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Abstract—We propose an efficient random finite set (RFS)
based algorithm for multiobject tracking in which the object
states are modeled by a combination of a labeled multi-Bernoulli
(LMB) RFS and a Poisson RFS. The less computationally de-
manding Poisson part of the algorithm is used to track potential
objects whose existence is unlikely. Only if a quantity charac-
terizing the plausibility of object existence is above a threshold,
a new labeled Bernoulli component is created and the object is
tracked by the more accurate but more computationally demand-
ing LMB part of the algorithm. Conversely, a labeled Bernoulli
component is transferred back to the Poisson RFS if the cor-
responding existence probability falls below another threshold.
Contrary to existing hybrid algorithms based on multi-Bernoulli
and Poisson RFSs, the proposed method facilitates track conti-
nuity and implements complexity-reducing features. Simulation
results demonstrate a large complexity reduction relative to other
RFS-based algorithms with comparable performance.

Index Terms—TFiltering, multiobject tracking, multitarget
tracking, object detection, point processes, random finite sets,
sequential estimation.

I. INTRODUCTION

Multiobject tracking aims to estimate the time-dependent
states of an unknown, time-dependent number of objects from
a sequence of measurements [1]-[5]. This task is complicated
by a measurement-origin uncertainty, i.e., the fact that it is
unknown which measurement was generated by which ob-
ject. Most established multiobject tracking algorithms address
measurement-origin uncertainty by solving a data association
problem [1]. Here, we propose a multiobject tracking algo-
rithm that uses random finite sets (RFSs) and the framework
of finite set statistics (FISST) [2], [3] to model the object states
and measurements.

A. State of the Art

Existing RFS-based multiobject tracking methods include
the probability hypothesis density (PHD) filter [2], [6], the
cardinalized PHD (CPHD) filter [2], [7], and multi-Bernoulli
(MB) filters [2], [3], [8]. These filters do not require a data
association step. They have a low or moderate computational
complexity but can exhibit poor accuracy in more challenging
scenarios. They do not maintain track continuity, in that they
do not estimate entire trajectories of consecutive object states.
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In many applications, track continuity is required. A widely
used approach to achieving track continuity is to model the
multiobject state by a labeled RFS [9]-[16]. Related tracking
filters include the generalized labeled multi-Bernoulli (GLMB)
filter [9], [10], [14], which is based on the GLMB RFS,
and the labeled multi-Bernoulli (LMB) filter [11]-[13], which
is based on the LMB RFS. Compared to the GLMB fil-
ter, the LMB filter incorporates certain approximations result-
ing in a much lower complexity. Recently, (G)LMB meth-
ods that are suitable for large-scale tracking scenarios [12]-
[15] and that consider information from multiple consecu-
tive measurements at each filtering step [16] have been pro-
posed. On the other hand, the track-oriented marginal multi-
Bernoulli/Poisson (TOMB/P) filter [17] is based on the union
of two unlabeled RFSs, namely, a Poisson RFS and an MB
RFS. The TOMB/P filter creates a new Bernoulli component
for each measurement and prunes Bernoulli components with
low existence probability. A modification of the TOMB/P filter
[18] transfers Bernoulli components with low existence proba-
bility to the Poisson RFS instead of pruning them; this transfer
is referred to as recycling in [18]. A “label-augmented” ver-
sion of the TOMB/P filter that maintains track continuity was
obtained in [19] by heuristically introducing labels in the for-
mulation of the TOMB/P filter.

An alternative approach to multiobject tracking with track
continuity is the paradigm of partially distinguishable popula-
tions [20]. This approach can lead to methods with a compu-
tational complexity that is linear in the number of tracks and
the number of measurements.' Finally, track continuity can be
achieved by modeling the multiobject state as an RFS of trajec-
tories [21]-[24], where each trajectory is characterized by its
initial time, its length, and the sequence of object states it con-
tains. Algorithms based on this approach comprise the trajec-
tory PHD and CPHD filters [23], the trajectory multi-Bernoulli
mixture filter [21], and the trajectory Poisson multi-Bernoulli
mixture filter [22]. These methods can have performance ad-
vantages over the methods proposed in [9]-[15], [17]-[20],
but also a significantly increased computational complexity.

! Although relying on a different theoretical paradigm, the concept of distin-
guishable versus indistinguishable objects is partly similar to our concept of la-
beled versus unlabeled objects. However, whereas indistinguishable/unlabeled
objects are considered in both approaches as an entity (modeled by a Pois-
son RFS in our method), in our approach also unlabeled objects are tracked
within the Poisson part, i.e., the Poisson part is also updated by measure-
ments. Furthermore, in [20] track continuity is achieved by using partially
distinguishable populations, whereas in our method it is achieved by using
a labeled RFS. Finally, the two methods employ different approximations to
reduce computational complexity.
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B. Contribution

Here, we propose a multiobject tracking algorithm with
track continuity, termed LMB/P filter, that combines the
strengths of the LMB filter and the PHD filter and is inspired
by the label-augmented TOMB/P filter. We model the multi-
object state as a combination of an LMB RFS (i.e., a labeled
RFS) and a Poisson RFS (i.e., an unlabeled RFS). Whereas
in the TOMB/P filter the Poisson RFS facilitates the creation
of new Bernoulli components, the proposed LMB/P filter ex-
tends the use of the Poisson RFS to the tracking of “unlikely”
objects. Only if a quantity characterizing the plausibility of
object existence is above a threshold, the LMB/P filter creates
a new labeled Bernoulli component, and the corresponding ob-
ject is tracked within the more accurate but less efficient LMB
part. Conversely, the LMB/P filter transfers labeled Bernoulli
components to the Poisson RFS if the probability of object
existence falls below another threshold. The fact that unlikely
objects are tracked within the more efficient Poisson part re-
sults in a large reduction of computational complexity.

Our derivation of the proposed LMB/P filter is based on
a new system model for labeled/unlabeled objects in which
the multiobject state is modeled by a tuple of a labeled RFS
and an unlabeled RFS. This system model is interesting in its
own right as a basis for deriving further new labeled/unlabeled
multiobject tracking filters.

The proposed LMB/P filter is rooted in the framework of
Bayes-optimal multiobject tracking and employs several ap-
proximations to achieve computational feasibility and effi-
ciency. Since an exact implementation of the Bayes-optimal
multiobject tracking filter is computationally infeasible, cer-
tain approximations are employed by all practical multiobject
tracking algorithms. For example, in the popular PHD filter,
the posterior multiobject pdf is approximated by a Poisson
pdf. While this is a rather strong approximation, it can be mo-
tivated and justified by the fact that the PHD filter has a very
low computational complexity while still achieving good per-
formance in multiobject tracking scenarios of low to moderate
difficulty.

The proposed LMB/P filter employs a sequence of approx-
imations that are considerably less severe and more sophisti-
cated. Our goal is to combine the strengths of the PHD and
LMB filters. In fact, the LMB/P filter can be interpreted as
a combination of an LMB filter and a PHD filter that run in
parallel but not independently of each other, even though the
update relations of the PHD part are different from the update
relations of the original PHD filter. The derivation of our fil-
ter is based on approximating the posterior multiobject pdf by
a combined LMB—Poisson pdf. To further decrease the com-
putational complexity, we introduce certain additional approx-
imations and modifications. More specifically, we propose a
clustering scheme based on a new criterion in order to reduce
the complexity of data association, and we employ a flexi-
ble transfer between labeled and unlabeled objects in order
to track “unlikely” objects with low complexity and “likely”
objects with high accuracy. These approximations can be jus-
tified by the fact that they result in a low complexity and an
excellent performance even in challenging multiobject track-

ing scenarios.

This paper differs from our conference publication [25] in
that it proposes an improved label and measurement partition-
ing scheme, which results in a lower complexity; it presents
a detailed derivation of the approximations used in the up-
date step; it provides a detailed step-by-step statement of the
proposed algorithm; and it presents an improved experimen-
tal performance evaluation. Furthermore, the proposed method
differs from the TOMB/P filter with recycling [18] in that it
uses a labeled RFS in order to facilitate track continuity, it
incorporates a label and measurement partitioning scheme re-
sulting in a complexity reduction, and it updates the Poisson
RFS based on measurements that are unlikely to originate from
a labeled object.

C. Paper Organization and Notation

The remainder of this paper is organized as follows. After a
brief review of RFSs in Section II, Section III presents a sys-
tem model for labeled/unlabeled objects. The prediction step
and (exact) update step are presented in Sections IV and V, re-
spectively. In Sections VI and VII, we describe the complexity-
reducing approximations used in the update step of the LMB/P
filter. Section VIII summarizes the LMB/P filter algorithm.
Simulation results are presented in Section IX.

We will use the following notation. Vectors are denoted by
small boldface letters (e.g., x), unlabeled finite sets by capital
letters (e.g., X), and labeled finite sets by capital letters with
a tilde (e.g., X). Labeled states are denoted as (z,1), where
x is a state vector and [ is a label. Randomness is indicated
by a sans serif font, such as in x or X. We write probability
density functions (pdfs) as f(-) or s(-) and probability mass
functions (pmfs) as p(-). The expectation operator is denoted
by E{-} and the probability by Pr{-}. Integrals are over the
entire space of the integration variable unless noted otherwise.
The superscript T indicates transposition, and Iy denotes the
N x N identity matrix.

II. FUNDAMENTALS OF RFSsS
A. Unlabeled RFSs

An (unlabeled) RFS X = {x™), ... x(™} is a random vari-
able whose realizations X are finite sets {x(!),... (™} of
vectors (Y € R"=. Both the vectors x(*) and their number
n = |X| (the cardinality of X) are random, and the elements
x( are unordered. We define p(n) £ Pr{|X| =n} as the pmf
of the cardinality n = |X|. The ser integral [g(X)éX of a
real-valued set function g(X) is defined as described in [2].

The statistics of an RFS X can be described by the multi-
object pdf fx(X), briefly denoted f(X), or equivalently by
the probability generating functional (pgfl) [2]

Gx[h] & / X F(X)6X.

Here, hX £ [],cx h(x), where h: R"*— [0, 00) is any non-
negative vector function. The pgfl of the union X = Uj=1 X)
of statistically independent RFSs X(7), j € 7 £ {1,...,J} is
the product of the individual pgfls Gx)[h], i.e,



= [[ Gxo 1. (1)
jeJ
The PHD or intensity function Ax(x): R" — [0, 00) of an
RFS X, briefly denoted A(x), is a first-order moment of X
with the property that for any region S C R"=, the integral
) s M) dx yields the expected number of objects whose states
are located in that region, i.e., E{|XNS|} = [|XNS| f(X)dX
The PHD can be obtained from the pgfl according to

6
< GX[ ] ) (2)

AMx) = g
h=1

where 22 Gx[h] denotes the functional derivative of Gx[h] [2].

For a Poisson RFS, the cardinality n is Poisson distributed
with mean p, i.e., p(n) = e #u™/n!, n € Ny. For each cardi-
nality n = |X|, the individual elements x are independent and
identically distributed (iid) with some “spatial pdf” f(x). The
pefl is [2]

Gx[h] = Plh; A} £ A1, 3)
where A[h—1] = [(h(x)—1) A(x)dx, and the PHD (intensity
function) is A\(x) = pf(x).

