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Diploma Thesis

Studying piezoelectric excitation of hierarchically

structured materials by means of multiscale modeling

submitted for acquiring the academic degree

“Diplom-Ingenieur” (equivalent to Master of Science)

at the Vienna University of Technology, Faculty of Civil Engineering

Diplomarbeit

Untersuchung piezoelektrischer Anregung von

hierarchisch strukturierten Gewebe mittels

Multiskalenmodellierung

eingereicht zur Erlangung des akademischen Grades „Diplom-Ingenieur“

an der Technischen Universität Wien, Fakultät für Bauingenieurwesen

von

Erik Kornfellner, BSc

Matr.Nr.: 01528987

unter der Anleitung von

Associate Prof. Dipl.-Ing. Dr.techn. Stefan Scheiner

Institut für Mechanik der Werkstoffe und Strukturen
Forschungsbereich Festigkeitslehre und Biomechanik

Technische Universität Wien
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❆❜str❛❝t

❇♦♥❡ t✐ss✉❡ ✐s ❦♥♦✇♥ t♦ ♣♦ss❡ss ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✱ ♦✇✐♥❣ t♦ t❤❡ r❡✲
s♣❡❝t✐✈❡ ❜❡❤❛✈✐♦r ♦❢ s♦♠❡ ♦❢ ❜♦♥❡ ❝♦♥st✐t✉❡♥ts✳ ■♥ t❤❡ ♣❛st✱ ♣✐❡③♦❡❧❡❝tr✐❝
❡①❝✐t❛t✐♦♥ ❤❛s ❜❡❡♥ s✉❣❣❡st❡❞ t♦ ❜❡ ♦♥❡ ♦❢ t❤❡ ♠❡❝❤❛♥✐s♠s ✐♥✈♦❧✈❡❞ ✐♥ ♠❡✲
❝❤❛♥✐❝❛❧ st✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❜♦♥❡ ❝❡❧❧ ❛❝t✐✈✐t✐❡s ✐♥✈♦❧✈❡❞ ✐♥ ❜♦♥❡ r❡♠♦❞❡❧✐♥❣✳
❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ ✈❡r② s♠❛❧❧ ❧❡♥❣t❤ s❝❛❧❡s ♦♥ ✇❤✐❝❤ t❤❡ r❡❧❛t❡❞ ♣r♦❝❡ss❡s
♦❝❝✉r ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ st✉❞② t❤❡ r♦❧❡ ♦❢ ❜♦♥❡ ♣✐❡③♦❡❧❡❝tr✐❝✐t② ❢♦r ❜♦♥❡
r❡♠♦❞❡❧✐♥❣ ❜❛s❡❞ ♦♥ ❡①♣❡r✐♠❡♥ts✳ ❚❤✐s t❤❡s✐s ✐♥✈❡st✐❣❛t❡s t❤✐s ♣♦t❡♥t✐❛❧❧②
✐♠♣♦rt❛♥t ♣r♦❝❡ss ❜② ♠❡❛♥s ♦❢ ♠✉❧t✐s❝❛❧❡ ♠♦❞❡❧✐♥❣✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❝❡♣t ♦❢ ❝♦♥t✐♥✉✉♠ ♠✐❝r♦♠❡❝❤❛♥✐❝s ✇❛s
❡①t❡♥❞❡❞ s✉❝❤ t❤❛t t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❡q✉❛t✐♦♥s ❢♦r st✐✛♥❡ss ❤♦♠♦❣❡♥✐③❛t✐♦♥
❝♦✉❧❞ ❜❡ ❡①t❡♥❞❡❞ t♦ ✉♣s❝❛❧✐♥❣ t❤❡ s♦✲❝❛❧❧❡❞ ❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ t❡♥s♦r✱ ❝♦♠✲
♣r✐s✐♥❣ st✐✛♥❡ss ❛s ✇❡❧❧ ❛s ❡❧❡❝tr✐❝❛❧ q✉❛♥t✐t✐❡s✳ ■♥ ❢✉rt❤❡r ❝♦♥s❡q✉❡♥❝❡✱ t❤✐s
❝♦♥❝❡♣t ❛❧❧♦✇s ❢♦r ❞♦✇♥s❝❛❧✐♥❣ ♠❛❝r♦s❝♦♣✐❝❛❧❧② ❛♣♣❧✐❡❞ ♠❡❝❤❛♥✐❝❛❧ ❧♦❛❞✐♥❣
t♦ ♠✐❝r♦s❝♦♣✐❝❛❧❧② ❡①♣❡r✐❡♥❝❡❞ ❡❧❡❝tr✐❝❛❧ st✐♠✉❧✐✳ ❆♣♣❧②✐♥❣ t❤✐s ♠❛t❤❡♠❛t✲
✐❝❛❧ ❢r❛♠❡✇♦r❦ t♦ t❤❡ ♣r❡✈✐♦✉s❧② ❡st❛❜❧✐s❤❡❞ ♠✉❧t✐s❝❛❧❡ ♠✐❝r♦♠❡❝❤❛♥✐❝❛❧
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❜♦♥❡ t✐ss✉❡ ❤❛s s❤♦✇♥ t❤❛t t❤❡ ❡❧❡❝tr✐❝❛❧ st✐♠✉❧✐ ❛rr✐✈✐♥❣✱
✐♥ r❡s♣♦♥s❡ t♦ ♣❤②s✐♦❧♦❣✐❝❛❧ ♠❛❝r♦s❝♦♣✐❝ ❧♦❛❞✐♥❣✱ ❛t t❤❡ ❧❡✈❡❧ ♦❢ ❜♦♥❡ ❝❡❧❧s
✐s ♠✉❝❤ t♦♦ s♠❛❧❧ t♦ ♣❧❛② ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ ♠❡❝❤❛♥✐❝❛❧ st✐♠✉❧❛t✐♦♥ ♦❢
❜♦♥❡ ❝❡❧❧ ❛❝t✐✈✐t✐❡s✳ ❋✉rt❤❡r♠♦r❡✱ s❡♥s✐t✐✈✐t② st✉❞✐❡s ❛s t♦ s♣❡❝✐✜❝ ♠♦r♣❤♦✲
❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ♦❢ ❜♦♥❡ t✐ss✉❡✱ ❛s ✇❡❧❧ ❛s t♦ t❤❡ ❡✛❡❝t ♦❢ ❞❡❢♦r♠❛t✐♦♥ ✇❡r❡
st✉❞✐❡❞✳ ❊ss❡♥t✐❛❧❧②✱ t❤❡ r❡s✉❧ts ♦❢ t❤✐s st✉❞② s❤♦✇ t❤❛t ♠❡❝❤❛♥✐❝❛❧ st✐♠✉✲
❧❛t✐♦♥ ♦❢ ❜♦♥❡ ❝❡❧❧s ✐s ♠♦st ❧✐❦❡❧② ❝❛✉s❡❞ ❜② ♦t❤❡r ♠❡❝❤❛♥✐s♠s✱ s✉❝❤ ❛s t❤❡
♣r❡ss✉r✐③❛t✐♦♥ ♦❢ ❜♦♥❡ ❝❡❧❧s ❞✉❡ t♦ ♠❛❝r♦s❝♦♣✐❝ ❧♦❛❞✐♥❣✳

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♥❡✇ ♠✉❧t✐s❝❛❧❡ ♠❡t❤♦❞ ✇❛s ❛♣♣❧✐❡❞ t♦ t❤❡ t✐ss✉❡s ♠❛❦✐♥❣
✉♣ t❡❡t❤✱ ❡♥❛♠❡❧ ❛♥❞ ❞❡♥t✐♥✳ P❛rt✐❝✉❧❛r❧② ❢♦r t❤❡ ❡❧❛st✐❝✐t② ♣r♦♣❡rt✐❡s✱ t❤❡
♠♦❞❡❧ ♣r❡❞✐❝t✐♦♥s ❛❣r❡❡ ✈❡r② ✇❡❧❧ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✱
❤❡♥❝❡ ②✐❡❧❞✐♥❣ ♥❡✇ ❤♦♠♦❣❡♥✐③❛t✐♦♥ s❝❤❡♠❡s ❢♦r ❡♥❛♠❡❧ ❛♥❞ ❞❡♥t✐♥ ❛s r❡✲
♠❛r❦❛❜❧❡ s✐❞❡ ♣r♦❞✉❝ts ♦❢ t❤✐s t❤❡s✐s✳

✐
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❑✉r③❢❛ss✉♥❣

❊s ✐st ✇♦❤❧❜❡❦❛♥♥t✱ ❞❛ss ❑♥♦❝❤❡♥❣❡✇❡❜❡ ♣✐❡③♦❡❧❡❦tr✐s❝❤❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❛✉❢✲
✇❡✐st✱ ❛✉❢❣r✉♥❞ ❞❡s ❡♥ts♣r❡❝❤❡♥❞❡♥ ❱❡r❤❛❧t❡♥s ❛✉❢ ❞❡r ❊❜❡♥❡ ❞❡r ❑♥♦❝❤❡♥✲
❜❡st❛♥❞t❡✐❧❡✳ ■♥ ❙t✉❞✐❡♥ ③✉r ❆♥r❡❣✉♥❣ ✈♦♥ ❩❡❧❧❛❦t✐✈✐tät❡♥ ✐♠ ❑♥♦❝❤❡♥❣❡✇❡❜❡
❞✉r❝❤ ♠❡❝❤❛♥✐s❝❤❡ ❇❡❧❛st✉♥❣ ✇✉r❞❡ ❞✐❡ ♠ö❣❧✐❝❤❡ ❘♦❧❧❡ ❞❡r ♣✐❡③♦❡❧❡❦tr✐s❝❤❡♥
❆❦t✐✈✐❡r✉♥❣ ✈♦♥ ❩❡❧❧❡♥ ♠❡❤r❢❛❝❤ ❣❡♥❛♥♥t✳ ❉❛ ❞✐❡ ❡♥ts♣r❡❝❤❡♥❞❡♥ Pr♦③❡ss❡
❛✉❢ s❡❤r ❦❧❡✐♥❡♥ ▲ä♥❣❡♥s❦❛❧❡♥ ❛❜❧❛✉❢❡♥✱ ✐st ❡✐♥❡ ❡①♣❡r✐♠❡♥t❡❧❧❡ ❯♥t❡rs✉❝❤✉♥❣
❛❧❧❡r❞✐♥❣s ♥✐❝❤t ♠ö❣❧✐❝❤✳ ❩✐❡❧ ❞✐❡s❡r ❉✐♣❧♦♠❛r❜❡✐t ✇❛r ❞✐❡ ❊r❣rü♥❞✉♥❣ ❞❡r ❘♦❧✲
❧❡ ♣✐❡③♦❡❧❡❦tr✐s❝❤❡r ❆♥r❡❣✉♥❣ ✈♦♥ ❩❡❧❧❛❦t✐✈✐tät❡♥ ✐♠ ❑♥♦❝❤❡♥❣❡✇❡❜❡ ♠✐tt❡❧s
▼✉❧t✐s❦❛❧❡♥♠♦❞❡❧❧✐❡r✉♥❣✳

❩✉ ❞✐❡s❡♠ ❩✇❡❝❦ ✇✉r❞❡ ❞❛s ❣r✉♥❞❧❡❣❡♥❞❡ ❑♦♥③❡♣t ❞❡r ❑♦♥t✐♥✉✉♠s♠✐❦r♦♠❡✲
❝❤❛♥✐❦ s✉❜st❛♥③✐❡❧❧ ❡r✇❡✐t❡rt✱ s♦❞❛ss ❞✐❡ ✐♠ ❘❛❤♠❡♥ ❞✐❡s❡s ❑♦♥③❡♣ts ❡t❛❜❧✐❡r✲
t❡♥ ❍♦♠♦❣❡♥✐s✐❡r✉♥❣ss❝❤❡♠❡♥ ♥✐❝❤t ♥✉r ❞✐❡ ❡❧❛st✐s❝❤❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ❜❡rü❝❦✲
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✶ ⑤ ■♥tr♦❞✉❝t✐♦♥

❙✐♥❝❡ ❏✉❧✐✉s ❲♦❧✛ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❝❤❛♥❣❡s ♦❢ ❜♦♥❡ ❛❢t❡r ❛ tr❛✉♠❛ ♦r ❝❤❛♥❣❡❞ ✉s❡ ❛t
t❤❡ ❡♥❞ ♦❢ t❤❡ 19th ❝❡♥t✉r②✱ ✇❡ ❦♥♦✇ t❤❛t ❜♦♥❡ ✐♥ ❛ ❧✐✈✐♥❣ ♦r❣❛♥✐s♠ ✐s st❡❛❞✐❧② ❛❧t❡r✐♥❣
❛♥❞ ❛❞❛♣t✐♥❣ t♦ ❝❤❛♥❣❡❞ ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥s ❬✶❪✳ ▲✐tt❧❡ ✇❛s ❦♥♦✇♥ ❛t t❤✐s t✐♠❡✱ ✇❤❛t
♠❡❝❤❛♥✐s♠ ❝♦♥tr♦❧s t❤❡ ♣❡r♠❛♥❡♥t ♣r♦❝❡ss❡s ♦❢ ❞✐s♠❛♥t❧✐♥❣ ❛♥❞ ❝♦♥str✉❝t✐♥❣ ♥❡✇
❜♦♥❡ ♠❛t❡r✐❛❧✳

❋✉♥❝t✐♦♥ ❛♥❞ ❜❡❤❛✈✐♦r ♦❢ ❜♦♥❡ ♠❛t❡r✐❛❧

❚❤❡ r✐❣✐❞ ❜♦♥❡ str✉❝t✉r❡ ❤❛s ♠❛♥② ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ❜♦❞② ❧✐❦❡ ❍❛❡♠❛t♦♣♦✐❡s✐s ❬✷❪✱ t❤❡
❜✉✐❧❞✐♥❣ ♦❢ ♥❡✇ ❜❧♦♦❞ ❝❡❧❧s✱ ❛s s♦♠❡ ❡♥❞♦❝r✐♥❡ ❢✉♥❝t✐♦♥s ❬✸❪ ❛♥❞ ✐s ✉s❡❞ ❛s ❛ r❡s❡r✈♦✐r
❢♦r ♠✐♥❡r❛❧s✳ ❇✉t t❤❡ ♠♦st ❛♣♣❛r❡♥t ✉s❡ ♦❢ ❜♦♥❡ ✐s ✐ts ♠❡❝❤❛♥✐❝❛❧ str✉❝t✉r❡✱ ✇❤❡t❤❡r
✐t ✐s ✉s❡❞ ❛s ❛ ♣r♦t❡❝t✐♦♥ ❢♦r t❤❡ ✐♥t❡r♥❛❧ ♦r❣❛♥s ♦r ❢♦r ❜♦❞② ♠♦✈❡♠❡♥ts t♦❣❡t❤❡r
✇✐t❤ t❤❡ ❛tt❛❝❤❡❞ ♠✉s❝❧❡s✳

❇♦♥❡ ✐s ❝♦♠♣♦s❡❞ ❢r♦♠ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♠❛tr✐①✱ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ♦r❣❛♥ ✐ts str✉❝t✉r❡
❛♥❞ st❛❜✐❧✐t②✱ ❛♥❞ ♦st❡♦❝②t❡s✱ ❜♦♥❡ ❝❡❧❧s ✇❤✐❝❤ ❧✐❡ ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r
♠❛tr✐① ❛♥❞ ♠❛✐♥t❛✐♥ t❤✐s ❝❡❧❧✲❧❡ss ♠❛tr✐①✳ ▼♦r❡ s♣❡❝✐❛❧✐③❡❞ ❝❡❧❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
t❤❡ ❜♦♥❡✱ ❧✐❦❡ t❤❡ ❜✐❣ ♠✉❧t✐♥✉❝❧❡❛t❡❞ ♦st❡♦❝❧❛sts✱ ✇❤✐❝❤ ❦❡❡♣ ❜r❡❛❦✐♥❣ ❞♦✇♥ t❤❡
❡①tr❛❝❡❧❧✉❧❛r ♠❛tr✐① ❛♥❞ ♣r♦❝❡ss t❤❡ ❣❛✐♥❡❞ ♠✐♥❡r❛❧s✱ ♦r ♦st❡♦❜❧❛sts✱ ✇❤✐❝❤ ❜✉✐❧❞
♥❡✇ ❜♦♥❡ ♠❛tr✐① ❜② ❞❡♣♦s✐t✐♥❣ ❤②❞r♦①②❛♣❛t✐t❡ ❛♥❞ ❝♦❧❧❛❣❡♥✱ ✇❤✐❝❤ ❛r❡ t❤❡ ♠❛✐♥
❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ♦❢ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♠❛tr✐①✳

❯s❡ ♦❢ t❤✐s r❡❣✉❧❛t✐♦♥ ✐s t♦ ❛❞❛♣t t❤❡ ❜♦♥❡ ♠❛t❡r✐❛❧ t♦ t❤❡ r❡q✉✐r❡❞ str❡♥❣t❤✳ ❙✐♠✐❧❛r
t♦ ❛♥ ❛t❤❧❡t❡ ✇❤♦s❡ ♠✉s❝❧❡s ❣❡t str♦♥❣❡r✱ ✇❤❡♥ ❤❡ ✐s ✇❡✐❣❤t❧✐❢t✐♥❣✱ t❤❡ ❜♦♥❡s ❛❧s♦
♥❡❡❞ t♦ ❜❡❝♦♠❡ str♦♥❣❡r t♦ ❤♦❧❞ ❤❡❛✈✐❡r ❧♦❛❞s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ❜♦♥❡ ✐s
♥♦ ❧♦♥❣❡r r❡q✉✐r❡❞ t♦ ❝❛rr② ❛♥② ✇❡✐❣❤t✱ ❧✐❦❡ ✐t ✐s t❤❡ ❝❛s❡ ❢♦r ♣❛r❛❧②③❡❞ ♣❡♦♣❧❡ ♦r
t❤❡ t✐❣❤t ❜♦♥❡ ♦❢ ❛ ✇❤❡❡❧❝❤❛✐r ❞r✐✈❡r✱ t❤❡ ❜♦♥❡ ♠❛tr✐① ✇✐❧❧ ❜❡❝♦♠❡ ❧❡ss ❞❡♥s❡ ❛♥❞
✐ts st❛❜✐❧✐t② ✇✐❧❧ ❞❡❝r❡❛s❡✳ ❚❤❡ s❛♠❡ ❡✛❡❝t ♦❝❝✉rs✱ ✇❤❡♥ ❛ ❥♦✐♥t ✐s r❡♣❧❛❝❡❞ ❜② ❛♥
❡♥❞♦♣r♦st❤❡s✐s✳ ❲❤❡♥ t❤❡ ♣r♦st❤❡s✐s ✐s ✜①❡❞ ✇✐t❤ ❛ ❧♦♥❣ s❤❛❢t ✐♥ t❤❡ ❜♦♥❡✱ t❤❡ ♠✉❝❤
♠♦r❡ r✐❣✐❞ s❤❛❢t✱ ✉s✉❛❧❧② ♠❛❞❡ ♦❢ ♠❡t❛❧✱ ✇✐❧❧ s❤✐❡❧❞ t❤❡ ❜♦♥❡ ❛r♦✉♥❞ ❢r♦♠ ♠❡❝❤❛♥✐❝❛❧
str❡ss✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ✇❡❛❦❡♥✐♥❣ ♦❢ t❤❡ ❛✛❡❝t❡❞ ❜♦♥❡ ♠❛t❡r✐❛❧✳

❙✐♥❝❡ t❤❡s❡ ❡✛❡❝ts ❤❛✈❡ ❜❡❡♥ ❞✐s❝♦✈❡r❡❞✱ ♠❛♥② ❛tt❡♠♣ts ✇❡r❡ ♠❛❞❡ t♦ ✜♥❞ ♦✉t✱ ❤♦✇
♦st❡♦❝②t❡s ❛r❡ ❛❜❧❡ t♦ r❡❝♦❣♥✐③❡ ♠❡❝❤❛♥✐❝❛❧ ❧♦❛❞ ❛♥❞ s❤❛r❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥✱ t♦ ❛❞❛♣t
t❤❡ s✉rr♦✉♥❞✐♥❣ ❜♦♥❡ ♠❛t❡r✐❛❧✳ ❆t t❤✐s ♣♦✐♥t✱ ♠❛♥② ♣♦ss✐❜✐❧✐t✐❡s ❛r❡ ❛❝q✉❛✐♥t❡❞✱ t♦
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

❤♦✇ ❝❡❧❧s ❝❛♥ ✐♥t❡r❛❝t ✇✐t❤ t❤❡✐r s✉rr♦✉♥❞✐♥❣s✱ ♠❛② ✐t ❜❡ ♠❡♠❜r❛♥❡ ❡❧❡♠❡♥ts✱ ✇❤✐❝❤
❞❡♣❡♥❞ ♦♥ ✈♦❧t❛❣❡✱ ❝❤❡♠✐❝❛❧ st✐♠✉❧✐ ♦r ♠❡❝❤❛♥✐❝❛❧ str❛✐♥✳

❘❡❧❡✈❛♥t ♣r❡❝❡❞✐♥❣ st✉❞✐❡s ♦♥ ❜♦♥❡ ♠❛t❡r✐❛❧

▼♦r❡ r❡❝❡♥t r❡s❡❛r❝❤❡s s❤♦✇ t❤❛t ❜♦♥❡ ♣r♦❝❡ss❡s ♥♦t ♦♥❧② r❡❛❝t ✇✐t❤ ✈❛r✐♦✉s ❝❤❡♠✐❝❛❧
st✐♠✉❧✐✱ ❜✉t ❜♦♥❡ ❝❡❧❧s ❛r❡ ❛❧s♦ ❛❜❧❡ t♦ tr❛♥s❢❡r t❤✐s ✐♥❢♦r♠❛t✐♦♥ t♦ ♦t❤❡r ♦st❡♦❝②t❡s
❬✹❪✳ ❖t❤❡r ❡①♣❡r✐♠❡♥ts✱ ✇❤❡r❡ ❜♦♥❡ ✇❛s ❡①♣♦s❡❞ t♦ ✉❧tr❛s♦✉♥❞✱ ❞❡♠♦♥str❛t❡❞ t❤❛t
❜♦♥❡ ❛❞❛♣ts t♦ ♠❡❝❤❛♥✐❝❛❧ st✐♠✉❧✐✱ st✐❧❧ ♥♦t ❛❜❧❡ t♦ ♣✐♥♣♦✐♥t t❤❡ ❡①❛❝t ♠❡❝❤❛♥✐s♠s
✇❤✐❝❤ ❝❛✉s❡ t❤❡s❡ ❡✛❡❝ts ❬✺❪✳ ❙♦♠❡ ♠♦❞❡❧s ❛❧r❡❛❞② ❞❡s❝r✐❜❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝ts ❬✻❪✱ ❛
♠❛t❡r✐❛❧ ❝❤❛r❛❝t❡r✐st✐❝ t♦ ❝❛✉s❡ ❡❧❡❝tr✐❝ ♣♦❧❛r✐③❛t✐♦♥ ✇❤❡♥ ✉♥❞❡r ♠❡❝❤❛♥✐❝❛❧ str❛✐♥✱
❛♥❞ ♠♦r❡ s♣❡❝✐✜❝ s✐♠✉❧❛t✐♦♥s ✐♥❞✐❝❛t❡ ❜♦♥❡ ❝❡❧❧ ❛❝t✐✈✐t② ❝❛✉s❡❞ ❜② str❡ss ❢r♦♠ ✢✉✐❞s
❬✼❪✳ ❋✉rt❤❡r✱ ✐♥✲✈✐tr♦ st✉❞✐❡s ✇✐t❤ ✉♥❤✐♥❣❡❞ ❜♦♥❡ ❝❡❧❧s s❤♦✇❡❞✱ t❤❛t ❜♦♥❡ ❝❡❧❧s ❛r❡
❛❧s♦ ❛❜❧❡ t♦ ✐♥t❡r❛❝t ✇✐t❤ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♠❛tr✐① ❛♥❞ ♠✐❣❤t ✉s❡ ✐t t♦ ♣r♦♣❛❣❛t❡
s✐❣♥❛❧s✱ ✐♠♣❛❝t✐♥❣ t❤❡ ❣r♦✇t❤ ❛♥❞ ♠♦r♣❤♦❧♦❣② ♦❢ t❤❡ ♦st❡♦❝②t❡s ❬✽❪✕❬✶✵❪✳

❑♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❜♦♥❡ ❣r♦✇✐♥❣ ❜❡❤❛✈✐♦r ♠✐❣❤t ❜❡ ✉s❡❢✉❧ ❢♦r ❝r❡❛t✐♥❣ ❜♦♥❡ ❤❡❛❧✐♥❣
s✉♣♣❧✐❡s✱ ❝✉r✐♥❣ ❢r❛❝t✉r❡s ❛♥❞ tr❛✉♠❛s✱ s✐♥❝❡ t❤❡ ❤❡❛❧✐♥❣ ♣r♦❝❡ss ♦❢ ❜♦♥❡ t❛❦❡s ❧♦♥❣
❛♥❞ ❞♦❡s ♥♦t ❛❧✇❛②s r❡s✉❧t ✐♥ ❢✉❧❧② ❢✉♥❝t✐♦♥❛❧ t✐ss✉❡ ❬✶✶❪✳ ❇❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢
t❤❡s❡ ♥❛t✉r❛❧ ♣r♦❝❡ss❡s ♠✐❣❤t ❛❧s♦ ✐♥✢✉❡♥❝❡ tr❛✐♥✐♥❣ ♠❡t❤♦❞s ❢♦r ❛t❤❧❡t❡s ♦r ✇❛②s
t♦ ❦❡❡♣ ❛str♦♥❛✉ts ✜t✱ ✇❤♦ s✉✛❡r ❢r♦♠ ❜♦♥❡ ❛tr♦♣❤② ✐♥ ③❡r♦ ❣r❛✈✐t② ❬✶✷❪✳

■♥t❡♥t ♦❢ t❤✐s t❤❡s✐s

❋❛❝✐♥❣ t❤❡ ✈❛r✐♦✉s ♣r♦♣♦s✐t✐♦♥s ♦❢ s✐❣♥❛❧✐♥❣ ♣❛t❤✇❛②s✱ ❛♥❞ ❛ss✉♠✐♥❣ t❤❛t t❤❡r❡ ✐s
❧✐❦❡❧② ♠♦r❡ t❤❛♥ ❛ s✐♥❣❧❡ ♠❡❝❤❛♥✐s♠ ✐♥✈♦❧✈❡❞✱ t❤❡ q✉❡st✐♦♥ ❛r✐s❡s✱ ✐❢ ♦st❡♦❝②t❡s ❛r❡
❛✛❡❝t❡❞ ❞✐r❡❝t❧② ❜② t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♠❛tr✐①✱ t❤r♦✉❣❤ ✐ts ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t✳ ❙t❛rt✐♥❣
♣♦✐♥t ♦❢ t❤✐s ❝♦♥s✐❞❡r❛t✐♦♥✱ ✐s ❛ ❤✉♠❛♥s ❡✈❡r②❞❛② ❧♦❝♦♠♦t✐♦♥✱ ❝❛✉s✐♥❣ ✐♥ ❡①❛♠♣❧❡
t❤❡ t❤✐❣❤ ❜♦♥❡ t♦ ❜❡♥❞✱ ❡✈❡r② t✐♠❡ t❤❡ ❜♦❞② ✇❡✐❣❤t ✐s ♣✉t ♦♥ t❤✐s ❧❡❣✳ ❉✉❡ t♦ t❤❡
❜♦♥❡s ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✱ ❛♥ ❡❧❡❝tr✐❝❛❧ ♣♦❧❛r✐③❛t✐♦♥ ♠✐❣❤t ✐♠♣❛❝t t❤❡ ♦st❡♦❝②t❡s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥✢✐❝t❡❞ str❛✐♥✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ♠♦st ❝❡❧❧s ✐♥ t❤❡ ❤✉♠❛♥ ❜♦❞② ❝❛♥ ✐♥t❡r❛❝t ✈✐❛ ♣♦❧❛r✐③❛t✐♦♥ ♦❢
t❤❡✐r ❝❡❧❧ ♠❡♠❜r❛♥❡✳ ❋✉rt❤❡r ✐t ✐s ❦♥♦✇♥✱ t❤❛t ❜♦♥❡ ♣♦ss❡ss❡s ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣✲
❡rt✐❡s✱ ❛s ✇❡❧❧ ❛s ✐ts ♠❛✐♥ ❜✉✐❧❞✐♥❣ ♠❛t❡r✐❛❧s✱ ♥❛♠❡❧② ❝♦❧❧❛❣❡♥ ❛♥❞ ❤②❞r♦①②❛♣❛t✐t❡
❝r②st❛❧s✳ ❋♦r t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❜♦♥❡ ♠❛t❡r✐❛❧✱ ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❜✉✐❧❞✐♥❣
❜❧♦❝❦s t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❤❛✈❡ ❜❡❡♥ ♠❡❛s✉r❡❞ ❛♥❞ ✐❞❡♥t✐✜❡❞✳ ❍♦✇❡✈❡r ♥♦♥❡ ♦❢
t❤❡s❡ s✐③❡ s❝❛❧❡s ♠❛t❝❤ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ t②♣✐❝❛❧ ❜♦♥❡ ❝❡❧❧✱ s♦ ✐t ✐s r❛t❤❡r ✉♥❢❛✈♦r❛❜❧❡
t♦ ❡①❛♠✐♥❡ ♦♥❡ ♦❢ t❤❡s❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ✐♥ r❡s♣❡❝t ♦❢ ❜♦♥❡ ❝❡❧❧s✳

