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A B S T R A C T   

Mechanical characterisation of soft viscous materials is essential for many applications including aerospace in-
dustries, material models for surgical simulation, and tissue mimicking materials for anatomical models. 
Constitutive material models are, therefore, necessary to describe soft biological tissues in physiologically 
relevant strain ranges. Hereby, the adaptive quasi-linear viscoelastic (AQLV) model enables accurate modelling 
of the strain-dependent non-linear viscoelastic behaviour of soft tissues with a high flexibility. However, the 
higher flexibility produces a large number of model parameters. 

In this study, porcine muscle and liver tissue samples were modelled in the framework of the originally 
published AQLV (3-layers of Maxwell elements) model using four incremental ramp-hold experiments in uniaxial 
tension. AQLV model parameters were reduced by decreasing model layers (M) as well as the number of 
experimental ramp-hold steps (N). 

Leave One out cross validation tests show that the original AQLV model (3M4N) with 19 parameters, accu-
rately describes porcine muscle tissue with an average R2 of 0.90 and porcine liver tissue, R2 of 0.86. Reducing 
the number of layers (N) in the model produced acceptable model fits for 1-layer (R2 of 0.83) and 2-layer models 
(R2 of 0.89) for porcine muscle tissue and 1-layer (R2 of 0.84) and 2-layer model (R2 of 0.85) for porcine liver 
tissue. Additionally, a 2 step (2N) ramp-hold experiment was performed on additional samples of porcine muscle 
tissue only to further reduce model parameters. Calibrated spring constant values for 2N ramp-hold tests pa-
rameters k1 and k2 had a 16.8% and 38.0% deviation from those calibrated for a 4 step (4N) ramp hold 
experiment. This enables further reduction of material parameters by means of step reduction, effectively 
reducing the number of parameters required to calibrate the AQLV model from 19 for a 3M4N model to 8 for a 
2M2N model, with the added advantage of reducing the time per experiment by 50%. 

This study proposes a ’reduced-parameter’ AQLV model (2M2N) for the modelling of soft biological tissues at 
finite strain ranges. Sequentially, the comparison of model parameters of soft tissues is easier and the experi-
mental burden is reduced.   

1. Introduction 

The mechanical characterisation of soft viscous materials is essential 
in applications such as in the aerospace and automotive industry for 
sound damping (Okeke et al., Greenrod), for anatomical models used in 
surgical training (Qiu et al., 2018; Barber et al., 2018; Randazzo et al., 
2016) and for medical diagnosis of diseased tissue (Fovargue et al., 

2018; Sinkus et al., 2018; Cao et al., 2017). However, this process can be 
difficult due to the non-linear, time-dependent behaviour of such ma-
terials, especially for soft biological tissue. Hence, complex material 
models with a large number of parameters are often required to model 
such material behaviour accurately. 

The mechanical properties of different biological tissues vary over 
several orders of magnitude and are dependent on the strain level. For 
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example, the initial tensile elastic moduli of human adipose tissue is ≈ 3 
kPa (Hammad et al., 2013), porcine hepatic tissue (Estermann et al., 
2020a) at 14% strain ≈30 kPa, and for leporine skeletal muscle (Morrow 
et al., 2010) at 50% strain ≈450 kPa. Moreover, there is also a high 
variability of mechanical properties of a specific tissue of a single species 
due to age, gender or disease (MacManus et al., 2019). Hence, it is 
necessary that constitutive models effectively capture these material 
characteristics to enable differentiation and comparison across different 
soft biological tissues. 

Previous literature on the constitutive modelling has shown that soft 
biological tissues exhibit a quasi-linear behaviour i.e. a linear stress- 
strain behaviour at low strains and a non-linear behaviour at higher 
strains (Liu and Bilston, 2000; Tan et al., 2013; Gao et al., 2010). Several 
constitutive models can be applied, whereby Fungs’ quasi-linear visco-
elastic (QLV) model is the most common one (Fung, 1993). The major 
advantage of the QLV model and 

its extensions are twofold. Firstly, it is a non-linear viscoelastic model 
describing the mechanical behaviour of soft tissues very accurately. 
Secondly, it enables modelling of both the non-linear elastic and linear 
viscoelastic behaviour of soft tissue, with a single set of parameters. In 
contrast, other approaches implement a hyperelastic model to describe 
the non-linear elastic behaviour (Gao et al., 2010; Roan and Vemaganti, 
2007; Veronda and Westmann, 1970; Umale et al., 2013), and a visco-
elastic model to describe the viscous (relaxation or creep) response 
(Estermann et al., 2020b; Xu et al., 2020; Bu et al., 2019). In the QLV a 
single set of parameters, which may be 8 or less, depending on the 
specific adaptation used (Abramowitch and Woo, 2004; Jordan et al., 
2009; Nava et al., 2008), is sufficient for modelling the material 
behaviour of soft biological tissues. 

A limitation of the QLV model is, however, the assumption of a single 
reduced relaxation function at all strain levels. Simply put, if the QLV 
model is fitted to experimental stresses at a specific strain level it would 
not accurately predict stresses at different strain levels. To overcome this 
shortcoming, some extensions of the QLV model with a higher flexibility 
were proposed, such as that of Pipkin & Rogers (Pipkin and Rogers, 
1968), the generalized Fung model by Pryse et al. (2003), the attenuated 
non-linear viscoelastic model (ANLV) proposed by Quaia et al. (2010) 
and the adaptive quasi-linear viscoelastic (AQLV) model proposed by 
Nekouzadeh et al. (2007). In general, the greater the flexibility of the 
model, the higher the number of parameters and computational expense 
required to fit the model to experimental data. Moreover, a large num-
ber of material parameters, makes comparison between various soft 
biological tissue as well as comparisons to polymeric tissue mimicking 
materials (TMMs), used in anatomical models, difficult and cumber-
some. Hence, a trade-off between accurate modelling and fewer pa-
rameters would be advantageous. 

