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Kurzfassung v

Kurzfassung

Ein Großteil aller weitverbreiteten technischen Anwendungen ist in der einen oder an-
deren Weise mit Schall verknüpft, sei es der gewünschten der gewünschte Schall von
Musikinstrumenten oder die Geräusche von technischen Maschinen. Des Weiteren ist
das Sprechen eine der wichtigsten Kommunikationsmethoden, welche üblicherweise im
täglichen Leben als gegeben angenommen wird.
Computational Aeroacoustics (CAA) bietet eine Toolbox, um akustische Schallentstehung
und Ausbreitung numerisch zu simulieren. Ein effizientes Werkzeug um strömungsindu-
zierten Schall zu simulieren, ist der in dieser Diplomarbeit vorgestellte hybride Ansatz.
Dabei wird der Fokus auf den akustischen Teil sowie dafür notwendiges Pre-Processing
gelegt.
Zuerst werden die Grundlagen der Strömungsmechanik und Akustik präsentiert, und
die entsprechenden Differenzialgleichungen besprochen. Anschließend wird der Workflow
Schritt für Schritt erklärt und ein kurzer Überblick über die verwendeten numerischen
Methoden gegeben. Zusätzlich werden zwei verschiedene konservative Algorithmen zur
Interpolation zwischen den Rechengittern von CFD (Computational Fluid Dynamics)
und CAA bezüglich ihrer Anwendungsgrenzen untersucht. Abschließend wird der vorge-
stellte Ablauf auf ein Axialgebläse angewandt. Eine Gitternetz-Studie sowie die Validie-
rung der Simulationsergebnisse mittels experimenteller Daten zeigen die Anwendbarkeit
beider Algorithmen.
Außerdem beinhaltet diese Arbeit eine Quelltermanalyse der akustischen Quellen im
menschlichen Stimmbildungsmechanismus. Dazu werden die lokale Zeitableitung des
Strömungsdrucks sowie der konvektive Teil der rechten Seite der PCWE (Perturbed
Convective Wave Equation) und Strömungsgrößen im Zeit- und Frequenzbereich darge-
stellt. Diese Darstellungen geben Einblick in den lokalen Einfluss des konvektiven Teils
im Gegensatz zur breiter verteilten lokalen Zeitableitung des inkompressiblen Drucks der
Strömung. Die Interpretation dieser Quellen liefert Erklärungen und Erkenntnisse für die
im Zusammenhang mit dem Projekt Numerical computation of the human voice source

entstandenen Simulationsergebnissen.
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Abstract vii

Abstract

Most technical applications are connected with the production of sound, either as a
main output or a by-product. Furthermore, speech is one of the most important human
communication methods and the majority of people takes it for granted in everyday life.
Computational aeroacoustics (CAA) provide a toolbox to numerically simulate sound
generation and propagation. A computationally efficient tool to handle flow induced
sound generation is the hybrid approach that is presented in this thesis. This hybrid
approach incorporates a separation of fluid dynamics and acoustics. Thereby, this work
focuses on the acoustic part and its pre-processing, investigating several key steps in the
hybrid workflow.
Starting with the fundamentals of fluid dynamics and acoustics, the differential equations
used in this work are presented. Thereafter, the CAA workflow is explained and a small
overview of the numerical tools, that were used, is given. Furthermore, the conservative
interpolation between CFD (Computational Fluid Dynamics) and CAA grids is investi-
gated regarding the limitations of two different algorithms. Finally, these methods are
applied to an axial fan. A grid study and validation with experimental data shows the
applicability of both methods.
Additionally, this work includes a source term analysis of acoustic sources, generated
during the human voice production mechanism. Therefore, the local time derivative and
the convective part of the PCWE (Perturbed Convective Wave Equation) right-hand-side
source, as well as various of their components and flow quantities are visualized in time
and frequency domain. These visualizations yield insight in the localized impact of the
convective source part in contrast to the more distributed local time derivative of the
incompressible flow pressure. Furthermore, interpretation of the source fields delivers
explanations for results obtained in the project Numerical computation of the human

voice source.
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Chapter 1

Introduction

In the field of computational multi-physics, each physical field coupling requires different
methodologies to deal with its characteristics. Many of these methodologies however,
are applicable to a wide range of applications and optimization goals. This work focuses
on the numerical simulation of aeroacoustic phenomena applied to two applications. At
first, human phonation and secondly, the flow-induced noised generated by an axial fan
are analyzed, which represent two applications with completely different goal sets.

1.1 Human Phonation

Speech by voice is undoubtedly the most important tool in human communication, even
increasing in importance with speech recognition finding application in more and more
IoT devices replacing text or button input. Any health condition concerning the vocal
tract can lead to not only complications in communication but also expressing emotions
limiting the affected person in both an individual economic, and a social perspective,
leading to isolation and depression [1, 2, 3]. In order to adequately treat any kind of
malfunction of the human voice production, a deep understanding has to be achieved.
As direct measurements are invasive and complicated to interpret, and experimental
analysis is expensive and inflexible in most cases, this work focuses on a simulation
model, modeling the fluid motion and acoustics within the vocal tract.

1.2 Axial Fan Noise

Besides the many use-cases of sound, the most common form of sound is in form of
of an unintended by-product. This noise can is unwanted in an applications because
it can be an annoyance and degrade the user-experience, or even pose a danger for
people’s health causing increased stress levels, disturbed sleep or even hearing loss, if
the exposure happens for a significant amount of time [4]. In automotive industry, the
reduction and/or modification of the emitted noise spectrum is a key research goal. The
axial fan is a very common part of any automobile implemented as the main provider

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

2 1.3 Aim of the Thesis

of cooling air for all types of engines or fuell cell stack, and battery packs. Therefore,
a universal method to compute the flow-induced sound is for an axial fan can help to
investigate the noise production mechanisms in order to minimize noise levels and/or
predict the noise spectrum.

1.3 Aim of the Thesis

In this work, both problem sets are investigated using the same hybrid aeroacoustic ap-
proach, that is described in chapter 3. This hybrid approach separates the acoustics
from the fluid dynamics. With the use of CFD, acoustic sources are computed from the
flow quantities, that were provided by the project Numerical computation of the human

voice source, a DFG (German Research Foundation) and FWF (Austrian Research Coun-
cil) founded joint project by Universitätsklinikum Erlangen (Department for Phoniatrics
and Pedaudiology), TU Wien (Institute of Mechanics and Mechatronics) and TU Graz
(Institute of Fundamentals and Theory in Electrical Engineering), or previous research
projects by TU Wien, respectively. In chapter 4, these sources are investigated on the
simulation model of an experimental vocal tract. Chapter 5 focuses on the used mesh,
investigating the influence of grid interpolation and grid refinement. This thesis was
created around the work on the publications on the two aforementioned topics [5, 6] and
therefore overlaps in content. The aim of the thesis is to give a more detailed explanation
of the used methodology and provide additional explanations of the published findings.
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Chapter 2

Governing Equations

In this section, the fundamental physical principles of flow and sound are given, which
all calculations are based on. Furthermore, the used aeroacoustic formulations are intro-
duced.

2.1 Fundamental physical principles of flow and

sound

The fundamental equations of fluid dynamics are the basis for this work and will be
presented in the following section. For a Newtonian fluid like air, the conservation
equations for mass, momentum, and energy lead to a set of equations which are referred
to as flow equations. In this work, the conservation of energy can be neglected because
of low Mach number flows (see section 2.2) and a non reacting medium. A detailed
derivation of the flow equations is done in [7] and is not included in this work.

2.1.1 Conservation of Mass

The conservation of mass states, that the total mass in a closed system is constant over
time

dm

dt
= 0 . (2.1)

In continuum theory, this also applies to a differential element δm

d δm

dt
= 0 (2.2)

The mass can be expressed by a product of element volume δV and density ρ which leads
to

d ρδV

dt
= 0 (2.3)
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4 2.1 Fundamental physical principles of flow and sound

From this form, the conservation of mass can be obtained by applying Reynold’s transport
theorem:

∂ρ

∂t
+
∂(ρvi)

∂xi

= 0 (2.4)

This equation states, that the sum of density change over time and the change in density
and velocity due to convection has to be zero. This equation can be simplified for an
incompressible flow with constant density ρ = ρ0 = const to

∂vi

∂xi

= 0 (2.5)

This means, that for an incompressible flow, the divergence of the velocity field is zero
at all times.

2.1.2 Conservation of Momentum

The conservation of momentum states, that the momentum change δIj is caused by
external forces fi

d δIj

dt
= fj (2.6)

The momentum can be expressed by a product of element mass δm and velocity field vi,
which leads to

d δIj

dt
=

d

dt
(δmvj) = δm

dvj

dt
+ vj

d δm

dt
(2.7)

The second term in (2.7) vanishes because of the conservation of mass (2.1) and with
δm = ρδV the momentum change can be written as

d δIj

dt
= ρδV

(

∂vj

∂t
+ vj

∂vj

∂xj

)

(2.8)

The external forces fi can be split into surface forces S, molecular momentum transport
IM, and mass forces M

fj =
∑

δSj +
d

dt
δIMj +

∑

δMj (2.9)

The volume element mass forces δMj can be calculated with the acceleration g

δMj = ρδV gj (2.10)

The element surface forces can be obtained from the difference in pressure on both sides
of the volume element

δSj = −p(xj)(−|δΓj|)− p(xj + δxj)(|δΓj|) (2.11)
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5

with surface δΓ. Using a Taylor series expansion and neglecting terms of higher order,
this leads to

δSj = − ∂p

∂xj

δV (2.12)

If τij is the j-component of the momentum input per unit area in i-direction, then the
forces due to molecular momentum transport can be written by the sum of in and output
on both element sides

d

dt
δIMj = −τij(xi)(−|δΓi|)− τij(xi + δxi)(|δΓi|) (2.13)

with surface δΓ. Again, applying a Taylor series expansion and neglecting higher order
terms yields

d

dt
δIMj = −∂τij

∂xi

δV (2.14)

All the above stated terms combined and devided by the element volume δV , the con-
servation of momentum is written as

ρ

(

∂vj

∂t
+ vi

∂vj

∂xi

)

= − ∂p

∂xj

− ∂τij

∂xi

+ ρgj (2.15)

2.1.3 Navier-Stokes Equations

In order to solve the conservation of momentum (2.15), a material model is needed to
obtain a relation for the stress tensor τ . For a Newtonian fluid, the viscous stresses
arising from its flow are linearly dependent on the shear rate. As a result, the viscous
tensor τ can be written in terms of the velocity v and the dynamic viscosity µ

τij = −µ
(

∂vj

∂xi

+
∂vi

∂xj

)

+
2

3
δijµ

∂vk

∂xk

(2.16)

(2.16) inserted into (2.4) and (2.15) are called the compressible Navier-Stokes equations.
For the compressible flow, the conservation of energy equation is needed additionally to
solve the 5 unknowns ρ, p, and the components of v. For the incompressible case however,
this set of equations is sufficient to fully model the flow. Assuming constant viscosity
µ = µ0 = const in addition to constant density ρ0, the conservation of momentum can
be written by

ρ0

(

∂vj

∂t
+ vi

∂vj

∂xi

)

= − ∂p

∂xj

+ µ0
∂2uj

∂x2
i

+ ρ0gj (2.17)

(2.5) and (2.17) represent the incompressible equations of fluid dynamics. The above
stated assumptions of constant density and viscosity valid for most flows of low Mach
number (Ma ≤ 0.3).
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6 2.1 Fundamental physical principles of flow and sound

As a starting point for some acoustic equations, the Euler equations are used. These
are obtained by assuming an ideal invicid fluid with no molecular momentum transport,
which simplifies (2.17) to

ρ

(

∂vj

∂t
+ vi

∂vj

∂xi

)

= − ∂p

∂xj

+ ρgj (2.18)

2.1.4 Acoustic Wave Equation

Considering acoustics, the fluid is assumed to be isentropic which results in pressure
being only a function of the density. For linear acoustics, this results in the relation
between the acoustic pressure pa and acoustic density ρa

pa = ρac2
0 (2.19)

with the constant speed of sound c0. For air at standard conditions1, the speed of sound is
for instance c0 ≈ 343m/s. To derive the acoustic wave equations, a so-called perturbation
ansatz [8] is used, where the acoustic field is seen as a perturbation of the mean flow field

p = p0 + pa; ρ = ρ0 + ρa; v = v0 + va (2.20)

with pa ≪ p0 and ρa ≪ ρ0. va is called acoustic particle velocity. Volume forces are
neglected and the viscosity µ is assumed to be zero, so that the viscous stress tensor τ can
be neglected as well. Furthermore, the mean velocity v0 is set to zero for simplification.
Inserting the perturbation ansatz (2.20) into (2.4) and (2.15) yields

∂ (ρ0 + ρa)

∂t
+
∂ ((ρ0 + ρa) va

i )

∂xi

= 0 (2.21)

(ρ0 + ρa)

(

∂va
j

∂t
+ va

i

∂va
j

∂xi

)

= −∂ (p0 + pa)

∂xj

(2.22)

Then, assuming spatial and temporal constant mean density ρ0 and mean pressure p0

as well as neglecting second order acoustic terms (eg. ρava
i ) results in a linear system of

partial differential equations

∂ρa

∂t
+ ρ0

∂va
i

∂xi

= 0 (2.23)

ρ0

∂va
j

∂t
+
∂pa

∂xj

= 0 (2.24)

or in vector notation with ∇ =
(

∂
∂xj

)

as

∂ρa

∂t
+ ρ0∇va = 0 (2.25)

1dry air at a temperature of 20 ◦C
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7

ρ0
∂va

∂t
+∇pa = 0 (2.26)

By applying the curl-operation to (2.26)

∇× ∂va

∂t
= 0 (2.27)

provides the information, that the particle velocity field is pure irrotational. Therefore,
we can introduce the scalar acoustic potential ψa via

va = −∇ψa (2.28)

The relation between ψa and pa can be obtained from inserting (2.28) into (2.26):

pa = ρ0
∂ψa

∂t
(2.29)

(2.25) can now be reformulated with (2.19) and (2.29) to arrive at the acoustic wave
equation

1

c2
0

∂2ψa

∂t2
−∆ψa = 0 (2.30)

with the Laplace operator ∆ =
(

∂2

∂x2
j

)

.