A Bernoulli RFS is parametrized by a probability of exis-
tence r and a spatial pdf s(x). It is either empty with probabil-
ity 1—r or it contains one element x ~ s(x) with probability
r. The pgfl is [2]

Gx [h]

with s[h f h(x)s(x)dx. A linear combination of Bernoulli
pefls is agaln a Bernoulh pefl: more specifically, for weights
v; satisfying ~; >0 and Z.%-:l, we have

Z%

_ 1 o
r= Z%r(l), s(x) = - Z%‘T(z)s(l)(ﬁc)- (©)

An MB RFS is the union of a fixed number .J of statistically
independent Bernoulli RFSs X9), j € 7 parametrized by pos-
sibly different probabilities of existence (/) and spatial pdfs
s() (). The pgfl is (cf. (1) and (4))

Gx[h] [ B[rr?,s9],
JjeET
where sU)[n] = (fh(zc)s(j)(a:)d:c. Here, the superscript ()
used in M7 [h ) s()] indicates that M s [h r0), s()] in-
volves the set of existence probabilities {r(J)} s and the
set of spatial pdfs {s)(z z)}icq

:B[h;r,s] £ 1—r+rs[h], 4)

h r(® s(l)] Blh;r, ], 5)

where

= Mg [h;r0), s

B. Labeled RFSs

In a labeled RFS )N(, each element is a tuple of the form
(x,1) € R™ x IL, where the label space L is a countable set.
Thus, a realization of X has the form X = { MWWy,
(2™, 1) }. The set integral [g(X X)X of areal- valued func—
tion g(X ) can be defined as descnbed in [3], [9]. Analo-
gously to an unlabeled RFS, the statistics of a labeled RFS
can be described by the multlobject pdf F(X) 131, [9], [10]
or by the pgfl Ggl[h] 2 [AXf(X)6X [3, p. 449], where
hx 2 [wnex hle,1) with h: R x L — [0, 00).

An LMB RFS X is an MB RFS where for any realization X
each single-vector set {a} corresponding to a Bernoulli com-
ponent XU is augmented by a distinct label [ € L*. Here,
adopting the labeling procedure of [3], the same label [ is
assigned to each state realization x of a given Bernoulli com-
ponent X)), and L* C L denotes the finite set of assigned
labels. To simplify the notation, we index the Bernoulli RFSs
directly by their labels /, i.e., they are denoted X(¥), [ € L* with
corresponding existence probabilities 7(*) and spatial distribu-
tions s () [11]. The LMB RFS X is completely specified
by the parameter set {( OREOIP )} L . The pgfl is given

by [3]
Gglh) = Ly-[h, 7D, sU] £ T[ B[ vV, sV,  (®)
leL*
with sO[h fh x,1) sV (xz)dx (cf. (4)).

An LMB mixture (LMBM ) RFS generalizes the LMB RFS
in that its pgfl is a mixture of a finite number of LMB pgfls
with identical label set L*, i.e.,

G)”([il] = Zwi L]L* [iL, T’(
= Zwl HB[ﬁ;r(l’i), s(l’i)].

i leL*
Here, the weights satisfy w; >0 and >, wi=1, and shd) [ﬁ] =
[z, 1) s (z)de.

‘17;)7 8('71‘)]

III. SYSTEM MODEL

In this section, we present a new labeled/unlabeled RFS-
based system model that provides statistical descriptions of
the state evolution process and the measurement process. The
proposed model is valid for all types of labeled/unlabeled mul-
tiobject state RFSs; the specific RFS type used for the multi-
object state in our LMB/P filter will be described in Section
IV. The multiobject state is composed of a labeled RFS part
and an unlabeled RFS part. The labeled RFS part encodes the
identities of the modeled objects and thus allows these objects
to be distinguished. By contrast, the objects modeled by the
unlabeled RFS part are indistinguishable.

More specifically, the multiobject state at time k—1 is con-
stituted by the tuple ()~(k_1, Xi—1) of a labeled RFS Xi_1 and
an unlabeled RFS X;_;. The elements of )N(k_l are random
tuples (xg—1,1) € R x L;_,, while the elements of X, _;
are random vectors x;_1 € R™*. Here, x;_; typically con-
sists of the object’s position and possibly further parameters,
and I, is the set of labels corresponding to X;,_;, which
is a subset of the label space Ly = {1,...,k—1} x N.
Each label [ € Ly_; is a tuple of the form [ = (k¥/,v), where
k' € {1,...,k—1} represents the object’s time of birth and
v €N distinguishes objects born at the same time.

A. State-Evolution Model

The state-evolution model describes the statistics of the
multiobject state at time k, (Xj,X), for a given multi-
object state at time k — 1, (Xk_l,Xk_l), as detailed in
what follows. At time k — 1, an object with labeled state
(xg—1,0) € X1 either survives with probability ps(xr_1,1)



or dies with probability 1—ps(@;_1,1). If it survives, its new
state x; (without the label [) is distributed according to the
transition pdf f(xx|xr—1,1), and the label is preserved by
the state transition. This means that the labels of surviving
objects do not change, and thus we denote them as [ rather
than [. The states of different objects evolve independently,
i.e.,> (x,1) is conditionally independent, given (xy_1,1), of
all (x,,!") with I’ # [ and also of all states x} € X;. Due to
these assumptions, the multiobject state of the labeled objects
at time k, given (Xk_l, Xk—1), is described by an LMB RFS
(see Section II-B)

Xi = Sk(zr-1,0),

leLy

where Sy (z;_1,1) is a labeled Bernoulli RFS with existence
probability r,(cl) = ps(zk-1,1) and spatial pdf sg)(mk) =

f(@xg|xK—1,1). Thus, Xj, is characterized by the Bernoulli pa-
rameter set {(ps(:ck,l,l),f(wk|wk,1,l))}lehz_l.

Furthermore, at time k£ —1, an object with unlabeled state
xp_1 € Xp_1 either survives with probability® ps(xx_1) or
dies with probability 1—ps(xx_1). If it survives, its new state
X, is distributed according to the transition pdf f(xg|xr_1).
The states of different unlabeled objects evolve independently,
i.e., x; is conditionally independent, given xj_1, of all the
other x/, and also of the states (x/,1) € X;. Accordingly, the
multiobject state of the survived unlabeled objects at time k,
given (Xk,l,Xk,l), is modeled as an MB RFS (see Sec-
tion IT-A) X3 = U, ex,_, Sk(®r—1), where Sy(zx_1) is a
Bernoulli RFS with parameters 7, = ps(xi_1) and si(x)) =
f(z|xK—1). Thus, X3 is characterized by the Bernoulli pa-

rameter set {(ps(wkfl)’f(wk‘:nk*l))}wk,lexk,l'

Object birth is modeled by an (unlabeled) Poisson RFS X2
with mean parameter ug and spatial pdf fg(x) and, hence,
PHD A} (xx) = s fe(x).* Thus, the entirety of unlabeled
objects at time k, given (Xj_1,Xk—_1), is described by the
RFS

xk:xiusz(

U s (xk1)> UXE.

Tr-1€Xk—1

We assume that all newborn unlabeled object states x;, € X? are
independent of all xj, € Xy, all (x},1) € X, and all measure-
ments (see below) z; € Z;. Due to our above independence
assumptions, the RFSs Xi and X® are conditionally indepen-
dent given (Xj_1, Xj—1).

2We note that (x, 1) is short for (xz,|=1), which denotes the state of an
object with a specific (thus, deterministic) label I, whereas (xg, |) denotes the
state of an object with an arbitrary (thus, random) label .

3With an abuse of notation, ps(-) is used to denote both the survival prob-
ability of labeled objects (with argument (ax_1,!)) and of unlabeled objects
(with argument @ _1). A similar remark applies to the detection probability
pp(+) considered in Section III-B.

“4In our system model, newborn objects may not be labeled objects. As we
will explain in Section V-A, there do exist “new” labeled objects, which are
previously unlabeled objects that are augmented by a new distinct label and
thereby are transferred from the unlabeled RFS to the labeled RFS. Thus, this
creation of new labeled objects is not modeled by a birth process as in the
LMB filter [11]; it is considered as a part of the tracking algorithm, rather
than of the system model.

B. Measurement Model
At time k, a sensor produces My measurements zg), ceey
zgv"“), which are modeled as an (unlabeled) RFS Z;, £ {z,(:)7

. 72,(€M’“) }.5 The measurements may originate from a labeled
object, an unlabeled object, or clutter.

A labeled object with state (xy,1) € X}, is detected (i.e.,
it generates a measurement) with probability pp(xy,l) or is
missed (i.e., it does not generate a measurement) with proba-
bility 1—pp(xk,!). In the first case, the object generates ex-
actly one measurement z;, which is distributed according to
the likelihood function f(zg|xk,!). We assume that zj, is con-
ditionally independent, given (zy, ), of all the other z}, all the
other (xj,, ") € Xy, and all the X}, € Xj. Accordingly, the mea-
surements originating from labeled objects, given (X, Xj),
are modeled by an MB RFS Z; = Uy, O (s, 1), where

©%(zy, 1) is a Bernoulli RFS with parameters r,(fl) = pp(xg, 1)
and s (zy) = f(zi|xx, ). Thus, Z is characterized by the
Bernoulli parameter set { (pp(zx, 1), f(zkl®x, 1) },cp. -

An unlabeled object with state o, € X is detecté&lwith
probability pp () or is missed with probability 1—pp (). In
the first case, it generates exactly one measurement zj, which
is distributed according to the likelihood function f(zk|xg).
We assume that z; is conditionally independent, given xy,
of all the other zj, all the other x) € X, and all the
(x}/,1) € Xi. Hence, the measurements originating from un-
labeled objects, given (X}, Xj), are modeled by an MB
RFS Z}) = U,, cx, ©F(x1), where ©} () is a Bernoulli
RFS with parameters 7, = pp(x)) and s(xy) = f(zk|zk).
Thus, Z} is characterized by the Bernoulli parameter set
{(po(@r), flzrlzr)}, -

Finally, the clutter-originated measurements are modeled by
a Poisson RFS Z$ with mean parameter yc and spatial pdf
fc(zk) and, hence, PHD X§(z1) = pc fc(zk). It thus follows
that the overall measurement RFS at time k, given the multi-
object state (X, X), is

Zy =2-uz} Uz

U eI;;(CCk, )y

leL:_,

U e¥(xn) | uzs.

xR €Xp

We assume that all clutter-originated measurements z; € Z(k:
are independent of all zj, € Z{ and 2}/ € Z§ and all (xy, 1) €X;
and x) € Xj. Due to our above independence assumptions,
the RFSs Z%, ZV, and Z are conditionally independent given
()~( &, Xk). We note that equivalent independence assumptions,
although possibly formulated in a different manner, underlie
many established RFS-based [2], [3] and other [1], [4] tracking
algorithms.

