·, ·, ·) st❡t✐❣ ✉♥❞ ❡①✐st✐❡r❡♥ ❑♦♥st❛♥t❡♥ Cϕ, Cσ >
0 s♦✱ ❞❛ss

|ϕ(t, x, u)| ≤ Cϕ(1 + ‖x‖2 + ‖u‖2), und
‖σ(t, x, u)‖2 ≤ Cσ(1 + ‖x‖2 + ‖u‖2)

❢ür ❛❧❧❡ t ≥ 0✱ x ∈ R ✉♥❞ u ∈ U ✳ ❉❛♥♥ ❣✐❧t✿

✶✳ ❙❡✐ Φ ∈ C1,2([0, T ] × R
n) ♠✐t |Φ(t, x)|2 ≤ CΦ(1 + |x|2) ❢ür ❡✐♥❡ ❑♦♥st❛♥t❡

CΦ > 0✳ ❉❡s ❲❡✐t❡r❡♥ ❡r❢ü❧❧t Φ ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣

sup
u∈U

{ϕ(t, x, u) + LuΦ(t, x)} = 0, ❢ür t ∈ [0, T ], x ∈ R ✭✸✳✶✶✮

♠✐t

Φ(T, x) = Ψ(T, x), ❢ür x ∈ R.

❉❛♥♥ ❣✐❧t✿

Φ(t, x) ≥ V (t, x)

❢ür ❛❧❧❡ t ∈ [0, T ] ✉♥❞ x ∈ R✳

✷✸
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✸✳✸✳ ❉❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠

✷✳ ❊①✐st✐❡rt ③✉sät③❧✐❝❤ ❡✐♥❡ ❋✉♥❦t✐♦♥ û(t, x) ❞✐❡ ❞✐❡ ❆❜❜✐❧❞✉♥❣ u 7→ ϕ(t, x, u) +
LuΦ(t, x) ♠❛①✐♠✐❡rt ✉♥❞ ❞❡r ❢ür ❡✐♥❡♥ ③✉❧äss✐❣❡♥ ❑♦♥tr♦❧❧♣r♦③❡ss u∗ = (u∗t )t∈[0,T ]

u∗t = û(t,X∗
t ) ❡r❢ü❧❧t✱ ❞❛♥♥ ❣✐❧t✿

Φ(t, x) = V (t, x), ❢ür ❛❧❧❡ t ∈ [0, T ], x ∈ R.

❉❛❜❡✐ ✐st u∗ ❞✐❡ ♦♣t✐♠❛❧❡ ❙tr❛t❡❣✐❡✱ ❞❛❤❡r V (t, x) = J(t, x, u∗)✱ ✉♥❞ X∗
t ✐st ❞✐❡

▲ös✉♥❣ ✈♦♥ ✭✸✳✶✵✮ ❢ür ❞❡♥ ❑♦♥tr♦❧❧♣r♦③❡ss u∗✳

❇❡✇❡✐s✳ ❙❡✐ u ∈ A(t, x) ❜❡❧✐❡❜✐❣ ✉♥❞ τn := inf{s ≥ t : ‖Xs −Xt‖ = n} ∧ T ❢ür ❡✐♥
❢❡st❡s t ∈ [0, T ]✱ n ∈ N✳
❲❡♥❞❡♥ ✇✐r ❞✐❡ ■tô✲❋♦r♠❡❧ ♠✐t Xt = x ❛♥✱ s♦ ❢♦❧❣t✿

Φ(τn, Xτn) = Φ(t, x) +

∫ τn

t

LusΦ(s,Xs)ds+

∫ τn

t

σ(s,Xs, us)DxΦ(s,Xs)dWs.

❲❡❣❡♥ ❞❡r ❩✉❧äss✐❣❦❡✐t ✈♦♥ u✱ ❙t❡t✐❣❦❡✐t ✈♦♥ Φ ✉♥❞ ❞❡r ❇❡s❝❤rä♥❦t❤❡✐t ✈♦♥ X ❛✉❢
[t, τn] ❣✐❧t Et,x[

∫ τn
t

‖σ(s,Xs, us)DxΦ(s,Xs)‖2ds] <∞ ✉♥❞ ❞❛♠✐t ❢♦❧❣t

Et,x

[ ∫ τn

t

σ(s,Xs, us)DxΦ(s,Xs)dWs

]

= 0.

❲❡✐❧ Φ ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ❡r❢ü❧❧t ✉♥❞ us ∈ U ❢ür s ∈ [t, T ]✱ ❣✐❧t

Et,x

[ ∫ τn

t

ϕ(s,Xs, us)ds+ Φ(τn, Xτn)
]

= Et,x

[ ∫ τn

t

ϕ(s,Xs, us)ds+ Φ(t, x) +

∫ τn

t

LusΦ(s,Xs)ds
]

= Φ(t, x) + Et,x

[ ∫ τn

t

(ϕ(s,Xs, us) + LusΦ(s,Xs))
︸ ︷︷ ︸

≤0

ds
]

≤ Φ(t, x). ✭✸✳✶✷✮

❉✐❡ ❆❜s❝❤ät③✉♥❣ ✐♠ ✈♦r❧❡t③t❡♥ ❚❡r♠ ✐♥ ✭✸✳✶✷✮ ❢♦❧❣t ❛✉s ✭✸✳✶✶✮✳ ❋ür n → ∞ ❡r❤❛❧✲
t❡♥ ✇✐r τn → T ✳ ❉✐❡ q✉❛❞r❛t✐s❝❤❡ ❲❛❝❤st✉♠s❜❡❞✐♥❣✉♥❣ ✈♦♥ ϕ ✉♥❞ Φ s♦✇✐❡ ❞✐❡
❩✉❧äss✐❣❦❡✐t ✈♦♥ u ✐♠♣❧✐③✐❡rt

∣
∣
∣
∣
∣

∫ τn

t

ϕ(s,Xs, us)ds+ Φ(τn, Xτn)

∣
∣
∣
∣
∣

≤
∫ T

t

Cϕ(1 + ‖Xs‖2 + ‖us‖2)ds+ CΦ(1 + ‖XT‖2) ∈ L1.

❲❡❣❡♥ ❙❛t③ ✈♦♥ ❞❡r ❞♦♠✐♥✐❡rt❡♥ ❑♦♥✈❡r❣❡♥③ ✉♥❞ ❙t❡t✐❣❦❡✐t ✈♦♥ Φ ❣✐❧t ❢ür n→ ∞✿

Et,x

[ ∫ τn

t

ϕ(s,Xs, us)ds+ Φ(τn, Xτn)
]

→ J(t, x, u).

▼✐t ✭✸✳✶✷✮ ❣✐❧t J(t, x, u) ≤ Φ(t, x) ✉♥❞ ♠✐t ❙✉♣r❡♠✉♠s❜✐❧❞✉♥❣ ❣✐❧t ❧❡t③t❡♥❞❧✐❝❤
V (t, x) ≤ Φ(t, x)✳ ❉❛♠✐t ✐st ❞✐❡ ✶✳ ❇❡❤❛✉♣t✉♥❣ ❜❡✇✐❡s❡♥✳
❋ür ❞❡♥ ❇❡✇❡✐s ❞❡r ✷✳ ❇❡❤❛✉♣t✉♥❣ ❦ö♥♥❡♥ ✇✐r ✐♥ ❞❡r ✭✸✳✶✷✮ ❡✐♥ ▼❛①✐♠✉♠ û(t, x) ❜❡✲
st✐♠♠❡♥ ✉♥❞ ❛♥♥❡❤♠❡♥✱ ❞❛ss ❞❡r ❑♦♥tr♦❧❧♣r♦③❡ss u∗t = û(t, x) ❞✉r❝❤ ❞❛s ▼❛①✐♠✉♠
❞❡✜♥✐❡rt ✐st✳ ❉❛♠✐t ❢♦❧❣t J(t, x, u∗) = V (t, x) = Φ(t, x)✳

✷✹
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✸✳✸✳ ❉❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠

❊r✇❡✐t❡r♥ ✇✐r ❞✐❡ ❇❡tr❛❝❤t✉♥❣ ❛✉❢ ❡✐♥❡♥ ✉♥❡♥❞❧✐❝❤❡♥ ❩❡✐t❤♦r✐③♦♥t ✉♥❞ ♥❡❤♠❡♥ ❛♥✱
❞❛ss ❞✐❡ ❧❛✉❢❡♥❞❡♥ ❑♦st❡♥ ϕ(Xt, ut) s♦✇✐❡ ❞✐❡ ❑♦❡✣③✐❡♥t❡♥ b(Xt, ut)✱ σ(Xt, ut) ❞❡s
❩✉st❛♥❞s♣r♦③❡ss❡s ♥✐❝❤t ✈♦♥ ❞❡r ❩❡✐t ❛❜❤ä♥❣❡♥✳ ❉❛♥♥ s❝❤r❡✐❜❡♥ ✇✐r ❢ür ❞❡♥ ❩✉✲
st❛♥❞s♣r♦③❡ss ❞✐❡ st♦❝❤❛st✐s❝❤❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ✐♥ ❋♦r♠ ✈♦♥

dXt = b(Xt, ut)dt+ σ(Xt, ut)dWt ♠✐t X0 = x. ✭✸✳✶✸✮

❉❡r ♣❛rt✐❡❧❧❡ ❉✐✛❡r❡♥t✐❛❧♦♣❡r❛t♦r Lu ❧ässt s✐❝❤ ❞❛♥♥ ✈❡r❡✐♥❢❛❝❤❡♥ ③✉

Luf(x) := b(x, u)Dxf(x) +
1

2
tr(a(x, u)Dxxf(x)).

❉❛s ❩✐❡❧❢✉♥❦t✐♦♥❛❧ s✐❡❤t ❞❛♥♥ ❢♦❧❣❡♥❞❡r♠❛ÿ❡♥ ❛✉s✿

J(x, u) = E

[ ∫ ∞

0

e−βtϕ(Xt, ut)dt
]

♠✐t ❩✐♥s✐♥t❡♥s✐tät β > 0✳ ❉❡s ❲❡✐t❡r❡♥ s❡✐ A(x) ❞✐❡ ▼❡♥❣❡ ❞❡r ③✉❧äss✐❣❡♥ ❑♦♥tr♦❧❧✲
♣r♦③❡ss❡✱ ✇❛s ✉♥s ③✉r ❲❡rt❢✉♥❦t✐♦♥ ❢ü❤rt✿

V (x) = sup
u∈A(x)

J(x, u).

❉✐❡ ▼❡♥❣❡ ❞❡r ③✉❧äss✐❣❡♥ ❑♦♥tr♦❧❧♣r♦③❡ss❡ A(x) ❡r❢ü❧❧❡♥ ❞✐❡ss❡❧❜❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ✇✐❡
A(t, x) ❢ür ❞❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠ ✐♠ ❡♥❞❧✐❝❤❡♥ ❩❡✐t❤♦r✐③♦♥t✳

❙❛t③ ✸✳✻ ✭❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠✮✳ ❙❡✐ ϕ(·, ·) st❡t✐❣ ✉♥❞ ❡①✐st✐❡r❡♥ ❑♦♥st❛♥t❡♥ Cϕ, Cσ >
0 s♦✱ ❞❛ss

|ϕ(x, u)| ≤ Cϕ(1 + ‖x‖2 + ‖u‖2), und
‖σ(x, u)‖2 ≤ Cσ(1 + ‖x‖2 + ‖u‖2)

❢ür ❛❧❧❡ x ∈ R ✉♥❞ u ∈ U ✳ ❉❛♥♥ ❣✐❧t✿

✶✳ ❙❡✐ Φ ∈ C2(Rn) ♠✐t |Φ(x)|2 ≤ CΦ(1 + |x|2) ❢ür ❡✐♥❡ ❑♦♥st❛♥t❡ CΦ > 0✳ ❉❡s
❲❡✐t❡r❡♥ ❡r❢ü❧❧t Φ ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣

sup
u∈U

{ϕ(x, u) + LuΦ(x)− δΦ(x)} = 0, ❢ür x ∈ R ✭✸✳✶✹✮

♠✐t

lim
T→∞

E[e−δTΦ(x)] = 0. ✭✸✳✶✺✮

❉❛♥♥ ❣✐❧t✿

Φ(x) ≥ V (x)

❢ür ❛❧❧❡ x ∈ R✳

✷✺
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✸✳✸✳ ❉❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠

✷✳ ❊①✐st✐❡rt ③✉sät③❧✐❝❤ ❡✐♥❡ ❋✉♥❦t✐♦♥ û(x) ❞✐❡ ✭✸✳✶✹✮ ♠❛①✐♠✐❡rt ✉♥❞ ❞❡r ❢ür ❡✐♥❡♥
③✉❧äss✐❣❡♥ ❑♦♥tr♦❧❧♣r♦③❡ss u∗ = (u∗t )t≥0 u

∗
t = û(X∗

t ) ❡r❢ü❧❧t✱ ❞❛♥♥ ❣✐❧t✿

Φ(x) = V (x), ❢ür ❛❧❧❡ x ∈ R.

❉❛❜❡✐ ✐st u∗ ✐st ❞✐❡ ♦♣t✐♠❛❧❡ ❙tr❛t❡❣✐❡✱ ❞❛❤❡r V (x) = J(x, u∗)✱ ✉♥❞ X∗
t ✐st ❞✐❡

▲ös✉♥❣ ❞❡r ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ✭✸✳✶✸✮ ✈❡rs❡❤❡♥ ♠✐t ❞❡♠ ❑♦♥tr♦❧❧♣r♦③❡ss u∗✳

❇❡✇❡✐s✳ ❲✐r ✇❡r❞❡♥ ③✉❡rst ❞❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠ ❢ür ❡✐♥❡♥ ❡♥❞❧✐❝❤❡♥ ❩❡✐t❤♦r✐✲
③♦♥t T > 0 ❛♥✇❡♥❞❡♥✳ P❡r ●r❡♥③ü❜❡r❣❛♥❣ T → ∞ ❢ü❤r❡♥ ✇✐r ❛✉❢ ❞❡♥ ❋❛❧❧ ✐♠
✉♥❡♥❞❧✐❝❤❡♥ ❩❡✐t❤♦r✐③♦♥t ü❜❡r✳

❙❡✐ Φ̂(t, x) = e−δtΦ(x) s♦✇✐❡ ϕ̂(t, x, u) = e−δtϕ(x, u) ✉♥❞ s❡t③❡♥ ❞✐❡s❡ ✐♥ ❞✐❡ ❍❏❇✲
●❧❡✐❝❤✉♥❣ ✭✸✳✾✮ ❡✐♥✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r

sup
u∈U

{

e−δtϕ(x) + e−δtLuΦ(x)− e−δtδΦ(x)
}

.

❉✐✈✐❞✐❡r❡♥ ✇✐r ❞✉r❝❤ e−δt s♦ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❣❡s✉❝❤t❡ ❍❏❇✲●❧❡✐❝❤✉♥❣

sup
u∈U

{ϕ(x, u) + LuΦ(x)− δΦ(x)} = 0. ✭✸✳✶✻✮

❲❡♥❞❡♥ ✇✐r ♥✉♥ ❞✐❡ ■tô✲❋♦r♠❡❧ ❛✉❢ e−δTΦ(XT ) ♠✐t X0 = x ❛♥✱ s♦ ❢♦❧❣t

e−δTΦ(XT ) =Φ(x) +

∫ T

0

(

e−δsLusΦ(Xs)− δe−δsΦ(Xs)
)

ds

+

∫ T

0

e−δsσ(Xs, us)DxΦ(Xs)dWs. ✭✸✳✶✼✮

❯♥t❡r ❞❡♥ s❡❧❜❡♥ ❆r❣✉♠❡♥t❡♥ ✇✐❡ ✐♠ ❇❡✇❡✐s ✈♦♥ ❙❛t③ ✸✳✺ ❧❛ss❡♥ ✇✐r ❞❛s st♦❝❤❛s✲
t✐s❝❤❡ ■♥t❡❣r❛❧ ✈❡rs❝❤✇✐♥❞❡♥✳ ❲❡✐❧ Φ(x) ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ❡r❢ü❧❧t ✉♥❞ u ∈ U ❢ür
s ∈ [0, T ]✱ ❣✐❧t

Ex

[ ∫ T

0

e−δtϕ(Xt, ut)dt+ e−δTΦ(XT )
]

= Ex

[ ∫ T

0

e−δtϕ(Xt, ut)dt+ Φ(x) +

∫ T

0

(

e−δtLutΦ(Xt)− δe−δtΦ(Xt)
)

dt
]

= Φ(x) + Ex

[ ∫ T

0

e−δt
(

ϕ(Xt, ut) + LutΦ(Xt)− δΦ(Xt)
︸ ︷︷ ︸

≤0

)

dt
]

≤ Φ(x). ✭✸✳✶✽✮

❉✐❡ ❆❜s❝❤ät③✉♥❣ ✐♠ ✈♦r❧❡t③t❡♥ ❚❡r♠ ✐♥ ✭✸✳✶✽✮ ❢♦❧❣t ✇❡❣❡♥ ✭✸✳✶✻✮✳ ▲❛ss❡♥ ✇✐r ♥✉♥
T → ∞ ❧❛✉❢❡♥ ✉♥❞ ❜❡❛❝❤t❡♥✱ ❞❛ss ✭✸✳✶✺✮ ❣✐❧t ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ✐♥s❣❡s❛♠t

✷✻
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✸✳✸✳ ❉❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠

Ex

[ ∫ ∞

0

e−δtϕ(Xt, ut)dt
]

= J(x, u) ≤ Φ(x).

❇✐❧❞❡♥ ✇✐r ❞❛s ❙✉♣r❡♠✉♠ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❇❡❤❛✉♣t✉♥❣ V (x) ≤ Φ(x)✳
❋ür ❞❡♥ ❇❡✇❡✐s ❞❡r ✷✳ ❇❡❤❛✉♣t✉♥❣ ❦ö♥♥❡♥ ✇✐r ✐♥ ✭✸✳✶✷✮ ❡✐♥ ▼❛①✐♠✉♠ û(t, x) ❜❡✲
st✐♠♠❡♥ ✉♥❞ ❛♥♥❡❤♠❡♥✱ ❞❛ss ❞❡r ❑♦♥tr♦❧❧♣r♦③❡ss u∗t = û(t, x) ❞✉r❝❤ ❞❛s ▼❛①✐♠✉♠
❞❡✜♥✐❡rt ✐st✳ ❙♦♠✐t ❢♦❧❣t ✐♥s❣❡s❛♠t J(x, u∗) = V (x) = Φ(t, x)✳ ❉❛♠✐t ✐st ❞❡r ❙❛t③
❜❡✇✐❡s❡♥✳

✷✼
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❑❛♣✐t❡❧ ✹

❖♣t✐♠❛❧❡ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ✐♠

❉✐✛✉s✐♦♥s♠♦❞❡❧❧

❉❡r ■♥❤❛❧t ❞✐❡s❡s ❑❛♣✐t❡❧s ❢♦❧❣t ü❜❡r✇✐❡❣❡♥❞ ❞❡♠ P❛♣❡r ❈♦♥tr♦❧❧❡❞ ❞✐✛✉s✐♦♥
♠♦❞❡❧s ❢♦r ♦♣t✐♠❛❧ ❞✐✈✐❞❡♥❞ ♣❛②✲♦✉t ❬✷❪✳ ❉❡s ❲❡✐t❡r❡♥ ✇✉r❞❡ ❛✉❝❤ ❙t♦❝❤❛st✐❝ ❈♦♥tr♦❧
✐♥ ■♥s✉r❛♥❝❡ ❬✶✷❪ ❛❧s ❍✐❧❢s❧✐t❡r❛t✉r ✈❡r✇❡♥❞❡t✳

■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇♦❧❧❡♥ ✇✐r ❞✐❡ ♦♣t✐♠❛❧❡ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ❢ür ❡✐♥ ❱❡rs✐✲
❝❤❡r✉♥❣s✉♥t❡r♥❡❤♠❡♥ ❡r♠✐tt❡❧♥✳ ❉❛s ❩✐❡❧ ✐st ❞✐❡ ▼❛①✐♠✐❡r✉♥❣ ❞❡r ❉✐✈✐❞❡♥❞❡♥❛✉s✲
s❝❤ütt✉♥❣❡♥ ❜✐s ③✉♠ ❊✐♥tr✐tt ❞❡s ❘✉✐♥s✳ ❲✐r ✇❡r❞❡♥ ③✇❡✐ ❋ä❧❧❡ ✉♥t❡rs✉❝❤❡♥✱ ③✉♠
❊✐♥❡♥✱ ✇♦ ❡✐♥❡ ❖❜❡r❣r❡♥③❡ ❢ür ❞✐❡ ❉✐✈✐❞❡♥❞❡♥r❛t❡ ❣❡s❡t③t ✇✐r❞ ✉♥❞ ③✉♠ ❆♥❞❡r❡♥
✇♦ ❡s ❡✐♥❡ ✉♥❜❡s❝❤rä♥❦t❡ ❉✐✈✐❞❡♥❞❡♥r❛t❡ ❣✐❜t✳ ■♠ ❡rst❡♥ ❋❛❧❧ ✇❡r❞❡♥ ✇✐r ③❡✐❣❡♥✱
❞❛ss ❡✐♥❡ ❚❤r❡s❤♦❧❞✲❙tr❛t❡❣✐❡ ❞✐❡ ♦♣t✐♠❛❧❡ ❙tr❛t❡❣✐❡ ❞❛rst❡❧❧t✱ ✐♥ ❞❡r ❞✐❡ ♠❛①✐♠❛✲
❧❡ ❉✐✈✐❞❡♥❞❡♥r❛t❡ ❛✉s❜❡③❛❤❧t ✇✐r❞✱ s♦❧❛♥❣❡ ❞❡r ❩✉st❛♥❞s♣r♦③❡ss ❡✐♥❡♥ ❜❡st✐♠♠t❡♥
❲❡rt ü❜❡rst❡✐❣t✱ ✉♥❞ ❛♥s♦♥st❡♥ ♥✐❝❤ts ❛✉s❣❡s❝❤ütt❡t ✇✐r❞✳ ❆♥❞❡r❡rs❡✐ts ✐st ❜❡✐ ✉♥❜❡✲
s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥✐♥t❡♥s✐tät ❞✐❡ ❇❛rr✐❡r❡str❛t❡❣✐❡ ❞✐❡ ♦♣t✐♠❛❧❡ ❙tr❛t❡❣✐❡✱ ❤✐❡r❜❡✐
✇✐r❞ ❡①❛❦t ❞❡r ü❜❡rs❝❤üss✐❣❡ ❚❡✐❧ ❞❡s ❢r❡✐❡♥ ❑❛♣✐t❛❧s ❛✉s❜❡③❛❤❧t ❞❡r ❡✐♥❡ ❜❡st✐♠♠t❡
❇❛rr✐❡r❡ ü❜❡rst❡✐❣t✳

✹✳✶ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥✲

❞❡♥r❛t❡

■♠ ❋♦❧❣❡♥❞❡♥ ✇❡r❞❡♥ ✇✐r ❞❡♥ ❩✉st❛♥❞s♣r♦③❡ss ❛❧s ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ♠✐t ❉r✐❢t
µ ✉♥❞ ❱♦❧❛t✐❧✐tät σ2 ♠♦❞❡❧❧✐❡r❡♥ ✉♥❞ ✉♠ ❡✐♥❡ ③✉sät③❧✐❝❤❡ ❉✐✈✐❞❡♥❞❡♥❦♦♠♣♦♥❡♥t❡
u = (ut)t≥0 ❡r✇❡✐t❡r♥✳ ❉❡r ❑♦♥tr♦❧❧♣r♦③❡ss u ✐st ❞✐❡ ❘❛t❡ ❞❡r ❛✉s③✉③❛❤❧❡♥❞❡ ❉✐✈✐✲
❞❡♥❞❡✱ ✇♦❜❡✐ ✇✐r ❛♥♥❡❤♠❡♥✱ ❞❛ss ❞✐❡ ♠❛①✐♠❛❧❡ ❉✐✈✐❞❡♥❞❡♥✐♥t❡♥s✐tät ♥✐❝❤t a0 <∞
ü❜❡rst❡✐❣t✳ ❉❡♠♥❛❝❤ ❜❡tr❛❝❤t❡♥ ✇✐r ❡✐♥❡♥ Ü❜❡rs❝❤✉ss♣r♦③❡ss ♥❛❝❤ ❉✐✈✐❞❡♥❞❡♥③❛❤✲
❧✉♥❣ ✐♥ ❞❡r ❋♦r♠ ✈♦♥

dXu
t = (µ− ut)dt+ σ dWt.

❊r❧❛✉❜t s✐♥❞ ♥✉r ❛❞❛♣t✐❡rt❡ Pr♦③❡ss❡ u ♠✐t 0 ≤ ut ≤ a0✳ ❉❡r ❘✉✐♥ ❞❡s Pr♦③❡ss❡s
✐st ❞❡✜♥✐❡rt ❛❧s τu = inf{t ≤ 0 |Xu

t < 0}✳ ❉❛s ❩✐❡❧❢✉♥❦t✐♦♥❛❧ ✐st ❣❡❣❡❜❡♥ ❞✉r❝❤
J(x, u) = E[

∫ τu

0
e−δsusds]✱ ✉♥❞ ❡♥ts♣r❡❝❤❡♥❞ s❝❤r❡✐❜❡♥ ✇✐r ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥ ❞❡s

✷✽
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✹✳✶✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

Pr♦❜❧❡♠s ❛♥ ❛❧s V (x) = sup
u
J(x, u)✳ ❋❧✉❦t✉❛t✐♦♥❡♥ ❞❡r ❇r♦✇♥s❝❤❡♥ ❇❡✇❡❣✉♥❣ tr❡✐✲

❜❡♥ ❡✐♥ ❯♥t❡r♥❡❤♠❡♥ ❛♥ ❞❡r ❙t❡❧❧❡ 0 ✉♥♠✐tt❡❧❜❛r ✐♥ ❞❡♥ ❘✉✐♥✱ ✇❡s❤❛❧❜ V (0) = 0
❣✐❧t✳

❲✐r ✇❡r❞❡♥ ❛❧s ❛❧❧❡r❡rst❡s ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ♠♦t✐✈✐❡r❡♥✳ ❙❡✐ ǫ > 0✱ ❞❛♥♥ ❡①✐s✲
t✐❡rt ❢ür ❥❡❞❡s y > 0 ❡✐♥❡ ❙tr❛t❡❣✐❡ uy s♦✱ ❞❛ss J(y, uy) ≥ V (y)− ǫ✱ ✇❛s ❛❧s ǫ✲♦♣t✐♠❛❧
❜❡③❡✐❝❤♥❡t ✇✐r❞✳ ❲✐r ✇♦❧❧❡♥ ❡✐♥❡ ❉✐✈✐❞❡♥❞❡♥r❛t❡ a ❜✐s ③✉ ❡✐♥❡♠ ❩❡✐t♣✉♥❦t h > 0
r❡s♣❡❦t✐✈❡ ❜✐s ③✉♠ ❘✉✐♥③❡✐t♣✉♥❦t τ ✱ ❢❛❧❧s ❞✐❡s❡r ✈♦r❤❡r ❡✐♥tr✐tt✱ ❛✉s③❛❤❧❡♥ ❧❛ss❡♥✳
❇❡tr❛❝❤t❡ ❞❛❤❡r ❞✐❡ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡

ut =

{

a, ❢ür 0 ≤ t ≤ τ ∧ h,
uXh

t−h, ❢ür t > h ✉♥❞ τ > h.