The AQLV model is a non-linear viscoelastic model with a greater 
flexibility to model strain dependent behaviour but still simple to cali-
brate, compared to other models. Its parameters are calibrated by fitting 
model parameters to the stress responses of incremental ramp and hold 
experiments simultaneously. Further, the AQLV model is able to 
describe with a single set of parameters both the ramp loading response 
and the relaxation behaviour of soft biological tissue with good material 
fits (Nekouzadeh and Genin, 2013; Quaia et al., 2009a). The originally 
published model, however, produces a high number of model parame-
ters (19) as it is modelled with 3 Maxwell (Mx) layers (M = 3) over 4 
incremental ramp-hold tests (N = 4). Due to its flexibility, the number of 
layers and incremental ramp-hold phases can be reduced. As a result, the 
number of material parameters, as well as the experimental burden 
(time per single experiment), is also reduced. 

Generally, previous studies aimed to increase the modeling accuracy 
and capability of constitutive models, thereby increasing the complexity 
of such models. In contrast, the aim of the current work is, to investigate 
the effect of a reduction in the AQLV model parameters on model ac-
curacy and fitting. Here, uniaxial tensile experiments are carried out on 
a reasonable number of porcine skeletal muscle (M. longissimus) and 

porcine liver tissue (8 per group) to determine the non-linear visco-
elastic response of these tissues based on the AQLV model. Further, the 
accuracy of a reduced form of the original AQLV model is investigated 
by sequentially reducing the model layers (M) and number of ramp-hold 
tests (N). This is the first time to the authors knowledge that the AQLV 
model would be applied to model porcine skeletal muscle and liver 
tissue and that a parameter reduction study is carried out on the AQLV 
model. The reduced model parameters will enable future finite element 
simulation of these tissues, ease the comparison of tested tissues and 
reduce the experimental burden associated with the calibration of a 
large number of tissue samples. 

2. Methods 

2.1. AQLV model theory 

The AQLV model (originally described by Nekouzadeh et al. 
(Nekouzadeh et al., 2007; Nekouzadeh and Genin, 2013)) is a consti-
tutive model that relates stress σ to strain ε via a simple multiplication 
between the viscoelastic strain V (ε)(t) and a pure non-linear function of 
strain k(ε(t)). V (ε)(t) incorporates the relaxation function g(t), which 
describes the diminishing effect of the strain history on the current level 
of stress. The AQLV model can be interpreted as M Maxwell elements in 
parallel with a single spring (see Fig. 1A). In each layer i, gi(t) is chosen 
as a sum of exponential functions gi(t) = e− t/τi to represent the model in 
terms of parallel Maxwell elements, whereby the relaxation time τi is the 
ratio of the dashpot coefficient bi to the spring constants ki, τi = bi

ki
.

σ(t) = k(ε(t))V(ε)(t) (1)  

V (ε)(t)=
∫t

− ∞

g(t − τ) dε(τ)
dτ dτ (2) 

All the spring constants ki and damper coefficients bi are dependent 
on the overall tissue strain ε. For each Maxwell element i, a set of dif-
ferential equations describes the stress and strain response: 

V̇i +
Vi

τi(ε)
= ε̇ (3)  

σi(t) = ki(ε(t)) Vi(t) (4) 

The relaxation times τi are therefore theoretically dependent on the 
overall tissue strain and not on the individual strains in each Maxwell 
element. A requirement of the model is that in each Maxwell element, 
both spring and damper elements should be proportional to the same 
non-linear function Ψi(ε) of strain, since each element models a tissue- 
level strain-dependent relaxation mechanism. Hence the relaxation 
times τi are independent of strain: 

τi(ε)=
bi(ε)
ki(ε)

=
biΨi(ε)
kiΨi(ε)

=
bi

ki
= τi (5) 

Consequently, equations (3) and (4) become linear and their solution 
can be calculated in closed form from a linear convolution integral for a 
constant strain rate, 

V̇i +
Vi

τi(ε)
= ε˙→ Vi(t)=

∫t

− ∞

e− (t− ξ)/τi
dε(ξ)

dξ
dξ ⋅ i= 1, 2,…M (6)  

where M is the total number of parallel Maxwell elements. The total 
stress can be given as the following summation: 

σ(t) = σ0(ε(t)) +
∑M

i=1
ki(ε(t)) Vi(t) (7) 

The residual stress σ0(ε(t)) for the fully relaxed model is a pure 
function of strain and is related to the spring constant of the single spring 
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element k0(ε(t)). 

2.2. AQLV model calibration 

The AQLV model is calibrated using an incremental ramp-hold pro-
tocol as seen in Fig. 1B. This involves equidistant ramp stretches Δε over 
stretch time. 

T at a constant strain rate Δε
T = const, followed by hold phases for 

sufficiently. 
long times, with ε̇ = 0 to allow relaxation of the sample to an equi-

librium stress σ0. To obtain the stress-strain relation, a strain function for 
the nth ramp-hold test is given by: 

εn(t)=

⎧
⎪⎪⎨

⎪⎪⎩

(n − 1)Δε, t < 0

(n − 1)Δε + Δε
T

t, 0 < t < T

nΔε, t > T

(8)  

and substituted into the equation for viscoelastic strain at each level 
V(ε)

i/n(t), (ith Maxwell layer, nth ramp-hold), represented for time phases 
between 0 < t < T given as: 

V (ε)
i/n(t)=

∫t

0

gi(t − τ)Δε
T

dτ=Δε
T

γi(t), 0 < t<T (9)  

where by γi(t) is the integral of gi(t). For each nth hold relaxation for time 
phases t > T, where T is the ramp time, the viscoelastic strain is given by: 

V (ε)
i/n(t)=

∫T

0

gi(t − τ)Δε
T

=
Δε
T

(γi(t) − γi(t − T)) , t > T 10) 

Incorporating equations (9) and (10) into equation (1) for the pre-
dicted stress σR/n for ramp phases of the test gives: 

σR/n(t) = σ0/n +
Δε
T

∑M

i=1
ki/nγi( t) (11) 

The predicted stress for the hold phase of each nth test is given by 
substituting equations (9) and (11) into equation (1): 

σH/n(t)= σ0/n +
Δε
T

∑M

i=1
ki/n(γi(t) − γi(t − T)) (12) 

In the originally published model applied to neocartilage (Nekou-
zadeh and Genin, 2013), the number of calibration steps (N) used was 4 
and the number of model layers i.e. parallel Maxwell elements M was 3. 

