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Abstract

The generation of high harmonics (HHG) in atomic systems by the highly non-linear response
to an intense laser field is a prominent pathway to the synthesis of ever shorter laser pulses at
increasingly higher photon energies. Extensions of this process to molecules add to the complexity
but also offer novel opportunities as multi-center effects and the coupling to nuclear degrees of free-
dom can influence HHG. In this work, we theoretically explore the impact of coherent vibrational
excitations of diatomic molecules on the HHG spectrum within the framework of time-dependent
density functional theory. We observe the appearance of novel interference structures in the HHG

spectra controlled by resonances between the driving field and the vibrational wavepacket.

I. INTRODUCTION

High harmonic generation (HHG) represents one of the major gateways towards obtaining
spatially and temporally coherent extreme ultraviolet radiation light sources with unique
properties for a wide range of applications [1-7]. HHG has enabled the study of structural
and dynamical information of matter and control of nuclear and electronic dynamics on their
natural time scales [8-10]. The nonlinear process of HHG from atoms is well understood in
terms of the three-step model [11, 12] in which electrons are first released from the ground
state of the atom to the continuum by tunneling, then accelerated by the laser electric field,
and finally recombine with the parent ion. Numerical simulations for this process have
been performed by a large variety of theoretical methods for solving the time-dependent
Schrédinger equation (TDSE) including the single-active electron (SAE) approximation [13,
14], the grid-based exact numerical solution of the two-electron TDSE for helium [15-17],
time-dependent density functional theory (TDDFT) [18] applied to multi-electron atoms on
the mean-field level [19], the multi-configuration time-dependent Hartree-Fock (MCTDHF)
approach [20] including correlation effects beyond TDDFT, and, more recently, the time-
dependent 2-particle reduced density matrix (TD-2RDM) method [21] bypassing the need
for representing the N-electron wavefunction.

Extensions to molecular systems pose new challenges as the coupling between electronic

and nuclear degrees of freedom and multi-center interference effects have to be included.
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The extension of the three-step or Lewenstein model [22] to include nuclear degrees of free-
dom provides a helpful guide and physical insight into the influence of the nuclear motion
on the HHG process [23]. Early numerical simulations of HHG in molecular systems have
employed the Born-Oppenheimer (BO) approximation, specifically in the fixed-ion approx-
imation with the nuclei placed at the minima of the ground-state BO potential surface.
Initially, the effect of nuclear motion on the HHG process has been theoretically studied
only for small systems employing either the SAE approximation or reduced-dimension mod-
els for two-electron molecules (Ha, Ds) [23-29]. These theoretical studies predict that the
nuclear motion leads to a reduction of the harmonics yield [23, 25]. The signature of nuclear
motion has been seen in the time profiles of high-order harmonics from Hy by Bandrauk et
al. [26]. For high laser intensities (I ~ 1 PW/cm?) where multi-electron processes become
important the nuclear motion shortens that part of the attosecond pulse train originat-
ing from ionization of the first electron and facilitates the onset of the contribution from
the release of the second electron for longer pulses. For lower laser intensities (I ~ 0.1
PW/cm?), electron excitation due to recollision of the returning electron was observed in
the time profile of the attosecond pulse [27, 30]. Comparing the experimental HHG signals
from Hy with those from heavier molecules (N3) as well as the atomic HHG signal from Ar,
all three systems each of which feature very similar ionization potentials, has demonstrated
that, indeed, the nuclear motion between the ionization and recombination steps leads to
an effective suppression of the HHG yield and to a broadening of the harmonic signal [31].
Moreover, in addition to the amplitude reduction a frequency modulation, most prominently
a red shift of the HHG peaks, has been observed for longer pulses [32, 33]. A reduction of
the harmonic yield has also been observed by Chu and Groenenboom [34] when account-
ing for the spread of the wavefunction of the unperturbed vibrational ground state. This
approach could reproduce the isotope effect on the HHG spectrum even without explicitly
including the motion of nuclei. Moreover, retrieving the nuclear motion of Hy and Dy from
the harmonic spectra with sub-fs time resolution has been demonstrated theoretically [23]
and experimentally [10, 35]. Nuclear motion reconstruction from experimental HHG signals
can be achieved by either recording the ratio of harmonic intensities [35] or the observed fre-
quency shift in HHG signals induced by nuclear motion [10]. TDDFT allows the simulation
of HHG for large multi-electron molecules [36-41]. While most earlier applications used the

fixed-ion approximation, more recent implementations have accounted for nuclear motion



by solving concurrently the classical equations of motion for the ions within the framework
of Ehrenfest dynamics [42-47].

In a pioneering experimental study, Li et al. [48] explored in a pump-probe setting the
role of molecular motion in HHG in the presence of vibrational excitations rather than in
the ground state. Exciting the N-N stretch mode of the NoO4 molecule they could iden-
tify the dependence of the HHG on the phase of vibration with a peak of HHG emission
occurring near the outer turning point of the vibration. Motivated by this advance, we the-
oretically study in the present work the effects of the excitation of quasi-classical vibrational
wavepackets on the HHG spectrum of several diatomic molecules (Hy, Ny, Fo, HF). We
treat the problem in its full dimensionality and include multi-electron effects on the level of
TDDFT for molecules with up to 14 active electrons. We include the coupling between the
electronic and the vibrational degrees of freedom of the nuclei by solving the Kohn-Sham
equations of TDDFT in the presence of the classical motion of nuclei determined by the
time-dependent mean field. We go beyond this standard Ehrenfest-TDDFT by including
quantum effects of the moving and spreading vibrational wavepacket on the induced high-
harmonic radiation field. One of our key findings is that novel resonance structures appear
in the HHG spectra of molecules when the frequencies of vibrational motion and of the
infrared (IR) laser field driving the electronic dynamics are commensurate to each other.

