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Kurzfassung

Diese Arbeit beschéaftigt sich mit dem Ph&nomen der marginalen, d. h. lokalen, Ablésung
von laminaren Grenzschichtstromungen entlang glatter Oberflichen. Da solche Zustéande, in
Form von AblGseblasen, im Allgemeinen als instabil beziiglich gewisser Storungen gelten und
daher den Prozess der Transition zur Turbulenz auslosen konnen, liegt das Hauptaugenmerk
hier auf instationéren, (lokal) dreidimensionalen Stromungen.

Durch die Assoziation der Stromungsablosung mit negativen Werten der Wandschub-
spannung ist es zielfiihrend die Zeitentwicklung dieser genauer zu Untersuchen. Das dafiir
notwendige Cauchy Problem wird mittels der Methode der angepassten asymptotischen
Entwicklungen aus den Navier-Stokes-Gleichungen bei unendlich hohen Reynoldszahlen
hergeleitet. Dabei ergibt sich eine Integro-differentialgleichung die hier erstmals durch einen
neuen, eleganteren Zugang iiber die Fredholmsche Alternative ermittelt wird.

Durch verwenden von Operatorsymbolen und der Dispersionsrelation lasst sich zeigen,
dass das Cauchy Problem nicht sachgemdfs gestellt ist. Fiir die deshalb notwendige Regulari-
sierung werden zwei unterschiedliche Methoden gewéhlt — a) Diskretisierung des Problems
und b) Verwenden von Regularisierungsoperatoren. Durch numerische Berechnungen kann
hier gezeigt werden, dass, abgesehen von Diskretisierungsfehlern, beide Verfahren dieselben
(regularisierten) Losungen liefern. Ferner konvergieren solche Losungen zu Losungen des
urspriinglichen Problems im Grenzwert verschwindender Regularisierung.

Um die regularisierten Losungen in das physikalische Konzept einzupassen, werden Terme
hoherer Ordnung der asymptotischen Entwicklungen des Stromungsfeldes ermittelt, welche
zeigen, dass sich die Stromlinienkriimmung in der Grenzschicht in, mit der dufleren Potential-
stromung wechselwirkenden Druckstérungen wiederspiegelt. Durch deduktives Einarbeiten
dieser in das Grundproblem, kann dann dessen sachgemdfie Gestelltheit gezeigt werden.

Da das (regularisierte) Cauchy Problem im weiteren Sinne in die Klasse von Reaktions-
Diffusions-Gleichungen fallt, wird fiir gewisse Anfangsbedingungen eine Singularitdt in
endlicher Zeit angenommen, was durch numerische Experimente bestétigt wird. In der N&he
des Entstehungszeitpunkts der Singularitidt ldsst sich weiters eine selbstéhnliche Struktur
finden, die, wie heuristisch gezeigt wird, sogar eindeutig ist.

Solch auftretende Singularitidten stehen im Zusammenhang mit dem Zusammenbruch (d.
h. nicht gleichméfigen Giiltigkeit) der asymptotischen Entwicklungen. Als Folge werden neue
Zeit- und Ortskalen induziert, welche in dem hier betrachteten Fall zu einem nichtlinearen
"Triple-Deck” Problem fithren, das die selbstahnliche Struktur als Anfangswert besitzt.

Der zweite Teil der Arbeit beschreibt in allen Details die verwendeten numerischen Me-
thoden. Dazu werden sogenannte rationale Chebyshev Polynome auf R™ definiert, um Kollo-
kationsschemata, basierend auf orthogonalen Projektionen, entwickeln zu kénnen. Als Grund-
lage werden klassische Konvergenzresultate im L? und L* Sinne fiir diese neue Klasse von
vollstéindigen Orthogonalsystemen bewiesen. Weiters wird auf die notwendigen Beschrinkt-

und Kompaktheitseigenschaften der involvierten Operatoren eingegangen.



Abstract

This study deals with the phenomenon of marginally, i.e. locally separated laminar boundary
layer flows along smooth surfaces. Such occurrences, in form of separation bubbles, are
generally regarded as unstable with respect to certain perturbations and hence can describe
what is known as transition to turbulence. Thus, this treatise is mainly concerned with
unsteady, three-dimensional flows.

As separation regions can be associated with negative values of the wall shear stress,
it is important to study its time evolution. In doing so, we deduce the according Cauchy
problem from the Navier-Stokes equations at high Reynolds numbers by applying the method
of matched asymptotic expansions. To derive the governing integro-differential equation a
new, elegant approach utilizing the Fredholm alternative is presented.

Operator symbols and the dispersion relation then prove the general ill-posedness of the
Cauchy problem. Therefore, it has to be regularized, which is done by a) discretization and b)
using regularizing operators. Numerical calculations show further that, modulo discretization
errors, these two methods yield the same solutions. Also, such solutions converge to solutions
of the original problem for vanishing regularization.

To embed the regularized solutions into the physical concept, higher order terms of the
original asymptotic expansions of the flow field are derived. Here the streamline curvature in
the boundary layer appears in form of interacting (with the potential flow region) pressure
disturbances. By deductively including these in the original problem one can again show its
well-posedness.

Since the (regularized) problem belongs in principle to the class of reaction-diffusion
equations, one can expect, for certain initial conditions, a finite time singularity to occur.
This is then confirmed by numerical computations. Furthermore, near the blow-up time one
can find a self-similar blow-up profile, which is heuristically shown to be unique.

Such singularities indicate the breakdown (i.e. non-uniform validity) of the asymptotic
expansions. They also induce new spatio-temporal scales resulting here in a nonlinear ”triple-
deck” problem, for which the blow-up profile proves to be an initial condition.

The second part of this treatise describes in all detail the methods used for setting up the
numerical schemes. Here, what are known as rational Chebyshev polynomials are defined on
R™, such that one can develop collocation schemes based on orthogonal projections. As a
basis, classical convergence results in L? and L™ are proved for this new type of complete or-
thogonal systems. Necessary boundedness and compactness results for the involved operators

are presented as well.
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1 General Introduction and Motivation

One might say, the study of fluid mechanics started as early as somewhere around 250 BC,
when Archimedes discovered some basic principles of hydrostatics. Since then the subject of
fluid mechanics has flourished to be as multifaceted as physics and mathematics themselves.
As a consequence many renowned physicists and mathematicians published a vast number
of textbooks and chapters introducing the principles of fluid mechanics from lots of different
angles.

With the works of Bernoulli, Euler, Navier, Poisson and Stokes (to name just a few) the
playing field became even larger by further developing the concepts of conservation laws and
differential equations describing the underlying physics in a formal language. But not only
this theoretical side, also the practical applications, experiments and engineering works lead
to fruitful results, further ramifications and (most importantly for the present treatise) to
the need of a deeper theoretical understanding.

Contemporary research areas dealing with or applying fluid mechanics in general go from,
say designing aircrafts, studying combustion processes, conducting wind tunnel experiments,
developing computer codes by applying numerical analysis and linear algebra, to using topol-
ogy, algebra and functional analysis to prove existence and uniqueness results for certain
Navier-Stokes or Euler problems or applying singular perturbation techniques diving deeper
into boundary layer theory. Despite this huge variety of interests and utilized methods there
is one common denominator, posing as an open problem, for all the afore-mentioned fields of
study — turbulence.

It is yet to be fully understood how to properly describe turbulence per se or even to
predict and characterize the onset of transition to turbulent flows. Common approaches,
presented in, e.g. Landau & Lifshitz (1959) or Marchioro & Pulvirenti (1994), are stability
theory, dynamical systems, ergodic and chaos theory on the one side and statistical mechanics,
measure and probability theory and stochastic processes on the other. Unfortunately, they
all do not necessarily yield satisfying results for all the areas of application. A major issue
here might be the fact that we are still missing an answer from the very basis, namely the
existence and uniqueness of smooth solutions of the three-dimensional initial-boundary value
problem of the Navier-Stokes equations for smooth data. Other (e.g. regarding weak solutions
or breakdown) descriptions of this problem can be found in the official problem description
by Charles F. Fefferman at the Clay Mathematics Institute. Most interestingly here is the
fact that in two dimensions one even has strong solutions for the Navier-Stokes equations for
all times 0 < t < oo, whereas for the three-dimensional problem so far one can only show
existence and uniqueness of strong solutions on ¢ € [0,7"), where T might be finite (see Sell
& You (2002) for more details).

Although the approach in this work comes from a completely different angle — the sepa-
ration of a laminar boundary layer from the surface — it is still aiming to gain insight into
the phenomenon of transition to turbulence. As it is well-known, the notion of a boundary

layer stems from Ludwig Prandtl, who, in his seminal work in 1904, heuristically and exper-



imentally discovered the appearance of a thin viscous layer near the surface in an otherwise
irrotational flow. To be more specific, one considers viscous fluids at asymptotically large
Reynolds numbers, where the velocity at the surface shall vanish entirely (i.e. no-slip con-
dition). Since such a flow can be regarded as ideal, i.e. satisfying the Euler equations (cf.
Landau & Lifshitz (1959)), the decrease of the velocity to zero happens in a thin layer ad-
jacent to the surface. By (reasonably) arguing the vertical velocity component to be small
within this layer, one immediately arrives at the equations describing the boundary layer
presented by Prandtl. It was not until the development of the techniques of singular pertur-
bations and matched asymptotic expansions (cf. Eckhaus (1973)) that one was able to base
this arguments on profound mathematical grounds. Furthermore, owing to those techniques,
the phenomenon of separation of flows past blunt bodies (well established experimentally),
could now also be investigated much more systematically and deductively (see Sychev et al.
(1998)).

Here we are interested in separation (from smooth surfaces), since it has been observed
that it might trigger transition to turbulence. This question became much more prominent
with the development and the design of airfoils. In this case, if not leading to turbulence,
separation can still significantly influence the flight performance due to the increase of drag
and loss of lift forces. In aerodynamics, where high velocities and low viscosities are the
dominant fluid flow characteristics, the Reynolds number Re can be assumed to be high,
such that it is reasonable to study the limit Re — oco. Consequently one obtains a singular
perturbation problem, as this parameter appears in the viscous (highest order) term of the
Navier-Stokes equations. This is the point where Prandtl’s heuristic concept and the physical
argumentation given, e.g. in Landau & Lifshitz (1959) can be shown to be equal to the results
from the perturbation analysis. Eventually, it has been established that the flow outside the
viscous layer is irrotational and inviscid (i.e. potential flow).

Increasing the angle of attack of the airfoil, the appearance of so-called laminar separation
bubbles near the leading edge has been observed. It may have a significant influence on the
overall flow past the airfoil and, as mentioned above, may lead to higher drag forces. In its
initial stages such a bubble is short compared to the chord length of the airfoil, with almost
negligible effect on the flow behavior. But as short bubbles only exist within small angle of
attack variations, such situations are critical, since for larger angles of attack the bubbles
burst, resulting in large, non-negligible separation regions.

These critical stages are commonly referred to as cases of marginal separation, which,
for being at the verge of a bubble burst, are often seen to trigger the transition process
to turbulence. It is thus of high importance to understand the physics underlying it. It
has been shown, e.g. in Sychev et al. (1998) in a very deductive manner, that the theory
of marginal separation is embedded into the classical (Prandtl) boundary layer concept.
However, in some vicinity of the separation region, the hierarchical structure of the boundary

layer breaks down due to a singularity occurring in the flow description. As a remedy, the



concept of viscous-inviscid interactions has been successfully introduced, using the method
of matched asymptotic expansions, see Section 2.1 for more details and some references.

A typical aspect of asymptotic expansions is the search for points or regions where they
might break down, i.e. being non-uniformly valid. These can be found by looking for singu-
larities appearing in the solutions, which, as the title of this treatise suggests, shall be done
in the following. To make this more accessible to the reader, we provide some guidelines to

the structure of this work.

How to read this treatise

As we have mentioned above, transition to turbulence is one of the most important occur-
rences in the field of fluid dynamics. Since, owing to the mathematical analysis done for the
Navier-Stokes equations, turbulence is strongly connected to unsteady, three-dimensional
flows, the main aims of this treatise are to extend existing results for unsteady, planar
marginally separated flows to unsteady, (locally) three-dimensional set-ups.

It is well-established that a finite time singularity occurs in the solutions of the asymp-
totic expansions of two-dimensional velocity fields within the theory of marginal separation.
Also, this singularity has been shown to admit a unique self-similar structure, which can
be utilized to obtain shorter spatio-temporal scales and an according non-linear triple-deck
stage, emerging from the blow-up. We refer the reader to Sections 2.1, 2.3.3 and 2.4 for some
references and details to the existing results.

Therefore, in very general, three main objectives are investigated in this work: (i) finding
solutions, using special numerical techniques, to the fundamental Cauchy problem of marginal
separation and determine conditions for the finite time blow-up, (i7) deriving the scales and
equations associated with the blow-up scenario to compute, again numerically, the blow-up
profile and see whether it is unique and self-similar and (iii) dealing with the question if, and
in what sense, a flow description beyond blow-up can be established.

To start with (z), we consider the locally three-dimensional Cauchy problem and find
sufficient conditions for solutions to terminate in a singularity. Thus, in Section 2.1 we
present a novel technique to derive the equation governing this initial value problem. Finding
solutions, where the local qualitative and quantitative behavior is of interest, is necessarily
a substantial numerical task. Ergo, we put some emphasis on novel methods, deploying
polynomial approximations, as derived in this treatise. They are even novel in the sense that
the very mathematical basis has not yet been described in a comprehensive and applicable
manner in the existing literature. Thus, we shall provide this in full detail in Section 3, which
is written in a ”stand-alone”, self-contained and general fashion, such that it can be easily
adapted to various other numerical problems in science and engineering.

To then demonstrate the applicability and convergence of the technique, in Section 2.2
we apply it to the according steady problem for the two- and three-dimensional flows, with

the advantage of having independent reference solutions from previous works.



The most important issue is that of the ill-posedness of the Cauchy problem. Thus,
we devote Section 2.3.1 to study its characteristics, ramifications and resolution in terms
of regularizations. Furthermore, these rather theoretical aspects are then shown how to be
utilized for numerical calculations, which further provide exact mathematical meaning to the
solutions. Moreover, in Section 2.3.2 a whole new approach to a possible regularization is
presented. It is shown that by expanding the flow field to higher orders and applying the
matched asymptotic expansion technique, a connection of regularizing operators to the curva-
ture of the streamlines in the boundary layer can be found. This concludes the longstanding
discussions on the overall physical meaning of time dependent solutions in the theory of
marginally separated flows.

Having found a well-posed problem, were solutions converge (in some sense) to solutions
of the original Cauchy problem, the proposed finite time blow-up scenario can be studied.
Therefore, in Section 2.3.3 we start with showing how, where and when this singularity
appears. To proceed with (i7) of finding a self-similar structure, we use the (numerical) data
from computing the time evolution as close as possible to the blow-up point and depict it
in similarity variables. This yields the convergence of the time dependent solutions to some
stationary profile. To gain more information on this structure, an equation is presented
governing the exact shape of such a profile. Eventually, we establish the uniqueness of the
complete self-similar structure and its blow-up profile.

Section 2.4 concludes with some further considerations regarding (iii), i.e. possibilities to
extend the study beyond the finite time blow-up. Here one might be interested in continuing
the solutions of the Cauchy problem for long times or in deriving a new triple-deck stage, valid
after the blow-up. Also, some issues on the stability of the singularity shall be addressed.

Overall, Section 2 as a whole is aimed to be self-contained, with only weak connections
made to the numerical analysis from Section 3, such that the reader not interested in the
details of the computations may stop after the above mentioned conclusions. Still, a few
comments on the structure of Section 3 are in order.

Therein, we start with extending the quasi-comprehensive knowledge on classical Cheby-
shev polynomials, defined on the unit hypercube, to the n-dimensional Euclidean space.
Section 3.2 then continues with some basic properties of projection operators comprising
the extended polynomials in R™ and some new results regarding convergence rates of both
approximation and interpolation operators in some L? and L™ spaces.

In virtue of the equations dealt with in Section 2, especially with respect to the involved
operators, Section 3.3 provides some theorems on boundedness and compactness of integral
operators. The reader accepting the convergence of the approximation strategy and being
rather interested in how to actually apply it to the equations from Section 2, or in general to
integro-differential equations, is referred to Section 3.3.2. Therein we show in detail how the
finite-dimensional system is obtained. Also, difficulties and special issues arising from the
properties of the integral operators and possible remedies are explained. Finally, a Nystrom

based approach, used for the equation of the blow-up profile, is described in Section 3.4.



2 Marginal Separation Theory

Studies of flow separation from smooth surfaces can be connected to high Reynolds number
aerodynamics and airfoil theory. In fact, if the airfoil is thin, i.e. the thickness is about one
tenth of the chord length, we say (3, the thickness parameter, shall be given by this ratio
and additionally shall tend to zero. Assuming further a parallel, inviscid flow enclosing the
airfoil and the angle of attack « to be of order 3, then the velocities and the pressure (in two

dimensions) may be written as

U~ Uso + fur(z,y), v~ Poi(z,y), p~Bpi(z,y),
see Figure 1 in Section 2.1 for the relation of the velocities and the coordinates.

Remark 2.1. When studying Navier-Stokes dynamics from a theoretical or mathemati-
cal viewpoint, there is no need to mention that all involved quantities are, of course, non-
dimensional, cf. Sell & You (2002). Nevertheless, such an assumption is not necessarily a
trivial one. In fact, the Reynolds number is the result of substituting the suitably scaled,
dimensional coordinates, the velocity and the pressure field into the original Navier-Stokes
equations, see Equation (2.2). Consequently, the Reynolds number then reads

UL

Re = , (2.1)
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with L being some characteristic length and v the kinematic viscosity. It is due to this
relation that one has to be careful when making assertions about the state of a flow at a
certain Reynolds number. Ruban (1981), for example, uses the radius of the leading edge of
an airfoil, while Stewartson et al. (1982) take the chord length for L. In aerodynamics, with
the free-stream velocity us, being comparably high and the viscosity small, one can argue to
have high Reynolds number flows for both characteristic length scales.

N.b.: In all what follows we assume the appearing quantities to be non-dimensionalized in
the above mentioned manner.

Experiments showed for « being small enough for the flow to be fully attached to the
airfoil, one has an advantageous ratio of lift to drag forces, admitting good flight performances.
By increasing « one can observe a sudden change of the flow situation at the leading edge —
the appearance of a short separation bubble enclosing recirculating flow, i.e. the flow separates
locally from the surface. This we shall call the separation angle az. The short bubble has
almost no effect on the surrounding flow and hence could be neglected. But as this state is,
on the one hand, highly unstable, meaning that small disturbances, such as e.g. sound waves,
can cause this bubble to burst and to either form a larger bubble, extending over a significant
part of the airfoil, or to result in full separation. On the other hand, short bubbles only exist
in a short range of variation of the angle, i.e. if a exceeds some a. > ay, the bubble bursts
without any further outer influences. Such a situation may have severe consequences on the

flight performance (known as aerodynamic stall) or may lead to transition to turbulence.



It is thus necessary to theoretically understand the mechanisms behind flow separation and
this is best done at critical conditions, i.e. a € [, ), which is called marginal separation (see
the original works by Ruban (1981) and Stewartson et al. (1982)). A more precise definition
for the cases of marginal separation will be given in Section 2.1. As we will demonstrate in
the following sections, the advantage of studying the case of marginal separation is that one
does not have to deal with turbulence models or have to include large separation regions. By
being at the verge of separation, the classical laminar boundary layer theory, supplemented
with interaction concepts, provides the necessary frame work. It shall be noted that leading
edge separation at airfoils is not the only case where marginal separation can occur, this also
happens in channel flows with suction slots or for backward facing steps, where the relative
suction rate and the step height to length ratio, respectively, take the role of the angle of
attack above. This is why in the next section, when deriving the fundamental equations,
we will just assume the existence of such a control parameter and its critical value. Clearly,
bubble bursting and transition to turbulence are inherently unsteady and three-dimensional
effects, thus the main aim of this treatise is to generalize well-established results for planar
flows to unsteady, (locally) three-dimensional problems in a way, such that the previous

two-dimensional results are included as special cases.

2.1 The Triple-Deck of Marginal Separation

It has been established in the original papers (see Ruban (1981) and Stewartson et al. (1982))
that the asymptotic description of marginally separated boundary layer flows leads to a
so-called triple-deck interaction structure. In the following, we shall paraphrase the main
ideas presented in these works to demonstrate how the three decks or layers emerge. The
aim is, among other things, to show that this (unique) structure does not come from any
modeling assumptions but from purely physical and mathematical (using matched asymptotic
expansions) reasoning. A thorough and detailed deduction can be found in Sychev et al.
(1998) and Ruban (2010), and for comparison reasons, we adopted the notations used therein.
Furthermore, we will deploy a recently developed, elegant approach to derive the fundamental
equations governing the (local) flow properties, the deduction of which, so far, needed heavily
involved technical procedures.

Let us first set up the coordinate system, see Figure 1, and define the notions upstream and
downstream. We say, for a given velocity field u* the components (u*,v*, w*) are functions
of the coordinates (x*,y*, z*). Since in many theoretical studies, but also in real applications
the oncoming, unperturbed flow is considered uni-directional, e.g. w* = (u*,0,0) (or has
only comparably small v and w components), downstream means in direction of u and vice
versa for the notion upstream. Consequently we call z the streamwise and z the spanwise
coordinates. Note that the asterisk has no special meaning here and in the following and was
chosen purely for the sake of readability of the upcoming asymptotic expansions.

For the following deduction we assume u* := (u*,v*, w*) = w*(a*,y*, z*,t*) and p* =

p(x*,y*, 2%, t*) satisfy the Navier-Stokes equations for incompressible, transient flows on



Figure 1: The orthogonal coordinate system with origin at the surface and an according flow field.

(z*,y*,2*) € Q C R3 with a given suction or blowing velocity v} = v¥ (z*,z*,t*) at the
surface y* = 0 and a Reynolds number Re, defined as in (2.1), assumed to be large. The

governing equations together with the initial and boundary conditions hence read

O, u* +u* - Vu* = —Vp* + Re 1 Au*

on Q x[0,T]
divu* =0
u* = (0,v},0) at y* =0 Vao*, 25t (2.2)
lu*| — 1, p* =0 as y* — oo
u* = ug at t* =0 on

For the sake of comprehensibility and conciseness (and also for historical reasons) say, for the
moment, u* = (u*,v*) = u*(z*,y*) on Q = [0,00)?, meaning steady and planar flows. In the
limit Re — oo this then yields the Fuler equations (i.e. the Laplace term is canceled out),
which cannot satisfy the no-slip boundary conditions at the surface y* = 0. We have thus
obtained a singularly perturbed problem, where applying the techniques provided in Eckhaus
(1973) suggests to find the so-called significant degeneration. The resulting scaling factor for
the boundary layer variable and the appropriate asymptotic expansions is well-known and
given as
ut ~ug(aty), vt~ Re VPug(aty),  pt~po(atiy),  y = Re'Py

where ug, vy and pg satisfy the classical boundary layer equations in (z*,y), subject to the no-
slip condition. By denoting U, = U.(z*) to be the velocity at y* = 0, the Bernoulli equation
and the matching condition with ug yields ug = Ue as y — oo and Oppg = —UOp+U.

This shows the hierarchical structure of classical boundary layer theory, meaning that the



outer flow solution can be determined independently and its solution is then imposed via the

matching procedure onto the boundary layer.

Remark 2.2. In case of non-flat surfaces bounding the flow (cf. Figure 1), e.g. an airfoil,
one would have to use curvilinear coordinates for the Navier-Stokes equations, which then
include the local curvature. It can be easily seen, in case of moderately curved surfaces, the
curvature terms to be a higher order effect in the according boundary layer equations.

A very useful characteristic to study boundary layer flows is known as the wall shear

stress or skin friction, given as

T(z%) x ayuo(:n*,y)‘ (2.3)

y=0’
which is generally regarded to be positive along z* for an attached boundary layer, whereas
(for steady flows) the situation of 7 < 0 (in some regions) is seen as equivalent to separation
of the boundary layer from the surface. The seminal work by Goldstein (1948) shows, under
the circumstances of a sufficiently strong adverse pressure gradient 0,p > 0, there exists a
point xg, such that 7 o< /g — x as * — zp. The flow description develops a square-root-
singularity and the solution ceases to exist V& > zy (e.g. it becomes imaginary). Note that
singularity here includes discontinuities, unbounded derivatives and so forth. In essence,
one can conclude that near a point of separation the hierarchical structure of the boundary
layer concept is no longer valid. This goes even further, for Stewartson (1970) showed the
singularity is inevitably present in strongly adverse pressure situations and cannot be removed
by including the viscous-inviscid interaction technique.

Suppose we have a parameter k, connected to the geometry or given flow conditions
(e.g. the angle a or the height of a backward facing step, as mentioned above), such that

7 =7(x* k) and
dko, x5 T(x5,ko) =0 and 7(z%, ko) >0 V™ # xj. (2.4)

Additionally say Vk < kg, 7(z*, k) is everywhere positive, such that a solution exists for all
z* and the boundary layer concept holds, meaning we have a fully attached flow. We refer to
the limiting, critical case k = ko as marginal separation (with immediate reattachment). This
now provides a precise definition for the marginal separation cases at the leading edge of an
airfoil, i.e. for the existence of short separation bubbles when « € [as, ), as mentioned in
the introduction. As a consequence, the corresponding singularity occurring in the solution
is weaker than the Goldstein singularity. In fact, it has been shown in the original works
by Ruban (1981) and Stewartson et al. (1982), in situations where k is close to, but still
greater than kg it is possible to extend the solution continuously through the point of zero
skin friction (using the interaction concept). If k is significantly larger than kg the flow is
fully (or largely) separated (with the appearance of the Goldstein singularity), where the

point of separation lies upstream of zj (cf. @ > a. for an airfoil).



The investigation is hence continued with assuming
Ak =k —ky — 0,

i.e. being infinitesimally below critical conditions, where solutions of the boundary layer
equations exist along the whole z-axis and passing to the limit k& — kg. Since the velocity
and pressure field are sufficiently smooth for k& < kg, we can expand both into a Taylor
series for small Ak, where the zeroth order terms shall satisfy the classical boundary layer
equations, subject to the no-slip condition. It has been presented in very detail by Ruban
(2010) that the boundary layer has to be split into various regions when approaching the
point of zero skin friction in order to satisfy the no-slip condition at y = 0 and the matching
condition uy = U, at the outer edge of the boundary layer. What happens is that the viscous
part diminishes as the separation point is approached and a mainly inviscid boundary layer

remains, with the thickness of the viscous sublayer decreasing according to
y = O0((x5 —2)'"").

Let us further consider the linear term in the Taylor series (with respect to Ak) in the
vicinity of x{j in the form of an asymptotic series as * — x. It has been shown in the afore-
mentioned works that the linear term for * — z{ is not asymptotically small compared to the
zeroth order solution. Thus, one can argue a reinvestigation of the viscous sublayer connected
to the main part of the boundary layer to be needed in a vicinity of zj. Additionally, the
pressure gradient perturbation can be seen to become unbounded in the present set-up as
x* — xj. But this means that the boundary layer induces a pressure perturbation, which
starts to influence the leading order boundary layer solution (so far assumed to be given
via the outer potential flow). Also, the streamlines in the boundary layer at xj (due to the
singular behavior of the solution) experience a kink (or a discontinuity in their gradient),
which creates infinitely large perturbations in the outer flow. At this point, viscous-inviscid
interaction needs to be introduced, meaning that in some region around the point of zero skin
friction the boundary layer starts to interact with the outer flow regime. Taking into account
the gradient of the induced pressure perturbations order of magnitude estimates yield for this
interaction region

zh — 2| = O(Re™'/?), with Ak = Re 2/°ky, (2.5)

where k; remains an order one quantity as Re — oo, see Ruban (1981).

As mentioned above, the boundary layer near the point of separation consists of a main
part and a viscous sublayer, whereas within the proposed interaction region, the outer flow
has to be included as well, since only therein the displacement of the streamlines transfers
into (simultaneously present) pressure perturbations (yielding the viscous-inviscid interaction
concept). Thus, this interaction region consists of three layers, which is termed a triple-deck
structure. Note that outside this interaction region the hierarchical concept of boundary layer

theory remains valid. The crucial conclusion of this whole deduction is, that the interaction



only takes place between the viscous sublayer and the outer flow. Also, due to this procedure,
solutions can be continuously extended through the point of zero skin friction in the case of
the weak singularity for k close to, but greater than k.

In knowing the triple-deck structure to play the main role in our treatise, we will state
the scalings and expansions in all three layers explicitly, since this builds the basis of deriving
the fundamental equations of marginal separation theory. To be more general, this shall
be done for the unsteady case, which was first studied in Ruban (1982) and Smith (1982)
for planar flows. Also, as transition to turbulence is always viewed as a three-dimensional
process, z dependency shall be taken into account as well. This may be realized via locally
three-dimensional perturbation devices, such as a surface mounted hump h = h(zx, z,t) and
a blowing/suction slot with v, = vy, (z, 2,t). Note that these devices enter the problem by
modifying the solid boundary and the boundary conditions, cf. Braun & Kluwick (2002) and
references therein.

Obviously, with the rescaled original independent variables z*,4*, z* in the interaction
region, the domain ) for the Navier-Stokes equations (2.2) is given henceforth as Q :=

-1/ 20, such that the coordinates are

R x RT x R. We set the perturbation parameter € := Re
scaled as (indices 1, 2,3 denoting the upper, main and lower deck, respectively and the point

of zero skin friction is shifted into the origin)

'y
t =€z, 2=¢€2z y' = Oy +elh (2.6)
elys + elh

Remark 2.3. The scaling for the proposed hump, or say local, smooth alteration of the
surface, regarding its height, is chosen, as stated in Braun & Kluwick (2002), such that the
resulting pressure perturbations are of the same order as the perturbations stemming from
the interaction process.

Figure 2 shows a sketch of the triple-deck structure in accordance to the coordinate
scalings above. If not otherwise stated, in what follows the individual expansion terms in
these decks are assumed to depend on (z,y;, z,t) and the asymptotic expansions are taken in
principle from Braun & Kluwick (2004) and references therein.

What has been presented so far in this section was merely an excerpt of the comprehensive
and physically deductive derivation of how and in what form the three decks actually emerge
from the singular perturbation problem for the Navier-Stokes equations, as presented in very
detail in Sychev et al. (1998) and even more so in Ruban (2010) (although only for the
steady, planar case). The same holds for the explicit, individual description of the flow field
expansions in the decks, as given below. This means that we refrain from stating all the
equations with their boundary and/or matching conditions for each deck, and rather provide
only those, necessary to deduce the fundamental problems of marginal separation.

(i) The upper deck. Here one essentially has a potential flow region. That is at

the leading order a constant (within the interaction region), uni-directional velocity field is
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Figure 2: The triple-deck structure of the interaction region. I-II1 indicate the potential flow, the
main part of the boundary layer and the viscous sublayer, respectively, upstream of zj = 0, with a
recirculation region (local separation bubble) (a).

prescribed, i.e. (uy, vy, w1) = (Ugo, 0,0) and all spatial coordinates scale with the same power
of the Reynolds number. Note that Uy is U, evaluated at zj. The pressure at leading order
has to be constant, which can be easily calculated applying Bernoulli’s equation to the upper

deck and the far field given in (2.2). Thus, we state the expansions to be

U ~ Uy + 64U11 + 610u12

V]~ 641)11 + 610v12

wy ~ 610w12

(2.7)

p1 ~ p1o + e4p11 + 610}?12

where, by substituting (2.6) and (2.7) into (2.2) and taking into account the afore-mentioned,

one obtains

uio = Upo uin = —Unz
1-Ug vi1 = Unn
P10 = _
2 P11 = PooT.

The imposed pressure gradient pgg (at y1 = 0, to be precise) is obviously constant within the
interaction region and consequently Uy, = poo/Ugo. The next higher order terms, induced

through the interaction, then have to satisfy

UooOzu12 = —0zp12
div (w12, v12,w12) = 0, UooOrv12 = —0yp12 = Apiz=0.
UpoOz w12 = —0.p12

As expected, from the potential flow assumption, the induced pressure p1o has to satisfy the

Laplace equation on the half space y; > 0 subject to Neumann boundary conditions, i.e.
Apio =0 on , aylplz = —UpypOyv12 at y; = 0. (2.8)
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Green’s function for this Neumann problem is given as

1 1 1
Gl&r &5, 822,11, 2) = ‘E(Kx,yl,z) ~ (@& &)l 1@ —y12) - <51,£3,£2)|>'

In general a solution can be derived to be p1o = /(plganG — GOpp12) d€1dEs, such that with
Op = —0y, and 0,,G =0

p12($7y17z7t) :/G(£1707£2;$7y17Z)ay1p12(£1707£27t)d£1d£2
RQ

and consequently

Uno 1
?H{[ |(z, 2) — (&1,&2)|

p12(,0,2,t) = Oe,v12(61,0, &2, 1) d€1dEo. (2.9)

To arrive at the governing equations and problems addressed in this treatise, one does not
need to calculate the remaining terms of the upper deck expansions, meaning that having the
above description of the pressure perturbation pio, shall be sufficient, as will become clear
later.

(ii) The main deck. Although here the expansions assume the form of the classical
boundary layer description (at the leading order), that is, the leading term of the streamwise
component us only depends on y,, while the vertical component ve and yo scale with Re~1/2,
thus leading to Prandtl’s equations (with no we component present), this layer is actually
inviscid, as deduced in Sychev et al. (1998). Consequently, ugy represents the boundary layer
velocity profile at the verge of separation and, as can be inferred from the coordinate scalings
for t and z in (2.6) and the expansions below, the main deck remains two-dimensional and
steady at the leading order. This is in agreement with the assumptions of a two-dimensional

outer flow and only locally three-dimensional perturbations. The expansions thus read

4
U ~ Ugg + € U1

vy ~ ¥ (vg + hay) (2.10)

wo 610w21

P2 ~ pao + €*pa1 + €Opaa.

The velocity profile ugsg =: Up(y2) is the same as for the planar flow case, where one can
use the usual stream function and the matching condition to obtain its asymptotic behavior
(see Sychev et al. (1998))

Poo 2
Uo(y2) ~ —vy3 asys —0
(2) ~ 705 (2.11)
Uo(y2) = Uy as ya — o0.

The function hg; can be determined, as done in Braun & Kluwick (2002), by using

Prandtl’s transposition ”theorem”. It asserts the boundary layer equations to remain in-
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variant if the confining wall is shifted by a smooth function with small enough curvature.
This assertion has been extended in Glauert (1957) to three-dimensional, compressible flows.
In essence we have from these results that for an original boundary layer solution (u,v,w)

on (z,y,z) € €, a shifted velocity field (u,v,w) on § =y — h(z, z,t) given as
tw=u, U=0+0h+ud.h+wo,h, w=uw

satisfies the same equations as (u,v,w) on (z,9,z) € . Thus, by applying the coordinate
scalings, which transfer the time and z derivative of h into higher order terms, we have

h21 = UQ()axh. Since U0 = Uo(yg),
ho1(x,y2, 2, t) = Uy(y2)0h(x, 2, t). (2.12)

As for the pressure expansions one can readily see the well-known fact of py being constant
across the boundary layer (at every ) and from the matching requirement p; L poasy; — 0
and yo — 00 the expansion terms of p; and py are mutually equal in this limit. Furthermore,
p1 at y1 = 0 thus determines po for all ys.

Having established the leading order term Uy and the behavior of the pressure, substi-
tution of the expansions (2.10) into (2.2) reveals the equations for the next higher order
terms

div (ug1,v91) =0
U0z ua1 + v21Uy = Uy — poo

UpOrwo1 = —0:p22,

where combining the conservation of mass and the first momentum equation gives

Y
O, A(z, 2, 1) +/2U6,(8)—p00

ds | . 2.13
P00 U (s) 213)

vo1(x, 2, 2,t) = —Up(y2)
0

Remark 2.4. At this point, the function A = A(x, z,t) above represents an integration
constant stemming from generally solving the according momentum equation. Therefore,
it remains undetermined. Here we enter the crucial part of marginal separation and the
whole present treatise, namely finding and solving the governing problem for A. As has been
mentioned in the original works, e.g. Stewartson et al. (1982), and can also be easily seen
from the definition (2.3), the integration constant A possesses a physical interpretation, that

is it is proportional to the wall shear stress (its streamwise component, to be precise)
T= (T, Ty, 72), Tu(z,2,1) X ayu|y:0 x A(z, z,t).

Furthermore, there is also a connection to the so-called displacement thickness, more precisely,
A also describes (negative corrections) of the local displacement thickness and is therefore

also called displacement function. Ergo, within the context of the flow being at the verge of
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separation, or at a potential bubble bust, the (local) structure and time evolution of A can
qualitatively describe these crucial processes.

Mentioned at the end of the description of the upper deck problem, for deriving the
governing equations not all expansion terms have to be given in closed formulae, hence the
main deck is sufficiently characterized at this point.

(iii) The lower deck. In classical boundary layer theory, seen as a singular perturbation
of the Navier-Stokes equations (2.2), the boundary layer plays the crucial part, i.e. taking care
of satisfying the no-slip condition at the surface. With the proposed triple-deck structure,
the boundary layer, that is the main deck, acts rather as a ”transfer-layer”, meaning that
the interaction actually takes place between the lower deck (as a viscous sublayer) and the
outer flow. This becomes immediately clear from the ys independence of the pressure po, as
mentioned above.

We shall write the lower deck expansions as

usg ~ 62U30 + 65U31 + GSU32

V3 ~ 612(’031 + hgl) + 615(?)32 + hgg) (2 14)

wsg ~ 6811)32

p3 ~ p3o + 641031 + 610])32,

where it is now necessary to find the governing equations for the terms subscripted with 32,
especially since pso represents the induced pressure (perturbations), which are transmitted
to the upper deck. For y3 — oo and yo — 0 the matching condition gives p3 = po and, as

done above, substitution into (2.2) yields

uz) = Ays
2 2
Y3
u3o = poo%3 Us1 = _jaxA hsa = Ayz0zh. (2.15)

y3
h31 = poo Eaxh

The problem governing the shape and evolution of the function A can be derived by formu-
lating the equations for (usg,vs2,ws2). The new and crucial part is that no knowledge of
the solution for this higher order terms is needed explicitly, or in other words, the governing
equation for A is a solvability condition for the equations of these velocities.

To proceed, we utilize the idea presented in Braun et al. (2012) (for the two-dimensional
case) to derive the solvability condition for the lower deck problem in terms of A, thus avoiding
the rather tedious procedure followed by Stewartson (1970), Stewartson et al. (1982), Smith
(1982) and Ruban (1982) (for planar flows). So far, to the authors knowledge, only the
method of these works was used to gain the steady and unsteady problem for A (even for
the three-dimensional case studied in e.g. Braun & Kluwick (2004) and Duck (1990)). The

new idea, as was further shown, is generic in the sense that it need not be modified to
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obtain equations for higher order correction terms of the wall shear stress in the triple deck
expansions.

From (2.14) one immediately has 0,us31 4+ 0yv31 = 0 and thus there exists a streamfunction
Uy with 0y, W1 = w31, —0,¥1 = v31 (w3 = 0). Obviously ¥y is the same as in the planar

flow case, satisfying the same problem, that is

2
LY =0, L:=08, —poo%?’agm + pooy30:

U, =8,0=0 at yz=0, (2.16)
y2 Va, z, t.
Uy = AES as Y3 — o0

Assume now v = (z,-) € L?*(R) with respect to x, such that the Fourier transform (see
(2.54)) ¢ = 1p(k,-) and its inverse exist. Then

~ d? 3 . d ) -
F(C) = Bl ) = (g = oo 2 8) 7+ o) )
3

where £ is now an ordinary differential operator with respect to ys.
Define for some a,b € L?*(RT), not necessarily real valued (hence the bar denotes the

complex conjugate),
@by i= [ awhiw)d.
0
The equation in problem (2.16) obviously gives
F(Lap) = L) =0, (2.17)

where the boundary condition for large y3 require A to be Fourier transformable with respect
to « (which might have to be understood in a distributional sense).

Let ¢ € L*(R™), as smooth as necessary, then

A~ A

(L, )y = (I, L*¢)y + B(d,0) =0, (2.18)

denoting the function comprising the boundary terms from the integration by parts as B, see
Braun et al. (2012) for some more details. It is thus obvious that the homogeneous problem
(2.17) and its adjoint have at least one non-trivial solution. Furthermore, we formally claim
that the (finite) number of linearly independent solutions for both problems is equal.

Let us now continue with the formulation of the governing equations for the next higher

order terms in (2.14). The conservation of mass

Opuzg + Oy, v32 + O w3z = 0 (2.19)
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can be readily deduced, as well as the momentum equations

2 2
Y Y
pooé’axu?,g + pooysvsz — Oy sz = —0ep32 — Ys(0 A — poodih) — 33145:014
(2.20)
Y
pooé’astz — 0 w3y = —0.p3
subject to
uz2 = 0
w3g =0 at y3 =0, Vz,z,t, (2.21)
V32 = Uy

where v,, is the scaled suction or blowing velocity introduced in (2.2).

One of the advantages of two-dimensional flows, from a technical viewpoint, is the exis-
tence of a streamfunction, satisfying the conservation of mass identically and yielding only
one momentum equation. Therefore, in order to deploy the idea in Braun et al. (2012), we
define

x

o o v (2.19) o

Ws3o = / O,w3s and 13y 1= uszy + W3 = Opls3s + 8y3?}32 =0,
—0o0

where differentiation with respect to z and integration with respect to x in the second equation
in (2.20) yields

xT
2
Y o v v
pooé’@cw& — 0 b3y = — / O2psadé =: — .
—0o0

By adding this to the first equation in (2.20) we obtain

2 2
Yy o o o Yy
P00 —23 0, U32 + PooY3v32 — 5§3u32 = —0yp32 — P32 — Y3(0r A — pooOih) ——23 A0 A, (2.22)

=:—by

A shift of the unknowns w32 and vss (cf. Sychev et al. (1998)) of the form

2 2 2.2

ooo_ag 4 agpoo g | AT —2apa1ky —agzT |
a2 = oy M T g0 2pog e

2 2
Us2 = 50 Y3 T 20 Y3 + v32

and substitution into (2.22) gives
Y3, — —~ —~
pooé’azu?,z + pooy3vsz — Oy, uz2 = —bo (2.23)

where
A% — 2apa1ky — agxz

2poo

The constant kq represents the rescaled difference of the control parameter for separation to

) {)}:2:1)11) at 93:0

uz2 = —

its critical value, see (2.4) and (2.5), and ap and a; are (undetermined) integration constants
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appearing in higher order expansion terms of the solution of the viscous sublayer ahead of
the point of zero skin friction, see Figure 2, region 11 and Sychev et al. (1998).

Next we introduce a function ¥s, mimicking a streamfunction, i.e.

Oy, Vo = U323 (2.23 2
Y3 (:>) %

— Poo 03 Uy — pooy30, VYo — 853\1'2 = —bo,
—0, Vo = v3

Y3

and consequently we arrive at the problem for the next higher order unknowns in terms of

U, reading
LUy = by
A2 -2 ki — a2z
0,0y = — apa1ky — apx - (2.24)
2p00 at Y3 = 07 V(ﬂj, Z>t)7
_a:c\IlZ = Uy

which is in complete accordance to the two-dimensional case. Moreover, reasonably assuming
by € L%(R) with respect to x gives the inhomogeneous problem E?,ZA) = by for some Y € L2(R).

Say, for the moment, such a 1 exists, then from (2.18), necessarily
(b2, By = (W, L70), + B, (2.25)

where the right hand side equals B(¢, T/A)), for all ¢ solving the homogeneous adjoint problem
and zﬁ solving the inhomogeneous problem above. By viewing £ = Z| k| ag(z, y)(‘)ﬁy, where the
principal part has a3 = 1, yields £ to be elliptic and thus the Fredholm alternative for elliptic

operators shows (2.25) to be also sufficient for solvability of the inhomogeneous problem.

Remark 2.5. As we have pointed out earlier, the homogeneous equation 21/; = (0 and its
adjoint Z*qz_b = 0 have at least one non-zero solution with respect to ys, for all k, z,t, where
consequently the question of uniqueness of the inhomogeneous problem Ezﬁ = b for a given
b = b(y,-) € L*(R") remains. In fact, one has that if the homogeneous, adjoint problem
has only the trivial solution, there exists a unique solution for Zzﬁ = b. Since we are only
interested in the mere existence of a solution, the Fredholm alternative provides a sufficient
criterion for the present case.

One can find, as done in Braun et al. (2012), a solution to L*$ =0 in closed form given

as (the bar again denotes the complex conjugate)

Bk, y3, 2,t) = c(k, 2,)(ik) /3y Ky 14 (433 Pooik[8) = clk, 2, )b (k, y3),

with K/, denoting the modified Bessel function of the second kind and ¢ being the unde-
termined integration ”constant”. It is straight forward to see the L? integrability of é on
y3 € [0,00), as required (in fact, ¢ decays exponentially as ys3 — o0). Therefore, in virtue

of the solvability condition (2.25) considered for (2.24) and taking the expression for the
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boundary terms B from Braun et al. (2012) yields
(b2, ¢)y = /bA2 c dys = B(cd, ¥y). (2.26)
0

Remark 2.6. Having said nothing about L? integrability of by with respect to y3, the meaning
of the inner product on the left hand side above is still to be considered. From (2.22) it
becomes clear that the violation of the integrability, if so, can only come from insufficient
decay of by at zero and/or infinity. On the other hand, the existence (per se) of the integral
defining this inner product is clear from the behavior of ¢ at the boundaries. Following the
overall deduction this existence is in fact sufficient for the result presented below to have the
correct meaning.

With this remark, we assert a necessary and sufficient condition for the existence of Wqy
(satisfying (2.24)) is given by the second equality in (2.26), which certainly holds if one
equates the left and right hand side excluding the undetermined function ¢. Furthermore,
we additionally assumed all modifications leading to this condition to be set in L?(R), ergo
the inverse Fourier transform and the convolution theorem can be applied with respect to x,

leading to

/b2*}"_1¢~5dy3— ( (¢7\Ij2)|y3 0)
0

We reasonably assume the functions on the left hand side to be smooth enough, such that the
order of the Fourier transform, the convolution and the inner product integral can be arbi-
trarily interchanged. On the right hand side it is important to evaluate B (i.e. its arguments)
at y3 = 0 before applying the inverse Fourier transform. In concrete, that is substituting bo

from (2.22) and using

17 y3 Y3
O(z,y3) :=F ¢ = Clm exp <—C2;> ]l[O,oo)(x)

with again referring to Braun et al. (2012) for the details and the values of the all the constants

¢; appearing, this reads

C36y3\1f2 / (3} f 1/465‘If2|y :0d§ =

N (2.27)
=5 / / D (x — &, y3) (0up32 + 32 + y3(0rA — poodih)) dyszde.
R 0

Remark 2.7. The fractional integral on the left hand side stems from, given a < 1,
f_l((ik‘)“f) = f_l((ik)l_“(ik‘)f) = F1(ik)'=% % 0, f. In the following sections we will
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provide a precise meaning of such integrals in terms of Abel operators and their symbols (see
Sections 2.3.1 and 3.3.1).
Substituting further the boundary conditions from (2.24), using

/y2e_y4/xdy = ix3/4f(3/4) and /yge_y4/xdy = %,
0 0

and deploying the affine transforms for the unknown functions and variables presented in

Sychev et al. (1998) and Braun & Kluwick (2004) eventually yields
A2 22— / Oupsz + [° . 02ps2dC B / O (A — h)
ERE =&

T

Uy
‘”/fx—aﬂ“ﬁ

— 00

dé—

(2.28)

with A and + being positive and I' € R denoting the rescaled control parameter, i.e. k1 in
(2.5). Note that the fractional integral for the pressure stems from the characteristic function
Ljp,) in ® and the convolution of the pressure terms in (2.27) with zt/2,

In order to obtain a problem purely in terms of A as the unknown, one needs to relate A
to the pressure pss. The result for pi2, Equation (2.9), has been established to match with
poo (in the limit y; — 0, yo — 00) and consequently with pss (as y3 — 0o, y2 — 0), such that
we will henceforth call p3o the interaction pressure p;. Since v1o therein is undetermined, the
matching condition wvig L vo1 + ho1 as y; — 0 and y9 — o0, which consequently has to hold

for the according derivatives with respect to x as well, i.e.
!
8%”12(33> 07 2 t) = a{EU21 ($7 Y2, 2, t) + 8wh21(337 2, t) as Yz — OQ,

provides an appropriate relation. From (2.13) and (2.12), taking into account Up(y2) — Ugo

as yo — oo and using again the affine transform, the interaction pressure reads

_ 1 1 2 (4
pi(a, 2,) = %¥WW¢%%&£M%JA ) dé dé, (2.20)

Remark 2.8. It is important to note at this point that in all the considerations above
initial conditions (for the velocity and pressure field) were never taken into account. From
a physical and historical viewpoint this relates to the initial studies of the steady problem,
which were later extended to unsteady situations. Hence, one might claim the time evolution
to only make sense when applying unsteady perturbations to steady states. Mathematically,
obviously, an initial condition for (2.28) remains as arbitrary as initial conditions for (2.2),
cf. Section 2.3.
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Overall, what has been deduced as a solvability condition for the velocity field of the
viscous wall layer is thus regarded as the fundamental problem of marginally separated flows.
By providing all necessary theoretical instruments, such as a control parameter I" and flow
control devices h and v, solving this problem yields criteria for detecting when and where
the flow breaks down.

It is easily seen from the triple-deck structure and the resulting fundamental equations
derived in this section that, in principle, the three-dimensionality stems from involving z
dependent perturbations (in form of the hump and the suction slot). Otherwise, from a
heuristic viewpoint, there is no reason for the viscous sublayer to develop z dependency. This
becomes even more obvious when considering the problems and results presented in Sections
2.2 and 2.3. Such a (naive) conclusion might not hold for values of I" being near critical
conditions, by which we mean the existence of an upper bound for I' (cf. the bifurcation
diagram in Figure 4), above which no real, planar steady state solutions exist and three-
dimensionality might be inherently present (if we allow for pressure perturbations with respect
to z, cf. p3 in (2.27)).

Gaining insight into the local behavior of solutions of (2.28) is necessarily a numerical
task, even in the case of the according steady problems. Hence, in the next section we present
a novel computation technique based on polynomial approximations to establish sufficient
accuracy and convergence results, such that for the main investigation, regarding the Cauchy
problems, a consistent spatial discretization can be assumed. Also, from here on, references
to (spatially) two-dimensional (planar) and three-dimensional problems are always in virtue
of the according flow field, even though the actual problems with respect to the unknown A

are independent of y.

2.2 Steady Problems

It is common practice in fluid dynamical research to start theoretically investigating certain
physical set-ups and the according problems by considering steady state solutions. This
is partly due to an easier comparison to experiments. Also, it is not hard to imagine the
difficulties arising in experiments when studying unsteady effects by simultaneously avoiding
the involuntary inclusion of disturbances. Moreover, stationary solutions, mostly given as
numerically computed data, are always the starting point of all sorts of stability analysis.
Some spacial kinds of instabilities will be presented in Section 2.3.

It is quite obvious, when considering the structure of (2.28) that a good working nu-
merical method is the almost exclusive way to establish some knowledge on the important
characteristics of A, such as the domain of its negative values. Although numerical solu-
tions of the steady problems are well-known, we shall reinvestigate them in the following,
mainly to demonstrate the qualities of the novel numerical technique developed and analyzed
in Section 3. In doing so, it is preferable to combine the fundamental problem (2.28) and
(2.29) into one equation. From the right hand side in (2.28) it is obvious that the unknown

A assumes an at most linear growth at infinity. Thus, with the decay of the kernel in (2.29)
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the boundary terms when integrating by parts vanish and consequently, assuming sufficient
differentiability, the pressure terms in (2.28) can be replaced by the accordingly modified
term from (2.29). Defining polar coordinates (x,z) — (r,¢) and setting 9:(A — h) = 0, we
finally say A = A(z, z) shall satisfy the following problem in R?

. A 2+ 0,0
A% — g +F—— @) 1/2/| 51,52” A(&r,&2)dérdEs ds + g(x, 2)

(2.30)
Az, z) ~c(p)r as r — oo.

The far field condition above just indicates an at most linear growth behavior, depending on

¢. Alternatively, considering the z and z coordinate separately, we write this condition as
A(x,z) = O(|z|) as |z] = 00, Ax,z) <oco as |z] — oco. (2.31)

One can identify the one-dimensional integral above as an Abel operator and the double
integral as the two-dimensional Riesz potential. For the general definitions and some basic
boundedness and compactness properties of such operators, we refer to Section 3.3.1 (e.g.
Theorems 3.32 through 3.38). Thus, in the following we will regard the fundamental problem

as an integro-differential equation written as
A
A 2?4 I = = T2RY (103 + 0,02 A) (z, ,1) + g(x, 2), (2.32)

Remark 2.9. The function g above contains the hump and/or the suction/blowing device
(cf. the deduction in Section 2.1), and hence one can view g as a general inhomogeneity
or forcing term. Due to the linearity of the right hand side operators in (2.32) it follows
immediately that the argument A — h, as used in the deduction for (2.28) and (2.29), can be
separated. Viewing such a hump as a surface mounted obstacle it can act as a flow control
device, i.e. shifting or delaying separation of the laminar boundary layer. More details on
these subjects can be found in Braun & Kluwick (2002).

The according two-dimensional or planar problem, originally derived and investigated in
Ruban (1981) and Stewartson et al. (1982) (with g = 0), for A = A(z) in R reads

Y
A2 — I’2 + I = )\/ mA”(S)dS + g(x)
J (2.33)

A(2) = O(Ja]) as |a] - o,

where the dash denotes derivatives with respect to x and again an Abel operator appears on

the right-hand side above, such that the equation can be rewritten as

A2 =22 4 T = NJY2 (A" (2) + g(). (2.34)
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Remark 2.10. It does not come as a coincidence that the left hand sides of (2.33) and
(2.30) are identical, since in both problems the outer flow field (cf. the leading order of the
upper and main deck descriptions in Section 2.1) is assumed to be parallel and planar. In
fact, the only difference, which can be most easily seen from the novel deduction of (2.28)
and (2.29), between the two- and three-dimensional problem here lies in the term p32, which,
by containing derivatives with respect to z, vanishes for planar flows. The necessary change
in the relation for the interaction pressure (2.29) when independent of z can be readily seen

from the modifications done in Remark 2.14.

Remark 2.11. The previous remark stands in contrast to what has been studied in Duck
(1989), where an overall three-dimensional (although z-symmetric) set-up is prescribed. The
fundamental equations therein are given similarly to (2.28) and (2.29), where the latter is
identical in both cases. What distinguishes locally and globally three-dimensional flows lies
exclusively in the left hand side of the fundamental problem, which explicitly depends on x
and z in Duck (1989). Although the far field condition in (2.30) remains the same, in the
case of global three-dimensionality a relation similar to (2.31) cannot be derived. For further
(numerical) treatment of the problem, Duck (1989) reformulated the combination of the Abel
operator and the Riesz potential into one double integral with a more involved kernel function
(see Remark 3.66). For the approach in this treatise such a description does not lead to any

simplification and hence was not adopted.

Remark 2.12. Form the partial derivatives on the right hand side in (2.32) we assume
classical solutions of the equation to be at least three times continuously differentiable on
R2. The at most linear growth given as a far field condition in (2.30) or (2.31) thus renders
the argument [03 + 0,02 A(z,2) of the integral operators bounded and continuous on RZ
with a decay rate of r~2 (in principle). Therefore, using the fact that combinations of
compact and bounded operators are compact, one can claim permissible (classical) solutions
to satisfy the requirements of Theorems 3.32, 3.33 and 3.38 and assert the right hand side
operators to form a compact mapping (cf. the argumentation on compactness of singular
integro-differential operators on Lyapunov curves between Sobolev and LP spaces presented
in Mikhlin & Préfidorf (1980)). The two-dimensional case (2.34) can be argued analogously.

Remark 2.13. The knowledge whether the operators involved are bounded or compact can
be crucial to the existence and uniqueness of solutions and to the convergence of approxima-
tions. Equations of the first kind, for example, are ill-posed if the operator is compact, but for
equations of the second kind, compactness implies existence and uniqueness (in most cases).
Additionally, regarding approximation procedures, boundedness can often be necessary and
compactness even sufficient for convergence (cf. the general results in Hackbusch (1995)).

Most authors, when treating singular integral equations, deal mainly with Abel or Cauchy
type equations. Hence, it is worth mentioning the more general approach used in Profidorf
(1974). Therein results regarding solutions, i.e. invertibility of the involved operators, are
found in terms of operator algebras and the notion of the symbol. The latter will be utilized

in Section 2.3.1 to deal with the well-posedness of Cauchy problems.
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Remark 2.14. The problems (2.33) and (2.30) are consistent in the sense that assuming A =
A(x) equivalence of (2.30) and (2.33) can be proved. Obviously, for the far field condition,
this is trivially satisfied. Considering the right-hand sides in both equations, we have (for an

argument function depending only on z)

A [ 1 , B
27T—Zo (@ = 3)1/2R2 V(s —&)?+ (2 —&)? Ta (e ds =
— _i r 1 S — 61 9 B
o) (@ 3)1/2]1{[ (5—E1)2 1 (2 — £2)2)32 O, f(§1)dS ds =

A i 1
B _% m/( 51 851 / — 51 g )2)3/2 d£2 d£1 ds =

e 2 J
=2/(s—&1)?

A % f(& ; .

:_%/5’3_31/2/ 5 =& d&ds___/agl ©) / (3—51)(:13_3)1/2‘151 ds =
e 2 o
=—n/V&—z

- A/ 1/2 8§1f(£1)d£17

where we used integration by parts in the second line. By assuming f to be twice continuously
differentiable and its second derivative to decay to zero, Theorem 3.40 shows the existence of
the resulting integral and hence the modifications for the third line are justified, where the

appearing integrals are regarded as their Cauchy principal value, if necessary. U

Numerical Solutions

Solutions of (2.33) and (2.30) are almost comprehensively treated, using various kinds of
numerical schemes (see e.g. Stewartson et al. (1982), Brown & Stewartson (1983), Sychev
et al. (1998), Scheichl et al. (2008), as well as, Duck (1989), Braun & Kluwick (2002) and
references therein). In the following we shall present a novel technique based on polynomial
approximation and spectral collocation, which works equally well for both situations and, as
will be shown, the method for the three-dimensional problem can be directly applied to the
two-dimensional case. In principle, we use the steady problems to establish convergence of
the polynomial scheme, with the advantage of having independent reference solutions.

The very basis of the approach is presented in Section 3. Therein, Section 3.1 states
the main properties of rational Chebyshev polynomials, Section 3.2 then provides conver-
gence rates and results in terms of truncated sums and projections, as well as interpolation

operators. Section 3.3 contains necessary characteristics of the involved operators and the
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essentials of setting up the actual collocation algorithm as well as some general consistency,
stability and convergence considerations.

