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[ When one sets out writing a thesis... ]

The Road goes ever on and on
Down from the door where it began.
Now far ahead the Road has gone,
And I must follow, if I can,

Pursuing it with eager feet,

Until it joins some larger way

Where many paths and errands meet.
And whither then? I cannot say.

[ ... a time will come when it is finished. |

The Road goes ever on and on
Out from the door where it began.
Now far ahead the Road has gone,
Let others follow it who can!

Let them a journey new begin,
But I at last with weary feet

Will turn towards the lighted inn,
My evening-rest and sleep to meet.

J.R.R. Tolkien

two versions of the song
The Road Goes Fver On
from The Lord of the Rings
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Abstract

The quantitatively accurate prediction of the deformation behavior of rubber upon extrusion has
been a long-pursued goal. Despite a considerable amount of research in this field, experimentally
validated solutions to this problem are still not available. The research project the outcomes of
which are presented in this thesis aimed at resolving this issue, in particular in the context of
the die swell occurring in the course of rubber extrusion. Recently published compression tests
performed on varying kinds of natural rubber and rubber blends showed that rubber exhibits a
considerable compressibility. Interestingly, this fundamentally contradicts a key assumption of
most numerical approaches to simulating the die swell of rubber. Hence, this work was based on
taking this usually neglected constitutive feature of rubber into account.

This work comprises both experimental and theoretical efforts. As for the former, a compre-
hensive experimental campaign was designed, in order to understand the constitutive behavior of
rubber as well as possible. In particular, compression tests, viscosity tests, and extrusion tests
were performed on several types of rubber blends and natural rubber, allowing for formulating
constitutive laws describing the elastic and the viscous behavior. For interpreting the results of
the extrusion tests, the concept of dimensional analysis was employed. This way, it was revealed
that the die swell of rubber is driven, to a considerable extent, by its compressibility, and also
(as expected) by the geometrical dimensions of the extrusion canal and of the extrusion die.

The experimental results served as basis for developing a new mathematical approach allowing
for prediction of the rubber die swell. To that end, the aforementioned constitutive laws were
merged into an objective, mass (density)-related, Gibbs potential-based, and thermodynamically
consistent theoretical framework, allowing for deriving a new set of governing equations, con-
sidering for that purpose rubber as soft solid (and not as viscous fluid, as it is done usually in
conventional state-of-the-art approaches). In order to solve the governing equations, the studied
domain was discretized by means of the Finite Element (FE) method, and the corresponding
weak solution of the governing equations was derived by means of the principle of virtual power.
Numerical implementation was performed by means of an in-house FE code, also developed
from scratch in this project. This code was applied to circular extrusion dies, motivating the
reformulation of the model for the special case of rotational symmetry. According numerical
evaluation of the model allowed for successful experimental validation, with deviations between
model-predicted and experimentally observed die swells ranging from —7.5 to +4.6%. Further
sensitivity studies showed qualitatively plausible model predictions, further corroborating the
soundness of the developed approach.

In conclusion, the research presented in this thesis comprises unprecedented insights as to
making the die swell of rubber upon extrusion predictable, in terms of both experimental
observations and the development of numerical simulation tools. Furthermore, the initially
posed, fundamental hypothesis of the presented work, namely that the compressibility of rubber
significantly contributes to the die well, could be confirmed.
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Kurzfassung

Die quantitativ korrekte Vorhersage der Deformationen, welchen Gummi im Zuge des Extrusi-
onsprozesses ausgesetzt ist, wird seit vielen Jahren angestrebt. Trotz einer betrachtlichen Menge
an diesbeziiglichen wissenschaftlichen Arbeiten konnte diese Fragestellung noch nicht zufrieden-
stellend beantwortet werden. Die vorliegende Arbeit beschéftigt sich mit der Bewéltigung dieses
Problems, mit Fokus auf die Vorhersage der Strangaufweitung von Gummi wahrend des Extrusi-
onsprozesses. Eine kiirzlich veroffentlichte Studie zeigte, dass verschiedene Kautschukmischungen
sowie Naturkautschuk eine signifikante Kompressibilitdt aufweisen. Bemerkenswerterweise steht
dieser Befund im Widerspruch zu den wesentlichen Annahmen auf welchen die meisten Modelle
zur Vorhersage der Strangaufweitung von Gummi beruhen. In der gegensténdlichen Arbeit wird
dieses iiblicherweise vernachléssigte konstitutive Charakteristikum von Gummi beriicksichtigt.

Diese Arbeit umfasst sowohl experimentelle als auch theoretische Bemiihungen. Zunéchst
wurde ein umfassendes experimentelles Programm implementiert, um das konstitutive Verhalten
von Kautschukmischungen besser verstehen zu kénnen. Insbesondere wurden Kompressionstests,
Viskositatstests und Extrusionstests an verschiedenen Kautschukmischungen und Naturkautschuk
durchgefiihrt. Diese Tests erlaubten die Formulierung konstitutiver Gesetze, welche das elastische
und viskose Verhalten der untersuchten Materialien beschreiben. Zur besseren Interpretation der
Extrusionstests wurde eine eingehende Dimensionsanalyse durchgefiihrt. Derart wurde gezeigt,
dass die Strangaufweitung von Kautschuk wesentlich durch dessen Kompressibilitdt und (wie
erwartet) die Geometrien von Extrusionskanal und -diise bestimmt wird.

Die experimentellen Ergebnisse dienten als Basis fiir die Entwicklung eines neuen mathemati-
schen Modells, welches zur Vorhersage der Strangaufweitung von Kautschuk ausgewertet werden
kann. Zu diesem Zwecke wurden die zuvor genannten konstitutiven Modelle in ein objektives, mas-
sebezogenes und thermodynamisch konsistentes theoretisches Konzept eingebettet, das zuséatzlich
basierend auf das Gibbs-Potential formuliert wurde. So wurde eine Reihe neuer Grundgleichun-
gen hergeleitet, welche Kautschuk als weichen Festkorper berticksichtigen (und nicht, wie in
konventionellen Modellen tiblich, als viskose Fliissigkeit). Zur Losung dieser Gleichungen wurde
der untersuchte Raum im Rahmen der Methode der Finiten Element (FE) diskretisiert und
eine schwache Losung mittels des Prinzips der virtuellen Leistung hergeleitet. Die numerische
Umsetzung erfolgte durch einen eigens entwickelten FE-Code. Dieser wurde fiir kreisrunde Diisen
angewendet, was die Umformulierung der zugrundeliegenden Gleichungen fiir den Spezialfall der
Rotationssymmetrie motivierte. Die entsprechenden numerischen Auswertungen erlaubten eine
erfolgreiche experimentelle Validierung, mit Abweichungen zwischen den Modellvorhersagen und
den entsprechenden experimentellen Ergebnissen im Bereich von —7,5 bis +4,6%.

Zusammenfassend kann festgestellt werden, dass die in dieser Arbeit priasentierten Forschungs-
arbeiten neue Erkenntnisse liefern beziiglich der Vorhersagbarkeit der im Zuge des Extrusions-
prozesses auftretenden Strangaufweitung von Kautschuk, basierend auf experimentellen und
numerischen Ergebnissen. Aulerdem konnte die eingangs aufgestellte Hypothese hinsichtlich der
Wichtigkeit der Kompressibilitat fiir die Strangaufweitung bestétigt werden.
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Chapter 1
Introduction

Between October 2016 and June 2020, the Institute for Mechanics of Materials and Structures
of the TU Wien, Vienna, Austria, collaborated with the Semperit Technische Produkte GmbH,
Wimpassing, Austria, in the framework of the project Modellierung der Strangaufweitung von
Kautschukmischungen beim Extrusionsvorgang, basierend auf neuen Erpansionstests, funded by
the Austrian Research Promotion Agency (FFG); translated to English, the project title reads as
Modeling of the die swell of rubber blends during the extrusion process, based on new expansion
tests. This project unified both a comprehensive experimental campaign, aiming at studying the
mechanical behavior of unvulcanized rubber, as well as a fundamentally new modeling approach
applicable to soft solids in general, and allowing, in particular, for numerically simulating the
deformations unvulcanized rubber undergoes during the extrusion process.

This first chapter is devoted to setting the stage for the scientific contributions arisen during
the implementation of the above-mentioned project, contained in Chapters 2 to 5 of this thesis.
In particular, this chapter comprises an elaboration of the motivation of this work and of the
pursued objectives (see Section ; a description of the state of the art in the field, as well as
of the progress achieved during this project (see Section ; an overview of the actual project
implementation (see Section ; and a brief description as to how the remainder of this thesis
is structured (see Section [L.4)).

1.1 Motivation and objectives

Extrusion is a process often utilized in rubber industry for the sake of shaping a base material into
the eventually desired form. It typically involves automated feeding of some kind of (unvulcanized)
rubber blend into a device typically called extruder (see |1} [2] and Figures and for pictures
and cross sections of such extruders), followed by heating up the material to up to 150°C, and
pressing or squeezing of the now comparatively soft material through formative tools, usually
referred to as (extrusion) dies. Thereby, the rubber is subjected to pressures of up to 200 bar, i.e.
20 MPa |1} 2].

Extrusion, which is the process essentially dealing with shaping the base material such that it
eventually features a specific cross section (see Figure for a selection of typical cross sections
obtained through extrusion), is followed by the vulcanization process, during which long-chain
rubber molecules are cross-linked by sulfur-bridges. This chemical process hardens the originally
much softer unvulcanized rubber, altering it from a deformable state into a stable, more brittle,
and non-deformable state. Then, the material is referred to as vulcanized rubber [1, 2].

Between extrusion and vulcanization, one further, unintended process takes place, which bears
the potential of decisively influencing the cross-sectional shape of the eventual product. In
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Fig. 1.1: Schematic sketches of screw extruders used for the production of rubber profiles: (a)
showing complete extruder setup , , (b) also showing the pressure distribution
development inside the extruder’s canal

Fig. 1.2: Picture of a screw extruder used at Semperit Technische Produkte GmbH, additionally
equipped with the measuring equipment used in the experimental campaign described
in Chapter 2 of this thesis
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1.1 Motivation and objectives 3

Fig. 1.3: Typical cross sections of extrusion dies, including two T-shaped dies, one square-shaped
die, and one circular die; note that the deviations of the dies from the corresponding
perfect shapes (as prominently visible for the square-shaped die) were made deliberately,
in order to compensate the die swell effect

particular, reiterating from above, the extrudated material gets substantially pressurized in
the extrusion canal and in the extrusion die. Upon leaving the die, the extrudate enters an
environment where its surfaces are instantaneously released from any pressure. This is typically
accompanied by a hardly predictable and (depending on the material) sometimes considerable
shape change, which is usually referred to as “die swell” [4-10], see Figure for respective
visualizations. The change in the extrudate’s cross section can be up to 20% or even more
(in terms of specific geometrical dimensions of the cross sections), depending on the actual
type of rubber (or rubber compound) being used. It is thus essential that the shape of the
die compensates the die swell effect such that the eventually obtained cross-sectional shape of
the extrudate takes the desired form. It should also be mentioned that after the completed
swelling, stresses may remain in the extrudate, and those stresses become “frozen” during the
vulcanization process, thus remaining in the final product as a residual stress (with the potential
of reducing the final product’s life span) [13] [14].

The aforementioned compensation of the die swell based on shaping the die accordingly is
standardly achieved based on an iterative trial-and-error procedure. Clearly, such approach
is time-consuming and hence expensive. Typically, depending on the skill of the toolmaker,
between 5 and 15 iterative steps of die geometry changes and in-between extrusions are needed
for achieving satisfactory results. For complex cross-sectional shapes, the number of required
iterations may be even (much) higher . Furthermore, this iterative procedure yields a lot of
usually not reusable waste, and occupies an extruder which cannot be used otherwise for that
period of time. An additional downside is the fact that a change of material (or even material
composition) usually requires the design of a new die, as the deformation behavior might be
different.

Computational modeling seems to be a promising alternative (or at least complement) to the
current practice in rubber industry (in terms of designing extrusion dies). Per se, this idea is
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Fig. 1.4: Visualization of the die swell effect: (a) schematic sketch including the flow pattern
within the extrudate , (b) pictures from experiments

not new — numerous attempts in developing modeling and simulation strategies can be found in
literature, as summarized in the next section of this thesis. However, while literature provides
interesting, insightful, and indeed sophisticated approaches, the published modeling strategies are
mostly not sufficiently accurate. Thereby, it should be stressed that such simulations are usually
performed by means of standard computational fluid dynamics (CFD) software, based on the
radical assumption of an incompressible material. This contradicts the recently obtained results
of compression tests performed on rubber blends, showing a distinctive compressive behavior ,
see Appendix A. Hence, the fundamental hypothesis of this thesis (and of the research project
mentioned at the beginning of Chapter 1) was that most (if not all) of those models are based
on substantial oversimplifications, particularly concerning the constitutive behavior of rubber.
With this in mind, the following objectives were formulated at the outset of the project:

1. Improving the understanding concerning the material behavior of unvulcanized rubber: To
that end, the goal was to develop a fundamentally new, physically (thermodynamically) well-
defined mathematical description of the mechanical behavior of rubber blends. Importantly,
tying in with the above-raised arguments supporting the potentially important role of
rubber compressibility, the new mathematical description needed to take this additional
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1.2 Progress beyond the state of the art ]

constitutive effect into account. Furthermore, a comprehensive experimental campaign
was planned, involving compression tests (in order to quantify the compressive behavior),
extrusion tests (aiming at capturing the deformations upon extrusion), and viscosity tests.

2. Definition of suitable boundary conditions: Extrusion tests presented in this thesis were
mainly conducted using screw extruders, see Figures[L.I] and where the raw material is
inserted at one end through a filling funnel, and then moved towards the extrusion die by a
rotating screw. This is combined with a sudden or continuing reduction of the cross section
of the extrusion canal towards the die, resulting in an increase of pressure. However, when
leaving the die, the pressure-inducing boundary is instantaneously “replaced” by a free
surface. In order to accurately simulate the die swell occurring in the course of extrusion,
taking into account all of those boundary conditions was believed to be essential.

3. Development of a suitable simulation tool and validation of the results: The core of this
thesis was the development of numerical tools for evaluation of the mathematical framework,
thus being able to predict the swelling behavior of unvulcanized rubber (blends) after they
leave the extrusion die, also utilizing the results obtained in the experimental campaign,
and appropriately taking into account the boundary conditions mentioned above. This
challenge was tackled based on the Finite Element (FE) method, whereby using commercial
FE software turned out to be impractical; instead an in-house FE code was developed. For
validation of the model, the aforementioned extrusion tests, also performed in the course of
this project, were considered.

Finally, it is stressed that the models presented in this thesis were mainly developed while
having in mind extrusion of unvulcanized rubber compounds as eventual application. Nevertheless,
all theoretical considerations as well as the developed simulation tools can be applied and/or
adapted to similar materials and production processes.

1.2 Progress beyond the state of the art

Currently, the design of new extrusion dies is based on a trial-and-error approach. Obviously, this
strategy is ineffective, as a (possibly) great number of iterative cycles — consisting of a manual
change of the die geometry and subsequent testing of the extrusion result by actually performing
the extrusion process — is needed until the desired cross section of the extrudate is obtained.
Especially complex extrudate shapes require a large number of iterations to properly compensate
the swelling effect of the extrudate. The development of mathematical models or simulation
methods describing the changes in geometry upon the material exiting the die has therefore been
a goal for many decades. Research aimed at predicting the expansion of compressed elastomer or
thermoplast materials, promising to provide support in the design of extrusion dies.

Usually, commercial software is used to perform so-called computational fluid dynamics (CFD)
simulations. The applied software generally allows for a high flexibility when considering complex
geometry and the accompanying material flow. But, in general, they come along with a great
disadvantage: they apply simplified material laws, which are not always thermodynamically
consistent, or lack specific constitutive material properties, such as the compressibility of rubber
materials [16] 17]. The latter simplification usually results in only considering shear deformation
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6 1 Introduction

rates and shear stresses in the conducted simulations, which usually renders simulations being
(in the best case) qualitatively interesting, but rarely quantitatively accurate.

Flawed material models, especially those lacking consideration of material compressibility, have
already been identified as being inappropriate for the quantitative description of the swelling
process, and that this and other effects need to be considered. Adding the possibility of material
compression to a material model does allow for the consideration of changes in material density,
as well as for using viscoelastic models including both deviatoric and volumetic strains |16, |18,
19]. From a numerical point of view, taking into account all these effects by far exceeds the
current possibilities provided by commercial CFD software. Furthermore, it has been suggested
that for appropriately modeling the swelling behavior of rubber, the latter should not to be
considered as a viscous fluid (as it is done stanadardly), but as a viscoelastic (and rather soft)
solid [8,9]. This has already been underlined by some measurements and simulations undertaken
in previous studies |17}, 20], although all these publications remain loyal to the assumption of
incompressibility.

Before engaging in the project leading to this thesis, a preliminary project was implemented,
with the aim to make advances towards experimental investigation and mathematical description
of the compressibility of unvulcanized rubber. The results of this research were eventually
published in |15} 21], with [15] also added to this thesis as Appendix A. The preliminary project
led to the development of a completely new testing setup and protocol, with the results being
investigated and compared to both (instantaneous) elastic, as well as viscoelastic, material models.
The acquired results clearly implicated that rubber compressibility could not be neglected, and
that it is of an elastic nature, i.e. not time-dependent and thus not showing any time delay
between loading and deformation.

It should be mentioned that elastic deformation of rubber and rubber blends is indeed considered
in available publications, see e.g. [22-26], but that it has been (so far) not connected with the
die swell of rubber upon extrusion. Nevertheless, considering incompressible material behavior
of rubber is still the gold standard in the field. One of very few exceptions was published by
Anand [27], who modeled the hydrostatic compression tests by Adam and Gibson [28] based on
a thermodynamically consistent, objective (base-frame indifferent) free energy formulation. This
finally resulted in a linear relation between the pressure and the natural logarithm of the volume
change, divided through the latter, which could be — to some extent — applied perfectly upon
the results presented in [28]. On the same theoretical basis, uniaxial tension tests performed by
Penn [29] could also be modeled to some satisfaction.

Considering, on the one hand, that neglecting rubber compressibility is still omnipresent in
the field of die swell simulation, and, on the other hand, that the aforementioned compression
tests clearly revealed that the compressibility of rubber is actually significant and should not be
neglected, the major novelty of this thesis is, undoubtedly, the development of a simulation tool
which does not neglect the compressibility of rubber. Given that commercial software is usually
inflexible in terms of implementing new material models, or different governing equations, it was
expected from the outset that development of new codes from scratch was indispensable. In
order to successfully achieve the above-sketched ambitious overall goal, several “minor” novelties
needed to be achieved as well:

o Firstly, a number of new experimental protocols needed to be defined, leading to a substantial
broadening of the understanding of the compressibility and the expansion behavior of
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1.3 Project implementation 7

unvulcanized rubber, allowing to develop corresponding mathematical material models in a
well-founded fashion. Details on the experimental campaign can be found in Chapter 2 of
this thesis.

e The core of the subsequently presented improved mathematical model of the mechanical
behavior of rubber (as it is relevant for the die swell), is certainly a correspondingly
improved constitutive law. In particular, the latter has been designed such that previous
insights of both experimental and theoretical nature |15} [21-27] can be considered, adapted,
and extended. As is elaborated in detail in Chapters 3 and 4, the employed constitutive law
takes into account both the compressibility of rubber and viscous (or viscoelastic) effects,
with suitable models originating from the viscosity tests described in Chapter 2.

o As compared to standard simulation tools, the here-pursued strategy allows for realistic
consideration of boundary conditions, especially concerning the instantaneous transition
from the rubber leaving a confined, pressurized compartment (i.e., the extrusion die) into a
somewhat unrestricted environment, as it occurs in the course of extrusion, leading to the
swelling of the extrudate, see Chapter 3 for details.

e Taking into account that rubber is actually a compressible material entails considerable
consequences in terms of the corresponding mathematical framework. Hence, off-the-shelf
numerical methods are no longer applicable, and the here developed numerical solution
strategy (described extensively in Chapters 3 and 4) can be considered as a novelty in itself.

e Considering previous studies concerning the simulation of the die swell of rubber, model
validation is limited to qualitative aspects in most cases. In the course of the experimental
campaign, a considerable amount of extrusion tests were performed, leading to a large
number of data utilizable for model validation (and verification). Notably, the data comprise
tests performed on different materials, different extrusion facilities, different die geometries,
different temperatures, and different test parameters. Hence, model validation (as visible
in Chapter 5) was performed on an extremely broad experimental basis, corroborating the
soundness of the model.

1.3 Project implementation

For the sake of a structured project implementation, the following six work packages (WP) were
defined:

WP1 — Experimental investigation of the constitutive behavior of unvulcanized
rubber

The first WP provides the basis for subsequent model developments, and comprises the planning,
implementation, and analysis of the experimental campaign. In particular, mainly unvulcanized
EPDM (ethylen-propylen-diene-monomer) rubbers were studied, while, for the sake of compara-
bility, some tests were also carried out on natural rubber. In order to study the differences in
material behavior between different kinds of material, different types of EPDM mixtures were
considered, differing in terms of their amount of polymer and filler, and of the type of filler
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8 1 Introduction

used (e.g. kaolin or carbon black). Three types of experimental tests were performed, namely
compression, viscosity and extrusion tests, described briefly in the following.

As shown in |15, 21] and Appendix A, the compressibility behavior was studied using a capillary
rheometer, see [30] and Figure@. The preliminary studies thereby helped to establish a
well-working experimental protocol including pre-heating, compaction (prevention of inclusion
of air), and the actual testing. The material specimens were compressed under hydrostatic
conditions up to a predefined maximum pressure, which was held for a predefined time, and then
reduced to the initial pressure. Parameters such as maximum pressure, loading and unloading
speed, holding time of maximum pressure, and temperature were varied, studying the effects of
such alterations.

Viscosity tests were performed using the standard experimental protocol, again involving a
rheometer. The studied material was simultaneously filled into two canals of the rheometer, and
then extruded using two types of extrusion dies which differ in their length to diameter ratio.
The obtained results included extrusion speed and pressure, from which a viscosity could be
back-calculated. Also, various temperature levels were tested.

Extrusion tests were performed using two kinds of extruders and the rheometer, allowing
for studying the effects of varying extrusion parameters. The obtained results included the
temperature levels, the pressures in the canal, and the extrusion velocities.

Details on the experimental protocols and on the experimental results can be found in Chapter
2 of this thesis.

WP2 — Constitutive modeling of unvulcanized rubber and rubber blends

One key part of the modeling approach developed in the course of this thesis concerned revisiting
constitutive models of rubber (subjected to extrusion), striving for a model which is able to
capture the constitutive behavior of rubber as observed in the tests of WP1 as well as documented
in literature.

Based on the results obtained from the compressibility tests, respective materials laws could
be derived. As described in WP1, different EPDM compound materials were studied considering
varying testing parameters. The viscosity tests formed the basis for describing the deformation
behavior under deviatoric loading, which can be considered to be viscoelastic. Thus, the
deformation of rubber involves both an elastic volumetric and a viscoelastic deviatoric part, and
combining both observations into resulting material laws helped to describe the deformation
behavior of rubber more accurately. This also includes the expansion behavior, which can be
better understood when also relying on the results of the extrusion tests as they suggested that
considering rubber compressibility is actually imperative when describing rubber deformation
behavior.

Furthermore, it is important to keep in mind that unvulcanized rubber is actually a very soft
solid, exhibiting large deformations and large deformation gradients. This key aspect was also
taken into account.

The experimental basis for the constitutive models is presented in Chapter 2, while the key
concepts for the modeling approach can be found in Chapters 3 and 4.
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1.3 Project implementation 9

WP3 — Modeling of the extrusion process of rubber and rubber blends

This WP mainly focused on identifying the boundary conditions representative for extrusion of
rubber. Both the results from the extrusion tests performed in WP1 and insights available in
literature were considered as basis for this important task.

While material is hindered from expansion rectangular to the flowing direction because of the
extrusion canal, which also leads to application of high pressures when the material is compacted
before passing the extrusion die, this suddenly changes after the die is exited. The material is
then able to expand freely due to the free surface surrounding it.

The boundary conditions chosen for numerical simulation of extrusion, as well as aspects
related to their actual implementation, are described in Chapter 3 of this thesis.

WP4 - Identification and development of suitable mathematical solution
techniques for the simulation of rubber extrusion processes

It is believed several aspects achieved during this task can be considered to be key novelties,
which have not been accomplished previously. Nevertheless, some seminal works in the field
should be mentioned as important basis, such as [8 |9, |31, |32] and others. In the end, a
mathematical framework was derived representing an objective, mass-related, fully consistent
Gibbs potential-based thermodynamics formulation. Based on the principle of virtual power [33],
the resulting equations were respectively transformed into a discretized format.

For solving the resulting differential equations, based on the constitutive models developed in
WP2 (based on the experimental results of WP1), taking thereby into account the boundary
conditions identified in WP3, a new in-house FE code was developed. This owes to the fact
that commercial FE software usually does not take into account the compressibility of “flowing”
material which was however considered to be key for accurately simulating the die swell of rubber.

The results of WP4, which should be considered as the key results of the whole project are

discussed in detail in Chapters 3 and 4 of this thesis.

WP5 — Actual implementation of a suitable mathematical model by using
numerical computation software

Computational mechanics in general, and simulation of soft materials in particular involve a
number of pitfalls, when attempting to apply basic (well-known) concepts to this materials. All
of those intricacies needed to be dealt with in the course of this thesis, namely in this WP,
leading to specific modes of algorithmic treatment in order to assure satisfying convergence in
time and space. In order to succeed, proven methods available in literature could be utilized, see
e.g. [34-36] or FE method-related aspects in general, or [37] for the so-called Newmark approach
ensuring improved convergence in time.

Details on the numerical implementation, together with the presentation of first numerical
results are documented in Chapters 3 and 4 of this thesis.


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thele

(]
blio
nowledge

(]
I
rk

10 1 Introduction

WP6 — Verification and validation of the results obtained from the other work
packages

In order to maximize the impact of all developed modeling tools, experimental model validation
was considered as key aspect at the later stages of the project. Thereby, a two-stage strategy was
pursued. On the one hand, the simulation tool was verified comprehensively, through a large set
of sensitivity studies. The latter involved variations of key parameters of the extrusion process.
Through checking the correspondingly obtained results based on intuition and plausibility, the
soundness of the model and of the numerical solution approach could be verified.

On the other hand, after successful verification, the model predictions were scrutinized. To
that end, the model parameters were adapted such that they represented the extrusion tests
as well as possible and the corresponding model predictions (in terms of the die swell) were
compared to the measured die swells. While it should be noted that future model improvements
and extensions are needed, the model validation performed in the course of the present thesis
can be considered as satisfying and very promising.

Details on model verification and validation can be found in Chapters 3, 4 and 5 of this thesis.

1.4 Remarks on the following chapters

Implementing the project serving as basis of this thesis, as described in Sections 1.1 to 1.3, led to
three manuscripts which are in the final stages of preparation before being submitted to scientific
journals. Chapters 2 to 5 include those manuscripts, which are entitled as follows:

e Chapter 2 includes the manuscript entitled “Compression, viscosity, and extrusion tests on
unvulcanized rubber blends confirm importance of compressibility for die swell — arguments
from dimensional analysis”, authored by R. Plachy, S. Scheiner, F. Arthofer, S. Robin,
A. Holzner and C. Hellmich, which is under preparation for submission to the journal
Polymer.

e Chapter 3 includes the manuscript entitled “A hypoviscoelastic thermodynamics model
of soft solids, utilized for numerically simulating the die swell of rubber”, authored by
R. Plachy, S. Scheiner, F. Arthofer, A. Holzner and C. Hellmich, which is under preparation
for submission to the journal International Journal of Engineering Science.

e Chapter 4 includes some supplementary information related to Chapter 3, entitled “Detailed
derivations and proofs related to the paper “A hypoviscoelastic thermodynamics model

9999

of soft solids, utilized for numerically simulating the die swell of rubber””, authored by

R. Plachy, S. Scheiner, F. Arthofer, A. Holzner and C. Hellmich.

e Chapter 5 includes the manuscript entitled “Prediction of rubber die swell during the
extrusion process based on a hypoviscoelastic thermodynamics model considering rubber
as soft solid”, authored by R. Plachy, S. Scheiner, F. Arthofer, A. Holzner and C. Hellmich,
which is under preparation for submission to the journal Applications in Engineering

Science.

Furthermore, Chapter 6 summarizes the main results obtained in Chapters 2 to 5, also
explaining how further research on the topic of simulation of rubber extrusion processes could be
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1.4 Remarks on the following chapters 11

tackled. Appendix A presents an additional paper on an experimental protocol developed for
identifying the compressibility of rubber, which can be considered as preliminary study serving
as basis for this thesis. This paper was published in the journal Polymer , and resulted from
the Master’s thesis of the author of this thesis. Appendix B includes a brief CV of the author
of this thesis, while the thesis is concluded by the bibliography including all references made in
Chapters 1 to 6 of this thesis.
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Chapter 2

Compression, viscosity, and extrusion tests on
unvulcanized rubber blends confirm importance
of compressibility for die swell — arguments
from dimensional analysis

Authored by: R. Plachy', S. Scheiner!, F. Arthofer?, S. Robin?, A. Holzner?, C. Hellmich!