In section II we review the theoretical background and computational methods employed
in our simulations. A comparison between HHG spectra with and without accounting for the
nuclear degrees of freedom is given in Sec. III. The case of resonant driving by commensurate
frequencies between laser field and coherently excited vibrational wavepackets is investigated
in Sec. IV. Conclusions drawn from our results are discussed in Sec. V. Atomic units

(e =m, =h =1 au.) are used throughout the paper unless stated otherwise.

II. THEORETICAL BACKGROUND AND SIMULATION METHODS

In this section, we briefly review the theoretical background and the implementation
of the present simulation of high-harmonic spectra for multi-electron diatomic molecules
with the aim to approximately account for the coupling between the electronic and nu-
clear degrees of freedom. The starting point of the present approach is the well-established

Ehrenfest-TDDFT within which the ionic motion follows the classical equations of motion
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with forces self-consistently determined from the time-dependent electronic density prop-
agated by TDDFT. We go beyond the purely classical description of the ionic motion by
accounting for the influence of the motion and shape of the vibrational wavepacket on the
high-harmonic generation. We present first applications of this approach to HHG in the pres-
ence of the excitation of near-minimum uncertainty Schrodinger (or Glauber) wavepackets

which closely follow the classical vibrational motion.

A. High-Harmonics Generation in Diatomic Multi-Electron Molecules

We consider diatomic molecules subject to the interaction of strong and short few-cycle

laser pulses aligned parallel to the molecular axis (2) and defined by
E(t) = Eg fony(t) sin[wpt] &, (1)

with Ey the peak electric field, fe,(t) the normalized pulse-envelope function, and wy, the
laser frequency. We use pulses with a trapezoidal envelope with one cycle ramp-on, 4 to 12
cycles constant amplitude, and one cycle ramp-off. We consider in the following moderate
laser intensities with peak values Iy < 10 W /cm? (peak amplitude Ey = 0.053 a.u.) such
that the total ionization probability during the interaction with the ultrashort pulses remains
small (< 0.01%). We vary the infrared wavelength A to probe for resonance effects.

The Hamiltonian of the molecule in the external field is given by
H(R,7,t) = To(R) + Van(B) + Ha(R,7) + Ve (7, 1) (2)

with = (r1,...,7n) denoting all electronic coordinates, R= (ﬁl, ﬁg) the nuclear (or ionic
core) coordinates, and

N
Vet (T, 1) = > 75 - E(1) (3)
i=1

the interaction with the laser field in dipole approximation and length gauge. H (E, ) rep-
resents the Hamiltonian of the molecular N-electron system including the electron-nucleus
interactions Vie(R,7), Vyn(R) denotes the nucleus-nucleus (or core-core) interactions, and
T, (E) abbreviates the nuclear kinetic energy. In the special case of a diatomic molecule con-
sidered in the following, neglecting the rotational degrees of freedom (i.e., for total nuclear

angular momentum N = 0), and focusing on the vibrational degree of freedom, the kinetic
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energy depends, after separating the center of mass motion, only on the relative coordinate
R = |R, — Ry|, T(R). The exact solution to the time-dependent Schrodinger equation of
the molecule

iU £ 1) = HE. 5 OWE 5 1) ()

depends, in general, on all nuclear (E) and electronic () coordinates. In the present case,
the dependence on coordinates is reduced to W(R, 7, t).

Using the classical Larmor formula for radiation emitted by accelerated charges well
justified for strong-field driven electron dynamics, the high-harmonic spectrum is calculated

from the dipole acceleration a(t) = d(t) of the electrons

S(w) = —Jaw)]*. (5)

2mes

-

The time-dependent dipole moment d(t) is given in terms of the diagonal matrix elements

of the electronic dipole operator by

: \If(t)> . (6)

—

The frequency dependence of d(t) follows from the Fourier transform

77 ]' T —iwt 77
dw) == [ dte ™ d(t) (7)
T Jo
and the acceleration entering Eq. 5 from
d(w) = —wid(w). (8)

For later reference, we note that the application of this classical Larmor formula is expected
to fail in the perturbative limit and for spontaneous emission accompanied by the radiative

decay of excited states [49)].

B. Ehrenfest-TDDFT for HHG

The starting point of our approximate treatment of the coupled electronic and nuclear dy-
namics in the laser-driven diatomic molecule is the ezact factorization of the time-dependent

wavefunction demonstrated by Gross and co-workers [50, 51]

6



Despite the complete factorization at any instance of time reminiscent of the Born-Oppenhei-
mer separation, the time evolution of the nuclear wavefunction x(R,t) and of the electronic
wavefunction (7, t) are fully coupled as these wavefunctions obey a system of coupled
effective time-dependent Schrodinger-like equations containing generalized time-dependent
potential-energy surfaces and the Berry connection [50, 51]. A direct solution of this com-
plicated system of equations has, to our knowledge, not yet been achieved for any realistic
multi-electron system in 3d. The recently introduced time-dependent Born-Oppenheimer
(TDBO) approximation [52] also uses a similar factorization (Eq. 9). However, while the re-
sulting approximate effective Schrodinger equation for the nuclear wavefunction yTPBO (R, t)
incorporates information on the motion of the electronic wavepacket, the electronic wave-
function ®LPBO(7 1) is calculated for a given R treated as a fixed parameter in line with
the Born-Oppenheimer assumption that the fast electronic dynamics is approximately de-
coupled from the much slower nuclear motion. Accordingly, the back coupling of the motion
of the nucleus onto the electronic dynamics is neglected.

