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Basic concepts

Algebraic sets over clone F < Oph
(= solution sets of systems of equations over F)

0 C A" algebraic <= p={x€ A" |Viel: f£f(x)=g(x)}
for some £, g € F(" (i € I, | any set).
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Basic concepts

Algebraic sets over clone F < Oph
(= solution sets of systems of equations over F)

0 C A" algebraic <= p={x€ A" |Viel: f£f(x)=g(x)}
for some £, g € F(" (i € I, | any set).

012 = {(x1, %2, %3, x4) € A* | x4 = X}

algebraic over any clone; solution set of 1 equation:

(4)

€ (X17X2aX3aX4) = 654)(X17X27X37X4)-
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Basic concepts

Algebraic sets over clone F < Oph
(= solution sets of systems of equations over F)

0 C A" algebraic <= p={x€ A" |Viel: f£f(x)=g(x)}
for some £, g € F(" (i € I, | any set).

012 = { (X1, %2, X3,X3) € A | x1 = x2}

algebraic over any clone; solution set of 1 equation:

(4)

€ (X17X2aX37X4) = 654)(X1,X2,X3,X4).

038 = {(x1,%2, X3, X4) € A* | x3 = xa}

algebraic over any clone; solution set of 1 equation:

6§4)(X17 2D 2 X4) = e4(14)(X17 X2, X3, X4)‘
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Equationally additive clones

AlgF :={p C A" | ¢ algebraic over F} AlgF :=J, oy, AlgF
Algebraic equivalence of clones F, G < Oph
F =.i¢ G algebraically equivalent <— AlgF =AlgG

(same algebraic geometry)

Theorem: for finite A: Pinus, 2016
I{F < Oa | F ‘equationally additive'}/ =15 < No.
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Equationally additive clones

AleMF = 0 C A" | o algebraic over F} AlgF := Alg(”)F
g

nelNy

Algebraic equivalence of clones F, G < O4

F =.i¢ G algebraically equivalent <— AlgF =AlgG
(same algebraic geometry)

Theorem: for finite A: Pinus, 2016
I{F < Oa | F ‘equationally additive'}/ =15 < No.

Clone F < 04 equationally additive
«— VneN,Vo,ocAlgF: oUoeAlgF

(algebraic sets closed under finite unions)
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Easy consequence

For a clone F < 04
F equationally additive

— A = {(x1, %, x5,%) € A* | xy = x; or x3 = x;} € Alg®F
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Easy consequence

For a clone F < 04
F equationally additive

— A = {(x1, %, x5,%) € A* | xy = x; or x3 = x;} € Alg®F

We know
@ 010 ={(x1,%,x3,%) €EA* | xy = x} € Alg(4)F
® 034 = {(Xl,X2,X3,X4) c A4 | X3 = X4} S Alg(4)F
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Easy consequence

For a clone F < 04
F equationally additive

— A = {(x1, %, x5,%) € A* | xy = x; or x3 = x;} € Alg®F

We know
0 012 = {(x1, X, x3,x3) € A* | x1 = x} € Alg®F
0 034 = {(x1, X0, x3,%3) € A* | x5 = x4} € AlgWF
°o — A(j) = 012U 034 € Alg(4)F
since F is equationally additive
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A characterisation of equational additivity

Theorem Danijarova, Mjasnikov, Remeslennikov, ZOIOJ

A clone F < O, is equationally additive <= A%) € Alg F
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A characterisation of equational additivity

Theorem Danijarova, Mjasnikov, Remeslennikov, 2010

A clone F < O, is equationally additive <= A%) € Alg F

In a field
oo={acA |Viel: f(a)=0}ecAlgF
eo={acA"|Vjed: gi(a)=0} cAlgF
o — pUo={acA"|VielVjeJ: f(a) gi(a)=0}
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A characterisation of equational additivity

Theorem Danijarova, Mjasnikov, Remeslennikov, 2010

A clone F < O, is equationally additive <= Af) € Alg F

In general
e p={acA"|Viel: f(a)="1f/(a)}cAlgF
oo={acA|VjeJ: gla)=g/(a)} €AlgF
o AV ={acA*|VkeK: ha)=H(a)}ecAlgF
o = pUo={acA"|VkeKVielVje J:
h(fi(a), f/ (), gi(a). g/(a)) = hi(fi(a), f(a), g1(a). &}(2)) }