IV. PREDICTION STEP

Adopting a Bayesian sequential inference framework,
the fundamental quantity to be calculated recursively

5The measurement model describes the statistical dependence of the ran-
dom (unobserved) measurements on the multiobject state. Accordingly, at this
point, the measurements are considered random and thus denoted as Z; =

zM ’“)}. However, in the context of our tracking algorithm (see
Sections V-VIII), the measurements will be considered as deterministic (ob-
served) and will thus be denoted as Zj, = {z]il), cey z](ch) }

R}



is the joint posterior multiobject pdf of X, and X,
F(Xk Xp| Z1) with Zyy 2 (Z1,...,Z3), or equiv-
alently the joint posterior pgfl Gy, [h,h|Z1.4] =
[ [ A5 nXe f( Xy, Xp| Z1.6) 0 X1 0 X . We make the simplify-
ing approximation that, at the previous time k —1, Xj—1 and
Xi—1 are conditionally independent given Zi.;_1, so that

Gy s [ h Z1a] = Gy, [ G, (] 9)

(Note that in all pgfl factors and approximating pgfls, we sup-
press the conditions Z3.;_1 and Z;.; for notational simplicity.)
The above factorization will be preserved automatically over
time. That is, using the proposed algorithm—in particular, the
approximations in the update step described in Sections VI
and VII—, the joint posterior pgfl will factor into a labeled
part and an unlabeled part also at time k and at all future
times.

The pgfl factors Gy [h] and G, _,[R] in (9) are given as
follows. We model X;,_; as an LMB RES consisting of |} _, |
labeled Bernoulli RFSs with existence probabilities rl(fll and
spatial pdfs s,(le(wk,l), lely_ . Here, L}y _; CLy_; is the
set of labels underlying X_1. Thus, according to (8),

H B h Tlgl 17Skl) 1}
lely

Gy, _ 1 (10)

k—1

where s,(fll[iz] = fﬁ(wk,hl)sgll(a:k,l)dwk,l. Further-
more, we model X,_; as a Poisson RFS with PHD
Ak—1(xk—1). Thus, according to (3),

Gx,_,[h] = Plh; Ap—1]. (11

Taken together, Eqgs. (9)—(11) express the fact that all the ob-
ject states—both the labeled states, (xx_1,1) € )N(k_l, and the
unlabeled states, x;_1 € Xj_1—are conditionally independent
given Zj.—1. A similar approximation, though formulated in
a different manner, is used by many established RFS-based
[2], [3] and other [1], [4] tracking algorithms.

The joint pgfl ka_l’xk_l[ﬁ,le:k_l] in (9) represents
the joint RFS ()N(k 1,Xg—1). Since the elements of the la-
beled RFS X;_; are defined on the space R™» x Li_,
and the elements of the unlabeled RFS Xj;_; on the space
R"=, the elements of (Xk,l,xk,l) are defined on the space
R"=x Ly _; xR, Accordingly, in (9), the LMB pgfl Gy, [1]
(cf. (10)) describes labeled object states that are defined on the
space R™* x L%, and the Poisson pgfl Gx, ,[h] (cf. (11))
describes unlabeled object states that are defined on the space
R™=,

As previously stated in Section III, the labeled state RFS,
i.e, the LMB RFS Xj,_1, allows the corresponding objects to
be distinguished, whereas the objects modeled by the unla-
beled state RFS, i.e., the Poisson RFS X;_1, are indistinguish-
able. On the other hand, the Poisson RFS is parametrized
by a single function, i.e., its PHD, and it enables a much
more efficient representation and processing of a large num-
ber of potentially existing objects. Therefore, we will model
objects that are likely to exist by the computationally more
demanding LMB part and objects that are unlikely to exist by
the computationally less demanding Poisson part. The LMB

part guarantees track continuity and thereby allows the consis-
tent tracking of distinguishable objects over consecutive time
steps.

The proposed LMB/P filter propagates the posterior pgfl
G, x, (7, h|Z1.1;] from one time step to the next. This con-
sists of a prediction step and an update step. In the predic-
tion step, the previous posterior pgfl Gy, | «, [k h[Z1:—1]
given by (9)—(11) is converted into a predlcted posterior pgfl
Gx (b, h|Z1g1] 2 ththkf(Xk, Xi|Z1k—1) 6 X6 X5,
where f (Xk, Xy|Z1.x—1) is the predicted posterior multiob-
ject pdf. This conversion involves the state-transition param-
eters ps(xp—1,0), f(@p|ep—1,1), ps(®r—1), f(@xk|Tr—1), and
A (zr,) = pp fa(xy) introduced in Section III-A.

The derivation of the prediction step is analogous to that in
[17] but extends it from an unlabeled to a partly labeled mul-
tiobject state. Following [17], one obtains that the predicted
posterior pgfl factors analogously to (9), i.e.,

G)Zk,,xk [ﬁ7h‘Z1k—1] = G?(k Vl] G;k [h} (12)

Here, the factor GE [iz} is of LMB form, i.e.,

O] U]
H B h i Thlk—10 Sk|k— 1t
leL;_,

where
Tz(cl|)k 1 Tl(cl)l/ps(wk?*hl)sg)—l(mkfl)dwkfl7 (13)

J f(ep|erp—1,1)ps(x),— 175)51(;)1(5% 1)deg_1
D g
fps mk—17l)sl(c 1z _q)dzy (14)

for [ € Lj;_,. We recall that 7";(!11 and s,(le(wk,l) are the

parameters of G [A] in (10). Relations (13) and (14) equal
the prediction relations of the LMB filter [11].

l
St (k) =

The other factor in (12), G, [h], is not a Poisson pgfl any-
more but a weighted Poisson pgfl [17]. Still following [17],
we approximate it by the pgfl of the Poisson RFS whose PHD
equals the PHD corresponding to G [h]. This yields

Gf(,c [h] ~ P[h; Agjk—1], (15)

with
)\k|k71(xk)

= \p (wk) +/f(wk|wkfl)ps($kfl>)\Icfl(wkfl)dwkfl~ (16)

Here, we recall that \x_1 (xx_1) is the PHD corresponding to
Gx,_,[h] in (11) and AB(xy) is the birth PHD modeling the
birth of objects as explained in Section III-A. We note that the
above Poisson pgfl approximation is also used in the prediction
step of the PHD filter [6], and in fact relation (16) equals the
prediction relation of the PHD filter [6]. We furthermore note
that the approximation can be interpreted as the minimization
of a Kullback-Leibler divergence [26].

We conclude that when the approximation (15) is used, the
prediction step preserves the LMB-Poisson form of the pre-
vious posterior pgfl Gg, | [h, h|Z71.—1]-



V. EXACT UPDATE STEP

In the update step, the predicted posterior pgfl
G;(hxk [hy h| Z1.—1] s ~converted into the new posterior
pefl at time k, Gy, [k, h|Z1:5]. This conversion involves
the current measurement set Z; as well as the measurement
parameters pp(xx,l), f(zklzk,!), ppo(xr), f(zk|xk), and
XS (z1) = pc fe(z,) introduced in Section III-B. The deriva-
tion of the update step is again analogous to that in [17]. It
turns out that Gy [h, h|Z1.;] factors according to

G, x, [ h| Z1x) = G%..

o B Gy [R], ()

where the factor G/

the factor G, [h] undetected objects. Detected objects are la-
beled or unlabeled objects—either likely to exist or not—that
generated a measurement in the current or a previous update
step, while undetected objects are unlabeled objects that are
unlikely to exist and did not generate a measurement in the
current update step. Expressions of G;”(k %, [h, h] and Gx, [h]
will be provided in the next two subsections.

The “exact” update step discussed in this section has a high
complexity. We emphasize that the update step of the proposed
LMBY/P filter is different in that it involves several complexity-
reducing modifications and approximations, to be described in
Sections VI and VIIL.

[h h] represents detected objects and

A. Expression of the pgfl of Detected Objects

Next, we will provide an expression of the pgfl of detected
objects, G;?k,xk [h, h]. Let My 2 {1,..., My} denote the set
of measurement indices (cf. Section III-B). We introduce the
random assoczatton vector aj, € ({0} UM)He-1l, whose en-

tries a]C , l € Li_, are given as a,(j) £ m e My if the la-

beled object with state (x, ) generates measurement z,(cm)
ag) £ 0 if it does not generate a measurement. Note that in
the first case, the labeled object with state (xy,!) is detected,
and in the second case, it is missed. We call each possible
value aj, of the association vector a; an association hypoth-
esis, and we call a; admissible if all the nonzero entries a,(f)
are different, which implies that at most one measurement is
assigned to a labeled object and no measurement is assigned
to more than one labeled object. The association alphabet Ay,
is defined as the set of all admissible a;..

Using ay, a derivation analogous to [17] shows that
G’ [h h] is a mixture of pgfls, Where each pefl is the prod-

uct of an LMB pgfl L (s, a ), ,i 4 )] (see (8)) and an
MB pefl MM% [h; 7,500 (see (7)), ie.,

Z Wa,, L]L*

and

h Tliaak ) ;va )]

Xk7xk
ar€AL () -()
xMMa'[h;rk,sk } (18)
= 5w T 0)
ap€A) lely_,
x H B[h; 7™ 5™, (19)
meMq

Here, Mg, C My, is the index set of all measurements that
are not associated with any labeled object via aj € Ay; note
in particular that Mg, = () indicates that all measurements
®
are associated with labeled objects. Expressions of r( e )

la m m
s () and 7, 507

and 7, xy.) will be presented shortly. Fur-
thermore, the welghts Wq, in (18) and (19) are given up to a
normalization constant by

plhak ) B,
(lej]!;[ 1 mgak *

l . ;
where B,i and B,im) are referred to as association weights
[17]. Note that in (19), each mixture component corresponds

to one of the admissible association hypotheses aj € Ai. The
(-, a

LMB pgfl Lp:  [h; r,i"as“ ) S, )} represents objects that are
likely to exist and are either detected or undetected in the cur-
rent update step, and the MB pgfl My, [h r,i ), ()] repre-
sents objects that are unlikely to exist but nevertheless, are
detected in the current update step.

(20)

1
)

. (t.a") (mi”)
Next, we present expressions of 6k > Ty

W
s](f’a’“ )(wk) for lelLy_; [17]. For a( '=m e My, we have

and

(l m) _ (1) (1,m)
= b, Q1)
r](j’m) =1, (22)
(1om) po(@i ) f (2" |wx 1) sy (@)
Sk (wk) = (1,m) ’ (23)
by
o pm) & (m) 0)
with b, Jpo(ew, 1) f (2" |2k, 1) Spik_1(@r)dzy. Here,
r,(cl)k , and s,(f‘)k_l(a:k) were calculated in the prediction step,

see (13) and (14). Note that (22) indicates that the object
with label [ exists; its state (xg,[) is distributed according
to s\"™ (@) in (23). The plausibility of this event (i.c., that
the object with state (xy,[) exists and generates measurement
(m)) is quantified by Bkl ™) in (21). On the other hand, for

)

a;’=0, we have

(1,0) _ (l) (l) O]

ko =T T T RGeS 24
() (1)

(1.0) _ "klk—1%

Tk o0 (25)

k
1—pp(xg, 1) 3(1)7 (z)
SI(CZ’O)(iEk)Z ( ) klk—1 7 26)

0

with c() J (1= pp(mi, 1)) 5](€l|)k_1(33k)d$k~ Thus, the exis-
tence of the object with label [ is uncertain (as described by
the existence probability r( 0 in (25)). Note that r(l - =0
would indicate that the labeled object with state (xk, 1) does
not exist and r,(cl’o) =1 would indicate that the object exists
but does not generate a measurement. If the object exists, its
state (x, () is distributed according to s( ' )(:ck) in (26). The
plausibility of these events (i.e., that the labeled object with
state (xg,!) does not exist or it exists but does not generate
a measurement) is quantified by B,(CZ’O) in (24). Note that in
the latter case, the labeled object with state (xg,!) does not



generate a measurement in the current update step, but it did
generate a measurement in a prev1ous update step.

