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1 Introduction and Results

The full nonlinear supersymmetric o -model is an important model in modern quantum field
theory. In the physical literature [7, 18] it is usually formulated in terms of supergeometry,
which includes the use of Grassmann-valued spinors. However, taking ordinary instead of
Grassmann-valued spinors one can investigate the full nonlinear supersymmetric o-model
as a geometric variational problem. This study was initiated in [10], where the notion of
Dirac-harmonic maps was introduced. These form a pair of a map between Riemannian
manifolds and a vector spinor. More precisely, the equations for Dirac-harmonic maps cou-
ple the harmonic map equation to spinor fields. As limiting cases both harmonic maps
and harmonic spinors can be obtained. In the case of a two-dimensional domain Dirac-
harmonic maps belong to the class of conformally invariant variational problems yielding a
rich structure.

Many important results for Dirac-harmonic maps have already been established. This
includes the regularity of weak solutions [24] and an existence result for uncoupled solutions
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738 V. Branding

[1]. The boundary value problem for Dirac-harmonic maps is studied in [14, 15]. The heat-
flow for Dirac-harmonic maps was studied recently in [2, 3] and [9].

However, to analyze the full nonlinear supersymmetric o -model one has to go beyond the
notion of Dirac-harmonic maps. Considering an additional two-form in the action functional
one is led to magnetic Dirac-harmonic maps introduced in [5]. Dirac-harmonic maps to
target spaces with torsion are analyzed in [4]. Finally, taking into account a curvature term
in the action functional one is led to Dirac-harmonic maps with curvature term, which were
introduced in [8].

In this note we study general properties of the system of partial differential equations
that arises as critical points of the full nonlinear supersymmetric o -model.

This article is organized as follows. In Section 2 we recall the mathematical background
that we are using to perform our analysis. In Section 3 we present an e-regularity theorem for
the domain being a closed surface and as an application, we prove the removable singularity
theorem for Dirac-harmonic maps with curvature term. In Section 4 we derive gradient
estimates and point out several applications.

2 The Full Supersymmetric Nonlinear Sigma Model

Throughout this article, we assume that (M, k) is a Riemannian spin manifold with spinor
bundle X M, for more details about spin geometry see the book [20]. Moreover, let (N, g)
be another Riemannian manifold and let ¢: M — N be map. Together with the pullback
bundle ¢! TN we can consider the twisted bundle S M ® ¢~ ! T N. The induced connection
on this bundle will be denoted by V. Sections ¢ € T'(EM ® ¢~ TN) in this bundle are
called vector spinors and the natural operator acting on them is the twisted Dirac operator,
denoted by Ip. This is an elliptic, first order operator, which is self-adjoint with respect
to the L?-norm. More precisely, the twisted Dirac operator is given by ) = eq - @ea,
where {ey} is an orthonormal basis of T M and - denotes Clifford multiplication. We are
using the Einstein summation convention, that is we sum over repeated indices. Clifford
multiplication is skew-symmetric, namely

X, X-&sm=—(X-x.8sm

for all x,& € I'(XM) and all X € T M. Moreover, the twisted Dirac-operator Ip satisfies
the following Weitzenbock formula

2 X 1 ! N
DYy =—-Ay+ ZRV/ t5¢aep R (do(ex), dp(ep)) . 2.1

Here, A denotes the connection Laplacian on ¥ M ®¢_1 T N, R denotes the scalar curvature
on M and R" is the curvature tensor on N. This formula can be deduced from the general
Weitzenbdck formula for twisted Dirac operators, see [20], p. 164, Theorem 8.17.

We do not present the full energy functional here but rather focus on its critical points.
These satisfy a coupled system of the following form

T(¢) = A(P)(dd.do) + B(@)do, V. ) + C( )W, V. ¥, ¥), 2.2)
Dy = E@)(d$)y + F(9) (¥, Y. (2.3)

Here, t(¢) € T'(¢~'TN) denotes the tension field of the map ¢ and the other terms
represent the analytical structure of the right hand side. We will always assume that the
endomorphisms A, B, C, E and F are bounded.
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At some points we will assume that the target manifold N is isometrically embedded in
some R? by the Nash embedding theorem. Then, we have that ¢: M — R? with ¢(x) € N.
The vector spinor ¥ becomes a vector of usual spinors !, 42, ..., ¥4, more precisely
Y € T'(¥M @ TR?). The condition that v is along the map ¢ is then encoded as

q
Z viyl =0 for any normal vector v at ¢ (x).
i=1

The system (2.2), (2.3) then acquires the form

— A = A@)(dg,dp) + B(p)(dp, v, ¥) + C@) (Y, ¥, ¥, ¥), 2.4)
IV = E@)d)¥ + F(@) (W, Y)Y 2.5)

Here § := ey - V;:XM denotes the usual Dirac-operator acting on sections in ¥ € I'(ZM ®
TRY).

The quantities A, B, C, E and F can be extended to the ambient space (denoted by a
tilde) and depend only on geometric data. However, this does not alter the analytic structure
of the right hand side of Eqgs. 2.2, 2.3.

