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Abstract

Tracking a hidden state, such as the position and velocity of a target based on noisy
measurements, is a common problem in statistical signal processing. There are scenarios
where multiple measurements are generated per target and time step, which enable the
additional estimation of the target’s size, shape, and orientation. This problem is known
as extended target tracking. For some extended target tracking scenarios, the targets can
be grouped into several target classes where the targets in each class are defined by the
same parameters. These parameters typically describe the target’s size, shape, and/or
dynamic behavior. If the classes and their parameters are known, the class affiliation
and, thereby, the parameters of each target can be inferred using classification.

In this thesis, however, we propose joint tracking and clustering of extended targets
for the case where the number of classes and the class parameters are unknown. Instead
of estimating the parameters for each target separately, clustering enables more accurate
parameter estimation by considering several targets jointly. We define a statistical model
for joint tracking and clustering of extended targets in which the target classes and their
parameters are described by a Dirichlet process and the target states given the target pa-
rameters by a state-space model. As our statistical model is a special case of a Bayesian
nonparametric state-space model, we develop two Monte Carlo algorithms for inference in
Bayesian nonparametric state-space models, one for batch processing and one for sequen-
tial processing. We present simulation results demonstrating the convergence of these
algorithms and the performance gain due to joint tracking and clustering of extended
targets compared to tracking without clustering. We observe a slight improvement for
tracking and a significant improvement for parameter estimation. Thus, we conclude that
joint tracking and clustering of extended targets can improve parameter estimation and

tracking for scenarios with an inherent but unknown class structure.
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Kurzfassung

Die Verfolgung eines unbeobachteten Zustands, insbesondere der Position und
Geschwindigkeit eines Ziels aufgrund von verrauschten Messwerten, ist ein wichtiges Pro-
blem der statistischen Signalverarbeitung. In manchen Szenarien ruft ein Ziel mehrere
Messwerte pro Zeitschritt hervor, welche die zusétzliche Schéitzung der Grofle, Form und
Orientierung eines Ziels ermoglichen. Dieses Problem wird als Verfolgung ausgedehnter
Ziele bezeichnet. In manchen Fallen konnen die ausgedehnten Ziele in Klassen eingeteilt
werden, wobei die Ziele jeder Klasse durch dieselben Parameter definiert sind. Diese Pa-
rameter beschreiben haufig die Grofle, die Form und/oder das dynamische Verhalten der
Ziele. Wenn die Klassen und ihre Parameter bekannt sind, konnen die Klassenzuordnung
und daher auch die Parameter der Ziele durch Klassifikation bestimmt werden.

In dieser Arbeit behandeln wir hingegen die gemeinsame Verfolgung und Clusterung
ausgedehnter Ziele fiir den Fall, dass die Anzahl der Klassen sowie deren Parameter un-
bekannt sind. Anstatt die Parameter fiir jedes Ziel einzeln zu schéatzen, konnen durch
Clusterung die Parameter mehrerer Ziele gemeinsam und somit besser geschatzt werden.
Wir definieren ein statistisches Modell zur gemeinsamen Verfolgung und Clusterung aus-
gedehnter Ziele, bei dem wir die Klassen und Parameter durch einen Dirichlet-Prozess
und die Ziel-Zustande konditioniert auf ihre Parameter durch ein Zustandsraummo-
dell beschreiben. Da unser statistisches Modell ein Spezialfall eines Bayesschen nicht-
parametrischen Zustandsraummodells ist, entwickeln wir zwei Monte Carlo-Algorithmen
zur Inferenz in Bayesschen nicht-parametrischen Zustandsraummodellen. Mittels Simula-
tionen untersuchen wir das Konvergenzverhalten der Algorithmen und die Verbesserung
der Ergebnisse, die durch die gemeinsame Verfolgung und Clusterung ausgedehnter Ziele
im Vergleich zur Verfolgung ohne Clusterung erzielt werden kann. Dabei stellen wir eine
leichte Verbesserung der Verfolgung und eine signifikante Verbesserung der Parameter-
schatzung fest. Unsere Simulationen zeigen somit, dass durch die gemeinsame Verfolgung
und Clusterung ausgedehnter Ziele die Parameterschatzung und Verfolgung in Szenarien

mit einer inharenten, aber unbekannten Klassenstruktur verbessert werden kann.

I1I
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Chapter 1

Introduction

1.1 Motivation

An important task in statistical signal processing is target tracking, where the goal is to
track the state of a target or the states of multiple targets using noisy measurements [1].
One exemplary application is to track the positions and velocities of multiple objects
using measurements of a radar system [2]. Typically, target tracking considers at most
one measurement per target and time step. However, modern radar systems with increased
resolution may produce more than one measurement per target and time step. Besides
tracking the state, these multiple measurements may also be used to estimate the size,
shape, and orientation of each target. This problem is known as extended target tracking
[3] and is, for example, relevant to marine vessel tracking using X-band radar [4] and car
tracking using lidar [5].

Certain extended target tracking scenarios can be modeled as a parameter dependent
state-space model [6], where each target has random parameters that define the target’s
state-space model. The parameters can describe the size, shape, expected number of
measurements, and/or dynamic behavior of each target. Furthermore, if multiple targets
are tracked, it can be reasonable to assume that some targets share the same parameters.
According to these parameters, the targets can then be grouped into classes. If the
parameters of each class are known, then classification can be performed by assigning
each target to one of these classes [7,8].

In this thesis, however, we consider the case, where we only know that some classes
exist but the parameters of the individual classes are unknown. Here, we can still exploit
this limited knowledge by clustering the targets and estimating the parameters of each

class in addition to tracking the targets’ states. Estimating the class parameters can be
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2 1. Introduction

expected to be more accurate than estimating the parameters for each target separately as
we can use all measurements of all targets in each class instead of only the measurements
of each individual target. Additionally, improved parameter estimation may also result
in improved state estimation, as the target’s state depends on the parameters.

An elegant approach to clustering in this context is to perform inference in a combined
statistical model for the targets and their classes, which immediately enables joint tracking
and clustering of extended targets. In this thesis, we define a Bayesian nonparametric
(BNP) state-space model for joint tracking and clustering of extended targets, where
the prior distribution of the targets’ parameters (with an inherent class structure) is a
Dirichlet process (DP) and the time-varying target states given the target parameters are
distributed according to a state-space model. Note that the DP defines both the target
classes and the class parameters. The main advantage of the DP is that it considers
an unknown and random number of classes, which allows clustering without specifying
the number of classes in advance. Further, we develop two Monte Carlo algorithms for
inference in BNP state-space models, one for batch processing and one for sequential
processing. We investigate the convergence of these algorithms and the performance gain
due to joint tracking and clustering of extended targets compared to tracking without

clustering.

1.2 State of the Art

A problem related to clustering is classification, where one assigns targets to predefined
classes with known parameters. There is some previous work on joint tracking and classi-
fication [7,8] and on clustering after tracking [9]. However, to the best of our knowledge,
joint tracking and clustering has not been considered so far. A parameter dependent
state-space model for extended target tracking, which is related to a part of our statisti-
cal model for joint tracking and clustering of extended targets, was proposed in [6].

For clustering in our context, BNP statistical models [10], in particular the DP [11] [10,
Chapter 4] and the Dirichlet process mixture (DPM) [12] [10, Chapter 5], are of special
interest. Clustering of time series defined by state-space models and a DPM or a related
statistical model is discussed in [13-19]. The statistical model for joint tracking and
clustering of extended targets proposed in this thesis is a special case of a BNP state-
space model [13].

The algorithm proposed in [13] is a batch processing algorithm that is used for inference
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1.3. Thesis Outline 3

on the class parameters and the targets’ class assignments, but not on the targets’ states.
However, as inference on the targets’ states is required for tracking, we introduce a Markov
chain Monte Carlo (MCMC) algorithm for batch processing that uses particle Markov
Chain Monte Carlo (PMCMC) [20,21] to sample the targets’ states and Gibbs sampling
[22,23] to sample the class parameters and the targets’ class assignments. Additionally,
we introduce a sequential Monte Carlo (SMC) algorithm for sequential processing based
on the resample-move particle filter (RMPF) [24-26] and sequential Markov chain Monte
Carlo (SMCMC) [27-29].

1.3 Thesis Outline

After this introductory chapter, we continue this thesis by discussing MC methods in
Chapter 2. More specifically, we present the general principle behind MC methods, as
well as various SMC and MCMC algorithms.

In Chapter 3, we describe the basics of BNP statistical models with a focus on the DP
and the DPM.

In Chapter 4, we propose two algorithms for inference in BNP state-space models.
The first algorithm is an MCMC algorithm for batch processing based on PMCMC. The
second algorithm is a sequential algorithm based on the RMPF and SMCMC.

In Chapter 5, we introduce a BNP state-space model for extended target tracking and
apply the inference algorithms of Chapter 4. Furthermore, we evaluate the convergence of
the algorithms and investigate the performance gain due to joint tracking and clustering.

Finally, Chapter 6 concludes this thesis by summarizing our contributions and suggest-

ing future research directions.
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Chapter 2
Monte Carlo Methods

This chapter gives a brief introduction to Monte Carlo (MC) methods [30]. MC methods
are numerical methods that play an important role in many different fields, such as science,
engineering, and finance. While there is a wide range of MC methods, we will focus on
importance sampling (IS), sequential MC (SMC), and Markov chain MC (MCMC). We
will discuss the general principle of these methods and their application to (parameter
dependent) state-space models. This chapter is based on the introductory paper [31] and
the book [30] unless stated otherwise.

While we will limit our discussion to real and continuous random vectors, every algo-
rithm in this chapter can also be adapted to other types of random variables by replacing
the probabilty density functions (pdfs), denoted by f, with the corresponding type of
density and, if appropriate, replacing the integrals by sums. In this thesis, we will also
consider discrete random variables, where we use probability mass functions, denoted by

p, and mixed random variables, where we use mixed densities, denoted by v.

2.1 Motivation

To illustrate the general principle of MC methods, consider a random vector x € R*. We
will call its pdf, denoted as fx(x), the target pdf. Considering K € N independent and
identically distributed (i.i.d.) random vectors x*) with pdf fy(x) and k € {1,..., K}, we
can “approximate”! fy(x) with

1 K
YO (x) = 7 2 Oxt (), (2.1)
k=1

A

I Approximate in the sense that the distribution defined by %)EK)(LE) converges to the distribution
defined by fyx(x) as K — oo, but not pointwise convergence of 7K () to fx(x).
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6 2. Monte Carlo Methods

where 0, () is the Dirac delta defined such that for any set A C R* and continuous
function? f(x)
flx®) if x® e A
/ F@iun(@)de = (@) . (2.2)

0 else

Note that ?)EK )(x) is random because the x*) are random. To approximate an expectation

1=E(h(x) = [ h(@)f(@)de, (2.3)

where h is an arbitrary function, we can calculate the expectation with respect to the

“approximation” Af)E“)(a:) of the target pdf, that is,
1) F(K) 1 (k)
[ = / h(x)f. de = — E h . 2.4

By the strong law of large numbers, under mild conditions, we have () 254 7 , that is,
169 converges almost surely to I as K — oo. This shows that if we can generate K
samples &*) from the target pdf, then we can approximate the often intractable integral
in (2.3) by the tractable sum /) = L 52K n(z®). While sampling directly from the
target pdf is difficult in many cases, we can use the methods discussed in the following
sections to generate samples. These methods allow us to “approximate” the target pdf

Jx(x) similarly to (2.1), and the expectation (2.3) similarly to (2.4).

2.2 Importance Sampling

We can restate (2.3) as

[= /R h(@)w(@)g(x)dz, (2.5)
where
A=)
w(x) = o) (2.6)

and g(x) is an arbitrary pdf, with a support that includes the support of fy(x), that is,
supp g D supp fx. We will call g(x) the proposal pdf. According to (2.5), I is represented
as the expectation of h(x)w(x) with respect to the distribution defined by the proposal

2Note that this definition can be made rigorous by interpreting d,u) (z)dz as the Dirac measure at
the point ().
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2.2. Importance Sampling 7

pdf g(x). Therefore, we can approximate (2.3) by considering i.i.d. random vectors x*

with pdf g(x) for all k € {1,..., K}, and calculating
1 K

TWZE;Mw%wm (2.7)

By the strong law of large numbers, under mild conditions, approximation (2.7) satisfies

[09) 22 1.

It can be shown that the choice of the proposal pdf g(x) that minimizes the variance

of the approximation (2.7) is [30, p. 95]

o @) @)
@) = TR @) 28)

Therefore, using g(x) = fx(x), that is, directly sampling from the target pdf fy(x), is

in general not optimal in terms of approximation variance. However, as the optimal pdf
g*(x) can be difficult to sample from, it is usually preferable to choose a proposal pdf
g(x) such that it is easy to sample from and that g(x) is large where |h(x)|fx(x) is large.

If we are only able to evaluate the target pdf up to a normalizing constant, we can still

use the approximation

K
1) = S Wk p(x R, (2.9)
k=1
where
k
W o (x®) = L) (2.10)
g9(x®)
with
K
Swh =1, (2.11)
k=1
as W®) is only proportional to ’;*((:((:)))) and, thus, fx(x*)) needs to be known only up to a
constant factor. We will call W®) the normalized weights. We have
k
wk) — L()) (2.12)
k=1 w(x(*))
By restating (2.9) as
w(x™)

K
i = 3 h(x®)

k=1 Zg:l w(x(’f’))

1 K
_ (k) (k)
= , w(x™ ) h(x™)
25:1 w(x(k )) kz::l
1 1 &

= TSR e R kz:jl w(x®)h(x*)), (2.13)
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8 2. Monte Carlo Methods

where we have used (2.12) in the first step, it follows that 15) 2% T under mild conditions
because + Yp—; w(x*)) 225 1 by the strong law of large numbers (see (2.7) with h(z) = 1).
This approximation is equivalent to first “approximating” the target pdf by

5 (2 Z W®H§ o (2 (2.14)

and then calculating the expectation (2.3) with respect to this “approximation” of the

target pdf.

2.3 Sequential Monte Carlo Methods

2.3.1 General Principle

Many applications require the processing of sequential data that can be modeled by a
sequence of random vectors (X, )n,eny With x, € RX. The target pdf, for each n € N, is
then fy,. (®1.), where X1, = (Xp/)wef1,..n}- We will refer to n as time, even though it

does not neccessarily have a temporal interpretation. Similarly to the previous section,

we are interested in generating sequences of random vectors x( k) = (xfﬁ’k)) i} with
ke{l,...,K} for each n € N to “approximate” the target pdf fx, (@1.,) by
. K
f)g(,z (wlzn) == Z W(n’k)énghk) (m11n>a (215)
and to approximate an expectation
In = E(hn(xln)) - AXxn hn(mlzn)fxlm(mlzn)dml:n (216)
by
1K) — /RXM hn(wlzn)f(K)(wln dxy., Z Wk (xln )), (2.17)

where h,,(x;. n) is an arbitrary function, K € N, and 5 W™K = 1. Note that each
sequence xg ./ has a superscript n to avoid confusion of the random vectors of the ap-
proximations at different times. Typically SMC methods “approximate” the target pdf
based on an “approximation” of the target pdf of the last time step. An “approximation”
of the marginalized target pdf fx, (@) can be obtained by marginalizing Afg? (x1.,), which
yields

K
(@) = Y WG o (a0), (2.18)
k:l n
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2.3. Sequential Monte Carlo Methods 9

where x(™*) denotes the nth component of x%k) . We will refer to the random sequences

7k 3
of random vectors xgrfn ) as particles.

While using IS to generate the particles x%?,;k) as discussed in the previous section would
work in principle, it will typically be difficult to choose an appropriate and tractable
proposal pdf with growing n. Further, this choice is especially difficult if the random

vectors x,» for n’ € {1,...,n} are highly dependent.

2.3.2 Particle Filter

One algorithm to generate the random vectors xg?,’f) is the particle filter (PF), which is a

recursive algorithm that applies IS to “approximate” fy, (#1.,) based on an “approxima-
tion” of fx,., ,(®1.,_1) for each n > 2. To illustrate the general principle of this algorithm,

first note that we can factor fy, (€1.,) as

fxl:n (ml!n) = fxn\XLn—l(a:n | ml:n_l)fxl:n—l (ml!n—l)' (219)

The PF “approximates” (2.19) by first “approximating” fy,.. ,(®1.,—1) with ;C,Ef?_l (T1n-1)
and then f, ., , (%n | T1.—1) based on IS.
More specifically, for n = 1, we generate i.i.d. particles xgl’k) with proposal pdf ¢ (wgl’k))

and set (see (2.10))
Jxa (xgl’k))

[} (Xgl’k))
(n)

with Y5, WOR) = 1. For n > 2, we first generate i.i.d. random vectors xi; with pdf

1K) (a:g"’k) ), where £ (w&nk) ) is defined as in (2.15), that is, we select

X1:n—1 m—1 m—1

WA (2.20)

n,k n—1,k'
xg:n—)l - xg:n—l ) (221)

with probability W"—1¥) k" < {1,...,K}. Second, we generate xF) given

xg?,;’i)l = :cﬁ”n’i)l with proposal pdf g, (m%”k) ’ azgnn’i)l) The complete particle is then

n,k n,k n
Xg:n ) = (Xg:n—)h ng ’k)) (222>

with normalized weight

w(mk) (2.23)

b (0 [ x5,
In (xgzn’k) ’Xgnn’i)l)

such that Y5, Wk = 1.
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10 2. Monte Carlo Methods

Algorithm 2.1 Particle filter

. (n—l,k) (’n*l,k‘)
Input: (il?mfl W )ke{l,..-,K}7gn

1: forall k=1,..., K do
sample a:§"n’“_)1 = azgﬁf_lik) with probability W®=1#) for all &' € {1,..., K}
sample z(™*) from g, (w%”k) ]wﬁ’”‘n’?l)

set ol = (i), a()

end for
cforallk=1,..., K do

calculate W (k) according to (2.23)
end for
Output: (w%’bk),W("’k))

ke{l,...,.K}

One sufficient condition for the choice of the proposal pdfs to ensure T%K ) 225 1, for all
n € N is that supp g1 D supp fx,, and supp gn (- | Z1:0—1) D SUPD fxy|xrm_i (- | E1:—1) for all
X1y € RX*=D and n > 2. In contrast to IS, we cannot directly apply the law of large
numbers, as the x{"*), are generated with pdf ;‘)Ef(gfl (m§”n’i)1) instead of fy,. | (:cﬁ”n’i)l)
However, it can still be shown that this algorithm converges under mild conditions [32].

The pseudo-code for one recursion of the PF algorithm is stated in Algorithm 2.1.

