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Abstract

Industrial robots are widely used in the production industry due to their cost-efficiency,
high repeatability, and programmability. For a number of manufacturing processes,
improving the robot’s absolute accuracy is of crucial importance. Recent developments
show that the demand shifts away from standardised products of high quantity towards
individuality. Hence, to keep the production downtime due to changes in the process
as short as possible, precise offline planning gains significance. While the repeatability
of industrial robots being less than one millimeter is already satisfactory, the absolute
accuracy still needs to be improved for a number of applications. Current research focuses
on offline and online approaches to address this topic. The online approaches are typically
based on adaptive or learning feedback controllers, which require additional sensors such
as inertial measurement units. Offline approaches utilize calibrated models of the robot’s
kinematics and/or dynamics to determine control input trajectories for a predefined task
that improve the absolute accuracy. In this thesis, an offline approach is developed that
encompasses a precise kinematic model as well as non-constant gear ratios and non-linear
stiffness of the drive chain. An optimal control problem is solved to determine optimal
motor accelerations for a predefined trajectory, which minimize the position errors and
are used as a reference trajectory for high-bandwidth joint velocity controllers. The
approach in this work is developed for an industrial robot with six degrees of freedom.
Results demonstrate that the presented approach is suitable, since the absolute accuracy
by calibration is improved by 70 %. As a conclusion it can be stated that it is worth
accepting a higher effort during the offline planning stage in order to achieve improvements
in the precision of industrial robots.
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Kurzzusammenfassung

Aufgrund der zahlreichen Vorteile von Industrierobotern, wie beispielsweise Flexibilität,
Wiederholgenauigkeit und Kosteneffizienz, werden diese immer häufiger für diverse Aufga-
ben in der Industrie herangezogen. Für viele Fertigungsprozesse ist es jedoch notwendig,
die Absolutgenauigkeit von Industrierobotern weiter zu erhöhen. Jüngste Entwicklungen
zeigen, dass sich die Nachfrage weg von standardisierten Produkten mit hoher Stückzahl
hin zu individuellen Produkten mit geringer Quantität verschiebt. Um die Standzeiten
aufgrund von notwendigen Prozessänderungen so kurz wie möglich zu gestalten, gewinnt
die Offline-Planung an Bedeutung. Während sich die Wiederholgenauigkeit von Indus-
trierobotern bereits im Millimeterbereich befindet, was durchaus als zufriedenstellend
bezeichnet werden kann, besteht bei der Absolutgenauigkeit noch Verbesserungsbedarf
für eine Vielzahl von Anwendungen. Derzeit werden sowohl online als auch offline Metho-
den zur Lösung dieses Problems erforscht. Online Methoden basieren auf geschlossenen
Regelkreisen und stützen sich auf externe Sensoren wie z.B. der Inertialsensoren. Offline
Methoden verwenden kalibrierte Modelle der Kinematik und/oder Dynamik des Robo-
ters, um Referenztrajektorien für eine vordefinierte Aufgabe zu bestimmen, welche die
Absolutgenauigkeit verbessern. In dieser Arbeit wird ein Offline-Ansatz entwickelt, der
ein präzises kinematisches Modell sowie nicht konstante Getriebeübersetzungen und die
nichtlineare Steifigkeit des Antriebes umfasst. Ein Optimalsteuerungsproblem wird gelöst,
um optimale Motorbeschleunigungen für eine vordefinierte Trajektorie zu bestimmen,
welche die Positionsfehler minimieren und als Referenztrajektorie für Drehzahlregler mit
hoher Bandbreite verwendet werden. Die innerhalb dieser Arbeit entwickelte Methode
erweist sich als geeignet, die Absolutgenauigkeit eines Industrieroboters zu erhöhen. Die
Verbesserung durch Kalibrierung ist beträchtlich und liegt bei 70 %. Daraus kann geschlos-
sen werden, dass der höhere Aufwand in der Offline-Planungsphase in Kauf genommen
werden sollte, um entsprechende Verbesserungen in der Präzision von Industrierobotern
zu ermöglichen.
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Nomenclature

General Notation

a, A, ν, . . . scalars
a, A, ν, . . . vectors and matrices
ȧ, θ̇, . . . total derivative with respect to time
ä, θ̈, . . . second-order total derivative with respect to time
qi, q0,i I th element of the vectors q and q0 with i ∈ ◆
â, û, m̂, . . . amplitude
ã, f frequency
ad, pd, Rd, . . . desired quantity

General Symbols

t time in seconds (s)
0m×n vector or matrix exclusively containing zeros with m rows and n columns
Im×m identity matrix with m rows and m columns
Ri(α) rotation matrix of angle α around axis i
ti(d) translation vector of length d in direction i
Ti

i−1, Hi
i−1 homogeneous transformation matrix from frame i − 1 to frame i

Re orientation of the end-effector in the inertial frame (0, x0, y0, z0)
pe position of the end-effector in the inertial frame (0, x0, y0, z0)
θ motor rotary angle
u, Ξ gear ratio, from the drive side to the output side of a gear
u0 basic gear ratio
ϕ virtual inner link angle
∆ϕg deflection due to gravity
τ g torque induced by gravity
q link angle
ωe kinematic error in °/s
ξ generalised coordinates
L Lagrange function
T kinetic energy
V potential energy
D mass matrix
C Coriolis matrix
g vector of potential forces
τ generalised force vector
m mass
c vector to the center of mass
κ elastic torque

1
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Nomenclature 2

τ ext vector of external forces
τ d vector of motor forces
τ f vector of friction forces
Ts sampling time
t0 initial time
ωG gyroscope data
ζ vectorized modified Denavit-Hartenberg parameter
JI identification Jacobian
Oi observability index i
x system states
ν weighting factor
u control input vector
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1 Introduction

Nowadays, industrial robots are used for a variety of different tasks due to their flexibility,
repeatability and cost-efficiency. For specific robotic applications such as milling, surgery
and painting, the absolute accuracy is of significant importance. Moreover, the demand
for individualised products increases. Thus, robot cells often need to be adapted for each
individual product. Such adaptions do not only take a significant amount of time but
also force the manufacturing process to be interrupted. Hence, offline planning becomes
more important. During the stage of offline planning, the manufacturing process of a new
product is designed, while the robot cell continues working on the current task. Since high
absolute accuracy as well as high repeatability need to be ensured, a precise preparation
during the offline planning phase is crucial.

While the repeatability of industrial robots lies already below 1 mm, the low absolute
accuracy, being within several millimeters, is still a major drawback. Two types of errors
typically occur. On the one hand, there are non-geometric errors such as link compliance,
gear backlash, thermal expansion and most important gear elasticity. On the other hand,
geometric errors such as a wrong link length might also appear.

So far, a number of studies have been conducted to either increase the absolute ac-
curacy by focusing on stationary or dynamic cases or both. In the stationary case, a
calibration of the kinematic model and incorporating effects like joint elasticity improves
the absolute accuracy. An identification of the dynamic parameters increases the accuracy
for the dynamic case, incorporating effects like friction or non-constant gear ratio into the
dynamic model of a robot.

The motivation of this work is to address this field of research by deriving accurate
kinematic and dynamic models, which also take into consideration elastic gear transmis-
sions and non-constant gear ratios. The models are then used to determine optimal motor
trajectories by solving an optimal control problem to achieve highly accurate trajectories
of the robot’s end-effector. The methods in this work are developed for an industrial robot
with six degrees of freedom and serial kinematics.

The advanced models are used for offline planing of a motor acceleration trajectory
for each joint. The kinematic model is improved through a calibration, which is employed
to generate a desired angle trajectory for each joint for a given Cartesian trajectory. An
optimal control problem is designed using the desired angles to determine the motor
acceleration trajectories based on the enhanced dynamic model. The accuracy of the
dynamic model is improved by calibrating the dynamic parameters and including the
elasticity of the drive chain as well as the non-constant gear ratios in the model.

3
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1 Introduction 1.1 Literature Review 4

1.1 Literature Review

Since the aim of this work is to improve the absolute accuracy of an industrial robot,
the following literature review covers some essential related topics. Section 1.1.1 and
Section 1.1.2 give a short literature overview concerning gear transmission and gear
elasticity, respectively. The parameters of the kinematic model are extracted from CAD
drawings rather than being measured on the assembled robot. This results in the necessity
to identify the real kinematic parameters. A selection of relevant literature in this field of
research is provided in Section 1.1.3. As a last step in this chapter, some ideas of offline
trajectory generation are given in Section 1.1.4.

1.1.1 Gear Transmission

The manufacturers of serial, man-sized industrial robots mainly use strain wave gearings
(SWG) due to their multiple advantages such as minor to zero backlash, high repeatability
and accuracy, high torsional and tilting stiffness, small size, light weight and high reduction
ratio, see [1, Chapter 4 and 11] and [2, 3]. There exist two types of SWG (Harmonic drives
and Cycloid drives) which are shown in Figure 1.1. Effects such as friction, manufacturing

Figure 1.1: Components of different gears: a) Harmonic drive and b) Cycloid drive [4]

tolerances, expansion and contraction, which occur due to temperature, assembling errors
and wear lead to errors in the transmission ratio of the gears. A typical transmission error
of a SWG is given in [2, 3] and depicted in Figure 1.2. Measurements of the gear’s output
side show that the transmission error, defined as the difference between input and output
angular rate, is periodic and can, therefore, be approximated by a Fourier series [5].
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1 Introduction 1.1 Literature Review 5

The research mainly focuses on the transmission error of Harmonic drives and rarely on
Cycloid drives. Nevertheless, the characteristic of the transmission error of Cycloid drives
is identical to Harmonic drives due to the similar operating principle [4]. Therefore, it is
possible to apply the existing approaches for Harmonic drives to Cycloid drives, which
are installed on the provided industrial robot.

ϕ

θ − ϕ

Figure 1.2: A typical transmission error of a strain wave gear (SWG) [6–8].

Shi et al. [6] define a transmission error of a Harmonic drive, which includes a de-
formation of the flexible spine, a misalignment in the wave generator, and a kinematic
error. The error is identified by an offline method. The kinematic error itself is composed
of a linear term and a sum of harmonics. The harmonic orders are determined by a Fast
Fourier Transformation (FFT) of the unbiased kinematic error. The angle at the output
side and the drive side of the gear are measured with absolute encoders at a test bench.
Then, three steps are carried out: Firstly, the bias is removed from the data. Secondly,
the harmonic orders are determined by the FFT. Thirdly, amplitudes and phase shifts are
calculated using the FFT data. There are no numerical results given but it is shown that
the kinematic error is independent of the velocity and that it is sufficiently compensated
for clockwise and counter-clockwise rotations.

Ghorbel et al. [7] decompose the kinematic error of a Harmonic drive into a basic
component and one related to stiffness. The basic component is approximated by a Fourier
series and a basic transmission. The coefficients of the Fourier series are determined by
numerical integration of the measured data. The impact of the load on the kinematic
error is investigated, showing that a high load decreases the amplitude of the error. The
load dependency is not added to the final model in order to reduce the complexity, since
each dynamic load would require a specific profile to be compensated. An angular speed
test shows that un-modelled dynamics, e. g. friction, as well as excitations due to high
speed lead to deviations between the measured and the simulated angle error at high
frequencies. At low speed, the high frequency components are less significant than at high
speed. The kinematic error model is used in the dynamic model of a Harmonic drive,
where a scaling with the velocity is natural. Again, the measurements are conducted on a
test bench with encoders on each end of the gear. No exact numbers are given, however,
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1 Introduction 1.1 Literature Review 6

it is shown that the presented model of the kinematic error is useful to model Harmonic
drive dynamics accurately.

Yamamoto et al. [8] break down the kinematic error of a Harmonic drive into a syn-
chronous and a non-linear elastic component. A sum of harmonics is determined from the
spectrum of the error above a given threshold and used to approximate the synchronous
component of the kinematic error. The non-linear elastic component is estimated with a
conceptual non-linear hysteresis model based on the conventional rolling friction. The
parameters of the hysteresis model are identified by a trial and error experiment to fit
recorded waveforms. A more precise variant would have been an identification using
experiments with force sensors. The experimental setup consists of two encoders, a gear,
a motor, an inertia load and an angular feedback controller. Yamamoto et al. show
that their model approximates the angular transmission error very well. The 3σ value is
reduced by approximately 40 %, with σ being the standard deviation.

In Thümmel’s thesis [9], the transmission of a Cycloid drive is approximated by a Fourier
series with a basic transmission component. The frequencies are divided into two parts,
the first part being the basis frequency with some higher harmonics and the second is
a frequency equal to the number of teeth of the gear with a small number of higher
harmonics. In the end, just two frequencies are used. The other parameters, amplitude
and phase shift, are adjusted in the course of an optimisation procedure of the dynamic
robot parameters, including for example the mass, and the inertia.
Each axis is measured individually. A sensor fusion of an optical coordinate measuring
tool, a gyroscope, and an acceleration sensor is performed to obtain the angle and angular
rate from the output side of the gear. The angle on the drive side is measured with an
encoder. Friction and stiffness are identified by specific measurements. The model fits the
measurements to approximately 70 % [10].

