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Abstract

Interactions of gas-phase molecules with surfaces are at the heart of many fascinating
phenomena and commercial applications. First-principles computational models are cru-
cial since they provide an insight into the physical and chemical mechanisms involved.
The most popular computational method for such problems is density functional theory
due to its good trade-off between accuracy and computational cost. However, fun-
damental limitations exist in the most widely-used approximate exchange-correlation
functionals. Quantum chemical methods constitute a hierarchy that allows for a sys-
tematically improvable treatment of quantum many-body effects. However, the steep
polynomial scaling of such methods with system size often prohibits their application to

molecule—surface systems.

In this work, a periodic quantum chemical framework is presented, applicable to molecule—
surface systems, using a canonical periodic coupled-cluster theory implementation and a
plane-wave basis set. A compact representation of the two-electron integrals within the
projector augmented wave method is summarized. A separable tensor factorization of
the integrals is introduced, reducing the computational cost of periodic coupled-cluster
calculations. A procedure to use atom-centered Gaussian basis functions in a plane-wave
representation is outlined. These functions are employed as virtual orbitals for corre-
lated calculations. A key advantage is the need of much fewer orbitals than when using
the full plane-wave basis to approach the complete basis set limit. The slow conver-
gence of wave-function correlated methods with respect to the system size for periodic
surfaces is addressed via an interpolation technique of the structure factor resulting in

thermodynamic limit results with an exceptional efficiency.

Periodic coupled-cluster theory is applied to a number of prototypical molecule—surface
systems. Water adsorption on lithium hydride is investigated with periodic quantum
chemistry and results are compared to different electronic-structure methods, such as
density functional theory and quantum Monte Carlo techniques, yielding an excellent
agreement between higher levels of theory. Physisorption of water on two-dimensional
materials, such as graphene and h-BN, is studied with coupled-cluster theory, addressing
long-range dispersion interactions. The results of different wavefunction-based methods
agree very well, making it possible to benchmark different electronic-structure methods.
Finally, dissociative adsorption of molecular hydrogen on silicon surface is considered

in two different reaction paths. Using the aforementioned methods it is found that the
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adsorption barrier for the two reaction paths are very similar, in excellent agreement with

experimental estimates and in contrast to previous density-functional and correlated

calculations.
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Zusammenfassung

Die Wechselwirkung zwischen Gasphasenmolekiilen und Oberflachen spielt eine wichtige
Rolle in vielen physikalischen Prozessen und kommerziellen Anwendungen. Ab-initio-
Berechnungen sind von entscheidender Bedeutung, da sie einen Einblick in die beteiligten
physikalischen und chemischen Mechanismen ermoglichen. Das am haufigsten verwen-
dete Naherungsverfahren zur Losung der Schrédinger-Gleichung fiir Mehr-Elektronen-
systeme basiert auf der Dichtefunktionaltheorie (DFT) und zeichnet sich durch einen
guten Kompromiss zwischen Genauigkeit und Rechenaufwand aus. Grundlegende Ein-
schrankungen ergeben sich jedoch durch die verwendeten Naherungen im Austauschkor-
relationsfunktional. Im Gegensatz dazu bilden quantenchemische Methoden eine Hierar-
chie, welche eine systematische Beschreibung der Quanten-Vielteilchen-Effekte ermoglicht.
Der vergleichsweise hohe Rechenaufwand dieser Methoden skaliert polynomiell mit der

Systemgrofle und erschwert ihre Anwendung auf Molekiil-Oberflachensysteme.

Diese Dissertation befasst sich mit der Implementierung und Anwendung von quanten-
chemischen Vielteilchen-Methoden mit periodischen Randbedingungen und einer Ebenen-
Wellen-Basis. Die kanonische Coupled-Cluster-Methode wird zur Berechnung von
Molekiiloberflichensystemen verwendet. Die Berechnung der Zwei-Elektronen-Integrale
im Rahmen der Projektor-Augmented-Wave-Methode wird zusammengefasst. Zur Re-
duktion des Rechenaufwands wird eine Tensorfaktorisierung der Integrale vorgestellt.
Fin Verfahren zur Projektion von atomzentrierten Gaufischen Basisfunktionen in eine
Ebene-Wellen-Basis wird ebenfalls beschrieben. Es wird gezeigt, dass sich mit diesen
Ein-Teilchen-Wellenfunktionen Reaktions- und Adsorptionsenergien besonders effizient
berechnen lassen. Die langsame Konvergenz von Grundzustandsenergien in Bezug auf
die SystemgroBe fiir periodische Oberflaichen wird mittels einer Interpolation des Struk-

turfaktors signifikant beschleunigt.

Im Rahmen dieser Dissertation werden Adsorptionsenergien von prototypischen Molekiil-
Oberflachensystemen mit Hilfe der Coupled-Cluster-Methode berechnet. Die Wasserad-
sorption an Lithiumhydrid wird untersucht und die Ergebnisse werden mit verschiede-
nen Niherungsverfahren verglichen. Die Ubereinstimmung zwischen den hochgenauen

wellenfunktionsbasierten Methoden ist ausgezeichnet. Die Physisorption von Wasser an
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zweidimensionalen Materialien wie Graphen und A-BN wird ebenfalls mit der Coupled-
Cluster-Methode untersucht, wobei langreichweitige Dispersionswechselwirkungen einge-
hend behandelt werden. Die berechneten Adsorptionsenergien unterschiedlicher wellen-
funktionsbasierter Methoden stimmen sehr gut iiberein, wodurch sich ein zuverldssiger
Benchmarkwert ergibt. Schliefflich wird die dissoziative Adsorption von molekularem
Wasserstoff an der Siliziumoberfliche auf zwei verschiedenen Reaktionswegen betra-
chtet. Unter Verwendung der oben genannten Verfahren wurde festgestellt, dass die
Adsorptionsbarriere fiir die beiden Reaktionswege sehr dhnlich ist, was ausgezeichnet
mit experimentellen Schéitzungen iibereinstimmt und fritheren DFT Ergebnissen wider-

spricht.
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Chapter 1

Introduction

A vast wealth of properties of atoms, molecules, and materials predominantly originate
from the interacting electrons, moving in the electric field of the nuclei. This correlated
motion of the electrons in molecules and solids leads to a variety of phenomena that
are observed in nature and are of great importance in present-day technological ad-
vancements. Such phenomena include molecule—surface interactions and crystal phase
transitions among others. Modern experimental techniques, such as ultra high-vacuum,
diffraction techniques, electron and ion scattering spectroscopy, and scanning tunneling
microscopy, allow the study of well-defined solids, surfaces and molecules in a controlled

environment, often on an atomic level.

Quantum chemistry and electronic structure theory, on the other hand, has emerged as
an indispensable tool for investigating such problems in chemistry and physics. With re-
cent developments in the computational methods and recent advancements in supercom-
puters quantum chemistry is today routinely applied to compute and predict structures,
spectroscopic parameters, as well as reaction barriers for moderate-sized molecular com-
plexes. For extended systems, however, like solids and surfaces approximate methods,
such as density functional theory in the framework of approximate functionals, have
dominated the field due to a favourable balance of computational cost and accuracy.
Although exact in theory, practical density functional theory calculations use approx-
imations that are far away from being error-free. Validation of these approximations

against more accurate methods is an ongoing research in the field of quantum chemistry.

In spite of this increasing importance of computational quantum chemistry in the field of
chemistry and physics this work is devoted to the implementation of quantum chemical
wavefunction-based methods for periodic systems. The aim of this thesis is to present a
computationally affordable, yet accurate, framework for quantum chemical calculations

in solids and surfaces, thus extending the predictive power of electronic structure theory.

1
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Chapter 2

Interacting electrons in Molecules
and Solids

An important goal of modern electronic structure theory is the ab-initio description of
a molecule or solid and the accurate prediction of its properties. Ab-initio quantum
chemical methods aim at obtaining accurate solutions of the Schrédinger equation in
order to yield useful information such as electron densities, energies and other properties
of the system. In this chapter the electronic Hamiltonian within the Born—Oppenheimer
approximation will be introduced, whereby the many-electron Schrodinger equation is

decoupled from the motion of the nuclei.

2.1 The Hamiltonian

A molecule or a solid is a system of interacting nuclei and electrons and is described by

the following Hamiltonian

H= Tel + Tnuc + Velfnuc + ‘/elfel + Vnucfnuc ) (21)

where Ty and Thye is the kinetic energy operator of the electrons and the nuclei, respec-
tively. Velel, Viuc-nuc, and Vinue describes the electrostatic interaction potential of the
electrons, the nuclei, and between them, respectively. In principle the only remaining

task is to solve the corresponding time-independent Schrodinger equation

A~

HU,(r,R) = £V, (r,R) , (2.2)

with the appropriate symmetry for the wavefunction.
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Interacting electrons in Molecules and Solids 4

2.1.1 Born—Oppenheimer approximation

The electron—nuclear Schrédinger equation for a molecule or solid is highly dimensional
and thus practically impossible to be solved analytically. Thus, approximations that
significantly simplify the theory have to be employed, without seriously affecting the
accuracy or the qualitative description of the system. The most fundamental one is
the Born—Oppenheimer approximation [1], which allows the decoupling of the electronic
and nuclear motion. Because the mass of the nuclei is 10* — 10° times larger than the
mass of an electron one may assume that electrons adapt to the motion of the nuclei

instantaneously. It is therefore convenient to recast the Hamiltonian into the form
H=HY 4 T (2.3)
where Thye is the nuclear kinetic energy and the electronic part is defined as
HY = T + Vernue + Verel + Pruenue » (2.4)

where the nuclear—nuclear repulsion energy Fypycnuc is included into the electronic Hamil-
tonian. Consequently the total wavefunction may be decomposed into its electronic and

nuclear components

U, (r,R) = U (r[R)®,(R) . (2.5)

For a set of fixed nuclear coordinates {R} we are therefore interested into solving the

electronic Schrodinger equation

HETE (rR) = £DTE (r[R) . (2.6)

2.2 The many-electron Schrodinger equation

Although the Born—Oppenheimer approximation simplifies the problem, obtaining ap-
proximate, yet accurate, solutions for the many electron Schrodinger equation is still a
formidable task. In what follows the electronic Hamiltonian will be denoted by 7:[, and
U(r) refers to the many-electron wavefunction. The non-relativistic electronic Hamil-
tonian, within the Born—Oppenheimer approximation and using Hartree atomic units

(a.u.) has the form

A=Y Vi S W) - (27)

Tij
%#J J
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Interacting electrons in Molecules and Solids 5

where ¢ and j are indices that run over all N electrons. The corresponding time-

independent Schrédinger equation reads
HU,(r) = £V, (r) | (2.8)

where the index n refers to the n-th solution with ¥, (r) and &, being the many-electron
eigenstates and eigenenergies respectively. The first term of the electronic Hamiltonian
H is the kinetic energy of the electrons, the second is the electron—nuclear electrostatic
attraction via the Coulomb potential, and the last term represents the electron—electron

Coulombic repulsion. The electron—nuclear attraction has the form
Zo,
Wn(r) = _ 2.9
0= m (2.9)

where R, are the nuclear positions and Z, the nuclear charge of the a-th nuclei. The
last term in Eq. (2.7) is a two-electron operator that prohibits the reduction of the

many-electron problem to a set of independent particle problems.
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Chapter 3

Electronic structure theory of

many-body systems

Since the solution of the many electron Schrodinger equation is a formidable task for
any but the systems with very few electrons, approximate methods are needed. In this
Chapter important approximate methods to deal with an ab-initio molecular or solid

electronic Hamiltonian are discussed.

3.1 Density Functional Theory

Among the many methods to solve the many-electron Schrédinger equation, density
functional theory (DFT) [2] is nowadays the most popular approach for electronic struc-
ture calculations of solids and large molecular complexes due to its good trade off be-
tween accuracy and computational cost. The basic variable in DFT is the electronic
density rather than the many-electron wavefunction. DFT is based on two theorems
by Hohenberg and Kohn [3]. The first states that the electronic ground state density
n(r) of a many-electron system in an external potential Vx(r) determines this potential
uniquely. The second theorem of Hohenberg and Kohn [3] states that the ground-state
energy can be obtained by the minimization of a functional E[n(r)] with respect to the

electron density n(r).

E[n(r)] = /VN(r)n(r)dr + Fn(r)] , (3.1)

where Vx(r) is the external potential of the nuclei and F[n(r)] a universal functional, in
the sense that is system independent, that includes the kinetic energy of the electrons

as well as their Coulombic repulsion. Kohn and Sham [4] proposed the idea of replacing
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Electronic Structure Theory of many-body systems 8

the interacting electronic system with a non-interacting one with the same electronic
density n(r). The electron density can then be written in terms of one-electron orbitals

of the fictitious non-interacting system
= @), (3:2)
i

where ¢ runs over all occupied one-electron orbitals v;(r). This enabled them to write

the Hohenberg—Kohn energy functional in the following form [4]

Z/% (r) V24 ( )dr+/VN r)dr+= // nr)n() jear +Eyc[n(r)],

(3.3)
where the first term represents the kinetic energy T[{¢Z|n(r)}] of the non-interacting
system with electron density n(r), the second term the interaction with the electrostatic
potential of the nuclei, the third term the Hartree energy Ep[n(r)], representing the
classical electrostatic repulsion of two charge densities, and the last term is the so-
called exchange and correlation (XC) energy, which represents the remaining error to

the energy functional and is defined as

Exe[n(r)] = Fln(r)] = T[{¢i|n(r)}] — Euln(r)] . (3-4)

Kohn and Sham showed that the minimization of the energy functional of Eq. (3.3) leads

to a set of self-consistent equations [4] that lead to the ground state density and energy

(=572 Vo) Vi) + i) ) ) = e 35)

where Vi is the nuclear electrostatic potential

) = ,RZ_‘ , (3.6)

«

V41 is the Hartree potential

Thus far Kohn—Sham DFT represents an exact mathematical framework for solving the

many-electron Schrédinger equation from an electronic density viewpoint. Although
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Electronic Structure Theory of many-body systems 9

formally exact, the XC energy functional is an unknown quantity that has to be approx-

imated. The simplest approximation is to assume a local form for the XC functional

Ey[n(r)] = /6XC(I‘, [n(r)])n(r)dr , (3.9)

i.e., the functional depends locally on the density n(r). One of the first and best-known
approximations is the local density approximation (LDA). exc(r, [n(r)]) is the XC en-
ergy per particle of the uniform electron gas (UEG) with density n. The exchange part
is well known, whereas the first accurate approximation for the correlation part of the
functional was given by Ceperley and Alder [5, 6], obtained by accurate quantum Monte
Carlo (QMC) techniques. It is apparent that the LDA is reasonably accurate when the
electronic density is close to a uniform one. Nevertheless it produces surprisingly ade-
quate results for inhomogeneous densities as well. LDA predicts geometries of molecules
and solids, as well as bond lengths with an impressive accuracy. Binding and dissocia-
tion energies, on the other hand are often less satisfactory. A better approximation to
the XC functional is obtained when the gradient of the density is included. The XC

energy has then the form

Byeln(r)] = / e, [0(0)], (V) ) (x)dr (3.10)

where ey (r, [n(r)], [Vn(r)]) is expanded in a set of parameterized non-linear functions.
Such an approximation is termed generalized gradient approximation (GGA) since it
includes the gradient as well as the local density. One of the most widely-used GGA

functionals in solid state calculations is PBE [7].

A hierarchy of XC functional approximations was introduced by Perdew [8], termed the
Jacob’s ladder of DFT, where each rung includes additional ingredients to the approx-
imation of the XC functional. This is schematically depicted in Fig. 3.1. In the lowest
rung lies the LDA that depends locally on the electron density n(r). In the second rung
we find GGA where additionally the gradient of the density Vn(r) is used. In the third
rung meta-GGA utilizes the kinetic energy density 7(r) in the XC functional [9]. The
meta-GGA rung is the highest rung in the Jacob’s ladder of DFT that is not fully non-
local. The exact exchange energy, as we will see later, is a fully non-local functional of
the one-electron orbitals. Becke observed the importance of exact-exchange information
to local or semi-local density-functional approximations. This has led to the so-called

hybrid functionals, that lie on the fourth rung of the ladder, of the form [10]
E}P{Iébrid _ )ngA + a(E)o(xact _ E)%GA) 7 (3‘11)

where Exc and Fx denote the XC and exchange energy respectively, thus mixing exact
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Electronic Structure Theory of many-body systems 10

Exact exchange and
partial correlation

unoccupied 9, (r’)

Hybrid functionals - Exact exchange

occupied ;(r’)

meta-GGA

7(r)

n(r)

FIGURE 3.1: Schematic illustration of Jacob’s ladder of approximations to the XC
functional [8].

with local exchange energy, with a scaling factor a. On the fifth rung lie methods
that include exact exchange and exact correlation to a certain order, like the Random
Phase Approximation (RPA) [11, 12]. We shall mention that RPA is the only method
of the DFT rungs that seamlessly includes long-range non-local van der Waals (vdW)

interactions [13].

3.2 Hartree—Fock Theory

The Hartree-Fock (HF) approximation [14-16] is based on the assumption that the
motion of every electron can be expressed by a single-particle orbital that does not

depend explicitly on the coordinates of the other electrons. Due to the fermionic nature


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thelo

L]
10
ledge

now!

:

i
r

Electronic Structure Theory of many-body systems 11

of the electrons the many-particle wavefunction must be antisymmetric with respect to

the exchange of two particles, i.e.,
\I’(...,Xi,...,Xj,...) :—\I/(...,Xj,...,xi,...) 5 (312)

where x is a shorthand notation for the spatial (r) and spin (o) coordinate of an electron.
In HF theory the one-particle states are orbitals that can be expanded in any basis. For

the sake of simplicity we will assume that the one electron orbitals are real.

The HF wavefunction can be expressed as an antisymmetrized product of one-particle

states, via a Slater determinant

Yi(x1)  Yi(x2) ... i(xn)

U(xr. %o, xN) = 1/12(.X1) ¢2(‘X2) ¢2('XN) (3.13)

1
VNI
Yn(x1) Yn(x2) ... Yn(xN)

The orbitals in the HF determinant are optimized by minimizing the expectation value
of the Hamiltonian H. with the constraint that the one-particle orbitals 1;(x) are or-
thonormal. Using the Slater—Condon rules (see Appendix A), the variational energy

expression of the electronic Hamiltonian using the HF wavefunction ansatz (3.13) takes

the form
. ocCcC. . 1 ocCcC.
B = (UIAI) = Yo twnlhli) +5 3 (sl ) — sl o)) (314
i i

where the one-electron integral (¢;]h|e;) is defined as

(lla) = =5 (Wil V210) + @il I | (315)

with the nuclear potential Vx(r) defined in Eq. (2.9). The two-electron integrals are
defined as

Witsl v = [ [ witoux ‘w Y )dxdx,  (3.16)

Wbyl o) = [ [ st T dxdx L (317)

The first two-electron integral describes the classical electrostatic Coulomb interaction

between two charge densities p;(x) = |1;(x)|? and p;j(x') = |[¢;(x))]?, i.e.,

<¢z'¢] |wz¢] //pz ,’p]( /)dXdX/. (318)
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Electronic Structure Theory of many-body systems 12

The second two-electron integral has no classical counterpart. It stems solely from
the antisymmetry of the many-electron wavefunction and is denoted as the exchange
integral. The Hartree—Fock energy expression Epp, defined in Eq.(3.14), needs to be
minimized with respect to the one-particle orbitals subjected to the orthonormality
constraint (1;1);) = d;;. Using the method of Lagrange multipliers, we arrive at the

self-consistent HF equations for the one-particle orbitals v; [17, 18]
. . ! 1 . ! d / .
DCEDY ([ 100y ) st
/ ]' / /
- zj: </ Pj(x )W%(X )dX> Vj(x) = eihi(x) , (3.19)

where ¢; are eigenenergies corresponding to the orbitals ¢;. Eq. (3.19) can be rewritten

as

() + 3 [y = Ky | wit0) = eavi(x) (3.20)

where j]- is the Coulomb operator and K j the exchange operator. The latter one repre-
sents a non-local potential that is a consequence of the antisymmetry of the wavefunction
and cures the self-interaction of an electron, i.e. the fact that an electron interacts with

itself via the Coulomb potential. We can define the Fock operator as
f = h(r) Z [ ] (3.21)

and using this definition the HF equations have the following form

fibi = ey . (3.22)

Thus far spin-orbitals have been assumed without imposing any restriction on the spin
and spatial part of the one-particle states. When each spatial orbital ¢; is occupied by
one spin-up and one spin-down electron this constitutes the closed-shell or restricted
HF (RHF) approximation. Carrying out the spin integration the expression for the HF

energy takes the following form,

EHF:Z <¢z|h‘¢z +Z< ¢z¢] ’¢z¢]> <¢1¢J| ’¢]¢1>> . (3,23)
@ 7

Introducing the “Muliken” or “chemical” notation for the two electron integrals

(suljdr) = (drcbs ) / / Bi(r)5(r2) ¢k(1‘1)¢l(r2)d1‘1d1‘2, (3.24)
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Electronic Structure Theory of many-body systems 13

the RHF energy can be rewritten as

occ. occ.

Enr = Z 2(¢ilhl i) + Z [2 (igilpjd;) — (PidilPidi) | - (3.25)
i i,j

In any computer implementation the one-electron orbitals ¢; are expanded in a linear

combination of basis functions

Ny,
$i(r) = > xu(r)Cui (3.26)
p=1

where the sum runs over all IV}, basis functions. In molecular quantum chemistry the
most widely-used basis set is an atomic orbital basis. Later we will see that for periodic
systems plane-waves represent a very convenient basis set and we will discuss the imple-
mentation of HF equations within this basis. Using a complete orthonormal basis the
orbitals can be represented exactly, however, one needs an infinite amount of functions
to do that. Thus, a truncated basis set is used in practice. Inserting Eq. (3.29) into the
HF Eq. (3.22) leads to the Roothaan equations

Ny, Ny,
fz X,u(r)cui =& Z Xu(r)cm‘ . (327)
pn=1 pn=1

Left multiplying and integrating with x(r), and assuming orhtonormality of the basis
(which is true in the case of plane-waves) the Roothaan equations can be written in the

following compact form
Z F,u,yCui = EiCm’ s (3.28)
v

where F),, is the Fock matrix in an orthonormal basis set

f

Fu = (xu(@)|flxu(x)) - (3.29)

The RHF method approximates the many-electron wavefunction by a single Slater de-
terminant and according to the variational principle the HF energy constitutes an upper
bound for the exact energy. The correlation energy is the energy missing from the RHF

approximation to reach the exact value and is defined as
Ecorr = Fexact — FHF - (330)

Although the correlation energy is often a small part of the exact energy, it usually
contributes significantly to energy differences that determine chemical bonding and in-

teraction energies. Furthermore along a reaction pathway the correlation energy may
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Electronic Structure Theory of many-body systems 14

vary significantly as a result of the rearranged chemical bonds. Hence more sophisticated
methods, such as perturbation theory, are needed to compute the correlation energy in

order to estimate a reaction scheme accurately.

3.3 Post Hartree—Fock Methods

The HF method is a mean-field (or independent electron) approximation where each
electron moves independently in an average field produced by the other electrons. The
HF wavefunction includes exchange effects arising only from the anti symmetry of the
many-electron wavefunction. Electronic correlation effects due to the electron—electron

Coulomb interaction are not captured by HF.