❚❤❡ ✐❞❡❛ ✐s t♦ ✜♥❞ ❛ ♣r♦❝❡❞✉r❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♦❝❝✉rr✐♥❣ ♠❛t❡r✐❛❧ ♣❤❛s❡s ✐♥ ❜♦♥❡ ❛♥❞
❡✈❛❧✉❛t❡ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❧❡♥❣t❤ s❝❛❧❡s✳ ❲✐t❤ t❤❡s❡ ♣r♦♣❡rt✐❡s ❦♥♦✇♥ ✐t ♠✐❣❤t ❜❡

✷
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✶✳ ■♥tr♦❞✉❝t✐♦♥

♣♦ss✐❜❧❡ t♦ ♠❛❦❡ ❛ st❛t❡♠❡♥t ✇❤❡t❤❡r ❜♦♥❡ ❝❡❧❧s ❛r❡ ❛✛❡❝t❡❞ ❜② ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝ts
❢r♦♠ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ❜♦♥❡ str✉❝t✉r❡s ♦r ♥♦t✳

❖❢ ❝♦✉rs❡ t❤❡ q✉❡st✐♦♥ ❛r✐s❡s ✇❤❛t t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❡①❛❝t ♠❛t❡r✐❛❧ ❣❡♦♠❡tr② ✐s✱ ♦r
❤♦✇ ❜✐❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ ✐s✳ ❇② ❞✐sr❡❣❛r❞✐♥❣ s♦♠❡ ♠❛t❡r✐❛❧ ♠✐♥♦r✐✲
t✐❡s t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♣r♦♣❡rt✐❡s ♠✐❣❤t ❝❤❛♥❣❡✱ t❤❡r❡❢♦r❡ ✐t ✐s ✉s❡❢✉❧ t♦ ✐♥✈❡st✐❣❛t❡
❤♦✇ ❛ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ✐s ❛✛❡❝t❡❞ ❜② ❝❤❛♥❣✐♥❣ ❣❡♦♠❡tr✐❡s ❛♥❞
❝♦♠♣♦s✐t✐♦♥ ♦❢ ✐ts ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s✳

❙tr✉❝t✉r❡ ♦❢ t❤✐s t❤❡s✐s

❚❤✐s ❞♦❝✉♠❡♥t ✐s ❛❜♦✉t ❡st✐♠❛t✐♥❣ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ❞✐✛❡r❡♥t s✐③❡ s❝❛❧❡s
❢r♦♠ ✐ts ❜❛s✐❝ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s t♦ ❛ ♠❛❝r♦s❝♦♣✐❝ ❜♦♥❡ ♠❛t❡r✐❛❧✱ ✇❤✐❝❤ ✇❡ ❝❛♥ ❝♦♠♣❛r❡
t♦ ♠❡❛s✉r❡❞ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✳ ■t ❢✉rt❤❡r ❡①❛♠✐♥❡s ♠❛t❡r✐❛❧ ♣❤❛s❡s ❛t t❤❡ s✐③❡ ♦❢
❜♦♥❡ ❝❡❧❧s ❛♥❞ t❤❡✐r ❡✛❡❝t ♦♥ t❤❡♠✳ ❇✉t ❜❡❢♦r❡✱ t❤❡ ♠✐①✐♥❣ s❝❤❡♠❡ t♦ ❤♦♠♦❣❡♥✐③❡
♠❛t❡r✐❛❧ ♣❤❛s❡s ✐s ✐♥tr♦❞✉❝❡❞ ❛♥❞ ✈❛❧✐❞❛t❡❞ ❜② ♠❡❛s✉r❡♠❡♥t ✈❛❧✉❡s ♦❢ ♠❛❝r♦s❝♦♣✐❝
str✉❝t✉r❡s✱ ❛s ✇❡❧❧ ❛s s♦♠❡ ♣♦ss✐❜✐❧✐t✐❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤✐s ❡st✐♠❛t✐♦♥ ❝♦♥❝❡♣t
❛r❡ s❤♦✇♥✳

■t ♠❛② ❜❡ ♠❡♥t✐♦♥❡❞ ❛t t❤✐s ♣♦✐♥t✱ t❤❛t t❤✐s ❤✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❡ ❛♣♣❧✐❡s ♥♦t ❡①❝❧✉✲
s✐✈❡❧② t♦ ❜♦♥❡✳ ▼❛♥② ♦t❤❡r str✉❝t✉r❡s ❧✐❦❡ ❝♦♥❝r❡t❡ ❛♥❞ ✇♦♦❞ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✇✐t❤
s✐♠✐❧❛r ❛♣♣r♦❛❝❤❡s✳ ❊s♣❡❝✐❛❧❧② ❞❡♥t✐♥ ❛♥❞ ❡♥❛♠❡❧✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❤✉♠❛♥
t♦♦t❤✱ ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ✇♦r❦✱ s✐♥❝❡ t❤❡② ❛r❡ ❜✉✐❧t ❢r♦♠ t❤❡ s❛♠❡ ♠❛t❡r✐❛❧s ❛s
❜♦♥❡ ❛♥❞ ❛r❡ ❛❧s♦ ❦♥♦✇♥ t♦ s❤♦✇ ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✳

❚❤❡r❡❢♦r❡ t❤✐s ✇♦r❦ ✇✐❧❧ st❛rt ✇✐t❤ t❤❡ r❡q✉✐r❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♥♦t❛t✐♦♥✱ ❜❡❢♦r❡ ✐♥tr♦✲
❞✉❝✐♥❣ t❤❡ t❤❡♦r② ♦❢ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s t♦ ❤♦♠♦❣❡♥✐③❡ ♠❛t❡r✐❛❧ str✉❝t✉r❡s ❛♥❞
❡①♣❧❛✐♥ ❤♦✇ t❤❡ r❡q✉✐r❡❞ P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r ❝❛♥ ❜❡ ❞❡r✐✈❡❞✳ ■♥ ❝❤❛♣t❡r ✺ t❤❡
❡❛r❧✐❡r ✐♥tr♦❞✉❝❡❞ ♠❡t❤♦❞s ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ t♦ ❜♦♥❡ ♠❛t❡r✐❛❧ ❛♥❞ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝
✐♠♣❛❝t ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ t❤❡r❡❛❢t❡r✳

■♥ t❤❡ s✉❜s❡q✉❡♥t ❝❤❛♣t❡rs✱ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ❝♦♥❝❡♣t ✇✐❧❧
❜❡ ♣✐❝t✉r❡❞✱ ❤♦✇ ✈❛r✐♦✉s ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ❛♥❞ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s ❝❛♥
❛✛❡❝t t❤❡ s✐♠✉❧❛t✐♦♥✳ ❯❧t✐♠❛t❡❧② t❤❡ ❝♦♥❝❡♣t ✇✐❧❧ ❜❡ tr❛♥s❢❡rr❡❞ ❢r♦♠ ❜♦♥❡ t♦ ♦t❤❡r
♠❛t❡r✐❛❧s✱ ♥❛♠❡❧② t♦♦t❤ ❡♥❛♠❡❧ ❛♥❞ ❞❡♥t✐♥✱ ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ t♦
❞✐✛❡r❡♥t str✉❝t✉r❡s ❛♥❞ ♠❛t❡r✐❛❧ ❝♦♠♣♦s✐t✐♦♥s✳
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✷ ⑤ ❋✉♥❞❛♠❡♥t❛❧s ♦❢ t❤❡ t❤❡♦r②

■♥ ♦r❞❡r t♦ ✜♥❞ ❛ ❝♦♥t❡①t ❜❡t✇❡❡♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♣r♦♣❡rt✐❡s ❛♥❞ ✐ts ❡❧❡♠❡♥t❛r②
❜✉✐❧❞✐♥❣ ❜❧♦❝❦s✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❞❡✜♥❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ s♣❡❝✐✜❝ ♠❛t❡r✐❛❧ ❢♦r ✐ts
r❡s♣❡❝t✐✈❡ s♣❛t✐❛❧ s✐③❡ s❝❛❧❡✳ ❚♦ ❞♦ s♦✱ t❤❡ ♠❛t❡r✐❛❧ ✇✐❧❧ ❜❡ ❤❛♥❞❧❡❞ ❛s ❛ ❝♦♥t✐♥✉✉♠
❛t t❤❡ ♦❜s❡r✈❡❞ s❝❛❧❡✳

✷✳✶ ❇❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ❝♦♥t✐♥✉✉♠ ♠✐❝r♦♠❡❝❤❛♥✐❝s

❈♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s ❢♦r❣♦ ✐♥❞✐✈✐❞✉❛❧ ♣❛rt✐❝❧❡s ✐♥ ❛ ♠❛t❡r✐❛❧ ❝♦♠♣♦✉♥❞ ❛♥❞ tr❡❛t
✐t ❛s ❛ ❤♦♠♦❣❡♥❡♦✉s ♠❛ss✱ ❛❧t❤♦✉❣❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ✐s ❦♥♦✇♥✳ ❚❤❡
♠❛t❡r✐❛❧ ❤❛s t♦ ❜❡ ♦❜s❡r✈❡❞ ❛s ❛ r❡♣r❡s❡♥t❛t✐✈❡ ✈♦❧✉♠❡ ❊❧❡♠❡♥t ✲ ❘❱❊✱ ✇❤❡r❡❜②
t❤❡ s❡❧❡❝t✐♦♥ ♦❢ t❤❡ s✐③❡ s❝❛❧❡ ✐s ❝r✉❝✐❛❧✱ s✐♥❝❡ t❤❡ ✐♥❝❧✉❞❡❞ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ❤❛✈❡ t♦
❜❡ s✐❣♥✐✜❝❛♥t❧② s♠❛❧❧❡r t❤❛♥ t❤❡ ♦❜s❡r✈❡❞ ❛r❡❛✱ ✇❤✐❝❤ ✐ts❡❧❢ ❤❛s t♦ ❜❡ ♠✉❝❤ s♠❛❧❧❡r
t❤❛♥ t❤❡ ♥❡①t ❜✐❣❣❡r str✉❝t✉r❡ t❤❡ ♠❛t❡r✐❛❧ ✐s ❝♦♥tr✐❜✉t✐♥❣ t♦✳

❚❤✉s✱ t❤❡ ❜❡♥❡✜t ♦❢ ❛❝❤✐❡✈✐♥❣ ❛ ❝♦♥t✐♥✉♦✉s ♠❛t❡r✐❛❧✱ ✇❤❡r❡ ❡✈❡r② s✉❜s❡❝t✐♦♥ ❤❛s t❤❡
s❛♠❡ ♣r♦♣❡rt✐❡s ❛s t❤❡ ❜✉❧❦ ♠❛t❡r✐❛❧✱ ❣♦❡s ✇✐t❤ t❤❡ ❝♦♥str❛✐♥t t❤❛t ♦♥❧② ♠❛t❡r✐❛❧
♣❤❛s❡s ✇✐t❤ ❝❧❡❛r❧② s❡♣❛r❛t❡❞ s✐③❡ s❝❛❧❡s ❝❛♥ ❜❡ ❤❛♥❞❧❡❞✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡
♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ✇❤❡♥ ❜✉✐❧❞✐♥❣ ❛ ❜✐❣❣❡r str✉❝t✉r❡ ❢r♦♠ ♠✉❧t✐♣❧❡ s♠❛❧❧❡r ♠❛t❡r✐❛❧
♣❤❛s❡s ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❤♦♠♦❣❡♥✐③❛t✐♦♥✳

✷✳✷ ❱♦✐❣t ❛♥❞ ❑❡❧✈✐♥✲▼❛♥❞❡❧ ♥♦t❛t✐♦♥

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s✱ t❤❡ ❡❧❛st✐❝ c✱ ♣✐❡③♦❡❧❡❝tr✐❝ e ❛♥❞ ❞✐❡❧❡❝tr✐❝ κ ♣r♦♣❡rt✐❡s
♦❢ ❛ ♠❛t❡r✐❛❧ ❛r❡ ♥❡❡❞❡❞✳ ❲❤✐❧❡ st✐✛♥❡ss ✐s ✉s✉❛❧❧② ❞❡✜♥❡❞ ❛s ❛ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r
❛♥❞ ♣✐❡③♦❡❧❡❝tr✐❝✐t② ❛s ❛ t❤✐r❞✲♦r❞❡r t❡♥s♦r✱ ✐t ✐s ✉s❡❢✉❧ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❡❧❡❝tr♦♠❡✲
❝❤❛♥✐❝❛❧ ❝♦✉♣❧✐♥❣ ♠♦❞✉❧✐ M✱ ❛ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r✱ ✇❤✐❝❤ ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ c, e, κ✱
❛♥❞ ❛❧❧♦✇s ✉s t♦ ❝❛❧❝✉❧❛t❡ ❛❧❧ ♣❛r❛♠❡t❡rs ✐♥ ♦♥❡ st❡♣✱ ✐❢ ✇r✐tt❡♥ ❛s ❛ s❡❝♦♥❞✲♦r❞❡r
t❡♥s♦r M ❬✶✸❪✳

❚♦ r❡❞✉❝❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝♦♠♣❧❡①✐t②✱ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❡♥s♦rs ❤✐❣❤❡r t❤❛♥ r❛♥❦ ✷ ❝❛♥
❜❡ ♦❜✈✐❛t❡❞ ❜② ✉t✐❧✐③✐♥❣ t❤❡ ♠❛t❡r✐❛❧ s②♠♠❡tr✐❡s ❛♥❞ ❛♣♣❧②✐♥❣ ❱♦✐❣t ♥♦t❛t✐♦♥✳ ❚❤✐s
r❡s✉❧ts ✐♥ t❤❡ ✇❛② ❡❛s✐❡r r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ ❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ ❝♦✉♣❧✐♥❣ ♠♦❞✉❧✐
M✱ ❛s ✐♥ ❊q✉❛t✐♦♥ ✷✳✶✳
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✷✳ ❋✉♥❞❛♠❡♥t❛❧s ♦❢ t❤❡ t❤❡♦r②

Mvoigt =

















c11 c12 c13 c14 c15 c16 e11 e21 e31
c21 c22 c23 c24 c25 c26 e12 e22 e32
c31 c32 c33 c34 c35 c36 e13 e23 e33
c41 c42 c43 c44 c45 c46 e14 e24 e34
c51 c52 c53 c54 c55 c56 e15 e25 e35
c61 c62 c63 c64 c65 c66 e16 e26 e36
e11 e12 e13 e14 e15 e16 −κ11 −κ12 −κ13

e21 e22 e23 e24 e25 e26 −κ21 −κ22 −κ23

e31 e32 e33 e34 e35 e36 −κ31 −κ33 −κ33

















✭✷✳✶✮

❙✐♥❝❡ t❤❡ ♠❡❝❤❛♥✐❝❛❧ str❡ss σ ❛♥❞ str❛✐♥ ε✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡❧❛st✐❝✐t② c✱
❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ✜rst✲♦r❞❡r t❡♥s♦r ✐♥st❡❛❞ ♦❢ ❛ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r✱ t♦ ♠❛t❝❤ t❤❡
♠❛tr✐① ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❡❧❛st✐❝✐t② ♠❛tr✐①✱ ✐t ✐s ✉s❡❢✉❧ t♦ ✇r✐t❡ t❤❡ ❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧
❝♦✉♣❧✐♥❣ ♠♦❞✉❧✐ M ✐♥ ❑❡❧✈✐♥✲▼❛♥❞❡❧ ♥♦t❛t✐♦♥✱ ❛s ✐♥ ❊q✉❛t✐♦♥ ✷✳✷✳

Mkelvin−mandel =


















c11 c12 c13
2
√
2c14

2
√
2c15

2
√
2c16 e11 e21 e31

c21 c22 c23
2
√
2c24

2
√
2c25

2
√
2c26 e12 e22 e32

c31 c32 c33
2
√
2c34

2
√
2c35

2
√
2c36 e13 e23 e33

2
√
2c41

2
√
2c42

2
√
2c43 2c44 2c45 2c46 e14 e24 e34

2
√
2c51

2
√
2c52

2
√
2c53 2c54 2c55 2c56 e15 e25 e35

2
√
2c61

2
√
2c62

2
√
2c63 2c64 2c65 2c66 e16 e26 e36

e11 e12 e13 e14 e15 e16 −κ11 −κ12 −κ13

e21 e22 e23 e24 e25 e26 −κ21 −κ22 −κ23

e31 e32 e33 e34 e35 e36 −κ31 −κ33 −κ33


















✭✷✳✷✮

❋✉rt❤❡r s✐♠♣❧✐✜❡❞ ❛s s❤♦✇♥ ❜② ❆❣✉✐❛r✱ ❇r❛✈♦✲❈❛st✐❧❧❡r♦✱ ❛♥❞ ❙✐❧✈❛ ❬✶✸❪ ♣r❡s✉♠✐♥❣
✐s♦tr♦♣② ✐♥ t✇♦ ❞✐r❡❝t✐♦♥s✱ ❜✉t ❝♦♥✈❡rt❡❞ t♦ ❑❡❧✈✐♥✲▼❛♥❞❡❧ ◆♦t❛t✐♦♥✱ t❤❡ ❡❧❡❝tr♦♠❡✲
❝❤❛♥✐❝❛❧ ❝♦✉♣❧✐♥❣ ♠♦❞✉❧✐ M r❡❛❞s ❛s ✐♥ ❊q✉❛t✐♦♥ ✷✳✸✳

M =

















c11 c12 c13 0 0 0 0 0 e31
c12 c11 c13 0 0 0 0 0 e31
c13 c13 c33 0 0 0 0 0 e33
0 0 0 2c44 0 0 e14 e15 0
0 0 0 0 2c44 0 e15 −e14 0
0 0 0 0 0 2c66 0 0 0
0 0 0 e14 e15 0 −κ11 0 0
0 0 0 e15 −e14 0 0 −κ11 0
e31 e31 e33 0 0 0 0 0 −κ33

















✭✷✳✸✮

✺
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✸ ⑤ ▼❛t❡r✐❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡

❚♦ ❤❛♥❞❧❡ ❛ ❝♦♠♣♦s✐t❡ ❛s ❛ ❤♦♠♦❣❡♥❡♦✉s ♠❛t❡r✐❛❧✱ ✐♥ s♣✐t❡ ♦❢ ✐ts ❝♦♥s✐st❡♥❝② ♦❢
♠✉❧t✐♣❧❡ ♣❤❛s❡s✱ ❩❛♦✉✐ ❬✶✹✱ ❡q✳ ✷✵❪✱ ♦r ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r♠❛t ❋r✐ts❝❤ ❛♥❞ ❍❡❧❧♠✐❝❤
❬✶✺✱ ❡q✳ ✶❪ st❛t❡❞ ♠❡t❤♦❞s t♦ ❡st✐♠❛t❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛t❡r✐❛❧✳
❍♦✇❡✈❡r✱ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ♦♥❧② ✈❛❧✐❞✱ ✐❢ t❤❡ ❞✐✛❡r❡♥t s✐③❡ s❝❛❧❡s ❛r❡
✐♥ ❛ s♣❡❝✐✜❝ s❝♦♣❡✳

❲❤❡♥ ❡①t❡♥❞❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛♥❞ ❞✐❡❧❡❝tr✐❝ ♠♦❞✉❧✐✱ ✐♥ ❛❞❞✐t✐♦♥ t♦
t❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✐✱ ❜✉t s✐♠♣❧✐✜❡❞ t♦ ❜❡ ♣r❛❝t✐❝❛❜❧❡ ✇✐t❤ ❱♦✐❣t ♦r ❑❡❧✈✐♥✲▼❛♥❞❡❧
♥♦t❛t✐♦♥ t❤❡ ❡q✉❛t✐♦♥s ❛r❡ st❛t❡❞ ❛s ❢♦❧❧♦✇❡❞ ✐♥ ❊q✉❛t✐♦♥ ✸✳✶✱ ✇❤❡r❡ Mest ❛r❡ t❤❡
❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥❡✇ ❡st✐♠❛t❡❞ ♠❛t❡r✐❛❧✱ M0 r❡♣r❡s❡♥ts t❤❡ ❡❧❡❝✲
tr♦♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣r✐♠❛r② ♠❛t❡r✐❛❧✱ s, r ❛r❡ t❤❡ ❞✐✛❡r❡♥t ♣❤❛s❡s ❛♥❞ fs
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s✱ Ss ❛r❡ t❤❡ P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r ✭s❡❡ ❝❤❛♣t❡r ✹✮
❛♥❞ Ms t❤❡ ❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ❞✐✛❡r❡♥t ♣❤❛s❡s✳

Mest =




∑

r

frMr · [I+ Sr ·M−1
r

︸ ︷︷ ︸

Pr

·(Mr −M0)]
−1



 ·




∑

s

fs[I+ Ss ·M−1
s

︸ ︷︷ ︸

Ps

·(Ms −M0)]
−1





−1

✭✸✳✶✮

❆❧t❤♦✉❣❤ t❤❡r❡ ✐s ❛ ❣❡♥❡r❛❧ ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦rs ❢♦r t❤✐s ❬✶✺❪✱ ❛
r❡❞✉❝t✐♦♥ t♦ t❤✐s ❡q✉❛t✐♦♥s ✇✐t❤ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦rs✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❞♦✇♥ ❛s
♠❛tr✐❝❡s✱ ✐s ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♣❛r❛♠❡t❡rs✳ ❯♥❞❡r ❝❡rt❛✐♥ ❝✐r❝✉♠st❛♥❝❡s t❤❡r❡
❛r❡ ✇❛②s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✐♥✈❡rs❡ ♦❢ ❛ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r✱ ✇❤✐❝❤ ✐s ❛❧s♦ r❡✈❡rs✐❜❧❡
❬✶✻❪✱ ❜✉t ♥♦t ❢✉❧✜❧❧✐♥❣ t❤❡ ❝r✐t❡r✐♦♥ ♦❢ t❤❡ ✐❞❡♥t✐t② t❡♥s♦r Aabcd : A

−1
abcd = Iabcd✳

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs ❛r❡ ❞♦♥❡ ✇✐t❤ t❤❡ ❑❡❧✈✐♥✲▼❛♥❞❡❧ ♠❛tr✐①
♥♦t❛t✐♦♥✱ t❤❡r❡❢♦r❡ t❤❡ ❡❧❛st✐❝ s❤❡❛r ✈❛❧✉❡s ♥❡❡❞ t♦ ❜❡ ❝♦rr❡❝t❡❞ ❛❢t❡r ❝❛❧❝✉❧❛t✐♥❣ t❤❡
♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ♠❛tr✐① M✳

✻
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✸✳ ▼❛t❡r✐❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡

✸✳✶ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ❝♦♥❝❡♣t

❚❤❡ ❝♦♥❝❡♣t ♦❢ t❤✐s ❝❛❧❝✉❧❛t✐♦♥ ✐s✱ t❤❛t ✐♥ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t✱ ♠✉❧t✐♣❧❡
❞✐✛❡r❡♥t ♠❛t❡r✐❛❧s ✇✐t❤ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛r❡ ❝♦♥t❛✐♥❡❞✳ ❲❤✐❧❡ ♠❡❝❤❛♥✐✲
❝❛❧ str❡ss ❛♥❞ str❛✐♥ ❝❛♥ ❜❡ ❛✈❡r❛❣❡❞ ❛❧♦♥❣ t❤❡ ❣❡♦♠❡tr②✱ ❧❡❛❞✐♥❣ t♦ ❛ ❝♦rr❡❝t r❡s✉❧t✱
t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡ ❢♦r t❤❡ st✐✛♥❡ss ♦❢ t❤❡ ♠❛t❡r✐❛❧✳ ❚❤✐s ♠❡❛♥s✱ t❤❡ ♠❛❝r♦s❝♦♣✐❝
♠❡❝❤❛♥✐❝❛❧ str❛✐♥ E ✱ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡ r❡♣r❡s❡♥t❛t✐✈❡ ✈♦❧✉♠❡ ❊❧❡♠❡♥t✱ ❡q✉❛❧s
t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧ str❛✐♥ ε✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ✐ts s♣❛t✐❛❧ ♣♦✲
s✐t✐♦♥✳ ❋♦r ❛ ❧✐♥❡❛r ❝♦♥❝❡♥tr❛t✐♦♥ ♣r♦❜❧❡♠ ❡①✐sts ❛ ❞♦✇♥✲s❝❛❧✐♥❣ t❡♥s♦r A1 ❞❡s❝r✐❜✐♥❣
t❤❡ r❡❧❛t✐♦♥ ♦❢ ❜❡t✇❡❡♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❛♥❞ ♠✐❝r♦s❝♦♣✐❝ ♣r♦♣❡rt②✳

E = 〈ε〉✶ ✭✸✳✷❛✮

ε(x) = A1(x) : E ✭✸✳✷❜✮

❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❢♦✉rt❤✲♦r❞❡r st✐✛♥❡ss t❡♥s♦r C ❛♥❞ t❤❡ ♠✐❝r♦✲
s❝♦♣✐❝ ❢♦✉rt❤✲♦r❞❡r st✐✛♥❡ss t❡♥s♦r ✱ ❛❧s♦ ❞❡♣❡♥❞❡♥t ❢r♦♠ ✐ts s♣❛❝✐❛❧ ♣♦s✐t✐♦♥✱ r❡❛❞s
❛s✿

C = 〈 (x) : A1(x)〉 ✭✸✳✸✮

❙✐♠♣❧✐❢②✐♥❣ t❤❡ ♠♦❞❡❧ ❢r♦♠ ❛♥ ✐♥✜♥✐t❡ ❛♠♦✉♥t ♦❢ ❞✐✛❡r❡♥t ♠✐❝r♦ str✉❝t✉r❡s t♦ ❛
❤❛♥❞❢✉❧ ♦❢ ♣❤❛s❡s ✇✐t❤ ❞❡✜♥❡❞ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❣✐✈❡s t❤❡ ♣♦s✲
s✐❜✐❧✐t② t♦ ✇r✐t❡ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧ str❛✐♥ E ❛s t❤❡ s✉♠ ♦❢ t❤❡ str❛✐♥ ✐♥
t❤❡ ♣❤❛s❡s εr ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s fr✱ ✇❤❡r❡ r ✐s ✐♥❞✐❝❛t✐♥❣ t❤❡
❞✐✛❡r❡♥t ♣❤❛s❡s✳

E =
∑

r

frεr ✭✸✳✹❛✮

C
estimated =

∑

r

fr r : A
estimated
r ✭✸✳✹❜✮

❲✐t❤ t❤❡ ❍✐❧❧ t❡♥s♦r P✱ ❛♥ ❡st✐♠❛t✐♦♥ ❢♦r t❤❡ ❞♦✇♥✲s❝❛❧✐♥❣ t❡♥s♦r A1 ❝❛♥ ❜❡ ♠❛❞❡
❢♦r ❛ ❤♦♠♦❣❡♥❡✐t② ✉♥❞❡r t❤❡ ❡✛❡❝t ♦❢ s♦♠❡ str❛✐♥ ❛t ✐♥✜♥✐t② E∞✳ ❚❤❡ st✐✛♥❡ss ✐s
r❡♣r❡s❡♥t❡❞ ❜② r ❢♦r t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❤❛s❡s ❛♥❞ C

∞ ❢♦r t❤❡ ✐♥✜♥✐t❡ ♠❛tr✐① ✇❤❡r❡ t❤❡
♣❤❛s❡s ❛r❡ ❡♠❜❡❞❞❡❞✳ ❚❤❡ ✉♥✐t② t❡♥s♦r I ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛♥ ✐❞❡♥t✐t② ♠❛tr✐①✱
✐❢ t❤✐s s❝❤❡♠❡ ✐s ❛♣♣❧✐❡❞ t♦ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦rs✳

✶〈a〉 ✐s r❡♣r❡s❡♥t✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♦❢ a ❛♥❞ r❡s✉❧ts ❢r♦♠ t❤❡ r❡s♣❡❝t✐✈❡ ✈♦❧✉♠❡ ✐♥t❡❣r❛❧
∫

V
εdV = E V ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣r♦♦❢❡❞ ✇✐t❤ t❤❡ ●❛✉ss t❤❡♦r❡♠

✼
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✸✳ ▼❛t❡r✐❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡

[I+ P
∞
r : ( r − C

∞)] : εr = E∞ ✭✸✳✺✮

εr = [I+ P
∞
r : ( r − C

∞)]
−1

: E∞

✇✐t❤ E =
∑

r

frεr =
∑

r

fr [I+ P
∞
r : ( r − C

∞)]
−1

: E∞ ✭✸✳✻✮

E∞ =

[
∑

r

fr [I+ P
∞
r : ( r − C

∞)]
−1

]−1

: E

[I+ P
∞
r : ( r − C

∞)] : εr =

[
∑

r

fr [I+ P
∞
r : ( r − C

∞)]
−1

]−1

: E

✭✸✳✼✮

❛♥❞ ε(x) = A1(x) : E ✭✸✳✽✮

εr = [I+ P
∞
r : ( r − C

∞)]
−1

:

