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Abstract

Previously, the isomer state 229mTh has been found to be a very promising
candidate for the construction of a new time keeping standard, a nuclear
Thorium clock. Among other methods, it is postulated that the excitation
energy can be made accessible by introducing Thorium into a host crystal.
Preceding calculations have therefore been performed for Thorium doped
CaF2 and MgF2 crystals, with the former showing more favorable properties.
However, in a first step - before Thorium will be inserted as a dopant -
measurements will be performed with Uranium doped crystals and thus the
aim of this work was to perform ab initio Density Functional Theory (DFT)
calculations of Uranium doped Calcium Fluoride and to evaluate the electric
field gradient (EFG) at the dopant nucleus site using the Vienna ab-initio
Simulation Package (VASP). It has been shown that the energetically most
favorable charge compensation mechanism is an interstitial Fluorine and that
the inclusion of spin-orbit coupling - which is a very demanding task - does
not affect the EFG value.

Additionally, with the use of Neural Network Potentials (NNP’s) a resource-
efficient method has been presented to perform DFT-like calculations at a
fraction of the computational expense. The energy prediction is already sat-
isfactorily, and first steps have been taken towards the ability to predict
observables such as the EFG, definitely yielding scope for further research.
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Kurzfassung

Der metastabile angeregte Zustand 229mTh hat sich als vielversprechender
Kandidat für die Konstruktion eines neuen Zeitmessungsstandards, einer
Thorium Atomuhr, erwiesen. Es existieren mehrere Ansätze um die An-
regungsenergie experimentell zugänglich zu machen, einer davon basiert auf
der Idee einen Wirtskristall mit Thorium zu dotieren. In vorangehenden
Arbeiten wurden daher schon Rechnungen für Thorium-dotierte CaF2 und
MgF2 Kristalle ausgeführt, wobei erstere günstigere Eigenschaften aufweisen.
In einem ersten Schritt werden jedoch Messungen an Uran-dotierten Kristallen
durchgeführt, daher war das Ziel dieser Arbeit, ab-initio Dichtefunktionalthe-
orie (DFT) Rechnungen für Uran dotiertes Calcium Fluorid durchzuführen
und den elektrischen Feldgradienten (EFG) an der Stelle des Atomkerns des
Dotanden auszuwerten. Die Rechnungen wurden mithilfe des Vienna ab-
initio Simulation Package (VASP) ausgeführt. Es wurde gezeigt, dass die
energetisch günstigste Ladungskompensation durch ein interstitielles Fluor
Atom gegeben ist und dass die Berücksichtigung von Spin-Bahn Kopplung,
die eine rechnerisch sehr anspruchsvolle Aufgabe darstellt, den Wert des EFG
nicht beeinflusst.

Zusätzlich wurde durch die Verwendung von Neuronalen Netzwerk Po-
tentialen (NNP’s) eine ressourcenschonende Methode präsentiert, um DFT-
ähnliche Rechnungen mit einem Bruchteil des Rechenaufwandes durchzuführen.
Die Vorhersage der Energie ist bereits mit ausreichender Genauigkeit möglich,
und es wurden erste Schritte unternommen, um auch Observablen wie den
EFG vorhersagen zu können.
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Chapter 1

Introduction

The measurement of time has experienced a steady increase in accuracy over
the course of the last thousands of years: From ancient Egyptian sundials and
the first mechanical clocks in the late middle ages to our current timekeeping
standard, atomic clocks. The latter can already achieve accuracies in the
order of 1 · 10−16, which equals to approximately 3 nanoseconds per year
[Bur18]. This might seem excessive for everyday life, but is in fact vital for
modern technologies such as navigation (e.g. GPS, GLONASS or GALILEO)
and telecommunication systems. The current definition of the second as per
the International System of Units (SI) reads as follows [Bur19, p. 130]:

[...] the second is equal to the duration of 9 192 631 770 periods
of the radiation corresponding to the transition between the two
hyperfine levels of the unperturbed ground state of the 133Cs atom.

The above mentioned transition emits an energy of 3.8 · 10−5 eV, thus
corresponding to a wavelength of 32.6 cm which lies in the microwave regime
of the electromagnetic spectrum.

However, recent progress in atom cooling and trapping together with the
emergence of sub-hertz linewidth lasers allows development of more accu-
rate frequency standards based on optical transitions using trapped neutral
atoms and ions [Osk+06]. This approach allows for longer and more stable
measurements [Kaz+12].

There are, of course, a number of possible atoms and methods to realize an
optical timekeeping standard. Among others, Thorium-229 is a very promis-
ing candidate. The first excited nuclear state of Thorium-229, the isomer
state 229mTh, possesses a remarkably low energy estimated at (7.8± 0.5) eV
(obtained from indirect measurements of the γ-rays following the α-decay

1
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233U −→ 229Th [Bec+10]). Of all known nuclear levels this is the lowest
excitation energy, and with a corresponding wavelength of approximately
160 nm it is accessible for low-energy nuclear laser spectroscopy [Wen+16;
Tka11]. Research in this field focused on two approaches lately: The ion trap
approach and the crystal approach. Ion trapping as suggested by Campbell
et al. [Cam+09] can be applied to individual or small ensembles of ions and
provides a precise knowledge of and control over the fields affecting the ions.

However, in the scheme presented by Rellergert et al. [Rel+10] a vac-
uum ultraviolet (VUV) transparent host crystal is doped with a macroscopic
number of Thorium atoms (up to 1 · 1018), hence the challenges posed by
trapping and cooling of Thorium are simultaneously circumvent [Kaz+12].
Different host crystals have been evaluated lately, among others by the group
of Thorsten Schumm, Vienna University of Technology. Dessovic [Des16] and
Pimon [Pim17] studied the electronic and optical properties of Thorium-
doped CaF2 and MgF2 crystals, respectively.

CaF2 has been found to be more promising, however the experimental
setup is costly and has to be fine-tuned to the probe. Therefore, in a first step,
a chemically similar but more readily available configuration - an Uranium-
doped CaF2 crystal - will be measured to validate the calculations. This
thesis provides the corresponding simulations for this material, using the
Vienna ab-initio Simulation Package (VASP). Furthermore, the possibility of
using neural network potentials to predict the properties of a configuration
at a given temperature was also studied.

A short introduction into the theories behind VASP and neural networks
can be found in chapter 2. The results are presented in chapter 3, whereas
chapter 4 provides a dicussion thereof and a short outlook towards the path
to a nuclear clock.
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Chapter 2

Theory

The description of the structure and dynamics of many-electron systems is
one of the basic problems in theoretical physics and chemistry. Fortunately,
with density functional theory (DFT) there exists a successful approach to
describe the properties of ordinary matter. Section 2.1 presents the founda-
tion and background of DFT, from the fundamental equation that describes
the behavior of atoms and molecules, the Schrödinger equation, while sec-
tion 2.2 briefly outlines its development and elementary ideas following the
approaches presented in [ED11; SS09; Cap06]. The implementation of DFT
into the powerful VASP code is outlined in section 2.3 and finally, section 2.4
introduces the rather new concept of neural network potentials.

2.1 Introduction

To get a first idea of what density-functional theory is about, it is useful to
take a step back and recall some elementary quantum mechanics.

2.1.1 Schrödinger Equation

Describing the properties of a well-defined atomic structure makes it neces-
sary to solve the Schrödinger equation

i~
d
dt

|Ψ〉 = H |Ψ〉, (2.1)

where H represents the Hamiltonian (or total energy) operator of the system
and |Ψ〉 a set of solutions of the Hamiltonian. Often it is sufficient to look
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at stationary solutions and thus rule out the time dependence of H, which
leaves us with the eigenvalue problem

H |Ψ〉 = E |Ψ〉. (2.2)

There are several well-known examples like the particle in a box or the
harmonic oscillator, where the Hamiltonian is of a simple form and the
Schrödinger equation can be solved exactly. However, accounting for the
interaction of multiple electrons with multiple nuclei leaves us with the more
complicated Hamiltonian of the coupled electron-nucleus system,

H = Tn + Vn-n +He + (Vn-field), (2.3)

where the index n refers to nuclei and the index e to electrons, respectively
[KL90]. The term Tn represents the kinetic energy of the K nuclei of the
system,

Tn =
K
∑

α=1

(−i~∇Rα
)2

2Mα

(2.4)

with the Cartesian coordinates Rα and the mass Mα of nucleus α. The
potential energy term accounts for the Coulomb forces among the nuclei,

Vn-n =
K
∑

α,β=1;α<β

ZαZβe
2

|Rα −Rβ|
, (2.5)

where Zα,βe denote the corresponding charges of the nuclei. The Hamiltonian
He of the electronic system can be split up into the following constituents

He = Te + Vn-e + Ve-e + (Ve-field), (2.6)

where we can derive expressions for the particular terms in analogy to the
nuclear part. The kinetic energy of the N electrons with mass m and coor-
dinates ri is

Te =
N
∑

i=1

(−i~∇ri
)2

2m
, (2.7)

the interaction between electrons and the nuclei

Vn-e = −
K
∑

α=1

N
∑

i=1

Zαe
2

|Rα − ri|
, (2.8)

and the interactions among the electrons

Ve-e =
N
∑

i,j=1; i<j

e2

|ri − rj|
. (2.9)
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Coupling to external fields is not considered in this work, therefore these
terms are left out at this point. As mentioned above, solving equation 2.3
exactly is impossible for all atoms but the Hydrogen atom, and even finding
a numerical solution is a very demanding task. It is thus necessary to use
suitable approximations, as presented below.