Using the factorization Eq. 9 the exact time-dependent dipole moment (TDDM) reads

N
2T
i=1

Here and in the following, we use rounded brackets to indicate matrix elements in which

dit) = /dR!X(R,t)IQ <<I>R(f,t)

O (T, t)> . (10)

only the electronic coordinates are integrated over. Note that the exact TDDM (Eq. 10) can
be viewed as the average of the electronic dipole matrix element weighted by the nuclear
probability density.

In our simulations we approximate the electronic wavepacket in terms of a TDDF'T solu-
tion, i.e., Pr (7, t) ~ ®LPPFI(7 ¢). Accordingly, the electronic wavefunction is represented by
a Slater determinant of time-dependent single-particle Kohn-Sham (TDKS) orbitals ¢; (7, t).
The latter are the solutions of the single-particle TDKS equations

d 1 L
zaqsi(f,t) = —§V2+VH(F,7§) + Ve (7, 1) + Voo (7, Ry, Roy t) + Vit (7o 1) | ¢5(7,1) . (11)

In Egs. 11, Vi (7, t) and Vi (7, t) are the Hartree and exchange-correlation potentials, respec-
tively, self-consistently determined by the time-dependent electronic density n(7,t) which

for a system containing N electrons is given by
N
i=1
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For V,. we use the Hartwigsen-Goedecker-Hutter pseudopotentials in local density ap-
proximation (LDA) for Hy, Ny, and HF [53] and for Fy an optimized norm-conserving Van-
derbilt pseudopotential in the Perdew-Burke-Ernzerhof (PBE) generalized gradient approx-
imation (GGA) [54, 55]. As described in more detail below, self-interaction corrections
(SIC) are included in most of the cases considered. The interaction of the electron with
the external field V. (7, t) is given by Eq. 3. The present TDDFT implementation employs
the software package OCTOPUS [56, 57]. In order to prevent unphysical reflections of
the liberated electron from the boundary of the computing box, the KS-orbitals ¢;(7,t) are
multiplied with a masking function which is unity in the inner simulation region and is
gradually switched off approaching zero at the borders. The width of the masking function
is set to 40 a.u. in the direction of the laser polarization and 10 a.u. for the perpendicular
directions, the total box size is 300 a.u. along and 80 a.u. perpendicular to the molecular
axis. Convergence of the calculations with respect to grid parameters, range of the masking
function, and time step have been thoroughly tested and verified.

Approximating the vibrational wavepacket x(R,t) by the stationary vibrational ground
state xo(R) of the molecule reduces Eq. 10 to

N

i) = [ 4R R S (SR ) 1 61RO ) (13

i=1

where 7 labels the TDKS orbital and R indicates the dependence on the nuclear coordinate.
This expression agrees with the result given by Chu and Groenenbaum [34]. It accounts
for the spread in R of the vibrational wavefunction while it neglects the influence of the
motion of the nuclear wavepacket on the electronic dynamics. One salient feature of Eq. 13
is that the amplitude of the resulting harmonic radiation field is constructed by a coherent
superposition of the electronic dipole response evaluated for different R representing the
vibrational quantum state. Therefore, the effect of position and shape of the vibrational
wavefunction on the HHG is approximately accounted for, as evidenced by the ability to
reproduce the isotope effect on HHG [34]. As pointed out there, this approach can be
viewed as the description of HHG in terms of independent quantum dynamics of electronic

and nuclear degrees of freedom applicable in the regime of weak coupling between the two.

Inclusion of the coupling between nuclear and electronic degrees of freedom on a classical

level can be accounted for by Ehrenfest-TDDFT. This approximation to the TDDM follows



from Eq. 10 by the substitution
[X(R,1)|* = 6[R — Re(t)] (14)

i.e., by approximating the nuclear wavepacket by a J-peaked distribution centered at the

classical trajectory R.(t). The resulting TDDM now reads

N
dit) = (diretsy (017 &R (71) - (15)
i=1

The classical vibrational motion R.(t) = | R;(t) — Ra(t)| is determined by solving Newton’s

equation of motion for the nuclei

g OVl Ry, Boyt) . OV Ry, Ry) .
— — E 1
MsRgs /n(r,t) R, dr R, + QsE(1) (16)

in the presence of the ion-electron potential V.., the shielded internuclear Coulomb repul-
sion V,,,, and the interaction of the nuclei with the external field. The coupled system of
equations of motions for the electronic (Eq. 11) and the nuclear degrees of freedom (Eq. 16)
is solved concurrently and self-consistently. We employ nuclear pseudopotentials [53, 55]
to calculate V,,,. In Eq. 16, ﬁg, Mpg, and (g are the positions, masses, and the effective
core charges of the nuclei (5 = 1,2), respectively. The time dependence of the TDDM (Eq.
15) incorporates, on a classical level, the influence of the nuclear motion on the electronic
dynamics and, thus, non-Born-Oppenheimer effects but neglects the spread of the nuclear
wavepacket. Conversely, back action of the driven electronic dynamics on the ionic motion
is taken into account on the mean-field level (~ n(7, t)%vm) but not on the level of state-
specific potential surfaces. The latter appears to be well justified for the present scenario
as the overall depopulation of the electronic ground state by the short pulse remains small.
Moreover, the excursion of the small fraction of electrons that are tunnel ionized, subse-
quently accelerated by the laser field, and finally recombine to the electronic ground state,
proceeds on an ultrashort time scale ~ 0.7 Ty (Tp: period of the optical field) as estimated
for the so-called “short trajectories” by the semiclassical three-step model [11, 12, 22]. This
time scale corresponds to only a small fraction of a typical ground-state vibrational period
To with € the vibrational frequency. During this short time window, ionic cores travel only
distances small compared to the spatial spread of the vibrational wavefunction (see below).