E. Aichinger, M. Behrisch, B. Rossi
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Goal

How many equationally additive clones are there on a finite set?
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Boolean equationally additive clones (AAA 102)

Q,

To = {co}” 4. {a} =T
»«d" M,

® not additive
o eqn. additive
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Boolean equationally additive clones (AAA 102)

Q,

To = {co}” 4. {a} =T
»«d" M,

number eqn.
add. clones
— N,

® not additive
o eqn. additive
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Characterisation for Boolean clones

Theorem Aichinger, Rossi, MB
For all clones F < O,:

F eqn. additive <= Sgo C F or S;o C F or {({u})y, € F
<~ ((x,y,2) = xV(yAz))€For
((x,y,z) = xAN(yVz)eFor
majority p € F
— I eFO: fx,x,y) = x~f(x,y,x) A
fy,x,x)~ f(x,y, f(y,x,x))
<~ FZ {A a,a})e, and
F¢Z {V,c,ca})e, and
FZL
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Demonstrating equational additivity explicitly

Soo = ({f}) o, f(x,y,z) =xV (yA2z)

f(X3a Xq, Xl)

—f
—f

Ag4) = {(Xl,Xz,Xs,X4) e {0,1}* (X3’X4’X2)}

f(X47X37Xl) (X47X37X2)
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Demonstrating equational additivity explicitly

Soo = ({f}) o, f(x,y,z) =xV (yA2z)

f(X3,X4,X1) =

f(X3 X4 X2)
AY = e {0,1}* o
2 { (Xl)X27X37X4) { ’ } f(X4,X3,X]_) — f(X4,X3,X2)

S10 = ({f})o, f(x,y,z)=xNA(yV2z)
f(X3,X4,X1)

(X47 X3, Xl)

(X3,X4,X2)}

_f
AW _ 0,1}*
5 {(X]_,X27X37X4) € { ? } = f(X47X37X2)
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Demonstrating equational additivity explicitly

Soo = {f}o,  flxy,2)=xV(yAz)
f(X3aX4aXl) = f(X37X47X2)
f

AW — e {o,1}*
5 {(X1,X27X37X4) 10,1} f(xa, X3,x1) =

Sio=({f}o, flxy,z)=xA(yVz)
f(x3, X4, x1)

=f
AP = € {o.1)*
5 {(Xl,X2,X3,X4) { ? } (X4,X37X1) = f

(X3,X4,X2)}

(X47 X3, X2)

{1l o, 1 Boolean majority

Ag4) = {(X]_,X2,X3,X4) € {O’ 1}4 ‘ M(X37X4,X1) - M(X3’X4’X2)}
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The number of equationally additive clones on

finite sets

Al |Lal [|T2,{C}| eqn. additive eqn. additive O C
2 No 7 No 2
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The number of equationally additive clones on

finite sets

Al |Lal [|T2,{C}| eqn. additive eqn. additive O C

2 N 7 No 2
3 2
>4 2%

2% Janov, Mucnik, 1959
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The number of equationally additive clones on

finite sets

Al |Lal [|T2,{C}| eqn. additive eqn. additive O C
2 No 7 No 2

3 2% 2%

>4 2% 2%

2% Janov, Muénik, 1959
2% Agoston, Demetrovics, Hannak, 1983
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The number of equationally additive clones on

finite sets

Al |Lal [|T2,{C}| eqn. additive eqn. additive O C

2 RN 7 Ro 2
3 2% 2%
>4 2% 2N o

2% Janov, Muénik, 1959
2% Agoston, Demetrovics, Hannak, 1983
2% factoring to get Agoston, Demetrovics, Hannak clones
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The number of equationally additive clones on

finite sets

Al |Lal [|T2,{C}| eqn. additive eqn. additive O C

2 RN 7 Ro 2
3 2% 2N
>4 2% 2N D¥o o

2% Janov, Muénik, 1959
2% Agoston, Demetrovics, Hannak, 1983
2% factoring to get Agoston, Demetrovics, Hannak clones