The relaxation function represented as exponential shape functions can 
be given by: 

g1(t)= τ1
(
1 − e− t/τ1

)
, g2(t) = τ2

(
1 − e− t/τ2

)
, ...

g3(t)= τ3
(
1 − e− t/τ3

)
, (13) 

Substituting the shape functions into equation (11) gives the pre-
dicted hold phase stresses at each nth ramp-hold test as: 

σH/n(t) = σ0/n +
Δε
T

∑3

i=1
ki/n τi

(
eT/τi − 1

)
e− t/τi (14) 

Values for σ0/n and ki/n are obtained at each strain level (n). Values 
between obtained points are determined by means of a cubic spline 
interpolation as performed originally (Nekouzadeh and Genin, 2013). It 
is, however, possible to apply different interpolation functions such as a 
quadratic or exponential interpolation. 

The values of τi and ki/n are calibrated using only the hold phase, 
whereby the integrals In are minimized, σH/n(t) is the predicted hold 
stress, and Hn(t) 

is the experimentally recorded relaxation stress: 

In =
∑

n

∫+∞

T

(
Hn(t) − σH/n(t)

Hn(T)

)2

dt (15) 

The fitted parameters are then implemented into equation (9) to 
predict ramp phase stresses. To account for non-linear strains in the 
ramp phase, experimentally obtained optical strains (ε(t)) might be 
implemented into the following adaptation of the equation (11): 

σ(ε, t)= σ0(ε(t)) +
Δε
T

∑3

i=1
ki(ε(t))τie− t/τi (16)  

where ki values have been implemented as a function, hence in the 
routine, σ0(ε(t)) and ki/n(ε(t)) are computed, in this case, from the cubic 
spline interpolation of σ0/n, ki/n values, respectively. 

2.3. Study design 

In the present study, the mechanical response of eight samples each, 
of porcine skeletal muscle and porcine liver tissue at (large) strains was 
modelled. Calibration was performed with experimental data of only the 
hold relaxation stresses at different strain steps N = 4 with 3 Mx ele-
ments (M = 3) which describes the original (3-layer) model (see Fig. 1). 
The calibration was implemented numerically in Python 3 based on the 
original available code and validated against previous data from 

Fig. 1. A) Maxwell element representation of the original AQLV model (Nekouzadeh and Genin, 2013), showing the connection of non-linear springs ki and dampers 
bi. B) Strain-time inputs (top) and stress-time outputs (bottom) of a typical incremental ramp and hold experiment for the calibration of the original model with N = 4 
levels. Highlighted (gray) are the elective Maxwell elements and ramp-hold steps that formulate the presented reduced models. 
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Nekouzadeh et al. (Nekouzadeh and Genin, 2013) and Smith et al. 
(2010). Stresses in the ramp phase were then predicted using the ob-
tained model parameters. The original Python functions were altered to 
implement parameter reduction techniques. To compare the quality of 
fit across the original and reduced models, the coefficient of determi-
nation (R2) and the root mean square error (RMSE) were determined for 
each model (see section 2.4.3. for details). A leave one out cross vali-
dation (LOOCV) was performed for all samples to assess how well the 
model parameters of each AQLV model would predict future tissue 
samples. The process was performed for both porcine skeletal muscle 
and liver tissue. 

2.4. Parameter reduction 

2.4.1. Layer reduction 
The originally published AQLV model (Nekouzadeh and Genin, 

2013) uses 3 parallel Maxwell elements and is, hence, referred to as the 
3-layer model. Calibration of soft tissue material parameters in the 
framework of the original AQLV model with M = 3 layers and using N =
4 strain levels (experimental ramp-hold levels) would involve identifi-
cation of M = 3 relaxation times (τi), N ⋅ M spring constants = 12 and N 
= 4 equilibrium stresses (σ0). The number of total material model pa-
rameters L follows from  

L = M + N ⋅ M + N                                                                      (17) 

resulting in L = 19 material model parameters. Here, a 1- and 2-layer 
model (M = 1 and M = 2) and the usage of two or four strain levels (see 
Section 2.4.2) are further proposed. However, a decrease in accuracy of 
the model is expected with a reduction in the number of model pa-
rameters. The aim is to determine if reduced models could still reason-
ably model the viscoelastic behaviour of soft biological tissue similar to 
a AQLV model with three layers and four strain levels. 

2.4.2. Reduction of strain levels 
A further possibility of parameter reduction, as well as a means of 

reducing the experimental burden, is the reduction of the number of 
experimental steps (N) used for calibration (see Fig. 1B). Convention-
ally, four strain levels are used to interpolate the behaviour of the re-
sidual stress and spring constants between zero and the maximal 
experimental strain. Here, we propose the use of the calibrated values of 
the model parameters at two strain levels N = 2, instead of at all four 
strain levels (N = 4). Four additional muscle tissue samples were tested 
at 2 ramp-hold steps and k1 and k2 were obtained at those 2 strain levels 
(0.2 and 0.4 strain). A higher strain level was chosen to investigate how 
well the model predicts material behaviour close to the yield range of 
muscle tissue. However only values of k1 and k2 at 0.2 strain were 
compared to those obtained from a four ramp-hold (N = 4) experiment. 

2.4.3. Average model parameters and fits 
The material parameters (σ0/n,τi,ki/n) of each model (3-,2-,1-layer) 

are obtained for each of the samples individually. The leave one out 
cross validation (LOOCV) is applied to the mean values of material pa-
rameters obtained. 

The quality of model fits are compared using the coefficient of 
determination (R2) and the root mean square error (RMSE). Hereby, R2 

and RMSE are determined for each tissue using the average of the 7 
remaining tissue samples. Each R2 and RMSE obtained from each indi-
vidual prediction is measured and the mean of the values is reported. 
This describes how well a given set of material parameters would predict 
the next tissue sample. 

