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Abstract

One of the main influence, which in the modeling and calculation of a structure must
be taken into account, is an extraordinary loading case. This work deals with
exceptional excitation of the following events

- Impact of road vehicles

- Impact of fork lift trucks

- Impact of rail equipments

- Impact of ships

- Hard landing by helicopters on (roof-) structures

In high-buildings the impact in following cases should be recognized:
- Multi-storey car parks

- Structures with approved transport of vehicles or fork lift trucks and

- Structures, which be placed at the side of rail transport.

This thesis is dedicated to the Impact Problems of Elastic Structures Discretized as
Multi-Degree-of-Freedom Systems. Here we derive numerical models and algorithms
to analyze the response of the system to impact and also two different types of
excitation.



Kurzfassung

Eine der wichtigsten Parameter, die bei der Modellierung und Berechnung einer
Struktur bertcksichtigt werden muss, ist die sogenannte aul3ergewdhnliche
Einwirkung. Diese Arbeit behandelt aul3ergewdhnliche Lastfalle fir folgende
Ereignisse:

- Anprall von StraRenfahrzeugen

- Anprall von Gabelstaplern

- Anprall von Eisenbahnfahrzeugen

- Anprall von Schiffen

- Harte Landung von Helikoptern auf (Dach-) Konstruktionen

Im Hochbau sind Anpralllasten in folgenden Féllen anzusetzen:

- Parkhauser

- Bauwerke mit zugelassenem Verkehr von Fahrzeugen oder Gabelstaplern und

- Bauwerke, die an StralRenverkehr oder Schienenverkehr angrenzen.

Die vorliegende Arbeit widmet sich den Anprall-Problemen von elastischen
Strukturen, diskretisiert als Mehrfreiheitsgradsysteme. Numerischer Modelle und
Algorithmen werden entwickelt, um die Systemantwort zufolge Anprall zu
analysieren. Dabei werden zwei verschiedene Arten der Stofimodellierung
betrachtet.
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INTRODUCTION

In mechanics, an impact is a high force or shock applied over a short time period
when two or more bodies collide. Such a force or acceleration usually has a greater
effect than a lower force applied over a proportionally longer period of time. The
effect depends critically on the relative velocity between the bodies under
consideration.

In the first part of this thesis the velocity of colliding object depending on the position
of collision is calculated and also the response of 2DOF damped and undamped
systems to the collision are determined.

As well known, in many practical situations, the dynamic excitation is neither
harmonic nor periodic. Thus we are interested in studying the dynamic response of
2DOF systems to impact-like excitation. In the second part of this thesis, a general
procedure is developed to analyze the response of the 2DOF system to the two types
of excitation, which are rectangular and half cycle sine pulse force. Also the
maximum response to each of these forces is graphically presented.



2 Modeling
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Figure 2.1 Mechanical model to describe the collision

2.1 Collision object

M Mass of system 1

S Impulse
%4 Velocity of the object before impact
V' Velocity of the object after impact

2.2 System with 2DOF

m,;  Mass of body 1

m,  Mass of body 2

ky Stiffness of body 1

k, Stiffness of body 2

C1 Damping of body 1

Cy Damping of body 2

v, Velocity of body 2 before impact

V,  Velocity of body 2 after impact



3 Impact

3.1 Introduction

Impact is a process of momentum exchange between two colliding bodies within a
short time of contact. With respect to a single impacted body or structure, the loading
in such a process acts with high intensity during this short period of time. As a result,
the initial velocity distribution is rapidly changed (even pressure wave loadings, eg
following an explosion, are events of that category).In this following calculation, the
reaction of the structure after impact with consideration of two extreme cases is
analyzed.

An elastic collision is an encounter between two bodies in which the total kinetic
energy of the two bodies after the encounter is equal to their total kinetic energy
before the encounter. Elastic collisions occur only if there is no net conversion of
kinetic energy into other forms.

T=T — AE=0 (3.1)

An inelastic collision is a collision in which the kinetic energy is not conserved.

V=V, —— T-T =max(AE) (3.2)

3.1.1 Coefficient of restitution

The coefficient of restitution (COR), or bounciness of an object, is a fractional value
representing the ratio of velocities after and before an impact. An object with a COR
of 1 collides elastically, while an object with a COR = < 1 collides inelastically. For
the limiting case COR = 3 = 0, the object effectively "stops" at the surface of collision.

V,=V' =BV =V1) (3.3)

The energie dissipation is given by the difference of the kinetic energies before and
after the impact

AT=T-T (3.4)



3.2 Theidealized elastic collision of an undamped 2DOF system
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Figure 3.1 Impacting of two masses.

No mechanical energy is dissipated in this case and the conservation of mechanical
energy of the two colliding bodies, Eq. (3.5), holds during impact [1],[2].[3].