Alternatively the acoustic wave equation for the acoustic pressure pa is obtained from
exploring (2.19), (2.25), and (2.26)

1

c2
0

∂2pa

∂t2
−∆pa = 0 (2.31)

2.2 Characterization of Flows by Dimensionless

Numbers

In order to classify flow situations, dimensionless numbers are introduced.
The Reynolds number is defined by

Re =
Wl

ν
(2.32)

with the characteristic flow velocity W , flow length l, and kinematic viscosity ν = µ
ρ
. It

represents the ratio between stationary inertia forces and viscous forces. The Reynolds
number is therefore used to classify flows into laminar and turbulent flows.
The Mach number is defined by

Ma =
W
c

(2.33)
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8 2.3 Aeroacoustics

with the speed of sound c. It is used for an approximate subdivision into compressible
(Ma > 0.3) and incompressible flows (Ma ≤ 0.3).

2.3 Aeroacoustics

While for most applications the flow field can be modeled sufficiently accurate by as-
suming an incompressible medium, acoustic wave propagation requires a compressible
medium. As the sound is more often than not a byproduct of or at least influenced by
the flow field, the fully compressible flow equations need to be solved to obtain results
for the flow field and acoustic field at once, which is complicated (for analytical solu-
tions) and/or computationally expensive (for numerical solutions). In order to avoid this
dilemma, so-called aeroacoustic formulations are used to separate the acoustics from the
flow field, by defining acoustic sources, which are obtained from the flow field [9].

2.3.1 Lighthill’s Acoustic Analogy

In technical applications, most unsteady flows are of high Reynolds number, and the
acoustic radiation is a very small by-product of the motion. The turbulence of such flows
is usually generated by fluid motion over a solid body and/or flow instabilities. Lighthill
transformed the general conservation equations of mass and momentum in a similar way,
as done in the derivation of the acoustic wave equation (see section 2.1.4), to arrive at
an exact inhomogeneous wave equation whose source terms are important only within
the turbulent region [10], [11].
Starting at the mass and momentum balance equations and neglecting any external force
density

∂ρ

∂t
+∇ · (ρv) = 0 (2.34)

∂ρv

∂t
+∇ · [π] = 0 (2.35)

with the momentum flux tensor

πij = ρvivj + (p− p0) δij − τij , (2.36)

and δij the Kronecker delta. Lighthill solved the equations for an ideal, linear acoustic
medium where the momentum flux tensor simplifies to

πij → π0
ij = p′δij = c2

0ρ
′δij (2.37)

with the fluctuating quantities

p′ = p− p0, ρ′ = ρ− ρ0 , (2.38)

which are not equal to the corresponding acoustic quantities pa and ρa but rather a
superposition of flow and acoustic parts. This led to the well-known Lighthill equation
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9

∂2ρ′

∂t2
− c2

0∇ · ∇ρ′ =
∂2Lij

∂xi∂xj

(2.39)

with

Lij = πij − π0
ij = ρvivj +

(

p′ − c2
0ρ

′
)

δij − τij (2.40)

known as the Lighthill stress tensor.
Lij does not account for the generation of sound only. It also describes acoustic self

modulation caused by ([8])

• acoustic nonlinearity,

• the convection of sound waves by the turbulent flow velocity,

• refraction caused by sound speed variations,

• and attenuation due to thermal and viscous actions.

Neglecting these, Lij can be simplified to

Lij ≈ ρ0vivj (2.41)

for Ma2 ≪ 1. With Green’s function, an integral solution for (2.39) can be calculated.
The density fluctuation at a coordinate x and time t can be obtained from

c2
0ρ

′(x, t) =
1

4π

∂2

∂xi∂xj

∫ ∞

−∞

Lij

(

y, t− |x−y|
c0

)

|x− y| dy , (2.42)

where y is the source coordinate.

The main restriction of Lighthill’s aeroacoustic analogy (2.42) in its integral form is
the restriction, that it can describe free radiation only, because Green’s function for
free radiation was used to incorporate the initial and boundary conditions. Extensions
to the presented analogy to make it more generally applicable and also address solid
boundaries in the integral form were proposed by Curle [12] and Ffowcs-Williams and
Hawkings (FWH) [13].

2.3.2 Perturbation Equations - Perturbed Convective Wave

Equation

Based on the idea that physical quantities of the flow field can be split into compressible
and incompressible parts, an acoustic/viscous splitting technique for the prediction of
flow induced sound was introduced in [14]. [15, 16, 17, 18] presented alternative and
improved formulations for linear and non-linear wave propagation.
The flow field quantities are therefore decomposed into mean (p̄, v̄, ρ̄) and fluctuating

https://www.tuwien.at/bibliothek
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10 2.3 Aeroacoustics

parts. Additionally, the fluctuating parts are split into acoustic (pa, va, ρa) and flow
components (pic, vic), which are assumed to be incompressible.

p = p̄+ pic + pc = p̄+ pic + pa (2.43)

v = v̄ + vic + vic = v̄ + vic + va (2.44)

ρ = ρ̄+ ρ1 + ρa (2.45)

Furthermore, a density correction ρ1 is used in equation 2.45. A detailed derivation of
the perturbation equations for both, compressible and incompressible flows is done in
[19]. For an incompressible flow the above stated decomposition leads to the following
perturbation equations

∂pa

∂t
+ v · ∇pa + ρ0c

2
0∇ · va = −∂p

ic

∂t
− v · ∇pic (2.46)

ρ0
∂va

∂t
+ ρ0∇ (v̄ · va) +∇pa = 0 (2.47)

with spatial constant mean density ρ0 and speed of sound c0, which is an equivalent sys-
tem of partial differential equations as published in [16]. Introducing the scalar acoustic
potential ψa as defined in section 2.1.4 (2.47) can be reformulated to

∇
(

ρ0
∂ψa

∂t
+ ρ0v · ∇ψa − pa

)

= 0 (2.48)

which gives

pa = ρ0
∂ψa

∂t
+ ρ0v · ∇ψa = ρ0

Dψa

Dt
(2.49)

Finally, by substituting (2.49) into (2.46), we arrive at the Perturbed Convective Wave

Equation (PCWE)

1

c2
0

D2ψa

Dt2
−∆ψa = − 1

ρ0c2
0

Dpic

Dt
(2.50)

This convective equation for the scalar acoustic potential fully describes the acoustic
sources, which are generated by incompressible flow structures and its wave propagation
through the flowing medium [8]. The source term is calculated by taking the substantial
derivative

D

Dt
=

∂

∂t
+ v̄ · ∇ (2.51)

of the incompressible pressure. For rotating mesh regions, the mean velocity has to be
corrected by the rotational velocity vr of the mesh

D

Dt
=

∂

∂t
+ (v̄ − vr) · ∇ (2.52)
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Chapter 3

Computational Aeroacoustics

One of the key challenges in computational aeroacoustics (CAA) is the scale disparity
between the flow structures and the acoustic wavelengths, especially in low Mach number
applications. To solve the compressible flow equations directly both scales have to be
resolved from the sound generating vortices to the microphone positions of interest. This
leads to both, a very high number of cells but also a very small required time step size
to minimize dissipation effects of the acoustic waves.
To solve this problem, hybrid CAA schemes are introduced, to separate the flow from
the acoustic computation (e.g., see [20], [21]).

This allows a workflow as depicted in Fig. 3.1. Starting from a mesh, that is optimized for
CFD computations (CFD-Grid: high resolution at wall regions and low resolution near
outflow boundaries), the incompressible flow field is calculated using CFD-software (eg.
OpenFOAM, Ansys Fluent, Star CCM+). Using an aeroacoustic formulation, eg. the in
section 2.3 presented ones, the acoustic sources are computed from the flow field results.
These acoustic sources are then interpolated to a different mesh, that is optimized for
acoustic computations (CAA Grid: Uniform element size over the whole domain). The
acoustic wave propagation is then computed with an FE-solver (eg. openCFS1, former
CFS++ [22]). Finally, the resulting acoustic potential respectively acoustic pressure
can be validated with measurement data using post-processing methods (eg. Fourier
transformation, calculation of sound pressure levels,...).
In this chapter an basic idea of the Finite Element method, that is used to perform the
numerical simulation of the partial differential equations describing the wave propaga-
tion, which are introduced in chapter 2, is given. Furthermore, 2 different interpolation
algorithms are presented and analyzed to interpolate the acoustic sources from the flow
solution to the acoustic mesh. Finally, a method to quantify and evaluate grid conver-
gence is described.

1https://opencfs.org/
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12 3.1 Finite Element Method

CFD-Grid

Aeroacoustic formulations
Lighthill, PCWE,...

Flow field
pressure field
velocity field

Acoustic sources

CAA-Grid

CAA results
acoustic potential,
acoustic pressure

Simulation results
sound pressure level,

power spectral
density

CFD
computations
Incompressible

flow

CAA
computations
Acoustic wave
propagation

Conservative
Interpolation

Post-
processing

Fourier
Transform,...

Validation

Measurement data
sound pressure

Figure 3.1: Workflow of a typical hybrid CAA scheme, as used in this work.

3.1 Finite Element Method

The finite element method (FEM) is a universal tool to solve systems of partial dif-
ferential equations (PDE) numerically. In contrast to the similar finite difference and
finite volume methods, the FEM is well suited to many multi-physics problems including
aeroacoustics. It is based on separating the computational domain into a finite number
of elements for which the geometrical distribution of the unknown quantity is approxi-
mated by so-called Ansatz-functions to reduce the PDEs to a linear algebraic system of
equations for the nodal values (of the Lagrangian (nodal) finite elements).

In order to get to the system of algebraic linear equations (ALEs), at first the strong
formulation (PDE and given boundary and initial conditions) is transformed into the
weak formulation by multiplying the PDE by a test function w and integrating over
the whole compuational domain Ω. For the acoustic wave equation of linear acoustics,
Eq. (2.31) and a set of boundary (e.g. pa(t,x = Γ) = pa

bc) and initial conditions (e.g.
pa(t = 0,x) = pa

0 and ∂pa(t=0,x)
∂t

= ṗa
0) yield

∫

Ω
w

(

1

c2
0

∂2pa

∂t2
−∇ · ∇pa

)

dΩ = 0 (3.1)
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which can be reformulated by using integration by parts to

∫

Ω

1

c2
0

w
∂2pa

∂t2
dΩ +

∫

Ω
∇w · ∇padΩ = 0 (3.2)

neglecting the term − ∫Γ w ∂pa

∂n
dΓ because w is chosen to be 0 on the boundary. If now pa

and w are both replaced by the Ansatz

u(t,x) ≈
n
∑

i=1

Ni(x)xi(t) (3.3)

with the number of nodes n and the Ansatz-functions Ni this leads to the semi-discrete
Galerkin formulation

M
∂2pa

∂t2
+ Kpa = f (3.4)

with the vector of unknown node values pa, the system matrices M and K, and the load
vector f due to boundary conditions. For the time discretization, the Newmark method
[23] can be used to finish at the system of ALEs.

3.2 Open-domain problem

Acoustic problems often include regions, where free radiation in an open domain needs
to be simulated. Especially for long simulations, this creates a problem as the standard
Dirichlet and Neumann boundary conditions result in total reflection of the acoustic
wave. To be able to still use an efficient (and therefore small) computational domain,
absorbing boundary conditions (ABC) and/or perfectly matched layers (PML) can be
used to ensure a free radiation condition on the boundary.

An ABC is designed to let all waves moving from inside out pass without reflection while
reflecting any wave that moves in the opposite direction. This behavior can be realized
by a boundary

∂pa

∂n
= −1

c

∂pa

∂t
(3.5)

which ensures perfect free radiation for any wave, that impinges orthogonal to the bound-
ary surface.

