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Abstract

Cracks and similar defects have a strong influence on the structural behavior, thus
it is of great interest to analyze the development of material damage. Typically
methods such as linear elastic fracture mechanics and the J-integral are used to
describe fracture processes. However, these approaches are hardly applicable for
problems with complex geometry and crack patterns. This is where continuum
damage mechanics shows its strength, as it allows the treatment of complicated
problems in a non-linear numerical context. In this spirit, a continuum damage
mechanics based elasto-damage constitutive law for implicit finite element methods
is developed, implemented, and tested within the scope of this thesis. Implementa-
tion in Abaqus/Standard 2018 by Dassault Systémes is done via the user material
subroutine. The model is intended for the simulation of damage development in

brittle and quasi-brittle materials such as concrete.

The implemented isotropic damage model features a single scalar damage variable
and a linear strain-softening behavior. General strain states are treated by cal-
culating a scalar measure from the strain tensor called equivalent strain, which
is obtained by using the energy norm. Viscous regularization, which adds an ar-
tificial viscous behavior, ensures that converging results are obtained. Mesh-size
sensitivity typically encountered in finite element simulations of strain-softening
materials is addressed with mesh-adjusted softening regularization. This method
incorporates the specific fracture energy and the characteristic element length
into the constitutive behavior, where the post-peak softening slope is adjusted
in such a manner that mesh-size independent energy dissipation and objective

load-displacement results are obtained.

The numerical results are in good agreement to literature references given for
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concrete structures. Despite the basic similarities, however, the results also exhibit
certain differences compared to the literature references attributed to a differently
modeled softening regime. While the strain-softening behavior is linear in the
implemented model, it is exponential in the literature references. Nevertheless, the
developed damage model represents a general elasto-damage constitutive law, thus
the chosen linear strain-softening type is justified. In conclusion, the developed
damage model is suitable to simulate damage development in brittle and quasi-
brittle materials. Nevertheless, it is important that the requirements imposed
by the mesh-adjusted softening regularization are fulfilled, and to bear in mind
that the linear strain-softening is just a simple approximation of the post-peak

behavior.
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Kurztassung

Risse und dhnliche Defekte haben einen starken Einfluss auf das strukturelle Ver-
halten, somit ist es von grofsem Interesse die Entstehung von Materialschiddigung
zu untersuchen. Klassischerweise werden Methoden wie die linear-elastische Bruch-
mechanik und das J-Integral-Verfahren verwendet um Bruchprozesse zu beschreiben.
Allerdings sind diese Ansitze kaum anwendbar fiir Problemstellungen mit kom-
plexer Geometrie und verzweigtem Risswachstum. Hier zeigt die Kontinuums-
Schidigungsmechanik ihre Stirken, indem sie die Behandlung von komplizierten
Problemstellungen im Rahmen einer nicht-linearen numerischen Simulation er-
moglicht. In diesem Sinne wird im Rahmen dieser Diplomarbeit ein Elasto-
Schidigungs-Konstitutivgesetz basierend auf Kontinuums-Schidigungsmechanik fiir
implizite Finite Elemente Methoden entwickelt, implementiert und getestet. Die
Implementierung in Abaqus/Standard 2018 von Dassault Systémes wird mittels
der User Material Subroutine durchgefiihrt. Der beabsichtige Verwendungseinsatz
dieses Schidigungsmodells ist die Simulation von Materialschidigung in spréden

und quasi-sproden Werkstoffen wie Beton.

Das implementierte isotrope Schidigungsmodell verwendet eine einzelne skalare
Schadigungsvariable und eine lineare mechanische Entfestigung. Allgemeine Verz-
errungszustinde werden behandelt indem eine skalare Vergleichsgrofbe, die soge-
nannte dquivalente Dehnung, von dem Verzerrungstensor durch Verwendung der
Energie-Norm berechnet wird. Viskose Regularisierung fiigt dem Modell eine
kiinstliche Viskositdt hinzu, welche benétigt wird um konvergierende Losungen
zu erhalten. Die ausgeprigte Sensibilitdt der Losung beziiglich der Netzgrofe,
welche typisch ist fiir die Finite Elemente Simulation von Entfestigunsproblemen,
wird durch netzangepasste mechanische Entfestigung behandelt. Diese Methode

beriicksichtigt die spezifische Bruchenergie und die charakteristische Elementgrofe
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in den Konstitutivgleichungen und skaliert die Entfestigung derart, dass die nu-

merische Losung unabhéngig ist von der Netzgrofe.

Die numerischen Resultate sind in guter Ubereinstimmung zu Literatur Referenz-
beispielen fiir Strukturen aus Beton. Dennoch sind gewisse Unterschiede zu den
Literaturbeispielen vorhanden, welche einem unterschiedlich implementierten Ent-
festigungsverhalten geschultet sind. Wahrend das implementierte Entfestigungsver-
halten linear ist, wurde in den Referenzbeispielen ein exponentieller Ansatz verwen-
det. Nichtsdestotrotz ist die Implementierung des linearen Ansatzes gerechtfertigt,
da ein allgemeines Elasto-Schiadigungs Konstitutivgesetz entwickelt wurde. Ab-
schliefsend kann gesagt werden, dass das entwickelte Schidigungsmodell geeignet
ist um die Entstehung und Entwicklung von Materialschiden in spréden und quasi-
sproden Werkstoffen zu simulieren. Jedoch muss darauf geachtet werden, dass die
Anforderungen welche durch die verwendete netzangepasste mechanische Entfes-
tigung entstehen auch eingehalten werden. Des Weiteren stellt die verwendete lin-

eare Entfestigung nur eine grobe Naherung des Schadigungsverhaltens dar.
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1. Introduction

In this chapter, a short overview of the historical developments in the analysis of
fracture processes and the modeling of damage formation is given. Furthermore,
the influence of dramatic material failures in the 20th century on the development
of a new scientific field called fracture mechanics is highlighted. The insights gained
from this new school of thought led to more accurate strength predictions for
structural components, however, the necessary assumptions for its application are
not fulfilled by many materials. This problem combined with the rapid advances
in computing performance led to the development of several numerical approaches
for simulating damage and fracture. Additionally, the motivation behind these
numerical modeling techniques is highlighted and the main task of this thesis
described. The methodological approach and the structure of this thesis is given

at the chapters end.

1.1. Aim of the thesis

The aim of this thesis is to develop an elasto-damage constitutive-law for implicit
FEM, which is to be implemented in the commercial software Abaqus/Standard
via the user-material subroutine UMAT. The model is intended for materials that
behave linear elastic up to the ultimate strength, beyond which quasi-brittle failure
with negligible amounts of plastic deformation takes place. Typical examples for
materials with such a strain-softening behavior are concrete, ceramics, and rocks.
A continuum damage mechanics based modeling approach is chosen since it is
simple to implement within a standard finite element environment. However, a

number of problems such as numerical instability and mesh-sensitivity have to
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1. Introduction

be addressed in order to obtain meaningful results [23]. Since the material is
described by means of continuum mechanics, damage formation must be considered
smeared, which works well in cases of distributed micro-cracking but is not limited

to distributed cracking.

For the sake of simplicity, isotropic material behavior is assumed both in the initial
and in the damaged state. Thus the directional nature of microcrack-like defects is
entirely neglected. A single scalar damage variable is used to model isotropic dam-
age as stiffness degradation. The resulting material damage model is obtained by
scaling the initial linear-elastic isotropic constitutive-law with a scalar-valued func-
tion that describes the extent of damage. The onset and development of damage
are assumed to be exclusively strain-driven, where the initiation criterion and the
evolution function are derived from a predefined stress-strain diagram. The me-
chanical response of the material is defined by this diagram, which exhibits linear
elastic and linear strain-softening behavior. For general stress states, the damage
variable is evaluated with a scalar measure for the strain state, called equivalent
strain €.q,. Finally the question of suitability is addressed, to assess whether or not
this simple isotropic model can produce reliable predictions for simulating damage

and fracture formation in quasi-brittle materials, such as concrete.

1.2. Importance of Damage Modeling

Simulation of damage processes leads to a better understanding of the mechanical
behavior beyond the linear elastic behavior, and may give an estimate for the most
likely way a component or structure will fail. Additionally the load-displacement
behavior and therefore the total amount of dissipated energy during fracture can
be obtained with numerical simulations. An accurate prediction of crack growth
helps to determine the damage tolerance, which is an especially important charac-
teristic of brittle structures. In some cases the problem can be analyzed sufficiently
with the classical linear elastic fracture mechanics method (LEFM), but quite of-
ten the required conditions for its application are not fulfilled. Meaningful results
in LEFM are only obtained when the material behaves linearly except in a zone of

very small size at the crack tip [6]. Another downside of LEFM is that it requires
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1. Introduction

a predefined crack path, which must be known a priori or determined using addi-
tional theories. Whenever the volume region affected by dissipative mechanisms
such as the formation of microcracks is too large for the application of LEFM,
different methods must be used. Alternative approaches for these cases include
nonlinear fracture mechanics, J-Integral, and numerical damage modeling. Espe-
cially the latter approach is promising since these analytical methods are quite
cumbersome. Nevertheless, the use of numerical approaches such as continuum
damage mechanics is not restricted to cases where LEFM cannot be used. Numer-
ical damage models applied in a nonlinear simulation allow the analysis of complex
fracture problems, either with or without plastic deformation, featuring ductile,

brittle or quasi-brittle damage development.

1.3. Historical Overview on the Analysis of

Fracture Processes and Damage Modeling

Analysis of fracture processes leads to a better understanding of the behavior
and influence of material defects. Thus it helps to predict whether or not these
flaws grow under certain circumstances. The knowledge of the material flaw be-
havior helps to define a relation between the applied loads and the defect size,
which allows the definition of the maximum allowable load for a given defect and
vice versa [6]. Since defects are always introduced during the manufacturing pro-
cess, the analysis of them is therefore of great interest in mechanical engineering.
Fracture analysis plays an especially important role in brittle materials, that lack
mechanisms to dissipate large amounts of energy, which results in a poor crack
growth resistance. These materials can therefore fail quite suddenly without any
warning signs, which led to many spectacular and dramatic cases of material fail-
ure in the 20th century [6]. A very prominent example is the brittle fracture of the
Liberty Cargo Ships built during World War I1, that failed under stress conditions
well below the critical limit defined by classical material strength analyses, such
as the maximum principal stress criterion [6]. These historic events helped that
the scientific community acknowledged material defects as the original cause of

failure and contributed to the rise of damage tolerance analyses and the fracture
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1. Introduction

mechanics method [6].

The fracture mechanics method can be traced back to Griffith [2], who published a
paper on the brittle fracture of glass in 1920. His work is inspired by the fact that
the theoretical strength of glass, defined by the atomic bonds, is approximately
two orders of magnitude larger than the experimentally obtained value. He con-
cluded that material defects are responsible for this huge discrepancy as they cause
stress concentrations. His experiments showed a strong correlation between defect
size and fracture stress that depends on the surface energy ~ needed for a crack
extension [6]. Griffith’s theory yields accurate results for brittle materials such as
glass, but not in cases of ductile failure nor for quasi-brittle materials that only
appear to be brittle. Therefore, his work has not found much attention until Ir-
win [I3] adapted it in the 1950s. He introduced the stress intensity factor K7 and
the strain energy release rate (G, which are the two available concepts of classical
fracture mechanics up to this day. While (Gy = —Cfi—g) describes the elastic energy
released upon crack growth, K; is a measure of the stress intensity at the crack
tip [6]. Both parameters can be determined analytically and converted from one
to the other. Irwin defined two failure criteria that predict crack growth if these
parameters become equal to newly defined fracture toughness material constants
(K1 = Ki.) and (G = Gy.) [6]. Both approaches yield reliable results in many
fracture problems of predominantly brittle materials. Nevertheless, Irwin’s linear
elastic fracture mechanics approach (LEFM) still relies on the small-scale yielding
assumption, according to which the zone of plastic deformation at the crack tip
is small compared to the size of the crack itself [6]. Since this is not the case for
materials that exhibit the formation of a so-called fracture process zone (FPZ) or
display pronounced plasticity, LEFM cannot be applied in many problems. This
resulted in the development of different approaches such as numerical fracture and

damage simulations.

Numerical damage models have been developed since the early 1960s, including
different approaches in the context of material and crack representation, such as
continuum mechanics based and discrete descriptions both for the bulk mate-
rial and the crack itself. One of the first approaches is the cohesive-zone model
(CZM), independently developed by Dugdale [9] (1960) and Barenblatt [12] (1962)
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1. Introduction

for elastic-plastic failure, which was adapted for quasi-brittle materials by Hiller-
borg et al. [I] in 1976, who introduced the fictitious crack model. He included
fracture mechanics in the numerical modeling approach in terms of the specific
fracture energy [24]. The cohesive zone and fictitious crack model are extensions
to the LEFM method and describe fracture as a gradual phenomenon, where cohe-
sive surfaces are separated. The material is assumed to loose its ability to transfer
stress across a developing crack in dependence of the crack opening width, de-
scribed by a traction-separation law. An important advantage of these cohesive
approaches compared to LEFM is that they include an intrinsic fracture energy
dissipation mechanism [6]. A material that is regularly in the focus of research is
concrete, as it is one of the most commonly used construction materials. The com-
plexity of its heterogeneous microstructure, consisting of mortar and aggregates,
necessitates a numerical treatment [23]. Two of the earliest models developed for
simulating damage and fracture specifically for concrete, are the discrete crack
and the smeared crack approach introduced in the 1960s. The numerical results
of early smeared crack approach simulations have shown a mesh-sensitivity, which
has been addressed by Bazant and Oh [37] who introduced the crack band model
[28] [10].

Another numerical modeling technique is continuum damage mechanics (CDM). Tt
is similar to the smeared crack approach, which can be regarded as a special case
of an anisotropic CDM model [32] [25] [37]. The effects of microstructural damage
are described on the continuum level with a finite number of scalar or tensor-valued
internal variables [28]. The method was introduced by Kachanov [19] in 1958 and
modified by Rabotnov [35] ten years later, who introduced a scalar measure called
damage variable that describes the effects of damage on the mechanical behavior
[17] [23]. Due to its simplicity and good compatibility with the standard finite
element method [2T], CDM became very popular and was further improved up to
this day.

A more recent development in fracture analysis is the extended finite element
method (XFEM) introduced in 1999 by Belytschko et al. [33], which uses disconti-
nuity embedded interpolation functions. This method models fracture as displace-

ment jump contained inside of the element with arbitrary orientation. It can be


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar.

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thele

(]
lio
nowledge

b

i
r

1. Introduction

used in conjunction with LEFM or cohesive zone modeling approaches.

1.4. Methodological Approach

In order to fulfill the objective of this thesis, namely developing a numerical ma-
terial model for predicting elasto-damage failure by means of implicit FEM, a
literature study is conducted at first. Based on this, the modeling approach is
chosen, implemented, applied to problems, and its results compared with litera-
ture references. To give a better overview, the content and structure of this thesis

is outlined in the following.