❙♦♠✐t s❡❤❡♥ ✇✐r✱ ❞❛ss

V (x) ≥ J(x, u) = Ex

[ ∫ τ∧h

0

ae−δsds
]

+ Ex

[

1{τ>h}

∫ τ

h

use
−δ(s+h)ds

]

= aEx

[1− e−δ(s∧h)

δ

]

+ e−δh
Ex[1{τ>h}J(Xh, u

Xh)]

≥ a
1− Ex[e

−δ(s∧h)]

δ
+ e−δh

Ex[1{τ>h}(V (Xh)− ǫ)]

≥ a
1− Ex[e

−δ(s∧h)]

δ
+ e−δh

Ex[V (Xτ∧h) − ǫ].

❊s ❣✐❧t V (Xτ ) = V (0) = 0 ✉♥❞ ❞❛ ǫ ❜❡❧✐❡❜✐❣ ✇❛r ❡r❤❛❧t❡♥ ✇✐r

V (x) ≥ a
1− Ex[e

−δ(s∧h)]

δ
+ e−δh

Ex[V (Xτ∧h)]. ✭✹✳✶✮

❲✐r ♥❡❤♠❡♥ ❛♥✱ ❞❛ss V (x) ③✇❡✐❢❛❝❤ st❡t✐❣ ❞✐✛❡r❡♥③✐❡r❜❛r ✐st ✉♥❞ ✇❡♥❞❡♥ ❞✐❡ ■tô✲
❋♦r♠❡❧ ❛✉❢ V (Xτ∧h) ❛♥✱ ❛❧s♦ ❣✐❧t

V (Xτ∧h) = V (x) +

∫ τ∧h

0

σV ′(Xs)dWs

+

∫ τ∧h

0

(

(µ− a)V ′(Xs) +
σ2

2
V ′′(Xs)

)

ds. ✭✹✳✷✮

❩✉sät③❧✐❝❤ ♥❡❤♠❡♥ ✇✐r ❛♥✱ ❞❛ss
∫ t

0
σV ′(Xs)dWs ❡✐♥ ▼❛rt✐♥❣❛❧ ✐st✳ ❙♦♠✐t ✐st ❞❡r

❊r✇❛rt✉♥❣s✇❡rt ❞❡s st♦❝❤❛st✐s❝❤❡♥ ■♥t❡❣r❛❧s ❣❧❡✐❝❤ ◆✉❧❧✳ ❲✐r s❡t③❡♥ ✭✹✳✷✮ ✐♥ ✭✹✳✶✮
❡✐♥ ✉♥❞ ③✐❡❤❡♥ V (x) ✈♦♥ ❜❡✐❞❡♥ ❙❡✐t❡♥ ❛❜✳ ❉❡s ❲❡✐t❡r❡♥ ❞✐✈✐❞✐❡r❡♥ ✇✐r ❞✉r❝❤ h ✉♥❞
✇❡♥❞❡♥ ❞❡♥ ❊r✇❛rt✉♥❣s✇❡rt ❛♥✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r

0 ≥ aEx

[1− e−δ(s∧h)

δh

]

− 1− e−δh

h
V (x)

+ e−δh
Ex

[1

h

∫ τ∧h

0

(

(µ− a)V ′(Xs) +
σ2

2
V ′′(Xs)

)

ds
]

.

✷✾
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✹✳✶✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

▼❛♥ ♥❡❤♠❡ ❛♥✱ ❞❛ss ❱❡rt❛✉s❝❤✉♥❣ ✈♦♥ ●r❡♥③✇❡rtü❜❡r❣ä♥❣❡ ✉♥❞ ❊r✇❛rt✉♥❣s✇❡rt
❡r❧❛✉❜t ✐st✳ ❉❛♥♥ ❢♦❧❣t ❢ür h→ 0

0 ≥ 1

2
σ2V ′′(x) + (µ− a)V ′(x)− δV (x) + a.

❉✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ♠✉ss ❢ür ❛❧❧❡ 0 ≤ a ≤ a0 ❣ü❧t✐❣ s❡✐♥✱ ❞❛❤❡r ❢♦❧❣t

0 ≥ sup
0≤a≤a0

{1

2
σ2V ′′(x) + (µ− a)V ′(x)− δV (x) + a

}

. ✭✹✳✸✮

❋ür ♠✐♥❞❡st❡♥ ❡✐♥ a ∈ [0, a0] ✐st ✭✹✳✸✮ ❡✐♥❡ ●❧❡✐❝❤❤❡✐t✳ ❉❛♠✐t ❦ö♥♥❡♥ ✇✐r ❞✐❡ ❍❏❇✲
●❧❡✐❝❤✉♥❣ ❜❡tr❛❝❤t❡♥✿

0 = sup
0≤a≤a0

{1

2
σ2V ′′(x) + (µ− a)V ′(x)− δV (x) + a

}

, ✭✹✳✹✮

V (0) = 0. ✭✹✳✺✮

■♠ ❋♦❧❣❡♥❞❡♥ ✇❡r❞❡♥ ✇✐r ❛♥♥❡❤♠❡♥✱ ❞❛ss f(x) ❞✐❡ ▲ös✉♥❣ ✈♦♥ ✭✹✳✹✮ ✉♥❞ ✭✹✳✺✮ ✐st✳
❉✐❡ ❋✉♥❦t✐♦♥ ❞✐❡ ✭✹✳✹✮ ♠❛①✐♠✐❡rt✱ ✐st ❡✐♥❡ ❧✐♥❡❛r❡ ❋✉♥❦t✐♦♥ ✐♥ a ❢ür ❥❡❞❡s x✳ ❉❛♠✐t
✐st ❞❛s ▼❛①✐♠✉♠ u∗(x) ❛♥ ❥❡❞❡♠ x ❡♥t✇❡❞❡r 0 ♦❞❡r a0✳ ❖✛❡♥❜❛r ✐st

u∗(x) =

{

0, ❢ür V ′(x) > 1,

a0, ❢ür V ′(x) ≤ 1.

■♥ ❋♦❧❣❡ ❞❡ss❡♥ ❜❡tr❛❝❤t❡♥ ✇✐r ③✇❡✐ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥

1

2
σ2f ′′(x) + µf ′(x)− δf(x), ❢ür 0 ≤ x < x0, ✭✹✳✻✮

1

2
σ2f ′′(x) + (µ− a0)f

′(x)− δf(x) + a0, ❢ür x ≥ x0. ✭✹✳✼✮

❲✐r ✇♦❧❧❡♥ ❛❧s ♥ä❝❤st❡s ❡✐♥❡ ③✇❡✐❢❛❝❤ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ▲ös✉♥❣ ❢ür ✭✹✳✹✮ ✜♥❞❡♥✳ ❊s
❣✐❜t ❡✐♥ x0 > 0 s♦✱ ❞❛ss f ′(x) > 1 ❢ür x < x0 ✉♥❞ f ′(x) ≤ 1 ❢ür x ≥ x0✳ ❉❛❤❡r ❦ö♥♥❡♥
✇✐r ❛♥♥❡❤♠❡♥✱ ❞❛ss f(x) ❡✐♥❡ ❦♦♥❦❛✈❡ ❋✉♥❦t✐♦♥ ✐st✳ ❉✐❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❦❛♥♥
s♦♠✐t ✐♥ ③✇❡✐ ❇❡r❡✐❝❤❡ ❣❡tr❡♥♥t ✇❡r❞❡♥ ✉♥❞ ❛♥ ❡✐♥❡r ❙t❡❧❧❡ x0✱ ✇♦ f ′(x0) = 1 ❣✐❧t✱
③✉s❛♠♠❡♥❣❡❢ü❣t ✇❡r❞❡♥✳
❇❡tr❛❝❤t❡♥ ✇✐r ❛❧s ❡rst❡s ✭✹✳✻✮✱ ❞✐❡ ❡✐♥❡ ❤♦♠♦❣❡♥❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ③✇❡✐t❡r ❖r❞✲
♥✉♥❣ ✐st✳ ❉✐❡ ❛❧❧❣❡♠❡✐♥❡ ▲ös✉♥❣ ❜❡s✐t③t ❞❛❤❡r ❡✐♥❡ ❋♦r♠ ✈♦♥

f1(x) = Aeθ1(0)x +Be−θ2(0)x,

♠✐t ◆✉❧❧st❡❧❧❡♥ ❞❡s ❝❤❛r❛❦t❡r✐st✐s❝❤❡♥ P♦❧②♥♦♠s

θ1(0) =

√

µ2 + 2δσ2 − µ

σ2
> 0 ✉♥❞ θ2(0) =

√

µ2 + 2δσ2 + µ

σ2
> 0.

✸✵
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✹✳✶✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

❲❡❣❡♥ f(x) > 0 ❢ür x > 0 s♦✇✐❡ 0 = V (0) = f1(0) ❣✐❧t A = −B > 0✱ ❛❧s♦

f1(x) = Aeθ1(0)x − Ae−θ2(0)x.

❋ür ❞✐❡ ③✇❡✐t❡ ●❧❡✐❝❤✉♥❣ ✭✹✳✼✮✱ ❞✐❡ ❡✐♥❡ ✐♥❤♦♠♦❣❡♥❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ③✇❡✐t❡r
❖r❞♥✉♥❣ ❞❛rst❡❧❧t✱ ♥✉t③❡♥ ✇✐r ❞❡♥ ▲ös✉♥❣s❛♥s❛t③

f2(x) =
a0
δ

+ Ceθ1(µ−a0)x +De−θ2(µ−a0)x,

✇♦❜❡✐ f p
2 (x) =

a0
δ
❡✐♥❡ ♣❛rt✐❦✉❧är❡ ▲ös✉♥❣ ✐st ✉♥❞

θ1,2(µ− a0) =

√

(µ− a0)2 + 2δσ2 ∓ (µ− a0)

σ2
> 0.

▼❛♥ ♠❡r❦❡ ❛♥✱ ❞❛ss ❢ür ❥❡❣❧✐❝❤❡♥ ❑♦♥tr♦❧❧♣r♦③❡ss u ❞❛s ❩✐❡❧❢✉♥❦t✐♦♥❛❧ J(x, u) ♥✐❡✲
♠❛❧s a0

δ
ü❜❡rs❝❤r❡✐t❡♥ ❦❛♥♥✳ ❉✐❡s ❦ö♥♥❡♥ ✇✐r ❧❡✐❝❤t ❡r❦❡♥♥❡♥✱ ✐♥❞❡♠ ✇✐r ❢♦❧❣❡♥❞❡

●❧❡✐❝❤✉♥❣ ❜❡tr❛❝❤t❡♥✿

J(x, u) ≤ V (x) = Ex

[ ∫ τ

0

a0e
−δsds

]

≤ Ex

[ ∫ ∞

0

a0e
−δsds

]

=
a0
δ
.

❙♦♠✐t ❦ö♥♥❡♥ ✇✐r f(x) ✈♦♥ ♦❜❡♥ ❛❜s❝❤ät③❡♥ ❞✉r❝❤ f(x) ≤ a0
δ
✱ ✇♦♠✐t C = 0 ❣✐❧t✳ ❉❛

f(x) ❡✐♥❡ st❡✐❣❡♥❞❡ ❋✉♥❦t✐♦♥ ✐st✱ ❡r❤❛❧t❡♥ ✇✐r D < 0✱ ❛❧s♦ ✐♥s❣❡s❛♠t

f2(x) =
a0
δ

+De−θ2(µ−a0)x.

◆✉♥ ✇♦❧❧❡♥ ✇✐r ❞✐❡ ❑♦♥st❛♥t❡♥ s♦ ❜❡st✐♠♠❡♥✱ ❞❛ss ✇✐r ❞✐❡ ③✇❡✐ ▲ös✉♥❣❡♥ ③✉✲
s❛♠♠❡♥s❡t③❡♥ ❦ö♥♥❡♥✳ ❉❛s ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠ ✈❡r❧❛♥❣t ❡✐♥❡ ③✇❡✐❢❛❝❤ st❡t✐❣ ❞✐❢✲
❢❡r❡♥③✐❡r❜❛r❡ ❋✉♥❦t✐♦♥✳ ❉❛❤❡r ✇ä❤❧❡♥ ✇✐r ✉♥s❡r❡ ❑♦♥st❛♥t❡♥ ❣❡❡✐❣♥❡t✱ s♦❞❛ss ❞✐❡
▲ös✉♥❣❡♥ ✐♥ ❞❡r ❙t❛♠♠❢✉♥❦t✐♦♥✱ ✶✳ ✉♥❞ ✷✳ ❆❜❧❡✐t✉♥❣ ❛♠ P✉♥❦t x0 ü❜❡r❡✐♥st✐♠♠❡♥✳
❉✐❡s❡r ❆♥s❛t③ ✇✐r❞ ❛✉❝❤ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ s♠♦♦t❤ ✜t ❣❡♥❛♥♥t✳ ❩✉r ❇❡st✐♠♠✉♥❣ ❞❡r
❑♦♥st❛♥t❡♥ ❜❡tr❛❝❤t❡♥ ✇✐r ❢♦❧❣❡♥❞❡ ❇❡❞✐♥❣✉♥❣❡♥✿

f(x+0 ) = f(x−0 ), ✭✹✳✽✮

f ′(x+0 ) = 1 = f ′(x−0 ), ✭✹✳✾✮

f ′′(x+0 ) = f ′′(x−0 ). ✭✹✳✶✵✮

❲❡❣❡♥

1

2
σ2f ′′(x−0 ) + µ f ′(x+0 )

︸ ︷︷ ︸

=1

−δf(x0) = 0 =⇒ 1

2
σ2f ′′(x−0 ) = δf(x0)− µ,

1

2
σ2f ′′(x+0 ) + (µ− a0) f

′(x−0 )
︸ ︷︷ ︸

=1

−δf(x0) + a0 = 0 =⇒ 1

2
σ2f ′′(x+0 ) = δf(x0)− µ,

✸✶
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✹✳✶✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

❢♦❧❣t ❛✉s ❞❡♥ ❡rst❡♥ ③✇❡✐ ❇❡❞✐♥❣✉♥❣❡♥ ❛✉t♦♠❛t✐s❝❤ ❞✐❡ ❉r✐tt❡✳ ❙❡✐❡♥ ♥✉♥ θ1 := θ1(0)✱
θ2 := θ2(0) ✉♥❞ θ3 := θ2(µ− u0)✳ ❉❛♥♥ s❡❤❡♥ ✇✐r✱ ❞❛ss ✭✹✳✽✮✲✭✹✳✶✵✮ äq✉✐✈❛❧❡♥t ③✉

A(eθ1x0 − e−θ2x0) =
a0
δ

+De−θ3x0 , ✭✹✳✶✶✮

A(θ1e
θ1x0 + θ2e

−θ2x0) = 1, ✭✹✳✶✷✮

−Dθ3e−θ3x0 = 1. ✭✹✳✶✸✮

▲ös❡♥ ✇✐r ♥✉♥ ✭✹✳✶✸✮ ✐♥ ❘✐❝❤t✉♥❣ D ❛✉❢✱ ❛❧s♦

D = −e
θ3x0

θ3
, ✭✹✳✶✹✮

✉♥❞ s❡t③❡♥ ❞✐❡s❡ ✐♥ ✭✹✳✶✶✮ ❡✐♥✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r

A(eθ1x0 − e−θ2x0) =
a0
δ

− 1

θ3
=: α. ✭✹✳✶✺✮

❲✐r s❡❤❡♥✱ ❞❛ss ❞✐❡ ▲ös✉♥❣❡♥ ✭✹✳✶✶✮✲✭✹✳✶✸✮ ♥✉r ❞❛♥♥ ❡①✐st✐❡r❡♥✱ ✇❡♥♥ ❞✐❡ ❇❡❞✐♥❣✉♥❣

α =
a0
δ

− 1

θ3
> 0 ✭✹✳✶✻✮

❡r❢ü❧❧t ✐st✳
■♠ ❋♦❧❣❡♥❞❡♥ ✇♦❧❧❡♥ ✇✐r ③❡✐❣❡♥✱ ❞❛ss ❞✐❡s❡ ❇❡❞✐♥❣✉♥❣ ❤✐♥r❡✐❝❤❡♥❞ ✐st✳ ❲✐r ♠✉❧✲

t✐♣❧✐③✐❡r❡♥ ✭✹✳✶✺✮ ♠✐t ✭✹✳✶✷✮ ✉♥❞ ❡r❤❛❧t❡♥

αA(θ1e
θ1x0 + θ2e

−θ2x0) = A(eθ1x0 − e−θ2x0).

❉✉r❝❤ ❣❡❡✐❣♥❡t❡ ❯♠❢♦r♠✉♥❣❡♥ ❜❡❦♦♠♠❡♥ ✇✐r

ex0(θ1+θ2) =
1 + αθ2
1− αθ1

.

❉❛ 1 + αθ2 > 0 ♠✉ss 1− αθ1 > 0 ❢♦❧❣❡♥✱ ✉♥❞ ❞❛♠✐t ❜❧❡✐❜t ③✉ ③❡✐❣❡♥✱ ❞❛ss

αθ1 < 1 ✭✹✳✶✼✮

❣✐❧t✳
❍✐❡r❢ür ✈❡r✇❡♥❞❡♥ ✇✐r ❞✐❡ ❡❧❡♠❡♥t❛r❡ ❯♥❣❧❡✐❝❤✉♥❣

√
a2 + b− a <

b

2a
, ❢ür ❛❧❧❡ a, b > 0.

■♥❞❡♠ ✇✐r a = µ s♦✇✐❡ b = 2σ2δ s❡t③❡♥ ✉♥❞ ❣❡❡✐❣♥❡t ✉♠❢♦r♠❡♥✱ ❢♦❧❣t

✸✷
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✹✳✶✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

θ1 =

√

µ2 + 2σ2δ − µ

σ2
<
δ

µ
. ✭✹✳✶✽✮

❉✉r❝❤ ❡✐♥s❡t③❡♥ ✈♦♥ α ✐♥ ✭✹✳✶✼✮ ❡r❤❛❧t❡♥ ✇✐r

a0
δ
<

1

θ1
+

1

θ3
. ✭✹✳✶✾✮

■♠ ❋♦❧❣❡♥❞❡♥ ✉♥t❡rs❝❤❡✐❞❡♥ ✇✐r ③✇❡✐ ❋ä❧❧❡✳ ❋❛❧❧s a0 ≤ µ✱ ❢♦❧❣t ✭✹✳✶✾✮ ❞✐r❡❦t ❛✉s
✭✹✳✶✽✮✳ ❋❛❧❧s a0 ≥ µ✱ ❞❛♥♥ ❣✐❧t

θ3 =

√

(µ− a0)2 + 2σ2δ + (µ− a0)

σ2
<

δ

(a0 − µ)
. ✭✹✳✷✵✮

▼✐t ✭✹✳✶✽✮ ✉♥❞ ✭✹✳✷✵✮ ❡r❤ä❧t ♠❛♥ ✭✹✳✶✾✮✳
■st ✭✹✳✶✻✮ ❣ü❧t✐❣✱ ❦ö♥♥❡♥ ✇✐r ❞✐❡ ❊①✐st❡♥③ ❡✐♥❡r ❡✐♥❞❡✉t✐❣❡♥ ▲ös✉♥❣ ❢ür ✭✹✳✶✶✮✲

✭✹✳✶✸✮ ③❡✐❣❡♥✳ ❩✉♥ä❝❤st ❞✐✈✐❞✐❡r❡♥ ✇✐r ✭✹✳✶✶✮ ❞✉r❝❤ ✭✹✳✶✺✮✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r

eθ1x0 − e−θ2x0

θ1eθ1x0 + θ2e−θ2x0
= α,

✇❛s äq✉✐✈❛❧❡♥t ③✉

ex0(θ1+θ2) =
1 + αθ2
1− αθ1

.

✐st✳ ❲❡✐❧ αθ1 < 1 ❣✐❧t✱ ✐st ❞✐❡ ❡✐♥❞❡✉t✐❣❡ ▲ös✉♥❣ ❢ür x0 ❣❡❣❡❜❡♥ ❞✉r❝❤

x0 =
1

θ1 + θ2
log

1 + αθ2
1− αθ1

> 0.

❙❡t③❡♥ ✇✐r x0 ✐♥ ✭✹✳✶✷✮ ❜❡③✐❡❤✉♥❣s✇❡✐s❡ ✭✹✳✶✹✮ ❡✐♥✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ▲ös✉♥❣❡♥
❢ür ❞✐❡ ❑♦♥st❛♥t❡♥ A s♦✇✐❡ D✳

❆❧s ♥ä❝❤st❡s ✇♦❧❧❡♥ ✇✐r ③❡✐❣❡♥✱ ❞❛ss ❞✐❡ ▲ös✉♥❣ ✐♥ ✭✹✳✹✮ t❛tsä❝❤❧✐❝❤ ❡✐♥❡ ❦♦♥❦❛✈❡
❋✉♥❦t✐♦♥ ✐st✳ ❉❛❢ür ❢♦r♠✉❧✐❡r❡♥ ✇✐r ❞❡♥ ❢♦❧❣❡♥❞❡♥ ❙❛t③✿

❙❛t③ ✹✳✶✳ ❊s ❡①✐st✐❡rt ❡✐♥❡ ③✇❡✐❢❛❝❤ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❦♦♥❦❛✈❡ ▲ös✉♥❣ ❢ür ✭✹✳✹✮ ✉♥❞
✭✹✳✺✮✳ ❋❛❧❧s a0

δ
− 1

θ3
≤ 0✱ ❞❛♥♥ ✐st ❞✐❡ ▲ös✉♥❣ ❣❡❣❡❜❡♥ ❞✉r❝❤

f(x) =
a0
δ
(1− e−θ3x), ✭✹✳✷✶✮

✇♦❜❡✐ ❢❛❧❧s a0
δ
− 1

θ3
> 0 ❣✐❧t✱ ❞❛♥♥

f(x) =

{

A(eθ1x − e−θ2x), 0 ≤ x ≤ x0,
a0
δ
−De−θ3x, x > x0,

✇♦❜❡✐ A✱ D✱ x0 ❞✐❡ ❡✐♥❞❡✉t✐❣❡♥ ▲ös✉♥❣❡♥ ✈♦♥ ✭✹✳✶✶✮✲✭✹✳✶✸✮ s✐♥❞✳

✸✸
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✹✳✶✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

❇❡✇❡✐s✳ ❉❡r ❇❡✇❡✐s ❡r❢♦❧❣t ✐♥ ❞r❡✐ ❚❡✐❧❡♥✳

✭✶✮ ❉✐❡ ❋✉♥❦t✐♦♥ ✭✹✳✷✶✮ ❡r❢ü❧❧t ❞✐❡ ❘❛♥❞❜❡❞✐♥❣✉♥❣ ✭✹✳✺✮✳ ❙✐❡ ✐st ❞❛♠✐t ❦♦♥❦❛✈ ✉♥❞
❢ür s✐❡ ❣✐❧t f ′(0) = θ3a0

δ
≤ 1✳ ❉❡s✇❡❣❡♥ ❣✐❧t f ′(x) ≤ 1 ❢ür ❛❧❧❡ x > 0 ✉♥❞

(a0 − a)(f ′(x)− 1) ≤ 0, ❢ür a ∈ [0, a0].

❆❞❞✐❡r❡♥ ✇✐r ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ③✉r ●❧❡✐❝❤✉♥❣

1

2
σ2f ′′(x) + (µ− a0)f

′(x)− δf(x) + a0 = 0,

✇❡❧❝❤❡ ❞✉r❝❤ f(x) ❡r❢ü❧❧t ✐st✱ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ✭✹✳✹✮✳

✭✷✮ ❆♥❣❡♥♦♠♠❡♥ ✭✹✳✶✻✮ ✐st ❣ü❧t✐❣✳ ❉❛♥♥ ❡r❢ü❧❧t f(x) ❞✐❡ ❘❛♥❞❜❡❞✐♥❣✉♥❣ ✭✹✳✺✮✳ ❲❡✲
❣❡♥ f ′(x+0 ) = f ′(x−0 ) ✐st f(x) ♣❡r ❑♦♥str✉❦t✐♦♥ st❡t✐❣✳ ❲❡✐❧ f(x) ❛✉❢ [0, x0] ✭✹✳✻✮
✉♥❞ ❛✉❢ [m,∞) ✭✹✳✼✮ ❡r❢ü❧❧t✱ ❡r❤❛❧t❡♥ ✇✐r

f ′′(x−0 ) =
2

σ2
(δf(x0)− µf ′(x0)),

f ′′(x+0 ) =
2

σ2
(δf(x0)− (µ− a0)f

′(x0)− a0).

