TECHNISCHE . . .
. Variational Analysis, Dynamics and
UNIVERSITAT S SWM

o) ions R h
WIEN perations Researc V A D 0 R

On the solution stability of parabolic optimal control
problems

A. Dominguez Corella, N. Jork, V.M. Veliov

Research Report 2022-04
November 2022

ISSN 2521-313X

Variational Analysis, Dynamics and Operations Research

Institute of Statistics and Mathematical Methods in Economics
TU Wien

Research Unit VADOR

Wiedner Hauptstralle 8 / E105-04
1040 Vienna, Austria

E-mail: vador@tuwien.ac.at



On the solution stability of parabolic optimal control problems*

Alberto Dominguez Corellaf Nicolai Jork? Vladimir M. Veliov®

November 10, 2022

Abstract

The paper investigates stability properties of solutions of optimal control problems for semilinear parabolic
partial differential equations. Hélder or Lipschitz dependence of the optimal solution on perturbations are
obtained for problems in which the equation and the objective functional are affine with respect to the
control. The perturbations may appear in both the equation and in the objective functional and may non-
linearly depend on the state and control variables. The main results are based on an extension of recently
introduced assumptions on the joint growth of the first and second variation of the objective functional.
The stability of the optimal solution is obtained as a consequence of a more general result obtained in the
paper — the proved metric subregularity of the mapping associated with the system of first order necessary
optimality conditions. This property also enables error estimates for approximation methods. Lipschitz
estimate for the dependence of the optimal control on the Tikhonov regularization parameter is obtained as
a by-product.

1 Introduction

Let @ C R™", 1 < n < 3, be a bounded domain with Lipschitz boundary 0. For a finite T" > 0, denote by
Q := 2 x (0,T) the space-time cylinder and by ¥ := 9Q x (0,7T) its lateral boundary. In the present paper, we
investigate the following optimal control problem:

(P) min{J(u) ::/QL(x,t,y(x,t),u(x,t))dxdt}, (1.1)

ueU

subject to
y=0onX%, y(-,0) =y on .

Denote by y, the unique solution to the semilinear parabolic equation (1.2) that corresponds to control u €
L"(Q), where r is a fixed number satisfying the inequality » > 1 + 5. For functions u,,u; € L*(Q) such that
Uug < up a.e in @, the set of feasible controls is given by

U:={ue Ll®Q)] ug <u<u foraa. (z,t) € Q}. (1.3)
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The objective integrand in (1.1) is defined as
L(x,t,y,u) := Lo(z,t,y) + (my + g)u, (1.4)

where m is a number, g is a function in L*°(Q) and L satisfies appropriate smoothness condition (see Assump-
tion 2 in Subsection 1.1).

The goal of the present paper is to obtain stability results for the optimal solution of problem (1.1)—(1.3).
The meaning of “stability” we focus on, is as follows. Given a reference optimal control 4 and the corresponding
solution yz, the goal is to estimate the distance (call it A) from the optimal solutions (u, y,,) of a disturbed version
of problem (1.1)—(1.3) to the pair (@, yz), in terms of the size of the perturbations (call it §). The perturbations
may enter either in the objective integrand or in the state equation, and the meaning of “distance” and “size” in
the previous sentence will be clarified in the sequel in terms of appropriate norms. If an estimation A < const.6?
holds with 6 € (0,1), we talk about Hélder stability, while in the case § = 1 we have Lipschitz stability.

A powerful technique for establishing stability properties of the solutions of optimization problems is based
on regularity properties of the system of first order necessary optimality conditions (see e.g. [18]). In the case of
problem (1.1)—(1.3), these are represented by a differential variational inequality (see e.g. [16, 24]), consisting of
two parabolic equations (the primal equation (1.1) and the corresponding adjoint equation) and one variational
inequality representing the condition for minimization of the Hamiltonian associated with the problem. The
Lipschitz or Holder stability of the solution of problem (1.1)—(1.3) is then a consequence of the property of
metric subregularity (see [15, 18]) of the mapping defining this differential variational inequality. An advantage
of this approach is that it unifies in a compact way the study of stability of optimal solutions under a variety
of perturbations (linear or nonlinear). Therefore, the main result in the present paper focuses on conditions for
metric subregularity of the mapping associated with the first order optimality conditions for problem (1.1)—(1.3).
These conditions are related to appropriate second order sufficient optimality conditions, which are revisited
and extended in the paper. Several results for stability of the solutions are obtained as a consequence.

The commonly used second order sufficient optimality conditions for ODE or PDE optimal control problems
involve a coercivity condition, requiring strong positive definiteness of the objective functional as a function of
the control in a Hilbert space. We stress that problem (1.1)—(1.3) is affine with respect to the control variable
and such a coercivity condition is not fulfilled. The theory of sufficient optimality theory and the regularity
theory for affine optimal control of ODE systems have been developed in the past decade, see [23] and the
bibliography therein. Sufficient conditions for weak or strong local optimality for optimal control problems with
constraints given by elliptic or parabolic equations are developed in [2, 3, 4, 8, 10, 12, 17]. A detailed discussion
thereof is provided in Section 2.1. In contrast with the elliptic setting, there are only a few stability results for
semilinear parabolic optimal control problems. Progress in this regard for a tracking type objective functional
was made for instance in [9, 10] where stability with respect to perturbations in the objective functional was
studied, and in [11], where stability with respect to perturbations in the initial data was investigated. We
mention that for a linear state equation and a tracking type objective functional, Lipschitz estimates were
obtained in [29] under an additional assumption on the structure of the optimal control. More comprehensive
discussion about the sufficiency theory and stability can be found in Section 2.

The main novelty in the present paper is the study of the subregularity property of the optimality mapping
associated with problem (1.1)—(1.3). In contrast with the case of coercive problems, our assumptions in the
affine case jointly involve the first and the second order variations of the objective functional with respect to
the control. These assumptions are weaker than the ones in the existing literature in the context of sufficient
optimality conditions, however, they are strong enough to imply metric subregularity of the optimality mapping.
The subregularity result is used to obtain new Hélder- and Lipschitz estimates for the solution of the considered
optimal control problem. An error estimate for the Tikhonov regularization is obtained as a consequence.

The obtained subregularity result provides a base for convergence and error analysis for discretization meth-
ods applied to problem (1.1)—(1.3). The point is, that numerical solutions of the discretized versions of the
problem typically satisfy approximately first order optimality conditions for the discretized problem and after



appropriate embedding in the continuous setting (1.1)—(1.3), satisfy the optimality conditions for the latter
problem with a residual depending on the approximation and the discretization error. Then the subregularity
property of the optimality mapping associated with (1.1)—(1.3) provides an error estimate. Notice that the (Lip-
schitz) stability of the solution alone is not enough for such a conclusion, and this is an important motivation
for studying subregularity of the optimality mapping rather than only stability of the solutions. However, we
do not go into this subject, postponing it to a later paper based on the present one.

The paper is organized as follows. The analysis of the optimal control problem (1.1)—(1.3) begins in Section 2.
We recall the state of the art regarding second order sufficient conditions for weak and strong (local) optimality,
as well as known sufficient conditions for stability of optimal controls and states under perturbations. In
Section 3 we formulate and discuss the assumptions on which our further analysis on sufficiency and stability
is based. The strong subregularity of the optimality mapping is proved in Section 4. In Section 5, we obtain
stability results for the optimal control problem under non-linear perturbations, postponing some technicalities
to Assumption A. Finally, we support the theoretical results with some examples.

1.1 Preliminaries

We begin with some basic notations and definitions. Given a non-empty, bounded and Lebesgue measurable
set X C R™, we denote by LP(X), 1 < p < oo, the Banach spaces of all measurable functions f : X — R for
which the usual norm || f||z»(x) is finite. For a bounded Lipschitz domain X C R" (that is, a set with Lipschitz
boundary), the Sobolev space H}(X) consists of functions that vanish on the boundary (in the trace sense) and
that have weak first order derivatives in L?(X). The space H{(X) is equipped with its usual norm denoted by
Il zzy x)- By H~(X) we denote the topological dual of Hj(X), equipped with the standard norm || - || -1 (x)-
Given a real Banach space Z, the space LP(0,T; Z) consist of all strongly measurable functions y : [0,7] — Z
that satisfy

T 1
lollror 2= (| Is0IEde)" <o it 1<p< o0,
0
or, for p = oo,
ol 2 = nf(M € R | [y(0)lz < M act € (0,7)) < ox.

The Hilbert space W (0,T) consists of all of functions in L2(0,7T; Hg(£2)) that have a distributional derivative
in L2(0,T; H-1(Q)), ie.

W(0,T) = {y e 120,71} ()| 2 € L2<0,T;H1<m>},

which is endowed with the norm
lyllwo,m) = 1Yl 220,112 2)) + 109/ 0t|| 20, 7,51 (2))-

The Banach space C([0,T]; L*(2)) consists of all continuous functions y : [0,7] — L?*(Q) and is equipped with
the norm max;epo 7] ||y(t)||L2(0)- It is well known that W(0,T) is continuously embedded in C([0,T7]; L*(Q2))
and compactly embedded in L?(Q). For proofs and further details regarding spaces involving time, see
14, 20, 27, 30, 31].

The following assumptions, close to those in [2, 5, 6, 8, 10, 11, 12, 13], are standing in all the paper, together
with the inequality

r>max{271+g} (1.5)



for the real number r that appears in some assumptions and many statements below (we also remind that
n € {1,2,3}).

Assumption 1. The operator A: H}(Q) — H~Y(Q), is given by

A=— Z 8acj (a’i,j(x)al'i)7

ij=1
where a; j € L(Q) satisfy the uniform ellipticity condition

Na>0: Aalél? < Y ai ()& YEER" and a.a. w € Q.

i,j=1
The matriz with components a; ; is denoted by A.

The functions f, Ly : @ X R — R of the variables (z,t,y), and the “initial” function yo have the following
properties.

Assumption 2. For every y € R, the functions f(-,-,y) € L"(Q), Lo(-,-,y) € L*(Q), and yo € L>(Q). For
a.e. (z,t) € Q the first and the second derivatives of f and Lo with respect to y exist and are locally bounded and
locally Lipschitz continuous, uniformly with respect to (x,t) € Q. Moreover, g—g(x,t,y) >0 for a.e. (z,t) € Q
and for all y € R.

Remark 1. The last condition in Assumption 2 can be relaxed in the following way:

ICr eR: g—f(m,ty) >Cy a.a (z,t) € Q and Vy € R, (1.6)
Y

see [3, 8]. However, this leads to complications in the proofs.