2.4.4. Comparison to commonly used material properties 
Although the AQLV model enables accurate modeling of soft bio-

logical tissue, it requires a large number of material parameters for 
calibration, which makes it cumbersome to compare. However, 

commonly used elastic and viscous parameters such as the instantaneous 
modulus (E0, ε̇ → ∞), long term modulus (E∞, ε̇→ 0), storage modulus 
(E’), loss modulus (E’’) and loss tangent (tanδ) could be calculated based 
on the ki/n values at calibrated strain levels by the following equations, 
assuming linear visco-elasticity and small amplitude oscillations on top 
of an offset strain (Gutierrez-Lemini, 2014). It is however noted that 
these values only represent approximations to provide easier physical 
interpretation of AQLV model parameters and comparison to literature. 

E′

(ε(t))= k0(ε(t)) +
∑M

i=1

ki(ε(t))ω2τ2
i

1 + ω2τ2
i

(18)  

E′′(ε(t)) =
∑M

i=1

ki(ε(t))ωτi

1 + ω2τ2
i

(19)  

where by the angular frequency (ω) is assumed to be 1 Hz throughout 
the current study, for 1 mm/s loading rate. The loss tangent (tanδ) is the 
ratio of the loss to storage modulus and is computed as: 

tanδ
(

ε
(

t
))

=
E˝(ε(t))
E′
(ε(t) (20) 

Long term modulus (E∞) and instantaneous modulus (E0) are 
calculated as: 

E∞(ε(t))= σ0(ε(t)) (21)  

E0 = σ0(ε(t)) +
∑M

i=1
ki(ε(t)) (22)  

2.5. Sample preparation 

Whole porcine skeletal muscle (M. logissimus) and liver organs were 
obtained fresh from a local abbattoir. Porcine skeletal muscle samples 
were directly sliced (see Fig. 2A), whilst Glisson’s capsule of porcine 
liver tissue was firstly excised, leaving parenchyma tissue only (see 
Fig. 2B). Tissue was sliced into rectangular 75 ⋅ 20 ⋅ 5 mm3 (L ⋅ B ⋅ T) 
samples as described previously by Estermann et al. (2020b), for stress 
relaxation experiments. Specimens were stored in a physiological saline 
solution (9 g/l NaCl) at room temperature immediately after incision, 
until testing, to ensure hydration. A total of 12 porcine muscle (8 sam-
ples for 4N and 4 for 2N ramp-hold experiments) as well as 8 liver tissue 
specimens, were used for model calibration. 

2.6. Mechanical testing 

Experiments were performed with an electro-mechanical test 
machine 

(ZwickiLine Z2.5, Zwick Roell GmbH, Ulm, Germany) in combina-
tion with a 

100 N load cell (S2M HBM, Freiburg, Germany) and a data acquisi-
tion system 

(QuantumX MX440B HBM, Freiburg, Germany) operated at 10 Hz 
(see Fig. 2C). A high-resolution camera (Sony α-6400, Sony, Tokyo, 
Japan) was used for optical video recording at 1 Hz. 

Incremental ramp and hold experiments were performed to calibrate 
the AQLV model, as described previously by Nekouzadeh et al. (2007). 
Samples were preconditioned directly prior to experiments individually 
by clamping approximately 15 mm of one edge (top) and allowing to 
hang for a period of 300 s. In the meantime, white dot markers (GOM, 
Braunschweig, Germany) were placed slightly below the upper clamped 
region and above 15 mm from the bottom end to avoid bell ends and to 
ensure that the gauge area was vertical. These were used for strain 
tracking analysis with a point tracking algorithm described previously 
by Frank et al. (2018) (see Fig. 2A). 

Effective gauge length was approximately 40 mm for both tissue 
types. Specimens were subsequently clamped on both edges. The tissues 
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were pulled at a speed of 0.1 mm/s, as performed in the original study by 
Nekouzadeh et al. (Nekouzadeh and Genin, 2013) for four equal strain 
steps (N = 4). The exact strains were determined optically with the 
strain tracking algorithm. The loading rates were assumed to be 
adequately small that inertial effects are negligible. The hold phases 
were 1500 s; this was tested prior to allow the tissue to reach an equi-
librium state. Samples were hydrated intermittently by means of 
spraying to prevent severe dehydration in final stages of testing. 

2.7. Stress and strain determination 

Actual sample strains were obtained via digital image correlation 
(DIC). Hereby, the position of the markers is tracked over time and the 
relative displacement between the marker positions at the top and 
bottom is determined. Hence, engineering strain is computed as: 

ε(t) = l(t) − l0

A0
(23)  

where l0 is the initial length (at zero-force) and l(t) the actual length of 
the tissue. The uniaxial linear engineering stress (σ) is calculated from 
the axial measured force (f) and the cross-sectional area (A0 = B ⋅ T), 
measured with a caliper (prior to testing) and averaged at 3 positions, 
using the following equation: 

σ(t)= f (t)
A0

(24)  

2.8. Statistical analysis 

Model fits (R2, RMSE) between each reduced model (1-, 2-layer) as 
well as results of step reduction for spring constant values k1 and k2 for 
step reduced models 2-layer models at 4 strain levels 2M4N and at 2 
strain levels 2M2N were tested for statistical significance with respect to 
the 3-layer model using the Mann-Whitney U test for a significance level 
of α = 0.05 implemented in Python 3. 

3. Results 

The mean experimentally determined stress curves with standard 
deviation for 8 porcine muscle tissue samples is shown in Fig. 3A and for 
8 porcine liver tissue is shown in 3B. A relatively high variation in tissue 
stresses is still observed in both tissue types, with an increasing devia-
tion in stresses at higher strain levels. 

3.1. Comparison of AQLV models 

Calibration of all model parameters was done for each sample indi-
vidually for all samples to obtain material parameters (σ0/n, ki/n and τi). 
R2 and RMSE values from the Leave One Out cross validation (LOOCV) 
were calculated and tabulated for both porcine muscle and porcine liver 
tissue (see Table .1). 

The mean parameters σ0, ki(ε) were fitted with a cubic spline 

Fig. 2. A) Porcine muscle tissue and B) porcine liver tissue samples with markers used for optical strain tracking. Lines indicate the average position of markers on 
top and bottom of the sample. C) Mechanical test setup for uniaxial tensile testing, the sample is fixed with clamps and connected to a 100 N load cell mounted in an 
electro-mechanical testing machine. 

