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Abstract
The present master thesis addresses the relaxation and the time-temperature behaviour
of a viscoelastic unidirectional composite, which consists of two diﬀerent viscoelastic
components. The aim of this work is to determine the eﬀective relaxation behaviour and
the time-temperature behaviour of this unidirectional composite. Therefore the periodic
microﬁeld approach, which is a common method in the micromechanic of materials, is
used as a meshed unit cell to numerically determine the relaxation behaviour at diﬀerent
temperatures. The parameters of the shifting functions are determined by trial and error.
The results of the composite’s relaxation behaviour show that the ﬁbre itself dominates
in ﬁbre direction for the majority whereas the matrix dominates the behaviour transverse
the ﬁbre direction as well as the shear behaviour. The corresponding time-temperature
behaviour is in general thermorheoligically complex but two individually ﬁtted shifts state
a kind of direction-wise thermorheologically simple behaviour. Therefore the assumption
of a direction dependent thermorheoligically simple composite is acceptable for a small
temperature range.
A comparison between the Williams-Landel-Ferry- and the Arrhenius shifting parameters
of the pure ﬁbre, pure matrix and the determined ones of the composite shows a dominance
of the matrix on the composite’s overall time-temperature behaviour. The big diﬀerence
between the Arrhenius shifting parameters of ﬁbre and matrix causes such a behaviour.
A change of the ﬁbre’s shifting parameters leads to new relations for the overall timetemperature behaviour as well as to more apparent changes of curvature in the relaxation
development. The time-temperature behaviours of typical matrix dominated load cases
are still dominated by the matrix.
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Kurzfassung
Die vorliegende Masterarbeit befasst sich mit dem Relaxations- und dem Zeit-Temperatur
Verhalten eines viskoelastischen unidirektionalen Verbundwerkstoﬀes, welcher aus zwei
unterschiedlichen viskoelastischen Komponenten besteht. Das Ziel dieser Arbeit ist es, das
eﬀektive Relaxationsverhalten und das Zeit-Temperatur Verhalten dieses unidirektionalen
Verbundwerkstofes zu bestimmen. Dazu wird ein Periodic Microﬁeld Approach, eine gängige
Methode der Mikromechanik von Materialien in Form einer Einheitszelle herangezogen, um
damit das Relaxationsverhalten bei verschiedenen Temperaturen numerisch zu ermitteln.
Die Parameter der Verschiebungsfunktionen werden manuell bestimmt.
Die Ergebnisse zeigen, dass das Relaxationsverhalten des Verbundwerkstoﬀes von der
Faser in Faserrichtung zum Großteil durch ihre Eigenschaften dominiert wird, während
die Matrix das Verhalten quer zur Faserrichtung und auch das Schubverhalten dominiert.
Das zugehörige Zeit-Temperatur Verhalten ist im Allgemeinen thermorheologisch komplex,
aber mit zwei unabhängig angepassten Verschiebungsfunktionen lässt sich ein annähernd
richtungsabhängiges thermorheologisch einfaches Verhalten zeigen. Darum ist die Annahme
eines richtungsabhängigen thermorheologisch einfachen Verbundwerkstoﬀes für einen
kleinen Temperaturbereich zulässig.
Ein Vergleich der Parameter der Williams-Landel-Ferry- und Arrhenius-Verschiebungsfunktionen zwischen der reinen Faser, reinen Matrix und die Ermittelten des Verbundwerkstoﬀes zeigt eine Dominanz der Matrix gegenüber des globalen Zeit-Temperatur Verhaltens
des Verbundwerkstoﬀes. Ein solches Verhalten wird durch den großen Unterschied zwischen den Arrhenius Verschiebungsparametern von der Faser und der Matrix verursacht.
Eine Veränderung der Verschiebungsparameter der Faser führt zu neuen Verhältnissen
im globalen Zeit-Temperatur-Verhalten sowie zu deutlicheren Krümmungsänderungen in
den Relaxationsverläufen. Das Zeit-Temperatur Verhalten wird für die typischen Matrix
dominierten Lastfälle immer noch von der Matrix dominiert.
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General Introduction
1.1 Polymers
The ﬁrst plastic materials already appeared in the 18th century which are tree saps known
as natural rubber but also the ﬁrst synthetic plastics like celluloid appeared in the mid
of the 19th century. Since the mid of the 20th plastics have been researched in respect of
their material properties especially the mechanical ones due to a higher focus in terms of
lightweight design.

1.1.1 Polymer structure
Plastics consist of an accumulation of macromolecular organic chains which are build
together by repeating units of molecules segments, the so called monomers. In those chains
there are more than 1000 bounded atoms and adding or removing an additional monomer
to the chain does not change the polymer properties signiﬁcantly [13]. The microstructure
of macromolecules is described by the constitution, configuration and conformation [14].
The constitution of a polymer includes the chemical structure of molecules, type and
sequences of the chain atoms, end groups and the length and type of branches. The spatial
arrangement of single and atom groups with unchanged constitution is described by the
conﬁguration. The conformation describes the spatial shape with the same conﬁguration
by twisting or folding against the bond axis. A more detailed explanation can be seen in
e.g. [14], [31] .
When monomers are successively added together a linear polymer chain arises. Entanglements can easily occur due to the circumstance of multiple existing single chains and
their wild orientations. In general the polymer chains do not occur only in a linear form.
When side chains are attached to their molecular backbone the polymer is called branched
and their positions are described by their tacticity. When the side chains are arranged
on the same side they are called isotactic. An alternating and periodic arrangement of
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the side chains is called syndiotactic and the non-periodic one is called atactic [14]. The
ﬁgure 1.1 shows an example of the possible formations of a polystyrene. It is also possible
that two or more chains are chemically or physically bonded which leads to a network
structure and is called cross-linked [19]. The ﬁgure 1.2 shows schematic examples of a
linear, branched and cross-linked arrangement of macromolecular polymer chains. An
energetic favourable arrangement of the polymer chains can be obtained by the trans or
gauche position of the backbone which results in a helix structure of the entire chain and
it is referred to e.g. [37], [13] for a more detailed explanation. The ﬁgure 1.3 shows an
example of the mentioned trans and gauche position.

Fig. 1.1: The top, middle and bottom ﬁgure show an isotactic, syndiotactic and atactic
polystyrene respectively where the C-atoms build up the backbone and the
hexagons symbolize side chains [14]

Fig. 1.2: The left, middle and right ﬁgure show schcematic ﬁgures of a linear, branched
and cross-linked chain type respectively[19]
When a polymer chain only consists of one monomer type it is called homopolymer. It
is also possible that the polymer chains consist of multiple diﬀerent monomers which is
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Fig. 1.3: The grey spheres symbolize carbon atoms and the blue ones hydrogen atoms. The
polyethylene molecule can contain the trans and also the gauche conformation.
In the trans state the hydrogen atoms are in staggered position of the ones from
the neighbouring C-atom and in the gauche state the hydrogen atoms are either
intermediate to the staggered or in the eclipsed position [5].
then called co-polymer. The diﬀerent monomers can either be arranged alternating, block
by block, sequential or in a statistical manner in the main chain but they can also be
separated into main and side chain.

1.1 Polymers
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1.1.2 Classification of polymers
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Polymers can be easily classiﬁed although there are numerous amounts of diﬀerent polymer
structures. The classiﬁcation results from the pre-described structure of polymers to the
categories of thermoplasts, elastomers and thermosets. The polymer chains in thermoplasts
are arranged either in a random distribution with entanglements, the amorphous state, or
in partial regulated arrangements, the semi-crystalline state. The degree of crystallinity
depends generally on the constitution, conﬁguration and conformation of the polymer
chains [14]. A schematic example of a semi-crystalline polymer is displayed in ﬁgure 1.4.

Fig. 1.4: Macromolecule of a schematic semi-crystalline polyethylene arranged between
multiple crystalline ﬁns and amorphous intermediate ranges [14]
An elastomer is a rubbery-like polymer which consists of sparsely cross-linked polymer
chains. Those cross-links create a wide-meshed network which has a degree of crosslinking of about one cross-link per 1000 atoms. Such a kind of network enables the high
deformability of elastomers. They can be distinguished between unsaturated elastomers
who have double bonds in their polymer chains and saturated ones who do not have
any double bonds in their chains [14]. The ﬁgure 1.5 shows a schematic example of a
wide-meshed polymer chain network. A special case of the elastomers and thermoplasts are
thermoplastic elastomers. Those are basically thermoplasts that have a similar material
behaviour as an elastomer due to their macromolecular structure but also the ability to be
deformed and shaped under temperature like a pure thermoplast [14].
Thermosets are obtained by a chemical reaction between a resin and its curing agent.
Contrary to thermoplasts and elastomers thermosets are available as monomers in a liquid
state and they only react with their curing agent to a solid body. After the curing process
the solidiﬁed body consists of a chemical bonded and close-meshed network. The degree of
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Fig. 1.5: The chain molecules of an schematic elastomer are strongly bonded in a widemeshed network. A displacement of the chains itself is not possible but an
elongation between the cross-links is feasible which leads to the elastic behaviour
[45].
cross-links is about one cross-link per 20 atoms. A schematic representation of a thermoset
is displayed in ﬁgure 1.6. A thermoset can not be liqueﬁed any more due to the strong
chemical bonds and thus they start degrading at high temperatures [14].

Fig. 1.6: The chain molecules of a thermoset are closer bonded and have got a higher
cross-link density than an elastomer. Those chains are not able to move against
each other under a thermal load [45].

1.1.3 Regions of polymers
Polymers show diﬀerent characteristics which are dependent on temperature and are called
ranges of state. The ranges of state describe the material property of substances over a
large temperature region in respect of treatment and application. Polymers are supposed
to have four [39] or ﬁve [5] diﬀerent ranges of state. These regions of [5] are
• Glassy
• Transition
• Rubbery plateau

1.1 Polymers

17

• Rubbery ﬂow
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• Liquid ﬂow
and are displayed in ﬁgure 1.7 which shows the regions of a crystalline (A), lightly crosslinked (B) and an amorphous polystyrene (C). The ten second relaxation modulus of the
amorphous polystyrene strongly decreases at a speciﬁc temperature, the glass transition
temperature Tg which is also the boundary between the glassy and the transition region.
The glass transition temperature depends on some factors like the mentioned polymer
structure, molecular weight, cross-linking and also intermolecular forces [32]. In the glassy
region polymer chains are considered to be frozen and the deformations can only result
from changes of intermolecular molecule sections or from changes of valence bond angles.
A relocation of those molecule sections, a rotation of the C-C bonds or a sliding of the
entanglements are not possible [14].
In the transition state the amorphous and the crystalline phase act diﬀerently. The
amorphous phase regains the former restricted movements of the polymer chains whereas
the crystalline phase remains unaﬀected because they are not able to soften. The material
parameter of a semi-crystalline polymer is mostly controlled by the crystalline phase in
the transition state and therefore the eﬀects do not have such an impact as for a pure
amorphous polymer [14]. A lightly cross-linked polymer acts in the glassy and also in the
transition state similar to the pure amorphous one.
When the temperature is increased the transition region is left and the polymer reaches
its rubbery state. Like in the transition region the behaviour of semi-crystalline polymers
has to be distinguished between the amorphous phase and the crystalline one. In the
amorphous phase the polymer chains gain the possibility to slide against each other which
results in a smooth transition from the rubbery ﬂow to the ﬂow region. The polymer
is considered to be liquid in this region. The crystalline phase does not soften but the
crystalline structures start to dissolve and it acts more and more like the amorphous phase.
The labelling temperature in the ﬂow region is the melting temperature Tm . Cross-linked
polymers remain unchanged in their properties after the transition region due to the
cross-links which hinder a chain sliding. Furthermore the ﬂow region of cross-linked
polymers does not exist due to the fact that degradation occurs before the chemical bonds
can be dissolved [39].

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfügbar.
The approved original version of this thesis is available in print at TU Wien Bibliothek.

18

1 General Introduction

Fig. 1.7: The regions of state presented for a crystalline polystyrene (A), a lightly crosslinked one (B) and an amorphous one (C) [5].

1.1.4 Relative free volume
On basis of dilatometric measurements the glass transition temperature can also be deﬁned
by the relative free volume. The volume of a polymer can be diﬀerentiated in the volume of
the chains and the one among the polymer chains [44]. The occupied volume v0 represents
the volume of the molecules and the one which is also associated with the vibrational
motions. There are gaps and holes within the chains which can be considered as the free
volume vf . The occupied and the free volume change linearly over temperature whereby
the slope of the free volume changes at the glass transition temperature. The ﬁgure 1.8
shows a schematic example of the relative volume in dependence on the temperature for
a semi-crystalline polymer and an amorphous one. The uniform change of the occupied
volume can be traced back to an increase of vibrational motion of the molecules over
a rising temperature [44]. This discontinuity of the free volume is caused by a sudden
expansion of the free volume above the glass transition temperature. In the theory of
Cohen and Turnbull [12] the free volume is assumed to be random distributed in the
polymer and at the glass transition temperature an additional free volume is brought in
during the change of regions. It can be redistributed without a change in energy. For a
more detailed explanation see e.g. [12]. Such discontinuities can also be found for the heat
capacity and for the compressibility [16].

1.1 Polymers
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The coeﬃcient of thermal expansion can be consulted in conjunction with the fractional
free volume due to the poorly deﬁned relative volume. The fractional free volume f is the
ratio between the free one and the relative one. Above the glass transition temperature
the fractional free volume is assumed to change linearly [44].

Fig. 1.8: The dependence of the relative volume over temperature for a semi-crystalline
polymer and an amorphous one. The relative volume consists of the free one
and the occupied one whereas the change of free volume is discontinuous [5].
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1.2 Composites
The term composite referring to materials indicates a combination of two or more diﬀerent
materials on a macroscopic scale which only yields to a useable material as a compound.
They basically consist of a matrix which has to be reinforced and the reinforcement itself
[23]. The aim of a composite is to achieve higher and better properties than their individual
components which can be improved stiﬀness, strength, fatigue life or lower weight. In
general composite materials have been existing in nature for millions of years. Natural
occurring composites are for example wood, bones or bamboo. The ﬁrst documented
synthetic composite in humankind are mud bricks reinforced with straw which were used
to build huts by the Israelites. In the ancient Egypt wood was cut and rearranged to
achieve higher strength, a lower thermal expansion and smaller swelling due to lesser water
absorption. In the Medieval for example armour and weapons were forged and set together
by the use of diﬀerent materials [23]. Today synthetic composites have a wide area of
application for example in the building, aviation or naval industry [11].

