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Abstract

In a previous paper, the authors defined two binary term operations in orthomodular lattices such that an orthomodular lattice
can be organized by means of them into a left residuated lattice. It is a natural question if these operations serve in this way also
for more general lattices than the orthomodular ones. In our present paper, we involve two conditions formulated as simple
identities in two variables under which this is really the case. Hence, we obtain a variety of lattices with a unary operation
which contains exactly those lattices with a unary operation which can be converted into a left residuated lattice by use of the
above mentioned operations. It turns out that every lattice in this variety is in fact a bounded one and the unary operation is a
complementation. Finally, we use a similar technique by using simpler terms and identities motivated by Boolean algebras.
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It was recently shown by the authors in Chajda and Léanger
(2017a,b) that every orthomodular lattice L. can be converted
into a left residuated lattice, i.e., there exist binary operations
® and — such thatx ® 1 & 1 ® x & x and the so-called left
adjointness is satisfied by ® and —. It is known that ortho-
modular lattices were used in the 1930s by Husimi (1937) and
Birkhoff and Von Neumann (1936) as an algebraic axioma-
tization of the semantics of the logic of quantum mechanics.
However, it was recognized later that this axiomatization is
not precise since e.g., joins of elements in these ordered sets
need not exist. This was the reason why so-called orthomod-
ular posets were introduced. Because the precise algebraic
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axiomatization is not known until now, it motivates us to
study more general lattices than orthomodular ones which,
however, formally satisfy the law of orthomodularity which
is the keystone in this theory. However, we do not demand
additional conditions on the unary operation, i.e., neither
complementarity nor antitone involution is supposed. The
aim of this paper is to get reasonable sufficient conditions
under which this lattice can be converted into a left residu-
ated lattice.
We start with the following definition.

Definition 1 An algebra L = (L, Vv, A, ®, —, 0, 1) of type
2,2,2,2,0,0) is called a left residuated lattice [see Chajda
and Lianger (2017a)] if

1) (L,v,A,0,1)is abounded lattice,
i) x®1~1Qx ~x,
(iii) for arbitrary x,y,z € L, x ® y < z if and only if
X<y—2z

Condition (iii) is called left adjointness. If, moreover, ® is
commutative and associative then L is called a residuated
lattice. Given a left residuated lattice, we define x’ := x — 0
forall x € L.
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Throughout this paper, we assume that all lattices are non-
empty.

The following concepts were introduced by the authors in
Chajda and Linger (2018):

Alattice L = (L, Vv, A,”) with a unary operation is called
weakly orthomodular if

x < yimpliesy =x V (y Ax'),
and dually weakly orthomodular if
x < yimpliesx =y A (x V).

It should be remarked that every of the aforementioned con-
ditions can be easily rewritten as identities. Thus, weakly
orthomodular lattices as well as dually weakly orthomodular
lattices form a variety. The properties of these varieties were
studied in Chajda and Lénger (2018).

Let us note that every orthomodular lattice [see e.g., Beran
(1985)] is both weakly and dually weakly orthomodular and
that its unary operation is both an antitone involution and a
complementation. However, when defining weak orthomod-
ularity or dually weak orthomodularity, we neither ask the
unary operation to be an antitone involution nor a comple-
mentation. Moreover, we do not assume the existence of a
least or greatest element. The following was also shown in
Chajda and Lénger (2018).

Remark 2 1f L is weakly orthomodular then
x<xVy=yv(@xVvy)Ay)ysyvy

for all x, y € L, and hence, L has a greatest element 1 and
satisfies the identity x v x” &~ 1. If L is dually weakly ortho-
modular then

YAY SyA((xAY)VY)=xAy=<x

for all x,y € L, and hence, LL has a smallest element 0
and satisfies the identity x A x’ ~ 0. This means that if L
is both weakly and dually weakly orthomodular then L is
bounded and the unary operation’ is a complementation, i.e.,
the identities x Vx' ~ 1 and x Ax" ~ 0 are satisfied. Contrary
to the case of orthomodular lattices, this complementation
need not be an antitone involution.

The following examples are taken from Bonzio and Cha-
jda (2017) and Chajda and Langer (2018).