Fig. 3. Mean stress-time results of incremental ramp-hold tests (black) with standard deviation (gray) of A) porcine longissiumus muscle and B) porcine liver tissue.  
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interpolation, to obtain intermediate points and are illustrated for 
porcine muscle tissue in Fig. 4. 

A similar representative image was obtained for porcine liver tissue 
(see Appendix Figure 8). For the LOOCV, a single representative porcine 
muscle tissue sample was chosen to show the predictive behaviour of a 
1-layer (blue), 2-layer (red) and 3-layer (black) AQLV model with 
respect to experimental (gray) data (see Fig. 5). 

For porcine muscle tissue, it was observed, that the 3-layer and 2- 
layer model produced relatively close R2 values (qualitative) fits, 
(0.90 ± 0.13 and 0.89 ± 0.15 respectively), whereas the 1-layer showed 
a worse fit (0.83 ± 0.08). Quantitatively, the 3-layer model, however 
showed a slightly higher RMSE (3.24 ± 1.74) kPa compared to the 2- 
layer (2.52 ± 1.61) kPa and 1-layer (2.61 ± 2.54) kPa model. 

For porcine liver tissue, the 3-layer model showed better fits, albeit 

Table 1 
Mean ± standard deviations of time constants τi, residual stresses σ0, spring constants ki, for each strain level εn of AQLV models for porcine muscle and liver tissue.  

Muscle 3-Layer 2-layer 1-layer  

τ1/s τ2/s τ3/s  τ1/s τ2/s  τ1/s  
10 ± 7 88 ± 54 840 ± 442  25 ± 7 411 ± 44  130 ± 18 

εn σ0/kPa k1/kPa k2/kPa k3/kPa σ0/kPa k1/kPa k2/kPa σ0/kPa k1/kPa 

0.06 2.0 ± 1.5 220 ± 100 22 ± 7.2 10 ± 2.7 2.0 ± 1.0 241 ± 74 22 ± 6.0 2.0 ± 0.9 164 ± 38 
0.13 8.0 ± 4.8 650 ± 310 76 ± 44 41 ± 14 7.0 ± 3.1 720 ± 210 66 ± 20 8.0 ± 4.0 430 ± 100 
0.20 13 ± 5.0 1020 ± 390 120 ± 34 69 ± 16 13 ± 5.3 1230 ± 400 120 ± 30 14 ± 2.8 790 ± 170 
0.26 20 ± 6.3 1570 ± 790 180 ± 38 95 ± 22 18 ± 7.3 1510 ± 380 143 ± 46 20 ± 8.6 850 ± 230 

Metric R2 RMSE/kPa   R2 RMSE/kPa  R2 RMSE/kPa 

Mean 0.90 ± 0.13 3.24 ± 1.74   0.89 ± 0.15 2.52 ± 1.6  0.83 ± 0.08 2.61 ± 2.54 

Liver τ1/s τ2/s τ3/s  τ1/s τ2/s  τ1/s  

8.7 ± 4.7 88 ± 74 750 ± 320  18 ± 6.8 460 ± 82  168 ± 24 

εn σ0/kPa k1/kPa k2/kPa k3/kPa σ0/kPa k1/kPa k2/kPa σ0/kPa k1/kPa 

0.04 0.1 ± 0.05 48 ± 28 13 ± 5.5 3.3 ± 2.2 0.1 ± 0.05 18 ± 10 4.4 ± 2.7 0.1 ± 0.06 6.7 ± 5.1 
0.08 0.8 ± 0.3 120 ± 69 24 ± 9.4 8.4 ± 4.1 0.8 ± 0.3 87 ± 57 13 ± 8.3 0.8 ± 0.3 32 ± 22 
0.12 2.5 ± 0.6 210 ± 61 56 ± 40 25 ± 11 2.4 ± 0.6 190 ± 31 30 ± 11 2.6 ± 0.8 100 ± 84 
0.16 4.4 ± 1.1 470 ± 150 110 ± 100 45 ± 17 4.4 ± 1.1 330 ± 80 57 ± 31 4.3 ± 1.5 220 ± 22 

Metric R2 RMSE/kPa   R2 RMSE/kPa  R2 RMSE/kPa 

Mean 0.86 ± 0.10 0.28 ± 0.06   0.85 ± 0.07 0.29 ± 0.22  0.84 ± 0.01 0.35 ± 0.15  

Fig. 4. Mean ± confidence interval equilibrium stresses (σ0) and spring constants (ki) values shown as a function of global strain (ε) of AQLV models of porcine 
muscle. Dots represent calibrated average values connected by cubic spline interpolations. Shadowed regions represent the 95% CI. A similar representative image 
was obtained for porcine liver tissue (see Appendix Figure 8). 
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only slightly, both qualitatively (0.86 ± 0.10) and quantitatively (0.28 
± 0.06), as compared to the 2-layer (0.85 ± 0.07, 0.29 ± 0.22) and 1- 
layer (0.84 ± 0.01, 0.35 ± 0.15) AQLV models. 

3.2. Reduction of strain levels 

Four additional porcine muscle tissue samples were calibrated with a 
2-layer AQLV model at a two-step incremental ramp-hold test performed 

on 4 porcine muscle samples. A representative muscle tissue sample 
calibrated at 2 ramphold steps (N = 2) is shown in Fig. 6 . 

Determined values of k1 (1370 ± 310) kPa for a 2M2N AQLV model 
were 

within the range of measured values for muscle tissue calibrated at 4 
strain levels (N = 4) for a 3-layer AQLV model (1020 ± 390) kPa and 2- 
layer model (1230 ± 400) kPa calibrated at 4 ramp-hold steps (N = 4). 
There was no significant difference between the values of each pair of 
calibrated k1 values (p = 0.22) based on the Mann-Whitney U test. This 
accounts for a maximum percentage deviation of ≈16.8% for k1. Values 
determined for k2 (76 ± 17) kPa for a 2M2N AQLV model showed a 
higher maximum percentage deviation (≈38%) as compared to k2 
determined 4 ramp hold steps for a 3-layer (120 ± 34) kPa and 2-layer 
(120 ± 30) kPa model. There was a significant difference for tests be-
tween each pair of calibrated k2 values (p = 0.006) (see Fig. 7). 