1.2 Facts regarding the linear and the semilinear equation
Let 0 < a € L>®(Q) and u € L?(Q). We first consider solutions of the following linear variational equality for
y € W(0,T) with y(-,0) = 0:

T 83} T T T
| Grovars [ anvie= [ o [ o (17)

for all ¢ € L%(0,T, H}(R)), that is, for weak solutions of the equation (1.2) with f(x,t,y) := a(x,t)y and
yo = 0.
Theorem 1. Let 0 < a € L>®(Q) be given.

1. For eachu € L*(Q) the linear parabolic equation (1.7) has a unique weak solution y,, € W(0,T). Moreover,
there exists a constant C' > 0 independent of u and « such that

”yuHLZ(O,T,Hé(Q)) < OHUHL?(Q)- (1.8)

2. If, additionally, u € L"(Q) (we remind (1.5)) then the weak solution y,, of (1.7) belongs to W (0, T)NC(Q).
Moreover, there exists a constant C. > 0 independent of u and « such that

1Yull 20,7, 53 (2)) + 1Yullo@@) < Crllullr(@)- (1.9)



Besides the independence of the constants C , and C}. on « all claims of the theorem are well known, see
[28, Theorem 3.13, Theorem 5.5]. A proof of a similar independence statement can be found in [2] for a linear
elliptic PDE of non-monotone type.

Proof. For convenience of the reader, we prove that the estimates are independent of «. This is done along the
lines of the proof of [2, Lemma 2.2]. By o, we denote a solution of (1.7) for o = 0. It is well known that in

this case there exist constants C,., C' > 0 such that

lvo.ullcay < Crllullzr@)s vo.ullzz@) < Cllullrz(q)-

To apply this, we decompose u in positive and negative parts, u = u™ —u~, u™,u~ > 0. By the weak maximum
principle [14, Theorem 11.9], it follows that v, ,+,¥a,u~ > 0. Again by the weak maximum principle, the
equation

%(ya,w — Yo,ut) + AWa,ut = Yo,ut) T (Ya,ut = Yout) = —Yo,u+
implies 0 < Yoyt < Yo,uts thus [[Ya,ut [lo@) < IYo,ut lo(g)- By the same reasoning, it follows that 0 < yq .~ <
Yo,u- and [|[Yau-llc@) < 1Yo,u-llc(g)- Hence,
[Yaullo@) < 1Wau+lle@) + 1Yaw-llc@) < 1vou+lle@) + 1vou-llo@)
< Cr(llutllr@) + I @) < 2CkullLr(q)-
The estimate for L?(0, T, H}(Q)) can be obtained by similar arguments as in [2]. O

The next lemma is motivated by an analogous result for linear elliptic equations [2, Lemma 2.3], although,
according to the nature of the parabolic setting, the interval of feasible numbers s, is smaller.

Lemma 2. Let u € L"(Q) and 0 < o € L™(Q). Let y,, be the unique solution of (1.7) and let p, be a solution
of the problem

f%+A*p+ap:u in Q, (1.10)
p=0onX p(-T)=0 onQ. ’

Then, for any s, € [1, "T“) there exists a constant Cs; > 0 independent of u and o such that

Lo (@) < Cst llullny)- (1.11)

max{”yu‘ Lsn (Q)> ||pu|

Here s, denotes the Hélder conjugate of sy,.

Proof. First we observe that by Theorem 1, 3, € C(Q) N W(0,7) and as a consequence, |y, |*" !sign(y,) €
L*(Q). Moreover, s, < ”T“ implies that s], > 1+ . By change of variables, see for instance [28, Lemma 3.17],
a solution of equation (1.10) transforms into a solutions of (1.7). Thus according to Theorem 1, the solution ¢
of

—% + A*q + aq = |y.|*» " tsign(y,) in Q,
g=0onX%, ¢(-,7)=0 on .

belongs to W(0,7) N C(Q) and satisfies

Spn—1

Lon(Q)

HqHC(Q) < Cs;L yu|sn_15ign(yu)”L3%(Q) = CS& yul

where Cy/ is independent of a and v. Using these facts we derive the equalities

OYu
Cor

99 | i«
1Yull7en (@) = /Q lyul*" de = (= 5, + A"a + ad,yu) + Ay + @y, )

= /Q ugde < Jull o g)lldllow) < Cop Il lvalliin)-



This proves (1.11) for y,. To obtain (1.11) for p,,, one tests (1.10) with a weak solution of
3+ Ay +ay = g sign(g.) in Q,
y=0onX, y(-,0)=0 on Q,

and argues in an analogous way. O

Below we remind several results for the semilinear equation (1.2), which will be used further. A proof of the
next theorem can be found in [5, Theorem 2.1] or [28, Theorem 2.1].

Theorem 3. For any u € L*(Q) the semilinear parabolic initial-boundary value problem (1.2) has a unique
weak solution y,, € W(0,T). Ifu € L"™(Q) (see (1.5)) then y,, € W(0,T) N L>(Q). If additionally yo € C(£2),

then y, € C(Q). Moreover, there exists a constant D, > 0, independent of u, f,yo such that
lyullw o1y + lyullz~@) < Dr(lullzr@) + £ (5 0)lLr @) + ol < (g))- (1.12)
Finally, if up — u weakly in L™(Q), then
Yur = Yullzoo (@) + 1Yur — YullL2 0,752 (2)) — O (1.13)

The differentiability of the control-to-state operator under the assumptions 1 and 2 is well known, see among
others [8, Theorem 2.4].

Theorem 4. The control-to-state operator G : L™(Q) — W(0,T) N L>(Q), defined as G(v) := y,, is of class
C? and for every u,v,w € L"(Q), it holds that z, , := G'(u)v is the solution of

z2=0 on %, 2(,0)=0 onQ

and Wy, (yw) = G" (u)(v,w) is the solution of

% + Az + fy(x7ta Yu)z = _fyy(zvtayu)zu,vzu,w in Q, (1 15)
z=0 on %, 2(-,0) =0 on Q. '

In the case v = w, we will just write w, , instead of wy, (y v)-

Remark 2. By the boundedness of U in L*°(Q) and by Theorem 3, there exists a constant My > 0 such that
max{||ull L (@), IVullcg)} < Mu Yuel. (1.16)

1.3 Estimates associated with differentiability

We employ results of the last subsection to derive estimates for the state equation (1.2) and its linearisation
(1.14). These estimates constitute a key ingredient to derive stability results in the later sections. The next
lemma extends [2, Lemma 2.7] from elliptic equations to parabolic ones.

Lemma 5. The following statements are fulfilled.
(i) There exists a positive constant My such that for every u,u € U and v € L"(Q)

12u0 = Zawllz2 @) < Mallyu = yalle@@)l2a0llz2(@)- (1.17)
(ii) Let X = C(Q) or X = L*(Q). Then there exists e > 0 such that for every u, @ € U with ||y, —vallcg) < €

the following inequalities are satisfied
Y — yallx < QHZTL,u—aHX < 3|y — vallx, (1.18)
lza,0llx < 2[2uwllx < 3llza,llx- (1.19)

The proof, that is a consequence of Lemma 28, is given in Appendix A.



2 The control problem

The optimal control problem (1.1)-(1.3) is well posed under assumptions 1 and 2. Using the direct method of
calculus of variations one can easily prove that there exists at least one global minimizer, see [28, Theorem 5.7].
On the other hand, the semilinear state equation makes the optimal control problem nonconvex, therefore we
allow global minimizers as well as local ones. In the literature, weak and strong local minimizers are considered.

Definition 1. We say that u € U is an L"(Q)-weak local minimum of problem (1.1)-(1.3), if there exists some
e > 0 such that
J(u) < J(u) Yuel with [[u—alLrq) <e.

We say that u € U a strong local minimum of (P) if there exists € > 0 such that
J(w) < J(u) YuelU with ||y, — yall=) <€
We say that @ € U is a strict (weak or strong) local minimum if the above inequalities are strict for u # u.

Relations between these types of optimality are obtained in [3, Lemma 2.8].
As a consequence of Theorem 4 and the chain rule, we obtain the differentiability of the objective functional
with respect to the control.

Theorem 6. The functional J : L"(Q) — R is of class C?. Moreover, given u,v,v1,v2 € L"(Q) we have

J (u)v = / (@(x,t,yu) + mu) Zuw + (Myy + g)vda dt (2.1)
Q" dy
= / (pu + my,, + g)vdz dt, (2.2)
Q
0%L 0% f
J”(U) (Ula U2) = /Q [aiyz(xv t, Yuy u) - puaiyg(xa t, yu) Zu,v1 Fu,vo dx dt (23)
+ / M2y 0, V2 + Zu0,01) dz dE, (2.4)
Q
Here, p, € W(0,T) N C(Q) is the unique solution of the adjoint equation
dp . of oL )
— a tyyu)p = (2,1, Yu, ’
dt+«4p+ay(x, s Yu)P ay(ﬂc Yu,u) in Q (2.5)

p=0onX, p(-,T)=0 on Q.
We introduce the Hamiltonian @ x R x R x R 5 (z,t,y,p,u) — H(z,t,y,p,u) € R in the usual way:
H(’Ivtvyapv U) = L(x,t,y,u) +p(u - f(l',t, y))

The local form of the Pontryagin type necessary optimality conditions for problem (1.1)-(1.3) in the next theorem
is well known (see e.g. [3, 8, 28]).

Theorem 7. If @ is a weak local minimizer for problem (1.1)-(1.3), then there exist unique elements §,p €

W(0,T)NC(Q) such that

Yt Ay + flx,t,9) =1 in Q, (2.6)
y=0onX, §(-,0) =y on Q. |
dp .. OH .

a +./4 P = aiy(zytayal%u) m Q7 (27)

p=0onX%, p(-,T7) =0 on Q.

