
D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.

DISSERTATION

Polyharmonic Distortion Modeling of
Non-linear RF Components

ausgeführt zum Zwecke der Erlangung des akademischen Grades
eines Doktors der technischen Wissenschaften

unter der Leitung von
Assoc.Prof. Dipl.-Ing. Dr.techn. Holger Arthaber

Institute of Electrodynamics, Microwave and Circuit Engineering

eingereicht an der Technischen Universität Wien
Fakultät für Elektrotechnik und Informationstechnik

von

Dipl.-Ing. Bernhard Pichler
Matr.Nr. 0725801

Wien, im März 2020

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

Abstract

Having an accurate model of a non-linear device under test (DUT) is indis-
pensable in radio frequency (RF) circuit design. Such a model allows to perform
a design process for a circuit fully in a computer aided design (CAD) environ-
ment, without relying on time-consuming empirical design methods like load-pull
measurements. Furthermore, a more comprehensive description of the DUT’s be-
havior is possible, allowing to be able to solve the large-signal matching problem,
predict voltage and current waveforms at the DUT’s terminals, and carrying out
the model prediction for different types of stimuli like, e.g., continuous wave (CW)
or two-tone excitation.

Due to their generality, black-box behavioral models are desired, because they
allow to formulate a model without the knowledge of the DUT’s inner workings,
solely on port input/output relations. As an important candidate of such models,
polyharmonic distortion (PHD) modeling emerged due to its beneficial properties:
It uses the well-established traveling waves description in the frequency domain,
are a superset of S-parameters for handling non-linear effects, and there exist
several well-working extraction techniques. For the extraction measurements, ty-
pically a non-linear vector network analyzer (NVNA) is used, which allows to
fully measure the non-linear response of a DUT. Based on PHD modeling, X-
parameters emerged, which comprise not just the model itself, but also a com-
prehensive measurement framework.

In this thesis, PHD modeling is discussed, mainly on the example of X-
parameters and beyond. It starts from the theory, how they are measured, and
their limitations. To demonstrate their accuracy, a commercially available gallium
nitride (GaN) high electron mobility transistor (HEMT) is utilized to generate
models and to perform verification measurements, in combination with an off-
the-shelf NVNA. The requirements on the measurement setup are discussed and
it is analyzed how load-dependent X-parameters can help to increase the mo-
del accuracy. Therefore, the NVNA is expanded to a high power setup due to
power handling requirements. Although highly accurate for harmonic mismatch,
the prediction accuracy suffers for strongly non-linear and load-sensitive DUTs.

Like any non-linear model, X-parameters rely on approximation techniques.
There, linearization techniques are utilized, similar to a Taylor series approach,
while operating the DUT on a large-signal operating point (LSOP). By ad-
ding higher order approximation terms, the quadratic polyharmonic distorti-
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on (QPHD) model can be formed, which is discussed in this thesis. It is shown how
such a model is robustly extracted and the model prediction results are analyzed
and compared to X-parameters. Therefore, CW excitation over a wide range of
different load conditions is utilized, as well as dynamic stimulus, using a two-tone
excitation while assuming quasi-static conditions.

It is discussed in this thesis that X-parameters and the QPHD model can
be used to mathematically solve the non-linear matching problem. This enables
to identify the load condition for achieving maximum output power as well as
maximum drain efficiency, without the need of time-consuming load-pull measu-
rements. The calculated optimum load conditions are carried out using measured
X-parameters and QPHD models and are compared to load-pull verification mea-
surements.
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Kurzfassung

Modelle für nichtlineare Bauelemente sind unabdingbar für den Schaltungs-
entwurf in der Hochfrequenztechnik. Solche Modelle erlauben es, den Schaltungs-
entwurf vollständig in einer CAD Umgebung durchzuführen, ohne zeitaufwändige
„load-pull“ Messungen durchführen zu müssen. Außerdem erlauben Modelle eine
umfangreichere Beschreibung des Bauelementes, was es ermöglicht das Problem
der Anpassung bei Großsignalanregung zu lösen, die Kurvenformen von Strom
und Spannung an den Anschlüssen des Bauelementes zu bestimmen, sowie auch
eine Vorhersage für unterschiedliche Arten der Anregung zu machen, wie zum
Beispiel Dauerstrich oder Zweitonanregung.

Aufgrund ihrer universellen Anwendbarkeit sind Verhaltensmodelle, die das
Bauelement als eine sogenannte „black box“ ansehen, wünschenswert. Diese kön-
nen ausschließlich anhand der Beobachtung ihrer Eingangs- und Ausgangsgrößen
formuliert werden, ohne dass Kenntnis des internen Aufbaus vonnöten ist. Als ein
wichtiger Vertreter solcher Modelle hat sich „PHD modeling“ herauskristallisiert,
aufgrund seiner vorteilhaften Eigenschaften: Die Formulierung dieses Modells er-
folgt im Frequenzbereich mit Hilfe der bewährten normierten Leistungswellen,
sie sind eine Obermenge zu S-Parametern, welche nichtlinear Effekte berücksich-
tigen und für die Extraktion der Modellparameter gibt es bewährte Methoden.
Dazu wird typischerweise ein nichtlinearer Netzwerkanalysator (NVNA) verwen-
det, welcher die gesamte nichtlineare Antwort des Messobjektes messen kann.
Basierend auf PHD modeling haben sich X-Parameter in der Praxis etabliert,
welche zusätzlich zum Modell auch eine umfangreiche Messlösung anbieten, um
die Modellparameter zu erhalten.

Diese Dissertation beschäftigt sich mit PHD modeling, was hauptsächlich an-
hand von X-Parametern behandelt wird. Sie beginnt mit der theoretischen For-
mulierung des Modells, behandelt die erforderliche Messtechnik und untersucht
den Anwendungsbereich dieser Modelle. Um die Genauigkeit zu untersuchen, wird
ein kommerziell erhältlicher GaN HEMT, in Kombination mit einem serienmäßi-
gen NVNA, benutzt, um Modelle als auch Verifikationsmessungen durchzuführen.
Dabei werden die Anforderungen an das Messsystem dargestellt, und auch die
Vorteile von „load-dependent“ X-Parametern werden diskutiert. Aufgrund der
Belastbarkeit wird dazu ein Messsystem für hohe Leistungen benutzt. Es wird
gezeigt, dass das Modell sehr gut mit Fehlanpassungen bei den Harmonischen
umgehen kann, jedoch wird die Modellvorhersage ungenau, falls das Messobjekt
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eine hohe Empfindlichkeit gegenüber Laständerungen aufweist und in einem stark
nichtlinearen Betriebsmodus betrieben wird.

Nichtlineare Modelle beruhen typischerweise darauf, dass das nichtlineare Ver-
halten des Messobjektes angenähert wird. Bei PHD modeling wird eine Lineari-
sierung um einen Großsignalarbeitspunkt, ähnlich einer Taylorreihe, verwendet.
Fügt man quadratische Terme hinzu, erhält man das sogenannte QPHD Modell,
welches in dieser Dissertation behandelt wird. Es wird gezeigt, wie man dieses
Modell stabil messen kann und die Genauigkeit der Modellvorhersage wird mit
der von X-Parametern verglichen. Dazu wird die Last des Messobjektes stark
unter Dauerstrichanregung variiert, als auch eine Zweitonanregung unter quasi-
statischer Näherung verwendet.

In dieser Dissertation wird gezeigt, dass X-Parameter und das QPHD Modell
es ermöglichen, das Problem der Anpassung bei Großsignalanregung mathema-
tisch zu lösen. Somit ist es möglich, die optimale Last zu bestimmen, um die
maximale Ausgangsleistung, als auch den maximalen Wirkungsgrad zu erhalten,
ohne zeitaufwändige load-pull Messungen durchführen zu müssen. Dazu werden
gemessene X-Parameter als auch QPHD Modelle verwendet und mit Verifikati-
onsmessungen verglichen.
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Abbreviations

AC alternating current

ADC analog to digital converter

AlGaN/GaN aluminum gallium nitride/gallium nitride

ANN artificial neural network

BJT bipolar junction transistor

CAD computer aided design

CW continuous wave

DC direct current

DPD digital predistortion

DUT device under test

DWLU direct waveform look-up

EPHD enhanced polyharmonic distortion

ET extraction tone

GaAs gallium arsenide

GaAs/AlGaAs gallium arsenide/aluminum gallium arsenide

GaN gallium nitride

HB harmonic balance

HBT heterojunction bipolar transistor

HEMT high electron mobility transistor
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HPR harmonic phase reference

IF intermediate frequency

IM3 third order intermodulation product

JFET junction field effect transistor

LO local oscillator

LS large-signal

LSNA large-signal network analyzer

LSOP large-signal operating point

LUT look-up-table

MESFET metal semiconductor field effect transistor

MTA microwave transition analyzer

MSE mean squared error

NVNA non-linear vector network analyzer

PA power amplifier

PCB printed circuit board

PHD polyharmonic distortion

PM power meter

PRF pulse repetition frequency

QPHD quadratic polyharmonic distortion

RF radio frequency

Si silicon

SNR signal-to-noise ratio

SOLT short, open, load, through

SPICE simulation program with integrated circuit emphasis

SRD step-recovery diode
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TRL through, reflect, line

VIOMAP Volterra input output mapping

VNA vector network analyzer

VNNA vectorial non-linear network analyzer

VSWR voltage standing wave ratio
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Chapter 1

Motivation and Thesis Outline

Linearity is one of the most important properties of a circuit or system in radio
frequency (RF) engineering. As stated in [1], ’linearity is so mathematically
simple that it enables very general analytical, or closed-form, solutions for system
behavior’. This means if a system is linear, it is simple to find a comprehensive
description, i.e., model, for this particular system.

Mathematically, the concept of linearity is defined as follows. A function F

is to be considered linear, if two properties are satisfied: Firstly, superposition

F(x + y) = F(x) + F(y) (1.1)

and secondly, homogeneity

F(α · x) = α · F(x). (1.2)

The quantities x and y are input variables and α is a scalar. Violating at least one
of those properties for a given system, means that linearity cannot be assumed.
Hence, it is considered to be non-linear.

Non-linearity is a very general property. It causes that there are no general
solutions for system behavior possible any more, only in a very particular small
set of cases [1]. Describing the behavior of a non-linear system is therefore based
on approximation techniques. These approximations are typically tailored to fit a
certain application and are called models. Based on the assumptions made, they
have limitations, which are typically described by a certain range of operation.
Consequently, there are many different models present, made for a specific use-
case and device under test (DUT).

1
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1.1 Non-linear RF Circuits and Systems

1.1 Non-linear RF Circuits and Systems

In principle, ’all electrical circuits are non-linear’ [2]. Consequently, if a circuit
is considered linear, it is only assumed to be linear based on an approximation.
This is very intuitive for, e.g., transistors, but also passive circuit elements like
resistors, capacitors, and others are non-linear at the extremes of their operational
range [2]. Non-linear effects occur even at the most basic circuit elements like
metallic junctions or connectors, which suffer from passive intermodulation [3].

The most common non-linear circuit elements are active semiconductor de-
vices, like transistors. These are used extensively in RF circuit design. For
designing a circuit, a model for the particular non-linear element has to be found
by approximating its behavior for the desired application. Therefore, the opera-
tional conditions are significant. When utilizing an RF transistor for designing a
small-signal amplifier, the behavior of the transistor can easily be approximated
by a linear mapping. Consequently, S-parameters are used.

Since demands on RF circuits are increasing steadily, circuit designers are
driven into more sophisticated designs in order to improve their performance.
This goes along with the evolution of communication systems, trying to increase
their capabilities more and more while reducing their costs. There, special focus
is put on the power amplifier (PA), because it typically consumes the largest
amount of power [4]. To operate an active device like an RF power transistor
at high efficiency levels, typically strongly non-linear operation is necessary [5].
Consequently, an S-parameter based design process is not feasible. It is necessary
to find an accurate model for the given DUT and perform the design process in a
computer aided design (CAD) environment. The accuracy of the model is crucial
for the design. Therefore, many different types of models have been proposed to
be able to accurately describe non-linearities. Due to its so-called ”black-box”
approach, a non-linear model based on measurement data analog to S-parameters
is desired. This allows that it can be measured for a specific device, allowing to
tackle possible manufacturing tolerances and the inner workings are not needed
to be known. Consequently, from a manufacturer’s point-of-view, the intellectual
property of the DUT remains protected and from an design engineer’s point-of-
view, the inner workings are are often not from interest.

In recent years, X-parameters emerged as a superset of S-parameters for
non-linear DUTs [6]. These fit the bill perfectly in many cases, but they have
limitations for strongly non-linear DUTs, like RF power transistors. In this thesis,
the principles of X-parameters are discussed in detail, showing their benefits and
limitations. Furthermore, their concept is expanded to go beyond X-parameters,
allowing to accurately model RF power transistors applicable for PAs.

2
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1.2 Thesis Outline

1.2 Thesis Outline

This thesis is structured as follows: In Chapter 2 the most popular non-linear
models are discussed, with a strong focus on their applicability for RF circuit
design. The basic model concepts of physics-based, equivalent circuit, and be-
havioral models are introduced. Due to its generality, the focus is put on be-
havioral modeling and in particular frequency domain behavioral models, due to
their easier measurement and applicability in RF circuit design.

In Chapter 3, X-parameters are introduced in detail. Beginning with their
definition, their relation to S-parameters, extraction procedures, and limitations
are discussed. Especially load-dependent X-parameters are discussed and their
drawbacks for the use for strongly non-linear DUTs in highly mismatched envi-
ronments are shown.

The measurement setup for extracting X-parameters is discussed in Chap-
ter 4. It starts by introducing the basic concept of the so-called vectorial non-
linear network analyzer (VNNA), which comes in two different instruments: The
large-signal network analyzer (LSNA) and the non-linear vector network ana-
lyzer (NVNA). Also the calibration is discussed briefly. The DUT, which is
used for the measurements in this thesis, is a 10 W RF power transistor. Due
to the involved high power levels, the required measurement setup is discussed
in detail, leading to adaptations because of power handling issues. It is ana-
lyzed how these changes in the setup affect the measurements and how to extract
accurate models using such a measurement setup. At the end of this chapter,
X-parameter measurements are presented and their accuracy is analyzed using
verification measurements.

Chapter 5 discusses extensions to basic X-parameters, leading to a better
model prediction accuracy for strongly non-linear DUTs. Therefore, the quadratic
polyharmonic distortion (QPHD) model is introduced. It is discussed how this
model is extracted and its accuracy is compared to X-parameters. This is done
by utilizing both continuous wave (CW) and two-tone excitation.

In Chapter 6, the non-linear matching problem is solved by using X-para-
meters and the QPHD model. It is derived how to determine the optimum load
condition for achieving maximum output power as well as maximum efficiency.
The gained results are analyzed by comparing them to verification measurements.
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Chapter 2

Non-linear Models

Over the time, the design process of non-linear RF circuits has undergone an evo-
lution from empirical designs to advanced CAD methods. For example, designing
an RF PA is a typical non-liner design task. It requires an accurate description
of the behavior of the used RF power transistor, which serves as a DUT. Since
S-parameters cannot be used due to their restriction to linear circuits, engineers
came up with lots of different approaches for describing non-linear RF behavior.

Traditionally, load-pull measurements were used for a non-linear design [7].
These rely on empirical solutions for the matching problem, by varying the
load and source impedances while measuring performance parameters like output
power or efficiency. Although accurate and widely used in practice, a vectorial de-
scription of the port input and output quantities is desired. Consequently, special
attention was paid on getting more advanced models for non-linear behavior.

Finding an appropriate model is a difficult task, because describing a non-
linear mapping exactly is in most cases not possible. Consequently, many dif-
ferent types of models exist, especially tailored to fit certain requirements and
applications. In the following sections the most common types of models are dis-
cussed, with a strong focus on usability in RF circuit design. This includes the
model prediction for the fundamental frequency (f0) as well as at the harmonics.
Emphasis is put on measurement based frequency-domain black-box behavioral
models, because they have several benefits for the use in RF circuit design: They
are easier to extract due to the predominately frequency-domain measurement
equipment in RF engineering and since the DUT’s inner working is not needed
to be known for the model formulation, they offer a general modeling approach.
Furthermore, easy implementation in an RF circuit simulator is possible, due
to their close relation to harmonic balance (HB) simulators, which are predomi-
nately used in RF circuit design [8]. This is in stark contrast to a low frequency
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design, where simulation program with integrated circuit emphasis (SPICE) is
most common [9].

In Figure 2.1 an overview of popular non-linear models is shown, which serves
as a basis for this chapter. Note that the green highlighted models are discussed in
this thesis, while the other ones indicate popular models which are only mentioned
for the sake of completeness and are not discussed here. The chapter begins with
a brief discussion of physics-based models and equivalent circuit models. Due to
the fact that they are derived from the specific internal device composition, they
have to be tailored to each specific device and therefore, do not allow generality.

non-linear modeling

physics based equivalent circuit behavioral

time domain

power series

polynomial filter

Volterra series

Saleh model

ANN

state space
...

frequency domain

load-pull

VIOMAP

hot S-parameter

PHD/X-parameter

Cardiff
...

Figure 2.1: Model tree of popular RF models, the green highlighted models are
discussed in this chapter.

In contrast to physics-based and equivalent circuit models, a more general
approach is desired. It is possible to formulate models which are only dependent
on the input/output relations of the DUT. Such models are called behavioral
models. These treat the DUT as a black box, hence, knowledge of the inner
workings of the DUT is not required. One of the most prominent black-box
behavioral models are S-parameters. These are widely used in RF engineering,
however, their application is limited to the linear regime.

There are many different behavioral models present, which can be categorized
based on their properties. One is to split them into band-pass and equivalent
baseband models [10]. Although these terms mainly describe the nature of the
input signal, they influence the implementation of the model [11]. Band-pass
models make use of the full RF input signal, while equivalent baseband models
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2.1 Physics-based Models

only consider the signal’s envelope for carrying out the model prediction. From
an application’s point-of-view, the aim of these models is completely different.
Equivalent baseband models can easily deal with modulated signals, but they are
not able predict the harmonic response, which can on the other hand be done
using band-pass models [11]. In contrast, band-pass models are the better choice
for the use in circuit design.

Some types of models can be used as band-pass as well as equivalent base-
band models, e.g. Volterra series [10]. Hence, for the model categorization in
this work, behavioral models are split into time-domain and frequency-domain
models. As discussed later in more detail, frequency-domain models offer gener-
ally higher flexibility for an application in circuit design, thus they are the focus
of this thesis. However, for the sake of completeness, the most important time
domain behavioral models are discussed in this chapter, i.e., the Volterra series
and artificial neural networks (ANNs).

2.1 Physics-based Models

Physics-based models rely, as the name suggest, on the the internal structure
of a certain DUT. This includes the device geometry, used materials, doping
profiles, and so on. Consequently, such models are especially tailored to fit a
specific DUT, whose internal composition has to be perfectly known. Using this
information allows to formulate models to describe the operation of the DUT. For
semiconductors this would, for example, include the electron and hole transport
and the current continuity relationships [12]. This allows to predict the voltage
and current response of the DUT, by solving the semiconductor state equations
according to the boundary conditions, given by the device terminals [13].

Solving these semiconductor state equations is very complex and requires
a large amount of computational time. Furthermore, such models can only be
formulated by the DUT’s manufacturer, since the required knowledge of the inner
workings of the DUT is in most cases not accessible to an application engineer.
Consequently, they are very rarely used in RF circuit design.

2.2 Equivalent Circuit Models

A widely used class of models in RF circuit engineering are equivalent circuit
models. Similar to physics-based models, they are specially tailored to fit a
certain device, component, and application. However, equivalent circuit models
try to abstract the function of the DUT by using well-known circuit elements,
like resistors, capacitors, voltage sources, and so on. In contrast to physics-based
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2.2 Equivalent Circuit Models

models, a more computationally efficient model can be found, because the use of
circuit elements allows to calculate the node voltages and currents according to
Kirchhoff’s circuit law, which can easily be implemented in SPICE. Furthermore,
an electrical engineer can understand the function of even very complex DUTs
easily, because of the use of simple well-known circuit elements.

When applied to RF transistors, a specialized model for each different tech-
nology is required, which has to be adapted to each transistor type using this
technology. A general model is not possible in many cases, or very complex
due to the involved non-linearity. Hence, their applicability is often limited to a
certain frequency or input power range.

Equivalent circuit models for transistors have been published shortly after the
transistor’s invention. For example, the Ebers model [14] and the Gummel-Poon
model [15] for the bipolar junction transistor (BJT) are well-known and widely
used. Models for the silicon (Si) junction field effect transistor (JFET) and BJT
have been implemented in SPICE [16]. An example of a typical equivalent circuit
model for a JFET is depicted in Figure 2.2. The main element of such a model

LG RG
CDG RD LD

IDS

RDS CDS

CGS

RGS

RS

LS

Source Source

DrainGate

Gi

Si

Di

Figure 2.2: Typical equivalent circuit of a FET [17].

is the controlled current source for the drain or collector current, respectively.
An accurate model for this current is crucial for the overall model performance.
Furthermore, the capacitances between the DUT’s terminals are modeled. Ad-
ditionally, line inductance and resistance is added to model the bonding wires
used for connecting the intrinsic gate (Gi), drain (Di), and source (Si) to the
corresponding package leads. The characteristics of the drain-source current IDS

of the voltage controlled current source (Figure 2.2) is dependent on the gate-
source voltage VGS and the drain-source voltage VDS. Especially when it comes
to large-signal application, this behavior is strongly non-linear. Also the physical
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2.2 Equivalent Circuit Models

dimensions and the properties of the semiconductor material strongly influences
IDS. Consequently, finding an accurate description of the drain-source current is
crucial for the model accuracy.

In RF the most important requirement on a transistor is having a high transit
frequency, which is different to most other electrical engineering applications.
Inevitably, suited technologies are used, which are optimized for their frequency
handling capabilities. Also the models have to be adapted in a way to describe
the high-frequency behavior of this transistors accurately. Due to its excellent
high frequency behavior, gallium arsenide (GaAs) metal semiconductor field effect
transistors (MESFETs) are widely used in RF applications. Especially the use of
GaAs allows to achieve high transit frequencies, due to its high electron mobility
compared to Si. As a consequence, the Si JFET models are unable to accurately
predict the behavior of such transistors. One of the first models applicable for
GaAs MESFETs was introduced by Curtis [18]. This models took emphasis on
the stronger current saturation caused by the higher electron mobility in GaAs
as well a non-linear description for the gate-source and drain-source capacitance.
To get a better model for this saturation effects, a hyperbolic tangent function
function is utilized for modeling the drain-source current. With its dependence on
the intrinsic gate-source (VGSi

) and drain-source (VGSi
) voltages, the drain-source

current is modeled as

IDS(VGSi
, VDSi

) = β(VGSi
+ VT )2 · (1 + λVDSi

) · tanh(αVDSi
), (2.1)

whereas VT is the gate-source threshold voltage and α, β, and γ are constants.
This model offers a simple and accurate description for the GaAs MESFET using
a very low number of coefficients. However, further investigations on the model
have shown, that the model offers limited accuracy on the transconductance,
i.e., the dependence of the drain-source current on the gate-source voltage [19].
One approach to overcome this issue was proposed by Angelov [20], which is in
literature called Angelov or Chalmers model. In this model the influence of the
transconductance was implemented by introducing a power series function. The
parameters of this function can be adapted empirically for a given DUT, allowing
for a simple model, showing accurate modeling capabilities for a wide range of
different gate-source and drain-source voltages.

With the emergence of the high electron mobility transistor (HEMT), em-
phasis was taken to adapt the GaAs MESFET equivalent circuit models to the
characteristic behavior of the HEMT. Due the use of a semiconductor heterojunc-
tion, the electrons in the channel are confined in a 2D structure [21]. This allows
to achieve higher electron mobility, and consequently, higher transit frequencies.
These devices were initially made using the gallium arsenide/aluminum gallium
arsenide (GaAs/AlGaAs) material system, however, especially in high power ap-
plications aluminum gallium nitride/gallium nitride (AlGaN/GaN) shows benefi-
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2.3 Time-domain Behavioral Models

cial properties [22]. These are given by, for example, the higher saturation velocity
and larger bandgap, which allow higher direct current (DC) supply voltages and
higher thermal conductivity. Consequently, the gallium nitride (GaN) HEMT is
currently used extensively in RF PA design. To allow for efficient designs, efforts
have been made to adapt the GaAs MESFET models to the GaN HEMT [23].
As an example, among many others, the Chalmers model was adapted to fit the
requirements of the GaN HEMT [24].

In literature, many different equivalent circuit models have been proposed.
Although models like the Chalmers model are utilizing empirical methods for
their modeling approach, the major drawback of equivalent circuit models is that
they require knowledge of the inner working of the DUT. As a consequence, for
many devices no or only proprietary models are available [25, 26]. Despite in
many cases highly accurate, their application range and limitations are often not
clearly stated, which makes it difficult for an application engineer to identify if a
particular model is applicable or not for the specific design task.

2.3 Time-domain Behavioral Models

In many cases, it is from interest to be able to form a model without knowing
the DUT in detail. Therefore, so-called black-box models emerged, which rely
on input/output observation data. Those models can be gained from any device,
regardless of the DUT’s structure. This is beneficial also from a manufacturer’s
point-of-view as the intellectual property remains protected. However, those mod-
els rely on measured data, i.e., typically lots of measurements are necessary to
generate such models.

