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Abstract

The Hermite-Biehler Theorem, in its simplest form, characterizes complex polynomials whose
zeros lie only in the lower half plane through the interesting property of its real and imaginary
part to have only real and interlacing zeros. The aim of this thesis is to give an analogue of
the Hermite-Biehler Theorem for matrix-valued entire functions. We will proceed by studying
Herglotz functions, especially those that are meromorphic on C and satisfy ¢(z) = @ It is
known that the poles and zeros of scalar Herglotz functions that are meromorphic on C are all
real, simple, and interlace, from which a product representation for functions of the aforemen-
tioned type can be deduced. Still, the more well-known representation for Herglotz functions is
the Herglotz-Nevanlinna integral representation, which is better established mostly due to the
fact that it holds not only for scalar meromorphic Herglotz functions, but rather for every scalar
and matrix-valued (or even operator-valued) Herglotz function. In this thesis, we will introduce
a generalized interlacing property which we use to prove a necessary and sufficient condition
for a matrix-valued function which is real and meromorphic on C to be Herglotz. We can then
apply this criterion to formulate a version of the Hermite-Biehler Theorem for matrix-valued

entire functions.
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Chapter 1
Preliminaries

We start with some standard theory that serves to motivate the results of later chapters. Proofs

for the theorems contained in this chapter can be found in [AD] and [L].

1.1 Reproducing kernel Hilbert spaces

First, we give a reminder on the topic of reproducing kernel Hilbert spaces. This is due to [AD,
Chapter 5].

1.1.1 Definition. A function K : Q x Q — C™*", where  is an arbitrary set, is called a

positive kernel if for every m € N, points w1, ...,wn, € , and vectors uy, ..., U, € C* we have

m
Z u; K (wj, wi)ug > 0.
k=1

1.1.2 Remark. A positive kernel K always satisfies K(w,z) = K(z,w)*. Observe that
for fixed zyp and arbitrary x € C", Definition 1.1.1 reads as x*K (29, 20)x > 0. In particular,
K(z0,20) = K(20,20)*. Applying the same definition again for two points w; = z,ws = w € Q

and u; = x,ug = ix € C", we find that
x* {K(z, z) + K(w,w) + i(K(z,w) — K(w, z))}x > 0.

In particular, K(z, z) + K (w, w)+i(K (z,w) — K (w, 2)) is self-adjoint, as is i(K (z, w) — K (w, 2)).

If, on the other hand, we take u; = ug = & € C”, we conclude that
K(z,z) + K(w,w) + K(z,w) + K(w, z)
and K(z,w) 4+ K(w, z) are self-adjoint too. So,

2K (z,w) = [K(z,w) + K(w, 2)] + [K(z,w) — K(w, 2)]
= [K(z,w)" + K(w,2)*] — [K(z,w)" — K(w, 2)"] = 2K (w, z)*.
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1.1.3 Lemma. Let K be a positive kernel on Q, and let T : Q — C™ "™ be a function. Then
the kernel

L(z,w) :=T(2)K(z,w)T(w)*

is also positive on €.

Proof. This follows from

m m
> uwiL(wj,wp)up = (T j) K (wj,wi) (T (wr) “ug) 2 0.
7,k=1 7,k=1

d

1.1.4 Definition. Let H be a Hilbert space consisting of functions f : Q — C". Then H is
called a reproducing kernel Hilbert space (RKHS for short) if there is an n X n-positive kernel
such that for every choice of w € Q and u € C",

(1) K(-,w)u belongs * to H, and
2 K(- =u* )
@) (£ K( @), =uf)
In this case, K is said to be the reproducing kernel of H.

1.1.5 Remark. If, in the above definition, K : Q@ x Q@ — C"*" is a function that satisfies (1)

and (2), then K is already a positive kernel. This follows from

m m m
Z u; K (wj, wg)ug = (ZK , Wj u],ZK , Wj u]) > 0.
j=1 7=1

k=1 H

1.1.6 Lemma ([KK, Proposition 2.5.2]). Let H be a RKHS with kernel K :  x Q — C"*™.
Then the linear span M of all functions K (-, w)u, where w € Q and u € C", is dense in H.

Proof. Suppose M # H. Let g # 0 be orthogonal to M. Then u*g(w) = (g, K(-,w)u),, =0 for

every u € C" yields g = 0, which contradicts our assumption. O

1.1.7 Theorem. Let K : Q x Q — C"*™ be a positive kernel. Then there exists exactly one
RKHS of C"-valued functions on 2 with K as its reproducing kernel.

Proof. This is found as Theorem 5.2 in [AD]. O

1

- marks the argument of a function. K(-,w)u is to be understood as z — K(z,w)u.
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1.1.8 Definition. The Hardy space HY is the space of vector-valued functions f : Cy — C"
that are holomorphic in the upper half plane, such that

1'/ t+ie)||2 d\(t) < +oo.
lim RIIf( i€)||* dA(t) o0

HY becomes a Hilbert space when equipped with the scalar product

(f.)5 = lim /R gt + i) F(t + ic) dA(E).

Additionally, we define HZ to be the space of functions f : C — C" that are holomorphic
in Cy, and satisfy limes g supyeg || f(t + i€)|| < +oo. Lastly, let HLX™ denote the space of

n x n-matriz-valued functions that belong to Hy := HY, entrywise.

1.1.9 Remark. Every function from Hj or from H. has boundary values almost everywhere

on R, or, put differently,
£(8) = lim (¢ + i

exists A-a.e. on R. So, instead of defining these spaces by a limit of integrals, we could, for

example, also put

(Fomg = [ 90" F0) A1),

In this sense, H3 and H, become subspaces of L% and L7, respectively. For details see Section
1 of Chapter 3 in [AD].
1.1.10 Remark. Not only is HY a Hilbert space, it is even an RKHS. Its reproducing kernel
is

il
21(z —w)

K(z,w) = (1.1)

This is derived from the equation

fo) = == [ LB e (1.2)

C omi Jgt—2

which holds for every f € H3 and each z € C,. See ([AD], Example 5.9) and ([D], Chapter 1,
Theorem 12).

1.1.11 Lemma. Let P be the orthogonal projection from Ly to Hy, and let f € HI*™ as well
as & € C" and w € C4. Then

PfE(w)e| = K(w)f(w)"e, (1.3)

where K(z,w) = 27r(il—w) is the reproducing kernel of H3 .
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Proof. For a € C4, n € C" and using Definition 1.1.4, (2), we get

(KCam PR we]) = (KCam fRCwE)
= (/ECoam K(w)e) =& fw)K (w,a)n = (K(,a)n, K(w)f(w)€)

HY

By Lemma 1.1.6, the set of functions of the form K(-, a)n, where a € C; and n € C", is dense
in H3. This proves (1.3). O

1.2 The Schur class

1.2.1 Definition. The Schur class S,, is the set of n X n-matriz-valued functions s which are

holomorphic on C, and satisfy *
s(2)*s(z) <1, ze€Cy,

where I denotes the n X n-identity matriz.
In the following, a few basic properties of Schur class functions are pointed out.

1.2.2 Lemma ([AD, Lemma 3.51]). Let s € S,, and &,n € C" such that ||&|| = ||n||. If there is
a point w € C4 such that £ = s(w)n, then & = s(z)n and n = s(z)*¢ for every z € Cy.

Proof. This is evident for n = 0, so w.l.o.g. we can assume ||£|| = ||n|| = 1. This leads to

€% s(z)nl < €l - s - llnll < 1= €]* = € s(w)n.

The maximum principle applied to the function z — £*s(z)n provides us with £*s(z)n = 1,
z € C4. Now,

~——

e = s()nll* = I€]° — € s(z)n —n*s(z)" ¢+ [Is(=)ml® <0,
——— N—— —_———
=1 = s COIHIES

so & = s(z)n. The other claim, n = s(2)*¢ is obtained in the same way from looking at
I — s(2)*¢|I*. 0

1.2.3 Corollary ([AD, Corollary 3.52]). Let s € S,,. Then s(z0)*s(z0) < I at one point zy € C4
if and only if s(z)*s(z) < I at every point z € C,..

Proof. Suppose s(z0)*s(z0) < I, but not s(z)*s(z) < I for every z € C4. Then there is z; € C4
and n € C" such that ||s(z1)n|| = [|n||. Let & = s(z1)n, then from Lemma 1.2.2 we get £ = s(z)n
for every z € C,. But this would mean ||s(z0)n|| = ||£|| = ||n]|, which is a contradiction. O

1.2.4 Corollary ([AD, Corollary 3.53]). Let s € S, such that det(I — s(z)) does not vanish
identically on C1. Then det(I — s(2)) # 0 for every z € C,.

2For n x m-matrices C,D, by writing C < D we mean that D — C' is positive semidefinite.
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Proof. 1f there is zg € C4 such that det(I — s(z9)) = 0, pick a nonzero { € C™ with £ = s(20)¢.
By Lemma 1.2.2, £ = s(2)¢ everywhere in the upper half plane, so det(I — s(z)) = 0. O

1.2.5 Theorem ([AD, Example 5.12]). Let s € S,,. Then

I- s(z)i(w)*

A(z,w) =1 (1.4)

is a positive kernel on Cy.

Proof. For any function f from HZ*™, it is easy to see that multiplication of f with any HY
function gives again an Hj function, and that for the operator My on HJ of multiplication by
f we have 3 || My|| < [l zrnxn. Now, for s € S, © HLS™ we have ||M;|| = [[Ms|| < [|s][ gnxn <1

and

which follows directly from (1.3). Then pick m € N, points wy,...,w,, € C;, and vectors
&1, ..., &m € C™. The theorem is proven by

VA =

Ers(wy)s(wg) & &

wj — Wy,

S
—_

¥~
iNgE

— i (K( wy,) (W) &k, K (-, wj)s(wy) 5J)Hn
k=1 ’
=\ ((MS)*K(',wk)&a(Ms) K( 7wa)§1)Hn
k=1 ’
o S ks < | el = 5 3 T

1.3 Asymptotic growth of holomorphic functions

We give a short overview of basic concepts regarding the growth of holomorphic functions. To

gain a better understanding of this topic, see also [AD], [D] and [L].

1.3.1 Definition. Let f be a n x n-matriz-valued holomorphic function on C. Then we say
that f is a function of bounded type if there exist functions g € HX™ and h € Hu such that
f =g/h. The set of all n x n-matriz-valued functions of bounded type is also called N™*™, the

Nevanlinna class. For n =1, we will write N instead of N'*1.

1.3.2 Lemma ([D, Chapter 1, Problem 21]). Whenever f,g € N™*", then f+ g and fg belong

to N as well.

3This turns out to be an equality, but that is not needed here.
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1.3.3 Lemma. For f € N, the limit

| ,
hy = limsupM (1.5)
T—+00 T
exists in R.
Proof. This follows from Theorems 9 and 10 from Chapter 1 of [D]. O

1.3.4 Definition. For f € N, the number hy defined by (1.5) is called the mean type of f.

The following two definitions are needed for a fundamental representation theorem for func-

tions of bounded type.

1.3.5 Definition ([AD, Example 3.11]). A Blaschke product is a function of the form

n zZ — Wj
=i neNU{x), (1.6)

where all w; lie in the upper half plane and meet the Blaschke condition

The constants «y; are chosen in a way that ensures convergence of the Blaschke product: Usually,

v =1if |wj| <1 and v; = Z:j otherwise.

1.3.6 Definition. A function ¢ € Hy, is called outer if there is a function k € L*(R) and a
constant vy with |y| = 1, such that

d(z) = vy exp (;/R ttt;k(t) dA(t)), ze€Cy. (1.7)
ln|¢(t+ie)\

In this case, k(t) = —lime T+

1.3.7 Theorem ([D, Chapter 1, Theorem 9]). Let f be holomorphic in C4 and suppose that 0
is not a limit point of zeros of f. Then f € N if and only if there exist a Blaschke product b
and an outer function ¢ such that f(z) = e~"2b(2)¢(2) everywhere in C..

We introduce another notion of growth for entire functions.

1.3.8 Definition ([R, Definition 6.16]). An entire function f is of exponential type if there

exist real constants m, M, where M > 0, such that
|f(2)] < Mexp(m|z]|), =ze€C. (1.8)

The greatest lower bound Ty of numbers m for which there exists M > 0 satisfying (1.8) is called
the exponential type of f.
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The exponential type of f can also be calculated by

Ty = 1imsupw. (1.9)

|z| =00 |Z|

The concepts of mean and exponential type are connected by the following theorem that was

found by Krein.
1.3.9 Theorem (Krein 1947). For an entire function f, the following are equivalent:

(i) f is of exponential type, and *

InT
/R lfg)) dA(t) < +o00.

