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Abstract

Bone tissue is known to possess piezoelectric properties, owing to the re-
spective behavior of some of bone constituents. In the past, piezoelectric
excitation has been suggested to be one of the mechanisms involved in me-
chanical stimulation of the bone cell activities involved in bone remodeling.
However, due to the very small length scales on which the related processes
occur it is not possible to study the role of bone piezoelectricity for bone
remodeling based on experiments. This thesis investigates this potentially
important process by means of multiscale modeling.

In particular, the fundamental concept of continuum micromechanics was
extended such that the well-known equations for stiffness homogenization
could be extended to upscaling the so-called electromechanical tensor, com-
prising stiffness as well as electrical quantities. In further consequence, this
concept allows for downscaling macroscopically applied mechanical loading
to microscopically experienced electrical stimuli. Applying this mathemat-
ical framework to the previously established multiscale micromechanical
representation of bone tissue has shown that the electrical stimuli arriving,
in response to physiological macroscopic loading, at the level of bone cells
is much too small to play a significant role in mechanical stimulation of
bone cell activities. Furthermore, sensitivity studies as to specific morpho-
logical features of bone tissue, as well as to the effect of deformation were
studied. Essentially, the results of this study show that mechanical stimu-
lation of bone cells is most likely caused by other mechanisms, such as the
pressurization of bone cells due to macroscopic loading.

In addition, the new multiscale method was applied to the tissues making
up teeth, enamel and dentin. Particularly for the elasticity properties, the
model predictions agree very well with corresponding experimental data,
hence yielding new homogenization schemes for enamel and dentin as re-
markable side products of this thesis.
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Kurzfassung

Es ist wohlbekannt, dass Knochengewebe piezoelektrische Eigenschaften auf-
weist, aufgrund des entsprechenden Verhaltens auf der Ebene der Knochen-
bestandteile. In Studien zur Anregung von Zellaktivitdten im Knochengewebe
durch mechanische Belastung wurde die mogliche Rolle der piezoelektrischen
Aktivierung von Zellen mehrfach genannt. Da die entsprechenden Prozesse
auf sehr kleinen Lingenskalen ablaufen, ist eine experimentelle Untersuchung
allerdings nicht moglich. Ziel dieser Diplomarbeit war die Ergriindung der Rol-
le piezoelektrischer Anregung von Zellaktivititen im Knochengewebe mittels
Multiskalenmodellierung.

Zu diesem Zweck wurde das grundlegende Konzept der Kontinuumsmikrome-
chanik substanziell erweitert, sodass die im Rahmen dieses Konzepts etablier-
ten Homogenisierungsschemen nicht nur die elastischen Eigenschaften beriick-
sichtigen, sondern auch die relevanten elektrischen Grofen. In weiterer Folge
kann dadurch auch die makroskopisch aufgebrachte mechanische Belastung
hinsichtlich der entsprechend auftretenden elektrischen Stimuli auf mikrosko-
pischer Ebene interpretiert werden. Diese Modellierungsstrategie wurde dann
auf ein bereits etablierte Mehrskalenmodell von Knochengewebe angewendet.
Es konnte gezeigt werden, dass die durch physiologische makroskopische Be-
lastung hervorgerufenen elektrischen Stimuli auf Zellebene deutlich zu klein
sind um eine effektive Stimulierung der Zellen zu erreichen. Des Weiteren wur-
den Sensitivitatsstudien durchgefiihrt, um die Relevanz von morphologischen
Kenngréfen sowie den Effekt von Deformationen zu quantifizieren. Insgesamt
zeigen die erzielten Ergebnisse, dass fiir die mechanische Stimulierung von Kno-
chenzellen h6chstwahrscheinlich andere Mechanismen verantwortlich sind, wie
z.B. der hydrostatische Druck, der auf Knochenzellen wirkt.

Zusitzlich wurde die vorgestellte Multiskalenmethode auf jene Gewebe, aus
denen Zahne bestehen, Zahnschmelz und Dentin, angewendet. Hier zeigen sich
insbesondere bei den elastischen Eigenschaften gute Ubereinstimmungen von
Modellvorhersagen und experimentellen Daten. Folglich sind die Homogeni-
sierungsschemen, welche fiir Zahnschmelz und Dentin formuliert wurden, als
bemerkenswerte Nebenprodukte dieser Diplomarbeit zu betrachten.
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1

Introduction

Since Julius Wolff investigated the changes of bone after a trauma or changed use at
the end of the 19" century, we know that bone in a living organism is steadily altering
and adapting to changed loading conditions [1]. Little was known at this time, what
mechanism controls the permanent processes of dismantling and constructing new
bone material.

Function and behavior of bone material

The rigid bone structure has many functions in the body like Haematopoiesis [2], the
building of new blood cells, as some endocrine functions [3] and is used as a reservoir
for minerals. But the most apparent use of bone is its mechanical structure, whether
it is used as a protection for the internal organs or for body movements together
with the attached muscles.

Bone is composed from the extracellular matrix, which gives the organ its structure
and stability, and osteocytes, bone cells which lie embedded in the extracellular
matrix and maintain this cell-less matrix. More specialized cells can be found in
the bone, like the big multinucleated osteoclasts, which keep breaking down the
extracellular matrix and process the gained minerals, or osteoblasts, which build
new bone matrix by depositing hydroxyapatite and collagen, which are the main
building blocks of the extracellular matrix.

Use of this regulation is to adapt the bone material to the required strength. Similar
to an athlete whose muscles get stronger, when he is weightlifting, the bones also
need to become stronger to hold heavier loads. On the other hand, if the bone is
no longer required to carry any weight, like it is the case for paralyzed people or
the tight bone of a wheelchair driver, the bone matrix will become less dense and
its stability will decrease. The same effect occurs, when a joint is replaced by an
endoprosthesis. When the prosthesis is fixed with a long shaft in the bone, the much
more rigid shaft, usually made of metal, will shield the bone around from mechanical
stress, resulting in a weakening of the affected bone material.

Since these effects have been discovered, many attempts were made to find out, how
osteocytes are able to recognize mechanical load and share this information, to adapt
the surrounding bone material. At this point, many possibilities are acquainted, to
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Kornfellner Chapter 1. Introduction

how cells can interact with their surroundings, may it be membrane elements, which
depend on voltage, chemical stimuli or mechanical strain.

Relevant preceding studies on bone material

More recent researches show that bone processes not only react with various chemical
stimuli, but bone cells are also able to transfer this information to other osteocytes
[4]. Other experiments, where bone was exposed to ultrasound, demonstrated that
bone adapts to mechanical stimuli, still not able to pinpoint the exact mechanisms
which cause these effects [5]. Some models already describe piezoelectric effects [6], a
material characteristic to cause electric polarization when under mechanical strain,
and more specific simulations indicate bone cell activity caused by stress from fluids
[7]. Further, in-vitro studies with unhinged bone cells showed, that bone cells are
also able to interact with the extracellular matrix and might use it to propagate
signals, impacting the growth and morphology of the osteocytes [8]-[10].

Knowledge of the bone growing behavior might be useful for creating bone healing
supplies, curing fractures and traumas, since the healing process of bone takes long
and does not always result in fully functional tissue [11|. Better understanding of
these natural processes might also influence training methods for athletes or ways
to keep astronauts fit, who suffer from bone atrophy in zero gravity [12].

Intent of this thesis

Facing the various propositions of signaling pathways, and assuming that there is
likely more than a single mechanism involved, the question arises, if osteocytes are
affected directly by the extracellular matrix, through its piezoelectric effect. Starting
point of this consideration, is a humans everyday locomotion, causing in example
the thigh bone to bend, every time the body weight is put on this leg. Due to the
bones piezoelectric properties, an electrical polarization might impact the osteocytes
corresponding to the inflicted strain.

It is well known that most cells in the human body can interact via polarization of
their cell membrane. Further it is known, that bone possesses piezoelectric prop-
erties, as well as its main building materials, namely collagen and hydroxyapatite
crystals. For the macroscopic bone material, as well as for the microscopic building
blocks the material properties have been measured and identified. However none of
these size scales match the length of a typical bone cell, so it is rather unfavorable
to examine one of these material properties in respect of bone cells.

The idea is to find a procedure to calculate the occurring material phases in bone and
evaluate their corresponding length scales. With these properties known it might be
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Kornfellner Chapter 1. Introduction

possible to make a statement whether bone cells are affected by piezoelectric effects
from the extracellular bone structures or not.

Of course the question arises what the effect of the exact material geometry is, or
how big the impact of the simplification is. By disregarding some material minori-
ties the macroscopic properties might change, therefore it is useful to investigate
how a simulation of the material properties is affected by changing geometries and
composition of its building blocks.

Structure of this thesis

This document is about estimating material properties for the different size scales
from its basic building blocks to a macroscopic bone material, which we can compare
to measured material properties. It further examines material phases at the size of
bone cells and their effect on them. But before, the mixing scheme to homogenize
material phases is introduced and validated by measurement values of macroscopic
structures, as well as some possibilities and applications of this estimation concept
are shown.

It may be mentioned at this point, that this hierarchical structure applies not exclu-
sively to bone. Many other structures like concrete and wood can be estimated with
similar approaches. Especially dentin and enamel, which can be found in the human
tooth, are investigated in this work, since they are built from the same materials as
bone and are also known to show piezoelectric properties.

Therefore this work will start with the required mathematical notation, before intro-
ducing the theory of continuum mechanics to homogenize material structures and
explain how the required Piezo-Eshelby tensor can be derived. In chapter 5 the
earlier introduced methods will be applied to bone material and the piezoelectric
impact will be discussed thereafter.

In the subsequent chapters, the possibilities of the homogenization concept will
be pictured, how various volume fractions and different inclusion geometries can
affect the simulation. Ultimately the concept will be transferred from bone to other
materials, namely tooth enamel and dentin, and the simulation will be applied to
different structures and material compositions.


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar.

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thele

(]
lio
nowledge

b

i
r

2

Fundamentals of the theory

In order to find a context between the macroscopic properties and its elementary
building blocks, it is necessary to define the properties of a specific material for its
respective spatial size scale. To do so, the material will be handled as a continuum
at the observed scale.

2.1 Basic concepts of continuum micromechanics

Continuum mechanics forgo individual particles in a material compound and treat
it as a homogeneous mass, although the existence of inhomogeneities is known. The
material has to be observed as a representative volume Element - RVE, whereby
the selection of the size scale is crucial, since the included inhomogeneities have to
be significantly smaller than the observed area, which itself has to be much smaller
than the next bigger structure the material is contributing to.