[
∑

r

fr [I+ P
∞
r : ( r − C

∞)]
−1

]−1

: E

A
estimated
r = [I+ P

∞
r : ( r − C

∞)]
−1

:

[
∑

r

fr [I+ P
∞
r : ( r − C

∞)]
−1

]−1

❯s✐♥❣ t❤❡ r❡s✉❧t ❢r♦♠ ❊q✉❛t✐♦♥ ✸✳✽ ❛♥❞ ✐♥s❡rt✐♥❣ t❤❡♠ ✐♥ ❊q✉❛t✐♦♥ ✸✳✹❜✱ t❤❡ ❡q✉❛t✐♦♥
❛s ✐♥ ❊q✉❛t✐♦♥ ✸✳✶ ✐s ❛❝❤✐❡✈❡❞✱ ❜✉t ♦♥❧② ❢♦r t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛s♣❡❝ts✳ ❆❝❝♦r❞✐♥❣ t♦
t❤❛t✱ t❤❡ ❍✐❧❧ t❡♥s♦r P ❤❛s t♦ ❝♦rr❡s♣♦♥❞ ♦♥❧② t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ q✉❛♥t✐t✐❡s✳

C
estimated =

(
∑

r

fr r : [I+ Pr : ( r − C0)]
−1

)

:

(
∑

s

fs[I+ Ps : ( s − C0)]
−1

)−1

✭✸✳✾✮

❚❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ~E ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ~D ❛r❡ ❢♦❧❧♦✇✐♥❣ ❛ s✐♠✐❧❛r ❝♦♥❝❡♣t ❛s t❤❡ str❡ss✲
str❛✐♥ r❡❧❛t✐♦♥✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛t❡r✐❛❧ ♠♦❞✉❧✐✳ ❊①t❡♥❞✐♥❣ t❤✐s s②st❡♠ ❜②
❛❞❞✐♥❣ t❤❡ ♣❡r♠✐tt✐✈✐t② ❛♥❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦♥st❛♥ts✱ ❛♥❞ s✐♠♣❧✐❢②✐♥❣ ❢r♦♠ ❛ ❣❡♥❡r❛❧
❢♦✉rt❤✲♦r❞❡r t❡♥s♦r ♥♦t❛t✐♦♥ ②✐❡❧❞s ❊q✉❛t✐♦♥ ✸✳✶✳

~σ = c · ~ε− e
′ · ~E ✭✸✳✶✵✮

~D = e · ~ε+ κ · ~E

❡q✉❛❧s t♦

[
~σ
~D

]

= M ·
[

~ε

− ~E

]

✭✸✳✶✶✮

✽
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✸✳ ▼❛t❡r✐❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡

✸✳✷ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❞✐❡❧❡❝tr✐❝ ♠♦❞✉❧✐

❆♥❛❧♦❣ t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣❛rt✱ t❤✐s ❝♦♥❝❡♣t ❛❧s♦ ✇♦r❦s ✇✐t❤ t❤❡ ❞✐❡❧❡❝tr✐❝ ♠♦❞✉❧✐✳
❚❤❡ ♠❛❝r♦s❝♦♣✐❝ ❞✐❡❧❡❝tr✐❝ ♠♦❞✉❧✐ K ❛♥❞ t❤❡ ♣♦s✐t✐♦♥✲❞❡♣❡♥❞✐♥❣ ♠✐❝r♦s❝♦♣✐❝ ❞✐✲
❡❧❡❝tr✐❝ ♠♦❞✉❧✐ κ ❛r❡ ❧✐♥❦❡❞ ✇✐t❤ t❤❡ ❞♦✇♥✲s❝❛❧✐♥❣ t❡♥s♦r Γ1✱ ❛s ✐♥ ❊q✉❛t✐♦♥ ✸✳✶✷❛✳
❋r♦♠ ❊q✉❛t✐♦♥ ✸✳✶✶✱ ❞✐sr❡❣❛r❞✐♥❣ t❤❡ ♠❡❝❤❛♥✐❝❛❧ str❛✐♥✱ t❤❡ ❧♦❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ~D ✐s
❧✐♥❦❡❞ ✇✐t❤ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❡❧❡❝tr✐❝ ✜❡❧❞ ~Emic ✈✐❛ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛✲
t❡r✐❛❧✳ ❍❡r❡❜② ♠❛② ❜❡ ♥♦t❡❞✱ t❤❛t t❤❡ ♥♦t❛t✐♦♥ ❝❤❛♥❣❡s✱ s✐♥❝❡ t❤❡ ❞✐❡❧❡❝tr✐❝ ♠♦❞✉❧✐
❛r❡ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦rs✱ ✉♥❧✐❦❡ t❤❡ ❢♦✉rt❤✲♦r❞❡r st✐✛♥❡ss t❡♥s♦rs✳

K = 〈κ(x) · Γ1(x)〉 ✭✸✳✶✷❛✮

~D = κ · ~Emic ✭✸✳✶✷❜✮

▲✐❦❡ ✇✐t❤ t❤❡ ♠❡❝❤❛♥✐❝❛❧ str❛✐♥✱ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❡❧❡❝tr✐❝ ✜❡❧❞ ~EMAC ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❜② t❤❡ ♠✐❝r♦s❝♦♣✐❝ ❡❧❡❝tr✐❝ ✜❡❧❞ ~Emic✱ ❦♥♦✇✐♥❣ t❤❡ s♣❛t✐❛❧ ❞✐s♣❡rs✐♦♥✳

~EMAC = 〈 ~Emic〉 ✭✸✳✶✸❛✮

~Emic(x) = Γ1(x) · ~EMAC ✭✸✳✶✸❜✮

❆ss✉♠✐♥❣ t❤❡ ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ❧✉♠♣❡❞ t♦ ✐♥tr✐♥s✐❝ ❤♦♠♦❣❡♥❡♦✉s ♣❤❛s❡s✱ ❛❧❧♦✇s t♦
❞❡s❝r✐❜❡ ♠❛❝r♦s❝♦♣✐❝ q✉❛♥t✐t✐❡s ❛s s✉♠s ♦❢ t❤❡ ♠✐❝r♦s❝♦♣✐❝✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✈♦❧✉♠❡ ❢r❛❝t✐♦♥ fs✱ ✇❤❡r❡ s ❞❡♣✐❝ts t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❤❛s❡✳

~EMAC =
∑

r

fr ~Emic,r ✭✸✳✶✹❛✮

K
estimated =

∑

r

frκr · Γestimated
r ✭✸✳✶✹❜✮

■♥tr♦❞✉❝✐♥❣ ❛♥ ❛ss✉♠♣t✐♦♥ ❢♦r t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♣❤❛s❡s✱ ❛♥ ❡st✐♠❛t❡❞ ❞♦✇♥✲s❝❛❧✐♥❣
t❡♥s♦r ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ r❡q✉✐r❡s ❛ 3× 3 ❍✐❧❧ t❡♥s♦r✱ r❡s♣❡❝t✐♥❣ t❤❡
✐♥t❡r❛❝t✐♦♥s ♦❢ ❞✐❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✳

[I+P
∞
r · (κr −K

∞)] · ~Emic,r = ~E∞
MAC ✭✸✳✶✺✮

~Emic,r = [I+P
∞
r · (κr −K

∞)]−1 · ~E∞
MAC

✾
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✸✳ ▼❛t❡r✐❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡

✇✐t❤ ~EMAC =
∑

r

fr ~Emic,r =
∑

r

fr [I+P
∞
r · (κr −K

∞)]−1 · ~E∞
MAC ✭✸✳✶✻✮

~E∞
MAC =

[
∑

r

fr [I+P
∞
r · (κr −K

∞)]−1

]−1

· ~EMAC

[I+P
∞
r · (κr −K

∞)] · ~Emic,r =

[
∑

r

fr [I+P
∞
r · (κr −K

∞)]−1

]−1

· ~EMAC

❛♥❞ ~Emic(x) = Γ1(x) · ~EMAC ✭✸✳✶✼✮

~Emic,r = [I+P
∞
r · (κr −K

∞)]−1 ·
[
∑

r

fr [I+P
∞
r · (κr −K

∞)]−1

]−1

· ~EMAC

Γ
estimated
r = [I+P

∞
r · (κr −K

∞)]−1 ·
[
∑

r

fr [I+P
∞
r · (κr −K

∞)]−1

]−1

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ❞✐❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✱ str♦♥❣❧② r❡s❡♠❜❧✐♥❣ t❤❡ s❝❤❡♠❡
✐♥ ❊q✉❛t✐♦♥ ✸✳✾✱ ✇❤❡r❡ K0 ✐s t❤❡ t❡♥s♦r ♦❢ t❤❡ ❞✐❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ❢r♦♠ t❤❡ ♠❛tr✐①
♠❛t❡r✐❛❧✳

K
estimated =

(
∑

r

frκr · [I+Pr · (κr −K0)]
−1

)

·
(
∑

s

fs[I+Ps · (κs −K0)]
−1

)−1

✭✸✳✶✽✮

✶✵
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✸✳ ▼❛t❡r✐❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡

✸✳✸ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ♠♦❞✉❧✐

❙✐♥❝❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ ❛ ♣❧❛♥❡ ❝❛♥ ❜❡ ❛✈❡r❛❣❡❞ ❛❧♦♥❣ t❤✐s ♣❧❛♥❡ ❛♥❞
②✐❡❧❞s ❛ ♠❛❝r♦s❝♦♣✐❝ ✈❛❧✉❡✱ ❛✛❡❝t✐♥❣ t❤✐s r❡s♣❡❝t✐✈❡ ♣❧❛♥❡✱ t❤❡ s❛♠❡ ❝♦♥❝❡♣t ❝❛♥ ❜❡
✉s❡❞ ❢♦r t❤❡ ♠❡❝❤❛♥✐❝❛❧ str❛✐♥✳ ❇❡❝❛✉s❡ t❤❡ ❜❡❤❛✈✐♦r ❜❡t✇❡❡♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❛♥❞
♠✐❝r♦s❝♦♣✐❝ s❝♦♣❡s ♦❢ t❤✐s ♣❤②s✐❝❛❧ q✉❛♥t✐t✐❡s ✐s t❤❡ s❛♠❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s
✇✐❧❧ str♦♥❣❧② r❡s❡♠❜❧❡ t❤❡s❡ ❢r♦♠ s❡❝t✐♦♥ ✸✳✶✳

❆s ♠❡♥t✐♦♥❡❞ ❥✉st ♥♦✇✱ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ❡❧❡❝tr✐❝ ✜❡❧❞ ~EMAC ✐s t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡
♠✐❝r♦s❝♦♣✐❝ ❡❧❡❝tr✐❝ ✜❡❧❞ ~Emic ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ❛ ❞♦✇♥✲s❝❛❧✐♥❣
t❡♥s♦r B1✳

~EMAC = 〈 ~Emic〉 ✭✸✳✶✾❛✮

~Emic(x) = B1(x) · ~EMAC ✭✸✳✶✾❜✮

❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♣✐❡③♦ t❡♥s♦r eMAC ❛♥❞ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ♣✐❡③♦
t❡♥s♦r emic ❝❛♥ ♥♦t ❜❡ ❞❡s❝r✐❜❡❞ ❜② s✐♠♣❧❡ ❛✈❡r❛❣✐♥❣✱ ❜✉t r❡s❡♠❜❧❡s t❤❡ ❛✈❡r❛❣❡ ✐♥
r❡s♣❡❝t t♦ t❤❡ s♣❛❝✐❛❧ ❞✐str✐❜✉t✐♦♥✱ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❞♦✇♥✲s❝❛❧✐♥❣ t❡♥s♦r B1✳

e
′
MAC = 〈e′

mic(x) ·B1(x)〉 ✭✸✳✷✵❛✮

σ = −e
′
mic · ~Emic ✭✸✳✷✵❜✮

❆❣❛✐♥ ❜② r❡❞✉❝✐♥❣ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❛❧❧ ♠✐❝r♦ str✉❝t✉r❡s t♦ ❛ ✜♥✐t❡ ❛♠♦✉♥t ♦❢ ♠❛✲
t❡r✐❛❧ ♣❤❛s❡s✱ t❤❡ r❡❧❛t✐♦♥ ♦❢ ♠❛❝r♦s❝♦♣✐❝ ❛♥❞ ♠✐❝r♦s❝♦♣✐❝ q✉❛♥t✐t✐❡s ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s ❛ s✉♠✳ ❊❛❝❤ ♣❤❛s❡ ❤❛s ❤♦♠♦❣❡♥❡♦✉s ♣✐❡③♦ ♣r♦♣❡rt✐❡s er ❛♥❞ ❛ ❝♦rr❡s♣♦♥❞✐♥❣
✈♦❧✉♠❡ ❢r❛❝t✐♦♥ fr✱ ✇❤❡r❡ r ✐♥❞✐❝❛t❡s t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❤❛s❡s✳

~EMAC =
∑

r

fr ~Emic,r ✭✸✳✷✶❛✮

e
′estimated

MAC =
∑

r

fre
′
r ·Bestimated

r ✭✸✳✷✶❜✮

❚♦ ✜♥❞ ❛♥ ❛ss✉♠♣t✐♦♥ ❢♦r t❤❡ ❞♦✇♥✲s❝❛❧✐♥❣ t❡♥s♦r B1✱ t❤❡ ❍✐❧❧ t❡♥s♦r P ✐s ✉s❡❞✱ ❜✉t
✐♥ t❤✐s ❝❛s❡ t❤❡ ❍✐❧❧ t❡♥s♦r ❝♦✈❡rs ♦♥❧② t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛t❡r✐❛❧✳

[
I+P

∞
r · (e′

r − e
′∞
MAC)

]
· ~Emic,r = ~E∞

MAC ✭✸✳✷✷✮

~Emic,r =
[
I+P

∞
r · (e′

r − e
′∞
MAC)

]−1 · ~E∞
MAC

✶✶

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✸✳ ▼❛t❡r✐❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡

✇✐t❤ ~EMAC =
∑

r

fr ~Emic,r =
∑

r

fr
[
I+P

∞
r · (e′

r − e
′∞
MAC)

]−1 · ~E∞
MAC ✭✸✳✷✸✮

~E∞
MAC =

[
∑

r

fr
[
I+P

∞
r · (e′

r − e
′∞
MAC)

]−1

]−1

· ~EMAC

[
I+P

∞
r · (e′

r − e
′∞
MAC)

]
· ~Emic,r =

[
∑

r

fr
[
I+P

∞
r · (e′

r − e
′∞
MAC)

]−1

]−1

· ~EMAC

❛♥❞ ~Emic(x) = B1(x) · ~EMAC ✭✸✳✷✹✮

~Emic,r =
[
I+P

∞
r · (e′

r − e
′∞
MAC)

]−1 ·
[
∑

r

fr
[
I+P

∞
r · (e′

r − e
′∞
MAC)

]−1

]−1

· ~EMAC

B
estimated
r =

[
I+P

∞
r · (e′

r − e
′∞
MAC)

]−1 ·
[
∑

r

fr
[
I+P

∞
r · (e′

r − e
′∞
MAC)

]−1

]−1

❚❤✐s ❡✈❛❧✉❛t✐♦♥ ❧❡❛❞s t♦ s✐♠✐❧❛r r❡s✉❧ts ❧✐❦❡ ✇✐t❤ t❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✐✱ ❜✉t ✇✐t❤ t❤❡
✉♥❢❛✈♦r❛❜❧❡ ♣r♦♣❡rt② ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♠♦❞✉❧✐✳ ❇❡❝❛✉s❡ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♠♦❞✉❧✐ e
❛r❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ 3× 6 ♠❛tr✐①✱ t❤✐s ❝❛❧❝✉❧❛t✐♦♥ r❡q✉✐r❡s ❛ ▼♦♦r❡✲P❡♥r♦s❡ ✐♥✈❡rs❡✱
♥♦t ❡♥s✉r✐♥❣ ❝♦rr❡❝t s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳ ❆❞❞✐♥❣ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ❡❧❡❝tr✐❝❛❧ ❝♦♠✲
♣♦♥❡♥t t♦ ♦♥❡ ❝❛❧❝✉❧❛t✐♦♥ ❜②♣❛ss❡s t❤✐s ♣r♦❜❧❡♠✱ s✐♥❝❡ ✐t r❡s✉❧ts ✐♥ ❛ 9 × 9 ♠❛tr✐①✱
✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥✈❡rt❡❞ r❡❣✉❧❛r❧②✳

✶✷
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✸✳ ▼❛t❡r✐❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡

✸✳✹ ❈♦♠❜✐♥❡❞ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♠❡t❤♦❞

❆t t❤✐s st❡♣✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♠❡t❤♦❞s s❤♦✉❧❞ ❜❡ ❝♦♠❜✐♥❡❞ t♦ ❛ s✐♥❣❧❡
♦♥❡✳ ❚♦ ✜♥❞ ❛♥ ❛❧❣♦r✐t❤♠ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♠❜✐♥❡❞ ♠❛t❡r✐❛❧ ♣r♦✜❧❡✱ t❤❡ ❛✈❡r❛❣✐♥❣
❝♦♥❝❡♣t ♦❢ ❛❧❧ ♠❛t❡r✐❛❧ ♠♦❞✉❧✐ ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳

C = 〈 (x) : A1(x)〉 ✭✸✳✷✺❛✮

e
′
MAC = 〈e′

mic(x) ·B1(x)〉 ✭✸✳✷✺❜✮

eMAC = 〈emic(x) ·B2(x)〉 ✭✸✳✷✺❝✮

K = 〈κ(x) · Γ1(x)〉 ✭✸✳✷✺❞✮

❚♦ ❝♦♠❜✐♥❡ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✱ ❛❧❧ ♠♦❞✉❧✐ ❤❛✈❡ t♦ ❜❡ r❡❞✉❝❡❞ t♦ s❡❝♦♥❞✲♦r❞❡r
t❡♥s♦rs✱ ✉s✐♥❣ ♠❛t❡r✐❛❧ s②♠♠❡tr✐❡s✳ ❚❤✐s ♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ✇r✐t❡ ❞♦✇♥ ❛❧❧ ♠♦❞✉❧✐
✐♥ ❛ 9×9 ♠❛tr✐①✳ ❆❧s♦ t❤❡ ❞♦✉❜❧❡ ❝♦♥tr❛❝t✐♦♥s ❢♦r t❤❡ ❢♦✉rt❤✲♦r❞❡r ❡❧❛st✐❝✐t② ♠♦❞✉❧✐
❛r❡ s✐♠♣❧✐✜❡❞ t♦ ❞♦t ♣r♦❞✉❝ts✳

●❡tt✐♥❣ ♦✉t t❤❡ ♠✐❝r♦s❝♦♣✐❝ ♠♦❞✉❧✐ ❢r♦♠ t❤❡ ❛✈❡r❛❣✐♥❣ ❝♦♥❝❡♣t t♦ ❛♥ ✐♥❞✐✈✐❞✉❛❧
♠❛tr✐①✱ r❡q✉✐r❡s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ♥❡✇ ❞♦✇♥✲s❝❛❧✐♥❣ t❡♥s♦rs Ã1, B̃1, B̃2, Γ̃1✱ ✇❤✐❝❤
r❡s♣❡❝t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♠✉❧t✐♣❧❡ ✐♥♣✉t q✉❛♥t✐t✐❡s ♦♥ t❤❡✐r ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r✱ ❜✉t
❛r❡ ✉♥❦♥♦✇♥ ❛t t❤✐s ♣♦✐♥t✳ ❚❤❡ ♥❡✇ ❞♦✇♥✲s❝❛❧✐♥❣ t❡♥s♦rs ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ t♦ ♦♥❡
♠❛tr✐① Ñ ✳

(
C e′

MAC

eMAC −K

)

=

(
〈c(x) ·A1(x)〉 〈e′

mic(x) ·B1(x)〉
〈emic(x) ·B2(x)〉 〈−κ(x) · Γ1(x)〉

)

✭✸✳✷✻✮

=

〈(
c(x) e′

mic(x)
emic(x) −κ(x)

)

·
(
Ã1(x) B̃1(x)

B̃2(x) Γ̃1(x)

)

︸ ︷︷ ︸

Ñ(x)

〉

=

〈(
c(x) e′

mic(x)
emic(x) −κ(x)

)

· Ñ (x)

〉

❆s ❛❧r❡❛❞② s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✸✳✶✶✱ t❤❡ ✐♥♣✉t q✉❛♥t✐t✐❡s ❝❛♥ ❜❡ ❛❞❞❡❞ t♦❣❡t❤❡r t♦
❛ ✈❡❝t♦r ♦❢ r❛♥❦ ✾✳ ❋✉rt❤❡r t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥ t♦ ❛ ✜♥✐t❡ ❛♠♦✉♥t ♦❢ ❤♦♠♦❣❡♥❡♦✉s

✶✸
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✸✳ ▼❛t❡r✐❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡

♠❛t❡r✐❛❧ ♣❤❛s❡s ❛❧s♦ ❛♣♣❧✐❡s t♦ t❤❡ ❝♦♠❜✐♥❡❞ ♠❛t❡r✐❛❧ ♠❛tr✐① ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✐♥♣✉t q✉❛♥t✐t✐❡s✱ ✇❤✐❝❤ ❛r❡ ♠❡❝❤❛♥✐❝❛❧ str❛✐♥ ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞ str❡♥❣t❤✳

(
~E

− ~EMAC

)

=
∑

r

fr

(
~εr

− ~Emic

)

✭✸✳✷✼❛✮

(
C e′

MAC

eMAC −K

)estimated

=
∑

r

fr

(
cr e′

r

er −κr

)

· Ñ estimated
r ✭✸✳✷✼❜✮

❲✐t❤ ❛ ♠❛t❝❤✐♥❣ ❍✐❧❧ t❡♥s♦r t♦ ❞❡s❝r✐❜❡ t❤❡ ✐♠♣❛❝t ♦❢ ✐♥❤♦♠♦❣❡♥❡✐t② ✐♥ ❛ ♠❛tr✐①
❛♥❞ s♦♠❡ ♠❛t❤❡♠❛t✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❛♥ ❡st✐♠❛t✐♦♥ ❢♦r
t❤❡ ❞♦✇♥✲s❝❛❧✐♥❣ ♠❛tr✐① Ñ ✳ ❚❤✐s ♦❢ ❝♦✉rs❡ r❡q✉✐r❡s ❛ ❍✐❧❧ t❡♥s♦r t❤❛t ❝♦♥s✐❞❡rs
t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛❧❧ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ❝r❡❛t✐♥❣ ❛ ♠❛t❝❤✐♥❣ ❍✐❧❧
t❡♥s♦r ✐s ♠♦r❡ ♣r❡❝✐s❡❧② st❛t❡❞ ✐♥ ❝❤❛♣t❡r ✹✳

[

I+P
∞
r ·
((

cr e′
r

er −κr

)

−
(

C
∞ e′∞

MAC

e∞
MAC K∞

))]

·
(

~εr
− ~Emic

)

=

(
~E∞

− ~E∞
MAC

)

✭✸✳✷✽✮

(
~εr

− ~Emic

)

=

[

I+P
∞
r ·
((

cr e′
r

er −κr

)

−
(

C
∞ e′∞MAC

e∞
MAC K∞

))]−1

·
(

~E∞

− ~E∞
MAC

)

✇✐t❤

(
~E

− ~EMAC

)

=
∑

r

fr

(
~εr

− ~Emic

)

✭✸✳✷✾✮

=
∑

r

fr

[

I+P
∞
r ·
((

cr e′
r

er −κr

)

−
(

C
∞ e′∞

MAC

e∞
MAC K∞

))]−1

·
(

~E∞

− ~E∞
MAC

)

(
~E∞

− ~E∞
MAC

)

=

[
∑

r

fr

[

I+P
∞
r ·
((

cr e′
r

er −κr

)

−
(

C
∞ e′∞

MAC

e∞
MAC K∞

))]−1
]−1

·
(

~E
− ~EMAC

)

[

I+P
∞
r ·
((

cr e′
r

er −κr

)

−
(

C
∞ e′∞

MAC

e∞
MAC K∞

))]

·
(

~εr
− ~Emic

)

= ✭✸✳✸✵✮

[
∑

r

fr

[

I+P
∞
r ·
((

cr e′
r

er −κr

)

−
(

C
∞ e′∞

MAC

e∞
MAC K∞

))]−1
]−1

·
(

~E
− ~EMAC

)

✶✹
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✸✳ ▼❛t❡r✐❛❧ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡

❛♥❞

(
~ε(x)

− ~Emic(x)

)

= Ñ (x) ·
(

~E
− ~EMAC

)

✭✸✳✸✶✮

(
~εr

− ~Emic

)

=

[

I+P
∞
r ·
((

cr e′
r

er −κr

)

−
(

C
∞ e′∞

MAC

e∞
MAC K∞

))]−1

✭✸✳✸✷✮

·
[
∑

r

fr

[

I+P
∞
r ·
((

cr e′
r

er −κr

)

−
(

C
∞ e′∞

MAC

e∞
MAC K∞

))]−1
]−1

·
(

~E
− ~EMAC

)

Ñ
estimated
r =

[

I+P
∞
r ·
((

cr e′
r

er −κr

)

−
(

C
∞ e′∞

MAC

e∞
MAC K∞

))]−1

✭✸✳✸✸✮

·
[
∑

r

fr

[

I+P
∞
r ·
((

cr e′
r

er −κr

)

−
(

C
∞ e′∞

MAC

e∞
MAC K∞

))]−1
]−1

❋✐❧❧✐♥❣ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ Ñ ❢♦r ❛❧❧ ♣r❡s❡♥t ♣❤❛s❡s✱ ❛s ✐♥ ❊q✉❛t✐♦♥ ✸✳✷✼❜✱ ❛♥ ❡①♣r❡s✲
s✐♦♥ ❢♦r ❛ ❤♦♠♦❣❡♥✐③❡❞ ♠❛t❡r✐❛❧ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ❛s ✐♥ ❊q✉❛t✐♦♥ ✸✳✸✹✳ ❈♦♥tr❛❝t✐♥❣
❛❧❧ ♠❛t❡r✐❛❧ ♠♦❞✉❧✐ t♦ t❤❡ ♠❛tr✐① M ②✐❡❧❞s t❤❡ s❛♠❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ❢♦r♠✉❧❛ ❛s ✐♥
❊q✉❛t✐♦♥ ✸✳✶✳

✇✐t❤

(
C e′

MAC

eMAC −K

)estimated

=
∑

r

fr

(
cr e′

r

er −κr

)

· Ñ estimated
r

Mest

︷ ︸︸ ︷
(

C e′
MAC

eMAC −K

)estimated

=








∑

r

fr

Mr

︷ ︸︸ ︷
(
cr e′

r

er −κr

)

·






I+Pr ·







Mr

︷ ︸︸ ︷
(
cr e′

r

er −κr

)

−

M0

︷ ︸︸ ︷
(

C
∞ e′∞

MAC

e∞
MAC K∞

)













−1






·








∑

s

fs







I+Ps ·








(
cr e′

r

er −κr

)

︸ ︷︷ ︸

Ms

−
(

C
∞ e′∞

MAC

e∞
MAC K∞

)

︸ ︷︷ ︸

M0















−1






−1

✭✸✳✸✹✮

✶✺
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✹ ⑤ P✐❡③♦✲❊s❤❡❧❜② ❚❡♥s♦r

❚❤❡ P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r ✐s ❛ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r ❞❡s❝r✐❜✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❡①❛❝t
❣❡♦♠❡tr② ♦❢ t❤❡ ✐♥❝❧✉❞❡❞ ❡❧❧✐♣s♦✐❞❛❧✳

✹✳✶ ❱♦✐❣t ♥♦t❛t✐♦♥

❚♦ ❤❛♥❞❧❡ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs M ✐♥ ❱♦✐❣t ♥♦t❛t✐♦♥✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✉s❡ t❤✐s
❝♦♥❝❡♣t ❢♦r t❤❡ P✐❡③♦✲❊s❤❡❧❜②✲ ❛♥❞ P✐❡③♦✲❍✐❧❧ t❡♥s♦r ❛s ✇❡❧❧✱ ✇❤✐❝❤ r❡❛❞s ❛s ✐♥
❊q✉❛t✐♦♥ ✹✳✶✳

MAbCd =

















M1111 M1122 M1133 M1132 M1131 M1121 M1141 M1142 M1143

M2211 M2222 M2233 M2232 M2231 M2221 M2241 M2242 M2243

M3311 M3322 M3333 M3332 M3331 M3321 M3341 M3342 M3343

M3211 M3222 M3233 M3232 M3231 M3221 M3241 M3242 M3243

M3111 M3122 M3133 M3132 M3131 M3121 M3141 M3142 M3143

M2111 M2122 M2133 M2132 M2131 M2121 M2141 M2142 M2143

M4111 M4122 M4133 M4132 M4131 M4121 M4141 M4142 M4143

M4211 M4222 M4233 M4232 M4231 M4221 M4241 M4242 M4243

M4311 M4322 M4333 M4332 M4331 M4321 M4341 M4142 M4343

















✭✹✳✶✮

❋♦r A,C ∈ N[1...4] ❛♥❞ b, d ∈ N[1...3]✳

❚❤✐s ♥♦t❛t✐♦♥ ✐s ✈❛❧✐❞✱ ❛s ❧♦♥❣ ❛s t❤❡ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ t❡♥s♦r ✐s r❡s♣❡❝t❡❞✱
❛s M1212 = M2121 = M1221 = M2112