Finally, expressions of Bk , ’(m), and S(m)( k) for m €
My, are given by [17]

B = A=) + @7
(m)
(m) _ Ay
Tk = L(m)? (28)
k
_(m) pD(ka)f(Z;gm) |Tk) Mgt (k)
5 (xk) = : ; (29)

™

with d;cm) pr(a:k)f(z,(cm)]wk) Mijk—1(y)dxy. Here,
Akjk—1(xx) was calculated in the prediction step, see (16),
and /\g(z,(cm)) is the clutter PHD introduced in Section III-B.
Note that f,(f ™) — 1 would indicate that measurement z( ™) orig-
inates from an unlabeled obgect the state x;, of that ob]ect is
distributed according to §,(€m (z) in (29). On the other hand,
7™ = 0 would indicate that z{™ originates from clutter. The
plausibility of this event (i.e., that measurement z( ™) origi-
nates from an unlabeled object or from clutter) is quantiﬁed

by B in (27).

B. Expression of the pgfl of Undetected Objects

It remains to provide an expression of the pgfl of undetected
objects, Gx, [h] in (17). (Recall that an undetected object is
an unlabeled object that is unlikely to exist and did not gen-
erate a measurement in the current update step.) A derivation
analogous to [17] yields the Poisson pgfl (see (3))

with
Ae(r) = (1=pp(xk)) Agjp—1(Tr) -

We note that G, [h] represents objects that are unlikely to
exist and are also undetected.

In summary, the exact update step transforms the predicted
posterior pgfl Gy, . [h, h|Z1.;—1] in (12), which is approxi-
mately the product of an LMB pgfl and a Poisson pgfl, into
the new posterior pgfl Gy, . [h, h|Z1.1], which, according to
(17) and our discussion above, is the product of the LMB-
MB mixture pgfl G% [h,h] in (18), (19) and the Poisson
pefl Gx, [h] in (30). The exact update step also takes into ac-
count the detection of objects that are unlikely to exist. This is
achieved by the MB pgfl M4, [h; F,(c'), §§€')] involved in (18),
which comprises one Bernoulli component for each observed
measurement.

€2y

VI. UPDATE STEP OF THE LMB/P FILTER:
FIRST APPROXIMATION STAGE

The proposed LMB/P filter is now obtained by two succes-
sive approximations of the exact update step discussed above,
which result in a significant reduction of complexity. The first
approximation stage results in a transformation of certain un-
labeled objects into labeled objects. More concretely, to re-
duce the complexity of data association, we first cluster the
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Fig. 1: Overview of the label sets involved in the approximations
described in Sections VI and VII.

LMB-MB mixture pgfl G’ [h h] in (19) into C' LMB-
MB mixture pgfls. Then we transfer unlabeled objects that
were previously unlikely to exist but satisfy a suitable thresh-
old criterion to the labeled object part, which means that they
are now considered as objects that are likely to exist.

A. Partitioning of Label and Measurement Sets

The clustering of G [h h] is based on a partitioning of
the label set Ly _, and of the measurement index set M, =
{1,..., My}. We partition the label set L} , into C € N
disjoint subsets, i.e.,

L;_ 1_U]Lk . (32)
ceC

where C={1,...,C}, and we partition the measurement index
set My, into C' + 1 disjoint subsets, i.e.,

My = ( U M}?) UM,

ceC

(33)

Each measurement index subset M C M., is associated with
a corresponding label subset ]L(c) C Lj_,, whereas the resid-

ual measurement index subset Mfs = M\ Ueee M s
not associated with any label set. More specifically, the parti-
tionings (32) and (33) are chosen such that for any c€C, the
association (described by a,(cl)) of an object with state (xg,1),
le Ll(cczl with a measurement with index m is plausible for

m € ./\/léc) and implausible for m € ./\/l,(:/) with ¢’ # c. Here,
the plausibility of an association is quantified by the associa-
tion weight ﬁ,(cl’m) in (21). An algorithm for constructing the
partitionings (32) and (33) is presented in Appendix A. This al-

gorithm uses a nonnegative threshold ¢ that determines L,(Ccll,

M, and M,

The partitionings of L.}, and M, are illustrated in Fig. 1
and Fig. 2, respectively. The overall partitioning scheme is
similar in spirit to the classical gating procedure used, e.g., in
the joint probabilistic data association filter [1]. However, it is
different in that it considers also the (non)existence of objects,
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Fig. 2: Overview of the measurement index sets involved in the ap-
proximations described in Sections VI and VII.

it uses the association weights 3 ,il’m) as plausibility measures,
and it collects all the residual measurement indices in M.

B. Approximation of the pgfis of Detected and Undetected Ob-
Jjects

Based on the label and measurement partitionings described
above, we approximate the posterior pgfl Gy [h, h|Z1.] in
(17) according to

G, X, [h, h|Z1.1] = G;Zk, [h] G, [h] (34)
where expressions of the factors G% [h] and Gy, [h] will
be provided presently. As mentioned earlier, this approxima-
tion involves the clustering of the LMB-MB mixture pgfl
Gs, X, [h,h|Z14] into C LMB-MB mixture pgfls and the
transfer of certain unlabeled objects to labeled objects. The
clustering step combined with the pruning of implausible as-
sociation hypotheses significantly reduces the complexity of
data association. The transfer step implicates that unlabeled
objects that are likely to exist are now modeled by the la-
beled object part. A detailed description of the clustering and
transfer steps is provided in Appendix B. Most of the pgfls
involved in the approximations described in Sections VI and
VII and in Appendix B are illustrated in Fig. 3.

Labeled pgfl factor: The labeled pgfl factor G [~] in (34)
represents objects that are likely to exist; it is grven by

Gy [h] = T

b (35)
ceC

LLxeslr h Tk , S
Here, according to the derivation described in Appendix
B.3, the labeled objects represented by the LMB pgfl
Lyese [h; f,(c'), 5,(6')] include objects that were transferred from
the set of unlabeled objects. The label set Li™"" consists of
all labels [ = (k,m) with m € M, where MM C M
comprises all m € M} for which f,%m) > Y, With 7, being a
positive threshold. Furthermore, F,(cm and 5("™) (x,) are given
by (28) and (29), respectively.

The factors G([h] in (35), just as the factor
Ly e [ﬁ;fé),gg)], represent labeled objects that are likely
to exist. As described in Appendix B.2, some of these ob-
jects were transferred from the set of unlabeled objects
within the respective cluster c. The underlying clustering
step, described in Appendix B.1, significantly reduces the
complexity of data association. For an expression of the
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Fig. 3: Overview of some of the pgfls involved in the approximations
described in Sections VI and VII and in Appendix B. For simplicity
of notation, we omit the existence probabilities and spatral dfs in
the pefls; e.g., we write Mg [h] instead of Mg [h; rk 751c

factors G(C) [iz} we first introduce the random association vec-

c)tr

tors a.” € Al £ ({oyu M )‘ al {0, 131571, where
the entries @, of a realization a,(C are as follows. For
1eLi?, a,(fl is defined similarly to a\” in Section V-A as

(C Dame /\/l( if the labeled object with state (xj,[) gen-
erates measurement z,(cm) and aff’l) £ 0 if it does not generate
a measurement. For ZEL,(:)", aﬁf’l) is 1 if the labeled object
with state (xg,l) with [ = (k,m), m € Mgf) generates mea-
and 0O if it does not generate a measurement.
Similarly to Section V-A, we call aif) admissible if at most
one measurement is assigned to a labeled object and no mea-
surement is assigned to more than one labeled object. The set
A9 C AL collects all admissible association vectors a'”.

The factors G [A] in (35) are LMBM pgfls given by

20) c,)
,a ,a
E w (c) LL(C)M [h 7’( k ) Sfﬁ k
(C)EA(C)

m
surement 2,

GO[h . 36)

Here, the label set ]L](:)tot is given as (see Fig. 1)

L2 L uL" with LY nLY"=0, (37
where the label set ]L,,(f)[r consists of all labels | = (k,m)

with m € /\/l( ) such that f( ™) > %r Furthermore, r,(f’m)

(, m)(

and s, xy,) are as follows. For IGILk 1> they are given for



me Mgf) by (22) and (23), respectively and for m =0 by (25)
and (26), respectively. For ZELI(:)“, rl(j’l) and sg’l)(azk) with
I=(k,m), meM ,(f) are given by (28) and (29), respectively;
furthermore, r,gl’o =0 whereas s,(cl’o)(:ck) is not defined since
the corresponding object does not exist. Finally, the weights

w () are given up to a normalization constant as
k

wagﬁ XX ( H B(Z ak o )> H ﬁ](cm)»

lEL(C)m[ meM (L)

(38)

where M al® C /\/l( ©) comprises all m € M(C) that are not
assoc1ated with any object label [ € ]L(C Y For I e ]Lk 1» the
association weights Bk are given for m € M(C) by (21)
and for m = 0 by (24), and for lE]L(c )" the ,6’(l m are given
for m = 1 by (27) and for m = 0 by 1. Furthermore, the ﬁ,gm)
are given by (27).

Unlabeled pgfl factor: The unlabeled pgfl factor G [h] in
(34) represents unlabeled objects that are unlikely to exist; it
is given by

G, [h] =

Here, M), £ M\ MY, and f,(cm) and El(gm)(:ck) are given
by (28) and (29), respectively. Furthermore, Gx, [h] is the Pois-
son pgfl given by (30) and (31). Thus, G} [h] is an MB-
Poisson pgfl.

Mg [l 5] G, [h]. (39)

Summary of the first approximation stage: In summary,
in the first approximation stage, the exact posterior pgfl
G, x, [l h|Z1] in (17), which is the product of the la-
beled/unlabeled pgfl G;(kvxk [h,h] and the unlabeled pgfl
G, [h], is approximated by G;?k [h)] G, [h] in (34). Here, the
factor G [h] is the pgfl of a labeled RFS representing objects
that are 111i<ely to exist. More specifically, it is the product of
the LMB pgfl Ly [h T,E), 5t )] and the LMBM pgfls G(°)[h],
c=1,...,C. The other factor, G, [h], is the pgfl of an unla-
beled RFS representing objects that are unlikely to exist. More
specifically, it is the product of the MB pgfl My, [h; ) s,(f)]
and the Poisson pgfl Gx, [h]. The effect of the ﬁrst approxi-
mation stage is to reduce the overall complexity (based on the
clustering described in Section VI-A) and to transfer the part
of the unlabeled RFS representing likely unlabeled objects to
the labeled RFS (as described in Appendices B.2 and B.3).
Note that the resulting creation of new labeled objects is an
inherent part of our tracking algorithm, and not due to a birth
process in our system model (cf. Section III-A).