Thus, the benefit of achieving a continuous material, where every subsection has the
same properties as the bulk material, goes with the constraint that only material
phases with clearly separated size scales can be handled. The estimation of the
material properties when building a bigger structure from multiple smaller material
phases will be referred to as homogenization.

2.2 Voigt and Kelvin-Mandel notation

For the following calculations, the elastic ¢, piezoelectric e and dielectric k properties
of a material are needed. While stiffness is usually defined as a fourth-order tensor
and piezoelectricity as a third-order tensor, it is useful to introduce the electrome-
chanical coupling moduli M, a fourth-order tensor, which is a combination of ¢, e, k,
and allows us to calculate all parameters in one step, if written as a second-order
tensor M [13].

To reduce mathematical complexity, calculations of tensors higher than rank 2 can
be obviated by utilizing the material symmetries and applying Voigt notation. This
results in the way easier representation for the electromechanical coupling moduli
M, as in Equation 2.1.
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Kornfellner Chapter 2. Fundamentals of the theory
C11 C12 Ci13 Ci4 Ci5 Cig €11 €21 €31
Co1 C22 Co3 C2q4 C25 C26 €12 €22 €32
C31 C32 C33 C34 C35 C36 €13 €23 €33
Cq1 Ca2 C43 Cqq C45 C46 €14 €24 €34
Myoigt = | €51 Cs52 €53 Csa Cs5 Cs6 €15 €25 €35 (2.1)
Cé1 Co2 Ce63 Coa Co5 Co6 €16 €26 €36
€11 €12 €13 €14 €15 €16 —hi1 —ki2 —ki3
€21 €22 €23 €24 €25 €26 —Hho1 —HKo2 —HKa3
€31 €32 €33 €34 €35 €3¢ —h31 —h3z —H33

Since the mechanical stress ¢ and strain ¢, which corresponds to the elasticity c,
can be written as a first-order tensor instead of a second-order tensor, to match the
matrix notation of the elasticity matrix, it is useful to write the electromechanical
coupling moduli M in Kelvin-Mandel notation, as in Equation 2.2.

Mkelvin—mandel =

C11
C21
C31

\2/5641 \2/5642 \2/5043
\2/5051 \2/5052 \2/5053
\2/5061 \2/5062 \2/5663
€11
€21

€31

C12
C22
C32

€12
€22
€32

\2/5014 \2/5015 \2/5016
\2/5024 \2/5025 \2/5026
\2/5034 \2/5035 \2/5036

Ci3
Ca23
C33
2C44
2654
2064
€13 €14
€23 €24
€33 €34

2C45
2055
2065
€15
€25
€35

2046
2056
2666
€16
€26
€36

€11
€12
€13
€14
€15
€16
—k11
—hRa1
—HR31

€21
€22
€23
€24
€25
€26
—Ki2
—Ra2
—hK33

€31
€32
€33
€34
€35
€36
—HKi3
—HKag
—ha33
(2.2)

Further simplified as shown by Aguiar, Bravo-Castillero, and Silva [13] presuming
isotropy in two directions, but converted to Kelvin-Mandel Notation, the electrome-
chanical coupling moduli M reads as in Equation 2.3.

C11
C12
C13

S OO OO

€31

Ci2

Ci1

C13
0
0
0
0
0

€31

C13

C13

C33
0
0
0
0
0

€33

0
0
0
2¢44
0
0

€14
€15

0

o O O

0
2044
0
€15
—€14

0

o O O O

0
2¢66
0
0
0

o O O

€14
€15
0
—Ki11
0
0

o O O

€15
—€14
0
0
—R1

0

€31
€31
€33

X OO O OO
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3

Material homogenization procedure

To handle a composite as a homogeneous material, in spite of its consistency of
multiple phases, Zaoui [14, eq. 20|, or in a more general format Fritsch and Hellmich
[15, eq. 1] stated methods to estimate the elasticity of the homogenized material.
However, the homogenization procedure is only valid, if the different size scales are
in a specific scope.

When extended to calculate the piezoelectric and dielectric moduli, in addition to
the elastic moduli, but simplified to be practicable with Voigt or Kelvin-Mandel
notation the equations are stated as followed in Equation 3.1, where M, are the
electromechanical properties of the new estimated material, M represents the elec-
tromechanical properties of the primary material, s, r are the different phases and f,
the corresponding volume fractions, S, are the Piezo-Eshelby tensor (see chapter 4)
and M the electromechanical material parameters for the different phases.

M = | Y AM, - [T+8, M -(M, = Mo)| 7' | - | Y AT+ S, - M (M, — M)~

P, Ps

(3.1)

Although there is a general formulation with fourth-order tensors for this [15], a
reduction to this equations with second-order tensors, which can be written down as
matrices, is needed to compute the parameters. Under certain circumstances there
are ways to calculate the inverse of a fourth-order tensor, which is also reversible
[16], but not fulfilling the criterion of the identity tensor Aupeq: Ay = Luped-

The calculations in the following chapters are done with the Kelvin-Mandel matrix
notation, therefore the elastic shear values need to be corrected after calculating the
material properties matrix M.
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Kornfellner Chapter 3. Material homogenization procedure

3.1 Homogenization concept

The concept of this calculation is, that in a representative volume element, multiple
different materials with different material properties are contained. While mechani-
cal stress and strain can be averaged along the geometry, leading to a correct result,
this is not possible for the stiffness of the material. This means, the macroscopic
mechanical strain £, which accounts for the representative volume Element, equals
the average of the microscopic mechanical strain €, which depends on its spatial po-
sition. For a linear concentration problem exists a down-scaling tensor A; describing
the relation of between the macroscopic and microscopic property.

The relation between the macroscopic fourth-order stiffness tensor C and the micro-
scopic fourth-order stiffness tensor €, also dependent from its spacial position, reads
as:

C = (o() : Ay(z)) (3.3)

Simplifying the model from an infinite amount of different micro structures to a
handful of phases with defined and homogeneous material properties gives the pos-
sibility to write the macroscopic mechanical strain £ as the sum of the strain in
the phases e, and the corresponding volume fractions f,., where r is indicating the
different phases.

£=> fe (3.4a)

(Cestimated — Zfrcr . Aistimated (34b)

With the Hill tensor P, an estimation for the down-scaling tensor A; can be made
for a homogeneity under the effect of some strain at infinity £°°. The stiffness is
represented by €, for the individual phases and C* for the infinite matrix where the
phases are embedded. The unity tensor I can be represented as an identity matrix,
if this scheme is applied to second-order tensors.

L{a) is representing the average of a and results from the respective volume integral
jV edV = £V, which can be proofed with the Gauss theorem

7
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Kornfellner Chapter 3. Material homogenization procedure

I+P2:(c, —C®)]:e, =& (3.5)
g, =[[+P*: (¢, —C®)| " : &

with €= fie,=> f[[+P:(c, —C®)] 7" : £ (3.6)
T r L

E° =D LI+PZ: (€, —C) | €

7-1

L+P: (¢, —C¥)] ey = | ) fill+P°: (¢, —C®)] | :€

and g(x) = Ay(z) : € (3.8)

1-1

& =[M+P°: (¢, —C) " | fI+P°: (¢, —C®)'| =€

7-1

Aistimated — [H + ]P’SO : (Cr . (Coo)]_l . ZfT []I -+ ]P):fo : (Cr — COO)]—l

Using the result from Equation 3.8 and inserting them in Equation 3.4b, the equation
as in Equation 3.1 is achieved, but only for the mechanical aspects. According to
that, the Hill tensor P has to correspond only to the mechanical quantities.

(Cestimated _ (Z e, [I+P,: (¢, — CO)]l) : (Z [l +P: (€5 — Co)]1>

(3.9)

The electric field E and displacement D are following a similar concept as the stress-
strain relation, with the corresponding material moduli. Extending this system by
adding the permittivity and piezoelectric constants, and simplifying from a general
fourth-order tensor notation yields Equation 3.1.

F=c-f—¢e - E (3.10)
D=e-é+k-E
g g
1 Sl =M- - A1
equals to [D] M [—E] (3.11)
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Kornfellner Chapter 3. Material homogenization procedure

3.2 Homogenization of dielectric moduli

Analog to the mechanical part, this concept also works with the dielectric moduli.
The macroscopic dielectric moduli K and the position-depending microscopic di-
electric moduli K are linked with the down-scaling tensor I'y, as in Equation 3.12a.
From Equation 3.11, disregarding the mechanical strain, the local displacement Dis
linked with the microscopic electric field E,... via the dielectric properties of the ma-
terial. Hereby may be noted, that the notation changes, since the dielectric moduli
are second-order tensors, unlike the fourth-order stiffness tensors.

K = (k(z) - T1(2)) (3.12a)
D=k B, (3.12)

Like with the mechanical strain, the macroscopic electric field Ey Ac can be obtained
by the microscopic electric field E,,;., knowing the spatial dispersion.

EMAC = <Emzc> (3.13a)
Eric(z) = T1(2) - Expac (3.13D)

Assuming the inhomogeneities lumped to intrinsic homogeneous phases, allows to
describe macroscopic quantities as sums of the microscopic, with the corresponding
volume fraction fs, where s depicts the individual phase.

EMAC = ZfTE_;mic,r (314&)

Kestimated _ Zfr’("fr . Fistimated (314b)

Introducing an assumption for the behavior of the phases, an estimated down-scaling
tensor can be obtained. This assumption requires a 3 x 3 Hill tensor, respecting the
interactions of dielectric properties.

I+PX- (k. — K)]- Emicr = Eiac (3.15)
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Kornfellner Chapter 3. Material homogenization procedure

with Byac = Y frEier = 3 f; [+ P - (= K| Effpe - (3.16)
1-1

E_I»]?/c[)AC = Zfr []I+ P?o ’ (K'r - Koo)]—l : EMAC

1-1

L+ P2 (K — K¥) - Epier = | >_fr [[+P2 - (k. = K®) ' | - Eyjac

and Eie(z) = T1(z) - Expac (3.17)
1-1

Ericyg = I+ P2 (5, — K=) ' | fI+PF (5, — K®)] ' - Eyac

1-1

Ffstimated — []I + P?O . (KT . Koo)]_l . Zfr []I + P;?O . (HT‘ _ K<X>>]—l

This leads to the homogenized dielectric properties, strongly resembling the scheme
in Equation 3.9, where K| is the tensor of the dielectric properties from the matrix
material.