2.1.2 Born-Oppenheimer Approximation

From the mass distribution between electrons and nucleons (each proton or
neutron has more than 1800 times the mass of an electron) it is apparent
that, roughly speaking, electrons respond much more rapidly to changes in
their surroundings than nuclei. Born and Oppenheimer made use of this
observation back in 1927 to factorize the total wavefunction into a nuclear
and an electronic part [BO27].

The time-independent Schrödinger equation (2.3) in coordinate space rep-
resentation,

HΨa(R1, ...,Rk; r1σ1, ..., rNσN)

= EaΨa(R1, ...,Rk; r1σ1, ..., rNσN),
(2.10)

can be simplified to

HΨa(R; rσ) = EaΨa(R; rσ) (2.11)

using a shorthand notation for the position and spin vectors

R1, ...,RK ≡ R

r1σ1, ..., rNσN ≡ rσ.
(2.12)

Now, the wavefunction in equation 2.11 can be factorized

Ψa=i,k(R; rσ) ∼= Ψn
ik(R)Ψe

k(R; rσ), (2.13)

and using the linearity of the Schrödinger equation in Ψ we can thus calculate
the electronic contribution to the total Hamiltonian separate

HeΨ
e
k(R; rσ) = Ee

a(R)Ψe
k(R; rσ). (2.14)

Finally, the Born-Oppenheimer approximation states that the eigenvalues
Ee

a(R), act as potentials in which the nuclei are moving, in the same way as
Vn-n. Treating the ionic movement independently makes the problem much
more accessible, however, solving equation 2.14 is still a demanding compu-
tational task requiring further simplifications.
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2.1.3 Hartree-Fock Approximation

In this section we will introduce an approach of great conceptual importance
for the DFT framework. For many-electron systems it is not possible to
find an exact wavefunction and therefore one has to look for a physically
reasonable approximation. The construction of such a model wavefunction
has to satisfy the Pauli exclusion principle, ensuring that no two electrons are
occupying the same quantum state at the same time [KH00]. Mathematically
speaking, the wavefunction needs to be antisymmetric with respect to particle
exchange. In the Hartree-Fock scheme, this requirement is elegantly met by
writing the wavefunction in the form of a Slater determinant

Ψe
k=0(rσ) ≈ Φe(rσ) =

1√
N !

∣

∣

∣

∣

∣

∣

∣

φ1(r1σ1) · · · φN(r1σ1)
...

. . .
...

φ1(rNσN) · · · φN(rNσN)

∣

∣

∣

∣

∣

∣

∣

, (2.15)

the antisymmetrized product of N one-electron wavefunctions φi(riσi). The
leading factor 1/

√
N ! accounts for the correct normalization. In a next

step, the total energy is minimized with respect to Φe(rσ) according to the
Rayleigh-Ritz variational principle. After some further calculations, pre-
sented for example in [ED11], we end up with the Hartree-Fock (HF) equa-
tions
[

−~
2∇2

2m
+ v(r) + vH(r)

]

φHF
i (r)− q2

∫

d3r′
γ(r, r′)

|r − r′|φ
HF
i (r′) = ǫHF

i φHF
i (r),

(2.16)
with vH denoting the Hartree potential

vH[n](r) = q2
∫

d3r′
n(r′)

|r − r′| , (2.17)

where n(r) denotes the electron density at a particular position in space (the
bracketed argument on the left side is indicating the functional nature of the
potential, thus it depends on n itself and not on its variable; for a detailed
view on functionals see appendix B.1). The second term on the left side of
equation 2.16 comprises the density matrix

γ(r, r′) =
∑

j

φ∗
j(r)φj(r

′), (2.18)

hence
n(r) = γ(r, r). (2.19)
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In the HF approach, the requirement of antisymmetry is inherently sat-
isfied as outlined above, however, every electron only feels the average field
generated by all other electrons, so a direct correlation depending on all other
individual positions is left out. Additionally, the computational effort can be
very demanding since it is necessary to solve 2N coupled integro-differential
equations as well as the Slater determinant [BM14]. Approaches that incor-
porate the Coulomb correlation do exist and are collectively called beyond
HF methods.
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2.2 Density Functional Theory

2.2.1 The Hohenberg-Kohn Theorem

It is undoubtedly true to say that the entire DFT framework rests on a
concept first published by Hohenberg and Kohn in 1964. It comprises two
theorems which state that [HK64]:

• v(r) is (to within a constant) a unique functional of n(r); since, in
turn, v(r) fixes H we see that the full many-particle ground state is a
unique functional of n(r) and

• the minimal property of E[n(r)] is established relative to all density
functions n′(r) associated with some other external potential v′(r)

In the original paper, a proof by contradiction is presented by assuming that
the ground state is not uniquely determined by the minimum particle density
n0, yet there are also others, e.g. from Levy [Lev82] or Lieb [Lie85].

2.2.2 Kohn-Sham Equations

From the Hohenberg-Kohn theorem we can deduct that knowledge of the
ground state density is sufficient to determine all ground state observables.
In addition, we can determine the ground state density from the ground
state energy functional via variation. However, it does not supply any infor-
mation on the explicit form of E[n(r)]. Kohn and Sham [KS65] developed
a theory, where a fictitious system comprised of one electron orbitals φi(r)
is introduced (the non-interacting Kohn-Sham system), chosen to have the
same density n(r) as the interacting system. As the kinetic energy of the
two systems is not identical, Kohn and Sham accounted for this by defining
the energy functional of the many-body system as

E[n(r)] = Ts[n(r)] + VH[n(r)] + Vext[n(r)] + Exc[n(r)], (2.20)

where the last (exchange-correlation) term includes all the contributions not
known exactly. The first term represents the kinetic energy of the non-
interacting system, VH the Hartree energy and Vext the energy associated
with an external potential. A subsequent variation of the energy with respect
to the orbitals yields the Kohn-Sham equations
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[

−~
2∇2

2m
+ vext(r) + vH(r) + vxc(r)

]

φi(r) = ǫiφi(r) (2.21)

with

vxc(r) =
δExc[n(r)]

δn(r)
. (2.22)

Subsequently, the problem is usually solved in a self-consistent way. The aim
is to find a ground state particle density n0(r) as outlined below:

1. Define an initial (trial) particle density n(r)

2. Solve the Kohn-Sham equations for the orbitals φi(r)

3. Calculate a new particle density nKS(r) =
∑

i φ
∗
i (r)φi(r)

4. Replace n(r) with nKS(r) and repeat from step 2 until a pre-defined
convergence criterion is met

Finally, the ground state energy can be calculated from the converged solu-
tion.

2.2.3 Exchange Correlation Energy

Up to now, we did not specify the exchange-correlation functional Exc[n(r)].
In fact, the exact form of this term can not be derived, except for the uni-
form electron gas where n(r) = const. holds. However, there exist approxi-
mations, some of which will be introduced below. Roughly, they have been
categorized by their level of accuracy, a concept known as Jacob’s Ladder
of Density Functional Approximations, introduced by Perdew and Schmidt
[PS01] and presented in figure 2.1. The exchange-correlation functionals will
be presented in ascending order of accuracy.

Local Density Approximation (LDA)

The first functional to be introduced is the historically important local den-
sity approximation. It assumes the electron density to be equal to the den-
sity of the homogeneous electron gas resembling the model of an ideal metal
consisting of a perfect crystal structure and thus the exchange correlation
functional is of the form
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Figure 2.1: “Jacob’s ladder of density functional approximations. Any resem-
blance to the Tower of Babel is purely coincidental. Also shown are angels
in the spherical approximation, ascending and descending. Users are free to
choose the rungs appropriate to their accuracy requirements and computa-
tional resources. However, at present their safety can be guaranteed only on
the two lowest rungs.” Taken from [PS01].