H
/ a—(z,t,g,ﬁ,ﬂ)(u—ﬁ)dxdtzo Yu e lU. (2.8)
Q



2.1 Sufficient conditions for optimality and stability

In this subsection we discuss the state of the art in the theory of sufficient second order optimality conditions
in PDE optimal control, as well as related stability results for the optimal solution. For this purpose, we recall
the definitions of several cones that are useful in the study of sufficient conditions. Given a triplet (y,p, u)

satisfying the optimality system in Theorem 7, and abbreviating %—IZ(x,t) = %—Ij(xﬂf,g,ﬁ, @), we have from
(2.8) that almost everywhere in @
oH OH
u=u, if — >0 and uw=wu, if — <0.
ou Ju
This motivates to consider the following set
{v € L*(Q)|v >0 a.e. on [i = u,] and v <0 a.e. on [4 = ub]}. (2.9)

Sufficient second order conditions for (local) optimality based on (2.9) are given in [8, 3, 10]. Following the
usual approach in mathematical programming, one can define the critical cone at % as follows:

H
Cy = {v € LQ(Q)’v satisfies (2.9) and v(zx,t) =0 if ’%—(m,t)‘ > 0}.
u
Obviously, this cone is trivial if %(x,t) # 0 for a.e. (z,t) (which implies bang-bang structure of @) thus no

additional information can be gained based on Cy. To address this issue, it was proposed in [19, 21] to consider
larger cones on which second order conditions can be posed. Namely, for 7 > 0 one defines

D= {v € LQ(Q)‘U satisfies (2.9) and v(z, ) = 0 if %—IZ(x,t)‘ > T}, (2.10)
GT = {v € L2(Q)‘U satisfies (2.9) and J'(@)(v) < THza,v”Ll(Q)}’ (2.11)
BT = {u c LQ(Q)‘U satisfies (2.9) and J'(@)(v) < THZMHLQ(Q)}, (2.12)
Cr = DI NGE. (2.13)

The cones DI, ET and G were introduced in [4, 10] as extensions of the usual critical cone. It was proven in
[4, 9, 10] that the condition:

36 >0,7>0 such that J"(@)v* > 6l|zanllizg) Yo €C (2.14)

is sufficient for weak (in the case G = D) or strong (in the case G = E7) local optimality in the elliptic and
parabolic setting. Most recently, the cone C7 was defined in [3] and also used in [6]. It was proved in [3], that
(2.14) with C' = C7 is sufficient for strong local optimality.
Under (2.14) it is possible to obtain some stability results. In [9] and [10] the authors obtain Lipschitz stability
in the (L? — L°)-sense for the states!, under perturbations appearing in a tracking type objective functional
and under the assumption that the perturbations are Lipschitz. Further they obtain Holder stability for the
states under a Tikhonov type perturbation. Holder stability under (2.14) with exponent 1/2 was proved in [11]
with respect to perturbations in the initial condition.

To improve the stability results an additional assumption is needed. This role is usually played by the
structural assumption on the adjoint state or generally on the derivative of the Hamiltonian with respect to the
control. In the case of an elliptic state equation, [25] uses the structural assumption

3k > 0 such that HxEQ:‘%—Z‘SEHSﬂg Ve > 0. (2.15)

1 For p,r € [1,00], we speak of stability in the LP — L"-sense for the optimal states § with respect to perturbations (may
appear in the equation or the objective) &, if there exists a constant £ > 0 such that ||y — Il gy < sllEllLr (), for all & that
are sufficiently small. Here, y¢ denotes the state corresponding to the perturbation £. We use this expression analogously for the
optimal controls.



In the parabolic case this assumption (with Q2 replaced with Q) is used in [11]. We recall that the assumption
(2.15) implies that @ is of bang-bang type. Further, (2.15) implies the existence of a constant % > 0 such that
the following growth property holds:

J' () (u— ) > &llu—al| ) Yuel. (2.16)

For a proof see [1], [22] or [26]. If the control constraints satisfy u, < u;, almost everywhere on @, both conditions,
(2.15) and (2.16) are equivalent, see [17, Proposition 6.4]. In [25], using (2.15) and (2.14) with G = DZ, the
authors proof L'-Lipschitz stability of the controls for an elliptic semilinear optimal control problem under
perturbations appearing simultaneously in the objective functional and the state equation. Assuming (2.15),
(2.14) may also be weakened to the case of negative curvature,

36 <&, 37 >0 such that J"(@)v® > —6|[v[71q) Vv e CF. (2.17)

In [12], [13] it was proved that (2.15) together with (2.17) implies, for the semililnear elliptic case, weak local
optimality in L!(Q). Lipschitz stability results were also obtained in [17] in the elliptic case. Finally, for a
semilinear parabolic equation with perturbed initial data, [11, Theorem 4.6] obtains, under (2.14) and (2.15),
L? — L* and L' — L?-Holder stability (see Footnote 1), with exponent 2, for the optimal states and controls
respectively. Additionally, Lipschitz dependence is obtained on perturbations in L™ (Q).

3 A unified sufficiency condition

In this section, we introduce an assumption that unifies the first and second order conditions presented in the
previous section.

Assumption 3. For a number k € {0,1,2}, at least one of the following conditions is fulfilled:
(Ar): There exist constants ay, v, > 0 such that

T (@)= 0) + (@) — 1) 2 llznallfa gl - al2ily, (3.1)

for all v € U with |lyu — Yllcq) < -
(By): There exist constants &y, 5, > 0 such that (3.1) holds for all uw € U such that ||u — 1|11 (q) < du.

In the context of optimal control of PDE’s the assumptions (Ag) and (By) were first introduced in [17] and for
k =1,2in [2]. Assumption 3(By) originates from optimal control theory of ODE’s where it was first introduced
in [23] to deal with nonlinear affine optimal control problems. The cases k = 1,2 are extensions, adapted to
the nature of the PDE setting, while the case k = 0 can be hard to verify if a structural assumption like (2.15)
is not imposed. The assumptions corresponding to k = 1,2 are applicable for the case of optimal controls that
need not be bang-bang, especially the case k = 2 seems natural for obtaining state stability. Assumption (Ay)
implies strong (local) optimality, while Assumption (By) leads to weak (local) optimality. As seen below, in
some cases the two assumptions are equivalent.

For an optimal control problem subject to an semilinear elliptic equation the claim of the next proposition
with k£ = 0 was proven in [2, Proposition 5.2].

Proposition 8. For any k € {0,1,2}, Assumption (Ay) implies (By). If @ is bang-bang (that is, u(x,t) €
{ug(z,t), up(x,t)} for a.e. (x,t) € Q) then assumptions (Ay) and (By) are equivalent.

The proof is given in Appendix A.
Remark 3. We compare the items in Assumption 3 to the ones using (2.15) and (2.17) or (2.14).

1. Assumption 3(Ag) is implied by the structural assumption (2.15) and also allows for negative curvature,
similar to (2.17). For details see [17, Theorem 6.3].
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2. Assumption 3(A;) is implied by the structural assumption (2.15) together with (2.14). This is clear by
(2.16) and by using v and w as defined in Lemma 13 and arquing as in Corollary 14, both presented below
in this section.

3. Assumption 3(As) is implied by (2.14) together with the first order necessary condition.

3.1 Sufficiency for optimality of the unified condition

In this subsection we show that assumptions 3(Ay) and (By) are sufficient either for strict weak or strict strong
local optimality, correspondingly.

Theorem 9. The following holds.

1. Let m = 0 in (1.4). Let u € U satisfy the optimality conditions (2.6)—(2.8) and Assumption 3(Ay) with
some k € {0,1,2}. Then, there exist e,k > 0 such that:

_ K _ 12—
J(@) + S llyu — Iz llu = allFiy) < J(u) (3.2)

for allw € U such that ||y, — ¥llc(g) < €k-
2. Let w € U satisfy the optimality conditions (2.6)—(2.8) and Assumption 3(By) with some k € {0,1,2}.
Then, there exist ey, kx, > 0 such that (3.2) holds for all u € U such that |[u — @1 () < €k-

Before presenting a proof of Theorem 9, we establish some technical results. The following lemma was proved
for various types of objective functionals, see e.g. [10, Lemma 6],[9, Lemma 3.11]. Nevertheless, our objective
functional is more general, therefore we present in Appendix A an adapted proof.

Lemma 10. Let u € U. The following holds.
1. Let m =0 hold. For every p > 0 there exists € > 0 such that
7" (@ + 0(u — @) — J"(@)](u — 0)*| < pllea,u-allie(g) (3.3)
for allw € U with ||lyu — Yllcg) < € and 6 € [0,1].

2. For every p > 0 there exists € > 0 such that (3.3) holds for all w € U with ||u — |11 () < e and 6 € [0,1].

For the assumptions with & € {0, 1}, we need the subsequent corollary, which is also given in Appendix A.
Corollary 11. Let uw € U. The following holds for m = 0:
1. For every p > 0 there exists € > 0 such that
7" (@ + 0(u = @) = J"(@)](u — 0)°| < pllzaw—allr2@llu = @lri(Q (3.4)
for allw € U with ||y, — Yllcgy < € and for all 6 € [0, 1].
2. For every p > 0 there exists € > 0 such that
[T @+ 0(u —a)) = J"(@)](u - @)*| < pllu—all7: g (3-5)
for allw € U with ||y, — Yllcg) < € and for all 0 € [0, 1].

The same assertions hold for m # 0 if one requires ||u — |1 (q) to be small instead of |yu — Yl c(q)-
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The next lemma clams that Assumption 3 implies a growth similar to (3.2) of the first derivative of the
objective functional in a neighborhood of .

Lemma 12. The following claims are fulfilled.
1. Let m =0 and 4 satisfy assumption (Ay), for some k € {0,1,2}. Then, there exist ay, ¥, > 0 such that
()~ 0) = Sl 2l e gy llu — all2h, (3.6)
for every uw € U with |y, — Yllcg) < -
2. Let u satisfy assumption (By) for some k € {0,1,2}. Then, there exist ag,J > 0 such that (3.6) holds

for every w € U with ||u — al|11(q) < ag.