HF theory approximates the many-electron wavefunction by a single Slater determinant
U(x1,X2,...,XN), as shown in Eq. (3.13), where the one-electron orbitals are minimized
variationally and are expanded in a truncated basis. A many-electron wavefunction can
in turn be expanded as a linear combination of Slater determinants ¥y(x1,x2,...,Xy)
using the HF one-particle orbitals. For a complete one-electron basis, one can approxi-
mate the many-electron wavefunction exactly within this basis, however, in practice the
many-electron wavefunction can only be approximated using a truncated basis set. The
exact form of the wavefunction dictates a slow convergence with respect to the number
of basis set functions. The many-electron wavefunction exhibits a characteristic cusp
at the coalescence points of two electrons [19-21]. The Coulomb potential % in the
electronic Hamiltonian of Eq. (2.7) is singular for zero interelectronic distance (r12 = 0).
In order for the energy to remain finite the singularity must be canceled by an oppo-
site singularity in the kinetic energy which is manifested via a discontinuity in the first
derivative of the wavefunction. In the center-of-mass of two electrons with opposite
spin, close to zero interelectronic distance, the wavefunction is linear with respect to the
interelectronic distance r1s

\I’(I‘l,rg) ~ \P(Tlg = O) <1 + %712 +.. > . (331)

This cusp results in a discontinuity in the first derivative of the wavefunction at rio = 0

ov 1
~ =0 =0), 3.32
() ~3ve=0 (3.52)
which in turn results in a singularity of the second derivative at rio = 0. Such a

wavefunction cusp can be approximated using a finite basis set, however, the many-
electron wavefunction will never exhibit a discontinuity. This is illustrated in Fig. 3.2

where the singlet two-electron wavefunction for the helium atom is plotted against the
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L = 2,8,4,5

- —t/2 0 /2 T

W(ry,) = W(ri,=0)(1 + 0.5r45 +...)

FIGURE 3.2: Two-electron wavefunction of the He atom as a function of the angle 64

for a fixed radial distance. The exact wavefunction exhibits a characteristic cusp at 612,

where the two electrons coalesce. Slater determinant expansions of the many-electron

wavefunction do not have a cusp and converge very slowly towards the exact solution.
Figure taken from Ref. [20]

angular interelectronic distance for a fixed radial distance. The HF Slater determinant
does not depend on the interelectronic distance, whereas, a linear combination of Slater
determinants approximates the cusp. It can be clearly seen that a large number of atomic
basis functions is needed in order to get an accurate description of the wavefunction cusp.
When all possible Slater determinants are used to linearly expand the many-electron
wavefunction we have the full configuration interaction (FCI) expansion. However, the
number of Slater determinants Nge; increases dramatically with respect to the total
number of spin-up and -down electrons N = N, + Ng and the number of basis set

functions Ny,
Ny! N!

Nyey = :
4T NNy — No)! — Ng!(Ny — Np)!

(3.33)

prohibiting the FCI expansion for anything but the smallest systems.

3.3.1 Configuration Interaction

Like in HF theory, where the expectation value of the Hamiltonian is minimized using
a single Slater determinant as the trial wavefunction, in configuration interaction (CI)
the expectation value of the Hamiltonian is variationally minimized using an expan-

sion of Slater determinants as a trial wavefunction. The many-electron wavefunction is
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Electronic Structure Theory of many-body systems 16

expanded in the basis of Slater determinants as
\IJCI = ZC[@] . (334)
I

Assuming the one-particle orbitals to be orthonormal ({¢;|¢;) = d;;) all possible Slater
determinants are also orthonormal ((®7|®;) = d77). The expansion coefficients ¢; can

be obtained by variationally minimizing the energy expectation value

(W[ H[Ver)

Eci=~——F——-. 3.35
T WY (3.35)
which leads to the following eigenvalue equation [18]
(®1[H — Ect|Ter) =Y {<q>,|ﬂyc1>J> —Xegdrg| =0, (3.36)
J
or in compact matrix form
Hc = Ec, (3.37)

where H is the Hamiltonian matrix in the Slater determinant basis, ¢ is the coefficient
vector, and E is a diagonal matrix with the energy expectation value. It is noted that
when all possible excitations are included in the CI expansion, we have the full CI (FCI)
expansion. The latter is often termed as exact diagonalization, as it represents the exact

solution within the employed basis set.

One can define a hierarchy of CI wavefunctions, depending on the excitation levels that
are included. This gives rise to CISD, CISDT, and so forth, up to the FCI method.
A major drawback of the truncated CI methods, is that they are not size consistent.
For a method to be size consistent, the sum of the energies of independently computed
fragments should be identical to the energy of the total system, when the two fragments
are separated by a large distance. Let us consider for example the CID method. The
product wavefunction of the individual fragments contains quadrupole excitations, since
each individual fragment is truncated up to double excitations. However, the combined
system includes only up to double excitations as a result of the truncation of the CI
wavefunction. These missing quadrupole excitations are products of double excitations.
Later it will be shown how the exponential ansatz of the coupled cluster method over-

comes this problem.

3.3.2 Mgller—Plesset Perturbation Theory

Rayleigh—Schrédinger perturbation theory [22] in quantum mechanics refers to the math-

ematical method of obtaining the solution of a complex Hamiltonian, by approximating
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Electronic Structure Theory of many-body systems 17

it with a simpler one. The idea is that the solution of the simpler system is known and
an approximate solution of the perturbed Hamiltonian can be added as a correction,
often in the form of an asymptotic expansion. In the context of electronic structure
theory perturbation theory is applied to approximate the electronic correlation energy
E.. When the unperturbed Hamiltonian is the sum of all Fock operators, defined in

Eq. (3.21), one then speaks of Mgller—Plesset perturbation theory [23, 24].

The zeroth order Hamiltonian is defined as

occ.

HO =" f) , (3.38)

i

and the perturbation as
~-HO (3.39)

L

V=
The canonical HF orbitals v; are eigenfunctions of the Fock operator and thus the HF

Slater determinant ® is an eigenstate U(9) of the zeroth order Hamiltonian HO
HOwO = gOg© (3.40)

E(©) is the zeroth order energy and is the sum of the one-particle orbital eigenenergies

occ.

EO=3"¢, . (3.41)

The first order correction to the zeroth Hamiltonian yields the HF energy (see Ap-
pendix B)
WO HO GO 1 (v Pw®) = O 4 EM = Byp . (3.42)

In order to obtain the leading order correction to the HF energy the second order energy

E® is needed. The expression for the second order energy reads (Appendix B)

2 — <\1;(1)‘1}‘\p(0)>
= (W7 — 7O w0y (3.43)

The above equations depend on the first order wavefunction, which can be expanded in

the basis of excited Slater determinants

occ. vir. occ. vir.

1 b ab
U =Nt df + Y > e+ (3.44)
i a 1<j a<b
where i,j,... and a,b... refer to occupied and virtual one-electron states respectively.

The excited Slater determinants are obtained by replacing occupied states ¢; with virtual
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Electronic Structure Theory of many-body systems 18

(unoccupied) states ¢, in the HF determinant. This is depicted schematically in Fig. 3.3.
Inserting the ansatz of Eq. (3.44) in Eq. (B.8) and multiplying on the left with all
excited Slater determinants (®¢|, <<I>§”jb ,... , the following equations for the first order

wavefunction are obtained

occ. Vir.

3OS @HHO — EO@g)ig + (®3[H]@) = 0
k c

occ. vir.

>N (@R — EOjogdytid + (@52(H| ) = 0 (3.45)

k>l c>d

Slater determinants that are built from canonical HF orbitals are eigenstates of 7:[(0), SO

that the first term on the left hand side of Eq. (3.45) yields

occ. Vir.
DD (@HHO — EO1®0)E, = (20 — i)t
k c
occ. Vir.
> Y (@PHO — EOjoihitid = (o + e — & — )t (3.46)
k>l c>d

We thus arrive at the following result for the amplitudes

a_ (@7 H|®)
! (€a — i)
D07 |P)
b (]
e = — d : (3.47)

(€a +€b—ci —€j)

It should be noted that Slater determinants with more than double excitations yield zero
amplitudes since the matrix element of the Hamiltonian with the HF reference determi-
nant vanishes due to the Slater—Condon rules. Furthermore, for canonical HF orbitals
singly excited amplitudes also vanish due to the Brillouin condition, i.c., (®¢|H|®) =
ff‘ = 0. Consequently, we have arrived at the key result that only double excitations
contribute to the first order wavefunction and the second order energy. The first order

wavefunction is therefore given by

% VZ o5 (3.48)

1<j a<b

where the amplitudes are given by

(3.49)

tqb _ (wiwa|¢j¢b) - (¢j¢a|¢iwb)
ij .

€atep—€i—¢€j
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PR

2er ||
S EF:

FIGURE 3.3: Schematic representation of different configurations. From left to right:
The HF determinant (]0)), singly, and doubly excited configurations.

The second order energy is thus

E® = (W H|w ) ZZt“b (D017 | )

1<j a<b

occ. Vir. |: ¢i1/)a|1/)j1/}b) — (%%Wi%)k

-3y

1<j a<b

(3.50)
€at+Eb—E —E;

A closed shell expression can be formulated in terms of spatial orbitals. The second-
order Mgller—Plesset perturbation theory (MP2) correlation energy in Eq. (3.50) can be

rewritten as

occ. vir. |: Qpi¢a|¢j¢b) — (ija’wiwb)]2

E®? — _=
2 ZZ TR ——— (3.51)

4,j ab

oce. Vir. (thiihq1h; 1) [wiwawb) - <wj¢al¢i¢b>}

Z Z Eatep—€i—€j ’ (3:52)

4j ab

where the sum runs over all occupied and virtual spin orbitals. Spin integration for a

closed shell system yields

occ. vir. ¢z¢a|¢j¢b (¢i¢a|¢j¢b) - (¢]¢a|¢l¢b):|

Z Z €atEpb—6E —€; ’ (3'53)

t,j a,b

where the indices 7, j,a, and b, run over the spatial orbitals ¢. The total MP2 energy
takes the form
Evpe = EO + EW 4 E® = Byp + E@ (3.54)
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MP2 theory forms the simplest perturbation expansion that captures correlation effects.
In the lowest order only doubly excited determinants contribute, signifying that the most
important correlation effects stem from independent electron pair excitations. MP2 the-
ory provides a fair compromise between efficiency and accuracy, capturing non local vdW
interactions. However, if the energy difference between the Highest Occupied Molecular
Orbital (HOMO) and the Lowest Unoccupied Molecular Orbital (LUMO) (or the band
gap in periodic systems) is small, MP2 theory is unsuccessful. Higher order perturbation
expansions are also possible, however, they are computationally demanding. Coupled-
cluster methods provide a more robust and accurate framework for treating electronic

correlation, as will be seen in the next section.

3.3.3 Coupled cluster theory

While many-body perturbation theory offers a finite-order approximation to the elec-
tronic correlation, coupled-cluster (CC) theory [25-27] provides a compelling framework
of infinite-order approximations in the form of an exponential of cluster operators. In

the CC method the wavefunction is approximated using the exponential ansatz
Wee) = exp (T))0) | (3.55)
where the cluster operator T is defined as

T=T1+To+T5+.... (3.56)

The contracted excitation operators create excited Slater determinants with coefficients

a pab tabc
@b tabe

e =30y (v
% a
BIWT) =3 > )
ab

ij

Tl =3 D eiIv)

ijk abc
(3.57)
The exponential of the cluster operator is given by the expansion
. I DV PR 1,
exp(T)=14+T+ 5TT+§TTT+~-E —‘T . (3.58)
0
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In principle the cluster operator 7' in Eq. (3.56) contains up to N-fold excitations for
an N-electron system. Truncating the operator T at a certain number of excitations,
i.e., singles, doubles, triples, etc., yields a hierarchy of CC methods, termed as CCSD,
CCSDT, CCSDTQ etc.

3.3.3.1 Closed shell CCSD theory

Let us first take a look in the case of CCSD that includes single and double excitations.
The CC ansatz for the wavefunction reads

~ “ “ “ 1 - ~ A~ 1 -
|Vcesp) = exp (11 +13)|0) = <1+T1 +T2+§T12+T1T2+*T13+

. 4‘T1—|— T§+...)|0>.

(3.59)
The CCSD wavefunction contains up to N-fold excitations (for N electrons) as a result
of the exponential ansatz, in the form of products of single and double excitations. Thus,
CC energies of any order are size consistent. In order to determine the CC energy and
the 77 and 7% amplitudes we insert the CC ansatz in the Schrodinger equation and

project on the HF and singly and doubly excited determinants.

(0|(H — Eccsp)|¥ocsp) =0
(@7 (7:[ — Eccsp) [¥eesp) =0
<(I’%b (7'2 - ECCSD) [Weesp) =0 . (3.60)

The first row of Eq. (3.60) yields the correlation energy

Eeorr = Ecosp — Bur = (0|(H — Eccsp) |Weosp) = (O\H( T? +13)|0)
occ. vir.
=33 Qtft;’ + 1) [2 (9i6ul6500) — (650l0i0) | - (3.61)
1,7 a,b
This energy formula is valid for any CC ansatz, since according to the Slater-Condon
rules higher that double excitations have vanishing matrix elements. The expression is
very similar to the MP2 one in Eq. (3.50), albeit the doubles amplitudes are computed

differently.

In CCSD the amplitudes are computed from Eq. (3.60). These equations lead to a set of
non linear equations that can be solved iteratively. One can reformulate these equations

by multiplying the Schrédinger equation from the left with e T Employing the identity
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e Tel = 1, the equations are transformed to
(0le""He"|0) = Eccsp
(@9 THeT|0) = 0
(@] THeT|0) =0 . (3.62)
Here, e~ THeT is a similarity transformed Hamiltonian. The energy expression stays
intact. The singles and doubles amplitude equations can be solved iteratively by opti-

mizing the amplitudes. For this to happen the residuals, defined below, have to vanish

(@¢)e THeT |0)
rd = (%] THeT|0) . (3.63)

a
T

The residuals are computed in every iteration and the CCSD amplitudes are updated

as following

R} (t7)
Ea —E&;
N——

ré =t

New amplitudes t¢
ab (1ab
Rij (tij )

€atEp— & —Ej

New amplitudes t?}’

ri} =t% — : (3.64)

where R and R%b are computed using the amplitudes ¢ and t%b. The equations for
R{ and R?;’ are given below. After the first iteration, R;ljb are just the two electron
integrals (¢;¢a|p;¢p) and the amplitudes the MP2 ones. This procedure works well
when the MP2 amplitudes are a reasonably good starting point. This is often the case
for systems with a large HOMO-LUMO gap (or band gap in periodic systems). The
iterative procedure can either be accelerated using the direct inversion in the iterative

subspace (DIIS) method [28], or even converge in cases that the normal one can diverge.

The doubles amplitudes in Eq. (3.62) involve up to quadruple excitations since Hamilto-
nian matrix elements vanish if the Slater determinants differ by more than two orbitals.
Similarly singles amplitudes involve up to triple excitations. The Baker—Campbell-

Hausdorff (BCH) expansion reads

o S N PP ORrS. T N OO IS T B o o SPSRPURS, B RN
—Tay T
eTHT =+ [ + o | [1.T) + | |21, 7] 1) + ||| [ 1. 7). 2] 7]
(3.65)
It is noted that this expansion truncates after fourth order. The reason is that the
Hamiltonian H includes a two-body operator. Using the BCH formula one can derive

the amplitudes equations. However, that is a tedious task, owing to a large number of
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terms involved. Unlike MP2 theory where the amplitudes depend only on the (¢;dq|djds)
integrals, the CCSD residuals demand all possible two electron integrals, ranging from
zero to four virtual orbitals. It is possible to derive a closed shell expression for the
singles and doubles amplitudes in Eq. (3.62). Here the equations from the work of
Hirata et. al. [29] are employed.

Z KOS — Z KRS+ Z —t5%) + Z KRS + Z wikts +
D wiitil + Y witith =y wilthi — Z wiltit; (3.66)

ked ked klc klc

R =vff + Z Xt + Z XEtht] + Z Xeatss + Z Xegtit] + P Z At} —
PZAft +PZ Z Z Z viRte) 4+
P Z 2x0F — X&)t - P Z Xortpe — P Z XUt (3.67)
ke

rp = white + ) whitst]

led led
RE = whitpl 4> " whiti!
kld kld
k __ kl ,d
Ke = wcdtl
ld

)\f = ﬁf + wacltf
lc
Ae = ke + nggtg
X =l + Z ollte + Z vllee + Z ollted 4 Z lltsrd
b b
Xed = Ved — Z Z
Ik i yd d
ch ZU ta+zvgc _721}0 Zvdc ztl+ dectgl
d

ng = ZU 1+ ZU td - = Zv ot — = wé’it?t? , (3.68)

ld

Pq

where vg; are the two electron integrals defined by

ver = (Pp@s|dgdr) (3.69)
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and wk! the antisymmetrized two electron integrals given by

wid = 2(dp@s|dgdr) — (Gpodr|dgds) - (3.70)

P is the permutation operator

P{}ib:{}iu{}ja (3.71)

cd

requires N2 N2 operations, since usually the number of virtual one electron states is much

The most expensive term is vgé’ (a contraction over repeated indices is assumed) that
larger than the occupied ones. Then come terms that require N3N3, such as vggtztfjd.
Since Ny and N, scale linearly with the system size, the computational complexity of the
CCSD method is O(N%), where N is a measure of the system. One can include higher
excitations in the CC method, however, the scaling increases by two for each additional
excitation. Thus, CCSDT scales as O(N?®), CCSDTQ as O(N0), etc.

3.3.3.2 Closed shell CCSD(T) theory

Another popular scheme to go beyond double exciations in CCSD theory is to evaluate
the highest excitation level in a non iterative perturbative way. In Mgller—Plesset per-
turbation theory up to third order, electronic correlation arises from single and double
excitations only. The CCSD method includes all these contributions, hence it is exact
up to third order perturbation theory. Fourth and fifth order contributions arise from
single, double, triple, and quadrupole exciations. Raghavachari et. al. [30] have pro-
posed a technique using triple excitations correction on top of the CCSD wavefunction.
This gives rise to the CCSD(T) scheme. The CCSD(T) energy reads

EOCSD(T) _ pCCSD | A pCCSD(T) (3.72)

where AECCSP(T) denotes the perturbative correction. We follow the equations from

Piecuch et. al. [31]

CCDS(T) __ zijk jabc myabe | =ijk_abc yabe
AE ™= tabelijk Dijle + Zapelije Dijk (3.73)

where t%bg are the spin-free amplitudes, given by

Dg}’,gtg},g = P(ia/jb/ke)[tisvli — tggvﬂC] , (3.74)
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with P(ia/jb/kc) being the permutation operator

P(ia/jb/kc) = 1+ (ij)(ab) + (ik)(ac) + (jk)(bc) + (ijk)(abc) + (ikj)(acb) . (3.75)

For any six-index tensor X%bﬁ we have defined

4 9
—ijk k k k
Xfﬁbc = gxfzjbc - 2szjcb + gxzjca : (376)

The CCSD(T) method scales as O(N7), whereas the CCSDT(Q) method as O(N?).
The CCSD(T) method achieves chemical accuracy in the description of many molecular
properties and is often referred to as the gold standard method. It is the scope of this

thesis to implement and apply a periodic CCSD(T) method using a plane-wave basis.
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Chapter 4

The PAW Method

An implementation of correlated methods, such the CC method, in a plane-wave basis
within the projector augmented wave (PAW) framework in the VASP code is discussed in
this Chapter. In any computer implementation the one-particle orbitals are expanded
in a basis. In solids the one-particle orbitals are Bloch orbitals, i.e., they obey the Bloch
theorem

(r+ Rltpa) = (r|gha)e™ ™ (4.1)

where « stands for a shorthand notation of the band index n, and the wave vector
k.. Although the wave vector is usually chosen to lie in the first Brillouin zone, one
can instead increase the unit cell size in order to approximate the infinite system. In
this work we will be concerned with quantum chemical methods within the I'-point
approximation, i.e,

<I‘ + R\%) = <r’¢a> s (4.2)

where « stands for the band index. A very convenient basis for expanding one-electron
orbitals for periodic systems is plane-waves. They are eigenfunctions of the kinetic energy
operator, and naturally fulfil the periodicity of the computational cell, as required by
Bloch theorem. Furthermore, plane-waves are independent of the atomic composition
of the computational cell, depending only on its geometry. The Bloch orbitals can be

expanded using the plane-wave basis as
1 ‘
(rlipa) = —= D CFe" (4.3)
opD

A major disadvantage of using plane-waves is that the description of the full Coulomb
electron—ion interaction is computationally demanding. Expanding the Bloch orbitals in
terms of plane-waves, would require a large number of Fourier components because the

potential becomes very strong inside the core-ion region, resulting in short wavelength

27
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The PAW method 28

oscillations of the corresponding orbitals in that region. Instead, pseudopotentials are
used to describe the interaction between valence electrons and ionic cores. This reduces
the number of Fourier components needed to describe the valence one-electron states

close to the ionic core region [32, 33].

4.1 The PAW Method

The full potential PAW formalism was first proposed by Blochl [34], while its close corre-
spondence to Vanderbilt’s usltrasoft pseudopotential (USPP) method [35] was formally
shown by Kresse and Joubert [36].

In the PAW method the space is divided into two regions. The augmentation (PAW)
spheres and the interstitial regions. The one-electron orbitals |1),) are derived from the

pseudo-orbitals Wo) by means of a linear transformation [34, 36]
Wja W}a +Z ’(bz |¢Z p2|7zja> > (4'4)

where 4 is a shorthand notation for the atomic site R;, the angular momentum quan-
tum numbers [; and m;, and the reference energy ¢;. The pseudo-orbitals |1;a> are the

variational quantities and are expanded using plane-waves
(ra) = Z Cee'Sr . (4.5)

In the interstitial region the pseudo-orbitals are identical to the exact full potential
orbitals 1., while in the PAW spheres they are mapped onto the corresponding exact
full potential orbitals via Eq. (4.4). The all-electron (AE) partial-waves ¢; are solutions
of the radial Schrédinger equation for a reference atom at a reference energy ¢; and an
angular momentum I;
1 —
r R
The notation Iiﬁl indicates that the spherical harmonics Yj,,,, depend only on the

orientation and not on the length of the vector r — R;. The pseudo-partial-waves ¢~>Z are

equivalent to ¢; outside the core radius r., that defines the PAW spheres

(r|g) = —,}azmq — Ry|) Yiym, (r — R) - (4.7)
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The PAW method 29

The projector functions p; in Eq.(4.4) are constructed in such a way that they are dual

to the pseudo-partial-waves
(il ds) = dij - (4.8)

The electron overlap density related to two orbitals a and b,

Ngp(r) = <¢a‘r><r‘¢b> , (4.9)

can be written as (for details the reader is referred to Ref [36])
Mab(r) = Tiap(r) — ngy (r) + gy (1) (4.10)

where

fiap(r) =(Wa|r)(r|ts)
~1 7 s T ~ ~ 7
gy (r) =D _ (Gifr)(r|6;) (Yalpi) (Bs|v)
]
L N
Ngy(r) = Z (di|r) (x| @) (Wal|pi) (Bs|vn) - (4.11)
j
Densities with a superscript 1 are quantities that are evaluated on a radial grid inside the
PAW spheres. The summation over ¢ and j is restricted to pairs that belong to the same
site (R; = R;). For a correct treatment of the long range electrostatics, a compensation
density n is introduced in such a way, so that 714, + 7145 has the same multiple moments
as nl, in the PAW spheres. Details of the construction of the compensation density in
the VASP code are given in Ref. [36]. For a more efficient implementation it is important
to compute separately the energy in the PAW spheres and the plane-wave grid. It is
thus required to add and subtract the compensation charge in Eq. (4.12) leading to the

following formula for the density

Nab(t) = [Fap(r) + fiap(r)] + ngy () — [figy(r) + Rgy(r)] - (4.12)

4.2 The PAW DFT energy

The final expression for the total energy in Kohn—-Sham DFT can thus be split into three

terms using the electronic density from Eq. (4.12)
E=E+E'—FE". (4.13)

The first term is evaluated on a regular plane-wave grid, whereas the last two terms are

computed on atom centered radial logarithmic grids inside the PAW spheres. The three
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The PAW method 30

parts of the energy functional of Eq. (3.3) take the following form
. 1 _ _
E=—5% (dn|V2[tn) + B[t + o+ iac] + Bulfo + ]

+ / vilize] [a(r) + A(r)]dr + U(R, Zion) (4.14)

- 1 - -
E'=— 5Zpij<¢iyv2|¢j> + Exe[Al + 7+ fic| + En [ + 7
(i)

+ / onlfize] [ () + A(r)]dr | (4.15)

E'= - % > 0ii{0iV2[6;) + Exc[n! + ne] + En[n!]
(4,9)

—i—/vH[nzc]nl(r)dr, (4.16)

where p;; can be thought as the one-electron reduced density matrix at each atomic site,
and is given by

Pij = an<7;[~)n‘ﬁz><ﬁj}7zn> ; (4'17>

with f,, being the occupancies of the pseudo-orbitals 1/;,1, with band index n. n. is the
charge density of the frozen core AE wavefuctions of the reference atom, while 7. is
the partial charge density of the core electrons. nz. is the point charge density of the
nucleus ny plus the frozen core AE charge density n. and 7niz. is the pseudized core
density. Overlined terms are evaluated on a radial grid. The Hartree potential and the

Hartree energy of a density n are defined as
n(r’
ol = [
r—r |
1 /
Ey[n](r) = //n(r)n(r)drdr’ . (4.18)
2 ‘r —r! |

The above expression for the energy holds for LDA- and GGA-DFT methods. For
the HF method, as well as for the wavefunction correlated techniques, the two-electron

integrals are also needed.
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4.3 Two-electron integrals in PAW

In order to obtain the HF energy within the PAW method the Fy. energy expression
in the Kohn Sham DFT has to be replaced by the exact exchange energy expression,
given in Eq. (3.14). Furthermore, for correlated methods, such as the CC method, the

evaluation of all possible two-electron integrals is needed.