Problems (2.33) and (2.30) are defined in an unbounded domain, where the unknown
function admits an algebraic far field behavior. Thus, the above mentioned rational Chebyshev
polynomials are the most appropriate basis functions. As shown in Theorem 3.1 and Lemma
3.4, these polynomials form a complete orthogonal set in the weighted Lebesgue space L2 (R™),
with u(z) = [[i, 1/(1 + 2?). Although such spaces allow for functions to grow (weakly) at
infinity, due to the given asymptotic behavior in (2.33) and (2.30), one cannot expect the
function A to lie in these spaces. From (2.31) it is clear that A = A(-, z) remains bounded

and hence we can subtract the growth with respect to x, such that
A(x,-) = B(z,") + V1 +22, B(z,") =0(z|™") as |z| — occ. (2.35)

It is now reasonable to assume B € L2(R?), satisfying the modified equation (subject to
the far field above)

B 4oy/I1 2B+ 41— 21 TLRY((02 4+ 0,0%1B) (2, 2) + f(z) +g(x,2),  (2.36)
T

where the function f results from substituting (2.35) into the right-hand side of (2.32).
Remark 2.14 shows, for functions independent of z, the right-hand side operators in (2.32)
to be reduced to the right-hand side in (2.34) and consequently

fl@) = AT (1 +22) 732, (2.37)

which can be given in terms of hypergeometric functions or elliptic integrals using some
(computer) algebra.

According to Theorem 3.1, Lemma 3.4 and Theorems 3.5 and 3.6 one can approximate B
by By using the rational Chebyshev polynomials R; as defined in Section 3.1 in (3.1), such

that
No N

By(x,2) =PyB(x,2) =) Y auRi(x)Ri(2), (2.38)
1=0 k=0

with By reasonably expected to converge to B. The operator Py is the orthogonal projection
given in Lemma 3.7. We also applied here the definition of multivariate polynomials (3.10),
which can be seen as a tensor basis description.

Note that by saying N, = 0 in (2.38) we immediately obtain the one-dimensional ex-
pansion, since Ryg = 1. Additionally, in virtue of computational costs, we will treat N,, N,
independently (in contrast to the argumentation in Section 3). With Theorem 3.6 show-
ing the coefficients a;; to be unique and independent of N, we have a good, heuristic and

easy-to-test convergence criterion.

Remark 2.15. As established in Remark 2.12 one can expect the operators on the right

hand side in (2.36) to be compact between the space of three times continuously differen-
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tiable functions with at most linear growth at infinity and the space of bounded, continuous
functions where a limit exists at infinity.

This certainly holds for a function B as in (2.35) when assuming A to be a classical solution
(i.e. satisfying all differentiability requirements). The convergence rate of the series expan-
sion, also taking into account the decay rate of B, can then be estimated using Lemmas 3.9
and 3.10 and Theorem 3.11, which show, that one actually works on the Sobolev-type space
Hy 4, defined in (3.19). Consequently, due to the comparably slow decay at infinity of B,
with respect to the requirement to lie in H u, A We cannot expect the usual exponentially fast
convergence such expansions provide on bounded domains. This is supported by Theorem
3.15, where the decrease in the absolute value of the expansion coefficients also depends on
the far field behavior of the function. Still, uniform convergence of the approximation, ac-
cording to Theorem 3.13, can be assumed. We might regard this as even more important than
fast convergence rates in Sobolev spaces, since for physical interpretations of the solutions,
pointwise and uniform accuracy is crucial.

In virtue of the spectral collocation scheme set up below, one normally assumes functions to
be continuous and to have finite L norm. Thus we shall note, that the involved operators
are compact (or at least bounded) in such function spaces, where then consistency follows

immediately (see Section 3.3).

Remark 2.16. Problems (2.33) and (2.30) are, above all, nonlinear. It is well established in
the field of spectral methods that nonlinear equations (or nonlinear terms) are best treated
using interpolation, meaning that Galerkin and collocation methods are not the best choice
(see Sections 3.2.2 and 3.3.2). On the other hand, interpolation introduces the so-called
aliasing error (cf. Section 3.2.2), which is essentially the difference between evaluating the
coefficients in (2.38) exactly and approximately. But, as proved in Theorems 3.22 through
3.24, this error is of the same order of magnitude as the error made by truncating the
expansion series.

The advantage of using interpolation (with function values being the discrete unknowns)
lies in the evaluation of the nonlinearity, where this is done by simple pointwise calculations.
It is obvious, having the additional integrals, that the Galerkin approach becomes heavily in-
volved, even for weak nonlinearities (as the quadratic term here). Collocation lies somewhere
between these two, as the coefficients are the unknowns, but the equation system is set up
by pointwise evaluation.

We start with the two-dimensional case, where (with respect to (2.38))
N
B(x) ~ PyB(x) = > a;Ri(x)
=0
and substitution into (2.36) yields
N N
(PNB@)* +2V1+22 Y a;Ri(2) + T+ 1= XY a;J3*(R])(2) + f(x) + g(x).
i=0

1=0

25



For reasons explained in Remarks 3.34 and 3.40 and Section 3.3.2, we take the zeros x; of

Rpn+1, given via Lemma 3.2(ix), as the collocation points to obtain further

N N
(PnB(x;) + 3" ai2y/1+ 22 Ri(x;) + T +1 =3 a; ATY?(RY) () +f(x5) +g(a5), (2.39)
=0 %/—/W_/ i=0 —

=5, =:Cj; =:Kj;
for j =1,...,N + 1, which reads in matrix vector form, denoting the vector a := (a;) etc.,
(Ca)’+(Cs)a+T+1=Ka+ f+g, (2.40)

with the matrix Cs defined via its elements C's;; := s;C};. Here, apart from dealing with the
nonlinearity, the obvious substantial task is obtaining the matrix K in a fast and accurate way.
The according procedures are presented in detail in Section 3.3.2. Analogously, substituting
(2.38), with N = (N, N.), into (2.36) and evaluating at the zeros (xj,2;) of Ry, +1RN,+1
yields

Ny N

(Bn(zj, )" +24/1 + 2 > i Ri(xj)Ri(z) +1' + 1 =

- —_—
=0 k=0

=:Cijk1
N, N (2.41)
_ A 1251 (193 21R. : . .
=D aik g TR (82 + 0 04| Ri(6) Ri(&2)) (25, 2) + £ (x7) + g, 21),
=0 k=0

=:Kijpl

where one can immediately see, by abbreviating the matrices as in the two-dimensional case,
we obtain the same description for the discrete equations, i.e. (2.40).

Note that a = (a;) is now a (possibly rectangular) matrix. By writing a as a vector,
one can arrange the Cjjp in a (N + 1)(N; +1) x (N, + 1)(IV, + 1)-matrix, such that Ca =
Bn(xj,7), as required. This is done analogously for K;jri, where the entries are obtained by
the method described in Section 3.3.2. Thus, in (2.40) one just has to substitute C, (C's),
K and g with the matrices approximating the operators in (2.33) or (2.30) and gains the
according coefficients a. Furthermore, methods for solving (2.40), derived in the following,
hold for arbitrarily sized (quadratic) matrices.

For an easy and efficient handling of the matrix-vector terms and equations presented in
the whole treatise, the numerical linear algebra packages provided by the NAG (”Numerical
Algebra Group”. www.nag.co.uk) have been utilized.

As mentioned on several occasions in the introductory paragraphs and remarks of this
subsection, the necessary results regarding the properties of the operators and the spectral
collocation method are provided in Section 3.3.2, such that consistency of the numerical

schemes described here follows immediately.

Remark 2.17. An important advantage of spectral collocation methods can be observed at

this point. In setting up the equations system above we never have used any type of boundary
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conditions or imposed the far field behavior of the unknown function B. This is in virtue of
the fact that the expansion (2.38) is assumed to be uniformly convergent, implying that a
consistent scheme yields the same behavior at infinity for By (IV > 1) as in B. For the sake
of completeness it shall be noted that if one would want to impose certain values at infinity,
this can be done by either using another set of collocation points (the extrema of Ry, for
example, are distributed up to the boundary) or by modifying the polynomials themselves,

such that every polynomial satisfies the boundary conditions individually.

Remark 2.18. Solving (2.40) requires an iteration scheme for the quadratic nonlinearity.
By taking A,+1 = A, + JA for the original unknown function, while assuming JA to be
small in some sense, then substituting this ansatz into (2.32) or (2.34) and canceling the
(6A)? term, yields an iteration procedure for A, (the same holds for B, where 6B = JA).
This can be formally interpreted as using the Frechét derivative of the nonlinearity, which
results in Newton’s method. If we then repeat the modifications above, assuming B as the new
unknown (i.e. substitution into the expansion and evaluation of the equation at the collocation
points), we arrive at the exact same system as if starting from (2.40) and substituting a,,, | =
a,, + da and eventually defining the iteration procedure. The commutativity of linearization
(or Frechét differentiation) and discretization, as we have just argued, has been mentioned
in Golberg (1979), with a general treatment given by Ortega & Rheinboldt (1966).

The iteration scheme can thus be obtained to read
(Ca,)’ +(Cs)a, + (Cs)da + 2(Ca,)(Céa) + I +1=Ka, + Kda+ f

= da=[2Ca,C +(Cs) - K] (Ka, - (Ca,)* — (Cs)a, + f—T—1)  (242)

iterate a, — a,, + da.

Consistency of the scheme, as has been mentioned above, is clear at this point and hence
we shall now make a few comments on convergence, whereas stability, although being a non-
negligible topic in numerical analysis, will not be addressed, since a consistent method, if it
converges, is stable (cf. also Lemma 3.28). A classical convergence proof will not be given,
instead we heuristically show convergence via computing concrete solutions.

The projection method applied here transfers the unknowns from infinite dimensional
function spaces to sequences of coefficients. Define, for the multi-index ¢ = (i1,...,4,) (see
Remark 3.7) and a := (a;)};>0

[e.e] [e.e]

N = {a allp =) lail < oo} and A(N) = {a: [allp = ) faif® < oo},
ji|=0 |i|=0

then, from Parseval’s identity, cf. Theorem 3.8, we have that if f € L2, the coefficients a;,
(uniquely) defining Py f, are in £2. In other words, if the components of the solution vector
a from (2.40) (obtained via (2.42)) are square summable for all N, then the discretization

converges in L2. Furthermore, if the components are absolute summable, we even have
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uniform convergence (cf. Remark 3.21). Necessarily, for a € ¢* (and consequently in ¢?), the
a; have to form a null sequence.
Yet another way is to utilize the fact that a sequence converges if and only if it is a Cauchy

sequence. Thus, with respect to the L? norm and without loss of generality say N > M, then

N
9 9 Parseval
IPNB = PuBlL= > aRil

N
c Z a?, (2.43)
=M i=M

such that, if we find an Ny, where, given an arbitrary ¢ > 0, Zf\iM a? < efor all N, M > Ny,
then (formally) the scheme converges in L?. The same can be done in the supremum norm.
Finally, one can assert that by having a consistent scheme, if it converges in the sense that
calculated solutions for various N satisfy the criteria derived above, it converges to a (or the)
solution of the original problem.

As for the iteration scheme (2.42), one can set 6By = Y. da;R;, where the iteration
obviously terminates if d By = 0 and since the only possible expansion of the zero function
is all da; = 0, we have Z&L? = 0. By being more precise, one has to add that da depends
on the iteration step n, such that da,, forms a (null) sequence with respect to n and hence
a further requirement could be the error da, to decrease (strictly) monotonically for all n
greater than some ng. Overall we impose the stopping criterion on da at the iteration step

Nng as

N
Zéa? <e and  6a,N, in % ng<n <n,. (2.44)
i=0

Note that one could alternatively consider the termination criterion in ¢!, which can slow
down the iteration process, without gaining more accuracy for the solution a. Setting € in
(2.44) at the order of magnitude of the machine precision, typically ¢ ~ 1070, and using

N > Ny yields sufficiently accurate solutions.

Remark 2.19. A serious issue with the procedure (2.42) combined with the criteria (2.44) is
the choice of the initial vector a,. Since the iteration is in fact a Newton method, the initial
guess has to be close (in some sense) to the solution in order for the process to converge.
The method developed in Powell (1970) remedies this disadvantage. Therein it was also
shown, that the proposed hybrid method converges (under certain requirements) even if
the elements of the Jacobian matrix are calculated approximately. The routine HYBRDI1,
developed in Moré et al. (2000) and implemented in the NAG packages mentioned above,
utilizes Powell’s method, such that the user only has to provide the equation system in the
form of, e.g. (2.40). Due to the convergence proof for the iteration given in Powell (1970),
we have an independent test for solutions obtained via (2.42).

In the following we will show the results of some concrete computations for the problems
(2.33) and (2.30) using Powell’s hybrid method as described in Remark 2.19 and the iteration
scheme (2.42). The notions upper branch and lower branch shall refer to the bifurcation

diagram in Figure 4 (for more details on this subject see, e.g. Stewartson et al. (1982) and
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Brown & Stewartson (1983) for the two-dimensional case, as well as Duck (1989) and Braun
& Kluwick (2002) for the three-dimensional problem).

Say I' =2, g = 0 and take C, K from (2.39). Naturally, one starts with the initial vector
ag = 0 to see whether the iteration converges. Table 1 shows the ¢% norm of da,, for various
N (meeting the criteria (2.44)).

(2.42) is striking (as expected, since it is essentially a Newton method). In addition, this

The (almost perfect) quadratic convergence of the scheme

means that a = 0 is already close to the solution.

n/ N 10 20 40 160
1 281 x 107" 2.82x107' 283 x107! 283 x 107!
2 242 %1072 241 x1072 241 x1072 241 x 1072
3 222 x 1074 224 x107% 224 x107* 224 x 107
4 1.82x107%  1.87x 1078 1.87x107% 1.87x107%
5 1.22 x 10716 127 x 10716 1.27 x 10716 1.27 x 10716

Table 1: Iteration error ||da,||?: for various N with initial guess a, = 0.

One can also infer from Table 1 that the iteration not only converges per se (in terms of
dns < 00) but also with NV (considering the lines in the table as sequences in terms of N).
Thus we have established the convergence of the iteration.

As for the solution @, we have the criteria of convergence (as a Cauchy sequence cf.
(2.43)) in the £ and ¢2 norm, see Table 2, and the uniqueness of the coefficients themselves,

which are given in Table 3.

N /norm -7 e
10 048170 1.46535
20 0.48280 1.50366
40 0.48353 153042
80 0.48372 1.55689
160 0.48377 1.56593
320 0.48378 1.57039

Table 2: £ norms of the solution g, for various N.

With the difference ||ag —an||¢ (as elements of a Cauchy sequence in N) from the results

in Table 2 we have

norm | N 10 20 40 80 160
[-1%2 11x107% 73x107* 19x107* 5x107° 1x107°
|-lla  38x1072 36x1072 1.7x1072 9x1073 4.5x 1073

where one can see the slower convergence in the ¢! norm.
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N ag ay as as a4 aio aso

10 —0.5930 —0.1893 0.2123 0.1077 0.1630 0.0065 -
20 —-0.5902 —-0.1879 0.2161 0.1094 0.1680 0.0113 0.0009
40 —0.5896 —0.1878 0.2173 0.1094 0.1693 0.0128 0.0043
80 —0.5894 —0.1878 0.2177 0.1095 0.1696 0.0132 0.0047
160 —0.5894 —0.1878 0.2177 0.1095 0.1697 0.0133 0.0048
320 —0.5894 —0.1878 0.2178 0.1095 0.1697 0.0133 0.0048

Table 3: Some coefficients of the solution @, for various N.

For small i the coefficients of the solution (a;) do not necessarily form a monotone de-
creasing sequence (as can be seen in Table 3), as one would infer from Theorem 3.15. The
results therein are of asymptotic kind, meaning that they only hold for ¢ > 1. Say ¢ > 20,
cf. Table 3, then the coefficients satisfy |a;| < 1072 and therefore they do not contribute to
the characteristics of the solution By, but the assertion in Theorem 3.15 becomes applicable.
Furthermore, we have that the graphs of A = A(z) plotted in Figure 3 using N = 40 poly-
nomials are practically indistinguishable from the graphs using N = 320 polynomials, which
also becomes obvious when considering the change in the leading coefficients from Table 3.
(Even using only 10 polynomials yields an acceptable solution). For the sake of completeness
we mention that the Powell method yields the exact same coefficients as the Newton iteration.

Previous works, e.g. Stewartson et al. (1982), suggest at least one other solution for certain
values of I' in (2.33). To obtain such solutions we make an educated guess for the starting
vector a for the iteration scheme (2.42), say ap = —1, a1 = —1 and a; = 0 otherwise. As
mentioned in Remark 2.19 the Newton algorithm is very sensitive with respect to the initial
guess and therefore imposing this a, did not lead to convergence (independently of N). The
Powell algorithm, on the other hand, did stop at an acceptable solution using N = 40. Then,
taking this solution as the starting vector for N = 10,...,320, we are again able to show

convergence of the Newton iteration, see Table 4.

N /norm |-l e

10 5.31191  5.80099
20 5.33291  6.30836
40 5.34614 6.35881
80 5.34667 6.37136
160 5.34681 6.37918
320 5.34684 6.38336

Table 4: ¢ norms of the (lower branch) solution g,, for various N.
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By calculating again the difference ||asy — ap||¢, as done above, we have

norm | N 10 20 40 80 160

|- 21x1072 1.3x107% 53x107* 14x107* 3x107° -
|- lla 5.1x1071 5x 1072 13x1072 78x107% 42x1073

Thus, convergence for the second solution is also (heuristically) shown and we shall provide

again the leading coefficients, see Table 5.

N / a; ag ai a9 as ay aio a0

10 —1.5818 —1.0007 0.6846 0.6986 0.7324 —0.1461 —
20 —1.5726 —1.0308 0.6244 0.6655 0.7285 —0.1150 0.0337
40 —1.5742 —1.0324 0.6276 0.6675 0.7299 —0.1108 0.0288
80 —-1.5741 —1.0323 0.6279 0.6675 0.7302 —0.1104 0.0291
160 —1.5740 —-1.0323 0.6280 0.6675 0.7303 —0.1103 0.0293
320 —1.5740 —-1.0323 0.6280 0.6675 0.7303 —0.1103 0.0293

Table 5: Some coefficients of the (lower branch) solution a,, for various N.

Comparing Tables 3 and 5 it is clear that the lower branch solutions need more polynomials
to achieve a certain accuracy. This is also obvious from the shape of the graphs in Figure 3.
Considering the leading coefficients with respect to the above mentioned Cauchy criterion,
Table 5 also shows that for a given e the appropriate Ny is definitely higher in case of lower
branch than for upper branch solutions.

To show that the Newton method is in fact able to obtain lower branch solutions, we use
ag to a4 from Table 5 and a; = 0 otherwise as the staring vector and run the iteration for
the usual N. Interestingly, the convergence depends strongly on these ag, ..., a4 in the initial
guess, rather than on N, meaning that if we use only ag, a1 from Table 5, the iteration does
not stop, independently of N. Table 6 depicts the difference in number of iteration steps and
% norms of da,, between taking ag through a4 from Table 5 at N = 40 and taking ag through
az at N = 80. This again emphasizes the sensitivity of the Newton iteration.

Figure 3 shows upper and lower branch solutions of problem (2.33) for I' = 2, found by
using N = 40 polynomials for By in (2.38), where the coefficients are taken from Tables 3
and 5, and finally A from (2.35).

The existence of multiple solutions for various I has been studied for example in Stew-
artson et al. (1982) and Brown & Stewartson (1983) using finite difference and trapezoidal
quadrature methods. The obvious part of the bifurcation (sometimes called fundamental
curve) is plotted in Figure 4, which is best obtained by incrementally increasing I, taking
the previous solution as the initial guess for I+ Al starting somewhere on the upper and

lower branch, respectively.
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=

40 80

8.82x 1071 1.26 x 10°

1.37 x 107! 242 x 107!
7.24 x 1072 2.59 x 1072
4.54 x 107° 571 x 1074
4.06 x 10710 6.17 x 1078
6.83 x 10720 1.28 x 10~1°
- 9.79 x 1031

EN = S N U N

Table 6: Iteration error |da,,||7. for N = 40 and N = 80 with different initial guesses.

3 ] ] | ] ]
-4 -2 0 2 4

Figure 3: Solutions A(z) of (2.33) for the upper (a) and lower (b) branch at I" = 2.

From the fundamental curve one can claim that there exists a certain value [, above
which no (real) solutions can be found. Interestingly, with the approximations used (i.e.
polynomial collocation), the Newton and the Powell iterations do not diverge for I" greater
than this maximum value. The error da, on the other hand, does not satisfy (2.44) and
therefore convergence can also not be observed. The MINPACK scheme provided in Moré et
al. (2000), employing the Powell algorithm, does stop somehow, suggesting the existence of
possible local minima. As described in Powell (1970), procedures relaxing the iteration steps
can be prone to stop at such minima. But eventually, from the non-decreasing error of the

Newton method, we assert the non-existence of solutions.

Remark 2.20. Note the negative values of A in Figure 3(b) indicate the existence of a
separation bubble, whereas the upper branch solution at I = 2 is fully attached. This
already shows the sensitivity of the marginal separation steady states regarding potential
bubble burst, since it is not clear which of the multiple solutions is physically realized when

setting I at a certain value. We will show, on the other hand, in Section 2.3.1 that the upper
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Figure 4: Part of the bifurcation occurring in (2.33), shown as A(0) versus I’

branch is stable in some sense, rendering the lower branch unstable. Moreover, from Figure
4 one can claim situations with separation bubbles of a certain size to be prone to burst.

Overall, we have presented enough evidence to claim convergence for the iteration pro-
cedure and the approximation using the polynomial expansion (2.38) for N, = 0. Since the
only difference when computing solutions to (2.41) lies in the matrices C' and K, it is now
sufficient to obtain similar tables as Table 2 and Table 3 when solving (2.41) to claim the con-
vergence of the approximation (2.38) in the three-dimensional case. In addition, this shows
the applicability of the algorithms from Section 3.3.2 yielding K.

For comparison reasons (i.e. with results presented in Braun & Kluwick (2002)), we show

solutions of equation (2.41) for I" = 1, including a forcing term of the form
_ A A2ni 2
g(z,2) = ~5 TR0, + 0,05, |h(x, 2), (2.45)
with h representing the hump at the surface (see Section 2.1) given as
h(z,z) = 4(1 — z%)3 Ty q(2) exp(—22).

The formula for g is due to the original argument A — h in the fundamental equation (2.28),
where such a local alteration of the surface has to be smooth enough, or say, has to satisfy a
certain boundedness regarding its curvature, such that it leaves the boundary layer equations

invariant. To calculate g(xj, z;), i.e. evaluating the forcing at the collocation points, we say

N
g(!L’,Z) ~ Z bZJRZ(:L')RJ(Z)’
i.j=0
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and compute b;; using Lemma 3.19. From Theorems 3.23 and 3.24, the smoothness of h and
its rapid decay, we assert spectral convergence of the approximation above (cf. Remark 3.16),
meaning very view polynomials are sufficient for the necessary smallness of the discretization
error of the forcing term to be negligible. To obtain the forcing matrix g from (2.45), one
can now use the same algorithm yielding K (as mentioned above).

In virtue of Section 2.3, Remark 2.25, the unknown B shall be approximated by a weighted

Chebyshev series
N, N.

By(z,2) = ﬁ Z > aiRi(x)Re(2), (2.46)

i=0 k=0
where, due to the z-symmetry of the perturbation g, we only need to consider even k in By.
Table 7 depicts the summability of the coefficients (a;x) in (2.46) and Figure 5 shows the
according solution of (2.41) including the forcing term (2.45).

N /norm |-l e

40/8 1.86254 5.09231
60/20 1.83234  5.26795
60/30 1.82945 5.32358
80/40 1.87524  5.38463

100/24 1.84692  5.65930
120/40 1.86450 6.11253

Table 7: ¢ norms of the solution (a;) for various N = (N, N,).

The somewhat irregular convergence behavior in Table 7, in contrast to the two-
dimensional case, cf. Table 2, stems from the varying resolution of the perturbation g (i.e.
the distribution of the collocation points), and the fact that the gradients and curvatures of
the solution with respect to the x-coordinate change stronger than in z direction, see Figure
5. For this reason we compared the graphs of A(z,z), using (N, N,) = (80,40), (100,24)
and (120,40), with the result presented in Braun & Kluwick (2002), which all turn out to be
virtually indistinguishable.

Another way to claim summability, is to consider the convergence and uniqueness of the
leading coefficients (see Table 8). Due to the weighted expansion (2.46) and the far field
behavior of B, cf. (2.35), one cannot expect a fast decrease of |a;;| as i,k — oo (as given
in Theorem 3.15). Hence, to assert absolute summability (i.e. to have uniform convergence),
much more polynomials are needed than given in Table 7. Square summability, on the other
hand, can be easily seen from Figures 6, 7 and 8.

Since the computational costs in the three-dimensional case grow quadratically compared
to its two-dimensional equivalent, we consider the connection between these two to show the
validity of the approximation algorithm from Section 3.3.2. As mentioned earlier, setting
N, = 0 in the expansion (2.38) yields its two-dimensional analogue, such that solving the

three-dimensional case (equation (2.41) with its according scheme) for N, = 0 must give the
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Figure 5: Solid: solution of (2.30) with (N, N.) = (120, 40), dashed: solution of (2.33) with N = 40.

N / aix aoo an2 aio ai12 a0 a22 aso
40/8 —0.37009 —0.12296 —0.44428 0.23478 —0.74872 0.54053 0.17932
60/20 —0.34859 —0.12598 —0.44340 0.23391 —0.74536 0.53794 0.17579
60/30 —0.34588 —0.12480 —0.44346 0.23359 —0.74583 0.53628 0.17540
80/40 —0.37393 —0.10902 —0.44265 0.23619 —0.75279 0.53761 0.18176
100/24 —0.35751 —0.12292 —0.44483 0.23509 —0.74742 0.54022 0.17536
120/40 —0.36665 —0.11541 —0.44694 0.23562 —0.75327 0.53473 0.17551

Table 8: Some coefficients of the solution (a;) for various N = (N, N,).

0.6 T T T T T T 0.2 1 T T T T T T
05 H —
0.4 4

0.3 0.1

02 % i

0.1 |

0

0 . .
0 20 40 60 80 100 120 o 20 40 60 80 100 120

Figure 6: Solution |a;;| at k& = const, i = 0,...,120 for (N,, N,) = (120,40). Left: k = 0, right:
k = 2, dashed line: 1/i.

exact same solution as when solving (2.39), cf. Remark 2.14. Table 9 depicts the ¢ norms for
(aip), i =0,..., N, as the solution of (2.41) at I' = 2 with g = 0.
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Figure 7: Solution |a;;| at ¢ = const, k =0, ...,40 (even), for (N, N,) = (120,40). Triangles: i = 0,
diamonds: i = 1, circles: i = 2, squares: ¢ = 3, dashed line: 1/i.

T T T T
3e-05 |+ .
2e-05 | | [\ B
1e-05 H e .
By PG G AR K-
500 1000 1500 2000 2500

Figure 8: Solution |a;x|? vs. Kk =iN, +k, k=0,...,20, i =0,...,120, for (N,, N.) = (120, 40)
dashed line: 1/k.

)

Ny [ norm |- [|% [P

20 1.41689 2.22812
40 1.43700 2.26451
80 1.40001  2.27665
160 1.41831  2.40480

Table 9: ¢ norms of the solution (a;g) for various N, and N, = 0.
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For convergence being not as obvious here as, for example, in Table 2, we further compare

the leading coefficients for various N, to the according solution of (2.39) using N = 160

polynomials, see Table 10 and Figure 9.

Caveat: Although the solution A = A(x) here is exactly the same as in Figure 3, the

coefficients are different due to the weight used in (2.46).

Ny [ ai ano aio a0 aso aso a6o
20 —1.05158 —0.38061 —0.37543 0.06666 0.11112 0.04507
40 —1.06006 —0.38033 —0.37566 0.07123 0.11676 0.04679
80 —1.04417 —0.37623 —0.37642 0.06875 0.11470 0.04443
100 —0.99730 —0.37386 —0.38242 0.05415 0.10167 0.03698
150 —1.04909 —0.38316 —0.38214 0.06203 0.10826 0.04002
160 —1.04993 —0.37814 —0.37720 0.06969 0.11593 0.04536

Table 10: Convergence of some

0.8

coefficients of the solution (a;9) for various N, with N, = 0 in
comparison to the solution from the two-dimensional algorithm at N = 160 (last line).

0.7 |

06

05 F

04

0.2

15

Figure 9: Solution A(z) from three-dimensional scheme, with N, = 0 and N, = 20 (dashed), N, = 40
(dotted), N, = 150 (solid, almost indistinguishable from A(z) (solid) as in Figure 3(a) gained with

N = 40).

Finally, by having established all necessary convergence properties of the Chebyshev ex-

pansions, we shall emphasize the small equation systems (when compared to the deployed

schemes in previous works) needed to obtain the required accuracy of the solutions. This

then becomes more important in Section 2.3, where the above algorithms will be used for the

spatial discretizations of time dependent problems, hence making it possible to obtain fast

explicit and implicit Euler procedures.
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Remark 2.21. In Fromme & Golberg (1979) it was mentioned that from a converging
Galerkin scheme one can assert the general existence and uniqueness of a solution (in terms
of function spaces). Since collocation methods can be viewed as Galerkin methods, with
the inner product integrals approximated by quadrature schemes, cf. Remark 3.40, we can
formally claim existence of solutions to problems (2.33) and (2.30) in a subspace of L2 (with

respect to the differentiability requirements).

Remark 2.22. An interesting test case is to set g = 0 in (2.41) and to start the iteration
procedure with an initial guess independent of z. According to Remark 2.14 for such functions
the three-dimensional problem reduces to its two-dimensional equivalent. This means, if the
approximation is done correctly and accurately, the iteration, although performed for (2.41),
should yield the same solution as if done for (2.39). This has been tested with N, = 100 and
various IV, and initial guesses for the Newton scheme, yielding satisfying results, i.e. steady
(upper branch) solutions, as shown in Figure 3. If I" is chosen near its critical value I, (cf.
Figure 4) it is highly likely that the two-dimensional solutions will not be obtained by the

three-dimensional scheme as the calculations in Braun & Kluwick (2002) demonstrate.

2.3 Cauchy Problems

In this section we deal with the main objective of the present treatise, namely Cauchy prob-
lems, their well-posedness and the finite time blow-up of certain solutions. Mentioned in
Remark 2.8, initial conditions imposed on these Cauchy problems are yet to be determined
and, as we will demonstrate in Section 2.3.1, may be subject to some restrictions, additionally
to the physical meaning they shall have, as will be seen in Section 2.3.3.

The initial value problem per se, including a far field condition, is given via (2.28) and
(2.29). In complete accordance to Section 2.2 the interaction pressure can be substituted into
(2.28), thus yielding one equation governing time dependent solutions to the steady states
shown in the previous section. Given the polar coordinates (z,z) — (r,¢), A = A(x, z,t)

shall satisfy following problem in R? x [0, T']

A +8 0?2
2 2 _ §1762 _
A X +F 27‘( :1: _ S 1/2 ‘ 517 )‘ A(§17§27t)d§1d€2 ds
1
- / GG D s )

A(z,2,0) = Ag(z, 2), in R?
Az, z,t) ~ c(¢p)r as r — oo, in [0,T].

The far field condition expressed in Cartesian coordinates can obviously be taken from the
steady problem, i.e. (2.31) and ¢ again summarizes the forcing contributions from the pro-

posed hump and/or suction/blowing devices (see Section 2.1).
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As done in Section 2.2 we rewrite the equation in (2.47) by identifying the Abel operators

and the Riesz potential as

A

A2+ =2
2

T 2R (102 + 0,07 A) (2, 2,t) — 7 T (04A) (2, 2,t) + g(, 2,1). (2.48)
The planar problem in R x [0, 7] has originally been derived in Ruban (1982) and Smith
(1982) (without including the perturbation g) and is governed by

A2 — 2?4 T = NTY2(D2A) (2, 1) — v T2 (0, A) (2, 1) + g(, 1), (2.49)

subject to A(z,0) = Ap(z) and A(z,t) = O(|z|) as |z| — .

Remark 2.23. Similarly to the steady case, problem (2.47) can be transformed into (2.49)
by assuming a solution to be independent of z. Also, as described in Remark 2.11 the global,
(z-symmetric) three-dimensional set-up studied in Duck (1990) contains the same operators,

such that the difference lies only in the explicit z dependence of the left hand side.

Remark 2.24. To utilize what has been presented in Remarks 2.12 and 2.13 in terms of
function spaces for solutions, we consider (as is often done in the theory of evolution equations)
the problem (2.48) as an ordinary differential equation with values in some Banach space X,
ie. A:[0,7] — X is continuously differentiable and the right hand side operators map
their domain onto X as well. Obviously, as mentioned in Remark 2.12, X is the space of
bounded, continuous functions with an existing limit at infinity. Normally, one also requires
the initial condition Ay to lie in the domain of the operators, but under certain conditions
such assumptions can be weakened (cf. the definition of a classical solution of abstract Cauchy
problems (2.62)). Here we will confine the set of initial conditions to the domain of the integro-
differential operators, i.e. three times continuously differentiable functions with at most linear
growth at infinity. (In Section 2.3.3 we will be even stricter and only allow for physically
meaningful initial values.)

The properties of the operators in (2.48) on the given function spaces (cf. Remark 2.13) can
only provide a quite general insight into the structure of the problem and possible solutions.
But since we are also interested in certain local qualitative and quantitative characteristics
of solutions (relating to specific initial conditions), a numerical treatment of (2.47) is needed.

As done in Section 2.2 we want to use a polynomial collocation method in spatial coordi-
nates, which is usually set up in, e.g. (C;(R?), |- |ls), for all ¢ > 0 and hence needs an at least
bounded unknown function, cf. Remark 2.15. As shown in (2.35) it is sufficient to subtract
the linear growth v/1 4 22, obtaining the new unknown B = B(z, z,t). Thus, by expanding
B into a Chebyshev series with respect to (x,z) we inherit all the convergence properties

presented in the study of the steady problem in Section 2.2.
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Reformulating the Cauchy problem in terms of B gives

B2+ 214 a2B+ T +1 :2i T2 RY (103 + 0,07 B) (, 2, t)—
T

- fyj%i (0:B)(z,2,t) + f(x) + g(z, 2,1)

(2.50)
B(z,2,0) = By(x,2) < oo in R?

B(x,z,t) < 0o as (22 +2%) —» o0 | .
in [0, 71,
B(w,) = O(|z|™") as|z| — o0

with f taken from (2.37), such that

Ny N

L3 Y aa R R (). @.51)

B(z,z,t) = By(z,2,t) = —
Vita? 55

cf. (2.46), where the coefficients a;; = a;(t) are now functions of time. Considering z-
symmetric disturbances g, we only need to sum over even polynomials in z, i.e. k is even. By

setting IV, = 0 we obtain the expansion for the unknown B in its two-dimensional version.

Remark 2.25. The weight function (1+z2)~1/2 stems from the operator jféi acting on the
time derivative and thus it is only necessary in the unsteady problem. As shown in Section
3.3.2, Remark 3.51, a weight function is needed in order to make the Abel integral acting on
rational Chebyshev polynomials exist. Furthermore, if the function to be expanded satisfies
B ~ |z|* as |z| — 00, a being less than the negative exponent of the operator, then the weight
is given as (1 + 22)7%, 2b + a < 0, 2b being greater than the exponent of the operator. Here
this means, for B(z,-) = O(|z|™1), a = —1 < —3/4, such that 3/8 < b < 1/2. Hence, b = 1/2
is an appropriate choice, although one has to expect slower convergence rates of the sums in
(2.51), since they now have to assume a non-zero constant at infinity, cf. e.g. Theorems 3.16
and 3.17.

Substituting the expansion (2.51) into problem (2.50) yields (using the same notation as
in (2.39) through (2.41))

(Cwa(t))* +2Ca(t)+ I +1=Ka(t)— D %g(t) +f+g (2.52)

where Cw denotes the matrix gained from (2.51) with R;(z) replaced by (1 + 22)~1/2R;(z).
The same has been done for K, as explained in detail in Section 3.3.2, i.e. equation (3.114)
and what follows. The set-up of the matrix D = ka(zl)JEéi((l + 52)_1/2Ri(£)) (x;) is also
shown in Section 3.3.2, i.e. equation (3.106) and Remarks 3.52 through 3.55.

As for the two-dimensional equivalent of (2.52) with N, = 0, it is obvious that the
structure in principle remains the same, and the only relevant changes occur in K, which is
built as described in (3.113) and Remark 3.56, and in D, where Rj(z) becomes Ry = 1.
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To fully discretize (2.52) one still needs to employ an approximation for the time derivative
%, but before doing so, we have to consider the aspect of well-posedness of (2.47), which is

done in the following section.

2.3.1 Ill-Posedness and Regularized Dynamics

For (nonlinear) Cauchy problems (involving partial differential equations) the question of
existence and uniqueness is governed by the Cauchy-Kowalewsky theorem, if the Cauchy
data, given on an analytic, noncharacteristic hypersurface, and the coefficients are analytic.

Another, maybe even more important question, was raised in Hadamard (1923). He
argued that approximating non-analytic data by analytic ones is not so much about how
little the data is altered, but whether the solutions would change much. Hadamard presented
his famous example of the Cauchy problem for the Laplace equation in Ziirich 1917, which
demonstrates that a third requirement (besides existence and uniqueness) should be imposed
on Cauchy problems - continuity with respect to given functions. Later this was paraphrased
as continuous dependence on the data, which might include coefficients of the differential
operators, and is now commonly known as well-posedness.

Furthermore, due to the connection of partial differential equations and the according
initial-boundary-value problems to physics and mechanics, Hadamard (1923) subsequently
assumed, as a rule, every treated Cauchy problem to be ”correctly set”, i.e. well-posed. As
a definition, ill-posed problems are regarded as those, violating at least one of the three
requirements stated above.

Petrowsky (1937) defines the Cauchy problem for u, with initial data ¢, to be correctly
set if (formally speaking)

i) for some initial data ¢, which differs only by an e from ¢, there exists only one solution
u and
ii) for every n there exists a §, such that the difference of % and wu is less than 7, if ¢ is as

close as § to ¢.

He then proved for general, quasilinear Cauchy problems, by means of Fourier expansions

(without terming them as such), that the Fourier coefficients a;(k) of the solution satisfy

> ai(B) () < e(er Y lai(k)(0) + 02/2 | fi(k)(7)[Pdr), (2.53)
ik ik 0 ik

where f;(k) are the Fourier coefficients of a (if present) inhomogeneity, and ¢, ¢, ¢ are positive
constants. Using Parseval’s identity and the L? norm (which Petrowsky stated as the ” growth

rate of an integral”) yields the well-known result for well-posed systems of evolution problems
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(in Banach spaces)

S s < e er 3 [ +e2 [ 3 ficr)|Par).
7 7 0 7

Item i) in Petrowsky’s requirement for well-posedness, with the set of initial data u;(0), is
now obvious from such an inequality.

Next we apply this fact to a homogeneous partial differential initial value problem to
derive a very simple necessary (and in some cases sufficient) condition for well-posedness.
Given a function f and variables k,z € R™, with the usual inner product denoted by (-,-),

the Fourier transform shall be defined as

= /f(x)e_i<k’x>dx. (2.54)
Rn

Consider a linear, partial differential evolution equation of the form
Oru = P(0z)u (2.55)

subject to some initial condition g, where P denotes a polynomial (of arbitrary, finite degree)
with real, constant coefficients. As it is well-known for smooth functions f (with sufficient
decay)

F@OIf) = (R F, (2.56)

where for the multi-index m = (m1,...,m,) € N, 0" =[], 9 and (ik)™ = [1;(ik;)ms
Formally, applying the Fourier transform (with respect to x) to (2.55) yields (denoting Fu =

~

i)
ot =Plik)a = a(k,t) = p(k)e” ),

Hence, a condition for well-posedness can be readily deduced from (2.53), i.e

Z |a(k,t)] Z o (k)[2|eP R 12 < ¢ ezc?tz o (k)|?, Wt
if and only if
PR < et Vi, t, (2.57)

or, necessarily,

RP(ik) < const., Vk e R", (2.58)
meaning that the real part of the complex polynomial has to be bounded from above.

Remark 2.26. For the sake of simplicity consider the polynomial in one dimension. Writing
it explicitly as
P(ik) = ag + a1 (ik) + az(ik)? + - - + am (ik)™
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shows that for the boundedness condition (2.58) it is sufficient to check only the boundedness
for the highest derivative (of which the real part is non-zero).

Replacing f by %) in (2.56), without using the Fourier transform, shows that changing
from differentiation to multiplication also holds for these exponential functions with the exact

same Fourier multipliers, i.e.
amelthm) — (jkymetthe), (2.59)

Originated from physical problems the notion of dispersion relations is often used to consider
the behavior of disturbances in evolution equations, i.e. introducing the perturbation u(z,t) =
eMelk) )\ e C, substitution into (2.55) yields

ei(k,m) 8t€)\t _ e)\t P(am)ez<k,x)

and hence,
AeMeilbe) — 73(1'147)(3Mei<k’9”> = X ="P(ik).

As a necessary condition for well-posedness @ obviously has to remain bounded (or even
decay) for all times, meaning that the real part of A has to be bounded from above for all k,
i.e.

RA=RP(ik) < const., Vk e R", (2.60)

which is the exact same condition as (2.58), derived from the Fourier transformed equation.

Remark 2.27. Some authors use the ansatz function e ei%%) to derive the dispersion
relation, which changes the left hand side in (2.60), but not the actual condition. Say A =
A + 1, thus i\ = £\, F A;, such that the imaginary part of A is responsible for the

boundedness of 4. Therefore, for the exponent i\ the condition reads
FS A = RP(ik) < const.

Thus, from expanding a possible solution into a Fourier series and continuing with its coeffi-
cients (i.e. applying a Fourier transform to the whole equation) one obtains the exact same
conditions as if substituting a perturbation ansatz of the form shown above. The advan-
tage of the dispersion relation can be best seen in the case of nonlinear problems, where a
linearization around some steady state has to be performed.

Let a (weakly nonlinear) Cauchy problem be given as
8tu = P((‘)x)u + u2

and u(z,t) = ug(x) + a(x,t), then u satisfies
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where a Fourier transform would introduce the problem of dealing with the term F(uy),
which, in general, leads to F(u) * F(ug), and one cannot always assume ug to be Fourier

At ik,x)

transformable. On the other hand, assuming u(z,t) = e*'e , as above, one has

)\e)\tei<k,x> _ P(Zk}) e)xtei<k,x> + 2up e)\tei(k,:c>7 (261)

with the dispersion relation yielding ® A = RP(ik) + 2ug(z). Although this means that the
behavior of the disturbance depends on ug, for well-posedness one still needs the upper bound
for R P(ik). Hence, using the dispersion relation ansatz easily shows that nonlinearities do
not change the requirements for well-posedness, just maybe enhance or delay the (temporal)

growth of perturbations.

Excursus I: Abstract Cauchy Problems

In modern mathematics, where evolution equations are often formulated as ordinary differen-
tial equations in Banach spaces, the concept of well-posedness has to be generalized in a way,
such that the above mentioned partial differential equations and the according conditions can
be treated as special cases.

We will now present, in a short and formal manner, the main aspects of these general-
izations, where more details of the theory (which is beyond the scope of this treatise) can be
found e.g. in Engel & Nagel (2000).

Let us define an abstract Cauchy problem as the initial value problem given by

Jyu(t) = Au(t), t=>0,

0 (2.62)
u = Uyp.

With X being some Banach space, we further assume the initial value ug € X, A: D(A) — X
to be a linear operator and call u : Rt — X a classical solution of the Cauchy problem, if
it is continuously differentiable with respect to X, u(t) € X, Vt > 0 and (2.62) holds. The

usual definition of a strongly continuous semigroup (T(t)) >0 then gives u(t) = T'(t)uo.

Remark 2.28. Note that this definition does coincide with the requirement for classical
solutions of (2.47), cf. Remark 2.24, where we assumed the solution to map [0, 7] continuously
differentiable onto X. Here, since T'(t) is (strongly) continuous in ¢, it is sufficient to require
u to lie in X at all times.

As it is well-known, if A is a closed operator, which generates a strongly continuous
semigroup, then there exists a unique solution of (2.62) for every uy € X. For the continuous
dependence on the data, Engel & Nagel (2000) proved the equivalence of the generation of
the semigroup with the assertion that .4 has a dense domain and for every sequence of initial
values (v,) € X, with lim, ., v, = 0, it follows that lim, . u(t,v,) = 0, uniformly in
compact intervals [0,7]. Using this as a definition of well-posedness Engel & Nagel (2000)

essentially proved
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Lemma 2.1. For a closed operator A the associated abstract Cauchy problem is well-posed,

if and only if A generates a strongly continuous semigroup on X.

Let us denote such a semigroup by (T(t)) >0 then (under certain conditions on A) the
semigroup can be expressed as an exponential T'(t) := e with a solution given by u(t) =
T(t)up (cf. matrix exponentials in systems of ordinary differential equations and the Hille-
Yosida theorem for contraction semigroups). Furthermore, there exist constants w € R and
M > 1 such that

Tt < Me¥t, ¥t > 0. (2.63)

Then the infimum wq of the set
{weR: IM, >1, such that (2.63) holds for M, } (2.64)

is called (exponential) growth bound. Combining this with the fact that for A € C, R\ > w,
we have A € p(A), i.e. the resolvent set, and defining the spectral bound

s(A) :=sup{RA: Ae€o(A)}, o=C\p,

one readily obtains —oo < s(A) < wp < 0.

Eventually, by relating P(ik) to the spectrum of the differential operator P(d,), we have
found the more or less exact same conditions for well-posedness in the abstract Cauchy
problem setting as for classical partial differential initial value problems, cf. (2.57) and (2.58).
This can be shown to also hold for a broader class of operators, see Lemma 2.4.

Moreover, as proved in Engel & Nagel (2000), replacing the partial differential operator
0. by (ik), denoting a(k) := P(ik) (also allowing for complex coefficients) and defining A via
these multipliers (cf. (2.56)), the equivalence

A generates a strongly continuous semigroup < sup Ra(k) < oo (2.65)
keR™

holds for all such A acting on L*(R").

Remark 2.29. The equation for the Cauchy problem stated in (2.47) or (2.48) is inhomo-
geneous and therefore one has to make the connection to according inhomogeneous abstract
problems by assuming the homogeneous problem to be well-posed, where a possible solution

is given by the variation of parameters formula, i.e.
t
u(t) = T(t)uo + /T(t —s)g(s)ds, Vt>0,
0

with g containing all inhomogeneous terms. Such a description is often called mild solution,

where further details can again be found in Engel & Nagel (2000).

End of Excursus I
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Motivated by simple partial differential equations and their Cauchy problems we have estab-
lished necessary and sufficient conditions for well-posedness via the boundedness of strongly
continuous semigroups, which relates to the boundedness of associated Fourier multipliers.
To extend this to the operators involved in the problems stated in (2.48), i.e. combinations
of singular integral and classical differential operators, we need certain properties of such
integrals.

One of the earliest works dealing with Fourier transforms and multipliers of (singular inte-
gral) operators is that of Mikhlin (1936). He introduced the notion of a symbol of an operator
and first mentioned that sums and products of (singular) integral operators correspond to
the sums and products of their according symbols.

This has been considered further, providing more details, in the monograph of Mikhlin
(1965), where the important connection to the Fourier transform has been made, resulting in
the fact that the symbol of a singular integral operator coincides with the Fourier transform
of its kernel. That is, let IC be a singular integral operator with kernel K then the symbol
sb(K) can be given as (see Mikhlin (1965))

sb(K) = FK.
Thus, for f in a suitable function space, another form to represent I would be
Kf=F 'sb(K)Ff. (2.66)

N.b.: This is actually a very general and often used form to view operators (and combinations
thereof), which possess a symbol.
Furthermore, it is now completely obvious how sums and combinations of operators are

connected to their symbols, e.g.
]—“((lCl + ]Cg)f) = (.7:IC1 + f’CQ)f = (Sb(lcl) + Sb(ng))ff,
F(K1(Kaf)) = sb(K1)F(Kaf) = sb(K1)sb(K2) F f.

With the use of the Fourier transform it becomes clear why Mikhlin (1965) only considered

actual singular integrals, meaning that the kernel is given as

K@-y)=-27 r=le—yl, 0=(-y/n (2.67)

where wu is called the characteristic, which does not depend on the pole (cf. the Riesz trans-
forms defined in Remark 3.62, as well as Theorem 3.40 and the treatise of Calderon &
Zygmund (1952)). In this case Mikhlin (1965) showed, that the combination of two such
singular operators (and the multiplication of their symbols) commute. For weakly singular
kernels, e.g. the one defining the Riesz potential operator (3.98), the Fourier transform and

hence the symbol have to be considered in a distributional sense, see Remark 2.31 below.
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Remark 2.30. Although using the Fourier transform to gain symbols of (singular integral)
operators is a very well established and practicable technique, associating symbols with op-
erators can be understood in a much broader sense. Mikhlin & Profdorf (1980) introduced
the symbol as an element of a symbol ring v, which is the image of a homomorphism § from
the ring of linear operators $R. Omne then consequently has for a € v, A € R that there
exists exactly one a, such that h(A) = a (the image of A) and at least one A being the
pre-image of a. Also, if A,B € R, a,b € v and h(A) =a, H(B) = b then h(A+ B) =a+b
and h(AB) = ab. We shall refrain from paraphrasing more details presented in Mikhlin &
Profdorf (1980) and just finally mention that the symbol ring v is by far not unique. If the
ring t1 is the homomorphic image of t, then vy can also be taken as a symbol ring for R.

Next we apply the results above to the operators appearing in (2.32) and (2.48) (as well
as their two-dimensional equivalents). As shown in Gorenflo & Vessella (1991) the Fourier
transform of the Abel kernel, K4(z) = H(x)x*"!, see (3.96) for the definition, is

F(Ka) =T(a)(ik)™ = sb(T2) (2.68)

and analogously sb(J72) = I'(a)(—ik)~®. Here, for definiteness, we set (cf. Gorenflo &
Vessella (1991))
(k)™ = k|~ eXp(ZFiozgsgn(k:)).

Similarly the Fourier transform of the Riesz potential kernel, Kr(x) = |z|*", can be calcu-
lated (distributionally) to be

F(KR) = y(@)[k[~ = sb(R?), (2.69)

see (3.98) for the definition.

As demonstrated in equations (2.59) through (2.60) the ansatz function e*e**%) and the
resulting dispersion relations yield the boundedness condition for the multipliers in the same
way as the Fourier transform does. Therefore, we want that approach to be applicable to
integral operators as well. The following lemma states the straight forward extension of the

multiplier property in (2.59).

Lemma 2.2. Let K be an integral operator with a convolution kernel K, of which the Fourier

transform exists (in some sense). Then
KCeilksm) — ,7-"(K)ei<k’m>

holds for all x,k € R™.

Proof. To see this, we simply modify

Kelthe) — /K(x —y)et*v gy = /K(y)ei<k’x_y>dy =
R" R"
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/K k@) =il gy = ¢iloa) /K Je B dy = 00 F(K),

such that substitution of (2.68) and (2.69) shows the validity of Fourier multipliers for integral

operators. [

Remark 2.31. Equation (2.69) actually represents a formal application of the Fourier trans-
form, where Stein (1970) proved the precise meaning of it in a distributional sense. We shall
paraphrase the main idea of this result. Let ¢ lie in the Schwartz space of rapidly decaying
functions, then the assertion of v(«)|z|~ being the Fourier transform of |z|*~" is understood
as

2" = FH(Flafo) PR F () |7,

with the second equality actually meaning

[ el o)z = [At@rF (koo = [ [ (@)l dk o)
= [ @l [ ow)e s di - /wa)wcramdk,

such that |z|*~™ is the inverse Fourier transform of v(a)|z|~® in the sense of distributions.

Remark 2.32. For the Abel kernel there is another, constructive way, to prove Lemma 2.2.

Consider
Jie— e
_ /(:1: _ y)retkeemikay) gy _ gike (jy~(nt1) /(:1: ) (i) ek ) gy —
= (i) ) [ (@ )ik ke My,
where the coordinate transform ¢ = ik(x — y), dy = —(ik)~'dt then yields
e (i) ) [ (<1)enetat = RO+ L),

with I'(n,t) being the incomplete gamma function, such that I'(n,0) = I'(n). In case of the
Abel operator n =a — 1, 0 < o < 1, and hence

jf‘oo(eikx) = eikm(ik‘)_a (F(a, 0) — F(a,ioo)) =T (a)(ik)™® ek,

since I'(n,i00) = 0 if n < 1 (and analogously for J2 ). O

Remark 2.33. The connection, or even say equivalence, between the symbol of a (singular
integral) operator and the Fourier multiplier property, as well as the abstract multiplication
semigroup, lead to the common agreement of also calling (ik)™ in (2.56) the symbol of the

derivative operator 07".
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Denoting any type of operator possessing a symbol by A, we have (> ][] symbolizes all

appearing sums and combinations of the operators)

FOTTAD = O T svAnF ),

for f in a suitable function space and at least for integro-differential operators

(ZHAj)ei<k’z> = (ZHsb(Aj))ei<k’m> (2.70)

holds.
Finally we restate a necessary condition for well-posedness of evolution problems involving

all kinds of combinations of A; as
R ZHsb(Aj)(k‘) < const. Vk e R". (2.71)

Remark 2.34. The study of singular integrals and their symbols also lead to the development
of the theory of pseudo-differential operators. For the sake of completeness we shall briefly
demonstrate the relation of such operators to the operators in equations (2.49) and (2.48).

If m is a real number then S™ = S™(R"™ x R") is the set of all a € C*°(R™ x R"™) such that

for all multi-indices v, d there exists a positive constant C'
|07 00a(x,&)| < CA+[)™ 1, Vo, R, (2.72)

where C' might depend on ~,4§. S™ is then called the space of symbols a of order m.
Let a € 8™ and f be in the Schwartz space then (with f denoting the Fourier transform of

f)
Af(w)i= r) " [ ¢ Sa(e,)F(©)de (273
R
defines a pseudo-differential operator of order m, with Af being again in the Schwartz space.
The above definitions are taken from the renowned monograph of Hérmander (1985).
Since A maps the Schwartz space into itself, by ignoring the factor (27)~™", which is due to

different definitions of the Fourier transform, one can rewrite (2.73) in the form

F(ASf) = ala, K)(Ff)(F),

which shows the relation to singular integrals and classical derivatives, cf. (2.56) and (2.66).
Allowing the symbol a to also depend on z is in accordance to non-constant coefficient
derivative type operators and singular integrals, where the characteristic depends on x, cf.
(2.67).

Considering the symbols sb(J£,) x (£ik)™ as well as sb(R®) o |k~ in virtue of the
boundedness condition (2.72) readily shows, that singular integrals are not pseudo-differential

operators. On the other hand, it is straight forward to show, that every classical derivative
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operator P(9y") (allowing also for non-constant coefficients) is in fact a pseudo-differential
operator.

Furthermore, combinations of derivatives with singular integrals, as those appearing in the
equations considered here, cannot be regarded as pseudo-differential operators (at least not
in the sense of Hérmander), since higher derivatives of terms like |k|*, o ¢ N, will eventually
lead to a singularity of the symbol at £ = 0 and consequently violate (2.72).

However, some authors still view operators associated with non-smooth symbols as pseudo-
differential operators, if the exponent « is at least greater than one, i.e. if at least one order

of differentiation appears.

Remark 2.35. A probably more appropriate way to view operators with symbols of the
form |k|*, o € RT, is via the notion of fractional derivatives. In this context a combination
such as 07 7%, is sometimes called Weyl fractional derivative of order n — «, in contrast to
Riemann-Liouville fractional derivatives, where the bounds of the integral are finite.
Another important type of derivatives are that of Caputo, as given, for example, in Podlubny
(1999),

n
—_eo DY f(t) = F(nl— ) / i ;f:_))gr)l_n dr, n—1<a<n,
—oo

such that one can easily show, for a — n, _D§ — d"/dt".

Thus, for example, Oon/ 2 (omitting the constant 1/I'(1/2)) yields the same operator as
010/ 28:%, which appears in (2.34). Further properties of fractional calculus can also be found

in Podlubny (1999). It is worth mentioning that he devoted a chapter to what is known as

spectral relationships. That is certain fractional integrals applied to special types of orthog-

onal polynomials yield again sets of orthogonal polynomials. Interestingly such relationships

only exist for operators on bounded intervals, so that they cannot be applied to the cases in

Section 3.3.2.

We will now show how all the above mentioned applies to the Cauchy problem (2.47). Let
us start with the two-dimensional analogue (2.49). First formally inverting j_léi and writing

the time derivative term on the left hand side, to gain a typical evolution equation, yields
A = 2T 7 TH(92A) (2. 1) + F(A), (2.74)

where F(A) contains the nonlinearity and the inhomogeneity, cf. Ruban (1982).

Remark 2.36. The formal inversion of an Abel integral operator has been demonstrated in
Gorenflo & Vessella (1991), by an actual inversion of the integral. A much easier way to do
this is with respect to its symbol (and since it is only a formal inversion we need not to worry

about the applicability of the Fourier transform). Thus, for 0 < a < 1,
« -1 o — - o . . o—
sb([ﬁj_m] ) = sb(piay o)~ = (iK)* = (ik)(ik)* ! =
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= iy (0 T(1 — @) (ik)*,

=sb(J12%)

where we finally obtain

a 11
(e 2]

Note that we have taken into account the constants involving the gamma function, such that

= ey e T2 (2.75)

the formula coincides with the result given in Gorenflo & Vessella (1991). O

As for the commutativity of classical derivatives with fractional integrals we refer to Pod-
lubny (1999). Additionally, ProfSdorf (1974) relates the inversion to the symbol by proving,
e.g. for Wiener-Hopf equations on R™, that for bounded operators with absolute integrable
kernels the (one-sided) inverse is bounded if and only if the symbol does not have any zeros
on [—oo,00]. This does in fact also hold for the Abel operator above (as shown in Gorenflo
& Vessella (1991) via the ill-posedness of equations of the first kind on L?).

It has been demonstrated above, cf. (2.61), when considering the conditions for well-
posedness we do not need to take into account the additional term F' in (2.74). Thus,

in virtue of abstract Cauchy problems and Fourier symbols we say (omitting all positive

constants)
A2D = [jééi]_ljolo/28§ =
(2.76)
sb(Aap) = (ik)*4(—ik)~Y2(ik)? = (ik)®/* (—ik)3/?
and as established in (2.65) in connection with (2.71), we calculate
R sb(Aap) = R k[ 16580 F — 1|9/ cos (32), (2.77)
———

>0

which proves that no upper bound for the real part of the symbol can be found Vi € R.
Thus, the Cauchy problem associated with (2.49) is ill-posed in general.