2% trivial
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The number of equationally additive clones on

finite sets

Al |Lal [|T2,{C}| eqn. additive eqn. additive O C

2 N 7 Ry 2
3 2% QN o%o
>4 M 2N oMo oNo

2% Janov, Muénik, 1959
2% Agoston, Demetrovics, Hannak, 1983
2% factoring to get Agoston, Demetrovics, Hannak clones

2% trivial
2% great bunch of Zhuk's clones of self-dual ops. on {0, 1,2},
2015 (classification very similar to {0, 1})
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The number of equationally additive clones on

finite sets

Al |Lal [|T2,{C}| eqn. additive eqn. additive O C

2 R 7 Ro 2
3 2% 2N 2% ?
>4 2% Q% 2% 2%

2% Janov, Muénik, 1959
2% Agoston, Demetrovics, Hannak, 1983
2% factoring to get Agoston, Demetrovics, Hannak clones

2% trivial
2% great bunch of Zhuk's clones of self-dual ops. on {0, 1,2},
2015 (classification very similar to {0, 1})
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A new construction of 2% clones on {0, 1,2}

Relational approach: F = Pol; Q, where Q C {03, 04, 0s, - ..}
Wish list |
o CC F = all relations g reflexive
@ F eqn. add. = need G C F defining Ag4), = QClnvz G
o G={f}, feof)

e use equations from the Boolean case:

f(x1, X2, x3) = f(x1, %2, %)
f(x2,x1,x3) = f(x2, X1, Xa)
f(x3,x4,x1) = f(x3, %1, x2)
f(xa,x3,x1) = f(xa,x3,x2)

o = fePolP{o}
o {Polz Q| Q@ C {03,04,...}} =2% <= Q + Pol3 Q inj.
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Step 1: ensuring equational additivity

f:{0,1,2}> = {0,1,2}

f(0,2,0) :=
f(0,1,1):=2
f(1,2,2):=2
f(x,y,z) = x else

( ) = f( )

4) _ X Xa. X 4 f(Xz,Xl,x3):f(x27x17x4)
:>A3 - (17 25 A3, 4)63 ( ) f( )
f( )

f € F = F equationally additive

E. Aichinger, M. Behrisch, B. Rossi
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The relations gy for kK > 2

Forbidden set
By = {rG{O,l}k ’ 3<w(r) < k—l}

0-1-tuples of Hamming weight > 3, but not 1 = (1,...,1)

k-ary relation oy

ok = {0,1,2}°\ (Bx U {ef})

only proper 0-1-tuples are removed!
every tuple with a 2 is in gy

0
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Step2: k >2 CU{f} C Pols{ox}

@ o is reflexive (only proper 0-1-tuples get removed)
o —> C C Pols{ok}
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Step2: k >2 CU{f} C Pols{ox}

@ oy is reflexive (only proper 0-1-tuples get removed)
o —> C C Pols{ok}
o Recall £(0,2,0) :=2

f(0,1,1):=

£(1,2,2) :=

f(x,y,z) = x else

o Consider u; := f(xl,yl,zl)

Ug ‘== f(XkaYk:Zk)
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Step2: k >2 CU{f} C Pols{ox}

@ oy is reflexive (only proper 0-1-tuples get removed)
o —> C C Pols{ok}
o Recall £(0,2,0) :=2

f(0,1,1):=

£(1,2,2) :=

f(x,y,z) = x else

o Consider u; := f(xl,yl,zl)

ug == f (X, Yk, 2k)
at least one row is special = (uy,...,ux) € 0k has a 2
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Step2: k >2 CU{f} C Pols{ox}

@ oy is reflexive (only proper 0-1-tuples get removed)
o —> C C Pols{ok}
o Recall £(0,2,0) :=2

f(0,1,1):=

£(1,2,2) :=

f(x,y,z) = x else

o Consider u; := f(xl,yl,zl)

ug == f (X, Yk, 2k)
at least one row is special = (uy,...,ux) € 0k has a 2

no row is special = (uy,...,ux) = (x1,...,Xk) € 0k
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Step2: k >2 CU{f} C Pols{ox}

@ oy is reflexive (only proper 0-1-tuples get removed)
o —> C C Pols{ok}
o Recall £(0,2,0) :=2

f(0,1,1):=

£(1,2,2) :=

f(x,y,z) = x else

o Consider u; := f(xl,yl,zl)