Example 3 The lattice with the Hasse diagram depicted in
Fig. 1 and the unary operation defined by

x|0abcdefg1
x’|1ggfedcb0
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Fig.1 A weakly orthomodular lattice
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Fig.2 A dually weakly orthomodular lattice

is weakly orthomodular since
av@ Arne)y=aV(gnre)=aVc=e

(the remaining conditions obviously hold), but not dually
weakly orthomodular since

en@ave)y=en@avd =erl=e+#a

and hence not orthomodular. Observe that ’ is an antitone
complementation, but not an involution (for instance, a” =

g =b#a).

Example 4 The lattice with the Hasse diagram depicted in
Fig. 2 and the unary operation defined by

x|0abcdefgl
x’|1fedcbaa0

is dually weakly orthomodular since

gnhcvg)=gAr(cva)=ghre=c
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(the remaining conditions obviously hold), but not weakly
orthomodular since

cV(dAg)=cvdArg)=cv0=c#g

and hence not orthomodular. Observe that ’ is an antitone
complementation, but not an involution.

Now, we define two binary term operations for lattices
L = (L, V, A,”) with a unary operation as follows:

x®y:=(«Vy)Ay forall x,yelL, (1)

x—>y:=xAyvx forall x,yelL. 2)

(Tt should be remarked that the unary operation ’ is not
assumed to satisfy further properties.) These operations coin-
cide with those defined in Chajda and Léanger (2017b) within
orthomodular lattices. If (L, Vv, A) has a smallest element 0
then the identity x — 0 =~ x’ holds. Moreover, we consider
the following two identities for lattices with a unary opera-
tion:

xA((xVvyY)Ay) VYY) X, (3)
xV({((xAY)VY)YAY) =X, )

Of course, these identities can be expressed in form of
inequalities as follows:

B) x=((xVvy)Ay VY,
@ x=((xAy)VY)Ay.

Lemma5 Let L = (L,V,A,’) be a lattice with a unary
operation.

(1) Assume L to satisfy identity (3). Then, L has a great-
est element 1 and satisfies the identity x vV x' ~ 1. If,
moreover, L has a smallest element 0 then it satisfies
the identity 0/ ~ 1.

(i) Assume L to satisfy identity (4). Then, L has a small-
est element 0 and satisfies the identity x A x" ~ 0. If,
moreover, L has a greatest element 1 then it satisfies
the identity 1’ ~ 0.

(iii) Assume L to satisfy both identities (3) and (4). Then, LL
is bounded, ' a complementation of L and, moreover,’
is switching, i.e., the identities ' ~ 1 and 1’ ~ 0 are
satisfied.

Proof (i) Since (x Vy') Ay <y, wehavex < yV y for
all x, y € L, and hence, L has a greatest element 1 and
satisfies the identity x v x” &~ 1. If, moreover, L has a
smallest element O then

x=xA(xVvO)YADVO)=xA0 <0

for all x € L, i.e., L satisfies the identity 0’ ~ 1.

(ii) Since y' < (x A y) V ¥, we have y Ay < x for all
x,y € L, and hence, L has a smallest element 0 and
satisfies the identity x A x” =~ 0. If, moreover, L has a
greatest element 1 then

'<xvl=xv({(xAaDVIHAl) =x

for all x € L, i.e., L satisfies the identity 1’ ~ 0.
(iii) follows from (i) and (ii). O

In the following, let V denote the variety of all algebras
(L,Vv,A,,0,1) of type (2,2,1,0,0) such that (L, V, A,
0, 1) is a bounded lattice and (L, Vv, A, ) satisfies both iden-
tities (3) and (4).

If (L, v, A) is alattice having a smallest element 0, but no
greatest element and x” := 0 for all x € L then (L, Vv, A,”)
satisfies (4), but not (3). If, conversely, (L, V, A) is a lattice
having a greatest element 1, but no smallest element and
x" :=1forall x € L then (L, Vv, A,’) satisfies (3), but not
(4). This shows that (3) and (4) are independent.

Using the operations ® and — defined by (1) and (2),
identities (3) and (4) can be rewritten as follows:

B xA((x@y)vy)~xorx Ay = (x vVy)) ~x,
@ xvxAay)®@y)~xorxV ((y—>x)Ay) ~x,

respectively.
Lattices with a unary operation satisfying (3) or (4) are
not curious.

