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Abstract

Due to their heterogeneous microstructure, laminates made of fiber reinforced polymers
(FRP) show different failure modes. Some failure modes, such as fiber damage, are critical
to the integrity of the laminate and some failure modes, such as inter-fiber failure, do not
lead to immediate failure. To further exploit the exceptional weight-specific material
properties of FRPs, inter-fiber failure gets tolerated to some extent. However, numerical
analysis tools are required to assure the safety of FRP components.

The main goal of the present thesis is to provide a constitutive model that can be
used with the Finite Element Solver ABAQUS/Standard 2019 (SIMULIA, Providence,
RI, USA) to give reliable predictions concerning fiber damage, inter-fiber damage and
plastic yielding in FRP plies. To be useful for a general engineer, the model shall (1) be
calibrated with standard experiments and (2) use a robust and efficient solution algorithm.

The proposed constitutive model combines an explicit damage model for fiber fracture,
an implicit damage model for inter-fiber fracture, and a plasticity model for unrecoverable
strains. The implicit damage model for inter-fiber failure is based on a constraint prob-
lem and allows for an anisotropic evolution of the damage condition. This is achieved by
introducing multiple loading-threshold functions that directly depend on the damage vari-
ables. The loading-threshold functions are set up to reproduce experimental stress-strain
curves for in-plane shear, uni-axial transverse tension, and uni-axial transverse compres-
sion. The model derives the damage flow rule from the Puck failure criterion and can
distinguish between different inter-fiber failure modes, which can indicate whether the
damage is tolerable or critical for the laminate. To combine the damage formulation with
plasticity, the damage condition is formulated in terms of effective variables, as defined in
Continuum Damage Mechanics. This way the evolution equations for plasticity are inde-

pendent of damage. The plasticity formulation is set up to model combined isotropic and
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kinematic hardening behavior and allows for different behaviors under in-plane transverse
compression and in-plane shear.

To assess the predictive capabilities of the constitutive model, its predictions are com-
puted for three applications. The results show that the constitutive model can predict
plastic yielding with kinematic hardening behavior and inter-fiber failure for FRP struc-
tures. Moreover, the numerical solution procedure of the constitutive model is robust and

efficient enough to perform structural computations with reasonable computational effort.
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Kurzfassung

Laminate aus faserverstérkten Polymeren (FRP) weisen aufgrund ihrer heterogenen Mikro-
struktur unterschiedliche Versagensarten auf. Finige Versagensarten, wie z. B. der Faser-
bruch, sind kritisch fiir den Zusammenhalt des Laminats, und einige Versagensarten, wie
z. B. der Zwischenfaserbruch, fithren nicht zu einem sofortigen Versagen. Um die aufler-
gewohnlichen gewichtsspezifischen Materialeigenschaften von FRPs weiter auszunutzen,
wird der Zwischenfaserbruch bis zu einem gewissen Grad toleriert. Es sind jedoch nu-
merische Analysewerkzeuge erforderlich, um die Sicherheit von FRP-Komponenten zu
gewahrleisten.

Das Hauptziel der vorliegenden Arbeit ist es, ein Konstitutivgesetz bereitzustellen, das
mit dem Finite Elemente Solver ABAQUS / - Standard 2019 (SIMULIA, Providence, RI,
USA) verwendet werden kann, um verlassliche Vorhersagen iiber Faserbruch, Zwischen-
faserbruch und plastiches FlieSen in FRP Laminaten zu treffen. Um fiir einen allgemeinen
Ingenieur niitzlich zu sein, muss das Modell (1) mit Standardexperimenten kalibrierbar
sein und (2) einen robusten und effizienten Losungsalgorithmus verwenden.

Das vorgeschlagene Konstitutivgesetz kombiniert ein explizites Schadigunsmodell fiir
Faserbruch, ein implizites Schadigungsmodell fiir Zwischenfaserbruch und ein Plastizitats-
modell fiir plastische Dehnungen. Das implizite Schadigunsmodell fiir Zwischenfaserbruch
verwendet zusétzliche Nebenbedingungen und erméglicht eine anisotrope Entwicklung der
Schadigungsbedingung. Dies wird durch die Einfithrung mehrerer ”Loading-threshold”
Funktionen erreicht, die direkt von den Schédigungsvariablen abhangen. Die ”Loading-
threshold” Funktionen sind so definiert, dass Sie experimentelle Spannungs-Dehnungs-
Kurven fiir Scherung, einachsige Quer-Zugbelastung und einachsige Quer-Druckbelastung
reproduzieren konnen. Das Modell leitet die Schadigungs-Fliefiregel aus dem Puck-Ver-

sagenskriterium ab und kann zwischen verschiedenen Versagensmodi unterscheiden, die

I1I
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andeuten konnen, ob der Schaden fiir das Laminat tolerierbar oder kritisch ist. Um die
Schéadiguns- mit der Plastizitatsformulierung zu kombinieren, wird die Schadigungsbedin-
gung in Abhéngigkeit von effektiven Variablen formuliert, wie sie in Continuum Damage
Mechanics definiert sind. Auf diese Weise sind die Evolutionsgleichungen fiir die Plas-
tizitat unabhangig von der Schadigung. Die Plastizitatsformulierung ist so aufgebaut, dass
sie kombinierte isotrope und kinematische Verfestigung modelliert und unterschiedliche
Verhaltensweisen bei Querkompression und Scherung erméglicht.

Um die Vorhersagefiahigkeit des Konstitutivgesetzes zu bewerten, werden seine Vorher-
sagen fiir drei Anwendungen berechnet. Die Ergebnisse zeigen, dass das Konstitutivge-
setz plastische Dehnungen mit kinematischem Verfestigungsverhalten und Zwischenfaser-
bruch fiir FRP-Strukturen vorhersagen kann. Dartiiber hinaus ist das numerische Losungs-
verfahren des Konstitutivgesetzes robust und effizient genug, um Strukturberechnungen

mit angemessenem Rechenaufwand durchzufiihren.
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Notation

Scalar variables

PP Helmholtz free energy density
1 Elastically stored free energy density
1 Effective plastic free energy density
Ay e Fiber damage variable
ds ....Inter-fiber damage variable associated with cracks perpendicular to the ply plane
A3 oo Inter-fiber damage variable associated with inclined cracks
Ay Viscous fiber damage variable

dy .. Viscous inter-fiber damage variable associated with cracks perpendicular to the ply

plane
dy ..o Viscous inter-fiber damage variable associated with inclined cracks
PP Fiber inelastic compliance variable

(5 ..Inter-fiber inelastic compliance variable associated with cracks perpendicular to the
ply plane
(3 voviiiin Inter-fiber inelastic compliance variable associated with inclined cracks

¢, ¢ Critical inelastic compliance variable (3 for softening onset under transverse tension

f O Critical inelastic compliance variable (3 for softening onset under transverse
compression

2s » ¢ ... Critical inelastic compliance variable (, for softening onset under in-plane shear
P Transverse compressive hardening variable
7 In-plane shear hardening variable
df’) ....................... Transverse compressive hardening variable at softening onset
(zg?’) ................................ In-plane shear hardening variable at softening onset
Ry Current transverse tensile strength
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ACKNOWLEDGMENT 3

Ro Current transverse compressive strength
R Current in-plane shear strength
Ry oo Loading threshold function for transverse tension
Ry oo Loading threshold function for transverse compression
Ry oo Loading threshold function for in-plane shear
D Dissipation
o Longitudinal Young’s modulus
o Transverse Young’s modulus
Gllo o In-plane shear modulus
G0 o Out-of-plane shear modulus
D10 et e e e e e e In-plane poission ratio
X Longitudinal tensile strength
X Longitudinal compressive strength
Go Longitudinal tensile fracture energy
Go O Longitudinal compressive fracture energy
Yo Initial plasticity threshold under transverse tension
Yo Initial damage threshold under transverse tension
Y Transverse ultimate tensile strength
}73T ....................................... Effective ultimate transverse tensile strength
Yo o Initial plasticity threshold under transverse compression
YO Initial damage threshold under transverse compression
YQC ........................................... Transverse ultimate compressive strength
}730 .................................. Effective ultimate transverse compressive strength
I PP Initial plasticity threshold under in-plane shear
T Initial damage threshold under in-plane shear
TP Ultimate shear strength
S Effective ultimate shear strength
G Transverse tensile fracture energy
GM O Transverse compressive fracture energy
G S In-plane shear fracture energy
P Plasticity parameter for compression
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ACKNOWLEDGMENT 4

O e Plasticity parameter for shear
P . Puck slope parameter for tension
DO Puck slope parameter for compression
PP Viscous regularization parameter
O Fitting parameter for transverse tension
CO Fitting parameter for transverse compression
o Fitting parameter for in-plane shear
W Elastically stored energy from the unloaded state until softening onset
Wt oo Elastically stored energy from the unloaded state until softening onset for

transverse tension
we Elastically stored energy from the unloaded state until softening onset for
transverse compression

WS . Elastically stored energy from the unloaded state until softening onset for in-plane

shear

L Characteristic element length
B Fiber damage condition
O Inter-fiber damage condition
B Yield condition
A e et Damage multiplier
D e Plasticity multiplier
O o Puck fracture angle
D nax « o o oo Maximum Puck fracture angle
R Fracture resistance of the Puck action plane
T Critical shear stress for Mode C fracture
ﬁp ......................................................... Effective plastic dissipation
QU Isotropic/Kinemataic hardening parameter
EM Young’s modulus of the matrix material of the fabric laminated structure
oMo Poisson ratio of the matrix material of the fabric laminated structure
Ri\,/[ ....... Initial yield strength of the matrix material of the fabric laminated structure
RM ... Ultimate strength of the matrix material of the fabric laminated structure
GM Fracture energy of the matrix material of the fabric laminated structure
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ACKNOWLEDGMENT 5

Vectors

A o Vector of damage variables
Y o Vector of associated thermodynamic forces for the damage variables
A Vector of effective hardening variables
A Vector of associated thermodynamic forces for the effective hardening variables
D Damage direction vector

€ e e e Total strain tensor
B Elastic strain tensor
B Plastic strain tensor
B Effective elastic strain tensor
B Effective plastic strain tensor
o 2 Stress tensor
o2 Effective stress tensor
B Elastic strain tensor at softening onset
o 2P Stress tensor at softening onset
B Elastic strain tensor at total failure
O o e Stress tensor at total failure

€ Compliance tensor
ClO Undamaged compliance tensor
O Undamaged elasticity tensor
Lo Fourth order symmetric identity tensor
DO Damage contribution tensor for damage variable d;
D@ Damage contribution tensor for damage variable ds
DO Damage contribution tensor for damage variable ds
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ACKNOWLEDGMENT 6

PP Damage effect tensor
M oo Damage effect tensor at softening onset
Mg e Damage effect tensor at total failure
S Eshelby tensor
Operators

...... Inner product (full contraction of both operands), i.e. a-b = a;b;, o - € = ;¢
B et Dyadic product, i.e. a® b = a;b;, 0 ® € = 0y
I P Magnitude
T Macauley operator
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Chapter 1

Introduction

Due to their high weight-specific stiffness and strength, laminates made of fiber-reinforced
polymers (FRPs) are becoming increasingly popular in high-performance applications.
Besides their use for wind turbines, automobiles, and sports equipment, they are used
increasingly in aerospace industries. Due to the rising crude oil prices over the last 20
years, aircraft manufactures were driven to develop lighter and more fuel-efficient aircraft.
This has lead to an increased usage of structural FRP components in recent aircraft
designs. The Airbus 380, which was introduced into the market in 2005, is made of 20%
composite materials. The newest generation of large passenger aircraft, like the Boeing
787 Dreamliner or the Airbus A350 XWB, consist of 50% composite materials. Whether
the trend continues is unknown and depends on the cost-efficiency of the FRP design and
manufacturing process.