The relevant theoretical aspects of damage and fracture are reviewed in Chapter
where different types of numerical damage models are compared as well. Based
on the reviewed literature, a continuum damage mechanics based modeling ap-
proach is chosen, which allows a simple implementation in the context of standard
finite element analyses. The foundations of continuum damage mechanics, typical
issues encountered, and some approaches to address them are described in chapter
Abaqus/Standard, a commercial implicit FEM software package by Dassault
Systemes, is used as simulation environment. It allows the application of any
user-defined constitutive law via the UMAT user-subroutine. Implementation of
the chosen modeling approach is given in chapter [ For the sake of brevity, the
developed model is limited to standard 3D continuum, 2D plane-strain, and beam
elements. Simple simulation models, such as a uniaxial tensile test and three-point
bending tests are used to test the developed elasto-damage constitutive law. The
numerical results obtained with the developed material model are compared to
published literature references in chapter [f| Finally a summary and conclusion
is given in chapter [6] where additional remarks regarding possible improvements,

alternative approaches, and further research are listed as well.
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2. Aspects of Damage, Fracture
and their Modeling

As explained in the previous Chapter, the processes of fracture and damage for-
mation have been in the focus of engineering science ever since dramatic material
failures in the twentieth-century. A new field of research named fracture mechan-
ics arose, which aims at explaining the growth of macroscopic cracks. Compar-
ing experimentally obtained fracture resistance parameters to analytically derived
fracture driving forces, this research field helps to gain vital insights. Different
approaches for the analysis of fracture processes are available, such as the classi-
cal linear elastic fracture mechanics (LEFM), J-integral, numerical methods like
cohesive zone models, and many others. While LEFM is limited to cases with
small-scale yielding [6], the J-integral approach can be used in cases exhibiting
more ductile failure. Nevertheless, these analytical methods are quite cumbersome
and therefore limited to cases with rather simple geometry and crack paths. Nu-
merical methods on the other hand represent a promising tool for the analysis of

problems with more complex geometry and crack paths.

The separation of a solid into two or more pieces is called fracture, thus is it can
be regarded as the final stage in the damage process. Damage on the other hand,
is a synonym for all the defects causing loss of material integrity, resulting in a
reduction of load-bearing ability and stiffness. These stress-driven defects are typ-
ically caused by mechanisms such as the nucleation, propagation, and coalescence
of microcracks and microvoids [3]. The extent of damage formation is influenced
by the loading-conditions, temperature, and of course the material itself. In this
context, a fitting definition for damage has been given by Lemaitre [18], who states,

“damage of materials is the progressive physical process by which they break”.
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2. Aspects of Damage, Fracture and their Modeling

2.1. Fracture Modes and Failure Types

(a) (b) 4 () ductile

quasi brittle

—Dbrittle

Mode-I Mode-ll Mode-lll
opening sliding tearing A 4

Figure 2.1.: (a) Fracture Modes. (b) Material failure types (figure is modified in
contrast to literature reference) [34].

The formation of a macroscopic crack leads to the separation of fractured surfaces.
Three fracture modes can be distinguished depending on the relative separation
direction, shown in Figure (a). Any fracture in a solid may be described by

one of these modes, or their combinations [6].

e Mode-I (Opening Mode): the separation of cracked surfaces happens

normal to the crack-plane [6].

e Mode-II (Sliding Mode): the displacement jump is in-pane with the

crack-plane and perpendicular to the crack front [6].

e Mode-IIT (Tearing Mode): a parallel to the crack front and in-plane

separation leads to tearing [6].

Depending on the degree of plastic deformation and the amount of dissipation prior
to final rupture, the fracture behavior shown in figure (b) can be categorized
as ductile, brittle, or quasi-brittle. As can be seen, ductile failure is accompanied
by large amounts of plastic deformation and dissipated energy, represented by the
area under the stress-strain curve minus the elastic strain energy density. This
type of failure is typical for many metals [23]. The energy is dissipated by the

movement and creation of dislocations, which is accompanied with a hardening
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2. Aspects of Damage, Fracture and their Modeling

effect. Therefore materials with this failure type exhibit stress-strain curves with
a positive slope beyond the yield limit. Typical defects are the formation and
growth of spherical and ellipsoidal microvoids [23], which can be seen as dimples

on the fracture surfaces.

Brittle failure on the other hand, is characterized by macroscopically undeformed
fracture surfaces [23]. Furthermore, the amount of dissipated energy is explicitly
defined by the surface energy v needed for crack extension [17] [23], which is rather
small. Therefore this type of failure shows a sudden drop in the stress-strain
diagram, a behavior which is typically encountered in glass [23]. In contrast to
this extreme case, many materials only appear to be brittle in terms of macroscopic
deformation, but can dissipate significant amounts of energy during the fracture
process [23]. This type of failure is called quasi-brittle and is produced by the
formation of numerous microcracks in a region close to the crack-tip called fracture
process zone [17]. Materials with quasi-brittle failure show a gradual decrease in
stress when the strain is increased beyond the ultimate strength, which is called
strain-softening behavior. Typical examples are concrete, ceramics and rocks [17]
[23] [21]. It should be noted though, that the type of failure is also influenced
by other factors such as temperature, loading-rate, and stress triaxiality the same

material can response either ductile or brittle depending on the circumstances [17].

2.2. Effects of Damage

Material damage affects the mechanical behavior already in the early stage of
microcrack and microvoid formation, which reduces the effectively load-bearing
cross-section. The most common effects of damage are stiffness deterioration [27]
[37], reduction of material strength, and damage-induced anisotropy, which are

further explained in the following.

2.2.1. Stiffness Deterioration

In comparison to the undamaged state, less atomic bonds are available to transfer

the applied loads in the damaged situation. This results in larger strain
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2. Aspects of Damage, Fracture and their Modeling
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Figure 2.2.: Stress-strain diagram showing the stiffness degradation due to damage
formation in copper [23].

values for the same externally applied load, because the relative separation of the
remaining atomic bonds increases in order to withstand the larger force per bond.
This indicates that the macroscopically observed stiffness is reduced by damage
formation [27] [37]. When the specimen in a uniaxial tensile test is unloaded after
damage has been formed, the reduced stiffness can be observed in a less steep slope
in the stress-strain diagram, as can be seen in figure (a). Furthermore, the di-
agram shows that damage forms only beyond a certain level of plastic deformation
in materials with ductile failure, which can be seen in (b) as well. The reason for
this behavior is the circumstance that plastic deformation does not lead to the
breakage of atomic bonds below a certain value [I7]. This is not the case, when
brittle and quasi-brittle failure is treated, where the inelastic strains are caused by
microcrack formation, which is inevitably accompanied by stiffness reduction [17]
[23].

2.2.2. Reduction of Material Strength

In addition to the stiffness deterioration, the reduction of effective area also magni-
fies the stress acting on the not yet damaged regions, which is then called effective
stress oo [14]. For quasi-brittle materials that lack hardening mechanisms, this
inevitably leads to a reduction of macroscopically observed material strength [14].

This behavior, shown in figure 2.3] is called strain-softening and can be

10
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2. Aspects of Damage, Fracture and their Modeling

| :
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Figure 2.3.: Stress-strain diagram of a brittle material exhibiting linear strain-
softening behavior [20].

regarded as material instability [23]. It may even lead to a unstable structural

response [14].

2.2.3. Damage-induced Anisotropy

Depending on the material and stress state, different types of defects with a certain
orientation and distribution may form. While homogeneously dispersed spherical
voids preserve an initial isotropic material behavior, any deviation from such an
idealized state will lead to damage-induced anisotropy. The complexity and dif-
ficulties involved in the numerical implementation of the directional behavior are
the most challenging tasks when defining a material damage model. Brittle and
quasi-brittle materials predominantly exhibit crack-like defects, which results in a
pronounced anisotropic behavior [23]. A typical directional behavior introduced by
microcracks is the so-called unilateral effect, which describes the different mechan-
ical behavior depending on the loading-direction [23] [I7]. While cracks reduce
the effective area under tensile load, they may close again when the load is re-
versed. Therefore, some of the stiffness and strength reduction observed under
tensile stress are regained again when the crack closes under compressive load.
This effect is also known as crack-closure or stiffness-recovery. Although cracks
develop with an apparent orientation, the damage process may still be assumed
to be isotropic in cases of proportional loading without falsifying the results too
much [23].

11
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2. Aspects of Damage, Fracture and their Modeling

2.2.4. Size-Effect

Materials with predominantly brittle and quasi-brittle failure are very defect-
sensitive, which results in a dependence of the observed material strength on the
component size [5]. This so-called size-effect results from the increased probability
that a large defect with harmful orientation and location is present. While duc-
tile materials can counter the stress-magnifying effects of such defects with plastic
deformation and energy dissipation, brittle and quasi-brittle are much more prone
to them. Another difficulty resulting from the size-effect is that it poses a source
of uncertainty, since the material parameters obtained from a small test specimen

have to be extrapolated [17].

2.2.5. Scale of damage phenomena and mechanisms

The phenomena linked with damage formation result from mechanisms acting on
very different size scales, which are shown in figure[2.4] The damage process begins
with the splitting of atomic bonds and leads in its final stage to the formation
of macroscopic cracks with a size similar to that of the engineering component
[23].

GF

«~—a /@
Mesoscale

P(x)

Atomic scale

=

icroscale
B

Macroscale

Up

Figure 2.4.: Schematic overview for the different scales of damage processes [23].
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2. Aspects of Damage, Fracture and their Modeling

e Atomic scale:
This is the scale where damage formation has its origin, vacancies are cre-
ated by splitting atomic bonds. Since the elastic properties of a material
result from these bonds, it is obvious that damage formation results in stiff-
ness reduction. Studying the material’s behavior on this scale is covered in

materials science [17].

e Microscale:
The material appears to be heterogeneous on this scale, comprised of ho-
mogeneous sub-regions. Microcracks and microvoids are typical forms of
damage observed at this scale. The growth of these defects can be studied

by means of micromechanical methods [17].

e Mesoscale:
A homogeneous microstructure that can be described with averaged ma-
terial parameters is the characterizing trait of the mesoscale, at which the
continuum constitutive equations are formulated. On the mesoscale, damage
manifests itself as reduced stiffness and load-bearing ability [17]. A typical

method for analyzing problems at this scale is continuum damage mechanics.

e Macroscale:
The final scale relevant in damage and fracture simulations is the macroscale,
which represents the size of engineering structures. The component size plays
an important role in fracture processes of brittle and quasi-brittle materials
due to the size-effect. Larger components have more stored elastic energy and
therefore a higher damage driving potential, since the elastic energy released
during crack extension must be dissipated. If the elastically released energy

exceeds the energy needed for fracture, unstable crack growth takes place.

2.3. Numerical Damage and Fracture Models

Material models for the simulation of damage and fracture can be separated into
three main approaches shown in figure 2.5 The distinction is based on the method

of material description (continuum based or discrete) and on the way how

13
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2. Aspects of Damage, Fracture and their Modeling

Figure 2.5.: Types of numerical damage models. (a) pure-continuum based models,
(b) discrete models, (¢) discontinuity-enhanced continuum models [20].

cracks are modeled (smeared or as displacement jump). The three groups are pure
continuum models, discontinuity enhanced continuum models, and discrete models
[20] [24]. Both groups of continuum based models rely on stress-strain relations for
the material behavior, but the discontinuity-enhanced models additionally incor-
porate a displacement jump, which represents the separation of fracture surfaces
[20]. The discrete models on the other hand do not rely on a continuum me-
chanics based material description, instead separate material points are linked by

connections with certain elastic properties.

2.3.1. Pure continuum-based models

Pure continuum-based models assume that the damaged material is still continuous
and that it can be described with a continuous displacement field. The mechani-
cal behavior is defined by constitutive equations using average material properties
homogenized over a certain volume region [29] [27]. This continuum-mechanical
description is contrary to the discontinuous physical nature of defects such as mi-
crocracks, which highlights that damage is treated in a smeared sense. While some
information such as the exact local strain is lost in the homogenization process,
the averaged description is still suitable in many cases. The primary shortcoming
of these continuum based smeared crack models is their pathological sensitivity to
the mesh-size and orientation if no counter measures are taken [21] [8]. This de-
pendency is caused by the loss of ellipticity of the governing differential equations,
which results in an ill-posed problem in the sense that there is an infinite number
of possible solutions [27] [24]. These issues and available remedies are further ad-

dressed in sections [3.4) and 3.5] Typical examples for pure continuum models are
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2. Aspects of Damage, Fracture and their Modeling

the smeared crack approach, continuum damage mechanics based damage models

and the crack band model, which are outlined in the following.

Continuum Damage Mechanics based Models

Continuum damage mechanics is a field of science aiming at representing and
predicting damage on the mesoscale, without the need to describe the responsible
micromechanical mechanisms. It is easily implemented within the finite element
method and represents an efficient predictive tool for damage simulations of all
kind [I7]. By using mechanical damage variables, different degrees of anisotropic

behavior can be simulated. For a more detailed description see chapter 3]

Smeared Crack Approach

The smeared crack approach (SCA) approximates damage and fracture in a smeared
sense. It was introduced in the 1960s as a counterpart to the already existing
discrete crack approach for simulating damage in concrete [24] [36] [8] [25] [27]
[16]. This concept is well suited for situations where dispersed cracking leads to
strain-softening behavior, as is the case for concrete and ceramics [16]. The good
compatibility with the standard finite element method makes these models easy to
implement, which contributed to their popularity [36] [37] [16] [8]. An additional
advantage compared to early versions of the discrete crack approach is that the
crack-orientation can be independent of the mesh. In order to account for the
damage induced anisotropy, the initially isotropic material behavior gets replaced
by an orthotropic constitutive law upon crack formation [16] [27] [37]. The SCA
can be divided in fixed- and rotating-crack versions, depending if the crack nor-
mal remains fixed or rotates along with the principal stress respectively [16]. It
should be noted though, that the smeared crack approach can be regarded as a
special case of continuum damage mechanics based models with a specific type of

anisotropic behavior described by a fourth-order damage tensor [32] [25] [37].

15


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar.

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thele

(]
lio
nowledge

b

i
r

2. Aspects of Damage, Fracture and their Modeling

Crack Band Model

The CDM and SCA models describe damage in a smeared sense and both suffer
from mesh-size sensitivity, which can be alleviated by including the specific frac-
ture energy and element size in the constitutive equations. Based on these two
parameters, the softening-branch slope is adjusted to ensure mesh-independent
energy release rate upon macrocrack formation. This remedy was initially intro-
duced by Hillerborg for the discrete crack models [24], and was later adapted for
the smeared crack approach by Bazant and Oh [37] in 1983. The resulting models
with restored objectivity are called crack band models [§] [24] [25] [21]. How-
ever, while mesh-size sensitivity can be avoided, the mesh orientation dependence
cannot be alleviated that way [8]. For further explanations see section [3.5.2]

2.3.2. Discontinuity Enhanced Continuum Based Models

In contrast to pure continuum approaches, the discontinuity enhanced models do
not need to describe damage in a smeared sense, because the crack is modeled
as a geometric entity in addition to the continuous description of the bulk ma-
terial. This approach is closer to the physical problem when single macroscopic
cracks are treated, where the fracture surface separation is governed by a traction-
separation law [15]. Typical examples for the discontinuity-enhanced continuum
models are the discrete crack approach and the extended finite element method
(XFEM).