Tönshoff et al. [11] divide the transmission error of a precision gear into an elastic
error caused by the load and a kinematic error introduced by finite finishing accuracy of
the teeth. The kinematic error is approximated as in [8]. The FFT of the measured error
is not sufficient to identify the harmonics because the desired resolution is not achievable
due to the limited positioning range of robots and machine tools. Therefore, the Chirp-Z
Transformation (CZT) is used to determine the frequency and phase out of the combined
results of three experiments. Rabiner et al. [12] state that applications for the CZT are
high resolution, narrowband frequency analysis, spectral analysis and time interpolation,
thereby supporting [11]. Measurements are conducted on a test bench with an acceleration
sensor at the output shaft. The overall compensation of the errors is approximately 60 %.

In most of the above mentioned works, the gear is mounted on a test bench and not
installed in a robot [3, 6–8]. Hence, the harmonics of the transmission error can be easily
found. If a gear is built in a robot, it is impossible to exactly identify the harmonics [9,
11], since the range of 2π cannot be covered.
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1 Introduction 1.1 Literature Review 7

In this thesis, a priori knowledge about the number of the gear’s teeth is not available.
The gear transmission is approximated with a sum of harmonics plus a basic transmission.
The harmonics are identified by a FFT based on the kinematic error and the direct
neighbours of the identified components are added to the model to make up for the
imprecise identification.

1.1.2 Elastic Joints

The installed SWGs are intrinsically flexible due to their mechanical structure [13, 14].
Their elasticity can be covered by a non-linear approach [7, 8], or by a linear spring [1,
15]. The generalised coordinates of an industrial robot are the link angle positions. By
considering elastic joints, the generalised coordinates must be extended by the motor
positions. This doubles the number of states contained in the dynamic model [14]. In
this work, the elasticity of the second and third gear is taken into account by a non-linear
stiffness model, which is determined by load experiments using a 6-DOF force sensor.
Linear stiffness is assumed for the remaining gears.

1.1.3 Kinematic Parameter Identification

The forward kinematics of an industrial robot can be specified by different methods.
The methods range from combinations of homogeneous transformations to products of
exponentials (POE) [1, 16, 17]. Usually, the Denavit-Hartenberg (DH) convention is used
in industrial robot controllers and in the scientific community, because it represents a
minimal set of parameters for the robot’s kinematics [18]. It consists of two rotations
and two translations to describe the transformation between two adjacent links by four
parameters.

The disadvantage of the DH convention is that two parallel links with a parameter
deviation, small or big, can lead to significant pose errors. Hence, Hayati et al. [19] ex-
tended the DH convention with an additional parameter βi that describes a rotation about
the y-axis at the frame i. This convention is referred to as modified Denavit-Hartenberg
(mDH) in this thesis.

The mDH parameters are obtained from the technical drawings of the robot. In re-
ality, the parameters deviate from their nominal values due to manufacturing tolerances.
Calculating the forward kinematics with these nominal mDH parameters induces position
and orientation errors. Therefore, an identification of those deviations is necessary to
improve the absolute accuracy.

The classical calibration method for parameters of a robot arm, with a serial kine-
matics, is based on a least-squares approach [18]. The forward kinematics is a non-linear
function of the mDH-parameters and the generalised coordinates. A linearisation of the
kinematic model, by a Taylor series expansion at the estimated values of the parameters,
provides a basis for the identification [1, Chapter 6]. Khalil et al. [20] demonstrate
that, despite the numerous methods to identify parameters of kinematic models, the
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1 Introduction 1.1 Literature Review 8

classical approach supports the largest number of identifiable parameters. The planar
calibration method uses measured end points in the same geometrical plane, which reduces
the number of identifiable parameters by approximately 12 %. The frame link method
exploits the possibility that for some end-effector locations more than one configuration
exists. This methods reduces the amount of identifiable parameters by approximately 30 %.

In statistics, the form of the approximation with a Taylor series expansion is called
a regression model where the regressor matrix represents the sensitivity of the robot
pose due to parameter deviations [1]. In robot calibration tasks, the regressor matrix is
also called the identification Jacobian. This raises the following questions: what if the
regressor matrix is singular and is there a method to utilise the property of sensitivity of
the regressor matrix for the identification process?

The identification Jacobian can be ill-conditioned (nearly singular) due to a bad choice of
poses, which will be discussed later. A singular identification Jacobian indicates that at
least one parameter is not identifiable because it has no effect on the model or its effect
is grouped with others [20]. The parameter deviations which are not identifiable can be
determined by mathematical methods (numerical as well as analytical) and by analysing
the structure of the robot.

The numerical methods examine different decompositions of the regressor matrix of
N poses. Thereby, N must be much larger than the amount of parameters for useful
results. One approach is to exploit the QR decomposition, where the regressor matrix
is decomposed as a combination of an orthogonal and an upper triangular matrix. The
diagonal elements of the upper triangular matrix which are zero or close to zero indicate
the subscript/index of the unidentifiable parameters. Another numerical method is the
singular value decomposition (SVD). The identification Jacobian is decomposed into
two unitary matrices and a rectangular diagonal matrix. The diagonal entries of the
rectangular diagonal matrix are called singular values. The singular values (SVs) which
are zero or close to zero indicate unidentifiable parameter deviations [21].

Meggiolaro et al. [22] propose an analytical method to determine the unidentifiable
parameters. General cases of linear combinations between columns of the identification
Jacobian are proposed. Moreover, the physical consequences of parameter deviations are
considered, as well. These two steps result in an elimination of redundant errors and a
non-singular regressor matrix. In [22] it is shown that the numerical methods are more
time efficient.

An analysis of the sensitivity property of the regressor matrix leads to the so called
observability indices which come from the optimal experimental design theory [23, 24].
Five indices, O1 to O5, are used in the parameter identification, which have different rela-
tionships to the SVs of the regressor matrix and to the experimental design. For example,
O1 is related to the volume of a hyperellipsoid whose axes are the SVs representing the
solution space. Maximising O1 results in uniformly large axes and hence, a large influence
on the parameter deviation sensitivity. O4 is defined as the noise amplification index by
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1 Introduction 1.1 Literature Review 9

combining O2 and O3. The index O2 is the inverse condition number of the identification
Jacobian. The index O3 is defined as the smallest SV. Despite the name, maximising O4

reduces the influence of noise and unmodelled errors.

Parameter identification methods which utilise orientation and position data have to
use a scaled regressor matrix. As a consequence of different units, the SVs are not
comparable. However, a task variable scaling allows comparability. An exception is a
human-sized arm, where meters and radians are directly comparable. The observability
index O1 is invariant to scaling which makes it the optimal index for unscaled experiments
[1, 23, 25].

The overall identification Jacobian is composed of N poses. Therefore, the sensitiv-
ity of the regressor matrix can be increased by choosing an optimal set of poses. Various
approaches exist to improve the optimal set, e. g., Partical Swarm Optimisation [26],
Detmax [27], Generic Algorithm method [28]. A well-known algorithm is Detmax which
increases the D-optimality (equal to the index O1) iteratively. At each iteration, two steps
are carried out until a specified objective is reached, e. g., optimality threshold, number of
iterations. First, the initial pose set of N poses is increased by one pose which increases
the overall optimality of the set. Second, the set is reduced by one pose which decreases
the overall optimality the least. Detmax is used and extended by many researchers. For
example, Daney et al. [29] improves the algorithm by adding a tabu search and using a
second observability index.

In total there are three major steps to complete the identification process. Firstly,
the unidentifiable parameters need to be excluded, secondly, a set of poses which are
sensitive to parameter deviations are generated and thirdly, an optimisation problem is
solved. Caenen et al. [30] incorporate linear stiffness coefficients of the joints into the iden-
tification process. The basis is the geometric parameters of the mDH convention. Adding
linear stiffness leads to an improvement of the average absolute position from 2.82 mm to
0.58 mm of a six degree of freedom robot of cylindrical type by using only position data.
It clearly states that adding joint compliance improves the absolute accuracy about 5 %.
However, the joint stiffness of robots is often far from linear and should be identified in a
separate process. Nowadays, it is possible to conduct precise payload experiments due to
significant improvements in the field of torque/force sensors.

Brom et al. [31] show that rating robot poses with an observability index, namely
O1, to obtain an optimal set of measurements poses, can reduce the amount of poses
needed to identify the parameters from the initial amount of 102 to 12 poses. The
parameter set includes three translations and three rotations for all but the last axis. The
last translation only consists of three translations due to the measurement constraints.
They clearly show the usefulness of an observability index.

Nubiola et al. [28] identify non-geometric as well as geometric parameters to reduce
the position error by half. Their method uses the identified mDH parameter, linear
stiffness coefficients, and a Fourier series for the gear transmission of the sixth axis. In
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1 Introduction 1.1 Literature Review 10

the end, the cyclic error compensation of the sixth axis which was approximated with a
Fourier series, was neglected due to minor influence on the accuracy.

In this work, the classical identification method is used as well as the improved Detmax

algorithm of Daney et al. [29].

1.1.4 Offline Trajectory Planning

The field of offline trajectory planning reaches from using polynomial/trigonometric func-
tions to optimal control methods [1, 16]. Polynomial and trigonometric functions are the
simplest form to plan robot trajectories. Parametrising trajectories with those functions
has the drawback that constraints on angular rate, acceleration or other derivatives are
not possible. However, initial and terminal conditions can be considered. Other common
ways to parametrise trajectories are splines, radial basis functions [32] or the Sigmoid-
function [33], where constraints of the position and of the corresponding derivatives can
be incorporated. These techniques do not include a compensation of geometrical (e. g.
imprecise DH values) and non-geometrical errors (e. g. joint elasticity).

In [34], an approach is proposed to compensate two types of errors which are relevant for
the precise positioning of a robot. The first is a collection of errors of different sources, e. g.
imprecise DH values, joint compliance, which are not covered by the work in [34]. The
non-linear periodic behaviour of the gears constitutes the second term. The periodic error
is approximated by a sum of sinusoids. The offline correction scheme subtracts the errors
from the desired joint trajectories and uses the result to adjust the reference trajectory.
This process reduces the vibrations of the joint positions caused by the periodic error from
0.15 mm to 0.09 mm. Olabi et al. [35] use a similar approach, but include the gear elastic-
ity in addition which reduces the average error in the z-direction from 0.20 mm to 0.03 mm.

In [36], semivariograms are fitted to the position errors along each direction to pin-
point error similarities. A semivariogram represents the degree of error similarity between
two points by an Euclidean distance. It is used to identify the essential bandwidth for the
hidden layer of the proposed neural network (NN), especially for the used radial basis
functions (RBFs). The RBF neural network consists of three layers, the input, the hidden,
and the output layer. The input of the neural network are the joint positions and the
output is the estimated error in each direction. The estimation is performed by a linear
combination of RBFs at the hidden layer. Due to the identification of the bandwidths with
semivariograms, only the weighting factors of the output layer have to be learned. The
learning is carried out using the pseudo-inverse method, where a pseudo-inverse matrix
made up of the hidden layer vectors multiplied with the position error determines the
weighting factors. The sum of the estimated position error and the desired position is used
as reference for the robot control unit. The proposed method reduces the mean position
error from 1.36 mm to 0.11 mm.

Liu et al. [37] use the screw theory to model the kinematics and dynamics. A particle
swarm optimization (PSO) algorithm is proposed to find the optimal angular trajectory
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1 Introduction 1.2 Aim and Overview of this Work 11

for each joint which minimises the synthesis error. The synthesis error is defined as the
combination of the trajectory planning error caused by the trajectory interpolation and
the dynamic error caused by elastic joints. It is shown that the error can be reduced by
approximately 88.94 %.

Trajectory planning algorithms which incorporate optimal control problems (OPC), do
have the advantage that not only constraints on derivatives are possible, but also a given
performance index is optimised, e. g. shortest time, smallest amount of energy consumed.
OCPs can be solved numerically by direct and indirect methods. Direct methods trans-
form an infinite- to a finit-dimensional optimisation problem by discretisation of the time,
whereas indirect methods convert the optimal control problem to a boundary-value problem.
Techniques like collocation methods, single- and multiple-shooting are utilised for these
steps. Direct multiple-shooting methods include the states and the control input as op-
timisation variables. This leads to a large Jacobian, but exhibits a sparse structure [38–40].

Gattringer et al. [41] calibrate the kinematic and dynamic model of a 6-DOF industrial
robot. A full model for the kinematics is used and Coulomb and viscous friction is
included. The calibration of the kinematic parameters increases the absolute accuracy
for the position from double-digit to sub-millimeter values and for the orientation from
single-digit to sub-degree values. A direct multiple-shooting method with a sequential
quadratic programming is applied to determine a final calibrated trajectory with a balance
between minimal time and minimal energy consumption. However, including additional
joint effects into the dynamics of the robot, e. g. non-linear gear transmission, as well as
an objective to minimise the pose error, could increase the accuracy further.

In summary, a compensation strategy for geometrical and non-geometrical errors has to
combine a calibrated kinematic model [34, 35, 41–43], identified dynamic parameters [41,
43, 44] and additional effects like elastic joints and friction [34–37, 41, 43, 44]. Residual
errors can be reduced by applying further techniques like ILC [43], yet leaving the area of
offline planning. Therefore, in this work, a calibrated kinematic model, identified dynamic
parameters, elastic joints and non-constant gear ratios are used to determine a highly
accurate robot pose trajectory by solving an optimal control problem.