The excellent properties of FRP structures come from the reinforcement fibers that
have very high stiffness and strength. For most applications either carbon, glass, or
aramid fibers are used. Since the fibers can only transfer tensile loads, they are embed-
ded in matrix material, which enables a load transfer between the fibers. The matrix
material is typically made of either thermosets (e.g. epoxy, polyester) or thermoplastic
polymers (e.g. polyamide). The fibers and the matrix material can be used in differ-
ent arrangements depending on the application. For high-performance applications, they
are deployed as laminates of unidirectional reinforced plies, whose mechanical properties
are strongly direction-dependent. To use the reinforcement effect in multiple directions,

the plies are stacked with different orientations. This way the laminate stacking can be
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CHAPTER 1. INTRODUCTION 8

tailored according to the application.

Due to the topology of FRPs laminates, they possess several failure modes. The failure
modes can be distinguished into the failure between the plies, called interlaminar failure,
and the failure in the ply, called intralaminar failure. Interlaminar failure occurs in the
form of decohesion at the interface between two adjacent plies. At the interface, there is
no reinforcement of the fibers, making it a weak point. Interlaminar failure also referred
to as delamination, is often caused by stress concentrations in the vicinity of free-edges
or close to intralaminar failure. The result is a crack that develops in the interface and
that can be driven by static or cyclic loading. Intralaminar failure occurs either as fiber
fracture, matrix fracture, or fiber-matrix debonding. Due to the high fracture toughness
of the fibers, fiber fracture typically leads to the failure of the whole laminate. Matrix
fracture and fiber-matrix debonding, often treated together as inter-fiber failure, on the
other hand, can be tolerated to some extent. If inter-fiber failure occurs, the load is
redistributed in the laminate without causing fiber fracture in the surrounding plies.

Due to their complex failure, FRPs come at a high cost for their design and manu-
facturing. To compete with conventional materials, their full potential has to be utilized.
This can be achieved by tolerating the failure mechanisms, that do not lead to immediate
structural failure, i.e. inter-fiber failure. Structural FRP components can typically with-
stand a load increase after the initial onset of inter-fiber failure. It is critical however,
that the different failure modes can be distinguished and that the response after initial
failure can be predicted. This is a challenge for the design of FRP structures and requires
advanced numerical simulations to make reliable predictions. The scope of the present
work is to develop a tool that can predict intralaminar failure of FRPs and that can
be used with the Finite Element Method (FEM) to assist in the design process of FRP
structures. The present work is organized as follows.

Chapter [I.T] reviews the existing literature and summarizes the approaches that have
been developed to predict the failure of FRPs. A special focus lies on the anisotropic
damage models that are used to describe the stiffness degradation related to intralaminar
failure. Additionally, contributions to modeling plastic yielding of FRPs are reviewed.

Based on the observations regarding the existing literature, Chapter formulates

the main aim of the thesis and discusses different aspects of it.
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CHAPTER 1. INTRODUCTION 9

Chapter 2| introduces ply modeling to cope with the complexity that arises from the
different length scales that are present in FRP laminates. Additionally, the different
failure modes of individual FRP plies are presented.

Chapter |3| presents the constitutive model. The model is presented in terms of its
internal state variables that are used to model the occurring phenomena, followed by the
criteria and equations for their evolution.

To use the constitutive model in numerical computations, Chapter [ presents the
algorithm that is used for the implementation of the model. The first part focuses on
the constitutive integration algorithm that solves the governing evolution equations. The
second part shows the algorithmic consistent material tangent matrix that is required
by the Newton-Solver that is typically used to solve the nonlinear system of equations
produced by the FEM.

Chapter [5| is a collection of applications that are performed to highlight different
capabilities of the proposed constitutive model. The first application aims at the plasticity
formulation, especially the prediction of the kinematic hardening behavior that can occur
during cyclic loading. The second application is to highlight the predictions for plasticity
and damage on structural components. The third application applies the constitutive

model to model the response of the tows inside a fabric structure.
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CHAPTER 1. INTRODUCTION 10

1.1 Literature review

1.1.1 Modeling of Intralaminar failure

The different forms of intralaminar failure, namely fiber failure, fiber-matrix debonding,
and matrix failure, all lead to a separation of the material. As a consequence, intralaminar
failure can be regarded as a fracture problem. Typically fracture is modeled with either
discrete or continuous models.

In discrete models, the crack is modeled as a discrete entity whose position has to
be captured by the description of the displacement field. This can be done by making
sure that the FEM mesh has nodes at the position of the crack or by enhancing the
displacement field with a displacement jump. For the former approach a standard FEM
implementation can be used but frequent remeshing is required when the crack propa-
gates. For the latter approach the displacement field needs to be enhanced by employing
the extended-Finite-Element Method [4] or the Phantom-Node Method [41]. In addition
to the geometrical description of the crack, criteria for initiation, propagation, and ori-
entation of the crack are required. The propagation of the crack is often modeled by
Linear-Elastic-Fracture-Mechanics (LEFM) or by the cohesive zone model developed by
Dugdale [7] and Barenblatt [2].

Continuous models treat fracture within the constitutive model for the bulk material.
This is typically done by employing Continuum-Damage-Mechanics (CDM). CDM has
been proposed in [22] for isotropic damage and has been extended to anisotropic damage
in several ways. The anisotropic damage models can be categorized into ones with explicit
damage evolution laws and ones with implicit damage evolutions defined as a constraint
problem. The majority of damage models for FRPs use explicit damage evolution laws
but use different approaches on how the damage variables affect the stiffness degradation.
The anisotropic damage models proposed in [26], 29, 28] introduce damage variables where
one damage variable reduces one engineering modulus of the material. Therefore, a single
damage variable affects only its corresponding entry in the compliance tensor. In some
cases, for example for damage under normal and shear loading, it is desired that one
damage variable affects multiple entries in the compliance tensor. To affect multiple

entries in the compliance tensor, the damage models proposed in [44], 27, [36] B5] express
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CHAPTER 1. INTRODUCTION 11

certain secondary damage variables as functions of multiple primary damage variables.
This way the entries in the compliance tensor formulated in terms of the secondary damage
variables are affected by the primary damage variables. This captures the interaction
but it only works in one direction. The damage under normal loading affects the shear
damage, but not vice versa. Another way to affect multiple entries in the compliance
tensor is to base the damage effect on micro-mechanical considerations. The benefit
is that the relations between different entries in the compliance tensor are not defined
through approximate formulas but are motivated through micro-mechanical reasoning.
Micro-mechanically motivated damage models with explicit damage evolution laws have
been proposed in [37, 10, 11, B9]. Explicit damage evolution laws are calibrated with
one stress-strain curve per damage variable. This leads to very efficient computations,
but the evolution of a damage variable, which affects multiple engineering moduli, can
only be calibrated correctly for one. It is not possible to prescribe the normal and shear
behavior independently, if the damage variable affects the corresponding Young’s and
shear modulus.

The second category of damage evolutions is calculated implicitly through a constraint
problem, defined by a damage condition and a damage flow rule. The models proposed in
[6, 8] formulate the constraint problem in terms of the associated thermodynamic forces
of the damage variables, which can be considered as energy release rates. The solution
is obtained by maximizing the dissipation under the constraint of satisfying the damage
condition. The energy release rates can be related to fracture mechanics and are typically
used to model brittle materials. For FRPs it is desired to have strength-based damage
conditions because the established failure criteria proposed in [34, [33] can be used. The
models proposed in [16} 19, 45| [18] use strength-based damage conditions. They introduce
loading-threshold functions that govern the evolution of the damage condition. Since the
number of loading-threshold functions is not tied to the number of damage variables, an
arbitrary number of functions can be defined for the damage evolution. Consequently, the
evolution of one damage variable, that affects multiple entries in the compliance tensor,
can be prescribed to comply with multiple experimental curves. The difficulty lies in
formulating the dependence of the loading-threshold functions on the internal state vari-

ables. To overcome this, the aforementioned models introduce an additional internal state
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CHAPTER 1. INTRODUCTION 12

variable whose associated thermodynamic force is used as a loading-threshold function.
However, using only one state variable and one loading-threshold function allows only
an isotropic evolution of the damage condition. To prescribe different evolutions of the
damage condition under different loads, it is desired to have multiple loading-threshold

functions, that can be calibrated independently.

1.1.2 Modeling of plastic yielding in fiber reinforced polymers

For angle- and cross-ply laminates, inter-fiber fracture can be accompanied by the ac-
cumulation of unrecoverable strains. Such laminates can obtain a higher weight-specific
strength and stiffness in predefined directions than quasi-isotropic laminates but are more
susceptible to matrix related phenomena. To predict the response of such laminates ac-
curately, it is shown in [5] that it is important to model the nonlinear behavior due to
the unrecoverable strains. The plasticity models that are employed to model the unre-
coverable strains use yield functions that are either formulated in terms of selected stress
components or in terms of transversely isotropic stress invariants. For triaxial stress states
the use of stress invariants is beneficial because it reduces the number of variables and
leads to a more physical decomposition of the stress tensor. Plasticity models for FRPs
that use transversely isotropic stress invariants have been developed in [30} 42} 32]. The
model from [30] assumes associative yielding. However, it is stated in [42] that associative
yielding can lead to wrong predictions for the volumetric plastic strain for FRPs. As a
remedy, a non-associative flow rule is proposed in [42]. The model from [32] proposes a
non-associative plasticity model that uses the yield function as flow potential except that
it neglects the stress in fiber direction and the hydrostatic pressure.

For many applications of FRP components, a plane stress state can be assumed. As a
result, there are not many non-zero stress components, such that the use of invariants is
not needed. The plane stress plasticity model developed in [40] has the benefit compared
to triaxial models that only two parameters have to be calibrated. In [26] the same yield
surface is used to combine plasticity with damage.

Another plane stress plasticity model is proposed in [10], where two independent plas-
ticity formulations are used for the plastic yielding under in-plane shear and transverse

compression.


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thele

(]
lio
nowledge

b

i
r

CHAPTER 1. INTRODUCTION 13

1.2 Aims and Objective

The main aim of the thesis is to provide a tool that can be used by engineers to obtain
reliable predictions regarding the failure of laminated FRP structures. Since there is a
large variety of FRP materials, which cannot all be considered, the present work focuses
on thermoset polymers reinforced with carbon or glass fibers. As a consequence, the most
relevant failure mechanisms are fiber fracture, inter-fiber fracture, and the accumulation
of unrecoverable strains. Viscoelastic and -plastic behavior shall not be considered. The
main aim can be decomposed into several aspects.

Most importantly, the developed tool should be usable by a general engineer. Conse-
quently, the failure of FRPs shall be predicted by a constitutive model that can be used
with standard FEM software. Besides, only material parameters shall be used that can
be obtained from standard experiments.

Another aspect is to provide reliable predictions that are valid for arbitrary load-
ing without the need to recalibrate. To achieve this, the objective is to use a micro-
mechanically motivated damage formulation. Thereby, multiple engineering moduli are
degraded by one kind of damage, which closely resembles the actual physical phenomenon.
Additionally, an implicit damage formulation shall be used, such that the evolution of one
kind of damage can be calibrated to different kinds of loading.

The constitutive model has to meet certain robustness and efficiency requirements
when applied to structural components. To achieve these requirements without compro-
mising its predictive capabilities, the model is developed with the following additional
objectives. First, the damage condition and the loading threshold functions shall be for-
mulated in terms of the effective stresses as opposed to the nominal stresses. This way
the loading threshold functions are injective functions in terms of the damage variable for
both hardening and softening, which increases the robustness of the solution procedure.
Second, the principle of elastic strain equivalence shall be used because it simplifies the
calculation of the effective stress, which increases the numerical efficiency of the model.
Third, two independent formulations for damage and plasticity shall be used because it

simplifies the solution procedure.
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Chapter 2

Fiber-reinforced polymers

In the following the structure and the failure modes of FRP laminates are introduced as
a basis for the derivation of the constitutive equations. First, a modelling approach for
the structure of unidirectionally reinforced laminates is presented. Second, the different

failure modes occurring in unidirecitonal FRP laminates are shown.