❲❡❣❡♥ ❑♦♥str✉❦t✐♦♥ ✐st f ′(x0) = 1✱ ❤❛❜❡♥ ✇✐r f ′′(x+0 ) = f ′′(x−0 )✱ ✉♥❞ ❞❛♠✐t ✐st
f(x) ③✇❡✐❢❛❝❤ st❡t✐❣ ❞✐✛❡r❡♥③✐❡r❜❛r✳ ❉✐❡ ❑♦♥❦❛✈✐tät ❛✉❢ [x0,∞) ❢♦❧❣t ✉♥♠✐tt❡❧✲
❜❛r✳
❯♠ ❞✐❡ ❑♦♥❦❛✈✐tät ❛✉❢ [0, x0] ③✉ ü❜❡r♣rü❢❡♥✱ ❧❡✐t❡♥ ✇✐r f(x) ❞r❡✐♠❛❧ ❛❜✳ ❲✐r
❡r❤❛❧t❡♥ f ′′′(x) > 0✱ ✇♦r❛✉s ❞✐❡ ▼♦♥♦t♦♥✐❡ ✈♦♥ f ′′(x) ❢♦❧❣t✳ ▼❛♥ s✐❡❤t ❞✐r❡❦t✱
❞❛ss f ′′(0) < 0 ❣✐❧t ✉♥❞ ✇❡✐❧ f ′′(x+0 ) < 0✱ ❢♦❧❣t ♠✐t ❞❡♠ s♦❡❜❡♥ ❇❡✇✐❡s❡♥❡♠✱ ❞❛ss
f ′′(x−0 ) < 0 ✉♥❞ ❢♦❧❣❧✐❝❤ f ′′(x) < 0 ❛✉❢ [0, x0]✳ ■♥s❣❡s❛♠t ✐st s♦♠✐t f(x) ❦♦♥❦❛✈
❛✉❢ [0,∞)✳

✭✸✮ ❙❡✐ x ≤ x0✳ ❉❛♥♥ ❣✐❧t f ′(x) > 1✱ ✉♥❞ ❞✉r❝❤ ❆❞❞✐❡r❡♥ ❞❡r ❯♥❣❧❡✐❝❤✉♥❣−a(f ′(x)−
1) ≤ 0 ③✉ ✭✹✳✻✮✱ ❡r❤❛❧t❡♥ ✇✐r ✭✹✳✹✮✳ ❋❛❧❧s x > x0✱ ❞❛♥♥ ❣✐❧t f ′(x) < 1✳ ❆♥❛❧♦❣
❞✉r❝❤ ❆❞❞✐❡r❡♥ ✈♦♥ (a0 − a)(f ′(x) − 1) ≤ 0 ✉♥❞ ✭✹✳✼✮✱ ❡r❤❛❧t❡♥ ✇✐r ✭✹✳✹✮✳ ❲❛s
❞❡♥ ❇❡✇❡✐s ✈❡r✈♦❧❧stä♥❞✐❣t✳

❲✐r ✇♦❧❧❡♥ ③✉♠ ❆❜s❝❤❧✉ss ♥♦❝❤ ③❡✐❣❡♥✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥ f(x)✱ ✇✐❡ s✐❡ ✐♥ ❙❛t③
✹✳✶ ❞❡✜♥✐❡rt ✐st✱ t❛tsä❝❤❧✐❝❤ ♦♣t✐♠❛❧ ✐st✳ ❍✐❡r❜❡✐ ✇❡r❞❡♥ ✇✐r ❡✐♥ ❱❡r✐✜❦❛t✐♦♥st❤❡♦r❡♠
❢♦r♠✉❧✐❡r❡♥✳

❙❛t③ ✹✳✷✳ ❙❡✐ u ❡✐♥ ❜❡❧✐❡❜✐❣❡r ③✉❧äss✐❣❡r ❑♦♥tr♦❧❧♣r♦③❡ss✱ ❞❛♥♥ ❡r❢ü❧❧t ❞✐❡ ❋✉♥❦t✐♦♥
f(x) ✭✇✐❡ ✐♥ ❙❛t③ ✹✳✶ ❞❡✜♥✐❡rt✮

f(x) ≥ V (x, u).

❙❡✐ u∗(x) = 1{x>x0}a0✳ ❉❛♥♥ ❣✐❧t

f(x) = V (x, u∗).

✸✹
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✹✳✶✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

❇❡✇❡✐s✳ ❙❡✐ u ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ❙tr❛t❡❣✐❡✳ ❲❡♥❞❡♥ ✇✐r ❢ür ❡✐♥❡ ▲ös✉♥❣ f ✈♦♥ ✭✹✳✹✮ ❞✐❡
■tô✲❋♦r♠❡❧ ❛♥✱ ❞❛♥♥ ❣✐❧t✿

e−δ(τ∧T )f(Xτ∧T )− f(x)

=

∫ τ∧T

0

(1

2
σ2f ′′(Xt) + (µ− ut)f

′(Xt)− δf(Xt)
)

e−δtdt

+

∫ τ∧T

0

e−δtf ′(Xt)σ dWt. ✭✹✳✷✷✮

❉❛ f ❦♦♥❦❛✈ ✐st✱ ✐st f ′(x) ❜❡s❝❤rä♥❦t ❞✉r❝❤ f ′(0)✳ ❙♦♠✐t ✐st ❞❡r ❧❡t③t❡ ❚❡r♠ ✐♥ ✭✹✳✷✷✮
❡✐♥ q✉❛❞r❛t✐s❝❤ ✐♥t❡❣r✐❡r❜❛r❡s ▼❛rt✐♥❣❛❧ ♠✐t ❊r✇❛rt✉♥❣s✇❡rt ◆✉❧❧✳ ■♥❞❡♠ ✇✐r ✭✹✳✹✮
❜❡tr❛❝❤t❡♥✱ s❡❤❡♥ ✇✐r✱ ❞❛ss ❞❡r ❡rst❡ ■♥t❡❣r❛♥❞ ❛✉❢ ❞❡r r❡❝❤t❡♥ ❙❡✐t❡ ✈♦♥ ✭✹✳✷✷✮
❞✉r❝❤ −ut ❜❡s❝❤rä♥❦t ✐st✳ ❲❡♥❞❡♥ ✇✐r ❞❡♥ ❊r✇❛rt✉♥❣s✇❡rt ❛♥ ✉♥❞ ❢♦r♠❡♥ ✉♠✱
❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r

f(x) ≥ Ex

[ ∫ τ∧T

0

e−δtut dt
]

+ Ex[e
−δ(τ∧T )f(Xτ∧T )]. ✭✹✳✷✸✮

❲❡♥♥ ✇✐r T → ∞ ❧❛✉❢❡♥ ❧❛ss❡♥ ✉♥❞ ❞❡♥ ❙❛t③ ✈♦♥ ❞❡r ❞♦♠✐♥✐❡rt❡♥ ❑♦♥✈❡r❣❡♥③
❛♥✇❡♥❞❡♥✱ ❡r❤❛❧t❡♥ ✇✐r

f(x) ≥ Ex

[ ∫ τ

0

e−δtut dt
]

= J(t, x, u) = V (x, u).

❋ür ❞✐❡ ③✇❡✐t❡ ❇❡❤❛✉♣t✉♥❣ s❡t③❡♥ ✇✐r u∗t st❛tt ut ✐♥ ✭✹✳✷✷✮ ❡✐♥ ✉♥❞ ❡r❤❛❧t❡♥ ❡✐♥❡
●❧❡✐❝❤❤❡✐t ✐♥ ✭✹✳✷✸✮✳ ❉❛ Xτ = 0 ✉♥❞ f(0) = 0 ❣❡❧t❡♥✱ ❢♦❧❣t

Ex[e
−δ(τ∧T )f(Xτ∧T )] = Ex[1{τ>T}e

−δ(τ∧T )f(Xτ∧T )]

= Ex[1{τ>T}e
−δTf(Xτ∧T )]

≤ e−δT sup
x≥0

f(x)

≤ e−δT a0
δ
.

❉❛ ❞✐❡ ❙❝❤r❛♥❦❡ ♠✐t T → ∞ ❣❡❣❡♥ ◆✉❧❧ ❣❡❤t ✉♥❞ ❞❡♥ ●r❡♥③✇❡rt ✐♥ ✭✹✳✷✸✮ ❡✐♥s❡t③❡♥
❡r❤❛❧t❡♥ ✇✐r

f(x) = Ex

[ ∫ τ

0

e−δtu∗t dt
]

= J(t, x, u∗) = V (x, u∗).

❲♦♠✐t ❛✉❝❤ ❞✐❡ ③✇❡✐t❡ ❇❡❤❛✉♣t✉♥❣ ❜❡✇✐❡s❡♥ ✐st✳
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✹✳✷✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ✉♥❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

✹✳✷ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ✉♥❜❡s❝❤rä♥❦t❡r ❉✐✈✐✲

❞❡♥❞❡♥r❛t❡

❆❧s ♥ä❝❤st❡s ✇♦❧❧❡♥ ✇✐r ❞❡♥ ❋❛❧❧ ❡✐♥❡r ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ✉♥❜❡s❝❤rä♥❦t❡r
❉✐✈✐❞❡♥❞❡♥✐♥t❡♥s✐tät ❜❡❤❛♥❞❡❧♥✳ ❍✐❡r❜❡✐ s♦❧❧ ❞✐❡ ❛✉s❣❡s❝❤ütt❡t❡ ❉✐✈✐❞❡♥❞❡ ❜✐s ③✉♠
❩❡✐t♣✉♥❦t t ❞❛r❣❡st❡❧❧t ✇❡r❞❡♥ ❞✉r❝❤

L(t) =

∫ t

0

ut dt.

❲✐r ❜❡③❡✐❝❤♥❡♥ L(·) ❛❧s ③✉❧äss✐❣✱ ✇❡♥♥

L(t) ∈ Ft,

L(t) ❡✐♥ ♥✐❝❤t✲❢❛❧❧❡♥❞❡r✱ ♥✐❝❤t✲♥❡❣❛t✐✈❡r Pr♦③❡ss ✐st✳

❯♠ ❊✐♥♠❛❧③❛❤❧✉♥❣❡♥ ③✉ ♠♦❞❡❧❧✐❡r❡♥✱ ✇♦❧❧❡♥ ✇✐r ❛♥♥❡❤♠❡♥✱ ❞❛ss L(·) ❝á❞❧❛❣ ✐st✳
L(t)−L(s) ✐st s♦♠✐t ❞✐❡ ❛✉s❣❡s❝❤ütt❡t❡ ❉✐✈✐❞❡♥❞❡ ✐♠ ■♥t❡r✈❛❧❧ (s, t] ✉♥❞ L(t)−L(t−)
❦❛♥♥ ❡✐♥❡ ❊✐♥♠❛❧③❛❤❧✉♥❣ ③✉♠ ❩❡✐t♣✉♥❦t t ❜❡s❝❤r❡✐❜❡♥✳ ❆✉s❣❡❤❡♥❞ ✈♦♥ ❞❡r ●❡st❛❧t
❞❡s ❑♦♥tr♦❧❧♣r♦③❡ss❡s s❝❤r❡✐❜❡♥ ✇✐r ❞❡♥ ❦♦♥tr♦❧❧✐❡rt❡♥ ❘✐s✐❦♦♣r♦③❡ss ♥✉♥ ✐♥ ❋♦r♠
✈♦♥

XL
t = x+

∫ t

0

µ ds+ σWt − Lt. ✭✹✳✷✹✮

▼❛♥ ♠❡r❦❡ ❛♥✱ ❞❛ss ✐♠ ❋❛❧❧ ✈♦♥ X0 = x−L(0)✱ ❢❛❧❧s ❡s ❡✐♥❡ ❆✉ss❝❤ütt✉♥❣ ❣✐❜t✱ ❞❡r
Pr♦③❡ss ❛✉❢ x−L(0) ❢ä❧❧t✳ ❉❡s❤❛❧❜ ✇♦❧❧❡♥ ✇✐r X−

0 = x ✉♥❞ L(0−) = 0 ✈♦r❛✉ss❡t③❡♥✳
❉❛s ❩✐❡❧❢✉♥❦t✐♦♥❛❧ ✈❡rä♥❞❡rt s✐❝❤ ③✉

J(x, L) = Ex

[ ∫ τ

0

e−δtdLt

]

.

❉✐❡ ❲❡rt❢✉♥❦t✐♦♥ ♥✐♠♠t ❢♦❧❣❡♥❞❡ ❋♦r♠ ❛♥✿

V (x) = sup
L
J(x, L).

❉❛s ❩✐❡❧ ✐st ❞✐❡ ♦♣t✐♠❛❧❡ ❙tr❛t❡❣✐❡ L∗ ③✉ ✜♥❞❡♥✱ ❞✐❡ ❞❛s ❙✉♣r❡♠✉♠ ❞❡r ❲❡rt❢✉♥❦t✐✲
♦♥ ❢ür ❛❧❧❡ ③✉❧äss✐❣❡♥ ❙tr❛t❡❣✐❡♥ L ❜✐❧❞❡t✳ ❲✐r ❧❡✐t❡♥ ③✉❛❧❧❡r❡rst ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣
❤❡r✳ ❋ür ❞✐❡s❡ ✇❡r❞❡♥ ✇✐r ❱❛r✐❛t✐♦♥s✉♥❣❧❡✐❝❤✉♥❣❡♥✱ ❞✐❡ ❞❛s ❩✐❡❧❢✉♥❦t✐♦♥❛❧ ❡r❢ü❧❧❡♥✱
❡r♠✐tt❡❧♥✳

❋ür ❞✐❡ ❡rst❡ ❯♥❣❧❡✐❝❤✉♥❣ ❡r✐♥♥❡r♥ ✇✐r ✉♥s ❞❛r❛♥✱ ❞❛ss ✐♠ ❜❡s❝❤rä♥❦t❡♥ ❋❛❧❧ ✉♥t❡r
❞❡r ♦♣t✐♠❛❧❡♥ ❙tr❛t❡❣✐❡ ❡♥t✇❡❞❡r ♥✐❝❤ts ♦❞❡r ❞✐❡ ♠❛①✐♠❛❧❡ ❉✐✈✐❞❡♥❞❡♥r❛t❡ ❛✉s✲
❜❡③❛❤❧t ✇✐r❞✳ ■♥ ä❤♥❧✐❝❤❡r ▼❡t❤♦❞✐❦ ✇✐❡ ✐♠ ❜❡s❝❤rä♥❦t❡♥ ❋❛❧❧ ✇❡r❞❡♥ ✇✐r ❞❛❤❡r
❡✐♥❡ ❙tr❛t❡❣✐❡ ❜❡tr❛❝❤t❡♥ ✐♥ ❞❡r ✐♥ ❦❧❡✐♥❡♥ ■♥t❡r✈❛❧❧ [0, z) ♥✐❝❤ts ❛✉s❣❡③❛❤❧t ✇✐r❞

✸✻

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

✹✳✷✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ✉♥❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

✉♥❞ ❞❛♥❛❝❤ ❞✐❡ ǫ✲♦♣t✐♠❛❧❡ ❙tr❛t❡❣✐❡ ❛♥❣❡✇❡♥❞❡t ✇✐r❞✳ ■♠ ❥❡t③✐❣❡♥ ❋❛❧❧ ✐st ❞✐❡ ❉✐✲
✈✐❞❡♥❞❡♥r❛t❡ ✉♥❜❡s❝❤rä♥❦t ❛❧s♦ ✉♥❡♥❞❧✐❝❤✱ ❞❛❤❡r ❦❛♥♥ ❡s ③✉♠ ❩❡✐t♣✉♥❦t z ③✉ ❡✐♥❡r
❊✐♥♠❛❧③❛❤❧✉♥❣ ❦♦♠♠❡♥✱ ❞✐❡ ❛✉s ❡✐♥❡r ✉♥❜❡s❝❤rä♥❦t❡♥ ❉✐✈✐❞❡♥❞❡♥r❛t❡ ❡r❣✐❜t✳ ❆❧s♦
s❡✐ ǫ > 0✱ ❞❛♥♥ ❡①✐st✐❡rt ❢ür ❥❡❞❡s y ❡✐♥❡ ❙tr❛t❡❣✐❡ Ly(·) s♦✱ ❞❛ss

J(y, Ly) ≥ V (y)− ǫ.

❙❡✐ z > 0 ❢❡st ✉♥❞ Yt = x + µt + σWt ❡✐♥❡ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ♠✐t ❉r✐❢t µ✱
❱♦❧❛t✐❧✐tät σ2 ✉♥❞ ❆♥❢❛♥❣s✇❡rt x✱ ❞✐❡ ❞❡♥ Ü❜❡rs❝❤✉ss♣r♦③❡ss ♦❤♥❡ ❇❡rü❝❦s✐❝❤t✐❣✉♥❣
❞❡r ❉✐✈✐❞❡♥❞❡♥ ❜❡s❝❤r❡✐❜t✳ ❲✐r ❞❡✜♥✐❡r❡♥ ❡✐♥❡ ❙tr❛t❡❣✐❡ ❢♦❧❣❡♥❞❡r♠❛ÿ❡♥✿

Lǫ(t) =

{

0, t < z,

LYz(t− z), t ≥ z.

▼✐t ❞✐❡s❡r ❙tr❛t❡❣✐❡ ③❛❤❧❡♥ ✇✐r ✈♦r z ♥✐❝❤ts ❛✉s ✉♥❞ ä♥❞❡r♥ ❞✐❡ ❆✉ss❝❤ütt✉♥❣ ❡rst
❛❜ z ❛✉❢ LYz(· − z)✳ ❉❛ ❞✐❡ ❙tr❛t❡❣✐❡ s✉❜♦♣t✐♠❛❧ ✐st✱ ❡r❤❛❧t❡♥ ✇✐r

V (x) ≥ e−δz
Ex[V (Yz)− ǫ | τ ≥ z].

❉❛ ǫ ❜❡❧✐❡❜✐❣ ✇❛r✱ ❢♦❧❣t

V (x)− e−δz
Ex[V (Yz)] ≥ 0. ✭✹✳✷✺✮

❲❡♥♥ ✇✐r ❛♥♥❡❤♠❡♥✱ ❞❛ss V ③✇❡✐❢❛❝❤ st❡t✐❣ ❞✐✛❡r❡♥③✐❡r❜❛r ✐st✱ ✉♥❞ ✐♥❞❡♠ ✇✐r ❞✐❡
■t♦✲❋♦r♠❡❧ ❛✉❢ e−δzV (Yz) ❛♥✇❡♥❞❡♥✱ ❡r❤❛❧t❡♥ ✇✐r

e−δzV (Yz) =V (x) +

∫ z

0

e−δt
[

µV ′(Yt) +
1

2
σ2V ′′(Yt)− δV (Yt)

]

dt

+

∫ z

0

e−δtV ′(Yt)σ dWt. ✭✹✳✷✻✮

❙❡t③❡♥ ✇✐r ✭✹✳✷✻✮ ✐♥ ✭✹✳✷✺✮ ✉♥❞ ♥❡❤♠❡♥ ❛♥✱ ❞❛ss ❞❛s st♦❝❤❛st✐s❝❤❡ ■♥t❡❣r❛❧ ❡✐♥ ▼❛r✲
t✐♥❣❛❧ ✐st✱ ❞❛♥♥ ❢♦❧❣t

0 ≥ Ex

[ ∫ z

0

e−δt
[
µV ′(Yt) +

1

2
σ2V ′′(Yt)− δV (Yt)

]
dt
]

. ✭✹✳✷✼✮

■♥❞❡♠ ✇✐r ✭✹✳✷✺✮ ❞✉r❝❤ z ❞✐✈✐❞✐❡r❡♥ ✉♥❞ ❞❡♥ ●r❡♥③ü❜❡r❣❛♥❣ z → 0 ❜❡tr❛❝❤t❡♥✱
❡r❤❛❧t❡♥ ✇✐r

0 ≥ 1

2
σ2V ′′(x) + µV ′(x)− δV (x).

❯♠ ❞✐❡ ③✇❡✐t❡ ●❧❡✐❝❤✉♥❣ ③✉ ♠♦t✐✈✐❡r❡♥✱ s❡✐ x ❢❡st s♦✇✐❡ z > 0 ✉♥❞ s❡✐ Ly(·) ❞❡✜♥✐❡rt
✇✐❡ ♦❜❡♥ ♠✐t y = x − z✳ ❇❡tr❛❝❤t❡ Lǫ(t) = z + Lx−z(t)✱ ❡✐♥❡ ❙tr❛t❡❣✐❡ ❞✐❡ ❛♥❢❛♥❣s
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✹✳✷✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ✉♥❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

❡✐♥❡ ❉✐✈✐❞❡♥❞❡ ✐♥ ❍ö❤❡ z ❛✉ss❝❤ütt❡t ✉♥❞ ❞❛♥❛❝❤ ❞✐❡ ❙tr❛t❡❣✐❡ Lx−z(·) ✈❡r❢♦❧❣t✳ ▼✐t
ä❤♥❧✐❝❤❡♥ ❆r❣✉♠❡♥t❡♥ ✇✐❡ ♦❜❡♥✱ ❡r❤❛❧t❡♥ ✇✐r

V (x) ≥ Ex

[ ∫ τ

0

e−ctdLǫ(t)
]

= z + Ex

[ ∫ τ

0

e−ctdLx−z
]

≥ z + V (x− z)− ǫ.

❉❛ ǫ ❜❡❧✐❡❜✐❣ ❣❡✇ä❤❧t ✇✉r❞❡✱ ❡r❤❛❧t❡♥ ✇✐r V (x)− V (x− z) ≥ z ✉♥❞ ✇♦♠✐t

lim
z→0

V (x)− V (x− z)

z
= V ′(x) ≥ 1.

❣✐❧t✳ ❆❧s♦ ❧❛✉t❡t ❞✐❡ ③✇❡✐t❡ ●❧❡✐❝❤✉♥❣

0 ≥ 1− V ′(x).

❉✐❡ ❲❡rt❢✉♥❦t✐♦♥ ♠✉ss ❛❧s♦ ❜❡✐❞❡ ●❧❡✐❝❤✉♥❣❡♥ ❡r❢ü❧❧❡♥✳ ❩✉s❛♠♠❡♥❣❡❢❛sst ❡r❤❛❧t❡♥
✇✐r

0 ≥ max
{1

2
σ2V ′′(x) + µV ′(x)− δV (x), 1− V ′(x)

}

.

❲❡✐❧ ❞❛s ❯♥t❡r♥❡❤♠❡♥ s♦❢♦rt ✐♥ ❞❡♥ ❘✉✐♥ tr❡✐❜t✱ ✇❡♥♥ ❞❛s ❆♥❢❛♥❣s❦❛♣✐t❛❧ ❣❧❡✐❝❤ 0
❜❡trä❣t✱ ✇♦❧❧❡♥ ✇✐r ❢❡st❧❡❣❡♥✱ ❞❛ss V (0) = 0 ❣✐❧t✳ ❲✐r s❡❤❡♥✱ ❞❛ss ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥
❞✐❡ ❢♦❧❣❡♥❞❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ❡r❢ü❧❧❡♥ ♠✉ss✿

max
{1

2
σ2V ′′(x) + µV ′(x)− δV (x), 1− V ′(x)

}

= 0, ✭✹✳✷✽✮

V (0) = 0. ✭✹✳✷✾✮

■♠ ❢♦❧❣❡♥❞❡♥ ❙❛t③ ✇♦❧❧❡♥ ✇✐r ③❡✐❣❡♥✱ ❞❛ss ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥ ✉♥t❡r ❡✐♥❡r ♦♣t✐♠❛❧❡♥
❙tr❛t❡❣✐❡ ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ❡r❢ü❧❧t✳

❙❛t③ ✹✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❲❡rt❢✉♥❦t✐♦♥ V ❡r❢ü❧❧t ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ✭✹✳✷✽✮ ✉♥❞ ✭✹✳✷✽✮✳

❙❡✐ f(x) ❡✐♥❡ ❦♦♥❦❛✈❡ ❋✉♥❦t✐♦♥✱ f ′(x) ✐st ❛❧s♦ ♥✐❝❤t ✇❛❝❤s❡♥❞✱ ✉♥❞ s❡✐
m := sup{x | f ′(x) > 1}✱ ❞❛♥♥ ❣✐❧t

f ′(x) > 1, ❢ür x < m,

f ′(x) = 1, ❢ür x ≥ m. ✭✹✳✸✵✮

❲✐r ❡r❤❛❧t❡♥ ✉♥t❡r ❇❡rü❝❦s✐❝❤t✐❣✉♥❣ ❞❡r ❆♥♥❛❤♠❡♥✱ ❞❛ss f(x) ✐♥ ③✇❡✐ ❇❡r❡✐❝❤❡
❣❡t❡✐❧t ✇❡r❞❡♥ ❦❛♥♥ ✉♥❞ f(x) ❢♦❧❣❡♥❞❡ ●❧❡✐❝❤✉♥❣❡♥ ❣❡❧t❡♥✿

1

2
σ2f ′′(x) + µf ′(x)− δf(x) = 0, x < m, ✭✹✳✸✶✮

1− f ′(x) = 0, x ≥ m.

✸✽
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✹✳✷✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ✉♥❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

❯♠ ❞✐❡ ✉♥❜❡❦❛♥♥t❡ ❙❝❤r❛♥❦❡ m ③✉ ✜♥❞❡♥✱ ✇❡r❞❡♥ ✇✐r ✇✐❡❞❡r ❛✉❢ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢
s♠♦♦t❤ ✜t ③✉rü❝❦❣r❡✐❢❡♥✳ ❙❡✐ f(x) ❡✐♥❡ ③✇❡✐❢❛❝❤ st❡t✐❣ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❋✉♥❦t✐♦♥ ✉♥❞
❢ür ❞✐❡ ❣✐❧t

f ′(m) = f ′(m+) = f ′(m−),

f ′′(m) = f ′′(m+) = f ′′(m−).