The obvious approach for gaining black-box models is formulating table-based
or look-up-table (LUT) based models [27]. These consist basically on measured
data of the DUT over a wide range of operation. As the name suggests, the mea-
surement data is stored in a table with the operational conditions as parameters.
To achieve high accuracy over a wide range of bias points or input power levels,
a large number of measurements is needed. Hence, LUT based models tend to
have a large model size and interpolation techniques are required for the use in
a simulator. Consequently, it is desired to have a more compact model formu-
lation, which allows for an easier implementation in a simulation environment.
Therefore, a mathematical representation to describe the DUT’s behavior based
on measured data is desirable.

Finding a model for a non-linear DUT can be performed similar to a system
identification approach, i.e., a mapping between an excitation signal x(t) to the
output y(t) has to be identified. If the mapping is static, instantaneous, and
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2.3 Time-domain Behavioral Models

memoryless, the response can be written as

y(t) = F [x(t)] (2.2)

For a dynamic or memory afflicted system, the output depends on the system
state’s past. The input-output mapping is represented by a non-linear differential
equation [28], as written in recursive form as

y(t) = F

[

x(t),
dx(t)

dt
, · · · ,

dM1x(t)

dtM1
,
dy(t)

dt
, · · · ,

dM2y(t)

dtM2

]

. (2.3)

This equation has to be approximated in order to be able to serve as a behavioral
model. For non-linear RF DUTs many approaches have been proposed [28, 29],
examples for time-domain behavioral models are shown in Figure 2.1. Two of the
most important ones, the Volterra series and ANNs, are discussed as follows.

2.3.1 Volterra Series

The output y(t) of a system H can be described by its input x(t) as

y(t) = H[x(t)]. (2.4)

If this system is static, instantaneous, and memoryless as in Equation (2.2), it can
be approximated by a Taylor series. This allows to describe such a system using
polynomials. If this system is memory afflicted, as in Equation (2.3), a Taylor
series is not suitable. However, the Volterra series can be seen as a memory
polynomial representation of such a dynamic system [30]. By using this memory
polynomial approach for a causal system, the relation between the output y(t)
and the input x(t) can be expressed by

y(t) =h0 +

∞
∫

0

h1(τ1)x(t − τ1)dτ1 +

∞
∫

0

∞
∫

0

h2(τ1, τ2)x(t − τ1)x(t − τ2)dτ1dτ2

+

∞
∫

0

· · ·
∞
∫

0

hn(τ1, τ2, · · · , τn)x(t − τ1)x(t − τ2) · · · x(t − τn)dτ1 · · · dτn

=h0 +
N
∑

n=1

∞
∫

0

· · ·
∞
∫

0

hn(τ1, · · · , τn)
n
∏

m=1

x(t − τm)dτn.

(2.5)

This is called the ”Volterra-series” of N th degree, while hn(τ1, · · · , τn) denote
the Volterra kernels [30]. Note that the Volterra series is a generalization of the
Taylor series, able to approximate memory afflicted systems. If no memory is
present, the Volterra kernels hn(τ1, · · · , τn) reduce to anδ(τ1 · · · τn), where δ is

10

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

2.3 Time-domain Behavioral Models

x(t) H1

H0

H2

...

Hn

...

Σ y(t)

Figure 2.3: Graphical illustration of the Volterra series representation [30].

the Dirac delta function and a is a coefficient. Rewritten to a more general form
Equation (2.5) is given as

y(t) = H0 + H1[x(t)] + H2[x(t)] + · · · + Hn[x(t)] + · · · , (2.6)

with Hn is called the n-th order Volterra operator, which is given as

Hn[x(t)] =

∞
∫

0

· · ·
∞
∫

0

hn(τ1, τ2, · · · , τn)
n
∏

m=1

x(t − τm)dτn. (2.7)

In Figure 2.3 a graphical representation of the Volterra series is depicted.
The Volterra series is widely used to model non-linear PAs with memory, es-

pecially for digital predistortion (DPD) applications [31]. However, it has several
limitations: For strongly non-linear behavior the series is often non-convergent.
If the series is convergent for strongly non-linear behavior, a high order N is
necessary to describe the non-linear effects accurately. This causes a large model
size and high computational complexity when used in a simulator [28]. Also an a
priori estimation of how large the order N has to be for a certain accuracy is not
possible [3]. The extraction of the Volterra series is especially difficult for hard
non-linear behavior. Extracting the kernels can be interpreted as estimating co-
efficients of a noise polynomial with, e.g., least-squares estimation over multiple
measurements [32]. Especially for estimating higher order kernels noise can cause
problems, leading to an ill-conditioned estimator.

It has several benefits to apply the Fourier transform to Equation (2.5) to
get a frequency-domain representation of the Volterra series. This is discussed in
more detail in Section 2.4.3.
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2.3 Time-domain Behavioral Models

x2 w2 Σ σ

non-linear
function

y

output

x1 w1

x3 w3

weights

bias

inputs

neuron

Figure 2.4: Diagram of a simple neuron structure [34].

2.3.2 Artificial Neural Networks

A dynamic non-linear system, as described by Equation (2.3), can be approxi-
mated as a black-box by using time-domain ANNs [33]. These models are inspired
by the human brain in order to find a generalization of a certain device or system
based on observations. An ANN basically consists of a large number of so-called
neurons, which are highly interconnected.

An example of a neuron is shown in Figure 2.4. It has a simple structure
which consists of an arbitrary number of inputs, e.g., three in this case and an
output. Each input signal x is weighted by a weight w. The weighted input
signals are summed up including an additional bias and applied to a non-linear
function σ, the so-called neuron activation function. There is no clear requirement

−8 −6 −4 −2 0 2 4 6 8

0

0.5

1

x

σ
(x

)

Figure 2.5: Sigmoid function σ(x).

on this function, it is strongly dependent on the application of the ANN. Since
a non-linear model for an RF device or system is intended to be found, this
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2.3 Time-domain Behavioral Models

input
layer

hidden
layer

output
layer

input 1

input 2

input 3

ouput

Figure 2.6: Example of a simple ANN.

function has to be non-linear [35]. For example, it is possible to utilize a unit
step function, however this leads to a binary output and does not model human
decision making. Consequently, it cannot be used for the intended application. In
practice, the sigmoid function is often used for approximating non-linear behavior
with an ANN [33]. It is given as

σ(x) =
1

1 + e−x
(2.8)

and a plot is shown in Figure 2.5. This function is monotonically increasing,
smooth, and bounded. This ensures that also the output is bounded for any
input signal, which means that there is no stability issue for a single neuron.

An ANN generally consists of a large number of neurons, combined in a layered
structure, an example is shown in Figure 2.6. There is an input layer, where the
inputs are connected to the input neurons. The outputs of the input neurons are
connected to the neurons in the hidden layer. In this example, only one hidden
layer is presented, but generally an arbitrary number of hidden layers are possible.
At last, an output layer is at the output of the ANN, connecting the hidden layer
neurons to the output.

ANNs can efficiently be used for modeling non-linear RF devices or systems.
Therefore, a so-called ”training” procedure has to be performed. This means,
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2.4 Frequency-domain Behavioral Models

that all weights and bias variables at each involved neuron has to be identified.
Typically, measurements gained from the desired DUT are used, like data mea-
sured for a table base model [36]. An untrained ANN in contrast does not offer
any meaningful output. It is possible, in theory, to approximate any non-linear
function to an arbitrary degree of accuracy, as long as there are enough neurons
[34]. However, identifying the required number of neurons a priori, for achieving
a certain model prediction accuracy, is impossible. Consequently, the structure
and the used number of neurons can only be determined by using trial and error.
Furthermore, the accuracy is strongly dependent on the training process. This
means, that the model extraction measurements have to be chosen wisely.

Time-domain behavioral models offer the possibility to serve as an accurate
model for non-linear DUTs. However, they have limitations for hard non-linear
behavior, which is often the case in RF circuit design. For such hard non-linear
operational conditions time-domain approximation techniques often lead to large
model size and they are typically harder to extract. Also an a priori identification
of the required model size is often impossible, as discussed for the Volterra series
and ANNs. Frequency-domain behavioral models are often better suited for the
use in RF circuit design, the most prominent candidates are discussed in the
following section.

2.4 Frequency-domain Behavioral Models

In RF engineering the frequency-domain description of a circuit is most common.
For example, for a narrow-band circuit predominantly the frequency response is
analyzed and not the impulse response. Also, RF measurement equipment, such
as the vector network analyzer (VNA) and the spectrum analyzer are frequency-
domain instruments. Consequently, frequency-domain measurements are easier
to perform in the model extraction measurements. When designing RF circuits,
HB simulation is predominately used [34], hence, it is desired to have non-linear
frequency-domain black-box behavioral models.

The most important black-box behavioral model in the frequency domain are
S-parameters. They are well-known and extensively used in RF engineering [37].
They are utilizing traveling power waves (incident wave ap and outgoing wave bp

at port p) in order to describe the behavior of a certain DUT in the frequency-
domain. Contrary to Z- and Y -parameters, they can easily be measured and do
not require open- and short-circuits in the measurements, which makes them an
excellent fit for RF circuits.

By using the, in general, complex valued port impedance Zp, these traveling
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2.4 Frequency-domain Behavioral Models

power waves are defined as

ap =
1

2

Vp + Zp · Ip
√

|ℜ{Zp}|
(2.9a)

bp =
1

2

Vp − Z∗
p · Ip

√

|ℜ{Zp}|
, (2.9b)

when utilizing the port voltage Vp and port current Ip at the reference plane at
port p [38, 39]. A block diagram of a 2-port network showing all involved traveling
waves, voltages, and currents at its reference planes is shown in Figure 2.7. Using

ZL

a2

b2

a1

b1

port 1 ref. plane port 2 ref. plane

2-port
network

ZG I1 I2

V1 V2

Figure 2.7: Traveling waves for a 2-port network.

linear relations between the waves a and b, the scattering parameter matrix can
be defined as

b = S · a, (2.10)

where the S-parameter matrix for an arbitrary n-port is denoted as

Sn×n =









S11 · · · S1n

...
. . .

...
Sn1 · · · Snn









. (2.11)

The benefit of the S-parameter description is that all parameters have a clear
physical meaning. The parameter Spp is equal to the input reflection coefficient
at port p, where the parameter Spq is equal to the transmission coefficient from
port q to port p. However, S-parameters have one important limitation, that
they can only be defined in the linear domain. Hence, for modeling DUTs in
the non-linear domain, S-parameters cannot be used. To overcome this issue,
emphasis was taken on finding frequency-domain black-box behavioral models
for non-linear DUTs. Equivalently to time-domain LUT models, the trivial LUT
approach can also be used in the frequency domain. However, the same problems
occur, i.e., large model size for high accuracy, which lead to high computational
complexity, as well as interpolation techniques are required. Consequently, a
compact behavioral modeling approach is desired, the most important ones are
discussed as follows.
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2.4 Frequency-domain Behavioral Models

2.4.1 Load-pull Measurements

Traditionally, non-linear RF circuits are designed by using load-pull measure-
ments [7]. Since vectorial measurements of non-linear circuits generally require
an extensive measurement setup, load-pull relies on simple scalar measurement
quantities such as the RF output power or DC voltages and currents. This can be
used to determine performance parameters like output power, gain, and efficiency.
Also other scalar quantities can be analyzed, such as plain power consumption
[40]. During load-pull measurements, the source and load impedances presented
to the non-linear DUT are varied in order to find an optimum for certain per-
formance parameters. This can be interpreted as an empirical solution for the
large-signal matching problem.

A typical block diagram of a load-pull measurement setup is depicted in Fig-
ure 2.8. This setup shows all necessary components for performing load-pull

ΓL,tunerΓS,tuner

source tuner load tuner

DUT
f0

PM

Figure 2.8: Block diagram of a typical load-pull measurement.

measurements. Note that biasing circuits and additional measurement instru-
ments are not depicted here for simplicity. In order to provide the necessary
driving power for the DUT, an RF source is needed, which, for a CW operation,
provides an output at the fundamental excitation frequency f0. Impedance tuners
are placed at the input and the output of the DUT. Tuning the input is typically
denoted as source-pull and tuning the output as load-pull. For a passive setup,
these tuners are typically mechanical slide-screw tuners. These allow to provide
a certain input ΓS,tuner and output reflection coefficient ΓL,tuner at the DUT’s ref-
erence plane. Note that these are only valid at the fundamental frequency f0, at
all other frequency points the provided load and source reflection coefficients are
according to the tuner’s trajectory. At last, a load termination is needed. There,
normally the output power is measured by a power meter (PM).

Load-pull measurements are widely used in PA design, since they allow to
determine optimum loads for the non-linear matching problem of a dedicated
DUT. This is possible for the fundamental frequency as well as the involved
harmonics, when using a so-called harmonic tuning load-pull setup. This allows
to use load-pull measurements as a design foundation for advanced PA topologies,
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2.4 Frequency-domain Behavioral Models

such as class E or class F amplifiers, which require defined harmonic terminations
[5, 41].

ΓL,tuner

DUT
f0

triplexer

f0

2f0

3f0

PM

Figure 2.9: Block diagram of a typical triplexer based harmonic tuning load-pull
setup.

There are several possibilities for a passive harmonic tuning load-pull setup.
The most important ones are the multiplexer filter based harmonic tuning load-
pull setup (Figure 2.9) and the cascaded tuning load-pull setup (Figure 2.11) [42].
Both setups are designed to use mechanical slide screw tuners for the fundamental
frequency, as well as for harmonic tuning. For the multiplexer based setup, a
multiplexer filter is used to separate the fundamental and harmonic frequency
bands of the excitation signal. In most cases, this is done up to the third order
harmonic, hence, a triplexer is used. Such a filter enables an independent use of
three different tuners, see Figure 2.9. The drawback is, that the tuning range is
limited due to the inherent insertion loss of the filter. Consequently, the maximum
achievable reflection coefficient ΓL,tuner is limited. This is especially an issue for
the harmonics, as the insertion loss is typically higher for increasing frequencies,
see Figure 2.10. This may cause that such a setup is not applicable for PA
design, due to the fact that harmonic controlled PAs do need highly reflective
terminations at the harmonics [5].

The cascaded harmonic tuning setup, see Figure 2.11, does not need an addi-
tional filter for providing a defined load condition for the fundamental frequency
and the desired harmonics. To be able to realize a defined reflection coefficient
at multiple frequencies, multiple tuners are connected in a cascade. The result-
ing load reflection coefficient ΓL,tuner is therefore formed as a combination on the
mutual state of all tuners. Consequently, for a harmonic tuning setup up to the
third order harmonic, three tuners are needed. An example of the load reflection
coefficient realization is shown in Figure 2.12. In this figure, the load for the
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2.4 Frequency-domain Behavioral Models

0.2 0.5 1 2 5

(a) Tuning range at f0.

0.2 0.5 1 2 5

(b) Tuning range at 2 · f0.

0.2 0.5 1 2 5

(c) Tuning range at 3 · f0.

Figure 2.10: Influence of losses onto the tuning range, which is portrayed as the
colored area.

ΓL,tuner

DUT
f0

load 1 tuner load 2 tuner load 3 tuner

PM

Figure 2.11: Block diagram of a typical cascaded harmonic tuning load-pull setup.

fundamental frequency Γ
(f0)
L,tuner, second order Γ

(2f0)
L,tuner, and third order harmonic

Γ
(3f0)
L,tuner are shown. Each load reflection coefficient is comprised by the superposi-

tion of the reflection coefficients of all involved tuners. Compared to the triplexer
based setup, this approach allows to achieve a higher tuning range, because the
losses are lower. However, in practice, tuning sensitivity is an issue. Since each
tuner is typically realized by a mechanic slide-screw tuner, mechanical tolerances
are involved. By adjusting multiple tuners in a cascaded connection, these toler-
ances sum up and my cause a different realization of the load reflection coefficient
when trying to repeat the tuner setting to the same load condition.

If very high tuning range is needed, active tuning load-pull is the method of
choice [43]. There, the load reflection coefficient is realized by applying a defined
input signal at the output of the DUT. This allows to achieve output reflection
coefficients with a magnitude even bigger than one. A block diagram of such a
setup is depicted in Figure 2.13. There are several different approaches possible
for an active load-pull setup, in this graph an open-loop setup is shown [42].
Different to the passive setup, the first element at the output is an isolator, to
protect the subsequent components from damage. In order to achieve an input
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2.4 Frequency-domain Behavioral Models

0.2 0.5 1 2 5
0

0.2

0.5

1

2

5

−0.2

−0.5

−1

−2

−5

load 1 tuner

Γ
(f0)
L,tuner

load 2 tuner

Γ
(2f0)
L,tuner

load 3 tunerΓ
(3f0)
L,tuner

Figure 2.12: Realization of the load reflection coefficient using a cascaded har-
monic tuning setup.

signal at the output, an RF source is used, which has to be coherent with the
actual input source for the DUT. To get a defined signal power an amplifier and
an adjustable attenuator is implemented to the setup. To adjust the phase, an
adjustable phase shifter is used afterwards. Consequently, typically any desired
refection coefficient can be applied at the DUT’s reference plane. Such setups
can also be expanded to harmonic tuning in combination with a multiplexer. The
drawback is that a comprehensive setup is necessary, which leads to high setup
costs, especially for high power applications. Also the accuracy strongly depends
on the coherence of the involved sources, which is often tricky in practice.

Load-pull measurements are widely used in PA design, since they allow to
determine optimum loads for the non-linear matching problem for a dedicated
DUT. An inherent drawback is, that only scalar measurements, e.g. power, sub-
ject to a certain load and source impedance, are possible. In many cases this is
unsatisfactory, because a vectorial description of the measurement quantities is
desired. However, in combination with state-of-the-art VNAs, load-pull measure-
ments are widely used during model extraction of more advanced measurement
based models, which are discussed as follows.
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2.4 Frequency-domain Behavioral Models

ΓL,tuner

DUT
f0

reference

f0

isolator

phase shifter

attenuator

amplifier

φ

Figure 2.13: Block diagram of a typical open-loop active load-pull setup.

2.4.2 Hot S-parameters

Over the years, RF engineers tried to overcome the limitations of S-parameters to
find a similar approach for non-linear DUTs, since defining relations between the
incident and outgoing waves a and b is generally not limited to the linear domain.
Therefore, attempts have been made to extend the concept of S-parameters to the
large-signal domain, which have been called ”hot S-parameters” or ”large-signal
S-parameters” [44]. The goal for this is to be able to handle non-linearities, while
still using the S-parameter framework.

As described in [45], several approaches have been made to define hot S-para-
meters. These different formulations have been motivated by different design
problems, supposed to be described by hot S-parameters [45]. For simplicity,
only the most basic formulation will be discussed here.

The basic idea is to describe the behavior of a DUT under realistic opera-
tional conditions, i.e., when a persistant large-signal stimulus a1 is present at the
carrier frequency f0. Equivalent to linear S-parameters, a relationship between
the traveling waves a and b is desired. Therefore, an additional small CW prob-
ing tone is applied at the excitation frequency f0 [44, 46, 47]. Similar to linear
S-parameters, the relationship can be written as

(

b1

b2

)

=

(

hotS11 hotS12

hotS21 hotS22

)

·
(

a1

a2

)

. (2.12)

In order to determine hot S-parameters, the presence of the necessary probing
tone leads to a more complicated situation than for the linear case, hence a VNA
cannot be used in its standard configuration. In order to provide the persistent
large-signal stimulus and the additional probing tone, two sources are necessary.
This can be realized by providing the large-signal tone using a power combiner,
as depicted in the block diagram in Figure 2.14. Note that the receivers of the
VNA in this graph are denoted as A, B, R1, and R2 with is according to the
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2.4 Frequency-domain Behavioral Models

notation of Keysight Technologies. This notation was used for all block diagrams
in this thesis for the sake of consistency.

DUT
a2
b2

a1
b1

port 1 ref. plane port 2 ref. plane

R2R1 BA

probe tone (f0)

RF switch

IF filter IF filter

mixermixer
LO

Zp

port 1 coupler port 2 coupler

LS tone (f0)

combiner

φ

Figure 2.14: Block diagram of a VNA including a second source, applicable for
hot S-parameter measurements.

Due to the presence of a second input tone, the hot S-parameters cannot
easily be separated during the measurements. Consequently, they will appear in
the following form:

b1

a1

= hotS11 + hotS12
a2

a1

(2.13a)

b1

a2

= hotS11
a1

a2

+ hotS12 (2.13b)

b2

a1

= hotS21 + hotS22
a2

a1

(2.13c)

b2

a2

= hotS21
a1

a2

+ hotS22. (2.13d)

If |a1| and |a2| are constant, each quantity bi

aj
, in which (i, j) ∈ {1, 2}, leads to a

circle in the corresponding bi

aj
plane, if the phase between |a1| and |a2| is changed
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2.4 Frequency-domain Behavioral Models

ℜ
{

b1

a1

}

ℑ
{

b1

a1

}

ℜ
{

b1

a2

}

ℜ
{

b2

a1

}

ℑ
{

b1

a2

}

ℑ
{

b2

a1

}

ℑ
{

b2

a2

}

ℜ
{

b2

a2

}

hotS12
a2

a1

hotS11
a1

a2

hotS22
a2

a1

hotS21
a1

a2

hotS11 hotS12 hotS21 hotS22

Figure 2.15: Circular locii of the quantities bi

aj
as a function of ai

aj
, observed during

hot S-parameter measurements [44].

[44]. This is shown in Figure 2.15. Consequently, the quantities for the hot S-
parameters can be determined by finding the center of the corresponding circle.

As discussed in [48], hot S-parameters are beneficial for describing non-linear
DUTs. However, for an increasing degree of non-linearity, the model fails in
accurately describing the observed behavior. Furthermore, harmonics are not
taken into account, which are a very important in the non-linear case. However,
based on the hot S-parameter framework models have emerged, which tackle
these limitations. These are discussed in the following sections.

2.4.3 Volterra Input Output Mapping

As discussed in Section 2.3.1 the Volterra series can be transformed to the frequency-
domain. This leads to Volterra kernels in the frequency-domain as

hn(τ1, · · · , τn) Hn(ω1, · · · , ωn) (2.14)

and the convolution integrals turn into multiplications in the frequency-domain
as

∞
∫

0

· · ·
∞
∫

0

hn(τ1, τ2, · · · , τn)x(t − τ1)x(t − τ2) · · · x(t − τn)dτ1 · · · dτn

Hn(ω1, · · · , ωn)X(ω1) · · · X(ωn).

(2.15)

The benefit of the frequency-domain representation is in its intuitive interpreta-
tion, e.g., intermodulation distortion at the frequency 2ω1 + ω2 is directly propo-
rional to the Volterra kernel H3(ω1, ω1, ω2). Furthermore, it is easier to measure
the frequency-domain kernels [32].

The frequency domain representation of the Volterra series serves as a basis
for the Volterra input output mapping (VIOMAP) approach. Equivalent to S-
parameters, traveling waves a and b are used as input and output quantities with
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2.4 Frequency-domain Behavioral Models

the difference, that they are generally non-linear for the VIOMAP approach [49].
Hence, the frequency-domain Volterra kernels for the VIOMAP are defined as
Hn,pq1q2···qn

(f1, f2, · · · , fn). These describe the contribution of a non-linearity with
degree n, combining the frequencies fi at port qi, into the frequency components
f1 + f2 + · · · + fn to the resulting wave at port p.

An example of a device containing a third order non-linearity is presented in
[49] and [50], which can be described by a VIOMAP as

b1(f1) =H1,11a(f1) + H1,12(f1)a2(f1)

+3H3,1111(f1, f1, −f1)a1(f1)a1(f1)a1(−f1)

+3H3,1112(f1, f1, −f1)a1(f1)a1(f1)a2(−f1)

+6H3,1112(f1, −f1, f1)a1(f1)a1(−f1)a2(f1)

+6H3,1122(f1, f1, −f1)a1(f1)a2(f1)a2(−f1)

+3H3,1122(−f1, f1, f1)a1(−f1)a2(f1)a2(f1)

+3H3,1222(f1, f1, −f1)a2(f1)a2(f1)a2(−f1)

b1(3f1) =3H3,1112(f1, f1, f1)a1(f1)a1(f1)a2(f1)

+3H3,1122(f1, f1, f1)a1(f1)a2(f1)a2(f1)

+H3,1222(f1, f1, f1)a2(f1)a2(f1)a2(f1).

(2.16)

Note that x(−f1) = x∗(f1). If this device is linear, all third order kernels are
zero, i.e., Equation (2.16) simplifies to

b1(f1) =H1,11a(f1) + H1,12(f1)a2(f1)

b1(f1) =0.
(2.17)

Here, the relationship to S-parameters can clearly be seen. Hence, it is shown
that for a linear device the first order kernels H1,pq(f1) are equal to Spq(f1).

For the measurement of the VIOMAP, the excitation signal has to be varied
considerably. Its amplitude and frequency is therefore randomly chosen over the
desired range of interest [49]. In order to be able to extract the full VIOMAP,
two independent sources are necessary to provide a stimulus at both ports, i.e.,
the incident waves a1 and a2. To determine the harmonic response, a VNNA is
used, which is basically a 4-channel harmonic sampler. Note that this was the
first name in literature, which was used for such an instrument. More details on
variations and types of such VNNAs can be found in Chapter 4.

