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Abstract
This thesis proposes a novel type of planar–to–spatial de-
ployable structures called elastic geodesic grids. It aims
at approximating freeform surfaces with spatial grids of
bent lamellas, which can be deployed from a planar con-
figuration using a simple kinematic mechanism. Encoded
in the layout of the planar grids is the intrinsic shape
of the target surface. When deployed, the grids buckle
by design, approximating the curved target shape closely
as grid elements bend and twist. Such elastic structures
are easy–to–fabricate and easy–to–deploy and produce
shapes that combine physics and aesthetics. They may
serve architectural purposes like free-form envelopes, sun
and rain protectors, pavilions, or equally smaller-scale
applications like decorative panels, deployable furniture,
baskets, lamps, etc.

The thesis proposes solutions based on nets of geodesic
curves on target surfaces and introduces a set of conditions
and assumptions which can be closely met in practice. Tar-
get surfaces with different characteristics allow different
solutions: Restricting the target surfaces to patches en-
closed by convex geodesic quadrilaterals simplifies the
design problem and enables solutions with high practical
usability. Clearly, this approach potentially leads to big
cut-offs, unacceptable for many design purposes. Conve-
niently, decomposing surfaces into smaller patches is an ef-
fective strategy for tackling the problem with cut-offs and
curvature-related issues. But even arbitrary boundaries
of patches can be considered. Dealing with non-convex
boundaries requires additional procedures, as shortest

connections are not necessarily geodesic curves. It is pos-
sible to deal with surface patches of this sort, generalizing
the notion of elastic geodesic grids. All these approaches
are deeply connected to the inner geometry of the target
surface. They involve solving optimization problems in
abstract spaces, where solutions are found more easily.

The form-finding of such grids is challenging. Fortu-
nately, their shape is deeply linked to geometry. Exploit-
ing insights from differential geometry allows to speed up
form-finding by avoiding the necessity of numerical shape
optimization and physical simulation at an acceptable loss
of accuracy.

The proposed algorithms finally ensure that the 2d grids
are perfectly planar, making the resulting gridshells in-
expensive, easy–to–fabricate, transport, assemble, and
deploy. Additionally, since the structures are pre-strained,
they also come with load-bearing capabilities.

This thesis proposes a solution for the design, compu-
tation, and physical simulation of elastic geodesic grids.
It presents several fabricated small-scale examples and a
prototype of some meters in size, all with varying geo-
metric complexity. Moreover, it provides empirical proof
of the employed methods and assumptions by comparing
the results to laser scans of the fabricated models. The
outcome of this research is intended as a form-finding tool
for elastic gridshells in architecture and other creative dis-
ciplines. It should give the designer an easy-to-handle
way to explore such structures, as results can be obtained
in a matter of seconds.
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Chapter 1

Introduction
Wherever nature reveals efficient strategies, humans read-
ily copy them. The purposeful use of elasticity is a well-
known example and stands at the heart of this thesis. Us-
ing elastic strips of material to create stronger, curved
shapes by weaving, or creating springs by loading objects
with elastic energy, are simple examples that evoke the
strong connection of shape, geometry, and elasticity. This
thesis considers bending assemblies of elastic strips to
approximate free-form target surfaces and builds upon
the mentioned long-standing idea.

However, using elasticity as a shape-providing tool is
tricky for many reasons. Obviously, elasticity has its lim-
its: once the material’s ultimate strength is reached, it fails
or plastically deforms. Although a fierce adversary for
gridshell-building enthusiasts, failure is not the only diffi-
culty: The elastic answer, i.e., the shape of themanipulated
elements, is not known a priori. It depends on material
parameters and boundary conditions. Nowadays, design-
ing with elasticity has become much easier, as designers
and engineers have suitable, fast simulation techniques to
compute the elastic equilibrium shapes.

The research topography of computational design in-
volving elasticity as a shape-providing mechanism is vi-
brant and fast-evolving, including techniques like curved
folding, 4d printing, computational knitting, using pro-
grammable elastic meta-materials, utilizing elastic link-
ages, and many more.

But what is an elastic gridshell after all? It is a grid
of flexible, rod-like, connected members, which obtains
its spatial, curved shape by loading it with elastic energy.
More specifically, its shape emerges due to the bending
and twisting of members and shearing of the grid, which
is governed by an interplay of boundary conditions and
member stiffnesses. Their design is determined by differ-
ent geometric models and assumptions on how members
deform.

The research presented in this thesis contributes to
the form-finding of scissor-like deployable elastic mecha-
nisms based on geodesic curves. This topic links up many
disciplines: In terms of applications, the connections to
design and architecture are evident. Asking for specific
structural properties clearly requires knowledge of engi-
neering and numerical simulation. However, studying and
employing the rich theory of curves and surfaces of differ-
ential geometry ultimately leads to superior solutions in
terms of performance, appearance, aesthetics, and shape
diversity. Furthermore, computational design and form-

Fig. 1.1: The scissor-like deployment principle of elastic geodesic
gridshells. A deployed elastic geodesic gridshell (top) and its
planar state (bottom), fabricated from wooden lamellas. The
deployment of the whole kinematic system is based on changing
the angle 𝛼 , such that 𝛼 → 𝛼 . Adapted from [Pillwein et al.
2020b].

finding are impossible without a proper understanding
of mathematics and computer science, as optimization
and efficient algorithms are crucial prerequisites for this
design task. From the viewpoint of architecture, the el-
egant and natural emergence of curvature obtained by
bending flat materials opens up far-reaching possibilities
to implement functional and resource-effective free-form
designs. Furthermore, the lightweight elastic gridshells
promise open spaces without much-hated columns. From
an engineering point of view, a structure is a vehicle to
transport loads to the ground, and an efficient structure
does so by using as little material as possible. Among
the most exciting structures are shells, and their discrete
counterpart, gridshells. Similar to arcs, their curvature
makes them efficient, and computing their structural capa-
bilities is a fair challenge. Finally, from a geometric point
of view, exploring the rich theory of geodesic curves on
surfaces and their connection to the Gaussian curvature
is an attractive, highly relevant research task. The same
goes for deployable kinematic mechanisms, as elasticity is
strongly connected to geometry, considering the Elastica
or minimal surfaces.

Creating curvature through elastic energy is commonly
denoted as active-bending in the architectural community.
It promotes loading objects with potential energy for re-
versible and cheap creation of curvature and increased
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Fig. 1.2: The scissor-like deployment principle. Top: All members
of a family are parallel and rigid; the kinematic linkage can move
freely in the plane. Bottom: A non-parallel layout produces
a deadlock when trying to change the shape since the inner
members are too long. Allowing members to deform elastically,
they buckle out of the plane. Adapted from [Pillwein et al.
2020b].

structural performance. Considering bendable but non-
stretchable flat sheets of material, the space of viable sur-
faces is limited to singly-curved, developable surfaces, of
which there only are three basic types: cylinders, cones,
and tangent surfaces of curves. However, by cutting the
material into strips and cleverly connecting them to a spa-
tial grid, the space of feasible shapes vastly extends, and
approximating non-developable surfaces is feasible.

The method to create curved shapes pursued in this
thesis implements this process: Grid-like layouts of flex-
ible strips are arranged carefully in the plane to make
them deployable to 3d shapes by changing interior an-
gles. In other words, the target shape is encoded in the
planar layout, and a scissor-like mechanism governs the
deployment motion. Please note that such a scissor-like
deployment is not a novel concept. Related approaches
exist, but either build on shaky theoretical foundations,
or solve entirely different design problems, which will be
discussed thoroughly in Sections 1.1.4 and 1.6.

Intending efficient and aesthetically appealing elastic
gridshells, two relevant questions arise: What are effi-
cient shapes for elastic gridshells? Which target surfaces
can be approximated well, considering the elastic shape
response? While the space of feasible shapes for related
structures like planar elastic strips [Hafner et al. 2021] and
shells [Block et al. 2007] was already specified, it is un-
known for elastic gridshells due to their complexity. Fur-
thermore, reaching high structural efficiency and approxi-
mating free-form target surfaces are potentially conflicting
objectives. Purely efficiency-driven approaches mainly
suggest gridshell shapes such as domes with a convex
boundary and positive Gaussian curvature everywhere,
which is clearly not attractive from a design perspective.
Abandoning the question of efficiency and tending to the
space of feasible target surfaces, we again arrive at unex-
plored research territory. However, current approaches
are capable of answering if a given target surface can be
approximated well by an elastic grid. Moreover, recent
research [Panetta et al. 2019; Pillwein et al. 2020b; Pillwein

et al. 2021b] shows that the space of feasible surfaces is
rich, even for the subset of scissor-like elastic gridshells.

Asking for a grid layout that approximates a given tar-
get surface in its deployed state belongs to the class of
inverse design problems. Such problems require finding
the cause for a specific effect, i.e., finding the undeployed
layout for a target shape. Since there is no standard strat-
egy to solve inverse design problems, they are challenging
and require problem-specific insights. Sections 1.2 and
1.6 describe form-finding approaches of elastic gridshells
and the ideas and assumptions which allow to solve the
inverse design problem for scissor-like deployable elastic
geodesic gridshells.

Before going into further detail, a differentiation of
terms is needed. Elastic gridshells, or short, elastic grids
will serve as an umbrella term for all kinds of flexible grid
structures, e.g., grids geometrically based on Chebychev
nets, geodesics, asymptotic curves, etc.Elastic geodesic
grids [Pillwein et al. 2020b] make use of geodesics and
bendable lamellas, with the notable features of being de-
ployable by a scissor-like mechanism and being exactly
planar in the undeployed state. Although there are strong
ties to architecture and engineering, this thesis addresses
a broader audience, including various design disciplines
and objects of all scales.

Thesis Overview The present thesis is organized in five
chapters: an introduction, three chapters presenting the
publications that shape this thesis, and a chapter of con-
cluding remarks.

Chapter 1 serves as an introduction to elastic gridshell
structures. To obtain an intuition of the thesis’s scope, Sec-
tion 1.1 introduces the idea of deployable elastic geodesic
grids and their implementation. Elastic gridshells are at-
tractive from an engineering and architectural point of
view: Section 1.2 covers their historical development, their
mechanics, and their structural behavior. Efficient grid-
shell structures have strong ties to geometry: Section 1.3
discusses their connection to the geometry of curves and
surfaces. It examines different frames for surface curves
and rods, introduces geodesics and tangential strips, and
describes transformable grids with elastic members on
target surfaces. Section 1.4 briefly discusses some consid-
erations for the simulation of elastic rod structures.

Section 1.5 outlines the publications of this thesis and
states the contributions to the scientific community. Sec-
tion 1.6 summarizes the related work.

Chapters 2, 3, and 4 present the papers which were
published within the scope of this thesis:
• On Elastic Geodesic Grids and Their Planar-to-Spatial

Deployment
• Design and Fabrication of Multi-Patch Elastic Geodesic

Grid Structures
• Generalized Deployable Elastic Geodesic Grids
Finally, Chapter 5 concludes this thesis, providing discus-
sion and future work.
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1.1 Elastic Geodesic Grids
The mission statement of such structures is to approxi-
mate a wide range of free-form surfaces by finding specific
deployable grid layouts as depicted in Figure 1.1. After
the designer provides a target surface, a computational
pipeline finds special layouts of geodesic grids and their
planarized counterparts. When implementing the pla-
nar grids with flexible lamella-like elements, they can
be elastically deployed to approximate the initial target
surface. This section provides an overview and reveals
their properties and the theory and assumptions for their
form-finding.

1.1.1 Physical Implementation

Elastic geodesic grids are assembled from two families
of straight, thin, non-parallel lamellas, which are easy to
bend and twist, but very hard to stretch or contract. In-
tersections within a family of lamellas are prohibited to
ensure deployability, i.e., the combinatorics of the planar
grids allow quadrilaterals only. Lamellas are connected
by screws, which can slide in elongated holes of different
lengths in the interior of the grid, called notches. The de-
ployment motion causes the lamellas to buckle by bending
and twisting, which creates a 3d curved shape. Finally,
dedicated boundary joints are fixed to a supporting struc-
ture which secures the desired, final shape of the grid.

1.1.2 Deployment Mechanism

Systematically utilizing buckling and scissor-like deploy-
ment mechanisms [Pillwein et al. 2020b; Panetta et al.
2019; Soriano et al. 2019] to approximate target surfaces
is a fast and simple method to create curved shapes.

Elastic geodesic grids have a single degree of freedom,
i.e., 𝛼 in Figure 1.1, which controls the changes in angles
between members and forces them to deform elastically.
Figure 1.2 depicts the scissor-like deployment principle
for such grids: Due to non-parallel members, trying to
transform the boundary results in length incompatibilities,
which are compensated by buckling. In this depiction, all
inner members are too long to stay planar, which results
in a positively curved shape. However, such layouts are
capable of producing negatively curved shapes too, if inner
members are too short. Thus, the deployment mechanism
is determined by the respective lengths of members and
strongly linked to target surfaces and target curves with
specific arc-lengths.

1.1.3 Connection to Geodesics

The geometric basis of the proposed structures are
geodesics. Such curves do not turn sideways on a sur-
face. As a consequence, developable tangential strips with
geodesic centerlines become straight when unfolded in
the plane. Please refer to Sections 1.3.3 and 1.3.4 for a more

rigorous discussion about geodesics and developable tan-
gential strips on surfaces.

These remarkable properties connect their arc-length
and their straightness on the surface and in the plane.
Exploiting this connection is most useful for computa-
tional design algorithms and the critical component in
the approaches presented in this thesis: Just knowing the
geodesic distance (i.e., the shortest distance) between two
points on a surface allows to infer the existence of a con-
necting shortest geodesic, where the shape and length
of its planar twin is clear. In other words, during form-
finding, one may avoid to bother tracing geodesic paths
or use approximations. This is beneficial, since distance
computation is faster and simpler than tracing shortest
geodesics (cf. Section 1.6).

However, which features connect the physical grids
(as in Figure 1.2) to geodesic grids on target surfaces and
thus provide good shape agreement? One can identify
several traits of the physical implementation, which con-
nect it to the underlying geodesic grid. The fundamental
assumptions for shape agreement are the following:

• The centerlines of the grid members should agree well
with the geodesics. Exploiting the developable tangen-
tial strip property of a geodesic suggests strip-like grid
members which bend effortlessly, but always remain
straight in the planarized state. A close physically feasi-
ble counterpart is a lamella, which bends effortlessly out
of the plane, but is very stiff to in-plane bending. Thus
the agreement of geodesic and centerline is rephrased to
agreement of tangential strip and lamella, which show
closely related traits (cf. Section 1.3.4).

• The geometric strips are tangential strips, i.e., the prin-
ciple normals of their geodesic centerlines are aligned
with the surface normals. To reverse-engineer this prop-
erty, lamellas are constrained to lie flat on top of each
other, connected by screws in the direction of the re-
spective surface normals.

• Arbitrary geodesic grids cannot be flattened without
lengthening or shortening of grid members, which will
be discussed more thoroughly in Section 1.1.4. Introduc-
ing stretchable materials would corrupt the deployment
mechanism and all efforts to obtain a curved target
shape due to their low stiffness. Thus, sliding connec-
tions at the intersections of grid members take care of
this problem and ensure high geometric shape agree-
ment.

• The deployed grid is flexible to undergo elastic defor-
mations, which keep angles between grid members un-
changed, much like isometric deformations of surfaces.
To constrain the grid to the desired target shape, it is
mounted to supports with individually inclined contact
areas.
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Fig. 1.3: Comparison of an elastic geodesic grid without notches (left) and with notches (right), where the target surface is a patch
of a sphere. While the grid with notches shows even curvature, the grid without notches exhibits inappropriate accumulations of
curvature.

1.1.4 Length-preserving Mappings of Geodesic
Grids

A problem in classic differential geometry refers to geo-
desic nets on a surface which can bemapped onto geodesic
nets on a family of related surfaces, including the inital
one. The mapping further shall only allow changing the
angles between the geodesics, but keep their arc-lengths
fixed. Such geodesic nets and their carrying surfaces were
already studied and classified [Voss 1907; Lagally 1910]:
A continuous geodesic net can be mapped as described
above, if and only if it is rhombic. A rhombic geodesic net
requires a parametrization of the surface with geodesics
as parameter curves and 𝐸 = 𝐺 in the first fundamental
form 𝑑𝑠2 = 𝐸𝑑𝑢2 + 2𝐹𝑑𝑢𝑑𝑣 +𝐺𝑑𝑣2. The carrying surfaces
of such rhombic geodesic nets were identified as Liou-
ville surfaces. Among others, all rotational surfaces and
surfaces of constant Gaussian curvature belong to this
type.

Requiring geodesic grids which can be mapped to the
plane necessitates a corresponding rhombic net in the
plane. Rhombic geodesic nets in the plane consist either
of the tangents of a conic section or of two families of
lines, where the lines of each family are either parallel
or have a common point of intersection [Perron 1924].
Hence, only a subset of Liouville surfaces is feasible.

Based on the different types of planar rhombic nets,
Liouville surfaces, that permit the above-mentioned map-
ping are are the one-sheeted hyperboloid, if the conic
section is an ellipse or a hyperbola, or the hyperbolic
paraboloid, if the conic section is a parabola. The triv-
ial case of rhombic nets based on parallel lines permits
mappings to surfaces isometric to the plane. Please note
that the conic sections can degenerate into points or lines.
However, they can still be assigned to one of the above
cases.

Apart from these examples the space of other feasible
surfaces is unclear, and one must accept that geodesic nets
on general free-form surfaces which can be planarized in
an arc-length preserving manner do not exist. Ignoring
this fact compromises the quality of the approximation of
elastic geodesic grids, as clearly visible in Figure 1.3. To al-
low for changes of partial lengths, the concept of notches
was introduced [Pillwein et al. 2020b]. Their lengths are

determined geometrically by the amount of sliding a con-
nection has to undergo between the planar and the de-
ployed state.

1.2 Elastic Gridshells
This section highlights the relevance of elastic gridshells
in the engineering community, where most of it applies
to other communities. It further discusses the structural
behavior, the idea of scissor-like deployment mechanisms,
and form-finding.

Classical civil engineering and architectural structures
are assembled from stiff elements, which show deforma-
tions so small that one can view them as rigid in a good
first approximation. The notion of computing the actual
equilibrium shape is usually unnecessary: if some design
rules are followed, it will agree very well with preced-
ing drawings and plans. In other words, the structure
you draw in your CAD software is the structure you get.
Yet, elastic structures obtain their shape through elastic
deformation and abandon these known grounds in engi-
neering. Their equilibrium shape is a response to external
constraints like the supports or loads. In addition to that,
closeness to a specific target shape is desired.

Form-finding creates structural shapes that are in static
equilibrium. It is required whenever the interaction of
geometry, forces, and the desired equilibrium shape is too
complicated to be solved by the designer’s intuition alone.
Form-finding simplifies the design problem as much as
possible and provides a quick, approximate initial solution,
which fulfills specific constraints and is often obtained us-
ing optimization procedures [Woodbury et al. 2006; Adri-
aenssens et al. 2014b]. This technique is used not only for
elastic gridshells but also for masonry shell structures, net
structures, membranes, and other elastic structures.

There are two strategies for designing elastic gridshell
structures: forward design and inverse design, where
cause and effect have different roles. To determine their
meaning, one can resort to Figure 1.2: the cause is the lay-
out of the undeployed grid, the number, kind, and place-
ment of constraints, etc., and the effect is the observable
gridshell shape. In forward design, the cause is changed
until the effect matches some target shape or a designer’s



12 1 Introduction

needs. It is only required to compute the effect induced by
the cause, e.g., by simulation. Forward design of gridshells
may involve iterative changes in layout and constraints,
and subsequent simulation steps until the result is satis-
factory. The inverse design does the opposite: it finds the
cause for a predefined effect, which is very desirable in
the case of a given target surface, but by far much harder
to solve.

1.2.1 Practical Relevance

Elastic gridshells offer many advantages for free-form
design. They provide a rich space of doubly-curved shapes
from small-scale objects like tents, strainers, or weaves to
large-span, lightweight structures due to their beneficial
structural behavior, which will be discussed in Section
1.2.3. They are resource-efficient since they are assembled
from a number of (often straight) elements, which can be
cut from plates or prefabricated by other means. They
can be assembled on-site without expert knowledge and
rapidly deployed manually or by means like mobile cranes
for larger structures [Chilton et al. 2016]. Of great practical
relevance is their cost: the amount of material needed is
low, deployment happens fast, and therefore their cost
per square meter of covered area undercuts conventional
techniques like casting, milling, or welding by far [Du
Peloux et al. 2016].

Elastic geodesic grids benefit from the advantage that
they can be assembled from thin strips or lamellas, which
are perfectly straight and stay tangential to the surface,
which provides an aesthetic appearance and easy fabrica-
tion. Furthermore, the lamellas allow out-of-plane bend-
ing only (cf. Figure 1.4). This feature makes such struc-
tures easier to deploy, which is interesting for all structural
scales: The resistance to bending of a rectangular cross-
section increases with the third power w.r.t. its height,
while the influence w.r.t. its width is linear. In other words,
the force needed to deploy them is always relatively small
compared to general elastic gridshells with circular or
square cross-sections. Furthermore, lamellas’ width can
be chosen independently of the curvature of the lamellas.

Fig. 1.4: A paper strip and its response to bending. In-plane
bending (middle) is impossible without tearing and causes the
strip to buckle. Out-of-plane bending (right) is effortless and
easily controllable. Lamellas behave similarly, allowing low-
effort out-of-plane bending.

Finding practical and cheap strategies to deploy elas-
tic gridshells is essential for easy use and cost-efficiency.
Structures assembled in 3d in a weaving-like manner
do not enjoy the advantage of planar assembly, require
challenging manual labor, and are costly. Clever deploy-
ment mechanisms increase the usability of such structures:
Scissor-like deployable elastic geodesic grids offer easy
and fast deployment of curved structures, especially of
small to medium scales, because manual deployment is
easy to perform. One can imagine decomposing large free-
form surfaces into smaller patches, and deploying and
assembling them sequentially, as proposed by one publi-
cation [Pillwein et al. 2020a] of this thesis. Undeployed
structures are also relatively compact, making them easy
to store or transport.

Due to their lightweight design, all elastic gridshells
are limited in their external load capacity, and experience
undesired buckling easily, which is characteristic of slen-
der structures under compression. The background of
the engineering community with elastic gridshells is still
somewhat limited due to the small number of realized
projects. Furthermore, there are many open questions
regarding long-term behavior: Material parameters of
common materials like timber or fiber-reinforced plastics
vary considerably due to humidity, temperature, and op-
eration time, resulting in variations of shape and stiffness.
Furthermore, although form-finding has become increas-
ingly simple, detailed structural evaluation (as required
for civil structures) and optimal sizing of cross-sections
are anything but straightforward.

1.2.2 Historic Retrospect

This section provides a historical overview of notable elas-
tic gridshell projects, and then turns to recent trends in
research. For a taxonomy of elastic gridshells and their
historical evolution, please refer to [Chilton et al. 2016;
Dickson et al. 2014; Peloux 2017].

Historically, large-scale elastic gridshells spanning sev-
eral tens of meters were pioneered by the Russian engineer
and architect Vladimir Shukhov at the end of the 19th cen-
tury. He developed delicate hyperbolic gridshells, as well
as tensile structures like the Rotunda [Shukhov 1896] at
the Panrussian Exposition (cf. Figure 1.5). This flexible
structure already reveals some common traits with elas-
tic gridshells. Famous architects like Antoni Gaudí, Frei
Otto, and Heinz Isler further pursued the idea of using
gravity and elasticity as a shape-providing mechanism.
Consequently, among other spectacular structures, Frei
Otto designed elastic gridshells, most notably the roof
of the Multihalle at the Mannheim Bundesgartenschau
[Happold et al. 1975]. Due to the limited capabilities of
computational models, by that time, stable elastic struc-
tures were designed using empiric methods [Gengnagel
et al. 2013]. Among them were hanging chain models
to find efficient shapes for arches, shells, and gridshells.
Hook’s law of inversion [Adriaenssens et al. 2014b] states
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Fig. 1.5: Historical and recent examples of gridshell structures. From left (top) to right (bottom): a) A hyperbolic steel gridshell
displayed at the Panrussian Exposition 1896 b) A similar gridshell of 160 meters in height, serving as a broadcasting tower in Moscow,
built between 1919–1922 c) The Rotunda-pavilion, an early steel tensile structure, also presented at the Panrussian Exposition 1896 d)
The Multihalle, a large scale elastic gridshell, built in 1974-1975 e) The Weald and Downland elastic gridshell, built in 2002, f & g) The
Savill building elastic gridshell, built in 2002 e) The Ephemeral Cathedral, an elastic glass fiber gridshell built, in 2013.

that an arch, which exhibits compression only, can be de-
signed by inverting the shape of a catenary, which exhibits
tension only. If buckling is neglected, compression-only
or tension-only structures guarantee the highest possible
material efficiency due to the uniform utilization of the
material. Empiric form-finding also included designing
membrane structures by studying soap films and copying
their shapes.

More recent large-scale elastic gridshell examples are
the Downland gridshell [Harris et al. 2003], the Savill
Garden gridshell [Harris et al. 2008], and the Ephemeral
Cathedral [Du Peloux et al. 2016] (cf. Figure 1.5). These
examples demonstrate that elastic gridshells can produce
large spans with little material input (from large to small):
Multihalle 60m, Savill Garden 24m, Downland Museum
16m, Ephemeral Cathedral 15m [Bouleau et al. 2019].

The active-bending paradigm [Lienhard 2014] and im-
proved simulation techniques sparked a wave of interest
in large-scale elastic structures in the research community,
resulting in many new concepts and research pavilions
[Soriano et al. 2015; Tornabell et al. 2014; Fleischmann et
al. 2011; Nicholas et al. 2013; Harding et al. 2015; Douthe
et al. 2010]. Furthermore, the engineering community
addressed the issue of deploying gridshells with novel
techniques like inflatable air cushions [Quinn et al. 2014;
Liuti et al. 2017; Quinn et al. 2018] and developed free-
form elastic gridshell design methods [Douthe et al. 2010;
Hernández et al. 2013; Adriaenssens et al. 2014a; Pone
et al. 2013; Tayeb et al. 2013]. Finally, new ideas of de-
ployable elastic gridshells with a scissor-like deployment
mechanism were pioneered in the field of architecture
[Soriano 2017; Soriano et al. 2019] and further developed

and formalized in the fields of geometry and computer
science [Panetta et al. 2019; Pillwein et al. 2020b; Pillwein
et al. 2021b]. Due to the connection of elasticity to geom-
etry and simulation, there is much interest in elastic grid
structures in other scientific communities (cf. Section 1.6).

1.2.3 Structural Behavior

The mechanics of elastic gridshells are complex due to the
interaction of elastically loaded members. Their geometri-
cal resemblance to curved shells suggests that gridshells
show similar structural behavior, which is partly the case
and will be discussed below. In general, two structural
mechanisms determine the load transport and the deflec-
tions in elastic gridshells: shell-action and pre-stressing
due to elastic deformation.

Shells obtain their highest structural efficiency when
designed to exhibit compression only. This type of load-
bearing mechanism is called shell-action.

Such ideal shells are very rigid and have a high sensi-
tivity to variations in their shape. If unanticipated loads
(loads that induce bending) appear, shells deform very lit-
tle until they suddenly collapse [Adriaenssens et al. 2014b].
The membrane theory of shells requires the following suf-
ficient criteria to be fulfilled to avoid bending in a shell
[T. Mitchell 2014; Sanchez-Palencia et al. 2010]:

• The boundary and the shape of the shell need to be de-
signed in accordance. Purely elliptic shells with closed
boundaries guarantee to avoid bending, while hyper-
bolic or parabolic shells do not.
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• The boundary conditions (the supports) are continuous
and designed only to transport axial forces (no clamped
boundary).

• Loads are distributed smoothly (no point loads or dis-
continuities).

Although these rules seem to limit the design space to
dome-like or blob-like shapes, the development of Thrust
Network Analysis [Block et al. 2007] revealed an incred-
ibly rich design space for compression-only shells and
masonry vaults. The same applies to compression-only
rigid gridshells [Kilian et al. 2017b; Millar et al. 2021].
However, the theoretical limits w.r.t. the thickness of
shells can never be implemented in practice: Due to their
high sensitivity towards bending, shells need to be de-
signed conservatively to account for unanticipated loads
and guarantee structural safety.

It seems contradictory to connect the structural behav-
ior of elastic gridshells to shell-action, because bending is
omnipresent in gridshells, and there is no resulting closed
surface. However, due to their double curvature, a rele-
vant portion of loads is transported via compressive forces
in the grid members. Finding an elastic gridshell in a state
close to shell-action is a chicken-and-egg situation: An
elastic gridshell will approximate a target surface only to
a certain degree, so even if the target surface allows pure
shell-action, the gridshell will generally not be optimal be-
cause its shape is different. Hence, expensive joint shape
optimization of the target surface and the grid would be
required to reach material-minimizing states close to shell-
action.

Elastic gridshells also benefit from the pre-stressing
effect of bending and twisting members into place: The
energy to produce the curvature and torsion is stored and
causes an increase in the total stiffness of the structure,
i.e., it answers to loads with smaller deflections.

As stated earlier, shells are rigid and deform very lit-
tle until they collapse, i.e., they are form-passive [Adri-
aenssens et al. 2014b]. On the other hand, cables, mem-
branes, or elastic gridshells are form-active: they are flexi-
ble to react to loads with considerable deformation, and
hence avoid failure more easily. The collapse of elastic
gridshells is furthermore announced by large deflections
and does not happen suddenly. A known cause of failure
are long-term material effects like creep, which increases
the material’s flexibility over time.

Undesired behavior emerges due to their slenderness:
Elastic gridshells may react to loads with buckling, which
must be considered thoroughly for their implementa-
tion, e.g., by studying buckling modes [Malek et al. 2014;
Lefevre et al. 2015; Huang et al. 2022]. A common ap-
proach to increase their stiffness significantly and hence
increase the resistance to buckling is introducing multiple
structural layers and connecting them rigidly.

Furthermore, although there is a rich history of eval-
uating elastic gridshells with small-scale models, their

structural behavior does not scale linearly with their size
[Adriaenssens et al. 2014b; Pillwein et al. 2020a].

To discuss the in-plane and out-of-plane stiffness of
gridshells, the idea of a virtual surface 𝑆 through the de-
ployed gridshell is convenient. The in-plane stiffness, i.e.,
the resistance against deformations in the tangent planes
of 𝑆 , is determined by the inextensibility of the grid mem-
bers and the shearing resistance. The latter is produced
by diagonal cables or rods. The out-of-plane stiffness is,
loosely speaking, determined by the structural height of
the gridshell: it increases with the dimension orthogonal
to 𝑆 . Strictly speaking, it is determined by the combined
modulus of resistance of the single or multiple gridshell
layers orthogonal to 𝑆 .

After reviewing the structural behavior, one can con-
clude that elastic gridshells are suitable for specific ap-
plications which do not involve high external loads or
require high structural stiffness. Furthermore, they are
not especially material-efficient due to the large amount
of bending in their members. However, they enable the
design of free-form shapes very rapidly and cheaply, and
their double curvature allows lightness and wide spans.

1.3 Geometry of Elastic Gridshells
The concept of a target surface connects elastic gridshells
to the differential geometry of curves and surfaces. During
form-finding, rods are idealized by curves on the target
surface. Ensuring a close approximation of a specific target
surface may not always be feasible, e.g., if the target sur-
face has high-frequency curvature features, inner bumps
or dents (positive extrema of the Gaussian curvature 𝐾),
or non-smooth features. Whether a surface can be approx-
imated well enough depends very much on the alignment
of the grid and the curvature of individual members.

In a single member, oscillations in curvature usually
correspond to high potential energy. If not properly re-
strained, the member will adopt a shape corresponding
to a lower energy state, which may be far from the de-
sired target surface. Remedying this with a high number
of restraining supports reduces the practicality, and con-
sidering insights from shell theory, appropriate support
locations are along the boundary. There are interesting
approaches [Hafner et al. 2021] to realize single elements
with oscillations in their curvature without introducing ad-
ditional restraining supports. However, these approaches
depend on planar centerlines and varying cross-sections
along the rod, which is an excellent strategy, but hard to
implement for nets of surface curves from a geometrical
and fabricational point of view.

