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Abstract

In soft matter theory the investigation and the prediction of ordered phases and
the identification of their regions of stability are of paramount relevance. This holds
also for ionic liquid crystals (ILCs) which have gained rapidly increasing interest,
both from the applied as well as from the academic point of view. As indicated by
their names, such systems combine properties and characteristic features of both
liquid crystals as well as of ionic liquids.

The combination of their characteristic features, i. e. shape anisotropy as well as
charges, make theoretical investigations extremely complicated; in this work these
features are mimicked via a Gay-Berne potential and (screened) Coulombic inter-
actions. In this thesis we have developed a numerical tool which is expected to
identify the ordered ground state configurations of such systems in an efficient and
- at the same time - highly reliable manner. This new algorithm optimizes the total
energy of the system and is based on ideas of evolutionary algorithms which allows
us to find minima in the energy surface even in high dimensional search spaces and
for rugged energy landscapes.

As compared to spherical particles, we found that this algorithm requires sub-
stantial amendments, in order to properly take into account the asphericity of the
particles (in particular for aspect ratios larger than two). Focusing on regions in
parameter space which correspond to realistic ILC systems we have introduced
suitable modifications of the original optimization algorithm; first runs indicate
that the self-assembly scenario of ILCs is expected to be very rich, as the sys-
tem parameters are varied. A few examples are highlighted in the thesis and dis-
cussed.
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Kurzfassung

In der Theorie der weichen Materie sind die Vorhersage von geordneten Phasen und
die Identifizierung von stabilen Regionen von größter Bedeutung. Das gilt auch für
ionische Flüssigkristalle, die immer größeres Interesse aus der Wissenschaft und
auch hinsichtlich möglicher Anwendungsbereiche hervorrufen. Wie es der Name
schon vermuten lässt, verbinden solche Systeme die charakteristischen Eigenschaften
von Flüssigkristallen und ionischen Flüssigkeiten.

Die Kombination aus Formanisotropie und Ladungen verkompliziert die theoretis-
che Untersuchung solcher Systeme sehr. In der vorliegenden Arbeit werden diese
charakteristischen Eigenschaften durch ein Gay-Berne Potential und (abgeschirmte)
Coulomb Wechselwirkungen angenähert. Zur Untersuchung von diesen Systemen
aus ionischen Flüssigkristallen wurde ein numerisches Werkzeug entwickelt, das
geordnete Grundzustandskonfigurationen auf effiziente und, gleichzeitig, zuverläs-
sige Weise identifizieren soll. Dieser neue Algorithmus optimiert die Gesamten-
ergie des Systems und baut dabei auf das Konzept evolutionärer Algorithmen
auf, um in hochdimensionalen Parameterräumen Minima der Energieoberfläche zu
finden.

Im Vergleich zur Untersuchung sphärischer Teilchen waren umfassende Anpassun-
gen des Algorithmus notwendig, um die Asphärizität der zu behandelnden Teilchen
(insbesondere für Achsenverhältnisse größer als zwei) korrekt berücksichtigen zu
können. Mit Fokus auf jene Regionen im Parameterraum, die realistischen Systemen
aus ionischen Flüssigkristallen entsprechen, wurden sinnvolle Änderungen am beste-
henden Optimisierungsalgorithmus vorgenommen. Erste Ergebnisse deuten darauf
hin, dass die Selbstorganisation von ionischen Flüssigkristallen unter Variation von
Systemparametern eine hohe Vielfalt aufweist. In der vorliegenden Arbeit werden
einige Beispiele vorgestellt und diskutiert.
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1. Introduction

The investigation of the properties of ionic liquid crystals (ILCs), i. e. anisotropic,
charged particles, has seen a rapidly growing interest in recent years, both in
academia as well as in technical applications. In particular the self-assembly capac-
ities of such systems - that combine well documented related properties of liquid
crystals [1, 2] as well as those of ionic liquids - into ordered states has attracted
much attention.

Due to the complex interplay of shape anisotropy and charges the theoretical in-
vestigation of the properties of ILCs has turned out to be extremely complicated.
Especially the high complexity of parameter space (i. e. both model and system
parameters) poses a huge numerical challenge. In this thesis we approximate the
interactions of ILCs via a total pair potential that includes a Gay-Berne (GB) po-
tential (which features the asphericity of the particles) and a screened Coulomb
potential (which takes the charges into account). We develop a numerical tool to
identify emerging ordered ground state structures at zero temperature by optimiz-
ing the total energy of the system, which operates numerically efficient and in a
reliable manner. We achieve this by implementing and extending memetic search
strategies that are based on the ideas of evolutionary algorithms and local opti-
mization.

One goal of this thesis is to gain a better understanding of the self-assembly ca-
pacities of ILC systems within the presented model. To this end we test and record
the impact of several model parameters on the self-assembly scenarios of these
particles.

A further aim of this work is to try to reproduce a zero temperature representa-
tion of the so-called wide smectic phase reported by Bartsch et al. [3]. We adopt
and combine two kinds of evolutionary search strategies: Biased evolution (i. e.
well-defined particle configurations are introduced into the population to steer the
evolutionary process) and free evolution (i. e. allowing rather wide ranges of the
parameters without imposing too strong of a bias into the calculation). Thus, we
are able to verify if specific traits prevail and also study the self-assembly of ILCs
without external intervention.
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2. Theoretical Concepts

2.1. Liquid Crystals (LC)

Matter phases with properties of liquid as well as crystalline states are called liquid
crystals (LC) or mesomorphic phases. P. G. de Gennes defines LCs as systems
of non-spherical molecules, which show liquid-like order in one or more spatial
directions and a degree of anisotropy. Because of the non-spherical shape of the
molecules, orientational order arises [1, 2].

2.1.1. Categories

LCs can be categorized via different criteria, e. g. shape, the interplay of positional
and orientational order (see Table 2.1 and Fig. 2.1) or emerging phases. The afore-
mentioned mesomorphic phases consist of either elongated (calamitic), e. g. rod-like,
cuboid or ellipsoid, or disk-like (discotic) molecules and emerge in various phases
between liquid (isotropic) and crystalline, that may show long-range orientational
and/or positional order [2].

positional orientational

isotropic ✗ ✗

nematic ✗ X

smectic X X

crystalline X X

Tab. 2.1.: Classification of LC phases via positional and/or orientational order.

Nematic Phases

In the nematic (N) phase the molecules show orientational but no positional order.
Therefore, a preferred direction can be observed within the system. This feature
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14 2.1. Liquid Crystals (LC)

FIG. 2.1.: Overview of LC phases classified with respect to positional and orientational order.
From left to right the figure shows isotropic, nematic, smectic A and crystalline
phases.

can be quantified via the director �̂� which is the eigenvector corresponding to the
largest eigenvalue of the symmetric and traceless tensor

𝑄𝑖𝑗 =
1

𝑁

∑︁

𝛼=1

𝑁

(︂

𝑑𝛼𝑖 𝑑
𝛼
𝑗 − 1

3
𝛿𝑖𝑗

)︂

, (2.1)

where 𝑁 is the number of particles, the unit vector 𝑑α points along the long-axis of
molecule 𝛼, and 𝑖 and 𝑗 denote the Cartesian coordinates 𝑥, 𝑦 and 𝑧 [1, 4].

For uniaxial molecules we can calculate the nematic order parameter 𝑆 from the
angle 𝜃𝛼 between molecule 𝛼 and the preferred direction �̂� via

𝑆 =
1

2
⟨3𝑐𝑜𝑠2(𝜃𝛼 − 1)⟩ = 1

2
⟨3(𝑑α · �̂�)2 − 1⟩, (2.2)

which can take on values between −0.5 and 1; 𝑆 = 1 signifies perfect alignment of
all molecules while 𝑆 = 0 indicates isotropy. The special case 𝑆 = −0.5 arises if all
molecules are oriented perpendicular to the director �̂� [4].

Smectic Phases

Smectic (Sm) phases are characterized by orientational and positional order. Typi-
cally, the nematic order parameter 𝑆, defined in Eq. (2.1), of Sm phases is 𝑆 > 0.8.
The molecules are arranged in so called Sm layers where the molecule centers show
one-dimensional translational correlation orthogonal to these layers. Different Sm
phases can be distinguished depending on positional ordering within the layers and
the angle 𝜑𝑙 between the layer normal �̂� and the director �̂�. Smectic A (SmA)
and Smectic C (SmC) show no positional order within the layers, while other Sm
phases, e. g. Smectic B (SmB), do show positional order within the layers. In SmA
and SmB 𝜑𝑙 is close to zero; however, SmC molecules are tilted with respect to �̂�,
see Fig. 2.2 [2].
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2. Theoretical Concepts 15

FIG. 2.2.: The left panel shows a 2D illustration of a smectic A phase, where the layer normal
𝑙 is parallel to the director �̂�. On the right side the director �̂� is tilted by angle 𝜑l

with respect to the layer normal 𝑙, constituting a smectic C phase.

Cholesteric Phases

Locally, cholesteric (Ch) phases show nematic order with no positional order, how-
ever, this preferred direction (director �̂�) varies in space along the so-called choles-
teric axis giving rise to a helical structure. Thus, Ch phases can be imagined as N
phases that are twisted against each other [2]. See Fig. 2.3(a) to obtain a better
picture of this phase.

(a) cholesteric (b) columnar

FIG. 2.3.: The left panel (a) shows a cholesteric phase, the right panel (b) presents a typical
columnar phase of discotic molecules.
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16 2.2. Ionic Liquid Crystals (ILC)

Columnar Phases

In columnar (C) phases we observe two-dimensional long-range positional order. C
phases are usually depicted as stacks of discotic molecules similar to Fig. 2.3(b), al-
though this shape is not a prerequisite for the emergence of columnar phases [1, 2].

2.2. Ionic Liquid Crystals (ILC)

Ionic liquid crystals (ILC) are LCs that carry charges and, therefore, combine prop-
erties of ionic liquids (ILs) and LCs [5].

2.2.1. Properties

ILCs are characterized by a very low vapor pressure and, for that reason, are suitable
alternatives to more volatile organic solvents, such as electrolytes in solar cells.
Due to the presence of charges, ILCs are susceptible to electric and magnetic fields,
which has to be accounted for in the theoretical description (see chapter 3) and can
be taken advantage of when controlling such effects. A further attractive feature
of ILCs is the high ion conductivity that may arise in certain spatial dimensions,
depending on mesophase. While the conductivity of columnar phases is restricted to
one dimension (parallel to the columns), Sm phases exhibit high conductivity in two
dimensions (namely perpendicular to the layer normal) [3, 5].