❲✐r ✇♦❧❧❡♥ ❛❧s♦ ❡✐♥❡ ▲ös✉♥❣ f(x) ✜♥❞❡♥ ❞✐❡ ✭✹✳✸✶✮ ❧öst ✉♥❞ ❡✐♥ m ✜♥❞❡♥ s♦✱ ❞❛ss

f(0) = 0, ✭✹✳✸✷✮

f ′(m) = 1, ✭✹✳✸✸✮

f ′′(m) = 0. ✭✹✳✸✹✮

❊✐♥❡ ❛❧❧❣❡♠❡✐♥❡ ▲ös✉♥❣ ❢ür ✭✹✳✸✶✮ ❤❛t ❞✐❡ ❋♦r♠

Aeθ1x +Be−θ2x,

✇♦❜❡✐ θ1✱ θ2 s♦✇✐❡ ✐♥ ❑❛♣✐t❡❧ ✹✳✷ s✐♥❞✳ ❲❡❣❡♥ ✭✹✳✸✷✮ ❣✐❧t A = −B✱ ❛❧s♦

A(eθ1x − e−θ2x). ✭✹✳✸✺✮

■♥❞❡♠ ✇✐r ✭✹✳✸✺✮ ❛❜❧❡✐t❡♥✱ ❡r❤❛❧t❡♥ ✇✐r

f ′(x) = A(θ1e
θ1x + θ2e

−θ2x), ✭✹✳✸✻✮

f ′′(x) = A(θ21e
θ1x − θ22e

−θ2x). ✭✹✳✸✼✮

◆✉t③❡♥ ✇✐r ❞✐❡ ❇❡❞✐♥❣✉♥❣ ✭✹✳✸✹✮ ✐♥ ✭✹✳✸✼✮ ❛✉s✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r

m =
2

θ1 + θ2
log

∣
∣
∣
θ2
θ1

∣
∣
∣. ✭✹✳✸✽✮

▼✐t ✭✹✳✸✻✮ ✉♥❞ ❞❡r ❇❡❞✐♥❣✉♥❣ ✭✹✳✸✸✮ ❢♦❧❣❡r♥ ✇✐r

A =
1

θ1eθ1m + θ2e−θ2m
. ✭✹✳✸✾✮

❙❛t③ ✹✳✹✳ ❙❡✐

f(x) =

{

A(eθ1x + e−θ2x), ❢ür x ≤ m,

A(eθ1m + e−θ2m) + x−m, ❢ür x ≥ m,

♠✐t m ✉♥❞ A ❣❡❣❡❜❡♥ ❞✉r❝❤ ✭✹✳✸✽✮ ✉♥❞ ✭✹✳✸✾✮✳ ❉❛♥♥ ✐st f ❞✐❡ ▲ös✉♥❣ ❞❡r ❍❏❇✲
●❧❡✐❝❤✉♥❣ ✭✹✳✷✽✮✳

✸✾
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✹✳✷✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ✉♥❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

❇❡✇❡✐s✳ ❉❛♠✐t f(x) ❢ür ✭✹✳✷✽✮ ❡r❢ü❧❧t ✐st✱ ❜❧❡✐❜t ③✉ ③❡✐❣❡♥✱ ❞❛ss

f ′(x) ≥ 1 ❢ür x ≤ m, ✭✹✳✹✵✮
1

2
σ2f ′′(x) + µf ′(x)− δf(x) ≤ 0 ❢ür x ≥ m. ✭✹✳✹✶✮

■♥❞❡♠ ✇✐r ✭✹✳✸✼✮ ❞✐✛❡r❡♥③✐❡r❡♥✱ s❡❤❡♥ ✇✐r✱ ❞❛ss f ′′′(x) > 0 ❣✐❧t✱ ✇♦♠✐t f ′′(x) ❡✐♥❡
st❡✐❣❡♥❞❡ ❋✉♥❦t✐♦♥ ✐st✳ ❲❡❣❡♥ |θ2| > θ1 ✐st f ′′(0) < 0✳ ❉❛ f ′′(m) = 0✱ ❢♦❧❣t ❛✉s ❞❡r
▼♦♥♦t♦♥✐❡ ✈♦♥ f ′′(x)✱ ❞❛ss f ′′(x) ≤ 0 ❢ür x ≤ m ✉♥❞ s♦♠✐t ✐st f(x) ❡✐♥❡ ❦♦♥❦❛✈❡
❋✉♥❦t✐♦♥ ❛✉❢ [0,m]✳ ❉❛❤❡r ❣✐❧t f ′(x) ≥ f ′(m) = 1 ❢ür ❛❧❧❡ x ≤ m✱ ✇♦♠✐t ✭✹✳✹✵✮
❣❡③❡✐❣t ✐st✳

▼❛♥ ♠❡r❦❡ ❛♥✱ ❞❛ss ✇❡❣❡♥ ❞❡r ❆♥♥❛❤♠❡ ✭✹✳✸✵✮ ❢ür x ≥ m

1

2
σ2f ′′(x) + µf ′(x)− δf(x) = µ− δf(x)

≤ µ− δf(m)

=
1

2
σ2f ′′(m) + µf ′(m)− δf(m) = 0

❣✐❧t✱ ✇♦♠✐t ❛✉❝❤ ✭✹✳✹✶✮ ❣❡③❡✐❣t ✐st✳

❩✉♠ ❆❜s❝❤❧✉ss ✇❡r❞❡♥ ✇✐r ③❡✐❣❡♥✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥ ✐♥ ❙❛t③ ✹✳✹ ♠✐t ❞❡r ♦♣t✐♠❛✲
❧❡♥ ❲❡rt❢✉♥❦t✐♦♥ V ü❜❡r❡✐♥st✐♠♠t✳

❙❛t③ ✹✳✺✳ ❙❡✐ L ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ③✉❧äss✐❣❡ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡✱ ❞❛♥♥ ❣✐❧t

f(x) ≥ V (x, L).

❙❡✐ m ❣❡❣❡❜❡♥ ✇✐❡ ✐♥ ✭✹✳✸✽✮ ✉♥❞ L∗ ❡✐♥❡ ♦♣t✐♠❛❧❡ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡✱ ❞❛♥♥ ❣✐❧t

f(x) = V (x, L∗).

❇❡✇❡✐s✳ ❙❡✐ Xt ❣❡❣❡❜❡♥ ✇✐❡ ✐♥ ✭✹✳✷✹✮✳ ❲✐r ❞❡✜♥✐❡r❡♥ ❢ür ❥❡❞❡s st❡✐❣❡♥❞❡s L(·) ❞✐❡
▼❡♥❣❡ ❞❡r ❯♥st❡t✐❣❦❡✐tsst❡❧❧❡♥ ❛❧s Λ := {s | L(s−) 6= L(s)}✳
❙❡✐ Ld(t) :=

∑

s∈Λ,s≤t

L(s) − L(s−) ✉♥❞ Lc(t) := L(t) − Ld(t)✳ ❲❡♥❞❡♥ ✇✐r ❞✐❡ ✈❡r❛❧❧✲

❣❡♠❡✐♥❡rt❡ ■tô✲❋♦r♠❡❧ ❛♥✱ ❞❛♥♥ ❣✐❧t

✹✵
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✹✳✷✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ✉♥❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

e−δ(τ∧t)f(Xτ∧t)

=f(x) +

∫ τ∧t

0

e−δs[
1

2
σ2f ′′(Xs) + µf ′(Xs)− δf(Xs)]ds+

∫ τ∧t

0

e−δsf ′(Xs)dWs

−
∫ τ∧t

0

e−δsf ′(Xs)dLs

−
∑

s∈Λ,s≤τ∧t

e−δs[f(Xs)− f(Xs−)− f ′(Xs−)(Xs −Xs−)]

=f(x) +

∫ τ∧t

0

e−δs[
1

2
σ2f ′′(Xs) + µf ′(Xs)− δf(Xs)]ds+

∫ τ∧t

0

e−δsf ′(Xs)dWs

−
∫ τ∧t

0

e−δsf ′(Xs)dL
c
s −

∑

s∈Λ,s≤τ∧t

e−δs[f(Xs)− f(Xs−)]. ✭✹✳✹✷✮

❉❛ f(x) ❦♦♥❦❛✈ ✐st✱ ❛❧s♦ 0 < f ′(x) < f ′(0) <∞✱ ❢♦❧❣t✱ ❞❛ss ❞❛s st♦❝❤❛st✐s❝❤❡ ■♥t❡❣r❛❧
❡✐♥ q✉❛❞r❛t✐s❝❤ ✐♥t❡❣r✐❡r❜❛r❡s ▼❛rt✐♥❣❛❧ ♠✐t ❊r✇❛rt✉♥❣s✇❡rt ◆✉❧❧ ✐st✳ ❆✉s ❞❡r ❍❏❇✲
●❧❡✐❝❤✉♥❣ ✭✹✳✷✽✮ ❦ö♥♥❡♥ ✇✐r s❝❤❧✐❡ÿ❡♥✱ ❞❛ss ❞❡r ③✇❡✐t❡ ❚❡r♠ ❛✉❢ ❞❡r r❡❝❤t❡♥ ❙❡✐t❡
✈♦♥ ✭✹✳✹✷✮ ♥✐❝❤t ♣♦s✐t✐✈ ✐st✳ ❲❡♥❞❡♥ ✇✐r ♥✉♥ ❛✉❢ ❜❡✐❞❡♥ ❙❡✐t❡♥ ❞❡♥ ❊r✇❛rt✉♥❣s✇❡rt
❛♥✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣

Ex[e
−δ(τ∧t)f(Xτ∧t)]

≤ f(x)− Ex

[ ∫ τ∧t

0

e−δsf ′(Xs)dL
c
s

]

− Ex

[ ∑

s∈Λ,s≤τ∧t

e−δs[f(Xs)− f(Xs−)]
]

. ✭✹✳✹✸✮

❉❛❜❡✐ ❣✐❧t ❢ür ❞✐❡ ❧✐♥❦❡ ❙❡✐t❡

Ex[e
−ctf(Xt)|t < τ ] = e−ct

Ex[f(Xt)|t < τ ]. ✭✹✳✹✹✮

❲❡❣❡♥ ❞❡r ❑♦♥❦❛✈✐tät ✈♦♥ f(x)✱ ❢♦❧❣t ❢ür ❑♦♥st❛♥t❡♥ a, b > 0✱ ❞❛ss f(x) ≤ a + bx
❣✐❧t✳ ▼✐t Xt ≤ |Wt|✱ s✐❡❤t ♠❛♥✱ ❞❛ss ❞✐❡ r❡❝❤t❡ ❙❡✐t❡ ✈♦♥ ✭✹✳✹✹✮ ❜❡s❝❤rä♥❦t ✐st ❞✉r❝❤
e−δt(a+ bE[|Wt|])✱ ✇❛s ❣❡❣❡♥ ◆✉❧❧ ❢ür t→ ∞ ❣❡❤t✳
❲✐r ❡r✐♥♥❡r♥ ✉♥s✱ ❞❛ss f ′(x) ≥ 1 ✉♥❞ Xs − Xs− = Ls− − Ls ❣❡❧t❡♥✳ ❉❛♠✐t ❣✐❧t
f(Xs) − f(Xs−) ≤ Ls− − Ls✳ ❇❡tr❛❝❤t❡♥ ✇✐r ❞❡♥ ▲✐♠❡s t → ∞ ✐♥ ✭✹✳✹✸✮✱ ❞❛♥♥
❡r❤❛❧t❡♥ ✇✐r

0 ≤ f(x)− Ex

[ ∫ τ

0

e−δsdLc
s

]

− Ex

[ ∑

s∈Λ,s≤τ∧t

e−δs[Ls − Ls− ]
]

= f(x)− Ex

[ ∫ τ

0

e−δsdLs

]

.
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https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

✹✳✷✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ✉♥❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

❉✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ✐st äq✉✐✈❛❧❡♥t ③✉

f(x) ≥ V (x, L),

✇♦♠✐t ❞❡r ❡rst❡ ❚❡✐❧ ❜❡✇✐❡s❡♥ ✐st✳

❋ür ❞❡♥ ③✇❡✐t❡♥ ❚❡✐❧ ❜❡tr❛❝❤t❡♥ ✇✐r ❞✐❡ ❇❛rr✐❡r❡str❛t❡❣✐❡

L∗
t = max

s≤t
[x+ µs+ σWs −m, 0].

❉❛s ❤❡✐ÿt ❡s ❣✐❜t ♥✉r ❞❛♥♥ ❡✐♥❡ ❆✉ss❝❤ütt✉♥❣✱ ✇❡♥♥ ❞❡r ❩✉st❛♥❞s♣r♦③❡ss ❞✐❡ ❇❛rr✐❡r❡
m ü❜❡rs❝❤r❡✐t❡t✳ ❙❡✐ X∗

t ❞❡r ❩✉st❛♥❞s♣r♦③❡ss✱ ✇❡❧❝❤❡r ❉✐✈✐❞❡♥❞❡♥❛✉ss❝❤ütt✉♥❣❡♥
❜❡rü❝❦s✐❝❤t✐❣t ✉♥❞ ❛♥ ❞❡r ❇❛rr✐❡r❡ m r❡✢❡❦t✐❡rt ✇✐r❞✱ ❛❧s♦ ❣✐❧t

X∗
t ≤ m ❢ür ❛❧❧❡ t ≥ 0, ✭✹✳✹✺✮
∫ ∞

0

1{X∗

t <m}dL
∗
t = 0. ✭✹✳✹✻✮

❲❡♥❞❡♥ ✇✐r ✇✐❡❞❡r ❞✐❡ ■tô✲❋♦r♠❡❧ ❛♥ ✉♥❞ ❡rs❡t③❡♥ L, τ ❞✉r❝❤ L∗, τ ∗✱ ❞❛♥♥ ❡r❤❛❧t❡♥
✇✐r

e−δ(τ∧t)f(Xτ∧t)

=f(x) +

∫ τ∧t

0

e−δs[
1

2
σ2f ′′(X∗

s ) + µf ′(X∗
s )− δf(X∗

s )]ds+

∫ τ∧t

0

e−δsf ′(X∗
s )dWs

−
∫ τ∧t

0

e−δsf ′(X∗
s )dL

∗c
s −

∑

s∈Λ,s≤τ∧t

e−δs(f(X∗
s )− f(X∗

s−)). ✭✹✳✹✼✮

❲❡❣❡♥ ✭✹✳✹✺✮ ✉♥❞ 1
2
σ2f ′′(x) + µf ′(x) − δf(x) = 0 ❢ür x ≤ m✱ ✐st ❞❡r ③✇❡✐t❡ ❚❡r♠

❛✉❢ ❞❡r r❡❝❤t❡♥ ❙❡✐t❡ ✈♦♥ ✭✹✳✹✼✮ ❣❧❡✐❝❤ ◆✉❧❧✳ ❲❡♥❞❡♥ ✇✐r ❞❡♥ ❊r✇❛rt✉♥❣s✇❡rt ❛♥✱
✈❡rs❝❤✇✐♥❞❡t ❞❡r ▼❛rt✐♥❣❛❧t❡r♠ ❡r♥❡✉t ✉♥❞ ✇✐r ❜❡❦♦♠♠❡♥

Ex[e
−δtf(X∗

t )|t < τ ∗] = f(x)− Ex

[ ∫ τ∧t

0

e−δsf ′(X∗
s )dL

∗
s

]

. ✭✹✳✹✽✮

❉❛ f ❛✉❢ [0,m] ❜❡s❝❤rä♥❦t ✐st✱ ❦♦♥✈❡r❣✐❡rt ❞✐❡ ❧✐♥❦❡ ❙❡✐t❡ ❢ür t → ∞ ❣❡❣❡♥ ◆✉❧❧✳
❲❡❣❡♥ ✭✹✳✹✻✮ ✉♥❞ f ′(m) = 1✱ ❢♦❧❣t

Ex

[ ∫ τ∧t

0

e−δsf ′(X∗
s )dL

∗
s

]

= Ex

[ ∫ τ∧t

0

e−δsf ′(X∗
s )1{X∗

s=m}dL
∗
s

]

= Ex

[ ∫ τ∧t

0

e−δsf ′(m)1{X∗

s=m}dL
∗
s

]

= Ex

[ ∫ τ∧t

0

e−δs
1{X∗

s=m}dL
∗
s

]

= Ex

[ ∫ τ∧t

0

e−δsdL∗
s

]

. ✭✹✳✹✾✮

✹✷
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✹✳✷✳ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t ✉♥❜❡s❝❤rä♥❦t❡r ❉✐✈✐❞❡♥❞❡♥r❛t❡

❙❡t③❡♥ ✇✐r ✭✹✳✹✾✮ ✐♥ ✭✹✳✹✽✮ ❡✐♥ ✉♥❞ ❧❛ss❡♥ t→ ∞ ❧❛✉❢❡♥✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r

f(x)− Ex

[ ∫ τ

0

e−δsdL∗
s

]

= 0,

✇❛s ③✉

f(x) = Ex

[ ∫ τ

0

e−δsdL∗
s

]

= V (x, L∗)

äq✉✐✈❛❧❡♥t ✐st✳ ❲♦♠✐t ❛✉❝❤ ❞✐❡ ③✇❡✐t❡ ❆✉ss❛❣❡ ❜❡✇✐❡s❡♥ ✐st✳

✹✸
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❑❛♣✐t❡❧ ✺

❖♣t✐♠❛❧❡ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ♠✐t

❩✐♥s❡♥

■♥ ❞❡♥ ❜✐s❤❡r✐❣❡♥ ❖♣t✐♠✐❡r✉♥❣s♣r♦❜❧❡♠❡♥ ✇✉r❞❡ ❞❛s ❢r❡✐❡ ❑❛♣✐t❛❧ ♦❤♥❡ ❱❡r③✐♥✲
s✉♥❣ ♠♦❞❡❧❧✐❡rt✳ ■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇✐r❞ ❡✐♥ ❯♥t❡r♥❡❤♠❡♥ ❜❡tr❛❝❤t❡t✱ ✇❡❧❝❤❡s s❡✐♥❡
Ü❜❡rs❝❤üss❡ ✐♥ ❡✐♥ r✐s✐❦♦❧♦s❡s ❲❡rt♣❛♣✐❡r ❛♥❧❡❣t✳ ■♥ ❞✐❡s❡♠ ❩✉s❛♠♠❡♥❤❛♥❣ ✇♦❧❧❡♥
✇✐r ✉♥s ❛✉❢ ❡✐♥❡ ❦♦♥st❛♥t❡ ❱❡r③✐♥s✉♥❣ ρ > 0 ❢❡st❧❡❣❡♥✳ ❩✉sät③❧✐❝❤ s❡t③❡♥ ✇✐r ✈♦r❛✉s✱
❞❛ss

ρ < δ

❣✐❧t✱ ♠✐t ❉✐s❦♦♥t✐❡r✉♥❣sr❛t❡ δ > 0✳ ❉✐❡ ❇❡❞✐♥❣✉♥❣ st❡❧❧t s✐❝❤❡r✱ ❞❛ss ❞✐❡ ❡r✇❛rt❡t❡
❲❡rt❢✉♥❦t✐♦♥ ♥✐❝❤t ✉♥❡✐♥❣❡s❝❤rä♥❦t ❣r♦ÿ ✇❡r❞❡♥ ❦❛♥♥✳ ❊s ✇✐r❞ ❣❡③❡✐❣t✱ ❞❛ss ❡✐♥❡
❚❤r❡s❤♦❧❞str❛t❡❣✐❡ ❞✐❡ ♦♣t✐♠❛❧❡ ❙tr❛t❡❣✐❡ ❞❡s ❑♦♥tr♦❧❧♣r♦❜❧❡♠s ✐st✳ ❲✐r ❡r✐♥♥❡r♥
✉♥s✱ ❞❛ss ✉♥t❡r ❡✐♥❡r ❚❤r❡s❤♦❧❞str❛t❡❣✐❡✱ ❉✐✈✐❞❡♥❞❡♥ ③✉ ✐❤r❡r ♠❛①✐♠❛❧❡♥ ❆✉ss❝❤üt✲
t✉♥❣sr❛t❡ α ❛✉s❣❡s❝❤ütt❡t ✇❡r❞❡♥✱ ✇❡♥♥ ❞❡r Ü❜❡rs❝❤✉ss♣r♦③❡ss ❞✐❡ ❙❝❤r❛♥❦❡ b∗ ü❜❡r✲
s❝❤r❡✐t❡t ✇✐r❞ ✉♥❞ ❢❛❧❧s ❞❡r Ü❜❡rs❝❤✉ss♣r♦③❡ss s✐❝❤ ✉♥t❡r❤❛❧❜ ❞❡r ❙❝❤r❛♥❦❡ ❜❡✜♥❞❡t
✇✐r❞ ❦❡✐♥❡ ❉✐✈✐❞❡♥❞❡ ❛✉s❜❡③❛❤❧t✳ ■♠ ❡✐♥❢❛❝❤❡♥ ❋❛❧❧✱ ♦❤♥❡ ❱❡r③✐♥s✉♥❣✱ ❡r❢ü❧❧t ❞✐❡
❲❡rt❢✉♥❦t✐♦♥ ❡✐♥❡ ❧✐♥❡❛r❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ♠✐t ❦♦♥st❛♥t❡♥ ❑♦❡✣③✐❡♥t❡♥✳ ❉❛ ρ
♣♦s✐t✐✈ ✐st✱ ✇❡r❞❡♥ ✇✐r ❡✐♥❡ ❧✐♥❡❛r❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ♠✐t ✈❛r✐❛❜❧❡♥ ❑♦❡✣③✐❡♥t❡♥
❜❡tr❛❝❤t❡♥✳ ❉✐❡ ❜❡s❛❣t❡ ●❧❡✐❝❤✉♥❣ ❣❡❤ört ③✉ ❞❡r ❑❧❛ss❡ ✈♦♥ ❞❡♥ s♦❣❡♥❛♥♥t❡♥ ❑✉♠✲
♠❡r✬s❝❤❡♥ ❦♦♥✢✉❡♥t❡♥ ❤②♣❡r❣❡♦♠❡tr✐s❝❤❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥✱ ❞✐❡ ✉♥s ❡r❧❛✉❜t
❞✐❡ ❲❡rt❢✉♥❦t✐♦♥ s♦✇✐❡ ❞✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡ ♥✉♠❡r✐s❝❤ ③✉ ❜❡st✐♠♠❡♥✳

✺✳✶ ❉❛s ▼♦❞❡❧❧

❲✐r ♥❡❤♠❡♥ ❛♥✱ ❞❛ss ❞❡r Ü❜❡rs❝❤✉ss ❞✉r❝❤ ❡✐♥ ❇r♦✇♥s❝❤❡s ▼♦❞❡❧❧ ♠♦❞❡❧❧✐❡rt
✇✐r❞✳ ❙❡✐ (Xt)t≥0 ❞❡r Ü❜❡rs❝❤✉ss ❡✐♥❡s ❯♥t❡r♥❡❤♠❡♥s✱ ❜❡✈♦r ❉✐✈✐❞❡♥❞❡♥ ❛✉s❜❡③❛❤❧t
✇❡r❞❡♥✳ ❉❡r Ü❜❡rs❝❤✉ss♣r♦③❡ss ✐st ❡✐♥ st❡t✐❣❡r st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss✱ ✇❡❧❝❤❡r ❞✐❡
st♦❝❤❛st✐s❝❤❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣

dXt = (µ+ ρXt)dt+ σdWt, t ≥ 0,

❡r❢ü❧❧t✱ ✇♦❜❡✐ ρ > 0 ❞❡r ❩✐♥ss❛t③✱ σ > 0 ❞✐❡ ❙t❛♥❞❛r❞❛❜✇❡✐❝❤✉♥❣ ✉♥❞ (Wt)t≥0 ❡✐♥❡
❙t❛♥❞❛r❞ ❇r♦✇♥s❝❤❡ ❇❡✇❡❣✉♥❣ ✐st✳

✹✹
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✺✳✶✳ ❉❛s ▼♦❞❡❧❧

❙❡✐ u = (ut)t≥0 ❡✐♥❡ ③✉❧äss✐❣❡ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ ✉♥❞ ut ❞✐❡ ❉✐✈✐❞❡♥❞❡♥r❛t❡ ③✉♠
❩❡✐t♣✉♥❦t t✳ ❇❡③❡✐❝❤♥❡ τu := inf{t ≥ 0 | Xu

t ≤ 0} ❞❡♥ ❘✉✐♥③❡✐t♣✉♥❦t ❞❡s ❦♦♥tr♦❧✲
❧✐❡rt❡♥ Ü❜❡rs❝❤✉ss♣r♦③❡ss❡s (Xu

t )t≥0✳ ❉❛s ❩✐❡❧❢✉♥❦t✐♦♥❛❧ ✇✐r❞ ❞❡✜♥✐❡rt ❞✉r❝❤

V u(x) = E

[ ∫ τu

0

e−δtutdt | Xu
0 = x

]

,

✇♦❜❡✐ δ > 0 ❞❡♠ ❉✐s❦♦♥t✐❡r✉♥❣ss❛t③ ❡♥ts♣r✐❝❤t✳ ❲✐r s❡t③❡♥ ✈♦r❛✉s✱ ❞❛ss ρ < δ ✐st
✉♥❞ ♥♦t✐❡r❡♥ A ❛❧s ❞✐❡ ▼❡♥❣❡ ❛❧❧❡r ③✉❧äss✐❣❡♥ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡♥✳ ❩✐❡❧ ✐st ❡s ♥✉♥✱
❞✐❡ ♦♣t✐♠❛❧❡ ❉✐✈✐❞❡♥❞❡♥str❛t❡❣✐❡ u∗ ③✉ ✜♥❞❡♥✱ ❞✐❡ ❞❛s ❩✐❡❧❢✉♥❦t✐♦♥❛❧ ♠❛①✐♠✐❡rt✱
❞❛❤❡r

V (x) = V u∗

(x) = sup
u∈A

V u(x), ❢ür ❛❧❧❡ x ≥ 0.