The two-electron integrals for a periodic system, within the I'-point approximation are

defined as
v = / / (2 (' |¢< Y)e(r)drdr’ (4.19)

where p, g, 7, s refer to the band index.

Within the PAW method, the overlap density n,,(r) = ¢,(r)1,(r) can be written as
(see Eq. (4.12))

Npr (1) = [Fipy () + fipr ()] + 1. (1) = [Fi, (r) + g (r)] (4.20)

Introducing the following notation for the two-electron integrals in terms of overlapping

densities

[} {ngs} = / / ”Pf‘r Jas(t) g1yt (4.21)

_I—/|

the integrals V%! in the PAW method can be expressed as

{npr }{ngs } ={Tipr + fipr {7igs + figs } = {7y + Py H{Tigs + g }
+{np H{ngs} - (4.22)

It is stressed that the integrals are composed from three contributions that are either

calculated on a plane-wave basis (first term) or on a partial-wave basis in the PAW

spheres (second and third terms). The integrals can thus be decomposed into three

terms
VEPd = yPd _type lyra (4.23)
where
‘Z"psq :{ﬁpr + ﬁpr} {ﬁqs + 'flqs}
1‘7pq _{npr + npr} {nqs 1
Lypa *{npr}{nqs} . (4.24)

For a detailed derivation of the above integrals the reader is referred to Refs. [37, 38].
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The PAW method 32

Harl derived an expression, whereby all three contributions can be approximated on a

plane-wave grid [39]. In a plane-wave basis these integrals can be expressed as

VB = &3 Cpr(Gu(G)Cye(~G) (4.25)
G

where v(G) = % is the Coulomb kernel in reciprocal space and Cp,(G) is the Fourier

transform of the overlap density np,(r) = ¥, (r)yr(r)

Corl@) = [ S (1) ()i (4.26)

Defining the Coulomb vertex as

I (G) = \/g\/gcmm - @@ /Q e, (£, (r)dr (4.27)

the Coulomb integrals can be separated as
VP = Tpu(G)Tgr(-G) , (4.28)
G

or in the Einstein notation as
VR =TT, (4.29)

where a sum over repeated indices is assumed, and G denotes the reciprocal lattice
vectors G. Thus, the integrals V% can be expressed via Eq.(4.29), where the Fourier
transformed overlap densities C), (G) contain all three contributions of the PAW method.
The plane-wave expansion of the overlap densities Cp,(G) is done on a discrete grid and
is truncated by a kinetic energy cutoff F,, such that é < E,. It is noted that the
above approximation is of the same algebraic form as obtained by Cholesky decom-
position [40—42] or density fitting [43-45] methods for the calculation of the Coulomb
integrals employing atom centered basis sets. However, in the case of plane-wave basis

sets, Eq. (4.29) can be derived directly from Eq. (4.19) via a series of Fourier transforms.

The exchange energy Ey per unit cell for a periodic system, within the I'-point approx-
imation is defined as
occ. 1
Ey=— EJ: / / wi(r)wj(r')W%(r/)wj(r)drdr’ : (4.30)
where i, j refer to the band index of all occupied states. Within the PAW formalism and

using the I'-point approximation the integral takes the form

P 47 Cl G Cz -G +§G i
v = G OGS oy (11
G G
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where

Cii(G) = /Q e 18T ()b (x)dr (4.32)

The potential is singular for G = 0, when ¢ = j. In the limit of an infinitely fine G-
mesh, these singularities are integrable and the exact exchange energy is well defined.
In order to speed up the convergence of the exchange energy, a singularity correction
computing using the probe-charge Ewald-sum method is employed [37, 46] (the reader
is referred to Ref. [46] for a comparison of this and related methods). Throughout the
thesis this scheme is used to estimate the G = 0 component. Finally, it is stressed that
apart from the exchange energy, the coupled cluster equations involve integrals of the
form VC‘}ib and V;’;-l, where all four indices may coincide leading to the same divergence.

The probe-charge Ewald-sum method is used in that case as well.
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Chapter 5

Periodic coupled-cluster
implementation for extended

systems

In the previous Chapters, we have seen methods to solve the electronic Schrodinger
equation of a molecular or periodic quantum system, within the Born—-Oppenheimer
approximation. HF theory approximates the many-electron wavefunction by a single
Slater determinant, whereas wavefunction-based correlated methods, such as the CC
method, approximate the exact configuration interaction wavefunction coefficients in the
Slater determinant basis, via the exponential ansatz. We have seen that for a periodic
system a very convenient basis to expand one-particle orbitals are plane-waves. The
two-electron integrals are approximated naturally within the PAW method in the form
of Vi =3¢ F*fGFgG, where p, ¢, 7, s denote orbital indices, and the summation runs

over reciprocal lattice vectors G.

In this Chapter an implementation of CCSD, whereby the Coulomb vertex is calculated
within the PAW method, is presented. A procedure to reduce the number of momentum
grid points @ of the Coulomb vertex T2¢ based on a singular value decomposition (SVD)
is outlined. Afterwards a tensor rank decomposition of the Coulomb vertex into a
product of three second-order tensors that allows partly a scaling reduction of the CCSD
algorithm is introduced. In order to demonstrate the accuracy and efficiency of these
approximations water adsorption on hexagonal Boron Nitride (h-BN) sheet, a typical
example of weak molecular physisorption on an insulating two-dimensional surface, is

studied.

35
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Periodic coupled-cluster implementation for extended systems 36

5.1 Optimized Auxiliary Field Approximation

The expression of the Coulomb integrals using the I'-point approximation within the
PAW method is derived in Eq. (4.29). G denotes the momentum grid points G which
are truncated according to a kinetic energy cutoff E,. Since the plane-wave expansion
of the two-electron integrals carries no information about the atomic composition of the
computational supercell, an approach for a more compact set of auxiliary field variables
F' is presented that can approximate the integrals with fewer relevant elements than
the plane-wave expansion, without compromising accuracy. This is particularly true in
studies of surfaces where a huge vacuum is required in order to avoid the interaction
of the surface with its spurious periodic image, leading to a large number of plane-
waves. We denote with ffG the unapproximated plane-wave expanded Coulomb vertex.
Henceforth a sum over all free indices occurring at least twice within a product is implied,
e.g.,

VP =TT, = ) THOTY, . (5.1)

G

Let
rL =vfsiw* (5.2)

be a singular value decomposition of the Coulomb vertex fé, written as a matrix with
the compound index I = (g,r), where the singular values in ¥ are sorted in descending
order. Taking only the largest Ny < N¢ singular values of the unapproximated Coulomb

vertex I into account we can define the optimized auziliary field (OAF) Coulomb vertex
rL .= xfw* = v CrL . (5.3)

I" without a tilde denotes the approximated Coulomb vertex, in contrast to usual con-
vention, simply because the unapproximated vertex will not be used in any subsequent

step.

Only the left singular vectors Ug associated with the largest singular values will be

considered so we contract Eq. (5.2) from the right with f*IG/
TLIG = UEs? e UG = BE, (5.4)

transforming a singular value problem of a large Ng X Ng matrix into an eigenvalue
problem of a comparatively small Ng X Ng hermitian matrix. The eigenvalues of F
are the squares of the singular values of T'L, and the left eigenvectors of E associated
with the largest eigenvalues are also the left singular vectors of I' we need in order to

transform the Coulomb vertex fé into the optimized auxiliary field Coulomb vertex Ffp
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Periodic coupled-cluster implementation for extended systems 37

according to Eq. (5.3). Note that this approach becomes numerically problematic for
very small singular values since one only has access to their squares. However, all Np
largest singular values needed for an accurate approximation of the Coulomb vertex are

sufficiently large.

Inserting the singular value decomposition of the Coulomb vertex with sorted singular
values from Eq. (5.2) into the discretized definition of the Coulomb integrals given in
Eq. (5.1) yields a singular value decomposition of the Coulomb integrals, also with sorted
singular values:

vIi= Wkl (5.5)

where the Coulomb integrals V47 are now written in matrix form V} with I = (¢,r) and
J = (s,p). Thus, using the optimized auxiliary field Coulomb vertex 'L, instead of the
full Coulomb vertex T é best approximates the Coulomb integrals with respect to the

Frobenius norm of the difference:
*xpF
VP4~ TP I‘ZF ) (5.6)

It should be stressed that the method outlined above for obtaining the optimized aux-
iliary field is expected to be less accurate than the more widely used Cholesky decom-
position method that employs an upper bound of error to any integral. However, the
achieved level of accuracy is sufficient for the present purpose and the level of accuracy

can be systematically improved by including a larger number of singular values.

5.2 Low-rank approximation of the Coulomb vertex

The form of the Coulomb vertex in real space on the right hand side in Eq. (4.27)
suggests that the optimized Coulomb vertex I'! . can be decomposed in an analogous

manner into a product of three tensors of second order, denoted as follows
~ AR R
o~ ARITEILY . (5.7)

Npg denote the number of verter indices R and will be refered to as the rank of the
Coulomb vertex for a given quality of the approximation. The matrices ITF and Aﬁé are

labeled factor orbitals and Coulomb factors of the Coulomb vertex, respectively.

The decomposition is invariant under scaling of the Coulomb factors Al{i with any real
scalar ag > 0 while scaling the factor orbitals II# with a complex scalar cg with |cr| =
1/\/ar for each value of R. One can also choose an alternative ansatz to Eq. (5.7) for

approximating the Coulomb vertex I'?,, which does not involve the conjugation of the
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Periodic coupled-cluster implementation for extended systems 38

factor orbitals on the outgoing index ¢. This ansatz reads
~ ARTIRTTR
I, ~ ApILILT. (5.8)

The above decomposition is invariant under scaling of the Coulomb factors Ag with
any complex scalar cg # 0 while scaling the factor orbitals ITF with +1/ \/cr for each
value of R. This is in contrast to the symmetries of the ansatz according to Eq. (5.7).
In the Alternating Least Square (ALS) approximation scheme, which will be employed
for fitting the factor orbitals I and the Coulomb factors A, it is preferable to have
the symmetries of Eq. (5.8) since fixing one of the two factors removes all continuous
symmetries from the other. This accelerates convergence and allows a smaller rank Ng
in practice. It should be stressed that the ansatz of Eq. (5.8) is used when real orbitals
are employed (I'-point approximation), however, for a shifted I'-point calculation where

complex orbitals are needed the more widely applicable ansatz of Eq. (5.7) is used.

5.2.1 Canonical polyadic decomposition algorithms

A factorization of a tensor according to the ansatz of Eq. (5.7) or (5.8) is referred to as
canonical polyadic decomposition [47] (CPD). For a given rank Np, the factor orbitals
T2 and the Coulomb factors Al{i can be fit by minimizing the square of the Frobenius

norm of the difference
. . 2
(A,T1) = argmin [AFTTEIIR — T2 (5.9)

The above optimization problem is high dimensional and nonquadratic. Conjugate gradi-
ent algorithms or other local algorithms may require thousands of steps until sufficiently
converged. Global optimization algorithms try to tackle the problem by keeping a subset
of the variables fixed and optimizing only the remaining variables. In the case of the
alternating least squares [48] (ALS) algorithm the optimization is done in turn over each
matrix, while in the case of the cyclic coordinate descent [49] algorithm the optimization
is done in turn over each value of the index R. The performance of a regularized version
of the ALS algorithm will be studied here.

5.2.2 Alternating least squares

In the case of three distinct factors Tjj;, ~ A;rBjrCkr two of them can be regarded

fixed leaving a least squares problem for finding the optimal third factor. Each matrix is
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Periodic coupled-cluster implementation for extended systems 39

optimized in alternating order leading to the alternating least squares (ALS) algorithm

(n+1) : (n) (n) 2
A = argj‘mn AirBir Cyp — ngkH ) (5.10)
2

B .~ argmin || A% B,pC™) kaH : (5.11)

B
2

D) = argmin || AUV B Gy — Tij : (5.12)

C

which has to be solved iteratively until it is sufficiently converged, starting with random
matrices A, BO) and ¢,

Each least squares problem has a unique solution, which can be written explicitly. For

Eq. (5.10) it is for instance given by
AT — 1 B CRS gt (5.13)

omitting the iteration specification on B and C for brevity. G denotes the Moore—
Penrose pseudoinverse [50, 51] of the Gramian matrix G. For Eq. (5.10) the Gramian
matrix is given by

Grs = B¥5C™ BirCyp . (5.14)

The expressions for the other matrices can be written in an analogous manner. When
applying the ALS algorithm to decompose the Coulomb vertex the computationally most
demanding steps are the calculation of the pseudoinverse G* scaling as O(N }3%), as well
as the contraction of Tjj; with either factor B*75 or C*F9 in Eq. (5.13), depending on

which is larger, scaling as O(N2NpNRg).

It is noted that the ALS algorithm and the employed CPD of the Coulomb integrals has
already been studied in Ref. [52] under the guise of the tensor hypercontraction (THC)
method. To overcome the slow convergence of the ALS algorithm, the authors of the
THC method have switched in Refs. [53-55] to determining the factor orbitals IT using
a real space quadrature grid, which was shown to have physical justification. Having
fixed the factor orbitals the Coulomb factors A can then be efficiently calculated by a

single least squares fit.

5.2.3 Regularized alternating least squares

A modification to the ALS algorithm that can substantially improve the convergence
which does not require the choice of a real space quadrature grid is employed. Although
the ALS algorithm guarantees an improvement of the fit quality in each iteration the

convergence can be very slow, especially when there are multiple local minima for a factor
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A in different regions having all similar minimal values. In that case the best choice for
A may vary strongly from iteration to iteration since updating the other factors B and
C' can change the order of the minima. This behavior is referred to as swamping [56]
and it takes many iterations before the ALS algorithm converges to one region for each
factor that globally minimizes the fit quality. Introducing a penalty on the distance to
the previous iteration limits swamping and leads to the regularized ALS [57] (RALS)

algorithm:

A+ . arg;nin( HAiRBj('TIL?)CI(c?%) - Tiij2

2
), (5.15)

2

+ )\EZL) HAiR - AEZ)

B+ .= argrnin< HA,(';Z{_H)B]'RCSE) — T”k”
B
2
, (5.16)

2
c+l) .= argmin( HAEIZH)BJ(?%H)CkR — Tiij
C

’ ) (5.17)

The solution of each regularized least squares problem can again be given explicitly, here

+ Al

|Bir — B

+ A

‘CkR -

for instance for Eq. (5.15), and again omitting the iteration specification on B and C
AT = (TS 120 Al)) Gty (5.18)
In the regularized case the Gramian G depends on the regularization parameter )\Ef)
Grs = B7°C*™™ BjrCyp + A%)5RS : (5.19)

where drg denotes the Kronecker delta.

The regularization parameter )\(X) for finding A™*D in the nth iteration still remains

to be determined. Too low values allow swamping to occur while too large values un-
necessarily slow down the convergence. For the estimation of an efficient regularization
parameter it is assumed that the fit quality |AB™C™ — T||? in the term to minimize

in Eq. (5.15) varies little from one iteration to the next. This is also assumed for the
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local change of the fit quality with respect to each value in A. This allows to relate the
minimized term in the previous step n — 1 to the minimized term in the step n where

the regularization parameter is determined:

)\(n—l)HA(n) _ A(n—l)”2 ~ )\(n)HA(nJrl) _ A(H)HQ- (5.20)

If A™ and A+ have similar norm one can also relate their relative step sizes SE:) and

sglJrl), by )\("*1)3124(") R~ )\(")3124(7”1), where the relative step size in the nth iteration is
given by

s§) = A — AV /AW, (5.21)

The relative iteration step size S%Jrl) of the next iteration should be approximately as

large as a chosen maximum value sy, which will be refered to as swamping threshold.

From that the estimated regularization parameter for the nth iteration is defined
A = A2 (2 (5.22)

Directly using the above estimate results in a regularization which we find alternately

too strong and too weak. To ameliorate this we introduce a mixing of the estimated

regularization parameter 5\%) for the nth iteration, as above, with the regularization

)

parameter )\(:_1 of the previous iteration to obtain the regularization parameter )\(;)

employed for the nth iteration in the RALS:

A= (5.23)
)\ZL) = 045\%) +(1— oz))\gl_l). (5.24)

Regarding the choice of the swamping threshold sy and the mixing factor « it is found
that sg = 1.0 and a = 0.8 offers a good compromise allowing quick convergence while

still preventing swamping for the systems studied so far.

5.2.4 Quadratically occurring factors

In the case of the Coulomb vertex the factor orbitals II® occur quadratically. In order
to find the next estimate II"*1) in the alternating least squares algorithm an iterative

algorithm similar to the Babylonian square root algorithm is used. Each subiteration is
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given by
H(n+1,m+1) — (1 . ﬁ) H(n+1,m)

. 2
+03 argmin( HAg( +1)H*‘]1%(n+1’m)ﬂf° — FgFH
I
n m 2
+ Alprtim) HHE _ Rt )H ) (5.25)

with II(*+1.0) .= T1(™ and the mixing factor 0 < 8 < 1. Note that IT* is a fixed parameter

) needs to be
(n+1,0) _ )\(n)
I o -

rather than a fitted one and that the regularization parameter )\gl +lm
determined for the mth subiteration similar to Eq. (5.24), however with A
The above iteration converges towards a solution of the quadratic problem. [1(n+1.0M)
and )\(r? M) are used for the next estimate of I+ and )\gL 1 in the RALS algorithm,
respectively. The number of subiterations M needs to be sufficiently large, such that
(D is at least an improved solution of the entire fit problem compared to II(™. A
large number M of subiterations gives an estimate II("*t1) that is close to the optimal
choice of II for a given A1) However, the cost of each subiteration is similar to the
cost of the fit of A in the RALS algorithm and a good choice for minimizing the overall
computational cost is § = 0.8 and M > 2, but only as large such that the solution is an
improvement. It should be pointed out that there are alternative methods for solving

the quadratically occurring factors [58].

5.3 Implementation of coupled-cluster equations

The algorithms described so far yield an approximate factorization of the Coulomb

integrals of the form
VI m PRI A" RARIIILE, (5.26)

where the factors I and A are N, x Ng and Nr x Ny matrices, respectively. It is found
that the rank of the decomposition Ng is about an order of magnitude lower than the
number of real space grid points of the original factors of the Coulomb integrals, being
the orbitals ¢,(x).

5.3.1 Reduced scaling coupled cluster theory

This section outlines how the obtained factorization can be used to reduce the compu-
tational cost of coupled cluster theory. We closely follow the work of Parrish et al. in
Ref. [59].
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The most demanding step in the canonical CCD method using a plane-wave basis set
is the calculation of the particle/particle ladder contribution Tfjch‘&b in the amplitude
equation, scaling as O(N2N32) in time. Here, the factorized form of the Coulomb inte-
grals Vc%lb can be exploited to break down the simultaneous contraction over the indices

¢ and d into a sequence of contractions involving only at most one index, as follows
TGV ~ T TEIT A R ARSI (5.27)

The most expensive term in this sequence of contractions leads to a scaling of O(N2N2Ng)
in time, without exceeding the memory complexity of the coupled cluster amplitudes.
As will be demonstrated later, it is found that Ng is proportional to the system size
N, resulting in an O(N®) scaling behavior in time of the particle/particle ladder contri-
bution. Likewise, the most expensive term in CCSD amplitude equations includes the
singles contribution to the ladder diagram (TITEVE, TEATPVS, TEATITI V). Simi-
larly, these terms can be evaluated via the factor orbitals and the Coulomb factors in

an O(N?) scaling in time

(VS — VTR — VAT + VETET) (T + TETY) ~
(T + T8 (G — T FA A (1Y — TIPS (5.28)

The closed CCSD amplitude equations, given in Eqgs.(3.66) (3.67) (3.68) have been imple-
mented, with the use of the Coulomb vertex I'? ., the Coulomb integrals V! = ek .,
as well as the factorization of the Coulomb vertex I'!,, ~ A?H*%Hﬁ. The workflow is
schematically depicted in Fig. 5.1 The Coulomb vertex f‘gG is calculated using the VASP
code within the PAW method, employing canonical HF orbitals, and afterwards is writ-
ten on the disk. The memory requirement for the Coulomb vertex is Ng X Ng, where
N, = Ny + N, denotes the total number of orbitals and Ng the number of plane-wave
vectors. Subsequently the Coulomb vertex is read using the cc4s code. The latter
is written in C++ and utilizes the Cyclops Tensor Framework (CTF) [60]. CTF is a
distributed-memory numerical library that automatically manages tensor blocking and
redistribution to perform contractions via matrix multiplication on a properly ordered
and structured tensor. €c4s implements a range of coupled-cluster and related meth-
ods such as CCSD, and CCSD(T) by writing the equations on top of a C++ templated
domain-specific language. The closed shell CCSD equations are given in the Appendix C,

and the (T) correction has been implemented in a similar manner.

Kats and Manby [61] proposed an approximation to CCSD theory that neglects ex-
change processes between different clusters which is formally still exact for two electron

systems. The resultant theories have been called distinguishable cluster theories because
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FIGURE 5.1: Schematic illustration of the workflow of a CCSD calculation using the
VASP (red squares) and cc4s (blue squares) codes.

they violate the indistinguishability of electrons in a many-electron system. However,
it has been shown that distinguishable cluster approximations such as distinguishable
cluster singles and doubles (DCSD) correctly dissociate a number of diatomic molecules
and yield very accurate equilibrium geometries and interaction energies for many molec-
ular systems, outperforming the accuracy of CCSD theory at the same computational
cost [62—64]. Motivated by these findings the distinguishable approximation to CCSD

has also been implemented.