Discrete Crack Approach

The discrete crack approach has been developed in the 1960s as a method for
numerical modeling of fracture in concrete. It is used to simulate the initiation
and propagation of single dominant cracks, which are modeled in form of geometric
discontinuities in-between continuous elements. Crack growth is assumed to occur
if the nodal forces exceed a certain limit, which leads to nodal separation described
by a cohesive law [24] [27]. This intuitively appealing approach, however, has some
major drawbacks [27]. First of all, the discrete description does not fit the nature

of continuum mechanics based standard finite element methods, which makes the
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2. Aspects of Damage, Fracture and their Modeling

implementation more difficult [I6]. Secondly, cracks can only be initiated with a
fixed orientation, defined by the element edges [§]. Despite the listed downsides,
this approach works well in cases where the location of crack formation is known a
priori, such as in the delamination of layered composites [26]. Nevertheless, these
issues sparked the development of a new method called extended finite element
method (XFEM) [16] [24] [27], which avoids some of the mentioned problems.

The eXtended Finite Element Method (XFEM)

Developed in the late 1990s, the extended finite element method is used to model
the initiation and propagation of discontinuities, such as cracks. XFEM enriches
the classical finite element method with discontinuous interpolation functions,
which allows the calculation of solutions containing displacement jumps [20]. The
application of this method for numerical fracture analysis bears the advantage that

re-meshing is not required for an accurate description of the fracture process.

2.3.3. Discrete Models

Discrete models do not rely on a continuum mechanics based material description,
instead separate material points are linked by connections with certain elastic
properties. These links can either represent entire structure components such as a
lattice member in a framework, or they can be used to replicate the microstructure
of a material. The latter approach is used to describe the behavior of heteroge-
neous materials by applying the elastic connection properties correspondingly to
the different phases [20]. A prominent example for a model of this group is the
lattice discrete particle model developed for simulating damage and fracture in

concrete.
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3. Continuum Damage

Mechanics

The concept of continuum damage mechanics (CDM) has been introduced by
Kachanov [19] in 1958. He represents creep damage with a scalar variable, which
he called integrity [17] [23]. Based on Kachanov’s work, Rabotnov [35] suggested a
modified definition in 1969, by introducing a so-called damage variable [23]. While
this parameter is zero for a intact material, it asymptotically attains the value
of one for a fully damaged material. Rabotnov also gave a meaningful physical
interpretation for the damage variable parameter, by relating the reduction in
load-bearing area due to defects to the initial area [I7]. This Kachanov-Rabotnov
theory is the prototype of CDM developed thereafter [23].

Continuum damage mechanics is a constitutive theory that describes the influence
of damage on the mechanical behavior with so-called damage variables. Depending
on the intended degree of anisotropy resulting from the damage formulation, the
damage variable can be either a scalar or even a higher-order tensor. CDM is
used to simulate the progressive loss of material integrity due to the nucleation,
propagation, and coalescence of microcracks and similar defects [3]. Furthermore,
this method can describe the degradation of stiffness observed on the macroscale
[20], and simulate the propagation of macrocracks up to final rupture. In the
context of a finite element analysis, such a crack is represented by a region of
completely failed elements, which have entirely lost their stiffness and load-bearing
ability [23]. The objective of CDM is the representation, modeling, and prediction
of damage on the mesoscale, without the need to describe the relevant damage
mechanisms on a microscopic scale [3]. This makes the continuum approximation

computationally efficient and enables damage simulations of large structures [17].
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3. Continuum Damage Mechanics

Since CDM models describe the damaged material with continuum-mechanical
stress-strain relations, the damage has to be regarded as smeared over a certain
volume region. While some information is lost in such an averaged description,
the advantage of good compatibility with the standard finite element method often
justifies this simplification. However, the local simulation approach for damage and
fracture by means of CDM and FEM leads to several difficulties, such as numerical-
instability and mesh-sensitivity. To address these issues, several approaches called

regularization techniques have been developed [23].

3.1. Mechanical Representation of Damage with

Damage Variables

The material state is represented by properly defined damage variables, which
can be physically interpreted either as the reduction of load-bearing area or the
degradation of elastic moduli [23]. The damage variables are governed by an ini-
tiation criterion and an evolution law, which can be based on micromechanical or
phenomenological considerations. While the first approach is closer to the actual
physical mechanisms involved and is capable of replicating the major trends in
the mechanical response, it is also more complicated and numerically demanding.
Phenomenological models on the other hand are much simpler as they are based
on macroscopic observations, but they cannot reflect the actual physical dam-
age mechanisms. They are defined in such a manner that they can fit a certain
stress-strain curve, either directly by a predefined diagram or via thermodynamic
considerations including dissipation potentials. Since phenomenological models do
not allow to incorporate the actual damage mechanisms acting on the microstruc-
ture, they have to rely on intuition and interpretation of experimentally observed
trends. The choice between both approaches is a typical problem encountered
when formulating a constitutive theory, where a trade-off between proper phys-
ical description and simplicity has to be made. However, for most engineering
purposes it is sufficient to have an applicable predictive tool that delivers results
with acceptable accuracy. Therefore, phenomenological models are predominantly

found in published literature [I7]. The dimension of damage variables can range
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3. Continuum Damage Mechanics

from a scalar valued variable to a higher-order tensor, depending on the degree of

anisotropy introduced by damage [23].

3.1.1. Scalar Damage Variable

Very basic models use a single scalar damage variable to describe isotropic damage
states, which are characterized by a random distribution and orientation of spher-
ical microvoids. It should be noted though, that a general isotropic damage model
should incorporate two scalar variables, one for each of the two independent elastic
moduli [20]. Otherwise the Poisson ratio remains unaffected by damage formation

[23] [20]. The mathematical expression for the damage variable can be given as

Ay — Aegr
D= 1
AO (3 a)
Ep
D=1—-— .1b
E, (3.1b)

where Ay and A.g are the initial and effective area, and where Ey and Ep are
the initial and damaged Young’s modulus. Thus the damage variable D can be
physically interpreted either as the reduction in load-bearing area or as the change
in Young’s modulus [23]. The experimental identification for the first interpreta-
tion can be done with methods such as synchrotron X-ray tomography, whereas
the Young’s modulus can be obtained from a simple uniaxial test. Therefore,
the change in slope of a stress-strain diagram is a simple but clear indicator for

material damage [17] [14].

A very appealing advantage of isotropic damage models is that the constitutive
relations only get scaled by a scalar valued function upon damage formation. Thus
the elasticity tensor is simply a scalar multiple of the initial undamaged one [20].
However, if the material shows pronounced anisotropic behavior, the scalar repre-
sentation is in general insufficient. Nevertheless, the simplicity of a scalar model
justifies its application, even for anisotropic behavior. For example in cases with
proportional loading, where load reversals are not of interest, these models can
still yield reliable results [23].
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3. Continuum Damage Mechanics

3.1.2. Vectorial Damage Variable

Since damage predominantly forms under tensile stress, it seems obvious that the
reduction of load-bearing area should be linked to the principal stress direction.
With the use of a vectorial definition of the damage variable, the damage effect can
be described in three spatial directions independently corresponding to orthotropic
behavior. However, the application of a vector model is more complicated than
the use of a 2nd-order tensor version, which can represent orthotropic damage as

well [I7]. Therefore, this description is not applied very often.

3.1.3. Second-Order Tensor Damage Variable

A damage variable in the form of a symmetric 2nd-order tensor is a convenient
way to incorporate anisotropic behavior, because its application is significantly
simpler compared to higher-order tensors. Furthermore, the measurement of rel-
evant material parameters for the experimental damage evaluation is not yet too
cumbersome. However, 2nd-order tensors cannot describe damage more complex
than orthotropy [I7] [23]. Nevertheless, the assumption of damage-induced or-
thotropy can be a reasonable choice if anisotropic behavior cannot be neglected
but the effort of higher-order tensors is to be avoided, even in cases of brittle and
quasi-brittle failure more complex than orthotropy [23]. While the damage tensor
itself is symmetric, the effective stress tensor is generally asymmetric, which is

very inconvenient [23].

3.1.4. Fourth- and Eight-Order Tensor Damage Variable

An accurate description of pronounced anisotropic behavior such as damage in
brittle and quasi-brittle materials, requires at least a 4th-order tensor damage
variable [I7] [23], which results in a much more complex application of these mod-
els. Furthermore, these 4th-order tensors are in general unsymmetric, which again
contributes to the model complexity [23]. This issue can be avoided if symmetric
8th-order tensors are used, which map the initial stiffness tensor onto the damaged

one [I7] [23]. However, the increase in complexity and computational effort is very
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3. Continuum Damage Mechanics

objectionable, leading to the situation where these models are only applied if they

absolutely must.

3.2. Uniaxial Damage Model

In the following Section, the basics of CDM will be explained in terms of a uniaxial
damage model. Let us assume a material idealized as a bundle of parallel perfectly
brittle fibers, shown in Figure [3.1, which behave linear elastic until their tensile
strength is reached, whereupon they break immediately. Furthermore, we assume
that each fiber has a slightly different tensile strength. In a displacement controlled
experiment, this simple setting leads to a situation where the load-bearing area
decreases gradually beyond a certain applied displacement value. Since each fiber
can be regarded as an elastic spring, the macroscopic strength and stiffness of
the entire bundle decrease whenever a fiber breaks [3]. This simple illustration
highlights two of the most important effects of damage formation and can be
regarded as example-problem for cases with strain-softening behavior, which is

typical for quasi-brittle materials.
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Figure 3.1.: Representation of a Uniaxial Damage Model [20].
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3. Continuum Damage Mechanics

While the fiber failure can be regarded as an example for any possible damage
mechanism, the CDM modeling approach does not incorporate such processes. In
the context of a finite element analysis damage is considered smeared over the
entire bundle of fibers, which can be described with continuum mechanics and

averaged material properties.

3.2.1. Effective Stress Notion

The reduction of load-bearing area upon fiber failure shown in Figure makes

it obvious that a distinction has to be made, between the macroscopic nominal

stress
_ L (3.2)
o= " .
and the effective stress P
off = 3.3
Oet Aeff ( )

acting on the still intact effective area, where F' is the force transmitted across the
fiber bundle. While the latter describes the mechanical response of the not yet
damaged material, the nominal stress enters the Cauchy equations of equilibrium
on the macroscopic level used in a finite element analysis. From this consideration,
the stress magnifying effect of damage can be clearly seen, as the effective stress

is increased over the nominal one depending on the size of the effective area.

From the equilibrium of forces
(O Ao = Oeff * Aeﬁ‘ (34)

and the damage variable definition according to equation (3.1a]) follows

A, Ao
a:A—Off-aeH:<1—[1—A:D-Ueﬁz(l—D)-aeﬁ (3.5)

which relates the nominal to the effective stress [14]. This equation highlights that
the nominal stress is lower than the effective stress and that this difference increases

if the damage variable parameter grows towards its final value D — 1.
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3. Continuum Damage Mechanics

3.2.2. Strain Equivalence Principle

In order to use the stress definition according to equation (3.5)), an expression for
the effective stress o.¢ is required. This can be achieved by applying the strain

equivalence principle introduced by Lemaitre [18] [23] [20].

Strain Equivalence Principle: Any strain constitutive equation for
a damaged material may be derived in the same way as for a virgin

material except that the usual stress is replaced by the effective stress.

This principle allows for a simple definition of the effective stress in damaged
materials by replacing the nominal stress in the constitutive equations for the
undamaged material. In the current uniaxial case, this corresponds to geg = Ey- €
[14]. By incorporating this relation into equation (3.5) we get the homogenized

constitutive law on the macroscopic level
c=(1-D)-Ey-¢ (3.6)

which relates the nominal stress to the strain and the damage variable, and is used
in a FEM simulation. Furthermore, this relation makes it obvious that a damaged

material responses with reduced stiffness
Ep=(1-D)- Ey (3.7)

compared to the undamaged situation [14].

3.2.3. Damage Growth Criterion and Evolution Law

To complete the uniaxial damage model, a criterion specifying the onset of damage
growth and an evolution law describing the progressive increase of the damage
variable D are needed. For the sake of simplicity, damage evolution is assumed
to be exclusively strain driven. This assumption is justified for the tensile strain
driven microcrack formation in brittle and quasi-brittle materials [23]. However,

since damage cannot decrease the evolution function must be evaluated with the
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3. Continuum Damage Mechanics

largest previously reached strain value at time ¢
k() = max (20,2(7) (55)

where ¢y is the strain value at the materials tensile strength, representing the
initial damage onset threshold and e(7) is the strain history. With this definition,
damage simulations are not restricted to cases of monotonic loading. The onset of

damage growth is detected with the simple criterion
£>K (3.9)

which states that damage will grow whenever the current strain exceeds its pre-
viously largest value, whereupon « is updated. The extent of damage growth can
be obtained by comparing the damaged and initial stiffness according to equation
(3.1b)). Therefore, the shape of the post-peak stress-strain behavior determines

the damage evolution function
D = D(r) (3.10)

which is defined as function of .

3.3. Isotropic Damage Model

The simplest model for general stress-states can be obtained by extending the
uniaxial version from the previous Section, which leads to an isotropic model with
a single damage variable. Based on equation , the scalar stress, strain, and
Young’s modulus are replaced with their tensor-valued counterparts, which leads

to
g=(1-D)E:e (3.11)

~

where g and € are the stress and strain tensors and where E° represents the initial
undamaged elasticity tensor of an isotropic material. Alghough the assumption
of isotropy is obviously not fulfilled in most damaged materials, as described in
Section [2.2.3] the simplicity and ease of implementation often justifies their ap-

plication. The most appealing property of isotropic damage models is that the
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3. Continuum Damage Mechanics

damaged elasticity tensor is merely a scalar multiple of the initial intact case
[21].