❲✐r ✈❡r❢♦❧❣❡♥ ❡✐♥❡♥ ä❤♥❧✐❝❤❡♥ ❆♥s❛t③ ✇✐❡ ✐♥ ❑❛♣✐t❡❧ ✹✳✶✱ ✐♥❞❡♠ ✇✐r ❞✐❡ ③✉❧äss✐❣❡
❉✐✈✐❞❡♥❞❡♥r❛t❡ ❞✉r❝❤ α ∈ (0,∞) ❜❡s❝❤rä♥❦❡♥✳ ❉❛s ❩✐❡❧ ✐st ❡s ♥✉♥ ❞✐❡ ♦♣t✐♠❛❧❡ ❇❛r✲
r✐❡r❡ b∗ ③✉ ❡r♠✐tt❡❧♥✳

❲✐r ♥❡❤♠❡♥ ♥✉♥ ❛♥✱ ❞❛ss ❞❛s ❞✐❡ ❉✐✈✐❞❡♥❞❡♥❛✉ss❝❤ütt✉♥❣sstr❛t❡❣✐❡ ✉♥s❡r❡s ❱❡r✲
s✐❝❤❡r✉♥❣s✉♥t❡r♥❡❤♠❡♥s ❡✐♥❡r ❚❤r❡s❤♦❧❞str❛t❡❣✐❡ ♠✐t P❛r❛♠❡t❡r b > 0 ✉♥❞ α > 0
❣❧❡✐❝❤t✳ ❙❡✐ Xb

t ❞❡r ❦♦♥tr♦❧❧✐❡rt❡ Ü❜❡rs❝❤✉ss♣r♦③❡ss ✉♥❞ Vb(x) ❞❡r ❡r✇❛rt❡t❡ ❞✐s❦♦♥✲
t✐❡rt❡ ❲❡rt ❞❡r ❉✐✈✐❞❡♥❞❡♥❛✉s③❛❤❧✉♥❣✳ ❲✐r ♥♦t✐❡r❡♥

✶✳ τ−0 := inf{t ≥ 0 | Xt ≤ 0} ❛❧s ❞❡♥ ❘✉✐♥③❡✐t♣✉♥❦t✱

✷✳ τ+b := inf{t ≥ 0 | Xt ≥ b} ❞❡♥ ❩❡✐t♣✉♥❦t ❛♥ ❞❡♠ ❞❡r Ü❜❡rs❝❤✉ss♣r♦③❡ss ❞✐❡
❙❝❤r❛♥❦❡ b ü❜❡rs❝❤r❡✐t❡t ✉♥❞

✸✳ η−b := inf{t ≥ 0 | Xb
t ≤ b} ❞❡♥ ❩❡✐t♣✉♥❦t ❛♥ ❞❡♠ ❞❡r ❦♦♥tr♦❧❧✐❡rt❡ Ü❜❡rs❝❤✉ss✲

♣r♦③❡ss ❞✐❡ ❙❝❤r❛♥❦❡ b ✉♥t❡rs❝❤r❡✐t❡t✱

♠✐t ❞❡r ❑♦♥✈❡♥t✐♦♥ inf ∅ = ∞✳
■♠ ❋♦❧❣❡♥❞❡♥ ✇❡r❞❡♥ ✇✐r ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ❤❡r❧❡✐t❡♥✳ ❲✐r ❡r✐♥♥❡r♥ ✉♥s ❛✉s ❑❛♣✐t❡❧
✸✳✸ ✉♥❞ ✭✸✳✶✹✮✱ ❞❛ss ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ❢♦❧❣❡♥❞❡ ❋♦r♠ ❛♥♥✐♠♠t✿

sup
u∈A

{ϕ(x, u) + LuV (x)− δV (x)} = 0, ❢ür x ∈ R. ✭✺✳✶✮

❇❡tr❛❝❤t❡♥ ✇✐r ❞❡♥ ✉♠ ❞✐❡ ❉✐✈✐❞❡♥❞❡♥③❛❤❧✉♥❣❡♥ ❦♦rr✐❣✐❡rt❡♥ Ü❜❡rs❝❤✉ss♣r♦③❡ss

dXu
t = (µ+ ρXt − ut)dt+ σdWt, t ≥ 0.

❉❛♥♥ ❧ässt s✐❝❤ ❞❡r ❉✐✛❡r❡♥t✐❛❧♦♣❡r❛t♦r✱ ❛♥❣❡✇❡♥❞❡t ❛✉❢ ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥✱ s❝❤r❡✐❜❡♥
❛❧s

LuV (x) = (µ+ ρx− u)V ′(x) +
1

2
σ2V ′′(x).

✹✺
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✺✳✷✳ ❑✉♠♠❡r✬s❝❤❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣

❯♥s❡r❡ ❧❛✉❢❡♥❞❡♥ ❑♦st❡♥ s✐♥❞ ❞❛❤❡r ϕ(t) = ut ✉♥❞ ✇✐r ❦ö♥♥❡♥ ✭✺✳✶✮ ❡♥ts♣r❡❝❤❡♥❞
❛♥❣❡❜❡♥ ❛❧s

sup
u∈A

{u+ (µ+ ρx− u)V ′(x) +
1

2
σ2V ′′(x)− δV (x)} = 0

❲✐r ♥❡❤♠❡♥ ❞❛❤❡r ❛♥✱ ❞❛ss ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥ V (x) ③✇❡✐❢❛❝❤ st❡t✐❣ ❞✐✛❡r❡♥③✐❡r❜❛r
❛✉❢ (0,∞) ✐st ✉♥❞ s♦❧❧ ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ❞❡r ❢♦❧❣❡♥❞❡♥ ❋♦r♠ ❡r❢ü❧❧❡♥

sup
u∈A

{1− V ′(x)}u+ (µ+ ρx)V ′(x) +
1

2
σ2V ′′(x)− δV (x) = 0, ✭✺✳✷✮

V (0) = 0. ✭✺✳✸✮

❩✉r ❍❡r❧❡✐t✉♥❣ ❞❡r ♠ö❣❧✐❝❤❡♥ ▲ös✉♥❣ ❞❡r ❍❏❇✲●❧❡✐❝❤✉♥❣ ✭✺✳✷✮ ✉♥❞ ✭✺✳✸✮✱ s❡✐ f(x)
❞✐❡ ▲ös✉♥❣ ❞❡r ❢♦❧❣❡♥❞❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥✿

1

2
σ2f ′′(x) + (µ+ ρx)f ′(x)− δf(x) = 0 ✭✺✳✹✮

1

2
σ2f ′′(x) + (µ+ ρx− α)f ′(x)− δf(x) = 0. ✭✺✳✺✮

❆✉❢❣r✉♥❞ ❞❡r ❋❧✉❦t✉❛t✐♦♥❡♥ ❞❡r ❇r♦✇♥s❝❤❡♥ ❇❡✇❡❣✉♥❣ ✇ür❞❡ ❞✐❡s❡ ❞❛s ❯♥t❡r♥❡❤✲
♠❡♥ ❛♥ ❞❡r ❙t❡❧❧❡ 0 s♦❢♦rt ✐♥ ❞❡♥ ❘✉✐♥ tr❡✐❜❡♥✱ ❞❛❤❡r s❡t③❡♥ ✇✐r V (0) = 0 ✈♦r❛✉s✳ ❩✉✲
❞❡♠ s❝❤ütt❡t ❞❛s ❯♥t❡r♥❡❤♠❡♥ ❛❜ ❞❡r ❇❛rr✐❡r❡ b ❉✐✈✐❞❡♥❞❡♥ ❛✉s✱ ✇♦♠✐t V ′(x) > 1
❢ür x < b ✉♥❞ V ′(x) ≤ 1 ❢ür x ≥ b ❣❡❧t❡♥ ♠✉ss✳ ❲✐r ✇♦❧❧❡♥ ❡✐♥❡ ③✇❡✐❢❛❝❤ st❡t✐❣
❞✐✛❡r❡♥③✐❡r❜❛r❡✱ ✇❛❝❤s❡♥❞❡ ✉♥❞ ❦♦♥❦❛✈❡ ▲ös✉♥❣ V (x) ❢ür ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ✭✺✳✷✮
✜♥❞❡♥✱ ❞✐❡ ❞❡♥ ❘❛♥❞❜❡❞✐♥❣✉♥❣❡♥ ❣❡♥ü❣t✳

✺✳✷ ❑✉♠♠❡r✬s❝❤❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣

❲✐r ✇❡r❞❡♥ ✭✺✳✹✮ ✐♥ ❡✐♥❡ s♦❣❡♥❛♥♥t❡ ❑✉♠♠❡r✬s❝❤❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ✉♠✲
❢♦r♠❡♥✿

x
d2y

dx2
+ (c− x)

dy

dx
− ay = 0. ✭✺✳✻✮

❉✐❡ ❛❧❧❣❡♠❡✐♥❡ ▲ös✉♥❣ ✈♦♥ ✭✺✳✻✮ ✐st ❡✐♥❡ ▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥ ❞❡r ❋✉♥❦t✐♦♥❡♥M(a, c; x)
✉♥❞ U(a, c; x)✱ ❞❡♥ s♦❣❡♥❛♥♥t❡♥ ❦♦♥✢✉❡♥t❡ ❤②♣❡r❣❡♦♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥❡♥ ❞❡r ❡rst❡♥
✉♥❞ ③✇❡✐t❡♥ ❆rt✳
❉✐❡ ❋✉♥❦t✐♦♥ M(a, c; x)✱ ❛✉❝❤ ❑✉♠♠❡r✬s ❋✉♥❦t✐♦♥ ❣❡♥❛♥♥t✱ ✐st ❡✐♥❡ ▲ös✉♥❣ ❞❡r
❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ✉♥❞ ✇✐r❞ ❞❛r❣❡st❡❧❧t ❞✉r❝❤

M(a, c; x) = 1 +
a

c
x+

a(a+ 1)

c(c+ 1)2!
x2 +

a(a+ 1)(a+ 2)

c(c+ 1)(c+ 2)3!
x3 + . . . .

❊✐♥❡ ✇❡✐t❡r❡ ▲ös✉♥❣ ✐st U(a, c; x)✱ ♠❛♥❝❤♠❛❧ ❛✉❝❤ ❛❧s ❚r✐❝♦♠✐✬s ❋✉♥❦t✐♦♥ ❜❡③❡✐❝❤♥❡t✱
✉♥❞ ✐st ❣❡❣❡❜❡♥ ❞✉r❝❤

✹✻

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

✺✳✷✳ ❑✉♠♠❡r✬s❝❤❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣

U(a, c; x) =
Γ(1− c)

Γ(1 + a− c)
M(a, c; x) +

Γ(c− 1

a
x1−cM(1 + a− c, 2− c; x).

❋ür ✐♥t❡r❡ss✐❡rt❡ ▲❡s❡r s❡✐ ❢ür ❡✐♥❡ ❞❡t❛✐❧❧✐❡rt❡r❡ ❆♥❛❧②s❡ ❛✉❢ ❙❧❛t❡r ❬✶✸❪ ✈❡r✇✐❡s❡♥✳

■♠ ❡rst❡♥ ❙❝❤r✐tt ❞❡✜♥✐❡r❡♥ ✇✐r z = 1
σ

√
2
ρ
(µ+ρx) ✉♥❞ ❞✐❡ ❋✉♥❦t✐♦♥ g(z) s♦✱ ❞❛ss

g(z) = f(x)✳ ❆❧s♦ ❣✐❧t

f ′(x) = g′(z)

√
2ρ

σ
,

f ′′(x) = g′′(z)
2ρ

σ2
.

❙✉❜st✐t✉✐❡r❡♥ ✇✐r ❞✐❡s ✐♥ ●❧❡✐❝❤✉♥❣ ✭✺✳✹✮✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣
❢ür g(z)✿

g′′(z) + zg′(z)− δ

ρ
g(z) = 0, z >

µ
√
2

σ
√
ρ
. ✭✺✳✼✮

■♠ ♥ä❝❤st❡♥ ❙❝❤r✐tt ❞❡✜♥✐❡r❡♥ ✇✐r t = −1
2
z2 ✉♥❞ ❞✐❡ ❋✉♥❦t✐♦♥ h(t) s♦✱ ❞❛ss h(t) =

g(z)✳ ❆❧s♦ ❣✐❧t

g′(z) = h′(t)(−z),
g′′(z) = h′′(t)z2 − h′(t) = −2th′′(t)− h′(t).

❙✉❜st✐t✉✐❡r❡♥ ✇✐r ♥✉♥ ✐♥ ✭✺✳✼✮✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r ❞✐❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❢ür h(t)✿

th′′(t) + (
1

2
− t)h′(t) +

δ

2ρ
h(t) = 0, t < − µ2

ρσ2
✭✺✳✽✮

■♥s❣❡s❛♠t ❤❛❜❡♥ ✇✐r ♠✐t c = 1
2
✉♥❞ a = − δ

2ρ
❡✐♥❡ ●❧❡✐❝❤✉♥❣ ❞❡r ❋♦r♠ ✭✺✳✻✮✳

■♥ ❞❡♠ ❋❛❧❧ x < 0 ✐st ❞✐❡ ❛❧❧❣❡♠❡✐♥❡ ▲ös✉♥❣ ❡✐♥❡ ▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥ ✈♦♥

exp(x)U(c− a, c;−x), x < 0,

✉♥❞

(−x)1−cexp(x)M(1− a, 2− c;−x), x < 0.

❱❡r❣❧❡✐❝❤❡ ♠✐t ❬✶❪ ✶✸✳✶✳✶✺ ✉♥❞ ✶✸✳✶✳✶✽ ❛✉❢ ❙❡✐t❡ ✺✵✺✳
❙❡t③❡♥ ✇✐r c = 1

2
✉♥❞ a = − δ

2ρ
s♦ ❡r❤❛❧t❡♥ ✇✐r ③✇❡✐ ✉♥❛❜❤ä♥❣✐❣❡ ♣♦s✐t✐✈❡ ▲ös✉♥❣❡♥

❢ür ✭✺✳✽✮✿

✹✼
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

h1(x) = exp
{

− 1

ρσ2
(µ+ ρx)2

}

U
(1

2
+

δ

2ρ
,
1

2
,

1

ρσ2
(µ+ ρx)2

)

,

h2(x) =
1√
ρσ

(µ+ ρx)exp
{

− 1

ρσ2
(µ+ ρx)2

}

M
(

1 +
δ

2ρ
,
3

2
,

1

ρσ2
(µ+ ρx)2

)

.

❉❛❜❡✐ ✐st h1(x) str✐❦t ❢❛❧❧❡♥❞ ✉♥❞ h2(x) str✐❦t ✇❛❝❤s❡♥❞✳
❙♦♠✐t s✐♥❞ ③✇❡✐ ✉♥❛❜❤ä♥❣✐❣❡ ▲ös✉♥❣❡♥ ❞❡r ●❧❡✐❝❤✉♥❣ ✭✺✳✹✮ ❣❡❣❡❜❡♥ ❞✉r❝❤

f1(x) = exp
{

− 1

ρσ2
(µ+ ρx)2

}

U
(1

2
+

δ

2ρ
,
1

2
,

1

ρσ2
(µ+ ρx)2

)

, ✭✺✳✾✮

f2(x) = (µ+ ρx)exp
{

− 1

ρσ2
(µ+ ρx)2

}

M
(

1 +
δ

2ρ
,
3

2
,

1

ρσ2
(µ+ ρx)2

)

. ✭✺✳✶✵✮

❋ür ✭✺✳✺✮ ❡r❤❛❧t❡♥ ✇✐r ❛♥❛❧♦❣ ③✇❡✐ ✉♥❛❜❤ä♥❣✐❣❡ ▲ös✉♥❣❡♥ f3(x)✱ f4(x)✱ ✇♦❜❡✐ f3(x)
str✐❦t ❢❛❧❧❡♥❞ ✉♥❞ f4(x) str✐❦t ✇❛❝❤s❡♥❞ ✐st✿

f3(x) = exp
{

− 1

ρσ2
(µ− α + ρx)2

}

U
(1

2
+

δ

2ρ
,
1

2
,

1

ρσ2
(µ− α + ρx)2

)

, ✭✺✳✶✶✮

f4(x) = (µ− α + ρx)exp
{

− 1

ρσ2
(µ− α + ρx)2

}

M
(

1 +
δ

2ρ
,
3

2
,

1

ρσ2
(µ− α + ρx)2

)

.

✭✺✳✶✷✮

❊✐♥❡ ▲ös✉♥❣ ❢ür ✭✺✳✹✮ ❤❛t ❞✐❡ ❋♦r♠

V (x) = Af1(x) + Bf2(x).

▼✐t ❇❡❛❝❤t✉♥❣ ❞❡r ❘❛♥❞❜❡❞✐♥❣✉♥❣ V (0) = 0 s♦✇✐❡ V ′(b) = 1 ❡r❤❛❧t❡♥ ✇✐r A =
−f2(0) ✉♥❞ B = f1(0)✳

✺✳✸ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

■♥ ❞✐❡s❡♠ ❆❜s❝❤♥✐tt ✇♦❧❧❡♥ ✇✐r ❞✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡ b∗ ✉♥❞ ❞✐❡ ③✉❣❡❤ör✐❣❡ ❲❡rt✲
❢✉♥❦t✐♦♥ Vb(x) ❜❡st✐♠♠❡♥✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡ b∗ s♦❧❧ ❤✐❡r❜❡✐ ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥
Vb(x) ❢ür ❜❡❧✐❡❜✐❣❡ x > 0 ♠❛①✐♠✐❡r❡♥✳ ❲✐r ❜❡③❡✐❝❤♥❡♥ h(x) = f1(0)f2(x)−f2(0)f1(x)
✉♥❞ ♠❡r❦❡♥ ❛♥✱ ❞❛ss h(0) = 0 ✉♥❞ h′(x) > 0 ❣❡❧t❡♥✳

❙❛t③ ✺✳✶✳

✶✳ ❋ür 0 ≤ x ≤ b ❣✐❧t

Ex

[

e−δτ+
b 1{τ+

b
<τ−0 }

]

=
h(x)

h(b)

✹✽
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

✷✳ ❋ür 0 ≤ x ≤ b ❣✐❧t

Ex

[

e−δτ−0 1{τ−0 <τ+
b
}

]

=
f1(x)f2(b)− f2(x)f1(b)

h(b)

✸✳ ❋ür x > b ❣✐❧t

Ex

[

e−δη−
b

]

=
f3(x)

f3(b)

❇❡✇❡✐s✳ ❲✐r ❜❡✇❡✐s❡♥ ♥✉r ❞✐❡ ❡rst❡ ❆✉ss❛❣❡✱ ❞✐❡ ❆♥❞❡r❡♥ ❢♦❧❣❡♥ ❛♥❛❧♦❣✳
❲✐r ✇♦❧❧❡♥ ❛❧s♦ ❢♦❧❣❡♥❞❡ ❆✉ss❛❣❡ ③❡✐❣❡♥✿

Ex

[

e−δτ+
b 1{τ+

b
<τ−0 }

]

=
f1(0)f2(x)− f2(0)f1(x)

f1(0)f2(b)− f2(0)f1(b)

❙❡✐ J := [0, b] ❡✐♥ ■♥t❡r✈❛❧❧ ✉♥❞ τJ := inf{t ≥ 0 |Xt /∈ J} ❞✐❡ ❡rst❡ ❆✉str✐tts③❡✐t ❛✉s J ✳
❉❛♥♥ ❦ö♥♥❡♥ ✇✐r ❞✐❡ st❛r❦❡ ▼❛r❦♦✈✲❊✐❣❡♥s❝❤❛❢t ✈❡r✇❡♥❞❡♥ ✉♠ ❢♦❧❣❡♥❞❡ ●❧❡✐❝❤✉♥❣
❛✉❢③✉st❡❧❧❡♥✿

Ex

[

e−δτ+
b

]

= Ex

[

e−δτ+
b 1{XτJ

=b}

]

+ Ex

[

e−δτ+
b 1{XτJ

=0}

]

= Ex

[

e−δτ+
b 1{XτJ

=b}

]

+ E0

[

e−δτ+
b

]

Ex

[

e−δτ−0 1{XτJ
=0}

]

. ✭✺✳✶✸✮

❆♥❛❧♦❣❡r✇❡✐s❡ ❣✐❧t

Ex

[

e−δτ−0

]

= Ex

[

e−δτ−0 1{XτJ
=0}

]

+ Eb

[

e−δτ−0

]

Ex

[

e−δτ+
b 1{XτJ

=b}

]

. ✭✺✳✶✹✮

❋ür ❡✐♥❡ ❡✐♥❢❛❝❤❡ Ü❜❡rs✐❝❤t s❝❤r❡✐❜❡♥ ✇✐r u(x) = Ex

[
e−δτ+

b

]
✉♥❞ v(x) = Ex

[
e−δτ−0

]

s♦✇✐❡ θb(x) = Ex

[
e−δτ+

b 1{XτJ
=b}

]
✉♥❞ θ0(x) = Ex

[
e−δτ−0 1{XτJ

=0}

]
✳ ▲ös❡♥ ✇✐r ♥✉♥ ❞✐❡

●❧❡✐❝❤✉♥❣❡♥ ✭✺✳✶✸✮ s♦✇✐❡ ✭✺✳✶✹✮ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r

θb(x) =
u(x)− u(0)v(x)

1− u(0)v(b)
.

❉❛ u(b) = Eb

[
e−δτ+

b

]
= 1 ✉♥❞ v(0) = E0

[
e−δτ−0

]
= 1 ❣❡❧t❡♥✱ ❢♦❧❣t

θb(x) =
v(0)u(x)− u(0)v(x)

v(0)u(b)− u(0)v(b)
.

P❡r ❑♦♥str✉❦t✐♦♥ s✐♥❞ u(x)✱ v(x) ❦♦♥st❛♥t❡ ❱✐❡❧❢❛❝❤❡ ✈♦♥ f1(x)✱ f2(x) ❛❧s ▲ös✉♥✲
❣❡♥ ❞❡r ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ✭✺✳✹✮ ✉♥❞ ✭✺✳✺✮✱ ✇❛s ✐♥ ❇r❡✐♠❛♥ ❬✹❪ ❛✉s❢ü❤r❧✐❝❤ ✐♥
❚❤❡♦r♦♠ ✶✻✳✻✾ ❞❛r❣❡st❡❧❧t ✇✐r❞✳ ■♥s❣❡s❛♠t ❡r❤❛❧t❡♥ ✇✐r s♦♠✐t

✹✾
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

θb(x) =
f1(0)f2(x)− f2(0)f1(x)

f1(0)f2(b)− f2(0)f1(b)
.

❲♦♠✐t ❞✐❡ ❇❡❤❛✉♣t✉♥❣ ❜❡✇✐❡s❡♥ ✐st✳

❉✐✈✐❞❡♥❞❡♥ ✇❡r❞❡♥ ♥✉r ❞❛♥♥ ❛✉s❜❡③❛❤❧t✱ ✇❡♥♥ ❞❡r Ü❜❡rs❝❤✉ss♣r♦③❡ss ❞✐❡ ❙❝❤r❛♥✲
❦❡ b ✈♦r ❊✐♥tr✐tt ❡✐♥❡s ❘✉✐♥s ❡rr❡✐❝❤t✳ ▼✐t 0 ≤ x ≤ b ❣✐❧t ❢ür ❞❡♥ ❲❡rt ❞❡r ❉✐✈✐❞❡♥❞❡♥

Vb(x) = Ex

[

e−δτ+
b 1{τ+

b
<τ−0 }

]

Vb(b) =
h(x)

h(b)
Vb(b).

❲❡♥♥ s✐❝❤ ❞❡r Ü❜❡rs❝❤✉ss♣r♦③❡ss ♦❜❡r❤❛❧❜ ❞❡r ❙❝❤r❛♥❦❡ b ❜❡✜♥❞❡t✱ ✇✐r❞ s♦❢♦rt ❞✐❡
♠❛①✐♠❛❧❡ ❉✐✈✐❞❡♥❞❡♥r❛t❡ α ❛✉s❜❡③❛❤❧t ❜✐s ❞❡r Ü❜❡rs❝❤✉ss♣r♦③❡ss ❞✐❡ ❙❝❤r❛♥❦❡ b
❡rst♠❛❧✐❣ ✉♥t❡rs❝❤r❡✐t❡t✳ ❉❛❤❡r ❡r❤❛❧t❡♥ ✇✐r ❢ür x > b

Vb(x) = Ex

[ ∫ η−
b

0

αe−δtdt
]

+ Ex

[

e−δη−
b

]

Vb(b)

= Ex

[

− α

δ
e−δη−

b +
α

δ

]

+ Ex

[

e−δη−
b

]

Vb(b)

=
α

δ
+
[

Vb(b)−
α

δ

]f3(x)

f3(b)

◆✉t③❡♥ ✇✐r ❞✐❡ ❙t❡t✐❣❦❡✐t ❞❡r ❋✉♥❦t✐♦♥ V ′
b (x) ❛♥ ❞❡r ❙t❡❧❧❡ x = b ❛✉s ❡r❤❛❧t❡♥ ✇✐r

❡✐♥❡♥ ❆✉s❞r✉❝❦ ❢ür Vb(b)✿

h′(b)

h(b)
Vb(b) =

[

Vb(b)−
α

δ

]f ′
3(b)

f3(b)

⇔ α

δ

f ′
3(b)

f3(b)
= Vb(b)

[f ′
3(b)

f3(b)
− h′(b)

h(b)

]

⇔ α

δ

f ′
3(b)

f3(b)
= Vb(b)

[f ′
3(b)h(b)− h′(b)f3(b)

f3(b)h(b)

]

⇔ Vb(b) =
α

δ

f ′
3(b)h(b)

f ′
3(b)h(b)− f3(b)h′(b)

.

❋ür 0 ≤ x ≤ b ❣✐❧t

Vb(x) =
h(x)

h(b)
Vb(b)

=
h(x)

h(b)

α

δ

f ′
3(b)h(b)

f ′
3(b)h(b)− f3(b)h′(b)

=
α

δ

f ′
3(b)h(b)

f ′
3(b)h(b)− f3(b)h′(b)

.

✺✵
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

❋ür x > b ❣✐❧t

Vb(x) =
α

δ
+
[α

δ

f ′
3(b)h(b)

f ′
3(b)h(b)− f3(b)h′(b)

− α

δ

]f3(x)

f3(b)

=
α

δ
+
α

δ

[ f ′
3(b)h(b)f3(x)

{f ′
3(b)h(b)− f3(b)h′(b)}f3(b)

− f3(x)

f3(b)

]

=
α

δ
+
α

δ

[f ′
3(b)h(b)f3(x)− {f ′

3(b)h(b)− f3(b)h
′(b)}f3(x)

{f ′
3(b)h(b)− f3(b)h′(b)}f3(b)

]

=
α

δ
+
α

δ

[ f3(b)h
′(b)f3(x)

{f ′
3(b)h(b)− f3(b)h′(b)}f3(b)

]

=
α

δ
+
α

δ

[ h′(b)f3(x)

f ′
3(b)h(b)− f3(b)h′(b)

]

.