2.3.3 State-Space Models

Consider two sequences of random vectors (X,)pen with x, € R* and
(Yp)nen with y, € RY, with pdf f (1) and conditional pdfs fy |« (y; |21),
Sxalxtn—tyim (@n [ 101, Y1in1)y a0d fy x| @10, Y1) for no= 2. We will
speak of a state-space model if x,, is conditionally independent of x;.,_o and y;.,_; given

X,—1, and y,, is conditionally independent of x;.,_1 and y;.,_; given x,, that is,

fxn‘xl:nflvyl;n—l(mn | wll?’l—l) yl:n—l) - fxn‘xnfl(wn | mn_1)7 (224>

and

fyn|X1:n7Y1;n—1 (yn | L1:n, yl:n—l) - fynlxn (yn | CBn) (225>

for all n > 2. The sequences (X,)nen and (y,,)neny Will be referred to as the states and
the observations of the model, respectively. It follows from (2.24) and (2.25) that a
state-space model is defined by the initial pdf fs, (1) = ((x1), as well as the state

transition model fy,x, ,(Tn|Tn-1) = &(x,|x,—1) for n > 2 and obvervation model

Sy, 100 Y | 20) = X(y,, | 20) for n > 1.
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2.3. Sequential Monte Carlo Methods 11

Our goal is to generate sequences of random vectors xgrf,;k) with k € {1,..., K} for each

n € N to “approximate” the target pdf fy, .y, (1n|Y1.,) by

K
f(1n\y1 (@1n | Y1) = Z wnHg X{mk) (Z1:n), (2.26)
k=1

and to approximate an expectation I, = E(h,(X1.n) | ¥Y1., = Y1) Dy

T (K n, le
W= [ @i, <wm|ymdwm—zw Oha(x5D), o 221)

where h,(X.,) is an arbitrary function, K € N, and 5, W* = 1. Note that the
difference from our previous equations (2.15) and (2.17) is that all pdfs contain the con-
dition y,.,,. Furthermore note that a closed-form calculation of the posterior distribution
of the states given the observations fy, .|y, (1. |¥1.,) and the integral I, is possible only
for some special cases, such as a linear Gaussian model with the Kalman filter and some
functions h,(x1.,).

If we apply the PF algorithm from Section 2.3.2 to a state-space model, then, forn = 1,

our proposal pdf is g;(x; | y;) and equation (2.20) can be expressed as

Py (x?”“) )

91<X1 ’Zh)

fy1IX1 (?h‘ i k))fm( gl’k))
ox

91(x1 ‘?h)

x(v ] “’”)C(x9’“))
ox )
91<X1 ‘?h)

WLE) o

(2.28)

For n > 2, we first resample from f 1|y1 (@11 Y1) as defined in (2.26). Then,
for the importance sampling step we use the proposal pdf gn< (n.k) ‘ T, l,yln) and

normalized weights (see (2.23))

n,k (n,k)
an|X1:n71,Y1 n (Xn ) ‘ X1:n-1,Y1. n)

(n, )‘(nk) 1)

W)
an (Xn Xin-1,Y

(2.20)
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12 2. Monte Carlo Methods

such that 21 W™F) = 1. We can further simplify (2.29) according to

n,k) (n7k)
fxn|yn,X1:n717Y1;n—1 (X1(1 yn7 Xl:n—la yl:n—l

(n,k)
" h dn <x7(1n7k) xgrzl'r;,k—)la yl:n)
~ fyn|X1:n7y1:n—1 (yn ‘ xgnﬁk)7 yl;nfl)fxn\X1;n,1,y1m,1 (X%n,k) ‘ xg?ﬁk—)la yl:n71>

I [ )

ot (U K0 B (350 | X0
- 0 (P XDy,
(X € (x i)
= " (x%n’k) ‘ NOoN yl:n) ;

where we first applied Bayes’ theorem and then (2.24) as well as (2.25). This shows that

(2.30)

to “approximate” the marginal pdf fy y, (Zn|y1.,) (see (2.18)), it is sufficient to only

keep the samples a:&::l’k) and the current observation y,, instead of the whole sequences

2" and Y., if we choose the proposal distribution g, (x, | Z1.n,-1,¥;.,) independent

of 1,2 and y;.,_;.

2.3.4 Resample-Move Particle Filter

Consider the PF from Section 2.3.2. The particles for time n are generated by
resampling particles from time n — 1 (see (2.21)) and extending them to time n

(see (2.22)). The resampling step has the disadvantage that there may exist par-

ticles x{" = (x5, x09) and x{5 = (x5 x(H) with x(5Y = x5
Therefore, this step depletes the particle values ng’k) for time n’ < n — 1, as

‘{x&”’k) k€ {1,...,K}H < ‘{xé”’k) ko€ {1,...,K}H < ... < K. This depletion
can result in poor approximations (2.17) and (2.15) if the number of particles K is too
small.

One approach to avoid this problem is to add an additional step to move the resampled
particles from time n — 1 by a transition kernel. If this transition kernel, defined by a
conditional pdf ¢, 1(®1.,_1|Z1.n_1), has fx,,,_,(®1.,-1) as an invariant distribution, that
is,

L ooy oot @rae1 | @100 fets @) d@1o1 = s (@10-1), (2.31)

then we obtain the resample-move particle filter (RMPF), first proposed in [24]. One
recursion of the RMPF is presented in Algorithm 2.2.
However, while this algorithm can reduce the particle value depletion, the additional

step to move the particles can be computationally expensive for large n, if the transition
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Algorithm 2.2 Resample-move particle filter

. (n—1,k) (n—1,k)
Input: (azm,l W )ke{le}Jn—hQn
1: forall k=1,... K do
2: sample 5:§"n’“_)1 = azgﬁf_lik) with probability W®=1#) for all &' € {1,..., K}
3 sample 2\, from ¢,_, (m&”n’i)l ‘ Ezg"n]i)l)
4: sample ™ from g, (w;”’k) \mﬁ”n’“_)l)
5 set aln = (2, 2)
6: end for

EN |

cforallk=1,... K do
8: calculate W (k) according to (2.23)

9: end for

(k) (k)
Output: (mlzn W )ke{l,...,K}

kernels move the complete particles igfl,;k). In order to reduce the computational complex-

ity of this step, it can be sufficient to only move a part of each particle, for example with

a transition kernel

k) | 4 (nk k —(n,k k
tn—1 (mgnnjl ’ mgnnf)l) =t t1n—1 (mg}Jr%:nfl ’ mg’zr%:nfl)é;iyl’]f) (mgysln’))’ (232)
/ . (n,k) — (n,k) . oy . . .
where n’ <n —1 and 101 (T 01 | Tp'i1m_1 ) 18 & transition kernel with invariant

distribution f , . (wq(ﬁfi;n_l)-

2.3.5 Parameter Dependent State-Space Models

While we can often describe a system by a state-space model, it can be necessary to extend
it by a random but time-constant parameter that the states and observations depend on.
Due to this dependency, it can be important to perform inference on this parameter jointly
with the states. The inference on this parameter may even be the main objective of the
task.

Similarly to Section 2.3.3, consider sequences of states (x,)ncn, where x, € R¥, and
observations (y,, )nen, where y, € RY | as well as an additional random parameter p € R?,

with D € N. We will speak of a parameter-dependent state-space model if (see (2.24))

fxn|xlzn717yl;n717p(mn | T1n—1, Y11, P) = fxnlan,p(wn | 1, D) (2.33)

and (see (2.25))

fynlnzn,yl;nfl,p(yn | T1m, Y115 P) = fynlxmp(yn | T, D) (2.34)
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14 2. Monte Carlo Methods

for all n > 2. A parameter dependent state-space model is defined by its initial pdf
fxp(@1 [ p) = ((x1 | p), the state transition model fx, jx, 1 p(@n | Tn-1,P) = {(T0 | T0-1,P)
for n > 2, the obvervation model fy i, o(Y, |Zn,P) = X(y, |Zn, p) for n > 1, and the

pdf of the random parameter f,(p). Here, our goal is to generate sequences of random
(n.k)

1:in

the target pdf fy,. oy, (T1m, P | Y1) bY

vectors X and parameters p™*) with k € {1,..., K} for each n € N to “approximate”

K
~(K (n,
fil:'rfup‘yl: (ml ny D | Y. n = Z )6 (" k) p(s k))<m1:n’p)’ (235>

and to approximate an expectation I, = E(h,(X1.0, P) | Y1.n, = Y1.n) DY
0 H(K
|$ZK) - \/]RD /]RXXn hn(ml:n7p)f§1:37p‘y1:n (wlzn;p | yln)dmlndp

:Z WOR R, ({0 p ), (2.36)

where h, (.., p) is an arbitrary function, K € N, and 5 W*) = 1.

If the PF is directly applied to an extended state X, = (X, p,,) with time-independent
parameter p, = p,,_; = P, then the algorithm will not move the parameter part of the
particles x\"* = (xﬁ"n’“) ,p§”nk)) as time progresses. Therefore, the distribution of the
parameter is at all times approximated by the initial samples or, due to the particle
depletion discussed in Section 2.3.4, a subset of them.

However, it is possible to solve this problem by applying the RMPF algorithm de-
scribed in Section 2.3.4 to the extended state with a transition kernel that only moves

the parameter part [24]. This can be done by using a transition kernel defined by the
conditional pdf

ignnk)lvyln 1) = tn—1(<$gnnk)1apgnnk)1> ‘ (mgnnk)l’pgnnk)l) qu)

:%fﬁk_) (mgn 1)fp\X1n 1Y 1n— 1<p£l 1) wgnnk)hym 1) (2.37)

tn 1 (mgnnk)l

From this transition kernel, we sample m&”,;’“)l (note that mgnnk)l = az(n k) 1) and p nk)
Furthermore, we set p( k) = pn, ) for all n/ < n — 1. Note that this transition kernel is

independent of pl:,;,l.

As the parameter p is constant over time, we can factor the proposal pdf according to

9n (5”2 ’ (n )1, Yim— 1) = 9n<(m£1n’k)ap£zn’k)) ‘ (mgnnk)lvpgnnk)l) yl:n—l)

= 5p(n,k) (pgln’k)>§n (.’E( k) "Egnnk)lv pfmn ?7 Y. n) (238>
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2.3. Sequential Monte Carlo Methods 15

where g, (.’I:(”k ‘a:l n’“)l,pg" ?4/1 n) is a proposal pdf for the state vector for all n > 2.
That is, the proposal pdf is only used to sample the state £(**) and leaves the parameter

p!™F) | which was moved by the transition kernel ¢, (mgnnk)l a:§”n’“)1, Yy 1) unchanged,

that is, p{™F) — p With this choice of the proposal pdf g, a:(” k) :c Lim 1, Yy , We
n n— 1 lin—1

can express the normalized weights of equation (2.20) as (see (2.28))

s X058 o 587
7 (( (1k)7p§1k)) ‘y )
k)

xR ((”“ ) )

WLE) o

} (7. 07) [5) (239
and of equation (2.23) as (see (2.30))
fynlxn,p(yn ’X%n’k),Pn )fxn\xn 1,p(x ‘xn; )7p£1nli )
(n,k)
e 0 (T o )
e [ ) o

Qn( nk)‘xln 17P£Lnli)>y1n)

for n > 2.

In general, we need the complete sequences mﬁ"n’i)l and y,.,,_, to sample from the
transition kernel defined in (2.37). Let us assume that there exists a sufficient statistic
s, € RY, with E € N, such that fyx,..y,. (P| @1, Y1.n) = fpis. (P | 8s). Further, assume
that s, can be calculated recursively according to s; = uy(x;,y;) with some function
uy(xy1,y,) and s, = u(s,_1,Xn,y,) for all n > 2 with some function u(s,_1,xn,y,,).

These assumptions allow us to simplify the RMPF [25], as the conditional pdf defining

the transition kernel (2.37) can be expressed as

n,k < (n,k n,k) | =(n,k
tn— 1(33§n )1 mgn )1)y1n 1> =0_ (" ") (mgn 1>fp\5n 1(p£L 1) ’ S( )>7 (241)
Where 51 li) is the sufficient statistic corresponding to the particle wgnk)l, that is,
= ul( " ,yl) and én,’k) = u( f{f ]?, 2, ),yn) for n’ > 2. This shows that, simi-

larly to the PF, to “approximate” the marginal pdfs f, ply,. (Zn,P|¥Y1.,), it is sufficient to

n—1,k n—1,k
2—1 )pq(z—l )

) and the sufficient statistic s "% instead of the

n—1

only keep the samples (
(n— k)

im—i and yq.,_q, if we choose the proposal distribution g,, independent

whole sequences
of ¢1.,—2 and y,.,,,_;. If there does not exist a sufficient statistic that can be calculated
recursively, then we can approximate the posterior distribution of the parameter with a

distribution where such a sufficient statistic exists [26].
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16 2. Monte Carlo Methods

2.4 Markov Chain Monte Carlo

2.4.1 General Principle

Another method to generate random vectors x*) € RY with k € {1,..., K} to approxi-
mate the expectation (2.3) as in (2.4), is to sample a homogeneous discrete-time Markov
chain which “explores” the target pdf.

A homogeneous discrete-time Markov chain is a sequence of ran-
dom vectors (x*)eny with x® €  RX  that is constructed from a tran-
sition  kernel defined by the conditional pdf t(xz®™|z*~V)  such that
Fewwon . xo (@® [ 2®0 0 2W) = faen (@® [20D) = #(@® 2*Y) for
all £ > 2. The ergodic theorem ensures 1) 2% I under mild conditions, if the Markov
chain is ergodic with the target pdf as its stationary pdf, that is, if f.w(x) = fx(x),
then fowin(x) = fx(x). This is the case if the Markov chain is irreducible and aperi-
odic [30, Section 6], and the target pdf is an invariant pdf of the transition kernel, that is,
Jax t(x® | 2= f (2 D)dz*-D = f (x®)). These properties ensure that the Markov
chain “explores” the support of the target pdf without getting stuck in cycles, and that
the pdf of the samples converges to the target pdf. We can sample such a Markov chain
by first initializing 2! € supp f, arbitrarily, and then sampling ® from ¢(x® | 2®*~1)
at each step k > 2.

There are several generic methods to construct suitable transition kernels for a wide

range of applications, some of which will be discussed below.

2.4.2 Metropolis-Hastings Algorithm

One of the most popular MCMC methods is the Metropolis-Hastings (MH) algorithm.
This algorithm is a “standard approach,” insofar as many other MCMC methods are
closely related to it.

k—1)

At each step k > 2, given the previous sample x*~Y = =1 4 candidate &® is

sampled from a conditional proposal pdf g(:i:(k)kv(k_l)). This candidate is then accepted
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2.4. Markov Chain Monte Carlo 17

Algorithm 2.3 MH algorithm

Input: *-Y ¢
1: sample £® from g(z® |z*-1)
2: set ¥ = £*) with probability P*) (see (2.42))
else set &®) = k-1
Output: x®

x®) = &*) with probability

pa(k) = P, (&™), m(’f—l))

fu@*) gz 2")
= min < 1, -
fx(@*=D)g(@® |z *=1)

- (30)g(x—D) | 500
1, if =y > 1 (2.42)
f(@)g@ D) |50) olse ' '

Fe(@T1)g @0 [2 1))

If it is not accepted, then the previous sample is used again, that is, x*) = ®*=1_ To find
an expression for the resulting transition kernel ¢(2®) | £*=Y) note that the sample z*)
is either the candidate generated with pdf g(z® | 2*~1) and accepted with probability
P, (™ 2= or the last sample £*~V with any candidate @, that was generated by
g(z | £*~Y) and then rejected with probability 1— P, (x, x*~1). Therefore, the transition
kernel is defined by the conditional pdf

t(x® |20y = p(z®, 2* D) g(z® | D) 4+ r(@® D)5 o) (2®), (2.43)
where
ra®0) = [ (1 P2t )yl | 2t )de. (2.44)

The pseudo-code for one step of this procedure is presented in Algorithm 2.3.

As with IS, equation (2.42) shows that in order to use the MH algorithm, we only have
to be able to evaluate the target pdf fy(a) up to a normalizing factor as it appears in both
the numerator and the denominator. A sufficient condition for the convergence of the algo-
rithm is that the conditional proposal pdf g(&®*) | £*~1) satisfies supp g(- | &) D supp fx
for all & € R¥. In order to ensure fast convergence, it is recommended to choose the
proposal pdf g(&* | £*~Y) such that the acceptance probability P,(z®*), £*~1) is close
to one for most &), x#~1) € RX to prevent the Markov chain from getting stuck for a

longer time.
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18 2. Monte Carlo Methods

Algorithm 2.4 MCMC algorithm with kernel cycles

Input: %Y, (t,)meq1,. N5}
1: forallm=1,..., Ny do

2. sample =¥ from t,, (:vgi) ’ a1 az(ﬁ’j;ffl))
3: end for
Output: x®

2.4.3 Cycles of MCMC Kernels

One problem of the MH algorithm is that for large dimension X, it can be diffi-
cult to find a conditional proposal pdf g(® |z*~Y) with a high acceptance prob-
ability P,(2®,x®*~1). One way to circumvent this problem is to split the random
vector x = [x; .-+ xx]T into an arbitrary number Ny < X of blocks xi,...,Xng
and then use a transition kernel defined by the conditional pdf #(z® |2*~V) con-
structed from Np lower dimensional transition kernels, one for each block. We can
split the random vector x into Ng blocks x,, by first partitioning the set {1,..., X}
as {1,..., X} = UM, By, where B, = {b1, -, bzt € {1,..., X} are non-empty
disjoint sets for all m € {1,..., Ng}, and then setting x,, = [xp,., ==+ X, 5 " € RIBml
for all m € {1,...,Ng}. If, for all m € {1,..., Ng}, we choose the transition kernel
defined by t,, (mﬁ,’f) mﬁ,’ffl),a)(k’k*l)) as an MCMC transition kernel (see Section 2.4.1)

- m

T
for xm’(xﬁm = :c(fy;f_l)) with x,, = [X;P Ce XX XJTVB} € R¥IPnl and
B T
w(_‘k’r,rié—l) — {wg’“)T .. mgr’f)_Tl mfﬁﬁ)T e mg\’,ﬂB DT] , then the transition kernel defined by
Np
t(x® |21y = II tn (a:gf) ‘ x*-D), w(k;f_l)) (2.45)
m=1

is an MCMC transition kernel for the complete random vector x. Therefore, at each step
k > 2, each block is sampled separately conditioned on the already sampled blocks of this
step and the remaining blocks of the last step. The pseudo-code for one cycle is stated in
Algorithm 2.4.

A drawback of this approach is that the Markov chain can move slowly if some blocks
are highly dependent. Therefore, it is recommended to sample highly dependent compo-
nents jointly by combining them into a single block.

One special case of this algorithm is the MH algorithm with kernel cycles, where we
use an MH transition kernel for each block. For each block m € {1,..., N5}, we sample

a candidate :i'gj) from a conditional proposal pdf g,, (:i:fif) ‘ a:gf_l), zc(ﬁ’j;f_l)), which will be
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2.4. Markov Chain Monte Carlo 19

Algorithm 2.5 MH algorithm with kernel cycles

Input: %Y, (g,)me(1,... N5}
1: for all m = 1 ,Ng do
2: sample ¥ from Im ( k)‘a: (k=1) (k- 1))
3: set ) = &K with probability P(k) (see (2.46))
else set %) = (=1
4: end for
Output: x®

accepted with probability

Famlx (~(k) ‘w(k,k—l)>gm (w(k—l) ‘i(k)7w(k,k—1))
(k) _ . m [X=m m m S
Pa,m = 1min {1 fx N (wm ) ‘CU kk 1))gm(i%) wg]];;_l) m(_\k;;f_l)) } (246)
Note that compared to (2.42), we have the additional condition x_,,, = %=1 in all pdfs.

The complete procedure for each step of this algorithm is stated in Algorithm 2.5.