Proof. Since J is of class C? we can use the mean value theorem to infer the existence of a function 6 : Q — [0, 1]
such that
J (u)(u—a) — J (@) (u—a) =J"(@+0(u—1a))(u—m2u)?

and under (Ag) in Assumption 3, we infer the existence of positive constants v; and ay such that
J'(u)(u—a) = J"(@)(u—a) + J" (@) (u—a)* + [J'(u)(u - a) = J"(@)(u - a) = J"(@)(u — a)’]
> Yellzau—allf2 (o) llu = allfr iy — 17" (@ + 0(u — @) — J" (@) (u — @)?|,

for all u € U with ||y, — 9llc(g) < ax. Using Lemma 10, we obtain that

T () (u— @) = (v = o) za,u—all F2 g lu — @l Ty

for all uw € U with ||y, ngC(Q) < ay and @y := min{ay, € }, where e > 0 is chosen such that 33 := v — px > 0

r—1

holds. Using Corollary 11 and the estimate |y, — §llr=q) < Cr(2My) = [Ju — ﬂ||i1(Q), proves the case for
(3.6). O

Finally, we conclude this subsection with the proof of Theorem 9.
Proof of Theorem 9. Using the Taylor expansion and the optimality condition J'(%)(u — @) > 0 we have
— 1(= — 1 17 —\2 — 1 /(= — 1, —\2
Ju) = J(@) + J'(a)(u—1u) + §J (ug)(u —w)* > J(u) + §J (a)(u—1u) + §J (ug)(u — @)

where ug := @ + 0(u — @), with 6 : Q@ — [0,1]. We continue this inequality, using that by Assumption 3 there
exist o > 0 and v > 0 such that (3.2) holds:

1 1
T(u) = J(@) + 5[ (@) (w — @) + J" (@) (w = @)*] + S [T (wg) = J"(@)](u — u)*]
Lk _2— 1 _ _
> 00+ 2zl — 1133ty — 510" (o) — 7" @) — )
for all u € U with either ||y, — ¥z~ (@) < o or ||[u—1l/11(g) < ar, depending on the chosen assumption (Ay) or

(Bg). Now, either by Lemma 10 or Corollary 11 (depending on the assumption) there exist € > 0 and 5 < Y%
such that

|7 (ug) — T" (@) (u — @)?| < Feellzau-alfagllu — allTily,
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for every u € U with |y, — Jllc(g) < €. We may choose ay > 0 and ¥ > 0 according to Lemma 12 and
depending on the chosen assumption therein. Inserting this estimate in the above expression and applying
(1.18) gives

1 - : _2— 30 — ) _ _2—
J(u) > J(u) + 5(% — Vi) l|za,u—all 720 llu — uHil(kQ) > J(u) + fllyu — G52 llu— “Hil(kcg)a

for all u € U with either ||y, — @[/ L~ (@) < min{e, ar} or ||u —al/L1(g) < min{WM,dk} depending on
the selected k € {0,1,2}. To complete the proof of the second claim of the theorem we use that

r—1

1
”yu - gHL‘X’(Q) < OT(QMU) " ||U - a”il(Q)

to apply Lemma 10 or Corollary 11 depending on k € {0, 1, 2}.

3.2 Some equivalence results for the assumptions on cones

In this subsection we show that some of the items in Assumption 3 can be formulated equivalently on the cones
DI or C7 respectively. This applies to (By) or to (Ax) depending on whether the objective functional explicitly
depends on the control or not. We need the next lemma, the proof of which uses a result from [7].

Lemma 13. Let u € U satisfy the first order optimality condition (2.6)-(2.8) and let u € U be given. For T > 0,
we define

- 0 on [ |%—ZI| > 7],
u—1u else,

and w:=u—u—v. Let € >0 be given. Then there exists a constant C' > 0 such that
1
maX{Hzﬂm, ||L°°(Q)7 ||Zﬂ,UHLOO(Q)} < Cmax{s, Er } (37)

for all w € U with ||[u — @l|p1@) < €. Let eg > 0 be such that (1.18) holds. If the control does not appear
explicitly in (1.1) (that is, m = g = 0 in (1.4)), then (3.7) holds for all u € U such that v — @ € GI and
ll2a,u—allL=(qQ) < €o-

Proof. We define @, 4 € U by
ﬁ::{a on [|28> 1], a::{

u  else.

on [|GF>1],

u  else.

S

Observe that v = % — 4, w = 4 — @ and u — @ = v + w. It is trivial by construction that |[v|[z1(q), [[w]L1(@) <
lu — l[11(q). On the other hand, by (1.18), ||zg,u—allz~(@) < € implies ||y, — yallz~(@) < 2¢. If m,g =0, we
can argue as in [7] using u — % € G and the definition of w, to estimate

ol < (@) — ) < rllzmalo).
Thus by Theorem 1 and (1.16)

1/r . B .
||Z ” < COHZﬂ,ufﬂHL/oo(Q) if '17179:()7 u—1 € Gg,
u,w || Lo° < B i
D=\ Colu—illlg s

r—1

with Cp := C,.(2My) = . For zz,, we estimate with C := 2(Cy + 1)

1
llzawllLe@) < 2avtwllLe@) + | = zawlL=(@) < Cmax{e,er}.

In the second case the estimate holds trivially. O
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Now we continue with the equivalence properties.

Corollary 14. For k € {0,2}, Assumption 3(B},) is equivalent to the following condition (By): there erist
constants ag, Vg, T > 0 such that

J'(@)(u — @) + J" (@) (u = @)* > yillzau-allfaiq) v — @l 7 (), (3.8)
for all w € U for which (v —u) € D} and ||u — a1 (q) < .

Proof. Let k € {0,2}. If (By) holds then (By) is obviously also fulfilled. Now let (By) hold. The numbers dy,
and 4, > 0 will be chosen later so that assumption (Bj) will hold with these numbers. For now we only require
that 0 < &y < ag. Choose an arbitrary u € U with ||u — @l[11(g) < &x. We only need to prove (3.1) in the case
u—1u ¢ DT. Take v and w as defined in Lemma 13. Clearly by definition v € DZ. As a direct consequence of
(2.3)-(2.4) and Assumption 1 and 2 there exists a constant Cjy > 0 such that

|J" (@) (w)?] < Collza,wllLe=(q)llwllL1 (@), (3.9)
|J" (@) (w,v)| < Collzawll Lo (@) lwll L1 ()- (3.10)

‘We estimate
J" (@) (w)? + 2J" (@) (w,v)| < 3Co(lza,wllL=@) + lzallL=@)wlLi(q) (3.11)

Since ay < ay, and v € DI we may apply (3.8) with v instead of u — @. Using also (3.11), we estimate
J(@)(u—a)+ J" (@) (u—1a)* = J (@) (v+w)+ J"@)(v+w)?
> J'(@)(v) + J' (@) (w) + J"(@)(v)* + J" (@) (w)* + 2J" (@) (w,v) >
—3C(

75 + Tlwllz @)

_ T
Mwllzr@) = wellzanllizglvliig + 5wl

In the last inequality we use that by choosing & > 0 sufficiently small we may ensure that

~ 1 T
7= 3C0(|za0llL=(@ + zasllz=(@) = 7~ 3CoCmax{& a7} > 7.

1
This is implied by the inequalities ||zg w| |z, [|2a,v|lL= (@) < Crd; resulting from Lemma 13. Further, we find

lwllZ:
[wllLi@) = Lu H) 17
Cr(2My )7 Za,wl| T2 Q)

where we used that [Ju — |1 (g) < 2My for all v € U and

lzawl72q) < Izawller @)zl < lwllzq)Cr(2Mu) "
For kK = 0:
J' (@) (u —u) + J" (@) (u — @)* > ollvl| 71 + 5 ”w”Ll(Q) > min {707 53l }(”szLl(Q) + w21 (q)
2 —2
> 3m {’)’0, oM, }(”U - U”LI(Q)'
For k = 2:

_ _ _ _ T
J'(@)(u —a) + J" (@) (u —1)* > 72HZE,U||%2(Q) + §||w||L1(Q)

> min{re o YlzanlZao + lzmwl2eg) = 2min e o T V2
= 7256, @) 0/ § WFeelliz@ T lizmwlizg) = 3 V20 56, @) S 1Pz Q)

This proves that (3.1) is satisfied with an appropriate number 7. O
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If the control does not appear explicitly in the objective functional, we obtain a stronger result.

Corollary 15. Let m,g = 0. Then Assumption 3(As) is equivalent to the following condition (As): there exist
constants ag,y2, T > 0 such that

J'(@)(u —a) + J"(@)(u — 0)* > v za,u—allF2(q) (3.12)
for all w € U for which (v —u) € CF and ||y, — Yllp=(q) < 2.

Proof. Tt is obvious that (Asg) implies (Az). For the reverse, if u — @ € C7 the estimate holds trivially. We need
to consider the cases u — 4 ¢ GI and u — @ ¢ DJ with u — @ € G%. For the first, we argue as follows. Since
u—u ¢ GI it holds

-

J @ (uw—a)+J (@) (u—1a) > 7||zau_alrr0) >
(u)( ) (@)(u—1u) > 7lzz,u-allLr () 20,10

My, ||Zﬂ,u—ﬂ||%2(Q)~

For the second case u—@ € GZ and u—4 ¢ DZ, let & > 0 be smaller than aw, so that (3.12) and the prerequisite
of Lemma 13 is satisfied. We define w, v as in Lemma 13. By the choice of ay, Lemma 13 gives the existence
of a constant C' > 0 such that ||z 4—g||L~ < az implies

1
| (@)} < Cmax{az,a; }.

maX{HZThw”L“’(Q)a |2z,

Now we can proceed by the same arguments as in Corollary 14
(= - (= —\2 /(= (= 2 2 T
T (@) =) + (@) — 1) = @0+ w) + @0+ 0)? 2 el + 5ol
Finally, we use the estimate

l2a,wl72(q) < llraw i@ llzawllLe(@) < llwllL@)Cr(2My) /"

to find
_ _ _ _ T
J' (@) (u—a) + J" (@) (u — 0)* > yallza0lliz () + WHWHD(Q)
. T 2 2

2 min {1, 5esvsry | (Fnalis) + leaulig)

> mi i 2

Z min {”YQ, W}(Hza,u—aHM(Q)a
for all (u —u) € CF with |y, — Fll=(Q) < a2. O

4 Strong metric Holder subregularity and auxiliary results

We study the strong metric Holder subregularity property (SMHSr) of the optimality map. This is an extension
of the strong metric subregularity property (see, [18, Section 3I] or [15, Section 4]) dealing with Lipschitz
stability of set-valued mappings. The SMHSr property is especially relevant to the parabolic setting where
Lipschitz stability may fail.

4.1 The optimality mapping

We begin by defining some operators used to represent the optimality map in a more convenient way. This is
done analogously to [17, Section 2.1]. Given the initial data yo in (1.2), we define the set

D(e) = {y e wO.1) N 1=@) (+A)y € L@y 0) = w0}
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To shorten notation, we define £ : D(L) — L"(Q) by L := % + A. Additionally, we define the operator
L*:D(L*) = L"(Q) by L* := (—4 + A*), where

D) = {p e W, 1) 0 L=@Q)]( - % + A )p e L'(Q),p( T) = 0}.