ELDA
xc [n] =

∫

d3r ǫhom
xc [n(r)], (2.23)

where

ǫhom
xc [n(r)] = −3e2

4π
(3π2n(r))1/3 (2.24)

represents the exchange correlation energy per particle [BM14]. Constrained
by its construction, the LDA is a good approximation only for the case of
slowly varying electron density (eg. simple metals) [ED11].

Generalized Gradient Approximation (GGA)

A lot of effort has been put into the improvement of the LDA, which resulted
for example in a very popular method, the generalized gradient approxima-
tion. The logical next step when dealing with an inhomogeneous electron
density is to also take the spacial variation of n(r) into account. This is the
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physical idea behind the GGA, where the exchange correlation functional
can be expressed as

EGGA
xc [n] =

∫

d3r f [n(r),∇n(r)]. (2.25)

Unlike in the LDA, there exist multiple forms of GGAs, depending on the
choice of f [n(r),∇n(r)] [Cap06]. In this work, we used the PBE func-
tional first introduced by Perdew, Burke, and Ernzerhof [PBE96] and the
Strongly Constrained and Appropriately Normed Semilocal Density Func-
tional (SCAN, discussed in more detail in appendix B.2), which is strictly
speaking a meta-GGA as it also accounts for the (non-interacting) kinetic
energy density [SRP15].

Hybrid Functionals

As the computational effort for Hartree-Fock calculations can be rather de-
manding, hybrid functionals that mix the HF exchange energy with an DFT-
approximated correlation energy have been developed. A commonly used
method is the HSE functional introduced by Heyd, Scuseria, and Ernzerhof
[HSE03],

EHSE
xc = aEHF,SR

x (ω) + (1− a)EPBE,SR
x (ω) + EPBE,LR

x (ω) + EPBE
c , (2.26)

where SR and LR denote "short range" and "long range" respectively and ω
is an adjustable parameter governing the extent of short-range interactions.
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2.3 VASP

The previous section provided a brief overview of the basic ideas behind the
powerful DFT, whereas this section will focus on their respective implemen-
tation in the Vienna ab-initio Simulation Package (VASP), which has been
used for this work.

2.3.1 Basis Set

From a variety of possible basis sets VASP is using plane waves (PW)

φk(r) = u(k, r)eikr, (2.27)

where u(k, r) describes the periodic part of the wavefunction [SL06; KF96].

Apart from being the natural choice for systems with periodic boundary
conditions, their periodicity makes them very applicable to elements that
exhibit a band-structure that can be interpreted in a free electron picture,
the total energy expressions as well as the Hamiltonian are easy to implement
and Fast Fourier Transforms (FFT) can be performed very efficient [Haf07].
The size of the basis set is determined by the ENCUT parameter, which defines
the maximum value of the kinetic energy (in eV) for a plane wave [Haf+],
hence, mathematically speaking,

|G+ k| < Gcut with Ecut =
~
2

2m
G2

cut (2.28)

holds for the whole basis set. Naturally, this method also entails disad-
vantages, e.g. one is forced to use a periodic unit cell and to describe the
rapidly oscillating orbitals close to the core, a very large ENCUT value would
be needed, in order to include waves with short wavelengths. The latter,
explicit treatment of the strongly bound electrons can be avoided by the use
of pseudopotentials (PPs).

2.3.2 Pseudopotentials

With the use of pseudopotentials, the number of plane waves needed can
be drastically reduced. The idea is to replace the core electrons with a fixed
“frozen core” pre-calculated potential and as a result, we can restrict ourselves
to the valence electrons only. This PP then consists of wavefunctions that
have no radial nodes within the core region and agree with the plane waves
outside a defined cut-off radius rcut. For the simulations in this work the PPs
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supplied with VASP were used [KJ99], which have been computed with the
Projector Augmented Wave (PAW) method introduced by Blöchl [Blö94].

2.3.3 Brillouin Zone Sampling

For many crystal properties (e.g. the density of states and the charge density)
it is necessary to integrate over the first Brillouin zone. As in the early days
of computational materials science computer memory was a major limitation,
a lot of thought has been put into an economic choice of k-points, in order
to facilitate the calculation of integrals of the type

F0 =
Ω

(2π)3

∫

BZ

d3k F (k), (2.29)

where F (k) is a lattice-periodic function. This is achieved by introducing
symmetrized functions [KN19]

Am(k) =

Ngroup
∑

α

Gαe
ikr, (2.30)

where the Gα denote the symmetry operators in the point group and the
index m can be associated with some specific length |k| (one therefore can
relate to the Am as “shells” of k-vectors). Now, the idea is to choose a set of
special k-points ki, i = 1, . . . Nspecial such that the shells Am vanish for low
m. The integral (2.29) can now be expressed as an expansion

F0 =

Nspecial
∑

i=1

wiF (ki) +
∞
∑

m=M+1

Nspecial
∑

i=1

wiFmAm(ki), (2.31)

with wi denoting weighting factors in order achieve
∑

iwiAm(ki) = 0. Thus,
with an appropriate choice of ki and by taking into account that the Fm

become significantly smaller for increasing m, we can neglect the second
term and approximate

F0 ≈
Nspecial
∑

i=1

wiF (ki). (2.32)

As we can see, careful choice of the ki determines the validity of the ap-
proximation. For this work, the k-space grids have been generated according
to the construction rule introduced by Monkhorst and Pack [MP76]

kprs = upb1 + urb2 + usb3, (2.33)
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with
ur =

2r − qr − 1

2qr
(r = 1, 2, . . . , q), (2.34)

where the bi span the reciprocal lattice and q defines the number of special
points in the set.

2.3.4 Smearing

The above mentioned Brillouin-zone integrals often show discontinuities at
the Fermi-level and as a result a high number of Fourier components, i.e. a
dense grid, is necessary to accurately sample this region. Thus, the disconti-
nous step function Θ(Ei−µ) is replaced by a smoother function f , a method
called smearing.

VASP offers (among others) Fermi smearing, a method where the occu-
pation at the Fermi-level is approximated by the Fermi-Dirac statistic at a
non-zero temperature,

fFD

(

Ei − µ

kBT

)

=
1

exp
(

Ei−µ
kBT

)

+ 1
, (2.35)

where kBT can be interpreted as the parameter governing the smearing.

Another implemented method is Gaussian smearing, in which the energy
levels are broadened with a Gaussian error function

fG

(

Ei − µ

kBT

)

=
1

2

[

1− erf
(

Ei − µ

kBT

)]

. (2.36)

Furthermore, for some structures it may be useful to divide the Brillouin-
zone up into tetrahedra and interpolate the function to be integrated then
within [BJA94].

2.3.5 Ionic Movement

As described in section 2.1.2, we can consider the electronic and the ionic
movement separately, which means that after each electronic minimisation
converged, the ionic configuration needs to be updated for the next minimisa-
tion and so forth, until the system can be regarded as being globally relaxed
into the ground state. Fortunately, for the ionic movement, one only has to
solve Newton’s equation of motion

Mα
d2Rα

dt2
= F α(Rα), (2.37)
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a well known numerical problem. There exist various algorithms to apply to
this problem, however only some of them are implemented in VASP [Haf+].
Specifically speaking, these are the Quasi-Newton (DIIS), the conjugate gra-
dient (CG) and the damped MD algorithm, whereof a detailed definition can
be found in [Pre+07].

2.3.6 Electric Field Gradient

Hyperfine interactions are accessible with different experimental spectroscopy
methods, and an elegant way of characterizing different atomic sites in a
given sample (for a detailed introduction see [Sli96]). They describe the
interaction of a nucleus with the crystal lattice, and in the case of quadrupole
interactions they depend on the nuclear quadruopole moment and the electric
field gradient (EFG). The EFG tensor Vij is defined as the second derivative
of the electrostatic potential V at the position of the nucleus

Vij =
∂2V

∂xi∂xj
. (2.38)

This yields a traceless symmetric tensor that can be diagonalized (usually by
obeying the convention |Vzz| > |Vxx| > |Vyy|) such that only two parameters
remain to fully describe the derivative [Moh00]. Usually one chooses the
element Vzz and the asymmetry parameter η,

η =
Vxx − Vyy

Vzz

. (2.39)

A value for the EFG tensor can be calculated by VASP [Pet+98], however
a careful relaxation of the electronic structure has to be performed, as it
depends sensitively on the anisotropy of the charge density surrounding the
nucleus.
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2.4 Machine Learning

In recent years Machine Learning (ML) techniques have been established in
many fields, including solid-state physics. Neural networks (NNs) make it
possible to determine ab-initio potential-energy surfaces (PES) and therefore
properties like energies or forces, at a fraction of the computational cost of
electronic structure calculations. This section will provide a brief introduc-
tion into the construction of neural network potentials following the paper
published by Behler [Beh11].