3.3.1. Equivalent Strain

Calculation of the damage variable for general strain states requires the definition
of a scalar measure from the strain tensor g, which is called equivalent strain, eqy,
[20] |21)]. With the use of this scalar measure for the strain state, it is possible to use

the damage growth criterion and damage evolution law defined by the equations

(3.9) and (3.10) in the form of

Eequ > K (3.12a)
D = D(k) (3.12b)

where k is now the largest previously reached equivalent strain value
k(t) = max (€0, Eequ(T)) (3.13)

at time t. Different methods for the calculation of the equivalent strain are pub-

lished in [20], some of which are introduced in the following. The euclidean

norm
5equ7EuclideanNorm = \/§ €= \/51']'52']' (314)
and the energy norm
e:E:¢ R
€ E Norm = \| —=—— = 1/ =¢&i;E;.1,cki 3.15
equ_ EnergyNorm E, E, ikl ( )

represent two very simple definitions for the equivalent strain. In cases where
tensile loads are the dominant cause for microcrack formation such as in concrete,
the different behavior in tension and compression can be considered by neglecting
the negative part of the strain tensor. This leads to the so-called Mazars definition

for the euclidean norm

€equ_MazarsEuclideanNorm = /< € >:< € > (316)
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3. Continuum Damage Mechanics

and for the energy norm, also called energy norm of positive strain,

<e>E:<e>
€equ_MazarsEnergyNorm — E, (317)
0

which use Macauley brackets < x >= max(0,z) to obtain the positive part of
the strain tensor [20]. With this mathematical operator, the positive part of the

symmetric strain tensor is obtained by

3
<§>:Z<51>n[®n1 (3.18)

I=1

where ¢; are the principal strains and n; are the principal direction vectors [20].

However, the damage behavior cannot be regarded as isotropic anymore if equa-
tions (3.16)) or (3.17)) are used for the equivalent strain.

In order to demonstrate how the equivalent strain definition influences the elastic
domain, Figure is given, which shows a plane-stress loading state projected
onto the normalized principal strain plane. As can be seen, the euclidean norm
and energy norm are both elliptical and symmetric with respect to the origin,
which highlights that there is no distinction between the tensile and compres-
sive behavior [20]. The Mazars definition and the energy norm of positive strain
on the other hand show an extended elastic domain in the compressive region,
which corresponds to a material behavior with a higher compressive than tensile

strength.
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3. Continuum Damage Mechanics
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(a) Euclidean norm and energy norm. (b) Mazars definition and energy norm of
positive strain.

Figure 3.2.: Elastic domains corresponding to different equivalent strain definitions
for a plane-stress loading state projected onto the normalized principal
strain space [20].

3.4. Common lIssues encountered in

Strain-Softening Materials

The continuum damage mechanics approach is simple to implement within the
standard finite element method and can be used for a wide range of fracture
problems. However, the combination of CDM and FEM also leads to a number
of problems when applied to strain-softening materials, which are characterized
by decreasing material strength when the strains are increased beyond the elastic
limit as explained in section [2.2.2] Typical issues are strain localization widths
that do not correspond to experimental observations, numerical instability and
mesh-sensitivity, which have been addressed by several approaches developed in
the past [23]. Numerical instability and mesh-dependence are crucial problems in
the application of CDM within the finite element method and must be solved in

any case to get applicable results [23]. Strain localization into element bands with
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3. Continuum Damage Mechanics

a width that does not correspond to physical observations on the other hand is

accepted in many cases, if the dissipation results are reasonable.

3.4.1. Material Instability and Strain-Localization

Material instability in the form of strain-softening leads to strain-localization in
a region as narrow as possible. In a FEM analysis this usually corresponds to
a band with almost mesh-size width [23] [I7] [I4]. The actual experimentally
observed width of the localization band, which seems to be a material constant, is
not reproduced in numerical CDM simulations, except when further measures are

taken.

At continuum level, a stable material behavior is characterized by Hill’s stability
criterion

el g >0 (3.19)

~

which requires that the scalar product between the stress rate and strain rate
tensors is positive [28]. Inserting equation (3.19)) into the constitutive law in rate
form

g (3.20)

g =

Q=

where E' is the material tangential stiffness tensor, we obtain
eV E':£>0 (3.21)

which is only fulfilled if the material tangential stiffness tensor is positive definite
[28]. This is the case if the condition

det(E') >0 (3.22)

~
~

for the determinant is satisfied [28]. Equation (3.22)) represents a simple criterion
for material stability, which is obviously not fulfilled for materials that exhibit

strain-softening due to the negative slope in the stress-strain diagram.

The problems of such an unstable material behavior are that it can lead to struc-

tural instability and that it causes issues such as mesh-size sensitivity and numeri-
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3. Continuum Damage Mechanics

cal instability [23]. These issues are caused by the loss of ellipticity of the governing
rate equations, which leads to an ill-posed problem. Results with elliptic character
do not allow the existence of discontinuities in the solution field, thus problems

with strain-localization cease to be elliptic.

3.4.2. Mesh-Sensitivity

The fact that strain localizes in a region as narrow as possible in strain-softening
materials leads to pronounced mesh-sensitivity of the results as the crack width is
governed by the mesh. Furthermore, the amount of dissipated energy is linked to
the volume of failed elements, thus a reduction in mesh-size also leads to reduced
dissipation [23]. This non-objective behavior and the issue of vanishing energy
dissipation upon mesh-refinement must be prohibited in order to obtain meaning-
ful results [23]. Several approaches such as mesh-adjusted softening or non-local

damage models have been developed for addressing these problems.

To illustrate mesh-sensitivity of numerical results one can consider a simple bar
under uniaxial tension, simulated with different mesh resolutions. As can be seen
in Figure the softening slope in the load-displacement diagram gets steeper
with an increasing number of elements. The slope even bends backwards for a
sufficiently fine discretization, which corresponds to snap-back behavior. The ob-
served trend can be explained with the reduced amount of dissipation, represented

by the area under the curve, when damage localizes in smaller elements.

F

number of elements

T 1

40 |20

u

Figure 3.3.: Load-displacement diagram of a bar under uniaxial tension represent-
ing mesh-sensitivity. Strain localization takes place into a single ele-
ment. [20]
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3. Continuum Damage Mechanics

3.4.3. Numerical Instability

The ill-posed boundary value problem, resulting from a non-positive definite tan-
gent stiffness tensor, exhibits non-unique solutions [23]. Therefore the numerical
algorithms implemented in commercial software packages struggle to get a con-
verging solution. Furthermore, the transition from a uniform displacement field to
a localized one takes place in just a single incremental calculation step, thus the

solver has difficulties due to this sudden change in the elastic behavior.

3.5. Regularization Techniques

The typical issues encountered in a continuum damage mechanics based simula-
tion of strain-softening materials, which have been described in the prior section,
have led researchers to develop numerous approaches for their remedy. Some of
these methods are absolutely necessary in order to obtain reasonable results, such
as ensuring numerical stability and objectivity [I4]. Without these traits, sim-
ulations would not converge and results would strongly depend on the spatial
discretization. Other methods even address the issue of localization band width
by adding an additional length parameter to the simulation, which prevents that
damage and strain localize in smaller regions than the added characteristic length.
This is the group of so-called non-local damage models, which present the most
promising approach for treating strain-softening materials. However, compared to
purely local approaches these models are more complicated and require additional

computational effort.

3.5.1. Artificial Viscosity or Viscous Regularization

Quasi-brittle materials exhibiting strain-softening behavior show pronounced con-
vergence difficulties in implicit analyses, which can be improved by using viscous
regularization [7] [15]. Adding an artificial viscosity term helps the numerical al-
gorithms to obtain converged solutions, as the positive-definiteness of the tangent
stiffness matrix can be restored for sufficiently small time increments 7] [23]. This

is achieved by slowing down the damage growth rate, which results in a slowed
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3. Continuum Damage Mechanics

down change for the displacement field [7]. Otherwise the transition from a rather
uniform to a localized field would be very sudden, which is difficult for the numer-

ical algorithms to reproduce.

The implementation of artificial viscosity is done by replacing the original inviscid
damage variable D in the constitutive equations with the newly defined viscous

damage variable D, which is governed by the rate equation

D, = 1(D —-D,) (3.23)
n

where 7 is the artificial viscosity coefficient that represents the relaxation time [7]
[15]. Usually small values compared to the characteristic time increment already
help to improve the convergence rate without affecting the results too much [7].
Due to the rate equation definition, the viscous solution is relaxing towards the
inviscid one for t — oo [7]. However, viscous regularization also causes an increased
fracture energy for higher deformation rates, which has to be considered in the

simulation [7].

3.5.2. Mesh-Adjusted Softening

Since the amount of dissipated energy depends by the volume of failed elements,
the mesh-size has a major impact on the numerical results in strain-localization
problems. To ensure a mesh-independent fracture energy, methods such as mesh-
adjusted softening have been developed, which are inspired by the cohesive crack
model introduced by Hillerborg [1] and the crack band model introduced by Bazant
and Oh [37]. The method is based on an objective stress-displacement material
description shown in Figure (a), where the amount of dissipation is defined
by the fracture energy per unit area Gy, which is a material constant [5]. The
characteristic element length [° is used to scale the area under the corresponding
stress-strain diagram shown in Figure [3.4] (b), such that the volumetric dissipation
gr = G¢/l°¢ depends on the element size [4] [2I]. Therefore, the softening slope
of the stress-strain diagram is adjusted in dependence of the characteristic length

as can be seen in Figure [3.5] This means that smaller elements have a higher
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3. Continuum Damage Mechanics
volumetric dissipation in order to obtain objective results [23] [4].

stress

load

 AGy

displaé&ment

stress

displacement stréi'n

(a) Representation of the fracture energy. (b) Fracture energy regularization using the
characteristic element length [¢.

Figure 3.4.: Fracture energy regularized stress-strain diagram obtained from am
objective load-displacement relation [4].

[ T $= <] 'IHIDI(AMI [[TTT—

12

Figure 3.5.: Representation of the mesh-adjusted softening method [4].

The nonphysical vanishing dissipation upon mesh-refinement can be avoided and
objectivity of the numerical results may be restored with this method [23] [4].
However, the issue that the numerical strain localization width does not corre-

spond to physical observations cannot be addressed. The method is based on the
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3. Continuum Damage Mechanics

assumption that strain and damage localize in a one element thick layer. There-
fore, objectivity of the results is not restored in general but only in cases that
fulfill this assumption [4]. While the definition of mesh-size dependent material
properties is questionable from a physical point of view [23], it still represents a

simple and effective regularization technique whose application is justified.

3.5.3. Non-Local Damage Theory

If the simulation shall replicate the experimentally observed fracture process zone
width, which is assumed to be a material constant [16] [37] [38], then it is nec-
essary to implement a localization limiter [I1]. This is done in non-local damage
models, which regularize the amount of dissipated energy by numerically reproduc-
ing the experimentally observed localization width. These models enforce damage
to spread over several elements up to a width equal to the characteristic length.
Therefore objectivity is restored and additionally a realistic prediction for the
damaged volumes size is given [2I]. The damage state at a certain point P(Z)
not just evaluated locally, but also in dependence of the surrounding region up
to a certain distance specified by the characteristic length. The averaged non-
local damage variable then replaces the local counterpart in the constitutive and
evolution equation [23]. However, these methods require additional modeling and

numerical effort compared to purely local models [21].

Non-Local Integral Damage

The non-local integral damage approach is one of the most rational and effective
schemes available for suppressing strain-localization into smaller regions than the
physically observed width. Therefore this method has been widely applied in
CDM analyses of quasi-brittle materials with strain-softening behavior [23]. The
calculation of non-local variables A includes the values at surrounding nodes in a

weighted form. They are defined by the equation

1

A = /V hE— ) - AF)dV(S) (3.24)
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3. Continuum Damage Mechanics

where A(Z) is the local variable and h(¥) is a weighting function. Typically the

il

=) is used, where [ is the characteristic length

Gaussian distribution h(Z) = exp(—

[23].

Non-Local Gradient-Dependent Theory

The obvious counterpart to integral based approaches is the gradient-dependent

theory, which defines a non-local variable A as a function of the local variables
gradient VA(Z) [23].

A(Z) = A(Z) + i VA(Z) + o VZA(T) + ... (3.25)

However, the gradient based approach is numerically more complicated than the

integral non-local method [23].
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4. Modeling Approach

The chosen isotropic CDM modeling approach for the elasto-damage constitutive
model is implemented in Abaqus/Standard 2018, a simulation environment by
Dassault Systémes (Vélizy-Villacoublay, France). It provides an interface that
can be used to implement a user-defined mechanical constitutive behavior with
a so-called UMAT-subroutine. In the following sections, a short overview of the
finite element method is given and the implemented damage model is discussed in
detail.

4.1. Finite Element Method

The Finite Element Method (FEM) is one of the most widely used numerical
methods for solving boundary value problems (BVPs) which are described by a set
of partial differential equations (PDEs). It is commonly used in structural analysis,
heat transfer simulations, and many other applications. The underlying principle
that all numerical methods have in common is the discretization, which reduces the
continuous problem into one with a finite number of degrees of freedom (DOFs).
Therefore the set of PDEs is transformed into a system of algebraic equations,
which can be solved numerically. The displacement field gets calculated at the
nodes and is interpolated in-between. A key feature of the FEM is its space
discretization into finite elements, which leads to simple interpolation functions.
Typically first or second order polynomials are used, corresponding to linear- and
quadratic-elements. Equilibrium equations are defined for every element in terms

of nodal force, displacement, and stiffness. The global system of equations

M i+

I

t+Ku=F (4.1)
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4. Modeling Approach

is obtained by assembling all element contributions where M, C', K are the mass-,
damping-, and stiffness-matrix, and i, 4, u, I’ are the vectors of nodal acceleration,
velocity, displacement, and force [30]. Depending on the problem, inertia effects
and therefore acceleration may be negligible. In these cases the simulation can be

assumed as quasi-static.

4.1.1. Linear and Non-Linear Simulation

Although physical problems are often nonlinear, in many cases the effects of non-
linearity can be neglected and the problem linearized. This simplifies the numerical
treatment to a large degree, since only a single algebraic system of equations has
to be solved. In terms of static structural analyses this corresponds to the solution
of

=

u=F (4.2)

where K is the constant stiffness matrix [30]. The linearization is justified if the
material behavior and boundary conditions are linear and if the deformations and
strains remain small [22]. The benefits of linear simulations are that the solution
is path-independent, can be obtained with a direct numerical solver and can be

applied in superposition to other linear load cases [22].

In cases where the contribution of nonlinear effects is no longer insignificant, it
is required to consider them during the simulation. This is done with nonlinear
numerical procedures, which consider the global stiffness to be a function of the
nodal displacements K (u) [22]. The solution path is obtained by applying the load
in steps, the so-called increments, which are linearized and solved numerically.

Typical sources for nonlinear behavior are:
e non-linear material response [7] [22]
e geometrical nonlinearities (large deformations and/or large strains) [7] [22]
e changing boundary conditions during the simulation (e.g. contact) |7] [22]

e bifurcation of equilibria (e.g. buckling) [22]
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4. Modeling Approach

4.1.2. Explicit and Implicit Methods

The solutions path-dependence in a nonlinear FEM simulation is obtained by
applying the load in increments. These piece-wise linearized systems of equations
can be solved either with explicit or implicit methods, which are briefly described

in this section.