Remark6 Assume L = (L, Vv, A,’) to be a modular lattice
with a unary operation. If LL has a greatest element 1 and
satisfies the identity x v x’ ~ 1 then it satisfies identity (3)
since

x<xvy =Ia@@vy)=0"vy)AGxvy)
=Y VOA@VY)=((xVvy)Aay) vy

for all x, y € L. If L has a smallest element 0 and satisfies
the identity x A x” &~ 0 then it satisfies identity (4) since

(xAYVYIAY = @AYV (Y AY) = (xAY)VO = xAy < x

for all x,y € L. Since every finite distributive lattice is
dually pseudocomplemented, it satisfies identity (3) with the
dual pseudocomplementation as unary operation. Since every
finite distributive lattice is pseudocomplemented, it satisfies
identity (4) with the pseudocomplementation as unary oper-
ation.

The following examples show two typical members of V.
The first one is even modular.
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Fig.3 A modular member of V 1

0

Fig.4 A non-modular member of V

Example 7 The modular lattice with the Hasse diagram
depicted in Fig. 3 and the unary operation defined by

X | 0 a b ¢ 1
x’| 1 ¢ ¢ 0
belongs to V.

Example 8 The non-modular lattice with the Hasse diagram
depicted in Fig. 4 and the unary operation defined by

x| 0
x/| 1

S|~
IS IS
O =

a b c
g f e e
belongs to V.

In the following, we investigate connections between the
identities (3) and (4) and left adjointness.

Lemma9 Let L = (L, vV, A,’) be a lattice with a unary
operation, a, b, c € L and ® and — defined by (1) and (2),
respectively. Then the following hold:

(1) If L satisfies identity (3) then a ® b < c implies a <
b — ¢,

(1) ifLsatisfies identity (4)thena < b — cimpliesa®b <
c.

@ Springer

Proof We have

) a<@Vvb)yAbyvbh =BA@Vv)Ab) VY
(bAc)VD =b— cand

() a®@b=(@VH)Ab<(bAC)VH VD)AD =
((cAb)VD)ADb <c. O

IA

Using these results, we can characterize the class of all
lattices with a unary operation which can be organized into
left residuated lattices via the operations ® and — defined
by (1) and (2), respectively.

Theorem 10 Let (L, Vv, A,') be a lattice with a unary opera-
tion and ® and — defined by (1) and (2), respectively. Then,
(L,V, N, ®,—,0,1) is a left residuated lattice satisfying
x — 0~ x"ifand only if (L, Vv, A,’,0,1) € V.

Proof Leta,b € L.If (L,V, A, ®,—,0,1) is a left resid-
uated lattice then (L, Vv, A, 0, 1) is a bounded lattice, since
a®b <avb wehavea < b — (a VD), ie., identity
(3) is satisfied, and because of a A b < b — a we have
(aAnb)®b < a,i.e., identity (4) is satisfied which shows
(L,Vv,A,,0,1) € V. Conversely, assume (L, Vv, A,’) to
satisfy both identities (3) and (4). According to Lemma 5,
(L, V, A) is bounded and ’ a complementation on it. Hence,
(L,Vv,A,”,0,1) € V and we have

x®1~xv1)Al=xand
1@x~(1vx)Ax~x.

The rest follows from Lemma 9. O

The importance of this approach is that residuated lattices
serve as an algebraic semantics of certain substructural log-
ics. Hence, this is the link between orthomodular, weakly
orthomodular and dually weakly orthomodular lattices on
one side and kinds of fuzzy logics on the other side.

In the following, we investigate connections between the
identities (3) and (4) and (dually) weak orthomodularity.

Lemma 11 Let L = (L, vV, A,’) be a lattice with a unary
operation. Then the following hold:

(1) If L satisfies the identity x”" ~ x then identity (3) is

equivalent to weak orthomodularity of L,
(i1) identity (4) is equivalent to dually weak orthomodular-

ity of L.
Proof Leta,b € L.