■♥s❣❡s❛♠t ❡r❤❛❧t❡♥ ✇✐r ❡✐♥❡♥ ❣❡s❝❤❧♦ss❡♥❡♥ ❆✉s❞r✉❝❦ ❢ür ❞✐❡ ❡r✇❛rt❡t❡♥ ❞✐s❦♦♥t✐❡r✲
t❡♥ ❉✐✈✐❞❡♥❞❡♥✿

Vb(x) =

{
α
δ

f ′

3(b)h(x)

f ′

3(b)h(b)−f3(b)h′(b)
, 0 ≤ x ≤ b,

α
δ
+ α

δ
h′(b)f3(x)

f ′

3(b)h(b)−f3(b)h′(b)
, x > b.

■♠ ♥ä❝❤st❡♥ ❙❝❤r✐tt ✇♦❧❧❡♥ ✇✐r ❞✐❡ ♦♣t✐♠❛❧❡ ❙❝❤r❛♥❦❡ b∗ ❜❡st✐♠♠❡♥✱ ❞✐❡s❡ s♦❧❧
Vb(x) ❢ür ❛❧❧❡ x > 0 ♠❛①✐♠✐❡r❡♥✳ ❋ür ❞✐❡ ❜❡ss❡r❡ Ü❜❡rs❝❤❛✉❜❛r❦❡✐t ❞❡✜♥✐❡r❡♥ ✇✐r

g1(b) :=
f ′
3(b)

f ′
3(b)h(b)− f3(b)h′(b)

,

g2(b) :=
h′(b)

f ′
3(b)h(b)− f3(b)h′(b)

.

❲❡❣❡♥ ❞❡r ❙t❡t✐❣❦❡✐t ❞❡r ❋✉♥❦t✐♦♥❡♥ Vb(x) ✉♥❞ V ′
b (x) ❛♥ ❞❡r ❙t❡❧❧❡ x = b ❡r❤❛❧t❡♥

✇✐r

g1(b)h(b) = 1 + g2(b)f3(b), ✭✺✳✶✺✮

g1(b)h
′(b) = g2(b)f

′
3(b). ✭✺✳✶✻✮

■♥❞❡♠ ✇✐r ✭✺✳✶✺✮ ❜❡③ü❣❧✐❝❤ b ❞✐✛❡r❡♥③✐❡r❡♥ ✉♥❞ ❞❛♥♥ ✐♥ ✭✺✳✶✻✮ ❡✐♥s❡t③❡♥✱ ❢♦❧❣t

g′1(b)h(b) = g′2(b)f3(b).

▼✐t ●ü❧t✐❣❦❡✐t ✈♦♥ h(b) > 0 ✉♥❞ f3(b) > 0 ❢ür b > 0 ✉♥❞✱ ❞❛ss g′1(b) ✉♥❞ g′2(b)
❞✐❡s❡❧❜❡♥ ❱♦r③❡✐❝❤❡♥ ❤❛❜❡♥ ❢♦❧❣t✱ ❞❛ss g1(b) ✉♥❞ g2(b) ❣❧❡✐❝❤③❡✐t✐❣ ♠❛①✐♠✐❡rt ✇❡r❞❡♥
❦ö♥♥❡♥✳
❋ür z → ∞ ❣✐❧t

U(a, c, z) = z−a[1 + o(|z|−1)], ✭✺✳✶✼✮

M(a, c, z) =
Γ(c)

Γ(a)
ezza−c[1 + o(|z|−1)], ✭✺✳✶✽✮

✺✶
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

✇❛s ✐♥ ❬✶❪ ♥❛❝❤❣❡❧❡s❡♥ ✇❡r❞❡♥ ❦❛♥♥✳ ❉❛s ❜❡❞❡✉t❡t ✐♠ ❋❛❧❧ ✈♦♥ U(a, c, z)✱ ❞❛ss s✐❝❤
❞✐❡s❡r ✐♠ ✇❡s❡♥t❧✐❝❤❡♥ ✇✐❡ z−a ❢ür ❡✐♥ ❜❡❧✐❡❜✐❣❡s a ✈❡r❤ä❧t✱ ✇♦❜❡✐ ❢ür z → ∞ ❞✐❡
r❡❧❛t✐✈❡ ❆❜✇❡✐❝❤✉♥❣ ③✉ z−a s❝❤♥❡❧❧❡r ❣❡❣❡♥ 0 ❣❡❤t ❛❧s |z|−1✳ ▼✐t ❇❡❛❝❤t✉♥❣ ❞❡r
❑♦♥str✉❦t✐♦♥ ✈♦♥ g1(b) ✉♥❞ ✭✺✳✶✼✮ s♦✇✐❡ ✭✺✳✶✽✮ ❡r❦❡♥♥❡♥ ✇✐r✱ ❞❛ss

lim
b→∞

g1(b) = 0,

❣✐❧t ✉♥❞ ✇♦♠✐t s♦❢♦rt

lim
b→∞

Vb(x) = 0

❢♦❧❣t✳ ❉❛r❛✉s s❝❤❧✐❡ÿ❡♥ ✇✐r✱ ❞❛ss Vb(x) ♥✉r ❢ür ❡✐♥ ❡♥❞❧✐❝❤❡s b∗ < ∞ ♠❛①✐♠❛❧ s❡✐♥
❦❛♥♥✳
❲❡♥♥ ❛❧s♦ b∗ > 0 ❣✐❧t✱ ❞❛♥♥ ❢♦❧❣t g′1(b

∗) = 0✳ ❲✐r ❧❡✐t❡♥ ③✉♥ä❝❤st g1(b) ❛❜✱ ✇♦♠✐t
✇✐r

g′1(b) =
f3(b)[f

′
3(b)h

′′(b)− f ′′
3 (b)h

′(b)]

[f ′
3(b)h(b)− f3(b)h′(b)]2

✭✺✳✶✾✮

❡r❤❛❧t❡♥✳ ❲✐r ✇✐ss❡♥✱ ❞❛ss ❞❡r ◆❡♥♥❡r ✈♦♥ ✭✺✳✶✾✮ ✉♥❞ f3(b) ❢ür b > 0 ♣♦s✐t✐✈ s❡✐♥
♠✉ss✱ ❞❛❤❡r ❣✐❧t ♠✐t b∗ > 0

f ′
3(b

∗)h′′(b∗)− f ′′
3 (b

∗)h′(b∗) = 0. ✭✺✳✷✵✮

❲✐r ❡r❦❡♥♥❡♥✱ ❞❛ss ✭✺✳✷✵✮ ❣❡♥❛✉ ❞❛♥♥ ❣ü❧t✐❣ ✐st✱ ✇❡♥♥ V ′′
b∗(x) ❛♥ ❞❡r ❙t❡❧❧❡ x = b∗

st❡t✐❣ ✐st✱ ❛❧s♦

V ′′
b∗(b

∗−) = V ′′
b∗(b

∗+). ✭✺✳✷✶✮

❋ür 0 ≤ x ≤ b ❡r❢ü❧❧t Vb(x) ❞✐❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ✭✺✳✹✮ ✉♥❞ ❢ür x > b ❞✐❡ ❉✐✛❡✲
r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣

1

2
σ2V ′′

b (x) + (µ+ ρx− α)V ′
b (x)− δVb(x) + α = 0. ✭✺✳✷✷✮

❙❡t③❡♥ ✇✐r x = b− ✐♥ ✭✺✳✹✮ s♦✇✐❡ x = b+ ✐♥ ✭✺✳✷✷✮ ❡✐♥✱ ❡r❤❛❧t❡♥ ✇✐r ♥❛❝❤ ❞❡r ❇✐❧❞✉♥❣
✐❤r❡r ❉✐✛❡r❡♥③❡♥

V ′
b (b) = 1 +

σ2

2α
[V ′′

b (b
+)− V ′′

b (b
−)].

❋ür ❡✐♥❡ ♦♣t✐♠❛❧❡ ❙❝❤r❛♥❦❡ b∗ > 0✱ ❞✐❡ ✭✺✳✷✶✮ ❡r❢ü❧❧t✱ ❡r❤❛❧t❡♥ ✇✐r

V ′
b∗(b

∗) = 1. ✭✺✳✷✸✮

✺✷
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

❇❡tr❛❝❤t❡♥ ✇✐r V ′
b∗(b) =

α
δ
(g1(b)h(b))

′ ♠✐t ❡✐♥❡r ♦♣t✐♠❛❧❡♥ ❙❝❤r❛♥❦❡ b = b∗ ❞❛♥♥ ❣✐❧t

α

δ
(g′1(b)h(b) + g1(b)h

′(b))− 1 = 0

⇔ α

δ
g′1(b)h(b) +

α

δ
g1(b)h

′(b)− 1 = 0

✭✺✳✶✻✮⇔ α

δ
g′1(b)h(b) +

α

δ

f ′
3(b)h

′(b)

f ′
3(b)h(b)− f3(b)h′(b)

− 1 = 0

⇔ α

δ
g′1(b)h(b)
︸ ︷︷ ︸

=0

+
α
δ
f ′
3(b)h

′(b)− f ′
3(b)h(b) + f3(b)h

′(b)

f ′
3(b)h(b)− f3(b)h′(b)

= 0

⇔
α
δ
f ′
3(b)h

′(b)− f ′
3(b)h(b) + f3(b)h

′(b)

f ′
3(b)h(b)− f3(b)h′(b)

= 0

⇔ α

δ
f ′
3(b)h

′(b)− f ′
3(b)h(b) + f3(b)h

′(b) = 0

⇔ α

δ
f ′
3(b)h

′(b) + f3(b)h
′(b) = f ′

3(b)h(b)

⇔ α

δ
+
f3(b)

f ′
3(b)

=
h(b)

h′(b)
. ✭✺✳✷✹✮

❲✐r s❝❤❧✐❡ÿ❡♥ ❞❛r❛✉s✱ ❞❛ss ✭✺✳✷✸✮ ❣❡♥❛✉ ❞❛♥♥ ❡r❢ü❧❧t ✐st✱ ✇❡♥♥ ✭✺✳✷✹✮ ❣✐❧t✳
▼✐t ✭✺✳✶✼✮ ✉♥❞ ✭✺✳✶✽✮ ❣❡❧t❡♥

lim
b→∞

h(b)

h′(b)
= ∞, lim

b→∞

f3(b)

f ′
3(b)

= 0.

❉❛♠✐t ❢♦❧❣t✱ ❞❛ss ❡s ♥✉r ❞❛♥♥ ❡✐♥❡ ♣♦s✐t✐✈❡ ▲ös✉♥❣ ❢ür ✭✺✳✷✹✮ ❣✐❜t✱ ✇❡♥♥ ❢♦❧❣❡♥❞❡
❇❡❞✐♥❣✉♥❣ ❡r❢ü❧❧t ✐st✿

α

δ
+
f3(b)

f ′
3(b)

> 0.

❲✐r ✇♦❧❧❡♥ ♥✉♥ ✈❡r✐✜③✐❡r❡♥✱ ❞❛ss ❡✐♥❡ ❜❡st✐♠♠t❡ ❙❝❤r❛♥❦❡ b∗ t❛tsä❝❤❧✐❝❤ ❞✐❡
❲❡rt❢✉♥❦t✐♦♥ Vb ♠❛①✐♠✐❡rt✳ ❙❡✐ ❞❛❢ür b0 ❞✐❡ ♣♦s✐t✐✈❡ ▲ös✉♥❣ ❞❡r ●❧❡✐❝❤✉♥❣ ✭✺✳✷✹✮
✉♥❞ ❞✐❡ ♦♣t✐♠❛❧❡ ❙❝❤r❛♥❦❡ ✐st ❞❛♥♥ ❣❡❣❡❜❡♥ ❞✉r❝❤

b∗ =

{

0, ❢ür f3(0)
f ′

3(0)
+ α

δ
≤ 0,

b0, ❢ür f3(0)
f ′

3(0)
+ α

δ
> 0.

✭✺✳✷✺✮

❆♥s❝❤❧✐❡ÿ❡♥❞ ✇♦❧❧❡♥ ✇✐r ❞✐❡ ❊①✐st❡♥③ ✈♦♥ ③✇❡✐❢❛❝❤ ❞✐✛❡r❡♥③✐❡r❜❛r❡♥ ▲ös✉♥❣❡♥
❞❡r ❍❏❇✲●❧❡✐❝❤✉♥❣ ✭✺✳✷✮ ✉♥❞ ✭✺✳✸✮ ③❡✐❣❡♥✳ ❯♥t❡r ❞❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥ ❛✉s ❞❡♥ ❱♦r✲
❜❡r❡✐t✉♥❣❡♥ ❢♦r♠✉❧✐❡r❡♥ ✇✐r ❞❡♥ ❢♦❧❣❡♥❞❡♥ ❙❛t③✿

❙❛t③ ✺✳✷✳ ❊s ❡①✐st✐❡rt ❡✐♥❡ ③✇❡✐❢❛❝❤ st❡t✐❣ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❦♦♥❦❛✈❡ ▲ös✉♥❣ ❢ür ✭✺✳✷✮
✉♥❞ ✭✺✳✸✮✳ ❋❛❧❧s

f3(0)

f ′
3(0)

+
α

δ
≤ 0 ✭✺✳✷✻✮

✺✸
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

❣✐❧t✱ ❞❛♥♥ ✐st ❞✐❡ ▲ös✉♥❣ ❣❡❣❡❜❡♥ ❞✉r❝❤

V0(x) =
α

δ

(

1− f3(x)

f3(0)

)

. ✭✺✳✷✼✮

❋❛❧❧s ❛♥❞❡r❡rs❡✐ts

f3(0)

f ′
3(0)

+
α

δ
> 0 ✭✺✳✷✽✮

❣✐❧t✱ ❞❛♥♥ ✐st ❞✐❡ ▲ös✉♥❣ ❣❡❣❡❜❡♥ ❞✉r❝❤

Vb0(x) =

{
α
δ

f ′

3(b0)h(x)

f ′

3(b0)h(b0)−f3(b0)h′(b0)
, 0 ≤ x ≤ b0,

α
δ
+ α

δ
h′(b0)f3(x)

f ′

3(b0)h(b0)−f3(b0)h′(b0)
, x > b0.

✭✺✳✷✾✮

❇❡✈♦r ✇✐r ✉♥s ❞❡♠ ❇❡✇❡✐s ✇✐❞♠❡♥✱ ✇♦❧❧❡♥ ✇✐r ♥♦❝❤ ❞✐❡ ③✇❡✐t❡ ❆❜❧❡✐t✉♥❣ ✈♦♥ f3(x)
❤❡r❧❡✐t❡♥✱ ❞✐❡ ✇✐r ✐♠ ❇❡✇❡✐s ✈♦♥ ❙❛t③ ✺✳✷ ö❢t❡rs ❜❡❣❡❣♥❡♥ ✇❡r❞❡♥✳ ❇❡tr❛❝❤t❡ ❛❧s♦

f3(x) = exp
{

− 1

ρσ2
(µ− α + ρx)2

}

U
(1

2
+

δ

2ρ
,
1

2
,

1

ρσ2
(µ− α + ρx)2

)

❲✐r s❡t③❡♥ f3(x) = g ◦ h(x) ♠✐t

g(x) = exp(−x)U
(1

2
+

δ

2ρ
,
1

2
, x
)

,

h(x) =
1

ρσ2
(µ− α + ρx)2.

▼✐t ❆♥✇❡♥❞❡♥ ❞❡r ❑❡tt❡♥r❡❣❡❧ ✉♥❞ ❞❡r Pr♦❞✉❦tr❡❣❡❧ ❡r❤❛❧t❡♥ ✇✐r

f ′′
3 (x) = h′′(x)(g′ ◦ h(x)) + h′2(x)(g′′ ◦ h(x)). ✭✺✳✸✵✮

❋ür ❞✐❡ ❦♦♥✢✉❡♥t❡ ❤②♣❡r❣❡♦♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥ ❣✐❧t ❞✐❡ ❆❜❧❡✐t✉♥❣sr❡❣❡❧

U ′(a, b, z) = −aU(a+ 1, b+ 1, z).

❋ür ❞✐❡ ❡rst❡ ✉♥❞ ③✇❡✐t❡ ❆❜❧❡✐t✉♥❣ ✈♦♥ h ❜❡❦♦♠♠❡♥ ✇✐r

h′(x) =
2

σ2
(µ− α + ρx),

h′′(x) =
2ρ

σ2
.

❯♠ ❞✐❡ ❆❜❧❡✐t✉♥❣❡♥ ✈♦♥ g(x) ③✉ ❜❡r❡❝❤♥❡♥ ❜❡♥öt✐❣❡♥ ✇✐r ❞✐❡ ❢♦❧❣❡♥❞❡ ❋♦r♠❡❧✱ ❞✐❡
✐♥ ❬✶❪ ❑❛♣✐t❡❧ ✶✸ ✉♥t❡r ✶✸✳✹✳✷✺ ③✉ ✜♥❞❡♥ ✐st✿

✺✹
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

U(a, b+ 1, z) = U(a, b, z)− U ′(a, b, z). ✭✺✳✸✶✮

❩✉r ❧❡✐❝❤t❡r❡♥ Ü❜❡rs✐❝❤t s❡t③❡♥ ✇✐r a = 1
2
+ δ

2ρ
✉♥❞ b = 1

2
✳ ▲❡✐t❡♥ ✇✐r g(x) ❛❜

❜❡❦♦♠♠❡♥ ✇✐r

g′(x) = −exp(−x)U(a, b, x) + exp(−x)U ′(a, b, x)

= −exp(−x)[U(a, b, x)− U ′(a, b, x)]

= −exp(−x)U(a, b+ 1, x).

▼✐t ❞❡r ❣❧❡✐❝❤❡♥ ▼❡t❤♦❞✐❦ ❡r❤❛❧t❡♥ ✇✐r ❛✉❝❤ ❞✐❡ ③✇❡✐t❡ ❆❜❧❡✐t✉♥❣✱ ❞✐❡s❡ ❧❛✉t❡t ❞❛♥♥

g′′(x) = exp(−x)U(a, b+ 2, x).

■♥s❣❡s❛♠t ❡r❤❛❧t❡♥ ✇✐r ❢ür ✭✺✳✸✵✮✿

f ′′
3 (x) = −2ρ

σ2
exp(−h(x))U(a, b+ 1, h(x)) +

4

σ4
(µ− α + ρx)2exp(−h(x))U(a, b+ 2, h(x))

=
4ρ

σ2
exp(−h(x))

[

h(x)U(a, b+ 2, h(x))− bU(a, b+ 1, h(x))
]

. ✭✺✳✸✷✮

❆✉s ❬✶❪ ❑❛♣✐t❡❧ ✶✸ ✇♦❧❧❡♥ ✇✐r ❞✐❡ ❋♦r♠❡❧♥ ✶✸✳✹✳✶✽ ✉♥❞ ✶✸✳✹✳✷✹ ✈❡r✇❡♥❞❡♥✿

(b− a)U(a, b, z) + U(a− 1, b, z)− zU(a, b+ 1, z) = 0, ✭✺✳✸✸✮

(1 + a− b)U(a, b− 1, z)− (1− b)U(a, b, z) + zU ′(a, b, z) = 0. ✭✺✳✸✹✮

❉❡♥ ❚❡r♠ ✐♥ ❞❡r ❡❝❦✐❣❡♥ ❑❧❛♠♠❡r ✐♥ ✭✺✳✸✷✮ ❦ö♥♥❡♥ ✇✐r ✉♠❢♦r♠❡♥ s♦✱ ❞❛ss

h(x)U(a, b+ 2, h(x))− bU(a, b+ 1, h(x))

✭✺✳✸✹✮
= h(x)U(a, b+ 2, h(x)) + h(x)U ′(a, b+ 1, h(x))− (b− a)U(a, b, h(x))

= h(x)
[

U(a, b+ 2, h(x)) + U ′(a, b+ 1, h(x))
]

− (b− a)U(a, b, h(x))

✭✺✳✸✶✮
= h(x)U(a, b+ 1, h(x))− (b− a)U(a, b, h(x))

✭✺✳✸✸✮
= U(a− 1, b, h(x)).

■♥s❣❡s❛♠t ❡r❤❛❧t❡♥ ✇✐r ❡✐♥❡ ❡❧❡❣❛♥t❡ ❉❛rst❡❧❧✉♥❣ ❞❡r ③✇❡✐t❡♥ ❆❜❧❡✐t✉♥❣ ✈♦♥ f3(x)✿

f ′′
3 (x) =

4ρ

σ2
exp

{

− 1

ρσ2
(µ− α + ρx)2

}

U
( δ

2ρ
− 1

2
,
1

2
,

1

ρσ2
(µ− α + ρx)2

)

.

❋ür ❞✐❡ ❞r✐tt❡ ❆❜❧❡✐t✉♥❣ ✈♦♥ f1(x) ✉♥❞ f2(x) ❦ö♥♥❡♥ ✇✐r ✐♥ ä❤♥❧✐❝❤❡r ❲❡✐s❡ ✈♦r❣❡❤❡♥✳
❲✐r ❡r❤❛❧t❡♥

f ′′′
1 (x) = −8ρ(µ+ ρx)

σ4
exp

{

− 1

ρσ2
(µ+ ρx)2

}

U
( δ

2ρ
− 1

2
,
3

2
,

1

ρσ2
(µ+ ρx)2

)

,

f ′′′
2 (x) =

2ρ(δ + ρ)

σ2
exp

{

− 1

ρσ2
(µ+ ρx)2

}

M
( δ

2ρ
− 1,

1

2
,

1

ρσ2
(µ+ ρx)2

)

.
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

❇❡✇❡✐s✳ ✭✈♦♥ ❙❛t③ ✺✳✷✮
❖✛❡♥s✐❝❤t❧✐❝❤ ✐st f3(x) ❛❧s ▲ös✉♥❣ ❞❡r ❑✉♠♠❡r✬s❝❤❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ✭✺✳✻✮
③✇❡✐❢❛❝❤ ❞✐✛❡r❡♥③✐❡r❜❛r✱ ❞❛❤❡r ✐st ❛✉❝❤ ✭✺✳✷✼✮ ③✇❡✐❢❛❝❤ ❞✐✛❡r❡♥③✐❡r❜❛r ✉♥❞ ❞❡s ❲❡✐✲
t❡r❡♥ ❛✉❝❤ ❡✐♥❡ ▲ös✉♥❣ ✈♦♥ ✭✺✳✷✷✮✳ ❲❡❣❡♥ ✭✺✳✷✻✮ ❣✐❧t

V ′
0(0

+) = −α
δ

f ′
3(0)

f3(0)
≤ 1.

❩✉s❛♠♠❡♥ ♠✐t

V ′′
0 (x) = −α

δ

f ′′
3 (x)

f3(0)
< 0, ❢ür ❛❧❧❡ x > 0,

❢♦❧❣t✱ ❞❛ss V0(x) ❦♦♥❦❛✈ ✐st✳ ❲❡❣❡♥ V ′
0(x) < 1 ❢ür ❛❧❧❡ x > 0 s❝❤❧✉ss❢♦❧❣❡r♥ ✇✐r✱ ❞❛ss

V0(x) ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ✭✺✳✷✮ ♠✐t ❘❛♥❞❜❡❞✐♥❣✉♥❣ ✭✺✳✸✮ ❡r❢ü❧❧t✳
❋❛❧❧s f3(0)

f ′

3(0)
+ α

δ
> 0 ❣✐❧t✱ ❞❛♥♥ ❢♦❧❣t ✇❡❣❡♥ ❞❡r ➘q✉✐✈❛❧❡♥③ ✈♦♥ ✭✺✳✷✶✮ ✉♥❞ ✭✺✳✷✹✮

V ′′
b0
(b−0 ) = V ′′

b0
(b+0 )

❉❛♠✐t ✐st Vb0(x) ③✇❡✐❢❛❝❤ st❡t✐❣ ❞✐✛❡r❡♥③✐❡r❜❛r✳
❋❛❧❧s x ∈ [b0,∞) ❡r❤❛❧t❡♥ ✇✐r ❢ür ❞✐❡ ③✇❡✐t❡ ❆❜❧❡✐t✉♥❣

V ′′
b0
(x) =

α

δ
g2(b0)f

′′
3 (x),

♠✐t

f ′′
3 (x) =

4ρ

σ2
exp

{

− 1

ρσ2
(µ− α + ρx)2

}

U
( δ

2ρ
− 1

2
,
1

2
,

1

ρσ2
(µ− α + ρx)2

)

❉✐❡ ❑♦♥❦❛✈✐tät ✐st ❣❡❣❡❜❡♥✱ ✇❡✐❧ g2(b0) < 0 ✐st✳
❋❛❧❧s x ∈ [0, b0)✱ ❜❡tr❛❝❤t❡♥ ✇✐r ❞✐❡ ❞r✐tt❡ ❆❜❧❡✐t✉♥❣

V ′′′
b0
(x) =

α

δ
g1(b0)h

′′′(x),

♠✐t

h′′′(x) = f1(0)f
′′′
2 (x)− f2(0)f

′′′
1 (x),

f ′′′
1 (x) = −8ρ(µ+ ρx)

σ4
exp

{

− 1

ρσ2
(µ+ ρx)2

}

U
( δ

2ρ
− 1

2
,
3

2
,

1

ρσ2
(µ+ ρx)2

)

,

f ′′′
2 (x) =

2ρ(δ + ρ)

σ2
exp

{

− 1

ρσ2
(µ+ ρx)2

}

M
( δ

2ρ
− 1,

1

2
,

1

ρσ2
(µ+ ρx)2

)

.