Implicit methods solve the nonlinear equation in each increment with an
iterative solver, ensuring that the obtained solution fulfills the equilibrium condi-
tions according to a specified convergence criteria [3I]. An example for such an
incremental-iterative procedure is the Newton-Raphson method, which is used in
Abaqus/Standard. Advantages of implicit methods are the unconditional stability
and that relatively large increment sizes can be used [7] [31I]. However, the com-
putational effort per increment is high due to the iterative method and obtaining
a converged solution may be challenging for certain problems [7]. Furthermore,
the system of equations has to be solved simultaneously for u as the problem is

coupled by the stiffness-matrix [31].

In explicit methods on the other hand, the equilibrium equations are solved
for i [31], where the mass-matrix is typically considered ‘lumped’ in the sense
that it has a diagonal shape. This means that it can be easily inverted and that
the problem is no longer coupled, thus it can be solved directly without the need
for a simultaneous solving procedure [7] [31]. Such an explicit direct-integration
scheme is used in Abaqus/Explicit. The computational effort per increment is low,
but the explicit method is only conditionally stable and requires small increments
[7] [31]. Depending on the problem either explicit or implicit numerical methods
may be more suitable. While implicit methods are typically applied in quasi-
static problems, explicit methods are better suited for highly dynamic simulations
[7]. Also in certain quasi-static cases, where the implicit solver has trouble to
obtain a converged solution as is the case in contact problems or complex material

simulations, the explicit method may be better suited [7] [31].
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4. Modeling Approach

4.2. Damage Model Implementation in
Abaqus/Standard

The developed isotropic elasto-damage model is implemented in Abaqus/Stan-
dard 2018 by Dassault Systémes (Vélizy-Villacoublay, France). It features mesh-
adjusted softening and viscous regularization techniques in order to ensure objec-
tivity and to obtain converging results. The constitutive model is intended for

fracture and damage simulations of quasi-brittle materials such as concrete.

Abaqus/Standard is a commercial implicit FEM software package, which provides
an interface that can be used to implement a user-defined mechanical constitu-
tive behavior with a so-called UMAT-subroutine. This subroutine is a code that
has to be written in FORTRAN and is executed at the integration points, where
the materials stress response and the tangent stiffness matrix have to be calcu-
lated. Within the UMAT it is possible to store so-called solution-dependent state
variables at each integration point, which may be used for parameters such as
the damage variable and damage growth initiation threshold [7]. These solution-
dependent state variables have to be initialized and it is necessary to specify their
number since Abaqus has to allocate space for them. Additionally the element
deletion option can be enabled, where the default value for the assigned deletion
state-variable is one. Abaqus will exclude the integration point from the analysis
if it set to zero and delete the entire element from the mesh once all integration

points are excluded.

Tables listing the input and output variables for the developed elasto-damage
model and an example Abaqus input-file are provided in the Abstract and

[A.3] respectively.

4.2.1. Isotropic Elasto-Damage Constitutive Model

As described in section the constitutive equation for an isotropic damage

model is given by
g=(1-D)E:¢ (4.3)

~
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4. Modeling Approach

with E° as the initial undamaged elasticity tensor of an isotropic material. Since
damage is assumed to be exclusively strain-driven in the implemented constitutive
model, the damage variable D depends exclusively on the strain tensor. To account

for general strain states, a scalar measure for the strain tensor called equivalent

strain
g:E ¢ 1
Eequ = E—O = EogijE?jklgkl (44)

is used, which is calculated with the energy norm. Onset of damage growth is

defined by the simple initiation criterion
Eequ > K (4.5)

where k is the largest previously reached equivalent strain with an initial value
corresponding to the strain at ultimate strength. An evolution law for the damage
variable in the form of D = D(k) is derived from the bi-linear stress-strain diagram
shown in Figure [4.1] obtained for the set of material parameters and characteristic

element length listed on top of the figure.

E = 20GPa; fi = 2.4MPa; G; = 0.05N/mm; [, = 10111}}11

7§ M N S (S — e D 1.0

Tequ
D

Eequ

Figure 4.1.: Stress-strain diagram with linear elastic and linear strain-softening
behavior and damage variable development.
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4. Modeling Approach

The derivation is based on the consideration that the post-peak stress can be
calculated as a function of the equivalent strain by one of two ways. Firstly to use

the reduced stiffness
Uequ = (1 — D)E@Sequ (46)

and secondly to use the softening-slope

E
Uequ - EO“’:O - ﬂ(gequ - 80) (47)
Ef — &o

where €p and & are the strain values at ultimate strength and total failure from a
uniaxial tensile response and with Ej as the initial undamaged Young’s modulus.

The following evolution function for the scalar damage variable

D= Zf((; - iz; - 2 - (1 _ i;) (4.8)

follows from equations and as well as from the consideration that damage
is evaluated with s instead of the equivalent strain as described in section [3.3]
Equation shows that the damage variable grows towards the value of one D —
1 when k — ¢, and finally becomes equal to one D(k = &) = 1. Damage evolution
according to this definition and the bi-linear stress response is shown in Figure [4.1]
obtained for a chosen set of material parameters and characteristic element length
listed on the figures top. As can be seen, damage begins to grow once the initial
growth onset threshold gy is exceeded. This strain value, corresponding to the

ultimate strength, can be calculated from

fe
o= 3 (4.9)
where f; is the tensile strength. The strain at final failure ¢ on the other hand
is not only depending on the material, but also on the used numerical mesh-size
due to the mesh-adjusted softening regularization described in section [3.5.2] The
implementation of this mesh-adjusted softening technique is described in the fol-

lowing section.
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4. Modeling Approach

4.2.2. Implementation of Mesh-Adjusted Softening

Regularization

The pronounced mesh-dependency encountered in strain-softening problems re-
quires certain methods to restore objectivity of the numerical results, otherwise
these simulations cannot provide reliable predictions. In the implemented damage
model the so-called mesh-adjusted softening method is applied, which adjusts the
softening-slope of the stress-strain diagram and thus the underlying material be-
havior. The adjustment depends on the characteristic element size [¢ and aims at
ensuring a mesh-independent energy dissipation. A theoretical treatment of this

regularization technique can be found in section [3.5.2]

The fundamental principle of this method is that the volumetric energy dissipation,
corresponding to the area under the stress-strain diagram, is magnified when the
element size and therefore the volume of failed elements is decreased. This way
the dissipated energy per crack unit area equals the fracture energy G¢ and the
total dissipated energy, corresponding to the area under the force-displacement
diagram, is independent of the chosen mesh-size. However, it should be noted
that this method only works when damage and strain localize into a single layer
of elements, otherwise objectivity is not restored. Therefore this technique is

sometimes regarded as pseudo-regularization [4].
The mathematical expression for the strain at final rupture

B 2 Gy
"~ E-g-(Ie-CF)

£t (4.10)

is derived from the aforementioned assumption that the area under the stress-strain

diagram shown in Figure 4.1

1 1 1
area = EEoeg + §E05[)(€f — &) = §E05f50 (4.11)

is equal to the fracture energy density

Gt

9t = m (4.12)
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4. Modeling Approach

obtained when the specific fracture energy is divided by the characteristic element
length scaled with the correction factor CF. This correction factor can be used
to compensate a possible difference between the characteristic element length and
the actual width of the failed element layer. Such a deviation between these two
lengths occurs for example in the case of a plane-strain triangular mesh, where
the characteristic element length is smaller than the layer width formed by these
elements. The characteristic element length is provided by Abaqus as CELENT
parameter in the UMAT subroutine. This parameter is calculated from the square
root of the element area or cubic root of the element volume for 2D and 3D ele-
ments, respectively. Therefore, the characteristic element length and actual local-
ization width are only equal in specific cases, such as quadrilateral and hexahedral
elements with an aspect ratio of one, where the elements are aligned to the crack
path. It should be noted that there is an upper bound for the scaled characteristic

element length, which originates from the condition
g0 < €r (4.13)

which prevents snap-back behavior on the continuum level.

4.2.3. Implementation of Viscous Regularization

As already described in section the numerical treatment of strain-softening
material behavior with implicit FEM is accompanied by numerical instability. A
possible remedy is to incorporate an artificial viscosity parameter that slows down
the rate of change for the damage evolution, which helps the numerical solver
to obtain a converged solution. This method improves the convergence behavior
without compromising the results, if the artificial viscosity parameter is chosen
appropriately. A guideline for the application of viscous regularization can be

found in the Abaqus online documentation 7] and in [15] [23].

This method is implemented by defining a viscous damage variable, D, which is

defined by the following rate equation

. 1
Dy= (D= Dy) (4.14)
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4. Modeling Approach

where 7 is the artificial viscosity parameter. This viscous variable D, then replaces

the original inviscid damage variable D
g=(1-Dy)E:¢ (4.15)

in the constitutive equation.

For the numerical implementation, the rate equation (4.14]) is discretized using the
forward finite difference approach

Drtt—proo1

—v___v — _(pt— prit 4.16

A= m) (116)

where the indices n+1 and n represent the state at time ¢t + At and ¢ respectively.
The time increment At is not constant, but is adjusted by the numerical solver as
required for the equilibrium iterations. From this approach it is simple to obtain

an explicit evolution equation for the viscous damage variable

D! + (At/n) D!

1+ (At/n) (4.17)

n+1l __
Dy =

which is a weighted average of its value at the previous increment D) and the
inviscid damage variable at the current increment D!, Furthermore, the im-
portance of (At/n) can be seen, because this ratio determines whether or not
the growth rate of the viscous damage variable is similar to that of the inviscid
one. For (At/n) >> 1 the difference between both damage variables vanishes,
whereas the growth of D is slowed down for (At/n) << 1. Thus the compromis-
ing effect caused by this regularization technique increases when the ratio (At/n)

decreases.

4.2.4. Derivation of the Tangent-Stiffness Tensor

The incremental-iterative numerical solver in Abaqus/Standard requires the cur-
rent tangent stiffness matrix
—= (4.18)
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4. Modeling Approach

also called the material Jacobian, as output of the UMAT-subroutine. This matrix
is used in the iteration process and affects only the convergence rate but not the
converged results [7]. A correct definition of the consistent material Jacobian
preserves the quadratic convergence rate of the Newton-Raphson method [7]. In
the UMAT-subroutine the stresses and the Jacobian are not defined as tensors but
as vector and matrix corresponding to the Abaqus convention [7]. Here we will
refer to the actual tangential stiffness tensor as I:[-Et and to the tangent stiffness

matrix as E'.

In order to derive the tangential stiffness tensor, equation (4.15) is differentiated

with respect to the strain tensor g

gt — d2Dv.g) g  Og 9D,
= de ~ 0g 0D, O¢

(4.19)

which yields a relation where the first part is always active, whereas the second part
only contributes when damage grows. After the straightforward differentiation of
the stress tensor with respect to the strain tensor and with respect to the viscous
damage variable, this equation takes the form

oD,
B =(1-D)E - (E:¢) (4.20)

where only the derivative of the viscous damage variable with respect to the strain
tensor is undefined [20]. This derivative is obtained by using the product rule
shown in equation (4.21)). The separate derivatives of this product rule are shown

in equations (4.22)) - (4.25)).
dD, 0D, 0D 0k Ocequ

O 0D Ok Ocequ Ot (4.21)
oD, (At/n)
oD 1+ (At/n) (4.22)
oD Et€equ(Er — €0) — Et(Eequ — €0)(Er — €0) E€0
= =p =1 d - 4.23
o Cean et — 20)) e B
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4. Modeling Approach

Ok

=1 4.24
o (4.24)

de (1/2)(1/E) 2E": ¢ E’: ¢ E’: g
equ — ~ — ~ — ~ (425)
O \/<1/E) e:E g E\/(l/E) e B :¢ E e

It should be noted that equation represents the derivative obtained when the
explicit evolution scheme for the viscous damage variable shown in equation [4.17is
differentiated with respect to the inviscid damage variable. This ensures that the
Abaqus time integration procedure, which uses an a priori unkown time step size
At, is incorporated. Therefore the tangent stiffness tensor is calculated consistently
from an algorithmic point of view. In equation [4.25| the square root corresponds to
the energy norm equivalent strain, thus the derivative can be written in a shortened
form [20].

The final form for the tangential stiffness tensor

At/n) Ef€0 1 1
EE1—AW—(
E" = ( E 1+ (At/n) 2. (er — €0) Eeequ (1 — Dy)?

equ

g®g  (4.26)

is obtained by inserting the derivatives (4.22)) - (4.25)) into equation (4.20) and by
using the relation E” : £ = (1 — D,)"'a obtained from equation 1}

For the implementation in the UMAT-subroutine, it is necessary to transform this
tangent stiffness tensor into a 6 x 6 matrix. This is quite simple for the first part
of the tensor, since the stiffness matrix for isotropic materials 20 can be found in
the literature. The transformation for the second part of the tensor on the other
hand is based on the rules specified in appendix [A.T]
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4. Modeling Approach

The resulting tangent stiffness matrix then equals

(A +20 A A 00 0
A A+20 A 0 0 0
B —(1-D,) A AA+2u 0 0 0| (At/y) D
= 0 0 0 u 0 0| 1+ (At/n)Eycequ
0 0 0 p 0
0 0 00 pu
011011 011022 011033 011012 011013 011023
022011 022022 022033 022012 022013 022023
] 1 033011 033022 033033 033012 033013 033023
(1_Dv)2 012011 012022 012033 012012 012013 012023
013011 013022 013033 013012 013013 013023
| 023011 023022 023033 023012 023013 023023 |

(4.27)

with A, p as the Lamé constants. Literature references for the derivation of the

tangent stiffness tensor can be found in [21] and [20].

4.2.5. Calculation of the Elastic Energy and Dissipation

It is reasonable to calculate the specific elastic strain energy and the dissipation
when the UMAT-subroutine is executed, because then these quantities are available
for post-processing. Abaqus supplies the global strain energy and dissipation based
on the values calculated at the integration points, which have to be stored in the
corresponding variables supplied by the subroutine interface such as SSE, SPD,
and SCD.

Two sources for energy dissipation have to be distinguished in the implemented
damage model. The first cause of dissipation is damage formation and the second
cause for dissipation originates from the viscous regularization. The elastic strain
energy and these two dissipation densities are illustrated in Figure [4.2] which
shows the viscous and inviscid stress response for the material parameter set and

characteristic element length listed on top of the figure.
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4. Modeling Approach

E = 20GPa; f; = 2.4MPa; Gf = 0.06N/mm; [, = 10mm

[Viscous Dissipation
BDamage Dissipation
BElastic Energy
-(1-D)Ee

—o__:noVR
equ

*Uequ: dt/n=0.5

Oequ

€0 Ef

Eequ

Figure 4.2.: Illustration of specific strain energy and dissipation caused by damage
formation and viscous regularization. The linear softening represents
the intended material behavior, while the line with square markers
shows the viscous regularized material response. Graph obtained from
a MATLAB simulation.

final
6cqu [

€equ

t=1 t— o0
simulation time ¢

Figure 4.3.: Loading conditions for Figure showing the time development of
the applied strain.