JCestimated _ (Z frbir - [+ P, - (k) — KO)]—1> ) (Z [I+Ps- (ks — Ko)]_1>

(3.18)

10
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Kornfellner Chapter 3. Material homogenization procedure

3.3 Homogenization of piezoelectric moduli

Since the electric field perpendicular to a plane can be averaged along this plane and
yields a macroscopic value, affecting this respective plane, the same concept can be
used for the mechanical strain. Because the behavior between the macroscopic and
microscopic scopes of this physical quantities is the same, the following equations
will strongly resemble these from section 3.1.

As mentioned just now, the macroscopic electric field Epac is the average of the
microscopic electric field F,,;. and their relation can be described by a down-scaling
tensor Bj.

Eniac = (Epmic) (3.19a)
Eric(z) = By(2) - Epac (3.19D)

The relation between the macroscopic piezo tensor ey;4c and the microscopic piezo
tensor e,,;. can not be described by simple averaging, but resembles the average in
respect to the spacial distribution, described by the down-scaling tensor B;.

€ vac = (€ mic(z) - Bi(x)) (3.20a)

o=—€ . Emni (3.20b)
Again by reducing the complexity of all micro structures to a finite amount of ma-
terial phases, the relation of macroscopic and microscopic quantities can be written
as a sum. FEach phase has homogeneous piezo properties e, and a corresponding
volume fraction f,., where r indicates the individual phases.

EMAC = ZfrE_:mic,r (321&)
e/;ﬁ\jt[irgated _ Zfre/r . B:stimated (321b)

To find an assumption for the down-scaling tensor By, the Hill tensor P is used, but
in this case the Hill tensor covers only the piezoelectric properties of the material.

—

mic,r — EﬁAC (322)

Emic,r = [H + P:O ) (8; - e/EAC)} - ' _»]?;AC

[H +Px- (e, — 6/3“},40)} :

11
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Kornfellner Chapter 3. Material homogenization procedure

with Ejrac = Zfrﬁmic,r = Zfr [I+PF (e - elﬁAc)]il ' qﬁAc (3.23)
- 4-1

Eﬁf?AC - Zfr [T+ P (e, — e/ﬁACﬂ_l - Enrac
_ " _—

[H + P:O ’ (e; - e,ﬁAC)] ’ Emic,r = Zfr []I + Pq?o ) (e; - e,ﬁAC’)] o ’ EMAC

and Eie(z) = Bi(2) - Exiac (3.24)
- 1-1
Epicr = [[+P- (e — e’ﬁAc)]_l : Zfr [I+P- (e — e’ﬁAc)]_l - Exrac

-1

sttimated — [H + Pfo . (6,,,. — GIEAC)} -1 Zfr [H + P,?O : (6; - GIEAC)} B

This evaluation leads to similar results like with the elastic moduli, but with the
unfavorable property of the piezoelectric moduli. Because the piezoelectric moduli e
are represented as a 3 X 6 matrix, this calculation requires a Moore-Penrose inverse,
not ensuring correct simulation results. Adding the mechanical and electrical com-
ponent to one calculation bypasses this problem, since it results in a 9 x 9 matrix,
which can be inverted regularly.

12
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Kornfellner Chapter 3. Material homogenization procedure

3.4 Combined homogenization method

At this step, the individual homogenization methods should be combined to a single
one. To find an algorithm to calculate the combined material profile, the averaging
concept of all material moduli have to be considered.

To combine the material properties, all moduli have to be reduced to second-order
tensors, using material symmetries. This makes it possible to write down all moduli
in a 9 x 9 matrix. Also the double contractions for the fourth-order elasticity moduli
are simplified to dot products.

Getting out the microscopic moduli from the averaging concept to an individual
matrix, requires the introduction of new down-scaling tensors A,, By, B,,T';, which
respect the influence of multiple input quantities on their material parameter, but
are unknown at this point. The new down-scaling tensors can be combined to one
matrix V.

(o %a6) = (%0 Tl wl)) o
(0 ) (B B
= (oo el - )

As already shown in Equation 3.11, the input quantities can be added together to
a vector of rank 9. Further the simplification to a finite amount of homogeneous

13
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Kornfellner Chapter 3. Material homogenization procedure

material phases also applies to the combined material matrix and the corresponding
input quantities, which are mechanical strain and electric field strength.

g g,
(_EMAC> = Zfr <_Emc> (3.27a)

’ estimated ’ _ '
( C eMAC) _ Zfr (ZT €, ) X Nrestzmated (327b)

evac —K r —Rr

With a matching Hill tensor to describe the impact of inhomogeneity in a matrix
and some mathematical transformations, it is possible to obtain an estimation for
the down-scaling matrix IN. This of course requires a Hill tensor that considers
the interaction of all material parameters. The concept of creating a matching Hill
tensor is more precisely stated in chapter 4.

c, € C> € g £
I P> T r _ MAC . -r = R 3.28
e (%) (e %)) (L) - (L) o
(2= (%) - (5 ) (&)
—Eic " € —Ky eyac K= —ENac

: & Er
with (—EMAC) => 5 (_ Em) (3.29)

oo -1 500
“Srfrer (@) (e )]

—

-1

c. € C> €% ! E

fer (5 )-(S mN T (L
[zT:f [ ((er _""'r) (eMAC K —Ervac

o ((C €&\ _ ([ CY € ) & _
[H tE ((er —”"r) (6%10 K )H (‘Emi) B (3:30)
-1 .
c, e C>® €7 - £
[z;f { ((er _“r) (eMAC K —Enac

T\\

Djl 1

58 8

Q

N——
I
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Kornfellner Chapter 3. Material homogenization procedure

w(f) s (L) e

& ) _ Tepe. ((C e\ _ ([ C° € B (3.32)
_Emic B " € —Ky ej\“}AC K .

-1 .

s c. e C> €' - &
[Zf eer (20 %) (S )] ] ()

Nestimated = I+ P>. C, 6;« . Ce e’;\“}AC -1 (3 33)
r " e —Ky eirac K~ .

[l (25 )

Filling in the estimation of N for all present phases, as in Equation 3.27b, an expres-
sion for a homogenized material can be obtained, as in Equation 3.34. Contracting
all material moduli to the matrix M yields the same homogenization formula as in
Equation 3.1.

C , estimated /
with €nac — E f Cr €, . Nestimated
-K "\e, —k, r
r

EMAC

Mest M, M, Mo
—_——~

f estimated ’ ’ 100
C  eyac _ Cr & I+ P C e C*  eac
_ - f T _ : + P, _ - S 9
EpMAC K - €, Ky €, Ky e ac K

—1\ 1

c € C>*  efac
: Zfs H+P5 (er _K/T)< K>

o0
€naAc

M Mo

(3.34)
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4

Piezo-Eshelby Tensor

The Piezo-Eshelby tensor is a fourth-order tensor describing the impact of the exact
geometry of the included ellipsoidal.

4.1 Voigt notation

To handle the material parameters M in Voigt notation, it is necessary to use this
concept for the Piezo-Eshelby- and Piezo-Hill tensor as well, which reads as in
Equation 4.1.

Mupcad = | Mainn Mzisa Mszizg Msize Msizi Mzior Mszjgn Msiae Msias

For A,C € N[1...4] and b,d € N[1...3].

This notation is valid, as long as the symmetry condition for the tensor is respected,
as Mya1o = Maio1 = Miagr = Moo

4.2 Calculation of a Piezo-Eshelby Tensor

Mikata stated in his papers [17], [18] how to calculate a Piezo-Eshelby tensor for
cylindrical and spherical inclusions, but he assumed that the piezo modulus ey4 is
zero. For the bone building materials ey is an important modulus, therefore the
following notation is the same as in the stated papers, but with the value ey, added.

16
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Kornfellner Chapter 4. Piezo-Eshelby Tensor

The following equations show the general path to constructing a Piezo-Eshelby Ten-
sor. Notice that a fourth-order representation of the material Tensor M is used.
The variable i represents the geometric extension, which needs to be parameterized

according to the inclusion geometry.

%MiJAb(IinmJ + Izmn]) M € {17 273}
SMnAb -

=My apLin v M =4

KMJ(‘f):MpMJqLEZ.Z'], with p7q€{1,273}

Toped = /I | Yy K o (1, Y2, y3)dG
yl=1

with y=vy; : i€ {1,2,3}

M,J € {1,2,3,4}

The matrix K,y is affected by ey4 in the following entries and results in total as

shown in Equation 4.6.

K24‘614 = €1471X3

K42|e14 = €1411X3 = K24|614
K14|e14 = —€14T2T3

K41|514 = —€14T2x3 = K14|614
K34|e14 = €Ty — e13x122 = 0

K43|e14 = €14T1T2 — €14T1T2 = 0

2 : 10 L2 2 1 22 (c114c12) PO . .
e a® 4 (4 — 42) 2% + cuas —a Ty 23 (C13 + Caa)
Koy () zies(enten) (% — %) 212 4 ¢11 19?2 + cyq 32 Zo k3 (C13 + Ca4)
MmJ(T) =
21 23 (€13 + Caa) To 3 (C13 + Caq) C4q X717 + €44 T2” + C33 23
123 (€15 + €31) — €14 T2 1 23 (€15 + €31) + €14 T1 T 2t ers a9’ + ez a2
T1Z3 (€15 T €31 €14 T2 T3 T2 T3 (€15 T €31 €14 21 T3 €15 11 €15 T2 233 L3

4.3 Piezo-Hill tensor

(4.5)

X123 (815 + 6?31) — €14T2T3
Ty w3 (€15 + €31) + €14 71 T3
.2 2 g 2
€15 T1° + €15 T2” + €33 T3

L 2 _ 1 2 .2
—kn a1 — ki xo® — kszas

(4.6)

The by Hellmich, Barthélémy, and Dormieux introduced tensor P [19, eq. 53], called
Hill-tensor [15], is only an auxiliary step to compute the following material proper-
ties, but has one significant property. This tensor has to be symmetric, when written

17
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Kornfellner Chapter 4. Piezo-Eshelby Tensor

as matrix, to produce a symmetric material property matrix M as in Equation 2.3.
In matrix representation, the Hill-tensor P can be calculated as in Equation 4.7.