3.3. Comparison to commonly used material properties 

To obtain material parameters that are commonly used in literature, 
the long term elastic modulus E∞(ε(t)), and instantaneous elastic 
modulus E0(ε(t)) for each strain level was calculated from equations (21) 
and (22) respectively (see Table 2). 

An increasing trend is observed with increasing strain level. While a 
decreasing stiffness is observed with decreasing model layers for both 
muscle tissue and liver tissue. The storage modulus E‘, loss modulus E‘‘ 

and loss tangent tanδ per calibrated strain level n were also calculated 
(see Table 3), based on AQLV model parameters. Loss tangent values 
ranged from 0.073 to 0.086 for porcine muscle tissue and from 0.044 to 
0.085 for porcine liver tissue with small variations with increasing strain 
level and model layer reduction. 

4. Discussion 

In this study, soft biological tissue (porcine muscle and liver), was 
modelled in the framework of the AQLV model under physiologically 
relevant large strains (ε > 3% (Wang et al., 2016)). Model parameter 
reduction was performed to ease comparison across different soft bio-
logical tissues and tissue mimicking materials, and further, to reduce the 
experimental burden. 

Nie et al. (Nie et al., 1115) performed uniaxial tensile tests on porcine 
muscle and showed engineering stresses in the range of 25 kPa for 20% 
strain. Experimentally determined stresses for porcine muscle was ≈30 
kPa for 20% strain obtained in the current study. Song et al. (2007) 
applied varying strain rates on porcine muscle tissue and showed similar 
stress ranges (< 100 kPa), to experimental stress values for applied 
strain of ≈40% on porcine muscle tissue (for a strain rate of 0.007/s). 
These differences in stresses can be related the influence of anatomical 
locations, of obtained tissue (Song et al., 2007) as well as differences in 
strain rates. Previously, porcine liver tissue was also tested in tension 
and compression with strains up to 20%, reporting stress levels in the 
range of 10 kPa by Chui et al. (2007). Similarly, in the current study, a 
stress amplitude of ≈8 kPa stress was determined for a strain level of 
16%. These comparisons indicate a good overlap of our experimental 
stresses to previous literature. 

Extraction of material properties from constitutive models is 
commonly performed by minimizing a target function, containing model 
stress and experimental stress with a set of material parameters. Results 
of modelling are usually compared by means of R2 (Abramowitch and 
Woo, 2004; Wang et al., 2013; Zhang et al., 2008) or a root mean square 
error (RMSE) (Chui et al., 2007; Miller, 2000; Ramo et al., 2018; Troyer 
et al., 2012). R2 values are a relative measure of fit and hence, are useful 
in comparing between models while RMSE values are absolute measures 
of fit and are useful for comparing models to experimental results. Thus, 
both measures were applied in this study. 

Early literature on modelling of soft tissue was based on simple linear 
elastic models (Morrow et al., 2010; Van Sligtenhorst et al., 2006). Later, 

Fig. 5. Representative plot demonstrating the predictive behaviour of 1-layer 
(yellow), 2-layer (red) and 3-layer (black) AQLV models with respect to 
experimental (gray) data of a representative A) porcine muscle tissue and B) 
porcine liver tissue. 

Fig. 6. Predictive behaviour of a 2-layer AQLV model (red) calibrated at 2 
ramp and hold (2N) levels with respect to experimental data (gray). 
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more complex hyperelastic material models were also used in modelling 
the non-linear behaviour observed in soft tissue such as in (Gao et al., 
2010; Umale et al., 2013; Lu et al., 2014; Boubaker et al., 2006; Moer-
man et al., 2016). Chui et al. (2007) modelled liver tissue with a 
hyperelastic model and determined an RMSE in the range of 0.047 to 
0.09 kPa. Miller et al. (Miller, 2000) applied a strain energy based 
non-linear hyper-viscoelastic model to describe monkey liver tissue with 
a single strain level up to 35%, reporting high model fits (R2 = 0.974 to 
0.996) for varying loading speeds. Loocke et al. (Van Loocke et al., 2006) 
measured strain dependent Young’s moduli of porcine muscle tissue, 
modelled as transversely isotropic, at 30% strain with good experi-
mental fits (R2 = 0.99) and mean prediction errors of between 3.5% and 
9.5%. Linear viscoelastic models such as the Prony series have also been 
applied to modelling soft biological tissue (Estermann et al., 2020a; Van 
Loocke et al., 2008; Wex et al., 2013), however, due to the complexity of 
soft tissue mechanical behaviour, non-linear viscoelastic models were 

further required (Best et al., 1994; Miller et al., 1997; Kemper et al., 
2013). For example, Capilnasiu et al. (2020) applied viscoelastic 
adapted forms of the Mooney-Rivlin and Ogden exponential models to 
model liver tissue, while Loocke et al. (Van Loocke et al., 2009) 
modelled porcine muscle tissue in the framework of the QLV model at 
varying strain rates, and determined errors of < 25% between model 
and experimental data. 

Generally, authors focused on the strain rate dependence of soft 
biological tissues at a single strain level; here however, the original 
AQLV model (3M4N) is applied to several strain levels, each tested at the 
same strain rate. Theoretically, the flexibility of the AQLV model should 
enable the variation of strain rates of a calibrated soft tissue, this how-
ever, requires further testing to be conclusive. In the current study, the 
AQLV model showed high model fits (≈0.98) when samples are fitted 
individually, however slightly lower model fits (R2 = 0.90 and R2 = 0.86 
for porcine muscle and liver respectively) were obtained when based on 
the LOOCV. The LOOCV shows how well the average set of parameters 
obtained from the set of specimens would predict a stress behaviour of a 
new tissue sample, these values were therefore lower due to the high 
variations in soft tissues. Previous studies also produced comparable 
individual model fits, for e.g. the QLV model for a single level ramp-hold 
test by Abramowitch et al. (R2 = 0.99 (Abramowitch and Woo, 2004)) or 
a neo-Hookean based QLV model by MacManus et al. (R2 = 0.94) 
(MacManus et al., 2019). Quaia et al., 2009a, 2009b, 2010 applied both 
the QLV and AQLV models to eye muscles in primates. They showed that 
the AQLV model provided a better fitting to experimental data but 
required a large number of parameters (35) as compared to the QLV 
model with (8) parameters and proposed a further extension of the 
models. 