5.3.2 Molecular adsorption of water monomer on h-BN

In order to demonstrate the applicability of these newly developed methodologies the
interaction energy between a water molecule and a 4 x 4 h-BN monolayer is calculated.

Periodic CCD theory is employed to examine to what extent the TRD (Tensor Rank
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FIGURE 5.2: Computational cell for water adsorbed on a 4 x 4 h-BN sheet. White
spheres are hydrogen, red spheres are oxygen, pink spheres are boron, and blue spheres
are nitrogen. Picture is taken from Ref. [65]

Decomposition) and the optimized auxiliary field approximations are accurate and effi-
cient. The structures for the adsorption have been obtained by Al-Hamdani et al. [65],
whereby the molecule is oriented on top of an N site and the geometry has been opti-
mized using the optB86b-vdW functional. The water-N distance was set to 3.2 A. The
h-BN monolayer is modeled by 32 atoms in the periodic cell and the distance between
two BN sheets was set to 16 A. The corresponding structure is shown in Fig. 5.2 After
checking convergence, a 500 eV kinetic energy cutoff was employed for the one particle
orbitals along with I'-point sampling of the Brillouin zone. The B 25%2p!, N 2522p3, O
2522p*, and H 1s! states have been treated as valence states. Occupied HF states were
converged within the full plane wave basis. The vast number of virtual orbitals in a plane
wave basis is truncated by mapping a virtual orbital manifold, expanded in plane waves,
onto atom centered basis functions. Dunning’s contracted aug-cc-pVDZ (AVDZ) and
aug-cc-pVTZ (AVTZ) [66, 67] pseudized Gaussians were chosen to represent the atom
centered functions. By orthogonalizing these virtual states to the occupied space an
AVDZ and AVTZ basis set is mimicked via orbitals that are expanded in plane waves.
The underlying procedure is detailed in Ref. [68] and Section 6.1 later in the thesis.
Counterpoise corrections to the basis set superposition error (BSSE) were included in
all correlated calculations. Currently the accuracy of the OAF and the low-rank approx-
imations of the Coulomb vertex f’gG is examined. The quality of these atom-centered

orbitals based on Gaussian basis functions will be discussed later in the thesis.

The adsorption energy is defined as the difference in energy between the non-interacting

fragments and the interacting system

E,4s = En,0 + EBN — EH,04+BN- (5.29)

Initially, the convergence of the adsorption energy with respect to the number of mo-
mentum grid points Ng, employed to evaluate the Coulomb vertex ng according to

Eq. (4.29), is investigated. The selection of the plane waves vectors G is determined by
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a kinetic energy cutoff F, such that

G2
2me

< B, (5.30)

For this purpose a pseudized AVDZ basis set represents the virtual orbitals. The current
system consists of N, = 68 and N, = 780 occupied and virtual orbitals respectively.
Kinetic energy cutoff values from 100 to 300 eV were employed for the calculation of
the adsorption energy. The results are shown in the inset of Fig. 5.3. The adsorption
energy behaves as CE, 3/2 [38, 69] up to 200 eV, however, at higher cutoffs one observes
a plateau in the curve as a result of the truncation of the virtual orbital space via
the pseudized Gaussian basis functions. It can be concluded that a cutoff energy of
200 eV is sufficient to converge the adsorption energy to within 2-3 meV. The accuracy
of the optimized auxiliary field technique to approximate the Coulomb vertex f‘zG for
the current system is then investigated at the level of CCD theory. First the optimized
Coulomb vertex I'Y,, = U*%I', is obtained, where UJ consists of the left singular
values of f‘gG associated with the Np largest singular values, according to Eq. (5.2).
The optimized Coulomb vertex is expected to be efficient since most of the space in
the simulation cell is vacant, and the plane-wave auxiliary basis contains redundant
information. Different number of field variables Nr were employed to approximate the
plane wave vectors N¢g for the various cutoff energies. The behavior of the adsorption
energy with respect to the number of field variables is shown in Fig. 5.3. The rapid
convergence of the energy with increasing number of field variables owes to the locality
of the molecular orbitals in the supercell. The adsorption energy obtained with a cutoff
of 200 eV can be calculated within 0.5 meV accuracy using Ng = 1450 field variables to

approximate Ng = 4504 plane wave vectors.

Since it is concluded that the adsorption energy can be computed within approxi-
mately 3 meV using a cutoff energy of 200 eV for the auxiliary plane-wave basis and
Np = 1450 field variables to construct the optimized Coulomb vertex, these settings
are chosen to assess the accuracy of the low rank factorization of the Coulomb inte-
grals. Different number of vertex indices R are used to compute the factor orbitals and
Coulomb factors of the Coulomb vertex, following Eq. (5.8). The particle/particle ladder
contribution ﬂ?d‘/;‘(lib in the amplitude equation of CCD is approximated via the factor
orbitals and the Coulomb factors as shown in Eq. (5.7). The adsorption energy versus
the number of the vertex indices Ny is shown in Fig. 5.4. The energy does not converge
monotonically as in the case of the optimized auxiliary field approximation. This is
due to the nonlinear nature of the canonical polyadic decomposition of the Coulomb
vertex and the random initial choice for its factors. Nevertheless a converged behavior

with increasing Np is observed. Furthermore, a value of Np = 4350 = 3Np is sufficient
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FIGURE 5.3: Optimized auxiliary field (OAF) approximation error ¢OAF(Np) =

Eogs(Np)— Eags(Ng) of the CCD adsorption energy as a function of the number of field

variables N used to approximate the Coulomb vertex. The number of G vectors Ng

of the unapproximated Coulomb vertex f‘gG is indicated by the shape of the markers.

The inset shows which marker corresponds to which Ng and plots the convergence of

the adsorption energy with respect to N¢g, corresponding to kinetic energy cutoff values
of 100, 150, 200, 250, and 300 eV, respectively.

to yield an adsorption energy within 1 meV accuracy. This suggests that the TRD of
the Coulomb vertex is a controllable approximation that can yield increasingly accu-
rate results with increasing decomposition rank Ng. In order to further validate the
accuracy of the TRD method the convergence of the absolute energy of the interacting
system with respect to the decomposition rank Ny is shown in the inset of Fig. 5.4. An
exponential convergence of the total energy is evident. An accuracy better than 0.1%
is achieved already with Np = 2Np. Nevertheless, the corresponding accuracy in the

adsorption energy is a result of an error cancellation of one to two orders of magnitude.

Having assessed the accuracy of the TRD the adsorption energy of the water molecule
on h-BN is now calculated using the AVTZ pseudized Gaussian basis set. The eval-
uation involves the decomposition of a Coulomb vertex with N, = 68, N, = 1564,
Np = 0.33Ng = 1450, and Np = 3N = 4350. The computational cost to obtain the
decomposed matrices is roughly 3000 CPU hours with 256 iterations. The CPU hours
required for the CCD calculations obtained with and without the TRD technique are
summarized in Table 5.1. The time for the evaluation of the particle/particle ladder term
per iteration is as much as 43 times faster using a decomposition with Np = 2N and
22 times faster with Np = 3Np. This constitutes a significant gain in the computational

effort of coupled cluster methods with only slight compromise in accuracy.
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FIGURE 5.4: Low rank approximation error e;r(f;D (NR) = Eads(Np, Ng) — Eags(NF)

of the CCD adsorption energy as a function of the rank Np using the OAF approxi-

mated Coulomb vertex with Ng = 1450 field variables. The inset shows the respective

approximation error for surface+molecule fragment egl;%) BN = Er,04BN(NF, NR) —

Ey,0+8N(Np) only, revealing an error cancellation of one to two orders of magnitude
in the adsorption energy.

TABLE 5.1: CPU hours per iteration compar-

ing CCD calculation with and without the factor-

ized Coulomb integrals. In parenthesis we denote

the part for evaluating the particle/particle ladder
term.

Basis set Nr =2Np Ngr=3Np no TRD

AVDZ 39 (13) 49 (24) 100 (75)
AVTZ 259 (28) 258 (55) 1443° (1212)

¢ estimation based on the AVDZ basis set.
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Chapter 6

Basis set and thermodynamic

limit approximation

In this Chapter an efficient yet accurate truncation of the plane-wave virtual orbital
manifold is discussed, based on either atom-centered Gaussian basis sets or MP2 natu-
ral orbitals. A tricubic interpolation of the correlation energy structure factor around
the G — 0 limit is then investigated, to capture long-range correlation effects, together
with an averaged shifted I'-point technique that allows a smooth convergence of the
correlation energy with respect to the band structure dispersion. The accuracy of these
approximations is demonstrated by studying water adsorption on hexagonal Boron Ni-
tride (h-BN) sheet, a typical example of weak molecular physisorption on an insulating

two-dimensional surface.

6.1 Atom-centered Gaussians as plane-wave orbitals for

correlated methods of periodic systems

All the hitherto correlated methods, such as MP2 and CC, have been discussed in the
context of canonical plane-wave HF orbitals. The plane-wave basis is defined by an
energy cutoff and the full set of canonical HF orbitals (occupied and virtual) is obtained
by diagonalizing the Fock matrix within the given plane-wave basis. Plane-waves repre-
sent a convenient choice to expand one-electron orbitals in periodic systems since they
are eigenstates of the kinetic energy operator and naturally fulfil the periodicity of the
computational cell. However, there are some drawbacks to plane-wave expansions. Since
they make no reference to the nature of the atomic environment, they have equal basis
coverage throughout the cell. This can lead to a great deal of wasted computational ef-

fort when studying surfaces or low-dimensional systems. This is due to the necessity for

49
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Basis set and thermodynamic limit approximation 50

large amounts of vacuum in the cells to minimize the effect of spurious periodic images,

which results in large, unwieldy plane-wave expansions to converge the total energy.

For correlated methods, the steeper scaling compared to mean-field methods means that
the speed of convergence with respect to number of basis functions is even more criti-
cal. For instance, our implementation of MP2 scales as O(N2N2Ng), whereas CCSD as
O(N2N¥), where N,, Ny, and Ng is the number of occupied orbitals, virtual orbitals,
and plane-wave vectors of the Coulomb vertex respectively. Rather than using plane
waves directly for the virtual space, it is more common to truncate the prior mean-field
virtual manifold on an energetic criteria to improve the convergence to the complete
basis set. However, this virtual manifold is not inherently physical, and its somewhat
arbitrary truncation therefore does not necessarily provide a good basis to expand the
correlated wavefunction. Truncating based on an energetic criteria (now on the mean-
field energy rather than kinetic energy as for plane waves) does not necessarily yield fast
convergence. Furthermore, consistent truncations of the virtual bandstructure when
comparing fundamentally different systems, such as an isolated molecule and a surface,
are close to impossible to achieve, and therefore still generally rely on convergence to
costly, near-complete basis sets for meaningful comparisons. Attempts to truncate vir-
tual single-particle orbital expansions using other criteria, such as occupation numbers
from other levels of theory, have had some success, but can often be expensive to carry

out [70, 71]. The use of MP2 natural orbitals is examined in the next section.

An alternative representation to plane wave expansions is local atom-centered functions,
such as Gaussian basis sets. While Gaussian basis sets can potentially take many differ-
ent parameterizations, their widespread use within the field of quantum chemistry has
meant that many tabulated basis sets of increasing size and flexibility are readily avail-
able [66, 67, 72]. The use of atom-centered Gaussian-type orbitals (GTOs) in periodic
electronic structure is not new, with several other codes employing their use [73-81].
Furthermore, mixed plane-wave and Gaussian schemes have also been previously intro-
duced as an attempt to combine their strengths in electronic structure calculations of

periodic systems [82].

An implementation of a straightforward approach for the use of a periodic Gaussian
basis (or indeed any numerical atom-centered functions) within the PAW framework
in the VASP code is presented. An application of several correlated levels of theory to
a number of systems, demonstrates that the consistent level of truncation as afforded
by the Gaussian basis set expansions leads to a rapidly convergent and extrapolatable
virtual space for the calculations. A comparison with all-electron molecular calculations,

provides confidence in the applicability of the functions within the PAW framework.
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Basis set and thermodynamic limit approximation 51

An efficient hybrid approach is explored, whereby the occupied orbitals are first con-
verged within a large primitive plane wave expansion, rendering the occupied space and
hence the HF energy essentially complete. A virtual basis is then included for the correla-
tion treatment comprised of the complementary set of orbitals constructed by projecting
the occupied orbitals out of the Gaussian basis set. By rediagonalizing the Fock matrix
in this newly constructed virtual space, a canonical formulation of correlated methods
is possible. This dual approach removes basis set incompleteness of the occupied one-
electron orbitals and thus substantially ameliorates the issue of basis-set superposition
error, which now only manifests through the subsequent correlation treatment. Addi-
tionally, it retains the benefits of the compact, consistent virtual space afforded by the

atom-centered Gaussians.

6.1.1 Construction of plane-wave Gaussians

A Gaussian basis set is composed of atom-centered functions that can be decomposed
into radial and angular parts such that an angular momentum function (I, m) for a given

atom positioned at R can be given by

GlmR<r) = Rl(|r - R\)Y}m(ﬁ, ¢) s (6.1)

where Y,,(0, ¢) are spherical harmonic functions and r, 0, ¢ represent spherical coordi-

nates. The radial function R; (‘r — RD is expanded into Gaussian functions

R(r—R|)=|r- R‘l ZCPA(l, 04},)6_""’“'_11‘2 , (6.2)

where A(l, o) is a normalization constant of the Gaussian primitives and ¢, the contrac-
tion coefficients for the primitive Gaussian functions with exponent cy,. Such a Linear
combination of primitive Gaussian functions is formed to approximate the radial part

of the atomic orbitals.

Such a Gaussian basis set is sought to be expanded in plane-waves, seamlessly integrated
within the PAW framework. The Fourier components of strongly localized real space
orbitals decay very slowly, which results in a slow convergence of the orbitals with respect
to the underlying plane-wave energy cutoff. This cutoff energy dictates the size of the
plane-wave basis employed in Eq. (4.5). The slow convergence of the orbitals with respect
to this cutoff is mainly due to sharp features of the Gaussian-type orbitals (GTOs)
resulting from the fitting of the non-analytic cusp behavior at the nuclear coalescence
point, which in non-relativistic quantum theory exhibits a derivative discontinuity in the

wavefunction. However, the plane-wave basis is augmented within the PAW framework,
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which includes a description of the atomic core region of each atom. This augmentation

largely resolves these sharply varying parts of the wavefunction.

To this end the radial part of the Gaussian functions defined in Eq. (6.2) are pseudized,
which smooths the core region of each function, defined up to a pseudization radius
from the nucleus, r.. This is done in a way consistent with the symmetry and norm of
the orbitals, and results in a rapidly convergent set of Fourier components representing
pseudized GTOs (PGTOs). The employed pseudization strategy mirrors the work of
Kresse et al. in the construction of pseudized partial waves for pseudopotentials [83].
The core of the pseudized radial Gaussian basis functions is expanded in three spherical

Bessel functions such that

3
Ry(r) = Z a;rji(qir) , (6.3)
i=1

where ¢; is chosen such that the value of the function as well as logarithmic derivatives

match at the cutoff radius,

2 Nog B, = 2 g (ritar)]., - (6.4

Moreover, norm conservation of the PGTO is required such that
/ Ry(r)2dr = / Ry(r)2dr (6.5)
0 0

It is noted that for r > 7. the following condition holds R;(r) = R;(r). The pseudization
radius can be chosen such that it is identical to the cutoff radius used by the projectors
p; in the PAW method. In this manner the core region of the pseudized Gaussians
is augmented with additional terms that capture the oscillatory and sharp features of
the one-electron wavefunctions in this region. The procedure is schematically depicted
in Fig. 6.1 Once the appropriate Fourier components are found, integrals between the

orbitals can be obtained in the reciprocal basis using the procedure detailed in Chapter 4.

The one-particle orbitals are constructed pursuing a hybrid approach for the correlated
calculations. The HF part of the calculation is performed with a plane-wave basis,
where the convergence can be achieved using affordable energy cutoffs, yielding optimal
occupied orbitals and eigenenergies. The large expansion of virtual orbitals as plane-
waves or virtual canonical orbitals is then avoided by representing the virtual space

as an expansion of pseudized Gaussian basis functions, after having projected out the
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FIGURE 6.1: Schematic illustration of the workflow. A Gaussian basis set is represented

on a radial grid (left upper panel). We employ a pseudization strategy (PS) to allow

the core to be more efficiently represented by its Fourier coefficients by calculating the

corresponding pseudized basis function (right upper panel). In the following step we

Fourier transform (FT) the pseudized Gaussian-type orbital (PGTO) to the plane wave

basis (left bottom panel). This is then used for the various electronic structure post-HF
theories.

component of the (complete) occupied space from the Gaussian basis. This ensures
that the full flexibility of the pseudized Gaussian basis is spanned, in addition to the
complete occupied space. Since all orbitals are ultimately expressed by their Fourier
components, this projection is trivially achieved, and the virtual orbital space {|¢q)}

can be constructed as

Vo) = |Ga) — Z i) (1) |Ga) (6.6)

where |G) is the Gaussian basis, and [¢;) represents the complete space of occupied or-
bitals expressed in the plane-wave basis (note that the |¢;) orbitals which are projected
out refer to the AE orbitals rather than the pseudized orbitals to ensure true orthogo-
nality). If the norm of any virtual orbital is below a threshold value after this projection,
then it is removed from the calculation, while the rest are orthonormalized and consti-
tute the virtual basis for the calculation. The virtual space is subsequently canonicalized
before use in post-mean-field methods, with no further mixing between occupied and
virtual states possible. The benefits of this basis construction are significant, with basis
set incompleteness and superposition error only remaining in the correlated treatment
of the wavefunction, which is readily extrapolatable within the employed correlation-
consistent basis sets. A schematic illustration of the workflow employing the PGTOs as

virtual orbitals is depicted in Fig. 6.2.
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FIGURE 6.2: Schematic illustration of the workflow of a CCSD calculation with plane-
wave expanded PGTOs representing the virtual one-electron states using the VASP (red
squares) and cc4s (blue squares) codes.
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FIGURE 6.3: Water dimer geometry. The picture is taken form Ref. [68], whereas the
atomic positions from http://cccbdb.nist.gov/

6.1.2 Water dimer

As an exemplary calculation the binding energy of water dimer is studied. This is an
important example because plane-wave basis set calculations are computationally very
expensive for atomic and molecular systems for they require a large simulation box with
a lot of vacuum to minimize interactions between periodic images, similar to the case
of surface studies. As a result of the large box size the number of plane-wave basis
functions becomes very large regardless of the actual number of atoms and electrons in
the unit cell. In this calculation a 10 x 10 x 10 A3 cubic box is employed. The geometry
of the water dimer is shown in Fig. 6.3. The cutoff energy was set to 600 eV resulting
in a basis set size consisting of more than 30000 plane-waves, leading to a huge number
of virtual orbitals. However, the number of Gaussian basis functions is smaller than 200
even for the largest used aug-cc-pV'TZ basis set. The complete occupied space of states
was first calculated and included within the basis to saturate the HF wavefunction. The

PGTO basis was therefore only used to span the complementary virtual space.

Table 6.1 summarizes the obtained binding energies for the water dimer on the level
of HF and MP2 theories calculated using the aug-cc-pVDZ (aVDZ) and aug-cc-pVTZ
(aVTZ) contracted basis sets. Gas-phase calculation employ the Psi4 code [84], whereas
periodic calculations the VASP code alongside the pseudized Gaussian basis to represent
the virtual orbitals. The oxygen 1s orbitals of the GTO calculations were frozen to allow
for fairer comparison to the valence-only PGTO calculations performed with the PAW
method. Since the PGTOs are only used to span the virtual orbitals, the HF contribution
to the binding energies is independent of the PGTO basis set size. This also renders
the occupied space and HF contribution free of basis set superposition error, as shown
by the lack of a counterpoise correction to the values. PGTOs and GTOs yield MP2
binding energies that deviate by more than 20 meV from each other when no allowance
is made for basis set superposition error. However, the majority of this difference is

due to the incompleteness in the HF contribution to the interaction in the GTO basis.
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TABLE 6.1: Binding energy contributions for the water dimer
using HF and MP2 theories, comparing results from gas-phase
calculations in a contracted aug-cc-pVXZ basis with Psi4 with
frozen oxygen 1s core, and results from a periodic system in a
10 x 10 x 10 A3 cubic box, with a pseudized basis in vasp. The
(CP) denotes that counterpoise corrections have been included
for basis set superposition error in this basis. All units are in

meV.
PGTOs GTOs
Basis HF MP2 corr. MP2 HF MP2 corr. MP2
aVDZ 142 56 197 155 62 217
aVTZ 142 66 208 145 69 215
aVDZ(CP) 142 41 183 151 42 194
aVTZ(CP) 142 53 195 144 53 197

The discrepancy in the MP2 correlation contribution to the interaction energy is only
at most 6 meV, despite the contrasting occupied space. This difference decreases as the
basis set is increased and the HF contribution of the GTO basis becomes increasingly
complete to match the PGTO calculations. Basis set superposition errors are a well-
known drawback of atom-centered basis sets and can typically lead to an overestimation
of binding energies. This is because more basis coverage is available for each monomer
at shorter bond lengths, as it can exploit the basis coverage supplied by the overlap of

the functions from the other monomer.

To better understand the origin of the difference between PGTOs and GTOs calculations
with counterpoise corrections (CP) for the basis set superposition error (BSSE) [85] are
also included in Table 6.1. Both our PGTO and GTO calculations lower the predicted
binding energies by about 15 meV and 20 meV in the case of PGTOs and GTOs,
respectively, if BSSE is accounted for. This basis set superposition error in the case of
the PGTO is purely contained in the correlation part of the MP2 since the occupied
space is complete, while for the GTO basis it also includes basis set superposition in the
HF contribution. Once the BSSE of purely the correlation part of the MP2 interaction
energy is analyzed, results are in closer agreement, however, these will still be affected by
the contrasting occupied space in each system. From this example one can conclude that
our PGTO basis sets yield a comparably accurate description of electronic correlation

effects as the GTO counterparts for molecular systems.
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TABLE 6.2: Binding energy contributions for the water dimer
using HF and MP2 theories, comparing results from gas-phase
calculations in a contracted aug-cc-pVXZ basis with Psi4 with
frozen oxygen 1s core, and results from a periodic system in a
10 x 10 x 10 A3 cubic box, with a pseudized basis in vaAsP. The
(CP) denotes that counterpoise corrections have been included
for basis set superposition error in this basis. All units are in

meV.
Basis No. of virtual orbitals HF MP2 corr. MP2
aVDZ(CP) 845 42 —141 —-99
aVTZ(CP) 1632 42 —152 —110
PW (100eV) 22213 42 —176 —134
PW (150eV) 22213 42 —165 —123
PW (200eV) 22213 42 —162 —120
PW (extr.) 22213 42 —153 —111

6.1.3 Water adsorption on /-BN

The prototypical surface adsorption problem, water monomer on a 4 x 4 h-BN sheet,
is then analyzed in order to demonstrate the accurate truncation of the virtual orbital
space, using the PGTOs. Dunning’s contracted aug-cc-pVDZ (AVDZ) and aug-cc-pVTZ
(AVTZ) [66, 67] pseudized Gaussians were chosen to represent the atom centered func-
tions. By orthogonalizing these virtual states to the occupied space we retain a canonical
implementation of the correlated wavefunction-based methods as schematically depicted
in Fig. 6.2. We compare this truncation to the full canonical HF plane-wave orbitals.

