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Kurzfassung

In dieser Diplomarbeit beweisen wir die Existenz schwacher Losungen fiir ein degenerier-
tes Reaktions-Kreuz-Diffusionssystem, welches die Bewegung von Ionen durch rdumlich
beschrinkte Geometrien beschreibt. Hierzu verwenden wir die sogenannte 'Boundedness-
by-entropy’ Methode, welche erstmals in [ | zur Analysis von allgemeinen Kreuz-
Diffusionssystemen eingesetzt wurde und welches auch in | | verwendet wurde um
die Existenz schwacher Losungen fiir das von uns betrachtete System, aber hierbei ohne
Reaktionsterm, zu zeigen.

Das wichtigste Ergebnis dieser Arbeit ist natiirlich der Beweis das schwache Losungen auch
dann existieren, wenn ein Reaktionsterm die Evolution der Ionenkonzentrationen beein-
flusst. Dariiber hinaus wird in Lemma 3.8 bewiesen, das die Losungen semilinearer Poisson
Gleichungen Holder-stetig, in der L>°-Norm, von Parametern der Nichtlinearitdt abhéngen,
welches nach den Kenntnissen des Autors ein neues Resultat darstellt.

Der von uns gefiihrte Existenzbeweis orientiert sich sehr stark an [ | and dement-
sprechend dhnelt auch der Aufbau dieser Arbeit dem des Papers von Gerstenmayer und
Jiingel. Im ersten Kapitel fithren wir das von uns betrachtete Gleichungssystem ein und
definieren den Begriff der schwachen Losung. Im zweiten Kapitel fiihren wir das Entropie-
funktional ein, welches wir dann im dritten Kapitel dazu benutzen, zu beschreiben unter
welchen Voraussetzungen schwache Losungen existieren und deren Existenz dann auch zu
beweisen. Dieser Existenzbeweis wird von uns in vier Schritte zerlegt. Im ersten Schritt
zeigen wir zunéchst die Existenz von Losungen einer zeitdiskretisierten und im Raum re-
gularisierten Gleichung.. Im zweiten Schritt beweisen wir eine Ungleichung fiir die zeitliche
Evolution des Entropiefunktionals und benutzten diese Ungleichung um die in Schritt 1
gefundenen Approximationen in der Norm zu beschrianken. Im dritten Schritt eliminieren
wir die Regularisierung und zeigen die Existenz von zeitlich diskreten Approximationen,
deren Konvergenz gegen eine schwache Losung wir schlussendlich im vierten Schritt zeigen.
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Abstract

In this thesis we prove the existence of weak solutions to a degenerate reaction-cross-
diffusion system desribing the ion transport through confined geometries. Hereby we use
the so called boundedness-by-entropy method, that was introduced in [Jiingel2] for the
analysis of general cross-diffusion systems and was used in [GerstJiin] to prove the exis-
tence of weak solutions for the same system but without the reaction term.

The main achievement of this thesis is of course the proof that weak solutions exist even
when a reaction term is involved. Besides that, the thesis also includes a proof that the
solutions of certain semilinear Poisson equations depend Hoélder—continuously, in the L*°-
norm, on a paremeter that determines the nonlinearity, in Lemma 3.8 and, to the best
knowledge of the author, is a novel result..

The structure of this thesis is similar to [GerstJiin]. In chapter 1 we introduce the system,
fix the notations and define the notion of weak solution that we will use. In chapter 2
we introduce the entropy functional associated to the system. This will later be used to
prove the existence of weak solutions and is required to even state the existence theorem.
Finally in chapter 3 we state under which assumptions weak solutions exist and prove the
existence. The proof is conducted in 4 steps. First we prove the existence of solutions to
an adapted system, that is discretized in time and regularized in space. Then we show
a discrete entropy production inequality and use this inequality to derive bounds for the
approximate solution constructed in step 1. In step 3 we construct an approximate solution
that is time discretized but not space regularized via a compactness argument that uses
the estimates derived in step 2. Finally, in step 4, we prove the existence of weak solutions
by using a compactness argument for the approximate, solutions constructed in step 3.
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1. Introduction

A classical model for describing the transport of ions through biological membranes and
channels is given by the Poisson—Nernst-Planck equation, which can be derived in the
mean-field limit from microscopic particle models. However when the finite size of the ions
is taken into account, this model is no longer applicable. In [BurSchWol] the modifications
of mobilites due to size exclusion effects lead to the following evolution equation

Opu; = divJ; on Q, for all times ¢t € (0,7) and for all i =1,--- ,n. (1.1)

Hereby w; is the concentration (volume fraction) of the i-th ion species and J; the corre-
sponding flux, which is given by

Ji=D; (UQVUi —u; Vug + Uoui(ﬁzivq) + VWl)) , fori=1,--- ,n. (1.2)

The term D; > 0 is the diffusivity of the i-th species and ug :=1 — Y% juj is the concen-
tration (volume fraction) of the solvent. 8 = ﬁze > 0 is the inverse thermal voltage with
the elementary charge ¢ and temperature . The Boltzmann constant is denoted by kp.
The valence of the i-th species, which is a measure for the combining power of its atoms, is
denoted by z; and W; is an external potential. The term @ is the electrical potential and
is determined by the Poisson equation

“A2AD = Z zju; + f, on €. (1.3)
j=1

Hereby A > 0 denotes the permittivity, E?:l zju; is the total charge density and f is a
permanent charge density, that only depends on space, i.e. f = f(x).

We assume that the space @ C R%, d € N, in which these ion species evolve, is a bounded
domain. The boundary of the domain I' := 952 is decomposed into to parts I'p and I'y. On
the insulating part I'y no flux boundary conditions are prescribed for both the electrical
potential and the different ion species. On I'p the Dirichlet conditions prescribe the values
of the ion concentrations and the electrical potential. Thus we obtain the set of mixed
(Dirichlet and Neumann) boundary conditions

Ji-n:00nFN,ui:uiD onl'p, fori=1,---,n
0P (1.4)
- ZOQHFN,@:(I)D onI'p.
on
Furthermore we prescribe the initial conditions
ui(,0) =ud on Q, foralli=1,--- ,n. (1.5)
1
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1. Introduction

Combining the equations (1.1), (1.3),(1.4), (1.5) with a reaction terms g;(t,z,u), i =
1,---,n, that depends on time ¢, space = and the concentration vector u := (ug,--- ,uy)",

gives the system

Opu; = divJ; + gi(t, x,u) on €

—“NAD = Z zju; + f on Q

j=1
J;-n=0on FN,ui:ulp onI'p (1.6)
0P
~—~ —0on FN,<I>:<I>D onI'p.
On
Uz(vo) = u? on (2,
fori=1,--- ,n. In [GerstJiin] the existence of weak solutions was shown for the case that
there are no reactions, i.e. g; =0 for ¢ = 1,--- ,n. Herefore the boundedness-by-entropy
method was used. This method also showed rather easily that u; € [0,1] for alli =0,--- ,n,

which is a necessity for the model to make sense.
The goal of this thesis is to use similar methods as in [GerstJiin] to prove the existence of
(weak) solutions also for non-trivial reaction terms g;, i = 1,--- ,n.

1.1. Notations

Whenever we say in the following that a term depends on the parameters of system (1.6),
we mean that this term depends on atleast one of

Q: FD: Dia Zis Wi7 /Ba fa )‘7 uiD7 q)D’ gi Wlthl:l? > 1.

For any set A its indicator function shall be denoted by 14 and for any vector v =
(Ula o >Un) € R"™ we define

n
Vo = 1-— Z (YD
i=1
With this notation we define the open domain O C R™ by
O:={ve(0,1)"|v€(0,1) }.

For any multicoefficient o € N we define |«| := n and denote the corresponding derivative
operator by D%. The closure of a set O is denoted by O and the support of a function v is
denoted by supp(v).

For any Banach space X we denote its norm by |||y, its dual space by X’ and the cor-
responding duality pairing by x/(-,-)x. For a Hilbert space H its scalar product will be
denoted by (-,-) -
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1. Introduction

We denote the usual Lp-spaces on some space O with values in the Banach space X by
LP (O; X) for any p € [1, +o0].

The Sobolev space of order k and integrability p € [1,+00] on the domain O with values
in the Banach space X will be denoted by

WP (0;X) = { ve LP(0; X) | V|a| < k: D% € LP(O; X) }.

As usual we denote H*(O; X) := Wk2(0; X). The trace of H*(Q;R") on the Dirichlet
boundary I'p will be denoted by "FD‘ With this we define the two spaces

Hb (R = { v e H' @R | vlp, =0 }
Hp (;R™) == HLH(O;R™).

Finally we denote the k-times continuously differentiable, X-valued function on a domain
O by C*(0; X) and the subset with compact support by

Cck(0;X) = { veCF(0;X) | supp(v) is compact in O } .

1.2. Weak formulation

We can rewrite the first equation of (1.6) in vector form. To this end we make the following
definitions.

Definition 1.1. Let the matriz valued function A : R™ — R™ "™ be defined by

. ) Div s ifiFE
Aiglo) = { Di(vo +vi) , ifi=j, (L)

fori,j=1,--- ,nandv € R",
Furthermore we define the reaction vector g(t,x,u) := (g1(t, z,u), -+ , gn(t, x, u))T, the flux
matriz J = (Jy,- -, Jn) and the R"*"-valued function

F(u,®) := (Fl(u, D), , Fy(u, <I>))
where

Fi(u, ®) := Djugu;(8z;VP® + VW;),
for everyi=1,--- ,n.

Remark 1.2. In general the images of the matriz valued function A are neither
symmetric, nor positive semidefinite on O. More precisely it holds that for v € O:

e A(v) is symmetric if and only if

D;(vo 4+ vi)Aij(v) = Aji(v) = Dj(vo +vj5) foralli,j=1,--- ,n.
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1. Introduction

e A(v) is positive semidefinite, if and only if for all x € R™, © #0

n n
0< :UTA(U):E = Z Djvizix; + vo ZDZI‘ZQ

ij=1 i=1

This is not always satisfied in the domain O, as this inequality would imply by the
continuity of A, that if we let v converge against e; = (1,0,---,0)" within O (imply-
ing that also vg — 0) and consider the vector x = (1,—2,0,---,0)T, we would derive
the contradiction

0 < lim a:TA(v)x = Dlx% + Dix129 = D1 —2D1 = —D1 < 0.

v—eq

We can represent the ionflux using the matrix valued functions A and F, as
Ji = Di (UOVUZ - uiVuo + uoui(ﬁziV<I> + VWl)) = DinVui — DiuiVuo + Fi(u, (I))

n n
= D;,uoVu; — D;u;V | 1 — Z u; | + Fi(u, (I)) = D;ugVu; + Z Dlquu] + Fi(u, (I))
j=1 j=1

= Aij(u)Vu; + Fi(u, ®).
j=1

Thus (by the convention that the divergence of a matrix valued function is to be interpreted
rowwise) we can rewrite the first equation in (1.6) as

Owu = divd + g(t, z,u) = div (A(u)Vu + F(u, ®)) + g(t,z,u). (1.8)

Remark 1.3. The vectorized form (1.8) shows the main difficulty in the analysis of equa-
tion (1.6). Since A is neither symmetric, nor positive semidefinite, a Galerkin-approzimation,
which is the standard method for proving the existence of solutions to quasilinear equations,
18 not applicable to this problem.

Using the vectorized form (1.8), the natural weak formulation of the system (1.6) up to a
time horizon T > 0, would be to require that v € L? ((O, T); H (%, R")),
® € L?((0,7); H(Q)) and that

T T
/0 (Opu(t),v(t)) dt = /0 (A(u(t))Vu(t) + F(u(t), ®(t)), Vv(t))Lz(Q) dt+---
T
o [ ot e, o) oy

) T T n
)\/0 <V<I>(t),V6(t))L2(Q)—/O <j§::1zjuj(t)+f,9(t)> dt,

L2(Q)
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1. Introduction

is satisfied for all v € L? ((0,7); H'(Q;R™)), 6 € L* ((0,T); H*(£2)). However we will not
be able to prove existence for solutions u of regularity u(t) € H'(Q, R"?) for t > 0. Thus we
need a solution concept that requires less spatial regularity. To this end we use the identity
—1/2
Ug
uOVui - uz-Vuo = UOVui — 2ui

= u(l)/Q ( 1/2VuZ + u; Vuy, V2 3y, Vu1/2> = ué/Q (V(u(l)/zuz) — 3u; Vul/z) )

/2« 1/2

Vuy

VUQ = U()Vui - 2u2

With this we can rewrite the i-th flux as
Ji =D; u1/2 (V(ué/2u ) — 3u; Vuy, 1/2 ) + Fi(u, ®).
This identity leads to the following weak solution concept.

Definition 1.4. We say that u: [0,T] x Q — O and ® : [0,T] — R form a weak solution
to the system (1.6), up to time T > 0, if for alli=1,---,n

ui € L% ((0,T) x Q)
Ou; € L* ((0,7); Hp' ()
ug*u; € L2 ((0,T); HY(Q))
ug/? € L ((0,T); HY(Q))
® e L?((0,T); H'())

and the following identities hold
T T
| . s0at = [ (Ao, 90). V1) gyt +--
4 Dy /0 ' (ug> @) (V> (Oi(0)) = 3u(t) Vg2 (1)) V&) | b (19)

L*(Q)

T
..+/0 +{git, z, u(t)), &i(t)) L2 (o) dt

T
—)\2/0 (VD(1), VOE)) 120t = /<szuj )+ 1,6 )> dt (1.9b)

L*(Q)

for all & € L*((0,T); HY(;R™)), 0 € L?((0,T); H(Q)). Furthermore the boundary
conditions

Vol = \/uls wivaolp, = ul\Juf, @y, =P, (1.10)

have to be satisfied in the sense of H -traces on I'p and the initial conditions
u;(0,-) = ud on Q (1.11)

have to hold in the sense of equality in Hp'(2).

Before we can state the existence theorem, which we want to prove, we need to introduce
a notion of entropy.
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2. The boundedness-by-entropy method

In this chapter we apply the boundedness-by-entropy method to reformulate the system
(1.6) into a formal gradient flow structure and derive bounds for the ion concentration.
This method was introduced in [ ] for general cross-diffusion systems. A good sum-
mary of the method can be found in | , Section 4.1]. We will follow [ , Section
1.2] to apply the method to our problem and also include all computations.

First we make the following assumption.

Assumption 1. Throughout the rest of this thesis we assume that the boundary con-
centrations uP are extended to the whole domain ), in such a way that uP € (0,1) for
i=0,---,n. Furthermore we assume that ®° € L>®(T'p) and that it is extended to the
whole domain € in such a way that it solves

“A2A0P = Z ziu; on §)
=1
opP

aTZO OTLFN

in a weak fashion.

A key concept for the analysis of (1.6) is the notion of entropy/free energy.

Definition 2.1. Let v : Q@ — O be a measurable function. Define ®(v) to be the weak
solutions of the Poisson problem

—A®(v) = X7 zv; on )
0P(v)

®(v) =0 onI'p, 3
n

=0 on 'y,

then the entropy density h of v is defined as
° vi S ﬁ)\Q D |2 "
h(v) := ;/u? log @ds + 5 V(®(v) — )"+ ZUle

The entropy/free energy of v is given by

The following Lemma shows that our notion of entropy is bounded from below.
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2. The boundedness-by-entropy method

Lemma 2.2. For any measurable v : 0 — O it holds that
n
h(v) > = Wil
i=1
and thus
H(v) == Wil -
i=1

uP(

Proof. Let z € Q. If v;(z) > uP(z), then log —— > log Zb(z)

and thus

/W)l ® _ds>0
og ——ds > 0.

u (x)
up (z)

On the other hand, if v;(z) < u? (), then log —— < log

ul (x)
and therefore

/vz(x)l S d /UZD(:E)I S
og ———ds = — 0g ———
uP(z) uzD(w) vi(x) “zD(l")

=0 forall s € (uP (), vi(z))

=0forall s € [vi(z),uP (z)]

)

ds > 0.

<0

Using that [[v][ ey < 1, we easily can conclude that

h(w) > uiWi > = [|ull ooy Y Wil
i=1

i=1

and therefore

H(u) = /Q huydz > - /Q Wilde = =3 [Will oy -
=1 =1

Furthermore we define the entropy variables.

Definition 2.3. Let v : Q — O be a measurable function. For everyi=1,---

the i-th entropy variable corresponding to v by

w;(v) = logZ—é + Bz;®(v) + W,

,n we define

We leave out the argument when it is a (weak) solution to (1.6), i.e. w; := w;(u). Further-
more we define for everyi=1,--- ,n the i-th boundary entropy variable by

ul
w{j := log U—ZD + Bz;0P.

0
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2. The boundedness-by-entropy method

The name entropy variable becomes clear through the following Lemma.

Lemma 2.4. Let v : Q — O be a measurable function andi=1,--- ,n. Then
Oh(v
(91(%) = w;(v) —w?.

Hereby the derivative is to be understood in a Gateaux sense.