1.2.1 Structure of composites
1.2.1.1 Matrix
The main part of a composite is the matrix which is supposed to distribute the load on the
tougher reinforcement but the role of a matrix is way more complex in the composite. Two
important tasks of a matrix are to maintain the desired position of the reinforcement and
provide adhesiveness among the individual components. In general the thermo-mechanical
stability, shear, compressive, transverse strength and durability of the composite is mostly
determined by the matrix itself. As already mentioned the loads are distributed over the
matrix on the reinforcement material but it also protects them from the environment and
wearout [3]. The material of the matrix can be diﬀerent but the tasks remain the same in
the composite.
The matrix material is chosen in dependence of the maximum use temperature. Some
of those materials are displayed in ﬁgure 1.9 over their maximum use temperature. The
arrow represents the direction for materials with low density and a higher use temperature
which are considered as advanced materials [3]. Those advanced materials can be certain
polymers like polyimides, metals like aluminium, ceramics like silicon carbide and carbon.
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Fig. 1.9: Maximum use temperature of diﬀerent matrix materials sorted by their density.
The arrow points in the direction of materials with low density and higher use
temperatures [3].
1.2.1.2 Reinforcement
The second main part of a composite is the reinforcement material which only receives its
ﬁnal shape in the compound. In general its tasks are to reinforce, improve or compensate
the downsides of the matrix in respect to stiﬀness, strength or sensibility to cracks. For
improving the strength or stiﬀness the reinforcement material has to satisfy the condition
of a higher modulus than the pure matrix. The reinforcement is considered to carry the
main part of the load [3].
The reinforcements can occur in diﬀerent shapes and in diverse materials. In general the
application determines their shape and also their material which underlies the restriction
of chemical compatibility with the matrix [3]. They mostly occur as continuous and short
ﬁbres and as particles. Those are presented as examples in the ﬁgures 1.10 to 1.12. Some
well known ﬁbre materials are carbon, glass and aramide but they can also consist of
polyethylene, polyamide or basalt [46]. A possibility to characterize continuous, short
ﬁbres and particulates reinforcements is the aspect ratio [3], deﬁned as
a=

lr
dr

(1.1)

where lr is the length and dr the diameter of the reinforcement. When the aspect ratio is
inﬁnite, greater, equal or smaller than one the reinforcement is a continuous ﬁbre, short
ﬁbre, sphere and platelet, respectively.
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Fig. 1.10: Continuous glassﬁbres assembled to rovings and spooled
on a bobbin [46]

Fig. 1.11: Chopped glassﬁbres transported on a conveyor belt [46]

Fig. 1.12: Microballoons
Q21
from
HP-Textiles
https://www.bacuplast.de/hilfsmittel/fuellstoffe.html
last viewed on 9 December
2019

1.2.2 Classification of composites
A classiﬁcation of composites can be done in a number of ways. Hull et.al. [22] roughly distinguishes composites by their appearance between natural, micro- and macro-composites
at which those classes especially the micro-composites are partitioned into more detailed
subclasses. The most common natural composites are bones and wood. For a microcomposite Hull et.al. takes metallic alloys, reinforced thermoplastics or sheet moulding
compounds as examples and for a macro-composite helicopter blades or reinforced concrete beams as an example. The micro-composites are subclassiﬁed in the microscopic
appearance of the reinforcement in the matrix [22] which are
• Continuous ﬁbres
• Short ﬁbres
• Particulates

1.2 Composites
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• Dispersion strengthened
• Lamellar structures
• Skeletal networks
• Multicomponent
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The reinforcement type can depend on the matrix material and their assignment of the
reinforcement to a speciﬁc matrix is not meaningful due to the wide area of applications.
For example short ﬁbres can be used in polymers but also used in ceramics.
It is also possible to classify composites only by their matrix materials. Chung et.al.
[11] classiﬁes composites into ﬁve classes of materials whereas Choo et.al. [10] only divides
them into four. According to [11] those classes are
• Polymer-matrix
• Cement-matrix
• Metal-matrix
• Ceramic-matrix
• Carbon-matrix
where the classes except the cement-matrix are sorted by temperature in ascending order.
In lightweight design polymer-matrix composites are inevitable and used in e.g. aircraft,
sporting goods and also for vibrational damping applications. Cement-matrix composites
can occur in diﬀerent forms depending on their support media e.g. in structural buildings,
steel-reinforced concrete or grout. Metal-matrix composites are often considered to be only
alloys but they can also appear as a compound which are commonly used for e.g. indexable
tips or drill bits. For higher temperature applications, e.g. engine, air- or spacecraft
components, ceramic-matrix composites or in absence of oxygen carbon-matrix composites
can be used [11]. Some of the mentioned matrix types are displayed as an example in the
ﬁgures from 1.13 to 1.16.
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Fig. 1.13: Carbon ﬁbre reinforced
epoxy bicycle frame [30]

Fig. 1.14: Aluminium piston with ﬁbre
reinforced combustion bowl
[24]

Fig. 1.15: Jet vane consisting of carbon Fig. 1.16: Carbon-carbon brake disks
ﬁbre reinforced silicon car[25]
bide [28]

1.2.3 Properties
The material properties of composite materials can diﬀer a lot from conventional engineering materials and their characteristics can be modiﬁcations of traditional materials or
completely new ones which requires new methods. Conventional engineering materials are
often homogeneous and isotropic which means that the material properties are independent
of the position and also independent of the orientation at a point in the body respectively.
Composites on the other hand are inhomogeneous materials and their material behaviour
is dependent of the reinforcement orientation which can be anisotropic or orthotropic.
Fully anisotropic materials have completely diﬀerent material properties at a point in the
body for all directions and there are no symmetry planes existing in terms of properties.
For orthotropic materials their properties only diﬀer in three perpendicular directions at a

1.2 Composites

25

point in a body and also there are three perpendicular planes of symmetry in terms of
properties [23].
In general the properties of reinforced composites depend on many microstructural
factors. Those are the mechanical properties of the individual components, aspect ratio,
volume fraction and reinforcement orientation. The inﬂuence of those factors have a
diﬀerent impact on the composite properties. For an eﬀective processing, manufacturing
and performance of composites those factors and their eﬀects have to be characterized [22].
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1.2.3.1 Rule of mixture
The rule of mixture is the simplest analytical method to characterize mechanical properties
in and transverse to the ﬁbre direction of continuous ﬁbre reinforced composites. The rules
of mixture is based on strain and stress coupling of ﬁbre and matrix in and transverse to
the ﬁbre direction respectively [22].
The volume of a composite consists of the ones from the matrix, ﬁbre and voids. It is
assumed that the composite is perfectly manufactured and the void volume is negligibly
small against the others. Then the composite volume only consists of the ﬁbre volume and
the matrix volume. The ratios between the partial volumes and the composite’s volume
are the volume fractions of the ﬁbre and of the matrix [26], expressed as
Vf
Vm
+
= vf + vm = 1
Vc
Vc

(1.2)

where Vf , Vm and Vc are the volumes of the ﬁbre, matrix and the composite respectively.
The volume fractions of ﬁbre and matrix are denoted as vf and vm respectively. The ﬁbre
volume fraction is practically limited due to the maximum packaging density of the ﬁbres
and for a further explanation it is referred to e.g. [38].
When a force is applied in ﬁbre direction and assuming strain coupling the rule of
mixture for the Young’s modulus in ﬁbre direction is obtained, as
Ec,1 = vf · Ef + (1 − vf ) · Em

(1.3)

where Ef and Em are the Young’s moduli of the ﬁbre and the matrix in ﬁbre direction
respectively.
When a force is applied transverse to the ﬁbre direction and assuming stress coupling
the inverse rule of mixture for the Young’s moduli transverse to the ﬁbre direction is
obtained, as
Ef · Em
Ec,2 =
(1.4)
(1 − vf ) · Ef + vf · Em
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where Ec,2 is the Young’s modulus transverse to the ﬁbre direction but the predictions are
to low. A more detailed derivation of both equations is displayed in e.g. [26].
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1.2.3.2 Effect of fibre volume fraction on elastic mechanical properties
Both equations of the rule of mixture can be used to demonstrate the inﬂuence of the ﬁbre
volume fraction on the mechanical properties. The ﬁgure 1.17 shows the dependency of
the Young’s moduli on the ﬁbre volume fraction. The blue and the orange curve represent
the moduli in and transverse the ﬁbre direction respectively. The modulus Ec,1 changes
linearly over the ﬁbre volume fraction. The transverse modulus Ec,2 increases slowly with
rising volume fraction and at high ﬁbre volume fractions it changes rapidly.

Fig. 1.17: The Young’s moduli in (blue) and transverse (orange) to the ﬁbre direction
plotted against the ﬁbre volume fraction by using the rule of mixture for the
chosen moduli Ef = 10000MPa and Em = 1000MPa.
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1.3 Problem statement and Aim of work
A uni-directional reinforced composite consisting of elastic ﬁbres and a linear viscoelastic
matrix leads to a linear viscoelastic composite which is dominated by the matrix in terms of
viscoelasticity and time-temperature behaviour [20]. Replacing the elastic ﬁbres with linear
viscoelastic ones results in non-trivial overall viscoelastic properties and time-temperature
behaviour of the composite. This thesis focuses on the eﬀective relaxation behaviour and the
time-temperature behaviour of a composite with two diﬀerent viscoelastic materials. The
research will use the periodic microﬁeld approach, a common micromechanical modelling
strategy, implemented as a unit cell in a ﬁnite elements software which is subjected to
diﬀerent load cases. To achieve the eﬀective relaxation behaviour and the time-temperature
behaviour the data evaluation is released to MATLAB.
The aim of this work is to collect information about the relaxation and time-temperature
behaviour of a composite with two viscoelastic constituents used as a thin ply. The gained
knowledge may be used later for an implementation as a shell element with direction
dependent time-temperature-shift functions in a ﬁnite element software.

1.4 Literature overview on viscoelastic composites
A test procedure is presented in [47] to determine the time-temperature response for
a unidirectional reinforced composite which consists of elastic graphite ﬁbres and a
viscoelastic epoxy matrix. Those creep tests include strip tension specimens which are
loaded in diﬀerent angles to the ﬁbre direction and at various temperatures. The eﬀective
behaviour of the composite in ﬁbre direction is elastic for all temperatures whereas the
eﬀective behaviour transverse to the ﬁbre direction varies by temperature.
In [7] the time-temperature behaviours of multi-phase composites are investigated by
using the dynamic correspondence principle in the frequency domain. The composite
consists of a matrix and cylindrical inclusions whereby both phases are individually
viscoelastic and thermorheologically simple. It is assumed that the inclusion remains
stiﬀer at all times than the matrix. The diﬀerent time-temperature behaviours of the
composite’s constituents cause a thermorheologically complex behaviour of the composite
and the eﬀective moduli has a diﬀerent character for each temperature.
In [6] the eﬀective properties of a viscoelastic composite with multiple viscoelastic phases
are determined numerically. A ﬁnite element model is used to obtain the composites
eﬀective properties by applying the dynamic correspondence principle of viscoelasticity.
The results show a dominance of the matrix relating to the composites properties but for
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higher frequencies the loss modulus is dominated by the phase which has a larger loss
modulus.
In [8] diﬀerent micromechanic methods are compared which are used to determine the
eﬀective properties for uni-directional composites with only viscoelastic phases. Both
phases are ideally viscoelastic systems which have diﬀerent instantaneous moduli, long-term
ones and diﬀerent relaxation times. The Mori-Tanaka method is extended for viscoelastic
materials and the ﬁnite element unit cell method is implemented for a squared and a
hexagonal ﬁbre arrangement. The predictions of the squared and hexagonal arrangement
and the prediction of the Mori-Tanka method are close to each other whereby the squared
arrangements leads to a slighter stiﬀer behaviour. The Mori-Tanaka method is a faster
implemented method for predictions but it is only accurate enough for moderate ﬁbre
volume fractions and it does not provide any further information about stress contours in
comparison to the unit cells.
For the sake of completeness in [34] a micromechanical model is presented which is
extended for a uni-directional non-linear thermo-viscoelastic composite. A unit cell is
used to obtain the eﬀective material properties whereby the accuracy of the prediction is
improved by the use of tangent stiﬀness matrices of ﬁbre and matrix. The results of the
simulation are compared with those of an experiment.
The eﬀective relaxation behaviour of a composite with two viscoelastic components is
expected to be similarly assembled like in the case for pure elastic constituents. In ﬁbre
direction the relaxation is mainly dominated by the ﬁbre and matrix dominated in the
transverse direction. The relaxation for a shear load is also expected to be dominated by
the matrix. According to the results of [7] the time-temperature behaviour is expected to
be thermorheologically complex with diﬀerent characters over temperature.

Chapter 2
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Theoretical principals
2.1 Linear elasticity
Every solid body deforms under a constant load, and when it is able to completely retain
its original shape after the load has been removed, the solid body is called elastic. Forces
and moments cause stresses in the solid and this stress state is described by six stress
components at one inﬁnitesimal small volume of the body [17]. These stress components
can be expressed in tensorial form or by using the Voigt notation as a vector. For a plane
stress condition the six components are reduced to three and can now be written as
σ=

h

σ11 σ22 σ12

iT

(2.1)

where σii is a normal stress and σij is the in-plane shear stress.
The deformations can be divided into a relative movement within the body and a rigid
body motion where the latter is uniform throughout the solid. The relative movement
and the displacements are related by kinematic equations [17] and can be written in linear
form as
!
1 ∂uk
∂ul
εkl =
+
(2.2)
2 ∂xl
∂xk
where uk and ul are the displacements in the directions k and l respectively and xk and xl
denote the k- and l-direction of the coordinate system.
This leads to six strain components which can also be similarly expressed as the stresses
in the plane stress state by the Voigt notation as
ε=

h

ε11 ε22 γ12

iT

where εkk is a normal strain and γkl = 2εkl is the in-plane shear angle.