1.2 Aim and Overview of this Work

The repeatability of the provided industrial robot, a Comau Racer-7-1.4, is specified
with 0.03 mm1, whereas the absolute accuracy can range up to double-digit millimeter
[1, Section 4.9] and thus still needs improvement. This work aims at enhancing the
absolute accuracy of the Comau robot by implementing three consecutive steps. Firstly,
the non-constant gear transmission of the first, second and third gear are identified to
compensate for vibrations at the end-effector of the robot. The identification includes
a basic constant transmission and a Fourier series for the cyclic fraction. Secondly, the

1https://www.comau.com/en/our-competences/robotics/robot-team/racer7-14, last visited on 01.

Sep. 2020
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1 Introduction 1.2 Aim and Overview of this Work 12

actual mDH parameters are identified in a calibration procedure to compensate position
errors due to inaccuracies during the manufacturing process. Prior to conducting such a
calibration, the identifiable parameters have to be determined. Moreover, a set of poses is
designed and used for the calibration which amplifies parameter uncertainties. The first
two steps described so far are used to accurately model an industrial robot with elastic
joints, where the elasticity of the gear transmission is assumed to be given.

The results gained by implementing step one and two can be used to calculate the
desired trajectories of the motor angles for specified pose trajectories. The third step
increases the absolute accuracy without a complex control scheme and additional sensors.
The dynamic model is extended by elastic joints and non-constant gear ratios. The elas-
ticity of the joints are determined in a previous work. An offline trajectory determination
approach is introduced to generate motor angular acceleration trajectories based on the
specified angular trajectories. The accurate extended robot model is used in the proposed
method. The motor angular accelerations serve as input signals for the subordinate
low-level control of the robot’s motors. Therefore, effects like friction are handled by the
low-level controllers. These trajectories lead to a high accuracy in the output domain.

The remainder of this work is structured as follows. The kinematic and dynamic model,
extended with elastic joints, are presented in Chapter 2. Moreover, the identification of the
gear transmission is formulated and the results are discussed. Prior to the identification of
the mDH parameters, the actual identifiable parameters of the used setting are determined.
Additionally, the best pose sets for the identification and verification phase are designed.
Hence, the mDH parameter identification is carried out, discussed and verified in Chapter 3.
The preceding results are used to generate accurate link angle trajectories from desired
pose trajectories. Finally, the offline trajectory planning is defined as an optimal control
problem which is solved for two pose reference trajectories in Chapter 4, followed by a
discussion about the simulation results and possible future work in Chapter 5.
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2 Modelling of Elastic Joint Robots

Kinematic and dynamic models can be used to describe and control the behaviour of a
robot. Kinematic models consider the geometric relation without taking into account
forces, wheras dynamic models describe the relation between forces and the resulting
motion. The kinematics of serial manipulators are usually determined by applying the
DH convention.

The dynamic model is determined by the Euler-Lagrange formalism. The formalism
uses the Lagrange function, which is the difference between the kinetic and potential
energy. The determination of said energies is straightforward, which is an advantage of
the Euler-Lagrange formalism.

In this chapter, the kinematic and dynamic model of an elastic joint robot with non-
constant gear ratio and non-linear joint stiffness is determined and explained in detail.

2.1 Kinematic Model

The Denavit-Hartenberg convention consists of four homogeneous transformations to de-
scribe the transformation from one to another joint frame. A homogeneous transformation
T ∈ SE(3) is a 4 × 4 matrix given by

T =

[

R t

01×3 1

]

, (2.1)

with R ∈ SO(3) being a rotation matrix and t ∈ ❘3 being a translation vector. The
special Euclidean group SE(n) of the order n is a subgroup of the group of affine trans-
formations. The special orthogonal group SO(n) of the order n consists of purely all
orthogonal matrices, where the determinant equals one [45].

The convention describes the transformation between two frames, frame i − 1 and i,
with only four parameters qi, ai, di and αi, in a Cartesian coordinate system. The joint
frames i are set up as follows (cf. [16]):

• The zi-axis is set to be collinear to the rotation axis of joint i + 1, whereby the
parameter qi describes the rotation about the zi-axis.

• The common normal between the zi−1- and the zi-axis is chosen as the xi-axis.

• The angle between the z-axes about the xi-axis is the parameter αi.

13
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2 Modelling of Elastic Joint Robots 2.2 Dynamic System 14

• The distance along the zi−1-axis between the origin of the frame i−1 and the xi-axis
is described by the parameter di.

• The origin of the Ith frame is set at the intersection of the common normal and
the zi-axis, whereby the distance between the origin and the zi−1-axis along the
common normal is represented by the parameter ai.

• The yi-axis is chosen so that the frame is a right-handed one.

The base frame (i = 0) can be set almost freely. There is only one restriction, namely the
rotation axis of the joint and the z0-axis are collinear.

These rules lead to the homogeneous transformation from frame i − 1 to frame i

Ti
i−1 =

[

Rz(qi) 03×1

01×3 1

][

03×3 tx(ai)
01×3 1

][

03×3 tz(di)
01×3 1

][

Rx(αi) 03×1

01×3 1

]

. (2.2)

In the case of nearly parallel or parallel revolute joint axes, a common normal does not
exist. Therefore, Hayati et al. [19] proposed an alternative step to define the origin of
the frame i. The intersection of the zi-axis with a perpendicular plane to the zi−1-axis
defines the origin. This alternative eliminates the parameter di, but introduces a necessary
rotation around the yi-axis. The mDH convention’s homogeneous transformation reads as

Hi
i−1 =

[

Rz(qi) 03×1

01×3 1

][

03×3 tx(ai)
01×3 1

][

Rx(αi) 03×1

01×3 1

][

Ry(βi) 03×1

01×3 1

]

. (2.3)

The overall homogeneous transformation for the considered manipulator with six joints,
visualised in Figure 2.1, reads as

T6
0 = T1

0 T2
1 H3

2 T4
3 T5

4 T6
5 =

[

Re pe

01×3 1

]

, (2.4)

where Re ∈ SO(3) is the orientation and pe ∈ ❘3 is the position of the end-effector - both
expressed in the inertial frame (0, x0, y0, z0).

2.2 Dynamic System

The considered robot, Comau Racer-7-1.4, has six degrees of freedoms (DOFs) as can
be seen in the schematics of Figure 2.1. All joints are revolute. In this work, the
motors and links have an elastic connection, which is why the joint and the motor
angles and angular rates are independent states. This results in the generalised coordi-
nates ξ ∈ ❘12, which are the six angles associated to the joint qi and to the motor θi:
ξ = [ξ1, ξ2, . . . , ξ12]T = [q1, q2, . . . , q6, θ1, . . . , θ6]T.

A straightforward way to determine the equations of motion is the Euler-Lagrange
formalism [1, Chapter 11]:

d

dt

∂L

∂ξ̇i

− ∂L

∂ξi
= τi , i = 1, . . . , 12 , (2.5)
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2 Modelling of Elastic Joint Robots 2.2 Dynamic System 15

x0

y0

z0

x1

y1

z1

x2

y2

z2

x3

y3

z3

x4

y4

z4

z5

x6

y6

z6

θ1

θ2

θ3

θ4
θ5

θ6

g

WCP

Figure 2.1: Schematic of the Robot Comau Racer-7-1.4 [15]. In this work, qi are the joint
angles instead of θi. The wrist center point (WCP) is not used in this work,
it is commonly used to separate the positioning and orientation task of the
end-effector.

where τi are the generalised forces, L = T − V is the Lagrange function, T is the kinetic
energy, and V is the potential energy of the system.
For robots with rigid links, equation (2.5) can be reformulated in vector form [15]

D(ξ)ξ̈ + C(ξ, ξ̇)ξ̇ + g(ξ) = τ , (2.6)

with the symmetric positive definite mass matrix D(ξ) ∈ ❘12×12, where T = 1
2 ξ̇

T
D(ξ)ξ̇

holds, the centrifugal and Coriolis forces C(ξ, ξ̇)ξ̇ ∈ ❘12, the vector of potential forces
g(ξ) ∈ ❘12 and the generalised force vector τ = [τ1, τ2, . . . , τ12]T. The elements of the
matrix C can be described as

C[k, j] =
12∑

i=1

cijkξ̇i , (2.7)

where cijk are the Christoffel symbols of the first kind. They are defined as

cijk =
1

2

(

∂dkj

∂ξi
+

∂dki

∂ξj
− ∂dij

∂ξk

)

, (2.8)

where dij is the (ij)-element of the mass matrix D, see [16, Chapter 7].
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2 Modelling of Elastic Joint Robots 2.2 Dynamic System 16

2.2.1 Non-Constant Gear Ratio

In this work, the non-constant gear ratio is approximated by the sum of a constant basic
transmission and a Fourier series, cf. [9], and reads as

u(ϕ) = u0 +
nu∑

j=1

ûj cos(ũjϕ + ūj) , (2.9)

with the output side angle of the gear ϕ, see Figure 2.2, the number of considered
frequencies nu, the basic transmission u0, the frequencies ũ = [ũ1, . . . , ũnu ], the phase
shifts ū = [ū1, . . . , ūnu ] and the amplitudes û = [û1, . . . , ûnu ]. The gear ratio (2.9) can
be written in the linear parametric form

u(ϕ) = u0 +
nu∑

j=1

âj cos(ũjϕ) − b̂j sin(ũjϕ) (2.10a)

with âj = ûj cos(ūj) and b̂j = ûj sin(ūj) . (2.10b)

The angular rate relation due to the gear ratio is given by

θ̇ = u(ϕ)ϕ̇ . (2.11)

M

κ(·)

L

θ̇

ϕ̇ q̇

u(·)

Figure 2.2: Motor M to link L connection representing an elasticity and a non-constant
gear ratio.

The relation between the output side and motor side angle is determined by solving (2.11),
using seperation of variables with (2.10)

∫

dθ =

∫

u(ϕ) dϕ , (2.12)

which leads to

Ξ(ϕ) = θ = u0ϕ +
nu∑

j=1

1

ũj
(âj sin(ũjϕ) + b̂j cos(ũjϕ)) + UC(θ0, ϕ0) , (2.13)
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2 Modelling of Elastic Joint Robots 2.2 Dynamic System 17

with the constant of integration UC as a function of the initial values θ0 = θ(0) and
ϕ0 = ϕ(0). The constant of integration is

UC(θ0, ϕ0) = θ0 − u0ϕ0 −
nu∑

j=1

1

ũj
(âj sin(ũjϕ0) + b̂j cos(ũjϕ0)) . (2.14)

2.2.2 Kinetic and Potential Energy

The derivation of the kinetic and potential energy of serial chain manipulators with elastic
joints are only shortly summarised in this section. For further details, please see [15].
The transformation of the inertia tensor from the link/mass-frame to the inertial frame
is left aside for simplicity and readability, as well as the substitution of the angular and
translational velocity by the joint angle velocities.

The kinetic energy of a serial manipulator with rigid links is given by

T =
1

2
ξ̇

T
D(ξ)ξ̇ =

6∑

i=1

TL,i + TM,i , (2.15)

where TL,i is the kinetic energy of the link i and TM,i is the kinetic energy of the motor i.
Both kinetic energies consist of translational and rotational elements. Additionally, they
are functions of the angular and translational velocities. The kinetic energy of a link L or
motor M can be written as

Tj,i =
1

2
mj,iċ

T
j,iċj,i +

1

2
ωT

j,iIj,iωj,i , j = M, L , (2.16)

with the inertia tensor Ij,i with respect to its center of mass and transformed to the
inertial frame. In (2.16), cj,i denotes the vector to the center of mass, and ωj,i the angular
velocity of the link or the motor, both expressed in the inertial frame. Hence, ċj,i and
ωj,i are functions of q and q̇ and ωM,i is a function of q, q̇, θ and θ̇.

The energy stored in the elastic joints with linear stiffness, using the output side angle
ϕ = Ξ−1(θ), can be written as

Vs =
1

2
(q −ϕ)TKs(q −ϕ) , (2.17)

with the positive definite stiffness matrix Ks = diag([ks,1, ks,2, ..., ks,6]) and ks,i being the
linear stiffness coefficient. For the non-linear stiffness case the equation changes to

Vs =
6∑

i=1

∫ qi−ϕi

0
κi(α) dα , (2.18)

with the non-linear elastic torque κi(α) as a monotonically increasing function of the angle
α, where κi(0) = 0 holds.
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2 Modelling of Elastic Joint Robots 2.2 Dynamic System 18

The potential energy due to gravity is given by

Vg =
6∑

i=1

mL,ig
T
e cL,i + mM,ig

T
e cM,i , (2.19)

with the gravity vector ge = [0, 0, g]T. The sum V = Vs + Vg gives the total potential
energy. The partial derivative of the total energy with respect to the generalized coordinates
gives the gravity component of the dynamic system model,

gT =
∂V

∂ξ
. (2.20)

2.2.3 Equations of Motion

In [15, (2.63)], it is demonstrated that the sum of (2.16) over j = M, L and i = 1, . . . , 6
leads to the total kinetic energy of an elastic joint robot

TE =

[

q̇

θ̇

]T[

DE(q) U(q)
U(q)T DM

][

q̇

θ̇

]

, (2.21)

with the constant motor inertia diagonal matrix DM ∈ ❘6×6, the positive definite mass
matrix DE ∈ ❘6×6 and the motor/link inertia couplings are considered in the upper
triangle matrix U(q) ∈ ❘6×6.