2.1 Length-scales

The failure of FRP components is significantly influenced by the geometry and the ar-
rangement of its constituents. Of highest interest are those arrangements that lead to the
highest stiffness and strength. The highest stiffness and strength can be reached when
the fibers are aligned as straight as possible. As a consequence, this work concerns itself
with laminates of unidirectional fiber-reinforced plies. The structure of such laminates
shows several characteristic length scales. On one side, there is the diameter of the fibers
which is typically around 10 gm. The fiber diameter characterizes the behavior of the
microstructure. This scale is typically referred to as the micro-scale (Figure . It is
at that scale where the matrix material transfers the stresses between the fibers.
Another characteristic length of the laminate structure is the thickness of a ply, which
is around 0.1 — 0.2 mm. This scale is called the mesoscale (Figure . Depending on
the application, the plies are stacked with different orientations. One reason for that is
that the laminate has higher stiffness and strength in multiple directions. Besides, it is

helpful to stack adjacent plies with different orientations because the fracture that might

14
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CHAPTER 2. FIBER-REINFORCED POLYMERS 15

300 pm

(a) (b) (c)

Figure 2.1: Characteristic length scales than can be observed in UD-reinforced fiber-
reinforced poymer laminates; Composed of the micro-scale (a) [14], meso-scale (b) [14]

and the macro-scale (c) [I].

occur in one ply is more likely to be stopped by a ply with a different orientation. If a
plane loading is expected, a homogeneous stacking of the plies can be beneficial. This
means that plies with the same orientation are evenly distributed over the thickness of
the laminate. Another important aspect is to use a symmetrical stacking sequence with
respect to the middle-plane of the laminate. This way, wrinkling due to mechanical or
thermal loading can be prevented.

The largest scale is the macro-scale (Figure , which is equal to the dimensions
of the component. At this scale the boundary conditions and loads are applied to the
component.

For the numerical analysis, it is not feasible to account for all scales explicitly. To
simplify the modeling, this work employs a phenomenological approach at the mesoscale.
Therefore, each ply is modeled with homogeneous material behavior. However, certain
characteristics of the micro-structure are used to derive the phenomenological formulations

for the mesoscale.
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CHAPTER 2. FIBER-REINFORCED POLYMERS 16

2.2 Failure of fiber reinforced polymer plies

Fiber reinforced polymers show different failure modes due to their heterogeneous mi-
crostructure. It is important to distinguish these different failure modes to prevent critical
modes in the design process. In this context, failure means the complete separation of
the material due to mechanical loads. However, there are different kinds of mechanical
loads that lead to failure, i.e. fatigue, dynamic, and static loads. The individual resis-
tances against these loads have to be determined experimentally. In the present work,
the focus is on static or quasi-static loads. The strength analysis of laminates of FRPs is
typically performed at the ply level and the ply deformation is obtained from the laminate

deformation either through laminate theory or numerical methods.

Fiber fracture. In this context, fiber fracture means the breakage of a bundle of fibers,
not just individual fibers. The result is the loss of load bearing capacity of the ply
in the fiber direction. Due to their high stiffness in the fiber direction, the fibers are
mainly loaded by the longitudinal stress. The other stress components are significantly
smaller because they also have to be sustained by the matrix material. As a consequence,
fiber fracture occurs either through longitudinal tensile or compressive stresses. Under
tensile loads, fibers rupture occurs, which is depicted in Figure 2.2a] The stress-strain
behavior is linear until rupture. Compressive longitudinal stresses lead to fiber kinking or
micro-buckling, which occurs when the necessary elastic support of the matrix material
is exceeded. Fiber kinking typically localizes into kink-bands, which is depicted in Figure
2.2D] Fiber failure usually also leads to matrix failure, because the released energy is too
high that it can be redistributed in the surrounding material. The result is macroscopic

fracture that leads to structural failure.

Inter fiber fracture. Inter fiber fracture occurs as cracks in the matrix material or at
the fiber-matrix interface. The cracks run through the whole thickness of a ply and are
only stopped by the fibers of the adjacent plies. An exemplary crack is shown in Figure
2.3l Inter fiber fracture leads to a redistribution of stresses inside a laminate. The load
gets reintroduced into the broken ply through shear stresses at a certain distance from

the crack. Macroscopically, the broken ply can be regarded as a continuum with degraded
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CHAPTER 2. FIBER-REINFORCED POLYMERS 17

Compression

Zug_DV-0,25_X5000_Bild2 — 4 pm —

(a)

Figure 2.2: Pictures of fiber rupture under tension (a) and fiber kinking (b) for the carbon

fibers T300 [25].

stiffness. If the load is increased, further matrix-cracks will be initiated. When a critical
load is reached, the delamination of the interfaces adjacent to the broken ply will grow
and the ply can eventually be pulled out. Matrix cracks are oriented parallel to fibers and
are either perpendicular to the ply plane or inclined by an angle between 0 and approx-
imately 54°. Whether matrix-cracks are critical for the whole laminate depends on the
inclination of the crack. Cracks perpendicular to the ply-plane are caused by transverse
tensile stresses and/or in-plane shear stresses. Such cracks can be considered tolerable to
some extent because the integrity of the laminate is not harmed and the load can be trans-
ferred by the fibers. Inclined cracks are caused by pure transverse compressive stresses
or a combination of in-plane shear stresses and high transverse compressive stresses. In-
clined cracks can be considered harmful for the laminate because they introduce stresses
in the thickness direction, which can lead to substantial delamination. The material be-
haves roughly linear under transverse tensile stresses but shows nonlinear behavior under
in-plane shear and transverse compressive stresses. The nonlinear behavior is caused by
a stiffness degradation of the material and an accumulation of unrecoverable strains. The
stiffness degradation can be explained by the formation of distributed micro-cracks in the
matrix material. When the maximum strength is reached, these micro-cracks coalesce into
a macroscopically visible crack, which leads to softening material behavior. During un-

loading of the material, unrecoverable strains can be observed. The unrecoverable strains
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CHAPTER 2. FIBER-REINFORCED POLYMERS 18

Figure 2.3: Picture of inter-fiber fracture in a UD-reinforced fiber-reinforced poymer lam-

inate [25].

are attributed to unrecoverable openings of micro-cracks and irreversible deformations of

the matrix material.
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Chapter 3

Constitutive model

In the following, a constitutive model for the prediction of fiber damage, inter-fiber dam-
age, and the accumulation of unrecoverable strains of FRP plies is presented. The con-
stitutive model describes the behavior of the plies, which consist of unidirectional fibers
and surrounding matrix material, at a length scale where their properties appear homo-
geneous. The behavior of the pristine ply, as a member of a laminate, is modeled as
linear-elastic and transversely isotropic. To simplify the expressions and their implemen-
tation, the entries of second- and fourth-order tensors are given in Voigt-Nye notation [43]
(Appendix. Due to the typically small thickness to width ratios of the plies, the consti-
tutive model is formulated for a shell modeling approach under plane-stress assumptions
(Appendix . After the initial linear behavior, the different failure mechanisms lead to

a pronounced nonlinear behavior.

3.1 Internal state variables

The failure mechanisms occurring in FRPs are accompanied by an internal change of the
microstructure of the material. These changes take place on a length scale that is smaller
than the target resolution of the constitutive model. Consequently, these changes have
to be captured by the constitutive equations. Using the theory of thermodynamics with
internal variables, the internal change is represented in terms of internal state variables.
Thereby the material state is completely defined by a set of state variables at every point

in time. With these assumptions, the constitutive equations can be formulated as an

19
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CHAPTER 3. CONSTITUTIVE MODEL 20
exact differential equation that can be solved in the form of a potential function.

Helmholtz free energy. In the present work, the Helmholtz free energy is used as a
potential function for the derivation of the constitutive equations. The Helmholtz free-

energy density,

U = U°(e, P, d) + UR(), (3.1)

is formulated in terms of the total strain, €, the plastic strain, €P, a vector of effective
plastic hardening variables, a, and a vector of damage variables, d. It is assumed that
the total Helmholtz free energy can be split into the elastic stored energy W¥ and the
effective plastic energy ¥{. They are independent of each other, which simplifies the
implementation and has the advantage that no regularization technique has to be used
in the plasticity formulation, because the softening material behavior is entirely treated

within the damage formulation.

Damage variables. The damage variables are introduced to model the stiffness degra-
dation caused by fiber fracture and inter-fiber fracture. Following [37, [10], the relation
between the damage variables and the compliance tensor is obtained by introducing a fic-
titious homogeneous material into which spheroidal, oblate voids are successively 'added’
to account for the stiffness degradation qualitatively. The volume fraction of the voids is
zero for the undamaged material and increases as damage increases. The damage variable
dy represents damage due to fiber fracture. The corresponding stiffness degradation is
obtained by introducing voids into the fictitious material which are perpendicular to the
fibers. The damage variables dy and dsz represent damage due to matrix cracking and
matrix-fiber debonding. The voids related to ds are oriented parallel to the fibers and
perpendicular to the ply plane. The voids related to ds are oriented parallel to the fibers
and one half is rotated by the maximum puck fracture angle [34] in one direction and
the second half in the other direction. It is helpful to distinguish between the damage
variable ds and d3 because damage due to ds is tolerable to some extent, while damage due
to dz can potentially be critical to the laminate. The compliance tensor of the fictitious
material is given by

dy do ds
pW L 2 p@ 4 7 ) 3.9
—a tioa” 1o ) (3:2)

C=@®@+
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CHAPTER 3. CONSTITUTIVE MODEL 21

with the fourth-order symmetric identity tensor I, the undamaged compliance tensor C(©),
and the damage contribution tensors

=T

D® = (I—SsW) (3.3)

They are obtained through the Mori-Tanaka method as described in [37]. The tensors
S are the Eshelby tensors related to a spheroidal, oblate void of the family (i) inside a
transversely isotropic matrix. Since there is no closed-form solution for the Eshelby tensors
for transversely isotropic material, they are calculated numerically following [I5]. The
compliance tensor from equation is used because it can be mechanically motivated.
According to [24, 23], using an effective field method, like the Mori-Tanaka method, is
suitable for homogeneously distributed, parallel crack like voids with very high aspect
ratios.

In CDM it is common to introduce effective variables to derive the constitutive equa-
tions for the damaged material [31]. The effective variables describe a fictitious undam-
aged state for which the undamaged constitutive equations can be used. Once the relations
between the internal state variables and the effective variables are established, the dam-
aged constitutive equations can be derived from the undamaged ones. The effective stress
in CDM is given by

oc=Moao, (3.4)

where M is the damage effect tensor and o is the nominal stress. In the present work,

the effective elastic strain

et =¢g (3.5)

is defined according to the principle of elastic strain equivalence. As a result, the relation

between the damaged and the undamaged material is given through
C=C'M. (3.6)
Together with equation this yields the relation for the damage effect tensor
M= (I+ DY + D@ + D®) . (3.7)

The factors
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CHAPTER 3. CONSTITUTIVE MODEL 22

are called inelastic compliance variables [21]. They can be used interchangeably with the
damage variables to describe the compliance of the material. The elastic stored energy of

the Helmholtz free energy in equation (3.1]) follows as
1
p\lle<€a €p7 d) = 5 (6 - sp) ) M(d)_l EO (6 - €p> ) (39)
with the undamaged elasticity tensor E° and the vector of damage variables

d:<d1 ds dg)T. (3.10)

Plastic strain. The plastic strain tensor is introduced to model the unrecoverable

strains. In the present work, an additive split of the total strain
e=¢e°4¢€P (3.11)

into the elastic strain €° and the plastic strain eP is assumed. Since the plastic strain
enters only through the elastic strain into the elastic stored energy ¥F, its nominal and
not its effective variable is used as the internal state variable. Nonetheless, the effective

plastic strain is defined through the principle of equivalent plastic strain as

&P = eP. (3.12)

Internal hardening variables. The internal hardening variables are introduced to
describe the strain hardening. The vector of hardening variables a = <C~11 d2)T contains
two variables associated with transverse compressive and in-plane shear behavior. The
variable @; can be considered as an effective accumulative plastic transverse compressive
strain and the variable a, can be considered as an effective accumulative plastic in-plane
shear angle. The variable a; is set up to be only positive whereas as can be positive or
negative. The free energy that is related to the hardening behavior is defined in terms of

effective variables as

Giov)  (E-w)
UP(a) = L ay + _L__emiay
P¥o(d) 1—ead cl (1 — e“ﬁcl)
R ~ ~ ~ (3.13)
(S?’_SO) <S3_ 0 Djdiz|
— + e 212
1-— €_agcz | 2’ Cg (1 — e—agcg)
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CHAPTER 3. CONSTITUTIVE MODEL 23

It is set up such that the compressive and shear behavior are independent of each other

and the potential can be split into an compressive and a shear part. The values }70‘3, ~3C,

So, S3, @3, a3, cf, ¢ are material parameters, that can be obtained from experimental

data, which is explained later.
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CHAPTER 3. CONSTITUTIVE MODEL 24

3.2 Dissipation

The evolution laws of the state variables have to fulfill the thermodynamic balance laws.
With the Helmholtz free energy from equation (3.1) and the fundamental inequality, the

dissipation of the material for an isothermal deformation is given by

wh . e .
Dza'ép—p%-é—pa d>0, (3.14)

od =~

which must not be negative for arbitrary evolutions of &P, a,d. To ensure that the dissi-
pation is not negative for arbitrary evolutions, every term in equation (3.14)) must not be

negative.