P=S-M'! (4.7)

4.4 Tensor for cylindrical inclusions

Wet collagen appears in the fibril network in a cylindrical shape amongst other
structures in bone material [15]. For the following calculations a tensor was used,
stated by Mikata, which reads in the matrix notation as Equation 4.10 [17]. The
aspect ratio « is the relation of the transversal axes of the elliptic cylinder, charac-
terizing a circle for a = 1. The aspect ratio § in the x3 direction converges to zero,
to represent a deformation from a sphere to a cylinder, see chapter 8 to read more
about these geometrical factors.

y1 = sin(0) cos(¢)
Y2 = asin(f) sin(¢) ¢ € R[0, 27)

y3 = B cos(h) 0 € R[0, ) (48)

through 5 — 0 results in:

Taa— | [ gk, 2, 0) sin(6) d8 s witn @0 € {12} (4.9)
awed = | | YavnBea (1,42, 0) sin W de{1,2,3,4) '

Because this Piezo-Eshelby tensor is used for material parameters in Kelvin-Mandel
notation, a correction factor of 2 in the entries Scyi4 4, Seyiss and Seyie6 distinguishes
this tensor from the representation of Mikata [17]. Interestingly all entries of ey
and ep5 fall out, due to the geometry [17, eq. 69]. To evaluate the tensor, the
material parameters are not used in SI notation, but with unit prefixes [¢] =GPa
and [k] =pF /m.

@ (3011 + 2 n 2) a ((2 +a)cip _ 1) Ci3 0 0 0 0 0 €31

2(1 + )2 o @ 2(1 + )2 acyy (1+a)en (14 a)en
@ (1+2a)ern a 3c11 + 12 acys aesp
-1 : +2 0 0 0 0 0
2(1+ a)? e ) 2(1+ a)? ( o n) (14 a)en (1+a)en
0 0 0 0 0
«
0 0 0 0 0 0 0 0
2(1+a) N
Seyt = 0 0 0 0 M +a) 0 0 0 0
C
@ 1+a+a® ¢
) -z
0 ¢ 0 0 0 2(1+ )? ( a o 0 0 0
1
0 0 0 0 0 0 T7a 0 0
1
0 0 0 0 0 0 0 Tra 0
0 0 0 0 0 0 0 0 0
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Kornfellner Chapter 4. Piezo-Eshelby Tensor

4.5 Tensor for spherical inclusions

The values for I,,.4 for a spherical inclusion can be obtained by parameterizing the
y as the following:

)
Y2 = asin(f) sin(¢) ¢ € R[0, 27)

0) 6 € R0, 7) (4.11)

27 T
o -1 . . (Z,bE {1,2,3}
]abcd — /4720 /0:0 yabecd (y17y27 y3) Sln(0> de d¢ with c, de {1’ 2, 3’4} (412)

The following work assumes o = 1 for spherical inclusions, to keep the calculations
in a reasonable scope of complexity. Some of the values of [,.q are zero and have
no effect on the Eshelby tensor. Considering the non-zero values, e, has effect on
the following values, which need to be calculated to generate the symmetric, second-
order Hill tensor P. The following equations are obtained by using Equation 4.2
and Equation 4.7.

1
Ssph74 = Ir (caali342 + €1411144) (4.13)
1
Ssph,ss = E (044—72342 - 614—72244) = Ssph,74
I =]
due to the symmetry >*? 2342
Iag = Igoua
Psph,74 - Ssph,74 E;;l +Ssph,77 E'7_41 +Ssph,78 E8_41 (414)
~— ~—~ ~—
Cc44 €14 €15

-1 -1 -1
Psph,85 = Ssph,85 E55 +Ssph,87 E75 +Ssph,88 E85 = _Psph,74
~— ~— ~—
C44 €15 —€14
Psph,47 = Psph,74

Psph,58 = Psph,85
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5!

Structure Example - Bone

Bone material is mainly composed of collagen, hydroxyapatite and some cavities
filled with isotonic water. The methods shown in chapter 3 are used to estimate
material properties for bone in this chapter. The mixing composition of the used
materials corresponds to the cortical part of a human femur, see Fritsch and Hellmich
[15].

The bone structure varies not only between the cortical and the cancelous bone, but
the local micro structure varies in its composition as well. The following calculations
allow the estimation of the material properties of extravascular bone material, pro-
vided the composition of this material is known. The stated values in this chapter
are given in the following units: [c] = GPa, [¢] = C/m” and [x] = pF/m.

5.1 Hierarchic structure of bone

To estimate the properties of extravascular bone material, a five step approach is
used. Each step combines multiple material phases to describe its homogenized
structure.

Since extravascular bone material consist of extracellular bone matrix, also known
as ultrastructure, which embeds small water filled inclusions called lacunae. At this
point, the properties of water are known, but not these of the ultrastructure, which
have to be estimated in a separate step.

The ultrastructure consists of mineralized collagen fibers and hydroxyapatite foam,
which both have to be evaluated in a separate step. Lastly for the calculation of the
properties of collagen fibers are the characteristics of wet collagen required, which
can be gained by combining crosslinked collagen and water in the intermolecular
space. Since the properties of the pure, unblended materials collagen, water and
hydroxyapatite are known, no further homogenization steps are required.

An overview of the calculated materials and their steps is given in section 5.1.
Naturally it is inevitable to begin the calculation at its smallest building block,
which is wet collagen in the case of bone material, as shown in section 5.2.
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Kornfellner Chapter 5. Structure Example - Bone

extravascular bone material

e characteristic length: l.;pes =~ 100pm
e matrix: ultrastructure, M4

e inclusions: spherical water filled lacunae,
flac7 Mwater

ultrastructure

e characteristic length: [, = 5 — 10pm
e matrix: hydroxyapatite foam, M,

e inclusions: cylindrical fibrils, fri, My

hydroxyapatite foam

e characteristic length: .y ~ 100 — 500nm

e intersecting phases:

— spherical water filled space, fi,
Mwater

— spherical hydroxyapatite, frq, My,

fibrils

e characteristic length: l;; ~ 100 — 500nm
e intersecting phases:

— cylindrical wet collagen,
fwetcoh Mwetcol

— spherical hydroxyapatite, fn,, My,

wet collagen

e characteristic length: [,cic0p = 10nm
e matrix: crosslinked collagen, M.,

e inclusions: cylindrical water filled space,
fim; Mwat@r

Figure 5.1: Hierarchical structure of bone with the corresponding material phases.
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Kornfellner Chapter 5. Structure Example - Bone

5.2 Wet collagen

44% of the volume of the wet collagen consist of collagen. The remaining 56% are
intermolecular space in a cylindrical shape filled with salt water. See Table B.1 for
used material parameter.

Calculating a cylindrical Piezo-Eshelby tensor Sggﬁ and material parameters for wet

collagen M, e1c0; yields results as shown in Equation 5.3. The results are summarized
in Table B.2.

068 004 030 0 0 O 0 0 0.0002
004 068 030 0 0 O 0 0 0.0002
o 0 o0 0 0 0 0 0 0
0O 0 0 05 0 0 0 0 0
=10 0 0 0 05 0 0 0 0 (5.1)
O 0 0 0 0 064 0 O 0
O 0 0 0 0 0 05 0 0
o 0 0 0 0 0 0 05 0
o o0 0 0 0 0 0 0 0
0.07  —0.027 —9.9¢ — 20 0 0 0 0 0 —6.8e7H
—-0.027 0.07 —-1l.le—17 0 0 0 0 0 —3.4e72
0 0 0 0 0 0 0 0 0
col 0 0 0 0.15 —1.7¢72t 0 —0.001 0.00055 0
P = 0 0 0 —17e72 0.15 0 0.00055 0.001 0
0 0 0 0 0 0.19 0 0 0
0 0 0 —0.001  0.00055 0 —0.037 5.9¢2 0
0 0 0 0.00055 0.001 0 5.9 %2 —-0.037 0
0 0 0 0 0 0 0 0 0
(5.2)
469 324 361 0 0 0 0 0 0.0014
3.24 469 361 0 0 0 0 0 0.0014
361 3.61 853 0 0 0 0 0 0.0049
0 0 0 093 0 0 —0.03 0.01 0
Myercor = 0 0 0 0 093 0 001 003 0
0 0 0 0 0 073 0 0 0
0 0 0 —003 001 0 —448 0 0
0 0 0 0.01 0.03 0 0  —44.86 0
0.0014 0.0014 0.0049 0 0 0 0 0  —353.04
(5.3)
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Kornfellner Chapter 5. Structure Example - Bone

To get the above results, Equation 3.1 is used with the material properties M .,;, My qter
and the respective volume fraction for the impurity f;,, = 56% and for the collagen
feol = 1 — fimn = 44% and reads as in Equation 5.4a.

col -1
Mwetcol = (fcol Mcol + fzm Mwater ’ [H + Pcyé ’ (Mwater - Mcol)} ) (543)

N -1
: (fcol I + fzm : [H + Pg;é : (Mwater - Mcol)} 1)

with P& =S - M) (5.4b)
satisfying 1 =f.o; + fim (5.4c)

5.3 Fibrils

The next step is to combine wet collagen with hydroxyapatite [15, fig. 3(b)]. The
two phases build the material by intersecting geometries, leading to a implicit rep-
resentation |20] of the desired properties, which is solved numerically in a stepwise
approach by repeated calculations.

Starting point was an averaged material of wet collagen and hydroxyapatite chosen,
as shown in Equation 5.5. Calculated with the material parameter for wet collagen
and hydroxyapatite Fyecscol, Fro and the corresponding volume fractions f,, = 29%
and fuyetcor = 71%. [15]

tarti tri
Mj”i?)r AT = fha ’ Mha + fwetcol ’ Mwetcol (55)

The effective values are approached by iteration, as in

My, = (fha My, - (I+ p/ (Mp, — Mfib))il

sph *
+fwetcol Mwetcol ' (]I + Pf;? ’ (Mwetcol - Mfib))_1> (56&)
: <fha (I+PI0 - (Mpg — Myy)) ™

-1

+fwetcol (]I + Pg;? : (Mwetcol — Mfib))_1>

with P/ =g .\t

cyl cyl fib

ib ib —
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Kornfellner Chapter 5. Structure Example - Bone

Resulting in:

820 4.76 5.24 0 0 0 0 0 5e~6
476 820 5.24 0 0 0 0 0 5e~6
5.23 5.23 16.86 0 0 0 0 0 2¢~4
0 0 0 222 —=0.00 0 —0.01 0.02 0
My, = 0 0 0 0.00 2.22 0 0.02 0.01 0
0 0 0 0 0 1.72 0 0 0
0 0 0 —0.01 0.02 0 —=59.52 0.00 0
0 0 0 0.02 0.01 0 —0.00 —59.52 0
576 He 6 2e74 0 0 0 0 0 —257.12
(5.7)

5.4 Hydroxyapatite foam

Analog to the fibrils, hydroxyapatite foam is built by spherical hydroxyapatite and
spheric intercrystalline space, which is assumed to be filled with water. The volume
fraction of hydroxyapatite is f,, = 68%. The characteristics of the foam in the
extravascular space E ¢ are shown in Equation 5.8.