The idea of the perfectly matched layer is to have an additional layer on the boundary
which does not reflect any wave on the inner boundary but numerically damps any wave
that is propagating in the PML domain. This is realized by using complex material
properties c̃ = c

1−jσ0
, ρ̃ = ρ(1− jσ0) and an according damping function σ0. A proof of

the feasibility and optimality of certain damping functions can be found in [22].
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14 3.4 Conservative Interpolation

3.3 Non-conforming Grids

In order to discretize complex geometries and connect moving with static regions it is
often necessary to use an irregular grid. These non-conforming interfaces need special
treatment so that they still ensure continuity requirements.
Classical Mortaring introduces therefore Lagrange multipliers to incorporate the interface
conditions which results in a saddle-point problem that requires special solvers to solve.
Nitsche-Type Mortaring, which is used in all following computations, in contrast adds a
term to make the system matrices symmetric, and additionally a penalty term in order to
ensure the interface conditions. For a detailed explanation of both methods it is referred
to [22].

3.4 Conservative Interpolation

In the weak form of the partial differential equation used for the finite element method,
the source term is written as

∫

Ω
Φf adξ (3.6)

where Φ is the test function, Ω the computational domain, and f a the aeroacoustic
sources. In a hybrid workflow, (3.6) is calculated according to a suitable aeroacoustic
formulation, as described in 2.3, on the flow grid (superscript f in the following section),
and then interpolated onto the acoustic grid (superscript a in the following section).
This leads to an interpolation in which the integral property of the aeroacoustic sources
used by the finite element simulation is conserved. Therefore, the following interpolation
methods are called conservative interpolation methods.

3.4.1 Cell-centroid based interpolation

The cell-centroid based approach conserves the energy globally but approximates the
local energy conservation of the finite element right-hand side by

F a
i =

∫

Ea

Na
i (ξ)f adξ ≈

∑

k∈M f

Na
i (ξEf

k
)F f

k , (3.7)

where Ef
k denotes the cell of the flow grid, ξEf

k
the local coordinate, M f the number

of flow cells, and the index i the node number on the CAA grid. In order to preserve
the acoustic energy, the loads F f

k of the fine flow grid are interpolated onto the coarser
acoustic grid (see Fig. 3.2).
For an acoustic element, the cell-centroid based approach (Algo. 1) includes all loads F f

k

which are located in the acoustic finite element Ea. This geometric connection from the
load location to the acoustic element is taken into account by the set M f . Based on the
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CFD

CAA

Figure 3.2: Cell-centroid based approach for conservative interpolation. [24]

geometric properties, the loads are weighted by the finite element basis functions and
summed up to the acoustic grid. The loads

F f
k =

∧

l→k

∫

Ef
l

N f
l (ξ)f f(ξ)dξ (3.8)

are assembled on the CFD mesh in terms of the finite element method, by the assembly
operator

∧

. In order to reduce the computational complexity of (3.8) and to create a
computationally efficient algorithm, the integration over the source volume is simplified
to a first order volume weighting

F f
k = VEf

k
f f

k(ξEf
k
) . (3.9)

This also avoids the finite element assembly operator. The error introduced by this
approximation can be estimated based on a Taylor series and is thus bounded by the
product of the characteristic grid size and the gradient of the interpolated quantity, which
is assumed to be small for a high quality flow grid.

Algorithm 1 Cell-centroid based interpolation [24]

1: Fa ← CentroidInterpolation(Ea)

2: function CentroidInterpolation

3: for i in Ea do

4: M f = GetAllCFDCellsOfCAAElementByCFDCellCenter(i) ⊲ M f holds
indices of CFD Cells

5: for k in M f do

6: VEf
k

= GetVolumeOfCFDCell(k)

7: F f
k = ComputeFEMLoadOnCFD(k) ⊲ Compute (3.9)

8: xk = GetCentroidOfCFDCell(k)
9: F a

i = InterpolateFEMLoadToCAAMesh(xk) ⊲ Finite element
interpolation to CAA element (3.7)

10: end for

11: end for

12: end function

As illustrated in Fig. 3.2, the algorithm has to find the nodal source location xk inside
an acoustic element (set M f). This global position xk corresponds to a local position ξEf

k
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16 3.4 Conservative Interpolation

in the reference finite element (xk ⊸ ξEf
k
). Finally, the loads F f

k are interpolated to the
nodes of the acoustic mesh using the finite element basis functions Na

i [25]. Considering
Fig. 3.2, only one of the two CAA elements will receive values during the interpolation
(the right element containing the center location). Consequently, there could be elements
having zero nodal values. To describe the observed mechanism, we define a frequency-
wavenumber relation (FWR) for a physical quantity (e.g. acoustic pressure, aeroacoustic
source term)

ω = f(||k||2) , (3.10)

where ω is the frequency and k the wavenumber; This relation is similar as the dis-
persion relation for hyperbolic differential operators. However, the limited capability
of the interpolation scheme destroys the FWR of the interpolated aeroacoustic sources
ω 6= f(||k||2). Therefore, if target elements receive zero values, then deviations in the
underlying wave number of the interpolated field can be expected. [24]

3.4.2 Cut-volume cell weight interpolation

The cell-centroid based approach (section 3.4.1) works accurately in cases where the
flow grid is much finer than the acoustic grid. However, the mesh size of flow computa-
tions varies from fine meshes resolving boundary layers to coarse meshes towards regions
without flow gradients. Consequently, hybrid aeroacoustics deal with regions, in which
the flow grid is of similar or larger size than the acoustic mesh (see Fig. 3.3). In these
cases, the cell-centroid based approach fails locally because it neglects the contributions
weighted by the volume.

Figure 3.3: General mesh sizes of flow and acoustic grid: CFD grid (red) and
CAA grid (blue).

Thus, an improved approach considers for each acoustic volume element Ea
l the set of

flow cells Ef that intersect

Ef∩a
l = Ea

l ∩ Ef (3.11)
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with the respective acoustic volume element [24]. This improved approach conserves the
energy globally as well as locally for different mesh sizes and calculates the finite element
right-hand side by

∫

Ea

Na
i (ξ)f adξ =

∑

k∈M f∩a

Na
i (ξk)F f∩a

k . (3.12)

Based on this intersection, the loads F f∩a
k are volume-weighted,

F f∩a
k =

∧

l→k

∫

Ef∩a
l

N f
l (ξ)f f(ξ)dξ . (3.13)

In order to avoid the finite element assembly operator in (3.13), it is assumed that the
aeroacoustic source term is constant over the fluid cell. Therefore, the integral is reduced
to a multiplication of the intersection volume Vc ⊸ VEf∩a

l
by the source density f f

l at the
volumetric center xc ⊸ ξEf∩a

l
of the intersection polyhedron

F f∩a
k = VEf∩a

k
f f

k(ξEf∩a
k

) . (3.14)

The algorithmic workflow is depicted in Fig. 3.4. In contrast to the cell-centroid based
approach, first, the intersecting cells are determined and then the volumetric center
xc ⊸ ξEf∩a

l
and the volume of the intersection polyhedron Vc ⊸ VEf∩a

l
are computed.

CFD

CAA

Figure 3.4: Steps for intersection and interpolation based on cut-volume cell
approach. [24]

This additional intersection information enables the source contribution weighted, with
the intersection volume, to be added to the nodes of the acoustic element, by using the
finite element basis functions evaluated at the center of the polyhedron (see Fig. 3.4).
Thereby, cases in which acoustic elements are smaller and embedded into a single flow
cell are also covered.
For variable acoustic sources within one fluid cell, the full finite element framework has
to be carried out during the conservative interpolation. An additional interpolation or
regression step must be executed to construct a function basis. Then the source density
f f

l could be raised from the lowest order polynomial space to an arbitrary order. As a
consequence, the integral (3.13) must be computed which involves matrix multiplications
instead of scalar multiplications. Therefore, the centroid position and the volume of a
fluid cell have to be transformed to the reference finite element.
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18 3.4 Conservative Interpolation

Algorithm 2 cut-volume cell interpolation [24]

Fa ← CutVolumeCellInterpolation(Ea)

2: function CutVolumeCellInterpolation

for i in Ea do

4: M f∩a = IntersectCFDGridWithCAACell(i) ⊲ M f∩a holds indices of CFD
Cells

for k in M f∩a do

6: VEf∩a
l

= GetIntersectionVolumeOfCFDCell(k)

F f∩a
k = ComputeFEMLoadOnCFD(k) ⊲ Compute (3.14)

8: xk = GetCentroidOfIntersectionCell(k)
F a

i = InterpolateFEMLoadToCAAMesh(xk) ⊲ Finite element
interpolation to CAA element (3.12)

10: end for

end for

12: end function

3.4.3 Limitations of conservative interpolation schemes

As mentioned above, both of the presented interpolation schemes conserve the energy
either globally (cell-centroid scheme) or both globally and locally (cut-volume scheme).
Due to the necessary simplifications that are made in the derivation to make them com-
putationally efficient, and the interpolation itself, which is an approximation method,
there are limits to the possible refinement and coarsening of the mesh (represented by
small or large mesh ratios). The following section summarizes the findings from [6] on
the limitations of the presented conservative interpolation schemes.

Limitation for fine CAA meshes

In [6] the cell-centroid based conservative interpolation and the cut-volume cell approach
are compared and verified against an analytic function

f (x) = sin (3πx) (3.15)

on the domain Ω ∈ [0, 1]2. Considering the cell-centroid based approach, energy errors
will occur for large mesh ratios Γ

Γ =
NCAA

NCFD

, (3.16)

where NCAA is the number of nodes on the edges of the CAA mesh and NCFD is the
number of nodes on the edges of the CFD mesh. Figure 3.5 shows how the FE nodal
right-hand side values develop on a line at y = 0.5. Along the evaluation line, the num-
ber of nodes of the CFD grid are constant for the different evaluations (101 nodes). In
contrast to that, the number of nodes along the CAA mesh varies according to the mesh
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ratio. If Γ < 1, the CFD grid is finer than the CAA mesh; for Γ > 1, the CFD grid is
coarser than the CAA mesh. The cell-centroid based interpolation performs satisfactorily
for low mesh ratios where the CFD grid is finer than the CAA mesh. For larger mesh
ratios, the cell-centroid based interpolation exhibits spurious modes and energy is non-
physically transferred to shorter wavelengths. In contrast, the cut-volume cell approach
has the desired conservative properties for all mesh ratios.

Based on Parceval’s theorem, the relative energy content of the real wavelength λa com-
pared to the total energy is evaluated by the energy ratio er

er =

(

D̂RHS(λa)
)2

∑N
k=1

(

D̂RHS(λk)
)2 . (3.17)

D̂RHS are the amplitudes of the discrete wave number transform at the correspond-
ing wavenumber. Table 3.1 compares the cell-centroid based conservative interpolation
(cell-centroid) to the conservative cut-volume cell interpolation (cut-volume cell). As ex-
pected, the more accurate conservative cut-volume cell interpolation significantly outper-
forms the cell-centroid based procedure. However, the computational demand increases
with the number of cell intersections. Compared to the setup time of the cell-centroid
based approach, the setup time for the cut-volume cell intersection takes about 50 times
as long but overall, the computational demand increases linearly.
Additionally to the mesh ratio Γ, Tab. 3.1 lists the coverage ratio ε, which describes the
ratio of CAA cells that are covered by CFD cells relative to the total number of CAA
cells. For example, the CAA mesh in Fig. 3.2 has a coverage ratio of ε = 0.5; reddish
cells are covered and bluish cells are not covered. It is obvious that the energy ratio er for
the cell-centroid based interpolation decreases with decreasing coverage ratio ε. Closer
examination of the relation between er for the cell-centroid based interpolation and ε

revealed that er ∼ 1− (1− ε)3.
For large mesh ratios Γ, the cell-centroid interpolation fails to conserve the frequency-
wavenumber-relation (FWR) of linear acoustics

ω = c
√

||k||2 , (3.18)

where ω is the frequency and k the wave number. The cell-centroid interpolation also
fails to conserve the FWR of fluid dynamics. In this case, the CAA mesh re-samples the
contributions of the CFD grid and redistributes them towards wrong wave numbers k

that are connected to the spatial occurrence of the CFD values. Figure 3.6 highlights
the fact of Fig. 3.5, which demonstrates the spatial redistribution of a source term for a
specific frequency f .
The transformation of the RHS (see Fig. 3.5 as a function over space coordinate x) into
the wavenumber space for a specific frequency of f = 3c/2 leads to a spectrum in terms of
an amplitude wavenumber pair (see Fig. 3.6). Each amplitude, exceeding the 1/3 thresh-
old of the amplitude at the wavelength of (λ = 2/3m), results in a scatter plot mark.
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20 3.4 Conservative Interpolation

(a) Cell-centroid, Γ = 1/30 (b) Cut-volume, Γ = 1/30

(c) Cell-centroid, Γ = 1/2 (d) Cut-volume, Γ = 1/2

(e) Cell-centroid, Γ = 1 (f) Cut-volume, Γ = 1

(g) Cell-centroid, Γ = 2 (h) Cut-volume, Γ = 2

(i) Cell-centroid, Γ = 30 (j) Cut-volume, Γ = 30

Figure 3.5: RHS values of FE nodes at y = 0.5 in x-direction. The nr. of nodes
on the CFD grid along the evaluation line is 101; whereas the nr. of
nodes on the CAA grid along the line is based on the mesh ratio Γ.
Γ < 1: the CFD grid is finer than the CAA mesh; Γ > 1: the CFD
grid is coarser than the CAA mesh. In (a, c, e, g, i) the cell-centroid
based interpolation and in (b, d, f, h, j) the cut-volume cell approach
is illustrated for different mesh ratios.
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Table 3.1: Ratio of the energy corresponding to the actual wavelength and the
total energy for the cell-centroid based procedure and the cut-volume
cell procedure, respectively.