Performing the same modifications in (2.48) yields (relating (z, z) with (k,) in the Fourier
transform and omitting positive constants)

Asp = [T T2 RY (0P +0,07) =

— 00

(2.78)
sb(Asp) = (ik)3 (k) V2 (k2 + 12)7V2((ik)3 — iki?) = —(ik)>/ (K + 12)V/2,
and by again considering
R sb(Azp) = —R k|71 S8UMF (k2 4 12)1/2 = kP4 (K% 4 12)1/2 cos (), (2.79)
0
<

general ill-posedness can be inferred as well.
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Remark 2.37. Say Ay is a solution of the steady problem (2.33) and A(x,t) = Ag(x) +
A(z,t), assuming the perturbation to be small, |A| < 1, then A has to satisfy

QA = AT T TYHPA) (1) — 2/ [ TR T Adg.

As mentioned above, to derive the dispersion relation one substitutes fl(az, t) = et kT guch
that (omitting all positive constants)
w = sb(Azp) — 2(ik)** Ast, (2.80)

where we have assumed a plane-parallel, unperturbed flow, such that Ay = const., as given
in Ruban (1982), which is valid for large, negative I". Therein k was further assumed to be
real and positive. In Ryzhov & Smith (1984) a similar relation has been calculated, where Ag;
was replaced by a linear approximation. Both works mention the occurrence of instabilities
for a certain range of k, whereas only Ryzhov & Smith (1984) put this in the context of
incorrectly posed Cauchy problems.

For the three-dimensional problem (2.47), a relation of the form (2.79) has never been
derived so far, although numerical solutions and further studies for the steady and unsteady
case have been presented, e.g. in Duck (1989), Duck (1990), Braun & Kluwick (2002) and
Braun & Kluwick (2004), where the question rather is and remains, in which sense (if any)
do solutions have to be understood.

We will delay the theoretical investigation of ill-posed problems and first present some

illustrations by numerically solving (2.49) and (2.47), i.e. by fully discretizing (2.52). Say

d a —a
tn = At tm) = —alt ~ =m+1l  =m
mAt, - a(tm) = @, —a(t) . A7
then the explicit Euler forward scheme for (2.52) reads
Uyt = A + AtD VK a,, + f+g— (Cwa,,)* —2Ca,, — ' - 1], (2.81)

which applies to both (2.49) and (2.47), as explained in the previous section. The matrix D
can very well be expected to be non-singular for all (N, N.), although one shall carefully
consider the issues mentioned in Gorenflo & Vessella (1991), since this represents a formal
inversion of an Abel operator, cf. (2.75).

From the analysis presented in, e.g. Gottlieb & Orszag (1977) and Hesthaven et al. (2007)
one can reasonably assume the Chebyshev collocation method combined with the Euler for-
ward time integration to be conditionally stable for well-posed problems, i.e. as long as a
certain restriction on the time step At is satisfied (cf. CFL conditions). In one space di-
mension such a condition might read At < ¢N~P, p depending on the spatial operator (for
example, p = 2 for a simple advection operator and p = 4 for linear diffusion problems, see
e.g. Canuto et al. (2006) for more details).
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The scheme for the fully discretized two dimensional problem (2.49), with results de-
picted in Figure 10 using the parameters N = 50 (left), N = 100 (right) and At = 1078, can
be expected to lie within the stability region of the method, provided the according prob-
lem is well-posed. Thus, we conclude that the oscillations shown are not due to numerical
instabilities, but come exclusively from the ill-posedness.

What can be further inferred from Figure 10 is that when such problems are numerically
solved with a direct method (i.e. the explicit scheme in (2.81)), the better the resolution (i.e.
the higher the spatial accuracy) the worse the instabilities, meaning here, that they grow
faster (cf. t = 1.2 x 1072 on the left versus ¢t = 4 x 1073 on the right). Gorenflo & Vessella
(1991) made a similar assertion for solving Abel equations of the first kind.

Another aspect relates directly to the dispersion relation and the symbol of the (fractional)
derivative operator. Due to the parabolic-type shape of the real part, cf. (2.77), one can see
that larger k£ result in larger w in (2.80), i.e. the disturbances grow faster. Since k can
be (formally) associated with the coefficient of the polynomial of degree k (for Chebyshev
expansions are directly linked to Fourier series, as mentioned, e.g. in Mason & Handscomb
(2003)), one can readily explain the different behavior for N = 50 and N = 100 in Figure 10.
N.b.: The connection to Fourier analysis, with the conclusion of instabilities getting worse
with higher spatial resolution, is also the reason for the stability condition (for well-posed

problems) to become stricter if more polynomials are used.

20 T T

Az, t)
15 -

10 —

—
8

.15 1 1 1 1
-3 -2 -1 0 1 2

Figure 10: Solution of (2.49) using an explicit Euler scheme, At = 1078, I' = 2, g = 0, Ag(z) =
V1 + 22 (dashed). Left: N = 50, t = 1072 (small oscillations), t = 1.2 x 1072 (large oscillations).
Right: N =100, t = 3 x 1073 (small oscillations), t = 4 x 1072 (large oscillations).

A similar situation can be observed in the three-dimensional case, i.e. the explicit Euler
scheme shows fast growing disturbances. In Figure 11 we plotted a solution of (2.47), with

an initial condition of the form

22 -1
Ao(z,2) =1+ 22 + , 2.82
ol 2) T AT e (2.82)

93



which comes from setting ags = 1, a;, = 0 otherwise, in (2.51). Up to t ~ 5 x 1073 the
solution A = A(z, z,t) remains almost equal to Ay (dashed lines in Figure 11) and then, in
full agreement with the dispersion relation (cf. the symbol in (2.79)), disturbances start to

grow.

-3 -2 -1 0 1 2 3 0 1 2 3 4 5 6 7 8

Figure 11: Solution of (2.47) using an explicit Euler scheme, (N,, N,) = (35,40), At = 1075, I" = 2,
g=0, Ag from (2.82), at t =5 x 1073 (dashed) and ¢ = 1.5 x 1072 (solid)

Remarkable about the situations illustrated in Figures 10 and 11 (considered as solutions
of (2.50)) is that the data, i.e. the initial condition, is analytical in the two-dimensional
case (all a; = 0, hence By = 0) and smooth in the three-dimensional case, i.e. By =
(14 22)712Ry(2) (cf. (2.82)). Also, as the unknowns are the coefficients, the initial data
are prescribed with exact values. We therefore conclude that with the discretization per se,
meaning solutions for ¢ > 0 are only approximately represented, sufficient perturbations are

introduced.

Remark 2.38. As shown in Remark 2.14 the operator J_léi RY (03 + 0,0?) is equivalent
(modulo some constants) to jolo/ 28:% when acting on functions independent of z. In the
unsteady problem this means we solve problem (2.50), g = 0, for solutions in R? with By =
By(z). Despite the growing instabilities (using e.g. (N, N.) = (50,20)) the solution mimics
a behavior of A(z,z,t) = Agp(x,t) + Az, 2,t), with |A| < 1 and Ayp being almost equal
to the solution in the left graph in Figure 10 (cf. also Remark 2.22). Then, before the whole
solution A may develop visible z-dependence, it gets destroyed by the heavy oscillations in x.
Comparing this observation with Figure 11 we assert that the approximation of j_lg RY (02 +
0,0%) is accurate enough not to introduce too much artificial z-dependence to purely z-
dependent solutions, even though, the approximated operator itself initiates disturbances in
z. Furthermore, since the real part of the symbol (2.79) is linear in |I|, but "a little more
than” quadratic in |k|, the ill-posedness is much more severe with respect to x.

After Hadamard presented his seminal example for the Cauchy problem of the Laplace

equation, it became common practice (see e.g. Hadamard (1923) and Petrowsky (1955)) to

54



first prove continuous dependence on the data and hence, to only treat well-posed problems
by arguing that everything else would be unphysical.

It was not until the second half of the twentieth century when a theoretical basis for inverse
problems started to develop. The two most prominent examples are integral equations of the
first kind, see e.g. Gorenflo & Vessella (1991), where the operator is compact between the
considered function spaces, and the Cauchy problem of the backward heat equation, sometimes
more generally also called final value problem.

The monographical work by Tikhonov & Arsenin (1977) was the first summarizing the, at
that time, established knowledge on improperly posed problems. Therein it was stated that
the notion of ill-posedness shall always be connected to the function spaces the problem is
considered in. That is, speaking in the most general way, given a mapping ¢ : X — Y, with
(X,Y) being metric spaces, such that the problem of finding = when given y, i.e. ¢(z) =y
is ill-posed in some subspaces (Xi,Y7), might very well be well-posed on other subspaces
(X2,Y5) or in different metrics. To work on metric spaces is necessary, since one needs a
precise meaning of the distance between various given data and their according solutions (cf.

conditions ¢) and ii) from Petrowsky (1937) stated above).

Remark 2.39. For the class of abstract Cauchy problems such as (2.62) (which also contains
problem (2.47)), the inverse of the mapping ¢ is the strongly continuous semigroup (T(t)) 00
where we have shown above, via the symbols (2.77) and (2.79) and the equivalence (2.65), that
the Cauchy problems dealt with here are ill-posed on L?(R?), i.e. T'(t) is unbounded (and thus
discontinuous) on every bounded time interval, cf. (2.63). As mentioned in Remarks 2.12 and
2.15 a classical solution is actually expected to lie in a subspace (due to the differentiability
requirements), where it is reasonable to assume the existence of smaller subspaces for solutions
(and initial data) in which the problem (2.47) is well-posed. On the other hand, the question
of the meaning of such restrictions with respect to the (physical) interpretation of the solutions
remains.

Finding subspaces in which the considered problems are well-posed has been termed
selection method in Tikhonov & Arsenin (1977), where the following lemma was proved,

providing a very basic assertion.

Lemma 2.3. Suppose that a compact subset X of a metric space Xq is mapped onto a subset
Y of a metric space Yy. If the mapping X — Y is continuous and one-to-one then the inverse

mapping Y — X is also continuous.

Proof. see Tikhonov & Arsenin (1977) O

In other words, if we allow only for solutions lying in a compact subset, we obtain an
admissible set of initial data, on which the mapping is continuous, i.e. the solutions depend
continuously on the data. Such a result is obviously only the theoretical basis for selecting

appropriate spaces and metrics and does not give a concrete strategy.

Remark 2.40. An attempt to impose or derive some restrictions on solutions of (2.49) has

been made in Ryzhov & Smith (1984) by providing, as an example, a concrete formula for a
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possible disturbance A (cf. Remark 2.37), such that F A has compact support. As mentioned
further therein, a compact support of the Fourier transformed perturbation is sufficient, but
not necessary, for it to remain bounded (on finite time intervals). Braun & Kluwick (2004),
on the other hand, remarked that solutions, when being in L' with respect to z, decay to
zero in its Fourier transformed representation, which stands as a necessary but not sufficient
condition, since nothing can be said about the rate of decay, which has to be faster than |k|%/4,
according to (2.79). What remains is the slighter, but still unbounded growth of disturbances
with respect to [I|.

Remark 2.41. Concluding from the previous remark, we claim that for most problems
(especially in physics and engineering) Lemma 2.3 is more or less inapplicable (as was also
stated in Tikhonov & Arsenin (1977)), either due to the involved operators or due to the set
and structure of the initial data. As said, because of the real parts of the symbols (2.77)
and (2.79), regarding the Fourier transform of possible solutions of (2.48) and (2.49) the
requirement of either compact support in R and R?, respectively, or fast enough decay, is
sufficient.

For the sake of completeness it is worth mentioning that another remedy would be to
bound derivatives of solutions (up to some order and in a certain way) on bounded time
intervals. Thus, oscillations of the form shown in Figure 10, for example, are not permissible
to occur in solutions. This can be associated to the decay of the Fourier transformed repre-
sentation via the concept of Gevrey classes and ultradistributions, which are often found in
connection with pseudo-differential operators. Since this subject is beyond the scope of this
treatise, we shall only mention (see, e.g. Rodino (1993)) that if the Fourier transform of a

function f belongs to the dual of the Schwartz space, satisfying for C' and ¢ > 0
F(F)(k)] < Cem T,

then f lies in the Gevrey class G*(R"™), i.e. for every compact subset K C R" there exists a

positive constant ¢, such that Vo € K and multi-indices m
0 f ()] < ™I (1),

consequently providing bounds on the derivatives and/or sufficient decay for the Fourier
transformed solutions.

Lemma 2.3 and Remarks 2.40 and 2.41 are of rather theoretical nature, in the sense that
there exist initial data and according solutions for which the Cauchy problem (2.47) and its
two-dimensional analogue are well-posed, but they do not include any instruction on how
to choose appropriate initial data in concrete, let alone possible schemes to depict solutions
approximately.

Moreover, if one would impose some restrictions on the solution, such as compact support
in its Fourier transformed or choosing a certain Gevrey class, an argument has to be found

on how to relate this to the physics the solution shall describe. Another question remains
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on whether the impositions are too strict, such that one can only obtain a small part of the
information the problem actually contains.

For this reason one shall always take into consideration the fact that investigating ill-
posed problems in applications is two-fold. On the one side, a theoretical study has to be
done on how or in which sense the problem is improperly posed or unstable, as has been
presented so far in this section, on the other side, appropriate methods have to be found
or developed to actually find qualitative and/or quantitative descriptions of initial data and
solutions, without being too restrictive. Such strategies are now commonly referred to as
reqularization methods.

It was stated in Tikhonov & Arsenin (1977) that in most applied problems, as the one
studied here, the set, in which possible solutions are expected to lie, is not compact. Thus,
as argued before, considering the problem only on compact subsets might leave out just the
information one wants to obtain. Such problems were termed genuinely ill-posed, for which
the concept of reqularizing operators was introduced.

Given the equation Ax = y, such that the exact solution x* corresponds to the datum y*
and metrics px and py, then an operator B(y, a) is said to be regularizing in a neighborhood

of z* if

i) there exist numbers «q, dg, such that B is defined for any o and y with 0 < a < 9 and
py (Y, y*) < do;

ii) there exists an a(¢), such that for every € > 0 there is a number §(e) < &y, where for

py (y,y*) < d(e) and an x4 € X, px(2q,2*) < € holds.

We then call z, = B(y, «(d)) the regularized solution and « the reqularization parameter.

Remark 2.42. As mentioned in Tikhonov & Arsenin (1977) a regularizing operator is not
uniquely associated to a given equation and vice versa. Also, one can choose «(d), such that
for § — 0 (i.e. in the limit of exactly given data), the regularized solution approaches the
exact one, i.e. px(zq,x*) — 0. It was thus proved in Tikhonov & Arsenin (1977) that if for
an operator B

lim B(Az,a) =

a—0
holds for every x € X, B is a regularizing operator for Az = y.

Tikhonov & Arsenin (1977) further develop methods of constructing regularizing operators
and finding the optimal value of the parameter a. We shall not go into such details and
continue with how to regularize Cauchy problems of evolutionary equations.

In virtue of the definition above Lavrent’ev et al. (1986) demonstrated for the abstract,
homogeneous Cauchy problem (2.62) with A positive, self-adjoint and unbounded (e.g. the

negative Laplacian) and thus rendering the problem ill-posed on [0, T, the operator

B= (11 pt)eT) T, () = %(1 _¢)T) 2T (2.83)
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to be bounded and regularizing in the sense that for initial data ||ugs — ugl| < 9, ||Bugs —
u(t)]| — 0 on [0,T), as 6 — 0. Here [ is the identity and M is an upper bound for solutions
w on [0,7]. Since B(t) is a strongly continuous semigroup, not quite practicable in this

representation, Lavrent’ev et al. (1986) further approximated B by a polynomial in eA”

and
t, and together with the spectral description obtained a more applicable form.

Other works on regularizing abstract Cauchy problems, e.g. Showalter (1974), use the
technique of quasireversibility (a notion owing to the works of R. Lattes and J.-L. Lions).
Roughly speaking, this method adds or subtracts terms multiplied by a (small) parameter
to the equation, such that the thus resulting operator generates a semigroup on the desired
function spaces.

Obviously, the extension to inhomogeneous problems can be made, see e.g. Campbell Hetrick

& Hughes (2007), who regularized the initial value problem (with —A generating a semigroup)
Owu(t) = Au(t) + h(t), w(0)=ug ~ Ow(t) = f(Av(t)+h(t), v(0)=muy, (2.84)

with f(A) generating a semigroup (e.g. f(A) = A—a.4?), such that the problem for v is well
posed and proving that v is close to u in some norm on [0,7"). This has then been successfully
applied to the backward heat equation, i.e. —A is replaced by —A — aAZ.

It is worth mentioning that all these methods fall into the category of regularizing operators,
demonstrating again the multiple possibilities to regularize an ill-posed problem.

Although, with using regularizing operators, one is able to circumvent the difficulties
in ill-posed problems, by obtaining stable (in some sense) approximate solutions, close to
the sought ones, they do not necessarily result in a practicable scheme to actually calculate
solutions (in some sense).

We will hence distinguish two strategies. One is to regularize the problem via the analysis
above and then to solve the approximate problem with established discretization techniques.
The other is to first discretize (or approximate) the ill-posed problem and then stabilize the
finite-dimensional version. Eventually, in an appropriate limit, both approaches should yield
the same, or at least very close, solutions.

The first method has been successfully applied to the backward solution of parabolic
problems in e.g. Eldén (1982), where (2.83) was used on ¢ € [0,1] to describe the well-
posed approximation, which was then further discretized, in the spectral representation of
the semigroup, by Padé approximation in time (of which the backward Euler procedure is a
special case). There are, of course, other possibilities to first approximate and then discretize
as shown, for example, in Jonas & Louis (2000), where the concept of mollifiers was used.
Such an approach falls into the class of filter methods. The monograph of Louis (1989)

provides a good introduction (among other techniques) to such types of regularization.

Remark 2.43. Restrictions to solutions with compact support (or fast decay) in their Fourier
transform (cf. Remarks 2.40 and 2.41) can be viewed as a filter method. In fact, instead of

only allowing for solutions with compact support, one could introduce a ”cut-off”’-function
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(i.e. a filter), such that all solutions obtained by some method using this filter automatically
have this compact support. The general idea, as presented in Louis (1989), is to consider the
so called singular system of the generalized inverse (i.e. minimizing functional) and then cut
off the growing part of the singular values.

We have now gathered sufficient mathematical information to assert that the Cauchy
problems (2.48) and (2.49) can be regularized by adding or subtracting an appropriate higher
derivative term on the right hand side, cf. (2.84). The idea obviously is to replace the
equation in (2.50), such that the Cauchy problem becomes well-posed for the same set of
initial conditions. This is, of course, everything but a unique way, and hence we need some

constraints. By generalizing the equivalence (2.65) we get

Lemma 2.4. Let the operator T(t) be defined via T (t)u := e*u, u € L*(R™). If A possesses
a symbol sb(A), then A generates a strongly continuous semigroup on L*(R™), if and only if
the real part of sb(A) is bounded from above. Thus (T(t))t>0
finite time t < T. Additionally, the spectra of A and sb(A) are equal.

is continuous on L? for every

Proof. This has essentially been proved in Engel & Nagel (2000). Although the assertion was
shown for the case of classical derivative operators the argumentation is the same. For the
sake of completeness we shall summarize the main idea. The symbol sb(A) regarded as a
(continuous) function on R” generates a strongly continuous semigroup M (¢) (a multiplication
semigroup, to be precise), if and only if sup(R sb(A)) < oo over all k € R™.

Since F is an isomorphism on L2, we have that the strongly continuous semigroup T(t) =
F~LM(t)F is given by the generator B = F~1sb(A)F. By using the alternative description
of operators from (2.66) we also have A = F~1sb(A)F. The equality of the spectra follows
immediately. O

From Lemma 2.4 we infer that by altering the right hand side derivative type operator
in (2.50), such that its symbol satisfies the requirements, we obtain a well-posed problem,
which we then numerically solve by the usual combination of spectral collocation in spatial
coordinates and a time marching scheme. But this imposes a constraint on finding the
appropriate higher derivative terms, that is, the order of differentiation should be as small as
possible, otherwise the restrictions on the discretization parameters become too strong.

An educated guess thus yields —ad2B for the two-dimensional and a(—382 + §%)B for
the three-dimensional problem, with « being the (usually small) regularization parameter.
That these derivatives are of higher order than the original ones is straight forward and with
Remark 2.26 it should suffice to consider the real parts of their symbols. But due to other
aspects, discussed later, we shall give the full formulae for the new overall right hand side
operators.

Caveat: Neither the signs nor the order of differentiation in those higher derivative terms
have any special meaning so far. They were just chosen in such a way that one can find the

required upper bounds and to work as ”mollifying” as possible for the numerical calculations.
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For the new symbols, we define, in accordance to (2.76) and (2.78),

A o= (7707 (4202 - a2
(2.85)
@D:Lﬁﬁ”<iﬁnw@+afnﬂe@+@0,

such that (omitting the usual constants)

sb(Asp) =(ik)>(—ik)*/? — alik)'Dt = Rsb(Asp) = [KI”4(c1 — calk[*/?)
sb(A5p) = — (ik)** (k* + 1%)Y2 — a(ik)'™/* — a(ik)3 /"1 =
R sb(A3p) = ol b/ (6 41312 — cal k' — el /102,
with ¢1,c2 = c2(a), c3 = c3(a) being positive.

Remark 2.44. The real part of sb(A5})) is obviously bounded from above, since
a—alkP?>0 o |k <(a/e)??,

but, we shall mention this for later discussions, there exist intervals where the real part
of the symbol is positive. As for sb(A3,), we consider its real part in polar coordinates
(k,1) — (7, ¢), obtaining

R sb(Azp) = r/*|cos(9) /" (e1] cos(9)['/2 — ear®/?| cos(9)[* — e5r!/ sin(6)?),
where it is easy to see that some finite R(¢) exists, such that
c1] cos(9)|? — ear®/?| cos(¢) > — esr/?sin(¢)? >0 < r < R(e).

Thus we have again an upper bound for the real part and some regions, where the real part
is positive.
Overall, the regularizing operators generate strongly continuous semigroups on L? and hence,
from Lemma 2.1 the associated homogeneous Cauchy problem is well-posed. O
Lemma 2.4 cannot be extended in a straight forward manner to hold on L*>°(R™), since it
needs the isomorphism of the Fourier transform. To show the boundedness of the semigroup
T(t) in the L norm, we employ a different strategy. Application of the Fourier transform
to (2.62) obviously yields T'(t)u = F~1(e®*At) s 4. Consider

70l = 177 () sl < e [ 177 M @)ldn = [l 77PN, (286)
such that the inverse Fourier transform of the exponential of the symbol needs to be absolute

integrable for all t+ < T. For symbols of the form —|k|*, 1 < X\ < 2 this has been proved in
Droniou et al. (2002) (on the real line), where they additionally showed that the L' norm
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is equal to one Vt > 0, i.e. the semigroup remains bounded in the long time limit and
furthermore, a maximum principle holds in such cases.

To relate this to the present problem we state

Lemma 2.5. The regularizing operator A%, defined in (2.85) generates a strongly continuous

semigroup on L*(R) fort <T.

Proof. One needs to show condition (2.86) to be satisfied by the symbol of the operator.

First, boundedness follows from
‘ /esb(AED)teikadk,‘ < / ‘eSb(.A;D)teikx|dk _ / ‘esb(.A;D)t‘dk,,

since |e*?MAzp)t| = R sb(A2p) ()t < oo Yk and decays faster than |k|~! at infinity (see Remark
2.44). In other words, e®*(43p) ¢ LY(R), which is necessary for the inverse Fourier transform
to exist. As for the decay in terms of x, we use integration by parts twice, where the boundary

terms vanish due to the strong decay of the exponential, yielding

‘/esb(AgD)teikmdk‘ — i
72
R

* - 1 *
2 sb(A% )t ik 2 sb(A% )t
/akes ( 2D) CZ wdk S FHakes ( 2D) ”Ll.
R

Calculating |07 sb(A% )| one can readily deduce the existence of the L! norm. The estimate of

quadratic decay with respect to x of the term on the very left hand side finishes the proof. [

Remark 2.45. In contrast to the symbols considered in Droniou et al. (2002), the semigroup
generated by A3, does not remain bounded as ¢t — oo because of the positive parts of the
symbol (cf. Remark 2.44). Droniou et al. (2002) also mentioned for results in more than one
dimension, e.g. for the semigroup generated by A3}, a proof as done above becomes heavily
involved. Although having e**3p)* € L'(R?) is again straight forward, using integration by
parts to obtain asymptotic estimates for the decay with respect to x is not recommendable.
Still, we can expect the inverse Fourier transform of e5?43p)* to decay sufficiently fast in z

and hence has finite L' norm.

Remark 2.46. To show well-posedness on [0,T") for the whole regularized problem (i.e. using

the operators in (2.85) in (2.48)) one needs to consider the mild formulation of the solution
t

B(t) = ¢4 By + / A3 P(B)ds, (2.87)
0

where F' includes all other terms appearing in (2.50) (and its two-dimensional analogue).
From the (local) Lipschitz continuity of the nonlinearity in B and the boundedness of the
inhomogeneity we formally claim, based on the findings in Achleitner et al. (2011), the bound-

edness (in the L norm) of the second term.
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We will now turn to the numerical solutions of the regularized problem. Since well-
posedness is sufficiently established, we can apply the explicit Euler scheme described in
(2.81). The term D™ 'K is replaced by the collocation approximation of A* from (2.85).
An advantage of the polynomial approach is having an exact description of the regularizing
operator (since derivatives of polynomials can be given in closed form, cf. Section 3.1, Remark
3.2), such that the regularization does not introduce additional discretization errors.

As described in the paragraph following (2.81), for stability certain restrictions on the
time step have to be satisfied. The parameters used to obtain Figures 10 and 11 are assumed
to meet these conditions and hence we use the same setting for numerically solving the
regularized equation.

As expected, the explicit Euler scheme is stable and yields some plausible time evolution
on, e.g. t € [0, 1], which is shown in Figure 12 (left), starting again from Ag(z) = /1 + 22.

Remark 2.47. As it is known from classical textbooks such as Forsythe & Wasow (1960),
if an initial value problem is well-posed, an implicit scheme (e.g. backwards Euler or Crank-
Nicholson) is unconditionally stable (under certain conditions) and therefore allows for larger

time steps. The discrete problem (2.81) thus reads
i1 = [D— ALK 420t C] 7 (Day, + At(f + g — (Cwa,) — I = 1)), (2.88)

which is still first order accurate in time, cf. (2.81). As usual we can reasonably expect the
matrix on the right hand side to be non-singular. Notice that this should rather be called a
semi-implicit scheme, since the quadratic term in ¢ is evaluated in an explicit sense, i.e. at
the previous time step. As proposed in Scheichl et al. (2008), a linearization of the nonlinear
term at the respective time step m + 1, with respect to previous ones m,m —1,..., can yield
a higher accuracy for the right hand side evaluations at the respective time step.

In Figure 12 (right), we used the backward or implicit Euler scheme, aiming to depict some
long time dynamics of the problem. Since the results for t > 0 gained from the regularized,
explicit Euler approach can be regarded as sufficiently accurate, for the time step is very
small, we have to compare them with results from the implicit scheme using different At.
Such comparisons can then be utilized to find an upper bound for the time step in the
implicit scheme, regarding the growth of discretization errors as At . In the case studied
with approximately At < 1/100 the solutions from the explicit and implicit method are
virtually indistinguishable. Hence, results involving longer time intervals are best obtained

with the implicit method (allowing for faster, but equally accurate, computations).

Remark 2.48. The most striking observation, which can be made from Figure 12, is the
fact that at ¢ = 20 the solution visually coincides with the steady state solution obtained
from (2.33) (in terms of B, as usual) with the additional term —ad2 B on the right hand side.
Although, the movement toward this steady state is considerably decelerating (cf. ¢ = 10 in
Figure 12 (right)).

62



Figure 12: Regularized solution of (2.49) using N =50, I' =2, g = 0, o = 1/100, Ay = V1 + 22.
Left: explicit Euler, At = 1078 at t = 0 (dashed), t € {0.1,0.5,1}. Right: implicit Euler, At = 10~2
at t € {1,5,10}, A, (dashed) is the steady state including the regularization.

One might thus be led to claim some sort of stability or attractiveness of such stationary
solutions in terms of dynamical systems. Heuristically, we state that if a solution is close to
the steady state it remains in a certain neighborhood of it and for £ > 1 it is identical to
the equilibrium (cf. the definitions of Lyapunov and asymptotic stability). In virtue of the
bifurcation diagram in Figure 4 we conclude further the upper branch to be stable and the
lower branch to be unstable. This is confirmed by some additional calculations performed
within this type of regularization by taking as an initial condition a slightly perturbed lower
branch solution (cf. graph (b) in Figure 3). It seems that the lower branch is repelling,
either toward the upper branch or to some unsteady behavior (e.g. continuous growth of the
absolute values).

Caveat: All these results and findings are only to be regarded in the sense of regularized
dynamics, otherwise the notion of a steady state itself has no meaning. Additionally, as shown
in Remark 2.44, certain parts of the spectrum of A* have positive real parts, such that, not
necessarily but likely, some destabilization occurs in long time asymptotics. As mentioned
in Ruban (1982), with the formal stability analysis performed therein, claims about stability
by ignoring the ill-posedness are only valid for very large negative values of the bifurcation
parameter I', where the flow is far from separation.

To still connect such conclusions to the actual Cauchy problem we compare the above
mentioned (regularized) steady state to stationary solutions calculated in Section 2.2, cf.
Figure 3 (upper branch). By comparing the leading order coefficients of the respective ex-
pansions, see Table 11, with the coefficients for the original solution taken from Table 3 and
plotting the according graphs shows that they are more or less identical.

Therefore, we formally assert that the regularized dynamics sufficiently describe, at least
qualitatively, the time evolution of solutions to the original Cauchy problem, as long as « is

small enough, such that regularized solutions remain close to the sought ones.
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a; original  regularized

ao —0.5894 —0.5904
a1 —0.1878 —0.1887
az 0.2178 0.2190
a3 0.1095 0.1111
a4 0.1697 0.1699
aio 0.0133 0.0133

Table 11: Leading coefficients for the stationary solutions of the original and regularized steady
problem, ao = 0.01.

Remark 2.49. Although from a theoretical viewpoint, the Cauchy problems remain well-
posed for all & > 0 (where maybe T' changes), this does not hold for the actual computations.
In Figure 13 we depict the results for « = 1072 at N = 50 and N = 100 (left) and o = 1
(right). The conclusion drawn from this is, on the one hand, that all parameters are connected
through some functional relation in order to act regularizing, and on the other hand, that
the parameter « reveals a very typical behavior of regularized problems - it has to be neither
too small nor too large. A neat example for this can be found in Louis (1989) for the case
of discrete differentiation. Simply put, if « gets smaller, it acts destabilizing (and we would
have to use more polynomials), and if it increases, the solution deviates more and more from
the sought result.

As for the overall, practical motivation of the present study, i.e. airfoil theory, the sub-
section on the streamline curvature, Section 2.3.2, will provide some physical meaning for «
by relating it to the Reynolds number via a = O(Re~%29). In normal flight conditions the
Reynolds number is of the order of magnitude of 10, meaning o ~ 1/100 (as chosen for most

of the present computations) is reasonable.

Figure 13: Left: solution of (2.49) at t = 0.1 for a = 10~ with N = 50 (dashed) and N = 100
(solid). Right: comparison of solutions at t = 0.1 and ¢ = 5 for & = 0.01 (dashed) and a =1 (solid).
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Not surprisingly, all the results and conclusions established above hold in the same way for
the three-dimensional problem. Setting here again « = 0.01, the explicit scheme, with suffi-
ciently small At, yields the same solutions as the implicit scheme, which allows for larger time
steps to study long time behaviors with reasonable computing effort. While the functional
relation between At, o and N contains the number of polynomials in z as well, their influence
on whether the regularization and/or stability holds is negligible. The maximum degree N,
should therefore be chosen with respect to the shape of the function to be approximated (see
Example 2.1 and Figure 23 in Section 2.3.3).

Using now the same initial condition (Equation (2.82)) as for the calculations in Figure
11, solutions of the regularized Cauchy problem (2.50) in the discretized form of (2.88), with
K being the collocation matrix for A%, in (2.85), are shown in Figure 14.

Figure 14: Regularized solution of (2.47) at t; = 0.2, t; = 2.5 and as indicated at t = 7.5 to t = 30
with initial condition Ay from (2.82) (dashed) and the stationary solution Ay (dashed) from Figure
12, parameters a = 1/100, At =5 x 1073, (N,, N.) = (50,20). Left: A at z = 0. Right: A at z = 0.

Remark 2.50. The dynamics in Figure 14 show the indication of convergence of an initially
z dependent solution to an equilibrium similar to a steady solution of the two-dimensional
case (upper branch, I' = 2, cf. Figure 4). This is reasonable, on the one hand, since the
local three-dimensionality stems from z dependent perturbations of a planar outer flow (see
Section 2.1) and on the other hand, as explained in Remarks 2.14 and 2.22; a solution of
(2.33) does satisfy (2.30) and hence the planar (upper branch) steady states can also be
attractive equilibria in the three-dimensional time evolution.

So far we have shown by regularizing the Cauchy problem by adding operators, the
problem itself was altered and consequently a different problem was solved. Theoretically, as
said in Remark 2.42; we would have to prove that solutions of the Cauchy problem containing
A* can be made arbitrarily close to solutions of the original problem as @ — 0. The proof
presented in Lavrent’ev et al. (1986) for the homogeneous Cauchy problem, cf. (2.83), cannot
be applied here directly, due to the nonlinearity and inhomogeneity, i.e. the mild formulation

of the regularized solution (cf. (2.87)). Nevertheless, there are techniques to show the required
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convergence for such cases. Since our approach is primarily via approximated solutions and
numerical computations, we heuristically state the more polynomials used, the smaller «
can be chosen to act reqularizing and thus, by the overall convergence of the scheme the
requirement is met empirically. Table 12 compares the leading coefficients of solutions gained
with N = 300, At = 5x 1073 at t = 1 for different a, which shows the changes in the solution

to be negligible, even when decreasing « tenfold.

a; /o 1x1073  5x1074 1x1074

ao 0.00577 0.00578 0.00578
ax —0.31594 —0.31592 —0.31590
as —0.16895 —0.16895 —0.16895
as 0.11644 0.11641 0.11636
a7 0.09029 0.09033 0.09043

Table 12: Leading coefficients for different o at ¢t = 1 with initial condition a; = 0.

Additionally, Table 12 implies that, as a — 0, for certain initial conditions the original
(upper branch) steady states, studied in Section 2.2, are approached by the time evolution.
And this is the only way how these equilibria should be understood - as stationary solutions
of reqularized (well-posed) Cauchy problems in the limit of vanishing regularization.

Overall, when considering characteristics of the time evolution, one obviously would like
to have « as small as possible, to also be quantitatively close to actual solutions. The
unsatisfying fact thereby is that then overproportionally high numbers of polynomials have
to be used, i.e. while steady states can be calculated to sufficient accuracy with N = 50 (see
Table 3), the time evolution should be run with N > 200 (even more in the three-dimensional
case).

To avoid adding additional terms to the equation or altering certain operators, we consider
again the possibility of filters, as mentioned in Remark 2.43. The parabolic shape of the real
parts of the symbols, as shown in (2.77) and (2.79), suggests to proportionally dampen the
fast growing parts of the spectrum. The following excursus shows how this can be achieved
in an easy, but carefully to use, manner.

Caveat: It is most important to state here that filtering certain parts of a Fourier or
singular value decomposition shall be done with care, in order not to cancel out important
information on the solution. This holds especially for the choice of how to connect the
regularization parameter to the filter and to the necessary convergence - hence, as a general
rule, one shall not use implicit schemes for ill-posed problems without having additional
information on the solutions.

On the other hand, such a strategy might be closer to what Lemma 2.3 proposes, in the
sense that the semigroup 7'(¢) might be continuous on the set of solutions with mollified

Fourier decompositions.
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Excursus II: Explicit versus Implicit Time Integration

To study the difference between explicit and implicit (or forward and backward) schemes we

consider again the usual abstract homogeneous Cauchy problem on some Banach space
Owu(t) = Au(t), u(0) = ug
and assume the solution can be expanded into a Fourier series, i.e.

u(a,t) = dg(t)e! ™,

keZ

Let the operator A possess a symbol, then substitution of the ansatz yields, using Lemma
2.2 or equation (2.71),

> dhiig () B = sb(A) g (t)e!*.

keZ keZ

In other words, the Fourier coefficients shall satisfy
Oyt (t) = sb(A) ux(t), VEk € Z.

Next we will do the exact opposite of what is often called method of lines and thus utilize
the advantage of Fourier multipliers, we only discretize in time. Applying forward differences

gives
~ ﬁ?+1__ﬁ?/ ~m ~m+1 ~m
Oty (t,) =~ Ay = sb(A)ap = ' = (14 Atsb(A)) ap,
whereas the backward differences yield
“m+1l _ em

Byt (tm) ~ 'th“’f = sb(A)im ! = At = (1 Atsb(A)) T a
Note that replacing 1 with the identity and the symbol with its according operator transfers
the above relations back to the same result as if applying finite differences in time directly
to the Cauchy problem.

As usual, we want to study the behavior of the absolute values of the Fourier coefficients
over time regarding their summability (cf. (2.53)). Thus, denoting the multipliers G, =
1+ Atsb(A) and § = (1 — Atsb(A))~! for the explicit and implicit scheme, respectively,
yields

|ﬂ2”+1| =Rq|uy'| or |ﬂ2”+1| = q" |0, RG=:q, VkcZ
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Obviously, we are dealing with a geometrical sequence, where one has for

g=1 |a| = |4y, ... constant
g=-1 |4 = (-1)™|ay|, ...alternating
. Ym. (2.89)
lq] < 1 lap ) < |ag ... decay
lg| > 1 [t > Jag ...growth

For the sake of presentability we only consider symbols in the form of R sb(A) = c|k|®,
k € R. As stated in Lemma 2.4 for well-posedness of the Cauchy problem it is necessary and
sufficient for the real part of the symbol to be bounded from above. In the example here this
reduces to the sign of c.

Without loss of generality say ¢ = 1 and consider the operator R Asp o |k|¥* from (2.77),

hence )
=1+ Ak, g=— . 2.90
By formally substituting ¢ = —1 and thus obtaining a well-posed problem, we obtain accord-

ing multipliers, which shall be denoted by ¢ and ¢;. These multipliers are depicted in Figure
15.

Figure 15: The multipliers from (2.90) as functions of k for various At. Left: ¢ (solid) and ¢
(dashed), right: ¢} (solid) and ¢; (dashed).

It becomes absolutely clear from Figure 15 (left) why the explicit scheme used in Figure
10 cannot work at all, independently of how small At is chosen. Since every value of k defines
a Fourier coefficient 4 and a multiplier ¢(k) it is also easy to see that the more polynomials
are used for a truncated Fourier series (or in the case here, Chebyshev series), the faster the
absolute value of the unknown function w grows.

As for the well-posed situation, i.e. the solid lines in Figure 15 corresponding to ¢} =
1 — At|k|%/*, the smaller the time step gets, the more coefficients lie within the strip +1 and

thus their value decreases over time, cf. (2.89).
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The more important implications for the case studied can be drawn from the graphs on
the right of Figure 15, i.e. the implicit scheme. Here, the well-known unconditional stability
of implicit schemes for well-posed problems is depicted by ¢f(k) = (1 + At|k[%*)~ (solid
lines), which remain, independently of At, within the strip =1 and thus the coefficients decay
for all times.

Also, we have thus proved as to why the implicit scheme can work regularizing for ill-posed
problems. Considering the dashed lines, it is obvious that the coefficients uy, for £ > 1 decay
for all values of At, but this does not imply unconditional stability, since the smaller At,
the less multipliers ¢; have absolute value less than 1. On the other hand, for those k£ where
q; > 1, decreasing At means slowing down the growth, by having more and more ¢;(k) just
slightly greater than 1 (for example say ¢;(k) = 1.001'%° ~ 1.105, such that the according 4
has grown only 10% at m = 100). When choosing instead At too large, although damping
more Uy, those with associated ¢;(k) > 1 are much more amplified. In general, we thus state
that

the implicit time integration filters the fast growing parts of a Fourier (or other types of
orthogonal) decomposition of the solution, provided the time step is neither too small nor too
large.

For the fully discretized system (2.88) the interval At can be taken of, depends, of course,
on the number of polynomials appearing in the spatial expansion. As a rule (implying some
type of convergence), one can claim that the more polynomials used, the larger the allowed
interval for the time step gets. Ergo, implicit schemes for ill-posed problems are not uncon-

ditionally stable.

Remark 2.51. Needless to say, the above describes exactly the situation of the forward
and backward (one-dimensional) heat equation, where all coefficients 4, — 0, Vk # 0 in the
well-posed case, for their multipliers lie all within the strip +1 (with sufficiently small At for
q}) and 1o(t) = u9(0), i.e. indicating that with Dirichlet boundary conditions (equal on both
boundaries) the solution tends to the constant, namely .

Finally, the multipliers applied to the regularizing operators (2.85) are given as

1
e =14 AtEY*(1 — alk?? ;= . 2.91

Remark 2.52. As mentioned in Remark 2.44, in principle there are always regions of the
regularized spectra which have positive real parts. For the multipliers in discretized time
integration here this means that there are k, such that g(k) > 1, i.e. growing coefficients. As
indicated in Figure 16, this can be alleviated by decreasing the time step, although one shall
not be mislead by the graphs, since « = 1 and hence the denominator in ¢; has no real zeros.
Decreasing « in g results in more k where g.(k) > 0 and in larger absolute values of these

ge(k), but a remedy again is lowering At.
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At | -

Figure 16: The multipliers for the regularized operators as given in (2.91) with a = 1, left: ¢., right:
di-

As for the implicit case, the interplay between o and At can lead to singularities in g;,
similar to the non-regularized situation (cf. Figure 15). In general, decreasing « needs a
decrease in At as well, to have a non-negative ¢;, see Figure 17. All conclusions made above

also hold for problems in more than one dimension in the exact same way.

Figure 17: The multiplier ¢; = ¢;(, At) from (2.91). (a): a = &, At =
(¢): a =105, At = 15

100°
Caveat: Comparing the multipliers in Figures 16 (right) and 17 (right) shows the difference
in how Fourier coefficients are damped between directly solving an ill-posed problem with
an implicit method and the regularized approach. Thus, one needs additional information to

provide some meaning to solutions resulting from the direct scheme. To put this in another
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way, one can only be sure in the case of well-posedness to filter the right coefficients when
using an implicit method.

Since we have shown that solutions of the Cauchy problems (2.47) and (2.49) have to
be understood as limits of the according regularization, a comparison to the direct implicit
approach connects the regularizing operator to the filter technique. As done in several occa-
sions above we consider the leading coefficients of the Chebyshev expansion of the solution

at time ¢ = 1 for both methods (for the two- and three-dimensional problem), see Table 13.

a; regularized direct a;r  regularized direct

ag 0.00577 0.00578 apgp  —0.05247  —0.05059
a; —0.31594  —0.31590 ap2 0.93001 0.92473
az —0.16895 —0.16896 alp  —0.32438  —0.30444
as 0.11644 0.11633 a2 0.28195 0.27024
ar 0.09029 0.09045 ayp —0.16327  —0.16213

Table 13: Leading coefficients at ¢ = 1. Left: initial condition a; = 0, values for the regularized (from
Table 12, a = 1073) and direct method using the same numerical parameters. Right: initial condition
air = 0, a2 = 1, (N, N.) = (50,20), for the regularized (using At =5 x 1073, a = 2/100) and the
direct method (with At =0.1).

As mentioned earlier for our general findings on the direct implicit method, the time
step has to be chosen out of a certain interval, which depends strongly on the number of
polynomials used. This becomes quite apparent in Table 13 (right), where At = 0.1 was set
for the direct approach, which was more or less the lowest time step possible for (N,, N,) =
(50,20). Taking into account that this is almost three orders of magnitude larger than the
time step in the regularized case clarifies, why the coefficients differ already in the third
significant digit. In other words, the difference in the time step contributes stronger to
different values of the coefficients than the methods applied.

For the sake of completeness, Figure 18 shows the time evolution of the two-dimensional
problem gained with the direct implicit scheme starting from Ag(z) = /1 + 22 and approach-
ing the stationary solution as depicted in Figure 3(a). This behavior is qualitatively and even
quantitatively indistinguishable from the results obtained with the regularizing operator and
shown in Figure 12.

Concluding the excursus, by referring to Remark 2.42 (i.e. regularizing operators are not
unique), it is worth mentioning that we found two different methods for solving the ill-posed
Cauchy problems at hand, where the according limits of the schemes result in the same
solutions on bounded time internals. Hence we sufficiently established in which sense these

solutions are to be understood.

End of Excursus II

Considering the regularized time evolution, the steady states given by (2.33) and (2.30) admit

some kind of stability. In classical dynamical systems theory linearizing at some equilibrium
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Figure 18: The solution A(x,t) from the direct implicit method using At = 1/100, N = 100,
Ap(z) = V14 22 (dashed), at (t1, z2,t3,t4) = (0.5, 1, 5, 10) (solid lines) and the steady state Ag:(z)
(dashed)

yields a Jacobian matrix, where it is well-known that if all real parts of its eigenvalues are
less or equal to zero the equilibrium is stable. Thus, Remark 2.44 would stand in contrast
to the numerical findings. This is due to neglecting the nonlinear term when calculating
the upper bounds of the symbols. In fact, considering the dispersion relation, including the

linearization, as done in Remark 2.37, and regularization one has
w(k, o) = c1|k[Y* = ea(a) k|74 — c3 Ag|kP4, (2.92)

where w(k,0) is not bounded from above (c2(0) = 0) but admits negative values for small ||,
which strongly depend on Ag. On the other hand, one can find combinations of o and Ag,
such that w(k, ) < 0 for all k.

Now say (S(t))tzo
u* is a steady state, i.e. S(t)u* = u*, Vt. Given some u close to u*, such that u lies in the

domain of S(¢), then

is the semigroup generated by the linearized operator, i.e. w(k, ), and

15w —u™[| = |SE)u — St)u” + S(t)u” — '] <
<[[S@u = S| + [|SE)u” —u*|| < [S@I] lu — .
— ———
=0
Thus, [|S(t)|| — 0 as t — oo (i.e. exponentially and strongly stable semigroups, see Engel &
Nagel (2000)) is sufficient for u* to be asymptotically stable, whereas for Lyapunov stability
one only needs ||S(t)|| < oo (i.e. continuity of S(t)). Both conditions are certainly satisfied if

the growth bound, cf. (2.64), is less than zero, which implies that the spectral bound (here
the upper bound of w(k, «)) is also less than zero. For Lyapunov stability the growth bound
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can also be zero. But since the assumption of Ag = const. is highly artificial (except for some
limiting cases), one does not gain any substantial insight into the subject of stability from
such a relation. Still, the filter technique revealed the same type of stability as the regularized
operators, although (cf. Figure 15) some Fourier coefficients are amplified. Interestingly, with
appropriate numerical parameters (i.e. a stable scheme) we were not able to see any onset
of destabilization from the steady state as depicted in Figure 12 (even for, say ¢ > 10000).
Overall, for regularizations are normally viewed on finite time intervals, we will not go into

further details on the (long time) stability of the stationary solutions.

Remark 2.53. By reversing the time in the original Cauchy problems one can also obtain
an upper bound for the resulting real parts of the symbols. This is straight forwardly done by
just changing the sign in (2.77) and (2.79) and also holds for the full dispersion relation, cf.
—w(k,0) < const., Vk in (2.92). This is very well supported by using the numerical methods
described above, explicit as well as implicit, with negative time steps. Despite starting from
arbitrary initial conditions, such as Ag(z) = v/1 + 22, the according time evolution does not
show any significant dynamics, the solutions do not experience any oscillations. In virtue of
—w(k,0) the according multipliers ¢g. and ¢; as defined in Excursus II might be greater than
one for some (small) k& and hence we have to carefully choose the time step.

The most interesting consideration here is to go backward in time from some previously
computed regularized solution at some 0 < ¢t < T. Take, for example, the solution A(z,5)
depicted in Figure 18 at ¢ = 5. By now running the explicit Euler scheme (with small
enough At to be stable), backward in time without any regularization and using as an initial
condition the solution Ag(z) = A(z,5), one can observe that at all times 5 — ¢ the solution
passes through every regularized solution at that time and eventually approaches the original
initial condition Ag = V1 + 22. Therefore we have found another way to provide some
meaning to the filter automatically applied by implicit schemes. That is, one can allow to
dampen decomposition values of solutions, if these solutions correspond to initial conditions
with certain regularities.

The so far presented time evolution results did not include the perturbation g. In Section
2.2 for certain three-dimensional steady states a hump, cf. (2.45), was taken into account.

The fundamental equation (2.28) also includes suction or blowing devices of the form
g(ﬂj‘, 2y t) = _’7..73(/:;’010($, 2y t)v

where v,, represents the suction or blowing velocity at the wall (and perpendicular to it), see
Section 2.1. Scheichl et al. (2008), for example, used v, (z,t) = V(2)G(t) with

V(x) = Ligo—i/2,2041/2) (1), G(t) = Lo p(t),

. representing the center of the blowing slot and [ its length. The steps in the function
G were mollified to yield a continuous ”switch on — switch off” behavior. As for the three-

dimensional problem we multiply v,, by p = ap(z), a € R, which has to decay to zero, e.g.
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p(2) = (14 2?)~L. Overall, this yields a perturbation of the form
3/4
9(x, 2, t) = =ya G(t) p(2) TV (x), (2.93)

where the Abel operator applied to the characteristic function can be easily given by a closed
formula.

A physical (maybe even experimental) idea to study the time evolution is to create a lam-
inar, steady boundary layer flow and then impose certain disturbances. It is thus interesting
to also consider the case where the initial condition is set to be the steady state solution at the
upper branch, Ay = Ay, cf. Figure 3. From the evidence on stability mentioned on several
occasions above, one can claim, that A(z,t) = Ag(x), Vt, with ¢ = 0 (and the numerical

findings confirm this). So by having a non-zero disturbance in the sense that

T*
/ llg(t)|| 1 dt = const. # 0, (2.94)
0

the solution moves away from the equilibrium. Taking 7™ less than the overall time for which
the regularization holds, reveals additional insight into the dynamics of the system. First, if
the constant in (2.94) is too small this means A(-,7%) is still within the basin of attraction
of Ay and thus the solution has to reapproach its equilibrium. Again, this is sufficiently
confirmed by numerical computations, yielding additional evidence for the stability of the
upper branch steady states (take, for example, a = 1 in (2.93) and T = 2). Second, strong
enough perturbations pushing the solution outside the basin of attraction result in a finite

time blow-up scenario, which we will study in Section 2.3.3.

2.3.2 Regularization and Higher Order Asymptotic Expansions

We have demonstrated in the above the independence of regularized solutions regarding the
regularizing techniques, i.e. higher derivatives versus direct implicit time integration, and
thus the following shall provide some additional and, more importantly, physical meaning to
the ill-posedness and its regularization.

As pointed out by A. I. Ruban (private communications), when considering the regular-
izing operators (2.85), the third derivative term, with A being the displacement function as
before, relates to the streamline curvature in the main deck. Of course, within the interaction
region, due to the scalings of the variables and the considered order of approximation, the
streamline curvature is neglected, but since the arising instabilities have much shorter length
scales, curvature effects might not be negligible anymore, such that a y gradient of pressure
perturbations is induced.

We will investigate such contributions by presenting some heurisitcal aspects and argu-
ments to see how one can find the proposed pressure terms and in what way they relate to the

fundamental problem in terms of A, see Section 2.1. Then the method of matched asymptotic
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expansions is utilized to embed the heuristical findings into a more strict and substantiated
setting.

Let us, for the moment, consider the situation of planar flows along some surface, which
admits a non-zero curvature k = x(x), then it is common to write the Navier-Stokes equations
(2.2) in curvilinear coordinates (cf. the introduction in Section 2.1). By applying classical,

second order boundary layer theory, one obtains
Oyp X £ K u?,

where the sign depends on the orientation of the surface. Since we still have no relevant
surface curvature within the interaction region (note that the hump, if included, has to be
chosen according to restrictions on its curvature), we shall expect such a x to result from
strongly bent streamlines within the boundary layer.

Basically, from the definition of a streamline, its slope is proportional to v/u and conse-
quently x o |0 (v/u)|. Assuming further u to be independent of x, which holds at leading
order for the main deck expansion (cf. ugg = Up(y2) in (2.10)), one obtains x o |1/udyv|,
relating to the pressure via

Oyp x |u0yv]. (2.95)

From the expansions and the coordinate scalings for the main deck given in (2.10), we have
established that leading order terms represent a steady and planar flow. Hence, the arguments
above do apply here. Heuristically, one would now conclude, in virtue of (2.13), the pressure
perturbations are of equal order of magnitude as the (so far y, independent) interaction
pressure, leading to

Oyop < |02 A

Introducing this to the fundamental equation (2.28) would mean that we can include higher
derivatives of A in the problem, by taking the streamline curvature effects into account. Cer-
tain issues remain at this point, as to how the y gradient of some pressure perturbation can be
introduced in the procedure of deriving the solvability condition, at which order (with respect
to the Reynolds number) this occurs and, most importantly, which sign additional derivatives
of A finally have (compared to the time derivative term) to actually act regularizing.

As said above, incorporating the streamline curvature has to originate in the main deck,
hence we shall make a formal extension to the existing expansions (2.10). Say nj,...,n4 € N

(and obviously ny > 4, na,n3,ng > 10) we then expand the flow field as

Uy ~ U0+64’LL21 + e+ Muy,

vy ~ €Puy + -+ + €0,
o : (2.96)
Wy ~ € war + -+ €Wy

U2
p2 ~ =52 + €'poor + €'Op; + -+ + €"p,,

with p; denoting the interaction pressure as found in Section 2.1.
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Remark 2.54. The dots in the expansions (2.96) shall symbolize that, depending on the
values of ni,...,n4, one might still have non-zero expansion terms at certain orders lying

—1/20 it is reasonable to assume all orders,

inbetween. Also, from the definition of € = Re
i.e. exponents of €, to be natural numbers. Of course, as it is always the case with such
formal asymptotic techniques, there is no guarantee that integer powers of the given € are the
only possibilities to define expansion orders. Nevertheless, the plausibility of the resulting
equations and matching rules provides sufficient argumentation for such an assumption.

As usual, we substitute the expansions (2.96) into the Navier-Stokes equations (2.2).
Then, as has already been shown for the main deck in Section 2.1, one obtains from the

momentum and mass balance at order €9

UoOzug1 + v Uy = Uy — poo
B,,pi =0 (2.97)
diV(UQl, ’U21) = 0,

which can be integrated to obtain us; and veq in the form known from Section 2.1, Equation
(2.13), as

Y2
0, A U (s) —
+ 0 (5) — Poo

= -, d
o (2.98)
A Ul (s) — poo Uy — poo
ugy = U} —+x/07ds + 0=
& O\ poo ) Ug(s) U

The next order of interest here is €°

, as it contains the term Uyd,v9; in the y momentum
equation on the left hand side. In virtue of (2.95) this shall be proportional to the y gradient
of the pressure. Since so far the n; are arbitrary, the momentum equations contain terms,
such as €'~ du,, or €"2v,0y,v91 or —™ 19, p, or €"3[(120? +8§2 + €'202)was], to name but

a few. The crucial term obviously appears in the y momentum balance in the form of
—e1=109, b,
where we can now choose n4 = 16, such that at order €% we have
UpOrv21 = —0y,pp- (2.99)

Remark 2.55. Considering all possible combinations of nq, ..., n4, together with their con-
straints ny > 4 and nsg,ns,ng > 10, shows that only the y gradient of the pressure at order
n4 = 16 can enter the equation at order €5. In other words, the y gradient of the pressure p,
is uniquely determined by (2.99), independently of the values of nq,...,ns, and ny = 16 is
the only possibility to have such a gradient proportional to Uy0,v21. Additionally, as required
from the principles of matched asymptotic expansions, the lower order equations, e.g. (2.97),

determining all lower order terms, remain unchanged.
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Remark 2.56. Observe, that the equation yielding the new pressure term p,, only involves
lower order terms, which are already known. With ngy = 16, the pressure expansion now
reads

1-Ug,

P2~ —5— + 'pooz + €0p; + -+ + €'%pn,

where we obviously have several (integer) orders between the interaction pressure and the
new term. It is yet to be determined whether there are (relevant) pressure contributions
between the expansion orders 10 and 16. Nevertheless, (2.99) can be viewed as an ordinary
differential equation with respect to y, and hence substituting ve; from (2.98) and integration

yields

U g (yz)
Poo

Y2
1
8y2pn - 5314 = pn(xay%zat) :pn(x70727t) + p_a:%A/Ug(y)dy
00
0

Thus we found a higher order pressure contribution containing higher derivatives of the

function A. The matching rule then demands in principle

p1=p2 as Yy — o0, Yy — 0,

which can be written as (we shall demonstrate this later in more detail)

pn(‘ra 07 Z7t) - iagA - pln(‘ra 07 Z7t)7

Poo

where p1,, would be the according higher order term in the upper deck and ¢ some positive
constant. Since here we do not consider or change the original upper deck expansions, p1, = 0.
Therefore, we get

pn(x,0,2,t) = i@gA.
Poo

In Section 2.1 we defined the interaction pressure p; to be pss, which, for being independent
of y3, can also be defined to be p3y as y3 — oo (which matches with the main deck pressure

at yo = 0). This then means, by writing the pressure expansion in the lower deck as
1-U8
p3 ~ —52 + €e'pooz + € (ps2 + €%psn),

such that we can redefine p;, := p3a + €3, = p3o + Eﬁpn|y2:o and view this as an asymptotic

expansion of the interaction pressure, we arrive at

pin(x,2,t) = pi(z, 2,t) + a@iA(a:, z,t), a= Re_g/loi — 0.
Poo

By substituting p;,, using (2.29) for p;, into (2.28) one can derive a new fundamental problem
for A, including an additional (regularizing) operator with some arbitrary but small and

positive parameter .
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Remark 2.57. As asymptotic expansions are not unique, one can not claim that there are
actual ”right” or "wrong” expansions and since convergence in any sense is not an issue,
every ansatz is justified, as long as the principles are applied correctly. Hence, choosing an
expansion can rather be a matter of physical interpretation and relevance to the original
equations. Here, for example, p,, has been shown to relate to the streamline curvature. Still,
ignoring the dots in (2.96) and the expansions in the other decks and assuming the next
relevant order (for the pressure) is 16 would be a very crude application of the principles of
asymptotic expansions, for which we neither have a mathematical nor physical argument.
With the above remark in mind, we shall now take into account all three decks and,
by being as thorough as possible, expand the flow fields in consecutive integer orders. To
make the analysis more accessible, the expansions, resulting equations and (partial) solutions
governing the higher order terms are presented first for all decks, such that a subsequent

application of the according matching rules finally leads to the sought results.