Proof. Since ®P suffices to —A2A®P = f on Q and 6{%? = 0 on ['y, it follows that the
difference ®(v) — ®P solves

~A2A(®(v) — @P) = Z ziu; on )
i=0

(®(v) —®”)=00nTp
09"

Combining this fact with Lemma C.4, we get

Oh(v) =0 [t s BN D ECR SR
o, _Zavi/ﬂ log@dS—i-T ?—viw(@(v)—cb )} +;avivﬂwj

n
7=0 J

:%(Cb(v)—@D), by Lemma C.4

) v
= logﬂ + 8/ ’ log S ds+ Bzi(®(v) — ®P) + W,
uP O ub ud

Using that vo = 1 — >""_; v; we can conclude

Oh(u) v o [ 5 D
= log —L log —-d (®(v) — BP) + W
Ou; ©8 u? * Ov; /ug o8 uf s+ F2(2(v) )+ Wi
(% Vo
= log u—; — log D +Bzi(®(v) — <I>D) + W;
i 0
v;ul v D
=log HESO =log %—log @
D
= log — log u% + ﬁzz(@(v) - (I)D) + Wz = W; — w;
0

O]

Remark 2.5. According to [Kardar, equation (1.27), page 15] the entropy h of a thermo-
dynamical system suffices to

_dE - Z?:l Pjd;
- a ,

dh
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2. The boundedness-by-entropy method

where E is the energy of the system, T is the temperature, x; is the j-th state function and
j 1s its conjugate force. Therefore, if E and all states other than the i-th ion concentration
are kept constant, one has

o D _ 8h(u) _ %
' ¢ 8ul T ’

where ; is the conjugate force to the i-th ion concentration u;.

Thus we could view the entropy variables as the quotient of conjugate forces and tempera-
ture. Indeed it was shown in [Jingel?, Appendix A], that the entropy variables are strongly
related to the chemical potential.

Note that one can easily obtain v; from the corresponding entropy variable by a simple
transformation

_ exp(w;(v) — Bz;P(v) — W;)
1+ 70 exp(w;(v) — Bz;®(v) — W)

This formula leads to the following definition

(2.1)

Ui

Definition 2.6. For every vector x € R"™ and every scalar y € R we define
exp(z; — Bziy — Wi)
1+ 70 exp(x; — Bzjy — Wj)

ui(z,y) =

for everyi=1,--- n.

The entropy variables allow us to formally reformulate (1.6) in a (quasi) gradient flow
structure as the following Lemma shows.

Lemma 2.7. Let (u, ®) be a strong solution to (1.6) and define the matriz valued function
B by
Do, s
B, = Divou ifi=]
0, ifi # J,
foralli,j=1,--- n. Then the i-th ionflux can be written as
n
Ji =Y BijVuw;.
j=1

Proof. Due to the diagonal form of B we get for every ¢ = 1,--- ,n that

n

Z Bijij = B;;Vw; = Dyugu; V (log % + B8z;P + Wz)

- 0

Jj=1

= Dyupw;V (logu; — logug + Bz;® + W)
1 1

= D;uguy <V’UJ1 — —Vug+ Bz;VP + VM)
Uq uo

=D, (UOV’LLZ — u; Vug + Bziugu; VO + UOUZVWZ)
— Ji.
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2. The boundedness-by-entropy method

O
Thus we can write the first equation in (1.6) as a (quasi) gradient flow
n
Opu; = div | Y By Vw; | + gi(t, =, u) (2.2)
j=1
for every i = 1,--- ,n. Or equivalently in matrix form
Oyu = div (BVw) + g(t, z,u). (2.3)

We can further reformulate (2.3) entirely in terms of the entropy variables w. To do this
we need the following definition.

Definition 2.8. Similarly to the definitions in Lemma 2.7, we define for every vector
x € R™ and every scalar y € R the diagonal matriz B(x,y) by

Douo(e. y)us(e.y).  ifi = j
Bij(x,y) = { 0 rotn ) ZZZ #j‘

foralli,j=1,---,n.

Lemma 2.9. For every x € R™ and every y € R the matriz B(x,y) is positive definite and
is (uniformely) bounded in the mazimum norm, i.e.

max |Bjj(z,y)| < max D;.
i,5=1,-,n =1,

JRERIN 0%

Proof. B(z,y) is a diagonal matrix and all its diagonal entries are strictly positive, thus it
is indeed positive definite. The upper bound of the maximum norm is a direct consequence
of 0 < wi(z,y)<1lfori=0,---,n.

O

Using the Definitions (2.6) and (2.8), the (quasi) gradient flow equation (2.3) can be written
as a doubly nonlinear system without cross-diffusion

Oru(w, @) = div (B(w, ®)Vw) + g(t, z, u(w, P)). (2.4)

The definition of the concentration vector v as a transformation of the entropy variable
w and the potential ® in 2.6 also lets us formally prove a physical property of the sys-
tem, namely that the total charge density is monotonically decreasing with respect ot the
potential. To prove this fact, we make the following definition.

Definition 2.10. For any vector x € R™ and any scalar y € R we define
n
f,y) =Y ziui(z,y),
i=1

The total charge density is thus given by f(w, ®).

10
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2. The boundedness-by-entropy method

Remark 2.11. Please note that, since the definition of u(-, ) involves the external potential,
f is not a real valued function. For ever x € R™ and y € R, f(x,y) is a function depending
on space (just as the external potential).

Lemma 2.12. | is monotanically decreasing with respect to the second argument(the vari-
able y) and Lipschitz-continuous’. An upper bound for the optimal Lipschitz-constant for
the second argument is given by

L(z,p) ::ﬁmax{(zi_Q’Zj)27zi2 . i,jzl,---n}.

Proof. To make the formulas that appear in our proof less loaded, we denote
e; :=exp(z; — Bziy — W;) and e :=eje; foralli,j=1,--- ,n

Using the quotient rule we get

8ui

( B j=1 j=1
ay l’? y -

(—Bzi)e; (1 + i @j> —€ <Zn: (—sz)€j> B i (zj — 2i)ei; — Brie;
) .

Thus we derive

" Quy ij=1
= E Zi—~—\Z, =

Using the identity

n

n n
(. Nos o — g 2,
zi(zj — 2i)esj = 2z — Zi e

i,5=1 i,5=1 i,j=1
1 — 1 —
= 5 Z 2zizjeij — 5 Z ZiQeij Z Z 'i
i,j=1 ij=1 =1 =7
=¢ij
1\ — 1\ —
2
- <_2> Z ( 22z + 2] eij = (—2> Z €7 )° e,
t,j=1 i,j=1
we obtain
B n
—5 2 (2 —2)%e — 522 e
é)f( ) = —1=
Jy

(1+ Zi: €j>

! As stated in Remark 2.11, f is not a real valued function, as it involves the external potential. So the
more accurate statement would be that the claimed properties hold pointwise for fixed spatial variable.

11
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2. The boundedness-by-entropy method

Since 3, e;,¢;; > 0 for all 4,5 = 1,--- ,n, we get that % < 0 and thus f is indeed monoton-
ically decreasing.
By using that

2

n n n
L+ e | =1+2) 6+ ) e
j=1 j=1

ij=1
we derive
83 (2 — =)y + B, 22
of 2”’:1 T =
sup |=—(x,y)| = sup :
zER” yeR &U( )‘ zER” yER n 2
1+ Z €;
j=1
n n
( )2 Z ¢ + Z €;
Z. —_ Z y ': ':
< Bmax{lj,zi2 NS 1,---n} sup ”1—112
2 zeR"™ yeR n
1+ €;
j=1
L 5)2
< Bmax{(zl;j),ziz D0, )= 1,---n} < L(z,8) < 4.
Similarly one can verify that 8%% can be uniformely bounded for all k = 1,--- ,n. Thus f

is indeed Lipschitz-continuous.
O

Therefore the total charge density f(w,®) indeed decreases when the potential @ is in-
creased. This will be useful in the next chapter.

Another useful consequence of Definition 2.6 is the following.
Corollary 2.13. For any £ € L>®(Q;R"), any y € L>(Q) and any T > 0, we define
CY(T) :=sup { |g(t,z,v)| ‘ t<T, z€Q,ve0 }.
If g € C ([0, +00) x Q x O;R™), then it holds that
g9 (5 ul€y) € L([0,T] x Q)
with

sup g (t,z,u({(z),y(x))| < CUT) < +o0. (2.5)
t<T, x€N

Proof. The fact that CY9(T) is bounded is a direct consequence of the continuity of g.
Inequality 2.5 follows directly from Definition 2.6. O

12
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3. Existence of weak solutions

Now we are in the position to state, under which assumptions we can prove the existence
of weak solutions.

Assumption 2. For the rest of this thesis the following assumptions shall hold.

(H1) Domain: Q C R? is a bounded domain with a Lipschitz boundary 092, that is parti-
tioned into two parts I'p and I'y, with

I'pNTy #0, TpNTy = 00Q.

Additionally we require that 'y is relatively open with repsect to OS2 and that
meas(I'p) > 0, where meas denotes the (d — 1)-dimensional Hausdorff-measure.

(H2) Parameters: D;,f >0 and z; € R for everyi=1,--- ,n.

(H3) Initial data: We assume that u® € L®(Q;R") with 0 < uP < 1 for every i =
0,--+,n.

(H4) Given functions: The permanent charge density f € L*°(Q) is bounded and the
external potential W € H'(£;R™) N L (£;R™) suffices to homogenous boundary con-
ditions, i.e. W; =0 onI'p and VW; - n=0 on I'y for everyi=1,--- ,n.

(H5) Reaction term: We assume that
g € C([0,+00) x Q2 x O;R™)

and that there exist an increasing function k9 : (0,4+00) — (0,+00) and a constant
¢ > 0 such that

> ailt0) 2 < o) (e o)
i=1 !

for all times t > 0 and every measurable function v : Q — O.

The following simple Corollary follows directly from the Assumptions in 2.

Corollary 3.1. Under the Assumptions 1 and 2 the extension of the boundary potential
®P is bounded, i.e. PP € L.

Proof. This is a direct consequence of the fact that by Assumption 2 f € L* and from
Theorem C.3. O

13
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3. Existence of weak solutions

Now we state the main Theorem of this thesis.

Theorem 3.2. Let T > 0 be arbitrary. Under the Assumption 1 and 2 there exists a weak
solution (u, ®) up to time T.

We prove the existence of weak solutions by approximation via time-discretized and space-
regularized problems. More precisely we split up the proof of Thm 3.2 into four steps.
In the first step we prove the existence of weak solutions (w"(k), ®7(k)),cy, to space-
regularized implicit Euler discretizations of the doubly nonlinear equation (2.4). Le. if we
define the finite difference operator 9™ by

[8TU (we,T’ @6,7‘)] (k) — u (waT(k)) (I)G’T(k)) —u (wgﬂ—(k‘i — 1)a (1)677—(]{: — 1))’ (31)

T

for every k € N, then for every €, 7 > 0 the sequence (w7 (k), ®7(k));cy, satisfies

O"u (ws", ®7) = div (B (w*", ") Vw*") + g (7 -, z,u (w7, ®T)) + LMy
W = ws — P

! (3.2)
_)\2A(I)€,T _ Z 2 <we,7'7 (I)e,‘r) + f
=1

for a fixed regularity parameter m € N, that is chosen such, that H™(£2; R™) is compactly
embedded into L>°(2; R™). Here we define the operator £™ : H™(Q; R"™) — H™(2; R™)" by

(L) == > (D, D) gy + (6 2y forall p € H™(QR™).  (3.3)
a€eN™: |a|=m

In the second step we prove a discrete entropy production inequality for the sequence de-
fined in the first step, which is then used to derive bounds for 23)6’7-, u (wsT, ®7) and various
derived quantities. With these bounds we then eliminate the space regularization in the
third step and finally derive the existence of weak solutions in the fourth step, both via
compactness arguments.

Remark 3.3. We will not investigate the uniqueness in this thesis. Indeed [ ] was
only able to show the uniqueness for H'(€2; R™)-valued concentrations and under additional
restricing requirements regarding the parameters of system (1.6).

Before we start with step 1, we investigate the semilinear elliptic equation (1.3).

3.1. Analysis of the semilinear elliptic equation

The following Lemma shows that weak solutions to (1.3) exist and are bounded for all
potential entropy variables.

14
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3. Existence of weak solutions

Theorem 3.4. Let w € L*®(Q;R™). Then the non-linear Poisson-equation

“A2AP = Z ziui(w, ®) + f on Q
i=1 (3.4)

oL
=" onTp, — =0o0nTxn
on

has a unique weak solution ® € H'()) and the following estimate holds

1@l 11y < €1+ [ 02 (3.5)

(Q)
Hereby the constant C' > 0 depends only on Q,I'p, A,z and | f| 12(q)

Proof. We prove the existence of the solution by a standard fixed point argument that can,
for example, be found in [Arnold, Satz 2.12, page 21].

Proof of existence: Let n € L?(Q2), then u;(w,n) € L=(Q) C L*(Q) for alli = 1,--- ,n and
thus

f(wﬂ?) +f= Zziui(w’n) +fE€ L2(Q)

i=1

By Theorem C.1 there exists a unique weak solution ®7 € H'() of the linear Poisson
problem

~A2AP" = f(w,n) + f on O
o = P on I'p,

0P
%:OOHFN,

which satisfies
for a constant C(Q2,T'p) > 0, that only depends on Q and I'p.

If we set C' := C(Q,I'p) max{} 7, [2[/[Q] + | fll[2(q), 1}, then the triangle inequality
gives us

n

D
127 1y < CTD) [ D lzilll wilw, m) 20y + 1 1l 20y + | @ HHl(Q)

i=1 <1

C(Q,Tp) (lellx/lﬁH\fHLz +H¢DHH1(9)>

<c (1 [P 715y )

15
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3. Existence of weak solutions

We define the map S : L%(Q2) — L?(2) by S(n) := ®". Then the image of S is a subset of
SIA@) S { ve H'®) ¢ olgg <C (1427 g) |- (3.6)

and is thus, due to the compactness of the embedding of H'(f2) in L?(Q), precompact in
L*(9).

Let n1,m2 € L%(Q), then S(m) — S(n2) € HLH(Q) and therefore we derive by using the
Cauchy—-Schwarz inequality and the Lipschitz-continuity of the map f in Lemma 2.12
1S(m) = S(n) 710y < (L + CP) (V(S(m) = S(12)), V(S(m) = S(02))) 120
C
=:C1
= C1 (f(w,m) — f(w,n2), S(m) — S(102)) 120
< Cu[[f(w,m) = §(w, m2)| 20y 15 (w,m) = S(w, 1) L2 (g
< C1L(z, 8) lm = m2ll 2o 1S (w, m) — S(w,m2) || g1 )
C:
=:Cy

Thus we get the inequality
1S(m) — S(n2)||L2(Q) < [1S(m) - 5(772)HH1(Q) < Collm — 772)”L2(Q) :

Since S is a continuous map from L?(Q2) into a precompact subset of L?(£2), we can apply
the Schauder fixed point theorem, which tells us, that there is a (not necessarily unique)
element ® € S(L?(2)) C H'(Q), such that ® = S(®). Obviously this ® is a weak solution
of (3.4).

Proof of the bound (3.5): This is a trivial consequence of ® = S(®) and (3.6).

Proof of uniqueness: Let ®1,®2 € H(Q) be two weak solutions, then ®; — &y € HL(Q)
and we get by using the Poincare-inequality (Theorem B.5)

181 = ®2[|71 () < (1+ CF) (V(®1 = D2), V(D1) = D2)) 12(q
= (1 + CI%) <f(w7 q)1> - f(w7 (I)Q)u ¢, — cI)2>L2(Q) <0.

Hereby the last inequality is a direct consequence of the fact that § is monotonically de-
creasing (as we proved in Lemma 2.12).
Thus ®; = &5 and therefore solutions to (3.4) are unique.

O]

Remark 3.5. In [Gerst]in] the uniqueness of weak solutions to (3.4) is argued with the
Lipschitz-continuity of f. This has the disadvantage that, at least when one uses a naive
proof via test function, one would need to require that L(z,ﬁ)CIQ; < 1. Using that the
Poincare constant Cp is given by the measure of ) scaled by some constant C > 0, that
only depends on the form of 0, and the definition L(z,[3), this is equivalent to

2
i — % . 1
max{(z 22’3) , 22 z,j—l,--',n}§02’é|€.

16
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3. Existence of weak solutions

The first term can be viewed as a measure of the chemical reactiveness of the system' and
1/p is the thermal voltage. Thus the reactiveness would have to be bounded by the thermal
voltage per sqared area.

Next we prove that weak solutions to (3.4) are bounded in the supremum norm.

Lemma 3.6. Let w € L>®(Q;R™). Then the solution ® to the non-linear Poisson-equation
(3.4) suffices to @ € L>(Q) and |[®| ooy < C form some positive constant, that only
depends on the parameters of system (1.6).

Proof. For the proof we employ a comparison principle. Let
- . - D
M= max [z] 4 | flpe) U= 27 )

and ® be the weak solution to the linear Poisson-problem

—~\N2A®P =M on 9

é:lonFD,
0P
ainZOOHPN

Due to Theorem C.3 it holds that ® € L>°(2).

By the Stampacchia Lemma B.14 we get v := (® — ®)T € HL(Q) and thus we derive,
by using the Poincare-inequality (Theorem B.5) and again the Stampacchia Lemma B.14,
that

N H(q) - ‘i))Jr“iQ(Q) < NCp HV((I) - ‘i))Jr”iQ(Q) = CpN* (V(® - @), V”>L2(Q)

The definition of weak solutions to linear and nonlinear elliptic equations gives us

N|(@ - ci>)+}|i2(m < CpA* (V(@ =), V) ()

— CP< > ziui(w, @) + f - M’\U//>L2(Q) -
i—1 20

<0

Thus we know that ® < ®, which implies that ® is bounded from above and the bound
only depends on the parameters of system (1.6). Similarly one can derive that ® is bounded

from below and therefore the statement holds.
O

Similarly to the proof of uniqueness of weak solutions to (3.4), we prove the continuous
dependence on the parameter w.

!The valence of an ion species is a measure of its combining power with other ions.