51.64 17.87 17.87 0 0 0 0 0 0
17.87 5164 1787 0 0 0 0 0 0
17.87 17.87 51.64 0 0 0 0 0 0
0 0 0 16.89 0 0 0.30 0 0
M = 0 0 0 0 16.89 0 0 —0.30 0
0 0 0 0 0 16.89 0 0 0
0 0 0 030 0 0 —20590 0.00 0
0o 0 0 0 -030 0 —000 -20590 0
0 0 0 0 0 0 0 0 —197.50
(5.8)

To calculate the material properties of the hydroxyapatite foam in the extrafibrillar
space, the same self consistent scheme as for the fibrils is used, which reads as in
Equation 5.10a. The starting matrix is calculated as in Equation 5.9. Again this is
an implicit formulation can be numerically solved with multiple iterations.

le}arting matrie = fha : Mha + fwater : Mwater (59)
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Kornfellner Chapter 5. Structure Example - Bone

Mes = (fra Mia - (14 Py - (Mg = Mep) ™
+fwater Mwater : (]I + PZ,J;l : (Mwater - Mef))71> (5103)
(ol P+ (M = M)

+fwater (H + Pigl . (Mwater - M@f))i:l)

-1

with P, =S/ . M} (5.10b)
satisfying 1 :fha + fwater (510C)

5.5 Ultrastructure

Calculating the extracellular bone matrix, consisting of 53% fibrils, embedded in
hydroxyapatite, results in the following values, shown in Equation 5.11.

0.015 —0.005 1.2¢717 0 0 0 0 0 ~7.2¢7%
—0.005 0.015 1.2¢71 0 0 0 0 0 —7.2e7%
0 0 0 0 0 0 0 0 0
o 0 0 0 0.015 0 0 22° —28¢71 0
P.,= 0 0 0 0 0.015 0 —28¢710 —22¢75 0
0 0 0 0 0 0.02 0 0 0
0 0 0 2.2¢7°  —28e7 0 —0.0024 —1.7¢7° 0
0 0 0  —28716 —227° 0 17  —0.0024 0
0 0 0 0 0 0 0 0 0
(5.11)
20.30 886 886 0 0 0 0 0 de="
8.86 20.30 886 0 0 0 0 0 4e="
8.85 885 3217 0 0 0 0 0 9e?
0 0 0 712 —-0.00 O 0.08 0.01 0
M.uitra = 0 0 0 0.00 7.12 0 0.01 —0.08 0
0 0 0 0 0 D.72 0 0 0
0 0 0 008 0.01 0 —112.76 0 0
0 0 0 001 -0.08 O 0 —112.76 0
4e7® 4e % 9¢° 0 0 0 0 0 —229.10
(5.12)
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Kornfellner Chapter 5. Structure Example - Bone

To calculate the cylindrically shaped fibrils in the hydroxyapatite foam, Equa-
tion 5.13a is used. The volume fraction of the fibrils f;y;, = 53% and the volume
fraction of the hydroxyapatite foam f.y is required.

—1
Multra == (fef Mef + ffzb Mf@b . |:]I + Pigjjl . (Mfzb - Mef)] ) (513&)

!
: <fef L+ frav - []1 + Pl (Mg — Mef)} )

with P, =S¢/ . M} (5.13b)
satisfying 1 =f.; + fr (5.13c)

5.6 Extravascular bone material

To estimate extravascular bone material, the ultrastructure is assumed to be inter-
spersed with cavities and channels, filled with substances close to isotonic water.
The volume fraction of the lacunae equals fi,. = 2.06% [15], [21].

0.0311 —0.0082 —0.0055 0 0 0 0 0 —1.6e77
—0.0082 0.0311 —0.0055 0 0 0 0 0 —1.6e"
—0.0055 —0.0055 0.0207 0 0 0 0 0 5.4¢77
4 0 0 0 0.0339 0 0  29¢% 15e°6 0
P = 0 0 0 0 0.0339 0 1.5e76  —2.9¢°6 0
0 0 0 0 0 0.0393 0 0 0
0 0 0 2.9¢76  1.5¢76 0  —0.0025 —5.6e? 0
0 0 0 1.5e6 —29¢6 0 5.6 —0.0025 0
—1.6e77 —1.6e7 5.de’T 0 0 0 0 0 —0.0019
(5.14)
19.60  &8.58 8.60 0 0 0 0 0 —6e
8.58 19.60 8.60 0 0 0 0 0 —6e
8.99 8.59  30.87 0 0 0 0 0 —9¢5
0 0 0 6.84 —0.00 O 0.08 0.01 0
Mervas = 0 0 0 0.00 6.84 0 0.01 —0.08 0
0 0 0 0 0 5.51 0 0 0
0 0 0 0.08 0.01 0 —117.40 0 0
0 0 0 0.01 —-0.08 O 0 —117.40 0
6e™® 6e™® —9¢d 0 0 0 0 0 —233.78
(5.15)
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Kornfellner Chapter 5. Structure Example - Bone

The extravascular material, using the ultrastructure as matrix with spherical water
inclusions, can be calculated like wet collagen or the ultrastructure. The correspond-
ing equation is given explicitly in Equation 5.16a.

ultra -1
Mexvas = (fultra Multra + flac Mwate?" ' [H + PSIZJ% : (Mwater - Multra):| >

N -1
' (fultra I + flac : [I[ + szl;za . (Mwater - Multra)} 1) (516&)

with PUre =suire . M, . (5.16b)
satisfying 1 =fuira + fiac (5.16¢)
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6

Piezoelectric impact on cells in bone
tissue

The majority of the cells in the bone tissue are osteocytes, which make up to 95%
of all bone cells, and are embedded in the extracellular matrix [4]. Osteocytes play
a major role in the remodeling of the bone matrix to adapt to mechanical load,
whether this sensing or only promoting a mechanical signal, which can happen with
chemical messenger substances or by the piezoelectric effect in the fluids of the
lacunar-canicular network [7].

It has been shown, that the extracellular matrix interacts with the osteocytes, gov-
erning cell growth, differentiation and its signaling behavior [8|. This effect is most
likely dependent to the surface binding sites of the cell, to attach to the collagen in
the extracellular matrix as well as its gradient of calcium ions. While it is known
that osteocytes play a major role in bone regeneration [22| and there are also at-
tempts to use piezoelectric materials as bone scaffolds [23], it would be interesting
to know on which scale of size and effect the piezoelectricity from the bone matrix
is and if it can affect the processes in living bone.

The dendritic like protuberances bestow the osteocytes with a star shaped cell form
with a cell body diameter of roughly 5-20pm [24]. Therefore it makes sense to
compare it to the extracellular bone material from the simulation (see section 5.5,
which has a characteristic length of 5-10pm [15].

Patch-clamp experiments confirmed voltage dependent channels in bone cell mem-
branes [25], as well as channels which work only in a specific area of electrical
stimulation. In a model system free from external electric fields, we can assume the
electric polarization P as in Equation 6.1.

P=e-¢ (6.1)

Assuming the cell membrane as a capacitor with an area dependent capacitance
Coy = 10% [26], a polarization P of about 500r1]1r1—(2j is needed to create a voltage
difference U of about 50mV.

(6.2)
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Kornfellner Chapter 6. Piezoelectric impact on cells in bone tissue

In case an osteocyte is attached at the x5 plane of the extracellular ultrastructure, a
strain of about £33 &~ 5.6 is required to create the 50mV pulse, which can be obtained
by a strain of about o ~ 150GPa. Of course this is far more than bone material can
stand without breaking (about 170-220MPa for compact bone [27]). Additionally,
since this is the main load bearing direction, the areas close to the osteocyte might
be disencumbered or load shielded.

The more important case might be an osteocyte placed laterally to the load bearing
structure. In this example (see Equation 6.3), a shear strain of about 13 ~ 0.58%
is required to create the same electrical potential, which can be obtained by a shear
stress of 013 ~ 260MPa, see Equation 3.11. However, this exceeds the maximum
shear strength of human bone by far (about 50-70MPa [28]), therefore it is unlikely,
that piezoelectric stimuli from the bone matrix is the leading sensory input for the
bone building mechanisms.

Py = ejye13 + €15623 (6.3)
013 = C44€13

—

assuming E = 0
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Analysis of various volume fractions
in bone materials

The properties of bone vary significantly between different bones. Also the bone
composition in animals varies from species to species, but the structure always re-
mains the same. This chapter investigates the effect on changed volume fractions
and how this affects the simulation results.

7.1 Wet collagen

The density collagen structures may vary, yielding different phase fractions of water
in it. Figure 7.1 and Figure 7.2 show the effect of various amounts of water in
collagen.

Naturally the stiffness and piezoelectric properties decrease with an increasing amount
of included water. Hereby can be observed that the decrease is not linear. Another
noteworthy detail is in ¢4y and cgg, these moduli start and end at the same values,
but show a different behavior for the mixed material.

piezo moduli of wet collagen
. T

- elastic moduli of wet collagen 0.09 : ;
% E—
=3 31
e i 0.08 o
\ 1 33
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” N 12 0.07 - o
i oS 1 — B45
. c
4 o 0.08
12 \\ —8i
. “ ™
o W . s £ 0.055
a 10F ™ e 1 o
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Figure 7.2: Piezo moduli of wet colla-
gen, including various amounts of wa-
ter.

Figure 7.1: Elastic moduli of wet colla-
gen, including various amounts of water.
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Kornfellner

Chapter 7. Analysis of various volume fractions in bone materials

7.2  Fibrils

In this section, the important moduli of fibrils are shown, dependent on the volume
fractions of hydroxyapatite and wet collagen, as shown in Equation 5.1.

The mechanical properties showing the typical kinked characteristic, when varying
the mixing ratio of wet collagen and hydroxyapatite. The same is valid for the piezo
modulus eqy, which is connected to the shear strain on the material. The moduli
€31, €32, €33, which are connected to the normal strain, are in a subordinate role.

elastic moduli of fibrils

150 T T

2

w

w

3

100 N R —1

o .0 0 o 0

-
o

cin GPa
//
b

50 . .
! " \
N e

3 . . | \ =
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Figure 7.3: Elastic moduli of fibrils, in-
cluding various amounts of wet collagen.
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Figure 7.4: Piezo moduli of fibrils, in-
cluding various amounts of wet collagen.