Hence, the equations of motion of a robot with elastic joints in the form of (2.6) and
utilizing (2.21), (2.7), and (2.20) are given by

[

DE(q) U(q)
U(q)T DM

]

︸ ︷︷ ︸

D(q)

[

q̈

θ̈

]

︸︷︷︸

ξ̈

+

[

CE(q, q̇) C1(q, q̇)
C2(q, q̇) 0

]

︸ ︷︷ ︸

C(q, q̇)

[

q̇

θ̇

]

︸︷︷︸

ξ̇

+

[

gL(q) + κ(q −ϕ)
−κ(q −ϕ)

]

︸ ︷︷ ︸

g(ξ)

+

[

τ f,J(q̇)

τ f,M (θ̇)

]

︸ ︷︷ ︸

τf (ξ̇)

=

[

τ ext

τ d

]

, (2.22)

where τ f (ξ̇) ∈ ❘12 describes the friction forces, τ ext ∈ ❘6 are the generalised external
forces and τ d ∈ ❘

6 is the vector of the generalised forces of the motors. In (2.22),
C1(q, q̇) ∈ ❘

6×6 and C2(q, q̇) ∈ ❘
6×6 are the Coriolis matrices resulting from the

motor/link inertia couplings.

Neglecting the motor/link inertia couplings yields U(q) = 0, C1 = 0, C2 = 0, and
the simplified model reads as, cf. [15],

DE(q)q̈ + CE(q, q̇)q̇ + gL(q) + τ f,J(q̇) = κ(q −ϕ) + τ ext (2.23a)

DM θ̈ + τ f,M (θ̇) = τ d − κ(q −ϕ) . (2.23b)
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3 Parameter Identification

This chapter elaborates on the identification of the model parameters for the non-constant
gear ratios and the forward kinematics. All other parameters of the model introduced
in Chapter 2 are supposed to be known for this work. In Section 3.1, the focus lies on
the gear ratio parameter identification, while in Section 3.2 the mDH parameters are
determined. Each section closes with the presentation and discussion of the results.

3.1 Non-Constant Gear Ratio Parameters

In this work, the gear ratio consists of a constant basic value and a Fourier series, as
shown in Section 2.2.1. The basic value and the Fourier parameters are determined in a
three-step process. First, the measured data is processed. Second, the frequencies used
in the Fourier series are determined by a FFT. Additionally, the direct neighbours of
the identified main frequencies are taken into account to compensate for the imprecise
identification. Third, the remaining Fourier parameters and the basic value are identified
by minimising the quadratic error between the measured and calculated drive side angular
rate.

The first three joints have the highest impact on the robot’s accuracy. Hence, the
non-constant gear ratios are only identified for the first, second and third axis. The
parameters of gear four, five and six are not fully determined. Their influence on the pose
error is not substantial. Therefore, only the basic value is identified side by side with the
mDH parameters in Section 3.2 for those gears.

3.1.1 Identification Process

The kinematic error is the input of the identification process and it is composed of the
difference of the measured and calculated link side angular rate of the gear [9]. The drive
side angle is measured by an encoder, whereas the output side angular rate is measured
by a gyroscope mounted on the related link of the gear. The drive side angular rate is
determined by a numerical derivation of the measured drive side angle. The identification
procedure is executed for each joint separately. Thereby, the full operational range of
the specific joint is covered and the measurement is performed multiple times for each
rotation direction with constant velocity.

Data Processing

The raw data of the applied sensors is not suitable for calculations, wherefore refinements
are carried out before the estimation of the Fourier parameters and the basic value are
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3 Parameter Identification 3.1 Non-Constant Gear Ratio Parameters 20

performed. The following two methods are applied to improve the measured output side
angular rate:

1. Filtering with an acausal filter and

2. aligning to rotation axis.

The drive side angular rate is filtered with the same acausal filter as the output side
angular rate to ensure that both signals have the same bandwidth.

Filtering: A discrete form of the acausal Gaussian filter, with the impulse response

vG(t) =
1

σq

√
2π

exp

(

− t2

2σ2
q

)

, (3.1)

is used to remove noise from the measurements, where σq is the standard deviation

σq =

√

ln(2)

2πfc
(3.2)

and fc the 3dB-bandwidth frequency, see [46].
The 3dB-bandwidth frequency is chosen as a multiple of the base frequency, which is
listed in Table A.4 for each gear.

Alignment to Rotation Axis: An alignment to the rotation axis is essential due to the
inclined installation of the gyroscope. An optimal mounting of the sensor yield a non-zero
result only for the rotation axis. Therefore, the unconstrained optimisation problem is
solved to determine two rotation angles to align the angular rate data to the desired
rotation axis.

min
α,β

‖
N−1∑

k=0

r(tk)e − Ri(α)Rj(β)ωG(tk) ‖2
2 (3.3)

In (3.3), tk = t0 + kTs, k ∈ [0, N − 1] is a discrete time step of the measurement, Ts is the
sampling time, N is the number of measurement data points, e is the orientation vector of
the desired rotation axis, r(t) = ‖ωG(t)‖2 is the magnitude of the measured angular rate
of the gyroscope, ωG(t) = [ωG,x(t), ωG,y(t), ωG,z(t)]T is the gyroscope data, Ri(α) and
Rj(β) are the rotation matrices about the axis i, j ∈ [x, y, z], (i 6= j), with the rotation
angles α and β.

Due to the alignment, only one component of Ri(α
∗)Rj(β

∗)ωG(tk) ∈ ❘3 is non-zero
and further referred to as ωG,fa(tk) ∈ ❘ or in vector form as ωG,fa = [ ωG,fa(t0), . . . ,
ωG,fa(tN−1)].

Gravity Impact

The angular rate of the axes two and three cannot be measured without the influ-
ence of gravity when the robot is installed as depicted in Figure 2.1. The gravity

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

3 Parameter Identification 3.1 Non-Constant Gear Ratio Parameters 21

torque τ g = [τg(t0), τg(t1), . . . , τg(tN−1)] is calculated by the gravity component of
the dynamic model, defined by (2.20) in Chapter 2, with the output side angle q =
[q(t0), q(t1), . . . , q(tN−1)] at each time step tk = t0 + kTs, k ∈ [0, N − 1]. The deflection
∆ϕg = [∆ϕg(t0), ∆ϕg(t1), . . . , ∆ϕg(tN−1)] is looked up from the non-linear stiffness
curve via τ g = [τg(t0), τg(t1), . . . , τg(tN−1)] at each time step tk. The non-linear stiffness
curves are depicted in Appendix A.3. The angular rate variation due to the gravity
∆ϕ̇g = [∆ϕ̇g(t0), ∆ϕ̇g(t1), . . . , ∆ϕ̇g(tN−1)] is determined by the time derivative of the
deflection ∆ϕg = [∆ϕg(t0), ∆ϕg(t1), . . . , ∆ϕg(tN−1)].

Kinematic Error

The kinematic error ωe = [ωe(t0), ωe(t1), . . . , ωe(tN−1)] is defined as the difference be-
tween the transmitted drive side angular rate u0θ̇f = u0[θ̇f (t0), θ̇f (t1), . . . , θ̇f (tN−1)],
with the basic gear ratio u0, and the output side angular rate ϕ̇ = [ϕ̇(t0), ϕ̇(t1), . . . , ϕ̇(tN−1)]
of a gear at each time step tk, see (3.4)

ωe = u0θ̇f − ϕ̇ . (3.4)

A typical time evolution of the error is depicted in Figure 1.2. The data processing
sequence with all its actions to determine the kinematic error from measurement data is
shown in Figure 3.1.

Acausal Gaus-
sian filter

Alignment to
rotation axis

Calculate elastic
deformation

d
dt

u0

ωG,i

θ̇

q

ωG,f,i

θ̇f

ωG,fa

∆ϕg ∆ϕ̇g

−
−

ϕ̇ ωe

Figure 3.1: Data processing sequence to calculate the kinematic error ωe, where ωG,i =
[ωG,i(t0) . . . ωG,i(tN−1)]T with i = [x, y, z] is the gyroscope data of the axis i
and ωG,fa is one filtered rotation axis component ωG,j , j ∈ [x, y, z].

Frequency Analysis

A frequency analysis of the kinematic error ωe is conducted after the raw data is processed.
Due to the mechanical joint limits a full turn is not possible to achieve. Hence, it is not
possible to gain the required resolution for the FFT.

In this work, the FFT is used to perform a coarse search for the frequencies included
in the kinematic error. The obtained results are extended by the direct neighbouring
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frequencies of the identified main frequencies to cover floating point harmonics and to
account for the imprecise identification.

Gear Ratio Parameter Identification

The non-constant gear ratio is determined for several cases. The verification of the identi-
fied parameter sets show that for each rotation direction a set of parameters is necessary
to compensate for the kinematic error. This is mainly, due to the internal unmodelled
effects like friction.

The parameters of the Fourier series â = [â1, . . . , ânu ], b̂ = [b̂1, . . . , b̂nu ] and the ba-
sic ratio u0 are identified by an unconstrained optimisation problem based on the angular
rate relation (2.11). The optimisation problem for the gear ratio parameters reads as

min
ψt=[â, b̂, u0]

‖
N−1∑

k=0

u(θf (tk),ψt) θ̇f (tk) − ϕ̇(tk)‖2
2 . (3.5)

The frequencies ũ of the Fourier series (2.9) are determined in advance by the frequency
analysis, see Section 3.1.1.

System Installation

The gyroscope used to measure the output side angular rate can be placed at any available
mounting point on the robot. A clean cable installation is mandatory because any entan-
glement can influence the measurement. The sensor is fixed to the subsequent link of the
gear that is intended to be measured, as depicted in Figure 3.2.

gyroscope axis 3

gyroscope axis 2gyroscope axis1

A A

B B

C C

D D

E E

F F

4

4

3

3

2

2

1

1

Racer 7-1.4_green_final
GEWICHT: 348.49

A4

BLATT 1 VON 1MASSSTAB:1:20

ZEICHNUNGSNR.

BENENNUNG:

ÄNDERUNGZEICHNUNG NICHT SKALIEREN

WERKSTOFF:

DATUMSIGNATURNAME

ENTGRATEN
UND SCHARFE
KANTEN
BRECHEN

OBERFLÄCHENGÜTE:WENN NICHT ANDERS DEFINIERT:
BEMASSUNGEN SIND IN MILLIMETER
OBERFLÄCHENBESCHAFFENHEIT:
TOLERANZEN:
   LINEAR:
   WINKEL:

QUALITÄT

PRODUKTION

GENEHMIGT

GEPRÜFT

GEZEICHNET

SOLIDWORKS Lehrprodukt - Nur für Lehrzwecke.

Figure 3.2: Gyroscope mounting places on the Comau Racer-7-1.4.
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3 Parameter Identification 3.1 Non-Constant Gear Ratio Parameters 23

The measurements of the kinematic error of gear one can be slightly affected by tilting
effects due to gravity influence. This can be prevented by positioning the robot such that
the tilting moment around the first axis is almost zero.

Experimental Procedure

The experiments are conducted as follows:

• The first three joints are measured separately.

• Each joint should optimally be free of external forces and torques, except for gravity.

• More than one rotation in the working range in each direction is measured, such
that validation data is available.

Six rotations in the operational range in each direction are carried out to identify and
validate the gear transmission parameters.

3.1.2 Results

The results of the identified gear transmissions are presented and discussed in this chapter.
The actual identified values are listed in Appendix A.1.

The experiments with the Comau Racer-7-1.4 show that one set of gear ratio parameters,
identified with data of one rotational direction, does not compensate for the kinematic
error in both directions. It can be concluded that the deviations between the results are
caused by the gear effects mentioned in Section 1.1.1. The unmodelled effects such as
friction, internal elasticity and backlash, are not in the scope of this work. Therefore, two
sets of gear ratio parameters are identified, one for each rotational direction.

Gear 1

The output side angular rate is measured at a constant motor velocity of 7468 °/s (link side
angular rate is ∼88 °/s), which is 40 % of the maximal velocity. The physical boundaries
of the joint at the link side are ±165°, which results in a range of 330°. The acceleration
reduces the practically usable range with constant velocity to 220° at the link side.

Alignment of the gyroscope data: The misalignment of the gyroscope emerges from
the single mounting hole on the first link on the robot. The rotation angles to align
the z-axis are determined by (3.3) and the results are α∗ = 2.3401 · 10−2 rad and β∗ =
−1.0019 · 10−2 rad. The identified angles α∗ and β∗ are used by subsequent rotations
about the x-axis (Rx(α∗)) and y-axis (Ry(β∗)), respectively. An alignment improves the
orientation of the rotation axis, as shown in Table 3.1.
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before, in °/s after, in °/s

x-axis −0.88 −8.40 · 10−4

y-axis 2.05 −0.01
z-axis −88.03 −88.06

Table 3.1: Comparision of the mean gyroscope data in each direction before the alignment
of the rotation axis and after the alignment for a counter-clockwise (CCW)
rotation of the first gear.