17
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3. Existence of weak solutions

Lemma 3.7. The solution to equation (3.4) depends Lipschitz-continuously, with respect
to the HY(Q)-norm, on w € L>®(Q;R"), i.e. there exists a constant C > 0, which only
depends on the parameters of system (1.6), such that

|22, q <Ol =l (3.7)

for any two weak solutions P, P, corresponding to the functions w,w € L*(Q;R™). A
sitmilar inequality also holds for the positive and the negative part of the difference, i.e.
\* . B
v (@-cb) < Cllw — @ ey (3.8)
L2(Q)

for a constant C > 0 that again only depend on the parameters of system (1.6).

Proof. Let ®, ® € H'(Q) be two weak solution to (3.4), corresponding to w,w € L (€ R").
Since~ they suffice to the same Dirichlet conditions, ® = ®” = & on I'p, it holds that
- e HL(Q).

+
Thus, due to the Stampacchia Lemma B.14, we can use (<I> — CID) as a test function and

derive
]2 =\ )"
HV (q) - (I)> e <V (q) - ) v <¢) - (I)> >L2(ﬂ)
2
B4 <]1[<1>>ci>]V ((I) B (i)) Vv <<b B ~)+>Lz(9) N % <V (q) B (i)) v <q) N (i))+>L2(Q)
(3.4 % <<zn:ziuz'(w,<1>) +f> - < y zitti (10, @) +f> ’ (q) a (i)>+>
i=1 =1 F
- % <f(w’ #)-i(2.8). (- (i)>+ 12(2)

— 2 (0. ®) - @0 + f,2) - (0.8) (2~ 8) ")

12(9)

Since f is monotonically decreasing in the second argument, which was proven in Lemma
2.12, it holds that

and thus

18
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3. Existence of weak solutions

From the Cauchy—Schwarz inequality and the Lipschitz-continuity of §, proven in Lemma
2.12, we derive

[v(@-8)"| < it ®) @l | (o~ 2)°
2@ A 12(0)
CLi . =\ T
< S fw = @l 20y || (2 - &)

L2(Q)

N
Since (<I> — <I>) € H},(Q) we can apply the Poincare-inequality to get

N N+
Hv (@ - q») CPCLIP |lw — @ g2 ’v (<1> - @)
L2Q) L*(Q)
CpCLi ’Q‘ B ~\t
< PV o — | g |V (2 8) |
L2(Q)
:=C1
which gives us
Hv (@ - ci>)+H < Ct [[w — B ooy -
L2()
N\ - ~ +
Using that <<I> — <I>) = (<I> — <I>) , we can derive the same inequality for the negative

part. Thus (3.8) indeed holds. Finally, by splitting up ® — ® into its positive and negative

part, we derive
[v (@), = |7 (o8], +|v(e-4)

Using the Poincare inequality on ® — @, lets us conclude the Lipschitz-continuous depen-
dence on w.

<201 [|w = @ oo (g -
L3 (Q)

L2()

O]

Finally we prove that weak solutions to (3.4), depend (Holder-)continuously in the L>°(2)-
norm on w. This will play a crucial role in the next section.

Lemma 3.8. The solution to equation (3.4) depends Hélder-continuously, with respect to
the L>(2)-norm, on w € L*>(Q;R™), i.e. there exist constants C > 0 and v € (0,1), which
only depend on the parameters of system (1.6), such that

H(I) CI)HLOO(Q <C|]w—u~;”7w(m,

for weak solutions ®, P corresponding to the functions w,w € L>(;R™).

19
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3. Existence of weak solutions

Proof. Let ®,® € H'(Q) be two weak solution to (3.4) corresponding to w, @ € L®(Q;R").
We define the domain

Then it holds that

aszl:(_
= (]

v =3]n0)

=

Il
=i
D
2

~—

—
&
KA
D
Q
o)

~—

Il
=0
D
2
~—
C CC
S
VY
vV
=0
D)
!
ol
~—
-
A~
A
vV
=
D
!
=2
~—

I
/N

11 1l
=T} =TIk

N
Therefore we know that <<I> — <I>> =0on Fb. The Stampacchia Lemma B.14 implies that

~\ T
<<I> — <I>> € H}(Q2) and that for any v € CY(2), with supp(v) C Q! and v > 0, it holds

that
~\ + ~\ T
A2<v(q>—<b> ,Vv> :A2<v(q>—<1>> ,Vv>
2(@) 12(@)
supp(v)CQ*

(o (0-) ), T (5-8) ),

Using the fact that both ® and & are weak solutions, supp(v) C € and the monotonicity
of f, proven in Lemma 2.12, we derive

A2 <v (o- ci>)+ ,VU>L2(91) —2(v(2-d) ,vu>L2(Q) = (f(w, @) - f(@, <'I’>),U>L2(Q)

= (f(w, @) = 5@, ®),v) | = (fw, @) —f(@,@) + {5, (@) v

L2() ~ >L2(Ql)
<0 on Q! due to Lemma 2.12

2w, @) — . @), 0)

=3

L2(Qy’

~\ t+ +
Together with the fact that (<I> — <I>) = 0 on I'},, this implies that (<I> — <I>) is a (weak)

subsolution” of the system

~Ap=F/\ on Q!

¢=0onT}
0
a—i =0 on 'k,
2See Lemma C.2 for the definition
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3. Existence of weak solutions

We can therefore apply Lemma C.2, to derive the following bound
N+ |7
<<I> - <1>) v <<1> - <1>)

L2(QY)
for some constants Ci,a > 0 and some v € (0, 1), depending only on the parameters of
system (1.6).

—sup (- #)" <01 f/N
L@l ol

)

Iz

From
181 2y < 170, @)Ly + (@ @) e ey < 2 max [,
we get that
[(e-9)"]  <a|v(e-a)7
Lo (Q1) L2(Q1)

2 im1.. nlzi| \&
for Cy := C} <—maxl_)\lé ’"'Z”) )

One can also dominate the negative part (‘I> — <i>) in the same manner. Together with

inequality (3.8) in Lemma 3.7 this finally lets us conclude that

H(I) a (i)HLOO(Q) < Cllw - sz‘”(Q) ’

O

Remark 3.9. In the proof of Lemma 3.8 we did not use the explicit form of f. The Lemma
can thus be easily extended to general §, that are Lipschitz-continuous and monotonically
decreasing in the second argument. And which have the property that for every w € L™
and every ¢ € HY(Q) N L>(Q)

[[F(w, ¢)||LP(Q) <C,

for some constant C' > 0 and some p € (max{g}, +oo]. To the best knowledge of the author
this represents a novel result.

3.2. Step 1: Analysis of the time discretized, space regularized
equation

In this section our aim is to find a sequence

(@7 (k). @7 (k)€ (LX(RY) N HH(QR") x H'(Q),

keNg
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3. Existence of weak solutions

that satisfies (3.2) in a weak sense. This sequence will then be used in the following sections
to approximate a weak solution to (1.6). We prove the existence of such a sequence by an
induction argument. For k£ = 0 we use Lemma 2.4 to define

_ O _ (ah(uO) 8h(u0)>T

ou ouy = Ouy

and furthermore we choose ®57(0) € H'(Q) arbitrarily.

Now assume that <7f1))w(k —1),0%7(k — 1)) is given. Then we define

o 6T

w' (k) € (H™(Q;R") N Hp(QR™)) € (L°(Q;R™) N Hp(Q;R™))

and ®¢7 (k) € HY(Q), to satisfy

1 <u (73)677(]@ + w?, <I>6,T(k)> _u (ﬁ;eﬁ(k‘ 1)+ w?, T (k — 1)) ,§>L2(Q) 4 o

T

(BT E) + P2 R) V(07 R) +w”) VE) L
> <D%°u6’7(k),D°‘§>L2(m+<{Z;6’T(k),§>L2(Q) — - (39)

laj=m

= (o (o (5709 + 0P, 970 )€

L2(Q)

A (VDET (), V77>L2(Q) = <Z 2iU; (ICZJ " (k) +wP, <I>€’T(l<:)> + f,77> ,
i=1

L2(Q)

for every £ € H™(;R™) N HL(Q;R™) and every n € Hp(f2), such that also @7 (k) = &P
on I'p.
The following Lemma shows, that this is indeed plausible.
Theorem 3.10. There exist

w (k) € H™(Q;R™) N HH(QR™), &7 (k)H' ()
with ®7(k) = ®P on T'p, that satisfy (3.9) for all € € H™(Q;R™) N H5H (4 R™),
n € Hp(Q).
Proof. Since (3.9) is the weak form of the semilinear® (elliptic) equation (3.2), we employ

a standard fixed point argument to derive the existence of weak solutions.

We split the proof up into four parts. In the first part we define a bilinear and a linear form,
that correspond to a linearization of (3.9) and which will later be used for the definition

3Note that the semilinearity is due to the added elliptic operator £™

22


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar.

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thele

(]
lio
nowledge

b

i
r

3. Existence of weak solutions

of the fixed point problem. In the second part we show the solvability of the linearized
problem via the Lax—Milgram Lemma. In the third part we show that the solution to the
linearized problem depends continuously on the linearization parameter. In the fourth and
final part we use the linearized problem to define a fixed point operator and show that it
has a fixed point via the Schauder Theorem.

Part (i): Definition of the linearized problem.
For every y € L*°(Q; R"), we define ®¥ € H!(Q) to be the unique weak solution of

—A2ADY = Zz,ul(y +wP @) + fon Q
i=1
y

L
®Y =P onT'p, — =0 on I'y.
on

Theorem 3.4 guarantees that this definition makes sense.

Now let X := H™(Q;R")N H},(Q;R™). From the continuity of the trace operator it follows
that X is a closed subspace of H™(Q;R™) and therefore, when equipped with the scalar
product (-, ) gm(q), itself a Hilbert space.

For every y € L>®(Q; R™), we define the bilinear form AY : X x X — R by

Ay(ga 77) = <B (y + wDa q)y) VE, V77>L2(Q) +e Z <Da£7 Da77>L2(Q) + <£? n>L2(Q)

|a|=m
for all £, € X. Furthermore we define the linear form 7Y : X — R by
‘F.y(é.) = <g (Tka LU (y + wD7 q)y)) ’§>L2(Q) - <B (y + wD7 (I)y) va7 v§>L2(Q) T

1 o €T

= <u (y +wP, @Y) —u (w (k—1) +w®, &7 (k - 1)> 7£>L2(Q)

for every ¢ € X. Note that by Corollary 2.9, we have B(y +w?, ®Y) € L>(Q; R"*") and
thus both AY and FY are indeed well defined on X.

Part (ii): Well posedness of the linearized problem.
Using the Cauchy—Schwarz inequality we get that for all £{,n € X

AV < B+ 0P, S)VE]| 2 1Vl 200 +
e | Y D 2o I nll 2y + 1€l 220y 11l 220
|a|=m
Corollary 2.9 then gives us

1By +w?, @) VE| 12 < max Dy [|VE]| 2
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3. Existence of weak solutions

and thus
A€ < (o i) lelhgney Ilignco
=1, ,n
Therefore AY is a continuous bilinear form. Similarly one can use the Cauchy—Schwarz
inequality and Corollary 2.9 to derive
D D
IFY(E)| < ( g (Tk,z,u (y +w ’(I)y))||L2(Q) + i:nll%?(’nDi |Vw HLQ(Q) +.-

o€

[Ju (y + wD7(I)y)HL2(Q) N Hu (w (k= 1) P, B 1)))

T T

L2(Q)

1€l £rm @) -

Using inequality (2.5) to dominate the reaction term and the fact that u(-,-) maps into O,
which implies that its euclidean norm is bounded by 1, this implies

210 1/2
|7 <>|<(|ml/20g<fk>+ max D[ VP g + | ’ )nanm . (310)

Thus FY is continuous. Notice that the continuity constants for both AY and FY are
bounded independently of y.

Using the positive definitness of B(y + w?, ®Y) we derive for any ¢ € X

Ay(fv §> = <B (y + wD7 q)y) Vf, v§>L2(Q) +e€ Z <Da§7 Da§>L2(Q) + <§7 €>L2(Q)

|a|=m

>0

> D ID%N e ) + 1€l 720 | -

|al=m
which by the generalized Poincare inequality implies
AY(£,€) = Crom 1€l Fm () (3.11)

Thus AY is coercive and again its coercivity constant does not depend on y.

By the Lax—Milgram Lemma there exists a unique v¥ € X such that
AY(vY,€) = FY(€) for all £ € X.

Note that the regularity parameter m € N was chosen large enough, such that H™(; R"™)
is compactly embedded into L*°(£2;R™) and thus v¥ € X C L*>®(Q;R™).

Part (iii): Continuous parameter dependence of the linearized problem.
We now want to show that the map y € L (Q; R") — v¥ € X is continuous. Let therefore

24
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3. Existence of weak solutions

(y(j))jen be a sequence in L>°(02;R™) that converges with respect to the L°°(€2; R™)-norm
against y € L (;R"™).

We note that, according to Lemma 3.8, the function ®¥ depends (Holder)-continuously,
with respect to the L>°(f2)-norm, on y, i.e. the map y € L®(Q;R") — &Y € L>®(Q)
is continuous. The Lipschitz-continuity of u, which was shown in Lemma 2.12, and the
definition of B* gives us

j—o0

Hu (y(j)-l—wD,(I)y(j)) —u(y +w”, oY) ) 0.
HB( + w? cI)y(J)> (y —l—wD’CI)y) L) Einda! (3.12)
o ks (442,99 stk 20

Hereby the last convergence holds, since ¢ is uniformely continuous on the compact set

{tk} x Q x O.

We define £(j) := v¥U) — o¥. Then, using the generalized Poincare inequality and the
definition of the bilinear forms A¥(), AY, we obtain

Crm €D Emy < e | D (DY), D)) L2 + €0 60)) 20

lal=m

= A0 (900, 6()) — AV (W9, () + - (8.13)
B+ 0, ®) Vo, VEG) ey — (B (40) + 0, @0 Vo), ve)
First we estimate
(B (y+w, @) Vo', VEG) ey — (B (90) +w, @0 v, ve())
= (Bl +w,®) = B(y() +w.20)) V. VEG)) |,
. <B (v0) +w, @) v (v - vy<”),ve<j>>
N
=—£(j) L2(9)
= (Bl +w,®) = B(y() +w.20)) V. VEG)) |, (3.14)
= (B (y0) + v, @) VEG), VEG))
%
< |Bw+w e =B (yo) +w @) 1900 VD] 20y
< ||Bw+w#) =B (yG)+w, @) ) NG e

4See Definition 2.8
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3. Existence of weak solutions

Next we estimate AYU) (vy(j),é(j)) — AY (vY,£(4)). By using the definition of v¥0) v¥ we
derive

Av() (Uy D, (5 ) AV (09, €(5)) = FUU) (£(5)) — FY (£(4))

<g <Tk:,x,u (y + wP @y(J)» — g (tk,z,u (y + wP, @Y)) ,f(j)>L2(Q) -

<<B< y(j) +w” cpy(a)) - B (y+wD7(I,y)> VwD,Vg(j)> o

L2(@)
"*¥< u (y(G) +wP, 20 )>*“(y+wD’q)y)’£(j)>L2<m

Simply applying the Cauchy—Schwarz inequality gives us

AV (vy(j)’g(j» —AY (vY,£(7))

< (Hg <Tk,x,u (y(j) + wD,CDy(j)>> — g (tk,z,u (y + wD,CDy))’ L@ +---
(3.15)
ot B (v) + 0P, @ )>—B(y+wD,<I>y)HLOO(Q) V0P| 2 +
2 [ (v + 0?0 — (@), ) 1€ ey -
Combining the inequalities (3.13), (3.14) and (3.15), we derive
O €0y < [| B+ w80 = B (yG) +w, @) || o] e
< Hg (Tk,x,u (y(j) +w ,@y(j)» — g (tk,z,u (y + wD,Qy))) )
Y Y N

ot % o () +wP, @) —u (y + wP, @)

L9
Using (3.12), we see that the right side converges to zero for j — oo and thus we get that
v¥ € H™(Q,R™) indeed depends continuously on y € L>®(€;R").

Part (iv): Defintion of the iteration map and existence of a fized point.

We define the constant

Q2 09 (rk) + maic . o D [ VeoP]| oy + 22U

EC’P,m

and the set  C X C L>®(Q;R™) by

Ri= { veX ¢ ullgme <€ }
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3. Existence of weak solutions

Note that since the regularity parameter m was chosen in such a way, that the embedding
H™(Q;R™) — L>®(Q;R™) is compact, the set R is precompact in L>(€2;R™).

Now we define the iteration map S : L*(Q2;R") — L*°(Q;R") by S(y) := v¥ for every
y € L®(;R™).

Due to Part (iii) and the continuity of the embedding H™(;R™) — L>®(Q;R"™), we im-
mediatley see that S is continuous. Combining the coercivity of AY (see (3.11)) with the
continuity estimate for F¥ (see (3.10)) gives us

) (3.11) 1 y 1 (3.10)
ISWEm@) < AT (SW),SW) = —F"(SW) = ClSWlamo)

€CP,m

This means that the range of S is a subset of 8 and thus, as a subset of a precompact set,
itself precompact.

Since S is a continuous map from the Banach-space L>(€2;R™) into itself with precompact
image, the Schauder theorem tells us that it has a fixed point, which we denote by
€,T 0 €,T €,T

@7 (k) € X, ie. S(w (k)) =" (k).

Furthermore we define

o €T

7 (k) =% *) e HY(Q).