T=T (3.5)

The kinetic energy of the system in general form is written as

T(t) == % m;a7 (3.6)

The kinetic energy of system 1 and system 2 before impact

1 2 1 2
T =_MV?+- MV (3.7)

The kinetic energy of system 1 and system 2 after impact

1 .1,
T'=SMV? + 2 MV (3.8)

Initial condition of the system in case of an elastic collision

B=1, V,=0 (3.9)



Velocity of m, immediately after impact is defined as

Vy; = %,(t = 0) = Xy

(3.10)

As shown in Fig. 3.1, the free body diagram at impact is considered with impulse —S
and S acting on the mass M and m,, respectively. The momentum relation is applied

to each system to render
m,V, + myV, =S
MV —MV = -S
For the case V, = 0, elimination of S gives
MV — MV = m,V,

The conservation of energy of the gross system renders

T—11\/11/2—T'—1MV'2+1MV'2
2 T2 22

Expansion of the difference of squares gives

m,(Vo)(Vo) + MV +V)(V' =V) =0

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

and by substituting of Egs. (3.11) and (3.12), the impulse becomes a common factor,

S#0, and cancels

(-1)S+ (V' +V)(=$)=0

A linear equation results and replaces the nonlinear energy relation

V=V,-V

Substituting Eq. (3.13) into (3.17) gives the velocity of body 2 after impact

2V

(1+312)

Vy = X309 =

(3.16)

(3.17)

(3.18)

10



3.3 The collision with general B of an undamped 2DOF system [4]

As in section 3.1.1 descried, for a general collision, which is between elastic and
inelastic collision, the coefficient of restitution is given by

g = V.-V (3.19)
V-V,

in which

0<p<10 (3.20)
Initial condition of the system

V,=0 (3.21)

together with Eq. (3.19) becomes

(V2 =V) =BV (3.22)

As shown in Fig. 3.1, the free body diagram at impact is considered with impulse —S
and S acting on the mass M and m,, respectively. Again the momentum relation is
applied and leads to

m,V, + myV, =S (3.23)
MV — MV = -S (3.24)

Elimination of S results in
MV — MV' = m,V, (3.25)

Substituting Eq. (3.22) into (3.25) gives the velocity of body 2 after impact

_ 1+ p)V

m,
1+

V, = %, (3.26)

11



3.4 The Lagrange equation [1]

The kinetic energy T when expressed in a set of generalized coordinates q;(j =
1,2,..,n) is, in general, a function of the generalized displacement g; as well as
generalized velocities ;.

T = T(Qli QZJ"iQn;qli qZI "'iqn) (327)
It follows that
oT or 04 or —0q, + -+ or oY
94, T 06, 2T g, 0
6T —90 aT —0q, + -+ — or —94 3.28
Or, in more concise form
8T = Z(—aqn 6qn> (3.29)

The generalized forces may be obtained from the forces F; by the principle of virtual

work.
n n
> 0,64, = ) Fox (3.30)
=1 =1

We recall that F;, j = 1,2,...,n represent all forces acting on the rigid masses and,
hence, may include internal, as well as external, forces. Q; represent the

generalized forces. Each side of Eq. (3.30) represents the virtual work §W done by
forces Q; or F; on virtual displacements 6q; or §x;, respectively,

SW = Z 0,54 (3.31)
Jj

Now, we proceed with the development of Lagrange’s equations in generalized
coordinates, starting with Hamilton’s principle:

12



f (6T + SW)dt = f z(aT 53, + 5q, +Q,8q,)dt (3.32)

in which 6T and 6W are substituted from Eg@s.(3.29) and (3.31), respectively.
Consider the first term in Eqg. (3.32)

ftZZaTa'dt thzaTs dt
S aq; g 'ty aq; g

_ ftzzd M\ 50 dt 3.33
T 7). Liat\ag; )’V (3.33)
]

Remembering that

oT

t .
24, 5q]| =0 ,j=12,..,n (3.34)

Using the identity (3.33) in EqQ. (3.32) we obtain

ftzz{ d<aT>+aT+Q}5 dt =0 (3.35)
—_— _. — . q = .
ty > dt aq] 6q] J J

Since the q; stand for the generalized coordinates, §q; are arbitrary except at t = t;

and t =t,, at which instants they are set equal to zero. Consequently, the
expression in the brackets of Eq. (3.33) must vanish.

d(oT\ oT _ 236
dt \ag; aqj_Qf (3.36)

There are n of these equations (j = 1,2, ...,n), the Lagrange equations expressed in
generalized coordinates.

The generalized force Q; is generally considered to be composed of three parts

Qj = Qaj + Qpj + Qp; (3.37)

where

13



Qg4j --- external force
Qgj --- internal elastic force
@p; --- damping force; may be internally or externally acting.

Considering the elastic force components Q;, with potential U (strain energy),
Castigliano theorem gives

au

Qpj = —a—qj

(3.38)

Using relations (3.37) and (3.38), the Lagrange Equation may be written in a modified

d(ory_or ou_ . . 239
3.4.1 Damping forces

The term of Qp; represents the j-th generalized damping force. The expression for
Qp; in terms of damping force Fj; in the constrained x; coordinate system can be
derived from the principle of virtual work. The virtual work W, done by damping
forces Fp; along virtual displacements §x; in the x coordinate system is given by

Wy = ) Fypi (3.40)
J

We now apply a coordinate transformation

Xj = X;(q1, 92, - qn) (3.41)

ax]'
6% = > =7 5q, (3.41)
L 0q;
j=1
and Eq.(3.40) becomes
ax]'
oW, = Fy, Z—aWDaqj (3.42)
7 04

14



Interchanging the order of summation and rearranging, we write

0X;
oW =Z§ -ZF 7 3.43
D ; q] ; D]aqi ( )

The virtual work W), can also be expressed as the sum of the work done by the
generalized damping forces Qp; along their corresponding virtual displacements §q;

oWy = ) Qb 84 (3.44)
J
Comparing Egs. (3.43) and (3.44) we write
Qo= ) Foj5 > (3.45)
- q;
j
j=12,..,n

Proceeding in a similar manner, the j-th generalized applied force Q4; on the right —
hand side of EqQ. (3.39) can be expressed in the form

Qaj = Z FA,-a—% (3.46)

J

In which FAj(j = 1,2, ...,n) are the applied forces in the constrained xj(j =12, ..,n)
coordinate system.