CPU time CPU time
Γ Coverage ratio ε cell-centroid er cut-volume er cell-centroid cut-volume

1/30 99.99 % 99.31 % 99.27 % 0.278 s 3.26 s
0.5 99.98 % 99.28 % 99.22 % 0.282 s 4.39 s

1 87.18 % 99.17 % 98.92 % 0.279 s 6.61 s
2 50.29 % 85.48 % 98.79 % 0.368 s 10.983 s
5 20.2 % 52.55 % 98.85 % 0.562 s 23.938 s

10 10.1 % 31.72 % 98.94 % 0.835 s 46.158 s
20 5.05 % 15.73 % 99.04 % 1.457 s 88.403 s
30 3.37 % 11.03 % 99.1 % 2.048 s 129.853 s

The scatter plot reveals that spatial features are redistributed into the range, where
typically high Mach number fluctuations are present. This behavior is more dominant
for the cell-centroid interpolation as the comparison of the two subplots shows and was
previously concluded from Fig. 3.5. Furthermore, these high wavenumber oscillations
increase in size and extend for increasing mesh ratios Γ.

0 1 2 3 4 5 6 7 8
0

2

4

6

8

log(1/λ)

lo
g(
f
/c

)

Ma< 1

Ma> 1

(a) Cell-centroid interpolation

0 1 2 3 4 5 6 7 8
0

2

4

6

8

log(1/λ)

lo
g(
f
/c

)

Γ = 30
Γ = 20
Γ = 10
Γ = 5
Γ = 2
Γ = 1
Γ = [1/30, 30]

Ma< 1

Ma> 1

(b) Cut-volume cell interpolation

Figure 3.6: The plots show the wave number content of the source signal for the
different interpolation methods. The dots show different CAA and
CFD mesh combinations.
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22 3.4 Conservative Interpolation

Limitation for coarse CAA meshes

Besides mesh refinement there also result limitations, when the CAA mesh becomes
coarse in comparison to the CFD mesh. In this section the effects of possible coarseness
of the acoustic grid compared to the CFD grid are described according to [6]. There-
fore, the cut-volume cell and the cell-centroid based approach are verified numerically
for generic source distributions. The verification example uses two-dimensional analytic
source fields, where the source distributions are given in Eq. (3.19)–(3.21). These distri-
butions correspond to a monopole, dipole, and quadrupole and are determined solely by
the coordinates x and y, and the spatial parameter σ = 0.75 m. For a source exhibiting
monopole radiation, the spatial parameter σ is in the range of the displacement thickness.
Considering the dipole sources, the spatial parameter σ is the distribution of a pressure
loading of a surface and in the case of a quadrupole, the spatial parameter σ is a measure
for the eddy diameter.

fMP =
1√

2πσ2
e− x2+y2

2σ2 (3.19)

fDP =
−x√

2πσ2 · σ2
e− x2+y2

2σ2 (3.20)

fQP =
xy√

2πσ2 · σ4
e− x2+y2

2σ2 (3.21)

(a) Monopole source. (b) Dipole source. (c) Quadrupole

source.

Figure 3.7: Source regions from Fig. 3.8, with different generic sources used for
the validation of the interpolation algorithm. Absolute value of the
source strength is displayed.

Different source distributions of the wave equation correspond to different free-field radi-
ation patterns. To resolve these sources adequately, there is an upper limit in coarsening
the mesh. Therefore, the advantage of a hybrid aeroacoustic workflow is that the source
field on the CFD mesh can be kept the same while investigating different resolutions of
the CAA grid in the source region. Quantitative plots of the analytic source fields on
the CFD mesh are shown in Fig 3.7.
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The propagation region does not differ, except in the surrounding area of the source
disk, for a smooth transition between the grid of the source region and the propagation
region. The complete computation domain consists of a circular source region with
a radius of 4.95 m, a propagation region of 240 m × 240 m, and a perfectly matched
layer (PML) region with a width of 10 m to account for the free radiation condition (see
Fig. 3.8). We performed a time-harmonic simulation at a frequency of fexcite = 30 Hz and
ambient conditions (T = 293.15 K), resulting in a wavelength of λ = 11.4 m. Considering
the element size inside the propagation region, the mesh resolves the acoustic wave
by twenty linear elements per wavelength. All used meshes are unstructured meshes.

Figure 3.8: Regions and mesh of the CAA simulation.

The propagation domain discretizes the acoustic equations to resolve wave propagation
correctly. The cell size of the source mesh is chosen such that it is half of the cell sizes
of the finest coarser target mesh and is also used for the reference mesh. The acoustic
source fields are prescribed on the source region of the CFD mesh (see Fig. 3.9(a)).
Based on this source mesh, the pressure is interpolated on the acoustic target mesh. The
interpolated pressure field on the acoustic target mesh is then used as a right-hand side
for an acoustic propagation simulation, which is solved in the frequency domain.
For the numerical investigation, different mesh resolutions are used as acoustic target
meshes. Figures 3.9(b) and 3.9(c) show the finest coarser and coarsest target mesh. Ad-
ditionally to the coarser CAA meshes, the effect of finer CAA-meshes (on the radiation)
is depicted. The black dashed circle marks the source region from Fig. 3.8. The pre-
scribed right-hand-side values, of this region, are plotted in Fig. 3.7. The different mesh
sizes of the source domains used for this verification are listed in Tab. 3.2. The effects
on the radiation are discussed below. The last column of this table describes the relation
of the element size to the spatial parameter σ of the analytic sources. As the spatial
parameter σ represents the size of the source, this column describes the relation between
the element and the source size.
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24 3.4 Conservative Interpolation

(a) Mesh of the analytic source. (b) Finest coarser target mesh.

(c) Coarsest target mesh.

Figure 3.9: Different meshes for the interpolations, with a very fine mesh of the
analytic source, and the finest and coarsest target mesh.

Table 3.2: Different meshes used in the source region to investigate the cut-
volume cell interpolation.

Nr. of Cells Nr. of Nodes Element size in m Element size / σ

Mesh -2 1267140 634815 0.0125 0.016̄
Mesh -1 305494 153370 0.025 0.03̄

Reference Mesh 77416 39021 0.05 0.06̄
Mesh 1 18378 9346 0.1 0.13̄
Mesh 2 4626 2392 0.2 0.26̄
Mesh 3 1160 621 0.4 0.53̄
Mesh 4 292 167 0.8 1.06̄
Mesh 5 82 52 1.6 2.13̄
Mesh 6 56 37 2 2.6̄
Mesh 7 12 11 4 5.3̄
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The evaluation of the acoustic radiation for the three different source fields, is shown in
Fig. 3.10 and Fig. 3.11. For each source-setup, for a circular microphone array with a
radius of 20 m, the resulting acoustic pressure relative to the maximum evaluated pressure
is plotted.
It can be seen, that the acoustic result is almost identical for mesh sizes up to 0.8 m, or
to a ratio of the element size to spatial parameter σ of about 1, especially for monopole
sources. For larger ratios of mesh size to σ, the radiation patterns are represented
correctly; however, the amplitude clearly shows deviations from the real value. The
interpolation only fails for the coarsest mesh with a cell size of 4 m. For the setups where
the CAA-meshes are finer than the CFD-mesh, the deviations are very similar to the
finest coarser mesh, which can be verified in Tab. 3.3. From these results, it can be seen
that the cut-volume cell approach can be applied to a large range of acoustic mesh sizes.
The upper limit of the acoustic mesh size is given by the source size, which is the spatial
parameter σ in this verification example.
The results of the cell-centroid approach are almost identical to the cut-volume cell, for
all considered element size to σ ratios, as Tab. 3.3 confirms.
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(a) Monopole radiation.
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(b) Dipole radiation.
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(c) Quadrupole radiation.

Figure 3.10: Results of the coarsest discretizations for the generic sources (cut-
volume cell interpolation).

To conclude for compact aeroacoustic sources, it is essential that the source is at least
discretized by one element regarding the decay parameter σ. Overall, this discretization
criterion slightly depends on the polar source characteristic (see Tab. 3.3). However,
the interpolation error of the dipole and quadrupole source shapes are higher, using the
same discretization. Following these rules, acoustic meshes can be designed inside the
aeroacoustic source region. This estimation can be incorporated into a post-processing
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26 3.4 Conservative Interpolation

0°

45°

90°

135°

180°

225°

270°

315°

0.2
0.4

0.6
0.8

1.0

(a) Monopole radiation.
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(b) Dipole radiation.
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(c) Quadrupole radiation.

Figure 3.11: Results of the fine discretizations for the generic sources (cut-
volume cell interpolation).

routine of the CFD simulation that calculates the values for the source distribution σ.

Table 3.3: Averaged deviations in the acoustic results between reference mesh
and finer or coarser meshes (concerning the reference mesh in per-
cent), using cell-centroid and cut-volume cell interpolation.

cell-centroid interpolation cut-volume cell interpolation

Monopole Dipole Quadrupole Monopole Dipole Quadrupole

Mesh -2 -0.45 1.74 0.12 -0.45 1.75 0.13
Mesh -1 -0.36 1.84 0.30 -0.36 1.84 0.29
Mesh 1 -0.23 1.27 0.46 -0.23 1.27 0.46
Mesh 2 -0.21 1.55 0.73 -0.20 1.56 0.73
Mesh 3 0.56 2.53 2.25 0.56 2.53 2.25
Mesh 4 2.58 5.32 4.69 2.58 5.33 4.69
Mesh 5 6.03 12.58 8.61 6.04 12.60 8.62
Mesh 6 8.04 12.98 14.39 8.05 12.98 14.39
Mesh 7 27.21 47.63 70.58 27.25 47.67 70.67
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3.5 Grid convergence analysis

The influence of the discretization on the result uncertainty is quantified by a grid con-
vergence study. Thereby, the convergence properties and the estimated error of the
computational grid with respect to the (in most cases unavailable) analytical continuous
solution are of main interest.
In order to deal with these objectives, the grid convergence index (GCI) is introduced as
a simple method for uniform reporting of grid-convergence studies without any restric-
tion to integer refinement.The GCI is based on generalized Richardson Extrapolation
involving a comparison of discrete solutions at two different grid spacings. [26]

The Richardson Extrapolation of the physical quantity L

Lext ≈ Lfine +
Lcoarse − Lfine

1− rpL
(3.22)

is used to estimate the quantity Lext at infinite grid resolution from 2 different discretiza-
tions Lfine and Lcoarse as well as the method’s order of convergence pL. r = hcoarse/hfine

is the refinement ratio which is the quotient of the element size h of the 2 grids. In
order to estimate both quantities, at least 3 grids are necessary to perform the grid con-
vergence study. In case of 3 grids, the 2 unknowns can be computed directly from the
extrapolation (3.22) for grid 1 and 2 respectively 2 and 3. With n ≥ 4 grids available, a
minimization problem can be formulated by minimizing

min
Lext,pL

n−1
∑

i=1

[

Li +
Li+1 − Li

1− rpL

i

− Lext

]2

(3.23)

where Li are the result quantities for the n grids, which are ordered in descending refine-
ment and ri = hi+1/hi.
The Grid convergence index is then defined by

GCIfine
i = Fs

∣

∣

∣

∣

εL,i

1−r
pL
i

∣

∣

∣

∣

GCIcoarse
i = Fs

∣

∣

∣

∣

r
pL
i

εL,i

1−r
pL
i

∣

∣

∣

∣

(3.24)

with the relative deviation

εL,i =
Li+1 − Li

Li

(3.25)

and a safety factor Fs = 1.25 (recommendation according to [26] and [27]). From (3.24)
follows that GCIfine

i ≈ GCIcoarse
i−1 if the solutions are converging suitably. As the GCI

calculates from the deviation of the simulation result to the estimated true solution, the
GCI can be interpreted as an error bandwidth in a statistical sense [26].
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Chapter 4

Application - Human Phonation

Human communication is based heavily on a perfectly working voice production. Any
form of dysphonia can therefore limit the ability to communicate by speech and ex-
press emotions like laughing or crying. In order to be able to treat malfunctions of the
sound generating process a simulation model is needed to fully understand the ongoing
mechanisms. In a cooperation between Universitätsklinikum Erlangen (Department for
Phoniatrics and Pedaudiology) and TU Wien, the joint project Numerical computation of

the human voice source aims to develop a simulation tool to predict the voice depending
on various parameters including the geometry of the vocal tract. In a hybrid aeroacoustic
simulation approach, the derivation of the source terms becomes of major importance.
A source term analysis can give conclusion what the main sound production mechanisms
are as well as where they occur and can help to reveal terms that can be neglected in
order to improve numerical efficiency.