A block diagram of a typical measurement setup is depicted in Figure 2.16.
As can be seen in the block diagram, two RF sources are used, whose amplitude
and phase can be adjusted using the signal combining and conditioning block,
for providing the necessary stimuli at both ports. This is very similar to an
active load-pull setup, as discussed in Section 2.4.1. As a VNNA in this block
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2.4 Frequency-domain Behavioral Models

DUT
a2

b2

a1

b1

port 1 ref. plane port 2 ref. plane

port 1 coupler port 2 coupler

signal combining &
conditioning

RF sources

amplifieramplifier

4 channel microwave sampler

Figure 2.16: Block diagram of a measurement setup, able to extract a VIOMAP,
a ”vectorial non-linear network analyzer” [50].

diagram a microwave sampler is used, which is able to measure the full harmonic
response. With the measurements the VIOMAP can be extracted by using non-
linear parameter estimation techniques, e.g. the Newton-Raphson algorithm [49].

The VIOMAP offers a technically sound model to describe a non-linear system
as a black box [49]. However, equivalent to the time-domain Volterra series, this
approach is only suited for modeling weakly non-linear devices [51]. For hard
non-linearities the required degree n gets large, i.e., the determination of the
kernels requires solving an ill-conditioned set of equations which makes the model
extraction procedure impractical. Since hard non-linear operations are common
especially in RF circuit design, this approach is not very feasible for a general
black-box behavioral model.

2.4.4 Polyharmonic Distortion Modeling

As discussed in the previous sections, a black-box behavioral model for non-
linear DUTs, similar to S-parameters, is desired. Different approaches have been
proposed to find an appropriate description, but all those approaches still have
severe limitations to some extent. The VIOMAP seems promising at the first
glance, however it is limited to weakly non-linear systems and the extraction is
complicated. Also hot S-parameters seem promising, but they are not able to
describe the harmonic response.

To be able to model strongly non-linear behavior, so-called describing func-
tions are better suited than a power series [52, 53]. The idea behind this describ-
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2.4 Frequency-domain Behavioral Models

ing function approach is, that each spectral output component of a non-linear
DUT can be described as an, in general, complex function of all spectral input
components. Utilizing the traveling waves description, the output or outgoing
wave bpk of a given DUT at port p and harmonic index k can be described as a
function of the incident wave a, applied at the input port q and harmonic index
l. Mathematically, this can be written as

bpk = Fpk(a11, a12, · · · , a21, a22, · · · , aql), (2.18)

where Fpk denotes these multivariate complex functions, the so-called describing
functions. They describe the spectral mapping of all the involved signals. Using
this approach, any signal component, i.e., the fundamental frequency and the
harmonics, can be described accurately. An example is shown in Figure 2.17.
It shows a non-linear DUT under CW excitation and arbitrary load conditions

Z2k

a2l

b2k

a1l

b1k

DUT

port 1 ref. plane port 2 ref. plane

a1l a2l

b1k b2k

f f

ff
f0 2f0 4f03f0

(Fpk)

Z1k

f0 2f0 4f03f0

f0 2f0 4f03f0 f0 2f0 4f03f0

f0

Figure 2.17: Non-linear 2-port with arbitrary loads under CW excitation at f0.

Zpk at each involved frequency point. Consequently, a large number of frequency
components are involved at the input and output. Because a CW excitation
is used, the traveling waves show components at multiples of the fundamental
frequency f0, i.e. the harmonic grid. Note that also the input signal shows signal
components all over the harmonic grid, which is due to the assumed arbitrary
source and load impedances, which may cause reflections.

Since these describing functions are time-invariant [54], phase normalization
can be applied, which is done by using the phase of the fundamental input a11.
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2.4 Frequency-domain Behavioral Models

Therefore, the phasor P is introduced as

P =
a11

|a11|
= ej a11 . (2.19)

Hence, Equation (2.18) can be reformulated as

bpk = Fpk

(

|a11|, a12P
−2, · · · , a21P

−1, a22P
−2, · · ·

)

P k. (2.20)

The describing functions approach can be used for a description of the behav-
ior of the DUT, but for a comprehensive description it would end up in a huge set
of functions, which is impractical for model extraction and simulation. To sim-
plify this description, a new modeling approach was developed, which is called
polyharmonic distortion (PHD) modeling [55]. This framework is closely related
to hot S-parameters [48], however, PHD modeling allows for better accuracy for
non-liner DUTs, as will be discussed as follows.

For the PHD modeling approach the describing functions are approximated
in order to make them more useful in practice. Therefore, several assumptions
are made: In many applications, especially PAs with a narrow-band input stim-
ulus, only one dominant large-signal input tone is present, i.e. a11. All other
input components are relatively small, hence, they can be seen as additional
small-signal input tones. Therefore, Equation (2.20) can be linearized for all
components beside the large-signal input tone. This allows to utilize the su-
perposition principle, which would not be possible for the original describing
function in Equation (2.20). At the first glance, this seems unusual because of
the involved non-linearity. However, this was experimentally verified in [56] and
is called the ”harmonic superposition principle”. A graphical illustration is de-
picted in Figure 2.18. There, a DUT is excited with a large-signal CW stimulus

a1l

f

b2k

a1l

b2k

f
f0 2f0 4f03f0

DUT

f0 2f0 4f03f0

Figure 2.18: Graphical representation of the harmonic superposition principle
[56].

at the fundamental frequency f0, i.e., an incident wave a11. This stimulus causes
a harmonic response at port 2, which generally consists of tones at multiples of f0.
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2.4 Frequency-domain Behavioral Models

Additionally, small-signal input tones at port 1 are considered in this example.
In order not to violate the harmonic superposition principle, these tones have to
be much smaller than the large-signal input tone a11. Each of this input tones
will generally cause a response at each frequency on the harmonic grid. Con-
sequently, there exist functions, which describe the mapping between different
frequencies, which is often called spectral mapping. As schematically illustrated
in Figure 2.18, each actual output component bpk consists of a superposition of
the large-signal response and the responses from the additional small-signal input
due to the harmonic superposition principle.

The linearization of Equation (2.20) is performed similar to a Taylor series
expansion [57], so it can be rewritten as

bpk =Kpk(|a11|)P k

+
∑

ql

Gpk,ql(|a11|)P k · ℜ{aqlP
−l}

+
∑

ql

Hpk,ql(|a11|)P k · ℑ{aqlP
−l},

(2.21)

with

Kpk(|a11|) =Fpk(|a11|, 0, · · · , 0), (2.22a)

Gpk,ql(|a11|) =
∂Fpk

∂ℜ{aqlP −l}

∣

∣

∣

∣

∣

|a11|, ∀
{q,l}6={1,1}

aql=0

, (2.22b)

Hpk,ql(|a11|) =
∂Fpk

∂ℑ{aqlP −l}

∣

∣

∣

∣

∣

|a11|, ∀
{q,l}6={1,1}

aql=0

. (2.22c)

Again, for convenience, the indices are defined as

p . . . output port index

k . . . output frequency index

q . . . input port index

l . . . input frequency index.

The result in Equation (2.21) is analog to the harmonic superposition principle
shown in Figure 2.18, with the parameters Kpk describing the non-linear mapping
and the parameters Gpk,ql and Hpk,ql describe the spectral mapping between the
frequencies on the harmonic grid. Note that the real and imaginary part of the
input argument aql are treated independently in the approximation. This is due
to the non-analytic nature of the describing function Fpk [55].
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2.4 Frequency-domain Behavioral Models

Equation (2.21) can again be rewritten by substituting the real and imaginary
parts of the input arguments with

ℜ{aqlP
−l} =

aqlP
−l +

(

aqlP
−l
)∗

2

ℑ{aqlP
−l} =

aqlP
−l −

(

aqlP
−l
)∗

2j
,

(2.23)

forming a simple PHD model equation as

bpk =
∑

ql

Spk,ql(|a11|)P k−l · aql

+
∑

ql

Tpk,ql(|a11|)P k+l · a∗
ql.

(2.24)

This is done by the introduction of two new parameters, Spk,ql and Tpk,ql, which
are defined as

Spk,11(|a11|) =
Kpk(|a11|)

|a11|
(2.25a)

Tpk,11(|a11|) = 0 (2.25b)

∀(q, l) 6= (1, 1) : (2.25c)

Spk,ql(|a11|) =
Gpk,ql(|a11|) − jHpk,ql(|a11|)

2
(2.25d)

Tpk,ql(|a11|) =
Gpk,ql(|a11|) + jHpk,ql(|a11|)

2
(2.25e)

The parameters Tpk,11 are defined as being equal to 0, which can be explained by
the fact that

P k−1a11 = P k+1a∗
11 = |a11| (2.26)

This means that only the sum Spk,11 + Tpk,11 matters in this case, so Tpk,11 is set
to zero by convention [55].

The basic PHD model is very similar to hot S-parameters, i.e., a frequency
domain mapping of the outgoing waves bpk from the incident waves aql. However,
there are some main differences, which are going beyond the extension to a non-
linear mapping over the whole harmonic grid. When considering the simple case
of b21 only depends on the fundamental frequency input at f0, i.e., a21 and the
persistent large-signal input |a11|, Equation (2.24) is reduced to

b21 = S21,11(|a11|) · a21 + S21,21(|a11|) · a21 + T21,21(|a11|)P 2 · a∗
21. (2.27)

Differently to hot S-parameters, the conjugate term T21,21 is present in the PHD
model. The effect of these conjugate terms is illustrated in Figure 2.19. On
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2.4 Frequency-domain Behavioral Models

the left side, Figure 2.19a, a typical model response without conjugate terms is
depicted. Note that similar behavior can be seen in Figure 2.15, showing hot
S-parameters graphically. For increasing input power, i.e., increasing a11, the
DUT becomes increasingly non-linear. One would expect non-linear distortion,
hence, compression. However, the model shows only shrinking smiley-faces for
increasing power. By the introduction of the conjugate terms, the model shows
much better agreement with the reality since distortion effects can be modeled,
as depicted in the right part, i.e. Figure 2.19b. This tackles the limitation which

ℜ{b21}

ℑ
{
b 2

1
}

0−1.25 −0.75 −0.5 −0.25

0

1.5

1.25

1

0.75

0.5

0.25

a
11

increases

(a) Without conjugate terms

ℜ{b21}

ℑ
{
b 2

1
}

0−1.25 −0.75 −0.5 −0.25

0

1.5

1.25

1

0.75

0.5

0.25

a
11

increases

(b) With conjugate terms

Figure 2.19: Comparioson of the trajectories of b21, with and without conjugate
terms [48, 55].

arose with the concept of hot S-parameters, which do not utilize the conjugate
terms. Furthermore, the expansion to higher order harmonics allows to predict
the full non-linear behavior of a DUT. Compared to the VIOMAP approach,
there are similarities, but the parameters involved are more intuitive. While the
parameters Spk,ql show close similarities to S-parameters, the parameters Tpk,ql

are strongly related to the non-linearity of the DUT. This means, that for a DUT
operating close to the linear regime, the parameters Tpk,ql are very small, while
they are increasing for a greater degree of non-linearity.

Several models have been developed using PHD modeling as a basis. In com-
bination with an appropriate measurement instrument, they are commercially
available, similar to S-parameters and the VNA. One approach are S-functions
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2.4 Frequency-domain Behavioral Models

by NMDG [58]. They are formulated as

bpk = Sfpk11|a11|
+

∑

(q,l) 6=(1,1)

(

Sfpk,qlaql + Sfcpk,qla
∗
ql

)

. (2.28)

The close relationship to PHD modeling is evident, hence, a more detailed ex-
planation is not necessary here. Furthermore, they are not very often used any
more. To the author’s knowledge this is mainly due to the superior measurement
framework available for X-parameters, which is Keysight’s PHD based modeling
approach. X-parameters have become a popular model and are widely used in
RF engineering. Consequently, they are discussed in more detail in Chapter 3.
From a mathematical point-of-view, X-parameters can be seen as a reformula-
tion of S-functions [59], but the out-of-the-box measurement solution provided
by Keysight’s PNA-X allows for an easier model extraction. More details on
non-linear measurement instruments can be found in Chapter 4.

For the extraction of the PHD model different techniques exist, like the offset
frequency or the offset phase technique. These techniques can be used for all
PHD based models and are discussed in Section 3.4.

Besides their benefits, PHD based models have limitations due to the lineariza-
tion of the describing functions. Consequently, they fail for strongly non-linear
DUTs in highly mismatched environments, due to the underlying assumption of
only one single large-signal input tone. In such highly mismatched environments,
it can happen that reflections cause large input tones. These may violate the
harmonic superposition principle, hence, the model error will tend to get large.

2.4.5 Cardiff Model

The Cardiff model has evolved over time, therefore, different formulations have
been proposed. It was initially proposed as a direct waveform look-up (DWLU)
or ”truth look-up model” model [60]. Therefore, the full non-linear response was
gained by performing large-signal measurements from a DUT and deployed to a
CAD software. The background of this approach was to find an accurate descrip-
tion for a DUT for PA design, since equivalent circuit based models either do not
offer the necessary accuracy for state-of-the-art highly efficient PA architectures,
or are not available for a certain DUT.

To gain the model, a 2-port as in Figure 2.20 is considered. For a specific load
impedance ZLoad, the currents at port 1 and 2 can be defined in the frequency-

30

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

2.4 Frequency-domain Behavioral Models

Cardiff
DWLUV1 V2

I1 I2

ZLoad

Figure 2.20: Cardiff DWLU model block diagram.

domain as

I1(ω) =A0 · δ(ω) +
K
∑

k=1

Ak · V k
1 (ω) · δ(ω − 2πkf0) (2.29a)

I2(ω) =B0 · δ(ω) +
K
∑

k=1

Bk · V k
1 (ω) · δ(ω − 2πkf0), (2.29b)

whereas V k
1 denotes the input CW stimulus, f0 the fundamental frequency, and k

the harmonic index. Ak and Bk are the model coefficients and K is the maximum
harmonic order. In order to get a valid device representation it is necessary to
measure the DUT for a wide range of loads, i.e., load-pull measurements over a
wide load-pull grid.

The accuracy of the DWLU model relies on interpolation techniques, which
leads to several limitations. For having a model which shows good agreement
with the DUT over a wide range of input powers or bias points, the model size
tends to get large. This may lead to low computational efficiency, hence, the
model was expanded to a behavioral model approach based on polynomials [61].
This has similarities to a Volterra series approach in the frequency domain.

For the behavioral modeling approach, describing functions are used to model
the considered DUT. As shown in Equation (2.30), this is done by describing
the outgoing waves b1 and b2 as functions of the incident waves a1 and a2, at the
fundamental frequency f0.

b1 = f(a1, a2) (2.30a)

b2 = g(a1, a2) (2.30b)

For the model generation, the function is approximated by a polynomial of com-
plex coefficients φ and θ. This allows to find a mathematically robust formulation
for the involved non-linearity as

b1 = φ10a1 + φ01a2 + φ11a1a2 + · · · + φn1n2a
n1
1 an2

2 (2.31a)

b2 = θ10a1 + θ01a2 + θ11a1a2 + · · · + θn1n2an1
1 an2

2 , (2.31b)

with the order n of the combined polynomial is the sum of degree n1 and n2. The-
oretically, Equation (2.31) allows to accurately model any kind of non-linearity, if
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2.4 Frequency-domain Behavioral Models

the order of the polynomial is sufficiently high. Initially, the order of the Cardiff
model was limited to n = 3 to limit the model’s complexity [61]. Hence, Equa-
tion (2.31) is reformulated as [62]

b1 =φ10a1 + φ01a2 + φ11a1a2 + · · · + φ30a
3
1 + φ03a

3
2 (2.32a)

b2 =θ10a1 + θ01a2 + θ11a1a2 + · · · + θ30a
3
1 + θ03a

3
2. (2.32b)

As can be seen in Equation (2.32), a lot of harmonic products are generated. By
focusing on the fundamental component only, Equation (2.32) can be reduced to:

b1 =

(

φ10 + 3φ30|a1|2 + φ12|a2|2 + φ21|a1||a2| · Q

P

)

a1

+

(

φ01 + 3φ03|a2|2 + φ21|a1|2 + φ12|a1||a2| · P

Q

)

a2

(2.33a)

b2 =

(

θ10 + 3θ30|a1|2 + θ12|a2|2 + θ21|a1||a2| · Q

P

)

a1

+

(

θ01 + 3θ03|a2|2 + θ21|a1|2 + θ12|a1||a2| · P

Q

)

a2,

(2.33b)

or

b1 =

(

C1,0 + C1,1 · Q

P

)

a1 +

(

U1,0 + U1,1 · P

Q

)

a2 (2.34a)

b2 =

(

C2,0 + C2,1 · Q

P

)

a1 +

(

U2,0 + U2,1 · P

Q

)

a2. (2.34b)

Interestingly, the parameters C and U only depend on the magnitudes of the
input traveling waves a1 and a2. The phase terms are fully separated and defined
as:

P =
a1

|a1|
= ej a1 (2.35a)

Q =
a2

|a2|
= ej a2 . (2.35b)

This decoupling of the phase dependencies reduces the complexity of the model
dramatically and makes the model parameter easier to extract [62].

The described model is very similar to the PHD model. This can be seen
more easily by using a slightly different formulation of the model as

b1 =(φ10 + 3φ30|a1|2 + φ12|a2|2)a1 + (φ12|a2|2)a∗
1Q

2

+(φ01 + 3φ03|a2|2 + φ21|a1|2)a2 + (φ21|a1|2)a∗
2P

2 (2.36a)

b2 =(θ10 + 3θ30|a1|2 + θ12|a2|2)a1 + (θ12|a2|2)a∗
1Q

2

+(θ01 + 3θ03|a2|2 + θ21|a1|2)a2 + (θ21|a1|2)a∗
2P

2.
(2.36b)
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2.4 Frequency-domain Behavioral Models

This alternative formulation can be rewritten using the alternative parameters S
and T [63]:

b1 =S11a1 + T11a
∗
1Q

2 + S12a2 + T12a
∗
2P

2 (2.37a)

b2 =S21a1 + T21a
∗
1Q

2 + S22a2 + T22a
∗
2P

2. (2.37b)

Equation (2.37) is very similar to the PHD formulation discussed in Section 2.4.4,
hence, the PHD model is similar to this formulation of the Cardiff model with
order n = 3. However, there are two main differences to the original PHD for-
mulation. Firstly, the parameters S and T in the PHD approach are a function
of |a1|, while for the Cardiff model approach |a1| and |a2| are relevant. Secondly,
T11 and T21 do not exist in the PHD model. This is because the Cardiff model
is derived without assuming the validity of the harmonic superposition principle.
Consequently, the influence of a2 has to be taken into account. The original PHD
model can therefore be interpreted as a special case if the magnitude of a2 is
sufficiently small, hence T11 and T21 converges to zero [62].

By considering higher order non-linearity, Equation (2.32) can be generalized.
If an nth order polynomial is used, see Equation (2.31), the model is rewritten in
a more general form [61]

bp =

N−1
2
∑

n=0

Cp,n ·
(

Q

P

)n

a1 +

N−1
2
∑

n=0

Up,n ·
(

P

Q

)n

a2, (2.38)

with p represents the port number and N the order used in the polynomial.
Note that the maximum order N has to be an odd integer number, because an
even-order term does not generate any component at the fundamental [61].

The described model (Equation (2.38)) has been extended to add harmonic
complexity, in order to account for fundamental and second harmonic load-pull
[64]. Therefore, describing functions are used as a starting point. Again, the
input waves can be written in polar form and therefore, the absolute phase is
removed from the function. This is described as

bp,k = fp,k(a1,1, a2,1) = P k
1 · gp,k



|a1,1|, |a2,1|,
(

Q1

P1

)



, (2.39)

again utilizing separation between magnitude and phase in order to simplify the
model extraction [64]. Due to the applied phase normalization, a very important
property can be used to approximate this function. The phase vector Q1

P1
is a

periodic function, i.e., bp,k is also periodic [64]. Therefore, a Fourier series with
respect to the phase vector Q1

P1
can be determined as

bp,k = P k
1

N+1
2
∑

n=− N−1
2



Rp,k,n

(

|a1,1|, |a2,1|
)

(

Q1

P1

)n


, (2.40)
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2.4 Frequency-domain Behavioral Models

where Rp,k,n are the coefficients of the Fourier series and N denotes the mixing
order or complexity.
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model order
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components

Figure 2.21: Measured response of the periodic phase stimulus compared to the
behavioral model. The figure is taken from [65].

In Figure 2.21, the approach from Equation (2.40) is demonstrated. In Fig-
ure 2.21a, the responses b2,1 as a function from the phase vecor Q2

P1
is depicted. It

can be seen, that the higher the degree of non-linearity, the higher the complexity
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2.4 Frequency-domain Behavioral Models

N has to be in order to allow for an accurate description. In Figure 2.21b, an
example stimulus a2,1 is depicted, with periodic sinusoidal variations, indicated
by the depicted circles. The resulting response, depicted in Figure 2.21c, is not
shaped like a circle, hence, higher order phase terms (N > 1) are needed for an
accurate model. Figure 2.21d shows the magnitude of the coefficients R2,1,n. As
expected, the linear terms (n = 0 and n = 1) are the most significant ones. The
next significant term is for n = −1, which is the phase-conjugate term. The need
for this term is already shown in Section 2.4.4. This spectrum also shows that
a relatively low number of complexity N , i.e., between 5 and 7, is sufficient to
achieve high accuracy. This allows to get an equivalent behavioral model, allowing
to compress the measurement data significantly [65]. If the complexity is reduced
to N = 3 and four R coefficients, the result is identical to the X-parameters. For
N = 3 and three coefficients the formulation is equal to the PHD approach. For
two coefficients and N = 1, the results is equal to the S-parameters.

The coefficients Rp,k,n describe how changes like the load impedance at the
fundamental frequency, leading to an input at a2,1, affect the harmonically related
frequencies. If the load impedance is changed, e.g., at the harmonics, the model
accuracy degrades, because it is not included in the model. To overcome this
issue, the model was extended to include mismatch at harmonic terminations
[64]. A main goal was to keep the framework as in Equation (2.40), hence, all
phase vectors are formed with reference to the phase of the fundamental stimulus
at port 1 (P1). By considering a stimulus at the 2nd harmonic at port 2, i.e., a2,2,
a coefficient set can be generated as

Rp,k,n =
∑

r



Gp,k,n,r

(

|a1,1|, |a2,1|, |a2,2|
)

(

Q2

P 2
1

)r


 (2.41)

By substituting Equation (2.41) into Equation (2.40), a more generalized equation
can be formed [64]:

bp,k = P k
1

∑

n

∑

r



Gp,k,n,r

(

|a1,1|, |a2,1|
)

(

Q1

P1

)n(

Q2

P 2
1

)r


 (2.42)

This again consists of various sets of Fourier series, with the coefficients Gp,k,n,r.
The complexity is here denoted by n and r, p denotes the port index and k the
harmonic index. This can be rewritten to [65]:

bp,k = P k
1

n1=
N1+1

2
∑

n1=
−N1−1

2

· · ·
nr= Nr+1

2
∑

nr= −Nr−1
2



Gp,k,n1,···nr

(

Q1

P1

)n1

· · ·
(

Qr

P r
1

)nr


, (2.43)

where r denotes the considered input tones. This formulation leads to a compre-
hensive model for a DUT, but also to a large number of coefficients (the maximum
number of coefficients is given by pk(N + 1)k).

35

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

2.4 Frequency-domain Behavioral Models

DUT
a2,k

b2,k

a1,k

b1,k

port 1 ref. plane port 2 ref. plane

port 1 coupler port 2 coupler

4 channel microwave sampler

amplifier

reference

triplexer

f0

f0

3f0

2f0

Figure 2.22: Cardiff model measurement setup using open-loop active load-pull
[66].

The measurement setup for generating the Cardiff model is based on a load-
pull setup. Similar to the VIOMAP, a VNNA is necessary to record the full
harmonic response. At Cardiff university, a measurement setup tailored for the
extraction of the Cardiff model was developed, which utilizes an open-loop active
load-pull setup [66]. As a VNNA, a 4 channel harmonic sampler is utilized in
order to measure the fundamental components and the corresponding harmon-
ics, Figure 2.22 shows the block diagram. When using this setup, it is easy to
realize the desired stimulus for the model extraction. While applying a constant
input stimulus at port 1, an additional input wave with constant magnitude at
port 2 is applied, e.g., constant circles with the magnitude of |a2,1|, as shown
in Figure 2.21b. By varying the phase from 0 to 2π, the Fourier transform can
be applied due to the periodic phase. This procedure is repeated for different
magnitudes and harmonics, depending on the model requirements [64].