The upper deck. To abridge the calculations, in virtue of the lower deck expansions
as given in Braun et al. (2012) for the two dimensional flow case, we claim the next relevant

pressure term to be at order 13. Thus, we write the expansions for the upper deck as

uy ~ Uy — 64U01x + eloulg + Ellulg + 612U14 + 613U15 + 614U16 + 615U17 + 616u18

V1~ 64U01y1 + 610?}12 + 611?}13 + 6121)14 + 6131)15 + 614?}16 + 615?}17 + 616?}18

wy ~ elowlg + ellwlg + 612w14 + 613w15 + 614w16 + 615w17 + 61611)18
1- U020 4 10 13 14 15 16
p1 ~ T+€ Poox + € "pi + € 7p13 + € P14 + € P15 + € Pig.

Substitution into the conservation of mass shows
div(uyj,v15,w15) =0, j=>2, (2.100)
whereas the momentum equations reveal at orders ¢’ and €3

UpoOru1z =0 UpoOru1s =0
UpoOzv1z =0,  UppOyvia =0
UpoOrwiz =0 UpoOrwia = 0.

Obviously, for both velocity terms, indexed 13 and 14, the trivial solution is possible, as we
do not know any matching condition at y; = 0 (yet). Nevertheless, we will (for now) assume
them non-zero, just to demonstrate their possible contributions. For the orders ¢® through
€'? the procedure of differentiating the three momentum equations with respect to x, y; and
z, respectively, adding the resulting three equations and using (2.100), shall be applied. In

the following, if not stated otherwise, all equations are assumed to hold for all ¢t € [0, 7.
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Thus, we obtain at order €’

UooOrt1s = =013 Api3 =10 on RxRTxR

UpOyvis = —0Oyp13 = 5 _— . . (2.101)
= — vip & =0.

UpoOzwis = —0sp13 y1P13 0002015 Y1

This Neumann problem posed for pi3 is exactly the same as the one for the interaction
pressure p;, cf. (2.8), with the same general solution, v15 replacing v1s.
The next higher order pressure term py4 has to satisfy a Neumann problem for the Poisson

equation, since at order €'© we find

Uiz Opur2 — Ugiyr Oy, uiz + Upruia+ UngoOptiie = —0xp14

Uorx 0zv12 — Uoiyr Oy, v12 — Up1viz+  UpoOzvie = —0yp14

Unz 0zwiz — Unyr Oy, wiz+ UooOrwie = —0:p14 (2.102)
Ap14 = 2U01 (Gylvlg — 8IU12) = F on R x ]R+ x R

Oy p14a = —Upix Opvi2 + Upivig — UggOpvis =: f  at y; = 0.

Assuming the solvability condition for the Poisson problem (i.e. the integral over the inho-
mogeneity equals the integral over the boundary condition) to be satisfied (otherwise the
Neumann problem does not even have a solution), we can write the general solution formula
using the Neumann Green’s function from (2.8). We will not go into any further details of
this problem at the moment and proceed with the next order.

At order el we have

Owurz + U1z Opuiz — Uoiyr Oy, urz + Upruiz+  UpgoOpurr = —0.p15

12 + Up1z 0pv13 — Up1yr Oy, v13 — Ugrvis+  UgoOrv17 = —0y, P15

Oyw12 + Uprz Ozwiz — Upiyr Oy, wiz+ UgoOpwi7 = —05p15 (2.103)
Apis = 2Up1(0y, v13 — Opu13) on RxRtxR

Oy p15 = =012 — Ui Opv13 + Ugrviz — UgoOpv17  at y1 = 0.

Again, this represents the Neumann problem for the Poisson equation and the same arguments

made above hold. Similarly, the problem at order €'? for pi reads

Opu1z + U1z Opurs — Uoryr Oy urs + Uprurs+  UpoOruis = —0upi6

013 + Up1z Opv1a — Uo1yr Oy v14 — Univiat+ UpoOrv1s = — 0y, P16

w1z + Una Oywig — Uiy Oy wia+ UgoOzwig = —0.p16 (2.104)
Apis = 2Up1(0y, v14 — Op14) on RxRtxR

Oy p16 = —0w13 — Ugix Opv14 + Ugrvia — UgoOpv1g at y1 = 0.
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As we are rather interested here in determining whether pressure terms between the orders
10 and 16 contain derivatives of the displacement function A, we shall make the assumption
of (u13,v13,w13) and (u14,v14,w14) to be zero, since these are possible solutions satisfying

the necessary decay at infinity. Thus, problems (2.103) and (2.104) can be rewritten as

Api5 =0 on RxRtxR
Oy p15 = =012 — UgoOpv17  at y1 = 0.

and
Ap16:0 on RxRTxR

Oyip16 = —UpoOrv1s  at y1 = 0.

The problem for p14, Equation (2.102), contains u12 and vy on the right hand side F
and in the boundary condition f. Denoting the according Green function by G (cf. the

calculations following (2.8)) we formally write a solution as

pra = — / GFde desdés + / G fde dés,
]R2

RxR+txR

where, in general, one also has an undetermined integration constant proportional to one
over the volume of the domain, which evaluates to zero in the present case.

We will return to the pressure terms above later (when deriving the matching rules) and
shall just make two more remarks. As it is commonly known, especially in the two dimensional
steady flow case, a general solution of Laplace’s equation with a zero far field condition (here
as y; — oo) has an exponential behavior, such that one may write the interaction pressure

and the vertical velocity component as
pi(x,y1) = pi(z,0)e” Y, via(z,y1) = viz(x,0)e” Y, (2.105)

with ¢ being some positive constant. The same can be easily shown to hold in the three
dimensional case by applying the method of separation of variables.

Finally, note that pig is at the order of the heuristically derived p,, above, which means, in
virtue of the presence of p13, p14 and pq5, if we would have continued with the crude expansions
(2.96), where we also left the upper deck unchanged and p,, followed p; as the next relevant

term, we would have obtained only a fraction of the actually contained information.

The main deck. We write the according expansions as

4 1
Uy ~ U()(yQ) + € ug1 + 65UQ2 + 66UQ3 + 67UQ4 + EBU% + €9U26 +e€ Ou27

vy ~ €y + Mgy + €MPugg + €MBwgy + Mgy + €MPvgg + M0ug7

wy ~ € Pway + €M wag + € Pwag + P way + €M was + €!Pwog + €' Owoy
1-U 4 10 13 14 15 16
Py ~ TJFG Po0X + € P; + € 7pa3 + € Pposa + € "Pas + € Pag,

80



with the conservation of mass now reading

diV(’Lng,’Ugj):O, jZl,...,G
div(uar, v27, wa1) = 0, (2.106)
82202]' = 0, j > 1.

The behavior of Uy is given in (2.11) and formulae for ug; and ve; are given in (2.98).

At orders €' through € the momentum and mass balances combined yield simple differential

equations, which can be integrated in general to read

Voo = —Uo(yg)ang(:E, 2, t)
Ulvag + UgOyuag = Ujvag — UgOyy, 22 =0 = 2.107
ot oBttan = Hotae = o e { wn = Ui Bale2t)
and
= U Oy Bs3(x, z,t
U(/]Ugg + anxu23 = U(/)Ugg — anyzvgg =0 = Y23 , 0(y2) 3($ “ )
U23 = UO(yQ)B3($7 Z, t)
and
= —U, Oy By(x, 2,1
Uloas + Undtins = Ulns — UoByyms =0 = { V24 / 0(y2)0:Ba(z, 2, )
ugg = Up(y2) Ba(z, 2,t) (2.108)

Oyp23 = 0,

where By, B3 and B4 are so far undetermined functions representing displacement effects
similar to A.
At the order €* lower order terms enter as inhomogeneities to give
Ulvas + v210y,u21 + u210pu91 + UgOyuas = 5§2u21

Oyp24 = 0,

with the general solution

Y2

vos = —Up(y2) <8xB5(x, z,t) + / Mds)
0

Ug(s) (2.109)
h = 8522@1 — U215y2u21 - u218wu217

where Bj is in analogy to the other B;’s.
At order €® we find

/ 2
Upvas + v220y,u21 + v210y,u2 + Opuar + uga0zug1 + u210zuz2 + UgOrugs = 0, us

ayzp25 - 07
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with the general solution

Y2
Uog = —Uo(y2)<8x36($>z>t) + / Md&’)
0

Ug () (2.110)
h = 3§2u22 — (v220y,u21 + V210, U2 + Opugr + U0y U1 + U1 Opua2).
And finally at order €5 we have
Ulvar + v230y,u21 + 0220y, U2 + 0210y, u23 + Opugz + uazOpuo+
+ U220, 22 + U1 Dpting + UpOrptinr = O,z — Do
U§ oo
UoOpv21 = —0yyp26 =  Oy,P26 = %Q@A (2.111)
1 xX
UoOrwor = —0.p; = wo = U / 0:pi(s, 2, t)ds,
—0o0
such that pog is equal to p, in (2.96), with the general solution again reading
. Y2
p26(T,Y2,2,t) = pas(,0,2,1) + %8§A/Ug(y)dy =
0
(2.112)

2 2 Y2 9
Poo P00

where the integral in the second line exists as y2 — 0o and ¢, > 0 in this limit.

We shall now reconsider the solution formulae for the expansion terms of vs, as we need
them for establishing a working matching rule. Note that veg, vo3 and vyy, Equations (2.107)
and (2.108) essentially have the same structure, only differing in the integration ”constants”
B;. Since Uy — Uy for large y9, these velocity terms evaluate to a function independent of
yo at the boundary to the upper deck. By the usual matching procedure they consequently
have to match with the upper deck expansion terms of v; at the same order. But since orders
e and €'? are not present in the upper deck, we may also set By and Bs equal to zero.

The term vo4 appears at order €'® and by the same argument as before has to match with
the velocity contribution at the same order in the upper deck, cf. v15. Hence (2.108) remains,
and so does (2.109).
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Setting v9o = 0 in (2.110) leaves only Oyug; in the function h, such that by using (2.98)

we obtain
Y2

8 M ) 7t
Vo = _UO(y2)<axBﬁ(x7Z7t) - / %Cﬁ) =
0
0

(2.113)

Y2

o agA U/ (S)
= —U(y2) <8$BG(3:, z,t) — %0/ Ug(s)ds)

Analogously, in (2.111) substituting voy = ve3 = 0, and combining the z and z momentum

equations using (2.106), we obtain

U67)27 — U()ay’l)27 = —0Oypi — / Eﬁpi(s, Z,t)ds

N (2.114)

=>U27=—U0(y2)<3x37($,zﬂf)—<5zpi+ / azpids> / 1 ds).
e 5 UO(S)

Matching procedures. We start by matching the upper and main deck pressure and

vertical velocity v in the general form of

! { Op; + eBp13 + epra + Ppis + €'Opig

10 13 14 15 16
€ pi +€"pag + € pas + € "Pas + € Pag y1 — 0
as (2.115)
| 64U01y1 + %19 + €5 + e + P17 + € Ourg Y2 — 0.
0001 + Bugy + €45 + €Pugg + v

Since Equations (2.98), (2.108), (2.109), (2.113) and (2.114) contain solution formulae in

closed form for the individual expansion terms ve, we evaluate these with respect to large s,

i.e.
0z A
e vy~ —Uoo<px— + C21>
00
e woy ~ —Ug0y By

e wes ~ —Uy <5mB5 + C25>

O A
€® g ~ —Ugo <5mB6 - Z;KC%)

(2.116)

elf . vo7 ~ —Upo <5mB7 - (8:vpi + /8§pid5’) C27>,
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where

Y2
oy — / 0 (s 3 poo ;. EZ Y2 — 00
3 Us(s) const. yo — 0
B 3§u21 — v9105u21 — U210, u21 Y2 Y2 — 0
C25 = p ds  ~ -1
0 UO (S) Yo Yz — 0
s t (2.117)
s const. 1y — 00
Co6 :/ g ds ~ _92
9 Ug(s) Yo y2 — 0
Y2
. _/ 1 ds Y2 Y2 — 0
27 = | =5~ ~ _
9 Ug(s) Yo K y2 — 0.

For the matching procedure to work one has to split the individual singularities in the
integrals in (2.117) to render them bounded, see Appendix A. These singularities must then
be matched to the according upper and lower deck expansion terms. We will not go into
any further details here, as it will be argued later that the contributions from the vertical
velocity vo do not necessarily play an important role with respect to our main purpose of
regularization.

Next we write the individual solutions of the Laplace and Poisson problems, Equations
(2.101) through (2.104), of the upper deck pressure terms in their Green’s function formulae

and consider them for y; — 0, i.e.

p13(z,0, 2, 1) UOO / ) 51 5 )|a§1’015(§170 ,§2,1) d€§1d&o

p14(z,0,2,t) = /G[—Umfl O¢,v12 4+ Uo1viz — UnoOg, v16(€1, 0, &2, 1) d€1déa—

- /G[@ggvlg—8§1u12]d§1d53d52
RxR+xR

(2.118)

pi15(x,0,2,1) [Orvi2 + UgoOe, v17) (1,0, &2, t) d§1do

27T/ (z, 2) 51752)\

p16(x, 0, 2,1) UOO / ) 51 & )‘8611)18(51,0 &, 1) d€1dEs,

where G denotes Green’s function, as mentioned earlier, and p14 is given modulo some positive
constants.

To apply the matching rule between the upper and main deck we observe that the main
deck velocity terms (2.116) either evaluate to a function independent of y, or grow linearly
as yo — oo. According to the scaling of y; and y2 given in (2.6) the growth in the main deck

has to match with terms in the upper deck (6 orders below). For example at order €'V in the
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main deck we have

0, A
Poo

where the first term is independent of y» and hence matches to vis and the second term,

vo1 ~ —Upo — Ugoc21 as ya2 — oo,

which grows with ys, cf. Appendix A, matches to Up 1 (at order €*), which decays linearly
as y; — 0. Therefore this matching procedure is complete. In consequence the remaining

vertical velocities in the limit yo — oo shall be given as
vog ~ —Uno0y Ba(w, 2, 1)
2
Do
va5 ~ —Upo <<9st(33, z,t) + C5 — %?ﬁ)

O A
v26 ~ —Uogo <5z36(!17, z,t) + t—C§6>
Poo

va7 ~ —Upo <5xB7(33, z,t) — (Oapi + / 92pids)(cs7 + y2/Ugo)>7

with the modified integral terms ¢35, ¢3¢ and c3,; as derived in Appendix A and where the
growth for yo — oo matches to the according terms in the upper deck. Furthermore, we can
now match the derivatives with respect to = of the velocity terms in order to obtain a full

description of the pressure terms in (2.118). Therefore we have

V24 match to vz = am’U15(l‘,0,Z,t) :—Uooa£B4($,Z,t)

V25 match to vig = 81,1)16(95,0, Z,t) = —Uy (8%35(.%’, Z,t) + 8956;5)

0%, A
V26 match to vy = 81,1)17(95,0, Z,t) = —Uy <8§Bﬁ($, Z,t) + ot C§6>
Poo

v97 match to vig = ax’l)lg(x,o, Z,t) = —Uy <8IB7($, Z,t) — (Q,%pz + agpi)c§7>,

yielding

Ui 1
2m A (z,2) = (£1,82)]

p13(x707z7t) - 85234d€1d§2

p14(z,0,2,t) = /G[—Umfl e, v12 + Upivia + Ugy (02Bs + 02¢55)] (€1,0, &0, 1) déydéo—
RQ

- / G[0e,v12 — Oe, 1) dér désde

RxRtxR
0,z,t) = — — — 05, A— Uy (0.8 L 5s) | d&rd
patn s 2w[|($7z)_(£17£2)|[ poo " 00( w26 F Poo 626)] 1tz
R
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Uiy !

2 (z,2) — (€1,&)] [85337 - (@%pz’ + 32]),')0;7] dé1dés.
RQ

plﬁ(‘ra 07 Z7t) -

Regarding the pressure py in (2.115) we have no formulae for the terms pog, pes and pos
but know that they do not vary with yo. The linear growth of pag (at order €'9), cf. (2.112),
matches to the linear decay of py2 (at order €'?), stemming from the exponential, see (2.105).

Therefore the matching rule yields

c
p26 match to pig = p16(7,0,2,t) = pag(,0,2,t) — ]?])08314-

Eventually, we want the higher order pressure terms to relate to the original interaction
pressure p; in the form of representing an expansion of p;. Hence, we shall evaluate these
pressure terms in the lower deck, where p; was defined as pss, cf. Section 2.1, Equation (2.28).
Consequently, with p3 being independent of y3 and ps having only pog varying with o, we

can define a new interaction pressure p; at y2 = 0 as
pi(x, 2,t) = pi(x, 2,t) + Ep13(x, 0, 2,t) + e*pra(x,0, 2,1) + Ep15(2, 0, 2, 1) + Cpog (2,0, 2, ).

Remark 2.58. One can now argue, as all the new terms are asymptotically small against
the original p;, they shall not appear in the fundamental equation for A. Nevertheless, as the
length scale of a disturbance or as parts of the solution (in terms of its Fourier decomposition)
gets smaller, spatial derivatives of the unknown A do not remain (asymptotically) small and
hence are not negligible. Furthermore, all terms in p], not containing A, can be viewed,
with respect to the fundamental problem (2.28), as asymptotically small inhomogeneities or
contributions, neither stabilizing or destabilizing the solution.

Thus, recalling the main goal of this section, i.e. finding regularizing operators in higher
order expansions, we will modify p; for the sake of numerical computations and comparison
with the regularization derived in the previous section.

Obviously, all B; can be collected to form some inhomogeneity and are hence left out, e.g.
p13 on the whole. In virtue of the original p;, where R'0?A represents a differential operator
acting on A, we will compare all other appearing types of derivatives of A to this term, to
decide whether we have to take them into account. Considering (2.98) it can be easily seen
that p14 will only comprise of the same order of differentiation of A as p; (at the maximum).
It additionally contains nonlinearities such as A0, A, which also do not contribute to any
regularizing effects. Hence, p14 can be canceled from p;. The pressure term p;5 contains the
time derivative of A and shall thus be taken into account, as this could change the structure
of the Cauchy problem per se. The most important term here, as we have demonstrated in

the heuristic motivation, is psg at yo = 0, as this term accounts for the streamline curvature.
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Hence, we eventually obtain the new interaction pressure to be

T(x,2,t) = pi(x, 2,t) +e—/ [ - U0082A Uz 82Ac*]d§d§+
Pl = Pi |(z, 2) — 51752)\ poo pop 20 TSI

6 Uoo/ 2 2 * Cp 2
— (0zpi + OZpi déid —0;A) =
‘ x Z 517€2)‘ [ ( =D + p )627] 51 52 + P00 )

o 5 2
plnsy / EEEcE Al

4 e, / (02pi + 02p;) dé1dés + SeydP A,
|(z 51752)|

where ¢1, co, c3 are positive constants. This formula for the interaction pressure is quite in-
volved and becomes even more so when included in the fundamental problem for A. Therefore
we will further analyze the contributions of the new terms in virtue of the dispersion relation,
which we dealt with in the previous section.

First, consider the potential integral over the derivatives of p;. When substituting (2.29)

for p; and using the operator notation for the potential integral we obtain

/ |(z, 2) —1<sl &)l (02 + O2p;) drdéa = —RH(RY([07 + 921074)),

although in this version not much insight into the meaning of this term has been gained. But
by using the operator symbols and their characteristics, as derived in the previous section,

see e.g. (2.69) and (2.70), one can easily see
—]-"(Rl (RY([02 + ag]agA))> = — (K + )7 ((ik)? + (il*))(ik)*FA = k> F A,

which is exactly the same Fourier symbol as for 924 in p;. From a practical numerical
computation viewpoint, the potential integral is either not sufficiently resolved or yields too
big matrices when satisfying a certain accuracy requirement. Hence, by the equality to
the classical second derivative, with respect to the regularization, of course, we can safely
claim the information coming from the double application of the potential integral is already
contained in the derivative term.

Such an argumentation cannot be done in this straight forward manner for the mixed
(time and spatial) derivative and we will thus carry it along when substituting p! for pss in
(2.28), where consequently two new terms appear on the right hand side, reading (modulo

some constants)

xT

+ 52 1 3 9
/ JE—S 1/2/| 61752)| 8tAd£1d£2dS— /m(8€A+8€8ZA)d£7

— 00
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where the Fourier symbol notation yields
—(ik) V2 (K2 + 2)V2FO,A — (ik) Y2 ((ik)3 — (ik)I1?)FA.

Note that we did not say anything about the existence of the Fourier transform of A and one

might therefore replace A with the ansatz e“te(k+1z)

, made for the dispersion relation in the
previous section. Linearizing then the fundamental problem around some constant steady

state (as mentioned in Remark 2.37) and only taking into account derivative terms yields

(725 = TIERNE; + 02)] dyetei R ) =

— j_lgRl(ag + axag) ewtei(kx—i-lz) o j_léz(ag + axag)ewtei(kx—i-lz)’
such that the simplified dispersion relation is given as

w = [(ik) ¥ 4 (ik) V2 (R + YV (R) VP - (R 4+ PP 4 (B 4 1)) =
(2.119)
= [1+ (k)Y (K + )Y (k)P [— (K + 1)Y2 + (6% + 7).

Comparing this to the original right hand side symbols (2.78) one can see the influence of the
mixed derivative (i.e. the inverse term in square brackets) and the second derivative, where
for the latter we have the physical connection to the streamline curvature. With respect to
a possible regularization, it can be easily seen, on the one hand, that the contribution from
the mixed derivative in its Fourier symbol representation remains bounded and even tends
to zero as |(k,l)] — oco. On the other hand, the purely spatial derivatives are obviously of
higher order (in some sense) and thus, in virtue of adding a regularizing operator, we only
consider the streamline curvature term.

This finally results in the interaction pressure to be

* _ _i 1 2 2
pi(w,2,t) = or [ (z,2) — (51,52)|8€1Ad£1d£2 +a0;A(z, 2, t),
R

with @ = €%c, > 0 (cf. (2.112)), where we also have applied the affine transform mentioned
in Section 2.1, and in the additional term on the right hand side in (2.28) of the form

—a / (@ — &) VHOEA+ 0,02 A)de = —aT 2(PA + 0,02 A) (w, 2, 1). (2.120)

—00

Reconsidering the dispersion relation (2.119) without the mixed derivative term yields

w = eisgn(k)sw/s(_’k‘5/4(k2 4 12)1/2 4 ’k‘5/4(l€2 _’_12))7
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with the real part of the right hand side being (in polar coordinates (r, ¢))

cos(5/8) (— k%42 + I)1/2 + W42 +12) = [ cos(e) P/ (r2/ = 119/,
————

<0

where it is now easy to see that the right hand side is bounded from above for all » and ¢.
Additionally, this shows that the regularizing derivatives proposed in (2.85) already represent
a good guess and numerical solutions gained with this term are almost indistinguishable from
solutions including (2.120). In virtue of such an observation, due to the rather involved
numerical treatment of (2.120), this term shall be seen as a physical justification of including

higher derivatives to regularize the Cauchy problem (2.47).

Remark 2.59. The planar equivalent of the regularization term (2.120) can also be found
performing the same steps as above, which results in the same term as if taking A independent
of z in (2.120).

For comparison reasons we computed a solution of the planar problem (2.49) including
(2.120) up to time ¢t = 1 (with the usual initial conditions of ¢ = 0 and excluding any
perturbation). Table 14 shows the leading coefficients for different N in comparison to the
coefficients obtained from using the direct implicit time integration. One can clearly see the
need of overproportionally high polynomial degrees when using (2.120) to regularize the time

evolution. This, of course, also depends strongly on the parameter a.

a; direct N =100 N =300

aop 0.00578 —0.03601 0.00623
a;  —0.31590 —0.32431 —0.31609
az —0.16896 —0.18280 —0.17048
as 0.11633 0.13254 0.11647
ar 0.09045 0.09506 0.09072
Table 14: Comparison of the leading coefficients for the solution at ¢ = 1 between the direct implicit

method (cf. Table 13 (left)) and the regularization with curvature term at o = 1/100, At = 1/100
and various N.

The influence of the value of the regularization parameter o can be further seen from the
steady state solutions including (2.120), see Figure 19. This again shows a typical characteris-
tic of regularizing operators, namely to find the balance between altering the problem (and its
solutions) and a good working regularization, when choosing the value of the regularization

parameter.

2.3.3 Self-Similar Finite Time Blow-up

In the following the Cauchy problems and the presented solutions are always to be understood
in the regularized sense established in the previous sections. Also, numerical results are

gained with highest resolution necessary to depict the sought characteristics, using the filter
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Figure 19: Steady states including curvature term. Left: at I' = 2 for @ = 0 (dashed) and o = 0.1
(solid). Right: change in fundamental curve, & = 0 (dashed).

(i.e. direct implicit) method. Hence, we will refrain from studying convergence properties
and accuracy as well as regularization issues, for which we refer to the previous sections.

The whole present section deals with one particular set-up, where for the sake of more
physical meaning we will not be as general as in Section 2.3.1. Consider the stationary two-
dimensional upper branch solution at a certain I', cf. Figure 3(a) as an initial condition. By
introducing a three-dimensional blowing slot, i.e. the forcing function given in (2.93), the
flow, so far independent of z, will experience disturbances in z direction and is thus governed
by the Cauchy problem (2.47).

As mentioned in Section 2.3.1, in the paragraph following (2.93), the intensity of the
perturbation, i.e. (2.94), has to exceed a certain threshold, to push the solution outside
the basin of attraction of the steady state. In such situations the occurrence of finite time
singularities are well established for the planar problem (2.49) (see Smith (1982) and for
more details Scheichl et al. (2008)), whereas for (2.47), to the authors knowledge, only the
study in Duck (1990) (for a globally three-dimensional setting) provides a first glance at the
finite time blow-up. Supporting its existence in principle can be done by viewing the Cauchy

problems as
BiA(t) = A" A(t) + F(A), F(A) = [T (A2 +22—T'+9)

with A* as defined in (2.85) (maybe also for a = 0) and F'(A) as a nonlocal nonlinearity.

Remark 2.60. Ball (1977) provides an existence and uniqueness theorem for (maximally
defined mild) solutions on [0,7") of such problems, where A* has to be the generator of a
strongly continuous semigroup and F' has to be locally Lipschitz. He shows further, that if
T < oo the solution becomes unbounded in the given norm. A textbook example for this

would be the heat equation with quadratic nonlinearity or more general reaction-diffusion
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equations as mentioned in, e.g. Galaktionov & Vézquez (2002). For an operator theoretic
approach we refer to Payne (1975) and references therein.

One common result of these considerations is that blow-up has to be always connected
to some norm, i.e. while a classical solution (considered in the L°° norm) can experience a
singularity, this might not be seen in a weaker norm (e.g. weak or mild solutions). Another
common aspect is the space of allowable initial conditions to contain a subset, on which the
evolution blows up in finite time.

In the problem here, parts of a subset of initial conditions leading to the singularity can
be found empirically by varying the integral criterion (2.94) for a given perturbation and thus
single out solutions at time 7™, which when used as an initial condition admit the finite time
blow-up. For the case at hand, the blowing slot centered at . = —2 with length [ = 1 (cf.
Scheichl et al. (2008)), p(z) = ﬁg and the choice of parameters a = 3 and 7" = 2 proved
to be sufficient.

Apart from the principle existence of the blow-up scenario, Galaktionov & Vazquez (2002)
studied various further aspects of occurring singularities by raising (and answering) some basic
questions concerning when, where and how does the singularity occur and can one compute
it approximately? We will tackle the latter of them in more detail and consequently answer
the others.

N.b.: Since this treatise deals with boundary layers (although in a special way) it is worth
mentioning that even the according Prandtl equations blow up under certain conditions, see
E & Engquist (1997).

Given the perturbation g as defined above and set Ag(z,z) = Ag(x), Figure 20 shows
Az, z,t) for 0 <t < T* =2, i.e. the evolution with the perturbation present. The resulting

Figure 20: The solution A(z, z,t) at (t1,t2,t3) = (1, 1.5, 2), left: at z = 0, right: at x = 0.

solution A(z,z,T*), now taken as an initial condition for the unperturbed Cauchy problem,
has deviated sufficiently from the steady state as to not reapproach it for ¢ > T*. Instead the

minimum formed in these first time steps will become more and more pronounced with larger
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negative values, where eventually the blow-up occurs in a single point (xs, 25) and from the

z-symmetry of the solution obviously zs = 0, see Figure 21.

20

20 F

40 +

-60 |

-80

-2 -1 0 1 2 3 0 0.5 1 15 2 25 3

Figure 21: The solution A(x,z,t) of the unperturbed problem continuing Figure 20 at t €
{2.61, 2.67, 2.73, 2.76, 2.77}, left: at z = 0, right: at = 0.

Remark 2.61. In approaching the singularity one cannot use a fixed time step in the nu-
merical computations (if it was not already chosen unreasonably small), since the blow-up
time ¢s is not known a priori. Scheichl et al. (2008) demonstrated that adapting At with
respect to the relative change in the minimum of the solution is most appropriate to be able
to obtain A(-,t) as close as possible to ts. For the computation presented in Figure 21 we
used

mi—1

m; = |min (A(x,O,ti)) |, such that At; = At;_q i Y > 1.05.
zeR m; m;—1

Plotting the minimum of A versus the time, the existence of the finite time singularity becomes

even more apparent, see Figure 22.

-20
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Figure 22: The evolution of the minimum of A(z, z,t), with the results taken from Figures 20 and
21, revealing a blow-up time of ts ~ 2.8.

92



Also, what is often recognized in regularized problems, near the (stable) steady state
the dynamics are comparably slow, i.e. with a moderate amplitude of the perturbation the
activation time 7™ is large in comparison to the difference to the blow-up time. This is in
complete accordance to what has been shown in Section 2.3.1 regarding the slow convergence
toward the equilibrium, cf. Figure 12.

With resolving the near-singular behavior or shapes of functions, meaning locally steep
gradients and strong curvatures, a disadvantage of the polynomial expansion in contrast to
finite differences can be observed. Functions (locally) violating a certain regularity regarding
their derivatives need overproportionally many polynomials in according orthogonal global

approximations to reach a certain accuracy. We shall illustrate this by a simple

Example 2.1. Consider the Chebyshev expansion of (see also Example 3.1 in Section 3.1)

1 1

f@) = 125 = Ro(e) = 3Rola),

Taking f? = 1/(1 + 2?)?, which has a more pronounced maximum at z = 0, the according

exact expansion reads

) 1 1 203 1 1
Pa) = (hole) ~ 5alo)) = $holo) — 5halo) + o),

where we used Lemma 3.2(v) for the R3-term. Therefore, if one would have used N = 2 to
expand f and f? the latter would be insufficiently ”approximated”.

Such facts have to be considered when finding the lowest number of polynomials necessary
to compute the time evolution near the blow-up. Omne has to take into account the ill-
posedness in form of fast growing oscillations when the time step is too small, as explained
in the paragraph following Figure 15 in Section 2.3.1. This then determines the number of
polynomials N, due to the corresponding symbol (2.79). Thus, oscillations confined to the
z coordinate might not necessarily stem from growing instabilities, but are due to the lack
of local approximation qualities, i.e. larger pointwise errors. On the left of Figure 23 we
compared Chebyshev expansions using N = 20, to three different functions (dashed lines)
mimicking the time evolution with respect to z at & = 0 of the solution A as depicted in
Figure 21. One can readily observe that the approximation coincides virtually exactly for
functions with the minima at —20 and —40 (and are hence left out in the figure), whereas in
the third situation oscillations occur in the approximation, especially in the vicinity where
the curvature of the original function changes its sign. By using N = 40 polynomials these
imperfections vanish, with the expansion being indistinguishable from the given function. On
the right of Figure 23, to show the similarity, we plotted the solution gained from the time
evolution at ¢ ~ 2.77 using N, = 20 (solid) and N, = 40 (dashed) polynomials.

Eventually we claim that polynomial expansions lose their advantage against finite dif-
ferences when trying to resolve (finite time) singularities, independently of the quality of

the methods leading to the equation systems in spatial coordinates and the schemes for the
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Figure 23: Left: Approximation using N = 20 Chebyshev polynomials (solid) of the dashed graphs
(the first two are indistinguishable from their approximation). Right: Solution A(0, z,t) at t ~ 2.77
with N, = 20 (solid) and N, = 40 (dashed, cf. Figure 21).

discrete time integration. This also holds for finding discontinuities and shocks in time evo-
lution problems, cf. the Gibbs phenomenon described in Section 3.2.2, Example 3.7 and what

follows.

Remark 2.62. It is worth noting the singularity to occur only in one singular point zs in
all two-dimensional cases studied. Such an observation can not only be found in the case of
unforced problems, where I was chosen to be at or above its critical value I, cf. Figure 4,
Smith (1982) and Scheichl et al. (2008), but also for various different perturbations applied
to the problems when starting at an upper branch stationary solution. For example, when
forcing the solution to form two local minima in x in the first time steps, eventually one of
them will dominate the behavior and result in the blow-up. We claim this to be due to the
non-symmetric properties of the Abel operators involved.

In the three-dimensional set-up, solutions of the unperturbed problem are always sym-
metric with respect to z and thus multiple, simultaneously occurring singularities in z (at
one common z,) are possible. We show this by using the previously applied blowing device

(2.93), where the function p = p(z) is now assumed to have two (symmetric) maxima, e.g.

1 1
1+(z—1)2+1+(z+1)2'

p(z) =

As done for the perturbation with one maximum, Figure 24 now shows the solution for the
first time steps, when the new forcing is activated, i.e. ¢t < T*, using the same numerical
parameters as before.

As in the previous computation, a minimum appears in z at z = 0, but also with respect
to z at = 0, where the latter is smaller, rendering the minimum at z = 0 to be only local.
Again, for the results at ¢ > T™ the forcing is switched off and the unperturbed problem ends
with the finite time singularity, where z; # 0 and ¢ ~ 2.45, see Figure 25.

94



25 1 1 1 1 1 1 1 1 1 1 1
-4 -3 -2 -1 0 1 2 3 4 0 0.5 1 1.5 2 25 3

Figure 25: The solution A(x,z,t) of the unperturbed problem continuing Figure 24 at t €
{2.306, 2.363, 2.386, 2.4, 2.405}, left: at 2 = 0, right: at z = 0.

Remark 2.63. Forcing functions with multiple symmetric maxima do not necessarily yield
the same number of (symmetrically arranged) singularities in the solution. In the above, we
placed the maxima in p at z, = =£1, which was approximately the necessary distance to
obtain two blow-up points in z. Thus we state that maxima in the perturbation function
being too close yield only one common singularity. Without any forcing applied, but by
varying I, such that it exceeds its critical value I, at some time step, finite time singularities
do occur as well. Here, one has to distinguish between I depending on z and t (as done
in Duck (1990)) and depending only on ¢, for I' = I'(2,t) can be seen as a type of forcing,
yielding similar results as presented in the above, and I" = I'(t) would just mean to start at a
steady state, but the significant time evolution is taken for a situation where no steady state
exists. Here, without having it studied in all details, we assert that z; # 0 appears naturally.

Having demonstrated that blow-up occurs at different points and different times, the usual
question is whether there is some generality behind the development of the singularity, i.e. a

structure, independent of (xg, zs,ts). As mentioned in the monograph by Barenblatt (1979),
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one shall investigate the problem and its solutions regarding the so-called self-similarity.
This became a prominent technique to gain further insight into blow-up phenomena of time
dependent problems, cf. the survey by Eggers & Fontelos (2009).

Following the definition in Barenblatt (1979), let u = wu(x,t) be a solution to a given
problem. If there exist time dependent scales Z(t) and u(t), and an unknown function P,
such that

u(z, t) = u(t) ®(z/z(t)),

then ® is a similarity solution in the similarity variable x/Z. Note that these similarity
scaling renders ® independent of ¢. Furthermore, if £ and @ are unique in the sense that the
relation above is the only possible way to define ®, such that u is a solution of the given
problem, then we call ® and the scalings self-similar.

For the planar Cauchy problem (2.49), Smith (1982) argued that if ¢ approaches ¢4 then the
left hand side of (2.49) is dominated by A%, as long as | — x| is small, whereas the first term
on the right hand side is of order A |z — 5| ~3/? and the second term of A |z — z4|3/*(t,—t)!.
To obtain the similarity variable z/Z(t) as in the definition above, both terms on the right
hand side have to be of the same order. By then equating their (common) order with the
order of A? yields the desired function (t), rescaling the similarity solution. Transferring
this idea to the three-dimensional problem (2.47) gives the similarity coordinates and the
similarity solution as (cf. Duck (1990))

4/9 4 4/9 2

T=1s—t, T—xs=T""2, 2—2=7T7"'"2

X as 7 — 0. (2.121)
Az, z,t) = 7723 A(%, 2) + o(r /%)

One can now utilize these local coordinates further to obtain better estimates for the time ¢,
of the blow-up and its spatial location.
Define

(x%iélw (A(x, z,ti)) =:m;,

it then follows from the second line in (2.121) that for any ¢1,t5 close to t4

m1_<ts—t1>_2/3 N C_<m1>_3/2 N t_tl—CtQ
R P | —— g = ————

mo ts—tQ 1—c
——

=:C
and also, for (x;,2;) being the point where A(-,¢;) attains its minimum m;, one has

4/9
T — cro — a1
S =Y o Ts =

Ty — Ty A9 —1

and analogously for z;. Applying the above formulae to the results shown in Figure 21 yields

zs ~ 0.66, ts~2.775,
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and for the solutions in Figure 25, one obtains
xs ~ —0.1, 2z~ +0.66, t5~ 2.418. (2.122)

With knowing the point (s, zs,ts) one can also compute an estimate for the profile A in
(2.121) via
~ A t1)— A t
A3, 2) ~ (z,2,t1) — Az, 2, t2) ’
(ts _ t1)—2/3 _ (ts _ t2)—2/3

(z,2) € R?, (2.123)

with (z, z) replaced by (#1749 + z,, 2749 + z,). As done in Scheichl et al. (2008) one can use
such estimates to graphically show the convergence of the solutions A = A(%, 2,t) (viewed in

the similarity variables) to the profile A = A(%, 2) as t — t,, see Figure 26.

-4 1 | 1 1 1 1 1
-10 -5 0 5 10 0 2 4 6 8 10

Figure 26: The solution A = A(x, z,t) taken from Figure 21 plotted as 72/3A(x, z,t) as a function
of (&,2) with (z,2) replaced by = = #7%° + a,, z = 27%/9 4 2,, with the estimated profile A from
(2.123) (dashed lines). Left: at Z = 0, right: at & = 0.

Remark 2.64. A similar convergence behavior as in Figure 26 can be seen when using the
solutions in Figure 25 with the according blow-up data (2.122). It is worth noting that the
estimated blow-up profiles coincide very well in both cases, suggesting this structure to be an
intrinsic property of the singularity in the Cauchy problem, independent of when and where
the blow-up occurs. This has been confirmed further by replacing p in the perturbation (2.93)

by some exponential function (or similar), always leading to the same limiting structure.

Remark 2.65. The passage of the non-similar behavior to the similarity structure is not
only necessary for the similarity transform to be valid, but can also be used in some occasion
to determine unknown parameters, as described in Barenblatt (1979). Here we could argue
to have used this to also confirm the blow-up data estimates above.

With the convergence of the rescaled solution to the similarity profile and its independence
of the initial condition and forcing imposed on the Cauchy problem we can claim, according

to the definition above, that the scalings (2.121) are in fact self-similar.
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The obvious next step, and it is quite usual to do so (cf. Eggers & Fontelos (2009) and
Galaktionov (2009)), is to substitute the similarity variables (2.121) into the Cauchy problem
to obtain an equation determining the blow-up profile A. Additionally, information on the
far field behavior of A can be obtained. Since the blow-up occurs in one singular point only,

one can expect the solution to remain bounded away from (xg, 25), that is
|A(z, z,t5)| < 00, V(x,z), such that |z — x4 =]z— 2] =0(1), as T — 0.
Furthermore, from the scalings (2.121)
lx —zs| = |z — 2| =0(1) & |(&,2)] — o0.

Introducing the usual polar coordinates as (z,z) — (r, ¢) (centered at (zs,zs)) and (Z, 2) —

~

(7, ¢) yields

x —xs =1 cos(P), & =7 cos() } subst. (2.121) 7 cos(¢) = Y97 cos()

z — zg = 1 sin(¢), 2= sin(qg) r sin(¢) = /97 sin(gg) '

Taking the square and adding the equations on the right yields r? = 78/97#2, whereas division

A~

gives tan(¢) = tan(¢), thus

) A2 3/4 A2 3/4 A
%:7‘8/9 = (%) =723 = A:<r> A.

T T r2
We mentioned earlier that for A = O(1) as r = O(1) one has # — oo, such that (in this limit)

(F)MIAZ0(1) = A=0(F)7M) or A~ ()7, (2124)
which reads in Cartesian coordinates (cf. Duck (1990))
A~ (2)2) (@24 227 as #2422 — 0.

Remark 2.66. The functions ¢ and ¢*, describing the far field decay of A in more detail, can
be assumed to be bounded and continuous on [—, 7|. From the graphs in Figure 26 (dashed
lines) and the far field relation one readily obtains that A is not in L!(R?) but in L?(R?) and
hence one has to carefully consider the existence of its Fourier transform, analytically (cf.
Duck (1990)) as well as in the discrete version, since the decay at infinity might be too weak
to yield plausible results.

To finally state the full problem governing the terminal structure we apply a linear coor-
dinate transform, such that x5 = z; = t; = 0, and substitute the similarity coordinates into
(2.47), using

QA =2(—t)P[A+ 2(20; + 20:) A]
(2.125)
A= (—t) MWIORA, A= ()" I92A
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and instead of the Riesz potential R', the Riesz transform R, i.e. shifting one 9, onto the
kernel, cf. Remark 3.62, is used. By taking the limit (—t) — 0 this yields

A= -2 TIERINA -3y T [A+ 3 (20: +20:) 4], (3,2) € R (2.126)

A(f,gg) ~ c(qg) P32 a5 Ao 00,

where A denotes the Laplacian with respect to , 2.

Remark 2.67. It is fairly obvious that the first term on the right hand side in (2.126) is
equal to % J_léiRl (02 + ai,ag]/i and thus one obtains the same operators as for the Cauchy
problem, with 0; being replaced by I + % (9?7 0z + 73(95), where I denotes the identity. And,
in virtue of Remark 2.14, by assuming A = A(%) in (2.126) one obtains the according two-
dimensional equivalent of the similarity profile equation, cf. Smith (1982) and Scheichl et al.
(2008).

Remark 2.68. As mentioned in Remark 2.23, Duck (1990) considered a globally (z-
symmetric) three-dimensional Cauchy problem for A, where the exact same equation de-
termining A was derived. Due to the approach used therein, the combination of the Riesz
transform and the Abel operator, as given in (2.126), is replaced by a type of potential integral
with an additional kernel involving a complete elliptic integral. The equivalence of these two
descriptions is shown in Section 3.3.2, Remark 3.66. Hence, we can assert the independence
of the blow-up profile of whether the z symmetric physical set-up was initially assumed to be
(globally) three-dimensional or the z dependence was introduced to the planar problem by

forcing functions. This may not apply to problems where no z symmetry was assumed.

Remark 2.69. One of the most important characteristics of (2.126) is that it is a nonlinear,
homogeneous equation and hence A=0is obviously a solution, which cannot be admissible
as a similarity profile in the vicinity of the blow-up. Hence, certain measures have to be taken
to find possible non-trivial solutions.

To study the full characteristics of the blow-up profile one has to solve (2.126), which is
essentially a numerical task. The main issue, as stated in Remark 2.69 and Scheichl et al.
(2008), is the nonlinearity and how to keep the thus needed iteration schemes from (mainly)
converging to the trivial solution, which appears to be ”highly attractive”. All other arising
difficulties are inherited from the Cauchy problem, since the operators involved are the same.
As has been said in Section 2.2 regarding numerically solving the steady problems, various
different approaches were used in the previous works to address the issues concerning the
properties of the singular operators, the unbounded domain and the nonlinearity. Inter-
estingly, for the profile equation (2.126) the finite difference method was found to be most
successful, especially compared to the polynomial expansions, which stands in contrast to
experiences made when solving the Cauchy problems. Hence, the following shall provide the
strategy (in principle) for setting up a finite difference scheme for equation (2.126). For the

details we refer to Section 3.4.
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First, an application of the mapping

u

7:[-1,1] = R, T(u):cl—u2

(2.127)

yields a compact computation domain [—1,1]?, which is subsequently divided into evenly
distributed squares, cf. (3.127). Here the parameter ¢ provides the possibility to adjust
the according distribution of the evaluation points on R? in order to capture certain local

characteristics of the operators or the solution. We then obtain the discrete unknowns

Ay = Alug,vj) = A(r(w),7(v;)), i=0,...,M;, j=0,...,M,.

As (2.126) admits only z symmetric solutions, v € [0, 1], thus saving computational costs.

By abbreviating the discretized operators (following the analysis in Section 3.4) as
TRRIA ~ K, TR1+2(30:+20:)] ~ J,

where, for simplification of the programming effort, one can split K and J into discretizations
of the individual integrals and derivatives (as described in Section 3.4), one obtains the
discrete composition by simple matrix multiplication.

Overall, this leads to the nonlinear system in ([1,]) =: A

,J
A= MA M=-[2K+2vJ) (2.128)

To incorporate the boundary conditions we note that A(£1,v) = 0 and 9,A(+1,v) =
avfl(u, 0) = 0, due to the far field condition and the symmetry with respect to z.

Remark 2.70. Theorem 3.41 in Section 3.4 states the convergence of the approximation
of the matrix-vector (or tensor-matrix, to be precise) description on the right hand side of
(2.128) and also provides estimates for the order of the discretization. Some simple tests
show the invertibility of M in principle, such that we claim that a Newton method applied
to (2.128) can be expected to converge, see Section 2.2, Remarks 2.18 and 2.19.

Caveat: It is somehow (from numerical testing) neither necessary nor recommendable to
approximate the Abel operators appearing in (2.126) to higher orders (as has proved successful
for the two-dimensional problem, cf. Scheichl et al. (2008)) than the potential integral.

A direct application of the Newton-Powell iteration scheme to equation (2.126) does not
yield any other result than the trivial solution (see Remark 2.69), or in other words, it seems
almost impossible to choose appropriate starting vectors to obtain any other solution. Thus,
as proposed in Scheichl et al. (2008), one has to force the unknown vector not to be identical
to zero by keeping one entry fixed at a non-zero constant.

Assume A is a non-trivial solution of the mapped version of (2.126), then there exists
a constant a # 0, such that A(u,v) = a®(u,v). Say A(u*,v*) # 0, setting a := A(u*,v*)
consequently gives ®(u*,v*) = 1. The substitution of A;; = a®;; into (2.128) yields the
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equation system
a®® =M%

(2.129)
®i*j* pr—

—_

)

where we have gained an additional unknown a and, as an additional equation, the fact that

there exists a pair of indices {i*, j*} at which ® has to be 1.

Remark 2.71. It is fairly obvious that if an iteration scheme applied to (2.129) converges,
it can only yield a solution vector ® not identical to zero. We do not have to be concerned
about the pathological case of obtaining ®;; = 0, Vi, j # i, 7% as a possible solution, since fl,
as a solution of (2.126), is at least twice continuously differentiable with respect to & and 2.
Hence, if A is non-zero at some point, it has to be non-zero in a neighborhood with positive
measure around this point. Ergo, if the mesh is sufficiently dense, this pathology will not
occur. In other words, a convergent iteration algorithm for the system (2.129) provides strong
evidence for the existence of a non-trivial solution of (2.126).

For the final set-up of the numerical scheme a few comments are in order. The parameter
¢ in (2.127) shall be used separately in x and z and seems to have an optimal value at ¢ ~ 3,
meaning for the mesh in R? that the points are distributed away from zero. Apparently
this is needed in the finite difference scheme to depict the far field behavior more accurately,
resulting in a better convergence behavior of the iteration. A good choice for the initial guess
was found to be (1 + 22 + 22)73/* and a = 1, where this function already satisfies (up to a
constant) the far field condition (2.124).

As pointed out in Scheichl et al. (2008), the blow-up profile for the two-dimensional case
is unique, in the sense that numerically one is not able to find another non-trivial solution.
Consequently, tests regarding possible uniqueness of the profile at hand have been performed
(by variation of the numerical parameters and the initial guesses), where, not surprisingly,
only one non-trivial solution could be found as well.

Also, the convergence of the iteration in principle is highly sensitive, especially with
respect to the mapping 7 and the according distribution of the points. The reason for this
might lie in the additional equation in (2.129), which can be seen as a very strict constraint
for possible solutions found by the iteration procedure. Note that if the points are distributed
in a way, such that the function in the neighborhood of ©*, v*, in virtue of the differentiability
requirement, cannot be resolved to some order of accuracy, the iteration might not converge.

Support for the claimed uniqueness is found in the estimated profiles from the time
evolution, where different initial conditions (i.e. forcing functions) result in different blow-up
times and points but yield the same intrinsic structure in the similarity variables.

Concluding, we assert the similarity profile A given via (2.121), to be in fact self-similar,
since the numerical findings show that (2.121) represents the only possible way to introduce
similarity variables, such that A = A(x,z,t) seen as the rescaled solution in time from
A = A(%, %) is the unique solution of the original Cauchy problem (2.47). Figure 27 finally
shows the good agreement between the estimated blow-up profile from the time evolution and

the non-trivial solution satisfying (2.126). Combining the (numerically found) uniqueness of
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the blow-up structure and the independence of the physical set-up, cf. Remark 2.68, we thus
found a generic intrinsic structure for the finite time singularity of the Cauchy problems
(2.49) and (2.47).

Figure 27: The blow-up profile gained from the finite difference scheme (solid lines) with equidistant
grid (M;, M;) = (50,30) on [—1,1] x [0,1] versus the estimated profile from the time evolution, cf.
Figure 26 (dashed lines).

Remark 2.72. The uniqueness regarding the two-dimensional version can be further sup-
ported by solutions found applying Chebyshev polynomial expansions. Without any con-
straints to avoid the trivial solutions we were able to obtain the exact same profile as pre-
sented in Scheichl et al. (2008) using between N = 30 and N = 80 polynomials. Interestingly
the numerical experiments performed showed that the non-trivial solution, although being
unique, is not attractive or stable in the sense that the Newton algorithm immediately con-
verges to the trivial solution, if the initial guess, or some intermediate iterated solution, is
not already close to the sought solution.

A homotopy approach, such as taking the steady state problem, where upper branch

solutions are easily found (see Section 2.2) can be written as
A4 (1= AT+ 22+ T +1— f) = \TY202A — s 2y T2 1 + 220,)A, s €[0,1],

where s = 0 represents the steady problem and s = 1 the blow-up profile equation. Although
no proof for this to obtain the non-trivial solution is available, with the consistency properties
of the operators, see Section 3.3.1, and the convergence of the iteration algorithm and the
orthogonal projection, enough evidence for the uniqueness of the blow-up profile for the
two-dimensional problem has been presented. As for the profile shown in Figure 27, the
polynomial approach did not yield satisfying results, which might be due to the difficulty

finding appropriate functions to start the iteration scheme.

Remark 2.73. The evidence that there might be one and only one non-trivial blow-up profile

seems sufficient, but this fact per se is highly non-trivial. Galaktionov (2009) investigated

102



the blow-up and its structure for a fourth-order reaction diffusion type problem for different
values of the power of the nonlinearity. It was found therein that at least two non-trivial
solutions exist, even for less than quadratic nonlinearities. Surprisingly, some such solution
turned out to be strictly positive and hence sign changes and zeros of the similarity profiles
are important properties. The results obtained from the numerical experiments performed
with respect to various grids and initial guesses regarding equation (2.129) show no possibility
for non-trivial solutions of (2.126) to be non-positive or non-negative, which leads even more

to the conclusion of uniqueness of the blow-up profile depicted in Figure 27.

Remark 2.74. If one formally assumes the Cauchy problem and according solutions to have
some meaning for ¢ > t, then a reconsideration of the similarity variables (2.121) for 7 < 0
would mean the blow-up is approached from the ”future” and the question thus raised is

whether the intrinsic structure is different. Say, for 7 > 0
z—xy = (—7)Y9% = (=1)V974%%,

where the value of (—1)%? shall be defined as 6%, where § is chosen from all roots of §? = —1,
which has nine symmetric solutions on the unit circle, i.e. if §; is a solution, so is the complex
conjugate. Since nine is an odd number, one J; is always found to be on the real line, i.e.
+1. Thus, (—1)%° =1, as well as (—1)~%/3 = 1 is always a possibility and we hence assert a
formal time symmetry for the blow-up structure, meaning that if a solution does exist in some
sense beyond the blow-up time, the structure of the singularity does not change if approached
backward in time.

In the above we established the existence and uniqueness of self-similar finite time blow-
up solutions of the Cauchy problem (2.47), regularized using the direct implicit numerical
technique, which corresponds to filtering or cutting off higher order Fourier coefficients of the
solution. But, as demonstrated in Section 2.3.1, this is not the only possibility to gain well-
posedness of the time evolution, adding higher derivative operators, as we have shown, works
equally well. Moreover, these do also have a physical correlation to streamline curvature
contributions (cf. the streamline curvature term (2.120)). Including such terms actually
alters the Cauchy problem and yields similar results to the filtering technique only if the
regularization parameter is small enough. Nevertheless, with respect to the problem posed
in this section, i.e. starting from the upper branch steady state and applying the blowing
device, we have to consider the time evolution with these regularizing operators present.
Recalculating the first time steps, cf. Figure 20, using the term from (2.85) with the parameter
a = 0.01, shows almost negligible differences in the structure of the solutions (as expected).
When computing further in time, the mollifying characteristics of the regularization become
more apparent in the sense that the minimum indicating the singularity is shifted and the
blow-up per se seems to be delayed. This, of course, raises the question whether the finite
time singularity, when including the higher derivatives, actually occurs. This is reasonable

to ask, since if the absolute value of the solution A becomes infinite at some point, all

103



terms in the equation including A are equally relevant. From a more detailed numerical
investigation we still claim the existence of the finite time blow-up, even in the presence of
the regularizing operators, as long as the parameter « is sufficiently small. In fact, one might
claim the singularity to result from the presence of the interaction term (i.e. the potential
integral in Equation (2.48)), as this term, in principle, acts magnifying to the absolute value
of a solution over time. Omnly when starting near an upper branch steady state solutions
remain bounded for finite radii |(z, z)|. Interestingly, as shown in Smith & Elliott (1985),
when considering the non-interactive boundary layer equations and deriving the according
solvability condition, one also arrives at problem (2.47), but without the interaction term.
Then, as further demonstrated therein, the time evolution of A does mot terminate in a
singularity, but develops a shock-like structure (locally in some bounded region away from
the far field). This we were able to confirm numerically with the methods described in the
previous sections. Such findings then support the assertion that the interaction term is mainly
responsible for the blow-up scenario (under the conditions established above). Although in
the non-interactive case no (classical) derivative of A is present in the equation, the issue
of ill-posedness, or instability of certain disturbances, still remains in some sense (cf. the
arguments made by Smith & Elliott (1985)). Nevertheless, including higher order derivatives
or using the implicit time integration does not show any fast growing oscillations in the time

evolution but a more or less mollified shock, depending on the regularizing parameter.

Remark 2.75. As said in the preceding paragraph the finite time blow-up still occurs with
the regularizing operators included. Applying then the arguments leading to the self-similar

coordinate scalings (2.121) one obtain the balances
A2~z — 2| TPA ~ o —a Pt — ) TTA ~ Jz— x| T4,

where it is obviously not possible to take into account all four terms for the similarity trans-
form. So the argumentation would now be that the square on the left hand side and the time
derivative term have to be included, but from the spatial derivative type operators only one
can be present to determine the blow-up profile. Since the Cauchy problem does not expe-
rience the singularity without the interaction term (but instead shows the above mentioned
shock), we assert that in the vicinity of the blow-up the regularization does not contribute to
the intrinsic structure. In other words, the blow-up scenario has to be seen as the regularized
solution of the Cauchy problem subject to certain initial conditions in the limit of vanishing

regularization.

2.4 Concluding Remarks

In the preceding sections, apart from providing accuracy and convergence aspects of the
numerical schemes used, we studied the two main characteristics of the present description
of marginally separated flows in a locally three-dimensional set-up. That is, the ill-posed

Cauchy problem and the finite time singularity. It is of high importance at this point to
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emphasize the difference between them, as one might associate both with the breakdown of
the asymptotic triple-deck structure. We shall therefore give some further explanations and
clarifications on these (general) subjects.

Let us first note that a finite time blow-up is not necessarily connected to the ill-posedness
per se. Consider, for example, the reaction-diffusion problem dyu = Au + F(u), which
is certainly well-posed on some Sobolev space W (assuming F' to be (locally) Lipschitz).
Nonetheless, for some initial conditions one can show lim;_, 7 ||u|| — oo, depending on F, of
course. In other words, in this case one has existence, uniqueness and continuous dependence
of solutions on the data on t € [0,7"). Replacing A with —A renders the problem ill-posed
on W (in general), such that one cannot even speak of solutions for any ¢ > 0, and hence
certainly not of a finite time blow-up.

Additionally, as has been sufficiently demonstrated in Section 2.3.1, the ill-posedness is
an intrinsic property of the Cauchy problem itself and is not introduced by linearization or
discretization. In fact, in some situations (as it is the case here) discretization can be a type
of regularization, yielding a well-posed finite-dimensional approximation. Furthermore, ill-
posed problems shall always be considered in connection with the function spaces solutions
and initial conditions lie in. Thus, heuristically, we might just say that the problem is ill-posed
because of the lack of additional a priori information on the sought solutions. Eventually,
having found an appropriate regularization, one can focus on properties of the actual time
evolution.

We shall make another, more physical, remark on the ill-posedness here. As it is often
the case when applying asymptotic expansions, due to their non-uniqueness, choosing dif-
ferent coordinate scalings and different expansion orders might lead to completely different
problems. The slow time scale given in (2.6) is introduced in a way to enter the solvability
condition in the lower deck, cf. Equation (2.28). Note the fact that no time derivative ap-
pears even in the investigated equations for the higher order terms, just a variation in time of
the inhomogeneity (cf. Equation (2.20)). Hence, using a different time scale yields different
problems for the expansion terms in the three decks and might also give a well-posed Cauchy
problem for A.

Concluding further, one can assert that the ill-posedness is not necessarily ”un-physical”,
but might just lack the information to resolve appearing short-scaled parts of possible solu-
tions. We may thus justify the argumentation and numerical results given in Section 2.3.1
by not allowing functions containing higher order Fourier terms to be solutions of the posed
problem. The proposed regularizing operators in form of higher derivatives (stemming from
the streamline curvature) can be seen as the resulting mathematical formulation of such a
physical argument.