✹✳✷ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ ❛ P✐❡③♦✲❊s❤❡❧❜② ❚❡♥s♦r

▼✐❦❛t❛ st❛t❡❞ ✐♥ ❤✐s ♣❛♣❡rs ❬✶✼❪✱ ❬✶✽❪ ❤♦✇ t♦ ❝❛❧❝✉❧❛t❡ ❛ P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r ❢♦r
❝②❧✐♥❞r✐❝❛❧ ❛♥❞ s♣❤❡r✐❝❛❧ ✐♥❝❧✉s✐♦♥s✱ ❜✉t ❤❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ♣✐❡③♦ ♠♦❞✉❧✉s e14 ✐s
③❡r♦✳ ❋♦r t❤❡ ❜♦♥❡ ❜✉✐❧❞✐♥❣ ♠❛t❡r✐❛❧s e14 ✐s ❛♥ ✐♠♣♦rt❛♥t ♠♦❞✉❧✉s✱ t❤❡r❡❢♦r❡ t❤❡
❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ st❛t❡❞ ♣❛♣❡rs✱ ❜✉t ✇✐t❤ t❤❡ ✈❛❧✉❡ e14 ❛❞❞❡❞✳

✶✻
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✹✳ P✐❡③♦✲❊s❤❡❧❜② ❚❡♥s♦r

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s s❤♦✇ t❤❡ ❣❡♥❡r❛❧ ♣❛t❤ t♦ ❝♦♥str✉❝t✐♥❣ ❛ P✐❡③♦✲❊s❤❡❧❜② ❚❡♥✲
s♦r✳ ◆♦t✐❝❡ t❤❛t ❛ ❢♦✉rt❤✲♦r❞❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❚❡♥s♦r M ✐s ✉s❡❞✳
❚❤❡ ✈❛r✐❛❜❧❡ ~y r❡♣r❡s❡♥ts t❤❡ ❣❡♦♠❡tr✐❝ ❡①t❡♥s✐♦♥✱ ✇❤✐❝❤ ♥❡❡❞s t♦ ❜❡ ♣❛r❛♠❡t❡r✐③❡❞
❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②✳

SMnAb =

{
1
8π
MiJAb(IinmJ + IimnJ) : M ∈ {1, 2, 3}

1
4π
MiJAbIinAb : M = 4

✭✹✳✷✮

KMJ(~x) = MpMJq · xi · xj, ✇✐t❤
p, q ∈ {1, 2, 3}

M,J ∈ {1, 2, 3, 4} ✭✹✳✸✮

I❛❜❝❞ =

∫

|y|=1

y❛y❜K
−1
❝❞

(y1, y2, y3)d~y ✭✹✳✹✮

✇✐t❤ ~y = yi : i ∈ {1, 2, 3}

❚❤❡ ♠❛tr✐① KMJ ✐s ❛✛❡❝t❡❞ ❜② e14 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥tr✐❡s ❛♥❞ r❡s✉❧ts ✐♥ t♦t❛❧ ❛s
s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✹✳✻✳

K24|e14 = e14x1x3 ✭✹✳✺✮

K42|e14 = e14x1x3 = K24|e14
K14|e14 = −e14x2x3

K41|e14 = −e14x2x3 = K14|e14
K34|e14 = e14x1x2 − e14x1x2 = 0

K43|e14 = e14x1x2 − e14x1x2 = 0

KMJ(~x) =











c11 x1
2 +

(
c11
2
− c12

2

)
x2

2 + c44 x3
2 x1 x2 (c11+c12)

2
x1 x3 (c13 + c44) x1 x3 (e15 + e31)− e14 x2 x3

x1 x2 (c11+c12)
2

(
c11
2
− c12

2

)
x1

2 + c11 x2
2 + c44 x3

2 x2 x3 (c13 + c44) x2 x3 (e15 + e31) + e14 x1 x3

x1 x3 (c13 + c44) x2 x3 (c13 + c44) c44 x1
2 + c44 x2

2 + c33 x3
2 e15 x1

2 + e15 x2
2 + e33 x3

2

x1 x3 (e15 + e31)− e14 x2 x3 x2 x3 (e15 + e31) + e14 x1 x3 e15 x1
2 + e15 x2

2 + e33 x3
2 −k11 x1

2 − k11 x2
2 − k33 x3

2











✭✹✳✻✮

✹✳✸ P✐❡③♦✲❍✐❧❧ t❡♥s♦r

❚❤❡ ❜② ❍❡❧❧♠✐❝❤✱ ❇❛rt❤é❧é♠②✱ ❛♥❞ ❉♦r♠✐❡✉① ✐♥tr♦❞✉❝❡❞ t❡♥s♦r P ❬✶✾✱ ❡q✳ ✺✸❪✱ ❝❛❧❧❡❞
❍✐❧❧✲t❡♥s♦r ❬✶✺❪✱ ✐s ♦♥❧② ❛♥ ❛✉①✐❧✐❛r② st❡♣ t♦ ❝♦♠♣✉t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛t❡r✐❛❧ ♣r♦♣❡r✲
t✐❡s✱ ❜✉t ❤❛s ♦♥❡ s✐❣♥✐✜❝❛♥t ♣r♦♣❡rt②✳ ❚❤✐s t❡♥s♦r ❤❛s t♦ ❜❡ s②♠♠❡tr✐❝✱ ✇❤❡♥ ✇r✐tt❡♥

✶✼
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✹✳ P✐❡③♦✲❊s❤❡❧❜② ❚❡♥s♦r

❛s ♠❛tr✐①✱ t♦ ♣r♦❞✉❝❡ ❛ s②♠♠❡tr✐❝ ♠❛t❡r✐❛❧ ♣r♦♣❡rt② ♠❛tr✐① M ❛s ✐♥ ❊q✉❛t✐♦♥ ✷✳✸✳
■♥ ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡ ❍✐❧❧✲t❡♥s♦r P ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s ✐♥ ❊q✉❛t✐♦♥ ✹✳✼✳

P = S ·M−1 ✭✹✳✼✮

✹✳✹ ❚❡♥s♦r ❢♦r ❝②❧✐♥❞r✐❝❛❧ ✐♥❝❧✉s✐♦♥s

❲❡t ❝♦❧❧❛❣❡♥ ❛♣♣❡❛rs ✐♥ t❤❡ ✜❜r✐❧ ♥❡t✇♦r❦ ✐♥ ❛ ❝②❧✐♥❞r✐❝❛❧ s❤❛♣❡ ❛♠♦♥❣st ♦t❤❡r
str✉❝t✉r❡s ✐♥ ❜♦♥❡ ♠❛t❡r✐❛❧ ❬✶✺❪✳ ❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s ❛ t❡♥s♦r ✇❛s ✉s❡❞✱
st❛t❡❞ ❜② ▼✐❦❛t❛✱ ✇❤✐❝❤ r❡❛❞s ✐♥ t❤❡ ♠❛tr✐① ♥♦t❛t✐♦♥ ❛s ❊q✉❛t✐♦♥ ✹✳✶✵ ❬✶✼❪✳ ❚❤❡
❛s♣❡❝t r❛t✐♦ α ✐s t❤❡ r❡❧❛t✐♦♥ ♦❢ t❤❡ tr❛♥s✈❡rs❛❧ ❛①❡s ♦❢ t❤❡ ❡❧❧✐♣t✐❝ ❝②❧✐♥❞❡r✱ ❝❤❛r❛❝✲
t❡r✐③✐♥❣ ❛ ❝✐r❝❧❡ ❢♦r α = 1✳ ❚❤❡ ❛s♣❡❝t r❛t✐♦ β ✐♥ t❤❡ x3 ❞✐r❡❝t✐♦♥ ❝♦♥✈❡r❣❡s t♦ ③❡r♦✱
t♦ r❡♣r❡s❡♥t ❛ ❞❡❢♦r♠❛t✐♦♥ ❢r♦♠ ❛ s♣❤❡r❡ t♦ ❛ ❝②❧✐♥❞❡r✱ s❡❡ ❝❤❛♣t❡r ✽ t♦ r❡❛❞ ♠♦r❡
❛❜♦✉t t❤❡s❡ ❣❡♦♠❡tr✐❝❛❧ ❢❛❝t♦rs✳

y1 = sin(θ) cos(φ)

y2 = α sin(θ) sin(φ)

y3 = β cos(θ)

d~y = sin(θ) dθ dφ

φ ∈ R[0, 2π)

θ ∈ R[0, π)
✭✹✳✽✮

t❤r♦✉❣❤ β → 0 r❡s✉❧ts ✐♥✿

I❛❜❝❞ =

∫ 2π

φ=0

∫ π

θ=0

y❛y❜K
−1
❝❞

(y1, y2, 0) sin(θ) dθ dφ ✇✐t❤
a, b ∈ {1, 2}
c, d ∈ {1, 2, 3, 4} ✭✹✳✾✮

❇❡❝❛✉s❡ t❤✐s P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r ✐s ✉s❡❞ ❢♦r ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ✐♥ ❑❡❧✈✐♥✲▼❛♥❞❡❧
♥♦t❛t✐♦♥✱ ❛ ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r ♦❢ ✷ ✐♥ t❤❡ ❡♥tr✐❡s Scyl4,4✱ Scyl5,5 ❛♥❞ Scyl6,6 ❞✐st✐♥❣✉✐s❤❡s
t❤✐s t❡♥s♦r ❢r♦♠ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ▼✐❦❛t❛ ❬✶✼❪✳ ■♥t❡r❡st✐♥❣❧② ❛❧❧ ❡♥tr✐❡s ♦❢ e14
❛♥❞ e15 ❢❛❧❧ ♦✉t✱ ❞✉❡ t♦ t❤❡ ❣❡♦♠❡tr② ❬✶✼✱ ❡q✳ ✻✾❪✳ ❚♦ ❡✈❛❧✉❛t❡ t❤❡ t❡♥s♦r✱ t❤❡
♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ♥♦t ✉s❡❞ ✐♥ ❙■ ♥♦t❛t✐♦♥✱ ❜✉t ✇✐t❤ ✉♥✐t ♣r❡✜①❡s [c] =●P❛
❛♥❞ [κ] =♣❋✴♠✳

Scyl =





























α

2(1 + α)2

(
3c11 + c12

c11
+

2

α

)
α

2(1 + α)2

(
(2 + α)c12

αc11
− 1

)
c13

(1 + α)c11
0 0 0 0 0

e31
(1 + α)c11

α

2(1 + α)2

(
(1 + 2α)c12

c11
− 1

)
α

2(1 + α)2

(
3c11 + c12

c11
+ 2α

)
αc13

(1 + α)c11
0 0 0 0 0

αe31
(1 + α)c11

0 0 0 0 0 0 0 0 0

0 0 0
α

2(1 + α)
0 0 0 0 0

0 0 0 0
α

2(1 + α)
0 0 0 0

0 0 0 0 0
α

2(1 + α)2

(
1 + α + α2

α
− c12

c11

)

0 0 0

0 0 0 0 0 0
1

1 + α
0 0

0 0 0 0 0 0 0
1

1 + α
0

0 0 0 0 0 0 0 0 0





























✭✹✳✶✵✮
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✹✳ P✐❡③♦✲❊s❤❡❧❜② ❚❡♥s♦r

✹✳✺ ❚❡♥s♦r ❢♦r s♣❤❡r✐❝❛❧ ✐♥❝❧✉s✐♦♥s

❚❤❡ ✈❛❧✉❡s ❢♦r Iabcd ❢♦r ❛ s♣❤❡r✐❝❛❧ ✐♥❝❧✉s✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ♣❛r❛♠❡t❡r✐③✐♥❣ t❤❡
y ❛s t❤❡ ❢♦❧❧♦✇✐♥❣✿

y1 = sin(θ) cos(φ)

y2 = α sin(θ) sin(φ)

y3 = β cos(θ)

d~y = sin(θ) dθ dφ

φ ∈ R[0, 2π)

θ ∈ R[0, π)
✭✹✳✶✶✮

I❛❜❝❞ =

∫ 2π

φ=0

∫ π

θ=0

y❛y❜K
−1
❝❞

(y1, y2, y3) sin(θ) dθ dφ ✇✐t❤
a, b ∈ {1, 2, 3}
c, d ∈ {1, 2, 3, 4} ✭✹✳✶✷✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✇♦r❦ ❛ss✉♠❡s α = 1 ❢♦r s♣❤❡r✐❝❛❧ ✐♥❝❧✉s✐♦♥s✱ t♦ ❦❡❡♣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s
✐♥ ❛ r❡❛s♦♥❛❜❧❡ s❝♦♣❡ ♦❢ ❝♦♠♣❧❡①✐t②✳ ❙♦♠❡ ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ Iabcd ❛r❡ ③❡r♦ ❛♥❞ ❤❛✈❡
♥♦ ❡✛❡❝t ♦♥ t❤❡ ❊s❤❡❧❜② t❡♥s♦r✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦♥✲③❡r♦ ✈❛❧✉❡s✱ e14 ❤❛s ❡✛❡❝t ♦♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s✱ ✇❤✐❝❤ ♥❡❡❞ t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ t♦ ❣❡♥❡r❛t❡ t❤❡ s②♠♠❡tr✐❝✱ s❡❝♦♥❞✲
♦r❞❡r ❍✐❧❧ t❡♥s♦r P✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ ❊q✉❛t✐♦♥ ✹✳✷
❛♥❞ ❊q✉❛t✐♦♥ ✹✳✼✳

Ssph,74 =
1

4π
(c44I1342 + e14I1144) ✭✹✳✶✸✮

Ssph,85 =
1

4π
(c44I2342 − e14I2244) = Ssph,74

❞✉❡ t♦ t❤❡ s②♠♠❡tr②
I1342 = −I2342
I1144 = I2244

Psph,74 = Ssph,74 E
−1
44
︸︷︷︸
c44

+Ssph,77 E
−1
74
︸︷︷︸
e14

+Ssph,78 E
−1
84
︸︷︷︸
e15

✭✹✳✶✹✮

Psph,85 = Ssph,85 E
−1
55
︸︷︷︸
c44

+Ssph,87 E
−1
75
︸︷︷︸
e15

+Ssph,88 E
−1
85
︸︷︷︸
−e14

= −Psph,74

Psph,47 = Psph,74

Psph,58 = Psph,85

✶✾
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✺ ⑤ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❇♦♥❡

❇♦♥❡ ♠❛t❡r✐❛❧ ✐s ♠❛✐♥❧② ❝♦♠♣♦s❡❞ ♦❢ ❝♦❧❧❛❣❡♥✱ ❤②❞r♦①②❛♣❛t✐t❡ ❛♥❞ s♦♠❡ ❝❛✈✐t✐❡s
✜❧❧❡❞ ✇✐t❤ ✐s♦t♦♥✐❝ ✇❛t❡r✳ ❚❤❡ ♠❡t❤♦❞s s❤♦✇♥ ✐♥ ❝❤❛♣t❡r ✸ ❛r❡ ✉s❡❞ t♦ ❡st✐♠❛t❡
♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❢♦r ❜♦♥❡ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❚❤❡ ♠✐①✐♥❣ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✉s❡❞
♠❛t❡r✐❛❧s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦rt✐❝❛❧ ♣❛rt ♦❢ ❛ ❤✉♠❛♥ ❢❡♠✉r✱ s❡❡ ❋r✐ts❝❤ ❛♥❞ ❍❡❧❧♠✐❝❤
❬✶✺❪✳

❚❤❡ ❜♦♥❡ str✉❝t✉r❡ ✈❛r✐❡s ♥♦t ♦♥❧② ❜❡t✇❡❡♥ t❤❡ ❝♦rt✐❝❛❧ ❛♥❞ t❤❡ ❝❛♥❝❡❧♦✉s ❜♦♥❡✱ ❜✉t
t❤❡ ❧♦❝❛❧ ♠✐❝r♦ str✉❝t✉r❡ ✈❛r✐❡s ✐♥ ✐ts ❝♦♠♣♦s✐t✐♦♥ ❛s ✇❡❧❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥s
❛❧❧♦✇ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❡①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧✱ ♣r♦✲
✈✐❞❡❞ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤✐s ♠❛t❡r✐❛❧ ✐s ❦♥♦✇♥✳ ❚❤❡ st❛t❡❞ ✈❛❧✉❡s ✐♥ t❤✐s ❝❤❛♣t❡r
❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐ts✿ [c] = GPa✱ [e] = C/m2 ❛♥❞ [κ] = pF/m✳

✺✳✶ ❍✐❡r❛r❝❤✐❝ str✉❝t✉r❡ ♦❢ ❜♦♥❡

❚♦ ❡st✐♠❛t❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❡①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧✱ ❛ ✜✈❡ st❡♣ ❛♣♣r♦❛❝❤ ✐s
✉s❡❞✳ ❊❛❝❤ st❡♣ ❝♦♠❜✐♥❡s ♠✉❧t✐♣❧❡ ♠❛t❡r✐❛❧ ♣❤❛s❡s t♦ ❞❡s❝r✐❜❡ ✐ts ❤♦♠♦❣❡♥✐③❡❞
str✉❝t✉r❡✳

❙✐♥❝❡ ❡①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧ ❝♦♥s✐st ♦❢ ❡①tr❛❝❡❧❧✉❧❛r ❜♦♥❡ ♠❛tr✐①✱ ❛❧s♦ ❦♥♦✇♥
❛s ✉❧tr❛str✉❝t✉r❡✱ ✇❤✐❝❤ ❡♠❜❡❞s s♠❛❧❧ ✇❛t❡r ✜❧❧❡❞ ✐♥❝❧✉s✐♦♥s ❝❛❧❧❡❞ ❧❛❝✉♥❛❡✳ ❆t t❤✐s
♣♦✐♥t✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ✇❛t❡r ❛r❡ ❦♥♦✇♥✱ ❜✉t ♥♦t t❤❡s❡ ♦❢ t❤❡ ✉❧tr❛str✉❝t✉r❡✱ ✇❤✐❝❤
❤❛✈❡ t♦ ❜❡ ❡st✐♠❛t❡❞ ✐♥ ❛ s❡♣❛r❛t❡ st❡♣✳

❚❤❡ ✉❧tr❛str✉❝t✉r❡ ❝♦♥s✐sts ♦❢ ♠✐♥❡r❛❧✐③❡❞ ❝♦❧❧❛❣❡♥ ✜❜❡rs ❛♥❞ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠✱
✇❤✐❝❤ ❜♦t❤ ❤❛✈❡ t♦ ❜❡ ❡✈❛❧✉❛t❡❞ ✐♥ ❛ s❡♣❛r❛t❡ st❡♣✳ ▲❛st❧② ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡
♣r♦♣❡rt✐❡s ♦❢ ❝♦❧❧❛❣❡♥ ✜❜❡rs ❛r❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ✇❡t ❝♦❧❧❛❣❡♥ r❡q✉✐r❡❞✱ ✇❤✐❝❤
❝❛♥ ❜❡ ❣❛✐♥❡❞ ❜② ❝♦♠❜✐♥✐♥❣ ❝r♦ss❧✐♥❦❡❞ ❝♦❧❧❛❣❡♥ ❛♥❞ ✇❛t❡r ✐♥ t❤❡ ✐♥t❡r♠♦❧❡❝✉❧❛r
s♣❛❝❡✳ ❙✐♥❝❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣✉r❡✱ ✉♥❜❧❡♥❞❡❞ ♠❛t❡r✐❛❧s ❝♦❧❧❛❣❡♥✱ ✇❛t❡r ❛♥❞
❤②❞r♦①②❛♣❛t✐t❡ ❛r❡ ❦♥♦✇♥✱ ♥♦ ❢✉rt❤❡r ❤♦♠♦❣❡♥✐③❛t✐♦♥ st❡♣s ❛r❡ r❡q✉✐r❡❞✳

❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❝❛❧❝✉❧❛t❡❞ ♠❛t❡r✐❛❧s ❛♥❞ t❤❡✐r st❡♣s ✐s ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✺✳✶✳
◆❛t✉r❛❧❧② ✐t ✐s ✐♥❡✈✐t❛❜❧❡ t♦ ❜❡❣✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❛t ✐ts s♠❛❧❧❡st ❜✉✐❧❞✐♥❣ ❜❧♦❝❦✱
✇❤✐❝❤ ✐s ✇❡t ❝♦❧❧❛❣❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❜♦♥❡ ♠❛t❡r✐❛❧✱ ❛s s❤♦✇♥ ✐♥ s❡❝t✐♦♥ ✺✳✷✳

✷✵

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✺✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❇♦♥❡

❡①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧

❼ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤✿ lexvas ≈ 100➭♠

❼ ♠❛tr✐①✿ ✉❧tr❛str✉❝t✉r❡✱ Multra

❼ ✐♥❝❧✉s✐♦♥s✿ s♣❤❡r✐❝❛❧ ✇❛t❡r ✜❧❧❡❞ ❧❛❝✉♥❛❡✱
flac✱ Mwater

✉❧tr❛str✉❝t✉r❡

❼ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤✿ lultra ≈ 5− 10➭♠

❼ ♠❛tr✐①✿ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠✱ Mef

❼ ✐♥❝❧✉s✐♦♥s✿ ❝②❧✐♥❞r✐❝❛❧ ✜❜r✐❧s✱ ffib✱ Mfib

❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠

❼ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤✿ lef ≈ 100− 500♥♠

❼ ✐♥t❡rs❡❝t✐♥❣ ♣❤❛s❡s✿

✕ s♣❤❡r✐❝❛❧ ✇❛t❡r ✜❧❧❡❞ s♣❛❝❡✱ fic✱
Mwater

✕ s♣❤❡r✐❝❛❧ ❤②❞r♦①②❛♣❛t✐t❡✱ fha✱ Mha

✜❜r✐❧s

❼ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤✿ lfib ≈ 100− 500♥♠

❼ ✐♥t❡rs❡❝t✐♥❣ ♣❤❛s❡s✿

✕ ❝②❧✐♥❞r✐❝❛❧ ✇❡t ❝♦❧❧❛❣❡♥✱
fwetcol✱ Mwetcol

✕ s♣❤❡r✐❝❛❧ ❤②❞r♦①②❛♣❛t✐t❡✱ fha✱ Mha

✇❡t ❝♦❧❧❛❣❡♥

❼ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤✿ lwetcol ≈ 10♥♠

❼ ♠❛tr✐①✿ ❝r♦ss❧✐♥❦❡❞ ❝♦❧❧❛❣❡♥✱ Mcol

❼ ✐♥❝❧✉s✐♦♥s✿ ❝②❧✐♥❞r✐❝❛❧ ✇❛t❡r ✜❧❧❡❞ s♣❛❝❡✱
fim✱ Mwater

❋✐❣✉r❡ ✺✳✶✿ ❍✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❡ ♦❢ ❜♦♥❡ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛t❡r✐❛❧ ♣❤❛s❡s✳

✷✶
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✺✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❇♦♥❡

✺✳✷ ❲❡t ❝♦❧❧❛❣❡♥

✹✹✪ ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ✇❡t ❝♦❧❧❛❣❡♥ ❝♦♥s✐st ♦❢ ❝♦❧❧❛❣❡♥✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ✺✻✪ ❛r❡
✐♥t❡r♠♦❧❡❝✉❧❛r s♣❛❝❡ ✐♥ ❛ ❝②❧✐♥❞r✐❝❛❧ s❤❛♣❡ ✜❧❧❡❞ ✇✐t❤ s❛❧t ✇❛t❡r✳ ❙❡❡ ❚❛❜❧❡ ❇✳✶ ❢♦r
✉s❡❞ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r✳

❈❛❧❝✉❧❛t✐♥❣ ❛ ❝②❧✐♥❞r✐❝❛❧ P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r Scol
cyl ❛♥❞ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❢♦r ✇❡t

❝♦❧❧❛❣❡♥Mwetcol ②✐❡❧❞s r❡s✉❧ts ❛s s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✺✳✸✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✉♠♠❛r✐③❡❞
✐♥ ❚❛❜❧❡ ❇✳✷✳

S
col
cyl =

















0.68 0.04 0.30 0 0 0 0 0 0.0002
0.04 0.68 0.30 0 0 0 0 0 0.0002
0 0 0 0 0 0 0 0 0
0 0 0 0.50 0 0 0 0 0
0 0 0 0 0.50 0 0 0 0
0 0 0 0 0 0.64 0 0 0
0 0 0 0 0 0 0.50 0 0
0 0 0 0 0 0 0 0.50 0
0 0 0 0 0 0 0 0 0

















✭✺✳✶✮

P
col
cyl =














0.07 −0.027 −9.9e− 20 0 0 0 0 0 −6.8e−21

−0.027 0.07 −1.1e− 17 0 0 0 0 0 −3.4e−21

0 0 0 0 0 0 0 0 0
0 0 0 0.15 −1.7e−21 0 −0.001 0.00055 0
0 0 0 −1.7e−21 0.15 0 0.00055 0.001 0
0 0 0 0 0 0.19 0 0 0
0 0 0 −0.001 0.00055 0 −0.037 5.9e−22 0
0 0 0 0.00055 0.001 0 5.9e−22 −0.037 0
0 0 0 0 0 0 0 0 0














✭✺✳✷✮

Mwetcol =

















4.69 3.24 3.61 0 0 0 0 0 0.0014
3.24 4.69 3.61 0 0 0 0 0 0.0014
3.61 3.61 8.53 0 0 0 0 0 0.0049
0 0 0 0.93 0 0 −0.03 0.01 0
0 0 0 0 0.93 0 0.01 0.03 0
0 0 0 0 0 0.73 0 0 0
0 0 0 −0.03 0.01 0 −44.86 0 0
0 0 0 0.01 0.03 0 0 −44.86 0

0.0014 0.0014 0.0049 0 0 0 0 0 −353.04

















✭✺✳✸✮

✷✷
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✺✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❇♦♥❡

❚♦ ❣❡t t❤❡ ❛❜♦✈❡ r❡s✉❧ts✱ ❊q✉❛t✐♦♥ ✸✳✶ ✐s ✉s❡❞ ✇✐t❤ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡sMcol,Mwater

❛♥❞ t❤❡ r❡s♣❡❝t✐✈❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❢♦r t❤❡ ✐♠♣✉r✐t② fim = 56% ❛♥❞ ❢♦r t❤❡ ❝♦❧❧❛❣❡♥
fcol = 1− fim = 44% ❛♥❞ r❡❛❞s ❛s ✐♥ ❊q✉❛t✐♦♥ ✺✳✹❛✳

Mwetcol =
(

fcol Mcol + fim Mwater ·
[
I+P

col
cyl · (Mwater −Mcol)

]−1
)

✭✺✳✹❛✮

·
(

fcol I+ fim ·
[
I+P

col
cyl · (Mwater −Mcol)

]−1
)−1

✇✐t❤ P
col
cyl =S

col
cyl ·M−1

col ✭✺✳✹❜✮

s❛t✐s❢②✐♥❣ 1 =fcol + fim ✭✺✳✹❝✮

✺✳✸ ❋✐❜r✐❧s

❚❤❡ ♥❡①t st❡♣ ✐s t♦ ❝♦♠❜✐♥❡ ✇❡t ❝♦❧❧❛❣❡♥ ✇✐t❤ ❤②❞r♦①②❛♣❛t✐t❡ ❬✶✺✱ ✜❣✳ ✸✭❜✮❪✳ ❚❤❡
t✇♦ ♣❤❛s❡s ❜✉✐❧❞ t❤❡ ♠❛t❡r✐❛❧ ❜② ✐♥t❡rs❡❝t✐♥❣ ❣❡♦♠❡tr✐❡s✱ ❧❡❛❞✐♥❣ t♦ ❛ ✐♠♣❧✐❝✐t r❡♣✲
r❡s❡♥t❛t✐♦♥ ❬✷✵❪ ♦❢ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s✱ ✇❤✐❝❤ ✐s s♦❧✈❡❞ ♥✉♠❡r✐❝❛❧❧② ✐♥ ❛ st❡♣✇✐s❡
❛♣♣r♦❛❝❤ ❜② r❡♣❡❛t❡❞ ❝❛❧❝✉❧❛t✐♦♥s✳

❙t❛rt✐♥❣ ♣♦✐♥t ✇❛s ❛♥ ❛✈❡r❛❣❡❞ ♠❛t❡r✐❛❧ ♦❢ ✇❡t ❝♦❧❧❛❣❡♥ ❛♥❞ ❤②❞r♦①②❛♣❛t✐t❡ ❝❤♦s❡♥✱
❛s s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✺✳✺✳ ❈❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ❢♦r ✇❡t ❝♦❧❧❛❣❡♥
❛♥❞ ❤②❞r♦①②❛♣❛t✐t❡ Ewetcol, Eha ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s fha = 29%
❛♥❞ fwetcol = 71%✳ ❬✶✺❪

M
starting matrix
fib = fha ·Mha + fwetcol ·Mwetcol ✭✺✳✺✮

❚❤❡ ❡✛❡❝t✐✈❡ ✈❛❧✉❡s ❛r❡ ❛♣♣r♦❛❝❤❡❞ ❜② ✐t❡r❛t✐♦♥✱ ❛s ✐♥

Mfib =
(

fha Mha · (I+P
fib
sph · (Mha −Mfib))

−1

+fwetcol Mwetcol · (I+P
fib
cyl · (Mwetcol −Mfib))