2.2.2. Applications of ILCs

The existing and envisioned applications of ILCs are manifold, including adaptive
ion-conductive materials, dye-sensitized solar cells (DSSC), electrochromic materi-
als and photoluminescent soft materials [6].

The following brief overview of these applications closely follows Ref. [6]:

∙ Ion-conductive materials consisting of ILCs could be used for molecular
electronics or fuel cells, where the mobile ions carry the charges and, due
to anisotropic properties, conductivity is direction dependent in one or two
dimensions according to the mesophase of the material.

∙ Due to their superior conductivity ILCs might be an alternative to ionic
liquids (IL) for replacing organic solvent electrolytes in dye-sensitized solar
cells (DSSC). Leakage and evaporation of these organic solvents reduce the
lifetime of DSSCs, therefore, stable ILs or ILCs are promising alternatives.
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2. Theoretical Concepts 17

∙ The color of electrochromic materials depends on an applied potential.
Kato et al. introduce electrochromic properties of ILCs in Ref. [7].

∙ Because of the high mobility of the charge carrying ions, ILCs might be suit-
able candidates for photoluminescent soft materials such as organic light-
emitting diodes (OLEDs).
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3. Model

In this chapter we closely follow Refs. [3] and [8] in modeling Gay-Berne and
Coulomb interactions for ILC molecules. Furthermore, Lennard-Jones spheres are
utilized to guarantee repulsion at short distances.

3.1. Basic Concept

In principle, we treat ILC molecules as rigid prolate rotational ellipsoids that
carry positive charges and interact through pair potentials consisting of Gay-Berne,
Coulomb and Lennard-Jones interactions. The negative counter ions guaranteeing
electric neutrality of the system are taken into account via a continuous background,
thus screening the charges. Consequently, the Coulomb interactions between the
different entities are replaced by a screened Coulomb potential, i. e. a Yukawa
potential.

Each ILC molecule is modeled as an ellipsoid that may carry one or two point
charges and is filled by non-overlapping spheres guaranteeing the steric repulsion
of the molecules, see Fig. 3.1 for a simplified view.

FIG. 3.1.: Cross-sectional schematic of a Gay-Berne ellipsoid with Lennard-Jones spheres
(green) and carrying two point charges (red).
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20 3.2. Interaction Potentials

3.2. Interaction Potentials

3.2.1. Lennard-Jones potential

The Lennard-Jones (LJ) potential models the pairwise interaction of uncharged
spherical particles via

𝑈LJ(𝑟) = 4𝜖

[︂

(︁𝜎

𝑟

)︁12

−
(︁𝜎

𝑟

)︁6
]︂

, 𝑟 < 𝑟𝑐, (3.1)

with the well depth 𝜖, a root 𝜎 and cutoff radius 𝑟𝑐, i. e. the maximum interaction
range [9]. In this thesis we set 𝑟𝑐 = 𝑅𝑆, where 𝑅𝑆 is the sphere diameter, to approx-
imate hard spheres and prevent overlaps. Fig. 3.2 shows a standard LJ potential
(blue) and its truncated form with 𝑟𝑐 = 𝑅𝑆 (red).

0 1 2 3 4 5

r
12
[𝑅S ]

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

U
L
J
[a
rb

.u
.]

d < 𝑅S d = 𝑅S d > 𝑅S

rc = 1 𝑅S

rc = 3 𝑅S

FIG. 3.2.: Comparison of a standard LJ potential (blue curve) versus a LJ potential where the
cutoff radius 𝑟c equals the sphere diameter 𝑅S (red dashed curve), such that the
spheres only interact if they overlap. The solid circles illustrate the relative position
of the spheres, where 𝑅S is the sphere diameter. The transparent spheres illustrate
the cutoff 𝑟c, i. e. the interaction range with respect to the sphere centers.
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3. Model 21

3.2.2. Gay-Berne potential

The Gay-Berne (GB) pair potential [10, 11] is a generalized LJ potential extended to
non-spherical particles; it is a function of the vector 𝑟12 between the particle centers
(centers of mass for non-symmetric, non-isotropic particles) and their respective
spatial orientations 𝜔1 and 𝜔2 with respect to a fixed spatial axis [9, 12, 13]. By
defining the interaction strength 𝜖 and the contact distance 𝜎 the GB potential can
be expressed as

𝑈GB(𝑟12,𝜔1,𝜔2) = 4𝜖(𝑟12,𝜔1,𝜔2) ×
[︃

(︂

1 +
|𝑟12|
𝑅

− 𝜎(𝑟12,𝜔1,𝜔2)

)︂−12

−
(︂

1 +
|𝑟12|
𝑅

− 𝜎(𝑟12,𝜔1,𝜔2)

)︂−6
]︃

,

(3.2)

𝜖(𝑟12,𝜔1,𝜔2) = 𝜖0
(︀

1− (𝜒𝜔1 · 𝜔2)
2
)︀− ν

2 ×
[︂

1− 𝜒′

2

(︂

(𝑟12 · 𝜔1 + 𝑟12 · 𝜔2)
2

1 + 𝜒′𝜔1 · 𝜔2

+
(𝑟12 · 𝜔1 − 𝑟12 · 𝜔2)

2

1− 𝜒′𝜔1 · 𝜔2

)︂]︂

,

(3.3)

𝜎(𝑟12,𝜔1,𝜔2) =

[︂

1− 𝜒

2

(︂

(𝑟12 · 𝜔1 + 𝑟12 · 𝜔2)
2

1 + 𝜒𝜔1 · 𝜔2

+
(𝑟12 · 𝜔1 − 𝑟12 · 𝜔2)

2

1− 𝜒𝜔1 · 𝜔2

)︂]︂− 1
2

.

(3.4)

Here 𝜖0 sets the energy scale of the pair interaction, the functions 𝜒 and 𝜒′ involve
the well depths 𝜖𝑅 (side-by-side) and 𝜖𝐿 (end-to-end) and the diameters 𝐿 (long
axis) and 𝑅 (short axis) of the ellipsoid. Fig. 3.3 shows a pair schematic and the
GB potential for different relative orientations. The empirical exponents 𝜇 and 𝜈
are fixed as 𝜇 = 2 and 𝜈 = 1 according to [3]. These auxiliary functions are defined
as

𝜒(𝐿,𝑅) =
(𝐿/𝑅)2 − 1

(𝐿/𝑅)2 + 1
, 𝜒′(𝜖𝑅, 𝜖𝐿) =

(𝜖𝑅/𝜖𝐿)
1
µ − 1

(𝜖𝑅/𝜖𝐿)
1
µ + 1

. (3.5)
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22 3.2. Interaction Potentials

𝐿
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FIG. 3.3.: The left panel shows two rigid ellipsoids representing ILC molecules with center-to-
center vector 𝑟12 and orientations 𝜔1 and 𝜔2. The right panel displays the resulting
pair potential for three typical configurations of the molecules with parameters
𝐿/𝑅 = 4, 𝜖R/𝜖L = 3 and 𝜇/𝜈 = 2 (see text).

3.2.3. Yukawa potential

When investigating ILCs the Coulomb interaction between charges has to be con-
sidered. The much smaller counterions are modeled as a continuous background,
thus screening the charges of the ILCs. Placing charges 𝑞 along the long axis of
each ellipsoid in opposite directions at a distance 𝐷 from the center, the Yukawa
interaction between these charges reads

𝑈Y(𝑟12,𝜔1,𝜔2) = 𝛾

⎡

⎣

exp
(︁

− |r12+𝐷(ω1+ω2)|
𝜆db

)︁

|𝑟12 +𝐷(𝜔1 + 𝜔2)|
+

exp
(︁

− |r12+𝐷(ω1−ω2)|
𝜆db

)︁

|𝑟12 +𝐷(𝜔1 − 𝜔2)|

+
exp

(︁

− |r12−𝐷(ω1+ω2)|
𝜆db

)︁

|𝑟12 −𝐷(𝜔1 + 𝜔2)|
+

exp
(︁

− |r12−𝐷(ω1−ω2)|
𝜆db

)︁

|𝑟12 −𝐷(𝜔1 − 𝜔2)|

⎤

⎦ ,

(3.6)
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3. Model 23

with the electrostatic energy scale 𝛾=𝑞2/(4𝜋𝜀), permittivity 𝜀 and the Debye screen-
ing length

𝜆db =

√︃

𝑘𝑇

𝑞2𝜌𝑐
. (3.7)

With respect to 𝛾 we define the unit charge 𝑞0 =
√
4𝜋𝜀𝛾; all charge values in this

work are given in units of 𝑞0 if not explicitly stated otherwise. As we are investigating
possible ground states at temperature 𝑇 = 0 𝐾, 𝜆db can not be solely calculated
from system parameters. We follow [3] and define 𝜆(𝑞=1)

db = 5. The screening lengths
for different charge values are calculated by applying the factor 1/𝑞. Furthermore,
we introduce the total charge of one ellipsoid as 𝑄 = 2𝑞.

Within this thesis all charges 𝑞 are positive and result in a purely repulsive interac-
tion. The interactions between charges within the same ellipsoid are not taken into
account, the ellipsoids are rigid.

3.3. Total Pair Potential

The sum of the Gay-Berne, the Yukawa and the Lennard-Jones potentials leads to
the total pair potential

𝑈(𝑟12,𝜔1,𝜔2) = 𝑈GB(𝑟12,𝜔1,𝜔2) + 𝑈Y(𝑟12,𝜔1,𝜔2) + 𝑈LJ(𝑟12,𝜔1,𝜔2), (3.8)

as shown in Fig. 3.4.

Fig. 3.5 shows in contour plots a comparison of the total pair potential as the
charges 𝑞 and their positions vary. Their effect is clearly noticeable beyond the
range of the short-range GB interaction.