2.4.4 Gibbs Sampling

By further specializing the MH algorithm with kernel cycles, we can derive the
Gibbs sampler, where transition kernels tm< ‘azk D gk U) are MH transi-
tion kernels with the conditional pdf of x,|x-,, as the proposal pdf, that is,
gm<i$)‘$$*1),m&%*1)) = fxmlxom (:igj)‘m(fr;ffl)) (note that ¢, no longer involves
ke,k—1)

x! as a condition). In this case

s (o1 P4 ) 1 ) 4
Jxom|xom (wgf b ) w(ﬁkﬁffl))gm (531(5) wv(qlifl), a:(kn’ffl))

R Gl L BTN G i)

= 247
me‘xﬁm (a: ‘m(k k—1) )fxm‘xm (:cm ‘x(k T 1)) ( )
=1 (2.48)
and therefore the acceptance probability (2.46) is given by
P®) = min{1,1} = 1. (2.49)

This simplifies Algorithm 2.5, as every candidate is accepted. The drawback of this
method is that we need to be able to sample each block from the conditional distributions
defined by fx,,1x-n (a:ﬁj? ‘ zv(f,;f_l)). The pseudo-code for one iteration of the Gibbs sampler
is stated in Algorithm 2.6.
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20 2. Monte Carlo Methods

Algorithm 2.6 Gibbs sampler

Input: -V
1: forallm=1,..., Ng do

2: sample z{) from fy, .. (mgf) ‘ q;&’%f*U)
3: end for
Output: x®

2.4.5 Particle Markov Chain Monte Carlo

Particle MCMC methods, first introduced in [20], are MCMC methods using transition
kernels based on SMC. These kernels allow efficient sampling of possibly highly dependent
states within an MCMC algorithm. In this section, we will focus on the particle Gibbs
sampler with ancestor sampling (PGAS) [21]. Let us, similarly to Section 2.3, consider
a sequence of random vectors x;.n, where x,, € RX, with target pdf fxy.n (x1.3) for some
N € N. Our goal is to generate samples mgk])\,, k=1,...,K, of fx, v (xz1.n). The PGAS
transition kernel for the states is based on a modified PF with L € N particles xglf,;"’l),

[ =1,...,L, similar to the PF described in Section 2.3.2. The transition kernel of this
algorithm is defined by

k k—1 kN1 k
t(z |2 = l;w( NG (=i)- (2.50)
That is, we sample from a particle approximation of fy, . (Z1.n): we choose azgk])\, as
the particle xglijN’l) with probability WM However, compared to the PF of Section

2.3.2, this transition kernel depends on a complete reference particle azglf&l) in that we

deterministically set x(*™%) = 2=V for each n € {1,..., N} during the construction of
the particle approximation (2.50). This change results in at least one probable sample at
each time n, even for an imprecise proposal density or a low number of particles L.
More specifically, for n = 1, we generate the first L — 1 particles x(lk’l’l) with [ < L —1
as i.i.d. with proposal pdf ¢; (azgk’l’l)) For the last particle, we deterministically set

x{F B — 2D Finally, we calculate (see (2.20))
fi (xF1D
WEL o a (lkr—,l,l)) (2.51)
g1 (Xl )
for all [ € {1,..., L} with ©f, Wkt =1,
For n € {2,...,N}, we generate particles zcglf]’VN’l) recursively using a modified PF
(since xFmE) = 2£*=1 for each n € {1,..., N}). We first perform resampling, that is, we
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2.4. Markov Chain Monte Carlo 21

generate L — 1 i.i.d. random vectors xlknn 11)7 l=1,...,L—1, with pdf (see (2.15))

k,L (kn (kyn—1,l/ (k,n,l)
D (afim)) = VZIW )8 k-t (), (2.52)
that is, we set x\"™) = xEm L with probability WkEn=1) for all ! € {1,...,L}.
To complete these particles, we sample x*m0 given x{¥™0 = "™ with proposal

pdf gn( k”l)‘mknl)) for all [ € {1,...,L — 1} and form the complete particle as

D) _ ( (ki) (knl))
To obtain the last particle x{"™ with x(*™L) = z*=1_ we have to resample x{*™%)
from among the previous particles x!"" 7" conditioned on x*mL) = g*=1_ It can be

shown that the probability of x{"™) = x{E17LD given x(knl) = gk-1) ig
W/ kn=10) W(k,n—l,l)fxn:N‘Xl%1 (w;’f;[l) xﬁ’f,;’i’f’”) (2.53)

for all [ € {1,...,L} with Y, W/*»=1D — 1 In other words, we generate (L) with
pdf

L
k kn, — k,n,
f((kl’l’/L)L)l (k,n,L) (wgn f) ‘w;k 1)) ZW/(kn L) 5 (k=10 (mgn f))7 (254)
Xiim—1 =1 X1in—1
that is, we set x\"™5) = x{(#" 7LD with probability W/:m=10_ The complete particle is
then x{¥mH) = (xglf,ﬁf), a:%’“”). The associated weights are calculated as (see (2.23))

n

o (570 )
D) | (kD)

W
In (xn ‘ Xiip 1)

(2.55)

for all [ € {1,...,L} with SF, Wk = 1, Finally, the new sample =\ is obtained

by sampling from the transition kernel t(a:1 N 5131 N ) (2.50), that is, a:gk])v is chosen

as particle x\"™" with probability W®ND for [ € {1,...,L}. The algorithm to sample
from the PGAS transition kernel is stated in Algorithm 2.7.

Suprisingly, while a transition kernel that directly samples from the PF “approxima-
tion” of the target pdf with a finite number of particles would not have the target pdf as
an invariant pdf, it can be shown that the addition of the reference particle wglf&l) in the
PGAS transition kernel defined by (2.50) ensures this property for all L > 2 [21, Theorem

1]. Furthermore, the number of particles can usually be chosen much smaller for the

PGAS transition kernel than what is necessary for a PF in a similar scenario.
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22 2. Monte Carlo Methods

Algorithm 2.7 Particle Gibbs with ancestor sampling

kf
Input: @iy, (9 )neqr,..n

1: foralll=1,...,L —1do
(k,1,0)
sample x;

end for
set w&k’l’L) = azgk_l)

9. (k,l,l))
3:

4:

5. foralll=1,...,L do

6:

T

8:

9

from ¢y (a:l

calculate W 1D according to (2.51)
end for
for alln=2,..., N do
foralll=1,...,L—1do

10: sample ! = azg’fi_ll’l,) with probability W®»=1) for all I € {1,..., L}
11: sample ™Y from g, (mﬁf’”’l) ) xﬁ’?jﬁ?)

12: set i) = (a:%’fﬁll), a:ff’”’l))

13: end for

14: foralll=1,...,L do

15: calculate W'*n=1D according to (2.53)

16: end for

17: sample "™ = &M with probability W/®n=10 for all [ € {1,..., L}
18 set 2l = (2 2l

19: forall/=1,...,L do

20: calculate W*m) according to (2.55)

21: end for

22: end for

23: sample "), = "V with probability W&END for all I € {1,..., L} (see (2.50))

Output: mgk])\,
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2.4. Markov Chain Monte Carlo 23

2.4.6 Parameter Dependent State-Space Models

As an alternative to the RMPF of Section 2.3.4, we can also use MCMC with the PGAS
transition kernel of the previous section for parameter estimation in state-space models.

Let us reconsider the parameter dependent state-space model of Section 2.3.3.
That is, we have the sequences of states (x,)nen, where x, € R¥ and observa-
tions (y,,)nen, where y, € RY, as well as an additional random parameter p € RP.
They are defined by the initial pdf fyp(z1|p) = ((x1|p), the state transition
model  fy,jx,1p(Tn |Tn-1,p) = &(®n|x,1,p) for n > 2 and observation model
fy, xup(YUn |20, P) = X(y, | Tn,p) for n > 1, and the pdf of the random parameter
fo(p). Our target pdf is the joint posterior pdf fy, . ply.n (1N, P|Y1y) for a given
time interval with length N € N. We are interested in generating sequences of ran-

dom vectors xgk])v and parameters p*) with k € {1,..., K} to “approximate” the target

pdf fX1:N7P\Y1:N (m11N7p | yl:N) by (See (235>>

K
(K
f)El:]\)]7p|YI:N(m1IN7p | Y1v) = kz_:lW(k)(s(ngz)\rvp(k))<m1:N7p)’ (2.56)

and to approximate an expectation Iy = E(hy(X1.n,P) | Y.y = Y1.n) by (see (2.36))

K
/RD /RXXH (1. N7p>f)£11377p‘y1N(m1 NP Yy)dzrydp

—Zwk(km@ (2.57)

where hy(@1.n,p) is an arbitrary function and Zle W) =

To generate samples (xgk])v, p(k)> we can use cycles of MCMC kernels (Section 2.4.3),
where we first sample x1 N with Algorithm 2.7 and then p® from an arbitrary MCMC
transition kernel ¢, (p ‘ pl—1), :Izgkj)v, Y. N) We can make some simplifications for state-
space models compared to the general formulation of Algorithm 2.7. For this scenario,

the transition kernel is (see (2.50))

L
tpcgas ("ngj)\f J}gkNl),p(k 1)?y1:N) = ZW(kNl)(S (k,N,1) ("ngl)\i) (258)

=1 XN

At the first time step, we use a proposal pdf gl( kL) ‘y ,ptF- 1)) and the normalized
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24 2. Monte Carlo Methods

weights (2.51) can be simplified to

(kL0 o fX1|ylﬁp(X1 L) ‘ yy, pF- 1))
o ( (k10 ‘?Jp (k— 1))
fy1|x1,p(y1 (B (e )fx1|p(x§k’1’” p(k_1)>
o
91( (k,10) yhp(k-l))
B X(y1 ’xg’%l,z) p(k—l))§< (k1,0) ’p )
= g1( 1’l)’y ,plk— 1))

for all I € {1,...,L}, where we have used Bayes’ theorem in the first step and the

W

(2.59)

properties of our parameter dependent state-space model in the second. For the time
steps n € {2,..., N}, we use a proposal pdf g, (w(k ) ‘ w(knnll), Y1 PF ) We can then
express (2.53) as

W/ kn=10) W(k,n—l,l)fxn 1. (m(k—l) ‘ m(’iﬂ;—l,l))p(k—l))

_ W(k,n—l,l)é&( ’ x, k” Ll) p(k_l)) (260)
and simplify (2.55) to

fxn|X1n 1,y1n,p<xknl ‘wknnll)7y1n’p( ))
gn( (k,n,l) ‘wgknn?7y1n,p( ))
P (0 [ XY (80 a5, )
x
In (X"m) 25y, P D)
X(yn‘ng,n,l)?p( ))é’(x (k,n,0) ’m(k”l),p(’f 1))

gn(xgcnl ‘wgknnll);y1n;p(k 1))

W(k,n,l) x

(2.61)

for all [ € {1,..., L}, by again using Bayes’ theorem and the properties of our parameter

dependent state-space model.
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Chapter 3

Bayesian Nonparametrics

This chapter gives an introduction to Bayesian nonparametric (BNP) models. We will
base this chapter on the recent book [10] unless stated otherwise. A statistical model
is a family of distributions that differ in the choice of a parameter. If this parameter is
infinite dimensional, then the statistical model is called nonparametric. We are referring
to a model as Bayesian if this parameter is modeled as a random variable defined by
a prior distribution. While there are many important BNP models, we will limit this
introduction to the Dirichlet process (DP) and the Dirichlet process mixture (DPM). The
DP, first introduced in [11], is fundamental to BNP, as it exhibits important properties
and serves as a building block in more complex BNP models, such as the DPM. One
common application of the DPM is clustering. In contrast to many clustering algorithms,
clustering based on the DPM does not require a predefined number of classes and allows
the number of classes to grow with an increasing number of data points. Further popular
BNP models are the hierarchical DP [10, Example 5.12], the Gaussian process [10, Chapter
11], and the Indian buffet process [10, Section 14.10].

3.1 Dirichlet Process

3.1.1 Construction and Definition

In this section, we will construct and define the DP as a random discrete pdf fpp(p),
closely following the definition in [33]. We note that the DP is usually defined as a
random discrete measure, with the most general definition given in [10, Definition 4.1].
However, the definition of the DP as a random discrete measure would require the use of
measure theory, which we will avoid by defining the DP as a random discrete pdf.

Let us consider a random discrete pdf on R”, with D € N, that can be expressed as
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26 3. Bayesian Nonparametrics

the weighted sum of Dirac deltas
fo(p) = D Bedp: (D) (3.1)
c=1

with random positions p; € R? and random weights B, € [0,1] for all ¢ € N such that

[e.e]

> B.=1 as. (3.2)

c=1
One way to construct the random weights (B.).cn is the following recursive procedure.
The first weight B, is equal to Vy, which is a random variable between 0 and 1. For ¢ > 2,
the weight B, is equal to 1 — Y%, B, multiplied by the random variable V.. € [0, 1], that
is,

B, — Vc(l S BC/). (3.3)

/

It can be shown that we can restate (3.3) as
c—1
B.=V. [](1—Ve). (3.4)
=1

If we choose the random variables (V.)eey as independent and such that
Y2 E(log(l — V,.)) = —o0o, then it can be shown, similarly to [34, Lemma 1], that
the weights (B.).en satisfy (3.2).

To obtain a further specialized case of feasible random variables (V.).cn, first note that
E(log(1 - V.)) < log(E(1 — V..)) = log(1 — E(V..), (3.5)

where we have used Jensen’s inequality in the first step. By choosing the random variables

(Ve)een as ii.d. with E(V.) > 0, we have

> E(log(1 Vo)) < Y log(1 ~ B(V.)) = log(1 ~E(V) Y1 =00, (36)

c=1 c=1
where we have used (3.5) in the first step. Therefore, we can, for example, ensure (3.2)
by choosing the random variables (V.).en as i.i.d. with E(V,.) > 0.

This recursive procedure to construct the weights (B.).cn is often called stick break-
ing, as the weights can be imagined as pieces of a stick with total length 1. A graphical
representation of the stick-breaking analogy is provided in Figure 3.1.

Consider now the special case of the stick breaking procedure with i.i.d. random vari-

ables (V.).en with a Beta(1, «) distribution, where @ € R*. The pdf of V. is

V) = S - v 37)
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3.1. Dirichlet Process 27

Fig. 3.1: Graphical representation of the stick breaking procedure.

for all V. € [0,1] and ¢ € N, where I'(z) = [;°y* e ¥dy for all x € RT. The expectation
of V, is

1

==>0 (3.8)

E(Ve)

Further consider i.i.d. random positions p} with some pdf fg(p?). The resulting random

pdf
fop(p) = i B.dp: (P) (3.9)

is called a DP with base pdf fq(p) and concentration a. Similarly to Chapter 2, note
that while we use a pdf fq(p) for simplicity in this chapter, we can also, with the obvious
changes, use densities of other types of random variables. The distribution of the DP
fpp(p) is briefly denoted as DP(«, fi). This choice of a Beta(1, ) distribution will allow
us to formulate important properties of the DP later in this chapter. The concentration «
determines the weight distribution of the DP fpp(p), where a small « leads to more weight
assigned to small indices c. Note that for a = 1, in particular, the random variables V.
are distributed according to a Beta(1,1) distribution, which is the uniform distribution
on the interval [0,1]. Further note that if the base pdf fo(p) is continuous, then it can
be shown that there does not exist a pdf defining the distribution DP(«, f¢). The above
definition of the DP is restated in Definition 3.1.

Definition 3.1: Let a € R*, D € N, and fq(p) be a pdf on RP. The random pdf

for(p) = 3 Bl (p) (3.10)
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with
B, = Vi, BC:VCC_r[l(l—VC/) for all ¢ > 2, (3.11)
/=1
where
Vi, Vs, ... " Beta(1,a), (3.12)
and with
pi.ps, . N fa (3.13)

is called a Dirichlet process (DP) with base pdf f;(p) and concentration «, and
we denote its distribution by DP(«, fg), that is,

po ~ DP(Oé,f(;). (314)

3.1.2 Properties

Consider the following construction of random vectors p, € R for all i € N. First we

define a DP
fop ~ DP(a, fG) (3-15>

with @ € RT and the continuous pdf fg(p). Then, we let the random vectors (p;)ien be
conditionally i.i.d. with pdf fpp, that is,

P Pos - | (Fop = for) X fop. (3.16)

Note that we require fg(p) to be continuous to ensure that pi # pb a.s. iff ¢ # .
Therefore, if we use a density of a different type of random variable instead of fg(p), then

we have to choose it such that we have p¥ # p’ a.s. iff ¢ # .

Marginal Distribution According to (3.10), we have
for(p) = D _ Bedp: (P) (3.17)
c=1

for some random weights (B,).cn and random positions (p*).en. It therefore follows that,

for each 7 € N,
p;, = p.. with probability B, for all ¢ € N. (3.18)

As each p? is individually distributed according to the pdf fg(p!), the marginal pdf of
each p, is also fq(p;), that is,

fo.(pi) = fa(py). (3.19)



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

3.1. Dirichlet Process 29

Number of Distinct Values If we denote the number of distinct values among the first
I random vectors py, ..., p; as C; € N, then it can be shown that E(C;)/(alog()) — 1 [10,
Proposition 4.8], that is, the expected number of distinct values C; grows logarithmically

and is close to alog(7) for large I.

Posterior Distribution Another important property is the distribution of the random
pdf fpp given p,.;, for some I € N. As shown in [11, Theorem 1], this random pdf is again

a DP with the same concentration a but a different base pdf, that is,

fop | (P1.; = P1.s) ~ DP(a, fa.r) (3.20)
with
foate) = 7 (afelw) + 36, 0)) (321)

To further elucidate this property, we can use (3.18) to express (3.21) as

foalp) = 7 (o) + 1315, 0))

a+ 1
1 ar
— IS Br.b,(p) ), 3.22

7 (osetw) 1S Bt (322
where C7 is the number of distinct values p? among the vectors p,,...,p; and B I.c is the
empirical probability of p’, that is,

. 14

Bre =72 1(pi =pp). (3.23)

Il
i

It follows that (3.22), and therefore also (3.20), is invariant under permutation of the

given samples py, ..., D;.

Induced Partition One property of the DP is that it induces a random partition?
on the natural numbers N. As stated above, each random vector p; is equal to p} with
probability B, for all ¢ € N. This motivates an equivalent formulation of (3.15) and (3.16)
using latent indicator variables ¢y, co, ... € N. More specifically, with (B.).en and (p})cen

as in Definition 3.1, we define ¢; conditionally i.i.d. given (B.).cn according to

P(ci = c|((Bo)een = (Beeen)) = Be (3.24)

LA partition of a set X is a set B of non-empty and disjoint subsets of X such that UXeq} X=X



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

30 3. Bayesian Nonparametrics

for all ¢ € N, and we set

for all © € N. This formulation shows that the DP naturally induces a random distribution
on the set of all partitions of N by grouping indices ¢ with equal indicator variables c;.
If we choose an arbitrary continuous base pdf fq(p) and concentration « for the DP,
then the induced random distribution on the set of all partitions is called the Chinese
restaurant process (CRP) with concentration « [10, Section 14.1.1]. The distribution of
the CRP is only parametrized by the concentration « as the random vectors (p})cen in
Definition 3.1 have no influence on the CRP, provided the base pdf fg(p) is continuous.
Note that the resulting partition has C; subsets for the first / random vectors p,.; and
is invariant under permutation of the indicator variables (c;);en as they are conditionally

i.i.d. given (B.)cen-

3.1.3 Sampling from the Dirichlet Process

We are often interested in generating samples from a statistical model. One way to
generate samples p,.; from a DP would be to first sample the pdf fpp from DP(a, fg)
(see (3.15)), and then generating the samples p,.; from fpp(p) (see (3.16)). This, however,
is infeasible in practice as the pdf fpp(p) includes an infinite number of Dirac deltas.
Another approach to generating the samples, which is feasible in practice as it avoids
sampling a complete DP, is based on the DP’s posterior distribution (see (3.20)). By

applying the chain rule, we have

I
fpu(Plzl) = Jp, (py) H fp¢|p1:i_1<pi | Prio1)- (3.26)

=2

Therefore, we can start by sampling p; from f (p,), and then sample p; given py,;_,
from fp.p,.. ,(P; | Pr_y) forall i € {2,...,1}. These pdfs can be simplified by using the

properties discussed in Section 3.1.2. Using (3.19), we can express fp, (p;) as

fo.(P1) = fa(py)- (3.27)

To simplify fp.1p,. , (P; | P1.i_1), first note that according to (3.20)-(3.23), with i—1 instead

of I, we have

fop | (P11 = P1i_1) ~ DP(a, fG,zel), (3.28)
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with
fai1(p) . fa(p 1) Z (3.29)
i— =— |\« Z - i— c ) .
G,i—1\P oti_1 c\p s 1
where C;_; is the number of distinct values p} among the vectors p,,...,p,_; and

== Lpy=p;) (3.30)

As p,;|py.;_; is distributed according to (3.28), we can apply (3.19) to (3.28) and obtain

Foprs s P; | Pricy) = Jai1(Py). (3.31)

In other words, it follows from (3.27) that we sample p, from fg(p). Similarly, for
ie{2,...,1}, it follows from (3.31) and (3.29) that we either sample p, from fg(p) with
probability —9—, or we set p; = p; with probability % forall ce {1,...,C;1}.