The loading conditions shown in Figure [4.3] highlight that the viscous regulariza-
tion has enough time in order for the stress to fully relax from the viscous curve
to the inviscid curve. The following interpretation of Figure [4.2]is based on this

assumption.
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4. Modeling Approach

Each of the colored regions shown in Figure 4.2}, correspond to a certain type of
specific energy or specific dissipation. The triangular area below the damaged stiff-
ness slope (1 — D)Ejy corresponds to the elastically stored specific energy, which is
written to the parameter SSE. The complementary triangle above the elastic en-
ergy represents the energy density dissipated due to damage formation. Its value is
written to the parameter SPD, which is normally used to describe dissipation due
to plastic deformation but is repurposed in this material model. Finally, the area
above the linear softening behavior shows the dissipation density caused by viscous
regularization. Its calculated value is written to the parameter SCD, which is in-
tended to describe dissipation due to creep but is repurposed in this damage model
implementation. This viscous dissipation area represents an unwanted deviation
from the inviscid linear softening behavior, but is required to obtain converged
numerical results. Nevertheless, the energy dissipation due to the implemented

artificial viscosity should be kept as low as possible.
The energy and dissipation densities calculated during the UMAT execution are
based on the following equations

€e] = SSE =

equ

1
g:g= 5(1 — D)Ee? (4.28a)

N | —

1
ep = SPD = area under inviscid linear curve — SSE = 3 DFEeoeequ (4.28Db)
ey = SCD = area under viscous curve — SSE — SPD (4.28c¢)

where e, ep and e, represent the specific elastic energy, dissipation density due to
damage formation, and viscous regularization respectively. Equation shows
that the scalar equivalent strain is used instead of the stress and strain tensors when
the elastic energy density is calculated. This simplification is possible due to the
energy norm definition for the equivalent strain according to equation [3.15 While
the calculation of e, and ep is straightforward, it is not that simple to determine
the dissipation density due to viscous regularization. This difficulty is caused by
the fact that viscous regularization depends on the increment size At, which is
chosen automatically by the numerical solver. Therefore it is required to sum up

the incrementally applied specific work and subtract the specific strain energy and
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4. Modeling Approach

specific energy dissipation due to damage in order to calculate the specific viscous

energy dissipation.

Again it is noted that the presented figure and equations are based on the assump-
tion of a fully relaxed stress state, where the viscous damage variable converged
towards the value of the inviscid damage variable (D, — D). Since this is generally
not the case during a simulation where the inviscid damage is still growing, the
presented equations are merely an approximation. Nevertheless, the introduced
error is negligible if the difference between viscous and inviscid damage variable is

small.
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5. Damage Simulations

In this chapter several example problems are presented, which are suited to test
the performance and applicability of the developed elasto-damage constitutive law.
Where available, the obtained numerical results are compared to references taken
from published literature. The example problems include a single element veri-
fication, a uniaxial tensile test, two three-point bending tests, and a plate with

circular hole under uniaxial tension.

5.1. Single Element - Damage Model Verification

Four aspects of the developed damage model are tested with this single element
model. First of all, the linear strain-softening behavior is to be confirmed. Sec-
ondly the influence of viscous regularization on the stress-strain behavior is to be
shown by comparing simulation results with different viscosity parameters. The
third aspect tested is the elastic energy and energy dissipation output, which are
compared to the externally applied work and the specified specific fracture energy.
And finally the fourth aspect tested is the behavior upon load removal and reload-
ing, where the damaged Young’s modulus must remain constant during unloading
and during the elastic part of the reloading step. A single linear hexahedral ele-
ment (C3D8) with a size of 10mm x10mm x10mm, which is subjected to a uniaxial
tensile test, is chosen as modeling approach. A displacement of 4.2 x 1072 mm is
applied to one surface, whereas it is set to zero on three surfaces as boundary con-
dition as can be seen in Figure This ensures that the Poisson contraction is
unhindered. Table|5.1|lists the material parameters used for the numerical simula-

tions, which are performed for a maximum increment size of At. = 0.01s
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5. Damage Simulations

Table 5.1.: Material parameters used for the damage model verification.
E 14 o Gf
20GPa 0.2 1.2e-04 50J/m?

SDV3
{Avg: 75%)

+1.000e+00
+1.000e+00
+1.000e+00
+1.000e+00
+1.000e+00

+1.000e+00
+1.000e+00

Figure 5.1.: Deformation and viscous damage variable SDV3 under uniaxial ten-
sion of the single element used for the damage model verification, with
the initial shape as wire-frame and a deformation scaling factor of 50.

and a load step time of t,,q = 1.0s, which results in a applied strain rate of ¢ =
0.0042s~ L. The three different artificial viscosity parameters used to demonstrate
the influence of viscous regularization are n = 1 x 107%s, n = 1 x 107®s, and
n =1x10"2%s. Figure shows the tensile stress and viscous damage variable
results for three single element simulations. As can be seen, the numerical stress
results exhibit linear strain softening behavior with the exception of the stress
peak caused by the viscous regularization. Thus the implemented linear approach
is verified. Furthermore, the figure shows that the deviation from the intended
inviscid behavior increases if larger values for the artificial viscosity parameter 7
are used. While the deviation is negligible when the two smaller artificial viscosity
parameters are used, it is quite pronounced for the simulation with n = 1 x 1072,
which exhibits a peak load height deviation of approximately 25%. This increased
stress peak is caused by the slowed down growth of the viscous damage variable.
As the stress-strain curves in Figure highlight, the deviation from the
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5. Damage Simulations

—0—0—0—0—0-—0—0—0— -

-
-0 —o—0,,: =1e-04
271 ,—«V“& 1 10.9
~ —a—0,,:7=1e-03
24r 10.8
—0—0, 4 n=1e-02
— 2.1 -6-D:n=1e-04 |07
A, 1.8 -e8-D:7=1e-03 |10.6 "
=15 ~o-Du1e02 | 05 _
=12 104
© oe 103
06 {0.2
03 10.1
0¢ : ‘ o0
& © © >
o FF TIPS
NN RN & 4

€11 [1]
Figure 5.2.: Numerical results for the three single element damage model verifica-

tion simulations showing a stress-strain diagram including the viscous
damage variable D, obtained for a uniaxial tensile test.

intended inviscid behavior is negligible if the artificial viscosity parameter is at

least three orders of magnitude smaller than the simulation step time tq.q.

The development of elastic strain energy and energy dissipation is plotted in Figure
It can be seen that the dissipation due to damage formation ALLPD is
independent of the chosen artificial viscosity parameter, because it is determined
by the inviscid damage variable D. ALLCD on the other hand clearly depends
on the implemented viscosity, since it represents the amount of energy linked to
the stress-magnification and thus the dissipation caused by viscous regularization.
In order to keep the influence on the numerical results low, it is important that
the energy dissipated due to viscous regularization remains small compared to the
energy dissipated by damage formation. As can be seen, the elastic strain energy
ALLSE does only change to a small degree when the artificial viscosity is varied.
This can be attributed to the fact that the stress-magnification caused by viscous
regularization is declining for increasing strain values, which keeps the deviation of
ALLSE in check. Dividing the final value of ALLPD with the cubes cross section
yields

5mJ/100 mm?* = 0.05 mJ/mm?* = 50 J/m? (5.1)
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which is equal to specified specific fracture energy parameter Gy.

5. Damage Simulations

Therefore the

dissipation due to damage formation is verified.
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Figure 5.3.: Numerical results for the three single element damage model verifica-
tion simulations showing ALLSE (elastic energy), ALLPD (dissipation
due to damage formation), and ALLCD (dissipation due to viscous
regularization) for a uniaxial tensile test.
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Figure 5.4.: Numerical results for the three single element damage model verifica-
tion simulations showing the energy sum (ALLSE4+ALLPD+ALLCD)
and the externally applied work for a uniaxial tensile test.
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5. Damage Simulations

Finally Figure is given, which verifies that the sum of strain energy ALLSE,
energy dissipation due to damage formation ALLPD, and energy dissipation due
to viscous regularization ALLCD is equal to the externally applied work. This
highlights that the stress, elastic energy and dissipation results correspond to each
other. However, it should be noted that the chosen calculation approach for the
energy dissipation due to damage formation does lead to a small deviation between
the externally applied work and the sum of ALLSE, ALLPD, and ALLCD. This
deviation increases when the effect of viscous regularization is more pronounced
and is caused by fact that energy dissipation due to damage formation is imple-
mented to depend on the inviscid damage variable D, which corresponds to the

case of a fully relaxed stress state where D, — D.

Finally the behavior upon load removal and subsequent reloading is shown in

Figure [5.5] where the stress and viscous damage variable are shown for three

simulation steps performed with an artificial viscosity of n = 1 x 107%s and a
simulation step time of t.,q = 1.0s. In the first simulation step a displacement
of 1.0 x 1072 mm is applied, which is removed in the second step, whereupon a
reloading step is applied with a displacement of 4.2 x 1072 mm. The figure confirms

that the damaged Young’s modulus remains constant upon load removal.

_______ e_______o_______o---————O'-"‘ 1
10.9
108 —a—0,," 1st Loading
07 __ nigen - Unloading
—
RN 10.6 — |- ¢ —o,,: 2nd Loading
~
6\\\ 105 > _e_DV: 1st Loading
So Q gD Unloading
DR 10.4 v )
S -0 - DV: 2nd Loading
~ 10.3
XN
S 10.2
~
~
So 10.1
\\
L L L ~ O
N > 0 X
SN Q{ﬁj 0619 0&% Q"rg\ 00&1’
> Q- QF QF : Q’ :
Strain [1]

Figure 5.5.: Numerical results for the damage model verification, showing the be-
havior upon load removal and reloading.
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5. Damage Simulations

5.2. Bar Under Uniaxial Tension

In this section, it is demonstrated that the developed constitutive law can produce
results that are independent of the chosen mesh-size. However, it is important

to remember that objective results are only obtained if damage localizes into a

single layer of elements as described in sections [3.5.2] and [4.2.2] Since the model

would exhibit uniform damage distribution when no counter-measures are taken,
it is required to induce localization. This is done by applying an initial damage
of Dy = D,y = 0.1 to a row of elements. It should be noted that the amount
of energy dissipation linked to this initial damage is approximately two orders
of magnitude lower than the total amount of dissipated energy. Therefore the
results are not compromised by this approach. Nevertheless, the fact that special
measures are required in order to obtain objective results highlights the downside

of the implemented mesh-adjusted softening regularization.

The chosen modeling approach is a bar with quadratic cross section (45mm x
45mm x 225mm), which is discretized with linear hexahedral elements (C3DS8).
Three simulation models with different element sizes are used (45mm, 15mm, and
5mm), which are named in the following as coarse, medium, and fine mesh. The
displacement in axial direction set to zero on the left side of the bar as boundary
condition. A poisson ratio of zero is chosen to avoid any effects resulting from
contraction. A displacement of 0.1mm is applied on the right side of the bar, which
is sufficient to cause total rupture. Table lists the material parameters used in
the simulations, which are performed with an artificial viscosity parameter of n =
1 x 107*s and a simulation step time of t,q = 1.0s. The viscous damage variable
field and displacement field results shown in Figure |5.6| confirm the localization
into a single layer of elements. Furthermore, the displacement field shows that the
macroscopic crack is represented as “displacement jump”, which fits the geometric

interpretation of cracks.

Table 5.2.: Material parameters used for the bar under uniaxial tension.
FE 14 o Gf
20GPa 0.0 1le-04 90J/m?
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5. Damage Simulations

SDV3 U, U1
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+5.000e-01 +3.333¢-02
+3.333e-01 +1667e-02
+1.667e-01 -1.000e-17
+0.000e+00

SDV3 TR
(Avg: 75%) +%.ggge,8%
+8. e
13995e19° +6.667e-02
+6.867e-01 +5.000e-02
+5.000e-01 +3.333-02
+3.333e-01 +1867e-02
+1667e-01 -1.000e-
+0.000e+00

SDV3 u,u1
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153666.01 +3:3336-02
+3:8226.01 +1:667e-02
+2277e-01 -1.000e-17
+7.328e-02

(e) (f)

Figure 5.6.: Simulation results for the bar under uniaxial tension showing the
viscous damage variable SDV3 (a)(c)(e) and displacement field Ul
(b)(d)(f) for the coarse, medium, and fine mesh respectively.

Finally, the global results of the entire bar for all three meshes are given in Fig-
ure which shows the obtained load-displacement curve, elastic strain energy

ALLSE, and energy dissipation due to damage ALLPD. As can be seen, the nu-
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5. Damage Simulations

merical results only show a negligible mesh size dependence, which verifies that the
developed damage model yields objective results if damage localizes into a single
layer of elements. It should be noted that the small deviation for the fine mesh
results are attributed to the fact that damage formation occurred to a small degree

in the entire specimen before localization set in.

To verify the energy dissipation results due to damage formation, the value at final

rupture is divided by the bar’s cross-section
~ 182mJ/(45mm)? = 0.089 87 mJ /mm? = 89.87 J /m? (5.2)

which is in good agreement with the specified specific fracture energy Gy, thus the
dissipation results are verified. Finally it should be mentioned that the amount of
dissipation due to viscous regularization ALLCD is negligible with values in the

order of 1 x 1071 mJ.

4400 1220
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Figure 5.7.: Numerical results for the bar under uniaxial tension showing the global
reaction force, the elastic energy (ALLSE) and dissipation due to dam-
age (ALLPD) as a function of the applied displacement.
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5. Damage Simulations

5.3. Three-Point Bending Test 1

A three-point bending test of a notched beam meshed with plane-strain elements is
chosen to demonstrate that the developed damage model is able to give reasonable
predictions. This is achieved by comparing the obtained numerical results to a

literature reference shown in Figure [5.8

As can be seen, the reference mesh is refined at the beam’s center but is more
coarse at the outer thirds in order to reduce the simulation time. While the center
elements are equal to the notch width with an element size of 5mm, the larger
elements in the coarse part have a size of 20mm. The boundary conditions used
in the literature reference are shown in Figure (a), and a displacement load of
0.5mm is applied at both top nodes of the top element on the notch path. Table
lists the used material parameters.

L

(a) o
2
1 Loy t=100n1m
—
. D
22! 225
' 5 $ 0 4 [mm]
(b) | SerERA |
| B
L a GEEEERE 1D |
| | ' '
L = ] |

Figure 5.8.: Literature reference [20] of a notched beam subjected to a three-point
bending test with 5mm notch width, showing the geometry, mesh,
boundary conditions.
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5. Damage Simulations

Table 5.3.: Material parameters used for the three-point bending test 1 [20].
E 14 o Gf
20GPa 0.2 1.2e-04 90J/m?