The Cardiff model allows for an accurate description of non-linear RF de-
vices. However, there are some drawbacks: As can be seen in Equation (2.43),
the generalized model is cumbersome due to the large number of coefficients. The
model coefficients are defined for different magnitudes of the input tones mea-
sured in the load-pull measurements. As a consequence, determining the model
response for a load condition different from the extraction requires interpolation
techniques. Therefore, the model accuracy also depends on the implementation
in the simulator. Additionally, performing extrapolation of the DUT’s behavior
is not possible. Hence, in many cases, a simpler behavioral model is desired.
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2.5 Summary

2.5 Summary

An exact description of non-linear behavior is typically not possible. Therefore,
models are needed, which approximate the non-linear behavior accurately for a
certain application and DUT. For the use in RF engineering, many different
models have been proposed over time, which can be split into three categories:
Physics-based models, equivalent circuit models, and behavioral models.

Physics based and equivalent circuit models approximate the behavior of the
DUT based on the inner device composition. While physics based models rely
on the microscopic building blocks of the DUT, are equivalent circuit models
derived by using electrical circuit elements. Consequently, each of these models
are especially tailored to fit a certain DUT and do not offer generality.

Behavioral models are based on a different approach: They consider the DUT
as a black-box and form a mathematical mapping based on observed input and
output quantities gained from the DUT. This can be done by utilizing time-
domain or frequency-domain data. Prominent time-domain behavioral models
are the Volterra series or ANNs. However, they are not very well suited for RF
circuit design and are often hard to extract.

Due to the predominately frequency-domain measurement equipment in RF,
frequency-domain black-box behavioral models are desired. Therefore, it is possi-
ble to transform the Volterra series to the frequency domain. In combination with
traveling waves as input and output quantities, the VIOMAP can be formed. This
works well for weakly non-linear DUTs, but similar to the time-domain Volterra
series, the extraction is tricky for hard non-linearities. Based on S-parameters,
hot S-parameters emerged. These allow to be able to model non-linearities, but
only for the fundamental frequency. To overcome this issue the PHD modeling
approach was proposed. This relies on describing functions, which are linearized.
Consequently, a compact model can be found, which allows to predict the non-
linear response of a DUT at the fundamental frequency as well as at the harmon-
ics. The Cardiff model offers a similar approach while approximating describing
function based on its periodic phase. This leads to an accurate model, but often
to a large number of coefficients.

PHD modeling based models are widely used in practice. Especially X-
parameters are well-accepted due to their comprehensive approach including an
off-the-shelf measurement solution. They rely on PHD modeling and provide an
out-of-the-box measurement solution. They are well-suited for RF circuit de-
sign and therefore, serve as a basis for this work. However, they suffer from the
same limitations as all PHD modeling based models. A detailed discussion of
X-parameters can be found in Chapter 3.
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Chapter 3

X-parameters

X-parameters are a registered trademark of Agilent Technologies, which is now
Keysight Technologies and were developed as a measurement-based black-box
behavioral model for non-linear DUTs. They are closely related to PHD mod-
eling, introduced in Section 2.4.4 and serve as a superset to S-parameters [67].
The main benefit of X-parameters is that they not just serve as a behavioral
model, but that also a comprehensive measurement framework is available. This
includes the measurement hardware, the calibration procedure, and the model
extraction, which is implemented in the PNA-X network analyzer by Keysight.
Consequently, models can be generated with off-the-shelf hardware, as it is usual
for S-parameters. In the following sections, the theory behind X-parameters, as
well as the measurement based model extraction procedure, is discussed.

3.1 Definition

Finding an accurate model for a non-linear DUT is tricky. Especially, when it
comes to measurement-based black-box behavioral models, it is hard to model the
entire range of operation accordingly. As a consequence, several assumptions were
made for the X-parameter approach. As a starting point, as for PHD modeling,
X-parameters utilize describing functions Fpk as a basis, i.e., the outgoing wave
can be described as

bpk = Fpk(a11, a12, · · · , a21, a22, · · · , aql, · · · ), (3.1)

with

p . . . output port index

k . . . output frequency index
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3.1 Definition

q . . . input port index

l . . . input frequency index.

In many cases, e.g., PAs, the DUT operates in a matched environment and is
excited with a narrow-band stimulus. This limits the number of possible input
signals dramatically, therefore, for typical RF applications, a single CW large-
signal stimulus at port 1 is sufficient to formulate a suited model.

50 Ω
a2l

b2k

a1l

b1k

DUT

port 1 ref. plane port 2 ref. plane

a1l a2l

b1k b2k

f f

ff
f0 2f0 4f03f0

(X)

50 Ω

f0 2f0 4f03f0

f0 2f0 4f03f0 f0 2f0 4f03f0

I1,DC I2,DC

V1,DC V2,DC

bias-T bias-T

a11

Figure 3.1: Non-linear mapping of X-parameters.

Typical non-linear DUTs are active devices, hence, biasing plays an important
role. One can easily imagine that adjusting the gate bias current of an RF power
transistor will dramatically change the mode of operation. However, the bias
condition can be considered fixed for most applications. For X-parameters these
assumptions lead to a formulation of a model defined only on a certain large-
signal operating point (LSOP). This LSOP includes all necessary DC bias, as
well as the large-signal stimulus at port 1, i.e. |a11|. Compared to Figure 2.17,
a simplified non-linear mapping can be observed, with a single CW input signal,
see Figure 3.1. This means, that the describing function can now be written as

bpk = Fpk(|a11|) · P k, (3.2)

with P is the large-signal phasor as P = ej a11 . While this describes the response
of the DUT for the assumed load and stimulus perfectly, it is not very useful from
a modeling perspective, due to the lack of extrapolation. Hence, similar to the
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3.1 Definition

PHD modeling approach, linearization of the describing functions around the
LSOP can be performed. This allows to model perturbations around the LSOP
by exploiting the harmonic superposition principle introduced in Section 2.4.4.
This leads to X-parameters, which are mathematically defined as

bpk = XF
pk(|a11|)P k

+
∑

(q,l) 6=(1,1)

XS
pk,ql(|a11|)P k−l · aql

+
∑

(q,l) 6=(1,1)

XT
pk,ql(|a11|)P k+l · a∗

ql.

(3.3)

In the formulation, three different parameters, i.e., XF , XS, and XT , are used.
While XF is identical with the describing function in Equation (3.2), the para-
meters XS and XT can be expressed as

XS
pk,ql =

∂Fpk

∂(aqlP −l)

∣

∣

∣

∣

∣

|a11|

=
∂Fpk

∂aql

∣

∣

∣

∣

∣

|a11|

· P l (3.4a)

XT
pk,ql =

∂Fpk

∂(aqlP −l)∗

∣

∣

∣

∣

∣

|a11|

=
∂Fpk

∂a∗
ql

∣

∣

∣

∣

∣

|a11|

· P −l (3.4b)

and are called spectral mapping or linearization parameters. These are able to
describe perturbations around the LSOP according to the harmonic superposi-
tion principle. Mathematically, X-parameters can be seen as a reformulation of
PHD modeling. The main benefit of this approach in terms of modeling is, that
a mismatch to the LSOP can be modeled, without the use of interpolation tech-
niques. Consequently, the model response of a mismatch is not dependent on the
implementation of the model in the simulator. However, this is only possible for
a load mismatch. For other LSOP variations, e.g., power sweep or change in the
bias condition, the model has to be implemented as a LUT, using different LSOP
parameters for each model set.

X-parameters are not limited to only model the traveling waves at the ports
of the DUT. The framework can be expanded to model the involved DC voltages
and currents [6]. Therefore, describing functions are again used as a starting
point. This allows to formulate the DC voltage and current at port p as

Vp,DC = F V
pk(a11, a12, · · · , a21, a22, · · · , aql, · · · ) (3.5a)

Ip,DC = F I
pk(a11, a12, · · · , a21, a22, · · · , aql, · · · ). (3.5b)

Note that the describing functions F V
pk and F I

pk also depend on the DC bias.
Similar to Equation (3.3), this formulation can be approximated by considering
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3.2 Relation to S-parameters

a single large-signal stimulus a11 as

Vp,DC = XV
p (|a11|) +

∑

(q,l) 6=(1,1)

ℜ
{

XZ
p,ql(|a11|) · aql

}

(3.6a)

Ip,DC = XI
p (|a11|) +

∑

(q,l) 6=(1,1)

ℜ
{

XY
p,ql(|a11|) · aql

}

, (3.6b)

with

XZ
p,ql(|a11|) = 2 · ∂F V

p

∂aql

∣

∣

∣

∣

∣

|a11|

(3.7a)

XY
p,ql(|a11|) = 2 · ∂F I

p

∂aql

∣

∣

∣

∣

∣

|a11|

. (3.7b)

Note that there are no conjugate terms in Equation (3.6), which is different to
the X-parameter formulation in Equation (3.3). This is caused by the fact that
the DC voltages and currents have to be real-valued quantities, i.e.,





∂F V
p

∂aql

∣

∣

∣

∣

∣

|a11|

· aql +
∂F V

p

∂a∗
ql

∣

∣

∣

∣

∣

|a11|

· a∗
ql



 ∈ R. (3.8)

It can be shown that
∂F V

p

∂aql

∣

∣

∣

∣

∣

|a11|

=





∂F V
p

∂a∗
ql

∣

∣

∣

∣

∣

|a11|





∗

(3.9)

for aql ∈ C. Consequently, the relationship in Equation (3.8) causes the factor of
two in Equation (3.7) and for real-valued voltages and currents, it leads directly
to the model formulation in Equation (3.6).

3.2 Relation to S-parameters

X-parameters serve as a mathematical superset of S-parameters. Consequently,
when extracting X-parameters from a linear DUT, S-parameters can directly be
found in the parameter set [6].

When considering an active device, the degree of non-linearity depends on
the input power level. For example, an RF transistor can be considered linear if
operated in the small-signal regime, i.e., the input stimulus |a11| is small. This
linear regime implies that no harmonics are generated or

∀
pk, k>1

XF
pk ≃ 0. (3.10)
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3.2 Relation to S-parameters

The conjugate terms model distortion phenomena (see Figure 2.19b), which do
not occur in the linear case. Consequently, these terms vanish

∀
pk,ql

XT
pk,ql ≃ 0. (3.11)

This leads to a largely collapsed parameters set. While S22 and S12 can directly
be observed from the spectral mapping terms, the remaining S-parameters can
be derived as

ΓIN =
XF

11P

|a11|
, (3.12a)

G21 =
XF

21P

|a11|
. (3.12b)

ΓIN denotes the large-signal input reflection coefficient, which is equal to S11 in
the linear case, and G21 denotes the complex large-signal gain, which is equal to
S21 in the linear case. Consequently, the full S-parameter matrix for a linear 2
port is given as

[

S11 S12

S21 S22

]

=

[

ΓIN XS
11,21

G21 XS
21,21

]

. (3.13)

In Figure 3.2 the relationship between X- and S-parameters is analyzed for
models gained from a commercially available GaN HEMT. There, measured S21

and S22 values gained at −10 dBm input power are compared with the large-
signal gain and XS

21,21, respectively. Furthermore, a plot of XT
21,21 is added. For

low input power levels, the magnitude and phase of XS
21,21 is independent of the

input power, as depicted in Figures 3.2a and 3.2b. Hence, the DUT operates in
the linear regime. In this region, XS

21,21 equals the measured S22, as described in
Equation (3.13). Note that the measured S-parameters deviate slightly from the
equivalent quantity derived from the X-parameters. This is caused by measure-
ment uncertainties, as a consequence of the relatively low input power levels in
the linear regime. For increasing input power levels, the magnitude and phase of
XS

21,21 diverges from the initial values and S22, i.e. non-linear effects are present.
Additionally, the magnitude of XT

21,21 gets larger, i.e., the distortion, modeled by
the conjugate terms, increases. Similar effects can be observed for the large-signal
gain, depicted in Figures 3.2c and 3.2d. For low input power levels G21 and S21

are equal in magnitude and phase. For increasing input power levels the gain
shows a highly non-linear characteristic, which is typical for such a device and
cannot be accurately modeled with S21.

In this example, the relationship between S- and X-parameters is demon-
strated. It can be seen that Equation (3.13) holds for a non-linear DUT in the
small-signal regime and how X-parameters serve as a superset of S-parameters.

42

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
is

se
rt

at
io

n 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
do

ct
or

al
 th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

is
se

rt
at

io
n 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

do
ct

or
al

 th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

3.3 Load-dependent X-parameters
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Figure 3.2: Comparison of S21 and S22 with the corresponding X-parameter
quantities, for different input power levels.

3.3 Load-dependent X-parameters

Using X-parameters for modeling non-linear DUTs enables accurate models which
can be directly measured with an off-the-shelf measurement equipment. They can
handle devices even in a hard non-linear regime, e.g. PAs. Due to the usage of
PHD modeling, it is easily possible to use multiple concatenated X-parameter
model blocks, which, for example, enables to calculate the non-linear response
of an amplifier chain. An implementation similar to S-parameters is therefore
possible. However, this is not feasible for all kind of devices. Due to the lin-
earization of the PHD modeling approach, this is only accurate for matched or
weakly mismatched environments. If a DUT operates in a strongly mismatched
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3.3 Load-dependent X-parameters

environment, it may happen that, due to load reflections, the harmonic superpo-
sition principle is violated and the model prediction leads to an error. Especially
when trying to use X-parameters for device modeling in RF PA design this may
occur, due to the fact that typical RF power transistors often operate on very
low impedance values.

To be able to use X-parameters in highly mismatched environments, it is pos-
sible to generalize the PHD modeling approach in order to consider multiple input
stimuli [68]. Generally, the describing functions approach is able to consider an
arbitrary number of input tones, as stated in Equation (2.18). But, as discussed
previously, this would lead to an impractical model. For the purpose of device
modeling, limiting the input stimulus to two tones is sufficient in many cases,
the large-signal input a11 and a second tone a21, which originates from a load
mismatch at the output at the fundamental frequency, as shown in Figure 3.3.
Consequently, the describing functions can be reformulated as

bpk = Fpk

(

|a11|, a21

)

P k. (3.14)

Note that for ensuring a stimulus only at the fundamental frequency at port 2,
an impedance match has to be satisfied for all harmonic loads. With this theory,
X-parameters can easily be generated for non-linear devices with more than two
ports, e.g. mixers [69].

Similar to X-parameters, Equation (3.14) is desired to be simplified. How-
ever, using the traveling wave a21 as a variable is unfavorable, since its value is
often not known or not meaningful. Thus, analog to load-pull measurements, the
fundamental load reflection coefficient at port 2, i.e., the model definition load
ΓL,M , is utilized [70]. Hence, the traveling wave a21 can be described as

a21 = b21 · ΓL,M (3.15)

Consequently, the so-called load-dependent X-parameters can be formulated as

bpk = XF
pk(|a11|, ΓL,M)P k

+
∑

(q,l) 6=(1,1)

XS
pk,ql(|a11|, ΓL,M)P k−l · aql

+
∑

(q,l) 6=(1,1)

XT
pk,ql(|a11|, ΓL,M)P k+l · a∗

ql.

(3.16)

With this extension to the original formulation of X-parameters, it is possible
to increase their applicability for device modeling [71]. Even for strongly mis-
matched devices, an appropriate set of parameters can be found in order to serve
as an accurate model. However, prior knowledge of the behavior of the DUT
is necessary for this approach, in order to utilize a suited model load condition
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3.3 Load-dependent X-parameters

Γ
(f0)
L = ΓL,Ma2l

b2k

a1l

b1k

DUT

port 1 ref. plane port 2 ref. plane

a1l a2l

b1k b2k

f f

ff
f0 2f0 4f03f0

(X)

Z0 = 50 Ω

f0 2f0 4f03f0

f0 2f0 4f03f0 f0 2f0 4f03f0

I1,DC I2,DC

V1,DC V2,DC

bias-T bias-T

a11 a21 = b21 · ΓL,M

b21

Γ
(2f0,3f0,··· )
L = 0

Figure 3.3: Non-linear mapping for load-dependent X-parameters.

ΓL,M . Also, a more complex measurement setup is necessary because load-pull
techniques are utilized. More details regarding the measurement setup are dis-
cussed in Chapter 4.

For devices which are very sensitive to an output mismatch, e.g., a typical RF
power transistor, another drawback of this approach arises. Due to the lineariza-
tion of PHD modeling, high accuracy is only given for small perturbations around
the model load condition ΓL,M due to the harmonic superposition principle, lim-
iting their applicability. To derive a general model with high accuracy, without
any knowledge of the behavior of the DUT, it is possible utilize load-dependent
X-parameters similar to a LUT. Therefore, N different load conditions Γ

(n)
L,M ,

with n = 1, 2, . . . , N , i.e., a load-pull grid, are used to extract parameters sets.
For each load condition Γ

(n)
L,M , an independent set of X-parameters is defined.

An important parameter is the grid density, which has to be chosen according to
the DUT and desired model accuracy. An optimum spacing is always a trade-off
between accuracy and model size. An example of a densely-space load-pull grid is
depicted in Figure 3.4. Finding an accurate model is possible for any device, but
due to the LUT approach, interpolation techniques are required. Furthermore,
the model size will increase rapidly by using a high number N of different model
definition loads.
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3.3 Load-dependent X-parameters
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−5

model loads Γ
(n)
L,M

Figure 3.4: Densely spaced load-pull grid for utilizing a wide tuning range.

To get the interpolated response of a set of load-dependent X-parameters,
there are several techniques possible. One is to use a commercially available sim-
ulation software such as Keysight Advanced Design System (ADS) or NI AWR
Microwave Office. However, it is also possible to utilize the spectral mapping
terms of the X-parameter model itself [72]. When predicting the response of X-

parameters for a certain load condition ΓL /∈ {Γ
(n)
L,M}, the multiple X-parameter

sets lead to ambiguous results for the response. This is because for each set of
parameters, which are defined for a different model definition load Γ

(n)
L,M , a re-

flected wave bpk can be calculated. These multiple results for bpk will produce an
ambiguous model prediction. To overcome this issue, one could use the trivial
solution, i.e., using the result which originates from the closest model definition
load by the euclidean distance, or the nearest neighbor. This causes that all other
parameter sets are neglected in this case, hence, only one set is remaining, as de-
picted in Figure 3.5. This may lead to a sub-optimum model prediction. There-
fore, using interpolation techniques offers more accuracy. By carrying out the
model prediction of an arbitrary number of neighboring parameter sets with dif-
ferent model definition loads, a compound solution can be calculated. In practice,
a summation of the responses, weighted by their normalized euclidean distances,
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3.3 Load-dependent X-parameters

ΓL

ΓL,M

Figure 3.5: Nearest neighbor model prediction.

is determined. This is called the weighted superposition result. In Figure 3.6,
this principle is depicted, using four neighboring load conditions. Depending on
how many parameters sets are used for calculating the weighted superposition
result, the model prediction leads to a more robust solution, because a higher
number of parameters sets are used.
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Figure 3.6: Weighted superposition interpolation for four model loads.

Choosing an appropriate strategy for getting an accurate model response
strongly depends on the DUT. Figure 3.7 illustrates different evaluations of the
model response, demonstrated on load-dependent X-parameters of a commer-
cially available GaN HEMT. The model load conditions Γ

(n)
L,M were chosen to be

on a circle with a constant voltage standing wave ratio (VSWR) of VSWR = 8,
with a sparse load spacing of 20 ◦. This is because the difference between the
model implementations can be spotted best for these load conditions for this par-
ticular DUT. For comparison, verification measurements were performed utilizing
loads with the same VSWR, but a much denser spacing of 2 ◦, see Figure 3.7a.
The other graphs in Figure 3.7 show the waves b21, comparing the model predic-
tion results of different model implementations to the verification measurement.
It can be seen that for this specific DUT the response strongly depends on the
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3.3 Load-dependent X-parameters

load, as the trajectory of b21 changes rapidly for varying loads between Γ
(1)
L,M and

Γ
(4)
L,M . Therefore, in this region the DUT is very load-sensitive. For all other load

conditions considered, the change is small, comparatively.
In Figure 3.7b, the nearest neighbor approach is shown, clearly indicating the

accuracy limits of the method. When looking at Γ
(3)
L,M , the model prediction looks

like a tangent to the trajectory of the verification measurement. It is not exactly
linear because of the conjugate terms XT . Furthermore, strong discontinuities are
present, due to different nearest-neighbor X-parameter sets. The response of the
weighted superposition for the two nearest neighbors is depicted in Figure 3.7c. It
can be seen that especially in the load-sensitive regions, the prediction accuracy
is slightly better compared to the nearest neighbor, due to interpolation.

Figure 3.7d shows the prediction response of the implementation in a commer-
cially available simulation environment, in this case NI AWR Microwave Office
14. It shows the most accurate implementation, unfortunately the utilized inter-
polation technique is not known to the author. Due to the observed results, most
likely a spline based interpolation is implemented.

It can be seen in this example, that the accuracy of LUT based load-dependent
X-parameters are strongly dependent on their implementation in the simulator.
Hence, achieving comparable results is hard, especially for a highly load-sensitive
DUT. When using a significantly more dense load spacing, all implementations
lead to good results, even the trivial nearest neighbor approach. This is especially
true for load conditions for which the DUT is insensitive to a load variation.
However, a dense load spacing may results in a very large model size and a large
measurement time. Furthermore, it can be observed that the spacing of the
model load conditions makes a big difference. Therefore, prior knowledge of the
behavior of the DUT is indispensable for limiting the model size. Consequently,
an optimum load spacing can only be identified by trial and error.
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3.3 Load-dependent X-parameters
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Figure 3.7: Response of load-dependent X-parameters using model loads Γ
(n)
L,M on

a circle with VSWR = 8 and 20 ◦ load spacing. Different interpolation techniques
are compared to a verification measurement.
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3.4 Model Extraction

3.4 Model Extraction

Extracting X-parameters requires certain stimuli conditions. Identifying the non-
linear mapping, or XF terms, is conceptually the easiest. As already discussed,
these parameters are identical to the describing functions with the required stim-
ulus, i.e., a11 for X-parameters and a11 and a21 for the load-dependent case.
Therefore, the XF terms are identical to the large-signal response. Note that a
matched source and load is required for the full frequency range including harmon-
ics, except for the fundamental frequency load in load-dependent case. Otherwise
additional persistent input signals are present due to reflections, which will cause
a systematic error in the XF parameter.

For identifying the spectral mapping terms, or XS and XT parameters, ad-
ditional small-signal stimulus is necessary. The idea is, that while operating the
DUT at the LSOP, i.e., a persistent large-signal stimulus |a11| is applied, a sec-
ond source is utilized to apply this additional small-signal tone. These are often
called extraction tones (ETs) or tickle tones in literature. In order to be able
to extract the full set of parameters, this has to be done separately at each in-
volved frequency component, i.e., the fundamental frequency and all considered
harmonics, and all ports. Consequently, multiple measurements are necessary in
the extraction procedure. To the author’s knowledge, two different techniques
exist in practice to do so, which are explained in more detail as follows.

3.4.1 Offset Frequency Technique

As the name suggests, for the offset frequency technique this additional small-
signal perturbations have a slight frequency offset ∆f to the harmonic grid [73].
A plot which shows the principle of the offset frequency technique is depicted in
Figure 3.8.

aql

f

bpk

aql

bpk

f
l·f0

DUT

a
(ET)
ql

l·f0+∆f k·f0 k·f0+∆fk·f0−∆f

b
(ET,l)
pk

b
(ET,h)
pk

bpk

aql

f

a11

f0

Figure 3.8: Offset frequency technique.

Due to the excitation with the slightly frequency offset ET mixing occurs.
Consequently, upper and lower sidebands can be observed at the response. Due
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3.4 Model Extraction

to the frequency offset, these can be filtered separately. At all frequencies other
than DC, the upper sideband corresponds to the XS terms and the lower sideband
to the XT terms. They can be calculated as

XS
pk,ql =

b
(ET,h)
pk

a
(ET )
ql

(3.17a)

XT
pk,ql =

b
(ET,l)
pk

(

a
(ET )
ql

)∗ (3.17b)

The accuracy of the offset phase technique relies on the frequency offset ∆f .
The highest accuracy is given for ∆f → 0. A frequency offset of ∆f = 0 is
not feasible, hence, from a measurement point-of-view it should be as small as
possible. This strongly depends on the DUT and the measurement equipment.
The determination of the optimal frequency offset is always a trade-off, because
a very small frequency offset leads to a long measurement time because a low
filter bandwidth is necessary and a large frequency offset may cause an error in
the model.

3.4.2 Offset Phase Technique

The offset phase technique relies on the phase state of the ET. The ET is always
applied at the exact same frequency as the frequencies of the harmonic grid.
Consequently, the response of the ET can not be filtered, a separation has to be
done in the extraction. The ET also has an influence on both the XS and XT

terms. Therefore, the response can be seen as a superposition of large-signal and
ET, i.e.

b
(ET )
pk = XF

pk + XS
pk,ql · a

(ET )
ql + XT

pk,ql ·
(

a
(ET )
ql

)∗
. (3.18)

As a consequence, multiple measurements are required during the extraction [74].
The principle of the offset phase technique is depicted in Figure 3.9.

Due to the use of multiple measurements, the parameters can be extracted
by solving a set of linear equations. This is possible due to the harmonic su-
perposition principle. Since there are three parameters to be estimated, at least
three different phase conditions are necessary [75]. By using a larger number N
of phase states, an overdetermined set of equations can be formed. This set of
linear equations can be formulated as









b
(ET,1)
pk

...

b
(ET,N)
pk









=









1 a
(ET,1)
ql a

∗(ET,1)
ql

...
...

...