Ug ‘== f(XkaYk:Zk)

@ at least one row is special = (uy,...,ux) € ok has a2
@ no row is special = (uy,...,ux) = (x1,...,Xk) € 0k
o — f € Pols{ok} = VQ C {02,03,...}: Pol3 Q egn. add.
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Li={F <Oz | fe&F D C} (for ternary f guaranteeing eqn. additivity)
Want: Injectivity of

¢: P(Ns3) —> L
/ — Pols{oi | i€}
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Li={F <Oz | fe&F D C} (for ternary f guaranteeing eqn. additivity)
Will show: dual order embedding

¢: P(Ns3) —> L
/ — Pols{oi | i€}
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Li={F <Oz | fe&F D C} (for ternary f guaranteeing eqn. additivity)
Will show: dual order embedding

¢: P(Ns3) —> L
/ — Pols{oi | i€}

0 | CJ=d(/)="Pola{oi | i €1} DPola{o; | j€ J} =)
trivial
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Li={F <Oz | fe&F D C} (for ternary f guaranteeing eqn. additivity)
Will show: dual order embedding

¢: P(Ns3) —> L
/ — Pols{oi | i€}

0 | CJ=d(/)="Pola{oi | i €1} DPola{o; | j€ J} =)
trivial
o Assume ®(/) D d(J)and Jiel:i¢ J, = JC N3\ ({i}
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Li={F <Oz | fe&F D C} (for ternary f guaranteeing eqn. additivity)
Will show: dual order embedding

¢: P(Ns3) —> L
/ — Pols{oi | i€}

0 | CJ=d(/)="Pola{oi | i €1} DPola{o; | j€ J} =)
trivial

o Assume ®(/) D d(J)and Jiel:i¢ J, = JC N3\ ({i}

@ Then

o({i}) 2 o(/) 2 ©(J) 2 ®(N>s\ {i})
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Li={F <Oz | fe&F D C} (for ternary f guaranteeing eqn. additivity)
Will show: dual order embedding

¢: P(Ns3) —> L
/ — Pols{oi | i€}

0 | CJ=d(/)="Pola{oi | i €1} DPola{o; | j€ J} =)
trivial

o Assume ®(/) D d(J)and Jiel:i¢ J, = JC N3\ ({i}

@ Then

O({i}) 2 8(1) 2 6(J) 2 O3\ {i}) > gi-s
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Li={F <Oz | fe&F D C} (for ternary f guaranteeing eqn. additivity)

Will show: dual order embedding

¢: P(Ns3) —> L
/ — Pols{oi | i€}

0 /| CJ= (/) =Pola{oi | i€l} DPola{g;|je I} =)
trivial

o Assume ®(/) D d(J)and Jiel:i¢ J, = JC N3\ ({i}

@ Then

O({i}) 2 8(1) 2 6(J) 2 O3\ {i}) > gi-s

o But we will construct
gi—1 € Pols{ o | k # i} \ Pols{o;}

The number of equationally additive clones on finite sets
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The functions g, for n > 2

g.: {0,1,2}" — {0,1,2}

g(1,1,...,1) =1 e lon(1,...,1)
g,(1,0,...,0):=0 @ 0 on unit tuples e’
g,(0,1,...,0):=0 e 2else

g,(0,...,0,1):=0

En(X1, ..., Xx,) =2 else
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Step 4: g, does not preserve 9,1

Vn>2: g, ¢ Pols{os1}
g 1 1 oee 1 J= 1
gn( 1 0 T 0 ) = 0
g.( 0 1 .- 0 )= 0
g.( O 0 - 1 )= 0
m m - M A
On+1 On+1 - Ontl On+1
Definition of g,: Forbidden in 0,1 C 3™+
0 g,(1)=1 o et?
e g,(e")=0 o 0O-1-tuples # 1
o gn(x) =2 else with > 3 entries 1
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Step 5: g, preserves everything else

Vn>2Vk e N, \ {n+1}: g, € Pols o
We show: Vn > 2Vk # n+1Vn, ..., r, € {0,1,2}%

gno(r,...,rm)¢ox = 31 <i<n: r¢o
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Step 5: g, preserves everything else