With the operators £ and L£*, we recast the semilinear state equation (1.2) and the linear adjoint equation
(2.7) in a short way:

Ly=u—f(,y)
* 0H
L= Ly (s yu,w) = pfy( yu) = Ty(" Yur Dy W)
The normal cone to the set U at u € L'(Q) is defined in the usual way:

Nog(a0) ::{ {veL>Q)| le/(v—@u)dxdtgo Vo eu} EZ;Z’

The first order necessary optimality condition for problem (1.1)-(1.3) in Theorem 7 can be recast as
0 = Ly+f(u)—w
0 = L'p-— Ty('ayvpﬂ“t)a (41)

For (4.1) to make sense, a solution (y,p,u) must satisfy y € D(L), p € D(L*) and u € U. For a local solution
@ € U of problem (1.1)-(1.3), by Theorem 7, the triple (ya,pa, @) is a solution of (4.1). We define the sets

m

YV:=D(L)x D(L*) xU and Z:=L*Q) x L*(Q) x L>=(Q), (4.2)

and consider the set-valued mapping ® : Y — Z given by

Yy Ly +Bf}§-,y)—u
o p|=| Lp-%(ypu |. (4.3)
u %%(,y,p,u)+Nu(U)

With the abbreviation ¢ := (y, p,u), the system (4.1) can be rewritten as the inclusion 0 € ®(0). Our goal is
to study the stability of system (4.1), or equivalently, the stability of the solutions of the inclusion 0 € ®(v)
under perturbations. For elements &1 € L"(Q2) and p € L*(2) we consider the perturbed system

p € FL(,yp)+ Nulw),

which is equivalent to the inclusion ¢ := (§,7, p) € ®(¢).

Definition 2. The mapping ® : Y — Z is called the optimality mapping of the optimal control problem
(1.1)-(1.3).

Theorem 16. For any perturbation ¢ := (&,n,p) € L"(Q) X L™(Q) x L*°(Q) there exists a triple b := (y,p,u) €
Y such that ¢ € ().

Proof. We consider the optimal control problem

Lngl{{l{f(u)—i—/Qny dxdt—/qu dxdt},
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subject to

Ly+ f(z,t,y) =u+§ in Q,
y=0 on X, y(-,0) =yo in Q.

Under assumptions 1 and 2, we have by standard arguments the existence of a global solution 4. Then % and
the corresponding state y; and adjoint state pg satisfy (4.4). O

The following extension of the previous theorem can be proved along the lines of [17, Theorem 4.12].

Theorem 17. Let Assumption 3(Ag) hold. For each € > 0 there exists § > 0 such that for every ¢ € Bz(0;9)
there exists 1 € By (¢;€) satisfying the inclusion ¢ € ®(1).

4.2 Strong metric Holder subregularity: main result

This subsection contains one of the main results in this paper: estimates of the difference between the solu-
tions of the perturbed system (4.4) and a reference solution of the unperturbed one, (4.1), by the size of the
perturbations. This will be done using the notion of strong metric Hélder subregularity introduced in the next
paragraphs.

Given a metric space (X, dy), we denote by Bx(c, «) the closed ball of center ¢ € X and radius o > 0. The
spaces ) and Z, introduced in (4.2), are endowed with the metrics

dy(¥1,v2) = [ly1 — vallL2(@) + Py — p2llL2(@) + lur — vzl (@), (4.5)
dz(C1,C2) = 161 — &allzz(@) + Im — n2llz20) + 1 — p2llze (@)

where v; = (ys,pi,us) and ¢ = (&,m4,p:), @ € {1,2}. From now on, we denote v := (yg,pa, ) to simplify
notation.

Definition 3. Let ¢ satisfy 0 € <I>@) We say that the optimality mapping ® : Y — Z 1is strongly metrically
Holder subregularity (SMHSr) at (1,0) with exponent 0 > 0 if there exist positive numbers a1,z and K such
that

dy(¥,v) < kdz(¢,0)°

for all 1 € By(1; ay) and ¢ € Bz(0; ay) satisfying ¢ € ®(1).

Notice that applying the definition with ¢ = 0 we obtain that 1 is the unique solution of the inclusion
0 € ®(¢) in By(t; a1). In particular, @ is a strict local minimizer for problem (1.1)-(1.3).

In the next assumption we introduce a restriction on the set of admissible perturbations, call it I", which is
valid for the remaining part of this section.

Assumption 4. For a fized positive constant Cp., the admissible perturbation ¢ = (§,n,p) € I' C Z satisfy the
restriction

1€l (@) < Cpe- (4.6)

For any u € U and ¢ € T we denote by (y5, pS,,u) a solution of the first two equations in (4.4). Using (1.12)
in Theorem 3 we obtain the existence of a constant K, such that

||y1€||Loo(Q) <K, Yuel V(ecl. (4.7)

Then for every u € U, every admissible disturbance ¢, and the corresponding solution y of the first equation in
(4.4) it holds that (yS(z,t),u(x,t)) € R := [—K,, Ky] X [uq, up).
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Remark 4. We apply the local properties in Assumption 2 to the interval [—-K,, K,|, and denote further by
C a constant that majorates the bounds and the Lipschitz constants of f and Lo and their first and second
derivatives with respect to y € [—K,, K,].

By increasing the constant K, if necessary, we may also estimate the adjoint state:
IPall @) < Ky(L+ [Inllzr (@) Yuel ¥CeT.
This follows from Theorem 1 with oo = ——(33 t,y5) and with 22 (@t ,y$,u) at the place of w.
We need some technical lemmas before statmg our main result

Lemma 18. Let u € U be given and v,n € L"(Q), £ € L>=(Q). Consider solutions 1y, yS, p. and p!l of the
equations

£y+f(vy) = u, ‘C* ( Yu, P, U ) = 0;
and solutions zgﬂ,, Zg,v Of
L2+ fy(hye)z = v,
{ Lz+ fy(yu)z = v (4.9)
There exists constants 3; > 0, i € {1,2}, independent of ( € T', such that the following inequalities hold
195 — vullz2@) < CliEl L2 (@), (4.10)
||Z§,,v - Zu,vHL?(Q) < Bulléller (4.11)
125, 1€l 22 (@) 12,0 22(0) (4.12)
P4 = Pull2 < B2(ll€llL2@) + Il L2(@)), (4.13)

where C' is the constant given in (1.8) and s € [1, nt2)

Proof. Subtracting the state equations in (4.8) and using the mean value theorem we obtain

of
e ¢ _ o (4 E ) e
dt (y'u. yu) + A(yu yu) + 6y ({E, 7y9)(yu yu) §
Then, (1.8) implies (4.10). To prove (4.11) we subtract the equations (4.9) satisfied by z§ ,, and 2, to obtain
d 5} 5} 0
G = ) AGE = 50) 4 @)~ 2u) = [0t = G 05
Now, using (1.8), the mean value theorem, and (4.6) we obtain
o D) L
1550~ uolizie) < ) [ ti) = St o) < CONGE ~ v)unlizce)

< CO|lys - yulle(Q)llzu,vlle(Q) < CCCYeILr (@)l 2unll 2@

The proof for estimate (4.12) follows by the same argumentation but using (1.11). We denote by 8; > the
maximum of the constants appearing in the estimate above and its analog for (4.12). Finally, we subtract the
adjoint states and employ the mean value theorem to find

— i * 87f EY(ph —
g P = Pu) AL = pu) + 5 (@ L) (P — pa)
0?L 0?

= G B0 )+ 0 o) 0~ )
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The claim follows using (1.8), (1.16), and (4.7) to estimate

1P% = pull2(@) < (C?C + MyuC*C + C)(|[€ 2@ + Inll2(@))-
O

Lemma 19. Let s € [1, "TH) N[1,2]. Let w € U and let yy, p, be the corresponding state and adjoint state.
Further, let y andj)g be solutions to the perturbed state and adjoint equation in (4.4) for the control u. There
exist constants C,C > 0, independent of ¢ € T', such that for v € U, the following estimates hold.

1. Form =0 in (1.4):

H oH
o ¢ ¢ _
’/ 50 (2, t,Yu, Pu) 5u (x,t,yu,pu))(v u) dz dt

C(lllz2@) + Inllz @)l 2uu—vllz2(q) (4.14)
< é<||§||L2<Q> + llnll 2@l — ull Fg)- (4.15)

2. Fora geneml m € R:
’ / (@, Yus Pu) — %%(m,yiapi))(v —u) dxdt’ < C(l€lLr@) + Inllr@)llo = ulli(g)-  (4.16)

Proof. We consider the first case, m = 0. We begin with integrating by parts
0H
‘/ (2, t, Y, Pu) — —(m,t,y&pi))(v —u) dxdt‘
ou
oL oL
< ‘/ J(agt,yu)zu,u,v — 8—O(x7t,y§)zg ufv} dz dt‘ + ‘/ zg v dx dt‘
Y : ,
oL dLg
/‘ Ol'tyu—a(.’lityu)

+‘/ nzwu_vdxdt‘ :Il —|—IQ—|—I3
Q

¢
Zyu—v Zuu—v = Zgu—v dx dt

dxdt+/ ‘—xtyu +T]‘

For the first term we use the Holder inequality, the mean value theorem, (1.11), (1.16), and (4.10) to estimate
0Ly 0Ly
L < / }—(axt,yu) - 7($7t7y7§) |Zu,u*v‘ drdt
Q! 9y dy

< Cllys — vullr2(@) |7u, u—uHm(Q) < COéll L2y l1zusu—vll 22(Q)

142 ('~ 14252
< CCCLT™ (@M)€l raollu — vl Lt g, -

Here we used that by Theorem 1 and Lemma 1.11 it holds

(s'=1)(2—s)

< 5 ) e

LY@

u— vl

2—
||Zu,ufv||L2(Q) < ||Zu,ufv||Loo |

5=1- 22_5 5. The second term is estimated by using (1.16), Holder’s inequality, and

0Ly
Ig/ Lo (1 4,46
2 Q)By( i)

1
< Brmax{dy, Q" Cpe}([I€ll (@) + L2 @) | 2uu—vll 22 (@)

1422
< da(ll€lle2@) + Inll2@)llw — vl 71 5y -

(4.11):

v — Zuu—v| dzdt
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where di = ||, || 1 (@) and d2 := B max{d1, |Q|~ Cpe}C’1Jr 7 (2My )(b —2"= _ For last term we estimate

IS < ‘/ NZu,u—v dx dt < ||Zu,u7v||L2(Q)||77||L2(Q)
Q

We prove the second case (4.16). By applying (1.9) and arguing as in the proof of (4.10) and (4.13) but for r,
we infer the existence of a constant, again denoted by C' > 0, such that:

[ (Gt = Gt (0 = ) ]

- ’/Q [pu — Pl 4+ m(ya —yi)} (v —u) dwdt‘

< lpu — P2 +m(yu — yg)”L‘X’(Q) lu —al L)
< C(l¢llLr @) + Il

Lv-(Q))HU _u||L1(Q)~

The main result in the paper follows.