Fig. 3.6 shows the effect of the relative orientation of the ellipsoids on the total
pair potential. The blue ellipsoid is fixed, the orientation of the green ellipsoid is
varied in space. Without the LJ-interaction low-energy areas appear in the middle
of the contour plots for significant overlaps (shown in row one), thus motivating
the inscription of LJ-spheres to suppress such configurations. The addition of LJ-
spheres with 𝑟𝑐 = 𝑅𝑆 (cutoff radius 𝑟𝑐, sphere radius 𝑅𝑆) within the ellipsoids leads
to the interaction energies shown in row two and guarantees that all overlaps are
energetically unfavorable.
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24 3.3. Total Pair Potential
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FIG. 3.4.: The left panel shows two rigid ellipsoids representing ILC molecules with center-
to-center distance 𝑟12, orientations 𝜔1, 𝜔2 and charges on the long axis. The right
panel displays the resulting total pair potential (see Eq. (3.8)) for this configuration
with parameters 𝐿/𝑅 = 4, 𝐷 = ±1.8 𝑅, 𝜖R/𝜖L = 3, 𝜇/𝜈 = 2, 𝛾/(𝑅𝜀0) = 0.045,

𝑞 = 2 and 𝜆
(q=2)
db = 2.5 𝑅.
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3. Model 25
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FIG. 3.5.: Comparison of the total pair potential of two ellipsoids in a contour plot, depending
on the total charge 𝑄 and the position of the charges. In row one the charges are
located at the tips of the ellipsoids (𝐷 = ±1.8 𝑅), while in the second row they are
midway from the center (𝐷 = ±0.9 𝑅) and in row three one charge is placed at the
ellipsoid center. In the case of two charges each carries 𝑄/2. One ellipsoid is fixed
at the center and the position of the other ellipsoid varies on the x-z-plane. The
angle between the long-axes of the ellipsoids is 𝜋/8. The energies exceed 𝑈 = 1 by
orders of magnitude, but are truncated in this figure to outline the behavior at the
ellipsoid margins and the effect of the charges.

Parameters: 𝜖R/𝜖L = 3, 𝐿/𝑅 = 4, 𝛾/(𝑅𝜀0) = 0.25, 𝜆
(Q=2)
db = 2.5 𝑅 and 𝜆

(Q=4)
db =

1.25 𝑅.
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26 3.4. Lattice
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FIG. 3.6.: Comparison of the total pair potential between two ellipsoids without LJ-spheres
with respect to the center-to-center distance 𝑟12 (1 𝑅, 1.5 𝑅 and 2 𝑅 from left to
right) and their relative orientation. The first row shows contour plots for the pair
potential without LJ spheres, the contour plots in the second row show the total
pair potential. The orientation of the blue ellipsoid is fixed while the green ellipsoid
rotates along the spatial angles 𝜑 and 𝜃. The energies go orders of magnitude beyond
50, but are truncated in this figure to outline the behaviour at the ellipsoid margins.

Parameters: 𝜖R/𝜖L = 3, 𝐿/𝑅 = 4, 𝛾/(𝑅𝜀0) = 0.25, 𝑞 = 2 and 𝜆
(q=2)
db = 2.5 𝑅. Two

charges are positioned at the ellipsoid tips at a distance 𝐷 = ±1.8 𝑅 from the
center.

3.4. Lattice

We define a three-dimensional unit-cell V = (𝑎, 𝑏, 𝑐) with 𝑎 = (𝑎x, 𝑎𝑦, 𝑎z), 𝑏 =
(0, 𝑏𝑦, 𝑏z), 𝑐 = (0, 0, 𝑐z) and the volume 𝑉 = 𝑎x𝑏𝑦𝑐z. The vector elements 𝑎𝑦, 𝑎z,
and 𝑏z encode the relative tilts of the base vectors with respect to the Cartesian
axes. Periodic continuation in all three spatial dimensions gives rise to the lat-
tice

𝒢 = 𝒢(𝑅𝑁 ,𝑃𝑁 ,V) = {𝑅𝑁 ,𝑃𝑁 ,V}, (3.9)

with number of molecules 𝑁 in the unit-cell, center-of-mass (COM) position 𝑅 and
orientation 𝑃 of each molecule.
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3. Model 27

3.5. Parameter Space of the Model

Table 3.1 contains a comprehensive, but not exhaustive, list of parameters that
can be varied. The dimension of the parameter space of the model is rather large.
Thus the full range of parameters cannot be fully investigated within this the-
sis.

Parameter Description

𝑁 Number of particles in the unit-cell.
𝜂0 Packing fraction, i. e. volume 𝑉𝑒 occupied by ellipsoids divided

by the total available volume. 𝑉𝑒 = (4/3)𝜋𝐿𝑅𝑅.

𝐷 Distance along long-axis between ellipsoid center and charges.
𝑅 Ellipsoid width along short-axis.
𝐿/𝑅 Ellipsoid length-to-width ratio, i. e. aspect ratio 𝜅.

𝜖𝑅 Side-by-side GB potential well depth.
𝜖𝐿 End-to-end GB potential well depth.
𝜇, 𝜈 Empirical exponents related to 𝜖(𝑟12,𝜔1,𝜔2) (Eq. (3.3), Eq. (3.5)).

𝑁𝑞 Number of point charges per ellipsoid.
𝑞𝑖 Strength of the point charges.
𝜆db Debye screening length (screening due to counterions).

{𝑎, 𝑏, 𝑐} Default base vectors (lengths, tilts and bounds) as a starting bias
for the optimization.

Tab. 3.1.: Parameters that characterize the system under investigation.

3.5.1. Limitations

A scan over the total parameter space would quickly pass beyond any computational
possibilities. Alternatively, an investigation on a wide mesh of parameters is not
a promising strategy either ("stabs in the dark"). For these reasons, it is more
appropriate to fix a few parameters, inspired by the configurations and related
results presented in Ref. [3] or gathered from preliminary calculations of smaller
systems. Table 3.2 shows the fixed parameter values.
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28 3.5. Parameter Space of the Model

Parameter Value

Charge count 𝑁𝑞 2
Ellipsoid short axis 𝑅 1
Ellipsoid long axis 𝐿 4
Well depth end-to-end 𝜖𝐿 1
Exponent 𝜇 2
Exponent 𝜈 1

Tab. 3.2.: Fixed values of model parameters to reduce the complexity of the parameter space.

3.5.2. Impact of Parameters

In an effort to better understand the impact of the different model parameters we
investigate their influence on the system behavior. From these findings we then
identify promising parameter combinations and/or ranges of values, for which we
perform more focused parameter scans.

Default base vectors and bounds (V = (𝑎, 𝑏, 𝑐))

The default unit-cell base and, more so, the associated bounds influence the avail-
able lattice configurations. If, for instance, strong tilts are suppressed, very flat
unit-cells are not accessible for the algorithm introduced in chapter 4. On the
other hand, strong tilts and extreme bounds (e. g. the possibility of very flat
unit-cells), negatively affect the stability of the energy calculations in LAMMPS
(see 4.3.2).

Number of particles (𝑁)

The number of particles per unit-cell determines the dimension of the phase space
and limits the possible configuration patterns. In principle, a higher particle number
allows for more complex configurations but also severely impairs the calculation
time (see chapter 5).

Charge related quantities (𝑁q, 𝑞i, 𝜆db, 𝐷)

The different parameters related to the charges directly influence the total pair po-
tential. To reduce the complexity of the parameter space we set 𝑁𝑞 = 2 following [3]
and, moreover, only use identical charges. The charge position denoted by distance
𝐷 is varied from the ILC molecules tips to their center, where the two charges are
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3. Model 29
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FIG. 3.7.: Comparison of the total pair potential for three archetypical ellipsoid configurations
with respect to different charge strengths 𝑞. The charges are placed at 𝐷 = ±1.8 𝑅.

replaced by one charge with 𝑄 = 2𝑞. In parameter scans we investigate the influence
of different charge strengths 𝑞𝑖 = 𝑞 on the total pair potential.

In Fig. 3.7 we compare the total pair potential calculated for different values of 𝑞
and corresponding screening lengths 𝜆db (see Eq. (3.7)) with all other parameters
unchanged. While the side-by-side configuration remains the energy minimum, the
‘T’-form takes precedence over an end-to-end formation for higher charges. Fig. 3.8
illustrates the effect of charge position 𝐷 on the total pair potential; we notice that
the ‘T’-form is unaffected by the charge position.

Packing fraction (𝜂0)

The packing fraction 𝜂0 is an important model parameter since it defines the avail-
able space within the unit-cell. With constant ellipsoid volume 𝑉𝑒 = (4/3)𝜋𝐿𝑅𝑅
the unit-cell volume 𝑉 is given by

𝑉 =
𝑁𝑉𝑒

𝜂0
. (3.10)
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30 3.5. Parameter Space of the Model
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FIG. 3.8.: Comparison of the total pair potential for three charge positions. Two charges are
placed at 𝐷 = ±1.8 𝑅, 𝐷 = ±0.9 𝑅 and 𝐷 = 0 𝑅 respectively. At 𝐷 = 0 𝑅 the two
charges are replaced by one charge with 𝑄 = 2𝑞.

Gay-Berne parameters (𝜖R, 𝜖L, 𝜇, 𝜈)

The ratio between the side-by-side well depth 𝜖𝑅 and its end-to-end counterpart 𝜖𝐿
directly influences the GB pair potential. Following [3] we set 𝜖𝑅/𝜖𝐿 = 3 for the ma-
jority of calculations. For 𝜇 and 𝜈 we have chosen 𝜇 = 2 and 𝜈 = 1.

In Fig. 3.9 we compare the influence of 𝜖𝑅/𝜖𝐿 on the total pair potential (for sim-
plicity 𝑞 = 0).
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3. Model 31
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FIG. 3.9.: Comparison of the total pair potential for three archetypical ellipsoid configurations
as 𝜖R is varied and setting 𝜖L = 1. Noticeably, the end-to-end configuration is
insensitive to 𝜖R/𝜖L. The values of the charges have been set to zero.
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4. Numerical Methods

In order to investigate the global minimum of the internal energy 𝑈 , i. e. the
sum over the pair interactions characterized in Eq. (3.8), and thus identify ordered
ground states of the system described in chapter 3, we introduce a so-called memetic
search algorithm (MA) [14]. MAs incorporate local steepest gradient descent opti-
mization (LG) [15, 16] into evolutionary search strategies (EA) [14], i. e. mutation
and selection mimicking the process of biological evolution. The inclusion of LG
significantly improves the convergence rate of the algorithm. Subsequently, we de-
fine order parameters that allow us to quantify and to distinguish qualitatively
different configurations in a computationally useful manner. Finally, we outline our
computational implementation and limitations thereof [17].