15



3.5 2DOF damped system after impact at m,

X1 X2 V
< —
K1 r- - - - - 0~ 7 K2 r- - - - - 0~ 0
— A — MV o
[ \ [ \ /
\ my \ \ m; v‘/ ;
1 1
] | f il f { ////
CL "~ c2 st

Figure 3.2 A damped system after impact

The Lagrange equation in generalized coordinate is given by

d<6T> 0T+6U_Q p (3.47)
dt\aqg;) aq, aq, M Y '

The kinetic energy of system 2 in x coordinates is written as

1 1

T = Emle + Emza'czz (3.48)
And further
aT 1
E = Emlxl (349)
1
and
T 1
ﬁ = Emzxz (350)
2

16



The strain energy of system 2 becomes

1 1 1 1
V = Eklxlz +§k2(x2 _xl)z = Eklxlz +§k2(x22 - lexz +x12)

and
av 1
a_xl = k1x1 + Ekz(_zxz + 2x1)
av 1
F §k2(2x2 — 2x1)

The damping forces of body 1 and body 2 are
Fpy = —c1%q — (%1 — %) = —¢1%q — €% + 6%y

Fpy = —cy(%; — %) = —CoXy + 3%y

Finally, the Lagrange equation is of the form
m15€'1 + k1x1 + kle - kzXz + Cl)'Cl + CZ‘X.'l - szz B O
and

m25(:'2 + kzxz - kle + CZJ.CZ - szl = 0

Reformulation gives

n n n
Zmrl’jéi +ZCTL'5C1' +an-xi =0
i=1 i=1 i=1

and in matrix form

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

5 Bl S S0 e

H_/ H_/ N ~ v

M c K

17



3.5.1 Modal Analysis [4],[5],[6]

The eigenvalues and eigenvectors are required for various different analyses. They
are used to covert the equations of motion to n independent equations of motion
which are exactly the same form as the single degree of freedom (SDOF) equation of
motion. The multi degree of freedom equations of motion are transformed to the
modal coordinate system. The solution of these uncoupled equations and
superposing the modal contribution are referred to as the modal superposition
method.

The initial condition of system 2

#(t=0) and x(t=0) (3.60)
prescribed in vector form

0

X20

#(t=0) = [8] F(t=0)= [ (3.61)

The natural frequencies wq, w,of the system are determined from the condition

Det[K — w?M] =0 (3.62)

The natural mode shapes (D_l)@_z) of the system result from

—

K — w?M]0, =0 (3.63)

Frequently they are normalized as

el e

In this part the coupled equations of motion are transformed into a set of uncoupled
equations, each uncoupled equation is analogous to the equation of motion for a
SDOF system, and can be solved in the same way. The response of the system is
expanded as:

#(0) = ) By (3.65)
k=1

q,(t) is the generalized coordinate representing the variation of the response in
mode k with time.

18



For 2DOF system in matrix form

e I A 66

the equation of motion for body 1 becomes

G1(t) + 28 w1G1 () + wiq, =0 (3.67)

and for body 2

Go () + 285 w,q,(8) + w3q, =0 (3.68)

Due to the orthogonality of the modes, the generalized masses and stiffnesses can
be computed from the following relations:

Generalized masses

m; = 0, M @, (3.69)
X —T  —

m; =@, M0, (3.70)

Generalized stiffness

. —T  —>

ki=0, K0, (3.71)
% —T _ —

ka =0, K0, (3.72)

A common type of damping used in the nonlinear incremental analysis of structures
is to assume that the damping matrix is proportional to the mass and stiffness
matrices,

C=nM+46K (3.73)

This type of damping is normally referred to as Rayleigh damping. In mode
superposition analysis the damping matrix must have the following properties in order
for the modal equations to be uncoupled:

19



20péy My = Q)E C @y

(3.74)

Due to the orthogonality properties of the mass and stiffness matrices, this equation

can be rewritten as

20pén =0+ 8 wh

(3.75)

It is apparent that modal damping can be specified exactly at only two frequencies in

order to solve for n and & in the above equation.

Generalized damping

c; =0, CO,
Damping ratios
21
E*
Yo km
2
E*
N

The response of the damped system, becomes

Qe = e Skt (A, Coswpyt + BpSinwpyt)

— ’ *2
Wpr = Wi 1-— Kk

Substituting Eq. (3.80) in (3.65) gives

with

2
x(t) = Z (Zﬁ_k) (e =K@kt (A, Coswpyt + BySinwpy))
k=1

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

20



where A, and B, are 2N constants of integration. These can be expressed in terms

of initial conditions
Ay = q,(0)
4x(0) + & wyq, (0)

Bk B
Wpg

Calculation the velocity of the system in generalized coordinates
Xo =0 qo

in matrix form
el = lay alli]
X0 a;  az]lqz0
and

S P
420 a; a X0

finally

-l -
az al al xZO az al

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

With respect to the initial conditions the displacement of the system is written as

(3.89)

21



as in matrix form

e §1wqt
[qlo ” Sinwlt]
= 1
¥ = |, ]I oot | (3.90)
[CIzo o, SlanJ
Substituting Eq. (3.88) in Eq. (3.90),
e_flwlt
i [ Sinw,t ]
== I 3.91
0!2 a’1 al | e waZt | ( ' )
Sinw,t J

finally the displacement of the system becomes in matrix form

e_f;wlt e_EEC‘JZt
5 W W
%(t) 20| L 2 I (3.92)
az_al | e_Elwlt ) e—fzwzt . |
l—al Sinw,t + a, Smwth
w1 W>