In order to test the developed damage model, the displayed three-point bending
test is simulated for three different settings. Each simulation uses linear plane-
strain elements (CPE4) and is performed for the geometry, boundary conditions,
and applied load specified in the reference. The first simulation repeats the de-
scribed reference situation from [20] exactly. The second and third simulations,
however, use a refined mesh where the center part of the beam is meshed with
elements half the reference size. Since damage did not localize in a single layer
of elements in the second simulation, localization is induced in the third simula-
tion by applying a 10% higher tensile strength to all elements except those on the
macroscopic crack path. All simulations use an artificial viscosity parameter of
n=1x10"*s and a simulation step time of to,q = 1.0s. The deformed specimen
and the viscous damage variable distribution for the three simulation settings are

shown in Figure [5.12

For a better comparability Figure [5.9|1s given, which shows the obtained numer-
ical results for the reference mesh with the literature reference as background
image. Figures and show the separate load-displacement curves for the
literature reference and the performed simulations, respectively. A comparison
highlights that the developed elasto-damage model yields reasonable results, since
the obtained load-displacement diagram is nearly identical to the reference. since
the obtained load-displacement diagram is nearly identical to the reference. Nev-
ertheless there are certain differences, such as a different shape of the curve in
the post-peak region. This different post-peak shape can be attributed to the
implemented type of strain-softening behavior, which is linear for the developed
model and exponential for the reference. In addition to this shape difference, the
literature reference peak load is higher and occurs at a larger displacement value.
A possible cause for this peak load height difference is the different equivalent

strain definition. While the reference is using a standard rankine description, the
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implemented model uses the energy norm.
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Figure 5.9.: Combined load-displacement diagram showing the obtained reference
mesh results with the literature reference as background image.
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Figure 5.10.: Literature reference [20] load-displacement results
bending test 1.
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5. Damage Simulations
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Figure 5.11.: Abaqus simulation results of the three-point bending test 1 in form
of a load-displacement curve, showing the results for the reference
mesh, refined mesh without induced localization, and refined mesh
with induced localization.

Figure shows the obtained load-displacement results for the three simulation
settings, reference mesh, refined mesh without induced localization, and refined
mesh with induced localization. As can be seen, the reference mesh results are
identical to the results obtained on the refined mesh with induced localization.
The results on the refined mesh without induced localization on the other hand,
deviate dramatically from the other two curves. This demonstrates the capability
and limitation of the implemented mesh-adjusted softening regularization, which
ensures objective results only if damage localizes into a single layer of elements.
The cause for this behavior is the requirement that the localization width must be
equal to the length parameter used in the regularization. This length parameter,
however, is based on the characteristic element length, thus the single element
layer localization requirement. In cases where damage is not confined in a single
element layer, it is required to induce localization in order to obtain objective

results.

Finally it should be noted that the amount of energy dissipated due to viscous

regularization is in the order of 1 x 107! mJ and therefore negligible.
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Figure 5.12.: Deformed shape and viscous damage variable SDV3 distribution for
the three-point bending test 1, with (a) reference mesh, (b) refined
mesh without induced localization, and (¢) refined mesh with induced
localization.
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5. Damage Simulations

5.4. Three-Point Bending Test 2

A second literature reference example [21] for a three-point bending test is pre-
sented here, which is used as comparison for the results obtained with the devel-
oped damage model. The modeling approach shown in Figure[5.13| consists of three
beams with different notch lengths, which are modeled with linear plane-strain el-
ements (CPE4). The elements on the crack path have an aspect ratio of one and
a size of 5 mm, whereas the elements on the left and right part are elongated with
a length of approximately 20 mm. The boundary conditions are chosen according
to the presented figure, with the left corner node completely fixed and the right
corner node fixed only in vertical direction. The simulations are performed with an
applied displacement of 1.5 mm on both top nodes of the top element on the crack
path. The used material parameters are listed in Table [5.4l The simulations

e T %Dlsplacement: 1.5 mm

= n
g Ligament C |
-}
=
Gk m—— e == Iy v 5
800 mm
Model C40
Model C50
Model C60 (=60 (mm)

Figure 5.13.: Literature reference |21 for a three-point bending test, showing the
geometries, meshes, load, and boundary conditions of three notched
beams, where C represents the remaining ligament length.
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5. Damage Simulations

Table 5.4.: Material parameters used for the three-point bending test 2 [21].
FE 14 o Gf
30GPa 0.0 1e-04 100J/m?

are performed with an artificial viscosity parameter of n = 1 x 107*s and a step
time of 1.0s. For a better comparability, the obtained load-displacement diagram
is shown with the literature reference as background image in Figure Figures
[5.15 and [5.16] show these load displacement diagrams separately. A comparison
highlights that both exhibit similar behavior, they feature approximately the same
peak load change from beam to beam, and they converge into a common curve.
The results, however, also exhibit certain differences. First of all the exponen-
tial strain-softening description compared to the implemented linear approach is

clearly visible. Secondly, the literature reference peak load value for each beam is

higher
1471
13-
12 ,’Q\ :C40 |
B — :C50

0 01 02 03 04 05 06 07 08 09 1 11 1.2 13 1.4 15

Displacement [mm)]

Figure 5.14.: Combined load-displacement diagram showing the obtained numeri-
cal results for the three-point bending test 2 with the literature ref-
erence as background image.
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5. Damage Simulations

and occurs at a larger displacement value. A possible cause for this difference in
the peak load height is the different equivalent strain definitions used. While the
implemented damage model uses the energy norm, the literature reference uses
a modified von-Mises definition that does not take into account the energy share

caused by volume change.

The deformed specimen and distribution of the viscous damage variable SDV3 are
shown in Figure 5.17 As can be seen, the simulation meshes are equal to those
used in the literature reference. The reason why three beams with different notch
lengths are used is that Kurumatani et al. [21] suggest a method to determine the
specific fracture energy. According to this approach, the specific fracture energy is
obtained when the difference in the applied mechanical work between two beams
is divided by the difference in the fracture surface areas, which is caused by the

different notch lengths. Applied to the obtained numerical results one gets
G0 =100.05 J/m? (5.3)
by comparing beams C50 and C40, and
G297 =100.14 J /m? (5.4)

when beams C60 and C50 are compared. Both results match the specified spe-
cific fracture energy value quite well, which verifies the results obtained with the
developed damage model. The basic assumption for this method is that the differ-
ence in mechanical work, which can be obtained by subtracting the areas enclosed
in the force-displacement diagram, is consumed in the formation of crack area

corresponding to the different notch lengths.
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Displacement (mm)

Figure 5.15.: Literature reference results of the three-point bending test 2 in form
of a load-displacement curve [21].
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Figure 5.16.: Simulation results for the three-point bending test 2, showing the
load-displacement results of the three notched beams with different
notch lengths.
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SDV3
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()

Figure 5.17.: Deformed shape and viscous damage variable SDV3 distribution of
the notched beams in the three-point bending test 2 with (a) model
C40, (b) model C50, and (c¢) model C60.
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5. Damage Simulations

5.5. Plate with hole under uniaxial tension

The presented example problem is taken from a paper by Kurumatani et al. [21]
and displayed in Figure , where three simulation models (H1, H2 and H3) are
shown for a plate with circular hole under uniaxial tension. These literature refer-
ence simulation models are modeled with linear plane strain triangular elements.
The plates are constrained at the bottom edge and get a displacement applied on
the top. Model H1 represents a scaled down version of the model H2, where both
the dimensions and applied displacement is halved but the number of elements is
kept the same. Model H3 on the other hand has the same dimensions and applied
displacement as model H2 but uses the element size from model H1, thus it is

twice as fine meshed.

Displacement: 0.05 mm
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Figure 5.18.: Literature reference [21] of plates with a circular hole subjected to

a tensile test, showing the geometries with 20 mm and 40 mm hole
diameter, and showing the meshes, boundary conditions, and loads.
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5. Damage Simulations

Table 5.5.: Material parameters for the plate with hole example problem [21].
FE 14 €0 Gf
20GPa 0.1 1e-04 40 J/m2

In the literature reference, the presented simulation approach is used to show that
mesh size independent results can be obtained with their elasto-damage model,
which is done by comparing the results for models H2 and H3. Furthermore,
the size-effect, a characteristic behavior for brittle materials with strain-softening
fracture, can be demonstrated. This dependence on the model size is shown by
comparing the results for model H1, with half the size, to the results for the mod-
els H2 and H3. The literature reference simulations use the geometries, meshes,
boundary conditions, and load specified in Figure[5.18 and the material parameters
listed in Table .5

These reference simulations are repeated with the damage model developed within
the scope of this thesis, once for a linear plane-strain triangular element (CPE3)
mesh corresponding to the reference and once for a linear quadrilateral element
(CPE4) mesh. The simulations are performed with an artificial viscosity parame-
tern = 1 x 107%s and a step time of 1.0s. It should be noted that the tria-element
simulations use a correction factor of CF = 1.4, that compensates the difference
between characteristic element length and actual width of failed elements, as de-
scribed in Section [4.2.2l The boundary conditions are applied in accordance to
the reference, where the vertical displacement for the bottom nodes is set to zero.
In addition, the horizontal displacement for the corner nodes is prevented as well.
The displacement load used in the reference, where 0.05 mm are applied on the
H1 model and 0.10mm on the H2 and H3 models, is also used in the performed
simulations. The resulting viscous damage variable SDV3 distribution is shown in
Figure [5.19] where it can be seen that the crack path is straight for the quadrilat-
eral element mesh and curved for the triangular element mesh. Interestingly the
crack path shape seems similar for all three tria-element models, as can be seen
by comparing figures (b), (d) and (f). Furthermore, damage appears to be spread

over several elements in the tria-mesh simulations, whereas it is constrained in a
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5. Damage Simulations

single element layer in the quad-mesh.

SDV3 SDV3
{Avg: 75%) {Avg: 75%)
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E +4.975e-01 E +5.000e-01

+3.300e-01 +3.333e-01

+1.625e-01 +1.667e-01

5.000e- +0.000e+00

(a) SDV3 for Model H1 (b) SDV3 for Model H1

SDV3 SDV3
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+1.000e+00 +1.000e+00

+8.325e-01 +8.333e-01
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+4.975e-01 +5.000e-01

+3.300e-01 +3.333e-01
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(c¢) SDV3 for Model H2 (d) SDV3 for Model H2

SDV3 SDV3
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+1.000e+00 +1.000e+00
E +8.317¢-01 E +8.333¢-01

(e) SDV3 for Model H3 (f) SDV3 for Model H3

Figure 5.19.: Viscous damage variable SDV3 distribution for the plate with circu-
lar hole under tensile load, with (a), (¢) and (e) showing the quad-
element models and (b), (d) and (f) the tria-element models.
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5. Damage Simulations
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Figure 5.20.: Combined apparent stress-strain diagram showing the obtained nu-
merical results for the plate with circular hole example problem with
the literature reference as background image.

For a better comparability, Figure is given, which shows the obtained results
with the literature reference as background image. Figures [5.21] and [5.22] show

the apparent stress-strain results for the literature reference and the performed

simulations, respectively. These apparent stress-strain diagrams plot the applied
force divided by the plate’s cross-section against the applied displacement divided
by the plate’s height, which allows the comparison of plates with a different size.
Comparing the obtained numerical results to the literature reference highlights
that the obtained results exhibit linear strain-softening behavior compared to the
exponential softening in the reference. Furthermore, the peak load of the obtained
numerical results is significantly higher than in the reference case. The different
equivalent strain definitions used in the implemented model compared to the ref-
erence poses a possible cause for this difference in peak load height. While the
implemented model uses the energy norm definition, the reference relies on a mod-
ified von-Mises definition with a compressive strength ten times as high as the
tensile strength. The displayed difference is quite prominent and might indicate

that an exponential strain-softening and a linear strain-softening description are
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5. Damage Simulations

just too different in order to obtain similar results.

Aside from the obvious difference between reference and obtained results, there
are certain similarities as well. Both of the element types used in the simulations
are able to reproduce the size-effect shown in the reference results, where the
smaller H1 model exhibits more pronounced dissipation compared to the larger
H2 and H3 models. This size-effect is typical for materials with strain-softening
behavior and the fact that it is reproduced in a numerical simulation highlights
the suitability of the developed damage model. Furthermore, the results obtained
for the H2 and H3 models, where the plates have equal size but are meshed with
a different resolution, are fairly equal. This is especially true in the case of the
quadrilateral mesh simulations, whereas there is still a slight mesh size dependence
in the triangular mesh results. These fairly equal results obtained on differently
fine meshed simulation models demonstrate that relatively objective results are
obtained. Finally, the curved crack path compared to the straight line crack shown
in Figure is given as possible cause for the clearly visible difference in the

obtained results for the quadrilateral and triangular mesh simulations.

[—
T

Load / Areca (MPa)

1 1
0.0002 0.0004

Displacement / length

Figure 5.21.: Literature reference results for the plate with circular hole example
problem as an apparent stress-strain diagram [21].
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Figure 5.22.:

Figure 5.23.:

5. Damage Simulations
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Numerical results for the plate with circular hole under uniaxial ten-
sion showing an apparent stress-strain diagram for the H1, H2, and
H3 models, with the quadrilateral mesh results shown as blue dashed
line and the triangular mesh results shown as red dotted line.

10 L|-©-H1 - quads
- & -H2 - quads
97|~ @ -H3 - quads
— L|e-H1 - tria
— 8
g |[-eH2-tia PO N AR ARSI S A
- . g
e f:&k&-&-&&&&&&ﬁ@&»ﬁ
o—i 5F £
M=ol
— j R O =y
< 3 =85 0 00
k: B
o
2r )a,,—e"
i g
1k o
n@"#
09__9__9__@;@»—"9’ . . . . . | | |
$ SR R SN 4 Po$
N N O N N
Q ; O N O N S N S O
TN ~ O S N N o° N N

e* = Displacement /Height [1]

Numerical results for the plate with circular hole under uniaxial ten-
sion showing the energy dissipated due to damage formation ALLPD
for a plate thickness of 1 mm, where the quadrilateral mesh results
are shown as blue dashed line and the triangular mesh results are
shown as red dotted line.
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5. Damage Simulations

Figure [5.23]| shows the energy dissipation due to damage formation ALLPD for a
plate thickness of 1 mm. By comparing the quadrilateral element results for the H2
and H3 models, it can be seen that mesh size independent results are obtained. The
same comparison for the triangular element results on the other hand shows that
these simulations still exhibit a slight mesh size sensitivity. This observation is in

agreement to the conclusion drawn from the apparent stress-strain diagram.