Appendix A of the thesis contains definitions of the key terminology that is intro-
duced in the following discussion.

4.1. Memetic Search Algorithm

An MA combines two strategies: evolutionary search and local optimization. In or-
der to utilize EAs specific points in phase space are represented as unique genomes.
With respect to Eq. (3.9) we define genomes via 𝒢𝑖 = {𝑅𝑁 ,𝑃𝑁 ,V}𝑖, where 𝑖 is one
specific composition and each 𝑃𝑗 (𝑗 = 1, . . . , 𝑁), is symmetrical when rotated by 𝜋.
Thus, each genome contains the COM positions of all molecules𝑅𝑁 in the unit-cell,
followed by all their respective orientations 𝑃𝑁 and, lastly, the lattice vectors V

which define the unit-cell (see Fig. 4.1). We refer to these genomes as ‘individuals’
or ‘lattice configurations’. The idea of EAs is based on biological evolution [18],
such that genetic information of different individuals (‘parents’) is mixed in order
to find a better solution to a given problem. When more suitable lattice configura-
tions (‘offspring’) arise, others have to be removed from the gene pool. Even though
the genome differentiates between positions and orientations, we restrict the algo-
rithm to treat molecules as a whole when performing evolutionary crossover moves.
Moreover, V is taken from one parent, i. e. the properties of the parents’ unit-cells
are not mixed.
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34 4.1. Memetic Search Algorithm

We closely follow Refs. [17, 19, 20] in detailing the MA. We utilize the same imple-
mentation as in Ref. [17].

FIG. 4.1.: Visual representation of a genome 𝒢i = {𝑅N ,𝑃N ,V}i for a unit-cell containing
𝑁 = 5 molecules, with positions 𝑅j , orientations 𝑃j and lattice base V = (𝑎, 𝑏, 𝑐).

To employ EAs we first generate a pool of individuals, either with random or prede-
fined properties, that constitute the initial population 𝒢𝑁p , where 𝑁𝑝 is the number
of individuals (‘pool size’). While it is possible to increase or reduce the population
size, 𝑁𝑝 is typically kept constant. The individuals within the population are or-
dered according to their respective internal energy 𝑈 . These high-quality individuals
constitute the so-called elite and are protected against extinction. The pool is sub-
ject to continuous changes as more suitable or diverse offspring replace others. The
rules and conditions regarding replacement are detailed below.

The following iterative steps regarding offspring creation and evaluation can be
performed by multiple parallel processes, i. e. workers, and their results consolidated
by a main process that manages population changes. Each iteration either produces
a new lattice configuration or tries to improve an existing genome. These results
are either inserted into the population or rejected and discarded. Every change in
the pool composition constitutes a new generation; in this context ‘generation’ does
not correspond to the familiar biological meaning [21]. The flowcharts in Fig. 4.2
and Fig. 4.4 depict the iterative process.

I. Create offspring
The creation of offspring takes place in parallel as every worker is instructed
to generate new and/or improved lattice configurations. Each worker employs
the procedure shown in Fig. 4.4.

1. Choose parents

One or more individuals are randomly selected from the population to
become the parents of offspring 𝒢off. The choice may either be completely
random or can be biased to favor the best individuals (‘elite population’
or ‘elite’) to a certain degree by performing ‘roulette wheel’-selection, i. e.
the selection probability is proportional to the fitness (see step II.2) [22].
The proportion of elite individuals within a population can be specified.
With a certain given probability only one parent is chosen such that
𝒢off = 𝒢𝑖; in that case the algorithm continuous with step I.3 ‘random
mutation’.
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yes

continue?yes

end

no

FIG. 4.2.: Flowchart showing one iteration step within the memetic evolution. The sub-
processes ‘create offspring’ and ‘evaluate offspring’ (both highlighted in yellow) are
carried out in parallel by all available workers, each producing offspring as shown
in Fig. 4.4. Each new offspring is accepted or rejected depending on its fitness and
available niches.

2. Crossover

The parents are labeled as 𝒢𝑖 and 𝒢𝑗 according to Eq. (3.9) and their
genomes are combined via a cut-and-splice variant of a crossover move
as depicted in Fig. 4.3. The parent genomes are separated at random
positions and a selection of genes is glued together to form a new genome.
This results in a new lattice configuration, the offspring 𝒢off = 𝒢𝑖⊕𝑗, with
properties of both parents. We present a specific example in Fig. 4.3 that
contains 𝑁 = 5 molecules, where the offspring inherits the lattice base
V and molecules (𝑅1,𝑃1) and (𝑅2,𝑃2) from parent one, while its other
three molecules stem from parent two.

3. Random mutation

The offspring 𝒢off is subjected to random mutation moves, with pre-
set probabilities and within suitable numerical boundaries. The goal is
to reach disconnected regions of phase space and, thereby, prevent pre-
mature convergence to local extrema. These moves include translation
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36 4.1. Memetic Search Algorithm

FIG. 4.3.: Visual representation of the genomes of individuals involved in a crossover move.
The unit-cell contains 𝑁 = 5 molecules, with positions 𝑅j , orientations 𝑃j and
lattice base V = (𝑎, 𝑏, 𝑐).

and rotation of single molecules, changes to the lattice base V and also
swapping of pairs of molecules. The number of molecules 𝑁 , the unit-
cell volume 𝑉 and thus the packing fraction 𝜂0 (see Table 3.1) are kept
constant. Additional types of moves may be included, as long as their
effects and potentially emerging biases are taken into account.

II. Evaluate offspring
In this next step we decide if the newly created and/or optimized offspring 𝒢off
is a suitable candidate for entering the population 𝒢𝑁p . In principle, the goal
is to accept those offspring with the lowest internal energy 𝑈 , however, the
population has to be diverse enough to avoid getting stuck in local minima.
Thus, two independent features are taken into account: fitness and so-called
‘nichening’; both of these are introduced below.

1. Local optimization

Each new or changed configuration is subjected to local optimization
of the internal energy 𝑈 via the gradient-descent algorithm L-BFGS-B
included in the python scipy package. The algorithm iteratively moves
from the candidate solution along a gradient to neighboring solutions
until either a local convergence is reached or a given number of maximum
steps is exhausted. In order to increase the convergence rate of the local
optimization we additionally perform ‘basin-dropping’ (BD) steps, i. e.
small randommoves that are only accepted if they lead to a lower internal
energy 𝑈 . The sequence of alternating L-BFGS-B and BD optimization
is performed multiple times to further improve the convergence rate [23].

2. Check fitness

To quantify the fitness, i. e. the quality of individuals, we define the
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choose
parents

begin
cross or
mutate

crossover

cross

random
mutation

mutate

end

FIG. 4.4.: This flowchart depicts the subprocess of offspring creation. Either two parents are
chosen and their properties combined via a crossover move or, alternatively, a single
individual is selected. Subsequently, random mutation moves are performed in order
to possibly improve the internal energy 𝑈 .

fitness function [19, 20]

𝐹 (𝑈) = exp

(︂

−𝑠
𝑈 − 𝑈min

𝑈max − 𝑈min

)︂

, (4.1)

where 𝑈min and 𝑈max are the minimum and maximum internal energies
of the current population. 𝐹 (𝑈) is a monotonic function defined on the
interval 0 ≤ 𝐹 (𝑈) ≤ 𝐹 (𝑈min). 𝑠 is the so-called selection parameter that
influences the reproduction rate of individuals and is usually set to 𝑠 = 3.

3. Check available niches

In order to guarantee genetic diversity of the population 𝒢𝑁p the al-
gorithm checks the availability of two kinds of niches, i. e. sufficiently
different points in feature space, before accepting a candidate 𝒢off. The
first criterion is the availability of a ‘feature-niche’ (or ‘footprint-niche’).
Every individual 𝒢𝑖 within the population has a unique feature vector
𝑓𝑖 that consists of different order parameters, e. g. the nematic order
parameter 𝑆 (Eq. (2.1)), which are introduced in section 4.2. If the foot-
print 𝑓j of the candidate 𝒢off is too close to any 𝑓𝑖 within the population
(with respect to the Euclidean distance in feature space ∆𝑖𝑗 = |𝑓𝑖−𝑓𝑗|),
the feature-niche is counted as occupied.
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38 4.2. Order parameters (OP)

If no feature-niche is available, the difference of the internal energy of
𝒢off with respect to the internal energy of all current individuals within
𝒢𝑁p is taken into account. Again, the niche counts as occupied, if the
value of 𝑈(𝒢off) is too close to the value of any 𝑈(𝒢𝑖).

The candidate offspring 𝒢off is inserted into the population if either a
feature-niche is available or, in case of an occupied feature-niche, an
energy-niche is identified. Otherwise, 𝒢off is rejected.

III. Reject offspring
If either the fitness of 𝒢off is too low or the appropriate niches are already
occupied within the given parameters, 𝒢off is rejected and the population 𝒢𝑁p

remains unchanged.

IV. Update population
If 𝒢off results from the random mutation of a single individual and performs
better in terms of internal energy, the original lattice configuration is updated.

For a newly created 𝒢off that is deemed suitable for entering into the popu-
lation 𝒢𝑁p , the algorithm has to decide which individual has to be replaced.
The probability 𝑝(𝑈𝑖) for a non-elite individual 𝒢𝑖 to be replaced depends on
the fitness function 𝐹 (𝑈𝑖) and the selection parameter 𝑠 and is given by

𝑝(𝑈𝑖) = exp [−𝑠𝐹 (𝑈𝑖)]

(︃

𝑁p
∑︁

𝑗=1

exp [−𝑠𝐹 (𝑈𝑖)]

)︃−1

, (4.2)

which means that individuals with lower fitness are more likely to be replaced.

4.2. Order parameters (OP)

In order to classify all 𝒢𝑖 with respect to their structural properties, we define the
feature vector (or footprint vector)

𝑓𝑖 = (𝑓1, .., 𝑓𝑁O), (4.3)

where 𝑁O is the total number of order parameters (OP) and each 𝑓𝑖 represents the
evaluation of one OP. To ensure that the Euclidean distance in feature space ∆𝑖𝑗 =
|𝑓𝑖−𝑓𝑗| represents a meaningful number, each component 𝑓𝑖 receives an appropriate
weight 𝑤𝑖 to account for different parameter ranges and values.
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4. Numerical Methods 39

Nematic order parameter 𝑆

The nematic order parameter 𝑆 (see Eq. (2.1)) can assume values between −0.5
and 1; 𝑆 = 1 signifies perfect alignment of all molecules while 𝑆 = 0 indicates
isotropy.