Associated thermodynamic forces for damage. The vector of associated thermo-

dynamic forces for the damage variables is defined as

ove
od -

Y =—p (3.15)

They can be interpreted as the amount of elastic energy that is released through the
change in the corresponding damage variable. The model is set up in a way that the rate
of each damage variable and its corresponding associated thermodynamic force are never

negative, individually. The components

1

Yézm(

e —¢eP)-M(d)™! DD M(d)™ E° (e — eP) (3.16)

follow from equation (3.9). If the damage variables are between 0 and 1 and the tensors
M, D@, E° are positive definite, then Y; > 0 for i = 1, 2, 3.

Associated thermodynamic forces for plasticity. For generalized standard materi-
als the associated thermodynamic forces drive the evolution process of the state variables.
The thermodynamic driving force for the plastic strain is the stress tensor

owve

Ser (3.17)

o=p

In the present work, the driving force for the internal hardening parameters

A=— (—pa(;IJ;)D) (3.18)
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CHAPTER 3. CONSTITUTIVE MODEL 25
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Figure 3.1: The evolution of the nominal shear strength R3 and the plastic associated

thermodynamic force A, under pure shear loading.

is defined as the negative actual driving force for interpretation purposes. It can therefore
be interpreted as the amount of effective stress that is sustainable beyond the initial

effective strength. This can be illustrated for instance for the shear strength
S = Sy + Ay(ay), (3.19)

with Sy being the initial shear strength. This definition leads to the expressions

Ye-Y¢ —Pa
——5 (1 € Clal)
A — l_e_ﬁl 6113

sign (&2)% (1 — eslazl)
l1—e ™2 ™2

(3.20)

The first component A; from equation is setup in a way that it is always positive
and that the strength Y°(a;) has the value Yy at a; = 0 and the value Y5 at a; = a§3).
The second component A, is setup to yield the same behavior as A, under monotonic
loading, but in order to enable kinematic hardening, it changes its sign according to a,.
In this way it allows for a declining or even inverse thermodynamic driving force. The
evolution of the thermodynamic force A, from equation for a pure shear loading
is depicted in Figure . Its shape is defined by the effective initial yield strength Sp,
the effective stress S5 at the point 3 with the effective plastic shear angle a§3) and the

exponent ¢b that can be chosen to fit experimental data.
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CHAPTER 3. CONSTITUTIVE MODEL 26

3.3 Loading-threshold functions for inter-fiber fail-
ure

In the present work, the damage evolution of the damage variables corresponding to inter-
fiber fracture is formulated through a constraint problem. To use a strength-based damage
condition, the dependence of the damage condition on the internal state variables is
required. In the present work, the dependence is given through loading-threshold functions
that are defined directly in terms of the damage variables.

Formulating the loading-threshold functions directly in terms of the damage variables
entails several challenges. One issue with strength-based loading-threshold functions is,
that they cannot be described as injective functions in terms of the damage variables for
both hardening and softening. This can lead to problems for the solution procedure at
the transition from hardening to softening. To improve the convergence of the solution
procedure, effective strength-based driving forces are used instead of nominal strength
ones. Effective strengths can be formulated as monotonically increasing functions for
both hardening and softening. The effective strengths R; for i = (1,2,3) are defined as
effective transverse tensile, effective transverse compressive, and effective in-plane shear
strengths. These are the only strengths considered due to the plane stress assumption.

The effective strengths

Ry = Myy(¢) Ry (3.21)
Ry = Mo (¢) Ro (3.22)
Ry = Mu(C) Rs (3.23)

are expressed in terms of the nominal strengths R; according to equation for the
effective stress. However, only the corresponding diagonal components are used, because
the nominal strengths are obtained from load cases that lead to only one non-zero stress
component. Additionally, for each load case, it is assumed that only one inelastic com-
pliance variable is active, whereas the other one is equal to zero. For transverse tension
and in-plane shear only (5 # 0 and for transverse compression only (3 # 0. An exemplary
evolution of the nominal in-plane shear strength Rj is depicted in Figure for pure

shear loading.
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CHAPTER 3. CONSTITUTIVE MODEL 27

Loading-threshold functions for hardening. In the hardening regime of the mate-
rial, the nominal strength is an increasing function with damage. According to equations
and , the relation between the effective and the nominal strength is linear in
¢. Consequently, the nominal strength is an increasing function as long as the effective

strength grows at least linearly in ¢. In the present work, the relations

Ri=VT 4 (573T B le) M, (€) — 1 (3.24)
My (CQT C) -1

Ro=VC+ <3~/30 —ye M (¢) — 1 (3.25)
MQQ ( 3C7 C) -1

o=+ (Si—§) —ulo) (3.26)

Miyy (CZS C) —1

are used for the effective strengths of the material in the hardening regime. The material

is considered to be in the hardening regime if the conditions

ngDzQ C T, c

Gy T TG s 2 (3.27)
2j J2 2lDl2
cyDy | CY c

S S i G <G (3:28)
(ngID)jQ CSZDQ
C9.D! c9, D .

G— (4 + G+ G < (5 (3.29)
CQ]]D)]4 gl]D)lZl

are satisfied The parameters (" ° ?? e CQS " ¢ denote the critical inelastic compliance vari-

ables at the point of softening onset.

Loading-threshold functions for softening. The challenge for the softening regime
is to find an increasing function for the effective strength that at the same time leads

to a decreasing nominal strength. Thus, the function for the effective strength must be
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CHAPTER 3. CONSTITUTIVE MODEL 28

sub-linear in ¢. The effective strengths

Yy My (€) In (56@22(0_@22(67 ) + 6)

Coa (CQT C)+C’T

R, = 3.30
1 5o C2OC2(G 7)) 330

(C22(C2T’ C)+CT

C ((sz(C)*(Cn (Cg(,j C))
eYy; My, (€) In (56 (& )00 +e

Ry = 3.31
2 Be <C22(C)—C22(C§:’ C)) +e ( )
sz(C;;C’ C)+CC

Ca(€)—Cuaa (¢S ©
~ €SQM44 (C) 111 (56( (C44((2S’ C)(JrCS )) + 6)

p— ‘ 2
Rs 5e (C44(C)—C44(<257 C)) +e (3 3 )
Caa(¢5 ©)+CS

are logarithmic in ¢ and lead to decreasing nominal strengths. They are used in the
softening regime, when equations - are not satisfied. The loading-threshold
functions for softening are calibrated with nominal ultimate strengths Y;', Y%, S, and the
constants C'T,C¢, O3,

Another challenge lies in calibrating the constants CT,C¢, C® according to the dis-
sipated energy in the fracture process. For strain softening continua the solution has to
be regularized to obtain mesh-size independent results. In the present work, the crack-
band-model [3] is used. For that the loading-threshold functions for the softening branch
are scaled by the characteristic element length L°. If nominal strengths are used, the
dissipated energy can be prescribed directly. For effective strengths this can only be done
indirectly. To apply the crack-band-model, the integral of the nominal stress over the
elastic strain from softening onset until total failure has to be prescribed for certain load
cases. The integral over the elastic strain can be turned into an integral over the inelastic

compliance variables according to

€ =€

€5 €% O
/ a'-dse:/ a’-dée:/ o-Cdé
€e es o4

Moo 0
:/ U®G~C0dM+/U-COMdU

ee oM Jo
= O'®U-CO—+0'~(COM—)d
/< ( o ac ) &

(3.33)

= Go/LE =W,
using do = dM o +M do. The values €, o, M, and (. denote the entities at the critical

point of softening onset and €5, o, and M, denote the entities at total failure. G. is
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CHAPTER 3. CONSTITUTIVE MODEL 29

the total fracture energy density of the whole process and
W= / o de (3.34)
0

denotes the total energy density from the unloaded state to softening onset without the
energy dissipated by plasticity. The operator ® denotes the dyadic product of two tensors
and - denotes the inner product. The load cases for which the critical fracture energies
have to be prescribed correspond to the strengths R; for in-plane transverse tension, in-
plane transverse compression and in-plane shear. Again, it is assumed that only one of the
inelastic compliance variables is non-zero. This is the reason why the integral in equation
(3.33]) can be obtained as the integral over a single inelastic compliance variable. For the
aforementioned load cases, the stress tensor is composed of only one entry, which is equal
to the particular strength. All other entries are equal to zero. If the stress has only one
non-zero component, only this component has to be considered in the inner products of
equation . With equation the nominal strengths can be related to effective
strengths and the equations - can be inserted into the integral. Since the
loading-threshold functions only depend on ¢, the integral expression from equation (|3.33)

can be solved for the constants

_2(Gh T/ - W)

Ct = v , (3.35)
2
2 M, C e — WC
CC — (gc éCQ ) , (336)
2
2 M, S e — WS
CS = (6 /s . ) (3.37)
2

The variables WT W W5 are obtained by evaluating equation (3.34) for in-plane trans-

verse tension, in-plane transverse compression and in-plane shear, respectively.
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CHAPTER 3. CONSTITUTIVE MODEL 30

3.4 Dissipation potentials

The dissipation potentials are introduced to indicate states in which the internal state
variables evolve. The dissipation potentials in this work serve different functions for fiber
damage, inter-fiber damage, and plasticity. For fiber damage the dissipation potentials in-
dicate damage initiation. The subsequent evolution of damage is controlled by an explicit
damage evolution law. For inter-fiber damage the dissipation potential evolves according
to the loading-threshold functions and for plasticity according to the associated thermo-
dynamic forces. The evolution of inter-fiber damage and plasticity has to be calculated

implicitly such that the dissipation potentials are satisfied.

Fiber damage condition. The fiber damage condition indicates the initiation of fiber
damage. The damage evolution is initiated once this condition is fulfilled. The magnitude
of the damage is determined by the damage evolution law, which is introduced later. The

damage condition for fiber-failure is given by
Fi(e®) = B — X* (3.38)

for ef > 0 and by
F(e) = —Fe$ — X© (3.39)

for € < 0. The damage initiation is calibrated by the longitudinal Young’s modulus
E,, the transverse Young’s modulus Fs, the longitudinal tensile strength X', and the
longitudinal compressive strength X¢. The damage initiation is based on the elastic

strain tensor because the evolution law is formulated in terms of elastic strains.

Inter-fiber damage condition. The damage condition for inter-fiber-failure is one
main part of the constraint problem that is used for the implicit damage evolution. It
can be regarded as an auxiliary condition that has to be satisfied throughout the damage
evolution. The damage evolution is calculated implicitly so that the damage condition
and the evolution equations are satisfied. In the present work, the damage condition for
inter-fiber-failure is formulated in terms of effective strengths because it is more suited
for ductile behavior than energy based damage conditions. It therefore uses the effective

stress and the loading-threshold function from equations (3.24]) - (3.32). The damage
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CHAPTER 3. CONSTITUTIVE MODEL 31

condition F}! is formulated according to the Puck fracture criterion under plane stress

assumption. It is defined as

_ 2
_ R _
Fy'(6,R) =p'Gs + 4| 53 (R—g - T> +67 — I, (3.40)
1
for g9 > 0, as
&, R) = pCGy 4 1/ (p€52)* + 62 — Rs (3.41)
for o9 < 0 and Z—Z < If_f and as
NP 52 R o5
Fd (U,R)I 2—|—R—+~—2 (342)
(Rg + \/ Rg + QPCRQ) 2 R2
for o9 < 0 and Z—j > IfA . R? is the resistance of the action plane that the loading is

acting on, pT and p® are the Puck slope parameters for tension and compression, and 7°
is the critical shear stress for Mode C fracture as defined in [34]. Technically, the nominal
stress state is plane and according to equation the effective stress state does not
have to be plane. However, the influence only gets significant for very large (;, where the
material can be considered almost failed. This error is accepted in the present work and
the Puck criterion for a plane state is used for the effective stresses. The corresponding

damage surface

OFM = {(&,R) | FM(6,R) = o} (3.43)

is depicted in stress space in Figure [3.2] It changes its shape and size according to the

loading-threshold functions.