22



3.6 2DOF undamped system after impact at m,

X1 X2 V
P &
K1 .« | K2 . f///
N o mg SN my //
| | |
<
L - _ L - _

Figure 3.3 An undamped system after impact

The equation of motion, Eq.(3.59), for an undamped system in matrix form reads

o bl =0

~ ~

M K

From Eq.(3.82) the displacement of the system is written as

4 (0)

2
() = Z B, 19, (0)Cosawyt +
k=1

Wy
In case of a 2DOF system
[xl(t)] -2 [ql(t)
x,(t) a;  axllg,(t)

the initial condition of system 2

#(t=0) and %(t =0)

(3.93)

(3.94)

(3.95)

(3.96)

23



in vector form are

s~ _ [0
#(t=0) = [0] #(t=0)= [xzo] (3.97)
With respect to initial conditions the displacement of the system is rewritten as
2
Z K Qi (8) = Z ®k@5mwk (3.98)
as in matrix form
[@5inw1t]
1
X(t) = (3.99)
aq qZO
l_S wz J
W32
Substituting Eq. (3.88) in Eq. (3.99),
Sinw,t
.20
= 3.100
Cay_ay oy ]| Smwz } ( )
Finally the displacement of the system in matrix form is written as
[ Sinw,t  Sinw,t ]
- X20 | Wy w1
(1) = az_all Sinw,t Sinw1t| (3.101)
2" o, aq o,

24



3.7 2DOF damped system after impact at m4

<—S—> } System 1

K1
—~ WA m, m,
Ci C ) C2 O
— —— v
System 2

Figure 3.4 A damped system after impact

3.7.1 Collision with general 3

B = (3.102)

where
0<p<10 (3.103)
and the initial condition of the system
Vi=20 (3.104)
Thus Eq. (3.102) becomes

Vi=V')y=pV (3.105)

As shown in Fig. 3.4 the free body diagram at impact is considered with impulse —-S
and S acting on the mass M and m,, respectively. The momentum relation is applied
to render

mV; +m,V, =5 (3.106)

MV — MV = -S (3.107)

25



Elimination of S results in

MV — MV =m,V, (3.108)

Substituting Eq. (3.105) into (3.108) gives the velocity of body 1 after impact

. (1+p)V
Vi= X0 = —1 m,
M

(3.109)

The Lagrange equation in matrix form is written as

my 0 ][¥% cit+te; —¢ [Xl] k, +k, —kz] X11 10
[0 mz] L‘c'z]+[ —c Cz] 5 L] =1 G110
—— — \ \p J

M C K

After calculating the natural frequencies and eigenvectors of the system by means of
modal analysis then we can write the equation of motion in generalized coordinates,
and declared, the general solution of Eg. (3.110) is given by superposition of
response in individual modes. Thus

2
X0 = Z P i) (3.111)
k=1
as in matrix form
x1(t) 1 17[q.(t)
[xz(t)] B [al 0!2] [qz(t) (3.112)

The initial conditions of system 2 are

#(t=0) = [8] (t=0)= [5‘(1)0] (3.113)
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Calculation the velocity of system in generalized coordinate

550:@510

as
[x10 _ ] ‘ho]
aq d20
and
‘ho] _ [ 1 1 ]_1 [5510]
420 a, 0
Finally

1
- a,_ay [ " 1] [xlo] N ay_ (:xl [ 021]

From Eq.(3.82) displacement of the system is written as

e fkwkt
k(t) = Z Dr ko Sinwyt

MN

k=1 k=1 Wik
In matrix form
[ e_flwlts ]
inw
20 = ]lfho 0, 1t |
aq e fzwzt |
lqzo Sinw,t J

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)
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Substituting Eq. (3.117) in Eq. (3.119),

[ —fla)lt
. Sinwqt ]
ol 1) R
az al al | e fzwzt |
[ aq Sinw,t J

Finally the displacement of the system in matrix form is written as

[ e—ﬁwﬂf e—f’éwzt
. a, Sinw t—ay Sinw,t
S X10 wq W
x(t) = s -
az_al e 1wt e Srwot
alaz Sinwlt_alazaz—Sinwzt
wq W

(3.120)

(3.121)
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3.8 2DOF undamped system after impact at m,

\%
]
= S =) / System 1
QL

X2
]
K1 K2
—~WW— M m;
N— _
——
System 2
Figure 3.5 An undamped system after impact
As in section 3.5 the Lagrange equation in matrix form is written as
my 0 .5(:'1 k1 + kz _kZ] X1 _ 0
[ 0 mz] [xz] + [ —k, Kk, Ll = o] (3.122)
—— ——
M K

After calculating the natural frequencies and modes of the system with help of modal
analysis now we can write the equation of motion in generalized coordinate, as we
declared the general solution of Eq. (3.122) is given by a superposition of response
in individual modes. Thus

2
HOEDYMNG (3123)
k=1
From Eq.(3.82) displacement of the system is written as
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x(t) = Z k Qe (t) = Z (Dk@Smwk (3.124)

In matrix form

[q Smwlt]

w, 02

1 1

3.125
qZO ( )

Substituting Eq. (3.117) in Eq. (3.125),

Sinw,t

: a,

_ o J11 - (3.126)
a,_aq Ly a; Sinw,t '

aq
W

Finally the displacement of the system in matrix form is written as

[ Sinw,t Sinw,t ]
- 5510 | aZ (1)1 et (,()2 | 3 127
x(6) = a,_a, Sinw,t Sinw2t| (3.127)
—aq
1%2 1%2
1 2
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4, Numerical examples

