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Displacement-based finite difference approximations of derivativesf the
tangent stiffness matrix with respect to the load parameter

Xin Jiat* andHerbert A. Mang?!

! Institute for Mechanics of Materials and Structures, Vienna Universifiechnology, Vienna, Austria.

The vehicle to investigate to which extent energy-based categorizatiarcklifg can be linked up with spherical geometry
is the so-called consistently linearized eigenproblem. This investigationresquomputation of the first and the second
derivative of the tangent stiffness mati- with respect to a dimensionless load paramatén the frame of the Finite
Element Method (FEM). A finite-difference approximation of the firsivdive of K -, redefined as a directional derivative,
has proved to meet the requirements of computational efficiency dilclesut accuracy. It represents a displacement-based
finite-difference approximation, abbreviated as DBFDA. The preserit is devoted to the computation of a DBFDA of the
second derivative df - with respect to\. For the special case of a two-dimensional co-rotational beam eleameanalytical
solution of this derivative is presented. A circular arch, subjected toteakpoint load on its apex, serves as an example for
numerically assessing the usefulness of the computed DBFDAs of tharfitshe second derivative Kf; with respect to\.
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1 Introduction

The tangent stiffness matrik, and its derivatives with respect 1 denoted aiZT, andIZT, ..., play an important role, e.g.,
in sensitivity analyses of the initial postbuckling befmof structures [1]. In this paper, displacement-basetefufifference

approximations (DBFDA) oK  andK ;- were derived and compared to load-based finite differengeajmations (LBFDA),
taking the results from the analytical solution as the beratk results.

2 Displacement-based finite difference approximations de(T and RT

f(T := dK/d) can be approximated b (X + h) — K1 (\))/h whereh is a small change of. Alternatively, based on a
directional derivative, given as [1]

d

=an h:()KT(q + hq), 1)

KT = Kqu . q
whereq describes the displacement vector, drid the so-calledlisplacement rate,

RT ~ Kr(q+ hi) — Kz(q) )

whereh is a small positive number, anetj describes a small change of the displacement vector in tieetdin of the
displacement ratg. Similarly, the DBFDA ofK ;- can be obtained as

: Kp(q+2hG+ k) — 2K7(g + ) + K7 (q)
KT ~ 2 . (3)

3 Analytical expressions fork - and K based on a co-rotational beam element

In the frame of the FEMK ; andK  can be obtained by assemblifg. andK ¢, respectively. Hereink . denotes the
element tangent stiffness matrix. For a specific elemerd,typ. a co-rotational beam element, the analytical espyaf
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RET can be derived. Itis given in [2]. The respective expresﬁimrrzeT is obtained as follows:

Le :e .T;e T - . T o _ . ;6.
KG =XTKEX 42X  KEX 42X KX + X KX + XTKEX + 2XTKEX+
27'N + 227" N + 22" N + 227" N + 27" N + 22" N L 2iz" 4 127 + 21T + 2T ) (M, + M) .
[ 2
(iz7 + 2027 + 17" 4 227 + )My + M) (127 + 2T (M, + My) — 2278 NI — 227" Ni
]2 + ]2 + 4)
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72 + s +
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I3 74
whereX denotes the matrix for transformations from local to glotmdrdinates] denotes the length of the deformed beam;
r,z are vectors used for abbreviation of lengthy expressikisis the element tangent stiffness matrix in the local coatin
system;N, M, M, denote the components of the force vector in the local coatdisystem. This approach depends on the
chosen element. Therefore, it is impractical in view of theag number of types of finite elements and the large variety o
technical problems, requiring the choice of one or more lgrobspecific elements.

4  Numerical verification

Fig.1a shows a circular arch subjected to a vertical poiatl IB at the vertex. The geometric properties and the material
parameters are also shown in this figure. The arch is digeckby 100 two-node beam elements. It is analyzed by means of
NFEM-CRB2D, which is a matlab-based nonlinear finite elenpeagram developed by the first author. The quality of the
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Fig. 1: Numerical example-circular arch: (a) configuration and desigmpetex's, (b) error assessmenf(of, (c) error assessment ng.

DBFDA and LBFDA off(T andIZT is assessed by comparing the dependence of the erfw aihd oﬂZT onh (see Fig.1b
and Fig.1c). In Fig.1b
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wherelz 7_gx indicates calculation of this matrix from the analyticapesssion derived in Section 3, aﬁ(}_DBFDA(LBFDA)
refers to calculation of this matrix by means of the the DBF&¥&l LBFDA, respectively. By observing Fig.1bc, it is seen

that (a) the convergence rate of the DBFDAK)jE (KT) is the same as that of the LBFDA &f; (K); (b) the DBFDA of
KT(KT) is more accurate than the LBFDA Kfy (KT).
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