2.4.1 Feed-Forward Neural Networks

The general structure of a neural network is shown schematically in figure
2.2. Multiple input nodes (or neurons) which provide the atomic coordinates
are linked to one output node providing the energy E via a number of nodes
in hidden layers. Number and size of the hidden layers have no physical
meaning, but are defining the functional form of the NN. Each node of every
layer is connected to every node of the succeeding layer via a fitting parameter
(or weight) aklij . Additionally, but not shown in figure 2.2, every node i of
every hidden layer j is connected to a bias node with value 1 via a bias weight
bji , to act as an offset on the value of the node. Hence, we can define the
value yji of node i in layer j as

yji = f j
i

(

bji +
∑

k

aj−1,j
ki · yj−1

k

)

, (2.40)

where f j
i is called the activation function of the NN. There are different acti-

vation functions available, e.g. the hyperbolic tangent or the sigmoid function
which are continuous nonlinear functions that should imitate the activation
thresholds of classical biological neurons and typically converge to a constant
value for very large and very small arguments [Beh17]. Other possibilities are
rectifier functions and variations thereof (e.g. RELU or SELU). With this
approach, it is principally possible to approximate any real-valued function
with arbitrary accuracy [HSW89].

However, when applied to systems with many atoms, i.e. thousands of
degrees of freedom, this method quickly becomes impractical as for example
every degree of freedom corresponds to one input node, thus the size of the
NN increases rapidly. These and other conceptual issues can be solved by
using not one NN for the entire system, but one NN for each atom of the
system. The total energy E is then calculated by simply summing over the
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Figure 2.2: General architecture of a simple feed-forward neural network.
The energy E is calculated as a function of the input nodesGi. The functional
form of the NN is defined by the two hidden layers (in this case), consisting
of 5 and 4 nodes, respectively. The aklij represent the fitting parameters. For
the sake of clarity, only one fitting parameter is shown and bias nodes and
weights are left out. Adapted from [Beh11]

.

contributions of all networks E =
∑

iEi. For each atomic species, the same
network architecture is used, e.g. for a Uranium-doped CaF2 crystal, there
are three different structures of NNs.

2.4.2 Atomic Fingerprints

It is safe to say that Cartesian coordinates are not the best choice to process
the input. For example, a simple translation or rotation of a structure leaves
the total energy unchanged, but the Cartesian coordinates will change. Thus,
a method that includes the symmetry of the system is necessary to construct
efficient NNs. This can be achieved with suitable symmetry functions that
map the local chemical environment (up to a chosen cutoff radius Rcut) of an
atom onto so called atomic fingerprints and assure that the total energy is
invariant with respect to the exchange of any two atoms of the same species.
In this work, we used the functions proposed by Gastegger et al. [Gas+18],
which can be classified into radial and angular functions. The first are of the
form
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Grad
i =

N
∑

j 6=i

e−η(rij−µ)2fc(rij), (2.41)

where N denotes the number of atoms, rij the interatomic distances, η and
µ are fitting parameters and fc is a cutoff function. The cutoff function
corresponding to a cutoff radius Rcut can be defined as

fc(rij) =

{

1
2

[

cos
πrij
rc

+ 1
]

, rij ≤ Rcut

0, rij > Rcut

. (2.42)

The angular functions are three body functions and have a sightly more
elaborate form

Gang
i = 21−ζ

N
∑

j 6=i

N
∑

k 6=i,j

(1 + λ cosΘijk)
ζe−η[(rij−µ)2+(rik−µ)2+(rjk−µ)2]fijfikfjk.

(2.43)
Here, Θijk is the angle spanned by the atoms i, j and k. The bracketed term
represents the distribution of angles with the parameters ζ regulating the
width and λ = ±1 shifting the maximum of the angular term between 0◦

and 180◦. The three trailing factors account for the cutoff function (2.42),
where each combination of the three atoms has to be considered.

Finally, an atom-based NN predicting the PES for a hypothetical system
of three atoms is drawn schematically in figure 2.3. The Cartesian coordinates
of every atom are transformed into atomic fingerprints taking into account
the local environment of the respective atom only. The lines connecting every
coordinate with every fingerprint depict this dependency, however, in a larger
system Rcut determines the number of coordinates a fingerprint depends on.

2.4.3 Implementation

The methods introduced in the previous two sections have been implemented
by our group at the TU Wien into one routine that should, in principle, be
able to predict the total energy of a system with one or many atoms being
displaced from the ground state configuration. In this section, we will present
the basic ideas behind this routine.

First, a set of samples has to be generated in order to train the NN, i.e.
determine the weights and biases. Therefore, starting from a well converged
ground state structure, the atoms are randomly displaced (within a defined
range) and an electronic relaxation is performed with VASP to acquire the
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R1

R2

R3

Cartesian
coordinates

G1

G2

G3

Atomic
fingerprints

NN1

NN2

NN3

Atomic
NNs

E1

E2

E3

Atomic
energies

E

Total
energy

Figure 2.3: Structure of a PES predicting feed-forward neural network. Each
line represents one atom with Cartesian coordinates Ri. The coordinates are
transformed to atomic fingerprints and then one NN per atom (the networks
do not necessarily have to be of the same dimension except for atoms of the
same species) is evaluated yielding the energy contributions Ei. The energy
E is calculated by summing over all Ei. Adapted from [Beh11].

according energy of the new configuration. Once a sufficient number of sam-
ples is generated, the dimensions and settings (e.g. choice of an activation
function) of the atom specific NNs as well as the parameters determining
the fingerprints have to be chosen. Second, the network can be trained over
several epochs, with one epoch meaning the processing of every sample once
and adapting the weights and biases accordingly, to minimize the difference
between the predicted and the target energy. In a third step, a part of the
sample set that has not been used for training the network (the amount of
samples used for training is called split) can be used to validate the predic-
tions of the network. This way, an accuracy in the order of 1 · 10−2 eV per
atom can be achieved.

Once a sufficiently accurate setup has been found, these NNs can be used
to predict the energy of an atomic configuration with arbitrary displace-
ments, as long as they re are less or equal to those appearing in the samples,
as the NN does not have the ability to extrapolate. Further, it is possible to
map configurations to temperatures, by generating many random configura-
tions, predicting their respective energies, and applying an adapted version of
the Metropolis algorithm, also known as simulated annealing. The iteration
scheme looks as follows:
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1. Randomly displace the atoms of a configuration

2. Predict the energy Ei of the configuration

3. Accept configuration if rand(0, 1) ≤ exp
(

−Ei−E0

kBT

)

4. (If applicable, calculate and average observable for accepted configura-
tions)

5. Repeat from step 1 until a sufficient number of configurations is ac-
cepted

E0 is the ground state energy of the relaxed configuration. This way,
samples that represent a certain temperature can be filtered. Typically, one
is interested in specific properties of a configuration like for example the forces
between the atoms or the electric field gradient. Thus, with this routine it is
possible to train another set of NNs on these observables (the output layer
has to be adapted accordingly) and apply this NNs on the filtered samples,
in order to predict the value of an observable at a given temperature T .

20

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

Chapter 3

Results

The results presented in this chapter have been achieved using VASP version
5.4.4 on the Vienna Scientific Cluster (VSC). For the convergence studies in
section 3.1 and all simulations of pure CaF2 the “standard” binary has been
used, for simulations of doped cells a special “non-collinear” binary explained
in more detail in section 3.3 was used. For most of the calculations, the
SCAN mGGA functional has been applied, as there are indications that it
is superior to most gradient corrected functionals [Sun+16]. For every case
where other functionals have been utilised, this is clearly mentioned.

Generally, every VASP simulation is started from four basic input files:

• INCAR: Here, almost all parameters of the simulations are set, e.g. which
exchange-correlation functional should be used, the algorithm for the
ionic relaxation and so forth.

• POSCAR: In this file, the inital positions of the atoms are defined. For
molecular dynamics (MD) calculations, also the inital velocities can be
set.

• KPOINTS: Defines how the k-space grid as introduced in section 2.3.3 is
generated.

• POTCAR: This file supplies the pseudopotential for each atomic species
used in the calculation.

21

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

3.1 Convergence Studies

The first step towards the simulation of Uranium-doped CaF2 was taken by
performing convergence studies. This is a crucial part, as it defines the overall
accuracy of the calculations and provides the basis to chosing an appropriate
trade-off between computational cost and accuracy.

3.1.1 ENCUT Convergence

The cutoff energy determines the size of the plane wave basis set, as intro-
duced in section 2.3.1 and is one of the parameters set in the INCAR file.
It has to be chosen large enough to yield the desired accuracy, bearing in
mind that the computational time scales heavily with this value. The VASP
manual suggests to use at least the same cutoff energy (ENMAX) that has been
applied for the generation of the pseudopotential in use (if they differ, and
they most probably will differ for different atomic species, the highest value
has to be taken).