3.2 Dirichlet Process Mixture

3.2.1 Construction and Definition

One important application of the DP is its use as the pdf of the prior distribution for a
parameter p € RP of a statistical model for a random vector x € R¥X. More specifically,

in this case, the parameter p is distributed according to the DP fpp ~ DP(«, fg), that is,

p|(for = for) ~ for. (3.32)

Further, the random vector x is parametrized by p, that is,

x|(p=mp)~v(|p) (3.33)

with some pdf ¢)(x | p). Note that instead of a pdf ¢)(x | p), we can also, with the obvious
changes, choose a density of a different type of random variable. Consistently with (3.32)
and (3.33), we assume that given p, x is conditionally independent of fpp. It follows from

(3.32) and (3.33) that the pdf of x given fpp(p) can be expressed as

P @ Jor) = [ Fupsoe @ P for) ot (P | for)dp
= / Fap(@ | P) for(p)dp
—/ z | p) for (p)dp. (3.34)
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32 3. Bayesian Nonparametrics

Using (3.10), we finally obtain
Txioe (2| foP) = RD@/} x|p) ZB&
Zié / | p)op; (p)dp
= Z Baj(z | p;) (3.35)

for some (B.).en and (pf)cen. As (3.35) is a mixture based on a DP, this model is called a
Dirichlet process mixture (DPM). This definition of the DPM is restated more concisely
in Definition 3.2.

Definition 3.2: Let o € RT; D, N € N; fa(p) be a pdf on RP; and (x| p) be a pdf on
R¥X for each p € RP. A random pdf defined by v (x| p), with p|(fop = fop) ~ fop and
fop ~ DP(«, fg) is called a Dirichlet process mixture (DPM).

3.2.2 Inference

Consider a DP
fop ~ DP(% fG) (3'36>

with some o € Rt some continuous pdf fq(p), and conditionally i.i.d. random vectors

(p,;)ien such that

P1.Po. - | (Fop = for) < fop. (3.37)

Further consider conditionally ii.d. random vectors (x;);eny with a distribution

parametrized by (p,)ien, that is,

xi|(p; =p;) ~¥(|p;) (3.38)

for all i € N, with some continuous pdf ¢)(x | p) for p € RP and with x; is conditionally
independent of p; for all i’ # i given p,. That is, the random vectors (x;);en are distributed
according to a DPM.

Similarly to Chapter 2, we are mainly interested in generating samples pgk} for
ke {1,..., K}, or equivalently, cgk} and p®) for ¢ € {cgk), o ,cgk)} and k € {1,..., K}
(see Section 3.1.2), to obtain MC approximations. For this, we will discuss two Gibbs

sampling algorithms below.
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3.2. Dirichlet Process Mixture 33

Algorithm 3.1 Gibbs sampler for DPM

Input: pglff_l), Ti.1

1: forall:=1,...,1 do
2: sample pl(-k) from fo p . x..; (pl(k) \p(fi),a:LI) (see (3.39))
3: end for

Output: pgk})

Gibbs Sampler It can be shown that [10, Theorem 5.3]

fPi|Pﬁ¢,X1:I (pi | b, wl:l) - fPi|Pﬁ¢aXz‘ (pi ’ y Ly ml)

1
X ——— (azb(mi | ) fa(p:) + i/eg;}\{i} W (@; | py)op, (pi)>, (3.39)

where p_; = (Py,...,P;_1,Pit1,---,P;). Therefore, p; given p_; and x;.; is distributed
according to a pdf proportional to ¥(x; | p;) fc(p,;) with probability

«

b; _— 3.40
0 & a+l-1 ( )
and equal to p,, for ¢/ € {1,...,I}\ {i}, with probability

a+I—-1

where

Z by =1. (3.42)

ie{0,1,.... 11\ {i}

If we are able to sample from (3.39), then we can use Gibbs sampling (see Section 2.4.4) to
generate the samples pgk} [22]. The procedure for each step of this Gibbs sampler is stated
in Algorithm 3.1, where p&lci) = (pgk), e ,pgli)l,pg:l), ceey pgk_l)). One drawback of this
algorithm is its slow convergence as it updates each p,(;k) separately, even though several
of them can be equal. This algorithm is especially applicable if the base pdf fg(p) is a
conjugate prior? of ¥ (x | p), as this will typically simplify sampling from ¢ (x; | p;) fa(p;)

in (3.39).

2Let q ~ fg and rq,...,rs|(q = q) i ¥(-]q) with J € N. The pdf fc(q) is said to be a conjugate

prior of ¥(r|q) if the posterior distribution fq,.,(q|7r1.7) is in the same family of pdfs as fa(q). That
is, fa(q) = ¢(q|w) and fq,.,(q|71.7) = ¢(q|u’), for all ry.;, for some parametrized pdf ¢(q|u’) and
some parameters u and u’.
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34 3. Bayesian Nonparametrics

Gibbs Sampler Using Indicator Variables Similarly to (3.24) and (3.25), it is pos-
sible to introduce indicator variables to obtain an equivalent formulation of the model

(3.36)—(3.38), that is, we define ¢; conditionally i.i.d. given (B.).cny with

P (c; = | ((Beeers = (Be)eent) ) = Be (3.43)

for all ¢ € N, and
P = Pe.) (3.44)
x; | (p; = p;) ~ ¥(- | p;), (3.45)

for all i € N, with (B.)ceny and (p})ceny as in Definition 3.1. We can use this model to
construct an alternative Gibbs sampler [23], where we first sample the indicator variables
c;, and then the parameters p} for each distinct value of the c;.

We start by noting that it follows from (3.43)—(3.45) that

fPi|Pﬂi,X1:I (pz | y L mlif) = fP¢|Cﬁi’PE:i7X1:I (pz ‘ C—i, pzﬂ-a 331;[), (346)

_ * _ *
where ¢-; = (c1,...,Ci—1,Cit1, .-, Cr) and Py = (P})eefcr,cior,cistrner}- Further, we can

restate (3.39) using the indicator variables ¢; and the parameters p’ according to

fpilpﬁivxl:l(pi | D T1.1)

1
—¢zzf i) T wiz"éz' Z)
O<a+I—1<a (x| p;) fa(p;) ileﬂ;}\ﬁ} (| P, )0z, (D7)
1

by (Y ae-)@lmie).

c€{c1,5Cim1,Cit1,cr ) N E{L L TI\{i}

Combining (3.46) and (3.47), we obtain
fPi|Cﬁi7P§ﬁi7X1:I (pi | C—i, P;i, 331:[)

1
X m (aw(m, | pi)fG(pi)

D SR G o () LIS %) FR YD

ce{c1,nCim1,Cit1,mery N E{L. TI\{i}

For all ¢ € {l,...,I}, the probability of the event ¢; = ¢, with
cefer, ..., Cio1,Cip1, .. 01}, given € = €, Pi, = Py, and x;.; = 1.7 is (see (3.39))
b@C = ]P<CZ =c | C-; = C~j, Pzﬂ = pzﬁia X171 = wl:[)
= ]P)(pz = pz | C.; = C~;, pzﬂ - pz_‘iaxlzl - 331:[)

= /{ . fpilcﬁi,pé;i,xl:z(pi | Cﬁiapzﬂ-a x1.r)dp;, (3.49)
f
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3.2. Dirichlet Process Mixture 35

where we have used that pi # pb as. iff ¢ # ¢ as fg(p) is assumed continu-
ous. The probability of ¢; being distinct from all the other indicator variables, that

is, ¢; & {c1,...,¢i1,Civ1,- -, C1 }, given the same random variables as above, is

bio =P(c; ¢ {c1,...,Cio1,Ciy1,. .., C1} | €y = €y, Piﬂ- = p;, X1.1 = T1.7)
= ]P)(pz ¢ {p;? s ’p:i—l’pzi+1’ s 7pzl} | C-; = C—;, p:ﬂ = pzﬂ-u X1:1 = ml:])

fpi\cﬁi,P:ﬁHXl:I (pl | c_‘i? pz_wﬂ wl[)dpl (350)

/IRD\{pz1 jesPE Py Pl )

Note that

Yo bie=1 (3.51)

ceC;

with C; = {0} U{e1,...,¢i1,Cit1,- .., cr}. By applying (3.48), we can simplify (3.49) to

1
bic o /{pz} m <C“/f(33i | p;) fa(p;)

+ ) ( Y. L= d)) U(@; | pe)opr, (m)) dp;
c’G{cl,...,ci,1,0¢+1,...,01} iIE{l,...,I}\{’i}
(0

Q+I—1 {pz}w(w |pz)fG(pz) P

1 , )
T m/{pz} > ( Y. e = 0)>¢(wi | P& )opr, (P:)dp;

CIE{Cl,...,Ci,1,0¢+1,...,01} i'E{l,...,I}\{i}

—_ 1 / *
= a+l—1/{p;} ) ..CI}< >, e =C))@b(wilpc/)%(pi)dpi-

cefet,Cim1,Cit1, ie{L,... I\ {1}

(3.52)

Solving the integral in (3.52), we obtain

1
b = —( SR c>)w<a:i 1P, (3.53)
at+l-1 ire{l,.... I\ {i}

where 1 is the indicator function and with a proportionality constant such that (3.51) is
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36 3. Bayesian Nonparametrics

true. Similarly, by applying (3.39), we can simplify (3.50) to

bio o /R ; (MM%’ | p;) fa(p;)

D\{Pl:-~~:Pi—17Pi+17~~~,P1} o+ I—-1

+ ) ( Y. e = C’)>w(wi | Pe)opr, (m))dp@-
C/e{cl7...7ci71,CiJrl,...,CI} i/E{l,...,I}\{i}
(%
- (@i | p;)falp;)dp;
« + I - ]‘ RD\{plv"?pifl7pi+17"'7p1} ( | ) G( )
1

— 5

— D ) .
« + I 1 R \{pl7~~~9p1—17p1+1"'-7p1} Cle{Cl,.--,01717Ci+1,~..7C1}

( ) 1(cy = Cl)>¢(wz’ |p:'>‘5p:, (p;)dp;
ie{1,. I\ {i}

= —— L, v@p)fe(p)dp, (3.54)

with the same proportionality constant as in (3.53). Using (3.37), (3.38), we can further
simplify (3.54) to

bio o< # /RD in|Pi(wi ’Pz')fpi (p;)dp; = ﬁfxi(wi)' (3.55)
As we have
fPi|Xi (i) | mz)fxz(wz) - fo|Pz(wz |ﬁ)fpl (ﬁ) (356>

for any p € RP, it follows from (3.55) that

oo @ b (@D o v(@i|P)fa(p)
P a+T-1 fow®l®m) e+ I1-1 fou(pl®)

(3.57)

for any p € R” with f, 1« (P |2;) > 0.
The pdf Of p: glven C]_;[, p:c = (p:’)cle{cl,...,C[}\{C}v a‘nd xl:] iS

fP??|C1:1,Pic,X1:1 (p: ‘ Ci:1, pica 331;[) X fX1;1|P§,C1:1,Pic (331:1 !Pz’ Ci.1, pic)fpﬂcnbpic (pz | Cl:ﬁpic)a

(3.58)
for all ¢ € {cy,...,cr}, where we have used Bayes’ theorem. Let us simplify both factors
in (3.58). The first factor, fx, ,|ps.ci.ppe. (T1:1 | PE, €11, PL.), can be simplified to

I
fX1:I|P?§»C1:I,PiC (331:1 |pz7 Ci:1, pic) = H in|P?§,C1:IaPiC (ml |Pz> Ci.1, pic)
i=1
X H fxiloz cvrpr, (Ti | PL, €11, PZ,)
— 10 fmalpi) = T1 valpl). (850)
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3.2. Dirichlet Process Mixture 37

Algorithm 3.2 Gibbs sampler for DPM with indicator variables

Input: cglf}_l), cl(llfa;l),p <(f 11))7 Ti:g

1: forallt=1,....1 do

2: sample c(k) = ¢ with probability b; . for all ¢ € {0, cgk), e ,c@l, cﬁ]l), e ,cgkfl)}
(see (3.53) and (3.57))
3 if M =0

set l(k) = max { maxye(1,..i—1} c(, , el 1)} +1and

max
#(k—1) (k) (k1) k—1
Sample pc(_k) from fpé‘\cl:iaci+1;17Pic7X1;I (pc( 2 ’ Ci.i5Ciig ?p—\(c ) y L1:1

(see (3.615)

4: end for

5: set ¢®) = max { maX;e(1,.. 1} ), cﬁr’f;})}

6: for all c € {cgk), e ,cgk)} do

7. sample pi®) from foeie,pe e (PE) | €17, P, @) (sce (3.61))
8: end for

*(k
OUtPUt Cg I)v Enzz)mpcgk))
1:1

where we have used the independence assumptions defined in at the beginning of this
section, (3.38), and that we are interested in (3.58) as a function of pf. The second

factor, fosjc,.,.p=. (PE | crr,PZ,.), can be simplified to

Jotlerr o, (P: | €, P2.) = for () = fa(p?), (3.60)

where we have used that the parameters p’ are i.i.d. (see Definition 3.1). By inserting

(3.59) and (3.60) into (3.58), we obtain

fpc\cl ],p_‘c,xl 1(pc | C]. [7p—\c7 :B]. I ( H w wl ‘pc )fG(p:) (361)

iic;=c

The pseudo code of the resulting Gibbs sampler is provided in Algorithm 3.2, where

p*%) is defined as p*_ above with pz,(k)

*(k—1)

C,

instead of p} if it has already been sampled and

*) i sampled

otherwise. Note that in Algorithm 3.2, if an indicator variable ¢,
different from every other indicator variable, that is, c 7& c (=1 for all i’ € {1,...,1},
then it is temporarily set to 0 in Line 2 and assigned a new unique value in Line 3.
Furthermore, as cgk) is a new class, we also sample a new parameter pz((,f;l) according to
(3.61) in Line 3. i

Just as for the Gibbs sampler without indicator variables presented above, it is benefi-
cial if the base pdf fo(p) is a conjugate prior of ¢ (x|p) to simplify sampling from (3.61).

This is demonstrated next.
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38 3. Bayesian Nonparametrics

Example 3.3: Consider the Gaussian pdfs fg(p) = N(p; p,0?)  and
(x| p) = N(z;p,03), where u € R, and 0%, 02 > 0. Tt follows from (3.61) that
P, | (€r.r = €1, PL. = Pl X1ir = X1g) ~ N(//, 012) (3.62)
with
p = C— (% + i G C)x’) (3.63)
;12 + W g1 03
and 1 2
2 1 ZZ‘I:1 L(ci =c¢) o
o = (U—%—i- = ) , (3.64)

as fa(p) is a conjugate prior to® (x| p).
Note that in Example (3.3), (3.61) is a Gaussian distribution (3.62) and, therefore, easy

to sample.

Expectation of the Posterior Distribution of the DP While there exists a closed
form solution for the expectation of the posterior distribution of fpp given the samples
x1.; = @1.7 [10, Proposition 5.2], it is of limited use due to its computational complexity.
There is however a wide variety of algorithms to approximate it.

One approach is to first use an MC algorithm to generate samples pgl) for
k € {1,..., K} that approximate the posterior distribution of p,.; given x;.;. With the

help of (3.20), it can be shown that the DP fpp(p) given x;.; can be approximated by

?](3’123 ;(p), which is distributed according to
HK
fops ~ — Z DP(a, f$7) (3.65)
with (see 3.21)
~ 1
Y(p) = 5 3.66
c.1(p) a+[(afG +Z (k) ) (3.66)

which is to be interpreted in the sense that ;c](ap, ;(p) is distributed according to DP (a, f((;k})
with probability & for all & € {1,...,K}. In other words, the expectation of the

posterior distribution of fpp given the samples x;.; = @;.; can be approximated by

% Zszl DP (04, f((;k)1> :

SIfF p ~ N(wo?) and xl(p = p) ~ N(p,od) Ifor i € {l,...,I}, then

1 + I
In other words, the Gaussian distribution is the conjugate prlor for the mean of a Gaussian distribution
with known variance.

pl(x1 = x1,...,x; = x1) ~ N/, 0?) with ¢/ = (f% L) and o2 = (—1; + %)71.
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Clustering As mentioned in the introduction of this chapter, one important application
of the DPM is clustering. The objective of clustering is to partition a set of observed
data points {@; : © = 1,..., I} into subsets, called classes or clusters, according to some
criterion. Equivalently, the solution to a clustering problem is a partition of the index set
{1,...,1}. If we assume that the data points x; were sampled from a DPM as defined
in (3.36)—(3.38), then we can use the partion induced by the indicator variables, that
is, the indices ¢ with equal indicator variables ¢; are grouped into the same subset. We
can choose the most likely partition that is induced by the the indicator variables as our
solution to the clustering problem (see CRP in Section 3.1.2). More specifically, the most
likely partition is induced by

Cjoint,1:1 = argmax, cnr P(Cr.r = €rr | X1.r = @1.1). (3.67)

In the case of an MC algorithm, for example, Algorithm (3.1) or Algorithm (3.2), we can
approximate the indicator variables cy.; that induce the most likely partition according

to

K

Cioint,1:] A argmax,  cnz Z l(cgk} ~ CM) (3.68)
k=1

with the equivalence relation ~, where cgkl) ~ ¢y, is true iff the induced partition of cgkl)
is equal to the induced partition of ¢;.;7, where the samples cgkl) are generated by the MC

algorithm. In practice, for large I, we can also use the heuristic approximation

K
¢; A argmax,cy » ]l(cz(»k) = c) (3.69)
k=1

for all i« € {1,...,1}. One important aspect of using the DPM for clustering is that
the number of classes C; (see C; in Section 3.1.2) is random and does not have to be
set in advance. As the DPM is defined as a random mixture with an infinite number of
components, closely related to the DP, the number of classes C; grows with the number
of data points I [35] (see Section 3.1.2). If the number of classes is assumed to be random
but not growing with the number of data points, then it is recommended to use a mixture
of finite mixtures [36], which is closely related to the DPM and allows for similar inference

algorithms.
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Chapter 4

Inference in Bayesian Nonparametric
State-Space Models

In recent years, with the rise of big data, inference based on large data sets to extract useful
information has become increasingly important. Often, these data sets represent a large
number of time series (TSs). One approach to extract hidden structures is clustering.
Clustering of TSs is an active research topic that has been applied to a wide range of
different data sets [37]. As mentioned in Section 2.3.5, TSs can often be modeled by
a parameter dependent state-space model. In the present chapter, we introduce two
algorithms for inference in parameter dependent state-space models, where the parameters
are assumed to be distributed according to a Dirichlet process (DP) (see Section 3.1).
These statistical models were first introduced in [13] and we will call them Bayesian
nonparametric (BNP) state-space models. They combine parameter dependent state-
space models with the Dirichlet process mixture (DPM) (see Section 3.2), where the T'Ss
take the role of the random vectors x; in Section 3.2. The DPM results in a clustering of
the TSs, where the T'Ss in each group have equal parameter values.