−1
)

✭✺✳✻❛✮

·
(

fha (I+P
fib
sph · (Mha −Mfib))

−1

+fwetcol (I+P
fib
cyl · (Mwetcol −Mfib))

−1
)−1

✇✐t❤ P
fib
cyl =S

fib
cyl ·M−1

fib

P
fib
sph =S

fib
sph ·M−1

fib ✭✺✳✻❜✮

✷✸
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✺✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❇♦♥❡

❘❡s✉❧t✐♥❣ ✐♥✿

Mfib =

















8.20 4.76 5.24 0 0 0 0 0 5e−6

4.76 8.20 5.24 0 0 0 0 0 5e−6

5.23 5.23 16.86 0 0 0 0 0 2e−4

0 0 0 2.22 −0.00 0 −0.01 0.02 0
0 0 0 0.00 2.22 0 0.02 0.01 0
0 0 0 0 0 1.72 0 0 0
0 0 0 −0.01 0.02 0 −59.52 0.00 0
0 0 0 0.02 0.01 0 −0.00 −59.52 0

5e−6 5e−6 2e−4 0 0 0 0 0 −257.12

















✭✺✳✼✮

✺✳✹ ❍②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠

❆♥❛❧♦❣ t♦ t❤❡ ✜❜r✐❧s✱ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✐s ❜✉✐❧t ❜② s♣❤❡r✐❝❛❧ ❤②❞r♦①②❛♣❛t✐t❡ ❛♥❞
s♣❤❡r✐❝ ✐♥t❡r❝r②st❛❧❧✐♥❡ s♣❛❝❡✱ ✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✜❧❧❡❞ ✇✐t❤ ✇❛t❡r✳ ❚❤❡ ✈♦❧✉♠❡
❢r❛❝t✐♦♥ ♦❢ ❤②❞r♦①②❛♣❛t✐t❡ ✐s fha = 68%✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ❢♦❛♠ ✐♥ t❤❡
❡①tr❛✈❛s❝✉❧❛r s♣❛❝❡ Eef ❛r❡ s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✺✳✽✳

Mef =

















51.64 17.87 17.87 0 0 0 0 0 0
17.87 51.64 17.87 0 0 0 0 0 0
17.87 17.87 51.64 0 0 0 0 0 0
0 0 0 16.89 0 0 0.30 0 0
0 0 0 0 16.89 0 0 −0.30 0
0 0 0 0 0 16.89 0 0 0
0 0 0 0.30 0 0 −205.90 0.00 0
0 0 0 0 −0.30 0 −0.00 −205.90 0
0 0 0 0 0 0 0 0 −197.50

















✭✺✳✽✮

❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✐♥ t❤❡ ❡①tr❛✜❜r✐❧❧❛r
s♣❛❝❡✱ t❤❡ s❛♠❡ s❡❧❢ ❝♦♥s✐st❡♥t s❝❤❡♠❡ ❛s ❢♦r t❤❡ ✜❜r✐❧s ✐s ✉s❡❞✱ ✇❤✐❝❤ r❡❛❞s ❛s ✐♥
❊q✉❛t✐♦♥ ✺✳✶✵❛✳ ❚❤❡ st❛rt✐♥❣ ♠❛tr✐① ✐s ❝❛❧❝✉❧❛t❡❞ ❛s ✐♥ ❊q✉❛t✐♦♥ ✺✳✾✳ ❆❣❛✐♥ t❤✐s ✐s
❛♥ ✐♠♣❧✐❝✐t ❢♦r♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡❞ ✇✐t❤ ♠✉❧t✐♣❧❡ ✐t❡r❛t✐♦♥s✳

M
starting matrix
ef = fha ·Mha + fwater ·Mwater ✭✺✳✾✮

✷✹
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✺✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❇♦♥❡

Mef =
(

fha Mha · (I+P
ef
sph · (Mha −Mef ))

−1

+fwater Mwater · (I+P
ef
cyl · (Mwater −Mef ))

−1
)

✭✺✳✶✵❛✮

·
(

fha(I+P
ef
sph · (Mha −Mef ))

−1

+fwater (I+P
ef
cyl · (Mwater −Mef ))

−1
)−1

✇✐t❤ P
ef
sph =S

ef
sph ·M−1

ef ✭✺✳✶✵❜✮

s❛t✐s❢②✐♥❣ 1 =fha + fwater ✭✺✳✶✵❝✮

✺✳✺ ❯❧tr❛str✉❝t✉r❡

❈❛❧❝✉❧❛t✐♥❣ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ❜♦♥❡ ♠❛tr✐①✱ ❝♦♥s✐st✐♥❣ ♦❢ ✺✸✪ ✜❜r✐❧s✱ ❡♠❜❡❞❞❡❞ ✐♥
❤②❞r♦①②❛♣❛t✐t❡✱ r❡s✉❧ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s✱ s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✺✳✶✶✳

P
ef
cyl =














0.015 −0.005 1.2e−15 0 0 0 0 0 −7.2e−23

−0.005 0.015 1.2e−15 0 0 0 0 0 −7.2e−23

0 0 0 0 0 0 0 0 0
0 0 0 0.015 0 0 2.2e−5 −2.8e−16 0
0 0 0 0 0.015 0 −2.8e−16 −2.2e−5 0
0 0 0 0 0 0.02 0 0 0
0 0 0 2.2e−5 −2.8e−16 0 −0.0024 −1.7e−9 0
0 0 0 −2.8e−16 −2.2e−5 0 1.7e−9 −0.0024 0
0 0 0 0 0 0 0 0 0














✭✺✳✶✶✮

Multra =

















20.30 8.86 8.86 0 0 0 0 0 4e−6

8.86 20.30 8.86 0 0 0 0 0 4e−6

8.85 8.85 32.17 0 0 0 0 0 9e−5

0 0 0 7.12 −0.00 0 0.08 0.01 0
0 0 0 0.00 7.12 0 0.01 −0.08 0
0 0 0 0 0 5.72 0 0 0
0 0 0 0.08 0.01 0 −112.76 0 0
0 0 0 0.01 −0.08 0 0 −112.76 0

4e−6 4e−6 9e−5 0 0 0 0 0 −229.10

















✭✺✳✶✷✮

✷✺
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✺✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❇♦♥❡

❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝②❧✐♥❞r✐❝❛❧❧② s❤❛♣❡❞ ✜❜r✐❧s ✐♥ t❤❡ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠✱ ❊q✉❛✲
t✐♦♥ ✺✳✶✸❛ ✐s ✉s❡❞✳ ❚❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ✜❜r✐❧s ffib = 53% ❛♥❞ t❤❡ ✈♦❧✉♠❡
❢r❛❝t✐♦♥ ♦❢ t❤❡ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ fef ✐s r❡q✉✐r❡❞✳

Multra =

(

fef Mef + ffib Mfib ·
[

I+P
ef
cyl · (Mfib −Mef )

]−1
)

✭✺✳✶✸❛✮

·
(

fef I+ ffib ·
[

I+P
ef
cyl · (Mfib −Mef )

]−1
)−1

✇✐t❤ P
ef
cyl =S

ef
cyl ·M−1

ef ✭✺✳✶✸❜✮

s❛t✐s❢②✐♥❣ 1 =fef + ffib ✭✺✳✶✸❝✮

✺✳✻ ❊①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧

❚♦ ❡st✐♠❛t❡ ❡①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧✱ t❤❡ ✉❧tr❛str✉❝t✉r❡ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥t❡r✲
s♣❡rs❡❞ ✇✐t❤ ❝❛✈✐t✐❡s ❛♥❞ ❝❤❛♥♥❡❧s✱ ✜❧❧❡❞ ✇✐t❤ s✉❜st❛♥❝❡s ❝❧♦s❡ t♦ ✐s♦t♦♥✐❝ ✇❛t❡r✳
❚❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❧❛❝✉♥❛❡ ❡q✉❛❧s flac = 2.06% ❬✶✺❪✱ ❬✷✶❪✳

P
ultra
sph =















0.0311 −0.0082 −0.0055 0 0 0 0 0 −1.6e−7

−0.0082 0.0311 −0.0055 0 0 0 0 0 −1.6e−7

−0.0055 −0.0055 0.0207 0 0 0 0 0 5.4e−7

0 0 0 0.0339 0 0 2.9e−06 1.5e−6 0
0 0 0 0 0.0339 0 1.5e−6 −2.9e−6 0
0 0 0 0 0 0.0393 0 0 0
0 0 0 2.9e−6 1.5e−6 0 −0.0025 −5.6e−9 0
0 0 0 1.5e−6 −2.9e−6 0 5.6e−9 −0.0025 0

−1.6e−7 −1.6e−7 5.4e−7 0 0 0 0 0 −0.0019















✭✺✳✶✹✮

Mexvas =














19.60 8.58 8.60 0 0 0 0 0 −6e−5

8.58 19.60 8.60 0 0 0 0 0 −6e−5

8.59 8.59 30.87 0 0 0 0 0 −9e−5

0 0 0 6.84 −0.00 0 0.08 0.01 0
0 0 0 0.00 6.84 0 0.01 −0.08 0
0 0 0 0 0 5.51 0 0 0
0 0 0 0.08 0.01 0 −117.40 0 0
0 0 0 0.01 −0.08 0 0 −117.40 0

−6e−5 −6e−5 −9e−5 0 0 0 0 0 −233.78














✭✺✳✶✺✮

✷✻
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✺✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❇♦♥❡

❚❤❡ ❡①tr❛✈❛s❝✉❧❛r ♠❛t❡r✐❛❧✱ ✉s✐♥❣ t❤❡ ✉❧tr❛str✉❝t✉r❡ ❛s ♠❛tr✐① ✇✐t❤ s♣❤❡r✐❝❛❧ ✇❛t❡r
✐♥❝❧✉s✐♦♥s✱ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❧✐❦❡ ✇❡t ❝♦❧❧❛❣❡♥ ♦r t❤❡ ✉❧tr❛str✉❝t✉r❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❡①♣❧✐❝✐t❧② ✐♥ ❊q✉❛t✐♦♥ ✺✳✶✻❛✳

Mexvas =
(

fultra Multra + flacMwater ·
[
I+P

ultra
sph · (Mwater −Multra)

]−1
)

·
(

fultra I+ flac ·
[
I+P

ultra
sph · (Mwater −Multra)

]−1
)−1

✭✺✳✶✻❛✮

✇✐t❤ P
ultra
sph =Sultra

sph ·M−1
ultra ✭✺✳✶✻❜✮

s❛t✐s❢②✐♥❣ 1 =fultra + flac ✭✺✳✶✻❝✮

✷✼
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✻ ⑤ P✐❡③♦❡❧❡❝tr✐❝ ✐♠♣❛❝t ♦♥ ❝❡❧❧s ✐♥ ❜♦♥❡
t✐ss✉❡

❚❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ ❝❡❧❧s ✐♥ t❤❡ ❜♦♥❡ t✐ss✉❡ ❛r❡ ♦st❡♦❝②t❡s✱ ✇❤✐❝❤ ♠❛❦❡ ✉♣ t♦ ✾✺✪
♦❢ ❛❧❧ ❜♦♥❡ ❝❡❧❧s✱ ❛♥❞ ❛r❡ ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♠❛tr✐① ❬✹❪✳ ❖st❡♦❝②t❡s ♣❧❛②
❛ ♠❛❥♦r r♦❧❡ ✐♥ t❤❡ r❡♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❜♦♥❡ ♠❛tr✐① t♦ ❛❞❛♣t t♦ ♠❡❝❤❛♥✐❝❛❧ ❧♦❛❞✱
✇❤❡t❤❡r t❤✐s s❡♥s✐♥❣ ♦r ♦♥❧② ♣r♦♠♦t✐♥❣ ❛ ♠❡❝❤❛♥✐❝❛❧ s✐❣♥❛❧✱ ✇❤✐❝❤ ❝❛♥ ❤❛♣♣❡♥ ✇✐t❤
❝❤❡♠✐❝❛❧ ♠❡ss❡♥❣❡r s✉❜st❛♥❝❡s ♦r ❜② t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t ✐♥ t❤❡ ✢✉✐❞s ♦❢ t❤❡
❧❛❝✉♥❛r✲❝❛♥✐❝✉❧❛r ♥❡t✇♦r❦ ❬✼❪✳

■t ❤❛s ❜❡❡♥ s❤♦✇♥✱ t❤❛t t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♠❛tr✐① ✐♥t❡r❛❝ts ✇✐t❤ t❤❡ ♦st❡♦❝②t❡s✱ ❣♦✈✲
❡r♥✐♥❣ ❝❡❧❧ ❣r♦✇t❤✱ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ ✐ts s✐❣♥❛❧✐♥❣ ❜❡❤❛✈✐♦r ❬✽❪✳ ❚❤✐s ❡✛❡❝t ✐s ♠♦st
❧✐❦❡❧② ❞❡♣❡♥❞❡♥t t♦ t❤❡ s✉r❢❛❝❡ ❜✐♥❞✐♥❣ s✐t❡s ♦❢ t❤❡ ❝❡❧❧✱ t♦ ❛tt❛❝❤ t♦ t❤❡ ❝♦❧❧❛❣❡♥ ✐♥
t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♠❛tr✐① ❛s ✇❡❧❧ ❛s ✐ts ❣r❛❞✐❡♥t ♦❢ ❝❛❧❝✐✉♠ ✐♦♥s✳ ❲❤✐❧❡ ✐t ✐s ❦♥♦✇♥
t❤❛t ♦st❡♦❝②t❡s ♣❧❛② ❛ ♠❛❥♦r r♦❧❡ ✐♥ ❜♦♥❡ r❡❣❡♥❡r❛t✐♦♥ ❬✷✷❪ ❛♥❞ t❤❡r❡ ❛r❡ ❛❧s♦ ❛t✲
t❡♠♣ts t♦ ✉s❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ❛s ❜♦♥❡ s❝❛✛♦❧❞s ❬✷✸❪✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣
t♦ ❦♥♦✇ ♦♥ ✇❤✐❝❤ s❝❛❧❡ ♦❢ s✐③❡ ❛♥❞ ❡✛❡❝t t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝✐t② ❢r♦♠ t❤❡ ❜♦♥❡ ♠❛tr✐①
✐s ❛♥❞ ✐❢ ✐t ❝❛♥ ❛✛❡❝t t❤❡ ♣r♦❝❡ss❡s ✐♥ ❧✐✈✐♥❣ ❜♦♥❡✳

❚❤❡ ❞❡♥❞r✐t✐❝ ❧✐❦❡ ♣r♦t✉❜❡r❛♥❝❡s ❜❡st♦✇ t❤❡ ♦st❡♦❝②t❡s ✇✐t❤ ❛ st❛r s❤❛♣❡❞ ❝❡❧❧ ❢♦r♠
✇✐t❤ ❛ ❝❡❧❧ ❜♦❞② ❞✐❛♠❡t❡r ♦❢ r♦✉❣❤❧② ✺✲✷✵➭♠ ❬✷✹❪✳ ❚❤❡r❡❢♦r❡ ✐t ♠❛❦❡s s❡♥s❡ t♦
❝♦♠♣❛r❡ ✐t t♦ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧ ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥ ✭s❡❡ s❡❝t✐♦♥ ✺✳✺✱
✇❤✐❝❤ ❤❛s ❛ ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ ♦❢ ✺✲✶✵➭♠ ❬✶✺❪✳

P❛t❝❤✲❝❧❛♠♣ ❡①♣❡r✐♠❡♥ts ❝♦♥✜r♠❡❞ ✈♦❧t❛❣❡ ❞❡♣❡♥❞❡♥t ❝❤❛♥♥❡❧s ✐♥ ❜♦♥❡ ❝❡❧❧ ♠❡♠✲
❜r❛♥❡s ❬✷✺❪✱ ❛s ✇❡❧❧ ❛s ❝❤❛♥♥❡❧s ✇❤✐❝❤ ✇♦r❦ ♦♥❧② ✐♥ ❛ s♣❡❝✐✜❝ ❛r❡❛ ♦❢ ❡❧❡❝tr✐❝❛❧
st✐♠✉❧❛t✐♦♥✳ ■♥ ❛ ♠♦❞❡❧ s②st❡♠ ❢r❡❡ ❢r♦♠ ❡①t❡r♥❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞s✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❡
❡❧❡❝tr✐❝ ♣♦❧❛r✐③❛t✐♦♥ P ❛s ✐♥ ❊q✉❛t✐♦♥ ✻✳✶✳

P = e · ε ✭✻✳✶✮

❆ss✉♠✐♥❣ t❤❡ ❝❡❧❧ ♠❡♠❜r❛♥❡ ❛s ❛ ❝❛♣❛❝✐t♦r ✇✐t❤ ❛♥ ❛r❡❛ ❞❡♣❡♥❞❡♥t ❝❛♣❛❝✐t❛♥❝❡
Cel ≈ 10♠❋

♠2 ❬✷✻❪✱ ❛ ♣♦❧❛r✐③❛t✐♦♥ P ♦❢ ❛❜♦✉t 500➭❈
♠2 ✐s ♥❡❡❞❡❞ t♦ ❝r❡❛t❡ ❛ ✈♦❧t❛❣❡

❞✐✛❡r❡♥❝❡ U ♦❢ ❛❜♦✉t ✺✵♠❱✳

U =
P

Cel

✭✻✳✷✮

✷✽
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✻✳ P✐❡③♦❡❧❡❝tr✐❝ ✐♠♣❛❝t ♦♥ ❝❡❧❧s ✐♥ ❜♦♥❡ t✐ss✉❡

■♥ ❝❛s❡ ❛♥ ♦st❡♦❝②t❡ ✐s ❛tt❛❝❤❡❞ ❛t t❤❡ x12 ♣❧❛♥❡ ♦❢ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ✉❧tr❛str✉❝t✉r❡✱ ❛
str❛✐♥ ♦❢ ❛❜♦✉t ε33 ≈ 5.6 ✐s r❡q✉✐r❡❞ t♦ ❝r❡❛t❡ t❤❡ ✺✵♠❱ ♣✉❧s❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❜② ❛ str❛✐♥ ♦❢ ❛❜♦✉t σ ≈ 150●P❛✳ ❖❢ ❝♦✉rs❡ t❤✐s ✐s ❢❛r ♠♦r❡ t❤❛♥ ❜♦♥❡ ♠❛t❡r✐❛❧ ❝❛♥
st❛♥❞ ✇✐t❤♦✉t ❜r❡❛❦✐♥❣ ✭❛❜♦✉t ✶✼✵✲✷✷✵▼P❛ ❢♦r ❝♦♠♣❛❝t ❜♦♥❡ ❬✷✼❪✮✳ ❆❞❞✐t✐♦♥❛❧❧②✱
s✐♥❝❡ t❤✐s ✐s t❤❡ ♠❛✐♥ ❧♦❛❞ ❜❡❛r✐♥❣ ❞✐r❡❝t✐♦♥✱ t❤❡ ❛r❡❛s ❝❧♦s❡ t♦ t❤❡ ♦st❡♦❝②t❡ ♠✐❣❤t
❜❡ ❞✐s❡♥❝✉♠❜❡r❡❞ ♦r ❧♦❛❞ s❤✐❡❧❞❡❞✳

❚❤❡ ♠♦r❡ ✐♠♣♦rt❛♥t ❝❛s❡ ♠✐❣❤t ❜❡ ❛♥ ♦st❡♦❝②t❡ ♣❧❛❝❡❞ ❧❛t❡r❛❧❧② t♦ t❤❡ ❧♦❛❞ ❜❡❛r✐♥❣
str✉❝t✉r❡✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ✭s❡❡ ❊q✉❛t✐♦♥ ✻✳✸✮✱ ❛ s❤❡❛r str❛✐♥ ♦❢ ❛❜♦✉t ε13 ≈ 0.58%
✐s r❡q✉✐r❡❞ t♦ ❝r❡❛t❡ t❤❡ s❛♠❡ ❡❧❡❝tr✐❝❛❧ ♣♦t❡♥t✐❛❧✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛ s❤❡❛r
str❡ss ♦❢ σ13 ≈ 260▼P❛✱ s❡❡ ❊q✉❛t✐♦♥ ✸✳✶✶✳ ❍♦✇❡✈❡r✱ t❤✐s ❡①❝❡❡❞s t❤❡ ♠❛①✐♠✉♠
s❤❡❛r str❡♥❣t❤ ♦❢ ❤✉♠❛♥ ❜♦♥❡ ❜② ❢❛r ✭❛❜♦✉t ✺✵✲✼✵▼P❛ ❬✷✽❪✮✱ t❤❡r❡❢♦r❡ ✐t ✐s ✉♥❧✐❦❡❧②✱
t❤❛t ♣✐❡③♦❡❧❡❝tr✐❝ st✐♠✉❧✐ ❢r♦♠ t❤❡ ❜♦♥❡ ♠❛tr✐① ✐s t❤❡ ❧❡❛❞✐♥❣ s❡♥s♦r② ✐♥♣✉t ❢♦r t❤❡
❜♦♥❡ ❜✉✐❧❞✐♥❣ ♠❡❝❤❛♥✐s♠s✳

P1 = e14ε13 + e15ε23 ✭✻✳✸✮

σ13 = c44ε13

❛ss✉♠✐♥❣ ~E = ~0

✷✾
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✼ ⑤ ❆♥❛❧②s✐s ♦❢ ✈❛r✐♦✉s ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s
✐♥ ❜♦♥❡ ♠❛t❡r✐❛❧s

❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❜♦♥❡ ✈❛r② s✐❣♥✐✜❝❛♥t❧② ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❜♦♥❡s✳ ❆❧s♦ t❤❡ ❜♦♥❡
❝♦♠♣♦s✐t✐♦♥ ✐♥ ❛♥✐♠❛❧s ✈❛r✐❡s ❢r♦♠ s♣❡❝✐❡s t♦ s♣❡❝✐❡s✱ ❜✉t t❤❡ str✉❝t✉r❡ ❛❧✇❛②s r❡✲
♠❛✐♥s t❤❡ s❛♠❡✳ ❚❤✐s ❝❤❛♣t❡r ✐♥✈❡st✐❣❛t❡s t❤❡ ❡✛❡❝t ♦♥ ❝❤❛♥❣❡❞ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s
❛♥❞ ❤♦✇ t❤✐s ❛✛❡❝ts t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳

✼✳✶ ❲❡t ❝♦❧❧❛❣❡♥

❚❤❡ ❞❡♥s✐t② ❝♦❧❧❛❣❡♥ str✉❝t✉r❡s ♠❛② ✈❛r②✱ ②✐❡❧❞✐♥❣ ❞✐✛❡r❡♥t ♣❤❛s❡ ❢r❛❝t✐♦♥s ♦❢ ✇❛t❡r
✐♥ ✐t✳ ❋✐❣✉r❡ ✼✳✶ ❛♥❞ ❋✐❣✉r❡ ✼✳✷ s❤♦✇ t❤❡ ❡✛❡❝t ♦❢ ✈❛r✐♦✉s ❛♠♦✉♥ts ♦❢ ✇❛t❡r ✐♥
❝♦❧❧❛❣❡♥✳

◆❛t✉r❛❧❧② t❤❡ st✐✛♥❡ss ❛♥❞ ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ❞❡❝r❡❛s❡ ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♠♦✉♥t
♦❢ ✐♥❝❧✉❞❡❞ ✇❛t❡r✳ ❍❡r❡❜② ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❞❡❝r❡❛s❡ ✐s ♥♦t ❧✐♥❡❛r✳ ❆♥♦t❤❡r
♥♦t❡✇♦rt❤② ❞❡t❛✐❧ ✐s ✐♥ c44 ❛♥❞ c66✱ t❤❡s❡ ♠♦❞✉❧✐ st❛rt ❛♥❞ ❡♥❞ ❛t t❤❡ s❛♠❡ ✈❛❧✉❡s✱
❜✉t s❤♦✇ ❛ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦r ❢♦r t❤❡ ♠✐①❡❞ ♠❛t❡r✐❛❧✳

❋✐❣✉r❡ ✼✳✶✿ ❊❧❛st✐❝ ♠♦❞✉❧✐ ♦❢ ✇❡t ❝♦❧❧❛✲
❣❡♥✱ ✐♥❝❧✉❞✐♥❣ ✈❛r✐♦✉s ❛♠♦✉♥ts ♦❢ ✇❛t❡r✳

❋✐❣✉r❡ ✼✳✷✿ P✐❡③♦ ♠♦❞✉❧✐ ♦❢ ✇❡t ❝♦❧❧❛✲
❣❡♥✱ ✐♥❝❧✉❞✐♥❣ ✈❛r✐♦✉s ❛♠♦✉♥ts ♦❢ ✇❛✲
t❡r✳
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✼✳ ❆♥❛❧②s✐s ♦❢ ✈❛r✐♦✉s ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ✐♥ ❜♦♥❡ ♠❛t❡r✐❛❧s

✼✳✷ ❋✐❜r✐❧s

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ✐♠♣♦rt❛♥t ♠♦❞✉❧✐ ♦❢ ✜❜r✐❧s ❛r❡ s❤♦✇♥✱ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✈♦❧✉♠❡
❢r❛❝t✐♦♥s ♦❢ ❤②❞r♦①②❛♣❛t✐t❡ ❛♥❞ ✇❡t ❝♦❧❧❛❣❡♥✱ ❛s s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✺✳✶✳

❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s s❤♦✇✐♥❣ t❤❡ t②♣✐❝❛❧ ❦✐♥❦❡❞ ❝❤❛r❛❝t❡r✐st✐❝✱ ✇❤❡♥ ✈❛r②✐♥❣
t❤❡ ♠✐①✐♥❣ r❛t✐♦ ♦❢ ✇❡t ❝♦❧❧❛❣❡♥ ❛♥❞ ❤②❞r♦①②❛♣❛t✐t❡✳ ❚❤❡ s❛♠❡ ✐s ✈❛❧✐❞ ❢♦r t❤❡ ♣✐❡③♦
♠♦❞✉❧✉s e14✱ ✇❤✐❝❤ ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ s❤❡❛r str❛✐♥ ♦♥ t❤❡ ♠❛t❡r✐❛❧✳ ❚❤❡ ♠♦❞✉❧✐
e31, e32, e33✱ ✇❤✐❝❤ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ♥♦r♠❛❧ str❛✐♥✱ ❛r❡ ✐♥ ❛ s✉❜♦r❞✐♥❛t❡ r♦❧❡✳

❋✐❣✉r❡ ✼✳✸✿ ❊❧❛st✐❝ ♠♦❞✉❧✐ ♦❢ ✜❜r✐❧s✱ ✐♥✲
❝❧✉❞✐♥❣ ✈❛r✐♦✉s ❛♠♦✉♥ts ♦❢ ✇❡t ❝♦❧❧❛❣❡♥✳

❋✐❣✉r❡ ✼✳✹✿ P✐❡③♦ ♠♦❞✉❧✐ ♦❢ ✜❜r✐❧s✱ ✐♥✲
❝❧✉❞✐♥❣ ✈❛r✐♦✉s ❛♠♦✉♥ts ♦❢ ✇❡t ❝♦❧❧❛❣❡♥✳

■♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♣♣r♦❛❝❤❡s t♦ ❞❡t❡r♠✐♥❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ ✜❜r✐❧s✱ s✐♥❣❧❡
✜❜r✐❧s ❢r♦♠ t❡♥❞♦♥s ✇❡r❡ ❡①❛♠✐♥❡❞ ✇✐t❤ ❛ ♣✐❡③♦r❡s♣♦♥s❡ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡ ❬✷✾❪✳ ❚❤❡s❡
♠❡❛s✉r❡♠❡♥ts ✐♥❞✐❝❛t❡ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥t d15 ≈ 1♣❈

◆
✱ ❜✉t s♦♠❡ ✉♥❝❡rt❛✐♥t✐❡s

♦❢ s♦♠❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ❣r❛❞❡ ♦❢ ♠✐♥❡r❛❧✐③❛t✐♦♥ r❡♠❛✐♥✳

❚❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥ts d ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ✐♥ ❊q✉❛t✐♦♥ ✼✳✶ ❛♥❞ t❤❡ r❡s✉❧ts
❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳✺✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ s❤♦✇s ❛ ✜♥❡ ❝♦rr❡❧❛t✐♦♥ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧
r❡s✉❧ts ❢♦r ✜❜r✐❧s ✇✐t❤ ❛ ❤✐❣❤❡r ❣r❛❞❡ ♦❢ ♠✐♥❡r❛❧✐③❛t✐♦♥✳

d =
e

c
✭✼✳✶✮
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❈
◆
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✼✳ ❆♥❛❧②s✐s ♦❢ ✈❛r✐♦✉s ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ✐♥ ❜♦♥❡ ♠❛t❡r✐❛❧s

❋✐❣✉r❡ ✼✳✺✿ P✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥t ♦❢ ✜❜r✐❧s✱ ✐♥❝❧✉❞✐♥❣ ✈❛r✐♦✉s ❛♠♦✉♥ts ♦❢ ✇❡t ❝♦❧✲
❧❛❣❡♥✳