This section elaborates on the geometry of surface
curves, curve frames, their connection to material frames
of rods, and tangential strips along surface curves. It pro-
vides insights into some of the building blocks of shape
correspondence with a target surface and their geomet-
ric background. Please note that geometric concepts will
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Fig. 1.6: Left: The spherical image of the tangents $𝑡 (𝑠) of a small arc around a point 𝑝 on a curve 𝛾 (𝑠). The curvature 𝜅 at 𝑝 can be
computed as the limit of 𝑠𝜅/𝑠. Right: Small patches 𝐴1, 𝐴2, 𝐴3 on a surface S(u,v) and the spherical images of their normals $𝑛(𝑢, 𝑣).
The magnitude of the Gaussian curvature 𝐾 at 𝑝1, 𝑝2, 𝑝3 can be computed as the limit of 𝐴/𝐴. Please note that 𝐴2 is curve-like, which
indicates that 𝑝2 is a parabolic surface point.

be discussed w.r.t. the smooth theory of differentiable
curves and surfaces, but without strict mathematical rigor.
A transfer to the discrete theory, which is employed for
computational reasons to perform distance computations
on the surface and simulations, is out of scope.

1.3.1 Curvature of Curves and Surfaces

The curvature 𝜅 of an arc-length parameterized curve 𝛾 (𝑠)
in R3 measures the local directional change of the tangent
vector $𝑡 (𝑠) = 𝛾 ′(𝑠) at a point 𝑝 = 𝛾 (𝑠) w.r.t. arc-length
𝑠 . The torsion 𝜏 measures the local directional change
of the osculating plane, i.e., the local directional change
of the binormal vector $𝑏 (𝑠), which is the unit vector of
$𝑡 (𝑠) × 𝛾 ′′(𝑠) and therefore orthogonal to the osculating
plane [𝑝, $𝑡, 𝛾 ′′]. To measure the magnitudes of 𝜅 and 𝜏 ,
one can resort to the spherical images of $𝑡 (𝑠) and $𝑏 (𝑠),
and compare their respective arc-length 𝑠𝜅 and 𝑠𝜏 w.r.t.
the arc-length 𝑠 of the curve:

𝜅 =
𝑑𝑠𝜅
𝑑𝑠

= |$𝑡 ′(𝑠) | = |𝛾 ′′(𝑠) | ,

|𝜏 | = 𝑑𝑠𝜏
𝑑𝑠

= | $𝑏 ′(𝑠) | .

The curvature 𝜅 of a spatial curve is not signed, i.e., 𝜅 ≥ 0.
A sign is attached to 𝜏 , w.r.t. the direction of the rotation
of $𝑏 (𝑠) about $𝑡 (𝑠).

With a concept similar to curves, the local deviation
of a surface 𝑆 (𝑢, 𝑣) from its tangent plane at a point
𝑝 = 𝑆 (𝑢, 𝑣) can be measured. The Gaussian mapping
𝑆 (𝑢, 𝑣) → $𝑛(𝑢, 𝑣), with $𝑛 being the surface’s unit normal
vector (i.e., the unit vector of 𝜕𝑆/𝜕𝑢 × 𝜕𝑆/𝜕𝑣), defines the
spherical image of the surface on the unit sphere. Corre-
sponding small regions with areas 𝐴 and 𝐴 on the surface
around 𝑝 = 𝑆 (𝑢, 𝑣) and on the unit sphere around $𝑛(𝑢, 𝑣)
can be compared. The magnitude of the Gaussian curva-
ture𝐾 at 𝑝 is the limit of the ratio 𝐴/𝐴, if the areas shrink to
zero. A sign is attached to 𝐾 due to orientation: The Gaus-
sian mapping induces a parameterization of the spherical
image and therefore an orientation of its unit normal vec-

tor. If it agrees with $𝑛(𝑢, 𝑣), 𝐾 is positive, and otherwise
negative.

A different approach to Gaussian curvature utilizes the
normal curvatures 𝜅𝑛 at a surface point 𝑝 . They measure
the curvature of planar surface curves through 𝑝 w.r.t.
arbitrary tangent directions $𝑡 , where the curves’ planes
are orthogonal to the tangent plane at 𝑝 . The normal
curvature𝜅𝑛 corresponding to (𝑝, $𝑡) is signed: It is positive
if the surface normal $𝑛 and the curve’s principal normal $𝑁
have the same orientation. As the orientation of $𝑛 depends
on the parametrization of the surface, so does the sign of
𝜅𝑛 . Generally, there are two extremal normal curvatures
𝜅1 and 𝜅2, with orthogonal directions $𝑣1 and $𝑣2, denoted as
principal curvatures and principal directions, respectively.
The connection between 𝜅1, 𝜅2, and 𝜅𝑛 is given by Euler’s
formula:

𝜅𝑛 = 𝜅1 cos2 𝜑 + 𝜅2 sin2 𝜑 , (1.1)

where 𝜑 is the angle between $𝑣1 and $𝑡 . The Gaussian cur-
vature 𝐾 = 𝜅1𝜅2 is the product of the principal curvatures.
The famous theorema egregium [Gauss 1828] states, that
the Gaussian curvature belongs to the inner geometry
of the surface. Hence, 𝐾 is invariant under isometries,
whereas the principal curvatures 𝜅1 and 𝜅2 are not.

Surface points with 𝐾 > 0 are denoted as elliptic (𝑆 is
locally egg-shaped), with 𝐾 < 0 as hyperbolic (𝑆 is locally
saddle-shaped), and with 𝐾 = 0 as parabolic. At an elliptic
point, the signs of 𝜅1 and 𝜅2 are the same, and therefore
𝜅𝑛 = 0 is not possible. If 𝜅1 = 𝜅2, all 𝜅𝑛 are equal, and the
point is denoted as umbilical. At a hyperbolic point, the
two directions corresponding to 𝜅𝑛 = 0 are determined
by Equation 1.1 and are denoted as asymptotic directions.
Only if 𝜅1 = −𝜅2, they are orthogonal.

1.3.2 Surface Curves, Frames and Rods

The alignment of rods in an elastic gridshell w.r.t. the
target surface is of significant importance. It is governed
by curve frames and material frames of the centerlines of
rods.



16 1 Introduction

There are three specific unit vectors connected to each
point 𝑝 of an arc-length parametrized curve 𝛾 (𝑠): the
tangent vector $𝑡 = 𝛾 ′(𝑠), the principal normal vector $𝑁
(aligned with the curvature vector 𝛾 ′′(𝑠)), and the binor-
mal vector $𝑏 = $𝑡 × $𝑁 . This orthonormal basis is called the
Frenet frame. The derivatives of the basis vectors with
regard to arc-length are defined by the following linear
combinations: 

$𝑡
$𝑁
$𝑏


′

=


0 𝜅 0
−𝜅 0 𝜏
0 −𝜏 0



$𝑡
$𝑁
$𝑏

 .

Thus, the shape of the curve is fully determined by the
coefficients 𝜅 and 𝜏 .

If the curve lies on a surface, a further frame can be
connected with the curve: The Darboux frame is spanned
by the tangent vector $𝑡 , the surface normal vector $𝑛, and a
surface tangent vector $𝑓 , defined by $𝑓 = $𝑛 × $𝑡 . The Frenet
frame and the Darboux frame share the same basis vector
$𝑡 , thus the former can be transformed into the latter by
rotation about $𝑡 by the angle 𝛽 = 𝛽 (𝑠) = ∠( $𝑏, $𝑛), which
can also be measured as angle between the osculating
plane [𝑝, $𝑡, $𝑁 ] of the surface curve and the tangent plane
[𝑝, $𝑡, $𝑓 ] of the surface (cf. Figure 1.7). As a consequence,
the derivatives of the basis vectors with regard to arc-
length are given by the following linear combinations:

$𝑡
$𝑓
$𝑛


′

=


0 𝜅𝑔 𝜅𝑛

−𝜅𝑔 0 𝜏𝑔
−𝜅𝑛 −𝜏𝑔 0



$𝑡
$𝑓
$𝑛

 ,

with 𝜅𝑔 = 𝜅 cos(𝛽), 𝜅𝑛 = −𝜅 sin(𝛽), 𝜏𝑔 = 𝜏 + 𝛽 ′ .

The movement of the Darboux frame can be understood as
succession of infinitesimal rotations about an axis through
𝑝 = 𝛾 (𝑠), followed by an infinitesimal shift to a neighbor-
ing point 𝛾 (𝑠 + 𝑑𝑠). The skew-symmetric matrix defines
these infinitesimal rotations.

To get an insight into the meaning of 𝜅𝑔, 𝜅𝑛 and 𝜏𝑔, the
angular velocity vector $Ω can be employed. It defines the
infinitesimal rotation at 𝑝 = 𝛾 (𝑠) by its axis and angular
velocity (magnitude of coefficients). In the Darboux frame,
the local coordinates are $Ω = [𝜏𝑔,−𝜅𝑛, 𝜅𝑔]. In the global
coordinate system, $Ω is therefore given by the linear com-
bination

$Ω = 𝜏𝑔 $𝑡 − 𝜅𝑛 $𝑓 + 𝜅𝑔 $𝑛 ,
where 𝜏𝑔,−𝜅𝑛 , and 𝜅𝑔 express the angular velocities of the
rotations about the basis vectors $𝑡 , $𝑓 , and $𝑛 separately.
However, since rotations are non-commutative, the ro-
tation about $Ω must not be interpreted as a sequence of
rotations.

Fig. 1.7: Frames of a surface curve (Frenet in blue and Darboux
in red) and the angle 𝛽 . The blue plane depicts the osculating
plane [𝑝, $𝑡, $𝑁 ] of the surface curve, the red plane depicts the
tangent plane [𝑝, $𝑡, $𝑓 ] on 𝑆 . Rotating the Frenet frame about the
tangent $𝑡 (𝑠) with angle 𝛽 (𝑠) aligns it with the Darboux frame.

The coefficients of the skew-symmetric matrix are de-
noted as geodesic torsion 𝜏𝑔 (rotation about $𝑡 ), normal
curvature 𝜅𝑛 (rotation about $𝑓 ), which was already dis-
cussed in Section 1.3.1, and geodesic curvature𝜅𝑔 (rotation
about $𝑛). The geodesic curvature 𝜅𝑔 measures, how much
the curve locally turns sideways on the surface (i.e., how
much it deviates from being as straight as possible). While
𝜅𝑔 is invariant under isometries (i.e., it belongs to the in-
ner geometry of the surface), the normal curvature 𝜅𝑛 is
not. The relation between the curvatures 𝜅, 𝜅𝑛 , and 𝜅𝑔 of
surface curves results from comparing $𝑡 ′ in the Frenet and
Darboux frames: ����$𝑡 ′���� = 𝜅 =

√︃
𝜅2
𝑔 + 𝜅2

𝑛 .

It is possible, that either 𝜏𝑔, 𝜅𝑛 , or 𝜅𝑔 vanishes along a
surface curve. These special curves are interesting for
many reasons:

• Geodesic curves (𝜅𝑔 = 0): They are as straight as possi-
ble on the surface and thus correspond to the straight
lines in the plane. Their principal normals $𝑁 coincide
with the surface normals $𝑛. They are always locally
length-minimizing, while this may not be the case glob-
ally.

• Asymptotic curves (𝜅𝑛 = 0): They exist only on hyper-
bolic patches (i.e., patches with 𝐾 < 0), where two of
them pass through each point. Their principal normals
$𝑁 lie in the tangent planes.

• Curvature lines (𝜏𝑔 = 0): Generally, two of them pass
through each point 𝑝 , regardless of the sign of the Gaus-
sian curvature, and intersect orthogonally. Their respec-
tive normal curvatures 𝜅1 and 𝜅2 are extremal under all
normal curvatures at 𝑝 .

As for the implementation of gridshells, asymptotic and
geodesic curves share a common property: Both allow
implementations with thin straight lamellas, which in the
case of asymptotic curves are placed orthogonally to the
surface [Schling et al. 2018; Schikore et al. 2021], and for
geodesic curves tangentially [Pillwein et al. 2020b].
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To describe a deformed rod, an orthonormal material
frame analogous to the frames mentioned before can be
used. It is spanned by the tangent vector $𝑡 of the rod‘s
centerline, and two material vectors $𝑚1 and $𝑚2 for the
orientation of the rod’s cross-section. The derivatives of
the basis vectors can be written in perfect analogy to the
Darboux frame:

$𝑡
$𝑚1
$𝑚2


′

=


0 𝜔1 𝜔2

−𝜔1 0 𝑚
−𝜔2 −𝑚 0



$𝑡
$𝑚1
$𝑚2

 .

Again, the coefficients𝜔1 and𝜔2 decompose the curvature
𝜅 of the centerline, whereas the coefficient𝑚 corresponds
to the geodesic torsion:

𝜔1 = $𝑡 ′ $𝑚1 , 𝜔2 = $𝑡 ′ $𝑚2 , 𝑚 = $𝑚′
1 $𝑚2 = − $𝑚′

2 $𝑚1 .

To simulate rods, discrete geometry is employed: The
centerlines are polylines, and the material frames operate
on its edges. However, the underlying geometric relations
stay the same.

The alignment of the Frenet frame and a material frame
along the rod’s centerline can be coupled by stiffness pa-
rameters of the cross-section [Bergou et al. 2008]. Proper
choice of these parameters opens up a large space of
shapes [Panetta et al. 2019; Hafner et al. 2021]. This con-
nection can be understood by examining the bending en-
ergy of an initially straight rod with a smooth centerline:

𝐸𝑏𝑒𝑛𝑑 =
1
2

∫ �
𝜔1, 𝜔2

	
B(𝑠) �𝜔1, 𝜔2

	𝑇
𝑑𝑠 ,

where the stiffness matrix B(𝑠) = 𝐸I(𝑠) is the product of
the elastic modulus 𝐸 of the material and the moment of
intertia tensor I(𝑠), which accounts for the shape of the
cross-section, and𝜔1 and𝜔2 are the projections of the cur-
vature 𝜅 of the centerline onto the material directions. To
virtually prohibit curvature in a material direction $𝑚1 or
$𝑚2, lamella-like rectangular cross-sections are convenient,
since their moment of inertia for one of these directions
is very big.

The discussion of surface curves and material frames
reveals the strong connection between geometric proper-
ties and shapes of cross-sections. Closely approximating
a target surface using an elastic grid is achievable if the
frames of the surface curves and the rod’s material frames
agree.

1.3.3 Geodesics

Due to their straightness (𝜅𝑔 = 0), geodesics are valuable
tools, e.g., to define patterns on surfaces [Pottmann et
al. 2010], straight tangential strips [Wallner et al. 2010],
the layout for triaxial weaves [Vekhter et al. 2019], or
gridshells with geodesic members [Harding et al. 2015;
Adiels et al. 2018].

Fig. 1.8: Examples of paper strips “glued” to the surfaces. The
centerlines of the strips follow geodesic curves on each surface.
A sufficiently small strip can follow any geodesic with non-
vanishing curvature. Adapted from [Pottmann et al. 2015].

Finding geodesics on surfaces is a long-standing and
still active research topic with a rich theory in differential
geometry. Start-and-direction geodesics continue straight
from a given initial point and an initial direction. Start-
and-end geodesics connect two given points with 𝜅𝑔 = 0.
A shortest geodesic is globally shortest among all start-
and-end geodesics between two points. Please note that
the shortest possible curve between two points which
does not contact the surface boundary is always a shortest
geodesic. The former type (start-and-direction) is unique
for every combination of initial point and direction, while
the latter one (start-and-end) generally is not.

Shortest geodesics between two points receive special
attention since their trajectory is more manageable than
the trajectory of start-and-direction geodesics. As for a
given start point, finding the precise direction that yields a
start-and-direction geodesic through a desired endpoint is
hard. The problem of finding shortest geodesics is closely
related to distance fields, which can be computed using
a variety of methods. Please refer to Section 1.6 for an
overview.

The uniqueness of shortest geodesics strongly depends
on the Gaussian curvature 𝐾 of the surface. Intuitively
arguing, a shortest geodesic will likely lead around any
high-curvature bump between the start and end point,
simply because all paths over the bump are not shortest.
A further connecting geodesic might lead over the bump,
and a third one might avoid the bump on the other side.
The shortest geodesic and the third one may even have
equal length. Thus, there can be two shortest geodesics
between the start and end point, which are denoted as cut
points in this case. Please refer to Section 3.4.1 for a more
detailed discussion and depiction of this phenomenon.
The occurrence of cut points depends on the magnitude,
variation, and sign of 𝐾 , and the location of the start and
end points. It is very difficult to check if surfaces are fully
coverable with families of shortest geodesics connecting
points on the surface’s boundary, and so far, only rough
estimates are used [Pillwein et al. 2020b]. Nevertheless,
shortest geodesics are convenient for the form-finding of
elastic structures, especially when the Gaussian curvature
is negative or low enough.
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Fig. 1.9: Truly developable strips Γ1, Γ2, Γ3 and their generators on a surface along geodesics. The strips Γ2 and Γ3 fold over on
themselves along a crease curve. The marked points correspond to the location of 𝜅𝑛 = 0, where the generator aligns with the tangent.

1.3.4 Tangential Strips

Along every surface curve 𝛾 (𝑠) a corresponding devel-
opable tangential strip can be defined. Such a strip is
enveloped by the surface’s tangent planes along 𝛾 , and
its generators $𝑔(𝑠) are conjugate to the curve’s tangents
$𝑡 (𝑠) [Wallner et al. 2010]. When unfolding such a strip to
the plane, its centerline does not need to become straight,
as its curvature is the surface curve’s geodesic curvature
𝜅𝑔 (i.e., the intrinsic part of the curve’s curvature 𝜅). In-
versely, the planar strip can be wrapped onto the surface,
with the generators $𝑔(𝑠) as bending axes. Their directions
are the limits of the intersection lines of the tangent planes
at neighboring points 𝛾 (𝑠) and 𝛾 (𝑠 + 𝑑𝑠) (cf. Figure 1.10).
To derive $𝑔(𝑠) mathematically, one can utilize that the
intersection line has the direction of the cross product of
the respective surface normals $𝑛(𝑠) and $𝑛(𝑠 + 𝑑𝑠):

$𝑛(𝑠) × $𝑛(𝑠 + 𝑑𝑠) = $𝑛(𝑠) × ($𝑛(𝑠) + 𝑑 $𝑛) = $𝑛(𝑠) × 𝑑 $𝑛 | 1
𝑑𝑠

$𝑛(𝑠) × 𝑑 $𝑛
𝑑𝑠

𝑑𝑠→0
= $𝑛(𝑠) × $𝑛′(𝑠) ,

and subsequently derive $𝑔(𝑠), using the derivative equa-
tions of the Darboux frame:

$𝑔(𝑠) = $𝑛(𝑠) × $𝑛′(𝑠) = $𝑛(𝑠) × (−𝜅𝑛$𝑡 − 𝜏𝑔 $𝑓 ) = −𝜅𝑛 $𝑓 + 𝜏𝑔$𝑡 .
Please note that $𝑔(𝑠) is the orthogonal projection of the
angular velocity vector $Ω of the Darboux frame onto the
tangent plane at 𝑝 = 𝛾 (𝑠).

Wrapping the tangential strip onto the surface requires
only bending along the generators $𝑔, which are precisely
the strip’s bending axes. Through this process, the center-
line automatically obtains curvature and torsion.

Aspiring straight strips, geodesics are the perfect choice
due to 𝜅𝑔 = 0. In fact, any straight strip with a sufficiently
small width (with edges parallel to the centerline) can
be wrapped onto a surface along its centerline, which

automatically will always be a geodesic. Please note that
for geodesics the equations 𝜏 = 𝜏𝑔 and 𝜅 = |𝜅𝑛 | hold.
If the geodesic is a planar curve, the generators $𝑔 are
orthogonal to it. If it exhibits torsion (general case), the
construction of the strip may become problematic: The
higher the ratio of torsion 𝜏𝑔 to curvature 𝜅𝑛 , the more
inclined the generators become (cf. Figure 1.9).

Extending the generators of a strip provides interest-
ing insights. On this extended developable surface, they
envelop a ridge curve. The distance of this curve to
the geodesic centerline determines the maximum feasi-
ble width of the tangential strip. Introducing strips with
higher widths results in tangential strips which fold back
on themselves along the ridge curve. In the worst case,
the geodesic has an inflection point (𝜅 = 𝜅𝑛 = 0), where
the generator $𝑔(𝑠) is aligned with the tangent $𝑡 (𝑠). As the
centerline of the strip is now tangential to the ridge curve,
the maximal width of the strip is zero. Hence, developable
strips may need a variable width, which may become zero.

In practice, this geometric problem can be bypassed by
compromising on strict developability and using materials
that allow a small amount of in-plane stretching, which
enables twisting additionally to bending (unlike paper).
For such cases, the binormal model [Wallner et al. 2010] is
suitable. It proposes using a non-developable strip defined
by the surface tangents orthogonal to the geodesic (i.e.,
the binormals of the geodesic), omitting the computation

Fig. 1.10: Geometric construction of the generators $𝑔. Intersect-
ing adjacent tangent planes at 𝛾 (𝑠) and 𝛾 (𝑠 + 𝑑𝑠) yields a line
which converges to the generator $𝑔(𝑠).
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of conjugate surface tangents. This model requires a cer-
tain amount of stretching of the strip’s edges, which is
directly linked to the torsion 𝜏 of the geodesic centerline.
The length of the stretched edges can be computed using
Frenet’s formulas:

𝑙 + Δ𝑙 =
∫ 𝑙

0

√︂
1 +

�𝑤
2 𝜏 (𝑠)

�2
𝑑𝑠 ,

where 𝑙 is the length of the centerline and𝑤 is the strip’s
width. The binormal model is also closely related to the
simulation of discrete elastic rods [Bergou et al. 2008;
Bergou et al. 2010], where length changes by twisting are
not penalized.

In this thesis, the binormal model performed well since
the materials used to build elastic geodesic grids (wood or
glass fiber reinforced plastics) allow for a tiny amount of
in-plane stretching.

1.3.5 Transformable Grids

Elastic gridshells build upon the transformation of an ini-
tially planar grid to a spatial, curved shape. The main
instrument to perform such a transformation is changing
inner angles of the grid. Although such a collective strat-
egy exists, there are different classes of transformable grids
with different underlying geometric assumptions. This
section discusses discrete Chebychev nets, Chebychev-
related elastic nets, and scissor-like deployable geodesic
grids.

The main constraint for deployable grids is prohibiting
the stretching or contracting of the centerlines of mem-
bers. This is reminiscent of Chebychev nets. In the smooth
world, a Chebychev net is sampled from parameter lines
of a surface parametrization with 𝐸 = 𝐺 = 1. A discrete
Chebychev net is a quadrilateral grid of finite resolution
with polylines as member curves 𝛿 and edges 𝑒 of uniform
length. The edges can rotate freely around their vertices,
but the lengths of the edges are preserved. There is great
freedom to find discrete Chebychev nets on surfaces, e.g.,
by using two guiding curves [Koenderink et al. 1998], or
vector fields [Sageman-Furnas et al. 2019]. However, find-
ing such nets on arbitrary surfaces inevitably results in
singularities, and finding nets with only a few of them is
an active field of research. Singularity-free discrete Cheby-
chev nets can always be transformed into the plane by
appropriately changing the interior quad angles [Koen-
derink et al. 1998].

Imagining a similar net of some fixed resolution, but
with elastic and therefore smooth grid lines, the net has
quite different kinematics. Again, arc-lengths of the mem-
bers between their joints do not change. But, due to the
elasticity of the members, changes in inner angles of the
grid propagate through the whole grid (cf. Figure 1.11),
whereas in discrete Chebychev nets, such changes remain
local. Although the shape of Chebychev-related elastic
nets is not determined by a single degree of freedom, i.e.,

Fig. 1.11: A household strainer as an example for a Chebychev-
related elastic net. When unconstrained, the metal mesh is
completely flat. By changing interior angles, doubly curved
shapes are viable.

a single angle in the grid, but local changes of angles add
to the overall shape. This behavior can be understood by
considering members elasticae, which adapt their shape
by minimizing the following functional:

𝐸𝛿 =
1
2

∫
𝛼𝜅 (𝑠)2𝑑𝑠 ,

where 𝛼 is a parameter similar to the stiffness matrix B of
a rod, 𝜅 is the member’s curvature, and 𝑠 its arc-length.

A related approach [Panetta et al. 2019] builds on the
idea of creating curved grids through local changes of an-
gles by loading its joints with different amounts of torque.
Please note that the grid layouts used in this approach are,
however, geometrically not related to Chebyshev nets.

After deploying Chebychev-related elastic nets, the axes
of rotation through their joints are generally not perpen-
dicular to the target surface. The principal normals $𝑁 of
grid members are generally not aligned with the respec-
tive surface normals $𝑛, which is only the case if members
are geodesics.

Scissor-like deployable geodesic grids are also quadrilat-
eral grids of flexible members which preserve the lengths
of member curves 𝛿 . However, as their spacing is not uni-
form, they are not Chebychev-related elastic nets. Their
lamella-like members reduce the kinematic mechanism to
a single degree of freedom. In other words, changing one
angle controls their shape globally, and no local changes
of interior angles are feasible without breaking the grid.
This behavior is due to the significant resistance of the
lamellas in one of the material directions, which effec-
tively prohibits in-plane bending. Similar to the former
type of grids, isometric bending of a deployed grid is feasi-
ble, leading to a family of shapes for each grid. Please note
that for elastic geodesic grids (as described in Section 1.1)
elongated holes are necessary if the deployed grid should
agree closely with a given target surface.

1.4 Simulation and Validation
Well-established mathematical models, like the Discrete
Elastic Rods (DER) model, are well suited to simulate the
shape of assemblies of elastic objects. Rod simulation
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techniques need to be fast, especially for form-finding,
where different layouts must be evaluated repeatedly. Sim-
plifications of the elements’ geometry and the physical
principles that govern elastic deformation guarantee the
speed and robustness of simulation techniques at an ac-
ceptable loss of accuracy. Such techniques represent vol-
umetric elements by polylines as their centerlines, and
material frames assigned to the edges of the polylines,
representing the orientation of the cross-sections. There
are numerous approaches to determine the equilibrium
of such structures, which function by either minimizing
geometric energies like the Discrete Elastic Rods model
[Bergou et al. 2008; Bergou et al. 2010], or minimizing out-
of-balance forces [D’Amico et al. 2015; Lefevre et al. 2017;
Sakai et al. 2020]. In the former case, physical constraints
like joints require the formulation of additional energy
terms, resulting in a mix of geometric energies, which
are only loosely related to the elastic energy of the struc-
ture. Unfortunately, external forces like loading cannot be
applied directly in simulation techniques that depend on
geometric energies. However, these techniques are com-
putationally very robust and efficient. Despite apparent
advantages, 1d rod simulation techniques do have some
shortcomings: Geometrically non-linear effects like helix
strain or buckling of local regions of the cross-section
cannot be analyzed. Furthermore, the weakening of cross-
sections by holes cannot be handled, which is a significant
source of failure for built gridshells.

One can even go further and ask if the simulation can
be partly circumvented using geometric considerations
only. Although the interaction of the elastic members is
complex, some geometric designs can easily be discarded
by analyzing the curvature and torsion of the curves on
the target surface. Holding, for example, a thin metal
lamella at its ends and bending it, it is pretty hard to pro-
duce more than one inflection point if the strip is not
constrained further (e.g., by a helping hand). Heuristics
based on such geometric insights clearly do not provide
the same comprehensive rigor in information as simu-
lating the equilibrium shape. However, if heuristic rules
for good shape correspondence can be identified, such
approaches bear the potential for significant speed-ups
[Pillwein et al. 2021b].

It shall be noted that implementing elastic gridshells
on a large scale requires in-depth Finite Element Analysis
(FEA), featuring geometric and material non-linearity and
proper volumetric representations of the elements.

1.5 Thesis Objectives and
Contributions

This thesis features three publications (P1,P2,P3), all re-
lated to the form-finding of elastic geodesic grids. The pro-
posed approaches aim at approximating free-form surfaces
with spatial grids of bent lamellas, which can be deployed

from a planar configuration using a simple scissor-like
kinematic mechanism.

1.5.1 Outline of Publications

On Elastic Geodesic Grids and Their Planar-to-Spatial De-
ployment (P1) proposes the approximation of free-form
surfaces using scissor-like deployable elastic grids. The
design algorithm is based on geodesic curves and pro-
duces specific planar layouts for different target surfaces,
encoding the shape of the surface into the planar layout.
The design pipeline is semi-automatic, where the user
defines a target surface bordered by a convex geodesic
quadrilateral to be approximated, obtains a sparse base
layout, and can successively choose to densify it. The
paper further investigates theoretical constraints on trans-
forming geodesic grids to the plane without stretching,
and overcomes them by introducing particular sliding
connections called notches. The method is intended as a
form-finding tool for elastic gridshells in architecture and
other creative disciplines, and should give the designer an
easy-to-handle tool to explore such structures.

Authors: Stefan Pillwein, Kurt Leimer, Michael Birsak
and Przemyslaw Musialski; Published in: ACM Transac-
tions on Graphics, Vol. 39, No. 4, July 2020.

Design and Fabrication of Multi-Patch Elastic Geodesic
Grid Structures (P2) proposes improvements in the space
of admissible design surfaces, like surfaces with high
local Gaussian curvature or non-geodesic boundaries,
which a single elastic geodesic grid cannot cover. The
paper demonstrates, how decomposing such surfaces into
smaller patches is an effective strategy to tackle these
problems. Finally, it presents a showcase model of some
meters in size, and discusses practical aspects like fabrica-
tion, size, and easy deployment.

Authors: Stefan Pillwein, Johanna Kübert, Florian Rist
and Przemyslaw Musialski; Published in: Computers &
Graphics, Vol. 98, August 2021.

Generalized Deployable Elastic Geodesic Grids (P3) revisits
the concept of elastic geodesic grids from a new perspec-
tive: The combinatorics of the grids are not restricted to
quads, and boundaries of design surfaces may even be non-
convex. This generalization requires strategies to prohibit
invalid grid members, i.e., shortest curves which touch
the boundary and are therefore no geodesics, and update
the grid combinatorics accordingly. It further introduces
a well-defined elastic grid energy functional that allows
identifying networks of curves that minimize the bend-
ing energy and, simultaneously, nestle to the provided
target surface well. To get results fast, it omits simulating
the equilibrium shape, relying instead on a geometrically
motivated heuristic.
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Authors: Stefan Pillwein and Przemyslaw Musialski;
Published in: ACM Transactions on Graphics, Vol. 40, No.
6, December 2021.

1.5.2 Contributions

The contributions of this thesis are the following:

• We identify a specific case of the inverse design problem
of spatial elastic grids, which can be formulated using
geometric considerations only. This formulation allows
us to find a perfectly planar grid that can be deformed
in an elasto-kinematic manner to a desired spatial grid,
which approximates a given target surface closely. (P1)

• We derive a mathematical method for form-finding of
such geodesic grids, based on the differential-geometric
properties of geodesic curves. In particular, we intro-
duce distance maps and cladding functions, which allow
for an efficient and fast calculation of suitable configura-
tions without expensive numerical shape optimization.
(P1)

• We introduce rules for decomposing large and chal-
lenging input surfaces, which can have holes and non-
convex boundaries, into many individual patches. We
apply this strategy to three examples of free-form archi-
tecture, and show, that between the patches continuity
of members is feasible. (P2)

• We introduce a second, independent mathematical
method to find elastic geodesic grids, based on a well-
defined energy functional, which allows us to identify
so-called least-effort and most-effort geodesics on the
surface, which ensure capturing the surface character-
istics well and provide aesthetic grid layouts. (P3)

• More sophisticated target surfaces may exhibit bound-
aries that are non-convex. Possibly, there are even
multiple non-convex regions. This implies that the
planar configuration becomes more intricate, hosting
sub-families of members, and poses the challenge of
varying-connectivity grids. We propose an efficient
algorithm, based on distance computations only, that
updates the combinatorics of the grids. (P3)

• A crucial requirement of deployable structures is the
perfect planarity of the undeployed state. This require-
ment is important for the ease of fabrication, transporta-
tion, and assembly, and should not be underestimated,
as dealing with bent elements is considerably more
difficult and expensive than with planar ones. We in-
troduce a generic planarization algorithm, independent
of grid combinatorics, that also considers fabrication
constraints. (P3)

• Finally, we introduce physical simulation and a simple
fabrication method for wooden elastic geodesic grid-
shells, and perform empirical measurements that prove
our approach’s validity. (P1,P2,P3)

1.6 Related Work
For the reader’s convenience, this section presents a con-
solidated and revised version of the related work from the
author’s publications [Pillwein et al. 2020b; Pillwein et al.
2020a; Pillwein et al. 2021b].

Developable Surfaces. Due to their vanishing Gaussian
curvature, developable surfaces are isometric to the plane,
which is convenient from a theoretical and practical point
of view.

Nets of geodesics are intrinsically unaffected by isome-
tries, i.e., they remain geodesics, and their lengths and
intersection angles stay unchanged. These properties pro-
vide valuable constraints to model developable surfaces
and their isometric deformation based mathematically on
orthogonal nets of geodesics [Rabinovich et al. 2018a; Ra-
binovich et al. 2018b; H. Wang et al. 2019].