By definition of the iteration map & and the map y — ®Y, it immediatley follows that the
pair (ﬁ/ ’ (k),@E’T(k)) suffices (3.9).
O

3.3. Step 2: A discrete entropy production inequality and a priori
estimate

Based on the sequence <13)E7T(k), <I>€’T(k:))k N defined in the previous section, we make the
€No

following definitions for every k € Ny.

we (k) == w
us’ u
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3. Existence of weak solutions

Using this notation, we can rewrite (3.9) as
(W (k) —u"(k = 1),8) 12(q

T

= (g (k- w7 (k) , ) 120

N (V5T (K), Vi) ) = <Z sy (k) + . n>
L2(Q)

+ (B (w" (), @97 (k) Vw© T (k), VE) p2(q) + - -

i=1
for every £ € H™(Q;R") N HL (4 R™), n € HH(Q) and every k € N.

€,T . .
Our goal in this section is to derive bounds for 4“7 and w . To accomplish this we use
a discrete entropy production inequality. But first we investigate the regularity and the

boundary conditions of u©7.

T

Lemma 3.11. For any k € N we have
u® (k) € HY(Q;R™) N L>®(Q; R")
u" (k) € HY(Q) N L>®(Q) for anyi=0,---,n

ud" (k)\Jug” (k) € HY(Q) N L>®(Q) for anyi=1,---,n
logu" (k) € HY(Q) N L>®(Q) for anyi=0,---,n
and the image of u® (k) is a subset of O.

Proof. 1t is clear from the definition of w7 (k) that it is a measurable function mapping €2
into @. Thus it follows that u;" (k), v/u;" (k) € L>(Q) for every i =0, ,n.

In the proof of Lemma 2.12 we argued that u(-,-) € C'(R""!;R") has a bounded first
derivative and thus, by the chain rule (Lemma B.11), we have
usT (k) = u (wo (k), @7 (k)) € H' (Q; R™).

€,T

w ' (k) + wP e L=®(Q;R").

Since zi)e’T(k),wD € L*®(QR"), we know that w*™ (k) =
€ L>®(Q2). Now let us define the

Furthermore we know from Lemma 3.6 that ®¢7 (k)
compact set

8= { ) € R |l < 0t () oeqy - 9] < 1857 (B)] ey |

and with this the two constants

w:= min min wu;(x >0
= min - min i(z,y)
——
>0
u:= max max u;(x <1
=0, n (z,y)€R i@y <1,
N——
<1
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3. Existence of weak solutions

as well as the function S : R — R with

smly-—w+ya L ify<u
S(y) = VY , ifu
s (y—w)+Va L ify

y<a

One easily verifies that S € C'(R) with &’ € L®(R). Since u < u;” (k) < u for every
i=0,---,n, we can then use the chain rule (Lemma B.11) to derive

uT (k) =S (uf" (k) € HY(Q) for i = 0,--- ,n.

(2 (2

Similarly one can show that logu" (k) € H'(Q) for all i = 0,---,n. Finally, by using
Lemma B.12, we conclude that u;" (k)\/ug” (k) € H'(Q2) for every i =0,--- ,n. O

Lemma 3.12. For any k € N the following Dirichlet boundary conditions hold

: _,D
uT (), = u”lp,

uiT (k)| = uP|  i=0,---n
I'p I'p
ulT (k) JufT (k)| = uPyJub i=1,---,n.
T'p T'p

Proof. As we have already proven in Lemma 3.11 that we can apply the chain rule, this is
a trivial consequence of Corollary B.13.

O]

The following Lemma will be key for deriving the discrete entropy production inequality.

Lemma 3.13. The inequality
<ue’7(k) (k- 1), &G’T(k)> > H (us (k) — H (us" (k — 1)). (3.17)

holds for every k € N.

Proof. Let k € N be arbitrary. For the purpose of proving (3.17), let us define for every
x € Q the function ¢, : O — R by

n vi s

=0 t

for every v € O. We denote its gradient by ¢/,, in order to distinguish it from the gradient

with respect to z. One sees immediately that, since vo =1 — > v;,

v vV
log —;D — log —SD

Un o
log b log b

29


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar.

The approved original version of this thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

3. Existence of weak solutions

By Lemma A .4 the function ¢, is convex and thus, by Lemma A.3, we derive the inequality
o (7 (k) = ¢ (u7(k — 1)) < ¢, (uT(K)) - (uT (k) — u"T(k —1)). (3.18)
Inverting u" (k) = u (w" (k), @7 (k)) with respect to w*” (k). we get

() = og S L B0 + W = i 1 4). (3.19)

Thus, by Lemma 2.4, we derive

(k) = wi (k) — wP = ah(g’;(k)). (3.20)

Combining this identity with the inequality (3.18) gives us

o €T

w;

() = =07 wy) = [ > (7 (k) = w7 (= 2)) 7)o

n STk D
_ /Q 3 (ST (k) — ulT (k- 1)) (log ZOTEk; —log %D +B2 (D7 (k) — @P) + m-) dz
=1 0
=@ (ue7 (k));
- /Q (W (k) — " (k — 1)) - &, (" (k) da + -

o (ST (k) — ST (k= 1), Bz (27 (k) — ) + W) 5

(3;) / ¢z (uT(K)) = ¢o (u7(k —1))dz - -
Q
o (ST (k) = uST (k= 1), B2 (27 (k) — @) + W) 5

The term (u®7 (k) — us"(k — 1), Bz (27 (k) — <I>D)>L2(Q) can be bounded from below by
using the weak Poisson equation in recursion formula in (3.16)

<u€’T(k) —u“"(k—1),82 (<I>€’T(/-c) — <I)D)>L2(Q) — ...

=5 <2 i (U (k) — a7 (k= 1)), (27 () - @D)>
i=1 L2()

=8 Y ziuy" (k) + f> - ( ” ziu®"(k—1)+ f> , D97 (k) — <I>D>
(2 > T

enh@ O

CLD \23 (Ve (k) — VO (k — 1),V (@7 (k) — 7)) 1200

= N8 (V (&7 (k) = ®P) = V (377 (k — 1) = &),V (277 (k) — ")) 1o

regqy — A2B (Y (@97 (k — 1) — @P) |V (@7 (k) — @P)) .,

< ||V(<I>e,r(k)—q>D)||i2(Q)+||V(q>6,‘r(k_1)_q)D)H2LQ<Q)
2

(HV (@7 (k) — @7) Hi%ﬂ) — IV (2“7 (k — 1) - 27) Hi%ﬂ))

= N[V (27 (k) — @7 | ()

2
S AP
-2
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3. Existence of weak solutions

This lets us conclude
(T k)~ (=107 (k) > / du (uT (k) = g (u7 (k = 1)) dz + -
LB o o 2
2 (19 (@7 (k) = @) [}y = [V (@7 (k= 1) = @P) |10 ) + -
-+ <U”(/€) —uT (k= 1), W) 2

2
/gsz e +—|V (87 (k) — ®°)|* + uT (k) - W — - -

H(usT (k)

—/ngx (W (k — 1)) + Azﬁ IV (@7 (k — 1) = ®P)[* + u" (k — 1) - Wda

~/

H(uem (k—1))
= H (u" (k) — H (u*" (k — 1)).
O

Now we have the means to derive a discrete entropy production inequality for the sequence
(UG’T(k))keNO-
Theorem 3.14. For every k € N the discrete entropy production inequality

H (u“"(k)) — H (u7(k — 1)) < kI(Tk)|Q| + KI(TR)H (uS7 (k) — - - -
- (3.21)

BT (B e, e (k) vt (), V(R

~ €Cpm Hm(Q)

holds.
Proof. Let k € N. By definition it holds that @ (k) € H™(Q) N H) () and thus v (k)

\T

itself is an admissible test function in (3.16). Testing against £ := =0 (k) gives us

(ueT (k) = uem (k= 1), 8" (k)

o €T

o €T

L2(Q) €T €,T T
+<B(w (k), @7 (k)) Vw T (k), Vw (k>>L2(Q)+

-
77- 0 €T 2 €,T 0 &7

o C; | H @ Y (k)’p(ﬂ) = g lrhe (). % (k)>L2(m'
y (3.17) this implies

H (ue (k) —f(w(zf 1) _ (o) 67 (),

- <B (W (k), @7 (k)) Vw" (k), V&”(’f)>p(m o (3.22)

OET 06T 2
(az o ‘ TSR (k)”‘”))'
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3. Existence of weak solutions

Now it only remains to find suitable bounds for the first and the last term on the right-hand
side of (3.22), as the second term is already present in (3.21).

Using the generalized Poincare inequality, just as in (3.11) in the proof of Theorem 3.10,
we can estimate the last term by

2 2

(k)” . (3.23)

H™(Q)

o 6T

0 €,T 2
Z HDaw (kJ)H + |lw
o= L2(Q)

From identity (3.20) and assumption (H5) one derives for the first term

> ¢ OET
L2(9) Pm

(k)

(o) 670, o = [ > (kv u T (0) &7 () do

= S ortrbeacrty 2 g
i=1 ¢ ’

(};5) I{,g(Tk’)/Q (c+h(u(k))) dz

= K9(rk)e|Q| + KI(Tk) H (us7 (k).

Combining the estimates (3.23) and (3.24) with (3.22) finally gives us the discrete entropy
production inequality

2

H (us7 (k) — f (us(k = 1)) < KI(Tk)e|Q| + k9 (Tk)H (u°7 (k) — €Cpp, ||w OGT(k)HHm(Q)
= (B (" (k), 87 (k) Vi (k), va”(’f)>LQ(Q) :
O

We can now use this entropy production inequality to derive bounds for u®", that will later
be used for deriving convergences via compactness arguments.

Theorem 3.15. Let T € (0,+00) and ¢’ € (0,1) be given. For any T > 0 with 7r9(T) < ¢/,
there exists constant C' > 0, that only depends on qx, the time T and the parameters of
system (1.6), such that

T
€,T k o 0 ] <
[T (B)|[ oo () + €T ; w (])HHm(Q) =C
for any k=0, |L] and
LT/TJ 2
(’W DTG+ g™ Ol ] uy” () ) ¢
HL(9)
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3. Existence of weak solutions

Proof. Let k € N with 7k < T. By the discrete entropy production inequality (3.21) it
holds that

(1= 7a9(rk)) H (u"" (k) + 7 (B (w"" (k), ;W(k;)) Vs (k), Vo' (k:)>L2(Q) -
At TeCpm |0 T(k)HHm(Q) < H @ (k — 1)) + 769 (k)c|Q).

From B being a diagonal matrix we obtain the inequality

o €,T

Vuw ' (k) : B (w*" (k), @7 (k)) Vw (k) = V (0" (k) — w®) : B (w" (k), @7 (k)) Vw© (k)

= Dyui (w7 (k), D7 (k) uo (w (k), D7 (k) V (i (k) — wf) - Vg (k)

)

=1
= Dy (k)ug” (k) [V ( Z DT (k)uy" (k) wP - Vw7 (k)
P o
< ’V'wl.’ (k)’2 +|VwiD|
z ET €,T 2 - Dz €,T €,T D|2
>Z () V(0 = 3 Sl (byu” (k) | VP |
i=1
> Dnin Zue',r(k)ue,r(k_) ‘Vwe’T(k‘) 2 Dinax zn: ‘va 2
-2 i=1 ' " ' 2 i=1 Y
where Doy /min := max/min{D; : 1, ,n}.
Combining this inequality with (3.25) gives us
Dmln €, 'r 5 €,T 2
(1 — 769 (k) H (us (k /Zu k) [ VST (k)| da 4+ - --
Crom |07 )| 2
-+ 71eCp ( )HHm(Q) (3.26)

< H (™ (k — 1)) + 749 (rk)c|Q)] 4 7 2max /Z\vu}D\ dz

From identity (3.19) and inequality (A.1) we obtain

e (2 (3:19) u;”" (k) ?
VWi (k) Vlog —=—= + B2V (7 (k) + W;)
Uo (k)
(A1) 1 usT (k) |2 5
> — 1 C — i i i .
> | oe 25| - 1957 @@+ )
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3. Existence of weak solutions

Together with (3.26) (and using that u;" (k)ug” (k) < 1) this gives us

(1= 79 (rk)) H (w7 (k Dmm/zu” ‘w o EZ;

2
daz + ---

<k>\12
H™@) (3.27)

€T DmaX
< H (u (k= 1)) + TR0 (k)| Q] + 75 [ Vw®|| ) +

o €T

+T€Cpm

= Dmin 2
-+ V(D7 (k) + W;)|* dx
2B s @k 4 W)

Since k9 is monotone, we know that x9(7k) < k9(T"). Also we derive from (3.5) that there
exists a constant C > 0, that only depend on the parameters of system (1.6), such that

- Dmiﬂ €,T g €,T
|30 281859 (@7 (0) + W) do < 3 Do (2 1V87 () e+ IV Will )
=1 =1

n

(3.5) 2
< ZDmin (52101 (1 + H‘I>DHH1(Q)) + HVWiH%Q(Q))
i—1

By defining the constant

Dmax

n 2
”vaHL2(Q) + ZDmin (521'01 (1 + H(I)DHHl(Q)) + ”VWiH%Q(Q)>

i=1

Cy = r9(T)c|Q| +

we can thus simplify (3.27) into

2

(1= 7r9(rk)) H (us" (k Dm‘“/zu” s ( ‘w Uy EZ; do -
o (3.28)
06T 2

< €,T _ .

ot 7eCpm || (k’)HHm(Q) < H us(k — 1)) + Cor
Define now for every k=0, --- , L%J the two terms terms
olk) = H (w7 (4)
2 06T 2

dz + eCpp ||w

)|

Hm(Q)

Dmm / € T 6 T ’ ue’T(k)
u, )|V log
Z =)
T

We assume without loss of generality that all a(k),b(k), k =0,---, | L] are non-negative.
This is justified, as we could simply replace each negative term with 0 and the recursive
inequalities below would still hold.

Then (3.28) gives us the recursive inequality

(1 —=7K9(7k))a(k) < a(k — 1) + Car — 7b(k),
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3. Existence of weak solutions

which can also be written as
(1 —=7r9(7k))alk) < (1 —=7r(T(k = 1)) alk — 1) + 7rI(7(k — 1))a(k — 1) + Cor — Tb(E).

Now it is easy to solve this recursion and we obtain

k k—1
(1 —7r9(rk)) a(k) +7 Y _b(j) < (1 —769(0)) a(0) + Cork + 7 Y _ w%(7j)a(j).
j=1 Jj=0

We define the constants ¢ := = q/, Cs:=q (max {H ,O} + CQT), which only depend on
the parameters of system (1.6) and T. By using the monotonicity of k9 and 7x9(T') < ¢/,
we derive

k
+7_Zb 1—7/197/-4: ;b
1 k—1
< = | (1=7KY I(+Nali
S T | TO) 4(0) +Co Tk +2_md(ri)a()
N———— =H(u0) <T Jj=0
<q
k—1
<C3+ ZTQHQ(T)a(j)-
j=0

We furthermore define for every k =0, -- -, L%J the term c(k) == a(k)+7 Z§:1 b(j). Then
the previous inequality gives us the recursion

k—1
C(k‘) <Cs+ qug(T)Tc(j) forall k=1,---, \‘TJ ’
7=0

which, by the discrete Gronwall Lemma A.2, implies
k T
c(k) < Cs(1+qr?(T)r)" forevery k=1,---,|—]|. (3.29)

Due to the convergence
(1 +gr?(T)r)™/T T2 exp (Tgr?(T))
the constant

Cyi= Cy ma (1+ gs9(T)7)"/7 < +o0
Te(0,

is well defined, positive and does only depend on the parameters of system (1.6) as well as
on time 7.
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3. Existence of weak solutions

Thus we derive from (3.29) and Lemma 2.2 that

\T/7)
T Z b(j) < Ca —a(|T/7]) = Ca — H (u"7" ([T/7]))

>— 520 Wil ) (3.30)

n
<Cy+ Z IWill 1) = Cs.
j=1
Now it remains to use this inequality to derive the desired bounds. We note that by

0 €T 2
definition Hw (])HH @ < b(j) and thus

L7/7] €T 2 T L7/7] €,T 2
€,T o 1 < 0 ]
1™ ()| oo ) e ; ‘7)HHm(Q) =t o ; Crm|w (‘7)HHm<Q>
<1 <b(j)
Cs
<1 = .
<1+ Crm Cs

To show the second desired bound, we note that the chain rule (Lemma B.11), applied to”
Vuy" and logu;”, and some simple algebraic manipulations give us

- O 2
> ui T (@)ug"(d) ‘v log iy | = D57 ()" (3) [V log i () — ¥ log uy” ()

0 i=1
Vuy"(j)  Vug'(j)
w (7)o" ()
Vui" (j) 70 - VUST( )
T

2
U?T(J') -2 6’ (J)ug"(5) )
o7 2 n WS (d 2

i=1

i=1
2

Vg™ (5)
ug” (5)

n €T/ (2

i=1 =1
==Vuy" (4) =1—ugy" (j)
DY [ )| +2va o+ TOL e T O
0 7 0 ugT(]) 0 UB’T(])

2
=4V /a5 ()|
2
VT () + 4 )v\/umj)

SWhich can be justified just as in the proof of Lemma 3.11.