Relative director angle 𝜉

The relative director angle 𝜉 is calculated between the director �̂� and the 𝑥-axis
�̂� = (1, 0, 0) and can assume values between 0 and 𝜋.

Average distance between COMs

The average distance between the molecule COMs within the unit-cell gives the
algorithm the ability to distinguish between different particle arrangements, i. e. to
classify how evenly the particles are distributed within the unit-cell.

Total lattice base tilts

This parameter is an indicator for the degree of deformation of the lattice base V =
(𝑎, 𝑏, 𝑐) in comparison to a cuboid unit-cell; this is given by

𝑡 = 𝑏x + 𝑐x + 𝑐𝑦. (4.4)

Orientational order parameter 𝛽

The value of 𝛽 is an alternative indicator for orientational order, calculated by
considering the orientations �̂�𝑖 of nearest neighbors that are identified via Voronoi
construction; it is given by

𝛽 =
1

𝑁

𝑁
∑︁

𝑖=1

1
∑︀

𝑗∈𝒩i
𝑙𝑖𝑗

∑︁

𝑗∈𝒩i

𝑙𝑖𝑗|�̂�𝑖 · �̂�𝑗|, (4.5)

where 𝑁 is the number of molecules in the unit-cell, 𝒩𝑖 is the number of Voronoi
nearest neighbors of molecule 𝑖 and 𝑙𝑖𝑗 is the Voronoi polyhedron surface area sep-
arating neighbors 𝑖 and 𝑗 [19].

The Voronoi 3D algorithm is implemented in scipy. In principle, a polyhedron
is constructed around each particle position within the unit-cell, such that all
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40 4.3. Implementation

positions within the polyhedron are closer to that particle position than to any
other particle center on the lattice, i. e. the periodic continuation of the unit-cell.
The polyhedra are space-filling; nearest neighbors share one polyhedron surface
[19].

Positional and orientational order parameter 𝛼

The combination of positional and orientational order can be quantified via

𝛼 =
1

2𝑁

𝑁
∑︁

𝑖=1

1
∑︀

𝑗∈𝒩i
𝑙𝑖𝑗

∑︁

𝑗∈𝒩i

𝑙𝑖𝑗|(�̂�𝑖 · 𝑟𝑖𝑗)2 + (�̂�𝑗 · 𝑟𝑖𝑗)2|, (4.6)

where 𝑟𝑖𝑗 is the unit vector between the COMs of molecules 𝑖 and 𝑗, with their
respective unit orientations �̂�𝑖 and �̂�𝑗. 𝛼 is also included in the Atuin pack-
age [19].

4.3. Implementation

Within this thesis we contributed to the Python 3 framework ‘A totally use-
ful wrapper in evolutionary numerics’ (Atuin) of Ref. [17]; this work implements
an MA as introduced in section 4.1 and provides interfaces to the ‘Large-scale
Atomic/Molecular Massively Parallel Simulator’ (LAMMPS) [24] for energy calcu-
lations of soft matter systems or solid-state materials utilizing various customizable
potentials.

4.3.1. Memetic Algorithm Framework: Atuin

The Atuin framework implements an algorithm as described in section 4.1, offers
modular building blocks (e. g. GB ellipsoids, LJ spheres, point charges) and wraps
the communication with LAMMPS.

The execution of the MA for one specific initial configuration is called a ‘run’.
The results are stored as generations of pools that can be evaluated individually.
Runs can be continuations of any previous results, i. e. we are able to resume the
calculation for any population; with or without changes to the model or system
parameters. Thus, we are able to investigate the effect of parameter variation on,
for instance, specific equilibrium states. The model parameters are introduced in
Table 3.1; the system parameters include the probabilities for specific types of
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random moves, the number of parallel processes, algorithm specific parameters,
LAMMPS settings and more [17, 25].

All model and system parameters, i. e. molecule models, LAMMPS specifics and
MA parameters, are defined in YAML (‘YAML Ain’t Markup Language’) format.
This makes all configurations highly modular and reusable [26].

Extra features

In order to overcome particular challenges related to the model and the optimization
task at hand, we implement the following features:

I. Ramp compression
To better be able to handle overlaps caused by the asphericity of the ellipsoids,
we perform so-called ramp compression moves with a certain probability when
combining the genomes of two individuals via a crossover move. These moves
help us to prevent significant molecule overlap that the LG would not, or only
with great numerical effort, be able to resolve.

The ramp compression works as follows:

Before placing the molecules on the lattice, the unit-cell volume is inflated
by a given value, reducing the packing fraction to 𝜂*0, so that most potential
overlaps are avoided. Subsequently, the unit-cell volume is reduced incremen-
tally until the original packing fraction 𝜂0 is restored. After every volume
reduction the system is relaxed via a few restricted LG steps utilizing the
scipy gradient-descent algorithm L-BFGS-B. The optimization steps are re-
stricted, so that the side-length ratio and tilts of the lattice vectors V remain
unchanged and no molecule swaps occur.

With this method the rejection rate of crossover offspring due to overlaps
is reduced significantly (see Fig. 4.5 for a comparison). Fig. 4.5(b) illustrates
why the LG cannot resolve the overlap, as the red ellipsoid is completely stuck
in its position.

II. Pool injection
To test elite individuals of various runs against other populations we employ
pool injection, i. e. at the start of a run one or more individuals from one
or multiple pools are injected into the current population. This is especially
useful to consolidate interim results from independent runs or to introduce a
certain bias into a population.
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42 4.3. Implementation

(a) crossover (b) periodic continuation (c) ramped

FIG. 4.5.: Panel (a) shows offspring 𝒢cross where the red ellipsoid was added in and overlaps
significantly. The periodic continuation of 𝒢cross in panel (b) illustrates why the LG
is not able to resolve this situation, as the red ellipsoid is completely stuck in its
position. Panel (c) depicts an offspring 𝒢ramp with the same original genetic makeup
after undergoing a ramp compression relaxation.

III. Orientation snap moves
In addition to the standard BD moves (positional, orientational, lattice vec-
tors and swaps) we introduce ‘orientation snap moves’, which with a certain
probability change the orientation of single molecules to align them either in
parallel or perpendicularly with respect to the director �̂�. Snap moves intro-
duce a strong bias into the population and the emergence of smectic phases
is greatly accelerated; thus, their application should be limited.

4.3.2. Energy Kernel: LAMMPS

The ‘Large-scale Atomic/Molecular Massively Parallel Simulator’ (LAMMPS) is
an open source software package for efficient, parallel, classical molecular dynamics
(MD) simulation published under the GNU Public License [24, 25].

In this work we use LAMMPS only as an energy kernel, i. e. every calculation of the
total pair potential 𝑈(𝑟12,𝜔1,𝜔2) is performed in LAMMPS, and do not employ its
MD capabilities. All energy contributions to the total pair potential are evaluated
via direct lattice summation techniques; the interactions are cut off at certain prede-
fined distances, which guarantee a preset numerical accuracy.

LAMMPS also calculates the forces and torques on the molecule COMs. From these
data points Atuin computes the gradient for local optimization.
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5. Results

In this chapter we present and classify the meaningful results of the calculations that
were performed using the algorithm described in chapter 4. We apply these memetic
search strategies to different parameter configurations to investigate the behavior
of ILC systems based on the model introduced in chapter 3 at zero temperature.
We calculate the energy and properties of resulting lattice configurations to better
understand the effect of various model parameters. The calculations are classified
into two categories: Biased evolution (BE) of predefined configurations and free
evolution (FE).

In this thesis - unless explicitly stated otherwise - all distances are given in units
of the ellipsoid diameter 𝑅 = 1 and all energies in terms of the energy scale of the
GB pair interaction 𝜖0 = 1, with ratio 𝛾/(𝑅𝜖0) = 0.045 for all calculations, where
𝛾=𝑞2/(4𝜋𝜀) characterizes the electrostatic energy scale with permittivity 𝜀. From
this we define 𝑞0 =

√
4𝜋𝜀𝛾 as the unit charge.

We employ the python scikit-learn implementation [27] of a DBSCAN (Density-
Based Spatial Clustering of Applications with Noise) algorithm [28] to identify
clusters of molecule COMs via unsupervised learning. This algorithm identifies
those points within a set that are closely packed with respect to two parameters:
𝜀-neighborhood and minimum number of points that constitute a cluster. If an ar-
bitrary point in the set has a minimum number of neighbors within a distance 𝜀, a
so-called cluster emerges. For any point that is found to be part of the cluster, the al-
gorithm iteratively adds all points from the set that are within its 𝜀-neighborhood.
By varying 𝜀 we identify layers and columns of the molecule COMs and, subse-
quently, calculate the normal distances between the clusters: layer spacing 𝑑𝑙 and
column spacing 𝑑𝑐. Additionally, we introduce the nearest neighbor COM distance
𝑑𝑐𝑐 within the clusters to measure how close to each other the molecule COMs are
aligned.

We introduce the following notation for ‘individuals’ or ‘lattice configurations’ re-
sulting from FE and BE, respectively:

BE: 𝒢𝐵(𝑁 = 𝑖, label = b) = 𝒢b
𝐵(𝑖),

FE: 𝒢𝐹 (𝑁 = 𝑖, 𝐷 = 𝑗, 𝑞 = 𝑘) = 𝒢𝑗|𝑘
𝐹 (𝑖),
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44 5.1. Results obtained from biased evolution (BE)

where the label in BE individuals corresponds to specific phases that are approxi-
mated, e. g. ‘A’ for the smectic A phase.

5.1. Results obtained from biased evolution (BE)

To perform a biased evolution (BE) search we include well defined lattice configura-
tions 𝒢b𝐵(𝑁) in the initial populations. In this context, 𝑁 is the number of molecules
in the unit-cell and 𝑏 is a label, e. g. ‘A’ for smectic A (SmA). With respect to the
wide smectic phases (SmAW) reported in Ref. [3], the bias individuals are variations
of SmA and SmAW phases.