In doing so, we have given some meaning to the steady states computed in Section 2.2
by (numerically) investigating the long time behavior in the vicinity of these equilibria (cf.
Remark 2.48 and what follows) and by applying control (or forcing) functions (see the para-
graph after Remark 2.53). With the relation of the solution A to the wall shear stress 7 (see
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Section 2.1), one can draw some physical conclusions regarding the separation of the bound-
ary layer. Take, for example, the upper branch solution in Figure 3, where A > 0, Vz, i.e.
the flow is fully attached. Starting the time evolution with a small separation region already
present (e.g. by slightly altering the fully attached steady state accordingly), the numerical
results then show the attraction of the upper branch steady state. Thus, without any further
disturbances, the separation bubble disappears over time, neither destroying nor significantly
changing the main part of the boundary layer. One can hence claim the triple-deck structure
and its asymptotic expansions of the flow field to be uniformly valid in such situations.

The crucial situation (being the other main characteristic of the Cauchy problem) ap-
pears for a sufficiently strong perturbation or if the initial condition lies outside a certain
neighborhood of the upper branch steady state (at some I") — that is the finite time blow-up
scenario. Note again that this singularity occurs despite the well-posedness of the regularized
problem. Nevertheless, solutions blow-up only for certain initial settings, whereas otherwise
long time existence and uniqueness have been (heuristically) established. Yet another way is
to say that within the subspace of admissible solutions and initial conditions regarding the
well-posedness of the original Cauchy problem, there exists a subspace of initial conditions,
for which finite time singularities can be found.

The blow-up has been argued to be connected to the emergence of vortices within transi-
tional separation bubbles. Since these bubbles are prone to burst (under the influence of small
disturbances), such vortical structures can be considered unstable in this sense. Considering
the velocity component vs; in the lower deck, as given in (2.15), shows its singular absolute
value at the blow-up point, meaning that the lower deck significantly changes the behavior
in the boundary layer and the outer flow region. Furthermore, it indicates the breakdown
of the triple-deck structure of marginal separation (due to the non-uniform validity of the
according asymptotic expansions for all times).

This raises the question of what happens at and beyond this singularity or whether the
singularity terminates the whole evolution problem. Here one has to take into account several
aspects.

(1) At the singularity, independently of whether the time evolution can be continued, we
have shown in Section 2.3.3 the existence of a self-similar structure as ¢t — ¢, containing a
generic and unique blow-up profile. Also, demonstrated by numerical results, there appear
to be only singular blow-up points, or say, blow-up regions with (Lebesgue) measure zero.
Nevertheless, the possibility of multiple blow-up points (cf. Figure 25 and Remark 2.63),
although z-symmetric, exists. The most important implication then is that independently
of when and where the singularity occurs, the time evolution always terminates in the same
manner, revealing the unique self-similar profile.

(77) Galaktionov & Véazquez (2002) studied blow-up scenarios in virtue of the issues of
when, where and how it occurs and what happens beyond. The former have been answered
for the problem at hand in Section 2.3.3. From the explanations in the previous item we

infer that, regarding the possibility of continuation, none of the first questions has immediate
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influence. It is rather the spatial structure of the singularity which determines the behavior
beyond blow-up (and whether there is even one). Thus, Galaktionov & Vézquez (2002)
distinguish three cases. First, the complete blow-up, for which solutions cannot be continued,
since they then would have to be infinite everywhere. Second, the incomplete blow-up, where
the solutions remain bounded in some regions for ¢ > t, (and infinite in the complement). And
at last, the transient blow-up, resulting in an everywhere bounded solution immediately after
the occurrence of the singularity. We may claim, in the case investigated here, an incomplete
scenario to be present, since the formal time symmetry argument (cf. Remark 2.74) suggests
the same self-similar structure to appear when formally approaching the blow-up time from
beyond. In fact, a condition for the existence of the self-similar variables is the boundedness
of the solution away from the (spatial) blow-up point.

So the question rather is whether the singularity is (spatially) integrable in some sense. In
other words, whether one can find an integral over the solution for which the time derivative
is zero for all times. This leads to the subject of finding weaker norms and according function
spaces for the solution to lie in, such that the problem does not experience a finite time blow-
up in this sense. Ergo, for weak and mild solutions a long time behavior might exist. If
this is the case, one can treat the solution as an almost everywhere bounded function with
(maybe moving) regions of unbounded absolute value. In Braun & Kluwick (2004) this has
been investigated with respect to the Fisher equation, where two moving singularities appear
beyond blow-up. Note that the conservation of some integral (norm) of the solution is still
an open issue in this case.

(7i7) A completely different approach is the consideration of the fact that (in general) any
kind of singularity or unboundedness appearing at some point in space-time in some expansion
term at some order of an asymptotic series shows the breakdown of the proposed expansion
(cf. Goldstein’s singularity in classical steady boundary layers). As mentioned above, such an
expansion is then not uniformly valid on the defined domain. This is exactly what happens
at the blow-up time, i.e. the function A becomes singular and, for being included in the
expansion terms of the velocity field in every deck (see Section 2.1), we infer the uniform
validity of the triple-deck expansions to be violated. Already mentioned in Section 2.1 and
as shown in Stewartson (1970), the Goldstein singularity cannot be resolved using triple-
deck arguments. Interestingly in the present case we have two situations. On the one hand,
one can find settings (i.e. different initial conditions), for which the expansions in all decks
remain (heuristically) uniformly valid for all times. On the other hand (and in contrast to
the Goldstein singularity), the finite time blow-up and the form of the breakdown of the
expansions consistently define shorter spatio-temporal scales, which reveal a new triple-deck
type problem.

A formal connection between the Cauchy problem (2.47) in terms of A and a reaction-
diffusion type equation (here Fisher’s equation) has been shown in Braun & Kluwick (2002),
Braun & Kluwick (2003) and Braun & Kluwick (2004) to hold in the vicinity of the critical

value of the parameter I, cf. Figure 4. The idea, in principle, is to say I. — I =: €* and
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A(z,2,t) = Agg(x) + 2a1(x,ez,€%t) + ... and to then determine ai, whereas Aoq is the
solution of the two-dimensional stationary problem (2.33) at I.. In Braun & Kluwick (2004)
further investigations then revealed that a; = b(x)c(ez, €2t) and (for the sake of readability

say ez — z, €2t — t) the behavior of the function ¢ to be governed by

oic = 836—!— c—c.
If a1 in fact does approximate the dynamics of A near I, then, what is most striking here is
the fact that the Fisher equation is well-posed. One might be lead to infer the well-posedness
from the independence of ¢ from z, cf. the Fourier symbol (2.78). Although, such an argument
can hold in some cases, here we rather claim the well-posedness to be related to the time
scaling t — €2t, which results in different combinations of time and spatial derivatives (with
respect to z). Nevertheless, as remarked at the beginning of this section, finite time blow-up
can occur in such nonlinear well-posed evolution problems. Using classical PDE analysis, one
can show for locally Lipschitz continuous nonlinearities (as it is clearly the case here), in the
usual L? set-up, that there exists a t,qe, until which a unique weak solution exists and if
tmaz < 00, then the L? norm of the solution becomes unbounded at t,,4,. Note that if one
would want to argue a possible continuation after blow-up, other L” norms would have to
be used, which might not be found. In conclusion, even though the time scale of the Fisher
equation is slower than the one for A, near the bifurcation point I, the upper and lower

branch steady states and the possible singularity found for A are mirrored here for c.

As argued at the end of the previous section, we can leave out any type of regularizing
operators near the blow-up point and hence continue with the original problem. Following the
ideas in Smith (1982) and Elliott & Smith (1987) (for the planar flow case) from the singularity
in A we can deduce, via the relationship (2.29), that the term containing the interaction
pressure, being initially asymptotically small compared to the imposed pressure gradient (cf.
the expansion for ps in (2.14)), becomes comparable to the latter when approaching the
blow-up time. Consequently, one wants to find the time scale where both terms become of
the same order, i.e.

O(€'poo) = O(e"0,p;) as t—t,. (2.130)

From (2.121) we have that z = z = O(7%?) as 7 — 0 and thus with

8521A(§17§27t) dérdés = Op;) = 0(7—10/9)7
—_——

:0(7—714/9) :0(7—8/9)

1
b :R[ (2, 2) — (&1, &2)]

=0(174/9)

and consequently 0,p; = 0(7_14/ 9). The fact that pgo is an order one quantity in all limits,

(2.130) provides a connection to ¢ and hence to the Reynolds number, i.e. 7149 = ¢ 6 =
Re3/10 = 7 = O(Re_27/ 140). Since we want to utilize this relationship to obtain rescaled

spatio-temporal variables (%,7, Z,t), such that { — —oo correlates to t,, using (2.6) yields
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|ts — t| = €|tt — t*] = O(Re27/10) and therefore
[t — t*] = O(Re™2"/M0H1/20) = Re=V/Tf = ¥ = Re!/®t, + Re™ VT,

with £ = O(1) as Re — oo (cf. Smith (1982)). Redefining € := Re~'/7 and assuming the
blow-up point shifted to the origin, we obtain further the rescaled spatial variables x* =
O(Re‘1/57'4/9) = Re 2/7, thus z* = 2 and analogously z* = €22. As we have defined
this new scalings with the individual pressure contributions being of the same order, we can
simply say p* = O(Re~Y°pgoz) = O(Re~/?p;) = O(Re~'/27719/9) and therefore p* = €2p.

Remark 2.76. Being a little more precise regarding the rescaled pressure p, or say its
gradient with respect to #, we shall consider (cf. Braun et al. (2012)) as 7 = O(Re~27/140)

Dpep* = Re™Y20,poox + Re™V20,p; = O(1) = Opep” — poo = O3

and with 9zp = O(1) one also obtains p* = €p (as found above).

From the fact that the appearance of the singularity is inherently a time-dependent pro-
cess related to fast growing pressure perturbations, it is clear that within the Navier-Stokes
equations, viewed in this new scales, the time derivative has to be of the same order as the

pressure gradient, leading to

u* u* u* O
of |v* | ~Vp* = O vt | =0 [vr [ ~ |9 [P =001)
w* w* w* Oy

since O(04+p*) = O(0zp) and x* scales as z*, whereas the scaling factor for y* is yet unknown.
Next, we observe that the blow-up essentially happens within the viscous sublayer (the lower
deck in Section 2.1) and consequently one has to balance the pressure gradient with the

viscous terms, yielding

" Opep* ~ €' Au* = e'e 4e(02 + 02)u + 676_2a685ﬁ
Vp* ~ €A | v = Oyep* ~ € Av*
w* O p* ~ €T Aw* = e 4e(02 + 02)w + 676_2“685121

! ~
= S =1 = Y= e4y,

since O(0y+p*) = O(0,+p*) = O(1), where the y gradient of the pressure compared to the
viscous term in v remains undetermined at this point. Finally, we have to take into account

the conservation of mass. Without making any a priori assumptions or restrictions, we have
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in general

O™ ~ Q0™ ~ Opr™ = e 10z ~ 6_46“896 ~elom = vt =€

Considering now the nonlinearity in the Navier-Stokes equations and comparing its order to,

say the pressure gradient, yields

* *
u u
Vp* ~ | v* |V |[o* | = ¢'0p ~ e bz + e o0yu + e Loz
w* w*

and analogously for the y and z gradient, which means that we are dealing with a fully
nonlinear problem for the lower deck.

We shall thus summarize the above found scalings (for comparison review the original
scalings (2.6) and the according expansions for the three decks, (2.7), (2.10) and (2.14)) by
regarding the resulting triple-deck as the next stage within the marginal separation setting,

see Figure 28. As argued in Elliott & Smith (1987) this new structure comprises a potential
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Figure 28: The next stage triple-deck structure, cf. Figure 2 and the dashed lines here, with the
rescaled spatial coordinates (Z, ¢, 2) and the fast time scale t. Again the regions (¢)—(ii4) indicate the
potential flow, the main part of the boundary layer and the viscous sublayer, respectively.

flow region, transforming displacements into pressure perturbations, an inviscid, rotational
boundary layer and the viscous sublayer derived above. In virtue of the descriptions for the
three decks given in Section 2.1 we obtain the following scaled coordinates and expansions

for the next stage

e
t'=el, a*=€%, =63 y' =L 2§ , e=Re (2.131)

4~
€ Y3
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upper deck () main deck (77) lower deck (i)

iy ~ Ugo + €% t11 iy ~ Up(T2) + €'/2 gy Uz ~ €U31

Oy ~ €201y Ty ~ €2 Dyy U3 ~ €3 U31 (2.132)
Wy ~ €2y W ~ €2 oy W3 ~ €3y

P~ po + € (PooZ + Pi) P~ po + € (PooZ + Pi) P~ po + € (pooZ + Pi)-

Substituting these expansions into (2.2) yields (in the same way as in the upper deck in
Section 2.1, cf. problem (2.8)) p; to satisfy the Neumann problem of the Laplace equation in
the upper deck. In the main deck, for being a classical boundary layer, conservation of mass

and the momentum equations read

Ozlo1 + (9@21721 =0 g1 = Ay1(7, 2, E)U(/)(?b)

1721U6 + UpOztioy = 0 U1 = _UO(ZJ2)856A1(3~3> z, ~)
= _

aﬂzﬁi =0

xr
- 1 / 5 e
Wy = ———— [ O:pi(&, 2,t)dE
UpOzwo1 = —0:p; Uo(52) N
—00
with an yet unknown function A;, similarly to A from the original marginal separation
expansions, representing a shift or correction of the displacement thickness in the lower deck.
The crucial problem for this triple-deck structure lies, as usual (cf. Section 2.1), in the

lower deck, which is obviously governed by (omitting the tilde and all indices)

atu + (’LL, v, w)T -Vu = _(pOO + 8xp) + 85“

Oyp =0
V(x,y,2,t) ER x RTx R x [0,T]. (2.133)
ow + (u,v,w)T - Vw = —0,p + 8510
div(u,v,w) =0

The according boundary and matching conditions are, of course, the no-slip condition at the

surface y = 0, a matching to the boundary layer as y — oo and as |(z, z)| — oo, yielding

u=v=w=0 at y=10
2
2 t
u ~ poo(y?/2 + yA1), v~ —pooy— 0: A1, w~ C(Lzé) as y — 00 (2.134)
2 PooY
u~ pooy*/2, p,A1—0 as |(z,2)] — oo,

where the function ¢ abbreviates the x integral of the z derivative of the interaction pressure
(which is independent of y) given in the solution of ws;. Similar to the marginal separation

case, the interaction relation (2.29) from the potential flow region reads

__1 1 >
p(x,z,t) = 271'/ |(l‘,2) — (61752”651141 dfldfg (2.135)
R2
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Remark 2.77. In contrast to the original marginal separation set-up, the triple-deck for
the next stage has a nonlinear and unsteady lower deck (cf. (2.20), which contains no time
derivative of the velocity field). Furthermore, the u and w component satisfy the same
momentum equation and (2.131) and (2.132) yield the y gradient of the pressure to be zero
and the Laplace term to be represented only by the y derivative, which indicates the problem
to be of boundary layer type.

The procedure used to obtain (2.134) represents the simplest form of a matching rule.
Going into more detail here, one can either solve (2.133) for large y (where the viscosity term
vanishes) applying the method of characteristics or use additional information, to obtain
higher order corrections to those given in (2.134). It can be argued, by viewing the function A;
as the local displacement of the boundary layer (caused by the sublayer), that the streamlines
of the boundary layer are shifted by yo + A at every z = const., i.e. the separation profile
reads Uy = Up(ya + A) (see e.g. Ryzhov (1980)). Hence, with Up(y2) = pooy3/2 (as y2 — 0),

one obtains

- poo(y +A1)>  pooly + A1)? 2c

5 , v 5 as y — 0o, (2.136)

which has been applied to the streamfunction in the planar case in Elliott & Smith (1987).
Modifying these far field conditions shows that they do contain (2.134).

In (2.133) the unknown functions are obviously time dependent, with an explicit time
derivative term. Therefore initial conditions have to be posed for the problem to be closed.
From the deduction above it is straight forward to see that for such a condition to be found
one has to consider the match with the previous stage for 7 — 0, i.e. t — —o00. As done in
Elliott & Smith (1987) for the planar case substituting the scalings, cf. (2.121),

o= t"%, y=[t"", z=1""% Az, zt)=[t|HPA(3,2)
into (2.134) or (2.136) yields the expansions

Poo PN
w(x,y, z,t) ~ —- |75|2/9 7% 4 poolt| PO Ay (&, 2) + [t %%, 9, 2)

2

pOO — T A A\ a — NrA A A
(:E Y,z 7t) __|t| 8/985;A1($,Z)y2+|t| 15/9U($7yaz)

w(z,y, z,t) ~ [t 720 (2,3, 2)
p(x, 2, t) ~ poo\t\‘l/gi + \t\_w/gﬁ(ﬁ:, 2)

as t— —oo. (2.137)

By then substituting these expansions into the momentum equations (2.133) one obtains the

unknown higher order flow field (4, v,w,p) to be governed by

~2
Poo .2 2 A ~ Y o4 - R A P
o D31+ pood — 0yth = —0;p — 7A18AA — %y(Al + % (xa@Al + 20; A1)) (2.138)
SRiP0s - 85 b= ~0:p,
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where the usual conditions of no-slip at the boundary, at most linear growth in the far field,
together with the relationship between p and A; via (2.135), are imposed.

Most remarkable here is the similarity of (2.138) to (2.20) from Section 2.1. In fact, the
only difference is that y30; A in (2.20) is obviously replaced by the last term in the first line
on the right hand side in (2.138). Thus, by following the procedure described in Section
2.1 starting with (2.138) instead of (2.20) and using a shift of the unknowns of the form
i = fl%/(2p00) +a and 0 = —gjfllc%fll/poo + © we find a solvability condition for (2.138) in
terms of A; to be given by the equation for the similarity profile at the blow-up, Equation
(2.126) in Section 2.3.3. Considering, in addition, the formulae in (2.125) one can easily see
where the change of the original time derivative for A to the term in Ay stems from.

As a conclusion from the matching as t — —oo we find A; in the initial condition (2.137)
to be identical to the blow-up profile given as A in Section 2.3.3. This is in very well agreement
with the findings in Elliott & Smith (1987) for the planar flow case.

Let us recapitulate what has been derived at this point. In the event of the finite time
singularity shorter length and time scales (2.131) appear within the original marginal sepa-
ration set-up, yielding a new triple deck stage, where the lower deck is governed by the (now
nonlinear) momentum equations (2.133), subject to the boundary and matching conditions
(2.134), as well as the interaction relation (2.135). Since the flow field is unsteady, initial
(matching) conditions, i.e. where the new time variable ¢t — —oo, have to be imposed via the
expansions (2.137). The displacement function A; therein has been shown to be equal to the
self-similar blow-up profile A in (2.126).

Elliott & Smith (1987) continued the investigation of the planar nonlinear triple-deck
problem by linearizing the momentum equation for the streamfunction around some steady
function comprising the far field behavior. As a consequence, an approximated dispersion
relation (cf. Remark 2.37) was then found, showing w o k®/3. Regarding the well-posedness
one can easily see the violation of the necessary condition derived in Section 2.3.1, such that
the arguments made further in Elliott & Smith (1987) with respect to a possible finite time
breakdown have to be seen in the context of ill-posedness. Even though the calculations made
contain some simplifications one cannot expect the full, nonlinear problem to be well-posed,
which is supported by the numerical findings in Elliott & Smith (1987).

In an analogous manner one can perform a similar analysis for the three dimensional equiv-
alent (2.133) presented above, which we claim to lead to the same conclusions. Remaining
an open question is whether and how additional terms such as the streamline curvature term

found in Section 2.3.2 can enter and possibly regularize this nonlinear triple-deck problem.

With the analysis and remarks above we have provided some possibilities as to how a
continuation of the time evolution after the blow-up can be understood. But, as argued,
e.g. in Barenblatt (1979), the self-similar structure and let alone scenarios beyond blow-up
are only worth considering, if the singularity is stable (in some sense). Otherwise even the

similarity coordinates (2.121) do not have any special meaning. A first, simple test for the
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stability would be to alter the data at some ¢ < t5 and compare the changes in the similarity
profile. If these are uncontrollable, the similarity structure has no meaning. One can easily
perform this for the Cauchy problems from Section 2.3 numerically by slightly changing the
values of the coefficients in the expansions (2.51) at some ¢ and computing the blow-up point
(xs, zs,ts) and its profile. Here we found that small alterations in the data at any time t < t
lead to reasonable changes in the blow-up characteristics.

Since this represents a rather heuristic approach, Barenblatt (1979) suggested the stability
to be studied by saying, if ¢ is the self-similar variable connecting (z,t) and a solution
u(z,t) is hence represented by U((), the latter is stable if for a perturbed solution u(x,t) =
U(¢) +w((,t), one has w(¢,t) — 0 as t — oo.

Remark 2.78. Obviously, in the present case, A= fl(i, Z) is invariant with respect to the
one-parameter group of translations, i.e. shifting the blow-up point and time (together with
the formal symmetry in (z,t), cf. Remark 2.74). Therefore, one might write in general for
the perturbed state above u(z,t) = U(¢ + a) + w((, t).

In Eggers & Fontelos (2009) this definition was adopted in the following form. Given the
self-similar coordinates (2.121) and say p = —log(r) and A(xz, z,t) = 7 2/34*(&, 2, p), then
substitution into the Cauchy problem (2.47) yields an initial value problem for A*, where
steady states correspond to the originally derived blow-up profile A= A((i’, z). Consequently

the time derivative term 0;A reads in the new independent variables
A = 2(—t)PPB[A* + 2(20; + 20:) A" + 30,A7],

where comparison with (2.125) eventually confirms the blow-up profiles to be equilibria of

the initial value problem
y TE 9, AT = (A7) — 2 TRIAA — 2y T A 1 2 (20, + 20:) A7),

subject to the far field decay as in (2.126) and some initial condition. Here, one can continue
by applying the standard techniques of substituting fl*(ﬁ:, Z,p) = fl(i’, )+ A&, 2, p), |A] < 1,
and expanding A in eigenfunctions of the according linearized, right hand side operator. For
the present problem, as we have demonstrated on several occasions in the previous sections,

the stability might still be best tested using numerical experiments.

Remark 2.79. The Cauchy problem for A* in the form above will most likely not yield
traveling wave solutions. To check whether these are still possible, one would have to use
the transform A(z,t) = 77 2/3)(& + vp) (see Eggers & Fontelos (2009) for some further and

general aspects of self-similar equilibria).
It has been suggested and shown in Weideman (2003) that the occurrence of a finite time

blow-up in real solutions of certain evolution equations can be interpreted as vanishing imag-

inary parts of (permanently) existing complex singularities. The reaction diffusion equation
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dyu = 02u + u?, for example, has the behavior u(z,t) ~ (t; —t + zz*log [ts — t\_l))_l, such

that (asymptotically) if x = £i./8(ts — t)log |ts — t|, u has a complex pole, approaching the

real axis as t — ts.

The blow-up in the Cauchy problem (2.47) is asymptotically given by (2.121), i.e.
Az, z,t) ~ c(x,z,t)(ts — t)~2/3, which is nicely reflected by tracking the minimum of A
as t — tg, see Figure 29. With ¢(z, z,t) converging to the blow-up profile A and hence being
bounded, no complex singularities can be found in a similar way as in the example above for
t < ts.

-100 B

-120 1 1 1 1 1 t
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Figure 29: The evolution of the minimum of A(z, z,t) (dashed), cf. Figure 22, versus the algebraic
singularity in time suggested by (2.121), e.g. —3.3 (2.775 — )2/ (solid).

As for the Fisher equation, the existence of moving, complex singularities prior to blow-up
and moving, real singularities afterwards has been demonstrated in Braun & Kluwick (2004),
where this was also connected to a formal time symmetry combined with a change to complex
independent variables. When formally replacing ¢ with —¢ in the Cauchy problem (2.47) it
is not straight forward to find according transforms for A and the spatial variables, such
that the equations remain invariant. This is due to the explicit appearance of x on the left
hand side and the combinations of integral operators on the right. In consequence, although
we have shown a formal time symmetry to hold for the blow-up profile, actual continuation
beyond blow-up here needs another approach.

We shall make two more remarks on the important issues regarding the uniqueness of the
blow-up profile and the continuation of the solution beyond blow-up. As mentioned in the
paragraph following Remark 2.72, homotopy analysis methods might be utilized to show the
existence and uniqueness of non-trivial blow-up profiles for the two and three dimensional
case. The approach used therein, of course, only represents one of many possibilities to
introduce the homotopy parameter and perform the numerical calculations. In the theory

of homotopy analysis this is known as the zeroth order deformation equation. The whole
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technique then is constructive in the sense that one can (numerically) compute solutions for
different values of the homotopy parameter and observe the change from the initial to the
sought solution. To obtain a classical existence and uniqueness result one might employ fized
point theorems, such as Schauder or Banach. The difficulty in the present case certainly
lies in the contraction principle needed for using Banach’s argument. As for Schauder’s
theorem ”only” continuity (among other characteristics) has to be assumed, which then
yields existence but not necessarily uniqueness.

As for the continuation beyond blow-up we stated above that necessarily the conservation
of some integral norm has to hold for the function A. One possibility would be to take into
account the conservation of mass and momentum in their integral form. Assuming the flow
field considered in Section 2.1 satisfies the Navier-Stokes equations then the according integral
descriptions are satisfied as well. Substituting the lower deck expansions for the velocity field
into the equations yields integral relations for the function A. No actual conservation of A
could be found with this approach and hence the integrability and its conservation over time

remains an open question.

As an additional perspective for future considerations one might make the assumption (A.
I. Ruban, private communications) of a moving surface in or a moving singularity of a solution
for the original problem (2.47). First let the surface be moving with a (relative) velocity w.
Given as an additional condition for the original Navier-Stokes equations (2.2), u}, enters the
boundary conditions for the lower deck expansion term usa, see (2.14), if u), = Re=2/5u,,,
such that uss = u,, at y3 = 0, cf. (2.21). Following then the analysis of deriving the solvability
condition, u,, just changes the boundary conditions for w3y (assuming we have already applied
the affine transform) to be gy = —A? + 22 — I' + uy,, cf. (2.24). Eventually, for the steady
and unsteady problems (2.30) and (2.47) it is straight forward to deduce that the surface
velocity represents a shift in the bifurcation parameter I, with the obvious conclusions (for
example, it does not alter the self-similar structure).

Another approach would be to assume the spatial location of the singularity (xg, z5) to
depend on the time t > t4, such that =z, — x5 + vt and z; — 25 + vt. Consequently, the

self-similar variables (2.121) then read

T —Ts = 9% 4 (-7 N
(=) =) and  A(z,z,t) = (=7)2BA(&, 50,7), T=t,—t.
2 —zg = (—1)Y2% 4 v(—7)

It is yet to be established, if such a view has some meaning or yields meaningful solutions in

terms of, e.g. traveling waves (cf. Braun & Kluwick (2004) for the Fisher equation).
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3 Polynomial Approximation and Numerical Analysis

The subject of describing arbitrary functions (depending on one or more variables) using
finitely many simpler functions (of which the behavior is known and well-defined) is named
approximation theory. This idea is presented in a very general context, for example, in Collatz
& Krabs (1973) and goes back at least to Weierstraf$’ theorem, saying that polynomials are
dense in the space of continuous functions.

Polynomial approximation can then be seen as a special case of linear approximation
problems (in contrast to nonlinear problems and/or exponential, trigonometric and ratio-
nal approximations). In numerical analysis the classical polynomials are almost never the
best choice and hence one always turns to orthogonal polynomials, such as the well-known
Chebyshev polynomials.

Since these were originally defined only on [—1,1] this section deals with extensions to
unbounded multi-dimensional domains. First we define how such polynomials can be mapped
onto the real line, while remaining smooth and bounded, and prove certain characteristics of
these mapped analogues in the context of weighted Lebesgue spaces.

Well-known results in approximation theory applied to spectral methods, such as conver-
gence rates, interpolation properties and the aliasing phenomenon will then be formulated
and proved in spaces defined on R".

Due to the overall application to problems given in Section 2 we utilize the derived
properties of the mapped Chebyshev polynomials, now well-defined in certain function spaces,
to solve equations involving singular integral operators using spectral collocation methods.
This is done, as usual, in a functional analytic or operator theory setting, by treating the

approximations as projections onto finite-dimensional subspaces.

3.1 Rational Chebyshev Polynomials

For a basic and comprehensive introduction to orthogonal polynomials and approximation
theory the reader is referred to e.g. Szegd (1939), Timan (1963), Cheney (1966), Guo (1998),
Boyd (2001) and Mason & Handscomb (2003). In the following the notion rational Chebyshev
polynomials is used for classical Chebyshev polynomials 7,, mapped onto the whole real axis,
ie.

Ry, (z) :== T, (¢(x)) = cos(ng(x)), Ve R, (3.1)

where
T

R —[-1,1], ¢(x)= \/ﬁ, (32)
¢:R—[-70], ¢(xr)=arctan(z)— /2,

both bijective and diffeomorphic on the according open intervals. Algebraic simplification
shows that every mapped polynomial can be written as R,,(z) = %, where g(x) # 0, Vo € R.
Hence, Boyd (1987) termed them rational Chebyshev polynomials, although in the odd case

¢(z) is not an actual polynomial (due to the square root). Equation (3.3) and Figure 30
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depict a few examples.

T
Ro(z) =1, Ri(z) = At 272
2 -1 23 — 3z
Ry(x) = 211 R(z) = A+ 22572 (3.3)
zt — 622 +1 2° — 1023 + 5z
Ra(z) = zt+ 222+ 17 Bs(w) = (1 + 22)5/2
1
€T
0
10 5 0 5 10 -10 5 0 5 10

Figure 30: Left: even polynomials Ry (solid), R4 (dashed), Rg (dotted). Right: odd polynomials Ry
(solid), Rs (dashed), Rs (dotted).

The following results represent an extension of some aspects of classical Chebyshev poly-
nomials for the above mentioned global analogs (see e.g. Mason & Handscomb (2003) and

Guo (1998) for some general ideas and proofs).

Theorem 3.1. The set {R,}, n € N, forms a complete orthogonal set in the space L2 (R)

1

with the weight function w(z) = 7.

Proof. To see this we utilize the fact that {7},} is complete and orthogonal in L2([-1,1]),

u(t) = \/11_7 By applying ¢ from (3.2) to the definition of completeness (i.e. the span{T;}

is dense in L?2), one has for an arbitrary function f € L2([—1,1]) that
o L [e.9]
Jai €R:||f =D aiTilf2 = / 1£(t) =D aTi(t)[Po(t)dt = 0. (3.4)
i=0 el =0

A straight forward variable transform ¢ = t(z), with dt = (1 + 22)~3/2dx, shows that
{R,} combined with the weight w(x) = ﬁ satisfies (3.4) for (arbitrary) functions f(t) =

T
f((z)) =: g(z), © € R, such that g € L2 (R).
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Performing the same steps for the orthogonality relation one obtains

0 if n#m
(R, R := /Rn(x)Rm(a:)w(x)dx = (3.5)
R

|Rn||2, otherwise,

with ||Rol|2, = 7 and || R, |2, = 7/2, ¥n > 0. O
Lemma 3.2. The following holds for all R,, defined by (3.1).

(i) Recurrence relation
Rn+1 = 27,[)Rn —Rp 1

(ii) R, € C*R), R,(z) € [-1,1], Vx € R, n e N
(iii) Asymptotic behavior

n2
Ry (x) ~ (£1)™(1 — 2—:172) as x — +oo (3.6)

(iv) Ry, is an even or odd function if n is even or odd, respectively.

(v) Product of polynomials
Ran = %(Rm—l—n + R|m—n|)

(vi) Generating sum in powers of ¢
[n/2]
R, = Z Ck,n¢n_2k
k=0

k2n—2k—1 n (n—k

2 ("") and |-] takes the integer part

where ¢, = (—1)

(vii) Generating formula

n (3.7)
= 3 (1)por e - o

(viii) Derivatives of Ry,

n—1
dR, . di
dz N dxn—iz:oddR27

where the dash denotes that the kth term is halved if k = n/2 and n is even

(iz) Zeros z; of R,, (n>1)



with (not sharp) bounds x; € [—2n, 2n] C [—2n, 2n].

Proof. Most assertions in this lemma can be seen by a straight forward substitution of the
mappings ¢ and ¢ for the original variables in the proofs given in e.g. Mason & Handscomb
(2003). So in what follows only arguments for the non-trivial extensions will be presented.
In (ii) the smoothness and the bounds +1 follow directly from the definition via the cosine
function in (3.1) as a combination of smooth functions (¢ is smooth by induction).
(iii) can be shown by setting # = +1/y in ¢ (such that z — +oo as y — 07) and

expanding

Ra(y) = cos (n arccos (i L))

i

into a Taylor series around y = 0, i.e.

2
nT

cos (n arccos (:l: )) = (£1)" — (£1) 7@/2 + 0@y as y—0F

1
iro
(cf. Boyd (2001a), where (£1)"™ is missing in the second term).

The expression given in (vii) stems from considering the polynomials in the complex plane.
Hence it cannot be used in the current form to (numerically) evaluate real-valued polynomials
(\/(x)2 —1 ¢ R). By saying a := 9 (x) and b := /1 (x)2 — 1 we obtain (from the binomial

formula)

D=

Ro= a0+ @-vn = 3 () )eler ot -t

k even
where the odd terms can be cancelled out, which leaves only real addends.
The zeros in (ix) are, of course, just the mapped zeros of T),. To prove the estimate for
the bounds, it is sufficient to consider i = 1, since a simple evaluation shows x, < x, — 1 <
oo <2y and z, = —x1. With ¥~ (z) = 2/v1 — 22 we have

cos(o= cos(o= 1
x1(n) = (2")7r > = — (27?) = —. (3.8)
1 —cos(%) sm(%) tan(%)
Forn =1,2,3,... the argument of the tangent function decreases (to zero) and hence setting

Y = 57, ¥y € [0,7/2], an expansion of the last term in (3.8) around y = 0 should yield
1
tan(y)
usual way (due to the singularity). But one can easily obtain (using L’Hospital’s rule for the

the desired estimate. However, a Taylor series of around 0 cannot be gained in the

coefficients) an expression for

1 1 —t

tan(y) vy  ytan(y) 3

By adding 1/y to the right-hand side above and combining this with (3.8) we arrive at

ik

<2n
3
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(if n > 1), where the bound becomes sharper as n increases. O

Remark 3.1. One can infer from Lemma 3.2(iii) that the R,, are (in general) not integrable
over R. On the other hand, using integration by parts and the fact that all derivatives of all

R,, vanish at infinity, it can be easily seen that

m 2 :1 dd
/#Rn(aj)dl‘:{ m orn o

0 otherwise.
R

Remark 3.2. There are several ways to express derivatives of Chebyshev polynomials. Con-
sidering the definition (3.1) it is obvious that all derivatives can be written in closed form by
just differentiating the cosine combined with the mapping ¢). Lemma 3.2(viii) shows that one
can reduce derivatives to sums of the original polynomials. Another way is to use Chebyshev
polynomials of the second kind, or more generally Gegenbauer polynomials (see e.g. Boyd
(2001) and Mason & Handscomb (2003)), to describe derivatives in a more or less compact
formula. For the sake of completeness it shall be noted that the generating function given in
(3.7) can also be differentiated to arbitrary order, which does not necessarily yield a practica-
ble description, especially for numerical usage. In view of such characteristics, the best form
to be used depends strongly on the problem to be solved. In case of mainly numerical evalua-
tions closed forms are to be preferred, due to possible (round-off) error accumulations in the
sums. Trefethen (2000) provides a mathematically thorough and applicable treatment of var-
ious aspects of evaluating derivatives of polynomials (making use of so called differentiation

matrices).

Remark 3.3. As mentioned in Boyd (2001a) indefinite or definite integrals (over a compact
interval, cf. Remark 3.1) of individual R,’s can be calculated in a straight forward manner.
Therein a recurrence relation was also given to obtain integrals of R,’s for arbitrary high
degrees. Interestingly, a general antiderivative in closed form for all degrees cannot be found

directly. This is in strong contrast to the classical polynomials where it is easy to see that

Tl(:E) n=2>0
/ To(z)de = { LTo() n=1 (3.9)
P - B2 e

which can be most easily shown via the cosine definition (see e.g. Mason & Handscomb
(2003)).

Remark 3.4. Obviously, by applying a coordinate transform, it is only possible to utilize
(3.9) to gain an equivalent general description for mapped polynomials, if the derivative of the
transform is independent of the integration variable. Thus, it cannot be done for the mapping
¥ in (3.2). Alternatively, integrals of Chebyshev polynomials can be given by considering the
generating sum or the generating function in Lemma 3.2(vi),(vii). In the classical case, both

can be easily integrated and algebraically modified to be equal to (3.9).
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Apart from the recurrence relation stated in Boyd (2001a), one can calculate indefinite
integrals of rational Chebyshev polynomials for arbitrary degrees (using a computer algebra

system such as Mathematica) to be

[n/2] plHn—2k

/Rn@:)d:c =D g P18 R k2R ke,
k=0

where the coefficients ¢, are the same as in Lemma 3.2(vi) and 9F; is the Gauss hyper-
geometric function. This is a very general description, which might not be practicable for
numerical schemes.

When applying affine transforms of the form y = ax + b, = € [—1,1], such that y €
[b — a,b + al], the polynomials T, = T*(y) are then defined on [b — a,b + a]. As mentioned
in Mason & Handscomb (2003) such polynomials are not very useful in general, except when
one needs to approximate a function only locally around some special point where a Taylor
series representation is not the best choice.

Considering (3.9) and the fact that dy/dxz = a one can easily show

Lemma 3.3. Given y € [b —a,b+ a] and y = ax + b with a,b € R, such that T (y) :=
T (4=2) = T, (), then the following holds ¥n € N

a

T7 (y) n=0
/T,’{(y)dy = G%Tf(y) n = and hence
o (B - )
b+a ) ( 1) )
+ (=" =2 n even
T (y)dy = a————2 = 1-n
/ n(y)dy 1—n? { 0 n odd.

b—a

The second equation above follows directly from the first one, since the polynomials at the

integration bounds evaluate to £1.

Remark 3.5. In addition to the non-integrability of all R,, over R, the fact that there is no
general rule for calculating closed form descriptions of indefinite integrals of R,, for arbitrary
degrees presents a non-negligible disadvantage when dealing with algorithms or numerical
schemes to approximate integrals of functions, solve differential equations with a Galerkin
method or solve integral equations (on unbounded domains).

The following simple example shall illustrate this problem.

Example 3.1. Consider the integral

[ btate) - 4t do = b | [ Rode [ ade].

R R R
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a situation possibly arising in the treatment of integral equations or Galerkin schemes (see
Section 3.3). As shown above both integrals on the right-hand side do not exist. Although,

by being more precise, calculating these integrals as a limit (by definition)

%[/Rodm—/Rgdm] = lim %|:/R0dl‘—/Rgdl‘:|,
R R —a —a

reveals that one first has to find the antiderivatives of Ry and R, evaluate them at +a and
then take the limit. Since

/Rodx =z and /Rgdx =z — 2arctan(x)

one can immediately see, that the linear growth at infinity will eventually be canceled out by

the sum, rendering the limit to exist. In fact, what we have is

1
/ [%Ro(x) - %Rg(a:)] dr = / T x2dw =T.
R 1 R
T+a?

All this is even more striking when products of polynomials occur (e.g. in Galerkin schemes),

for example

/ [3Ro(z) — $Ra(2)| Ry (2)de = %{ / RoR,dz — / Randw].
R

R R

Again, a numerical algorithm would be terminated at this point and even analytically one
might not be able to find antiderivatives of such products in order to calculate the limits
(as done above). Lemma 3.2(v) provides at least the opportunity to return to integrals of
single polynomials, but most interestingly, applying trigonometric identities to the definition
of R, via the cosine function and due to the fact that 1/(1+22) = £ arctan(x) it is straight
forward to show

/ L Ro(2) — LRy()] Ru(a)de =0 ¥n > 0,

R
By evaluation of the term in square brackets this can also be viewed as (R, 1),,, which has

to be zero by definition.

Remark 3.6. By substituting x — x/L in the mappings (3.2) (see Boyd (1982) and Boyd
(2001) and references therein) one can introduce a stretching parameter L to modify the
polynomials in order to better adapt them to certain problems or to reduce approximation
errors (see Section 3.2). With () = 2/v/L? + 22, the weight now reads w(z) = L/(L? +z?)

and the zeros are shifted significantly, i.e. z; — Lz; and so is the asymptotic behavior, i.e.

2
Ry (x; L) ~ (+1)"(1 — L22n—2) as * — £00
x
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(cf. (3.6) and Figure 31). Especially when using these zeros as points of evaluation (e.g.
collocation points, see Section 3.3) there is a non-negligible change in the approximation error
(see Example 3.6 in Section 3.2). Although L = 1 might not be the best choice for optimal
convergence (cf. (3.12)), it can provide possibilities to algebraically simplify certain integrals
(with special kernels) and derivatives of R,,. Additionally, most of the modifications in the
proofs given in Section 3.2 are algebraically easier to perform and furthermore, the conditions
for convergence per se given therein must not depend on the choice of L. In actual numerical
calculations, especially with the aim to minimize the number of polynomials, including L as

a variable can be of advantage, see Example 3.6.

1

0.8
0.6
0.4
0.2

0

-0.2
-0.4
-0.6
-0.8

-1

Figure 31: The polynomial R3 taking L =1 (solid), L = 1/2 (dashed) and L = 2 (dotted).

Remark 3.7. An extension of classical univariate polynomials 7;, such that they are defined
on the hypercube [—1,1]", has been done successfully by using a tensor product description,
which is essentially just the pointwise product of such polynomials. This can be applied to

the rational case without any changes, e.g.
Ry(x1,22) = Rij(21,m2) := Ri(x1)Rj(x2),  (w1,22) € R?,

where k runs through the rows of the array built by the indices 4, j (cf. Mason & Handscomb
(2003) and references therein). There is no unique way to obtain multivariate polynomials,
but from the point of approximation theory (see Section 3.2), the tensor product is the
most appropriate one, since it originally stems from formally expanding functions in several

variables into a polynomial series, i.e.
f(z1,22) = Zai(wg)pi(wl), with a;(z2) = Zbijpj(xg) =
( J

flar,wa) =D by pi(z1)p;(a2).

7
7 pij(x1,x2)

124



Using the notion of multi-indices k = (k1,. .., ky), with |k| = max |k;| and = (2z1,...,2,) €
R™, one possible definition (cf. Guo (1998)) then is

Ri(x) =[] Rr. (). (3.10)
i=1
Again, cf. (3.4) and (3.5), {Ry} forms a complete orthogonal set in L2 (R"), with the weight
u(z) = [[, w(zy) (w given as in Theorem 3.1), and the orthogonality relation

Bn B i=1 i=1 i=1
(3.11)
n

n 0 i k£
/ Ri () Ry, (o) as) i = [ (R Ri ) = ,
7 1]R

i=1 |Rel|? otherwise

where k # 1< Ji: ki #1;, i =1,...,n and ||Ry|% := ] || Rk, with the one-dimensional
i=1

inner product and norm given as in (3.5).

Caveat: In the case of multivariate polynomials defined in (3.10) it is possible to write
the inner product and hence the norm as the product of the one-dimensional equivalents. In
general, the fist equality in (3.11) remains as the definition of the inner product in the space
L2(R™) with the naturally induced norm || -|| = 1/(,-). For an illustration in two dimensions
see Example 3.2.

We will not derive any other properties of multivariate rational Chebyshev polynomials
(cf. Lemma 3.2), as this is a purely algebraic exercise and will not shed any (more) light on
the structure of the set {Ry}.

Remark 3.8. For the sake of completeness it shall be mentioned that the Chebyshev poly-
nomials (among the Legendre and Gegenbauer polynomials) are special cases of the Jacobi
polynomials. It is hence obvious that these can also be mapped to provide basis functions on
the whole real axis. Recently, Narayan & Hesthaven (2011) generalized such considerations
including Wiener’s basis functions.

In the above only a few properties of orthogonal polynomials were treated regarding
their modification for problems on R. A more detailed and classical treatment of orthogonal
polynomials has been given by Szego (1939) and many of the results presented therein can

be transformed to the real line in the same way as we have shown in this section.

3.2 Approximation Theory in R"

This section provides a general treatment of approximating functions using orthogonal poly-
nomials in R™. This forms the theoretical background for numerically solving differential and

integral equations using spectral methods on unbounded domains.
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As it has been done in Section 3.1, we use existing definitions and results for orthogonal
polynomials provided, for example, in Gottlieb & Orszag (1977), Guo (1998), Mason &
Handscomb (2003) and Hesthaven et al. (2007) and extend them to the rational, multivariate
case.

Three types of convergence shall be addressed in the following, namely

convergence in some function space

If = fnllz —0

pointwise convergence

@) — fy(@) =0 va [ SNV (3.12)

uniform convergence

sup |f(z) — fn(x)] — 0

where H denotes some Lebesgue or Sobolev space and the uniform convergence can also
be seen as convergence in the L> norm by taking the essential supremum. Under certain

conditions (cf. Lemma 3.14), but not in general, one can infer that
L®° convergence = pointwise convergence = H convergence.

From the completeness of the set {R,} in L2 (R) (cf. Theorem 3.1) and the norm induced by

the inner product in (3.11) one can readily deduce the following convergence result.
n
Lemma 3.4. Given a function f € L2(R"), with x = (x1,...,7,) and u(x) = H 1/(1+x2),
i=1
there exist ai, € R and a polynomial py(x) = Z ar Ry (x), such that
k<N

If—pnllu—0 as N — oo

Remark 3.9. The lemma above represents the weakest form of convergence in the sense
that it does not say anything about the rate of convergence or how the coefficients a; can
be determined. Also, no additional assumptions on the function f have been made, such as
boundedness, differentiability etc.

To measure the quality of an approximation f* in some normed function space, a typical
requirement would be || f — f*|| < e (for a given €) and consequently a best approzimation f};
can be defined as || f — f5l| < |[f — f*| for all other approximations f*, see e.g. Mason &
Handscomb (2003).

By using the fact that any weighted L? space possesses an inner product we can paraphrase

a well known result in terms of multivariate polynomials.

Theorem 3.5. For any f € L2(R") there exists a unique polynomial pﬁ of mazimal degree
N, such that pﬁ is the L2 best approzimation and is given by the (necessary and sufficient)
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condition

(f —pR.pn)u =0, Y polynomials py € L2. (3.13)

Proof. see e.g. Mason & Handscomb (2003). Therein, apart from some general arguments,
only properties of inner products and their induced norms are used and hence the proof does
not need to be modified to hold for weighted Hilbert spaces in R". O

From the existence of such a polynomial it can be concluded that there must also ex-
ist corresponding coefficients ap, as mentioned in Lemma 3.4. In fact, by exploiting the

orthogonality, we have the following
Theorem 3.6. Let {py} be a set of orthogonal polynomials on R™, f € L2(R™) and p¥ the
best approximation found in Theorem 3.5. Then pf\gf can be written as

= Z ag Pk with — ay 1= <f’pk>u. (3.14)

P =l

Proof. see e.g. Mason & Handscomb (2003) for the one-dimensional classical case, which can

be easily adapted to the multivariate result here. O
Due to the uniqueness of the best approximation polynomial, the coefficients given in

(3.14) are thus uniquely defined and, more importantly, do not depend on N.

Obviously, the univariate as well as the multivariate rational Chebyshev polynomials defined

in (3.1) and (3.10) combined with the inner products (3.5) and (3.11) satisfy the requirements

in Theorems 3.5 and 3.6.

Remark 3.10. By formally expanding a function f into a Chebyshev series (in R™) and
taking the (weighted) inner product with an arbitrary Chebyshev polynomial and exploiting
the orthogonality, i.e.

=0 =0 o
#0&i=j

it is straight forward to see that this yields the same formula for the coefficients as in (3.14).
To be more precise, such modifications should be considered in the limit N — oo for all
the sums over ¢ = 1,..., N. Thus, suitable convergence has to be assumed to interchange
the limit (and the summation) with the integral from the inner product (cf. the dominated
convergence theorem and Lemma 3.12 and Theorem 3.13).

It is nevertheless possible to define an orthogonal Chebyshev expansion of a (suitably
chosen) function as an infinite series, where every partial sum is the L? best approximation. It
additionally follows that for a finite (i.e. truncated) Chebyshev series py (with the coefficients
given via (3.14)), the error ey := f — py not only tends to zero in the L? sense (trivial from

Lemma 3.4), but is also minimal for every N.
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3.2.1 Orthogonal Projections

Some types of finite-dimensional approximations can also be considered in terms of projection
methods, where it is often easier to prove certain consistency, stability and convergence results
as well as error estimates. In view of such methods a truncated Chebyshev series expansion

operator shall be generally defined as

Pv:H—Vy, Pyfi=> aRi (3.15)
jiI<N

with H being some Banach space and Vy the span of all polynomials R;.
The next result shows under which assumptions such an operator can be seen as an orthogonal

projection
Lemma 3.7. The approvimation operator Py : L2(R") — Vy, given as

Pnf= Y apBy, (3.16)
IKI<N

with ag as in (3.14), defines a bounded orthogonal projection.

Proof. One needs to verify the projection properties. Using the definition of the coefficients

and the linearity of the inner product, i.e.

<f> RZ>U <gv RZ>U

</\f + 9, Rz>u
= A + v
| Ril12

IR0z IR

one can deduce the linearity of Py.

As for the idempotence (P2 = P) say g := Pnf with coefficients a;, then

Ry ajRj, Ri)y (Rj, R;),
<97 > <Z A ZCL] J = a; = PNg =g.

Png =) biR;, b= =
ZZ-: 1 Rs|3 1 Rs[3 1R:11%

Finally, for the boundedness, we use the fact that Py f is the best approximation in L2 (cf.
Theorem 3.5) and deduce Vf € L2

Iflle=1f=Pnf+Pnfle=f—Pnfla+2Re(f —Pnf.Pnflu+IPnfle = IPnfl2
=0

and thus |Py|ly < 1. On the other hand, from P% = Py we have ||Pyll, < [|Pn]2, where

|Pn |l > 1 and consequently [|Pn|, = 1. 0

Remark 3.11. Guo (1998) defines an orthogonal projection via (3.13) and deduces Theorem
3.6 and Lemma 3.7 from that. Furthermore, extensions to general weighted Sobolev spaces
(containing an inner product) are shown therein as well. By reviewing the proof given above,
one can easily see that in fact every argument holds for all Hilbert spaces, concluding that

every H best approximation given via orthogonal polynomials is an orthogonal projection from

128



H into the span of the polynomials (see Mason & Handscomb (2003) and Hackbusch (1995)
for some further and general aspects of projection operators).

The next result, which is often utilized when proving convergence rates, shows that if the
projection converges in L? the coefficients are square summable (also known as Parseval’s
identity, originally derived for Fourier series). Since this shall be done in the most general
sense, where a precise understanding of sums over multi-indices is crucial. The following

example will illustrate the two-dimensional case.

Example 3.2. (see definition in Remark 3.7)
Say n = 2, thus k = (k1,k2) and a; = Ay ky) = Qkyky> Which can be also seen as a matrix
of coefficients. Now the sum over |k| < N or |[k| =0,1,2,..., N means summing up all the

terms for which
|k|=0 ~»k=(0,0)

k=1 ~»k=(0,1), (1,0), (1,1)
k| =2 ~»Ek=1(0,2), (1,2), (2,0), (2,1), (2,2)

Obviously, all the pairs can be rearranged to yield the matrix mentioned above, where sum-

mation runs through every line for every column or vice versa. Ergo,

N N
Z Pr = Z Zpklkz-

|k|<N k1=0 ko=0

Overall, the projection operator in R? reads

N N

(PNf)($17$2) = Z Z aklkZRk1($1)Rk2($2)7

k1=0ko=0
with the coefficients

<f, Rk1 Rk2>u B (7T

2
a == = (—) ¢ 1, o) Ry, (1) Ry, (z2)w(x1)w(xe)drdas,
bk = TR T2 (R |2 > k1 k2/2f(1 2) Ry, (1) R, (w2)w(@1 )w(zz)dwrdas
R

2

where ¢, = 2 if k; = 0 and ¢, = 1 otherwise (taking into account ||Ro|?, = 2||R;|? = m,
see (3.5), cf. definition in Guo (1998) for the coefficients in multi-dimensional Chebyshev
transformations). It is now straight forward to see that only in the case of separable functions
f the multi-dimensional inner product can be written as the product of its one-dimensional
equivalents. One possible way to express multi-dimensional inner products in one-dimensional

terms would be by successive application, i.e.

<f> Rk>u = < i <<f> Rk1>w’Rk2>w s 7Rkn>w'
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The following result states the square summability of the coefficients given in the orthogonal

projection.

Theorem 3.8. Let f € L2(R") and Py be the according orthogonal projection given by
(3.16). Then the coefficients satisfy the (modified) Parseval identity

> akai = 2/7)"If112, (3.17)
|k|=0
with ¢, = [ cx;, where ¢, =2 for ki =0 and ¢, = 1 otherwise.

i=1

Proof. Measuring the difference of f and its projection in L?, we get

If = Pnfla=(f=Pnff—Pnfhu=f fhu—20fPnfou+ (PNF,PNFu=
=112 =2 > axlf, Ridu+ > aay (Ri, Ry)u =

k[ <N LESN T
=171 =2 > aillRellz + D afllRall} =
k<N k<N
=117 = D akllBxl-
k[ <N

All equalities above are independent of the dimension n and also hold for the classical poly-
nomials (cf. Mason & Handscomb (2003)).
Lemma 3.4 shows that for N — oo the left-hand side of the equation above tends to zero,

hence
o0

> agllRillz = I1£13

|k|=0

and from ||R||2 = ﬁ | Ry, |2, where || R, 2 = Ck; 5, with the ¢y, defined above we arrive at
the desired result. = O

Note that absolute summability cannot be inferred here. Therefore it is not possible to
make any assertion about pointwise or uniform convergence. The only obvious conclusion is
that the coefficients must form a null sequence, the necessary condition for convergence of
any series.

In two dimensions, for example, the square summability can also be written as

o o o o0 o0 o0
2 2 2 2 2
Crly = gy + ag + E Qo + § E Ay
k=0 1=0 1=0 k=0 k=0 (=0
o0
2 2
= Y a; <c|fl2
|k|=0
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So far the L? convergence for approximations (projections) in terms of (multivariate rational)
Chebyshev polynomials is very well established. If the given function is differentiable in some
sense, convergence rates can be proved to depend on the approximation parameter N and
the order of the derivatives.

Guo (1998), Wang & Guo (2002) and Hesthaven et al. (2007) provide results for the
classical types of orthogonal polynomial systems (Fourier, Legendre, Hermite, Chebyshev)
with some extensions to multidimensional and unbounded domains.

In the following we will show convergence rates for multivariate rational Chebyshev poly-
nomials in terms of Sobolev type spaces and smooth functions. As usual, for the multi-index
k and z € R™ say 0F := oF1ok2 .. 0k |k|, = 3 ki and let the space HJ,(R™) be defined as
the set

H (R") = {f|0;f € LR, ks <r},  with |fI7= D 95fI3 (3.18)

|k|s<r

whereas HZ 4 shall be the set

= {FIIflla<oo} with [fI3:= " HH (1+22)

|k|ls<r Jj=1

o [, (3.19)
Remark 3.12. The different use of absolute values for multi-indices (cf. Remark 3.7) stems
from the agreement that mixed partial derivatives are usually regarded as derivatives of order
of the sum of its individual derivatives, e.g. the pair (2,2) gives 8385 (1(2,2)]s = 4), a fourth
order differential operator, whereas |(2,2)| = 2.

The space H,, 4 is chosen to work with the arguments in the proof for the convergence
rate of the projection operator (Wang & Guo (2002) show the general idea in one dimension),
cf. Theorem 3.11, where the subscript A will become clear. The following result adds some

meaning to this function space.

Lemma 3.9. The space H,, , defined in (3.19) is a subspace of HJ,.

Proof. One needs to show that for every f € H; 4(R"), |[f[|l» < ¢|[f]|a holds, which implies
that if [[fljla < oo = || fllr < o0.
By observing that every addend in both, (3.18) and (3.19) is positive and also the number of

terms in both sums is equal, it is sufficient to prove that

n r/n+k
loFfII2 < e JJ(1+ 22"

Jj=1

for fixed r, Vk. (3.20)

Zj

r/n+k;
(14 :1,']2) 2 it follows that g,(z) > 1 and unbounded as |z| — oc.

::]:

Defining g,(z) :=

1
With f}(x) := 8';]‘"(95), (3.20) reads

I < cllgnfill k. (3.21)
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The definition of the L2 norm on the left-hand side in (3.21) yields
[1si@Putn = [ 1fi@)Puteds + / ) Pue (3:22)
Rn R”\S

where S denotes a bounded n-sphere with radius R. Switching to hyperspherical coordinates
— (p, @) with ¢ = (¢1,...,¢n-1), i.e. say P, : R — R", such that

([ p cos(¢) _ (Pa1(p, b1, Pn—2) cos(dpn-1)
P2(p7 qb) T <p Slﬂ((ﬁ)) and Pn(,(), ¢1’ U ,¢n—1) T < P Sin(¢n—l) >’
with ¢ € I := (—m,7) x (—7/2,7/2)" 2
n—1
and the functional determinant |J| = p"_1 H cosk_l(qﬁk),
k=2

and by denoting the functions in these coordinates with an upper bar, (3.22) can be rewritten
to be

R
| i (@) Pu(a)de = \filp, 0)Pulp, )| T dodp + | | |fi(p,d)*ulp, d)|J|dodp. (3.23)
/ i /]

R

In S, which represents the second term on the right-hand side in (3.23), g, = g-(p,¢) is a

uniformly bounded function with values between 1 < g, < const. Thus, one obtains

R R
/ / fi(p, 0)ulp, ¢)|J | dedp < c / / 19| fi(p. ) Pl p, ¢)|.J| dep dp. (3.24)
0 I 0 I

Considering the far field behavior of the functions

yields for the first integral on the right-hand side of (3.23) (additionally changing the order

of integration)

/ / 7 (0, 6) P, 6)17| dpdo ~ / / prted| T dpde < c / / (crenten) 1| dpds, (3.25)

where the inequality holds due to g, being unbounded as p — oo, which means c4(¢) > 0, V¢
and consequently p% > 1, for p > R.

In view of (3.23), adding the right-hand sides of (3.24) and (3.25) gives the desired estimate
(3.20). O

Remark 3.13. This proof shows that the space Hj, 4 collects those functions of H;, which

satisfy a certain restriction on the decay behavior. Obviously, considering a bounded integra-
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tion domain, e.g. the n-sphere in (3.22), if f is Hy(S)-integrable then f is H;, ,(S5)-integrable
and vice versa (by a continuity argument there exists a constant ¢*, such that the equality
in (3.24) holds). But when looking at the far field,

//’02(6g+cf)+c“+"_1dp cos" (¢ 1) cos" (P a) .. . cos(ha) dop,
TR

the integral over p can only exist if 2(cy+c¢f) +cu+n—1< —1V¢, or ¢y < (—cy, —n)/2—c¢y,
which is a stronger requirement than ¢y < (—c, —n)/2 (for f € H;), since ¢4 > 0.