Consequently, uncertainty in the potential curves the ions move on has little impact on the



nuclear motion on such short time scales, with the possible exception of the lightest molecule
H, where the deviation between the motion of the protons on the H, and Hy potential curves

can be larger.

C. HHG in the presence of coherent vibrational excitations

In the following, we extend the description of HHG by Ehrenfest-TDDFT to the case
of a molecule prepared in a coherently excited state. We focus in particular on a class of
non-dispersive (near) minimum-uncertainty wavepackets first proposed by Schrédinger for
the harmonic oscillator [58] and subsequently extensively employed in the field of quantum

optics [59]

: 29 e (1)
(R = o~ /2 —lal?/2 & R 17

with Q the vibrational frequency, a(t) = |a|e ) |a| = |R(t)|max/0 the amplitude of
excitation in units of the width o of the wavepacket, [0R(t)|max the maximum of [R.(t) —Re,l,
and x, the stationary excited vibrational state v. The amplitude |« fulfills the inequality
la] = /(E)/Q > \/LE The states Eq. 17 are often referred to as Glauber states or coherent
states. It should be noted that coherence in the vibrational degree of freedom encoded in Eq.
17 is a priori unrelated to the coherence of the superposition of dipole accelerations forming
the HHG spectrum. The expression (Eq. 17), applicable close to the bottom of the potential
energy curve, can be generalized to anharmonic Morse potentials approximating the BO
potential surface for higher excitations [60-63] with increasing |«| probing effects of the an-
harmonicity of the potential. The motivation for investigating this particular class of wave
packets is two-fold: on the methodological level, Glauber states represent quantum wave
packets bearing the closest resemblance to classical vibrations. Since Ehrenfest-TDDFT
(Eq. 16) accounts only for classical vibrational motion, Glauber states are best suited to
preserve classical-quantum correspondence for the interplay between electronic and nuclear
motion in these simulations. Moreover, Glauber states are expected to provide a reason-
able approximation to impulsively excited vibrational wavepackets generated by ultrashort
collisional or laser excitation. Vibrational wavepackets have been excited by an ultrashort
femtosecond pump pulse [64], by R-dependent depletion [65], bond softening [66, 67], or

stimulated Raman scattering [48]. In such scenarios, the initial (near) Gaussian vibrational
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FIG. 1. a) Morse-type molecular potential curve for Fy (thick black line) and coherent vibrational
wavepacket at turning points (dotted and solid blue/dark gray lines). Temporal evolution of
expectation value (R(t)) (or Ehrenfest trajectory R.(t), orange/light gray solid line; time in fs
on right axis). b) Trajectories R;(t) (thin dashed red lines) close to the Ehrenfest trajectory
R.(t) (thick solid orange/light gray line) sampling the wavefunction of the vibrational wavepacket,

schematically.

ground state is impulsively mapped onto a coherent superposition of a broad distribution of
vibrational states on (mostly) excited electronic potential surfaces. In such a (near) vertical
sudden Franck-Condon transition the shape of the initial vibrational wavefunction is ap-
proximately conserved. The resulting vibrational wavepacket can thus mimic quasi-classical
vibrations and, thus, Glauber states as first demonstrated in a pioneering experiment by
Dantus et al. [64]. Quantitative deviations from the detailed form of Glauber states are,
of course, present but are of minor importance on the ultrafast time scale (< 7opt) relevant
for HHG. The first experimental investigation of HHG in the presence of a quasi-classical
vibrational wavepacket generated in a pump-probe setting recently presented by Li et al.
[48] stimulated in part the present study.

An example of such a (near) minimum uncertainty vibrational wavepacket as employed in
our calculations is shown in Fig. 1. To first order, anharmonic corrections can be accounted
for by a time-dependent width o(t) = o[l + ¢ sin(Qt + ¢)] of the quantum wavepacket.
The change of o(t) is synchronized with the vibration. We have performed wavepacket-
propagation simulations in the internuclear potential to extract the values for o(t), ¢, and ¢

for the molecules studied here.
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The influence of the coherently excited nuclear wavepacket on the HHG can now be

accounted for by inserting Eq. 17 into Eq. 10,

N

it) = [ dR e (R.OP Y (5871 (7) 7 R (7)) (19

i=1
with a(t) o« R.(t) = (R(t)) the expectation value of the wavepacket. The time dependence
of the nuclear probability density |xx.@ (R, t)|* incorporates both the motion of the center
of mass, R.(t), of these Glauber states closely following the quasi-classical oscillations of
the vibrational degree of freedom as well as their varying width o(¢) (Fig. 1). Eq. 18 can be
viewed as an extension of Ehrenfest-TDDFT that includes now quantum properties of the
wavepacket. While the center of the wavepacket R.(t) follows the concurrently determined
classical trajectory in the field of the moving electronic charge cloud, the time-varying dis-
tribution of the nuclear probability density is now included, similar to the stationary case
(Eq. 13). We emphasize that the present extension of Ehrenfest-TDDFT to vibrational
wavepackets (Eq. 18) is not limited to Glauber states.