5.1.1. Bias individuals

The initial BE individuals are prepared for particle numbers of 𝑁 ∈ {5, 10},
packing fraction 𝜂0 = 0.325, charge position 𝐷 = ±1.8 𝑅, charge 𝑞 = 1 and
screening length 𝜆

(𝑞=1)
db = 5 𝑅. The resulting lattice configurations can easily be

injected into any populations with the same number of particles in the unit-cell.
In Fig. 5.1 and Fig. 5.2 we show the predefined individuals that are introduced in
Table 5.1.

Label Description Figure

𝒢AB(5) Five densely packed molecules, aligned in parallel,
side-by-side in a narrow unit-cell.

Fig. 5.1(a)

𝒢AWB(5) Four densely packed molecules, aligned in paral-
lel, side-by-side in a narrow unit-cell; with a fifth
molecule perpendicular.

Fig. 5.1(b)

𝒢AB(10) Ten densely packed molecules, aligned in parallel,
in two rows of five in a narrow unit-cell.

Fig. 5.2(a)

𝒢xAWB(10) Seven to nine densely packed molecules, aligned in
parallel; with 𝑥 = 1 to 𝑥 = 3 molecules perpendic-
ular.

Fig. 5.2(b)

Tab. 5.1.: Predefined lattice configurations for biased evolution. Fig. 5.1 and Fig. 5.2 show the
unit-cells of these individuals.
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5. Results 45

(a) SmA (b) SmAW

FIG. 5.1.: Bias individuals for unit-cells of 𝑁 = 5 particles with packing fraction 𝜂0 = 0.325,

charge 𝑞 = 1, 𝜆
(q=1)
db = 5 𝑅 and charge position 𝐷 = ±1.8 𝑅. Panel (a) shows a

smectic A phase, while panel (b) is a representation of the wide smectic phase AW
presented in Ref. [3].

(a) SmA. (b) Variations of SmAW.

FIG. 5.2.: Bias individuals for unit-cells of 𝑁 = 10 particles with packing fraction 𝜂0 = 0.325,

charge 𝑞 = 1, 𝜆
(q=1)
db = 5 𝑅 and charge position 𝐷 = ±1.8 𝑅. Panel (a) shows a

smectic A phase, while panels (b) display representations of the wide smectic phase
AW presented in Ref. [3].
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46 5.1. Results obtained from biased evolution (BE)

5.1.2. Results

The best lattice configurations resulting from simulation runs of BE individuals
have two characteristic features in common:

∙ Lattice configurations based on an SmA phase do not show much change, i. e.
the resulting individuals are very similar to the original individuals;

∙ SmAW individuals transform into SmA-like configurations.

Taking the emerging energies per particle 𝑈/𝑁 (Fig. 5.3) and the corresponding
layer spacing 𝑑𝑙 (Fig. 5.4) into account, we find that all SmAW-like lattice configu-
rations eventually reach an SmA-like state. Thus, we conclude that SmAW lattice
configurations do not constitute global minima within the observed regions in pa-
rameter space. Fig. 5.5 shows the converged results for the lattice configurations
𝒢AWB(5) and 𝒢1AWB(10), respectively; all individuals listed in Table 5.1 eventually converge
towards very similar configurations. For an extended view of such configurations
see Fig. 5.6.

We repeated these calculations for various combinations of charge, charge position,
packing fraction and GB parameters, but were not able to identify a region in
parameter space with a different outcome regarding the dominance of SmA-like
lattice configurations over SmAW lattice configurations.

GA

B(5) GAW

B(5) GA

B(10) G1AW

B(10) G2AW

B(10) G3AW

B(10)

Individual

−7.815

−7.810

−7.805

−7.800

−7.795

−7.790

−7.785

U
/𝑁

[ǫ
0
]

𝑁 = 5

𝑁 = 10

FIG. 5.3.: The energy per particle 𝑈/𝑁 of the best configurations resulting from the individ-
uals presented in Table 5.1. These calculations where performed for 𝑁 ∈ {5, 10}
particles in the unit-cell with a packing fraction of 𝜂0 = 0.325, charge 𝑞 = 1, charge
position 𝐷 = ±1.8 𝑅, GB side-by-side well depth 𝜖R = 3 and screening length

𝜆
(q=1)
db = 5 𝑅.
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GA

B(5) GAW

B(5) GA

B(10) G1AW

B(10) G2AW

B(10) G3AW

B(10)

Individual

6.590

6.595

6.600

6.605

6.610

6.615

6.620
d
l
[𝑅

]

𝑁 = 5

𝑁 = 10

FIG. 5.4.: The layer spacing 𝑑l of the best configurations resulting from the individuals pre-
sented in Table 5.1. These calculations where performed for 𝑁 ∈ {5, 10} particles
in the unit-cell with a packing fraction of 𝜂0 = 0.325, charge 𝑞 = 1, charge position

𝐷 = ±1.8 𝑅, GB side-by-side well depth 𝜖R = 3 and screening length 𝜆
(q=1)
db = 5 𝑅.

(a) 𝒢AW
B(5). (b) 𝒢1AW

B(10).

FIG. 5.5.: All bias individuals introduced in Table 5.1 converge to slight variations of these
unit-cells. Panels (a) and (b) show the results of lattice configurations 𝒢AW

B(5) and

𝒢1AW
B(10), respectively.
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48 5.2. Results obtained from free evolution (FE)

FIG. 5.6.: Extended view of lattice configuration 𝒢A
B(5) (with layer spacing 𝑑l), which is repre-

sentative for all converged results of lattice configurations introduced in Table 5.1.

5.2. Results obtained from free evolution (FE)

For a free evolution (FE) search all individuals in the initial population are ran-
domized within given parameter limits. As listed in Table 3.2, we fix the aspect
ratio 𝜅 = 𝐿/𝑅 = 4, the charge count 𝑁𝑞 = 2, the end-to-end well depth 𝜖𝐿 = 1, the
GB exponents 𝜇 = 2 and 𝜈 = 1.

We employ an FE search on systems with unit-cells of 𝑁 ∈ {5, 7, 10, 12} particles;
the majority of calculations is performed for𝑁 = 5molecules, as such configurations
are computationally less expensive and numerically more stable and thus allow us
to investigate more regions within parameter space.
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5.2.1. General results

With respect to preliminary calculations performed for various parameter configu-
rations, we focus on 𝑁 = 5 particles in the unit-cell, a packing fraction 𝜂0 = 0.325
and GB side-by-side well depth 𝜖𝑅 = 3; we vary the charge 𝑞 and the charge position
𝐷 as listed in Table 5.2. Whenever the charge deviates from 𝑞 = 1, the screening
length has to be adjusted from its initial value of 𝜆db = 5 𝑅 via Eq. (3.7); for
example 𝑞 = 2 yields 𝜆(𝑞=2)

db = 2.5 𝑅.

Parameter Values

𝑞 {0, 1, 2, 3, 4}
𝐷 {0.0 𝑅, ±0.9 𝑅, ±1.8 𝑅}

Tab. 5.2.: The parameter ranges initially applied in an FE search.

For simplicity, we call charge position 𝐷 = 0.0 𝑅 ‘center’, 𝐷 = ±0.9 𝑅 ‘intermedi-
ate’ and 𝐷 = ±1.8 𝑅 ‘tips’.

Fig. 5.7 shows the total pair potential 𝑈/𝑁 for different charges and charge po-
sitions. In principle, higher charges lead to higher energies as expected, because
all charges are positive and thus their interactions increase the energy within the
system. This does not seem to hold for individuals with intermediate charge posi-
tioning and 𝑞 ≥ 2, since 𝒢0.9|4

𝐹 (5) (violet pentagon) carries the highest charge, but has
the lowest energy of these three. These individuals are very similar to each other
with respect to energy per particle and unit-cell structure, thus we infer that one
or more individuals might be stuck in local energy minima.

To possibly enable the algorithm to leave these presumed local minima, we introduce
more variety into the populations by injecting (see section 4.3.1) the best individual
of each configuration

𝒢𝐷|𝑞
𝐹 (5) with 𝐷 ∈ {0.0 𝑅, ±0.9 𝑅, ±1.8 𝑅}, 𝑞 ∈ {0, 1, 2, 3, 4},

and, additionally, the converged result of the bias individual 𝒢AB(5), into all of
these populations. Giving the systems time to relax and to further evolve, we
find the results displayed in Fig. 5.8. Here, the energy per particle 𝑈/𝑁 increases
with the charge 𝑞 for all charge positions; the enlarged views better illustrate
this.
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50 5.2. Results obtained from free evolution (FE)

0.0 ±0.9 ±1.8

𝐷[𝑅]

−11

−10

−9

−8

−7

−6
U
/𝑁

[ǫ
0
]

𝑞 = 0

𝑞 = 1

𝑞 = 2

𝑞 = 3

𝑞 = 4

FIG. 5.7.: The energy per particle 𝑈/𝑁 with respect to the charge position 𝐷 and the charge 𝑞
as obtained in an FE search. The corresponding result for uncharged particles (blue
circle) is included at charge position 𝐷 = 0.0 𝑅. These calculations are performed
for 𝑁 = 5 particles in the unit-cell with a packing fraction of 𝜂0 = 0.325.

0.0 ±0.9 ±1.8

𝐷[𝑅]

−12
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U
/𝑁

[ǫ
0
]

𝑞 = 0

𝑞 = 1

𝑞 = 2

𝑞 = 3

𝑞 = 4

±0.9 ±1.8

−7.4

−7.3
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FIG. 5.8.: The main panel shows the energy per particle 𝑈/𝑁 with respect to the charge
position 𝐷 and the charge 𝑞. The corresponding result for uncharged particles (blue
circle) is included at charge position 𝐷 = 0.0 𝑅. These calculations are performed
for 𝑁 = 5 particles in the unit-cell with a packing fraction of 𝜂0 = 0.325. We arrive
at these lattice configurations by cross-injecting all results shown in Fig. 5.7 into
each population and giving the systems time to relax and to further evolve. The
two panels on the right show enlarged views of the results presented in the main
panel to better illustrate the data.
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5. Results 51

Summarizing, two distinctively different structures are obtained:

∙ Dense layers of perfectly aligned molecules (𝑆 > 0.9999) as shown in Fig. 5.9
and Fig. 5.10, characterized by layer spacing 𝑑𝑙;

∙ columns of layers of perfectly aligned molecules (𝑆 > 0.9999) as presented in
Fig. 5.11 and Fig. 5.12. The columnar spacing 𝑑𝑐 characterizes these lattice
configurations in combination with the layer spacing 𝑑𝑙 within the columns
(see Fig. 5.13).