(i) Assume L to satisfy the identity x” ~ x. If L satisfies
identity (3) and @ < b then

b<(bvadHyradyva'"=avbrad)<b.
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Fig.5 A lattice satisfying (3) 1

0

If, conversely, L is weakly orthomodular then
a<avb =bv{avbd)Ab)y=((avb)rb)VvD.
(i1) If L satisfies identity (4) and a < b then
a<bA@Vvb)y={(arb)Vvb)Ab<a.
If, conversely, L is dually weakly orthomodular then
((@anb)VDYAb=bA((anb)Vvb)=aArb<a. O
If the identity x” ~ x is not satisfied then identity (3) need

not be equivalent to weak orthomodularity as the following
example shows:

Example 12 The lattice with the Hasse diagram depicted in
Fig. 5 and the unary operation defined by

X | 0 a b c 1

|1 b ¢ b 0

satisfies identity (3), but is not weakly orthomodular since
avcrnd)y=aVv(cAnb)y=av0=a#c.

Summarizing, we obtain the following result:

Theorem 13 If L = (L,V, A,') is a lattice with a unary
operation satisfying the identity x" ~ x and being both
weakly and dually weakly orthomodular then (L, V, N, ®, —
, 0, 1) is a left residuated lattice.

Proof This follows from Lemma 5, Theorem 10 and
Lemma 11. O

Example 14 The lattice with a unary operation from Exam-
ple 7 is both weakly and dually weakly orthomodular.
However, if we define the unary operation as follows

—_—

x|0ab
x/|lcc

@)

then this lattice with a unary operation is neither weakly
orthomodular since

l#£c=cve=cVv({IAc)=cV((IAC)

nor dually weakly orthomodular since
O£c=cArc=cA(OVve)=cAOVC)

and it satisfies neither identity (3) since

1 f ¢ =cVve = (1Anc)ve = ((IVe)Ac) Ve = ((Ive ) Ae)ve

nor identity (4) because of Lemma 11.

The variety V has several important subvarieties, e.g., the
variety of bounded complemented modular lattices (due to
Remark 6), the variety O of orthomodular lattices and, of
course, the variety of Boolean algebras. Since V 2 O, the
variety V is residually large since for every infinite cardinal
k there exists a subdirectly irreducible orthomodular lattice
of cardinality k [(cf. Chajda and Lénger (2020)].

In the lattice from Example 14, we have ¢ Vv ¢/ # 1.
We show that this is just the condition needed to prove left
adjointness provided the operation — is defined by (2).

Theorem 15 Let L = (L, Vv, A,’,0, 1) be a bounded lattice
with a unary operation and a € L witha v @’ # 1. Then
there does not exist a binary operation @ on L such that
(L,V, N, ®,—,0,1) is a left residuated lattice where — is
defined by (2).

Proof Assume there exists some binary operation ® on L
such that (L, vV, A, ®, —, 0, 1) is a left residuated lattice.
Becauseof 1 ® a <aweconcludel <a—»>a=(@Aa)V
a’ = a Vv a',acontradiction. O

However, also in the case that L contains an element a
satisfying a v a’ # 1, L. may be converted into a left resid-
uated lattice if the operations ® and — are defined in an
appropriate way, see the following example.

Example 16 If L = {0, a, 1} is a three-element chain and
a’ = a then the assumptions of Theorem 15 are satisfied. On
the contrary, if one defines ® and — by

@ Springer
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® 0 a 1 - 0 a 1
of 0 0 O o] 1 1 1
al 0 0 a al a 1 1
1/ 0 a 1 1] 0 a 1

then (L, vV, A, ®, —, 0, 1) is a left residuated lattice.

It is well-known that a Boolean algebra (B, Vv, A,”, 0, 1)
can be converted into a residuated lattice when the operations
® and — are the following term operations:

x®@y:=xAy foral x,yelL, 5)
x—y:=x'vy foral x,yelL. (6)

It is a natural question if the operations ® and — defined
in this way may convert a lattice (L, V, A,’) with a unary
operation into a residuated lattice. Similarly as in the pre-
vious part of the paper, we will consider the following two
identities:

xA((xAy)VY) R X, )
xV(xVy)Ay) ~x. (8)

Of course, these identities can be expressed in form of
inequalities as follows:

N x<xAy VY,
@) x=@xVvy)Ay.

One can easily check that if L is bounded and satisfies both
identities (7) and (8) then " is a complementation since

xVvx 1A Ax)VX)A1,
xAX 20V (0OVvx)Ax)~0.