2

S gm0V G)

i=1
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3. Existence of weak solutions

This identity lets us rewrite b as

2

Dmm/ 67’ . 67' . ' ugT(j) OET N[
u, )|V log 2 dx +eCp,
Z ug () e L
er . Dmln €,T 2
= Do ||/ 57 () V' 1957 ()20 +
2 oeT 2
“++ + Drin [|V +eCpm H .
70, [T

Which in turn lets us finally conclude, using [|u“" ()| 12(q) < /Y], that

2
)

o FIVe e + Hv\/uaT(j)

T%fj <H\/ DV G)

LT/7]

<7 Z (‘W JVA Ul () 2

--+27LT/TJ V19|
N——

<T

€T/ -
Ug

€T/ \ (12
+ ||u0 (])HHl(Q) +
L2(Q)

2
4.
L2(Q)

k ‘
4 (3.30) 4
b(7) < 2T+/|Q
minTjE_l ) < 21+ 5

<2T ‘Q’—i— Cs .= Cr.

D

min

By defining C' := max {Cg, C7} we finish the proof.

3.4. Step 3: ¢~ 0

Our goal in this section is to eliminate the space regularization in (3.2). Therefore we first
prove the existence of a limit (atleast for a subsequence) when the regularization parameter
€ goes to zero.

Lemma 3.16. Let T > 0 be given and let 7 > 0 be so small that Tx9(T) < 5. Then

there exists a sequence €j, j € N, which we simply denote by (€) and a finite sequence of

functions u” (k) € HY(Q;R"), (k) € HY(Q) fork=1,---, ||, such that

u(f)ﬂ'(k;) — (k) in L R™) (3.31a)
(e)—0

Vol 920 Sz k), @97 (k) L% 97 (k) in HL() (3.31b)

thele

(]
lio
nowledge

b

i
r

37


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar.

The approved original version of this thesis is available in print at TU Wien Bibliothek.

M Sibliothek,
Your knowledge hub

3. Existence of weak solutions

a7 (k) L% wr k), 4l 920 Juz k), @97 (k) L% o7(k) in L2(Q)

(3.31c)
w7 ()l (k) L0 T (k) g (k) i HY(Q) (3.31d)
wOT (BT (k) D2 T (k) \Jug (k) in L) (3.31e)

foreveryk=1,---, L%J and every i = 1,--- ,n. Furthermore the following property holds
0<uj(k)<1foralli=0,---,n. (3.32)

Proof. The estimates derived in Theorem 3.15, give us uniform bounds for the sequences

€,T €,T €T T
I ey 17 W oy |70 o= | T,

where we vary in € > 0 (7 stays fixed). Furthermore, by inequality (3.5), we know that the
sequence [ @7 (k)| y1(qy, k=1, | L], where we again vary in e, is uniformly bounded.

Thus we derive by the Banach-Alaoglu theorem that there exists a subsequence in €, that
is denoted by () and functions u” (k) € L®(;R"), &7 (k) € HY(Q), v(k),w(k) € HY(Q)
forevery k=1,--- | L%J, such that

w7 (k) —— w7 (k) in L®(;R™)
(e)—0

(I)(E)’T(k) (6)—)0

uO7 (k) L% (k) in HY(Q)

®7 (k) in HY(Q)

w07 (k) L% (k) in HY(Q)

First we show that these limits are consistent, i.e. that v(k) = uj(k) and w(k) = /uf(k).
We note that by the linearity of the (weak-star) limit, we get that

k)zl—znjuge)’T( él—Zu in L>(9),
i=1

(e)—0

which, by Corollary B.9, implies that u(e) (k) 1920, uf (k) in L2(2). On the other hand the
compactness of the embedding from H L(Q) into L?(Q2) (see Theorem (B.7)) implies that
—0

uée)’T(k:) 920, v(k) in L?(Q). Since weak and strong limits must coincide we therefore

derive

38


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar.

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thele

(]
blio
nowledge

(]
|
rk

3. Existence of weak solutions

We note that strong convergence in L?(2) implies the convergence in measure (with respect
to the Lebesgue-measure) and therefore we obtain

€)—0

u((f)’T(k) 920, w(k) and u(()e)’T(k:) 920,

v(k) in measure.

But since the square root is continuous, with respect to the convergence in measure, this

implies that 1/w (6 ( (6 —— +/v(k) in measure and thus
= Vu(k) =/ ug (k).

So far we have shown the identities (3.31a), (3.31b) and (3.31c).

Now we look at the term uEE)’T(kz) u((f)’T(k:) for arbitrary, but fixed k = 1,---, L%J and
i =1,---,n. First we note that, since

Vul 920 Jug (k) in L) and ol (k) —— u7 (k) in L®(9),
(e)—0

it holds that

<“§€)’T<k> ué€>’T<k>,é> = [ w9700 g€ do -
Q N——

L2(Q)
eLl(Q)
E)T E)T —>O /uTk ud (k)¢ dz
(27w (Va0 - i ) ) oy > [ fugirg
E[O 1 —0 in L2(Q)
for any ¢ € L?(Q2). Thus we deduce that
1O )V 1l (k) D20 w7 (k) Jug (k) in L2(9). (3.33)

On the other hand we know from Lemma 3.11 that uge)’T(kz) u(()e)’T(k:) € H'(Q). Using
Corollary B.12 (which gives a product rule for derivatives in Sobolev spaces) we get

€),T €),T Cor. B.12 €),T €),T €),T €),T
MCRCTERT)| I PO TR RTLCl
L L
< ||ui? (k) VVud T®)|| TRV (k)
L= () L2(Q) L2(Q)
()7 (), (e),m ()7 (&),
= ||u; k Vi u, k + |24/ u; k)v/ u, k)YVA/ u; k
0T | TV W()h()%()m
€),T (e),7 (e),7 (e T
<|lu; " (k) uy (k) +2|\Vu " (k) ‘ k)V
L(9) 0 HY(Q) L>(Q) \/ L2(Q
<1
< ||l w)| dA7m| 2|Vl vl (k)
L) H(©)
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3. Existence of weak solutions

Using Theorem 3.15, we see that all three terms on the right hand side can be uniformely

bounded and thus ||V <u£€)’T(k‘) u((f)’T(k‘)>

the weak L2(Q)-convergence (see equation (3.33)), that

is bounded. Additionally we know from
L2(2)

u$7 (k) Jul (k) must be

L2(Q)

is bounded. This in turn implies by the
HY(Q)
Banach—Alaoglu Theorem that a subsequence, which we assume to be the original sequence,
will converge weakly in H'(2). Due to (3.33) this limit must coincide with u] (k)+/uf(k),

1.e.

bounded too and thus u(e)’T(k) u(()e)’T(k;)

)

1920 (k) \Jug (k) in HY(Q).

Thus (3.31d) is proven and by the Rellich-Kondrachov Theorem this in turn implies (3.31e).

Finally we note that from (3.31c) we can conclude that (3.32) holds, as it holds for u()7
and because L?(£2)-convergence implies convergence in measure.

O
Now we show, by using (3.31), that (u”(k),®"(k)), k = 0,---, L%J also suffices to a
recursion formula.

Theorem 3.17. Let T > 0 be given and 7 > 0 be so small that Tk9(T) < 5. The finite
sequence (u”(k),®7(k)), k=0,---,|L]| defined in Lemma 35.16 suffices to

(uT (k) — u{(k;— Dvidiag) | Di< o« (k)Y (u?(k) UE("?)> ’V“">L2(Q)

3.34
=30 (VRO RT NG R.Ver) B 0, 870) V) P
L2(Q)

= <gi (Tka ) UT(k)) 7vi>L2(Q)

for anyv € HL(Q;R"), k=1,---, L%J, as well as to
N (VDT (), Vn) 120y = <Zz )+ f, > (3.35)
L2(Q)

foranyn € HH(Q), k=1,---, L%J Furthermore the following boundary conditions hold
foranyk=1,---, L%J

ud(k)| = Jug|  ui(k) = ul\[uf (W), = @[, - (3-36)

I'p I'p

Proof. Let k=1,---, L%J be arbitrary. First we note that by Theorem 3.15, the term

v @)

oE’T o €,T 2

= €||w

HHm(Q) H™(Q)
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3. Existence of weak solutions

is bounded and thus

06’7' 0 €T e—0

(k) = Ve Vew (k) — 0in H™(Q). (3.37)

bounded norm

Furthermore it holds that

9(Tk, -,u( €7 ) —(—)—ﬁ g(Tk,-,u") in L*(Q;R™). (3.38)
To see this we use the criteria for L?(Q;R™)-convergence, stated in Lemma B.2. From
(3.31c) it follows that ule)m (6);0 u” in measure, and thus, by the continuity of the reac-
tion term g, we also get g(7k, -, u()7) (6)—_>O> g(7k,-,u”) in measure.
The convergence of the norms ||g(rk, -, (9" HL2 1920, — lg(7k, -, u")|| f2(q) follows from

a dominated convergence argument, as |g(7k, - ( ) T)| < C9(T). Thus (3.38) indeed holds.

By Corollary B.4 we derive from (3.31d) and (3.31c), that

R R I TTs) RV CHENTS) B CE

and from (3.31e) and (3.31Db), that

Ul (1)l (B VA SO (k) L2 g (k). (3.40)

Now we want to prove
F, (u<€>vf(k),q><6>f(k)) 920 (T (), ®7 (k) in LA(9). (3.41)
Looking at the definition of F', we see that
F, <u(€)’7(k), (I)”(k)) = Dl ()W) (k) (B2 VDT (k) + W)
and thus we aim to apply Corollary B.4 again. Therefore we note that, since
0< uge)’T(k‘), u; (k) <1 for every i =0,--- ,n,
it holds that

[ oyl () = e L

o =) (V7709 = 0 ) o e
Ve (6” 6>T<k>—uz<k> u5<k>)

L2(Q)

L*(Q)
€),T T T €),T T T (6)_>0
s\ 7)) SCIERTEHONEIT Bt
L
—0 by‘,(3.316) —0 by (3.31e)
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3. Existence of weak solutions

Together with ®(€)7 (k) 1920 ®7 (k) (see (3.31b)) this shows that we can indeed employ
Corollary B.4, which then gives us (3.41).

Similar to the computations of section 1.2, we see that for every i =1,--- ,n
n
> Bij (o (k), @7 (k) Vaws T (k) M T, (w7 (k), 97 (), W)
j=1

3.42
=D, UB’T(]C)V (u:’T(k?) US’T(k‘)> —3D; US’T(]{:)UE’T(]{;)V\/M + .. ( )
4 Fy (uST(k), @97 (k)) .

Combining this with the space regularized, time discretized equation (3.16) gives us

(e, . Oéo(e),’f a > <o(e),7— >
<g (Tk, U (k)) ,v>L2(Q) € ( Z <D w  (k),D% o +(w = (k),v )

—~ |a|=m

*><g(Tk,~,UT(k)),U>L2(Q) by (338)

D71y 0T (1 _
gy (TR~ TR =D,

A - <Z Bi; (w ( k), () T(k)) Vw7 (k), W>

—0, due to (3.37)

34 L@ | p, < )V ul® (k:)> ,Vv>
T L2(Q)

—>< ud ( V(u ) > L2 by (3.39)

--—3Di< w7 (k)ul 7 (k)V u((f)’T(k),Vv> + (F; (7 (k), @97 (k) , V) 120
L2(Q) -~ “

—(F;(u7 (k),®7 (k)), V) 12y by (3.41)

—><,/u5(k)u;(k;)v ug(k),Vv>L2(Q) by (3.40)
forany i =1,--- ,n and any v € H™(Q) N H} ().

Taking the limits on both side of the equation lets us conclude

(ui (k) —uf (k= 1),v) 120

T

+DZ-< ug(k)v<u;(k) u6(k)>,vv> L

L2(Q)
-~ —3D; < u(k)u; (k)Vy/ul(k), Vv> + (F; (u” (k), @7 (k)) ,V’U>L2(Q)

L2(Q)
= (9 (Tk, - u"(k)) ,v)2(q)

and thus the scheme (3.34) indeed holds.
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3. Existence of weak solutions

From (3.16) we derive by using (3.31) that

2 T (3.31b) .. 2 (e),7
VAT (1), Vi) oy = Jim X (Vo <k>,Vn>L2(m
-16 6)7
=7 >
e§r£0< i + f 7]>
£2(9)

<Z ZiU ‘I'fa >
12(9)

for every n € H}, ().

To prove that the boundary conditions (3.36) are satisfied, we note that by Corollary
B.13, the fact that uge)’T(k‘)’F = uD(k:)|FD holds, implies that the same is true for the
D

)

transformed variables

_ .,D D
= Uu; Ug

(A
T'p

: u(e),'r(k) u(()e),'r(k)

; for every i =1,--- ,n.

I'p

(€), ug (k)

I'p

Since the trace operator -|. is continuous, it translates weak convergence into weak con-

vergence, according to Lemma A.8. As u(e) T (k), @gs)’T(k) satisfy the boundary conditions
(3.36), the same is thus true for the limit u] (k), ®7 (k).
O

The final task in this section is to derive bounds for u”, that are used in the final step of
the existence proof for a compactness argument.

Lemma 3.18. Let T > 0 be given and 7 > 0 be so small that Tk9(T) < 5. Let u"(k),
k=20, L%J be the finite sequence defined in Lemma 3.16. There exists a constant
C > 0, that only depends on the parameters of system (1.6) and time T, such that for any

i=1,,n
H19)>

LT/TJ (’

Proof. Let ¢ = 1,--- ,n be arbitrary but fixed. For any j = 1,--- | L%J it holds that
0< uge)’T(j) < 1 and therefore

ub(j u(j

IO \

(E),T( . (e) 5) T

U; J) Ug (3.43)

LQ(Q ‘ () .
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3. Existence of weak solutions

By the product rule for Sobolev-spaces (Lemma B.12) we get

v (49707 x ) H (V/ul? M”(k)ué””(k))

< \/ 5)7 V\/ E)T e,T H\/ E)T e,T )v\/uge),'r(k)
L2(Q L2 (Q)
< V\/UZ(E)J(]{Z)U(()G T H\/ E)T \/ (e 7'
LQ(Q LQ(Q)
< \/u,ge)’T(k)V\/uOE)’T(k +2H\/ O v\/
LQ(Q
< IV ul? (k) +2H ulf v\/
L2(Q) LQ(Q
and thus
2
v (0w mm)|
1®) , (3.44)

2
<2 Hv ul7 (k)

+8 H \/ u((f)’T(k)V\/ u{7 (k)
Q)

2@

The two inequalities (3.43) and (3.44) clearly impliy

2 2

# v (w70 uéﬁ”(:f))
12(9)

8\/6)7 V\/(eT

Now let C’ denote the constant in Theorem 3.15. If we define C' := 8C’ then this inequality
lets us derive from Theorem 3.15 that

2

w7 (Ve 0)

< [0

HY(Q) L*(Q)

()7

<2

12(9)

& (© @0 | (O || EEPN(E
T Z ( € ,7' . Oe ,T(j) _|_ Huoe ,7’(]) + H u()e ,T(])‘ )
HU(©Q) ()

LT/TJ
X (8\Wuwwm S RRCU R N

j=1
Thm 3.15

< 8C'=C
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3. Existence of weak solutions

Finally the fact that Hilbert-space norms are weakly subcontinuous and the convergences
(3.31) let us conclude

|7/7]
T Z ( U
j=1
(331) /7] ? CEPN(k

< h(rer)li%fr; ( H1<Q)+Hu0 (j)Hﬂl(er‘

<C.

up(9)

+ [Jug (7 ||H1
HY(Q)

2

a7 ()

2
)

3.5. Step4: 77—~ 0

Before we can derive the existence of a weak solution, we extend the discrete sequence
(u"(k),®7(k)), k=0,---,[Z] to the whole time interval [0, +o00). Throughout the whole

section we assume that 7" > 0 is fixed and that 7 > 0 is so small that 7 < T and 7x9(T") < %

Definition 3.19. We define the function u™ : [0,4+00) — L*(;R™) by

u? ,ift=0
u'(t) := < u”(k) ,ifte ((k—1)7, k] for somek=1,---, L%J .
u (7)) it 7
Similarly we define the function ®7 : [0, +o00) — HY(Q) N L>(Q) by
0 ,ift=0
P7(t) ;= ¢ (k) ,ifte (k=17 kt] for somek=1,---, L%J )
o (7)) it |7
These two functions have the following properties.
Lemma 3.20. Both functions are L?-integrable in time, i.e.
u” € L? ((0,T); L* (<% R™)), @7 € L*((0,T); H'(Q)), (3.45)
u” is uniformely bounded as
ul,®7 € L™ ([0,T] x Q) , with 0 <u] <1, for everyi=0,---,n (3.46)

and it holds that

T VT € L2 ((0.T): H' (@) (3.47)
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3. Existence of weak solutions

Furthermore the following boundary conditions hold for every t € (0, 400)

wj(O)] = e L Wl g)] = ul\ug| L T, = Pl (348)
I'p I'p I'p Ip
for everyi=1,--- n.

Proof. (3.45),(3.46) and (3.47) follow directly from the fact that both ™ and ®7 are by
definition simple functions, i.e. piecewise constant with respect to the time variable. Equa-

tion (3.48) on the other hand is a trivial consequence of (3.36).
O

Furthermore we define the time-shifted approximation.
Definition 3.21. The time-shifted approzimation o,u” : (0,+00) — L>®(Q;R™) is defined
by
. u(k—1) ,ift€ ((k—1)1,kt] for somek=1,---,|L]
o’ (t) = (1T -1 ppo |T
G VA A
With this definition we can reformulate (3.34) and (3.35).