(2.3)
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The stresses and strains are connected together by a material law. The simplest material
law is a linear connection between stresses and strains, the so called Hook’s law [17], which
reads for plane stress condition,
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(2.4)

The symmetric tensor which is containing the material parameters Eijkl is called elasticity
tensor and is here given in Voig notation.

2.2 Viscoelasticity
Viscoelastic materials can be seen as a mixture between an elastic solid body and a liquid.
In the simplest mechanical model the elastic and viscous part can be interpreted and
visualized by a linear elastic spring and a dashpot respectively. The viscous behaviour of
ﬂuids can be easily visualized by a moving plate on a semi-inﬁnite ﬂuid which is displayed
in ﬁgure 2.1.

Fig. 2.1: Moving solid plate on a Newtonian ﬂuid and the resulting shear deformation
considering no slip boundary conditions [5]
When a solid plate is moved on the surface of a Newtonian ﬂuid, a shear deformation in
the ﬂuid occurs which changes linearly from the bottom to the top considering no slip
boundary conditions between plate, ﬂuid and the ﬂuid container [5]. This relationship is
written as,
d du
τ =µ
dt dxl
where µ is the ﬂuid’s viscosity,

du
dxl

!

=µ

dγ
dt

is the velocity V of the plate and

(2.5)
dγ
dt

is the shear rate.
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In general the viscoelasticity of polymers is way more complex and can be traced
back to the micro-scale, the polymer chains. A viscoelastic polymer changes its material
parameters over time or frequency due to the mobility of the chains and therefore it is
reasonable to describe this behaviour in the time or frequency domain.
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2.2.1 Rouse theory
The origin of the viscoelastic material behaviour can be derived from the polymer chains
themself. The structure of the chains is described in several diﬀerent theories and one of
them is the theory of Rouse [39] or the beads-spring model [42].
In the Rouse theory a polymer chain gets substituted by a chain consisting of alternating
beads and springs. The beads are seen as by ﬂuid dragged spheres and they also contain
the sub-chains. The springs are considered as Gaussian springs, see e.g. [42]. The ﬁgure
2.2 shows the described bead-spring chain of the Rouse theory. When a sphere moves
through the ﬂuid and the neighboured molecules a force occurs. In the theory of Rouse
those forces are replaced by a continuum with viscosity. A main problem of this theory is
the consistent treatment of polymer entanglements and their inﬂuence on the viscosity
[42]. The Rouse and other theories are explained in a more detailed way in e.g. [18] or [9].

Fig. 2.2: Substituted polymer chain with beads and springs where bead i moves from an
old to a new position in the ﬂuid - Source: http://polymerdatabase.com/polymer
physics/BeadSpring.html last viewed on November 11, 2019

2.2.2 Viscoelastic phenomenons
The polymer chain movement and the resulting viscoelastic phenomenons can be either
observed in transient experiments or in dynamic ones. The most common transient
experiments are the relaxation and creep test at which a specimen is subjected to a
constant strain or stress either as tension or shear load.
A typical dynamic experiment is subjecting the specimen to a harmonic varying strain
which leads to the damping phenomenon [2].
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2.2.2.1 Creep
The viscoelastic phenomenon creep is an increasing deformation over time under a constant
stress state. The stress is described by a magnitude and the Heaviside step function for a
one-dimensional load case [29] in equation (2.6) as
σ(t) = σ0 H(t)

(2.6)

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfügbar.
The approved original version of this thesis is available in print at TU Wien Bibliothek.

where σ0 is the stress magnitude, t the time and H(t) the step function which is deﬁned as

H(t) =




0



1

2




1

, if t < 0
, if t = 0

(2.7)

, if t > 0

The Heaviside step function is an ideal application of the load and it assumes that the
load is applied instantaneously. At the beginning the strain responds to the stress input
with an initial strain, which can be considered as an instantaneous elastic behaviour of
the material. Over time it increases continuously until an equilibrium state is reached [29].
When the load is removed, the strain drops and the residual strain converges to zero in
the linear viscoelasticity. The ﬁgure 2.3 shows the explained creep and also the recovery
phenomenon.
The ratio between the time-dependent strain and the constant stress is called creep
compliance and for linear viscoelastic materials it is dependent on time but independent of
the stress level. The creep compliance is expressed as
J(t) =

ε(t)
σ0

(2.8)

where t is the time and σ0 the applied constant stress.
At t = 0 the creep compliance is called instantaneous creep compliance and at the
equilibrium state for t → ∞ it is called long-term creep compliance. The instantaneous
and long-term creep compliance are denoted with zero and the inﬁnity symbol in the index
respectively.
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Fig. 2.3: Constant stress is applied as a step function which causes an instantaneous
strain at t = 0 and strain increases over time until an equilibrium state is
reached. When the stress is removed recovery takes place and the residual strain
converges to zero for a linear viscoelastic material. [29]
2.2.2.2 Relaxation
The relaxation phenomenon is a decreasing stress over time under a constant strain. For the
one-dimensional deformation state the strain is deﬁned in equation (2.9) by a magnitude
and the already mentioned Heaviside step function,
ε(t) = ε0 H(t)

(2.9)

where t is the time, ε0 the strain magnitude and H(t) the Heaviside step function.
The applied strain causes an instantaneous stress, which also can be seen as an instantaneous elastic behaviour of the material. The stress decreases over time until it reaches
an equilibrium [29]. When the constant strain is removed, recovery starts where the stress
drops below zero and the residual stress converges to zero in the linear viscoelasticity. The
relaxation phenomenon is displayed in ﬁgure 2.4.
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Fig. 2.4: Constant strain leads in the beginning to an instantaneous stress which decreases
over time until an equilibrium state is reached. When the strain is removed
the recovery takes place and the residual stress converges to zero for a linear
viscoelastic material. [29]
The ratio between the time-dependent stress and the constant strain is called relaxation
modulus. For linear viscoelastic materials the relaxation modulus is only dependent on
time [29]. The relaxation modulus is expressed as,
E(t) =

σ(t)
ε0

(2.10)

where t is the time, E(t) the relaxation modulus and ε0 the applied constant strain.
Similar to the creep compliance, for t = 0 the relaxation modulus is called instantaneous
relaxation modulus and for t → ∞ it is called long-term relaxation modulus.
2.2.2.3 Damping
A one dimensional harmonic varying strain can be expressed by a magnitude, a sine
function and its circular frequency. For a linearly viscoelastic material the ﬁgure 2.5 shows
the stress-strain plot over time under a sinusoidal load, where the stress drags behind the
strain. This drag can be considered as a damping behaviour of the material [29].
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Fig. 2.5: Sinusoidal stress input and strain response over time - phase shift due to damping
of viscoelastic material [29]
A more convenient method is to describe the phase lag between stress and strain as a
complex number. Under consideration of the Euler’s equation the harmonic varying stress
and the resulting strain can be described by the equations (2.11) and (2.12) respectively
σ(t) = σ0 eiωt

(2.11)

ε(t) = ε0 ei(ωt−δ)

(2.12)

where σ0 and ε0 are the magnitudes of stress and strain respectively, t the time, ω the
circular frequency and δ the loss angle which describes the mentioned drag between stress
and strain.
The ratio between the harmonic varying stress and strain is called dynamic stiffness.
The complex modulus consists of a real part, the storage modulus, and of an imaginary
part, the loss modulus. The storage modulus and the loss modulus are components of the
stress-strain ratio in and 90 degrees out of phase respectively [16]. The loss angle, the
storage modulus and the loss modulus are dependent on the circular frequency. In equation
(2.13) and (2.14) the complex modulus and the loss angle are expressed respectively,
σ(t)
= E ∗ = E ′ + iE ′′
ε(t)
E ′′
tan(δ) = ′
E

(2.13)
(2.14)

where E ∗ is the complex modulus, E ′ the storage modulus, E ′′ the loss modulus and δ the
loss angle.
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2.2.3 Constitutive law
For a viscoelastic material the material parameters are time-dependent and therefore the
stress components can be obtained by integrating the product of material parameter and
strain rate over time [36]. The stress-strain relation reads then in tensorial form
σij (t) =

Z t
0

Rijkl (t − s)ε̇kl (s)ds

(2.15)
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where t is the time, σij (t) the stress component, Rijkl (t) the material parameter and ε̇kl
the strain rate.
For an orthotropic material under a plane stress condition the material parameters can
be written as





R=
∼

R1111 (t) R1122 (t)
0
R2211 (t) R2222 (t)
0
0
0
R1212 (t)







where

R1122 (t) = R2211 (t)

(2.16)

where the entries Rijkl (t) are individually deﬁned as relaxations functions which are
expressed as a Prony-series expansion
"

Rijkl (t) = Rijkl,0 1 −

X

#

rijkl,q (1 − exp(−t/τ rijkl,q ))

q

(no sum on ijkl)

(2.17)

where Rijkl,0 are the instantaneous values of the material tensor, q is the number of
Prony terms, rijkl,q are the relative relaxation elements and τ rijkl,q are the corresponding
characteristic times [21].

2.3 Time-temperature dependency
The viscoelastic behaviour of polymers can be derived by molecule movements of the
polymer chains. For example under a one-dimensional tensile stress the polymer gets
initially stretched and over time the molecule chains try to align in direction of the tensile
load [39]. These alignments cause an additional elongation over time and are referred to
the creep phenomenon. For the movement of the polymer chains an activation energy is
required which determines the time period. When the activation energy is low the polymer
chains align themself in a shorter period of time and for a higher activation energy the
alignment happens at longer time periods. Temperatures aﬀect these times by either
shortening or lengthening them at higher or lower temperatures respectively. This is called
time-temperature correspondence [2].

2.3 Time-temperature dependency
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Beside this relation there is also one between time and pressure which is called timepressure correspondence. Both relations act independent from each other on the relaxation
and retardation process [43].
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2.3.1 Shifting factor
The inﬂuence of the temperature on the relaxation time can be derived from the Rouse
equation. This equation describes the connection between the relaxation time of the pth
segment of a molecule, the molecular weight of this chain segment p, the solution density,
the viscosity of the dilute solution, the universal gas constant and the temperature [5]. A
rearranged form of the Rouse equation is displayed with a constant right hand side, as
τp ρT
6M
= 2 2 = const.
η
π pR

(2.18)

where τp is the relaxation time of the pth segment, M the molecular weight of segment p,
p the number of segments per molecule, ρ the solution density, η the solution viscosity, R
the universal gas constant and T the temperature.
The ratio between the relaxation times for an arbitrary temperature and a reference
temperature results in the shifting factor. The shifting factor is obtained by the use of
equation (2.18) and is expressed as
η
τp (T )
=
aT =
τp (T0 )
η0

ρ0 T0
ρT

!

(2.19)

where T is the arbitrary temperature and T0 the reference temperature.
The shifting factor now allows to obtain the relaxation time at temperature T only by
knowing the relaxation time at a speciﬁc temperature. If all relaxation times are aﬀected
by temperature in the same way, the polymer is called thermorheologically simple [5].
Some polymers, especially polymer blends or co-polymers, do not satisfy the deﬁnition of
thermorheologically simple and are instead called thermorheologically complex.
It is also possible to use the shifting principle for thermorheologically complex materials
but this leads to misleading master curves and incorrect results. Therefore the shifting
factor is considered to be additionally depend on the strain rate.
aT = aT (T, t)

(2.20)

In general for thermorheologically simple materials the shifting factors can either be found
experimentally or by numeric equations.
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2.3.2 Principle of reduced time
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Beside the relaxation times it is also possible to use the shifting principle to obtain
various material parameters at diﬀerent temperatures. Therefore the material behaviour
is researched over time at a constant temperature and over temperature at constant
time. The long-term behaviour of the polymer can be obtained by the time-temperature
correspondence principle. In this principle the relaxation at temperature T1 can be
expressed by the relaxation at temperature T2 in a shorter time assuming T1 < T2 [39].
The mathematical form is displayed as
E(t, T1 ) = E(tred , T2 ) where tred =

t
, T1 < T2
aT

(2.21)

where E(t, Ti ) is the relaxation modulus at temperature Ti and tred is the reduced time.
The reduced time can be linked by the shifting factor to the original time t and a schematic
representation of equation (2.21) is displayed in ﬁgure 2.6 for the compliance J(t).

Fig. 2.6: Presenting the principle of reduced time for the compliance over a logarithmic
time scale for the temperatures T1 and T2 where T1 < T2 . The increase of the
compliance starts earlier at the higher temperature T2 than for temperature T1
[44].

2.3.3 Williams-Landel-Ferry equation
The Williams-Landel-Ferry (WLF) equation is a numeric equation to obtain the shifting
factor for various polymers [16]. It is assumed that the relaxation and retardation behaviour
of polymers arises from the micro-Brownian or segmental movement of the polymer chains
which is derived by considering the theory of fractional free volume [43].
The starting basis of the WLF-equation is the empirical Doolittle equation which
describes the dependency of the viscosity of liquids on the free volume [43]. When this

2.3 Time-temperature dependency
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equation is used and expressed in terms of shifting factor the equation (2.22) is obtained,
expressed as
!
1
1
T0 ρ0
B
−
(2.22)
+ log
log aT =
2.303 f
f0
Tρ
where f0 is the fractional free volume at the reference temperature T0 , f the ratio of
the speciﬁc volumes, B an arbitrary constant, T the temperature, ρ and ρ0 the density
at temperature T and T0 respectively. The second term on the right hand side of this
equation is often neglected due to the small change of the speciﬁc volume and therefore
the constant B may diﬀer very slightly [16]. The fractional free volume is assumed to
change linearly with temperature and is expressed as
f = f0 + αf (T − T0 )

(2.23)

where α is the rate of change of the free volume. The equations (2.22) and (2.23) are used
to obtain the equation (2.24) which is also known as the WLF equation. It is applicable
for temperatures above the glass transition temperature.
log aT = −

C1 (T − T0 )
(B/2.303f0 )(T − T0 )
=−
f0 /αf + T − T0
C2 + T − T0

(2.24)

The constants C1 and C2 can be empirically determined at an arbitrary reference temperature T0 . The data for a large number of polymers are ﬁtted by the WLF-equation and
the average constants C1 and C2 are 17.44 and 51.6 respectively. Ferry remarked for those
"universal" constants they should be seen as last resort in absence of any speciﬁc data [16].
According to [16] the WLF-parameters depend on the chosen reference temperature and
it is possible to convert those parameters from the reference temperature to an arbitrary
one. The conversion relation is deﬁned as,

C1 C2
C2 − T − T0

(2.25)

C2′ = C2 + T − T0

(2.26)

C1′ =

where C1′ and C2′ are the WLF-parameters for an arbitrary temperature T .
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2.3.4 Arrhenius equation
A popular way to describe a material parameter like the viscosity in dependence of
temperature is by the use of an activation energy. An example for the viscosity is displayed
as
!
E
η(T ) = A exp
(2.27)
RT
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where η(T ) is the temperature dependent viscosity, A a pre factor, E the activation energy,
R the universal gas constant and T the temperature.
The shifting factor can also be deﬁned by the ratio between the viscosity at temperature
T and T0 . This leads to the Arrhenius equation which is a well-established numerical
method to determine the shifting factor by an activation energy. It is expressed as
E 1
1
−
log aT =
R T
T0

!