Vn>2Vk e N, \ {n+1}: g, € Pols o
We show: Vn > 2Vk # n+1Vn, ..., r, € {0,1,2}%

gno(r,...,rm)¢ox = 31 <i<n: r¢o

i.e.,

gno(n, ..,r)€BU{el} = J1<i<n reBuU{e)
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Step 5: g, preserves everything else

Vn>2Vk e N, \ {n+1}: g, € Pols o
We show: Vn > 2Vk # n+1Vn, ..., r, € {0,1,2}%

gno(r,....m)¢ox = 31 <i<n: r¢ox

g,,o(rl./...7r,,)EBkU{ef} — J1<i<n: r;EBkU{e{‘}

Strategy
@ Fix n>2and g,.
o Consider all o, where

1 < k < n Show: g, preserves o
k > n+ 2 Show: g, preserves oi
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

5.1.1: goo(r,...,r) =ef ¢ ok
g()=1
g( )=0
8n( )=0
Definition of g: Forbidden in g, C 3*:
e g,(1)=1 o ef
e g,(e")=0 o 0O-1-tuples # 1
o gn(x) =2 else with > 3 entries 1
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

5.1.1: goo(r,...,r) =ef ¢ ok
gn(l) =1
g( )=0
8n( )=0
Definition of g: Forbidden in g, C 3*:
e g,(1)=1 o ef
e g,(e")=0 o 0O-1-tuples # 1
o gn(x) =2 else with > 3 entries 1
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

Definition of g: Forbidden in g, C 3*:
e g,(1)=1 o ef
e g,(e")=0 o 0O-1-tuples # 1
o gn(x) =2 else with > 3 entries 1
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

Definition of g: Forbidden in g, C 3*:
e g,(1)=1 o ef
e g,(e")=0 o 0O-1-tuples # 1
o gn(x) =2 else with > 3 entries 1
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

5.1.1: gro(r,....r)=ef & o

g(l)=1}1
gn(e:q) =0

gn(eiz_l) =0

li={i,...,ike1} €{1,...,n}; | <k—1<n
Definition of g: Forbidden in g, C 3*:
e g,(1)=1 o ek
e g,(e")=0 o 0O-1-tuples # 1
o gn(x) =2 else with > 3 entries 1
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

li={i,...,ike1} €{1,...,n}; | <k—1<n
= Jie{l,...,n}\I: r=e¢ ok
Definition of g: Forbidden in g, C 3*:
e g,(1)=1 o ef
e g,(e")=0 o 0O-1-tuples # 1
o gn(x) =2 else with > 3 entries 1
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

512 g,o(rn,...,m) € Be,ie, 3<w:i=w(g,o(r,...,rn)) <k
gn( ) =
w >3
g()=1
g( )=0
g( )=0
Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 ° ek
e g,(e")=0 o 0O-1-tuples # 1
o g(x) =2 else with w entries 1 (3 < w < k)
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

512 g,o(rn,...,m) € Be,ie, 3<w:i=w(g,o(r,...,rn)) <k

gn(1) =1
w >3
gn(l) =1
g( )=0
g( )=0
Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 o ef
e g,(e")=0 o 0-1-tuples # 1
o g(x) =2 else with w entries 1 (3 < w < k)
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

512 g,o(rn,...,m) € Be,ie, 3<w:i=w(g,o(r,...,rn)) <k
gn(l) =1

Definition of g,: Forbidden in o, C 3*:
° g(l)=1 ° &f
e g,(e")=0 o 0O-1-tuples # 1
o g(x) =2 else with w entries 1 (3 < w < k)
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

gn(1) =1
w >3
gn(l) =1
gn(ei,;) =0
k—w<k-3<n
g"(eisz) 0
Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 ° ek
e g,(e")=0 o O-1-tuples # 1
o g(x) =2 else with w entries 1 (3 < w < k)
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Step 5.1: n>2, 1< k<n g, € Pol3{o}

gn(1) =1
w >3
gn(l) =1
gn(ei,;) =0
k—w<k-3<n
g,,(e,-’l’ﬁw) 0
i={i,...,ik-w} €{1,...,n}; | <k—-w<k-3<n
Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 ° ek
e g,(e")=0 o O-1-tuples # 1
o g(x) =2 else with w entries 1 (3 < w < k)