(ii) flc, and f#|c, both belong to N.
In this case, Ty = max{hy, hs#}.
Proof. See [R, Theorems 6.17 and 6.18]. O

1.3.10 Theorem ([L, Chapter 1, Theorem 22 and Corollary]). Let f be entire and of exponential
type 7y = 0, and let | f(z)| be bounded along some line. Then f is constant.

1.3.11 Theorem ([L, Chapter I, Theorem 20]). Let f : Q@ — C be analytic on the domain
Q C C. Suppose that f(z) has a limit at every point of the boundary 02 of Q, and that there
exists M > 0 such that

lim |f(z)| < M, (€ o9
z—(

If f(2) is bounded in S, then |f(z)| < M for all z € Q.

“In* is the positive part of In, i.e., In™ (t) := max{0, In(¢)}.
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Chapter 2
Matrix-valued Herglotz functions

This chapter contains the standard theory of (matrix valued) Herglotz functions. These being
our central object of interest, proofs for the following theorems will be given. For readers not
familiar with linear relations in Hilbert spaces, an alternative (and elegant) proof of the integral

representation is provided in the appendix.

2.1 Elementary properties

2.1.1 Definition. Let f: QQ — C™*™ be analytic on the open set 2 C C. The reflection of f is
defined by f#(z2) := f(Z)* forz€ Q:={2€C:7€ Q}.
[ is called real if f(z) = f#(z) for all z € QN Q.

2.1.2 Definition. Let Q : C\R — C"*™ be holomorphic and real. Then Q is called a Herglotz
function if Im Q(z) := %ZQ(Z)* >0 forallze Cy :={z€C:Imz > 0}.
2.1.3 Remark.
1. The restriction to real @ is purely technical, as for a given holomorphic function @ : Q —
C™*™ with 2 D C4, we can also look at the real function @ defined by

_ Q(Z)a ZG(CJr
Q) = { Qz)*, zeC_

Note that, in general, Q|c_ is not the analytic continuation of Q|c, .

2. For Herglotz functions ), R and scalar valued r, the functions Q + R and @ or as well as
—Q~! are Herglotz as well.
3. Elementary examples of Herglotz functions are:
~ Az + B, where A > 0 and B € C"*";
~ log z, if defined in a way that 0 < argz < 7 for z € C;
Yy

~ The resolvent (A — z)~! of a self-adjoint matrix A.

- with real z; and positive matrices A;;
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2.1.4 Lemma. Let q be a scalar Herglotz function and zy € C1 such that q(z0) € R. Then q is

constant.

Proof. Define f(z) := exp(iq(z)), then

£ (2)] = exp(—Imq(z)) <1 =|f(20)l,

which by the maximum principle means that f is constant, as is gq. O

2.1.5 Lemma. Let Q) : C\R — C"*" be a Herglotz function. Then ker(Im Q(z)) is independent
of z€ Cy.

Proof. Select zyp € C4 and & € ker(Im@Q(z)). Hence, the scalar Herglotz function g(z) :=
£5Q(2)&o takes on a real value at zp, and by Lemma 2.1.4 is constant. This implies
)2

0= &(m Q)& = |(ImQ(=)) 26

9

which proves & € ker(Im Q(z)) for all z € C,.. O

2.1.6 Lemma. A matriz M with Im M > 0 s invertible.

Proof. Suppose not, and choose x € ker M, z # 0. Then
0 # 2iz*[Im Mz = 2t Im[z*Mz] = 2*Mx — (Mz)*z = 0,

which is a contradiction. O

2.1.7 Lemma. Let QQ be a Herglotz function such that det QQ does not vanish identically. Then
det Q(2) # 0 for every z € C\ R. In this case, —Q(z)~! is also a Herglotz function.

Proof. At any point where Q(z) is invertible, we have

—Q(2)! 2)*1-1
m(-Q(z) ) = 2O _ o meeee 7 20

Suppose that det Q(z) has a zero zg in the upper half plane. Then the meromorphic function
—Q(2)7! has a pole at zg. Let & € C" such that z — —£*Q(2)71¢ has a pole at zy. This means

that for a small enough circle v around zp,

O
mi | oGy 2L

while at the same time 0 < arg[—£*Q(2)~1¢] <, z € 7, which is a contradiction. O

2.1.8 Theorem. Let Q : C\ R — C"*" be a Herglotz function. Then

K(z,w) = Q(Z)Z_Q(w)* (2.1)

—w

is a positive kernel on Q = C,..
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Proof. Consider the function E(z) := [Q(z)+iI]|c, , which satisfies Im E(z) = Im Q(z)+1 > 0.
By Lemma 2.1.6, E(z) is invertible for all z € C,. Thus s(z) := E(z) ' E#(2) is a well-defined
and analytic matrix-valued function on C,. Setting

Az, w) = Z,I — s(z)s(w) ’

Z—w

we have

E()A(z,w)E(w)" = E(2)|i o E(w)*

(o) [iL == 2E& )+ 2B ) By

_ 12Z(E(w)* - Lz(z)) 4 ZQi(Q(w)* — Q(zlf 20I) — 41 9K (2 w) (2.2)
Inserting z = w, we obtain

0< 2Irr111;lQiz) =2K(z,2) =2E(2)A(z,2)E(2)* = E(z)WE(z)*

Therefore, I — s(z)s(z)* > 0 and further |[s(z)|| = ||s(2)*|| < 1, i.e., s € S,,. Applying Theorem
1.2.5 yields positivity of the kernel A(z,w). By (2.2), K(z,w) is a positive kernel, too. O

Much more involved is the theorem giving an integral representation for every Herglotz function.
It reads as follows:
Any Herglotz function @ : C\ R — C™*™ admits the following integral representation:

1 t

— — ) dX(t
t—=z 1—|—t2) ®),

Q(z):C—i—Dz—i-/R(

where C, D are self-adjoint with D > 0, and ¥ is a matrix-valued positive measure such that
Jr # dXx(t) < +oo.

The standard proof is done without any additional theory and can be found in the appendix
(though only for the scalar case). We will go a different direction and extract the integral
representation from the operator model of a Herglotz function. This has the advantage of
proving an important result about being able to continue partially defined "Herglotz functions'
to all of C\ R. Note that this path of deriving the integral representation appears to be
fundamentally different from the standard proof. However, Theorem 2.1.8 plays an important
role in proving the operator representation of a Herglotz function. The proof of the latter,
however, hinges on the theory of Hardy spaces, for which many of the same techniques as in
the standard proof of the Herglotz integral representation are used. Still, the operator model

gives a very interesting angle of perspective.
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2.2 Defect families and Q-functions

This section is primarily taken from [KK]. Let H be a Hilbert space and T" a linear relation on

‘H, i.e., a linear subspace T' < H x H. The following notation will be used:
2.2.1 Definition.
1. The domain domT :={x e H:TyeH (x;y)eT};
2. The rangeranT :={y € H:Jx € H (x;y) € T};
3. The kernel kerT :={x € H : (x;0) € T'};
4. The multi-valued part mulT :={y € H : (0;y) € T};
5. Too := {0} x mulT};
6. Ts =TS T =TNT%.
2.2.2 Lemma ([KK, Lemma 1.3.3]). Let T be a closed linear relation on H. Then
(1) Ts is an operator;
(ii) dom Ty = dom T is dense in (mul T*)*;
(iii) ranTy C (mulT)*;
(tv) ranT =ranTy @ mul T, where @ denotes an orthogonal sum.

Proof.

(7): Choose x € mulTs. Then (0;2) € Ts N T = {(0;0)}, so mul Ts = {0}.

(#4): Clearly, domTs; C domT. If, on the other hand, 2 € domT, then there exists y € H
such that (x;y) € T. T is closed, so mul T is closed, too, and therefore H = mul T & (mul 7).
Write y = y1 + y2, where y; € mulT and y2 € (mulT)*. Now, (z;y2) = (2;9) — (0;y1) € T is
orthogonal to T,,. This means that (z;y2) € Ts, which shows x € dom T.

Density of dom T in (mul 7*)* follows from (mul7*)* = ((dom T)*)+ = domT.

(7i1): Let y € ranTs and v € mul7. Taking x € H such that (z;y) € Ts L T leads to
(Y, )y = ((wv Y), (O’U)>HX’H =0.

(iv): The inclusion ran Ts @ mul 7 C ran T holds because of ran Ts, mulT C ranT. If y € ran T,
we find x € H with (z;y) € T = Ts ® T Hence, (x;y) = (x;y1) + (0;y2) leads toy = y1 +y2 €
ranTs @ mulT. ]

2.2.3 Corollary ([KK, Korollar 1.3.7]). Let T be a self-adjoint linear relation on the Hilbert
space H. Then Ty : (mulT)*+ — (mulT)* is a densely defined and self-adjoint operator.

Proof. We apply Lemma 2.2.2. By (i), Ts is an operator. By (ii), Ts is densely defined in
(mul 7%)+ = (mul 7)*+, and (i7i) means that T, has values in (mul 7).
Let T* be the adjoint of T, in (mul7)*. We first show T C T,. For (x;y) € T*, we claim

11
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that (z,y) € T* = T, implying (z;y) € Ts because of y € (mulT)*. Let (u;v) € T, (u;v) =
(u;v1) + (0;02) with (u;v1) € Ts, (0;v2) € Ty Now, (x,v)y = (z,v1)n = (y,u)y since (z;y)
belongs to T;. So, indeed, (x;y) € T*.

The reverse inclusion holds because of Ts CT =T* C T7. O]

2.2.4 Remark. Recall that for a linear relation 7" on a Hilbert space, the dimension of
[ran(T — \)]* is locally constant on! 7(T) = {A € CU oo : (T — A\)~! € Ly(ran(T — \),H)}.
Since a symmetric linear relation S satisfies 7(S) C C\ R, dim [ran(T — \)]* can attain at most
two different values, depending only on A\ belonging to the upper or lower half-plane. We call

those numbers the defect indices, i.e.,
ny = dim [ran(T + 7))]*. (2.3)

It is well known (see, for example, [B, Corollary 1.7.13]) that a closed and symmetric linear
relation S on H has a self-adjoint extension on H if and only if n,. = n_. However, even in the

case of inequality, a self-adjoint extension of S can be found in a bigger Hilbert space H' D H.

2.2.5 Definition. Let T be a linear relation on H. The subspaces
Ny = [ran(T — V)4, X eC, (2.4)

are called the defect spaces of T'. The notation N(T) might be used in cases of ambiguity.

In the context of the following lemma, N always refers to [ran(S — )], while T}, y will be

defined with regard to a self-adjoint extension A of S.

2.2.6 Lemma ([KK, Proposition 2.1.5; Lemma 2.1.6]). Let S C S* be a symmetric linear
relation on a Hilbert space H, and let A = A* O S be a self-adjoint extension of S in H. For
Mii € p(A), define

Tur=IT+\—p)(A-N""N (2.5)

Then T, is a bijective and continuous linear operator from H to H. For A\, p,v € p(A),
Ty2Typ = Tyx. Moreover, T, \N,, = N.

Proof. First, using the resolvent identity, the equality T, zT},, = T}, » is proven:
ToaTuw = I+ A=) (A= NI+ (v = m(A-v)")

—I+A=v)A- "+ -pA-v) "+ - A=) (A=-N (A=)
=(A=X)~1—(A—p)-1

— I+ (=)A= N =T

1Ly (X,Y) stands for the set of bounded linear operators T': X — Y;
By (T — o0)™! we understand T itself, so that co € »(T) if and only if T is a bounded linear operator on its
domain.
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In particular, T), \T\ ;, = Ty, = I = T, T\, so T}, » is bijective.

This leaves us with the proof of T}, \V,, = N,. Taking x € N, we have to verify that, for every
y € ran(S — X), T}, \x is orthogonal to y. Start by writing y = v — Au where (u;v) € S C A.
Hence, (v — Au;u) € (A —X)~!, and further

(Tursy) = (@, Ty) = (0,70 = X)) = (2,0 — 3+ (R — ) = (2,0 — i) = 0.
So, Ty N, € Ny. By symmetry, we also have Ty , Ny € N,,. Applying T}, x on both sides yields
the missing inclusion. O

We are now on our way to establish the connection between Herglotz functions on one
side and self-adjoint extensions of symmetric linear relations on the other side. The following
definition is valid not only for finite defect indices (n,n). However, if the defect indices are
infinite, the pair (S, A) does not correspond to a matrix-valued Herglotz function, but rather

to an operator-valued.

2.2.7 Definition. Let S C S* a closed and symmetric linear relation on a Hilbert space H with
finite defect indices (n,n). Let A = A* D S be a selfadjoint extension of S. Pick ug € p(A),
and let T : C" — Ny, be an isomorphism. Setting

Ty = Thal = (T+ (A= p)(A= N, A€ p(a), (2.6)

the family (T'x)xep(a) is called a defect family of* (S, A).
2.2.8 Remark. Setting A = g, we get I';,; =T'.