4.1 2DOF damped system after impact at m,

X1 X2 V
] 1
Kl r—- - - - == 7 K2 r—- - - - - == 0o~
AV — AW s
[ 1 [ [ mz |, /
\ \ [ WV J
! -
| 1 \ Bl 1 < //O
CL ‘i~ C2 it

Figure 4.1 A damped system after impact

m, = 20000 [kg] K, = 7000000 [N/m] C, =200 [Ns/m]
m, = 15000 [kg] K, = 6000000 [N/m] C, = 3000 [Ns/m]
M = 5000 [kg] V=17 [m/s] B =06

The Lagrange equation for system in term of coordinate x is

20000 3200 —30007 [x1 1.3x 107 —6x 10° 0
[ 0 1SOOO] [ ] —3000 3000 ] [ ] [—6 x 10® 6 x10° ] [ ] [ ]
\ Y Y - ~ '
i ¢ R (4.1)

4.1.1 Modal analysis

Natural frequencies:

rad rad

w, = 125191 |== = 29.8877 [ (4.2)
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Eigevectors:

0, = [1.6144] 0, = [—0.;109]

Generalized mass matrix:

. 160553 0
m _[ 0 29863.6] [kg]

Generalized stiffness matrix:

P = [9.4903 x 10° 0 ] [ﬁ]
0 266764 x 1071 Im

Generalized damping matrix:

5*=[1445.15 0 ] [E
0 1003821 Im

Damping ratio:

F=—21_ = 0.00953179
2\ kim]

f=—2_ = 000562329
2, k;m,

Velocity of body 2 after impact:

. A+pyV m
Vi = dyo = = 680 ||
1+37 °

The equation of motion for body 1 and body 2 in generalized coordinates:

G1(t) + 2{w1G, () + wig; =0

Go(t) + 285 w,q,(t) + w3q, =0

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)
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Displacement of the system

2

2
(0 = ) Brau® = ) B
1 k=1

k=

e—f;{wkt
Sinw,t (4.10)
Wi

03

02F

01

-01F

-02}

Figure 4.4 Displacement of the system, x;

[

-02

—04t

Figure 4.5 Displacement of the system, x,

34



4.2 2DOF undamped system after impact at m,

X1 X2 V
. <«
r—— - - - - = l r—— - - - - = 1= ~
K1 \ K2 | i // T
SN mg W Mg /
e S
[ [ [ [
Figure 4.6 An undamped system after impact
my; = 20000 [kg] K; = 7000000 [N/m]
m, = 15000 [kg] K, = 6000000 [N/m]
M = 5000 [kg] v=17 |7 B =06

The Lagrange equation for system in term of coordinate x is

0 bl )220 SR o
— ~ -
i K

4.2.1 Modal analysis

Natural frequencies:

= 125191 | w, = 298877 | (4.12)
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Eigevectors:

0, = [1.6144] 0, = [—0.é109]

Generalized mass matrix:

. [60553 0
m _[ 0 29863.6] Lkg]

Generalized stiffness matrix:

P = [9.4903 x 10° 0 ] [ﬁ]
0 266764 x 1071 Im

Velocity of body2 after impact:
1+p)V m
_AHEPV g0 =]
S

Vy = X0 =

The equation of motion for body 1 and body 2 in generalized coordinates:
mig, + kiq, =0

myi, + kaq, =0

1 o2!

0.1

(¢

—01l

—02]

Figure 4.7 Deflection of body 1 after impact 0 <t <5.0[s]

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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4.3 2DOF damped system after impact at m4

\Y
. .
R
K1 P — ¢ AV K2 R —
VA = |
| m, | |
— \ ] 1
C1 ST T T C2 v

Figure 4.11 A damped system after impact

m, = 20000 [kg] K, = 7000000 [N/m] C, =200 [Ns/m]

m, = 15000 [kg] K, = 6000000 [N/m] C, = 3000 [Ns/m]

M = 5000 [kg] V =17 [m/s] B =0.

The Lagrange equation for system in term of coordinate x is

6

[20000 0 ”xl] + [ 3200 —3000] [xl] [1.3 X 107 —6x 106] [x1] _ [0]
0 150001 | %, —3000 3000 f[x; —6x10% 6x10°1lx; 0
N\ J N\ J - J/
Y Y~ '
M C K (4.18)
4.3.1 Modal analysis
Natural frequencies:
w; = 125191 | w, = 298877 | (4.19)
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Eigevectors:

0, = [1.6144] 0, = [—0.§109]

Generalized mass matrix:

. 160553 0
m _[ 0 29863.6] [kg]

Generalized stiffness matrix:

. [9.4903 x 106 0 ] [ﬁ]
0 2.66764 x 1071 Im

Generalized damping matrix:

5*=[1445.15 0 ] [E
0 1003821 Im

Damping ratio:

F=—21_ = 0.00953179
2\ kim]

f=—2_ =  0.00562329
2, k;m,

Velocity of bodyl after impact:

a+pyv
Vi= X0 = —1 my
M

= 544 [?]