In addition to the clustering, the equal parameter values in each group should also
improve the estimation of the parameter of each TS, as we can jointly use the observations
of all of the group’s TSs instead of using the observations of each TS separately. As the
states depend on the parameters, the improved estimation of the parameters should also
improve the state estimation. One example where such a statistical model could be applied
is extended target tracking of marine vessels using X-band radar [4], as it is likely that a
radar system in a harbor should track similar vessels, or the same vessel several times at
different points in time. Here, we could model the vessels using a BNP state-space model
with the states describing the vessels’” kinematic states and the parameters describing their

shapes, sizes, and dynamic behaviors. We will further explore extended target tracking
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42 4. Inference in Bayesian Nonparametric State-Space Models

using BNP state-space models in Chapter 5.

To the best of our knowledge, inference and clustering for general BNP State-Space
Models has only been considered in [13]. Further, inference and clustering for special cases
of related parameter dependent state-space models has been previously considered for, for
example, clustering of hidden Markov models using a DP [14-17], linear Gaussian models
using a Dirichlet mixture model [18], and models related to linear Gaussian models using
a DP [19]. These methods, however, rely on analytical solutions that are not available for
state-space models in general.

We present algorithms for TSs of equal length in Section 4.1 and generalize them to
TSs of different lengths in Section 4.2. In Sections 4.1.2 and 4.2.2, we present a Particle
Markov chain Monte Carlo (PMCMC) algorithm for batch processing based on the particle
Gibbs sampler with ancestor sampling (see Section 2.4.5), and in Sections 4.1.3 and 4.2.3,
we present a sequential Monte Carlo (SMC) algorithm for sequential processing based on

the resample-move particle filter (see Section 2.3.4).

4.1 Time Series of Equal Length

4.1.1 Statistical Model and Inference

Assume that a data set contains I € N TSs (y;.x)ieq1,...;; of equal length N € N,
with y,, € RY for all n € {1,...,N}, that are modeled as observations of a pa-
rameter dependent state-space model (see Section 2.3.5), where the prior distribution
of the parameter is chosen as a DP (see Section 3.1) [13]. Let us define the pa-
rameter dependent state-space model as follows. For each TS indexed by ¢ € N —
that is, we model an infinite number of TSs — we denote the sequence of states as
(Xin)nen with x;, € R¥ for all n € N, the sequence of observations as (Yin)nen
with vy, € RY for all n € N, and the parameter as p; € RP  with dimensions
X,Y,D € N. The states and observations, (X;n,Y;)nen, are modeled as mutually in-
dependent for different i given the parameters (p,)seny and independent from the pa-

rameters (py)yem\(i} given p;. They are, for all ¢ € N, defined by conditional pdfs

fxi,1|pi(wi,1 p;) = ((xi1lp;) and fxi,nlxi,n—lapi(wiyn|mi7n*17pi) = §(@in | Tipn-1,p;) for all
n > 2, as well as fy, o (Yin | in, P;) = X(Yin | Tin, p;) for all n > 1. Furthermore, for
parameter dependent state-space models, recall that the state x;, is conditionally inde-
pendent of the states x;1.,—2 given the previous state x;,_; and parameter p,, and that

the observation y;, is conditionally independent of the states x;1.,—1 and observations
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4.1. Time Series of Equal Length 43

Yi1n_1 given the current state x;, and parameter p; for all n > 2, that is, (see (2.33))

sz‘,n\Xi,l:n—l,yi,l;nfl,m (wi,n ‘ Liln—1, yi,l:nflpi) = S(wl,n ’ mi,nflap» (41)

and (see (2.34))

fyi,nlxi,lznvyi,l:nflapi (yi,n | T 105 yz‘,lzn—hpi) = X(yi,n | i, D;)- (4.2)

Note that, with the obvious changes, we can also use densities of other types of random
variables instead of ((i1[p;), §(Tin | Tin-1,D;), and X(Y; . | Tin, P;)-
The parameters (p,);en are distributed according to a DP with concentration a and

base pdf fo(p), that is, (see Definition 3.1)

po ~ ])P(O./7 f(;) (43)
and (see (3.16))
p: | (Fop = for) "% fop. (4.4)

o0

As discussed in Chapter 3, the pdf of p; can be expressed as fo(p) = Y202, B.dp:(p) (see
(3.17)) and therefore (see (3.18))

where (¢;)ieny are indicator variables.  Note that this model is a Dirichlet pro-
cess mixture (DPM) as discussed in Section 3.2, where the states and observations
(Xi,1:n, ¥51.v) are equivalent to the random vectors x; in Section 3.2.2. Similarly, the
PAf fxivnyrnles (Titn, Y1y | P;) I8 equivalent to ¢ (z; | p;) (see (3.38)). Here, the states
(Xin)nen are latent random vectors and not directly observed.

The goal of the algorithms presented in this chapter is to calculate the expectation
J = E(h(x1.11.83, €11, P;:I) | Yirun = yl:[,l:N)a (4.6)
and in particular
J =E(h(x1.71.7) IY1:I,1:N = yl:[,l:N)> (4.7)

where h(iUl:I,l:N,Cl:I,PZ“) and h(xy.;1.5) are arbitrary functions, or to infer the most

likely class assignment (see (3.67))

Cjoint,1:] = argmaxe w7 P(cir = e | Yirin = yl:I,l:N)’ (4.8)
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44 4. Inference in Bayesian Nonparametric State-Space Models

The algorithms generate K € N samples of the states mﬁ’l ~, indicator variables cglf},

and parameters p*g,’f)) given the observations y;.; 1.5y = Y1718, forall £ € {1,..., K}. The
o) 1 ST

samples can be used to approximate the expectation (4.6) by (see Section 2.1)

Zh<$111N,C11)ap*§1’:))> (4.9)
the most likely class assignment (4.8) by (see (3.68))

K
Cjoint,1:1 ~ argmaxe. . en? Z ll(cgk} ~ Cl:[) (4.10)
k=1

with the equivalence relation ~, where cgkf) ~ ¢y.7 is true iff the induced partition of cﬁ’“}

is equal to the induced partition of ¢;.7, or by the heuristic approximation (see (3.69))

K
¢ A argmax,cy ]l(cz(»k) = c) (4.11)
k=1

forallt e {1,...,1}.

4.1.2 Particle Markov Chain Monte Carlo Algorithm

This section presents a PMCMC algorithm that generates samples of the statistical model
described in Section 4.1.1. The algorithm uses cycles of Markov chain Monte Carlo

(MCMC) kernels (see Section 2.4.3) for the states X1.1.1.n, as well as the indicator variables

ci.; and parameters pg, . The algorithm then generates the samples wgk}l N cglff), and

pz((,lf>) by sampling from transition kernels as discussed in Section 2.4.3. More specifically,
we use a particle Gibbs sampler with ancestor sampling (PGAS) (see Section 2.4.6) to
sample the states, and Gibbs sampling (see Section 3.2.2) to sample the indicator variables
and the parameters. However, in contrast to the PGAS algorithm for inference in param-
eter dependent state-space models discussed in Section 2.4.6, this algorithm considers
multiple T'Ss and the parameters are distributed according to a DP prior. In comparison,

the algorithm introduced in [13] uses cycles of MCMC kernels to obtain indicator variable

samples cgk}), and parameter samples p* (k , while the algorithm introduced in this section

€. I
uses cycles of MCMC kernels to generate state samples azgkl)l ~» indicator variable sam-

ples cglff), and parameter samples p*((,lf)), which additionally allows inference on the states
Cl:]

Xl:I,l:N-

Initialization The algorithm is initialized with state particles w§1}1 ~» Where each :cﬁl,i

is chosen arbitrarily from R¥, with indicator variable samples cgl}, where c(l)

with parameter samples p*gll)), where each p ((1)) is chosen arbitrarily from RP.
c1:I 7,

=1, and
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4.1. Time Series of Equal Length 45

Sampling the States The PGAS kernel used to sample the states x;;.x can be ex-
pressed as (see (2.58))

L
trens (a5 [0 ) = W0 (). (412

where L € N and the weights I/VZkNl and particles wﬁ’j’%” are generated as discussed

below. That is, we have a:l(kl) N = mg’j%” with probability W(k N Note that the kernel
used to sample the states x; 1.x does not depend on the other states and observations, that
is, Xy 1.v and y, . for i’ € {1,... I} \ {i}, as the states and observations are modeled as

mutually independent given the parameters p;.; or equivalently p; ~and ci.; (see Section

(Hl)

4.1.1). For the first time step, n = 1, the partlcles x; are sampled from a proposal

pdf gl( (k’l’l) p ((k Y Y 1) for all I € {1,. — 1}, and for | = L we deterministically
set x (k’l’L) = a:fkl b, Furthermore, for I € {1,..., L}, the associated weight W, (kL)

calculated according to (see (2.59))

(oo [ 25 D) (25 [70)
Wt o 91( (kLT ((f 3),.%1) Z ’ (4.13)

Wk — 1. For the time steps

ne{2,...,N} foralll € {1,...,L—1}, we sample x; 17:1”1 such that Zklfll)l = a:§ﬁ’$‘_11”')

with probability W 5" for all #/ € {1,..., L}. Then, we set azl(ki?ll) = (mgk b wgﬁ;n’l)),

where the vector wik ) |

with the proportionality constant such that >3/, W,

is sampled from proposal pdf g( (k) ‘ mi'ﬁl” ?,p ((,f 1%), Y, n) The

vector a:(k L) is deterministically set to :c D Foralll e {1,..., L}, :13Z T )'is equal to
mﬁ";’;_ﬁ‘) with probability (see (2.60))

=10 W'(k,nfl,l)g(w('kfl) ‘w(k,nzl,l) p*((,f:ll))> (4.14)
where S22 W/FmM — 1 As before we set zlmmE) = (mfﬁ%ﬂ,wﬁnm) Finally, for

i,1n

led{l,..., L}, the weight W """ is calculated according to (see (2.61))
k,n,l *(k—1 k,n,l k,n—1,1 *(k—1
(i |2l ) e (2l |2l p )
W‘(’Cﬂ%l) x ¢

Z CHE R R 70

(4.15)

with Y&, wFm) = 1.

Sampling the Indicator Variables and Parameters As the indicator variables c;.;

and parameters pg,  are generated by a DPM, we can sample them by adopting the Gibbs
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46 4. Inference in Bayesian Nonparametric State-Space Models

sampler described in Algorithm 3.2 in Section 3.2. We sample ¢; = ¢ with the conditional

probability (see (3.49))

k k * *(k—1 k
bg,c) =P (Ci =cC ‘ C-i = C(ﬂi)v pcﬂ- = pcgk_) )a xl:I,l:N - mgzl),I:Na yl:I,l:N = yl:I,l:N) (416)

for all ¢ € {cgk), o ,cgk)l, cl(i]l), o ,cgkfl)}, where c¢; = (C1,...,Ci-1,Cit1y-- -,
k k) (k-1 k—1 k . »
CI) = (Cg )7 s 7C£ )17 £+1 )7 s 7Cg )> = c(ﬁz) and Pc., = (pc)cé{cl,..,,ci_l,cH_l,...,cI}
(pc(k 1))C€{C(k) ) D ey = ngf)q)’ and we sample ¢; as being distinct from
----- i—1:Cip1 el —i

all the other indicator variables, that is, ¢; ¢ {cgk), e ,cgli)l, cg_]:l), e ,cgk_l)}, with the

conditional probability (see (3.55))
k k k) (k-1 k—1 k) s w(k—1 k
by =P (ci ¢ {ci”s e T e = pe, = ol ok = 2 v
Yirin = yl:],l:N)' (4.17)

The samples of the indicator variables c ) that are distinct from the other indicator vari-

(k)

ables need to be assigned a new value, that is, ¢;’ = max { maxge(1,...i— 1} c(, ), (k— 1)} +1

max

(k—1)

max

with ¢ = MaXpe(l,. k—1},i'e{l,...I} cl(,k/). Furthermore, a parameter p* (k) ) has to be

sampled, which will be discussed presently. Before we further simplify (4.16) and (4.17),
note that

in,lzmyi,lmlpi (wi,l:na Yiin ‘ p)

= fyz‘,l:n|xi,1:mpz' (yi,lin ’ wi71W7p> fxi,l:n|Pi (mivlm }p>

= ( ﬁl in,n/|Xi,n/:Pi (yi,n’ )) fxi,1|pi (mi,l p) ﬁ2 fximu X; 77 —15P; (wi,n” Lin'—1, p)
- < ﬁ X(%,n' ) wz‘,n/,p)>§(wi,1 ‘p) ﬁ f(wz',n" mi,n”—hp)- (4.18)
n'=1 n/=2

Using the same derivation as for (3.53) with x; replaced by (x;1.x,¥;1.x), and further

(4.18), we can simplify (4.16) to

i—1 1
R e Exl P PR CISDRD SR ICIE) IS G )

:ﬁ(il(cg,’“):QjL > l(l(f“l):c)><HX(ym Zn?pc(k 1)))
( ‘pc )H2§( ML"wzn—lapc ) (4_19)

i =i+1
n/'=
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4.1. Time Series of Equal Length 47

Similarly, by using the same derivation as for (3.57) with x; replaced by (X 1.5, ¥;1.3);

and furthermore using (4.18), we can simplify (4.17) to

(k:) « fxi,l:Nin,l:N“Ji (mg,kl):Nv yi,l:N ’ i)) fp (@)
" a I=1 fP¢|X¢,1:N7Y¢,1;N (ﬁ ‘ mz(,ki):N7 yi,l:N)

o fo(P) )<Hx(ym’ WP)>

a+[ 1fp‘leNayle(p‘mllN’yllN

k)| ~ k

X C(mg,l) ‘p) H f(mgrg 57371713) (4.20)
n'=2

with the same proportionality constant as in (4.18), and an arbitrary p € R

with fo(p) # 0. Note that we assume here that we are able to calculate
| (k

fpi|xi,1:N7Yi,1:N (p ‘ wz(,l):N7 yi,l:N)'

The parameter samples pz(k) for ¢ € {cgk), e ,cgk)} are sampled from the conditional

pdf of p’ given every other random variable (see (3.58))

k
ch|X111N,C117Pﬁc7Y1I1N(pc k) ‘ w111N7ch)7p—|(c)7y1[1N) (421)

. % % k (k) .
with P-. = (pc )C 'e{c1,eri\{c} and P-c W= (pc( )>c E{c““)’ (’”}\{ i where pC/( | 15 the
*(k—1) *(k)

newest sample of p’, that is, either p_ or p, . Note that the parameter P (k 2
for a newly generated class, as discussed above, is also sampled from (4.21), but Wlth the
newest currently available samples of the other random variables. Using Bayes’ theorem,
that the states and observations, (X;1.x,¥;1.y), are mutually independent for different i
given py.; or equivalently pg =~ and ¢y, and that the parameters p; are i.i.d. and inde-

pendent of ¢;.;, we can simplify (4.21) to
k
ch|X111N7C1 17Pﬁ87Y111N(pc ’m111N7cgl)7p—\(c)7yl IlN)
* * * k
pc( ) Cg 1)7 pﬁ(ck )fPZ|C1:I7Pic (pc(k) ‘ Cg }7pﬁ(c ))

<H fx'LlN7y'LlN|pc,C1 I7Pﬁc< Ekl)]\ﬁyz 1:N ‘p*(k C:(lkl)7p_‘c ))fPC|C1 1P, (pc( ) ’cgk1)7p—\(¢:))

(k)
X le J1:NY1:1,1:N PESC1.T,PE (ml-l N> YN

(folezyle“’cyClIyp—‘c( Eﬁ)myle‘p*(k Cgkbpﬁ ))fpc( *(k>- (4.22)

=1

As pg,, and ¢y is equivalent to py;, the states and observations, (Xi,I:N;yi,LN); are
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48 4. Inference in Bayesian Nonparametric State-Space Models

Algorithm 4.1 PMCMC algorithm for a BNP state-space model

k—1 k—1 _ *(k—1
IHPUt: mg:[,l:)N? cgzl )v Cgfaxl)7 pcglfl—l))v Y11,1:N5 L’ 91,9

cforalli=1,...,] do

sample wgﬁ):N using Algorithm 4.2 with input wgﬁfj\lf),ng,fj), Yirn L, 91,9

1

2

3: end for

4: sample c%’fl), ck) - and p*((,]f)) using Algorithm 4.3 with input a:ﬁ’“} 1.N,c§l.€f U,cfff;(l),
CII o ’

*(k—1)
ch{c} yY1.1,1:N
' k k *(k
OutpLIt: wg:f),lzN7 c§:1)7 Cgr]fg,x’ pcgk))
1:1

independent of p_; given p;, and fp: (pﬁ“”) = fa (pi“”), we can further simplify (4.22) to

w(k) | .(k) (k) . (k)
fpz‘XI:I,I:N,CI:I7Pic7Y1;1,1:N(pc ‘371:171:1\[701;1’1%@ y Y11, 1N

1
X ( H fxi,l:NaYi,l:Nlpi (wz(,kl):Nv yz‘,l:N ‘ p:z(k))> sz (p:(k))
i=1

OC( II sz‘,l:Nah’,l:N'pi(wz(,kl):N7yi,1:N‘p:i(k))>fpz (p:(k))

i:cgk):c

X ( H fxi,1;N7)’i,1:N|P¢ (mg,kl):N7yi7l:N ‘p;(k)>>fG(pz(k)) (423>

i:cgk):c

That is, in order to use this algorithm, we need to be able to sample from (4.23).

Summary The pseudo-code for one iteration of the complete algorithm is stated in
Algorithm 4.1. It first samples the states using Algorithm 4.2 and then the indicator

variables and parameters using Algorithm 4.3.