For the calculations performed in this work the pseudopotentials from the
potpaw_PBE.54 database supplied with VASP have been used, in particular:

• Fluorine: F_GW (dated March 19th, 2012)

• Calcium: Ca_sv_GW (dated March 31st, 2010)

• Uranium: U (dated September 6th, 2000)

Among those, the Fluorine pseudopotential has the highest ENMAX value
(∼488 eV), so that the convergence study for CaF2 has been conducted with
cutoff energies above and including 500 eV. The result is shown in figure
3.1. The reference of 2000 eV has been chosen as it is the highest energy
calculable with reasonable computational expense, and the general form of
the curves is in good agreement with the assumption that the overall accu-
racy is increasing with the size of the basis set. An energy difference ∆E of
1 · 10−3 eV corresponds to the intended accuracy and therefore an ENCUT of
1400 eV has been chosen to be sufficient for the SCAN functional and 800 eV
for PBE. Furthermore, it can be seen that convergence for the SCAN func-
tional is slower with respect to the number of plane waves than for the PBE
functional.
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Figure 3.1: Convergence of the energy per atom with respect to the cutoff
energy of a CaF2 cell containing 12 atoms for the SCAN and PBE functional,
respectively. As a reference, the energy E2000 received with an ENCUT of
2000 eV is taken. The chosen convergence criterion is an energy difference
∆E of 1 · 10−3 eV per atom and is represented by a dashed red line. In order
to provide this accuracy, the minimal ENCUT value necessary is 1400 eV for
SCAN and 1000 eV for PBE.

3.1.2 KPOINTS Convergence

The number of k-points, i.e. the size of the k-space grid, has a huge impact
on computation time. Only careful choice of the grid size determines the
efficiency of the simulations. From the equations defining the vectors bi that
span the reciprocal lattice with respect to the unit cell vectors ai [AM76]

bi = 2π
aj × ak

ai · (aj × ak)
, (3.1)

we can see that the volume of the primitive cell V is inverse proportional to
the volume of the Brillouin zone VBZ

VBZ ∝ 1

V
, (3.2)

and thus for increasing unit cell size it can be sufficient to use smaller and
smaller grids to sample the Brillouin zone, the extreme case being a grid
consisting of only one k-point, or more precisely, the Γ-point in the center
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of the Brillouin zone. An evaluation of the optimal mesh size is shown in
figure 3.2. It can be seen that for a cell consisting of 12 atoms, mesh sizes of
and above 3× 3× 3 points meet the accuracy criterion. While for the energy
cutoff, convergence for PBE was much faster than for SCAN, this is not the
case for the k-space resolution, where convergence is comparable. It needs
to be said that for this convergence study, the global break criterion for the
electronic minimisation (EDIFF, set in the INCAR file) was set to 1 · 10−6 eV
and therefore the results in this order of magnitude have to be seen as upper
bounds rather than as true deviations.

2 4 6 8 10

−8
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−2

n
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g
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|E

x
−
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1
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t
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s
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Figure 3.2: Convergence of the energy per atom with respect to the size of
the k-space grid of a CaF2 cell containing 12 atoms for the SCAN and PBE
functional, respectively. The mesh size increases as a third power of n, since
it consists of n× n× n points. As a reference, the energy E13 received with
a 13 × 13 × 13 grid is taken. The chosen convergence criterion is an energy
difference ∆E of 1 · 10−3 eV per atom, represented by a dashed red line, and
is already met by a mesh containing 9 points. The oscillating behaviour for
n = 5 and above is most likely due to the chosen overall energy accuracy
(EDIFF) of the calculation, where a value of 1 · 10−6 eV for the whole cell was
used as a global break criterion.
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3.2 CaF2 Unit Cell

Calcium Fluoride is a compound of divalent calcium cations Ca2+ and mono-
valent fluoride anions F− occurring naturally as the mineral fluorspar or
fluorite [Pat03]. Its melting point is at around 1696K [Cha] and it crystal-
lizes into a cubic lattice of F− ions, with Ca2+ ions in half of the centers
of these cubes (depicted in figure 3.3). To be precise, the CaF2 lattice is
of the cubic space group Fm-3m (225), with the primitive cell consisting of
only three atoms, namely the Flouride at the 8c Wyckoff positions, and the
Calcium occupying the 4a position.

Figure 3.3: CaF2 unit cell. The F− ions (depicted in dark cyan) form a
simple cubic lattice, with Ca2+ ions (depicted in orange) in every other cube.
This crystal structure as well as all other structures displayed in this work
have been created with VESTA [MI11].

3.2.1 Cell Volume

The lattice vectors have been obtained by a minimization of the total energy
of the cell with respect to the cell volume. Since the lattice is cubic, the
volume can be easily varied by adjusting the scaling factor supplied in the
POSCAR input file. The minimization was done with the following bisection
method iteration scheme:
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1. Run three VASP calculations with three different lattice vectors a1 <
a2 < a3.

2. Fit a quadratic function f(x;A,B, x0) = A(x− x0)
2 +B to the lattice

vector and energy tuples (ai, Ei), which yields a unique solution.

3. Run a VASP calculation with a4 = x0 and start over from step 2,
omitting the tuple (ai, Ei) which satisfies max |ai−x0| until a specified
convergence criterion is met.

This way, the results shown in table 3.1 have been computed for the SCAN
and the PBE functional, respectively.

Functional a = b = c [Å]

SCAN 5.418
PBE 5.506

Published [VC] 5.463

Table 3.1: The lattice vectors obtained for CaF2 with SCAN and PBE, as
well as the experimental value as a reference. While SCAN underestimates
the lattice vector, PBE is overestimating it.

3.2.2 Standard Enthalpy of Formation

In addition to the cell size, another property usually examined is the enthalpy
change at phase transition (or heat of formation ∆Hf). As DFT can only
calculate the energy of a structure to within a constant, absolute energies
can not be compared to experimental values. However, energy differences
can be interpreted and therefore the change of enthalpy during formation of
a substance can be used as a reference. In table 3.2 ∆Hf is given, calculated
with the SCAN and the PBE functional and for comparison also an experi-
mental value. The deviation from the published value is within 1 eV for both
functionals with SCAN being more accurate, however.
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Functional ∆Hf [eV]

SCAN -12.808
PBE -11.906

Published [Cha98] -12.706

Table 3.2: The heat of formation of Calcium Fluoride computed with SCAN
and PBE compared to the experimental value. SCAN is overestimating the
enthalpy change by about 0.1 eV, while PBE is underestimating it by almost
1 eV.
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3.3 Uranium Doping

Having determined a suitable setup for Calcium Fluoride, the dopant can
be introduced to the crystal. Uranium doped Calcium Fluoride crystals
(denoted as U:CaF2) have mainly been studied as optical medium for solid-
state lasers operating in the 2 µm to 3 µm regime [Su+04a; Su+04b]. There
are different valence states of Uranium possible in CaF2 crystals, however in
this work we focused on trivalent Uranium U3+ doped crystals (U3+:CaF2).
The U3+ is occupying a Ca2+ site and in order to keep electroneutrality,
charge compensation will be achieved by either an O2− at a Fluoride lattice
site or by an interstitial F−, as presented in figure 3.4. The dominating
charge compensation mechanism can be triggered by the amount of PbF2

added as a scavenger for oxygen removal during crystal growth [Sch16].

Figure 3.4: Two considered charge compensations for a U3+:CaF2 crystal.
As in figure 3.3, the F− is depicted in dark cyan, the Ca2+ in orange and
additionally, the U3+ is shown in light blue. In the left cell, an O2− (red) is
occupying a Fluoride site and in the right one, there is an interstitial F− at
the center of the cell.

At this point, it is worth mentioning that for all simulations of Calcium
Fluoride doped with f-elements presented in this work, a special VASP binary
has been used that supports spin-orbit coupling (SOC) to be taken into
account. This implies a new term being added to the Hamiltonian in equation
2.3,

Hαβ
soc ∝ σ ·L, (3.3)

which couples the Pauli operator σ to the angular momentum operator L =
r × p and is acting as a relativistic correction [Com]. In the INCAR file the
inclusion of SOC is indicated by the LSORBIT flag. Additionally, an initial
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orientation of the magnetic moment of each atom has to be provided, as well
as a quantization axis. The data has shown that while the energy of the cell
is adapted with the inclusion of SOC, the field gradient is left unchanged.
For a detailed description of the implementation of SOC in VASP refer to
[Ste+16].

3.3.1 Cell Setup and Convergence Check

An important quantity associated with doped materials is the doping con-
centration, i.e. the number of dopants per number of atoms in a specified
volume. In VASP, periodic boundary conditions are inherent and therefore
the only way to simulate different doping concentrations is to calculate mul-
tiple unit cells (so called super cells). Therefore, for small concentrations it is
usually necessary to determine if the chosen cell size is already sufficient such
that the effect of the dopant on the atoms in a given distance is negligible.
As a consequence, one often has to deal with cells containing hundreds of
atoms, which obviously yields an enormous computational effort.