▼❡r❦❡ ❛♥✱ ❞❛ss g1(b0) > 0 ✉♥❞ h′′′(x) > 0 ❣✐❧t✱ ✇♦♠✐t V ′′′
b0

> 0 ❢♦❧❣t✳ ❙♦♠✐t ✐st
V ′′
b0
(x) str✐❦t ✇❛❝❤s❡♥❞✳ ❉❛ V ′′

b0
(b+0 ) < 0 ✉♥❞ ❞❡r ❙t❡t✐❣❦❡✐t ✈♦♥ V ′′

b0
(x) ❛♥ ❞❡r ❙t❡❧❧❡

✺✻
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

x = b0✱ ❣✐❧t ❛✉❝❤ V ′′
b0
(b−0 ) < 0✱ ✇♦♠✐t ❢♦❧❣t✱ ❞❛ss V ′′

b0
(x) < 0 ❛✉❢ [0, b0)✳ ❉❛♠✐t ✐st ❞✐❡

❑♦♥❦❛✈✐tät ✈♦♥ Vb0(x) ❛✉❢ [0,∞) ❣❡③❡✐❣t✳
❉✐❡ ❋✉♥❦t✐♦♥ ✭✺✳✷✾✮ ❡r❢ü❧❧t ❞❛❤❡r ✭✺✳✹✮ ❛✉❢ [0, b0) ✉♥❞ ✭✺✳✷✷✮ ❛✉❢ [b0,∞)✳ ❲❡❣❡♥
V ′
b0
(b0) = 1 s✐❡❤t ♠❛♥✱ ❞❛ss V ′

b0
(x) > 1 ❢ür 0 ≤ x < b0 ✉♥❞ V ′

b0
(x) < 1 ❢ür x ≥ b0✳

❆❧s♦ ❡r❢ü❧❧t Vb0(x) ❣❡❣❡❜❡♥ ❞✉r❝❤ ✭✺✳✷✾✮ ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ✭✺✳✷✮ ♠✐t ❘❛♥❞❜❡❞✐♥❣✉♥❣
✭✺✳✸✮✳

❙❝❤❧✐❡ÿ❧✐❝❤ ✇♦❧❧❡♥ ✇✐r ✈❡r✐✜③✐❡r❡♥✱ ❞❛ss ❞✐❡ ❋✉♥❦t✐♦♥ ❛✉s ❙❛t③ ✺✳✷ t❛tsä❝❤❧✐❝❤
♦♣t✐♠❛❧ ✐st✳ ❍✐❡r❢ür ❢♦r♠✉❧✐❡r❡♥ ✇✐r ❞❡♥ ❢♦❧❣❡♥❞❡♥ ❙❛t③✿

❙❛t③ ✺✳✸✳ ❋ür ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ③✉❧äss✐❣❡ ❙tr❛t❡❣✐❡ u ∈ A✱ ❣✐❧t

{

V u(x) ≤ V0(x), ❢❛❧❧s f3(0)
f ′

3(0)
+ α

δ
≤ 0,

V u(x) ≤ Vb0(x), ❢❛❧❧s f3(0)
f ′

3(0)
+ α

δ
> 0.

❙❡✐ u∗ ❡✐♥❡ ♦♣t✐♠❛❧❡ ❙tr❛t❡❣✐❡ ❞✐❡ ❡✐♥❡ ❚❤r❡s❤♦❧❞str❛t❡❣✐❡ ♠✐t ❙❝❤r❛♥❦❡ b∗ ❞✉r❝❤
✭✺✳✷✺✮ ❞❛rst❡❧❧t✱ ❞❛♥♥ ❣✐❧t

Vb∗(x) = sup
u∈A

V u(x).

❇❡✇❡✐s✳ ❙❡✐ V (x) s♦ ✇✐❡ ✐♥ ❙❛t③ ✺✳✷ ✉♥❞ u ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ❙tr❛t❡❣✐❡✳ ❲❡♥❞❡♥ ✇✐r ❞✐❡
■tô✲❋♦r♠❡❧ ❛✉❢ e−δtV (Xt) ❛♥✱ ❞❛♥♥ ❡r❤❛❧t❡♥ ✇✐r

e−δ(τ∧t)V (Xτ∧t)− V (x)

=

∫ τ∧t

0

e−δs
(1

2
σ2V ′′(Xs) + (µ+ ρXs − us)V

′(Xs)− δV ′(Xs)
)

ds

+

∫ τ∧t

0

e−δsV ′(Xs)σdWs. ✭✺✳✸✺✮

V (x) ✐st ❦♦♥❦❛✈ ✉♥❞ V ′(x) ✐st ❞✉r❝❤ V ′(0) ❜❡s❝❤rä♥❦t✱ ❞❛❤❡r ✐st ❞❛s st♦❝❤❛st✐s❝❤❡
■♥t❡❣r❛❧ ❡✐♥ q✉❛❞r❛t✐s❝❤ ✐♥t❡❣r✐❡r❜❛r❡s ▼❛rt✐♥❣❛❧ ♠✐t ❊r✇❛rt✉♥❣s✇❡rt ◆✉❧❧✳ ❉❡s ✇❡✐✲
t❡r❡♥ ✐st ❞❡r ❡rst❡ ■♥t❡❣r❛♥❞ ✐♥ ✭✺✳✸✺✮ ❜❡s❝❤rä♥❦t ❞✉r❝❤ −ut✳ ❲✐r ❢♦r♠❡♥ ✉♠ ✉♥❞
✇❡♥❞❡♥ ❞❡♥ ❊r✇❛rt✉♥❣s✇❡rt ❛♥ ✉♥❞ ❜❡❦♦♠♠❡♥

V (x) ≥ Ex

[ ∫ τ∧t

0

e−δsusds
]

+ Ex[e
−δ(τ∧t)V (Xτ∧t)]

▲❛ss❡♥ ✇✐r ♥✉♥ t→ ∞ ❣❡❤❡♥✱ ❞❛♥♥ ❢♦❧❣t ♠✐t ❞❡♠ ❙❛t③ ❞❡r ❞♦♠✐♥✐❡rt❡♥ ❑♦♥✈❡r❣❡♥③

V (x) ≥ Ex

[ ∫ τ

0

e−δsusds
]

= J(x, u) = V u(x).

❙❡✐ ♥✉♥ u∗ ❡✐♥❡ ♦♣t✐♠❛❧❡ ❚❤r❡s❤♦❧❞str❛t❡❣✐❡ ♠✐t P❛r❛♠❡t❡r α ✉♥❞ b∗✳ ❲❡♥❞❡♥
✇✐r ✇✐❡❞❡r ❞✐❡ ■tô✲❋♦r♠❡❧ ❛♥

✺✼
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✺✳✸✳ ❉✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡

e−δ(τ∧t)V (Xτ∧t)−V (x)

=

∫ τ∧t

0

e−δs
(1

2
σ2V ′′(Xs) + (µ+ ρXs − α)V ′(Xs)− δV ′(Xs)

)

ds

+

∫ τ∧t

0

e−δsV ′(Xs)σdWs. ✭✺✳✸✻✮

▼✐t ❞❡r s❡❧❜❡♥ ❆r❣✉♠❡♥t❛t✐♦♥ ✇✐❡ ♦❜❡♥ ❧❛ss❡♥ ✇✐r ❞❛s st♦❝❤❛st✐s❝❤❡ ■♥t❡❣r❛❧ ✈❡r✲
s❝❤✇✐♥❞❡♥✳ ❉❛ α ❞✐❡ ❍❏❇✲●❧❡✐❝❤✉♥❣ ♠❛①✐♠✐❡rt ❣✐❧t

{1− V ′(x)}α + (µ+ ρx)V ′(x) +
1

2
σ2V ′′(x)− δV (x) = 0

⇔ 1

2
σ2V ′′(x) + (µ+ ρx− α)V ′(x)− δV (x) = −α.

❲♦♠✐t ✇✐r ❡✐♥❣❡s❡t③t ✉♥❞ ✉♠❣❡❢♦r♠t

V (x) =

∫ τ∧t

0

e−δsα ds+ e−δ(τ∧t)V (Xτ∧t).

❡r❤❛❧t❡♥✳ ❲❡♥❞❡♥ ✇✐r ❞❡♥ ❊r✇❛rt✉♥❣s✇❡rt ❛♥ ✉♥❞ ❧❛ss❡♥ t → ∞ ❣❡❤❡♥✱ ❞❛♥♥ ❣✐❧t
✇❡❣❡♥ ❙❛t③ ✈♦♥ ❞❡r ❞♦♠✐♥✐❡rt❡♥ ❑♦♥✈❡r❣❡♥③

V (x) = Ex

[ ∫ τ

0

e−δsα ds
]

= V u∗

(x).

❉❛♠✐t ✐st u∗ ❡✐♥❡ ♦♣t✐♠❛❧❡ ❙tr❛t❡❣✐❡✳

✺✽
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❑❛♣✐t❡❧ ✻

❙✐♠✉❧❛t✐♦♥

✻✳✶ ❱❡r❣❧❡✐❝❤ ❞❡r ❘❡s✉❧t❛t❡

■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇♦❧❧❡♥ ✇✐r ✉♥s❡r❡ ❣❡✇♦♥♥❡♥❡ ❘❡s✉❧t❛t❡ ♣r❛❦t✐s❝❤ ❛♥✇❡♥❞❡♥
s♦✇✐❡ ❡✐♥✐❣❡ ❊r❣❡❜♥✐ss❡ ❡①♣❧✐③✐t ❛✉sr❡❝❤♥❡♥ ✉♥❞ ❜❡♦❜❛❝❤t❡♥✳ ❋ür ❞❛s ❖♣t✐♠✐❡r✉♥❣s✲
♣r♦❜❧❡♠ ❤❛❜❡♥ ✇✐r ❡✐♥❡ ❣❡s❝❤❧♦ss❡♥❡ ❋♦r♠❡❧ ❢ür ❞✐❡ ❣❡s✉❝❤t❡ ❲❡rt❢✉♥❦t✐♦♥✳ ■♠ ❡rs✲
t❡♥ ❙❝❤r✐tt ♠✉ss ③✉❡rst ❞✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡ b∗ ❡r♠✐tt❡❧t ✇❡r❞❡♥✳ ❉✐❡ ❇❛rr✐❡r❡ ✐st
❣❡❣❡❜❡♥ ❞✉r❝❤ ✭✺✳✷✺✮✱ ❛❧s♦

b∗ =

{

0, ❢ür f3(0)
f ′

3(0)
+ α

δ
≤ 0,

b0, ❢ür f3(0)
f ′

3(0)
+ α

δ
> 0.

✭✻✳✶✮

❉❡r ❲❡rt b0 ✐st ❤✐❡r❜❡✐ ❞✐❡ ♣♦s✐t✐✈❡ ◆✉❧❧st❡❧❧❡ ✈♦♥ ✭✺✳✷✹✮✿

f3(b)

f ′
3(b)

− h(b)

h′(b)
+
α

δ
= 0

❩✉r ❇❡st✐♠♠✉♥❣ ❞❡r ◆✉❧❧st❡❧❧❡ ✈❡r✇❡♥❞❡♥ ✇✐r ❞❛s ❇✐s❡❦t✐♦♥s✈❡r❢❛❤r❡♥✳
❲✐r ♠♦❞❡❧❧✐❡r❡♥ ❞❡♥ ❱❡r♠ö❣❡♥s③✉✇❛❝❤s ❡✐♥❡s ❯♥t❡r♥❡❤♠❡♥s ♠✐t 0.5 ♣r♦ ❩❡✐t❡✐♥❤❡✐t
s♦✇✐❡ ❡✐♥❡ ❱❡r③✐♥s✉♥❣ ✈♦♥ 1%✳ ❉❡s ❲❡✐t❡r❡♥ ♥❡❤♠❡♥ ✇✐r ❡✐♥❡ ❉✐s❦♦♥t✐❡r✉♥❣sr❛t❡
✈♦♥ 2% ❛♥✳
❋ür ❞✐❡ ❢♦❧❣❡♥❞❡ ▼❆❚▲❆❇ ❙✐♠✉❧❛t✐♦♥ ❤❛❜❡♥ ✇✐r ❢♦❧❣❡♥❞❡ P❛r❛♠❡t❡r ❢❡st❣❡❧❡❣t✿

µ = 0.5✱ δ = 2%✱ ρ = 1%

❖♣t✐♠❛❧❡ ❇❛rr✐❡r❡ b∗

σ α = 0.10 α = 0.15 α = 0.25 α = 0.35 α = 0.45

✶ ✶✳✻✸✸✹✾ ✷✳✵✾✸✼✷ ✷✳✼✻✻✵✽ ✸✳✸✷✽✷✽ ✸✳✽✽✵✷✺
✶✳✺ ✶✳✼✽✻✸✻ ✷✳✼✶✹✼✷ ✹✳✵✶✾✻✸ ✺✳✵✸✽✾✾ ✺✳✾✺✷✽✾
✷✳✺ ✵ ✶✳✹✶✾✶✹ ✹✳✷✺✻✽✶ ✻✳✸✵✾✷✽ ✽✳✵✵✵✸✾
✸✳✺ ✵ ✵ ✶✳✹✺✺✽✺ ✹✳✻✺✶✷✶ ✼✳✶✽✶✼✸
✹ ✵ ✵ ✵ ✷✳✽✼✼✾✹ ✺✳✽✹✻✹✷

❚❛❜❡❧❧❡ ✻✳✶✿ ❖♣t✐♠❛❧❡ ❇❛rr✐❡r❡♥ ♠✐t ρ = 1% ✉♥❞ δ = 2%

✺✾
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✻✳✶✳ ❱❡r❣❧❡✐❝❤ ❞❡r ❘❡s✉❧t❛t❡

❲✐r ❡r❦❡♥♥❡♥ ❛✉s ❞❡r ❚❛❜❡❧❧❡✱ ❞❛ss ❥❡ ❦❧❡✐♥❡r ❞✐❡ ❉✐✈✐❞❡♥❞❡♥r❛t❡ α ✐st✱ ❞❡st♦ ♥✐❡❞r✐❣❡r
✇✐r❞ ❛✉❝❤ ❞✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡ b∗✳ ❇❡✐ σ st❡✐❣t ❞✐❡ ❇❛rr✐❡r❡ ③✉❡rst ❛♥ ✉♥❞ ❢ä❧❧t ❞❛♥♥
✇✐❡❞❡r ✐♥ ❘✐❝❤t✉♥❣ 0✳
❩✉ ❡✐♥❡r ❣❡❣❡❜❡♥❡♥ ❇❛rr✐❡r❡ b∗ ❦ö♥♥❡♥ ✇✐r ♥✉♥ ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥ V (x)✱ ❛❜❤ä♥❣✐❣
✈♦♥ ❡✐♥❡♠ ■♥✐t✐❛❧✈❡r♠ö❣❡♥ x✱ ❜❡st✐♠♠❡♥✳ ❉✐❡ ❢♦❧❣❡♥❞❡ ●r❛✜❦ s♦❧❧ ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥
V (x) ✐♥ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ α ✉♥❞ σ ✐❧❧✉str✐❡r❡♥✳ ■♥ ✻✳✶❛ st❡✐❣t ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥ ♠✐t
❣röÿ❡r❡♠ α s❝❤♥❡❧❧❡r ❛♥✳ ❲ä❤r❡♥❞ ✐♥ ✻✳✶❜ ❡r❦❡♥♥❜❛r ✐st✱ ❞❛ss ❞✐❡ ❲❡rt❢✉♥❦t✐♦♥ ♠✐t
❣röÿ❡r❡♠ σ ❧❛♥❣s❛♠❡r st❡✐❣t✳

0 1 2 3 4 5 6 7
0

5

10

■♥✐t✐❛❧✈❡r♠ö❣❡♥ ①

❲
❡r
t❢
✉♥

❦t
✐♦
♥
❱
✭①
✮

α❂✵✳✶✵
α❂✵✳✶✺
α❂✵✳✷✺
α❂✵✳✸✺
α❂✵✳✹✺

✭❛✮ σ = 2.5 ❢❡st

0 1 2 3 4 5 6 7
0

5

10

■♥✐t✐❛❧✈❡r♠ö❣❡♥ ①

❲
❡r
t❢
✉♥

❦t
✐♦
♥
❱
✭①
✮

σ❂✶
σ❂✶✳✺
σ❂✷✳✺
σ❂✸✳✺
σ❂✹

✭❜✮ α = 0.15 ❢❡st

❆❜❜✐❧❞✉♥❣ ✻✳✶✿ ❲❡rt❢✉♥❦t✐♦♥ V (x) ♠✐t µ = 0.5✱ δ = 2%✱ ρ = 1%

■♥ ❞❡r ❛❦t✉❡❧❧❡♥ ◆✐❡❞r✐❣③✐♥s♣❤❛s❡ s✐♥❞ r✐s✐❦♦❧♦s❡ ❱❡r③✐♥s✉♥❣❡♥ ✈♦♥ 1% ❡♥t✇❡❞❡r s❡❤r
♦♣t✐♠✐st✐s❝❤ ❣❡✇ä❤❧t ♦❞❡r ♥✉r ❞✉r❝❤ ❲❡rt♣❛♣✐❡r❡ ♠✐t ❧❛♥❣❢r✐st✐❣❡r ❉❛✉❡r ♠ö❣❧✐❝❤✳
❊✐♥❡ ❱❡r③✐♥s✉♥❣ 0.5% ❡♥ts♣r✐❝❤t ❡❤❡r ❞❡r ❘❡❛❧✇✐rts❝❤❛❢t✱ ❞✐❡ ❛✉❝❤ ❞❡r Pr✐✈❛t❛♥❧❡❣❡r
❞✉r❝❤ ❜❡✐s♣✐❡❧s✇❡✐s❡ ❡✐♥ ❚❛❣❡s✲ ♦❞❡r ❋❡st❣❡❧❞❦♦♥t♦ ❡r✇✐rts❝❤❛❢t❡♥ ❦❛♥♥✳ ❉✐❡ ❢♦❧❣❡♥❞❡
❚❛❜❡❧❧❡ s♦❧❧ ❞✐❡ ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡ b∗ ♠✐t ❢♦❧❣❡♥❞❡♥ P❛r❛♠❡t❡r ✐❧❧✉str✐❡r❡♥✿

µ = 0.5✱ δ = 2%✱ ρ = 0.5%

❖♣t✐♠❛❧❡ ❇❛rr✐❡r❡ b∗

σ α = 0.10 α = 0.15 α = 0.25 α = 0.35 α = 0.45

✶ ✶✳✻✸✺✵✸ ✷✳✶✵✸✵✶ ✷✳✼✾✶✷✽ ✸✳✸✻✾✽✷ ✸✳✾✸✶✶✽
✶✳✺ ✶✳✼✺✶✺✾ ✷✳✻✾✵✽✸ ✹✳✵✷✵✵✸ ✺✳✵✺✾✻✺ ✺✳✾✼✻✼✷
✷✳✺ ✵ ✶✳✶✽✺✹✸ ✸✳✾✽✻✶✸ ✻✳✵✵✾✾✻ ✼✳✻✺✸✶✸
✸✳✺ ✵ ✵ ✵✳✽✸✺✻✹ ✸✳✽✼✷✾✽ ✻✳✷✺✹✹✷
✹ ✵ ✵ ✵ ✶✳✾✵✺✼✺ ✹✳✻✺✽✹✾

❚❛❜❡❧❧❡ ✻✳✷✿ ❖♣t✐♠❛❧❡ ❇❛rr✐❡r❡♥ ♠✐t ρ = 0.5% ✉♥❞ δ = 2%

❱❡r❣❧❡✐❝❤t ♠❛♥ ✻✳✶ ✉♥❞ ✻✳✷ ❦❛♥♥ ♠❛♥ ❡r❦❡♥♥❡♥✱ ❞❛ss ❞✐❡ ❲❡rt❡ ❞❡r ♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡
♠✐t ✐♥ ❘✐❝❤t✉♥❣ ❦❧❡✐♥❡r❡ σ ③✉s❛♠♠❡♥❣❡st❛✉❝❤t ✇❡r❞❡♥✳ ❉❛s ✇ür❞❡ ❜❡❞❡✉t❡♥✱ ❞❛ss
❞✉r❝❤ ❡✐♥❡♥ ❦❧❡✐♥❡r ✇❡r❞❡♥❞❡♥ ❩✐♥ss❛t③ ❜❡✐ ❣r♦ÿ❡♥ σ ❞✐❡ ❇❛rr✐❡r❡♥ ♥✐❡❞r✐❣❡r ✇❡r❞❡♥✳

✻✵
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✻✳✷✳ ❘❡❛❧✐s✐❡r✉♥❣ ❡✐♥❡s ❯♥t❡r♥❡❤♠❡♥s✈❡r❧❛✉❢s

■♥ ❞❡r ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❚❛❜❡❧❧❡ st❡❧❧❡♥ ✇✐r ❲❡rt❢✉♥❦t✐♦♥❡♥ V (x) ♠✐t ③✇❡✐ ✉♥t❡rs❝❤✐❡❞✲
❧✐❝❤❡♥ ■♥✐t✐❛❧✈❡r♠ö❣❡♥ x ❣❡❣❡♥ü❜❡r✳ ■♥s❣❡s❛♠t ❡r❦❡♥♥❡♥ ✇✐r✱ ❞❛ss ❜❡✐ ❣röÿ❡r❡♠ ρ
❛✉❝❤ ♠❡❤r ❉✐✈✐❞❡♥❞❡♥ ❛✉s❣❡s❝❤ütt❡t ✇❡r❞❡♥✳

V (x) x = 2 x = 5

α ρ = 0.5% ρ = 1% ρ = 0.5% ρ = 1%

✵✳✶✵ ✶✳✹✻✽✸✾ ✶✳✺✶✼✶✽ ✷✳✾✷✸✽✼ ✸✳✵✶✹✶✵
✵✳✶✺ ✷✳✵✻✼✺✾ ✷✳✶✹✹✺✹ ✹✳✶✽✶✷✵ ✹✳✸✷✻✹✽
✵✳✷✺ ✸✳✵✾✶✺✼ ✸✳✷✹✺✷✹ ✻✳✸✷✺✶✵ ✻✳✻✶✶✹✶
✵✳✸✺ ✸✳✾✺✺✼✺ ✹✳✷✵✻✽✵ ✽✳✵✾✺✸✸ ✽✳✺✼✶✷✽
✵✳✹✺ ✹✳✻✼✷✻✽ ✺✳✵✹✵✶✽ ✾✳✺✻✷✺✵ ✶✵✳✷✻✾✷

❚❛❜❡❧❧❡ ✻✳✸✿ ❱❡r❣❧❡✐❝❤ ❞❡r ❲❡rt❢✉♥❦t✐♦♥ V (x) ♠✐t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ρ

✻✳✷ ❘❡❛❧✐s✐❡r✉♥❣ ❡✐♥❡s ❯♥t❡r♥❡❤♠❡♥s✈❡r❧❛✉❢s

❆❜s❝❤❧✐❡ÿ❡♥❞ ✇♦❧❧❡♥ ✇✐r ❞✐❡ t❤❡♦r❡t✐s❝❤❡♥ ❘❡s✉❧t❛t❡ ❛✉❝❤ ❞✉r❝❤ ❙✐♠✉❧❛t✐♦♥ ❡✐♥❡s
❯♥t❡r♥❡❤♠❡♥s✈❡r❧❛✉❢s ❜❡stät✐❣❡♥ ❧❛ss❡♥✳ ❲✐r st❡❧❧❡♥ ❞✐❡ ❊r❣❡❜♥✐ss❡ ❞❡r ❙✐♠✉❧❛t✐♦♥
❡✐♥❡s ❯♥t❡r♥❡❤♠❡♥s✈❡r❧❛✉❢s✱ ❞❡r ❡①❛❦t ❛✉s❣❡r❡❝❤♥❡t❡♥ ❲❡rt❡ ❣❡❣❡♥ü❜❡r✳ ❍✐❡r❜❡✐ ❧❡✲
❣❡♥ ✇✐r ❞❡♥ ❩❡✐t❤♦r✐③♦♥t ❛✉❢ T = 200 ✉♥❞ ❞✐❡ ❉✐s❦♦♥t✐❡r✉♥❣sr❛t❡ ❛❜s✐❝❤t❧✐❝❤ ❛✉❢
15% ❢❡st✱ ✉♠ ③✉♠ ❊✐♥❡♥ ❞❡♥ ❩❡✐tr❛✉♠ ♠ö❣❧✐❝❤st ❧❛♥❣ ③✉ ✇ä❤❧❡♥ ✉♥❞ ③✉♠ ❆♥❞❡✲
r❡♥ ❞✐s❦♦♥t✐❡rt❡ ❲❡rt❡ ❞❡r s♣ät❡r❡♥ ❩❡✐t♣✉♥❦t❡ ✈❡r♥❛❝❤❧äss✐❣❜❛r ✇❡r❞❡♥ ③✉ ❧❛ss❡♥✳
❯♥t❡r ❞✐❡s❡♥ ❇❡❞✐♥❣✉♥❣❡♥ ✐st ❡✐♥❡ s❡❤r ❤♦❤❡ ❆♥③❛❤❧ ❛♥ ❙✐♠✉❧❛t✐♦♥❡♥ ❞❡r ❯♥t❡r♥❡❤✲
♠❡♥s✈❡r❧ä✉❢❡ ❡✛❡❦t✐✈ ♠ö❣❧✐❝❤✳ ❲✐r ✇❡r❞❡♥ ❛❧s♦ N = 100000 ❙✐♠✉❧❛t✐♦♥❡♥ ✐♥ ❡✐♥❡♠
❱♦r❣❛♥❣ ❞✉r❝❤❢ü❤r❡♥✳
❲✐r ✇ä❤❧❡♥ ❞❡s ❲❡✐t❡r❡♥ n = 100000 ✉♠ ❞❡♥ ❩❡✐tr❛✉♠ ✐♥ ♠ö❣❧✐❝❤st ❢❡✐♥❡ äq✉✐❞✐✲
st❛♥t❡ ■♥t❡r✈❛❧❧❡ T

n
③✉ ❞✐s❦r❡t✐s✐❡r❡♥✳ ▼✐t ❞❡r ❉✐s❦r❡t✐s✐❡r✉♥❣ ❣✐❧t ❢ür ❞✐❡ ■♥❦r❡♠❡♥t❡

❞❡r ❇r♦✇♥s❝❤❡♥ ❇❡✇❡❣✉♥❣ Wj T
n
−Wj+1T

n
∼ N(0, T

n
)✳ ❉❡r ❩✉st❛♥❞s♣r♦③❡ss ✇✐r❞ ❢♦❧✲

❣❡♥❞❡r♠❛ÿ❡♥ r❡❛❧✐s✐❡rt✿
❋ür j = 1, . . . , n ❣✐❧t

X(j+1)T
n
= Xj + (µ+ ρ ∗Xj T

n
) ∗ T

n
+

√

T

n
∗ σ ∗N,

X1 = x.