Yield condition. The yield condition [, indicates the evolution in €P and a. It is

defined as

A) = <54_@A2)2 + % —1 (3.44)
_(§0+<1—a>212>2 (YOC+A§) ’ '

based on the following assumptions. The first assumption is that the stiff fibers limit the

strain £; and hence prevent plastic yielding in fiber direction. In the framework of quasi

standard materials this necessitates that the outward normal of the yield surface

OF, = {(&,A) | F\(6,A) = 0} (3.45)
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CHAPTER 3. CONSTITUTIVE MODEL 32

Figure 3.2: Damage and yield surface in &4, Go-space.

must not have a component in g; direction. The second assumption is that there should
be no plastic yielding under pure transverse tensile stresses. This is facilitated by the
ellipsoidal yield surface, because the initial transverse compressive yield strength )706 is
larger than the transverse tensile strength R; for the materials under consideration. In
order to enable isotropic as well as kinematic hardening behavior, the yield surface can
expand outwards as well as shift its center. Due to the fact that plastic yielding does not
occur under transverse tensile stresses, the kinematic hardening effect cannot be provoked
under transverse normal stresses. The model is therefore set up that the center of the
yield surface is only shifted along the o4 axis. The partition into either expanding or
shifting is controlled by the parameter . The parameter « is defined between 0 and 1
and stays constant throughout the analysis. Setting @ = 0 allows only expanding, i.e.

isotropic hardening, whereas setting o = 1 only shifting, i.e. kinematic hardening.
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CHAPTER 3. CONSTITUTIVE MODEL 33

3.5 Evolution equations

The evolution equations are used to calculate the internal state variables during the
evolution process. In the present work, two different kinds of evolution equations are
used. For the fiber damage variable, an explicit evolution law is used. The evolution
laws for the inter-fiber damage, the plastic strain, and the hardening variables are given
in rate form. Their actual values are obtained through the time-integration of the rate
equations. It is critical for the time-integration scheme, that the obtained states satisfy

the dissipation potentials.

Evolution of fiber damage. The evolution of the fiber damage variable is defined
explicitly because of the simple and efficient implementation of explicit damage evolution
laws. Additionally, the benefits of implicit evolution laws do not apply to fiber damage.
Fiber-failure is only caused by stresses in fiber direction and hence only one experimental
curve is needed for its calibration.

To assure thermodynamic consistency the damage variable has to be a monotonically
increasing function over time. This is assured by first calculating a provisional inelastic

compliance variable

oo ! e B o XTLe(Eey — XT)
e (X BGn T

E1 XCLe(Elgl - XC)
+ (—&1) 50 &P ( ,GF. C -1,

(3.46)

where (-) is the Macauley-operator, X T the fiber tensile strength, X the fiber compressive
strength, G™ T the critical energy release rate for longitudinal tension, G™ © the critical
energy release rate for longitudinal compression, and L° the characteristic element length.

The actual damage variable

dy = max < o ) (3.47)

=0, \ 1+ (T
is defined in terms of the maximum provisional inelastic compliance variable over the whole
deformation history. The evolution of the provisional damage variable in equation (|3.46|)
is composed of one part for tension and one part for compression. The Macauley operator

ensures that only one of both parts is active at a given instance. Each part consists of an
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CHAPTER 3. CONSTITUTIVE MODEL 34

exponential softening law formulated in terms of elastic strains. The softening laws are

set up with different parameters for tension and compression.

Evolution of inter-fiber damage. To distinguish fiber and inter-fiber damage, it is

helpful to introduce the vector of inter-fiber damage variables

ds
d"= | . . (3.48)
ds
Its evolution is given by the rate equation
d" = )\D. (3.49)

The damage multiplier \q represents the magnitude of the change in the inter-fiber damage
variables and the vector D represents the direction or proportion of the damage variables.
The damage multiplier Ay is introduced because the damage evolution for inter-fiber
damage has to satisfy an additional equation in form of the inter-fiber damage condition
and an additional unknown has to be introduced into the system.

If the implicit damage evolution is defined by maximizing the dissipated energy with
the constraint of the damage condition, the vector D is defined as the derivative of the
damage condition with respect to Y. In the present work, the inter-fiber damage condition
doesn’t depend on Y and the ”direction” vector D has to be derived differently. The fact
that the damage variables dy and d3 represent different types of damage, shall be used
to derive the damage direction. As in [37], the damage variables ds and ds represent
differently inclined voids in the material. It is assumed that the inclination 6 of micro-
cracks can be calculated by the Puck fracture criterion by replacing the ultimate strengths
by current strengths. The inclination can range from 0 to the maximum fracture angle
Omax- As the whole range of fracture angles cannot be represented by the two damage
variables dy and ds, the values in between get approximated as a combination of the
extreme values. As a result, the ”direction” vector is defined as

__sin(0)

1— 0
D= Sj:;éfmaﬂ . (3.50)

sin(Omax)
If the Puck fracture angle is equal to zero, only ds changes, whereas if it is equal to the

maximum fracture angle 6,,.,, only ds changes.
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CHAPTER 3. CONSTITUTIVE MODEL 35

Evolution of plastic internal state variables. To decouple the plasticity and the
damage formulation, the principle of maximum dissipation is adopted for the evolution of
the plastic state variables. Since o, the associated thermodynamic force for eP, depends
on the damage variables, the plastic dissipation depends on the damage variables. In
the present work, the plastic evolution is formulated entirely with effective variables in
order to decouple plasticity and damage. Therefore, not the actual plastic dissipation
is maximized, but the effective plastic dissipation of the fictitious undamaged material.
Maximizing the effective plastic dissipation under the constraint of the yield function F;

means maximizing the Lagrangian

D,=6 - —A-a—)\F,(6,A), (3.51)
with the Lagrange-multiplier A,. The difference between effective plastic dissipation and
nominal plastic dissipation is determind by the difference between the effective stress and
the nominal stress. It is important to note that with M being positive definite the effective
and the nominal dissipation have the same sign. The actual difference is small for small
damage variables. To limit the difference between the effective and nominal dissipation,
plastic yielding is restricted to the hardening regime. The maximum of equation (3.51|)

is found where its gradient with respect to &,—A,)\p is zero. This leads to the evolution

equations
F.(6,A
& — Apa pé‘;’ ) (3.52)
F (6, A F (6, A
a ooy bes) )0 Pég’ ) (3.53)

for the plastic state variables.
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CHAPTER 3. CONSTITUTIVE MODEL 36

3.6 Viscous regularization

Strain softening continua typically lead to convergence problems of the global Newton
solver in Finite Element analyses. Therefore, viscous regularization is introduced to in-
crease the performance of the numerical algorithm. Newton’s method requires differen-
tiable functions for fast convergence. This is not the case for the constitutive model at the
transition from hardening to softening. To regularize the solution, the vector of viscous

damage variables

W Lo
d' = (d-d) (3.54)

is introduced, with n being the viscosity parameter. The viscous damage variables are

then substituted for the damage variables into the expression
oc=M"'d") & (3.55)

to obtain the nominal stress.
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Chapter 4

Implementation

To use the constitutive model with the Finite Element Solver ABAQUS/Standard 2019
(SIMULIA, Providence, RI, USA), it has to be implemented in a material subroutine
UMAT. For that discrete values for the dependent variables, namely the stress and the
internal state variables, have to be obtained from the continuous constitutive equations.
The constitutive integration algorithm is used to update the dependent variables at the
beginning of the increment, denoted with the superscript (n), to obtain the dependent
variables at the end of the increment, denoted with the superscript (n+1). The difference
between the dependent variables at the beginning and the end of the increment is denoted

with a A.

4.1 Constitutive integration algorithm

Since there is no closed-form solution that solves the governing constitutive equations
while satisfying the dissipation potentials, a numerical integration scheme is used. The
integration scheme is composed of an elastic predictor step and a plastic and/or a damage

corrector step.

Elastic predictor step. The procedure starts with the strain €' of the current

n

increment and the state variables e ™ 2" dv (™ of the previous time increment. In the

elastic-predictor step the internal state variables of the material are assumed constant.

trial)

Under this assumption an effective trial stress & is calculated.

37
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CHAPTER 4. IMPLEMENTATION 38

1) gp (m) 3(m) gv (n) g(n)

&(trial) _ Co*l (€(n+1) _eP (n))

&(n-i-l) — &(trial)
an+1) — 3(n)

Gp(AX,) =0

&(’nJrl) _ &(trial) + A&
atrth) =3 4 Aa

Figure 4.1: Procedure for the plastic-corrector step.

Plastic corrector step. The evolution of the plastic state variables depends only on the
effective variables and is independent of the damage variables. This enables to calculate
the plastic evolution first and solve the damage evolution afterwards. The procedure for
the plastic corrector is illustrated in Figure [4.1} The effective trial stress is used to check
if the yield condition F}, indicates plastic yielding. If the yield condition is satisfied, the
effective stress for the current increment is set equal to the effective trial stress. If the

yield condition is not satisfied, the plastic evolution equations

COAG + AN, 2>

P o6

Gp(AN) = | Aa+ANZE | =0 (4.1)

F, (A&, A (Aé))
have to be solved for the plastic multiplier A\,. Once A, is known, the other solution
variables are updated. At this point the solution for effective variables at the end of the

increment are known and the solution only depends on the damage variables.
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CHAPTER 4. IMPLEMENTATION 39

Damage corrector step. The effective variables at the end of the plastic step are used
to infer whether a damage corrector step is needed. The procedure for the damage step
is illustrated in Figure [£.2] The fiber damage condition and the evolution law for fiber
damage are independent of inter-fiber damage and are therefore solved first. The fiber
damage condition F}} indicates states in which fiber damage evolves. If the fiber damage
condition is satisfied, the damage at the end of the increment is set to the value at the
beginning of the increment. If the fiber damage condition is not satisfied, the provisional
inelastic compliance variable is calculated according to equation . Following equa-
tion , the actual fiber damage variable is updated if the resulting damage variable
is larger than any previously attained one.

A change of the inter-fiber damage variables is checked by the inter-fiber damage
condition FM. If the inter-fiber damage condition is satisfied, the inter-fiber damage
variables d™ = (dy d3)T at the end of the increment are set to the values at the beginning
of the increment. If the inter-fiber damage condition is not satisfied, the damage evolution

equations
Ad — A)\gD™

GBI =1 g, (600, R (ad))

—=0 (4.2)

are solved for the damage multiplier A)\y. The damage multiplier is used to update the
inter-fiber damage variables.

To apply the viscous regularization, equation has to be integrated numerically.
Using an implicit Euler integration scheme, the viscous damage variables at the end of
the increment can be obtained through

At d(n—H) + n dv (n)
At +1n

av (D = (4.3)

The viscous damage variables are then substituted into equation (3.55)) to calculate the

nominal stress at the end of the increment.
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et Gt z(nt1) gv () g(n)

n n n+1 n T
dg +1) _ dg ) dg ) max (dg )a 15.1417)

dm (n+1) — qm (n) Gd(AAd) =0

dm (m+D) = gm () + AN\gD

~

dv (n+1) — Atl-i-n (At d(n+1) +7 dv (n))

ot = M~ (@¥ ("HD) gD

Figure 4.2: Procedure for the damage-corrector step.