Computationally exploring curved folding is a closely
related area with a lot of research interest. Introducing
curved creases on developable surfaces involves strate-
gies to connect patches along the creases and ensure their
developability individually by introducing multiple dis-
crete orthogonal geodesic nets [Rabinovich et al. 2019],
or by identifying and utilizing the ruling directions of the
planarized patches [Kilian et al. 2008; Tang et al. 2016;
Verhoeven et al. 2022]. Curve-pleated structures [Jiang
et al. 2019] permit approximating curved surfaces by in-
troducing fold patterns for curved creases based on pseu-
dogeodesics.

The geometry of paper crumpling was also explored
[Schreck et al. 2016], where sharp features emerge when
the sheet is crumpled by computationally linking a finite
element simulation step and a remeshing step, which en-
sures developability. Another recent approach to model
developable surfaces is via isometric mappings between
surfaces as correspondences between checkerboard pat-
terns [Jiang et al. 2020b], allowing for cutting, gluing, or
folding along curved creases.

Approximating free-form surfaces with assemblies of
developable surfaces, which can be bent and combined,
is a related research question. There is a wide variety
of approaches involving geodesics to define tangential
patches and combining them [Ion et al. 2020], thinning of
Gauss images of surface patches [Binninger et al. 2021],
variational approaches that modify meshes toward devel-
opable patches [Stein et al. 2018], or making heightfields
piecewise developable by minimizing the rank of their
Hessian [Sellán et al. 2020].

Approximating free-form surfaces with developable
strips [Wallner et al. 2010; Pottmann et al. 2010; Eigensatz
et al. 2010; Tang et al. 2016; Mitani et al. 2004] or panels
[Gavriil et al. 2019; Y. Liu et al. 2011; Pellis et al. 2020] is a
typical application, which is economically highly relevant
in the field of architectural geometry and product design
[Pottmann et al. 2015; D. Chen et al. 2013].



22 1 Introduction

Deployable Surfaces and Structures. A simple way to cre-
ate spatial shapes from flat sheets is by appropriately fold-
ing paper [Mitani et al. 2004; Massarwi et al. 2007], which
is inherently related to the Japanese art of Origami [Dudte
et al. 2016]. This technique also allows for the approxi-
mation of free-form surfaces, as every polyhedral surface
can be folded from a sufficiently large square of paper
[Demaine et al. 2017]. The art of Kirigami involves folds
and cuts and enables corrugated surface representations
isometric to the plane [Jiang et al. 2020a].

Auxetic materials feature a negative Poisson’s ratio, en-
abling them to expand orthogonally to a given stretching
direction. This is due to their elaborate internal geometric
structure, which features openings and rotational joints.
Such materials can nestle to doubly-curved surfaces [Kon-
aković et al. 2016; Konaković-Luković et al. 2018], while
being produced from planar sheets of material. Auxetics
may even take multiple stable states, as recent advance-
ments in bi-stable structures show [T. Chen et al. 2021].

Elastically Deployable Surfaces and Structures. A com-
pelling way to deploy surfaces is to utilize the energy
stored in planar configurations in order to approximate
shapes, for instance, using prestressed latex membranes
in order to actuate precomputed planar geometric struc-
tures into free-form shapes [Guseinov et al. 2017], or
to predefine flexible micro-structures which deform to
desired shapes if appropriate boundary conditions are
applied [Malomo et al. 2018; Laccone et al. 2019]. An-
other approach is to combine elastic rods and membranes,
leading to Kirchhoff-Plateau surfaces that allow easy pla-
nar fabrication and deployment [Pérez et al. 2017]. Re-
lated approaches explore programmable materials [Tozoni
et al. 2020], or rod networks [Pérez et al. 2015] that de-
form to controllable states when deformed. Shape morph-
ing mesostructures [Guseinov et al. 2020] even evolve to
doubly-curved surfaces over time.

Surface-based inflatable structures [Panetta et al. 2021]
utilize expanding tunnels, fabricated by fusing two lay-
ers of thin material to approximate surfaces. Layouts are
found by including the bending energy stored in the tun-
nels.

Introducing elements with variable stiffness enables
a wide range of target equilibrium shapes. This space
was recently characterized for elements that are only con-
strained at their boundaries, using a method to determine
physically viable shapes by the idea of visual inspection
[Hafner et al. 2021].

Weaving approaches are closely related to elastic grid-
shells, which also employ thin elastic strips. Form-finding
techniques vary from geodesic weaves [Vekhter et al.
2019] to weaves with curved strips [Ren et al. 2021]. A
similar approach to weaving is the division of shapes into
principal strips, which bend automatically if combined
[Takezawa et al. 2016].

Wire Structures. Wires are convenient to abstract spa-
tial shapes, either by plastic deformation and assembly
[Miguel et al. 2016; Yang et al. 2021; Lira et al. 2018] or by
combining them with elastic springs of variable stiffnesses
to create kinetic wire characters [Xu et al. 2018].

Wire meshes are closely related to Chebyshev nets and
are well suited to approximate doubly-curved surfaces
[Garg et al. 2014; Sageman-Furnas et al. 2019; H.-Y. Liu
et al. 2020]. Permanently deforming such wire meshes to
approximate the target shapes requires plastic deforma-
tion.

Wire mesh approaches, which build on pure elastic
material behavior, are closely related to elastic gridshells
and have been explored and simulated [Baek et al. 2018;
Baek et al. 2019]. Due to their elasticity and lightness, such
wire meshes were even used for heavy-duty applications
such as for the tires of the the Lunar Roving Vehicles
[Asnani et al. 2009], and as candidates for probe-tires on
other planets.

Rigid Free-form Surfaces. Many methods which aim di-
rectly at the computational design of physically sound and
stable architectural structures have been proposed, e.g.,
the design of self-supporting masonry surfaces [Block et
al. 2007; Vouga et al. 2012; Panozzo et al. 2013]. Also, the
process of the erection of such objects has been computa-
tionally explored [Deuss et al. 2014]. Moreover, methods
for fast interactive form-finding of physically stable struc-
tures [Tang et al. 2014], for physically plausible tensegrity
structure design [Pietroni et al. 2017], or the minimization
of material usage under stability constraints [Kilian et al.
2017b] have been proposed.

Elastic Gridshells. Structures that gain strength and stiff-
ness through their curvature have been used in archi-
tecture and design for millennia [Lienhard et al. 2013].
This form of structure erection has been summarized in
the architecture and construction literature as the active-
bending paradigm [Lienhard et al. 2013; Lienhard et al.
2018]. Modern and easy-to-use computational methods
increased the scientific community’s interest in system-
atically utilizing elastic bending to realize curved shapes.
Architectural works aim to approximate free-form sur-
faces with gridshells to combine lightweight structural
design with aesthetics [Soriano 2017; Soriano et al. 2019],
and are often based on particular kinds of surface curves,
such as asymptotic curves [Schling et al. 2018; Schikore
et al. 2021; Schling et al. 2022]. The engineering commu-
nity is less focused on producing stunning designs but on
systematizing form-finding and simulating elastic grid-
shells which are based on Chebychev nets [Douthe et al.
2010; Quinn et al. 2014; Hernández et al. 2013; Pone et al.
2013; Tayeb et al. 2013]. A central constraint for all these
approaches is that structural members do not stretch or
contract, which is useful in their form-finding, but has far
more profound importance: In fact, the zeroth-order shape
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of an elastic gridshell is determined by rod inextensibility,
not the elastic bending of members [Baek et al. 2018].

Scissor-like Deployable Gridshells. Simple deployment
makes grid structures easy to fabricate and use. Thus,
a lot of research activity went into finding deployment
mechanisms. Several different deployment strategies exist:
erecting a scaffolding and bending the grid down, lifting
the grid by cranes, lifting the grid by inflatable air cushions
[Quinn et al. 2014; Liuti et al. 2017; Quinn et al. 2018], or
employing scissor-like mechanisms encoded in the grid
[Panetta et al. 2019; Soriano et al. 2019; Pillwein et al.
2020b; Haskell et al. 2021; Schikore et al. 2021]. Scissor-
like deployable elastic grids produce curved shapes by
systematically harvesting buckling: The members in the
flat layouts cannot be transformed in the plane without
changing lengths, but due to their flexibility the grids
may buckle and create spatial, curved shapes. This idea
was explored for assemblies based on geodesics and other
curves.

To create an X-Shell [Panetta et al. 2019], a planar grid
layout is designed using curved or straight members, and
actuated via physical simulation. The approach does not
require a target surface, the space of feasible shapes can
simply be explored iteratively: In multiple layout itera-
tions, the designer finds a satisfactory shape by adapting
the planar layouts and evaluating the deployed shapes.
Target surfaces can, however, be approximated by using
shape optimization (presuming a good planar initializa-
tion). The practical feasibility of these structures was
investigated with the construction of a pavilion [Isvoranu
et al. 2019].

The G-Shells approach [Soriano et al. 2019] proposes
to planarize a specific geodesic grid using physical sim-
ulation and an evolutionary multi-objective solver. Un-
fortunately, length-preserving mappings of geodesic nets
on a surface onto geodesic nets in the plane are generally
not possible [Lagally 1910]. Ignoring this finding induces
a geometric error, producing deviations of the computed
grid w.r.t. the target geodesic grid and the target surface.
Please refer to Figure 1.3 for a depiction. Two well-known
examples of surfaces are feasible using this method: the
hyperbolic paraboloid and the one-sheeted hyperboloid.
Apart from these examples, the space of realizable shapes
for this method is still unclear.

In contrast to the former approaches, elastic geodesic
grids [Pillwein et al. 2020b; Pillwein et al. 2021a; Pillwein
et al. 2021b] use the concept of notches, which prevents
the geometric error in the grid layout and allows for a
very close approximation of a target surface. However, it
also makes deployment more complicated, as sliding of
members is necessary. The method takes a design surface
as input, and produces a deployable and perfectly planar
grid layout.

Shortest Geodesics and Distance Fields. Geodesics are de-
fined as surface curves with vanishing geodesic curvature
(𝜅𝑔 = 0). If the shortest connection between two surface
points does not touch the surface’s boundary, it is always
a geodesic, denoted as shortest geodesic between the two
points. Due to their inherent connection to distances on
the surface, shortest geodesics are closely related to dis-
tance fields, which will be reviewed in the following. The
methods for computing shortest geodesics can be classified
into three categories: computational geometry methods,
PDE methods, or graph-based methods. Please refer to
[Crane et al. 2020] for a comprehensive study of current
approaches.

Computational geometry methods build on measuring
distances on flattened triangle strips based on the MMP
or the CH algorithms [J. S. Mitchell et al. 1987; J. Chen
et al. 1990]. This basic approach has seen many improve-
ments in efficiency, either by optimizing the propagation
of the algorithm through the mesh [Xin et al. 2009; Qin
et al. 2016; Han et al. 2017; Surazhsky et al. 2005], paral-
lelization [Ying et al. 2019; Ying et al. 2014], or creative
geometric simplification of the original algorithms at some
loss of accuracy [Trettner et al. 2021]. These approaches
internally build a data structure, using so-called windows,
which are segments on edges, and store data, such as the
distance to the source. Using this data, the shortest path
(i.e., the shortest geodesic) can be traced back from any
point on the mesh to the source.

A distance field is a function 𝑢 on a surface and can be
defined as a PDE w.r.t. the length of its gradients: it needs
to obey the Eikonal Equation | |∇𝑢 (𝑥) | | = 1. PDE methods
intend to solve the Eikonal Equation on triangle meshes.
While the isolines of such a function are curved, the FMM
method [Sethian 1999] assumes linear isolines in each
triangle, yielding approximations of geodesic distances,
which become more accurate the farther the considered
triangles are away from the source. The method was also
improved w.r.t. the handling of acute triangles [Xin et
al. 2007]. Another PDE approach substitutes solving the
Eikonal equation with solving the heat equation and a
Poisson equation [Crane et al. 2013], which both can be
solved by linear systems of equations on triangle meshes.
However, the quality of the solution depends on a time
integration variable and the anisotropy of the mesh.

Graph-based methods [Ying et al. 2013; Adikusuma et al.
2020; X. Wang et al. 2017] build an undirected graph on
the mesh, such that shortest paths on the mesh become
shortest paths in the graph. Graph shortest paths can
subsequently be found fast, using Dijkstra’s algorithm
[Dijkstra et al. 1959].

Besides the before-mentioned, window-based ap-
proaches, geodesics can also be traced using curve-
shortening approaches [Sharp et al. 2020; Xin et al. 2007],
which can, however, only ensure to deliver locally shortest
geodesics.
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2.1 Introduction
Design and construction of structures composed of curved
elastic elements has a long history in the field of archi-
tecture. Alongside their aesthetical aspects imposed by
nature, they have a lot of functional advantages: they
are compact, lightweight and easy to build; nonetheless
practicable, durable, and of high structural performance.

They have been utilized for a long time dating back
to ancient vernacular architecture for formal as well as
for performance reasons, however, the possibilities of
their form-finding in the past were limited [Lienhard et al.
2013].

Fortunately, the currently available computational capa-
bilities and advances in computer science open up avenues
for direct modeling of complex shapes composed of elas-
tically bending members. This goes beyond traditional
architectural design and allows to aim at many general
purpose products composed of such elements. The range
of potential objects encompasses gridshells, formwork,
paneling, various types of furniture, sun and rain protec-
tors, pavilions and similar small-scale buildings, home
decoration and accessories, like vases, bowls, or lamps,
etc., and finally, also elements of future’s functional digital
fabrics that can be utilized in engineering as well as in
fashion.

This vision leads directly to the objective of this pa-
per: a designer provides a target surface and a computa-
tional method finds a planar grid of flat lamellas, that—
when deployed—approximates the surface well. Figure
2.1 shows a planar and a deployed grid of wooden strips,
where a surface with the curved lamellas being tangential
to it can be imagined. The joints between the lamellas
allow for rotation and partially also for sliding. As the
lamellas connecting opposite edges of the planar bound-
ary quadrilateral are not parallel to each other, the grid is
rigid in the plane. Given the flexibility of wooden lamellas
with regard to bending and twisting, the grid is not rigid
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Fig. 2.1:A deployed elastic geodesic gridshell (top) and its planar
lattice in the rest state (bottom) fabricated of wooden lamellas.
The deployment of the whole kinematic system is based on
changing angle 𝛼 , such that 𝛼 → 𝛼 .

in space. By adjusting only one degree of freedom, for
example the angle 𝛼 → 𝛼 at one corner, the planar kine-
matic configuration elastically bends continuously into
a spatial gridshell which approximates the desired sur-
face. The deployment process is governed by the rules of
physics, seeing the lamellas as thin elastic minimal energy
beams, allowed to bend as well as to rotate and slide at
their intersections.

Our goal is to find a suitable planar setup of the lamellas
that can be deformed into a spatial grid, fitting the target
surface as closely as possible. To achieve this goal, we
propose a solution based on networks of geodesic curves
on the target surface. We introduce a set of conditions
and assumptions which can be met closely in practice and
restrict the grids to geodesics. However, at the same time,
it allows us to develop a purely geometric solution which
builds on top of theoretical background from differential
geometry.

An advantage of our approach is to omit numerical
shape optimization and to provide a solution which allows
for easy exploration of designs of geodesic curve networks.
To produce large scale gridshells, further considerations
will be needed, however, our main goal is geometric mod-
eling and form-finding. Our work provides insights into
that domain, also due to the fact that it uses intrinsic sur-
face geometry only. In summary, the contributions of this
paper are the following:
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• We identify a specific case of the inverse design problem
of spatial elastic grids which can be formulated using
geometric considerations only. This formulation allows
us to find a grid which is perfectly planar and can be
isometrically deformed in an elasto-kinematic manner
to a desired spatial grid.

• We derive a mathematical method for form-finding
of such geodesic grids based on differential-geometric
properties of geodesic curves. In particular, we intro-
duce distance maps and cladding functions which allow
for efficient finding of suitable configurations without
expensive numerical shape optimization.

• Finally, we introduce physical simulation and a sim-
ple fabrication method for wooden small-scale elas-
tic geodesic gridshells and perform empirical measure-
ments which prove the validity of our approach.

In the following section we review related work and in
Section 2.3 we provide a set of preliminary considerations
necessary for our formulation. In Section 2.4 we provide
the details of our geometric derivation, and in Section 2.5
we propose an adapted physical simulation. In Section 2.6
we present and evaluate our results. Finally, we discuss
and conclude the work in Sections 2.7 and 2.8.

2.2 Related Work
Developable Surfaces This topic has a long tradition in
computer graphics and architectural geometry [Pottmann
et al. 2015]. A lot of attention has been paid to the ap-
proximation of free-form surfaces with developable strips
[Wallner et al. 2010; Pottmann et al. 2010], which can
be fabricated from 2d flat material-sheets by cutting. By
bending and combining them, complex free-form surfaces
can be erected. Also paneling of surfaces with planar tiles
[Eigensatz et al. 2010] or with general planar polygons
[D. Chen et al. 2013] have been proposed. Another way
is the division of shapes into principal strips which bend
automatically if combined [Takezawa et al. 2016]. On the
theoretical side, a novel representation of developable sur-
faces using quadrilateral meshes with appropriate angle
constraints [Rabinovich et al. 2018a] or a definition of
developability for triangle meshes [Stein et al. 2018] have
been proposed recently. Also discrete geodesic parallel
coordinates for modeling of developable surfaces were
proposed [H. Wang et al. 2019]. All these works aim at
the design of developable surfaces, which, due to their
isometric properties, can be fabricated from planar sheets.
However, they do not incorporate a planar-to-spatial elas-
tic deployment.

Deployable Surfaces One more way to easily construct
spatial shapes from flat sheets is by appropriately folding
paper [Mitani et al. 2004; Massarwi et al. 2007], which is
inherently related to the Japanese art of Origami [Dudte et

al. 2016]. Another set of works deals with curved folding
and their efficient actuation from flat sheets to spatial
objects [Kilian et al. 2008; Kilian et al. 2017a]. Our work is
related to these approaches in terms of being deployable
from a planar initial state, however, the main difference is
that our grids are elastic and approximate doubly-curved
surfaces.

In fact, a lot of attention has been paid to the design
of doubly-curved surfaces which can be deployed from
planar configurations due to the ease of fabrication. One
way of achieving this goal is by using auxetic materials
[Konaković et al. 2016] which can nestle to doubly-curved
spatial objects, or in combination with appropriate actua-
tion techniques, can be used to construct complex spatial
objects [Konaković-Luković et al. 2018]. The main differ-
ence to our approach is that these structures do not use
elastic bending to reach the actual spatial shape.

Elastically Deployable Surfaces An interesting way to de-
ploy surfaces is to utilize the energy stored in planar con-
figurations in order to approximate shapes, for instance
using prestressed latex membranes in order to actuate
precomputed planar geometric structures into free-form
shapes [Guseinov et al. 2017], or to predefine flexible
micro-structures which deform to desired shapes if set
under tension [Malomo et al. 2018]. A combination of
flexible rods and prestressed membranes lead to Kirchhoff-
Plateau surfaces that allow easy planar fabrication and
deployment [Pérez et al. 2017]. These methods achieve
their planar-to-spatial configuration from elastic tension
in the network, either due to prestressing in the planar
state or by setting appropriate boundary conditions. The
latter approach is more closely related to ours, however,
instead of structure optimization, we build on top of the
differential geometric properties of geodesic curves on the
target surfaces. Thus, our method is based on the assump-
tion that the elastic elements can bend and twist, but not
stretch and must therefore maintain the same length in
the planar as well as in the spatial configuration.

Wire Surfaces Our work also contributes to surface ap-
proximations using grids. This is not a novel approach,
and previous works have tackled this topic. For example,
approximations of surfaces with meshes based on Cheby-
shev nets [Garg et al. 2014], as well as with wires that are
deformed in planar configurations and assembled together
[Miguel et al. 2016] to abstract a spatial shape, have been
proposed. In contrast to us, these works do not focus on
elastic-planar-to-spatial deployment nor on elasticity of
the networks.

Physical Surfaces. A number of methods which aim
directly at computational design of physically valid and
stable architectural structures have been proposed. For ex-
ample, design of self-supporting masonry surfaces [Vouga
et al. 2012] or the design of unreinforced masonry surfaces
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Fig. 2.2: The principle behind our planar to spatial deployment
system. Top row: all members of a family are parallel and rigid,
the kinematic linkage can move freely in the plane. Bottom row:
non parallel layout produces a deadlock when trying to change
the shape, inner members are too long. Allowing members to
elastically deform, they buckle out of plane.

[Panozzo et al. 2013]. Also the process of erection of such
objects has been computationally explored [Deuss et al.
2014]. Moreover, methods for fast interactive form-finding
of physically stable structures [Tang et al. 2014], for the
minimization of material usage under stability constraints
[Kilian et al. 2017b], or physically plausible tensegrity
structure design [Pietroni et al. 2017] have been proposed.
Our method is related in terms of the goal of achieving
structurally stable shapes. In turn, these methods do not
utilize elastic bending for deployment or stability.

Classical Geometric Surfaces. In classic differential ge-
ometry, geodesic nets on surfaces which can be mapped
onto a geodesic net on a different surface (including a
plane) have been analyzed by Voss [Voss 1907] and La-
gally [Lagally 1910]. Regarding to their analysis, arc-
length preserving mappings of continuous geodesic nets
onto each other require rhombic geodesic nets, i.e., need
a parametrization of the surface with the net curves as
parameter curves and 𝐸 = 𝐺 in the fundamental form.
The resulting Liouville surfaces are very limited in shapes,
and therefore not useful for our free-form design purpose.

Gridshells and Active-Bending The idea of gridshells —
structures that gain their strength and stiffness through
their curvature—were introduced by Shukhov for the Ro-
tunda of the Panrussian Exposition [Shukhov 1896] and
further pursued by famous architects, e.g., by Frei Otto
for the construction of the roof of the Multihalle at the
Mannheim Bundesgartenschau [Happold et al. 1975].

The introduction of the active bending paradigm [Lien-
hard et al. 2013] together with enhanced and easy-to-use
computational methods increased the interest of the scien-
tific community in systematically utilizing elastic bending
to realize curved shapes. Until recent advances in com-
puter science they could only be form-found empirically
[Gengnagel et al. 2013].

Existing design approaches are often based on particu-
lar kinds of surface curves, e.g., curvature lines [Schling
et al. 2018]. Emerging concepts for the erection of elas-
tic gridshells facilitate the construction process or even
eliminate the need for scaffolding [Quinn et al. 2014].

Architectural works which aim at the approximation of
gridshells and combine lightweight structural design with
aesthetics [Soriano 2017] also inspired our work. Soriano
et al. [Soriano et al. 2019] also proposed mechanisms for
the deployment of geodesic gridshells using an evolution-
ary solver to form-find the grids. However, the design
process is rather complex and time consuming, using nu-
merical gradient-free optimization methods. In contrast,
our approach is based on geometric considerations and
omits expensive computations. Besides gridshells, kinetic
structures, bending plate structures, and textile hybrids
form a new class of structures explored in the active bend-
ing research community [Lienhard et al. 2018].

Recently [Panetta et al. 2019] introduced an interactive
approach for finding deployable grid structures. Their
method requires the user to create an initial grid design by
iterating between layout editing and grid simulation steps.
Once an overall satisfying shape is found, the layout is
then optimized to reduce the internal elastic energy of the
flat assembly state and the deployed target state.

In contrast, our design approach only requires the user
to provide a target surface patch. Based on its geometry,
our algorithm produces a grid layout to approximate the
target surface patch when deployed. Furthermore, our
approach guarantees that the planar configuration is in a
zero-energy state.

Fabrication and Elastic Simulation The computer graph-
ics community started to deal with fabrication and com-
putational design [Bermano et al. 2017], for this reason
many novel methods aim at fast but physically valid simu-
lations. Our simulation is based on the method of discrete
elastic rods [Bergou et al. 2008; Bergou et al. 2010], which
have been adapted and utilized for works on sparse rod
networks [Pérez et al. 2015; Malomo et al. 2018; Vekhter
et al. 2019]. Recently this method has been also used for
the simulation of hemispherical elastic gridshells [Baek
et al. 2019].

2.3 Preliminary Considerations

2.3.1 Elasto-Kinematic Deployment

The main idea behind our planar-to-spatial deployment is
based on a very simple kinematic mechanism, as depicted
in Figure 2.2. It is a special case of a planar quadrilateral
four-bar linkage with rigid members, rotating joints and
one degree of freedom.

If we change the angle at one corner and all links of
a family are parallel, the system can move freely in the
plane (Figure 2.2, top row). If we introduce stiff inner
links which are not parallel, the system is deadlocked. By
introducing bending and twisting flexibility to the mem-
bers, they buckle out of plane in order to preserve their
length and form a spatial grid (Figure 2.2, bottom row). To
construct such a mechanism, the lengths of the members
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must match on the surface as well as in the planar config-
uration. Mathematically, this behavior can be modeled by
geodesic curves on a surface.

A geodesic locally minimizes the arc length between
two distinct points and maintains its length under isomet-
ric deformations of the surface. Moreover, its principal
normal falls into the surface normal, i.e., it allows normal
curvature, but prohibits geodesic curvature. As a conse-
quence, a carefully chosen network of such curves can be
used to build the elasto-kinematic deployment mechanism
and to abstract the surface’ characteristics.

Additionally, gridshells of the nets should be easy to
manufacture, transport, assemble, and deploy. To meet
these properties in practice, we use thin straight lamellas
with a cross section ratio of about 1 : 10, creating a distinct
weak axis for easy bending and a strong axis that prohibits
bending. These lamellas can be wrapped on a surface and
interpreted as tangential strips with a geodesic centerline.
Also their connections, which are essential for the kine-
matic deployment, imitate the intersections of geodesics
well: the lamellas can rotate with the axis of rotation be-
ing always parallel to both of the principal normals of
the centerlines, and their connections can slide along the
tangents of the centerlines.

Besides apparent advantages of easy production,
geodesics offer a lot of theory and give us a great set
of tools to analyze surface patches and find suitable solu-
tions.

2.3.2 Grid Representation

The input to our computational system is a surface patch
P which is a convex bounding shape defined on a designer
created target surface by four corners. They are connected
by geodesic curves on the surface which constitute the
boundaries of the surface patch P as depicted in Figure 2.3.
The output of our system is a planar quadrilateral, denoted
as planar patch P̄, filled with interconnected straight lines.
Its corners are the counterparts of the spatial corners.

The patches consist of two families of grid members:
𝑔, ℎ-members are geodesics on the surface patch, and 𝑔, ℎ̄-
members are their corresponding straight lines in the pla-
nar patch with matching lengths (cf. Figure 2.3). The grid
members are parameterized along the boundaries with
parameter-pairs (𝑢1, 𝑢2) and (𝑣1, 𝑣2) respectively.

2.3.3 Surface Patch Characteristics

Using geodesics to model the grid members also poses
restrictions on the representability of the target surfaces.
There are two ways to compute geodesics: defining a start
point and a direction vector, which has a unique solu-
tion, or defining a start and an end point, which delivers
the shortest path between these two points, but does not
necessarily have a unique solution [Polthier et al. 1998].

To maintain the length of a curve between the bound-
aries, we need to compute geodesics between two points

Fig. 2.3: Overview of our approach and the notation. Left: the
user selects four corners on a desired target surface. Center: the
surface patch P with members of the 𝑔 and ℎ family. Each fam-
ily is parameterized with pairs (𝑢1, 𝑢2) and (𝑣1, 𝑣2) respectively.
Right: a corresponding planar patch P̄ with corresponding mem-
bers of the 𝑔 and ℎ̄ family (cf. Section 2.3.2).

on opposite boundaries, so for our application we use the
second case, which we will denote as shortest geodesics
from now on.

A feature of shortest geodesics—namely the possibility
of non unique solutions—can have disadvantageous effects
for the approximation. It may happen that two points
on a surface patch can be connected by more than one
shortest geodesic. The existence of such points is linked
to the Gaussian curvature 𝐾 of the surface. They result in
areas of the patch P that cannot be covered with shortest
geodesics connecting the boundaries. For the quality of
the approximation, it needs to be ensured that every point
on patch P can be reached by a shortest geodesic of the 𝑔
and ℎ-curves family. If this is not the case, surface features
cannot be captured with shortest geodesics and cannot be
encoded in the planar grid.

Figure 2.4 illustrates the problem: when drawing short-
est geodesics from point 𝑝 to all points on the opposite
boundary, the central area of high positive 𝐾 remains un-
covered and produces a gap in the coverage. Taking a look
at the distance field (Figure 2.4, left), we can identify sin-
gularities as it approaches the opposite boundary. These
singularities form the cut locus L(𝑝) on P and each point
∈ L(𝑝) can be reached from 𝑝 by two distinct geodesics
of the same length.

The geodesic distance 𝑑 between 𝑝 and its nearest point
on L(𝑝) is called the injectivity radius 𝑖𝑟 (𝑝) [do Carmo
1992] given as

𝑖𝑟 (𝑝) = inf 𝑑 (𝑝,L(𝑝)) .
Using a corollary of the Rauch comparison theorem

[do Carmo 1992] we obtain the following inequality:

𝑖𝑟 (𝑝) ≥ 𝜋√
𝐾max

. (2.1)

It gives us a lower bound for the injectivity radius 𝑖𝑟 (𝑝)
for each surface point 𝑝 . Evaluating it at local peaks of
Gaussian curvature 𝐾max serves as a quick check for the
uniqueness of shortest geodesics.

If the lengths of all members are smaller than the right
hand side of Expression (2.1), the patch can be used as it is.
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Fig. 2.4: Shortest geodesics between point 𝑝 and points on the
opposite boundary (top) and distance fields emanating from
𝑝 (bottom). Left: the peak area cannot be covered by shortest
geodesics, cut locus L(𝑝) and injectivity radius 𝑖𝑟 (𝑝) are indi-
cated. Right: Uncovered area sufficiently reduced by smoothing
(cf. Section 2.3.3).

If this is not the case, the surface patch cannot be covered
completely (unless the peak is on the boundary).

Although Expression (2.1) indicates the existence of
these areas, the size of the gaps remains unclear. Small
gaps may not pose big problems for the quality of the
approximation, while big gaps do. They indicate that there
is a considerable difference in length between the shortest
geodesic next to the peak and the (start-direction) geodesic
over the peak, thus the quality of the approximation of
the surface by the planar grid will be worse. In order
to handle surface patches that cannot be covered with
shortest geodesics completely, we propose an iterative
smoothing procedure.

To check for uncoverable areas around a Gaussian cur-
vature peak 𝑝max, we first compute two distance fields:
one from the peak 𝑝max and one from the boundary point
𝑝1, where we choose 𝑝1 to be the closest point to 𝑝max on
the boundary.

They provide us with distances 𝑑 (𝑝1, 𝑞) to the points
𝑞 of the opposite boundary as well as 𝑑 (𝑝1, 𝑝max) and
𝑑 (𝑝max, 𝑞). We compute the minimum of 𝑑 (𝑝1, 𝑝max) +
𝑑 (𝑝max, 𝑞) − 𝑑 (𝑝1, 𝑞), which is reached at a point 𝑞1. If the
minimum is close to zero, the peak 𝑝max is not problematic
and there is no gap. If not, the factor:

𝜂 =
𝑑 (𝑝1, 𝑝max) + 𝑑 (𝑝max, 𝑞1)

𝑑 (𝑝1, 𝑞1)
is used to measure the size of the gap. In order to remove
the unreachable gaps, we perform Laplacian smoothing of
P with cotangent weights iteratively [Desbrun et al. 1999],
until 𝜂 falls below a certain threshold 𝜂max. In practice we
choose 𝜂max = 1.0015 (cf. Figure 2.4, right) which we have
determined empirically.

2.4 Elastic Geodesic Grids

2.4.1 Grid Criteria

Our goal is to find a grid of geodesics on P, which can
be “planarized” to P̄ with a certain angle 𝛼 . The grid
curves are allowed to reduce their curvature and torsion
but should keep their total lengths as well as the lengths

between points of intersection. At each configuration, the
grid curves should be geodesics on a hypothetical surface.

Inversely, the planar grid is deployed to a spatial grid as
the planar angle approaches the spatial angle, i.e., 𝛼 → 𝛼
such that the planar corners approach their spatial coun-
terparts, and the planar straight lines bend to geodesic
curves tangential to the target surface.

In order the meet these requirements, both the planar
and the spatial grids need to obey the following geometric
demands:

(i) Length correspondence: All straight lines 𝑔, ℎ̄ have the
same lengths as their corresponding geodesics 𝑔, ℎ.