VII. UPDATE STEP OF THE LMB/P FILTER:
SECOND APPROXIMATION STAGE

In the second approximation stage, we approximate G H
in (34) and (35), which is the product of an LMB pgﬂ and
C LMBM pgfls, by an LMB pgfl. Furthermore, we modify
Gg(k [h] in (34) and (39), which is the product of an MB pgfl
and a Poisson pgfl. This modification consists of first combin-
ing G, [h] with the “unlikely” legacy Bernoulli components

of the LMB pgfl approximating G [ ] and then approximat-
ing the resulting pgfl by a P01sson pgﬂ

A. Labeled Objects

We first approximate the pgfl of labeled objects, G [h]
by an LMB pgfl, and then we transfer labeled objects that are
unlikely to exist to the unlabeled RFS part. This transfer is
known as recycling [18].

According to (35), the pgfl of labeled objects G % [h] is the
product of the pgfl representing objects transferred from the set

of unlabeled nonclustered objects, L]L;:»‘u [h, r,i), s;)} and the

product of all C pgfls G [h [N] representing labeled clustered
objects. To approximate G/ [N] by an LMB pgfl, we first note
that the product of LMB pglﬁs is again an LMB pgfl, and that
LH;;S.“ [h, 5 ,s,(c)] is already an LMB pgfl. Therefore, we will
approximate the LMBM pgfls G(°)[], c€C by LMB pgfls. For
this, we start from express1on (36) and exploit the fact that the
weights w al®> a,g eAk in (38) satisfy >_ e Al Wa(© =1.
Thus, we are able to formally interpret these welghts ‘as the
pmf of the joint association vector aé ), ie., we set

(0)
p(af?) 2 {w <4

(40)
0, otherw1se.

Expression (36) can then be rewritten as

R = ey (el
GO = 3 plag?) LygomlBir ™ s ] @n

al9e Al

, = ({opu
M<c))\L§;21\ x {0, 1}\“”"\ (ie., larger than A'” in (36)) is
0 for a(°)€ A(C)\AE:).

Following [17], we now approximate p(a,(:)) by the product

Note that the summation over the larger set flgf)

possible because p( )

of the marginal pmfs p( ff )), ie.,
c ! g 7(c
plaf) =o' (@) 2 ] p(al”), ai’eA?.
le]LE:)ml
Here,
Z (c)NzeA(c)kg p( (C)), le L;C_)l,

plag”) £ (42)

;c)) : le ngc)tr

ZaLC)NleALC)" p(

(recall from (37) that L(C)tm* L(C) U L(C)tr) where a(c)Nl de-
(e) A(C)leg A ({O}UM( )\Lgccjl\*l

notes a,,

{0, 117, and A" 2 ({0yum @) B2 (o, 1)1,

We note that an efficient and scalable approximate implemen-

tation of the marginalization in (42) is provided by the belief
. . . o 10 (c)

propagation algorithm proposed in [17]. Substituting p' (ak )

for p( (°)) in (41) and using the fact that the LMB pgfl

NP
Ly o [h; r,(c’ e ,(C » )] representing all (labeled) objects

within cluster ¢ is the product of all corresponding labeled

aDY (el
Bernoulli pgfls B[h;rkl k ), sg k ] (see (8)), we obtain

the following approximation of G(¢) [h]

G(c)/ A Z H p (cl) (

D e 4@ jepe
a;? e A 1eL, "

without entry a! k

(vc,l)) (l’aic,l))
» Sk ]



Using the identities HZG]L;:)M = (Hleij)l ) HZGLE:)[, and

2. = 2 2

a{?eA?  aPVefoyuml®  @rl?n

a, T e{oyum
x Y

> :
<c \n(c)lwn

(e) (e)r
(es Ly Zq 14117 D
{01} a, *? €{0,1}

this becomes

G V[h]

= ( H Z p(az(cc’l))B[fL;rl(cl’“i-,c’”), sg’a;‘“))o

leLl? a,ﬁc’”e{o}uM(c)

e, D) (Laled
X H Z l) h, 1(; ),sg’ ’“ )].

1eL{P" o Z)E{O,l}

Using (5), this can be written as the LMB pgfl

G R = Lyenhiry, 5], (43)

O]

where, according to (6), rk and s,

Ll(ccll by

(zy,) are given for | €

(e,
= 3 p(af) e, (44)
aVe{oyum?
. 1 1 (l,a(c‘” ) a((‘ 1)
V@)= > el s (@),
"k alPYefoyum?
(45)
and for 1€ L™ by
A
T(l)zp(a,(fl) 1)T,(€l’ k 1), (46)
1 (e,l)__ -1
s\ () = sp ™ " (a). @)
(C’L):O)

(To obtain (46) and (47), we used the fact that r,(cl’a’“
for [ € IL;CC)U, as mentioned in Section VI-B.) Note that (44)—
(47) are update equations for the labeled objects; more specif-
ically, (44) and (45) for the legacy Bernoulli components and
(46) and (47) for the transferred Bernoulli components. It can
be shown that our LMB approximation of the LMBM pgfls—

which is based on 1nterpret1ng the weights w al®) S the joint

association pmf p(a; ) and approximating that pmf by the

product of its marginals—is equivalent to the LMB approxi-
mation of the LMBM pgfls that is obtained by matching the
PHD of each LMB pgfl to that of the corresponding LMBM
pefl (similarly to [11]).

Let ]L,(:)leg C ]L,(:zl collect the labels [ € Lécll of those
legacy Bernoulli components that are “likely” in the sense
that their existence probability r,(f) in (44) satisfies r,il) 2 Yiegs
where e, is another positive threshold. The total label set
of all “likely” legacy Bernoulli components and transferred
Bernoulli components is then given by (see Fig. 1)

]Lz 2 ( U (L;c)leg U LS:)H)> U L;:s,tr’

ceC
where ;" was introduced in Section VI-B. The LMB pgfl

(48)

corresponding to I} is now given by

Gt

3.0 = L (s, si]

= LLr’:s,lr [il, fk ; gk. ] H LLEC(;)legU]L;:)" [E, T](c.), SEC):I
ceC (49)

(see Fig. 3). According to (49) G [~] equals the product
of the LMB pgfl L]er [h rk ,sgc)] 1nV01ved in (35) and the
C LMB pgfls obtained by restricting the LMB pgfls in (43)
to the label sets }L(C)]eg U IL(C)", for all ¢ € C. This is our
final approximation of the labeled object part, i.e., of the pgfl
Gg(k [h] in (35). That is, we have

~ Gy [h].

G, h]
The “unhkely” legacy Bernoulli components correspond to
the labels [ € ]L 1 with r,(cl) < Yieg> OF equivalently [ € L,(Cc)unl

L ]L,Sil \Lic)leg. Instead of discarding them, as is done, e.g.,
in the LMB filter [11], we use recycling [18], i.e., we transfer
them to the unlabeled RFS part. As a consequence, these un-
likely objects are still being tracked but with a smaller com-
putational cost. A higher threshold i, tends to imply that
fewer Bernoulli components remain in the labeled RFS part
and more are transferred to the unlabeled RFS part. In par-
ticular, when many measurements are missing (due to, e.g.,
object death or object occlusion), then r,(cl) is decreased, and
if r,(cl) < Yieg» then the corresponding labeled Bernoulli com-
ponent will be transferred to the unlabeled RFS part. We note
that the Bernoulli components transferred to the unlabeled RFS
part comprise only legacy Bernoulli components and do not
include Bernoulli components that were transferred from the
unlabeled RFS part to the labeled RFS part in the current time
step. This is due to the fact that the corresponding label sets
]L;(f,) , and JL,(:)“ are disjoint (cf. (37)) and, thus, Bernoulli com-
ponents that were transferred from the unlabeled RFS part to
the labeled RFS part are not transferred back in the current
time step.

B. Unlabeled Objects

We proceed by representing unlabeled and currently labeled
objects that are unlikely to exist by a Poisson RFS. Compared
to our previous use of an LMB RFS to represent objects that
are likely to exist, using a Poisson RFS reduces the com-
putational complexity at the expense of a decreased tracking
accuracy and the loss of track continuity for the respective
objects.

Consider the unlikely legacy objects defined by the label set

(see Flg 1)
Lo I c)unl
lli:] £ U l(c) .

ceC

(50)

The labeled pgfl comprising the correspondlng Bernoulli com-
ponents is given by L]Lunl [h rk),sk ] (see Fig. 3). We now
combine this labeled pgﬂ with the unlabeled pgfl G [h] in
(39) by defining

Gl [ ] & L s 5] G, [R).

% X (51



We recall that G, [h] is the product of an MB pgfl and a
Poisson pgfl (see (39)), and it represents unlabeled objects that
are unlikely. Thus, the LMB-MB-Poisson pgfl G§" [h, )
represents the labeled and unlabeled objects that arekunhkely

To further reduce the complexity of the update step, we next
approximate GUXI:AX;C [h, h] by a Poisson pgfl, i.e. (see Fig. 3)

Gyl [hoh) = Gy, [h] & Plh; ). (52)
To find the PHD \j(xj), we first “unlabel” the LMB
pgfl  Lpm [h;r,(c'),sg)}. This results in the MB pgfl

My [h; ri),s0)], wherein I € L™ is used solely to index the
Bernoulli components, and not as the label of a labeled state
(xk,1). Through this unlabeling, the mixed labeled/unlabeled
(LMB-MB-Poisson) pgfl G”“l [h h] in (51) is converted
into the unlabeled (MB P01sson) pgﬂ

Gl [h] & My (), s G, [h).

The PHD Aj(xj) in (52) is now chosen as the PHD corre-
sponding to G““l[ ]. That is, invoking (2), we set A} (zr) =
(5G”X111 /5wk|h 1~ Using (39), (30), and (31), this can be

shown to yield
Ai(xg) = Z rkl)sg Z 7‘( ™) (m) (zk)
leLy meM;

+ (1=pp(@r)) Mepe—1 (), (53)

where r,(cl)

(z) are given by (44) and (45), respec-
tively, F,(cm) and §,(€m)(wk) are given by (28) and (29), respec-
tively, and Ay ,—1 () is given by (16). The first term in (53),
Zlewl T,(Cl)s,(cl)(ack), corresponds to originally labeled objects
that are unlikely—either because the objects already disap-
peared or because no measurement was associated with them
for some time. The second term, » (7 _,(C ™) ( )( k), COI-
responds to measurements that are not likely to orlgmate from
any labeled objects. The third term, (1—pp (k) Agjr—1(Zx),
corresponds to unlabeled objects that are undetected. The Pois-
son pgfl G, [h] defined in (52) is our final approximation of

the unlabeled object part.

and sg)

VIII. THE PROPOSED LMB/P FILTER

The core of the proposed LMB/P filter algorithm is the ap-
proximate update step developed in Sections VI and VII. We
recall that this approximate update step transforms the pre-
dicted posterior pgfl G, x, [h, h|Z1.5—1], which according to
(12) is the product of the labeled pgfl GP [N] and the un-
labeled pgfl G% . [R], into the following appr0x1mati0n of the
new posterior pgﬂ G5, [h, h|Z1.4] in (17):

G x, [ Wl Z1k] = Gy (R GX, [h].