I Institute for Mechanics of Materials and Structures, TU Wien
2 Semperit Technische Produkte GmbH

Under preparation for submission to: Polymer

Abstract: The extrusion of unvulcanized rubber involves a phenomenon called die swell, which
is essentially the enlargement of the geometrical dimensions of the extrudate after leaving the
die. Several factors have been suggested to influence the die swell, including the sizes of the
die and of the canal, the mechanical properties of the extruded material (in particular its vis-
cosity, but also its compressibility), and probably also the temperature at which the extrusion
is performed. This paper aims at elucidating which of these factors are actually effective in
terms of influencing the die swell and which not. To that end, compression tests, viscosity tests
(using circular dies), and extrusion tests (using also circular dies) were performed on two types
of ethylene-propylene-diene-monomers, and additional compression tests were also performed
on natural rubber. First, all three testing modalities were assessed separately, revealing that
(i) the compressibility of rubber is pressure-dependent, but not significantly influenced by the
temperature; (ii) the viscosity of rubber is strain rate-dependent, but also not significantly
influenced by the temperature; and (iii) the die swell of rubber is influenced by several factors at
once (including its mechanical properties, or the die geometry), leading to large variations in the
resulting enlargement of the extrudate’s diameters. In order to somehow reconcile this compre-
hensive body of experimental data, we have applied the tool of dimensional analysis, providing
several insights: First of all, the compressibility of unvulcanized rubber has turned out to be
indeed of great importance for the die swell. Suprisingly, the effect of the temperature appears
to be much less prominent than originally expected. Finally, further key factors influencing the
die swell concern the geometries of the die and the canal. Apart revealing insights concerning
the die swell behavior of unvulcanized rubber blends, this study also demonstrates the value
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14 2 Arguments from dimensional analysis

of dimensional analysis for the analysis of physical phenomena influenced by many different factors.

Keywords: viscosity, compressibility, extrusion, circular die, Buckingham theorem

2.1 Introduction

Extrusion is among the most important manufacturing technologies in the rubber industry
[4]. Essentially, this process is based on squeezing the heated raw material (usually termed
extrudate) through formative tools. Remarkably, depressurization of the extrudate (upon leaving
the tool) leads to an unintentional additional change of the extrudate’s cross section, known as
die swell or Barus effect [5-8]. Since the die swell effect considerably complicates the design of the
aforementioned formative tools, its computer simulation-based prediction, promising to provide
a means for circumventing a tedious trial-and-error procedure, is one of the grand challenges in
the field. While this modeling challenge had been tackled numerous times, see e.g. [38-41], the
respective model predictions could not reach a satisfying accuracy.

It has been suggested [18, 19, |42/-44] and recently confirmed by a series of compression tests
[15], see Appendix A, that unvulcanized rubber exhibits considerable compressibility. For the
sake of a simpler numerical solution of the problem-governing mathematical framework, modeling
approaches standardly neglect this (potentially important) constitutive feature of unvulcanized
rubber. It seems thus obvious to hypothesize that taking into account the compressibility of
unvulcanized rubber may improve the accuracy of such models.

This paper aims at elucidating which factors effectively contribute to the extent of the die swell
of unvulcanized rubber upon extrusion, with particular focus on the effect of the compressibility,
based on both experimental tests and theoretical considerations. To that end, two particular
kinds of rubber compounds as well as one kind of natural rubber, defined in Section [2.2], were
studied. Section presents the experimental program performed in the course of this study,
comprising compression tests (see Section , viscosity tests (see Section , and extrusion
tests (see Section . The main novelty of this paper, namely evaluating and interpreting the
experimental results presented in Section [2.3] by means of a thorough Buckingham II theorem-
based dimensional analysis [45] 46, is presented in Section A comprehensive discussion of
the results and of the related key findings concludes the paper, see Section [2.5

2.2 Materials under investigation

Two types of unvulcanized rubber compounds were considered, both being ethylene-propylene-
diene-monomers (EPDM), hereafter referred to as EPDM-A and EPDM-B. Note that EPDM-A
is equivalent to the material referred to as EPDM-1 in [15], see Appendix A; for the sake of
unambiguity, the denotation has been slightly changed in this paper. Both EPDM-A and EPDM-
B were mainly crystalline EPDMs, exhibiting a high content of white filler. The Mooney viscosity
after four minutes, ML(1+4), ranged between 47.2 and 48.1 MU for EPDM-A, and between 21.8
and 25.1 MU for EPDM-B. Finally, the density of EPDM-A amounted to 1.445 g/cm?®, whereas
the density of EPDM-B amounted to 1.288 g/cm3. For reference purposes, the compressibility
tests described in Section were also conducted on a natural rubber material, hereafter
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2.3 Experimental program and data evaluation 15

refereed to as NR, which was characterized by an ML(144) ranging from 50.2 to 93.3 MU and a
density of 0.930 g/cm?.

2.3 Experimental program and data evaluation

2.3.1 Compressibility tests

In order to determine the compressibility behavior of the studied materials, hydrostatic com-
pression tests were carried out on the three materials defined in Section [2.2] using a standard
Gottfert Rheograph , following thereby the experimental protocol described in detail in ,
see Appendix A. First, some preparatory steps needed to be carried out, comprising sealing the
extrusion canal, inserting the material into the canal, and compacting the material in order to
remove possibly entrapped air. Then, the specimens were heated to the desired temperature
Tean (amounting to 100, 120, and 160°C), were compressed by means of a PVT-piston at a
predefined velocity vpyr (amounting to 0.01, 0.05, 0.1, and 0.2 mm/s) until the target pressure
paax (amounting to 20, 40, 60, and 80 MPa) was reached. Then, the respective position was held
for a predefined time #y,01q (considering 0, 30, 120, and 600s), after which the piston moved back
to its initial position at velocity —vpyT; see Figure for an illustration of the experimental
protocol.

For evaluation of the data obtained from the above-described hydrostatic compression tests, a
number of energetically conjugated pairs of stress and strain measures can be considered .
Tying in with the findings presented in [15], see Appendix A, we consider the linearized strain
tensor € and the Cauchy stress tensor o to be suitable for describing the compression behavior
of unvulcanized rubber as it occurs in the hydrostatic compression tests studied in this paper.
On this basis, we consider the following constitutive law:

oc—op=A-tr(e)-14+2-G-¢, (2.1)

where o is the initial Cauchy stress tensor, A is the Lamé parameter, G is the shear modulus,
and tr is the trace operator, tr(e) = €11 + €22 + €33. Considering that the studied material is
subjected to a stress state which is approximately hydrostatic (hence, 011 & 022 & 0733), the stress

Pcan

max

pcan

Thold

Fig. 2.1: Qualitative sketch showing the experimental protocol followed for determining the
compressibility of the studied materials (defined in Section ; see and Appendix
A for details.
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16 2 Arguments from dimensional analysis

tensor can be rewritten in terms of the mean hydrostatic stress oy, = tr(o)/3 = —pcan, With pean
being the hydrostatic pressure the studied material experiences in the canal. Introducing the
latter definition in Eq. (2.1)), and combining it with

L=l
E =

rep®er, (2.2)
lo

where [y and [ are the initial and current lengths of the specimen, and e is the base vector in
moving direction of the rheograph’s piston [15], see Appendix A, yields

K = (pcan _pO) : ll70l7 (23)
0 —
where K is the bulk modulus, K = A+ 2-G/3 [47], and py is the initial pressure resulting from
sample preparation [15], see Appendix A.

All pressures and piston displacements, recorded in the hydrostatic compression tests, were
evaluated according to Eq. , for all three materials (i.e. EPDM-A, EPDM-B, and NR, defined
in Section and separately for each of the studied test parameters (i.e., p23* vpyr, thold, and
Tean)- It has turned out that the resulting developments of K over (pcan — po) are completely
unaffected by phd*, th014, and vpyr. Hence, the compressibility of the tested rubber blends is a
purely elastic effect. Furthermore, while intuition suggests an increasing compressibility with
increasing temperature, the obtained results show that the dependence of the K over (pcan — po)-
relation on the temperature was not significant as compared to the fluctuations observed due to
inconsistencies in the considered material batches, as well as to potential inaccuracies related to
the measurement devices, see Figures [2.2a) — (c). In the following, distinguishing between the
results obtained for different temperature levels will be thus omitted; a dimensional analysis-based
justification of this choice can be found in Section of this paper.

The resulting data pairs of K and (pcan — po) were fitted by means of a power function of the

K _ <pcan _p0>ﬁ (2 4)
Kref Kref ’

where parameters K,of and 3 were determined material-specifically, based on a standard least

form

squared errors optimization. The resulting fitting parameters for all three materials are presented
in Table the resulting K-over-(pecan — po) functions are also included in Figures [2.2(a) - (c),
see the dotted graphs.

Tab. 2.1: Values of K.t and § obtained from fitting the experimentally obtained data pairs of
K and (pcan — po), according to Eq. (2.4)), for materials EPDM-A, EPDM-B, and NR,
as defined in Section together with the respective coefficients of determination

R2
Krer [MPa] B R[]
EPDM-A 45781 0.5100 0.91
EPDM-B 6838 0.3168 0.80
NR 17809 0.4483 0.92



https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M 3ibliothek,
Your knowledge hu

2.3 Experimental program and data evaluation 17

K [MPa]
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K [MPa]

2500
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Pcan — Po [MPa]

(b)

2500

2000

1500

1000

0 20 40 50 80 100
Pcan — Po [MPa]

(c)

2500

2000+

1500+

1000+

500 s

0 20 40 50 80 100
Pcan — Po [MPa]

—100°C ——120°C ——160°C ==== Eq.(2.4)

Fig. 2.2: Bulk modulus K versus pressure (pcan —Ppo), as recorded for (a) EPDM-A, (b) EPDM-B,
and (c) NR, at temperatures 100°C, 120°C, and 160°C. The dotted graph shows the
theoretical, material-specific fit over all experimental data according to Eq. (2.4) and

Table
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18 2 Arguments from dimensional analysis

2.3.2 Viscosity tests

For determining the viscosities of EPDM-A and EPDM-B, again a Gottfert Rheograph [30] was
used. This capillary rheometer consists of two vertical canals, which need to be properly filled
with the materials under investigation. To that end, the protocol summarized in Table (see
steps 1 to 6) was obeyed, followed by the actual viscosity tests (see steps 7 to 10 in Table .
The sequence of steps listed in Table gives access to the apparent viscosity napp [49], still
reflecting effects of the actually inhomogeneous flow patterns and pressure losses. By means
of the Weissenberg-Rabinowitsch and the Bagley corrections [2, 49|, n.pp can be translated
into the so-called true viscosity 7 (relating homogeneous shear strain rates and shear stresses).
The described mode of viscosity testing was repeated for different piston velocities and various
temperatures Teay, (considering 80°C, 90°C, 100°C, and 140°C).

The viscosity depends on the velocity of the rubber inside the extrusion die, vgje. The latter
follows from continuity considerations, involving the vertical piston velocity in the extrusion
canal vcan, and the diameters of the canal and of the die, dcan and dgse, yielding [50]

dcan 2
Vdie = VUcan * () . (25)
ddle
The aforementioned varying velocities vpyT = Uean imposed in the extrusion canal resulted in die
velocities vgje ranging from 6.25 mm/s to 250 mm/s.

The thus resulting relations between vg;e and n are depicted material-specifically in Fig-
ures [2.3a) and (b). Analogously to the compression tests presented in Section no
significant and consistent temperature dependence is observed. As with the compressibility, we
suspect that this can be explained by potential variations between the used material batches (in
terms of composition) or by potential inaccuracies related to the experimental equipment. This

Tab. 2.2: Protocol followed for inserting the studied materials into the capillary rheometer as
preparation for viscosity tests (steps 1 to 6) and for measuring the materials’ viscosities
(steps 7 to 10).

Description of activity

Cleaning of the empty extrusion canals (exhibiting diameter dcan).

Heating the canals to the desired temperature Tcan.

Mounting two different dies to the bottom of the two canals. The two dies must exhibit the same die

diameter dgie, but must differ in terms on the die length l45e, implying hence different ratios

A = (laie/daic). In the present study, the length of one die was laie = 0.1 mm, while the length of the

other amounted to lgie = 10 mm.

4.  Chipping of the material to be tested into small pieces, and inserting those pieces into each of the canals
from the top.

5.  Compacting the material pieces by moving the pistons up- and downwards, while excessive material
might be extruded through the dies at the bottom.

6. Repeating of steps 4 and 5 until the canals are completely filled.

7.  Moving the pistons downwards inside the canals with a predefined vertical speed vpyT = Vcan, thereby
inducing a pressure pcan in each of the canals, measured by means of pressure transducers.

8.  Extruding material through the dies at the bottom of the canal.

9. Recording velocities vcan and pressures pcan When the extrusion reaches a steady state, after which the
vertical piston speed vpyr is changed.

10. Repeating steps 7 to 9 until both canals are empty.

W=
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2.3 Experimental program and data evaluation 19

suggests to cast the relation between 1 and vg;e into mathematical format by disregarding any
influence the temperature may have; see Section for dimensional analysis-based arguments
supporting this choice. In particular, we propose the following power law:

Vdie | T
n=a-: , (2.6)
Vo

where vy is a reference velocity, amounting to vy = 1 m/s. Parameters o and 7 were determined
(by means of a standard least squared errors optimization) for both materials, considering for
that purpose all tests performed for each material. The resulting pairs of fitting parameters are
presented in Table and the respective n-over-vgie functions are included in Figures (a)
and (b), see the dotted graphs.

o# (a)
10° ¢
@
<
=
<
10%
10! : :
1073 1072 107! 10°
Vdie [m/s]
ot (b)
103 L
7
<
&
<
]02 L
10! : :
1073 1072 107! 10°
Vdie [m/s]
—80°C ——90°C ——100°C ——140°C ===x Eq.(2.6)

Fig. 2.3: Viscosity n versus the velocity in the die vgse, as recorded for (a) EPDM-A and (b)
EPDM-B, at temperatures 80°C, 90°C, 100°C, and 140°C. The dotted graph shows
the theoretical, material-specific fit over all experimental data according to Eq.
and Table @
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20 2 Arguments from dimensional analysis

Tab. 2.3: Values of a and 7 obtained from fitting the experimentally obtained data pairs of n
and vgie, according to Eq. (2.6)), for materials EPDM-A and EPDM-B, as defined in
Section together with the respective coefficients of determination R2.

a [Pas] ™[] R* [H]
EPDM-A 30.39 0.8671 0.93
EPDM-B 25.17 0.8729 0.90

Tab. 2.4: Protocol followed for inserting the studied materials into the capillary rheometer, see
Figure (a), as preparation for extrusion tests (steps 1 to 6) and for measuring the
die swell (steps 7 to 11).

#  Description of activity

1. Cleaning of the empty extrusion canal (exhibiting diameter dcan); note that in contrast to the viscosity
tests described in Section only one of the two available canals was used.

2. Heating the canal to the desired temperature Tcan.

3. Mounting the extrusion die to the bottom of the canal; characterized (i) by the die diameter, dgie, and by
the die length, l4ie, yielding a respective ratio A = (ldie/daie); (ii) by the gradient of the tapering from
the canal diameter to the die diameter, g.q; and (iii) by the ratio of the canal diameter to the die
diameter, E = (ddie/dcan)-

4. Chipping of the material to be tested into small pieces, and inserting those pieces into the canal from the
top.

5.  Compacting the material pieces by moving the piston up- and downwards, while excessive material might
be extruded through the die at the bottom.

6. Repeating of steps 4 and 5 until the canal is completely filled.

7. Moving the piston downwards inside the canal with a predefined vertical speed vpyT = Vcan, thereby
inducing a pressure pcan in the canal, measured by means of a pressure transducer.

8.  Extruding material through the die at the bottom of the canal.

9. Measuring the diameter of the extruded material dext by means of a laser measuring device.

10. Recording vcan, Pcan, and dext when all three quantities have reached a steady state.

11. Repeating steps 7 to 10 until the extrusion canal is empty.

2.3.3 Extrusion tests
2.3.3.1 Testing modalities

In order to find quantitative relations between the die swell and the underlying factors, extrusion
tests were performed using three types of experimental facilities: (i) a capillary rheometer,
namely a Géttfert Rheograph [30], see Figure[2.4{(a); (ii) a (small) laboratory extruder, namely a
Brabender Plastograph, see Figure(b); and (iii) a (regularly sized) production extruder, see
Figured). This variety of extrusion facilities allows for covering wide ranges of extrusion
specifics, as summarized at the end of this section, in Table [2.6] In contrast to the capillary
rheometer, see Figure 2.4f(a), the laboratory and production extruder, see Figures [2.4(b) and
(d), involve a horizontal extrusion canal, with the die mounted on one end, a screw conveyer
continuously moving material along the canal, and a filling funnel for the insertion of material
on the other end, see [2] and Figure The protocols followed for performing the extrusion
tests are summarized in tabular format in Tables 2.4 and 2.5

The high-speed cameras attached to the laboratory and production extruders, see Figures (c)
and (e), were used for tracking the actually occurring die swell. To that end, the pictures taken
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2.3 Experimental program and data evaluation 21

refegence squares

thermal camera
A

v,

&

Fig. 2.4: Extrusion facilities used in this study, comprising (a) a Gottfert Rheograph 50, (b)
a laboratory extruder of type Brabender Plastograph, (c) a magnified area of (b),
(d) a production extruder, and (e) a magnified area of (d). The mounted measuring
equipment (i.e., high-speed cameras, thermal cameras, and reference squares for
subsequent evaluation) is indicated in (c¢) and (e).

by means of these cameras were processed as described in the following. The pictures were
imported into the commercial software MATLAB, where the original RGB-color matrices were
converted into corresponding grey value representations, see Figure [2.6] Then, two distinctive
features were considered for further processing; on the one hand, the reference square (indicated
by the red-colored box in Figure , and, on the other hand, the extrudate (indicated by the
blue-colored box in Figure . The reference square was used for evaluating the actual size of
the recorded pixels making up the images. Hence, in order to not adulterate the resulting pixel
sizes due to perspective distortion, the reference square needed to be placed as close to the axis
of extrusion as possible, with the plane spanned by the reference square oriented perpendicular
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Fig. 2.5: Schematic sketch of the laboratory and production extruders, also showing the geo-
metrical dimensions relevant for evaluating the extrusion tests, namely the diameters
of the canal (dcan), of the die (dgi), and of the extrudate (dext), the length of the die
(lgie), and the gradient of the tapering from the canal to the die (geq).

Fig. 2.6: Grey scale-representation of a picture taken by one of the high-speed cameras attached
to the laboratory extruder, showing an EPDM-A extrudate (see the blue-colored box)
after exiting a circular die. The red-colored box shows the reference square used for
numerically evaluating the die swell.

to the line of sight of the high-speed camera. Using a built-in function of MATLAB, called edge,
the corner pixels of the reference square were detected. Knowing that the side length of the
reference square amounts to 1 cm, and knowing the pixels representing the edges of the square,
as well as its diagonals, the pixel size could be straightforwardly back-calculated. Based on this
information, the diameter of the circular extrudate, deyt, could be easily deduced from the grey
scale-images after detecting the exdrute edges, again by means of the aforementioned function
edge. Importantly, all extrusion tests described in this paper were performed using a circular die.
Hence, the diameter of the extrudate suffices for completely defining the cross-sectional shape of
the extrudate.
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2.3 Experimental program and data evaluation

Tab. 2.5: Protocol followed for performing extrusion tests by means of the laboratory and

production extruders, see Figures [2.4[b) to (e) as well as Figure 2.5 Steps 1 to 7
can be considered as preparatory steps, whereas steps 8 to 12 represent the actual
extrusion test.

Description of activity

W=

11.
12.

Cleaning of the empty extrusion canal (exhibiting diameter dcan).

Heating the canal to the desired temperature Tcan.

Mounting the extrusion die to the exit of the canal; characterized (i) by the die diameter, dgie, and by
the die length, lgie, yielding a respective ratio A = (laie/daic); (ii) by the gradient of the tapering from
the canal diameter to the die diameter, g.q; and (iii) by the ratio of the canal diameter to the die
diameter, E = (ddie/dcan)-

Positioning the adaptive frame built for this experimental campaign close to the die, see Figures b)
to e).

Mounting of the measurement equipment, namely of high-speed cameras for recording the swelling
development and the diameter of the extruded material, dext, a thermal camera for recording the
external temperature Text, and the reference squares (exhibiting a side length of 1 cm) used for
evaluation of the high-speed camera results, onto the frame (as close as possible to the axis of extrusion
and with the plane spanned by the reference square oriented perpendicular to the line of sight of the
high-speed camera), see Figures b) to e).

Inserting the material to be tested into the filling funnel without interruption, until material is moved all
the way through the canal by the screw conveyer, and excessive material is starting to exit the die.
Continuing extrusion until a steady state of extrusion is reached.

Moving the screw conveyer inside the canal continuously to extrude material through the die at the end
of the canal, while new material is constantly added through the filling funnel.

Recording of the pressure in the canal, pcan, by means of a pressure transducer.

Measuring the development of the swelling upon extrusion, including the diameter of the extruded
material, dext, by means of the high-speed cameras, and the velocity of the extrudate, vext, by
monitoring the velocity of the conveyor belt transporting the extruded material away from the extruder.
Recording of values vext, Pecan, and dext once they reach a steady state.

Proceeding with steps 8 to 11 until all required measurements are performed, or no more feeding
material is available.

2.3.3.2 Test parameters and recorded quantities

The imposed variations of Tcan, Pean, and vgie are summarized for both materials (i.e., EPDM-A
and EPDM-B, see Section , and for all three extruder facilities (see Section in
Table It should be stressed that wvgie is not a test parameter per se, but results from the
velocity of the screw conveyer and is determined based on continuity considerations, considering

for that purpose the velocity of the rubber measured in the canal of the capillary rheometer,
see Eq. , or the velocity of the extrudate, vext, through a relation analogous to Eq. ,
Vdie = Vext * (dext/ddie)*.

Moreover, in order to quantify the extent of the die swell and to ascertain its influences (as
is dealt with in Section of this paper), the following quantities were considered, see also

Figure

the ratio of the die length, lgic, t0 dgic, A = ldie/ddic;
the gradient of the tapering from the canal to the die, geq;
the ratio of dgie t0 dean, = = dgie/dcan; and

the diameter of the extruded material, dey, from which the change in diameter Ad =
dext — dgie 1s deduced.

23
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Fig. 2.7: Diameter change of the extrudate, Ad = dext — dgie, resulting from the extrusion tests
performed by means of the laboratory extruder (LE), the production extruder (PE),
and the capillary rheometer (CR); cross-shaped markers indicate the tests on EPDM-A
while circle-shaped markers indicated the tests on EPDM-B.

The actual values of those parameters used in the tests considered in this paper are summarized
in Table

The results of the extrusion tests are illustrated in Figure 2.7, in terms of Ad, which are
the corresponding differences between the diameters of the dies and the extrudates. These
results clearly show that the swelling of the extrudate upon leaving the die varies substantially
considering the parameter ranges summarized in Table Studying the influences each of the
influencing parameters has on Ad is however not straightforward, owing to the fact that several
factors need to be considered, leading to a multi-dimensional task. A remedy to this problem
is presented in Section [2.4] involving the application of a specific mode of data evaluation and
interpretation, dimensional analysis.

2.4 Dimensional analysis

2.4.1 Outline of fundamental concept

The eventual aim of dimensional analysis is to describe (complex) physical processes by a
minimum set of quantities. To that end, the quantities describing a particular process are broken
down into the underlying fundamental dimensions (or fundamental quantities), such as time (T),
length (L), mass (M), or temperature (©). Thereby, the fundamental quantities can also be
coupled to derived quantities, such as force, pressure, viscosity, or velocity. E.g., force follows from
the fundamental quantities through mass times length divided by the square of time, M - L - T72.
In order to assign numerical values to the mentioned quantities, they are usually given in relation
with units of measurement; e.g., T is given in seconds (s), L in meters (m), M in kilograms (kg),
or © in degrees Celsius (°C).

According to the seminal work of Barenblatt , dimensional analysis involves the core task
of finding relations between the quantities influencing the process of interest. A mathematical
tool which can be utilized for exactly this purpose is the so-called Buckingham II-theorem ,
46]. It allows for finding combinations of quantities describing the process of interest and yielding
a dimensionless constant which hence originates solely from observing the process, or which can
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26 2 Arguments from dimensional analysis

be related to other dimensionless quantities. On this basis, a (complex) process can be described
based alone on considerations related to the dimensions of the involved quantities, without
knowing the underlying mathematical format. While application of this method is demonstrated
next, more information on the theoretical basis can be found in [46].

2.4.2 Application of the Buckingham II-theorem for evaluating extrusion tests

We hypothesize that that the absolute die swell, which is the change in diameter of the extrudate
exiting the die, Ad = dext — dgje, is influenced by the following quantities:

Ad - Ad('l}die, pcana Tcana na K7 A) ng7 E) . (27)

All of these quantities can be expressed in terms of the fundamental dimensions introduced in
Section see Table Note that the influence of the geometries of the extrusion facilities,
expressed through quantities A, g4c, and Z (all of which are already dimensionless per se), can
be captured altogether through an additional quantity I' = T'(A, 2, geq)-

Tab. 2.7: Fundamental dimensions of the quantities hypothesized to govern the die swell in the
extrusion experiments, considering for that purpose length (L), mass (M), time (T),
and temperature ().

Ad Vdie Pcan Tcan n K A gcd E
L 1 1 -1 0 -1 -1 0 0 0
M 0 0 1 0 1 1 0 0 0
T 0 -1 —2 0 -1 =2 0 0 0
(C] 0 0 0 1 0 0 0 0 0

Application of the Buckingham II-theorem suggests the following definition of a dimensionless
quantity characterizing the die swell following from the extrusion tests described in Section [2.3.3}

. T K
MMay = 20 Pean _ (“ ,r) , 2.8
Ad VUdie * 1] f 1o  Pcan ( )

where K = K(pcan), see Section and 7 = n(vdie), see Section and where Tj is some
kind of reference temperature. Thereby, the choice of parameters and parameter combinations

being part of the not yet defined functional relations also influencing IIa4, see the term on
the right-hand side of Eq. , was not arbitrary, but based on the subsequently elaborated
considerations. The temperature is often suspected to exert a considerable influence on the
die swell behavior of rubber, while introducing a reference temperature is necessary in order
to obtain a dimensionless quantity. Based on the compressibility tests presented in this paper
(see Section and on previous studies |15, see Appendix A, the compressibility, quantified
in terms of the bulk modulus K, appears to be of potentially great importance for the die
swell; normalizing it by the pressure in the canal is again required for obtaining a dimensionless
quantity. Furthermore, the geometries of the die and of the canal unarguably influence the
die swell behavior. For the sake of simplicity, we take this influence into account based on the
dimensionless quantity I'.
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2.4 Dimensional analysis 27

Next, we utilize Eq. for assessing the results of the extrusion tests, starting with elaborating
on the soundness of the Eq. itself. For that purpose, we leave out the functional dependences
right of the second equal sign in Eq. . This would imply that IIn4 needs to be a constant,
termed C. Furthermore, we substitute n (which has been determined based on the viscosity tests
described in Section by a viscosity back-calculated from the extrusion tests, termed next,
implying
Ad - Pcan

Udie

Text * C= (29)

Numerically evaluating Eq. (2.9) for all extrusion tests and plotting nex - C' over vg;e reveals
that the viscosity back-calculated from the extrusion tests is a function of vgie and of Teay, see

Figure 2.8
(@)

100

- C [Pa-s]

Mext

Vdie [m/s]
(b)

100

- C [Pa-s]

Mext

10* ‘
1072 107! 10°
Vdie [m/s]

@ LE/80°C @® LE/100°C @ LE/120°C @ LE/120°C
¢ PE/80°C ¢ PE/100°C m CR/100°C

Fig. 2.8: Numerical evaluation of Eq. for all extrusion tests, comprising tests performed on
(a) EPDM-A and (b) EPDM-B (see Section [2.2), by means of the laboratory extruder
(LE), the production extruder (PE), and the capillary rheometer (CR). The obtained
data points are color-coded distinguishing between the temperatures at which the tests
were performed, with temperature-specific regression lines included for the data points
related to the laboratory extruder.
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Fig. 2.9: Numerical evaluation of Eq. for all extrusion tests, comprising tests performed on
(a) EPDM-A and (b) EPDM-B (see Section [2.2), by means of the laboratory extruder
(LE), the production extruder (PE), and the capillary rheometer (CR). The obtained
data points are color-coded distinguishing between the values of A characterizing the
geometry of the die.

On the one hand, these dependencies present themselves in a physically plausible way, corrob-
orating the soundness of Eq. , in particular when considering the results obtained for the
laboratory extruder (see the dotted graphs showing regressions of the temperature-dependent data
points), obtained through a standard least squared errors optimization considering power func-
tions for describing the functional relation between 1 - C and vg;e. The quality of those regressions
can be quantified through the respective coefficients of determination. For EPDM-A, R? = 0.63
(T = 80°C), R? = 0.62 (T = 100°C), R? = 0.74 (T = 120°C), and R? = 0.95 (T = 160°C);
yielding the following average value and standard deviation: R2 = 0.74 4 0.15. For EPDM-B, in
turn, R? = 0.96 (T = 80°C), R? = 0.84 (T = 100°C), R? = 0.98 (T = 120°C), and R? = 0.97
(T = 160°C); yielding the following average value and standard deviation: R?2 = 0.94+0.07
(whereby R? < 1). On the other hand, the functional dependence 1 - C = f(vdic, Tean), in
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2.4 Dimensional analysis 29

addition to the function given by Eq. implies some sort of double dependence on vgje, which
contradicts however the fundamental principles of dimensional analysis. Thus, the functional
dependencies right of the second equal sign in Eq. , Mag = f(T/Ty, K/pcan, ') turn out
to be (at least partially) indispensable for fully describing how IIa4 is governed. It is further-
more instructive to plot the results shown in Figure [2.8 again, but not distinguishing between
temperatures (as was done in Figure , but between different values of A, see Figure
These plots show that neyt is also affected by the geometry of the die. However, regressions
featuring satisfying coeflicients of determination cannot be achieved; hence, a clear and consistent
functional dependence is not observed. This suggests that more extrusion tests, involving wider
ranges of A (but also of g.q and Z, in order to introduce a suitable function and well-founded T)
are required for properly taking into account this dependence as well.