(ii) Boundary correspondence: On boundaries, the (𝑢1, 𝑢2)
and (𝑣1, 𝑣2) coordinates of connections are identical
for the 2d and the 3d grid.

(iii) Bijectivity of correspondence: Each point on one
boundary has one and only one corresponding point
on the opposite boundary, defining a grid member
uniquely.

(iv) Convexity of boundary: the corresponding patches P
and P̄ need to be convex.

Criterion (iv) is necessary, since otherwise the kinematic
mechanism can run into a deadlock. It is fulfilled if each
of the four inner angles of P is less than 𝜋 , which can be
argued with the triangle inequality of the surface metric
and the convexity of sufficiently small areas [do Carmo
1992].

In the following, we introduce mathematical tools
which allow to identify geodesic grids which fulfill all
posed criteria. We explain the process only for one family
of members. Note however that the shape of the planar
patch is chosen with respect to both families, satisfying
interconnecting constraints, thus they are not found inde-
pendently.

2.4.2 Distance Maps

As a tool to match the distances on the surface patch P
and the planar patch P̄, we introduce distance maps D𝑢

and D𝑣 . To create them, distance fields are spread from
all points 𝑝 (𝑢1) on one boundary to all points 𝑞(𝑢2) on
the opposite boundary, measuring the geodesic distances
𝑑 (𝑝 (𝑢1), 𝑞(𝑢2)) between them (cf Figure 2.5, left). Trans-
forming the distances into the (𝑢1, 𝑢2, 𝑑)-3d space creates
a representation of the geodesic lengths of the surface
patch, which is illustrated in Figure 2.5. While the dis-
tance maps of the surface patch D𝑢 (𝑢1, 𝑢2) and D𝑣 (𝑣1, 𝑣2)
have a predefined angle 𝛼 induced by the choice of the
surface patch and depend only on the coordinates 𝑢1, 𝑢2
and 𝑣1, 𝑣2 respectively, the distance maps of the planar
patch D̄𝑢 (𝑢1, 𝑢2, 𝛼) and D̄𝑣 (𝑣1, 𝑣2, 𝛼) also depend on the
angle 𝛼 . The choice of that angle changes the shape of
the planar grid and hence also the shapes of the distance
maps D̄𝑢 and D̄𝑣 . In our implementation, distance maps



2.4 Elastic Geodesic Grids 29

d

u2

u1

d

u2

u1

Fig. 2.5: Distance fields on a planar patch P̄ and a surface
patch P, computed from a single point shown on the left. By
sampling all point-pairs along corresponding (𝑢1, 𝑢2)-domains,
we create distance maps D𝑢 (𝑢1, 𝑢2) and D̄𝑢 (𝑢1, 𝑢2, 𝛼). Note
that the planar distance map D̄ also depends on the shape of
P̄ and thus the angle 𝛼 (cf. Section 2.4.2).

are represented as quad meshes; their resolution is chosen
according to the resolution of the input surface mesh. In
practice, it is around 100 × 100 vertices.

2.4.3 Cladding Functions

In this section we derive the cladding functions which
determine the distribution of the corresponding members
in P̄ and P. This is done via finding a suitable angle
𝛼 , such that the grid criteria defined in Section 2.4.1 are
fulfilled.

The cladding function F𝑢 is built by first projecting the
intersection of the distance maps D𝑢 and D̄𝑢 to the 𝑢1, 𝑢2-
plane (respectively, F𝑣 is built using a projection to the
𝑣1, 𝑣2-plane). Points on this function represent geodesics
which connect opposite boundaries and have the same
length on both the planar and the spatial patch. Please
recall that the shape of the distance map D̄𝑢 (𝑢1, 𝑢2, 𝛼) also
depends on the choice of the angle 𝛼 , hence the shape of
the cladding function does as well.

Grid criteria (i) and (ii) are fulfilled by the nature of these
functions. Our goal is now to determine the parameter 𝛼
such that also grid criteria (iii) and (iv) are fulfilled. This
implies that the cladding function F𝑢 must be continuous
and bijective over the entire domain, which means its first
order partial derivative �F𝑢 w.r.t. 𝑢1 should nowhere reach
0 nor ∞ (cf. Figure 2.6, right).

Additionally, bounds can be set on �F𝑢 in order to avoid
too steep or too flat tangents, which would result in a
strong concentration of members on a boundary and an
uneven coverage of the patches P̄ and P as shown in Fig-
ure 2.7. Moreover, if criteria (iii) and (iv) are not fulfilled,
triangular member connections may appear in the planar
grid, destroying the kinematic deployment mechanism.

With this picture in mind, we denote the cladding func-
tions as

𝑢2 = F𝑢 (𝑢1, 𝛼) and 𝑣2 = F𝑣 (𝑣1, 𝛼)
with 𝑢1, 𝑢2 ∈ [0, 1] (𝑣1, 𝑣2 respectively). Refer to Figure 2.7
for a depiction. Please note that for the cladding functions
to exist, the length of the diagonals 𝑒, 𝑓 of the surface
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Fig. 2.6: Intersection of distance map D̄𝑢 (𝑢1, 𝑢2, 𝛼) for planar
patch in blue and distance map D𝑢 (𝑢1, 𝑢2) for surface patch
in orange. Left: proper intersection, fulfilling the constraints
(cf. Sec. 2.4.3). Center: partial intersection, providing an invalid
cladding function F𝑢 . Right: piecewise linear functions 𝐹𝑢 of
both cases evaluated on a discrete grid (cf. Section 2.4.3).

patch P and 𝑒, 𝑓 (cf. Figure 2.6) of the planar patch P̄
must fulfill the following inequality:

(𝑒 − 𝑒) · (𝑓 − 𝑓 ) < 0 . (2.2)

In other words, this inequality is a necessary condition
for a proper intersection of the distance maps. Figure 2.6
depicts how the diagonals 𝑒, 𝑓 of the surface patch and
𝑒, 𝑓 of the planar patch appear in the distance maps.

To find a feasible domain for the angle 𝛼 under the
condition of bijective cladding functions F𝑢 (𝑢1, 𝛼) and
F𝑣 (𝑣1, 𝛼), we formulate it as an optimization problem us-
ing Expression (2.2) as a constraint.

Note that at (0, 0) and (1, 1) distance maps always inter-
sect, so F𝑢 is always defined there. However, the function
might be not defined or not continuous over the entire
domain of 𝑢1 ∈ [0, 1], as depicted in Figure 2.6, center. To
deal with this case, we introduce a piecewise linear para-
metric representation 𝐹𝑢 (𝑖, 𝛼) = (𝑢1 (𝑖), 𝑢2 (𝑖), 𝛼) given
over the entire domain and range of F𝑢 (cf. Figure 2.6).

Using the slopes of the segments �𝐹𝑢 and �𝐹𝑣 simultane-
ously as constraints, we cast the following optimization
problem to determine a feasible domain for the angle:

min 𝛼

s.t. (𝑒 − 𝑒) · (𝑓 − 𝑓 ) < 0
𝑘min < �𝐹𝑢 (𝑖, 𝛼) < 𝑘max, 1 . . . 𝑛
𝑘min < �𝐹𝑣 (𝑖, 𝛼) < 𝑘max, 1 . . . 𝑛,

(2.3)

with 𝑛 being the number of segments and with 𝑘min and
𝑘max being slope bounds which we have determined em-
pirically as 𝑘min = 0.1 and 𝑘max = 10. We evaluate �𝐹𝑢 , �𝐹𝑣
using finite differencing

�𝐹𝑢 (𝑖, 𝛼) = Δ𝑢2 (𝑖)
Δ𝑢1 (𝑖)

at all segments, as shown in Figure 2.6, right. To tackle
the case where �𝐹𝑢 = ∞, we set its value to 𝑐Δ𝑢2 with
𝑐 ≫ 𝑘max; cases with �𝐹𝑢 = 0 do not cause any numerical
problems. In our implementation, each cladding function
is computed by intersecting the distance map meshes and
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Fig. 2.7: The influence of 𝛼 on the cladding with grid members: its choice affects the distribution and coverage of the members 𝑔 and
ℎ on the surface patch P. Right: the shape of the cladding function F𝑢 with indicated members (cf. Section 2.4.3). Please note also
the angles 𝛽 and 𝛾 , which are used to determine minimum distances between lamellas with a certain width (cf. Section 2.4.4).

their resolution induces the resolution of piecewise linear
function 𝐹 .

We solve Problem (2.3) using sequential quadratic pro-
gramming with numerical gradients w.r.t. 𝛼 . First we de-
termine the minimum feasible 𝛼min with the lower bound
for 𝛼 from the convexity restrictions of grid criterion (iv).
Then we find a maximum feasible 𝛼max using the same
concept. Values of 𝛼 between these bounds ensure the
cladding functions F𝑢 and F𝑣 to be bijective.

Note, that setting bounds for 𝛼 also makes it possible to
introduce designer constraints on the shape of the planar
patch P̄. In practice, we choose 𝛼min for our examples,
which results in a compact planar patch design.

2.4.4 Grid Members

After checking the validity of the surface patch (with smoo-
thing, if needed) and fixing 𝛼 , we choose the number and
positions of the grid members. Patches with many curva-
ture features (cf. Figure 2.4) obviously need a minimum
number of well placed members to capture all surface
features well. For this specific example, all the bumps of
the surface have to be encoded in the planar grid.

Our approach for fitting gridmembers is a geometrically
motivated heuristic. It reuses the information from the
intersections of the respective distance maps D𝑢 and D̄𝑢

in the (𝑢1, 𝑢2, 𝑑) space (cf. Section 2.4.3). Along their in-
tersection curve, we can construct an associated function
C𝑢 (𝑠) of geodesic lengths 𝑑 of the members. Its maxima
and minima correspond to longest or shortest geodesics
(𝑔𝑖 , 𝑔𝑖 ) on the surface patch P and provide good candidates
for physical members of the elastic grid.

Hence, members are first placed at the extrema of C𝑢 (𝑠)
and next at the extrema of the curvature of C𝑢 (𝑠). The

Cu ( s )

s s

Cu ( s )d d

Fig. 2.8:One iteration of the member placement procedure. Left:
members placed based on geometric features. Right: additional
members placed in the gaps and distributed without affecting
the initial members. Bottom row depicts the C-function with
indicated members (cf. Section 2.4.4).

first pass ensures to cover major features (large peaks)
since these members correspond to locally longest and
shortest geodesics. The second pass ensures to capture
finer features (smaller bumps), since the corresponding
members are also locally the longest or the shortest mem-
bers, however on a smaller scale. Figure 2.8 depicts these
steps.

In order to avoid the members to be placed too close to
each other or to overlap, we compute the offsets

𝑑 (+) (𝛽 (𝑢1), 𝛾 (𝑢1),𝑤𝑚) and 𝑑 (−) (𝛽 (𝑢1), 𝛾 (𝑢1),𝑤𝑚)
which give the minimum distance between a member and
its preceding and subsequent neighbors. The angles 𝛽 (𝑢1)
and 𝛾 (𝑢1) are the enclosed angles between a member and
the boundaries, and𝑤𝑚 is the member width (cf. Figure
2.7). If members are too dense, we prioritize them using
the absolute value of curvature of C𝑢 (𝑠). The assump-
tion behind this choice is inspired by the observation that
the more curved C𝑢 locally is, the more distinct surface
features the corresponding geodesic captures.

If members are too sparse, we add new members in
the gaps, which fulfill the restrictions imposed by 𝑑 (+)
and 𝑑 (−) . After adding them, we minimize the sum of the
squared distances to existing members in order to achieve
a more equal distribution.

Note that the same procedure is applied to D𝑣 and D̄𝑣

to obtain the function C𝑣 and the members of the (ℎ, ℎ̄)
family.

2.4.5 Notches

Deploying the planar grid with rotational-only connec-
tions delivers an approximation of the surface patch P,
but the centerlines of the physical lamellas cannot become
geodesics on P. The reason is that they are held back
by their fixed intersections with inner members of the
other family. This restriction is a consequence of the grid
criteria (i) and (ii). Note that as shown by Lagally [Lagally
1910], an arbitrary geodesic grid cannot be planarized in
general.

To address this issue, we introduce sliding notches at
the connections of inner members. These notches provide
two translational degrees of freedom at each connection,
enabling the respective members 𝑔𝑖 and ℎ 𝑗 to slide by the
notch lengths ℓ𝑔𝑖 , ℓℎ 𝑗 (cf. Figure 2.9). We can identify
unique optimal sliding directions and notch lengths from
comparing the difference of the locations of the connec-
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Fig. 2.9: Left: deployment without notches, where orange dots
indicate optimal connections in the spatial state. Right: Notches
ℓ𝑔 , ℓℎ computed for one particular connection 𝑞 (cf. Section
2.4.5).

tions w.r.t. the arc length between the geodesic members
𝑔, ℎ and their planar counterparts 𝑔, ℎ̄.

In other words, traversing an inner member pair
(𝑔𝑖 (𝑠), 𝑔𝑖 (𝑠)) ∈ (𝑔,𝑔) along its arc length parameters 𝑠
and 𝑠 , the notch length ℓ𝑔𝑖 at a particular connection is
given by

ℓ𝑔𝑖 = 𝑠 − 𝑠 .

The notch length ℓℎ𝑖 along the (ℎ𝑖 (𝑠), ℎ̄𝑖 (𝑠)) member pair
is given in an analogous way (cf. Figure 2.9).

The corresponding sliding directions are given by the
sign of this equation. If each connection slides to the end
of both its notches, the centerlines of the lamellas move
towards the geodesics on P. Due to the extra degrees
of freedom, notches enable the structure to take a lower
energy state by reducing the torsion and curvature of the
members. The notches are physically realized by simply
elongating the holes of the corresponding lamellas.

2.4.6 Anchors

When changing the angle 𝛼 → 𝛼 , an elastic grid buck-
les out of plane into a curved configuration. While the
surface patch P has a fixed shape, the grid can deform to
multiple spatial configurations, since an elastic grid for
a specific surface patch is also suitable for all isometric
surface patches. This is given by the fact that our grids
are constructed using the intrinsic metric on P, which
is invariant to isometries. Isometries of a surface can be
imagined by bending the surface without stretching it.

To force the grid into the desired configuration, we
introduce additional anchors which pin connections of
members to fixed points on the target surface. We system-
atically introduce them on selected connections of inner
members with boundary curves, such that they push the
elastic grid into a configuration in agreement with the
shape of P.

For practical reasons, we only allow anchors on the
boundaries. In particular, we identify points of locally
extreme curvature on the boundary geodesics and filter
for small extrema. The connections of members closest to
these points serve as anchor locations (cf. Fig. 2.10).

Fig. 2.10: The influence of anchors and notches on the example
Archway. Left: Anchors at the corners are not sufficient to push
the grid into the right configuration. Center: Deployed state
without notches, local buckling and irregularities in smoothness
can be observed. Right: Notches relax the structure to a more
natural, lower energy shape (cf. Sections 2.4.5 and 2.4.6).

2.5 Physical Simulation
To simulate the physical behavior of the deployed grid,
we use a simulation based on discrete elastic rods [Bergou
et al. 2010] and build upon the solution of [Vekhter et al.
2019]. We refer the reader to those papers for the details.
Note, that the associated material frames of the rods do
not need to be isotropic, which allows us also to model
the exact cross sections of lamellas with a ratio of 1 : 10.

A central aspect of the kinematics of elastic geodesic
grids is the ability of grid members to slide at connections,
denoted in the following as 𝑞. In general, they do not
coincide with the vertices of the discretized grid members.
To handle them, we introduce barycentric coordinates 𝛽𝑞
to describe the location of a connection on a rod-edge.
We also take the physical thickness 𝑡 of the lamellas into
account, which is modeled by an offset between the mem-
bers 𝑔 and ℎ at each connection. Hence, a connection 𝑞
consists of two points 𝑞𝑔 and 𝑞ℎ with an offset 𝑡 . Apart
from sliding, members are allowed to rotate around con-
nections about an axis that is parallel to the cross product
of the edges 𝑞𝑔 and 𝑞ℎ lie on.

Simulation Our aim is to find the equilibrium state of the
given elastic grid, which corresponds to an optimization
problem of minimizing the energy functional

𝐸 = 𝐸𝑟 + 𝐸𝑞 + 𝐸𝑎 + 𝐸𝑛 + 𝐸𝑝 ,

where 𝐸𝑟 is the internal energy of the rods, 𝐸𝑞 is the en-
ergy of the connection constraints, 𝐸𝑎 is the energy of
the anchor constraints, 𝐸𝑛 is the energy of the notch-limit
constraints, and 𝐸𝑝 is an additional notch penalty term
that also serves to account for friction. We perform the
simulation by minimizing the entire energy 𝐸 for the rod
centerline points 𝑥 using a Gauss-Newton method in a
similar fashion as proposed by Vekhter et al. [Vekhter et al.
2019]. In Section 2.6.2 we perform an empirical evalua-
tion of the accuracy of the simulation by comparing it to
laser-scans of the makes.

For the sake of readability, we will define the constraint
energy terms only for a single constraint each. 𝐸𝑟 is the
sum of stretching, bending and twisting energies of each
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Fig. 2.11: The effect of the weighting parameter 𝜇 in 𝐸𝑝 (from
left to right): surface shaded with𝐾 and geodesics; 𝜇 = 0.01, rods
slide onto geodesics; 𝜇 = 0.1, sliding in high 𝐾 areas reduced
(our setting); 𝜇 = 1, sliding is heavily reduced. Refer to Section
2.7.3 for a further discussion on 𝜇.

individual rod. As a full explanation of the DER formula-
tion is out of scope for this paper, we refer the reader to
the work of [Bergou et al. 2010] for a detailed description
of these terms.

The connection constraint energy 𝐸𝑞 is given by

𝐸𝑞 = 𝜆𝑞,1
��𝑞𝑔 − 𝑞ℎ + 𝑡𝑚𝑔

��2 + 𝜆𝑞,1
��𝑞ℎ − 𝑞𝑔 − 𝑡𝑚ℎ

��2
+ 𝜆𝑞,2

��∠ �𝑚𝑔,𝑚ℎ
���2 ,

with𝑚𝑔 and𝑚ℎ denoting the material vectors of 𝑔 and ℎ
at 𝑞 respectively. The term 𝑡𝑚 accounts for the thickness
of the rods, while 𝜆𝑞,1 and 𝜆𝑞,2 are the constraint weights
for the position and direction terms.

The anchor constraint energy 𝐸𝑎 ensures that both the
position 𝑞 and material vector𝑚 of the given connection
do not deviate from the position 𝑞𝑎 and material vector
𝑚𝑎 of the corresponding anchor. It is given by

𝐸𝑎 = 𝜆𝑎,1 ∥𝑞 − 𝑞𝑎 ∥2 + 𝜆𝑎,2 ∥∠ (𝑚,𝑚𝑎)∥2 ,
with 𝜆𝑎,1 and 𝜆𝑎,2 as weights. This constraint applies to
the grid corners and anchors.

The notch-limit constraint energy 𝐸𝑛 ensures that the
connection point remains within the bounds of the notch.
They are specified by the notch length 𝑙 and the sliding
direction (cf. Section 2.4.5):

𝐸𝑛 = 𝛿 (-)
� 1
10

log
�
𝛽𝑞 − 𝛽 (-)

��2
+ 𝛿 (+)

� 1
10

log
�
𝛽 (+) − 𝛽𝑞

��2
with 𝛽 (−) and 𝛽 (+) denoting the barycentric coordinates of
the notch bounds on their corresponding edges. The term
is only active when the connection lies on the same rod-
edge as one of the notch bounds, so 𝛿 (−) = 1 or 𝛿 (+) = 1
when the connection lies on one of these edges, and 0
otherwise.

The additional notch penalty term 𝐸𝑝 controls the move-
ment of a connection 𝑞 between two adjacent edges. If 𝑞
switches edges, it needs to be reprojected to the neighbor-
ing edge at the next iteration of the simulation. Within an
iteration, 𝐸𝑝 prevents 𝑞 from moving too far beyond the
end of the current edge:

𝐸𝑝 =
�
𝜇 log

�
𝜖 + 𝛽𝑞

� �2 + �
𝜇 log

�
𝜖 + 1 − 𝛽𝑞

� �2
,

with 𝜖 denoting how far 𝑞 is allowed to move past the end
of the edge and 𝜇 acting as a weighting parameter (we
choose 𝜖 = 0.0001, 𝜇 = 0.1).

Since 𝐸𝑝 is not 0 even inside the edge, it penalizes very
small slidingmovements that would otherwise accumulate
over many iterations. In other words, 𝐸𝑝 creates a pseudo-
frictional effect, which is controlled by 𝜇. In a physical
grid, friction creates a force acting against the sliding
movement of a connection. If the driving force of the
movement and the frictional force counterbalance, the
movement stops. This situation has an analogy in our
grids. A connection stops moving inside a notch if

𝜕𝐸𝑞

𝜕𝛽𝑞
+ 𝜕𝐸𝑝

𝜕𝛽𝑞
= 0

is fulfilled. Figure 2.11 depicts the effects of different values
for 𝜇.

2.6 Results and Evaluation

2.6.1 Qualitative Results and Fabrication

Using our method, we have approximated a number of
surfaces which are depicted in Figures 2.12 and 2.14. We
used input surfaces with positive and negative Gaussian
curvature regions, as well as purely elliptic and hyperbolic
surfaces.

The fabricated models we present in Figure 2.14 are
made of lime wood lamellas and placed on 3d-printed sup-
ports after assembly. To position the notches precisely,
lamellas are laser-cut from thin lime wood plates. Mem-
bers are connected by simply using screws and nuts. The
support structures fix the shape of the boundary members
to anchors as described in Section 2.4.6 and also provide
correct orientation for the lamellas by inclined contact
areas.

2.6.2 Evaluation

Quantitative Results In Table 2.1 we summarize quanti-
tative results of our method for seven models (Figure 2.12
and 2.14). The presented values RMS1 and RMS2 denote
the root mean square distance between grid vertices and
the mesh representing P without and with notches respec-
tively. As can be seen, notches allow for closer proximity
between the rods and P. Please note that the model width,
depth and height listed in Table 2.1 are dimensionless and
that we scale the model by a global factor for fabrication.

The computation time for the geometric grid generation
(c.f. Section 2.4) mainly depends on the mesh resolution
of P, which also determines the number of distance fields
that are computed. Smoothing additionally requires the
computation of several distance fields in every iteration.
Simulation time of the deployed state of the grid with and
without notches mainly depends on the number of grid
vertices.
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Torus Wide Waves Bump

Fig. 2.12: Computed and simulated results without make, renderings of the simulation and the planar grid. The orange lines follow
our simulation with notches. The dark lines follow the shortest geodesics on P.

Evaluation of Simulation To evaluate the agreement of
the simulated results with the fabricated wooden makes,
we used a state-of-the-art laser-scanning device (Metris
MCA 36M7) to capture the deployed gridshell. To enable
precise agreement of the cartesian anchor coordinates 𝑞𝑎
and the point cloud, we registered them using the ICP
algorithm.

The material properties of the wood were not deter-
mined by testing, but estimated using reference values
for deciduous woods. Figure 2.13 shows the results of
the comparison. Note that the root mean square error
between the point cloud and the simulated model is 0.06
cm, which is only about half the thickness of a lamella.

2.6.3 Implementation

Our grid design algorithm is implemented in Matlab,
utilizing its sequential quadratic programming solver for
solving the optimization Problem (2.3) using numerical
gradients w.r.t. 𝛼 . We furthermore implemented the
DER-simulation in C++, building upon the framework
of [Vekhter et al. 2019]. To compute the distance fields on
the surface patch P we use the VTP algorithm by [Qin
et al. 2016]. For the computation of the geodesic paths we
use the algorithm for exact geodesics between two points
by [Surazhsky et al. 2005].

2.7 Discussion

2.7.1 Geodesic Grids vs General Grids

In order to design general grids, the paths of the surface
curves need to be flexible. In our method, we focus on
geodesic curves due to their properties, in particular al-
lowing only the normal curvature on surfaces (cf. Section
2.3). The directions of the curves on the surface can only
be controlled by changing the angle 𝛼 because of the re-
strictions induced by the cladding functions. Creating an
elastic geodesic grid that approximates an arbitrary curve
network is therefore not possible.

As a consequence of our design choice, cross sections
of fabricated members need to be rectangular with a high
width to thickness ratio. While this ensures easy fabrica-
tion, at the same time it poses a limitation on the design
space. As shown by Panetta et al. [Panetta et al. 2019], the

shape-space of similar grid structures can be controlled
by changing the profile of cross sections. However, when
using more complicated cross sections, parts of them may
buckle during deployment. This causes nonlinearities in
stiffness parameters requiring to account for buckled cross
sections. We avoid this necessary nontrivial update of the
stiffness parameters, as the choice of our cross section
minimizes these geometric second order effects.

Note that in our models, the size of the cross sections
is uniform. Allowing different dimensions for every rod
or even every segment would allow for an even better
approximation of the surface patch.

2.7.2 Representable Shapes

Elastic geodesic grids can only approximate surfaces, that
are “claddable” by unique shortest geodesics. If this is not
the case, our smoothing algorithm ensures cladding, but
surface details could be lost. Also the number and the
density of members influences the representable shapes.
If the shape is of very high frequency geometric details,
it might not be representable by a too sparse network of
physical members. In turn, in order to ensure fabricabil-
ity, only a limited number of members is possible. This
relationship is an interesting issue for future work.

To approximate the extrinsic shape of P, we introduce
anchors on the boundaries of an elastic grid. They act as
constraints on the shape of the grid and are supposed to
reduce the number of possible configurations to a single
one. However, in some cases our definition of anchors is
not sufficient. Imagine a high-frequency surface: fixed
boundaries may not suffice to uniquely determine the
direction of inner bumps. Although we did not encounter
this problem in our examples, there certainly exist surface
patches that require additional anchors inside the grid to
pin down its shape uniquely.

Besides this geometric view on multiple deployed con-
figurations, they can also be looked at from an equilib-
rium point of view. If deployed and anchored correctly, a
structure in equilibrium will maintain its shape. Further
conclusions about the nature of the equilibrium would
require a sensitivity analysis which could give interesting
insights to the properties of elastic grids like the proneness
to pop into a different configuration in a loading scenario.

Notches allow the grid to relax into a lower energy
state and increase the accuracy of the approximation. If a
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Fig. 2.13: Comparison of the simulation result (Section 2.5) to
a laser scan of the example Double Vault. The figure shows the
point cloud with simulation results overlayed. The notches are
indicated in red. The lamellas have cross section of 0.1 : 1.0 cm.
The color indicates the 𝐿2 distances of the points to the lamellas.
The total RMS error of the comparison is 0.06 cm.

grid without notches is deployed, it cannot approximate
the surface patch P, because distances between connec-
tions do not agree with the metric of P. The effects can
be observed in local buckling of members and general
deviations from P (cf. Figure 2.10).

Finally, the current definition of distance maps is not
compatible with holes in the surface, so the surface patch
needs to maintain a single boundary.

2.7.3 Simulation

In our simulation, the energy term 𝐸𝑝 is not physical,
nonetheless, it acts as a source of pseudo-friction. We
incorporated it to speed up the convergence of sliding
movements and to make the simulation more realistic. As
𝐸𝑝 causes connections to not fully utilize the notches, it
interferes with the quality of the approximation (cf. Figure
2.10).

However, in our simulated models we registered that
successively increasing 𝜇 first penalizes notches that be-
long to members with geodesics in areas of high 𝐾 . Here
geodesics are sensitive to imprecisions (e.g., from dis-
cretization of P or our numeric algorithm) and can exhibit
deviations from the desired optimal path. This results in
notches that are overly long.

The effects of 𝐸𝑝 penalize sliding in high 𝐾 regions first,
which helps to trim such locally overly long notches (c.f.
Figure 2.12, Waves Bump and Figure 2.14, Archway). Us-
ing the suggested settings, there is no significant negative
effect of 𝐸𝑝 on the quality of approximation as Table 2.1
and the Figures 2.12 and 2.14 show. It would be interest-
ing to investigate a notch-penalty term that goes beyond
imitating friction, but controlling the quality of the ap-
proximation via systematically reducing notch-lengths.
A further investigation into similar concepts of handling
notches is an attractive topic for future work.

The used simulation is based on the DER formulation
and therefore uses the concept of linear material elastic-
ity. It does not account for non-linear elastic effects like
plasticity or the failure of members. Since we prescribe
deformations in the deployment scenario, the resulting
stresses have to be kept within an acceptable range. These
arising stresses are higly influenced by crosssectional siz-
ing.

2.7.4 Deployment

The deployment of an elastic grid is achieved by changing
the angle 𝛼 and applying additional bending to guide it
to the desired extrinsic shape. While our treatment of the
deployment process is limited to the start and end con-
figurations, without investigating intermediate states, we
expect the process to be feasible if the end configuration
is physically sound. All our experiments performed in ac-
cordance with this expectation, although a proof remains
future work.

While deploying our physical models, we encountered
that the static friction of wood can hinder connections
from sliding freely. It thereby prevents the system from
moving into a configuration of lower elastic energy. This
can be countered by introducing some extra energy into
the system that helps to overcome friction. Also finding
fabrication methods that minimize friction between mem-
bers are interesting problems to explore in the future.

Our approach is intended as a form-finding tool for 2d-
3d elastically deployable gridshell structures. Although
we only validated our approach with small scale models,
[Panetta et al. 2019] examined the deployment of struc-
tures that use a similar deployment mechanism, but are
bigger in size. Investigating how our approach can be
adapted to the challenges of large scale architecture is an
interesting engineering problem and a potential topic for
future work.

Tab. 2.1: Quantitative results of our method. We measure the
root mean square error (RMS) between the member centerlines
and the target mesh: RMS1 refers to grids without notches
and RMS2 to grids with notches. Timings are in seconds, 𝑡grid
refers to the computation times of generating the geometric elas-
tic grid, 𝑡sm to smoothing, 𝑡1 refers to the simulation without
notches and 𝑡2 to the simulation with notches. |𝑀𝑉 | expresses
the number of mesh vertices and |𝐺𝑉 | the number of grid ver-
tices. Captions refer to examples Torus Wide, Waves Bump (Fig.
2.12), and Sphere, Double Vault, Waves, Archway, and Triple
Vault (Fig. 2.14) respectively. Measured on an Intel Xeon E5-
2687W v4.

T.W. W.B. Sph. D.V. W. A.w. T.V.

width 100.0 100.0 100.0 100.0 100.0 100.0 100.0
depth 61.9 100.0 100.0 51.7 65.5 58.0 42.8
height 27.2 12.7 29.9 14.6 15.1 20.7 16.3
|𝑀𝑉 | 2122 3385 1083 571 1929 975 1322
|𝐺𝑉 | 767 388 414 300 328 625 494

𝑡sm − 31.63 − − 10.22 4.14 −
𝑡grid 5.33 5.62 1.29 0.68 2.10 1.50 1.67

RMS1 1.17 1.47 1.09 0.69 0.59 0.63 0.69
RMS2 0.27 0.78 0.58 0.31 0.43 0.42 0.46

𝑡1 1.92 12.60 6.05 2.25 3.03 37.74 3.50
𝑡2 6.48 57.22 4.25 4.05 9.56 85.43 5.80
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2.8 Conclusions
We presented a novel approach for computational design
of elastic gridshell structures that approximate smooth
free-form surfaces by placing grid elements close to
geodesic curves on the surface. Our method is inspired by
architecture and design, and aims at simple fabrication,
assembly, and most importantly at easy planar–to–spatial
deployment. Moreover, it should provide an easy to handle
tool for designers to create physically sound and aestheti-
cally pleasing spatial grid structures based on the active
bending paradigm.

Our solution is based on theoretical considerations and
combines geometrical background with physical simula-
tion. We have proposed a concept for the computation

and simulation of such elastic grids. Additionally, we com-
pared the results of the simulation to real fabricated grids
and show that they match very well. Finally, we presented
a set of examples with varying Gaussian curvature and fab-
ricated a subset of them as wooden small-scale gridshells
as a proof of our concept.
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Fig. 2.14: Computed, simulated, and fabricated results of our method. Left: computed planar grids and renderings of the simulation.
The orange strips follow our simulation with notches, the dark lines follow the shortest geodesics on P. Right: photographs of our
makes. Best seen in the electronic version in closeup.
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3.1 Introduction
In design and architecture, curved structures are aesthet-
ically pleasing and functional, however, they are not al-
ways easy to produce. The curved shape of the structure
in Figure 3.1 was generated by deploying a planar grid of
initially straight but elastic elements fabricated as wooden
lamellae. Such grids, referred to as Elastic Geodesic Grids
(EGG) by Pillwein et al. [Pillwein et al. 2020b], can be
deployed from a planar state to a spatial state that approx-
imates a given design surface. The form-finding approach
of EGG encodes the shape of the surface into the grid and
produces planar grids with nonparallel members. This is
the key factor for their deployment: The grids are rigid
in the plane, but may easily buckle out of the plane and
expand to their spatial configuration. This transformation
can be performed simply by expanding the compact planar
setup similar to a scissor-like mechanism.