This is the product of the LMB pgfl G5 [ﬁ], which is given
by (49) and (44)—(47), and the Poisson pgﬂ G% [ ], which is
given by (52) and (53). The update relations are (44) (47) for
the LMB parameters (existence probabilities and spatial pdfs)
and (53) for the Poisson parameter (PHD).

These update relations can be viewed as those of an LMB
filter and a PHD filter that run in parallel but not independently

of each other. The LMB part models objects that are likely to
exist and uses in the update step measurements that are likely
(plausible) to originate from these objects. It maintains track
continuity of the modeled objects and offers a better tracking
accuracy than the Poisson part. The Poisson part, on the other
hand, models objects that are unlikely to exist, and it uses in
the update step all those measurements that are unlikely (im-
plausible) to originate from a labeled object and thus likely to
originate from an unlabeled object or from clutter. Each mea-
surement is used only once in the update step, either by the
LMB part or by the Poisson part. The overall approximate up-
date step includes transfers between the labeled and unlabeled
RFS parts. That is, based on newly observed measurements,
some objects that were previously considered unlikely to exist
are considered likely to exist and vice versa. These transfers
are controlled by the thresholds ¢, Vi, and Yieg.

The proposed LMB/P filter algorithm is finally obtained by
cascading the prediction step (Section IV) and the approx-
imate update step (Sections VI and VII), and by adding a
detection-estimation step. Since the unlabeled RFS part rep-
resents objects that are unlikely to exist, object detection and
state estimation are based solely on the labeled RFS part. An
object with label [ € L} is detected—i.e., declared to exist—if
its existence probability r,(cl) is larger than a positive detection
threshold ~p; the label [ is then included in the “detected label
set” LP CIL;. Subsequently, for each detected object [ € L2,
a state estimate is calculated according to

A(l) /azks,(cl)(:ck)dwk.

Table I summarizes the proposed LMB/P filter algorithm.

(54)

IX. SIMULATION STUDY
A. Simulation Setup

We evaluate the performance of the proposed LMB/P fil-
ter in two two-dimensional (2D) tracking scenarios, termed
TS1 and TS2. In TSI, ten objects appear at randomly chosen
positions in the region of interest (ROI) before time k = 40
and disappear after k=150. In TS2, 20 objects appear before
k=100 and disappear after k=140; they conform to the ob-
ject generation scheme of [27], according to which all objects
move toward the point (0, 0) and simultaneously come in close
proximity around that point at k=120. The object states con-
sist of 2D position and velocity, i.e, X = [X1 k X2,k X1,k X2,£] -
They evolve according to the nearly constant velocity mo-
tion model, i.e., x;, = Axj,_1; + Wuy, where A € R**4 and
W € R**2 are chosen as in [28, Sec. 6.3.2] and uy, is an iid
sequence of 2D zero-mean Gaussian random vectors with in-
dependent components and component variance o2 = 1074
The sensor is located at position p = [p1 pa]T=[0 —50]T and
has a measurement range of 300. The ROI is equal to the disk
determined by the sensor’s measurement range. Realizations
of the object trajectories for TS1 and TS2 are shown in Fig. 4.

The object-originated measurements conform to the non-
linear range-bearing model z;, = [p(x)) H(Xk)]T—F vi. Here,
p(xi) £ ||x}, — ||, where x; £ [x1 x2]T is the object po-

sition, and 6(x;) £ tanfl(%). Furthermore, vy, is 2D



TABLE I: Proposed LMB/P filter algorithm—recursion at time k£ >1

Input: Previous existence probabilities r,(fll and previous spatial

pdfs s}fll(mk,l) for [ € Lj_y; previous PHD Ay_i(xx—1) (in
practice, this is replaced by the previously calculated approximation
Ai—1(®K—1)); measurements z,(cm) for m e M.

Output: Existence probabilities r,il) and spatial pdfs sél)(wk) for

l € Lj; approximate PHD A (xy); object state estimates :i:;c” for

leLy.

Operations:

Step 1 — Prediction:

1.1) For I € Lj_,, calculate the predicted existence probabilities
r,(c”kil and the predicted spatial pdfs s,(cll)kfl(mk) according to
(13) and (14), respectively.

1.2) Calculate the predicted posterior PHD Ayx_1 (k) according to
(16).

Step 2 — Preparations for Update:

2.1) Forl€ Lj_,, calculate the association weights /j',il’m), existence

probabilities rkl‘m), and spatial pdfs skl‘m(:ck) according to

(21)-(23) (for m € My,) or (24)—(26) (for m=0).

2.2) For m € My, caleulate 8™, 7™, and 5{™ (z}) according
to (27)—(29).

2.3) Partition the label set IL;_; and the measurement index set M,

as described in Section VI-A. This yields L{”, and M\ for
c€C as well as M.

2.4) Determine L\”" for ¢ € C, L' (corresponding to M), and
M, as described in Section VI-B.

Step 3 — Update for Labeled Objects:

3.1) For c € C, calculate the weights w () according to (38) and

Rt
the joint association pmf p(al(f)) according to (40).

3.2) ForceC and I € ]Ll(:)ml: ]L,(i)l U L](:>lr, calculate the marginal
association pmf p(a,(:’l)) according to (42). (An efficient
and scalable belief propagation algorithm for computing the
p(ag’l)) is presented in [17].)

3.3) For c €C, calculate the updated existence probabilities r,(cl) and
spatial pdfs sg)(mk) according to (44) and (45) (for € ]L;f_)l)
or (46) and (47) (for 1€ L{").

3.4) For c € C, determine L,icﬁeg and I[,,(f>““l as described in Section
VII-A.

3.5) Determine L} according to (48) and L™ according to (50).

Step 4 — Update for Unlabeled Objects: Calculate the approximate

updated posterior PHD A} (%) according to (53).

Step 5 — Object Detection and State Estimation:

5.1) Determine LY as described in Section VIII.

5.2) For | €LY, calculate an object state estimate a?fcl) according to
(54).

Initialization at time k=0: L5=0, A\o(xo).

zero-mean white Gaussian measurement noise with indepen-
dent components and component standard deviations o, = 2
and oy = 1°. The detection probability of the sensor is modeled
as pp () = pp.max exp(—||x}||?/450%) [11] with pp max = 0.7
for TS1 and pp max = 0.5 for TS2. Thus, the detection proba-
bility has its maximum of 0.7 for TSI and 0.5 for TS2 at the
ROI center and decreases towards the ROI border, where it is

r1

(a) b)

Fig. 4: Examples of the true object trajectories (represented by blue
lines, starting positions indicated by blue crosses) and the corre-
sponding estimates obtained with the proposed BP-LMB/P filter (rep-
resented by red lines) for (a) TS1 and (b) TS2. The position of
the sensor is indicated by a black circle. The green circles show
the measurements of the sensor at time k = 100 within the region
[—150, 150] x [—150, 150].

0.45 for TS1 and 0.32 for TS2. The clutter pdf fc(z) is uni-
form (in polar coordinates) on the ROI with mean parameter
e =100 for TSI and pc =150 for TS2.

We compare the performance of particle implementations of
the proposed LMB/P filter, the LMB filter [12], the fast LMB
filter presented in [13], and a version of the TOMB/P filter
[17], [29] that performs recycling of Bernoulli components as
proposed in [18]. We remark that our performance compari-
son does not consider algorithms with a significantly higher
complexity, such as the GLMB filter [9], [10], [14] or the
trajectory-based filters proposed in [21]-[24]. Note also that
the latter filters use Gaussian representations of spatial distri-
butions and thus presuppose a linear-Gaussian system model,
and moreover they assume a spatially constant detection prob-
ability, both of which are incompatible with the considered
measurement model. Our performance comparison uses 1,000
Monte Carlo runs for each experiment. The object trajectories
are randomly generated for each run according to the state-
evolution model described above.

The proposed LMB/P filter and the TOMB/P filter use the
belief propagation (BP) algorithm of [17] to calculate approx-
imations of the marginal association probabilities (cf. Eq. (42)
and Step 3.2 in Table I), and the fast LMB filter uses for
this task the modified BP algorithm described in [13]. We
will therefore refer to these filters as BP-LMB/P, BP-TOMB/P,
and BP-LMB, respectively. The LMB filter of [12] is based
on the Gibbs sampler and will be referred to as Gibbs-LMB.
BP-LMB/P and BP-TOMB/P use 5,000 particles to represent,
respectively, the posterior PHD of unlabeled objects and the
posterior PHD of undetected objects. Another 5,000 particles
are used by BP-LMB/P and BP-TOMB/P to represent the PHD
of newborn unlabeled objects and the PHD of newborn unde-
tected objects, respectively, but the resulting 10,000 particles
are reduced to 5,000 particles after the update step. All fil-
ters represent the spatial pdf of each Bernoulli component by
1,000 particles. BP-LMB/P, BP-LMB, and BP-TOMB/P use
20 BP iterations to calculate the approximate marginal prob-
abilities. The Gibbs sampler in Gibbs-LMB uses 100 samples
for TS1 and 1,000 samples for TS2. All filters declare an ob-
ject as detected if the existence probability of the correspond-
ing Bernoulli component exceeds yp = 0.5, and when this is
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Fig. 5: MOSPA error of BP-LMB/P versus time for TS1 using pa-
rameter settings PS1 through PS4.

200

Vir c Vieg
PS1 1072 1071 1072
PS2 1072 1071° 107!
PS3 1072 107® 1072
Ps4 107! 107! 1072

TABLE II: Threshold parameter settings (PSs) used for TS1.

the case, they calculate a sample mean approximation of (54)
from the particle representation of the corresponding spatial
pdf.

The birth statistics of all filters are established using the
previous measurements z,(c”_l)l, m € My_1. More precisely, BP-
LMB/P and BP-TOMB/P choose their birth pdf as a mixture
of the pdfs

5 @) o [ @) (7 e, m200)
X fy(@1 k-1, To p—1)dER_1,

for m € Mj_;. Here, f(z,(cnf)1|x17k_1,a:27k_1) is the like-
lihood function corresponding to our measurement model
and fy(£1 k-1, T2,5,—1) is the pdf of independent, zero-mean,
Gaussian random variables @1 1, ©2,5—1 With variance 0.25.
BP-LMB and Gibbs-LMB create a new Bernoulli component

for each measurement z,(ﬁ')l, m € My_1, with spatial pdf

s{=Fm) (g,.) = Fi™ (). The mean number of newborn ob-
jects is pp = 0.1 for all filters. In BP-LMB/P and BP-TOMB/P,
the mean number of, respectively, unlabeled objects and un-
detected objects is initialized as 0.01.

B. Simulation Results

In Fig. 5, we study the performance of BP-LMB/P for TSI,
using four different choices of the thresholds v, ¢, and Vieg.
The figure displays the Euclidean distance based mean optimal
subpattern assignment (MOSPA) metric with cutoff parame-
ter ¢c=20 and order p =2 [30] versus time k. Each curve is
based on a specific threshold parameter setting (PS) and was
obtained by averaging over 1,000 Monte Carlo runs. The PSs
are defined by the values of vy, ¢, and g specified in Ta-
ble II; in particular, PS2 uses a higher value of 7, PS3 a
higher value of ¢, and PS4 a higher value of .