40
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CHAPTER 4. IMPLEMENTATION 41

4.2 Algorithmic consistent material tangent matrix

The application of the Finite-Element-Method leads to a nonlinear system of equations,
which is typically solved by the Newton-Raphson-Method. To ensure fast convergence of
the method, the Jacobian of the system of equations is required. The global Jacobian of
the system can be assembled from the algorithmic consistent material tangent matrices
at every integration point. The algorithmic consistent material tangent matrix for the

proposed material model is given by

-1
]Et — <L0' o LU,M LM -1 LM,O’ o LU,P LP -1 (LP,J o LP’M LM -1 LM,O’)) (44)
<<LU,F + (LG,P LP -1 LP,M - La,M) LM -1 LM,F - LU,P LP -1 LP,F) LF -1 LF,E —]I) )
(4.5)

The expressions L7, LoF LoM LoF [Pe TP TPM PF Mo TMTME TE TFS are auxil-
iary matrices which are given in the Tables in Appendix [A] Depending on which
mechanisms are occurring at a given instance, only certain auxiliary matrices enter into
the expression. All auxiliary matrices with P in the superscript only enter in a plastic
step, all matrices with a M in the superscript only enter when inter-fiber damage occurs

and all matrices with a F in the superscript only enter when fiber damage occurs.
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Chapter 5

Applications

To assess the predictive capabilities of the constitutive model, its predictions are com-
puted for three applications. The applications are set up to asses different aspects of the
constitutive model. The application in Section targets the plasticity formulation, es-
pecially the kinematic hardening effect. To have a complete understanding of the response
of the material, the prediction is obtained for a single element test with a homogeneous
stress and strain field.

To test the predictions for damage and plasticity on a structure, simulations of an
open hole tension test with different laminate stackings are performed in Section 5.2, The
simulations for the open hole tension test is a special challenge for the damage evolution
especially with softening material behavior. It also represents a test for the numerical
efficiency and robustness of the constitutive model. To obtain simulation results in a
reasonable amount of time, the constitutive model has to obtain the solution for a given
strain increment reliably.

To assess the convergence for an even larger structure, the constitutive model is used
to model the behavior of the tow material in a fabric laminated structure in Section [5.3
As there is a high number of tows which have to be resolved in the numerical model, they
are meshed with a relatively coarse mesh. As a result, the stress field of each tow can
not be resolved as accurately as in the open hole tension test. The results shall provide

insights on the convergence of the constitutive model for a coarse mesh.

42
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Figure 5.1: The tension load step of a tension compression load cycle applied to a [+45°];-

laminate.

5.1 Cyclic loading of a [£45°];-laminate

In the following the predictions of the proposed constitutive model are compared to the
experimental data presented in [9]. In the considered experiment a [+45°]c-laminate with
the material system Cycom977-2-35/40-12KHTS-134-300 with a fiber volume fraction of
60% 1is loaded in a tension-compression load cycle. The tensile loading of the [+45°];-
laminate, depicted in Figure [5.1], leads to a predominant shear deformation in the coor-
dinate systems of every ply. The numerical predictions were obtained with a simulation

of one layered shell element.

5.1.1 Calibration of the material parameters

The ply material is made of the prepreg system Cycom977-2-35/40-12KHTS-134-300. To
apply the constitutive model, the elastic properties of the ply, the nominal strengths,
the fracture energies, the stress-strain curves for transverse (in-plane) compression, and
in-plane shear, the input parameters for the Puck failure criterion and the viscous regu-
larization parameters are required. The elastic properties of the ply, given in Appendix
in Table , are taken from [I2]. The remaining parameters, given in Appendix [E| in
the Tables - [E:4] are concerned with the nonlinear behavior of the ply. The nomi-
nal strengths XT, XC and Y,' are taken from [12]. Since the plastic yielding and the
hardening damage are negligible under transverse (in-plane) tension, the parameters Yy',
V;', and Y, are estimated close to Y,;'. The fracture energies GM T and GM- 3 are taken

from [20], where they are used for the material system IM7/8552. The fracture energies
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Figure 5.2: The stress-strain curve of the experiment and the simulation of an uniaxial
compression test of a [(90)32]-laminate (a) with the material system Cycom977-2-35/40-
12KHTS-134-300, and the stress-strain curve of the experiment and the simulation of an

uniaxial tension test of a [(+45/ — 45)g]s-laminate (b).

Gt T Gf C and GM © are taken from [28], where the material system T300/1034-C is
considered. The parameters YU, Y,C, Y.L, }730, and ¢} are set according to the stress-strain
curve for transverse (in-plane) compression depicted in Figure , which was obtained
by an uniaxial compression test of a [(90)s;]-laminate. The parameters Sy, Sy, Sa, Ss,
and ¢ are set according to the stress-strain curve for in-plane shear depicted in Figure
[5.2b] which was calculated from a uniaxial tension test of a [(+45/ — 45)s)s-laminate. The
parameters p* and p® are chosen according to the recommendations in [34]. The viscous
regularization parameter 7 is set to 2E—5 s, to be of similar size as the time step when
material softening occurs. For the calibration of the kinematic hardening behavior, only

the parameter « is needed, which is set to o = 1 to enable pure kinematic hardening.

5.1.2 Results

The resulting stress-strain predictions are depicted in Figure for the experiment, a
simulation with only plasticity and a simulation with plasticity and damage. The applied
strain first leads to a linear stress-strain relation in both, the experiment and the simula-
tions. The nonlinearity is first visible in the experiment and initiated at a slightly higher

strain in the simulations. After reaching point ”1” with a stress of ol = 190 MPa the


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thele

(]
lio
nowledge

b

i
r

CHAPTER 5. APPLICATIONS 45

200 A

experiment

= plasticity
100 97 = = plasticity, damage

=
&
S 07
4
N
—100 1
-
—9200 N

—10.0 —%.5 —5I.O —2I.5 O.IO 2.5 5.0 7.5
exx (%)
Figure 5.3: Prediction (red, blue) of stress-strain response of a [£45°]3-laminate with the

material system Cycom977-2-35/40-12KHTS-134-300 under a tension-compression load

cycle compared to experiment (black).

specimen first gets unloaded and then loaded in reverse direction. The initial unloading
behavior can be considered linear, even though the experiment shows some deviations due
to the experimental set up. Both simulations predict different results for the stiffness dur-
ing unloading, where the result of the simulation with damage lies closer to the experiment.
Due to the smooth transition from the linear to nonlinear response, the onset of yielding
in the opposite direction cannot be determined precisely for the experiment. The simula-
tion with damage and plasticity starts yielding in the opposite direction at point 72" with
a stress of a)((i) = —18 MPa. The fact, that the difference Aoy, = a)(;() — ag() = 208 MPa
between the stress at point 1 and 2 is approximately twice the stress of initial plastic
yielding, suggests pure kinematic hardening.

To further demonstrate the kinematic hardening behavior, the stress path of the simu-
lation with damage and plasticity is depicted in Figure [5.4] The stress path is linear until
it intersects the initial yield surface 8Fé. The following accumulation of plastic strains
and the evolution of the internal hardening variables lead to a shift of the yield surface
until the load reversal point ”1”. During this process the yield surface is only shifted and
not expanded compared to 8F;. After the load reversal, the stress path shows a linear
behavior as long as it crosses the yield surface 8Fgl, which stays constant until point 72"
is reached. At this point plastic yielding occurs in the opposite direction and the yield

surface is shifted in negative o4 direction.
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Figure 5.4: Stress path (thin solid line), initial yield surface 8FpI and yield surface 8FpH

at load reversal point in the coordinate system of the bottom ply.

5.1.3 Discussion

The comparison of the simulations with the experimental data shows, that the constitutive
model is able to obtain accurate predictions for platic yielding under a shear loading of
the ply. The model is set up in an anisotropic manner, to allow for different behaviors
under transverse compression and in-plane shear, which can be calibrated independently.
The prediction for the stress-strain response for the initial tensile loading lies very close to
the experiments. It can be concluded that the evolution of the thermodynamic associated
forces for plasticity A can be calibrated according to the characteristic behavior of the
experimental shear stress-shear-angle curve. The results for the reverse loading show that
the kinematic hardening effect, that is observed with the Cycom977-2-35/40-12KHTS-
134-300 material system, can be reproduced. During unloading, the behavior is better

captured by the simulation with damage than by the one without.
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Figure 5.5: Loading and dimensions of the open hole specimen.

5.2 Open hole tension test

To assess the capabilities of the constitutive model, its predictions are computed for the
open hole tension tests presented in [12]. The predictions are made for a [+45]; and a
[0/90]s-laminate. In the experiments, the specimen is clamped at both ends. To reduce
the complexity of the numerical model, only the free length of the specimen is model in
the simulations. The specimen and the boundary conditions used for the simulations are
depicted in Figure [5.5] with the dimensions [ = 130 mm, w = 32.5 mm, d = 6.4 mm,
and a thickness of 2 mm. The geometry, the boundary conditions, and the loading are
symmetric with respect to the z,y-plane. The ply orientation is not symmetric. Since
failure is expected to occur in a distance from the symmetry-plane, its dependence on the
boundary conditions at the symmetry plane are assumed to be negligible. To reduce the
size of the numerical model, symmetry boundary conditions are used in the x — z plane
and the x — y plane and only one half of the width and one half of the thickness of the
specimen is modeled.

In the present work, only the intra-ply failure shall be considered and the failure due
to delamination is not modeled. Because of the small thickness to width ratio of the
specimen, the model is discretized by eight-noded, fully integrated shell elements with
layered section definitions and 5 section points. The simulations are performed with a
small strain assumption. The same material system as in Section is used and the

material parameters are calibrated in the same way.

5.2.1 Results for the [£45|;-laminate

Plasticity. The tensile loading of the [£45]s specimen leads to predominant shear defor-
mation of the individual plies. At a load of 6.08 kN, the shear stress leads to the initiation
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Figure 5.6: Plastic shear angle 47, in the +45° ply of the [£45];-laminate at a load of
13.98 kN.

of plastic yielding at the edge of the hole at y = /2. During plastic yielding, the material
is hardening and large areas of the specimen deform plastically. The plastic deformation
of the +45° ply is depicted in Figure [5.6/at a load of 13.98 kN. The regions of high plastic
deformation are oriented in a 45° angle, parallel to the fibers and their width is roughly

equal to the diameter of the hole.

Damage. Initially, the damage occurs in the regions of plastic yielding and is accom-
panied by hardening behavior. At a load of 13.98 kN the damage localizes at the two
points where the fibers, oriented in a +45° angle, cut the hole tangentially. At these
points, the damage is caused by a combination of transverse tensile and in-plane shear
stresses. The ratio o9 /04 is influenced by the hole diameter of the specimen and decreases
with increasing hole diameter. For the geometry under consideration o/ > YI' /S5 and
consequently the transverse tensile stress is the main reason for the initiation of damage
localization. The region of softening damage develops along the +45° angle in positive
y-direction, as depicted in Figure At a distance from the hole, the transverse tensile

stress is less dominant and the damage is mainly driven by the shear stress.

5.2.2 Results for the [0/90];-laminate

Plasticity. Due to the stiff fibers, the 0° plies transfer most of the load in the [0/90];-
laminate. The hole intersects some fibers of the 0° plies which causes a strong stress

concentration in the vicinity of the hole. At the edge of the hole, the normal stress in
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Figure 5.7: Damage variable dy in the +45° ply of the [+45];-laminate at a load of
13.98 kN.
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Figure 5.8: Plastic shear angle 77, in the 0° ply of the [0/90]s-laminate at a load of
30.36 kN.

the fibers, that are intercepted by the hole, gets transferred into the continuous fibers
through shear stresses. At a comparatively low load of 300 N the resulting shear stress
concentration leads to initiation of plastic yielding in the vicinity of the hole. The stress
concentration acts very locally and the size of the plastic region is very small. Further
increase of the load leads to an expansion of the plastic zone parallel to the loading

direction. The plastic shear angle is depicted in Figure for a load of 30.36 kN.

Damage. Similar to the plastic yielding, damage gets initiated at a comparably low
load of 800 N and only evolves in a small area. Shortly after the damage initiation, it
starts to localize. The area of softening damage develops along the fibers in the loading
direction as depicted in Figure [5.9] It can be regarded as stable crack growth which
decreases the stress concentration at the hole in the 0°-ply. Total failure occurs when the

fiber strength in the central cross-section with continuous fibers is reached. At this point,
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Damage variable dy [-]
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Figure 5.9: Damage variable ds in the 0° ply of the [0/90]s-laminate at a load of 30.36 kN.

an instable crack develops perpendicular to the loading direction.