The equation of motion for body 1 and body 2 in generalized coordinates:

G1(t) + 2{w1G, () + wig; =0

Go () + 285 w,q,(8) + w3q, =0

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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Displacement of the system

02

01}

_—
—
e

-01

-02

02

01t

Figure 4.14 Displacement of the system, x;

\} 3w4 5

Figure 4.15 Displacement of the system, x,

(4.27)

41



4.4 2DOF undamped system after impact at m4

%
. ]
X1 I X2
T |
- 0 0 ¢ \// e - - 1
Kl | -~ K2 | |
| I | |
j/WW% mq \ \ m, \
S . S o
(S [ [ (N
Figure 4.16 An undamped system after impact
my; = 20000 [kg] K; = 7000000 [N/m]
m, = 15000 [kg] K, = 6000000 [N/m]
M = 5000 [kg] v=17 |7 B =06

The Lagrange equation for system in term of coordinate x is

0% 5ol ]+ (26100 Soe Ll = Lo

N J -~ /)
Y hd

~

M K

4.4.1 Modal analysis

Natural frequencies:

rad rad

w; = 125191 | w, = 298877 |

N S

(4.28)

(4.29)
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Eigevectors:

0, = [1.6144] 0, = [—0.é109]

Generalized mass matrix:

. 160553 0
m _[ 0 29863.6] [kg]

Generalized stiffness matrix:

. 19.4903 x 106 0
o = N
[ 0 2.66764 X 107] [N/m]

Velocity of bodyl after impact:

: . a+p)yv m
Vi= %= m = 5.44 [?]
M
The equation of motion for body 1 and body 2 in generalized coordinates:

mig, + kigs =0

myi, + kaq, =0

015
q1 f

010

005 |-

(e

-005

-010}

Figure 4.17 Deflection of body 1 after impact 0 <t < 5.0 [s]

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)
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5. Response to Pulse Excitation [5]

In many practical situations the dynamic excitation is neither harmonic nor periodic.
Thus we are interested in considering the dynamic response of 2DOF systems to
excitations that consist of essentially a single pulse. Air pressures generated on a
structure due to aboveground blasts or explosions are essentially a single pulse and
can usually be idealized by simple shapes such as those shown in Fig. (5.1).

Force

~———— Time

Figure 5.1 Pulse excitation

The response of the system to pulse excitations, in general, does not reach steady-
state condition; the effect of initial conditions must be considered. The response of
the system to such pulse excitation can be determined by one of several analytical
methods: (1) the classical method for solving differential equations, (2) evaluating
Duhamel’s integral and (3) expressing the pulse as the superposition of two or more
simpler functions for which response solutions are already available or easier to
determine.

We prefer to use Duhamel’s integral in evaluating the response of MDOF systems to
pulse forces because it's closely tied to the dynamic of the system. Using Duhamel’s
integral the response to pulse forces will be determined in two phases. The first is the
force vibration phase that covers the duration of the excitation. The second is the free
vibration phase, which follows the end of the pulse force.

The Duhamel’s integral in terms of coordinate x reads:

x(t) = e$wot (xOCosa)Dt + XOH—OE(DOSina)Dt) + #fotf(f)e_f“’O(t_T)Sin wp(t —1)dt
D

" (5.1)

f()...stands for the external forcing function
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5.1 Response of undamped 2DOF system to rectangular impulse

force
K1 K2
aaVAVAVAVAVAVa my —/\VVN— m,
o C) ) D) ]
(a)
Figure 5.2 (a) 2DOF system;

m, = 20000 [kg]

m, = 15000 [kg]

P@t) =

Po = 1000 [N]

td = 50 [S]

K, = 7000000 [N/m]

K, = 6000000 [N/m]

The Lagrange equation for a system in terms of coordinate x is

[20800 15000“ ]

~

N

M

(b) Rectangular pulse force

—~

13><107 —6><106”x1]=[0]
6><106 6 x 10° 1lx; P(t)
)
'
K

F

(5.2)
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5.1.1 Modal analysis

Natural frequencies:

rad

w; = 125191 | w, = 298877 |

S S

Eigenvectors:

—

01 = [1.6144] 0, = [—0.§109]

Generalized mass matrix:

. [60553 0
m _[ 0 29863.6] L

Generalized stiffness matrix:

~ 9.4903 x 10° 0
k* = N
[ 0 2.66764 X 107] [N/m]
Generalized forces:
—T -
fi=0, F = 1644.24 [N]
—T -
fz* = @2 F = -810.91 [N]

The equation of motion for body 1 and body 2 in generalized coordinates

mig, + kigs =0

myi, + kaq, =0

With at-rest initial conditions
x(t=0)=x(t=0)=0

The analysis is organized in two phases;

rad

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

1. Forced vibration phase. During this phase, the system is subjected to a step

force. The response of system is calculated as follows
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1

x(t) = waf(T)Sin wp(t —1)dt (5.10)

m

The Duhamel’s integral for body 1in terms of coordinate q ;

1

*
miw,

a1 (0 = f £ Sin (b — 7) (5.11)
0

0.00035 |-
d11 f

0.00030 |

0.00025 |

000020 -
000015 -
000010 -
0.00005

t

1 2 3 4 5
Figure 5.3 Deflection of body 1 after impact 0 <t <5.0[s]

2. Free vibration phase. After the force ends at ty4 ,the system undergoes free

vibration,
CI1,td .
q12(t) = qq,¢,Cosw it + ” Sinw,t (5.12)
1
0.00004 |
q1,2 .
0.00002 f
‘ t
10

-0.00002

-0.00004

Figure 5.4 Deflection of body 1 after impact 5.0 <t < 10.0 [s]
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The Duhamel’s integral for body 2in terms of coordinate g, ;

1. Phase

421() = o [ f Sin wa(tg — D)dr (5.13)

i

—0.00002 |

S S N O SO S R SR S S B

e

~0.00003

~0.00004 |

e T A

—0.00006 -
Figure 5.5 Deflection of body 2 after impact 0 <t <5.0[s]

2. Phase

qZ,td ty

d22(t) = qp,Coswyt + Sinw,t (5.14)

W,

922 (00003 m {H\
000002 |

0.00001 |

-0.00001

000002 |

=

Hui

Figure 5.6 Deflection of body 2 after impact 5.0 <t < 10.0 [s]
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Displacement of the system