One can see in Fig. 5 that the lowest MOSPA curve is
achieved for PS1, i.e., for the lowest threshold values. How-
ever, a further reduction of the thresholds would not decrease

Yr Yyc
1072 1071
1072 1071

Yieg e Y
1072 107% 1073
1072 107* 107*

TS1
TS2

TABLE III: Thresholds v, ¢, and i, used by BP-LMB/P, +p used
by BP-LMB and Gibbs-LMB, and ~r used by BP-TOMB/P.

the MOSPA curves further but would result in a higher filter
runtime. If 7z is increased (as in PS2), then according to Sec-
tion VII-A, there tend to be more Bernoulli components [ such
that r,g) falls below j¢g, and which are hence transferred from
the LMB part to the Poisson part. In challenging scenarios,
such as low pp () and/or high clutter, it is then possible that
Bernoulli components are transferred to the Poisson part even
though the corresponding objects exist, and this will generally
reduce the tracking performance. If ¢ is increased (as in PS3),
then according to Section VI-A and Appendix A, this gener-
ally results in a larger number of subsets L,(Cczl, which may
imply that some labeled objects are no longer correctly associ-
ated with the measurements and thus the tracking performance
is again reduced. Finally, if ~ is increased (as in PS4), then
according to Appendices B.2 and B.3, fewer Bernoulli com-
ponents are transferred to the labeled RFS part, which may
again result in a poorer tracking performance.

Therefore, for TS1, we will hereafter use the thresholds of
PS1. These thresholds are shown again in Table III, along with
the thresholds used in TS2. In fact, for the more challenging
TS2, we observed that the thresholds in Table III resulted in a
better MOSPA performance; in particular, we use smaller val-
ues of ¥, and ~i,. Table III furthermore shows the threshold
~vp used by BP-LMB and Gibbs-LMB for pruning Bernoulli
components and the threshold ~t used by BP-TOMB/P for
transferring Bernoulli components of the MB part of the pos-
terior state RFS to the Poisson part.

Fig. 4 shows an example of the estimated object trajectories
obtained with BP-LMB/P for TS1 and for TS2, along with the
true trajectories. One can see that the estimated trajectories
closely match the true trajectories in both scenarios.

Fig. 6 compares the MOSPA performance of BP-LMB/P,
Gibbs-LMB, BP-LMB, and BP-TOMB/P for TS1 and TS2. It
is seen that for TS1, the performance of BP-LMB/P is almost
identical to that of BP-LMB and BP-TOMB/P whereas the
performance of Gibbs-LMB is noticeably poorer. For TS2, the
results are similar except that the performance gap of Gibbs-
LMB is much larger. This performance gap is due to the fact
that Gibbs-LMB tends to ignore relevant association informa-
tion in challenging scenarios. The amount of relevant asso-
ciation information taken into account by Gibbs-LMB grows
with the number of samples used in the Gibbs sampler, but
this comes at the cost of a higher computational complexity. In
challenging scenarios such as TS2, more association informa-
tion is required to obtain good results; this explains the larger
performance gap of Gibbs-LMB in that case (even though for
TS2, our Gibbs-LMB implementation used ten times more
samples than for TS1). Overall, these results also demonstrate
the excellent performance of the BP algorithm used by BP-
LMB/P, BP-LMB, and BP-TOMB/P to compute the marginal
association probabilities.
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Fig. 6: MOSPA error of the four filters versus time for (a) TS1 and (b) TS2.
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Fig. 7: Trajectory error of the four filters versus time for TS2.

In Fig. 7, we compare BP-LMB/P, Gibbs-LMB, BP-LMB,
and BP-TOMB/P for TS2, using instead of the MOSPA metric
the trajectory metric proposed in [31] with cutoff parameter
¢ =20, order p =2, and switching penalty « = 2. This met-
ric can be decomposed into a “location error” (the location
error of detected objects), a “false error” (caused by “false
objects”), a “missed error” (caused by “missed objects”), and
a “switching error.” Here, false objects are detected objects
that do not correspond to any object within the ground truth,
whereas missed objects are objects within the ground truth that
do not correspond to any detected object. Differently from the
OSPA metric, the trajectory metric also takes into account the
switching error caused by track switches, i.e., when a detected
object is associated with different objects within the ground
truth at different times. According to Fig. 7, the trajectory met-
ric performance of BP-LMB/P is slightly better than that of
BP-LMB and BP-TOMB/P and significantly better than that
of Gibbs-LMB. These results agree with our MOSPA results
in Fig. 6 (note the different y-axis scales used in the two fig-
ures). In addition, they show that BP-LMB/P also succeeds in
estimating object trajectories, not just individual object states.

The four error components of the trajectory metric for
TS2—i.e., location error, false error, missed error, and switch-
ing error—are shown individually in Fig. 8. Whereas for each
error component the results of BP-LMB/P, BP-LMB, and BP-
TOMB/P are quite similar, those of Gibbs-LMB are partly
very different. This can be explained by the fact that Gibbs-
LMB ignores valuable association information and thus detects
some of the objects only with a delay or not at all. As a con-
sequence, the number of missed objects is rather large, which
leads to a significantly higher missed error (Fig. 8(c)). Fur-
thermore, the smaller number of detected objects (compared

to the other three filters) in turn implies a smaller number of
false objects (Fig. 8(b)) and also lower location and switching
errors (Figs. 8(a) and 8(d)).

It can also be seen that for all filters, the missed error shown
in Fig. 8(c) is much higher than the other error components
(note the widely different y-axis scale used in Fig. 8(c) com-
pared to the other parts of Fig. 8). Thus, the missed error
dominates the overall trajectory metric, which explains why
Fig. 8(c) is similar to Fig. 7. Furthermore, the high missed er-
ror of Gibbs-LMB (compared to the other three filters) is not
compensated by the fact that the other error components are
lower. The other three filters, i.e., BP-LMB/P, BP-LMB, and
BP-TOMBY/P, exhibit a similar performance, with BP-LMB/P
performing best. The latter fact can be attributed to the pro-
posed transfer scheme between the Poisson part and the LMB
part. Indeed, these simulation results suggest that our trans-
fer scheme, with an appropriate choice of the thresholds ~,
Veg> and ¢, can result in performance advantages compared
to both BP-LMB (using a pruning of Bernoulli components)
and BP-TOMB/P (using a recycling of Bernoulli components).
These advantages come in addition to the lower filter runtimes
obtained with BP-LMB/P, as reported presently.

Another trajectory metric that is closely related to the OSPA
metric is the OSPA®®) metric proposed in [32]. In Fig. 9, we
compare BP-LMB/P, Gibbs-LMB, BP-LMB, and BP-TOMB/P
for TS2, using the OSPA® metric with cutoff parameter c=
20, order p =2, and window length L = 10. The results are
seen to be similar to those for the MOSPA error shown in
Fig. 6(b). We note that for window length L =1, the OSPA®?)
metric would simplify to the OSPA metric.

Table IV lists the average runtime per time (k) step required
by MATLAB implementations of the various filters on an In-
tel quad core 17-6600U CPU. Also shown is the average num-
ber of Bernoulli components per time step employed by each
filter. Again, these numbers were obtained by averaging over
1,000 Monte Carlo runs. One can see that BP-LMB/P achieves
the lowest runtimes of all filters; furthermore, it employs the
lowest numbers of Bernoulli components of all filters except
Gibbs-LMB. We note that, as is demonstrated by Fig. 6, this
low complexity of BP-LMB/P does not come at the cost of
a poorer MOSPA performance. Also, while Gibbs-LMB em-
ploys fewer Bernoulli components (especially for TS2), its
MOSPA performance for TS2 is significantly poorer.

We can conclude from the results in Figs. 6-9 and Table
IV that BP-LMB/P offers a superior performance-complexity
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Fig. 8: Individual components of the trajectory metric of the four filters versus time for TS2: (a) location error, (b) false error, (c) missed
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Fig. 9: MOSPA® error of the four filters versus time for TS2.

Filter RT-TS1 RT-TS2 NBC-TS1 NBC-TS2
BP-LMB/P (proposed) 1.33s  5.05s 15.21 162.82
Gibbs-LMB 5.12s  7.94s 9.69 34.23
BP-LMB 5.55s  21.68s 34.15 861.96
BP-TOMB/P 10.66s 16.09s 63.33 521.93

TABLE IV: Measured complexity of the four filters for TS1 and TS2.
RT-TS1 and RT-TS2 designate the average runtime per time step, and
NBC-TS1 and NBC-TS2 designate the average number of Bernoulli
components per time step.

compromise relative to the other filters. It has a significantly
better performance than Gibbs-LMB (especially for TS2) and
also a lower runtime. When compared to BP-LMB and BP-
TOMB/P, the runtime of BP-LMB/P is much lower while
its performance is almost identical. The low runtime of BP-
LMB/P is a direct consequence of the fact that objects of
unlikely existence are modeled by the Poisson RFS. The per-
formance advantage of BP-LMB/P over Gibbs-LMB is mainly
due to the fact that BP-LMB/P takes into account more asso-
ciation information. Gibbs-LMB ignores relevant association
information, which allows it to employ fewer Bernoulli com-
ponents but also results in a poorer performance. For chal-
lenging scenarios with a high number of (closely spaced) ob-
jects and/or a low detection probability and/or strong clutter,
the number of samples used by the Gibbs sampler must be
increased significantly to obtain an acceptable MOSPA per-
formance, and this entails a higher complexity.

X. CONCLUSION

We proposed an efficient multiobject tracking algorithm that
maintains track continuity. Low complexity is achieved by a
combination of a labeled multi-Bernoulli random finite set
(RFS) and a Poisson RFS as well as complexity-reducing ap-
proximations in the update step. Objects of unlikely existence
are tracked in an efficient manner by the Poisson RFS, and
a new labeled Bernoulli component is created and maintained
only if the existence of an object is sufficiently likely. Our
simulation results showed that the proposed algorithm offers
an attractive accuracy-complexity compromise. The complex-
ity is significantly smaller than that of other RFS-based al-
gorithms with comparable performance, especially in scenar-
ios with many objects and strong clutter. Interesting direc-
tions of future research include extensions of our algorithm to
multiple-detection measurement models and multi-sensor sce-
narios [19], [33]-[36].

APPENDIX A

In Table V, we present an algorithm for constructing the par-
titionings (32) and (33). This algorithm is further explained in
the following. In Step 1, the sets My () C My, comprise the
indices of all those measurements whose association with the
object with state (xg,1) is plausible. (Note that the M (l) for
different [ €L} _; are not necessarily disjoint.) Then, after an
initialization step in Step 2, we perform the iterative proce-
dure constituted by Step 3, which generates the label subsets
]L,(C'i)1 CL;_,,ce{l,...,C} and the corresponding measure-
ment index subsets /\/l,(:) CMy, ce{l,...,C}.