Remark 2.1 The regularity of the system (2.4), (2.5) is already fully understood. By now,
there are powerful tools available to ensure the smoothness of a system like (2.4), (2.5), see
[22, 23] and [6]. However, it should be noted that in order to apply the main result from
[22] we need a certain antisymmetry of the endomorphism A. It is quite remarkable that the
actual A from the nonlinear supersymmetric sigma model has the necessary antisymmetry.

Remark 2.2 In the physical literature the energy functional for the full supersymmetric non-
linear sigma model is fixed by the requirements of superconformal invariance (conformal
invariance + supersymmetry) and invariance under diffeomorphisms on the domain.

3 Energy Estimates and Applications

Throughout this section we assume that the domain M is a closed Riemannian spin surface.
3.1 Epsilon Regularity Theorem

We derive an e-regularity Theorem for smooth solutions of the system (2.4), (2.5). To this
end, we combine the methods for Dirac-harmonic maps from [10], Theorem 3.2 and nonlin-
ear Dirac equations from [13], Theorem 2.1. To establish the e-regularity theorem we make
use of the invariance under scaling of the system (2.4), (2.5).

However, we should not assume that the energy is small globally.

Lemma 3.1 Assume that the pair (¢, V) is a smooth solution of Eqs. 2.4 and 2.5 satisfying

/M<|d¢|2 + ) < 3.1

with g9 small enough. Moreover, assume that there are no harmonic spinors on M. Then
both ¢ and r are trivial.
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Proof See the proof of Lemma 4.8 in [6]. O

We define the following local energy:
Definition 3.2 Let U be a domain on M. We define the energy of the pair (¢, ¥) on U by

E(p, ¥, U) = /U (Ide > + 1y [*). (3.2)

Similar as in the case of Dirac-harmonic maps [10] we prove the following

Theorem 3.3 (e-Regularity Theorem) Assume that the pair (¢, V) is a smooth solution of
Egs. 2.4 and 2.5 with small energy

E($,¥.D) <e. 3.3)

Then the following estimate holds
dlyinis) = CD. p) (148l 20p) + 1R ) ) (3.4)
V¥ sy < CD, P14 (3.5)

for all D c D, p > 1, where Cc(D, p) is a positive constant depending only on D and p.

We divide the proof into several steps, we will assume that DcD3cD*cD'cDb.
As a first step, we derive an estimate for the spinor v, similar to Lemma 3.4 in [10].

Lemma 3.4 Assume that the pair (¢, V) is a smooth solution of Eqs. 2.4 and 2.5 satisfying
Eq. 3.3. Then the following estimate holds
Wl < COHWY apy.  Yg>1, v¥D'cCD (3.6)

where C (D) is a constant depending only on D',

Proof We choose a cut-off function 7 satisfying 0 < n < 1 with 5|1 = 1 and suppn C D.

Consider the spinor £ := 1y and moreover, since the unit disc D is flat, we have 7 =—A.
Using Eq. 2.5, we calculate

) = 0y + Vi - ¢ = nE@)d)y + nF (@) (W, Y)Y + Vi - . (3.7)

Hence, employing elliptic estimates we get

Elwracy < CUAGINYI] Loy + 110 P Loy + 1V 1 0))-

By Holder’s inequality we can estimate
1SNV 4y < 142001V a7 ()
3
[P | Lapy = 1913411 110 ()

with the conjugate Sobolev index ¢* = 22qu_ By the Sobolev embedding theorem we may
then follow

|€|L‘I*(D) <CWE@, Iﬁ)|f|Lq*(1)) + ¥lLapy)-
Thus, if the energy E (¢, ¥) is small enough, we have

|S|L‘7*(D) < C|‘//|L‘7(D).
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At this point for any p > 1 one can always find some ¢ < 2 such that p = ¢* and this
yields the first claim. O

Lemma 3.5 Assume that the pair (¢, V) is a smooth solution of Eqs. 2.4 and 2.5 satisfying
Eq. 3.3. Then the following estimate holds

Blwiapzy < C(DHe,  VD? with D* C D, (3.8)

where the constant C depends only on D?.

Proof Suppose that D? ¢ D. We choose a cut-off function  : 0 < 5 < 1 with 7| p2 =1
and suppn C D. By Eq. 2.4 we have

A = € (161 + 1dg] + dglldme)] + gdn| + [nldgllv ] + [nlvI*])
C (161 + 1dg1 + dglldme)] + |nldgllv | + [l 1*])

Hence, for any p > 1 we have

A®Ier = € (|1dlIdmd)|, +1dler + [nldglW ], + v l],) . 39)

IA

Choosing p = % on the disc D, we find

2
IA(n¢>)IL§(D)SC<]|d¢lld(n¢>)||Lg(D)+Id¢|Lg(D)+\nldtbllllfl LIy |L3(D))

Without loss of generality we assume fD ¢ = O such that |¢|y1.ppy < Cld¢|Lr(p) for any
p > 0. Moreover, by Holder’s inequality we have