This deployment approach makes the creation of
doubly-curved shapes quick and material efficient, and
the lightness and easy assembly make the grids applicable
for mobile purposes. In addition, their fabrication does
not need complicated techniques or advanced materials.
We present a showcase model, which was built using sim-
ple resources, like plywood, screws, washers, and nuts.
If advanced tools are not available, it could even be built
using a tape measure, a drill, and a saw. Lightweight grid
structures are particularly suitable for applications where
large spans and low weight are required, which makes
them potential candidates for architectural purposes.

A variety of shapes can be approximated with the EGG
approach: they can approximate elliptic and hyperbolic
surfaces (i.e., they may have positive as well as negative
Gaussian curvature 𝐾 ), and multiple changes in curvature
are also possible. Although the range of feasible surfaces is
wide, the approach has a drawback for designers: the part
of the surface that can be used for an elastic grid needs to
be framed by a geodesic quadrilateral, which means the
rest of the surface will be cut off.

Fig. 3.1: An elastic geodesic grid in the planar and the deployed
configuration, the deployment is based on 𝛼 → 𝛼 .

Another set of problems comes with high Gaussian cur-
vature 𝐾 : First, if the peaks are too high, the strips on
the surface (cf. Figure 3.1, right) will become very long,
and at some point, it becomes impossible to fit them into
the planar configuration. Second, high-𝐾 areas may cause
geodesics to be non-unique, which makes the surface un-
representable using the EGG approach. Previously these
issues were solved by smoothing the surface [Pillwein
et al. 2020b] until these problems vanish. This, however,
is not desirable as it alters the target surface and its char-
acteristics.

These problems can also be dealt with by decomposing
the input surface into multiple patches. This approach
omits the smoothing procedure and ensures better cover-
age of the design surface. Along the common boundary
of two adjacent patches, the smoothness of the geodesic
curves is broken, but the position and thus 𝐶0-continuity
is preserved. The boundaries of patches still need to be
geodesic curves, but the placement and size of the patches
can be chosen following the geometric features of the tar-
get shape. This splitting approach fits well with the idea
of elastic geodesic grids, and a byproduct is a parameteri-
zation of the patch with geodesic curves.

Computing parameterizations for all patches before
defining the members of the grid, allows an aesthetically
pleasing and even distribution of members over the entire
group of patches on the entire design surface. Figure
3.2 shows how such a parameterization can be used to
propagate members across multiple patches.

In this paper, we extend the recently presented work of
Pillwein et al. [Pillwein et al. 2020b; Pillwein et al. 2020a],
in particular, our goal is to analyze how elastic geodesic
grid models can be designed on challenging input surfaces
that require multiple patches. We provide the following
contributions:
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• The geometric background of efficiently decomposing
large and challenging input surfaces is discussed in
detail. Such surfaces can have holes and non-convex
boundaries. Practical rules for this process are pre-
sented and applied to three examples of free-form ar-
chitecture.

• The propagation of grid members across patches and
their even distribution is introduced.

• A showcase model and its fabrication are presented.
Practical aspects like material, size, and strength are
discussed.

In Section 3.2 we give an overview of the related work,
in Section 3.3 we review the EGG approach, in Section 3.4
we examine how surfaces can be split effectively, and in
Section 3.5 we discuss fabrication and design challenges. A
showcase model, the fabrication process, and three design
studies are presented in Section 3.6. Eventually, in Section
3.7 we feature a discussion of advantages and limitations.

3.2 Related Work
Active-Bending Paradigm In the computer science, archi-
tecture, and engineering communities, the active bending
paradigm [Lienhard et al. 2013] and easy-to-use computa-
tional methods have sparked a newwave of interest in elas-
tic structures that are deformed to create curved shapes.
Until recent advances in computing elastic structures fast
and physically accurate, they could only be form-found
empirically [Gengnagel et al. 2013].

Gridshells and Deployment-Approaches A lot of research
is currently being carried out on gridshell-structures that
can be deployed. They can be classified based on their de-
ployment mechanism: inscribed in a grid that is deployed
[Panetta et al. 2019; Isvoranu et al. 2019; Soriano et al.
2019; Pillwein et al. 2020b] or by other external mecha-
nisms like inflatable air cushions [Quinn et al. 2018]. We
are interested in the first case. The design approaches
of inscribing the deployment mechanism into the grid,
however, differ a lot:

To create an X-Shell [Panetta et al. 2019], a planar grid
layout is designed and actuated with a physical simulator.
The grid curves of the planar layout do not have to be
straight. In multiple layout iterations, the designer finds
a satisfactory shape by changing the planar design. This
approach does not depend on a target surface. Target
surfaces, however, can be approximated if a good planar
initialization is provided by the designer. In this case, a
grid that approximates the target surface closely can be
found using shape optimization. The bending and twisting
behavior of the rods can be controlled by using different
shapes of cross-sections. This has a direct effect on the
shape of the deployed X-Shell, as the paper shows. The
practical feasibility of these structures was investigated

Fig. 3.2: A surface is split into multiple patches, boundaries
are indicated in black, grid members in orange and blue. Blue
members share start and endpoints.

hands-on with the construction of a pavilion of GFRP-rods,
measuring 3.2 × 3.2 × 3.6 meters [Isvoranu et al. 2019].

The G-Shells approach [Soriano et al. 2019] proposes
to planarize a specific geodesic grid using physical simu-
lation inside an evolutionary multi-objective solver. This
way, a geometric error is introduced, so the flat grid can-
not be deployed to match the geodesic grid perfectly, but
it can come close, creating beautiful shapes. G-Shells look
similar to elastic geodesic grids, as they are also built from
thin lamellae.

The EGG approach [Pillwein et al. 2020b] takes a design
surface as input and results in a planar grid layout that
can be deployed to approximate this surface. The layout is
found geometrically and simultaneously on the design sur-
face and in the plane. This makes the computation of grid
layouts efficient, as neither design iterations nor physical
simulations are needed for finding layouts. Despite the
similarity of using geodesics as grid curves, in contrast to
the G-Shells approach, EGG uses the concept of notches.
This prevents introducing a geometric error in the grid
layout, but also makes the deployment process more com-
plicated, as sliding of members is necessary. However,
this method does not feature arbitrary curve networks,
as it is limited to geodesics as grid curves. This poses a
restriction on the space of solutions of deployable grids
using an inscribed deployment mechanism. Besides this
limitation, design surfaces with high Gaussian curvature
might need to be smoothed before a suitable grid layout is
feasible. Some practical aspects of the EGG, like reducing
friction in the joints or insights on scaling, were already
investigated [Pillwein et al. 2020a]. The paper initially
considers splitting design surfaces into multiple patches
and provides first insights into it. However, in contrast to
this paper, it does not explore splitting on an applied level.
Also, the distribution and propagation of members across
patches are not discussed.

Asymptotic curve networks were also explored as a
basis for free-form structures [Schling et al. 2018]. Aside
from their aesthetic qualities, these structures can be as-
sembled from initially flat parts. They naturally transform
to a curved state by their internal forces. This process
induces a high twist of the members, which leads to a non-
linear geometric effect called helix-strain. It is typically
negligible in conventional structures but needs to be taken
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Fig. 3.3: Notches at the connection of grid members. They
enable partial sliding, which is necessary for the close approx-
imation of the design surface. They can be implemented by
elongating holes.

into account for bendable lamella structures. Recently
this effect was investigated for such structures specifi-
cally [Schikore et al. 2019]. However, asymptotic curve
networks can only be found on surfaces with negative
Gaussian curvature.

Other Deployable Surfaces Besides the domain of archi-
tecture, there has also been extensive research in the com-
puter graphics literature on various methods for deploy-
able structures. One more way to easily construct spatial
shapes from flat sheets is by appropriately folding paper
[Mitani et al. 2004; Massarwi et al. 2007], which is inher-
ently related to the Japanese art of Origami [Dudte et al.
2016]. Other works deal with curved folds and efficient
actuation of spatial objects from flat sheets [Kilian et al.
2008; Kilian et al. 2017a]. Elastic geodesic grids are related
to these approaches in terms of being deployable from a
planar initial state, however, the main difference is that
they are elastic and approximate doubly-curved surfaces.

In fact, a lot of attention has been paid to the design
of doubly-curved surfaces which can be deployed from
planar configurations due to the ease of fabrication. One
way of achieving this goal is by using auxetic materials
[Konaković et al. 2016] which can nestle to doubly-curved
spatial objects, or in combination with appropriate actua-
tion techniques, can be used to construct complex spatial
objects [Konaković-Luković et al. 2018]. The main differ-
ence to the EGG method [Pillwein et al. 2020b] is that
these structures do not use elastic bending to reach the
spatial shape.

Another recent approach [Malomo et al. 2018] is based
on mesostructures that allow local changes in material be-
havior and can be connected to match target shapes. This
approach has been tested on a larger scale by construct-
ing a pavilion [Laccone et al. 2019]. In contrast to EGG,
mesostructures are assembled from flat, flexible panels
and do not rely on a scissor-like deployment mechanism.

Also, the idea of storing energy in a planar configu-
ration to approximate spatial shapes has been explored.
This can be done, for instance, by using prestressed latex
membranes to actuate planar structures into free-form
shapes [Guseinov et al. 2017], or to predefine flexible
micro-structures which deform to desired shapes if they
are combined and interact [Malomo et al. 2018]. A combi-
nation of flexible rods and prestressed membranes leads

to Kirchhoff-Plateau surfaces that allow easy planar fab-
rication and deployment [Pérez et al. 2017]. The EGG
approach is based on the assumption that the elastic el-
ements can bend and twist, but not stretch, and must
therefore maintain the same length in the planar as well
as in the spatial configuration.

3.3 Elastic Geodesic Grids (EGG)
Using geodesics as grid curves is mainly motivated by
practical reasons: A thin, straight strip of a material with
sufficient elasticity can be wrapped on a surface and inter-
preted as a tangential strip. As a consequence, the center-
line of the wrapped strip is a geodesic curve. Therefore,
the planar grid can be fabricated from straight lamellae,
and the deployment mechanism can be encoded in the
planar layout.

Using geodesics as grid curves is also motivated by
geometry and physics. Pillwein et al. [Pillwein et al. 2020b]
show, if the mechanics of the grid strongly correlate with
the geometric properties of geodesics, the shape of the
deployed grid will match the shape of the initial geodesic
grid closely. In the following, we briefly recall the concept
of the EGG.

3.3.1 Geometric Background

Geodesics are curves on a surface whose geodesic cur-
vature vanishes, i.e., their curvature is only their normal
curvature on the surface. Their torsion is the geodesic
torsion on the surface. These properties are very benefi-
cial for the elements of physical grids of elastic elements:
Bending should be easy around one axis but almost im-
possible around the other axis. Twisting should be easy,
and stretching should be almost impossible. This behavior
is inherent to thin lamellae made from a material that
stretches very little. The principal normals of geodesic
curves coincide with the surface normals, which is also
the case where two geodesics cross each other.

The goal of an EGG is to approximate a design surface
in the deployed state, hence, the shape of this surface
needs to be encoded in the grid layout. Therefore, a lay-
out is computed by finding a planar grid and a geodesic
grid simultaneously, which must meet the following main
conditions:

i. Total lengths of corresponding grid curves on the
surface and in the plane are equal.

ii. Partial lengths between connections on boundary
members are equal.

These conditions are based on the following idea: If (i)
and (ii) are maintained and the planar grid is deployed, it
is forced to take the shape of an isometry of the design
surface. To match the extrinsic shape of the deployed grid
to the design surface, it just needs to be bent.
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Fig. 3.4: Left: A surface patch and a planar patch carrying two families of grid curves. Right: Cladding functions F𝑢 and F𝑣 describe
all possible choices of grid members, actual grid members appear as dots in the plot.

However, by complying with (i) and (ii), lengths be-
tween connections of inner grid curves will not match for
arbitrary surfaces. It is known in differential geometry
[Lagally 1910] that in general, a spatial geodesic grid can-
not be planarized by only changing the angles between
grid curves. The geometric error, caused by having non-
matching lengths between curve-intersections, would im-
pair the quality of the approximation. To avoid this prob-
lem, the concept of sliding notches at intersections of the
curves of the grid was introduced [Pillwein et al. 2020b].
They allow for a certain amount of sliding and can be
implemented physically by elongated holes.

The EGG approach intertwines geometry and physics
to receive curved grids that approximate design surfaces.
The shape of these grids is partly driven by geometric
constraints and also by the stiffness of the lamellae w.r.t.
bending, twisting, and stretching.

3.3.2 Computation of EGG Layouts

The computational aspects of designing a single elastic
geodesic grid will be briefly summarized in this section;
please refer to Pillwein et al. [Pillwein et al. 2020b] for a
detailed description.

The design of an EGG begins by defining the patch on
the surface that will be approximated by the grid. To frame
this patch, a geodesic quadrilateral is formed by picking
four geodesics as boundaries. The type of geodesics used
to represent boundaries and grid members are shortest
geodesics, i.e., the shortest paths between points on the
surface.

A planar grid and the grid on the surface (cf. Figure 3.4)
are computed simultaneously. Hence, the next step is to
initialize the planar patch. It is defined by a quadrilateral
in the plane with straight edges and the same side lengths
as its counterpart on the surface. The planar quad has one
degree of freedom, as one angle can be chosen freely to
fix its shape.

Let us recall from Section 3.3.1, that a grid layout
needs to comply with conditions (i) and (ii). Condition
(ii) requires, that the parametrization of boundary mem-
bers for the planar and the spatial configuration is the
same. All corresponding boundary members are therefore
parametrized with the same constant speed. Figure 3.4
shows the coordinates 𝑢1 and 𝑢2, which belong to the blue
family of members. By choosing start and end coordinates

(𝑢1, 𝑢2), a blue geodesic on the surface and in the plane
is defined. Feasible choices also need to obey condition
(i), which demands equal lengths of the geodesics on the
surface and in the plane.

Finding a single grid curve maintaining (i) and (ii) is
quite simple: If we look at the setup in Figure 3.4, starting
with an arbitrary 𝛼 and a combination of (𝑢1, 𝑢2) coordi-
nates, 𝛼 , 𝑢1 and 𝑢2 can be varied until the lengths of the
geodesics on the surface and in the plane match.

However, to find a global solution and cover both
patches with valid grid curves, Pillwein et al. [Pillwein et al.
2020b] follow a different, more systematic approach: First,
all candidates of geodesics between two opposite bound-
aries are described by so-called distance maps, which are
functions that assign the geodesic distances to every com-
bination of coordinates on opposite boundaries. Second,
feasible geodesics are found by intersecting the distance
maps. This process yields so-called cladding functions
that are used to parametrize the corresponding surface
and planar patches with geodesics (cf. Figure 3.4).

For the blue curve-family, two distance maps, one for
the planar and one for the spatial configuration, need to
be computed. The distance map for the surface patch
D(𝑢1, 𝑢2) is a function of the boundary coordinates 𝑢1
and 𝑢2, while the planar distance map D(𝑢1, 𝑢2, 𝛼) is ad-
ditionally also a function of the angle 𝛼 .

If two distance maps D and D for some specific 𝛼 are
intersected, common points describe feasible correspond-
ing geodesics on the surface and in the plane. There is one
degree of freedom to find good-quality grids: the angle 𝛼 .
Good choices of this angle deliver compact planar layouts
and allow a smooth deployment of the grid. However,
poor choices result in extra crossings of grid members or
introduce triangles to the grid. This would destroy the
kinematic mechanism, making deployment impossible. In
an optimization procedure a feasible angle 𝛼 is computed.

Valid cladding functions F𝑢 (blue curve-family) and F𝑣

(orange curve-family) are bijective, establish a relation-
ship between the boundary coordinates, and can be seen
as geodesic parametrizations. In other words, cladding
functions enable an easy generation of a grid layout, gov-
ern the direction of geodesics and the overall appearance
of the grid. The layout can then be defined by just picking
points on the cladding functions, or by using more elabo-
rate approaches. Please refer to Pillwein et al. [Pillwein
et al. 2020b] for more details.
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Fig. 3.5: Shortest geodesics on a design surface. a) The first family of shortest geodesics covers the surface nicely and does not require
splitting. b) The second family of shortest geodesics does not cover the surface completely. c) Splitting the surface into two patches
enables an even coverage of the design surface. d) The problem of uncoverable regions on the surface does not depend on the number
of shortest geodesics.

3.4 Splitting the Design Surface
The objective of decomposing the design surface into mul-
tiple patches is twofold: First, if the boundary of the design
surface is non-geodesic or even non-convex, using multi-
ple patches allows for better coverage of the design sur-
face, as a single patch may lead to big cut-offs (cf. Section
3.3.2). Second, if the design surface has high-𝐾 regions
and thus hosts non-unique shortest geodesics, it is not
representable by a single EGG. A potential solution to this
problem is to smooth the surface, however, we want to
omit changes of the surface characteristics. The occur-
rence of such geodesics is strongly connected to the size
of the area on the surface that should be covered by an
EGG. This suggests that using multiple smaller patches is
another suitable strategy to dispose of non-unique short-
est geodesics. We will discuss this problem in detail and
present a link between the Gaussian curvature of the sur-
face and the uniqueness of shortest geodesics.

After reviewing some aspects of differential geometry
in Section 3.4.1, we will discuss suitable shapes for surface
patches and cladding functions in Section 3.4.2. In Section
3.4.3 we present an empiric method for decomposing the
surface and in Section 3.4.4 we show, how to achieve 𝐶0-
connections of members at adjacent boundaries.

3.4.1 Uniqueness of Shortest Geodesics

Regions of high Gaussian curvature 𝐾 are prone to host
non-unique shortest geodesics, as Figure 3.5 illustrates.
It shows that the central region cannot be covered by
shortest geodesics between the boundaries that are fur-
ther apart. Moreover, one combination of points even
yields two valid shortest geodesics. The existence of such
regions and non-unique shortest geodesics is inherently
connected. A check for uniqueness is known in differential
geometry [do Carmo 1992]:

𝑖𝑟 (𝑝) ≥ 𝜋√
𝐾max

. (3.1)

The left side of the inequality is the injectivity radius
𝑖𝑟 (𝑝) for geodesics for each surface point 𝑝 , and 𝐾max is
the maximum of the Gaussian curvature of the respective
patch. In essence, if all geodesics on the surface patch are

shorter than the value on the right-hand side of Expression
(3.1), non-unique shortest geodesics do not appear.

Reducing the size of surface patches around a maximum
of 𝐾 eliminates problems with non-uniqueness. If the size
of the patch is small enough, geodesics will be shorter
than 𝑖𝑟 (𝑝), and therefore unique. However, Expression
(3.1) is only useful as a quick check to approximately limit
the size of the patch.

Clever splitting of the surface patch can reduce the
problem further: Expression (3.1) does not address the
location of the peak on the patch (far away from or near
a boundary). The most effective way to avoid non-unique
shortest geodesics is to place the boundaries of the patches
directly over the peaks. This is illustrated with a simple
example, shown in Figure 3.5 b): No shortest geodesic
leads over the peak, and therefore the part of the surface
that is not covered can not be encoded in the grid. If the
surface is split and an additional geodesic boundary leads
over the peak, shortest geodesics become unique.

To precisely check for uncoverable areas around a Gaus-
sian curvature peak 𝑝max, we use a criterion based on
geodesic distances, introduced by Pillwein et al. [Pillwein
et al. 2020b], which we summarize briefly. Figure 3.6 de-
picts the process: Imagine a geodesic through 𝑝max, start-
ing at 𝑝1 and ending at 𝑞1. If it is longer than the shortest
geodesic connecting 𝑝1 and 𝑞1, this results in an uncover-
able gap. To perform the check, we first compute geodesic
distances from 𝑝max to both boundaries and one from the

Fig. 3.6: The curvature of the central peak is too high, it causes
the orange shortest geodesic to omit it. We check the size of the
gap indirectly by the ratio 𝜂, which is the sum of the lengths of
the blue and the green geodesic, divided by the length of the
orange geodesic.
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point 𝑝1 to the opposite boundary, where 𝑝1 is the closest
point to 𝑝max on the first boundary. This provides the dis-
tances 𝑑 (𝑝1, 𝑞) to the points 𝑞 of the opposite boundary as
well as 𝑑 (𝑝1, 𝑝max) and 𝑑 (𝑝max, 𝑞). We find 𝑞1 at the loca-
tion of the minimum of 𝑑 (𝑝1, 𝑝max) +𝑑 (𝑝max, 𝑞) −𝑑 (𝑝1, 𝑞).
If this minimum is close to zero, the peak can be covered
completely. We compute the ratio of distances:

𝜂 =
𝑑 (𝑝1, 𝑝max) + 𝑑 (𝑝max, 𝑞1)

𝑑 (𝑝1, 𝑞1) ,

to indirectly measure the size of the gap. Pillwein et
al. [Pillwein et al. 2020b] propose to restrict values to
a maximum of 𝜂 = 1.0015. We use this check as an instru-
ment to systematically decrease the size of a surface patch
until uncoverable areas vanish.

3.4.2 Shapes of Patches and Cladding
Functions

Some combinations of shapes of the surface patch and the
planar patch are undesirable in terms of the aesthetics and
the functionality of the grids. Please recall, that the de-
ployment of an EGG strongly depends on changing angles
between the members (cf. Figure 3.1). A big difference
between these angles 𝛼 and 𝛼 is important for smooth
deployment and can be achieved if the planar patch can
be "collapsed", i.e., has one very long and one very short
diagonal.

If the quad framing the surface patch has opposite sides
of equal lengths, the planar quad can be collapsed perfectly
to a straight line. Otherwise, there is less freedom to
collapse the planar quad, as convexity must be maintained.
To put it simply: The better a planar quad can be collapsed,
the easier it is to fit long strips on the surface into the
planar configuration.

The suitability of a surface patch for an EGG can be
checked by a simple geometric criterion [Pillwein et al.
2020b], which supports the above considerations:�

𝑒 − 𝑒
� �
𝑓 − 𝑓

�
< 0 , (3.2)

where 𝑒 , 𝑓 are the lengths of the geodesic diagonals on
the surface patch, and 𝑒 , 𝑓 are the lengths of the diagonals
in the planar patch. If one diagonal of the planar patch
is shorter than the corresponding diagonal of the surface
patch, the other diagonal must be longer.

Figure 3.7 shows how the shape of the planar patch in-
fluences the shapes of the cladding functions F . They play
a crucial role because they define the geodesic connec-
tions. Figure 3.7 also shows, the more collapsed the planar
patch is, the more "parallel" the appearance of the grid
members becomes. A strong concentration of members
is unfavorable for deployment, but can easily be recog-
nized in the cladding functions, as they are linked to very
steep or flat slopes. To prevent such concentrations, we
set constraints on the slopes of the cladding functions as

a a

a a u1

u2

u1

u2

Fig. 3.7: The influence of 𝛼 on the shape of the planar grid
and the cladding functions F . Very steep or flat slopes of F
indicate a concentration of members which is undesirable for
the aesthetics and the deployment of the grid.

proposed by Pillwein et al. [Pillwein et al. 2020b] in the
form of lower and upper bounds 𝑘min and 𝑘max.

3.4.3 Splitting Strategy

Finding the best split locations is a difficult problem; it
is a mix of many subjective criteria related to aesthetics
(number of patches, minimum patch size, patch aspect
ratio, location of supports, etc.) and geometric restric-
tions (unique geodesics, suitable cladding functions, etc.).
We provide two workflows to design a multi-patch EGG:
Workflow 1, presented in Algorithm 1, is fully automatic,
it lets a designer specify patches on the surface freely and
iteratively subdivides them until all patches are feasible.
Workflow 2, presented in Algorithm 2, is a semi-automatic,
more informed process and aims at keeping the number
of patches low. Please note, that this process still offers a
lot of freedom for the intents of a designer.

Let us first summarize problems that induce a split:
The cut-offs of the design surface using a single EGG are
too big. There are non-unique shortest geodesics, i.e.,
some areas of the surface patch cannot be covered by
shortest geodesics (cf. Section 3.4.1). Grid members are
too concentrated in certain areas of the surface patch, i.e.,
the slopes of the cladding functions are too steep or too
flat (cf. Section 3.4.2).

Algorithm 1: Patch the Surface using Workflow 1
Provide an initial layout of patches;
while Patches cannot be covered, 𝜂 > 1.0015 do

if 𝜂 > 1.0015 for one family of members then
Split the patch by introducing an edge over 𝑝max;

else if 𝜂 > 1.0015 for both families of members then
Split the patch by introducing a corner at 𝑝max;

end
end
while Slopes of F𝑢 , F𝑣 violate 𝑘min, 𝑘max do

if 𝑘min, 𝑘max is violated for one family then
Split the patch by introducing an edge over 𝑝max;

else if 𝑘min, 𝑘max is violated for both families then
Split the patch by introducing a corner at 𝑝max;

end
end
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Algorithm 2: Patch the Surface using Workflow 2
while Not all regions of high 𝐾 are patched do

Identify remaining region of highest 𝐾 ;
Find 𝑝max and compute 𝑟 = 𝜋/√𝐾max;
Draw a circle (𝑝max, 𝑟 ) on the surface;
if The size of the circle is suitable for a patch then

Define a patch with corners on the circle;
else

Introduce a corner at 𝑝max, use the directions of the
principal curvatures 𝜅1 and 𝜅2 as guides for the
directions of the patch edges;

Draw a patch which is split by the edges through 𝑝max
into four parts, each of them corresponding to the
size of the circle;

Grow the patches outwards iteratively until either the
patches are big enough for designer demands or
𝜂 ≥ 1.0015;

Check if two adjacent patches can be merged using 𝜂;
end
if Slopes of F𝑢 , F𝑣 violate 𝑘min, 𝑘max then

Decrease the size of the patch to make the members of
the respective family shorter until 𝑘min, 𝑘max are
met;

end
end
while Surface is not fully patched do

Choose a region in a greedy manner;
Use similar sized patches in regions with higher 𝐾 ;
Use larger patches in regions with low 𝐾 ;
if Slopes of F𝑢 , F𝑣 violate 𝑘min, 𝑘max then

Decrease the size of the patch to make the members of
the respective family shorter until 𝑘min, 𝑘max are
met;

end
end

Both workflows have the objectives of ensuring full
coverage of the patches and suitable cladding functions.
We check them using 𝜂, 𝑘min, 𝑘max, and adjust the patches
by splitting them or decreasing their size until they are
feasible. Workflow 2 is based on defining the patches in
regions of the highest 𝐾 first because they are prone to
uncoverable areas and have a high aesthetic impact on
the overall design. After that, the remaining parts of the
surface are patched in a greedy manner.

3.4.4 Distribution of Members in a Multi-Patch
EGG

To create an aesthetically pleasing multi-patch EGG with
best coverage, we distribute members equidistantly across
each patch and make sure that connections at adjacent
patch boundaries maintain 𝐶0-continuity.

A member of the 𝑢-family is defined by its start and
end coordinates 𝑢1 and 𝑢2 = F1 (𝑢1, 𝛼) respectively. The
subsequent members in following adjacent patches can
be denoted at their boundaries as 𝑢3 = F2 (𝑢2, 𝛼2), etc.
Using this notation, we formulate an optimization prob-
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Fig. 3.8: Members of the blue family are propagated using the
cladding functions F1, F2, F3, F4. Black dots represent 𝑢-values
that define members, blue dots indicate how members are prop-
agated. If there are smaller patches within a family of grid
members, like patch number 3, they define an original member.
Please note, that back-propagating members is performed using
F −1
𝑖 .

lem, where we minimize the normalized squared distances
between member endpoints on the boundaries:

min
u𝑖

𝑛∑︁
𝑖=1

𝜔𝑖 ⟨Δu𝑖 , Δu𝑖⟩ , (3.3)

with

Δu𝑖 =
1
𝑙𝑖


𝑢𝑖,1 − 𝑢𝑖,0
𝑢𝑖,2 − 𝑢𝑖,1

...
𝑢𝑖,𝑚 − 𝑢𝑖,𝑚−1

 ,

where 𝑛 is the number of boundaries, 𝑖 is the index of
the current boundary,𝑚 − 1 is the number of members, 𝑙𝑖
is the length of the respective boundary, 𝜔𝑖 is an impor-
tance factor for the respective boundary, and 𝑢 𝑗 , . . . , 𝑢𝑚
are the coordinates of start or endpoints on the respective
boundary. Please note, that the second family of members
is expressed using 𝑣 in our notation (cf. Figure 3.4) and
solved independently.

We solve Problem (3.3) using a gradient-based sequen-
tial quadratic programming algorithm in Matlab. The
number of members is fixed during the optimization, mem-
bers due to boundaries of smaller patches appear as con-
straints as depicted in Figure 3.8. It also shows a family
of members on multiple patches, the variables for Prob-
lem (3.3) are the 𝑢-values, displayed as black dots. Other
𝑢-values are computed by propagating members using
the cladding functions. Figure 3.9 shows the result of the
optimization on a set of patches.

3.5 Fabrication
There are challenges associated with the design and the
implementation of EGG on different scales. This section
presents some of the challenges and possible solutions.
The showcase model shown in Figures 3.16 and 3.20 was
used to evaluate these approaches. The measures pre-
sented are intended to improve the feasibility of EGG on
an applied level.
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Fig. 3.9: Distribution of members on a multi-patch EGG design.
Left: Members are distributed evenly on the leftmost boundary
and simply propagated to the other patches. Right: The evenness
of members is improved by solving the Optimization Problem
(3.3).

3.5.1 Notches and Friction

The quality of the approximation strongly depends on the
concept of notches, as outlined in Section 3.3.1. Notches
enable grid members to slide for a predefined length and
direction at their connections. Figure 3.3 shows notches
in a physical grid.

While sliding of members in the notches delivers perfect
results in simulations, friction poses a problem for the
sliding process of physical grids. lamellae often get stuck
in the notches, because forces that are supposed to push
the lamellae in the right direction inside the notches are
counteracted by friction. By interfering with sliding, the
quality of the approximation suffers, and local stresses
arise as some lamellae buckle. Also, the dissipation of
energy by friction increases the force necessary to deploy
the grid.

The regions that contribute to the overall friction during
deployment are the contact areas of lamellae, the screw
threads, and the notches, and the lamellae and the washers.
Table 3.1 summarizes empirically determined friction co-
efficients. The goals of easy deployment on one hand and
secure final fixing, on the other hand, can be fulfilled by re-
ducing the friction between the lamellae but maintaining
friction between lamellae and washers.

An effective measure to reduce friction is to equip the
lamella-to-lamella contact areas with a PTFE-foil layer.
The friction coefficient of PTFE is quite low, and it is robust.
For every notch, an individual PTFE sticker was cut from
an adhesive foil. The stickers cover the immediate contact
area for every notch, so there is no contact with the rough
wooden surface of the lamellae. Brass shells furthermore
reduce the friction of the screw in the notch. Figure 3.10
illustrates the measures taken to reduce friction.

3.5.2 Grid Size

Fabricating small prototypical models to investigate the
qualities of the design is common practice in architecture.
Once a suitable material is found, designing EGG models
on the same scale is easy.

Analyzing existing models [Pillwein et al. 2020b], we
provide the rough empiric rule for small andmedium-sized

Fig. 3.10: Design features to minimize friction. Left: Contact of
the screw thread and the notch wall is prohibited by a brass shell.
Right: PTFE-foil stickers reduce friction at lamella-to-lamella
contact areas.

models, that a lamella-width of around two percent of the
desired output size works well. The thickness of a lamella
follows from the considerations in Section 3.3.1 as smaller
than 1/5 of the width. Please recall, that a distinct width-
to-thickness ratio is necessary for the grid to behave like
a geodesic grid. Building EGG models on a larger scale
is not straightforward, which will be discussed in this
section.

The shape of a deployed elastic grid is driven by the
stiffness parameters of the lamellae. The related X-Shells
approach [Panetta et al. 2019] even uses different shapes of
cross-sections, which induce different stiffness parameters
to influence the shape of a deployed X-Shell. The stiffness
of an element like a lamella can be expressed w.r.t. the
different types of deformation, like bending and twisting.
It determines the amount of stress which is induced by the
deformation. The magnitude of a stiffness parameter is set
by the geometry of the cross-section and by the material
parameters. In our case, when wrapping a lamella on the
surface patch, bending and twisting are prescribed.

To get an insight into the matter, we will first consider
scaling up the whole structure just linearly, including the
cross-sections of the lamellae, and have a look only at the
internal stresses caused by bending.