(a)
1200 3
¢
900 $ ¢
¢
T ¢ 2
< 600 . ¢
= =
=]
') .
300! -, . ¢
aks
® e m 0w o .
0 ‘ ‘ ‘ ‘
0 30 60 90 120 150
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1000 o (‘)
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750| %28,
= ‘0
— B S
- 00 " ¢
E 5 = (3 .
= . MWt o0
=] o0 ‘.
2500 g e,
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0 ‘ ‘ ‘
0 100 200 300 400
K/Pcan [-]

@ LE/80°C @® LE/100°C @ LE/120°C @ LE/120°C
¢ PE/80°C ¢ PE/100°C m CR/100°C

Fig. 2.10: Numerical evaluation of Eq. for all extrusion tests, comprising tests performed
on (a) EPDM-A and (b) EPDM-B (see Section [2.2)), by means of the laboratory
extruder (LE), the production extruder (PE), and the capillary rheometer (CR). The
obtained data points are color-coded distinguishing between the temperatures at
which the tests were performed.
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Fig. 2.11: Numerical evaluation of Eq. for all extrusion tests, comprising tests performed
on (a) EPDM-A and (b) EPDM-B (see Section [2.2)), by means of the laboratory
extruder (LE), the production extruder (PE), and the capillary rheometer (CR).
The obtained data points are color-coded distinguishing between the values of A
characterizing the geometry of the die, with A-specific regression lines.

For assessing the functional relations IIag = f(T/To, K/pcan, '), see Eq. , plotting TIag
over the parameters suspected to influence I1a,4 is a reasonable first step. However, the function
I' is not known, due to an insufficient amount of variations of the underlying parameters A, g.q,
and Z, whereas plotting IIag over (T'/T) does not yield data points which can be utilized in any
reasonable way (not shown here). This leaves us with plotting ITng over K/pcan, distinguishing
thereby between different temperatures, see Figure [2.10] and between different values of A, see
Figure 2.11} Figure clearly shows that no reasonable regression can be achieved for the
temperature dependence of the data points, leading to surprising conclusion that the 1oy does
actually not depend on the temperature term (T¢an/70). In contrast, Figure reveals that,
when distinguishing between different values of A, regression is indeed possible in a reasonable way,
see the respective regression lines, obtained through a standard least squared errors optimization
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2.5 Summary and concluding remarks 31

considering power functions for describing the functional relation between I1ng and (K /pcan)-
For EPDM-A, the related coefficients of determination amount to R? = 0.82 (A = 0.54), and
R?=0.94 (A =0.64), R? =0.91 (A = 0.74), R? = 0.76 (A = 2.76), R? = 0.66 (A = 10); leading
to a corresponding average value and standard deviation of R? = 0.82 4+ 0.11. For EPDM-B, the
related coefficients of determination amount to R? = 0.94 (A = 0.54), R? = 0.98 (A = 0.64),
R? =0.84 (A = 0.74), R? = 0.93 (A = 2.76), R? = 0.99 (A = 10), and R? = 1.00 (A = 20);
leading to a corresponding average value and standard deviation of R? = 0.95 + 0.06 (whereby
R? < 1). In summary, the results shown in Figures and corroborate the arguments
concerning the potentially important role of the rubber compressibility for the die swell raised in

[15], see Appendix A. Furthermore, the die swell appears to be consistently influenced by the
geometry of the die, but not by the temperature (at least not in a consistent manner).

2.5 Summary and concluding remarks

In this paper, a comprehensive experimental campaign was presented, comprising compression
tests, viscosity tests, and extrusion tests, performed on two different kinds of rubber blends;
furthermore, the compression tests were also performed on natural rubber. The typically
encountered difficulty in reconciling test results obtained from different testing modalities was
circumvented by applying dimensional analysis. This way, a number of (otherwise inaccessible)
insights could be gained:

e The compressibility of rubber blends was confirmed to be of great importance for die swell
observed upon extrusion of such materials. Hence, it seems very likely that mathemat-
ical models serving as basis for computationally simulating the die swell must take this
constitutive feature into account.

o Surprisingly, the effect of the temperature (at which extrusion is performed) on the die
swell seems to be not as prominent as usually suspected. In particular, the results presented
in Section [2.4] of this paper suggest that temperature indeed influences the die swell,
but that this influence is actually less pronounced than the fluctuation due to potential
inconsistencies in the material mixture and the inaccuracies as regards the measurement
equipment. An analogous behavior was observed for both the compressibility tests presented
in Section and the viscosity tests presented in Section [2.3.2)

e The extrusion tests consistently showed a substantial influence by geometrical parameters
related to the die and the extruders. However, the extent of this influence was rather
inconsistent, meaning that no distinct functional relations between the die swell and the
geometrical parameters could be identified. Overcoming this deficit would probably require
extending the experimental program towards consideration of a much denser “mesh” of

geometrical parameters.

From a conceptual point of view, dimensional analysis has turned out as valuable concept
for evaluation of extrusion tests, the results of which are usually influenced by a multitude of
factors whose individual influences are very difficult to disentangle. Nevertheless, dimensional
analysis does not provide a strictly defined line of action, except from the requirement of finding
combinations of parameters which yield dimensionless new quantities, see Eq. of this paper.
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32 2 Arguments from dimensional analysis

This task can be accomplished only through intuition and a trial-and-error approach, followed
by verification through numerical evaluation. Hence, we regard the resulting quantity, I1a4, as
quite remarkable, as it is physically reasonable, it yields plausible results, and is defined based
on quantities which can be measured straightforwardly. Extending Eq. by an additional
term capturing the geometries of the die and the canal would potentially lead to a more or
less universally valid constant fully defining the die swell of unvulcanized rubber. For the time
being, finding such an geometry-related term is not yet possible, and would require performing
extrusion tests involving much more variations in the die and canal geometries; we consider this
as a reasonable goal for future studies.

As closing remark, it should be stressed that the methods described in this paper could be
analogously applied to more complex die geometries, but would entail a correspondingly more
complex definition of the cross-sectional shape of the extrudate.
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Appendix 2A. Nomenclature

C constant ldie length of the extrusion die
dean  diameter of the (circular) extrusion canal p, initial pressure prevailing in the extru-
dgie  diameter of the (circular) extrusion die sion canal
dext  diameter of the extrudate after com- p.,, pressure measured in the extrusion canal
pleted swelling plAx maximum pressure measured in the ex-
Ad  difference in diameters of extrudate and trusion canal
die, Ad = dext — dgie thola time period of holding the maximum
el base vector oriented in moving direction pressure during compression tests
of the piston of the rheograph Ty reference temperature
gea  gradient of the tapering from the extru- 7., temperature measured in the extrusion
sion canal to the die canal
G shear modulus V0 reference velocity
K bulk modulus VUean  velocity of the material to be extruded
Kier  fitting parameter in the extrusion canal
! current length of specimen vgie  velocity of the extrudate in the extrusion

lo initial length of specimen die
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Vext

UpVT

s

Napp

velocity of the extrudate after exiting
the extrusion die

velocity of the piston in the extrusion
canal of a capillary rheometer

fitting parameter

fitting parameter

geometrical parameter, functionally re-
lated to A, geq, and =

linearized strain tensor

corrected viscosity resulting from viscos-
ity tests

apparent, uncorrected viscosity resulting
from viscosity tests

Tlext

[ = >

=

Ad

0o

Om

viscosity back-calculated from extrusion
tests

Lamé parameter

geometrical parameter, A = lgic/dqgic
geometrical parameter, = = dgic/dcan
dimensional quantity aiming at captur-
ing the factors influencing the die swell
Cauchy stress tensor

initial Cauchy stress tensor

mean (hydrostatic) stress in the capillary
rheometer

fitting parameter
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Chapter 3

A hypoviscoelastic thermodynamics model of
soft solids, utilized for numerically simulating
the die swell of rubber

Authored by: R. Plachy', S. Scheiner!, F. Arthofer?, A. Holzner?, C. Hellmich!

I Institute for Mechanics of Materials and Structures, TU Wien
2 Semperit Technische Produkte GmbH

Under preparation for submission to: International Journal of Engineering Science

Abstract: The computer simulation-based prediction of rubber die swell upon extrusion has
been identified as worthwhile scientific goal several decades ago. While several attempts were
documented in open literature tackling this considerable challenge, successful methods yielding
quantitatively satisfying results have not been reported yet. In this paper, we hypothesize that
the reason for this long-lasting deficit is the fact that the software standardly used for that
purpose is based on mathematical models describing the constitutive behavior of rubber under
the premise that rubber can be considered as incompressible material. However, in a previous
publication (Plachy et al., Polymer 123, pp. 334-344, 2017) [15], see Appendix A, we have shown
that rubber indeed exhibits a compressibility of non-negligible extent. In this paper, we hence
aim at developing a simulation method for the die swell of rubber, which is regarded as soft solid,
taking its compressibility thoroughly into account. To that end, we formulate a new mathematical
framework considering objective, Gibbs energy-based, and mass-related thermodynamics, using
hypo-viscoelastic constitutive material laws. This way, we obtain a new set of seven governing
equations, covering mass conservation, momentum conservation, angular momentum conservation,
geometrical conditions, and constitutive laws. The latter involve only two material parameters,
namely the bulk modulus and the viscosity of rubber. In order to solve these equations, a new
principle of virtual power-based Finite Element scheme was developed, allowing for computing
the progress of rubber extrusion over time, and eventually of the arising die swell. Focusing in this
paper on circular extrusion dies, due to which the mathematical framework can be formulated
and numerically evaluated for the (simplifying) case of rotational symmetry, a set of benchmark
simulation was performed. The results of these simulations corroborate the soundness of the
proposed new modeling approach. On the one hand, the numerically obtained behavior rubber
during the extrusion process has turned out to be consistently plausible. On the other hand,
taking the compressibility of rubber into account was clearly confirmed to substantially influence
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36 3 A hypoviscoelastic thermodynamics model

the die swell of rubber.

Keywords: Gibbs potential, Finite Element method, Newmark algorithm, compressibility

3.1 Introduction

Although attempted many times, computer simulation-based prediction of the deformations soft
(but solid) materials undergo when subjected to mechanical loading has not been accomplished
in a satisfactory way. A prominent example of such a soft solid is rubber. One of the most
important industrial processes based on which rubber gets shaped is extrusion, which involves
squeezing of heated, (unvulcanized) rubber compounds through formative tools, usually referred
to as dies [1, [2]. Owing to the squeezing, the extruded material, called extrudate, is subjected to
high pressures (up to 200 bars). Upon leaving the die, the extrudate experiences an instantaneous
depressurization, causing the extrudate to swell; standardly, this swelling is called die swell |1, [8|
9]. The extent of the die swell depends on various factors, such as on the extrusion velocity, on the
die shape, and of course on the extruded material. Hence, reliably predicting the die swell would
allow for a straightforward production of dies, compensating the die swell, and hence making the
overall extrusion process more efficient. Respective attempts have been presented previously,
see e.g. |16} 19,42} 51-53]. However, despite qualitatively interesting and noteworthy studies,
quantitatively accurate computational models of rubber extrusion have not been published yet.

Aiming at ascertaining the possible reasons for the above-sketched deficit, scrutinizing the
main constitutive assumptions of the state-of-the-art numerical tools used for simulation of
rubber extrusion appears to be reasonable starting point. The large majority of such numerical
tools were performed by means of software originally developed for computational fluid dynamics
computations, based on the fundamental assumption of material incompressibility, see e.g. [51}
52, 54]. A few studies, see e.g. |42, |52, derived governing equations describing mathematically
the expected behavior of the studied materials by considering (sometimes even compressible)
fluid models, such as the Oldroyd-B, Bingham, or Herschel-Bulkley models, yielding eventually
inconsistent thermodynamics formulations. Additionally, other approaches considered rubber to
be a Newtonian fluid with stick and/or slip effects [11, |55 56|, by fitting experimental results,
partly based on viscoelastic models [38-40, 57|, or pseudo- and viscoelastic approaches [16, 53,
58]. While based on different assumptions and simplifications, those models have in common
that they are either severely restricted in terms of their applicability, or they do not provide
accurate results.

In this paper, we rigorously revisit the theoretical basis of rubber extrusion models. Importantly,
we thereby consider the results of compression tests performed on various kinds of natural rubber
and rubber compounds, showing that unvulcanized rubber is indeed compressible [15], see
Appendix A. We thereby somewhat tie in with studies which focused on (highly) compressible
fluids and pastes [19, 43|, 44]; however, those models exhibit limited applicability to rubber. One
further key novelty of the subsequently presented model concerns the treatment of rubber as
soft solid, in contrast to the standardly employed model representations of rubber as fluid. This
leads to substantial changes in the derived governing equations. In particular, Section [3.2] of
this paper includes the main modeling assumptions and concepts, allowing for derivation of
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3.2 Fundamental theoretical considerations 37

conservation laws within an objective, mass density-related thermodynamics framework. The
governing equations are discretized based on the Finite Element method, employing for that
purpose the principle of virtual power, see Section [3.3] Numerical studies, described in Section [3.4]
corroborate the validity of our new modeling approach, whereas the main findings of this study
are discussed in Section

3.2 Fundamental theoretical considerations

3.2.1 Volume- and mass density-related quantities

In this paper, we consider rubber as soft solid. As such, rubber naturally undergoes large
deformations during the extrusion process. Let us consider a material point within the rubber
domain, with the current position of this material point being denoted by x, while its reference
configuration is denoted by X; X = x(¢ = 0), with ¢ being the time variable. Because of the
aforementioned large deformations, the volume around the material point changes significantly
over time, dVj(X) # dV(x), where V} is the volume of a specific domain with the material point
in the reference configuration in its center, whereas V is the volume of the same domain in
the current (deformed) configuration. Moreover, it should be noted that X = X(¢ = 0) and
x = x(t > 0). Nevertheless, the mass of this material point, M, remains constant upon the
deformation. In the following, we therefore relate thermodynamic quantities to the mass of a
material point, rather than to its volume, see also [47].
Next, we relate the volume change of a material point to its corresponding mass change,
through
M = po(X) - dVp = plx(t), 1] - AV = p[x(t),] - det(F) - Vi, (3.1)

where pg is the initial mass density, p is the current mass density, and F is the deformation
gradient tensor, defined as

ox(t)
F=—- 2
) (32)
with the determinant of F following as
dVv
F)=—. .
det(F) v (3.3)

Equation (3.1]) allows for establishing a relation between reference and current volume changes

and mass densities, reading as
vV _ pX) _ (3.4)
dVo  plx(t),1]
It should be noted that, as already obvious from Eq. , we use the symbol - for scalar
multiplications consistently throughout this paper. While this is in principle not necessary, we
aim this way for a clearer and unambiguous distinction between scalar multiplications of terms
in brackets and functional dependencies (which are also indicated by brackets).
Based on Eq. , standard thermodynamics quantities can be related to mass densities

(instead of being related to the volume):

Qulx(t), ] = 201 (3.5)
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38 3 A hypoviscoelastic thermodynamics model

where @) represents a generic quantity, which can be substituted by, e.g., the volume-related
Helmholtz potential 1/, the volume-related internal energy density e, the volume-related internal
entropy density s, and the volume-related dissipation ¢. Analogously, @), stands for the mass
density-related counterparts v, e,, s,, and ¢,,.

3.2.2 Introduction of the Gibbs potential

Furthermore, we introduce the so-called Gibbs potential G, G = G(o,T), with o = o[x(t), t]
being the current Cauchy stress tensor and 7' = T'[x(t), t] being the absolute temperature. The
Gibbs potential, which depends only on the current Cauchy stress (and on the temperature)
allows for derivation of viscoelastic fluid models which are thermodynamically consistent [31}
32]. While the classical and more widespread Helmholtz potential-based models depend on the
strain, and thus on the evolution of every material point’s displacement over time, the Gibbs
potential-based models are independent of the time evolution. Analogously to Eq. , the mass
density-related Gibbs potential is defined as

Glx(t), 1] = ol T (3.6)

Considering [31}, 59|, ¢p, e,, and s, can be defined in alternative formats, namely as follows:

pb(0): 1) = Gyf(o) 1) = S0 ot 1, (37)
- G, [x(t), 1] oG, [x(t), 1]
ep[x(t),t] = Go[x(t), 1] — m co[x(t), 1] - m -Tx(t),1], (3.8)
and
s [x(t), 1] = —‘m . (3.9)

3.2.3 Derivatives with respect to time and space

Next, we consider an arbitrary quantity ¢ which is position- and time-dependent, hence ¢ =
€(x,t). Taking also into account the current position is actually time-dependent, we obtain
€ = €[x(t),t]. Anticipating that in the subsequently elaborated derivations such quantities need
to be differentiated with respect to time, the so-called material derivative D/Dt is introduced
@,

Defx(t). ] _ delx(t),1] , delx(t).1] 9x()
Dt ot ox(t) ot

= €[x(t),t] + Ve[x(t),t] - v[x(t),], (3.10)
where v is the velocity. Furthermore, 8( )/t = () is the partial time derivative, and () /0x = V()
the partial space derivative.

Note that so far all dependencies of all quantities (i.e. on position and time) have been
indicated explicitly. Subsequently, for the sake of conciseness, functional dependencies are only
indicated if new quantities are introduced, if those dependencies are not self-evident, or if they

need to be pointed out explicitly for better understandability.
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3.2 Fundamental theoretical considerations 39

3.2.4 Expression of quantities independent of reference frame

In order to make sure that the involved stress measures are actually independent of the chosen
reference frame, so-called objective material derivatives of the Cauchy stress tensor, Do /Dt, are
used throughout this paper. For that purpose, we apply the Jaumann rate, defined as [47, [60-62]

D
g:D—j—w-a—i—a'w, (3.11)

where w is the antisymmetric part of the velocity gradient,
1 lov  [fov\"
S vA ST A (i . 3.12
w v [ ( 8x> ] (3.12)

All other quantities occurring in the later presented constitutive laws, see Egs. (3.48)) and (3.49),
are objective per se .

3.2.5 Conservation of mass, momentum and angular momentum

For deriving conservation laws, the Reynolds transport theorem is considered. It states,
that for any scalar or vectorial quantity £ with density e,

&= [ exte.fav, (3.13)
1%
the material derivative is of the form

D _D _ [ (Delx®).1] )

= = Dt/ve[x(t),t]dv_/v( I 4 (0,11 (V- v) ) av (3.14)

with the first term in the last integral following from Eq. .

Mass is defined through M = [{, pdV, and considering that mass does not change over time
yields DM /Dt =0 . Equation then yields the respective mass conservation law,
reading as

Dp

ﬁ+p'(V~v):0. (3.15)

Momentum is defined as P = [i,(p-v)dV, and the change of momentum follows from
D) o
LI / £V + [ Td@V), (3.16)
Dt Jv av

where f is the volume force vector, and T is the traction force vector acting on the surface OV
of volume V. Application of Eq. (3.14)), while also considering Eq. (3.15]), yields the momentum

conservation law, reading as
Dv

P Dt
Finally, the definition of the angular momentum reads as D = [, x x (p - v)dV, while its

change is given by

DD
Dt

=f+V.o. (3.17)

:/ xxfdV + [ xxTd@dV). (3.18)
1% oV
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40 3 A hypoviscoelastic thermodynamics model

Equations ((3.14] , , and can be used for confirming the symmetry of the Cauchy
stress tensor,
o=0o". (3.19)

Detailed derivations of Egs. (3.15)), (3.17)), and (3.19) are provided in Sections [4.2) and of

the Supplementary File.

3.2.6 Conservation of energy, entropy, and the dissipation inequality

Energy is defined as the sum of internal and kinetic energy , , expressed mathematically
through

1
E:/p-epdV+/ —-p-(v-v)dV, (3.20)
1% v 2

while the change of energy is defined as
:/f-vdV+ T-vd(@V)+/p~rpdV—/ q-nddV), (3.21)
1% v 1% v

where 7, is the mass density-related specific body supply of heat, q is the heat flux vector, and
n is a normal vector to the surface OV of the considered volume V. Application of Eq. ,
together with Egs. , , and , yields the internal energy conservation law (which is
the first law of thermodynamics in mass density-related form, using material derivatives), reading
as

D
p-ﬁ:a:d—t—p-rp—v-q, (3.22)
Dt
where d is the symmetric part of the velocity gradient,
1 |0v ov\T
d=Viv==-.|— — : 2
Vv 5 l8x+<8x> ] (3.23)

Entropy is defined as S = [, p- s,dV, while its change over time reads as ,

o _/ P To gy /WT nd(OV) . (3.24)

Considering Egs. (3.14) and (3.15]) yields the internal entropy conservation law (which is the

second law of thermodynamics in mass density-related format, using material derivatives), reading
as
Ds q
T .20, V-q—=-VI'>0. 3.25
pT-py =P rptVoa-o > (3.25)
Substituting e, in Eq. (3.22) according to Eq. ., substituting s, in Eq. (3.25) according to
Eq. (3.9 ., and combining then the hence modified Egs. (3.22]) and - ylelds

- D[aGP]_ .D{GP_OGP- Gy 1 +a:d—%-VT20. (3.26)

or Dt o0 7 oT
The derivatives of the G ,-related terms with respect to time can be further evaluated by rigorously
applying the chain rule, yielding

DG, 0G, Do  0G, DT

Dt~ 90 Dt T oT D’ (3.27)
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3.2 Fundamental theoretical considerations 41

D [0G, | D [0G,] . 0G, Do
Dt[@a'a]_Dt{&f}' do Dt (3.28)
and
D {66’,) } _ D {86’,)] oG, DT (3.29)
Dt | 0T ~ ] Dt [T or Dt - '
Inserting Eq. (3.27)) to (3.29)) into Eq. (3.26)) allows for deriving the so-called dissipation inequality,
D [0G, q
=—|=—L|: :d—=-VT >0 3.30
Py Dt[aa} po+ao 7 VT =0, (3.30)

where ¢, is the mass density-related dissipation, hence giving access to a Gibbs potential-related

alternative to the definition given by Eq. (3.5]), see also , .
Detailed derivations of Eq. (3.22)), (3.25)), and (3.30] are provided in Sections and

of the Supplementary File.

3.2.7 Splitting of the stress tensor and thermodynamic consistency

For the purpose of numerically solving the eventually arising equations in an efficient way, the stress
tensor o is split into two parts o = o1 + 02, with o1 representing the instantaneous (or elastic)
responses of the material, and o2 representing the long-term (or viscoelastic) responses . The
Gibbs potential is then dependent on both parts of the stress tensor, namely G = G(o1,02,T).
Hence, Eq. needs to be extended as follows:

POl

pgy= D [aGp} D [aGp

q
— | =P . — | —L|:p- :d :d—=-VT >0. 3.31
Dt 80'1 Dt 80’2:| p o2+ o1 o T v o ( )

Assuming a constant temperature field, i.e. V1 = 0, yields the mass density-related mechanical
dissipation &,

D [0G
p.gp:[ﬂ

D [0G
Di ]:p-0'1+{p}:p-ag—l—al:d—i—ag:dzo. (3.32)

80’1 Dt 80'2

Next, we consider the terms in Egs. (3.31) or (3.32]) involving the material derivatives of the
partial derivatives of the Gibbs potential GG, with respect to stress tensors o1 and o2. Expanding
the first of these two terms yields

POl =

D [aGp]

D 9’G, Doy 0*G, Doy  9°G, DT
Dt | 9o

do10o1 Dt * do100y Dt + Do10T - Dt} rpror. (3.33)

Substituting the material derivatives of the stress tensors occurring in Eq. (3.33)) by the corre-
sponding Jaumann stress rates, see Eq. (3.11]), allows to rewrite Eq. (3.33)) as follows:

D{E)G,}}. _l G, v . 9°G, v  0’G, DT

—|:p-o1 = — t—|p-o7. .34
Dt (9o, ] "7 7" 90100, 7 90107 Dt] pra (3.54)

80’180’1 '
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42 3 A hypoviscoelastic thermodynamics model

The second term after the equal sign in Egs. (3.31]) or (3.32) can be treated analogously. Ther-
modynamic consistency requires Egs. (3.33) and (3.34) to induce the same internal energy [59],
allowing to postulate the following conditon:

0°G, Daoj o — 0°G, i O — 0°G, .(Do'j_w ot o w)- o
8ai80j ' Dt P v 80’2'30']' Tip v 8aiaaj ' Dt J J P v
(3.35)
where i, = 1,2. Eq. (3.35) is equivalent to
0%G ?
aaag-:(Uj'“’_w"’j):p'a":o’ (3.36)
i00 j

As shown in Section of the Supplementary File, the condition scrutinized in Eq. (3.36))
turns out to hold; hence, the presented mathematical framework is indeed thermodynamically
consistent.

3.2.8 Constitutive functions

Considering that o1 represents the elastic response of the material, that oo = 0, and that the
temperature is constant, i.e. VI' = 0, the dissipation &, in Eq.(3.32) can be set to zero .
Thus,

D [0G D [0G
0=—|=—L|:p- rded=—p- — p]. 3.37
Dt {801] pra1ton P Dt {001 (3.37)
Then, in line with , we define a symmetric viscoelastic velocity gradient dye, as
D [0G
de. =d | == 3.38
¢ + p Dt |:80' 2 :| ( )
implying, because of d = de + dye, the corresponding symmetric elastic component de,
D [0G
de=—p-— | —2|. 3.39
¢ p Dt [80' 2 :| ( )

On this basis, the dissipation inequalities given by Egs. (3.31)) and (3.32)) can be reduced to

p-&p=02:dy, (3.40)
and
p-qbp:ag:dve—%-VT. (3.41)

Following the arguments of , the required non-negativity of ¢, and &, implies that from any
dissipation function £, satisfying Eq. (3.40) an explicit expression for Eq. (3.38)) is of the form

0¢
dve=p-|p- =L, 3.42
I {p 802} (3.42)
with ¢
p-
O-QPT"Q
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3.2 Fundamental theoretical considerations 43

By definition, the Gibbs potential is defined through
1
p-Gp(O'l,O'g,T) = —5-[0'1 D io1t+os Dy oo+ A 0'1-(T—T0)—|—A2 : Ug-(T—TD)] R (3.44)

where D and Dy are fourth-order compliance tensors, A; and Ay are second-order thermal
expansion coefficient tensors, and Tj is a reference temperature . An alternative definition of
the dissipation function reads as

p-&ploa) =02:1:09, (3.45)

where J is the fourth-order viscosity tensor. Owing to the stipulation that the stress tensor o is
purely elastic, and hence non-dissipative, the dissipation depends on the viscoelastic response
part of the stress tensor, o9, only.

For deriving the constitutive equations, we differentiate the definition of G, according to
Eq. two times with respect to the stress tensors and to the temperature, yielding the
following three expressions:

82Gp

— . =D,
p 301-8@ v

_,. G, _
P aaz@aj N

892G,

0, and

Differentiating Eq. (3.45]) with respect to o2 yields, under consideration of Eqs. (3.42) and (3.43]),

p-ggp:2-J:02<:>dve:J:02, (3.47)
lop)

whereby © = 1/2. Combining, on the one hand, Eq.(3.37) with Eq. (3.34), and inserting
Eqgs. (3.46)) into the resulting equation, allows for deriving the first, purely elastic constitutive
equation, reading as

DT

de . 02G,, T 0G,, T 9*G, DT
- do0o1 ' 9000y 2 00,0T Dt

Combining, on the other hand, Eq. (3.38]) with with Eq. (3.34), and inserting Eqgs. (3.46|) and
(3.47)) into the resulting equation, results in the second constitutive equation, taking into account

viscoelastic behavior,

DT
+dve:]D)2:g'2+A2'7+J:0'2.

905001 "' T doados T2 T 99,0T Dt Dt

d= . l ’G, v G, v | &G, DT]
(3.49)

Together, Egs. and describe visco-hypoelastic behavior of the studied material.
Finally, we study the relations between ID; and D5, as well as between A and As. For that
purpose, we introduce the fourth-order elasticity tensors C; and Cs, following from the respective
compliance tensors as C; = ]D)l_1 and Co =Dy L Considering then DT/Dt = 0 and o9 = 0, while

o #0 (i =1,2), Egs. (3.48) and (3.49) yield

Clidzgl and (Cgid:g'g. (3.50)
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44 3 A hypoviscoelastic thermodynamics model

Summation of the two expressions given by Eq. (3.50]) results in

v

(C1+Cy):d=c=C:d=0. (3.51)

Furthermore, we consider a viscosity factor 5y, defined such that g'l =(1-5y) o and (vfg = [y o

Then, Egs. (3.50) and (3.51)) yield
C;=(1-p3y)-C and Co=4,-C. (3.52)

However, the additivity valid for the elasticity tensors is not valid for the compliance tensors.
This can be easily seen, through

D=C'=(C;+Co) ' #C;*+C;' =Dy +Ds. (3.53)

As for the tensors A and As, we consider cvrl = g’g =0 and o9 = 0. Equations d3.48b and d3.49|)
provide then two definitions of d, reading as

DT DT
d=A;-— and d=A,-

—_—. 3.54
Dt Dt ( )

Obviously, Eq. (3.54)) implies that A; = Ay = A.

3.2.9 Summary

Sections to deal with the development of a mathematical framework describing the
material behavior of soft solids, such that the deformations rubber undergoes during the extrusion
process can be predicted by means of numerical computations. The essential governing equations
obtained to that end comprise

1. Conservation of mass, see Eq. (3.15));
2. Conservation of momentum, see Eq. (3.17));

3. Conservation of angular momentum, see Eq. (3.19));

4. Geometrical conditions, see Egs. (3.12) and (3.23)); and

5. Constitutive equations, see Eqgs. (3.48)) and (3.49).

The subsequent Section [3.3]is devoted to constructing a solution strategy allowing for numerically
evaluating the governing equations.