In one dimension, see Wang & Guo (2002), the difference in the necessary decay can be
given explicitly as f ~ 2(1727)/2 (to lie in H;A(R)) in contrast to f ~ 21/2. Note that in the
case of H(R) the necessary far field condition is independent of r.

As mentioned in Gottlieb & Orszag (1977), the classical Chebyshev polynomial 7} is the

d d
eigenfunction to the according Sturm-Liouville operator A := —v/1 — :L'2d— [V1-— x2d—] with

x x
eigenvalues 12 and x € [—1,1]. By applying the coordinate transform 1/ defined in (3.2), one
can derive the analogous operator on R, such that the rational Chebyshev polynomial R;

becomes the eigenfunction to the eigenvalues 2, i.e.
ARy (z) == —(1 + 22)0,[(1 + 22)0, Ry (x) = IRy (). (3.26)

One can now apply this operator successively m times to a function f € C?™(R) obtaining

2m

AT f(a) = (14 2™ S py(2) ok f(x), (3.27)

k=1

where pjy, are uniformly bounded (rational) functions on R, which can be seen by induction,
as proposed in Wang & Guo (2002) (without showing details). In Appendix B the necessary
arguments to prove this assertion are provided.

Rewriting the Sturm-Liouville problem (3.26) as R; = A,R;/I> and substituting this
into the definition of the multivariate rational Chebyshev polynomials (3.10) (now k =
(k1,...,ky)) then yields

n

1175 Rr =[] Aw. i (i) = ([ ] Ae.) Be(z) =t A Ri(a), (3.28)
=1 =1

=1

which can be viewed as a definition for multi-dimensional eigenvalue problems for the Sturm-

Liouville operator A,, r € R™.

Remark 3.14. By noting that every component A,, acts only with respect to x; one can
rearrange the terms in A, = A, Ay, ... Ay, such that A, = (—=1)" [[(1+22)0:[[1(1+22)0],

which is now of a similar type as the original definition in one dimension stated above.
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Caveat: In R, A, Rg = 0 since Ry = 1, which is the only eigenfunction to the eigenvalue 0.
In the multivariate case this means that every Ry where at least one k; = 0 is an eigenfunction
to the eigenvalue 0, hence one obtains 2" — 1 according polynomials. Additionally, if A, is
applied to a function, independent of at least one of the x;, it follows that A, f = 0.

With this remark and in view of (3.27) it is now straight forward to define the successive

application of the multi-dimensional Sturm-Liouville operator to a function f € C?™"(R")

2m 2m n )
AT f(z) o= AT AT f(a) = > > [T+ )™ 2 p () 08 f (). (3.29)

k1=1 kn=1i=1

Lemma 3.9 implies H 4 to be a subspace of L?, thus proposing

Lemma 3.10. Say f € H A(R”) and r = 2mn, then there exists a positive constant c, such
that

JAZ fllu < cll flla

and hence A3" continuously maps Hy, 4 to L2.

Proof. Again, this was mentioned in Wang & Guo (2002) for the one-dimensional case without
showing the details. Since the proof reveals why the space H,, 4 is defined by (3.19), where

the subscript A refers to the Sturm-Liouville operator, it shall be given here in detail.
n n n
Recalling Cauchy’s inequality for real numbers, i.e. | Y a;b;? < <Z |ai|2> <Z |bi|2>, one
i=0 i=0

. i=0
can write

AT f (2 —\Z ZHHx )™ ()00 f () [ =

kl 1 kn—ll 1

2m n
:‘Zpklxl Zpkng > Py () [+ 27 m+25kf()‘2§
i=1

ki=1 ko=1 kn=1
=hy,
m 2m
< Z Dk, |2 Z |y > plug in Ay, and apply the inequality again
k1=1 ki=1
2m 2m  2m
< D Ik Z e | D Z |k, |
kim1 k=1 Fim1 ko—

with hy, embracing the sums over k3 to k,

repeating this procedure finally yields

IN

2m
> lpwl? ] Z!Pknlz Z Z\Hlﬂ yE ok f (o)),

k1=1 kn=1 ki1=1 kn=1 1i=1
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where the constant c exists due to the boundedness of every py,, see Appendix B, and the
inequalities hold Vo € R". Additionally both sides are non-negative functions and hence

integration over R™ (including the positive weight u) will not change the inequality,

/IAmf )[2u(z x<C/Z Z\H (1L+22)™ 30k (o) Pu@)da. (330

Rn ki=1 kn=1 i=1

Interchanging summation and integration on the right-hand side and starting the summation

from zero then gives

2m 2m n
HA;”fnich...z/|H<1+m§>m+%ak o) ulz)de <

k1=0  kn=0pn i=1

<CZ HH 1+a:

|k|s<r J=

(3.31)

2
W = cllf I,

Zj

where the last inequality comes from setting r = 2mn = maxy |k|s (to include the highest
derivative), gaining additional terms (not appearing in the sums in (3.30)), which, for being
non-negative, do not change the inequality. Appendix B shows the above result for r =
(2m + 1)n, such that it holds for arbitrary r € N. O

Next we show a convergence rate for multivariate orthogonal projections in R™ (in the

same way as Wang & Guo (2002) showed the one dimensional version).

Theorem 3.11. Let f € H A(R”) then there exists a positive constant c, such that
If =Pl < eNTIf L4 (3.32)

Proof. The strategy of this proof is in complete accordance to Wang & Guo (2002). In
general, the application of Sturm-Liouville type operators to show convergence rates for
projection operators is very common, see Hesthaven et al. (2007) for the case of ultraspherical
polynomials as well as Guo (1998) for other types of orthogonal polynomials.

First we show, how to modify the iteration process to include A" in the description of the

expansion coefficients. Let Py f = > ap Ry as usual. Then,

- 3.28
IRl = [ @) T] Rl ey o 2

_ Hk—lg/f(x)HAxiRki(a:i)ﬁ dz =

R

:Hk_lg/Aankn(xn)ﬁ/---/f(w)Amlel(J?l)ﬁdx:
R R R

. substitution of (3.26) cancels the weights

. consecutive integration by parts yields
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. (boundary terms vanish due to f € H 4)

1% [ttt [ [TI0+ D0 @00 o) e = (333)
R R R

Lz} ives
1+a? gtV

- H k_lf /(_1)n H(l + 3:3)8%[(1 + x?)amz]f(‘f)Rkl(iEz) dz =

Rn

- Hﬁlf / (Azf(x)) Ry (z)u(z)dz.
A

. integration by parts and extension with H

By repeating this procedure m and m + 1 times one obtains

IRela =TT [ (A7 @) Rulwu(a)da (3.34)
R?’L

and

|Rx|2ar = H k?m#“ /890 (A f(2)) 0y Ry (2)u(z) ' da. (3.35)
Rn

As usual (most prominently in the Fourier case) one starts from Parseval’s identity (3.17) to

get

If = Pnfll =

| = (kalm/(A?f(w))Rk(a:)u(g;)dw>2
% - IRk |3

o [k|=N+1 (3.36)
= Y aqllRl; =
|k|=N+1 ) . RS
(Mt [ (a2 )0 R (outo) e
> -
Ry [0l

using (3.34) and (3.35), respectively. For the norm and orthogonality of 0, Ry, to obtain the
second equation, we refer to Wang & Guo (2002).

In Remark 3.14 it was mentioned that whenever k; = 0 the Sturm-Liouville operator cannot
be applied as in (3.33). In one dimension this will not occur, where the sum (as in (3.36))
starts at kK = N + 1. In the multivariate case |k| = N + 1 only means that at least one
ki = N + 1, which does not exclude other k; being zero. But, with Ry = 1, every Ry,, ki =0,
can be ignored in the calculations above. Thus, by finding a lower bound for the products
[11/k%™ and []1/k¥™*2 for all |k| > N + 1 and then starting the summation from zero one
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obtains from (3.36)

If —Pnfl2 <
( 0 m 2
<ASC f’ Rk>u —4m m —4m
Cxm 5t <N ATFIE < eNTUIFI
(| Rl
|k|=0 v
<
1 = <8w(A?f)a amRk%fl 1 m 2 —4m—2 2
w2 R, S e s < NG,

(3.37)
where Parseval’s identity was used for the sums and Lemma 3.10 yields the final inequality
(see Appendix B for the second line involving the partial derivative of Ry). Taking the square

root and replacing r = 2mn and r = (2m + 1)n, respectively, finishes the proof. O

Remark 3.15. The fact that the convergence rate depends on the dimension n is connected
to the definition of the H,, 4 norm in (3.19). This definition comes naturally in the sense that
it represents just a restriction on the decay behavior of the functions compared to H), (cf.
Lemma 3.9 and Remark 3.13). Considering the first inequality in (3.31), replacing r = 2m
on the right-hand side, and using this as the defined norm in Hj, 4 shows Lemma 3.10 to
remain valid, but since the summation over k; = 0,...,r for ¢ = 1,...,n does not include
all k, such that |k|s < r, H, , might in general not be a subspace of Hy, although (3.21)
still holds. By allowing the multi-dimensional I}, 4, norm to sum only the necessary terms
to satisfy the inequality (3.31), replacing r = 2m in (3.37) yields the convergence rate to be
N~". On the other hand, the rate N~"/" correlates to the findings in Theorems 3.16 and
3.17 in the sense that the differentiability requirement therein is also n times the convergence
rate. Although Shen & Wang (2009) did not consider rational Chebyshev polynomials per
se, it is worthwhile mentioning their findings on the slower convergence rate when using an
algebraic mapping (cf. (3.2)) for approximating functions with an oscillating decay behavior

at infinity.

Remark 3.16. As mentioned in Guo (1998) and in Wang & Guo (2002) results such as
Theorem 3.11 can be proved for all real 7 > 0 by what is known as space interpolation. This
shall not be treated here. More interestingly, » = 0 in (3.32) shows the right-hand side to be
independent of NV, thus one can assert, for a non-differentiable but L? integrable function, the
projection error does tend to zero (cf. Parseval’s identity), but the rate of convergence might
not be expressible in inverse powers of N. Conversely, if r grows arbitrarily, the definition
of H,, , then requires more and more derivatives of the function to exist and be integrable
in the Hj, 4 sense, in addition to a decay, successively more rapid than any inverse power
of |z| (cf. Schwartz space). On the other hand, Theorem 3.11 reveals (in terms of Lebesgue
spaces) a convergence rate for smooth functions with rapid decay faster than any power of
N. Theorem 3.16 treats the classical differentiable version, where (sometimes called) spectral

convergence occurs again for smooth functions.
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The Sobolev type results stated above are of a theoretical nature showing convergence
and convergence rates in a weak sense, using the least possible requirements for functions (to
be approximated). In most applications a usual goal is to plot graphs of solutions to gain
insight into the qualitative and also quantitative behavior, cf. Section 2. In these situations a
small L2 error does not necessarily mean a ”good” approximation - locally, the error can be
of the same order of magnitude as the function value, or even tend to infinity. The following

examples shall demonstrate such occurrences.
Example 3.3. Let f € L2 (R) be given as f(x) = (1 + %)%, where f — 0o as & — Fo00.

N
For the orthogonal projection Py f = > ai Ry the coefficients are calculated via
k=0

<f7 Rk>w 1 2\—7/8
ar = = Rp(x)(1+x dx,
e g/ O

which possess an analytical expression for every k. Figure 32 depicts the graphs of Py f for
different N.

-10 -5 0 5 10 -10 -5 0 5 10

Figure 32: Pnf (solid), f (dashed). Left: N = 10, right: N = 200.

Convergence on the interval depicted in Figure 32 is somehow obvious, but very slow and

due to the heavy oscillations unsatisfactory from a qualitative point of view. Additionally, as
N

x — £o0, Pnf — const., i.e. Pyf(£oo) = > ai (cf. asymptotic behavior of R in Lemma
k=0

3.2(iii)), which leads to an increasing difference between the function and its projection, for

all N, as |z| grows.

From Lemma 3.4 one has ||f — Py f|lw — 0 as N — oo and with the far field of f ~ z!/*
Theorem 3.11 means that the L? error decreases with the rate 1/N”, whereas r < 1/4 (from
(3.19)), as shown in Figure 33.

The reason for the good agreement of the L? error with the proved convergence rate lies in

the fact that f is actually smooth (where every derivative is again an L2 function), but due
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Figure 33: ||f — Pnf||?, (solid) compared to ¢/N'/? (dashed)

to the severe restrictions in the H; , norm on the decay behavior one cannot have a faster
rate than r < 1/4.

Example 3.4. Let f € L2(R) be given as f(z) = 1/(x?)/%, where f — oo as  — 0.
In contrast to the previous example, f now decays at infinity but has an L? integrable
singularity at zero. Again, the integrals for the projection coefficients can be calculated in

an exact manner for every k. Figure 34 shows the projection for different N. Although

T T

-10 -5 0 5 10 -10 -5 0 5 10

Figure 34: Pxf (solid), f (dashed). Left: N = 10, right: N = 200

the approximation appears to be "good” for N = 200, again there exists a point, x = 0,
where the actual difference between the function and its approximation remains infinitely
large (independently of N).

From the decay of f at infinity one would calculate r < 3/4 as the convergence rate. This
cannot be satisfied (see Figure 35), since f has neither a classical nor a weak derivative (in
order to apply Theorem 3.11) due to its singularity at zero. By removing the singularity

?smoothly”, i.e. define g(x) = 1/(1422)"/8, where g and f coincide very well away from zero
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and thus decay in the same way at infinity, one can see (Figure 35) the predicted convergence

rate to be satisfied.

i, |
""-\-:-l-u...‘___‘___ -

0 Iy

50 100 150 200 250 300 350 400 450 500

Figure 35: ||f — Pnfl? (solid), ||g — Pngl/?, (dashed) compared to ¢/N3/2 (dotted), where for
comparison reasons the absolute values of the dashed and dotted lines have been multiplied by 100.

N.b.: Since every polynomial is smooth in R (Lemma 3.2(ii)) so is the projection Py f for
every N, and with | 3>V ap R < SN JaxRy| < S |ax| = const. (i.e. bounded everywhere)
it is easy to see that demanding the approximation to be close (in the sense of its actual
shape) to the original function needs some additional assumptions.

With such examples in view, the meaning of the infinite sum, i.e. f(z) = > 77, arRi(x)
(cf. Remark 3.10), has to be dealt with. At the beginning of this section (3.12) shows the
other types of convergence used in approximation theory, which are more appropriate in those
cases, where the local structure of a function is of interest (and are hence often left out in
mainly theoretical works).

As for the following pointwise convergence shall be defined as

Ve > 0 and Vo € R" : 9N, such that

‘f(x) - Z akRk($)| <e€, (where N = N(x)). (3.38)

<N

Especially with this definition another way of writing the multivariate projection operator
(3.15) might be useful. Given the multi-indices M = (M, ..., M,) and analogously k, then

the projection Pys shall be
Ml Mn

Puf = Z Z ay Ry, (3.39)

k1=0  kn=0
and by saying N := |M| (which is the maximum value of all M;) one arrives at the usual
form. It is straight forward to see that all results above still hold if Py is replaced by Py,

whereas the convergence rate in Theorem 3.11 will then be given by the minimum of all M;
(cf. (3.37)).
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Remark 3.17. In applications using Pj; is preferable, since it is likely to involve much less
terms in the summation and thus yields smaller equation systems to solve. Also, in virtue
of the pointwise error, the estimate (3.38) for given € and x might be satisfied with some M;
being less than |M|.

Analogous conclusions can be drawn for the uniform convergence, given as

Ve > 0: dN, independent of x, such that

|f(w) - Z CLkRk(w)‘ <e VreR? (3.40)

k| <N

and, as usual, taking the estimate modulo sets of measure zero yields the L% norm (cf.
(3.12)).

As a consequence of Examples 3.3 and 3.4 we prove the following

Lemma 3.12. Necessary and sufficient conditions for pointwise convergence of Py f to f

are continuity and boundedness of f in R".

Proof. Tt is well known (see e.g. Mason & Handscomb (2003)) that for a continuous function
on [—1, 1] the classical Chebyshev series converges pointwise. From assuming f is continuous
and bounded on R" it follows that f is continuous and bounded on R in every component
;. Thus

N N N
|f(xy, .o iy xy) — Z Z Z apRi(z)| =
k1=0 k=0  kn=0

N
= f(x:) = > b, Ri, ()], with b o= > ag [] Re,(2))
ki=0 kj, j#i j#i

for every fixed z;, j # i. Applying the mapping y; = ¢(z;) from (3.2) renders f = f(y;)
continuous on the compact interval [—1,1] and Ry, (x;) = T, (yi), and hence there exists N;
for all x; from the classical pointwise convergence result. This can then be done Vi =1,....n
(thus Vo € R™) and taking the maximum of all N; yields the desired result.

The necessary condition is best shown by negation. Assuming f is not continuous and
bounded means f is discontinuous or unbounded in R™ (in at least one point). In case
of a discontinuity it is well known from classical Fourier series approximation (and thus
also in the classical Chebyshev case), that the series converges to the average value of the
discontinuity step. If f has a singularity at some point or unbounded growth at infinity it
follows from the definition of pointwise convergence (3.38) that Ve no N can be found, such
that |oo — Pn f| < e. O

Remark 3.18. For discontinuity and unboundedness on R™ it is sufficient to consider this

in at least one component (to utilize the classical results). Continuity in every component

x;, on the other hand, does not mean continuity on R"™, where only the inverse is true.
Formally speaking, given an orthogonal projection operator L2, convergence can be es-

tablished for functions having weak singularities and are weakly increasing in the far field.
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By then selecting those functions, which are at least bounded and continuous everywhere,
pointwise convergence can be achieved. As for the strongest convergence result in addition
to continuity, bounded total variation has to be required (see Mason & Handscomb (2003) for
the classical univariate case). Making use of the bijective mapping ¢ (thus ensuring every
partition on a compact interval to be a partition on R) the concept of bounded variation can
be directly introduced for the whole real line. Hence, the one-dimensional result shown in
Mason & Handscomb (2003), i.e. if a function defined on [—1,1] is continuous and of bounded
variation, then the Chebyshev series is uniformly convergent, holds in the exact same way for
the projection Py f defined on R.

In the situation of multivariate functions on hypercubes [—1,1]" (and eventually R")
using total variation does not come straight forward from its one-dimensional equivalent and
for this reason Mason (1980) applied what is known as the Dini-Lipschitz condition to prove
uniform convergence.

To extend this result to functions on R™ one needs the notion of the modulus of continuity,
where a general definition can be found e.g. in Timan (1963). In the L case this reads:
Let f = f(x1,...,2,) be a real function on the closed bounded domain G C R", then the

modulus of continuity is given as

w(f;ulw"aun): sup |f($17"'axn)_f(ylv"'ayn”y V:L'ZvyzeG
|zs —yi| <u;,Vi

From this Mason (1980) extracted the partial modulus for each component of f, i.e.

wi(fiuj) =w(f;0,...,u5,...,0) = sup |f(x1,...,25,...,2n) — f(Z1,. .., Yj,. .., Tn)]|
|5 —y;]<u;

Timan (1963) then proved for any bounded 27-periodic function f defined on G, the L™ best

approximation f? using trigonometric polynomials, with different degrees of approximation

Nj in each component, cf. (3.39), satisfies

B - e 1
If = HOOSC;% <f,—Nj+1>, (3.41)

where C is a constant independent of f and N;. As mentioned later in Handscomb (1966)
this holds for any continuous function on a bounded closed region.

Furthermore, as shown in Mason & Handscomb (2003), for every projection operator the
inequality

1f = Pxflloo < @+ 1P llso) I = P llso (3.42)

holds, which was termed near-best approximation with a relative distance |Py||c (and the
operator norm taken in the usual sense, cf. Notation Index).
Recalling that for continuous functions the modulus w(f;0) = 0, uniform convergence

(as Nj — oo, Vj) of the best approximation f¥ is easily seen from (3.41). Although the
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projection can be shown (cf. Lemma 3.7) to have a finite L? norm, this is not the case in
the L* norm with N — oo as proved in e.g. Mason & Handscomb (2003). They showed for
the classical Fourier and Chebyshev projection ||Pn|jcc < Ay, with Ay being the Lebesgue
constant and Ay =O(log N) as N tends to infinity.

Remark 3.19. In the proof of Lemma 3.12 we used the mapping ¢ to utilize what is known
for convergence on compact intervals. The only condition to add was the function defined on
R™ to be bounded. Or in more detail let f = f(x) be bounded and continuous on R™ and

(Y1, yn) = (P(x1),...,9%(zy)), such that Ri(xz) = Tk(y), then the projection

Pnf()= > axRi(x) = > axTi(y) = Gnf(y),

|k|<N |k|<N

where f(y) := f(¥ " (y1),...,% 1 (yn)), yields the exact same function values as the classical

projection Gy f for every continuous function f on [—1,1]". Consequently, one obtains

sup [Py f(z)] = sup [Gvf(W) = [IPnlleo =[] A, (3.43)

TER™ ye[—1,1]m j=1

as proved in Mason (1980), with the asymptotic behavior of the operator norm being
O([Tlog N;). Substituting the order of magnitude estimate for the norm in (3.43) and the
estimate for the best approximation (3.41) (setting §; := 1/(N; + 1)) into (3.42) proves the
following (cf. Mason (1980))

Theorem 3.13. If a bounded continuous function f defined on R™ satisfies the multi-dimen-

stonal Dini-Lipschitz condition
n n
ij (f;05) Hlog5j —0 as 0; =0, Vj, (3.44)
j=1 j=1

where the modulus w is understood as f being mapped onto [—1,1]", then the orthogonal

projection Py f converges uniformly to f.

Remark 3.20. As mentioned in Mason & Handscomb (2003), this Dini-Lipschitz condition
is just infinitesimally more than requiring continuity and still much less than differentiability,
where w =0(6). Also, it is now obvious why this assumption has to be preferred to the concept
of bounded variation in higher dimensions (in two dimensions, for example, an additional

partial derivative of f needs to be bounded, see e.g. Mason (1967)).

Remark 3.21. The Parseval identity given in Theorem 3.8, which states the square summa-

bility of the coefficients of the projection was then used to estimate the according L? error,
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see (3.36). The same can be done for the L* norm, i.e.

sup |f(z) = Pnf(x)| = sup | Y apRi(z)| <

zeR” zeR” [k[>N+1 (3 45)
<sup > el |Re(@)] <D aal,
TER™ f1>N+1 P |k|>N+1

such that one can assert that convergence in L? or L™ depends on how fast the coefficients
tend to zero.
The next result shows under which conditions the different types of convergence imply

each other.

Lemma 3.14. Given a function f and a non-negative smooth weight uw = u(x), integrable

over R™, then the following assertions for the projection Py f hold as N — oo:

ptw.

@) If =Pnflloo—=0 = |f(z) =Pnflz)] =0
(@) Nf=Pnfloo—=0 = [f=Pnfllu—0

ptw.

(iii) |f(z) =Pnf(z)| =0 = |[f =Pnfllu—0

Proof. (i) follows directly from the definitions (3.38) and (3.40).
In (ii) say [, u(x)dx =: ¢, then for N > 1

[15=Pusfuds < s |1(@) - Pus @) [ uds -

r€eR™
Rn Rn
= csup |f(x) = Pnf(2)]> < csup |f(z) — Py f()].
zeR™ r€eR™

Pointwise convergence implies continuity and boundedness of f (Lemma 3.12) and since the
product of an integrable function (here u) and a bounded (measurable) function (here |f|?)

is again integrable, implication (ii7) holds. O

Remark 3.22. In the proof of Lemma 3.12 it was mentioned that one cannot have pointwise
convergence if the function has a singularity or a point of discontinuity. Strictly speaking,
convergence cannot be expected at such points, but in every other point (or interval) where
the function is bounded and continuous. In other words, if a bounded continuous function
has only a finite number of discontinuities and singularities the orthogonal projection con-
verges pointwise on every interval excluding such points. In addition to the approximation
converging to the average value of the left- and right-hand side limit at a discontinuity, the
height of such a step seems to be increased due to what is known as the Gibbs phenomenon,
see Figure 41.

Equations (3.34) and (3.35) imply that if a given function f lies in H, 4(R"), the coef-
ficients of an orthogonal projection satisfy aj o [] ﬁ The following result shows how a

7
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similar relation can be established in the case of f € C™(R") with a certain requirement on

the decay behavior.

Theorem 3.15. Let f € C™(R"™), where m := sn, s € N. If
(i) O™ f € L2(R") and
(ii) =5 ... .20 f(x) — 0, as x; — too, Vi,

then for every coefficient given in (3.14), where all k; # 0,

~1
jarl o< I ] 15 (3.46)
i=1 2

holds.

Proof. The following steps proving this result are of rather asymptotic kind, meaning that
asymptotic expansions of integrals are used, where a parameter (here |k|) is assumed to be
large enough.

By substitution of y; = ¢(x;) and dy;/dx; = ¢'(x;) = w(z;), where y; € I := [—7,0] and

using the cosine description from (3.1) for the polynomials, the coefficients read

| Rel2ax = / £ 6 () T costhuzs) dy. (3.47)
=1

f(Y1,e5yn)

The strategy will be to use integration by parts consecutively for all components s times.
Since the existence of the above written integral is trivially given, the order of integration
must not play a role in the argumentation. Thus, by rearranging the integrand and starting

the procedure at y; one obtains

y;=0 1
Tk /ayzf(y) sin(k;y;) dy; dej,

Yi=—T by j#i

Hcos(k;jyj) f(y) sin(kiyi)
n—1 JFi

where f is, such that the boundary term can be set to zero. Performing this for all the other

components one arrives at
n 1 n
ap o< (—1)" H = /agf(y) Hsin(k‘iyi) dy,
i=1"" i=1

with the condition f(y)sin(k;y;) = 0 at y; € {—=,0}, Vi. Evaluating the boundary term to
zero at both boundaries is chosen, such that no symmetry has to be required of f at oo in

every component. Obviously, the next step yields
ar o« ( 2" /<;2 /82"f Hcos i) dy,
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where 9y f(y) cos(kiy;) = 0 at y; € {—m,0} Vi, such that one can claim an odd number of steps
gives the cosine function in the boundary term and the sine function at the even numbers.

Clearly, s such modifications finally yield
ST & Zy’l
\ak\ocﬂks /a o H( ) a

where the stacked sine and cosine functions symbolize the dependence on whether s is even

vl (3.48)

or odd. Since no restriction shall be made on the parity of s the condition is given as
8358_1)" f(y) = 0 in every component y; € {—m,0}. Appendix C concludes the proof by

showing how this condition is derived in detail yielding assumptions (z) and (i7). O

Remark 3.23. If a coefficient aj, contains at least one k; = 0, the cosine function is identical
to 1 (the zeroth order polynomial), which means the integration by parts procedure in the
proof is just not performed for this component. Eventually, the requirements (i) and (i7) in

the theorem above then read

(i) 1103 f € Ly(R")
(i7) [0, f(xz) — 0, as z; — £oo

Vi, such that k; # 0.

The essential assertion (3.46) remains unchanged (provided all k; = 0 are not considered in
the product).
As a direct consequence of the asymptotic rate for the coefficients and (3.45) the next

result provides the convergence rate in the L* norm, similarly to Theorem 3.11.

Theorem 3.16. Given a function f satisfying the assumptions in Theorem 3.15 with s > 1/2,

there exists a constant ¢ independent of N, such that
If = Pnflloo < eN27, (3.49)

Proof. Combining (3.45) and (3.48) and applying Cauchy’s inequality yields

If =P flleo <
sn < COs kzyz _

< 5 = 5 | for >H<sm§k.y.§>dylwé

|k|>N+1 |k|>N+1i=1 ki i=1 1o

o (3.50)
sn COS( Zyi) ?

=\ .z szs RACRS AT A

|k|>N+1i=1 |k\>N+1 no o
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The coordinate transform y; = ¢(z;) used in (3.47) changes the integral on the right-hand

side above, such that

o T (Gt av= [aoen T (o) i = (st (1))

provided g o ¢ € L?(R™) (which follows from the assumptions (i) and (ii)), where Appendix
D shows the polynomial system {S;} (generated from the sine function) to be a complete
orthogonal set in L2 (R™). One can then define

IRellZ

d =
e ok 1Sk ]2

TR =
as the coefficients of an expansion of go ¢ in the systems Ry and Sy and since || R/« = || Sk||u
the second sum on the right-hand side in (3.50) is part of the sum over squared coefficients
ri and sg, respectively. Hence, in virtue of Parseval’s identity this term is bounded by the
L? norm of g o ¢.

As for the first sum in (3.50) it shall be noted that for every |k| =a € N

n
HT§
i=1 2

since every k; > 1 and thus the following estimate holds

1/2 1/2
1 1/9—
S ) < S ) s 1)
|k|>N—+1i=1 kE>N+1
as long as s > 1/2 to make sure the sum converges. O

A similar result in terms of the one-dimensional Fourier sum is given in Hesthaven et al.
(2007). The Riemann-Lebesgue lemma can be applied to the integrals in (3.50), saying that
as |k| — oo the integrals tend to zero, concluding that there exists a maximum value ¢ for

all k, such that the estimate becomes

IF=Prflle < Y larl<e > Hﬁchls

k|>N+1 k|>N+1i=1

provided s > 1 for convergence of the sum. This shows that by assuming the convergence
of the sum over the absolute values of the coefficients is only due to the multi-index, one
loses 1/2 of the convergence rate. Additionally, comparing this with the L? convergence rate
established in Theorem 3.11, one can claim that in principle more polynomials are needed to

obtain the L> error to be equal to the L? error. And as mentioned in Remark 3.16 again
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one obtains a convergence rate faster than any negative powers of N for smooth functions,
which decay rapidly enough (cf. definition of the Schwartz space).

The uniform convergence rate can also be given in terms of the Sobolev type space H A
for applying (3.34) and (3.35) to (3.50) (and thus replacing the integrals therein) yields (in

the even case)

n 1 o B
If=Puflle < > lasl= > [[—[(AF ] RullBillZ® <
k|>N+1 k|>N+1i=1 k"
1/2 1/2
L | o 9 _
<{ X II= S JAF £ R SIRAY
k|>N+1i=1 k;" |k|>N+1

where the second sum in bounded by Parseval’s identity and subsequently by ||f]|4 (as shown

in Lemma 3.10) and with the bound for the first sum in (3.51) we have thus proved

Theorem 3.17. Given f € Hy 4,(R"), r/n > 1/2 then there exists a constant ¢ independent
of N, such that
If = Pnflloo < N2/ £ 4, (3.52)

Overall, in the above one has all the necessary arguments to why Boyd (2001) recommends
an approximation using rational Chebyshev polynomials (only) for differentiable functions,

decaying algebraically at infinity.

Example 3.5. Given the function

x
flx) = 1122 where z?f'(z) — const. and zf'(z) — 0 as |z| — oo,
such that one can estimate a convergence rate to be N7¢, with % < s < % (or s < % in

H; 4), as claimed in Theorem 3.16 (i.e. (3.49) combined with assumption (i) in Theorem
3.15). Figure 36 confirms s = 1 to be most appropriate, which clearly demonstrates that
spectral convergence highly depends on the decay rate at infinity, even for smooth functions.
Performing the same approximation for f(z) = exp(—x?) Table 15 shows the ”exponential”

dependence of the uniform error on N.

N error

10 8x1073

50 1x107%8
100 5x 10710
150 6 x 10713
200 1x1071°

Table 15: Uniform error approximating f(x) = exp(—x?)

148



0.04 m
0.03
0.02

0.01

N

0 1 1 1 | H I 1 i 1
50 100 150 200 250 300 350 400 450 500

Figure 36: ||Pnf — flloco vs. N (solid), ¢/N (dashed)

Remark 3.6 shows the change in the behavior of the rational Chebyshev polynomials
when introducing a stretching factor L in the maps 1 or ¢. In all the results above L = 1
was chosen for the sake of simplicity (of some calculations) and readability, but the general
assertions are independent of L. In other words, the convergence per se (for all three types
mentioned) is obviously independent of the value of L, whereas for the convergence rate the
constants, especially when calculating the lowest one, might depend on L. This is due to the
fact that the norm of the error can differ in orders of magnitude at constant N for different
L, as the following example will demonstrate.

It shall be noted here, that it is straight forward to see, that the error depends continuously
on L and also the minimum of the error cannot be at L = 0 or L = co. So at some finite L
for every N there exists a minimum for the error in a given norm. Some aspects of finding
such an optimal value in some special cases can be found in Boyd (1982) and Boyd (1987), as
well as Boyd (2001a) where it was also mentioned that L = 1 is not always the best choice,

but still yields good approximations.

Example 3.6. Given f(z) = (1+22)~'/2, which does not possess a finite Chebyshev expan-
sion for any value of L, Figure 37 depicts approximations calculated using N = 6 polynomials
for various L. This clearly shows that L < 1 might never be a good choice, but experiments
confirm L between 1 and approximately 4 to be most appropriate in almost all applications,
see Boyd (2001a) for the graph of the error as a function of L.

For the three cases in Figure 37 the error ex(L) in the L norm evaluates to ex(1) =~ %,
en(2) & 155 and en(3) ~ 2%, whereas the pointwise error attains its maximum at infinity
(for all L).

3.2.2 Interpolation and the Aliasing Error

So far the results in this section require functions given in a closed form, in order to calculate

the integrals defining the expansion coefficients (cf. (3.14)). One can only expect to obtain
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Figure 37: f(x) = (1 + 22)~1/2 (solid), approximation with L = 1 (dashed), L = 2 (dash-dotted,
almost indistinguishable from f) and L = 1/2 (dotted).

analytic expressions of such integrals for some special or simple formulae describing these
functions, otherwise an approximate evaluation has to be performed. Also, if the function is
described only as a set of point values, another form of obtaining the coefficients has to be
found.

The most obvious way would be to apply a quadrature scheme as an approximation of the
integrals. The problem thereby is that the orthogonality can be restored only approximately.
Additionally, higher order integration schemes, especially in higher dimensions, are very
expensive in calculational costs.

The best way, as done in all standard textbooks, to circumvent such problems is to define
a discrete inner product which relates to quadrature schemes using a certain set of points
and special weights. This ensures the exact orthogonality and eventually results in unique
interpolation polynomials.

Given bounded functions f and g on R™ the discrete inner product shall be defined as

N N
1 1

<f7g>N = Z Z f(l'ljl)"'axnjn)g($1j17"'>xnjn)7
Jn=0 Jj1=0 (353)

ith z; =1t Jin ;= N and i=1

with z;, = (cos N ), Jji=0,...,N and ¢=1,...,n,

1 taken from (3.2) and the double dash denotes the first and last term to be halved. Fur-
thermore, in the case of rational Chebyshev polynomials using definition (3.1) and the result

presented in Mason & Handscomb (2003) this yields

"

Ry(xj)Ri(x;) =

N
(R, Ri))n - =

l71=0
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N N
>

n
in=0  j1=0 i=

Ry, (l'zh )Rli ("Elh )=
1

N " N n
= 3 By VB, ) 3 By 1, ) R, =

Jn=0 Jj1=0
n N n 0 k#1
=11 > Ru(xi )R (xi,) = [{Br Bi)w =4 = 9 o
i=1 j;=0 S pc Zl;ll [ Rk, I3 otherwise
with the points z;; as in (3.53) and the discrete norm || - |y defined via the square root of
the inner product, i.e.
N ki=0ork; =N
Bl =9 x o (3.54)
5 otherwise

Obviously, by using 1! to gain the points of evaluation, one actually deals with the classical

polynomials T}, on [—1,1]", as seen from the definition Ry (z) = Ty (¢ (x)).

Remark 3.24. Mason & Handscomb (2003) argued that the discrete inner product is not
unique and depends on the points of evaluation (here, the extrema of T ), which themselves
are related to the interpolation points of quadrature schemes.

The definition works in the same way when using the zeros of Ty (resulting in different
values for the norm), cf. Lemma 3.2(ix). Comparing the values given in (3.54) with their
continuous counterparts in (3.5) shows a difference (due to the dependency on N), although
the discrete formula should be exact in the case of polynomials. This is why other authors,
e.g. Guo (1998) or Hesthaven et al. (2007) introduce (quadrature-)weights in (3.53).

The following will show that when deriving discrete versions of expansion coefficients such
weights will cancel out and will also show how the discrete inner product relates to the fast
Fourier transform.

Let f be a bounded function on R™ and Zy be given as

N
Inf(x) =Y bpRp(x), with b= M. (3.55)
k=0 IL 117, [

It is straight forward (cf. Lemma 3.7) to see that this operator is an orthogonal projection
with respect to the inner product (-,-)n. The next result shows how this projection relates

to the given function.

Lemma 3.18. Let f be bounded and defined on all points in R™, then the projection Iy
interpolates f at the points z;;  given in (3.53).

Proof. The classical one-dimensional result can be found in e.g. Mason & Handscomb (2003)

and Hesthaven et al. (2007) (also for the general Jacobi polynomials). To show this in R",
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evaluation of Zy f at the given points (with multi-indices [, j) yields

N N
(f, Ri)N
INf(‘Tlll g 7«Tnln) = Z kak(ﬂ:lll S "T"ln) = Z niRk(‘Tlll . 7xnln) —
|k[=0 |k[=0 ,H | R, I3
N 1 N
=3 o S @) Rl Rilan,, ) =
|k[=0 H | R, ||% 131=0

Ry (vj)Ri(x1, 5. . %y,
=Z ) 3 FE R o) _ 556

Ik1=0 1 1R, 1%

Rk sz Rk (le )

PIEEIID NI .

=0 kn=0  ki=0i=1

(*)

=%

where it is now sufficient to show (in one dimension) that

1

=+ , (3.57)

2 N-1
Z Ry (i) Ry () + (— 1) —

1 {52-]- 1<i<N-1
=1

N 26 i=0,N

such that (+) in (3.56) is equal to J[; 65, where ¢* shall abbreviate the right-hand side in
(3.57). The factor 2 cancels out with the halved terms in the sums in (3.56) regarding the
double dashes.

Considering the fact that Ry(x;) = Ti(cos(im/N)) = cos(kim/N), it is easy to see that (3.57)
is the same as the discrete inner product (R;(z), R;(xy))n multiplied by 2/N (see Mason &
Handscomb (2003)), which concludes the proof. O

Remark 3.25. Since the coefficients in (3.55) are uniquely defined one can assert the unique-
ness of the interpolation polynomial to a given function from Lemma 3.18. It is fairly obvious
that one can use more terms to evaluate by in (3.56), whereas the interpolation points might
then be shifted, due to (3.57) being defined only for 7,5 < N.

Intuitively, since the discrete inner product combined with certain weights is a quadrature
formula for the integrals of the continuous inner product, one (reasonably) expects the discrete
coefficients to converge to the continuous counterparts and consequently Zy to tend to Py.
The difference between those two is known as the aliasing error, which shall be dealt with
later. From the argumentation for (3.57) the connection of the discrete inner product with
the FFT can be readily deduced as

Lemma 3.19. Given the discrete inner product and the points x; as in (3.53) the identity

9 n/2
<N> <f, Rk>N = multiDCT(f(a:j)) (3.58)
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holds for all bounded functions defined on R™.

Proof. By multiDCT we mean a successively applied classical DCT (the cosine part of the
FFT) in all independent variables. There are several definitions of DCTs in numerical libraries
and computer algebra systems. The normalization factor 4/ % above indicates the use of the

version v = DCT'(u), where v = (vy,...,vp), u = (ug,...,up) and

M—1
2 U1 T s—1UM
USZ”M—l 74‘TE:2u7»(308<M_1(7’—1)(8—1)>+(—1) 7],

for a given vector u (see e.g. Mathematica documentations). Starting from the inner product

and substituting the evaluation points

N N
<f, Rk>N = Z” Rkn ($n3n) cee Z” f(xj)Rkl ($1j1 )7
Jn=0 J1=0

it can be easily seen that showing the equivalence to the one dimensional DCT is sufficient,

i.e.

N " N " k: 1. m

Z f(@)) Ry, (i) = Z f(a;ljl,...,xnjn)cos< 2]{; > =
Ji=0 7:=0

~ f(xay) pley , kigim ko (Tiy)
_T+jzz:lf($%)cos< N >—|—(—1) 5

and by shifting the indices j, =7 — 1, k; = s —1, N = M — 1 we arrive at the definition
of the DCT modulo the normalization factor \/% . Performing this transformation for every
independent variable it is straight forward to obtain (3.58). O

Caveat: Considering the evaluation points z;, and x;, one can immediately see that the
values of the function at infinity are needed. Hence it is of advantage in most numerical
schemes to set them a priori.

As mentioned in Remark 3.25, what is known as the aliasing error is in fact the difference
between the coefficients gained from the discrete and continuous inner products. Hesthaven
et al. (2007) and Guo (1998) derived a formula for this difference in the case of Jacobi-type
polynomials on a bounded interval. In the following b shall always represent the discrete

and ag the continuous coefficients. For one-dimensional rational Chebyshev polynomials this

then reads
1 o0
b — ap = e > a (R, Ri)w, (3.59)
kIN 1=N+1

which is completely similar to the classical version, due to the choice of the interpolation

points defining the discrete inner product. Using this one can write the aliasing error as

oo

Anfi=In—Pn)f= > (InR)a, (3.60)

I=N+1
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indicating that the error relates to the fact that higher order polynomials are not included
exactly, but as their interpolation polynomial (cf. Hesthaven et al. (2007)). In other words,
higher order terms are given via polynomials with degree less than or equal to /N and can thus
not be distinguished from corresponding lower order terms (for some examples see Mason &
Handscomb (2003)). Equation (3.60) can be deduced via

(b, — ag) Ri(z) =

1 o0
(HRkuN lz % <Rl’Rk>N> Ri(z) =

Ay f(z) =

MziMz

N+1
0o N
Ry, Ry)n
I=N+1 k=0 kN
kth coefficient of interpol. of R;
=1INR

For multivariate polynomials the extension is not straight forward. Considering the two-

dimensional case shall demonstrate the general strategy. From (3.55) we have that

1

N N
" "
TR R 2 2o 40 R (00, B (2,,) =

N j1=0 j2=0

N N 0o oo
1 " "
Z Z Z Z ap i, Ry (331]»1 )R, (:E?jz )R, (xljl )R, (:E?jz) =

1R Rl R 2= 22 2 2

0o o N N
1 " "
) E 5 al1l2 E E Rl1 (xljl )Rlz (x2j2)Rk1 (xljl )RkZ (‘%.2]'2)7

”Rkl”NHszuNl =011=0 j1=0 jo=0

biy ko =

(Riy s Rigy ) v (Rig Riey ) v

then splitting the summation at N to apply the orthogonality gives

Z Z [ RllaRk1> (Rl27Rk2>N+

bkyky =
e HRkluNHRkQHN I5=011=0

=y ko | Riey 13711 By 13

00 N
+ Y > an Ry, Ry ) v (Riy, Riy) v + (3.61)

lo=N+11,=0

=, kil Riy 13 (Biy Ry v

154



N [e%)
+Z Z a1, (Riy s Biy )N (Riy, Riy) N+

lo=011=N+1

=21, @ty k|| Rieg IR (Ray s Ry ) v

+ > > anp(Ryy, Rey) N (B, Biy)n

lo=N+111=N+1

and finally
1 (0.0]
bklkz - aklkz = W Z akllg <R127 Rk2>N+
k2lIN = N1
1 (o]
+ o 12 Z allkg <Rll } Rkl >N+ (362)
”Rkl”N l1=N+1

1
+
1Rk, 1311 R 1

> > ann (R, Ri)N(Riy, Riy)n

9o=N+111=N+1

By comparison with (3.59) the above deduction reveals the obvious way to extensions in
higher dimensions, i.e. the right-hand side sums up all possible combinations of k; and [; in
the multi-index of the coefficient a, such that for every [; a sum runs from N + 1 to infinity
keeping the inner product, whereas for every k; a norm term can be canceled out in the
overall factor []1/|| Ry, |3

To put this in a more compact form we state

Lemma 3.20. Say m := (myq,...,my) is a multi-index taking the values m; € {l;,k;}. Given
the coefficients a; and by, (|k| < N) from the projection operators defined in (3.14) and (3.55)

and a bounded and (piecewise) continuous function f on R™, by can be written as

Z am H Rypi=1;, R —ki>N>- (3.63)

T g, 2o U
mz?’ék m;=l; mi=l;

n

=2 (11

m

Remark 3.26. The first sum in the result above is taken over all possible m and the subscript
1 in the second sum symbolizes multiple summations depending on how many entries m; equal
l;. The requirement of (piecewise) continuity can be replaced by assuming smoothness in the
sense of H i 4 (or similar, as mentioned in Hesthaven et al. (2007)) for the sums in (3.61) to
be sufficiently convergent.

For the sake of clarity and comparability the three-dimensional case shall be written down
in detail. Starting from the multi-index m = (mq,mg, m3) with my € {ki,l1}, ma € {ko,l2}

and mg € {ks,l3}, such that all possible combinations are

k1, ko, k l1, ko, k k1,05, k ki, ka,l
me{ (bt Koo s)s (Koo )s (Rusbos k), (R o, ), } (3.64)

(l17l27k3)7 (l17k27l3)7 (k17127l3)7 (l17127l3)
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Obviously, for all multiple dimensions, there is always one combination, such that a,, = ag
and since in that particular case there is no m; = [; no sum and no norm factor appears, which
means one can write by — a on the left-hand side (indicating that the resulting right-hand
side contains the coefficients of the aliasing error Ay f given only in terms of a;).

Overall, the three-dimensional version can be obtained to be

1 o
bklkzks = Qi koks = W Z al1k2k3<Rll7Rk1>N+
kill N l1=N+1
IR L ¥
N T Z tas (Riys By )y + T Z Uk keats (Bl R ) N+
ko N lomN 41 k3 N I3=N+1
1 S
+ 2 2 Z Z al112k3<Rl17Rk1>N<Rl2’Rk2>N+
([ Ry 13| R
kilINTEYe2 lIN G, SN 1 =N
1 S
+ 2 2 Z Z al1k213<Rl17Rk1>N<R13’Rk3>N+
([ Ry 1| Ry
kilINTEYRslIN G SNy 1 =N
1 S
+ 2 2 Z Z Ak1lol3 (Rlzka2>N<R13’Rk3>N+
([ R 13| Ry
2NN 3, 2N =N

1
+
1R I3 1Ry 13 M| Beks 1,

S>> ann(Riy, Rey )N (Riyy Riy) N (Riy, Rig)n-

=N+1l=N+11;=N+1

Note, most importantly, that for a fixed k the first three terms on the right-hand side above
are equal to the one-dimensional version (3.59).
Another possibility to describe by, — ay, from (3.63) can be obtained combining two results

presented in Mason & Handscomb (2003), i.e.

N
" 1 sin(NO) 1
]zz:o cos(j0) = > tan(0/2)" cos(16) cos(kB) = 5 [cos((I + k)8) + cos((I — k)8)],
such that
Y S k in((+kK)r)  sin((L = k)m)
jlm Jkm 1 [sin m)  sin((l — k)w
Ry(j) Ri(a;) = ) cos () cos (57) = 4 ENE R
j=0 j=0 N N tan (%) tan (%)
and with [ > N and k£ < N (as given in (3.63)) one finds
N % l+k=2Np
1
(Ri,Ri)y = > Ri(wj)Ri(e;) = & 1—-k=2Np forp=0,1,2,... (3.65)
j=0 0 otherwise
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resulting in the (one-dimensional) description

e}

N
AT Z A2Np—k + Q2Np+k)s

b —ap =
ARl 2=

see also Hesthaven et al. (2007). Again, for the multivariate analogue, we first state the result

in two dimensions, cf. (3.62),

bklk‘g - aklk‘g =
N
2||Rk‘2||?\/v P2 =1

N o0
2||Rk ||2 Z A2Np1—k1,k2 +a2NP1+k17k2)+
1

(Qky 2Npy—ky + Aky 2Npy+hy )+

N2 oo oo

* Z Z(@N k1 2Npaths + A2Npy —k1 2Npat+hat+
4HRk1H?V”Rk2”?Vp2:1p1:1 p1+k1,2Np2+k p1—k1 . 2Npo+ks

+ A2Np,+k1 2Npa—ks T A2Np1—k1,2Npa—ka )

where one can easily see that every [; in (3.62) is switched with 2Np; + k; and the sums
are taken over p;. From the ”quasi-orthogonality” in (3.65) every inner product is replaced
by the factor N/2 and combining that with the actual orthogonality (3.53) gives an overall
factor 1/ [] e with ¢, =2 if k; € {0, N} and ¢, = 1 otherwise, which eventually shows

Lemma 3.21. Given the same assumptions as in Lemma 3.20 the coefficients of the aliasing

error can be written as

bh—ar= Y < - - aq> (3.66)

m =1 - _1 eM
MK yeeskn) Lk ,,’11 -, !

where in the last sum the set M contains all possible combinations of l; being replaced by
{2Np; — ki,2Np; + k;} in m.

Using the L? norm to measure the aliasing error the following result provides the convergence

rate in terms of N.

Theorem 3.22. Let f € H A(R”) with r/n > 1/2, then there exists a constant ¢ independent
of N, such that the aliasing error satisfies
N fllw < N7 f] -

Proof. Using Parseval’s identity with Ay f = Z]kv v Ry yields

N N
IANFIE = D P RelE < const. > [l

k=0 |k|=0
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where |y|? = |br, — ax|?. In virtue of (3.64) one can enumerate all possible multi-index values

of m by j, such that substituting (3.66) yields

SIS SR 1 = 9 3

Crm;=k;
m T pi=1 qeM
m# (k1. kn) Pz, 1

< <2nZ_1cj \djr)2, (3.67)

j=1

m;=l;

=Cj .
J =:d;

where ay, are the coefficients of the expansion of f. Since f € H; 4, equation (3.34) holds, by

which one can claim A;/ n f to possess an expansion into R; with the coefficients

AZ,R), L
g = # = Q= H = .- (3.68)
Starting from m = (k1,...,ky,) (which is excluded in the sum) we can subdivide the d; into

groups depending on how many k; are replaced by I; (cf. (3.64)) and hence how many sums
over p; are involved. For the sake of readability say «; := 2Np; — k; and 3; := 2Np; + k;,
then all d; with one k; < I; (i =1,...,n) read

o0
|djq| = | Z(a(kl,...,ai,...,kn) + Aty Birdon))| =

pi=1
= | Z ((ky - o "kn)_%g(kl,...,ai,...,kn) + (k1B kn)_%g(kl,...,ﬁi,...,kn))| < (3.69)
pi=1
S| e i k) T Gy | | D B ) T G B
pi=1 pi=1
In the case of two exchanges k; < [; and kj < [; (i,j = 1,...,n) one has

|djo| < | Z Z(k‘l CoGay e kn)_%g(kl,...,ai,...,ozj,...,kn)|+

pi=1p;=1

+ | Z Z(/ﬁ ceafByeee k’n)_%g(kl,...,ai,...,ﬁj,...,kn)‘+
SR (3.70)
+ | Z Z(k‘l s Biog - kn)_%g(kl,...,,Bi,...,aj,...,kn)‘+

pi=1p;=1

HIY D R BiBi e kn) T Gk inByn)

pi=lpj=1

Such formulae immediately become more complicated when replacing more than one k; and
since it is obvious how to proceed, the remaining d; shall not be written down explicitly.

Next Cauchy’s inequality can be applied to the right-hand side terms in (3.69) to modify the
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estimate to

>° 1 1
’dj71’ S (Z ’klazkn‘_i 2 Z ‘g(kl, sk ‘2)2+

pi=1 pl_l
> 1 1
+(Z’k1“'@' )2 ( Z’gkl, Bt P) 2
pi=1 pi=1

which can be performed in the same way for (3.70) and all other d;. Since k; < N it follows

that «;, §; are non-negative and thus a; < (;, such that

o0

dial < (3 Jhr--- i kol =) x

nt (3.71)

> 1
X |:( Z |g(k?1,...706i,..., Z |g(k517 7627 ) n | )2 :

pi=1

l\)\b—‘

Assuming one has applied Cauchy’s inequality to the four addends in (3.70) it is easy to see

that the factor containing ooy is greater or equal to the other three, yielding

|dj72| < (Z Z |k‘1 C OGOy k’ |__)%

. 1 L 37
X [( Z Z ’g(kl,...,ai,...,aj,...,k )’ 5 Z Z ’9 (K1 yeensBiseesB sk )\ )5]
pi=1p;=1 pi=1p;=1

and, analogously, estimates for all other d; have a similar leading factor with all appearing /;

replaced «;.

Such factors with k; < N allow for a further modification, i.e.

Pi= J#i k pz—l
<1 (3.73)
- el 1 & ! 1
< £(Z:Bpi—ki/N\ n )2 < 1(2\2}%—1\ n)? = const. —¢,
N = L ) SN = N7
pPi= 2 pi=
<2p;—1|"

where the constant in the last term stems from calculating the value of the infinite sum,
which converges provided r/n > 1/2 (as found in Hesthaven et al. (2007) in the case of

one-dimensional Fourier expansions). Considering the factor in (3.72) one can observe that

(303 Mooyl )% =
peime (3.74)
! 1)\?

H Z la|™ Z |Oé]| 2 < const. (NT> ,

l;éz,] n pi=1 pj=1
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by using (3.73) for the individual sums, which is then done for all other such factors in the
remaining d;.
Collecting now all results from (3.68) to (3.74) and substitute them into (3.67) one obtains

2m—1 2 00 1
< Z cj |dj|> < const. [le Z Z (ZZ |gm|2> 2—1—

= mi=ti =1 M P
1 \2 s ) 3
+( _) >y (Z.I%I) + (3.75)
N= m LeM Spi=1
i pPi=
[{mi=L}=2 b=

+% > (i i |gz|2>%}2

L,EM “pn=1 p1=1

and with 1/N /" being greater or equal to all other leading factors, the right-hand side can
be modified to yield

2 - 2 1) ’
||ANf||u§con8t.Z |76 < const. N Z U (3.76)

|k|=0 "/ k=0

The square brackets, which shall be estimated in the following, contain all the sums from

above but without their leading factors. By Parseval’s identity we have that

> lail? < const || A/ £|12 (3.77)
l1]=0

such that the sum converges and consequently so does every partial sum. Starting again with

the sums over p; given in (3.71) and renaming them to be

o0 [e.9]
1 2
gl(c) = Z ’g(kl,---,2Nm—ki,---,kn)‘2’ glg) = Z ’g(kl7---,2Nm+ki,---,kn)’2

pi=1 pi=1

(where the superscripts just symbolize an (arbitrarily chosen) enumeration), which can be
viewed as partial sums of (3.77), which are therefore convergent. In a similar manner the
terms in (3.72) can also be renamed (and viewed again as partial sums). By enumerating all

these partial sums of (3.77) in all d;, estimate (3.76) reads

1 2 N b . 2
”ANfH?L < const.<N%> Z [Z (g](g]))l/2:| 7

Ik1=0 " j=1
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with b = [{m : m; = k; or m; = 2Np; — k; or m; = 2Np; + k;, Vi}|. Rewriting the sum on
the right-hand side as

) 2 N b b ) ) N b b ) )
6] = S S ) < 35 o ) -

(3.78)

|=0j=1 J=1|k|=0 Jj=1

using Lemma 3.10 for the last inequality, substituting this into the estimate above and taking

the square root finishes the proof. O

Remark 3.27. Comparing Theorems 3.11 and 3.22 it has been shown that the L? error
made by truncating a rational Chebyshev series expansion using exact coefficients is of the
same order as the error made by approximating coefficients using interpolation. This proves
parts of the assumption made in Boyd (1987) and Boyd (2001) about the truncation error
being of the same order of magnitude as the ”discretization” error (the difference between the
exact and approximated coefficients obtained from solving differential or integral equations),
which is similar to the aliasing error.

The overall error made by the discrete projection is bounded in L2, which stands in

complete accordance to Theorem 3.11.

Theorem 3.23. Let f € H;A(R"), then there exists a positive constant c, such that

1f = ZINfllu < N7 f]|a-

Proof. Obviously, by adding and subtracting the continuous projection

If =Infllu=IIf =Inf+Pnf=Pnfllu < If = Py fllu+ [Pnf = Infllu, (3.79)

where Theorems 3.11 and 3.22 can be applied to arrive at the desired estimate. O

Remark 3.28. Finally, the error made by approximately calculating coefficients of a trun-
cated series (the most common situation when solving operator equations with spectral meth-
ods) is at most twice the error made by the continuous projection. The one-dimensional case
has been proved in Wang & Guo (2002) using a different approach (i.e. not via the aliasing
error).

In Mason (1980) Theorem 3.13 was shown to hold in the same way for the multivariate
interpolation operator at (a tensor product of) Chebyshev zeros by making use of Lagrange
interpolation polynomials. Again, c¢f. Remark 3.19, the mapping 1 transforms the rational
case into the classical case on compact intervals and thus Theorem 3.13 can also be applied
to the discrete projection on R™, i.e. uniform convergence of Zy f, provided f satisfies the
Dini-Lipschitz condition (3.44).
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Having a discrete inner product is not the only reason for choosing the interpolation points
as in (3.53). The well-known Runge phenomenon occurs when using equidistant points. In
other words, the problem of interpolating a given function using orthogonal polynomials at
equidistant points is ill-posed, as demonstrated e.g. in Hesthaven et al. (2007), meaning that
the more points are used, the larger the L* error gets.

This can be seen by calculating the Lebesgue constant in the case of equally distributed
interpolation points. Whereas in the continuous case and for an interpolation at Chebyshev
points this constant grows logarithmically and can hence be bounded by the modulus of
continuity (see Mason (1980)), in the case of equidistant interpolation the Lebesgue constant
grows exponentially.

In view of the Lebesgue constant and the Runge phenomenon it is worth considering the
uniform convergence rate for the interpolation operator. In Theorem 3.17 the convergence
rate was presented when using the continuous projection. The next result shows that the

same rate holds in the case of the discrete projection.

Theorem 3.24. Given f € H], ,(R"), r/n > 1/2, then there exists a constant c independent
of N, such that
1f = Znflloo < eNYVERIf|La.

Proof. Since (3.79) holds in every norm, it is sufficient to prove that the aliasing error mea-
sured in the L* norm is of the same order as the truncation error in (3.52). Using the same

argument as in (3.45) leads to

N N 2"—1
AN Flloe < D7 Tl < D03 ¢5ldyl, (3.80)
|k|=0 |k|=0 j=1

cf. (3.67), whereas here the estimates from (3.69) and (3.70) shall be written as

o0 o0
il <Y k)| T D |ChrBinn o]

pi=1 pi=1

and analogously for all other d;.