In experimental approaches to determine piezoelectric properties of fibrils, single
fibrils from tendons were examined with a piezoresponse force microscope [29]. These
measurements indicate a piezoelectric coefficient dq5 ~ 1%, but some uncertainties
of some material parameters and the grade of mineralization remain.

The piezoelectric coefficients d can be obtained as in Equation 7.1 and the results
are shown in Figure 7.5. The simulation shows a fine correlation to the experimental
results for fibrils with a higher grade of mineralization.

zla oo
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Kornfellner Chapter 7. Analysis of various volume fractions in bone materials

piezo coefficients of fibrils
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Figure 7.5: Piezoelectric coefficient of fibrils, including various amounts of wet col-
lagen.

7.3 Hydroxyapatite foam

This section features the important moduli of hydroxyapatite foam, dependent on
the volume fractions of hydroxyapatite and water, see Table B.1 for the initial ma-
terial parameters.

The stiffness of the hydroxyapatite foam is decreasing significantly with an increasing
amount of water, till there is more water than hydroxyapatite. Beyond this point,
the homogenized material seems to be more of a liquid containing hydroxyapatite
particles. The same observation is valid for the piezoelectric modulus e;4. Since
neither water nor hydroxyapatite have noteworthy piezoelectric properties in the
other directions, they remain close to zero.

elastic moduli of hydroxapatite foam piezo moduli of hydroxapatite foam
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Figure 7.6: Elastic moduli of hydroxya- Figure 7.7: Piezo moduli of hydroxya-
patite foam, including various amounts patite foam, including various amounts
of water. of water.
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7.4 Ultrastructure

In this section, the important moduli of the ultrastructure are shown, dependent
on the volume fractions of hydroxyapatite foam (as in Equation 5.8) and fibrils (as
shown in Equation 5.7).

Since hydroxyapatite is much stiffer than fibrils, it is not surprising, that the stiffness
will decrease with a rising amount of fibrils. Also the typical kinked behavior can
be observed for the mechanic moduli as well as for the piezo moduli.

elastic moduli of the ultrastructure
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Figure 7.9: Piezo moduli of the ultra-
structure, including various amounts of

fibrils.

Figure 7.8: Elastic moduli of the ultra-
structure, including various amounts of

fibrils.
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Kornfellner Chapter 7. Analysis of various volume fractions in bone materials

7.5 Extravascular bone material

In this section, the important moduli of the ultrastructure are shown, dependent on
the volume fractions of the ultrastructure (as in Equation 5.11) and the water filled
lacunae, see Figure 7.10 and Figure 7.11.

All elastic moduli show a slightly kinked behavior in this analysis. Unlike the piezo
modulus ey, which appears to decrease almost linearly to the point, where the
homogenized extravascular bone material is made up by more than 50% of water.

At this point it should be mentioned that the volume taken in by lacunae is usually
very low compared to this simulated example. In section 5.6 was a volume fraction
of fiae = 2.06% assumed for a human femur.

elastic moduli of extravascular bone material
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Figure 7.11: Piezo moduli of extravas-
cular bone material, including various
amounts of water.

Figure 7.10: Elastic moduli of extravas-
cular bone material, including various
amounts of water.
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Chapter 7. Analysis of various volume fractions in bone materials

7.6 Dried collagen

Before measurements, bone is often dried or prepared somehow. This of course
affects the amount of water in the homogenized material, but the amount of collagen
will remain the same. The following example is wet collagen with a volume fraction
of 44% collagen, as in section 5.2, dried, meaning the water is replaced by air.

Since neither water nor air has piezoelectric properties, these values will not change
while the collagen is drying. The same applies to the shear moduli c44 and cgg, which
will also stay unchanged, as depicted in Figure 7.12 and Figure 7.13.

elastic moduli of drying collagen

cin GPa

0
0% 25% 50% 75% 100%
percentage of dried out inclusions

Figure 7.12: Elastic moduli of drying
collagen. The material values decrease,
while the water is replaced by air.
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Figure 7.13: Piezo moduli of drying col-
lagen. Since only collagen has piezoelec-
tric properties, these will not change,
when the water is replaced by air. The
shear moduli are unaffected by this.
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8

Inclusion geometry

This chapter will examine the influence of the inclusion geometry on the effective
material parameters. The previously discussed inclusions have either been perfectly
spherical, or right circular cylindrical. Compressed or otherwise deformed inclusion
geometries have an impact on the resulting material properties, especially on the
piezoelectric part, because the main part of piezoelectricity in collagen and hydrox-
yapatite are in the shear stress depending parameters e4 and eys.

Figure 8.1: Schemata of the used inclusion geometries. The cylinder and the ellipsoid
are oriented like the coordinate system, to avoid an unnecessary transformation.

However, changing the aspect ratio a will lead to an anisotropic material, this has to
be considered in the calculation of the Eshelby tensor. Therefore simplifications for
isotropic or transversely isotropic materials do not apply in this case. The symme-
tries from isotropic or transversely isotropic materials will not apply in anisotropic
materials, as in Equation 8.1. Changing the aspect ratio 8 will not affect transversal
isotropy, since it varies the geometry normal to the isotropy plane, as in Equation 8.3.
See Appendix C for a Piezo-Eshelby tensor with an anisotropic matrix material.

C11 # Cog # €33 — anisotropic (8.1)
Cla # C13 7# C23

Cqq 7"é Cs5 7"é Ce6
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Kornfellner Chapter 8. Inclusion geometry

8.1 Deformed cylinder in wet collagen

The elliptic base of the cylinder is spanned by the semi-axes a; and a,. Their
proportion gives the aspect ratio «, as in Equation 8.2 |17, section 6]. In the following
example, wet collagen with the same properties as in section 5.2, is computed, but
with Piezo-Eshelby tensors, featuring various aspect ratios, as shown in Figure 8.2.

a=— (8.2)
5]
elastic moduli of wet collagen piezo moduli of wet collagen
9 0.035 T ] ;
[ - o B e
8 i
0.03 €33
7 "Ca4
e
€4 0.026 15
6
Caz
@5 €y “‘g 0.02
(‘D C,
= 13 = o
o4 - S| © 0.015 T
3‘_7_____7__ Cha
“es 0.01 =
2 i
0.005
1
0 ]
0.25 0.5 1 2 4 0.25 0.5 1 2 4
aspect ratio o aspect ratio «

Figure 8.2: Elastic and piezo moduli of wet collagen, consisting of 44% collagen and
56% water, with various aspect ratios a. As expected, the bulk moduli along the
cylinder axis cs3, es3 are almost unaffected by the change. The moduli in the varied
directions ap, as seem centrally symmetric around o = 1, particularly good to see at
c11 and cgo. But the shear dependent values, as e4 and eq5, are strongly affected by
the change of the aspect ratio a.

8.2 Changed inclusions in fibrils

To estimate material properties for fibrils, both the cylindrical and spherical inclu-
sion geometries are needed. The definition for the aspect ratio a for the elliptic-
cylindrical inclusion remains the same as in the previous section. The spheroid
gets deformed to an ellipsoid by varying the semi-axis b3, which is aligned with the
cylinder axis and the axis x3 from the coordinate system [18].

blzbg

by b

=== 8.3
P=0 = (8.3)
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Kornfellner Chapter 8. Inclusion geometry

Homogenizing a transversely isotropic matrix with an inclusion, which may be
isotropic or transversely isotropic with the same orientation, yields a transversely
isotropic material, if the inclusion is symmetric in the plane of isotropy. Using a
deformed inclusion with an aspect ratio o # 1 will result in an anisotropic material.
Since the use of the self-consistent scheme requires multiple iterations to estimate the
properties of a homogenized material, a calculation for an anisotropic Piezo-Eshelby
tensor is needed, which is given in Appendix C.

Analog to data from wet collagen, see section 8.1, the shape of the inclusion cylinder
has no effect on moduli such as c33, as depicted in Figure 8.6.However, since the
piezo shear moduli are not symmetric, some changes in es3 can be seen for slim
hydroxyapatite inclusions, as in 8.10.

The data also shows an increase in the elasticity for the parameter ¢ for flat disc-
like hydroxyapatite inclusions, which can obviously be expected, when visualized
with regard to the material properties. More interesting is the immense increase of
the parameter ¢y, to almost its triple value, if the combination of flat cylinders and
ellipsoids with an aspect ratio of 4 are given.

elastic modulus Sy of fibrils GPa elastic modulus €y of fibrils GPa

cin GPa
cinGPa

M6 1116

Pe,
Yer g o
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Gey, w dro-;.\fav

Figure 8.3: Elastic modulus ¢;; of fib- Figure 8.4: Elastic modulus c¢;5 of fib-

rils with different inclusion geometries, rils with different inclusion geometries,
showing the highest values for disc like showing the highest values for disc like
hydroxyapatite inclusions and wet col- hydroxyapatite and cylindric wet colla-
lagen stretched in the z; direction. gen inclusions.
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Figure 8.5: Elastic modulus ¢;3 of fib-
rils with different inclusion geometries,
showing the highest values for spherical
hydroxyapatite inclusions and wet col-
lagen stretched in the z; direction.
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Figure 8.7: Elastic modulus cyy of fib-
rils with different inclusion geometries,
showing slightly higher values for slim
hydroxyapatite inclusions with wet col-
lagen stretched in the x5 direction.
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Figure 8.6: Elastic modulus c33 of fib-
rils with different inclusion geometries,
showing the highest values for slim, nee-
dle like hydroxyapatite inclusions. Since
this parameter is on the axis of the
cylindrical wet collagen inclusions, its
footprint geometry has no impact on
this modulus.
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Figure 8.8: Elastic modulus cgg of fib-
rils with different inclusion geometries,
showing the highest values for disc like
hydroxyapatite and cylindric wet colla-
gen inclusions.
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Figure 8.9: Piezo modulus e3; of fib-
rils with different inclusion geometries,
showing higher values for slim hydrox-
yapatite inclusions. This non continu-
ous behavior is a result from the inter-
action with the other moduli.
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Figure 8.11: Piezo modulus ey of fib-
rils with different inclusion geometries,
showing significantly higher values for
slim hydroxyapatite inclusions with col-
lagen stretched in the x5 direction.
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Figure 8.10: Piezo modulus es3 of fib-
rils with different inclusion geometries,
showing higher values for slim hydrox-
yapatite inclusions oriented in the 3 di-
rection.
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Figure 8.12: Piezo modulus e; of fib-
rils with different inclusion geometries,
showing higher values for slim hydrox-
yapatite inclusions.
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Kornfellner Chapter 8. Inclusion geometry

8.3 Changed inclusions in hydroxyapatite foam

Other than fibrils, hydroxyapatite foam consist of two interlocking spherical phases.
Results for close to spherical inclusions are shown in Figure 8.13 to Figure 8.19.