600 900 1,200 1,500

−3.5
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−2.5

−2

ENCUT [eV]

lo
g
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0
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−
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1
8
0
0
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t
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|

SCAN

Figure 3.5: Convergence of the energy per atom with respect to the cutoff
energy of a U3+:CaF2 (with F− interstitial charge compensation) cell con-
taining 97 atoms for the SCAN functional. As a reference, the energy E1800

received with an ENCUT of 1800 eV is taken. The general form of the curve re-
sembles the one in figure 3.1 and satisfactorily, the ENCUT of 1400 eV defined
in section 3.1.1 is sufficient to meet the convergence criterion.
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Fortunately, U3+:CaF2 crystals can be grown with a relatively high doping
concentration of ∼1% (according to T. Schumm). If we consider the unit
cell of CaF2, this can be simulated by 2×2×2 unit cells containing 96 atoms
with reasonable computational effort. In order to verify the settings found
in the previous section, another convergence study with respect to the size
of the plane wave set has been performed, but this time only for the SCAN
functional. This decision is based on the assumption that for our purpose,
the values received for SCAN can be assumed to be upper boundaries for
the values of the PBE functional. The result is shown in figure 3.5, and is in
agreement with the value obtained in section 3.1.1.

Subsequently, also the size of the k-space mesh has been verified, to assure
an optimal balance between accuracy and computational cost. Fortunately,
as shown in figure 3.6, a single k-point mesh already yields the desired preci-
sion. However, although VASP offers a specific Γ-only binary version that is
optimized (and can solely be used) for single k-point calculations originating
in the center of the Brillouin zone, convergence for these calculations was
very bad. As a consequence, the standard binary has been used, with a grid
containing only one point that has been shifted by 0.1 in multiples of the
length of the reciprocal lattice vectors in every direction.

In a final step, an optimal, problem specific input file has been deter-
mined. VASP offers various options to make calculations more memory con-
serving and efficient, e.g. by effectively using the symmetry of a cell (governed
by the ISYM flag) or evaluating the expressions defining the wave functions
in reciprocal space instead of real space (controlled with the LREAL flag).
For a detailed view on all the flags used in the calculations of this thesis,
a complete INCAR file including explanations can be found in section C.1 of
the appendix, whereas section C.2 displays the corresponding data for the
different flags.
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Figure 3.6: Convergence of the energy per atom with respect to the size of the
k-space grid of a U3+:CaF2 (with F− interstitial charge compensation) cell
containing 97 atoms for the SCAN functional. As a reference, the energy E9

received with a 9×9×9 grid is taken. Note: The single k-point mesh is shifted
by 0.1 times the length of the reciprocal lattice vectors. The convergence
criterion is already met by the 1× 1× 1 grid.

3.3.2 Charge Compensation

For the two charge compensations mentioned at the beginning of this section,
a cell relaxation has been performed. The total energies of the cells are shown
in table 3.3. However, in order to determine which compensation mechanism
is more favorable, a more detailed analysis has to be performed as the two
cells are a priori not comparable from a stochiometric point of view.

Compensation type Total energy [eV]

F− interstitial −3.256 · 103
O2− substitutional −3.246 · 103

Table 3.3: The total energy of the 2 × 2 × 2 U3+:CaF2 supercells containing 97
(for the F− compensation) and 96 atoms (for the O2− compensation), respectively.

Thus, the total energies of the constituents as well as compounds thereof
have been calculated and are summed up in table 3.4. In order to be able to
determine which configuration yields the lower energy, the same amount of
particles has to be compared. The results are given in Table 3.5.
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Compound Total energy [eV]

F2 −6.949
O2 −1.242 · 101

Ca −1.459 · 101
CaF2 −3.435 · 101
CaO −2.737 · 101
CaO2 −3.314 · 101

U −1.809 · 103
UF3 −1.834 · 103
UF4 −1.842 · 103
UO −1.820 · 103
UO2 −1.832 · 103

Table 3.4: Total energies of the different compounds used to determine the
energetically most favorable charge compensation.

Compensation mechanism Total energy [eV]

EF−+1
2
EO2

−3.262 · 103

EO2−+EF2
−3.253 · 103

Table 3.5: Direct comparison of the two different charge compensation mech-
anisms. The first summand corresponds to the total energy of the doped cell
respectively. The second summand assures that the same amount of atoms
is compared: 65 Fluor atoms, 31 Calcium atoms, 1 Uranium and 1 Oxy-
gen atom. The F− interstitial charge compensation is energetically more
favourable, as it corresponds to a lower total energy.

3.3.3 Electric Field Gradient

The electric field gradient (EFG) tensor introduced in section 2.3.6 has been
evaluated and table 3.6 lists the Vzz component of the symmetrized tensor at
the Uranium site as well as the asymmetry parameter η. Calculations have
been performed with the SCAN, PBE and HSE06 [Kru+06] functionals, as
well as a Hartree-Fock calculation. The values obtained for Vzz do only agree
to a certain extent and interestingly, while the values received with PBE and
HF are in accordance, the HSE06 functional, which is by construction a mix-
ture of PBE and HF yields a much lower value. According to T. Schumm,
apart from Uranium, Neodymium is also of interest as a dopant in CaF2 crys-
tals. Therefore, calculations have also been performed for a Nd3+:CaF2 cell,
again with F− charge compensation. Neodymium is situated directly above
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Functional Compensation type Vzz [V/Å
2
] η

SCAN
F− interstitial -232.554 0.266

O2− substitutional -156.281 0.224
PBE F− interstitial -221.443 0.223

HSE06 F− interstitial -205.479 0.246
HF F− interstitial -219.554 0.053

Table 3.6: The Vzz component of the symmetrized EFG tensor and the asym-
metry parameter η evaluated at the Uranium site. Calculated for 2 × 2 × 2
U3+:CaF2 supercells containing 97 (for the F− compensation) and 96 atoms
(for the O2− compensation), respectively. The field gradient for the oxygen
compensation has only been evaluated with the SCAN functional, as the
Fluor compensation is of major interest.

Uranium in the periodic table of elements and as this usually implies sim-
ilar chemical behaviour it was thought to behave similar to Uranium with
respect to the field gradient. However, a first qualitative analysis showed
results for Vzz are not in the same order of magnitude. Therefore, to gain
a better understanding of the dependence of the field gradient on the elec-
tron configuration in f elements a qualitative scan for Lanthanides has been
performed and the results are shown in figure 3.7. Lanthanides have been
chosen, as for most of them also the trivalent oxidation state 3+ is the most
stable one [Clo93]. For elements not represented in figure 3.7, either 3+ is
not the main oxidation state or it has not been possible to find convergence
with reasonable resources. As a charge compensation, again a F− intersti-
tial has been chosen, however without evaluating whether this is indeed the
energetically most favoured mechanism.

From figure 3.7 it can be seen that with the exception of Thulium, the
field gradients of the elements considered are roughly comparable with a trend
towards smaller (in absolute terms) values with increasing occupancy of the
4f orbital. For comparison, the value for Uranium doping was also included,
and a value for an Actinium doped cell has been calculated. Remarkably,
not only are they within a few percent of each other, but there is also a huge
gap to the results obtained for the Lanthanides.
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Figure 3.7: The Vzz component of the symmetrized EFG tensor evaluated at
the site of the dopant nucleus for different Lanthanides that are common to
be found with oxidation state 3+ (depicted in cyan). Depicted in orange are
the values of Actinium and Uranium, representing Actinides. Calculated for
all elements with 2 × 2 × 2 supercells containing 97 atoms and F− charge
compensation.
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3.4 NNP’s

The first step towards the prediction of the total energy or observables like
the EFG with neural network potentials was taken by creating training and
test samples. Starting from the POSCAR file of the ground state solution of
the Uranium doped CaF2 super cell, an automatized algorithm created 4610
configurations by displacing each coordinate of every atom randomly. The
strength of the displacement was governed by a varying amplitude parameter,
with larger values leading to higher energies, obviously. In figure 3.8, a his-
togram showing the energy distribution among the training set is displayed.
Ideally, the samples would be uniformly distributed over a well-defined en-
ergy range, however without prior knowledge of the correlation between the
amplitude and the resulting energy of the cell this is a very difficult task.
Thus, it was decided to focus on energies close to the ground state.
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Figure 3.8: Histogram depicting the energy distribution of the 4610 samples
used for training and testing of the neural networks. The ground state energy
of the relaxed cell is indicated by a red dashed line. Most of the samples
correspond to energies within 0.5 eV of the ground state energy.