We note that no OAF or TRD approximations are used in this study.

Table 6.2 summarizes MP2 adsorption energies using different virtual orbital schemes.
It is evident that a truncation based on an AVTZ basis set yields an adsoprtion energy
of —110 meV, very close to the complete basis set (CBS) limit result using the full plane-
wave orbitals, that is —111 meV. It is noted that the AVTZ basis set consists of 1632
virtual orbitals compared to 22213 of the canonical HF orbitals using the full plane-wave

basis, thus significantly reducing the computational cost.

6.2 MP2 natural orbitals

In the previous Section a truncation of the vast number of plane-wave virtual orbitals was
introduced. A compact representation of the virtual orbital space is found by mapping

a set of pseudized atom-centered Gaussian functions onto a plane-wave representation.
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This virtual orbital manifold can produce accurate results with significantly fewer num-
ber of virtual states. In this Section a brief introduction of MP2 natural orbitals is

given [70, 86, 87].

Natural orbitals (NOs) were introduced by Léwdin as eigenstates of a state-specific one-
particle density matrix [86]. MP2 NOs are calculated by the diagonalization of the MP2

one-particle reduced density matrix [70, 88|

2(cblig)(ijlca) — (cblij)(ij|ca)
Dab = Z ACbAca ) (67)
ije ij g
where
Afjb =¢i+ej—€—¢€p. (6.8)

The indices ¢ and j refer to the band index of occupied spatial orbitals, whereas indices
a,b, and ¢ to the band index of virtual spatial orbitals. ¢, refers to the HF orbital
eigenenergies. Eigenstates and eigenenergies of the one-particle density matrix are the
MP2 NOs. Diagonalization of the density matrix D, mixes only the virtual orbitals.
However, in contrast to canonical virtual HF orbitals, MP2 NOs do not diagonalize the
Fock operator. A recanonicalization of the Fock operator in the basis of the virtual NOs
allows for a canonical implementation of correlated methods. The diagonalization of
the MP2 one-particle reduced density matrix requires the full plane-wave HF orbitals to
be included. However, one can diagonalize the MP2 density matrix using the PGTOs
as virtual states. This results in a reduction of the virtual states of about half. The

procedure is depicted in Fig. 6.4.

6.3 Finite size corrections for periodic CC

Many-body methods such as coupled cluster theory can describe both long- and short-
ranged electronic correlation effects with high accuracy. However, the scaling of the
computational complexity of these theories with respect to system size is of a high-order
polynomial form. Therefore, it is difficult to treat long-range correlation effects in a
computationally efficient manner using these theories. In particular, the thermodynamic
limit of an extended system is approached as N — oo, where N is the number of
particles in the simulation cell. Finite-size errors are defined as the difference between
the thermodynamic limit and the finite simulation cell results. For electronic correlation
energies obtained using many-electron perturbation theories, these errors typically decay
as 1/N for a 3-dimensional and 1/N? for a 2-dimensional system as a consequence of

long-range interatomic van der Waals forces.
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FIGURE 6.4: Schematic illustration of the workflow of a CCSD calculation with plane-
wave expanded PGTOs representing the virtual one-electron states using the vAsP (red
squares) and cc4s (blue squares) codes.
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The electronic correlation energy can be calculated in a plane-wave basis set using the

expression from Eq. (3.61) and the two-electron integral approximation of Eq. (4.29) as

/

Ec=(0|(H-E)[W) => Y T3 VP - Vi) = v(G)S(G) .  (6.9)

ij ab G

Within the I'-point approximation, G corresponds to a reciprocal lattice vector. Note
that v(G) is the Coulomb kernel in reciprocal space that diverges at G — 0, making
it numerically necessary to disregard this contribution to the sum, as indicated by the
apostrophe. Thus, S(G) is the partial functional derivative of the correlation energy
with respect to v(G). In the thermodynamic limit, the > o of Eq. (6.9) is replaced by
fG. Therefore, finite-size errors in the correlation energy of periodic systems originate

from two sources [89]:

1. quadrature errors in the summation over G.

2. the slow convergence of S(G) with respect to the employed supercell size or k-point

mesh.

Contributions to finite-size errors originating from the quadrature in the summation over
G can be partitioned into the G = 0 volume element contribution and the remaining
terms. We note that as a result of the Coulomb divergence, the integrable contribution
of S(0)v(0) to the correlation energy is usually neglected in computer implementations
of Eq. (6.9) [90, 91]. However, this is the dominant contribution to the finite size error of
the correlation energy of insulators. A Taylor expansion of S(G) around G = 0 shows
that S(G) exhibits a quadratic behavior close to zero, explaining the 1/N decay of the
finite size error for three dimensional insulators [90]. An estimate of S(0)v(0) can be
obtained by spherically averaging S(G) and interpolating around G = 0. Subsequently,
the interpolated function is multiplied with the analytic Coulomb kernel and integrated
over a sphere around G = 0, yielding an estimate of S(0)v(0) [90]. However, this
approach is not well defined for anisotropic systems, such as surfaces, because it requires
a spherical cutoff parameter. This drawback can be ameliorated by performing a tricubic
interpolation of S(G) without spherical averaging. Once obtained the interpolation of
S(G) and the analytic expression for the Coulomb kernel allows for integrating over
G on a very fine grid, simulating the thermodynamic limit integration. This approach
accounts for the S(0)v(0) contribution to the correlation energy and reduces quadrature
errors originating from too coarse a Brillouin zone sampling. Coupled cluster correlation

energies obtained using this interpolation strategy will be referred to as CC-FS.
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FIGURE 6.5: Partial derivative of the correlation energy with respect to the Coulomb
kernel for water on h-BN, for different substrate sizes. On z-axis G denotes the absolute
value of the reciprocal lattice vector G.

The partial functional derivative of the correlation energy with respect to the Coulomb

kernel v(G) = & can be expressed as
S(G) = D23 T [208(G)CY(G) - CHG)CI(G)] (6.10)

ij  ab

where C¢(G) is the Fourier transformed overlap density, defined in Eq. (4.26), and Ti‘;-b
are the amplitudes obtained either from CCSD or MP2 theory. A tricubic interpo-
lation technique is employed to reduce quadrature errors in ) 5 v(G)S(G). For the
sake of computational efficiency of the tricubic interpolation a linear transformation
A {G1,..,G,} — {Cy,..,C,} is defined, where {Cy,..,C,} are vectors of a simple
cubic grid. A transforms the unit cell vectors of {Gi,.., Gy} to the unit cell vectors of
{C4,..,C,}. Furthermore it is noted that S(G;) = S(A~'C;) and the auxiliary function
S (C;) := S(Gy) is defined. In order to obtain a more accurate estimate of the integral
of > ¢ S(G)v(G) the following procedure is pursued. Values of .7 are calculated using
the tricubic interpolation at additional points on an arbitrarily dense simple cubic grid
{Dj,..,D,}, which is chosen to be N, x N, x N, times denser than the original one.
Once obtained, the interpolated function and analytic expression of the Coulomb kernel

can be employed to calculate the correlation energy using

_ 1 -1p. .
E. = NV, ZZU(A D;).7(D;) . (6.11)
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FIGURE 6.6: Adsorption energy of a single water molecule on a h-BN sheet. The MP2

and RPA+SOSEX energies are retrieved as a function of atoms in the sheet. FS3D

indicates that finite-size corrections are included. Calculations employ a pseudized
aug-cc-pV'TZ basis set and include counterpoise corrections.

An N, = Ny, = N, = 50 grid yields well converged correlation energies while the

computational cost of the tricubic interpolation remains negligible.

As a demonstration of the applicability of the proposed method to reach the thermo-
dynamic limit the adsorption energy of a single water molecule on an h-BN sheet is
computed. The adsorption energy is defined as the difference in energy between the
non-interacting fragments (water and the h-BN surface) and the interacting system

(water molecule on h-BN),
Fads = En,0 + En-BN — EH,040-BN - (6.12)

To illustrate the importance of the interpolation method, the structure factor of the
interacting system is considered. In Fig. 6.5 the structure factor as a function of the
magnitude of the G-vectors along the z-direction is shown. The G = 0 limit is ap-
proached only very slowly with increasing number of substrate atoms. Furthermore, the
recent work of Al-Hamdani et al. [65] illustrates the importance of long-range correlation
effects that account for approximately 25% of the reference adsorption energy computed
in a (4 x 4) unit cell of h-BN. Figure 6.6 shows calculated adsorption energies at the
level of RPA plus second-order screened exchange (RPA+SOSEX) [92] and MP2 theories
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FIGURE 6.7: Hydrogen dissociation on Si(001) surface. Band structure at the level of
PBE for the transition geometry. On x-axis are the k-points across a line over k-points
of a I'-centered 4 x 4 x 1 k-mesh.

retrieved as a function of the number of atoms in the h-BN sheet. The same settings
as in the study of the PGTOs are used, together with the aVTZ Gaussian basis set.
Using MP2 theory it is possible to study very large systems [65] and it is found that the
MP2 adsorption energy converges slowly to a thermodynamic limit value of 119 meV.
It is noted that finite size errors for adsorption energies on two dimensional insulators
are expected to decay as 1/N?2, which is the predicted scaling from pairwise additive
van der Waals interactions [65]. Applying the proposed finite size correction to MP2
theory for the (4 x 4) unit cell h-BN sheet with 32 atoms yields an adsorption energy of
113 meV in close agreement with the thermodynamic limit result. We observe a similar
speed-up in convergence using RPA+SOSEX-FS theory, illustrating the transferability
of the proposed method.

Let us now turn to the discussion of the slow convergence of S(G) with respect to
the employed supercell size or k-point mesh in small band-gap systems. Apart from
long-range correlation effects small band-gap systems suffer from significant fluctuations
in the one-particle band structure. This can be illustrated by the band structure in
Fig. 6.7. Sampling the supercell of Fig. 8.1 using a 4 x 4 x 1 k-mesh instead of the
I’-point results in different orbital eigenergies depending on the k-point. In the case of
MP2 the amplitudes TZ-‘;-I’ in Eq. (6.10) are given by Eq. (3.47), i.e.,
v

T — . 6.13
K €i+€E —€a— € ( )
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Due to the fluctuations in the band structure the denominator of Eq. (6.13) can vary
significantly when increasing the k-point mesh. This is in contrast to high band-gap
insulators where the corresponding band structure would be almost flat with respect to
k-points, resulting in negligible difference in orbital eigenenergy differences for different
k-points. At the level of correlated methods this problem can be ameliorated by the
twist-averaging technique, i.e., calculating and averaging S(G) for a set of shifted k-
point meshes. It should be noted that the vectors G are not affected by shifting the
employed k-mesh because G depends only on the difference between any two Bloch wave
vectors. Thus the structure factor can be calculated on a I'-centered grid for all different
k-points. The twist-averaged structure factor for a set of N; different k-point shifts is

given by
1 &
S(G) = — i(G) . 14
5(6) = i L8O (6.14)
The shifts are chosen such that they mimic a uniform I'-centered k-mesh in the Brillouin

zone. The correlation energy can then be calculated using this twist-averaged structure

factor.
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Chapter 7

Water physisorption on periodic

surfaces

Molecular adsorption and diffusion on surfaces is central to countless industrial appli-
cations, including catalysis, gas storage, desalination, and more. Of all the many and
varied molecular adsorption systems, few are of greater importance than those involving
water. Water adsorption on the so-called vdW materials is particularly exciting as they
exhibit peculiar long-range correlation interactions compared to bulk solids or molecules.
Many of these exciting properties of water on vdW surfaces lack a full molecular level
understanding of the processes and the mechanisms involved. In order to gain further
insight, it is necessary to complement experimental investigations with theoretical ap-
proaches. One of the most fundamental properties of molecular adsorption on periodic
surfaces is the strength and the physical nature of the interaction. Accurate electronic
structure methods can therefore complement experimental data, by providing reference

adsorption energies.

In this Chapter periodic MP2 and CC methods are applied to investigate water adsorp-
tion on the ionic crystal LiH, and the two-dimensional surfaces of h-BN and graphene.
Wherever available, different methods are compared such as local quantum chemical

techniques for periodic systems and Quantum Monte Carlo (QMC) calculations.

7.1 Water adsorption on the (001) LiH surface

As a first application, water adsorption on the surface of a LiH crystal is studied. Al-
though dissolution is the fate of this ionic crystal upon solvation, it can serve as an

important benchmark system for several wave function based methods. Furthermore,

65
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FiGURE 7.1: The adsorption geometry of water on a two-layer slab with 64 atoms

per cell, representing the (001) LiH surface. The oxygen-surface distance is 2.15 A,

while the water molecule almost retains its equilibrium structure. The geometry was
optimized using the PBE functional. The picture is taken from Ref. [97]

the relatively small number of electrons involved allows for an in-depth comparison of
different post-mean-field methods. Periodic MP2 and CC theory are employed for the
calculation of the adsorption energy of a single water molecule on the (001) LiH surface,
keeping the atomic structure of the surface fixed. The adsorption energy is defined as the
difference in energy between the non-interacting fragments (water and the LiH surface)

and the interacting system (water molecule on LiH),
Eadgs = Eny,0 + Evin — Br,0+Lin - (7.1)

Since the primary interest is benchmarking different electronic-structure methods, zero-
point energy contributions or finite temperature effects are neglected. The structure
of the surface with the adsorbed molecule has been obtained in the following manner.
The Li and H atoms have been kept fixed to their pristine lattice sites with a lattice
constant of a = 4.084 A, consistent with previous studies of the LiH crystal [93-95]. This
has the advantage of keeping the geometry consistent when supercells or fragments of
different sizes are used in quantum chemical and DFT calculations. The water molecule
was relaxed on the LiH (001) surface using the Perdew—Burke-Ernzerhof (PBE) XC
functional [7] and a two-layer slab with the 4 x 4 surface supercell. A vacuum gap
of 20.5 A has been employed to ensure that the surface slab does not interact with
its periodic image. The relaxed geometry of the water molecule adsorbed on the LiH
surface is shown in Fig. 7.1. The DMC adsorption energy curve obtained by varying
the distance between the molecule and the surface, agrees well with the oxygen—surface
distance of the PBE functional (2.15 A) [96]. This geometry is used throughout this

Section for all density-functional and correlated calculations.
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7.1.1 Computational details

The calculations have been performed using the VASP code employing the PAW method
alongside with the I'-point approximation to sample the first Brillouin zone. The ki-
netic energy cutoff that determines the size of the plane-wave basis set expansion of
the one-particle states was set to 500 eV. There are numerous density-functionals that
could be considered, of which only a small selection have been chosen. The accuracy
of one of the most widely-used functionals, the PBE functional, is assessed, as well as
of several van der Waals functionals. Specifically, dispersion corrections were taken into
account following the approach of Grimme et al. [98], the method of Tkatchenko and
Scheffler [99], and the vdW-DF method proposed by Dion et al. [100-103], as imple-
mented in VASP. In the former schemes a correction is added to the DFT total energy
after the self-consistent-field (SCF) cycle is converged, whereas the latter scheme is a
non-local correlation functional that approximately accounts for dispersion interactions.
In all calculations all electronic states of the H and Li atoms were treated as valence
states, whereas the 1s% states of the O atom were kept frozen. Supercells of different

sizes were used to model the LiH surface, containing 32, 64, and 128 atoms.

For wavefunction-based correlation techniques PGTOs are employed, as presented in
Section 6.1, expanded in a plane-wave basis set to span the virtual orbital manifold
necessary for the quantum chemical MP2 and CC methods. For the present calculations
Dunning’s contracted aug-cc-pVDZ (AVDZ), aug-cc-pVTZ (AVTZ), and aug-cc-pVQZ
without g angular momentum functions (AVQZ—g) basis sets [66, 67] were pseudized
and expanded in a plane-wave basis set. Augmented functions were not included for
the Li atom because they possess a small exponent for the radial part that introduces
linear dependencies in the virtual orbital space. The AVQZ—g basis set used here does
not encompass g angular momentum functions since the corresponding pseudization
procedure has not yet been implemented in vAsp. Counterpoise corrections (CP) to
the basis set superposition error (BSSE) [85] were included in all correlated quantum-

chemical calculations with plane-waves that employ PGTOs for the virtual states.

Canonical periodic MP2 calculations using PGTOs were performed with the VASP code [38,
104]. The Coulomb vertex was expanded on a plane-wave grid, using a kinetic energy
cutoff Ey of 200 eV. All reported MP2 adsorption energies have been checked for conver-
gence with respect to this cutoff. Table 7.1 shows the convergence of the MP2 adsorption

energy with respect to the cutoff energy.

Periodic CCSD calculations were performed using the Coulomb vertex and the two-
electron-four-index integrals calculated within the PAW method in VASP, as shown in

Eqgs. (4.27) and (4.29). It is stressed that the employed CCSD implementation does
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TABLE 7.1: MP2 adsorption energy against the cutoff energy F, of the auxiliary basis
set. One-particle states were expanded in a plane-wave basis set with a cutoff of 500 eV,
while the virtual states were constructed using a pseudized AVTZ basis set.

E, [eV] Eus [meV]

50 242
100 214
150 211
200 211
250 211
300 211

not involve the low rank factorization of the two-electron integrals or the OAF approx-
imation. In order to further reduce the computational cost pseudized Gaussian orbitals
were considered only for the atoms of the top-most layer of the LiH slab. In a second
step, the auxiliary plane-wave basis, required for the evaluation of the Coulomb vertex
was truncated using a kinetic energy cutoff of 100 eV. MP2 calculations reveal that this
approximation yields adsorption energies that deviate by 3 meV from those obtained

using a cutoff of 200 eV as indicated in Table 7.1.

Finally, a JCCSD(T) correction was applied as the difference between canonical periodic
CCSD(T) and MP2 calculations using the AVDZ PGTOs (placed in the top-most layer)

and an HoO+LigHg simulation cell.

7.1.2 Finite-size and basis set convergence

The finite-size and the basis set convergence studies summarized in this section employ a
2-layer LiH substrate as shown in Fig. 7.1. DFT-PBE and HF adsorption energies with
respect to the system size using different implementations are summarized in Table 7.2.
Converged results are in excellent agreement using plane-waves and Gaussian basis sets,
with VASP and CRYSTAL respectively [97]. DFT-PBE results are converged already with
a 32-atom LiH surface slab due to the inability of DFT-PBE to describe long-range
dispersive interactions. HF results also exhibit a very fast rate of convergence albeit
underestimating the adsorption energy compared to DFT-PBE significantly due to the

neglect of any electronic correlation effects.

Canonical MP2 energies need to be converged with respect to both the basis set size
and to the LiH surface size. Table 7.3 summarizes canonical MP2 adsorption energies
obtained for varying basis set and supercell sizes. AV(D,T)Z and AV(T,Q—g)Z extrap-

olated adsorption energies agree to within 2 — 6 meV for all studied system sizes. It is
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TABLE 7.2: DFT-PBE and HF adsorption energies for water on 2-layer LiH substrates
with different number of atoms in the supercell and different k-meshes. The reference 2-
layer geometry with 64-atoms is shown in Fig. 7.1. The DFT-PBE and HF calculations
have been performed with VASP and employ a 500 eV kinetic energy cutoff. HF CRYSTAL
calculations with an AVTZ-quality basis set and a 3 x 3 x 1 k-mesh yield a value of

14 meV [97].

Eads (IneV)
k-mesh No. of atoms PBE HF
(I'-point) 32 219 10
(I'-point) 64 215 14
(I'-point) 128 215 15
(3x3x1) 64 214 15

TABLE 7.3: Canonical MP2 adsorption energies for water on 2-layer LiH substrates

with different number of atoms in the computational supercell. The calculations were

performed with VASP and employ PGTOs for the virtual orbitals alongside the I'-point

approximation. The thermodynamic limit is obtained from an 1/N? extrapolation (N
denotes the number of atoms in the LiH substrate).

EMP2 (meV)

ads

Atoms AVDZ AVTZ AVQZ-g AV(D,T)Z AV(T,Q ¢)Z

32 162 193 198 207 201
64 181 211 218 224 222
72 185 213 220 226 224
128 188 218 228 231 235
00 189 219 227 231 233

The LMP2-F12 and LMP2-pF12 adsorption energies are 238 and 235 meV respectively [97].

noted that the AV(T,Q—g)Z extrapolation is somewhat less reliable due to the absence
of g angular momentum functions in the AVQZ values. The MP2 adsorption energies
converge as 1/N2, where N denotes the number of atoms in the LiH substrate. This
behavior is expected from the long-range decay of pairwise van der Waals contributions
in two-dimensional systems. The convergence of the finite-size effects for the various
basis set extrapolated MP2 results can be seen in Fig. 7.2. Using the 1/N? behaviour
MP2 adsorption energies can be extrapolated to the thermodynamic limit (N — o0),
yielding 231 meV and 233 meV for AV(D,T)Z and AV(T,Q—g)Z, respectively. In Fig. 7.2
canonical plane-wave MP2 calculations are compared with periodic local MP2 (LMP2)
ones [105, 106]. Despite a 5 — 7 meV difference between the canonical MP2 and LMP2-
F12, that is likely due to the remaining basis set incompleteness in the correlation energy
of the former, the agreement of the two different schemes is impressive. The F12-based

explicit correlation techniques combined with local approximation schemes accelerate
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FIGURE 7.2: Dependence of the adsorption energy E,qs of HoO on LiH on the number

of atoms of the substrate at different levels of theory and basis set extrapolations. The

fitted lines correspond to 1/N? for the MP2 energies and 1/N°/* for the DMC energies.

MP2 results employ AV(D,T)Z and AV(T,Q)Z basis set extrapolations [108]. LMP2-

F12 result corresponds to the thermodynamic limit. On the z-axis Naioms is indicated
instead of 1/Natoms-

the convergence of the MP2 correlation energy. Its close agreement with the periodic
canonical results suggests that PGTOs provide an adequate virtual basis set for corre-

lated calculations in plane-waves.

The DMC adsorption energy [96, 97] converges more slowly with respect to the supercell
size than the MP2 energy as shown in Fig. 7.2, due to the long ranged nature of the real-
space exchange-correlation hole and reduced screening in lower dimensional materials.
Drummond et al. proposed a 1/N 5/4 extrapolation for two-dimensional systems [107].
Despite its statistical uncertainty, the thermodynamic limit of the DMC adsorption
energy suggests that the MP2 error for this system is small but not negligible and thus

a higher-order quantum chemical treatment is desirable.

Periodic coupled-cluster calculations were performed with PGTOs building up the vir-
tual orbitals. However, these Gaussian-type functions were placed only on the top-most
layer of the LiH surface to reduce the computational cost. Additionally, only supercells
with 32 and 64 atoms were used to model the LiH slab. AVDZ and AVTZ Gaussian
basis sets were used for the construction of the PGTOs, and all results are extrapolated
with respect to the basis set and the number of atoms in the supercell. MP2 results
utilizing Gaussian orbitals for the full LiH surface and a thermodynamic-limit extrapo-
lation using four points, verify that correlation effects are captured adequately via only
top-most layer virtual states and a thermodynamic-limit extrapolation using two points.
The error of this simplification is about 1 meV in the MP2 energy. Consequently, it is
reasonable to assume that coupled-cluster results obtained using the same simplification
provide a similarly converged estimate. MP2 and coupled-cluster results are summarized

in Fig. 7.3. The CCSD adsorption energies are close to those of MP2, differing only by
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F1cURE 7.3: Adsorption energy F.qs of HoO on LiH for different supercells sizes and

levels of theory. Coupled-cluster and MP2 calculations were done using PGTOs only

on the top-most layer of the LiH substrate. The fitted lines correspond to 1/N? for

the coupled-cluster and MP2 energies and 1/N 5/4 for the DMC energies. The coupled-

cluster and MP2 results employ AV(D,T)Z basis set extrapolation [108]. On the z-axis
Natoms is indicated instead of 1/Ntoms-

1 meV. However, the extrapolated DCSD results deviate quite significantly from the
CCSD and MP2 results, yielding an adsorption energy of 243 meV in better agreement
with the DMC values.