✼✳✸ ❍②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠

❚❤✐s s❡❝t✐♦♥ ❢❡❛t✉r❡s t❤❡ ✐♠♣♦rt❛♥t ♠♦❞✉❧✐ ♦❢ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠✱ ❞❡♣❡♥❞❡♥t ♦♥
t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ♦❢ ❤②❞r♦①②❛♣❛t✐t❡ ❛♥❞ ✇❛t❡r✱ s❡❡ ❚❛❜❧❡ ❇✳✶ ❢♦r t❤❡ ✐♥✐t✐❛❧ ♠❛✲
t❡r✐❛❧ ♣❛r❛♠❡t❡rs✳

❚❤❡ st✐✛♥❡ss ♦❢ t❤❡ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✐s ❞❡❝r❡❛s✐♥❣ s✐❣♥✐✜❝❛♥t❧② ✇✐t❤ ❛♥ ✐♥❝r❡❛s✐♥❣
❛♠♦✉♥t ♦❢ ✇❛t❡r✱ t✐❧❧ t❤❡r❡ ✐s ♠♦r❡ ✇❛t❡r t❤❛♥ ❤②❞r♦①②❛♣❛t✐t❡✳ ❇❡②♦♥❞ t❤✐s ♣♦✐♥t✱
t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛t❡r✐❛❧ s❡❡♠s t♦ ❜❡ ♠♦r❡ ♦❢ ❛ ❧✐q✉✐❞ ❝♦♥t❛✐♥✐♥❣ ❤②❞r♦①②❛♣❛t✐t❡
♣❛rt✐❝❧❡s✳ ❚❤❡ s❛♠❡ ♦❜s❡r✈❛t✐♦♥ ✐s ✈❛❧✐❞ ❢♦r t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♠♦❞✉❧✉s e14✳ ❙✐♥❝❡
♥❡✐t❤❡r ✇❛t❡r ♥♦r ❤②❞r♦①②❛♣❛t✐t❡ ❤❛✈❡ ♥♦t❡✇♦rt❤② ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ✐♥ t❤❡
♦t❤❡r ❞✐r❡❝t✐♦♥s✱ t❤❡② r❡♠❛✐♥ ❝❧♦s❡ t♦ ③❡r♦✳
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♣❛t✐t❡ ❢♦❛♠✱ ✐♥❝❧✉❞✐♥❣ ✈❛r✐♦✉s ❛♠♦✉♥ts
♦❢ ✇❛t❡r✳
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✼✳ ❆♥❛❧②s✐s ♦❢ ✈❛r✐♦✉s ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ✐♥ ❜♦♥❡ ♠❛t❡r✐❛❧s

✼✳✹ ❯❧tr❛str✉❝t✉r❡

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ✐♠♣♦rt❛♥t ♠♦❞✉❧✐ ♦❢ t❤❡ ✉❧tr❛str✉❝t✉r❡ ❛r❡ s❤♦✇♥✱ ❞❡♣❡♥❞❡♥t
♦♥ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ♦❢ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✭❛s ✐♥ ❊q✉❛t✐♦♥ ✺✳✽✮ ❛♥❞ ✜❜r✐❧s ✭❛s
s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✺✳✼✮✳

❙✐♥❝❡ ❤②❞r♦①②❛♣❛t✐t❡ ✐s ♠✉❝❤ st✐✛❡r t❤❛♥ ✜❜r✐❧s✱ ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣✱ t❤❛t t❤❡ st✐✛♥❡ss
✇✐❧❧ ❞❡❝r❡❛s❡ ✇✐t❤ ❛ r✐s✐♥❣ ❛♠♦✉♥t ♦❢ ✜❜r✐❧s✳ ❆❧s♦ t❤❡ t②♣✐❝❛❧ ❦✐♥❦❡❞ ❜❡❤❛✈✐♦r ❝❛♥
❜❡ ♦❜s❡r✈❡❞ ❢♦r t❤❡ ♠❡❝❤❛♥✐❝ ♠♦❞✉❧✐ ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ ♣✐❡③♦ ♠♦❞✉❧✐✳
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✜❜r✐❧s✳
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✼✳ ❆♥❛❧②s✐s ♦❢ ✈❛r✐♦✉s ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ✐♥ ❜♦♥❡ ♠❛t❡r✐❛❧s

✼✳✺ ❊①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ✐♠♣♦rt❛♥t ♠♦❞✉❧✐ ♦❢ t❤❡ ✉❧tr❛str✉❝t✉r❡ ❛r❡ s❤♦✇♥✱ ❞❡♣❡♥❞❡♥t ♦♥
t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ♦❢ t❤❡ ✉❧tr❛str✉❝t✉r❡ ✭❛s ✐♥ ❊q✉❛t✐♦♥ ✺✳✶✶✮ ❛♥❞ t❤❡ ✇❛t❡r ✜❧❧❡❞
❧❛❝✉♥❛❡✱ s❡❡ ❋✐❣✉r❡ ✼✳✶✵ ❛♥❞ ❋✐❣✉r❡ ✼✳✶✶✳

❆❧❧ ❡❧❛st✐❝ ♠♦❞✉❧✐ s❤♦✇ ❛ s❧✐❣❤t❧② ❦✐♥❦❡❞ ❜❡❤❛✈✐♦r ✐♥ t❤✐s ❛♥❛❧②s✐s✳ ❯♥❧✐❦❡ t❤❡ ♣✐❡③♦
♠♦❞✉❧✉s e14✱ ✇❤✐❝❤ ❛♣♣❡❛rs t♦ ❞❡❝r❡❛s❡ ❛❧♠♦st ❧✐♥❡❛r❧② t♦ t❤❡ ♣♦✐♥t✱ ✇❤❡r❡ t❤❡
❤♦♠♦❣❡♥✐③❡❞ ❡①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧ ✐s ♠❛❞❡ ✉♣ ❜② ♠♦r❡ t❤❛♥ ✺✵✪ ♦❢ ✇❛t❡r✳

❆t t❤✐s ♣♦✐♥t ✐t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t t❤❡ ✈♦❧✉♠❡ t❛❦❡♥ ✐♥ ❜② ❧❛❝✉♥❛❡ ✐s ✉s✉❛❧❧②
✈❡r② ❧♦✇ ❝♦♠♣❛r❡❞ t♦ t❤✐s s✐♠✉❧❛t❡❞ ❡①❛♠♣❧❡✳ ■♥ s❡❝t✐♦♥ ✺✳✻ ✇❛s ❛ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥
♦❢ flac = 2.06% ❛ss✉♠❡❞ ❢♦r ❛ ❤✉♠❛♥ ❢❡♠✉r✳

❋✐❣✉r❡ ✼✳✶✵✿ ❊❧❛st✐❝ ♠♦❞✉❧✐ ♦❢ ❡①tr❛✈❛s✲
❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧✱ ✐♥❝❧✉❞✐♥❣ ✈❛r✐♦✉s
❛♠♦✉♥ts ♦❢ ✇❛t❡r✳

❋✐❣✉r❡ ✼✳✶✶✿ P✐❡③♦ ♠♦❞✉❧✐ ♦❢ ❡①tr❛✈❛s✲
❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧✱ ✐♥❝❧✉❞✐♥❣ ✈❛r✐♦✉s
❛♠♦✉♥ts ♦❢ ✇❛t❡r✳

✸✹
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✼✳ ❆♥❛❧②s✐s ♦❢ ✈❛r✐♦✉s ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s ✐♥ ❜♦♥❡ ♠❛t❡r✐❛❧s

✼✳✻ ❉r✐❡❞ ❝♦❧❧❛❣❡♥

❇❡❢♦r❡ ♠❡❛s✉r❡♠❡♥ts✱ ❜♦♥❡ ✐s ♦❢t❡♥ ❞r✐❡❞ ♦r ♣r❡♣❛r❡❞ s♦♠❡❤♦✇✳ ❚❤✐s ♦❢ ❝♦✉rs❡
❛✛❡❝ts t❤❡ ❛♠♦✉♥t ♦❢ ✇❛t❡r ✐♥ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ♠❛t❡r✐❛❧✱ ❜✉t t❤❡ ❛♠♦✉♥t ♦❢ ❝♦❧❧❛❣❡♥
✇✐❧❧ r❡♠❛✐♥ t❤❡ s❛♠❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐s ✇❡t ❝♦❧❧❛❣❡♥ ✇✐t❤ ❛ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥
♦❢ ✹✹✪ ❝♦❧❧❛❣❡♥✱ ❛s ✐♥ s❡❝t✐♦♥ ✺✳✷✱ ❞r✐❡❞✱ ♠❡❛♥✐♥❣ t❤❡ ✇❛t❡r ✐s r❡♣❧❛❝❡❞ ❜② ❛✐r✳

❙✐♥❝❡ ♥❡✐t❤❡r ✇❛t❡r ♥♦r ❛✐r ❤❛s ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✱ t❤❡s❡ ✈❛❧✉❡s ✇✐❧❧ ♥♦t ❝❤❛♥❣❡
✇❤✐❧❡ t❤❡ ❝♦❧❧❛❣❡♥ ✐s ❞r②✐♥❣✳ ❚❤❡ s❛♠❡ ❛♣♣❧✐❡s t♦ t❤❡ s❤❡❛r ♠♦❞✉❧✐ c44 ❛♥❞ c66✱ ✇❤✐❝❤
✇✐❧❧ ❛❧s♦ st❛② ✉♥❝❤❛♥❣❡❞✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✼✳✶✷ ❛♥❞ ❋✐❣✉r❡ ✼✳✶✸✳

❋✐❣✉r❡ ✼✳✶✷✿ ❊❧❛st✐❝ ♠♦❞✉❧✐ ♦❢ ❞r②✐♥❣
❝♦❧❧❛❣❡♥✳ ❚❤❡ ♠❛t❡r✐❛❧ ✈❛❧✉❡s ❞❡❝r❡❛s❡✱
✇❤✐❧❡ t❤❡ ✇❛t❡r ✐s r❡♣❧❛❝❡❞ ❜② ❛✐r✳

❋✐❣✉r❡ ✼✳✶✸✿ P✐❡③♦ ♠♦❞✉❧✐ ♦❢ ❞r②✐♥❣ ❝♦❧✲
❧❛❣❡♥✳ ❙✐♥❝❡ ♦♥❧② ❝♦❧❧❛❣❡♥ ❤❛s ♣✐❡③♦❡❧❡❝✲
tr✐❝ ♣r♦♣❡rt✐❡s✱ t❤❡s❡ ✇✐❧❧ ♥♦t ❝❤❛♥❣❡✱
✇❤❡♥ t❤❡ ✇❛t❡r ✐s r❡♣❧❛❝❡❞ ❜② ❛✐r✳ ❚❤❡
s❤❡❛r ♠♦❞✉❧✐ ❛r❡ ✉♥❛✛❡❝t❡❞ ❜② t❤✐s✳

✸✺
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✽ ⑤ ■♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②

❚❤✐s ❝❤❛♣t❡r ✇✐❧❧ ❡①❛♠✐♥❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr② ♦♥ t❤❡ ❡✛❡❝t✐✈❡
♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♣r❡✈✐♦✉s❧② ❞✐s❝✉ss❡❞ ✐♥❝❧✉s✐♦♥s ❤❛✈❡ ❡✐t❤❡r ❜❡❡♥ ♣❡r❢❡❝t❧②
s♣❤❡r✐❝❛❧✱ ♦r r✐❣❤t ❝✐r❝✉❧❛r ❝②❧✐♥❞r✐❝❛❧✳ ❈♦♠♣r❡ss❡❞ ♦r ♦t❤❡r✇✐s❡ ❞❡❢♦r♠❡❞ ✐♥❝❧✉s✐♦♥
❣❡♦♠❡tr✐❡s ❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ r❡s✉❧t✐♥❣ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✱ ❡s♣❡❝✐❛❧❧② ♦♥ t❤❡
♣✐❡③♦❡❧❡❝tr✐❝ ♣❛rt✱ ❜❡❝❛✉s❡ t❤❡ ♠❛✐♥ ♣❛rt ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝✐t② ✐♥ ❝♦❧❧❛❣❡♥ ❛♥❞ ❤②❞r♦①✲
②❛♣❛t✐t❡ ❛r❡ ✐♥ t❤❡ s❤❡❛r str❡ss ❞❡♣❡♥❞✐♥❣ ♣❛r❛♠❡t❡rs e14 ❛♥❞ e15✳

❋✐❣✉r❡ ✽✳✶✿ ❙❝❤❡♠❛t❛ ♦❢ t❤❡ ✉s❡❞ ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✳ ❚❤❡ ❝②❧✐♥❞❡r ❛♥❞ t❤❡ ❡❧❧✐♣s♦✐❞
❛r❡ ♦r✐❡♥t❡❞ ❧✐❦❡ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ t♦ ❛✈♦✐❞ ❛♥ ✉♥♥❡❝❡ss❛r② tr❛♥s❢♦r♠❛t✐♦♥✳

❍♦✇❡✈❡r✱ ❝❤❛♥❣✐♥❣ t❤❡ ❛s♣❡❝t r❛t✐♦ α ✇✐❧❧ ❧❡❛❞ t♦ ❛♥ ❛♥✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧✱ t❤✐s ❤❛s t♦
❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❊s❤❡❧❜② t❡♥s♦r✳ ❚❤❡r❡❢♦r❡ s✐♠♣❧✐✜❝❛t✐♦♥s ❢♦r
✐s♦tr♦♣✐❝ ♦r tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧s ❞♦ ♥♦t ❛♣♣❧② ✐♥ t❤✐s ❝❛s❡✳ ❚❤❡ s②♠♠❡✲
tr✐❡s ❢r♦♠ ✐s♦tr♦♣✐❝ ♦r tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧s ✇✐❧❧ ♥♦t ❛♣♣❧② ✐♥ ❛♥✐s♦tr♦♣✐❝
♠❛t❡r✐❛❧s✱ ❛s ✐♥ ❊q✉❛t✐♦♥ ✽✳✶✳ ❈❤❛♥❣✐♥❣ t❤❡ ❛s♣❡❝t r❛t✐♦ β ✇✐❧❧ ♥♦t ❛✛❡❝t tr❛♥s✈❡rs❛❧
✐s♦tr♦♣②✱ s✐♥❝❡ ✐t ✈❛r✐❡s t❤❡ ❣❡♦♠❡tr② ♥♦r♠❛❧ t♦ t❤❡ ✐s♦tr♦♣② ♣❧❛♥❡✱ ❛s ✐♥ ❊q✉❛t✐♦♥ ✽✳✸✳
❙❡❡ ❆♣♣❡♥❞✐① ❈ ❢♦r ❛ P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r ✇✐t❤ ❛♥ ❛♥✐s♦tr♦♣✐❝ ♠❛tr✐① ♠❛t❡r✐❛❧✳

c11 6= c22 6= c33 → ❛♥✐s♦tr♦♣✐❝ ✭✽✳✶✮

c12 6= c13 6= c23

c44 6= c55 6= c66
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✽✳ ■♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②

✽✳✶ ❉❡❢♦r♠❡❞ ❝②❧✐♥❞❡r ✐♥ ✇❡t ❝♦❧❧❛❣❡♥

❚❤❡ ❡❧❧✐♣t✐❝ ❜❛s❡ ♦❢ t❤❡ ❝②❧✐♥❞❡r ✐s s♣❛♥♥❡❞ ❜② t❤❡ s❡♠✐✲❛①❡s a1 ❛♥❞ a2✳ ❚❤❡✐r
♣r♦♣♦rt✐♦♥ ❣✐✈❡s t❤❡ ❛s♣❡❝t r❛t✐♦ α✱ ❛s ✐♥ ❊q✉❛t✐♦♥ ✽✳✷ ❬✶✼✱ s❡❝t✐♦♥ ✻❪✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❡①❛♠♣❧❡✱ ✇❡t ❝♦❧❧❛❣❡♥ ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s ✐♥ s❡❝t✐♦♥ ✺✳✷✱ ✐s ❝♦♠♣✉t❡❞✱ ❜✉t
✇✐t❤ P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦rs✱ ❢❡❛t✉r✐♥❣ ✈❛r✐♦✉s ❛s♣❡❝t r❛t✐♦s✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✽✳✷✳

α =
a1
a2

✭✽✳✷✮

❋✐❣✉r❡ ✽✳✷✿ ❊❧❛st✐❝ ❛♥❞ ♣✐❡③♦ ♠♦❞✉❧✐ ♦❢ ✇❡t ❝♦❧❧❛❣❡♥✱ ❝♦♥s✐st✐♥❣ ♦❢ ✹✹✪ ❝♦❧❧❛❣❡♥ ❛♥❞
✺✻✪ ✇❛t❡r✱ ✇✐t❤ ✈❛r✐♦✉s ❛s♣❡❝t r❛t✐♦s α✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ❜✉❧❦ ♠♦❞✉❧✐ ❛❧♦♥❣ t❤❡
❝②❧✐♥❞❡r ❛①✐s c33, e33 ❛r❡ ❛❧♠♦st ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ❝❤❛♥❣❡✳ ❚❤❡ ♠♦❞✉❧✐ ✐♥ t❤❡ ✈❛r✐❡❞
❞✐r❡❝t✐♦♥s a1, a2 s❡❡♠ ❝❡♥tr❛❧❧② s②♠♠❡tr✐❝ ❛r♦✉♥❞ α = 1✱ ♣❛rt✐❝✉❧❛r❧② ❣♦♦❞ t♦ s❡❡ ❛t
c11 ❛♥❞ c22✳ ❇✉t t❤❡ s❤❡❛r ❞❡♣❡♥❞❡♥t ✈❛❧✉❡s✱ ❛s e14 ❛♥❞ e15✱ ❛r❡ str♦♥❣❧② ❛✛❡❝t❡❞ ❜②
t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ❛s♣❡❝t r❛t✐♦ α✳

✽✳✷ ❈❤❛♥❣❡❞ ✐♥❝❧✉s✐♦♥s ✐♥ ✜❜r✐❧s

❚♦ ❡st✐♠❛t❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❢♦r ✜❜r✐❧s✱ ❜♦t❤ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❛♥❞ s♣❤❡r✐❝❛❧ ✐♥❝❧✉✲
s✐♦♥ ❣❡♦♠❡tr✐❡s ❛r❡ ♥❡❡❞❡❞✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ❛s♣❡❝t r❛t✐♦ α ❢♦r t❤❡ ❡❧❧✐♣t✐❝✲
❝②❧✐♥❞r✐❝❛❧ ✐♥❝❧✉s✐♦♥ r❡♠❛✐♥s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤❡ s♣❤❡r♦✐❞
❣❡ts ❞❡❢♦r♠❡❞ t♦ ❛♥ ❡❧❧✐♣s♦✐❞ ❜② ✈❛r②✐♥❣ t❤❡ s❡♠✐✲❛①✐s b3✱ ✇❤✐❝❤ ✐s ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡
❝②❧✐♥❞❡r ❛①✐s ❛♥❞ t❤❡ ❛①✐s x3 ❢r♦♠ t❤❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❬✶✽❪✳

b1 = b2

β =
b1
b3

=
b2
b3

✭✽✳✸✮
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✽✳ ■♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②

❍♦♠♦❣❡♥✐③✐♥❣ ❛ tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ♠❛tr✐① ✇✐t❤ ❛♥ ✐♥❝❧✉s✐♦♥✱ ✇❤✐❝❤ ♠❛② ❜❡
✐s♦tr♦♣✐❝ ♦r tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ✇✐t❤ t❤❡ s❛♠❡ ♦r✐❡♥t❛t✐♦♥✱ ②✐❡❧❞s ❛ tr❛♥s✈❡rs❡❧②
✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧✱ ✐❢ t❤❡ ✐♥❝❧✉s✐♦♥ ✐s s②♠♠❡tr✐❝ ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ ✐s♦tr♦♣②✳ ❯s✐♥❣ ❛
❞❡❢♦r♠❡❞ ✐♥❝❧✉s✐♦♥ ✇✐t❤ ❛♥ ❛s♣❡❝t r❛t✐♦ α 6= 1 ✇✐❧❧ r❡s✉❧t ✐♥ ❛♥ ❛♥✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧✳
❙✐♥❝❡ t❤❡ ✉s❡ ♦❢ t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t s❝❤❡♠❡ r❡q✉✐r❡s ♠✉❧t✐♣❧❡ ✐t❡r❛t✐♦♥s t♦ ❡st✐♠❛t❡ t❤❡
♣r♦♣❡rt✐❡s ♦❢ ❛ ❤♦♠♦❣❡♥✐③❡❞ ♠❛t❡r✐❛❧✱ ❛ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r ❛♥ ❛♥✐s♦tr♦♣✐❝ P✐❡③♦✲❊s❤❡❧❜②
t❡♥s♦r ✐s ♥❡❡❞❡❞✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❈✳

❆♥❛❧♦❣ t♦ ❞❛t❛ ❢r♦♠ ✇❡t ❝♦❧❧❛❣❡♥✱ s❡❡ s❡❝t✐♦♥ ✽✳✶✱ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ❝②❧✐♥❞❡r
❤❛s ♥♦ ❡✛❡❝t ♦♥ ♠♦❞✉❧✐ s✉❝❤ ❛s c33✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳✻✳❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡
♣✐❡③♦ s❤❡❛r ♠♦❞✉❧✐ ❛r❡ ♥♦t s②♠♠❡tr✐❝✱ s♦♠❡ ❝❤❛♥❣❡s ✐♥ e33 ❝❛♥ ❜❡ s❡❡♥ ❢♦r s❧✐♠
❤②❞r♦①②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s✱ ❛s ✐♥ ✽✳✶✵✳

❚❤❡ ❞❛t❛ ❛❧s♦ s❤♦✇s ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❡❧❛st✐❝✐t② ❢♦r t❤❡ ♣❛r❛♠❡t❡r c12 ❢♦r ✢❛t ❞✐s❝✲
❧✐❦❡ ❤②❞r♦①②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s✱ ✇❤✐❝❤ ❝❛♥ ♦❜✈✐♦✉s❧② ❜❡ ❡①♣❡❝t❡❞✱ ✇❤❡♥ ✈✐s✉❛❧✐③❡❞
✇✐t❤ r❡❣❛r❞ t♦ t❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✳ ▼♦r❡ ✐♥t❡r❡st✐♥❣ ✐s t❤❡ ✐♠♠❡♥s❡ ✐♥❝r❡❛s❡ ♦❢
t❤❡ ♣❛r❛♠❡t❡r c11 t♦ ❛❧♠♦st ✐ts tr✐♣❧❡ ✈❛❧✉❡✱ ✐❢ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✢❛t ❝②❧✐♥❞❡rs ❛♥❞
❡❧❧✐♣s♦✐❞s ✇✐t❤ ❛♥ ❛s♣❡❝t r❛t✐♦ ♦❢ ✹ ❛r❡ ❣✐✈❡♥✳

❋✐❣✉r❡ ✽✳✸✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c11 ♦❢ ✜❜✲
r✐❧s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱
s❤♦✇✐♥❣ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ❢♦r ❞✐s❝ ❧✐❦❡
❤②❞r♦①②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s ❛♥❞ ✇❡t ❝♦❧✲
❧❛❣❡♥ str❡t❝❤❡❞ ✐♥ t❤❡ x1 ❞✐r❡❝t✐♦♥✳

❋✐❣✉r❡ ✽✳✹✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c12 ♦❢ ✜❜✲
r✐❧s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱
s❤♦✇✐♥❣ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ❢♦r ❞✐s❝ ❧✐❦❡
❤②❞r♦①②❛♣❛t✐t❡ ❛♥❞ ❝②❧✐♥❞r✐❝ ✇❡t ❝♦❧❧❛✲
❣❡♥ ✐♥❝❧✉s✐♦♥s✳
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✽✳ ■♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②

❋✐❣✉r❡ ✽✳✺✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c13 ♦❢ ✜❜✲
r✐❧s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱
s❤♦✇✐♥❣ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ❢♦r s♣❤❡r✐❝❛❧
❤②❞r♦①②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s ❛♥❞ ✇❡t ❝♦❧✲
❧❛❣❡♥ str❡t❝❤❡❞ ✐♥ t❤❡ x1 ❞✐r❡❝t✐♦♥✳

❋✐❣✉r❡ ✽✳✻✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c33 ♦❢ ✜❜✲
r✐❧s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱
s❤♦✇✐♥❣ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ❢♦r s❧✐♠✱ ♥❡❡✲
❞❧❡ ❧✐❦❡ ❤②❞r♦①②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s✳ ❙✐♥❝❡
t❤✐s ♣❛r❛♠❡t❡r ✐s ♦♥ t❤❡ ❛①✐s ♦❢ t❤❡
❝②❧✐♥❞r✐❝❛❧ ✇❡t ❝♦❧❧❛❣❡♥ ✐♥❝❧✉s✐♦♥s✱ ✐ts
❢♦♦t♣r✐♥t ❣❡♦♠❡tr② ❤❛s ♥♦ ✐♠♣❛❝t ♦♥
t❤✐s ♠♦❞✉❧✉s✳

❋✐❣✉r❡ ✽✳✼✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c44 ♦❢ ✜❜✲
r✐❧s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱
s❤♦✇✐♥❣ s❧✐❣❤t❧② ❤✐❣❤❡r ✈❛❧✉❡s ❢♦r s❧✐♠
❤②❞r♦①②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s ✇✐t❤ ✇❡t ❝♦❧✲
❧❛❣❡♥ str❡t❝❤❡❞ ✐♥ t❤❡ x2 ❞✐r❡❝t✐♦♥✳

❋✐❣✉r❡ ✽✳✽✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c66 ♦❢ ✜❜✲
r✐❧s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱
s❤♦✇✐♥❣ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ❢♦r ❞✐s❝ ❧✐❦❡
❤②❞r♦①②❛♣❛t✐t❡ ❛♥❞ ❝②❧✐♥❞r✐❝ ✇❡t ❝♦❧❧❛✲
❣❡♥ ✐♥❝❧✉s✐♦♥s✳
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✽✳ ■♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②

❋✐❣✉r❡ ✽✳✾✿ P✐❡③♦ ♠♦❞✉❧✉s e31 ♦❢ ✜❜✲
r✐❧s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱
s❤♦✇✐♥❣ ❤✐❣❤❡r ✈❛❧✉❡s ❢♦r s❧✐♠ ❤②❞r♦①✲
②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s✳ ❚❤✐s ♥♦♥ ❝♦♥t✐♥✉✲
♦✉s ❜❡❤❛✈✐♦r ✐s ❛ r❡s✉❧t ❢r♦♠ t❤❡ ✐♥t❡r✲
❛❝t✐♦♥ ✇✐t❤ t❤❡ ♦t❤❡r ♠♦❞✉❧✐✳

❋✐❣✉r❡ ✽✳✶✵✿ P✐❡③♦ ♠♦❞✉❧✉s e33 ♦❢ ✜❜✲
r✐❧s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱
s❤♦✇✐♥❣ ❤✐❣❤❡r ✈❛❧✉❡s ❢♦r s❧✐♠ ❤②❞r♦①✲
②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s ♦r✐❡♥t❡❞ ✐♥ t❤❡ x3 ❞✐✲
r❡❝t✐♦♥✳

❋✐❣✉r❡ ✽✳✶✶✿ P✐❡③♦ ♠♦❞✉❧✉s e14 ♦❢ ✜❜✲
r✐❧s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱
s❤♦✇✐♥❣ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r ✈❛❧✉❡s ❢♦r
s❧✐♠ ❤②❞r♦①②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s ✇✐t❤ ❝♦❧✲
❧❛❣❡♥ str❡t❝❤❡❞ ✐♥ t❤❡ x2 ❞✐r❡❝t✐♦♥✳

❋✐❣✉r❡ ✽✳✶✷✿ P✐❡③♦ ♠♦❞✉❧✉s e15 ♦❢ ✜❜✲
r✐❧s ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱
s❤♦✇✐♥❣ ❤✐❣❤❡r ✈❛❧✉❡s ❢♦r s❧✐♠ ❤②❞r♦①✲
②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s✳

✹✵
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✽✳ ■♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②

✽✳✸ ❈❤❛♥❣❡❞ ✐♥❝❧✉s✐♦♥s ✐♥ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠

❖t❤❡r t❤❛♥ ✜❜r✐❧s✱ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ❝♦♥s✐st ♦❢ t✇♦ ✐♥t❡r❧♦❝❦✐♥❣ s♣❤❡r✐❝❛❧ ♣❤❛s❡s✳
❘❡s✉❧ts ❢♦r ❝❧♦s❡ t♦ s♣❤❡r✐❝❛❧ ✐♥❝❧✉s✐♦♥s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✽✳✶✸ t♦ ❋✐❣✉r❡ ✽✳✶✾✳