Frequency Analysis: The motion range of 220° allows an extraction of a periodic range
of 180° to identify the frequencies. The dominant frequencies derived from the kinematic
error using FFT are 84, 101, 202 and 303 1/°, see Figure 3.3. The number of frequencies
are extended to include the direct neighbouring values of the derived frequencies, see
Table A.6 and Table A.9.

0 50 100 150 200 250 300 350 400 450 500
0

2

4

6
×10−3

frequency in 1/°

am
p
li
tu

d
e

|ω
e
|i

n
°/

s

CCW
CW

Figure 3.3: Fast Fourier Transform (FFT) result of the kinematic error of the first gear of
a clockwise (CW) rotation (in red) and a counter-clockwise (CCW) rotation
(in blue). The constant motor angular rate was 7468 °/s (link side angular
rate is ∼88 °/s).

Fourier Series Parameters: The identified Fourier parameters of clockwise rotation for
the gear ratio computed by (3.5) are listed in Table A.6. The parameters of the counter-
clockwise rotation for the gear ratio are listed in Table A.9. The identified basic gear ratio
u0 is 84.80. The identification is conducted as shown in Section 3.1.1.

The determined Fourier parameters are verified by additional measurements at the same
motion range and speed. A verification at a speed of 3734 °/s, which is approximately
20 % of the maximal velocity, is conducted, see Figure 3.5. A reduction of the RMS value
of the kinematic error from 1.3079 · 10−1 °/s to 6.0316 · 10−2 °/s is possible. The RMS
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value of the kinematic errors for a speed of 7468 °/s are listed in Table 3.2. It is shown
that the error can be reduced by approximately 72 %. The original kinematic error and
the one using the identified parameters are depicted in Figure 3.4.

−100 −50 0 50 100

−0.5

0

0.5
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zoom in
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Figure 3.4: Comparison of the kinematic error of the first gear previous to the compensation
(in red) and after the compensation (in blue) at a motor speed of 7468 °/s
(link side speed is ∼88 °/s).

used for Rotation Direction RMS before, in °/s RMS after, in °/s

identification CW 2.6317 · 10−1 8.1959 · 10−2

identification CCW 3.0028 · 10−1 7.4551 · 10−2

validation CW 2.5876 · 10−1 7.9136 · 10−2

validation CCW 2.9898 · 10−1 7.4148 · 10−2

Table 3.2: The RMS values of the kinematic error of the first gear before and after the
compensation of different measurements.

Gear 2

The output side angular rate is measured at a constant motor velocity of 8300 °/s (link side
angular rate is ∼100 °/s), which is 40 % of the maximal velocity. The physical boundaries
of the joint at the link side are −85° to 155°, which results in a range of 240°. The
acceleration reduces the practically usable range with constant velocity to 100° at the link
side. The alignment of the gyroscope data is performed as described in Section 3.1.2.

Frequency Analysis: The motion range of the link rotation of 100° allows an extraction
of a periodic range of 90° to identify the frequencies. The dominant frequencies derived
from the kinematic error using FFT are 83, 167 and 333 1/°, see Figure 3.6. The number
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Figure 3.5: Comparison of the kinematic error of the first gear before the compensation
(in red) and after the compensation (in blue) at a motor speed of 3734 °/s
(link side speed is ∼44 °/s) which is ∼20 % of the maximal velocity.

of frequencies are extended to include the direct neighbouring values of the derived
frequencies, see Table A.7 and Table A.10.

Fourier Series Parameters: The identified Fourier parameters of clockwise rotation for
the gear ratio computed by (3.5) are listed in Table A.7. The parameters of the counter-
clockwise rotation for the gear ratio are listed in Table A.10. The identified basic gear
ratio u0 is 82.84. The identification is performed as shown in Section 3.1.1.

The determined Fourier parameters are verified by additional measurements at the same
speed and motion range. A validation at a lower speed, 30 % of the maximal speed,
shows a reduction of the RMS value of the kinematic error from 1.6539 · 10−1 °/s to
7.7654 · 10−2 °/s. The RMS value of the kinematic errors are listed in Table 3.3. It is
shown that the error can be reduced by approximately 70 %. The kinematic error and its
compensated version are depicted in Figure 3.7.

used for Rotation Direction RMS before, in °/s RMS afterwards, in °/s

identification CW 2.4382 · 10−1 5.9218 · 10−2

identification CCW 2.2296 · 10−1 1.0445 · 10−1

validation CW 2.6049 · 10−1 7.4176 · 10−2

validation CCW 2.1404 · 10−1 9.7815 · 10−2

Table 3.3: The RMS values of the kinematic error previous to and after the compensation
of different measurements.
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Figure 3.6: Fast Fourier Transform result of the kinematic error of the second gear of a
clockwise (CW) rotation (in red) and a counter-clockwise (CCW) rotation (in
blue). The constant motor angular rate was 8300 °/s (link side angular rate is
∼100 °/s).
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Figure 3.7: Comparison of the kinematic error of the second gear before the compensation
(in red) and after the compensation (in blue) at a motor speed of 8300 °/s
(link side speed is ∼100 °/s).
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Gear 3

The output side angular rate, the drive side angle and angular rate of the third gear is
measured at a constant motor velocity of 4192 °/s (link side angular rate is ∼61 °/s), which
is 20 % of the maximal velocity. The physical boundaries of the joint at the link side are
−170° to 0°, which results in a range of 170°. The acceleration reduces the practically
usable range with constant velocity to 53.49° at the link side. The alignment of the
gyroscope data is performed as described in Section 3.1.2.

Frequency Analysis: The motion range of 53.49° does not allow to extract a periodic
range to identify the frequencies. The dominant frequencies derived from the kinematic
error using FFT are 70, 140 and 280 1/°, see Figure 3.8. The number of frequencies
are extended to include the direct neighbouring values of the derived frequencies, see
Table A.8 and Table A.11.
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Figure 3.8: Fast Fourier Transform result of the kinematic error of a clockwise (CW)
rotation (in red) and a counter-clockwise (CCW) rotation (in blue). The
constant motor angular rate was 4192 °/s (link side angular rate is ∼61 °/s).

Fourier Series Parameters: The identified Fourier parameters of clockwise rotation for
the gear ratio computed by (3.5) are listed in Table A.8. The parameters of the counter-
clockwise rotation are listed in Table A.11. The identified basic gear ratio u0 is 69.05.
The identification is performed as shown in Section 3.1.1.

The determined Fourier parameters are verified by additional measurements at the same
speed and motion range. Due to the small motion range a validation with another speed
is not conducted. The RMS value of the kinematic errors are listed in Table 3.4. It is
shown that the error can be reduced by approximately 70 %. The kinematic error and its
compensated version are depicted in Figure 3.9.
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Figure 3.9: Comparison of the kinematic error previous to the compensation (in red) and
after the compensation (in blue) at a motor speed of 4.19 · 103 °/s (link side
speed ∼61 °/s).

used for Rotation Direction RMS before, in °/s RMS afterwards, in °/s

identification CW 2.7386 · 10−1 6.6944 · 10−2

identification CCW 3.1313 · 10−1 8.1778 · 10−2

validation CW 2.7282 · 10−1 6.6862 · 10−2

validation CCW 3.0412 · 10−1 9.1894 · 10−2

Table 3.4: The RMS values of the kinematic error before and after the compensation of
different measurements.
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3.2 Kinematic Model Parameters

The parameters of the kinematic model introduced in Section 2.1 are identified in three
steps in this work. Firstly, the identifiable parameters are determined by an analysis of the
robot’s structure and a singular value decomposition (SVD) of the identification Jacobian
[21]. Secondly, the extended DETMAX algorithm introduced by Daney et al. in [29] is
used to calculate sets of optimal robot poses for the identification and verification phase.
Thirdly, the identifiable parameters are determined by the classic identification process.

As mentioned in Section 3.1, the basic gear ratios of the fourth, fifth and sixth gear
are added to the parameter set.

3.2.1 Identifiable Parameters

The kinematic model presented in Section 2.1 comprises 24 parameters. However, not all
of them are identifiable due to the used measurement method and due to the dependency
amongst each other, cf. [20]. The measurements are taken by an optical 6D tracking
system called OptiTrack, which consists of 12 cameras and 6 reflecting markers mounted
on the robot’s end-effector. In small measurement areas or by using a large number of
cameras (> 20), the accuracy of the system is about1 0.10 mm [47] and 0.05° according to
the specifications of the cameras. The position of an object is calculated by the mean
of the positions of all reflectors mounted on the tracking target. A set of reflectors is
labelled as one rigid body. The orientation is calculated by the position difference of the
reflectors. A high accuracy for the orientation is achieved with large distances between the
reflectors. In this work, the original OptiTrack rigid body2, with six reflectors mounted in
small distances, is used. Since the Comau Racer-7-1.4 as the considered obstacle for the
calibration process of the sensor system, the large measurement area and the small rigid
bodies entail that the accuracy of the orientation data is not precise enough and only the
position data is usable.

The limitation to the position data leads automatically to a non-identifiable param-
eter α6, which could be identifiable with orientation data. The remaining identifiable
parameters are determined by analysing the structure of the robot and the identification
Jacobian JI .

The structure of the robot shows that the z5- and z6-axis are collinear, wherefore the
translation parameters d5 or d6 are linear dependent and not identifiable.

The introduced Hayati-Parameter βi is identifiable at one of the parallel rotation axes,
but prevents the identification of the translation di along the z-axis. In conclusion, β3 is
identifiable, but d3 is not. The parameters βi (i = 1, 2, 4, 5, 6) are not part of the kinematic
model, as described in Section 2.1.

1https://optitrack.com/applications/robotics/, last visited on 01. Sept. 2020
2https://optitrack.com/accessories/markers/#mcp1090, last visited on 01. Sept. 2020
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As mentioned in Section 1.1.3, the identification Jacobian JI is the partial derivative of
the forward kinematics with respect to the mDH-parameters at the current joint position
and a singular JI indicates the presence of non-identifiable parameters. The position
deviation ∆pe reads as

∆pe = pe,m − pe(q, ζ) , (3.6)

with pe,m as the measured position of the OptiTrack system and pe(q, ζ) of (2.4) being
the nominal position of the end-effector. Note that pe(q, ζ) is a function of the mDH
parameters ζ = [ζ1, ζ2, . . . , ζ24]T = [αT, βT, aT, dT]T, with α, β, a, and d being the
vectorized mDH-parameters of all axes, and the link angles q = [q1, q2, . . . , q6]T. It is
assumed that the deviation is small, which allows a Taylor series approximation of first
order

∆pe =
∂pe

∂α
∆α+

∂pe

∂β
∆β +

∂pe

∂d
∆d +

∂pe

∂a
∆a +

∂pe

∂q
∆q , (3.7)

with ∆α, ∆β, ∆a, and ∆d being the parameter deviations between the real and the
nominal values and ∆q is the deviation from the joint angles. If the measurement data
includes the orientation, pe is replaced in (3.7) by the pose information including the
position and the orientation data.

Introducing the identification Jacobian JI =
[

∂pe

∂α
, ∂pe

∂β
, ∂pe

∂a
, ∂pe

∂d
, ∂pe

∂q

]

, the approximation
is rewritten as

∆pe = JI∆υ , (3.8)

where ∆υ is the vector of all deviations ∆α, ∆β, ∆a, ∆d, and ∆q. After excluding
the above mentioned non-identifiable parameters, JI is calculated for K random pose
configurations with the nominal parameters and combined to one matrix. The number of
poses K is chosen randomly but has to be greater than the number of parameters. In this
work, K = 1000.

The singular value decomposition reads as

J̄T
I = [JT

I,1 JT
I,2 . . . JT

I,M ]T = USVT , (3.9)

with the stacked identification Jacobian J̄I (n × m, n = 30 and m = 3K), the m × m
unitary matrix U, the m × n rectangular diagonal matrix with non-negative real numbers
on the diagonal S = diag(σ1, σ2, . . . , σm) and V being an n × n unitary matrix. Here, σi

is called singular value. The Matlab function svd() is used to determine the matrices.
If the singular value σi ≅ 0 then the parameter ζi or qi is not identifiable.

In this work, the goal is to identify the constant gear ratios u0,i of the axis 4, 5 and 6.
The joint angles q = q(ϕ,κ) are a function of the link side angles of the gear ϕ and the
non-linear stiffness κ of the gear. The link side angle reads as ϕ = u0θ for the constant
gear ratio u0 and θ is the motor side angle. Therefore, the identifiability of the deviation
of the joint angles ∆q is used as an indication for the identifiability of the constant gear
ratio u0.

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

3 Parameter Identification 3.2 Kinematic Model Parameters 32

The resulting identifiable and non-identifiable parameters are listed in Table 3.5 and the
finally used parameters are υ̌ = [d2, d4, d5, a1, . . . , a5, α1, . . . , α5, β3, u0,4, u0,5, u0,6] ∈
❘

17.