Finally, a §CCSD(T) correction scheme was applied to the canonical and the MP2
results. The correction 6CCSD(T) was defined as

EPCSP) = B .. + Brisos tigts — B0 sLists - (7.2)
where canonical CCSD(T) and MP2 calculations were performed using an HoO+LigHg
2-layer supercell (with an identical orientation of the water molecule as for the larger
supercells) and an AVDZ basis set in a plane-wave representation. EII\{/IQIZ)QHUH)OO is
the thermodynamic limit of the MP2 adsorption energy using AVD(T,Q—g)Z basis set
extrapolation. This yields an adsorption energy of 254 meV. A similar JCCSD(T) cor-
rection to the LMP2-F12 results using finite clusters has been applied in Ref. [97], that
yields an adsorption energy of 256 meV.

Finally, it is noted that calculations of the adsorption energy with respect to the number
of layers [97] reveal that for the non-dispersive contributions, the two-layer slab is already
an adequate model. Dispersion on the contrary, is not entirely converged with just two
LiH-layers, however, at the scale of the whole adsorption energy, the lack of a few meV

of dispersion in the two-layer model can be tolerated.
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7.1.3 Comparison of adsorption energies

The converged adsorption energies are now summarized and compared to a small set
of widely-used density-functionals. All reported results employ a 2-layer LiH substrate
as in Fig. 7.1. The mutually agreeing DMC and 6CCSD(T) results can be considered
as the most reliable benchmark for the present system, yielding adsorption energies
between 250 (+7) meV and 256 meV. For comparison, the adsorption energy of each
method is depicted in Fig. 7.4. A sizable variation in the adsorption energies is evident
between different van der Waals functionals (PBE-TS [99], optB86b-vdW [103], PBE-
D3 [98], HSE06-D3 [109], RPBE-vdW-DF [100]), as well as PBE. The PBE functional
underestimates the adsorption energy by roughly 45 meV, in a large part due to its
lack of dispersive interactions. Grimme’s D3 correction [98] accounts for such interac-
tions, albeit overestimating the adsorption energy for the current system, predicting a
PBE-D3 adsorption energy of 350 meV, consistent with similar findings for water ad-
sorption on ionic surfaces [110]. We note that this overestimation is less pronounced
when the HSE06 [111, 112] hybrid functional is used in conjunction with D3, yielding a
value of 306 meV. This can partly be attributed to the fact that the HSE06 functional
underestimates the adsorption energy compared to PBE by as much as 85 meV. The
optB86b-vdW [103] results also overbind the water molecule by roughly 45 meV, while
the RPBE-vdW-DF [100] adsorption energy exhibits a similar underbinding as for the
case of PBE. The best van der Waals functional estimate is provided by the Tkatchenko
and Scheffler functional (PBE-TS) with iterative Hirshfeld partitioning [113, 114]. The
latter yields an adsorption energy of 268 meV in good agreement with §CCSD(T) re-
sults. These results illustrate the difficulties in van der Waals functionals. The PBE
functional is known to provide a non-electrostatic binding between closed shell systems.
This attraction is rather an artifact than a real dispersive interaction. At the same
time, this artificial attraction provides a quantitatively reasonable effective substitute
for dispersion. However, if the physically correct dispersion is added on top, it becomes

difficult to avoid double counting, leading to a deterioration of the quantitative accuracy.

Figure 7.4 also shows the various wave function estimates of the adsorption energy.
Canonical MP2 theory underestimates the adsorption energy by 17 meV compared to
DMC, while LMP2-F12 provides a slightly better estimate, partly due to the explicit
correlation, leading to an improved convergence with respect to the basis set size. The
LMP2-F12 adsorption energy is 238 meV, only 11 meV below the DMC result. CCSD
constitutes no improvement over MP2 theory for the present case, yielding a binding
energy of 229 meV only. The DCSD approximation [61], consistent with findings in
molecular systems [61-63], considerably improves the description of water adsorption on

LiH, predicting an adsorption energy of 243 meV, which is within the stochastic error
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F1GURE 7.4: Converged adsorption energies of a water molecule on a LiH surface at

different levels of theory. PBE and several van der Waals functionals shown on the left.

Wave function based methods ranging from MP2 to §CCSD(T) and DMC shown on
the right.

of DMC but still underbinding compared to the triples corrected SCCSD(T) results. In
summary, high-level quantum chemistry and QMC techniques are excellent in agreement
as well as different methods for computing MP2 adsorption energies between them.
Furthermore the correlated wave function based methods yield estimates for the binding

energy that lie in a relatively narrow energy window ranging from 229 meV to 256 meV.

7.1.4 Conclusions

A comprehensive comparison between different electronic structure methods including
wavefunction-based theories and a small selection of density-functionals have been em-
ployed for the prediction of the adsorption energy of a single water molecule on the (001)

LiH surface.

Quantum chemical methods are systematically improvable, hence yielding increasingly
accurate adsorption energies as one moves up the hierarchy to higher orders of theory.
Distinguishable cluster theory and inclusion of triple excitations to CCSD theory give
the best agreement with DMC results. MP2 and CCSD reach a similar level of accuracy
for this system, slightly underbinding the water molecule on the LiH surface by roughly
20 meV. A good agreement is found between periodic canonical and local implemen-
tations utilizing explicit correlation technique for improved basis set convergence. All
this demonstrates that quantum chemical approaches are becoming a robust and reliable

tool for condensed phase electronic structure calculations.

Van der Waals functionals on the other hand, yield a significantly larger spread of
adsorption energy estimates compared to the employed many-electron theories. The

under- and overestimations compared to DMC and 6CCSD(T) are as large as 30 meV
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(RPBE-vdW-DF) and 100 meV (PBE-D3), respectively. Although the PBE-TS func-
tional achieves good agreement with the DMC and §CCSD(T) estimates for the present
case, it remains difficult to achieve such a high level of accuracy for a wide class of mate-
rials using van der Waals functionals. This study contributes another benchmark system
to the literature that can be used to further improve upon the currently available and
computationally very efficient van der Waals functionals for cases where higher accuracy

is needed.

7.2 Water adsorption on h-BN

Two-dimensional materials have attracted great interest since the discovery of graphene [115,

116], due to their unusual and promising properties for potential applications. Another
material that belongs to this family is hexagonal BN, that crystalizes in a hexagonal
honeycomb structure and has a lattice constant similar to graphene. It consists of B
and N atoms that hybridize to sp? orbitals, forming a strong ¢ bond. Experimental
results have revealed fascinating properties of water on h-BN [117, 118]. One of the
most fundamental questions of any water—BN system is the water monomer adsorption
energy on h-BN. While experimental results are difficult to obtain, accurate simulation

data can have a key role in providing reference energies.

DFT calculations vary significantly, depending on the XC functional that is employed,
or whether dispersion is included. DMC and RPA calculations [119, 120] have provided
accurate benchmark energies for the adsorption. In this work the adsorption energy is
revisited using periodic MP2, CCSD, and CCSD(T) theories, and compare them with
DFT as well as with the accurate DMC and RPA results. Additionally, the adsorption
energy of water on h-BN is compared with that of water on BN molecular complexes,
such as borazine (the BN analogue of benzene), and boronene (BN analogue of coronene),

illustrating the importance of accurately addressing long-range correlation effects.

7.2.1 Computational details

For the study of the adsorption energy of a single water molecule on BN the structures
obtained by Al-Hamdani et. al. [119] have been used, whereby the molecule is oriented
on top of an N site and the geometry has been optimized using the optB86b-vdW
functional. The water-N distance was set to 3.25 A, since the MP2 adsorption energy
has the largest value at that distance [65]. A 4x4x 1 h-BN monolayer supercell was used
at its pristine geometry, containing 32 B and N atoms, and the distance between two BN

sheets was set to 16 A. A 600 eV kinetic energy cutoff for the one particle orbitals was
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employed along with I' point sampling of the Brillouin zone. The B 2s%2p', N 2522p3,
O 25%2p*, and H 1s' states have been treated as valence states. The PAW method was
employed for the interactions between valence electrons and ionic cores. Occupied HF
states were converged within the full plane wave basis. PGTOs based on Dunning’s
aug-cc-pVTZ (AVTZ) [66, 67] basis set, mapped onto a plane-wave representation, form
the virtual orbital manifold for the correlated calculations. Details of the underlying
procedure are given in Section 6.1 and Refs. [68, 121]. The Fourier transformed overlap
densities were expanded using an auxiliary plane-wave basis with a kinetic energy cutoff
that was set to 300 eV [38, 104, 121, 122]. The adsorption energy is defined as the

difference in energy between the non-interacting fragments and the interacting system

FEags = En,0 + EBN — En,04BN- (7.3)

Counterpoise corrections to the basis set superposition error (BSSE) were included in all
quantum chemical calculations employing the PGTOs. Convergence of the adsorption
energy with respect to all involved parameters was checked thoroughly. The Ng = 8270
momentum grid points, employed to evaluate the Coulomb vertex ng, are approxi-
mated by Ngp = 1800 field variables associated with the largest singular values of the
Coulomb vertex. The Coulomb vertex is further decomposed into a contraction of three
rank-two tensors with Ng = 5400 indices that allows for reduced scaling CCSD calcu-
lations, as explained in Sec. 5.2 and Ref. [121]. The finite size correction based on a
tricubic interpolation of the correlation energy structure factor was also employed to
ensure thermodynamic limit convergence. The CCSD(T) correction was computed us-
ing an 18-atom h-BN substrate alongside an AVDZ PGTO basis set and was defined as
the difference between the periodic canonical CCSD(T) and periodic canonical CCSD

adsorption energy.

7.2.2 Results

It has already been demonstrated that long-range electronic correlation effects can be
particularly important in low dimensional systems like water adsorption on hA-BN. The
weak physisorption energy calls for electronic structure methods with subchemical ac-
curacy. Furthermore, the work of Al-Hamdani et al. [65] illustrates the importance of
long-range correlation effects that account for approximately 25% of the reference ad-
sorption energy computed in a 4 x 4 supercell of h-BN. Here periodic quantum chemical
results are presented for the adsorption energy and compared with different electronic

structure theory methods.
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TABLE 7.4: Interaction energies in meV for water on

h-BN at 3.25 A with increasing number of atoms in the

h-BN substrate. AES® is the difference in the interac-

tion energy due to finite-size effects for water with 32
and 98 atoms in the h-BN unit cell.

No. of atoms MP2 RPA RPA+SE PBE0O+MBD

18 (3x3) =70 -34 -58 -88
32 (4x4) 93  -64 -84 -125
50 (5x5)  -106  -76 -95 -139
72 (6x6) -113  -78 -97 -145
98 (7Tx7) -116 -84 -103 -148

AERe 23 -20 -19 -23

int

Results are taken from Ref. [65].

Finite-size effects that arise from long-range Coulomb interactions are discussed first.
In methods that account for charge fluctuations (and therefore vdW interactions) ex-
plicitly, whether it is via coupled harmonic oscillators in the Many-Body Dispersion
(MBD) method [123] or via electronic excitations in the RPA, MP2, and CC theories,
the fluctuations can give rise to spurious interactions with their periodic images. As
such, correlated methods are affected by finite-size errors any time they are providing
the energy of a macroscopic system by employing periodic boundary conditions. These
errors are typically much larger than those observed in independent electron methods
such as HF and DFT.

In Table 7.4 adsorption energies for increasing h-BN monolayer sizes, using the I'-point
approximation are shown. MP2 calculations employ the PGTOs to span the virtual
orbital manifold, whereas RPA calculations have been performed using a cubic scaling
implementation in the VASP code [65, 124-126]. Additionally, PBE4+MBD calculations
have been performed in Ref. [65] using the FHI-AIMS code [127-129]. For details about
RPA and PBE+MBD calculations the reader is referred to Ref. [65]

The finite-size error to the interaction energy is defined as the difference in the interac-
tion energy of water of 32- and 98-atom h-BN monolayer. It is stressed that all vdW
inclusive methods, such as the aforementioned ones, all account for long-range disper-
sion interactions and predict a finite-size error of approximately 20 meV, exhibiting a
similar convergence with respect to the number of monolayer atoms. It has already been
demonstrated how the interpolation technique of the correlation energy structure factor

can accelerate the convergence of the adsorption energy of the water monomer on h-BN,
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yielding already thermodynamic limit results using a 32-atom monolayer. In what fol-
lows quantum chemical results, converged with respect to the basis set and finite-size

effects, are present and compared them with DMC and various DFT calculations.

Adsorption energies from wavefunction-based methods are shown on the right panel of
Fig. 7.5. 6CCSD(T) and DMC results are in excellent agreement yielding an adsorption
energy of 102 and 104 meV respectively. These results come at a higher computational
cost than traditional DFT methodologies, however, they provide a reference adsorption
energy that can be used to benchmark widely-used DFT methods. Quantum chemical
methods, such as MP2, RPA4+SOSEX, and DCSD, provide results within 10 meV of
the reference number. Linearized DMC (LRDMC) calculations are also within 12 meV
range from the DMC number. This example once again demonstrates the ability of
quantum chemical methods to produce highly accurate interaction energies for periodic

systems.

On the left side of the panel in Fig. 7.5 adsorption energies for water on A-BN obtained
from various DFT methods are summarized. PBE underestimates the adsorption energy
of water on h-BN by more than 50%. This comes with no surprise, given the fact that
PBE does not include any non-local vdW interactions. Dispersion inclusive non-local
functionals, such as vdW-DF2 [100] and optB86b-vdW [103] yield significantly larger
adsorption energies than the PBE, given that vdW interactions are included. Never-
theless both functionals tend to overestimate the interaction strength by 40% and 70%
respectively. Dispersion corrected functionals, such as Grimme’s D3 [98] and the MBD
method [130] account for vdW interaction as post-corrections to popular DFAs, such as
PBE. Both schemes are very close to the vdW-DF2 result, overestimating the adsorption
energy by 40%. It is noted that when using the PBEO functional, PBEO-+MBD yields
an adsorption energy smaller by 9 meV, that is attributed solely to the use of the hybrid
functional PBEQ. Finally, the meta-GGA functional SCAN [131, 132] is examined. De-
spite the absence of vdW interactions, SCAN predicts an adsorption energy of 99 meV
very close to the 6CCSD(T) and DMC results, at a much lower cost.

The adsorption energy of water on h-BN has been calculated using periodic quantum
chemical methods. Using the gold standard CCSD(T) method an adsorption energy of
102 meV is predicted. The agreement with DMC calculations, that yield an adsorp-
tion energy of 104 meV, is impressive. Furthermore, quantum chemical methods, such
as MP2, RPA+SOSEX, and DCSD, all predict adsorption energies within 10 meV of
the CCSD(T) reference. DFT-based methods, on the contrary, deviate by as much as
64 meV, although most vdW inclusive functionals overestimate the adsorption energy

by roughly 40 meV.
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F1cUre 7.5: Converged adsorption energies of water monomer on h-BN monolayer at

different levels of theory. PBE and several van der Waals functionals shown on the left.

Wave function based methods ranging from MP2 to §CCSD(T) and DMC shown on
the right.

7.3 Water adsorption on Graphene

Of all the many two-dimensional materials, few are of greater importance than graphene
[115, 116]. In particular, there is a great interest in water—carbon interfaces, such as
graphene and carbon nanotubes [133-135]. One of the most fundamental questions of
water adsorption on graphene is the strength of the bond. DFT results vary strongly
depending on the XC functional that is employed or whether dispersion forces are ac-
counted for. Finite clusters, such as fused benzene rings, have been used with quantum
chemical methods to estimate water adsorption on graphene [136-138]. Ma et. al. calcu-
lated water monomer adsorption on graphene using periodic DMC and RPA [139]. The
authors reported small values of the interaction energy, suggesting that vdW inclusive
functionals overestimate the bond strength. The prototypical water—graphene system
is studied with periodic coupled cluster theory and the predicted adsorption energy is
< 100 meV, in close agreement with recent periodic DMC and RPA calculations [140].
Interestingly, different adsorption energies of water on graphene and on molecular clus-

ters, such as benzene, coronene, and circumcoronene are observed [140, 141].

7.3.1 Computational details

Water monomer adsorption on graphene is considered in three different motifs, dubbed
0-leg, 1-leg, and 2-leg as shown in Fig. 7.6. A 4 x 4 x 1 graphene supercell, containing
32 carbon atoms is employed alongside a vacuum of 14.79 A between two graphene
sheets to ensure little interaction between periodic images. The binding distance d,qs
of the oxygen atom to the graphene plane is 3.10, 3.46, and 3.37 A for the 0-, 1-,
and 2-leg respectively. Periodic MP2, CCSD, and CCSD(T) calculations have been

carried out following the strategy outlined in the previous Section of water adsorption
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FIGURE 7.6: Water adsorption structures considered. We show the 0-leg, 1-leg, and

2-leg motif each from the side (top) and from above (bottom). The distance d,qs is

defined as the distance of the oxygen atom from the graphene plane. All equilibrium
geometries and the figure are taken from Ref. [140]
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FI1GURE 7.7: HF adsorption energy as function of the k-mesh. The k-meshes sample
the Brillouin zone of the 4 x 4 x 1 supercell.

on h-BN. Periodic HF orbitals have been computed within the PAW method with a
kinetic energy cutoff for the plane-wave basis of 500 eV, whereas virtual orbitals in
the CCSD calculations are projected to a pseudized aug-cc-pVTZ basis set, in a PAW
representation [68]. Perturbative triples (T) are evaluated using the smaller cc-pVDZ
basis set to represent the virtual orbitals. The CP corrected interaction energy is defined

as

Eads = EH20+Graphene - EHQO - EGraphene . (74)

HF convergence with respect to the employed k-mesh is examined, before correlated
methods are applied. Figure 7.7 demonstrates that the I'-point approximation is suf-
ficient to predict an adsorption energy to within meV accuracy at the level of HF. It
should be noted, that HF does not bind the water monomer on the graphene surface.
This is expected since the bond is mostly vdW driven, an interaction that is absent in

HEF theory. All subsequent correlated calculations employ the I'-point approximation.
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FIGURE 7.8: MP2 correlation contribution to the adsorption energy as function of the

cutoff F,, used to expand the Coulomb vertex. HF occupied orbitals are calculated

within the I'-point approximation using a 500 eV cutoff, whereas the virtual orbitals
are a pseudized AVTZ basis set expanded in plane-waves.

Figure 7.8 shows the convergence of the MP2 correlation contribution to the adsorption
energy as a function of the cutoff energy F, (see, e.g., Eq. 4.29). A rapid convergence
(within meV) of the MP2 correlation energy for E, > 200 eV is observed. E, = 300 eV
is therefore chosen as the cutoff for all subsequent MP2 and CC calculations. Next, the
convergence of MP2 correlation energy with respect to the employed k-mesh is inves-
tigated using the twist-averaged procedure outlined in Sec. 6.3. Table 7.5 summarizes
the results. The MP2 correlation energy is already converged using the I'-point ap-
proximation. It should be stressed, however, that long range correlation effects, such
as dispersion interactions, are not accounted for in the twist-averaged technique. The
structure factor interpolation technique is later used to properly account for long range
correlation effects. CCSD calculations employ the low-rank factorization technique for
the two-electron integrals (see Sec. 5.2 and Ref. [121]). Np = 7488 vertex indices are
used to approximate the Coulomb vertex, as MP2 correlation energy is converged (Ta-
ble 7.5). Finally, finite coverage effects are corrected for at the HF level only using a
5 x 5 graphene cell. Corrections to the vacuum size are computed using a supercell with
a 30 A vacuum distance at the MP2 level, and a basis set correction is also included
and is defined as the difference between the full plane-wave basis set calculation and the

aug-cc-pV'TZ one at the MP2 level.

7.3.2 Results

Table 7.6 shows periodic quantum chemistry results for water adsorption on graphene.
HF is purely repulsive for all three motifs due to the absence of any dispersion interac-

tions. MP2 yields an interaction energy of —127 meV for the two-leg motif, that exhibits
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TABLE 7.5: MP2 correlation energies as a function of the twisted k-mesh and the

number of OAF variable Nf for water adsorption on a 4 x 4 graphene supercell. The

pseudized AVTZ basis set is used for the virtual orbitals. The 1-leg O—graphene motif

is employed with a distance of 3.34 and 3.46 A | for the k-mesh and the OAF approxi-
mation respectively. All energies in eV.

COITr COrr COorr
k-mesh Extps N¢ Extps E¢tsp

1x1x1 -0.162 1842 —-0.135 —0.097
2x2x1 -0.164 2333 —0.136 —0.095
4x4x1 —-0.164 2824 —-0.136 —-0.094

TABLE 7.6: Water—graphene adsorption energies from quantum chemical methods.

Corrections to finite-size effects, the basis set, vacuum size, and finite-coverage effects

are also shown (A). O-graphene distance is 3.46 A |, that is the minimum of the DMC
interaction energy [140]. All energies in meV.

Eonc—lcg Etwo—leg Ezero—lcg

ads ads ads
HF 42 47 34
MP2 —113 —127 —118
CCSD —65 =75 —76
CCSD(T) —76 —87 —84
A—FS(MP2) —21 —26 —25
A—-FS(CCSD) —16 —19 —17
A—CBS(MP2) -5 -5 —4
A—vacuum(HF) 1 2 2
A—vacuum(MP2) 8 7 6
A—coverage(HF) 1 -2 -2

the strongest binding. It is noted that the minimum of the MP2 interaction energy is
at an O-graphene distance of 3.34 A | whereas the minimum of the DMC interaction
energy at a distance of 3.46 A [140]. Subsequent calculations used the minimum distance
of DMC. CCSD theory slightly underbinds the water monomer, yielding an interaction
energy of —65, —75, and —76 meV for the one-, two-, and zero-leg motifs respectively.
It is noted that the zero- and two-leg motifs are degenerate within CCSD theory. The
gold standard method CCSD(T) yields an adsorption energy of —76, —87, and —84 for
the one-, two-, and zero-leg motifs respectively. It is found that energetically the most

favorable configuration is the two-leg motif.

Voloshina et. al. [142] reported periodic local MP2 and incremental CCSD(T) adsorp-
tion energies of water on graphene. The authors reported for the two-leg motif inter-
action energies of —116 and —135 meV at the level of MP2 and CCSD(T) respectively.
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F1cURE 7.9: Water—graphene adsorption energies at different levels of theory. DMC
and RPA results are taken from Ref. [140]. O-graphene distance is 3.46 A | that is the
minimum of the DMC interaction energy [140]. All energies in meV.

The MP2 interaction energy is in close agreement with the reported canonical periodic
MP2 interaction energies, however, CCSD(T) calculations using the method of incre-
ments [143-146] yield a larger interaction energy compared to MP2. This is in contrast
to this work’s CCSD(T) calculations, that yield smaller interaction energies compared
to MP2. Ma et. al. calculated water monomer adsorption on graphene using periodic
DMC and RPA [139]. The authors reported a DMC interaction energy of —70 meV
for the one- and two-leg motifs, and an RPA interaction energy of —98, and —82 meV

respectively. These estimates for a benchmark binding energy range from 70 to 130 meV.