2.2.9 Corollary ([KK, Korollar 2.1.8]). Let (I'x)xep(a) be a defect family of (S, A), where S
has defect indices (n,n). The following statements hold:

(i) For each X € p(A), T'y : C* — N, is an isomorphism.
(it) T'x =TIy for all X\, p € p(A).
(zit) T\ depends analytically on \ € p(A).

Proof.

(7): Clear from the definition of I'y and Lemma 2.2.6.
(#0): Tyl = TyaTpuoul" = Tpo AT =Ty,

(73t): Because of (ii), we have I',4p, =T, ,4pI",. Next,

I‘z+h - T, _ l

- h(([+h(A—(z+h))_1)Fz—Fz) = (A— (24 h)"T..

Thus, the limit for h — 0 exists (and is equal to (4 — 2)7'T,). O

2The notation (S, A) will always refer to a self-adjoint extension A of a symmetric linear relation S.
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2.2.10 Definition. Let S be a closed and symmetric linear relation on H having defect indices
(n,n). Let A be a self-adjoint extension of S and (U'x)xep(a) @ defect family of (S, A). A function
Q : p(A) = C™" is called a Q-function of (S, A, (I'x)xep(a)) if

QA

t\ﬁQ
“;

JZ QU _pery A pla) (2.7)

2.2.11 Proposition ([KK, Proposition 2.1.13]). Under the assumptions of Definition 2.2.10,

the function
—\ Tk 1 — .\ Tk
Q) == (A —po)I"T'y — 5(#0 — o) I"T

is a Q-function of (S, A, (T'x)aep(a))- The Q-function is unique up to a self-adjoint constant
B = B* e C"*",

Proof. We use Corollary 2.2.9, (i7), to calculate

QM) = (A~ )T Ty AT — 5 (st0 — )T

. . 3 .
Since Loy = T%)\, we obtain

* _ 1
Q)" = (B — po)T" Tl — (,uo — po)T*T.
Now,

Q) = QW) =T |(A=70) Tyuo r — (1 — 110)Ty.a — (0 — ) I T

(2.8)
= D[ =1+ (A= 70)(A = o) (A = N) ™! = (2 = po) (72 — 1) (A — ) "],

The expression within the squared brackets evaluates to (A — 1) T5, 270,

T i Tpor = [1+ (B = 0)(A = 1) [T+ (A= po) (A = A)7']
=I+(@E-m)(A-—m) "+ A=) (A= N+ (7 —m0) (A - po)(A—m) (A=)

After multiplicating the right side by A — & and applying the resolvent identity, we have

A=+ A=A =) A=N"+A=m)(E—-pm)(A-p~"
+ (1= m)A = o) (A=A = (A—m)]
= A=+ =1m0)A = o) (A =N = (71— po)(z — o) (A — ) ™.

This is exactly the expression within the squared brackets of (2.8), which implies

QAN = Q)" = A= T gl I = A =)™, Ty AT
= (A=) (Do pu ) (Tpo AT) = (A = )T, Tx-

14
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This shows that @ is a Q-function of (S, A, (I'x)xep(a))-
Suppose that M is another @-function of this triple. By definition,

M) = M(po)*
A —Tio

=I"T,,
which translates to?

M) = (A =mo)l*Tx + M ()" = (A = o) " T'x + Re M (o) — i Tm M (p1o)

= (A~ )T + Re M{sio) — o (o — F5)T"T = Q(A) + Re M (o).

Hence, @ and M differ only by the self-adjoint constant Re M (pg). O

2.3 Herglotz functions and extension theory

2.3.1 Lemma ([KK, Lemma 2.6.1]). Let Q C C\R, n € N, and Q : Q@ — C"*" continuous and

real, such that the kernel

Q(z)—Q(w)* . _
QOGRS ifz#w

K(z,w) limg_g QO it 2 = w s a limit point of €2, (2.9)
I otherwise

s well-defined and positive on 2.
Let H be the unique RKHS having K as its kernel and consider the following linear relation on
H:

S = {(ZK(,wz)xz, EK(,wl)%) cHXH:
= = m (2.10)

m € N, wy,...,wm € Q, 21, ..., xm € C's.1. sz = 0}
i=1

Then the following statements hold:

(i) S is symmetric.

(13) If Q has a limit point in C4, then S has defect index ny = 0. If Q has a limit point in
C_, thenn_ = 0.

(#i1) If Q has a limit point both in C1 and in C_, then A := S is self-adjoint.

Proof.
(i): It needs to be checked that whenever (f;g), (u;v) € S, then (f,v)y = (g,u). Suppose
that f has the form ) ;" K (-, w;)x;, while u = 2-21 K(-,tj)y;. We evaluate using Definition

*For a matrix B, we set Re B := (B + B*) and Im B := & (B — B*).
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m m 1
(fsv)u = (ZK(',wz’)wm ZEK(WIS]')?J]') = ZZ (K('vwi)fhtin("tj)yj)

i=1 Jj=1 H =1 j=1 H
m 1 m 1l
:ZZEQ: (wi, t; ZZt] (w, t; ZZt] TK(tj, w;)x
=1 j=1 i=1j=1 i=1j5=1

The last equality holds because of Remark 1.1.2 (though it is also clear from the definition of
K). On the other hand,

i=1 j=1 H
m 1 m 1
= ZZ (@(K('awi)xi’[( y g yj) ZZ zyj t],w@ x;.
i=1j=1 =1 j=1

Noticing that (z — W) K (z,w) = Q(z) — Q(w) for all z,w € Q, we finally obtain

m 1

m 1l
(fa U)H - (g,U)H = ZZ(tj _Wl)y t]awz i Zzy]* (wz)*]xz
i=1j=1 i=1j=1
m m l "
=Yy (Y ) =X (X w) Q) =0,
7j=1 =1 =1 j=1
= =0
(73): Let z9 € 2. We start by showing
ran(S — 75) = {g = ZK(,wz)x@ eH:wy, Wy €21, ..., Ty, € C™* 2y =0 if w; = Zo}.
i=1

(2.11)

Firstly, we convince ourselves that every element of ran(S — %) is of the indicated form. Let
f =" K(,w)y; €domS. Then (f;zi”il K (-, w;)(w; — zT))yi) € S — %), and thus z; =
(w; — Z0)y; vanishes for w; = z.

Secondly, let g := > K (-, w;)x;, where wy, ..., wy, € Q, 21, ...,y € C", and z; = 0 if w; = 2.
Set M = {i € {1,....,m} : w; # 20} and set y; := "= for i € M. Letting yo := — > ;cps ¥ir We
have >icnrugoy ¥ = 0. With wo := zp, we define

Evidently, (f;g) belongs to S — %y, and therefore g € ran(S — %p).
For our next step, take a limit point zy of €. Since the linear span of all functions of the form

K(-,w)u is dense in H is dense by Lemma 1.1.6, it suffices to show that every function of the
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form K(-,w)u can be approximated with functions from ran(S — Zp). Since this is trivial for
w # zp, our task reduces to the approximation of K (-, zg)u for every u € C™.

Recall that, in Hilbert spaces, convergence of z; to z is equivalent to convergence of ||z;|| to ||z||
and (z;,y) to (x,y) for every y from a dense subset. We continue by checking the latter with
the net K (-, w)u defined on the directed set 2\ {zo}.

(K (-, w)u, K(-, w)u),, = u*K(w, w)u — u* K (20, 20)u = (K (-, z0)u, K(-, z0)u)

H (2.12)

H

holds because () was assumed to be continuous. What remains to be shown is that
(K(a U))U, K(a Z)u)’}-[

follows from the continuity of @ in the same way as (2.12). If z = Zg, then we have

converges to (K (-, 20)u, K (-, z)u),, for every z € Q. If z # %5, then this

(K (-, w)u, K(-,Z0)u),, = " K (Z5, w)u — u*K (75, 20)u = (K (-, 20)u, K (-, Z0)u)

H H’

the limit existing because of the assumption that K is well-defined.
(7i7): This follows immediately from (ii) because any closed and symmetric linear relation with
defect indices (0,0) is already self-adjoint. O

2.3.2 Theorem ([KK, Satz 2.7.1]). Let ) # Q C C\R be open, and let Q : Q@ — C™™" such that
Q(Z) = Q(z)" whenever z,z € Q. Then Q can be continued to a Herglotz function (on C\R) if
and only if the kernel

QR()—Qw)”

K(z,w) :{ Q/(:;w ’ Z

N
E

. (2.13)

1s positive on 2.

Proof. Suppose that K (z,w) is positive. Lemma 2.3.1 gives us an RKHS H of functions on C\R
with values in C"*", together with a symmetric relation S on 2. As mentioned in Remark 2.2.4,
we can construct a self-adjoint extension A’ of S in a bigger Hilbert space H' D H. For X € Q,
let

ry E (2.14)
x— K(-, Nz

If X\, € Q and 2 € C", then by definition of S

(K (Mo = K@ AK (, Ne — pK (- i)z) € §

)
(KGN = K(omas (A= K (p)r) € 5§ = A C A =\
(5 )73 K (4, Nz = K(B)z) € (A= p)(4' =) !

(

(KComa K Nz) € [T+ (A= m)(A =27, (2.15)
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Using the notation from Lemma 2.2.6, the last row takes the form

T,T, =T} (2.16)
Let 7ig € . Because of (2.16), we can define a continuation of (I'y)xc, to C\ R by

Ty i=Tuwalw, AEC\R.

This also guarantees that the function A — T') is analytic on C \ R. Furthermore, equation
(2.16) stays valid for all A\, u € C\ R because of

Tu,AFu = TM,ATuo,uPuo = Tuo,AFuo =T

Next, we get K (g, \) = I';,I") from

(TpTaz, y) en = (KN, K (7)), = v K (i, Nz = (K, \)©,Y) o
Hence,
QN = (A =mTTx+ Q(m). (2.17)
For A\ = p, this reads as Q(f)* = (p — @),y + Q(R), so
Q) = (m — W+ Q(m)"
We plug this into (2.17) to obtain
QN =\ =TI+ (7 — w0y + Q)"
We continue by taking the adjoint on both sides and calculating

QM) =\ = w3l + (k=TT + Q1)
=5 (X = WTjn + (= I Ty + Q)
=03 (= (I + (A= m)(A = X)) + (= WD + Q)
=\ =mIT,50.+ Q@ = (A - g, + QR).

Finally, @ can be continued analytically to C \ R by picking 7z € 2 and setting

N

Q(A) == (A = T0)I',, I'x + Q (7o)

It remains to be shown that the function we defined is Herglotz:

A

Q) — Q1) = (A — )T, Th + Q) — (7 — 110)T Ty — Q)"
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Recall that
Q(m0) — Qo) = (o — po) K (Fo, f10) = (fio — 120) T T psg-

Therefore, doing the same calculation as in (2.8),

A

Q) = Q)" =Ty [(A = 10) Lo r — (78 = 10) Tz + (785 — 10)1| T

= A= Tl ATy = (A = )T (2.18)
Setting A\ = 71 yields Q () = Q(x)*, while from A = y we obtain
Im Q(\) = (Im A\)T5Ty.

Thus, for A € C4 we get Im Q(\) > 0.

We are left with the task of proving that for any Herglotz function @), the kernel K as defined
in (2.13) is positive on C \ R. From Theorem 2.1.8, we know that K(z,w) is positive on C,.
Using the same construction as in the first part of the proof, we know that Q is a continuation
of Q to C\ R that satisfies Q(z) = Q(z)*. Therefore Q and Q coincide, and (2.18) reads as

K(A p) = K(@i, \) = I';I'g for every choice of A, n € C\R. A straightforward calculation shows
that K (A, p) is a positive kernel even on C\ R:

m m m m m
Z ui K (wj, wy)ug = Z uT5-Touy, = Z (Tarur, Toyug) ,, = (Zfﬂuk, nyjuj)% >0
k=1 k=1 k=1 k=1 j=1

O

2.3.3 Theorem ([KK, Satz 2.6.2]). Let Q@ : C\ R — C™*™ a Herglotz function such that
Im Q(z9) > 0 for some zy € C4. Then there exists a Hilbert space H together with

- a symmetric linear relation S in H with defect indices (n,n),
- a self-adjoint extension A of S in H, and
- a defect family (I'x)xep(a);

such that Q is a Q-function of the triple (S, A, (T'x)rep(a))-

Proof. We know from Theorem 2.3.2 that the kernel

Qe-QuW g
Q'(2), Z2=1W

is positive on 2 = C\ R. Lemma 2.3.1 gives us an RKHS H of functions on C \ R with values

in C"*", together with a symmetric relation S on #. In addition, A := S is a self-adjoint
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extension of S in H because of Q having limit points in both C; and C_. For A € C\ R set

Cr—H
F)\: —
x— K(, )z

We show that, for every A € C\R, Iy is injective. Because of Lemma 2.1.5 and ker(Im Q(zp)) =
{0}, even ker(Im Q(z)) = {0} for every z € C. Pick x € C", x # 0, then

Lm Q)

ITxz|)3, = (K(, N, K(-, N)x),, = 2*K(\, Nz =

H

Hence kerI'y = {0}, and T'y : C" — I'\(C™) C H is bijective. Like in the previous theorem,

formula (2.15), we have
(K ma; K(Na) € [T+ A= m)(S =N C [T+ —mA-N71,

more precisely, T, \I', =T’y for all A\, p € C\ R.
This yields a canonical continuation of I'y to all A € p(A): Take pp € C\ R and set

Iy = TN01>\FMD’ )\ERﬂp(A).