Both structures show hexagonal alignment of the particle COMs within the layers
(as highlighted by orange and blue hexagons drawn onto the layers in Fig. 5.9 and
Fig. 5.12).

As already mentioned in the introduction to this chapter, we apply the python
scikit-learn implementation of the DBSCAN algorithm to group the COMs of
particles into connected clusters [27, 28]. We then use these clusters to identify
layers and columns and to quantify this classification via layer spacing 𝑑𝑙 and
column spacing 𝑑𝑐. Fig. 5.10(b), Fig. 5.11(b) and Fig. 5.13 show such clustered
COMs.

We calculate the cluster spacing as the minimum distance between all cluster centers
𝑐𝑖 projected on the surface normal 𝑠𝑖 via

𝑑min = min𝑖 ̸=𝑗(||(𝑐𝑖 − 𝑐𝑗) · 𝑠𝑖||). (5.1)

We obtain 𝑑𝑙 and 𝑑𝑐 by applying Eq. (5.1) on all layer-clusters or all column-clusters,
respectively.

FIG. 5.9.: Top view of one layer of the extended structure presented in Fig. 5.10. The orange
and blue lines illustrate the hexagonal alignment of the particles within the layers.
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52 5.2. Results obtained from free evolution (FE)

(a) Particle layers. (b) Clustered COMS.

FIG. 5.10.: The left panel shows the periodic continuation of a unit-cell with 𝑁 = 5 particles,

packing fraction 𝜂0 = 0.325, charge 𝑞 = 2 and screening length 𝜆
(q=2)
db = 2.5 𝑅.

𝑑l denotes the layer distance. In the right panel we see the corresponding particle
COMs that are grouped into clusters via the DBSCAN algorithm. The vector 𝑙 is
the surface normal of a plane fitted into these COMs. Each color represents one
cluster.

(a) Columns of particle layers. (b) Clustered COMs.

FIG. 5.11.: The left panel shows the periodic continuation of a unit-cell with 𝑁 = 5 particles,

packing fraction 𝜂0 = 0.325, charge 𝑞 = 1 and screening length 𝜆
(q=1)
db = 5 𝑅. 𝑑l

denotes the layer distance, while 𝑑c is the distance between columns. In the right
panel we see the corresponding particle COMs that are grouped into columnar
clusters via the DBSCAN algorithm. The vector 𝑐 is the surface normal of a plane
fitted into these COMs. Each color represents one cluster.
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5. Results 53

FIG. 5.12.: Top view of one layer within one column of the extended structure presented in
Fig. 5.11. The orange lines illustrate the hexagonal alignment of the particles.

FIG. 5.13.: Layer spacing of the particle COMs within the columns presented in Fig. 5.11(a).

The vector 𝑙 is the surface normal of a plane fitted into these COMs. Each color
represents one cluster.
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54 5.2. Results obtained from free evolution (FE)

Layer spacing 𝑑l

We find that for most parameter combinations the particle layers are grouped into
columns and within these columns exhibit small distances between the layers, so
that the particle tips of neighboring layers are aligned side-by-side (see Fig. 5.11(a)).
The only exceptions in Fig. 5.14 result from the lattice configurations 𝒢1.8|𝑞

𝐹 (5) (blue
triangles) with 𝑞 ≥ 2, as for these results no columnar spacing arises and the layer
spacing is larger.

Data for 𝑑𝑙 are shown in Fig. 5.14. At first glance these results give the impression
that for charges 𝑞 ≥ 2 the charge value does not influence the layer spacing. This
is not entirely true as can be seen from the enlarged views, even though the charge
dependency of 𝑑𝑙 is rather weak for 𝑞 ≥ 2.

We notice the rather abrupt change in layer spacing for 𝐷 = ±1.8 𝑅 from 𝑑𝑙 =
3.17 𝑅 (for 𝑞 = 1) to 𝑑𝑙 = 6.60 𝑅 (for 𝑞 = 2), this characteristic feature warrants
further, detailed investigations. We anticipate that due to the cross-injection already
performed between all involved individuals and generous calculation times, these
results can be considered as reliable.

In order to better characterize this transition we perform additional FE calculations
for charges in the interval [1, 2]. Fig. 5.15 shows the results of these calculations: As
a consequence of the fine resolution in 𝑞 we can be sure that the transition value of
𝑞, 𝑞𝑡 can be located in the interval 1.53 < 𝑞𝑡 < 1.54. No lattice configurations with
intermediate layer spacing 4.0 ≤ 𝑑𝑙 ≤ 6.0 have been identified. For 𝑞 > 𝑞𝑡 the energy
minimization due to particle arrangement into columns can no longer compensate
the Coulomb repulsion between the charges at the particle tips. Thus, individu-
als with clearly separated, densely packed layers exhibit lower total energies and
become dominant. Within the investigated parameter space regions this behavior
does not occur for intermediate or center charge positions.
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FIG. 5.14.: The left panel shows the layer spacing 𝑑l as obtained for different charges 𝑞 and
charge positions 𝐷. To better demonstrate the minute differences in the 𝑑l-values
the panels on the side show enlarged views of the data.
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FIG. 5.15.: Enlarged view of the data points shown in Fig. 5.14 for 𝐷 = ±1.8 𝑅 and 𝑞 ∈ [1, 2]
on a considerably finer grid. The transition value 𝑞t (see text) can be localized to
lie in the interval 1.53 < 𝑞t < 1.54.
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56 5.2. Results obtained from free evolution (FE)

Column spacing 𝑑c

All investigated FE configurations with charges at intermediate or center positions
converge to lattice configurations that exhibit columnar spacing. Below a threshold
of 𝑞 ≈ 1.54 this is also true for charges located at the particle tips.

As shown in Fig. 5.16 the columnar spacing is almost constant for center charges
(green triangles), while it varies for charges at the intermediate position of 𝐷 =
±0.9 𝑅.

The variations of 𝑑𝑐 at 𝑞 = 3 (𝒢0.9|3
F(5) ) are consistent with the behavior of the

layer spacing 𝑑𝑙 in Fig. 5.14 and the average nearest neighbor COM distance 𝑑cc
(Fig. 5.18), as the lower column spacing coincides with a higher layer spacing and
a higher particle density within the layers at a constant volume. In contrast, the
particles in 𝒢0.9|4

F(5) are less densely packed, thus the differences in 𝑑𝑙 and 𝑑𝑐 are less
pronounced.

0 1 2 3 4
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FIG. 5.16.: Column spacing 𝑑c for various values of charge 𝑞 and charge position 𝐷.

Particle density within layers

While the average distance of COMs defined in section 4.2 is well suited as an
order parameter to increase diversity and, consequently, the emergence of different
particle configurations within the unit-cell, it is not useful for the determination of
the particle density within a layer, as it only includes the unit-cell particles and,
also, is not limited to nearest neighbors. Fig. 5.17 illustrates this: The average over
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5. Results 57

all COM distances between the particles shown in panel (a), including for example
the distances 𝑎, 𝑏 and 𝑐 between particles, will be significantly larger than the
nearest neighbor COM distance 𝑑𝑐𝑐 in panel (b).

(a) 𝒢0.9|3
F (5) unit-cell. (b) 𝒢0.9|3

F (5) periodic continuation.

FIG. 5.17.: Comparison of the COM distances within the unit-cell of 𝒢0.9|3
F (5) in panel (a) to the

COM distances within the corresponding extended structure in panel(b) to illus-
trate the impracticality of the average distance within the unit-cell as a measure
of COM density within the layer.

Thus, in order to quantify the particle density within a layer, we look at the average
distance between COMs of nearest neighbors 𝑑𝑐𝑐.
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FIG. 5.18.: The average nearest neighbor COM distance 𝑑cc within a layer of clustered par-
ticles; calculated for an extended structure of 3× 3 unit-cells. These calculations
where performed for 𝑁 = 5 particles in the unit-cell with a packing fraction of
𝜂0 = 0.325.
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58 5.2. Results obtained from free evolution (FE)

In Fig. 5.18 we notice that for charges located in the center (including charge zero)
𝑑cc increases monotonously. For charges located at the particle tips (blue triangles),
we observe that the particles are more densely packed when the overall structure
switches from columnar for 𝑞 = 1 to pure layers for 𝑞 = 2; then 𝑑cc grows again with
higher charges. The behavior for intermediate charges (red squares) for 𝑞 = 3 coin-
cides with considerably higher layer spacing 𝑑𝑙 (see Fig. 5.14).

5.2.2. Complementary calculations

We have performed calculations for larger numbers of particles in the unit-cell to
investigate the influence of various system parameters on our previous observations
and to assess the stability and performance of the algorithm.

Impact of the packing fraction on layer spacing

To speed-up the calculation required to obtain additional data points we apply
the cross-injection method, i. e. all available lattice configurations resulting from
previous FE runs are injected into random populations for packing fractions of 𝜂0 ∈
{0.275, 0.35, 0.375, 0.4} and charges 𝑞 ∈ {1, 2}. In Fig. 5.19 we then compare these
results to data points previously determined via FE search for packing fractions
𝜂0 = 0.3 and 𝜂0 = 0.325. We observe that the change from columnar layers to
densely packed layers occurs for the majority of the investigated packing fractions.
The layer spacing 𝑑𝑙 is very similar for all data points for 𝑞 = 1, but inversely
proportional to 𝜂0 for 𝑞 = 2. At packing fractions of 𝜂0 ∈ {0.275, 0.4} the columnar
clustering prevails for 𝑞 = 2. We assume that for 𝜂0 = 0.4 the unit-cell is too
small to achieve sufficient layer spacing to suppress columnar alignment, while
for 𝜂0 = 0.275 the column spacing becomes large enough to persist for charge
𝑞 = 2.

Impact of the GB side-by-side well depth 𝜖R

From the data shown in Fig. 3.9 we conclude that our system behaves differently
for a GB side-by-side well depth of 𝜖𝑅 = 1 as compared to 𝜖𝑅 = 3: The side-by-side
alignment of ellipsoids is now no longer preferred over an end-to-end alignment,
thus the densely packed layers for charges 𝑞 ≥ 2 are replaced by columnar clusters.
The charges are now more likely to avoid their neighbor’s charges which gives rise
to zigzag alignment (see Fig. 5.20).