Let us further assume, that the lamellae of the deployed
grid agree well with the scaled surface patch, no matter
how high the scaling factor is. This enables us to compute
the stresses due to bending w.r.t. a scaling factor 𝑓 :

𝜎𝐵,𝑚𝑎𝑥 (𝑓 ) = ± 𝑀 (𝑓 )
𝐼 (𝑓 )

𝑡 𝑓

2 = ±
𝐸 𝐼 (𝑓 ) 𝜅𝑓
𝐼 (𝑓 )

𝑡 𝑓

2 = ±𝐸𝜅𝑡2 ,

where 𝜎𝐵,𝑚𝑎𝑥 is the maximum stress induced by bending,
𝑀 is the bending-moment, 𝐼 is the moment of inertia, 𝜅 is
the curvature, and 𝑡 is the thickness of the lamellae. This
means that the bending stresses are constant under linear

Tab. 3.1: Empirically determined friction coefficients 𝜇 for static
and sliding friction; the evaluated plywood is poplar.

Material 𝜇𝑠𝑡𝑎𝑡𝑖𝑐 𝜇𝑠𝑙𝑖𝑑𝑖𝑛𝑔

Plywood-Plywood 0.436 0.273
PTFE-PTFE 0.163 0.091

Plywood-Steel 0.252 0.203
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Fig. 3.11: The effects of scaling an EGG. The NRMS-Error is
used to measure the deviation of scaled simulated grids to the
design surface. Blue dots represent simulation results, if gravity
is neglected, orange dots represent results including gravity.
The jump represents the collapse of the structure under its own
weight.

scaling, as the curvature decreases at the same rate as the
thickness of the cross-section increases.

The shape of a model is determined by the geometric
boundary conditions (deploying a grid and fixing it to
supports) and stiffness. This interplay leads to internal
stresses. For EGG they are mainly caused by bending the
lamellae and their self-weight. As the scaling factor 𝑓 in-
creases, stresses caused by self-weight grow significantly,
whereas stresses caused by bending remain constant. The
strong increase of stresses caused by self-weight is due to
the fact that it grows cubically w.r.t. the scaling factor 𝑓 :

𝐹𝐺 (𝑓 ) =𝑚(𝑓 )𝑔 = 𝑉 (𝑓 )𝜌𝑔 = 𝑡𝑤𝑙 𝑓 3𝜌𝑔 ,

where𝑤 is the width and 𝑙 is the length of a lamella. Figure
3.11 shows numerical results of the impact of scaling on
the shape, generated with a physical simulation using the
Discrete Elastic Rods model [Bergou et al. 2008; Bergou
et al. 2010]. The implementation we used is based on the
implementation by [Vekhter et al. 2019], which features
the simulation of self-weight. To compare the shapes of
linearly scaled versions of the small grid in Figure 3.1, the
Normalized Root Mean Square Error (NRMSE) was used.
The difference between the predicted and the observed
values in the NRMSE are the distances 𝑑𝑖 between points
on the centerlines of a simulated deployed grid and their
nearest neighbors in the surface patch. The inverse scaling
factor acts as the normalization factor:

NRMSE =
1
𝑓

��
1
𝑛

𝑛∑︁
𝑖=1

𝑑2
𝑖 .

Figure 3.11 shows, that linear scaling does not influence
the shape significantly, as long as gravity is neglected.
However, taking gravity into account, the cubical increase
of gravitational loads makes linear scaling feasible only
for small scaling factors. Figure 3.13 shows the simulated
shape of the desktop model, which corresponds to the
leftmost data point in Figure 3.11 (𝑓 = 1).

Fig. 3.12: The performance of different materials at 𝑓 = 5. The
plot shows that fiber-reinforced polymers or timbers are quite
suitable. High-density materials like steel or oak perform worse,
although they have a high elastic modulus.

Strategies for large Grids To enable the construction of
larger structures, the gravitational forces need to be kept
small, while we expect a positive effect on the shape when
increasing the relevance of bending stresses. There are
several options to tackle this problem:

i. Choose suitable materials.

ii. Change the grid design by introducing more mem-
bers with smaller cross-sections.

iii. Introduce multi-layered structures.

iv. Introduce a support at every connection on the
boundary.

We will subsequently discuss approaches (i) and (ii) in de-
tail. Approach (iii) is referred to future work and approach
(iv) is straightforward.

Changing the material allows an improvement in two
ways: Making it stiffer by increasing the elastic modulus
𝐸, and making it lighter by reducing the density 𝜌 . It is
therefore practical to look for a material with the right
ratio of the two. In fact, this ratio is called specific modu-
lus 𝜆 = 𝐸/𝜌 and is well known in light-weight engineering
like the aerospace design. There, it is used for parts whose
shape is driven by stiffness, like the wings. Figure 3.12
shows the impact of using different materials on the shape
of an initially desktop-sized EGG when scaling it by a
factor of 𝑓 = 5. However, when increasing the elastic
modulus, there is a restriction that needs to be considered.
The internal stresses due to bending 𝜎𝐵 grow proportion-
ally, as the curvature 𝜅 and the thickness 𝑡 of the lamella
are prescribed. Therefore, it needs to be checked, that the
stresses do not exceed the strength of the material.

Another aspect for the choice of material, is caused
by geometry: As the ribbon-like lamellae are wrapped
onto the surface, they need not only to bend but to twist
as well. In extreme cases, on surface regions of negative
Gaussian curvature, lamellae may even be almost or com-
pletely straight, but still have to twist. If such a lamella is
made from material that allows no in-plane stretching, it
needs to buckle. Using materials like wood does not cause
trouble: the fibers are approximately perpendicular to the
cross-section, and the outer fibers can stretch minimally
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Fig. 3.13: Simulated elastic grid and deviations to the design
surface. The deviations relate to the Euclidean distance w.r.t.
the width of a lamella. The mean deviation is 2 mm for absolute
dimensions of 0.43 x 0.57 x 0.1 m.

w.r.t. the fibers close to the centerline. Recent research on
grid structures made of thin lamellae that undergo large
torsion [Schikore et al. 2019] even shows, that metal is a
suitable material.

Scaling a structure non-uniformly is feasible only
within certain width-to-thickness bounds, as mentioned
earlier. Increasing the thickness without keeping a high
width-to-thickness ratio will corrupt the EGG design con-
cept, and thus worsen the quality of the approximation.

Large grids, spanning meters to tens of meters, can
furthermore not be obtained by simply scaling a desktop
prototype grid. The layout needs to be adapted, which
means introducing more and smaller lamellae. This can
be explained simply by considering the effects of gravity:
Doubling the number of lamellae doubles the weight of a
grid. Scaling the lamellae by a factor of two increases the
weight by a factor of eight.

The insights on shape and material suggest, that the big-
ger an EGG gets, the more important high-quality material
and the dimensions of the cross-sections become. Good
material choices can be achieved by tuning the specific
modulus 𝜆 to receive the best possible shape. However,
finding the best cross-sectional dimensions and number
of lamellae for large grids is a difficult engineering task
that is out of the scope of this paper.

3.5.3 Deployment

In theory, an EGG can be deployed to match all isometries
of the input surface patch, which is due to the design
concept. If the deployment is not guided, the grid will
take the shape corresponding to minimal elastic energy.
This shape will most certainly not correspond to the shape
of the input surface patch.

To fix this, first, the deployment process of the grid
needs to be guided. This means that the shape induced by
deployment needs to be checked and adjusted, to ensure
that the grid buckles in the right way. To put it simply:
All bumps, that are supposed to go up, actually go up.
Adjusting the shape of the grid is easy at the beginning of
the deployment, as elastic forces are still low. Depending
on the complexity of the design surface, however, this step
can be tricky. So, for large and complex designs, it makes
sense to set a maximum patch size w.r.t. handling of the

grid. Multi-patch EGG can be deployed and combined
sequentially, which simplifies this task.

Second, after deploying, the grid needs to be bent to
match the shape of the surface patch. To ensure this, a
set of supports is used. Good choices for locations are
intersections of grid curves with boundaries. A support
is defined by a point and a plane: The point corresponds
to the intersection point and the plane corresponds to the
tangent plane at this point.

Adjacent grids can be simply connected along their
common lamellae, as can be seen in Figure 3.14. Please
note, that there are no notches on boundary members.

3.6 Results
In this section, we present models, designed with the EGG
approach, using multiple patches. First, the whole design
and fabrication process of a showcase model is presented.
Second, some iconic design surfaces from free-form archi-
tecture are used to explore the potential of the multi-patch
EGG approach on an architectural scale.

3.6.1 Showcase Model

As a starting point for a model of a few meters in size, a
small-scale prototype was built. It was intended to assess
the aesthetic and structural qualities of the design. The
first attempt to build the full-scale model failed, because
of poor material properties. The second attempt, however,
was successful. The production process was automated
as much as possible, e.g. by laser-cutting the notches and
lamellae.

Prototype The design was created by an architecture stu-
dent without particular prior knowledge of elastic struc-
tures or differential geometry. The student was given
access to the EGG pipeline via a Grasshopper node. The
simulated shape of the current design and the laser-cutting
plans were output again in Grasshopper. Out of many
design candidates we chose the structure of Figure 3.14,
which features two symmetric modules that can be used
separately or together. The measurements of the proto-
type were 0.85 x 0.57 x 0.15 meters, and it was built from 1
mm thick and 10 mm wide limewood lamellae. A plan for
laser-cutting the lamellae is provided in Figure 3.18. The
3D-printed supports feature inclined contact areas. The
prototype kept its shape even with as few as four supports,
which was a relevant design feature. Tests suggested a
high degree of structural stiffness and load-bearing ca-
pacity. The total weight of the model was 160 grams, the
applied weight in Figure 3.14 was 1135 grams. This gives
a promising load-to-self-weight ratio of about 7.

Fabrication Process Fabricating the full-scale model fea-
tured the following steps: laser-cutting the lamellae and
the notches, sanding and coating the lamellae, cutting the
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Fig. 3.14: Modules of the small-scale prototype and a test of the structural behavior. Left and middle: Modules can be used separately
or combined. Right: A test of the load-bearing capacity of the grid.

PTFE-stickers, assembling the grid, and casting the sup-
ports. The different steps of the fabrication process can
be seen in Figure 3.19.

As a construction material, plywood was used. It is
cheap, available in big panels, and easy to machine. The
plywoodwe used had three layers andwas 3mm thick. We
decided to use a laser-cutter to produce the lamellae and
notches. Our Trotec Speedy 500 has a back flap that can
be opened. This enables easy production, as the plywood
panels could be pushed through the flap. The cutting
happened in multiple steps: after cutting one segment, the
plywood panel was pushed forward and adjusted to cut
the next segment.

The supports were cast from concrete and designed to
be stable under their own weight, but also light enough
that they could be carried. The inclined contact areas of
the supports were realized with wooden wedges mounted
to the supports.

Failed Model In the first iteration of building the full-
scale model, the change of material from high-quality
limewood to simple plywood had negative side effects.
The structure failed under its own weight due to very
flexible lamellae. The reason for the flexibility was the
wrong fiber orientation of the top layers of the plywood.
This reduced the elastic modulus 𝐸 to about 1/5 of what was
expected (𝐸 of timber perpendicular to fiber direction is
about 1/5 of 𝐸 parallel to fiber direction). Therefore, the top
layers hardly contributed to the structural performance
but made up 2/3 of the self-weight.

Fig. 3.15: One module of the failed medium-scale model. The
structure is not able to carry its self-weight. Some curvature
features can be recognized, however, the structure as a whole
performs rather poorly.

Table 3.2 summarizes the values of the specific mod-
ulus for the materials we used. Comparing the specific
modulus of plywood (birch) to limewood, it is only about
1/3. Essentially, the plywood was way less performative
and much heavier, which is exactly the opposite of what
would have been appropriate for a larger grid (cf. Section
3.5.2).

Successful Model The second attempt to build the full-
scale model succeeded, using poplar plywood for the
lamellae. This plywood is quite efficient, as Table 3.2
shows. In the deployed state the structure measures 3.1 ×
2.1 × 0.9 meters (including supports) and has a self weight
of 7.1 kilograms. This makes a weight-to-span ratio of
1.09 𝑘𝑔/𝑚2 and a thickness-to-span ratio of 1/516. In Fig-
ure 3.16, the closeness of the shapes of the small-scale
prototype and the medium-scale model is obvious.

The deployment of the model was done by five people:
four of them held the structure and one attached it to
the supports. Some intermediate steps of the deployment
process can be seen in Figure 3.20. On the site, the grid
was first bent and fixed to two supports, then deployed.
Pre-bending the grid before deployment eliminated prob-
lems with buckling into undesired configurations, and
the grid automatically deployed correctly. Deployment
worked smoothly and could be carried out by a single
person. Sliding of the lamellae along the notches worked
partially, however, the lamellae could be pushed into the
right configuration by a single person without applying
much force.

Tab. 3.2: The specific modulus 𝜆 of the materials used (⊥ and
∥ indicate fiber direction). Limewood was used for the small-
scale prototype, the failed version was built from birch plywood,
and the successful medium-scale model was built from poplar
plywood.

Lime- Plywood Plywood
Param. Unit wood ∥ birch ⊥ poplar ∥

𝐸 [𝐺𝑃𝑎] 9.1 4.0 7.6
𝜌 [𝑔/𝑐𝑚3] 0.50 0.65 0.43

𝜆 = 𝐸/𝜌 [106𝑚2/𝑠2] 18.2 6.15 17.7
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Fig. 3.16: Side-view comparison of the shapes of the small-scale
prototype and the showcase model. Good agreement of the
shapes is obvious.

3.6.2 Examples from Architecture

To explore the multi-patch EGG approach, three iconic
design surfaces were used: The Great Court of the British
Museum, designed by Foster and Partners, the tip of the
Lilium Tower, designed by Zaha Hadid Architects, and
the Yas-Hotel, designed by Asymptote Architecture. The
surfaces were split into patches, using the rules of Section
3.4.3. The results are displayed in Figure 3.17. They show
the design surfaces, how they are split, the geodesic grids,
and the simulated shapes of the grids. The black dots indi-
cate the position of supports. Table 3.3 summarizes model
dimensions and deviations from the design surface. Please
note, for designing the patches to cover the Yas-Hotel, the
surface was extended and both holes were closed, all patch
boundaries are shortest geodesics.

3.7 Discussion and Conclusions
In this paper, we investigated the idea of approximat-
ing sophisticated free-form surfaces with multiple elastic
geodesic grids, to demonstrate the potential of the EGG
method. This was done on a theoretical and geometric
level, as well as hands-on, by building a showcase model.
We discussed the cases when the EGG approach requires

Tab. 3.3: Model dimensions and quantitative results. We mea-
sure the root mean square error (𝑅𝑀𝑆𝐸) and the maximum error
(max.𝐸) between the lamellae and the design surface.

G. Court Lilium T. Yas-Hotel

no. patches 4 16 16
size [m] 74×98×7 48×48×37 218×140×47

𝑤 × 𝑡 [cm] 25×4 50×5 40×5
𝑅𝑀𝑆𝐸 [cm] 14.3 24.2 31.8
max.𝐸 [cm] 49.1 176.1 114.1

a design surface to be decomposed into smaller patches
and presented two basic workflows for this process.

We also presented a showcase model of some meters
in size to investigate the scalability of the EGG approach.
Furthermore, we analyzed some design challenges that
come with these special structures, like the interaction
of size and shape, smooth deployment, and the choice of
material. Furthermore, we presented a simple and fast
fabrication process for the model.

3.7.1 Limitations

To validate our geometric results, we used physical simu-
lation to compute the equilibrium shapes of the models
presented in Figure 3.17. This was done using the Discrete
Elastic Rods model [Bergou et al. 2008; Bergou et al. 2010],
with an implementation that features the simulation of
self-weight [Vekhter et al. 2019]. Please note, that this
model is a standard model in computer graphics, it is fast
and delivers good results, which makes it perfect for the
early stages of a design process. However, to implement
large-scale elastic grids, additional simulations like FEM
are needed.

The showcase model we presented is made of two EGG,
physically connected along their common lamellae. The
simulated grids, displayed in Figure 3.17, are not con-
nected along their common lamellae, which means, there
is neither mutual stabilizing nor load transfer between
neighboring grids. To connect the grids in the simula-
tion and to study the influence on the overall shape is
an interesting topic of its own, which we relate to future
work.

In our member strategy (Section 3.4.4) we propagate
members using the cladding functions. Please note that
T-junctions of boundary members also produce a grid
member, that is propagated, as in Figures 3.8 and 3.9. Fur-
thermore, grid members along a ring of patches do not
need to close. In Figure 3.17 for surface b) and c) this is
the case only because of symmetry.

3.7.2 Conclusion

We demonstrated that the idea of multi-patch EGG is a
simple and effective approach to approximate sophisti-
cated design surfaces. The idea of covering the design
surface with multiple EGG does not affect the aesthetic or
structural qualities of the EGG, in fact, smaller grids are
easier to handle and may therefore be more practical. The
design surfaces from architecture were split interactively,
using the rules presented in this paper, which took some
hours each. Automating this process, incorporating cer-
tain user goals and aesthetic guidelines, is an interesting
topic for future work.

The comparison of the shapes of the showcase model
and the small-scale prototype shows satisfying closeness.
Some benchmarks for the structural performance of EGG
were also presented.
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Fig. 3.17: Three multi-patch EGG designs at different stages. The first row shows the boundaries of the patches, the second row
shows the geodesic grid members, the third row shows the equilibrium shape of the lamellae and the supports (black dots), and the
last row shows a heat-map of deviations of the lamellae from the design surfaces. Columns show a) the Great Court of the British
Museum, b) the tip of the Lilium tower, c) the Yas-Hotel. For numeric results, please refer to Table 3.3. Note that the Great Court
model is not entirely symmetric, so the distribution of the error is not symmetric either.
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Fig. 3.18: Plan for laser-cutting the lamellae. Scaling by a factor
of 9 yields the size of the prototype of Figure 3.1.

We analyzed the implication of increasing the size of
the EGG, but the showcase model is only a first step in
the direction of reaching architecturally relevant scales.
Insights into the interaction of size and shape and the
simulation results from architecture models suggest, that
larger structures are feasible, especially when using high-
performance, high-𝜆 materials.
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Fig. 3.19: Steps of the fabrication process of the model. A laser-cutter was used to produce the lamellae and the PTFE-stickers. After
sticking them to the lamellae, the modules of the grid were assembled. The supports were cast from concrete and have inclined
contact areas. Finally, the grid was deployed and fixed to the supports.



52 3 Design and Fabrication of Multi-Patch Elastic Geodesic Grid Structures

Fig. 3.20: Several steps of the deployment of the EGG model and the deployed structure. The deployment process does not require a
lot of force, and the curvature of the structure emerges naturally.



Chapter 4

Generalized Deployable Elastic Geodesic Grids

Fig. 4.1: Result of the generalized elastic grid method. An ap-
proximation of a doubly-curved surface with elliptic and hy-
perbolic regions using an elastic geodesic grid, deployed from
a perfectly planar state by fixing its boundary elements to an
anchor-ring.
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Published in: ACM Transactions on Graphics, Vol. 40,
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4.1 Introduction
The pursuit of novel structures suitable for design and
engineering has been a very old topic in science and engi-
neering. One of the ultimate goals of this race are struc-
tures that are light, cheap, and strong.

An interesting class of structures that largely fulfill
these requirements surprisingly seems to have contradic-
tory properties: Under load, they leave their stable state
and compensate it with buckling. In mechanical terms,
they elastically move to the post-buckling regime. Usually,
engineers want to avoid any buckling effects as they are
regarded as structural failures. On the other hand, by ade-
quately designing the structure’s geometry, this seeming
disadvantage can be of great practical use with a high
level of efficiency. Especially, slender structures like rods,
plates, or shells are suitable for design with such elastic
bending techniques.

In practice, the post-buckling effect can be observed
on a simple igloo tent whose shape is maintained by two
poles bent over each other. This construction has many
advantages; it is compact, lightweight, and easy to build,
but still effective and durable.

In the past, the possibilities for the design of free-form
structures were very limited, and the material has almost

Fig. 4.2: A closeup photography of an elastic geodesic grid dome
which is also doubly-curved, fixed to 3d printed anchors. Please
refer to Figure 4.20 for more examples.

always imposed the final shape. The design of sophis-
ticated geometric shapes was too complex without ad-
vanced computational tools. Nonetheless, the paradigm
fascinates and has been applied in many scales and do-
mains: from large-scale architecture [Shukhov 1896], over
medium-scale furniture design [Panagoulia et al. 2016], to
mesoscale structures in material science [Lavine 2015].

Recently, several approaches for the computational de-
sign of deployable elastic structures [Soriano et al. 2019;
Panetta et al. 2019; Pillwein et al. 2020b] have been pro-
posed. Nonetheless, while these methods come with ex-
cellent results, they suffer from a number of limitations.
For instance, Panetta et al. [Panetta et al. 2019] intro-
duce elastic gridshells composed of elements with varying
cross-sections and allow for varying boundaries, however,
their approach does not always ensure the planarity of
the 2d configurations.

In contrast, the method of Pillwein et al. [Pillwein et
al. 2020b] generates perfectly planar 2d layouts, on the
downside, their method is limited to scissor-like convex
quadrilateral patches only and does not allow free-form
boundaries. While more complex shapes are possible by
stitching multiple quadrilateral patches together [Pillwein
et al. 2020a; Pillwein et al. 2021a], an arbitrary boundary
is still not possible.

In this paper, we introduce a new method to deal with
arbitrary, even non-convex boundaries. Our method is
based on assumptions derived from differential geometry
of curves and surfaces, similar to the model of Pillwein et
al. [Pillwein et al. 2020b] , where the elastic grid follows
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geodesic curves on the surface and expects that the lattice
members are bendable only along a single axis. While
this poses a certain limitation on the surfaces that can
be approximated, it still allows exploring a rich space of
possible designs with double curvature, especially if the
surfaces have non-convex boundaries.

Our model allows us to compute the grids using purely
geometric notions with no need for physical simulation,
making it computationally very efficient. At the same time,
the proposed geometric concepts are well-founded by the
theory of minimal energy curves and we can show a very
close match of our results to the outcomes of physical
simulation performed with the state-of-the-art discrete
elastic rods model [Bergou et al. 2008].

Indeed, most of our concepts can be reduced to the com-
putation of geodesic distances on the surface, including
intersections of curves, and not even the computationally
expensive tracing of the paths of the curves is necessary.
Additionally, we extend it fluently to the discrete domain,
which allows for efficient updates of the combinatorics of
the grids. In particular, the contributions of the paper are
the following:

• An elastic grid on the surface should approximate the
surface well and capture its characteristics. The task
of the choice of proper members is non-trivial and has
been solved by Pillwein et al. [Pillwein et al. 2020b]
using a geometrically driven heuristic. We introduce
a well-defined energy functional which allows us to
identify so-called least-effort and most-effort curves on
the surface, which ensure to capture the surface char-
acteristics well and provides aesthetic grid layouts.

• More sophisticated surfaces exhibit boundaries which
are non-convex (c.f. Fig. 4.3), in fact, they can possess
multiple non-convex regions. This implies that the pla-
nar configuration becomes more intricate, hosting sub-
families of members, and poses the challenge of varying
connectivity grids. We propose an efficient algorithm
based on distance computations only that updates the
combinatorics of the grids.

• A crucial requirement of deployable structures is
that the undeployed state remains perfectly planar.
This requirement is important for the ease of fabrica-
tion, transportation, and assembly and should not be
underestimated—dealingwith bent elements is consider-
ably more difficult and more expensive than with planar
ones. Therefore, we introduce a generic planarization
algorithm that also takes fabrication constraints into
account.

• Finally, we introduce a digital fabrication pipeline for
the grids and present a number of our results as desktop-
size models fabricated from wood or acrylic glass as a
proof of concept of our approach.

In the remainder, our paper is organized as follows: In
the next section, we review related works, in Section 4.3

we discuss the goals and assumptions of our approach. In
Section 4.4 we describe the concepts of the representation
of the grids, and in Section 4.5 we discuss the computation
of finding grid layouts with non-convex boundaries. In
Section 4.6 we describe the background of the elastic en-
ergy which we use for finding optimal grids. In Section 4.7
we propose an optimization algorithm for the planariza-
tion of spatial grids. Finally, in Section 4.8 we present
quantitative and qualitative results, including fabricated
models, and in Section 4.9 we discuss the limitations and
conclude our work.

4.2 Related Work
Gridshell Structures Structures that gain their strength
and stiffness through their curvature have been used in
architecture and design since ancient times [Lienhard et al.
2013]. At the end of the 19th century, Shukhov applied
the idea for the Rotunda of the Panrussian Exposition
[Shukhov 1896], and it was further pursued by famous
architects, e.g., by Frei Otto for the construction of the roof
of the Multihalle at the Mannheim Bundesgartenschau
[Happold et al. 1975].

This form of structure erection has been summarized
in the architecture and construction literature as the ac-
tive bending paradigm [Lienhard et al. 2013; Lienhard et
al. 2018]. Modern and easy-to-use computational meth-
ods increased the interest of the scientific community in
systematically utilizing elastic bending to realize curved
shapes. Until recent advances in computer science, they
could only be form-found empirically [Gengnagel et al.
2013]. Architectural works aim at the approximation of
gridshells and combine lightweight structural design with
aesthetics [Soriano et al. 2015; Soriano 2017].

Existing design approaches are often based on particular
kinds of surface curves, e.g., asymptotic curves [Schling et
al. 2018]. Besides their aesthetic qualities, such structures
can also be assembled in initially flat segments. They
naturally transform to a curved state by their internal
forces, however, such curve networks can only be found
on surfaces with negative Gaussian curvature.

Deployable Structures Much research is currently being
carried out on gridshell-structures that can be deployed.
They can be classified based on their deployment mech-
anism: inscribed in a grid that is deployed [Panetta et al.
2019; Isvoranu et al. 2019; Soriano et al. 2019; Pillwein
et al. 2020b] or by other external mechanisms like inflat-
able air cushions [Quinn et al. 2018; Konaković-Luković
et al. 2018]. We are interested in the first case. The design
approaches of inscribing the deployment mechanism into
the grid, however, differ:

To create an X-Shell [Panetta et al. 2019], a planar grid
layout is designed using curved or straight members and
actuated via physical simulation. In multiple layout it-
erations which do not require a target surface, the de-
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Fig. 4.3: Overview of our modeling pipeline: (a) initial surface, (b) designer chooses a boundary curve on the surface, (c) initial
grid (designer provides an arbitrary number of members), (d) grid optimization (we find a grid that nestles to the surface well), (e)
planarized grid, (f) fabricated gridshell.

signer finds a satisfactory shape by adapting the planar
design. Target surfaces can, however, be approximated
using shape optimization (presuming a good planar initial-
ization). The practical feasibility of these structures was
investigated with the construction of a pavilion [Isvoranu
et al. 2019].

The G-Shells approach [Soriano et al. 2019] proposes
to planarize a specific geodesic grid using physical sim-
ulation and an evolutionary multi-objective solver. This
induces a geometric error, so the flat grid cannot be de-
ployed to match the geodesic grid perfectly but still create
beautiful shapes. However, the space of realizable shapes
is not fully characterized.

In contrast to the former approaches, elastic geodesic
grids [Pillwein et al. 2020b] use the concept of notches,
which prevents the geometric error in the grid layout and
allows for a very close approximation of a target surface.
However, it also makes deployment more complicated as
a sliding of members is necessary. The method takes a
design surface as input and produces a deployable grid
layout without using physical simulation.

Besides elastically bendable structures, there has also
been extensive research on various deployable structures
and deployment mechanisms methods. One way to easily
construct spatial shapes from flat sheets is by appropri-
ately folding paper [Massarwi et al. 2007; Dudte et al.
2016], which is inherently related to the Japanese art of
Origami. Also Kirigami, a technique to cut patterns into
planar sheets to allow solid faces to rotate about each
other, deforming in three dimensions while remaining
planar has been explored for deployable surfaces [M. Liu
et al. 2020; Jiang et al. 2020a] and recently also bi-stable
structures [T. Chen et al. 2021].

Bendable and Stretchable Structures Elastic deformation
of surfaces based on variational principles of minimal en-
ergy has a long research history in the computer graphics
community [Terzopoulos et al. 1987; Welch et al. 1992].
These approaches usually assume that the structure can
elastically bend and stretch.

For instance, programmable elastic structures are based
on both bending and tensile energy, e.g., by using pre-
stressed latex membranes to actuate planar structures into
free-form shapes [Guseinov et al. 2017]. This method has
been extended to programmable material sheets composed
of mesostructures and membranes to design materials

that stretch and bend to evolve to doubly-curved surfaces
over time [Guseinov et al. 2020]. Another approach is to
combine elastic rods and membranes leading to Kirchhoff-
Plateau surfaces that allow easy planar fabrication and
deployment [Pérez et al. 2017]. Furthermore, flexible rod
networks [Pérez et al. 2015], which additionally allow
for controllable elastic deformation of given shapes, have
been explored.

A combination of precomputed flexible meso-cells leads
to a method where planar configurations can deform to
desired shapes if appropriate boundary conditions are
applied [Malomo et al. 2018]. This approach has been
tested by constructing a pavilion [Laccone et al. 2019] on
an architecturally relevant scale.

Another technique, called tensegrity, is to combine elas-
tic and stiff elements to create physically stable structures,
which has been recently explored for computational de-
sign [Pietroni et al. 2017]. Also recently, a method for the
design of kinetic wire characters has been proposed [Xu
et al. 2018], where custom springs are introduced to adapt
the stiffness of the wires.

In fact, much attention has been paid to the design of
doubly-curved surfaces, which can be deployed from pla-
nar configurations due to the ease of fabrication. One
way of achieving this goal is by using auxetic materials
[Konaković et al. 2016] which can nestle to doubly-curved
spatial objects, or in combination with appropriate actua-
tion techniques, can be used to construct complex spatial
objects [Konaković-Luković et al. 2018].

Surface-based inflatable structures [Panetta et al. 2021]
utilize expanding tunnels fabricated by fusing two lay-
ers of thin material to approximate surfaces. Layouts are
found by including the bending energy stored in the tun-
nels using the shape operator, a method that is closely
related to how we express the energy of lamellae.

Bendable Non-Stretchable Structures In contrast to meth-
ods that allow bending and stretching, our approach as-
sumes that the elastic elements can bend and twist but
not stretch and must therefore maintain the same length
in the planar and spatial configuration.

Mappings of geodesic nets on a surface onto geodesic
nets on a different surface (including the plane) were a
topic of classic differential geometry [Voss 1907; Lagally
1910]. It has been shown that arc-length preserving map-
pings of continuous geodesic nets onto each other require
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Fig. 4.4: Our concept of grid representation in the dual space. We parameterize the boundary with constant speed, 𝑡 ∈ [0, 1), and
represent geodesics by the 𝑡-values of the endpoints. Left: The geodesic between 𝑝𝑥 = 𝑝 (𝑡𝑥 ), 𝑝𝑦 = 𝑝 (𝑡𝑦) corresponds to a single
point in the dual space, the direction 𝑡𝑥 → 𝑡𝑦 is also encoded. Right: Two families of geodesics are represented in the dual space,
spacing and directions of members define two sequences of points. If we extend the parameterization of the boundary to (−∞,∞),
the representation in the dual space is extended periodically.

rhombic geodesic nets, i.e., need a parameterization of the
surface with the net curves as parameter curves and 𝐸 = 𝐺
in the fundamental form. The resulting Liouville surfaces
are very limited in shapes, and therefore not useful for
our free-form design purpose.

A lot of attention has been paid to the approximation of
free-form surfaces using developable surfaces [Pottmann
et al. 2010] which can be fabricated from 2d flat elements
by cutting. By bending and combining 2d elements, com-
plex free-form surfaces can be erected. On the theoreti-
cal side, a novel representation of developable surfaces
using quadrilateral meshes with appropriate angle con-
straints [Rabinovich et al. 2018a] or a definition of devel-
opability for triangle meshes [Stein et al. 2018] have been
proposed recently. Also, optimal piecewise wrapping of
doubly-curved surfaces with developable patches has been
explored [Ion et al. 2020].

Other works deal with curved folds and efficient ac-
tuation of spatial objects from flat sheets [Kilian et al.
2008; Kilian et al. 2017a]. Discrete geodesic parallel co-
ordinates have been introduced for modeling of devel-
opable surfaces [H. Wang et al. 2019]. Another related
work combines the idea of elastic bending and weaving.
This allows for creating physically governed surfaces wo-
ven out of foliations whose leaves approximate geodesic
curves [Vekhter et al. 2019].