❙✐♥❝❡ ❤②❞r♦①②❛♣❛t✐t❡ ❤❛s ♦♥❧② t✇♦ ♥♦♥✲③❡r♦ ♣✐❡③♦ ♠♦❞✉❧✐ e14 = −e25 6= 0 ❛♥❞ ✇❛t❡r
❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ♣✐❡③♦❡❧❡❝tr✐❝ ❝❤❛r❛❝t❡r✐st✐❝s✱ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ❢♦❛♠ ♣♦ss❡ss❡s ♦♥❧②
t❤✐s s❤❡❛r ❞❡♣❡♥❞❡♥t ♣✐❡③♦ ♣r♦♣❡rt②✳ ◆♦ ♥❡✇ ♣✐❡③♦ ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ❛❞❞❡❞ ❜② t❤✐s
❤♦♠♦❣❡♥✐③❛t✐♦♥ st❡♣✱ t❤❡r❡❢♦r❡ e31, e33 ❛♥❞ e15 ❛r❡ ③❡r♦✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✐✱ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❧♦❛❞ ❜❡❛r✐♥❣ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡
❜♦♥❡ ✐s ♦r✐❡♥t❡❞ ❛❧♦♥❣ t❤❡ x3 ❛①✐s✱ ✇❤✐❝❤ ♠❛❦❡s c33 ❛♥ ✐♠♣♦rt❛♥t ✈❛❧✉❡ ❢♦r r❡s✐st✐♥❣
❛ ❝♦♠♣r❡ss✐✈❡ ❧♦❛❞ ❛❧♦♥❣ t❤❡ ❜♦♥❡ ❛①✐s✳ ❆s ✐♥ ✜❜❡r r❡✐♥❢♦r❝❡❞ ♠❛t❡r✐❛❧s✱ t❤❡ st✐✛♥❡ss
♠♦❞✉❧✉s c33 ♣r♦✜ts ❢r♦♠ ❧♦♥❣ ✜❧❛♠❡♥t ❧✐❦❡ ✐♥❝❧✉s✐♦♥s str✉❝t✉r❡s✳

❋✐❣✉r❡ ✽✳✶✸✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c11 ♦❢ ❤②✲
❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉✲
s✐♦♥ ❣❡♦♠❡tr✐❡s✳ ❚❤✐s ✈❛❧✉❡ ✐s t❤❡ ❤✐❣❤✲
❡st✱ ✇❤❡♥ ❜♦t❤ ✐♥❝❧✉s✐♦♥ ♣❤❛s❡s ❤❛✈❡ ❛
❞✐s❝ ❧✐❦❡ ❣❡♦♠❡tr② ✐♥ t❤❡ x3 ❞✐r❡❝t✐♦♥✳
❚❤❡r❡❢♦r❡ ✐t ✐s ❡✈✐❞❡♥t✱ t❤❛t t❤✐s ♠❛t❡✲
r✐❛❧ ❝❛♥ r❡s✐st ❧❛t❡r❛❧ ❢♦r❝❡s ❜❡tt❡r✳

❋✐❣✉r❡ ✽✳✶✹✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c12 ♦❢
❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✇✐t❤ ❞✐✛❡r❡♥t ✐♥✲
❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱ s❤♦✇✐♥❣ ❤✐❣❤❡r ✈❛❧✲
✉❡s ❢♦r ✢❛t ❞✐s❝ ❧✐❦❡ ✐♥❝❧✉s✐♦♥s ♦❢ ❜♦t❤
♣❤❛s❡s✳ ❍♦✇❡✈❡r t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✉s✉✲
❛❧❧② ❧✐q✉✐❞ ✇❛t❡r ✐♥❝❧✉s✐♦♥ ❤❛s ❛♥ ❤✐❣❤❡r
✐♠♣❛❝t t❤❛♥ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❤②✲
❞r♦①②❛♣❛t✐t❡✳

✹✶
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✽✳ ■♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②

❋✐❣✉r❡ ✽✳✶✺✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c13 ♦❢ ❤②✲
❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉✲
s✐♦♥ ❣❡♦♠❡tr✐❡s✱ s❤♦✇✐♥❣ t❤❡ ❤✐❣❤❡st
✈❛❧✉❡s ❢♦r s♣❤❡r✐❝❛❧ ✇❛t❡r ✐♥❝❧✉s✐♦♥s ❛♥❞
❞✐s❝ s❤❛♣❡❞ ❤②❞r♦①②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s✳

❋✐❣✉r❡ ✽✳✶✻✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c33 ♦❢
❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✇✐t❤ ❞✐✛❡r❡♥t ✐♥✲
❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s s❤♦✇✐♥❣ t❤❡ ❤✐❣❤❡st
✈❛❧✉❡ ❢♦r s❧✐♠ ♥❡❡❞❧❡ ❧✐❦❡ ✐♥❝❧✉s✐♦♥s ♦❢
❜♦t❤ ♣❤❛s❡s✳

❋✐❣✉r❡ ✽✳✶✼✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c44 ♦❢ ❤②✲
❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉✲
s✐♦♥ ❣❡♦♠❡tr✐❡s✱ s❤♦✇✐♥❣ t❤❡ ❤✐❣❤❡st
✈❛❧✉❡ ❢♦r s❧✐♠ ♥❡❡❞❧❡ ❧✐❦❡ ✐♥❝❧✉s✐♦♥s ♦❢
❜♦t❤ ♣❤❛s❡s✳

❋✐❣✉r❡ ✽✳✶✽✿ ❊❧❛st✐❝ ♠♦❞✉❧✉s c66 ♦❢ ❤②✲
❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✇✐t❤ ❞✐✛❡r❡♥t ✐♥❝❧✉✲
s✐♦♥ ❣❡♦♠❡tr✐❡s✱ s❤♦✇✐♥❣ t❤❡ ❤✐❣❤❡st
✈❛❧✉❡ ❢♦r ✢❛t ❞✐s❝ ❧✐❦❡ ✐♥❝❧✉s✐♦♥s ♦❢ ❜♦t❤
♣❤❛s❡s✳ ❚❤❡r❡❢♦r❡ t❤❡ ❜❡❤❛✈✐♦r ✐s ❝♦♥✲
tr❛r② ❢r♦♠ t❤❡ ♦t❤❡r ❡❧❛st✐❝ s❤❡❛r ♠♦❞✲
✉❧✉s c44✳

✹✷
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✽✳ ■♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②

❋✐❣✉r❡ ✽✳✶✾✿ P✐❡③♦ ♠♦❞✉❧✉s e14 ♦❢ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠ ✇✐t❤ ❞✐❢✲
❢❡r❡♥t ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✱ s❤♦✇✐♥❣ t❤❡ ❤✐❣❤❡st ✈❛❧✉❡s ❢♦r s❧✐♠
✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s ♦❢ ❜♦t❤ ♠❛t❡r✐❛❧ ♣❤❛s❡s✳
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✽✳ ■♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②

✽✳✹ ❉❡❢♦r♠❡❞ ✜❜r✐❧s ✐♥ t❤❡ ✉❧tr❛str✉❝t✉r❡

❆s ❡①♣❡❝t❡❞✱ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ✜❜r✐❧s s❤♦✇s ❛ s✐♠✐❧❛r ❜❡❤❛✈✐♦r t♦ t❤❡ ❞❡❢♦r♠❡❞
❝②❧✐♥❞r✐❝❛❧ ✐♥❝❧✉s✐♦♥s ✐♥ ✇❡t ❝♦❧❧❛❣❡♥✱ s❡❡ s❡❝t✐♦♥ ✽✳✶✳ ❋♦r ❛ ❝❧❡❛r❡r ❞✐❛❣r❛♠✱ t❤❡
❝❡♥tr❛❧❧② s②♠♠❡tr✐❝ ♠♦❞✉❧✐ ❛r❡ ♥♦t ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✽✳✷✵✳

❙✐♥❝❡ t❤❡ ✜❜r✐❧s ❛r❡ t❤❡ ♠❛✐♥ ❢❛❝t♦r ❢♦r t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t✱ t❤❡ ❣❡♦♠❡tr② ❞❡♣❡♥✲
❞❡♥t ❝❤❛♥❣❡ ♦❢ t❤❡ ♣✐❡③♦ ♠♦❞✉❧✉s e14 ✐s ❡❛s② t♦ s♣♦t✳ ❚❤❡ ♠♦❞✉❧✐ e31 ❛♥❞ e33 ❤❛✈❡
❛❧♠♦st ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ♠❛t❡r✐❛❧✱ s✐♥❝❡ t❤❡② ❛r❡ ♠✉❝❤ ❧♦✇❡r✳

❋✐❣✉r❡ ✽✳✷✵✿ ❊❧❛st✐❝ ❛♥❞ ♣✐❡③♦ ♠♦❞✉❧✐ ♦❢ t❤❡ ✉❧tr❛str✉❝t✉r❡✱ ❝♦♥s✐st✐♥❣ ♦❢ ✺✸✪ ✜❜r✐❧s
❛♥❞ ✹✼✪ ❤②❞r♦①②❛♣❛t✐t❡ ❢♦❛♠✱ ✇✐t❤ ✈❛r✐♦✉s ❛s♣❡❝t r❛t✐♦s α✳

❆♥♦t❤❡r ❡✛❡❝t ♦❢ t❤❡ ❞❡❢♦r♠❡❞ ✜❜r✐❧s ✐s✱ t❤❛t t❤❡ ♣r❡✈✐♦✉s❧② ✉s❡❞ s②♠♠❡tr✐❡s e15 =
e24 ❛♥❞ e14 = −e25 ❛r❡ ♥♦t ✈❛❧✐❞ ❛♥②♠♦r❡✳ ❚❤✐s ✐s ♦♥❧② tr✉❡ ❢♦r s②♠♠❡tr✐❝ ✐♥❝❧✉s✐♦♥
❣❡♦♠❡tr✐❡s✱ ❛s ❢♦r α = 1✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳✷✶✳

❋✐❣✉r❡ ✽✳✷✶✿ ❆s②♠♠❡tr✐❝ ❜❡❤❛✈✐♦r ♦❢ ♣✐❡③♦ ♠♦❞✉❧✐ ✐♥ t❤❡ ✉❧tr❛str✉❝t✉r❡✳

✹✹
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✽✳ ■♥❝❧✉s✐♦♥ ❣❡♦♠❡tr②

✽✳✺ ❉❡❢♦r♠❡❞ ❧❛❝✉♥❛❡ ✐♥ ❡①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧

❆ ❝❤❛♥❣❡ ♦❢ t❤❡ ❛s♣❡❝t r❛t✐♦ β ♦❢ ❛ s♣❤❡r✐❝❛❧ ✐♥❝❧✉s✐♦♥ ❛✛❡❝ts t❤❡ ❡st✐♠❛t❡❞ ♠❛t❡r✐❛❧
♣❛r❛♠❡t❡r ✐♥ ❛♥ ♦❜✈✐♦✉s❧② ❞✐✛❡r❡♥t ✇❛②✳ ❚❤❡ ❡①❛♠♣❧❡ ✐♥ ❋✐❣✉r❡ ✽✳✷✷ ❞♦❡s ♥♦t
❝❤❛♥❣❡ t❤❡ s②♠♠❡tr② ✐♥ t❤❡ ✐s♦tr♦♣✐❝ ❛①❡s x1, x2 ❜✉t ❞❡s❝r✐❜❡s ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ x3

❛①✐s✳ ❍♦✇❡✈❡r✱ t❤✐s ♠✐❣❤t ❜❡ t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ✐♥❝❧✉s✐♦♥ t♦ st✉❞②✱ ❜❡❝❛✉s❡ ❧❛❝✉♥❛❡
❛s ✇❡❧❧ ❛s ❝❤❛♥♥❡❧s ✐♥ t❤❡ ❜♦♥❡ ❝♦♠❡ ✐♥ ❛ ❜✐❣ ✈❛r✐❡t② ♦❢ ❢♦r♠s ❛♥❞ s❤❛♣❡s✳

■t s❡❡♠s t❤❛t s❧✐♠ ✐♥❝❧✉s✐♦♥s✱ ✇✐t❤ β < 1✱ ❤❛✈❡ ♦♥❧② ❛ ♠✐♥♦r ✐♠♣❛❝t ♦♥ t❤❡ st✐✛♥❡ss
❛♥❞ ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧✳ ❍♦✇❡✈❡r✱ ✢❛t ❞✐s❝
s❤❛♣❡❞ ✐♥❝❧✉s✐♦♥s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ✇❡❛❦❡♥✐♥❣ t❤❡ ♠❛t❡r✐❛❧ str❡♥❣t❤ ❛♥❞ ❧♦✇❡r✐♥❣ t❤❡
✐♠♣♦rt❛♥t ♣✐❡③♦ ♠♦❞✉❧✉s e31✳

❋✐❣✉r❡ ✽✳✷✷✿ ❊❧❛st✐❝ ❛♥❞ ♣✐❡③♦ ♠♦❞✉❧✐ ♦❢ ❡①tr❛✈❛s❝✉❧❛r ❜♦♥❡ ♠❛t❡r✐❛❧✱ ✇✐t❤ ❛ ✈♦❧✉♠❡
❢r❛❝t✐♦♥ ♦❢ ✷✳✵✻✪ ✇✐t❤ ✇❛t❡r ✜❧❧❡❞ ❧❛❝✉♥❛❡✱ ✇✐t❤ ✈❛r✐♦✉s ❛s♣❡❝t r❛t✐♦s β✳

✹✺
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✾ ⑤ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❚♦♦t❤

❚❡❡t❤ s❤♦✇ t❤❡ ❤✐❣❤❡st ♠✐♥❡r❛❧ ❞❡♥s✐t② ✐♥ t❤❡ ❤✉♠❛♥ ❜♦❞②✱ ❛♥❞ ❛r❡✱ ❧✐❦❡ ❜♦♥❡✱
❝♦♠♣♦s❡❞ ♦❢ ♠❛t❡r✐❛❧s ✇✐t❤ ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✱ ✇❤✐❝❤ ♠❛❦❡ ❡①❛♠✐♥✐♥❣ t❤✐s
♠❛t❡r✐❛❧ ❢✉rt❤❡r ✇♦rt❤ ✐t✳ ❚❤❡ ♠❛✐♥ ❝♦♠♣♦♥❡♥ts ♦❢ t♦♦t❤ ♠❛t❡r✐❛❧✱ ❡♥❛♠❡❧ ❛♥❞
❞❡♥t✐♥✱ ✈❛r② ❢r♦♠ t❤❡ ♦✉ts✐❞❡ t♦ t❤❡ ♣✉❧♣ ✐♥ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜✉✐❧❞✐♥❣ ♠❛t❡r✐❛❧s
❛♥❞ ✐ts ♦r✐❡♥t❛t✐♦♥ ❬✸✵❪✱ s✐♠✐❧❛r t♦ ❝♦rt✐❝❛❧ ❛♥❞ tr❛❜❡❝✉❧❛r ❜♦♥❡✳

✾✳✶ ❊♥❛♠❡❧

❚❤❡ ♦✉t❡r♠♦st ❧❛②❡r ♦❢ t❤❡ t❡❡t❤ r❡♣r❡s❡♥ts t❤❡ ♣❛rt ♦❢ t❤❡ ❤✉♠❛♥ ❜♦❞② ✇✐t❤ t❤❡
❤✐❣❤❡st ♠✐♥❡r❛❧ ❝♦♥❝❡♥tr❛t✐♦♥✳ ❚❤❡ ❤②❞r♦①②❛♣❛t✐t❡ ❝r②st❛❧s ♠❛❦❡ ✉♣ ❛❜♦✉t ✾✺✪ ♦❢
t❤❡ t♦t❛❧ ✈♦❧✉♠❡✱ ❛tt❛❝❤❡❞ t♦ ❛❜♦✉t ✷✪ ❝♦❧❧❛❣❡♥ ❛♥❞ ✐♥t❡rs♣❡rs❡❞ ✇✐t❤ ✸✪ ✇❛t❡r
❬✸✶❪✳ ❚❤❡ ❤②❞r♦①②❛♣❛t✐t❡ ❝r②st❛❧s ❝♦♠❡ ✐♥ ❛ r♦❞✲❧✐❦❡ ❛♥❞ ♣❧❛t❡✲❧✐❦❡ str✉❝t✉r❡ ❬✸✷❪✱
✈❛r②✐♥❣ t❤❡✐r ❝♦♠♣♦s✐t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♦✉ts✐❞❡ ♦❢ t❤❡ t♦♦t❤ t♦ ❞❡♥t✐♥✳

Menamel =

















107.23 38.19 36.75 0 0 0 0 0 −0.05
38.19 107.23 36.75 0 0 0 0 0 −0.05
35.93 35.93 109.31 0 0 0 0 0 −0.015
0 0 0 26.61 0 0 0.32 0.02 0
0 0 0 0 26.61 0 0.02 −0.32 0
0 0 0 0 0 34.52 0 0 0
0 0 0 0.32 0.02 0 −106.21 0 0
0 0 0 0.02 −0.32 0 0 −106.21 0

−0.05 −0.05 −0.015 0 0 0 0 0 −97.91

















✭✾✳✶✮

❊q✉❛t✐♦♥ ✾✳✶ s❤♦✇s t❤❡ r❡s✉❧t ❢♦r ❡♥❛♠❡❧ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ ❛ t♦♦t❤✱ ❝♦♥s✐st✐♥❣ ♦❢
✾✺✪ ❤②❞r♦①②❛♣❛t✐t❡ ✭✹✵✪ ❛s ♣❧❛t❡s β = 0.125✱ ✻✵✪ ❛s r♦❞s β = 8✮✱ ✸✪ ✇❛t❡r ✐♥
s♣❤❡r✐❝❛❧ s♦❧✉t✐♦♥s ❛♥❞ ✷✪ ❝♦❧❧❛❣❡♥✳ ❚❤❡s❡ r❡s✉❧ts ♠❛t❝❤ r❡❢❡r❡♥❝❡s ✈❛❧✉❡s ❢r♦♠
♠❡❛s✉r❡♠❡♥ts ✈❡r② ✇❡❧❧ ❬✸✸❪✳

✹✻
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✾✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❚♦♦t❤

x3

x1, x2

❤②❞r♦①②❛♣❛t✐t❡ ♣❧❛t❡

✇❛t❡r ✐♥❝❧✉s✐♦♥

❤②❞r♦①②❛♣❛t✐t❡ r♦❞

❝♦❧❧❛❣❡♥ ♠❛tr✐①

❋✐❣✉r❡ ✾✳✶✿ ❙❝❤❡♠❛ ❞❡♣✐❝t✐♥❣ t❤❡ ♠❛t❡r✐❛❧ ♣❤❛s❡s ✐♥ ❡♥❛♠❡❧✳

✾✳✶✳✶ P❤❛s❡s ✐♥ ❡♥❛♠❡❧

❚❤❡ ❛❜♦✈❡ ❞❡s❝r✐❜❡❞ ♠♦❞❡❧ ❝♦♥s✐sts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❤❛s❡s ♦♥ ❛ ❝♦❧❧❛❣❡♥ ♠❛tr✐① ❛♥❞
✇❛s ❝❛❧❝✉❧❛t❡❞ ❛s s❤♦✇♥ ✐♥ ❊q✉❛t✐♦♥ ✸✳✶✳ ❚❤❡ ♣❤❛s❡s ❢r♦♠ ❊q✉❛t✐♦♥ ✾✳✷✱ ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✉r❡ ✾✳✶✱ ❛♥❞ t❤❡ ♣r✐♦r ♠❡♥t✐♦♥❡❞ ❡q✉❛t✐♦♥ ❧❡❛❞ t♦ t❤❡ s❛♠❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥
r✉❧❡ ❛s ✐♥ ❊q✉❛t✐♦♥ ✾✳✸✳

s, r =







❝♦❧❧❛❣❡♥, ❛s ♠❛tr✐①
❤②❞r♦①②❛♣❛t✐t❡, s♣❤❡r✐❝❛❧ β = 1

8
✭♣❧❛t❡✮

❤②❞r♦①②❛♣❛t✐t❡, s♣❤❡r✐❝❛❧ β = 8 ✭r♦❞✮
✇❛t❡r, s♣❤❡r✐❝❛❧ β = 1







✭✾✳✷✮

Menamel ={fcolMcol + frodMha · (I+P
col
rod · (Mha −Mcol))

−1 ✭✾✳✸✮

+ fplateMha · (I+P
col
plate · (Mha −Mcol))

−1

+ fwaterMwater · (I+P
col
water · (Mwater −Mcol))

−1}
· {fcolI+ frod(I+P

col
rod · (Mha −Mcol))

−1

+ fplate(I+P
col
plate · (Mha −Mcol))

−1

+ fwater(I+P
col
water · (Mwater −Mcol))

−1}−1

s❛t✐s❢②✐♥❣ 1 =fcol + frod + fplate + fwater ✭✾✳✹✮

✾✳✶✳✷ ❊❧❛st✐❝✐t② ♦❢ ❡♥❛♠❡❧

❚❤❡ s✐♠✉❧❛t✐♦♥ s❤♦✇s✱ t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜♦t❤ ❣❡♦♠❡tr✐❡s ✐♥✢✉❡♥❝❡s t❤❡ ❡❧❛s✲
t✐❝✐t② ♠♦❞✉❧✐ ♦❢ ❡♥❛♠❡❧ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❞✐r❡❝t✐♦♥ ❛♥❞ ✐♥❝r❡❛s❡ ♦❢ ✐ts ♦✈❡r❛❧❧ ✈❛❧✉❡✳
❆ ❤✐❣❤❡r ❛♠♦✉♥t ♦❢ ♣❧❛t❡s ✐♥❝r❡❛s❡s t❤❡ ❡❧❛st✐❝✐t② ✐♥ t❤❡ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡
t♦♦t❤ s✉r❢❛❝❡✱ ✇❤✐❧❡ ❛ ❤✐❣❤❡r ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ s♦ ❝❛❧❧❡❞ ❡♥❛♠❡❧✲r♦❞s ✐♥❝r❡❛s❡ t❤❡
❡❧❛st✐❝✐t② ✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥s✳

✹✼
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✾✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❚♦♦t❤

❋✐❣✉r❡ ✾✳✷✿ ❙♣❡❛rs r❡s❡❛r❝❤❡❞ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♠✐♥❡r❛❧✲✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ✐♥ t❤❡ ❞✐✲
r❡❝t✐♦♥ ♦❢ t❤❡ ❝r②st❛❧ ❛①✐s ❛♥❞ tr❛♥s✈❡rs❡ t♦ ✐t ❬✸✸❪✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r ♣❧❛t❡✲❧✐❦❡
❤②❞r♦①②❛♣❛t✐t❡ ✐♥❝❧✉s✐♦♥s s❤♦✇s ❛❧♠♦st t❤❡ s❛♠❡ r❡s✉❧ts ❢♦r t❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✉s ✐♥
tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥✱ ❜✉t ❤❛s ❛ s❧✐❣❤t❧② ❤✐❣❤❡r s❧♦♣❡ ❢♦r t❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✉s ♣❛r❛❧✲
❧❡❧ t♦ t❤❡ ❝r②st❛❧ ♦r✐❡♥t❛t✐♦♥✳ ❍♦✇❡✈❡r ❙♣❡❛rs ❛ss✉♠❡❞ ❛ ♠❛①✐♠✉♠ ❡❧❛st✐❝✐t② ❢♦r
t❤❡ ❝r②st❛❧ ♦❢ ❛❜♦✉t 116●P❛✱ t❤❡ s✐♠✉❧❛t✐♦♥ ✉s❡s t❤❡ s❛♠❡ ✈❛❧✉❡s ❛s ✐♥ ❚❛❜❧❡ ❇✳✶
✭c33 = 142●P❛✮✳ ❋✉rt❤❡r r❡✜♥✐♥❣ t❤❡s❡ ♣❤❛s❡ ♣r♦♣❡rt✐❡s ♠✐❣❤t ❧❡❛❞ t♦ ❜❡tt❡r r❡s✉❧ts✳

✾✳✶✳✸ P✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❡♥❛♠❡❧

❚❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t ✐♥ ❡♥❛♠❡❧ ❝❛♥ ♥♦t ❜❡ ❝❛❧❝✉❧❛t❡❞ t❤✐s ❡❛s✐❧②✳ ❘❡②❡s✲●❛s❣❛✱
●❛❧✐♥❞♦✲▼❡♥t❧❡✱ ❇rès✱ ❡t ❛❧✳ ❬✸✹❪ ✐♥s♣❡❝t❡❞ ✈❛r✐♦✉s ❛r❡❛s ♦❢ t❤❡ t♦♦t❤ ❡♥❛♠❡❧ ❛♥❞
♠❡❛s✉r❡❞ ✐ts ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s✳ ❍❡ ♠❡❛s✉r❡❞ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t ✐♥ ❛ s✐♥❣❧❡
❡♥❛♠❡❧ ❣r❛✐♥✱ r❡s✉❧t✐♥❣ ✐♥ d = 15.86 ± 0.89♣❈✴◆ ✇❤✐❝❤ ❛r❡ ♠❛t❝❤❡❞ ❜② t❤❡ r❡s✉❧ts
❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥ ❛❜♦✈❡✱ s❡❡ ❊q✉❛t✐♦♥ ✾✳✶✳

d33 =
e33
c33

✭✾✳✺✮

d33 =
1.84

109.31 · 109 = 16, 56♣❈✴◆

❍♦✇❡✈❡r✱ t❤❡ ♦✈❡r❛❧❧ ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t ♦❢ ❡♥❛♠❡❧ ✐s ❧♦✇❡r ❞✉❡ t♦ t❤❡ ♠❡r❣❡❞ ❡♥❛♠❡❧
❣r❛✐♥s ✇✐t❤ ❞✐✛❡r❡♥t ♦r✐❡♥t❛t✐♦♥✳ ❇✉t t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ s✐♥❣❧❡
❡♥❛♠❡❧ ❣r❛✐♥ ✇✐t❤ t❤✐s ♠✉❧t✐s❝❛❧❡ ❡st✐♠❛t✐♦♥ ♠✐❣❤t ❜❡ ❛ ❣♦♦❞ st❛rt✐♥❣ ♣♦✐♥t t♦
❡st✐♠❛t❡ t❤❡ ♦✈❡r❛❧❧ ♣r♦♣❡rt✐❡s✳

✹✽
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✾✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❚♦♦t❤

❋✐❣✉r❡ ✾✳✸✿ ❋♦r t❤❡ s❛♠❡ ♠❛t❡r✐❛❧ ❝♦♠♣♦s✐t✐♦♥ ❛s ✐♥ ❋✐❣✉r❡ ✾✳✷✱ ❡♥❛♠❡❧ s❤♦✇s ❛ r✐s❡
✐♥ e33 ❛♥❞ e14 ❢♦r ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♠♦✉♥t ♦❢ ❝r②st❛❧❧✐♥❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s✳ ❚❤❡ ♦t❤❡r
♠♦❞✉❧✐ e15 s❤♦✇s ❛♥ ✐♥s✐❣♥✐✜❝❛♥t ❞❡❝r❡❛s❡ ❛♥❞ e11 ✭♥♦t s❤♦✇♥ ✐♥ t❤✐s ❣r❛♣❤✐❝✮ ✐s
❛❧♠♦st ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ❝❤❛♥❣❡ ♦❢ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s✳

✾✳✷ ❉❡♥t✐♥

❯♥❞❡r t❤❡ ❡♥❛♠❡❧ ❝♦❛t ❧✐❡s t❤❡ ❧❡ss ♠✐♥❡r❛❧✐③❡❞ ❞❡♥t✐♥✳ ❏✉st ❛s ❡♥❛♠❡❧✱ ❜✉t ✉♥❧✐❦❡
❜♦♥❡✱ ✐t ✐s ♥♦t ✈❛s❝✉❧❛r✐③❡❞ ❜✉t s❤♦✇s ❛ ❣r❡❛t ✈❛r✐❡t② ♦❢ ❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥
♦❢ ✐ts ❜✉✐❧❞✐♥❣ ❝♦♠♣♦♥❡♥ts✳ ❙✉♠♠❡❞ ✉♣✱ t❤❡ ❞❡♥t✐♥ ❝♦♠♣♦s✐t✐♦♥ ❤❛s ❛ ❤✐❣❤ ♣♦rt✐♦♥
♦❢ ✇❛t❡r✱ ✇❤✐❝❤ ❧✐❡s ❜❡t✇❡❡♥ ✷✵✪ ❛♥❞ ✷✺✪ ✐♥ ✈♦❧✉♠❡✱ ❛❜♦✉t ✹✵✪ t♦ ✹✺✪ ♠✐♥❡r❛❧
♠❛t❡r✐❛❧ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ✸✵✪ ✐s t❤❡ ♦r❣❛♥✐❝ ♠❛tr✐① ❬✸✺✱ t❛❜❧❡ ✶❪✳

✾✳✷✳✶ ❙tr✉❝t✉r❡ ♦❢ ❞❡♥t✐♥

❙✐♠✐❧❛r t♦ ❜♦♥❡ ♠❛t❡r✐❛❧✱ ❛ t✇♦ st❡♣ ❛♣♣r♦❛❝❤ ✇❛s ✉s❡❞ t♦ ❡st✐♠❛t❡ ❞❡♥t✐♥✳ ❋✐rst
t❤❡ s♣❤❡r✐❝❛❧ ❤②❞r♦①②❛♣❛t✐t❡ ❝r②st❛❧s ✇❡r❡ ❛❞❞❡❞ t♦ t❤❡ ❝♦❧❧❛❣❡♥ ♠❛tr✐① ❛♥❞ ♦♥ ❛
❜✐❣❣❡r s✐③❡ s❝❛❧❡ ✇❡r❡ t❤❡ s♣❤❡r✐❝❛❧✱ ✇❛t❡r ✜❧❧❡❞ ❤♦❧❡s ✐♥❝❧✉❞❡❞✳ ❚❤✐s str✉❝t✉r❡ ❝❛♥
❛❧s♦ ❜❡ ♦❜s❡r✈❡❞ ✈✐❛ s❝❛♥♥✐♥❣ ❡❧❡❝tr♦♥ ♠✐❝r♦s❝♦♣❡ ❬✸✻❪✳ ❲✐t❤ t❤❡ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s
❣✐✈❡♥ ❛❜♦✈❡✱ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✳✼ ❛♥❞ ❋✐❣✉r❡ ✾✳✺✳