❉✐❡ ❱❛r✐❛❜❧❡ ◆ st❡❧❧t ❡✐♥❡ st❛♥❞❛r❞♥♦r♠❛❧✈❡rt❡✐❧t❡ ❩✉❢❛❧❧s✈❛r✐❛❜❧❡ ❞❛r✱ ❞✐❡ ü❜❡r ❞✐❡
▼❆❚▲❆❇✲❋✉♥❦t✐♦♥ r❛♥❞♥ ❡r③❡✉❣t ✇✐r❞✳ ❉✐❡ ❢♦❧❣❡♥❞❡♥ P❛r❛♠❡t❡r ✇✉r❞❡♥ ❢ür ❞✐❡
❙✐♠✉❧❛t✐♦♥❡♥ ❢❡st❣❡❧❡❣t✿

µ = 5✱ σ = 2.5✱ α = 4.5✱ δ = 15%✱ ρ = 1%

❆❧s ❡rst❡s ✇♦❧❧❡♥ ✇✐r ❞✐❡ ❖♣t✐♠❛❧✐tät ❞❡r ♦♣t✐♠❛❧❡♥ ❇❛rr✐❡r❡ b∗ ❜❡stät✐❣❡♥✳ ❲✐r
❧❡❣❡♥ ❤✐❡r❜❡✐ ❞❛s ■♥✐t✐❛❧✈❡r♠ö❣❡♥ ❛✉❢ x = 0.5 ❢❡st✳ ❉✐❡ ❣❡s❝❤❧♦ss❡♥❡ ❋♦r♠❡❧ ❢ür ❞✐❡
♦♣t✐♠❛❧❡ ❇❛rr✐❡r❡ ✉♥❞ ❞❡r ❲❡rt❢✉♥❦t✐♦♥ ❧✐❡❢❡r♥ ✉♥s✿

b∗ = 3.2219, Vb∗(x) = 14.0897.

✻✶
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✻✳✷✳ ❘❡❛❧✐s✐❡r✉♥❣ ❡✐♥❡s ❯♥t❡r♥❡❤♠❡♥s✈❡r❧❛✉❢s

■♥ ❞❡r ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❆❜❜✐❧❞✉♥❣ s❡❤❡♥ ✇✐r ③✉♠ ❊✐♥❡♥ ❞✐❡ ❡①❛❦t❡ ❲❡rt❢✉♥❦t✐♦♥ V (x)
✉♥❞ ③✉♠ ❆♥❞❡r❡♥ ❞✐❡ s✐♠✉❧✐❡rt❡ ❲❡rt❢✉♥❦t✐♦♥ V̂ (x) ✐♥ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ❇❛rr✐❡r❡❤ö✲
❤❡♥✳ ❉❡r ❲❡rt ♠✐t ❞❡r ♦♣t✐♠❛❧❡♥ ❇❛rr✐❡r❡ ✐st ❡①♣❧✐③✐t ❣❡❦❡♥♥③❡✐❝❤♥❡t✳ ▼❛♥ ❡r❦❡♥♥t✱
❞❛ss s♦✇♦❤❧ ❞✐❡ ❡①❛❦t❡ ❲❡rt❢✉♥❦t✐♦♥ ❛❧s ❛✉❝❤ ❞✐❡ s✐♠✉❧✐❡rt❡ ❲❡rt❢✉♥❦t✐♦♥ ✐❤r ▼❛✲
①✐♠✉♠ ❛♥ ❞❡r ♦♣t✐♠❛❧❡♥ ❇❛rr✐❡r❡ b∗ = 3.2219 ❛♥♥❡❤♠❡♥✳

1 2 3 4 5 6
8

10

12

14

16

❇❛rr✐❡r❡ b

❲
❡r
t❢
✉♥

❦t
✐♦
♥
V
(b
)

V (b)

V̂ (b)
V (b∗)

❆❜❜✐❧❞✉♥❣ ✻✳✷✿ ❙✐♠✉❧❛t✐♦♥ ✉♥❞ ❡①❛❦t❡ ❆✉s✇❡rt✉♥❣ ❞❡r ❲❡rt❢✉♥❦t✐♦♥ ♠✐t ✉♥t❡r✲
s❝❤✐❡❞❧✐❝❤❡♥ ❇❛rr✐❡r❡♥

▼❛♥ ❡r❦❡♥♥t ❞✐❡ ♦✛❡♥s✐❝❤t❧✐❝❤❡ ❆❜✇❡✐❝❤✉♥❣ ❞❡r s✐♠✉❧✐❡rt❡♥ ❊r❣❡❜♥✐ss❡ ✈♦♥ ❞❡♥ ❡①✲
❛❦t❡♥ ❲❡rt❡✳ ❆♥ ❞❡r ❙t❡❧❧❡ ❞❡r ♦♣t✐♠❛❧❡♥ ❇❛rr✐❡r❡ ✇❡✐s❡♥ ✇✐r ❡✐♥❡♥ r❡❧❛t✐✈❡♥ ❋❡❤❧❡r
❛✉❢ ✈♦♥

|V̂ (b∗)− V (b∗)|
V (b∗)

=
∆V (b∗)

V (b∗)
≈ 8.23%

♠✐t V̂ (b∗) = 15.2492✳ ❲❡♥♥ ♠❛♥ ❞❛s ●❡s❛♠t❜✐❧❞ ❜❡tr❛❝❤t❡t ✐st ❞✐❡ ❆❜✇❡✐❝❤✉♥❣ ✐♥s♦✲
❢❡r♥ ❛❦③❡♣t❛❜❡❧✱ ✇❡✐❧ ❞✐❡ ❙✐♠✉❧❛t✐♦♥❡♥ s✐❝❤ ❞❡♥ ❡①❛❦t❡♥ ❲❡rt❡♥ ❤♦♠♦❣❡♥ ❛♥♥ä❤❡r♥✳
❩✉♠ ❆❜s❝❤❧✉ss ✈❡r❣❧❡✐❝❤❡♥ ✇✐r ♥♦❝❤ ❲❡rt❢✉♥❦t✐♦♥❡♥ ♠✐t ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♠ ■♥✐t✐❛❧✲
✈❡r♠ö❣❡♥ x✳

x V (x) V̂ (x)

✵✳✺ ✶✹✳✵✽✾✼ ✶✺✳✷✹✾✷
✶ ✷✵✳✺✸✷✹ ✷✶✳✵✻✼✶
✶✳✺ ✷✸✳✺✾✷✹ ✷✸✳✽✻✷✸
✷ ✷✺✳✶✺✾✵ ✷✺✳✸✶✷✼
✷✳✺ ✷✻✳✵✻✽✹ ✷✻✳✶✽✾✶
✸ ✷✻✳✻✾✵✺ ✷✻✳✼✶✻✸
✹ ✷✼✳✻✶✵✺ ✷✼✳✻✻✽✺
✺ ✷✽✳✷✼✽✶ ✷✽✳✸✶✼✵

❚❛❜❡❧❧❡ ✻✳✹✿ ❱❡r❣❧❡✐❝❤ ❞❡r ❲❡rt❢✉♥❦t✐♦♥ V (x)
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✻✳✷✳ ❘❡❛❧✐s✐❡r✉♥❣ ❡✐♥❡s ❯♥t❡r♥❡❤♠❡♥s✈❡r❧❛✉❢s

❲✐r ❜❡♠❡r❦❡♥ ❛♥ ❞❡♥ ❊r❣❡❜♥✐ss❡♥ s❡❤r ❣✉t✱ ❞❛ss ♠✐t ❣röÿ❡r❡♥ ■♥✐t✐❛❧✈❡r♠ö❣❡♥✱ ❞✐❡
r❡❧❛t✐✈❡ ❆❜✇❡✐❝❤✉♥❣ ✐♠♠❡r ❣❡r✐♥❣❡r ❛✉s❢ä❧❧t✳

∆V (1)

V (1)
≈ 2, 6%,

∆V (2)

V (2)
≈ 0, 61%,

∆V (5)

V (5)
≈ 0, 14%

❉✐❡s ❡r❦❧ärt s✐❝❤ ❞❛❞✉r❝❤✱ ❞❛ss ❜❡✐ ❜❡tr❛❣s♠äÿ✐❣ ❣röÿ❡r❡r ❉✐✛❡r❡♥③ ✈♦♥ ■♥✐t✐❛❧✈❡r♠ö✲
❣❡♥ ✉♥❞ ❇❛rr✐❡r❡✱ ❞❡r ❱❡rs✐❝❤❡r✉♥❣s✈❡r❧❛✉❢ ✈♦❧❛t✐❧❡r ✉♥❞ ❞✐❡ ❘✉✐♥✇❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t
❣röÿ❡r ✇✐r❞✳ ■st ❞❛s ■♥✐t✐❛❧✈❡r♠ö❣❡♥ ✐♥ ❞❡r ◆ä❤❡ ❞❡r ❇❛rr✐❡r❡ ♦❞❡r s♦❣❛r ❣röÿ❡r✱
s♦ ✐st ❞✐❡ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐t ❣r♦ÿ✱ ❞❛ss ❞❛s ❯♥t❡r♥❡❤♠❡♥ ❛♥❢ä♥❣❧✐❝❤ ❉✐✈✐❞❡♥❞❡♥
❛✉ss❝❤ütt❡t✳
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❆♥❤❛♥❣ ❆

▼❛t❧❛❜✲❈♦❞❡s

❉✐❡s❡r ❆❜s❝❤♥✐tt ❞✐❡♥t ③✉r ❆✉✢✐st✉♥❣ ❛❧❧❡r ▼❆❚▲❆❇ ❈♦❞❡s ❞✐❡ ③✉r ❙✐♠✉❧❛t✐♦♥
✈❡r✇❡♥❞❡t ✇✉r❞❡♥✳

❉✐❡ ❋♦❧❣❡♥❞❡♥ ❋✉♥❦t✐♦♥❡♥ s✐♥❞ ❞✐❡ ▲ös✉♥❣❡♥ ❞❡r ❑✉♠♠❡rs❝❤❡♥ ❉●▲ ✭✺✳✾✮✲✭✺✳✶✶✮✳

❢✉♥❝t✐♦♥ ♦✉t ❢✶ ❂ ❢✶ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮
♦✉t ❢✶ ❂ ❡①♣✭−✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉✰r❤♦∗① ✮ ❫ ✷ ✮ ∗ ✳ ✳ ✳

❦✉♠♠❡r❯✭✶✴✷✰✭ ❞❡ ❧ t ❛ ✴✭✷∗ r❤♦ ✮ ✮ ✱ ✶ ✴ ✷ ✱ ✳ ✳ ✳
✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉✰r❤♦∗① ✮❫✷ ✮ ❀

❡♥❞

❢✉♥❝t✐♦♥ ♦✉t ❢✷ ❂ ❢✷ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮
♦✉t ❢✷ ❂ ✭♠✉✰r❤♦∗① ✮∗❡①♣✭−✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉✰r❤♦∗① ✮ ❫ ✷ ✮ ∗ ✳ ✳ ✳

❤②♣❡r❣❡♦♠✭✶✰✭ ❞❡ ❧ t ❛ ✴✭✷∗ r❤♦ ✮ ✮ ✱ ✸ ✴ ✷ ✱ ✳ ✳ ✳
✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉✰r❤♦∗① ✮❫✷ ✮ ❀

❡♥❞

❢✉♥❝t✐♦♥ ♦✉t ❢✸ ❂ ❢✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ① ✮
♦✉t ❢✸ ❂ ❡①♣✭−✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉−❛❧♣❤❛✰r❤♦∗① ✮ ❫ ✷ ✮ ∗ ✳ ✳ ✳

❦✉♠♠❡r❯✭✶✴✷✰✭ ❞❡ ❧ t ❛ ✴✭✷∗ r❤♦ ✮ ✮ ✱ ✶ ✴ ✷ ✱ ✳ ✳ ✳
✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉−❛❧♣❤❛✰r❤♦∗① ✮❫✷ ✮ ❀

❡♥❞

❢✉♥❝t✐♦♥ ♦✉t❞❢✶ ❂ ❞❢✶ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮
♦✉t❞❢✶ ❂ −✭✷✴s✐❣♠❛ ❫✷✮∗✭♠✉✰r❤♦∗① ✮∗❡①♣✭−✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫ ✷ ✮ ✮ ∗ ✳ ✳ ✳

✭♠✉✰r❤♦∗① ✮❫✷✮∗❦✉♠♠❡r❯✭✶✴✷✰✭ ❞❡ ❧ t ❛ ✴✭✷∗ r❤♦ ✮ ✮ ✱ ✸ ✴ ✷ ✱ ✳ ✳ ✳
✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉✰r❤♦∗① ✮❫✷ ✮ ❀

❡♥❞

❢✉♥❝t✐♦♥ ♦✉t❞❢✷ ❂ ❞❢✷ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮
♦✉t❞❢✷ ❂ r❤♦∗❡①♣✭−✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉✰r❤♦∗① ✮ ❫ ✷ ✮ ∗ ✳ ✳ ✳

❤②♣❡r❣❡♦♠ ✭ ❞❡ ❧ t ❛ ✴✭✷∗ r❤♦ ✮ ✱ ✶ ✴ ✷ ✱ ✳ ✳ ✳
✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉✰r❤♦∗① ✮❫✷ ✮ ❀

❡♥❞

❢✉♥❝t✐♦♥ ♦✉t❞❢✸ ❂ ❞❢✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ① ✮
♦✉t❞❢✸ ❂ −✭✷✴s✐❣♠❛ ❫✷✮∗✭♠✉−❛❧♣❤❛✰r❤♦∗① ✮∗❡①♣ ✭ − ✭ ✶✴ ✳ ✳ ✳
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✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉−❛❧♣❤❛✰r❤♦∗① ✮ ❫ ✷ ✮ ∗ ✳ ✳ ✳
❦✉♠♠❡r❯✭✶✴✷✰✭ ❞❡ ❧ t ❛ ✴✭✷∗ r❤♦ ✮ ✮ ✱ ✸ ✴ ✷ ✱ ✳ ✳ ✳
✭✶✴✭ r❤♦∗ s✐❣♠❛ ❫✷✮✮∗ ✭♠✉−❛❧♣❤❛✰r❤♦∗① ✮❫✷ ✮ ❀

❡♥❞

❢✉♥❝t✐♦♥ ♦✉t❤ ❂ ❤✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮
♦✉t❤ ❂ ❢✶ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ✵ ✮∗ ❢ ✷ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮ − ✳ ✳ ✳

❢ ✷ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ✵ ✮∗ ❢ ✶ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮ ❀
❡♥❞

❢✉♥❝t✐♦♥ ♦✉t❞❤ ❂ ❞❤✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮
♦✉t❞❤ ❂ ❢✶ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ✵ ✮∗ ❞❢✷ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮ − ✳ ✳ ✳

❢ ✷ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ✵ ✮∗ ❞❢✶ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮ ❀
❡♥❞

❉✐❡ ❢♦❧❣❡♥❞❡♥ ❋✉♥❦t✐♦♥ s✐♥❞ ❞✐❡ ❈♦❞❡s ③✉r ❇❡st✐♠♠✉♥❣ ❞❡r ♦♣t✐♠❛❧❡♥ ❇❛rr✐❡r❡ ✉♥❞
❞❡r ❲❡rt❢✉♥❦t✐♦♥✳

❢✉♥❝t✐♦♥ ❝♦♥❞ ❂ ❜❡❞ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞ ❡ ❧ t ❛ ✮
❝♦♥❞ ❂ ❢✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ✵ ✮ ✴ ✳ ✳ ✳

❞❢✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ✵ ✮✰ ✳ ✳ ✳
❛❧♣❤❛ ✴ ❞❡ ❧ t ❛ ❀

❡♥❞

❢✉♥❝t✐♦♥ ❜ ❂ ❣❡t❜ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ① ✮
❢♦r♠❛t ❧♦♥❣

❜ ❂ ❢✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ① ✮ ✴ ✳ ✳ ✳
❞❢✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ① ✮ − ✳ ✳ ✳
❤ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮✴❞❤✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮ ✳ ✳ ✳
✰❛❧♣❤❛ ✴ ❞❡ ❧ t ❛ ❀

❡♥❞

❢✉♥❝t✐♦♥ ♥ ✉ ❧ ❧ s t ❡ ❧ ❧ ❡ ❂ ❜ ✐ s ❡ ❦ t ✐ ♦ ♥ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ❛ ✱ ❜ ✮
❢♦r♠❛t ❧♦♥❣ ❀
❡t❛ ❂ ✵ ✳✵✵✵✵✵✶ ❀
✐ ❂✵❀

✐ ❢ ❣❡t❜ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ❜ ✮ ∗ ✳ ✳ ✳
❣❡t❜ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ❛ ✮ ❁ ✵
✇❤✐❧❡ ✭❛❜s ✭❜−❛✮❃❡t❛ ✮

✐ ❢ ❣❡t❜ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ✭ ❛✰❜ ✮ ✴ ✷ ✮ ∗ ✳ ✳ ✳
❣❡t❜ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ❛ ✮ ❃ ✵
❛❂✭❛✰❜ ✮✴✷ ❀

❡❧s❡

❜❂✭❛✰❜ ✮✴✷ ❀
❡♥❞

✐❂✐ ✰✶❀
❡♥❞

♥ ✉ ❧ ❧ s t ❡ ❧ ❧ ❡ ❂✭❛✰❜ ✮✴✷ ❀
❡♥❞
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❢✉♥❝t✐♦♥ ♦✉t✈✵ ❂ ✈✵ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ① ✮
♦✉t✈✵ ❂ ✭ ❛❧♣❤❛ ✴ ❞❡ ❧ t ❛ ✮∗✭✶−✭ ❢ ✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ① ✮ ✴ ✳ ✳ ✳

❢ ✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ✵ ✮ ✮ ✮ ❀
❡♥❞

❢✉♥❝t✐♦♥ ♦✉t✈❜ ❂ ✈❜ ✭❜ ✱ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ① ✮
✐ ❢ ① ❁❂ ❜
♦✉t✈❜ ❂ ✭ ❛❧♣❤❛ ✴ ❞❡ ❧ t ❛ ✮∗ ✭ ❞❢✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ❜ ✮ ✳ ✳ ✳

∗❤✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ① ✮ ✮ ✴ ✭ ❞❢✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ✳ ✳ ✳
❞❡ ❧ t❛ ✱ ❜✮∗❤✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ❜✮− ❢ ✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱ ✳ ✳ ✳
♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ❜✮∗❞❤✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ❜ ✮ ✮ ❀

❡ ❧ s ❡ ✐ ❢ ① ❃ ❜
♦✉t✈❜ ❂ ✭ ❛❧♣❤❛ ✴ ❞❡ ❧ t ❛ ✮✰✭ ❛❧♣❤❛ ✴ ❞❡ ❧ t ❛ ✮∗ ✭ ❞❤ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉ ✱ ✳ ✳ ✳

❞❡ ❧ t❛ ✱ ❜✮∗ ❢ ✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ① ✮ ✮ ✴ ✳ ✳ ✳
✭ ❞❢✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ❜✮∗❤✭ r❤♦ ✱ s✐❣♠❛ ✱ ✳ ✳ ✳
♠✉✱ ❞❡ ❧ t❛ ✱ ❜✮− ❢ ✸ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱ ❜✵ ✮ ∗ ✳ ✳ ✳
❞❤ ✭ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞❡ ❧ t❛ ✱ ❜ ✮ ✮ ❀

❡♥❞

❡♥❞

❉❡r ❢♦❧❣❡♥❞❡ ❈♦❞❡ ✇✐r❞ ③✉r ❘❡❛❧✐s✐❡r✉♥❣ ❡✐♥❡s ❯♥t❡r♥❡❤♠❡♥s✈❡r❧❛✉❢s ✈❡r✇❡♥❞❡t✳

❢✉♥❝t✐♦♥ ❬ ♦✉t❱s✐♠ ✱ ♦✉t❱❛r❱ ❪ ❂ ❱s✐♠✭ ✐ ♥ ✐ t ✱ ❜ ✱ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❛❧♣❤❛ ✱ ❞❡ ❧ t❛ ✱❚✱ ♥ ✱◆✮

❞t ❂ ❚✴♥ ❀
❛❧♣❤❛❞t ❂ ❛❧♣❤❛ ∗❞t ❀
❞❡ ❧ t ❛❞ t ❂ ❞❡ ❧ t ❛ ∗❞t ❀

❢♦r ✐ ❂ ✶ ✿◆

① ✭✶✮ ❂ ✐ ♥ ✐ t ❀
✉ ✭✶ ✮ ❂ ✵ ❀

✐ ❢ ① ✭✶ ✮ ❃❂ ❜
✉ ✭✶✮ ❂ ❛❧♣❤❛❞t ❀ ✪
① ✭✶ ✮ ❂ ①✭✶✮− ❛❧♣❤❛❞t ❀ ✪
❡♥❞

❢♦r ❥ ❂ ✶ ✿ ♥
✐♥❝① ❂ ✐♥❝ ✭① ✭ ❥ ✮ ✱ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞t ✮ ❀
✐ ❢ ✭ ① ✭ ❥ ✮❃❂✵✮

① ✭ ❥✰✶✮❂①✭ ❥ ✮✰ ✐♥❝① ❀
✐ ❢ ✭ ① ✭ ❥✰✶✮❁❜✮

✉✭ ❥ ✰✶✮❂✵❀
❡❧s❡

✉✭ ❥✰✶✮❂❛❧♣❤❛❞t ∗✭❡①♣✭−❞❡ ❧ t ❛❞ t ∗ ❥ ✮ ✮ ❀
① ✭ ❥✰✶✮❂①✭ ❥✰✶✮−❛❧♣❤❛❞t ❀

❡♥❞

❡❧s❡

① ✭ ❥ ✰✶✮❂✵❀

✻✻
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✉✭ ❥ ✰✶✮❂✵❀
❈✭ ✐ ✮❂✶❀
❜r❡❛❦

❡♥❞

❡♥❞

❉✭ ✐ ✮❂s✉♠✭✉ ✮ ❀
❝❧❡❛r ✉
❝❧❡❛r ①
❡♥❞

♦✉t❱s✐♠ ❂ s✉♠✭❉✮✴◆
❡♥❞

❢✉♥❝t✐♦♥ ♦✉t ✐♥❝ ❂ ✐♥❝ ✭① ✱ r❤♦ ✱ s✐❣♠❛ ✱♠✉✱ ❞t ✮
♦✉t ✐♥❝ ❂ ✭♠✉✰r❤♦∗① ✮∗ ❞t✰sqrt ✭ ❞t ✮∗ s✐❣♠❛∗r❛♥❞♥ ❀

❡♥❞
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▲✐t❡r❛t✉r✈❡r③❡✐❝❤♥✐s

❬✶❪ ▼✳ ❆❇❘❆▼❖❲■❚❩✱ ■✳❆✳ ❙❚❊●❯◆✿ ❍❛♥❞❜♦♦❦ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❋✉♥❝t✐♦♥s✿
❲✐t❤ ❋♦r♠✉❧❛s✱ ●r❛♣❤s✱ ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ❚❛❜❧❡s✱ ❯♥✐t❡❞ ❙t❛t❡s ❉❡♣❛rt♠❡♥t
♦❢ ❈♦♠♠❡r❝❡✱ ❯❙ ●♦✈❡r♥♠❡♥t Pr✐♥t✐♥❣ ❖✣❝❡✱ ❲❛s❤✐♥❣t♦♥✱ ❉❈✱ ❯❙❆✱ ✶✾✼✷

❬✷❪ ❙✳ ❆❙▼❯❙❙❊◆✱ ▼✱ ❚❆❑❙❆❘✿ ❈♦♥tr♦❧❧❡❞ ❞✐✛✉s✐♦♥ ♠♦❞❡❧s ❢♦r ♦♣t✐♠❛❧ ❞✐✲
✈✐❞❡♥❞ ♣❛②✲♦✉t✱ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ▲✉♥❞✱
▲✉♥❞✱ ❙✇❡❞❡♥✱ ❙❯◆❨✱ ❙t♦♥② ❇r♦♦❦✱ ❯❙❆✱ ✶✾✾✼

❬✸❪ ❙✳ ❆❙▼❯❙❙❊◆ ❘✉✐♥ Pr♦❜❛❜✐❧✐t✐❡s✱ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝ P✉❜❧✐s❤✐♥❣ ❈♦♠♣❛♥②✱ ❙✐♥✲
❣❛♣✉r✱ ✷✵✵✵

❬✹❪ ▲✳ ❇❘❊■▼❆◆ Pr♦❜❛❜✐❧✐t②✱ ❆❞❞✐s♦♥✲❲❡s❧❡② P✉❜❧✐s❤✐♥❣ ❈♦♠♣❛♥②✱ ❘❡❛❞✐♥❣
▼❛ss❛❝❤✉s❡tts✱ ✶✾✻✽

❬✺❪ ❚✳ ❉❊❈❑✿ ❉❡r ■tô✲❑❛❧❦ü❧✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✻

❬✻❪ ▼✳ ❉❊◆❯■❚✱ ❏✳ ❉❍❆❊◆❊✱ ▼✳ ●❖❖❱❆❊❘❚❙✱ ❘✳ ❑❆❆❙✿▼♦❞❡r♥ ❆❝t✉❛r✐❛❧
❘✐s❦ ❚❤❡♦r②✱ ❯s✐♥❣ ❘✱ ❙❡❝♦♥❞ ❊❞✐t✐♦♥✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✽

❬✼❪ ❨✳ ❋❆◆●✱ ❘✳ ❲❯✿ ❖♣t✐♠❛❧ ❞✐✈✐❞❡♥❞s ✐♥ t❤❡ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ r✐s❦ ♠♦❞❡❧ ✇✐t❤
✐♥t❡r❡st✱ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ▲P▼❈✱ ◆❛♥❦❛✐ ❯♥✐✈❡rs✐t②✱ ❚✐❛♥❥✐♥✱
P❘ ❈❤✐♥❛

❬✽❪ ❍✳ ●❊❘❇❊❘✿ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ ▼❛t❤❡♠❛t✐❝❛❧ ❘✐s❦ ❚❤❡♦r②✱ ❙✳❙✳ ❍✉❡❜♥❡r
❋♦✉♥❞❛t✐♦♥ ❢♦r ■♥s✉r❛♥❝❡ ❊❞✉❝❛t✐♦♥✱ P❤✐❧❛❞❡❧♣❤✐❛✱ ✶✾✼✾
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