Changing the order of the sums on the right-hand side in (3.80) yields

2"—-1 N 00 N 00 N
Z Z cjld;| < const.[ Z < Z Z |am| + Z Z |am|>—|—
J=1 |k|=0 \{m:n}'}lﬂ pi=1 |k|=0 pi=1 |k|=0

L li=ay i=Bi

00 N
oY > > D lanlt (3.81)
m._LEM pi=1 |k|=0
{mi=li}|=2 my—=1;
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%) [e's) N
153D IR 3 97}
lLieMpn=1  p1=1|k|=0
in contrast to (3.75), where, due to the overall square, the strategy had to be different (with
applying Cauchy’s inequality earlier) and it was hence not possible to move the sum over k

up to the coefficient a,, or ¢,,. And here lies the main difference in the proof for the infinity

norm. By considering > > |a,,|, where we start by changing one m; to either a; or (;, then
Di |k|
substitute (3.68) and use Cauchy’s inequality we get

%) N co N
DD laml =20 > |tk aie k) T, S

pi=1 |k|=0 pi=1|k|=0
[e%) N . % 00 N ) %
< (Z Z | (K1 kn)™ ) <Z Z [T >
pi=1|k|=0 pi=1|k|=0

The second term is bounded by || f]|4, as seen from (3.78) by taking the square root, whereas

for the first term one can derive

0o N 2 1 k. 2r
7‘ T 7 —_— =L
53 ok = NE S TTY 2] 3 -
pi=1|k|=0 pi=1 j#ik;j=1 ki=0
<const. VN SN\Qpi—lr%

< const. N~ Che Z |2pz — 1‘ B < const. N~
pi=1

cf. (3.73)

where the sums converge if r/n > 1/2. For the issue of k; = 0 we refer to the proof of
Theorem 3.11 above. Obviously, the same can be done for m; = ;, without any changes,
such that the first line in (3.81) is bounded by cNz % £

Writing in detail the case of two m; switched with «; or 3; shows the second line (excluding

the sum over all possible exchanges) in (3.81) to be

0o 0 N co o0 N
Z Z Z ‘a(kl7~~~7ai7~~~7aj7~~~7kn)| + Z Z Z ‘a(kl7---7C‘fi7~~~7,6j7~~~,kn)‘+
pi=1p;=1|k|=0 pi=1p;=1|k|=0
0o o0 N co oo N

+ Z Z Z ‘a(k1775277a377kn)‘ + Z Z Z |a(k17"'7161'7'“7/6j7---7kn)|'
pi=1p;=1k|=0 pi=lp;=1|k|=0
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Without loss of generality we take the first sum and substitute again (3.68) to get

N

oo oo .
DD iy kn) T Gk )| <

pi=1p;=1|k|=0

o) [e%e) N
< <Z SN (kg h)

pi=1p;=1|k|=0

1

1 oo 00 N 1
ZTT >2 < Z Z Z |g(k1,...,ai7...,aj,...,lcn)‘2> 2.

pi=lp;=1]k|=0

Again, the second term is bounded by the H u,A DOrm of f and by splitting the first term one

obtains

[ele] o0 N
Z Z Z ‘(’ﬁ'--aiozj---kn)—% _

pi=1p;=1|k|=0

N

_2r k‘] _2r
DS HZ Z!pz——\ DU
pZZijZI l;ﬁljk)l 1 k)J:O
2r
=const. VA <N [2pi—1]" ™ <N|2p; -1~

0 00
< const.(N~F )Y 2p —17% Y [2p; — 1|7 < const. (N7 ),
pi=1 pj=1

Consequently, by the same argument as before, the second line in (3.81) is bounded by
(N 5_5) | f1la, which has a leading factor smaller than or equal to the one in the first line.
It is now easy to see how to find bounds for every line with decreasing factors in terms of V.

Thus, one can finally conclude

2m—1

AN flloo < Z Z ¢j|d;| < const. N%~ ””f”A

Jj=1 |k|=0

O

As mentioned in Remark 3.24 there are other possibilities to define discrete inner products
(and according norms) by changing the set of interpolation points. In the above we used
the extrema of the last retained polynomial because of the connections to the fast Fourier
transform. It can be easily shown that the proved convergence results can be established for
other types of inner products as well, for example, when using the set of zeros of the next
higher order polynomial.

The FErdds-Turdn theorem shows L? convergence of the interpolation polynomial Py
formed by an arbitrary set of orthogonal polynomials {p,} interpolated at the zeros of py11
to a given continuous functions on a compact interval (see e.g. Cheney (1966) or Szegd (1939)
for a proof). In our treatise such interpolation points will be used as collocation points (see
Section 3.3).

Caveat: Lemma 3.2(ix) shows that the zeros of rational Chebyshev polynomials are by

far not distributed over the whole real axis (in contrast to the classical case on [—1,1]). In
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consequence, this means that when interpolating (or evaluating) functions at such points
certain characteristics away from these points cannot be depicted or included, which might
result in a (from the view of pointwise convergence) very poor approximation.

To illustrate the goodness of gaining coefficients by discrete inner products and what hap-

pens when changing the function away from the evaluation points, we consider the following

Example 3.7. Given the function f(x) = (1 + 2%)~'/? (cf. Example 3.6) one can exactly

calculate the continuous inner product to be

2

IRl = ((1+a") "2, Re), = 7773

(k even), 2?f'(z) — F1 as z — oo,
and hence |ay| < 1/k? (whereas according to Theorem 3.15 the power of k should be less than
2, but since f is even, the symmetry adds to a stronger decrease). Using the set of extrema
of the Nth polynomial, i.e.

cos(T) N

N
2= —— N implies (Nbo, S —bN_l,NbN> — V/N2DCT(f(z:)),
1 — cos?(%F) 2 2

cf. Lemma 3.19. In Table 16 the difference |ay — bi| is given for the first 5 even coefficients
for various V. Figure 38 depicts this result using N = 10, by showing the actual function

N ag — bo| lag — bo |ag — by lag — bg| lag — bg|  |a10 — bio|

10 5x10™®  1x1072 1.1x1072 13x1072 15x107%2 3 x1073
50 2x107% 4.2x107% 42x107% 42x107* 42x107* 43 x1074
100 5x10™°  1x100% 1x107* 1x10* 1x107* 1.1x107*
200 1x107% 26x1075 26x107° 26x107° 26x107° 2.6 x 107°

Table 16: Aliasing error of f, |ax — by| for various k and N

and the approximations on the left and the absolute value of the aliasing error as a function
of x on the right. There, one can see the supremum of Ay f to be at infinity. This is due to
Lemma 3.18, from which it follows that Zy f(co) = f(c0) = 0, whereas Py f(o0) = S Nay,
i.e. Piof(o0) = % ~ 5.8 x 1072. This is in very well accordance to Theorem 3.24, where it
was stated that | An fllee < SN |ag — bi| < eNY/275, reading in the case here as

10

1
sup | Ao f ()] = Aiof(o0) = Z = 6x 1072 < const. 10"/27% = const. % ~ const. 3 x 1072,
k=0

Changing the given function to

(z) = (1+22)"12 z<5
0 r>5H
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Figure 38: Left: P1of (solid), Z10f (dashed) vs. f (dotted). Right: aliasing error Ay f].

which has a discontinuity at = = 5, but still decays to zero at infinity, yields the exact same
coefficients by, as for f if N < 15, since f = f at the interpolation points z; (discarding the
points |zg| = |xn| = oo all other points lie in (—5,5) for N < 15).

The coefficients a, can again be derived analytically for all k, such that subsequently a
completely different aliasing error behavior occurs. (Observe, for example, that for N < 15
Inf is still an even function). Figure 39 shows the approximation and the aliasing error for
f in the case of N = 10. From the aliasing error it is obvious that for z < 5 (away from the

discontinuity) the approximation behaves analogously to Figure 38. Increasing the number of
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Figure 39: Left: Piof (solid), Z1of (dashed) vs. f (dotted). Right: aliasing error | Ao f].

polynomials the difference between f and f becomes more apparent, resulting in a complete
change of the aliasing error, especially for the point of its supremum. Figure 40 shows the
details for N = 100, where one can see the aliasing to be maximal in the vicinity around
the discontinuity, whereas everywhere else the original function is indistinguishable from its
approximations. This gives rise to the treatment of a rather practical, but very important
topic of polynomial approximation, the Gibbs phenomenon.

If one would continue to approximate f from the example above with an increase in the

number of polynomials used, the Gibbs oscillations become more and more visible around
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Figure 40: Left: Pioof (solid), Zipof (dashed) vs. f (dotted). Right: aliasing error | Ao f|.

the discontinuity step. Also, as mentioned in the proof of Lemma 3.12, the value of the
approximation at the discontinuity is equal to the average step height, whereas the oscillations
seem to increase the step. Thus, as mentioned in e.g. Mason & Handscomb (2003) the

pointwise error at the discontinuity remains an O(1)-quantity as N — oo, cf. Figure 41. We

3 35 4 4.5 5 5.5 6 6.5 7

Figure 41: Figure 40 continued using N = 500: Psof (solid) vs. f (dashed)

shall not go further into the details of the phenomenon per se, but consider the aspect of
approximating integrals of such discontinuous functions.

Performing numerical calculations, e.g. solving integral equations or applying Galerkin
methods, actual values of integrals of polynomials with some kernel functions can be of inter-
est, where the accuracy of the scheme could depend strongly on such values, and furthermore
in most cases analytical expressions cannot be obtained and hence approximation techniques
are needed. Here, some Sobolev-type convergence might not be sufficient and thus pointwise
convergence has to be demanded.

Depicted in Figure 41 and inferred from Lemma 3.12 the approximation in the vicinity
of a discontinuity differs strongly from its exact values, even for higher degree projections,

meaning that the Gibbs phenomenon not only prevents convergence at the discontinuity, but
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also slows down convergence near this point. Due to the fact that points of discontinuity
have measure zero they do not contribute to the value of integrals and so pointwise and even
uniform convergence can be shown to hold in such cases.

Proved in Hesthaven et al. (2007) and Guo (1998) for the case of classical Chebyshev
polynomials, 9, Py f # Py, f (but converges in L? as N — 00), the same holds in the case

of integrals.

Lemma 3.25. Given the functions f and g, sufficiently smooth and defined on [—1,1], such
that

f(x):/g(a:)dx—i—c and  fn(x Zkak , gn(w Z%Tk

as projections of f and g, respectively, with {T}} being the set of classical Chebyshev polyno-
mials, then

ao—%ag k=1

b, = a
k—1 — Qk+1 ’
— " 1<k<N-1
2k -

where by remains undetermined (thus being the integration constant).

Proof. The fact that one can only equate the coefficients of fy up to N — 1 shows that
I~ # [ gn, where equality can only be attained if N — co. To see this we start by writing

/QN( dw—zak/Tk )dx = agTy(z) + ta1 To(x g: (Tz:l_l) - TZ__l(f)>,

k=0 k=

where (3.9) is applied to yield the second equality. By splitting the sum and shifting the

indices, i.e.

N 7 T N+1 N-1
k+1 k—1 1
Z <k+1 k- > Zak 135 T — Z:lakﬂﬂTka
one obtains

N-1

/QN(HJ) dr = (ao — 3a2)Th(z) + Y “=g™ 4T () + gan—1Tn (@) + sy an T (@).
k=2

Comparing coefficients with fxn for every Ty proves the assertion and shows by to be the
integration constant if N — oo and by = ﬁa N—1, which is highly inaccurate if N is small.
Additionally, a (rapidly oscillating) remainder function is given by the last term, since T 41
does not appear in the expansion of fy. O

The next result shows that for the integral of the simplest discontinuous function, i.e. the

characteristic or indicator function, uniform convergence holds.
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Theorem 3.26. Let 1|_y 4 be the characteristic function with —1 < c <1 and define

f(‘r) = x]]-[—l,c](x) + C]]-(c,l](x)v HAES [_17 1]7

such that f is continuous. The definite integral over [—1,x] of the classical Chebyshev series
of 11_1, converges uniformly to f + 1.
Proof. 1t is straight forward to see that

T

/ Lro(y) dy = f(z) + 1 (3.82)

-1

and since f is continuous and of bounded variation there exists a uniformly convergent Cheby-

shev expansion with the coefficients given as

1
<faTk>v 1 / 1
S A PR VATE . Tt 7=

By applying the usual transform = = cos(y) the integral above can be calculated in an exact
manner (abbreviating ¢* := arccos(c)), such that

*

by = m[/ﬂcos(y) cos(ky) dy—i—co/cos(ky)dy} —

c*

cc* — /1 —¢? k=0
1) s/ =2 - k=1
7r
kv1 — 2 cos(kc*) — esin(kc*)
2 R k>1

In the same way, although not being pointwise convergent, one can calculate the coefficients

for the expansion of the characteristic function to be

1 c 1 m 1 m™—c* k=0
_ T 1 A= — ki)dy = = . « 3.83
“ ||Tku%/1 e = g [ =Y ) | 6
_ c* k

Paraphrasing (3.9) for definite integrals over [—1, z] yields

. Ty (z)+1 k=
/Tk(y)dy =9 1ha(2) — k=1 . (3.84)
- Tha1(x) Th_1(x) —1)k

! % ( kl:—il - kk—ll ) - (162—)1 k>1
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By combining (3.83) and (3.84) one can write the approximate version of the integral in (3.82)

in the form

N N

N X

x 1 (x _ 1)k
g ak/Tk(y) dy = ao(Tl(a:)—Fl)—l—al(%Tg(w)—%)—F E ak% (Tkgji ) _ Tkkﬂ )> - E ak%
k=0 Y

k=2 k=2

and by comparison with the expansion for f (using Lemma 3.25) it is left to show

N
Nk
ao—%al—Zak%ﬁbg—l—l as N — o0

k=2
(3.85)
by

= ag — 3as
be = 5r(ap—1 — ap1) Vk>1,

such that

T N
/Zaka unlf Zkak umf f(l’)-i-l as N—>OO,
1 k=0

which concludes the proof.
To show (3.85) we start with b1 by modifying (modulo the factor L for the norm)

(2"
a —%agzw—c*—l—smgc):7r—c*+sin(c*)c:7r—c*—ch/l—c2:bl7

using the fact that sin(arccos(x)) = v/1 — 22, and analogously for the other by

sin((k — 1)c* sin((k c*
ooy (S s e
—(k+1)sin((k —1)c*) + (k — 1) sin((k + 1)c*)
k3 —k
2kv1 — ¢ cos(ke*) — 2esin(ke*)

- B~k = b

applying trigonometric identities. As for the integration constant, the first equation in (3.85),
the convergence of the sum is obvious, since (ay) is a null sequence and with the use of some

(computer) algebra one then gets

1—c
2(14-c) arctan( o )

Zaw r = 2[R (14 carctan () ] = 2E2E - -

With the inverse trigonometric identity arccos(z) = 2arctan(v1 —22/(1 +z)), -1 <z <1
this simplifies to

1 o ™ ’

iak (2—1)k 3VI—¢®  (1+c)arccos(c)
k
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such that overall

14 (G DL Vi—c2 3V1-c2  (1+c)arccos(c)
oo kz2akk2_l * 27 2 * T
© VI—&  (1+o)c VIi—Z e
:1—0—— ¢ —1—( —I-C)C :1_764_2:()0_1_1’
T T T T T

which is the desired equality. O

Remark 3.29. In Theorem 3.26, for readability and simplicity of the proof, the characteristic
function was set to contain only one discontinuity step. The general case considering 14,
—1 < d < ¢ <1 can be shown in the exact same way as above, with the only difference that
the first equation in (3.85) has only by on the right-hand side, since the integration evaluates
to zero at —1.

Observe that with this remark integrals of every combination of multiplications of charac-
teristic functions on [—1, 1] have been proved to converge uniformly, due to [[, 14, = 1na, =
Lj4p)- To utilize this result for arbitrary piecewise continuous functions use can be made of
what is known as simple functions from measure theory.

A measurable function s : I — R is called simple, if it can be written as

P
s = Zaj]lAj’ where A; = s !(a;) € o-algebra. (3.86)
=0

In the following the o-algebra shall be the Borel o-algebra, such that every continuous func-
tion is measurable and since we are dealing with functions defined on real intervals the Borel
measure coincides with the Lebesgue measure and consequently all A; € [—1,1] are closed
(or open) intervals.

Furthermore, for every positive measurable bounded function f there exists a monotone

sequence s, of simple functions which converges uniformly to f.

Theorem 3.27. Let f be a piecewise continuous function of bounded variation with finitely

many discontinuities, then the integral of the Chebyshev expansion of f converges uniformly.

Proof. First observe that every piecewise continuous function f can be written as > fila,,
where i counts the discontinuities and f; are continuous functions on A;. Thus it is sufficient
to show the uniform convergence of the integral of ¢l 4 with g continuous and of bounded
variation and A € [—1,1].

Without loss of generality one can assume g to be positive (otherwise split g into its positive
and negative part, where the argument then holds for each part separately). Hence there
exists a monotone sequence of simple functions s, uniformly convergent to g.

Additionally one can find an integrable function h, such that |s,| < h (to apply the dominated
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convergence theorem), which yields

x x

[owtatdy = tim [ su)taydy = i 3 asn [ 1a,)La) do
i j

-1 -1

by substituting s, (y) = >_; @jnla;(y) as stated in (3.86). With 14,(y)La(y) = La;na =:
14, the approximation of the integral on the right-hand side above converges uniformly,
according to Theorem 3.26 and Remark 3.29. This holds for all j and n, which finishes the
proof. O

Remark 3.30. The proof above is not constructive in the sense that in applications one would
not construct a sequence of simple functions but expand the f; or g in a Chebyshev series
as well, whereas for the uniform convergence the argument still holds for such expansions.
Moreover, calculating the product of two series expansions is too expensive and hence finding
the Chebyshev series for g1 4 as one function has to be preferred. Not only is producing the
product of two series very expensive, but also highly inaccurate compared to an expansion of
the product itself. Although one has that if fy — f and gy — ¢ it follows that fnxgny — fg
for all z, using Lemma 3.2(v) to rearrange the product of two series to compare coefficients
clearly depicts where the inaccuracy stems from and shows the slow rate of convergence.

In contrast to the general topic of this section we treated the Gibbs phenomenon in
integrals in the case of classical polynomials. This is due to the fact that, as mentioned in
Remark 3.1, integrals of rational Chebyshev polynomials over R do not exist. But applying
the usual mapping to the results stated above shows that the convergence of such integrals
holds for the case of mapped polynomials as well, provided one has some integral kernel
function, which does not take part in the approximation but takes care of the necessary
decay behavior for the individual integrals to exist. In particular Lemma 3.25 cannot be
transferred directly to the whole real axis and also needs some modification for arbitrary
integral kernels.

But, overall, the alleviation of the Gibbs phenomenon (as well as uniform convergence)

using integrals can also be observed in the rational case.

Remark 3.31. It is straight forward to see how Theorems 3.26 and 3.27 can be extended to
multivariate functions on [—~1,1]", since 14 p)x[c,a)(%;y) = Liqp)(¥)L[cq(y) etc. which shows
how simple functions are defined in higher dimensions and that every case can be reduced to

one-dimensional integrals of characteristic functions.

3.3 Spectral Collocation Methods

This section contains a description of the necessary requirements and tasks for setting up (rea-
sonably fast working and converging) spectral schemes to solve operator equations. There
are in general two different approaches, distinguished by the method of minimizing the er-

ror made by approximating the exact solution using a finite polynomial expansion, namely
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Galerkin and collocation methods. The first requires the error to be orthogonal to the finite
dimensional subspace (the approximate solution lies in), which is realized using inner prod-
ucts and is hence set up in a Hilbert space. Collocation methods, on the other hand, set the
error to zero at a certain set of points.

It shall be noted here that both schemes treat the coefficients of the polynomial expansion
as the discrete unknowns and thus fall into the spectral category. This correlates with the
continuous projection operator from Section 3.2, whereas using interpolation leads to what
is called pseudospectral schemes. Most authors do not distinguish between the notions collo-
cation and pseudospectral. The analysis below shall clarify where the difference of those two
approaches stems from.

Hackbusch (1995) shows that all the above mentioned discretization methods are in fact
connected and it can be proved that under certain circumstances they all even lead to the
same equation system.

First, a precise meaning shall be given to how spectral methods are mathematically set
up in the usual operator description (see e.g. Hackbusch (1995), Golberg (1979) and Guo
(1998)).

Assume K is a linear operator and X (Q2), Y () are two Banach spaces on the domain
Q, such that £ : X — Y. If f € X is unknown and g € Y is given, the general operator

equation then reads

Kf=g. (3.87)

One way to find an approximate solution fy € Xy C X is by using a projection operator
Py : Y — Yy, such that Yy is a finite dimensional subspace of Y, uniquely defined by Py,
with a basis {q1,...,qn}. Since one cannot expect fy to be a solution of (3.87), substituting

this function generates the error
EN ::K:fN_gv GNGY,

which in general does not vanish (everywhere) in 2, so one requires its projection onto Yy

to be zero, leading to a semi-discrete equation, i.e.
Pnven =0 = PnKfy =Png.

Remark 3.32. From the definition of the Galerkin method (Y being a Hilbert space, e.g.
L?(2) with the inner product (-,-))

(env,q) =0 & (Kfn,q)=(9,¢), Yi <N, (3.88)

it is fairly obvious that this defines an orthogonal projection. As for the collocation method
the error is evaluated at the set of points {x1,...,zx} (commonly termed collocation points)
in €,

en(zi) =0 <& Kfn(zi)=g(z;), Vi<N, (3.89)



where it is not as straight forward how an according (orthogonal) projection can be found.
In Section 3.2 Lemma 3.18 states that the therein defined operator Zy interpolates a
function at a certain set of (interpolation) points. By setting the collocation points equal to

the interpolation points one finds that if
INKfn =Ing = Kfn(w)=g(z), Vi< N

and hence the collocation can also be treated as a projection method. In contrast to the
Galerkin method no inner product is needed for the projection, but due to the definition
of the interpolation operator one normally requires Y to contain at least bounded or even
continuous functions (e.g. C () equipped with || - ||»). The equivalence stated in (3.88) is

non-trivial and a proof can be found in e.g. Hackbusch (1995).

Remark 3.33. For some problems one may further assume X =Y, such that £ : X — X,
where then boundedness and compactness properties can be easily utilized, as often done when
dealing with integral equations of the second kind, cf. e.g. Golberg (1979), Golberg (1990),
Sloan (1990) and Hackbusch (1995), where the latter showed for Volterra and Fredholm
integral operators with certain types of kernels that Y is continuously (compactly) embedded
in X, thus gaining some regularity for the solution of the according equations.

A very general treatment of consistency, stability and convergence for projection methods,
without making any additional assumptions on the involved spaces and their finite dimen-
sional subspaces, can be found in Guo (1998).

To analyze such methods, Hackbusch (1995) defines (with X being a Banach space and
{Pn} a set of bounded projections from X to Xy C X)

(1) if Pyx — z, Va € X, then the set is called convergent,
(i) if Pyx —x, Yre M, M C X dense, then the set is called consistent, (3.90)
(z3i) if sup{||Pn||x} < oo, then the set is called stable.
N

One immediate consequence from this definition mentioned further in Hackbusch (1995) is

Lemma 3.28. A set of projections {Pn} is convergent, if and only if it is consistent and
stable.

Proof. This follows directly from the theorem of Banach-Steinhaus, i.e. uniform boundedness
principle, which states that given a set F' of linear operators, with 7' € F : X — Y, if
sup | Tz||x < oo, Vz € X, it follows that sup ||T||x—y < 0. O
TeF TeF

Remark 3.34. From Lemma 3.28 and Theorems 3.23 and 3.24 given in Section 3.2 one
can infer that the interpolation operators defined in Section 3.2 are convergent and hence
stable and consistent in the according function spaces. But as mentioned in Remark 3.28
the stability strongly depends on the interpolation points, since the uniform boundedness

might be violated. For example in the case of equidistant points it has been shown (cf. e.g.
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Hesthaven et al. (2007)) that the Lebesgue constant, measuring the norm of the projection, is
asymptotically Ay ~ 2V /(Nlog N), whereas || Zx||ooc =O(log N) using Chebyshev points.
In the L? case Golberg (1990a) mentioned, as a consequence of the Erdds-Turdn theorem,
that Zy : C([a,b]) — L2 ([a,b]) satisfies ||Zx||? Lz = f[a’b} w(t)dt. Another result presented
in Golberg (1979) shows that the stability of collocation methods depends not only on the

choice of collocation points but also on the basis functions spanning the subspaces Y.

Remark 3.35. It shall be noted here that consistency relates purely to the involved operators
and hence can be treated independently of any equation. Stability and convergence, on the
other hand, are always connected to a given equation and this is why for example Guo (1998)
(proving general results for equations of the first kind) only needs the inverse of K to exists
to prove a convergence result, whereas Hackbusch (1995) and e.g Sloan (1990) require K to
be compact, since they emphasize on equations of the second kind, i.e. \f —Kf = g (A being
a regular value of K). The reason for this lies in the fact that by saying Ky := Py K the
condition

IKn —Kllx =0 as N — o0 (3.91)

is always assumed to hold to establish convergence. Here, the pointwise convergence defined
in (3.90)(i) is sufficient for convergence in the operator norm (i.e. uniform convergence) if K
is compact, because compact operators map bounded sets onto precompact sets, for which
pointwise implies uniform convergence (cf. Hackbusch (1995)).

Interestingly, as mentioned in Sloan (1990), the pointwise convergence, although being
sufficient for compact I, is not necessary for (3.91) to hold. Paraphrasing this one might also

state

Lemma 3.29. Given a bounded operator K and the set of bounded operators {Pn} then
1PN — Kl||x — 0, if Py converges uniformly to the identity.

Proof. Obviously, one has ||PyvK — K| = [[(Pny — K| < ||Py — I|| ||K]]. O
—~—

<0
This implies that compactness for K is not necessary for convergence, if one can find a

projection method which converges uniformly, but, for example, neither the Galerkin nor the
collocation approach satisfy this in general.

Stability for equations of the second kind is defined via the norm of the solution oper-
ator ||((Al — Kn)7Y|x < const, VN > Ny, where (3.91) ensures the uniform boundedness.
Conversely, if one considers such operator equations of the first kind as (3.87) with K being
compact, its inverse is in general unbounded, which might lead to instability (cf. for example
the ill-posedness of Abel integral equations as treated in Gorenflo & Vessella (1991) and Kress
(1999), including regularization techniques).

From the definition of consistency given as

A}im |PnKv — Kv|ly =0, YveX, (3.92)
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where £ : X — Y, it is sufficient that (3.90)(ii) holds in Y, without any additional re-
quirement on K. Furthermore, Golberg (1990) mentioned that if the projection onto Yy is
uniformly bounded and |J Yy is dense in Y, then [|[Pxh — hlly, h := Kuv, tends to zero.

Remark 3.36. Summarizing the considerations above, compactness or boundedness of given
operators can be sufficient, but need not be necessary, for spectral methods to be consistent,
stable and convergent (although it definitely simplifies the analysis and proofs). Also, when
using collocation, which is essentially an interpolation, the right choice of collocation points
has to be made, otherwise it might not be possible to establish stability or even consistency
for certain types of operators.

So far we only dealt with the method of how to minimize the error (for example using
interpolation) and possible issues arising when approximating the solution f with fy € Xx.
This then leads to sometimes termed semi-discrete equations, since nothing has been said
about how to actually obtain fy from such a scheme. As has been done for Yy, the subspace
X shall again be defined by a projection Qn : X — Xy, such that fy = Onf.

Consequently, a discretization of (3.87) then reads

PNKONf =Png.

In most of the works mentioned above, the convergence analysis is done without this addi-
tional step of projecting f onto X . Guo (1998), in contrast, derives consistency, stability and
convergence conditions exclusively for a ”discretized” (invertible) operator Ky : Xy — Yy
(which is not equal to Ky = PyK defined above) and an inverse mapping Sy : Yy — Y,

such that the approximate equation is

Knfn = Png,

where the approximation error can then be given as Ry(v) = Kv — SNKyQnv, Yo € X.

Furthermore, the consistency condition is thus said to be

A}im |IRn(v)|ly =0, Vove D...subset of solutions f.

This is in complete accordance to (3.92), which in full discretization yields the requirement

A}im IPNKONv — K|y =0, Yve X. (3.93)

The following results show under which assumptions this can be satisfied.

Lemma 3.30. If the two (bounded) projections Pn and Qn are (pointwise) convergent, K
being bounded is sufficient for (3.93) to hold.

Proof. Starting from the definition of consistency, some modification yields the inequality
HPNICQNU — ICU”Y = HPNICQN’U — Kv + PyKov — PNICUHY <
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< || PvKv = Ku [y + | PNKQnv — PnKu ||y < (3.94)
————
set h:=Kv =PnK(QNnv—)

< ||Pnh = hly + PNy Kl x—y |@Qnv —v]lx — 0, Vove X.

—0 <oo —0

O

Remark 3.37. The boundedness of the projections in Lemma 3.30 is sufficient for the ar-
gument in the last line in (3.94). For collocation methods, where Py = Zy, ||Pn oo — 00 as
N — oo (see Remark 3.34), even when using appropriate collocations points. But since the
rate of divergence of |Pn|o is slow, Lemma 3.30 still holds, provided [|Qnv — v||x tends to
zero fast enough (as it is usually the case).

Although being sufficient, the boundedness of K is not necessary. The next result shows
that for differential operators, which are unbounded in general, consistency can be established
in the appropriate Sobolev spaces.

Theorem 3.31. Let D™ := > ak(‘)';, with ap, € R, be a classical derivative operator and
|k[s<m

v € H"(Q), then Vr,q € R, with m + q < r, provided Py converges (pointwise) in H™ 1

lim [|[D"v — D™ Pnv|ga =0

N—oo

holds.

Proof. This is a generalization of a result presented in Hesthaven et al. (2007), where it
was proved for approximations via orthogonal polynomial expansions. The proof here is

essentially the same, with the main arguments being

HDmv - DmPNUHHq = H Z akaﬁ(?) - PNU)”Hq <
[kls<m
1/2

< maxay > 10F(w = Pyv)|me = max ay S D0 0k 0kw — Pl <

[k|s<m [k|ls<m \|jls<q

SNo=PNV)l k15 +q

< cl[(v — Pnv)|| gm+a — O.

O

Remark 3.38. The assumption of pointwise convergence of the projection Py in some H? has
been proved in Guo (1998) in form of v being in H" and the error measured in H?, Vg < r
(even including the convergence rate), which holds for a variety of orthogonal projections
involving trigonometric, Hermite, Laguerre and Chebyshev polynomials.

As an immediate consequence from Theorem 3.31 one can infer consistency of the colloca-

tion approach involving general differential operators, provided the function satisfies some dif-
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ferentiability requirements. Furthermore, consider a combination of bounded and unbounded
operators, i.e. K:Y — Y and D: X — Y, within a projection scheme, then
cf. (3.94)
[PNKDQnv — KDully < ||Pnlly[Klly [PQNnv — Dully,

—_————

<o

which proves that if the approximation of D, using the projection Qy, is pointwise convergent,
arbitrary combinations of bounded operators with those, where the application to projections
converges pointwise, lead to a consistent projection method. This result directly applies to
the integro-differential operators in Section 2, equations (2.34), (2.32), (2.49), (2.48) and
(2.126).

Remark 3.39. As shown in Sloan (1990) if K is compact, pointwise convergence of the
orthogonal projections in a Hilbert space is sufficient for consistency. The main arguments in
the proof given therein are that by using the fact that orthogonal projections are self-adjoint,
one has ||[KPy — K|| = ||PvK* — K*||, and since the adjoint * is again compact, such that
uniform convergence holds (as mentioned in Remark 3.35). Interestingly, when considering

(3.94), one could alternatively say

IPNKONY — Kvlly = ||[PNKQnv — Kv + KQnv — KQnvlly <
< K(@Qnv —v)|ly + [(PNK — K)Qnvlly <
<Kl x—vI@nv —v|lx + |[K — Pyl x—y [|@nov]| Vv € X,

K comp.
—

0

where it becomes obvious again that for compact operators, pointwise convergence of the
projections is sufficient for consistency. On the other hand, as argued in Sloan (1990), if
a compact operator is defined to act on C([0,1]) with Py being an arbitrary interpolatory
projection (not necessarily orthogonal, where self-adjointness cannot be assumed), |[KPy —
K|l > ||K||, which can be found by assuming the functions v satisfy ||v|| = 1 and v(¢;) vanish
at the collocation points ;. Thus, ||(KPy — K)v||s = ||Kv||oc. This is in full agreement with
Remark 3.34.

There is still another way to look at consistency for compact operators. A classical

functional analysis result is
K compact < oy —v = Koy — Kv,

with vy and v being in the domain of I and the weak convergence of vy is defined via an
appropriate inner product in the according Hilbert space. Thus one can further infer that for

compact operators weak convergence of the projection is sufficient for consistency.

Remark 3.40. Since this section deals with collocation methods we shall not go further into
the details of the Galerkin approach. However, a few comments are in order. Hackbusch
(1995) and Fromme & Golberg (1979) showed that in the usual setting of (weighted) L?
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Hilbert spaces with the inner product given as an integral, the collocation scheme with the
collocation points being the zeros of the next higher order polynomial is equivalent to the
Galerkin scheme when approximating the inner product by some quadrature rule (i.e. Jacobi-
Gauss or trapezoidal). This becomes also obvious by taking into account that collocation at
the zeros of orthogonal polynomials is an interpolation projection, which then can be seen as
an approximation of a continuous projection using discrete inner products (cf. (3.53), (3.55)
and Lemma 3.18).

What follows here is that with such a connection some stability and convergence results
transfer directly from Galerkin to collocation (where the former is in general more stable),
especially when operators are involved which do not allow for an exact evaluation of the inner
product. The biggest advantage of collocation, most notably in the case of multi-dimensional
problems, is the straight forward set-up as a simple pointwise evaluation, while, as said above,

inner products become heavily involved in higher dimensions.

3.3.1 Properties of Abel Operators and Riesz Potentials

In virtue of the consistency and convergence results and in connection with the equations
given in Section 2 (e.g. (2.49), (2.48) or (2.126)) we state some theorems on boundedness and
compactness of certain integral operators.

In accordance to Gorenflo & Vessella (1991) an Abel integral operator shall be defined as

(in an appropriate function space over R)

x (e}

T (@) = / (x— 1 f(€)de and  TE(f)(x) = / (€ — o)V f€) e, (3.95)

—oc0 x

with 0 < @ < 1 and —oc0 < z < 0o (where the factor 1/I'(«) is omitted).

Gorenflo & Vessella (1991) proved boundedness and compactness results for Abel opera-
tors on bounded intervals. Since the extension to unbounded intervals is not straight forward,
we prove the boundedness of J{.  between weighted L? spaces and the space of continuous
functions (in virtue of the convergence results for the projection operators from Section 3.2).
The integrability of the weak singularity of the kernel in (3.95) requires a necessary decay
behavior of the argument function for the integral to exist, thus one has to work in weighted
spaces.

Defining the step function as

H(w)z{ b=t S T = / Lﬂf@d& (3.96)
R

0 otherwise (x =&

and analogously for J%.
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Theorem 3.32. Given the weight function w(x) = (1+22)™, A > a/2, x € R and f €

L? /w( ), there exists a positive constant ¢, such that

1T % (F)llw < el f1l1/w

holds (and analogously for J2 ) and hence J$ is bounded from L Vw ™ L2.
Proof. With (3.96) one has (using Holder’s inequality)

H(r —¢)
(x =)t~

HY?(x —¢&) HY*(x—¢)
/| ¢)1-a /2( —¢)-a)/2

guw:m?umwzj £(6)de <

(L+E)M21+ €372 f(€)| de <
1/2

1/2
EL(Chnt I 2)=A H(z —€) 20X 2
< (R/ (x_£)1—a(1+§) dﬁ) (]R/ (:E_é)l_a(l—l—g) f (g)d&) ,

=:Vk, as sup,

where the first integral exists Vz since the singularity is integrable and A > «/2 provides the

necessary decay. Thus, we obtain further

MM—/< dww// L1+ €2 w(a) () de di =

H(x —¢
:k!&%@a+ﬁﬁ/@§§ﬁ£qux@gcwﬁm-

R

<oo V&, A>a/2
U

Remark 3.41. The boundedness of the Abel operator between (weighted) spaces of contin-
uous functions on R is much more straight forward. Say f € (C(R),|| - ||co)1/w, meaning that

| f/wlloo is bounded, with the weight given as in Theorem 3.32, then

el | el

g[; 12 g < s wq/ v o wige < L)

<00, YV

where g is obviously continuous, which proves the assertion. O
Sloan (1981) proved that under certain conditions on the kernel, integral operators defined
on [0,00) are compact from C;([0,00)) to itself, where the index [ means that every function

has a limit at infinity. The conditions derived for the kernel k therein can be easily extended
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to the whole real line, reading as

/]k(x,s)]ds < o0
R

(i1) l}lg; k(y, s) = k(z, s)|ds = 0 (3.97)
(¢i)  lim  sup /|k‘ y,8) — k(x,s)|ds = 0.
[#[=00 Jy|>|a|

From Remark 3.41 it is obvious that the Abel operator on Cj(R) does not exist and hence for
the compactness result we again work on the subspace of functions with the necessary decay

at infinity.

Theorem 3.33. The Abel integral operator defined in (3.95) is compact from (C(R), ||-|loc )1 /w
to C1(R), with w(z) = (1 +22)™*, A > a/2.

Proof. Without loss of generality we prove the assertion for J¢,. Sloan (1981) showed that
the conditions (3.97) are necessary and sufficient for an integral operator to be compact on

C). To utilize this, we use a weighted kernel to define 7, on Cj as

B(a,€) = Hz - )z — ) w(©),  Julf)(x) = / k(. €) (€)d.

R
- / Ik, )| e
R

is continuous and bounded on R, with g(z) — 0 (strictly monotonically) as |z| — oco. Thus

It is now easily seen that

condition (7) is satisfied.
Since the kernel is non-negative we have for y < z, k(z, &) < k(y,§), V§ < y. Hence (without
loss of generality say y < x), by using the fact that k(x, &) = k(y,£) =0, V& > z,

Y
tim [ 1h(s.€) = Kz, )1d¢ = lim /\kys wé!d€+/\ky§ ke €)1 =
R - i
—tim | [ (00 - Ko + [ ko €106 -
- e
- tim | 4 Ky, €)d€ 4 ke, €))de + y/ ke €)ae .

and performing the limit one can easily see that the last term on the right-hand side is zero,
the first term yields lim g(y) = g(x) (since g is continuous) and the second term is just the
y—a

definition of the improper integral for the weakly singular kernel, which again evaluates to
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g(x). As for (iii) we observe that g(y) < g(z) if |y| > |z| > 1, such that

sup /|kys Ol < sup [ (5, + ke )d€ <2 [ ha )€ = 29(0)
ly|> || |y\>|~’v|R 2

and taking the limit |z| — oo where then g(z) — 0 shows condition (#ii) holds.

Thus, J,, is compact on Cj. This relates directly to the compactness of 7%, by saying for
every f* € C; we find an f € C(R), decaying to zero, such that f* = f/w and substitution
into 7, finishes the proof. O

Remark 3.42. One should be aware that operators with convolution kernels, e.g. of Wiener-
Hopf type, cannot satisfy the third condition, as stated in Sloan (1981). Due to the (necessary)
weight function in the theorem above, the kernel here does not fall into this category.

Next we define the Riesz potentials (cf. e.g. Stein (1970) and Samko (1976)) for z =

(r1,...,2y) and & = (&1,...,&,) as (in an appropriate function space over R")

RO(F)(x) = /mf(g) i, O<a<n, (3.98)
R’!L

omitting the usual constant 1/v(a), y(a) = 7/22°T'(a/2)/T(n/2 — a/2).

The following theorem shows the existence and boundedness properties of such operators.

Theorem 3.34. Let 0 <a<n,1<p<qg<ooandl/q=1/p—a/n.
(i) If f € LP(R™), then the integral R*(f) converges absolutely for almost every x € R™.
(i) If, in addition, 1 < p, then

IR*(F)llLa < c|lfllre

holds (where the constant ¢ might depend on p,q,n).

Proof. see Stein (1970). O

Remark 3.43. The result above has also been proved by Sobolev (1938) using a different
approach. As an immediate consequence from (i) (since 0 < ¢ < o0) one obviously has
RY(LP(R™)) is well defined, if 1 < p < n/a. This has been extended in Samko (1999) to
R(LP(R™)) C LY

Setting n = 2 and o = 1 in (3.98), one gains the operator appearing in (2.32) and (2.48),

1oe(R™) in a distributional sense.

1 B 1
R(f) (o1, 2) = R/ ey e dad (3.99)

such that, from Theorem 3.34, boundedness from LP into L%, for 1/p — 1/q = 1/2, as well
as the existence (almost everywhere) for f € LP(R?), 1 < p < 2, follows immediately and
hence, the most important function spaces when using spectral methods, L? and (C, || - ||s0),
are excluded from the classical boundedness result above in the case of R! on R2. Thus, in

order to work in the desired setting, certain additional requirements have to be met.
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Remark 3.44. On bounded domains 2 C R", essential boundedness of the function, i.e.
f € L>(Q) is sufficient for L? integrability. By introducing (positive) weights in the form
w(z) = (14 |z[)~* = € R™ and a > n, essential boundedness implies f € L% (R™). On the

other hand, requiring f € L‘i’ /w(R") yields a decay behavior for f faster than |z|~("+®)/P,

Thus, given a, one can impose a decay rate on f. If f is not essentially bounded, then
applying such weight functions will not change the demand on possible singularities to be
weaker than |z|~"/? (as |z| — 0) for f € LL,(R").

With this remark we can formulate the following

Theorem 3.35. Let f € L2(R?) and w(z) = (1+ |z|)™*, A > 2, = € R2, then there exists a

constant ¢, such that
IR, < el flles

i.e. RY: L2(R?) — L2 (R?) is bounded.
Proof. Say r = |z — &| (cf. (3.99)), then with € > 0 but small
gla) i= RA(P)w) = [ 71 1(6)de <
R2

< [ PR e g g,
R2

where one can apply Holder’s inequality to obtain

2

1
2
g(w)<<@/ P14 )Tl de (@/ RS O I (3.100)

By using polar coordinates (r,6) centered around z, i.e.

x1—& =7 c.os(H) C?S(@) —rsin(0) - (3.101)
x9 — &9 =1 sin(6) sin(f)  rcos()
the first integral on the right-hand side in (3.100) can be written as
//7‘_1(1 + )" rdrdf = 27T/(1 + 7)1 dr = k < oo,
—m 0 0

and consequently

G (w)u(z) <k / FL(1 4 1) ew() £2(E) de.

RQ
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Furthermore, since both sides above are positive, the integral on the right hand side exists
(f decays faster than |¢|~!) and w decays faster than |z|~2, such that

/ (@)w(w)de <

(e}

Sk:/ / YA 4 m)ew(x) f2(€) dé do = / 26 / r 1+ ) w(x) de dé

|z|=0|z—£|=0 €]=0 |lz—¢[=0

<00, V€
= llgllzs < el flZz.
]

Remark 3.45. As mentioned in Remark 3.44 one has to take into account singularities
and the decay behavior of functions when dealing with L? spaces on unbounded domains.
Boundedness of R! in Theorem 3.35 can also be proved between L'(R?) and L,(R?), where
1 < ¢ < 2 and the weight has to satisfy A > 2—¢ (see Samko (1998)). Hence, it is obvious that
RY(LP) exists (in the L} sense) for all LP functions with compact support (or on bounded
domains) since LP(Q) € L'(Q), ¥p > 1. A formal consideration of functions f € LP, p > 2,
shows the decay to be too weak for R!(LP) to exist on unbounded domains. Thus, weights of
the form 1/w have to be introduced in the pre-image space to impose the necessary decay, or
in other words, to have L¥ Jw (R?) ¢ L*(R?). On the side of the image space this means that
the singularities become weaker and can thus be measured again in a (weighted) subspace
of L}. Finally, without proof, we formally claim that there exist weights wy, ws, such that
RL: LY, — L%, is bounded for all 1 < p < 0. O

Remark 3.46. Consider the space (C(R?), | - |loo)1 Jw as the pre-image space (with index
1/w denoting that f/w is bounded on R?, cf. Remark 3.41) and say f(r,0) := f(&,&) in
(3.99), such that f(0,0) = f(x1,z2), then

g(z) =R (f)(z) = /W]Of(rﬁ)drd&

—m 0

which exists Vz if the weight satisfies A > 1 (i.e. f decays faster than r~!) and consequently
g is continuous and essentially bounded.
To obtain compactness for the Riesz potential on weighted spaces of continuous functions

we state the following

Theorem 3.36. Let X be a normed space and Y be a Banach space. Let the sequence
A, X =Y of compact linear operators be norm convergent to a linear operator A: X — Y,

e, [|[An — Allx—y — 0, n — oco. Then A is compact.

Proof. see e.g. Kress (1999) O
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By defining a weakly singular kernel as |k(z,y)| < M|z —y|*™™, M > 0,0 < a < n,
z,y € G C R™ bounded, = # y, Theorem 3.36 was subsequently used to proof

Theorem 3.37. The integral operator with weakly singular kernel k is compact from C(Q)
to itself.

Proof. see e.g. Kress (1999). O

As shown in Remark 3.46 one needs decaying continuous functions, i.e. || f/w||~ < oo for
RY(f) to exist. For every continuous function f, f/w then lies in C;(R?), meaning that every
function has a limit as the radius tends to infinity (cf. Theorem 3.33 and Sloan (1981)). With

this prerequisites we are now able to prove

Theorem 3.38. The Riesz potential operator defined in (3.99) is compact from
(CR2), || o)1 to CuR?), with w(z) = (1 + |2}, A > 1.

Proof. For f € (C(R?), || - [loo)1/w we write f* = f/w € C;(R?). Now the weighted potential
operator shall be

/ & — € W@ ()dE, k(€)= |z — €] w(e),

which is defined on (.

Further say ky (v, &) = k(z,8)1p, (§) such that (by applying polar coordinates), k(z,§) =

w(:c?ir,e) w(x;r,0) 1 0] (7")

Denoting the Riesz potential with kernel k, as R, we can use Theorem 3.37 to claim its

and consequently ky,(z,£) =

compactness from C;(R?) to itself (due to the compact support of k).
Next, consider (for f € Cj)

Ruw(f) Nl < /Ik ,8) = kn(z, §)||f(§)]dE < ||f||oo/|k ,§) = kn(x, §)|d¢,

and from estimating the last integral

/Ik‘(ﬂc,é) (z,€)|d¢ = //Il— o iz, 6) TQ) rdrdf =
2

—m 0

= //w(a:,r, 0) drdf < ecn~ 1
—_——

—Tn NTiA, n>>1

it follows that R, (f) converges (uniformly) to R, (f) in C;(R?). Furthermore ||Ry—Ran|loo <
en~ 1 and by Theorem 3.36 this implies R,, is compact on C;(R?). Substituting f* = f/w
from the beginning finishes the proof. O

Remark 3.47. With the above remarks and Theorems 3.35 and 3.38 we have shown, that

when dealing with Riesz potentials in integral equations, one can work in the usual L? or con-
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tinuous functions setting (in Galerkin or collocation schemes) to obtain consistency (or even
convergence), as long as the functions decay properly at infinity. But since essential bound-
edness is a stronger demand than integrable singularities one cannot expect boundedness

between L? and L* (as shown by a counter example in Stein (1970)).

3.3.2 Collocation Algorithms for Singular Integral Operators

All the results and comments presented in the previous sections show necessary and sufficient
conditions for consistency of semi and fully discretized operator equations, without describing
how to calculate the unknown approximate solution fy.

By going back to the collocation equation (3.89) one might further assume fy to lie in a

finite dimensional subspace Xy of X. Such a subspace may then be said to be the span of

some basis {p1,...,pn}, such that every element in Xy can be written as
N
fn =Y ajp;, a;€R, fyeEXy.
j=1

Being absolutely precise one has to add that the basis functions p; and the coefficients a;
might depend on the dimension N (cf. Hackbusch (1995)). Obviously, by plugging in the

sum for fuy in the collocation equation one obtains

N
> aiKpj(zi) = g(x:), Vi, (3.102)
j=1

where K was assumed to be linear, such that an equation system can be set up (cf. Hackbusch
(1995))
Ka=g, K=(K;)=Kpj(w), (3.103)

with the unknowns a;, which has a solution if and only if K is non-singular.

Remark 3.48. Now one advantage of the collocation method compared to Galerkin becomes
more accessible, especially for higher dimensions. That is, setting up the matrix K, which
is done by applying the operator of the equation to the basis functions. Evaluating this at
certain points gives the collocation matrix, whereas for the Galerkin approach one has to
apply a second operator, namely the inner product with another basis function, which, in

general, is not a straight forward task.

Remark 3.49. Even in the case of collocation, calculating the matrix entries K;; can be
very expensive. Here the difference between integral and differential equations stands out the
most. If K is a combination of differential operators the only task is to differentiate the basis
functions, while in the case of integral or integro-differential equations applying the according
operators to the basis functions can be a knock out criterion for the whole scheme in terms

of calculational costs.
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This fact has been neglected in most of the works cited above and hence we shall show
some special techniques for the operators in Section 2, equations (2.49) and (2.48), regarding
these matrix entries.

The basis for Xy, {p1,...,pn}, has to be chosen wisely in order to obtain a good working
numerical scheme. As it is well known, orthogonal basis functions have certain advantages.
Also, when finding a set, where its span is dense in X (i.e. a complete set), one can claim the
basis functions p; not to depend on .

Eventually this might lead to the choice of a complete orthogonal set of polynomials, as
has been dealt with in detail in Section 3.2. Thus, if {p;} is a complete orthogonal set in X,
an approximate function fy € Xy shall be defined as

N
INn=9Nnf= Zaz‘pi,
i=0
which can be viewed as an orthogonal projection of f onto Xy.

Note that the subspace Xy is actually (N + 1)-dimensional, since the sum starts at ¢ = 0,
which is done to fully relate the practical numerical treatment and algorithm to the results
in Section 3.2.

In contrast to choosing an arbitrary basis, by using a set of complete orthogonal polyno-
mials neither all the basis sets {p;}), nor the coefficients of the linear combination forming

fn depend on N (review Section 3.2 for all the necessary details).

Remark 3.50. With the fact that fx can be found as a projection of f onto fny we can now
provide a precise meaning to some notions appearing when dealing with spectral methods in
general.

As derived above what essentially is done when setting up a spectral scheme for a general
operator equation is applying projections onto finite dimensional subspaces to arrive at an

equation system given by the matrix defined in (3.103), i.e.
Kf ~ PnKOnf

Thus one can distinguish the following schemes (replacing Py, Qn above with)
(i) Galerkin: Py = (-,¢;) , Qv = Pn as in Lemma 3.7

(ii) Collocation: Py =Zn , Qn = Py as in Lemma 3.7

(iii) Pseudospectral: Py =Zn , On = Zn

with Zn as in Lemma 3.18.

From this the main difference between collocation and pseudospectral schemes becomes
more obvious. Since Zy interpolates a function at certain (given) points, one can set up the
equation system (3.102) by writing the expansion using Lagrange interpolation polynomials,

such that the values of f at the interpolation points are the unknowns (which correlates to the
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definition of the discrete inner product). Once those values are found, expansion coefficients
can then directly be calculated using the discrete inner product derived in Section 3.2.

One can further claim the collocation to relate to pseudospectral methods via the aliasing
error, which is of the same order of magnitude as the approximation error made by truncating
the series expansion (see Remark 3.27).

An immediate disadvantage, if one may say so, of the pseudospectral approach is the
instability of differentiation, since it cannot be written in terms of derivatives of the basis
polynomials, so that one has to use so called differentiation matrices. For a theoretical and
practical treatment on that subject see Trefethen (2000).

In virtue of equations (2.49) and (2.48), this subsection shall provide a (reasonably)
fast working algorithm to obtain the essential system matrix entries, i.e. the combination
of operators applied to rational Chebyshev polynomials R, (in R and R?), cf. Section 3.1.
Furthermore, the collocation points are chosen to be the zeros of the polynomial Ry (for
an expansion up to Ry, such that the system matrix is square), which are given by Lemma
3.2(ix).

Arguments for taking the zeros of the next higher order polynomial stem from the Erdds-
Turdn theorem, the definition of a variant of the discrete inner product (see Mason & Hand-
scomb (2003) and (3.53)) and its implications (cf. e.g. Theorem 3.24 and Remark 3.34).

To remain as general as possible, we will not present the full scheme, which numerically
solves the above mentioned equations, but show how a matrix vector description can be
derived for the crucial parts.

The most appropriate function space for collocation methods is C'(R™) equipped with
the || - || norm. Hence, if not otherwise stated, the following calculations are done in
this framework (with the additional assumption of the Dini-Lipschitz condition to hold, see
Theorem 3.13).

(i) The case R
Let a function f decay fast enough at infinity, such that

N

frfn(@) =) aRi(z) and Jo f <o, (3.104)

1=0

where J% is the Abel integral operator as given in (3.95). From Theorems 3.32 and 3.33
and Remark 3.41 consistency of a collocation projection can be readily proved.

When plugging in fy, terms such as J° R; appear in the sum, which do not exist V7
(see Remark 3.1). Thus, a weight wg(z) := (1 4+ 22)~” has to be found, such that

T (wgR;) < oo and Hi - QNiH — 0, (3.105)
wp W5 oo

essentially meaning that f/wg remains at least bounded.
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Remark 3.51. Obviously, the requirements in (3.105) impose some constraints on the decay

of f,i.e. say f ~ |z|* as |x| — oo, then
a+20<0 and 1—-a+26>1 = a<-a, [>a«a/2

and since 0 < a < 1 (by definition), an asymptotic behavior of f ~ 1/z is sufficient (cf.
(2.35)). Restrictions on the decay of the given functions and the use of weights are due to
the unbounded domain (cf. main theorems in Section 3.2).

In concrete, evaluating the integral in (3.105) at the collocation points yields the matrix
entry K;; (as symbolized in (3.103))

Zj

Ky = TwpR)ay) = [ (o= 0" g Rul©) de =
_j_ (3.106)
o 1 ) .
=_/ (@)= " gy eos(iolE) de, VO<ij <N

with ¢ taken from the definition in (3.2).

Remark 3.52. It is fairly straight forward to see that a closed formula for all K;; above
cannot be found in general and also that this matrix does not have any special properties,
such as sparseness, triangular shapes or symmetries. It is for these facts that analyzing the
equation systems for condition numbers and possible inversions for Abel integral operators (on
the real line) combined with spectral methods becomes heavily involved. Hence, a quadrature
scheme has to be applied to obtain the system matrix. Additionally, when considering the
integral boundaries, the kernel and the integrand, standard numerical integration might not
be practicable. This is in sharp contrast to integral operators with simple kernel functions
acting on a bounded interval and, of course, differential equations.

Categorizing the whole term in (3.106) one can find three characteristics, which need

special treatment

a) unbounded domain

b) (weakly) singular kernel

¢) (high) oscillatory integrand,

and since (in general) one has to perform such an integration (N +1)? times, a reasonably fast
and accurate scheme is crucial. There are existing routines, which employ e.g. QUADPACK
(see Piessens et al. (1983) and the implementations in the NAG packages), tackling the
characteristics a) and b). Since the algorithms taking care of the singularity can only be
applied to integrals over bounded intervals and the others mapping the infinite integration

limit only allow for at least bounded functions, the interval (—oo,x;] in (3.106) has to be

split into (—o0, zg] X [x0, 2]
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Remark 3.53. The routine for the infinite range uses algebraic mappings of (—oo, z¢], [z¢, 00)
or the whole line onto [0, 1], such that the integral can be approximated by a higher order
Gauss-Kronrod scheme. The necessary decay of the given integrand (for the original integral
to exist) then shall cancel out the singular Jacobi determinant of the coordinate transform.
Alternatively, for certain values of a, § and zy one might be able to evaluate the integral
analytically when substituting the asymptotic behavior of the polynomials, derived in Lemma
3.2(iii). As for choosing zg, it is obvious that xg < z;, Vj. With Lemma 3.2(ix) the collocation
points can be confounded to a bounded interval for a given NV, such that xzy just has to lie
outside this interval. Additionally, this means for all polynomial degrees, indicated by i in
the cosine function in (3.106), the integrand does not oscillate on (—oo,xg]. Hence, the

QUADPACK routine works fast and accurate in such cases.

Remark 3.54. Weak end-point singularities, such as the one in the general Abel integral
operator, are very common among integral kernels and hence, existing quadrature schemes
can be easily found in numerical packages. The algorithm used here starts by bisecting the
interval [z, ;] and applies a modified Clenshaw-Curtis method to the sub-interval containing
the singularity and a Gauss-Kronrod integration to the remaining part. The singularities have
to be provided in the form (x; — &)*(§ — x0)%, with a, 8 > —1, which is essentially the same
as the Abel kernel in (3.106) (8 = 0). Thus, one can expect a highly accurate result for these

types of operators.

Remark 3.55. Up to a polynomial degree of N ~ 200 the above mentioned routines work
perfectly fast and accurate for all K;; needed. If one needs more polynomials the oscillations
of the integrand render the algorithm for the singularity unfeasible. Also, it is not suitable to
move Tg closer to x;, because the scheme dealing with the infinite interval yields unacceptable
results. There is a routine in QUADPACK taking care of such situations using Gauss 30-
points and Kronrod 61-points rules, but it slows down the calculations significantly and hence
is not recommendable for non-sparse system matrices.

Applying the coordinate transform y = ¢(¢) = arctan(¢) — 7/2, ¢'(¢) = (1 +&2)71, to
(3.106) we obtain

<

<

(x5)
= z;— ¢ Hy))* ! ! cos(1 L:
Ky= [ =07 w) T+ P W aemy

—Tr

<

€T

)
= [ (@i—o W) A+ (¢ (9))' 7 cosliy) dy = (3.107)
h

- —

<.

b(z5)
= / h(y) cos(iy)dy — 0 as i — oo,

—Tr
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which holds due to the Riemann-Lebesgue lemma, provided h € L([—, ¢(x;)]). To see this,

observe that ¢(x;) < 0, Va; and hence h is positive on the considered interval, then

¢(z;) z; z;
/ a— 1
Wil = | = [ 1o@) €= [ -0 e de <o

obviously yielding the ”phase function”-version of the Riemann-Lebesgue lemma, where the
phase ¢ has to be differentiable and non-constant within the integration limits.

Mentioned in Remark 3.55, numerical techniques for high oscillatory functions might not
be fast and work only for bounded integrands. The result in (3.107) suggests an asymptotic
expansion of such integrals for high polynomial degrees. Erdélyi (1956) provides some for-
mulae regarding Fourier integrals and the method of the stationary phase. Although, strictly
speaking, the integral in (3.106), seen as the real part of a Fourier integral, does not have a
stationary phase, i.e. ¢'(§) =0 < || — oo, the results are still applicable.