If we were to define this using Ag instead of pg, we would see that T, x\I'xg = Thg 2 Tjio, 0oL o =

Ty0,0L o~ The continuation of I'y to A € RN p(A) is thus well-defined and satisfies

Tyl = TunTpoul o = Tuo A Lo = T

We proceed by defining the linear relation

S:={(fig)eA:g—Tof LT, (C")} (2.19)

which, as a restriction of A, is symmetric. In order for (I'y)xcp(a) to be a defect family of
(S, A), the identity T'\(C") = Ny := [ran(S — A\)]* needs to hold. For (f;g) € S we have
(9 —1of; f) € (A—Tig)~ % letting 2 € C™ and X € p(A),

0= (g _%f7 FMOHZ')H = (g - %fa T/\,/LOP)\(E)H = (Tx7m(g _%f)ar)\x)H
= (9—mf + (70 = Nf.Tax) = (9= M. Taz)y,

Hence ran(S — \) C [FA((C”)]l. If, on the other hand, v € [FA(C”)]J', take f := (A — \)~"lo.
Consequently, (f;v + Af) € A. However, (v + Af) — A\f = v is orthogonal to [F,\((C")}L, ie.,
(f;v+ Af) € S. Therefore, v € ran(S — ). We conclude ran(S — \) = [F,\(Cn)f'. Note
that T'y(C™) is of finite dimension and thus closed, so taking orthogonal complements yields
Ny =T'A(C"). This proves that (T'y)xep(4) is a defect family of (S, A).
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Lastly,

(T7 0%, Y) o = (K (5 N2, K m)Y) 5, = (K7 N2, 9) o = (KOS 102, 9) 60
z,y € C" being arbitrary, this implies I'; 'y = K (A, ) = %%(“)*, i.e., Q is a Q-function of
(Sv A, (FA))\Gp(A))' O
2.4 Integral representation

Let A be a self-adjoint linear relation in a Hilbert space H. By Corollary 2.2.3, A can be
decomposed into Ay, = {0} x mul A and a densely defined and self-adjoint operator A
(mul A)* — (mul A)*. Let E4(A) be the spectral measure of Ay, then we call

E(A) == ES(ANR) Py aye + 1a(00) P, A € BRU {o0}) (2.20)

the spectral measure of A.
2.4.1 Theorem ([KK, Satz 2.8.1]). Let Q) be the Q-function of the triple (S, A, (T'x)rep(a)) and
let E be the spectral measure of A. Then

t
t—z 1+t

Q(z) = C+Dz+/ ——) d(®), (2.21)

where D = T3 E({oo})T; and X is the matriz-valued positive measure* given by

2(A) = /A(tZ +1)d[[;E()T)].

Proof. We prove this by showing that

t
t—z 142

M(z) = T*E({oo})T} z+/ ) + 1) d[T; BT

is another Q-function of (S, A, (I'x)xep(a))- Proposition 2.2.11 then states that the Q-functions
Q and M differ only by a self-adjoint constant. Observe

(M(Z) — M(w)*$’y)

— (BT )+ —— [ (1 t_z )+ D) AT BT, y) o
— (B({oehTiw. BU{sehT)y, + [ oy (B0, Ty

Yie. for every x € C", A — z*S(A)z is a (scalar) positive measure. The integral being "< co" means that it
should be finite for every choice of x € C".
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Let P be the orthogonal projection onto (mul A)* and I, the identity on (mul A)*.

(t — i)t + 1) / w—i s—i
—dEStFZ» T = [ (1 1 d(E,(t)PT;z, PT;
([IS (@ — i) (As — ) Y [Io + (2 — ) (As — i)~ ]PFix, PFiy>H
= ([P + (= = i)(Ay = i) "Tia, [P+ (w — i) (A, — w)_l]Fiy)H
Recall that E({occ}) is the orthogonal projection onto mul A, and with the notation from above
one can write E({o0}) =1 — P.

( M(z) — M(w)* %y)cn = ((I - P)lyz, (I — P)Ty)

Z—W H

([P + (= =) (As =) i, [P+ (w = i) (s —w) Ty

= ([(1 = P)+ P+ (z = i)(Ag = i) "Dz, [(I = P) + P+ (w — §)(A, — w)‘l]n-y)ﬂ

= (E,zrifpaﬂ,wriy)ﬂ = (FZ;FZ$’ y)fH
L]

2.4.2 Theorem (Stieltjes inversion formula; [KK, Satz 2.3.6]). Let C = C*,D = D* > 0 €
C™*™ and let ¥ be an n x n-matriz-valued positive measure such that [ H% d(X(t)z, z) < 400
for every x € C™. Let

t
t—z 1+t

Qz) = C+Dz+/ ) dz . (2.22)

Then, for every two real numbers a < b,

Lim [ Q@ +in) da@) = 5((a,b) + ;(z(m}) + E({b})).

T 7\0 [a,b]

Proof. Choose a,b € R, a < b, and define

1, (a,b)
X(t> = %7 te {a7 b},
0, t¢]a,b

Using this notation, we have

2((@h) + 5 (Eah) +=((8h) = [ x)a=).

Observing

Im Q(2) = Imz(D + /R ‘t_lzpdzu)), (2.23)
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we calculate

1/ Im Q(x +i7) d\(z /X t)dX(t
[ab]

B /[a b] ( / [t —x — z'r‘2 t)>d)\(x) - /RX(t) dXi(t) =

E R1+t2

where

T T

R,(t) == (1+1t%) (arctan (b — t) — arctan <a — t) - WX(t)).

We claim that there exists a constant C' such that for every ¢t € R and 7 € (0,1) the inequality
|R,(t)] < C holds. This is done by distinguishing the cases t <a—1,a—1 <t <b+1 and
t>b+1.

For t € [a—1,b— 1], there exists a constant C; > 0 satisfying |R-(t)| < C just by boundedness
of arctan and continuity of 1 + ¢ on the compact set [a — 1,b + 1].

For t < a —1, we apply the Mean Value Theorem and choose £ € (—t b—) such that 5

1+t2/a—t b—t 1+t2
= — < — =
B0 = a5 ) T(1+(a§)2)(b !
o 2
R A U & L (N e

24+ (a—1t)2 = (a—1t)?

Similar calculations provide a third constant C5 for ¢ > b+1, which proves that R,(t) is bounded

for t € R, 0 < 7 < 1. Using again the Dominated Convergence Theorem, we obtain

) 1 1 [ R:(t) 1 R (t) B
l{% <7TD(b a)T + ;/]R e dZ(t)) l\o e dx(t) =0,

completing the proof. O

2.4.3 Theorem ([KK, Satz 2.4.2]; [GT, Theorem 5.4]). Let @ : C\ R — C™*™ be holomorphic

and real. Then Q is Herglotz if and only if it admits a representation of the form

t
t—z 1+¢2

Q(z) = C+Dz+/ ) as), (2.24)

where C, D are self-adjoint with D > 0, and ¥ is a matriz-valued positive measure such that

Jr H% dX(t) < +o00. Moreover,

(i) C' = ReQ(i);

®Note that x(t) = 0 because of t < ¢ — 1.
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(ii) D = lim, o, 297,

(7ii) Let —oo0 < ¢ < d < +00, then

L lim /cd Im Q(z + i) dA(x) = S((c, d)) + ;(E({c}) + Z({d}));

T 7\0

(iv) If all diagonal entries of Q vanish, then Q(z) = C.

Proof. Suppose that @) admits the representation (2.24). We rewrite the integral in the following

way:

1 t 1+tz 141tz ()
LG ma)®0=[anrm®o- [ diTe)  ew

The integrand on the right is bounded in ¢ for fixed nonreal z and analytic in z € C\ R for
fixed ¢, while the measure is finite by assumption. Therefore, @ is analytic on C\ R. Clearly,
Q(Z) = Q(z)*. Lastly, for z € C,

—Q(2)* 1 1 1
ImQ(z) = Q(z)%Q(Z) :Dlmz_’_?i R(t—z - t—§> dx(t)
R _

so @ is Herglotz.

On the other hand, if Q) is Herglotz, then Q(z) := Q(z) + Iz is Herglotz as well and satisfies
ImQ(z) = ImQ(z) + ITm z > 0. By Theorem 2.3.3, there exists a Hilbert space H as well as
a triple (S, A, (T'x)xep(a)), such that Q is a Q-function of this triple. Theorem 2.4.1 then gives

the integral representation of Q:

Q(z):CN'—f—lN)zﬂ-/R(l !

t—z 1+¢2

) dS(2).

Therefore, letting C := C, D := D — I, and ¥ := %, a representation for @ is obtained. We
check that D > 0 by first proving (i7):

hmMﬂ:D+/1,dmﬂli&D
T R |t —iT]?

holds because of the Dominated Convergence Theorem. In particular, D > 0 because it is the
limit of positive semidefinite matrices.

Checking (i) is left to the reader, while (7i7) is precisely the statement of Theorem 2.4.2. To
show (iv), observe that if all diagonal entries of () vanish, we obtain from (i7) that diagonal
entries of the positive definite matrix D also vanish, and thus D = 0. In a similar way, we see

that ¥ vanishes by looking at (ii7). O

2.4.4 Corollary. Let Q) be an n x n-matriz-valued real function that is meromorphic on C and
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holomorphic on C\R. Then @Q is Herglotz if and only if Q allows for the follwing representation,

1 Zj
=C+D A - 2.26
Q(x)=C+Dz+) ](Zj_z ) (2.26)
JEZ J
where C, D, A;j are self-adjoint matrices, D, A; > 0, and z; € R. In this case, the sum }_;cy %
converges. ’

Proof. From the assumptions on @ it follows that Im Q(z) = 0 for every real x. From (i) in
the last theorem we conclude that for any finite interval (a,b) which does not contain a pole of

Q, we have

0= %((@5) < (@) + 5 (S(ah) + 5(@H) = - [

[a,

Im Q(z) d\(x) = 0.
bl

This implies that X is discrete, which means that ¢ can be written in the form (2.26) with

A; =%({#;}). In this case, aforementioned sum converges because of

A

2
1—|—zj

1 N—o0 1
= ——dX(t > dX(t) < +o0.
j=—N /[ZN,ZN] 1+¢2 ) r1+12 )

O]

2.4.5 Lemma. If Q is an n X n-matriz-valued Herglotz function, then Q € N™*"™. Moreover,

each entry Qr of Q has mean type hg,, = 0.

Proof. Let x € C™", then ¢, (2) := 2*Q(z)x is a scalar Herglotz function. The M&bius transform
P(z) = i—jrz maps C4 onto the unit disk. In particular, (¢ 0 ¢;)(2)] < 1. Now, the following

representation of ¢, holds:

i1+ (¥ 042)(2))
1—(dog)(z)

Both numerator and denominator are bounded, i.e., ¢, € . Since x is arbitrary, we can easily
check that each entry of @ belongs to N to conclude Q € N"™*™.
For the second assertion, look at the integral representation (2.24) to obtain that |Qx;(i7)| grows

0a(2) =¥ (Y0 ga)(2) =

at most linearly for 7 — 4o00. O
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Chapter 3

The classical Hermite-Biehler

Theorem

Scalar Herglotz functions that can be continued to a meromorphic function on all of C exhibit
some intriguing properties, aside from the integral representation which holds for every Her-
glotz function. More precisely, the zeros and poles of a scalar meromorphic Herglotz function®
interlace. This fact is the key in the proof of the Hermite-Biehler theorem.

The following is largely due to the book of Levin, ([L], Chapter VII).

3.1 Product representation for scalar Herglotz functions

3.1.1 Definition. We say that the (real) zeros and poles of a function q are interlacing, if
between two successing real zeros of q, there is a pole of q, and between two successing real poles

of q, there is a zero of q.

3.1.2 Lemma. Let ¢ # 0 be Herglotz, and assume that q is meromorphic on C and real. Then

the zeros and poles of q are real, simple, and interlace.