1 a
(ET,N)
ql a

∗(ET,N)
ql









·







XF
pk

XS
pk,ql

XT
pk,ql





 (3.19)
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3.5 Summary

ℑ{aql}
ℑ{bpk}

aql

bpk
DUT

a
(ET,1)
ql

b
(ET,2)
pk

b
(ET,1)
pk

bpk

a
(ET,2)
ql

ℜ{bpk}

ℜ{aql}

Figure 3.9: Offset frequency technique.

This allows to use least-squares estimation for the parameter extraction, hence,
a more robust extraction can be achieved.

Although more ETs are needed compared to the offset frequency technique,
this extraction method is easier to implement in a measurement setup, because
the ET is on exactly the same frequency than the large-signal stimulus an its har-
monics. Furthermore, the possibility of utilizing least-squares estimation makes
it the more widely used extraction technique for X-parameter measurements.

An example of an X-parameter measurement using the offset phase technique
is shown in Figure 3.10. In this measurement, eight realizations of the extraction
tone are utilized in order to be able to form an overdetermined set of equations
(Figure 3.10a). In the response of the DUT (see Figure 3.10b), it can be seen
that the large-signal response can easily be distinguished from the responses of
the ETs. Consequently, it is evident that the harmonic superposition principle is
valid. Using this measurement, the corresponding X-parameters can be extracted
using Equation (3.19). In many cases least-squares estimation is used, however,
any technique which is able to solve an overdetermined set of equation can be
used.

3.5 Summary

X-parameters have emerged as a measurement-based black-box behavioral model
for non-linear DUTs. They are a superset of S-parameters to handle non-linearities,
based on the PHD modeling approach.

Compared to similar models, like the PHD model described in Section 2.4.4
or S-functions, X-parameters come in conjunction with a commercially avail-
able off-the-shelf measurement hardware, the Keysight PNA-X. Consequently,
X-parameters can be generated by the measurement equipment, like it is usual
for S-parameters. Therefore, the offset phase technique is utilized. Another ben-
efit is, that they are supported by popular simulation tools like Keysight ADS or
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3.5 Summary
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Figure 3.10: Example of an overdetermined X-parameter measurement using the
offset phase technique.
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3.5 Summary

NI AWR Microwave Office.
An extension to the model, the load-dependent X-parameters, allow to define

X-parameters for an arbitrary load condition, the model definition load ΓL,M .
This enables a more general use in device modeling, because devices which op-
erate on, e.g., very low impedances, can be modeled easily. However, the model
accuracy is limited by the PHD modeling approach, i.e., the linearization of the
utilized describing functions. Consequently, for load-sensitive DUTs in strongly
non-linear operation, a high model accuracy is typically only given in the prox-
imity of the model definition load. For such devices, multiple model definition
loads on a load-pull grid can be utilized to achieve higher accuracy. This means,
that the model is implemented as a LUT, hence, interpolation techniques are
necessary in the simulator. This may lead to differing results, depending on the
implementation in the simulator. Another drawback is that the model size tends
to get large, leading to a long measurement duration.

Load-dependent X-parameters can be used as an accurate model for a strongly
non-linear DUT, however, there are some difficulties: For finding an appropriate
model load condition, either prior knowledge of the DUT is necessary or it has
to be determined using trial and error. When utilizing a load-pull grid similar
problems arise for defining an appropriate grid spacing. Consequently, it is de-
sired to expand the X-parameter framework in order to be able to get a more
general model for handling strongly non-linear and load-sensitive DUTs, which is
discussed in the following chapters.
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Chapter 4

Measurement Setup

As introduced in Chapter 3, X-parameters rely on a commercially available mea-
surement framework, similar to S-parameters and the VNA. Unfortunately, a
VNA is not able to serve as a measurement setup for non-linear DUTs, because
it is not able to handle harmonics. However, the concept of the VNA was ex-
panded to fit the requirements of a large-signal excitation. As already mentioned
in Chapter 2, the first concepts to do so were called VNNA. These concepts
have been developed further, which lead to two different instruments capable of
measuring non-linear DUTs, the LSNA and the NVNA [76]. These instruments,
their advantages and disadvantages, as well as their applicability for X-parameter
measurements are discussed in the following sections.

4.1 Large-signal Network Analyzer

Historically, the first commercially available instrument which was capable of
measuring the non-linear response of a DUT, is the LSNA. Over the time a
variety of names were used for this instrument, but for simplicity only LSNA will
be used in this work.

In principle, the LSNA is a sampler-based instrument. To the author’s knowl-
edge, the first approach of this kind was published in 1989 [77]. In this work,
the authors used a high speed sampling oscilloscope to record voltage and cur-
rent waveforms of a non-linear DUT. However, using an oscilloscope is tricky,
mainly due to difficulties in the alignment of the channels. The breakthrough
came with the introduction of the microwave transition analyzer (MTA) in 1992
by Hewlett-Packard [78]. This instrument allows to directly measure amplitude
and phase of the travelling waves up to a frequency of 40 GHz. This is done by
using harmonic sampling, which is discussed in more detail later on. The first
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4.1 Large-signal Network Analyzer

large-signal measurement system utilizing the MTA as a basis was proposed in
the same year [79]. The MTA, however, is a 2-channel instrument, which limits
its applicability. To fully characterize a 2-port device, two synchronized MTAs
can be utilized [80]. This concept was proposed in 1995 and was later called an
LSNA. The block diagram of an LSNA is depicted in Figure 4.1.

DUT
a2
b2

a1
b1

port 1 ref. plane port 2 ref. plane

Ch.4
a2

Ch.1
a1

Ch.3
b2

Ch.2
b1

lowpass
filter

harmonic mixer

port 1 coupler port 2 coupler
LS tone

comb
generator

lowpass
filter

reference
fP

ZL

Figure 4.1: Block diagram of an LSNA.

The LSNA is intended to measure the waves a and b for a non-linear 2-port
device. Therefore, similar to a VNA, couplers are used. Furthermore, a large-
signal source is used for exciting the DUT. The distinct feature of the LSNA is
that it uses harmonic sampling or sub-sampling in the utilized MTAs. This allows
to record the fundamental frequency and the harmonics of the involved traveling
waves [81]. The basic idea of this concept is depicted in Figure 4.2. The block

harmonic
mixer lowpass

RF signal

sRF(t)

LO pulse

p(t)

IF signal

sIF(t)

fLP

s̃IF(t)

Figure 4.2: Harmonic sampling block diagram.

diagram looks rather simple, it consists of only two elements: A harmonic mixer
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4.1 Large-signal Network Analyzer

and a lowpass filter. While the lowpass filter is only required to avoid aliasing,
the essential part of this concept it the harmonic mixer.

Harmonic sampling allows to record a signal sRF(t), which consists of a funda-
mental frequency component as well as harmonics, within a single acquisition and
at a relatively low sample rate. Due the presence of harmonics, the bandwidth
of the input signal is very high. According to the Nyquist criterion, the sampling
rate must be at least twice the frequency of the highest considered harmonic,
which is in many RF applications not feasible. However, since the signal sRF(t)
is periodic, its spectrum is discrete, allowing to transform its full spectrum into
the intermediate frequency (IF) by using a pulse as a local oscillator (LO) source.
The IF is in this case an ”IF-zone”, whose frequency range is restricted by the
lowpass filter, which removes all higher order mixing products. Consequently, in
harmonic mixing the input signal sRF(t) is multiplied with an LO signal pulse
p(t), generated by a comb generator, i.e.,

s̃IF(t) = sRF(t) · p(t). (4.1)

After filtering, this results in an IF output signal sIF(t). Ideally, the output of
the comb generator is described by a series of Dirac delta functions

p(t) =
∞
∑

n=−∞

δ

(

t − n

fP

)

, (4.2)

with a pulse repetition frequency of fP. In frequency domain this translates to a
convolution of the input signal with the comb generator output as

S̃IF = SRF(f) ∗
∞
∑

n=−∞

δ(f − nfP ). (4.3)

This is illustrated in Figure 4.3. By a clever choice of the comb generator’s pulse
repetition frequency fP , this technique allows to transform an RF input signal
and its harmonics to the IF. Therefore, the highest considered harmonic of the
input signal has to be within the filter bandwidth fLP. This can be ensured by
establishing a comb generator signal component very close but not equal to the
fundamental frequency f0 of the input signal. A different interpretation of this
concept is that due to this harmonic sampling, the RF input signal is compressed
in the frequency domain. The compression factor is defined as

C =
f0

∆f
, (4.4)

with f0 if the fundamental of the RF input and ∆f the distance to the comb
generator frequency component N · fP . Hence, at the IF a low frequency replica
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4.1 Large-signal Network Analyzer

f

f

2·fLP

SRF(f),

P (f)

f0 2f0

∆f

filtered mixing
products

3f0 hf0

h∆f3∆f

S̃IF(f)

N ·fP 3N ·fP nN ·fP

∆f

IF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zoneIF-zone

Figure 4.3: Harmonic sampling principle.

of the RF input is observed. Its waveform has an identical shape but at a lower
frequency, i.e., a ”time-stretched” copy.

Finally, the filtered IF output sIF(t) is digitized with a suitable analog to
digital converter (ADC). Is is also possible to use this principle for measuring
modulated signals. However, a discrete spectrum of the input signal has to be
satisfied, i.e. a periodic input.

The first commercially available LSNA was introduced in 2004 by NMDG,
the MT4463. It is based on the MTA and is able to characterize a 2-port non-
linear DUT up to 50 GHz. Although capable of measuring the full non-linear
response, this instrument was discontinued. To the author’s knowledge, only one
additional LSNA was commercially available, the SWAP X-402 by VTD in 2009.
This instrument was developed from scratch and is capable to perform a full
2-port characterization up to 30 GHz.

The main benefit of the LSNA is that it is capable of measuring the full
non-linear response with a single acquisition, due to the utilization of the har-
monic sampling principle. Furthermore, this can be achieved with comparably
low sampling rates. The MT4463, for example, has a maximum sampling rate
of only 25 MHz. However, compared to a VNA, the achievable signal-to-noise
ratio (SNR) is smaller. This is because of convolution of the noise due to the har-
monic sampling principle, which reduces the dynamic range of the instrument.
Furthermore, it is especially tailored for the measurement of non-linear signals
and therefore, further applications for the LSNA are hard to find. To the author’s
knowledge, this is the main reason why the LSNA has mostly disappeared.
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4.2 Non-linear Vector Network Analyzer

4.2 Non-linear Vector Network Analyzer

Although perfectly suited to measure the non-linear response of a DUT, the
LSNA has limitations. Particularly, the dynamic range is the limiting factor.
This limitation can be tackled by using mixer based instruments like the VNA.
There, the downconversion is based on the heterodyne principle, which allows to
achieve high SNR levels and consequently, higher dynamic range. Mixer based
VNNAs have been usually called NVNA in literature, hence, it will be used in
this work as well.

A VNA is optimized for measuring linear S-parameters, hence, non-liner mea-
surements are not feasible in an out-of-the-box configuration. However, it is pos-
sible to measure the harmonics consecutively, by tuning the LO according to the
fundamental frequency and the harmonics, respectively. But this is only possible,
if the LO and RF sources of the VNA can be tuned independently. This allows
to achieve a high dynamic range in the measurement, but a problem arises in the
phase relations between the harmonics. This is because of the consecutive mea-
surement of the fundamental frequency and the harmonics, the cross-frequency
phase is unknown, consequently, the signal cannot be reconstructed. Hence, a
so-called harmonic phase reference (HPR) is needed.

A first measurement solution of this kind was proposed in 1989 [82]. In this
work, the harmonics are measured by tuning the receivers sequentially to each
of the harmonics at the output. As a large-signal source, a signal generator is
used, which is able to provide the required driving power. In order to align the
harmonic phases, an additional measurement with a ”golden diode” is performed,
which serves as a phase calibration. This golden diode, in this case a Schottky
diode, operates as a limiter to provide a well defined spectrum of harmonics, serv-
ing as a HPR. This setup allows for an accurate measurement, but only for the
output of a DUT. Furthermore, the applicability of the proposed golden diode
approach is limited, because the harmonic power content is limited in the pro-
posed limiter configuration. Also long-term stability issues arise in the calibrated
phase relations, hence, re-calibration of the phase may be necessary.

Similar to the LSNA, newer concepts of the NVNA utilize comb generators
for phase calibration. These are typically based on step-recovery diodes (SRDs),
as discussed in more detail in Section 4.3. Additionally, a second comb generator
is permanently measured as an HPR signal, to obtain reliable and stable cross-
frequency phase relations to reconstruct the measured signal [83]. It is important,
that they contain frequency components at least at all considered harmonics,
consequently, the comb generator reference frequency is set to fP = f0/n, with n
is an integer number. This ensures, as long as the measurement HPR signal is
constant during calibration and measurement, that the phase relations between
all harmonics can be determined accurately. To do so, the comb generator used
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4.2 Non-linear Vector Network Analyzer

DUT
a2l

b2k

a1l

b1k

port 1 ref. plane port 2 ref. plane

R3R1 CA

IF filter IF filter

mixermixer
LO

port 1 coupler port 2 coupler
comb

generator

reference
fP

ZL

D

LS tone
f0

IF filter

mixer

Figure 4.4: Block diagram of an NVNA.

for calibration must be perfectly known, similar to the golden diode. Due to
the phase reference signal however, an extra receiver becomes necessary, i.e.,
for a non-linear 2-port measurement, five receivers are needed [84], see the block
diagram in Figure 4.4. Note that the receiver notation introduced in Section 2.4.2
was utilized, i.e., A, C, D, R1, and R3, which is according to Keysight’s NVNA
solution.

With such a setup, a high dynamic range can be achieved in the measurements.
However, the drawback is that the harmonic response cannot be measured with
a single acquisition, but only consecutively. This leads to a longer measurement
time compared to an LSNA.

Currently, the NVNA has established itself as the main instrument for non-
linear measurements and several different instruments are available. The most
prominent candidate is the PNA-X by Keysight, which was released in 2008.
In the same year, NMDG released an NVNA based on the Rohde & Schwarz
ZVxPlus, the NM300. Both instruments are fully capable of measuring the non-
linear response of a certain DUT. However, the PNA-X has the benefit of offering
the capabilities to generate X-parameters as well, see Figure 4.5. As can be seen in
the block diagram, a second coherent signal source is implemented. Consequently,
one source, the large-signal source, provides a persistent large-signal stimulus,
while the second, the ET source, can be switched to both RF ports. With this
configuration, the offset phase technique can be used to extract X-parameters,
as introduced in Section 3.4.2. Furthermore, the NVNA is also able to perform
S-parameter measurements, by just using the ET source. Hence, in contrast to
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4.3 Phase Reference

DUT
a2l
b2k

a1l
b1k

port 1 ref. plane port 2 ref. plane

R3R1 CA

IF filter IF filter

mixermixer
LO

port 1 coupler port 2 coupler

comb
generator

reference
fP

ZL

D

LS tone
f0

IF filter

mixer

Zp

ET
l · f0

circulator

RF switch

Figure 4.5: Block diagram of an NVNA, capable of extracting X-parameters.

the LSNA, the NVNA is also able to serve as a VNA. To the author’s knowledge
this is why the NVNA has replaced the LSNA in many RF laboratories.

4.3 Phase Reference

As discussed in the previous sections, a phase reference is indispensable for non-
linear measurements. It is utilized for the harmonic mixer in the LSNA, as
well as a HPR for the NVNA, necessary to correctly align the harmonics in the
measurement. The requirements on the phase reference are sufficient power at
the harmonics and a stable phase response. Also, a low pulse repetition frequency
(PRF) is often desired, in order to be able to measure at different fundamental
frequencies. If this is the case, the PRF is given by the distance of the chosen
fundamental frequencies or a fraction of it, to ensure an HPR signal component
at each considered frequency point. Ideally, a comb generator, whose output
consists of a series of Dirac delta functions, as in Equation (4.2), is used. Comb
generators fit these requirements perfectly, but an ideal realization, which shows
a series of Dirac delta functions at the output, cannot be realized in practice.
However, there are several ways to realize comb generators, capable of serving as
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4.3 Phase Reference

a HPR in a non-linear measurement.
For RF frequencies, most common designs for comb generators are based on

SRDs [85]. A schematic of the principle is depicted in Figure 4.6. In this circuit,

L
C

VP

VDC

SRD RLVcomb

Figure 4.6: Principle of a SRD based comb generator.

the diode operates in two different states because of the alternating current (AC)
driving signal, namely in forward and in backward direction. During switching
from forward to backward direction, a high amplitude, narrow, and negative pulse
is formed, by the energy stored in the driving inductance L. The energy appears
across the diode, now in off-state. The diode can now be seen as a capacitance
CR, which determines the width of the pulse as

tP =
π

√
LCR√

1 − ξ2
, (4.5)

where ξ is the damping factor, which strongly depends on the load. The height
of the pulses is proportional to the energy stored in the inductance. By applying
a driving signal VP , a frequency comb is realized. This is a simple method in
realizing a comb generator, which is capable to serve as a phase reference in
non-linear measurement setups. State-of-the-art phase references however, are
utilizing high speed heterojunction bipolar transistors (HBTs) instead of SRDs.
These allow to achieve smaller pulse widths tP , which are independent on the
PRF, i.e. the frequency of VP [86]. One candidate of such a comb generator
is the Keysight U9391F, which was used for all measurements presented in this
work, see Figure 4.7 [87].

To see the performance of the used comb generator, its output was measured
using a LeCroy WaveExpert SDA-100G sampling oscilloscope. Therefore, is was
directly connected to the oscilloscope channel. For the measurement the PRF
was set to 500 MHz. The time signal Vcomb of the measured comb generator,
see Figure 4.8, shows, that the pulse width tP is very small, hence, very close
to an ideal series of Dirac delta functions. In Figure 4.9 the frequency domain
representation, i.e., the Fourier transform of the measurement in Figure 4.8, is
depicted. As expected, due to the small pulse width, a flat magnitude response, as
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4.3 Phase Reference

Figure 4.7: Keysight U9391F comb generator [87].
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m
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V

)

Figure 4.8: Measured time voltage of a Keysight U9391F comb generator with
fP = 500 MHz.

depicted in Figure 4.9a, and a very flat phase response, depicted in Figure 4.9b, is
ensured. This makes it the perfect candidate for a phase reference for non-linear
measurements. Note that the phase of the pulse in Figure 4.9b is expected to
be exactly at −180 ◦, which is not the case in the measurement. However, the
datasheet of the given comb generator shows a phase tolerance of ±10 ◦, hence,
the measurement is well within the tolerance.
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4.4 Calibration
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Figure 4.9: Frequency domain representation of the measured Keysight U9391F
comb generator with fP = 500 MHz.

4.4 Calibration

To perform accurate measurements, calibration is a must. Unlike S-parameter
measurements, a vector calibration alone is insufficient for a non-linear measure-
ment setup. To be able to accurately reconstruct the non-linear voltage and
current waveforms, additional calibration steps are necessary. Consequently, the
calibration has to be split in four different steps:

• 2-port vector calibration

• Receiver power calibration

• Source power calibration

• Phase calibration

For performing a vector calibration, as for S-parameters measurements, different
approaches are possible. For example, for coaxial DUT connectors, short, open,
load, through (SOLT) or unknown-through calibrations are mostly used in prac-
tice [88, 89]. To perform an accurate calibration, an error model is necessary.
For the NVNA an 8-term error model is used [84]. The signal flow graph of the
8-term error model is depicted in Figure 4.10. According to this error model,
two error-boxes, E1 for port 1 and E2 for port 2, are determined during the cal-
ibration procedure. The actual calibration procedure is well known and will not
be discussed here in detail. These error-boxes are used to calculate the incident
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4.4 Calibration

e10 a1 S21 b2 e32

e00

e01 b1 S12 a2 e23

e11 S11 S22 e22 e33

a1,R1

b1,A

b2,C

a2,R3

error-box E1 SDUT error-box E2

Figure 4.10: 8 term error model used for NVNA calibration.

waves a1 and a2, as well as the reflected waves b1 and b2, out of the measured
quantities at the corresponding receivers a1,R1, a2,R3, b1,A, and b2,C , respectively.

The vector calibration is especially tailored for the needs in S-parameter mea-
surements, i.e. rationed measurements. Consequently, absolute quantities for the
involved traveling waves a and b are not known, because the receivers are uncali-
brated and the power of the signal source is not exactly known. For a non-linear
measurement this is not sufficient, it is required to know the absolute quanti-
ties for the involved traveling waves. Consequently, a second calibration step
is performed, i.e. the receiver power calibration. Therefore, the RF source is
turned on and the port power is measured with a power meter and the receivers
at all considered frequency points. Consequently, calibration coefficients can be
determined in order to get a calibrated power reading at the receivers.

As discussed in Section 4.2, the phase relations between the harmonics are
crucial in a non-linear measurement, otherwise restoring a time-domain waveform
of the measured signal would be impossible. Consequently, a phase calibration
step is indispensable.

The phase calibration is performed similar to the golden diode approach in
[82]. However, instead of using a Schottky diode in a limiter configuration, a
comb generator is used as a HPR. Its output can be written as

bHPR
n =

∣

∣

∣bHPR
n

∣

∣

∣ · ej(nω0t+φn). (4.6)

It is necessary that the coefficients |bn| and φn are perfectly known, hence, prior
characterization of the HPR is performed [90].

E1
a1

b1

port 1 ref. plane

HPR
b1,A

ΓHPR

bHPR

Figure 4.11: Phase calibration.
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4.5 Device Under Test

During calibration, the HPR is connected to the measurement port, hence,
port 1 in most cases. A block diagram is depicted in Figure 4.11. Note, that
vector calibration is necessary to preform this step, otherwise the coefficients of
the phase calibration cannot be determined. Using this configuration, the output
of the HPR can be measured using port 1 of the NVNA, which can be written as

a1(nω0) = b1(nω0) · ΓHPR(nω0) + bHPR(nω0). (4.7)

By using this procedure, N + 1 unknowns are observed, i.e., the N phase terms
of the measured signal and the starting time t + τ of the measurement. However,
the phase shift from the measurement ports to the receivers is not time varying.
Consequently, the phase of the fundamental frequency must be constant from
measurement to measurement. Hence, it is possible to define a calibration refer-
ence time in the calibration, allowing to set the phase of the harmonics correctly
relative to the fundamental frequency [91].

At last, a source power calibration is performed in order to satisfy a defined
port power. Again this is a well-known procedure and therefore, it will not be
discussed here in detail.

4.5 Device Under Test

For this work, a commercially available GaN HEMT was chosen as the DUT,
because different modes of operation can easily be achieved by varying the bias
voltages [5]. For the measurements, the CHG40010F by CREE was chosen. This
transistor has a typical output power of 10 W over a wide frequency range, while
maintaining high a gain [92]. Furthermore, an accurate equivalent circuit model
is available, which allows to generate models also from simulated data [25].

This transistor is available in packaged configuration only. To make it acces-
sible to a coaxial measurement setup, a test fixture was designed. Therefore, two
50 Ω microstrip transmission lines, with a length of 10 mm each, were designed on
a Rogers RO4003C substrate. With a thickness of 0.508 mm, a copper cladding
of 17 µm, and a dielectric constant of ǫr = 3.38, 50 Ω transmission lines with
nearly the same width as the leads of the transistor can be achieved [93]. These
were used to connect the DUT’s package leads with coaxial connectors. Due to
their rugged design, low losses, and good reproducibility Rosenberger 32K243-
40ML5 connectors were used. In Figure 4.12 the DUT, the designed printed
circuit board (PCB), and the connectors, mounted on a heat sink because of the
high power dissipation, are shown.

To remove the influence of the test fixture from the measurements, a through,
reflect, line (TRL) calibration was performed [94]. This allows to describe the
transition from the coaxial connector, i.e, the coaxial reference plane defined
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4.5 Device Under Test

Figure 4.12: CREE CGH40010F mounted on a test fixture.

using a SOLT calibration, to the DUT’s package leads. This leads to error-boxes
describing this transition perfectly. Consequently, all presented measurements
are de-embedded using this error-boxes, hence, the measurement reference plane
is at the leads of the DUT package, i.e., at the DUT reference plane, as shown in
Figure 4.13.

coaxial reference plane

error-box 1 error-box 2

CHG
40010F

DUT
reference plane

Figure 4.13: Reference planes.

For the measurements in this work, the drain bias voltage is remained constant
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4.6 Measurement Setup

at 28 V and the drain quiescent current ID,q is varied in order to obtain different
modes of operation, which is stated in the presented measurements. The mea-
surements are performed at different fundamental frequencies, all in the range
2 . . . 2.65 GHz, while considering harmonics up to the third order.

4.6 Measurement Setup

For the measurements in this work, an NVNA is used, in particular, the Keysight
N5247A PNA-X. As discussed in the previous section, the used DUT typically has
an output power of 10 W. Consequently, a direct measurement with the given
instrument is not possible because the port input power is limited to 27 dBm.
However, it is possible to use the NVNA in high power configuration [95]. There-
fore, the test-set is expanded with external directional couplers and attenuators.
Apart from power handling issues, the attenuators have to be chosen to ensure
linear operation of the receivers for all possible input power levels. All exter-
nal components in the setup are discussed as follows, a block diagram including
maximum observed power levels is depicted in Figure 4.14.