In this chapter, the human voice production mechanism investigated regarding the sim-
ulation to an experimental setup that was used in [28]. The following sections presents
the findings from [5], additional analysis of the present sources and explains the used
methodology in detail.

4.1 Simulation Model

For a source term analysis, several factors have to be considered for the selection of
the simulation model. First of all, the model should represent the investigated problem.
However, to gain useful results from the analysis, the functionality of the model should be
verified, or ideally validated by measurement data. Furthermore, to visualize the sources
in an appropriate resolution, the source term analysis requires a finer mesh than what
would be sufficient fine for just the propagation simulation. For the following analysis
the simulation model and methodology is therefore based on the workflow presented in
[28].
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30 4.1 Simulation Model

4.1.1 Geometry

The geometry of the simulation model is derived from the experimental setup of a syn-
thetic larynx model developed by Kniesburges et al. [29]. Figure 4.1 shows an illustration
of the experimental setup. It consists of a rectangular flow channel with a cross-section
of 18 mm×15 mm, the vocal folds (VF), which are made of silicone, and rigid ventricular
or false vocal folds (fVF) [29] [30]. The VF divide the flow channel into subglottal and

supraglottal channel

vocal folds

subglottal
channel

190

flow

y

ventricular
folds

microphone

CFD
1000x

z

CAA

Figure 4.1: Illustration of the larynx model extracted from [29]: Test channel,
VF, fVF, and a propagation domain used in the CAA computa-
tions (Red highlighted area). CFD domain highlighted in blue. All
dimensions are in mm. [28]

supraglottal channels of similar length of 190 mm. The subglottal channel however is
truncated in the following simulations to improve computational efficiency. The supra-
glottal channel is realized by 2 aluminum plates with a thickness of 10 mm on top and
bottom, a 5 mm-thick glass plate in front, and a 10 mm-thick plastic plate (polymethyl-
methacrylat) on the backside. The geometry of the vocal folds replicates the M5 model
introduced by [31] and [32].

4.1.2 Computational fluid dynamics (CFD)

The computational domain for all CFD computations is highlighted blue in figure 4.1.
It covers all parts of the experimental setup, where a comparably high flow speed is
expected. The incompressible flow equations were solved with the commercial software
package Star-CCM+ (Siemens PLM Software, Plano, TX/USA) with a cell-centered non-
staggered grid, while the tubulences where modeled by LES with a WALE (wall-adapting
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local eddy-viscosity) [33] subgrid scale model [34]. The symmetrical motion of the vocal
folds was prescibed as a moving mesh boundary condition instead of incorporating the
fluid-structure interaction. Therefore, the glottal area waveform (GAW) was used, which
was extracted from the experimental model by measuring the flow-induced motion of the
silicone vocal folds. Figure 4.2 shows shows the GAW of the VF for one oscillation cycle
(oscillation frequency f = 148 Hz). All channel walls are modeled by no-slip-no-injection
boundary conditions. At the inlet and outlet boundaries the fluid pressure was prescribed
to 2450 Pa and 0 Pa respectively [34].

Figure 4.2: Glottal area waveform (GAW) for one cycle of the VF motion.

4.1.3 Computational aeroacoustics (CAA)

The computational domain for any aeroacoustic propagation simulations is highlighted
red in figure 4.1. Following the hybrid aeroacoustic approach, a different mesh is used
for the CAA computations. Figure 4.3 shows the CAA mesh, which was inherited from
[28]. In addition to the regions included in the CFD simulation, the CAA also covers the
sound propagation to the microphones, which are located in a distance of 1 m to the end
of the supraglottal channel as depicted in figure 4.1. Therefore, a cuboid-shaped prop-
agation domain is used. Furthermore, a two-layer-thick perfectly matched layer (PML
- [35]) region is attached on the boundary, where the propagation region is truncated,
to sufficiently ensure the open domain property [28]. The inlet boundary condition is
realized by an absorbing boundary condition (ABC), as it ensures sufficient absorbing
for the almost plane waves, that are arriving and is computationally less expensive in
comparison to a PML. All other boundaries, including the bottom plane of the propaga-
tion domain, are modeled as sound hard. The larynx region and vocal tract are meshed
by approximately 127, 500 tetrahedral elements with a maximum element size of 4.3 mm.
In contrast to that, the propagation and PML regions are meshed with hexahedral ele-
ments.
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32 4.2 Aeroacoustic source term analysis

The aeroacoustic sources are calculated following the previously explained PCWE anal-
ogy (see chapter 2.3.2). Therefore the flow field is interpolated to the CAA grid using
the cut-volume cell interpolation technique (see chapter 3.4.2) and the incompressible
fluid density is set to ρ̄ = 1.138 kg/m3 while the speed of sound is given by c = 343.4 ms.
The PCWE, that describe the aeroacoustic wave propagation, are then solved by a finite
element approach (see chapter 3.1). This presented framework has been implemented in
the in-house finite element solver CFS++ ([22]).

ABC Larynx Vocal tract PML

Propagation
domain

fVF

ABC Larynx Vocal tract PML

Propagation
domain

Non-conforming interfaces
VF

fVF

x

190

Figure 4.3: Simulation setup for the aeroacoustic simulation. [28]

4.2 Aeroacoustic source term analysis

Before the actual aeroacoustic sound propagation simulation, a source term analysis is
performed in the following section. This type of analysis gives deeper insight in the
sound generating mechanisms and makes it possible to determine dominant frequencies
and important regions. Therefore the flow quantities are used, to derive all components
of the source terms following the aeroacoustic analogies. Thereafter, all aeroacoustic
source terms and their components are visualized and discussed both in time- and fre-
quency domain. All quantities are visualized on the CFD grid directly to mitigate any
possible interpolation error. It may also be noted, that any interpolated field quantity,
that was interpolated using one of the previously described conservative interpolation
schemes yields a non-representative field for source term analysis. This is due to weight-
ing each cell value by its cell’s volume which makes an interpretation of the resulting field
impossible due to the varying cell sizes. However, using some interpolation scheme that
conserves the absolute values of the field quantities like Nearest-Neighbor-interpolation
instead introduces a significant error due to the intended large deviations between the
flow and the acoustic grid in the hybrid CAA approach. Having obtained the finely
resolved source term, a field fast Fourier transformation (field FFT) is performed in
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MATLAB©, which is an FFT of the time signal of every nodal load on the computa-
tional grid. For the following visualizations in the frequency domain, a time harmonic
visualization of the oscillation mode of the corresponding frequency is depicted.

For the visualizations in the time domain, 4 representative time-steps during one VF
oscillation are selected:

1. the VFs are closed (minimum opening),

2. the VFs are opening,

3. the VFs are open (maximum opening),

4. and the VFs are closing.

In figure 4.4, the according VF opening states again using the glottal area waveform
(GAW) are indicated.

V
F

s 
op

en
in

g

V
F

s 
fu

lly
 o

pe
ne

d

V
F

s 
cl

os
in

g

V
F

s 
cl

os
ed

Figure 4.4: Glottal area waveform (GAW) for one cycle of the VF motion with
marked characteristic timesteps, which are used for the source term
analysis in the time domain.

Secondly, in the frequency domain, besides the base frequency f0, a range of higher
harmonics as well as an non-harmonic frequency is evaluated:

• f0 = 148Hz (VF’s base oscillation frequency),

• 2f0, 7f0, 10f0, 30f0 (VF’s higher harmonics),

• f = 3589 Hz (VF’s non-harmonic).
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34 4.2 Aeroacoustic source term analysis

(a) VF opening (contours at pic = ±900 Pa) (b) VF fully opened (contours at pic = ±500 Pa)

(c) VF closing (contours at pic = ±500 Pa) (d) VF closed (contours at pic = ±200 Pa)

Figure 4.5: Fluid pressure visualization during a full VF cycle.

4.2.1 Flow quantities

To be able to interpret the source generating mechanisms, and also to check whether the
obtained source field is realistic, we need to take a look at the flow. Therefore, Figure 4.5
visualizes the fluid pressure obtained from the CFD simulation at the 4 characteristic
timesteps. At each timestep the flow pressure distribution in the central plane as well as
contour planes are depicted. In the first plot the flow is accelerated during the opening
of the VFs. Highly turbulent structures, which are generated by the flow pressure jump,
that happens with the opening event, are blown downstream. This continues until the
VFs are fully opened (Fig. 4.5(b)) and the flow pressure profile shows the shear layers
of the glottal jet. Once the VFs are starting to close, the glottal gap becomes a bigger
and bigger obstacle for the flow. As a result the fluid decelerates, which is indicated by
the highly negative flow pressure profile originating from the glottal gap. Additionally,
rather strong fluctuations are caused by the ever increasing flow constriction. In the
case of a fully closed glottal gap, the flow is cut off and Fig. 4.5(d) shows decaying flow
structures in the otherwise resting fluid, which start to curl as there is no more driving
force.
In the frequency domain, time independent observations can be made. Figure 4.6 shows
the oscillation mode of 5 corresponding frequencies. For the base oscillation frequency
of the vocal folds (Fig. 4.6(a)), a global and monotone pressure drop can be observed in
downstream direction.
Figure 4.7 shows the flow pressure and velocity profile at the 4 characteristic time in-
stances along the downstream direction, once at the center line and once at a line, that
is located in the side area of the glottal gap in a distance 2.5 mm from the center line. As
a result of the boundary conditions of the CFD simulation, the flow pressure values are
fixed at the inlet and the outlet. In the subglottal channel, the flow pressure increases
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(a) VFs excitation f0 (contours at F
(

pic
)

=

±100 Pa)

(b) 2f0 (contours at F
(

pic
)

= ±300 Pa)

(c) VFs excitation 10f0 (contours at F
(

pic
)

=

±50 Pa)

(d) VFs excitation 30f0 (contours at F
(

pic
)

=

±20 Pa)

(e) VFs non-harmonic 3589Hz (contours at

F
(

pic
)

= ±15 Pa)

Figure 4.6: Fluid pressure visualization for several frequencies.

linearly towards the vocal folds, that are located at x ≈ 0.02 m. In the glottal gap, a
big pressure drop occurs. The pressure and velocity fluctuations, that are caused by this
jump, are the main sound sources. Downstream the VFs, the flow pressure and velocity
decay towards the outlet boundary. This verifies the more or less monotone pressure
drop observed for the base oscillation frequency in Fig. 4.6(a). The pressure drop is large
for a narrow glottal gap which also gives a large velocity change. As a consequences, this
causes the time derivative of the incompressible flow pressure to be significant in a large
region around the glottal gap.
For higher harmonics (Fig. 4.6(b) and 4.6(c)) the pressure fluctuations, that originate
in the glottal gap and propagate downstream can be observed. For high frequencies
both, multiples of the harmonic frequency (Fig. 4.6(d)) and non-harmonic frequencies
(Fig. 4.6(e)), show the propagating vortical structures.
Figure 4.8 depicts the mean velocity magnitude profile in a central plane as well as several
contours that indicate the shear layer zones of the mean flow. One can observe the glottal
jet, within the convective source terms are of significance.
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36 4.2 Aeroacoustic source term analysis

(a) Flow pressure distribution on the center line. (b) Flow velocity profile along the center line.

(c) Flow pressure distribution on a side line. (d) Flow velocity profile on a side line.

Figure 4.7: Flow pressure and velocity over the computational domain

Figure 4.8: Fluid mean velocity field magnitude |v̄| and glottal jet visualized by
contours at |v̄| = 30, 40, 50, 60 m s−1 inside the glottal region.