In the numerical implementation of Eq. 18 we sample the time-dependent probability
distribution contributing to the dipole moment by a discrete set of M = 2k + 1 trajectories
R,;(t) (Fig. 1b)

N

:ZAR(t)|XRC(t)(Rj(t),o(t))!22< RO ORI ) (19)

with
R;(t) = R.(t) + AR;(t), j=—k,....k (20)

the displacement relative to the center (or classical) coordinate R.(t) of the wavepacket,

AR;(t) = AR(t) -, (21)
AR() = Co(t)/k, (22)

and C the displacement of the outermost trajectories in units of the width o(t). In our
calculations the vibrational wavefunction was scanned in steps of o(t)/2 or (for small k)
o resulting in a maximum C' = 3 for M = 13 (k = 6). For each trajectory R;(t) we
determine the electronic response in terms of n[, t] by solving the TDKS equations (Eq. 11)

and calculate the TDDM from which the frequency-dependent dipole acceleration a(w) can
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be extracted via Egs. 7 and 8. The dependence of the resulting harmonic radiation (Eq. 5)
on the number of M = 2k + 1 sampled trajectories will be investigated below.

For gaining more detailed insights into the timing of the spectral response and the influ-
ence of electronic and vibrational dynamics on it, we also perform a time-frequency analysis
computing the Gabor transform (windowed Fourier transform) of the dipole acceleration
(68, 69],

Y o / - (t/ - t)Q /
Alt,w) = d(t") exp(—iwt’) exp “opr dat’, (23)
o o?

with the temporal width o, of the window function (full width at half maximum duration

20,v2In2 ~ 2.350,).

III. COMPARISON BETWEEN FIXED AND MOVING NUCLEI

In this section we present the results of our simulations performed for the homonuclear
molecules Hy, Ny, and Fy and the heteronuclear molecule HF. We start with examining
the self-consistently determined ground state parameters and discuss the generation of high
harmonics in molecules with fixed and moving nuclei. While TDDFT is appropriate for
multi-electron molecules, its applications to Hy primarily serve as a test case for the inter-
play between the electronic and ionic dynamics in the presence of fast and large-amplitude

vibrations with, compared to the other molecules, higher frequency and larger amplitude.

A. Equilibrium conditions

We have first tested the accuracy of the stationary DFT predictions for ground state
properties of the investigated molecules before using the same functionals in the subsequent
TDDFT simulations. A geometry-optimization calculation was performed to obtain the re-
laxed coordinates or, equivalently, the equilibrium internuclear distance R, for the cores
which are then used to determine the electronic ground state as well as the effective inter-
nuclear Morse-like potential. As can be seen from table I experimental binding energies,
equilibrium distances, and vibrational frequencies are in most cases reasonably well repro-
duced using the SIC-LDA exchange-correlation potential. Calculated equilibrium distances
Req are found to be slightly smaller and, correspondingly, vibrational frequencies (2 slightly

larger than measured in experiment in agreement with previous calculations [46]. However,
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significant deviations are found for the Fy molecule when using SIC-LDA. Moreover, we did
not succeed in finding a single V.. which simultaneously and satisfactorily reproduces elec-
tronic and vibrational properties of this molecule. Good agreement between experimental
and simulated vibrational properties was found for a GGA potential, while electronic prop-
erties were well reproduced using a GGA when including the self-interaction corrections.
We therefore dropped the requirement of self-consistency between electronic and ionic po-
tentials built into Ehrenfest-TDDFT for the Fy molecule. Instead, we first perform a GGA
calculation to obtain R, and €2 (Table I). Next, we determine R.(t) by solving Eq. 16 us-
ing the time-dependent potentials generated by a TDDFT calculation employing the GGA
functional. Finally, the TDKS equations (Eq. 11) are solved using the GGA-SIC potential
and Vj,e derived from R.(t) recorded in the previous step. This drop of the self-consistency
condition on the potentials involved appears to be well justified for the calculation of the
HHG for heavier molecules since, on the one hand, the influence of the error in the time-
dependent electronic density on the ionic motion via Eq. 16 on such short time scales is
small while, on the other hand, the time-dependent change of the ionization potential due
to changes of R(t) has a large influence on the ionization probability and, thus, on the inten-
sity of HHG. It is therefore advantageous to represent R(t) as accurately as possible. This
iteration termed in the following GGA /SIC-GGA resulted in an accuracy of better than 5%

for all nuclear and electronic observables (Table I).

The predictions for the internuclear distance R(t) for Hy as a function of time with and
without including the driving laser field are shown in Fig. 2. For this light molecule, the
vibrational oscillation amplitude and the influence of the laser field are the largest. For
the heavier molecules investigated in this study, these effects are considerably smaller. The
results of Figs. 2 a) and b) are calculated by Ehrenfest TDDFT, i.e., by self-consistently
solving the TDKS equations (Eq. 11) for the electronic degrees of freedom and Newton’s
equations of motion (Eq. 16) for the nuclear degree of freedom. The interaction with the laser
field only slightly increases the vibrational amplitude and, correspondingly, decreases the
oscillation frequency (Fig. 2a). The latter is an immediate consequence of the anharmonicity
explored for increased initial excitation amplitudes R(t = 0) — Req = || - 0. The increasing
anharmonicity is accompanied by an increase of the mean (R), the temporal average over

R(t) over one oscillation period.