4.1.3 Sequential Monte Carlo Algorithm

4.1.3.1 General Principle

This section presents an SMC algorithm to sequentially generate K samples, or particles,
of the states Xj.;1.,, indicator variables c;.;, and parameters P, for all n € N. This
algorithm can be seen as a combination of the resample-move particle filter (RMPF) (see

Section 2.3.4) and the algorithm presented in Section 4.1.2. At each time step n € N, the

algorithm first extends the state particles of the previous time step (xﬁi}jﬁfll)ke{l K}
to intermediate state particles of the current time step (iﬁ”f’?n) belL K} These inter-

mediate particles are then used within an MCMC algorithm to jointly generate the state
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4.1. Time Series of Equal Length 49

Algorithm 4.2 PMCMC algorithm for a BNP state-space model: states cycle

(k=1) *(k—1)

Input: :vmv,p(k YNy Ly g1, 9

10:
11:

12:
13:
14:
15:
16:
17:

18:
19:
20:
21:
22:
23:

1
2
3:
4:
:
6
7
3
9

. for alll—l,...,L—l do
sample wgﬁ’l’l) from ¢, (:cg LD P f,c 1 ), Y; 1)
: end for
sot (k,l,L) wz(,kfl)
for alllzl,...,Ldo
calculate W,L-(k’l’l) according to (4.13)
: end for
cforalln=2...,N do
forall/=1,...,L —1do
sample a:z(kl?ll)l = a:l(kl’?fll’l) with probability W5 ") for all ¢/ € {1,..., L}
(k,n (k) | o (knid) (k1)
samplea: ) from g( ‘a:“n 1,p(k 0 ,ym)
set azz(kl” b (mgkl’;l_)l, :L',Elfnn l))
end for
foralll=1,... L do
calculate W/ *" M) according to (4.14)
end for
sample a:fle:lL)l mﬁﬁ’f{_ﬁ’” with probability W/*" ") for all I € {1,..., L}
set Z(klzL) (w,(’i:;ﬂ,m(’;—l))
for all [ =1,. L do
calculate W " according to (4.15)
end for
end for
sample mgﬁ):N from (4.12)

(%)

Output: z;; v
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50 4. Inference in Bayesian Nonparametric State-Space Models

Algorithm 4.3 PMCMC algorithm for a BNP state-space model: indicator variables and
parameters cycle

k k—1 _ *(k—1
IHPUt: mg:%,l:N? ngl )7 Cgr]faxl)7 pc((k—l))
1

1: forall:=1,...,1 do :

7y1:1,1:N

2: sample cl(-k) = ¢ with probability bgi) (see (4.19) and (4.20))
ol e i di o)

3: if Cl(-k) =0

set cl(k) = max { maxXgre{1,.,i-1} Cz(’k)7 Cgfa;l)} +1

sample p" £ from (4.23)

4: end for
set clf) = max { maxie(1,...1}y et c(k_l)}

: for all c € {cgk), o ,cgk)} do
sample p**) from (4.23)
end for

k *(k
OUtPUt: c§:1)7 01(11230 pc((k))

1:1

® > o

. 7k
partlcleS (a’g?l,l):n)kgﬂ K}
*(n,k)
rameter samples (pc(nv’f) )ke{l K}
1:1 7

to the indicator variable and parameter samples as they are sampled at each time step.

, the indicator variable samples (c%’k» and the pa-

ke{l,...,.K}’
Note that we have added an additional time index

In contrast, the RMPF, at each time step, first resamples the particles, extends them,
and then uses a transition kernel to resample the parameters of each TS separately. This
modification to jointly sample the states, indicator variables, and parameters using the
MCMC algorithm is necessary because, due to the DP, the TSs are not independent. An-
other related algorithm is sequential Markov chain Monte Carlo [38, Section 2.2] [27-29],
where random vectors xy.,, are sampled sequentially at each time n € N using an MCMC
algorithm. There, the MCMC algorithm is used to sample x;., from the approximated
pdf fr. (T1m) = feuxin (Tn | m1:n—1);cxlm,1($1:n—1), where ;cn;nfl(ml:n—l) is the MC ap-
proximation of fy, _,(®1.,—1) built from the samples of the time step n — 1. The main
difference of our approach from sequential Markov chain Monte Carlo is that we first

extend our state particles and then resample them within our MCMC step.

Intermediate State Particles To initialize the algorithm at the first time step, we
(0,k)

start by setting ¢; "’ = 7 and sampling pz(((?, ’,f)) from the base pdf fq (pz(((? ’kk))) for all T'Ss

i € {1,...,1}. That is, we initialize the intermediate state particles with a separate

(

class for each TS. The intermediate state particles (a_:l are initialized by sam-

1,k)
: )ke{l,..‘,K}
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pling a: " from a proposal pdf gl( ‘ p*(((? ,f)), Y, 1) These intermediate state particles

are then later resampled using the MCMC algorlthm to obtain the final state particles
(1,k) :
(zcu )ke{le} for the first time step.

For the time steps m > 2, the algorithm updates the state particles of the

. . Lk
previous time step (a:ﬁ”“n)l

time step (mgnfkl) .

) to intermediate state particles of the current
ke{l,...K}

More specifically, we sample 2" from a proposal pdf

1;7

)ke{l, LK}
g( (m.k) ‘m(n M),p ((: 11k]f),yz n) and then set z\"*) = (mﬁ nl kl), nk) for each TS. As in

i,n—1 zln

the first time step, these intermediate state particles are later resampled using an MCMC
(n,k)

algorithm to obtain the final state particles (ml e ”)ke{l K}

Initialization of the MCMC Algorithm The MCMC algorithm is first initial-

ized with state particles (mﬁ”ﬁf ”)ke{l . where wﬁﬁ}} is chosen arbitrarily from
{ z; ke {1, K }}, with indicator variables samples e¢{", where ¢ = i, and

with parameter samples p*gf”ll)) , where p*((:f ’11)) is chosen arbitrarily from R”.

€11 ¢
Sampling the States At each iteration of the MCMC algorithm, the states are sampled
from a transition kernel based on an approximation of the true conditional distribution
of the states that is developed in the following. We start by noting that the MCMC
algorithm should ideally use a transition kernel to generate samples a;ﬁ”,’?n of the states

X1.1,1:n given the indicator variables €7, parameters pg, , and observations y;.; 1., that

is, a transition kernel with target pdf

(nk—1) *(nk—1)
fxl:I,l:nl‘:l:vaél:]7y1:I,1:n $12[,1:n Cl] 7p ("k 1) 7y1]1n

I

o (n,k—1) _*(n,k—1)
foz lzn‘clzl»pél:Ilel,l:n wivl:n Cl[ 7p (nk 1) ayllln
=1

I
x“n\pz,y“n Liin p(nk 1)7y21n )

where we have used the conditional independence of the TSs, and (4.5) as well as that
the states and observervations, (X;i.n,¥;1.x), are independent of p_; given p,. Di-
rectly sampling from the pdf (4.24) at time step n would require us to sample the n
states X;1., for each ¢ € {1,...,I}. That is, the computational complexity of sam-

pling from the pdf (4.24) grows with n. Therefore, we propose to approximate each
n,k
fleansz'Lln(len p(("k 12)1)7y7/1n) ln (4 24) by

fxz1n|Psz1n(wzln p ((:zlkk 1})7y11n> Z Wnkk 5 ("k’ (w11n> (4'25)

k=1 zln



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub
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where at the first time step (see (2.39))

1K *(1 k—1) LK) | (1 k—1
oy A ) )
Wi & (1 T 0 ; (4.26)
g (%’,1 NOOR Yi 1)
with S5_, W, 1 KK — 1 and at the time steps n > 2 (see (2.40))
n,k’/ *(n,k—1 —(n,k") | = (n—1,K *(n,k—1
(nkk/) X(yzn ’ En )7p ((nk: 1>))£<wl(n ) :131(-”,1 )7pC((7L,k71))>
WA ™7 - (427)

i —(n—1LK) W ’
( ’ ’E”’:L 1 7p(:1k’))7yzn)
with S5 WimEr) = 1,
The advantage of this approximation is that it allows us to sample the states from the
discrete distribution over K particles defined by (4.25) for each TS at each time step. In
fact, the computational complexity of sampling from the approximation (4.25) is constant

over time. However, we are still required to save the complete particles azg 1’; , which grow

with n, for all & € {1,..., K} and i € {1,...,I}. Saving the complete particles x; 11;’) is
often required even if (4.6) only depends on x; y instead of x; 1.y foralli € {1,...,I}, as, in
general, ¢; and p, depend on the complete sequence x; 1.ny. As will be explored in detail in
Section 4.1.3.4, despite the dependence of ¢; and p;, on x; 1.,,, we can sometimes introduce

recursively calculated sufficient statistics s; ,, = (8,1, Sin,2) With fixed dimension E; x E,

for all n € Nand ¢ € {1,...,} such that ¢; and p{, given s;, are independent of X; 1.,.
These sufficient statistics then allow us to only save the last intermediate sample :i'g;’k/)
_(n,k") (n,k")

instead of the complete particle x;

and the corresponding sufficient statistics s itm

for all &/ € {1,...,K} and i € {1,...,1}. We will present procedures to sample from
approximation (4.25) based on Gibbs sampling in Section 4.1.3.2 and based on the MH

algorithm in Section 4.1.3.3.

Sampling the Indicator Variables and Parameters Within the MCMC algorithm,
the indicator variables €;.; and parameters p , are sampled using Gibbs sampling, sim-
ilarly to the algorithm discussed in Section 4.1.2. That is, we sample ¢; = ¢ with the
conditional probability (see (4.16))

(n,k) o _ (nk) o« #(nk—1) __(n,k) -
b@c =P Ci=cC|C, =C_; ;pc =p (n k) xl:I,l:n - wl:],l:rm yl:I,l:n - yl:I,l:n (428>
(nvk) (nyk) (nakfl) (TL,kJ*l) —
for all ¢ € {cl B N ¢ , where ¢; = (c1,...,Ci—1,Cit1,-- -,
— (nvk) (nvk) (nkal) (’I’L,k*l) J— (’I’L,k‘) —
C[) = (C yenesCis1 5y Cigh e Cr = ¢, and Piﬂ- = (p:)CG{Cl7~~~7Ci717Ci+1:-~~7C1}
_ k—1 __#(n,k—-1) . ..
= (pc(” )) () (B k) (nken)y = P nk) and we sample c¢; being distinct
c€{ey el e € } )
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4.1. Time Series of Equal Length 53

from all the other indicator variables, that is, ¢; ¢ {eﬁ”””, R A ,c§””“*1)},
with the conditional probability (see (4.17))
n,k n,k n,k n,k—1 n,k—1 n,k * *(n,k—1
bz(',o )P (ci ¢ {cg ), o ,cg,l),cgﬂ ), . ,cg )} ‘ C.= C( ),Pcﬂ. = Pcéz,k) )7
n,k
X1:I,1m = $(111)mY111n yl:Ll:n)' (4.29)

(F) - that  are  distinct

The  samples of the indicator  variables

from  the other indicator variables need to be assigned a new

value, that is, c§””“) = max{maxile{l i1} c(,n’k),cgla;’ffl)} + 1 with
I(ga’j( N — MAXpef1,.. k—1},7€{1,...1} cgﬁ”“’). Furthermore, a parameter p((:kk) D has to

be sampled, which will be discussed presently. Similarly to (4.19), we can snnplify (4.28)

to
i—1
bg?k)()(—oé_ki_l(z:l( nk)—C)"—ZIZL;H (Z(‘/n’kil) ))(HX(yzn’ zn’)7pc(nk 1))>
x (@0 i) TT €(alid) [l pre). (4.30)

// 2

Furthermore, similarly to (4.20), we can simplify (4.29) to

n a fo(D)
bz(',ok) (8 p~ (n,k) ) ( H X(yzn

a+1_1fpi|xi1n:Yi1n(p wlln’ylln
p) IT ¢(ai0

with the same proportionality constant as (4.30), and an arbitrary p € R with f,(p) # 0.

zn’)aﬁ)>

z ) D), (4.31)

x((

Note that we assume here that we are able to calculate fp |x; 1.y, .. (p ‘ wﬁl,?, Yir. n)
The parameters p; for c € { §” k), e ,C(I"’k)} are sampled from their conditional distri-

bution given all the other random variables, that is, p:™* is sampled from (4.21)

*(M, n,k *(n,
fpz‘xl:I,lznycltl7p:c7y1:1,1:n( C( k ‘ m:(l I 1)TL7 cg I )’p_'(C k)7 yl:I,l:’l’L) (432>
: * * *(n #(n,k)’ nk)" .
with p2, = (P%)ecter, ey and p0 = (pI™) oy where pI s
the newest sample of p¥, that is, either <k or pf™®) - Note that the parameter
p P Po y 2 p

P ((: ’kk) Y for a newly generated class, as discussed above, is also sampled from (4.32), but

with the newest currently available samples of the other random variables. Using the
same derivation as for (4.23) with N replaced by n and using the samples of the time step

n, we can show that

fpz\X1:1,1:mC1;1,Pic7Y1;1,1;n (pz(n M ‘ wgnlkl)n’ Cg I )7 pi(cn k)> yl:[,l:n)
XX ( H fxi,1:n7y7j,1:n‘pi (-’13537’:37 yz’,l:n ‘ pzfn’k)>> fG (p:(n,k)> : (433>

i:cik):c
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54 4. Inference in Bayesian Nonparametric State-Space Models

Therefore, in order to use this algorithm, we need to be able to sample from (4.33).

Similarly to the generation of the state particles xﬁ’}’?n using the approximation in

(4.25), sampling the indicator variables ¢™;* and the parameters pZEf,g) using (4.30)—
1.7
(n,k

(4.33) requires us to process the state particles @, and observations y,.r.,, which

)
m
also grow with n. Therefore, in general, the computational complexity of this algorithm
grows with n. As noted in the paragraph above, it is, however, sometimes possible to
introduce sufficient statistics, with the same dimensionality at each time step, which
allow us to avoid saving and computing an increasing amount of data as time progresses.
This scenario will be discussed in Section 4.1.3.4.

While the development of a proof of convergence for this algorithm is out of the scope of

this thesis, we argue that the performance evaluation in Section 5.3 suggests convergence

to the true distribution with an increasing number of samples.

4.1.3.2 Gibbs Sampling Algorithm

In this section, we present a version of the SMC algorithm discussed above that generates
samples of the states Xj.;i.,, indicator variables c¢;.;, and parameters p;,,- Here, the
MCMC algorithm samples the states directly from their approximated conditional pdf
(4.25). That is, we have to calculate the weights (Wl(:?m/))k'e{l,...,m at each iteration
of the MCMC algorithm according to (4.26) and (4.27) using the current samples. The
algorithm for the first time step is stated in Algorithm 4.4 and for the time steps n > 2

in Algorithm 4.5, with the MCMC algorithm stated in Algorithm 4.6.

4.1.3.3 Metropolis-Hastings Algorithm

One drawback of the algorithm presented in Section 4.1.3.2 is that the Gibbs sampling
step in Algorithm 4.6 requires the calculation of I K? weights, that is, K weights for each
of the I TSs and K samples, which makes this method infeasible for large K. Therefore,
we now propose an algorithm where we use the MH algorithm from Section 2.4.2 to sample
the states from approximation (4.25), which only requires the calculation of K weights
and [ K acceptance probabilities at each time step.
In order to apply the MH algorithm, we need to define a proposal pdf whose support
~ (1K)

includes the support of (4.25). This can be done by using the particles (331;1,1;n) kel K]}

and calculating their weights for the parameters that were used to generate them. That
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4.1. Time Series of Equal Length 55

Algorithm 4.4 SMC algorithm using Gibbs sampling for a BNP state-space model:
initialization

IHPUt: y1:1,17K7 91
1: forall:=1,...,1 do
2: forallk=1,..., K do

3: set c§°”“) =1
*(0,k *(0,k
4: sample p fé) ) from fo(p” 5&3)
5: sample :c )from g1 ( (LF) p*g),g);ym)
6: end for Z
7: end for
8: sample (wgllkf,cgl ),p*fll ’S))ke{l " using  Algorithm 4.6  with  input

_(1,k
(wgzl,f)ke{l, SKBH Y11 Ka g1

*(1,k
Output: (wg I, 1)7 cg I, f,p <(1 ’“)))ke{l K}

Algorithm 4.5 SMC algorithm using Gibbs sampling for a BNP state-space model:
iteration

(n—1,k) (n—1,k) _*(n—1,k)

Input: (ml JI1m—15 CL.1 P L) )ke{l,...,K}’ Y1110 K,g
1: forall:=1,...,1 do
2: forall k=1,..., K do
3: sample a_:( from g( (n,k) ‘ :1317; llk),p*(: 11:;)7 Y, n)
4: set ac( ):( E LK) mﬁ’;’“))
5: end for
6: end for

(wﬁ”/?n,cg",’“), D ((: ,f)))ke{l . using  Algorithm 4.6  with input

7: sample
— (n,k

(wg:l,l):n>k€{ K}’yl I,l:n?Kvg

(n, k) (n,k) _*(n,k)

Output: (wL o CLT ’pcgﬁl;’“))ke{l,...,K}
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Algorithm 4.6 SMC algorithm using Gibbs sampling for a BNP state-space model:

MCMC part

— (n,k
Input: (mhfxn)ke{lwﬂ}, Y1110 K,gi1org

1: forall:=1,...,1 do
2:  initialize m(ﬁ’il) arbitrarily from {:T:(n’k) ke{l,... K }}
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3 set ™ =

4: initialize p*((:f ’11)) arbitrarily from R

5: end for Z

6: set clml) =T

7. for all k=2,..., K do

8: foralli=1,...,1 do

9: for all ¥ =1,..., K do

10: calculate W**) according to (4.26) or (4.27)

11: end for

12: sample mﬁ’}’fﬁ from (4.25)

13: end for

14: forall:=1,...,1 do

15: sample ¢\ = ¢ with probability bl(-Z’k) (see (4.30) and (4.31))

for all c € {0, c(ln’k), e ,cgﬁ’f), cgi’f_l), e ,cgn’k_l)}

16: if ¢"F) =0
set cgn’k) = max { MaXye(1, i1} cf;,””f), cggi‘l)} +1
sample p" 75 from (4.33)

17: end for 2

18: set k) = max { maxX;e(1,.. 1} c,(;n’k), cgg’f(_l)}

19: for allc e {c&n’k), o ,cgn’k)} do

20: sample p*(™*) from (4.33)

21: end for

22: end for

OUtPUt: (wlzl,lznﬂcl:l 7pc(nvk)
1.7

(n,k) (n,k) *(n,k))
ke{l,...,.K}
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is, we define the proposal pdf for the MH step as (see (4.25))

K
9IMHn (mi,l:n ‘ <m£q ’:1)719 ((: 11k])€))k€{1 K}’ yz,n) = Z I/Vz/(n’k)(si("lk) (mi,lzn)a (434)
geey k=1 i,1:n
where at the first time step (see (4.26))
k k k k
/(1 k) X(yzl ‘ (1 )7p (((g)k)))<< (1 ) p (((?k)))
W, TR [ 570D : (4.35)
gl( p(ok)ayzl>
and at the time steps n > 2 (see (4.27))
n,k n—1,k n,k) n—1k
Al [ e 3 )
R o (4.36)

z REFETRS

with S8 W, /(" ") — 1. Note that the proposal pdf (4.34) is equal to the approximation

(4.25) using the parameter p*f,:l _11,;];) that was used to generated the intermediate particle

:i:(n’ ) instead of the parameter P ((:kk 11 of the last MCMC iteration.

i,1:mn

At each iteration, the algorlthm first samples a proposal particle :/r:Z o ") from (4.34) and

then accepts it a:z(q ]7? = mz(?:) with probability P k) , which will be defined presently, and
rejects it 331( 1];) = a:ﬁ”l’; Y with probability 1 —P&f;”’k). We define the acceptance probability

PP as (see (2.42))

a,t

*(n,k—1 I(n,k I(n,k—1
P(n k) . {1 fpi‘xi,lmayi,l:n (p (('n k— 1)) ‘ wz(l n)7 yz 1: n) WI\/(IH K ) (4 37)
a,i’ = min n,k—1) n,k—1 n,k,pro :
fpz|xl1n,y11n(p <(nk 1) ’mz(ln )’yi,lsn)Wl(/([Hzp >

where Wl(/([%]z ProP) and WM?{Ii Y are the probabilities of ml(?:) and x; (k1) respectively,

n,k n k
when they are sampled from the proposal pdf gy n(acZ . ‘ (acl( " n),p ((n llk)))ke{l, K} Y, n)

n (4.34). That is, for all k' € {1,..., K}, Wy = w/) faz’(”k) z\7M). Simi-

larly, again for all &’ € {1,..., K}, WMnk R fa:z(qlfl = ‘5’3’;) Note that com-

pared to (2.42), we use the probabilities Wﬁ/([%]z PrP) and Wli/([%lz instead g(2® | x*~1)
(k—1) | (k) : ) (n,k) x(n—1,k) ,
and g(x | ")), respectively, as gum.n, (ml,lm ’ (CL‘Z Yo P n-i )ke{le}, ym) defines a
discrete distribution.
The complete algorithm for the first time step is outlined in Algorithm 4.7 and for the

time steps n > 2 in Algorithm 4.8, with the MCMC algorithm stated in Algorithm 4.9.