5.2.3 Discussion

The objective of the simulations of the open hole tension test is to check if it is feasible
to perform structural computations with the proposed constitutive model. The results
show that the phenomena of inter-fiber damage and plastic yielding can be predicted in
a structural component. In the case of the [£45]s laminate, the distributed evolution of
plastic yielding as well as damage during the hardening regime is modeled. Additionally,
the localization of damage into a macroscopic crack, that leads to the total failure of the
laminate, can be predicted. It is to note that the model can predict the initiation of
damage due to the transverse normal stress as well as the subsequent evolution of the
same kind of damage driven by shear stresses. For the [0/90]s laminate the damage starts
to localize very early and the constitutive model is able to predict the stable crack growth
in loading direction.

For structural computations the robustness of the solution algorithm is critical. During
a simulation of large structures, the material subroutine is called many times with very
different loading conditions. Another challenge is that during crack propagation, certain
integration points experience strain increments of over 50%. If the constitutive model
fails to provide a solution for an increment in a single integration point, the solver will
try to find a solution with a smaller increment size. If this situation occurs too often, the
increment size will get very small, which leads to very long computation times.

The simulations for the open hole tension test show, that the constitutive model is

able to reliably provide solutions for the given strain increments. At this point, certain
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CHAPTER 5. APPLICATIONS 51

design decisions for the constitutive model come into play. The fact that the model is
set up in terms of the effective stress, leads to reliable predictions at the transition from
hardening to softening damage. This is not the case, when the nominal stress is used.
Additionally, using an independent formulation for plasticity and damage leads to the

solution of two simple systems of equations as opposed to a complex coupled system.
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5.3 Fabric laminated structure

To test the predictive capabilities and the numerical performance of the constitutive model
for a complex structure, it is used to model the material behavior of the tow material of a
laminated fabric structure. The numerical progressive failure analysis of large structures
made of fabric composites, involving nonlinear and softening material behavior, entails
several challenges. Firstly, the geometry of the mesostructure of the fabric composite
ply has to be resolved to be able to model the failure mechanisms. Traditionally, fabric
composites have been modeled using laminate analogy, where the weft and warp yarns
are approximated as UD-plies, respectively. This approach, however, does not capture
the effects arising from the yarn undulations and the heterogeneous mesostructure. It
neglects the resulting high stress concentrations on the mesoscale, which trigger nonlinear
effects even under comparably low loading. Consequently, these nonlinear effects cannot
be modeled in a homogenized way, which necessitates a detailed model in regions where
the nonlinearities are expected.

Because the mesostructure of weaves and braids is complex, typically idealized geome-
tries are used for Finite Element (FE) simulations. Such models have first been developed
for continuum elements and then for shell elements [I3]. The latter takes advantage of
the thin geometry of the tows and thereby reduces the number of degrees of freedom
significantly. However, even the shell based ply modeling leads to a high computational
effort, which makes it infeasible to resolve the whole mesostructure of large structural
components. This can be overcome by an embedding approach [38], where the geometry
is only resolved in the region of interest, whereas the rest of the structure is modeled in
a homogenized way.

Another challenge is to model the nonlinear tow behavior of the fabric plies. Since the
tows are reinforced only in one direction, constitutive models developed for UD-plies can
be used, which have extensively been studied. However, most of these constitutive models
have been developed for the use of quasi-isotropic laminates. Quasi-isotropic laminates
are composed of UD-plies with reinforcement fibers in multiple directions and hence their
failure behavior is largely determined by the brittle behavior of the fibers. The mechanism

concerning the matrix material, i.e. damage and plasticity, play a minor role and their
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CHAPTER 5. APPLICATIONS 53

ductile behavior is not treated in most constitutive models. Since every ply in a biaxial
braid or weave only has two fiber-reinforced directions, matrix damage and plasticity play
an increased role. Therefore, it is essential to use constitutive models, which are capable
of predicting the ductile mechanisms of the tows.

The aim of this application is to combine an efficient modeling approach for an em-
bedded fabric region and a constitutive model for damage and plasticity of the fabric in
order to enable the progressive failure analysis of a large scale fabric composite structure.
Therefore an embedding approach is used, where the region, in which the nonlinear effects
are expected to initiate, is resolved by a shell modeling approach [13]. The nonlinear tow
behavior is modeled by the constitutive model developed in this work. The simulations
are carried out with the Finite Element Software ABAQUS/Standard 2018 (SIMULIA,

Providence, RI, USA) using an implicit time integration scheme.

5.3.1 Modeling

To test the proposed modeling approach for structural components, it is applied to the
C-profile beam under four point bending load, depicted in Figure[5.10. The wall of the C-
profile consists of a +30° biaxial multilayer braid with two plies in an out-of-phase stacking
sequence. The dimensions of the beam, given in Table are too large to resolve the
whole mesostructure of the beam in detail and therefore an embedding approach is used.
However, for an embedding approach, the area in which nonlinear effects are expected has
to be estimated beforehand. As a consequence, a stress concentrator is introduced in the
middle of the beam. To not only affect a certain part of the mesostructure, but also the
area of the stress concentration should not be too small and the concentrator has been
realized as a circular cutout as depicted in Figure [5.10]

The symmetry plane of the C-profile lies in the x,y-plane. Even though the braid
topology is not symmetric with respect to the x,y-plane, the influence of enforcing a
symmetric solution is expected to be small and a z-symmetry condition is used. In order
to further save computational effort, only the section between the two load application
points is regarded. Because of that, the numerical model is loaded by a rotation of

p = £5° at the load application points, as depicted in Figure [5.11]
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B

Figure 5.10: C-profile beam specimen under four-point-bending load.

Table 5.1: Dimensions of the beam specimen.

L H B 15
400 mm 60 mm 50 mm 30°

Embedding approach. The detailed braid geometry is resolved in the region around
the stress concentrator to capture the complex stress and strain field of the fabric. The
aim is that the material nonlinearities take place inside the embedded region and the
embedding region can be modeled with linear elastic material. Consequently, the obtained
results are only valid as long as the nonlinear effects occur inside the detailed region. To be
able to estimate the size of the region of the initial nonlinear material behavior, previous
linear-elastic calculations have been conducted that predicted the stress field inside the
fabric structure. The resulting size of the embedded region is 58.8 mm by 19.5 mm, which
is shown in Figure [5.11}

The embedded region is coupled to the homogenized model using a node-to-surface
coupling. Due to the fact, that the level of resolution differs in the two domains, the
coupling locally leads to spurious stress concentrations. To alleviate the possibility of
such stress concentrations triggering nonlinear effects, the latter are suppressed in the

vicinity of the coupling.

Detailed braid model. Even after applying the embedding approach, the embedded
region is still so large, that modeling it with 3D-continuum elements is unfeasible. In
order to circumvent this, the shell modeling approach developed in [13] is employed,
which exploits the characteristic dimensions of typical braid or weave structures. These

structures typically have low thickness-to-width ratios and allow the use of shell elements.
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Figure 5.11: C-profile beam with embedding region (top) and detailed embedded region

(bottom) with stress concentrator (matrix material is not displayed).

The shell elements condense the three-dimensional nature of the constituents into a surface
representation. This leads to a substantial decrease in the required degrees of freedom,
while still being able to capture the typical fabric deformation. The model is set up
initially with an orthogonal fabric structure where the reference planes of the shells are
the midplanes of the tows. The tow geometry is simplified with a rectangular cross-
section and a constant thickness along the tow direction. The areas with unreinforced
matrix material, also called matrix pockets, are also modeled as shells with reference
planes at the top and bottom surface of the unit cell. To fill matrix pockets according
to the local geometry, a variable shell thickness is applied. Tie constraints are used to
couple the tows with each other and the matrix.

To model a +30° braid, a skewing of the unit cell has to be applied. Since 2D biaxial
braids have the same structure as sheared woven fabrics, the strain-free skewing proposed
by [I7] can be applied. The blunt notch cut out is realized through deleting elements

whose centers are inside the cut-out radius.

Tow behavior. Since each tow is only reinforced by fibers in one direction, the constitu-
tive model introduced in the present work is used to model their material behavior. Con-
sequently, the material behavior of the pristine tows is taken to be transversely isotropic

and linear elastic. It is assumed that the nonlinearities, that occur at higher loads, are
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Table 5.2: Material properties of the matrix material.

EM l/M Rl;/[ RM gM
2.89 GPa 0.38 55 MPa 77.8 MPa 500 J/m2

caused mainly by stiffness degradation and accumulation of unrecoverable strains. Since
it is not possible to manufacture specimens with the 88% fiber volume fraction of the
tows, the properties of the tows cannot be determined from experiments. In order to get
useful input data, the properties are taken from data obtained for UD-plies with a fiber

volume fraction of 60% and then scaled to 88%. The resulting material properties are

shown in Appendix [E] in Table and [E.6]

Matrix pocket behavior. The unreinforced matrix pockets are areas of pure resin
material. Typical polymeric matrix materials exhibit isotropic behavior in the elastic
range and are commonly modeled using an elastic-plastic constitutive law. As most
polymers show a pressure-dependent yield behavior, a Drucker-Prager type plasticity
model is used. Additionally, the ductile damage model from ABAQUS/Standard 2018
(SIMULIA, Providence, RI, USA) is used to enable the damage to go through the matrix
pockets. The material properties are shown in Table [5.2]

Homogeneous ply model. It is assumed that no material nonlinearities occur in the
embedding region around the detailed braid model and that the material properties of
the braid unit cell can be obtained using conventional homogenization schemes. In the
present work, a first order numerical homogenization scheme is used, applying a separation
of length scales concept. This requires the characteristic size of the fabric unit cell to
be sufficiently smaller than the characteristic size of the macroscopic structure. This
requirement is only fulfilled to a certain extent with fabric unit cells and has to be kept in
mind during the following analysis. Due to large rotations between the tows, the general
effective response of the braid unit cell is nonlinear, even with linear elastic material
behavior of the constituents. However, this effect is considered negligible in this work
and a linear elastic response of the homogenized fabric ply is assumed. The material

properties of each ply can be found in Table [5.3]
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Table 5.3: Effective material properties of the homogenized ply.

Ey Ey=FE3; vipa=ri3 Gip=0G3==G
44.84 GPa 8.48 GPa 1.61 28.88 GPa
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Figure 5.12: Reaction moment-rotation curve at the right load application point. The
increments in which the first integration point indicated plastic yielding (circle), damage

initiation (cross), and complete failure (square) are shown.

5.3.2 Results

Moment—rotation response. The model predicts a linear moment-rotation curve up
to an applied rotation of ¢ = 4.09°, as depicted in Figure [5.12] At this point, the
simulation stops due to convergence problems of the global Newton solver. Even though
the nonlinear mechanisms are not visible in the global moment-rotation response, they
initiate early on in the simulation. The plastic yielding of the tows initiates at an applied
rotation of ¢ = 1.43°, depicted in Figure |5.12 Damage is initiated at an applied angle
of ¢ = 1.71°, whereas the first integration point completely failed at an applied angle of
p = 2.63°.

Plastic strains. The plastic yielding in the top ply starts in the bridge between over-
lapping tow regions, almost in the center of the stress concentrator. The in-plane shear
component 77, of the plastic strain tensor is the most dominant and depicted in Figure
for the last converged increment. The plastic shear angle in the +30° degree tows is

positive, while it is negative in the —30° degree tows. The magnitude reaches 5% close
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Plastic shear-angle 77, [%]
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Figure 5.13: Plastic in-plane shear angle ~{, in the embedded region in the top ply.
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Figure 5.14: Plastic in-plane tarnsverse normal strain 5, in the embedded region in the

top ply.

to the edge of the stress concentrator at the bridges between overlapping tow regions. At
this stage the size of the embedded region is still large enough to contain the whole plastic
region. The plastic strain distribution in the second ply is mirrored by the y,z-plane.
The plastic in-plane transverse normal strain e5,, depicted in Figure is mostly
negative and reaches a magnitude of 2%. It also accumulates in the bridges between the
overlapping tow regions. The compressive transverse plastic strains can be explained by
the rotation of the tows, which rotate towards the beam axis. As a result, the more

compliant bridges between the overlapping tow regions get compressed.