E. Aichinger, M. Behrisch, B. Rossi The number of equationally additive clones on finite sets



Step 5.1: n>2, 1< k<n g, € Pol3{o}

gn(1) =1
w >3
gn(l) =1
gn(ei,;) =0
k—w<k-3<n
g,,(e,-’l’ﬁw) 0
i={i,...,ik-w} €{1,...,n}; | <k—-w<k-3<n
— die{l,...,n}\I: w(rn)=w
Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 o ek
e g,(e")=0 o 0-1-tuples # 1
o g(x) =2 else with w entries 1 (3 < w < k)
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Step 5.1: n>2, 1

gn(1)

/::{il,..
= Jie{l,....,n}\ I:

W) C {1,

< k<n g€ Polz{ox}
—1
w >3
_ 1
=0
k—w<k—-3<n
0

.., n}k; | <k—-w<k-3<n
w(r)=w = reBy = ¢ ok

Definition of g:
0 g,(l)=1
° g(ef)=0
@ g,(x) =2else

E. Aichinger, M. Behrisch, B. Rossi

Forbidden in g, C 3*:
o ek

@ 0-1-tuples # 1
with w entries 1 (3 < w < k)
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Step 5.2: n>2, k>n+2: g, € Pols{ox}

5.2.1: gyo(r,...,rm) =ef & ok
gn( )=1}1
g&( )=

&n( )=0

Definition of g,: Forbidden in g, C 3*:
e g,(1)=1 ° ek
e g,(e")=0 @ O-1-tuples # 1
o g.(x) =2 else with > 3 entries 1
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Step 5.2: n>2, k>n+2: g, € Pols{ox}

5.2.1: gyo(r,...,rm) =ef & ok
gn(l)=1 j1
g( )=

&n( )=0

Definition of g,: Forbidden in g, C 3*:
e g,(1)=1 ° ek
e g,(e")=0 @ O-1-tuples # 1
o g.(x) =2 else with > 3 entries 1
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Step 5.2: n>2, k>n+2: g, € Pols{ox}

5.2.1: gyo(r,...,rm) =ef & ok
g.(l)=1 }1
gn( il)_o

g”(e'{liq) =0

Definition of g,: Forbidden in g, C 3*:
e g,(1)=1 e el
e g,(e")=0 @ 0O-1-tuples # 1
o g,(x) =2 else with > 3 entries 1
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Step 5.2: n>2, k>n+2: g, € Pols{ox}

52.1: g,o(n,..., )fe1 ¢ ok
g.(l)=1 }1
gn( il) = 0
- k—1>n+1>n
g”(e'{liq) =0
Definition of g,: Forbidden in g, C 3*:
e g,(1)=1 e el
e g,(e)=0 @ 0-1-tuples # 1
o g,(x) =2 else with > 3 entries 1
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Step 5.2: n>2, k>n+2: g, € Pols{ox}

52.1: g,o(n,..., )fe1 ¢ ok
g.(l)=1 }1
gn( il) = 0
- k—1>n+1>n
g”(e'{liq) =0
ity ik—1 € {1,...,n} cannot all be distinct;
v
Definition of g,: Forbidden in g, C 3*:
e g,(1)=1 e el
e g,(e")=0 @ 0O-1-tuples # 1
o g,(x) =2 else with > 3 entries 1
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Step 5.2: n>2, k>n+2: g, € Pols{ox}

5.2.1: gyo(r,...,rm) =ef & ok
g(1)=1}1
gn(e i1) =0
: k—1>n+1>n
gn(e;_,) =0
... ik—1 € {1,...,n} cannot all be distinct; Jv < p: j =i, =i,

= 31 < j<n: w(n) >3

v
Definition of g,: Forbidden in g, C 3*:
e g,(1)=1 e el
e g,(e")=0 @ 0O-1-tuples # 1
o g,(x) =2 else with > 3 entries 1
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Step 5.2: n>2, k>n+2: g, € Pols{ox}