3.4.1 Energy Prediction

Once the samples had been generated, the different parameters defining the
neural network (e.g. choice of activation function, network dimensions) and
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the atomic fingerprints (see section 2.4.2) were adjusted. This was performed
on a trial and error basis and therefore the NN’s presented here are not
intended to be seen as globally optimized, but they rather meet a certain
accuracy threshold.

The details of the most accurate energy prediction model are shown in
table 3.7. Figure 3.9 shows the corresponding learning curve, where for every
complete evaluation of the training set (epoch), the model is tested against
the test set and the mean energy deviation per atom is shown. With this
model an accuracy of ∆E = 1.81 · 10−3 eV per atom was realised.

Atom type Network dimension Activation function

Ca (100,50,10)
F (50,20,5) SELU
U (100,50,10)

Table 3.7: The parameters defining the most accurate energy prediction
model that has been found. The bracketed values indicate the number of
nodes per hidden layer i.e. the NN for Ca consists of three hidden layers
with 100, 50 and 10 nodes, respectively. As the activation function is evalu-
ated with regard to the energy of the whole cell, it is the same for all atom
types.

3.4.2 EFG Prediction

As outlined in section 2.4.3, it is necessary to develop separate models for
the prediction of observables. Thus, the same above mentioned workflow has
been applied for the EFG, and table 3.8 again lists the NN parameters while
the learning curve is presented in figure 3.10. The accuracy of this model
was a deviation of ∆Vzz = 2.11V/Å

2
.

Atom type Network dimension Activation function

Ca (50,20,5)
F (50,20,5) SELU
U (100,50,5)

Table 3.8: The parameters defining the most accurate energy prediction
model that has been found. The bracketed values indicate the number of
nodes per hidden layer.
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Figure 3.9: The mean energy difference per atom of the NN plotted against
the number of epochs. Small decreases in the accuracy are most likely due
to reshuffles of the training and test set thus introducing training data the
NN was not previously trained on.
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Figure 3.10: The deviation of the predicted value for the EFG from the test
value, plotted against the number of epochs. Again, the sudden increase in
accuracy after 2800 epochs is most likely due to a resuhffle of the training
and test set.
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Chapter 4

Summary

In order to simulate Uranium doped Calcium Fluoride, an efficient simulation
setup had to be defined. In the course of generating this setup for a CaF2

cell, it has been verified that both the PBE and the SCAN functional yield
results which are in good agreement with experimental data with respect to
the lattice vectors and the heat of formation. In order to reach the same level
of accuracy however, for the SCAN functional a significantly bigger set of
plane waves has to be chosen (ENCUT = 1400 eV for SCAN, whereas for PBE
ENCUT = 800 eV was sufficient). This involves an additional computational
cost which had to be taken into account because of the sensitivity of the
electric field gradient to the positions of the ions, which requires a relaxation
of the cell as accurate as feasible.

Regarding the setup of the doped Calcium Fluoride cell, we have shown
that a single (1× 1× 1) k-point mesh is sufficient, provided that this point
does not coincide with the Γ-point. Furthermore, we performed a scan for
different flag settings in the VASP INCAR file, showing that symmetry (ISYM)
and real space projection (LREAL), two possibilities implemented in VASP to
increase performance, should not be used for this structure, as they lead to
convergence problems.

For Uranium doped CaF2, results show that the energetically favoured
charge compensation mechanism is an interstitial F−. The Vzz component of
the electric field gradient at the Uranium site has been evaluated but needs
to be experimentally verified, as there is no error estimate available for the
calculation of the field gradient with VASP. As a reference, a qualitative
analysis of elements with open 4f shells suggests a strong dependence of the
field gradient on the electron configuration. On the other hand, elements
with closed 4f shells showed values in good agreement with each other.
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Furthermore, with the help of neural network potentials, it was possible
to present an efficient method to predict energies and observables for struc-
tures, without having to run full DFT calculations. The size of the training
and test set (4610 samples) seemed reasonable, as no indication of overfit-
ting has been detected. However while the uncertainty of the prediction is
in the ∼ meV range per atom for the energy, it is significantly higher for the
field gradient at the dopant site ∼ 5V/Å

2
which can be expected, since the

field gradient is essentially a second order derivative. This implementation
of NNP’s is the foundation for further progress in the prediction of the tem-
perature dependence of the field gradient, which can be the motivation for
further scientific work.
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Appendix A

Data

A.1 Convergence Studies

Figures A.1 and A.2 show the convergence studies for ENCUT and the number
of k-points for the stochiometric comparison of the different compounds (see
table 3.4) used for the determination of the most favourable charge com-
pensation. Finally, table A.1 sums up the relaxed lattice vectors used to
determine the total energy of the respective compounds.
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Figure A.1: Convergence of the energy per atom with respect to the size of
the plane wave basis set. Calculated with the SCAN functional, and for every
compound Emax refers to the energy calculated with an ENCUT of 2000 eV,
except for UF4, where the cell was too big to be calculable and an ENCUT of
1450 eV was used as a reference instead.
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Figure A.2: Convergence of the energy per atom with respect to the size of
the k-space grid. Calculated with the SCAN functional. Emax refers to the
energy obtained with the biggest n × n × n grid calculable with reasonable
computational effort.
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Compound a [Å] b [Å] c [Å]

F2 1.423[1.613] - -
O2 1.208[1.208] - -

Ca 5.513[5.585] 5.513[5.585] 5.513[5.585]
CaO 4.781[4.810] 4.781[4.810] 4.781[4.810]
CaO2 3.513[3.543] 3.513[3.543] 5.891[5.920]

U 3.475[3.475] 3.475[3.475] 3.475[3.475]
UF3 7.116[7.181] 7.116[7.181] 7.282[7.348]
UF4 12.760[12.820] 10.690[10.740] 8.371[8.410]
UO 4.820[5.000] 4.820[5.000] 4.820[5.000]
UO2 5.380[5.469] 5.380[5.469] 5.380[5.469]

Table A.1: Lattice vectors determined according to the workflow presented in
section 3.2.1. For comparison, the bracketed values represent experimental
values taken from [VC]. For molecular Fluorine and Oxygen, the values
represent the bond lengths, with references taken from [DHW].
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Appendix B

Theory

B.1 Functionals and the Functional Derivative

When dealing with Density Functional Theory, one literally has to deal with
functionals and therefore this section will introduce the main aspects of this
very useful mathematical tool.

Qualitatively, a functional is a function of a function, i.e. a mapping from
a function space to the real or complex numbers [CH04]. An example are
definite integrals over continuous functions like the number of particles

N =

∫

d3r n(r = N [n(r)], (B.1)

where the square brackets denote the dependence on a function. In fact, it
only depends on the functional form of n, and therefore we could even omit
r, the argument of n.

Functional Variation

Considering the variation of a function of one variable, e.g. y = f(x), there
are two approaches to be taken into account [Cap06]. First, the variation
of y with respect to a change in its input variable x → x + dx, also called
the differential dy. Secondly, one could also be interested in the change of
y caused by a variation of f(x) at given x, which can be expressed by the
functional variation δf .
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Functional Derivative

When dealing with functionals in the DFT framework, one most probably
would like to find an extremum (e.g. the ground state energy) and thus has
to differentiate a functional. Mathematically speaking, if F is a functional
depending on the function f(x), we would like to know how F changes if we
modify its input f → f + δf ,

δF = F [f + δf ]− F [f ] =

∫

dx
δF

δf(x)
, (B.2)

with the expression δF/δf(x) denoting the functional derivative of F with
respect to small changes δf at fixed x, comparable to the usual derivative
df/dx of a function f(x) [Bf07]. A general expression for a derivative of a
functional F [f ] =

∫

dx g(f, f ′, f ′′, . . . ; x) with respect to f(x) can be found
for example in [GF63]

δF [n]

δf(x)
=
∂g

∂f
− d

dx
∂g

∂f ′
+

d2

dx2
∂g

∂f ′′
− d3

dx3
∂g

∂f ′′′
+ · · · (B.3)

B.2 SCAN Functional

The exchange correlation functional most extensively used in this work is the
Strongly Constrained and Appropriately Normed Semilocal Density Func-
tional (SCAN), a relatively new meta-GGA, introduced in 2015 by Sun,
Ruzsinszky, and Perdew. It is the first mGGA obeying all constraints from
the exact density functional, and as mentioned above there are indications
for it to be superior to other gradient corrected functionals.

In general, semilocal approximations are of the form

Exc[n↑, n↓] =

∫

d3r nǫxc(n↑, n↓,∇n↑,∇n↓, τ↑, τ↓), (B.4)

where n↑(r) and n↓(r) denote the electron spin densities, ∇n↑(r) and ∇n↓(r)
their respective gradients and τ↑(r) and τ↓(r) the kinetic energy densities.
Each additional dependence of ǫxc can be interpreted as a step on the Jacobs
ladder presented in figure 2.1.