Damage. Only the damage variable dy occurs during the simulation. It reaches a value

of 1 in small regions in the vicinity of the stress concentrator. The transverse stress

09 is negative in the tows in the embedded region. As a result, the tow material can
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Figure 5.15: Damage variable dy in the embedded region in the top ply.

withstand higher shear stresses according to the Puck failure criterion. This limits the
damage evolution in the model and the damage variable dy occurs only at the vicinity of

the cut-out, as depicted in Figure [5.15]

5.3.3 Discussion

This application presents a modeling approach for the numerical simulation of large scale
fabric structures with nonlinear material behavior. The applied embedding approach
provides detailed results for the regions of interest while keeping the computational com-
plexity acceptable. The combination of shell modeling for the embedded region with a
constitutive model for the damage and plasticity of the tows enables the prediction of
ductile mechanisms occurring in the mesostructure of fabric composites. Simulations of
a C-profile beam with a blunt notch cutout are presented, that predict large plastic de-
formations in the tows. This nonlinearity, which cannot be captured on the macroscale,
reaffirms the approach to resolve the mesostructure in the model.

The simulation predicts fully damaged material at the blunt notch cutout, which leads
to convergence problems. Even though the post softening response cannot be obtained,
the model provides information about the softening onset. It is shown that the reaction
moment can be increased substantially from the point of initial plastic yielding until the
first integration point totally failed. Since hardening plasticity and damage can be toler-
ated to some extent, this information can be exploited in the design of fabric structures.

In conclusion, the proposed approach gives insights into the nonlinear behavior of
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CHAPTER 5. APPLICATIONS 60

fabric structures and can assist their failure tolerant design. The model is able to predict
the plastic yielding and hardening damage, as well as the critical point of softening damage

onset.
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Chapter 6

Summary

The present work proposes a constitutive model for predicting fiber damage, inter-fiber
damage, and plastic yielding in fiber-reinforced polymers. The main contribution is an
implicit, effective strength-based damage formulation for inter-fiber damage that can be
calibrated according to multiple experimental curves. The stiffness degradation related to
the inter-fiber damage variables is formulated by recourse to a micromechanics method.
The model uses the Puck failure criterion as a damage condition and employs the principles
of equivalent elastic and plastic strain. The damage condition is expressed in terms of
effective stresses. As a consequence, the numerical solution procedure is simplified because
effective stresses can be calculated explicitly from the strain increment. Due to these
measures, the constitutive equations can be solved efficiently such that the model can be
used to perform structural computations.

To decouple damage and plasticity, the proposed model uses a Helmholtz free energy
potential with independent parts for the elastically-stored and the plastic energy. Addi-
tionally, the evolution equations for the plastic internal state variables are formulated by
maximizing the effective instead of the nominal plastic dissipation. As a consequence, the
plasticity formulation is independent of the damage evolution, which enables a simplified
sequential solution scheme.

The prediction of the constitutive model for a [£45°]%-laminate under a tension-
compression load cycle is compared to the experimental data. It is shown that the model
can be calibrated to accurately predict kinematic hardening behavior, including the stress

at which further yielding after reverse loading occurs.
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CHAPTER 6. SUMMARY 62

The predictions for an open hole tension test show, that the proposed constitutive
model is well suited to model damage and plasticity of FRPs in structural computations.
The computational robustness and efficiency of the solution algorithm enable acceptable

computation times even for large numerical models.
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Appendix A

Auxiliary matrices

Table A.1: General auxiliary matrices for the calculation of the algorithmic consistent

material tangent matrix.

) 0°F, (&, A) )
o P _ 9?2F,(6,A) dA(a) OF,(6,A
b= (A)‘p a&(aA )d?ia) 96 >> (A.2)
LM (o (Mpanggm W) o 4 € ) (o an)) o) (A3)
0, (o, A) quy(a) dM(dY)
L7 =1a = Ad
( Ap 952 ady o+ Cy ady (0 — o) (A.4)

Table A.2: Auxiliary parameters for fiber damage the calculation of the algorithmic con-

sistent material tangent matrix.

At

LF =1+— (A.5)
U

LFe — %ddﬁl) (A.6)

(A7)
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APPENDIX A. AUXILIARY MATRICES 64

Table A.3: Auxiliary matrices for plastic yielding for the calculation of the algorithmic

consistent material tangent matrix.

AN =—~M(dY
e P ( V) (A.8)
a—&Fp(a,A>M(d )
02Fy(5.A) dA(a) OF,(&,A)
P — A)‘:0 9A2 da 1 oA (A 9)
o 8Fp<&,A) dA(a)
. 0
OA da
9*Fy(5,A) am(av)
LPM 0 Ax, (aA@S} aan o U (A.10)
0Fp(6,A) dM(dY) ’
0 96 ddm v 2 0
62Fp<&,A) dM(dY)
LPF — AN oAos  ddy 2 (A11)
o OF, (&,A) dM(dY) ’
95 aay 9

Table A.4: Auxiliary matrices for inter-fiber damage for the calculation of the algorithmic

consistent material tangent matrix.

0

LMo = 0 (A.12)

2, (&, R)M(dV)

0 -D

LM = — A 1+ A&t 0 (A.13)

0Fa(oR) ah(@) OFa(oR)am@n =

oR dd™ Vv o ddm, v
0

LMFE = 0 (A.14)

e
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Appendix B

Voigt-Nye notation

The treatment of higher order tensors entails certain challenges. First of all, it is not

possible to simply represent tensors with an order higher than 2 on paper. But more im-

portantly, higher-order tensors can lead to inefficient implementations. Computer memory

is a linear sequence of memory locations and higher order tensors has to be mapped to

some kind of linear representation to fit that structure. The lower the tensor order, the

simpler the mapping. Additionally, the tensors that are used in the present work show

several symmetries and have zero entries in certain positions, which can lead to redundant

computations when the full order of the tensor is used.

The use of the Voigt-Nye notation speeds up the computations and simplifies the

representation of higher-order tensors. The Voigt-Nye notation makes use of the symmetry

of the stress and the strain tensor

011
022
033
012

013

023

€11
€29
€33
2e12
2e13

2623

(B.1)

and represents them as vectors in a 6-dimensional space. It is to be noted that the

entries for the strain components with mixed indices i # j are equal to the shear-angles
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Appendix C

Plane stress

For a plane stress state it is assumed that the stress components o3 = 05 = 04 = 0. With
this assumption, the constitutive equations can be simplified. The fact that o3 = 0, can

be used to express €5 as a function of €{ and €5 through the relation

o Csa (d) C,f (d) o Cs(d) Cy, (d)

TGy ()CE (@) T T-Cy (@) (@)

v3 v¥3

(C.1)

where the Einstein summation notation is used and the indices «, 3, range form 1 to 2.
The fact that o5 = 0 = 0 in combination with the assumption of an orthotropic material

behavior leads to
B=7%=0. (C.2)

Similiar simplification can be done for the plastic strains. The assumption that the fibers

show no plastic yielding, leads to

el =0. (C.3)

And the assumption that plastic yielding doesn’t lead to a volumetric part of the platic

strain tensor, leads to

ey = —¢b . (C.4)

Additionally the out-of-plane plastic shear angles

% =7 =0 (C.5)

are assumed to be zero. All stress and strain components with indices 3, 5,6 can either be

eliminated or expressed through components with indices 1,2. As a result, it suffices to
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APPENDIX C. PLANE STRESS

derive the constitutive equations for the stress and strain components with indices 1, 2,4

and calculate the other components from that.
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Appendix D

UMAT usage

In the present chapter the usage of the user-subroutine UMAT in combination with the
Finite Element solver ABAQUS/Standard 2019 (SIMULIA, Providence, RI, USA) is ex-
plained. To use the UMAT, the user has to specify the state variables and the material

parameters of the constitutive model. The number of state variables is specified by

*Depvar, DELETE=9
9,

in the input file. This way the global solver can allocate enough memory to store the state
variables for every integration point. Additionally, the element deletion feature can be
used with the expression DELETE=INDEX to tell the solver which state variables contains
the information on whether the element containing the current integration point should
be deleted from the mesh. For an element to be deleted, all its integration points have
to indicate deletion. To provide the FE solver with the initial values of the internal state

variables, the expression

*Initial Conditions, type=SOLUTION
ELSET, e, €5, €5, ay, as, dy, d,

%, DELETE

has to be used. The entry ELSET specifies the element set, to which the initial conditions
are applied. The entry DELETE stands for the element deletion flag, which has to be set
to 1.
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APPENDIX D. UMAT USAGE 69

The material parameters required by the constitutive model are passed to the UMAT

by the expression

*User Material, constants=39

BLANK, BLANK, BLANK, E\, Ey, Gia, Go3, V1
Y8 vT, Y YT, BLANK, BLANK, BLANK, gM T
YE, YC, YL, YL, a3, BLANK, &, gM ©

So, Si, S, Ss, a3, BLANK, ¢, gM: S

XT, XC, gF, T7 gF, C7 a, pT7 pC’ n

in the input file. The first three entries are reserved for debugging. The following entries
in the first line are elastic constants. The second line consists of parameters for the
transverse tensile behavior, the third for the transverse compressive behavior and the
fourth line for the in-plane shear behavior. The fifth line consists of parameters for fiber

damage, plasticity, the damage condition and the viscous regularization.
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Appendix E

Material parameters

E.1 Material system Cycom977-2-35/40-12KHTS-134-
300

Table E.1: Elastic properties of a ply for the material system Cycom977-2-35/40-12KHT'S-
134-300 with a fiber volume fraction of 60%.

E, FEs G Gos V12
(MPa) (MPa) (MPa) (MPa) (—)
146000 9000 4270 2800 0.34

Table E.2: Parameters for fiber damage of a ply for the material system Cycom977-2-
35/40-12KHTS-134-300 with a fiber volume fraction of 60%.

XT XC gF, T gF, C
(MPa) (MPa) (N/mm) (N/mm)
2100 1407 89.8 78.3
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71

Table E.3: Parameters for inter-fiber damage of a ply for the material system Cycom977-
2-35/40-12KHTS-134-300 with a fiber volume fraction of 60%.

oo oy W
(MPa) (MPa) (MPa) (MPa)
82 82 85 85.5
Yy e Yy )
(MPa) (MPa) (MPa) (MPa)
96.9 110 220 224

So Sy S Ss
(MPa) (MPa) (MPa) (MPa)
52.5 70 110 112
GM. T gM. C GM. S

(N/mm) (N/mm) (N/mm)

0.2 0.8

1.0

Table E.4: Miscellaneous parameters of a ply for the material system Cycom977-2-35/40-

12KHTS-134-300 with a fiber volume fraction of 60%.

=) =)
20 40

T C

D p n

=) =) ()
0.3 035 2.E-5

E.2 Tow material of the fabric laminated structure

Table E.5: Elastic properties of a ply for the tow material of the fabric laminated structure

with a fiber volume fraction of 88%.

Ey Ey
(MPa) (MPa)
203200 11990

G2 Gas V12
(MPa) (MPa) (-)
5610 3571 0.22
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APPENDIX E. MATERIAL PARAMETERS 72

Table E.6: Parameters for fiber damage of a ply for the tow material of the fabric lami-

nated structure with a fiber volume fraction of 88%.

XT XC gF, T gF, C
(MPa) (MPa) (N/mm) (N/mm)
2971 1400 114 99.86

Table E.7: Parameters for inter-fiber damage of a ply for the tow material of the fabric

laminated structure with a fiber volume fraction of 88%.

A S 7
(MPa)  (MPa)  (MPa)  (MPa)
33 33 35 35.05
e ove v 9
(MPa) (MPa) (MPa) (MPa)
70 90 182 184

So S Sy Sy
(MPa)  (MPa)  (MPa)  (MPa)
40 55 74 77

gM, T gM, C gM, S
(N/mm) (N/mm) (N/mm)
0.2 0.8 1.0

Table E.8: Miscellaneous parameters of a ply for the tow material of the fabric laminated

structure with a fiber volume fraction of 88%.

5ot Y

=) =) =) =) 6
7510 03 035 1LE-5
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