(2.28)

where E is the activation energy, R the universal gas constant, T the temperature and T0 the
reference temperature according to [27]. The activation energy describes the needed energy
at which the polymer chains are able to move against each other. The Arrhenius equation
is also applicable for temperatures much higher than the glass transition temperature [9].
The Arrhenius and the WLF-shifting equations are equal for small temperature regions
and can be converted in both ways.

2.4 Introduction into micromechanics
A composite structure can be viewed and examined on diﬀerent length scales which can
be the macro, meso- and microscale at which the macro- and the microscale are used
for two basic approaches. In the macromechanical approach the composite is considered
to be a statistically homogenized and anisotropic structure at the global scale which
ignores the arrangement of constituents [1]. For the characterization of the correlation
between the mechanical behaviour of the composite and those of its individual components
can be analysed only at the microscale. At the microscale the composite is viewed as
a heterogeneous material at which the arrangement of constituents is considered under
the restriction of a regular arrangement. Beside the interaction between the matrix and
ﬁbre the microscale also allows to predict the overall material behaviour and the failure
behaviour of the composite [1]. For the sake of completeness, the mesoscales are length
scales in between the micro- and macroscale. Those intermediate length scales are used at
the lamina level of layered composites and the arbitrary numbers of mesoscales in between

2.4 Introduction into micromechanics
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have to be diﬀerently chosen for each research case. Some examples of the mentioned
length scales are displayed in ﬁgure 2.7.
The microstructure of many inhomogeneous materials is often statistically homogeneous
and volume averaged properties are deﬁned for such systems at which the properties are
independent of the size and location of the volume element under the restriction that it is
a suﬃciently large one. When the volume element contains all necessary information about
the description of the microstructure it is called reference volume element [4]. The stresses
and strains are considered to vary "slowly" at the macro- and "fast" at the microscale.
The slow variations are not evident in absence of macroscopic gradients whereas the fast
ﬂuctuations of local stresses and strains are induced by the inhomogeneities. Those fast
ﬂuctuations can be averaged over the volume which leads to the macroscopic properties
and is known as homogenization. The other way round is known as localisation at which
the loads of the larger scale are transferred to a lower one [4].
There are three well established modelling strategies for a resolved microstructure
of a composite which are the periodic microfield approach, embedded configuration and
windowing approach [4]. A fully resolved conﬁguration and all mentioned strategies are
schematically displayed in ﬁgure 2.8.

Fig. 2.7: Illustration of the length scales for analysing a composite at which the length
scales can be switched by homogenization and localization [1].
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Fig. 2.8: Schematic conﬁguration of inhomogeneities included within a matrix and the different microgeometries for the modelling strategies periodic microﬁeld, embedded
cell and windowing approach [4].

2.5 Periodic microfield approach
The periodic microﬁeld approach is a numerical method which is used to determine the
behaviour of an inﬁnite material with periodic phase arrangement under a mechanical
far ﬁeld load or uniform temperature ﬁelds. This method basically aims to approximate
microstructured materials and uses a periodically repeating unit cell to describe the
microgeometry which allows to observe the strain and stress ﬁelds. Those ﬁelds are
separated into a constant macroscopic part and the periodically varying ﬂuctuations which
can be resolved by a microscopic coordinate for resolving local characteristics of the unit
cell [4]. The equation (2.29) shows an example of the separated strain ﬁeld,
ε(z) = hεi + ε′ (z)

(2.29)

where hεi denotes the constant macroscopic strain, ε′ (z) the periodically varying strain
ﬂuctuations and z is the microscopic coordinate. A set of periodicity vectors is used to
describe the periodic phase arrangement whereby the spatial dimension of the problem
deﬁnes the amount of the periodicity vectors pn [40]. In general the arrangement of ﬁbres

2.5 Periodic microfield approach
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in the matrix of such repeating unit cells can have diﬀerent forms which are displayed in
ﬁgure 2.9.

Fig. 2.9: Some examples of possible shapes of unit cells which can be found in a twodimensional periodic arrangements of inhomogeneities. The periodicity vectors
p1 and p2 describe the directions of periodic arrangement. The diﬀerent line
styles represent opposite faces of some arranged cells [40].

2.5.1 Boundary conditions
A periodic arrangement of the unit cells with their prescribed boundary conditions has
to result in valid tilings of the undeformed state but also in the deformed one in which
gaps and overlapping of neighboured cells are not allowed. Unphysical constraints on
their deformations are also not allowed to occur. The boundary conditions are determined
by appropriate deformation modes for all load cases which are studied. In the periodic
microﬁeld analysis the major boundary types are periodic, symmetric and anti-symmetric
boundary conditions. Despite the numerical method which is used to solve the problem,
one or a combination of these three types has to be used on any exterior boundary of the
unit cell [4].
A perfect match of neighboured cells in the undeformed state as well as in the deformed
one can be achieved by choosing reference faces and nodes which are used to describe
the deformation of the other faces and nodes of the unit cell. The reference faces and
nodes are then called master faces and master nodes whereas the other ones are assigned
with the tag slave [40]. A two-dimensional squared unit cell is consulted to explain the
diﬀerent boundary types and compass directions are used to denote the nodes and also
the side faces of the unit cell. The periodic type of the boundary conditions is the most
general and versatile type which is capable of handling any possible deformation of the
unit cell. For this boundary type the periodically varying microscopic displacements of the
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North-East slave node and North and East slave faces can be expressed by the North-West
and South-East master nodes and South and West master faces. These relations are
displayed in the left part of ﬁgure 2.10 and expressed as
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uN (z1 ) = uS (z1 ) + uNW

uE (z2 ) = uW (z2 ) + uSE

uNE = uNW + uSE

(2.30)

where z1 and z2 are the microscopic coordinates, uN (z1 ), uS (z1 ), uE (z2 ) and uW (z2 ) are
the displacements of the North, South, East and West faces respectively and uNW and uSE
are the North-West and South-East nodes respectively [40]. When the symmetry plane of
the phase arrangement and faces of rectangular or hexahedral unit cells coincide for the
undeformed state as well as for the deformed state, the periodic boundary conditions can
be simpliﬁed to the symmetric ones. These boundary conditions are displayed in middle
of ﬁgure 2.10 and are expressed as
uE (z2 ) = uSE

vN (z1 ) = vNW

uW (z2 ) = 0

vS (z1 ) = 0

(2.31)

where the components of the displacement vectors are denoted as u and v [40]. The
counterpart of the symmetric boundary conditions are the anti-symmetric ones or pointsymmetry ones. Those require pivot points or centres of symmetry at least on one face
of the unit cell which causes further restrictions in terms of permitted microgeometries
and load cases. An example of a unit cell with anti-symmetric boundary conditions is
displayed on the right side of ﬁgure 2.10 and can be expressed as

uU (s) + uL (s) = 2uP

vN (z1 ) = vNW = 2vP

vS (z1 ) = 0

uW (z2 ) = 0

(2.32)

where uP is the deformation vector of the pivot point, s is a local coordinate that is centred
on the pivot point and uU (s) and uL (s) denote the deformation vectors of pairs of points
U and L [40].

2.5 Periodic microfield approach
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Fig. 2.10: Two-dimensional squared unit cells with periodic (left), symmetric (middle)
and anit-symmetric (right) boundary conditions. The corner nodes and side
faces are denoted with compass directions whereby the South-West node and
West and South face are used as master node and faces respectively. [4].

2.5.2 Initiation of load
A unit cell with the appropriate boundary conditions is subjected to a far ﬁeld load and
returns the micromechanical behaviour. This linkage between the microscopic ﬁelds and
the macroscopic ones is achieved by either the asymptotic homogenization or the method
of macroscopic degrees of freedom [4].
The asymptotic homogenization is an elegant and mathematical method for linking
micro- and macroscale. Two diﬀerent sets of coordinates are introduced whereby one set
describes the micro- and the other one the macroscale. The ratio between the macroscale
coordinates and the ones of the microscale is a scaling parameter which describes the ratio
between the characteristic lengths of the scales. It is used to expand displacements, strains
and stresses and when those are introduced into strain-displacement relations, equilibrium
equations and stress-strain relations, a set of diﬀerential equations are obtained. This
boundary problem can be then solved numerically [4].
The method of macroscopic degrees of freedom uses nodal forces or displacements at
master nodes for far ﬁeld stresses or strains respectively. When a force is applied at a
master node the corresponding slave nodes are also applied with an equivalent load. For
strains the method of macroscopic degrees of freedom uses the homogeneous macroscopic
strain and evaluates the speciﬁed displacements at master nodes [4].

Chapter 3
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Methodology
3.1 Introduction
The viscoelastic behaviour of a composite and its development over time can be easily
achieved by using a combination of an appropriate micromechanical modelling strategy
and a ﬁnite element program. A suitable strategy is the periodic microﬁeld approach
to achieve the mechanical properties of the composite whereby those characteristics are
determined for a plane stress state. The microstructure of a uni-directional composite is
already discretizised and provided as a unit cell in a given input ﬁle. The used unit cell
has got periodic boundary conditions and the global ones are used to deﬁne the load cases.
It represents a uni-directional composite with a ﬁbre volume fraction of 40% whereby the
two constituents are viscoelastic materials and the corresponding time-temperature-shift
functions are completely diﬀerent from each other.
The ﬁnite element software Abaqus 2018 [41] from Dassault Systems is used for the
simulations of the viscoelastic behaviour of the unit cell. The simulation procedure is
subdivided into two main steps, a static and a visco step whereby Abaqus uses only the
instantaneous values in the static step and the changing material parameters at each time
step in the visco step. Both steps are required for an approximation of the appropriate
stress response for a Heaviside step function.

3.2 Coordinate system
A Cartesian coordinate system is introduced for describing the directions in the unit
cell with its axes 1, 2 and 3 and its origin is positioned at master node M0 . The ﬁbre
direction is characterised by the distance between the master nodes M0 and MZ which
will be superposed with the direction 1 of the coordinate system. The axis 2 will be
congruent with the distance between the master nodes M0 and MX which describes one of
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Fig. 3.1: Two coloured unit cell with visible master nodes at the edgesﬁbres and matrix are green
and beige marked respectively

Fig. 3.2: Deﬁnition of the coordinate
system

Tab. 3.1: Given unit cell dimensions
Distance Length in µm
l1
l2
l3

M0 -MZ
M0 -MX
M0 -MY

0.752391623
1.50478325
1.30318052

the two directions transverse to the ﬁbres. The other transverse direction is deﬁned by
the distance between the master nodes M0 and MY which is congruent with the axis 3 of
the coordinate system. The ﬁgures 3.1 and 3.2 show the locations of the master nodes in
the unit cell and the described deﬁnition of the coordinate system respectively.
The master nodes are used to deﬁne the directions of the coordinate system but they
also describe the size of the unit cell. In table 3.1 the dimensions of the unit cell are listed.

3.3 Material parameters
Two diﬀerent viscoelastic materials have to be chosen for the material input of the unit
cell which are both individually considered to be isotropic and thermorheologically simple.
The ratio between the Young’s moduli of ﬁbre and matrix should be greater than ten
and the parameters of their shifting functions should also be diﬀerent. Disregarding the
chemical compatibility issues of material combination the interphase between ﬁbre and
matrix is supposed to be perfect.
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Tab. 3.2: Parameters for fractional Zener model in the frequency domain including storage
modulus Ef =0 , the ratio d between loss modulus and storage modulus, the
reciprocal of frequency at maximal sotrage modulus 2πτ , order of fractional
derivation and the loss angle δ∞ for f → ∞.
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Parameter
Ef =0
d
2πτ
κ
δ∞

10.36 GPa
5.251
5.254 µs
0.1595
1.15°

3.3.1 Fibre
The ﬁbre material is chosen to be a polyamide PA6 whose material properties were obtained
by a dynamic mechanical analysis and ﬁtted by a fractional Zener model over a large
frequency range during a project work [15], [35]. This numerical model is used to calculate
the viscoelastic material data in the frequency domain at the reference temperature of
40◦ C.
The Fourier transformed fractional Zener model mathematically describes the complex
modulus over the frequency expressed as
(i2πf τ )κ
Ef →∞
E (if ) = Ef =0 + Ef =0 (d − 1)
where
d
=
1 + (i2πf τ )λ
Ef =0
∗

(3.1)

where f is the frequency, E ∗ (if ) the complex modulus, Ef =0 the storage modulus at
frequency zero, Ef →∞ the storage modulus for f → ∞, 2πτ the reciprocal of frequency
at maximal storage modulus, κ and λ are orders of fractional derivations [15]. The used
values of the parameters are displayed in table 3.2 excepting the parameter λ which is
obtained by
π
(3.2)
tan(δ∞ ) = tan( (κ − λ))
2
where δ∞ is the loss angle for f → ∞ [35]. The complex modulus is computed for a speciﬁc
frequency range which steps are manually chosen to achieve a good ﬁt for the Prony terms
later with Abaqus and are listed in table 3.3.