Proof. We know from Lemma 2.1.4 that all zeros of ¢ have to be real. The same goes for poles
of q, by definition. For the zeros and poles of ¢ to be simple and interlacing, we show that for
any finite interval (u,v), the number of zeros? of ¢ in (u,v) differs from the number of poles of ¢

in (u,v) by at most 1. So, let u,v € R, u < v, and assume that neither u nor v is a zero or pole

of ¢. Setting m := Y2 r:= Y2 and () := m + rexp(it), t € [0,27], the difference between

the numbers of zeros and poles of ¢ in (u,v) will be counted by the logarithmic integral

/ ! !
P/q(@dz:l_/ ‘J(z)dz+1,/ q(2) .
2mi Jy q(2) 210y, 4(2) 270 Sy |y 2w 4(2)

!"Meromorphic Herglotz function" always refers to a Herglotz function that has a meromorphic (and real)
continuation to all of C. This is equivalent to the measure in the integral representation being discrete, see also
2.4.4.

2By multiplicity.
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Since Imq(z) > 0 for Imz > 0, and Img(z) < 0 for Imz < 0, both of the summands can be
calculated by a suitable logarithm. Additionally, we have 0 < argq(z) < « for Imz > 0 and

—7m <Imz <0 for Imz <0, and this guarantees that the imaginary parts of both summands

q'(2)
vq(

poles of ¢ are simple and interlacing. ]

have an absolute value of at most 7. In total, |2i” dz| < 1, which means that zeros and

The following two theorems are very similar and are based on ([L, Chapter VII, Theorem 1]).

3.1.3 Theorem. Let g be rational and real, but not constant. Then q is Herglotz if and only if

it can be written in the form

k P—
aj — 2z

q(z) = c(by — )™ ( H . z)(ak —z)7, zeC, (3.1)
j=1"7

where by < a1 < by <ag < ..<bp<ag, ceER, and ay,as € {0,1} such that (a; =0) < (¢ >
0).

Proof. Let ¢ be Herglotz. Then we know from the last lemma that zeros and poles of ¢ are
real, simple, and interlace. By rationality of ¢, this already gives the representation (3.1), and
we only need to check that (a; = 1) < (¢ > 0). This is obtained by looking at representation
(2.26):

k .
q(z):a—}—bz%—zb‘qi , (3.2)
=177 %

which means that residues at poles are negative. So, if ¢ has at least one pole, then either
a1 = 0 and ¢ > 0 as ¢ does not change sign left of the pole by; or ar; = 1, which means that left
of be, q changes its sign exactly one time, so ¢ < 0. If there is no pole, then ¢(z) = c¢(a; — 2),
which leads to ¢ < 0 as well as a7 = 1.

The sufficiency of (3.1) for g to be Herglotz is easily obtained from looking at the partial fraction

decomposition

q()—a+bz+ Zb—z

for which we have to show that b > 0 and ¢; > 0 and 3 ¢a, ..., q, > 0. If b # 0, then oy = 1 and
ag = 0 for degree reasons. So, ¢ < 0 and therefore

Im q(iT) _

b= lim —c> 0,

T—400 T

while from the condition (a1 = 0) < (¢ > 0) it follows that ¢; = lim, 3, (b1 — 2)g(z) > 0, and

3This is because b; is not a pole if oy =1
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if ¢ = 0, then a; = 1, such that at least g2 > 0. Also, for each j € {1, ..., k}, the function

bj—z
, = birq —
r(z) 1= e (b = 2)a()

has no zeros or poles in [b;, bj41], which under the assumption ¢; > 0 gives

a1 — bjp

7;(bj =sgng; = 1.
bj*ijrl J( ]+1)> g1 g

SgN gj4+1 = sgn < lim (b1 — z)q(z)) = sgn (

Z%ijrl
O

3.1.4 Theorem ([L, Chapter VII, Theorem 1]). Let ¢ be meromorphic on C and holomorphic
on C\ R such that the set of (real) poles of q is bounded neither from below nor from above.

Then q is Herglotz if and only if

1— 2
ap — = a;
q(Z):CbO_Z 11 = (3.3)
07 % jez\{0} b;

where b; < a; < bji1, j €Z, a—1 <0<by, and c > 0.

Proof. We start by proving the necessity of representation (3.3). Let

ag — 2 1-

£ ‘N

¥(2) =

Y

Q“N

=2 ez L

where a; are all the zeros of ¢ and b; are all of its poles, which by Lemma 3.1.2 are all simple,
and interlace. Now, we show that 1 (z) converges uniformly on any compact subset of C not

containing any poles of 1. First, from interlacing of a; and b;, it is easily seen that

(5 a)
bj aj

converges. From this follows the convergence of

JEZ\{0}

1= 11 Z. 1
S(2-1) =X G- -7
j€Z<1_bj iz b bj

which confirms that 1 converges uniformly on every compact subset of C\ {b; : j € Z}.

Now, observe that if sgna; = sgnb;,

1_(1%- zZ —aj
o (7=2) — s (53

and

0< Z {arg (2 —a;) —arg(z — bj)} =argy(z) < Z {arg (z = bjy1) —arg(z — bj)} < .
JEZ JEZ
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So, g := % is entire, and —m < argg < m. We can now define a logarithm of g, which is entire
and maps C into the strip —7 < Im z < 7, and is therefore constant. This means that g(z) = ¢,
and ¢ being real and Herglotz implies ¢ > 0.

The proof of sufficiency was done implicitly in the previous part of the proof. O

Similar theorems apply for all meromorphic real functions. The remaining two cases shall be

listed here, but proofs will be left out.

3.1.5 Corollary. Let q be meromorphic on C and real, but not constant. Then q is Herglotz if

and only if it admits a representation of one of the following forms:

(4)

k

a(z) = (b1 — 20 (T1

where k € N, by < a1 < by < ag < ... < b < ax, c € R, and a1,z € {0,1} such that
(a1 =0) < (c>0).

(B)

S

ag — 2 1-

q(z) =

)

@“N

bo=2 iy 1%
where bj < a; < bjy1, €L, a1 <0<by, and ¢ > 0.

(C)

k L o) 1— £
a(2) = clby — =) ([[ 2— s
1 (jljlbj_z)(j};!rll_%

where by < a1 < bz <az < ..., c€R, and a; € {0,1} such that (a1 =0) < (¢ > 0).

(D)

[e') Z k
g(z) = c = S
(j—l;[i‘l b (jHlbj Z)

where a1 > by > ag > by > ..., c € R, and ay € {0,1} such that (e = 0) < (¢ > 0).

O

Note that for (C) and (D), the infinite product has to be split into two parts - the infinite
one, containing factors of the form (1 — é) /(11— %) to ensure convergence; and the finite ones,
which makes sure that if one of the zeros or poles happens to be zero, it will not be divided

through.
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3.2 The Hermite-Biehler Theorem for polynomials

For any entire function f, we use the notation

z) + )‘# z
(Rf)(z) :== —f( ) 5 (2)
and
f(z) — f#(z
(If)(2) := —( ) 5 ( )

We will call those functions the real and imaginary part of f, even though (Rf)(z) does not
coincide with Re f(2), and (If)(z) does not coincide with Im f(z)

3.2.1 Theorem. Let E be a polynomial, and A := RE, B := IFE its real and imaginary part.
Suppose that neither A nor B vanish identically nor are they constant multiples of one another.

Then the following statements are equivalent:
(1) E(2) #0 for all z in the upper half plane C..

(1i) The zeros and poles of % are all real, simple, and interlace. In addition, there is xg € R
such that (4)'(zo) > 0.

Proof.
(1) = (i1): Let E(z) = o]]7L (2 — 2;), where Imz; <0, j =1,...,m. Set

w(z) = = % ﬁ (2 _Z) (3.4)

Thus, if z € C4, we have |z — Z;| < |z — zj], j = 1,...,m and therefore |w(z)| < 1. Note that

|w(2)| = 1 does not occur, because that would imply that all zeros of E are real, contradicting

the condition that A is not a constant multiple of B. The Mobius transform 2% takes the unit

disk to the upper half plane, which implies that
Alz) _ 1+w(z)

q(z) == B(2) =i7— o(2) eCy, z€eCy. (3.5)

So, ¢ is a meromorphic Herglotz function, and thus its zeros and poles interlace. But, since real
zeros of A and B do not coincide, it follows that zeros of ¢ are precisely the zeros of A, while

poles of ¢ are exactly the zeros of B. The second condition follows from

q(x + ic) — q(x) q(x + ic)

¢ (z) =Req'(z) = Re 11\1% e = li\r%2lm e >0, zekR (3.6)
(7i) = (i): Again, let
_ A(Z) el i (a’ B es
a(:) = Hiy =<l = 2) [jgl o) 2)
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with b < a1 < by < ag < ... and ej,es € {0,1} depending on whether the series of zeros
and poles of ¢ "starts" and "ends" by a zero and/or by a pole. So, either ¢ or —q is a Herglotz
function, which by (3.6) means that ¢’(x) has the same sign for each real , which by assumption
is positive. This guarantees that —¢q is not Herglotz, so ¢ has to be Herglotz. Therefore,
Im(gq(z) + i) > 0, z € C4, from which we obtain that E(z) = B(2)(¢(z) +1i) #0,z€ Cy. O

3.3 The class HB

It was already seen in the last proof that the core part of the Hermite-Biehler theorem is a

simple Mébius transform and the fact that* w(z) = E;gz) €D, z € Cy, if Fis a polynomial

whose zeros lie only in the lower half plane. However, this does not work anymore if F is
an arbitrary entire function. Then, even if £ has no zeros in the upper half plane, it is far
from guaranteed that |w(z)| < 1 for every z € C,. In order to generalize the Hermite-Biehler
Theorem to a wider range of entire functions, this condition has to be treated separately. This

section was also taken directly from ([L, Chapter VII]).

3.3.1 Definition. An entire function E belongs to the class HB if it has no real zeros, and
|E#(2)| < |E(2)| for all z € Cy.

3.3.2 Theorem. Let E be entire and let A= RE and B = IFE be its real and imaginary part.
Let A and B be represented in the following way:

A(z) = Coxp(u(=)(a =) [ (1= Z)exp(Py(), (3.7)
JEZ\{0} I I

B(2) = Dexp(u(=))(bo =) [ (1= ) exp(Py()), (3.8)
J J

JeZ\{0}

where C, D € R, u(z) and v(z) are real entire functions, u(0) = v(0) =0, and a; as well as b;

are real with a; < ajy1, bj < bji1, j € Z. Moreover, a; # 0 # b; for j # 0, and let P; be the

1
1-27

the following conditions are fulfilled:

ensuring convergence. Then E belongs to HB if and only if

j-th Taylor polynomial of In

(i) The zeros of A and B are simple and interlace, such that bj < a; < bji1;

(i) w(z) = u(z) —v(2) + Ljenygoy | Fi(5) = Pi(;)| =0, 2€C;

J
(7i7) sgnC' =sgn D.
Proof. If E belongs to HB, we have that

E#(2)
w(z) = EQ)
maps the upper half plane to the unit disk, and by the Mobius transform z%fi, just as in

Theorem 3.2.1, we get that ¢(z) := 28 is a Herglotz function. Now, A and B cannot have

‘D is the open unit disk.
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common real roots, because I has no real roots. So, roots of A and B are simple and interlace,

proving (i). Now, recall the (Herglotz) function

1— =2

apgp — % a:

Wle) = 5 — —
07~ jez\{o} b

from the proof of Theorem 3.1.4. Seeing that

C

a(2) = 5 exp(u()(2),

just as in the aforementioned theorem, arg z((zz)) € (—m, m) where 3)(('?) = % exp(w(z)) is an entire

function. So, w(z) is constant, i.e. w(z) = 0, so (ii) holds. Now, Theorem 3.1.4 also implies

% > 0, which means that (i7¢) holds. The other direction of the proof is done by the same

arguments. O

3.3.3 Lemma ([L, Chapter V, Lemma 4]). Let (ai)ren be a sequence of complexr numbers
satisfying > poq ‘Im é‘ < +o00. Then the product

[e.9]

@)= 11 (1-)(-%)

converges uniformly on every compact set not containing any of the points ay, k € N.

Proof. Writing

—1 —1 1 1 —1
(10 =g )0 )

the product converges compactly if and only if the series
> /1 1 R -1 L
-2 A
ar  ak ak 2 ay ay

-1
converges absolutely. Since z(l — %) is bounded on every compact set that does not contain

< +o00. O]

any of the points ay, this is the case if and only if > 72, ’Im i

The proof of the following lemma is omitted.
3.3.4 Lemma ([L, Chapter V, Remark to Theorem 2]). Let Q be an open set containing C,

and let f: Q0 — C be an analytic function of exponential type in Ci that is bounded on the real
azis. Let ag, k € N, be the zeros of f in Cy (by multiplicity). Then Y 72, ’Im L| < o0,

ai

3.3.5 Theorem ([L, Chapter VII, Theorem 6]). Let E be a function of class HB. Then E can

be represented as

E(Z) _ szeu(z)—iuz H (1 o i)e(RPIe)(i)’ (39)
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where ¢ € C, u is a real entire function, v > 0, and Py, is the k-th Taylor polynomial of In 1iz.
If, on the other hand, E is the entire function given by formula (3.9), then E belongs to HB.