Recently, Brandenburg et. al. [140] revisited the adsorption problem using highly ac-
curate electronic structure methods, that indeed agree within subchemical accuracy.
The results are summarized in Figure 7.9. DMC calculations yield an interaction en-
ergy of —99 meV for the two-leg motif, whereas RPA+GWSE an interaction energy
of —98 meV, both in close agreement with the periodic CCSD(T) results of —87 meV.
These studies, based on state-of-the-art electronic structure theories demonstrate that
different many-body electronic structure methods indeed agree within subchemical ac-
curacy. Let us now turn to DFT-based methods. These yield interaction energies that
range from —30 (PBE) to —172 meV (PBE-TS) for the two-leg motif. In the absence
of dispersion interactions PBE largely underestimates the interaction energy. However,
adding vdW interactions using Grimme’s D3, Tkatchenko and Scheffler correction, and
the many-body dispersion scheme, all overestimate the adsorption energy. SCAN pre-

dicts an interaction energy of —96 meV, very close to the DMC number.

Let us now compare the CCSD(T) results for the adsorption of water on the periodic
graphene sheet to Domain local pair natural orbital (DLPNO)-CCSD(T) results of wa-

ter interaction with polycyclic aromatic hydrocarbons (PAH), such as C¢Hg (benzene),
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FIGURE 7.10: Water—PAH interaction energies against the number of carbon atoms

in the PAH molecule. The molecular results are taken from Ref. [141], and have been

computed using L-CCSD(T). O-PAH distance is fixed at 3.075, 3.289, and 3.155 A.
The oo symbol denotes the graphene substrate.

Ca4Hi2 (coronene), and Cs4Hig (circumcoronene). Figure 7.10 displays interaction en-
ergies of water monomer with PAH molecules of increasing size. Molecular results have
been obtained using local-CCSD(T) theory [141], whereas the periodic results using
canonical periodic CCSD(T).

For the 0-leg configuration L-CCSD(T) predicts a repulsive interaction energy with ben-
zene (6 C atoms). With increasing number of C atoms, the water monomer bounds to
the coronene and circumcoronene complexes. Furthermore, an increase in the interac-
tion strength from —73 meV for coronene to —96 meV for circumcoronene is observed.
Periodic CCSD(T) calculations yield an interaction energy for water on graphene of
—84 meV. This energy is close to but smaller than the one for water on circumcoronene.
The 1-leg configuration binds the water monomer to the PAH molecules, with constant
strength of —126 meV. However, CCSD(T) for water on graphene yields a much smaller
interaction energy of —76 meV. This is a large discrepancy between water on PAH
calculated with L-CCSD(T) and water on graphene with canonical periodic CCSD(T),
indicating that long-range correlation as well as screening effects of water on graphene
cannot be fully mimicked using molecular PAH. For the 2-leg configuration a similar
behavior is found. The interaction energy of water with benzene is —137 meV, while
increasing to —146 meV for water with coronene and circumcoronene. Again when going
to the periodic sheet of graphene one observes a reduction of the interaction energy to
—87 meV.

It may be concluded that simulating water adsorption on graphene using a series of
molecular hydrocarbon complexes may not lead to an accurate estimation of the true

binding energy of water on graphene. Studies based on DFT-based symmetry-adapted
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perturbation theory (SAPT) [147] revisiting the calculation of long-range electrostatics
and using a series of molecular complexes, have provided interaction energies much closer
to CCSD(T) and DMC estimates [148].


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thelo

L]
10
ledge

now!

L]
i
rk

Chapter 8

Hydrogen dissociative adsorption
on Si(100)

In this Chapter a prototypical molecule-surface reaction: the dissociative adsorption
of molecular hydrogen on the Si(100) surface [149-160] is considered. In contrast to
weakly physisorbed molecules this reaction is a more challenging system since the en-
ergetics of the combined molecule-surface system can vary significantly according to
the rearranged chemical bonds featuring charge transfer, covalent bonding, and weak
van der Waals interactions. Previous studies identify two reaction paths of dissociative
Hs adsorption, termed the intra- (H2*) and inter-dimer (H2) pathways, as shown in
Fig. 8.1. Along both reaction paths, the stretch of H-H bond is accompanied by a sig-
nificant modification of the characteristic buckled Si-dimer configuration in the vicinity
of the molecule [160-163]. These structural modifications induce delicate changes to
the electronic structure. DFT methods based on GGA capture the changes in the elec-
tronic exchange and correlation effects poorly along the reaction paths and result in too
small adsorption barriers and reaction energies compared to experiments [150, 154, 155].
QMC and quantum chemistry methods using finite clusters predict adequate adsorption
barriers for both pathways, however, reaction energies are overestimated [151, 157, 158].
In previous DFT and high level correlated calculations, Hy adsorption is hindered by
the smallest barrier through the H2 pathway, and the reaction occurs via a pairing
mechanism [159, 160].

Here, a periodic quantum chemical description of the reaction using periodic CC theory
is presented. It is shown that activation and reaction energies are calculated to within
chemical accuracy compared to experimental values. Most interestingly, it becomes clear

that the adsorption barriers for the H2* and H2 pathways are very similar, in contrast

85
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FIGURE 8.1: Intra- (H2*) and inter-dimer (H2) reaction pathways at low coverage (one
Hs molecule per two Si dimers). d denotes the bond length of the Hy molecule in A
whereas 6 the buckling angle of the Si dimers in degree.

to previous findings. It will be demonstrated that the main source of error of DFT-GGA

is the self interaction error leading to an incorrect ground state density for the H2 path.

8.1 Computational details

Periodic slabs are employed for all density-functional and wavefunction based calcula-
tions. A Si(100)-2 x 2 surface with 8-layers is used, terminated with hydrogen atoms
to passivate dangling bonds at the bottom layer. All calculations involve a plane-wave
basis within the full potential PAW method as implemented in the VASP code [34, 36,
83, 164, 165]. In all calculations the 1s electronic states of the H atoms and the 3s and
3p states of the Si atoms were treated as valence states. The minimum energy paths of
the H2* and H2 reactions are determined using the nudged elastic band (NEB) method
within variational transition state theory with 8 images for the calculations [166]. For
electronic structure calculations of the NEB method the PBE exchange correlation func-

tional [7] is used. One-electron states were expanded using a plane-wave basis with a
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FIGURE 8.2: Hydrogen dissociation on Si(001) energetics along the intra-dimer (H2*)
reaction path.

cutoff energy of 250 eV, alongside an 8 x 8 x 1 k-mesh to sample the first Brillouin
zone. The full reaction path energetics of the H2* pathway are shown in Fig. 8.2, with
a schematic definition of the adsorption and desorption barriers, as well as the reaction
energy. The exact energies of the transition states are determined by an interpolation
or by using the the climbing NEB method [167]. The corresponding structures are
shown in Fig. 8.1. The same geometries are used for the initial, transition, and final
states to determine the reaction energy and the adsorption and desorption barriers for
all methods. This allows for a direct comparison of the different levels of theory. Con-
tributions of vibrational zero-point energies (ZPE) are included in all calculations and
were taken from Ref. [157]. A 4 x 4 x 1 k-mesh was employed for all subsequent DFT
calculations, while the plane-wave energy cutoff was set to 500 eV. The accuracy of
several density-functional approximations has been explored covering all five rungs of
the Jacob’s ladder of DFT. HF calculations were converged within the plane-wave basis.
For MP2, CCSD and perturbative triples CCSD(T), as well as the RPA, we employ a
set of atom-centered Gaussian-type functions based on Dunning’s correlation consistent
polarized Valence Quadruple Zeta basis set augmented with diffuse functions (aVQZ-
g) [66, 67, 168], mapped onto a plane-wave representation [68], to construct the unoccu-
pied one-electron states. The Fock matrix is always rediagonalized in order to perform
a canonical correlated calculation. For the CCSD and (T) calculations the number of
unoccupied states is further reduced using MP2 NOs, obtained from the virtual-virtual
orbital block diagonalization of the one-electron reduced density matrix at the level of
MP2 [70]. The remaining basis set incompleteness error is corrected for using an estima-
tion based on a I'-point full plane-wave direct MP2 calculation. A I'-centered 4 x 4 x 1
k-mesh was employed for the twist-averaging procedure (see Section 6.3) used in the

MP2 and CCSD calculations, whereas the remaining finite size error of the correlation
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FIGURE 8.3: MP2 basis set convergence with respect to the number of NOs for the

adsorption barrier (for the inter-dimer path) and the reaction energy. Each line corre-

sponds to a different k-point in the Brillouin zone of the 4 x 4 x 1 k-mesh. The energies

AE are the difference from the MP2 value obtained using the full aVQZ-g PGTOs
basis set. All energies in meV.

energy was corrected for using an interpolation technique of the structure factor on a
plane-wave grid [169]. CCSD(T) results were obtained as correction to CCSD using the

I'-point approximation.

First the basis set convergence of the adsorption barriers (E,q4s) and the reaction energy
(Erxn), defined as
Ein = initial — Eﬁnala (81)

and

Eads = Etransition — Linitial, (82)

respectively, is investigated. In Fig. 8.3 the convergence of the MP2 correlation energy of
the different 10 k-points, shown in Table. 8.1, corresponding to the I'-centered 4 x 4 x 1
k-mesh, is shown with respect to the number of NOs. The NOs are obtained from the
diagonalization of the virtual-virtual block of the one-electron MP2 reduced density
matrix, using the aVQZ-g virtual states. The adsorption barriers and the reaction
energy are plotted as the difference from the MP2 result, using the full aVQZ—g one-
electron virtual states. A very similar behavior for all k-shifts of both the barriers and
the reaction energy is observed. In particular, the basis set error for all k-shifts when
we use 699 virtual NOs is the same within a few meV. It can thus be concluded that a
large basis set calculation is only need for the I'-point, since all other k-shifts exhibit the

same basis set convergence. The aVQZ—g basis set limit result within a twist-averaged
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F1GURE 8.4: Dependence of the adsorption barriers for the two pathways and the

reaction energy with respect to the k-mesh size. For MP2 and CCSD, we perform twist-

averaged calculations for the 2 x 2 x 1 and 4 x 4 x 1 k-meshes. Only the convergence

of the correlation part of the energy is shown for MP2 and CCSD, using 768 NOs. The

energies are shown as the difference from the 4 x 4 x 1 value for each method. The

shaded region denotes the 1 kcal/mol area from the reference value. All energies in
meV.

4 x 4 x 1 k-mesh at the MP2 level can thus be obtained as
Enpz = Eyjbogoonos + AEI%/IXP12>-<;VQZ7g‘ (8.3)

It should be stressed that the aVQZ—g virtual orbital set still includes a basis set incom-
pleteness and superposition error. A further correction AEps pw i added, which is
the difference of the direct MP2 (dMP2) I'-point calculation using the full plane-wave
virtual states (35076 states) and the dMP2 aVQZ-g calculation. Thus the converged
MP2 results are obtained via the formula
4x4x1 Ix1x1 Ix1x1

Enp2 = Eyposoonos T ABypoavaz ¢ T AEqnpe-pw- (8.4)
Similarly, RPA calculations were performed with the VASP code, using PBE orbitals
as a reference, a full 4 x 4 x 1 k-mesh, and the aVQZ—g virtual orbital states with a
I’-point basis set correction using the full plane-wave virtual states. Consequently, the

converged RPA correlation energy is computed as

4x4x1 Ix1x1
Erpa = Egpaavqz ¢ T AERpA Pw- (8.5)
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TABLE 8.1: k-points in reciprocal coordinates with their respective weights correspond-
ing to a 4 x 4 x 1 k-mesh.

k. ky k, weight

0.00 0.00 0.00
0.25 0.00 0.00
0.50 0.00 0.00
0.00 0.25 0.00
0.25 0.25 0.00
0.50 0.25 0.00
—-0.25 0.25 0.00
0.00 0.50 0.00
0.25 0.50 0.00
0.50 0.50 0.00

=N RN NN NN =N

TABLE 8.2: Convergence of the CCSD(T)
energy for the two adsorption barriers, the
desorption energy, and the reaction energy
with respect to the NOs used for the (T) cor-

rection (AEéélsT)l(T)-Nos)' All contributions

from Fig. 8.5 are included. All energies are in
eV.

# of NOs FE2s[H2] E3s[H2*] Ed* E.,

123 0.75 0.80 2.73 1.98
187 0.74 0.79 2.66 1.92
251 0.70 0.75 262 191

Let us now turn to the discussion of the convergence of the MP2 and CCSD correlation
energies with respect to the k-point sampling of the Brillouin zone via the twist-averaging
technique. The CCSD correlation energy for the 4 x 4 x 1 k-mesh is calculated as

o 4x4x1 Ix1x1 Ix1x1
Eccsp = Eccspogoonos T ALccsp-1srnos T ALaqypapw: (8.6)

where Eééég%699NOs is the twist-averaged finite-size corrected CCSD correlation energy

using 699 virtual NOs, AEéééXD}m%NOS is a basis set correction based on a I'-point
CCSD calculation using 1275 NOs, and AEél\X/fPXQ_lPW is the CBS limit correction and is
defined as

AEcllf\(/[};;-lPW = Ecllfdlpé-lpw - Eé1\XA1PX2-11377Nos- (8.7)

The convergence of PBE, HF, MP2, and CCSD with respect to the k-point sampling

is shown in Fig. 8.4. It is safe to presume that the results are converged well within 1
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FIGURE 8.5: Different contributions to the CCSD(T) adsorption barriers and reaction
energy. Starting from left to right we add the contributions to the adsorption barriers
and the reaction energy. Thus, the ZPE contribution constitutes the final CCSD(T)
number. Each contribution is defined in the text. We start from HF, add the CCSD
correlation energy, two basis set corrections (one based on CCSD and one on the CBS

MP2), the perturbative triples correction (T), and finally the ZPE. All energies given
in eV.

kcal/mol (or 43 meV that is chemical accuracy) using a 4 x 4 x 1 twist-averaged k-point
sampling with MP2 and CCSD. PBE and HF energies can be obtained using a denser

k-mesh, and we have checked convergence with respect to the 4 x 4 x 1 mesh.

Finally the perturbative triples correction in CCSD is estimated by performing a I'-point
calculation with a few virtual NOs (251). The CCSD(T) barriers and reaction energy

are obtained via the formula

_ 4x4x1 Ix1x1 Ix1x1 Ix1x1
Ecosp(r) = Eccsd-soonos T AECsD 137808 T AEanipo-pw + AEccsp(m)-251v0s (8:8)
where AEcljélsXDl(T)-%lNos is defined as
Ix1x1 _ plx1x1 _ lx1x1
AECcsp(T)-25180s = Eeesp(ry-asinos — FCCSD-251N0s- (8.9)

The different contributions to the CCSD(T) energies are shown in Fig. 8.5 for the
two barriers and the reaction energy. These contributions are the HF energy and the
CCSD(T) energy as defined in Eq. (8.8). The convergence of this final CCSD(T) en-
ergies with respect to the number of NOs used to evaluate AEéélsT)l(T)_Nos is shown in

Table 8.2.
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8.2 Results and discussion

Figure 8.6 shows the calculated reaction energetics for Hy on the (100) surface of Si at
different levels of theory, together with the experimental estimates and the corresponding
error depicted by the shaded area. The results are also summarized in Table. 8.3. First
the reaction energy (E,yy) is considered, shown in the top panel, and the discussion of the
barrier heights will follow. The reaction energy is defined as E;x,, = Einitial — Efinal, where
the corresponding final and initial structures are shown in Fig. 8.1. The experimental
estimate for the reaction energy is 1.9+0.3 eV [156]. The local-density approximation
(LDA) constitutes the lowest rung of Perdew’s Jacob’s ladder of DFT methods. Reac-
tion energies computed in the LDA are approximately 0.3 eV too small compared to
the experimental estimate. The PBE functional is one of the most extensively used
GGA functionals which represent the second rung of the Jacob’s ladder and notice-
ably underestimates the reaction energy without any improvement compared to LDA.
The meta-GGA functionals lie on the third rung and utilize the kinetic energy together
with the electron density and its gradient. The strongly constrained and appropriately
normed (SCAN) [131, 132] meta-GGA density functional significantly improves the re-
action energy (ESCAN = 1,97 V), demonstrating its ability to describe diversely bonded
molecules and materials such as the H=Si system accurately. Hybrid GGAs provide an
improved description of covalent, hydrogen and ionic bonding by mixing non-local exact
exchange with GGA exchange. B3LYP [10], PBEO [170], and HSE06 [112] yield a reac-
tion energy with a similar accuracy as SCAN. The good agreement between the hybrids
and the SCAN functional confirms that meta-GGAs can yield reaction energies at the
same level of accuracy yet at lower computational cost. As a method of the fifth rung
of Perdew’s Jacob’s ladder the RPA is examined. The RPA correlation energy is fully
non-local and seamlessly includes electronic screening as well as long-range dispersion
interactions [171, 172]. The chemisorption energy in the RPA is, however, underesti-
mated compared to hybrid-GGA and meta-GGA functionals, in agreement with a well
known underestimation of binding energies [173]. Overall the predicted DFT results for
the reaction energy are improving as one moves from lower to higher rungs with the
exception of the RPA. The underestimated RPA reaction energy can be attributed to

the neglect of post-RPA corrections and a lack of self-consistency.

Let us now switch from DFT to the wavefunction based hierarchy for treating electronic
correlation. HF theory, approximating the many-electron wavefunction by a single Slater
determinant, overestimates the reaction energy by as much as 0.7 eV compared to exper-
iment. It should be noted that this is in contrast to atomization energies of molecules

and cohesive energies of solids, which are usually underestimated by HF [104, 174].
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FIGURE 8.6: Reaction energetics for Hy dissociation on the Si(001) surface calculated

at different levels of theory. The calculated reaction energies (E,y,) adsorption (E24%)

and desorption (EZ®%) barriers for Hy dissociative adsorption on Si(100) surface. The

black lines represent the experimental estimate while the shaded region the error. All
energies given in eV.

Adding correlation effects at the level of MP2 theory over-corrects HF and yields a re-
action energy of 1.62 eV, almost 0.3 eV smaller than the experimental estimate. this
overcorrection of MP2 can be assigned to the small band gap of the Si surface. The more
sophisticated CCSD theory overestimates the experimental reaction energy by 0.25 eV.
Adding the perturbative triples correction (T) to CCSD yields a reaction energy that
is very close to hybrid DFT results and the experimental estimate. This demonstrates
the ability of the wavefunction based hierarchy to yield systematically improvable and
chemically accurate chemisorption energies for molecules on periodic surfaces. However,
at lower levels of theory, the DFT based methods exhibit a significantly better trade-off

between accuracy and computational cost.

Given that experimental measurements for the chemisorption energy can be confirmed
using accurate electronic structure theories, let us now discuss the activation barrier
height for the dissociation, that is defined as Egds = Etransition — Finitial. Establishing
accurate estimates of barrier heights is more difficult compared to reaction energies for
theory as well as experiment. Transition states often exhibit strong electronic correlation
effects that can only be treated accurately using higher levels of theory. Furthermore
experimental measurements of adsorption barriers are usually lower bounds and do not

allow to determine directly whether the reaction proceeds via the H2 or H2* mechanism.
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Adsorption barriers for both pathways are depicted in the middle panel of Fig. 8.6, along-
side the experimental lower bound of 0.6 eV [155]. LDA yields a barrier of 0.6 eV and
0.92 eV for the H2 and H2* pathway, respectively. The difference in the barriers between
the two pathways is considerable. Noteworthy, LDA does not vastly underestimate the
activation energies, but yields rather adequately high barriers for both mechanisms. PBE
underestimates the reaction barriers and yields in agreement with LDA a larger barrier
for the H2* pathway. We observe the same trend for the SCAN functional. Although the
description of the reaction energy is much improved, SCAN fails to ameliorate the errors
in the reaction barriers predicted by GGA, yielding a too low barrier for the H2 path
and the same difference between the barriers of the two pathways. Interestingly, LDA
predicts much larger activation energies than GGA, challenging the trend LDA<GGA
observed for adsorption barriers of molecular reactions [175]. Similar results, however,
have been reported for activation energies of gas-phase reactions [176]. Hybrid func-
tionals mix exact exchange with commonly-used density functionals and partly cancel
the spurious self-interaction error. In the case of Hy on Si(100) hybrid functionals do
improve the description of the reaction barrier. B3LYP yields a barrier height of 0.56 eV
for the H2 path, whereas PBEO and HSEOQ6 yield barriers of 0.47 eV and 0.46 eV respec-
tively. For the H2* mechanism B3LYP predicts a barrier 0.16 eV higher than the H2
one, whereas PBEO and HSEQ06 yield barriers only 0.04 and 0.06 eV higher than the H2
pathway, respectively. The RPA yields significantly higher barriers compared to PBE
when combined with exact exchange computed with PBE orbitals. It is noted, however,
that the H2 path is still favored by RPA with a barrier of 0.66 eV compared to 0.82 eV
of the H2* path. The results discussed above illustrate convincingly a lack of systematic
improvability in the obtained estimates of barrier heights as one moves from lower to
higher levels of approximate DFT based methods. Furthermore, errors in activation
energies may vary significantly with the employed density functional. Therefore reliable
predictions for the barrier height and the relative stability of the considered transition
states are not possible. Nevertheless, the considered system provides a realistic and
insightful scenario to further develop and improve upon the computationally efficient
DFT based methods.

Let us now turn to the discussion of wavefunction based ab-initio calculations for the
barrier. HF theory yields barriers larger than 1 eV for both pathways. In contrast to
DFT based findings, HF favors the H2* path over the H2 one by 0.16 eV. In order to
better understand the difference between HF and DFT, we consider the different paths
as a competition between stretching the Hs molecule and flattening the Si dimers of the
surface. In Fig. 8.1 the hydrogen bond in the H2 transition state is 0.89 A, compared
to 1.01 A of the H2* one, whereas the dimers buckling angle is 27.2° for the former and
34.3° for the latter transition state. In order to see why HF favors the H2* path we
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need to consider the energy cost between the buckled and symmetric configurations of
the Si dimer reconstruction. This energy difference per dimer is 250-260 meV for LDA
and GGA, in contrast to 544 meV for HF. The energy penalty for flattening the dimers
can be identified as the main difference between HF and DFT methods, owing to a large
extent on the metallic nature of the symmetric Si dimer configuration. MP2 theory
reverses the preference of the two pathways. Furthermore, the MP2 adsorption barrier
for the H2 transition state is 0.66 eV while for the H2* is 0.78 eV. Due to the smaller
band gap of the H2 transition state MP2 overcorrects HF, hence it favors the lower band
gap H2 reaction pathway. CCSD theory yields barriers for the two reaction mechanisms
that are practically degenerate. Specifically, the H2 transition state barrier is 0.79 eV
and the H2* 0.78 eV. In agreement with experiment the inclusion of perturbative triples,
CCSD(T), yields activation barriers of 0.70 eV for the H2 transition and 0.75 eV for
the H2* one, retaining the picture of two approximately degenerate barriers of CCSD to

within chemical accuracy.