The Poisson ratio of the ﬁbre is assumed to stay constant over frequency and the
transverse contraction is set at 0.39 which is a typical value for polyamides. The calculated
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Tab. 3.3: Frequency steps in Hertz for the calculation of the complex modulus
5 · 10−4
5 · 104

1 · 10−3
1 · 106

5 · 10−3
5 · 106

1 · 10−2
5 · 107

5 · 10−2
1 · 108

1 · 10−1
5 · 108

5 · 10−1
1 · 109

1 · 101
5 · 109

5 · 102
1 · 1010

5 · 103
5 · 1010
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Tab. 3.4: Material parameters of the ﬁbre in the time domain including the instantaneous
moduli E0,F , long-term moduli E∞,F , Poisson ratio νF , reference temperature
TRef,F and the WLF-parameters C1,F and C2,F .
E0,F
E∞,F
νF

54.4 GPa
10.36 GPa
0.39

TRef,F
C1,F
C2,F

313.15 K
42.8
218.6

values of the complex modulus have to be converted for the input of the viscoelastic data
and therefore it is referred to the Abaqus manual [41]. The parameters of the shifting
parameters for Williams-Landel-Ferry equation were also determined in the mentioned
project work [35] and are listed in table 3.4 where E0,F is the instantaneous modulus, E∞,F
the long-term modulus, νF the Poisson ratio, TRef,F the reference temperature and C1,F
and C2,F are the WLF-parameters. The complete input data of the ﬁbre for ABAQUS is
listed in section A.1. The software automatically ﬁts a Prony series and those values are
presented together with the relaxation behaviour in chapter 4.
It is noted that the instantaneous and the long-term moduli of the ﬁbre material are
above common ones of conventional polymers. Those values are accordingly taken and
thus it is referred to [35].

3.3.2 Matrix
The matrix material is a provided but unspeciﬁed polyester resin whereas only the elastic
and viscoelastic properties are known which are determined at a temperature of 20◦ C. The
corresponding parameters of the Arrhenius like time-temperature-shift function are also
known. The material parameters of the matrix are listed in the table 3.5 in which E0,M
is the instantaneous modulus, E∞,M the long-term modulus, νM Poisson ratio, TRef,M the
reference temperature and EA,M the activation energy for the Arrhenius shift function. The
complete input data for ABAQUS is listed in section A.2. The software also automatically
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ﬁts a Prony series for the matrix material input and those values are presented together
with the relaxation behaviour in chapter 4.
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Tab. 3.5: Material parameters of the matrix in the time domain including the instantaneous moduli E0,M , long-term moduli E∞,M , Poisson ratio νM , the reference
temperature TRef,M and the activation energy EA,M .
E0,M
E∞,M
νM

1350 MPa
700 MPa
0.35

TRef,M
EA,M

293.15 K
448 kJmol−1

3.4 Loading cases and boundary conditions
The complete macroscopic relaxation behaviour is describable by a material tensor similar
to the one of equation (2.16) whereas the entries itself are discrete values over time. By the
use of the same mathematical structure of equation (2.4) the linear viscoelastic material
law for a plane stress state is then expressed as,






σ11 (t)
σ22 (t)
σ12 (t)











=


R1111 (t) R1122 (t)
0
R2211 (t) R2222 (t)
0
0
0
R1212 (t)







ε11 (t)
ε22 (t)
2ε12 (t)







(3.3)

where the time dependent strain components are deﬁned by Heavyside step functions and
are expressed as
εkl (t) = εkl,0 H(t)
(3.4)
One strain component has to be applied individually to determine the entries of the
material tensor which results in a two axial stress response. In ABAQUS each node
has three translational degrees of freedom which are in general manipulated by applying
arbitrary displacements to achieve either strains or constraints when those are set to zero.
The periodic microﬁeld approach allows to apply a displacement at one single master
node to achieve a uniform strain in the same direction. To achieve a plane stress state
in the 1 -2 plain of the unit cell and thus the validity of equation (3.3) some degrees
of freedom have to be locked. This plain stress state is obtained when the transversal
contraction in direction 3 is allowed and so the master node M0 has to be completely
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locked whereas master node MY is only restricted for the directions 1 and 2. ABAQUS
returns the reaction forces of the master nodes at the individual time steps which are then
used to calculate the macroscopic stresses.
The tensor entries R1122 and R2211 are equal due to the symmetry of the material tensor
and can be obtained either in the ﬁrst or in second load case. Nevertheless those are
determined in both load cases and are used for a check in terms of tensor symmetry.

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfügbar.
The approved original version of this thesis is available in print at TU Wien Bibliothek.

3.4.1 Uniaxial strain in fibre direction
In the ﬁrst load case only the strain component ε11 is applied in the direction 1 which
leads to a simpliﬁcation of equation (3.3) to
σ11 (t) = R1111 (t) ε11

(3.5)

σ22 (t) = R1122 (t) ε11

(3.6)

ε22 = ε12 = 0

(3.7)

where the material tensor entries R1111 (t) and R1122 (t) are obtained from. The displacement
l1 is applied at master node MZ in the direction 1 and its arbitrary magnitude is set at
0.1µm. The master node MX is not allowed to move in any direction and therefore all of
its degrees of freedom are locked. The remaining degrees of freedom of master node MZ
can not be manipulated and stay unchanged.

3.4.2 Uniaxial strain transverse to the fibre direction
In the second load case only the strain component ε22 is applied in the direction 2 whereby
equation (3.3) simpliﬁes to
σ11 (t) = R2211 (t) ε22

(3.8)

σ22 (t) = R2222 (t) ε22

(3.9)

ε11 = ε12 = 0

(3.10)

and results in the material tensor entries R2211 (t) and R2222 (t). The displacement l2 is
applied at master node MX in the direction 2 and like in the ﬁrst load case the arbitrary
magnitude is set at 2.0µm. The rest of the degree of freedoms of master node MX are
locked. The transversal contraction in direction 1 is hindered by locking the corresponding
degree of freedom of master node MZ .
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3.4.3 In-plane shear strain
In the third and last load case only the shear angle component γ12 = 2ε12 is applied in the
1 -2 plain where equation (3.3) changes to
σ12 (t) = R1212 (t) γ12 = R1212 (t) 2ε12
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ε11 = ε22 = 0

(3.11)
(3.12)

and results in the material tensor entryy R1212 (t). The displacement l2 is applied at
master node MX in direction 1 and this leads to a shearing of the unit cell. The arbitrary
magnitude of the displacement is set at 2.0µm. The remaining degrees of freedom of
master node MX and the only accessible degree of freedom of master node MZ are also
locked.

3.5 Temperature
The relaxation behaviour of the composite and its constituents is dependent on the chosen
temperature for the simulation. In general higher temperatures lead to faster relaxations
and lower temperatures to slower ones. Both time-temperature-shift functions underlie a
restriction in terms of the allowable temperatures but due to the circumstance of unknown
glass transition temperatures for ﬁbre and matrix material, the reference temperatures
are used to narrow the temperature region. The temperature interval is subdivided into
ﬁve temperatures which are displayed in table 3.6. It is mentioned that for the timetemperature-shift of the ﬁbre it is recommended not to use temperatures far below 30◦ C
according to [35] due to the accuracy of the WLF-shift.
Tab. 3.6: Temperatures in ◦ C used for simulation
20 25 30 35 40

3.6 Data evaluation
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3.6 Data evaluation
The software MATLAB R2016b [33] is used for the data evaluation. In general the code is
used to read the simulation output ﬁles line by line and only the numerical data of the
static and the viscoelastic steps are transferred to the program.

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfügbar.
The approved original version of this thesis is available in print at TU Wien Bibliothek.

The data includes the nodal displacements, reaction forces and temperature at all four
master nodes. For each time step the stresses in ﬁbre direction and transverse to the ﬁbre
direction and the in-plane shear stress are calculated as
F1,MZ (t)
AZ
F2,MX (t)
σ22 (t) =
AX
F3,MX (t)
σ12 (t) =
AX
σ11 (t) =

(3.13)
(3.14)
(3.15)

where Fi,Mj is the reaction force in direction i at master node Mj and Ai is the cross
section with direction i as surface normal. The strains have to be calculated as
εkl =

∆lk
ll

(3.16)

where ll is the length of the unit cell and ∆lk is the predeﬁned nodal displacement. The
macroscopic stress components and strain components are used to determine the material
tensor entries which are the ratios between the stress and strain components which are
expressed as
σ11 (t)
ε11
σ22 (t)
R2222 (t) =
ε22
σ11 (t)
σ22 (t)
R1122 (t) =
=
= R2211 (t)
ε22
ε11
σ12 (t)
R1212 (t) =
2ε12
R1111 (t) =

(3.17)
(3.18)
(3.19)
(3.20)

where Rijkl are the in equation (2.16) mentioned material tensor entries. All calculated
values are plotted over time.

54

3 Methodology

3.7 Fitting for WLF- and Arrhenius parameters
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The composites eﬀective viscoelastic properties represent an orthotropic material and
therefore its time-temperature shifts are also separated into a shift of individual Rijkl elements. A WLF- and an Arrhenius shift function are used for shifting those elements.
The arbitrary reference temperatures are set at 30◦ C and at the reference temperatures of
matrix and ﬁbre. The last two ones are only used for a better comparison in terms of the
dominant part in the TTS-behaviour. Similar to equation 2.21 each time step is divided
by the shifting factor to achieve the reduced time step and is once again presented as
ti,red =

ti
aT,i

(3.21)

where ti is the time step i of the reference relaxation curve at the temperature Tref and
aT,i the shifting factor.
Firstly the WLF-shifting parameters are determined by trial and error for a reference
temperature of 30◦ C. Those are obtained by shifting the relaxation curve at the reference
temperature to the ones at 25, 35 and 40◦ C. Some shifting factors are then calculated
with those parameters for temperatures between 20◦ C and 40◦ C. They are used to ﬁt an
Arrhenius shifting function and thus obtaining the equivalent activation energy at the same
reference temperature. The same procedure is also applied to the reference temperatures
at 20◦ C and 40◦ C but they are additionally checked with the conversion relation of the
WLF-function. The used relations are presented in the equations (2.25) and (2.26). The
shifting parameters at 20◦ C and 40◦ C are later compared to the ones of the pure matrix
and ﬁbre, respectively.

3.8 Shift quality
The diﬀerence between the time steps of the shifted relaxation curve and the ones of the
original relaxation curve are used to determine a quality of the shifted curves whereas the
relaxation tensor entries at both times have to be equal. The quality measure reads,
Qi =

ti,Shift − ti,o
ti,o

(3.22)

where ti,Shift is the time step i of the shifted curve and ti,o the original time step i. Due to
the uneven distribution of the individual time steps, the original relaxation tensor entries
are used at the time steps ti,o and interpolated between the time data points of the shifted
curve to obtain the shifted time steps. The MATLAB function interp1 is used for the

3.8 Shift quality

55

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfügbar.
The approved original version of this thesis is available in print at TU Wien Bibliothek.

Tab. 3.7: Interval borders of the time steps which are used to calculate the quality measure
T in ◦ C

time interval in s

25
30
35
40

[4 · 10−7 2 · 107 ]
[1 · 10−8 3 · 106 ]
[2 · 10−9 6 · 104 ]
[2 · 10−10 5 · 103 ]

spline interpolation in the logarithmic domain. MATLAB needs strictly de- or increasing
data points for the interpolations and therefore the useable data points are limited for
the calculation. Those limits are presented in table 3.7 as intervals. The quality measure
is calculated for each time step within the interval and an acceptable shift is obtained
when the quadratic mean of the quality measure Qi is on average below ten per cent.
The minimum and maximum of the quality measure are also determined whereas those
are deﬁned as the lowest and highest values of Qi respectively. The average, minimum
and maximum of those calculated values are determined by the pre-deﬁned MATLAB
functions rms, min and max respectively.

Chapter 4
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Results and Discussion
In the following the material tensor will be called relaxation tensor and their entries are
labelled with an R and four numbers in their indices. Revisiting the meaning of these
indices they denote the stress component caused by the applied strain in the ﬁrst two and
the strain component itself in the last two numbers. The entries Riijj and Rijij will be
called coupling and shear entry, respectively.

4.1 Relaxation behaviour
The relaxation behaviours of the composite, pure matrix and pure ﬁbre are fully depicted
by their relaxation tensor entries. A condensed form of presentation is used for the
relaxation entries of the pure matrix and ﬁbre due to their isotropic material behaviour.

4.1.1 Pure matrix
The ﬁgures 4.1, 4.2 and 4.3 show the relaxation tensor entries R1111 , R1122 and R1212 plotted
for the temperatures between 20◦ C and 40◦ C over a logarithmic time scale respectively.
The bumpy and wavy curve development over time is caused due to the limited amount
of ﬁtted Prony terms. The complete set of the ﬁtted Prony-terms are presented in table
4.1 for the shear and the bulk moduli whereas ABAQUS used nine terms to ﬁt the shear
modulus and ten terms to ﬁt the bulk modulus. The relative shear moduli, relative
bulk moduli and the corresponding characteristic times are denoted as gi , ki , τ gi and τ ki ,
respectively. All instantaneous and long-term values of the relaxation tensor entries are
listed in the table 4.2.
All relaxation curves of the Rijkl -elements have a distinct ﬂat spot between 1 · 10−7 s and
10s. This is caused by a bigger diﬀerence of the characteristic times of two consecutive
Prony terms. A second ﬂat spot occurs below the ﬁrst one but it is less distinct and
those can also be traced back to a temporal gap between the characteristic relaxation

4.1 Relaxation behaviour
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times of two neighboured Prony terms. A temperature increase of 5◦ C from the reference
temperature of 20◦ C leads to a curve shift to the left and thus to faster relaxation times.
The shifts for 30◦ C, 35◦ C and 40◦ C are analogue to the one at 25◦ C which shifts the
relaxation curves about two, three and four decades to the left, respectively. Little kinks
are present in the ﬁgures of relaxation entries R1122 and R1212 at the bottom right part
which may be caused by a bad shifted characteristic time of a Prony term.
Tab. 4.1: Listing of the nine relative shear moduli gi , ten relative bulk moduli ki and
their corresponding characteristic times τ gi and τ ki of the Prony terms for the
shear and bulk moduli. They are ﬁtted with a root-mean error of about 0.19
for the shear modulus and of about 0.16 for the bulk modulus. The reference
temperature and the Arrhenius shifting parameter of the pure matrix are again
presented.
= 3.8008 · 101
= 7.1097 · 104
= 1.1190 · 107
= 1.9965 · 108

g1
g3
g5
g7

= 1.2050 · 10−1
= 1.0377 · 10−1
= 1.1828 · 10−1
= 6.6882 · 10−2

τ g1 = 7.9773 · 10−3
τ g3 = 3.6754 · 103
τ g5 = 1.0173 · 106
τ g7 = 1.8765 · 108
g9 = 6.6882 · 10−2

g2 = 9.2767 · 10−2
g4 = 1.1888 · 10−1
g6 = 9.8119 · 10−2
g8 = 6.6882 · 10−2
τ g9 = 1.9965 · 108