In order to estimate possible uncertainties introduced by the mean-field potential of
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TABLE I. Comparison between calculated and measured values for equilibrium distances, vibra-
tional frequency, and binding energies of the highest occupied molecular orbitals (HOMO) for the

diatomic molecules used in this study. All values are given in a.u.

Req Q HOMO HOMO-1 HOMO-2
Hy
Exp. 1.400 2.0le-2 0.5669
SIC-LDA 1.311 2.26e-2 0.6834
Ny
Exp. 2.075 1.06e-2 0.5726 0.6233 0.6883
SIC-LDA 1.948 1.33e-2 0.6058 0.6918 0.6992
Fo
Exp. 2.668 4.18e-3 0.5832 0.6910 0.7750
SIC-LDA 2.152 7.2e-3 0.5428 0.8275 0.9682
GGA 2.68 4.38e¢-3 0.3471 0.4697 0.5696
GGA/SIC-GGA 0.5681 0.7034 0.8139
HF
Exp. 1.732 1.88e-2 0.5898 0.7284 1.4545
SIC-LDA 1.667 1.99e-2 0.6212 0.7613 1.3665

Ehrenfest-TDDFT on the simulation of HHG, we have performed a classical simulation
of the nuclear trajectory which follows state-specific potential curves. Implementing the
scenario of the three-step model for HHG [11, 12], the trajectory initially follows the mean-
field force (Eq. 16) until ionization near the field maximum occurs. At this instant, the
trajectory switches to the force field of F (mimicking Tully hopping [70]) for about 3/4
of an optical cycle (shaded area in Fig. 2c) after which recombination and return to the
Fy potential surface occurs. Ionization does, indeed, modify the trajectory, however the
displacement in R(t) relative to the mean-field trajectory by the time of recombination is
negligibly small compared to the width of the nuclear wavepacket (for the example in Fig.
2c the displacement is about 1/100 a.u., c.f. Fig. 1). Later parts of the nuclear trajectory

do not affect the HHG spectrum as the probability for multiple ionization within one laser
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pulse is very small (~ 107°).

B. Convergence of wavepacket sampling

The spectral amplitude of high-harmonics radiation S(w) (Eq. 5) is governed by a coherent
superposition of dipole accelerations for different trajectories R;(t) sampling the vibrational
wavepacket (Eq. 19). Since for computational reasons only a limited number of trajectories
can be sampled in the simulation we have tested for the convergence of the final HHG
spectrum as a function of the number of sampled trajectories representing the vibrational
wavefunctions. We focus in this test on results for the lightest molecule Hy with the largest
vibration frequency for which the HHG spectrum is expected to be most sensitive to the
sampling error. For the heavier molecules faster convergence is realized. Fig. 3 displays the
harmonic spectra for Hy as a function of the number M = 2k + 1 of points and trajectories
sampled both for the vibrational ground state (left) and for a quasi-classical vibration (right).
As reference we show spectra for Ry (left) and R.(¢) (right) each without sampling the
vibrational wavefunction [corresponding to M = 1 (k = 0)]. With increasing M (up to
M = 13) we observe a clear reduction of the harmonic intensity with increasing number
of sampling points. This is related to the rapidly varying phase of a given single harmonic
as a function of the internuclear distance shown in Fig. 4 for the case of fixed nuclei. The
phase variations strongly increase with harmonic order covering almost the full interval
0, 27] for harmonic 13 when R is varied over one o of the width of the ground state. The
convergence for the yield of different harmonic orders is presented in Fig. 5 for both fixed
(left) and moving nuclei (right). Typically, for M 2 5 a reasonable level of convergence is
reached. Convergence is faster for moving nuclei (right) than for fixed nuclei (left) since
the time variation R(t) of individual trajectories effectively aids in the sampling of the R
distribution (Fig. 1b). As the main results of the present paper are not sensitively dependent
on the precise value of the harmonic yield, the spectra presented below are mostly calculated

for M =5 (k= 2).
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FIG. 2. a) Comparison between the time-dependent internuclear distance R(¢) of Ha in the presence
(red dash-dotted line) and absence (blue solid line) of the IR laser field (A = 800 nm, Iy =
10'* W/cm?) as a function of time in units of optical cycles (o.c.). For illustrative purposes,
the amplitude of the laser field is also displayed (in arbitrary units; orange dashed line). For
later reference, we note that the frequencies are approximately commensurate, wy /2 ~ 5/2. The
equilibrium distance Req = 1.31 a.u. predicted by SIC-LDA is also shown for reference. b) Time-
dependent R(t) for field-free evolution predicted by Ehrenfest-TDDFT for varying initial excitation
amplitude R(0) —Req = || 0 to probe for effects of anharmonicity. The legend in the inset denotes
the changes of the vibration period. ¢) Example of a trajectory R.(t) for Fo in the laser field when
R.(t) initially follows the mean field but intermittently propagates on the F; potential curve (Tully
hopping [70]) during the excursion of the electron following tunnel ionization at ¢ = 2.75 optical
cycles, acceleration, and recombination at ¢ = 3.5 optical cycles (in red/dark gray). The black
line indicates the Ehrenfest trajectory for molecular vibration on the Fo potential energy surface

without Tully hopping.
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FIG. 3. Harmonic spectra of Hy driven by a 6-cycle laser pulse (A = 742 nm, Iy = 10 W/cm?).
a) Comparison between spectra for fixed nuclei at R = Req and for sampling of the vibrational
ground-state wavefunction with 5 (blue/dark gray) and 13 (orange/light gray) sampling points
R;. b) Comparison between single Ehrenfest trajectory R.(t) starting at the outer turning point
Re(t = 0) = Req + |a|o with |a| = 0.9 and sampling over a Schrédinger minimum uncertainty

wavepacket with 5 (blue) and 13 (orange) sampling trajectories R;(t).