Frame j dj aj αj βj qj Frame j dj aj αj βj qj

1 n i i x i 4 i i i x i
2 i i i x i 5 i i i x i
3 n i i i i 6 n n n x i

Table 3.5: A list of identifiable mDH parameters of the Comau Racer-7-1.4 with position
measurements (i: identifiable, n: not identifiable, x: not existing).

3.2.2 Set of Identification Poses

The sensitivity of the identification Jacobian JI to parameter deviations is used to find the
identifiable parameters. This characteristic is further exploited in determining K robot
configurations for the calibration in this section, with

J̌T
I = [J̌T

I,1, . . . , J̌T
I,K ]T , J̌I,i =

∂pe(qi, υ)

∂υ̌
, i = 1, . . . , K ,

where qi is the I th robot configuration, υ is the vector of all mDH parameters and υ̌ is
the vector of all identifiable mDH parameters, see Section 3.2.

The extended Detmax algorithm, introduced in [29], is executed to determine K = 50
robot configurations for the parameter identification and 13 for validation. The goal of
the algorithm is to increase the observability indices of the set. In this work the indices

O1 =
m
√∏m

i=1 σi√
K

(3.10)

and

O4 =
(minσ)2

maxσ
(3.11)

are used, with the vector of all singular values σ = [σ1, σ2, . . . , σm], where m is the
number of identifiable parameters υ̌ ∈ ❘m.

The extended Detmax algorithm starts with a full initialised set containing K = 50
random configurations and has two main parts. In the first part, 10 configurations are
randomly chosen with the constraint to increase the index O1 of the set. The one new
configuration that maximises the index O4 of the original set the most is added to the set.
The second part removes one configuration from the set that has the least influence on
index O1, to return to the desired amount of configurations. These two steps are repeated
as long as the change in the observability index from one iteration to the next is above a
given threshold.
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3 Parameter Identification 3.2 Kinematic Model Parameters 33

The randomly chosen configurations are constraint by the axes’ limits, given in Ta-
ble A.1, and the workspace. The workspace is limited by the robot settings and the used
sensor system. The workspace setting of the Comau Racer-7-1.4 restricts the z-position
above zero (z ≥ 0), as can be seen in Figure 3.11. The cameras of the OptiTrack system
cover the full robot workspace as depicted in Figure 3.10.

(a) Side View (b) Front View

(c) Diagonal View

Figure 3.10: Installation of the sensor system and the robot Comau Racer-7-1.4.

The resulting robot poses used for the identification process are listed in Table A.13
and Table A.14 and depicted in Figure 3.11. Thereby, each end-effector position is marked
as yellow dot.
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−1 −0.5 0
0.5 1

0

1

2

0

0.5
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Figure 3.11: Positions of the end-effector for the determined pose set with the DETMAX
algorithm are drawn as yellow dots with black border. The blue dots indicate
random possible end-effector positions to get an idea about the workspace of
the robot.

3.2.3 Classical Identification

The identification of the parameters is performed by minimising the quadratic difference
between the nominal position from (2.4) and the measured position, hence called classical
identification [20]. The Comau Racer-7-1.4 consists of 20 independent and identifiable
kinematic parameters α̌, β̌, ǎ, ď, and ǔ0, as shown in Table 3.5. They are collected in the
vector υ̌ ∈ ❘17, except the known basic gear ratios u0,1, u0,2, and u0,3, see Section 3.1.
The unconstrained optimisation problem reads as

min
υ̌=[α̌, β̌, ǎ, ď, u0,4, u0,5, u0,6]

M∑

i=1

‖pe(υ̌, qi) − pe,m‖2
2 . (3.12)

The nominal position pe is determined with the set of configurations θ listed in Table A.13
and Table A.14. The set contains the motor angles θ, which have to be translated to
the link side q. Firstly, the inverted gear ratio is used to translate the motor angle to
the link side, ϕi = Ξ−1(θi) for i = 1, 2, 3 and ϕi = θi/u0,i for i = 4, 5, 6. Secondly, the
influence of the gravity is added q = ϕ+ ∆ϕg, as described in Section 3.1.1. After the
transformation from the motor to the link side, the nominal position is calculated by the
direct kinematics (2.4).
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3.2.4 Results

The identification procedure introduced in this work improves the absolute accuracy
significantly. The extended classical identification has proven valid and accurate.
The maximum and mean position errors can be reduced by 81 % and the minimal errors by
67 % of the calibration set, see Table 3.6. The validation is performed using 13 robot pose
configurations, which are different to the ones used for the identification. The validation
shows similar results, which proves the accuracy of the proposed identification algorithm,
see Table 3.7 and Figure 3.12.

The mDH-parameter deviations from the nominal values are listed in Table 3.8. These
small deviations increase the absolute accuracy, as can be seen by the Euclidean distance
from the nominal to the measured and optimised position depicted in Figure 3.12.

1 2 3 4 5 6 7 8 9 10 11 12 13
0

1

2

3

4

5

6

7

pose number

p
os

it
io

n
er

ro
r

in
m

m

nominal
calibrated

Figure 3.12: Euclidian distance from the nominal to the measured position of the end-
effector of the validation configuration set in red and blue, respectively.

before after

max error in m 6.9350 · 10−3 1.3277 · 10−3

min error in m 2.3018 · 10−4 7.6606 · 10−5

mean error in m 3.1659 · 10−3 6.1685 · 10−4

standard deviation in m 2.0244 · 10−3 2.6849 · 10−4

Table 3.6: Position errors of the optimisation set before and after the calibration, in meter.
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3 Parameter Identification 3.2 Kinematic Model Parameters 36

before after

max error in m 6.8050 · 10−3 1.2332 · 10−3

min error in m 1.3222 · 10−3 5.5309 · 10−4

mean error in m 4.1348 · 10−3 8.1988 · 10−4

standard deviation in m 1.6045 · 10−3 2.2836 · 10−4

Table 3.7: Position errors of the validation set before and after the calibration, in meter.

Frame j ∆dj in m ∆aj in m ∆αj in rad ∆βj in rad u0,j

1 x −1.3453 · 10−4 −2.6899 · 10−4 x x
2 7.7391 · 10−5 −6.3955 · 10−4 3.3536 · 10−4 x x
3 x −1.4147 · 10−4 9.2909 · 10−5 8.4190 · 10−4 x
4 −1.9136 · 10−4 −9.2677 · 10−5 −3.9434 · 10−4 x 51.4232
5 x 4.9013 · 10−4 2.7095 · 10−5 x 46.0081
6 x x x x 49.9998

Table 3.8: A list of identified mDH parameter deviations and the basic gear transmission
ratios of gear 4, 5 and 6 of the Comau Racer-7-1.4. The basic gear transmission
ratios of gear 1 to 3 are identified in Section 3.1.
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4 Offline Trajectory Planning

The goal of this chapter is to determine optimal control inputs for the robot to achieve
highly accurate trajectories of the robot’s pose. For this, the detailed models of the
robot’s kinematics and dynamics, described in the previous chapters, are used. The robot
is equipped with high bandwidth velocity controllers for each axis. Hence, the angular
acceleration of the motors is chosen as control input for the offline trajectory planning
and the friction of the drive chains can be neglected.

The inverse kinematics is used to transform the two times continuously differentiable
reference trajectory in the output space to the joint space. An optimal control approach
is applied to determine optimal motor accelerations for a reference trajectory in the joint
space.

The influence of the weighting factor which is used in the cost functional of the op-
timal control problem (OCP) is discussed in this chapter. Highlighting the differences in
the results of the OCP with a detailed model and the OCP with a simple model is not
part of this work. A verification of the offline trajectory planning on a real robot, which
would show the differences between those two approaches, is the goal of future work.

In this work, a conical spiral and a straight line are chosen to demonstrate the pre-
sented algorithm. The desired orientation of the end-effector is constant and given.
The identified parameters are used from Chapter 3 and the dynamic parameters of the
links and motors from [15], see Section 2.2.2.

4.1 Optimal Control Problem

In this section, an optimal control problem is formulated to realize high-accuracy tra-
jectory tracking. The goal is to determine optimal motor accelerations such that the
joint coordinates follow a reference trajectory with minimal deviations. Therefore, the
dynamic model including the non-constant gear ratios and the non-linear joint elasticities,
as introduced in Chapter 2, is used.

The angular velocity θ̇ must be continuous to ensure finite acceleration and torques.
Therefore, the control input u of the dynamic system is chosen to be the motor accelera-
tion θ̈. An integration of the control input

∫
u dt = θ̇ref induces the reference trajectory

for the velocity controllers of the axes.

The simplified dynamic system (2.23) is used for the optimal control problem. Thereby,
the joint friction τ f,J is neglected and set to zero and the external forces τ ext are assumed

37
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4 Offline Trajectory Planning 4.1 Optimal Control Problem 38

to be zero. The dynamics of the motors as given in (2.23b) is not required because the
motor acceleration θ̈ is used as control input instead of the motor torque τ d.

The states of the resulting system (2.23a) are given by x = [qT, q̇T, θT, θ̇
T

]T. Hence,
the dynamic system for the optimal control problem reads as

ẋ =
d

dt








q

q̇

θ

θ̇








=








q̇

D−1
E (q)(κ(Ξ−1(θ) − q) − gL(q) − CE(q, q̇)q̇)

θ̇

u = θ̈








= f(x, u) (4.1)

with Ξ(·) being the gear ratio function defined in (2.13), κ(·) being the non-linear joint
elasticity defined in Section 2.2.2, DE(q) is the mass matrix, gL(q) represents the gravi-
tation forces, and CE(q, q̇)q̇ are the Coriolis and centrifugal forces.

As shown in Section 3.1.1, the identified non-constant gear ratio varies in each rota-
tion direction. It is assumed that this behaviour is caused by unmodelled gear effects.
Friction, wear, backlash and inner gear elasticity can introduce non-linear phase shift and
non-linear amplitude behaviour [7]. Therefore, the gear ratio function used within the
dynamic system equation is only used with parameters of the clockwise rotation.

The objective function of the optimal control problem is chosen as the difference between
the reference and the actual link angle to improve the absolute accuracy. Additionally, a
quadratic term for the control input with a weighting factor is added to the cost functional
to be able to limit the bandwidth of the control input. The optimal control problem is
formulated as

min
u(·), x(·)

∫ te

t0

(

‖q(t) − qd(t)‖2
2 + ν‖u(t)‖2

2

)

dt (4.2a)

s.t. ẋ = f(x(t), u(t)) (4.2b)

xmin ≤ x(t) ≤ xmax , ∀t ∈ [t0, te] (4.2c)

umin ≤ u(t) ≤ umax , ∀t ∈ [t0, te] (4.2d)

q(t0) = qd(t0), q(te) = qd(te) (4.2e)

θ(t0) = Ξ(q(t0) − κ−1(g(q(t0)))) (4.2f)

θ(te) = Ξ(q(te) − κ−1(g(q(te)))) (4.2g)

q̇(t0) = q̇(te) = 0 (4.2h)

θ̇(t0) = θ̇(te) = 0 (4.2i)

u(t0) = u(te) = 0 , (4.2j)

with xmin and xmax being the upper and lower limits of each axis for the system states
(angular position, angular rate), see Table A.1 and A.2, umin and umax being the upper
and lower limits of the motor accelerations, see Table A.3, the initial q̇(t0) and terminal
q̇(te) link angular rate and the initial state θ̇(t0) and terminal state θ̇(te) of the motor
angular rate, u(t0) and u(te) being the initial and the terminal motor acceleration and
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4 Offline Trajectory Planning 4.1 Optimal Control Problem 39

ν > 0 is a weighting factor. The initial and terminal state of the motor angle θ in (4.2f)
and (4.2g) ensure that the initial and terminal conditions of the dynamic system are
fulfilled.

A direct multiple shooting method is used to solve the optimal control problem. Di-
rect methods reduce optimal control problems to static non-linear programming problems
(NLPs) [38, 39].

The multiple shooting method has two significant steps in the conversion. Firstly, the time
span t = [t0, te] is split into N equidistant segments Ts = (te − t0)/(N − 1), wherefore
the state xk = x(tk) and control input uk = u(tk) at each time step tk = t0 + kTs are
treated as optimisation variables. Secondly, the ordinary differential equations (ODEs)
representing the dynamics of the system are approximated by a discretisation method,
e. g. Euler or Runge-Kutta method [39].