τ g2
τ g4
τ g6
τ g8

k1
k3
k5
k7
k9

= 1.0799 · 10−1
= 9.2107 · 10−2
= 8.9420 · 10−2
= 7.2754 · 10−2
= 7.2754 · 10−2

τ k1 = 5.7235 · 10−3
τ k3 = 2.1521 · 103
τ k5 = 3.3865 · 105
τ k7 = 1.0300 · 108
τ k9 = 1.0335 · 108

k2 = 9.4060 · 10−2
k4 = 9.2109 · 10−2
k6 = 8.6350 · 10−2
k8 = 7.2754 · 10−2
k10 = 7.2754 · 10−2

τ k2 = 2.0797 · 101
τ k4 = 4.2433 · 104
τ k6 = 1.8940 · 106
τ k8 = 1.0335 · 108
τ k10 = 1.0335 · 108

TRef = 20◦ C

E = 448 kJmol−1

Tab. 4.2: Listing of the instantaneous and long-term relaxation tensor entries of the pure
matrix

t=0
t→∞

R1111 = R2222 in MPa

R1122 = R2211 in MPa

R1212 in MPa

5 425.9
3 039.3

1 899.5
611.6

1 763.2
661.5
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4 Results and Discussion

Fig. 4.1: Development of relaxation tensor entry R1111 of pure matrix over logarithmic
time scale at 20, 25, 30, 35 and 40◦ C

Fig. 4.2: Development of coupling tensor entry R1122 of pure matrix over logarithmic
time scale at 20, 25, 30, 35 and 40◦ C
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Fig. 4.3: Development of shear tensor entry R1212 of pure matrix over logarithmic time
scale at 20, 25, 30, 35 and 40◦ C
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4.1.2 Pure fibre
The relaxation entries R1111 , R1122 and R1212 are presented in the ﬁgures 4.4, 4.5 and 4.6
for the pure ﬁbre which are plotted over a logarithmic time scale for temperatures between
20 and 40◦ C. The bumpy and wavy curve development are also caused due to a limited
amount of Prony terms. ABAQUS ﬁts a set Prony-series for the ﬁbre’s shear and bulk
moduli whereas both are identical due to the assumption of the constant Poisson’s ratio.
Therefore only the Prony-terms of the shear moduli are presented in the table 4.3. The
relative shear moduli and their corresponding relaxations times are denoted as gi and τ gi ,
respectively. The table 4.4 lists all instantaneous and long-term values of the relaxation
tensor entries for the pure ﬁbre.
Every relaxation curve has got a distinctive plateau in their development which is
situated between 2s and 1 · 107 s. This ﬂat spot in the relaxation curve is also caused by
a larger diﬀerence in terms of characteristic times of two consecutive Prony terms. The
curve has also a visible "bend" in its development. A comparison of the Prony-terms and
their corresponding characteristic relaxation times results in a temporal gap of two decades
between the characteristic times of two neighboured Prony-terms. A temperature decrease
of 5◦ C from the reference temperature of 40◦ C results in a curve shift of about one decade
to the right side and thus the relaxation times are shifted to slower ones. The relaxation
curves are shifted about two, three and four decades to the right for 30◦ C, 25◦ C and 20◦ C,
respectively.
Tab. 4.3: Listing of the eight relative shear moduli gi their corresponding characteristic
times τ gi for the shear moduli which are identical for the bulk modulus. They
are ﬁtted with a root-mean error of about 0.25. The reference temperature and
WLF-shifting parameters of the pure ﬁbre are again presented.
g1
g3
g5
g7

= 1.5998 · 10−1
= 1.4565 · 10−1
= 1.0862 · 10−1
= 8.8166 · 10−2
TRef = 40◦ C

τ g1 = 2.3980 · 10−10
τ g3 = 1.1771 · 10−6
τ g5 = 2.1022 · 10−3
τ g7 = 3.3530 · 103
C1 = 42.8

g2
g4
g6
g8

= 1.5437 · 10−1
= 1.1006 · 10−1
= 7.3954 · 10−2
= 8.8166 · 10−2
C2 = 218.6

τ g2 = 2.0653 · 10−8
τ g4 = 4.0447 · 10−5
τ g6 = 5.0652 · 10−1
τ g8 = 5.1118 · 103

4.1 Relaxation behaviour
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Tab. 4.4: Listing of the instantaneous and long-term relaxation tensor entries of the pure
ﬁbre
R1122 = R2211 in MPa

R1212 in MPa

172 037.3
86 626.7

67 094.5
13 977.5

52 471.4
14 003.1
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t=0
t→∞

R1111 = R2222 in MPa

Fig. 4.4: Development of the relaxation tensor R1111 of the pure ﬁbre over logarithmic
time scale at 20 ,25, 30, 35 and 40◦ C
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4 Results and Discussion

Fig. 4.5: Development of the coupling tensor R1122 of the pure ﬁbre over logarithmic time
scale at 20, 25, 30, 35 and 40◦ C

Fig. 4.6: Development of the shear tensor R1212 of the pure ﬁbre over logarithmic time
scale at 20, 25, 30, 35 and 40◦ C

4.1 Relaxation behaviour
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4.1.3 Composite
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The ﬁgures 4.7, 4.8, 4.9 and 4.10 show the development of the relaxation tensor entries
R1111 , R2222 , R1122 and R1212 over a logarithmic time scale respectively. The relaxation
curves of the composite also result in bumpy and wavy ones due to the limited amount of
Prony terms in the material input of ﬁbre and matrix.
The relaxation tensor entry R1111 has a similar development over time than the ﬁbre. A
distinctive similarity is the plateau region which also occurs in the relaxation development
of the composite. At this spot the relaxation more slowly proceeds than in comparison to
the pure ﬁbre. The mentioned bend in the relaxation development of the pure ﬁbre is also
visible in the one of the composite. For all other relaxation tensor entries a distinctive
ﬂat spot occurs between about 2 · 10−7 s and 10s which is similar to the ones in the
relaxation development of the matrix. Below this ﬂat spot there is another less distinctive
one that gets smaller with rising temperature. A temporal comparison of the relaxation
times between composite, ﬁbre and matrix further underpins the similarities and thus the
inﬂuence of the ﬁbre on the relaxation tensor entry R1111 and of the matrix on the rest of
the relaxation tensor entries.
Tab. 4.5: Listing of the instantaneous and long-term relaxation tensor entries of the
composite

t=0
t→∞

R1111 in MPa

R2222 in MPa

R1122 = R2211 in MPa

R1212 in MPa

62 667.6
33 446.1

10 752.5
3 425.4

3 962.8
1 263.4

3 873.2
1 647.4

As expected, the composite has an mechanically orthotropical material behaviour with
its distinct directions 1 and 2 according to the chosen coordinate system. A comparison
between the shape of relaxation tensor entry R1111 of the ﬁbre and the one of the composite
results in a clear dominance by the ﬁbre. Both of them have a similar curve development
and the conspicuous plateau of the ﬁbre is also existing but it is less distinct due to the
additional relaxation of the matrix. All other entries of the relaxation tensor are mainly
dominated by the matrix which can also be derived from similar curve developments
with respect to the matrix ones. For this material combination the composite has at
ﬁrst sight rather similar characteristics over diﬀerent temperatures for each relaxation
tensor entry and equal looking spacings in between. This can also be interpreted as
a thermorheologically simple material behaviour. It cannot be stated yet whether the
condition of thermorheological simplicity is satisﬁed or not.

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfügbar.
The approved original version of this thesis is available in print at TU Wien Bibliothek.

64

4 Results and Discussion

Fig. 4.7: Development of relaxation tensor entry R1111 of the composite over a logarithmic
time scale at 20, 25, 30, 35 and 40◦ C

Fig. 4.8: Development of relaxation tensor entry R2222 of the composite over a logarithmic
time scale at 20, 25, 30, 35 and 40◦ C
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Fig. 4.9: Development of relaxation tensor entry R1122 of the composite over a logarithmic
time scale at 20, 25, 30, 35 and 40◦ C

Fig. 4.10: Development of relaxation tensor entry R1212 of the composite over a logarithmic
time scale at 20, 25, 30, 35 and 40◦ C
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4 Results and Discussion

4.2 Time-temperature-behaviour
In the following the shifted relaxation curves are only presented in the ﬁgures for a reference
temperature of 30◦ C and without the relaxation curves at 20◦ C for a better clarity. The
determined shifting parameters of the composite are listed for a comparison in tables at
all chosen reference temperatures.

4.2.1 Shift function fitted for material tensor entry R1111
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4.2.1.1 Shifting parameters
The shifting parameters are determined for a shift ﬁtted for the relaxation tensor entry
R1111 at a reference temperature of 20◦ C, 30◦ C and 40◦ C. Those shifting parameters are
presented in table 4.6 for a WLF-shift function and an Arrhenius one. A comparison of the
activation energies shows that these reduce for rising reference temperatures and rises for
lower ones. Such a behaviour corresponds to literature. A similar behaviour is observed
for the parameters of the WLF-shift function. The WLF-parameter C1 lowers with higher
reference temperatures whereas on the other hand the parameter C2 rises.

4.2.1.2 Shifted relaxation curves
The ﬁgures 4.11, 4.12, 4.13 and 4.14 are almost equivalent to the ones 4.7, 4.8, 4.9 and
4.10 respectively in terms of line styles and temperatures excepting the missing 20◦ C curve.
Three additional curves are added to represent the shifted relaxation tensor entries at the
temperatures 25, 35 and 40◦ C.
The relaxation tensor entry R1111 is ﬁtted with the WLF-shifting parameters according
to table 4.6 for 30◦ C. The minimum, maximum and quadratic mean diﬀerence between the
Tab. 4.6: Comparison of the shifting parameters for a shift ﬁtted for relaxation tensor
entry R1111 at diﬀerent reference temperatures. The WLF-shifting parameters
are determined by trial and error while the Arrhenius ones are obtained by
ﬁtting the Arrhenius shift function to the shifting factors determined by the
WLF-shifting function

TRef in C

WLF
C1
C2

Arrhenius
E in kJ mol−1

20
30
40

75.5 131.7
70.2 141.7
65.6 151.7

418.5
385.9
365.2

◦
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shifted relaxation curves and the original ones are presented in table 4.7 for an overview.
The WLF-shift results in an almost perfectly visual match for the curve pairs at 25◦ C. A
similar behaviour is obtained for the original relaxation curve and the shifted one at 35◦ C.
Both visually coincide almost completely whereas at a closer look a few minor deviations
can be seen. At 40◦ C the shifted relaxation times are slightly bigger than the original
ones but it still looks like an acceptable shift although both curves do not perfectly match.
The mean deviation is also bigger than for the other two curve pairs.
The same shifting parameters are also used for the other relaxation tensor entries and
the mean, minimum and maximum deviations are also presented in table 4.7. For the
relaxation tensor entry R2222 at 25◦ C the shifted and original curve are the closest in
comparison to the other pairs of curves but their mismatch is obvious. The curve pair
at 35◦ C is also close by but it also does not match. The diﬀerence between those two
relaxation curves is greater than for the curve pair at 25◦ C. A comparison of the relaxation
curves at 40◦ C results in an obviously not matching curve pair and their deviation is even
higher.
At 25◦ C the original curve and the shifted one of the shear tensor entry R1212 are the
closest curve pair of all three but its mismatch is more than obvious. Similar results are
obtained for the curves at 35◦ C which are less close by than the curve pair at 25◦ C and
they deviate even more. The shifted relaxation curve and the original one at 40◦ C do not
match in any way and their mismatch is the biggest of all three curve pairs. An overview
of the calculated deviations are presented in table 4.7.
For both coupling tensor entries R1122 and R2211 the calculated deviations are equal
and are presented in table 4.7 only for the R1122 -element. The curve pair at 25◦ C is also
the closest one of all three ones but they visually mismatch. The shifted and the original
relaxation curve at 35◦ C on the other hand mismatches even more whereas the biggest
diﬀerence of the curve pairs occurs for the one at 40◦ C.
A comparison between the calculated deviations and the ﬁgures of the relaxation tensor
entry R1111 leads to a justiﬁed suspicion of a mislead deviation calculation.
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Tab. 4.7: Overview of the calculated quadratic mean, minimum and maximum deviations
between the shifted and original relaxation tensor entries for a shift ﬁtted for
relaxation tensor entry R1111 at a reference temperature of 30◦ C.
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Temperature in ◦ C Min in % Max in % Mean in %
R1111

25
35
40

-31.55
0.34
-19.7

8.18
55.3
163.79

12.31
10.74
53.06

R1122

25
35
40

-48.05
-91.35
-11.86

1.76
109.85
227.43

25.79
58.53
176.54

R2222

25
35
40

-47.87
-91.15
-17.33

1.92
106.72
259.64

25.26
58.44
175.25

R1212

25
35
40

-43.36
-90.35
-11.86

2.76
88.78
227.43

24.04
54.84
163.61

Fig. 4.11: Relaxations curves of tensor entry R1111 shifted from 30◦ C to the original ones
at 25, 35 and 40◦ C by the use of the WLF-shift function ﬁtted for tensor entry
R1111 .
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Fig. 4.12: Relaxations curves of tensor entry R2222 shifted from 30◦ C to the original ones
at 25, 35 and 40◦ C by the use of the WLF-shift function ﬁtted for tensor entry
R1111 .

Fig. 4.13: Relaxations curves of tensor entry R1122 shifted from 30◦ C to the original ones
at 25, 35 and 40◦ C by the use of the WLF-shift function ﬁtted for tensor entry
R1111 .
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Fig. 4.14: Relaxations curves of tensor entry R1212 shifted from 30◦ C to the original ones
at 25, 35 and 40◦ C by the use of the WLF-shift function ﬁtted for tensor entry
R1111 .

4.2 Time-temperature-behaviour

71

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfügbar.
The approved original version of this thesis is available in print at TU Wien Bibliothek.