70 = ) By ) (5.15)
1. Phase

X1,1 i
0.0003

00002 |

0.0001 -

IS A A A

Figure 5.7 Displacement of the system, x; ; 0 <t < 5.0 [s]

X1 00006 -
0.0005 —
0.0004 —
00003 —
0.0002 f

0.0001 |

Figure 5.8 Displacement of the system, x;, 0<1t <5.0[s]
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2. Phase

OOOOOS/AN\AU ol [\/\ ! M . /\/\ 8
TP

Figure 5.9 Displacement of the system, x,; 5.0 <t < 10.0 [s]

0.0001

IR
VTV

00001 -

Figure 5.10 Displacement of the system, x,, 5.0 <t < 10.0 [s]
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5.2 Response of undamped 2DOF system to half cycle Sine pulse
force

The next pulse under consideration is a half sinusoidal force-distribution. The
response analysis procedure for this pulse is the same as developed in section. 5.1
for a rectangular pulse. In this part we study the responses of the system by
changing the duration of the pulse.

¢ x1 x2 p
&
K1 - K2 P (1) I P, sin ot
@) ) . -
(a) ““(b)

Figure 5.11 (a) 2DOF system; (b) Half cycle sine pulse force

5.2.1 Case l: t; = 5.0(s]
p
Po = 1000 [N] Po.Sin(mt/ty) 0<t<ty,
P(t) = <
td = 50 [S] O td <t

Initial conditions

x(t=0)=x(t=0)=0 (5.16)

1. Forced vibration phase (body 1)

The Duhamel’s integral for body 1in terms of coordinate q; ;

1

*
mjw,

q1,,(8) = f fi'Sinw,(ty — t)dt (5.17)
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q1,1

0.00015
0.00010

0.00005

Figure 5.12 Deflection of body 1 after impact 0 <t < 5.0 [s]

2. Free vibration phase. After the force ends at ty, the system undergoes free
vibration,

A1t

q12(t) = qq,¢,Cos0,t + Sinw,t (5.18)

w1

912 0000015 -

0.00001

5. %1076

~5.x10°9

~0.00001 |

—0.000015 -

Figure 5.13 Deflection of body 1 after impact 5.0 <t < 10.0 [s]
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The Duhamel’s integral for body 2 in terms of coordinate g, ;

1. Phase

taq

- ffz*Sin wy(tg — T)dT (5.19)

qr1(t) =

*
myw,

~5.x100
~0.00001
~0.000015
—0.00002

~0.000025
q2.1

—0.00003 |

Figure 5.14 Deflection of body 2 after impact 0 <t < 5.0 [s]

2. Phase

2.t

d22(t) = gz, Cosw,t + L Sinw,t (5.20)

W

1.x1070
q2,2 i

5. %107 |

-5.x10~7

“1.x10°6 "
Figure 5.15 Deflection of body 2 after impact 5.0 <t < 10.0 [s]
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Displacement of the system

1. Phase

X1,1

X1,2

0.00014

0.00012

0.00010

0.00008

0.00006

0.00004

0.00002

70 = ) By ) (5:21)

Figure 5.16 Displacement of the system, x;; 0 <1t < 5.0 [s]

0.00030

0.00025

0.00020

0.00015

0.00010

0.00005

| I I I I | I I I I | I I I I | I I I I t

1 2 3 4 5

Figure 5.17 Displacement of the system, x; , 0 <1t <5.0[s]
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2. Phase

X L
%1 0000015 -

0.00001 |

5. %100

~5.x10°6

—0.00001 |

—0.000015 |

Figure 5.18 Displacement of the system, x, ;

X, 000003
0.00002 -

0.00001 |-

5.0 <t <10.0[s]

—-0.00001

~0.00002 -

~0.00003 -

Figure 5.19 Displacement of the system, x;

5.2.2 Case 2: t; = 0.5]s]

Po = 1000 [N] ty

10

5.0 <t < 10.0 [s]

= 0.5 [s]

t
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1. Forced vibration phase (Body 1)

The Duhamel’s integral for body 1in terms of coordinate q, ;

q1,(0) = —— [ fiSin w, (tq — T)dr (5.22)

"
1W1

0.00030
q11 i

0.00025
0.00020
0.00015
0.00010

0.00005 -

Co t
01 0.2 03 04 05

Figure 5.20 Deflection of body 1 after impact 0 <t < 0.5 [s]

2. Free vibration phase. After the force ends at ty, the system undergoes free
vibration,

A1ty

q1,2(t) = qy¢,Cosw it + Sinw,t (5.23)

w1

912 ooz |

0.0001 -

-0.0001

-0.0002

Figure 5.21 Deflection of body 1 after impact 0.5 <t < 1.0[s]
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The Duhamel’s integral for body 2 in terms of coordinate g, ;

1. Phase

taq

- ffz*sm wy(tg — T)dT (5.24)

*
myw,

qr1(t) =

_0.00001 |-

-0.00002

—0.00003 -

Figure 5.22 Deflection of body 2 after impact 0 <t < 0.5 [s]

2. Phase

2.t

d2,2(t) = qz,Coswyt + L Sinw,t (5.25)

w>

q2,2 (
4.%x1070 7

2 %108

~2.x10°6

—4.%x10°6 -

Figure 5.23 Deflection of body 2 after impact 0.5 <t < 1.0 [s]
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Displacement of the system

70 = ) By ) (5:26)

1. Phase

0.00025
0.00020 -

0.00015

0.00010 -

0.00005

Figure 5.24 Displacement of the system, x;; 0 <1t < 0.5 [s]