For the expanded test-set the most significant limit is the receiver input power,
which has a damage level of 15 dBm for all receivers. Furthermore, an operation
in the linear region has to be satisfied, which is specified in the range of − 60 . . .−
5 dBm [96]. For higher input power levels the receivers are in compression and
for lower levels crosstalk and noise may have significant contributions. This,
however, strongly depends on the chosen IF bandwidth and averaging. For an IF
bandwidth of 10 Hz, the receiver noise floor is specified at −127 dBm/10 Hz in a
frequency range of 1 . . . 10 GHz [97]. Consequently, very low input power levels
are possible, however, one should bear in mind that low SNR levels will limit the
measurement accuracy.

As a maximum saturated output power of the DUT, 42 dBm is considered
for dimensioning the external components. To achieve such high output power
levels, sufficient driving power is required. The source power of the NVNA is
limited to about 5 . . . 6 dBm, which is far to little considering a small-signal gain
of about 16 dB maximum. Consequently, a driving power amplifier is needed.
Therefore, a Mini Circuits ZVE-3W-83+ was chosen, with a maximum output
power of 35 dBm and a gain G = 35 dB. This allows to provide a sufficiently
high driving power for the chosen DUT. This amplifier has a frequency range of
2 . . . 8 GHz, which perfectly fits the desired frequency range.
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4.6 Measurement Setup
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Figure 4.14: Block diagram of the high power measurement setup, including
maximum power levels.
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4.6 Measurement Setup

For the actual measurement, directional couplers are necessary. For port 1,
a Krytar 1850 is used. This coupler shows a coupling factor CF = 16 dB and
high directivity D > 15 dB over a wide frequency range. For port 2, a MITEQ
CD2-102-802-300N is used. It has a coupling factor CF = 25 dB and a directivity
D ≈ 25 dB in the desired frequency range and is suited for very high input power
levels (PMAX = 500 W). To ensure linear operation, 30 dB attenuators are used
at each coupled port. Due to the high dynamic range, phase calibration is still
possible at port 1, however a low IF bandwidth and averaging has to be used in
order to ensure sufficient SNR.

To be able to measure load-dependent X-parameters, a passive load tuner
is placed at the output of the DUT. Depending on the specific measurement
task, this tuner is implemented either as a single passive automated slide-screw
tuner Maury MT982A or multiples of these to form a cascaded or triplexer based
harmonic tuning setup, as discussed in Section 2.4.1. For the measurements, the
tuners are controlled using the Maury ATS 5.33 software.

The directional couplers are placed right next to the DUT, to limit the mea-
surement uncertainties. Albeit very small, the insertion loss of the couplers limits
the tuning range of the setup: At 2 GHz the maximally achievable VSWR drops
from about 12.3 to 9.3 for a single tuner when adding the directional coupler next
to the DUT. A placement of the couplers behind the tuners is possible by applying
tuner de-embedding, but it was preferred to measure the waves directly without
de-embedding the tuners [91]. This reduces measurement uncertainties caused
by tuner repeatability and tuning sensitivity errors during tuner de-embedding.
This is especially an issue for cascaded tuning setups. Furthermore, very high
reflection coefficients are not required for the utilized DUT, hence, the provided
tuning range was considered as sufficient.

Providing an ET at both ports is a necessity for extracting X-parameters.
Although small-signal, the level of the ET is determined by the DUT. As a rule
of thumb, the ET should be at least 16 dB smaller than the large-signal tone
[98]. Due to the high output power of the DUT, the ET source cannot be di-
rectly connected, otherwise the instrument would be damaged. Consequently, a
circulator (DiTom D3C2080 ) was added as an isolator. However, due to the high
bandwidth of the isolator, only a minimum of 9 dB of isolation can be guaran-
teed. To protect the instrument from damage, an additional attenuator could be
used, but this would limit the ET power severely. Consequently, an amplifier,
a Mini Circuits ZVE-8G, in combination with a 3 dB attenuator was used. The
attenuator is to protect the output of the amplifier, while the amplifier ensures
high isolation to protect the NVNA and allows to provide a sufficiently large ET.

The last remaining elements in the setup are the bias-tees, to apply the DC
bias voltages for gate and drain. The measurement phase reference is connected
to the NVNA to ensure constant phase relations in the measurements and is
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4.6 Measurement Setup

driven by an external source, which is synchronized with the NVNA.
The full setup, i.e., the NVNA including all external components, is depicted

in Figure 4.15. With this setup, all measurements were gained for this work.
Note that in this picture the triplexer based harmonic load-pull setup is shown
as tuning system. Alternatively, as discussed previously, a cascaded harmonic
tuning setup was used in certain measurements, where only the tuning system
is changed while all other components remain equal to the shown picture. The
used setup is stated when presenting the respective measurement results.
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Figure 4.15: Picture of the setup including the NVNA in high power configura-
tion.
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4.7 Setup Imperfections

4.7 Setup Imperfections

Because of the usage of external components in the test-set, which are required for
high power measurements, inherent imperfections are added to the measurement
setup. These imperfections are mainly caused by sub-optimum characteristics of
the used components. Particularly, a limited return loss of, for example, PAs, di-
rectional couplers, or circulators, leads to a poorer RF performance of the NVNA
compared to its off-the-shelf configuration. Consequently, the return loss of the
measurement ports degrades and causes reflections of the DUT’s output signal.
This may violate the stringent requirements on the stimulus for X-parameter ex-
traction, because any mismatch at harmonic frequencies will inherently cause an
additional persistent large-signal stimulus. This will lead to a systematic error in
the extracted parameters.

0.5 1 2 5
0

0.2

0.5

1

2

5

−0.2

−0.5

−1

−2

−5

2 GHz

4 GHz

6 GHz

8 GHz

Figure 4.16: Measurement of a typical tuner trajectory of an electro-mechanical
slide-screw tuner, the Maury MT982A.

Imperfections are especially critical for load-dependent X-parameters. In
many cases, like in the setup presented in Section 4.6, passive automated slide-
screw tuners are utilized for providing the desired model loads Γ

(n)
L,M . Compared

to an active load-pull setup, these tuners are cheaper and easier to control. How-
ever, they offer a controlled reflection coefficient only for a single frequency, while
at all other considered frequency points the input reflection coefficient is deter-
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4.7 Setup Imperfections

mined by the frequency response of the tuner, which is often highly reflective. In
Figure 4.16 the tuner trajectory of one of the utilized Maury MT982A tuners is
shown. For an arbitrarily chosen fundamental load condition, generally a non-zero
load reflection coefficient will be observed at the harmonics. This will inherently
cause additional large-signal stimuli by reflection of the non-linear response of
the DUT. As discussed in Section 3.3, load-dependent X-parameters require, per
definition, matched harmonic load conditions. Consequently, a systematic error
occurs in the non-linear mapping, i.e. the XF parameters.

Due to the applied vector calibration, all involved travelling waves are known
in magnitude and phase, hence, it is possible to determine the mismatch accu-
rately. Consequently, a correction of this systematic error is possible, as shown
in Figure 4.17 [6, 99]. As can be seen in this graph, the desired or ideal stimulus

f
f0 2f0 4f03f0

DUT

b2k

f
f0 2f0 4f03f0

f
f0 2f0 4f03f0

b2k

f
f0 2f0 4f03f0

b2k

a1l

f
f0 2f0 4f03f0

a1l

f
f0 2f0 4f03f0

a1l

XS, XT

ideal stimulus
|a11|

measured
stimulus

imperfections

measured
response response due to

imperfections
ideal

response

Figure 4.17: Correction procedure of setup imperfections.

for the extraction of X-parameters is a single large-signal input. However, due
to imperfections in the setup, the measured large-signal stimulus shows harmonic
content. Fortunately, these imperfections can be separated easily. By considering
that the LSOP is only negligibly affected, the spectral mapping terms can be
determined according to the offset phase technique, as presented in Section 3.4.2.
Since the imperfections are known, an isolated ”response due to imperfections”
can be calculated by using the spectral mapping terms, i.e., the corresponding
XS and XT parameters. This can be subtracted from the measured response to
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4.7 Setup Imperfections

get a compensated response, which is the best estimate for the response under
ideal conditions.

This procedure can easily be applied since all valid quantities are known. How-
ever, one has to bear in mind that this is only possible if the deviation from the
LSOP is negligible. Otherwise, the spectral mapping terms cannot be determined
accurately, which would lead to an additional error. Furthermore, this correction
is only accurate if the harmonic content of the real stimulus is sufficiently small,
otherwise the harmonic superposition principle is violated, hence, the systematic
error cannot be corrected.

To determine the accuracy of the correction for the used setup and DUT,
test measurements were performed. A load-dependent X-parameter model was
generated under ideal load conditions. These ”ideal load conditions” were realized
by using a cascaded harmonic tuning load-pull setup, which allows to ensure
matched harmonic loads, while providing an arbitrary model load condition at the
fundamental frequency. Since only two tuners were available, the measurement
frequency was chosen in order to achieve a maximum return loss at the third order
harmonic. Additionally, similar measurements were performed, while varying the
second harmonic load impedance over the tuning range. These measurements
were performed at 2.6 GHz, a drain quiescent current of ID,q = 10 mA, an input
power of 32 dBm, and a source impedance of 50 Ω. Consequently, highly non-
linear operation is satisfied.

Using these measurements, load-dependent X-parameters were generated. In
a first step, the offset phase technique was utilized without correction. Secondly,
the same procedure was used, however, also the harmonic mismatch correction,
shown in Figure 4.17, was applied. Both procedures were implemented in MAT-
LAB.

To determine the accuracy of the gained models, the responses were compared
to the load-dependent X-parameter model, gained for ideal load conditions. As
an error metric, the mean squared error (MSE) for the drain voltage waveform
was used. It is defined as

MSE = 10 · log10





1

T

T
∫

t=0

(

VD(t) − ˆVD(t)
)2

dt



, (4.8)

with VD(t) is the voltage waveform for ideal conditions and ˆVD(t) the prediction
for different mismatches in the model extraction. Note that the DC component
is removed from the drain voltage, because it cannot directly be measured with
the NVNA.

The results are depicted in Figure 4.18, showing MSE contours depending
on the second harmonic load mismatch during extraction and the corresponding
drain voltage waveforms.
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4.7 Setup Imperfections
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Figure 4.18: Measured model MSE (dB) contour for generated load-dependent X-
parameters, for different second harmonic load mismatches, with corresponding
drain voltage waveforms.
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4.8 Load-dependent X-parameters for Device Modeling

It can be seen that the observed error is significantly reduced if the correction
is applied. The maximum observed MSE can be reduced by more than 6 dB for
the used load conditions. The effect of the correction can also be seen in the
reduced spread in the voltage waveforms. This shows that even for a highly non-
linear DUT this correction shows good results, hence the use of electro-mechanical
tuners still allows to generate accurate load-dependent X-parameter models.

4.8 Load-dependent X-parameters for Device

Modeling

As stated in Chapter 3, load-dependent X-parameters offer the possibility to be
used for device modeling. When used in PA design, high prediction accuracy
has to be satisfied for highly mismatched environments. Since X-parameters are
based on linearization techniques, their accuracy is limited for highly non-linear
DUTs. However, load-dependent X-parameters can by utilized in combination
with LUT techniques, as discussed in Section 3.3. For highly efficient PA topolo-
gies, defined harmonic terminations are necessary [5]. Consequently, predicting
the response for harmonic mismatch accurately is crucial.

To analyze the accuracy of load-dependent X-parameters for harmonic mis-
match, load-dependent X-parameters were generated using the given DUT. The
model prediction was compared with verification measurements gained from the
same device [100]. During the verification measurements, the second harmonic
load was changed by using a cascaded harmonic tuning load-pull setup. Since
only two tuners were available, a controlled adjustment was only possible for the
fundamental and second order harmonic load, the third order harmonic load is
given according to the combined tuner trajectory of the two used load tuners.
For achieving a maximum VSWR at the third order harmonic load for the com-
bined tuner trajectory, a fundamental frequency of 2.4 GHz was chosen. There, a
large third order harmonic load variation was observed, at higher frequencies the
tuners show greater return loss, see Figure 4.16. The chosen load conditions are
depicted in Figure 4.19a.

For the measurements, the transistor was biased with a drain quiescent current
of ID,q = 10 mA. To operate the DUT in deep compression, an input power of
32 dBm was chosen with a 50 Ω source impedance.

As an error metric, again the MSE on the drain voltage waveform was used,
see Equation (4.8). The resulting error contours are depicted in Figure 4.19b.
It leads to irregular contours, which is mainly caused by the uncontrolled third
order harmonic load. However, for all load conditions the MSE is very small and,
most importantly, the spread of the observed MSE values is also small.

As a consequence of this irregular contour, power sweep measurements were
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4.8 Load-dependent X-parameters for Device Modeling
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Figure 4.19: MSE (dB) of the drain voltage waveform for combined second and
third order harmonic load mismatch.

performed for load conditions, where the highest and lowest MSE were observed.
The used load conditions are depicted in Figure 4.20a and Figure 4.20b, respec-
tively.

Figure 4.20c shows results for measured gain and MSE depending on the input
power, for the largest observed error. It can be seen that the MSE increases for
rising input power levels. Consequently, as expected, the error gets larger for
strong non-linearity. However, even in deep compression, the MSE stays way
blow −30 dB. A comparison for measured and simulated drain voltage waveform
for the largest MSE is depicted in Figure 4.20e.

Similar results were gained for load conditions showing the smallest MSE.
These are depicted in Figure 4.20b and the power sweep results are shown in
Figure 4.20d. In Figure 4.20f the measured and simulated drain voltage waveform
is compared for the highest input power level. It can be seen, that very good
agreement can be achieved.

Note that for both power sweeps, performed for highest and lowest observed
MSE in the contour plot, respectively, slightly different MSE values are observed.
This is a consequence of the limited tuning sensitivity of the cascaded harmonic
tuning load-pull setup, see Section 2.4.1. Especially for large reflection coeffi-
cients, the fundamental frequency load condition changes slightly when adjusting
the second order harmonic load.
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4.8 Load-dependent X-parameters for Device Modeling
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Figure 4.20: Analysis of the X-parameter prediction for largest and smallest MSE
observed in Figure 4.19b.
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4.9 Summary

Consequently, this additional deviation of the fundamental frequency load con-
dition will cause a lowered model prediction accuracy. However, due to the very
small observed errors, load-dependent X-parameters can be seen as a perfect
model to predict the response of a strongly non-linear DUT with high accuracy.

4.9 Summary

For generating measurement-based black-box behavioral models like, e.g., X-
parameters, special measurement hardware is necessary to be able to measure
the response of a non-linear DUT. Over the years, two different approaches
emerged as most practical and became commercially available, the LSNA and
the NVNA, i.e., a sampler based and a mixer based instrument, respectively.
Although both are perfectly capable of performing non-linear model extraction
measurements, the NVNA has replaced the LSNA due to its better dynamic range
and its generality, i.e., it can as well be used as a ”normal” VNA, without any
modifications in the setup.

When measuring a non-linear DUT, the NVNA measures the signal compo-
nents at the fundamental frequency and at the harmonics consecutively. To be
able to reconstruct the signal, the cross-frequency phase is needed. Therefore,
two HPRs are used to determine the cross-frequency phase: One, which is always
measured using an additional receiver and a second one, which is perfectly known,
during calibration. These HPRs are typically comb generators. To be able to per-
form accurate measurements, on top of the already mentioned phase calibration,
a full 2-port vector calibration as well as power calibration is necessary.

With a fully calibrated NVNA, X-parameters can be extracted of a certain
DUT. For this work, a GaN HEMT by CREE, the CGH40010F is used. To
be able to measure X-parameters of this DUT, the high power measurement
configuration is necessary, in order not to damage the measurement instrument
and operate it in the linear range. Therefore, external couplers, attenuators, and
driving amplifiers are used. Furthermore, a passive load-pull setup was introduced
to be able to measure load-dependent X-parameters.

Adding external components and passive slide-screw tuners may add imper-
fections to the setup, causing a systematic error in the X-parameter extraction.
Especially, tuners often violate the required harmonic matching condition. How-
ever, it is possible to correct this error in the model extraction procedure by
using the generated spectral mapping terms of the X-parameters. This allows
to generate load-dependent X-parameters using passive tuners, which are able
to accurately predict the behavior of the given GaN HEMT, even for a large
harmonic mismatch.
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Chapter 5

Higher Order Approximation

As discussed in Chapters 3 and 4, X-parameters can be used for device modeling.
Therefore, load-dependent X-parameters are utilized to handle DUTs in highly
mismatched environments. However, this requires prior knowledge of the behavior
of the DUT, in order to use a meaningful model definition load ΓL,M . For an
unknown DUT finding an appropriate model definition load would lead to either
an LUT using multiple load conditions Γ

(n)
L,M and therefore, large model size, or a

trial-and-error approach for determining an optimum model definition load. This
is not very useful in practice.

A different approach for achieving an increased model accuracy is to assess
the properties of X-parameters. As discussed earlier in this work, X-parameters
rely on the concept of describing functions and utilize a Taylor series based lin-
earization to allow for a model which is scalable and easy to be implemented.
Based on the describing function approach, several approaches have been pro-
posed to increase the model prediction accuracy. All these approaches rely on
approximation techniques, which try to find a reliable and useful description of
the DUT. One candidate is the Cardiff model, which is already discussed in Sec-
tion 2.4.5. Another approach utilizes Padé approximation, allowing to achieve
higher accuracy compared to X-parameters [101]. However, to stay in the same
modeling and measurement framework, an extension to X-parameters is desired.

It is possible, to extend the Taylor series approximation to higher orders. By
including the second order terms, the so-called QPHD or quadratic PHD model
can be formed [102, 103]. This has the benefit that it is basically an augmentation
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5.1 Model Extraction

of the well-known X-parameters with additional terms. It is formed as

bpk = XF
pk(|a11|)P k

+
∑

(q,l) 6=(1,1)

XS
pk,ql(|a11|)P k−l · aql

+
∑

(q,l) 6=(1,1)

XT
pk,ql(|a11|)P k+l · a∗

ql

+
∑

(q,l) 6=(1,1)

XU
pk,ql(|a11|)P k−2l · a2

ql

+
∑

(q,l) 6=(1,1)

XV
pk,ql(|a11|)P k+2l · a∗2

ql

+
∑

(q,l) 6=(1,1)

XW
pk,ql(|a11|)P k · a∗

ql · aql.

(5.1)

Consequently, the parameters XF , XS, and XT are defined as in Equations (3.2)
and (3.4). The additional second order parameters are derived as

XU
pk,ql =

∂2Fpk

∂(aqlP −l)2

∣

∣

∣

∣

∣

|a11|

=
∂2Fpk

∂a2
ql

∣

∣

∣

∣

∣

|a11|

· P 2l (5.2a)

XV
pk,ql =

∂2Fpk

∂(aqlP −l)∗2

∣

∣

∣

∣

∣

|a11|

=
∂2Fpk

∂a∗2

ql

∣

∣

∣

∣

∣

|a11|

· P −2l (5.2b)

XW
pk,ql =

∂2Fpk

∂(aqlP −l)∂(aqlP −l)∗

∣

∣

∣

∣

∣

|a11|

=
∂2Fpk

∂aql∂a∗
ql

∣

∣

∣

∣

∣

|a11|

. (5.2c)

Due to the introduction of this higher order terms, an increased model prediction
accuracy can be achieved in highly mismatched environments. A similar approach
can be found in the enhanced polyharmonic distortion (EPHD) model [104].

5.1 Model Extraction

For the formulation of the QPHD model, the main intention is to rely on the
same model extraction framework as for X-parameters. Consequently, the offset
phase technique, as discussed in Section 3.4.2, is desired to be utilized. However,
it turns out that using a small-signal ET often leads to an ill-conditioned set of
equations during extraction. Consequently, a robust parameter extraction is not
possible.

Providing a larger ET would allow for a better condition number, but, espe-
cially at the output port, this would require an ET driver amplifier with very
high output power, which is often not available. To overcome this issue, load-pull
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5.1 Model Extraction

Γ
(n)
L,l

b2k

a2l

a11

b1k

Z1k

DUT

Figure 5.1: Block diagram for extracting higher order PHD modeling parameters.

techniques are utilized to emulate the offset phase technique, as shown in the
block diagram in Figure 5.1 [105]. There, a defined mismatch is applied at the
output of the DUT. Due to this mismatch, the non-linear response is reflected
and causes an additional input. This can be written as

a
(n)
2l = b2k · Γ

(n)
L,l . (5.3)

By varying a certain load condition Γ
(n)
L,l , the input wave a

(n)
2l changes, which can

be interpreted as an ET. An example of possible load conditions used for model
extraction is depicted in Figure 5.2. To be able to extract the model, at least six
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L,l
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model extraction loads

model definition load ΓL,M

Figure 5.2: Example of utilized loads for QPHD parameter extraction [105].

different load conditions are necessary due to the increased number of parameters.
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5.1 Model Extraction

Unlike load-dependent X-parameters, the used load conditions are not included
in the model, hence, the QPHD model is defined at the model definition load
ΓL,M = 0. Similar to the offset phase technique, the parameters are extracted by
solving a set of linear equations, which is formed as
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(5.4)

Again, least-squares estimation can be utilized by using an overdetermined set of
equations.

The drawback of this technique is, that at each port and each considered har-
monic, an independent tuner is necessary to provide the desired load conditions.
In practice, this requires extensive measurement hardware, because a full 2-port
harmonic tuning setup would be necessary.

As discussed in Section 4.8, the linear approximation used in X-parameters
is sufficiently accurate in predicting the harmonic response of a DUT in strongly
non-linear operation. Consequently, extracting quadratic terms is only necessary
at the fundamental frequency for the given DUT, hence, a reduced QPHD model
can be formed. This allows to use the same setup, which is used for generating
load-dependent X-parameter models. Furthermore, the increase in model size
is limited. As an example: A 2-port X-parameter model up to the third order
harmonic comprises 79 parameters. Including the second order parameters for
a fundamental frequency ET will add only 18 parameters. This reduced QPHD
model is given as

bpk = XF
pk(|a11|)P k

+
∑

(q,l) 6=(1,1)

XS
pk,ql(|a11|)P k−l · aql

+
∑

(q,l) 6=(1,1)

XT
pk,ql(|a11|)P k+l · a∗

ql

+
∑

XU
pk,21(|a11|)P k−2 · a2

21

+
∑

XV
pk,21(|a11|)P k+2 · a∗2

21

+
∑

XW
pk,21(|a11|)P k · a∗

21 · a21.

(5.5)
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5.2 Accuracy Analysis

5.2 Accuracy Analysis

The accuracy of this reduced QPHD model was investigated for the given DUT.
Therefore, the measurement setup introduced in Section 4.6, was utilized to gen-
erate models as well as verification measurements.

To generate the reduced QPHD model, the load conditions in Figure 5.2
were applied at the output. These load conditions were provided only for the
fundamental frequency, according to the model formulation in Equation (5.5).
To ensure matched harmonic loads, a triplexer based harmonic tuning load-pull
setup was used in the measurements. For the generation of the ET at harmonic
frequencies, the offset phase technique was utilized in order to get the remaining
parameters. The model extraction procedure was implemented in MATLAB.
Additionally, X-parameters and load-dependent X-parameters were gained from
the same device. These were extracted by the used NVNA. The model load
condition was set to ΓL,M = 0 for X-parameters, while for the load-dependent case
ΓL,M was set to 0.53 161.7◦ which is close to the optimum match for maximum
output power for the used DUT at the given frequency.

During the measurements, the DUT was biased with a drain quiescent current
of ID,q = 10 mA, while the excitation frequency was set to 2.5 GHz. Due to the
requirements onto the X-parameter extraction, the input load condition was set
to 50 Ω for the whole frequency range. To determine the model accuracy, veri-
fication measurements were performed. The fundamental load condition at the
output was varied over the tuning range of the used tuner, again using a triplexer
based harmonic tuning load-pull setup. The input power of the CW excitation
signal was set to 32 dBm to ensure highly non-linear operation, while all other
operational conditions remained equal to the model extraction measurements.

As an error metric, the MSE for the drain voltage waveform, as defined in
Equation (4.8), was chosen. It was calculated for the reduced QPHD model,
X-parameters, and load-dependent X-parameters, respectively. The calculated
error contours are depicted in Figure 5.3.

The observed MSE for X-parameters is shown in Figure 5.3a. It can be seen
that for matched and weakly mismatched loads the observed MSE is very low,
while for an increasing magnitude of the output reflection coefficient, the MSE
increases significantly. For the given tuning range of the setup, the maximum
observed MSE was −16.6 dB. For the load-dependent case a similar accuracy is
observed, showing the highest model accuracy around the model load condition
ΓL,M , see Figure 5.3b. Again, for an increasing distance to ΓL,M , the model
prediction error decays rapidly, reaching a maximum of −18.7 dB for the given
tuning range.
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5.2 Accuracy Analysis
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Figure 5.3: MSE of the drain voltage waveform for fundamental frequency load
mismatch.
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5.2 Accuracy Analysis
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Figure 5.3: MSE of the drain voltage waveform for a fundamental frequency load
mismatch.