"d¢"d("¢)"L%(D> < n¢lwrap)ldel2(p)

such that we may conclude

gl 24 <|n¢|W14(D>|d¢|Lz(D)+|d¢| oy HTadIv P g oty \“(D))

w 3(D)

By the Sobolev embedding theorem we find [n¢|y1.4(py < c|nd| Wi o) and we may follow

(c—l—C|d¢|Lz(D))|n¢|wl.4<D)SC<|d¢|L Hlmdai P g il !“(D)>

(3.10)
Regarding the last two terms in Eq. 3.10 we note that using Eq. 3.6

[niagl iy 5, =€ (1B 18lwscoy + 19 s )

nlwl* ‘st) < [V P sy ¥ 14y < Cl 1)

Applying these estimates and choosing ¢ small enough, Eq. 3.10 gives

2
|7l¢|wl~4([)) =C <|d¢|L%(D) + «/§|7I¢|W1,4(D) + |w|L4(D)> ,
which can be rearranged as

2
nglwiap) < CUAD 3 |+ [Wlia ) < VEC.
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742 V. Branding

Finally, by the properties of n we have that for some ¢ > 0

Dlwraon = €Y (1l 2y +1WBap)) < VEC,  ¥DICD (1D
holds. O

Lemma 3.6 Assume that the pair (¢, V) is a smooth solution of Eqs. 2.4 and 2.5 satisfying
Eq. 3.3. Then the following estimate holds

IV l2p2y) < CDH) sy,  ¥YD*C D, (3.12)

where C(D?) is a constant depending only on D>.

Proof We choose a cut-off function 7 satisfying 0 < n < 1 with 5|2 = 1 and suppn C D.
Again, consider the spinor & := 1y and using Eq. 3.7 we estimate

V& 120) = € (119130 + 111401012, + 1911200
C (¥ By + 114012y + 1112

ClYlsy (1410 B + 141 1302))
Cl¥lapy

which proves the claim. O

A

IA

IA

IA

Lemma 3.7 Assume that the pair (¢, V) is a smooth solution of Eqs. 2.4 and 2.5 satisfying
Eq. 3.3. Then the following estimate holds

4ol ey = CD?) (1dDl2py + 10 Pay)) . YD2withD>C D (3.13)

where C is a constant depending only on D?.

Proof Choose a cut-off function n: 0 < n < 1 withn|p2 = 1 and suppn C D. By Eq. 3.10
we have

2 4
Ind I o) §C<|d¢|L%(D)+|TIW/| 4l 1., + n1v] |L%(D)).

Using
W1l 3 = Wlap) 4l 20) = Cl¥ L) 420,
4 2 2 2
‘|W| ‘L%(D) < |¢|L3(D)|W|L4(D) < C|¢|L4(D)|‘/f|L4(D)
we obtain the result. O

Lemma 3.8 Assume that the pair (¢, V) is a smooth solution of Eqs. 2.4 and 2.5 satisfying
Eq. 3.3. Then the following estimate holds

1w on = C (1d0l2my + Wi3s). YD C D, (3.14)

where the constant C depends only on D3.
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Proof Choose a cut-off function n: 0 < n < 1 withn|p3 = 1 and suppn C D?.ByEq.3.9
we have

Inlwa2p2) < C (1010 Ls(p2) A Ls(p2y +10 12002 + 1D ] 2oy + V1] 2 )
= C(Indlwrscon) |41 302y +19lwr2 o2y + 1AL ony ¥ s ooy + W 1L )
By the Sobolev embedding theorem we get
|T}¢|W1,4(D2) < C|n¢|wz.%(D2) < C|n¢|w2.2(D2).
Moreover, applying
MPlwiap2)|delap2y < C«/g|77¢|w2-2(1)2)
we find

a1- C«/§)|7]¢|W2,2(D2) <C <|¢|W1~2(DZ) + |d¢|L4(D2)|W|is(D2) + |W|28(D2))

C (18lwrson) + 1Wlks o)) -

A

IA

Hence, we may conclude
Indlw22pr) = € (IBlwscoe, + 19125 ) = € (141 scpe) + 194 ) -
Again, by the Sobolev embedding theorem we may thus follow
4l 1opy = € (1d6140m + W 2apn)) . P> 1. (3.15)

Having gained control over the YVZVZ norm of ¢ we now may control the W27 norm of ¢
for p > 2. Again, suppose that D C D3 and choose a cut-off function 7: 0 < n < 1 with
nlp = 1and suppn C D. By Eq. 3.9 we have for any p > 1

61w 03y = C (|11 DD 1y s, +19lwrr o 14BN P sy + 11 o ) )
By application of Eq. 3.15 we find
gl |y 3y < 14172 p3) < C (|d¢|L4(Dz> + |1/f|i4(D2)) :
1dBlY ooy < W74 ooy dl 20 (p3) < € (|d¢|L4(Dz> + |¢f|i4(,)2)) :
4 4 2
“\H ‘LP(DS) = |¢-|L4]1(D3) = C|1//|L4(D2)7
which gives
61w ory = C (1d9la + 1 o))

Finally, we conclude by Eq. 3.13 that

0l = € (140150 + W12spn) ) = € (1401120) + V124 )

which proves the assertion. O

After having gained control over ¢ we may now control the spinor .
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744 V. Branding

Lemma 3.9 Assume that the pair (¢, V) is a smooth solution of Eqs. 2.4 and 2.5 satisfying
Eq. 3.3. Then the following estimates hold:

W]y < Cl¥ L4 vD? with D* C D, (3.16)
IVl o2y < CIWapy,  YD? with D* C D, (3.17)

where the constants depend only on D.