Proof. We start by decomposing F into the product

E(z) = 2me9?) 11 (1 — i)(apk(i).
k=1 O

Let w(z) := b;ig), which is bounded by 1 in the upper half plane since FE belongs to HB. By

Lemma 3.3.4, the zeros ag, k € N, of E satisfy

)Im ‘Imé‘<+oo,
ar

af

since the zeros of w coincide with the zeros of E#, which are given by @y, k € N. Lemma 3.3.3

gives convergence of

e z z\—1L
x(2) :,ﬂl(l—%)(l—ak)
Setting
z z\ 1
wl@)=11 (1-)(-2)
and

#* .
as well as wy, := %—", we obtain
n

exp ( - 21{ Ig)(z Xi: (IP)( D = wp(2)xn(2)-

Since the right side converges uniformly on any compact subset of C, the same goes for the
series 3532 (I P)(Z ). Therefore,

v(z) = Z IP)(
is well defined and satisfies e=2(*) = lim,, o [wn (2)Xn(2)] = w(2)x(2). Observe that

w@)n(@)| = w@)| <1, z€R,
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Moreover,

(1—i)(1—i)_1 _ Ok G~z Rl Gk

ag ag ar Qar— 2 ag

We conclude that x,, is bounded in C. Hence, it follows from Theorem 1.3.11 that |w(z)xn(2)] <

1 everywhere in C,. Passing to the limit, we have
2] = Ju(2)x(2) 1, z€Cy

Therefore, Imv(z) < 0 for every z € C, i.e., —v is Herglotz. Since v is entire and real, Theorem
2.4.3 implies that v(z) = —(vz + 0), where v > 0 and § € R. Thus,

— ,mu(z)—i(vz+9) - AN\ (RP(E)
E(z) =2"e kl;ll(l ak)e k.

This proves representation (3.9) if we put ¢ := e=%.
For the other implication of the proof, consider a function E with a representation of the form

(3.9). Then

E#(Z) [ 2ivz
w(z) = = 2
D=6 T el
and thus E belongs to HB. a
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Chapter 4
Generalized interlacing property

The integral representation for a scalar Herglotz function given by Theorem A.0.1 has the
straightforward matrix version in Theorem 2.4.3. In this chapter we give a matrix analogue of

the interlacing property that was studied for the scalar case in Section 3.1.

4.1 The n-interlacing property

In general, matrix-valued Herglotz functions that are meromorphic on C and real do not satisfy
the interlacing property from Section 3.1 (see Definition 3.1.1). Look, for example, at Q(z) :=
diag (q11(2), ..., gnn(2)), where ¢;; are scalar meromorphic Herglotz functions. Then the pattern
of zeros and poles of! det Q = qi1 - - - qun is simply an overlay of the patterns of zeros and poles
of gjj, j = 1,...,n. Hence, the classical interlacing property is lost, but the distribution of zeros
and poles of det () is still far from arbitrary. We start with a reformulation of the classical

interlacing property that allows to be taken to higher dimensions.

4.1.1 Definition. Let f # 0 be meromorphic on Q C C and let f(z) = Y5y aj(z — z0)7 be its
unique Laurent series at zg € Q, i.e. N € Z and a,, # 0. We define 0¢(z0) := N. The function

0. Q = Z
f.z»—>0f(z)

will be called the divisor function of f.

If z is a zero of f, the number 0¢(z) indicates its multiplicity, and if z is a pole of f, its
multiplicity is given by —60¢(z). If f has neither zero nor pole at z, then 6¢(z) = 0. Note that
for f # 0, the set of all z with 0¢(2) # 0 is discrete because of the Identity Theorem.

4.1.2 Lemma. Let f be meromorphic on £ 2O R. Then the real zeros and poles of f are all

"While it is not immediately clear what should be understood by zeros and poles of @, for a diagonal Herglotz
function it is quite reasonable to look at det Q.
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stmple and interlace, if and only if for every choice of —oo < a < b < oo the inequality
Y o)) <1 (4.1)
z€(a,b)

holds.

This motivates the following definition.

4.1.3 Definition. Let 0 : R — Z have discrete support, and let n € N. Then 0 is called

n-interlacing, if for every —oo < a < b < co we have

Z 0(35)‘ < n. (4.2)
z€(a,b)
If f is a meromorphic function on some open set 2 O R, we say that f satisfies the n-interlacing
condition if all zeros and poles of f are real and the function 0f|r is n-interlacing, that is, (4.2)
holds.

Observe that, if 61, ...,0,, are l-interlacing functions, 6 := Z?Zl ¢; is n-interlacing:

n n
> o) = 0;2)| <D D 0(@) <n. (4.3)
z€(a,b) z€(a,b) j=1 Jj=1 z€(a,b)
In fact, every n-interlacing function can be written as the sum of n functions that are 1-
interlacing, as will be seen in the following theorem, which is elementary but appears to be

new.

4.1.4 Theorem. Let 0 : R — 7Z have discrete support and let n € N. Then 0 is n-interlacing if

and only if there exist 1-interlacing functions 61, ...,0, such that 0 =377, 0;.

Proof. 1f 6 = 377, 0, where 0; are 1-interlacing, then 0 is n-interlacing by (4.3). We show that
if 6 is n-interlacing, it can be written as the sum of n functions that are 1-interlacing.
Let

O(z) = { Yieon) 0(t), =0,
— 2 te(@0) 0(t), <0

© is a well-defined step function because of # having discrete support. We use the notation
O(x—) for lim; », ©(t) and O(z+) for limy\, O(t). For j € Z, we define

1 ifO(z+) >j>0(z—),
0j(z) :={ —1 ifO(z—)>j>0O(z+),

0 otherwise
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We show that each 6;(x) is already 1-interlacing.
Firstly, suppose we are given x < y such that 6;(z) = 6;(y) = 1. Then ©(z—) < j < ©O(x+)
and O(y—) < j < ©(y+). In particular,

O(z+) > j > O(y—).

Hence, ty := inf{t > x : O(t+) < j} is well-defined, and ty € (z,y). Moreover, O(tp—) >
Jj > ©O(to+) can be derived from the fact that © is a step function. Therefore, 6;(t9) = —1.
Analogously, we see that between points & < § with 6;(%Z) = 6;(§) = —1, there is {y satisfying
0;(to) = 1. We conclude that 6; is 1-interlacing.

In the second step, we utilize the fact that 6 is n-interlacing. Letting x < y, observe that

O) —O@)| =] 3 o) <n.

te(z,y)
Writing j_ := min{O(x) : x € R} and j; := max{O(x) : x € R}, it follows that j; — j_ < n.
However, from our definition of 6; we can see that 6; = 0if j > ji or j < j_, which means that

all but at most n of the functions 6; vanish.
Thirdly, the definition of © yields

{j€Z:O0(x+)>j>0(z—)}, O(z+) > O(xz—),
O(r) =0(z+) - O(r—) =1 —{j €Z:0(z—) >j>0O(z+)}, Oz+)<O(z—),
0, O(z+) = O(z—)

= > 0i(x).

JEL

We already know that the number of non-vanishing ¢; is at most n. The proof is complete. []

4.2 Necessity of the interlacing property

4.2.1 Lemma. Let () be a n X n-matriz-valued Herglotz function. Then there exist scalar
Herglotz functions q1, ..., ¢, such that det Q(2) = q1(z) - - - qn(2). If Q is meromorphic on C, so

are qi, ..., Qn-

Proof. The proof proceeds by induction on n. Since the assertion is evident for n = 1, only
the induction step is to be done. Suppose that the assertion holds for every n x n-matrix-
valued Herglotz function, and let @ be a (n + 1) x (n + 1)-matrix-valued Herglotz function. If
Q(z) = C (with self-adjoint C'), then there is nothing to be proven. The same goes for the
case that det Q = 0. Otherwise, by Lemma 2.1.7, det Q(z) # 0 for all z € C. Letting Q;)(2),
j =1,...,n, be the submatrix of Q(z) obtained by deleting the j-th row and column from @,
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we can write

det Q(l) (Z)

T T det Q(2) Z; ® * *
det Q2 (2
* —_——— k *
_Q(z)—l _ det Q(2)
det Q(n)(z)
* * oo det Q(z)

Because —Q(z)~! is Herglotz, all of its diagonal entries —%&éf) are scalar Herglotz functions.

Because we assumed )(z) to not be constant, and because of Theorem 2.4.3, (iv), there exists

Jjo such that ¢(z) := —%&lgz) is not identically zero. By Lemma 2.1.7, —q(2)~! is also a
scalar Herglotz function, which implies the assertion by

det Q(2) = det Q(jo)(2)[~a(2) ] = q1(2) - g (2)[~a(2) ). (4.4)

O

What does this result mean for zeros and poles of det Q7 Of course, a result about interlacing
of zeros and poles can only exist in the case where @ is meromorphic on C, and therefore det Q(z)
can be written as a product of scalar Herglotz functions that are meromorphic on C. By Lemma
3.1.2, every scalar Herglotz function satisfies the 1-interlacing condition as in Definition 4.1.3.
In analogy to (4.3), this implies that det @) satisfies the n-interlacing condition.
However, det () satisfying the n-interlacing condition is not enough for @) to be Herglotz. Think,
for example, of a 2 x 2 diagonal matrix with diagonal entries r1, 7o where —r; and —ry are scalar
Herglotz functions. Still, it turns out to be sharp in the sense that for every pattern of poles
and zeros that satisfy this generalized interlacing pattern, there is a Herglotz function having

said pattern of zeros and poles.

4.2.2 Example. Let 0 be n-interlacing. Then there exists a matriz-valued Herglotz function Q

such that 6(x) = Oget (), x € R. Set, for example,

T'j(Z) = Zaj(O) H (1 - E)ej(z)7 .7 = ]-7 sy 1y
z€R\{0}

where all 0;’s are 1-interlacing and 0 = 377, 0;. Let q;j(z) := Fr;j(2), choosing for every j
the sign that makes q; a scalar Herglotz function. Then Q(z) := diag(qi(2),...,qn(2)) is an

n X n-matriz-valued Herglotz function with det Q = q1 -+ gn.-

4.2.3 Theorem. Let n € N and let f be meromorphic on C. Then f satisfies the n-interlacing

condition if and only if there exist scalar Herglotz functions qi,...,q, and an entire function g
such that
n
f(z) = exp(9(2)) [T 4s(»), zeC. (4.5)
j=1
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If, in addition, f|c, € N and f#(z)|c, € N, then g(z) = ¢ — ihyz, z € C, with some constant
ceC.

Proof. By assumption, 0 is n-interlacing as in Definition 4.1.3. Theorem 4.1.4 provides us with
l-interlacing functions 01, ...,0, such that 6y = ?:1 0,. Then, for every j € {1,...,n}, zeros

and poles of the function

rj(z) = Z@j((]) H (]_ _ 2)91(5”)
zeR\{0}

are simple and interlace. Note that the product converges just because of this interlacing
(compare to the proof of Theorem 3.1.4). So, ﬁ is entire and does not have any zeros, and
therefore can be written as exp og, with some entire function g. Observe that, for each j, either
rj or —r; is a scalar Herglotz function. Letting ¢; := £r; such that ¢; is Herglotz for every j,
we get that f(z) = exp(g(z) + smi)qi(z) - - - ¢n(2), where s is either 0 or 1. Representation (4.5)
then holds for g(z) := g(z) + smi.

Suppose that, additionally, f|c, and f#\c+ both belong to N. Then, by Theorem 1.3.7, f :=

expog = f o can be represented by f(2) = ce”™r2p(z) with some complex constant c¢. The

Blaschke product does not occur because of f having no zeros. Similarly, f# (2) = e g7 (2).
Therefore, both ¢ and ¢* are outer in the upper half plane. In particular, they belong to Ho,

making ¢ a bounded entire function which is therefore constant. O

4.2.4 Remark. Let n € Nand let f be meromorphic on C and real. In addition, let f|c, € N/
with hy = 0, and suppose that f satisfies the n-interlacing property. Applying Theorem 4.2.3

yields the representation
n
fz)=c¢c H qj(2), zeC, (4.6)
j=1

with some real constant ¢ and scalar Herglotz functions g; that are meromorphic on C and real.
Depending only on whether c is positive or negative, we can assume w.l.o.g. that f = H?:1 q;
or f = —[Ij— ¢;. However, in regard of Lemma 4.2.1, we are only interested in the first case,
ie. f= H;L:1 qj, or rather ¢ > 0. Unfortunately, there seems to be no straightforward condition
that determines the sign of c.

The relevancy of the next statement is that the functions g, ...,q, can be chosen to be

meromorphic.