4.2.1.3 Correcting the calculation of the quality measure
Plotting the individual quality measures of the relaxation curve at 35◦ C over the time steps
of the original relaxation curve shows ﬂuctuating quality measures which are presented in
ﬁgure 4.15. The highest peak of the quality measure is caused by the distinctive ﬂat spot.
This section strongly aﬀects the calculation of the mean deviation and distorts it to higher
values. Correcting this error by excluding this region from the calculation eliminates
most of the unreasonable high values. This also applies to the other relaxations curves of
the R1111 -element in similar way and therefore they are individually excluded from the
calculation. The table 4.8 lists the new time intervals for the corrected calculation. It
leads to new mean, minimum and maximum deviations for all curves which are displayed
in table 4.9.

Fig. 4.15: Individual quality measures of the relaxation tensor entry R1111 over the time
steps of the original relaxation curve at 35◦ C. The highest peak is caused by
the plateau region.
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Tab. 4.8: Listing of the new sub-intervals used for the corrected quality measure calculation
T in ◦ C

[9.8 · 10−8 3 · 104 ]
[2 · 10−9 10]
[2 · 10−9 0.1]

25
35
40
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corrected sub-intervals in s
[1 · 105 3 · 107 ]
[9 · 103 2 · 105 ]
[1 · 102 1.2 · 104 ]

Tab. 4.9: Overview of the corrected mean, minimum and maximum deviations between
the shifted and original relaxation tensor entries for a shift ﬁtted for relaxation
tensor entry R1111 and at a reference temperature of 30◦ C.
Temperature in ◦ C Min in % Max in % Mean in %
R1111

25
35
40

-31.55
-25.02
8.65

8.18
24.18
67.95

8.79
7.12
28.44

R1122

25
35
40

-48.05
-24.64
16.24

1.77
78.18
220.6

24.07
53.33
161.28

R2222

25
35
40

-47.87
-22.76
15.80

1.92
77.20
219.23

23.79
53.33
160.50

R1212

25
35
40

-43.36
-18.03
13.32

2.76
68.27
206.16

22.22
50.10
150.62

4.2.1.4 Further remarks
The overall TTS-behaviour is thermorheoligcally complex which results from the mismatches of the shifts for the majority of the relaxation tensor entries. Some changes of
curvature can also be seen in certain sections of the curve development but they are small
for this material combination. According to the pre-deﬁned requirement in terms of shift
quality the shifts of the relaxation tensor entry R1111 are only acceptable for the curve
pairs at 25◦ C and 35◦ C while the shift at 40◦ C is on average above the ten percent limit.
It is mentioned that this ﬁtted shift is not suitable for the rest of the relaxation tensor
entries. A comparison between the shifted relaxation times and the original ones results in
faster times for the shifted curves at 25◦ C and on the other hand, in slower times for the
shifted ones at 35◦ C and 40◦ C. This shifting behaviour shows that the determined shifting
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Tab. 4.10: Comparison of the shifting parameters for a shift ﬁtted for relaxation tensor
entry R2222 at diﬀerent reference temperatures. The WLF-shifting parameters
are determined by trial and error while the Arrhenius ones are obtained by
ﬁtting the Arrhenius shift function to the shifting factors determined by the
WLF-shifting function

TRef in ◦ C

WLF
C1
C2

Arrhenius
E in kJ mol−1

20
30
40

106.7 164.5
100.6 174.5
95.2 184.5

470
446
430

parameters are not so exact and the true ones might be a bit higher. Similar results are
obtained by an Arrhenius shift with an activation energy according to table 4.6 for 30◦ C.

4.2.2 Shift function fitted for material tensor entry R2222
4.2.2.1 Shifting parameters
The shifting parameters are determined for a shift ﬁtted for the relaxation tensor entry
R2222 at a reference temperature of 20◦ C, 30◦ C and 40◦ C. Those shifting parameters are
presented in table 4.10 for a WLF-shift function and an Arrhenius one. A comparison of
the activation energies and of the WLF-shifting parameters shows the same characteristics
as for the shift ﬁtted for relaxation tensor entry R1111 .

4.2.2.2 Shifted relaxation curves
The ﬁgures 4.16, 4.17, 4.18 and 4.19 are also equivalent to the above ﬁgures 4.7, 4.8, 4.9,
4.10 respectively in terms of line styles and temperatures excepting the missing 20◦ C
curve. Additional continuous red, blue and green lines are used to represent three shifted
relaxation curves for 25, 35 and 40◦ C, respectively.
For the relaxation tensor entry R2222 the WLF-shifting parameters according to table
4.10 result in a good conformity for the curve pair at 25◦ C excepting the little misﬁt of
the kink at 2 · 105 s. Those two curves deviate from each other on average according to
table 4.11 in which also the minimum and maximum deviations are presented. For the
original and the shifted relaxation curve at 35◦ C a similar behaviour is achieved although
a few but small misﬁts can be seen. At 40◦ C the shifted curve has bigger relaxation times
than the original relaxation curve and but a changing in curvature is more apparent.
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At 25◦ C the shifted curve of the shear tensor entry largely coincides with the original
relaxation curve excepting the little kink at 2 · 105 s. The curve pair at 35◦ C visually
coincide for a majority and look like a quite good shift even they deviate in a few areas. In
contrary to this, the original and the shifted relaxation curve at 40◦ C diﬀer for a majority
from each other. Small changes in curvature can also be seen at the transition state before
equilibrium. The deviations of those curve pairs are presented in the table 4.11.
The curve pair of the symmetric coupling tensor entries R1122 and R2211 and their
deviations are equal and so the deviations between the shifted and original relaxation
curves are presented only for the R1122 -element in table 4.11. The shifted and the original
relaxation curve at 25◦ C result in an almost perfect match also excepting the mismatch
of the kinks at about 3 · 105 s. At 35◦ C the shifted relaxation curve is also close to the
original one and they match for a large range. A few diﬀerences can be seen in some
sections. Both relaxation curves at 40◦ C look like an inappropriate shift due to visually
distinct diﬀerences. Its diﬀerence gets more evident especially the change in curvature
before the equilibrium state.
The relaxation tensor entry R1111 is also shifted by the same shifting parameters and
the calculated deviations are also presented in table 4.11. The original and the shifted
relaxation curve at 25◦ C are close together but they do not ﬁt. In general the shifted
relaxation times are bigger than the original ones. At 35◦ both curves do not match either
but those are the closest of all three curve pairs. In opposite to the relaxation times of the
pair at 25◦ C the shifted times at 35◦ C are smaller. The original and the shifted relaxation
curve at 40◦ C are obviously not matching and the misﬁt is even higher in comparison to
the other two curve pairs.
When comparing the calculated deviations and the ﬁgures for the relaxation tensor
entries R2222 , R1122 and R1212 , it seems that the shifts visually ﬁt better than the calculated
values predict.
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Tab. 4.11: Overview of the calculated mean, minimum and maximum deviations between
the shifted and original relaxation tensor entries for a shift ﬁtted for relaxation
tensor entry R2222 at a reference temperature of 30◦ C.
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Temperature in ◦ C Min in % Max in % Mean in %
R1111

25
35
40

2.11
-94.21
-64.81

61.37
3.11
15.60

44.68
32.44
41.85

R1122

25
35
40

-22.51
-44.67
-49.06

51.93
39.32
59.96

19.50
9.45
28.07

R2222

25
35
40

-22.24
-45.
-49.25

52.02
37.25
57.6

20.31
9.42
27.70

R1212

25
35
40

-15.51
-43.43
-50.34

53.29
25.34
43.49

23.82
8.45
24.18

Fig. 4.16: Relaxations curves of tensor entry R1111 shifted from 30◦ C to the original ones
at 25, 35 and 40◦ C by the use of the WLF-shift function ﬁtted for tensor entry
R2222 .
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Fig. 4.17: Relaxations curves of tensor entry R2222 shifted from 30◦ C to the original ones
at 25, 35 and 40◦ C by the use of the WLF-shift function ﬁtted for tensor entry
R2222 .

Fig. 4.18: Relaxations curves of tensor entry R1122 shifted from 30◦ C to the original ones
at 25, 35 and 40◦ C by the use of the WLF-shift function ﬁtted for tensor entry
R2222 .
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Fig. 4.19: Relaxations curves of tensor entry R1212 shifted from 30◦ C to the original ones
at 25, 35 and 40◦ C by the use of the WLF-shift function ﬁtted for tensor entry
R2222 .
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4.2.2.3 Correcting the calculation of the quality measure
The individual quality measures are also used for the correction of the quality measure
calculation. Therefore the individual quality measures of the relaxation curve R2222 at
35◦ C are plotted against the time steps of the original relaxation curve. The ﬂuctuating
quality measures are presented in ﬁgure 4.20. The ﬂat spot between approximately 1 · 10−6 s
and 2 · 10−4 s causes one of the strongest peak downwards and this area also strongly
aﬀects the calculated values. The already mentioned kink at 1.2 · 103 s also aﬀects the
mean deviation. Therefore these areas are excluded from the calculation and the new time
intervals for determining the quality measures are presented in table 4.12. The same is
also applied in a similar way to the other relaxation curves. This change leads to new
deviations which are presented in table 4.13.

Fig. 4.20: Individual quality measures over the time steps of the original relaxation curve
R2222 at 35◦ C. Highest peaks are caused by the plateau region and by the kink.
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Tab. 4.12: Listing of the new sub-intervals used for the corrected quality measure calculation
T in ◦ C

corrected sub-intervals in s

25
35
40

[1 · 10−5 9 · 10−5 ]
[10 9 · 104 ]
[1 · 107 3 · 107 ]
[8 · 10−9 3 · 10−6 ] [7 · 10−4 7 · 102 ] [2 · 103 1 · 104 ]
[2 · 10−9 1 · 10−7 ]
[4 · 10−5 40]
[80 2 · 103 ]

Tab. 4.13: Overview of the mean, minimum and maximum deviations between the shifted
and the original relaxation tensor entries for a shift ﬁtted for relaxation tensor
entry R2222 and at a reference temperature of 30◦ C.
Temperature in ◦ C Min in % Max in % Mean in %
R1111

25
35
40

2.11
-33.38
-52.39

53.98
3.11
15.60

37.57
28.29
41.59

R1122

25
35
40

-7.03
-25.55
-20.02

51.81
23.32
50.17

9.8
7.1
23.59

R2222

25
35
40

-6.80
-23.64
-20.06

52.02
21.45
49.04

9.86
7.13
23.41

R1212

25
35
40

-3.19
-23.34
-25.31

23
13.6
39.96

7.98
6.5
20.46

4.2.2.4 Further remarks
As already mentioned the overall TTS-behaviour is thermorheoligcally complex. In some
sections it is possible to identify changes of curvature. However, those changes are small
for this material combination. Checking the shift quality with the pre-deﬁned requirement
of ten percent quadratic mean deviation shows that the shifts of relaxation tensor entry
R2222 are only acceptable for 25◦ C and 35◦ C but not for 40◦ C. The same applies to the
shifts of the coupling and shear tensor entries. It is mentioned that the ﬁtted shifts of
relaxation tensor R2222 are not suitable for shifts for relaxation tensor entry R1111 . A
comparison between the shifted relaxation times and the original ones generally results
in slower times for the shifted curves of the relaxation tensor entries R2222 , R1122 and
R1212 at all temperatures. The shifted relaxation times for the relaxation tensor entry
R1111 are slower at 25◦ C whereas they are faster at 35◦ C and 40◦ C in comparison to the
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original times. This shifting behaviour shows that the determined shifting parameters are
acceptable but they are to big for the relaxation tensor entry R1111 . An equivalent result
can be obtained by an Arrhenius shift with an activation energy according to table 4.10
for 30◦ C.
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4.2.3 Comparison of TTS-parameters
The ﬁrst impression of the TTS-behaviour is misleading and the present composite can not
be considered as fully thermorheologically simple. Thus the TTS behaviour is instead considered as thermorheologically complex but for a small temperature range the assumption
of an direction dependent thermorheologically simple material is permissible. The range of
temperatures for such direction dependent thermorheologically simple composites depends
on the allowable quality measure. Such a direction dependent thermorheological material
behaviour might be caused by the composites constituents and their individual relaxation
behaviour especially the combination of their characteristic times of the Prony terms.
The shifting parameters of the composite’s constituents and the determined ones are
compared for the relaxation tensor entries R1111 and R2222 to identify the dominance of
either matrix or ﬁbre in terms of the overall TTS behaviour. The ﬁgures 4.21, 4.22, 4.23
and 4.24 display the relaxation tensor entries R1111 , R2222 , R1122 and R1212 over time at
20◦ C, 30◦ and 40◦ C, respectively. The relaxation curves at 20◦ C are now shifted with
the shift parameters of the matrix whereas the ones at 40◦ C are shifted with the shift
parameters of the ﬁbre. Both are shifted to a target temperature of 30◦ C. A blue and a
red line colour represent the matrix’s parameter shifted relaxation curve and the ﬁbre’s
parameter shifted one in the ﬁgures, respectively. The quality measures are also corrected
similar to the sections 4.2.1.3 and 4.2.2.3 and the used time intervals are presented for the
quality measure calculation in table 4.14.
The shifting parameters of the matrix lead to a shift which is surprisingly closer to
the target temperature of 30◦ C for the relaxation tensor entry R1111 than the one which
is shifted with the parameters of the ﬁbre. The mean deviation between the original
relaxation curve and the matrix’s parameter shifted one is still about 51.84% whereas
the one shifted with ﬁbre’s parameters deviates about 94.26%. The matrix is also more
dominant for the relaxation tensor entry R2222 and the diﬀerence between the shifted
relaxation curve and the original one amounts on average about 7.81%. On the other hand,
the ﬁbre’s parameter shifted curve medially deviates about 96.94%. The same applies to
the coupling and shear tensor entry who are also dominated more by the matrix than the
ﬁbre in terms of the TTS behaviour. Similar mean deviations occur for the coupling and
shear tensor entries. All corrected deviations are listed for an overview in table 4.15.

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfügbar.
The approved original version of this thesis is available in print at TU Wien Bibliothek.