Proof First of all, we calculate
—AY = Py = HE@) AV + F@)W. ¥)¥).
By a direct calculation this leads to
HE@)dP)V) = ea - (Vap(e,) E@) APV + eq - E@) (Ve dp)W + E(@)(dP)IY

and in addition

FED W, YY) = ea - (Vagien) F@) W, Y)Y + 2eq - F(9) (Ve ¥, Y)Y
+eq - F(O) (W, ) Ve, .

Consequently, for any n € C*°(D, R) with 0 < n < 1, we may follow

IAMY)| < CUY |+ VY| + 1oy ] + [dl V| + V2| + ldelly P + VYlly]?).

Now for D2 ¢ D! choose a cut-off function : 0 < < 1 with n|p2 = 1and suppn C D'.
For any p > 1 we then have

|T”/I|W2,p(D1) = C (|1/I|LI’(D1) + |VW|LI’(D1) + ||d¢|2|1/f||Lp(Dl) + ||d¢||V1/f||Lp(D1)
HIV2BIY Lo o1y + 11D E Lo o1y + VU] Lo pry)- (B:18)

Setting p = % and making using of Holder’s inequality we obtain

Iny| <C(Iy! 4 +|VW|L%(D1)+|d¢|i4(D1)|W|L4(Dl)+|d¢|L4(Dl)|W’|L2(Dl)

w3 oh = L3 (DY)
IVl 200V 101y + 14l Laon 1136 oy + IV L2001V 75 (1,)-
By application of Eqgs. 3.6, 3.12, 3.13 and 3.14 we get

|¢|W24%(D2) < C|‘(/f|L4(D)'

By the Sobolev embedding theorem this yields

[¥lwiapr < ClY sy (3.19)
and also

Ve pn) < CIYao).

This proves the first estimate for the spinor.
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Using the same method as before, we now get an estimate on |V/|. Thus, for D3 c D?
choose a cut-off function n: 0 < n < 1 withn|p3 = 1 and suppn C D2 Setting p = 2 in
Eq. 3.18 we obtain

|71¢|W2,2(D2) = C(|1/I|L2(D2) + |V¢|L2(D2) + ||d¢|2|1/f||L2(D2) + ||d¢||V1/f||L2(D2)
HIVIW I o oy + 1BV | o oy + VU] 12 2))

C(1¥ a2y + ¥ Lapy + |d¢|i8(D2)|1/f|L4(D2) + 1dol 1402V 142
HIV2Bl L2 W | s p2) + 14D a2y [V 17 10 ) + 1V L4y

Cl¥lLapy-

By the Sobolev embedding theorem we may then follow
W lwiepsy < Cl¥lpapy- (3.20)

At this point for D C D3 we again use Eq. 3.18 with a cut-off function n: 0 < 5 < 1 with
nlp = 1 and supp C D3. Using Egs. 3.20, 3.6, 3.13 and 3.14 we can follow

IA

IA

Y lw2r 3y < Cl¥|L4pys Vp>1.
Thus
VY ey < Cl¥ i)
and, finally, we obtain
IV oy < ClY 14y
O

This proves Theorem 3.3. By scaling we obtain the following (similar to Cor. 4.4 in [11])

Corollary 3.10 There is an ¢ > 0 small enough such that if the pair (¢, V) is a smooth
solution of Eqs. 2.4 and 2.5 on D \ {0} with finite energy E(¢, ¥, D) < ¢, then for any
xeD 1 we have

A

|dgIIx| < CUdD|12(py) + W] 14(Dyy)- (3.21)
W2 1xIE + VP @2 < Cldlay.)- (3.22)

A

Proof This follows from a scaling argument, fix any xo € D \ {0} and define (¢, /) by

$(x) := p(xo + |xolx) and V¥ (x) := Ixoléw(xo + [xolx).