Theorem 20. Let assumption 3(Ag) be fulfilled for the reference solution v = (,p,4) of 0 € ®(v)). Then the
mapping ® is strongly metrically Hélder subreqular at (¢,0). More precisely, for every € € (0,1/2] there exist
an > 0 and K, (with oy and Ky independent of €) such that for all ¢ € Y with ||u — @||p1g) < an and ( €T
satisfying ¢ € ®(v), the following inequalities are satisfied.

1. In the case m =0 in (1.4):

I - ullzs @y < o (Ipllimo) + €2y + Inllzc)) (4.17)
e~ v8llzzc@) + o — 9 @y < i (lolle o) + Ellzzcey + Wl ) (4.18)
where
6o =60=1 if n=1, (4.19)
bp=0=1—¢ if n=2, (4.20)
90:%75, 9:%75 if n=3. (4.21)

2. In the general case m € R:

@ —ullL1(@) < fin (||P||L°°(Q) + 1€l @) + ||77||L7‘(Q))7 (4.22)
0o
lya — vsll2@) + Ipa — pSll2@) < M(IIPIILw(Q) + 1€l @) + ||77HLT(Q)) . (4.23)

Proof. We begin with the proof for m = 0. We select a1 < &g according to Lemma 12. Let { = (§,n,p) € Z
and ¢ = (y5,pS, u) with |[u — @[|r1(g) < oy such that ¢ € ®(v), i.e

E = ( Y )—U
n = C*pu S, Y5 1Sy ),
p € 6u(7yu7 u)+NM( )
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Let y, and p, denote the solutions to the unperturbed problem with respect to u, i.e.

)
U = ‘Cyu + f('7'7yu) and 0 = L Pu — Ty('aylupuau)'

By Lemma 18, there exists C,B2>0 independent of 1 and ¢ such that

95 = vull 2@ + 195 = Pullzz@) < (€ +82)(I€l @) + Illz2(@)- (4.24)

By the definition of the normal cone, p € 2 (-, y5, pS) + Ny (u) is equivalent to

OH
0= [ (0= G Cosbeniw =) u e
Q u

We conclude for w = u,

OH 0H 0H
> (.- Y (... e S oS (1 —
0> /Q 9 ( s 7yu;pu)(u U) + /Q(P+ ou ( 5 ,ympu) ou ( 5 ,yu,pu))(u U)

_ _ OH OH _
2J/(U)(U*U)*||P||LW(Q)||U*U||L1(Q)*‘/(76 (Y Pu) = 5 (o y5.p5)) (@ —w)dedt|.  (4.25)
Q U (A

By Lemma 19, we have an estimate on the third term. Since |lu — | 11(g) < Go, we estimate by Lemma 12 and
Lemma 19

_ ~ _ A _n14+(s—2)/(2s —
= all3s )7 < I - ) < C (Il 2@ + Inllzz@) e = @ll S > @ + ol e @llE =l @)
and consequently for an adapted constant, denoted in the same way

2s

B ~ s+2
= ulzs@ < C(loll~@ + €l + Inllzz@) -

To estimate the states, we use the estimate for the controls. We notice that (2—s5)/(28")+s/2 =1+ (s —2)(2s)
and obtain

=N 5 el 14552
Iy — wllz2(@) < v — Bull o gyl — vl Eu gy < G718 — w55 (4.26)
Thus, for a constant again denoted by C' and with (1 + -2) 5152 = 323;527
3s—2

lya = yullz2@) < é(II«EIILz(Q) +nllz2 @) + ||p||L°°(Q))

Next, we realize that by Lemma 18 and (4.2)

3s—2
~ ~ 2+4s
lya = ilz2@) < lva = vallzzc@) + Ia = 38 22(@ < max{C, CY (gl 2@ + Inllz2@) + ol =)
Using [|pa — pullz2(@) < Cllya — Yullz2(@) and (4.13), the same estimate holds for the adjoint state
3s—2
2Fs

Ipa — P51l 22(@) < IPa — Pullz2c@) + Pu — P52 (@) < (C@+52)(II£IIL2(Q> +1nllzz@) + ”P”L‘X’(Q)) :

subsequently we define x := max{C,C}. Finally, we consider the case m # 0. Using estimate 4.16 in (4.25)
and arguing from that as for the case m = 0, we infer the existence of a constant C' > 0 such that

= all @) < E(Ipllz~@) + Il + Mllir@ )
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This implies under (4.26) the estimate for the states and adjoint-states

o 1+(s-2)/(29)
Vi = Yall2 (@ + lpa = Pillza(@) < max{C, 2H (€l + Il z2@) + o= @) :
| all +1 | < max{C,CC + B} [I€]| + [l + el

3s—2
2+s
for 242 for each case n € {1,2,3} completes the proof. O

To determine 6 and 6y we notice that the functions s — % and s —

are monotone. Inserting the value

To obtain results under Assumption 3 for k € {1,2}, we need additional restrictions. We either don’t allow
perturbations p (appearing in the inclusion in (4.4)) or they need to satisfy

p e D(LY). (4.27)

Theorem 21. Let m = 0 and let some of the assumptions (A1), (B1) and (Az), (B2) be fulfilled for the reference
solution ¢ = (§,p,u) of 0 € ®(x)). Let, in addition, the set T of feasible perturbations be restricted to such ( € T
for which the component p is either zero or satisfies (4.27). The numbers a,, K, and € are as in Theorem 20.
Then the following statements hold for n € {1,2,3}:

1. Under Assumption 3, cases (A1) and (By), the estimations

|2 — w1y < I<~'n<||£*l7||L°°(Q) + 1€l L2 @) + ||77||L2(Q)>7

()
lya = S lz2@ + Ipa = pSllz2@) < A (Ipllw @) + Ellzae) + Inllzz@))

with 0y as in Theorem 20, hold for allu € U with ||y, — || L~ () < @n, in the case of (A1), or |u—ul[11 () < an
in the case (By), and for all { € T satisfying ¢ € ®(¢).
2. Under Assumption 3, cases (As) and (Bz), the estimation

19 - vz + 19— llzac) < n (I€lz2@) + Il @) + 1£7 N2y

hold for all u € U with ||y, — Y|z~ (@) < an, in the case of (Az), or |[u — l|L1(Q) < ayn in the cases (Bz), and
for all ¢ € T satisfying ¢ € ®(v).

Proof. We first notice that if the perturbation p satisfies (4.27), it holds

d
/ p(u— @) da dt — / (L4 W)z + (@ b ye) 7)o dz dt

d
- / ((—% + A" p + fy(z.t,ya)p)za,u—a dzdt.
Q

Thus
| /Q plu = @) dzdt| < lzuu-al 2@ (1€ pll2@) + 1@t vl =@ lollac@)).

Under Assumption (A;), we can proceed as in the proof of Theorem 20 using Lemma 12 and (4.15) in Lemma
19, to infer the existence of constants a, x; > 0 such that

12— ull Ly (@) < k1 <||ﬁ*0||L2(Q) + 1€l e2@) + ||77||L2(Q)>7
and by standard estimates the existence of a constant C' > 0 and using (1.18)
lva — vullL2@) + [IPa — Pull2@) < Cllya — yull2(@) < 2C|2uu—allL2()

2s

A 5278 * s+2
< 20%77 (1€ pllz2@) + lellzz@ + Inllez@) ™ s
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for all u € U with ||y, — ¥llz=(Q) < @ or |[u —al|L1(g) < a depending on the assumption. From here on, one
can proceed as in the proof of Theorem 20 and define the final constant x > 0 and the exponent 6y accordingly.
Finally, by similar reasoning, under Assumption (As) with Lemma 12 and Lemma 19, one obtains the existence
of a constant x > 0 such that

lva — yullz2(@) + IPa — Pull2(@) < “(||£*P||L2(Q) +11€llz2(q) + ||77||L2(Q))>

for all u € U with ||y, — Fll = (@) < @ or |lu —1l[11(g) < . Again, proceeding as in Theorem 20 and increasing
the constant k if needed, proves the claim. O

Remark 5. Theorems 20 and 21 concern perturbations which are functions of x and t only. On the other
hand, [15, Theorem | suggests that SMHSr implies a similar stability property under classes of perturbations
that depend (in a non-linear way) on the state and control. This fact will be used and demonstrated in the next
section.

5 Stability of the optimal solution

In this section we obtain stability results for the optimal solution under non-linear perturbations in the objective
functional. Namely, we consider a disturbed problem

(Pe) glelaljg(u) :=/Q[L(sc,t,y(a:,t),u(x,t))+n(m,t,yu(m,t),u(x,t))] dz dt, (5.1)

subject to

@ T A+ flety) =uté in Q (5:2)
y=0 on 3, y(-,0) =yo in Q,

where ¢ := (£,7) is a perturbation. The corresponding solution will be denoted by y$. In contrast with the
previous section, the perturbation  may be state and control dependent. For this reason, here we change the
notation of the set of admissible perturbations to I. However, Assumption 4 will still be valid for the set I.
We also use the notations C),., K, and R with the same meaning as in Subsection 4.2.

In addition to Assumption 4 we require the following that holds through the reminder of the section.

Assumption 5. The perturbation n € L*(Q x R) for every (£,m) € I. For a.e. (x,t) € Q the function
2

n(x,t,-,-) is of class C? and is convex with respect to the last argument, u. Moreover, the functions g—Z and g—y’;

are bounded on @ X R, and the second one is continuous in (y,u) € R, uniformly with respect to (t,x) € Q.

Due to the linearity of (5.2) and the convexity of the objective functional (5.1) with respect to u, the proof
of the next theorem is standard.

Theorem 22. For perturbations € r satisfying Assumption 5, the perturbed problem (P¢) has a global solution.

In the next two theorems, we consider sequences of problems {(P¢, )} with i € I'. The proofs repeat the
arguments in [2, Theorem 4.2, Theorem 4.3].

Theorem 23. Let a sequence {(x € I'}y converge to zero in L2(Q) x L2(Q x R) and let uy, be a local solution of
problem (P, ), k=1, 2,.... Then any control @ that is a weak™ limit in L*°(Q) of this sequence is a week local
minimizer in problem (P), and for the corresponding solutions it holds that y,, — i in L*(0,T; H}(Q))NL>(Q).

Theorem 24. Let {i.}r be as in Theorem 23. Let @ be a strict strong local minimizer of (P). Then there exists

a sequence of strong local minimizers {uy} of problems (P, ) such that up — @ in L=(Q) and y., converges
strongly in L*(0,T; HE(2)) N L>(Q).
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The next theorem is central in this section.