Lemma 3.22. For any £ € L? ((0,T7); HH(Q;R™)) and anyn € L* ((0,T); H}, () it holds
that for anyi=1,---,n

/OT (uf (t) — or1] T()&( )12 +D¢< uE(t)V(uZ(t)@),Vfi(t)>L2(Q)

A (Fy (U7 (1), @7(1)), Vfi(t»L?(Q) dt (3.49a)

T
- [ @) 60, +3D< Sl 1)V u5<t>,vgi<t>> dt

L*(Q)

T
A2 /0 (VO (1), V(1) 120 / <Zz )+ £ )> dt (3.49D)

L2(2)
Proof. Let £ € L* ((0,T); H'(;R™)) and n € L? ((0,T); H'(2)). From Lemma 3.20 one
directly sees that for any ¢ =1,--- |n

ul, oyul, O, Zzz (t)+ f € L2 ((0,T); L*())

and
VuiV (uff) VudulV/ul, g(,-u") € L? ((0,T); L*(<4R™))

and thus the equations (3.49) make sense. Theorem 3.17 tells us, that the integrands on
the left and on the right hand side in (3.49a) and (3.49b) coincide. Thus (3.49) indeed
holds.

O
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3. Existence of weak solutions

Now we want to derive estimates, which will be crucial for applying the usual compactness
arguments, when constructing the weak solution. First we estimate ®7.

Lemma 3.23. There exists a constant C' > 0, that only depends on the parameters of
system (1.6), such that

197172 (0,79, 101 2y < CT

Proof. Using the fact that for every ¢t > 0 the function ®7(¢) is a solution to a Poisson
problem of the form (3.4) and the bound (3.5) applies, we derive

7|2 _ [ 7 (1) 3 dt < C (1+ ||@P ‘7
12722 0,111 () = 127 () () dt < ( +] HHl(Q)) ;
0 N——

<o(1412P ) 10’

which proves the claim.

Next we derive bounds for u7.

Lemma 3.24. There exists a constant C' > 0, that only depends on the parameters of
system (1.6) and time T, such that for anyi=1,--- ,n

Vi
T

L2((0,T);H ()
Proof. Define, for the sake of brevity in formulas, the integer K := L?J Since u” is a
simple function we have

o |

L2((0,T); H (D
T
-

+ ||U0||L2 (0,1):H () H\/ ‘

L2((0,T);HY(Q)) —

+ gl Z2o.m): a1 () + H\F‘ L2((0,T);H())

IS D)
H(Q

2
ui () ug(t)

HY(Q)

K 2
=72(um> GO+ N e + [y 0) >+
j=1 H(Q) Q
T 2
~+(T—7M><uz<m G| I + g >
HY(Q)
~— —
<r
2 ) 2
<2Tz( GO IO + |50 )
(@) 1)

<C by Lemma 3.18

By Lemma 3.18 the right hand side can be bounded by some constant, that only depends

on the parameters of system (1.6) and time 7', and thus the claim holds.
O
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3. Existence of weak solutions

Finally we need to estimate the difference quotient ui—orup

Lemma 3.25. There exists a constant C' > 0, that only depends on the parameters of
system (1.6) and time T, such that for everyi=1,---,n

T __ T

<C

L2((0,T);Hp' ()

T

Proof. Let i = 1,--- ,n and & € L? ((O,T);H})(Q)) be arbitrary but fixed. From formula

(3.49a) we derive
e /0 b, < u ()Y (ﬂt)@) ,vg(t)>

RS ’<Fz (uT(t), CI)T(t)) ,V{(t»LQ(Q)‘ + }<g (ta '7uT(t)) 7§(t)>L2(Q)’ T

dt

T

/T (uf (t) = oruf (1), () 120
0

L2(Q)

-+ 3D; dt

(Vv fugo. ve )

L2(2)

Using the Cauchy—Schwarz inequality we can dominate this further by

< (o1 (o va)

s 1F W @) oo,y 2 e)) 19 G D 20,502 00)) +

/T (uf (t) — Uruf(t)af(t»p(g)d
0

T

L2((0,7);L2(%2))

-+ 3D;

(LA ) 1€l 20,111 (2)) -

Since 0 < u; <1 for every j = 0,--- ,n, this can further be estimated by

< (D,. N

s F (T @) 2 o0,my <) T 19 G w2 o,m <)

/T (uf () — orul (t),€(t)) 12(q) "
0

T

L2((0,T);H ()

-+ 3D;

LQ((O T);H(Q)) > 1€l 20,y 1 (92)) -

HONT0]

and
L2((0,T); H(Q))

, can be dominated with Lemma 3.24.

|vol

The norm of the reaction term can simply be bounded by

L2((0,T);H' ()

lg G w ()l z20.myx) < VIQUTsup { [g(t, 2, 0)] [ £ € [0,T],2 € Qve0 }.
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3. Existence of weak solutions

Finally we dominate the term [|F; (u” (¢), ®7(¢))[l 20, 7)x ) bY

1Fi (u” (1), @7 ()| 20,1y 2) = 1Divi ug (B2VET + VWil 120 1))
< DiB |zl VOl 2 0.1y x) + Di IVWill 12((0.1yx02)
< DiB [zl 197 L2 0,1:02 () + Pi IVWill L2 0,0):22(02)) -

By Lemma 3.23 there exists an upper bound for the right hand side, that only depends on
the parameters of system (1.6), and therefore we can conclude that there exists a constant
C > 0, such that

/T (uf (t) = orui (), £(1)) 120
0

T

dt| < C H§HL2((0,T);H1(Q)) :

Since L2 ((0,T); H,'(€)) is the dual space of L? ((0,T); H5(2)) and & was chosen arbi-
trarily this indeed concludes the proof.
O

Now we are in the position to construct the weak solution.
Theorem 3.26. There exist functionsu € L™ ((0,T) x ;R™) and ® € L? ((0,T); H'(Q2)),
such that for a subsequence of (u™,®T) .4, which we denote by (1), it holds that

(M) i L (0, T] x Q:R™ 3.50
w oS ([0, 7] x Q; R") (3.50a)

ul?D 7% g in L2 R?) and /oD C2% g in L2(97) (3.50b)
o™ 2% ¢ i 12 ((0,1); HY(Q)) (3.50¢)

) D2 Jag in L2 ((0,T); HY(S)) (3.50d)

ugT)\/@ D=0 wi\/ug in L? ((0,7); HI(Q)) , foreveryi=1,---n (3.50e)
uj = orti (10 Oyu; in L? ((0,7); Hgl(Q)) , foreveryi=1,---n (3.50f)

T

Furthermore it holds that uw € O almost everywhere’

SWith respect to the Lebesgue measure on Q7.
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3. Existence of weak solutions

Proof. From the bounds in equation (3.46), Lemma 3.23, Lemma 3.24 and Lemma 3.25 we
immediatley derive by the Banach—Alaoglu Theorem, that there exists a subsequence with
respect to the parameter 7, which we denote by (7), such that
u™ ——~ in L® ((0,T) x Q;R™)
(7)—0

o) 7% ¢ in 12 ((0,7); H'(Q)

- 0
\/ugb D20 in L2 ((0,T); H'Y())
ul(-T)\/ (()) )= (OT H1 ) foreveryi=1,---,n
*((0,

u; —osu; (1)—=0

vi in L )),foreveryizl,---,n

T

for some u € L™ ((0,T) x Q;R"), &, w,; € L? ((o,T);Hl(Q)) and v; € L? ((0,T); Hp' (),
i=1,-.,n

From Lemma B.10 we know that weak star convergence preserves positivity and thus we
have u; > 0 for every j = 1,--- ,n. By the linearity of convergence we derive that

u? =13 1= 3wy = g in L2 ((0.7) x R
.

Using again Lemma B.10 we see that ug > 0 and therefore indeed u € O.

First let us show by discrete partial integration that v; = Osu; for every ¢ = 1,--- ,n. For
this let £ € Cgy ((0,7); H'()). The definition of u(7) as a piecewise constant function and
the definition of the shift operator o(;) give us by a simple index change

(r

T <U§T) (t) — oryul” (), € (t)> @) 1T/M] ) <Uz ‘() — oyul” (1), € (t)> @)
/ s
0 (T) (4

L7/()] /m (uf” uE”<j—1>vf<t>>L2<m

dt

= Ji-nem ()

dit

[T/ (7)] /3(7-) ui ’g(t)>L2(Q LT/(i”_l/(]”rl)(ﬂ <uz('T)(j)’§(t)>L2(Q)

) dt —
B at >/, & dt
|_T/(7')J i) ui 7),E(t )>L2( o T (T)(j)vﬁ(t+(7))>L2(Q)
/ (T) 4= Z / () o

When (7') is so small that

sup©) € (0.0 | 5 ). (3.51)
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3. Existence of weak solutions

this can be rewritten as

a7 () = oryu” (1), £())

r( 2
/0 @) e

(s () (4
oz I (ul <y>,f<t>>L2(Q)dt_w§fu " (7D ) iy
= Ji-ne (7) = Ju-nm ()
/D) iy (a7 .6+ () - €))

- Z /(j—l)(f) | ()

Jj=1

B /T (w060 + @) -e0) , N
0 (1)

By taking the limit on the left and on the right hand side of this identity, we derive

T T
/o (vi(t), §(t)) 2 () At = _/0 (ui(t), 0e§(t)) 12(q) At

Since ¢ was an arbitrary element of C, ((0,7'); H'()), we can conclude that v; = dyu;.

By equation (3.46) and by Lemma 3.25 the term
uéT) (7)

— 9% + Hu[(f)
11 (01 Hp L)

u(()T) — O’(T)u(()T)

T L2((0,7);H ()

<VT

|

T 12((0,7);Hp (@)

L2((0,7);HY ()
is uniformely” bounded and therefore we can apply Lemma B.15 to deduce the strong
convergence

ul? 7% g in L2(97) (3.52)

Thus the first part of (3.50b) holds. This in turn implies the convergence in measure. By
the continuity of the square root we thus see that

\/u((]T) D=0, ug in measure. (3.53)

Using the strong convergence of u(()T) with respect to the L2(Qr)-norm, we get

2
() () (r)—=0 12
H\/; L2(Qr) <u° >L2(QT) o Dixan = IViolizzan) (354
"W.r.t. (1)
ol
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3. Existence of weak solutions

By Lemma B.2 the combination of (3.53) and (3.54) implies the L?(Qr)-convergence

Va§ D20 s in £2(Qr), (3.55)

and thus the second part of (3.50b) holds.

The continuity of the embedding L? ((0,T); H'(Q)) < L?*(Qr) and the fact that continu-
ous (linear) operators translate weak convergence into weak convergence (see Lemma A.8),

gives us that 4/ u(()T) D29 0 in 12 ((0,T); H'(Q)) also implies \/u(()T) D20 4 in L3(Qr).
Thus, by the uniqueness of weak limits, we derive w = ,/ug, which proves (3.50d).

By (3.55) the sequence ( u(()T)> is convergent and thus relatively compact in L? (Qr).
7>0

By (3.46) we know that 0 < u] < 1 and by Lemma 3.24 and 3.25 there exists a constant
C > 0 such that

(m) ()
’ ui — O'(.,.)ui ’ ) I
H [l H /u(()T () N (005" @) _
L2((0,T);H (9 L2((0,T);H1(Q)) (1)

Thus we can apply Lemma (B.16) to derive

(T)\/ ) (D=0, Vo in L2(Qr), for every i =1,--- ,n.
(1)—0

Just as before, we can deduce u,gT) u[()T) D=0, Y; in L?(Qr) from u,ET) u(()T) ——1); in
L%((0,T); H(Q)) and thus the uniqueness of weak limits lets us conclude 1; = u;\/ug for

every ¢ = 1,--- ,n. Therefore (3.50¢) indeed holds, which concludes the proof.
O

Next we show that (u, ®) satisfy the initial and boundary conditions.

Lemma 3.27. Foranyi=1,--- ,n and almost any t € (0,T) (in the sense of the Lebesgue-
measure) u and ® satisfy the boundary conditions (1.10). Additionally it holds that

ue C([0,T); Hy' (4 R™)), (3.56)
and the intial condition (1.11) is satisfied.

Proof. Since the trace operator | : H'(Q) — L*(I'p) is a continuous linear operator, it is
clear that its pointwise extension [ : L?((0,T); H'(Q)) — L*((0,T); L*(I'p)), defined
by

(U|FD) (t) == v(t)lp, () for every v € L? ((0,T); H()) ,
is also a continuous linear operator. From Lemma A.8 we know that such an operator

translates weak convergence into weak convergence and thus (3.50c) gives us

(1)—=0
JAREARAEN
I'p

o) @ in L?((0,T); L*(T'p)) -
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3. Existence of weak solutions

On the other hand we know from (3.36) that () |FD = oP ‘FD . As weak limits are unique,

we can thus conclude that ®(t)|p, = @D(t)|FD
the other identities in (1.10) in a similar fashion.

for almost every t € (0,7"). One can prove

Since u € L? ((0,T); H'(Q;R™)) and dyu € L? ((0,7T); HBl(Q;R”)) we know that
ue H'((0,T); Hp' (9 R™))
and thus, by Sobolev embedding®, (3.56) indeed holds.

To derive the initial condition for u, we define another approximation @ € L?(2r), which

is the piecewise linear interpolation of u(")(k),k=1,-- [ (T)J by
u® (k) + 5D (W (k= 1) = uD(k)) , for t € [(1)(k - 1),
a"(t) = and k=1,- l)

u(|T/(1)]) , for t > (1)

Since @() is piecewise linear and globally continuous, it is easy to see that
@™ e H ((0,T); L*(R™)) € H' ((0,T); Hp' (4 R™)) .

Due to Lemma 3.25 we can dominate the time derivative of & by

) ™| &) 2 T/ON Oy — u = ||
I e P S
205" Jo H = () o
D
TN E o)
(k—1) (T) H-1
D
2
S u( )(t)—a(.,)u()(t) SC,
(7) L2((0T):HpY)

for some constant C' > 0, that is independent of (7). This, together with the fact that
0<L &ET) < 1 for every i = 0,--- ,n, implies that we can uniformely bound @(™) in the
H' ((0, T); H[_)1 (Q; R”))—norm. By Banach—Alaoglu there exists a subsequence with respect
to the parameter (7) (without loss of generality we assume that this is the original sequence),
that converges weakly against some w € H' ((O, T); HBl(Q; IR{”)), ie

a(r) (1)—=0 w in Hl ((O’T)’HBI(Q’RTL)) )

As H' ((0,T); H,' (% R™)) is compactly embedded into C ([0,T]; Hp'(€;R™)), this im-
W%MM—meMNm—mmwmwm:w_

8Which also holds for Sobolev-valued functions. See [Arnold, Satz 3.4, page 42]
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3. Existence of weak solutions

It only remains to show that w = u. From the compactness of the embedding of
H ((0,T); Hp' (2 R™)) into L2 ((0,T); Hp' (23 R™)) we know that

a™ 2% in L2 ((0,7); Hp (5 R™) | (3.57)
Furthermore Theorem 3.26 implies
u™ D20 i L2 ((0,7); Hy (5 R™)) . (3.58)

From (3.57) and (3.58) we derive
2

= i [u

Ollc] H

2
|u — w”m((o,T);H,;l L2((0,T);Hp")

= lim
(m)—0.Jo

LT/ )k N2 9
— lim / (W) Hu(T)(k) (ke — 1)HHA at
( —_——— P

u () — @™ (t)H dt

—1
HD

(M=0 =1 J(n)(k-1) (7
<1

< lim sup / 1) H“(T)(t) - O'(T)u(T)(t)H2 dt
0

(T)—0 Hp'
(M) (4) — @ |I?
= limsup (1) W) —omu (1) =0,
(r)—0 (1) L2 HEY)

and thus we can conclude that indeed u(0) = w(0) = u’.

Finally we are in the position to prove Theorem 3.2.

Proof of Theorem 3.2. We have already constructed a candidate for a weak solution in
(u, ®) and seen that it satisfies the boundary and initial conditions. Thus it only remains
to show that (u, ®) satisfy the equations (1.9).

Let therefore £ € L? ((0,T); H (€ R™)) and n € L? ((0,T); H ().
(1.9b) follows directly from passing to the limit in (3.49b) and applying both (3.50¢) and

(3.50b), as

(3.50¢)

T T
)\2/ Vo(t), Vit dt =7 1 )\2/ Vo) (1), Vn(t dt
(V1) V0(0) 120 m X | (Ve @), V), o

(7)—0

(3.49b) . /T " )
= lim ziws ' (t) + fyn(t dt
s [ (om0 k0 B

Jj=1

e T | n
(‘3':%)/0 <jz::1zjuj-(t)+f,77(t)> dt.

L2(Q)

54


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar.

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thele

(]
lio
nowledge

b

i
r

3. Existence of weak solutions

Let now i = 1,--- ,n be arbitrary. The identity (1.9a) also follows from passing to the limit
n (3.49a). Let us treat the convergence of each part of (3.49a) individually. First we get
from (3.50f) that

(r)
T <Uz (t) O'(T)U ( ) gz( )>L @ (1)=0 T
’ = w (3.59)
/0 (1) dt — / (Opu; (1), (1)) dt.