Itis easy to see that (@, 1]/) is a smooth solution of Egs. 2.4 and 2.5 on D with E(, 1}, D) <
¢. By application of Theorem 3.3, we have

[dl=mp,) < CUdPl2py + 1T lLapy).  [Wleip,) < ClElam,
2 2

and scaling back yields the assertion. O

3.2 Application: Removable Singularity Theorem for Dirac-harmonic Maps
with Curvature Term

Using the previous estimates we sketch how to prove the removable singularity theorem for
Dirac-harmonic maps with curvature term.
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746 V. Branding

Dirac-harmonic maps with curvature term are critical points of the functional

E(p,¥) = / dp|> + (v, DY) — RN(I// VIV, ¥) (3.23)
with the indices contracted as

(RN (Y, )W, W) = Riju (', ) (w/, v,

The critical points of the energy functional (3.23) are given by (see [6], Proposition 2.1)
1 1
(9) = SRV (ew - ¥, ¥)d (ea) = VRV (W, )Y, ¥, (3.24)
1
Dy = RV W, v, (3.25)

where 7 (¢) is the tension field of the map ¢, R denotes the curvature tensor on N and
g: ¢~ 'T*N — ¢! TN represents the musical isomorphism.

By embedding N into R? isometrically the Eqs. 3.24 and 3.25 acquire the form (2.4) and
(2.5). For more details see Lemma 3.5 in [6].

Lemma 3.11 Let (¢, V) be a smooth Dirac-harmonic map with curvature term on D \ {0}
satisfying E(¢, ¥, D) < ¢. Then we have

2 1 ) 2 ) 610 1 5 N
[ Zielas = [ 0P+ a2 = S0+ sind o) RY (v vy wide
0 r 0 or

2 V¢ sin?6
_ 2 _
= /0 (I¢r (1// dg - 20 - ) = 3

(RN (Y, v) ¥, ¥))d0, (3.26)

where (r,0) are polar coordinates on the disc D around the origin, ¢, denotes dif-
ferentiation of ¢ with respect to r and ¢g denotes differentiation of ¢ with respect
to 6.

Proof On a small domain M of M we choose a local isothermal parameter 7 = x + iy and
set

T(@)dz* = (I¢xl” — |y|” — 2i{px, dy) + (V. 0 - Vo, ¥) — i (¥, 0x - Vi, ¥)
1
—§<RN(1/f, YV, ¥)dz? (3.27)

with 0, = % and 9, = ai It was shown in [6], Proposition 3.3, that the quadratic
differential (3.27) is holomorphic. By Corollary 3.10 we know that

C o
ldg|* < 7 WIVY] < CAYIIVY]+ ldgllv ) < *, (RN (b, ¥, ¥)] < L

which, altogether gives |T (z)| < Cz~ 2. Moreover, it is easy to see that f p|IT@)| < oo.

Hence, we may follow that z7'(z) is holomorphic on the disc D and by Cauchy’s integral
theorem we deduce

2w
0=1Im 2T (2)dz = / Re(z2T (2))d6. (3.28)
0

lzl=r
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By a direct calculation we find

= . = 2 ~ sin® 0 ~
(¥, 0x - Vi ¥) — i(Y, 9y - Vo, ) = cos™ (v, 0 - Vo, ¥) — — 7= (. 8 - Vi V)

sin 6 cos 6

(¥, 3 - Vg, ) — (W, 3 - Vg, ¥)).

Using the equation for ¥ in polar coordinates

- 1 ~ 1
9 - Vo, ¥ + 7236 Vo b = gRN(tﬁ, V)Y (3.29)

we find that the term
~ _ 2
(Y, 0r - Vi ¥r) — (¥, 99 - Vo, ¥) = %(1//, 3 - 3 - RN (, ¥)¥)

is both purely real and purely imaginary and thus vanishes. Thus, we obtain

Re(z*T(2)) = ¢, 1* — |ga|* + r? cos (v, 9 - Vi, ) — sin> (v, By - Vi, )
r2 N

=3 (RY W v, v),
which together with Eq. 3.29 proves the result. O

Theorem 3.12 (Removable Singularity Theorem) Let (¢, ) be a Dirac-harmonic map
with curvature term which is smooth on U \ {p} for some p € U C M. If the pair (¢, V)
has finite energy, then (¢, V) extends to a smooth solution on U.

Proof We do not give a full proof here. Using the e-regularity Theorem 3.3 and Lemma 3.11
the removable singularity theorem can be proven the same way as for Dirac-harmonic maps,
see the proof of Theorem 4.6 in [11] and the proof of Theorem 3.1 in [13]. O

4 Gradient Estimates and Applications

In this section we derive gradient estimates for solutions (¢, 1) of the coupled system (2.2),
(2.3). To achieve this we extend the techniques from [12] and [17], see also [8].

Remark 4.1 In this section we do not necessarily have to assume that the domain M is
compact. Moreover, we do not have to restrict to a two-dimensional domain M. However, in
the case of the nonlinear supersymmetric sigma model the term A(d¢, d¢) originates from
the variation of a two-form. If we would assume that m = dim M > 2 then this term would
be proportional to |d¢|™.