C. High Harmonic Spectra

Changes in the high-harmonic spectra of Fy when the nuclear degrees of freedom are
taken into account at various levels of approximation are illustrated in Fig. 6. Remarkably,
for this somewhat heavier molecule the HHG spectra resulting from three different approx-
imations closely agree with each other indicating that, overall, the modulus and phase of
the dipole acceleration amplitude a(w) (Eq. 8) varies relatively little with R over the extent
of the vibrational ground state wavefunction or, alternatively, over the range of R covered
by the classical vibration. We note that the peak near 8wy is not directly associated with
the strong-field driven HHG process, the focus of the present work. Instead, this spectral
feature is associated with the energy spacing of the HOMO to an unoccupied molecular
DFT orbital in Fy with a non-vanishing transition dipole moment. Because of the Fourier
broadening of the neighboring harmonic peaks by the ultrashort pulse this special region
becomes accessible. The distinction to the standard HHG spectrum becomes directly visible
in the time-frequency spectrum (Gabor transform). The HHG peaks can be identified by

their characteristic w — 7 relation (dashed white lines for “short” trajectories). The latter
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is a hallmark of electron emission, acceleration, and recombination every ~ 3/4 of an op-

tical cycle after a field maximum as incorporated in the semiclassical three-step model for

HHG [11, 12, 22]. By contrast, the peak at 8w, features no pronounced sub-(optical) cycle

structure (Figs. 6¢,d) but extends more or less uniformly over the entire pulse duration.

As mentioned above, the classical Larmor expression (Eq. 5) employed in the present HHG

simulation is not well-suited to accurately describe spontaneous or stimulated bound-bound

transitions. Therefore, the quantitative significance of the observed peak near 8wy, is limited.

19



R =Rey

— — —ground state

R =R,

| single vibrational trajectory

logip S(w) (arb. units)

1 5 9 13 25 29
harmonic order

harmonic order

logip S(w) (arb. units)
IS
————

33 1 5 9 13 17 21

25 29

harmonic order

harmonic order

time (o.c.)

time (o.c.)

FIG. 6. Harmonic spectrum of Fy driven by a 6-cycle laser pulse (A = 800 nm, Iy = 104 W/cm?).
a) Comparison between fixed nuclei at R = Req and sampling over the stationary ground-state
wavefunction (Eq. 13). b) Comparison between R = R.q and a single Ehrenfest trajectory starting
at the outer turning point Ro(t = 0) = Req + /o with scaled amplitude || = 0.7. ¢) Time-
frequency analysis of HHG from F; for fixed nuclei (black line in panel a) and d) for the sampling
over the ground-state wavefunction (blue/gray dashed line in panel a). The temporal width of the

Gaussian window function in the Gabor transform is o, = 0.5 fs (=~ 0.19 o.c.).

For the lightest molecule, Hy, the influence of the nuclear motion on the electronic dy-
namics is expected to be most pronounced. Indeed, sampling the stationary vibrational
ground-state wavefunction (Eq. 13) reduces the harmonic spectrum considerably compared
to the fixed ion result with R = Req (Fig. 3a). This reduction becomes more pronounced
with increasing harmonic order in agreement with the results of Ref. [34]. Comparing the

spectrum for the Ehrenfest trajectory R.(t) with R.(t = 0) = Req + |a|o with the spectrum
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that includes the sampling over a Schrodinger minimum uncertainty vibrational wavepacket
(Egs. 18 and 19) shows that the reduction of the HHG spectrum with increasing harmonic
order persists (Fig. 3b). Comparison between Figs. 3a and b also indicates that this effect

does not strongly depend on the particular wavefunction to be sampled.

IV. SPECTRA FOR COMMENSURATE FREQUENCIES

When the oscillation frequency 2 of the coherent vibrational wavepacket (Eq. 17) be-
comes commensurate with the frequency wy, of the laser driving the electronic dynamics, the
coupling between the ionic and electronic dynamics is expected to be enhanced. This does
not only apply to the case of a 1 : 1 resonance, i.e. {2 = wy, which would require mid-infrared
driving fields but also higher-order resonances of commensurate frequencies, wy, /) = m/n
(m,n: integers). For Hy and A = 800 nm, this frequency ratio happens to be close to the
5 : 2 resonance. For Ny and A = 1147 nm, a 3 : 1 resonance can be reached which also ap-
pears for HF at A = 800 nm. At first glance, such a sensitivity to commensurate frequency
ratios appears surprising as the electronic process of ionization and recombination occurs
on an ultrafast time scale very short compared to the vibrational period T = 27 /Q. Tt is,
however, the superposition of these contributions from emission processes every optical half-
cycle over a time interval of several optical cycles that renders the spectrum sensitive to the
commensurate frequency ratio 2/wy. We explore in the following the impact of driving with
commensurate frequencies on the high-harmonic spectrum for the Ny, Hy, and HF molecules.
For this simulation, we have increased the pulse length from 6 cycles to 14 cycles in order
to narrow the spectral distribution of the pulse. For such longer laser-pulse interaction also
the spectral width of the harmonic peaks becomes narrower and can be clearly identified up
to the cut-off region of the spectrum.