In the previous calculations, the GB potential well depth ratio of 𝜖𝑅/𝜖𝐿 = 3 led
to perfectly aligned ellipsoids in all individuals. For 𝜖𝑅/𝜖𝐿 = 1 the side-by-side
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1 2

𝑞

2

3

4

5

6

7

d
l
[𝑅

]

η0 = 0.4

η0 = 0.375

η0 = 0.35

η0 = 0.325

η0 = 0.3

η0 = 0.275

FIG. 5.19.: Comparison of the layer spacing 𝑑l for charges 𝑞 ∈ {1, 2} for various packing
fractions.

FIG. 5.20.: Two side views of the periodically extended result of 𝒢1.8|2
F(5) with 𝜖R = 1. As the

side-by-side alignment is no longer preferred over the end-to-end alignment, the
charges are more likely to avoid their neighbors, giving rise to a zigzag alignment.
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60 5.2. Results obtained from free evolution (FE)

alignment is no longer dominant and thus the emerging lattice configurations are
more diverse and require more computational resources. For that reason, the energy
per particle 𝑈/𝑁 (Fig. 5.21) and column spacing 𝑑𝑐 (Fig. 5.22) are not as reliable
as in previous results. Noticeably, 𝑈/𝑁 for center charges is higher for 𝑞 = 2 than
for 𝑞 = 4. Furthermore, the column spacing shows different trends for the different
charge positions. For center charges 𝑑𝑙 is almost constant, while 𝑑𝑙 shows a minimum
for 𝑞 = 2 for intermediate charge positions and drops monotonously with increasing
𝑞 for charges at the particle tips.

0.0 0.9 1.8

𝐷[𝑅]

−6

−5

−4

−3

−2

−1

U
/𝑁

[ǫ
0
]

𝑞 = 0

𝑞 = 1

𝑞 = 2

𝑞 = 4

FIG. 5.21.: Energy per particle 𝑈/𝑁 for different charges and charge positions. The calcula-
tions were performed for a packing fraction 𝜂0 = 0.325 and GB well depth 𝜖R = 1.

0 1 2 3 4

𝑞

3.50

3.75

4.00

4.25

4.50

4.75

5.00

5.25

d
c
[𝑅

]

𝐷 = ±1.8 𝑅

𝐷 = ±0.9 𝑅

𝐷 = 0.0 𝑅

no charges

FIG. 5.22.: Column spacing 𝑑c for different charges and charge positions. The calculations
were performed for a packing fraction 𝜂0 = 0.325 and GB well depth 𝜖R = 1.
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5. Results 61

Impact of different values of 𝑁

Fig. 5.23 compares energy per particle 𝑈/𝑁 , layer spacing 𝑑𝑙 and column spac-
ing 𝑑𝑐 for 𝑁 ∈ {5, 7, 10, 12} for charge 𝑞 = 0. All resulting individuals are
columnar and 𝑈/𝑁 and 𝑑𝑙 are both rather stable with respect to different 𝑁 . We
notice that 𝑑𝑐 increases with 𝑁 , but that can be attributed to Eq. (5.1), where
we calculate the distance between cluster centers. Thus, the larger column spacing
stems from wider layers within the columns and not from additional empty space
inbetween.

5 7 10 12

N

5

6

7

8

d
c
[𝑅

]

3.2

3.3

3.4

d
l
[𝑅

]

−11.8

−11.6

−11.4

−11.2

U
/𝑁

[ǫ
0
]

FIG. 5.23.: Comparison of energy per particle 𝑈/𝑁 (top panel), layer spacing 𝑑l (center panel)
and column spacing 𝑑c (bottom panel) for different numbers of particles in the
unit-cell, 𝑁 ∈ {5, 7, 10, 12}, and charge 𝑞 = 0.

For 𝑁 = 7 particles in the unit-cell the behavior documented with respect to charge
position 𝐷 = ±1.8 𝑅 in Fig. 5.14 still holds; columnar structures emerge for 𝑞 = 1
and densely packed layers form at higher charges (verified for 𝑞 = 4). Furthermore,
we observe that the seven particles organize themselves into a hexagonal alignment
within the unit-cell (see Fig. 5.24).

For particle numbers 𝑁 ≥ 10 the columnar structure prevails for charge 𝑞 ≥ 2,
located near the particle tips. Fig. 5.25 shows the energy per particle 𝑈/𝑁 for dif-
ferent charges and charge positions and for five and ten particles in the unit-cell,
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62 5.2. Results obtained from free evolution (FE)

FIG. 5.24.: Hexagonal structure of the particles in the unit-cell of 𝒢1.8|4
F(7) .

respectively. We notice that the dependence on the charge positions shows the same
trend for either particle number: 𝑈/𝑁 is lowest for charges at the intermediate po-
sition. All energies calculated for 𝑁 = 10 are higher than their 𝑁 = 5 counterparts,
thus we conclude that these configurations did not arrive at a global minimum
within the given calculation time frame.

0.0 ±0.9 ±1.8

𝐷[𝑅]

−8.0

−7.8

−7.6

−7.4

U
/𝑁

[ǫ
0
]

−7.4

−7.0

−6.6

−6.2

U
/𝑁

[ǫ
0
]

−7

−6

−5

U
/𝑁

[ǫ
0
]

N=5

N=10

𝑞 = 1

𝑞 = 2

𝑞 = 4

FIG. 5.25.: Comparison of energy per particle 𝑈/𝑁 for charge 𝑞 = 4 (top panel), 𝑞 = 2
(center panel) and 𝑞 = 1 (bottom panel) with respect to the charge positions; for
five (blue circles) and ten (red triangles) particles in the unit-cell, respectively.

The data point for 𝒢0.9|4
F(10) is not available.
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6. Summary and Conclusion

We studied ordered ground state configurations of systems of ionic liquid crystals
(ILCs) at zero temperature and observed the emergence of columnar structures and
densely packed layers. These investigations were realized by introducing a suitable
model for ILCs and by using a numerical algorithm based on evolutionary search
strategies and local optimization, that enabled us to identify such configurations in
an efficient and reliable manner; we utilized the ‘Large-scale Atomic/Molecular
Massively Parallel Simulator’ (LAMMPS) as an energy kernel for our calcula-
tions.

We introduced a model related to the one used by Bartsch et al. [3] and Kondrat
et al. [8] to mimick the characteristic features of ILCs, i. e. shape anisotropy and
charges. To this end we combined a Gay-Berne potential with screened Coulomb
interactions. We documented the impact of different model and system parame-
ters on the self-assembly scenarios in order to gain a better understanding of the
model.

Two simulation methods were employed: Biased evolution (BE) and free evolution
(FE). Through BE we observed that at zero temperature wide smectic arrangements
as reported by Bartsch et al. [3] consistently performed worse with respect to energy
per particle 𝑈/𝑁 than other structures; this observation makes sense since Bartsch
et al. [3] originally obtained their results at finite temperatures. However, we did
find configurations with significant spacing between the layers.

The majority of FE simulations were performed for systems consisting of unit-cells
of five particles and a packing fraction 𝜂0 = 0.325. We found that particles that
carry charges near their tips changed their spatial arrangement in a discontinu-
ous fashion near a charge threshold of 𝑞 ≈ 1.535. Above that transition point we
found densely packed layers of perfectly aligned particles, while below that limit
the layers were arranged in columnar structures along one direction; both shapes
showed hexagonal alignment of the particles within the layers. This transition was
verified over a range of packing fractions and also for unit-cells containing seven
particles.

We performed additional calculations, extending thereby the investigated parameter
space and testing the stability of our algorithm. For unit-cells with ten or more
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particles the algorithm required a significantly larger amount of computational
resources to converge and was more prone to being stuck in local minima, due
to the higher complexity of the problem. To counteract this behavior in future
applications it might be beneficial to generate ensembles of lattice configurations
from different random initial conditions and combine their results through cross-
injection or similar methods.

The present model and the applied numerical algorithm might be well suited to
investigate systems of polarized ellipsoids as introduced by Azari et al. [29] without
too many adjustments. Polarized particles are electrically neutral without the pres-
ence of counterions and thus the Coulomb interaction would no longer be screened
by a counterion-background and long range interaction would have to be taken into
account; this functionality is included in LAMMPS, e. g. via Ewald summation
[19, 25, 30, 31].

Future simulations within this context should focus on different particle aspect
ratios and, thereby, investigate the role of the degree of shape anisotropy on the
ordered ground states. At the same time it would make sense to optimize the al-
gorithm in terms of larger unit-cells. Furthermore, the restriction of only using
identical charges and symmetrical charge positioning should be scrutinized, while
also including significantly higher charge values. The use of LAMMPS as our en-
ergy kernel enables us to systematically extend the model with different types of
potentials that are included in the software package.
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A. Algorithm Keywords

Configuration
All settings regarding the computation, algorithm and system parameters constitute
one specific configuration.

Elite
The best individuals (i. e. those with the lowest energy) are protected against direct
(random) replacement. These elite individuals remain in the pool until a certain
number of individuals with better energy crowd them out.

Footprint
The footprint of an individual includes the values of all order parameters and,
thereby, quantifies an individual.

Generation
The replacement or insertion of one individual and subsequent reordering of the
population constitutes a new generation, hence, a generation in this context does
not correspond to the usual biological meaning.

Individual
One lattice configuration or genome, i. e. one point in phase space.

Move
Moves happen on different scales that range from changing the position of one parti-
cle to mixing two individuals via a crossover. In principle, moves are computational
steps that change existing or create new individuals.

Niche
A niche is a fraction of feature space identified by a combination of order parameters.
Offspring have a higher chance of being added to the pool if they belong to an
unoccupied niche and thus diversify the population.

Offspring
The individuals arising from crossover moves and/or optimization are called off-
spring. Depending on their energy and what niche they belong in, these offspring
are either added to the pool or discarded.

Parent
To create an offspring the properties of two parents are combined.
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Pool
The collection (population) of individuals the algorithm produces and/or operates
on. The pool is subject to continual change as more suitable individuals replace
others.

Run
A run is the execution of the memetic algorithm for one specific initial configuration,
that results in generations of pools. Runs can be continuations of previous runs;
with or without changes to the configuration.

Worker
Multiple processes work in parallel on creating new offspring or improving existing
ones. These processes are called workers.
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