To derive a gradient estimate for solutions of Egs. 2.2 and 2.3, we recall the following
Bochner formula for a map ¢: M — N, thatis

1
A§|d¢l2 = |Vdp[ +(dp RicY (ea)), dp (ea)) — (R" (A (ea), dp (ep))d (ea), d (ep))
+(Vi (). do).
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748 V. Branding

Using Eq. 2.2 and by a direct calculation we find

(VT(@),d¢)={((Vap A(9))(d¢.d¢), d) + 2{A()(Vd¢,d¢),dp)
+ (Vag B@)(d$, ¥, ), dp)+(B(@)(Vd, ¥, V), dp)+2(B($)(d¢, VY, V), d)
+ ((Vag CONW, ¥, ¥, 1), dg) + HC @) (VY. ¥, ¥, ), d§)

and thus we may estimate
1
Al = [VdpP — ki ldl® — ialdg|* — c1ld@l" — 22| Vdglldg|* — c3ldgl’ I
—c4|Vde| |y P|de| — 2caldp [y ||V | — sl |*|do|* — dce| V| |y |do|

with the constants Ric? > —«i, KV < k,¢1 = I[VA|Lo,cr = |A|p=,c3 =
IVB|reo, ca := |B|ro,c5 = |VC|Le,ce = |C|re. Here, KV denotes the sectional
curvature on N. Hence, we may rearrange

1 2 e
AEldqbl > (1-82—-684)|Vdg| —(K2+61+5+53+ >|d¢| —k1|de|*

c2 c2 4
=44 S ) 1dgPlyl* — (Ba + S)YIPIVY A @D
155 + 25, +c5 + |

where 8;,i = 2,3,4, 6 are positive constants to the determined later. As a next step we
derive an estimate for A|y|*. By a direct calculation we obtain (with R being the scalar
curvature on M)

1 - R
AEW =20y P VY + [dly P + 5|w|“+ [¥1*(eq - ep - RN (dp(ew), dp(ep))Vr, ¥)
20y 12y, DY),

where we applied (2.1). To estimate the last term, we use the equation for v, (2.3), and find

(¥, BD(E(@)(dp)¥)) = (¥, V(E@)(dP)) - ¥r) + (W, E(p)(de) Pr),
(W, BF( @)W, ¥)¥)) = (¥, VIF@) W, vIV)) - ¥) + (W, ea - F(O) (W, ¥) Ve, V).

Due to the skew-symmetry of the Clifford multiplication the first terms on the right hand
side are both purely imaginary and purely real and thus vanish. Moreover, we have the
estimate

20y P, BPY)| = —21E|po W P 1By [1de| — 2| F |1 [P /m| V|

—2J/m|E| = |Y P IV [lde| — 24/m|F ||y 1|V |.

vV v

Again, we may rearrange
1 2 R -
At = AP+ St + @ = 87 = so)ly PV
2
(mK3+ >|¢f| ldo|* — 5 Sy 4.2)

with the constants k3 := |RY |10, ¢7 := |E|1~ and cg := |F|p~. Moreover, 87 and g are
positive constants to be determined later. We set

1
e(p,¥) = 5(|d<z>|2 + 1y (4.3)
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and in addition # := §, + &4. Adding up (4.1) and (4.2) we obtain
Ae(¢, ) = (1 —1)|Vdg[* + |d|\0|2\2 + Q28— 86— 87 — Sp) |V PV 4.4)

2 2
(Kz ter+ 248+ ) ldp|* — k11dg|?

&
2 2 2 2
(2454 4. +4—+mxs+— dpPly | + = |w|4—%|x/f|8.
483 ' 484 36 3

This allows us to derive a first (similar to [21] for harmonic maps and [12] for Dirac-
harmonic maps)

Theorem 4.2 Let (¢, V) be a smooth solution of Eqs. 2.2 and 2.3. Suppose that M is a
closed Riemannian manifold with positive Ricci curvature and that the sectional curvature
of N is bounded. If

e(p,¥) <¢ 4.5)

for € small enough, then ¢ is constant and \r vanishes identically.

Proof We use Eq. 4.4, set 84 + 8¢ + 87 + 83 = 2 and t = 1. Then we obtain the estimate
- - R mc?
Ae(¢, V) = (i1 — E1ldg|* — Ealy|*)1dg* + (2 — 588) %,

where ¢; > 0 and ¢, > 0 can be determined from Eq. 4.4 and the above choices for the
8i,i = 2,4,6,7,8. By assumption the domain M has positive Ricci curvature, thus «
and R are both positive. Hence, for ¢ small enough the energy e(¢, ) is a subharmonic
function, which proves the result. O

For the sake of completeness we give the following

Lemma 4.3 We have the following inequality:

|de(@, ¥)I”

2 212
2t gy = IVARF +ldw T .6)

Proof We follow [12], p.73. We calculate
de(p. V) = (d¢. Vde) + [y |*d|y |
and by squaring the equation we obtain
de(@. YII? < 1dp* Vg + [y *|dI 1P| + 21de|IVdglIv I |dly ]
(1d? + 1y HIVd? + (1dgl? + [y ||dly 2]
2e(IVde + |1y *|)
yielding the result. O

IAIA

Lemma 4.4 Let (¢, V) be a smooth solution of Eqs. 2.2 and 2.3. Moreover, suppose that the
Ricci-curvature of M satisfies RicM > —k| and the sectional curvature KV of N satisfies
KN < k. Then the following inequality holds:

Ae(o, 1 —1t |de(p, ¥v)|?
eigﬁ Wv;) ) S :(E;b x;/f))zl - %Kl — ci3ldg)* — craly [, 4.7
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where the value of the positive constants c13 and c14 is determined along the proof.