Defining a stationary point of order m to be a point z, for which a function ¢ satisfies
#(x) == ¢ (x) =0, pmtV(z) # 0, one can state

Lemma 3.39. Given the interval [a,b] and a differentiable function ¢, increasing on [a,b],

where a,b are either ordinary points or stationary points of some order, such that

¢() = (€ —a)' " (b— &) 1(8),
where p,o > 1 and ¢1 € C™([a,b]) and positive. If X > 0 and p < 1 and the function
h e C™([a,b]), then

b

[ 1)~ a1 — g1 O = B(m) — AGm), (3.108)

a

where A(m) ~ A,(m) and B(m) ~ By(m) to n terms as m — oo, with

n—1 (k) . '
An(m) =3 Oy <k 7; A) exp (W) = (4N /p imo(a)

(3.109)

n—1 (k) . '
Bu(m)=-3"1 H(O)r (k + “) exp <w> )0 Gimo(b).
Hea ag o

k=0

defining the functions u and v via

¢ = 9(€) — da),  u(C) = h(E)(E — (b — gw-lcl-kj—ﬁ

07 = o(b) — 6(€),  v(n) =h(E)(E —a)* (b @“‘1"1_”%‘
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Proof. see Erdélyi (1956) O
Comparing (3.106) with (3.108) one obtains A = 1, b = z;, a = zo, p = «, h(§) =
1/(14+£2)P, from ¢' it is obvious to get p = o = 1 and by taking the real part in (3.108),(3.109)

the cosine integral remains (keeping m as the polynomial degree instead of 7). Then,

¢ = ¢(&) — d(xp) = arctan(§) — arctan(xg), £(¢) = tan(¢ + arctan(zg)) =

_ ! v — €)1 !
u(¢) = (1+ 5(()2)ﬁ( ) cos?(¢ + arctan(xg)) (3.110)
n = ¢(z;) — ¢(§) = arctan(z;) — arctan(§), &(n) = tan(arctan(z;) —n) =
_ 1 T — a—1_1l-«a 1
U(?]) - (1 + 5(77)2)’3( J 5(77)) n cos2(arctan(:nj) — 77)7
such that
n—1 u(k)
Ap(m) = — kzzo k!(o)l“(k‘ +1)m~* D cos(me(zo) + w(k +1)/2)
(3.111)
nol (k)
B,(m) = — Z k!(O)F(k‘ + o) m~k+e) cos(mo(z;) — n(k + a)/2).
k=0

The following example shall provide some actual calculations using these formulae for the

Abel operator and the weight given in (2.51).

Example 3.8. Consider the Abel operator J¢ , cut off at some xg, for weighted rational

oo

Chebyshev polynomials, with o = 3/4 and the weight 1/v/1 + 22, i.e. the term

Ky = [ (2 O g cos(ma(e)) de (3.112)
such that (3.110) reads
B 1 o ~1/4 1
O = Tt (€ arctan(ag )72 7~ e et rctan(ao))
o 1 o N o)) 1/4 '/t
v(n) = (1 + tan?(arctan(z;) — n))1/? (w; — tanarctan(z;) =) cos? (arctan(z;) — )’
and with
B 1 L1 1 B (1+x(2))1/2
u(0) = (14 a3)1/2 (2 = o) cos?(arctan(zg))  (z; — xo)1/*
/
o) = (14 222 ik -t

n—0 (x; — tan(arctan(z;) —n))Y/*
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the first terms (k = 0) in the sums in (3.111) can be given as

22)1/2
Ai(m) = —((;jt% m™1 cos(me(xg) + 7/2)

Bi(m) = (1+ 22)Y4T(3/4) m™/* cos(me(x;) — 37/8).
The data in Table 17 shall demonstrate how the accuracy of By — A; depends on xy compared
to evaluating K,,; in (3.112) via a Gauss-Kronrod scheme.

Fix x; = 10, m = 200, then the differences e; := |K,,; — (B1 — A1)| and ep := |K;nj —
(By + By — Ay — Ay)| are calculated. The irregular changes in the difference in Table 17 for

) €1 €9

0 1.7x107% 84x107°
~10 2.2x107% 1.6 x 107
—50 1.2x1072 2x1073

—-100  7x1073% 3 x 1072
-200 1x107' 2x107*

Table 17: Difference approximating K,,; in (3.112) via Gauss-Kronrod and asymptotic expansions

xg = —100 and zog = —200 stem from the distribution of the zeros of the polynomial Rag.
Due to Lemma 3.2(ix) the smallest zero lies near = ~ 130, such that taking z( close to or
lower than this value means that there is less direct cancellation in the integral from the
oscillations of the integrand. In other words, one is getting close to the stationary point (at
infinity), which, apart from the singularity, contributes most to the integral.

In Section 2 another operator term occurs in equations (2.34) and (2.49), given more

generally as
Jeof = / (€ — o) Lf(©)dE <00 i feIZ(R)NCT(R),

such that, in contrast to (3.104), one does not have to impose restrictions on the function’s
decay behavior (if 7 > 2). Requiring f in L2 (R) N C"(R) is sufficient for the existence of the
integral and since H;, 4(R) C L2 (R) (cf. (3.19) and Lemma 3.9) this space would also take
care of the differentiability and integrability demands.

As has been done above, system matrix entries

e}

Kij = TSR (z;) = /(S —2;)° 'R (¢) de, (3.113)

Zj

have to be approximated with quadrature schemes.
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Caveat: Although weight functions need not necessarily be introduced in (3.113), since (cf.
Lemma 3.2(iii)) higher derivatives of rational Chebyshev polynomials have sufficient decay
at infinity. But, due to the combination of both Abel operators in (2.49), one actually has

Kij = J(wsR;)M)(x;) (since the expansion of the unknown contains a weight function).

Remark 3.56. Obviously, the issues a) - ¢) arise again in (3.113), maybe even in a more
severe form, since the terms are (algebraically) more complicated. Also, derivatives of R; are
not bounded by 41 and hence steeper gradients, due to oscillations, appear in the integrand.
Asymptotic expansions might be applied again, whereas the whole calculation becomes much
more involved. With Lemma 3.2(viii) one can circumvent derivatives of the polynomials
by using sums over R;, but as the degree grows, this is not recommendable, since error
accumulation might occur.

Overall, with derivatives of wgR; given as closed formulae, the above mentioned QUAD-
PACK routines work to satisfaction for (3.113) up to a degree of i = 200.

(ii) The case R?

In sharp contrast to the one-dimensional case, routines (provided by numerical libraries) for
fast and accurate multi-dimensional quadrature are rare and the ones existing treat almost
exclusively bounded integrands over bounded regions. Hence, when using spectral methods
involving operators such as the potential integral defined in (3.98), alternatives have to be
found (especially for high oscillatory integrands).

We start by saying f € C(R?), decaying fast enough, such that

N N
frfv=> > ayRRy and R'f< oo,
i=0 k=0
with R! being the operator defined in (3.99) and where Theorems 3.35 and 3.38 and Remark
3.46 provide the consistency of a collocation approach.
Similar to the Abel operator above, substituting the expansion for fy in R'f yields
integrals over R; Ry, which do not exist in general (see e.g. Theorem 3.34). Again, weights have
to be found in a way analogously to (3.105) to obtain the system matrix entries (collocated

at the zeros (z1,,79) of Rny1, hence z1; = z9, if j =1)

wg(&1)wy (€2)
1, 22,) — (€1, &)

Kijk = Rl(wﬁvaiRk)(wlj,ml) = / (@ R;(&1)Ri(&2) dE, (3.114)
]R2

with wg given as in the one-dimensional case and analogously w.(z2) = (1 + 23)77.
Obviously, this is not the only choice to introduce a weight, w(z1, x2) = (1 + |(z1,29))
has been shown in Theorem 3.35 to be more appropriate. The reason to separate the weight
into individual independent variables is due to the connection to the orthogonality relation
(3.11). Remark 3.46 showed A > 1 is necessary for existence of the integral and hence is

B+v>1/2.
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The following provides a description of a fast working, sufficiently accurate algorithm to
calculate the matrix entries, which by categorizing the terms in (3.114) are prone to the same
issues mentioned on page 189 for the one-dimensional case (with the additional severity of
evaluating the integrals (N + 1)* times).

Defining B.(z) := {¢ € R? : |z — ¢| < €} and dividing the integration domain yields
(k(z,8) = |z — €71

Kz’jkl:[ / +/:|k(afaf)wﬁ(fl)ww(éb)Ri(fl)Rk(éé)df:

R2\Be(z)  Be(z) (3.115)

= /k‘(%ﬁ)ﬂRZ\Be(x)(5)[106%32'31@](5) d§+/k‘($7€)[w6wwRiRk](€) dg,
Be

R =:k*(2,6)

with k* € L2 (R?) as a new kernel, which is discontinuous but bounded. Hence, there exists an
L? convergent expansion of k* into rational Chebyshev polynomials, but without pointwise
convergence due to the Gibbs phenomenon (as has been presented in Section 3.2). On the
other hand, those oscillations are damped based on the fact that we integrate this expansion
over the whole domain (cf. Theorem 3.27 and Remark 3.31). Thus, say

M M

K (2,6) = wu(€)wy(62) DD binp(@) R (§1) Ry(&2), (3.116)

m=0 p=0
where the weights are chosen, such that k*/(w,w,) is bounded.

Remark 3.57. It is possible, by finding a continuous extension of k* over the domain B,
to avoid Gibbs oscillations. But, in order to have an actual advantage, such an extension
would have to be simple enough, to evaluate its integral analytically (otherwise one would
artificially introduce another quadrature error). In one-dimension this is always possible by
just connecting the boundary points of B, by a straight line. In the present case, one would
have to find a two-dimensional continuous surface, containing 0B.. As has been mentioned
above, the integral prevents the Gibbs phenomenon from destroying the pointwise convergence
of the overall approximation, but since the amplitude of the oscillations grows proportionally
to the step height of the discontinuity, the larger e, the higher the accuracy for finite (small)
M.
By substituting (3.116) in (3.115), the first integral on the right hand side then reads

M M

¥ @ O BRO dE = 3 3 bnpla) [ w0, By g R

R2 m=0 p=0 R2
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Setting p+ f = 1 and v + v = 1 yields the orthogonality weights (cf. Theorem 3.1 and
equation (3.11)) in both variables, such that the right hand side simplifies to

/k*(%f)[wﬁvaiRk](fl,fz)dé ~ bir, (@) || Rill 2| Re[%- (3.117)
R2

The existence of such combinations of weights is straight forward, for example take § =y =
3/4 and p = v = 1/4, such that 5+~ > 1/2 and applying the usual polar coordinates shows
k* ~1/r, whereas wy;q ~ 1//T.

Remark 3.58. As established in Theorem 3.6 the coefficients in (3.117) above are given via

bit = | Rill (| Ri | (> Ri R (3.118)

wpWwy

and by substituting this into (3.117), one can immediately see that we actually did not
apply any series expansion, but merely identified the integral in (3.115) as a coefficient of a
Chebyshev series. For the sake of convergence arguments it is easier to consider it in the way
presented above. Much more importantly, one can now apply Lemma 3.19 to (3.118) to see
that evaluating the first integral on the right hand side in (3.115) reduces to an application
of the FFT (or DCT) algorithm in & and & consecutively, i.e.

k:*
bzk(gj) ~ %DOT& < (:E) (£1r7£2s)> 9 T7S:07"'aN7
WyW,
with (&1,.,&2,) as in (3.53). Defining the matrix (k‘rs)ﬁ;:o = (52%3 (&1,,€2.))r,s, the symbol

DCT? then means applying the transform two times (cf. proof of Lemma 3.19), i.e.
(Iys) := DCT ((krs)) = (DCT(kyo), ..., DCT(kyn)),  DCT?(kys) = (DCT((1:s)"))",

where T stands for the transposed matrix (DCT shall always act on the either the columns

or the rows).

Remark 3.59. With using the FFT, a slight disadvantage occurs. As k* is a function of £
and x, the coefficients in (3.116) depend on the latter, which means that the discontinuity
moves in [—%(N—I— 1), %(N—I— 1)], since the collocation points lie within this interval (cf. Lemma
3.2(ix)) and so do the points of evaluation in the FFT algorithm (according to Lemma 3.19).
Hence, the approximate coefficients become more inaccurate the farther x moves from (0, 0).
Taking M ~ 10N (which is almost negligible in terms of calculational costs for the FFT) can
alleviate this fact.

To obtain a full discretization of the collocation matrix entries in (3.115), it is left to
evaluate the second integral on the right-hand side, containing the singularity. There are,

of course, several ways to calculate such integrals, since the kernel is integrable over any
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bounded domain. The most obvious one is to use polar coordinates (cf. (3.101)), yielding
[ #aOlwsw Rk, d¢ = [ [ e, Rufi) v, :2)d6ar
e 0 —m

The whole integrand above is smooth and given by a closed formula, which can be easily used
for existing cubature packages. Although, one is advised to use adaptive points of evaluation
and cubature weights, due to the different behavior of the weighted polynomials in polar
coordinates with respect to x and the degrees i, k. Depending on the package, this can lead
to longer computation times.

Remaining in Cartesian coordinates, one can also apply a finite (equidistant) grid on
B(z) and approximate the weighted polynomials by locally constant functions on the grid
points (where the grid and the distances might be adapted with respect to x). Thus, one

obtains

L L
/ s Bl €1, 8006 = 323 e Rl 6.6 | [ raepie
=0 s=0

Qr Qs

Q,, Qs representing the according sections of the grid, see Section 3.4 for more details on
such methods. Here, again, one has to be careful with generating the grid, as the weighted
polynomials become high oscillatory and thus a piecewise constant approximation can become
highly inaccurate (depending on L). The advantage definitely is that all elements (as functions
of z) can be calculated using matrix vector multiplication, which is considerably fast (although

one generally has a non-sparse matrix of integration weights).

Remark 3.60. Since w, Ry, wgR; € C°°(R) one can find a convergent Taylor series expansion
around x; and x5 of both functions, such that the B, integral in (3.115) reduces to the problem

of calculating terms of the form

/k(ﬂf,g)(ﬂjl - gl)a(xQ - 62)bd£7 a, be N7

Be

and the according Taylor series coefficients, where it is easily seen that the integral terms are
zero if a is even or b is odd. The problem with this strategy is not only the high programming
effort (calculating all those terms and coefficients, as well as explicitly programming the
resulting Taylor sum), but also the accuracy, or better to say, the large number of expansion
terms needed to reach the necessary accuracy, even for small e. Furthermore, this highly
depends on the degree of the polynomials and so, overall, a Taylor series approximation is
not recommendable.

At last, if we want to utilize the FFT again, we need the integrand to be bounded, such
that it can be expanded into a (suitably convergent) Chebyshev series. For this, what is

known as subtraction of the singularity (often used for Cauchy principal value integrals, cf.
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Diethelm (2000)), shall be applied, i.e.

/ k(. &) [wgw, R R (€1, €2) dE —

Be

= [wpwy R; Ri)(z /k: x, & d£+/k7 2, &) ([wpwy Ri Ry (€1, &2) — [waw Ri Ri) (w1, 2)) dE,

. , bounded on B.(z)

<00

where it is straight forward to verify the boundedness of the integrand in the second integral,
since the difference of the weighted polynomials tends to zero faster than the kernel tends
to infinity as £ approaches z. Now, the first term on the right-hand side can be given in
closed form, whereas the second term can be either calculated using a cubature scheme or by
expanding the bounded (but probably discontinuous) integrand into a (classical) Chebyshev

series. Thus, say

L L
k(z, ) ([wpwy RiRk) (61, &2) — [wpwy RiRy) (w1, 72)) & Y > el T,(&), (3.119)

r=0 s=0
and by plugging this into the second integral above, we get

r1+e€ To2+e€

L L
DD ensl@) / (€T (€2)dE = ZZcm / &)d&/ Ty(&)des,  (3.120)

B r=0 s=0 T1—€ T2—€

where, for the sake of computability, the domain B(z) was taken as a square with center z
and side length 2e (which is also advantageous when expanding k* in (3.115)). Again, as in
(3.116), the coefficients ¢,5 can be calculated using the FFT and the integrals are given via
the formula in Lemma 3.3.

Overall, we managed to approximate the matrix entries defined in (3.114) by closed for-
mulae and only using the FFT, such that the whole approximation can be easily programmed,

is fast working and sufficiently accurate.

Remark 3.61. It is also possible to subtract the singularity without splitting the integral.
Consider (3.114) in the following way

/ I( wp(E1)ws(E2) (Ri(&1)Ri(§2) — Ri(w1) Ry (22) + Ri(21) Ri(22)) d§1dS2 =

(1, 72,) — (§1,&2)]

(21) Ry (x /‘ wﬁ& (&) e

(1,5 72,) — (§1,82)]

Ri (&) Ri(§2) — Ri(x1) Ry (2)
‘(‘le7x2l) (51752)‘

+/w6(§1)wv(§2) dg,

R2
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where the weights are chosen, such that the first integral on the right hand side exists, and
it is easy to verify the boundedness of the integrand in the second integral. Expanding
this integrand into a rational Chebyshev series and plugging in this expansion, as done in
(3.120), yields integrals over those polynomials, which do not exist (cf. Example 3.1). Thus,
a weighted expansion has to be sought, where the weights have to be integrable over R, e.g.
w(&) = 1/(1 + €2)Y/2+¢ which would satisfy all conditions if e.g. § = v = 3/4. In contrast
to the algorithm when splitting the integral, one cannot exploit the orthogonality here and
also, depending on the used weight functions, a closed formula (as Lemma 3.3 provides for the
terms in (3.120)) might not be obtainable for the integrals over weighted rational polynomials.

Next, we present how the above derived algorithm can be adapted when derivatives of
the argument function are involved, i.e. terms of the form R!(9%f). This is, for example, in
accordance to equations (2.32) and (2.48), where we have R'([03 + 9,,02,]f).

To again be able to exploit the orthogonality and utilize the FFT, we first (formally) shift

the derivatives onto the kernel using integration by parts, i.e.

RO O f) = / (o, €)08 O F(€)dE = (—1)™*n / o OK(x.€) f(E)dE,  (3.121)
R2 R2 m

where we then continue from (3.115). When considering the decay behavior of ki (with
m,n > 1) it becomes clear that in this case no weights in the expansion for f are needed,
because if one expands k; similarly to (3.116), one can set © = v = 1 and thus obtains the
orthogonality weights.

The existence of the integral in (3.121) is not straight forward due to the stronger sin-
gularity in ki, say r~P, p > m on R"” when using the usual polar description. Considering
the assumptions in Theorem 3.40 below, condition (i) therein then has to be replaced by
a Hélder condition on f, where the Holder exponent depends on p and m, which becomes
obvious from the proof given in Mikhlin & Préfidorf (1980) (see a similar result mentioned
in Diethelm (2000)).

In case of the equations (2.32) and (2.48) the new kernel reads ki = [03 + 0,,02 ]k,
where the resulting characteristic defined in Theorem 3.40 does satisfy (3.125). So, trivially,
when splitting the integral and extracting the singularity, it is clear that the integral of

kl]l]Rz\Bs R; R}, exists.

Remark 3.62. If m =1, n = 0 or vice versa, one obtains

RN = [ gt e g O 3122

RQ
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which is related to the definition of the n Riesz transforms for f € LP(R™), 1 < p < oo (see
e.g. Stein (1970))

Ri(f)(x) = lim |yﬁf+1f(a: —y)dy, j=1,...,n, (3.123)

e—0
ly|=e

where y; is the jth component of y. Such integrals have already been dealt with in a seminal
paper by Calderon & Zygmund (1952) and also by Mikhlin & ProBdorf (1980), where the

following theorem was proved.

Theorem 3.40. Let r = |y — x|, 0 = (y — x)/r. Then the singular integral

v(x) = /r‘"u(az,@)f(y)dy (3.124)

RTL
together with the assumptions

(i) in every ball Br := {y : |y — x| < R} the modulus of continuity of f satisfies the Dini

condition

t
/ rw(fr)dr <oo,  w(fit)= sup 1f(y) — fo)ls r90 € Br
) ly—yo|<t

(ii) for large |z|, f(z) = O(|z|7%), k > 0, holds and
(iii) the characteristic u is bounded and, for fized x, continuous with respect to 6,

exists, if and only if
/u(a:,@)dS =0, (3.125)
S

where S denotes the unit sphere and 6 varies in S.

Proof. see Mikhlin & Profidorf (1980) O

Remark 3.63. The singular integral (3.124) in the theorem above can be easily linked to the
Riesz transforms (3.123) and further, to (3.122). Therein, when changing to polar coordinates

one obtains the kernel

_ 0 m
(R —&)2)3/2:00:5) » uod) =ont) whes [ eose)ad =0

—Tr

Thus, if f in (3.122) decays to zero at infinity, Theorem 3.40 applies to the whole algorithm in
the case of the Riesz potential combined with derivatives (assuming f to be smooth enough,

such that every derivative satisfies the Dini condition).
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Remark 3.64. The theorem above can be generalized to the Calderon-Zygmund-inequality,
stating that the integral in (3.124) is bounded from LP(R"™) to itself (provided condition
(3.125) is satisfied), see e.g. Alt (2002) for a proof.

After shifting the derivatives onto the kernel, splitting the integral, exploiting the orthog-
onality and using the FFT, one is again left to evaluate the B, integral, containing now a
(possibly) non-integrable singularity. To be able to apply the subtraction of the singular-
ity technique, one has to shift the derivatives back onto the polynomials (gaining boundary

terms). For the sake of simplicity say B, is a square and k1 = Og k, then

o€ xr1+€
/k1($7§)Ri(§1)Rk(§2)d§= / Ry (&) / Og, k Ri(§1)d&1dEs) =
Be Tro—e€ T1—€
Tro+te T14e xr1+e
Rk(£2)[k(x>£)Ri(£l) - /kaglRi(&)d&}dEz:
2o §1=w1—¢ A
w2 fe T1+e€
— Ri(ér) / M ORI - / K, Ra(€1) Ri(62)d s,

such that the singularity subtraction works for the second integral, whereas the first integral,
evaluated at &1 = 1 ¢, can be approximately calculated using a classical Chebyshev expan-
sion of the integrand (cf. (3.120), with Lemma 3.3 providing exact formulae for the integral),
which is bounded and continuous along the line of integration. Similarly, all other boundary
terms are obtained when higher derivatives in both directions appear.

The derivatives of the polynomials occurring in the boundary terms and the resulting B,
integral then should be calculated in closed form (by differentiating the definition (3.1)), for

programming reasons.

Remark 3.65. It is fairly straight forward to see that for symmetric functions only even
polynomials appear (or need to be considered) in a Chebyshev series expansion (and analo-
gously for odd functions). Furthermore, this means that it is sufficient for determining the
coefficients to evaluate the expansion only at the negative (or positive), including zero (if so),
collocation points. In (3.114) the matrix entries admit the following symmetry properties.

Assume R; is an even polynomial, i.e. R;(z) = R;(—xz) and say

wﬁ (&) ' B IDICA _
o) / ) — (@, &) e 4= HZ k(21 — &) Ri(€)wp (&) déy
:/k(($1—51)2)Ri(£1)w5(£1)d§1-|-/I<:((:Ul—51)2)Ri(§1)w5(§1)d§1 B goem
R+ i

_ / k(@1 — €))Ri(€)ws(61) dy + / k(e + €02 R ws(61) e,
+ R+
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whereas

(—z1) = / k(=71 — &)?) Ri(&)wp(&1) dér + / E((—x1 — &)*) Ri(&)wg(&1) déy =
R+

Z/k‘(($1+§1) Ri(&1)wg(&1) d§1+/1€ —x1 + &)%) R (&) wp (&) déq,
+ =(x1—&1)?

thus, g is even if R; is even and analogously for the odd case and the coordinate xs.

Remark 3.66. The equations (2.32), (2.48) and (2.126) in Section 2 involve a combination
of the operators j_léi and R', where we have shown in the above how to gain the according
matrix entries individually, cf. equations (3.106) and (3.114). The consecutive application of

these operators to a function in an appropriate function space on R? reads

z1

(TERY (a1, 2) = / (z— )12 /((3 — &)+ (22— &)%)V (&)de ds =

R2

// 21— 8)((s — €)% + (w2 — &) V2 f(€)dE ds,

— 00 RQ

and with both singularities being integrable, a change of order of integration combined with

a coordinate transform v := x; — s yields a new operator description for j_léiRl given as
Hf(w1,x9) = /k«‘ell(iﬂl — &, w2 — §2)f(§)dE,  keu(w,y) / (z — )2 +y?)] " 2dv,
: 0

where, using some algebra (or Mathematica), ke can be transformed into

1 T
2 (1 e +y2>%>] | e

where K is the complete elliptic integral of the first kind. H also appears in the equations

2
ken(z,y) = ———=K

(22 + y?)i

derived in Duck (1990) and thus we have shown their equivalence to the equations in Section
2. Several problems arise with this description. It is straight forward to show that k.
becomes essentially unbounded on the line (x9 = &2,& < x1), such that the advantages of
the algorithm derived above cannot be utilized, i.e. using the FFT, etc. Also, if one would
find some practicable cubature scheme, the argument of K in (3.126) lies in [0, 1], whereas, for
example Mathematica finds a complex infinity for K(1), and hence direct numerical evaluation
of the kernel k.;; has to be avoided in the actual scheme. Thus, in the numerical scheme used
to solve the equations in Section 2 the evaluation of the operator R' acting on weighted
polynomials has been performed with the FFT algorithm above, where the collocation points
71, (not necessarily zeros of polynomials) actually come from a Nystrom approach for J_{g 1/ 2

see Section 3.4.
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Remark 3.67. As mentioned in Remark 3.40, a Galerkin method, where the inner product
integrals are approximated by quadrature techniques, is the same as a collocation approach
with special collocation points. Another way to view such schemes has been analyzed in
Golberg (1990) as perturbed projection methods. Given a sequence of linear operators By :

Xy — Yy and by € Yy, then if vy satisfies
PnKony = Pyng + Byun + by,

the sequence {vy} defines a perturbed projection method for solving £ f = g. Golberg (1990)
then proved a theorem stating that By and by converging to zero (in a suitable norm) is
sufficient for vy to converge to f (also showing a convergence rate), provided the operators
and projections involved satisfy the usual boundedness (or compactness) conditions.

The algorithms derived in this section obtaining the matrix entries KR;(x;) in the one
and two dimensional case, cf. (3.106) and (3.114), can thus be seen as perturbed projection
methods. Say KprR;(x;) represents the matrix entry gained via the mentioned algorithms,
where M shall stand for the minimum of all approximation parameters (cf. e.g. (3.116) or
(3.119) or the number of quadrature points used in the QUADPACK routines referred to
in Remark 3.52), then setting By = PyKyr — PyK yields the perturbed equation. For
this Golberg (1990) deduces certain conditions for the perturbed scheme, such that By does
converge to zero (e.g. M > N, the convergence of the quadrature method for continuous
functions, etc.). With this we can formally claim the consistency of the presented algorithms
with the exact calculation of the collocation matrix.

By replacing inner products with quadrature formulae the Galerkin method is linked to
the collocation method and (as partially done in the algorithms above) by approximating all
appearing integrals with a (composite) trapezoidal rule, collocation can be seen as a Nystrom
approach (see Hackbusch (1995)), where Section 3.4 shows how such a scheme can be set up

for (weakly) singular integrals.

Remark 3.68. Sloan (1990) proved that superconvergence can be observed under certain
conditions for the iterated Galerkin and collocation method, meaning that the iterated so-
lution converges faster to the exact solution than any (standard) Galerkin or collocation
solution. Therein it was concluded further, that if superconvergence occurs in the iterated
collocation approach, it so does in the collocation method itself — namely at the collocation

points. Similar results have also been shown in Hackbusch (1995).

3.4 Nystrom Algorithms for Singular Integral Operators

Numerical quadrature or cubature can be regarded as the most direct method of approxi-
mately solving integral equations. The approach is to (locally) discretize the unknown func-
tion on some predetermined grid, where the integral operator is replaced by a weighted sum,

representing an according quadrature scheme.
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The analysis carried out, for example, in Hackbusch (1995) or Kress (1999) then requires
this quadrature scheme to be convergent (as a necessary condition, of course). Thus in what
follows, we shall present special numerical integration algorithms for the operators in equation
(2.126) given in Section 2, whereas for the overall analysis, we refer to the above mentioned
textbooks. Also, due to the connections of the Nystrém method to the Galerkin or collocation
schemes, it is possible to apply certain techniques from the projection approach (e.g. using
(locally) piecewise constant basis functions).

The crucial operator to be discretized in equation (2.126) is the combination J_léiRl (22, +
9y, 0%,), which shall be calculated in its finite dimensional version as a matrix product of the
Abel, the potential and the classical derivative operator.

Since quadrature and cubature methods work best on finite grids, we apply a mapping
7 :[=1,1] = R (e.g. the tangent function or rational polynomials such as 1), which has
to be a diffeomorphism on the open intervals. To work on the compact domain [—1,1]%, we
generate a mesh and approximate the unknown function piecewise constant.

Hence, given the meshsizes h; = 2/M;, i = 1,2, say

1 =71(u), w=-1+ih

' ‘ fig = f(7(ui), 7(v5)). (3.127)
zo =7(v), vj=—14 jhy
For practical (or programming) reasons, one derivative with respect to z; is shifted (via
integration by parts) onto the kernel of R! (as done in Remark 3.62, cf. Equation (3.122)),
such that (with A, denoting the Laplace operator with respect to x)

1/2.51 /93 2 - 1o s—& B
j—ooR (8901 + 8x16m2)(f)($) __4 m[@[ ((8 — 51)2 + (JEQ — 52)2)3/2 Agf(f)df ds =

- u @ __ (r(Q) = T(W)) 7' (w)7'(t) w, t)dw
_—/1 7(u) - T(C)[ / ((7(¢) — 7(w))2 + (T(v) — 7(¢))2)3/2 A, f(w, t)dwdt dC.

—1,1]2

Now we write the first integral as

D=
D=

e~ | = —rg) "o«
71

:f*(u7<)

where f* can be expected to be differentiable (or at least continuous) on [—1,u], depending
on the argument (indicated as []). Special attention has to be paid to the behavior as
¢ — —1, since the derivative of the mapping 7 becomes unbounded. In original coordinates

1/2 " which might not guarantee a

it is sufficient for the argument to decay faster than s~
decay to zero of f* as ( — —1. On the other hand, if the original integral exists, so does
the transformed one, and hence, if f* has a singularity at +1, it must be integrable. It

is nevertheless possible to just set f*(u,—1) = 0 when approximating f* with piecewise
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constant functions (since the unknown function contained in f* tends to zero at +oo0) and
integrating the singular kernel analytically to obtain the quadrature weights. This has been
successfully applied in Scheichl et al. (2008) to the equations (2.34) and (2.49) in Section 2.
A convergence analysis of such an approach (or other weakly singular integrals) can be found
e.g. in Hackbusch (1995), Kress (1999) and Diogo et al. (2006).

Next, we modify the potential integral in a similar manner

(O =) @(t)  C—w (C=wP+ =0\
| T 0w P (e i) et -

[~1,1]2
(—w .
B / ((C—w)2+ (v — t)z)g/zf (¢, v, w, t)dwdt,
1,12

with f* now given as

(7(¢) = 7(w) [(¢ = w)* + (v — )2

(G v w,t) =
(€= w)[(7(¢) = 7(w))? + (r(v) = 7(1))?]

757 (W) ()] (3.128)

Using the usual polar coordinates (w,t) — (r,6) centered around (¢, v), one can easily see
that f* is bounded, decays to zero as r — oo and has a discontinuity at r = 0 (where we
expect the unknown argument [-] to be continuous and bounded).

Let w, t be discretized on the same grid as u, v (and consequently (; = —1+ih;), i.e. w
—1+khy and t; = —1+1ho and f* shall be constant on Iy := [wk—%,w;ﬁ—%] X [tl—%,tl—l—
thus [, = 1*(&Gi,vj, wg, t7), then

k pr—
ha
2 1

C—w i}
/ ((¢C—w)?2+ (v— t)2)3/2f (C,v,w, t)dwdt ~
(-1.1]2
Mi—1Ma—1
S G—w (3.129)
kZ::l ; fz’jkll/ (((z — w)2 + (Uj — t)2)3/2dwdt,

=:qijkl

such that the integral weights ¢ can be calculated (as a Cauchy principal value integral) to

be
— == (o e
¢ijk = log <(Ul bt ) (o e )> ; (3.130)

(v —vj+rt7) (v —vj+7r7F)

where the superscripts 4, — indicate addition or subtraction of the according h/2, similarly
rtt= \/(Cz — ()% + (v — v;")? and analogously for v, 7= r=~.

Finally, for the sake of completeness, the Laplace operator in x can be transformed into

o= (7ta) A= T
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where the derivatives with respect to u, v are then approximated by centered finite differences.

For the convergence of the cubature scheme (3.129) we use the following

Theorem 3.41. Let f, defined on a bounded domain G C R?, satisfy a Holder condition
with exponent > 0 and f =0 on OG. Then, for (u;,v;) € G, the following estimate holds

Mi—1 Ms—1
Ui ) dwdt — o) < O(hH|og(h))),
G/ oo o ! vt = 3 S wlagu| < 00 log)

where h = max(hy, he), q given in (3.130) and the grid is as defined above.

Proof. see Akimenko (1997) ]

Obviously, the integrand f* in (3.128) is Holder continuous with exponent p > 0, except
at r = 0 (there, p = 0, i.e. bounded). The argumentation in the proof given in Akimenko
(1997) is first done for the domain G\ B, (u;, v;), such that one can (continuously) replace f*
on [0,7] by a function, which has a Holder exponent p > 0, without altering the value of the
discretized integral. Hence the estimate in Theorem 3.41 holds for this modification. Then,
in the limit » — 0, the original f* is recovered, with the replacement function reducing to a

point of measure zero, the discontinuity of f*.

Remark 3.69. Golberg (1979) showed for integral equations of the second kind that (under
certain conditions on the inverse of discretized operator) the uniform approximation error
between the Nystrom solution and the unknown function is dominated by the quadrature
error (in the infinity norm), which depends on the smoothness of the unknown function and
the kernel, cf. Theorem 3.41. In other words, the order of the quadrature scheme is ”a little

less” than wu.
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APPENDICES

A Higher Order Marginal Separation Expansions

As mentioned in Section 2.3.2 parts of the solution formulae for the main deck vertical
velocities contain certain (unbounded) integrals, which need to be examined further in order

for a matching rule to work. In doing so we first repeat their description from (2.117), i.e.

Y2

Y2
Cop = / U(/]’(S) — Poo ds Cos = / ag?im — U2183u21 — u218xu21 ds
) Ug(s) 7 UZ(s)
as g — 00.
Y2 U’( ) Y2 )
0 S
O = [
0 0

Obviously, an important function here is the separation profile Uy = Uy(y2), where we recall

its asymptotic behavior (Equation (2.11), Section 2.1) to be

Uo(y2) ~ %yg as y2 — 0

U(](yQ) — Uo(] as Yo — OQ.

In general we will view the above integrals as improper integrals, i.e. in the limit n — 0,
with 7 being the lower bound. Let us start with cg;. Here, with UJ = pgg as y2 — 0, the
integrand vanishes identically at the lower bound, whereas at the upper bound it tends to

the value —pgo/Ug,. Hence in the limit yo — co we write

oo

Uy (s) = poo | Poo > Poo
oy = [ (S PO P g PO
. 0/ < Ug(s) Uso Uso ’

where the absolute value of the integral is bounded. In the same manner one can analyze cos.
The substitution of (2.98) into cg5 yields a closed description for the integrand, such that one
can evaluate its asymptotic behavior at the upper and lower bound. As this is quite involved
but essentially a technical task, we refrain from displaying all the calculations here and just

state the result as

2 4
—piox /U, 9 — 00

02, ug1 — V210, ug1 — U210z Poo®/ Voo ¥
Ug ~ _QAQTA

2.2
PooY2

y2—>0.

Thus we shall write, by extracting the growth at the bounds from the integral

2

2
. pOOx . * poof]:
cos = lim [ch: — =F—19 + = lim [ch: — =2
25 y2_)oo[ 25 U(;lo Y2 + 9(y2)] y2_)oo[ 25 U(;lo Y,
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where ¢35 is bounded and g(y2) ~ 1/y2 as y2 — 0, but g(y2) — 0 for large yso.
Next we consider the integrand in cg¢. In the limit yo — oo it tends (algebraically) to

zero. As ys — 0 we have
Us(y2) _ _booy2 4
Ui(y2) — pdoys/4  pooys

Hence we shall write in general

Y2

Co6 = lim [/ (Ué(s) J(5) >d8+9(y2)] =: —Cag;

Yo—00 Ug(s) B Poos>
0

where f = f(y2) is bounded and positive everywhere and tends (rapidly) to 4 as yo — 0,
whereas g(y2) ~ vy 2 in this limit, but ¢ — 0 as y» — oo. Therefore, by choosing f accordingly,
we obtain ¢35 > 0. Note that f = 4 might very well be sufficient.

Analogously we approach co7, where

1 U&f Y2 — 00
Ug (y2) 4/ (o) g2 — 0,
such that
T 1 g
i —S Y2 * Y2
-] b gs v V2 _ Y |
. y;mw[/ <U3<s> T ) s )| =t oas oo

with f, g being not the same as in ¢y, but satisfy similar requirements, such that c3; > 0.

Remark A.1. For all the constants ¢; above we used the method of subtracting the singu-
lar behavior of the integrand and hence gained bounded integrals plus terms reflecting the
unbounded growth of the original integral. By as general as necessary we symbolized the
singularity subtraction by the functions f and g. One shall keep in mind that the applied
matching procedure will impose some additional constraints on these functions. For our
purpose it is not necessary to go into these details. Nevertheless for the matching rules it
might be advantageous to write the singularity subtraction in terms of the already existing

functions, e.g. in co7 the term f(s)/s? might be written similar to 1/[(U})?s?].

B Multiple Sturm-Liouville Operators

Induction Argument for A™
Stated in (3.27), the successive application of the Sturm-Liouville operator can be written as
2m

AT f(a) = (1 + 2™ S py(2)k f(2), (B.1)
k=1
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where we will show the pj to be uniformly bounded (as mentioned in Wang & Guo (2002)).

Given a function f the Sturm-Liouville operator A, applied to f reads
Apf(x) = =(2% + 10, (2 + 1)8, f(2)) = —(? + 1) (220, f () + (¢ + 187 f(x)).  (B.2)
By saying m = 1 in (B.1) one obtains

Auf(@) = (@ + 1°Ppi(2)0, f () + (2 + 1)*pa() 05 f (),
where comparison with the right-hand side in (B.2) yields

2z
pi(x) = _\/1—i——332 and  po(z) = —1,

which are uniformly bounded on R. Assuming the same has been shown for A" f the next
step AL f = A (AT f) is given by

AT (1) = — (22 +1)220, AT f (z) — (2% 4+ 1)202 A" f(z) .
() (%)

Calculating the first and second derivatives of A" f the terms on the right-hand side above

are given as

2m

() = 3 [4(5 +m) @® + 1> "ap (@)% £ () + 22 + 1) 3 apy (2)95 T f(2)+

k=1
+2(2? + 1) 2™ ) (2)08 f (2)]

which, by rearranging terms and shifting indices, can be further modified to give

2m 2
o 2 E—i—m—i—l T p ( ) k
= 1 dag 2 0
(%) kZ:l(w +1)2 4o, A apy(2)] 0z f (2)+
=:ay(z)
SN 2 k 1 22pp—1 () o B
+ 2?4+ )2t 2 9 f (o
> @+ ) 0k )
=:by(z)
and analogously
2m—+2 .
(%) = Z (% + 1) 2t py_o(2)0F f(2)+
k=3
2m+1 ——
+2 Z (4 1)2 gmtl [20—1,m _1 + Va2 + 1pj_y(2)] OF f(2)+ (B.4)
k=2
=ik (z)
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L R
+ Z(m2 4 1)z TmHl [2a,yf,m(2’;,2+41 + 1)pi(2) + dog map)(z) + (2 + D)pj(x)] 0F f (x)

=:dy, ()

with oy = % + m.
Finally, noting that every sum in (B.3) and (B.4) contains the terms (z? + 1)§+m+1 and

Ok f(x), one can collect these sums to obtain

2(m+1)
AP @)= > (@4 1)2 T (2)0k f (),
k=1
with
a, + dg k=1
ap + di + b + 2¢y, k=2
Pr=19 ar+dp+bp+2c +pr—2 3<k<2m

b + 2¢i, + pr_o k=2m+1
Prk—2 k=2m+2

where it is straight forward to see that the pj, are uniformly bounded (since the py are bounded
by assumption). O

With the details presented in the above it is worthwhile mentioning that the p;, depend
additionally on m, meaning that, e.g. p1|m=1 # p1|m=2 and so forth. In virtue of (3.29) the
multi-dimensional case is given by multiplication of the individual py,, which are equal to the

above derived pg for all k; = k and hence are again uniformly bounded on R".

Partial Derivative of A™

As needed in (3.37), where r = (2m + 1)n, we shall prove
100 AT flla-1 < ell fIl:

It suffices to show [0, AT f||>_, = || By |2, where the operator B stems from replacing every
Pk, in (3.29) by another bounded function gy,, such that the arguments in the proof of Lemma
3.10 still hold.

Let us start with the one-dimensional partial derivative of A™, which can be written as
2m .
QA f = 0n Y (1+a*)" 2pp(2)d] f(w) =

k=1

2m

= Z [(m 4 EBY(1 4 2?10 290p, 4 (14 22)™ T 2p 1 0F f+
k=1
2m

+) (1 + 2™tk 2p, 95y (K — k — 1, second sum) =
k=1
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2m+-1
_ Z (1+x2)m+k/2—1/2qkal;f

k=1
with
2x
qr(r) = (m + %)ﬁ )+ V1I+22p(x) + pe-1(z), po:=0, Gamt1 = Pom+i-

As shown above the p; are rational bounded functions, evaluating to a constant at too. It

is easy to see, that derivatives of such fractions have to decay to zero at infinity faster then

or equal to z~'. Consequently, the g are of the same type as the py, especially bounded.
By definition

|0, AT FI|2 - 1—/\Haxz.A;’ZfFH(lJra:?)dxl...dxn:
] =1

Rn
:/\H(Hsg )0, AT £ |Pu()day . . diy,
Bn i=1 ey
where
2m+41
Bg}f _ Z (1 +$?)m+ki/2+l/2Qk(l’i)6£if(l')
ki=1

thus yielding

n

Jo. AT FI2 s = / I B Pu(w)de =

Rn =1
2m—+1 2m+1 n

/‘ Z Z H 1+a: e (xz)(?k | u(z)dr = HBme2

Rn» kn=1 ki1=1 =1

with finally replacing r = (2m + 1)n. O

C Derivatives of f o ¢! and their Far Field Behavior

In the proof of Theorem 3.15 a description of the derivatives (with respect to ) of (foo~1)(y)
is needed in a way to establish the far field behavior in terms of y = ¢(z), with ¢(z) =
arctan(x) — 7/2 being the mapping defined in (3.2).

For the sake of clarity and readability we shall first prove the one-dimensional result, i.e.

given a function f € C"(R) and ¢ as above, then for

%0, f(x) -0 as x — oo = 85_1(f o H(y) =0 as y— {—m,0} (C.1)
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1
It shall be noted that ¢~ '(y) = tan(y + 7/2) and (¢~1)(y) = an(y) = 1+ %, when
sin”(y
substituting y = ¢(z). Consequently, the asymptotic behavior can the be written as

as y— 0 and <;5 Yoz ))‘ ~z"as - +00 (C.2)

and analogously if y — —m. The formulae above can be (easily) seen by a Taylor series
expansion. Note that the sign is not important here, for it does not matter whether the
assumption in (C.1) is satisfied when approaching 0.

Starting with s = 1 one essentially has to show, if 20, f(z) — 0 = f(z) — 0 as z — +oc.
Assuming a non-oscillatory asymptotic behavior of algebraic type (since for exponentially
decaying functions the assertion is trivially satisfied and if f evaluates to a constant or
tends to infinity in the far field it cannot be satisfied at all) gives 0, f(z) ~ 2%, such that
20, f(x) ~ 22T — 0 and from formally integrating the derivative it follows that f(x) ~ z%*!
which tends to zero by assumption as x — +oo.

Let us perform the same argumentation for s = 2, which means d,(f o ¢~ !)(y) — 0 as

(without loss of generality) y — 0 is needed. The chain rule yields

0y(f o ¢™)(y) = 1 f(&7 (1) (67) () = Duf(2) (671)(¢(2)) ~ 2?0uf(z),  (C.3)

as * — =oo, using (C.2) for the far field. By assuming the right-hand side above (i.e.
the asymptotic behavior) to tend to zero as z — oo it follows that the very left-hand side,
dy(f o 71 (y), tends to zero as y tends to zero.

To find similar equalities as in (C.3) for arbitrary s a general description of the chain rule
for higher derivatives has to be applied. Such a formula was found by Faa di Bruno, cf. e.g.
Mishkov (2000).

Given f,g € C"(R) then

(s =" e O f o) [T @gw))*, (C.4)
=1

where the sum is taken over all non-negative integer solutions of ki + 2ko + -+ + nk, = n

with k = k1 + --- + ky. The constants ¢, (also termed structural coefficients) are given via

n!

knlka! . K (L)F (20)F2 . (nl)Fn

Ck; =

A further investigation of the Diophantine equation for the k; shows that one can rewrite the

formula, such that

o (f Za’f (9), (C.5)

where the terms By can be found in, e.g. Leipnik & Pearce (2007). With this version the

appearance of all orders of the derivatives of f becomes more obvious.
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Furthermore, the solution ky = ko = --- = k,,_1 = 0, k, = 1 is the only possibility to
obtain k = 1 (with the coefficient ¢ = 1). Hence, for all n, one term in the sum in (C.4) will

always read

of (g gly)  ~  Ouf(@)0d (y) ~ 2" 0uf(x) as x— oo, (C.6)

which is exactly the term needed to prove the assertion in (C.1). Thus, it is left to show that
every other term in the sum in (C.4) has the exact same asymptotic behavior as the term
with k, = 1, i.e. if 9,f(9(y))9, 9(y) — 0 it follows that the whole sum tends to zero as y — 0.

As an example we will demonstrate this for n = 3:
3 f(g(y)) =05 f (8y9)° + 302 f Dyg0y9 + 9y f Oy

where by the same substitution as in (C.6) the third term yields 40, f, the second 222392 f
and the first (22)392 f. With the assumption on the third term to tend to zero, it is obvious
that (assuming algebraic far field behavior) both the first and the second term will also vanish.

Taking this as the induction basis, the step from n — n + 1 is then given as
0,0y (f =0, ) e OFf H
= ex, OF fFR1(9y9) 029 H

1#1
+ > er, 05 fRa(059)2 05 [[(Oha(y)"
42
n—1 '
+ ) e, O f k(0 g) oy g T (kg (y))F +
i=1

+> en, T 0,9 [[@a(w)"

i=1

and all the sums are still taken over all solutions k1, ..., k, of the Diophantine equation.
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Evaluating the sum at y = 0 (or z — 00) we can (formally) rewrite the equation above
. 29
0, (0 (f o y chklaka

V9 i
+ azg S ka0 T (0han)
=1

n+1

Z Crkin OF f H
+ Z ek, Oy f Dyg H(%Q(y))k
1=1

such that the induction hypothesis can be applied to the first n sums, since in the far field
the fraction 8;”“9/8;”9 ~ x VYm. In the last line above an additional derivative appears
for f (together with the term 0,g), whereas the combinations of ki, ..., k, (from the induc-
tion hypothesis) still yield the same terms for the product of the derivatives of g. These
terms, derived using the solutions kq,...,k,, only evaluate to the same asymptotic behav-
ior if multiplied with the far field of 85 f. But since 0,f ~ 27" ¢ (by assumption) =
85*1]" ~ 27 HD=¢ times 9, g ~ 22 yields 85*1]" dyg ~ xx~""F=¢ such that  can be taken
out of the summation and the remaining asymptotic behavior equals that of 85 f, which
finishes the proof. O

In Mishkov (2000) a version of Faa di Bruno’s formula for vector arguments is presented,
again using combinatorial aspects to treat summations and in Leipnik & Pearce (2007) the
most general case of multivariate higher derivatives of composite functions with multiple
arguments can be found. The case considered here, where a multivariate function is combined
with a univariate mapping can be viewed as a special case, where no additional formulae and
Diophantine equations are needed.

For the sake of readability in the following we will treat the two-dimensional case, where
the generalization to the multi-dimensional case then becomes obvious. Considering the first

derivative, meaning that the first derivative is taken in every component, i.e.

02 0o (9(1), 9(y2)) = By, (0 f(9(11), 9(y2))) =
1 (D) () 9/ (92)) = Oy 1900/ () 9 (01)9 (92),

where the prime indicates the derivative with respect to the according variable and henceforth
derivatives with respect to g(y;) shall be written as 0,, (for z; = g(y;) when substituting ¢

with ¢~1). Consequently the second derivatives (in every component) read

Oy o f (1, w2) = 02,02, F () (¢ (W1))* (9 (12))? + 0y 02y £ () (9 (12)) 9" (1) +

(C.8)
+ 89%16%]0('7 ) (g/(yl))2g”(y2) + 8x16m2f('7 ) .g”(yl)g”(?ﬂ),
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where it is straight forward to see that this can also be written in the form

0y f (@1, 22) = [(6 (11))°02, + 9" (11)02, ] [(9' (¥2))? 0%, + 9" (Y2) s | f (21, T2),

such that the expression in the square brackets is the formula for the second composite

derivative in one dimension and thus one can define

Dif(x1,.. - 20) =0y (fog) (Y1, Yn) = Oy, f(9(¥1), -, 9(Yn)), (C.9)

such that, e.g. 85, f(x1,x2) = [DiD3]f (1, x2).
As mentioned in the proof of Theorem 3.15 the conditions dealt with in this appendix stem
from successive applications of integration by parts to the definition of expansion coefficients

in terms of inner products. In two dimensions such integrals read

/ £ 1, 2) cos(ky) cos(lys) dyrdya, k1 € N,
12

and integration by parts then yields

/ f(y1,y2) cos(kyr) cos(lyz) dyrdyz =

J2
= /cos(ly2){f(th)ksm(kyl) _%/aylf sin(k;yl)dyl] dyz = (C.10)
y1=01
20
. a ) i l .
_ —%/sm(kyl)[ ylf(yl ylz)sm( Y2) —%/851?,2]0 sm(lyg)dyg} dy; =
y2=01
20
1 . .
= H/5§1y2f(yl,yz)Sm(k‘yl)sm(lyz)dyldw
J2

where the usual integrability condition 8§1y2 f € L2(I?) justifies the change of integration
order and the existence of the appearing integrals. The necessary condition for the above
equalities to hold are (ignoring the behavior of the sine function at dI, see the arguments in
(3.47) through (3.48))

(i) f(y1,92) =0, as y — 0I and y; — Ol (separately)
(1) Oy f(y1,y2) = 0, as yo — 0l
(143) Oy, f(y1,y2) — 0, as y1 — II,

taking into account that integration by parts has to arrive at the same result when inter-

changing y; and y9. To show that condition (i) implies (i7) and (ii7) (as required) one can
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write (i7) as

1 .
Oy f(y1,92) = flLlE%) 7 [f(y1 + h,y2) — f(y1,92)] and vice versa for (iii).
— 0, by (4)

In virtue of (C.10) it is obvious how this procedure and the according conditions read for
multivariate functions f.

Finally, we will prove the two-dimensional equivalent of (C.1), i.e. assuming f € C"(R?)
and ¢ as usual, then for

—0 as z; — 400 = ACTV2(fod ) (y1,y0) — 0 as y; — {—m,0}. (C.11)

2
w150 o

12

Using the definition of the composite derivative operator (C.9) the conclusion also reads

A D2(fo ™Yy, y2) = [P D3 f (21, 20) — 0 as  a; — +o0.

Y1y2

And from the fact that
(D5 'D5 Y f (21, 20) = DT DS f (21, 22)] = D5 D (21, 22)]

one can readily deduce that for the individual asymptotic behavior, meaning x1 and xs tend
to infinity separately, the one-dimensional argumentation, cf. (C.6) - (C.7), applies here. In
fact, this is equivalent to the assumption in (C.11) and consequently to condition (ii) given
in Theorem 3.15.

Using the standard transformation to polar coordinates, (C.11) can be shown to also hold
in the case of r := |(z1,22)| — oo, which we shall demonstrate in the following for the case
of s =2, cf. (C.8).

Say (w1, z9) = /27 + 23 and o = arctan(xz/x1), then the far field of the fourth term in

(C.8) can be transformed to give, as (x1,x2) — 00, i.e. r — 0

89618962f(x17x2)g//(y1)g//(y2) ~ x?x%amang(xlyxﬂ =

= 0 cos®(a) sin® (o) 51“2(20‘)6 f(r,a) - Cosga)aaf(r,a)+
, (C.12)
cos(2a sin
)iz pr.a) + 021, ) - D g2 )

~ 120, f (r,@) + 1100 f (r, @) + 1007 f (ro ) + 1002 f (r, @) + 1102 f (r, @)

requiring, as done above, the last line to tend to zero (taking the plus sign for all terms to
indicate that they all have to tend to zero individually), yielding the asymptotic behavior for

all the appearing derivatives of f with respect to r and a.
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In the same way one can then calculate the asymptotic behavior of the other terms in
(C.8), e.g.

07, Oy f (w1, 22) (9" (1)) 29" (y2) ~ (C.13)
~ OO0 f + 1400 f + 1002 f + 1002 f + 1102 f + 150200 f + 100,02 f + 17O f + 1103 f.

By now (formal-asymptotically) assuming if 07f ~ r® = 9" f ~ 2! and if 97f ~ rb
= Otlf ~ r® one can immediately see, that if the far field in (C.12) tends to zero, so
does the far field in (C.13) (if the function f is (strongly) non-separable the derivative with
respect to o might also lead to a different asymptotic behavior, i.e. 97! f ~ r¢ with ¢ < b).
Performing this analogously for all other terms, with a similar induction argument for the
higher derivatives as in (C.7) proves the assertion in two-dimensions.

Due to the product character of the composite derivative operator D; the final generaliza-
tion to multi-dimensions is straight forward (as is the application of multivariate polar coor-
dinates). The integrability of 9;"f in R"™ as a consequence of the integrability of 9;"(f o ¢ 1)
(provided the necessary decay derived above) follows from (C.5) and (C.8). O

D The Sine ”Polynomial” Version on R

Given a square integrable function f : [—7,0] — R, extended to be an odd function on

[—7, 7], then (under the usual assumptions) the Fourier sine series

N
pn(y) = Z ay, sin(ky) (D.1)
k=0

converges to f in L?(—m,0), i.e.

0 N
/ |f(y) — Zak Sin(ky)!2dy —0, as N —0.
o k=0

Since the since functions are orthogonal under the inner product
0
(sin(ky),sin(ly)) = /sin(k‘y) sin(ly)dy = g&kl,

—T

the coefficients aj can be written as (with ag = 0)

2
ay = ;(f, sin(ky)), Vk > 0.
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By applying the coordinate transform ¢ from (3.2), which maps R — [—m, 0], saying y = ¢(x),

such that dy = 1Jr%d/m, (D.1) now reads

N
[ 1560 = S axsinlp@) e 0, as N =
R k=0

Finally, defining Si(z) := sin(k¢(x)) for x € R, one can assert the set {Si} to be complete

1

and orthogonal in L2 (R) with the weight function w(z) = ; T

and equipped with the inner
product

(Sky St)w = /Sk(x)Sl(a:)w(x)dx = g&kl,
R

such that the projection onto an N-dimensional subspace can be obtained to be

N
2
Pnf = Zaksk, where aj = ;(f, Sk>w
k=1

with Sy = 0, which converges in the L2 norm to f € L2 (R). O

Obviously, since the weight function is the same as in the rational Chebyshev case, all
results hold in the same way for the mapped sine functions (as long as no use was made of
specific cosine properties).

Remark D.1. Deriving the first such sine function S;(z) = — —=—, shows that the function

Vi+z2?

flx) = \/117, which has an infinite rational Chebyshev polynomial expansion, has a finite

(i.e. a3 = —1) mapped sine series. Thus, one can infer that the Chebyshev system is not

necessarily superior to the mapped sine functions. Nevertheless, as a further investigation
reveals two main differences lie in the fact that the mapped sine functions might not all
be expressible as polynomials in x, and that the far field behavior shows all Si to tend to
zero. As a consequence, L? convergence of the sine expansion is much slower for bounded
functions not decaying at infinity, whereas pointwise convergence can never be established in
such cases.

So, overall, there are some aspects of inferiority of mapped sine functions, where it might
be possible to alleviate them by applying different coordinate transforms. The use of the
mapping from (3.2) here shall be argued by the need of the specific weight in order for the
proof of Theorem 3.16 to hold.
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Notation Index

x proportional to

~ leads to

= has to be equal to

R, & real and imaginary part of a complex number

a~b asymptotic representation, i.e. a = b+ o(b)

o derivative operator, i.e. 8850—7; N
multi-dimensional partial derivative, if not otherwise indicated: 0} = H 8;?/ i

F Fourier transform, see (2.54) -

sb(K)  Fourier symbol or multiplier of an operator K

fxg convolution, i.e. [ f(z)g(y — z)dz

Ay (rational) Sturm-Liouville operator, see (3.26)

AT Abel integral operator, see (3.95)

R Riesz potential operator, see (3.98)

R, jth Riesz transform, see (3.123)

PN projection operator from some Banach space into some vector space of dimension N

T14(x)  characteristic function with value 1 if z € A and 0 otherwise

R;(x) ith rational Chebyshev polynomial for z € R, see (3.1)
Gamma function

K complete elliptic integral defined as K(m) = fgr/z (1- msin2(9))_1/2d0

I real valued control parameter

(-, ) general inner product

|| absolute value for € R, Euclidean norm for z € R"

k|5 summed absolute value of a multi-index k, i.e. |k|s = > k;

C™(§2)  space of n-times continuously differentiable functions on (the open domain) €2
() space of continuous functions

C>(Q) space of smooth functions

Ci(R™)  space of continuous functions, assuming a limit at infinity
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L5 (Q) space of weighted p-integrable functions on € (including w = 1)

Il 1w norm on L2, defined as ([, | - [*w(z)dx) 12
(s Yw weighted inner product on L2, defined as (f, g)w = [q f(2)g(z)w(z)ds
Il 1loo norm on L defined as sup,cq | - |, also used in C"(12)

LV (Q)  space of p-integrable functions on any finite ball in Q2
H"(Q) Sobolev space, H"(Q) :={f]| ||/l < oo}

-l norm on HJ, see (3.18)

- 1la norm on Hj, ,, see (3.19)

|- [[x—y operator norm defined as sup;_oex IIII.ffIII;’ denoted as || - ||x if X =Y
P(N) space of p-summable sequences

|-l norm on 2, flafle = (3 Jaf)/7
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