The picture emerging from the results discussed above is qualitatively different within
the different methods that are examined. The two barriers are approximately degenerate
using the more sophisticated CCSD and CCSD(T) theories, in contrast to LDA, PBE
and SCAN functionals, where the H2 path is favored. Hybrid functionals remedy partly
the self-interaction error and thus yield barriers that differ less than the GGA and LDA
ones. An exception is BSLYP, where although the barriers are higher in energy, the
H2 path is favored by 0.16 eV. The reason is that part of the exchange-correlation
functional is based on a mixture of LDA and GGA rather than solely on GGA as in
PBEO and HSE06. Thus B3LYP contains part of the LDA errors and deficiencies, hence
the higher barriers and the larger difference between the two pathways. Barriers for the
two mechanisms based on the RPA also differ significantly. The discrepancy between
the CCSD(T) barriers and the RPA ones can be associated with the use of PBE orbitals
for the RPA calculations as opposed to the HF ones for CCSD(T). It is likely that a
sizable fraction of the error exists already in the original DFT functional, leading to an
overestimation of the H2 barrier. In order to get more insight into the disagreement
of CC methods and DFT based methods, non-self-consistent calculations have been
performed for the activation barriers of the two mechanisms at the level of DFT-PBE
using HF orbitals. The results are shown in Table. 8.3. One can observe that when HF
orbitals are employed for DFT-PBE calculations the H2 barrier is appreciably higher,
whereas the H2* one remains almost the same. The difference between the two barriers
is 0.04 eV in close agreement with the accurate CCSD(T) and hybrid DFT results.
This is partly due to the cancellation of the density driven one-electron self-interaction
error [177], and similar results have been obtained for simple molecular reaction barriers

and adsorption energies [178, 179].
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TABLE 8.3: Adsorption barriers for the two pathways, alongside des-

orption and reaction energies. Desorption energies correspond to the

energetically lowest path, whereas reaction energies to the intra-dimer

(H2*) geometry, since it is energetically the lowest configuration. ZPE

corrections assumed for all calculations(identical for both pathways).
All energies are reported in eV.

EaS[H2]  E2Is[H2*] Edes Erxn
LDA 0.60 0.92 2.23 1.62
PBE 0.34 0.53 1.95 1.61
PBE@HF 0.46 0.50 2.13 1.76
SCAN 0.35 0.49 2.32 1.97
B3LYP 0.56 0.72 2.50 1.94
PBEO 0.47 0.51 2.43 1.96
HSE06 0.46 0.52 2.38 1.92
RPA 0.66 0.82 2.16 1.75
HF 1.18 1.02 3.79 2.62
MP2 0.66 0.78 2.28 1.62
CCSD 0.79 0.78 2.92 2.18
CCSD(T) 0.70 0.75 2.62 1.91
QMC [158] (0.09)0.63  (0.05)0.75  (0.09)2.91  (0.05)2.20
Expt. [149, 155, 156] > 0.6 > 0.6 (0.10)2.50 (0.30)1.90
ZPE [157] +0.09 +0.09 —0.11 —0.20

Finally, the desorption mechanisms for the reaction is examined. The desorption barrier
is defined as Eges = Etransition — Efinal- QMC corrections using finite clusters [158] predict
that none of the H2 or H2* mechanisms are compatible with temperature programmed
desorption experiments [149], since they yield too high desorption barriers for both mech-
anisms. Using periodic CCSD(T), however, it is found that desorption barriers for the
two mechanisms are very close and agree rather well with the experimental estimate of
2.5+0.1 eV. Furthermore, CCSD(T) desorption energies are 2.62 and 2.67 ¢V for the H2
and H2* mechanisms. DFT-PBE predicts desorption energies of 1.95 and 2.14 eV, re-
spectively, vastly misjudging the absolute magnitude, as well as the relative difference of
the desorption barrier for the two mechanisms. The SCAN functional improves the PBE
desorption barriers, however, only by ameliorating the description of the chemisorption
energy and not of the adsorption barrier. Hybrid functional results are in satisfactory
agreement with CSSD(T). Moreover, PBEO and HSE06 estimated desorption energies
are 2.43 and 2.38 eV for the H2 mechanism and 2.47 and 2.44 eV for the H2* one. It
is stressed that the two desorption energies are not only significantly higher than the

DFT-PBE ones but also not far from each other. B3LYP yields desorption energies of
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Hydrogen dissociative adsorption on Si(100) 97

2.50 and 2.66 eV for the H2 and H2* mechanisms respectively. Although the energies are
close to the experimental estimate the overall picture for the reaction mechanism is sig-
nificantly different than the CCSD(T) one. The H2 pathway is much preferred over the
H2* one due to the mistreatment of the relative difference of the two adsorption barriers,
stemming from the LDA part of the exchange-correlation functional. Finally the RPA
desorption energies, although they represent a significant improvement over DFT-PBE,
they still inherit shortcomings of the parent PBE density functional, by favoring the H2

adsorption channel.

8.3 Conclusion and Summary

A range of DFT and quantum chemical wavefunction based calculations were performed
for the H2 and H2* adsorption/desorption mechanisms of Hy on the Si(100) surface at
low coverage. It is shown that periodic CCSD(T) calculations yield excellent agreement
with experimental results for the adsorption barriers and the reaction energy. In contrast
to previous calculations, we find similar activation energies for the H2 and H2* adsorp-
tion mechanisms. DFT-GGA and DFT-meta-GGA functionals over-stabilize the H2
adsorption mechanism due to incorrect ground state densities caused by self-interaction
errors. It is argued that both a correct description of the Hs molecule dissociation, as
well as of the surface dimer reconstruction is essential for a precise interpretation of
the reaction mechanisms. Hybrid functionals, like PBEO and HSE06 slightly underes-
timate the adsorption barriers, however, they yield adequate results for the energetics
of the reaction. It has been demonstrated that high level periodic wavefunction based
methods have the potential to serve as accurate benchmark theories for predicting reac-
tion energetics on periodic surfaces, which will ultimately help to further improve upon

computationally more efficient yet less accurate methods.
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Chapter 9

Summary and Conclusions

Surfaces and their interaction with molecules is a very broad field of research on its
own. In order to achieve an accurate electronic structure description in these systems
it is often necessary to go beyond DFT with local or semi-local approximations. The
main goal of this thesis is to implement and apply many-body correlation techniques
in surface science problems. Popular methods, such as MP2 and CC theory posses a
high-order polynomial scaling of their computational cost with respect to the system size
in their canonical implementations. In this work a canonical CC theory is developed in

a plane-wave basis within the PAW framework.

In the first part of the thesis an introduction is presented. The electronic Hamiltonian
within the BO approximation is introduced in Chapters 1 and 2. Methods for obtaining
approximate solutions are presented in Chapter 3. DFT is discussed before presenting
wavefunction-based methods. The fundamentals of HF theory as well as of correlation
techniques, such as CI, MP2, and CC are then presented. In Chapter 4 the PAW method
is discussed. An expression for the DF'T and HF energies, as well as for the two-electron

repulsion integrals is given.

The second part of the thesis presents a robust and computationally feasible periodic
CC scheme. In Chapter 5 a I'-point periodic canonical implementation of the CCSD
and (T) equations is given. First, a low-rank representation of the Coulomb integrals
via the Coulomb vertex is discussed. An approximation to the Coulomb vertex via
a singular value decomposition is then used to approximate the Coulomb integrals.
A low-rank factorization of the Coulomb vertex is presented, allowing for a reduction
of the computational cost of the most expensive terms in the CCSD equations. The
CCSD and (T) equations are implemented using the Cyclops Tensor Framework, a
massively parallel tensor contraction library. In Chapter 6 an efficient truncation of

the vast number of plane-wave virtual orbitals is considered. A compact representation

99
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Summary and Conclusions 100

of the virtual orbitals is found by mapping a set of pseudized atom-centered Gaussian
functions onto a plane-wave representation. The Fock matrix is then rediagonalized by
this set of orbitals, resulting in a canonical set of one-particle states, with much fewer
number of orbitals. Last, a finite-size correction scheme is presented, that accelerates
the thermodynamic limit convergence, without the need to increase the supercell size.

Water adsorption on h-BN serves as a benchmark system for testing the approximations.

The third and last part of the thesis presents applications of the CC scheme, studying sur-
face interactions with molecules. In Chapter 7 physisorption of water on two-dimensional
and quasi two-dimensional surfaces is studied with CC theory. First, a comprehensive
comparison between different electronic structure methods including wavefunction-based
theories and a small selection of density-functionals is presented for the prediction of
the adsorption energy of a single water molecule on the (001) LiH surface. Quantum
chemical methods are systematically improvable, hence yielding increasingly accurate
adsorption energies as one moves up the hierarchy to higher orders of theory. Inclusion
of triple excitations to CCSD theory give the best agreement with the DMC results. A
good agreement between periodic canonical and local implementations utilizing explicit
correlation techniques for improved basis set convergence is also found. All these demon-
strate that quantum chemical approaches are becoming a robust and reliable tool for
molecule—surface electronic structure calculations. Water physisorption on hexagonal
BN and graphene is studied next. The adsorption energy of water on BN is obtained
using periodic CCSD(T) theory. CCSD(T), DMC, and RPA with single excitations
agree well on the interaction strength of water monomer on BN. Comparison with vdW
corrected density-functionals shows a slight underestimation of the adsorption energy by
the former. Graphene interaction with water is studied next. Results based on CCSD(T)
theory indicate that the strength of the interaction is weaker than previously reported

in other studies. Results are again in good agreement with DMC studies.

In Chapter 8 a CC study of the reaction energetics of hydrogen dissociation on Si is
presented. A range of DFT and quantum chemical wavefunction-based calculations
are employed for two different adsorption/desorption mechanisms of H2 on the Si(100)
surface at low coverage. It is shown that periodic CCSD(T) calculations yield excellent
agreement with experimental results for the adsorption barriers and the reaction energy.
In contrast to previous calculations, similar activation energies for the two adsorption

mechanisms are found.

This thesis has demonstrated that high-level periodic wavefunction-based methods have
the potential to serve as accurate benchmark theories for predicting reaction energetics
on periodic surfaces, which will ultimately help to further improve upon computationally

more efficient yet less accurate methods.
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Appendix A

Slater—Condon Rules

In order to proceed with wavefunction-based theories, one needs the matrix elements of
the Hamiltonian
Hiy = (B[ H|Ds) . (A1)

The Slater-Condon rules allow one to calculate these matrix elements for any pair of
orthonormal Slater determinants ®; and ® ;. Assuming a reference determinant ® (usu-
ally the HF one), we can describe all other determinants by specifying the difference in
spin-orbitals between the two determinants. We can define excited Slater determinants
as follows. Singly excited determinants ®§, where spin-orbital 1; is replaced by %,
double excited determinants @%b, where spin-orbitals 1; and 1), is replaced by 1, and
1y, and so forth.

We can split the Hamiltonian into one-body and two-body parts

H=H, + H, )

Hy =Y h(i),
%

=31 (A.2)
iy

The Slater—Condon rules for the one-body part H; read

(@[H1|®) = (vilhlvi)

(2

(DF|H1|®) =(tbal hleps) |
(P Hy|®) =0 .
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Slater-Condon Rules 102

We note that matrix elements between the reference and higher excited determinants

vanish as well.

The matrix elements of ﬁQ read

(@I0) =5 3 [yl — (sl —1l]

(]

<<I>?|sz|<1>>=2[<¢aw]| ~it) = (athil— \wﬂm],

J
(DL0| H, | D) <wa¢b| —lviths) — (Yath| — \wﬂm,

(DIhe| Ho| D) =0 (A4)

Again matrix elements between ® and higher excited Slater determinants vanish as well.
Finally, we stress that summations over ¢ and j run over all occupied spin-orbitals in
D,
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Appendix B

Rayleigh—Schrodinger

perturbation theory

In Rayleigh—Schrédinger perturbation theory we are looking solutions to the time-

independent Schrodinger equation

ﬁ\yn = En\pn ’

(B.1)

where # is the Hamiltonian and ¥, and E, represent the exact eigenfunctions and

eigenvalues of the Hamiltonian. The idea is to split the Hamiltonian into two parts

H="Ho+ AV,

(B.2)

where Hg is the uperturbed Hamiltonian and V is the perturbation. A is a formal

parameter that later will be set to one. The ground-state wavefunction ¥ and energy F

can be expanded as Taylor series of the parameter A

where

T(A\) =0© 4 xw® 4 32 4
EN) =E© + xEW £ X2E@) 4

103

(B.3)


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thele

L]
10
ledge

now!

:

i
r

Perturbation theory 104

Assuming that (¥O|@®)) = 5, and if ¥© is normalized, then we have intermediate

normalization, i.e.,

(wOw) =1, (B.5)

Note that ¥ is not normalized. If we introduce the ansatz of Eq. (B.3) into the
Schrodinger equation using the Hamiltonian of Eq. (B.2) and equate the coefficients

of same powers of A we arrive at a hierarchy of equations

[Ho — E@][w@) =0 (B.6
[ = £ 90) + [V — E][9) = 0 (B.7)
[Ho — EOYw@) 4 [V — EO]jwM)y — EA[w®) = (B.8)

Multiplying each equation from the left with <\II(O)] and using the orthogonality condi-

tions yields a series of equations for the energies

EO =(wO)|7¢w) (B.9)
EN =@ p|p©) (B.10)
E® =@ pppt) (B.11)

In order on to determine the second order correction to the energy E®, one has to
determine the first order correction to the wavefunction (1), Assuming we have an
orthonormal set of solutions {\II%O) } for the zeroth order Hamiltonian 7:L0, one can expand

the first order wavefunction as

v =>"chHul), (B.12)

excluding the ground state ¥(©). The coefficients Cl(l) can be obtained by inserting the
ansatz of Eq.(B.12) into Eq. (B.7) and left multiplying with (\Ifl(o)|, which yields

S OO - BO) + Y oD EOp - B0 0, By

and therefore X
(w OV w©)

o _
l E(O) . El(O)

(B.14)
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Appendix C

Closed-shell CCSD equations

Part of the c++ code implementing the closed CCSD equations (3.66), (3.67) and
(3.68) using the CTF.

T["tuvw"] : Generic fourth rank tensor T

R["tuxy"] = T["tuvw"] * S["vwxy"] : Tensor contraction R’;Z =, Tl gvw

vw Y
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a b ¢ d: Virtual orbital indices

i j k 1: occupied orbital indices
GammaGia["Gia"] : Coulomb vertex I'¢¢
Tabij["abij"] : Doubles amplitudes Ti‘}b
Vabij["abij"] : Two electron integrals ng

Rabij["abij"] : Doubles amplitudes residua R?Jb

//*******************************************************

[/ xx*kkkxkkkkkx T2 amplitude equations —skkksksksskkokkkkkokkok

//*******************************************************

// Build Xabij
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Xabij["abij"]

= Tabij["abij"];

Xabij["abij"] += Tai["ai"] * Tail["bj"];

// Build Kac
Kac["ac"] = (-2

// Build Lac

Lac["ac"]

.0) * Vijab["klcd"] * Xabij["adkl"];
Kac["ac"] += ( 1.0) * Vijab["kldc"] * Xabij["adkl1l"];

Kac["ac"];

Lac["ac"] += ( 2.0) * conjTransposeGammaGab["Gac"] * GammaGial["Gkd"]
* Tai["dk"];
Lac["ac"] += (-1.0) * conjTransposeGammaGab["Gad"] * GammaGial["Gkc"]

* Tai["dk"];

// Build Kki

Kki["ki"] = ( 2.
Kki["ki"] += (-1.

// Build Lki

Lki["ki"] = ( 1.
Lki["ki"] += ( 2.
Lki["ki"] += (-1.

// Build Xakic

Xakic["akic"] =

Xakic["akic"] +=

Xakic["akic"] +=

Xakic["akic"] +=

Xakic["akic"] +=

Xakic["akic"] +=

Xakic["akic"] +=

// Build Xakci
Xakci["akci"] =

Xakci["akci"] +=

0) *

0) *
0) *
0)

*

( 1.0) * conjTransposeGammaGai["Gai"]

(-1.0) * conjTransposeGammaGij["Gli"]

Vijab["klcd"]
Vijab["kldc"]

Kki ["ki"];
Vijka["klic"]
Vijka["lkic"]

* GammaGia["Gkc"];

( 1.0) * conjTransposeGammaGab["Gad"]

* GammaGial["Gkc"];

(-0.5) * conjTransposeGammaGia["Gld"]

* GammaGial["Gkc"];

(-1.0) * conjTransposeGammaGial["G1d"]

*

*

*

*

Xabij["cdil"];
Xabij["cdil"];

Tail["cl"];
Tai["cl"];

* Tai["al"] * GammaGial["Gkc"];

( 1.0) * Vijab["lkdc"] * Tabij["adil"];
(-0.5) * Vijab["lkcd"] * Tabij["adil"];

( 1.0) * conjTransposeGammaGab["Gac"] *

(-1.0) * conjTransposeGammaGia["Glc"] *

GammaGia["Gkc"];
Tail["al"]

Tai["di"]

Tabij["dail"]

Tail["di"]

GammaGij["Gki"];
Tai["al"]
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* GammaGij["Gki"];

Xakci["akci"] += ( 1.0) * conjTransposeGammaGab["Gac"] * GammaGia["Gkd"]
* Tai["di"];

Xakci["akci"] += (-1.0) * conjTransposeGammaGia["Glc"] * Tai["al"]
* GammaGia["Gkd"] * Tail["di"];

Xakci["akci"] += (-0.5) * Vijab["lkcd"] * Tabij["dail"]l;

// Build Xk1lij intermediate

Xklij["k1ij"] = Vijkl["k1ij"];

Xk1ij["k1ij"] += Vijka["klic"] * Tail["cj"];
Xk1ij["k1ij"] += Vijkal["lkjc"] * Tai["ci"];
Xk1ij["k1ij"] = Vijab["klcd"] * Xabij["cdij"l;

[I11177777777777777777177177777777777777

// Contract Lac with T2 Amplitudes
Rabij["abij"] += ( 1.0) * Lac["ac"] * Tabij["cbij"];

// Contract Lki with T2 Amplitudes
Rabij["abij"] += (-1.0) * Lki["ki"] * Tabij["abkj"];

// Contract Coulomb integrals with T2 amplitudes

Rabij["abij"] += ( 1.0) * conjTransposeGammaGai["Gai"] * GammaGab["Gbc"]
* Tai["cj"];

Rabij["abij"] += (-1.0) * conjTransposeGammaGij["Gki"] * Tai["ak"]
* GammaGab["Gbc"] * Tail"cj"l;

Rabij["abij"] += (-1.0) * Vaijk["akij"] * Tail"bk"];
Rabij["abij"] += (-1.0) * Tail["bk"] * Vaijb["akic"] * Tail["cj"];

// Contract and Xakic intermediates with T2 amplitudes Tabij
Rabij["abij"] += ( 2.0) * Xakic["akic"] * Tabij["cbkj"];
Rabij["abij"] += (-1.0) * Xakic["akic"] * Tabij["bckj"l;

// Contract and Xakci intermediates with T2 amplitudes Tabij
Rabij["abij"] += (-1.0) * Xakci["akci"] * Tabij["cbkj"l;

Rabij["abij"] += (-1.0) * Xakci["bkci"] * Tabij["ackj"];

// Symmetrize Rabij by applying permutation operator
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Rabij["abij"] += Rabij["baji"l;

// Add Vabij to Rabij (MP2 term)
Rabij["abij"] += Vabij["abij"];

// Contract Xklij with T2+T1%T1 Amplitudes via Xabij
Rabij["abij"] += Xklij["k1ij"] * Xabij["abk1l"];

// Last term contracted only with the doubles

// The singles term is computed in the slicing

Rabij["abij"] += Xk1ij["k1ij"] * Tabij["abkl"l;

// Tcdij * (Vabcd - Vakcd * Tbk - Vkbcd * Tak + Vklcd * Tal * Tbk)

( 1.0) * Xabij["cdij"] * PiaR["cR"]
* PiaR["dS"] * conjLambdaGR["GR"] * LambdaGR["GS"]
* PiaR["bS"] * PiaR["aR"];

(-1.0) * Xabij["cdij"] * PiaR["cR"]
* PiaR["dS"] * conjLambdaGR["GR"] * LambdaGR["GS"]
* PijR["kS"] * Tai["bk"] * PiaR["aR"];

(-1.0) * Xabij["cdij"] * PiaR["cR"]
* PiaR["dS"] * conjLambdaGR["GR"] * LambdaGR["GS"]
* PiaR["bS"] * PijR["kR"] * Tail["ak"];

( 1.0) * Xabij["cdij"] * PiaR["cR"]
* PiaR["dS"] * conjLambdaGR["GR"] * LambdaGR["GS"]
* PijR["kS"] * Tai["bk"] * PijR["kR"] * Tail["ak"];

Rabij["abij"]

Rabij["abij"]

Rabij["abij"]

Rabij["abij"]

// Tcdij * (Vabcd - Vakcd * Tbk - Vkbcd * Tak + Vklcd * Tal * Tbk)
Vabcd["abcd"] = ( 1.0) * GammaGab["Gac"] * conjTransposeGammaGbd["Gbd"];
Vabcd["abcd"] += (-1.0) * GammaGia["Gkc"] * Tai["ak"]
* conjTransposeGammaGbd ["Gbd"] ;
Vabcd["abcd"] += (-1.0) * GammaGab["Gac"] * conjTransposeGammaGial["Gkd"]
* (xTai) ["bk"1;
Vabcd["abcd"] += ( 1.0) * GammaGia["Gkc"] * Tail"ak"]
* conjTransposeGammaGia["Gkd"] * (*Tai) ["bk"];
Rabij["abij"] += ( 1.0) * Vabcd["abcd"] * Xabij["cdij"];

// Tcdij * (Vabcd - Vakcd * Tbk - Vkbcd * Tak + Vklcd * Tal * Tbk)
Rabij["abij"] += ( 1.0) * Xabij["cdij"] * PiaR["cR"]
* PiaR["dS"] * conjLambdaGR["GR"] * LambdaGR["GS"]
* PiaR["bS"] * PiaR["aR"];
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Rabij["abij"] += (-1.0) * Xabij["cdij"] * PiaR["cR"]
* PiaR["dS"] * conjLambdaGR["GR"] * LambdaGR["GS"]
* PijR["kS"] * Tai["bk"] * PiaR["aR"];
Rabij["abij"] += (-1.0) * Xabij["cdij"] * PiaR["cR"]
* PiaR["dS"] * conjLambdaGR["GR"] * LambdaGR["GS"]
* PiaR["bS"] * PijR["kR"] * Tai["ak"];
Rabij["abij"] += ( 1.0) * Xabij["cdij"] * PiaR["cR"]
* PiaR["dS"] * conjLambdaGR["GR"] * LambdaGR["GS"]
* PijR["kS"] * Tail"bk"] * PijR["KR"] * Tail["ak"];

//*******************************************************

[ /x¥xkxkxkxkxx  T1 amplitude equations skkkkkkskkskkskkkkkk

//*******************************************************
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// Build Kck

Kck["ck"]
Kck["ck"]

+=

( 2.0) * Vijab["klcd"] * Tai["dl"];
(-1.0) * Vijab["kldc"] * Tail["dl"];

// Contract all the terms to get T1 amplitudes

Rai["ai"] += ( 1.0) * Kac["ac"] * Tai["ci"];

Rai["ai"] += (-1.0) * Kki["ki"] * Tai["ak"];

Rai["ai"] += ( 2.0) * Kck["ck"] * Tabij["caki"];

Rai["ai"] += (-1.0) * Kck["ck"] * Tabij["caik"];

Rai["ai"] += ( 1.0) * Tail["ak"] * Kck["ck"] * Tail["ci"];

Rai["ai"] += ( 2.0) * Vaijb["akic"] * Tail["ck"];

Rai["ai"] += (-1.0) * Vaibj["akci"] * Tail["ck"];

Rai["ai"] += ( 2.0) * conjTransposeGammaGab["Gac"] * GammaGial["Gkd"]
* Xabij["cdik"];

Rai["ai"] += (-1.0) * conjTransposeGammaGab["Gad"] * GammaGial["Gkc"]
* Xabij["cdik"];

Rai["ai"] += (-2.0) * Vijka["klic"] * Xabij["ackl"];

Rai["ai"] += ( 1.0) = Vijka["lkic"] * Xabij["ackl"];
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