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The vehicle to investigate to which extent energy-based categorization of buckling can be linked up with spherical geometry
is the so-called consistently linearized eigenproblem. This investigation requires computation of the first and the second
derivative of the tangent stiffness matrix̃KT with respect to a dimensionless load parameterλ in the frame of the Finite
Element Method (FEM). A finite-difference approximation of the first derivative of K̃T , redefined as a directional derivative,
has proved to meet the requirements of computational efficiency and sufficient accuracy. It represents a displacement-based
finite-difference approximation, abbreviated as DBFDA. The presentwork is devoted to the computation of a DBFDA of the
second derivative of̃KT with respect toλ. For the special case of a two-dimensional co-rotational beam element,an analytical
solution of this derivative is presented. A circular arch, subjected to a vertical point load on its apex, serves as an example for
numerically assessing the usefulness of the computed DBFDAs of the first and the second derivative of̃KT with respect toλ.
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1 Introduction

The tangent stiffness matrix̃KT and its derivatives with respect toλ, denoted aṡ̃KT , and ¨̃KT , ..., play an important role, e.g.,
in sensitivity analyses of the initial postbuckling behavior of structures [1]. In this paper, displacement-based finite difference

approximations (DBFDA) oḟ̃KT and ¨̃KT were derived and compared to load-based finite difference approximations (LBFDA),
taking the results from the analytical solution as the benchmark results.

2 Displacement-based finite difference approximations of˙̃KT and ¨̃KT

˙̃KT := dK̃T /dλ can be approximated by(K̃T (λ+ h)− K̃T (λ))/h whereh is a small change ofλ. Alternatively, based on a
directional derivative, given as [1]

˙̃KT := KT,q · q̇ =
d

dh

∣

∣

∣

h=0
KT (q + hq̇), (1)

whereq describes the displacement vector, andq̇ is the so-calleddisplacement rate,

˙̃KT ≈

KT (q + hq̇)− K̃T (q)
h

(2)

whereh is a small positive number, andhq̇ describes a small change of the displacement vector in the direction of the

displacement ratėq. Similarly, the DBFDA of ¨̃KT can be obtained as

¨̃KT ≈

KT (q + 2hq̇ + hq̈)− 2KT (q + hq̇) + K̃T (q)
h2

. (3)

3 Analytical expressions for ˙̃KT and ¨̃KT based on a co-rotational beam element

In the frame of the FEM,̇̃KT and ¨̃KT can be obtained by assembling˙̃Ke
T and ¨̃Ke

T , respectively. Herein,̃K
e

T denotes the
element tangent stiffness matrix. For a specific element type, i.e. a co-rotational beam element, the analytical expression of
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˙̃Ke
T can be derived. It is given in [2]. The respective expressionfor ¨̃Ke

T is obtained as follows:

˙̃Ke
T =XT ¨̄Ke

T X + 2Ẋ
T ˙̄Ke

T X + 2Ẋ
T

K̄
e

T Ẋ + Ẍ
T

K̄
e

T X + XT K̄
e

T Ẍ + 2XT ˙̄Ke
T Ẋ+

zzT ¨̄N + 2żżT N̄ + z̈zT N̄ + 2zżT ˙̄N + z̈zT N̄ + 2żzT ˙̄N

l̂
+

2(ṙzT + r żT + żrT + zṙT )( ˙̄M1 +
˙̄M2)

l̂2
+

(r̈zT + 2ṙ żT + r z̈T + 2żṙT + z̈rT )(M̄1 + M̄2)

l̂2
+

(rzT + zrT )( ¨̄M1 +
¨̄M2)− 2żzT N̄ ˙̂

l − 2zżT N̄ ˙̂
l

l̂2
+

−zzT N̄ ¨̂
l − 2zzT ˙̄N

˙̂
l

l̂2
+

−(rzT + zrT )(M̄1 + M̄2)
¨̂
l − 4(ṙzT + r żT + żrT + zṙT )(M̄1 + M̄2)

˙̂
l

l̂3
+

−4(rzT + zrT )( ˙̄M1 +
˙̄M2)

˙̂
l + 2zzT N̄ ¨̂

l

l̂3
+

6(rzT + zrT )(M̄1 + M̄2)
¨̂
l

l̂4

(4)

whereX denotes the matrix for transformations from local to globalcoordinates;̂l denotes the length of the deformed beam;
r ,z are vectors used for abbreviation of lengthy expressions;K̄

e

T is the element tangent stiffness matrix in the local coordinate
system;N̄ , M̄1, M̄2 denote the components of the force vector in the local coordinate system. This approach depends on the
chosen element. Therefore, it is impractical in view of the great number of types of finite elements and the large variety of
technical problems, requiring the choice of one or more problem-specific elements.

4 Numerical verification

Fig.1a shows a circular arch subjected to a vertical point load P̄ at the vertex. The geometric properties and the material
parameters are also shown in this figure. The arch is discretized by 100 two-node beam elements. It is analyzed by means of
NFEM-CRB2D, which is a matlab-based nonlinear finite element program developed by the first author. The quality of the
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Fig. 1: Numerical example-circular arch: (a) configuration and design parameters, (b) error assessment of˙̃KT , (c) error assessment of¨̃KT .

DBFDA and LBFDA of ˙̃KT and ¨̃KT is assessed by comparing the dependence of the error of˙̃KT and of ¨̃KT onh (see Fig.1b
and Fig.1c). In Fig.1b

τ :=

∥

∥

∥

˙̃KT _DBFDA(LBFDA) −
˙̃KT _EX

∥

∥

∥

∥

∥

∥

˙̃KT _EX

∥

∥

∥

. (5)

where ˙̃KT _EX indicates calculation of this matrix from the analytical expression derived in Section 3, and˙̃KT _DBFDA(LBFDA)

refers to calculation of this matrix by means of the the DBFDAand LBFDA, respectively. By observing Fig.1bc, it is seen

that (a) the convergence rate of the DBFDA of˙̃KT ( ¨̃KT ) is the same as that of the LBFDA of˙̃KT ( ¨̃KT ); (b) the DBFDA of
˙̃KT ( ¨̃KT ) is more accurate than the LBFDA of˙̃KT ( ¨̃KT ).
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