Theorem 25. Let assumption 3(Ag) be fulfilled for the reference weakly optimal control @ in problem (P) and
the corresponding yj and p. Then there exist positive numbers o and C' for which the following is fulfilled. For
every perturbation ¢ € T and for every weak local solution u; of problem (P¢) with ||uc — ullpig) < a, the
following estimates hold:

1. If m=04n (1.4):

0o
u —uclp @) {HEHLQ(Q) + ||H 77||L°° w2 + H 77||L°C(Q><R)} )

0
19 = Yucll2@) < C[||§||L2(Q) + HH 77||Lo<>(R)||L2(Q) + || 77HL°°(Q><R)] .
2. For m € R:

o ucllrar < CI€llri@) + Mol mlliria + Il @xm),

_ d fo
17 = Yucllz2(@) < C[Hf”u(@) + ||||@U||L°o rllzr @) + || UHLOO(QXR)}

Here 0y and 0 are defined as in Theorem 20.

Proof. The local solution (7, u) satisfies, together with the corresponding adjoint variable, the relations (4.1).
Similarly, (yu.,uc) satisfies, together with the corresponding p,, the perturbed optimality system (4.4) with
the left-hand side given by the triple

£()
a5 (10 Yue () ue () (5.3)
10 e (), uc())-

Since it is assumed that |[u¢ — u||z1(g) < @ we may apply Theorem 20 (here we choose the same « as in this
theorem) to prove the inequalities in the theorem. O

The proof of theorems 26 and 27 follows in the same spirit but using Theorem 21 instead of Theorem
20. We make an additional assumption for the perturbation 7 in the objective functional, namely, that p :=

%(n(yyut(-),ud-)) satisfies (4.27), i.e

d

20 105 Yuc (), uc () € DILT). (5.4)

For an explanation of the condition (5.4), we refer to the proof of Theorem 21.

Theorem 26. Let m = 0 and Assumption 3(A1) be fulfilled for the reference strongly optimal control u in
problem (P). Then there exist positive numbers o and C' for which the following is fulfilled. For every perturbation
¢ € I' and for every local solution u¢ of problem (P¢) with ||y, — ¥l|r~(q) < a, the following estimates hold.

_ L d
= ucllar < C(IE" Z 0 e uc O z2c@) + €200 + It 2200

and all together

_ " d 0o
19 = Yucll2(@) < C(HE @(W(Hyuc(') uc ()2 + 1€z + == 77HL<>C(R)HL2(Q)) ,

where 0y is defined in Theorem 20.



24

Theorem 27. Let m = 0 and let Assumption 3(As) be fulfilled for the reference strongly optimal control @
in problem (P). Then there exist positive numbers « and C for which the following is fulfilled. For every
perturbation ¢ € T' and for every local solution u¢ of problem (P¢) with ||y, — ullr=q) < «, the following
estimates hold:

_ . d d
19 = vz < O (1L 3o 0 1Dz + 1€l + g nllimm ez )

Remark 6. The constraint that uc needs to be close to the reference solution @ in the theorems above is not a
big restriction. This is clear, since Assumption 8 implies that u satisfies (3.2). Hence, 6 is a strict strong local
minimizer of (P) and, consequently, Theorem 24 ensures the existence of a family {uc, }, Cx € I, of strong local
minimizers of problems (P¢) satisfying the conditions of Theorem 20 or 21.

Example 1 (Tikhonov regularization). We consider the optimal control problem

(Py) {LnelgllJA(u) ::/QL(x,t,y(x,t),u(x,t))—&—;\/Qu(x,t)dedt,

subject to (1.2) and (1.3). As before, @ denotes a strict strong solution of problem (P)= (Py). We assume that
u satisfies Assumption 3(Ag). From Theorem 24 we know that for every sequence A\ > 0 converging to zero
there exists a sequence of strong local minimizer {ux, }32, such that ux, — @ in L*(Q) for k — oo, thus for a
sufficiently large ko we have that for all k > kg

0
lya — yullz2(@) + IPa — PurllL2(@) < C(/\k) ’

@ —ukllLi@) < CAk,
where 0 is defined in Theorem 20.

6 Examples

Here we present two examples that show particular applications in which different assumptions are involved.

Example 2 (Negative curvature). We begin with an optimal control problem, that has negative curvature. The
parabolic equation has the form

% _ .
dt + Ay + eXp(y) =u mn Qa (61)
y=0onX, y(-,0) =y on.

Let 0 < g € L?(Q) be a function satisfying the structural assumption (2.15). We consider the optimal control
problem

min{J(u) = /Q(yu+gu)dxdt}

ueU

subject to (6.1) and with control constraints
U={uel®Q)0<u, <u<uy fora.a. (z,t)€Q}. (6.2)

By the weak mazimum principle yu, — Yu < 0 for all w € U and @ := u, constitutes an optimal solution.
Further, by the weak mazimum principle, the adjoint-state p and the linearized states zg—q for allu € U, are
non-negative. Moreover, we have

J' (1) (u—1u) = /Q(p+g)(u —a)dzdt >0,
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T (@) (u — @) = /

Q
for all w € U. Since g satisfies the structural assumption, there exists a constant C > 0 such that

Wg y—g dedt = / —ﬁexp(g)z;ufﬁ dxdt <0,
Q

/ glu—a)dedt > Cllu — ﬂHil(Q) YueU.
Q
On the other hand, integrating by parts we obtain

/ plu—a)dedt = / Za,u—z dx dt. (6.3)
Q

Q

If for uw € U with ||u — | 1@y or [|[yu — UllL~(q) sufficiently small such that

1
2||lpexp(@)l L= (q)

> ||Zﬂ,u—ﬂ||L°°(Q)a

we can absorb the term J" (u)(u — u)? by estimating

/ plu —w)dzdt + J"(a)(u —u) = / Zau—a(l — pexp(§)za,u—g)dz dt (6.4)
Q Q
1 K ,
Z 5 /Q Zg’u,g dJI dt Z 5‘|Zﬁ’u7ﬁ|‘L2(Q), (65)

where the last inequality is a consequence of the boundedness of U C L>®(Q) that implies the existence of a
constant K > 0 such that ||za,u—allL1(Q) > K||Za,u7a||%z(Q) for allw € U. Altogether, we find

_ _ _ _ i K
J(@)(u =)+ J" (@) (u = 0)* = Cllu =71 q) + 5 l2mu-allZz(0)

CK _
> \/jH“ —ull@llzau—allrz @) Yuel.

Thus, Assumption 3(A;) is fulfilled and we can apply Theorem 21 to obtain a stability result.

Example 3 (State stability). We consider a tracking type objective functional where the control does not
appear explicitly and for which we will verify (As). As perturbations we consider functions ¢ = (§,1,p) €
D(L*) x L"™(Q) x L™(Q) x D(L*). Denote by yq the solution of this equation with v = wu, and consider the
problem

min{J(u) ::1/(y(m,t)—yd(m,t))2dmdt+/ nydxdt+/ pudxdt},

subject to the same constraints as inn Example 2. For a local minimizer @ of the unperturbed problem (¢ =0),
it holds

(@) (u— @) = / (5, 1) = yal(@, 1)) 20 0n dudt >0 Vu €U,
Q
T @)= 1) = [ (@) = vl )+ g dods
Q
= / (1 —ﬁea:p(g))z;’ufﬁ dedt Yu €U,
Q
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where p solves
FHADrep@P=9—ya inQ,
p= OonE p(-,T)=0 on Q.

If the optimal state tracks yq such that ||y —yal| gy < we find that (As) holds. From Theorem

= 2C, Hexp( Moo (@)
26 we obtain the existence of a constant k > 0 such that

Iy — vl 2@y + lpa = wellzc) < (162 + Inllza@ + 1€l

for every perturbation ¢ € T and for every local solution u¢ of problem (P) with ||yu. — @l|p~(q) < a.

A Appendix

Lemma 28. Supposer > 1+ %5 and s € [1, "T“) N[1,2]. The following statement is fulfilled for all u,a € U.
There exist positive constants K,, M, and N, ¢ depending on s and r such that

Hyu — Yu — Zﬂ,u—ﬂ”C(Q) < Kr”yu - yﬁ”%%(Q), (Al)
I — e — gl e — vl (A2)

i) (A.3)

g_s2
1Yu — ya — Zﬂ,u—ﬁ||L2(Q) < N?",S”yu - nyHC(Qz) 1Y — Yal

Proof. Let us denote ¢ := y, — ya — zau—a € W(0,T) N C(Q). From the equations satisfied by the three
functions and by the mean value theorem ¢ satisfies
d(b of of

+A¢+ 7( atvyﬂ)¢ = [@(xvtvyﬂ) -

0
%(w,t,ye)] (Yu — Ya),

where yg(x,t) = ya(x,t) + 0(x,t) (yu (2, t) — ya(z,t)) with 6 : Q@ — [0, 1] measurable. Applying again the mean
value theorem we obtain
. of W

y( T yu)@b*

with yg(z,t) = ya(z, t) +9(z, t)(yg(x t) —ya(x,t)) and ¥ : Q — [0, 1] measurable. By Theorem 1 and Remark
4 we infer the existence of constants C,., C' independent of u, % € U and —f(z t,yz) such that

-+ AS+ = (@t y9) (Yu — Ya)®

H¢||C(Q) < Cré||(yu - yﬂ)QHU(Q) = CTC_’Hyu - yaHQLzr(Q)a

which proves (A.1) with K, := C,.C. To prove (A.2), we use Lemma 2, Remark 4 and (1.16) to obtain

(A4)

Oy = ya)?lzr@) = CoCllyu = vallia(q) < CoCllyu — vallg sy 1ve — wall

s/

Taking M, := CyC, (A.2) follows. The inequality, (A.3), follows from (A.2) and (A.1) of Lemma 28 by

estimating

2

E 2(2—s) s — s“
1602 < 191t 1815+ @) < K™l — vl a2y | M2l - yullcé; My — vall 2 g
G s 2os 2— 54 (2=2)s 2
<K 7 M2 IO llyu —valcg) g — all 2

Defining N, 5 := K M2 \Q| 2z and noticing that 2 — s + @ =2- % proves the claim. O
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Proof. of Proposition 5. We prove (1.17) by applying Theorem 1 to ¢ := 2z, — Zu, v, that solves

dib of of of O*f

% +A¢ + aiy(xatyﬁ)w = aiy(xytayue) - ?y(xatyﬂ) Zua,v = ain(xatyﬁ)(yﬂ - yue)zue,’U' (A5)

To prove (1.18), we use (A.3) with s = v/2 to estimate
lyw = vallz@) < ll22@) + lIzau-allz@) < N, yzllve = vallo@ylvu — vallpvzg) + lza.u—allL2(@)-

Using fact that by the Hélder inequality ||y — yallve(q) < \Q|%_% 1Y« — vallL2(@), the claim follows. For the
other direction, we select again s = v/2 in (A.3) and find

l2a,u—all2(Q) < I18llL2(Q) + lyu — Yallz2(q)
<N, ysllve = vallo@ lve = vall Lva(g) + 19u — vallr2 @)

a1
< (Wl o =l +1 ) e — vl
Finally, for (1.19) we use (1.17) and estimate
lzawllzz@) < llzaw = 2uollrz@) + l2unllzz@) < Ko/ 1QUye — vallo@)lzawlliz2@) + 2wz (@)-

Choosing € = [2K5 ¢/|Q|]~! proves the first part. The second inequality follows in a similar way. The estimates
with respect to the || - || (q) follow by similar reasoning, using (A.1). O

Proof. of Proposition 8. Let us prove first the implication (Ay)=(Bj) for any k € {0,1,2}. Given u € U, by
the mean value theorem

d(yu - g)
dt

Al — ) + %(x,yw(yu e —7) =u—a.