The exchange energy of the SCAN functional is constructed by focusing
on the spin-unpolarized case,

Ex[n] =

∫

d3r nǫunif
x (n)Fx(s, α), (B.5)
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with ǫunif
x (n) = −(3/4π)(3π2n)1/3 representing the exchange energy per parti-

cle of the uniform electron gas and Fx(s, α) the exchange enhancement factor
depending on the dimensionless density gradient

s =
|∇n|

2(3π2)1/3n4/3
(B.6)

and the dimensionless kinetic energy variable

α =
τ − τW

τunif
> 0, (B.7)

where the numerator is the difference between τ and its single-orbital limit
τW = |∇n|2/8n and τunif = (3/10)(3π2)2/3n5/3 describes the uniform density
limit. The parameter α is used to characterize the chemical bonding, as
α ≈ 0 describes covalent single bonds, α ≈ 1 metallic and α ≫ 1 van
der Waals bonds [Sun+13]. As many of the known exact constraints are
clustered around α = 0 or 1, the integrand of equation B.5 is interpolated
between those values and extrapolated to α ≫ 1.

Henceforth, only a qualitative outline of the construction of Fxc will be
provided: In a next step the exchange enhancement factor is constructed
with auxiliary functions and the same is done for the correlation energy
enhancement factor. This leaves 7 parameters to be determined, which is ac-
complished by fitting to exact key-constraints for functional approximation,
e.g. the exchange energies of neutral rare-gas atoms of large-Z [Bec88]. For
an in-depth description of SCAN as well as a list of all 17 exact constraints
obeyed by it, see [SRP15].
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Appendix C

VASP

This chapter will illustrate how VASP was configured for the simulations of
this work. In the first section, an INCAR file as it has been used is presented.
Some input flags can be set according to the instructions in the manual,
however for others it is necessary to perform minor testing, the result of
which is presented in the second section.

C.1 Sample INCAR File

Below is a sample INCAR file including comments, as it has been used for
the calculation of the U3+:CaF2 crystal. VASP is mainly written in Fortran,
hence the comments are behind exclamation marks, as this characters will
be ignored by the compiler. The descriptions are taken from the online
version of the VASP wiki [Com]. Note, that in order to start a simple VASP
calculation, only a fraction of the input flags below have to be defined, as
the default values are set in a very user-friendly way.

1 System CaF2_U_F !This line is ignored by the program

2

3

4

5 !-----------------------General performance ---------------------------------

6

7 ENCUT = 1400 !Defines the size of the plane wave set

8 ISPIN = 2 !Defines if the calculation will be spin polarized

9 PREC = Accurate !Specifies the precision mode

10 LREAL =.FALSE. !Real or reciprocal space evaluation of projectors

11 NCORE = 20 !Sets the number of cores working on one orbital

12 ISYM = -1 !Determines how VASP treats symmetry

13 IDIOT = 0 !Determines the verbosity level of warnings

14
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15 !-----------------------Electronic settings ---------------------------------

16

17 EDIFF = 1e-7 !Global break criterion for electronic optimization

18 ALGO = All !Defines the algorithm for electronic steps

19 ISMEAR = 0 !Determines how partial occupancies are treated

20 SIGMA = 1e-3 !Determines the width of the smearing

21 LMAXMIX = 6 !Maximum l-quantum number to be taken into account

22 NBANDS = 528 !Sets the number of bands in the calculation

23 NELM = 1000 !The maximum number of electronic steps

24

25 !-----------------------Ionic settings --------------------------------------

26

27 EDIFFG = -1e-3 !Global break criterion for ionic optimization

28 IBRION = -1 !Defines the algorithm for ionic steps

29 NSW = 0 !The maximum number of ionic steps

30

31 !-----------------------xc-functional selection -----------------------------

32

33 METAGGA = SCAN !Selects a specific mGGA functional

34 LASPH = .TRUE. !Includes non -spherical contributions for mGGa ’s

35 GGA_COMPAT = .FALSE. !Restores lattice symmetry for some functionals

36

37 !-----------------------Output settings -------------------------------------

38

39 LORBIT = 11 !Writes a file with detailed information on bands

40 LEFG=.TRUE. !If set , Electric Field Gradients are computed

41

42 !-----------------------Spin setup ------------------------------------------

43

44 MAGMOM = 96*0 3 !Sets the initial magnetic moment for each atom

45 NUPDOWN = 3 !Sets difference between spin up and down components

46 !LSORBIT = .TRUE. !Selects if spin -orbit coupling is turned on

47 !ICHARG = 11 !Selects how VASP sets the initial charge density

48 !SAXIS = 0 0 1 !Quantisation axis for noncollinear spins

Listing C.1: INCAR file including descriptions taken from [Com], with the
exception of the IDIOT flag, which can only be found in the source code.

C.2 Parameter Optimization

An optimization of the VASP setup was done for two major reasons. For
once, it had to be made sure that the results yield the required accuracy, and
secondly, the aim was to use the computation nodes on the VSC in the most
resource-efficient way.

C.2.1 NCORE

VASP supports parallelization and data distribution over bands and/or plane
wave coefficients and additionally over k-points. However, as a single k-point
mesh was used, only the former has been considered, which is set with the
NCORE parameter. For example, if it is set to 1, one orbital is treated by one
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NCORE CPU time [s]

1 744,4
4 677,5
8 464,0
16 357,5
20 332,5

Table C.1: CPU time for a sample calculation of a 2 × 2 × 2 U3+:CaF2 cell
with the SCAN functional with respect to the value of NCORE. Each value
was calculated on two VSC-3+ nodes with 20 cores and 64GB of memory
each.

core, and so forth. The computing nodes on the VSC have 20 cores each, so
values between 1 (default) and 20 have been checked, with 20 having the best
performance as can be seen in table C.1. The calculation speed is improved
by more than a factor of 2 compared to the default value.

C.2.2 ALGO

The ALGO flag specifies which electronic minimisation algorithm is going to
be used for the calculations. The following algorithms have been tested (for
a detailed description see [Com]:

• All

• Conjugate

• Damped

• Exact

• Fast

• Normal (default)

• Subrot

• VeryFast

Except for the All, Conjugate (which are almost identical) and Subrot
algorithms, the calculations did not converge and even for the Subrot al-
gorithm, the result was useless, as it converged to a positive energy value.
Table C.2 lists the energies received with the three algorithms that converged.
Convergence for the All algorithm was fastest and yielded the lowest energy,
and was therefore selected.
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ALGO Total Energy [eV] Number of steps

All −81.2508 134
Conjugate −81.2505 174

Subrot 5.16 · 104 17

Table C.2: Total energy and number of optimization steps necessary to meet
the convergence criterion of a 2×2×2 U3+:CaF2 cell for different algorithms
calculated with the PBE functional and real space projection (LREAL=On,
see section C.2.3). The All algorithm yields an energy slightly lower than
that of Conjugate, however, much faster. Although the value is not useful,
the result of the Subrot algorithm is included in the table for the sake of
completeness.

C.2.3 LREAL

For the evaluation of the projection operators acting on the pseudo wave-
functions 〈βi|ψ̃nk〉, VASP supplies an algorithm to perform this evaluation
in real space, which is set with the LREAL flag. This brings a computational
benefit, as the number of operations necessary to evaluate the operators in
real space does not increase with the system size, whereas in reciprocal space
it scales with the size of the basis set. If this flag is set to “.TRUE.”, the pro-
jection is done in real space and if it is set to “On”, the projection operators
are optimized by VASP with a method originally introduced by King-Smith,
Payne, and Lin [KPL91]. Table C.3 presents the results achieved with the
two settings, as well as the number of steps until the calculation converged.
From the results it can be assumed that setting the flag “.TRUE.” yields the
same result at a lower computational cost. However, further analysis has
shown that the evaluation in real space only worked for symmetric cells, but
when considering for example a 3 × 2 × 2 supercell, no consistent results
could be produced. Additionally, the VASP manual states that turning on
the evaluation in real space always results in a small and not necessarily neg-
ligible error, which altogether led to the decision not to use this option and
set “LREAL=.FALSE.” in all calculations.
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LREAL Total Energy [eV] Number of steps

.TRUE. −5.67 · 102 33
On −8.13 · 101 124

.FALSE. −5.66 · 102 42

Table C.3: Total energy and number of optimization steps necessary to meet
the convergence criterion of a 2 × 2 × 2 U3+:CaF2 cell for different LREAL

settings calculated with the PBE functional. “.TRUE.” and “.FALSE.” yield
comparable results with regard to energy and speed, however for “On” the
global minimum could not be found, apparently.
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