In this study, the AQLV model was applied as originally published 
and an investigation into material parameter reduction was conducted. 
A reduction of the number of model layers (M) as well as a reduction in 
the number of ramp-hold steps (N) for calibration of the AQLV model 

Fig. 7. Plots showing k1 (left) and k2 (right) calibrated with varying Maxwell layers M and ramp-holds N steps at 0.2 strain for porcine muscle tissue.  

Table 2 
Identified long term elastic modulus (E∞) and instantaneous elastic modulus (E0) 
based on identified spring constant values (ki) for each strain level (n) for porcine 
muscle and liver tissue.   

3-layer 2-layer 1-layer 

ε E0 E∞ E0 E∞ E0 E∞ 

Muscle 
0.06 2.0 250 2.0 270 2.0 170 
0.13 7.5 650 7.0 720 7.7 440 
0.20 13 1030 13 1240 14 68 
0.26 20 1590 18 1530 20 870 
Liver 
0.04 0.1 64 2.0 22 0.1 6.8 
0.08 0.8 150 7.7 100 0.8 33 
0.12 2.5 300 14 190 2.6 100 
0.16 4.4 630 20 400 4.3 220  

Table 3 
Identified storage modulus (E’), loss modulus (E’’) and loss tangent (tanδ) per strain level based on identified spring stiffness values (ki) for porcine muscle and liver 
tissue.   

3-layer 2-layer 1-layer 

ε E‘ E‘‘ tanδ E‘ E‘‘ tanδ E‘ E‘‘ tanδ 

Muscle 
0.06 254 19.0 0.074 300 24.4 0.081 164 14.2 0.086 
0.13 758 56.7 0.074 783 62.6 0.079 434 37.2 0.085 
0.20 1210 89.8 0.073 1360 107 0.079 790 68.0 0.085 
0.26 1850 137 0.074 1660 132 0.079 860 73.6 0.085 
Liver 
0.04 33.0 2.1 0.065 19.0 1.3 0.067 11.2 0.9 0.086 
0.08 59.0 3.6 0.061 39.6 1.9 0.047 17.8 1.5 0.084 
0.12 164 11.4 0.069 81.0 3.6 0.044 46.0 3.9 0.085 
0.16 405 30.2 0.074 179 11.2 0.063 90.7 7.7 0.085  
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was performed. Model parameters are obtained by calibrating relaxation 
stresses with AQLV models. The non-linear elastic ramp fits are pro-
duced by implementing the calibrated parameters from hold equation 
Eqn. (12) into the ramp equation Eqn. (11), as originally described 
Nekouzadeh et al. (Nekouzadeh and Genin, 2013), which serves as a 
form of parameter validation. Alternatively, and for a possibly better fit, 
one could optimize the non-linear elastic response directly with the 
ramp stresses and obtain material parameters and response. The pre-
dictive ability of the original 3-layer (3M4N) model and ’reduced’ 
(2M4N, 1M4N) models were also compared qualitatively based on the 
R2 values. For porcine muscle tissue, there was no significant difference 
between the 3-layer (0.90 ± 0.13) and 2-layer model (0.89 ± 0.15) fits 
(p = 0.47). The 1-layer model showed notably poorer results (0.83 ±
0.08) however no significant difference with the original 3-layer AQLV 
model (p = 0.16) was determined. Similar results are observed for 
porcine liver tissue with no significant difference between the 3-layer 
(0.86 ± 0.10) and 2-layer (0.85 ± 0.08) model fits (p = 0.44). The 
1-layer model also showed poorer results (0.84 ± 0.01) but was not 
significantly different from the 3-layer model (p = 0.22). The slight 
difference of only 1% when adding a third layer (in muscle and liver 
tissue) does not substantially add meaning to fits in terms of underlying 
internal processes. In contrast, subtle differences between tissues may 
still be highlighted with more relaxation time constants, but also may 
lead to ambiguity, as previously mentioned for a discrete QLV model 
(Babaei et al., 2015). 

Quantitative results (RMSE) following LOOCV of porcine liver tissue 
indicated the original 3-layer model as the best fit model RMSE (0.284 
± 0.06) kPa as expected. The 2-layer model showed a RMSE (0.295 ±
0.219) kPa and the 1-layer model demonstrated a higher RMSE (0.346 
± 0.154) kPa. No significant difference between the 1-, and 2-layer 
models was observed (p = 0.45 and p = 0.26 respectively). For 
porcine muscle tissue the 1-layer and 2-layer models showed a relatively 
similar RMSE of (2.61 ± 2.54) kPa and (2.52 ± 1.61) kPa each better 
than the 3-layer model values. No significant difference however was 
observed between the results of the 1-layer and 2-layer models and the 
original 3-layer model (p = 0.14 and p = 0.22 respectively). An overall 
observed poorer performance of the 3-layer model at larger strains in the 
ramp phase was associated with the cubic spline interpolation, causing a 
greater oscillation of the model predicted stresses as compared to the 
experimental data. Hence, due to fewer parameters in the 1-layer model, 
the ramp prediction produces a better fit, compared to the 2-layer and 3- 
layer model. Since each phase (ramp and hold) are weighted equally, 
this offsets the poorer performance in the hold phase of the 1-layer 
model. The RMSE results are more conspicuous for porcine muscle tis-
sue due to high stresses produced by porcine muscle tissue, as compared 
to liver tissue. A reasonable compromise in terms of accuracy and 
number of parameters was therefore the 2-layer AQLV model, with a 
total number of 14 parameters (L = 14). 