3.3 Numerical solution

3.3.1 Simplifying assumptions

Firstly, we assume that the effects of volume forces are negligibly small; hence, f ~ 0, Then, the
momentum conservation equation given by Eq. (3.17)) reduces to
Dv
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3.3 Numerical solution 45

Furthermore, the temperature field is assumed to be approximately constant in time and space;
hence VI' ~ 0 and DT/ ~ Dt = 0. This implies the following reductions of the constitutive
relations given by Egs. (3.48]) and (3.49)):

\

d:]Dlzal, (356)

and
d=Dy:0,+J: 05 (3.57)

As concerns the material behavior of rubber, the results presented in [15], see Appendix A, and
Chapter [2] are taken into account, namely that the elasticity properties of rubber only depend
on the bulk modulus K, with K/G — oo < v — 0.5, where G is the shear modulus and v is
Poisson’s ratio. The viscoelastic properties of rubber, in turn, only depend on the viscosity 7,
see Chapter |2, and viscoelastic effects only affect the shear behavior , see Appendix A. This
implies that D = Dy(K), Dy = Do(K), and J = J(n).

3.3.2 The principle of virtual power

The solution of the governing equations is approximated numerically, based on the Finite Element
(FE) method [34} [35]. For deriving the correspondingly discretized equations, the principle of
virtual power (PVP) is employed. Essentially, the PVP reads as

L= Eacc + Eext + Eint - 0, (358)

where L, is the virtual power of acceleration forces,

Dv
acc — — c—-vd ; .
L /p TR 1% (3.59)

Lext is the virtual power of external forces,

Low= | T-vdOV), (3.60)
oV

and Liy is the virtual power of internal forces,
Ling = —/ o:ddv. (3.61)
\%4

Note that Eq. (3.60) implies that volume forces are neglected, as argued in Section m Fur-
thermore, v is the virtual velocity and d is the symmetric part of the virtual velocity gradient.

3.3.3 Definition of estimator terms

Let us assume that the PVP is fulfilled at time step ' (thus, £(t') = 0). Clearly, the PVP
requires that at the following step, £(¢'t!) = 0. The unknown variables at each new time step
t+1 are (i) density p'*?!, following from the conservation of mass, see Eq. ; (ii) acceleration
vector a't! = gvit! /0t, velocity vector vit! = 9x+1 /9t, and position vector x+!, related to
Egs. to ; and (iii) stress tensor o**!, following from the constitutive relations given

by Egs. (3.56) and (3.57)).
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46 3 A hypoviscoelastic thermodynamics model

For finding a’*!, vl and x**!, £(¢'*!) is implemented employing the Newmark algorithm
, with the unknown a‘*!. With At = ¢'*! — ¢!, the Newmark algorithm involves the
estimators

vl =vi L At-(1—7)-a' + At-v-a'T, (3.62)

with v € [0, 1], and

1-28)

x = x4 At v+ (A1) ( 2 + (At)*-p-a ™t (3.63)

with 28 € [0,1]. In the following, we set v = 1/2 and $ = 1/6 (which are standard choices for

those parameters). The time discretizations for pi*! and o**! are based on
dp  pitl— g
_—=— 3.64
ot At ’ ( )
and 5 - ,
% ol
7_9 ~9 (3.65)

ot At
Expanding Eq. (3.15) and combining it with Eq. (3.64)), the density estimate p**! follows as

P =0 = A VTt (Vv = pf - Ar [V (v (3.66)

which is valid for a sufficiently small time-step At. Expanding Eq. (3.56)) and combining it with

Egs. (3.11)) and (3.65)), the stress tensor estimate o} follows as
ot =gl + At- [Ci At - vl - yitl i+l i i i+1}
=0 i: ol Vv tw ol —ol-w (3.67)

Likewise, expanding Eq. (3.57)) and combining it with Egs. (3.11)) and (3.65]), the stress tensor
estimate o5 follows as

obtt =ob + At {(CZQ cdT —Veh vt Wit gl —ah it - L T O'ZQ] . (3.68)

Summation of Egs. (3.67) and (3.68)), while considering Egs. (3.51)) and (3.52)), and setting

oo = By - o, results in
o =o'+ At- [(Ci cdT - Vel v it gt — gt w32 0'2} . (3.69)

3.3.4 Development of solution algorithm

Next, we aim at combining the estimators defined in Egs. (3.62)), (3.63]), (3.66)), and (3.69) with
the PVP integrals given in Egs. (3.59) to (3.61)), thereby aiming at evaluating a’*!. To that end,
interpolation functions N are introduced, allowing for the following definitions:

a=N-a, (3.70)
v=N-v, (3.71)
d=VSv=VN.v, (3.72)
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3.3 Numerical solution 47

and
w=Viv=VAN.v, (3.73)

with a as the nodal values of a of a FE mesh, and v as the nodal values of v .
Firstly, expanding Eq. (3.59) by considering Eq. (3.10]), and combining the resulting expression
with Egs. (3.70) and (3.71)), yields

acc

L£itl = —/ Pt a4 vt ydV = —v-M-a'tt — v B -y (3.74)
1%
where the auxiliary tensors Ml and B are defined as
M:/ N.pt . Nav, (3.75)
1%

and
B = / N.p . vvitl . NdV, (3.76)
\4

while p*! is inserted according to Eq. (3.66)). Secondly, combining Egs. (3.60)) and (3.71]) results
in
Lol = - T . vdV) =v - P, (3.77)

where the auxiliary tensor P is defined as

P= [ N-T"dov). (3.78)
oV

And, thirdly, expanding Eq. (3.61]) according to Eq. (3.69)), while also considering Egs. (3.71)) to
(13.73)), leads to

ri+l __/ {Ui+At- [(Ci:VSvi+1_vo_i_vi+1+vAvi+1.o_z‘
1%
—ai-vAviH—ﬁz-ci:Ji:ai]}:vsodv
. S—V]—%-[K+G+W]. v, (3.79)

where the auxiliary tensors S, K, G, W, and V are defined as

S:/ VSN : g dV, (3.80)
14
K:/ At-VSN: C': VSNAV, (3.81)
|4
G:—/ At-VSN : Vo' - NdV, (3.82)
14
W:/ At-VSN: (VAN o' — o' VAN) aV, (3.83)
\%
and
V:/ At-VSN:B2.C: T o dV . (3.84)
\%
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48 3 A hypoviscoelastic thermodynamics model

Summation of Egs. (3.74), (3.77), and (3.79) according to Eq. (3.58) results in
—v-M-a™ v P+V-S-v [K+G+W+B] vt =0. (3.85)

Eq. (3.85) must hold for all compatible fields of v, thus implying the following equation for finding
the unknown a‘t!:

atl =M {P+V-S—[K+G+W+B vt} (3.86)

Clearly, Eq. needs to be solved numerically. In this work, this is done based on the
Newmark algorithm . This algorithm uses an iterative predictor-corrector scheme for
approximating the sought solution; in the present case the unknown a‘*!'. Based on Egs. (3.62)
and , the predictors read as

éi-f-l — ai , (387)
Y = vi At (1—7)-a, (3.88)

and 1-9
£ = x4 At v+ (A1) (_25) -a’. (3.89)

The predictors are then updated using a quantity called acceleration corrector, Aa’™!, by means
of

att =a"t 4+ Aa'tt, (3.90)
vt =9 L ALy Aatth (3.91)

and
x =% L (A28 Aa (3.92)

with 4 = 1/2 and 3 = 1/6. Thereby, Aa’*! is defined as follows:
Aal =M+ (K+G+W+B)-~-At] !¢, (3.93)

with e being the numerical approximation error, e = {P+V —S — [K+ G + W+ B] - viT!} —M-
a’t!. For each time step t' — ¢!, the Newmark algorithm is then implemented as summarized
in Table B.11

Tab. 3.1: Implementation of the numerical solution scheme based on the Newmark algorithm

5. 57

#  Description of step

1. Tolerance 7 is chosen.

2. The predictors a'™!, vi™! and x**! are computed by means of Egs. to 1)

3. Computation of p**t! according to Eq. and of o'*! according to Eq. 1)

4. Implementation of boundary conditions.

5.  Computation of the auxiliary tensors M, B, P, S, K, G, W, V| through evalution of Eqs. , ,
7. and @ 1o B,

6. Computation of error measure € = {IF’ +V-S—-[K+G+W+B]- vi“} —M-a’tt,

7. If ||e|| > 7, the predictors are updated according to Egs. to @I}, and the iteration is repeated by

going back to Step 3 (using the updated predictors). If ||e|| < T, the iteration is completed.
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3.3 Numerical solution 49

3.3.5 Spatial Finite Element discretization

The numerical study presented in this paper is limited to circular dies. Hence, the mathematical
framework is evaluated in terms of cylindrical coordinates, defined through base vectors e;, ey,
and e,, and by making use of rotational symmetry, implying that all computations can be carried
out in quasi-planar (2D) fashion.

The spatial discretization of the studied domain is carried out based on triangular elements of
order o = 1, defined through the cylindrical coordinates r, ¢, and z, while element-specifically a
natural coordinate system defined by coordinates &1, &2 is used, with &;,& € [0, 1] A& + & <1,
see Figure [3.1fa) to (c) [34]. In their initial configuration, each element features lengths of
the orthogonal sides denoted by h, see Figure (b) Notably, two mesh variants are used
simultaneously, compare Figures (d) and (e). This way, we aim for reducing any influence
stemming from the element orientations by averaging the results of the two meshes. Each mesh
is characterized by n nodes in r-direction and m of nodes in z-direction. Hence, both meshes are
characterized by n, = n - m nodes, and by ne =2 (n —1) - (m — 1) elements. Furthermore, the
number of nodes along the boundary of each elements amounts to b, = 3, while the number of
nodes for numerical integration amounts to i, = 1 for an element with order o = 1.

For later numerical integration, the volume of each element follows from considering an arc
in ¢-direction, with A¢ = 1, see Figures [3.1(d) and (e). Besides the initial mesh coordinates
10, 20, €ach node is also assigned an initial density po, initial accelerations a,o = a. o = 0, initial
velocities v, 9 = v, 0 = 0, and initial stresses 0.0 = 0pp0 = 0220 = 0,20. Links between the
local node numbers 1,2, 3, and the global node numbers 1, ..., n, are stored in a matrix A of size
ne X 3, with each row of this matrix containing the global node numbers of one element.

3.3.6 Interpolation functions and operators

Interpolation functions link the value of a quantity €(§), with & = (&1,&2), to the respective
values of this quantity at the nodes of the FE mesh. Considering triangular finite elements of
order o = 1, the nodal values are given by € = (€1, €2, €3) ", with 1,2,3 denoting the local node
numbers. The mathematical relation betwwen €(€) and € is given by

€(§) = N(§) - €, (3.94)

with N = N(&) as interpolation function, which is defined, when considering triangular elements
of order o =1, as

M 1-&6-6&
N=| Ny | = &1 ; (3.95)
N3 &2

see also [34]. Equation ([3.95) allows for interpolation of the value of scalar quantity e known at
the elements’ nodes. However, if the quantity to be interpolated is vectorial, the interpolation
function needs to extended accordingly. For the present case, vectorial quantities exhibit in each
node r- and z-components, yielding the following interpolation function:

| Nyt 0 Ny 0O N3 O

N*(&) = 3.96
(6)0N10N20N37 (3:96)
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(a) (b) (c)
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V2h ;
h 71 2
, © % 3
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Ap=1 e, 9lobal node numbers | element number | |2‘(n —1)(m — 1)|

T nm

local node numbers
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2m+1 & 1 3Im,
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2m — 2

1 >

el 919l g — m  ©r

m
()
€
Aj=1 e, global node numbers | element number | [2(n—1)(m — 1)
]

nm

local node numbers
9 2

S 7
2777, + 1 : 3771

2m — 1 1 3 iE
m 4+ 1 m
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i 21213 - > ™ ©r
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Fig. 3.1: Elements and meshes used for the implementation of the finite element solution method:

(a) triangular element of order o = 1 in a natural coordinate system, including the local
node numbers and node-coordinates in natural coordinates; (b) undistorted triangular
element of order o = 1 in a cylindrical coordinate system, including the size h of the
element; (c) arbitrarily deformed triangular element e or order o = 1 in a cylindrical
coordinate system, including the deformed natural coordinate system and the position
vector of node 1 of element e, i.e. x§; (d) mesh layout 1; (e) mesh layout 2; both
showing the cylindrical coordinate system, the mesh size characteristic n and m, the
local and global node numbers and the element numbers for selected elements; with
both meshes simultaneously solved and the results averaged in order to minimize
influence of the mesh layout
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3.3 Numerical solution 51

with N1, No, and N3 defined analogously to Eq. , and with the nodal values stored in a
vector reading as (€1, €1z, €25, €2 2, €31, E37Z)T, resulting in €(&) = [e,(£), 62(5)]T. Additionally,
for interpolating a quantity £ of arbitrary mathematical shape (including vectors of arbitrary size,
vector representations of tensors, matrices of arbitrary size, matrix representations of tensors, or
tensors of arbitrary size and order), whose value is known at the element’s nodes, here denoted
as &, with ¢ = 1,2, 3, linear combinations of the nodal values can be used as well, reading as

E€)=N1-&E+Ny-E+N3-&. (3.97)

Derivatives of the interpolation functions follow as

aN(ﬁ) o ONy ONy ON3 L
9 [8& eI 851} =[-1,1,0], (3.98)
d
an ON(§) _ [8]\71 ONo 8]\73} _[£1,0,1] (5.99)
08 087 &7 0& A .

For differentiation of N1, N, and N3 with respect to & and &, as occurring in Egs. (3.98)) and
(13.99), the chain rule needs to be employed, considering that & = & (r, z) and & = &(r, 2),

yielding
ON; ON; Or  ON; 0z

9~ or og 0: 0 (3-100)
with ¢ = 1,2 and 57 = 1,2, implying
ON; o 92 7 T ON; ON,
0 | _ | 0& 0& | | Or | _y.| Or
oN, |~ | o o v | =7 on: | (3.101)
082 0§ 0% Dz 0z
and
ON; 061 06 ON; ON;
or | _ | or or | | 0& | _ 11 | 0&
oN; | = % % oN: | = J onN; | (3.102)
0z 0z 0Oz 082 062

where tensor J is standardly referred to as Jacobian. From Egs. (3.102)), the derivatives of the
interpolation functions with respect to the cylindrical coordinates r and z follow as

ON; ON, 06 ON, 0& ON; ON, 06 ON, 0&
— L8t L Us2 — L IsL L Us2 1
or 04 or o9& or MM o T o8 0: 04 0z (3.103)
while ON(E) [ON, ONy ON. ON(¢) [ON, Ny ON.
_ 1 2 3 B 1 2 3
or | or or  Or and Oz | 0z 9z 0z |’ (3.104)
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52 3 A hypoviscoelastic thermodynamics model

3.3.7 Elasticity and viscoelasticity

For an isotropic material, the elasticity tensor, given in a cylindrical coordinate system (defined
by unit vectors e,, e, and e;), is of the form

[ Crrrr Crrcpcp Crrzz 0 0 0 0 0 0
Coorr Cpppp Copez 0 0 0 0 0 0
szrr szcpgo Ozzzz 0 0 0 0 0 0
0 0 0 Cpopz O 0 0 0 0
c=1| o0 0 0 0 Cpp. O 0 0 0 (3.105)

0 0 0 0 0 Crorp O 0 0
0 0 0 0 0 0 Chipp O 0
0 0 0 0 0 0 0 Cuur 0

0 0 0 0 0 0 0 0 Corer |

Taking into account the assumption K/G — oo < v — 0.5, see Section|3.3.1] the components of
C follow as
3(1-v) 3v 3(1—2v)

UV LK, G =K K, and Ciyj=K >
Ay o Vil Tro oo ame g 21+ 1)

Ciiii = K — 0. (3.106)
Thereby, the bulk modulus depends on the pressure, which, in turn, is location-dependent. In
particular, considering the work presented in , see Appendix A,

K = Kp(&)| = K" - (&) (3.107)

ref

where p(§) = —1/3 - tr[o(&)] is the hydrostatic pressure, with o (&) obtained from linear combi-
nation of o at the elements’ nodes through Eq. , while K. and 8 are material-dependent
parameters obtained from compression tests , see Appendix A.

The viscosity (or creep) tensor, on the other hand, again formulated for an isotropic material
and considering a cylindrical coordinate system, is of the form

[ Jrrer Jrn,mp Jrrzz 0 0 0 0 0 0 1
Joorr Joppo Jopez 0 0 0 0 0 0
Jzzrr Jzz<p<p Jzzzz 0 0 0 0 0 0
0 0 0 Jpspz O 0 0 0 0

I=1| o0 0 0 0  Jrasz O 0 0 0 (3.108)

0 0 0 0 0 Jrgrp O 0 0
0 0 0 0 0 0  Jopsp O 0
0 0 0 0 0 0 0  Jumw O

0 0 0 0 0 0 0 0 Jorpr |

Considering the assumptions elaborated in Section[3.3.1] namely that viscoelastic effects depend
solely on the viscosity 7, and that those effects occur only in the shear components, implies

1
Jiiii =0, Jiuj; =0, and Jyi; = e (3.109)
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3.3 Numerical solution 53

with the viscosity n defined through Chapter

n=nlo(@) =a-[2E) (3.110)
where the velocity [v(€)]? = [v-(€)]? + [v.(€)]? follows from linear combination of v at the

elements’ nodes through Eq. (3.97)), vo = 1 is a scaling factor, and « and 7 are material-dependent
parameters chosen as obtained in Chapter

3.3.8 Finite Element implementation of auxiliary tensors

The auxiliary tensors derived in Section(3.3.4] namely M, B, S, K, G, W, and V, see Egs. (3.75)),

(13.76]), and (3.80)) to (3.84]) need to be discretized as well. To that end, each of the integrals
contained in the definitions of those tensors is defined over one finite element e, with e = 1, ..., ne.

This implies the following element-specific definitions of the auxiliary tensors:

me = [ v = [N 0 € INY() av (3.111)

B = [ Breav = [ IN@T 5@ [VNT©) v N@lav, @)
T .

S :/VS’ dV:/V[VSN(g)} oi(€)av, (3.113)

Ke = /V K*€ dV = /V ar-[VN()] - Cie) - [VON(g)] av, (3.114)

6 = [ eav=— [ A [VN@] - [VN(g) o' e VN - &'] N (§)] aV, (3.115)

We — /VW*,E dV = /VAt. [VSN(Q}T. [550(5) _Sgw(g)} . [VAN(@] v, (3.116)
and
Ve = /‘,V*’edv = /‘/At' [VSN()] - 82 Ce) - T(E) - o'(€) av . (3.117)

Thereby, i denotes the temporal discretization, as introduced in Section The term
[SE. (&) — 8¢ (€)], occurring in Eq. (3.116]), allows for extraction of the antisymmetric gradient
of the interpolation functions, with S (&) and S¢ (&) defined as

000 0 0 0 0 01.(&) 07,8
000 0 0 0L (&) op 0 0
000 o0.,(6) o0,(6) 0 0 0 0
00 0 oL,(6) oL.(&) 0 0 0 0
Se(§) =10 0 0 0},(6) o7.(&) O 0 0 0 ; (3.118)
000 0 0 0,(8) o1.(6) 0 0
000 0 0 ol (§) ol.(§) O 0
000 0 0 0 0 ol(&) al,(8)
(000 0 0 0 0 0L (&) ol,(é) ]
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54 3 A hypoviscoelastic thermodynamics model

and
(000 0 o o & 0 0 0 ]
00 0 ol,(&) 0 0 0 0 o7,(8)
0 00 0 0 0 0L, (&) 0l (€) 0
So€)=1000 0 ol(& oL (&) O 0 o |, (3.119)
000 0 ol (&) ol (&) 0 0 0
000 0 0 0 oL, (&) ol (&) 0
000 0 0 0 ol (&) ol.(€) 0
[0 0 0 o.,.(8) 0 0 0 o1 (&) |

Furthermore, a number of operators are used in Egs. (3.111)) to (3.117). In particular VSN(&)
is defined in Section of the Supplementary File, VAN(€) is defined in Section of the
Supplementary File, VN3(¢) and VN?"(¢) are defined in Section of the Supplementary File,
V. N(&) ® V,N(&) @ V.N(§) is defined in Section of the Supplementary File, V - N(§) is
defined in Section [{.11]of the Supplementary File, and (V)N(€) (V-)N(€) is defined in Section[4.12]
of the Supplementary File. The discretized version of auxiliary tensor P, see Eq. , is dealt
with in Section[3.3.10] whereas the soundness of Egs. (3.111) to (3.117) is explained in Sections[4.13]
to of the Supplementary File.

As concerns the integrals occurring in Egs. (3.111]) to (3.117), we make use of Gauss integration.
In generic fashion, the task is to find the tensor Z¢, with Z¢ € {M¢, B¢, S¢, K¢, G¢, W¢, V¢}, through
¢ = [, "¢ dV, whereby "¢ € {M™*¢ B*¢ "¢ K*¢ G*¢, W*¢, V*¢}. Considering a triangular
finite element of order o = 1, the (only) Gauss integration point is at &7 = [1/3,1/3], with &7
being equal to the points & occurring in the integrals of Eqs. (3.111]) to (3.117)). Furthermore, we
make use of the relation dV = h(§) drdz = r(£) - det(J) d&; d€a, with r(€) being the r-coordinate
at integration point &, which is equivalent to the height h(&€) because the angle of the considered
cylinder segment is A¢ = 1, see Figures [3.1]c) and (d). These considerations lead to

e = % L det(T) - 7€) - T (&), (3.120)

see also 64].

3.3.9 Mesh assembly

Next, the tensorial quantities M€, B¢, K¢, G¢, W€, S¢, and V¢, defined on the level of elements,
need to be assembled, in terms of a global representation of the entire FE mesh. To that end,
we make use of well-known assembly operations, using for that purpose the so-called assembly
matrix A° . The entries of the 6 x 6 matrices M¢, B¢, K¢, G°¢, and W€ are relocated to the
corresponding global matrices of size 2 - n, X 2 - ny via

e

MeE =3 AT M- A°, (3.121)
1

B2 = AT .B-A°, (3.122)
1
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3.3 Numerical solution 55

K& =) AT K- A®, (3.123)

1
GE=> AT .G A°, (3.124)

1

and "
We=>" AT . We. A°, (3.125)

1

whereas the entries of the 6 x 1 vectors S° and V¢ are relocated to the corresponding global

vectors of size 2 - n, x 1 via
Ne

SE=> ATV, (3.126)

1

and .
VE=>) AeT.s°. (3.127)

1

Notably, the assembly matrix A€, being of size 6 x 2ny, is based on the rows of A, as
defined in Section Deducing from the e-th row of A the 1 x 3-vector A€, the entries of
A¢ are defined through A°[1,2- A°(1) —1] =1, A®[2,2- A°(1)] = 1, A°[3,2- A°(2) — 1] = 1,
A¢f4,2- A°(2)] =1, A°[5,2- A°(3) — 1] =1, and A°[6,2- A°(3)] = 1.

3.3.10 Boundary conditions

Boundary conditions need to be imposed onto the borders of the FE mesh, either in terms of
traction forces or displacements , . Traction force boundary conditions are considered in
terms of the auxiliary tensor P, see Eq. (3.78]), through
_ _ _. _ _ N
Pe = (T3 T T T T T3 (3.128)
where 1,2,3 are the local node numbers of the considered triangular element of order o = 1,

and T;J,gl are the traction forces acting onto the boundary. The corresponding global vector
representing the traction force boundary conditions follows from

Ne
PE =Y AST.Pc. (3.129)
1

Displacement boundary conditions, on the other hand, are taken into account through vector
R®&, which is defined directly as global vector,

) 4 . . T
RE = (A AR o AL ATEL) (3.130)
where 1, ...,n, are the global node numbers, and A@;Zl are the displacements imposed on the

boundary, with Aiﬂl = 00 in case there is no constraint in terms of the displacement. R® causes
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56 3 A hypoviscoelastic thermodynamics model

i+1 +

, the velocity vectors vit!, and the acceleration vectors

a't!, as well as their estimators. For all cases A:if“ # 00, they are redefined as

direct changes to the position vectors x

i+1 ‘ i+1 i+1 i+1 U;H —
i+l i+ +1 __ i+1 _
T =x A, v = , and a7 = A

(3.131)
where [ = 1,...,2n, is the index denoting the entries of R&. Furthermore, R® requires, in case
of Aa?f“ # 00, to replace the [-th entry of any of the global quantities S&, V&, and P%, see
Eqgs. , , and 1) or any sum of those quantities, by A:Ef“, and the I-th row of
any of the global quantities M&, B, K& G&, and W8, see Egs. (3.121)) to (3.125)), or any sum of
those quantities by a null-row, with the exception of the corresponding [, [-th entry, which needs
to be set to 1.

The geometry of an extrusion die implies that boundary conditions can be applied either within

the extrusion canal (or extrusion die), or in an environment in which the studied domain exhibits
free surfaces. The boundary conditions relevant for the subsequently presented numerical studies
are illustrated in Figure where AZ are displacement boundary conditions, T are the traction
force boundary conditions, p is the internal pressure, A is the surface area, 0;; is a component of
the stress tensor, and g is the friction coefficient.

a b
@ (®) erA
(79 Az, =0 Az, =0
Az, =0 AZ, =0
[.=p op-A I, =0 T”:/tnrm_~A
B — > B Az, =0
T, =0 T.=0 T.=p A T, =0
AZ, =0 T, AZ, =0 .
- I Az, =0
L=p-A L=0 S
............... A_:.i;..;._o._._._._._._._._,_._._. # ._._._._._._._._._._A%;_;_(.)_._._._._._._._._..7
z z
AZ, =0 Az, =0
7,=0 I —0
c - d
© ek At (@

g

< 5
o
<8 o o

N

T.=0 L= o A
Fig. 3.2: Definition of boundary conditions dependent on the actual position of the mesh, with
induced traction forces T" and induced displacements Az in direction r, ¢ and z for:

(a) constant width of the die; (b) constant change of width of the die; (¢) sudden
change of width of the die; and (d) free surface flow
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3.4 Numerical studies 57

3.3.11 Updates of nodal densities and stress tensors

Section[3.3.3] presents the unknown variables for each new time-step ¢!, while Section [3.3.4]
shows how the Newmark algorithm is employed for obtaining the acceleration vector a’*!, the
velocity vector vit! and the position vector x*+1. For computing the correspondingly updated
density p*!, we consider the estimator defined in Eq. , by updating the values at the nodes
of the mesh. This is done by element-wise updating the values at all nodes, and (if applicable)
averaging of the results if a node is part of more than one element. In particular, the element-wise
update for each local node j = 1,2, 3, with & = [0,0], & = [1,0], and &5 = [0, 1], follows

PINE) = p(&) — At- ' [(VIN(E)(VIN(E)] - v+ (3.132)

The stress tensor o'*1, on the other hand, is updated analogously, based on the estimator defined

in Eq. , via
o Tl(E;) =o' (&) + At {TI(E;) - VEN(E)) - v
- [VTN(@) o' B VLN(E;) - ‘_’Z} NF(gy) v
+[85,(85) - Si(€))] - VAN(E,) - vt
~B2-Ci(g,) - T'(&)) - o))} - (3.133)
Further details on Eqs. and can be found in Sections and of the

Supplementary File.

3.3.12 Implementation of computations

Based on the theoretical considerations elaborated in Section [3.2] the proposed concept for
numerically evaluating the resulting governing equations, described in Sections to[3.3.11]
allows for computing the development of all state variables at the nodes of the FE mesh, and
of the changes of the nodal coordinates over time. In particular, computations are initialized,
maintained, and terminated as described in Table [3:2]

3.4 Numerical studies

In order to demonstrate the application of the new model elaborated in Sections and [3.3], we
consider a circular extrusion canal with a radius of rean = 1 x 1072 m, and a circular extrusion
die with a radius of rgie = 0.80 x 1072 m. The tapering gradient between canal and die amounts
to to 1 : 3, while the length of the die lg;e is equal to rgie. The studied material was chosen to be
a cylindrical block entirely filling the extrusion canal over an initial length of I, = 0.142m,
see Figure The studied material is an ethylene propylene diene monomer (EPDM), which
is typically used in rubber industry. This material has been characterized comprehensively in
Chapter [2] where it was referred to as EPDM-A. As concerns the material properties of EPDM-A
needed for numerical evaluation of our model, we consider Kot = 45.781 x 10° Pa and 8 = 0.51
defining the material’s compressibility, o = 30.39 Pa - s and 7 = 0.8671 defining its viscosity, as
well as an initial density of pg = 1445kg/ m3, cf. Chapter |2l Note that, in order to elucidate
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Tab. 3.2: Steps required for initializing, maintaining, and terminating the computations allowing

for die swell predictions.

Description of step

N =

Initialization of the FE mesh as displayed in Figure and described in detail in Section

The pressure inside the extrusion canal is applied incrementally at the rear end of the mesh (i.e., at the
boundary on the left-hand side) until the maximum value is reached; this is necessary in order to
properly consider the non-linear elastic behavior during compression. Until the maximum pressure is
reached, the mesh is prevented from moving forward (i.e., towards the right), but is merely allowed to
adapt to the imposed pressure based on force equilibrium, considering to that end the pressue pcan and
traction forces T (acting onto the top boundary of the mesh).

An acceleration a, is imposed during a single time step, setting the mesh into motion, such that the
desired velocity v, can is reached at the next time step.

All further changes of all the acceleration, velocity and position quantities, as well as of stresses and
densities, is then governed by the time step-wise implementation of the Newmark algorithm as described
in Table 3-I] Notably, most nodes at the rear end of the mesh are constantly checked for holding the
original velocity v: can, as they are supposed to represent the continued flow of material from the back of
the extruder.