In terms of turbulent structures, the turbulent kinetic energy (TKE) k is a measure
of the mean kinetic energy, that can be associated to vortices in the turbulent flow.
Figure 4.9 depicts the TKE during a full cycle of the VFs. Again we can observe the
contour planes visualizing the glottal jet, which indicates that inside the glottal jet, most
of the turbulent structures are located, as stated in the pressure analysis before. This
overlap with the regions of high mean velocity is quite intuitive because high velocities
result in a high Reynold’s number which characterizes turbulent flow. As the TKE is an
averaged quantity, is looks quite similar for all timesteps.
Taking a closer look at the flow velocity, Fig. 4.10 gives illustration of the velocity mag-
nitude in the frequency domain. Just like for the flow pressure, for the VF oscilla-
tion frequency, the velocity changes globally and propagates downstream. However,
Fig. 4.10(b), 4.10(c) and 4.10(d) indicate, that the flow velocity is strongly connected to
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(a) VF opening (contours at k = 200, 300 J kg−1) (b) VF fully opened (contours at k =

200, 300 J kg−1)

(c) VF closing (contours at k = 200, 300 J kg−1) (d) VF closed (contours at k = 200, 300 J kg−1)

Figure 4.9: Turbulent kinetic energy (TKE) k during a full VF cycle.

the base oscillation frequency and the velocity profile for higher harmonics doesn’t differ
significantly from one at a non-harmonic frequency (compare Fig. 4.10(e)). The contour
planes become small dots scattered around the whole computational domain, visualizing
the turbulent structures inside the flow.
Figure 4.11 shows the incompressible flow pressure gradient magnitude in the time do-
main. As the flow pressure was discussed previously, many of the following observations
are connected to the pressure distribution. While the VFs are opening (Fig. 4.11(a)) and
turbulent structures are evolving, the gradient magnitude is rather low in all areas except
the highly turbulent regions close to the VFs. Thereafter, the glottal jet flow is visible
with a high gradient magnitude inside the jet region caused by turbulent structures, that
are moving downstream. This process continues, while the VFs are closing. The area in
which a large gradient magnitude is present enlarges because of the fluctuations caused
by the decelerating flow. Once the VFs are fully closed, the remaining vortical structures
generate the pressure gradient, that is visible in Fig. 4.11(d), in the otherwise resting
fluid.
In the frequency domain, Fig. 4.12 depicts the oscillation mode of the incompressible
flow pressure magnitude |∇pic|. The main observation, made by visually comparing all 5
plots, is the dominance of the VF oscillation frequency. All other oscillation modes are
smaller by more than a factor 10. Figure 4.12(a) shows the oscillation mode for the vocal
fold oscillation frequency. The time-harmonically visualized flow pressure gradient seems
to not change sign throughout the plotted region in respect to this frequency, indicating
an in-phase oscillation in the whole domain. This behavior is most likely due to the
global pressure variations that were discussed previously. In contrast, the oscillation
mode at higher harmonic frequencies is of similar magnitude as the oscillation mode at
non-harmonic frequencies.
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38 4.2 Aeroacoustic source term analysis

(a) VFs excitation f0 (contours at F (|v|) =

±10.000 m s−1)

(b) 2f0 (contours at F (|v|) = ±10.000 m s−1)

(c) VFs excitation 10f0 (contours at F (|v|) =

±10.000 m s−1)

(d) VFs excitation 30f0 (contours at F (|v|) =

±10.000 m s−1)

(e) VFs non-harmonic 3586Hz (contours at

F (|v|) = ±10.000 m s−1)

Figure 4.10: Flow velocity visualization for several frequencies.

(a) VF opening (b) VF fully opened

(c) VF closing (d) VF closed

Figure 4.11: Flow pressure gradient field magnitude |∇pic| visualized by con-
tours at |∇pic| = 2 · 105, 4 · 105, 6 · 105 Pa m−1.
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(a) VFs excitation f0 (contours at F
(

|∇pic|
)

= 2 ·
105, 4 · 105 Pa m−1)

(b) 2f0 (contours at F
(

|∇pic|
)

= ±104 Pa m−1)

(c) VFs excitation 10f0 (contours at F
(

|∇pic|
)

=

±104 Pa m−1)

(d) VFs excitation 30f0 (contours at F
(

|∇pic|
)

=

±5 · 103 Pa m−1)

(e) VFs non-harmonic 3589Hz (contours at

F
(

|∇pic|
)

= ±5 · 103 Pa m−1)

Figure 4.12: Flow pressure gradient field magnitude |∇pic| visualization for sev-
eral frequencies.

4.2.2 Aeroacoustic sources

Having analyzed the flow we can now take a look on the components of the aeroacoustic
sources for the PCWE and also the perturbed compressible equations (PCE) [17]. In
contrast to the PCWE, the convective part of the PCE source is calculated by

− 1

ρ0c2
0

v · ∇pic (4.1)

using the instantaneous incompressible velocity v, instead of the incompressible mean
velocity v̄ used in Eq. (2.50). The factor 1/ρ0c

2
0 is omitted for the following sections as

it is globally constant.
Figure 4.13 shows the convective part of the source term belonging to the perturbed
compressible equations (PCE) in the time domain, while Fig. 4.14 shows the convective
part of the PCWE source term. Visually, both convective source terms look similar
although some differences can be noted during the four cycle phases in the time domain.
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40 4.2 Aeroacoustic source term analysis

(a) VF opening (contours at v · ∇pic = ±5 ·
106 Pa s−1)

(b) VF fully opened (contours at v · ∇pic = ±5 ·
106 Pa s−1)

(c) VF closing (contours at v · ∇pic = ±5 ·
106 Pa s−1)

(d) VF closed (contours at v · ∇pic = ±5 ·
106 Pa s−1)

Figure 4.13: Convective part of the source term v · ∇pic as it is present in the
perturbed compressible equations during a full cycle.

While the VFs are opening and closed, the mean pressure convection is larger in its
spatial extend during opening and closed VFs since the mean velocity is larger than
the instantaneous velocity |v̄| > |v|. On the other hand, the instantaneous pressure
convection is larger due to |v̄| < |v|, when the VFs are fully opened and closing.

(a) VF opening (contours at v̄ · ∇pic = ±5 ·
106 Pa s−1)

(b) VF fully opened (contours at v̄ · ∇pic = ±5 ·
106 Pa s−1)

(c) VF closing (contours at v̄ · ∇pic = ±5 ·
106 Pa s−1)

(d) VF closed (contours at v̄ · ∇pic = ±5 ·
106 Pa s−1)

Figure 4.14: Convective part of the source term v̄ · ∇pic as it is present in the
PCWE formulation during a full cycle.
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(a) VF opening (contours at v̄ · ∇pic = ±5 ·
106 Pa s−1)

(b) VF fully opened (contours at v̄ · ∇pic = ±5 ·
106 Pa s−1)

(c) VF closing (contours at v̄ · ∇pic = ±5 ·
106 Pa s−1)

(d) VF closed (contours at v̄ · ∇pic = ±5 ·
106 Pa s−1)

Figure 4.15: Convective part of the source term v̄ · ∇pic as it is present in the
PCWE formulation during a full cycle.

The source error

e = v′ · ∇pic = v · ∇pic − v̄ · ∇pic . (4.2)

is depicted in Fig. 4.15 for a full cycle. At all 4 characteristic timesteps, the contour
planes form a hose-like structure, which indicates that the main deviations occur outside
the center of the vocal tract.

Overall, the convective source term can be interpreted as some sort of flow blending as it is
calculated by a projection of the pressure gradient onto the velocity. This results in large
contributions in regions with high flow velocities, which is mainly between the VFs inside
the glottal jet region (see Fig. 4.8). During the opening of the VFs, the contours show a
growing mushroom-like structure that indicates the pressure fluctuations. This continues,
while the VFs are fully opened and the structure shows these pressure fluctuations all
over the glottal jet region. Once the VFs start closing, the convective sources are still
growing and widening into the vocal tract until the required driving energy is missing
and the sources decay with the vortices when the VFs are closed completely.
The difference of these two convective source term becomes more apparent in the fre-
quency domain. Figures 4.16 and 4.17 show the oscillation modes at several characteristic
frequencies for the PCE and PCWE convective source term, respectively. While the PCE
convective source term looked similar to the PCWE convective source term in the time
domain, this is not the case at any visualized frequency. While the contour planes are
mainly restricted to the glottal jet for the PCWE source term, the oscillation mode
contours for the PCE source term show rather strong fluctuations throughout the whole
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42 4.2 Aeroacoustic source term analysis

vocal tract. It may be noted, that the source term still peaks inside the glottal jet region,
which is not visualized at this point but intuitive, following from the time domain plots.

(a) VFs excitation f0 (contours at F
(

v · ∇pic
)

=

±105 Pa s−1)

(b) 2f0 (contours at F
(

v · ∇pic
)

= ±105 Pa s−1)

(c) VFs excitation 7f0 (contours at F
(

v · ∇pic
)

=

± · 105 Pa s−1)

(d) VFs excitation 10f0 (contours at

F
(

v · ∇pic
)

= ±105 Pa s−1)

(e) VFs excitation 30f0 (contours at F
(

v · ∇pic
)

=

±105 Pa s−1)

(f) VFs non-harmonic 3586Hz (contours at

F
(

v · ∇pic
)

= ±105 Pa s−1)

Figure 4.16: Visualization of v · ∇pic for in the frequency domain.

Figure 4.18 visualizes the partial time derivative of the incompressible flow pressure in
the time domain. Again, during the opening of the VFs, source structures are growing
and evolving downstream the vocal tract. When the VFs are fully opened, the structures
inside the glottal jet are visible similar to the structures we observed for the convective
source term. When the VFs are closing, the increasing flow resistance causes a significant
pressure drop, which is shown by the negative source contours in Fig 4.18(c), which are
present until the flow is cut-off completely and the flow pressure evens out again. With
the perspective of not fully closing vocal folds, this lets us conclude the following as
statet in [5]: “Firstly, if the VFs are not fully closing the source energy (at specific time
instances) between partly closed and open VFs is not varying in the range of a healthy
voice. Secondly, if the VFs are not fully closing the source energy during one cycle is
not cut off fully and therefore turbulent and vortical structures are present permanently.
These turbulent structures increase the broadband component of the voice signal.”
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(a) VFs excitation f0 (contours at F
(

v̄ · ∇pic
)

=

±105 Pa s−1)

(b) 2f0 (contours at F
(

v̄ · ∇pic
)

= ±105 Pa s−1)

(c) VFs excitation 7f0 (contours at F
(

v̄ · ∇pic
)

=

± · 105 Pa s−1)

(d) VFs excitation 10f0 (contours at

F
(

v̄ · ∇pic
)

= ±105 Pa s−1)

(e) VFs excitation 30f0 (contours at F
(

v̄ · ∇pic
)

=

±105 Pa s−1)

(f) VFs non-harmonic 3586Hz (contours at

F
(

v̄ · ∇pic
)

= ±105 Pa s−1)

Figure 4.17: Visualization of v̄ · ∇pic for in the frequency domain.

(a) VF opening (contours at ∂pic/∂t = ±5 ·
106 Pa s−1)

(b) VF fully opened (contours at ∂pic/∂t = ±5 ·
106 Pa s−1)

(c) VF closing (contours at ∂pic/∂t = ±5 ·
106 Pa s−1)

(d) VF closed (contours at ∂pic/∂t = ±5 ·
106 Pa s−1)

Figure 4.18: ∂pic/∂t during a full cycle.
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44 4.2 Aeroacoustic source term analysis

Figure 4.19 illustrates the local time derivative of the incompressible flow pressure in the
frequency domain for the base frequency, several higher harmonics and a non-harmonic
frequency. As performing a time derivative in the time domain corresponds to a multipli-
cation with iω in the Fourier transformed domain, the visualized profiles and contours of
this source term’s oscillation modes are strongly linked with the pressure plots depicted
in Fig. 4.6.

(a) VFs excitation f0 (contours at F
(

∂pic

∂t

)

= 6 ·
105, 4.5 · 105 Pa s−1)

(b) 2f0 (contours at F
(

∂pic

∂t

)

= ±5 · 105 Pa s−1)

(c) VFs excitation 7f0 (contours at F
(

∂pic

∂t

)

= ±5·
105 Pa s−1)

(d) VFs excitation 10f0 (contours at F
(

∂pic

∂t

)

=

±1 · 105 Pa s−1)

(e) VFs excitation 30f0 (contours at F
(

∂pic

∂t

)

=

±1 · 105 Pa s−1)

(f) VFs non-harmonic 3589Hz (contours at

F
(

∂pic

∂t

)

= ±1 · 105 Pa s−1)

Figure 4.19: Visualization of ∂pic/∂t for in the frequency domain.

In Figure 4.19(a) the base oscillation mode gives much like for the flow pressure, a
more or less monotonously decreasing source, that reaches far into the vocal tract. The
first couple of higher harmonics (Fig. 4.19(b) and 4.19(d)) again show the propagating
fluctuations. Figure 4.19(c) seems to be an exception in this regard as it shows a similar
pattern of propagating vortical and turbulent structures downstream the vocal tract that
is also observed for very high harmonics (Fig. 4.19(e)) and non-harmonic frequencies
(Fig. 4.19(f)). These profiles indicate, that the oscillation mode at those frequencies is
not directly coupled to the VF oscillation but rather caused by the turbulent flow that
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is generated. Another observation is, that the higher the frequency, the smaller is the
spatial extend of the sources. For high frequencies the source structures are basically
always located inside the glottal jet region.

(a) VF opening (contours at ∂pic/∂t + v̄ · ∇pic =

±5 · 106 Pa s−1)

(b) VF fully opened (contours at ∂pic/∂t + v̄ ·
∇pic = ±5 · 106 Pa s−1)

(c) VF closing (contours at ∂pic/∂t + v̄ · ∇pic =

±5 · 106 Pa s−1)

(d) VF closed (contours at ∂pic/∂t + v̄ · ∇pic =

±5 · 106 Pa s−1)

Figure 4.20: PCWE source term during a full cycle.