The mean k1 and k2 for four samples of porcine muscle tissue tested 
at two strain levels (0.2 and 0.4 global strain) (N = 2) were determined 
for the 2-layer AQLV model. For k1, which has the greatest effect on the 
predicted stresses, values of (1370 ± 310 kPa) were obtained for 2M2N, 
which were within a similar range of values calibrated at four strain 
levels (N = 4) for 2M4N (1230 ± 400) and 3M4N (1020 ± 390), given a 
maximum i.e greatest percentage deviation of 16.8%. There was no 
significant difference between values obtained k1 values (p = 0.22). 
Values for k2 were however slightly underestimated for (N = 2) (76 ±
17) kPa as compared to those obtained from (N = 4), 2M4N (120 ± 29) 
kPa and 3M4N (120 ± 34) kPa. There was a significant difference be-
tween values of k2 obtained from a 4-step test and 2-step test (p = 0.006). 
This may lead to a slight underestimation in model stresses. Notwith-
standing, the reduced AQLV model (2M2N) is able to accurately model 
the stress behaviour of a 2 ramp-hold experiment with high accuracy 
(R2 = 0.96 ± 0.02 and RMSE = 1.74 

± 0.82) kPa. The proposed reduced-parameter AQLV model (2M2N) 
produces 8 parameters in total (L = 8). This would be a reasonable 

compromise between accuracy of the model, number of material pa-
rameters for comparison and experimental burden. Taken together, the 
AQLV model provides a comprehensive description of both, the non- 
linear elastic and viscoelastic behaviour of soft biological tissue; 
higher model fits are generally obtained for single strain level model 
calibrations, however these models are unable to accurately describe 
stress responses at varying strain levels as compared to the AQLV model. 
A higher accuracy is also possible with the AQLV model, however with 
at the expense of a high number of material parameters and greater 
experimental burden. It is noted that relaxation times often describe 
short and long-term responses of internal physical processes undergone 
during loading within the tissue. An example of such, would be the fast 
response of collagen fibres (≈7s–100s) as well as the long-term response 
of other constituent materials such as proteoglycans (Shen et al., 2011). 
However, it is difficult to specifically link these processes to parameters 
obtained from the AQLV models without testing individual tissue 
constituents. 

To obtain commonly used material parameters, Nava et al. (2008) 
applied the QLV model to human hepatic tissue in vivo and obtained 
long term (E∞) and instantaneous elastic modulus (E0) to be 20 kPa and 
60 kPa, respectively. Estermann et al. (2020a) estimated E0 for porcine 
liver tissue to be around 130 ± 65 kPa. However, values for the elastic 
moduli of both porcine muscle and liver tissue in literature vary greatly 
due to variation of anatomical locations of tissues, test protocols, 
maximum strains, strain rates and whether or not optical strain mea-
surement was used (Lu et al., 2014; Hollenstein et al., 2006; Chui et al., 
2004). In the current study, values obtained from the AQLV model for E0 
for lower strains (4%–8%) are within the general range (E0 = 33–58 kPa) 
of reported values. Interestingly, E0 was observed to decrease with the 
number of Maxwell elements. Hence the response of reduced models to 
an instantaneous deformation is softer in comparison to the 3-layer 
model. This is unexpected, as an increase in the individual stiffness is 
expected in order to offset the loss of springs from the 3-layer model. 
These values are, however, based on the assumption of linear visco-
elasticity of spring damper systems and are less useful for representing 
the true non-linear behaviour of soft tissue (Tschoegl and Tschoegl, 
1989). It is also noted that the values obtained from the AQLV model, 
which represent the spring and dampers do not exist physically 
(Nekouzadeh et al., 2007), but are numerical values that enable 
modelling of material behaviour. 

The loss tangent (tanδ) has been shown, in previous literature 
(Dunford et al., 2018; Zhang et al., 2017), to be a more robust material 
property and is more dependent on frequency or strain rate than on 
strain level. It has been reported in the range of 0.07–0.22 for porcine 
liver tissue (Estermann et al., 2020a; Wex et al., 2013). Similarly, results 
of approximations of loss tangents derived from current AQLV param-
eters (Table 3) show relatively small variations with across different 
strain levels. Loss tangent values for the 3-layer and 2-layer models were 
within a similar range (0.074 to 0.086) for porcine muscle, and in the 
range of (0.044 to 0.074) for porcine liver tissue. Higher values of loss 
tangent are observed for the 1-layer model. One could speculate that this 
may be due to the pronounced effect of the damper in the ’simpler’ 1 
layer model, however, this is conjecture without further analysis. These 
derived parameters are mostly only valid for small strain levels (linear 
viscoelasticity) are only useful for giving rough estimates to allow for the 
comparison of AQLV model parameters to existing literature. 

In summary, the original AQLV model could accurately model the 
strain dependent non-linear viscoelastic behaviour of porcine muscle 
and liver tissue. The flexibility of the model enabled the proposal of a 
’parameter-reduced’ AQLV model, with a reduced number of parame-
ters and a reduced experimental burden. This is especially advantageous 
for comparing several different biological tissues. Further, given the 
large variation in biological tissues due to age, sex and disease (Lund 
et al., 1999; Arroyave et al., 2015; Tsamis et al., 2013; Mazza et al., 
2007), it is questionable if a much higher accuracy is advantageous over 
the decreased experimental burden and less than half of the material 
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parameters of the AQLV model. This becomes especially important when 
it is more important to gain both an accurate understanding of tissue 
behaviour as well as a representative order of magnitude of material 
properties. 

5. Conclusion 

This paper characterized the non-linear viscoelastic behaviour of soft 
biological tissue (porcine skeletal muscle and liver) at physiologically 
relevant large strains (ε > 3%) based on the AQLV model. Adaptations of 
the originally published model were made to reduce the number of 
material parameters by reducing the number of layers i.e. the number of 
parallel spring damper systems in the standard AQLV model as well as 
the number of ramp-hold tests used for calibration. The adaptations 
eased the comparison of material parameters for the different soft bio-
logical tissues (porcine muscle and liver), while still providing suffi-
ciently accurate modelling of their non-linear viscoelastic behaviour. In 
conclusion, a reduced AQLV model (2 Mx layers, 2 ramp-hold phases) is 
able to predict the visco-elastic behaviour of soft biological tissues with 
a sufficient accuracy. Hence, this proposed reduced AQLV model will 
ease comparison across different soft biological tissues in future and 
reduce the experimental burden associated with calibrating the model. 
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Appendix A

Fig. 8. Mean ± confidence interval of equilibrium stresses (σ0) and spring constants (ki) values of AQLV models of porcine liver. Dots represent calibrated average 
values connected by cubic spline interpolations. Shadowed regions represent the 95% CI. 
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