0

Next we derive from the boundedness of u(™) and from (3.50b) that

[l ” o] g, < 7 (6 = 00) [+ 0 (857 = )
< H ‘ L2 + ’ uET) — Uy o) D=0,

By (3.50c) it also holds that ®(7) D=0

Lemma B.4 to derive

——— & in L*((0,T); H*(2)) and thus we can apply

uéT)u(»T)V@(T) " uou; VO in L2 (QT, ]Rd>
and therefore
F; (™), 00) D20 B, @) in L? (2rR?). (3.60)

Similarly we derive from the combination of (3.50¢) and (3.50b) the convergence

Vuv (@W) O iig ¥ (Viigu) in L2 (9 RY) (3.61)

and from the combination of (3.50d) and

i -0 o ()
L2(Qr) L (Qr)
T (7)—0
< Hul — U + —Ju ——0,
L2(Qr) Ve L2(Q7)

the convergence

VulDu D ul?) 27N gV in L (QT;Rd>. (3.62)
Finally the convergence of the reaction term
9o u) O g ) in L2(0). (3.63)
can be shown just as in the proof of Theorem 3.17.
Due to (3.59), (3.60), (3.61), (3.62) and (3.63), taking the limit in (3.49a), indeed shows
that (u,®), constructed in Theorem 3.26, satisfies (1.9a) and thus Theorem 3.2 indeed

holds.
O
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4. Conclusion and outlook

We have seen that under assumption (H5) we can introduce a (time and space dependent)
reaction term g to the evolution equation (1.1) and still obtain the existence of weak so-
lutions of system (1.6). This may be used to model the evolution of ion concentrations in
confined spaces under the influence of noise, as we may set ¢ to be a (regularized) noise term.

For example we could set g(t,x,v) := o(z,v)E(t), where o is a matrix valued function and
&€ = € x p°. Hereby £ denotes temporal white noise, p¢ denotes a molifier and * denotes
the convolution. Note that the convolution against the molfier turns the white noise from
a distribution into a differentiable function. If o satisfies

ZO’Z] (x,v) 81}1) < Cj(c+ h(v))
for positive constants C;,c¢ > 0 for every j = 1,--- ,n, then we have
n
8h (v)
St G =323 ne g0 G = 60 et

< Z ‘5; ZUU r,v) Z |£j + h(v))
j=1

< w9(t) (¢ + h(v))

for the monotone function #9(t) := maxsep,q >_j—1 Cj [§5(s)]-

Thus we see that by Theorem 3.2 weak solutions exist pathwise for this form of regu-
larized noise. An interesting next step would now be to eliminate the molifier, i.e. set
g(t,x,v) := o(x,v)&(t). In this case the definition of weak solutions is trivial using stochas-
tic integrals. Indeed this kind of noise was investigated in | | for general cross-
diffusion systems. Unfortunately their analysis required the diffusion matrix A to be com-
ponentwise quadratic, which is not the case for our system. Thus a the incorporation of
non-regularized noise may from an interesting subject for future investigations.

Due to the assumed boundedness of the external potentials Wy, ¢ = 1,--- ,n, it is easy to

see that a trivial reaction term g; = 0 for ¢ = 1,--- ,n also suffices to (H5). Thus our
existence Theorem 3.2 is a true generalization of the one found in | ].

Remark 4.1. As we have argued, solutions to the problem with reqularized noise exist
pathwise. However such a pathwise existence theorem can not show that such a solution is
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4. Conclusion and outlook

indeed measurable with respect to the filtration of the noise. Since there is no result avail-
able showing the continuous dependence of the solution with respect to the reaction term g',
one can not use standard arguments to conclude measurability and one has thus to resort
to using the constructed approximations.

This is indeed possible, as under suitable assumptions on the parameters of system (1.6)
one can prove, similarly to Part (iii) of the proof of Theorem 5.10, that u®™ and ®°7
depend continuously on the reaction term g. Then one would argue that both u and ®
are measurable due to the strong convergence of the approzimations in L*(Q;R") and
L2(Q7;R™). If one would also like to obtain the measurability of ®, Ui/Ug, /U as ele-
ments of L* ((0,T); H'(Q)), one would have to use variational arguments in combination
with the weak convergences of the approrimations, as the measurability of the limit is only
guaranteed in metrizable topologies.

n [GerstJiin] uniqueness could only be shown for H'(Q)-valued and thus more regular solutions. Since
continuous dependence with respect to the parameters of the equations is a generalization of uniqueness,
obtaining such a result might not be trivial.
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A. Some results in analysis and linear algebra

Lemma A.1. For all a,b € R™ the inequality

b2>w—b2 Al
!a+!_2 |b] (A1)

holds.
Proof. Let a,b € R™ be arbitrary. By using that

jal* |26 _ af? 2
% -b=a-(2b) < 2 2L _ 10 o,
a a-(2b) 5 + 5 5 + 2[b]%,

we easily derive that

2 2
la + b’2 + ‘b’2 = \a|2 +2a-b+ 2\()]2 > ]a|2 — <m2| + 2|b|2> 4 2|b|2 _ |Cl2|7

and thus (A.1) indeed holds.
O

Lemma A.2 (discrete Gronwall Lemma, [Clark]). Let x(k),a(k),b(k) € R, k € Ny be three
sequences of real numbers, with b(k) > 0 and a(k) < a for some a € R. If the recursive
inequality

k-1

(k) < a(k)+ Y b(j)z(j)

J=0

holds for all k € Ny, then we know that

is satisfied for any k € N.
O

Lemma A.3. Let O C R" be an open, convex domain. A function ¢ € C*(O), is convex
if and only if

P(y) — o(x) = Vo(z) - (y — x)
holds for all z,y € O.
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A. Some results in analysis and linear algebra

Proof. Assume that ¢ is convex, then for any x,y € O we get
Ay — — 1—A Ay) —
Vote) (- ) = iy SETHO=D =0 _ g, SN 1) = 0
con\ﬁmty )‘(b(y) + (1 — )\)(b(l‘) — ¢($) _ ¢(y) _ ¢($)

lim

AN\0 A

Conversely, if the inequality holds for all elements of O, we obtain that for all x,y € O the
function

P(y) — oz + sy —z))
1—3s

se€(0,1) —

is monotonically increasing, as

0oy —dlx+sly—x) (oy) —dlx+sly—x) - (1-5)Vo(x+s(y—x)) - (y—x)

0s 1-—s (1—s)2

(6(y) — oz +s(y—2)) ~Vo(x+sy—2)) (y—(z+sly—2))
(1—35)2 -

Thus we get for every A € (0,1)

o+ Aly — ) = 6(y) — (L~ NP ZATENTZI) )1 o) - o)

= o(x) + A(d(y) — o(x)) -

This means that ¢ is indeed convex.

Lemma A.4. For any fizred a € O the map ¢ : O — R, defined by
> [ os 2 o
o(y) == ; /az og o s for every y € O,

1S convex.

Proof. It is easy to prove that the set O is convex, as for every y',y?> € O and every
A € (0,1) it holds that

Ot (M) = 1A - (- g2 = A (1 —Zy) RN (1—§njy3>
=1 =1 =1 i=1
=My + (1= Nyg.

Now define for every ¢ € (0, +00) the function ¢. : (0, 4+00) — R by

¢e(T) := / log st for every x € (0,400).
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A. Some results in analysis and linear algebra

The Fundamental Theorem of Calculus tells us that the derivative of ¢, is given by
¢.(x) = log % and is thus a monotonically increasing function. Thus ¢. is convex. The
convexity of ¢ now follows easily from the convexity of all ¢.,c > 0, as

¢ (Ay' +(1-A Zqﬁal Myt (L =Ng?) <D0 (A da, (9) + (1= X) da, (47))
=0
=A¢(y )+ (1=A) ¢ (y°)
holds for every y!,y? € O and every \ € (0,1).

Lemma A.5. Let N € N and 3 > 1. The function Hy g : R — R, defined by

0, for z <0
Hyg(z) =4 2, for z € [0, N]
BNP=Y(z — N)+ NP,  forz>N

is continuously differentiable and monotonically increasing. The derivative is bounded,

2
i.e. it holds that H],V,ﬁ € L>®(R). ‘HEV,,B‘ is also a monotonically increasing function.

2
Furthermore for every z € R, both Hy g(z) and ‘H}V ﬁ(z)‘ are monotonically increasing in

the parameter N.
Proof. Since Hy g is a piecewise smooth function, its derivative is given by
Hy 5(2) == Bl(g 400)(2) min{z, N}P-L

We immediately see that both Hy g and Hj, g are continuous, which lets us conclude that

Hy s € CY(R), that H) 5 = 0, which shows that Hy g is a monotonically increasing func-
tion, and that Hy 5 € LOO(R)

2
Furthermore one can verify immediatley that ’H N ﬁ’ is a monotonically increasing function

2
too. Thus it only remains to show that both Hy g(2) and ‘H np(2)| are monotonically

increasing in N € N for all fixed but arbitrary z € R.

It is obvious by just looking at the definition of H]’\,ﬁ, that for all z € R the series

(H EV 5(2))N6N is monotonically increasing. Since H fv 3 s positive, this also implies that

2
‘vaﬁ(z) increases in the parameter N. As for z < 0 it holds that Hyg(z) = 0 =

Hpy1,5(2), the monotonicity of H); 5 with respect to N lets us also conclude that

Hy (2 / Hy (2 dZ</ Hy 1 5(2)dz = Hyy1,6(2)

for all z € R, which finally shows that Hy g(z) is also monotonically increasing in N.
O
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A. Some results in analysis and linear algebra

Lemma A.6. Let x € (1,400) and a € (0,1) be given. The infinite product

(@10 =[] (1= o)
k=1

converges and (a;1/x)oo € (0,1)

Proof. From the fact that axy™" € (0,1) for all k € N we follow 1 — ax™* € (0,1) and thus
we can derive from convergence by monotonicity that (a;1/x)e € [0, 1).

As there exists a ko € N such that k% < ax* for all k > ko, we get

(1)) = ﬁ (1 _ aX—k) ﬁ <1 - axfk) > ﬁ (1 - ax*) ﬁ (1 - ]<;12)

k=1 k=ko+1 k=1 k=ko+1
— ’12021 (1 _aX_k) ﬁ <1 - 1) )
1’:0:2 (1 - 1?12) k=2 k2

Due to

ad 1 Sk S E-DE+D) k-1 rk+11
H<1_k2>: TZHT:H k k2

k=2 k=2 k=2 k=2 k=2

this lets us conclude that

1 Hiozl (1-ax")
a;1/X)oo = = 0.
(a;1/x) 2 I, (1= &) >

O]

Remark A.7. For any k € NU{+o0} the term (a; q)x denotes the so called q-Pochhammmer
symbol, see [Andrews], and is formally defined by a the q-series

k—1

(@)= [[(1 = ag’).

Jj=0

q-series arise in different applications in combinatorics and even mathematical physics.

Lemma A.8. Let X,Y be two Banach-spaces and let S : X — Y be a continuous linear
operator. Then S translates weak convergence into weak convergence, i.e. for any series

¥ € X, k € N with 2* k200 2 in X, one has S(z*) koo, S(x) inY,

Proof. Let 3y € Y’/ be arbitrary and denote the conjugate operator of S by &’. Note that
the existence of S’ is guaranteed by the continuity of S. Then we know that

vy Sy = (S, ") x T2 (S () ) x = vy S(@))y-

Since 3y’ was arbitrary, this indeed shows the claim.
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B. Sobolev spaces

Theorem B.1 ([Kuso, Satz 13.22]). For any measurable function v : Q — R it holds that

S vl e ) = vl @)

]

Lemma B.2 ([[Xuso, Satz 13.25]). Let p € [1,+00) and v*,v € LP(;R?), k € N. Then
N LP(;R?) holds, if and only if v* £, v in measure and

limg o0 HkaLP(Q) = vl o (o

0

Lemma B.3. Weak convergence in H*(Q)) implies weak convergence of the gradient in
L2(Q;RY), i.e. for any sequence v*,v € HY(Q), k€N

AN HY(Q) implies VP 200 Yo in L*(;RY)

Proof. Let v¥,v € HY (), k € N. By the definition of the H'(Q)-norm, the gradient is a
bounded linear operator from H'(2) to L?(£2;R%). Denote by V* : L2(Q;RY) — H(Q) its
adjoint. Then we have due to v* E2% 4 in H'(Q), that for every ¢ € L?(;R%)

< 7§> 12(@) <vk,V*£>H1(Q) Lt <U7V*§>H1(Q) = <VU7§>L2(Q)

which concludes the proof.

Corollary B.4. Let w*,w € H'(Q), k € N with w* 22 w in H'(Q).

Let v*,v € L®(Q), k € N with vF LN L2(Q) and such that there exists a constant
C > 0 with HkaLm(Q) < C for all k € N.
Then we have that

V"V = vVw in L?(Q;RY)

Proof. Let &€ € L?(Q; R?) be arbitrary. First we note that L?(Q; R%)-convergence implies the
convergence in measure and second we deduce from Hka L(9) < C, by using convergence

by domination, that

hm H k{‘

v 101l L2 ()
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B. Sobolev spaces

Thus we derive from Lemma B.2 that v*¢ — v¢ in L2(€;R%). From Lemma B.3 we also
know that Vw* — Vw in L?(;RY). Since a scalar product between a weak and a strongly
convergent sequence converges against the product of the limits, we finally derive that

k k _ ko, k k—oo _
(vt €) o = (Tt ehe) L (V) gy = (0T, -

O]

Theorem B.5 (Poincare inequality). There exists a constant Cp > 0 that only depends
on Q and I'p such that

loll 2@y < Cr IVl 2y for all v € Hb(Q). (B.1)
The constant Cp is called the Poincare constant.
O

Theorem B.6 (generalized Poincare inequality). Let m € N be arbitrary. There exists a
constant Cp,, > 0 that only depends on §) and m such that

[0y < Coam | S0 ID%0|2a) Vllay | for allve Hh(Q).  (B2)

aeN™: |a|=m

We call Cp,, the generalized Poincare constant!.

Theorem B.7 (Sobolev embedding, [GilbTrud, Theorem 7.26]). Let k € Ny and

p € [1,400). If kp < d, the space WFEP(Q) is continuously embedded into L () for all

re [1, df—]]’cp} . The embedding is even compact when r < df—’,@p.

If d € {1,2}, then HY(Q) is compactly embedded into L"(Q) for all v € [1,4+0). Ford =1

this is even the case for r = +o0o0.
O

Lemma B.8. Let p,r € [1,400] with p > r. Then LP(2) is continuously embedded into
L™(Q).

Proof. This is a direct consequence of the Holder-inequality, as we know that for ¢ := f >1
and ¢’ € [1, +oo] with % + % =1

rae) YT Qe
HU”LT(Q) = (/Q |v] dx) < (HlnLq’(Q) ”|U|THLq(Q)) = |[Q/7 ”’UHLP(Q)-

O]

!The name generalized Poincare constant is used, because Theorem B.5 is based on a generalization of the
Poincare inequality. Admittedly this is not the best naming convention.
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B. Sobolev spaces

Corollary B.9. For any r € [1,400) the embedding from L*°(Q) into L"(Q) translates
weak star convergence into weak convergence. In other words for any vg,v € L>=(Q), k € N
with vy, %\ v in L>*(Q), meaning that

—00

lim [ vy wde = / v w dz for every w € LY(S),
k—oo Jo Q
it holds that vy, 2 v in L"(Q).

Proof. Denote by 1’ € (1,+0oc] the Holder conjugate of r, meaning that % + 1 =1. For

;
every w € L' (Q) we know form Lemma B.8 that w € L'(£2), and thus

k—o00

lim vkwdx:/vwdx.
Q Q

Since w was arbitrary we can therefore conclude vy, E2o0 yin L"(Q).
O

Lemma B.10. Let (vg),cn be a sequence of non-negative L>°(S2)-functions. Assume that

Vk % v in L>®(Q). Then v is also non-negative, i.e. v > 0 almost everywhere on 7.
—00

Proof. Since (2 is a bounded domain, the indicator 1, is in L'(2) and is thus an admis-

sible test function. From the non-negativity of v; and the weak star convergence vy, %\ v
— 00

we thus derive

0 < lim Vg, ]l[v<0] dx :/ v dz.
[v<0]

k—oo QO

This can only hold if v > 0 almost everywhere.
O

Theorem B.11 (Chain rule). Let n,m € N and F € CY(R™;R™) with DF € L>*(R";R™).
Then for p € [1,+00) and every v € WLP(Q; R") it holds that

F(v) € WP (Q; R™) with DF(v) = [DF] (v)Dv. (B.3)

Proof. Let v € WHF(Q;R™) and v, € C1(Q;R™), k € N be an approximating sequence, i.e.

k—o0

|v = vk ||y, —— 0. Clearly (B.3) holds for all vy, k € N.

First we note that

Tallor

1
I1FW) o = ||F(0)+ /0 [DF] (tv)vdt

Lp(Q)

1
< IF Oy + [ [P0l ol < +oc.
————
SIDFl Lo (o)

2With respect to the Lebesgue measure.
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B. Sobolev spaces

and thus F(v) € LP(Q;R™).
Similarly we get

1
£ (v) = F(vr) | o) = H/O [DF]((1 = t)v + tog) (v — v)dt

LP(Q)
< ||DFHL°°(Q) v — UkHLP(Q) )

k—o0

and thus F(vy) —— F(v) in LP(;R™).