Figure 4.20 shows the PCWE source term in the time domain. As previously, the 4
subfigures represent the 4 phases during one full cycle. In Fig. 4.20(a), the developing
glottal jet during opening VFs. In Fig. 4.20(b), a fully developed glottal jet at max-
imum strength. In Fig. 4.20(a), the starting vortex decay during closing VFs. And
in Fig. 4.20(a), the vortex curling in the stagnating fluid for the fully closed VFs. To
sum up, the overall PCWE source for specific time instances looks similar to the time
derivative part for the source term visualizations.
In the frequency domain, Fig. 4.21 shows the oscillation modes at 6 frequencies. As the
PCWE source sums both previously analyzed source terms ∂pic/∂t and v̄ · ∇pic and the
Fourier transformation is a linear operation, the oscillation modes should give a super-
position of the oscillation modes of each component. Therefore, at the VF oscillation
frequency and the first higher harmonics (see Fig. 4.21(a) and 4.21(b)) the time deriva-
tive part of the source term dominates the profile. At high frequencies - both harmonic
(Fig. 4.21(e)) and non-harmonic (Fig. 4.21(f)) - the convective source term becomes more
important to the shape of the oscillation mode.
For further analysis of the spatial extent of the source terms the convective source term,
the local time derivative of the incompressible flow pressure and the sum of both are
shown in Fig. 4.22. Therefore, the corresponding values at the center line in the x-
direction are evaluated at the four characteristic time steps. In order to calculate the
convective source term on the center line, the pressure gradient was approximated by the
local derivative in the x-direction ∂pic

∂x
, which is valid due to the y and z components of the
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46 4.2 Aeroacoustic source term analysis

(a) VFs excitation f0 (contours at

F
(

∂pic/∂t + v̄ · ∇pic
)

= 7 · 105, 8 · 105 Pa s−1)

(b) 2f0 (contours at F
(

∂pic/∂t + v̄ · ∇pic
)

= 7 ·
105, 8 · 105 Pa s−1)

(c) VFs excitation 7f0 (contours at

F
(

∂pic/∂t + v̄ · ∇pic
)

= ±105 Pa s−1)

(d) VFs excitation 10f0 (contours at

F
(

∂pic/∂t + v̄ · ∇pic
)

= ±105 Pa s−1)

(e) VFs excitation 30f0 (contours at

F
(

∂pic/∂t + v̄ · ∇pic
)

= ±105 Pa s−1)

(f) VFs non-harmonic 3586Hz (contours at

F
(

∂pic/∂t + v̄ · ∇pic
)

= ±105 Pa s−1)

Figure 4.21: Visualization of ∂pic/∂t+ v̄ · ∇pic in the frequency domain.

mean velocity v̄ being negligible within the center area along the entire computational
domain.
Based on these illustrations, [5] gives an explanation for the previous results and those
obtained in [36]:
“First of all, the convective source part v̄ · ∇p is localized inside the glottis gap and is of
about one magnitude larger then the time derivative source part ∂pic

∂t
. However, the time

derivative has a larger spatial extend and the integral contribution is is larger”.
This global sum over the source terms gives an expectation of the relevancy in the sound
spectra in front of the mouth. This indicates, that the convective part is probably less
relevant in comparison. From the time instances in Fig. 4.22, we learn that if the gap
is narrow, the gradient term is larger, and dominates the visualization (as featured in
[36]). If the gap widens, the peak of the convective term is reduced significantly. For a
fully opened glottis gap, the convective part and the time derivative part have a similar
magnitude. This let us conclude that in the case of glottis insufficiency, we see that
the convective term is lower with increasing insufficiency [36]. Although this convective
source term is larger in areas of the glottis gap, its overall contribution in the acoustic
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Figure 4.22: Comparison of the flow pressure time derivative and convective
source term along the center line in x direction

spectrum is small.
Apart from looking at the spatial distribution of the aeroacoustic sources, further conclu-
sion may be drawn from a global perspective. Investigating the global source gives insight
in the energy distribution in the frequency domain. Therefore, the conservatively inter-
polated source term (RHS of (2.50)) is averaged over all nodes inside the source region.
This so-called averaged field FFT yield an globally averaged source, which is depicted
in Fig. 4.23. Each contribution is marked by a thin line at the corresponding frequency.
Additionally, all contributions at a harmonic frequency are marked by a dot. The spectra
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48 4.2 Aeroacoustic source term analysis

Figure 4.23: Global averaged source of the partial derivative and the convective
term

of the avaraged field FFT essentially represent the energy content of the primary voice
signal, which is the arising sound before it is modified by the filter characteristics of the
vocal tract. The result of the averaged field FFT shows, that the convective term has a
noteworthy contribution to the total source term in the low frequency range up to about
1500 Hz (7f0). This states a contrast to previous observations made at the analysis of
the field FFT plots of the PCWE source term, where the convective source term didn’t
decrease in amplitude for high frequencies and therefore gains in influence compared to
the local time derivative. However, it has to be noted that all previous plots covered
only a small part of the vocal tract and, as the convective source term is much more
localized around the vocal fold, this shows a decreasing spatial extent with increasing
frequency, which isn’t as apparent for ∂pic/∂t. In general, the tonal components dominate
the spectrum in the lower and middle frequency range, whereas in the higher frequency
range the broadband contribution increases and has considerable amplitudes. Regarding
a prospective propagation simulation, we can conclude that the convective term might
have an impact on the resulting acoustic spectrum in the lower frequency range.
To further investigate the influence of the convective part of the PCWE source term,
three acoustic propagation simulations are performed using the presented simulation
model with each part of the source term exclusively as well as the whole source term. Ad-
ditionally, one simulation was performed using the source error e, as defined in Eq. (4.2),
as acoustic source. The acoustic pressure pa is extracted at a microphone position inside
the propagation region (see Fig. 4.3), which is located at a distance of 1 m in a straight
line to the center of the end of the vocal tract (microphone location depicted in Fig. 4.1).
Figure 4.24 shows the sound pressure level (SPL) spectrum for these four simulations.
Additionally, it includes the SPL spectrum measured at the underlying experimental
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Figure 4.24: Sound pressure level of simulations using ∂pic/∂t, the convective
part v̄ · ∇pic, the source error v′ · ∇pic and the full PCWE source
term as acoustic source in comparison with experimental measure-
ment data at a microphone positioned 1m from the end of the vocal
tract (see [28]).

model, on which this simulation is based on [28]. Comparing the spectrum of the convec-
tive source error with the spectrum of the convective part of the PCWE source term, it
produces a similar spectrum which indicates a significant difference between the convec-
tive parts of the PCWE and PCE source terms. However, both spectra result in a low
SPL that further decreases with increasing frequency. In contrast, the SPL gained from
the other 2 simulations using the local time derivative of the incompressible flow pressure
and the full PCWE source term respectively are visually indistinguishable, especially for
high frequencies. Overall the obtained spectrum matches well with the measurement
data for frequencies f > 2f0 = 296 Hz.
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Chapter 5

Application - Axial Fan

In this chapter, the methods, that were introduced in chapter 3 are applied to numerically
simulate the flow induced sound of an axial fan and validate the results with measurement
data. This work gives a more detailed version of the results published in [6]. Section 5.1
describes the experimental setup, that is used to validate the simulation results. The
simulation setup and in particular the setup for both, the CFD-computations and the
CAA-computations, is given in section 5.2.

5.1 Experimental setup

The experimental setup consists of a fan in a short duct, which is depicted in figure 5.1(a).
The fan has nine blades with a tip diameter of 495 mm and is installed in a duct with
a diameter of 500 mm. The fan is driven by a motor inside the duct and is embedded
in a sound hard tube. All measurements of sound pressure were performed according to
ISO 5801 [37] in a standardized test chamber, which is depicted in figure 5.1(b). The
rotational speed of the fan is approximately 1500 rpm yielding a volume flow of 1.3 m3/s.
A more detailed explanation of the experimental setup can be found in [38], where the
same setup was used.

5.2 Simulation setup

The simulation setup follows the hybrid approach described in chapter 3 and consists of
a CFD simulation for the incompressible turbulent flow and a FE-based computation of
the acoustic wave propagation.

5.2.1 Computational fluid dynamics (CFD)

The rotational speed of 1500 rpm gives a circumferential velocity of about 38.9 m/s,
which yields a Mach number of Ma ≈ 0.113. Therefore, the flow can be described by an
incompressible flow field, which is formulated with the use of the conservation equations
introduced in chapter 2. The CFD mesh is depicted in Fig. 5.2 and consist of about 33
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52 5.2 Simulation setup

(a) Investigated fan.

(b) Standardized inlet test chamber

Figure 5.1: Experimental setup.

million cells. It is separated into 3 regions: an inlet region, containing the suction pipe
and the surrounding air, the rotor region, which discretizes the surrounding air of the
rotor blades and rotates with the rotor angular velocity, and the outlet region, which
contains the air in the outlet pipe as well as the surrounding air at the outlet. The
rotor region has a maximum cell size of 1 mm and is refined towards the blade tips and
therefore makes up about 22 million cells by itself.
To model the turbulent flow, a detached eddy simulation was used analog to the com-
putations done in [38]. The computations were performed using the OpenFOAM (Open
Field Operation and Manipulation) Toolbox v2.3.0, which is an open source C++ library
and capable of solving the incompressible Navier-Stokes equations based on a finite vol-
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(a) Slice of the whole CFD domain

(b) Closer view of the axial fan

Figure 5.2: CFD mesh

ume scheme. The incompressible pressure, required for the source term computation
later on is then exported in the EnSight Case Gold file format.

5.2.2 Computational aeroacoustics (CAA)

To model the aeroacoustics, the PCWE formulation (see section 2.3.2) was used. Because
of the splitting of incompressible and acoustic pressure, it is possible to analyze the sound
generating mechanisms by investigating the aeroacoustic sources. It also takes reflections
and refractions into account, which is very important, because the duct and the nozzle
have a significant impact on the wave propagation. Figure 5.3 depicts the simulation
domain for the aeroacoustic computations. Again, the computational domain is split
into the 3 regions, that were defined for the CFD calculations. On the boundaries of the
inlet and outlet regions, 2 PML (perfectly matched layer - see section 3.2) regions are
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54 5.3 Comparison of the interpolation algorithm

added to account for the free radiation condition. The reflecting surfaces of the nozzle,
duct, strut, driving shaft, and motor are modeled as sound-hard walls. In constrast
to the CFD, for the wave propagation, the mesh in the rotor region, where the main
acoustic source terms occur, is static and therefore, the elements have to be connected
accordingly during the interpolation. The 2 propagation regions in red and gray yield
large mesh ratios Γ, and therefore produce source artifacts for the cell centroid based
interpolation. However, as explained in section 3.4.3, this should have nearly no effect on
the resulting sound pressure level at the microphone positions. After the interpolation,
the acoustic propagation computation was done with the FE solver CFS++ [22].

Figure 5.3: Geometry of acoustic domain: rotating source region in yellow, inlet
region in red, outlet region in gray, and PML regions in green and
blue

5.3 Comparison of the interpolation algorithm

To study the behavior of the interpolation algorithms, the sound source term was cal-
culated using the incompressible pressure and its gradient, both of which were obtained
from the CFD simulation. The source term was interpolated onto the acoustic network
using the two different interpolation approaches. The acoustic propagation simulation
was carried out with the same solver settings that were used in [38]. The results of the
two simulations are compared with the measurement results in Fig. 5.5. To make the
measurement and the simulation comparable, the sound power spectral density (PSD)
was used:

PSD = 10log

(

P̂

p2
0

)

(5.1)

https://www.tuwien.at/bibliothek
https://www.tuwien.at/bibliothek


D
ie

 a
pp

ro
bi

er
te

 g
ed

ru
ck

te
 O

rig
in

al
ve

rs
io

n 
di

es
er

 D
ip

lo
m

ar
be

it 
is

t a
n 

de
r 

T
U

 W
ie

n 
B

ib
lio

th
ek

 v
er

fü
gb

ar
.

T
he

 a
pp

ro
ve

d 
or

ig
in

al
 v

er
si

on
 o

f t
hi

s 
th

es
is

 is
 a

va
ila

bl
e 

in
 p

rin
t a

t T
U

 W
ie

n 
B

ib
lio

th
ek

.
D

ie
 a

pp
ro

bi
er

te
 g

ed
ru

ck
te

 O
rig

in
al

ve
rs

io
n 

di
es

er
 D

ip
lo

m
ar

be
it 

is
t a

n 
de

r 
T

U
 W

ie
n 

B
ib

lio
th

ek
 v

er
fü

gb
ar

.
T

he
 a

pp
ro

ve
d 

or
ig

in
al

 v
er

si
on

 o
f t

hi
s 

th
es

is
 is

 a
va

ila
bl

e 
in

 p
rin

t a
t T

U
 W

ie
n 

B
ib

lio
th

ek
.