Since hydroxyapatite has only two non-zero piezo moduli e;y = —eg5; # 0 and water
does not have any piezoelectric characteristics, the homogenized foam possesses only
this shear dependent piezo property. No new piezo characteristics are added by this
homogenization step, therefore ez, e33 and eq5 are zero.

Concerning the elastic moduli, the most important load bearing direction in the
bone is oriented along the x3 axis, which makes c33 an important value for resisting
a compressive load along the bone axis. As in fiber reinforced materials, the stiffness
modulus ¢33 profits from long filament like inclusions structures.

elastic modulus c, Df hydroxyapatite foam
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elastic modulus c, Df hydroxyapatite foam
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Figure 8.14: Elastic modulus c¢;2 of
hydroxyapatite foam with different in-

Figure 8.13: Elastic modulus c¢;; of hy-
droxyapatite foam with different inclu-
sion geometries. This value is the high- clusion geometries, showing higher val-
est, when both inclusion phases have a ues for flat disc like inclusions of both
disc like geometry in the z3 direction. phases. However the shape of the usu-
Therefore it is evident, that this mate- ally liquid water inclusion has an higher
rial can resist lateral forces better. impact than the geometry of the hy-
droxyapatite.
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Figure 8.15: Elastic modulus c¢;3 of hy-
droxyapatite foam with different inclu-
sion geometries, showing the highest
values for spherical water inclusions and
disc shaped hydroxyapatite inclusions.
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Figure 8.17: Elastic modulus ¢y of hy-
droxyapatite foam with different inclu-
sion geometries, showing the highest
value for slim needle like inclusions of
both phases.
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Figure 8.16: Elastic modulus ¢33 of
33

hydroxyapatite foam with different in-
clusion geometries showing the highest
value for slim needle like inclusions of
both phases.
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Figure 8.18: Elastic modulus cgg of hy-
droxyapatite foam with different inclu-
sion geometries, showing the highest
value for flat disc like inclusions of both
phases. Therefore the behavior is con-
trary from the other elastic shear mod-
ulus cyy.
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piezo modulus €4 of hydroxyapatite foam CimZ
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Figure 8.19: Piezo modulus ey4 of hydroxyapatite foam with dif-
ferent inclusion geometries, showing the highest values for slim
inclusion geometries of both material phases.
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Kornfellner Chapter 8. Inclusion geometry

8.4 Deformed fibrils in the ultrastructure

As expected, the deformation of fibrils shows a similar behavior to the deformed
cylindrical inclusions in wet collagen, see section 8.1. For a clearer diagram, the
centrally symmetric moduli are not displayed in Figure 8.20.

Since the fibrils are the main factor for the piezoelectric effect, the geometry depen-
dent change of the piezo modulus ey4 is easy to spot. The moduli e3; and e33 have
almost no influence on the material, since they are much lower.

elastic moduli of the ultrastructure piezo moduli of the ultrastructure
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Figure 8.20: Elastic and piezo moduli of the ultrastructure, consisting of 53% fibrils

and 47% hydroxyapatite foam, with various aspect ratios a.

Another effect of the deformed fibrils is, that the previously used symmetries e;5 =
€94 and e;y = —eo5 are not valid anymore. This is only true for symmetric inclusion
geometries, as for a = 1, as depicted in Figure 8.21.
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Figure 8.21: Asymmetric behavior of piezo moduli in the ultrastructure.
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8.5 Deformed lacunae in extravascular bone material

A change of the aspect ratio 8 of a spherical inclusion affects the estimated material
parameter in an obviously different way. The example in Figure 8.22 does not
change the symmetry in the isotropic axes x1,zs but describes a change in the z3
axis. However, this might be the most interesting inclusion to study, because lacunae
as well as channels in the bone come in a big variety of forms and shapes.

It seems that slim inclusions, with 5 < 1, have only a minor impact on the stiffness
and piezoelectric properties of the extravascular bone material. However, flat disc
shaped inclusions are significantly weakening the material strength and lowering the
important piezo modulus es;.

elastic moduli of extravascular bone material

piezo moduli of extravascular bone material
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Figure 8.22: Elastic and piezo moduli of extravascular bone material, with a volume
fraction of 2.06% with water filled lacunae, with various aspect ratios 3.
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Structure Example - Tooth

Teeth show the highest mineral density in the human body, and are, like bone,
composed of materials with piezoelectric properties, which make examining this
material further worth it. The main components of tooth material, enamel and
dentin, vary from the outside to the pulp in composition of the building materials
and its orientation [30], similar to cortical and trabecular bone.

9.1 Enamel

The outermost layer of the teeth represents the part of the human body with the
highest mineral concentration. The hydroxyapatite crystals make up about 95% of
the total volume, attached to about 2% collagen and interspersed with 3% water
[31]. The hydroxyapatite crystals come in a rod-like and plate-like structure [32],
varying their composition between the outside of the tooth to dentin.

107.23 38.19 36.75 0 0 0 0 0 —0.05
38.19 107.23 36.75 0 0 0 0 0 —0.05
35.93 35.93 109.31 0 0 0 0 0 —0.015
0 0 0 26.61 0 0 0.32 0.02 0
M. ramel = 0 0 0 0 26.61 0 0.02 —0.32 0
0 0 0 0 0 34.52 0 0 0
0 0 0 0.32 0.02 0 —106.21 0 0
0 0 0 0.02 -0.32 0 0 —106.21 0
—0.05 —-0.05 -0.015 0 0 0 0 0 —97.91
(9.1)

Equation 9.1 shows the result for enamel on the surface of a tooth, consisting of
95% hydroxyapatite (40% as plates § = 0.125, 60% as rods § = 8), 3% water in
spherical solutions and 2% collagen. These results match references values from
measurements very well [33].
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hydroxyapatite plate

water inclusion

3 hydroxyapatite rod

T1,T9 .
collagen matrix

Figure 9.1: Schema depicting the material phases in enamel.

9.1.1 Phases in enamel

The above described model consists of the following phases on a collagen matrix and
was calculated as shown in Equation 3.1. The phases from Equation 9.2, depicted
in Figure 9.1, and the prior mentioned equation lead to the same homogenization
rule as in Equation 9.3.

collagen, as matrix
hydroxyapatite, spherical 5 = % (plate) (9.2)
hydroxyapatite, spherical 8 = 8 (rod) '
water, spherical g =1

Menamet ={ feorMeot + froaMpa - (I+ P52 - (Mpg — Meo)) ™ (9.3)
+ foiateMpq - (I + P;%te - (Mg — Meyr)) ™
+ fwaterMuater - (I + Pﬂter - (Muyater — Mcol))_l}
A Lol + froa(T+ P - (Mg — Myy)) ™!
+ fplate(H + P]C)?Cllte ' (Mha - NIcol))_1
+ fwateroI + Pg)cltter ' (Mwater - NIcol))_l}_1

SatiSfying 1 :fcol + frod + fplate + fwater (94)

9.1.2 Elasticity of enamel

The simulation shows, that the combination of both geometries influences the elas-
ticity moduli of enamel dependent on the direction and increase of its overall value.
A higher amount of plates increases the elasticity in the normal direction of the
tooth surface, while a higher concentration of so called enamel-rods increase the
elasticity in the transverse directions.
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Figure 9.2: Spears researched the effect of the mineral-volume fraction in the di-
rection of the crystal axis and transverse to it [33]. The simulation for plate-like
hydroxyapatite inclusions shows almost the same results for the elastic modulus in
transverse direction, but has a slightly higher slope for the elastic modulus paral-
lel to the crystal orientation. However Spears assumed a maximum elasticity for
the crystal of about 116GPa, the simulation uses the same values as in Table B.1
(c33 = 142GPa). Further refining these phase properties might lead to better results.

9.1.3 Piezoelectric properties of enamel

The piezoelectric effect in enamel can not be calculated this easily. Reyes-Gasga,
Galindo-Mentle, Brés, et al. |34| inspected various areas of the tooth enamel and
measured its piezoelectric properties. He measured the piezoelectric effect in a single
enamel grain, resulting in d = 15.86 + 0.89pC/N which are matched by the results
from the simulation above, see Equation 9.1.

e
d33 - ﬁ (95)
C33
1.84
dys = ——— =16, 56pC/N
%= o931 100 10 00PC/

However, the overall piezoelectric effect of enamel is lower due to the merged enamel
grains with different orientation. But the estimation of the properties of a single
enamel grain with this multiscale estimation might be a good starting point to
estimate the overall properties.
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piezo moduli of enamel
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Figure 9.3: For the same material composition as in Figure 9.2, enamel shows a rise
in e33 and ey4 for an increasing amount of crystalline volume fractions. The other
moduli e;5 shows an insignificant decrease and ej; (not shown in this graphic) is
almost unaffected by the change of the volume fractions.

9.2 Dentin

Under the enamel coat lies the less mineralized dentin. Just as enamel, but unlike
bone, it is not vascularized but shows a great variety of composition and orientation
of its building components. Summed up, the dentin composition has a high portion
of water, which lies between 20% and 25% in volume, about 40% to 45% mineral
material and the remaining 30% is the organic matrix [35, table 1].

9.2.1 Structure of dentin

Similar to bone material, a two step approach was used to estimate dentin. First
the spherical hydroxyapatite crystals were added to the collagen matrix and on a
bigger size scale were the spherical, water filled holes included. This structure can
also be observed via scanning electron microscope [36]. With the volume fractions
given above, the simulation results are shown in Figure 9.7 and Figure 9.5.
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dentin

e matrix: mineralized collagen, M.

e inclusions: spherical water inclusions,

f waters Mwater

mineralized collagen

e matrix: collagen, M,

e inclusions: spherical hydroxyapatite,
fha; Mha

Figure 9.4: Hierarchical structure of dentin with the corresponding material phases.