In order to avoid any problems related to violations concerning the integrity of the FE mesh (e.g. due to
overly large contractions, expansions, or distortions of single elements), the mesh is updated in regular
intervals. This remeshing is implemented by initialization of a new mesh with the outer boundaries
identical to the old mesh, but exhibiting a distribution of elements as uniform as possible. All nodal
values are transferred from the old to the new mesh by means of linear interpolation (using for that
purpose the introduced interpolation functions).

The overall aim of this study, that is computation of the die swell of (unvulcanized) rubber, suggests that
the computation is performed until the mesh at the free surface-end reaches a steady state.

the effect of taking into account the compressibility of rubber, we optionally set K.f — oo, and

B = 0. Furthermore, the viscosity factor Sy, splitting the stiffness tensor into an elastic and a
viscoelastic part, see Sections and was set to B, = 0.001, implying that the material’s
stiffness is considered to represent almost exclusively its elastic response, see also Eq. . The
FE mesh is defined through n = 6, m = 72, and h = 0.002 m, see Section [3.3.5 and Figure [3.3]
whereas the temporal discretization is characterized by a time-step of ¢ = 0.001s. The movement
of the EPDM block through the canal and through the die is initiated based on an internal
pressure pean = 1 - 107 Pa, and an initial velocity of vean = 0.5m/s. Finally, it should be noted
that the FE model described in Section was implemented in the commercial mathematics
software MATLAB.

(a)

e ~—|
B 0.00 L L L L 1 I 1 1 | \
(b)

0.01
E)
~

0.00 L L 1

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
z [m]

Fig. 3.3: Initial conditions for the finite element simulations: (a) undistorted geometry of the

canal and die; (b) initial position of the meshes at ¢t = 0, with layout 1 in red and
layout 2 in blue coloring, and with an aspect ratio between the r and z-axis of 2 : 1
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Die swell simulations were performed for both constitutive scenarios, i.e. with and without
considering the experimentally ascertained compressibility of rubber, until the termination
condition was reached, see Section [3.3.12] When the studied EPDM was considered to be
incompressible (simulation A), this occurred after 0.063s of simulated time (of which 0.001s
passed during incremental loading, cf. Table , see Figure In turn, when the studied
EPDM was considered to be compressible (simulation B), the computation was terminated after
0.069s of simulated time (of which 0.015s passed during incremental loading, cf. Table ,
see Figure [3.5] For both incompressible and compressible EPDM, a distinctive swelling was
observed after exiting the extrusion die. Assessing the differences in the swelling behavior between
incompressible and compressible EPDM, it is striking that incompressible EPDM seems to return
to the geometry in the extrusion canal — Figure [3.4] shows that the eventually reached radius of
the extrudate is approximately equal to the radius of the extrusion canal. Compressible EPDM,
on the other hand, swells significantly less than incompressible EPDM, see Figure [3.5] Thus,
from a qualitative point of view, the latter results, obtained if taking the compressibility of
EPDM into account, resemble the experimentally observed die swell behavior.

From a computational point of view, it should be stressed that satisfying convergence is reached
throughout all simulations. Furthermore, a few observations are noteworthy: On the hand, the
density of the studied material increases within the die, owing to the compaction it experiences.
The velocity v,, on the other hands, is negative in the transition from the canal to the die and
positive during swelling, whereas the velocity v, increases within the die as compared to the
canal and the free surface-environment. As concerns the stress components 0., 0y, 0., and
orz, the computed values are higher within the die (and during the transition from the canal to
the die), whereas they converge to zero after exiting the die. Hence, we consider the plausibility
of the discussed results as a verification of the computation tool presented in this paper.

3.5 Conclusions

In this paper, a new computational tool utilizable for the prediction of the die swell of rubber
(as a result of the extrusion process) was presented. Thereby, we have, conceptually, abandoned
the state of the art in the field and explored new avenues, by introducing a hypoviscoelastic
thermodynamics model considering rubber as soft solid. The results presented in Section [3.4]
clearly verify the soundness of the model. Furthermore, the key hypothesis of this work, namely
that neglecting the compressibility of rubber has potentially substantial influences on the model-
predicted die swell could be corroborated. The model can be straightforwardly applied to different
kinds of rubber, as only two material properties (the bulk modulus K and the viscosity 1) are
needed for defining the material behavior. It has been shown in [15], see Appendix A, and
Chapter [2, how these properties can be determined experimentally.

For numerically implementing the governing equations derived in Section [3.2] a number of
new numerical operators needed to be defined, see Section [3.3] as well as the Supplementary File
attached to this paper. Hence, this paper contains substantial contributions useful to the broad
field of computational mechanics in general.

In this paper, the focus was on extrudates of circular cross-sectional shape, allowing for
utilization of rotational symmetry, and thus a correspondingly simplified spatial FE discretization.
However, it should be stressed that our model is certainly not limited to that. Through suitable
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Fig. 3.4: Results of simulation A (incompressible material) at the point of break-off, showing
the finite element simulation results of: (a) the overlapping finite element meshes, with
layout 1 in red and layout 2 in blue coloring; (b) the distribution of the density p in
[keg/m3]; (c) the distribution of the speed v, in r-direction in [m/s]; (d) the distribution
of the speed v, in z-direction in [m/s]; (e) the distribution of the stress component o,
in [MPal; (f) the distribution of the stress component o, in [MPa]; (g) the distribution
of the stress component o,, in [MPa]; (h) the distribution of the stress component o,
in [MPal; all figures have an aspect ratio between the r and z-axis of 2 : 1
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Fig. 3.5: Results of simulation B (compressible material) at the point of break-off, showing the
finite element simulation results of: (a) the overlapping finite element meshes, with
layout 1 in red and layout 2 in blue coloring; (b) the distribution of the density p in
[keg/m3]; (c) the distribution of the speed v, in r-direction in [m/s]; (d) the distribution
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of the stress component o, in [MPa]; (h) the distribution of the stress component o,

in [MPal; all figures have an aspect ratio between the r and z-axis of 2 : 1
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3 A hypoviscoelastic thermodynamics model

generalizations of the spatial FE discretization (compare Section [3.3.5)), the range of possible
cross-sectional shapes can be substantially extended.
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Appendix 3A. Nomenclature

second order unit tensor

thermal expansion coefficient
acceleration vector

body with volume V' and surface 0V
auxiliary tensor

a part of the Jaumann stress rate
number of boundary nodes

elasticity tensor

compliance tensor

angular momentum

symmetric velocity gradient
symmetric elastic velocity gradient
symmetric viscoelastic velocity gradient

<
[}

arbitrary quantity

mhAaLAgETASEERY B =

energy
unit base vectors

]
A

internal energy density
dimensionless viscosity
deformation gradient tensor
volume forces

auxiliary tensor

@@Wh{j(‘b@

~
<.

second derivative of the Gibbs potential
with respect to o; and o

first derivative of the Gibbs potential
with respect to o;

Gibbs potential

shear modulus

2

size of finite elements

N=QQ

arbitrary integral

R OQT T T IO

k-th invariant of the i-th stress tensor
number of interpolation nodes
viscosity tensor

Jacobean

auxiliary tensor

bulk modulus

modeling parameter of the bulk modulus
virtual power

virtual power of acceleration
virtual power of external forces
virtual power of internal forces
auxiliary tensor

mass

number of nodes in z-direction
interpolation functions

normal vector

number of nodes in r-direction
number of elements

number of nodes

order of an element

auxiliary tensor

traction force be-s

momentum

hydrostatic pressure

internal pressure
volume-related quantity

mass (density)-related quantity
heat-flux vector

arbitrary integrator
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TWE R KEE ST LTHNAY Wy E

=
<

™

< - X ®T 2 3

displacement bc-s

specific body supply of heat

auxiliary tensor

entropy

internal entropy density

traction force

absolute temperature

reference temperature

time

auxiliary tensor

current volume

initial volume

velocity vector

auxiliary tensor

initial position vector

current position vector

modeling parameter of the viscosity
Newmark algorithm factor

modeling parameter of the bulk modulus
viscosity factor

arbitrary quantity (or their density)
viscosity

Newmark algorithm factor

function of the mechanical dissipation
Poisson’s ratio

dissipation

Helmholtz potential (or strain energy
function)

current density

Mmamg 3N Q2D

0/0t
0/0x
V()
V-0
Vv
VAv
D/Dt

initial density

Cauchy stress tensor

Jaumann stress rate

modeling parameter of the viscosity
Newmark algorithm tolerance
antisymmetric velocity gradient
natural coordinates

mechanical dissipation

surface of volume V'

partial time derivative

partial space derivative (or gradient)
partial space derivative (or gradient)
divergence

symmetric velocity gradient
antisymmetric velocity gradient
material derivative

scalar product or multiplication
double tensor contraction

vector product

scalar-vector product

fourth order dyadic product

third order link between two-dimensional
matrices

transpose

determinant

trace

virtual quantities

quantities at mesh nodes
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Chapter 4

Detailed derivations and proofs related to the
paper “A hypoviscoelastic thermodynamics
model of soft solids, utilized for numerically
simulating the die swell of rubber”

Authored by: R. Plachy', S. Scheiner!, F. Arthofer?, A. Holzner?, C. Hellmich!

I Institute for Mechanics of Materials and Structures, TU Wien
2 Semperit Technische Produkte GmbH

Under preparation for submission to: International Journal of Engineering Science

Preliminary remarks

For the sake of conciseness, lengthy derivations are omitted in the paper “A hypoviscoelastic
thermodynamics model of soft solids, utilized for numerically simulating the die swell of rubber”.
In order to nevertheless allow readers to understand each and every step in the development of
the mathematical framework of the mentioned paper, this supplementary file presents all omitted
derivations in appropriate detail. In the following, references to equations indicated by Arabic
numbers starting with “3.” relate to the main paper, whereas references to equations indicated
by Arabic numbers starting with “4. relate to this detailed derivations and proofs.

4.1 Derivation of Equation (3.15]

Derivation of Eq. (3.15) is achieved through evaluation of the material derivative DM /Dt of the
mass density integral M = [, pdV by using Eq. (3.14) and setting the result to 0:

DM D
=2 Ay
Dt t/vp

(4.1)
:/V];f+p.(v-v)dv:0.

Eq. (4.1) has to be valid for any volume V, allowing for the removal of the integral, and hence

implies Eq. (3.15)).
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66 4 Detailed derivations and proofs

4.2 Derivation of Equation

For derivation of Eq. (3.17)), the material derivative DP /Dt of the momentum density integral
P = [,(p-v)dV is evaluated, using Eq. (3.14) and setting the result equal to Eq. (3.16). The
left-hand side of this equation, making use of Eq. (3.15]), yields

DP
Dt Dt/ V/ Dt (p-v)- (V-v)dV
D
_/ —V—i—— v+p-(V-v)-vdV (4.2)
o By v

and the right-hand side, i.e. Eq. (3.16)), can be transformed, using T = o - n, into
/de+ Td(aV):/f+v-adv. (4.3)
1% v 1%
Equating Egs. (4.2)) and (4.3)) results in
D
/p-ldvz/uv-adv. (4.4)
v Dt 1%

Eq. (4.4)) has to be valid for any volume V', allowing for the removal of the integral, and hence

implies Eq. (3.17)).

4.3 Derivation of Equation (3.19]

Applying the material derivative DD/Dt¢ to the angular momentum density integral D =
Jyy x x pvdV, using for that purpose Eq. and equating the result with Eq. leads to
an equation whose left-hand side, considering Egs. and , together with the identities
v x v=0and Vx =1, where 1 is the second-order unit tensor, yields

o= [ e (ol av
:/vll))t'[XX(P'V)]+[X><(p~V)]-(V~v)dV
= DD); x(p- V)+X><[]]§§V]+X><[p II))J—F{XX[ A(V-v)-v]} dV (4.5)
:/v”‘””p-(VX)'VXV*XX{]Sf v [p (V) V] +p- ?;Z}dv

:/xxf+x><(v-a)dv,
|4

while the right-hand side of the aforementioned equation, i.e. Eq. (3.18)), can be transformed
using T =0 -nand x x (0-n) = (xxo)-nin [;,x x TdOV) = [, V- (x x o)dV and
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4.4 Derivation of Equation (3.23) 67

V. -(xxo)=Vx-xo—(V-o)xx=1-x0—(V-0) XX, Where1-XU:Z?:1E?:10ij-eixej
with e; and e; being the unit base vectors, and —(V - o) x x = x x (V - ), yielding

xde(@V):/xxf—i—V-(xxa')dV
\%

/xxde—|—
1% ov

(4.6)
:/xxf+1-xo-+x><(v-0')dv.
1%

Equating Eqs. (4.5) and (4.6]), while canceling out identical terms on both sides of the equal sign,

results in
023 — 032
0=/1~X0’dv<=>0=1-><0'= 031 — 013 . (4.7)
1%

012 — 021

Obviously, this condition is only met if Eq. (3.19) is true.

4.4 Derivation of Equation (3.22)

Eq. (3.22) is derived through evaluating the material derivative of the energy integrals, DF/Dt,
see Eq. (3.20)), considering Eq. (3.14) and equating the result with Eq. (3.21]). When also taking
into account Egs. (3.15)), (3.17), and (3.19)), the left-hand side of the resulting equation yields

DE D D [1
d - d
Dt /p c V+Dt/ oo lvev)dv

_/ lo: e” —i—p-ep(V-v)—l—;-]W—I—;-p-(v-v)-(v-v)dv
V]Bf eptp- ]])Derﬂ (V-v)- 6p+; DD': (v-v) s
+p- ]1))‘; V—i—%-p-(v-v)-(v-v)dv

—/p %+p %: vdV

= .7'0 . . .
—/Vp Dt +f-v+(V.0o) -vdV,

while the right-hand side, i.e. Eq. (3.21), can be transformed using T = o -n in [, T-vd(dV) =
JyV-(v-e)dVandVv:e=0:dinV:(v-o)=v-(V-0)+(Vv):oa=(V-0)-v+o:d,
yielding
/ f.ovdve [ T-vd(V) +/ P'rpde/ q-nd(dV)
14 ov 1% oV

:/f-v+V-(v-0')+p~Tp—V-qu (4.9)
%4
:/f-v+(V'a')-v+0':d+p-rp—v'qdv

%4

Equating Eqs. (4.8)) and (4.9), while canceling out identical terms on both sides of the equal sign,
results in

D
/p~ﬁdV:/a':d+p-Tp—V-qu. (4.10)
1% Dt v
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68 4 Detailed derivations and proofs

Eq. (4.10) has to be valid for any volume V', allowing for the removal of the integral, and hence

implies Eq. (3.22)).

4.5 Derivation of Equation ([3.25)]

We start with considering Eq. (3.24), and evaluate the material derivative of the entropy density
integral S = [|, p-s,dV, occurring on the left-hand side of this equation, D.S/Dt, according to
Eq. (3.14). When considering additionally Eq. (3.15)), this yields

DS D
Dt Dt/p spdV

/ (: Sp +p-5,-(V-v)dV

(4.11)
:/—- +p  Dsp Lypos, (V-v)dV
Dt TP Dy TP
D
= / P Sf’ v,
Rhe right-hand side of Eq. (3.24]) can be transformed into
[ eav- [ 4 ndaV):/p'Tp—v(q)dv
v T ov T T (4.12)
a

/ P Tp VvT) - . V-q)
T2 T
Inserting Eqgs. (4.11]) and (4.12]) into Eq. (3.24), multiplying the resulting expression by T', allows
for deriving
Dt T
Again, requiring that Eq. (4.13]) is valid for any volume V' allows for removal of the integral,

resulting in Eq. (3.25)).

Ds,
/ T2 Vg2 (vr)av > 0. (4.13)
1%
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4.6 Theorem related to and proof of Equation (3.3&) 69

4.6 Theorem related to and proof of Equation (3.36)

Theorem:

Let GG be the Gibbs potential of some homogeneous and isotropic, possibly viscoelastic body B.
Furthermore, 1 and o9 are two symmetric stress tensors and w is the antisymmetric part of
the velocity gradient, see Eq. . Then, G = G(I7, 15", IS+, I7?, 152, I3?%), with the invariants
I = tr(o;), I§7 = 1/2[(tr(04))? — tr(o; - 0)] and IJ" = det(o;) for i = 1,2, and

0*G

aazﬁaj

(ojw—w-04):0,=0, (4.14)
fori,j =1,2.

Proof:

The idea and main steps of the proof are as follows: We define

Bj=(0; w—w-0oj), (4.15)
and e
Gi=j " (4.16)

with ¢ = 1,2, and evaluate all components of the resulting second order-tensors. Using Eq. (4.16]),
we obtain

0G; 0’°G
80’j N 60,-8@
with 4,5 = 1,2, and evaluate all components of the resulting fourth-order tensors. Inserting

Egs. (4.15)) and (4.16) into Eq. (4.14]) yields

Gij :Bj O'Z;O (418)

Gij = (4.17)

The concise form of G;; follows as

Giy=1®1-a-1Q0j]-b—[o;®1]-c+[1®0ojo)] -d+ o0, 1] €

(4.19)
+loi®oj|-f—loi®ojo;]-g—|oi0;@0)]-h+[oio; @ 0;0;] -k,

where a, b, ¢, d, e, f, g, h, and k are scalars resulting from the invariants and from differentiations
of the Gibbs potential with respect to the invariants, 1 is the second-order unit tensor and
® represents the fourth-order dyadic product. The fourth-order dyadic products occurring in
Eq. can be separately contracted with B; from Eq. , with all contractions resulting
in 0. It furthermore follows that

(Gij :Bj) :O@(GU ZB]’) 0, =0, (4,20)

completing the proof. Note that the above theorem and proof are analogously applicable for G,
i.e. for a mass density-related formulation.
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70 4 Detailed derivations and proofs

4.7 Derivation of VSN(¢&)

The symmetric gradient of a vector operator, introduced in Section of the main paper, is
defined as

B 8N1 8N2 6N3 T

F 72 L Y
M 0 N 0 Ny 0
.
0z 0z 0z
0 0 0 0 0 0
2 0z 2 Or 2 0z 2 Or 2 0z 2 Or
0 0 0 0 0 0
0 0 0 0 0 0
18N1 16]\71 18]\72 18N2 18N3 18N3
2 9z 2 or 2 9z 2 or 2 9z 2 or
i 0 0 0 0 0 0 |

Multiplying Eq. by (0€1/0r, 0€1/0z, Dea/Or, 0ey)dz, Des/Or, De3/Dz)T from the right

yields the following vector representation of a second-order tensor:

T

(4.22)

[66,« Oe, Oe, 8& Oe,  Oe. 0Oe, Oe, 8&

or % 0z 0z 0z 0Op Op Or Or

€r,€y,ez

As basis for defining Eq. (4.21]), we consider the symmetric gradient of a vector. If taking into
account rotational symmetry, this gradient is defined as follows:

Oe, 0 1 . (8@ n 862)
or 2 0z or
Ve = 0 & 0 : (4.23)
1 ‘ (862 . 8@) i Oe,
2 ar 0z 0z er ep,es

and evaluate the components of Eq. (4.23) by using interpolation functions and their derivatives,

namely Egs. (3.95)), (3.97)), and (3.104)), resulting in
de,  ON(§)

o _NE G (4.24)
%f: SR Niﬁ) & (4.25)

%‘;z _ 81;25) e (4.26)

% @2 N %6:) _ ;‘91;25) Z ;m;ff) . (4.27)
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4.8 Derivation of VAN(€) 71

and

1 (0e, 0O\ 10N(€) _  10ON(§) _
2 <8r 82) oo %2, (428)

Considering Eqgs. (4.24)) to (4.28) allows for deriving the components of the operator VSN(£), as
shown in Eq. (4.21]).

4.8 Derivation of VAN(¢)

The antisymmetric gradient of a vector operator, introduced in Section [3.3.8 of the main paper,
is defined as

[ 0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
A 1 oM 10N 1 0N, 1 0N 1 9Ny 1 9N
VAN(E) = 2 0z 2 Or 2 2 2  Or 2 z 2 Or - (4.29)
0 0 0 0
0 0 0 0 0
1 0Ny 1 ONy 1 ONy 1 ON, 1 ONj3 1 ON3
2 0z 2 r 2 0z 2 Or 2 0Oz 2 r
i 0 0 0 0 0 0 |

Multiplying Eq. by (0€,/0r, 0€1/0z, 0ea/Or, 0ex/0z, 0e3/Or, 0e3/0z)T from the right
yields the vector representation of a second-order tensor shown in Eq. . As basis for defining
Eq. , we consider the antisymmetric gradient of a vector. If taking into account rotational
symmetry, this gradient is defined as follows:

1 Oe,  Oe,
0 0 2 <8z B 87“)
VAe = 0 0 0 : (4.30)
1 /0e, Oep
2 (8r B 8,2) 0 0 ereps

and evaluate the components of Eq. (4.30) by using interpolation functions and their derivatives,
namely Egs. (3.95) and (3.104)), resulting in

1 (8@ 862) :;8N(£) -

3 \a: "o (431)

and

or  9z) 2 or %92 a9, (4.32)

1

2
Considering Eqs. (4.31)) and (4.32)) allows for deriving the components of the operator VAN(€),
as shown in Eq. (4.29).

(862 8@)_1 ON(&) _ 1 ON(&) _
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72 4 Detailed derivations and proofs

4.9 Derivation of VN(¢), VIN3(€), and VN (€)

Next we deal with specific gradients of a vector operator, all of which are introduced in Section[3:3.§]
of the main paper, starting with the standard gradient of a vector operator, VN(§), defined as

T 0N, ONs ON3 7
or 0 or 0 or 0
% 0 % 0 % 0
0 ONy 0 0Ny 0 ON3
0z 0z 0z
0 0 0 0 0 0
VN() = | oN o M, 0Nz | (4.33)
0z 0z 0z
0 0 0 0 0 0
0 0 0 0 0 0
ONy ONy ONj3
0 or 0 or 0 or
0 0 0 0 0 0 |

As in the previous sections, multiplying Eq. (4.29) by (9€1/0r, 0¢,/0z, 0€y/0r, 020z, O3 /Or, de3/0z)T

from the right yields the vector representation of a second-order tensor shown in Eq. (4.22)).
Furthermore, the (second) gradient of a vector operator, VIN?(&), is defined as

0Ny 0 0N, 0 0 0 ON, 0 ON,
or 0z or 0z
VN*(&)=| o M 4 |e 000 e o 2
r ON ON r
0 0 0 5 Lo 5 ! 0 0 0
" z (4.34)
0 0 0 ON3 0 ON3 0 0 0
0 0 0 or 0z 0 0 0
N
® ® 0 73 0 ) ,
ON, ON, N3 ON;
or 0 0z 0 0 0 or 0 0z

where @ denotes the third-order link between the two-dimensional matrices, and each ma-
trix, before summation over all of them, has to be multiplied by the corresponding element
of (0€1/0r, 0¢1/0z, 0ey/Or, Oex/dz, Oe3/dr,0e3/0z)". This operation results in a matrix
representation of a second-order tensor, reading as

[ Oer  Oep O T
or Op 0z
Oe, 0Oe,  Oey
or  Odp 0z (4.35)
Oe, Oe, Oe,
L Or O¢p Oz

- €r,6p,ez
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4.9 Derivation of VN(§), VIN3(¢), and VN?"(¢) 73

And, finally, the (third) gradient of a vector operator, VIN3"(¢), directly originating from
Eq. (4.34)), but restricted to cases where components involving direction ¢ are not involved, is
defined as

ON;1 ON; 0 0 ONs ONy
VN3 (¢) = or 0z | @ @ or 0z
N- N-
0 0 ONy - O 0 0
0 0 ON3  ON3 0 0
Plony any |10 %19 ony oy |
or 0z or 0z

where each matrix, before summation over all of them, has to be multiplied by the corresponding
element of (€1 /0r, 0¢1/0z, 0ey/Or, O€s/0z, Oe3/Or, De3/0z)T, resulting in a reduced matrix
representation of a second-order tensor, namely

Oe,  Oe,
ggz gfz : (4.37)

or 0z er,ep,ez

As basis for defining Eqgs. (4.33)), (4.34]), and (4.36]), we consider the gradient of a vector. If taking
into account rotational symmetry, this gradient is defined as follows:

Oe, Oe,
or 0 0z
Ve=| 0 % 0 , (4.38)
Oe, Oe.,
or 0z €r,€p,ez

and evaluate the components of Eq. (4.30) by using interpolation functions and their derivatives,

namely Egs. (3.95)), (3.97), and (3.104)), resulting in
Je,  ON(€)

Ir = or €, (439)
e _NE .- (4.40)
T r

de.  ON(§)

% = 9, (4.41)
Jde,  ON(&)

% = 9, (4.42)

and 5 ON(e)
€ ._
87.‘ - ar €z . (443)

Considering Egs. (4.39) to (4.43) allows to derive the components of the gradients given in
Egs. (4.33), (4.34), and (4.36).
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4.10 Derivation of V,N(¢) ® V,N(&) @ V.N(£)

The gradient of a second-order tensor operator, introduced in Section [3.3.8] is defined as

V,.N(¢) @ V,N(§) @ V.N(€)

—~
=
1 4 T 1
<
o el ~— ™ 2l
o ZlEo oZl&ko o o o oZlRo o=z|lo
n.On.O n.Ond n.Ond nOnd
o
o o o o o o o o Zldoc © o o o o
Q
™
o o o o o o ; _OqNOnWOOOOOOO
OOOerOONiTOO
™
N
OOOOOOOOOOOOOOOﬂNoindOOOOOOOO
1 7|
[\l [\l ~ ~ [a\l [\l
cZldoc o&ldo @ @ < > o= > o~ o o o o=ZlRko o=z|ldo
6 6 _ _ e 2
0000037T0037T o
©c o o o o o = NOOqNOnWOOOOOO

— i —
cZlEo oFlEoc o o o 0027T0027T o o o o 7z
3| BES Z, = Wa@
— i
o o o T/O o 7TO o
o ©o o o o o < = o ONanO o
D

“Jayloljqig UsIpn NL e uud ul sjgejreAe si sisay) [2Jo1oop Siyl Jo uoisian [eulblio panoidde ay |
“regBnyian 3ayloljqig UsIpn NL Jop ue Isi uoielnassiq Jasalp uoisianfeulbliO apponipab ausiqoidde aig

qny a8pajmoud| INoA

S8ylolqie
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4.10 Derivation of V,N(§) & V,N(&) & V.N(§) 75

Multiplying each of the three matrices from the right by the second-order tensor at some
elements’s nodes in vectorial format, reading as (€1 ,r, €100 €1,221 €112 €207 €2, 005 €2, 225 €212, €377
€300, €322, 53,TZ)T, yields the following matrix representation of a third-order tensor:

Oerr  Oepy  Oc Oeypy 06, O€ry Oerp  Oezr  Oeyyr T

or or or or or or or or Jp
O€rr D€y €22 Oty O€r, O€ry Oy €zr  Oéyr (4.45)
0 0 0 0 0 0 0 0 0 ‘
8623 86;0@ (%fz 662?3 8efz 862 862 8692 8ei,~

0z 0z 0z 0z 0z 0z 0z 0z 0z lerepe.

As basis for defining Eq. (4.44)), we consider the gradient of a second-order tensor. If taking into

account rotational symmetry, this gradient is defined as follows:

Oéry
or
0
Oer
or

Ve

0 O€, 0
P or B
Yo 0 P Err
or de..
or

Err — €pp 0
r
oo 0 €rz
T
Erz 0
r

aﬁrr
0z
0
Oer
0z

ey

0z

¢,
0z
0
Oe.
0z

(4.46)

and evaluate the components of Eq. (4.46) by using interpolation functions and their derivatives,

namely Egs. (3.95), (3.97)), and (3.104]), resulting in

and

Oérr o aN(E) €
a - or o
66(,0(,0 _ aN(é) €
or or e
¢z = M - €
o or 22
Oér, o aN(S) €
o —  or Tz
aan . 86907‘ & —€pp N(E) €
95 = B = . =, rr
662@ 62 N(f) €
78()0 =T, Tz
Oery . aN(E) €
9. o2 )
aegaga _ aN(g) €
0z 0z e
92 0» 22
O€r . aN(é) €
0z Oz e

(4.47)

(4.48)
(4.49)
(4.50)
(4.51)

(4.52)

(4.53)
(4.54)

(4.55)

(4.56)

Considering Egs. (4.47) to (4.56) allows for deriving the components of the operator V,IN(&) @
VoN(&) @ V.N(§), as shown in Eq. (4.44)).
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76 4 Detailed derivations and proofs

4.11 Derivation of V - N(€)

The divergence of a second-order tensor operator is defined as

T ON; N 17T
—L 4+ 0 0
or N r
—71 0 0
ON
0 0 —azl
8N1 aNl Nl
0z 0 or + o
0N, No
T Ny T
- 0 0
V-N(g) = r N, , (4.57)
0 0 5%
8N2 aNQ N2
0z 0 0z + o
N-
oNy  No 0
or N r
—73 0 0
ON:-
0 0 —a;’
ON3 0 ONj3 &
L 0z 0z ro

. . . — — — — — — — — — — — — T
Multiplication by (El,rra €l0p1 €1,227 €125 €207y €2,005 €222, €272 €3,y €3,0p5 €322 53,rz) from the
right results in a vector reading as

Oerr  O€ryp  Oepz
or Jp 0z
Oepr  O€py . Oey

or Jp 0z
O€p 4 Oezp n 0€,

or Oy 0z

(4.58)

€r,€¢p,ez

As basis for Eq. (4.57]), we consider the divergence of a second-order tensor. If taking into account
rotational symmetry, this operator is defined as follows:

Oy €rp — € O¢€r,
+ L4

or T 0z
V-e= 0 , (4.59)
Oér €rz Oe..
or T 0z

and evaluate the components of Eq. (4.59) by using interpolation functions and their derivatives,

namely Egs. (3.95)), (3.97)), and (3.104)), resulting in

867‘7‘ Err — €pp 86m i 8N(€) _ N(&) B N( ) _ 8N(E) _
or + - + 92 = o €rr + 77“ Erp — 771 €op + 76,2 €rs (460)
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4.12 Derivation of (V)N(&) (V- )N(&) 77

and

ON(§)

ON(€)

N
O€y, Crz Oe.. . + L “ €l . (461)

or r 9z 0z ar r "
Considering Egs. (4.60|) and (4.61) allows for deriving the components of the operator V - N(§),

as shown in Eq. (4.57).