4.2.5 Theorem. Let f be meromorphic on C and real. Assume that f is not constant. For

n € N, the following conditions are equivalent:

(i) There exist scalar Herglotz functions qi, ..., qn that are meromorphic on C and real, such
that f =117 ¢;;

(it) There exists a holomorphic logarithm u of f|c, with Imu(z) € (0,nm) for every z € C,.
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Proof. If f =TI}_; ¢;, then u := 37, log g; is a logarithm of f with Imu(z) € (0,n7), z € C,.
We show that (i) follows from (i7). Observe that f has no zeros or poles in C; because of
flc, having a holomorphic logarithm. Consider now any finite interval (a,b) and assume that
neither a nor b is a pole of f. Set xg := aTH’ and r := aT_b. For € > 0 define v (z) := zg + re*

for t € [e,m — €] and V¢ (2) := 2 + re® for t € [r +¢,27 — ¢]. Then

> 05(0) = 5 g (/ ?8 i+ |, J},g)) ) .7

z€(a,b)

Observe that f = f# implies that u* is a holomorphic logarithm of f# satisfying Im g7 (2) €
(—nm,0), z € C_. Thus, the modulus of the imaginary parts of both integrals in (4.7) is bounded
by nm. So, | Ype(ap) Of()] < n. Applying Theorem 4.2.3 yields scalar meromorphic Herglotz
function ¢1,...,¢n and an entire function g such that f(z) = exp(g(2))[[j-1 ¢;(2), 2z € C.
Again, each ¢; has a holomorphic logarithm in the upper half plane, which leads to g(z) =
2mik + u(z) — >°7_; log g;(2) with some k € Z. Therefore, |Im g(2)| is bounded in C,. g being
real implies that | Im g(z)| is also bounded in C_ and thus in all of C. By the Liouville Theorem,
g(2) = ¢, where c is a real constant. If ¢ > 0, then f = (cq1)][[j_5 ¢, which is the desired
representation. This leaves the case where ¢ < 0. First, we write f = —(—cq1) [[j—5 ¢;, where
—cq1 is Herglotz. Then the function @(z) := im +log(—cq1)+>_7_5 log g; is another holomorphic
logarithm of f and satisfies Im@(z) € (w, (n + 1)7) for z in the upper half plane. Observing
that u(z) = 2rmi+a(z) for some r € Z, we get that (2r4+ 1)7 < Imwu(z) < (2r+1+n)r. At the
same time, we know that 0 < Im u(z) < nr. In total, we have that either Imu(z) € (0, (n—1)7)

(if r < 0) or Imu(z) € (m,nm). In either case, from what was proven so far, we conclude that
n—1

there exist scalar Herglotz functions rq, ..., 7,1 such that either f = ?:_11 rjor f=— Py
Putting either §(z) = 1 or d(z) = —1 leads to f = 0(2) ;1;11 rj, which proves the theorem
because ¢ is, in both cases, a Herglotz function. O

4.2.6 Corollary. Let f be meromorphic on C and real. The following conditions are equivalent:

(i) There exist scalar Herglotz functions q1,qe that are meromorphic on C and real, such that

f=aqqe;

(i7) If f is not constant, then f(z) ¢ [0,400) for every z € Cy.

4.3 Sufficiency of the interlacing property

Corollary 4.2.3 gives some hope in characterizing meromorphic Herglotz functions through the
pattern of zeros and poles of its determinant. First, we give a short reminder on some topics of

linear algebra.
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4.3.1 Definition. Let M = (m;;) € C*™*", and let k € {1,...,n} together with 1 <i; < ... <
ir, < n. We define the matriz M, . ;. by

M3 Miqio s mm-k

M Migiy Migin  ~ 0 Mgy,
(11,0s0) *

mml mikiz cee mikik

A matriz X is called a principal submatrix of M if there exist indices i1, ...,1; such that X =
Miy,..ir)-

The following criterion of Sylvester is well-known, but it should not be confused with the

principal minor criterion, which can only be used to check definiteness, but not semidefiniteness.

4.3.2 Theorem (Sylvester’s criterion). Let M be a Hermitian matriz. Then M is positive
semidefinite, if and only if for each principal submatriz? M of M we have det M > 0.

Proof. See ([M, Equations (7.6.9)-(7.6.12)]). O
We are now ready for the main result of this chapter.

4.3.3 Theorem. Let Q be an n x n-matriz-valued function that is holomorphic on C \ R,
meromorphic on C, and real. Suppose that Q is of bounded type, and that for each entry Qu; of
| Qi (i7)]

Q we have limsup,_, o, ~#*-—= < +o00. Then the following statements are equivalent:

(1) Q 1is Herglotz;

(13) All residues of Q as well as lim;_ 40 (— w> are nonpositive matrices, and for every
choice of 1 < iy <z <n, f(2) = det[Q, i,)(2)] is either constant, or it does not take on

nonnegative real values.

(iii) For everym € {1,...,n} and 1 < iy < ... <ipm < n, f(2) :=det[Qq, . .. (2)] satisfies at

least one of the following properties:

a. f can be represented as the product of m scalar Herglotz functions that are meromor-

phic on C and real;
b. If f is not constant, it has a holomorphic logarithm u satisfying Imu(z) € (0, mm);

c. f satisfies the m-interlacing property, and if the set of poles of multiplicity m is
nonempty, then lim,_,, [(z0 — 2)™f(2)] > 0 for at least one of those poles zy,. In

addition, lim,_, | # > 0.

If (i) — (i13) hold, then in (iii), all of a. — c. hold.
2This includes M itself.
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Proof. Every principal submatrix of () is itself a Herglotz function. Applying Lemma 4.2.1 im-
plies that each principal submatrix can be represented as the product of scalar Herglotz functions
that are meromorphic on C. Also, residues at poles of () as well as the limit lim,_, 4 ( — w)

are nonpositive because of Corollary 2.4.4. This proves implications () = (ii) and (i) = (#4i).

(i4) = (i):

It suffices to show that ) can be represented in the form

Q(z):C+Dz—|—ZAj< ! % ) (4.8)

o 2
i 2j— % l—i-zJ

with real z;. The assertion on the non-positivity of residues and —D = lim; | ( — M)

then proves the implication. This is done by showing that for any k,l € {1,...,n},

1 2
qkl(z) =cp +dz + ZA§Z< J )

5 2
ez Zj—z 1+z]

Of course, for k = [, we obtain this representation from the fact that every diagonal entry of
Q@ is a 1 x 1-principal submatrix of ), and thus is a scalar Herglotz function. Consider the

function

Rpi(2) := ( Qrr(z)  Qui(2) >

Qu(z) Qu(z)

Since Ry is a 2 x 2-principal submatrix of @), Corollary 4.2.6 provides scalar Herglotz functions
1,72 satisfying det Ry;(z) = r1(2)r2(2). Let zj, € R be a pole of Q). Using the notation from
Definition 4.1.1, 20q,,(2j,) = 0g,,Qix(2j,) because Qi = Qk#l, and therefore poles and zeros of

those functions have the same multiplicities. This leads to

1 1
Hle(sz) - ierzsz (zjo) - §9Qkau—T1T2 (zjo) <

1

B maX{erk (Zjo) + 0q,, (Zjo)a Oy (Zjo) + 6y, (Zjo)} <1

IN

because poles of the scalar Herglotz functions Qgi, @i, 71,72 are all simple. Since k,[l are

arbitrary, this shows that all poles of () are simple.
)

It is also easily seen that for the residue Ay;’l of Ry at zj,, we have

det A" = lim [(z — zj,)? det Ryy(2)] =

jo T
= (Zli_{go [(z — Zj)T1 (z)D (zh—>nz10 [(z — zjo)rg(z)D >0
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since residues of scalar Herglotz functions are always nonpositive. Writing

- ()
Jo Ik 1 ’
Ajo Ajo

we have

Kl Kl glk| % kk All\ %
|Aj0| = |AjoAj0 < (Ajo Ajo)Q'

Now Corollary 2.4.4 implies

kl
A7

ARk N3, Al N3 VLN Al N3
<X (72) (52) <(Sri) (Sire) <
1+zj 4 1+zj 1+zj ‘ 1+zj 5 1+zj

JEL JEZL JEZ

>

jEZ

This ensures the convergence of

B 1 . _ 1422
Yri(2) -—ZA?I( ’ > _ZA?l(zj—z)(ljJrZ?)

. 2
= zj =z 1+zj jez

on every compact subset of C not containing any of the points z;.

Therefore, gx(z) := Qki(z) — Yri(z) is entire. From the assumption on () we obtain that g is
of bounded type, as is g;p = g?j. Moreover, hg,, = 0 because of limsup,_,, M < +o0.
We apply Krein’s Theorem (Theorem 1.3.9) to conclude that gy is of exponential type 74, = 0.

M is of exponential type 0 as well. In addition

Hence, the entire function gg(z) :=
to that, it is bounded on the imaginary axis. By Theorem 1.3.10, §x; is constant. Therefore,

gk1(z) = cp; + dgyz with some constants cgg, di;, which proves representation (4.8).

(#i1) = (i):
Step 1. For a meromorphic m X m-matrix-valued function X (z) that has a pole of multiplicity

one at zg, the residue of X at zy can be calculated by

Res(X, z0) = lim (z — 20) X (2).

Z—r 20

In particular,

det Res(X, zg) = Zli_}n;g det ((z — 20) X (2)) = lim (2 — 2p)™ det X (). (4.9)

Z—20

Step 2. By Theorem 4.2.5, a. is equivalent to b. If one of those conditions holds, then there
exist scalar meromorphic Herglotz functions rq,...,7y such that f(z) = detQ, . ;.)(2) =

r1(2) -+ rm(z). At any pole zp of f we have

lim [(zj —2)"f(2)] = [ lim (20 — 2)r1(2)] - [ lim (20 — 2)rm(2)] > 0. (4.10)

2=z 220 Z—rZ0
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Condition c. is, by Theorem 4.2.3, only equivalent to f or —f being a product of m Herglotz
functions. However, if f does not have a pole of multiplicity m at zp, then lim,,.; [(z —
2)™f(z)] = 0. Otherwise, if zg is a pole of multiplicity m of f, the assertion guarantees that
—f is not a product of m Herglotz functions, which means that f is. So, just as in (4.10),
lim, ., [(z; — 2)™f(z)] > 0. In both cases, this limit is nonnegative if condition c. holds.
Hence, representation 4.8 is obtained in the same way as for the implication (i7) = (7). Only

negativity of the residues has to be checked.

Step 3. We prove that A; > 0 as well as D > 0, which suffices for () to be Herglotz. Let
—A; be the residue of @ at the pole z;. By the Sylvester Criterion, Theorem 4.3.2, in order for
Aj to be positive semidefinite, we only need to show that all of its principal subdeterminants
(principal minors) are nonnegative. Let m € {1,....,n} and 1 < i; < iy < ... < iy, < n, and
(A5)(ir,....im) De the corresponding principal submatrix. So, by (4.9) and (4.10),
det[(4;),....i0) = 1im [(2) = 2)™ det Q(2) iyt | = limass, |(2 = 2)™F(2)] > 0.

Z—rzj

So, indeed, A; > 0. It remains to verify that D > 0 as well. Choose 1 <1 < ... <, <n. Then
[ satisfies one of a. — c. If it satisfies c., then det D(;; ;) = limr— 400 é(TZ)TT,)L > 0. Otherwise,
a. is satisfied®. Therefore, f(z) := f(—%) still satisfies a., which leads to det D(;,  ;.) =

lim, 400 (J;(TZ)T,,)Z = lim,_,g ((—z)mf(z)) > 0.

O]

4.3.4 Example. In the previous theorem, we considered matriz-valued functions that are mero-
morphic on C and real. The theorem does not hold when dropping this assumption. This is

shown by the simple counterexample

<z i)) ZG(C+>
Q=1 ;-

= , zeC_.
2 1

Q is real, but not Herglotz, since det(ImQ(z)) = —]22_?! < 0 for z € C,.. Nevertheless,

13

det Q(z) = —z is the product of the scalar Herglotz functions q1(z) = —1 and ¢2(2) = z
which are meromorphic on C and real. Moreover, diagonal entries of Q) are scalar meromorphic
Herglotz functions.

So, in a sense, the subdeterminants of a non-meromorphic (Q do not contain enough information

about non-diagonal entries of Q.

3Remember that a. and b. are equivalent, as was seen in Theorem 4.2.5.
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Chapter 5

Theorem of Hermite-Biehler for

matrix-valued entire functions

5.1 The classes LHB, and RHB,,

The theory layed out in Section 1.2 allows us to prove a matrix-valued version of the Hermite-

Biehler theorem. Our first step is to define a matrix analogue to the class HB.