The MSE error contour for the QPHD model is shown in Figure 5.3c. Similar
to X-parameters, the error is very small for matched and weakly mismatched
loads. However, even for highly mismatched environments, the observed error
remains small, hence, the error spread is also limited. For the given tuning range
of the setup, the maximum observed MSE was −30.7 dB. Consequently, a very
high model accuracy can be achieved for the given DUT.

In Figure 5.4 the measured and predicted drain voltage waveforms are de-
picted, at load conditions, for which the maximum MSE for X-parameters (Fig-
ure 5.4a), load-dependent X-parameters (Figure 5.4b) and QPHD model (Fig-
ure 5.4c) is observed, respectively. The respective load conditions are indicated
in Figure 5.3. It can be seen for all presented results that the QPHD model
prediction shows very good agreement with the measurements. In contrast, the
X-parameter and load-dependent X-parameter model prediction error can clearly
be seen in the presented plots, showing worse accuracy than the QPHD model.
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5.2 Accuracy Analysis
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Figure 5.4: Comparison of the measured and predicted drain voltage waveforms
VD, for load conditions obtaining maximum model error (MSE) for the respective
models.
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5.3 Dynamic Excitation in Quasi-static Approximation

5.3 Dynamic Excitation in Quasi-static Approx-

imation

For many applications it is from interest to be able to predict the response of a
DUT under modulated excitation. Especially for state-of-the-art communication
systems, this involves complex modulation schemes, designed to achieve high data
rates. When assessing such modulation schemes in time domain, typically a time-
varying envelope is observed, hence, dynamic effects are present. Additionally,
inherent dynamic memory effects occur, which influence the DUT’s behavior.
This is an issue, because X-parameters and the QPHD model are not able to
handle memory effects, they only offer a static model of the DUT. However,
it is possible to approximate the dynamic response of a DUT when assuming
quasi-static operational conditions, neglecting the influence of the DUT’s memory
effects [6].

An arbitrary signal a(t), e.g., the signal of a typical state-of-the-art modu-
lation scheme, can be represented by a sum of RF carriers with a time-varying
amplitude. Mathematically, this can be written as

a(t) = ℜ
{

∑

k

ak(t)ej2πfkt
}

, (5.6)

with ak is time-varying envelope of a carrier at the frequency fk. This envelopes
are complex-valued and represented by their amplitude and phase as

ak(t) = |ak(t)|ej ak(t) = |ak(t)| · Pk(t), (5.7)

with P as the phasor, which is introduced in Equation (2.19).
When assuming quasi-static conditions, the output of the DUT can be approx-

imated by applying the static X-parameter mapping to the time-varying input
signal. Consequently, the quasi-static X-parameter response can be determined
by adapting Equation (3.3) to the input in Equation (5.7) as

bpk(t) = XF
pk(|a11(t)|)P (t)k

+
∑

(q,l) 6=(1,1)

XS
pk,ql(|a11(t)|)P (t)k−l · aql(t)

+
∑

(q,l) 6=(1,1)

XT
pk,ql(|a11(t)|)P (t)k+l · a∗

ql(t).

(5.8)

Note that this can easily be adapted in similar fashion for the QPHD model as
well.

A typical example for a time-varying envelope signal is a two-tone excitation.
Here, the input signal consists of two tones at different frequencies f1 and f2,
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5.3 Dynamic Excitation in Quasi-static Approximation

respectively. This signal s(t), using equal signal amplitude for both tones, for
simplicity, can be written as

s(t) = a cos(2πf1t) + a cos(2πf2t) = 2a cos

(

2π∆ft

2

)

cos(2πf0t)

= ℜ






2a cos

(

2π∆f

2
t

)

ej2πf0t







,

(5.9)

with

f0 =
f1 + f2

2
,

∆f = f2 − f1.
(5.10)

Consequently, the time varying envelope is given as

a11(t) = 2a cos

(

2π∆f

2
t

)

, (5.11)

which can be used for determining the quasi-static response of a two-tone excita-
tion by using X-parameters or the QPHD model.

By using the measurement setup discussed in Section 4.6 and the DUT in
Section 4.5, a two-tone measurement was carried out using a tone distance ∆f =
20 kHz. Additionally, X-parameters and a QPHD model were generated from the
same DUT, to analyze the model accuracy for a two-tone excitation under quasi-
static assumption [106]. The measurements were performed at a center frequency
of f0 = 2.6 GHz and a drain quiescent current of ID,q = 10 mA. The time-
varying envelope of the two-tone excitation signal can easily be determined using
Equation (5.11). This allows to get the magnitude |a11(t)| of the time-varying
stimulus, which determines the corresponding X-parameters, see Equation (5.8)
and the phasor P (t), defined by the phase of a11(t). These quantities are shown
in Figure 5.5, where the magnitude of the input is depicted in Figure 5.5a and the
phase in Figure 5.5b. When applied to Equation (5.8), the quasi-static response
of the X-parameter model to this two-tone stimulus can be determined. The
simulated envelope of |b21(t)| is shown in Figure 5.5c. Apart from the larger
amplitude due to the gain of the DUT, it can easily be seen that the shape of the
envelope changes. This is caused by non-linear distortion in the DUT.

Transformed to the frequency domain, the signal envelopes become more
meaningful. The two-tone excitation signal in baseband is depicted in Figure 5.6a,
showing the two input tones symmetrically around the origin. The X-parameter
output in baseband, see Figure 5.6b, shows intermodulation products, which orig-
inate from the non-linear distortion. Due to the relatively high input power level,
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5.3 Dynamic Excitation in Quasi-static Approximation
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(b) Two-tone excitation phase.
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(c) Two-tone X-parameter response envelope.

Figure 5.5: Time-domain envelope for two-tone excitation and corresponding X-
parameter response.

the intermodulation distance is rather small, consequently, strongly non-linear
operation is observed. Note that in Figure 5.6b only intermodulation products
up to the fifth order are depicted. Higher orders are present, but not depicted,
otherwise the plot would get unclear.

To analyze the model accuracy for dynamic excitation analog to the results in
Figures 5.5 and 5.6, the quasi-static X-parameter and QPHD model prediction
are compared to a two-tone power sweep measurement. Therefore, the mea-
sured power level of the two-tone output and the third order intermodulation
product (IM3), over input power, are compared to the model prediction. In the
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5.3 Dynamic Excitation in Quasi-static Approximation
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(b) Two-tone X-parameter response.

Figure 5.6: Two-tone spectrum in baseband around a center frequency of f0 =
2.6 GHz.

measurements, two different load conditions were used: a 50 Ω load, i.e., ΓL,1 = 0
and ΓL,1 = 0.545 −179.4◦.
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Figure 5.7: Measured and modeled result of a tow-tone experiment for ID,q =
10 mA, 20 kHz tone spacing, and a load condition of ΓL,1 = 0 [106].
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5.3 Dynamic Excitation in Quasi-static Approximation

Figure 5.7 shows the result of the first measurement, i.e., ΓL,1 = 0, compared to a
quasi-static X-parameter and QPHD model prediction. It can be seen, that the
model prediction of both models show equal results, with excellent agreement for
the fundamental tone. This is because the load condition for the measurement is
equal to the model definition load ΓL,M for both models. Consequently, only the
non-linear mapping terms are relevant, which are equal for both models. For the
predicted IM3 an error is observed, which is due to the limits of the quasi-static
approximation.

The result for the second measurement, using ΓL,1 = 0.545 −179.4◦, is de-
picted in Figure 5.8. Due to the mismatch to the model load condition, the
spectral mapping terms of the models are utilized, consequently, different model
prediction results are observed. It can be seen that for the fundamental fre-
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Figure 5.8: Measured and modeled result of a tow-tone experiment for ID,q =
10 mA, 20 kHz tone spacing, and a load condition of ΓL,1 = 0.545 −179.4◦ [106].

quency component the QPHD model shows excellent agreement with the mea-
surement, while the X-parameter prediction diverges. Especially in compression,
i.e., PIN = 30 dBm, the X-parameter prediction error reaches 0.54 dB, while for
the QPHD model the error reaches only 0.05 dB. The prediction of the IM3 is
again limited by the quasi-static approximation, however, for high input power
levels the QPHD model shows slightly higher accuracy. Note that for these mea-
surements, a different error metric was used than the MSE. This is because the
waveform of the envelope was not accessible from the two-tone measurement.
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5.4 Summery

5.4 Summery

PHD modeling, utilized for X-parameters, is based on a Taylor series based lin-
earization of the describing functions on an LSOP. This offers a practical non-
linear model, however, when used for highly non-linear and load-sensitive devices,
their accuracy is limited. To overcome this issue, the Taylor series approximation
is expanded to higher orders. Consequently, second order terms are included in
the model to form the so-called QPHD model.

It is desired to be able to generate the QPHD model with the same mea-
surement setup as X-parameters, however, when using the offset phase technique
similar to an X-parameter measurement, it turns out that the resulting set of
linear equations is ill-conditioned in many cases. Consequently, an extraction
technique using load-pull measurements is used. This offers a robust extraction
technique of the QPHD model. The extraction of the quadratic terms was lim-
ited to the fundamental frequency at port 2, firstly, because as already shown in
Chapter 4, X-parameters show high accuracy for harmonic load mismatch and
secondly, only a fundamental frequency load-pull setup is needed. Consequently,
the complexity of the measurement setup remains manageable and the model size
is reduced significantly, hence, a reduced QPHD model is formed.

Verification measurements on a GaN HEMT show that the QPHD model al-
lows to generate a model with high accuracy, even for a large mismatch. This
tackles the limitations of load-dependent X-parameters, where prior knowledge
of the DUT is needed for finding an appropriate model definition load. The
measurements show that the model prediction error has a low spread when deter-
mined for a wide range of different loads, consequently higher order terms of the
Taylor series approximation are not required for the given DUT. Even though,
the measurements were performed in deep compression, i.e. strongly non-linear
operation.

Additionally, the model’s response to a two-tone excitation was analyzed
in quasi-static approximation and compared to verification measurements. It
can be seen that the QPHD model shows significantly higher accuracy than X-
parameters, especially for the predicted response of the fundamental tones. Even
the predicted IM3 shows slightly lower error, however, the quasi-static approxi-
mation limits the model accuracy for dynamic stimulus.
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Chapter 6

Matching Problem

In a design process, models are used to find optimum operational conditions for
a DUT, which fit the requirements on the design as good as possible. One of the
most common issues in RF circuit design is the matching problem.

For a linear DUT solving the matching problem refers as maximizing the power
POUT at the load impedance ZL for a given input power PIN. Consequently, the
goal for solving the matching problem is to find an appropriate load impedance
ZL for achieving maximum power transfer, or equivalently, an appropriate load
reflection coefficient ΓL. For linear DUTs this is well-known and its solution is the
concept of complex conjugate matching. It will be briefly derived in this chapter,
for the sake of completeness.

For non-linear DUTs however, the situation is different. For real-world devices,
physical limits, like how much voltage they can sustain or how much current it
can supply, will influence its behavior [5]. Furthermore, when using active de-
vices such as transistors, the DC power supply has to be considered. This means,
that there exist different solutions for the non-linear matching problem, like max-
imizing the output power or maximizing the efficiency. To solve these problems
principally only empirical solutions can be found, as in load-pull measurements.
However, it is possible to utilize X-parameters to find equivalent solutions for the
non-linear matching problem. Hence, solutions of the matching problem using
X-parameters as well as the QPHD model are discussed as follows. Therefore,
maximizing the output power as well as the efficiency will be discussed.
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6.1 Linear Case

6.1 Linear Case

To solve the matching problem for a linear DUT, it reduces to its most general
form: A simple linear circuit, consisting of a generator with an output impedance
ZG and a load impedance ZL, as shown in Figure 6.1.

ZL

a
b

ref. plane

VL

IL
ZG

VG

ρLρG

Figure 6.1: Generator matching.

As derived in [107, pp. 77,78], the delivered power into the load ZL is given as

POUT =
1

2
ℜ{VLI∗

L} =
1

2
|VL|2ℜ

{

1

ZL

}

. (6.1)

In terms of the generator voltage this can be rewritten as

POUT =
1

2
|VG|2

∣

∣

∣

∣

∣

ZL

ZL + ZG

∣

∣

∣

∣

∣

2

ℜ
{

1

ZL

}

. (6.2)

With ZL = RL + jXL and ZG = RG + jXG, Equation (6.2) can be reduced to

POUT =
1

2
|VG|2 RL

(RL + RG)2 + (XL + XG)2
. (6.3)

When assuming a fixed source impedance ZG, Equation (6.3) has to be stationary
for maximizing the delivered power POUT. As shown in [107, pp. 77,78], to maxi-
mize POUT, Equation (6.3) is differentiated with respect to the real and imaginary
part of ZL, which for the real part leads to

∂POUT

∂RL

= 0 → 1

(RL + RG)2 + (XL + XG)2
+

+
−2RL(RL + RG)

((RL + RG)2 + (XL + XG)2)2
= 0,

(6.4)

or
R2

G − R2
L + (XL + XG)2 = 0. (6.5)

For the imaginary part, it results in

∂POUT

∂XL

= 0 → −2RL(XL + XG)

((RL + RG)2 + (XL + XG)2)2
= 0, (6.6)
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6.2 Non-linear Case

or
RL(XL + XG) = 0. (6.7)

Solving Equation (6.5) and Equation (6.7) simultaneously for RL and XL results
in

RL = RG (6.8a)

XL = −XG, (6.8b)

i.e.,
ZL = Z∗

G, (6.9)

or equivalently
ρL = ρ∗

G, (6.10)

This is the well-known conjugate complex matching condition for achieving max-
imum power transfer.

The concept of conjugate matching is also well-established in practice in find-
ing the optimum load and source impedances in small-signal amplifier design.
If the transistor is considered unilateral, i.e., S12 = 0, maximum power transfer
can be achieved by using S∗

11 and S∗
22 as source and load reflection coefficients,

respectively. This allows to have independent matching networks at the input
and output of a 2-port network. In the general, i.e., bilateral case, the input
and output matching networks depend on each other, hence, the design of both
networks has to be done simultaneously [107, pp. 571,572].

6.2 Non-linear Case

Complex conjugate matching is well established in RF circuit design. How-
ever, when it comes to non-linear circuits the situation becomes tricky. Since
S-parameters cannot be defined for such circuits and non-linear impedances are
hard to determine, a different approach is needed for identifying optimum match-
ing. Furthermore, limits of the generator may influence matching. Traditionally,
empirical solutions like load-pull measurements are used to determine the opti-
mum load and source impedances, as discussed in Section 2.4.1. This allows to
find the desired mode of operation easily for many applications, but performing
load-pull measurements is often time-consuming. Although originally intended
to be used as a measurement tool, load-pull measurements can also be utilized in
a CAD environment, by using an appropriate device model. However, in many
cases a more meaningful solution is desired for the matching problem, similar to
the complex conjugate matching in the linear case. Such a solution can be found
by using X-parameters as well as the QPHD model, which is discussed as follows,
showing results for maximizing the output power as well as the efficiency.
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6.2 Non-linear Case

6.2.1 Maximum Output Power

Output power is the most important figure of merit of a PA. Consequently, it is
desired to be maximum. In the following, it is discussed how this can be achieved
by using PHD modeling based models.

6.2.1.1 X-parameters

It was shown in [108] and [109], that X-parameters can be used to solve the
matching problem. Therefore, the traveling wave description is used, differently
to the derivation of the complex conjugate matching.

When considering a non-linear 2-port, the fundamental output power into the
load at port 2 can be written as

POUT =
|b21|2 − |a21|2

2
. (6.11)

Note that again the notation for the traveling waves introduced in Section 3.1
is used here. For maximizing the power at values of a21, the equation has to be
stationary. Consequently, Equation (6.12) has to be solved.

∂POUT

∂a21

=
∂

∂a21

(

|b21|2 − |a21|2
)

= 0 (6.12)

This equation is general and always true for maximizing the fundamental output
power. To solve the equation with respect to a21, b21 has to be substituted. By
using the fundamental-only X-parameters, Equation (6.12) can be rewritten as

∂

∂a21

(

|XF
21P + XS

21,21a21 + XT
21,21P

2a∗
21|2 − |a21|2

)

= 0. (6.13)

For the differentiation of Equation (6.13) the notation is simplified, in order to
improve its readability. Therefore, XF

21 will be abbreviated as XF , XS
21,21 as XS,

and XT
21,21 as XT . The input wave a21 will be abbreviated as just a and b21 as b.

Consequently, the results of Equation (6.13) lead in simplified notation to

∂P

∂a
=
(

|XS|2 + |XT |2 − 1
)

a∗ + XF XT ∗

P −1+

+ XF ∗

XSP −1 + 2aXSXT ∗

P −2 = 0.
(6.14)

For solving Equation (6.14), Wirtinger calculus is applied [110].Therefore, a and
its complex conjugate a∗ are treated as independent variables for differentiation.
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6.2 Non-linear Case

This allows to form a set of linear equations, which can be written in matrix form
as

(

2XSXT ∗
P −2 |XS|2 + |XT |2 − 1

|XS|2 + |XT |2 − 1 2XS∗
XT P 2

)

·
(

a
a∗

)

=

(

−XF XT ∗
P −1 − XF ∗

XSP −1

−XF ∗
XT P − XF XS∗

P

)

.

(6.15)

Equation (6.15) can now be solved with respect to a, leading to an optimum
solution for maximum output power POUT as

aopt,P = P ·
XF XS∗

(

|XT |2 − |XS|2 + 1
)

+ XF ∗
XT

(

|XS|2 − |XT |2 + 1
)

(

1 − |XS|2 − |XT |2
)

− 4|XS|2|XT |2
(6.16)

The calculation of an optimum for the scattered wave a does not offer a satis-
factory solution for the matching problem. To get a more meaningful result the
optimum load reflection coefficient is determined, similar to the linear case. It is
given as

ΓL,opt,P =
aopt,P

b(aopt,P)
, (6.17)

which can be rewritten by utilizing X-parameters as

ΓL,opt,P =
aopt,P

XF P + XSaopt,P + XT P 2a∗
opt,P

. (6.18)

When applying Equation (6.16) in Equation (6.18), the optimum load can be
expressed as

ΓL,opt,P =
XS∗

(

1 − |XS|2 + |XT |2
)

+
(

|XS|2 − |XT |2 + 1
)

XT e−j2 XF

(

1 − |XS|2 − |XT |2
)

+ 2XSXT e−j2 XF
. (6.19)

This equation is independent from the incident and reflected waves a and b and
only consists of the relevant X-parameters.

As discussed in Section 3.2, the linear S-parameters are a sub-set of X-
parameters. For the linear case (|a11| ≃ 0), the parameters XT ≃ 0. Conse-
quently, Equation (6.19) collapses to

ΓL,opt,P(|a11| ≃ 0) = XS∗ · 1 − XS2

1 − XS2 = XS∗

. (6.20)

Again, the optimum match is determined by the complex conjugate of XS
21,21,

which is equal to S22 in the linear case. Consequently, the concept of complex
conjugate matching, as discussed in Section 6.1, is again proven.
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6.2 Non-linear Case

It is possible to rewrite Equation (6.19) to a more intuitive form [109]. By
reformulation, optimum matching can be written as

ΓL,opt,P = XS∗

21,21 + XT
21,21 · e−j2φ, (6.21)

with

φ = XF
21 +

(

1 − |XS
21,21|2 − |XT

21,21|2
)

+ 2XS
21,21X

T
21,21e

−j2· XF
21 . (6.22)

This result can be interpreted geometrically, as the optimum matching is located
on a circle around the complex conjugate of XS

21,21, with a radius of |XT
21,21|. This is

illustrated in Figure 6.2. In this graph, the optimum load was determined by using

0.5 1 2
0

0.2

0.5

1

2

5

−0.2 −5

3132

33

33

33
33

3
4

34

34

3
5

35

35

POUT contour measured

S∗

22

XS∗

21,21

XS∗

21,21 + |XT
21,21| · ejφ

ΓL,opt,P X-parameters

ΓL,LP,P (POUT,max = 35.8 dBm)

Figure 6.2: Results for the solved non-linear matching problem using X-
parameters measured at PIN = 24.3 dBm, compared to S∗

22 and a load-pull contour
for equal operational conditions.

Equation (6.21), utilizing measured X-parameters with ΓL,M = 0. These results
were gained using the DUT described in Section 4.5 and the measurement setup
in Section 4.6. For the model extraction measurements, the DUT was operated at
a drain quiescent current of ID,q = 10 mA and an input power of PIN = 24.3 dBm.
Furthermore, a load-pull measurement was performed to determine the load-
pull contour for the output power, as well as, the fundamental load condition
for POUT,max, ΓL,LP,P. Therefore, the triplexer based harmonic tuning load-pull
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6.2 Non-linear Case

setup was used to ensure unchanged harmonic terminations. For comparison,
S-parameters were gained from the same DUT using small-signal excitation.

As can be seen in Figure 6.2, the complex conjugate of S22 and ΓL,LP,P differ
strongly, consequently, non-linear operation is satisfied. Due to the fact that
XT

21,21 is non-zero, it can be seen that ΓL,opt,P is on a circle around XS∗

21,21, according
to Equation (6.21). It can be seen that ΓL,LP,P and ΓL,opt,P show good agreement,
however they are not identical. This small error on the prediction of ΓL,opt,P is
caused by the limited model accuracy of X-parameters.

6.2.1.2 Quadratic Polyharmonic Distortion Model

As can be seen in Figure 6.2, X-parameters are suited to provide an easy and
intuitive solution for the non-linear matching problem of a non-linear DUT. How-
ever, as already discussed in Chapter 5, the accuracy of X-parameters is limited
for strongly non-linear DUTs.

It is possible however, to use the QPHD model in an equivalent way as in
Section 6.2.1.1 [106]. Therefore, Equation (6.13) is rewritten as

∂

∂a

(

|XF P + XSa + XT P 2a∗ + XUP −1a2+

+ XV P 3a∗2

+ XW P 1a · a∗|2 − |a|2
)

= 0.

(6.23)

Again, the indices in the notation are removed to increase its readability. Due
to the applied Wirtinger calculus a and a∗ can be treated independently for
differentiation, hence, Equation (6.23) results in

∂P

∂a
=
[

XF XT ∗

P −1 + XSXF ∗

P −1
]

+

+ 2a ·
[

XF XV ∗

P −2 + XSXT ∗

P −2 + XUXF ∗

P −2
]

+

+ a∗ ·
[

XF XW ∗

+ XT XT ∗

+ XSXS∗

+ XW XF ∗ − 1
]

+

+ 2aa∗ ·
[

XSXW ∗

P + XT XV ∗

P −1 + XUXS∗

P −1 + XW XT ∗

P −1
]

+

+ 3a2 ·
[

XSXV ∗

P −3 + XUXT ∗

P −3
]

+

+ a∗2 ·
[

XSXU∗

P + XT XW ∗

P −2 + XV XT ∗

P + XW XS∗

P
]

+

+ 4a3 ·
[

XUXV ∗

P −4
]

+

+ a∗3 ·
[

XW XU∗

+ XV XW ∗

P 2
]

+

+ 2aa∗2 ·
[

XUXU∗

+ XV XV ∗

+ XW XW ∗
]

+

+ 2a2a∗ ·
[

XUXW ∗

+ XW XV ∗

P −2
]

= 0.

(6.24)
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6.2 Non-linear Case

Note, that Equation (6.14) can be derived from Equation (6.24), by setting all
quadratic terms to zero, i.e. XU , XV , and XW .

It can be seen, that using the QPHD model leads to a cubic equation after
differentiation, which is tricky to solve. However, with its complex conjugate,
Equation (6.24) can be rewritten into two equations with two unknown variables
a and a∗, which can be solved. A solution of this set of equations can be carried
out numerically, using e.g. MATLAB. As a consequence of this cubic equation,
multiple solutions are obtained when solving Equation (6.24), which may lead to
ambiguous results for ΓL,opt,P.

An example is shown in Figure 6.3, again using the DUT described in Sec-
tion 4.5 and the measurement setup in Section 4.6. There, ΓL,opt,P gained from a

−0.25 0.5 1 2 5 −5 −3

0.2

0.5

1

2

5

−0.2

−0.5

−1

−2

−5

37

3
8

3838

3939

39

40

40

41

POUT contour measured

ΓL,opt,P X-par. ΓL,M = 0

ΓL,opt,P QPHD ΓL,M = 0

ΓL,LP,P (POUT,max = 41.2 dBm)

Figure 6.3: Results for determining ΓL,opt,P from a QPHD model measured at
PIN = 31 dBm, compared to ΓL,LP,P and ΓL,opt,P for X-parameters gained for
equal operational conditions [106].

QPHD model is compared to ΓL,opt,P gained from X-parameters with ΓL,M = 0
and ΓL,LP,P. For the load-pull measurement, the triplexer based harmonic tuning
load-pull setup was used to ensure unchanged harmonic terminations. All mea-
surements are gained under equal operational conditions, i.e., a drain quiescent
current of ID,q = 10 mA and an input power of PIN = 31 dBm, leading to strongly
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6.2 Non-linear Case

non-linear behavior.
In this graph, all valid solutions for ΓL,opt,P are shown. There are five valid

solutions in this case, since they have to be complex conjugate. It can be seen
that only one obtained value for ΓL,opt,P is inside the unit circle. Consequently,
only one practically relevant solution is present and all others can be neglected.
This residual ”valid” solution shows very good agreement with ΓL,LP,P, the load
condition for achieving maximum output power in the load-pull measurement.
Comparatively, ΓL,opt,P gained from X-parameters do lead to a significant error in
predicting the optimum load. These results are equivalent to the results presented
in Section 5.2, again showing better accuracy for the QPHD model.