Let £ € C§5(2; R™) be a test function. Due to the continuity of D F' and since vy, LN
LP(Q; R™), we get that a subsequence of [D F'] (vi,) converges to [D F] (v) almost everywhere.
Without loss of generality we assume that this actually holds for the whole sequence and

thus we get, by convergence by domination, that for any i =1,--- ,d
k—>oo ov
[DF]( dzx.
2 [ ¢ DR ) gda
From this we derive that by definition of the weak derivative
r F
(ot —prroge)| = | ot fsori
856,'
0& 8
= — -[DF
- [ Fas /5 | 1<v>a
. ov
—kli)rrolo 8 vkd:n—/§ [DF]( )8

:hm/gaF”k /fDF )gv

k—o0
= lim /f-[DF](v)8
Y ree Q Ox;
. Ov,  Ovg ov
< . _ : _
< Jim | [ & 10FI() ( s = 0o Yaa| +| [ - (DFI () - 0P (0) ]
. ov
< Jim 1D Pl [€lmco) 0 = vllwroey + | [ 6 (DF] (w) = [DF] () 5 da| =0
—0
Therefore we can indeed conclude that (B.3) holds.
O

Corollary B.12. Let p € [1,+00). For all vi,vo3 € WHP(Q) N L>®(R) it holds that

V109 € Wl’p(Q) with V (v1ve) = vaVu1 + v1 Vs,
Proof. Let C := max{HleLoo(Q) , HleLoo(Q)}. Then let ¢ € C§5(R;R) be such, that

¢(z) =z for z € [-C,C].
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B. Sobolev spaces

With this we define the function prod : R> — R by

pI‘Od(CL‘,y) = gb(l’)ﬂﬁ(y) for z,y € R.
‘We note that

(@)
Vprod(z,y) = <¢(m)¢’(y)> fi v x,y € R,

and therefore Vprod € L°(R?, R?).

Since ¢(v;) = v; and ¢'(v;) =1 for i = 1,2 we can use Theorem B.11 to conclude

v1vg2 = prod(vy,v2) € Wl’p(Q)
V(vivg) = Vprod (v, v2) = vaVuy + v1Vus.
O

Corollary B.13. Let n,m € N and . € C*(R",R™) with D1 € L>®(R",R™). Then for any
v € HY(;R™) it holds that

(W, = ¢ (vlp,)
k—o00

Proof. Let v* € C®°(Q;R™), k € N be chosen in such a way that Hv — UkHHl(Q) — 0.
From the proof of theorem B.11 we know that

L(v") LmiN v(v) in HY(Q;R™).

By definition, the trace operator ‘| is a bounded and linear operator from H LQ;R™) to
L?*(T'p;R™). Denote by S its adjoint. Then we have for any & € L2(T'p; R™)

k . k k—oo .
<L <U )‘FD ’€>L2(FD) a <U ,S(§)>L2(FD) — <v78(€)>L2(FD) N <L(U)|FD 7£>L2(FD)
and thus ¢ (Uk)‘rD koo, t(v)lp, in L?(Tp; R™).

Due to the boundedness of the trace operator there exists a constant C' > 0, such that
k k

(oten) = ()] < 1Dl |
D L2(FD)

U\FD — v .

L*(Tp)

k—o0

< ClIDell poo (mmy

‘v_kaHl(Q)

Thus we derive that for every ¢ € L?(I'p; R™)

<L(’U)’FD ’§>L2(FD) = khng <L (vk) ’FD ’§>L2(FD) - klljfio <L (Uk‘FD> ’§>L2(FD)
= (v10) ) e,

which implies F(v)|p, = F <v|FD>. O
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B. Sobolev spaces

Lemma B.14 (Stampacchia, [Jiingell, Lemma 2.14]). For p € [1,400) and every v €
WLP(Q) it holds that and

vt € WHP(Q) with Vo = Lo Vo.
]

Lemma B.15 (piecewise constant Aubin-Lions Lemma, [DrehJiin, Theorem 1]). Let
X,Y, Z be three nested Banach spaces, such that the embedding X — Y is compact and the
embedding Y — Z is continuous, and let p € [1,400).

Any sequence (v7)_o of functions in LP ((0,T); X), such that for each T the function v" is
piecewise constant on the uniform grid of stepsize T, that suffice to the bound

H’UT(' + T) - UTHLl((O,TfT);Z
T

L 10 0.y < C

for some constant C > 0, independent of T, is relatively compact in LP ((0,T);Y).
O

Lemma B.16 (degenerate Aubin—Lions Lemma, [Jiingel2, Lemma 13]).

Let for every T > 0 the terms a”,b” € L*™ ((0,T"); L*°(Q2)) be two piecewise constant func-
tions on a uniform grid of stepsize T. Assume that both sequences (a7) g, (b7),5 are
bounded’, which implies by Banach—Alaoglu that there exists some b € L> ((0,T); L>=(Q))

such that, for a subsequence that is not relabled, b™ Lo b.
T—

Assume furthermore that the sequence (a7),- is relatively compact in L? ((0,T); L*(Q2)),

i.e. up to subsequences, which are not relabled, a™ 720 4 in L2 ((0, T); LZ(Q)). Finally we
assume that there exists a constant C' > 0 such that

167C +7) = b7l 2o mryar=tcy)
z

a2 oy @) + 1@l 2oy o) + <C

for every 7 > 0. Then there exists a subsequence, which we do not relable, such that

T—0

a™b” —— ab in LP ((0,T); LP(Q2)) for every p € [1,+00).

3Bounded with respect to the L™ ((0,7); L>(Q))-norm
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C. Linear elliptic PDEs

Theorem C.1 ([Pract, Proposition 2.18]). Let f € L?(Q),g € L*(Ty),¢P € HY(Q) be
given. Then there exists a unique weak solution ¢ € HY(Q2) of the Poisson-problem

—A¢p=f on
¢ =¢” onTp, (C.1)
% =0only

This means there exists a unique ¢ € HY(Q), such that for all v € H}D(Q)

(Vo, Vo) 120y = (f,v) 12(0)-

Additionally there exists a constant C(2,I'p) > 0, that only depends on  and I'p, such
that

O

Lemma C.2. Let p € (max{gﬂ},—i—oo], f € LP(Q) and ¢P € HY(Q) N L>®(Tp). Let
¢ € H'(Q) be a weak subsolution (supersolution) of (C.1), meaning that

(Vo, V) 20y < (2) (f,0) 2(q) for allv € H}L(Q) with v >0
and
¢ < (2)¢" onTp,

then there exist constants C > 0, a > 0, v € (0,1), that only depends ond d, Q, T'p and
p, such that

sup &(=6) < C I 5oy V0l 720 + 167 ]| oo 0

Proof. For the proof we employ techniques found in [GilbTrud, Theorem 8.15]. We assume
that ¢ is a subsolution (the bound for the supersolution then directly follows from this case)
and split the proof up into five steps. In the first step we find a suitable r € [1,+00), that
will be needed in the fourth step. The second step serves to introduce two test functions
that are used in the third step to derive a recursive inequality. This inequality is then used
in the fourth and final step to derive the wanted inequality. Hereby we employ an argument
that was first introduced by Jiirgen Moser.
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C. Linear elliptic PDEs

Step 1: Some calculations for required Sobolev embeddings.

Let ¢ € [1,+0o0] be the Holder conjugate of p, i.e. ¢ = %1, which implies % + é =1. We
show that there exists a r € [1,4+00) with 7 > 2¢, such that H!(Q) can be continuously
embedded into L"(£2).

In the cases d = 1 and d = 2 this is clear, as p > 1 > % implies ¢ € [1,+00) and the Sobolev
embedding Theorem B.7 tells us that H'(£2) can be continuously embedded into all L"(£2)
with r € [1, +00).

In the case d > 3 the inequality p > g = % + 1 implies p — 1 > % and thus

P 1 2 2d
2q=2——=2(1+—) <2(1 = .
T ( +p—1>< ( +d—2> d—2

By the Sobolev embedding Theorem B.7 there exists an r > 2¢ such that H'() can be
continuously embedded into L"(2).

Step 2: Definition of suitable test functions.

Let [ := Hd)DHLOO(FD) and define w := (¢ —1)*. Due to ¢ = ¢” on I'p and the Stampacchia
Lemma B.14 we get w € H},(Q).

For every N € N and every 8 > 1 we denote by Hy g the function studied in Lemma A.5
and define Gy : R — R by

Gnp(z) = /0 |H'(s)|* ds for all z € R

It is easy to see that since Hy s € C'(R) with Hy 5 € L%(R) (see Lemma A.5) it also
holds that Gy 5 € CH(R), G'y 5 € L=(R) and thus the chain rule (Theorem B.11) gives us
Hy p(w), Gy p(w) € HY(Q). Since Hy (0) = Gn 5(0) = 0, it actually holds that

HNﬁ(w),GNﬁ(w) S HE(Q) (CQ)

Since |H}y B|2 is a monotonically increasing function (see Lemma A.5) we can derive directly
from the definition of Gy g, that

0= Gualw) = [ 1) ds < |Hygylw) o (©3)
0
Step 3: Deriving the recursive inequality.
Let r € [1,400) be chosen as in step 1. Due to (C.2), the Sobolev embedding Theorem B.7

and the Poincare inequality (Theorem B.5) there exists a positive constant C; > 0, that
only depend on d, €2 and I'p, such that

HHN,B(U))H%,»(Q) <y HVHN,ﬁ(w)||i2(Q) :
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C. Linear elliptic PDEs

Using the chain rule (Theorem B.11) we get
2 2
1HN5() 17y < CLIVHN(w)|720) = C1 [[Hi 5(w) Vo0l

= C’l/ IVwl|? ‘H'(w)|2dx = C’l/ Vuw - (Gy 5(w)Vw) dz
Q —_—— Q N7
=Gy (w) =VGy,g(w)
= 01 (Vw, VGNHB(’LU»LQ(Q) .

Since w = (¢ —[)* we can use the chain rule (Theorem B.11) and the Stampacchia Lemma
B.14 to derive

]1[¢,>Z]VGN’5(w) = G’N,B(w)]l[d»l]Vw = G’Nﬁ(w)Vw = VGnyg(w),
which implies

1H N, 5(w)| 7y < C1{Vw, VG s(w) 2y = CL(V (6 — )T, VG (w)) 120
=lig>yVe
=4 <V¢,]l[¢>l]VGN,3 >L2 —Cl ng), VGNﬁ( )> 12(Q)

As ¢ is a weak subsolution of (C.1) and since (C.2) implies that Gy g(w) > 0 is an
admissible test function we derive

1H N5 (w) 17 () < CL(V, VAN 5(w)) 12y < CL (S G p(w)) 12q -

Using the Cauchy—Schwarz inequality and inequality (C.3) gives us

1
1)y = /C1 (F Gl gy < 2/C1 1S mgey 16 (0) -
—_——

=Co (04)

(C.3) , 2 113
< Oy H|HN,6(U))‘ U’qu(g)

As both Hy g and |H ]’V 5|2 are monotonically increasing in the parameter N (see Lemma
A.5), we can use the convergence by monotonicity to take the limit N — +oo in inequality
(C.4) and by that obtain

1
. . 5 i
Q) = Nl—lg-loo HHNﬁ(w)HLr(Q) <y N1—1>I—I|-100 H|H§V7ﬁ(w)| szq(Q)

i
( 1
:OH225—1) 2 —C H 28—1]2 ‘
2 ey = O o)
This gives us the inequality
g 28-1 ST
3 2
lwloriey = |||} o) < (©8)7 [~ Lq(m—@mﬁ||w||L<§ﬁ_l>q(m
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C. Linear elliptic PDEs

As 5 B + Qg 7 = =1, one can use Holder inequality with exponents 23 and 5 gﬂ 7 to derive

(26-1) @ e (26— @
ol o5y = ( X Qdaz) <L ([ y
Q 251

IS 284 PO 1
= |§2]2625-D)a QU’ dx = [Q|27CFD1 [|w|| 1254 (q) 5

which, applied to the previous inequality, gives us

28-1 28-1

1 1
ol ey < (CaB)F (194 il asagey) = (CaB)P 19455 ull 2y - (C5)

Step 4: Mosers iteration argument.
If we set ¢ := 2q,x = {—q > 1 and 8 := x™ for m € N. Then inequality (C.5) implies
recursion formula

—m - m /o
HwHLXm+1é(Q) S Cé( Xm ‘9’4)(2 HwHLx q(Q/) ‘

Thus we obtain by recursion that for all m € N

o1(m o o H:’T:l 1_%
ol ooy < CF e gt o P (07 58). (C.6)

with

By comparing o;(m), i = 1,2, 3 to the geometric series, one can easily see that due to x > 1,
they converge to finite values and we denote their limits by o; := lim,,— 10 05(m) < 400
fori=1,2,3.

By taking the limit in inequality (C.6) and using Theorem B.1 and Lemma A.6 we derive
(5 1)
ol ey = Tl oming ) < CF X710 ol iy ™ (©7)

Based on inequality (C.7) and the definition of Co (found in inequality (C.4)), we set

CUl 02|Q|0'3 _. 01/2 02

o1/2 1
[l

12|17 < 4o0.
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C. Linear elliptic PDEs

Finally inequality (C.7) together with the Sobolev embedding Theorem B.7, the Poincare
inequality B.5 and the definition of w, [ and Cs gives us the desired inequality

by definition | ’

Sgpqs = sup(gb— DAL (6 =07 poogoy +1 | oo @) + 107 oo )

(C.7) . 1.1
< Gy |17 lw HE >°°+H¢DHL®<FD>

Sobolev embedding -
S e I, uwnﬁ,l(m 67 e
Poincare inequality - 1
=C

Stampacchia o
< Clfle ||v¢||§2(m) * 16| ooy

O]

Theorem C.3. Let p € (max{4,2},+o0]. If f € LP(Q) and ¢P € HY(Q)NL>®(T'p) then
the weak solution of (C.1) suffices to ¢ € L>(£2).

Proof. We follow the proof of [GerstJiin, Lemma 7, page 541]. If d = 1 this is a trivial
consequence of Theorem (B.7). For proving the case n > 2 we use Lemma C.2. Since ¢ is
a weak solution, it is both a sub- and a supersolution, thus we get

16115y = max {sup 6, 50p(=0) b < C1f1500) IVl + 67y <+

O]

Lemma C.4. Letn € N, z1,-- ,2, € R and v € L*(Q;R"). Define ¢(v) € HL(Q) to be
the unique weak solution of

—Ad(v) = X z5v5 on Q

9¢(v)
on

¢(u) =0 onI'p, =0 onI'y.

Then it holds that

0|V(v)?

B0, = 2z;¢6(v), foralli=1,---,n

Proof. First we note that for any ¢ € L2(Q;R") it holds that

(Xh12jv5, () L2() = (Vo(v), VO(E)) 12(0) = (6(v), Ei_125€5) 12 (@) (C.8)
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C. Linear elliptic PDEs

Let i = 1,--- ,n and e; be the i-th unit vector of R”. By the linearity of ¢ (in v) and by

equation (C.8) we derive that

<9|V¢(U)\2
ov;

. s 1 e )
7£Z>L2(Q) —EI_%E/Q\Vqﬁ(u—i—ege,)\ IV (v)[2da

1
= lim —
e—0 €

_ /Q 2V(v) - Vo(&es)da

/Q |Vo(v) + eVo(&ies)|? — |Vo(v)|Pdx

= 2AVo(), Vo(&e)) 2y =

= (22;6(v), &) 12(q)-

2(¢p(v), zi&i) r2(0)

Thus the fundamental theorem of calculus lets us conclude w = 2z;¢(v) for any

i
1=1,---,n.
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C. Linear elliptic PDEs

List of Symbols and Notations

A matrix valued function describing the cross-diffusion of the system,
see Definition 1.1 on page 3.
B(-,) matrix valued function, see Definition 2.8 on page 10.
I5; inverse thermal voltage, given by 8 = ¢/ (kg#), see page 1.
c9(T) positive constant depending on time T > 0, see Lemma 2.13
on page 12.
c positive constant, see assumption (H5) on page 13.
Cp Poincare constant, see Theorem B.5 on page 64.
Cpm generalized Poincare constant, see Theorem B.6 on page 64.
D; diffusivity of the i-th ion species, see page 1.
D~ (distributional) derivative corresponding to the multiindex «,
see page 2.
o7 finite difference operator of step size 7, see (3.1) on page 14.
(¢) denotes a special sequence ¢, j € N of positive numbers,
see Lemma 3.16 on page 37.
F matrix valued function describing the interaction between potential
and the ion concentrations, see Definition 1.1 on page 3.
f permanent charge density, see page 1.
f total charge density function, see Definition 2.10 on page 10.
g reaction term, see page 2.
I'p part of the boundary on which Dirichlet conditions are prescribed,
see page 1.
I'n part of the boundary on which no-flux conditions are prescribed,
see page 1.
h entropy density, see Definition 2.1 on page 6.
H entropy functional, see Definition 2.1 on page 6.
14 indicator function of the set A, see page 2.
J =, ,Jn)T matrix of the ionfluxes , see equation (1.2), see page 1.
kI positive monotonicall increasing function, see Assumption (H5)
on page 13.
Lm elliptic operator on H™(Q), see (3.3) on page 14.
L(z,B) Lipschitz constant of the second argument of §, see Lemma 2.12
on page 11.
m natural number so large that H™(£2) is compactly embedded into

L*>(Q), see page 14.
n number of ion species, see page 1.
n outer normal vector of €2, see page 1.
(@] the domain given by O :={ v € (0,1)" | vg € (0,1) }, see page 2.
P potential, see page 1.
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C. Linear elliptic PDEs

w=(uy, - up)"
u('? )
UD
ug
uO
Wi
w
wD
o
w
2= (21, ,2%n)"

denotes a special sequence 7;, j € N of positive numbers,

see Lemma 3.26 on page 49.

concentration vector of the different ion species, see page 1.
function relating ion concentrations and entropy variables,
see Definition 2.6 on page 9.

boundary concentration vector, extended to the whole domain in
Assumption 1 on page 6.

concentration of the solvent, ug =1 — > | u;, see page 1.
initial ion concentration vector

external potential influencing the i-th ion species, see page 1.
entropy variables, see Definition 2.3 on page 7.

boundary entropy variables, see Definition 2.3 on page 7.

entropy variables withouth boundary condititions defined by

D

w :=w —wP, see (3.2) on page 14.

vector of the valences of the different ion species, see page 1.
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