4.1.3.4 Sufficient Statistics

For many applications, the expectation (4.6) only depends on the state current time step

n. That is we can express h(®1.11:m, C1.1, P, ,) in (4.6) as

h(wlzl,lmn Ci.i, pzu) = h/(wlzlnw Ci.i, pzh])a (438>
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58 4. Inference in Bayesian Nonparametric State-Space Models

Algorithm 4.7 SMC algorithm using MH for a BNP state-space model: initialization

IHPUt: yl:[,17K7gl
1: foralli=1,...,1 do

2: forall k=1,..., K do
(0,k)

3: set ¢; " =1
4: sample p*f(? ’,f)) from fq (p <(({)J f)))
5: sample a: ) from gl< (L ) pcf(?f)),y 1)
6: calculate Wi( "™ according to (4.35)
7: end for
8: end for
9: sample (mgl ’ff,cg 7 ),p*gll ,f’;) >ke{1 K} using  Algorithm 4.9  with  input
C(LE) (LR
(w1:1,17 Wi )ke{l K} K7 Y1

1,k *(1,k
Output: (wﬁn),cﬁ ) P <(; k)))ke{l’m’K}

Algorithm 4.8 SMC algorithm using MH for a BNP state-space model: iteration

. (n—1,k) (n—1,k) _*(n—1,k)
Input: (5'31 I,1m—15 CL.1 ,chz—l,m >k€{1,...,K}’ Yi110 15, 9

1: forall:=1,...,1 do
2: forallk=1,..., K do
3: sample :E( from g(

k n—1,k x(n—1,k
( )‘mzn 11 )7p((n 11k))7yzn)

4 set @, = (21, 210)

5: calculate /™" according to (4.36)
6 end for

7: end for

n,k n,k nk
8: sample (mgll)nvcgl )7P ((n k>)

n,k n,k
(:cg q, 1)n7 Wl(l :

)ke{l, K using  Algorithm 4.9 with input

)ke{l, 7K}ulr(aylzl,lzn
Output: (z{F)  lmk) prmh
utpu (5'31 I, 1ms C1iT vpcgg’c) )ke{l,...,K}
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Algorithm 4.9 SMC algorithm using MH for a BNP state-space model: MCMC part

. ) 1(n,k)

Input. (mllln,W )ke{l,.‘.,K}’K’yllem

1: forallt=1,... Ido

2: initialize a:( arbltrarlly from {

3: set c,(”’” =1

4: initialize p*((: ’11)) arbitrarily from R”

5. end for l

6: set c(” 1) =1

7. for allk:2,...,K do

8: forall:=1,...,1 do

9: sample mz(?:) it

10: set ") = 2/"*) with probabil P("

: 11n_ i,1n Pmallty
else set a:,f’; k) = qu‘; Y

11: end for

12: forall:=1,...,1 do

13: sample ™" = ¢ with probability 5"

for all ¢ € {O R (e 1), .
14: if C(n k) 0
set c(n ) — max { MaX;e(1, . i—1} cg, k)
sample p”* (n s " from (4.33)

15: end for A

16: set k) = max { maxX;e(1,.. 1} c,(;n’k), clnk=1)
17: for all c € {C(n k), ("’k)} do

18: sample p™ from (4.33)

19: end for

20: end for

(nk)  (nk) _x(nk)

Output: (wlllnﬂcll 7p<nk>>ke{1 LK}

z) ke {1, K}

= 2" with probability W;"*" for all k" € {1,...

k) (see (4.37))

(see (4.30) and (4.31))
C(n,k—1)}
» =1

clmk— 1)} +1

? “max

j

7K}
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60 4. Inference in Bayesian Nonparametric State-Space Models

with some function A'(€1.7,,, €1.1, Py, ), and therefore

Jn =E (h‘(xlzf,l:n; Ci.1, qu) yl:I,l:n = yl:],l:n)

=F (h’(xl-zn, Ci.15 Pe,,)

Y1:I,1:n = yl:[,l:n)

Z W (), el ),ng’f}). (4.39)

While the expectation (4.39) does not directly involve the states of the previous time steps
X1.71:m—1, We may still have to sample them in practice to generate samples of the indicator
variables ¢i.; and parameters pg, . Similarly, we also have to consider all observations up
to the current time step, y;.;;,,- That is, we often sample ¢;.; and P;,., given Xi.71., and
Y171 (see (4.30)-(4.33)). As discussed previously in Section 4.1.3, this generally means
that the computational complexity and the amount of data saved grow with n.
However, it is sometimes possible to simplify the expressions (4.30)—(4.33) by intro-
ducing recursively calculated sufficient statistics, with constant dimensionality for all time
steps, so that the computational complexity and the amount of data saved at each time
step remain constant over time. More formally, we assume that we have sufficient statis-
tics Sin = (Sin1,Sin2) € RFV*E2 for allm € Nand i € {1,...,1} with Fy, Fy € N, where
s;1 = ui(xy,y;) and, for n > 2, s;,, = u(S; -1, Xn, y,) for some functions u; and u, such

that

fPi|Xi,1:n7Yi,1;n (pi,n ’ Li1n; yz’,l:n) = fpi|5i,n,l (pi,n ‘ 81’7”,1)7 (440)

fP’é|X1:I,1:n»C1:17Y1;1,1:n (pz,n | L1:1,1:n5 C1:I,n;» yl:I,l:n) = fP2‘|C1:I7S1:I,n,2 (p:,n | Cl:In; Sl!I,n,2>‘ (441>

We can then simplify (4.30) and (4.31) using (4.40), as well as (4.32) using (4.41). This
allows us to sample the indicator variables and parameters given the sufficient statistics

without directly using the states and observations.

4.2 Time Series of Different Lengths

4.2.1 Statistical Model and Inference

The statistical model of Section 4.1.1 can be generalized to TSs of possibly different
lengths. The data set now contains I € N TSs (y; ng vy, Jic{1,...;} With y;,, € R” for
all n € {Ns;,...,Ng;}, between starting time Ns; € N and ending time Ng; € N.

The TSs are again modeled as observations of a parameter dependent state-space model
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4.2. Time Series of Different Lengths 61

(see Section 2.3.5), where the prior distribution of the parameter is chosen as a DP
(see Section 3.1). Similarly to Section 4.1.1, we define the parameter dependent state-
space model as follows. For each TS indexed by i € N, we denote the sequence of
states as X; ng,:vp, With x;,, € RY | the sequence of observations as YiNg N, With
Yin, € RY, and the parameter as p; € R”, with dimensions X,Y, D € N. The states
and observations (X; s, ¥, ,)ne{Ns,,....Ng.}, are modeled as mutually independent for dif-

ferent i given the parameters (p; )ien. They are defined, for all i € N, by conditional

pdfs fxi,NS’i\pi(mLNm Pi) = C(%‘,Nsﬂv pz’)7 fxi,n\xi,n,l,pi(wz‘,n | wi,n—hPi) = f(wz‘,n | wi,n—bPi)
for all n € {Ng; +1,...,Ng,}, and fyi7n|xi77“pi(yi,n Zin, D) = X(Yin
n e {NS,iu . ,NEJ‘}.

As in Section 4.1.1, the parameters (p,);en are distributed according to a DP with

Zin,p;) for all

concentration a and base pdf fg(p;) (see Definition 3.1).

In this case, we are interested in generating samples to approximate the expectations
(4.6) and (4.7), and the most likely class assignments (4.8), with the obvious changes for
TSs of different lengths.

4.2.2 Particle Markov Chain Monte Carlo Algorithm

The PMCMC algorithm discussed in Section 4.1.2 can be adapted to TSs of different
lengths with minimal changes. That is, for each TS i € {1,...,1}, we simply run the

algorithm from time step Ng; to time step Ny ; instead of from 1 to V.

4.2.3 Sequential Monte Carlo Algorithm

4.2.3.1 General Principle

In this section, we will adapt the SMC algorithm for TSs of equal length discussed in
Section 4.1.3 to TSs of different lengths. Compared to Section 4.2.2, this adaptation is
more challenging. As the TSs can start at different times, we are required to be able
to initialize TSs at each time step, instead of only at the first time step. Further, at
each time step, some TSs may have already ended; however, they still influence the class
assignment and the parameter inference.

To distinguish between TSs that are starting at the current time step n or have already
ended in a previous time step, we introduce the index set of all T'Ss starting at the current
time step, Js,, = {i € {1,...,I} : Ng; = n}, the index set of all currently active T'Ss,
that is, started but not ended, Jo,, = {i € {1,...,1} : Ns; <n < Ng;}, and the index
set of all T'Ss that ended before the current time step, Jg,, = {i € {1,..., I} : Ng; < n},
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62 4. Inference in Bayesian Nonparametric State-Space Models

for all n € N. Note that Jg,, € Ja,. In contrast to Section 4.1.3, we will have to iterate
over the indices of the currently active and already ended TSs, that is, i € Ja,, U Jg,,
instead of the indices of the TSs i € {1,...,1}. Therefore, we use an arbitrary bijective

mapping 7, from {1,...,|Jx,, UJTgn|} to TJa, UTg, to induce an order on this set.

Intermediate State Particles At each time step n € N, we have to initialize the

intermediate state particles of the currently starting T'Ss. That is, for all i € Jg,, we

sample (iﬁlk)) ke{l,..,K}

state particles for time step 1 of Section 4.1.3 with the obvious changes for T'Ss of different

using the initialization procedure to generate the intermediate

lengths. Similarly, for each active but not currently starting TS i € Ja ,, \ Js,n, we adapt

the procedure to generate the intermediate state particles for time steps n > 2 of Section
(n,k) )

6N ) ke, K}
of the indicator variables and parameters on the already ended TSs, we also need to

4.1.3 to obtain the intermediate state particles (:E . Due to the dependence

sample the states of the ended TSs using the MCMC algorithm. Therefore, we use the

intermediate state particles of the last time step where these T'Ss were active, that is,

@(NE,Z-J«:) )
0Ns,iiNoi ) pe1,.. K}
After the proposal particles are generated, an MCMC algorithm is used at each time

generated at time step Ng; for each ¢ € Jg,,.

step n € N to generate samples of the states, (acﬁv’;)n) o and (mi%’é)NE ) o of the
; it i A ; Jis i/ En
indicator variables, (cl >ieﬁA,nUﬂE,n’ and of the parameters (pc >ce{c§"*’“):z’eﬁA,nuJE,n}’

forall k e {1,..., K}.

Initialization of the MCMC Algorithm The MCMC algorithm is initialized with

(n,1) ) ) (n,1)

1,Ng ;n €A i€TEn i,Ng ;:n
bitrarily from {:@(T}V];)ln ke {1,... ,K}} for all i € Ja,, and zcl(?vls)zNEz is chosen arbi-
trarily from {zEZ(]]\i}ES’Ij\)]EZ cke{l,....K }} for all ¢ € Jg,,, with samples of the indicator

variables (c("’l) (1) 7-1(i), and with samples of the parameters

(nvl) o
samples of the states (a: and (zcZ Ne.i: N, , Where x is chosen ar-

where c;
g >iejA7nU3E,n’ v n
*(n,1

(1) is chosen arbitrarily from RP.

(n,l)) where
(pc ce{c™ M ieda UTgn} p

i

Sampling the States We sample the states from the approximation (see (4.25))

K
*(n,k—1) _ (n,k,k")
fxi,Nsyirn‘pi’yi,NsJ:n (wi,Ns,i:n ‘pc(_n,k—l) 7yi,NS’,-:n> ~ Z Wz 53%(”7’6’) mi,NS,i:n (442)

1 i,Ng 4in
for i € Ja 5, and
k-1 i ko !
fxi,NS7i:NE7¢‘pi’Yi,NSJ;NE’i (mivNS,i:NE,i ng(zk—_n)ayi,zvs,i:NE,i) ~ Yy i )555%&"";) (iﬂz’,Ns,i:NE,i)
k/'=1 ©INg i VE

(4.43)
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4.2. Time Series of Different Lengths 63

for i € Jg,,, with Wi(n’k’k,) defined as follows. For ¢ € Jg,,, we define m("’k’k/) as in (4.26)
with the time step index 1 replaced by Ng,. For ¢ € Ja,, \ Js., we define Wi(n’k’k/) as in
(4.27). Finally, for i € Jg,, we define I/I/i(n’k’k/) as in (4.27) with the time step index n

replaced by Ng,;. We will present procedures to sample from this approximation based

on Gibbs sampling in Section 4.2.3.2 and based on the MH algorithm Section 4.2.3.3.

Sampling the Indicator Variables and Parameters Fori e {1,...,(Ja, UJg,|},
the conditional probability of c;, ;) = ¢, with ¢ € {cgn’k_l) 11 € Jan U ’JEm}, is given
in (4.30) and the conditional probability of c, ;) ¢ {c§"7’“‘” 1 € Jan U jE,n}
is given in (4.31), with c,;, = c(ﬂ’k) replaced by ¢,y = ().,
Crali1)s Cra(i41) -+ Cra(BanIpa) = (Gt Oy o) i) e )
= (ﬁif(),), Cglglffl) = maXg/ef1,... k—1},i’e{l,...,I} Cl(/n’k/) replaced by
cr(ffé’jjl) = MaAXpe(l,.. k- 1}/ {1 |TanUTEnl} ci"(]::)), and further obvious changes for
TSs of different lengths.

The parameters p; for c € {c§”7’“) (1€ Tan U JEm} are sampled from their conditional

pdf given the other random variables, similar to (4.33) with the obvious changes for T'Ss
of different lengths.

The complete algorithm for T'Ss of different lengths using Gibbs sampling for the states
is presented in Section 4.2.3.2, and the algorithm using the MH algorithm to sample the
states in Section 4.2.3.3.

4.2.3.2 Gibbs Sampling Algorithm

The samples of the states (xing,n)icsy, and (Xing,.:Ng,)iess,, indicator variables
(Ci)ieaa udp,,» and parameters (P})cefc;:ias.,Up,} Can be generated using Gibbs sampling
(see Section 4.1.3.2). As in Section 4.1.3.2, the states are directly sampled from their
approximated conditional pdf, that is, from (4.42) and (4.43), which requires the calcu-
lation of the weights (Wl("’k’k/)) (see (4.26) and (4.27)) for all i € T, U Jg, at

! kKef{l,..K}

each iteration of the MCMC algorithm using the current samples. The pseudo-code for
one iteration of the SMC algorithm is stated in Algorithm 4.10, with the MCMC algo-
rithm stated in Algorithm 4.11. Note that Algorithm 4.10 includes the initialization of
the starting T'Ss as they can start at any time step, that is, Algorithm 4.10 is equivalent
to Algorithms 4.4 and 4.5 for T'Ss of equal length.
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64 4. Inference in Bayesian Nonparametric State-Space Models

Algorithm 4.10 SMC algorithm using Gibbs sampling for a BNP state-space model with
different lengths: iteration

—1,k) — (Ng,i,k) (n—1,k)
Input: (w(n . ) (w " ) (c- ’ )
p i,Ng ;:n—1 i€3a\Ts.0 4,Ng,i:NE,; i€, \ " i€0A,n\Js,n

n—1,k
(pc( )) ) (yi,Ns’iZTL>i€jA,n7 (yi,NSJZNE’»L‘)iGjE,n’ K’ 91,9, Tn

ce{c{m M ZGJA,n\js,n}) ke{l,..,K}

1. for all i € Jg,, do
2: forall k=1,...,K do
3: set M = 7 1(z)

*(0,k

4: sample p* 0 k)) from fq (p (((?’k))>
5: sample :I: ") from g1 ( (n ®) ‘p*(((?kk)), ym)
6: end for
7: end for
8: for all i € Ja,, \ TJS,n do
o} forallk=1,..., K do
10: Sample 'IE( fI‘OHl g( ( ) ‘ wlT;Vslikrz P ((: llk’;)7 Y, n)
11: set :cl(rjv? = (wEfL]GSIi’chZ_l, if’ik))
12: end for
13: end for

. (n,k) (n,k) (n,k)
14: sample <(wi,NS’i:n)i€jA7n7 (wLNS,i:NE,i)z’ejE,n’ (ci )z‘ejAynuﬁE,n’

*(n’k) . . . .
(pc )ce{c(" k) zeﬁA,nuﬁE,n}> — using  Algorithm  4.11 with  input

— (n,k) ) (7 (Ng,i k) )
(( ’L7NS in iEjA ? 7'7NSZ-NE1 iejEn ke{l }7

(yi,Ns i )zeﬁA (Y ,Ng ;:Ng, Z)zeJE K91, 9, Tn
k) (n,k) (n,k) — (Ng,i,k)
Output: ( " ) (zc ) (a: o T, N
p 7/ NS i ZEjA,n’ ’L?Ns,i'NE,i iejE,n’ LNS,Z'.TL ZEjA,n ’ ’L?NS,Z"NEMZ iejEﬂq’

C; . ) c (n,k),
’LEjA,ntEyn CE{C ’LEjAmUjE’n} kG{l,...,K}
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4.2. Time Series of Different Lengths 65

Algorithm 4.11 SMC algorithm using Gibbs sampling for a BNP state-space model with
different lengths: MCMC part

— k;) _(NE,Lk)
Input: (:1:("’ ) ) (a: )
P i,Ns i:n i€Ian’ i,Ng i:Ng.; i€ ) ke, }7

(yz‘,NS,i:n)iEJA,m (yi,Ns,i:NE,i)iEJE,w K7 91,9, Tn
: for all ¢ € 34, do
initialize :1357}\,13) ., arbitrarily from {:I:E 1{,3 niked{l,....K }}
set ™V = 7-1(4)

initialize p ((nll) arbitrarily from R
C

i

: for all ¢ € Jg,, do

initialize :1357}\,13) Ny, arbitrarily from {mg J\}Esllj\),E ke{l,..., K}}
(n,1) _ -1

set ¢; 7 =T1,1(q)

(n

1
2
3
4
5: end for
6
7
8
9 initialize pc(n,ll) arbitrarily from R

10: end for Z
11: set Y = |Ja, U Jg,|

max

12: for all k=2,..., K do
13: for all i € Js,, do

14: for all &' = , K do
15: calculate W k) ) according to (4.26) or (4.27) with the necessary changes
16: end for
17: sample ! N ,, from (4.42)
18: end for
19: for all < € Jy,, do
20: for all £’ = K do
21: calculate W ) according to (4.26) or (4.27) with the necessary changes
22: end for
23: sample x, Ns) Ny, from (4.43)
24: end for
25: for all i = 1 .| IanUTg,| do
26: sample ¢’ (Z)) = ¢ with probability b(n k) e (see (4.30) and (4.31))
for all c € {0, Cs_n(l)), e ,C(T:(]Z)_l), ciz(];i;, e 705—:7(75_1:,21qu,11|)}
27: if C(n(k; 0
set c(T i g = max { maxie(1,..i—1} CSZ’(]Z,)), cfr’}éﬁ_l)} +1
sample p (: ,f; Y from (4.33) with the necessary changes
28: end for e
20:  set ™k = max { MAXje(1,....|TpnUTmnl} cin(’f)), clnk= 1)}
30: for all c € {c(" k) e Jan U JEn} do
31: sample p*(™*) from (4.33) with the necessary changes
32: end for
33: end for

k) (n,k) (n,k)
Output: (az(n’ : ) (SC Vo s G
p ’LvNS,i-n iejA,n ! Z’Nsﬁi'NE’i i€3E7n7 v iejA,ntE,n7

*(n,k)
(pc )ce{c(" k) ’LEjA,nqu,n}>k€{1,...,K}
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66 4. Inference in Bayesian Nonparametric State-Space Models

4.2.3.3 Metropolis-Hastings Algorithm

As with TSs of equal length, we can also use an MH algorithm instead of Gibbs sampling
(see Section 4.1.3.3). For this, we use the MH algorithm discussed in Section 4.1.3.3
with the obvious changes for TSs of different lengths. The algorithm for one iteration is

outlined in Algorithm 4.12, with the MCMC algorithm stated in Algorithm 4.13.