Also related to our work are approximations of sur-
faces based on Chebyshev nets [Garg et al. 2014], which
have been further analyzed for their elastic characteris-
tics [Baek et al. 2018]. Recently this method has also been
used for the simulation of hemispherical elastic gridshells
[Baek et al. 2019].

Introducing elements with variable stiffness further-
more enables a wide range of target equilibrium shapes.
This space was recently rigorously characterized [Hafner
et al. 2021] for elements that are only constrained at their
boundaries, using a method to determine physically viable
shapes by visual inspection. To find viable grid layouts,
we face a similar task and build upon these insights.

4.3 Goals and Assumptions

4.3.1 Objectives

Our goal is to find geodesic grids on given free-form sur-
faces such that they can be realized as physical grids com-
posed of slender physical elements, such as rods or strips,
where the ratio of the cross-sections of the elements is
about 1:10 with a distinct weak axis. In our experimen-
tal models, we use thin lamellae laser-cut from wooden
panels or acrylic glass plates.

The grids can be deployed from 2d planar states to sur-
faces in 3d space by compressing and fixing the outer
boundary of the planar state. The intuition is that hence
the geodesic distance between the ends of the incompress-
ible elements is longer than the distance between the ends
in the embedding space, they will undergo buckling and
take a shape that minimizes the bending energy along
their length. Due to the global interaction of the mem-
bers, properly connected at their intersections, a spatial
structure emerges.

The input surfaces are allowed to have general bound-
ary curves, which can even be non-convex (cf. Fig 4.3),
such that various configurations are possible. The grids
are erected by fixing the free ends of the planar elements
to given anchors distributed along a boundary curve. This
provides the constraints necessary to adopt the desired
minimal potential energy state. Note that anchors pro-
vide both the positions (function values) and the tangent
planes (first-order derivatives) at the boundary points of
the grid, but the tangent directions are not fixed (refer to
Figures 4.20 and 4.21).

4.3.2 Assumptions and Simplifications

We minimize the error between the given target surface
and the geodesic grid implicitly by assuming that the
lamellae will behave very closely to geodesic curves on the
target surface. This assumption is based on the fact that a
geodesic curve has zero geodesic curvature𝜅𝑔 and exhibits
only normal curvature 𝜅𝑛 , which is further discussed in
Section 4.6.

The intuition behind this assumption is that we can
“glue” a thin strip along its centerline along such a curve
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Fig. 4.5: Examples of paper strips “glued” to the surfaces. The
centerlines of the strips follow geodesic curves on each surface.
A sufficiently small strip can follow any geodesic on a surface but
only a subset of all possible geodesics on a surface are suitable
for elastic geodesic grids.

on the surface and their lengths will match (cf. Figure 4.5).
A sufficiently small strip can follow any geodesic on the
surface, however, if the strip itself is elastic and resists
bending, only a subset of all possible geodesics on the sur-
face are suitable for elastic geodesic grids. Thus, our major
goal in this paper is to find such grids to approximate the
surfaces efficiently.

Another simplification is that since our computations
are based purely on geometry, we do not take any physi-
cal quantities, like gravity or friction, into account. Our
model also assumes perfectly geometrically non-linearly
bendable materials, and we do not account for any mate-
rial failure if the elastic region is left, resulting in severe
structural failure. We do so since our model is meant for
rapid form-finding and the generation of prototypes, how-
ever, such engineering constraints could be added easily
on top of our model, if necessary.

4.3.3 Representable Surfaces

The uniqueness of shortest geodesics is connected to the
Gaussian curvature 𝐾 of the surface. Figuratively speak-
ing, if a region of the surface has very high 𝐾 , shortest
geodesics will go around it and cease to be unique, which
we need to prevent. Pillwein et al. [Pillwein et al. 2020b] in-
vestigated this problem and proposed an iterative smooth-
ing procedure until the shortest geodesics between points
on the boundary of a surface are unique. We use the same
procedure, please refer to the paper for details.

A stable grid on a surface with positive and negative
𝐾 requires geodesics between all regions of positive 𝐾
which are physically viable, i.e., the equilibrium shapes of
the corresponding lamellae need to be close to the surface.
If the input surface has no inner bumps (extrema of 𝐾 far
from the boundary), we can be pretty optimistic about
finding a suitable grid. If there are inner bumps, finding a
grid that remains stable in the desired shape may be chal-
lenging. A sufficient but not necessary condition is based
on the mean curvature 𝐻 > 0, which restricts the surfaces
to the ones that can be achieved by inflating a balloon, i.e.,
excludes bumps that point inward [Konaković-Luković
et al. 2018].

However, this condition is too strict for our purposes,
as we discuss in Section 4.6 and show in our results in

Section 4.8, because it does not account for the interaction
of grid members, which stabilize each other.

4.4 Grid Representation
This section describes the details of our implementation,
grid representation, parameterization, and discretization.
For the readers convenience, we first summarize the nota-
tion further used in the paper:

• 𝑆 : R2 → R3 with (𝑢, 𝑣) ↦→ 𝑆 (𝑢, 𝑣) is the input surface.

• 𝑝 (𝑡) ⊂ 𝑆 is the closed boundary curve.

• 𝑡 is the unit speed curve parameter, w.l.o.g., 𝑡 ∈ [0, 1).
• 𝑐 (𝑡𝑥 , 𝑡𝑦) = 𝑐 (𝑝𝑥 , 𝑝𝑦) ⊂ 𝑆 represents the shortest curve

connecting 𝑝𝑥 = 𝑝 (𝑡𝑥 ) and 𝑝𝑦 = 𝑝 (𝑡𝑦).
• 𝑑 (𝑝𝑥 , 𝑝𝑦) = 𝑑 (𝑐 (𝑡𝑥 , 𝑡𝑦)) ∈ R+ denotes the distance be-

tween two points on the boundary.

• 𝑔 = {𝑐1, . . . 𝑐𝑛} and ℎ = {𝑐1, . . . 𝑐𝑚} are the families of
curves of a grid; we order the elements by an increasing
value of 𝑡𝑥 .

4.4.1 Input and Output

The input to our system is a surface patch which is de-
fined by a closed unit length boundary curve 𝑝 (𝑡) ⊂ 𝑆
on a surface 𝑆 ⊂ R3. The curve is parameterized by the
parameter 𝑡 w.l.o.g. in the interval 𝑡 ∈ [0, 1). Both the
surface 𝑆 and the curve 𝑝 are designer-provided.

If the input surface is represented in parametric form
(e.g., NURBS), it is tessellated to a polygonal mesh with
sufficient resolution. Further on, our system works with
triangular meshes. For several operations, we resort to
a parameterization of the surface 𝑆 : R2 → R3, hence we
expect the mesh to be well-parameterized. We propose
either utilizing the existing parameterization or employ-
ing other parameterization algorithms (e.g., least squares
conformal mapping [Lévy et al. 2002]).

The output of our system is a planar grid composed of
two families of lines denoted as 𝑔 and ℎ that cross each
other. In the case of a non-convex boundary, any of the
families can be further split into one or more groups, form-
ing subfamilies; nevertheless, the grid pattern is always
maintained, i.e., at each intersection exactly two members

Fig. 4.6: Two families of grid members, their parameterization
and order in the grid. By ordering the members in ascending
order of their “footpoints”, we can ensure a consistent pointing
direction of members, even if they move along the boundary.
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of either family cross each other. Please refer to Figures 4.6
and 4.11 for a depiction.

During the deployment, all free ends of the planar grid
are fixed to the anchors, which provide them their location
in space as well as their tangent planes. The tangent
directions are enforced by the overall equilibrium state of
the deployed grid. Note that additional constraints, like
tangent directions on the free ends, could be prescribed
to increase the structure’s stability.

4.4.2 Grid Parameterization

We represent the geodesic grid by defining pairs of points
𝑝𝑥 = 𝑝 (𝑡𝑥 ), 𝑝𝑦 = 𝑝 (𝑡𝑦) on the boundary curve which con-
nect to curves 𝑐𝑖 (𝑡𝑥 , 𝑡𝑦) = 𝑐𝑖 (𝑝𝑥 , 𝑝𝑦). These curves repre-
sent the grid members and are organized in two families
𝑔 = {𝑐1, . . . 𝑐𝑛} and ℎ = {𝑐1, . . . 𝑐𝑚} such that members of
one family can intersect the members of the other family
as depicted in Figure 4.6. We order the elements of each
family by an increasing value of 𝑡𝑥 , which ensures that
their pointing direction in a grid is consistent; in other
words, it ensures that 𝑝𝑥 has a lower t-value than 𝑝𝑦 , i.e.,
𝑡𝑥 < 𝑡𝑦 .

This parameterization allows us to express curves
𝑐 (𝑡𝑥 , 𝑡𝑦) which connect 𝑝𝑥 and 𝑝𝑦 on the boundary as
points in a 2d dual space. Since the boundary curve 𝑝 (𝑡)
is closed, the mapping is a symmetry group, such that for
any function 𝑓 , the following holds:

𝑓 (𝑡𝑥 , 𝑡𝑦) = 𝑓 (𝑇 (𝑡𝑥 , 𝑡𝑦))
with

𝑇 (𝑥,𝑦) =
�
0 1
1 0


 �
𝑥
𝑦



+
�
𝑑
𝑑



, ∀𝑥,𝑦 ∈ R , 𝑑 ∈ Z .

Note that values 𝑓 (𝑡𝑥 , 𝑡𝑦) are translation and reflection-
symmetric w.r.t. the affine transformation 𝑇 , i.e., move
along the borders in a periodic fashion and mirror across
the diagonal. Points on the diagonal (i.e., 𝑡𝑥 = 𝑡𝑦) represent
infinitely short curves, i.e., points on the boundary. We
confine the dual space by [0, 1)× [0, 1), with the symmetry
given by 𝑇 , please refer to Figure 4.4 for a depiction.

4.5 Grid Layout and Non-Convex
Boundary

In this section, we discuss the geometric approach to find-
ing appropriate grid combinatorics, which is purely based
on considering (geodesic) distances of points on surfaces.

4.5.1 Distance Fields and Distance Map

While there are many efficient algorithms for computing
geodesic distances [Crane et al. 2020], tracing the path

Fig. 4.7: We use distance fields to compute the intersection
of two geodesics. Left: A distance field originating from 𝑝𝐴 .
Middle: When superimposing distance fields from 𝑝𝐴, 𝑝𝐵 and
𝑝𝐶 , 𝑝𝐷 , the paths of the geodesics can be recognized. Right: We
recover the intersection of the geodesics by superimposing the
distance fields and finding the minimum.

of a shortest geodesic is computationally much more ex-
pensive, requiring backtracing, variational shortening of
curves, or other methods.

Hence, we utilize the concept of distance maps [Pillwein
et al. 2020b], which can be computed and stored efficiently.
Distances from all points 𝑝𝑥 on the boundary to all other
points 𝑝𝑦 on the boundary establish the distance map

𝐷 : (𝑡𝑥 , 𝑡𝑦) → R+ with (𝑡𝑥 , 𝑡𝑦) ↦→ 𝑑 (𝑝𝑥 , 𝑝𝑦)
where

𝑑 (𝑝𝑥 , 𝑝𝑦) = 𝑑 (𝑐 (𝑡𝑥 , 𝑡𝑦)) =
∫
𝑐
∥𝒄 ′(𝑠)∥ d𝑠 ∈ R+

denotes the geodesic distance (i.e., the arc length) between
two points 𝑝𝑥 and 𝑝𝑦 on the boundary curve w.r.t. the
metric of the surface 𝑆 . Since the boundary is closed, the
distance map is defined over the dual space and is also
subject to the same symmetry group.

In our implementation, the distance map is sampled on
the boundary of the input surface mesh, and the resolution
of the mesh gives its resolution. In practice, it is around
60 × 60 vertices. Since the surface is not altered, distances
are stored in a matrix 𝐷 and reused for many further com-
putations, e.g., to detect non-convex parts of the boundary
(Section 4.5.3). Any algorithm that determines geodesic
distances accurately is suitable for our method, we use
the algorithm proposed by Qin et al. [Qin et al. 2016].

4.5.2 Intersections of Geodesic Curves

In our approach, geodesic paths are not explicitly com-
puted, but we need to compute the intersections of mem-
bers ∈ 𝑔 with other members ∈ ℎ. We thus rephrase the
problem of computing geodesic paths to computing inter-
sections, using the link between shortest geodesics and
distance fields.

A shortest geodesic between points 𝑝𝐴 and 𝑝𝐵 is de-
fined by two distance fields, i.e., scalar fields of geodesic
distances between the source points and all other points
on the surface. Summing up the distance fields and trac-
ing the isoline with the value 𝑑 (𝑝𝐴, 𝑝𝐵) of the resulting
distance field yields the connecting geodesic. Introducing
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Fig. 4.8: Left: Non-geodesic shortest connections. We identify
segments of the boundary that are non-convex using Equa-
tion (4.3). Right: All shortest connections along the red, non-
convex segment of the boundary constitute a square in the dual
space (𝑝1 = 𝑝 (𝑡1), 𝑝2 = 𝑝 (𝑡2)). These curves are considered
invalid for grid members.

an arbitrary third point 𝑝 = 𝑆 (𝑢, 𝑣) on the surface, we can
state:

𝑑 (𝑝𝐴, 𝑝) + 𝑑 (𝑝, 𝑝𝐵) ≥ 𝑑 (𝑝𝐴, 𝑝𝐵) , (4.1)

which is based on the triangle inequality of the surface
metric. Expression (4.1) is an equality if and only if 𝑝 is
on the geodesic connecting 𝑝𝐴 and 𝑝𝐵 .

We now consider a second member between points 𝑝𝐶
and 𝑝𝐷 that intersects the first one. As above, we can
state:

𝑑 (𝑝𝐶 , 𝑝) + 𝑑 (𝑝, 𝑝𝐷 ) ≥ 𝑑 (𝑝𝐶 , 𝑝𝐷 ) . (4.2)

Adding the distance fields emanating from 𝑝𝐴, 𝑝𝐵, 𝑝𝐶 and
𝑝𝐷 , the minimum of the resulting scalar field takes the
value

𝑑min = 𝑑 (𝑝𝐴, 𝑝𝐵) + 𝑑 (𝑝𝐶 , 𝑝𝐷 ) .
Considering Expressions (4.1) and (4.2), this can only
be the case if both inequalities become equalities and
therefore the location of 𝑑𝑚𝑖𝑛 is a point on both short-
est geodesics, i.e., the point of intersection.

In practice, we need to find the intersections on a mesh,
where the distance fields are vectors that hold geodesic
distances for all vertices. For every intersection, we first
linearly interpolate the distance fields for the current 𝑡-
values, superimpose them and find the minimum. Thus,
the respective vertex is already close to the actual inter-
section of the geodesics. In a subsequent step, the result
gets refined using second-order interpolation. To this end,
we use the (𝑢, 𝑣)-coordinates of the surface mesh param-
eterization of the vertex ring around the initial vertex,
apply the values of the superimposed distance fields on a
third axis, and fit a paraboloid. The (𝑢, 𝑣)-coordinates of
the minimum correspond to a point, which is sufficiently
close to the real intersection of the two geodesics.

We reassemble the grid members using the appropriate
intersections and increase their resolution by introduc-
ing extra points by linear interpolation between (𝑢, 𝑣)-
coordinates of adjacent intersections for sparse grids.

Fig. 4.9: Left: Invalid members. The blue curve is tangential to
the non-convex segment on the boundary, and the gray curve
shares a part of it. Right: The blue curves emerge in the dual
space on the boundary of the gray regions. Curves in these
regions are considered invalid and cannot be used as grid mem-
bers. All such regions are detected using geodesic distances
only.

4.5.3 Non-Convex Boundaries

Non-convex boundaries introduce curves 𝑐 (𝑝𝑥 , 𝑝𝑦) on the
surface 𝑆 that minimize 𝑑 (𝑝𝑥 , 𝑝𝑦), however, are not short-
est geodesics due to their non-vanishing geodesic curva-
ture 𝜅𝑔 . Hence, we denote these curves as shortest connec-
tions. Figure 4.8 depicts a shortest connection between
the points 𝑝1 and 𝑝2 which runs along the boundary. We
premise that the shape of the surface outside the boundary
is unknown, i.e., a shortest geodesic between 𝑝1 and 𝑝2
cannot be found.

We call the boundary of a surface convex if there are no
shortest connections that are tangential to the boundary,
otherwise, we call it non-convex. In the latter case, the
parts of the boundary that make it non-convex need to
be found. In Figure 4.8, the lower bay of the boundary is
such a non-convex part.

Formally we identify non-convex boundaries by check-
ing the following criterion:

𝑑 (𝑝𝑥 , 𝑝𝑦) − 𝑑𝑏 (𝑝𝑥 , 𝑝𝑦) = 0 , (4.3)

where 𝑑 (𝑝𝑥 , 𝑝𝑦) is the shortest distance between 𝑝𝑥 , 𝑝𝑦
on the surface and 𝑑𝑏 (𝑝𝑥 , 𝑝𝑦) is their distance measured
along the boundary. If there is a combination of 𝑝𝑥 , 𝑝𝑦
(with 𝑡𝑥 ≠ 𝑡𝑦) and Equation (4.3) is fulfilled, the bound-
ary is non-convex and 𝑐 (𝑝𝑥 , 𝑝𝑦) leads entirely along the
boundary. The part of the boundary that causes the non-
convex behavior is formed by the points 𝑝𝜗 = 𝑝 (𝑡𝜗 ) with
𝑡1 ≤ 𝑡𝜗 ≤ 𝑡2, where 𝑡1 and 𝑡2 are the smallest and largest
𝑡-values fulfilling Equation (4.3), respectively. In the dual
space, such parts of the boundary appear as squares, please
refer to Figure 4.8 for a depiction.

If the boundary is non-convex, in a second step, we
need to find all shortest connections 𝑐 (𝑡𝑥 , 𝑡𝑦) that lead
partly along the boundary and exclude them from the set
of valid grid members. This is important as, due to our
initial assumption (cf. Section 4.3), only lamellae based on
geodesics (𝜅𝑔 = 0) will bend properly to approximate the
surface. Please refer to Figure 4.9, where invalid regions
are depicted in the dual space.
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Fig. 4.10: To identify all shortest connections emanating from
𝑝𝑥 to 𝑝𝑦 that go partially along the boundary, we proceed as
follows: Left: We compute the distances 𝑑 (𝑝𝑥 , 𝑝𝑦). Middle:
From 𝑝𝑥 , we jump to the closest point 𝑝Θ of the non-convex
segment and compute the distances 𝑑 (𝑝Θ, 𝑝𝑦). Right: If shortest
connections from 𝑝𝑥 to 𝑝𝑦 and 𝑝Θ to 𝑝𝑦 have more than one
common point, the shortest connection 𝑐 (𝑡𝑥 , 𝑡𝑦) is invalid.

To this end, we check the shortest connections from one
fixed point 𝑝𝑥 to all other points 𝑝𝑦 on the boundary at a
time. The resulting curves span a fan of shortest connec-
tions emanating from 𝑝𝑥 (cf. Figure 4.10). We introduce a
second fan emanating from 𝑝Θ with the same destinations
𝑝𝑦 . The point 𝑝Θ is the point of 𝑝𝜗 which is closest to
𝑝𝑥 , measured along the boundary. We find all shortest
connections that are no shortest geodesics by computing:

𝑑𝑔 (𝑡𝑥 , 𝑡𝑦) = 𝑑 (𝑝𝑥 , 𝑝𝑦) − 𝑑 (𝑝Θ, 𝑝𝑦) , (4.4)

and checking
𝜕𝑑𝑔

𝜕𝑡𝑦
= 0 . (4.5)

Equation (4.5) is a necessary condition to find invalid con-
nections 𝑐 (𝑡𝑥 , 𝑡𝑦) along the boundary. If 𝑐 (𝑡𝑥 , 𝑡𝑦) touches
the boundary, we refer to the first point of contact as
𝑝𝜗 = 𝑝 (𝑡𝜗 ). Assuming such a curve, we rewrite Equa-
tion (4.4):

𝑑𝑔 (𝑡𝑥 , 𝑡𝑦) = 𝑑 (𝑝𝑥 , 𝑝𝜗 ) + 𝑑 (𝑝𝜗 , 𝑝𝑦) − 𝑑 (𝑝Θ, 𝑝𝜗 ) − 𝑑 (𝑝𝜗 , 𝑝𝑦) ,
𝑑𝑔 (𝑡𝑥 , 𝑡𝑦) = 𝑑 (𝑝𝑥 , 𝑝𝜗 ) − 𝑑 (𝑝Θ, 𝑝𝜗 ) ,
𝜕𝑑𝑔/𝜕𝑡𝑦 does indeed not depend on 𝑡𝑦 and vanishes. Equa-
tion (4.5) is not sufficient as there may be special cases
where 𝑑𝑔 (𝑡𝑥 , 𝑡𝑦) remains constant w.r.t. changes in 𝑝𝑦
without boundary contact. We have not encountered such
cases in ourmodels but can exclude them as theywould ap-
pear as noise or isolated islands in the dual space, not con-
nected to a non-convex segment (red square in Figure 4.8).
Figure 4.10 helps to interpret Expression (4.4): The dif-
ference 𝑑𝑔 (𝑡𝑥 , 𝑡𝑦) can be reduced to 𝑑 (𝑝𝑥 , 𝑝𝜗 ) − 𝑑 (𝑝Θ, 𝑝𝜗 ),
if the shortest connections from the fan of 𝑝𝑥 touch the
boundary.

The set of invalid connections delivers in the dual space
a map of connected regions that must be avoided in order
to find valid geodesic grids.

4.5.4 Solution in the Discrete Domain

For the computation of invalid regions, we resort to the
discrete domainN and introduce a mapping 𝑧 which maps
all 𝑡-values to integer coordinates of the mesh boundary:

𝑧 : 𝑡 ∈ [0, 1) ↦→ 𝑖 ∈ [1, . . . , 𝑁 ] ,
where 𝑁 is the mesh boundary resolution. We denote the
coordinates of the curves in the discrete space as 𝑐 (𝑖𝑥 , 𝑖𝑦) =
𝑐 (𝑧 (𝑡𝑥 ), 𝑧 (𝑡𝑦)), where 𝑖𝑥 , 𝑖𝑦 ∈ [1, . . . , 𝑁 ] represent their
counterparts 𝑡𝑥 , 𝑡𝑦 ∈ [0, 1) from the continuous domain.
Note that 𝑁 + 1 = 1 and 𝑐 (𝑖𝑥 , 𝑖𝑦) = 𝑐 (𝑖𝑦, 𝑖𝑥 ), respecting the
symmetry given by 𝑇 .

To initially find non-convex regions we compute Equa-
tion (4.3) on the mesh. We reuse the distance fields and
perform:

𝐷 − 𝐵 < 𝜖 , (4.6)

where 𝐷 and 𝐵 are 𝑁x𝑁 matrices, 𝐷 is the distance map
𝐷 (𝑖𝑥 , 𝑖𝑦) = 𝑑 (𝑝 (𝑖𝑥 ), 𝑝 (𝑖𝑦)), 𝐵 holds the distances mea-
sured along the boundary, 𝐵(𝑖𝑥 , 𝑖𝑦) = 𝑑𝑏 (𝑝 (𝑖𝑥 ), 𝑝 (𝑖𝑦)), and
𝜖 is a small constant close to zero. The distances 𝑑 (𝑝𝑥 , 𝑝𝑦)
and 𝑑 (𝑝Θ, 𝑝𝑦) in Equation (4.4) are a subset of the dis-
tances from the precomputed distance fields, the partial
derivative w.r.t. 𝑡𝑦 becomes a difference of 𝑑𝑔 (𝑖𝑥 , 𝑖𝑦), w.r.t.
𝑖𝑦 .

Now we can formulate the search for invalid regions
using a region growing approach as in image processing.
We know the core regions from the difference in Expres-
sion (4.6), so we grow them along respective 𝑖𝑥 and 𝑖𝑦
coordinates as

𝑐 (𝑖𝑥 , 𝑖𝑦) = 𝑐 (𝑖𝑥 + 𝑠𝑖𝑥 , 𝑖𝑦)
𝑐 (𝑖𝑥 , 𝑖𝑦) = 𝑐 (𝑖𝑥 , 𝑖𝑦 + 𝑠𝑖𝑦 )

where 𝑠𝑖𝑥 and 𝑠𝑖𝑦 are steps that are either +1 or −1 de-
pending on which half-space of the dual space the points
are located. During this movement, distance checks as
in Equation (4.4) are performed by looking up distance
values in the distance map𝐷 (𝑖𝑥 , 𝑖𝑦). Performing the proce-
dure until convergence yields masks that contain invalid
regions.

During the optimization of grids (cf. Section 4.6.4), grid
members need to be found frequently, and the combina-
torics of the grid has to change in order to produce valid
grid members. We use the dual space and its invalid re-
gions, identified using Equation (4.5), to correct layouts
efficiently. Figure 4.11 depicts how invalid members are
detected and the subsequent adjustment of a layout. In
cases where a member arrives in an invalid region, the
respective member family (𝑔 or ℎ) is split into two along
their respective 𝑖𝑥 and 𝑖𝑦 coordinates in the dual space,
and all following members are shifted out until the invalid-
region condition as well as grid consistency constraints,
which maintain the order of elements, are fulfilled.
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Fig. 4.11: Layout correction algorithm. Left: An invalid grid, members appear as points in the dual space. Middle: For every invalid
region in the dual space, there are fixed shifting directions that govern the adjustment of layouts. Right: Members shifted out of invalid
regions to the next feasible combination in the discrete dual space 𝑧 : (𝑡𝑥 , 𝑡𝑦) ↦→ (𝑖𝑥 , 𝑖𝑦). Note, it only changes the combinatorics of
the grid but leaves the endpoint locations unchanged. The small square-shaped regions in the dual space correspond to two small,
almost straight, non-convex segments of the boundary at the lower tip of the surface. Please recall that the dual space and the invalid
regions are periodic, as depicted in Figure 4.4.

This algorithm can be implemented very efficiently in
the discrete domain, where look-ups in the precomputed
distance map and invalid-region maps are performed.

4.6 Elastic Geodesic Grid Energy
In this section, we describe the mathematical model of our
approach, based on insights from differential geometry
and variational principles, and derive the necessary energy
functionals which constitute our elastic geodesic grids.

The main aspect of our work is finding networks of
intersecting curves that nestle to the surface when bound-
ary conditions are enforced, i.e., when grids are fixed to
anchors. However, not all such grids will both nestle to the
surface well and additionally also closely capture the sur-
face’s features, like local extrema of 𝐾 . Figure 4.12 shows
two different geodesic grids and their respective equilib-
rium shapes when boundary conditions are enforced. As
evident, some grids are better suitable than others and
their choice obviously depends on local surface features.

4.6.1 Elastic Geodesic Curves

The internal bending energy of an arc length parameter-
ized curve 𝑐 � 𝒄 (𝑠) of length 𝑙 can be formulated using
the Elastica energy:

𝐸𝑏 =
∫ 𝑙

0
𝜅2 d𝑠 , (4.7)

where 𝜅 = ∥𝒄 ′′(𝑠)∥ is its curvature, i.e., the length of the
curvature vector.

We can use this energy to approximate the bending
behavior of the centerlines of slender wooden lamellae
quite accurately. This assumption is not entirely true in
theory for non-stretchable, perfectly developable strips,
which indeed need to maintain the same length of the
centerline as well as of the edges.

Nonetheless, wooden lamellae are not perfectly devel-
opable, and hence their behavior is more similar to the

bi-normal strips [Wallner et al. 2010], where the ratio
of the lengths of the center curve and the edges varies
slightly if they are bent and twisted (i.e., the strip stretches
or compresses slightly). However, the deviation is negli-
gible if the width to length ratio of the strip is small, as
in our case. This assumption is also common in physi-
cal models, like discrete elastic rods [Bergou et al. 2008],
which allow for the simulation of slender rods with vary-
ing cross-sectional ratios. For these reasons, we choose to
approximate the strips with their center lines.

For curves 𝑐 (𝑠) which lie on a surface 𝑆 , their curvature
vector 𝒄 ′′ can be decomposed into its normal curvature
component𝜅𝑛 and geodesic curvature component𝜅𝑔 , such
that it is given by

𝒄 ′′ = 𝜅𝑛𝒏𝑆 + 𝜅𝑔𝒃𝑐 ,
where 𝒏𝑆 is the surface unit normal and 𝒃𝑐 is a unit vector
in the tangent plane, orthogonal to the curve tangent. This
dependency can also be expressed by the Pythagorean
theorem as:

𝜅2 = 𝜅2
𝑛 + 𝜅2

𝑔 .

As per definition (cf. Section 4.3), geodesic curves have
vanishing geodesic curvature, i.e., 𝜅𝑔 = 0, the curve’s
normal is aligned with the surface normal 𝒏𝑆 . Since we

Fig. 4.12: Left: Two different grid layouts on the same surface.
Middle (top): The blue and red geodesics are prone to relax to dif-
ferent shapes. Middle (bottom): The red geodesic is constrained
by the blue one. Right: Physical simulation of the grids, only
the lower grid nestles to the surface well.
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Fig. 4.13: We estimate the shape stability of geodesics using
the shape stability parameter 𝜂, which depends on the number
𝜎 of inflection points w.r.t. the normal curvature 𝜅𝑛 . We expect
that all curves of type d) need additional support from crossing
members. Curves of type c) are a limit case and are assessed
using the criterion of [Hafner et al. 2021].

allow only geodesic curves on 𝑆 , the bending energy in
Equation (4.7) reduces to

𝐸𝑏 =
∫ 𝑙

0
𝜅2
𝑛 d𝑠 . (4.8)

We can further rewrite 𝜅𝑛 using Euler’s theorem as

𝜅𝑛 = 𝜅1 cos2 𝜑 + 𝜅2 sin2 𝜑 ,

where 𝜅1, 𝜅2 are the principal curvatures at the given
surface location, and 𝜑 is the angle between the curve’s
tangent vector 𝒕𝑐 and the principal curvature direction
𝒗1. Assuming a unit 𝒕𝑐 , it can also be expressed in the
surface’s local frame spanned by the principal curvature
directions 𝒗1, 𝒗2 in terms of inner products as

𝜅𝑛 = (𝜅1 − 𝜅2)⟨𝒕𝑐 , 𝒗1⟩2 + 𝜅2 .
To evaluate 𝜅𝑛 at vertices 𝑞(𝑢, 𝑣) of grid members, we

approximate 𝒕𝑐 using the normalized mean of their adja-
cent edges and linearly interpolate values of 𝜅1, 𝜅2, and 𝒗1
for the respective (𝑢, 𝑣)-coordinates.

4.6.2 Shape Stability

The shape of a physical grid depends on several factors,
like the bending energy of grid members and mutual sta-
bilization. To ensure a close approximation of the target
surface but avoid costly physical simulation, we introduce
an energy that estimates how closely a grid will preserve
its initial shape when boundary conditions are enforced.
To define this energy, we first analyze the quality of mem-
bers individually, then account for mutual stabilization of
members, and finally obtain a single scalar value 𝐸shape
ranging between 0 and 1. The lower its value, the larger
the deviation from the target surface can be expected.

We initially assess the quality of grid members individ-
ually by means of the number 𝜎 of inflection points of
each member w.r.t. the normal curvature 𝜅𝑛 . We consider
members with 𝜎 < 2 as stable and members with 𝜎 > 2 as
unstable, please refer to Figure 4.13 for a depiction. To clas-
sify members with 𝜎 = 2, we use a stability criterion for
planar curves [Hafner et al. 2021] (neglecting the torsion

Fig. 4.14:We account for mutual stabilization effects by dividing
the curve into segments 𝑅 𝑗 needing support and checking if
they are stabilized by crossing members (black dots), taking
into account their shape stability 𝜂𝑘 . Top: The central region of
the curve is stabilized, 𝜂 = 1. Bottom: Only one of three curve
segments is stabilized, we expect poor performance, 𝜂 = 1/3.

of grid members). We subsequently classify each curve
with a shape stability parameter 𝜂 = 0 or 𝜂 = 1.