9.2.2 Piezoelectric properties of dentin

For the piezoelectric part, dentin shows significant lower piezo moduli e than enamel,
but the piezoelectric coefficients d (see Equation 9.5) is higher than in enamel,
because the lower elasticity moduli play their part in this equation. This result
fits the corresponding measurements |34, table 1&2|, but again raises the question,
whether the organic or the inorganic part of a composite material has the bigger
impact on the overall piezoelectricity.

Many comparative studies test dentin with organic material against dentin, where
the organic parts have been removed and therefore have a much smaller piezoelec-
tric coefficient d. But the previous calculations result in higher piezo moduli e for
compositions with higher mineral content, therefore the drop of the piezoelectric
coefficient d, when removing the organic material, might be, because the material
gets stiffer and d always has to be considered together with a force ([d] = £).

Measurements on human teeth, which had been treated with alcohol or formalde-
hyde and later dried, yielded much lower results for the piezoelectric coefficients
[37]. These measurement yielded a piezoelectric coefficient from 11.7% to 63.451,
whereby the simulation results yield values from 72% to 91% for bulk coefficient
d3; = d3o. The shear coefficients dy4, d15 show much higher values anyway.

11 statCoulomb = 3.33564 - 10~'C, 1 dyne= 107°N
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Another study on horse dentin reported a piezoelectric coefficient of d33 = 3%0 138],
again far below the calculated values for ds3 from 218%C to 362%‘3. Most likely
these simulation results are valid for a single grain of dentin, rather than for the

macroscopic composition of it.
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Figure 9.5: Piezo moduli of dentin with various amount of mineralization.
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Figure 9.6: Piezo coefficient of dentin with various amount of mineralization.
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9.2.3 Elasticity of dentin

elastic moduli of dentin
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Figure 9.7: Elastic moduli of dentin with various amount of mineralization.

Various measurements of dentin yield results for the elastic bulk moduli in the range
from 17GPa up to 30GPa, in rare cases over 40GPa [32, table 4]. These results are
matched by the bulk moduli from the simulation, which cover a range from 18GPa
to 27GPa in this very narrow defined scope for a mineralization from 40% to 45%
percent.

9.3 Possible improvements on this estimation

Since enamel and dentin appear to have some grain like structure, it might be
useful to append another homogenization step with the same phases but different
orientations. For this, however, insight on the statistical distribution of the grains
is needed. The mechanical properties will not be strongly affected, since the moduli
are similar in all three axes, but they might improve the results for the piezoelectric
parameter.

Another improvement might be made on the exact material composition. Since it is
usually mentioned in reports which animal the specimen was taken from, this allows
the statistical comparison of different species, but does not give any insight on the
material composition of the probe. The simulation results can surely be improved
with more knowledge on the exact material and structural composition of dentin
and enamel on the various locations in a tooth.
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Conclusion

This document presented two methods to estimate a material’s properties, which
have been homogenized from multiple different material phases. Additionally, the
required mathematical methods and the Eshelby tensor for solving the homonymous
inclusion problem were introduced.

Further, a way to calculate a Piezo-Eshelby tensor, and a respective Piezo-Hill tensor
to solve the homogenization problem, depending on the inclusion geometry was
presented. This not only includes the application of already existing Piezo-Eshelby
tensors, but also the consideration of additional piezo moduli, therefore allowing to
handle more multifarious material properties.

Using the introduced methods, material examples for bone, tooth-enamel and dentin
were calculated, yielding results close to macroscopic measurements, and therefore
validating the applied method. The used simulation parameter are stated in the
respective chapters, together with the depicted structural hierarchy the simulated
material consists of.

Attempting to show the possibilities of the homogenization method, multiple mate-
rial and geometric parameters have been changed, to describe different and in some
cases more complex material structures and predict their behavior. This includes to
inspect similar materials with different mixing proportions of their substructures or
with changed inclusion geometries. Also an exchange of sub-phase materials and the
therefore changed properties in the macroscopic material, like in a drying process,
can be described.

Lastly, it was shown, that the direct piezoelectric effect of the extracellular matrix is
very unlikely to effect osteocytes and their bone building behavior, connoting that
there must be other physical effects governing the bone physiology. This was done
by inspecting the calculated material properties and their possible interaction with
the cell membranes of osteocytes and their voltage depending membrane channels.
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A List of used symbols

Following variables are used in this document. Chapter specific parameter are ex-
plained in their respective section.

Cij

C

O

M 3 &

)

oy

eij

=

x

S =R 7

specific elastic modulus [Pa]

macroscopic stiffness tensor, elastic moduli in fourth-order tensor
representation |[Pal

macroscopic stiffness tensor, elastic moduli in second-order tensor
representation |Pal

microscopic stiffness tensor, elastic moduli in fourth-order tensor
representation |Pal

microscopic stiffness tensor, elastic moduli in second-order tensor
representation |Pal

piezoelectric coefficient [%} = [%]

electric displacement [%}

macroscopic mechanical strain

microscopic mechanical strain

mechanical strain represented as first-order tensor

specific piezoelectric modulus [%]

piezoelectric moduli in third or second-order tensor representation
=l

electric field strength [%}

volume fractions

unity tensor, represented as 9x9 identity matrix as second-order
tensor

specific dielectric modulus [%}

dielectric moduli in second-order tensor representation [%]
macroscopic dielectric moduli [%]

electromechanical coupling moduli, combination of ¢, e, k [13, eq. §]

electromechanical coupling moduli as a second-order tensor
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Kornfellner Appendix A. List of used symbols
P Piezo-Hill tensor, fourth-order tensor
P Piezo-Hill tensor, second-order tensor in Kelvin-Mandel representation
Phrrnas specific value of the fourth-order Piezo-Hill tensor,
with n,b € {1,2,3} and M, A € {1,2,3,4}
P;; specific value of the second-order Piezo-Hill tensor,
with 4,7 € N[1, 9]
by macroscopic mechanical stress [%]
o microscopic mechanical stress [%]
S Piezo-Eshelby tensor, fourth-order tensor
S Piezo-Eshelby tensor, second-order tensor in Kelvin-Mandel representation
Shinab specific value of the fourth-order Piezo-Eshelby tensor,
with n,b € {1,2,3} and M, A € {1,2,3,4}
Sij specific value of the second-order Piezo-Eshelby tensor,
with 4,7 € N[1, 9]
T; directions in the three dimensional room, with ¢ € {1,2, 3}
Yi directions of the inclusion half axes, with i € {1,2,3}

IT


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

B  Materials

The following tables give an overview of the materials which where used in the

calculations, as well as those that resulted from the simulation.
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piezoelectric constant

Material C11 C12 C13 C33 C44 C66 K11 K33 €31 €33 €14 €15 Source
GPa GPa GPa GPa GPa  GPa pF/m pF/m C/m? C/m? C/m? C/m?

Cortical Bone 23.4 9.06 9.11 32.5 8.71 7.17 52.2 45.1 0.137 0.167 -1.89 0.375 | [13, table 3]
Hydroxyapatite | 142.47 52.67 52.67 142.47 44.9 44.9 | 108.2 99.61 0.606 [39]-[41]
Hydroxyapatite | 00 4o 5 549 172 396  108.2 99.61 0.606 [41]-[43]
anisotropic

flourapatite 143.4 445 575 180.5 41.5 49.5 [44]

Dry collagen 11.7 5.1 7.1 17.9 3.3 13.55 0.0384 0.012 -1.069 0.594 [45], [46]

Salt water! 2.3006 2.3 2.3 0.0002 0.0002 619.8 619.8 [47], [48]
Table B.1: Used material parameters.
elastic stiffness electric permittivities piezoelectric constant

Bone materials C11 C12 C13 C33 C44 Ce6 K11 K33 €31 €33 €14 €15
GPa GPa GPa GPa GPa GPa pF/m pF/m C/m? C/m? C/m? C/m?
wet collagen 469 324 361 853 093 0.73 | 44.86 353.04 0.0014 0.0049 -0.03 0.01
fibrils 8.2 476 524 16.86 2.22 1.72 | 59.52 257.12 0.01 0.19 -0.01 0.02

hydroxyapatite foam 51.64 17.87 17.87 51.64 16.89 16.89 | 205.9 197.5 0 0 0.3 0

extracellular bone matrix 20.3 886 886 3217 7.12 572 | 112.76 229.1 0 0 0.08 0.01
extravascular bone material | 19.6  8.58 86 3087 6.84 5.51 117.4 233.78 0 0 0.08 0.01

Table B.2: Calculated material parameters of a human femur, as shown in chapter 5.

!The values for water are representing an isotonic salt concentration of 0.9%, homologous to body fluids.

IQUJ[OJUIOS]

sretoyReN g xtpuaddy


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar.

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thele

(]
blio
nowledge

(]
I
rk

C | Piezo-Eshelby tensor for anisotropic

materials

For calculations with anisotropic matrix materials, which also occur when using
the self-consistent homogenization scheme with inclusions featuring o # 1, the cal-
culations from section 4.2 can be applied, but with an anisotropic material as in

Equation C.1 (stated in Voigt-notation here).

ci1 ci2 ¢z 0 0
Co1 Cp c3 0 0
c31 ¢z c33 0 0
0 0 0 Cy4 0
miso =10 0 0 0 es5
0 0 0 0 0
0 0 0 €14 €15
0 0 0 €24 €95

ez1 €3 ez 0 0

0 0 0

0 0 0

0 0 0

0 €14 €24

0 ers eos
Ce6 0 0

0 —KR11 0

0 0 —K922

0 0 0

0
0

—HK33

According to Equation 4.3, the matrix K, ;(Z) will result as in Equation C.2.

2 2 2
C11 217 + Cop T2~ + C44 T3 21 T2 (C12 + Cop)
- ) 2 2 2
21 T2 (€1 + Co6) Ce6 L17 + Co2 X2” + C44 T3
.
K (%) =
o1 &3 (31 + Caa) T3 (C32 + Ca4)

123 (€15 + €31) + €25 a3 Ta k3 (€2s + €32) + €14 71 T3

@123 (C13 + C55)

T T3 (Co3 + Cas)

2 2 2
Ca4 17 + C55 T2” + C33 T3

15217 + €24 2% + €33 132

+e€14 X1 T2 + €25 T1 T

oy 13 (€15 + €31) + €25 T2 T3
T2 T3 (624 +e33) + €141 T3

2 2 2
€15 1" + €24 To” + €33 T3
+e14 %1 Ty + €95 T1 To

2 2 2
—ki 21% — ki1 22” — ksz w3

(C.2)

Inverting the matrix K, ;(Z) and implying the needed geometry will yield the re-
quired Eshelby tensor as in section 4.4 and section 4.5.
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