4.12 Derivation of (V)N(&) (V- )N(§)

The divergence of a vector operator multiplied by a scalar is defined as

a1 a2 a3 a4 a5 Qe
(V)N(E) (V‘)N(f) = | a21 a22 a23 Q24 G25 Q26 ) (4-62)
a31 Q32 a33 a34 G35 036
with
ON- ON- 1 ON- ON-
a1 =—— N1+ Ny - —+=-N;-Ni, ajg=—— N +N; -,
or or r 0z 0z
ON- ON:- 1 ON- ON:-
a3 =5~ No+Ni-—2+ - Ni-Np, arg= - Np+Ny-—,
or or r 0z 0z
ON ON. 1 ON ON.
a5 =+ N3+ Ny —>+ - Ny N3, aig=-— N3+ Np-—,
or or r 0z 0z
ON.: ON- 1 ON. ON-
g = 2 Ny +No- ot +=-Ny-Ni, am= -2 Ny+Nopw—t,
or or T 0z 0z
ON. ON- 1 ON.: ON-
ag3 = 2 -Ny+No- — +=-Ny-Ny, ags=—— No+Ny- -2, (4.63)
or or T 0z 0z
ON.: ON. 1 ON.: ON.
(g5 = = Ny + No- 2> +=-Np- N3, ag= - Ny+Now—,
or or r 0z 0z
ON. ON 1 ON. ON
ast = —— N1+ Ny~ +~-N3-Ni, asgp=-— Ni+Ng-——,
or or r 0z 0z
ON. ON- 1 ON. ON-
as3 = ——Na+Ng- 2+~ -N3-Ny, azg=-— Np+Ng-—2,
or or r 0z 0z
ON. ON: 1 ON. ON:
ass = —— N3+ Ng- >+~ N3-N3, ags=—o— N3+ Ng-——.
or or T 0z 0z

Multiplication of Eq. (4.62) by (€1,¢€2,€3)T, representing the scalar quanities at the elements’
nodes, from the left, and by (€1, €1z, €2, €2 2, €31, €3,Z)T from the right, representing the vectors

at the elements’ nodes, yields the following scalar quantity:

€

.867»4_

or

Ocp . 0c

dp

0z

(4.64)

As basis of Eq. (4.62)), we consider the divergence of a vector multiplied by a scalar. If taking
into account rotational symmetry, this operator is defined as follows:

V-(e-€)

Oe

or

= — € te€-

Oer
or

€ -

€r

r

Oe
0z

Oe,

+ e te—,

0z

(4.65)
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78 4 Detailed derivations and proofs

and evaluate the components of Eq. (4.65) by using interpolation functions and their derivatives,

namely Egs. (3.95)), (3.97)), and (3.104)), resulting in

g; —— (81;££)>T N(£) -6, (4.66)

. G (4.67)

o [N<€>1TN<£> e, (4.68)

SZ P (81\;2&))T N(€) &, (4.69)

e ‘. ?96,; _ N 31:;;5) &, (4.70)

where € = (€1, €,€3)". Considering Egs. (4.65)) to (4.70)) allows for deriving the components of
the operator (V)N(&) (V-)N(£), as shown in Eq. (4.62)).

4.13 Derivation of Equation (3.111)
For Eq. (3.111)) to be valid, the following condition needs to be fulfilled:
v-M-al =v.M¢-at!, (4.71)

whereby M is defined in Eq. (3.75)), and the respective volume integrals have been omitted.
Considering rotational symmetry, as well as Eqgs. (3.70), (3.71)), (3.96) and (3.97), Eq. (4.71]) can
be extended as follows:

‘QI‘M‘é’H-l:‘QI.N‘pZ‘-i—l.N‘éi—‘rl
i+1'ai+l

I
<>

I
B

i+l S il
2 bka (4.72)

k=r,z

Up-a,  +0,-0a

I
>

i+l {A i+1
z

i+1}

‘i, . [N*]T . pi+1 . [N*] . E_li+1 — ‘2, . MIE - 5i+1
hence confirming Eq. (3.111]).

4.14 Derivation of Equation (3.112)
For Eq. (3.112)) to be valid, the following condition needs to be fulfilled:

A

v-B-viTl =v B ¥ (4.73)
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4.15 Derivation of Equation (|3.11§I) 79

whereby B is defined in Eq. (3.76)), and the respective volume integrals have been omitted.
Considering rotational symmetry, as well as Eqs. (3.71)), (3.96)), (3.97)), and (4.36)), Eq. (4.73)) can

be extended as follows:

v-B- vt =v.N. . yyvitl . N. ¢!

-5 - pz+1 X vvz+1 . vz+1

i+1 81)};“ i+1
= pz+ . Z Z ’Z}k_ . al . /U;

k=r,zl=rz

i+1 i+l i+l i+l
_ it | (O i+1+8vr ikl L (ovT i+1+avz ikl
—F Ur ar T 9z % vz ar T 9, %

—5. [N*]T L. |:VN37‘ . ‘7@'+1} S [N it = §LBe. vt

(4.74)
hence confirming Eq. (3.112]).
4.15 Derivation of Equation (3.113)
For Eq. (3.113)) to be valid, the following condition needs to be fulfilled:
v-S=v-§°, (4.75)

whereby S is defined in Eq. (3.80), and the respective volume integrals have been omitted.
Considering rotational symmetry, as well as Egs. (3.72)), (3.96), (3.97)), and (4.21]), Eq. (4.75]) can
be extended as follows:

Il
<>

v-S

|
(@)

N:o'
:O'i
> > dusoly (4.76)

=rp,z l=r,p,z

> X

4 7 4 7 % 7 i 7 %
rr o Opp dSOSO "Opp +d. - O, + drs - Opy + day - Ozr

=8

~ T . ~
e [VSN] ol =v.S°,
hence confirming Eq. (3.113]).

4.16 Derivation of Equation (3.114)
For Eq. (3.114) to be valid, the following condition needs to be fulfilled:

v K- vt = v Ke. v (4.77)
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80 4 Detailed derivations and proofs

whereby K is defined in Eq. (3.81]), and the respective volume integrals have been omitted.
Considering rotational symmetry, as well as Eqgs. (3.72)), (4.21)), and (3.105)), Eq. (4.77)) can be

extended as follows:
V- K-vV"l =v.At- VSN : C': VSN . v*H!
=At-d:Cl: !

=At- >0 3 D> Y i Chn 4o

k=r,p,z l=r,p,z M=T,0,2 N=T,0,2

=At- (Cz’”‘ ’ Cirrr ’ d:“j‘_l + CzTT : 012;7”5050 : dzo—:—ol + CiTT : Cf;rzz ’ d?z_l + JQDQO ’ Ct,iogm‘r ’ dﬁ:l
+ CZWP ’ Cc,iocpcpcp ) dfp—tal + CZWP ’ Ciagozz ’ dl,'z—,iz_l + Cizz ’ Cizrr ’ dij:l
+sz‘3 ’ 0229090 ’ dzjé_ﬁl + szz ’ Cizzz ) dlz—gl + Ci"‘z ’ Cvz;zrz ’ d?ﬂil + dz?‘ ) Cirzr ) dlzj:l)
R T 4 . ,
N [VSN} .Ct- [VSN} it = G LRe . gt
(4.78)
hence confirming Eq. (3.114)).
4.17 Derivation of Equation (3.115)]
For Eq. (3.115)) to be valid, the following condition needs to be fulfilled:
v-G vl =v. .G v, (4.79)

whereby G is defined in Eq. (3.82]), and the respective volume integrals have been omitted.

Considering rotational symmetry, as well as Eqgs. (3.71)), (3.72)), Eqgs. (3.96), , and (4.44]),
Eq. (4.79) can be extended as follows:

A

v-G- vV =v.At- VSN : Vo' N . vit!
=At-d: Vo' viT!

— At - Z Z ijl.(‘)aafll,vﬁl

k=r,p,z l=r,p,z M=T,2

A dot ~ o’ , X do? . o’ A
oA ldw' ( ot o 'UZZH) e ( o Ut 'U?l)

A ot ~ dot . A ot ~ dot ,
+ dzz . ( zz U;—i—l + 2z ’U?—l 4 drz . rz 1}:,+1 + rz . U;—l—l

or 0z or 0z
3 Jdo ir i+1 do ,izr i+1
+ dy ( o v+ pp vy,

R T . . . . .
=v-At- [VN] - [V,N- o' @ V.N-¢'| - [N] - 911 = §. G- v+
(4.80)
hence confirming Eq. (3.115]).
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4.18 Derivation of Equation (|3.11a) 81

4.18 Derivation of Equation (3.116))

For Eq. (3.116]) to be valid, the following condition needs to be fulfilled:

A

v Wyt =y we . i (4.81)

whereby W is defined in Eq. (3.83)), and the respective volume integrals have been omitted.
Considering rotational symmetry, as well as Egs. (3.72)), (3.73)), (3.118), (3.119)), (4.21), and

(4.29), Eq. (4.81]) can be extended as follows:
VWi =V AL VON: (VAN o' — o - VAN vt
—At-d- (wi-i-l ol — ol ‘wi—l-l)

=At 3 3 X e (Wi i~ )

k=r,p,z l=r,p,z M=T,0,2 (482)
= At - [dw . (wz—i-l Lot — O_zz z—l—l) —I—d ( i+1 o_;z _ air .wi-;d)

Tz zT T
+JZ7’ : (w?:l ’ 0—72'"7“ - O—iz H_l) + dzZ ’ ( ;i—l : Uiz - Jir : w;—zi_l)}
=¥ At [VSN] - [s), - 8i] - [UAN] e = G owe e,
hence confirming Eq. .

4.19 Derivation of Equation (3.117])
For Eq. (3.117)) to be valid, the following condition needs to be fulfilled:
v-V=v-V°, (4.83)

whereby V is defined in Eq. (3.88]), and the respective volume integrals have been omitted.
Considering rotational symmetry, as well as Egs. (3.72), (3.105)), (3.108), and (#.21)), Eq. (.83))
can be extended as follows:

V-V=v-At-VSN:82.C:J': o'

=At-d:p?-C:J:o!

STV DD DD DD DEED DI WL Y e T Sy

k=1, 2 =T,z M=T0,2 =T, P=T,p,% =Tp,%

=80 B (drr - Charr 4 - Ot e O] (01 + J;W T Tirez0L)
<‘z’”r C::rw + dW’ Cszowcp +ds C;zw) (J porr T+ ;vcpw ot szz Uiz)
(drr - Clys + g Cloas o CLa) - (g - Oy 4 T - by + J;m cot,)
+d,, - CL, - J?

7 7 1 %
rZrz rZrZ arz+d Czrzr erzr’ zr}

:é—-At-[vSN] B2.CH T et = v Ve,
(4.84)
hence confirming Eq. (3.117)).
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82 4 Detailed derivations and proofs

4.20 Derivation of Equation (3.132)
For Eq. (3.132)) to be valid, the following condition needs to be fulfilled:

Pl At [V (ph v = pf = At [(V)N(V)N] - v (4.85)

Considering rotational symmetry and Eq. (4.62)), Eq. (4.85) can be extended as follows:

) . ) . api ) ) 8vi+1 ,Oi . ,Uz'+1 8pi ) ) 8,01'4-1
P AL (At ] — o' — At - D & (o T r I & | i z
P [V (p"-v )} P [81“ v or * r +8z vt 0z
—p' = At [(V)N(V)N] - ¥+,
(4.86)
hence confirming Eq. (3.132]).
4.21 Derivation of Equation (3.133]
For Eq. (3.133)) to be valid, the following condition needs to be fulfilled:
o+ At {Ci:di+1_vo_i_vi+1+wi+1_O.i_o_i_wiJrl_ﬁ?/'Ci:Ji:o,i]
=o'+ At- {(Ci VSN-vi*! - [V,N .6/ © V.N . o' . N* - vi*! (4.87)

+[S, - 8] VAN S C ot

whereby the right-hand side of Eq. (4.87)) is equivalent to Eq. (3.69)). Considering rotational

symmetry, as well as Eqs. (3.96), (4.21)), (4.29), (4.44), (3.105)), (3.108)), (3.118), and (3.119)),
both the left-hand side and the right-hand side of Eq. (4.87) yield a symmetric second-order
tensor with its components representing the directions in a base frame spanned by unit vectors

e, ey, and e,. Let us denote this tensor by X; then the components X, Xo,, X.., X;, = Xop,
Xy, = X, and X, = X, read as

i )
aarr X ,Ui+1 _ 607“7“

i+1 i+1
SR A
or 7 0z ° "

_ 7 i+1 7 i+1 7 i+1
Xpp = Opp Tt At - {Crrrr : drr + Crrcpcp : dlp(p + Crrzz ’ dzz -
7 7 i+1 2 % ) ) % 7 ) 7 7 7
O T Opp  Wap — /Bv ’ |:Crrrr ’ (Jrrrr “Opp t Jrr<p<p " Oy + Jrrzz ) Uzz) + Crrgogo ’ (Jgogorr'

“Op T Jgogogogo " O + J<p<pzz : Uzz) + CT’I’ZZ : (Jzzrr “Op T Jzz<p<p " Oy + Jzzzz : Gzz)] } )
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4.21 Derivation of Equation (3.13§|) 83
. . . . . . . dot . dot .
1 1 1 1 1
Xpp =00, + At - {C;W i 4+ Ol d + CLn - A — a—;‘f" ot — a—j" X
- 5v : |:C<,Zocprr ’ (J:"rrr : O—;r + J;ﬂpcp : Jzaga t Sz U;z) + Cglogogogo ’ (Jc,locprr ’ U7Z"r
+ J<iP<P<P<P ’ U<iP<P + szzz ) Ui’z) + Czwzz ) (Ji : quﬂr + Jichcp ) Ufw + ‘],izzz ) Uiz>:| } )
(4.89)
i i i+1 i i+1 i T s MU TR i+1
X, = 0., + At - szrr ’ drr + sz<p<p : dapap + szzz : dzz - W U T W U Wy

% ) i+1 2 7 % )
"Opz = Ogp " Wrz — BV ’ [szrr ’ (']7"7"7"7" “Opp t

rop " Tpp + Jrrzz ’ Jzz) + szcpcp ) (']cpcprr'

: U:ﬂr + J:otp(ptp : 0-:9(,9 + J:ogozz ’ O-,Zzz) + C;zzz ' ( zzrr O-;L”r + J;zgogo : UZocp + J;zzz : U;z)] }
(4.90)
Xop. =0, (4.91)
. ) , 9o . 9ot . . . . .
Xpo =t 4 At { Ol dif! = S o S ol ol
(4.92)
) 4 . .
- ﬂv : [C;'zrz : J;zrz : O-;L“z} } )
and
X =0. (4.93)
Hence, Eq. (3.133)) is indeed confirmed.
Appendix 4A. Nomenclature
1 second order unit tensor e internal energy density
) . e dimensionless viscosity
A thermal expansion coefficient . .
lerati ) F deformation gradient tensor
a acce era. ion vector £ volume forces
B body with volume V' and surface 0V G auxiliary tensor
B auxiliary tensor
B o part o}; the Jaumann stress rate Gi;  second derivative of the Gibbs potential
P with respect to o; and o
by number of boundary nodes o g .
C elasticity tensor G; first derivative of the Gibbs potential
D compliance tensor with respect to o;
G Gibbs potential
D angular momentum
. . . G shear modulus
d symmetric velocity gradient
. . . . h size of finite elements
de symmetric elastic velocity gradient
L . . . z arbitrary integral
dye symmetric viscoelastic velocity gradient _
£ arbitrary quantity I k-th invariant of the i-th stress tensor
E energy in number of interpolation nodes
€; unit base vectors J viscosity tensor
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auxiliary tensor
current volume
initial volume
velocity vector
auxiliary tensor
initial position vector

matrices
transpose
determinant

trace

virtual quantities

84 4 Detailed derivations and proofs
J Jacobean Q modeling parameter of the viscosity
K auxiliary tensor 15} Newmark algorithm factor
K bulk modulus 153 modeling parameter of the bulk modulus
Kt modeling parameter of the bulk modulus S, viscosity factor
L virtual power €, € arbitrary quantity (or their density)
Lace virtual power of acceleration n viscosity
Lext  virtual power of external forces ¥ Newmark algorithm factor
Lint  virtual power of internal forces I function of the mechanical dissipation
M auxiliary tensor v Poisson’s ratio
M mass 10} dissipation
m number of nodes in z-direction ) Helmholtz potential (or strain energy
N interpolation functions function)
n normal vector p current density
n number of nodes in r-direction 00 initial density
Ne number of elements o Cauchy stress tensor
Nn number of nodes vy
Lo Jaumann stress rate
0 order of an element . . .
o T modeling parameter of the viscosity
P auxiliary tensor .
] T Newmark algorithm tolerance
P traction force be-s . . . .
w antisymmetric velocity gradient
P momentum .
hvdrogtati 13 natural coordinates
p ] yArostatlc pressure & mechanical dissipation
P internal pressure
Q volume-related quantity oV surff?ce O'f volu@e V
@,  mass (density)-related quantity 0/0t  partial time derivative
q heat-flux vector 0/0x partial space derivative (or gradient)
R arbitrary integrator V() partial space derivative (or gradient)
R displacement bc-s VS' 9 divergenc':e . ‘
” specific body supply of heat VPv  symmetric velocity gradient
S auxiliary tensor VAv  antisymmetric velocity gradient
g entropy D/Dt material derivative
s internal entropy density scalar product or multiplication
T traction force double tensor contraction
T absolute temperature X vector product
To reference temperature X scalar-vector product
¢ time ® fourth order dyadic product
AV @ third order link between two-dimensional
v
Vo
v
W
X
e

current position vector

quantities at mesh nodes
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Chapter 5

Prediction of rubber die swell during the
extrusion process based on a hypoviscoelastic
thermodynamics model considering rubber as
soft solid

Authored by: R. Plachy', S. Scheiner!, F. Arthofer?, A. Holzner?, C. Hellmich!

I Institute for Mechanics of Materials and Structures, TU Wien
2 Semperit Technische Produkte GmbH

Under preparation for submission to: Applications in Engineering Science

Abstract: This paper presents the consolidation of recently gained new insights related to the
die swell of rubber as it occurs in the course of the extrusion process. On the one hand, we
employ a new, thermodynamically consistent, mass (density)-related mathematical model of
rubber mechanics, derived by considering the notion of the Gibbs free energy, and by introducing
the Jaumann stress rate for ensuring stress objectivity. This model is fed by constitutive laws
describing how the compressibility of rubber depends on the hydrostatic pressure it is exposed to,
and how its viscosity depends on the velocity at which it is moving, based on compression and
viscosity tests performed on different types of ethylene propylene diene monomer rubbers. Solving
the governing equations for the special case of extrusion dies exhibiting circular cross-sectional
shapes allows for comparing model predictions to corresponding experimental data, yielding small
deviations ranging from —7.5% to +4.6%. The such obtained satisfying agreements corroborate
the soundness and meaningfulness of the modeling considerations. From a practical point of
view, this works bears the potential of being an important contribution to making the rubber die
swell predictable by means of computer simulations for arbitrary cross-sectional shapes of the
extrudate, in a quantitatively accurate way. The results of a series of numerical studies further
underline the plausibility of the model, and allow for working out the model’s potentials and
limitations, as well as promising future research directions.

Keywords: model validation, sensitivity studies, compressibility, Finite Element simulation
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86 5 Prediction of rubber die swell

5.1 Introduction

Formulating physically well-founded mathematical models for describing the mechanical behavior
of rubber has been a long-aspired goal in engineering mechanics. Such models bear the potential of
paving the way to reaching a (quantitatively satisfying) predictability of processes or phenomena
involving mechanically induced deformations of rubber. This would be particularly beneficial in
the field of rubber extrusion, which is the process where heated (unvulcanized) rubber blends
are squeezed through so-called extrusion dies |1} 2]. The cross sections of the latter govern the
eventual cross-sectional shapes of the finally obtained products. However, directly after leaving
the die, the extrudate undergoes an unintended, hardly predictable shape change caused by
depressurization of the formerly highly pressurized material, known as Barus effect or die swell
|1, 759]. It is not surprising that reproducing the experimentally observed die swell of rubber in
silico — i.e., by means of computer simulations — has been identified as promising strategy as soon
as computers became powerful enough to handle such a demanding computational task. Pertinent
literature offers a series of respective works, see e.g. [16, (19, 42, 51-53]. However, experimentally
validated and technologically relevant modeling approaches have not been reported yet.

When scrutinizing the aforementioned and similar computational approaches, in order to pin
down the reason(s) for the insufficiently accurate die swell predictions, a number of key model
assumptions, considered by most (if not all) previous approaches, are striking. Namely, rubber
has been standardly modeled as incompressible, viscous fluid, allowing for utilizing commercial
computational fluid dynamics (CFD) software for solving the governing equations. We claim
that revisiting these assumptions is obligatory for improving the accuracy of the related die swell
predictions. On the one hand, it is evident that the raw material used in extrusion, usually
some kind of unvulcanized rubber blend, is not a fluid but rather a soft solid. This is certainly
also true if such a material is heated to approximately 100°C (as it occurs in the course of the
extrusion process). On the other hand, it has been shown in |15, see Appendix A, as well as
Chapter [2| based on a comprehensive set of compression tests, that unvulcanized rubber blends
are not incompressible but significantly compressible. Unfortunately, these findings cannot be
taken into account when relying on commercial CFD software.

As a remedy, we have developed a new mathematical framework which does take into ac-
count that unvulcanized rubber blends are soft and compressible solids, see Chapters [3| and [4]
Furthermore, in the same paper, we have presented a new Finite Element (FE) method-based
numerical scheme for solving the governing equations. In order to test the meaningfulness of this
new approach, we have performed a series of die swell simulations, the results of which basically
corroborated all model assumptions.

In the present paper, we aim at bringing the theoretical concept elaborated in Chapters [3]
and [4] closer to the eventually targeted application, as outlined in the following. After defining
the considered types of rubber blends (see Section , we briefly present the aforementioned
modeling concept developed for compressible soft solids, cf. Chapters [3] and [4] see Section [5.3
Section is devoted to describing the numerical method employed for solving the set of
governing equations. In Section the model and the solution scheme are adapted such that
the conditions of the extrusion tests described in Chapter [2] are reproduced as accurately as
possible. On the basis of comparing the results of the correspondingly performed computational
studies to the experimentally obtained results, the validity of the new modeling strategy is
critically assessed. Furthermore, a series of sensitivity studies, presented in Section [5.6] allow for
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5.2 Materials 87

thoroughly investigating its potentials and limitations. The paper is completed by a discussion
of this study’s results, as well as by concluding remarks, see Section

5.2 Materials

In the present study, we considered the two rubber blends that were already studied in Chapter
namely two kinds of ethylene propylene diene monomer rubbers (EPDM), referred to as EPDM-A
and EPDM-B. EPDM-A consists of mainly crystalline EPDM with a high content of white filler,
an ML(1+4) between 47.2 and 48.1 MU, and exhibits a density of 1.445g/cm?, whereas EPDM-B
consists of mainly crystalline EPDM with a high content of white filler, and ML(1 4 4) between
21.8 and 25.1 MU, and exhibits a density of 1.288 g/cm?.

5.3 Mathematical model describing mechanics of compressible soft
solids

The model employed in this work (for describing the mechanical behavior of rubber) was
elaborated in minute detail in Chapters [3|and 4] Here, we refrain from reiterating the derivations
presented in Chapters [3[and [4] and merely present the key model assumptions (in Section ,
as well as the resulting set of governing equations (in Section . Furthermore, Section m
is devoted to briefly explaining how experimental data on the constitutive behavior of rubber is

taken into account.

5.3.1 Fundamental model considerations

Rubber is considered to be a soft solid, and consequently undergoes large deformations. In order
to appropriately describe the kinematics of this material, we, firstly, distinguish between the
reference position of a material point, X = X(¢ = 0), with ¢ being the time variable, and the
current position, x, with x(¢ = 0) = X. Secondly, we take into account that the deformations
rubber undergoes may lead to significantly changing volumes of the domains around specific
material points, whereas the corresponding masses remain constant. Hence, the mass of such an
infinitesimal domain around a material point, dM, is defined as

dM = po(X) - dVp = plx(t), 8] - dV = p[x(t), 1] - det(F) - dVp, (5.1)

where pg and dVjy are the mass density and the volume of the infinitesimal domain in the reference
configuration, while p[x(t),?] and dV are the same quantities in the current configuration, and
det(F) is the determinant of the deformation gradient tensor F, with F = 0x(t)/0X. Importantly,
all thermodynamics quantities considered in this work are related to the mass (density) of a
material point, see [47]; e.g., introducing a volume-related quantity @, the mass (density)-related
counterpart of Q) reads as Q, = Q/p.

Furthermore, all model considerations are based on an Eulerian description. This implies that
the differentiation of a position- and time-dependent quantity € = e(x,t) = €[x(t), t], with respect
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88 5 Prediction of rubber die swell

to time, needs to be carried out considering the definition of the so-called material derivative

D/Dt 59,
De[x(t),t]  Oe[x(t),t] n de[x(t), 1] Ix(t)

Dt ot ox(t) ot

= €é[x(t),t] + Ve[x(t),t] - v[x(t),1], (5.2)
with v denoting the velocity, d( )/t = () denoting the partial time derivative, and d()/0x = V()
denoting the partial space derivative.

In order to describe the (mechanical) behavior of rubber thermodynamically, a suitable
potential is needed. Tying in with , we consider for that purpose the Gibbs free energy, or
Gibbs potential G, G = G(o,T), with o = o[x(t), t] being the current Cauchy stress tensor and
T = T'[x(t),t] being the absolute temperature. Notably, the Gibbs potential allows for derivation
of viscoelastic fluid models which are thermodynamically consistent . Furthermore,
the standardly used Helmholtz potential-based models depend on the strain, and thus on the
evolution of every material point’s displacement over time, whereas Gibbs potential-based models
are independent of the time evolution. Clearly, the mass density-related Gibbs potential is
defined as G,[x(t),t] = G[x(t),t]/p[x(t),t].

For ensuring that the stress tensor is quantified independently of the reference frame, we
consider the so-called Jaumann rate as material derivative of the Cauchy stress tensor o, defined

NG )
cvr:—o-—w-a—ko--w, (5.3)
Dt

with w as the antisymmetric part of the velocity gradient,
1 lov  [ov\"
A
w=Viy 2[8){ <ax>] (54)
5.3.2 Governing equations

Based on the considerations described in Section [5.3.1], a number of governing equations was
derived in Chapters [3]and [4] involving the following mass conservation law:

Dp

D—t+p-(v-v):0. (5.5)

The momentum conservation law, in turn, reads as

D
p-D—Z:ijV-O', (5.6)

with f denoting the volume forces, whereas the angular momentum conservation law implies

o=o", (5.7)

thus requiring the symmetry of the Cauchy stress tensor o. Furthermore, the constitutive
behavior of rubber is taken into account through splitting the stress tensor into an elastic and a
viscoelastic part, for the purpose of a simpler subsequent numerical implementation . This
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5.3 Mathematical model describing mechanics of compressible soft solids 89

allows for deriving one equation relating the symmetric velocity gradient, d, generally defined

through
1 [ov  fov\*
d=Vv==.|— — .
Viv = l6x+<8x>]’ (5.8)
to the elastic material behavior, via
v DT
=Dy : A — .
d 1:071+ Dt (5 9)

and one equation relating d to the viscoelastic material behavior, via

d=Dy: 53+ A-2L L ] g, (5.10)
Dt

In Egs. and , D1 and D9 are the fourth-order compliance tensors representing the elastic
and viscoelastic material behavior of rubber, related to the corresponding elasticity tensors via
C1 = (D)t and Cy = (D)~ !, A is the second-order thermal expansion tensor, J is the fourth-
order viscosity tensor, o1 and oy are the elastic and viscoelastic parts of the overall stress tensor
o, 0 =01 + 09, while g'l =Cy:d and g’g = Cy : d are the corresponding Jaumann stress rates.
Notably, the Jaumann stress rates are additive; hence o= gl + g’g = (C; 4+ Cy) : d. Introducing
the viscosity factor g, allows for calculating C; and Cy from C, as follows: C; = (1 — fy) - C and

Cy =By - C, implying o = (1 — By) - & and &5 = By - 0.

5.3.3 Consideration of experimentally obtained rubber compressibilities and
viscosities

The experimental results presented in [15], see Apendix A, as well as in Chapter [2, obtained
from compression and viscosity tests, suggest that the elasticity properties of rubber only depend
on the bulk modulus K, with K/G — oo < v — 0.5, where G is the shear modulus and v is
Poisson’s ratio. The viscoelastic properties of rubber appear to depend solely on the viscosity 7,
see Chapter [2] whereas viscoelastic effects influence only the shear behavior [15], see Appendix
A.