Proof We choose §;, j =2,4,6,7, 8 such that
2—684—086—87—688>0
and 1 — ¢ > 0. Using Eq. 4.6 we find

L —1|de(d, Y)I>
Ae(p, ¥) > ————————ki|dp|*+ = |¢|4 cioldgl* —cildg Py —cily|®
2 e, Y)
4.8)
with the positive constants
2 % 02 02 4c; 2 Cz mcé
ClO_K2+Cl+8*+§2+8*: C“:_@+@+ 5+T+mks+y 6122=K-
Since Ric > —k| we have R > —m« . Dividing by e(¢, V), using that
|dp|* ldg|?|y|*
0T T —2ci0ldgl>,  —2en——5———7 > =2yl
ldo|= + ¥| ldo|= + ¥|
ly s
2105 ——7 > —2cp|Y

|01<l>|2 + |
and setting c¢13 := 2c¢10, €14 := 2c¢11 + 2c12 we obtain the result. O
Remark 4.5 If we set

. c11
C := min(cyo, -5 c12)
in Eq. 4.8 then we would get an inequality of the form
Ae(@, ) 1 —tlde(p,¥)> m
> — k1 — Ce(o, ¥).

e(p.¥) — 2 el¢,¥)? 2

This energy inequality has the same analytic structure as in the case of harmonic maps.

To obtain a gradient estimate from Eq. 4.7 for non-compact M and N we need the fol-
lowing tools: Let p be the Riemannian distance function from the point yy in the target

manifold N. We define
£ 1= /dj cos(y/d p) “.9)

for some positive number +/d; to be fixed later, where B (yp) denotes the geodesic ball of
radius R around the point yp. We will assume that R < 7/(2+/d1), thus 0 < £(R) < /d
on the ball Br(yo).

Lemma 4.6 On the geodesic ball Br(yg) we have the following estimate
3
Hess& < —d; cos(\/ap). (4.10)

Proof This follows from the Hessian Comparison theorem, see [19], p.19, Prop. 2.20 and
[17], p.93. O

In addition, let r be the distance function from the point xo in M. Define the function
a2 — 2

Fi= o0 e(p, Y)P A.11)
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on the geodesic ball B,(xp) in M with some positive number p. Clearly, the function F
vanishes on the boundary B, (xp), hence F attains its maximum at an interior point X,y
Moreover, we can assume that the distance function r is smooth near the point x,,,y, see
[16], Section 2.

Lemma 4.7 Suppose that (M, h) and (N, g) are complete Riemannian manifolds. Let
(¢, V) be a smooth solution of Eqs. 2.2 and 2.3 satisfying ¢: M — Br(yo) C N with
R < 7/(2+4/d}). Moreover; suppose that the Ricci-curvature of M satisfies Ric” > —k and
the sectional curvature K of N satisfies K™ < k3. Then the following inequality holds:

—Ar? 1+11, [dir?)]?

0z = —(1+— ;)(az_rz)z—P%Kl—Pcl3|d¢’|2—Pcl4|1/f|4 (4.12)
) Id( o 9) 1411 |dEo@)P  AEo9)
G I e AL S AR | P A -
40 @ —eep T2 ) eop2 ~ Eop

Proof Differentiating log F at its maximum X,,,, we obtain

_—=d(rh)  dEo¢) ICAD

0= — 4.13
- Eop TP @19
and also
—Arr dGD)P AGo¢) dEop)P  Aelg. ) |de(d. ¥)|?
0 - - - . (4.14
PZ 2@ top | ow? ey T ey MY
Inserting Eq. 4.7 into Eq. 4.14 we find
_As2 A2
02 0 - s — pa — penldl — peulvlt @19
_ Lrlde@. WI* AGog) N |d(£ 0 ¢)I?
2 e(g.P)? Eog (Eop)?
By squaring Eq. 4.13 we also get
d(e@. )P _ 1 1d@H)IP  2de?)ldE o)l | 11dE o)l “4.16)
e(@. ) T p@—r)? p@®—rMEop p (Eo¢)? '
Combining Eqs. 4.16 and 4.15 then gives the result. O

In the following, we apply the Laplacian comparison Theorem, see [19], p.20, that is
AP <Cr(+7)

with some positive constant Cr. Moreover, we make use of the Gauss Lemma, that is
2
ldr|* = 1.

Corollary 4.8 Suppose that (M, h) and (N, g) are complete Riemannian manifolds. Let
(¢, V) be a smooth solution of Eqs. 2.2 and 2.3 satisfying ¢: M — Br(yo) C N with
R < 7/(2+/d). Moreover; suppose that the Ricci-curvature of M satisfies RicM > —«; and
the sectional curvature K~ of N satisfies K™ < k3. Then the following inequality holds:

—CL4n) 14l 47 om

0z = (45 ) oy Py el penlvlt @17

ey ZMEODL | 1L E PR HesE . dg) _ds(x(@)
pa*—rhHgog 2 p’ (od) Eog Eog
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Proof This follows from the Laplacian comparison Theorem, the Gauss Lemma and the
chain rule for the tension field of composite maps, that is

A(§ o ¢) = Hess£(dg, dp) + dE(z(¢)).