Using (1.9) in Theorem 1 we obtain that

r—1

1
19u = ¥llc@) < Crllu = allir@) < Cr(2Mu) ™ |lu = al| 11 q)-

Then, by &y := Wﬁ)““ we obtain that (Ay) implies (By) with v = Y.
To prove the converse implication, (By)=-(Ag), we assume that (By) holds, but (A) fails. Then for every
integer [ > 1 there exists an element u; € U such that

i _ _ i 1 o i 1
J'(u)(ul —u) + J//(u)(ul - u)2 < j”ul - UHilécQ)”Zﬂ,ul—ﬁ”Izz(Q) and ||y, — y”C(Q) < T (A.6)

Since {w;}7°, C U is bounded in L*°(Q), we can extract a subsequence, denoted in the same way, such that
u; = u in L=(Q). On one side, (A.6) implies that y,, — 7 in L®(Q). On the other side, u; — u in L>®(Q)
implies weak convergence in L"(Q). From (1.13), the convergence y,, — v, in L°°(Q) follows. Then, y,, = g and,
consequently, u = @ holds. But Assumption(By) implies that @ is bang-bang, and hence the weak convergence
uw; = @ in L>°(Q) yields the strong convergence u; — @ in L'(Q); see [17, Proposition 4.1 and Lemma 4.2].
Then, for k¥ = 0, (A.6) contradicts (Bp). The same argument holds for (B;) and (Bz) under the additional
condition that @ is bang-bang and noticing that ||za,u,—allc(@) < 3/2[yu, — ¥llc(g) by Lemma 5.

O

A proof of the following Lemma can be found in [2, Lemma 3.5] or [8, Lemma 3.5].
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Lemma 29. Given u € U with associated state y. Then, the following estimate holds
HqurG(u a) yHC < B”yu gHC(Q) Vo € [Oa 1] and Vu € U, (A7)

where B := (2C,C/|Q|My + 1), C, is the constant of Lemma 2 and C is the one from Remark 4.

We proof the analogous statement for the adjoint-state. For an elliptic state equation, it was also done in
[2, Lemma 3.7].

Lemma 30. Given @ € U with associated state § and adjoint-state p, there exists a constant B > 0 such that
- 1
[Pa+ou—a) — Plle@) < Bllyu — Yllo@gy + Imlllu — ﬂ||£1(Q))a (A.8)

for all 0 € [0,1] and u € U.

Proof. Let us prove (A.8). Given u € U and 6 € [0, 1], let us denote up = @+ 0(u — @), Yo = Yu,, and pg = Py, -
Subtracting the equations satisfied by py and p we get with the mean value theorem

d . . Of _ 9L oL -
— —(po —p) + A" (po p)+afy(x,t7y)(pe p) = 6)y(:v,t,y@,wg) By (z,t,9,u)

dt
+ ot = 5wt o
2 2
= [%(%t»yﬁ) _pegiyé(xvtayﬂ)} (yt9 - 37) +m(u9 - ﬂ)a

where yy = § + H(yg — §) for some measurable function ¥ : Q — [0,1]. Now, we can apply again Theorem 1
and Remark 4 to conclude from the above equation

Ipo = Bllcg) < Cr(C + MuC)/1Qlllye — Glloo) + ImI0C:[u — all L)
< BHyu - y”C(Q) + |mfflu — U||L1(Q)’

where B = C,((C + MyC)/|Q|B + (2My)" ), with B being the constant from Lemma 29. Then, (A.8)
follows by applying Lemma 29. O

Proof. of Lemma 10. The second variation of the objective functional is given by Theorem 6. Let us denote uy,
Yo, and @y as in the proof of Lemma 30. From (2.4) we obtain

(" (a + 9(u —u)) — J"(‘)](u - a)?|
< -l
/ ‘w z,t,7) ;J;(af t ye)} Zupu—i

AR

¥ y2 (1’7 t’ g):l (Zie,u—ﬁ - Z’l%,u—ﬂ)
_h+b+g+u+g

82

dxdt—&-/‘@ @0)a£(xty9) ugu udxdt

dz dt

x,t,y

drdt + 2’ /Q(u — ﬂ)m[zue,u_ﬂ — Za,u—a] dz dt‘

We consider the case m = 0 first. Let us consider the terms I;, i € {1,..,4}. For I;, we deduce from Remark 4,
(A.7), and (1.19) that for every p; > 0 there exists &1 > 0 such that

11§01||Za,u—uH%2(Q) if yu = ¥llog) <er-
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To deal with I, we use Remark 4, (1.19), and (A.8) to obtain for every ps > 0 the existence of a €5 > 0 such
that

I < P2||Za,u—aH%2(Q) it |yu = Ullc@g) < 2
The estimate for I3 follows from (1.19) and Remark 4. Thus for every ps > 0, there exists €3 > 0 with

I3 < P3||Za,u—uH%2(Q) it [lyu — g”C(Q) < é€3.
For I, we infer by Remark 4, (A.3), (1.19) and (A.7) that for every ps > 0 there exists €4 > 0 such that

(é + MMC—Y)que,ufﬁ + Zﬁ,u*t‘LHH(Q)HZw,ufﬁ - Zﬁ,ufﬁ||L2(Q)

o5 )
< 5 (O + MyO)|zau-all 2@ lvo = dllow@ 12au-all2 @)

< p4||zﬁ7u*ﬁHL2(Q) it |yu = Jllcg) < ea-

Taking p; small enough such that I; < § for every i € {1,..,4} and setting ¢ = minj<;<4¢;, the first claim
follows.
For the case m # 0, we need to additionally estimate I5 and reconsider the term Is. We recall that for the case
m # 0, we assume that [|u — u||1(g) is sufficiently small. To estimate I5 we use that zz, satisfies equation
(1.14) and that ¢ := 25 4—g — Zu,,u—a SOLves

di/f of *f

of
(1,90 | 2w = 3 0o 90) (= )2 (A9)

0
+~A¢+ ( 7t7yﬁ)7/}: [F}Z(xatvyue)iaiy

where we used the mean value theorem to infer the existence of a function ¥ such that (A.9) holds. We use
Remark 4, (1.19), Lemma 2 and (A.7) to estimate

2| / (= @) 2up -~ Zau-a] dwdt| < 2l = @l o g I2uau-a — Zn0-allze(@)
Q

EES o

< 2l (2Me) T o — @l 71 g 2 — 2aucall (@)
- EE i -

< [m|CCy B@My) 7 lu =l g 1us — Tl 2@ 2500-all22(@)
< p5||zﬁ,u—ﬁ||%2(Q) if flu— ﬂ”Ll(Q) < &s-

We remark, that to make the last step, we used that (A.7) holds also if the || - || Lo (g)-norm is exchanged with

the || - [|z2(g)-norm. This can be seen in the proof of [2, Lemma 3.5]. The validity of the estimates for I; for
i € {1,3,4} holds, noticing that by (1.9), [lu — al/z1(g) < ﬁ, implies |lyu — ¥llc(g) < €. For the term
cr(2M,

I, we use Remark 4, (1.19), and (A.8), to find for any ps > 0 a €3 > 0 such that

9 _ 1 . _
<,¢B B(Cr(2My) T+ [m)|Ju — il 11 1zau-allfzg) < pellzau—alfag) if llu—allriQ) < e (A.10)

Taking ¢ := minj<;<5 €;, completes the proof. O

Proof. of Corollary 11. Let s € [1, 2£2) N [1,2]. We first consider the case m = 0. Using that Lo and f satisfy
the assumption in Remark 4 and arguing as in the proof of Lemma 10, there exists € > 0 and a constant P > 0
such that

77 (@ + 0(u — @) — J"(@)](u — 8)°| < Pllyu = yall o=@l zau-all2(o)
for all u € U with ||y, — yallL~ (@) < &. To prove (3.4), we select I1,ly > 0 with I; + I3 = 1 and use the estimate

2—s -
el 2 < lzaumall g I — @l g (A11)
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By (A.11), (1.9), (1.11) and (A.3), we find

2— 2 2
Iy = Flo@ lzau—aliz@) < 19u = Tllo@ lzau—allL @l zau—al Sy e = @l

_n(s—1 s — 1l 2s")+s/2

< Corsup fu — all )" ||yu—y\|c(+Q§||zuu e e

"~ 2 2
< CSQ’MZ/{”yU yHc(Q)HZUU U||L2(Q)||u 'LLH 2/3 ||U*U||L1 S))/( S)HU*UH;//l(Q),
(A.12)
=L (a4 252)
with M := M s . We select [y such that

lg 2—s s
- =1.
AR 25’ +2

Using 1/s’ =1 — 1/s, this is equivalent to (1 +12)(1 —1/s) +s/2(1 =1+ 1/s) = 1, thus we find

lo=15/2-1.
Defining € := C,}Mpﬁ proves the first claim. For the proof of (3.5) we use (1.9), (1.11) and (A.3) to infer
_ 2 s
19w = Fllo@ 1za.l122(0) < Collvu = Tl 2a.0 o 1o — @l )
— 1+l _n(2—s)/s’ s
< C2My 7 g — T2 e — @ e — all3a g (A.13)
_ _ila/s’ _11(2—s) /s’ _
< csfMuyu — Gllg e — all g lu = a2 e = @l g,
with M := M o7 (2 +2-9) . Select I such that
l 2—
212 % s=2
s’
By é =1- %, this is equivalent to I = ?:‘f Defining € := CglMpﬁ proves the case for m = 0. For m # 0,
we recall, that the L!(Q)-distance of the controls is assumed to be sufficiently small. But by the estimate (1.9),
this implies that the states are close and we proceed as displayed. O
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