Thus, the components of the elasticity tensor C, Cyjx;, depend on K as follows:

sz = Ciijj =K and Cijij =0. (5.11)

Furthermore, the following relation between K and the hydrostatic pressure p was proposed in
[15], see Appendix A, as well as in Chapter [2| with p = —1/3 - tr(o):

K=Kg"p, (5.12)

with parameters K..f and § obtained through evaluation of a series of compression tests, see
Table 5.1 for the results.
As for the viscosity tensor J, its components J;;; depend on 7 as follows:

1
Juu = Jiijj =0 and Jijij = E (513)
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90 5 Prediction of rubber die swell

Tab. 5.1: Material parameters obtained from the compression and viscosity tests performed on
EPDM-A and EPDM-B, see Section @, as described in Chapter |2|

Kyet [MPa] B[ a [Pa-s] ™[]
EPDM-A 45781 0.5100 30.39 0.8671
EPDM-B 6838 0.3168 25.17 0.8729

In Chapter [2] the following relation between 1 and the velocity v was proposed:

n=a- (M)_T , (5.14)

Vo

with parameters o and 7 obtained through evaluation of a series of viscosity tests, see also
Table for the results, and where vy = 1 is a scaling parameter.

5.4 Finite Element method-based discretization and solution of
rubber model

In order to solve the equations presented in Section [5.3.2] numerically, we consider the following
simplifications. Firstly, the influence of volume forces is deemed to be negligible; hence f ~ 0. And,
secondly, the temperature field to which the simulated rubber domain is exposed is considered
to be uniform in time and space; hence VI ~ 0 and DT'/Dt ~ 0. Importantly, we focus in
this paper on extrusion canals and dies which are exclusively of circular cross-sectional shapes.
This allows for presuming rotational symmetry in all computed solution fields, due to which the
mathematical framework needs to be reformulated in terms of cylindrical coordinates. On this
basis, the below sketched numerical solution scheme is implemented.

5.4.1 The principle of virtual power as theoretical concept for discretization of
governing equations

The principle of virtual power dictates that the overall virtual power, £, being the sum of the
virtual powers performed by acceleration forces, Lacc, by external forces, Lext, and by internal
forces, Ly, is equal to zero [33],

L= Eacc + ﬁext + Eint = 07 (5.15)

with

Dv
Eacc__\/vp'ﬁ‘VdV’ (516)
Loxt = T -vd(oV), (5.17)
oV

and

Lint = —/ o:ddv. (5.18)
|4
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5.5 Model validation 91

Thereby, v and d are the virtual velocity vector and the symmetric part of the virtual velocity
gradient, while V' is the volume of the studied domain, and 9V its surface.

5.4.2 Approximative solution by means of the Finite Element method

The goal of the numerical solution scheme developed in Chapters [3|and [4is to find the unknowns
— namely, the density p, the position vector x, the velocity vector v = 9x/0t, and the acceleration
vector a = Jv /0t — throughout the considered spatial domain and throughout the considered
time domain. To that end, the time span of interest is discretized by dividing it into respective
increments, and the time courses of the quantities of interest are found in approximative manner
by utilizing the Newmark algorithm , . Furthermore, the spatial domain is also discretized,
by dividing it into triangular finite elements of first order, defined in terms of cylindrical
coordinates. The distributions of the aforementioned unknowns are approximated by means of
linear interpolations functions . The FE model is completed by assembling the meshes,
and by taking into consideration boundary conditions (formulated in terms of traction forces or
in terms of displacements) representing the real-life scenario which is supposed to be reproduced
by the FE model as well as possible. The FE model is then implemented as sketched in Table
using for that purpose the commercial mathematics software MATLAB.

Notably, aiming at improved numerical efficiency and accuracy, we realize the Finite Element
(FE) mesh twice, considering both possible orientations of the triangular elements, see Figure
By averaging the results of the two meshes after each time step, and using the averaged nodal
values as input for the next time step, the influence of numerical artefacts due to the mesh
orientation is substantially reduced, leading to much faster convergence. For further details
concerning the implementation of the above-sketched FE method, see Chapters [3] and [4]

5.5 Model validation

While the benchmark studies presented in Chapters [3] and [d] have already corroborated the key
model assumptions, the model still remains to be assessed quantitatively. This task is dealt

extrudate in initial position

Mesh 1 /

I'die

Mesh 2 A i Lrubber,ini

Fig. 5.1: Schematic illustration of the studied domain, showing the rubber located initially in
the extrusion canal (being of circular cross-sectional shape), defined geometrically
through radius rcan and length lypper,ini- While moving along the canal in direction
of the coordinate r, the rubber gets compressed due to tapering over length l;,, and
reaches the die, exhibiting radius rg;e and length l4;e, after which it exits the die, being
exposed to a free surface from this moment onwards. The two meshes by which the
rubber body is discretized in the framework of the FE method are indicated generically
in blue and red color.
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92 5 Prediction of rubber die swell

Tab. 5.2: Steps required for initializing, maintaining, and terminating the computations allowing
for die swell predictions.

#  Description of step

Initialization of the FE mesh.

2 The pressure inside the extrusion canal, pcan, is applied incrementally at the rear end of the mesh (i.e.,
at the boundary on the left-hand side of Figure until the maximum value is reached, in order to
realize non-linear elastic behavior during compression. Until the maximum pressure is reached, the mesh
is prevented from moving forward (i.e., towards the right), but is merely allowed to adapt to the imposed
pressure based on force equilibrium, considering to that end the pressure pcan and traction forces T’
(acting onto the top boundary of the mesh).

3 An acceleration a, is imposed during a single time step, setting the mesh into motion, such that the
desired velocity inside the canal, v, can, is reached at the next time step.

4 All further changes of the acceleration, velocity and position quantities, as well as of stresses and
densities, are then governed by the time step-wise implementation of the Newmark algorithm. The nodes
at the rear end of the mesh are continuously checked for maintaining the original velocity v can, as they
are supposed to represent the continued flow of material from the back of the extruder.

5 In order to avoid any problems related to violations concerning the integrity of the FE mesh (e.g. due to
overly large contractions, expansions, or distortions of single elements), the mesh is updated in regular
intervals. This remeshing is implemented by initialization of a new mesh with the outer boundaries
identical to the old mesh, but exhibiting a distribution of elements as uniform as possible. All nodal
values are transferred from the old to the new mesh by means of linear interpolation (using for that
purpose the introduced interpolation functions).

6 The overall aim of this study, that is computation of the die swell of (unvulcanized) rubber, suggests that
the computation is performed until the mesh at the free surface-end reaches a steady state.

with below, starting with briefly describing recently published experimental extrusion studies, cf.
Chapter [2], see Section [5.5.1} followed by an elaboration as to the numerical representation of
the experimentally used extruders (see Section , and by a quantitative comparison of the
model-predicted die swells to the experimentally obtained ones (see Section .

5.5.1 Experimental extrusion studies

The experimental campaign described in Chapter [2 involved the design and implementation of
extrusion tests. For that purpose, several types of extrusion facilities were used, out of which a
capillary rheometer, namely the Gottfert Rheograph 50 [30], is relevant for the present validation
study, see als Figure While the experimental protocols are described in Chapter 2] the
relevant parameters of the extrusion tests are briefly outlined in the following:

e The velocity of the rubber inside the die, vgje, is not measured directly, but follows from
the velocities of the rubber inside the extrusion canal, veay, or of the extrudate after exiting
the die (when the swelling is completed), vgswen, through continuity considerations, vgie =
Vswell - (dswell/ddic)? = Vean * (dean/daic)?, With dgywen being the diameter of the extrudate after
completed swelling.

e The temperature inside the canal, Tc,,, was measured by means of temperature sensors.

e The pressure inside the canal, pcan, was measured by means of pressure sensors.
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Fig. 5.2: Photograph of the Gottfert Rheograph 50 used for performing the extrusion studies
the results of which served as basis for model validation.

e The diameter of the extrudate after completed swelling, dgwen was measured using the built-in
laser measurement system, allowing for calculation of the diameter change between the die
and the extrudate, Ad = dgwenl — ddie-

e The geometries of extrusion canal and die were captured by the tapering gradient governing
the transition from the canal to the die, gog = (Tcan — T'dic)/ltap, see Figure by the die
length-to-die diameter ratio, A = lgie/dqie; and by the die diameter-to-canal diameter ratio,

2= ddie/dcan~

The parameter values actually considered for model validation are summarized in Table

5.5.2 Finite Element model employed for simulating rubber extrusion

The FE method proposed in Chapters [3]and [4 and briefly summarized in Section [5.4] of this paper,
was specified according to the boundary conditions and requirements established in Section [5.5.1
The initial rubber domain, before starting to simulate the extrusion process, completely filled
the extrusion canal with radius dc,, = 15 mm, and was considered to be 131.25 mm long. Hence,
taking into account rotational symmetry, the domain to be discretized by means of finite elements
was 7.5 mm (= rean) high (and, of course, 131.25 mm wide). For the discretization, we used, as
depicted in Figure [5.1] isosceles triangles, exhibiting cathetus lengths of 3.75 mm, implying that
each FE mesh consisted of 140 finite elements.

While the chosen discretization can be regarded as quite coarse, previous studies have revealed
already such a coarse discretization implies an indeed satisfying mesh convergence, see Chapters
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Tab. 5.3: Materials and parameters characterizing the extrusion tests performed for the sake of
model validation. Note that the geometrical parameters A, g.q, and = follow from
dgie = 9mm, dean = 15mm, lg;e = 24.8 mm, and a tapering angle from the canal to
the die of 30°; hence, A = 24.8/9, g.q = arctan 30, and = = 9/15.

Extrusion run I 1I 11T v
Material EPDM-A EPDM-A EPDM-B EPDM-B
Vdie [m/8] 0.014 0.028 0.014 0.028
Tean [°C] 100 100 100 100

Pean [MPa) 7.26 8.07 5.30 5.62

A H 2.76 2.76 2.76 2.76

ged [] 1.73 1.73 1.73 1.73

= [H 0.6 0.6 0.6 0.6

and[] It should be noted that the important issues of mesh convergence and respective refinements
are further discussed in Section of this paper.

5.56.3 Model-predicted versus experimentally obtained die swells

A comparison of the model-predicted diameters of the rubber extrudate after completed swelling
resulting from the numerical extrusion simulations described in Section [5.5.2]to the corresponding
results of the extrusion tests described in Section is shown in Figure (a). In order to
better assess the deviation between the model predictions and the experimental data, we also
compute the respective relative errors, according to

motillel
Rswenn = ;&% -1, (5'19)
swell
where d1o%¢! is the model-predicted diameter of the extrudate after competed swelling, and do.b,

is the corresponding experimentally obtained diameter of the extrudate after completed swelling.
Figure [5.3|(b) shows the resulting values for the four extrusion runs considered in this study. The
relative errors are consistently below 10%, ranging from —7.52% (obtained for extrusion run IV)
to +4.63% (obtained for extrusion run I). Hence, we observe that the deviations between the
model predictions and the experimental data are, on the one hand, satisfyingly small, and, on
the other hand, do not follow any systematic trend.

5.6 Sensitivity studies

In order to study how the model predictions change upon variation of the underlying model
parameters, a series of sensitivity studies was carried out. In particular, the following parameter
variations were considered: vean = {0.5m/s, 1 m/s}, pcan = {5 MPa,10MPa}, A = {0.1,0.5,1},
and g.q = {1,3,5}, whereby r¢can = 10mm was considered throughout all sensitivity studies.
Furthermore, in order to also study the effect of different materials, we performed all numerical
studies for the material parameters relating to EPDM-A and EPDM-B, see Sections and
as well as for a fictitious incompressible material, exhibiting K — oo. As for the latter


https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfugbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

w 3ibliothek,
Your knowledge hu

5.6 Sensitivity studies 95

(a)
14 w w
I cxperimental data
12- I model predictions | |
11.03
10.40 10.22 10.40 10.65 10.60
g
g
3=
=

III

(b)

4.63

—-0.47

-7.52

-9 s s s s
I 1I 111 v

Fig. 5.3: Experimentally obtained versus model-predicted die swells related to the extrusion
runs defined in Table presented in terms of (a) the absolute values of the extrudate
diameters after completed swelling, and (b) the corresponding relative errors, according

to Eq. (5.19).

material, we have chosen a density equal to the average density of EPDM-A and EPDM-B,
namely p = 1350 kg/m?.

The influence of the velocity inside the extrusion canal on the diameter of the extrudate after
completed swelling is shown in Figure whereby Figure [5.4((a) shows the respective results
of pcan = 5 MPa and Figure b) shows the respective results of pca, = 10 MPa. It can be
observed that the incompressible material yields the largest die swell, throughout all parameter
combinations. Moreover, the die swells predicted for EPDM-A and EPDM-B, with the rubber
compressibility taken into account in both cases, appear to be strongly influenced by the model
parameters. Increasing vea, causes an increase in the die swell experienced by EPDM-A, whereas
the die swell decreases for EPDM-B. The pressure in the canal influences the extent of die swell
increase and decrease, respectively, between the studied velocities, compare Figures a) and

(b).
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Fig. 5.4: Comparison model-predicted diameters of the extrudate after completed swelling,

dsrﬁvfg‘ffl, depending on the velocity in the canal, vcan, and on the extruded material;

numerical studies were performed for (a) pcan = 5 MPa and for (b) pecan = 10 MPa.

model
swell *

Among all studied materials, the largest die swells are observed for the incompressible material,
see Figure However, for pean = 5 MPa, d™°9¢! slightly increases when increasing A from 0.1 to

swell

0.5, but decreases when decreasing A from 0.5 to 1, see Figure (a), whereas for pean = 10 MPa

model
swell

No clear trend can be observed for the influence of the geometrical parameter A on d

the model predictions suggest the opposite trend — hence, d decreases when increasing A
from 0.1 to 0.5, but increases (and reaches the maximum value) when decreasing A from 0.5 to 1,
see Figure b). For EPDM-A, increasing A always leads to decreasing model-predicted values
of d;’g\f’eﬁlfl. The same trend is observed for EPDM-B when applying a pressure of pcan = 5 MPa,
whereas the opposite trend if observed when applying a pressure of pca, = 10 MPa. Furthermore,
the extent of die swell variations due to variations in A depend on pean.

The influence of the tapering gradient from the extrusion canal to the die on the model-
predicted diameters of the extrudate after completed swelling is illustrated in Figure [5.6] again
considering three different materials and two different pressures in the extrusion canal. Then,
the model-predicted die swells resulting for the incompressible material are the largest, with one
exception; when considering pean = 5 MPa and g.q = 1, the maximum value of d;}v‘)ecllfl is obtained
for EPDM-B, see Figure a). As for EPDM-B, increasing g.q leads to a decreasing die swell,
for both pean = 5 MPa and pean = 10 MPa.

The above-presented sensitivity studies clearly show that the parameters characterizing the

configuration of an extruder influence the eventually obtained die swell. However, it is striking
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13 @) ‘
- K — oo
I EPDM-A
I [ EPDM-B| |

model
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model
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Fig. 5.5: Comparison model-predicted diameters of the extrudate after completed swelling,

d;nvfe‘ffl, depending on the geometrical parameter A = lgjo/dqic, and on the extruded

material; numerical studies were performed for (a) pcan = 5 MPa and for (b) pean =
10 MPa.

that the influences of the pressure and the velocity at which the extrusion is performed, and
of the geometrical parameters A and g¢.q, are in some cases surprisingly small and do not
necessarily follow consistent trends. Nevertheless, the numerical results are qualitatively similar
to corresponding experimental studies, see Chapter[2] This study once more confirms the
importance of accounting for the compressibility of rubber — when performing the simulations
for an incompressible material, the model-predicted diameters of the extrudate after completed
swelling almost consistently overestimate the results obtained for compressible materials; by up
to 25%, see Figure ). Also, the model-predicted diameters dodel reflect the experimentally

swell

obtaining finding that EPDM-B swells in a more pronounced way than EPDM-A, see Chapter [2|

5.7 Discussion

5.7.1 Quality of model predictions

The numerical studies presented in this paper confirm the soundness of the modeling approach
proposed in Chapters [3|and [ This concerns both the model validation studies presented in
Section [5.5] and the sensitivity studies presented in Section As for the former, the agreement
between model predictions and corresponding experimental data is considered to be remarkably
good, with relative errors amounting to only a few percent. While the sensitivity studies do
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Fig. 5.6: Comparison model-predicted diameters of the extrudate after completed swelling,
d™°del depending on the geometrical parameter geq = (Tean — Tdie)/ ltap, and on the

swell
extruded material; numerical studies were performed for (a) pcan = 5 MPa and for (b)
Pean = 10 MPa.

not clearly show consistent qualitative trends when varying extrusion velocities and pressures,
as well as geometrical parameters, the obtained results largely comply with the results of the
experimental extrusion studies presented in Chapter

Next, we subject the numerical results to critical scrutiny. In this context, it should be
noted that in the validation studies, the model-predicted velocities in the die turned out to be
quite low; this resulted from the experimental setup considered for model validation. In further
consequence, the overall extrusion time was comparably long. In order to keep the numerical
studies nevertheless feasible, we chose a rather large time step size. Hence, slight numerical
errors cannot be ruled out. It is however perfectly possible that a reduction of those potential
errors would lead to even better agreements between the model predictions and the experimental
data. A related discussion is the topic of the following Section [5.7.2]

5.7.2 Comments on numerical convergence

In the present study, the FE method is employed for solving, in approximative fashion, a set of
partial differential equations. It is thus natural that the accuracy of obtained numerical solutions
is the closer to the (per se unknown) exact solution of the studied set of equations the finer the
spatial discretization and the smaller the chosen time steps. In order to assess if the obtained
results can be considered to be sufficiently converged or not, convergence studies were performed,
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investigating both the effects of increasing the number of finite elements for discretization of the
studied spatial domain, and of decreasing the time step size for discretization of the studied time
period.

The convergence studies were based on the following model parameters: vea, = 0.50m/s,
Dean = 10 MPa, and the geometry parameters 7y = 7.5mm, A = 0.50, g.q = 3, and = = 0.80.
Furthermore, the fictitious, incompressible material defined in Section [5.6] was considered. The
reason for this choice was that we merely wanted to focus on the effects of spatial and temporal
discretization, without additionally taking into account the influence of compressibility (which
would further complicate the convergence behavior). As for the spatial discretization, on the one
hand, the rubber domain was discretized by ne elements, with ne = {30,92,186,312,470}. As
for the temporal discretization, on the other hand, the simulated time period was discretized
using a time step At, with A¢ = {0.001,0.002,0.004, 0.008} s.

The obtained convergence behavior of the model is illustrated in Figures[5.7and[5.8] Essentially,
both Figures [5.7] and [5.8] confirm the expected behavior, namely that convergence of both
d;‘;&‘ffl and vg;gdel is reached when reducing the time step and increasing the number of finite
elements. Nevertheless, some numerical “instabilities” are observed — e.g., setting the time step
to At = 0.008 and the number of element to ne = 470 does not yield a reasonable value for dgyel,
see Figure (a). Clearly, convergence of the model-predicted velocities in the canal is much
more distinctive than the convergence of the model-predicted diameters of the extrudate after

a
. (a)
e ——
T o =
)
33
gz
% 7t — At =0.001s |1
— At =0.002s
At = 0.004s
—— At =0.008s
5 1 1 1 1
0 100 200 300 400 500
nel [—]
b
1 (b)
081 v—“
= :
g 06 /
%;.9 0.4 1
55 —— A1 =0.001s
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— A =0.0025
0.2} At = 0.0045| |
—— A =0.008s
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ner [-]

Fig. 5.7: Convergence behavior of (a) d™°¢¢! and (b) v1199¢! with respect to the number of finite

elements making up the FE meshes, for different different time steps.
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Fig. 5.8: Convergence behavior of (a) d2°3¢! and (b) v124¢l with respect to the considered time

steps, for different numbers of finite elements making up the FE meshes.

completed swelling. This is certainly due to the fact that, after leaving the die, the extrudate is
exposed to free surfaces, which increases the proneness to numerical instabilities in the obtained
solutions. As a remedy, both spatial and temporal discretizations could be set substantially
finer. However, doing this would cause computational costs which cannot be handled anymore
by the software platform that was chosen for implementing the here-presented numerical studies
(i.e., the commercial mathematics software MATLAB). It needs to be stressed though that the
practical implications of the slight inaccuracies inherent to the numerical studies presented in
this paper should not be overrated. Figures and clearly show that the fluctuations of the
obtained approximative results around the exact solutions are in the range of only a few percent
(which is roughly the same a the scatter observed in experimental extrusion studies). Hence,
the very positive assessments of the obtained numerical results, see Sections [5.5] and [5.6] remain
undisputed.

5.7.3 Concluding remarks

This paper constitutes an important further step towards the predictability of the rubber die
swell as it occurs in the course of the extrusion process. While its experimental and theoretical
basis was laid elsewhere, cf. Chapters [2]to 4 a comprehensive set of numerical studies was
presented. On the one hand, the latter allowed for successful validation of the underlying model,
through comparison of model predictions to corresponding experimental results. On the other
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hand, sensitivity studies highlighted the various dependencies on model parameters. Once again,
the results of the numerical studies corroborated the importance of accurately taking into account
the (experimentally observed) constitutive behavior of rubber. In particular, we here refer to
the compressibility of rubber — very often, this feature is erroneously neglected in models of
rubber extrusion, for the sake of a simpler numerical implementation of the correspondingly
simplified governing equations. Furthermore, the key model assumptions, briefly elaborated in
Section [5.3.1} could be confirmed.

Nevertheless, the limitations of the presented modeling approach should not be concealed. This
concerns mainly, as discussed in detail in Section the computational limitations related to
the software platform (i.e., MATLAB) on which an in-house code was developed for the numerical
implementation of the model. Finer discretizations, smaller time steps, and longer simulation
time spans would probably yield more accurate model predictions and eradicate some of the
inconsistencies reported in Sections [5.5 and [5.6] The correspondingly increased computational
costs exceed however the respective capabilities of MATLAB; resorting to an alternative, more
powerful software platform would be certainly necessary to resolve this issue. Extending the
range of cross-sectional shapes of extrusion dies implies similar problems, owing to the fact that
full 3D simulations (instead of rotational symmetric 2D simulations, as described in this paper)
would also lead to a substantial increase in computational costs. However, the transition to a
more powerful software for implementation of the numerical solution goes beyond the scope of
this paper.

Nevertheless, despite the above-described limitations, the obtained numerical results are
accurate enough for concluding that the model assumptions, the derivation of respective governing
equations, as well as their numerical solution based on the principle of virtual power are major
contributions in the field of numerical simulation of rubber extrusion. The theoretical framework
described briefly in this paper, and elaborated in minute detail in Chapters [3] and [, bears
the potential of making an sustainable impact in the field, and being a stepping stone for new
respective simulation tools yielding unprecedented accuracies.

Acknowledgments

The authors gratefully acknowledge financial support by the FFG (Osterreichische Forschungsfor-
derungsgesellschaft — Austrian Research Promotion Agency), project number 7401264: “Modeling
the die swell of rubber blends during the extrusion process, based on new expansion tests”.

Appendix 5A. Nomenclature

A second order thermal expansion coeffi- f volume forces
cient Jed gradient of transition between canal and
d symmetric velocity gradient die

dean  diameter of the extrusion canal shear modulus
Gibbs potential

mass (density)-related Gibbs potential

dgie  diameter of the extrusion die
dswen diameter after finished swelling

= QQQ

F deformation gradient tensor bulk modulus
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Kiet  bulk modulus fitting parameter R relative error
lean  length of the canal
lgie  length of the extrusion die Q viscosity fitting parameter
liap  length of the tapering 15} bulk modulus fitting parameter
lini initial length of simulated rubber speci- By viscosity factor
men 7 viscosity
M mass € arbitrary quantity
P pressure A length to diameter ratio of the die
Pean  Pressure inside extrusion canal v Poisson’s ratio
Q volume-related quantity p (current) density
@,  mass (density)-related quantity Po initial density
Tean  Tradius of the canal o Cauchy stress tensor
rdie  radius of the die P Jaumann stress rate of the Cauchy stress
T temperature tensor
Tean  temperature inside extrusion canal - viscosity fitting parameter
t time = ratio of die diameter over canal diameter
4 (current) volume w antisymmetric velocity gradient
Vo initial volume
v velocity De/Dtmaterial derivative of an arbitrary quan-
Vo velocity scaling parameter tity
Uean  velocity inside extrusion canal VSv  symmetric velocity gradient
vdgie  velocity inside extrusion die VAv  antisymmetric velocity gradient
Uswell Vvelocity after finished swelling V - € divergence operator of an arbitrary quan-
X initial position vector tity
X current position vector Ve  partial space derivative of an arbitrary
quantity
C fourth order elasticity tensor € partial time derivative of an arbitrary
D fourth order compliance tensor quantity
L virtual power (OT  transpose
Lacc virtual power of acceleration det() determinant
Lext  virtual power of external forces tr() trace
Lint  virtual power of internal forces (A) virtual quantities
J fourth order viscosity tensor
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Chapter 6
Summary and outlook

The overall goal of the project leading to this thesis, that is reaching a better understanding
of the die swell of rubber upon extrusion, was tackled by both experimental and theoretical
methods. In the following, the main achievements of the project are briefly summarized:

1. Based on compression and viscosity tests, the constitutive behavior of different rubber blends
and of natural rubber was studied and mathematically captured by simple constitutive
laws, see Chapter 2.

2. Extrusion tests revealed how the die swell of rubber is influenced by several (somewhat
interacting) factors. Employing the theoretical concept of dimensional analysis, the rubber
compressibility and geometrical parameters defining the extrusion canal and the extrusion
die were identified as key parameters, see also Chapter 2.

3. Remarkably, throughout all experimental studies, the role of the temperature at which the
tests were performed was not as prominent as expected.

4. A new mathematical framework describing the material behavior of soft solids (which is the
class of materials rubber can be assigned to) was developed. The eventually obtained set of
equations is objective, mass (density)-related, thermodynamically consistent, and derived
based on the Gibbs potential (instead of the more frequently used Helmholtz potential),
see Chapter 3.

5. Solving these equations required the development of a new Finite Element method-based
solution scheme, derived by means of the principle of virtual power, see Chapters 3 and 4.

6. This modeling approach was specialized for extrusion dies of circular cross-sectional shape.
On the one hand, the simulation results turned out to be qualitatively plausible, while, on
the other hand, comparison of the model predictions with corresponding experimental data
allowed for successful experimental validation, see Chapter 5.

Despite this respectable list of achievements and of the (partly) fundamentally new methods
developed during the project eventually leading to this thesis, the obtained results motivate to
pose a number of new research questions, which may be incentives for future research endeavors.
Firstly, this concerns the extrusion tests described in Chapter 2. It was mentioned above (and in
Chapter 2) that the die swell depends strongly on several geometrical parameters defining the
extrusion canal and the extrusion die. However, formulating respective mathematical relations

requires performing a large number of additional extrusion tests, comprising a reasonably fine grid
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104 6 Summary and outlook

of variations (in terms of these geometrical parameters). Secondly, while the new mathematical
modeling approach described in Chapters 2 to 4 is in principle applicable to a wide range of
different cross-sectional shapes of the extrusion die, the numerical studies performed so far were
restricted to the simplest case, namely to circular cross-sectional shapes. This was mainly due
to the computational restrictions of the chosen programming platform, i.e. the commercial
mathematics software MATLAB. Hence, for actually investigating the theoretically available
application range of the presented modeling approach, transferring all of the developed codes to
a more efficient programming language is most likely mandatory.

To conclude this thesis, it should be once again stressed that the experimental methods and
the new modeling approach represent a twofold, substantial convergence to the overall goal
formulated at the outset of this thesis, namely reaching a better understanding of the die swell
of rubber upon extrusion, and making this phenomenon predictable, in a quantitatively accurate

manner.
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Appendix A

Compressibility of unvulcanized natural and
EPDM rubber: new experimental protocol and
data evaluation in the framework of large strain
elasticity theory

Authored by: R. Plachy', S. Scheiner', K.W. Luczynski?, A. Holzner?, C. Hellmich'

I Institute for Mechanics of Materials and Structures, TU Wien
2 Semperit Technische Produkte GmbH

Published in [15]: Polymer 123, 2017, pp. 334-344.

The final publication is available at:
https://www.sciencedirect.com/science/article/pii/S0032386117306316

Abstract: Despite considerable ongoing efforts, accurate computational simulation of the flow
behavior of (unvulcanized) rubber remains an open challenge. There is growing evidence that
one of the reasons for that is insufficient consideration of, or knowledge on, the mechanical
compressibility of the material. As a contribution to tackle this open question, we here report
on a series of hydrostatic compression tests performed on natural rubber, as well as on two
types of EPDM (ethylene-propylene-diene-monomer) rubber compounds. These materials were
filled into a capillary rheometer with closed extrusion canal, and then compressed and released
through volume changes realized at different speeds, while monitoring the corresponding hydro-
static pressures acting on the investigated rubbers. The volume changes then entered various
relevant strain measures (Green-Lagrange strains, Hencky strains, linearized strains), while the
pressures were mathematically transformed into energetically conjugate stress measures (second
Piola-Kirchhoff stress, Kirchhoff stress, Cauchy stress). Insertion of these measures into the
dissipation inequality resulting from the two fundamental laws of thermodynamics, revealed
that the investigated materials behave purely elastically under hydrostatic pressure, albeit in a
non-linear fashion. Irrespective of the format chosen for elasticity theory, the elastic bulk modulus
appears as a power function of the hydrostatic pressure; the former increasing under-linearly, but
non-asymptotically, with the latter. Careful statistical evaluation of the corresponding power law
coefficients allows for derivation of upper and lower bounds of the bulk modulus as functions of
the hydrostatic pressure, an information which may prove essential for improving the accuracy of
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106 A Compressibility of unvulcanized natural and EPDM rubber

rubber extrusion simulations.