To check the plausibility of the obtained dissipation results, the energy dissipated
at final rupture is divided by the plate’s cross-section at the crack path. This
yields

~3.2mJ/(80mm - 1 mm) = 0.04 mJ/mm? = 40 J/m? (5.5)

for the H1 model simulated with quadrilateral elements, and
~ 6.4mJ/(160mm - 1 mm) = 0.04 mJ/mm? = 40 J/m? (5.6)

for the H2 and H3 models simulated with quadrilateral elements. These values
correspond exactly to the specified specific fracture energy, which verifies the ob-
tained numerical dissipation results for the quadrilateral mesh simulations. The
same plausibility check applied to the results obtained with the triangular mesh
simulations yields 46 J/m? for the H1 model and 43 J/m? to 46 J/m? for the H2 and
H3 models. These slightly higher results could be caused by the curved crack path,

which leads to a longer crack line and therefore a higher dissipation result.

5.6. Beam Element Example Problem

At last an example problem for shear flexible Timoshenko beam elements is given
in order to demonstrate that the developed damage model can be used for such
applications as well. The modeling approach is given in Figure[5.24] where a beam
with an applied vertical and horizontal displacement load at the center node of
5mm and 0.25mm, respectively, is shown. The horizontal compressive load is
required to fully damage the entire cross-section, since the section point located at
the neutral axis would not develop damage formation by a bending load alone. The

indicated boundary conditions are a horizontally and vertically fixed right node
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5. Damage Simulations

and a left node fixed only in vertical direction. The beam’s geometrical dimensions
are a length of 800 mm and a quadratic cross-section with a lateral length of 10 mm.
The beam is modeled by 32 linear in-plane beam elements (B21). The simulation
is performed with an artificial viscosity parameter of n = 1 x 107*s, a simulation
step time of tenq = 1.0, and the nonlinear geometry option. The used material

parameters are given in Table [5.6

When structural elements such as beam elements are used in conjunction with
a UMAT subroutine, Abaqus cannot calculate shear stiffness values during the
pre-processing. In case of beam elements, the user must provide the transverse
shear stiffness according to the calculation method documented in the Abaqus
manual [7]. For the presented problem, a transverse shear stiffness of 276 422 N is

used.

N S e = = o= = B*q

Figure 5.24.: Simulation model for the beam element example problem.
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Figure 5.25.: Deformed shape (scaling factor 10x) and viscous damage variable
SDV3 distribution for the beam element example problem at the end
of the simulation step.
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5. Damage Simulations

Table 5.6.: Material parameters for the beam elements example problem.
FE 14 €0 Gf
20GPa 0.2 1e-04 90J/m?

Figure [5.25] shows the deformed beam and distribution of the viscous damage
variable SDV3. As can be seen, only the element to the right of the center node is
damaged. The load-displacement responses in horizontal and vertical direction are
given in Figures [5.26] and [5.27], respectively. In addition, the elastic strain energy
ALLSE and dissipated energy due to damage formation ALLPD is shown in both

figures as well.

The initial linear response to the compressive load can be seen in the horizontal
reaction force-displacement diagram, shown in Figure [5.26] which gets followed
by a curvature and finally a strain-softening decline once damage formation sets
in. The vertical reaction force corresponding to the applied bending deformation,
shown in Figure [5.27] exhibits a more complicated curve progression. As can be
seen, the applied bending leads to a resisting force in the beginning, which then
goes through a transition towards negative values. This means that the beam must
be supported to prevent larger bending than the specified displacement load. A
common feature of both load-displacement diagrams is the declining reaction force
upon damage growth, until finally the reaction force becomes zero. This corre-

sponds to a fully damaged beam element, which can be seen in Figure [5.25]

To verify the obtained results for the energy dissipation due to damage ALLPD,
the value at final rupture gets divided by the beam’s cross-section
9.1mJ 9 9

which is in good agreement to the specified specific fracture energy parameter.
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Figure 5.26.: Numerical results showing a load-displacement diagram in horizontal
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6. Summary and Conclusion

Material damage and the development of crack-like defects are of vital interest
for mechanical engineers. Very often these problems are analyzed with numerical
methods. To this end, an elasto-damage constitutive law for implicit FEM is de-
veloped, implemented, and applied to text book examples within the scope of this
thesis. The developed isotropic damage model is based on a continuum damage
mechanics description using a single scalar damage variable and a linear strain-
softening post-peak response. General strain states are treated by calculating a
scalar measure for the strain tensor called equivalent strain, which is calculated
with the energy norm. The model is intended for the simulation of damage develop-
ment in brittle and quasi-brittle materials. Implementation in Abaqus/Standard
2018 by Dassault Systémes (Vélizy-Villacoublay, France), a commercial implicit
FEM software package, is done via the user material subroutine UMAT. Viscous
regularization, which adds an artificial viscosity behavior, ensures that converg-
ing results are obtained. Mesh-size dependency typically encountered in FEM
simulations of strain-softening materials is alleviated with mesh-adjusted soften-
ing regularization. This method incorporates the specific fracture energy and the
characteristic element length into the constitutive behavior, where the post-peak
softening slope is adjusted in such a manner that mesh-size independent energy

dissipation and objective load-displacement results are obtained.

Verification of the developed damage model is done by simulating a uniaxial ten-
sile test of a bar with quadratic cross-section modeled with three different meshes.
This simple test proofs that the results are independent of the mesh-size and that
the amount of dissipated energy is consistent as it corresponds to the specified
specific fracture energy. Additionally, results for two three-point bending tests

and a tensile test of a plate with circular hole are compared to literature refer-
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6. Summary and Conclusion

ences made of concrete. The obtained numerical results are in good agreement
with the references, which shows that the model yields reasonable results in prac-
tical applications. Despite the basic similarities, however, the results also exhibit
certain differences compared to the literature references. For example the peak
load obtained in both three-point bending tests is lower than in the reference case
and the shape of the post-peak region slightly deviates from the reference curve.
These differences are attributed to a differently modeled softening regime and a
different equivalent strain definition. While the strain-softening behavior is linear
in the implemented model, it is exponential in the literature references. Never-
theless, the damage model represents a general elasto-damage constitutive law for

isotropic damage, thus the chosen linear strain-softening type is justified.

In conclusion it can be said that the developed constitutive law can be used to
simulate damage development until final rupture for brittle and quasi-brittle ma-
terials, but it is necessary to keep in mind its limitations. For example mesh-size
sensitivity is only avoided if the requirement imposed by the mesh-adjusted soft-
ening regularization is fulfilled. Namely that the width of failed elements must be
used as length parameter in the regularization procedure, which is only the case
when damage localizes into a single layer of quadrilateral or hexahedral elements
with an aspect ratio of one. If other elements are used, or if the crack propagates
diagonally through the mesh, then it is required to use a correction factor for the
length parameter used in the mesh-adjusted softening regularization. This correc-
tion factor accounts for the deviation between the characteristic element length

and the actual width of damage localization.
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A. Appendix

A.1. Stiffness Tensor E and Matrix E

The stiffness tensor that is used in the mechanical constitutive equations is a tensor

of fourth-order, which means it has 3* = 81 entries

Ellll E1122 E1133 E1112 E1121 E1123 E1132 E1131 E1113

E2211 E2222 E2233 E2212 E2221 E2223 E2232 E2231 E2213

E3311 E3322 E3333 E3312 E3321 E3323 E3332 E3331 E3313
E1211 E1222 E1233 E1212 E1221 E1223 E1232 E1231 E1213

0 __
E" = E2111 E2122 E2133 E2112 E2121 E2123 E2132 E2131 E2113 (Al)
E2311 E2322 E2333 E2312 E2321 E2323 E2332 E2331 E2313
E3211 E3222 E3233 E3212 E3221 E3223 E3232 E3231 E3213

E3111 E3122 E3133 E3112 E3121 E3123 E3132 E3131 E3113

_E1311 E1322 E1333 E1312 E1321 E1323 E1332 E1331 E1313_

which are linked by certain symmetry properties. First of all E° possesses mi-
nor symmetry Ejji; = Eji = Ejj,, which can be derived from ghe linear-elastic
constitutive equations in index-notation o;; = Fjjicr and the stress and strain
tensor symmetry (0;; = 0j;, €;; = €;;). And secondly it possesses major symmetry
Eijii = Eij-

If these symmetry properties are used and the shear strain components are replaced

with the shear angles 7;; = ;; +¢j;, then the constitutive equation can be written
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A. Appendix

in the form

0ij = Fijrien =Eijnen + Fijoca + Eijzsess

+ Eijionz + Eijisnis + Eijasyes

(A.2)

which represents a shortened form of the same equation. Writing it in matrix-form

we obtain
011 Eiin B
022 Eao11 Eagzo
033| E3311 Eszoo
012 Eio11 Eigoo
013 Ei311 Ehiseo
023 Eas311 Eagoo

with

Enn Eng
Eoor1 Eoozo

Z?3311 123322
121211 121222

121311 121322

122311 122322

I
I

121133

Eo33
E3333
E33
Ei333

Eos33

122312

Es313

Ei123 €11
Es923 €22

Es393 €33

Er23| |2
Eisoz| |3
E2323_ V23

121123

E9293
Es303
Er923

Ei303

Es303

(A.3)

as the stiffness matrix. The component ordering corresponds to the convention

used in Abaqus [7] and is similar to Voigt notation except that the fourth and

sixth component are switched.
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A. Appendix

A.2. Elasto-Damage Model Input/Output Tables

The developed UMAT subroutine requires the specification of eight material pa-
rameters, which are available in the PROPS(NPROPS) array in the subroutine.

The first four parameters are indeed material properties, whereas the remaining

four parameters are merely a result of the implementation approach. Naturally,

the material properties must be defined with a consistent unit scheme. The ar-

tificial viscosity parameter should be approximately three orders of magnitude

smaller than the simulation step time, otherwise the introduced error is no longer

negligible.

Table A.1.: Input parameters required for the application of the developed elasto-
damage UMAT subroutine, which are stored in the material property
array PROPS(NPROPS).

Nr. Input Parameter Explanation

1 F Young’s Modulus

2 v Poisson ratio

3 & strain at ultimate strength (in a uniaxial tensile test)

4 g or Gy strain at final rupture (in a uniaxial tensile test)
or the specific fracture energy, depending on Flag01

5 n artificial viscosity

6 Flag01 Flag for the activation/deactivation of the
mesh-adjusted softening regularization (MASR)
(0: MASR not used — & must be specified in Nr.4)
(1: MASR is used — Gy must be specified in Nr.4)

7 Flag02 Flag for the activation/deactivation of the Mazars
definition for the energy norm of positive strain. See
Section m (0: standard energy norm is used)
(1: Mazars energy norm of positive strain is used)

8 CF Correction factor used to compensate a possible

deviation between characteristic element length
and the element size perpendicular to the developing
damage localization zone. See Section .

The available UMAT subroutine specific output of the developed damage model

consist of eight parameters, which are saved in the solution-dependent sate variable
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A. Appendix

array STATEV(NSTATYV). These output parameters can be separated into those
that are required (SDV1, SDV3, SDV6, SDVS) for the functionality of the devel-
oped damage model and those that are saved to be available during post-procession
(SDV2, SDV4, SDV5, SDVT7).

Table A.2.: UMAT subroutine specific output parameters of the developed elasto-
damage UMAT subroutine.

Nr. Output Parameter Explanation

1 SDV1 historically largest equivalent strain s

2 SDV2 inviscid damage variable D

3 SDV3 viscous damage variable D,

4 SDV4 specific dissipation due to damage formation
(gets also stored in the SPD variable)

5 SDV5 specific dissipation due to viscous regularization
(gets also stored in the SCD variable)

6 SDV6 summed up area under the equivalent stress-strain
diagram (specific el. energy + specific dissipation)

7 SDV7 equivalent strain €eqy

8 SDV8 element status ELSTAT (1: active / 0: deleted)

The global energy output parameters ALLSE, ALLPD, and ALLCD are available
during post-processing if they are requested in the Abaqus input file. Abaqus
calculates these global values based on the specific variables SSE, SPD, and SDC
calculated in the UMAT subroutine. The ALLPD and ALLCD parameters have
a different meaning in the implemented damage model than in the general case.
Here ALLPD represents the global energy dissipated due to damage formation and
ALLCD represents the global energy dissipated due to viscous regularization.

Table A.3.: Global strain energy and global energy dissipation provided by Abaqus
based on the specific values calculated during the UMAT subroutine.

Output Parameter Explanation

ALLSE global strain energy

ALLPD global energy dissipated due to damage formation

ALLCD gloabl energy dissipated due to viscous regularization
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A. Appendix

A.3. Example Abaqus Input File

In this section an example Abaqus input file for the application of the developed
damage model is given. The command that invokes the use of a user material
subroutine is *USER MATERIAL, where the parameter CONSTANTS specifies
the number of material properties. Furthermore, the commands *DEPVAR and
*INITIAL CONDITIONS are used to specify the number of solution-dependent

state variables and to initialize them.

** Input File for one of the Single Element Verification Simulations
** creates a Cube (10x10x10) and applies a uniaxial deformation
*Node, Nset—=Nall

1, 0.0, 0.0, 0.0

2,10.0, 0.0, 0.0

3, 10.0, 10.0, 0.0

4, 0.0, 10.0, 0.0

5, 0.0, 0.0, 10.0

6, 10.0, 0.0, 10.0

7. 10.0, 10.0, 10.0

8, 0.0, 10.0, 10.0

*NSET, Nset=Bottom

1,2,3,4

*NSET, Nset=Left

1,2,5,6

*NSET, Nset=Back

1,4,5,8

*NSET, Nset—Front

2,3,6,7

*Element, Type=C3DS8, Elset=Eall

1,1,2.3,4,5,6,7, 8

*Material, NAME—=UserMat

*USER MATERIAL, CONSTANTS=8

** Constants — Number of material parameters

€ E, Nu, Eps_0, Eps_for G_f, eta, Flag0l (0/1 = Eps_{/G_f), Flag02 (0/1 =
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A. Appendix

strain/<strain>), correction factor CF

20000.0, 0.2, 1.2¢-04, 0.05, 1e-04, 1, 0, 1.0
*DEPVAR

** alternatively: DEPVAR, DELETE=8

** Number of solution dependent variables STATEV(NSTATV)
8

*INITTAL CONDITIONS, TYPE=SOLUTION
**Elset, EPSMAX, D, D_v, SPD, SCD, SSA, EPSEQU, ELSTAT
Eall, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0, 0.0,

1

*SOLID SECTION, Elset—Eall, Material=UserMat
*BOUNDARY

Back, 1, 1

Left, 2, 2

Bottom, 3, 3

*STEP, NAME=STEP-1, NLGEOM=No, INC=500
*STATIC

0.01, 1.0, 1E-05, 0.01

*Boundary

Front, 1, 1, 1.2e-2

*OUTPUT, HISTORY

*ENERGY OUTPUT, ELSET=Eall

ALLSE, ALLPD, ALLCD

*OUTPUT, FIELD

*ELEMENT OUTPUT, ELSET—Eall

S, E, SDV, STATUS

*NODE OUTPUT, NSET=Nall

U, RF, TF

*END STEP
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