If L is bounded then

IRI~1Qx~ux,

x— 0~ x.
Now, we can prove

Lemma 17 Let L = (L, Vv, A,’) be a lattice with a unary
operation, a, b, c € L and ® and — defined by (5) and (6),
respectively. Then the following hold:

(1) If L satisfies identity (7) then a @ b < c implies a <
b— ¢

(i) ifLsatisfies identity (8)thena < b — cimpliesa®b <
c.

@ Springer

Proof We have

i) a<(@rb)yvb =b'v(anb) <b vc=b— cand
() a@b=arb<b VvVc)Ab=(cVb)YAb<c. O

From Lemma 17, we conclude

Theorem 18 If L = (L, V,A,’,0,1) is a bounded lattice
with a unary operation satisfying both identities (7) and (8)
and @ and — are defined by (5) and (6), respectively, then
(L,V, A\, ®,—,0,1) is a residuated lattice.

Using these results, we can characterize the class of all
bounded lattices with a unary operation which can be orga-
nized into residuated lattices via the operations ® and —
defined by (5) and (6), respectively.

Theorem 19 Let (L, V, A,’,0, 1) be a bounded lattice with
a unary operation and @ and — defined by (5) and (6),
respectively. Then, (L, V, A\, ®, —, 0, 1) is a residuated lat-
tice satisfying x — 0 ~ x’ ifand only if (L, v, A,") satisfies
both identities (7) and (8).

Proof Let a,b € L.If (L,V,A, ®,—,0,1) is a residu-
ated lattice satisfying x — 0 ~ x’ then (L, v, A, 0, 1) is
a bounded lattice, sincea ® b < a Abwehavea < b —
(anb) = (anb)VvD',i.e., identity (7) is satisfied, and because
ofb’vVa<b— awehave (aVbIAb= D' Va)Rb <a,
i.e., identity (8) is satisfied. Conversely, if (L, V, A,’) sat-
isfies both identities (7) and (8) then (L, V, A, ®, —,0, 1)
is a residuated lattice satisfying x — 0 ~ x’ according to
Lemma 17. O

Corollary 20 The class C of bounded lattices with a unary
operation ' satisfying the identity x” ~ x which become
residuated lattices with respect to the operations ® and —
defined by (5) and (6) coincides with the variety of Boolean
algebras.

Proof According to Theorem 19, C satisfies both identities
(7) and (8). From (7), we infer x < (x A y) V y’. Evidently,
vy < (x Ay) vy Together we obtain x Vy' < (x Ay) VY.
Since the converse inequality holds trivially, C satisfies the
identity

xvy @Ay vy. )

Further, from (8), we infer y > (y v x”) A x'. Evidently,
x> (yvx")Ax’. Together we obtain x’ Ay > x' A(x” V).
Since the converse inequality holds trivially, C satisfies the
identity x’ Ay &~ x’ A (x” VV y) which, because of the identity
x"" & x, can be written in the form

X Ayrx'A@Vy). (10)
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According to Chajda and Padmanabhan (2017), the iden-
tities (9) and (10) characterize the variety of Boolean
algebras. O

Recall that an algebra A is called congruence distribu-
tive if its congruence lattice is distributive, and A is called
congruence permutable if ® o & = ® o O for all congru-
ences ®, ® on A. A variety is called congruence distributive
(congruence permutable) if any of its members has the corre-
sponding property. For further information concerning these
notions cf. Chajda et al. (2012).

Since Vis a variety of lattices, itis congruence distributive.
Let W denote the subvariety of ) satisfying the additional
identity

xX<(x—>y —>y

where — is defined by (2).
Then, we can prove even more.

Theorem 21 The variety W is congruence permutable.

Proof Let p denote the term defined by

px,y,2) =((x > y) > DA (z—>y) = x)

where the binary operation — is defined by (2). According
to Lemma 5 we have

x—=>x~xAx)Vx &1,

l->x~0Ax)Vv]1 ~x.
This shows

p(x,x,y) = ((x > x) > y) Ay = x) = X)
HyA(y = x)—=>x)Ry,

Py, x, x) = ((y > x) > ) A((x > x) > y)
H((y—=x) > x)AyRYy

showing that p is a Maltsev term. Hence, }V is congruence
permutable. O
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