Keywords: unvulcanized rubber, pressure-dependent compressibility, statistical confidence
intervals

A.1 Introduction

Manufacturing of rubber products typically comprises pressing or squeezing of raw materials
(i.e. various polymers, such as rubber compounds and blends) through formative tools. In order
to facilitate this shaping step, the raw materials are first heated, and then exposed to high
pressures (of up to 100 MPa) [1]. However, after leaving these tools, the squeezed materials,
also called extrudates, undergo, due to depressurization, an additional, hardly predictable shape
change — typically referred to as “die swell” or Barus effect [5-8]. This renders the design of
the aforementioned formative tools as a quite time consuming and ineffective trial-and-error
procedure. For quite some time, computer simulations have been identified as a potential remedy
to this suboptimal situation. Such simulations were typically resting on the mechanics of (usually
incompressible) Newtonian, non-Newtonian, and/or viscous and viscoelastic fluids (optionally
also including thermodynamic effects, such as the temperature-dependencies of the bulk modulus
and of the viscous properties of rubber) [38-41, 57].

Tab. A.1: Material properties of natural rubber and of EPDM rubber compounds subjected
to compression tests as described in Section|A.2.2) ML (14-4) denotes the Mooney
viscosity after four minutes (following one minute of preheating) [65]

property unit NR EPDM-1 EPDM-2

type [] polymer compound compound

polymer [] natural rubber mainly crystalline EPDM  mainly amorphous EPDM
amount of filler [-] - high low

primary filler [ - white filler carbon black

ML (1+4) [MU] 50.2 to 93.3 47.2 to 48.1 73.9 to 74.3

density [g/ecm®]  0.930 1.445 1.130

However, while these simulations have confirmed principal characteristics of the extrusion
process (such as the dependency of the die swell on the length-to-diameter ratio of the extrusion
die, on wall slip, and on shear effects, including the shear rate), accurate prediction of the die
swell effect is still out of reach. In more recent times, the idea that consideration of rubber
compressibility might improve the situation, has gained more and more attention |18, |19} 42-44].
Based on linear or exponential pressure-to-density relations, the authors of the aforementioned
references indeed arrived at improved simulation results; showing in particular that elastic
compressibility, with respect to incompressible behavior, may increase the die swell by some
30%. Still, “consistency with experimental observations” rather than in-depth quantitative
experimental validation of simulation results has been reported so far. Moreover, also the
mathematical format chosen for the pressure-density relations was rather guessed than derived
from suitable experimental data.
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A.2 Experiments 107

This is exactly the knowledge gap which the present paper wishes to close. Hence, the
present paper is devoted to specifying the actual type of compressibility, its potential elastic or
viscous nature, as well as its pressure sensitivity. This is done by investigating various types
of unvulcanized rubber (introduced in Section , based on hydrostatic compression tests
(described in Section [A.2.2)). After reviewing relevant types of stress and strain measures (in
Section, a dissipation analysis reveals the elastic compressive behavior of the material
(in Section, hyperelastic relations are specified for the studied experimental set-up (in
Section. Section deals with evaluating the experimental data by means of these
constitutive relations revealing some remarkable features of the materials’ bulk moduli. The
paper closes with a brief summary and concluding remarks (see Section.

A.2 Experiments

A.2.1 Investigated materials

Three types of unvulcanized rubber were investigated: natural rubber (hereafter abbreviated
as “NR”), and two ethylene-propylene-diene-monomer-type rubber compounds, one with high
filler content and mainly crystalline polymer (hereafter abbreviated as “EPDM-1"), and one with
low filler content and mainly amorphous polymer (hereafter abbreviated as “EPDM-2”). Key
characteristics of the three materials are summarized in Table [AT]

A.2.2 Experimental protocol

In order to study the mechanical compressibility of the materials introduced in Section [A.2.]]
a series of hydrostatic compression tests was carried out by means of a capillary rheometer
(Rheograph 20; Gottfert Werkstoff-Priifmaschinen GmbH, Buchen (Odenwald), Germany [30],
see Figure@). Rubber was filled into the extrusion canal of the capillary rheometer, and
then compressed by two different types of pistons: (i) a so-called compression piston with a
diameter slightly smaller than that of the extrusion canal, therefore allowing for the removal
of air pores from the tested material; (ii) a so-called PVT-piston (“PVT” originating from the
so-called pressure-volume-temperature test [66]) with a diameter exactly matching that of the
extrusion canal, and equipped with an additional sealing ring. The latter allows for realization of
temperature and pressure conditions which are completely independent of the ambient conditions.

The hydrostatic compression tests were carried out according to a well defined sequence of
steps. First, each specimen was prepared as follows:

P1. Cleaning of the empty extrusion canal;
P2. Heating up to 100°C (constant temperature for all tests);
P3. Closing of the bottom of the canal (where the nozzle is fixed);

P4. Slow and successive filling of the entire canal almost to the top with the material to
be investigated (NR, EPDM-1, EPDM-2); between the filling steps, the material in the
extrusion canal was compressed by means of the compression piston, ensuring that no
air remains entrapped. As an additional verification that no air would influence the
experimental results, mass, volume, and corresponding density of the final specimen were
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(a) (b)
— L extrusion canal 1 with extrusion canal 2
GOTTFERT mounted piston (load 1/ (

cell and motor on top)

mounting platform

steel block surrounding
extrusion canals

— cooling facility

material in extrusion canal | heating facility

1,

€3 €

pressure gauge

temperature sensor

extrusion die

Fig. A.1: Experimental setup for hydrostatic compression tests: (a) frontal view of, and (b)

P5.

P6.

P7.

Ps.

cross section through the employed capillary rheometer

recorded, and the latter was shown to agree with the know material properties (see

Table ;

Replacing the compression piston by the PVT-piston (set on top of the material completely
filling the canal); waiting for it to adjust to the canal temperature, thereby allowing slight
extension of the piston diameter and therefore ensuring the complete insulation of the
tested sample from ambient conditions;

Extrusion of excessive material, in order to arrive at the desired dimensions of the material
specimen (i.e. opening the bottom end of the canal and slowly moving the PVT-piston
downwards, until the desired sample height of 20 mm is reached);

Relaxation of the material which has been slightly compressed during step P6, as long as
the the measured force did not decrease anymore; and

Closing the canal, finally leaving a specimen-cylinder of 15 mm diameter and around 20 mm

height, see Figure|A.2{fal).

Notably, after completion of step P8, the sample was not entirely stress-free, but experienced

(a small, but not negligible) initial pressure pyg. Thereafter, the actual hydrostatic compression
tests were conducted, see Figures@ to @:

C1.

C2.

The piston was moved downwards, i.e. compressing the specimen at a predefined speed

Uyert, S€€ Figure and Table

the piston was stopped, when the force reaches a predefined value equivalent to pmax, see

Figure and Table
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C3. the position of the piston was held for a preallocated time tpoq (between 0 and 600 seconds),
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110 A Compressibility of unvulcanized natural and EPDM rubber

Tab. A.2: Specification of the test parameters prescribed during the hydrostatic compression
tests: maximum pressure (pmax), loading/unloading speed (vyert), and duration for
which the pressure was held at pmax (fhold); test protocols #7, #9, and #17 were
each performed twice

# Pmax Uvert thold
[MPa] [mm/s] [s]
1 20 0.05 0
2 20 0.10 0
3 20 0.10 120
4 20 0.20 0
5 40 0.01 0
6 40 0.05 0
7.1 40 0.10 0
7.2 40 0.10 0
8 40 0.10 30
9.1 40 0.10 120
9.2 40 0.10 120
10 40 0.10 600
11 40 0.20 0
12 60 0.05 0
13 60 0.10 0
14 60 0.10 120
15 60 0.20 0
16 80 0.05 0
17.1 80 0.10 0
17.2 80 0.10 0
18 80 0.10 120
19 80 0.20 0

A.3 Mechanical stress and strain measures

In continuum mechanics [47], various measures have been introduced for quantifying the mechan-
ical strains and stresses, which a body is subjected to [67-69]. In this work, we consider three
strain measures, all of them belonging to the so-called Seth-Hill family of strain measures, as
well as energetically conjugate stress tensors [70]. Such quantities have proven suitable for a
body that is undergoing potentially large deformations |47, |70].

Firstly, the Green-Lagrange strain tensor is defined as

B¢l = [FFT 1], (A1)

N | —

where F is the deformation gradient tensor, and 1 is the second-order unit tensor, with components
dij, the latter being the so-called Kronecker-delta (§;; = 1 if i = j and d;; = 0 if i # j). The
deformation gradient tensor, in turn, is defined through

I
F=—_, A2
0X (A-2)
where ¢ is the initial-to-current configuration mapping function, x = ¢(X) is the position of a
material point in the current configuration, and X is the position vector of a material point in
initial configuration. In Cartesian coordinates, based on the orthonormal base frame e, e, and
e3, see Figure@, X = Xje; + Xoey + X3es, with X, Xo, and X3 as the components of
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Fig. A.3: Experimental data recorded during test #8 carried out on material NR, presented
in terms of (a) the temporal evolutions of the hydrostatic pressure in the extrusion
canal p®™*P(t), and of the respective change of length (Al)**P(¢); (b) loading curve up
to t = t(Pmax) + thold , With shaded area representing the maximum work put into the
specimen, W& (see Section; and (c) loading-unloading curve up to t = tepq,

max

with shaded area representing the eventually dissipated energy &yiss (see Section A.4)
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112 A Compressibility of unvulcanized natural and EPDM rubber

X. A further useful quantity is the vector field u(X) = x — X. Upon compression of the rubber
specimen in the extrusion canal, the only non-zero component of u(X) is component u;, oriented
in loading direction, thus the displacement vector field then reads as

-1
-

u(X) X1 er, (A3)

see Figure[A.1|(b). Considering that ¢(X) = X + u, we hence obtain

l
QO(X) = %Xl e1+Xoey+ X3e3, (A4)

and, inserting Eq. (A.4) into Eq. (A.2) yields

l
Fzre1®e1+e2®ez+e3®e3, (A.5)
0

where the symbol ® represents the dyadic vector product. Specifying Eq. (A.1]) for the deformation
gradient tensor according to Eq. (|A.5)), yields

aL_ P13
E = T et Req. (A6)
0

The Green-Lagrange strain tensor is energetically conjugated to the second Piola-Kirchhoff stress
tensor 7, which is associated to the Cauchy stress tensor o through [68-71]

m=JF loFh!, (A.7)

where the Jacobian J is the determinant of F, J = det(F). For hydrostatic compression, o reads
as

3
oc=—p) e®e;, (A.8)
iz1

where p denotes the pressure. Insertion of Egs. (A.5) and (A.8]) into Eq. (A.7)) provides the second
Piola-Kirchhoff stress tensor associated to our test set-up, as

l R
w:—pTOe1®e1—p% Zei@)ei. (A.9)
i=2

Secondly, the so-called Hencky (or logarithmic) strain tensor is considered, defined as [68-70]

EH — In [x/F . FT] =In <ll> e ®e. (A.10)

0

The Hencky strains are energy-conjugate to the Kirchhoff stress tensor 7 [72-75],

l 3
T:Jo-:—pl— Zei®ei. (A'll)
0 =1
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A.4 Dissipation analysis 113

Thirdly, linearization of both energy-conjugate strain and stress measures (i.e. Green-Lagrange
strains and second Piola-Kirchhoff stress, on the one hand, as well as Hencky strains and Kirchhoff
stresses, on the other hand) for the case of small displacement gradients, ||0u/0X|| < 1, leads
to the well-known linearized strain tensor e, reading as

1[ou du\T -1
€—2la}(+(a)(> ‘|— l() el®elv (A12)

and the Cauchy stress tensor o.

A.4 Dissipation analysis

In literature, constitutive models for rubber-like materials are often of viscoelastic nature, see
e.g. , , thus presuming that imposition of a constant stress induces deformations that
increase with time (known as creep), or that imposition of a temporally constant strain induces
stresses that decrease with time (known as relaxation). While this fundamental assumption
may be well justified for deviatoric loading , the question arises whether it holds also
true for volumetric loading. In this context, we recall that viscoelastic materials, unlike purely
elastic materials, are dissipative, i.e. part of the mechanical work put into the tested specimen is
irreversibly converted into heat . The mechanical work done on the tested material
samples up to time ¢ can be quantified as

West(f) — / t( 5(7):5(7)dv>d7, (A.13)
0 V(r)

where S is the stress tensor, £ is the corresponding energy-conjugate strain tensor, and V' is the
volume of the investigated specimen. For the displacement history and the stress states imposed
on the investigated samples, Eq. (A.13) can be specified to

West (1) /O t ( /V P (AD)(7) dV> dr (A.14)
whereby

(AL)(7T) = vyery X T for 0 < 7 < 77,
with p [Al(77)] = Pmax
(Al)(1) =0 for 77 < 7 < (77 + thold)
(Al)(T) = —Uyert X T for (77 + thola) < 7 < 7771,
with p[Al(777)] =0.

Evaluating Eq. for t = t(Pmax) + thold, i-e. for the point in time up to which maximum
pressure is maintained, gives access to the maximum work put into the specimens, i.e. Wt =
W (t = t(pmax) + thold). The subsequent unloading phase corresponds to a reduction of the
pressure and an expansion of the specimen. Therefore, it is the sample which then does work on
its surroundings (rather than the surroundings doing work on the sample). During this pressure
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114 A Compressibility of unvulcanized natural and EPDM rubber

reduction (unloading phase), the sample consumes the elastic energy which it has stored during
the loading phase. The unloading phase is hence characterized by an external work contribution
in form of the integrand in Eq. , which becomes negative. Finally, evaluating Eq. for
t = teng, i-e. for the point in time when the unloading of the specimen is completed, gives access
to the eventually dissipated energy

WeXt (t = tend) = éadiss . (A15)

In order to clarify whether the investigated materials undergo dissipative (viscoelastic) de-
formations when loaded as described in Section we have calculated, based on Eq. ,
Wt and &yiss from the recorded pressure and deformation data, see e.g. Figure and for all
the stress and strain measures introduced in Section[A.3] Interestingly, for the majority of the
test runs, the ratio of &yiss over WL is below 0.1, in many cases even below 0.05, indicating
that dissipative (viscoelastic) effects are negligible under hydrostatic loading of the investigated
rubber specimens. This finding applies for any of the materials defined in Section[A.2.1] as well
as for any of the employed stress and strain measures (see Section.

Thus, we conclude that during the hydrostatic compression tests decribed in Section[A:2.2] all

studied materials underwent virtually purely elastic deformations.

A.5 Determination of elastic compressibility

As polymers may potentially experience significant deformation gradients , the test data are
evaluated in the framework of large strain elasticity theory , . If the relation between
stresses and strains can be derived from the strain energy function v, through

O

then the constitutive behavior of a material is referred to as “hyperelastic” , . In case of
isotropy, Eq. (A.16) takes the form of

(S —So) = AE) tr(E) 1+ 2G(E) €, (A.17)

where Sy is the initial strain, A is the Lamé constant, GG is the shear modulus, and “tr” is the

trace operation , .
Replacing, in Eq. (A.17)), the generic stress tensor S by the second Piola-Kirchhoff stress tensor

EGL

7, and the generic strain tensor £ by the Green-Lagrange strain tensor , yields

(7 — ) = AH(ECH) tr(ESL) 1 + 2 GEH(ECY) ECL (A.18)

Specifying Eq. (A.18)) for the tests described in Section[A.2] for 7 according to Eq. (A.9), and for
ECT according to Eq. (A.6), and taking the trace of the result, yields

1[(12-12 12 + 202
_ — GL * 0 - _ 0 .
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A.6 Pressure-compressibility relations 115

with the mean Piola-Kirchhoff stress my, standing for m,, = [tr(7)]/3, and with the bulk modulus
KGL = (3AC 4 2GG1) /3. Eq. gives access to the bulk (or compressibility) modulus, from
the data pairs (p,!) measured in the tests of Section performed according to the protocols of
Table[A-2] through

2 (13 +21%)

3B(L+1o) |’ (4.20)

K = (p—po) (lolo_ l)

see thin lines in Figure(a,d,g).
Analogous specialization of Eq. (A.17) for the Hencky (logarithmic) strain tensor Ef and the
Kirchhoff stress tensor 7 yields

(1 —70) = \HED tr(EF) 1 + 2GHET) EH. (A.21)

Then we proceed as before, i.e. we insert Egs. (A.10) and (A.11)) into Eq. (A.21)), and then
consider the definition of the mean stress and the bulk modulus as in Eq. (A.19)). This yields

KE = -m) <zolg l) [zgl(lln_(ll/oli)] ’ (4.22)

see thin lines in Figure[A.4|(b,e,h) for such bulk moduli derived from tests of Section[A.2]
Finally, Eq. (A.17) is also valid for the Cauchy stress tensor o and the linearized strain tensor
g, yielding

(o0 —0op) =Ae)tr(e)1+2G(e)e. (A.23)

Eq. allows then to derive, via the mean hydrostatic stress oy, = [tr(o)]/3, the following
format for the bulk modulus l
K = (p—po) <l0_l> : (A.24)
0
see thin lines in Figures(c,f,i) for such bulk moduli derived from tests of Section performed
according to the protocols of Table[A.2]

A.6 Pressure-compressibility relations

The pressure dependence of the bulk moduli in Figure[A:4 was fitted for all tests given in Table[A.2]
and for all three materials given in Table[A 1] by means of a dimensionless power function of the

K — g
- [p po} : (A.25)
Kref Kref

where K¢ shall be defined as reference bulk modulus, with Kot = K for p = Kyt + po, see
Figure for corresponding data pairs [Kief, §]. Fitting parameters Kof and  were obtained,
based on a standard least squares optimization analysis from the test-specific K-p-curves of
Figure[A.4] for each of the investigated materials, and for each of the considered pairs of stress
and strain measures. Thereby, each of the experimental test-runs was considered to have equal

form

influence on the optimization independent of the number of recorded data points, resulting in
a sample of parameter pairs, whereby each parameter pair was assigned to a specific material
and a specific pair of stress and strain measures. On this basis, we computed the respective
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Fig. A.4: Development of the bulk modulus K over pressure p (raw data for all tests (see
Table) based on hyperelasticity as defined in Section together with the
90%-confidence region of K as derived in Appendix A; (a,b,c) natural rubber (NR),
(d,e,f) EPDM-1 rubber, (g,h,i) EPDM-2 rubber; (a,d,g) second Piola-Kirchoff stresses
7 and Green-Lagrange strains EGV, see Eq. (A.20); (b,e,h) Kirchhoff stresses 7 and
Hencky strains EH, see Eq. , (c,f,i) Cauchy stresses o and linearized strains €,

see Eq. (A.24)

90%-confidence regions for the fitted bulk moduli (explained in more detail in Appendix A), see
the gray-shaded areas in Figure[A4]

The resulting bulk moduli unequivocally evidence non-linear elasticity of unvulcanized natural
rubber and rubber compounds. Several features become apparent: Firstly, the bulk moduli of all
three materials studied in this paper increase non-linearly with increasing pressure, whereas these
increases are degressive, i.e. the bulk moduli gradients become smaller with increasing pressure
(compare with Figure. Secondly, as expected, natural rubber is consistently softer than the
two EPDM compounds, compare Figures[A.4(a) to (c) with Figures[A.4[(d) to (f) and [A.4|(h) to (i).
And, thirdly, the influence of the considered strain and stress measures, see Section[A.3] for details,
is negligible; differences between the energy-conjugate pairs of Green-Lagrange strains and second
Piola-Kirchhoff stresses, on the one hand, and linearized strains and Cauchy stresses, on the
other hand, are hardly visible (compare Figure[A.4|c) with Figure[A.4(a), Figure[A.4[f) with
Figure[A.4(d), and Figure[A.4{i) with Figure[A.4|(g), while Hencky strains and Kirchhoff stresses
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Fig. A.5: Parameter pairs K,of and 3, for all materials as defined in Table and all stress-
strain measures as defined in Section[A.3} (a,b,c) natural rubber (NR), (d,e,f) EPDM-1
rubber, (g,h,i) EPDM-2 rubber; (a,d,g) second Piola-Kirchoff stresses 7 and Green-
Lagrange strains ECL| see Eq. ; (b,e,h) Kirchhoff stresses 7 and Hencky strains

EH, see Eq. (i (c,f,i) Cauchy stresses o and linearized strains €, see Eq. (i

yield slightly smaller bulk moduli (compare Figure[A.4|(b) with Figure[A.4(a), Figure[A.4|(e) with
Figure[A.4(d), and Figure[A.4(h) with Figure[A.4(g).

The effects of loading speed, maximum pressure, and holding time at the maximum pressure
apparently do not influence the resulting bulk moduli which reconfirms that the employed
hydrostatic compression loading provokes elastic deformations only.

A.7 Summary and discussion

The new experimental method presented in this paper revealed remarkable compressibility of
natural and EPDM rubber. The compressibility bulk modulus appears as a power function of
the pressure applied to the material. Additionally, a dissipation analysis revealed that under
hydrostatic compression, the aforementioned materials behave non-linearly elastic, rather than
viscoelastically. Hence, viscoelasticity of rubber appears to be restricted to deviatoric strain and
stress states .

First, from a general point of view, it appears as misleading to expect the bulk modulus of
an “almost compressible” material as being “almost infinite” - an assumption often realized in
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118 A Compressibility of unvulcanized natural and EPDM rubber

numerical simulations, as reviewed in the Introduction of the present paper. In this context,
it should be remembered that “incompressibility” refers to the ratio of shear-to-bulk modulus
tending towards zero, which, as shown by Mott et al. [79,80], is the result of the shear modulus
tending towards zero, while the bulk modulus, when experimentally quantified, maintains some
finite value. This is fully consistent with our results, where with increasing pressure, the
corresponding increase in bulk modulus actually decreases, see Figure[A7d] A similar relationship
was presented for a wide range of polymer crystals [81], increasing the credibility of our new results
for unvulcanized rubber. Finally, oedometer tests on styrene-ethylene-co-butylene-styrene (SEBS)
with pressures applied up to 13 MPa, reported by Caro et al. [82], result in load-displacement
curves which are very similar to that seen in Figure, with corresponding pressure-dependent
bulk moduli, which perfectly fall within the grey confidence regions seen in Figure[A.4]

This deeper understanding of the compressibility of rubber is expected to have a major impact
on the development of more realistic mechanical models for rubber, far beyond the customary
CFD solutions which — as a rule — do not account for compressibility at all [38H41, 57]. This holds
the promise for a far more economic and efficient, truly computer-aided design of formative tools
for the rubber extrusion process; also implying the replacement of several material testing stages
to the virtual world — thereby saving material needs and increasing environmental standards of
the rubber production process.
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Appendix AA. Determination of two-dimensional confidence regions

Distribution of parameter pairs

The starting point for computing confidence regions for the bulk moduli determined as described
in Sections[A.3] and of this paper are the parameter pairs K,of and 8 that were obtained by
means of a least squares optimization analysis of the resulting bulk moduli based on Eq. ,
for each of the considered materials and for each of the considered pairs of stress and strain
measures. This way, we get twelve samples, each of size n = 22.

Next, an adequate distribution function must be specified. The power function given in
Eq. is valid only for a > 0 and (1 >) 8 > 0, ruling out a normal distribution. Instead, we
take a log-normal distribution into consideration. A sample consisting of values X; is represented
by a log-normal distribution if the logarithms of X; are normally distributed. All samples of K¢
and 3, as shown in Figure[A 5] fulfill this condition, see Figure[A.6] justifying to take log-normal
distributions as basis for the subsequently presented statistical considerations. The Shapiro-Wilk
and Royston tests together with Q-Q-Plots provided verification of normality [83-85].
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Fig. A.6: Exemplary distribution of parameter pairs (a) log(Kyer), (b) log(3), for NR material,
showing results considering linearized strains € and Cauchy stresses o

Finding the orientation of the confidence region

Clearly, the sought-for statistical analysis is of two-dimensional nature, and the main axes of the
two dimensions are not equal to the log(Ke) and log(3) axes. Therefore, at first we have to
determine a two-dimensional, rotated confidence region for parameter pairs log(Kef) and log(f).
To that end, the covariance matrix of each sample must be considered, defined as

82 S
COV (log(Krer) lo5(5) = [ s ] . (4.26)
ref 6

In Eq. (A.26), s%(ref and s% are the sample variances,

n

s% = VAR(log(X)) = ﬁ Z log(X;) — Zx]* , (A.27)
i=1

with X € {K,ef, 5} and Zx as the mean values of the sample
_ 1 «
Tx = E(log(X)) = - > log(X;), (A.28)
i=1

where again X € {Kyef, 5} , while sg, g is defined as

1 & _ _
SKeeth = 7 > llog(Krets) — Tx,) [log(Bi) — 5] - (A.29)
i=1
Subjecting Eq. (A.26)) to an eigenvalue problem gives access, on the one hand, to the rotation
angle ¢ between the original coordinate system, defined by log(Kef) and log(/3), and the rotated

one, defined by a and b,

ES
tan (2p) = ——retf (A.30)
SKref -
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120 A Compressibility of unvulcanized natural and EPDM rubber

as well as to the sample variances quantified in the rotated coordinate system,

52 = S%{ref cos(p)? + 25,5 cos(p) sin(p) + s% sin(g)?, (A.31)
2 _ .2 2 _ ; 2 2 A
52 = 3 c0s()? — 25,5 cO8(¢) sin(p) + sk, sin()?, (A.32)

Sap=0. (A.33)

Notably, the mean values are invariants, i.e. they do not change between the rotated coordinate
systems defined by the main axes a and b and the original coordinate system defined by log(Kef)

and log(5).

Upscaling of samples to populations

Next, the samples (with n = 22) must be upscaled to corresponding populations. For this
purpose, we consider the 95%-confidence interval of the mean values of the populations according
to a Student’s t-distribution with n — 1 degrees of freedom ,

_ sxt _ o, sxt
po SXtroos o sXtaoors (A.34)
vn vn
N——— —
KX low KX upp

with X € {a, b}, and px 10w and p1x upp are the lower and upper expected values of the population
of X, X € {a,b}. On the other hand, the lower 95%-quantile of the variances is determined
based on a y2-distribution with n — 1 degrees of freedom as

(n-Dsk _ (A.35)

2 —
ox < - UX,upp ’

X%1,0.05
with X € {a,b} [86]. Eq. , evaluated for X € {a,b}, gives access to the long and short axes
of an ellipse representing the 95%-confidence region of the mean value p.

For the characterization of the ellipse defining the 90% confidence region of a and b, equivalent
to Kyef and S after coordinate-transformation, the boundaries of a 5% to 95% confidence interval
[a0.05, @0.95) and [bg.o5,bo.95] are calculated using the quantiles of the normal distribution

with standard deviations o, upp = Ug,upp and op upp = ,/Jg upp thus
ap.05 = Ha — 20.05 Oa,upp (A36)
ap.95 = Ma + 20.95 Ca,upp (A.37)
and
boos = My — 20.05 Ob,upp (A.38)
bo.os = b+ 20.95 Tbupp » (A.39)

where p, and pp are any point along the main axes of the mean value confidence region, and
2005 = 20.95 = 1.6449 defines the 90% confidence interval of a normal distribution. Using

Eqgs. (A.36]) to (A.39) to define the axes’ length of an ellipse whose center is running along the

outer boundary of the mean value confidence region, the envelope of those ellipses defines the 90%
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confidence region of Kyer and 3 (compare Figure|A.7(la))). Exemplary results for those regions are
shown in Figure@. In order to return to the none-logarithmic display of K. and S, the
confidence regions are transformed using the exponential function exp (compare Figure).

(a) (b) (c)
0 0 1,
-0.125 -0.125 0.97
0.25 0.25 0.8
- - 0.71
-0.375 T -0.375 0.6
= 05 i = 05 = 0517
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-0.875 . -0.875 01k
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8 910111213 8 910111213 0 05 1 15 2 25 3 35 4 45 5
log(Kyef) [log(MPa)] log(Kyef) [log(MPa)] Kmf/IO5 [MPal

Fig. A.7: Display of the 90%-confidence regions (a) including parameter pairs of the fitting
parameters log(Kyer) and log(5) for NR material and use of linearized strains e
and Cauchy stresses o, (b) and (c¢) showing all confidence regions, with (b) using
logarithmic distortion and (c) undistorted

Confidence regions of bulk moduli

In order to eventually determine the upper and lower bounds of the considered bulk moduli,
Eq. (A.25)) is evaluated for all possible combinations of K.t and § within the respective confidence
ellipses, i.e.

Kij = Kret [pK f‘)] . (A.40)
refi

The such obtained maximum value for a specific pressure (p — pg) defines a point on the upper

envelope,
Kpp = max[Kjj], (A.41)

the minimum value defines a point on the lower envelope
Klow = mln[Klj] . (A42)

Performing this kind of analysis for the considered range of pressures finally gives access to the
90%-confidence regions depicted in Figure|A.4]

Appendix AB. Nomenclature

1 second order unit tensor F deformation gradient tensor
G shear modulus
EG  Green-Lagrange strain tensor J Jacobian

E"  Hencky (logarithmic) strain tensor
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122 A Compressibility of unvulcanized natural and EPDM rubber
K bulk modulus T mean value of the sample
Kot reference bulk modulus
! current length of specimen & generic (not yet specified) strain tensor
lo initial length &aiss  dissipated elastic energy
Al difference between current and initial S generic (not yet specified) stress tensor
length
p pressure 154 fitting parameter
Do initial pressure € linearized strain tensor
Pmax Maximum pressure upon material speci- )\ Lamé constant
men 7 mean value of the population
S sample variance or covariance @ deformation mapping function
t time Ly second Piola-Kirchhoff stress tensor
tholda  period of time for which py.x was hold 7, mean hydrostatic Piola-Kirchhoff stress
u displacement field or displacement vector ¢ rotation angle
v volume P strain energy function
v speed o Cauchy stress tensor
Uvert  vertical piston speed o standard deviation of the population
Wt external mechanical work o2 variance of the population
Wt maximum of external mechanical work o,  mean hydrostatic Cauchy stress
w spin tensor T Kirchhoff stress tensor
X initial position vector Tim mean hydrostatic Kirchhoff stress
X current position vector
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