55

Figure 5.4: Acoustic pressure field in a cross-section of the CAA domain at a
simulation time of 320 ms

p0 = 20µPa is the reference pressure and P̂ is the power spectral density estimate of the
acoustic pressure, obtained with Welch’s method [39],

P̂ =
1

M

M
∑

i=1

P̂ (i) (5.2)

P̂ (i) =
1

LU

∣

∣

∣

∣

∣

L
∑

k=1

w(k)pi(k)e−jωk

∣

∣

∣

∣

∣

2

(5.3)

after applying a kaiser window function [40] (β = 2) on the selected data (window
normalization constant U = 1/L

∑L
k=1 |w(k)|2), which is separated into M samples of

length L = 2048.
All depicted results show the PSD at a position of 1 m in front of the inlet nozzle.
The black line represents a measurement with a measurement time of 30 seconds. The
gray lines are measurement results with a measurement time of 0.1 s, which is close to
the simulation time of 0.08 s. Both simulation results show a steep drop above 6 kHz,
with the mesh resolution in the propagation range being coarse compared to the acoustic
wavelength. The dominant peak at a frequency of 300 Hz is a result of both the interaction
of the tip gap flow and the blade passing frequency [41]. It should be emphasized that
these frequencies are not the same; However, due to the frequency resolution used in
this case, they merge into one peak. This peak is well represented in both frequency and
amplitude. The red curve shows the result of the cell-centroid-based approach. It predicts
PSD well over the entire frequency range and is therefore useful in cases with complex
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56 5.4 Artifacts inside the propagation domain

Figure 5.5: Comparison of the PSD using the cell-centroid based and the cut-
volume cell interpolation algorithm with measurement results.

geometry and distorted grid cells of different cell sizes. This statement applies as long as
the CFD cells are smaller than the CAA cells. The blue graph represents the result of the
cut-volume cell approach, which shows overall good agreement with the measurement.
This application shows that cut-volume cell based interpolation can process complex
geometries that occur in real applications. The intersection algorithm has an additional
computing time of around 45 minutes and depends heavily on the number of CFD cells.
Table 5.1 shows a slight increase in the intersection time with increasing CAA elements.
Based on the coverage ratio, the calculations can be automated to switch from ordinary
cell-centroid based interpolation to more advanced interpolation if necessary.

5.4 Artifacts inside the propagation domain

In regions with a highly refined CAA mesh (or a highly coarsened CFD mesh - which both
leads to a large mesh ratio Γ), artifacts occur within the finite element source distribution
for the cell-centroid interpolation. Figure 5.6 shows these artifacts in comparison to the
cut-volume cell sources, which have no artifacts within the computation domain. As
previously explained, however, these artifacts have little impact on low Mach number
applications. Although a small phase error is introduced, these artifacts should not be
a particular problem. However, in the direction of higher Mach numbers, these artifacts
can have an impact. Source blending can then be used to mitigate spurious acoustic
modes as an alternative to the illustrated cut-volume cell interpolation.
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Figure 5.6: Comparison of the nodal values using the cut-volume cell interpo-
lation (left) and the cell-centroid based cell interpolation algorithm
(right).

5.5 Grid study

In order to investigate the influence of the CAA grid resolution on the cut-volume cell
algorithm, a grid study was performed. The cut-volume cell algorithm was used to
interpolate the acoustic source on five different grids in the rotating area. All grids are
tetrahedral and have different grid sizes. The numbers of elements in the source region
are shown in Tab. 5.1, where mesh 1 is the finest and mesh 5 is the coarsest mesh with
comparatively poor mesh quality. The mesh of the propagation domain was not changed
for the various simulations and counted 1, 804, 377 nodes. A change to this mesh would
cause an additional deviation in the results that is not subject to this mesh study.
The different meshes of the rotating region are shown in Fig. 5.7, where the meshes
become coarser from left to right. The minimum cell size of the CAA mesh occurs in
the tip gap, whereby the element size for all CAA meshes is 1 mm. This is necessary in
order to resolve the gap with at least two elements independently of the discretization of
the rest of the mesh. Therefore, the elements in the tip gap dominate the total number
of elements for coarse meshes and therefore limit the minimum number of elements. The
maximum CFD cell size at this point is 0.2 mm, which gives a ratio of CAA/CFD = 5.
The PSD that resulted from the CAA computation using the interpolated source term
and the PSD of the measurements are displayed in Fig. 5.8.
The colored lines are the result of the numerical simulations with the different meshes.
Fig. 5.8(a) shows the PSD that results from simulation with all different meshes using the
cell-centroid interpolation, while Fig. 5.8(b) shows the same results when using the cut-
volume cell interpolation. In the low frequency range, all simulations underestimate the
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58 5.5 Grid study

Table 5.1: Different meshes used in the source region to investigate the cut-
volume cell interpolation and the cell-centroid based interpolation.
The coverage ratio measures the relative coverage of CAA cells by
CFD cells for the cell-centroid based interpolation. The intersection
time describes the excess CPU time of the cut-volume cell interpola-
tion, due to the intersection algorithm. The execution time describes
the averaged CPU time (using 4 threads), that was used to calculate
the acoustic sources with the cut-volume interpolation for one time
step.

Source region Max. Coverage Intersection Execution
elements nodes element size ratio ε time time per step

Mesh 1 7690908 1322937 7 mm 85.24 % 49 min 33.3 s
Mesh 2 1021697 181186 12 mm 99.78 % 45 min 29.0 s
Mesh 3 555562 96535 18 mm 92.87 % 42 min 24.7 s
Mesh 4 337013 58708 24 mm 95.14 % 41 min 23.9 s
Mesh 5 153256 27765 48 mm 98.36 % 42 min 25.3 s

Figure 5.7: Different meshes used for the computation (finest mesh 1 to the
coarsest mesh 5 from left to right).

PSD, which is possibly due to the short numerical simulation time and the aeroacoustic
formulation. The trend in the higher frequency range agrees well with the measurement.
Above a frequency of 6 kHz the PSD drops because the mesh density in the propaga-
tion region is too coarse to resolve the respective wavelengths and the time-stepping
scheme with controlled dispersion (Hilber-Hughes-Taylor) numerically attenuates sound
waves with higher frequency. For the cell-centroid interpolation, all meshes deliver al-
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(a) Acoustic power spectral density using cell-centroid interpolation.

(b) Acoustic power spectral density using cut-volume cell interpolation.

Figure 5.8: Acoustic power spectral density comparison of different discretiza-
tions.

most identical result up to a frequency of 1 kHz. Above this frequency it can be seen
that the finer meshes lead to more distinctive peaks, but the deviation is rather small.
For the cut-volume interpolation, again, meshes 1 to 4 provide almost identical results
up to a frequency of 1 kHz. Mesh 5 delivers small deviations even at low frequencies.
This could be caused by the rather poor mesh quality due to the above-mentioned limi-
tation of the maximum mesh size in the tip gap. It is assumed that the deviation in the
high frequency range has its origin in the mesh density of the source region, in which
the coarsest mesh fulfills its limitations, to resolve the geometric shape of the source
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60 5.5 Grid study

terms. Overall, the results of all 10 simulations combined confirm the robustness of the
cut-volume cell interpolation algorithm. [6] In addition, reducing the number of nodes
in the rotating region reduces the total number of nodes. This reduces the size of the FE
system and thus the computing time. For the finest mesh, the total CPU time was 930 h,
and for the coarsest mesh, the total CPU time reduced to 229 h. The large reduction
in CPU time is due to the fact that the finite element simulation time is proportional
to the square of the number of nodes. Overall, in this case of an axial fan, due to the
geometric properties and the properties of the aeroacoustic source resulting from the tip
gap flow, the breakdown of the cut-volume cell approach is limited, since the tip gap
must be resolved by at least one element.

To continue with further comparisons, the averaged sound pressure level is introduced to
quantify the accuracy of each simulation in a scalar. The averaged sound pressure level
is defined by

L̄P = 10 log
(

1

T

∫

p2
ndt/p2

0

)

dB , (5.4)

with a reference pressure p0 = 20µPa.

Table 5.2: Comparison of the sound pressure level and the deviation of the power
spectral density for the different meshes using cut-volume and cell-
centroid interpolation

cut-volume cell interpolation cell-centroid based interpolation
eL2

* L̄P eL2
* eL2

** L̄P

Mesh 1 0 % 88.2972 dB 5.45 % 0 % 88.2835 dB
Mesh 2 3.37 % 88.2550 dB 6.52 % 5.45 % 88.2454 dB
Mesh 3 7.82 % 88.1963 dB 8.85 % 6.38 % 88.1748 dB
Mesh 4 10.83 % 88.1617 dB 10.81 % 8.70 % 88.1490 dB
Mesh 5 13.85 % 88.0037 dB 13.85 % 12.66 % 88.0038 dB

* in reference to simulation of Mesh 1 and cut-volume cell interpolation
** in reference to simulation of Mesh 1 and cell-centroid based interpolation

Table 5.2 shows the averaged sound pressure level at the microphone position for all
simulations examined. The sound pressure level varies only slightly for the various meshes
and both simulation setups. This is as expected as the PSD of all simulations was pretty
similar. Furthermore, the relative L2-error of the power spectral density is calculated by

eL2
=

√

√

√

√

√

∑fmax

fmin
(PSDref − PSD)2

∑fmax

fmin
PSD2

ref

(5.5)

and shown in Tab. 5.2 with reference to the finest mesh (mesh 1). fmin and fmax are
selected as 100Hz and 5kHz, respectively. Both interpolation methods result in small
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deviations for the finest mesh. The L2-error increases steadily with increasing mesh size.
However, both conservative interpolation methods give similar and acceptable accuracy.

Another aspect is the monotonically converging averaged sound pressure level for finer
meshes. This is examined using the Grid Convergence Index (GCI) introduced in chap-
ter 3.5. The averaged sound pressure level from the simulations with meshes 1, 2, 4 and
5 are therefore used to estimate an approximate result for an infinite mesh resolution.
Mesh 3 is not included in this analysis because it is considered an outlier and also in
order to guarantee a refinement ratio of ri,j = hj

hi
> 1.3, as proposed by [27]. The relative

refinement is estimated by the ratio of the averaged element sizes

ri,j ≈ 3

√

nel,i

nel,j

(5.6)

where nel is the number of elements inside the rotating region of the corresponding mesh.
As a result of this analysis, the estimated averaged SPL L̄ext

p = 88.2972 dB and L̄ext
p =

88.2835 dB and orders of convergence p = 2.835 and p = 2.659 are extrapolated for the
cut volume and cell centroid interpolated simulations, respectively. Figure 5.9 shows the
averaged sound pressure level in respect to the normalized element size estimate and the
extrapolated value. Table 5.3 summarizes the results for the cut-volume interpolation
and includes the averaged SPL for the 30 s measurement as well as the spread for 0.1s
measurements in the frequency range of 100Hz to 5kHz. The measurements yield an
averaged SPL of L̄P = 88.556 dB for the 30 s measurement. Fig. 5.10 also shows the SPL
spread for 0.1s measurement data. The measured signal generally results in a slightly
higher averaged sound pressure level, since low and high frequencies are underestimated
by the simulation. However, all the meshes that were analyzed give an approximation
for the averaged SPL, which is well within the bandwidth of the 0.1s measurements.

Table 5.3: GCI based on Richardson Extrapolation and measurement results

cut-volume cell-centroid refinement
L̄P GCI L̄P GCI ratio ri,i+1

30 s Measurement 88.556* dB - 88.556* dB - -
Extrapolation 88.3049 dB - 88.2956 dB - -

Mesh 1 88.2972 dB 0.1041 ‰ 88.2835 dB 0.1084 ‰ 1.960
Mesh 2 88.2550 dB 0.7142 ‰ 88.2454 dB 0.8172 ‰ 1.447
Mesh 4 88.1617 dB 2.0301 ‰ 88.1490 dB 2.0398 ‰ 1.3004
Mesh 5 88.0037 dB 4.2745 ‰ 88.0038 dB 4.1013 ‰ -

* for 30s measurement, [84.746, 92.176] dB bandwidth for measurements
with 0.1s measurement time.
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62 5.5 Grid study

Figure 5.9: Grid convergence regarding mesh refinement using Richardson Ex-
trapolation.

Figure 5.10: Histogram of the averaged sound pressure level of the measurement.
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Chapter 6

Conclusion and Outlook

This thesis describes a hybrid CAA approach that uses the Perturbed Convective Wave
Equation (PCWE) to separate acoustics from fluid dynamics. Starting with introducing
the fundamentals of fluid dynamics and acoustics, the work provided a detailed explana-
tion of the used methodology to numerically simulate aeroacoustic problem sets starting
from a CFD simulation of the incompressible flow field.
One focus was set on the conservative interpolation, which allows optimal grids for both
CFD and CAA computations. Therefore, two interpolation methods were introduced
and compared in regards of their limitations. Furthermore, a grid study was performed
for an axial fan analyzing the feasibility of both methods in real technical applications.
The second focus of this thesis was on analyzing and discussing the aeroacoustic sources
that appear inside an experimental vocal tract, which models human phonation. Thereby,
various components of the acoustic source terms, that are defined by the PCWE analogy
are visualized both in time and frequency domain, and investigated towards their impact
on a prolonging acoustic propagation computation.
Finally, it is remarked, that during the work on this thesis, two publications were created
based on the previously described work as well as existing simulation results, that were
evaluated and interpreted.

As a next step in the FWF (Austrian Research Council) project Numerical computation

of the human voice source, the findings of this work are incorporated in the existing
simulation workflow in order to create a more accurate methodology. Furthermore, the
improved simulation workflow is going to be used to simulate various types of dysphonia.
This allows for working out methods to investigate the cause of any voice disorder by
evaluating simple measurement results.
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