0.0005 -

0.0004

0.0003 |
0.0002 -

0.0001 -

Figure 5.25 Displacement of the system, x; , 0 <1t < 0.5[s]
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0.0001

—-0.0001

—0.0002

06 0.7

Figure 5.26 Displacement of the system, x,; 0.5 <t < 1.0[s]

—-0.0001

—-0.0002

-0.0003

Figure 5.27 Displacement of the system, x,, 0.5 <t < 1.0[s]
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5.3 Response of damped 2DOF system to Half cycle Sine pulse

force
K1l él{ K2 ﬁ :
e T e e P P N
L o _,
(a) ‘" (b)

Figure 5.28 (a) 2DOF damped system; (b) Half cycle Sine pulse force

In this section we want to compute the response of damped system with three
different values of damping ratio to half cycle Sine pulse force.

my; = 20000 [kg]

m, = 15000 [kg]

K, = 7000000 [N/m]

K, = 6000000 [N/m]

Po.Sin(rt/t;) 0<t<ty
P(t) =

0 tyg <t
Po = 1000 [N]
td = 0.50 [S]

A¢ = 0.2 B = 0.5 ¢ =108

5.3.1 Modal analysis
Natural frequencies:

w; = 125191 [~ w, = 29.8877 |2 (5.27)
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Wp = W/1—-¢

d d

@[5 ® [
wip = 12.2661 wip = 12.2661
w,p = 29.2838 w,p = 29.2838

Eigenvectors:

0, = [1.6144] 0, = [—0.§109]

Generalized mass matrix:

. 160553 0
m _[ 0 29863.6] L

Generalized stiffness matrix:

7 9.4903 x 10° 0
k™ = N/m
[ 0 2.66764 X 107] IN/m]

Generalized forces:

—T >

=0, F = 164424 [N]
—T >

s =0, F = -81091  [N]

rad

©|

N

wip = 12.2661
w,p = 29.2838

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)
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1. Forced vibration phase (Body 1)

The Duhamel’s integral for body 1in terms of coordinate q, ;

t
1

f flre ¢ t=D8in @, (t — 1)dr (5.33)
W1p .

t) =
Q1,1() m

q1,1

i q1,1
000020 - 0000151
000015 - i

i 000010 |
000010 |

i 0.00005 |
000005 |- :

t

0.00015 -

q1,1

0.00010 -

0.00005 -

Figure 5.29 Deflection of body 1 after impact 0 <t < 0.5 [s]
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2. Free vibration phase. After the force ends at tg, the system undergoes free

Sinwipt)

(5.34)

vibration,
dutgtdutyw
q12(t) = (ql,tdCoswlDt L —
w1p
41,2
41,2 4,x1078F
000002 -
i §=0.2 3.x10°6}
000001 | i
2.x1076}
L P L P R S S R | t L
06 07 0 09 10 ;
i 1.x10°8
-0,00001 | i
-000002 |
| e
06 07 08 09 10
_2.x10° 7}
— §=108
—4.x10~" |
-6.x10"
-8.x10~"
q1,2

Figure 5.30 Deflection of body 1 after impact

0.5<t<10[s]
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The Duhamel’s integral for body 2 in terms of coordinate g, ;

1. Phase
t
(t) = ! e Sw2(t-T)gj (t—1)d 5.35
q21\t) = — fie In wzp r)at (5.35)
m-,w
2W2p
0
7 01 02 03 04 o5 : 01 02 03 04 05
-5.x106F -5.x106F
—0.00001 | -0.00001 F
-0.000015 | §=0.2 ~0,000015 |- &E=05
-0.00002 | -0.00002 F
~0.000025 |- ~0.000025 F
—0.00003 * 000003 7
qz,1 4z,1
L L L L L L L L L L L L L L L L L L L L L L t
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Figure 5.31 Deflection of body 2 after impact 0 <t < 0.5 [s]
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2. Phase

G2ty tdztyéw2 .
qZ,Z(t) = (QZ,tdCOS(‘)ZDt + @2 SlanDt (536)
Q2 422 |
3.x10 7} 1.><10_9:*
2.x1077 | §=02
1 1 o 1
1.x107 7 F I
i /\ 1.x109}
06 07 08 09 10 t [
[ 9
~Lx1077| ~2.x1079}
—2.x10~ 7k
qz,2
4.x107 11}
3.x10° 11}
2.x10° 11} §=0.8
1x10-1}
! ! L 1 ! t
06 07 08 09 10

Figure 5.32 Deflection of body 2 after impact 0.5 <t < 1.0 [s]
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Displacement of the system
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Figure 5.33 Displacement of the system, x;; 0<1t < 0.5[s]
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Figure 5.34 Displacement of the system, x;, 0<1t < 0.5[s]
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2. Phase
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Figure 5.35 Displacement of the system, x,, 0.5 <t < 1.0 [s]
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Figure 5.36 Displacement of the system, Xx,, 0.5 <t <1.0[s]
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Final Remarks

The goal of this study was to simulate and calculate the deflection of an undamped
as well as a damped system with 2DOF caused by elastic collision and by general
collision. The response of the system according to two different collision positions
was calculated.

In the second part of this thesis, a general procedure was developed to analyze the
response of the 2DOF system to two types of excitation, rectangular and half cycle
sine pulse force. Additionally the time variation of the response to half cycle sine
pulse force is studied, and graphically shows that the maximum response is as a
function of t; /T, the ratio of pulse duration to natural vibration period. In the
last part is the effect of damping on the response to a single pulse excitation
demonstrated.
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