52.1: g,o(n,..., )fe1 ¢ ok
g.(l)=1 }1
gn( il) = 0
- k—1>n+1>n
g”(e'{liq) =0
i, ... ik—1 € {1,...,n} cannot all be distinct; v < p: j =i, =i,
= 31 < j<n: w(n) >3 if r; #1, then r; € By, r; & o
v
Definition of g,: Forbidden in g, C 3*:
e g,(1)=1 e el
e g,(e")=0 @ 0O-1-tuples # 1
o g,(x) =2 else with > 3 entries 1
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Step 5.2: n>2, k>n+2: g, € Pols{ox}

52.1: g,o(n,..., )fe1 ¢ ok
g.(l)=1 }1
gn( il) = 0
- k—1>n+1>n
g”(e'{liq) =0
i, ... ik—1 € {1,...,n} cannot all be distinct; v < p: j =i, =i,
= 31 < j<n: w(n) >3 if r; #1, then r; € By, r; & o
if =1 thenih =... =1 =, gﬂ/#] r,—elgéok
Definition of g,: Forbidden in g, C 3*:
e g,(1)=1 e el
e g,(e")=0 @ 0O-1-tuples # 1
o g,(x) =2 else with > 3 entries 1
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522 g,o(rn,...,m) € Be,ie, 3<wi=w(g,o(r,...,rn)) <k

gn( ) =1
w >3
g()=1
g( )=0
g&( )=0
Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 ° e{‘
e g,(e")=0 o O-1-tuples # 1
o gu(x) =2 else with w entries 1 (3 < w < k)
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gn(l) =1
w >3
gn(l) =1
g( )=0
g&( )=0
Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 ° e{‘
e g,(e")=0 o O-1-tuples # 1
o gu(x) =2 else with w entries 1 (3 < w < k)
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Step 52: n>2, k> n—+2:

522 g,o(rn,...,m) € Be,ie, 3<wi=w(g,o(r,...,rn)) <k
gn(1) =1
w >3
g(1) =1
gn(e;) =0

g,,(e,-’ifw) =0
Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 o ek
e g,(e")=0 o O-1-tuples # 1
o gu(x) =2 else with w entries 1 (3 < w < k)
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522 g,o(rn,...,m) € Be,ie, 3<wi=w(g,o(r,...,rn)) <k

gn(l) =1
w >3
gn(l) =1
gn(eiq) =0
e k—w>1
g,,(e,-’ifw) =0
Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 o ek
e g,(e")=0 @ 0O-1-tuples # 1
o gu(x) =2 else with w entries 1 (3 < w < k)
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Step 52: n>2, k> n—+2:

52.2: gyo(r,...,r) € B, ie, 3<w:=w(g,o(rn,...,rn)) <k

g,,(l):1
w >3
gn(l):]-
gn(eiq)zo
... k—w>1
g,,(e,-':(iw)zo
n>2 = 3Jie{l,....n}\{in}: 3<w<w(rn) <k

Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 o ek
e g, (e =0 @ 0-1-tuples # 1
o gu(x) =2 else with w entries 1 (3 < w < k)
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Step 52: n>2, k> n—+2:

522 g,o(rn,...,m) € Be,ie, 3<wi=w(g,o(r,...,rn)) <k

g,,(l):1
w >3
gn(l):]-
gn(eiq)zo
k—w>1
g,,(e,-':(iw)zo
n>2 = 3Jie{l,....n}\{in}: 3<w<w(rn) <k
— e B, = I’,-¢Qk

Definition of g,: Forbidden in o, C 3*:
e g,(1)=1 o ek
e g,(e")=0 @ 0-1-tuples # 1
o gu(x) =2 else with w entries 1 (3 < w < k)
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Finishing
We have shown:
o Vn>2VkVr,.. . re{0,1,2}*:

| k<n k>n+2

gno(rlw'wrn):e{( E|1§/§n
g,,o(rl,...,r,,)eBk rig@k

eVn>2Vk#n+1Vr,...,rm€0k: gnol(n,...,m) € ok
e Vn>2Vk#n+1: g, € Polz{ox}

e Vn>2: g,€Polz{ok| k#n+1}

e Vn>2: g,¢ Pols{o,1}

@ {03,04,05,...} 2 Q@+ Pol3 Q > f is injective
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Thank you. . .

.. .veryuncountably much for listening J
Questions, comments and remarks. . .

... are most welcome J
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