An approximation with the Runge-Kutta scheme introduces oscillations to the system
because the dynamics of the industrial robot are described by stiff ODEs due to the
elastic joints. Therefore, the trapezoidal method is used in this work. This leads to the
transcripted NLP

min
y

N−1∑

k=0

‖qk − qd,k‖2
2 + ν‖uk‖2

2 (4.3a)

s.t. xk+1 = xk +
Ts

2
(fk + fk+1) , fk = f(xk, uk), (4.3b)

xmin ≤ xk ≤ xmax , ∀k = 1, 2, . . . , N − 1 (4.3c)

umin ≤ uk ≤ umax , ∀k = 1, 2, . . . , N − 1 (4.3d)

q0 = qd,0, qN−1 = qd,N−1 (4.3e)

θ0 = Ξ(q0 − κ−1(g(q0))) (4.3f)

θN−1 = Ξ(qN−1 − κ−1(g(qN−1))) (4.3g)

q̇0 = q̇N−1 = 0 (4.3h)

θ̇0 = θ̇N−1 = 0 (4.3i)

u0 = uN−1 = 0 , (4.3j)

with the optimisation variables y = [u0, x0, u1, x1, . . . , uN−1, xN−1]T. Moreover, q̇1,

q̇N−1, θ
(i)
1 and θ

(i)
N−1 are the initial and terminal states of the link and motor angular rate

(i = 1) and angular acceleration (i = 2), qk = [qk,1, . . . , qk,6]T and uk = [uk,1, . . . , uk,6]T

are the link angles and the control input at time step k and qd,k = [qd,k,1, . . . , qd,k,6]T

are the desired link angles at time step k.

The NLP (4.3) can be solved with the software tools CasADi, and IPOPT. CasADi
is an open-source tool that generates derivative information using algorithmic differentia-
tion. It supports ODE/DAE integration, sensitivity analysis and interfaces to numerical
tools, such as the Interior Point Optimizer (IPOPT). The IPOPT is an open-source
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4 Offline Trajectory Planning 4.2 Generation of Reference Trajectories 40

package for large-scale non-linear optimisation. IPOPT performs an interior point line
search filter method that aims to find a local solution of the NLP.

The implementation of (4.3) is carried out with CasADi [48] and IPOPT [49], using
the solver MA27 [50]. The NLP is defined symbolically with CasADi syntax and solved
with the combination of IPOPT and MA27.

4.2 Generation of Reference Trajectories

In this section, an algorithm is proposed to generate smooth end-effector position trajec-
tories and a numerical inverse kinematic method is employed to determine the link side
angles. The output is used as a reference for the optimal control problem proposed in
Section 4.1.

4.2.1 Polynomial Trajectory Planning

The trajectory planning is a huge research field with various established algorithms
[16, Chapter 4]. In this work, the variation in time of the desired position pd(t) =
[pd,x(λx(t)) pd,y(λy(t)) pd,z(λz(t))]T in the Euclidean space is parametrized by a 7th order
polynomial, which reads as

λ(t) =
7∑

i=0

m̂it
i , (4.4)

with the polynomial coefficients m̂i. The advantage of the polynomial approach is the
simplicity and the possibility to include initial and terminal constraints. The order of
seven is chosen because of the smoothness up to the second derivative, i. e. the acceleration.
Polynomials of higher order are often used to generate suitable trajectories [1].

Here, the requirements for the robot’s end-effector motion are zero velocity and ac-
celeration at the start and at the end of the trajectory, in addition to the continuous
differentiability up to order two. The initial and terminal conditions are achievable by
setting the polynomial coefficients m̂i accordingly. They can be determined by solving
(4.4) for the initial λ(t0) and terminal conditions λ(te) and its first and second time
derivative, λ̇(t0) = λ̇(te) = 0 and λ̈(t0) = λ̈(te) = 0, respectively. The results are

m̂0 = λ(t0) , m̂1 = 0 , m̂2 = 0 ,

m̂3 = 0 , m̂4 = −35
∆λ

te
4 , m̂5 = 84

∆λ

te
5 ,

m̂6 = −70
∆λ

te
6 , m̂7 = 20

∆λ

te
7 ,

with ∆λ = λ(te) − λ(t0).

4.2.2 Numeric Inverse Kinematics

The reference trajectory in the output space has to be transformed to the joint space using
the inverse kinematics. In [15], an analytic expression of the inverse kinematics of the con-
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sidered robot is introduced. However, only the classical DH-parameters are used. Hence,
the inverse kinematics problem is solved by a numerical approach [1, Chapter 2.7], such
that the accurate model parameters from Chapter 3 can be used. A constraint optimisation
problem is formulated to minimise the difference between the reference angles and the
optimised angles. The joint angles q0(t) = [q0,1(t), q0,2(t), q0,3(t), q0,4(t), q0,5(t), q0,6(t)]T

are determined by the analytic inverse kinematics of [15] and are used as initial value.

The constraint optimisation problem is solved for every time instant k = 1, . . . , N
and reads as [16]

min
qk

(qk − q0,k)T(qk − q0,k) (4.5a)

s.t. pd,k = pe(qk) (4.5b)

I3×3 = R−1
d,k Re(qk) (4.5c)

with I3×3 being the identity matrix of size 3 × 3 and pe(qk) and Re(qk) the position and
orientation of the end-effector at the time step tk calculated by the forward kinematics
(2.4) incorporating the identified mDH-parameters.

The calculated desired link angles qd,k result in a more accurate performance due to the
precisely identified model parameters used in the inverse kinematics. The results of this
section are used in Section 4.1, where the dynamics of the system including elastic joints
and non-constant gear ratios on the trajectory are covered by an optimal control scheme.

4.3 Trajectory Examples

In this section, two different end-effector trajectories are used to verify the proposed offline
trajectory planning method. The position and orientation accuracy are examined as well
as the influence of the weighting factor ν on the accuracy and on the necessary controller
bandwidth. The reference joint angles are determined as given in (4.5).

The desired orientation of the end-effector Rd is calculated by the forward kinemat-
ics (2.4) with the nominal mDH parameters for the link angles q1 = q3 = q4 = q6 = 0,
q2 = π/2 and q5 = π/2, resulting in

Rd =






−1 0 0
0 −1 0
0 0 1




 . (4.6)

The orientation of the end-effector represented by Rd is used for both cases, the conical
spiral and the straight line. The end-effector’s orientation is constant over the time
intervall [t0, te].
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4.3.1 Straight Line

The straight line is defined as

pd(t) =






x0

λy(t)
z0




 , (4.7)

with x0 being the desired constant position on the x-direction and z0 being the constant
position on the z-direction. The y-position λy(t) is determined in the time interval
t = [t0, te], see (4.4). The y-position λy(t) starts at λy(t0) and ends at λy(te).

The straight line parameters are x0 = 0.834 m, z0 = 1 m, yd(t0) = 0 m and yd(te) = 0.50 m,
t0 = 0 s and te = 2.50 s with a sampling time of Ts = 1 ms.

The desired link angle trajectories qd,i, i = 1, . . . , 6, of the straight line are calcu-
lated with the inverse kinematics (4.5), using the desired end-effector position determined
by (4.7).

0 0.5 1 1.5 2 2.5

0

0.1

0.2

0.3

0.4

0.5

0.6

time t in s

p
at

h
v
el

o
ci

ty
‖ṗ

e
‖ 2

in
m
/s

result
desired

Figure 4.1: Path velocity of the straight line trajectory. Result using the optimal control
input determined with (4.3) and a weighting factor of ν = 10−14.

The optimal control problem (4.3) for the straight line trajectory is solved using two
different weighting factors ν. The results are needed to investigate the influence of ν on
the required control bandwidth and on the pose accuracy. The frequency analysis for
two weighting factors for all axes are depicted in Figure 4.3. All results indicate that
by decreasing the weighting factor ν, the bandwidth increases slightly, as for the conical
spiral in Section 4.3.2.

The influence of the weighting factor ν on the states and the control input is illus-
trated in Figure 4.4 and on the position error of the end-effector in Figure 4.2. The
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velocity of the desired end-effector trajectory in the output space is depicted in Figure 4.1.
The comparison between the desired and the calculated velocity with optimal control
input in Figure 4.1 shows a good tracking behaviour. The results show the predicted
behaviour, a smaller weighting factor increases the oscillations of the control input and
the motor angular rate. A smaller weighting factor also decreases the oscillations on the
link side, as can be seen in Figure 4.4(c). The opposite behaviour is to be observed for
the position error of the end-effector, which is depicted in Figure 4.2, where a smaller
weighting factor yields a higher accuracy.

The control bandwidth for axis 5 and 6 cannot be identified due to small velocity values,
see Figure 4.3(e) and (f). The control bandwidth of axis 1, 2, 3 and 4 are significantly
smaller for a high weighting factor as for a small weighting factor. A bandwidth of 100 Hz
can be achieved for a weighting factor of 10−14, as can be seen in Figure 4.3. The results
indicate that for a higher position accuracy, a lower weighting factor is needed, which
requires a higher control bandwidth.

0 0.5 1 1.5 2 2.5

0

0.1

0.2

time t in s

p
os

it
io

n
er

ro
r

in
m

m

ν = 10−11

ν = 10−14

Figure 4.2: Norm of the position error ‖pd − pe‖2 of the straight line trajectory. Two
results with different weighting values are compared.

The solution of the optimal control problem (4.3) with a weighting factor of ν = 10−14

for the straight line trajectory shows moderate errors for the desired link angles as well
as for the orientation of the end-effector. The results are depicted in Figure 4.5. The
position error is illustrated in Figure 4.5(c), the control input and motor angular rates in
Figure 4.6 and the link angular rates in Figure 4.7.

The initial and terminal constraints on the angular rate and acceleration are fulfilled, as
can be seen in Figures 4.6 and 4.7. Due to the the low weighting factor ν, high oscillations
are present in the control input (Figure 4.6).
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Figure 4.3: Frequency analysis of the control input u = θ̈ calculated with two different
weighting values ν for all axes (axis 1 (a), axis 2 (b), axis 3 (c), axis 4 (d),
axis 5 (e) and axis 6 (f)) of the straight line example.
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Figure 4.4: Comparison of the control input u2 = θ̈2 in (a) and the states (θ̇2 and q̇2 in
(b) and (c), respectively) of axis 2 of the straight line trajectory calculated
with different weighting factors ν.
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Figure 4.5: Errors of the link angles (a), of the orientation of the end-effector (b) and of
the position of the end-effector (c) for the straight line trajectory. The optimal
control problem is solved with a weighting factor of ν = 10−14.
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Figure 4.6: The control input u = θ̈ and the angular rate at the motor side θ̇ is depicted in
(a) and (b), respectively, for the straight line trajectory. The optimal control
problem is solved with a weighting factor of ν = 10−14.
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Figure 4.7: The angular rate at the link side q̇ for the straight line trajectory. The optimal
control problem is solved with a weighting factor of ν = 10−14.
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4.3.2 Conical Spiral

The spiral angle λµ(t) is determined over the time interval t = [t0, te], see (4.4). The start
angle λµ(t0) and the termination angle λµ(te) are given. The desired Euclidean position
reads as

pd(t) =






aλµ(t) cos(λµ(t))
aλµ(t) sin(λµ(t))

λz(t)




 , (4.8)

where the amplitude a is determined by the given maximum radius rmax and the given
number of rotations n as a = rmax/(2πn). The z-position λz(t) is determined by (4.4)
over the time interval t = [t0, te]. The start value of the z-position λz(t0) and the terminal
value of the z-position λz(te) are given.

The conical spiral parameters are n = 3/2, rmax = 0.10 m, zd(t0) = 1.10 m, zd(te) = 1.50 m,
µd(t0) = pi/2, µd(te) = 2πn, t0 = 0 s and te = 2.50 s with a sampling time of Ts = 1 ms.
The resulting trajectory is depicted in Figure 4.8.

The desired link angle trajectories qd,i, i = 1, . . . , 6, of the conical spiral are calcu-
lated by the inverse kinematics (4.5) using the desired end-effector position given in
(4.8).
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Figure 4.8: Comparison between the desired and the calculated conical spiral trajectory
including orientation frames of the end-effector.

The optimal control problem (4.3) for the conical spiral trajectory is solved using two
different weighting factors ν. The results are needed to investigate the influence of ν on
the required control bandwidth and on the pose accuracy. The velocity of the desired
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Figure 4.9: Velocity of the conical spiral trajectory. Result using the optimal control input
determined with (4.3) and a weighting factor of ν = 10−14.

end-effector trajectory in the output space is illustrated in Figure 4.9. The comparison
between the desired and the calculated velocity ((4.3) with a weighting factor ν = 10−14)
in Figure 4.9 shows a good tracking behaviour. The frequency analysis for two weighting
factors for all axes are depicted in Figure 4.10. All results indicate that by decreasing the
weighting factor ν, the bandwidth increases slightly.

The influence of the weighting factor ν on the states and the control input is illus-
trated in Figure 4.11. In Figure 4.12, it can be seen that the choice of the weighting factor
has a significant influence on the result. A large weighting factor increases the end-effector
position error significantly, see Figure 4.12.

A solution of the optimal control problem (4.3) with a weighting factor of ν = 10−14

for the conical spiral trajectory shows moderate errors for the desired link angles as well
as for the orientation of the end-effector. The results are depicted in Figure 4.13. The
position error is illustrated in Figure 4.13(c) and the link and motor angular rates are
depicted in Figure 4.14 and Figure 4.15, respectively. The control input is illustrated in
Figure 4.15 and the resulting end-effector trajectory is depicted in Figure 4.8.

The initial and terminal constraints on the angular rate and acceleration are fulfilled as
can be seen in Figure 4.14 and Figure 4.15. Due to the small weighting factor ν, large
oscillations are present in the control input, as can be seen in Figure 4.15.