The generation of these subsets is done such that for each
¢ € {1,...,C}, the association of an object state (x,!),
l e Lf:_l with a measurement index m is plausible for
me ./\/l,(f) and implausible for m € /\/l,(:,) with ¢ # c. This is
achieved by doing the following for each () e L7 _,: In Step
3.1, we determine the subset C’ of those indices c€ {1,...,C}
for which the measurement index subsets ME:) C M. have
some elements in common with M (I (-j)), i.e., with the mea-
surement indices corresponding to object state (X, l(j)); this
expresses the fact that the association between object state
(xx,10)) and some measurement indices from | J e M;: Vis
plausible. If none of the ./\/l,(f) has an element in common with



TABLE V: Algorithm for constructing the partitionings (32) and (33)

Input: Label set L}, = {IV, .. .’Z(ULZ,N)}; measurement index

set My association weight ﬁ,(cl’m) ; threshold ~c.
Output: Number of subsets C, label subsets ]L(C) Lce{l,. ..
,C} and M.

,Cls

measurement index subsets ./\/l,(c ,eedl,. ..

Operations:

1) For each [ €L;,_;, determine My (1) C M, as the subset of all
measurement indices m € My, for which 5,(;’7”) > .

2) Initialization: Set C'=1, ]L,(Clz1 ={I1M}, and MS) = M (IV).
3) Iteration: For j = 2,...,|L;_,|, do the following:

3.1) Determine C' C {1, ..., C} asthesetofallce {1,...,C}
for which M9 0 M, (197) # 0.

3.2) If C' =1, then increment C' by one and set ]L,(£>1 = {10}
and M,(gm = ./\/lk(l(j)); else do the following:

o Select an arbitrary ¢ € C’ and set IL,(Ql = {9} u
Uc,ec,]Lff_)l and M\9 = M, (19) U UC,GC/MS: ),
o Set "= ({1,...,C}I\C") U {c} and C = |C"|.

o Perform a reindexing whereby the indices contained in
C" are replaced by the new indices 1,2,...,C.

4) Set M = Mi\U,c 1oy M.

M;,(19)), i.e., if the association between object state (x, 1))
with any measurement index m € J (1,..,C} ./\/l,(cc) is implau-
sible, then C’ is empty. In that case, C is incremented by 1, and
a new label subset and a new measurement index subset are
created as ngc:)l ={1¥)} and Mfﬁc) = M, (1)), respectively
(see Step 3.2). cherwise, ie., if |[C'| > 1, we merge all the
label subsets ]Lgf_)l with ¢/ € C’ as well as the considered la-
bel 1) into one common label subset IL;CC_)I, and we merge all
the corresponding measurement index subsets M;:l), del as
well as My (11)) into one common measurement index sub-
set ./\/l,(:) (see Step 3.2, first bullet item). Here, the index c is
picked arbitrarily from C’. Next, we perform a reindexing such
that the index values in C” £ ({1,...,C}\ C’) U {c} become
1,2,...,|C"|. Furthermore, we update C' as C = |C"|, so that
the new set of subset indices is given by {1,...,C} (see Step
3.2, second and third bullet items). Subsequently, Steps 3.1
and 3.2 are repeated for the next 10) e IL;_, (f available).

The final number C of subsets ]L,(QI, cef{l,...,C}is
determined by this iterative procedure. Finally, in Step 4, the
measurement indices m € M, that are not part of any subset
M,(f) are collected in M;*. We note that a larger threshold
~c used in the definition of the sets My(l) in Step 1 tends
to result in smaller subsets M(1), ]L,(:_)l, and M(C), a larger
residual set M, a larger number C of subsets L;f_)l and

M, and a higher probability of C’ being empty.

APPENDIX B

We will derive the approximation of the posterior pgfl
G, x, |7y h|Z1.1;] given by (34) and subsequent equations.

B.1 Pruning and Clustering

Our approximation is based on the partitioning of the label
set L,(i)l in (32) and the partitioning of the measurement index
set My, in (33). As described in Section VI-A, only the associ-
ations between objects with labeled state (xy,1), [ € ]L,(:l1 and
measurements with index m &€ ./\/lgf) are plausible. Thus, by
pruning all the association hypotheses aj, € A that associate
some [ € ]Ll(:_)l with some m € Mk\./\/l,(:), we obtain a more
efficient representation of the relevant association information.
Let AF™ C A;, denote the set of the remaining (nonpruned)
ay. Note that our pruning does not include missed detections
(described by a\") = 0), i.c., all aj, with a{”’ =0, 1€ L{ | are
part of AF™. Therefore, each ay € Aj’™ associates each object
label [ € IL,(:_)1 with some measurement index m € {O}UM,(:).
(Note, also, that an aj € AF™ does not associate any object
label with any m e M3$*.)

The pruning yields

G%k,xk [h, h] in (18):

Ty 5o
Gy x [h ] ~ Z Way, Li:_ [himy

rem
akE.Ak

the following approximation of

o) (a)
s ]

x M, [hi7y) 5], (55)

Using the fact that the Bernoulli component factors in
M, [h; ) 5] with m € MI C My, appear in each one
of the summation terms in (55), we obtain further

G;(k X [h, ]

S w Lug, [hir s )

a,€ Arem

XMMG\Mres[h 7‘12,

MMru h rk ,sk

s (56)

Here, the wg, are given by expression (20).

As a consequence of the pruning, all objects with labels
le ]L,(C 1> 1.e., corresponding to cluster ¢, are now associated
only with measurements of the same cluster ¢, m € {O}UM(C),
and not with any other measurements m € Mk\/\/l,(:). This
implies that each entry ag) of ap € AF™ associates labels

le ]L(C) of cluster ¢ only with measurements m € {0} U/\/lgf)
of cluster c. Therefore aj;, (of dimension \Lz_l\) can be split
€ ({0} um® ) 2 1', ceC of lower
dimensions [L\“),|. Here, the entry ak( D of all®), with 1 €
L\, is defined similarly to a\ in Section V-A as a](“" £

m € /\/l(c) if the labeled object with state (xx,l) generates
(m) n(el) A

into C' subvectors ak

measurement z,, ~ and a 0 if it does not generate a
measurement. The admrssrble association vectors agc) (where
admissibility was defined in Section V-A) are collected in the

association alphabet Agc). We can now factor the weights as

= W (e
H a;’’

ceC

(57)
where (cf. (20))

(L) (m)
( I o IT 4
leL{?, mEM. (e



Here, M ,(>CM

M that are not associated with any labeled object via a;

comprises all measurement indices m €
/()
S

.A/ °) and, thus, originate from an unlabeled object or from

clutter. In particular, M ol = (0 indicates that all m € ./\/l

)

are associated with an object with label [ € L' %_1- Furthermore,

we have
o) (. - (e, e
Ly:_ [h Ty ), s;’a’“ HL]L@ (7). M )s;’a’“ )],
ceC (58)
Mo pa [ 7, 53] 1% o (h7) 507 (59)
ceC

Using the factorizations (57)—(59) as well as the identity
ZakeArem =3 alMea/® Sy /<c>€A,<0), we can rewrite the

approximation (56) in terms of the a;, (C)

G;Zkyxk [h’ h] ~ MM'ES [h; 7:k. ) gk. ] H G« [iL, h] ) (60)
ceC
where
~ e ale)
G(C)[hvh}é Z w ’<)L]L<°) [h r( k )sé’ k )]
a/( )GA/(L)
X Mp o [ 50]. 6D
%

We note that G(¢) [h7 h] and My [h; F,g'), 52)] represent clus-
tered objects and nonclustered objects, respectively, which, in
both cases, may be likely or unlikely to exist.

So far, we approximated G [h h] in (18) by expres-
sion (60), which is the product of the C LMB-MB mixture
pefls G([h, h] in (61) and the MB pgfl Mage [h; 7y, 50)].
As visualized in Fig. 3, this is the first step in a series of pgfl
approximations or modifications that are used in the devel-
opment of the proposed LMB/P filter. Next, We will develop

approximations of G()[h, h] and Mg [ 7, ) E,(C)].

B.2 Approximation of the pgfl of Clustered Objects

We will approximate the pgfl representing clustered ob-
jects, G(©)[h, h], by an LMBM pgfl. To this end, we recall
from Section B.1 that the MB pgfl M, e [h'F,(f‘), 52)] in-
volved 1n G [h h] in (61) corresponds to measurements
me M\ P ) that originate from an unlabeled object or from
clutter. We want to transfer unlabeled objects that are likely to
exist, or, more specifically, (unlabeled) Bemoulli components
Blhr™, 5™, m € M with 7™ 2 5, to the labeled
RFS part. Here, 7 ‘( Y s grven by (28). This transfer is moti-
vated by the fact that the labeled RFS part guarantees track
continuity and, after further modifications that are described
in Section VII, achieves a higher tracking accuracy than the
unlabeled RFS part. The transfer is accomplished by formally
replacing the measurement index m arising in B [h; f,(cm) s,(c )]
by the label [ = (k,m). Let ]L,(f)tr collect the labels of the trans-
ferred Bernoulli components, i.e., all [=(k, m) with m € ./\/l,(:)
such that 7("™) > ~, (see also Fig. 1). We note that a higher
threshold ~ tends to imply a smaller number of transferred
Bernoulli components, ,(:)[r| Furthermore, since the other

Bernoulli components B[h r(m) _(m)] (with 7 _(m) < 7vy) are

unhkel we prune them This is done by setting h =1 because
1 Tkm) —(m)
W1th these modlﬁcations, and by introducing the association
vector a;;) as in Section VI-B, G(“)[h, h] in (61) is replaced
by G(©)[h] as defined in (36) (see Fig. 3). Accordingly, Eq.

(60) becomes
V11169

ceC

G%L o [hh] ~

=(- )
X Xk MMICS h Tk S

(62)

B.3 Approximation of the pgfl of Nonclustered Objects

Next, we consider My [hi7y),5)] in (62). Simi-
larly to the measurements m € M a!® involved in
Mg [h rk ) ()] in (61), the measurements me M in-

Volved in Mpges [h rk ,sli)} originate from an unlabeled ob-

ject or from clutter As in Section B.2, we transfer objects
that are likely to exist to the labeled RFS part, and thus we
formally replace the measurement index m in each Bernoulli
component B[h; 7™, 5™, me M of Mugs [hi 7y, 5]
with r,(C ™ > 4y by the label I = = (k,m). These labels
are collected in Li™*" (see Fig. 1), and the corresponding
measurement indices are collected in M;:S’tr C M (see
Fig. 2). The remaining measurement indices are collected in

= M\ MY (again see Fig. 2). As before, a higher
threshold ~y, tends to imply a smaller number of transferred
Bernoulli components, |L}™*"|.

/(C)

Using these modifications, My [h;F,g'), §,(€')

mated according to (see Fig. 3)

] is approxi-

Mg [h 7. 5] m Lo [, 500 Mgy [i7, 5]

(63)
Inserting (63) into (62) yields G [h, h] ALy (A 7)) g,g)]

X M, [h; F,(f‘), Eg)] I.cc G(©)[h]. Finally, inserting this latter
approximation into (17) and grouping terms, we obtain (34),
(35), and (39) (again see Fig. 3).
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