✹✾
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✾✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❚♦♦t❤

❞❡♥t✐♥

❼ ♠❛tr✐①✿ ♠✐♥❡r❛❧✐③❡❞ ❝♦❧❧❛❣❡♥✱ Mmc

❼ ✐♥❝❧✉s✐♦♥s✿ s♣❤❡r✐❝❛❧ ✇❛t❡r ✐♥❝❧✉s✐♦♥s✱
fwater✱ Mwater

♠✐♥❡r❛❧✐③❡❞ ❝♦❧❧❛❣❡♥

❼ ♠❛tr✐①✿ ❝♦❧❧❛❣❡♥✱ Mcol

❼ ✐♥❝❧✉s✐♦♥s✿ s♣❤❡r✐❝❛❧ ❤②❞r♦①②❛♣❛t✐t❡✱
fha✱ Mha

❋✐❣✉r❡ ✾✳✹✿ ❍✐❡r❛r❝❤✐❝❛❧ str✉❝t✉r❡ ♦❢ ❞❡♥t✐♥ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛t❡r✐❛❧ ♣❤❛s❡s✳

✾✳✷✳✷ P✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❞❡♥t✐♥

❋♦r t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♣❛rt✱ ❞❡♥t✐♥ s❤♦✇s s✐❣♥✐✜❝❛♥t ❧♦✇❡r ♣✐❡③♦ ♠♦❞✉❧✐ e t❤❛♥ ❡♥❛♠❡❧✱
❜✉t t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥ts d ✭s❡❡ ❊q✉❛t✐♦♥ ✾✳✺✮ ✐s ❤✐❣❤❡r t❤❛♥ ✐♥ ❡♥❛♠❡❧✱
❜❡❝❛✉s❡ t❤❡ ❧♦✇❡r ❡❧❛st✐❝✐t② ♠♦❞✉❧✐ ♣❧❛② t❤❡✐r ♣❛rt ✐♥ t❤✐s ❡q✉❛t✐♦♥✳ ❚❤✐s r❡s✉❧t
✜ts t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡❛s✉r❡♠❡♥ts ❬✸✹✱ t❛❜❧❡ ✶✫✷❪✱ ❜✉t ❛❣❛✐♥ r❛✐s❡s t❤❡ q✉❡st✐♦♥✱
✇❤❡t❤❡r t❤❡ ♦r❣❛♥✐❝ ♦r t❤❡ ✐♥♦r❣❛♥✐❝ ♣❛rt ♦❢ ❛ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧ ❤❛s t❤❡ ❜✐❣❣❡r
✐♠♣❛❝t ♦♥ t❤❡ ♦✈❡r❛❧❧ ♣✐❡③♦❡❧❡❝tr✐❝✐t②✳

▼❛♥② ❝♦♠♣❛r❛t✐✈❡ st✉❞✐❡s t❡st ❞❡♥t✐♥ ✇✐t❤ ♦r❣❛♥✐❝ ♠❛t❡r✐❛❧ ❛❣❛✐♥st ❞❡♥t✐♥✱ ✇❤❡r❡
t❤❡ ♦r❣❛♥✐❝ ♣❛rts ❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ❛♥❞ t❤❡r❡❢♦r❡ ❤❛✈❡ ❛ ♠✉❝❤ s♠❛❧❧❡r ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❝♦❡✣❝✐❡♥t d✳ ❇✉t t❤❡ ♣r❡✈✐♦✉s ❝❛❧❝✉❧❛t✐♦♥s r❡s✉❧t ✐♥ ❤✐❣❤❡r ♣✐❡③♦ ♠♦❞✉❧✐ e ❢♦r
❝♦♠♣♦s✐t✐♦♥s ✇✐t❤ ❤✐❣❤❡r ♠✐♥❡r❛❧ ❝♦♥t❡♥t✱ t❤❡r❡❢♦r❡ t❤❡ ❞r♦♣ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝
❝♦❡✣❝✐❡♥t d✱ ✇❤❡♥ r❡♠♦✈✐♥❣ t❤❡ ♦r❣❛♥✐❝ ♠❛t❡r✐❛❧✱ ♠✐❣❤t ❜❡✱ ❜❡❝❛✉s❡ t❤❡ ♠❛t❡r✐❛❧
❣❡ts st✐✛❡r ❛♥❞ d ❛❧✇❛②s ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦❣❡t❤❡r ✇✐t❤ ❛ ❢♦r❝❡ ✭[d] = C

N
✮✳

▼❡❛s✉r❡♠❡♥ts ♦♥ ❤✉♠❛♥ t❡❡t❤✱ ✇❤✐❝❤ ❤❛❞ ❜❡❡♥ tr❡❛t❡❞ ✇✐t❤ ❛❧❝♦❤♦❧ ♦r ❢♦r♠❛❧❞❡✲
❤②❞❡ ❛♥❞ ❧❛t❡r ❞r✐❡❞✱ ②✐❡❧❞❡❞ ♠✉❝❤ ❧♦✇❡r r❡s✉❧ts ❢♦r t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥ts
❬✸✼❪✳ ❚❤❡s❡ ♠❡❛s✉r❡♠❡♥t ②✐❡❧❞❡❞ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥t ❢r♦♠ 11.7 ❢❈

◆
t♦ 63.4 ❢❈

◆
✶✱

✇❤❡r❡❜② t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ②✐❡❧❞ ✈❛❧✉❡s ❢r♦♠ 72 ❢❈
◆

t♦ 91 ❢❈
◆

❢♦r ❜✉❧❦ ❝♦❡✣❝✐❡♥t
d31 = d32✳ ❚❤❡ s❤❡❛r ❝♦❡✣❝✐❡♥ts d14, d15 s❤♦✇ ♠✉❝❤ ❤✐❣❤❡r ✈❛❧✉❡s ❛♥②✇❛②✳

✶✶ st❛t❈♦✉❧♦♠❜ ≈ 3.33564 · 10−1❈✱ ✶ ❞②♥❡= 10
−5◆

✺✵
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✾✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❚♦♦t❤

❆♥♦t❤❡r st✉❞② ♦♥ ❤♦rs❡ ❞❡♥t✐♥ r❡♣♦rt❡❞ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥t ♦❢ d33 = 3 ❢❈
◆

❬✸✽❪✱
❛❣❛✐♥ ❢❛r ❜❡❧♦✇ t❤❡ ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡s ❢♦r d33 ❢r♦♠ 218 ❢❈

◆
t♦ 362 ❢❈

◆
✳ ▼♦st ❧✐❦❡❧②

t❤❡s❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛r❡ ✈❛❧✐❞ ❢♦r ❛ s✐♥❣❧❡ ❣r❛✐♥ ♦❢ ❞❡♥t✐♥✱ r❛t❤❡r t❤❛♥ ❢♦r t❤❡
♠❛❝r♦s❝♦♣✐❝ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ✐t✳

❋✐❣✉r❡ ✾✳✺✿ P✐❡③♦ ♠♦❞✉❧✐ ♦❢ ❞❡♥t✐♥ ✇✐t❤ ✈❛r✐♦✉s ❛♠♦✉♥t ♦❢ ♠✐♥❡r❛❧✐③❛t✐♦♥✳

❋✐❣✉r❡ ✾✳✻✿ P✐❡③♦ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡♥t✐♥ ✇✐t❤ ✈❛r✐♦✉s ❛♠♦✉♥t ♦❢ ♠✐♥❡r❛❧✐③❛t✐♦♥✳
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❑♦r♥❢❡❧❧♥❡r ❈❤❛♣t❡r ✾✳ ❙tr✉❝t✉r❡ ❊①❛♠♣❧❡ ✲ ❚♦♦t❤

✾✳✷✳✸ ❊❧❛st✐❝✐t② ♦❢ ❞❡♥t✐♥

❋✐❣✉r❡ ✾✳✼✿ ❊❧❛st✐❝ ♠♦❞✉❧✐ ♦❢ ❞❡♥t✐♥ ✇✐t❤ ✈❛r✐♦✉s ❛♠♦✉♥t ♦❢ ♠✐♥❡r❛❧✐③❛t✐♦♥✳

❱❛r✐♦✉s ♠❡❛s✉r❡♠❡♥ts ♦❢ ❞❡♥t✐♥ ②✐❡❧❞ r❡s✉❧ts ❢♦r t❤❡ ❡❧❛st✐❝ ❜✉❧❦ ♠♦❞✉❧✐ ✐♥ t❤❡ r❛♥❣❡
❢r♦♠ ✶✼●P❛ ✉♣ t♦ ✸✵●P❛✱ ✐♥ r❛r❡ ❝❛s❡s ♦✈❡r ✹✵●P❛ ❬✸✷✱ t❛❜❧❡ ✹❪✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡
♠❛t❝❤❡❞ ❜② t❤❡ ❜✉❧❦ ♠♦❞✉❧✐ ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥✱ ✇❤✐❝❤ ❝♦✈❡r ❛ r❛♥❣❡ ❢r♦♠ ✶✽●P❛
t♦ ✷✼●P❛ ✐♥ t❤✐s ✈❡r② ♥❛rr♦✇ ❞❡✜♥❡❞ s❝♦♣❡ ❢♦r ❛ ♠✐♥❡r❛❧✐③❛t✐♦♥ ❢r♦♠ ✹✵✪ t♦ ✹✺✪
♣❡r❝❡♥t✳

✾✳✸ P♦ss✐❜❧❡ ✐♠♣r♦✈❡♠❡♥ts ♦♥ t❤✐s ❡st✐♠❛t✐♦♥

❙✐♥❝❡ ❡♥❛♠❡❧ ❛♥❞ ❞❡♥t✐♥ ❛♣♣❡❛r t♦ ❤❛✈❡ s♦♠❡ ❣r❛✐♥ ❧✐❦❡ str✉❝t✉r❡✱ ✐t ♠✐❣❤t ❜❡
✉s❡❢✉❧ t♦ ❛♣♣❡♥❞ ❛♥♦t❤❡r ❤♦♠♦❣❡♥✐③❛t✐♦♥ st❡♣ ✇✐t❤ t❤❡ s❛♠❡ ♣❤❛s❡s ❜✉t ❞✐✛❡r❡♥t
♦r✐❡♥t❛t✐♦♥s✳ ❋♦r t❤✐s✱ ❤♦✇❡✈❡r✱ ✐♥s✐❣❤t ♦♥ t❤❡ st❛t✐st✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❣r❛✐♥s
✐s ♥❡❡❞❡❞✳ ❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ✇✐❧❧ ♥♦t ❜❡ str♦♥❣❧② ❛✛❡❝t❡❞✱ s✐♥❝❡ t❤❡ ♠♦❞✉❧✐
❛r❡ s✐♠✐❧❛r ✐♥ ❛❧❧ t❤r❡❡ ❛①❡s✱ ❜✉t t❤❡② ♠✐❣❤t ✐♠♣r♦✈❡ t❤❡ r❡s✉❧ts ❢♦r t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝
♣❛r❛♠❡t❡r✳

❆♥♦t❤❡r ✐♠♣r♦✈❡♠❡♥t ♠✐❣❤t ❜❡ ♠❛❞❡ ♦♥ t❤❡ ❡①❛❝t ♠❛t❡r✐❛❧ ❝♦♠♣♦s✐t✐♦♥✳ ❙✐♥❝❡ ✐t ✐s
✉s✉❛❧❧② ♠❡♥t✐♦♥❡❞ ✐♥ r❡♣♦rts ✇❤✐❝❤ ❛♥✐♠❛❧ t❤❡ s♣❡❝✐♠❡♥ ✇❛s t❛❦❡♥ ❢r♦♠✱ t❤✐s ❛❧❧♦✇s
t❤❡ st❛t✐st✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t s♣❡❝✐❡s✱ ❜✉t ❞♦❡s ♥♦t ❣✐✈❡ ❛♥② ✐♥s✐❣❤t ♦♥ t❤❡
♠❛t❡r✐❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣r♦❜❡✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❝❛♥ s✉r❡❧② ❜❡ ✐♠♣r♦✈❡❞
✇✐t❤ ♠♦r❡ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ❡①❛❝t ♠❛t❡r✐❛❧ ❛♥❞ str✉❝t✉r❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❞❡♥t✐♥
❛♥❞ ❡♥❛♠❡❧ ♦♥ t❤❡ ✈❛r✐♦✉s ❧♦❝❛t✐♦♥s ✐♥ ❛ t♦♦t❤✳
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✶✵ ⑤ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ❞♦❝✉♠❡♥t ♣r❡s❡♥t❡❞ t✇♦ ♠❡t❤♦❞s t♦ ❡st✐♠❛t❡ ❛ ♠❛t❡r✐❛❧✬s ♣r♦♣❡rt✐❡s✱ ✇❤✐❝❤
❤❛✈❡ ❜❡❡♥ ❤♦♠♦❣❡♥✐③❡❞ ❢r♦♠ ♠✉❧t✐♣❧❡ ❞✐✛❡r❡♥t ♠❛t❡r✐❛❧ ♣❤❛s❡s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡
r❡q✉✐r❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ♠❡t❤♦❞s ❛♥❞ t❤❡ ❊s❤❡❧❜② t❡♥s♦r ❢♦r s♦❧✈✐♥❣ t❤❡ ❤♦♠♦♥②♠♦✉s
✐♥❝❧✉s✐♦♥ ♣r♦❜❧❡♠ ✇❡r❡ ✐♥tr♦❞✉❝❡❞✳

❋✉rt❤❡r✱ ❛ ✇❛② t♦ ❝❛❧❝✉❧❛t❡ ❛ P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r✱ ❛♥❞ ❛ r❡s♣❡❝t✐✈❡ P✐❡③♦✲❍✐❧❧ t❡♥s♦r
t♦ s♦❧✈❡ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr② ✇❛s
♣r❡s❡♥t❡❞✳ ❚❤✐s ♥♦t ♦♥❧② ✐♥❝❧✉❞❡s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛❧r❡❛❞② ❡①✐st✐♥❣ P✐❡③♦✲❊s❤❡❧❜②
t❡♥s♦rs✱ ❜✉t ❛❧s♦ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥❛❧ ♣✐❡③♦ ♠♦❞✉❧✐✱ t❤❡r❡❢♦r❡ ❛❧❧♦✇✐♥❣ t♦
❤❛♥❞❧❡ ♠♦r❡ ♠✉❧t✐❢❛r✐♦✉s ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✳

❯s✐♥❣ t❤❡ ✐♥tr♦❞✉❝❡❞ ♠❡t❤♦❞s✱ ♠❛t❡r✐❛❧ ❡①❛♠♣❧❡s ❢♦r ❜♦♥❡✱ t♦♦t❤✲❡♥❛♠❡❧ ❛♥❞ ❞❡♥t✐♥
✇❡r❡ ❝❛❧❝✉❧❛t❡❞✱ ②✐❡❧❞✐♥❣ r❡s✉❧ts ❝❧♦s❡ t♦ ♠❛❝r♦s❝♦♣✐❝ ♠❡❛s✉r❡♠❡♥ts✱ ❛♥❞ t❤❡r❡❢♦r❡
✈❛❧✐❞❛t✐♥❣ t❤❡ ❛♣♣❧✐❡❞ ♠❡t❤♦❞✳ ❚❤❡ ✉s❡❞ s✐♠✉❧❛t✐♦♥ ♣❛r❛♠❡t❡r ❛r❡ st❛t❡❞ ✐♥ t❤❡
r❡s♣❡❝t✐✈❡ ❝❤❛♣t❡rs✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞❡♣✐❝t❡❞ str✉❝t✉r❛❧ ❤✐❡r❛r❝❤② t❤❡ s✐♠✉❧❛t❡❞
♠❛t❡r✐❛❧ ❝♦♥s✐sts ♦❢✳

❆tt❡♠♣t✐♥❣ t♦ s❤♦✇ t❤❡ ♣♦ss✐❜✐❧✐t✐❡s ♦❢ t❤❡ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ♠❡t❤♦❞✱ ♠✉❧t✐♣❧❡ ♠❛t❡✲
r✐❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝ ♣❛r❛♠❡t❡rs ❤❛✈❡ ❜❡❡♥ ❝❤❛♥❣❡❞✱ t♦ ❞❡s❝r✐❜❡ ❞✐✛❡r❡♥t ❛♥❞ ✐♥ s♦♠❡
❝❛s❡s ♠♦r❡ ❝♦♠♣❧❡① ♠❛t❡r✐❛❧ str✉❝t✉r❡s ❛♥❞ ♣r❡❞✐❝t t❤❡✐r ❜❡❤❛✈✐♦r✳ ❚❤✐s ✐♥❝❧✉❞❡s t♦
✐♥s♣❡❝t s✐♠✐❧❛r ♠❛t❡r✐❛❧s ✇✐t❤ ❞✐✛❡r❡♥t ♠✐①✐♥❣ ♣r♦♣♦rt✐♦♥s ♦❢ t❤❡✐r s✉❜str✉❝t✉r❡s ♦r
✇✐t❤ ❝❤❛♥❣❡❞ ✐♥❝❧✉s✐♦♥ ❣❡♦♠❡tr✐❡s✳ ❆❧s♦ ❛♥ ❡①❝❤❛♥❣❡ ♦❢ s✉❜✲♣❤❛s❡ ♠❛t❡r✐❛❧s ❛♥❞ t❤❡
t❤❡r❡❢♦r❡ ❝❤❛♥❣❡❞ ♣r♦♣❡rt✐❡s ✐♥ t❤❡ ♠❛❝r♦s❝♦♣✐❝ ♠❛t❡r✐❛❧✱ ❧✐❦❡ ✐♥ ❛ ❞r②✐♥❣ ♣r♦❝❡ss✱
❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞✳

▲❛st❧②✱ ✐t ✇❛s s❤♦✇♥✱ t❤❛t t❤❡ ❞✐r❡❝t ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t ♦❢ t❤❡ ❡①tr❛❝❡❧❧✉❧❛r ♠❛tr✐① ✐s
✈❡r② ✉♥❧✐❦❡❧② t♦ ❡✛❡❝t ♦st❡♦❝②t❡s ❛♥❞ t❤❡✐r ❜♦♥❡ ❜✉✐❧❞✐♥❣ ❜❡❤❛✈✐♦r✱ ❝♦♥♥♦t✐♥❣ t❤❛t
t❤❡r❡ ♠✉st ❜❡ ♦t❤❡r ♣❤②s✐❝❛❧ ❡✛❡❝ts ❣♦✈❡r♥✐♥❣ t❤❡ ❜♦♥❡ ♣❤②s✐♦❧♦❣②✳ ❚❤✐s ✇❛s ❞♦♥❡
❜② ✐♥s♣❡❝t✐♥❣ t❤❡ ❝❛❧❝✉❧❛t❡❞ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛♥❞ t❤❡✐r ♣♦ss✐❜❧❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤
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❆ ⑤ ▲✐st ♦❢ ✉s❡❞ s②♠❜♦❧s

❋♦❧❧♦✇✐♥❣ ✈❛r✐❛❜❧❡s ❛r❡ ✉s❡❞ ✐♥ t❤✐s ❞♦❝✉♠❡♥t✳ ❈❤❛♣t❡r s♣❡❝✐✜❝ ♣❛r❛♠❡t❡r ❛r❡ ❡①✲
♣❧❛✐♥❡❞ ✐♥ t❤❡✐r r❡s♣❡❝t✐✈❡ s❡❝t✐♦♥✳

cij s♣❡❝✐✜❝ ❡❧❛st✐❝ ♠♦❞✉❧✉s ❬P❛❪

C ♠❛❝r♦s❝♦♣✐❝ st✐✛♥❡ss t❡♥s♦r✱ ❡❧❛st✐❝ ♠♦❞✉❧✐ ✐♥ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r
r❡♣r❡s❡♥t❛t✐♦♥ ❬P❛❪

C ♠❛❝r♦s❝♦♣✐❝ st✐✛♥❡ss t❡♥s♦r✱ ❡❧❛st✐❝ ♠♦❞✉❧✐ ✐♥ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r
r❡♣r❡s❡♥t❛t✐♦♥ ❬P❛❪

♠✐❝r♦s❝♦♣✐❝ st✐✛♥❡ss t❡♥s♦r✱ ❡❧❛st✐❝ ♠♦❞✉❧✐ ✐♥ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r
r❡♣r❡s❡♥t❛t✐♦♥ ❬P❛❪

c ♠✐❝r♦s❝♦♣✐❝ st✐✛♥❡ss t❡♥s♦r✱ ❡❧❛st✐❝ ♠♦❞✉❧✐ ✐♥ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r
r❡♣r❡s❡♥t❛t✐♦♥ ❬P❛❪

d ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥t
[
❈
◆

]
=
[
♠
❱

]

~D ❡❧❡❝tr✐❝ ❞✐s♣❧❛❝❡♠❡♥t
[
❆s
♠2

]

E ♠❛❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧ str❛✐♥

ε ♠✐❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧ str❛✐♥

~ε ♠❡❝❤❛♥✐❝❛❧ str❛✐♥ r❡♣r❡s❡♥t❡❞ ❛s ✜rst✲♦r❞❡r t❡♥s♦r

eij s♣❡❝✐✜❝ ♣✐❡③♦❡❧❡❝tr✐❝ ♠♦❞✉❧✉s
[
❈
♠2

]

e ♣✐❡③♦❡❧❡❝tr✐❝ ♠♦❞✉❧✐ ✐♥ t❤✐r❞ ♦r s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r r❡♣r❡s❡♥t❛t✐♦♥
[
❈
♠2

]

E ❡❧❡❝tr✐❝ ✜❡❧❞ str❡♥❣t❤
[
❱
♠

]

f ✈♦❧✉♠❡ ❢r❛❝t✐♦♥s

I ✉♥✐t② t❡♥s♦r✱ r❡♣r❡s❡♥t❡❞ ❛s ✾×✾ ✐❞❡♥t✐t② ♠❛tr✐① ❛s s❡❝♦♥❞✲♦r❞❡r
t❡♥s♦r

κij s♣❡❝✐✜❝ ❞✐❡❧❡❝tr✐❝ ♠♦❞✉❧✉s
[
❋
♠

]

κ ❞✐❡❧❡❝tr✐❝ ♠♦❞✉❧✐ ✐♥ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r r❡♣r❡s❡♥t❛t✐♦♥
[
❋
♠

]

K ♠❛❝r♦s❝♦♣✐❝ ❞✐❡❧❡❝tr✐❝ ♠♦❞✉❧✐
[
❋
♠

]

M ❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ ❝♦✉♣❧✐♥❣ ♠♦❞✉❧✐✱ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ c, e, κ ❬✶✸✱ ❡q✳ ✽❪

M ❡❧❡❝tr♦♠❡❝❤❛♥✐❝❛❧ ❝♦✉♣❧✐♥❣ ♠♦❞✉❧✐ ❛s ❛ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r

■

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

❑♦r♥❢❡❧❧♥❡r ❆♣♣❡♥❞✐① ❆✳ ▲✐st ♦❢ ✉s❡❞ s②♠❜♦❧s

P P✐❡③♦✲❍✐❧❧ t❡♥s♦r✱ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r

P P✐❡③♦✲❍✐❧❧ t❡♥s♦r✱ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r ✐♥ ❑❡❧✈✐♥✲▼❛♥❞❡❧ r❡♣r❡s❡♥t❛t✐♦♥

PMnAb s♣❡❝✐✜❝ ✈❛❧✉❡ ♦❢ t❤❡ ❢♦✉rt❤✲♦r❞❡r P✐❡③♦✲❍✐❧❧ t❡♥s♦r✱
✇✐t❤ n, b ∈ {1, 2, 3} ❛♥❞ M,A ∈ {1, 2, 3, 4}

Pij s♣❡❝✐✜❝ ✈❛❧✉❡ ♦❢ t❤❡ s❡❝♦♥❞✲♦r❞❡r P✐❡③♦✲❍✐❧❧ t❡♥s♦r✱
✇✐t❤ i, j ∈ N[1, 9]

Σ ♠❛❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧ str❡ss
[
◆
♠2

]

σ ♠✐❝r♦s❝♦♣✐❝ ♠❡❝❤❛♥✐❝❛❧ str❡ss
[
◆
♠2

]

S P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r✱ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r

S P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r✱ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r ✐♥ ❑❡❧✈✐♥✲▼❛♥❞❡❧ r❡♣r❡s❡♥t❛t✐♦♥

SMnAb s♣❡❝✐✜❝ ✈❛❧✉❡ ♦❢ t❤❡ ❢♦✉rt❤✲♦r❞❡r P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r✱
✇✐t❤ n, b ∈ {1, 2, 3} ❛♥❞ M,A ∈ {1, 2, 3, 4}

Sij s♣❡❝✐✜❝ ✈❛❧✉❡ ♦❢ t❤❡ s❡❝♦♥❞✲♦r❞❡r P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r✱
✇✐t❤ i, j ∈ N[1, 9]

xi ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ r♦♦♠✱ ✇✐t❤ i ∈ {1, 2, 3}
yi ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ❤❛❧❢ ❛①❡s✱ ✇✐t❤ i ∈ {1, 2, 3}
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❇ ⑤ ▼❛t❡r✐❛❧s

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡s ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♠❛t❡r✐❛❧s ✇❤✐❝❤ ✇❤❡r❡ ✉s❡❞ ✐♥ t❤❡
❝❛❧❝✉❧❛t✐♦♥s✱ ❛s ✇❡❧❧ ❛s t❤♦s❡ t❤❛t r❡s✉❧t❡❞ ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥✳
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❈ ⑤ P✐❡③♦✲❊s❤❡❧❜② t❡♥s♦r ❢♦r ❛♥✐s♦tr♦♣✐❝
♠❛t❡r✐❛❧s

❋♦r ❝❛❧❝✉❧❛t✐♦♥s ✇✐t❤ ❛♥✐s♦tr♦♣✐❝ ♠❛tr✐① ♠❛t❡r✐❛❧s✱ ✇❤✐❝❤ ❛❧s♦ ♦❝❝✉r ✇❤❡♥ ✉s✐♥❣
t❤❡ s❡❧❢✲❝♦♥s✐st❡♥t ❤♦♠♦❣❡♥✐③❛t✐♦♥ s❝❤❡♠❡ ✇✐t❤ ✐♥❝❧✉s✐♦♥s ❢❡❛t✉r✐♥❣ α 6= 1✱ t❤❡ ❝❛❧✲
❝✉❧❛t✐♦♥s ❢r♦♠ s❡❝t✐♦♥ ✹✳✷ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ ❜✉t ✇✐t❤ ❛♥ ❛♥✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧ ❛s ✐♥
❊q✉❛t✐♦♥ ❈✳✶ ✭st❛t❡❞ ✐♥ ❱♦✐❣t✲♥♦t❛t✐♦♥ ❤❡r❡✮✳

M
aniso
iJAb =

















c11 c12 c13 0 0 0 0 0 e31
c21 c22 c23 0 0 0 0 0 e32
c31 c32 c33 0 0 0 0 0 e33
0 0 0 c44 0 0 e14 e24 0
0 0 0 0 c55 0 e15 e25 0
0 0 0 0 0 c66 0 0 0
0 0 0 e14 e15 0 −κ11 0 0
0 0 0 e24 e25 0 0 −κ22 0
e31 e32 e33 0 0 0 0 0 −κ33

















✭❈✳✶✮

❆❝❝♦r❞✐♥❣ t♦ ❊q✉❛t✐♦♥ ✹✳✸✱ t❤❡ ♠❛tr✐① KMJ(~x) ✇✐❧❧ r❡s✉❧t ❛s ✐♥ ❊q✉❛t✐♦♥ ❈✳✷✳

KMJ(~x) =
















c11 x1
2 + c66 x2

2 + c44 x3
2 x1 x2 (c12 + c66) x1 x3 (c13 + c55) x1 x3 (e15 + e31) + e25 x2 x3

x1 x2 (c21 + c66) c66 x1
2 + c22 x2

2 + c44 x3
2 x2 x3 (c23 + c44) x2 x3 (e24 + e32) + e14 x1 x3

x1 x3 (c31 + c44) x2 x3 (c32 + c44) c44 x1
2 + c55 x2

2 + c33 x3
2 e15 x1

2 + e24 x2
2 + e33 x3

2

+e14 x1 x2 + e25 x1 x2

x1 x3 (e15 + e31) + e25 x2 x3 x2 x3 (e24 + e32) + e14 x1 x3
e15 x1

2 + e24 x2
2 + e33 x3

2

+e14 x1 x2 + e25 x1 x2
−k11 x1

2 − k11 x2
2 − k33 x3

2
















✭❈✳✷✮

■♥✈❡rt✐♥❣ t❤❡ ♠❛tr✐① KMJ(~x) ❛♥❞ ✐♠♣❧②✐♥❣ t❤❡ ♥❡❡❞❡❞ ❣❡♦♠❡tr② ✇✐❧❧ ②✐❡❧❞ t❤❡ r❡✲
q✉✐r❡❞ ❊s❤❡❧❜② t❡♥s♦r ❛s ✐♥ s❡❝t✐♦♥ ✹✳✹ ❛♥❞ s❡❝t✐♦♥ ✹✳✺✳
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