Note that compared to the results in Figure 6.2, the input power level was
increased significantly. This was done to illustrate the improved accuracy for
adding quadratic terms. Unfortunately, it is not possible to find a simple analyt-
ical solution as in Equation (6.21) due to the ambiguous results, however, since
only one solution is inside the unit circle for most cases, the QPHD model offers
high accuracy for determining the optimum load condition for maximizing the
output power.

6.2.2 Maximum Efficiency

When talking about PAs, output power is not the only important figure of merit.
Since a PA uses the energy from the DC supply to amplify the RF input signal,
efficiency is always important. Similar to Section 6.2.1, it is possible to solve the
non-linear matching problem for maximizing the efficiency by using X-parameters
as well as the QPHD model, which is discussed as follows.

6.2.2.1 X-parameters

Similar to Equation (6.12), a procedure for maximizing the efficiency has to be
found. The efficiency, in this case the drain efficiency, is defined as

ηD =
PRF

PDC

=
|b21|2 − |a21|2

2VDID

, (6.25)

where VD is the drain voltage and ID is the drain current. Again, fundamental-
only X-parameters are utilized to be able to solve the matching problem. As
discussed in Chapter 3, it is possible to model the DC response by X-parameters.
When considering a constant drain voltage VD the drain current ID can be sub-
stituted using Equation (3.6b), so Equation (6.25) can be rewritten as

ηD =
|XF

21P + XS
21,21a21 + XT

21,21P
2a∗

21|2 − |a21|2

2VD ·
[

XI
2 + ℜ{XY

2,21a21}
] . (6.26)
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6.2 Non-linear Case

Consequently, a formulation in only X-parameters and the incident wave a21 is
found [111]. To maximize the efficiency, this equation has to be stationary, i.e.

∂ηD

∂a21

= 0. (6.27)

By applying Wirtinger calculus [110], a quadratic equation in two variables is
found after differentiation as

−a2
21·(XY

2,21X
S
21,21X

T ∗

21,21)+

a∗2

21·(XY
2,21X

S∗

21,21X
T
21,21 − XY ∗

2,21DP 2)−
a21a

∗
21·(2XY ∗

2,21X
S
21,21X

T ∗

21,21)−
a21·(4XI

2 XS
21,21X

T ∗

21,21)+

a∗
21·(XY

2,21CP 3 − 2XI
2 D2 − XY ∗

2,21BP )+

|XF
21|2XY

2,21P
2 − 2BXI

2 P = 0,

(6.28)

with

B =XF
21X

T ∗

21,21 + XS
21,21X

F ∗

21 (6.29a)

C =XF
21X

S∗

21,21 + XT
21,21X

F ∗

21 (6.29b)

D =|XT
21,21|2 + |XS

21,21|2 − 1. (6.29c)

Since a21 and a∗
21 are treated independently, Equation (6.28) can be rewritten

into two quadratic equations in two independent variables [111]. This set of
quadratic equations can be solved, leading to an optimum incident wave a21,opt,η

for maximizing the efficiency. The result for a21,opt,η will lead to four solutions,
however, since they have to be complex conjugate, only two of them are valid.

It is more intuitive to apply a21,opt,η to X-parameters, similar to Equation (6.18)
and determine an optimum load reflection coefficient as

ΓL,opt,η =
a21,opt,η

b21(a21,opt,η)

=
a21,opt,η

XF
21P + XS

21,21(a21,opt,η) + XT
21,21P

2(a∗
21,opt,η)

.
(6.30)

Again, two solutions for ΓL,opt,η are observed, resulting in maximum efficiency.
However, only one of them is inside the unit circle, hence, only one practically
relevant solution exists. This is shown on an example, illustrated in Figure 6.4.
Therefore, measured X-parameters are generated by using the measurement setup
discussed in Section 4.6 and the DUT described in Section 4.5. For the measure-
ments the DUT was operated at a drain bias current of ID,q = 10 mA, an exci-
tation frequency of f0 = 2.6 GHz, and an input power of PIN = 24.3 dBm, which
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6.2 Non-linear Case
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Figure 6.4: Results for the solved non-linear matching problem for drain efficiency
using X-parameters measured at PIN = 24.3 dBm, compared to a load-pull con-
tour for equal operational conditions [111].

leads to weakly non-linear operation. The measured X-parameters were used to
gain the optimum load reflection coefficient by using Equation (6.30). Addition-
ally load-pull measurements were carried out using the triplexer based harmonic
tuning load-pull setup, to ensure unchanged harmonic terminations. Compared
to ΓL,LP,η, the load reflection coefficient for maximum drain efficiency gained from
the load-pull measurement, one solution for ΓL,opt,η shows very good agreement.
The second solution does not offer a meaningful result, hence, maximum efficiency
can be easily found when using X-parameters.

6.2.2.2 Quadratic Polyharmonic Distortion Model

It has been shown that the QPHD model is suited to predict the optimum
load condition for achieving maximum output power accurately. Consequently,
its usage for predicting maximum efficiency is also from interest. Using the
fundamental-only QPHD model, the outgoing wave b21 can be modeled as

b21 = XF
21P + XS

21,21a21 + XT
21,21P

2a∗
21 + XU

21,21P
−1a2

21

+ XV
21,21P

3a∗2

21 + XW
21,21P

1a21a
∗
21.

(6.31)
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6.2 Non-linear Case

Similar to Equation (6.26), this result can be applied to the drain efficiency, which
is, for constant drain voltage VD, derived as

ηD =
|b21|2 − |a21|2

2VD ·
[

XI
2 + ℜ{XY

2,21a21}
] . (6.32)

Again, a formulation depending only on model parameters and the incident wave
a21 is found. After differentiation and by applying Wirtinger calculus, two quartic
equations in two variables can be identified, which are solvable with respect to
a21. Unfortunately, these quartic set of equations is tricky to solve, hence, it was
solved numerically using MATLAB.
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54
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64
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69

ηD contour measured

ΓL,opt,η X-par. ΓL,M = 0

ΓL,opt,η QPHD ΓL,M = 0

ΓL,LP,η (ηmax = 70.4 %)

Figure 6.5: Results for determining ΓL,opt,η from a QPHD model measured at
PIN = 31 dBm, compared to ΓL,LP,η and ΓL,opt,η for X-parameters gained for
equal operational conditions.
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6.3 Power Sweep Measurement Results

The accuracy of this technique was analyzed on an example. Therefore, X-
parameters and a QPHD model were extracted form the DUT described in Sec-
tion 4.5, while using the measurements setup presented in Section 4.6. In the
model extraction measurements, the DUT was operated at a drain quiescent cur-
rent of ID,q = 10 mA, an excitation frequency of f = 2.6 GHz, and an input power
of PIN = 31 dBm, which leads to strongly non-linear operation. Additionally, a
load-pull measurement was performed using equal operational conditions, serv-
ing as a verification measurement to identify its optimum load condition ΓL,LP,η.
Therefore, the triplexer based harmonic tuning load-pull setup was used to ensure
unchanged harmonic terminations. In Figure 6.5 the gained results are compared.
There, the optimum load reflection coefficient determined from the load-pull mea-
surements ΓL,LP,η, the results for ΓL,opt,η for X-parameters, and ΓL,opt,η for the
QPHD model are shown. As discussed in the previous section, the X-parameter
based result leads to two solutions, with one of them way outside the unit circle.
The second solution is close to ΓL,LP,η, leading only to a slight error in predicting
the optimum load. The QPHD model based result shows a slightly better agree-
ment with the measurement, however, multiple solutions are obtained due to the
quartic equation. Similar to X-parameters, only one of the solutions is inside the
unit circle, hence, the single practically relevant solution can easily be identified.

6.3 Power Sweep Measurement Results

To analyze the accuracy of the calculated optimum load conditions, measured
X-parameters and QPHD models were used, respectively. These were gained
using the measurement setup presented in Section 4.6 and the DUT discussed
in Section 4.5 [106]. To get different operational conditions, two different bias
conditions were chosen in the measurements. Firstly, a class B operation with a
drain quiescent current of ID,q = 10 mA and secondly, a class A operation with
ID,q = 500 mA. The input power was varied in a range of −15 . . . +32.5 dBm
available input power, in order to obtain different degrees of non-linearity. All
measurements were performed at a fundamental frequency of 2.6 GHz and a fixed
source impedance of 50 Ω.

Using the stated operational conditions X-parameters, load-dependent X-
parameters, and QPHD models were generated. Additionally, small-signal S-
parameters were measured of the same DUT. All the presented X-parameters
were generated by the NVNA, the QPHD models were extracted as discussed in
Section 5.1.

Using the generated models, the optimum load reflection coefficients ΓL,opt,P

and ΓL,opt,η were calculated. These were compared to load-pull measurements,
specifically the identified optimal load conditions ΓL,LP,P and ΓL,LP,η, performed
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6.3 Power Sweep Measurement Results

on the same DUT under equal operational conditions as for the model extraction
measurements. Therefore, the triplexer based harmonic tuning load-pull setup
was used to ensure unchanged harmonic terminations.

6.3.1 Maximum Output Power

By applying the extracted models to the presented techniques in Section 6.2.1,
the optimum load conditions for maximizing the output power can be identified.
In Figure 6.6 the results for ID,q = 10 mA are compared. It can be seen that

1 2 5
0

0.2

0.5

5

−0.2

−0.5

−1

−2

−5

|a11| increasing

ΓL,opt,P X-par. ΓL,M = 0

ΓL,opt,P X-par. ΓL,M = 0.67 167◦

ΓL,opt,P QPHD ΓL,M = 0

ΓL,LP,P load-pull max. POUT

S∗

22

Figure 6.6: Optimum load condition for obtaining maximum output power at
ID,q = 10 mA and increasing input power, calculated from a 50 Ω X-parameter,
load-dependent X-parameter, and a QPHD model. The results are compared to
load-pull measurements and S∗

22 [106].

for low input power levels, i.e., PIN = −15 dBm, the optimum load conditions
determined by the load-pull measurements ΓL,LP,P, as well as all calculated values
for ΓL,opt,P, are equal and very close to S∗

22. Consequently, linear operation is
satisfied. For increasing input power levels (or equivalently increasing |a11|),
the gained values for ΓL,opt,P and ΓL,LP,P move counter-clockwise away from S∗

22.
Hence, the behavior of the DUT becomes increasingly non-linear. It can be
seen that especially for 50 Ω X-parameters (ΓL,M = 0), the calculated values
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6.3 Power Sweep Measurement Results

for ΓL,opt,P diverge increasingly from ΓL,LP,P. For very high input power levels,
i.e., strongly non-linear operation, 50 Ω X-parameters fail to predict optimum
matching according to Equation (6.21). Load-dependent X-parameters, with in
this case ΓL,M = 0.67 167◦, offer higher accuracy, but depend strongly on the
model definition load ΓL,M. Hence, prior knowledge of the behavior of the DUT
is required to get an accurate value for ΓL,opt,P.

For the QPHD model, however, the prediction of ΓL,opt,P shows very good
agreement with ΓL,LP,P. This is even true for strongly non-linear operation.
Compared to load-dependent X-parameters, optimum matching can be found
accurately without any prior knowledge of the behavior of the DUT. Note that
only the practically relevant solutions are shown in this graph.

Similar results can be observed for ID,q = 500 mA, with the difference, that
ΓL,opt,P doesn’t change too much for increasing input power levels. This is shown
in Figure 6.7. Note that S∗

22 seems slightly offset in this graph. However, for very

1 2 5
0

0.2

0.5

1

2

5

−0.2

−0.5

−1

−2

−5

|a11| increasing

ΓL,opt,P X-par. ΓL,M = 0

ΓL,opt,P X-par. ΓL,M = 0.67 167◦

ΓL,opt,P QPHD ΓL,M = 0

ΓL,LP,P load-pull max. POUT

S∗

22

Figure 6.7: Optimum load condition for obtaining maximum output power at
ID,q = 500 mA and increasing input power, calculated from a 50 Ω X-parameter,
load-dependent X-parameter, and a QPHD model. The results are compared to
load-pull measurements and S∗

22 [106].

low input power levels, i.e., linear operation, the calculated values for ΓL,opt,P

are equal to S∗
22. The offset is in the gained optimum load conditions from the
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6.3 Power Sweep Measurement Results

load-pull measurements ΓL,LP,P, for very low low input power levels. There, the
maximum is hard to determine because the load-pull contour is very flat. For
increasing input power levels, ΓL,LP,P can easier be determined, due to the steeper
contour. Similar to Figure 6.6, it can be seen that the QPHD model shows very
good agreement with the load-pull measurements, while X-parameters are only
accurate for low input power levels.

6.3.2 Maximum Efficiency

Similar as in Section 6.3.1, the optimum load reflection coefficients for efficiency
ΓL,opt,η are compared to load-pull verification measurement results, i.e. ΓL,LP,η.
In Figure 6.8, the results for ID,q = 10 mA are compared. It can be seen that for
very low input power levels (or equivalently low levels for |a11|), the measured
results for ΓL,LP,η are accumulated at about the same value. This is because of the

1 2 5
0

0.2

0.5

5

−0.2

−0.5

−1

−2

−5

|a11| increasing

ΓL,opt,η X-par. ΓL,M = 0

ΓL,opt,η X-par. ΓL,M = 0.55 −179.4◦

ΓL,opt,η QPHD ΓL,M = 0

ΓL,LP,η load-pull max. POUT

Figure 6.8: Optimum load condition for obtaining maximum efficiency at ID,q =
10 mA and increasing input power, calculated from a 50 Ω X-parameter, load-
dependent X-parameter, and a QPHD model. The results are compared to load-
pull measurements.

limited tuning range of the measurement setup, limiting the interpolated results
for ΓL,LP,η to the highest achievable reflection coefficient of the setup. Similar to
the results for output power, the optimum load condition moves counter-clockwise
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6.3 Power Sweep Measurement Results

for increasing input power levels. It can be seen that ΓL,opt,η, calculated for
X-parameters and load-dependent X-parameters, shows very good agreement
with the measurement, however, for very high input power levels both models
lead to a slight error in predicting the optimum load condition for efficiency.
Comparatively, the QPHD models leads to a slightly higher accuracy for high
input power, but offers lower accuracy for lower input power levels. This is due
to numerical issues during the calculation. The quadratic parameters are very
small for low input power levels, causing imprecision in the model extraction
procedure as well as when solving for ΓL,opt,η. Note that in this graph only the
practically relevant solutions are shown.

Similar results can be seen in Figure 6.9, showing the equivalent results for
ID,q = 500 mA. Again, the optimum load conditions for efficiency show less de-

0.2 1 2 5
0

0.2

0.5

5

−0.2

−0.5

−1

−2

−5

|a11| increasing

interpolation artifacts

ΓL,opt,η X-par. ΓL,M = 0

ΓL,opt,η X-par. ΓL,M = 0.55 −179.4◦

ΓL,opt,η QPHD ΓL,M = 0

ΓL,LP,η load-pull max. POUT

Figure 6.9: Optimum load condition for obtaining maximum efficiency at ID,q =
500 mA and increasing input power, calculated from a 50 Ω X-parameter, load-
dependent X-parameter, and a QPHD model. The results are compared to load-
pull measurements.

viation. Note, that for very low input power levels an accurate determination of
ΓL,LP,η is tricky, because of the very flat load-pull contour. This causes interpo-
lation artifacts in this graph.
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6.4 Prediction of Load-pull Contours

6.4 Prediction of Load-pull Contours

As discussed previously, load-pull contours were traditionally used to determine
optimum matching. Although being primarily a measurement technique, it is
also possible to determine load-pull contours using models in a CAD environ-
ment. Therefore, the load condition is varied empirically, while determining the
optimum load by using interpolation techniques.

In Figure 6.10 the modeled load-pull contours are compared to verification
measurements. Therefore, the contours for output power POUT and drain ef-
ficiency ηD are determined. A comparison of the contours for output power,
gained from the measurement and the X-parameter prediction, is shown in Fig-
ure 6.10a. For all the measurements, the DUT and measurement setup discussed
in Section 4.5 and Section 4.6 were used, respectively. The drain quiescent current
was set to ID,q = 10 mA and the available input power to PIN = 31 dBm for 50 Ω
source impedance. The frequency of the CW input signal was set to 2.6 GHz and
all models and verification measurements were measured under equal operational
conditions. For the load-pull measurements, the triplexer based harmonic tuning
load-pull setup was used to ensure unchanged harmonic terminations.

It can be seen that the gained contour leads to an error both in the predicted
maximum output power and the optimum load reflection coefficient. These re-
sults are similar to the observed ones shown in Figure 6.6. Comparatively, the
QPHD model based contour is almost identical to the measurement, as shown in
Figure 6.10b.

The predicted drain efficiency contour for X-parameters in comparison with
the measurement is shown in Figure 6.10c and the corresponding plot for the
QPHD model in Figure 6.10d. These results are similar to Figure 6.8. Although
both models lead to a slight error in predicting the optimum load condition, it can
be seen that the QPHD model shows a significantly higher prediction accuracy for
the maximum efficiency value. Equivalent results are observed for ID,q = 500 mA,
as depicted in Figure 6.11.
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6.4 Prediction of Load-pull Contours
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Figure 6.10: Measured load-pull contours for POUT and ηD, compared to X-
parameters (ΓL,M = 0) and a QPHD model (ΓL,M = 0) prediction for ID,q = 10 mA
and PIN = 31 dBm [106].
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6.4 Prediction of Load-pull Contours
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Figure 6.11: Measured load-pull contours for POUT and ηD, compared to X-
parameters (ΓL,M = 0) and a QPHD model (ΓL,M = 0) prediction for ID,q =
500 mA and PIN = 30.9 dBm.
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6.5 Summary

6.5 Summary

Solving the matching problem is crucial in RF circuit design. While there is
an analytical solution for linear circuits, i.e., the well-known concept of complex
conjugate matching, non-linear DUTs typically rely on empirical solutions like
load-pull measurements.

It is possible however, to solve the matching problem analytically using X-
parameters. This leads to a closed-form solution for the load condition, necessary
for achieving maximum power transfer to the load. Since X-parameters are a
superset of S-parameters, this closed-form solution collapses to the complex con-
jugate matching when applied to a linear DUT. Applied to a non-linear DUT,
the accuracy of this solution is limited to the accuracy of X-parameters. Hence,
when applied to strongly non-linear DUTs, it fails to predict the correct load
condition for maximum output power.

A similar approach can be applied to the QPHD model as well. Since quadratic
terms are involved, a simple closed-form solution cannot be found. However, it
is possible to find a numerical solution for a given QPHD model. This leads
to ambiguous results due to the quadratic terms, but, it can be shown that
typically only one solution for the calculated reflection coefficient is inside the
unit circle, hence, only one practically relevant solution exist. Similar to the
results in Chapter 5, the result shows high accuracy, which was verified using
load-pull measurements.

This approach is not limited only for determining the optimum load condition
for maximizing the output power, but also for efficiency. Therefore, the DC
parameters in the X-parameter model can be utilized. For using X-parameters,
this leads to a set of quadratic equations, which can easily be solved numerically.
Again, only one solution is inside the unit circle. This allows to predict the
load condition for maximizing the efficiency with good accuracy. Furthermore,
the QPHD model can be utilized, increasing the accuracy for strongly non-linear
DUTs.

To conclude this chapter, simulated load-pull contours using X-parameters
and the QPHD model were carried out and compared to verification measure-
ments. It was demonstrated that the QPHD model allows to predict optimum
load conditions for efficiency and maximum output power with very good agree-
ment with actual load-pull measurements. This leads to similar results as for
calculating ΓL,opt,P and ΓL,opt,η. However, it can be seen that the QPHD model
offers higher accuracy for predicting the maximum values for output power and
efficiency for the used DUT in strongly non-liner operation.
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Chapter 7

Conclusion

This thesis discussed the modeling of non-linear RF components by using a
black-box behavioral modeling approach based on PHD modeling. In contrast
to physics-based or equivalent circuit models, behavioral models enable a com-
prehensive description of a DUT, without any knowledge of its inner workings.
These allow to formulate a model solely on input/output relations on the DUT’s
ports. Due to their more intuitive interpretation and easier implementation in an
RF circuit simulation environment, frequency-domain behavioral models are de-
sired, especially when it comes to RF circuit design. Due to its close relationship
to S-parameters, PHD modeling emerged. It offers a superset of S-parameters
for describing non-linear DUTs while staying in the traveling waves description
framework. The most important and most widely used implementation of PHD
modeling are X-parameters. Apart from the model itself, they come with a com-
prehensive measurement framework, i.e. the Keysight PNA-X. This NVNA allows
to extract X-parameters, similar to S-parameters and the VNA.

In this thesis the modeling performance of X-parameters and PHD modeling
in general were analyzed. Therefore, measured models were compared to veri-
fication measurements over a wide range of different modes of operation. The
model extraction measurements as well as the verification measurements were
performed by a Keysight N5247A PNA-X. A load-pull setup was included to
enable load-dependent X-parameter measurements. As a DUT, a commercially
available GaN HEMT was chosen, the CREE CGH40010F. This DUT was oper-
ated in various different modes of operation, which were achieved by varying the
gate bias voltage and by different types of excitation signals. The chosen DUT
is a 10 W device, which exceeds the power handling capabilities of the NVNA.
Consequently, the test-set was expanded to a high power configuration. Using
this setup and DUT, models and verification measurements were gained, which
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determined the accuracy of the model prediction.
Due to expansion to the high power setup and the presence of tuners, the strict

requirements on the stimulus for an X-parameter measurement were violated. An
extraction of the model, while using such a setup, would have caused an inherent
systematic error, consequently, a correction was applied by using the model itself.
This systematic model error was analyzed by an harmonic load mismatch during
the model extraction measurements. It was shown that the MSE on the drain
voltage waveform was reduced by more than 6 dB by applied correction, limiting
the MSE to MSE < −34 dB.

It has been shown in this thesis, that especially load-dependent X-parameters
allowed to accurately predict the behavior of the DUT, even in strongly non-
linear operation. Especially a harmonic load mismatch was modeled accurately,
with an MSE < −31 dB. However, for the fundamental frequency, the chosen
DUT showed a highly load-sensitive behavior. Consequently, load-dependent
X-parameters failed to model the DUT accurately. An increased accuracy was
achieved by utilizing load-dependent X-parameters on a grid, but therefore inter-
polation techniques were required. As shown in this thesis, different interpolation
techniques exist, which showed differing results.

By the introduction of quadratic terms to the PHD modeling approach, the
QPHD model was formed. This allowed to achieve better accuracy for load sensi-
tive DUTs. It was shown in this thesis, that when the DUT was operated in deep
compression, the QPHD model allowed to predict the drain voltage waveform
with an MSE < −30.7 dB, while X-parameters and load-dependent X-parameters
showed an MSE < −16.6 dB and MSE < −18.7 dB, respectively, for the given
tuning range. In addition to the CW excitation, the model accuracy was ana-
lyzed by a dynamic excitation, where a two-tone stimulus was utilized. Although
a static model, the model prediction was carried out by assuming quasi-static
conditions. Consequently, the simulation was performed in the envelope domain.
For the results in this thesis, two different load conditions were used, while deter-
mining the model prediction response. Compared to verification measurements,
it was shown that the QPHD model’s prediction showed higher accuracy, for
both the fundamental tone and the third order intermodulation products. The
improved accuracy was therefore demonstrated well. However, extraction the
QPHD model turned out to be challenging, because the offset phase technique
lead to an ill-conditioned set of equations in many cases. A more robust approach
for the model extraction was found by utilizing load-pull techniques. This mim-
icked the offset phase technique by applied mismatches at the DUT’s ports. Since
it was already shown that X-parameters performed well at harmonic mismatches,
quadratic terms were only introduced for the fundamental load condition, which
lead to a reduced QPHD model. This was able to accurately predict the behavior
of the chosen DUT over a wide range of operation.
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By using the introduced models, one of the most important problems in RF
engineering was analyzed in this thesis, the non-linear matching problem. There-
fore, an analytical solution was identified for the load condition for achieving
maximum output power by using X-parameters. A similar solution was pre-
sented for the QPHD model, but, due to the presence of the quadratic terms
only numerical solutions could be calculated, where multiple solutions were ob-
tained. It was shown however, that only one of the solutions was inside the
unit circle, hence, only one practically relevant solution existed. The calculated
solutions for X-parameters and the QPHD model were compared to verification
load-pull measurements, which showed that especially the QPHD was able to pre-
dict the optimum load conditions for maximizing the output power accurately.
It was demonstrated in this thesis that a solution for the drain efficiency using
X-parameters and QPHD model can be derived. This was done by the introduc-
tion of the drain current in the model, while constant drain voltage was assumed.
For predicting the load condition for maximizing the efficiency, multiple solutions
were obtained for both X-parameters and the QPHD model. However, again only
one of them was inside the unit circle, i.e. practically relevant. The accuracy of
this calculated solution was analyzed by comparing them to load-pull verification
measurements, which showed good agreement, especially for the QPHD model.
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