O
To shorten the notation, we set
Cr(1+r) 1411 452 m
L =—F- 1 — —K]. 4.18
! a2 —r? +( + 2 ]7)(112—1’2)24_172[(1 ( )

By assumption the map ¢ satisfies the Eq. 2.2. Hence, we may estimate

[T(@)] < |Al=ldg|* + |Blrld|[¥|* + [Clr ¥ [* < c2ldgl + caldplly | + eolvr|*.
Moreover, we have |d&| = dy|sin(</d1p)| < dy and to obtain a gradient estimate we set
14+t 148+

2 2
By the properties of the Riemannian distance function p on N, (4.17), the definition of L
and the estimate on Hess & we find

p:

4rd 3
0> - L —mwmudl — (148 + 89 (k2 + 1 +5f+a 3o >)|d¢|
1+6 456
- %cmw“ o ¢<cz|d¢>|2+c4|d¢||w|2+c6|w| ). (4.19)

Remark 4.9 1f we consider the limiting case of harmonic maps in Eq. 4.19 then we obtain
the same inequality leading to a gradient estimate as in [17].

First of all, let us consider the case that A(d¢,d¢) = 0 in Eq. 2.2, which means that
c1 = ¢ = 81 = & = 0 and we obtain
4rd;
(@>—rHEog
B (1+84 s d?c3 L o
2 4(§ o ¢)289 §od

for some positive number 89. We require the coefficient in front of |d¢|? to be positive,
which in this case can be expressed as

‘221 2
0>—L;— ldg| + (di — (1 +84) K2+33+E — 89)|de|

)l (4.20)

2

~ C

d:=d —(1+384) (Icz + 83+ 34) — 8 > 0. 4.21)
4

Hence, we have to choose d; such that Eq. 4.21 holds. However, note that we have some
freedom to choose §3 and 89 in Eq. 4.21. Again, to shorten the notation, we set

14 34 d2 dice

Ly := 4+ 4.22
) 1Eop s T Eo @2
and then Eq. 4.20 becomes
. 4rd;
0>d|d 2—7d — Loyt 4.23
R e 4 (4.23)
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Note that Eq. 4.23 is an equation for an unknown x of the form

2

0>ax“—bx—c

with the constants a, b, ¢ being all positive. Then, it follows directly that
b c
x<—+./-,
a a

Theorem 4.10 Suppose that (M, h) and (N, g) are complete Riemannian manifolds. Let
(¢, ) be a smooth solution of Eqs. 2.2 and 2.3 satisfying ¢: M — Bgr(yo) C N with
R < 7/(2/d}), where d; is determined by Eq. 4.21. Suppose that A(d¢,d¢) = 0 and
B, C, E, F are bounded. Moreover, assume that the Ricci curvature of M satisfies Ric >
—i1 and that the sectional curvature KN of N satisfies KN < ky. Then for any xo € By (x0)
the following estimate holds

4rd; L1+L2|1//|4
d = = , 4.24
48 < 5 ree T (4.24)

where L is given by Eq. 4.18 and L, is given by Eq. 4.22.

which gives us the following

In the case that A(d¢, d¢) # 0 it is more difficult to obtain an estimate on |d¢|. Let us
again consider (4.19)

4rd1 C% C% Czd] 2
0> — Li————1|d di—(1+8+38 2542y — 80— d
> 1 (az_r2)50¢|¢|+(1 (1+8+ 4)(K2+Cl+82+ 3+54) 10 §0¢)| @l
14684+ d3c? dic
- (T2, Ly SOy (4.25)
2 4G op)*bi0 Eo¢

for some positive number 8;9. Again, we require the coefficient in front of |d¢|* to be
positive, which in this case can be expressed as

2 2
c c Jd
72 4+ 53 + 74 — 510 — 6‘271
4 cos(x/diR)

8 3
However, it seems quite difficult to check if one can arrange all the constants above such
that the inequality (4.26) holds.

d:=d — (1468 +8) <K2+C1 + >0. (4.26)

Remark 4.11

(1) Due to the additional terms on the right hand side of Eq. 2.3 it is hard to say in which
cases the estimate (4.24) is sharp.

(2) It becomes clear along the proof that we have a lot of freedom rearranging the con-
stants involved in all the estimates. However, this does not change the general structure
of the estimate (4.24).

(3) Our calculation shows that the magnitude of A(d¢, d¢) clearly has the strongest
influence on the estimate on |d¢|.

(4) For Dirac-harmonic maps gradient estimates have been established in [12], the authors
used a Kato- Yau inequality to obtain the optimal constants in their estimates. However,
this does not seem to help much here since we are considering a more complicated
system as in [12].
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