The results indicate the same conclusions as for the straight line example.
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Figure 4.10: Frequency analysis for the control input u = θ̈ calculated with different
weighting factors ν for all axes (axis 1 (a), axis 2 (b), axis 3 (c), axis 4 (d),
axis 5 (e) and axis 6 (f)) of the conical spiral example.
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Figure 4.11: Comparison of the control input u2 = θ̈2 (a) and the states (θ̇2 in (b) and q̇2

in (c)) of axis 2 of the conical spiral trajectory calculated with different
weighting factors ν.
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Figure 4.12: Norm of the position error ‖pd − pe‖2 of the conical spiral trajectory. Two
results with different weighting factors are compared. A larger weighting
factor ν increases the error significantly.
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Figure 4.13: Errors of the link angles (a), of the orientation of the end-effector (b) and
of the position of the end-effector (c) for the conical spiral trajectory. The
optimal control problem is solved with a weighting factor of ν = 10−14.
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Figure 4.14: Angular rate at the link side q̇ of the conical spiral trajectory. The optimal
control problem is solved with a weighting factor of ν = 10−14.
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Figure 4.15: The control input u = θ̈ of the conical spiral trajectory is illustrated in (a)
and (b). The angular rate at the motor side θ̇ is depicted in (c) and (d) of
the conical spiral trajectory. The optimal control problem is solved with a
weighting factor of ν = 10−14.
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5 Conclusion

An offline trajectory planning algorithm is developed in this thesis in order to improve the
absolute accuracy of a serial robot with six degrees of freedom. For this, accurate kinematic
and dynamic models of the robot are required. These models incorporate non-constant
gear ratios and non-linear joint stiffness. The so-called modified Denavit-Hartenberg
(mDH) parameters are used for the kinematic model and are identified by exploiting
50 different position measurements. These 50 poses are determined by maximizing two
observability indices. The non-constant gear ratios are composed of a linear ratio and a
Fourier series and are identified for the first three gears. The non-linear joint stiffness is
approximated by a linear and cubic term for the gears 2 and 3, whereby the parameters
were identified in a previous work.

The considered control concept incorporates a high-bandwidth motor velocity controller.
An optimal control problem is formulated to determine the motor’s angular accelerations.
The optimal control problem minimises the difference between the reference and the
calculated link side angle. A quadratic term for the control input with a weighting factor
is added to the cost functional to be able to limit the bandwidth of the control input.
The results indicate that a smaller weighting factor increases the necessary controller
bandwidth and the position accuracy.

The general strength of offline trajectory planning lies in the fact that the robot’s operation
does not need to be interrupted for teach-in of novel tasks. Applying the developed algo-
rithm would have the advantage that tasks which require high precision could be performed
with a standard industrial robot, instead of buying costly high-precision machinery. A
number of different effects is jointly taken into consideration, such as deviations from nomi-
nal parameters, the behaviour of the dynamic system with joint elasticity and non-constant
gear ratio, leading to highly precise results. The optimal trajectories can be used in con-
junction with standard joint velocity controllers as reference signals. Another advantage is
that no additional sensors are required, as would be the case for feedback control strategies.

Despite the multiple strengths of the presented approach, there are also several weaknesses.
The major disadvantage is the necessary effort to model all the different effects in the
system and the identification of the parameters. The proposed identification concept
of the non-constant gear ratio neglects gear effects, such as friction, wear and backlash.
These effects reduce the precision of the gear ratio model and bring along a different
behaviour in both rotational directions.
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5 Conclusion 54

Suggestions for future work and improvements for the presented algorithm:

• Due to the orientation inaccuracy of the optical sensor system, it was not possible
to include orientation data for the identification process for the mDH-parameters.
Therefore, in future work, it would be interesting to improve the identification of
the geometric parameters, which would also lead to the possibility of identifying
more parameters compared to the current situation.

• Moreover, it should be investigated in more detail, which of the gear effects (friction,
wear, inner elasticity, backlash) should be included in the model to compensate the
different behaviour of the non-constant gear ratio in both rotation directions.

• In this work, the acceleration is determined by solving the optimal control problem.
However, it would be of interest to determine the jerk instead of the acceleration in
order to see whether a damped jerk has a positive effect on the absolute accuracy
due to a reduction of system vibrations.

• The offline trajectory planning should be tested on a real robot to verify the proposed
approach.
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A System Parameters

The angular link limits are listed in Table A.1. The angular rate limits at link side are

joint 1 ±165° joint 4 ±210°
joint 2 −85° to 155° joint 5 ±135°
joint 3 −170° to 0° joint 6 ±270°

Table A.1: List of the joint position limits.

listed in Table A.2. The angular acceleration limits at link side are listed in Table A.2.

joint 1 ±220 °/s joint 4 ±550 °/s
joint 2 ±250 °/s joint 5 ±550 °/s
joint 3 ±300 °/s joint 6 ±600 °/s

Table A.2: List of the joint angular velocity limits.

joint 1 ±400 °/s2 joint 4 ±1279.07 °/s2

joint 2 ±555.56 °/s2 joint 5 ±1279.07 °/s2

joint 3 ±666.67 °/s2 joint 6 ±1395.35 °/s2

Table A.3: List of the joint angular acceleration limits.

A.1 Non-Constant Gear Transmission

The basic frequencies used to filter the measurements for the non-constant gear ratio
identification are listed in Table A.4. The identified basic gear ratio u0 of all gears are
listed in Table A.5. The identified non-constant gear ratio parameters for gear 1 are listed
in Table A.6 and Table A.9 for the clockwise and counter-clockwise rotation direction,
respectively.

The identified non-constant gear ratio parameters for gear 2 are listed in Table A.7
and Table A.10 for the clockwise and counter-clockwise rotation direction, respectively.

The identified non-constant gear ratio parameters for gear 3 are listed in Table A.8
and Table A.11 for the clockwise and counter-clockwise rotation direction, respectively.
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Gear 1 200 84.8639
360

Gear 2 150 83
360

Gear 3 300 69
360

Table A.4: 3 dB frequencies of the acausal Gaussian filter used to process the raw sensor
data at gears.

Gear 1 84.86 Gear 4 51.42

Gear 2 82.84 Gear 5 46.03

Gear 3 69.05 Gear 6 50

Table A.5: Basic gear ratio u0 of each gear (θ = u0ϕ).

Frequency 84 85 86

â −1.9599 · 10−4 −8.0138 · 10−4 8.1075 · 10−5

b̂ 6.8974 · 10−4 3.3481 · 10−3 −3.4429 · 10−4

Frequency 100 101 102

â 1.2010 · 10−4 1.1480 · 10−3 −3.0640 · 10−5

b̂ 3.4218 · 10−5 1.7547 · 10−3 −2.4775 · 10−4

Frequency 201 202 203

â −5.0571 · 10−5 −8.3859 · 10−4 1.4426 · 10−5

b̂ 2.0278 · 10−4 8.7013 · 10−4 2.2636 · 10−7

Frequency 302 303 304

â −1.4690 · 10−5 −7.2201 · 10−4 3.2964 · 10−4

b̂ 6.4590 · 10−5 −4.4223 · 10−4 8.9773 · 10−5

Table A.6: Calculated Fourier series parameters for the gear ratio of the first gear at a
link side speed of ∼88 °/s (clockwise rotation).

A.2 Modified Denavit-Hartenberg Parameters

The nominal modified Denavit-Hartenberg parameters are listed in Table A.12. The 50
poses used to identify the mDH-parameters are listed in Table A.13 and Table A.14.
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Frequency 82 83 84

â −7.9810 · 10−4 8.1529 · 10−4 −9.2458 · 10−4

b̂ 1.7784 · 10−5 −5.0526 · 10−4 2.8779 · 10−4

Frequency 166 167 168

â −9.7930 · 10−4 1.7552 · 10−3 −5.6119 · 10−4

b̂ −2.8176 · 10−4 1.8198 · 10−5 1.1522 · 10−4

Frequency 332 333 334

â −3.7139 · 10−4 6.7582 · 10−4 −3.8982 · 10−4

b̂ −1.3090 · 10−4 4.3719 · 10−5 1.9972 · 10−5

Table A.7: Calculated Fourier series parameters for the gear ratio of the second gear at a
link side speed of ∼100 °/s (clockwise rotation).

Frequency 69 70 71

â −3.6720 · 10−3 −1.8020 · 10−4 1.6928 · 10−3

b̂ −2.5104 · 10−3 −9.7410 · 10−4 1.1443 · 10−3

Frequency 139 140 141

â 4.3869 · 10−3 5.2646 · 10−3 −5.3575 · 10−3

b̂ −4.3598 · 10−3 1.1936 · 10−2 5.1064 · 10−4

Frequency 279 280 281

â −1.5404 · 10−3 3.3034 · 10−3 1.0239 · 10−3

b̂ −1.0324 · 10−3 −2.5814 · 10−3 2.0083 · 10−3

Table A.8: Calculated Fourier series parameters for the gear ratio of the third gear at a
link side speed of ∼61 °/s (clockwise rotation).

Frequency 84 85 86

â 1.3196 · 10−5 −1.5298 · 10−4 −4.1560 · 10−5

b̂ 6.9446 · 10−4 2.6671 · 10−3 −1.2274 · 10−4

Frequency 100 101 102

â 8.7795 · 10−5 1.8095 · 10−3 −1.6665 · 10−4

b̂ −2.4542 · 10−4 −5.4497 · 10−4 −9.4132 · 10−5

Frequency 201 202 203

â 4.8143 · 10−4 1.8396 · 10−4 2.2408 · 10−4

b̂ 1.3366 · 10−4 3.3193 · 10−4 −5.3538 · 10−5

Frequency 302 303 304

â −5.4537 · 10−5 4.2001 · 10−4 −9.7523 · 10−5

b̂ −2.0219 · 10−5 −5.6079 · 10−4 2.2711 · 10−4

Table A.9: Calculated Fourier series parameters for the gear ratio of the first gear at a
link side speed of ∼88 °/s (counter-clockwise rotation).
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Frequency 82 83 84

â 2.0578 · 10−4 −7.6000 · 10−5 7.4211 · 10−4

b̂ −4.9481 · 10−4 1.2640 · 10−3 −1.0959 · 10−3

Frequency 166 167 168

â 3.2368 · 10−4 −8.5019 · 10−4 4.7525 · 10−4

b̂ 6.1619 · 10−4 −1.2524 · 10−3 3.5221 · 10−4

Frequency 332 333 334

â 9.3045 · 10−5 −2.0740 · 10−4 8.5329 · 10−5

b̂ 6.9828 · 10−5 −1.1308 · 10−5 −8.5659 · 10−5

Table A.10: Calculated Fourier series parameters for the gear ratio of the second gear at
a link side speed of ∼100 °/s (counter-clockwise rotation).

Frequency 69 70 71

â −1.1903 · 10−2 1.0328 · 10−2 2.0117 · 10−2

b̂ −4.9637 · 10−3 −2.4999 · 10−2 5.1772 · 10−3

Frequency 139 140 141

â −3.1309 · 10−3 7.0925 · 10−3 4.4961 · 10−4

b̂ −3.3092 · 10−3 −2.1233 · 10−3 2.5442 · 10−3

Frequency 279 280 281

â 3.2194 · 10−4 −8.8841 · 10−4 −5.0971 · 10−4

b̂ 5.4501 · 10−4 4.1734 · 10−4 −6.7765 · 10−4

Table A.11: Calculated Fourier series parameters for the gear ratio of the third gear at a
link side speed of ∼61 °/s (counter-clockwise rotation).

i di in m ai in m αi in rad βi in rad i di in m ai in m αi in rad βi in rad

1 0.43 0.15 π/2 x 4 0.684 0 −π/2 x
2 0 0.59 0 x 5 0 0 π/2 x
3 0 0.13 π/2 0 6 0.1 0 0 x

Table A.12: Nominal mDH parameters of the Comau Racer-7-1.4 [15].
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Table A.13: First half of the 50 robot configurations, used to identify the mDH parameters
of the Comau Racer-7-1.4.
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07
42

50
.4

13
−

53
14
.4

78
90

5
8.

6
9
7

−
7
26

2.
11

7
−

39
3
.0

03
51

9.
16

8
18

0
.0

44
77

36
.9

68
12

4
1.

8
5
5

−
6
82

3.
12

2
−

27
0
.1

45
32

58
.0

68
−

34
29
.8

12
−

18
7.

35
4

Table A.14: Second half of the 50 robot configurations, used to identify the mDH parame-
ters of the Comau Racer-7-1.4.
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A.3 Non-linear Stiffness

The non-linear stiffness is determined by experiments in a previous work. The load
experiments exhibit a hysteresis behaviour. The stiffness is approximated by a sum of a
cubic and a linear term. The results for axis 2 and axis 3 are depicted in Figure A.1(a)
and (b), respectively.
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Figure A.1: The stiffness curve of axis 2 (a) and 3 (b) determined by load experiments by
Moien Reyhani-Masouleh.

A.4 Dynamic Parameters

The dynamic parameters are determined by optimal trajectory experiments in [15]. For a
detailed list of the dynamic parameters, please see [15].
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