For commensurate frequencies the harmonic spectrum is fundamentally altered (Fig. 7).
As the emission of harmonics from recollision events distributed over several optical cycles
adds up coherently the information on the motion of the vibrational wavepacket leaves a
mark on the spectrum. The energy spacing of 2hw;, between successive HHG peaks is now
filled by additional peaks spaced by h£2. The appearance of additional peaks becomes clearly
visible for all molecules investigated (Figs. 7c—e) when compared with the spectrum in the

fixed-ion approximation with R = R.q. These additional peaks can be understood in terms
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FIG. 7. Harmonics for laser driving frequencies w; commensurate with the frequency €2 of the
vibrational wavepacket. a)—c) Ha, d) Ng, and e) HF. In frames ¢)—¢) we compare the HHG spectrum
for fixed internuclear distance R = Req with the result for the vibrational wavepacket with sampling
over the width of the vibrational wavefunction (5 trajectories R;(t)). a) Comparison of complete
spectra of Hy irradiated with A = 800 nm, Iy = 10** W/cm?, and |a| = 1.8. black line: fixed-ion
calculation for R = Req, blue/dark gray line: vibrational ground-state (Eq. 13). b) As panel
a) but calculated using Ehrenfest-TDDFT for single trajectory (black line) and for a vibrational
wavepacket sampling by 5 trajectories R;(t) (Eq. 19; orange/light gray line), ¢) zoom-in of a) and
b) for high harmonics of Hy d) Ny with A = 1147 nm, Iy = 10* W/cm? and |a| = 2.8, e) HF with
A =800 nm, Iy = 10'* W/cm? and |a| = 3.25.

of sidebands to the high-harmonic peaks generated by the coupling between vibrational and
electronic motion. It is important to note that a moderate anharmonicity resulting in a
deviation from equispaced vibrational levels does not destroy the resonance effect as long

as the spectral mismatch due to the anharmonicity lies within the linewidth of the driv-
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ing pulse. The sampling over a minimum-uncertainty vibrational wavepacket modifies the
height of these resonant harmonics compared to that for a single Ehrenfest trajectory but
qualitatively leaves the structure of the spectrum unchanged (Fig. 7b). Obviously, the reso-
nance is primarily governed by the classical vibrational nuclear motion while the spread of
the quantum wavepacket only influences the peak height of the side bands, mostly causing
a reduction. The appearance of these peaks at commensurate frequencies is a fairly robust
classical resonance effect. Quantum coherence enters primarily through the requirement that
the resonances are not suppressed by decoherence caused by random phases of the emission
bursts accumulated in between subsequent half cycles. For Fy, quantum effects included via
sampling over the wavefunction of the vibrational wavepacket lead, unlike for Hs, only to
a small change in the spectrum due to its small vibrational frequency (not shown). Pro-
nounced resonant harmonics can be also observed for the (3:1) resonance of the strongly
polar molecule HF (Fig. 7e). Realization of such a resonance in this molecule is facilitated
by the fact that the vibrational wavepacket could be optically excited and steered. More
generally, such vibrational wavepackets can be excited by a variety of techniques including
impulsive collisional excitation, Franck-Condon transitions, or by impulsive stimulated Ra-
man scattering [48]. The experimental observation of the commensurability effect on HHG
appears thus feasible. Even when the sub-peaks can not be individually resolved, this res-
onance effect may facilitate an overall increase in the HHG yield in certain regions of the

spectrum, e.g., between harmonics 35 and 45 in Ny (Fig. 7d).

V. CONCLUSIONS

We have investigated the influence of vibrational motion on the high-harmonics generation
(HHG) in several small molecules. The starting point is an Ehrenfest-TDDFT simulation
within which the ionic motion follows the classical equations of motion with forces self-
consistently determined from the time-dependent electronic density propagated by TDDFT.
The influence of the shape and spread of the vibrational wavefunction on the HHG are
accounted for by the coherent superposition of the harmonic amplitudes of a distribution of
trajectories sampling the wavefunction. One application addresses the HHG resulting from
the excitation of node-free near-minimum uncertainty Schrodinger (or Glauber) wavepackets

which closely follow the classical vibrational motion. As expected, the influence of the
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vibrational degree of freedom is, in general, reduced with increasing mass of the molecular
constituents. However, prominent resonance effects have been identified for commensurate
frequencies whose appearance is insensitive to the atomic masses involved. When a multiple
of the frequency wy, of the laser driving the strong-field ionization and recombination of the
electron in the molecule is in resonance with a multiple of the vibrational frequency, i.e.
wr /2 = m/n, the standard harmonic spectra with spacing 2hw;, between adjacent peaks is
drastically altered. In case of such a resonance additional peaks spaced by ~ hf) ~ “wr,
appear between harmonics which can lead, overall, to an increase of the HHG intensity in
extended regions of the spectrum. A moderate anharmonicity of the vibrational spectrum
does not destroy these resonance effects as long as the frequency mismatch lies within the
Fourier width of the few-cycle infrared driving pulse. Experimental realization employing,

for example, the impulse excitation of vibrational wavepackets [48] appears within reach.
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