4.2 Time-temperature-behaviour

81

Such a behaviour can be derived from the diﬀerence between the activation energies
of the composite’s constituents. The activation energy of the ﬁbre is a little bit more
than 38% of the matrix’s one at 20◦ C which leads to a less sensitive behaviour of the
ﬁbre to temperature and thus the matrix becomes the dominant part in terms of the TTS
behaviour for relaxation tensor entry R1111 . To ﬁt the shifts for this relaxation tensor entry
the activation energy of the matrix needs to be decreased to the already determined one in
table 4.6 at 20◦ C which is about 6.6% lower. On the other hand, the converted activation
energy of the ﬁbre needs to be increased to the determined ones in table 4.6 at 40◦ C which
is about 222% higher. The dominant part is the matrix for the TTS behaviour of the
relaxation tensor entry R2222 which results in an almost perfect shift. The determined
activation energies of the composite and the matrix’s one are of the same order and they
deviate less than two per cent from each other at the same reference temperature. This
also applies to the shear and coupling tensor entry in an analogue way.

Fig. 4.21: Relaxation tensor entry R1111 at the temperatures 20, 30 and 40◦ C. The
relaxation curves at 20 and 40◦ C are shifted with the shifting parameters of
matrix and ﬁbre to the curve at 30◦ C respectively.
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Fig. 4.22: Relaxation tensor entry R2222 at the temperatures 20, 30 and 40◦ C. The
relaxation curves at 20 and 40◦ C are shifted with the shifting parameters of
matrix and ﬁbre to the curve at 30◦ C respectively.

Tab. 4.14: Listing of the new sub-intervals used for the corrected quality measure calculation

Fibre
Matrix

Tensor entry

corrected sub-intervals in s

R1111
other
R1111
other

[4 · 10−3 9]
[9 · 103 3 · 106 ]
[4 · 10−3 3 · 106 ]
[3 · 10−8 9]
[5 · 103 3 · 106 ]
−5
−4
[1 · 10 4 · 10 ]
[1 3 · 106 ]
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Fig. 4.23: Relaxation tensor entry R1122 at the temperatures 20, 30 and 40◦ C. The
relaxation curves at 20 and 40◦ C are shifted by the shifting parameters of the
matrix and ﬁbre to the curve at 30◦ C respectively.

Fig. 4.24: Relaxation tensor entry R1212 at the temperatures 20, 30 and 40◦ C. The
relaxation curves at 20 and 40◦ C are shifted by the shifting parameters of the
matrix and ﬁbre to the curve at 30◦ C respectively.
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Tab. 4.15: Overview of the mean, minimum and maximum deviations between the original
relaxation curve at 30◦ C and the constituent’s parameter shifted relaxation
curves
Shifting parameters Min in % Max in % Mean in %
R1111

Fibre
Matrix

-95.82
-58.08

-93.18
-28.49

94.26
51.84

R1122

Fibre
Matrix

-97.92
-55.77

-95.40
20.74

96.94
7.85

R2222

Fibre
Matrix

-97.88
-55.88

-95.61
21.89

96.94
7.81

R1212

Fibre
Matrix

-97.68
-56.71

-95.12
10.25

96.8
8.19
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4.2.4 Changing the TTS-parameters of the fibre
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To verify the eﬀects of both individual TTS behaviours on the composites ones, the WLFshifting parameters of the ﬁbre are arbitrarily set to 79 and 175 at a reference temperature
of 40◦ C which corresponds to an equivalent activation energy of 417.6 kJmol−1 at 20◦ C.
The activation energy of the matrix remains unchanged. At 20◦ C the equivalent activation
energy of the ﬁbre is still about 6.8% lower than the one of the matrix. The ﬁgures 4.25,
4.26, 4.28 and 4.27 present the relaxation tensor entries R1111 , R2222 , R1122 and R1212 over
time at 20, 30 and 40◦ C, respectively.
Apparently the TTS behaviour is now neither dominated by the matrix nor by the
ﬁbre for the relaxation tensor entry R1111 . The spacing between the relaxation curves gets
larger and the changes in curvature are more noticeable and severe. It can be assumed
that this TTS behaviour is a function of the individual shifting parameters of ﬁbre and
matrix but also of time.
The TTS-behaviours of the remaining relaxation tensor entries are still dominated by the
matrix. The changes in curvature are now more apparent in the region between 1 · 10−4 s
and 1 · 104 s for the relaxation tensor entry R2222 . This also applies to the coupling and
especially to the shear tensor entry which has a stronger change of curvature.
Reviewing the changes of the ﬁbre’s parameters in comparison to the unchanged ones,
it can be assumed that if the activation energy of the matrix is much higher than the
one of the ﬁbre it is possible to approximate the overall TTS-behaviour by the one of the
matrix. On the other hand the TTS behaviour of the remaining relaxation tensor entries
is still clearly dominated by the matrix before as well as after the change but the changes
of curvature are more noticeable. Therefore it is permissible to approximate the overall
TTS behaviour by the one of the matrix for the relaxation tensor entries R2222 , R1122 and
R1212 but changes of curvature aﬀect the shift’s accuracy.
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Fig. 4.25: Relaxation tensor entry R1111 at the temperatures 20, 30 and 40◦ C. The
relaxation curves at 20 and 40◦ C are shifted with the shifting parameters of
the matrix and the changed ones of the ﬁbre to 30◦ C.

Fig. 4.26: Relaxation tensor entry R2222 at the temperatures 20, 30 and 40◦ C. The
relaxation curves at 20 and 40◦ C are shifted with the shifting parameters of
the matrix and the changed ones of the ﬁbre to 30◦ C.

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfügbar.
The approved original version of this thesis is available in print at TU Wien Bibliothek.

4.2 Time-temperature-behaviour

87

Fig. 4.27: Relaxation tensor entry R1212 at the temperatures 20, 30 and 40◦ C. The
relaxation curves at 20 and 40◦ C are shifted with the shifting parameters of
the matrix and the changed ones of the ﬁbre to 30◦ C.

Fig. 4.28: Relaxation tensor entry R1122 at the temperatures 20, 30 and 40◦ C. The
relaxation curves at 20 and 40◦ C are shifted with the shifting parameters of
the matrix and the changed ones of the ﬁbre to 30◦ C.

Chapter 5
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Conclusion
In this thesis a uni-directional ﬁbre reinforced composite consisting of two diﬀerent viscoelastic polymers is studied in terms of its macroscopic relaxation and its time-temperature
shift behaviour. The periodic microﬁeld approach is used to gain the material tensor
entries of a thin ply and thus the composites macroscopic relaxation behaviour. A unit
cell is used with periodic boundary conditions in form of a Finite Element representation
in ABAQUS and it is subjected to load cases at diﬀerent temperatures. The simulation
results are further processed with the program MATLAB for a proper data analysis.
At a constant temperature the composite’s material tensor entry R1111 has a similar
relaxation development over time as the pure ﬁbre whereas the material tensor entry R2222
has a similar development as the pure matrix. The coupling R1122 and the shear tensor
entry R1212 are also similar to the development of the pure matrix. It can be said that the
ﬁbre is the dominant part for the material tensor entry R1111 whereas the matrix takes
up that place for the remaining material tensor entries in terms of relaxation. Such a
behaviour corresponds to the literature in terms of mechanical properties. At ﬁrst sight
the composite’s relaxation curves may imply thermorheoligcal simplicity due to similar
looking curves which are equally spaced.
For this material combination a direction dependent shift is used whereby one shift is
ﬁtted for the material entry R1111 and the second one is ﬁtted for the material tensor
entry R2222 which also includes the coupling and shear relaxation tensor entry. Good ﬁts
can be achieved for each relaxation tensor entry at 25◦ C and also at 35◦ C although some
deviations occur. Those are caused by slight changes of curvature in certain sections of
development. The shifted curves at 40◦ C deviate too much on average from the original
master curve and neither the shift ﬁtted for the relaxation tensor entry R1111 nor the
one ﬁtted for R2222 satisﬁes the condition of thermorheoligcal simplicity. Therefore the
composite has to be seen as thermorheologically complex but the assumption of a direction
dependent thermorheoligcal simplicity is also acceptable for a certain temperature range,
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although it does not fulﬁl this severe condition. A comparison of the shifting parameters
between the pure matrix, the ﬁbre and the composite shows a dominance of the matrix
for the composite’s overall TTS behaviour. This is due to a weaker sensibility of the ﬁbre
to temperature than the matrix in terms of shifting.
Increasing the ﬁbre’s TTS parameters in such a way that the TTS-behaviour of the
ﬁbre is of about the same order as the one of the matrix in terms of shifting. This leads to
bigger temporal gaps in between the relaxation curves of the material tensor entry R1111 .
There is no speciﬁc dominance of neither the ﬁbre nor matrix. Therefore it can be stated
that this TTS-behaviour composes from those ones of the composite’s constituents but
also depends on time. The matrix still dominates the composite’s TTS behaviour for the
remaining tensor entries but changes in curvature are more apparent in some sections. If
the activation energy of the matrix is much higher than the one of the ﬁbre at the same
reference temperature, the macroscopic TTS-behaviour can be approximated by the one
of the matrix for the material tensor entries.
In this thesis the gained knowledge of a composite consisting of two diﬀerent viscoelastic
materials is limited and only valid for the present material combination. The current
outcome shows that if the composite is labelled as thermorheoligcally complex, there can
be even a certain combination of viscoelastic materials which allows a direction dependent
shifting in particular temperature regions. The overall condition is not satisﬁed globally for
thermorheological simplicity but instead almost direction wise with acceptable deviations.
The pre-deﬁned limit of discrepancies also determines the conﬁdence region of the allowable
temperatures below and above the reference temperature. The macroscopic TTS-behaviour
assembles in general from the ones of the composite’s constituents for the material tensor
entry R1111 and therefore more combinations of frequent used polymers should be inspected
which might result in a more universal modelling approach in terms of the macroscopic
TTS behaviour.

Appendix A
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Material input
The required material deﬁnition in ABAQUS for the ﬁbre and matrix material is presented
in section A.1 and A.2 respectively. In both deﬁnitions the code structure is similar and it
is referred to the keyword manual of ABAQUS [41] for a detailed explanation.

A.1 Material input of fibre
* Material , name = m_fiber
* Density
1130. ,
* Elastic , Moduli = LONG TERM
1.036 e +10 , 0.39
* Viscoelastic , Time = Frequency data , ERRTOL =0.25 , NMAX =13
0.1134388 , -2.2463796 ,0.1134388 , -2.2463796 ,5 e -4
0.1253860 , -2.2982202 ,0.1253860 , -2.2982202 ,0.001
0.1575400 , -2.4405170 ,0.1575400 , -2.4405170 ,0.005
0.1734570 , -2.5125117 ,0.1734570 , -2.5125117 ,0.01
0.2156744 , -2.7087652 ,0.2156744 , -2.7087652 ,0.05
0.2362391 , -2.8073133 ,0.2362391 , -2.8073133 ,0.1
0.2897132 , -3.0734790 ,0.2897132 , -3.0734790 ,0.5
0.4095585 , -3.7321635 ,0.4095585 , -3.7321635 ,10
0.5902781 , -4.9738293 ,0.5902781 , -4.9738293 ,500
0.6910872 , -5.9178998 ,0.6910872 , -5.9178998 ,5000
0.7707515 , -6.9990457 ,0.7707515 , -6.9990457 ,5 e4
0.8240715 , -8.5409003 ,0.8240715 , -8.5409003 ,1 e6
0.8261093 , -9.3937323 ,0.8261093 , -9.3937323 ,5 e6
0.8000569 , -10.596268 ,0.8000569 , -10.596268 ,5 e7
0.7867905 , -10.948048 ,0.7867905 , -10.948048 ,1 e8
0.7491050 , -11.738294 ,0.7491050 , -11.738294 ,5 e8
0.7307263 , -12.065578 ,0.7307263 , -12.065578 ,1 e9
0.6853944 , -12.792126 ,0.6853944 , -12.792126 ,5 e9
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A.1 Material input of fibre

0.6654085 , -13.090198 ,0.6654085 , -13.090198 ,1 e10
0.6196518 , -13.747862 ,0.6196518 , -13.747862 ,5 e10
**
* TRS , DEFINITION = WLF
313.15 , 42.8 , 218.6
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A.2 Material input of matrix
* Material , name = m_matrix
* Density
1200.
* Elastic , Moduli = LONG TERM
7 e +08 , 0.35
* Viscoelastic , Time = Frequency data , ERRTOL =0.2 , NMAX =13
0.018206 , 0.158499 ,0.0182709 ,0.1555 ,5 e -12
0.0595728 , -0.235515 ,0.0597852 , -0.239919 ,5 e -11
0.143899 , -0.732198 ,0.144412 , -0.738372 ,5 e -10
0.238266 , -1.37353 ,0.239115 , -1.38199 ,5 e -09
0.310416 , -2.19358 ,0.311522 , -2.20497 ,5 e -08
0.393568 , -2.95132 ,0.394971 , -2.9654 , 5e -07
0.531816 , -3.62571 ,0.533711 , -3.6422 , 5e -06
0.482508 , -4.06103 ,0.484228 , -4.07907 ,5 e -05
0.335562 , -4.35475 ,0.336758 , -4.37384 ,0.0005
0.232887 , -4.60152 ,0.233717 , -4.62148 ,0.005
0.179438 , -4.83604 ,0.180078 , -4.85684 ,0.05
0.13266 , -5.03064 ,0.133133 , -5.05214 ,0.5
0.103364 , -5.1679 , 0.103732 , -5.18988 ,5.
0.103364 , -5.30708 ,0.103732 , -5.32956 ,50.
0.103364 , -5.45935 ,0.103732 , -5.48237 ,500.
0.103364 , -5.55825 ,0.103732 , -5.58163 ,5000.
0.103364 , -5.69273 ,0.103732 , -5.71659 ,50000.
0.103364 , -5.79847 ,0.103732 , -5.8227 , 500000.
0.103364 , -5.90477 ,0.103732 , -5.92938 ,5 e +06
0.103364 , -6.03996 ,0.103732 , -6.06505 ,5 e +07
0.103364 , -6.13993 ,0.103732 , -6.16538 ,5 e +08
0.103364 , -6.26196 ,0.103732 , -6.28784 ,5 e +09
**
* TRS , DEFINITION = ARRHENIUS
293.15 , 448 e3
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