The interaction of elastic members in a grid is highly
complex, however, we want to take into account mutual
stabilization effects for unstable members (𝜂 = 0). To
this end, we divide them into (𝜎 − 1) curve segments
𝑅 𝑗 needing external support, which are separated by the
inflection points (cf. Figure 4.14). For each segment 𝑗 , we
check for stable crossing members and assign a stability
weight 𝜔 𝑗 :

𝜔 𝑗 =

�
0 if

�𝑛+𝑚
𝑘=1 𝐵(𝜂𝑘 ∈ 𝑅 𝑗 )𝜂𝑘 ≥ 1 ,

1 if
�𝑛+𝑚

𝑘=1 𝐵(𝜂𝑘 ∈ 𝑅 𝑗 )𝜂𝑘 = 0 ,

where 𝐵(·) → {0, 1} is a Boolean operator which ensures
that only 𝜂 of crossing members intersecting in the respec-
tive curve segment are summed up, and 𝑘 iterates over
all members. If one or more curves with 𝜂 = 1 cross in
a segment needing support, it is considered as stabilized,
and 𝜔 𝑗 = 1, otherwise 𝜔 𝑗 = 0. We subsequently update 𝜂
of all unstable members by the arithmetic mean of their
𝜔-values:

𝜂 =
1

𝜎 − 1

𝜎−1∑︁
𝑗=1

𝜔 𝑗 ,

and finally assess the shape quality of the whole grid by
taking the shape stability parameters of all members into
account:

𝐸shape =
1

𝑛 +𝑚
𝑛+𝑚∑︁
𝑘=1

𝜂𝑘 . (4.9)

Figure 4.15 shows a failure example with a ripple-like
target surface. The grid reaches a low shape stability
(𝐸shape = 0.45) which indicates that we can expect a poor
approximation of the surface.

4.6.3 Least and Most Effort Energy

Our goal is to approximate arbitrary representable sur-
faces, hence we need an energy functional that allows us
to capture the surface characteristics well. To ensure this,
we define two types of curves, which must be present in a
grid.
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Fig. 4.15: Failure case. Left: A desired shape and geodesic
grid. Right: The result of physical simulation. Due to the inner
bump and the symmetry of the surface, no stable shape can be
determined. As not enough stable members can be found, the
physical grid does not follow the desired shape.

Among all geodesics on 𝑆 , the subset minimizing the
bending energy in Equation (4.8) is most likely to produce
lamellae that nestle to the surface well, as shown in Figure
4.12, bottom. Hence, such minimal energy geodesics are
essential candidates for our grids. On the other hand, we
also require curves that capture high-𝐾 bumps on the
surface.

We denote the first kind as least-effort geodesics; they
run along hyperbolic regions, between elliptic regions
(bumps) on the surface. They minimize their arc length
and their curvature is low. The second kind aremost-effort
geodesics; they maximize 𝜅2

𝑛 along their trajectory and
their arc length. At the same time, they are attracted to
the geometrically exposed features of a surface; their cur-
vature is high and potentially oscillates, as they may travel
over multiple elliptic regions. To identify such curves, we
formulate their effort energy as the integral of the squared
normal curvature along the curve 𝑐 , normalized by the
curve length:

𝐸𝑐 (𝑐 (𝑡𝑥 , 𝑡𝑦)) = 1
𝑙𝑐

∫
𝑐
𝜅𝑛 (𝑢 (𝑠), 𝑣 (𝑠))2 d𝑠 . (4.10)

Next, we extend this formulation to the entire grid, such
that it ensures that we get as many least-effort geodesics
and as many most-effort geodesics as possible at the same
time. As 𝐸𝑐 are the energies of our grid members, this is
equivalent to pushing them apart as far as possible. Hence,
the energy we use to find suitable grid configurations is

𝐸effort = −
𝑛+𝑚∑︁
𝑖=1

�
𝐸𝑐,𝑖 − �𝐸𝑐 �2 , (4.11)

where �𝐸𝑐 = 1
𝑛 +𝑚

𝑛+𝑚∑︁
𝑖=1

𝐸𝑐,𝑖

is the arithmetic mean of the member energies 𝐸𝑐 , and
(𝑛 +𝑚) is the number of all member curves in the grid.
The rationale behind Equation (4.11) is that we maximize
the variance of the effort energies, and thus curves are
forced to either minimize or maximize their value of 𝐸𝑐 .

In practice, we discretize the elastic energy 𝐸𝑐 of each
geodesic by a weighted sum of𝜅2

𝑛 , evaluated on the surface
mesh, using its parameterization at curve points 𝑞(𝑢, 𝑣):

𝐸𝑐 =
1
𝑙𝑐

∑︁
𝑗

1
2
����(𝑞 𝑗 − 𝑞 𝑗−1)

���� 𝜅𝑛 (𝑞 𝑗 )2+

1
2
����(𝑞 𝑗+1 − 𝑞 𝑗 )

���� 𝜅𝑛 (𝑞 𝑗 )2 ,

where 𝑗 iterates over all curve points of a given member
curve 𝑐 .

4.6.4 Minimization of Elastic Grid Energy

To find the best orientation for the whole grid, we min-
imize the energies proposed in Sections 4.6.2 and 4.6.3
using the following objective:

𝐸grid (𝒕) = 𝐸effort (𝒕) − 𝜆 𝐸shape (𝒕) , (4.12)

where 𝜆 is a weighting factor. This functional is a piece-
wise smooth energy, however, we must expect jumps due
to the changes in combinatorics andmultiple local minima,
which occur when a subset of members has a beneficial
orientation, but the rest of the grid has not.

As the grid is parameterized by the locations of the an-
chor points on the boundary, the variables in our problem
are 𝒕 = [𝑡1, . . . , 𝑡𝑘 ]. The grid combinatorics are unchang-
ing in case the surface has a convex boundary, but they
need to be adapted in every iteration in case the boundary
is non-convex (cf. Section 4.5.4). This can change the
number of anchor points, making it particularly difficult
to solve with a gradient-based continuous optimization
approach. To address this issue, we use a genetic algo-
rithm [Goldberg 1989] to find the best orientation for the
whole grid. We formulate the optimization problem as

min
𝒕

𝐸grid (𝒕) s. t.
�
∀ 𝑡1, . . . , 𝑡𝑘 ∈ [0, 2)
𝑨𝒕 ≤ 𝒃

. (4.13)

In each optimization step, we allow the values of 𝒕 range
∈ [0, 2) in order to deal with the seam of the boundary
curve. Subsequently, they are transformed back to [0, 1)
respecting the symmetry given by the transformation 𝑇
in every iteration. To avoid leapfrogging, we apply linear
inequality constraints that secure monotonously grow-
ing entries in 𝒕 and a certain minimum distance between
member endpoints.

We further provide the GA with an initial population,
which is equivalent to rotating the grid on the surface
in a number of steps. We observed that this step already
roughly sets the orientation of the grid and speeds up
convergence.

Our grid design algorithm is implemented in Matlab,
and we use its GA-solver for solving the Optimization
Problem (4.13).
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4.7 Grid Planarization
Arbitrary geodesic grids cannot be transformed to a planar
state without changing either the lengths of members or
the locations of their inner intersections. To planarize
the grid, we resolve to the second solution and use the
concept of sliding notches [Pillwein et al. 2020b]. This type
of connection allows for a short amount of sliding at the
connection of members and thus provides two additional
translational degrees of freedom at each connection.

4.7.1 Planarization Algorithm

We express the locations of inner intersections w.r.t. the
barycentric coordinates 𝜆, 𝜆 on the members, where over-
lined quantities refer to the planar configuration (cf. Fig-
ure 4.17). For an intersection 𝑞, 𝑞, the coordinates are:

𝜆𝑔 =
𝑑 (𝑝𝐴, 𝑞)

𝑙𝑔
, 𝜆𝑔 =

𝑑 (𝑝𝐴, 𝑞)
𝑙𝑔

,

𝑙𝑔 = 𝑑 (𝑝𝐴, 𝑝𝐵) = 𝑑 (𝑝𝐴, 𝑝𝐵) ,

𝜆ℎ =
𝑑 (𝑝𝐶 , 𝑞)

𝑙ℎ
, 𝜆ℎ =

𝑑 (𝑝𝐶 , 𝑞)
𝑙ℎ

,

𝑙ℎ = 𝑑 (𝑝𝐶 , 𝑝𝐷 ) = 𝑑 (𝑝𝐶 , 𝑝𝐷 ) .
We planarize the grid by first generating an initial

planar grid of the same combinatorics and formulate a
quadratic optimization problem w.r.t. its 2d endpoint co-
ordinates. Therefore we compute the points

𝑞𝑔 = 𝜆𝑔 𝑝𝐴 + (1 − 𝜆𝑔) 𝑝𝐵 ,
𝑞ℎ = 𝜆ℎ 𝑝𝐶 + (1 − 𝜆ℎ) 𝑝𝐷 ,

which are defined w.r.t. 𝜆𝑔, 𝜆ℎ of the geodesic grid and
ideally should coincide with 𝑞, please refer to Figure 4.16
for a depiction.

Since we want to minimize the length of the notches,
we formulate the planarization problem as a constrained
quadratic minimization with the following objective:

𝐸notch =
𝑛𝑞∑︁
𝑗=1

∥ 𝑞𝑔𝑗 − 𝑞ℎ 𝑗 ∥2 , (4.14)

where 𝑗 = [1 . . . 𝑛𝑞] denotes the intersections of the grid.
To ensure that the planar grid elements perfectly main-

tain the total lengths of their spatial counterparts, we

Fig. 4.16: In order to keep our optimiza-
tion problem quadratic, we do not ex-
plicitly compute 𝑞, but use the barycen-
tric coordinates 𝜆𝑔, 𝜆ℎ to compute𝑞𝑔, 𝑞ℎ .
If 𝜆𝑔 = 𝜆𝑔 and 𝜆ℎ = 𝜆ℎ , then𝑞𝑔 = 𝑞ℎ = 𝑞
and the connection has no notch, other-
wise we minimize the distance between
𝑞𝑔 and 𝑞ℎ .

Fig. 4.17: Left: For intersection 𝑞, we determine partial lengths
𝑑 (𝑝𝐴, 𝑞), 𝑑 (𝑝𝐶 , 𝑞), and total lengths 𝑑 (𝑝𝐴, 𝑝𝐵), 𝑑 (𝑝𝐶 , 𝑝𝐷 ). Mid-
dle: We initialize the planar grid, and parameterize it by its
endpoint coordinates. Matching partial and total lengths with
the corresponding values on the surface is generally not possi-
ble. Right: Our planarization algorithm maintains total lengths
perfectly and partial lengths as well as possible.

introduce hard constraints which enforce that lengths
between curves on the surface and in the plane match:

𝐺len = ∥ 𝑝𝑦 − 𝑝𝑥 ∥2 − 𝑑 (𝑝𝑦, 𝑝𝑥 )2 = 0 ,

where 𝑝𝑦, 𝑝𝑥 and 𝑝𝑦, 𝑝𝑥 are the endpoints of corresponding
members in the plane and on the surface.

4.7.2 Fabrication Constraints

For manufacturing purposes, the width𝑤 of lamellae must
be considered. Therefore we add optional minimum dis-
tance constraints, ensuring an offset between consecutive
members of the same family. To this end, we use the
endpoints 𝑝1, 𝑝2, 𝑝3, 𝑝4 of two consecutive members of a
family (cf. Figure 4.18). We introduce the constraints w.r.t.
the sign of determinants of vectors between the endpoints:

𝑒1 = det
�
v̄ 14, v̄ 13

� ≤ 0 ,
𝑒2 = det

�
v̄ 24, v̄ 23

� ≤ 0 ,
𝑒3 = det

�
v̄ 31, v̄ 32

� ≤ 0 ,
𝑒4 = det

�
v̄ 41, v̄ 42

� ≤ 0 ,

where each 𝑒𝑖 checks one endpoint and positive values
indicate overlaps. Since these constraints are rather re-
strictive, we introduce them as soft constraints within the
objective as:

𝐸fab =
𝑛−1∑︁
𝑘=1

4∑︁
𝑖=1

𝐵(𝑒𝑖,𝑘 > 0) (𝑒𝑖,𝑘 ) +
𝑚−1∑︁
𝑘=1

4∑︁
𝑖=1

𝐵(𝑒𝑖,𝑘 > 0) (𝑒𝑖,𝑘 ) ,

where 𝐵(·) → {0, 1} is a Boolean operator which is used
to discard cases where the constraints are not violated
and 𝑘, 𝑖 iterate over all pairs of neighboring grid members
𝑔 = {𝑐1, . . . 𝑐𝑛} (fist sum) and ℎ = {𝑐1, . . . 𝑐𝑚} (second
sum).

We minimize the planarization objective using Pareto
weighting of the notch and fabrication terms

𝐸planar = 𝐸notch + 𝜇𝐸fab s. t. 𝐺len = 0 , (4.15)



4.8 Results and Evaluation 65

Fig. 4.18: Endpoints 𝑝1, 𝑝2, 𝑝3, 𝑝4 of two consecutive lamellae
are defined by the offset 𝑤/2 from the centerline. We avoid
overlapping by ensuring that certain determinants of vectors
connecting the endpoints have the right sign.

Please note that the objective function and the constraints
are quadratic w.r.t. the variables and an analytic gradient
can be computed. We solve this optimization problem
using sequential quadratic programming in Matlab.

4.8 Results and Evaluation
Using our method, we have represented a number of sur-
faces which are depicted in Figures 4.20 and 4.21. The
input surfaces have positive and negative Gaussian curva-
ture regions, inner bumps, convex and non-convex bound-
aries.

We fabricated the models from lime wood or acrylic
glass, the lamellae were laser-cut from thin plates, con-
nected by screws, and placed on 3d-printed supports after
assembly. The supports have inclined contact areas to
enforce the desired shape of the grid (cf. Section 4.3.1).

4.8.1 Quantitative Results

In Table 4.1 we summarize quantitative results of our
method for the models depicted in Figures 4.20, 4.21,
and 4.15. To check the agreement of the grid shape and
the target surface, we simulated the physical behavior of
the deployed grid using the discrete elastic rods model
[Bergou et al. 2008]. We refer the reader to the paper
for details. In Table 4.1, RMS Δ denotes the root mean
square distance between grid vertices and the base mesh
and max Δ is the maximum distance.

Convergence times of our grid algorithm 𝑡opt mainly
depend on the number of grid members and the mesh
resolution. Precomputation times 𝑡pre depend on the mesh
resolution, they include computing the distance fields and
checking the boundary. Finally, planarization times 𝑡pla
depend on the number of values of t = [𝑡1, ...𝑡𝑘 ].

4.8.2 Implementation

Our grid design algorithm is implemented in Matlab, we
use its GA-solver to solve the Optimization Problem (4.13).
To planarize the grid, we solve the Optimization Prob-
lem (4.15) utilizing Matlab’s sequential quadratic pro-
gramming solver using analytical gradients. We further-
more implemented the DER-simulation in C++, building

upon the framework of [Vekhter et al. 2019]. To compute
the distance fields on the mesh, we use the VTP algorithm
by [Qin et al. 2016]. For the final computation of the
geodesic paths, we use the algorithm for exact geodesics
between two points by [Surazhsky et al. 2005].

4.9 Discussion and Conclusions

4.9.1 Discussion and Limitations

Surfaces with Inner Bumps We have shown that surfaces
with inner bumps (𝐻 < 0) can be realized without inner
supports (cf. Figure 4.20, example Hills), but in general,
this is not possible (cf. Figure 4.20, example Flower). In
such cases, our shape stability energy 𝐸shape ∈ [0, 1] pro-
vides information whether the grid can support itself or
is likely to deviate from the target surface.

Holes in the Design Surface The input surfaces for our
method need to be topological disks; we cannot compute
grids on surfaces with holes. To adapt our approach to a
surface with only one hole would require a second dual
space because two boundaries must be taken into account.
Additionally, a connection between the dual spaces needs
to be established for geodesics that start at one boundary
and end at the other. However, we can realize such sur-
faces using our present approach by splitting them into
two or more non-convex surfaces [Pillwein et al. 2021a].

Tab. 4.1: Quantitative results of our method. We measure
the root mean square error (RMS Δ) and the maximum error
(max Δ) between the member centerlines and the target mesh
in centimeters; 𝜀geo refers to the mean deviation between traced
geodesics and our reconstruction w.r.t. the mean edge-length
in percent. Timings are in seconds, 𝑡pre refers to computation
of distance fields and analysis of the boundary, 𝑡opt refers to
the GA-convergence times, and 𝑡pla to the planarization of the
grid. |𝑀𝑉 | expresses the number of mesh vertices and 𝑛 the
number of grid members. Measured on an AMD Ryzen 7 1700
Eight-Core using parallel computing.

Starship Bumps Flower Hills Moon Drop

width 60.0 60.0 55.5 60.0 54.2 60.0
depth 40.4 37.5 60.0 47.5 60.0 60.0
heigth 6.8 8.9 20.0 5.9 10.6 4.2
|𝑀𝑉 | 3734 3333 3975 5102 3437 4591

𝑛 18 22 30 22 22 18

𝑡pre 1.73 1.88 3.74 4.31 3.06 4.61
𝑡opt 3.68 6.01 6.13 5.71 4.41 5.86
𝑡pla 0.21 0.51 0.96 0.87 0.27 0.47

𝜀geo 8.37 10.61 6.97 7.04 8.54 6.23

RMS Δ 0.25 0.36 0.48 0.29 0.38 1.45
max Δ 0.57 0.64 1.79 0.52 0.68 7.24
𝐸shape 1.00 1.00 0.88 0.94 1.00 0.45



66 4 Generalized Deployable Elastic Geodesic Grids

Fig. 4.19: Energies 𝐸effort, 𝐸shape and 𝐸grid for our fabricated examples of Figures 4.20 and 4.21. The plots show the energies when the
grid is rotated on the surface for a quarter rotation; the black dotted lines represent the final energy of the grid after optimization.
Jumps in the energies indicate changes in combinatorics in the grid (cf. Equation (4.12)). From left to right: Starship, Bumps, Flower,
Hills, and Moon.

Deployment The deployment of physical grids depends
on one rotational degree of freedom (DoF), which controls
the expansion of the scissor linkage, and additional trans-
lational DoF, introduced by the notches. Kinematically,
the grids are related to other elastic scissor-like grid struc-
tures which use notches [Pillwein et al. 2020b; Pillwein
et al. 2020a; Pillwein et al. 2021a], in contrast to structures
with a rotational DoF only [Panetta et al. 2019; Soriano
et al. 2019].

Our approach does not explicitly control individual
notch lengths, it minimizes the overall notch lengths.
Hence, when expanding a grid, it may not simply buckle
into the final shape but nevertheless deliver perfect re-
sults when fixed to the supports. It would be interesting
to adapt the planarization w.r.t. producing a large number
of notches of length zero and see how the shape of the
planar grid changes.

Grid Optimization and Combinatorics In our current ap-
proach, we only change the combinatorics of the grid in
the case of non-convex boundaries. Additional changes
in the combinatorics during the optimization process, re-
gardless of convexity, could promise even better results
w.r.t. the grid energy 𝐸grid. However, we do not expect
substantial improvements. This problem could be tackled
using mixed-integer programming in the grid optimiza-
tion, using an additional integer variable controlling the
combinatorics.

Computational Efficiency Our method is streamlined for
computational efficiency and delivers results in a mat-
ter of seconds. We compute distance fields at the begin-
ning and subsequently reuse them for all computations,
even to circumvent costly path tracing of geodesics. Trac-

ing geodesics using the implementation of Surazhsky et
al. [Surazhsky et al. 2005] significantly slows down the
convergence of the grid optimization ranging from a factor
of 108 for the example Starship up to 283 for the example
Hills. Despite our simplifications and the reduced resolu-
tion of the grid members, the effort energy 𝐸effort is smooth
and jumps only if grid combinatorics change (cf. Figure
4.19). The shape stability energy 𝐸shape is less smooth but
still provides reliable information on whether the grid will
be able to maintain the desired shape.

Mesh Resolution Our method requires a certain mini-
mum resolution of the input mesh. If it is too coarse, we
cannot find positions of the intersections of geodesics ac-
curately (cf. Section 4.5.2). Moreover, as the used distance
fields only store distances for mesh vertices, we need in-
terpolation, which depends on the resolution. We noticed
that the regions close to the boundary are prone to inaccu-
racies, so we recommend high resolution in this area. For
our examples, we used meshes with about 4000 vertices
(cf. Table 4.1).

4.9.2 Conclusions

We presented an approach for the computational design of
elastic gridshell structures that ensures to capture the sur-
face characteristics well and provide aesthetic grid layouts.
Our fast form-finding algorithm is based on the notion
of least-effort and most-effort geodesics, self-supporting
members, and mutual stabilization to ensure close approx-
imation of the input surfaces. An important outcome of
our research is that even undulating surfaces can be well
approximated by curve networks which minimize and
maximize their normal curvature along their trajectories
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Fig. 4.20: Computed, simulated, and fabricated results of our method. From left to right: Starship, Bumps, Flower, Hills. All grids
nestle the respective surfaces well and capture their characteristics. Example Flower is a limit case: The central inward bump cannot
be captured by an elastic gridshell without inner supports (cf. Section 4.9). However, example Hills shows that inner bumps can
be feasible without inner supports if enough least-effort and most-effort geodesics can be found. When it is deployed and fixed to
3d-printed anchors with inclined contact areas, the shape of a grid emerges. Please note that the fabricated results were optimized
using a previous version of energy 𝐸effort and were not re-fabricated because the deviations are not noticeable in the models. Best
seen in the electronic version in closeup.

Fig. 4.21: Computed, simulated, and fabricated example Moon. The red family of geodesics is split into sub-families due to the
non-convexity of the boundary. The physical grid nestles the surface very well. Please note that the fabricated result was optimized
using a previous version of energy 𝐸effort and was not re-fabricated because the deviations are not noticeable in the model.
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simultaneously. In the future, we want to analyze this
dependency further in order to provide theoretical results.

Our method is based on distance computations only and
omits expensive computations, like geodesic path tracing
or physical simulations. We allow for surfaces with non-
convex boundaries and updates of the combinatorics of the
grid during optimization to ensure functional grids, which
can be solved efficiently in the discrete domain. We intro-
duce a planarization algorithm for geodesic grids with a
quadratic objective function and quadratic constraints for
the sake of efficient computation. As a result, the grids
have straight members and are perfectly planar, which
favors fabrication, transportation, and assembly.

Our method is inspired by architecture and design and
intended as an easy-to-handle tool for designers to quickly

create physically sound and aesthetically pleasing spatial
grid structures. Finally, we introduced a digital fabrication
pipeline and presented a set of examples with varying
curvatures, and produced small-scale gridshells as proof
of our concept.
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Chapter 5

Discussion and Conclusion
5.1 Discussion
This section summarizes the discussion of the papers pre-
sented in Chapters 2, 3, and 4, and provides additional
discussion w.r.t. the bigger context of this thesis.

Representable Shapes. Due to the elastic shape response
of grid members, it is not possible to clearly describe the
space of feasible target surfaces for elastic gridshells. Find-
ing appropriate constraints (e.g., supports) or achieving
desired structural properties complicates this mission fur-
ther. Thus, the feasibility of target surfaces still needs to
be assessed on an individual basis. However, some con-
clusions on representable shapes can be drawn for elastic
geodesic grids:

• Elastic grids are smooth in appearance, adopting the
shape of minimal elastic energy. Thus, distinct lo-
cal variations of the Gaussian curvature 𝐾 or even
sharp ridges are not desirable. Additionally, short-
est geodesics avoid regions of high 𝐾 . Hence, not
all surfaces allow the covering with a grid of shortest
geodesics (cf. Section 1.1.4).
From an engineering point of view, the higher the cur-
vature of a grid member, the more flexible it needs to be
to avoid breaking. In technical terms, its stiffness needs
to be reduced, e.g., by downsizing the cross-sectional
dimensions. Unfortunately, this negatively impacts us-
ability, e.g., for load-bearing structures.

• If the grid’s resolution is too low to correspond to the
frequency of the surface’s curvature features, a close
approximation is not possible. Highly-detailed sur-
faces need fine grid resolutions or, alternatively, multi-
resolution approaches, as suggested in Chapter 3.

• Fastening the connections of members after deploy-
ment ultimately fixes interior grid angles. After that,
the grid’s shape is determined up to isometries. In other
words, a family of shapes can be obtained by introduc-
ing different boundary conditions. Some shapes are not
feasible with supports only along a grid’s boundary, as
their influence to the overall shape of the grid is limited:
local, inner bumps or dents of a grid may have multiple
equilibrium states, which belong to different local min-
ima in elastic energy. Hence, reliably approximating
target surfaces with inner bumps or dents is challenging
(cf. Sections 2.7.2 and 4.9.1).

• Obtaining a relationship between given target surfaces
and structurally capable elastic grids would be favorable
for many applications. While it is clear that dome-like
shapes are efficient due to a large portion of shell-action
in their members, finding more elaborate and equally
capable shapes is an open research question. However,
using optimization, capable and shape-stable designs
are feasible even for complicated design surfaces with
many changes in 𝐾 , or inner bumps and dents, as Chap-
ter 4 suggests.

• Using geodesics as starting point for grid-members
limits the space of feasible shapes. Other approaches
demonstrate that the space of shapes is influenced not
only by the layout of the grid, but also by different
cross-sections [Panetta et al. 2019]. Elastic geodesic
grids do not enjoy this additional freedom, as cross-
sections are restricted to slender rectangles (cf. Section
2.7.1). However, these simple cross-sections help to
avoid higher order geometric effects, like buckling of
local cross-section parts.

Sliding Connections. It is a known fact in differential ge-
ometry that an arbitrary geodesic grid cannot be mapped
onto a geodesic grid in the plane without stretching or
shortening grid members (cf. Section 1.6). Hence, planariz-
ing a geodesic grid generally requires additional degrees of
freedom. Notches provide this freedom by allowing mem-
bers to slide at inner joints, which greatly improves the
quality of approximation (cf. Section 2.7.2). Despite their
theoretical necessity, notches come with some practical
drawbacks:

• Densification of members in elastic geodesic grids is
limited by the notch lengths, which only depend on the
member’s locations, not their number.

• Grid members would slide perfectly inside the elon-
gated holes only in an ideal world without friction.
However, due to friction (cf. Section 2.7.3), the slid-
ing of members needs to be assisted with some extra
energy input. Nevertheless, the movement of joints due
to the additional DoF w.r.t. the notches is controlled by
the single, global DoF w.r.t. the shearing angle 𝛼 (cf. Fig-
ure 1.1), and does not produce additional mechanisms
in the deployed state (cf. Section 4.9.1).

• Physically, the notches are implemented by elongated
holes, which unfortunately are sources of material fail-
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ure, which linear elastic models cannot account for (cf.
Section 2.7.3).

Surface Topology, Convexity of Boundary and Grid Combi-
natorics. Each shortest curve on a surface is a geodesic,
as long as it does not contact the surface boundary. Such
contacts never happen on surfaces that are topological
disks with convex boundaries, but will happen if the
boundaries are non-convex. Thus, creating valid geodesic
grids on such surfaces requires changing the grid com-
binatorics (cf. Section 4.9.1). The method introduced in
Chapter 4 uses a so-called dual-space, which readily en-
codes non-convex boundaries, even handling multiple
non-convex parts. However, navigating this dual-space
becomes increasingly complex if there are non-convex
parts within larger non-convex parts, but it is neverthe-
less feasible.

Target surfaces, which are not topological disks, need
to be cut open to approximate them with elastic geodesic
grids. Indeed, using the method introduced in Chapter
4, allowing disks with holes is in principle possible: The
boundaries of the holes require a dual-space for every hole,
and additional dual-spaces which connect the dual-spaces,
making the design process quite complicated (cf. Section
4.9.1). Thus, the most effective solution is to cut open
disks with holes.

Computational Efficiency of Form-Finding. The methods
presented in this thesis are intended as fast form-finding
tools that provide solutions in a matter of seconds, and
largely avoid expensive computations. There are two bot-
tlenecks in the computational design of elastic geodesic
grids: tracing paths of shortest geodesics, and computing
the equilibrium shape of networks of lamellas:

• Tracing a shortest geodesic either requires computing
two distance fields emanating from the endpoints and
tracing the shortest connecting curve, or solving a varia-
tional curve-shortening problem. Since all form-finding
approaches in this thesis require precomputing numer-
ous distance fields (to compute the distance maps or the
dual-space), simply reusing them is quite efficient. How-
ever, during form-finding, actually tracing geodesics is
still quite time-consuming. For models of the method
presented in Chapter 4, roughly hundreds or even thou-
sands of iterations were necessary until convergence,
where each iteration corresponds to an individual grid
with two families of numerous geodesics. Hence, fast
short-cuts were introduced, like computing intersec-
tions of geodesics without computing their paths, ac-
cepting tolerable losses of accuracy.

• Similar to tracing geodesic paths, simulating the equi-
librium shape in a large number of iterations is compu-
tationally costly. Even optimized implementations of
the Discrete Elastic Rods method [Bergou et al. 2008;
Bergou et al. 2010] require up to seconds [Panetta et al.

2019] for computing the equilibrium shape of a grid,
which would result in obstructive accumulated simu-
lation times in tens of minutes. A geometrically based
heuristic (cf. Section 4.6.2) was introduced to substi-
tute the simulation of equilibrium shapes. This step is
admissible since the overall shape of the grid and the
individual shapes of members are strongly linked: If
too many members are far from an equilibrium shape,
the grid will deviate from the target surface, while the
correspondence will be good if there are many well-
distributed stabilizing members. Hence, the problem
of computing the equilibrium shape was replaced by
evaluating how much individual members deviate from
stable shapes, which is a far more accessible problem.

5.2 Limitations and Future Work
An exciting direction for future work would be identifying
surfaces and grids which allow for particularly short slid-
ing connections. From a theoretical point of view, surfaces
that can be approximated without notches are restricted
to Liouville surfaces. Well-known examples are the hyper-
bolic paraboloid and the one-sheeted hyperboloid. Voss
surfaces, which allow the definition of conjugate geodesic
nets, might be interesting. They, too, do not allow a length-
preserving transformation of geodesic grids into the plane
but might be practical in minimizing notch lengths.

This thesis is primarily focused on shape approximation
of target surfaces, while the structural capabilities of the
resulting grids were not taken into account. To advance
the structural efficiency of elastic grids, alternative design
processes would be needed, which finally result in pure
shell-action (cf. Section 1.2.3).

Elastic simulations were limited to establish the equilib-
rium shape of the deployed grids. Unlike other approaches,
which actually simulate deployment [Panetta et al. 2019],
intermediate states were assumed to be feasible if the final
state is feasible. The Discrete Elastic Rods model [Bergou
et al. 2008; Bergou et al. 2010]) was used to simulate equi-
librium shapes, where a combination of geometric ener-
gies is minimized. Due to its inherent simplifications and
non-physical components in the energy functional, e.g.,
positional constraints, simulation results are only a start-
ing point for real-world implementations. Furthermore,
the model does not allow incorporating forces directly,
but only allows displacements as additional positional
constraints.

Equilibrium shapes of elastic grids correspond to local
minima of their potential energy. The properties of these
local minima w.r.t. small perturbations were not analyzed.
However, such sensitivity analyses are critical, e.g., for
designs with local maxima of the Gaussian curvature 𝐾
(shallow inner bumps or dents), as the grid may buckle
into different locally energy minimizing configurations.
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5.3 Conclusion
This thesis proposes a comprehensive study on how to
design scissor-like deployable elastic geodesic grid struc-
tures intended to approximate given target surfaces.

Different approaches reduce the complexity of form-
finding by introducing abstract spaces, where comput-
ing layouts is much easier. The cornerstone of these ap-
proaches are shortest geodesics, their connection to dis-
tances on surfaces, and their straightness. The latter prop-
erty is particularly valuable for practical reasons, such
as material-efficient fabrication, easy deployment, simple
transport, and space-saving storage.

The major challenges this thesis tends to are twofold:
Firstly, taking designer-provided free-form surfaces as
input, differential geometry tells that corresponding
geodesic grids cannot be flattened. The concept of notches
solves this problem. The additional degrees of freedom
are controlled by the global degree of freedom which gov-
erns deployment, and enable the perfect approximation
of target surfaces from a geometric point of view. In other
words, the notches ensure that the grid can always be
assembled in the plane, which is much easier and faster
than in space. Secondly, it proposes multiple automated

algorithms which solve the inverse design problem of find-
ing scissor-like deployable gridshells based on geodesics.
No expert knowledge is required to design grid layouts,
which makes the proposed approaches practical for all
design disciplines and rapid form-finding.

Furthermore, the papers of this thesis provide impulses
to speed up the form-finding of elastic geodesic grid struc-
tures at an acceptable loss of accuracy. Strategies include
efficient reuse of once calculated distance fields, avoiding
the necessity of tracing geodesic paths, and an empiric ap-
proach to assess the shape stability of geodesic grids w.r.t.
physical equilibrium shapes, which circumvents physical
simulation.

Finally, several fabricated models of different scales
prove the practical feasibility of the proposed methods.
Form-finding focuses on a single objective: shape agree-
ment of elastic geodesic grids with target surfaces. Aspir-
ing high efficiency and functionality of the grids, many
questions w.r.t. form-finding remain, such as favorable tar-
get surfaces. While such problems are particularly difficult
to solve due to the elastic shape response, this thesis con-
tributes to their investigation and shall motivate further
interesting research.
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