5.1.1 Definition. Let E : C — C™*™ be entire, and let det E(z) # 0 for every z € C4. Then E
belongs to the left Hermite-Bichler class (LHB,,) if and only if sp(2) := E(2)"'E#(z) belongs
to the Schur class S,,. Analogously, E belongs to the right Hermite-Biehler class (RHB,,) if and
only if tp(z) := E#(2)E(2)" lies in the Schur class S,.

Evidently, LHB; = RHB; = HB. Surprisingly, this still holds for every n > 1.

5.1.2 Lemma. Letn € N. Then E belongs to LHB,, if and only if it belongs to RHB,,. In this

case Sp =tg.

Proof. The function tg belongs to S, if and only if, for every z € C,, we have 0 < [ —
te(2)*tp(z) =1 — (E(z)")*E(z)E(z)*E(2)~!. Multiplying with E(z)* from the left and with
E(z) from the right, this is equivalent to E(z)*E(z) — E(Z)E(z)* > 0. This inequality also holds
for real z, i.e., R(z) := E(z)*E(x) — E(x)E(z)* is a positive semidefinite matrix for every real

x. At the same time,
tr R(z) = tr(E(z)"E(z) — E(z)E(x)*) = tr(E(x)*E(z)) — tr(E(z)E(x)*) = 0. (5.1)

Hence, R(z) = 0. Now consider the entire function S(z) := E(2)E#(2)— E#(2)E(z). Forx € R
we have S(z) = R(x) = 0, and the Identity Theorem shows that F(z)E#(z) = E#(2)E(z) for
every z € C. This leads to sp = tg.

If, on the other hand, F belongs to LHB,,, then ||sg(z)|| < 1for all z € C;. Thus, ||sg(2)*|| < 1,
or, put differently, I — sg(z)sg(z)* > 0. By multiplication with E(z) from the left and E(z)*
from the right, we obtain F(z)E(2)*— E(Z)*E(z) > 0. From this point, we can use an argument
analogous to (5.1) to verify that E(z) and E#(z) commute. O
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The latter gives rise to the following definition.

5.1.3 Definition. The Hermite-Biehler class (HB,,) is defined as the set of all entire func-
tions E : C — C™™ such that det E(z) # 0 for every z € C, and s(z) := E(2) 'E#(2) =
E#(2)E(2)~! belongs to the Schur class S,,.

5.2 The Hermite-Biehler Theorem for matrix-valued functions

5.2.1 Theorem. Let E : C — C™*™ be entire, and let A(z) := (RE)(z) = %E#(Z),
B(z):=(IE)(2) = %f#(z) be its real and imaginary part. Then the following conditions are

equivalent:
(i) E € HB,, and det B(z) # 0;

(1) There is an open, nonempty set Q@ C Cy such that det E(z) # 0 for all z € 2, and

Az, w) i L 3EE)sE(W) (5.2)

zZ—w

is a positive kernel on Q. Additionally, det B(z) # 0 for all z € Cy;

(iii) Q(z) := B(2)"YA(z), z € C, is Herglotz and meromorphic on C, and det B(z) # 0 for all
A C+.

Proof.

(i) = (i9):

Except for invertibility of B, this was done in Theorem 1.2.5. However, Corollary 1.2.4 provides
us with the fact that 2iF(2) "1 B(z) = I — s(2) is invertible at every point. Hence, B(z) is also

invertible everywhere in the upper half plane.

We put
Ko o Q)= Q)
z—W
and show that K is also a positive kernel on 2. Indeed, looking at

*

1 E(2)E(w)* — B% (2)(B* (w))

[B(2)  E()A(, w) [B(w)  B(w))* = B(2)" — (B(w)™)’
_ B~ BETAG) Q0= Q) g,

By Lemma 1.1.3, K is positive. Moreover, Lemma 5.1.2 states that, for every z, E(z) and

E#(z) commute. In particular, A(z) and B(z) commute. Therefore,
Q(z) = B(2)7'A(z) = AZ)B(2) ™' = A(2)"(B(2) ") = Q(2)".
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Hence, @ is real and meromorphic on C. The assertion now follows from Theorem 2.3.2 and
the Identity Theorem.

(1ii) = (4):
Invertibility of E(z) follows from E(z) = B(z)(Q(z) +iI). Repeating the calculation from the

last step in the inverse order, we get

L [B(2) 7 B(:) Im Q(2)[E(2) " B(2)]" > 0.

So, ||s(2)]| = ||s(2)*|| < 1 for every z € C,, which proves s € S,,. O

Theorem 5.2.1 can be combined nicely with Theorem 4.3.3 to obtain the following matrix-valued

version of the Hermite-Biehler Theorem.

5.2.2 Corollary (Hermite-Biehler, Version 1). Let E : C — C"*™ be entire, and let E|c_ belong
to N"¥". Let A:= RE, B := IE be the real and imaginary part of E. Set Q(z) := B(z) 1A(z).

Then the following statements are equivalent:
(i) E € HB,, and det B(z) # 0;

(1) There is an open, nonempty set Q@ C Cy such that det E(z) # 0 for all z € 2, and

Az w) = i1 Si(f)ff(w)* (5.3)

is a positive kernel on Q. Moreover, det B(z) # 0 for all z € Cy;
(ii1) All of the following conditions hold:

- detB(z) #0, z€ Cy;

- for each entry Qi of Q we have limsup, _, M < +00;

- for everym € {1,...,n} and 1 <iy < ... <ip <n, f(2) :=det[Qq, . i..)(2)] satisfies
the m-interlacing condition. If the set of poles of multiplicity m is nonempty, then
lim, ., [(20 — 2)™f(2)] > 0 for at least one of those poles zo;

- lime oo £ > 0.

O
5.2.3 Remark. One might ask whether it is really necessary to impose some kind of invert-
ibility for B in each of the equivalent statements. The answer seems to be that it depends on
the formulation that you want to achieve - for the latter, invertibility of B is indeed important.
However, in some cases, it follows automatically from the properties of E. Notably, we know
from Corollary 1.2.3 that for E € HB,, we have I — sg(20)*sg(z0) > 0 at one point zy if and
only if I — sg(2)*sg(z) > 0 at every z € C4. Because of invertibility of E(z), it follows that
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E(2)E(2)* — E#(2)(E¥(2))" > 0 at every z in the upper half plane. Now,

0 < B()E(2)* — B#(2) (E#(2))"
= (A(x) +iB(2)) (A(2)" —iB(2)") = (A(2) —iB(2)) (A(2)" +iB(2)")
= 2i(B(2)A()" — A(2)B(2)"). (5.4)

Assume that there is zp € C; and & € C" such that B(z9)*¢y = 0. Then we run into the

contradiction
0 # §5B(2)A(2) 60 — {5 A(2)B(2)" 60 = 0,

which means that B(z) is invertible for every z € C,..

5.2.4 Theorem (Hermite-Biehler, Version 2). Let E : C — C"*" be entire such that E|c, €
N and let A := RE, B := IFE be its real and imaginary part. Assume det B(z) # 0, and
set Q(z) := B(z)"'A(z). Then the following statements are equivalent:

2)E(w)*—E#(z #(w i
(i) There is an open and nonempty set Q@ C Cy such that L(z,w) := jE@Ew) BT ( )(£# @)

Z—w

is a positive kernel on €);
(1) The conditions below are all satisfied:

- @ has no poles in C\ R;

- for each entry Qi of Q@ we have limsup, M < +005

- for everym € {1,...,n} and 1 < iy < ... < iy <, f(2) = det[Q,,.. i) (2)] satisfies
the m-interlacing condition. If the set of poles of multiplicity m is nonempty, then
lim, ., [(20 — 2)™ f(2)] > 0 for at least one of those poles zy;

f(iT)

- 1im7-*>+oo (Z’T)m il 0.

Proof. Set Mp := {z € C : det B(z) # 0. By the identity theorem, C\ Mp is discrete, and
therefore Qp := QN Mp is open and nonempty. (5.4) leads to

B(z)" A(2) — (B(w) " A(w))
K(z,w) := ( ) = %B(z)_lL(z,w)(B(w)_l)*,

Z—w

implying that K is a positive kernel on Qp. By Theorem 2.3.2, the function B(z) !A(z)
defined on 2p can be continued to a Herglotz function (). The Identity Theorem implies
Q(z) = B(2)7tA(z) for every z € Mp. Analogous as in Lemma 5.1.2, one can show that F(z)
always commutes with E7(2), and therefore A(z) commutes with B(z) at every z. By defining
Q(z) := B(z)"tA(z) = A(x)B(x)~! for real x € Mp, Q becomes meromorphic on C. We can
now apply Theorem 4.3.3, proving the assertion. The other direction follows from inverting the
previous steps. Note that in Theorem 4.3.3, @ has to be holomorphic on C\ R. This is ensured

by the requirement that @ has no nonreal poles (at any point where B(z) is not invertible). [
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Appendix A

Direct proof of the Herglotz integral

representation

In order to derive Theorem 2.4.3, we branched out to the theory of linear relations. This was
necessary to prove Theorem 2.3.2. For readers that are interested only in the integral represen-
tation, we present the standard proof of the integral representation for scalar Herglotz functions.
Once this representation is established for scalar Herglotz functions, it can be generalized to
matrix-valued Herglotz functions @ : C\ R — C™*" using the fact that, for every x € C", the

function z*Q(z)z is a scalar Herglotz function. See also [B, Theorem A.4.2].

A.1 Theorem. ([KA], Theorem 5.1); ([KK], Satz 2.3.6)
A function ¢ : C\ R — C is Herglotz if and only if it admits a representation of the form

q(z):a+bz+/R(tiz1itQ)da(t), 2 €C\R, (A1)

where a,b € R, b > 0, and p is a positive Borel measure with fR#da(t) < 4o00. This

representation is unique.

Proof. Checking that formula (A.1) always gives a Herglotz function for all admissible a,b and
o will be left as an exercise to the reader. In the following three steps, we prove that any
Herglotz function has a representation of the form (A.1).

Step 1. Let f be holomorphic on some open domain containing the unit disk. For every z in the

unit disk, using the Cauchy Integral Theorem and the Cauchy Integral Formula, we find that

f(2) = 1 L( fl¢ fw)dg, (A.2)

T 2mi C—=z C—%

where v(t) := e, t € [0,27]. A straightforward calculation shows that, for [¢| = 1,

() e
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Inserting this into (A.2) yields

1) = zlm-/f“’ (gfj)ﬂj)dc - ;ﬂ/{ogﬂ Re (Ziitj)f(eit)d)\(t).

Now look at the function

eit P .
k(2) = /[0 T E Re fe) dA(®),

27 Jjo,2n) €t — 2

which is holomorphic on the unit disk and satisfies Re k(z) = Re f(z). Hence, k(z) = f(z)+ci for
every z in the unit disk, where ¢ € R. We observe that £(0) = Re f(0) and thus ¢ = —Im f(0).

Therefore,

£(z) = iTm £(0) + — / N (A.3)

271 Jjo2n) €t — 2

Step 2. Let f be holomorphic in the unit disk such that Re f(z) > 0 for every z. Define for

each r € [0, 1) the positive measure v, on [0,27) given by the density

dvp v 1 it
N (t) := 5 Re f(re™).

1

Letting (t) := €% for t € [0, 27), we further define the measure y, := v, oy~! on the unit circle

T ={z € C:|z| =1}. Using (A.3) for z — f(rz) yields

(+z 1 / et + 2 )
d R —¢Im f(0). A4
(a0 = [ G Re pret) it = (r2) ~ i1 (O (A4)
Putting z = 0 implies ||| = Re f(0), and thus we can apply the theorem of Banach-Alaoglu
for r — 1. We obtain a subnet p,;, j € J, of u, which converges to some measure p with respect

to the weak-x topology. In particular, it follows from (A.4) that

“ % d (A.5)

f(z)=i¢Im f(0 —i—/

for every z in the unit disk.

Step 3. Let 5(z) := % which takes the upper half plane to the unit disk and the real line

to T\ {1}. Let g be holomorphic on C \ R such that Reg(z) > 0 for every z € C,. Setting
f(z) :=g(B71(2)) allows us to use (A.5), leading to

S 00 = 1t 50) + (T + [ S due s

f) = itm f0) + [ 2 -
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Some straightforward calculations yield

g(2) = f(B(2)) = iTm f(0) + ({1})”5 ﬁ t +5 Z)

:(—Imf()+u{1}z+/1+tz ) (A6

We now define the measure ¢ given by

do
d(po B71)

Because of [; du < 400, we have [ d(po 7)) < 400 and therefore [p(1+ )~ 1do(t) < +oo.
Finally, by (A.6),

(t) =1+ t2

1

o() = ( I £(0) + p({1D)= + [ (t_lzj(ﬁﬂ)da(t)) -

= msotnes [ (72 - ) an),

The integral representation for a given Herglotz function ¢ follows from putting g(z) := %q(z),
RS C+.

Uniqueness of the parameters (a, b, o) is proven in the same way as in Theorem 2.4.3. ]

o1
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