4.2.3.4 Sufficient Statistics

We can simplify the algorithms for TSs of different lengths introduced above by using
sufficient statistics as discussed in Section 4.1.3.4, with obvious changes due to the different

TS lengths.
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Algorithm 4.12 SMC algorithm using MH for a BNP state-space model with different
lengths: iteration

. (n—1,k) #(n—1,k)
Input: (("B%N&i‘”—l)z’em,nws,n’ (Pc )CE{C(n 1k) l€5A,n\3s,n}>ke{1,._.,K}’

— (Ng,:,k) I(Ng nk))
T, NN S W  Neom)i i Ne N )i€dp. s I T,
<( 4,Ns i:Ng;° 'V 1€JEn ke{l,.. ,K}’ (y”NS,z'n)ZejAm’ <yZ7NS,z~NE,z)l€JE,n’ 191, 9, Tn

1. for all i € Jg,, do

2: forallk=1,..., K do

3: set l"M) = 7' 1(z)

4: sample p°* (0 k) ) from fa (p*g] ’kk)))

5: sample :?3 "k) from g1 ( (n 5 ‘p*(((?kk) 7yzn)

6: calculate T/ (n.k accordmg to (4.35) with the necessary changes
7: end for

8: end for

9: for all i € Ja,, \ ngn do

10: forallk=1,..., K do

11: sample :?3( from g( (nk) ‘ wﬂl llk),p (: llkk)7yzn)

12: set wl(iv? = (wgﬁ\;li’ﬁzfl, ifzk))

13: calculate I/Vi(n’k) according to (4.36) with the necessary changes
14: end for

15: end for

) (n,k) (n,k) (n,k)
16: Sample (mi’NS’i:n iEjA,n’ wi’NS’i:NE‘i ’L'GjE,n’ Ci ’L'EjA,ntE,n7

(pc )ce{c(n k) zeJA,nuﬁE,n}) . using  Algorithm  4.13  with  input

_(n,k) (n,k)) ( (Ng k) /(NEZ, ))
(( i,Ng,ims VWi icann’ \TiNs,i:Ngi» €380 ) keq1. 7K}7 (yz,NSﬂ.n)zEjA,na

(yi,Ns}i:NE’i)iejE,na K7 91,9, Tn

Output: ((azﬁ’}v];)nlem ,(fvg%];?i:NE,i)iejE’n, (igaz)n’ﬂle(nk)) -

(NE iy ) ,(NE iy ) (71,]45) * k
(ml Ns ;:Ng;’ W ) . 9 (Ci ) . ) (pc(n’ )) (n,k) .
i:NEi 1€TE,n 1€TA nUJE n cefc; HETA nUTEn} ke{l,. K}
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68 4. Inference in Bayesian Nonparametric State-Space Models

Algorithm 4.13 SMC algorithm using MH for a BNP state-space model with different
lengths: MCMC part

— (n,k) 1(n,k) — (NE,i,k) I(Ng,i,k)
Input: ( (23, W;" Z W  Nesm)i
p 4,Ngin2 'V i iejA,n’ 4,Ng i:Ng° "1 €05 ke{l,...,K}’ (yz,NS’i.n)ZejA,rﬂ

(yi,Ns,i:NE’)iEjE,na K7 91,9, Tn

1. for alli € J,, do
2: initialize :1357}\,13) ., arbitrarily from {:I:E 1{,3 niked{l,....K }}
3 set ™Y =771(4)
4: initialize pc(.(nﬁll) arbitrarily from R
5. end for Z
6: for all i € Jy,, do
7 initialize :1357}\,13) Ny, arbitrarily from {:EEJX}ESZI}:\),EI ke{l,... K }}
8 set ™V =771(4)
9: initialize ch(n,ll) arbitrarily from R
10: end for
11: set MY = |Ja, U Jg,|
12: for all k=2,..., K do
13: for all i € Js,, do
14: sample a:l(ﬁ,:) = 531(7}\,];)” with probability W/™*) for all k" € {1,..., K}
15: set :I:ET;V];) = :cz(]rf,skzn with probability P;Z’k) (see (4.37))
1 (nk) _(nk=1)
else set x; Ns;n — TiNg;m
16: end for
17: for all i € Jg,, do
18: sample :132(7\,52 Ne; = i:g%iﬁvza with probability W,(NEZ *)
for all ¥ € {1,..., K}
19: set a:l(?v];) Ny = ml%sk) v, With probability P, k) (see (4.37))
1 (n,) (nb—1)
else set wi,NS’i:NE - wi,NS’i:NE
20: end for
21: foralli=1,...,|Jr,UJg,| do
. (n,k) _ . o1e (n,k)
22: sample ¢, ;) = ¢ with probability b, ;) . (see (4.30) and (4.31))
(n,k) (n,k) (n,k—1) (n,k—1)
for all ¢ € {O, Crn(1)r > Crn(im1) Co i1) - - - ,cTn(le’ntEM)}
n,k n,k n.k—
set c( e ; = max { maXye(1,..i—1} C,(rn(z)) cr(n,f( 1)} +1
sample p ((n 9 ) from (4.33) with the necessary changes
Tn( )
23: end for
24: set cl(mx) max { MAaXie{1,...,|3a nUdg.n|} c(Tn(Ij)), cgga’f( 1)}
25: for all ¢ € {c(n M.ie Jan U JEJL} do
26: sample p;(¥) from (4.33) with the necessary changes
27: end for
28: end for

) (n ) o)
Output: (az(n’ . ) (az s e
p BNsin ) jeg, O \T NS NEG ) jegn T\ ) iea, Uk,

*(n,k)
(pc )CG{C ok ZGJA ntE n})k‘e{l,...,K}
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Chapter 5

Application to Extended Target
Tracking

In our context, target tracking refers to the estimation of a sequence of target states
based on a sequence of noisy measurements. Usually the target is a moving object that
is observed by a sensor and we are interested in its kinematic state. In many scenarios
it is assumed that a target gives rise to at most one measurement per time step. There
are, however, applications where this assumption is not valid and each target may pro-
duce multiple measurements per time step. In these scenarios, it can be of interest to
additionally estimate the size and orientation, which is often referred to as the extent, of
the target. This is called extended target/object tracking. A recent overview of extended
target tracking is provided in [3]. Figure 5.1 shows an example of the trajectory and the

measurements of an elliptically shaped target.

Fig. 5.1: Example of the trajectory and the measurements of an elliptically shaped target.

As extended target tracking can be applied in a wide range of applications, there are
many different models for the target state, extent, and measurements. One common choice
is the spatial model, described in [6,39,40], where a random number of measurements is

assumed to be spatially distributed around the target’s position. In this chapter, we adapt
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70 5. Application to Extended Target 'Tracking

the multiplicative noise model with known extent from [6], which is a special case of the
spatial model, to our purposes.

In some scenarios there are several known target classes defining certain parameters of
the targets that belong to these classes. As we usually do not know a priori to which class
each target belongs, we can use joint tracking and classification algorithms [7,8] to infer it.
In practice, however, it is not always the case that the target classes are known. Clustering
of multiple targets for joint class identification and target classification is considered in [9],
where it is required that the target has already been tracked. The algorithm in [9] takes
a complete feature sequence as an input, which may depend on the complete estimated
state sequences of the targets. A different approach is joint tracking and clustering. Here,
we jointly infer the class structure and track the targets, in contrast to inferring the class
structure and tracking the targets separately as in [9]. As the parameters, which are
defined by the class, may influence the state estimate, joint tracking and clustering can
improve state, parameter, and class assignment estimation. To the best of the author’s
knowledge, there is no previous work on joint tracking and clustering.

We start by statistically modeling the extended target tracking problem as a Bayesian
nonparametric state-space model (see Chapter 4) in Section 5.1. Then, in Section 5.2,
we discuss the application of the algorithms of Chapter 4, and evaluate the algorithms’
convergence as well as the performance gain from joint tracking and clustering in Section

5.3.

5.1 Statistical Model

In order to statistically model the problem outlined above, we model the dynamic behavior
and the measurements of each target. We consider a known number of targets I € N where
each target i € {1,..., I} is observed in discrete time from time Ng; € N to time Ng; € N
with Ng; < Ng ;. For time steps n € {Ng, ..., Ny} the behavior of target i is described
by a parameter dependent state-space model (see Section 4.1.1) as illustrated in Figure 5.2.
Each target ¢ has a kinematic state x; ,, composed of its position and velocity, for all times
n € {Ng;,---,Ng;}- The temporal evolution of this kinematic state is described by the
motion model defined in Section 5.1.1 below. At each time n € {Ng;,..., Ny}, for each
target i, we observe a random number M, ,, of random vectors y, ,, , form € {1,..., M, .},
or equivalently the random sequence y, , = (ym’l, N ym’Mi’n), which is described by the

measurement model in Section 5.1.2. Furthermore, the motion and measurement models
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72 5. Application to Extended Target Tracking

of each target i depend on a random parameter triple p; = (D;, Q;, M), where D, describes
the target’s extent, Q, describes its dynamic behavior, and M, is the average number of
measurements per time step associated with target ¢. Each target in our statistical model
belongs to a class, which is described by a class indicator c;. The targets in each class share

the same parameter triple, that is, p, = p!, where p! = (D*, Q},M?) is the parameter

triple of class ¢. The parameters and classes are modeled in Section 5.1.3.

5.1.1 Motion Model

Each target state X;,, = [X;,1 Xino Xin1 Xinol € R*is composed of the position
T . . . T . .
Xin1 Xino) and velocity [, % ,o]". At time Ng;, the state X; N, , 18 modeled as

i.i.d. across ¢ according to
XiNg, ~ N(0,%y), (5.1)

where ¥, € R*** is an uninformative covariance matrix.
There are several ways to model the motion of the target [1]. We use the nearly
constant velocity model, where the state at time n € {Ng,+1,..., Ny} is related to the

previous state by

Xin =FX; 1 +v,,. (5.2)

7,m

Here, v;,, € R is called the driving noise and F' € R** is the state transition matrix

given by

| ATI
F=|"7 2 (5.3)

050 1
with AT € R denoting the sampling period. Furthermore, we assume that the driving
noise v, ,, given the random covariance matrix Q; € R**4 which will be explained below,

is zero-mean Gaussian and i.i.d. across n and independent across i, that is,

where

2
qz‘,1|2 0555

2
0555 qz‘,2|2

Q, = (5.5)

is a random parameter with q%l € Ry and qu € R.( being the position and velocity

driving noise variances, respectively. The distribution of g7, and g7, will be defined in
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5.1. Statistical Model 73

Section 5.1.3. It follows from (5.2)—(5.5) that the state transition distribution given Q; is

also Gaussian, that is,

Xin | (xi,n—l =Lin 1> Q=Q,)~ N(Fmi,n—h Q,). (5.6)

Note that x; ,, is independent across i as both x; N, and v, ,, are independent across i.
By further defining the states as being conditionally independent of the parameters D,

and M, given Q;, we can now completely describe our motion model by (see (5.1))
C(ing, 1) = Fron o (@i, 1P1) = Suon (@ing) = N (@in 10.5)  (5.7)
and (see (5.6))
g(wi,n | wi,nfla pz) = fxi7n|xiyn71,pi(wi,n ’ wi,nflapi) - N(wi,n; F"Bi,nfla Qz) (58>

for all n € {Ng; +1,..., Ng,}.

An illustration of the motion model is given in Figure 5.3.

—== trajectory
— == velocity
—-iedriving noise

Fig. 5.3: Illustration of the motion model.

5.1.2 Measurement Model

For each target i, we observe at each time n € {Ng, ..., Ny} a random number M, , € N
of measurements y; , .., m € {1,...,M,,}, that, given a random parameter M, € R, is

independent across ¢ and i.i.d. across n according to a Poisson distribution

M., | (M; = M,) ~ Pois(M,). (5.9)

Note that M, is the average number of measurements of target i, that Iis,
E<Mi,n’Mi = M;) = M;.

To model the measurements y,,, ,, € R? we adapt the model of [41]. Ideally, in many
applications, we would like to model the measurements y, , ,,, as noisy observations of ran-

dom points on the target’s extent. That is, each measurement y, , ., could be constructed
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74 5. Application to Extended Target Tracking

by randomly selecting a point on the target’s extent and then adding measurement noise
to this point.
In order to simplify the inference, we approximate this ideal construction by a Gaussian

distribution [41]. More specifically, we define

= Hx;, + R(x;,)z (5.10)

yz’,n,m i,n,m’

i,mn,m

for n € {Ng,,...,Ng;}, where H € R** R(x,,) € R¥? and z,,,, € R* will be
defined in detail presently. The first component of the sum in (5.10), Hx,,, is used
to center the measurements around the target’s position, and the second component,
R(x;, )z

with added measurement noise. The measurement matrix

is used to model the measurements spreading across the target’s extent

i,n,m’

H=1,0,, (5.11)
singles out the position of the target, [x;,; X", from its state
Xin Xin1 Xin2 Xim1 Ximo) - The pre-measurements z,, . determine, up to a

rotation by the matrix R(x;,), the shape and size of the target as well as the measure-
ment noise. To model elliptical shapes, we choose z;, . to be distributed according

to

conditionally independent across 7 and i.i.d. across n and m given D;, with the random

parameter

(5.13)
0 d7,

and the half axis lengths d, ;,d; , € R-o, which are determined by the target’s shape and
size, and the measurement noise. We summarize the pre-measurements z; , . for target

at time n in the random sequence

Z,, = (zi,n,la e 7Zi,n,Mi7n>' (5.14)

To align the target’s extent with the direction of the target’s velocity [%; Xi’n’Q]T, we

define the rotation matrix

R (5.15)



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

5.1. Statistical Model 75

That is, R(x;,) rotates a two-dimensional vector counterclockwise by the angle
ZXip1 Xinal" € (0,27]. Therefore, this matrix aligns the first half axis with the di-
rection of the target’s movement. It follows that y,, ,, given x;, and D, is distributed

according to

Yinm | (Xi,n =z;,,D,=D,) ~ N(Hw R(wi,n)DiR(wi,n)T)v (5.16)

independent across ¢ and n, and i.i.d. across m. The overall observation of the state-space

model for target ¢ at time n is then given the measurement sequence

Yin = (Yimis--++Yim,,)- (5.17)

Note that the number of vectors in z, , and also in y, , is M, ,, and therefore random. We
could, for example, treat z; , and y, , rlgorously using random finite sets [42]. However, for
the purpose of this text, we will treat z;,, and y, , as mixed random variables, combining

the continuous random variables z, and y, ,,,,, for m € {1,..., M, } with the discrete

,n,m

random variable M, ,,. Thus, we can describe our measurement model by the mixed density

(see Section 4.1.1)

X(yz,n | wi,n? pz) = /in’nlxi,nvpi (yz,n | wi,n? pz) = D,.Q,, M (yz ,n | Z; no Dz’ QN Mz) (518>

n| i,n’

for all n € {Ng,,..., Ng;}. By defining the measurements y, ,, as conditionally indepen-

dent of Q; given x;,,, D,, and M,, we can simplify (5.18) to

Z’Il’

[e.9]

X(yi,n|wi,n7pz Z U”L, Zn X; no D, M (yszM/lwuwDi?Mi)

M’'=0
DM(yzn7 zn|wzn7Di7Mi)

i,n’ i) g

D, ,Mz(yzn | Mzn? zn?Di7Mi)pM

I
<
<

o |x
i,n

D, M (Mn|mi,n7Di7Mi)7

=

) X, . ‘
,m ,n’i,mn? i,nl%in?

where we have used that y, , defines M, . By further defining y, , as conditionally inde-
pendent of M, given M,

zn7

and M, as conditionally independent of x; ,, and D, given M,,
it follows that

X(yl,n | wi,nﬂpi) = fy,ﬂynle, “ﬂ (y'L n | i,n) Z; ,no Dz)pMLnH\i/IZ(Mz,n | Mz) (52())

Inserting (5.9) and (5.16) into (5.20), we finally obtain

M, .
(yzn | mz n’pz < H N yznm’ zn7 R(wz,n)DzR(’mz, ) )) POIS<MZ n) Mz) (521)
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76 5. Application to Extended Target Tracking

Fig. 5.4: Example of an elliptical target extent and corresponding measurements.

with y,,, = (ym’l, o vyi,n,Mi,n)' Figure 5.4 shows an example of an elliptical target
extent and example measurements.

Our model differs from [41] in that it assumes D, as a time-constant random parameter
and not as part of the target state. The underlying assumption of our model is that the

targets are rigid and can only change their orientations, but not their shapes, over time.

5.1.3 Parameters

The motion and measurement models in Sections 5.1.1 and 5.1.2 are parametrized by
the random parameter triple p; = (D;, Q;,M;) € R?*? x R™* x R, which we will use
for clustering the targets. We will use a Dirichlet process to define the joint distribution
of all parameter triples p;.; = (py,...,P;). However, let us first discuss the marginal
distribution of a single parameter triple p, before we introduce this Dirichlet process.

We define the elements of p,, that is, D;, Q,, and I\7IZ-, as mutually independent and
with their marginal distributions defined as follows. We define D, as (see (5.13))

dz, 0
D,= " , (5.22)
0 d?,
where d7, and d, are independent and distributed according to
&7y ~ T gy, Ban)s (5.23)
dis ~ F_l(@dga Baz2) (5.24)

with the hyperparameters ay o, 841, g2, B39 € Rso. Further, we define Q; as (see (5.5))

2
qz‘,1|2 0555

Q- , (5.25)

2
0555 qi,2|2

where g7, and g7, are independent and distributed according to

qil ~ Fil(av,h Bv,l)? (526>
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5.1. Statistical Model 77

qzz,Q ~ F_l(av,2> v,2) (5.27)

with the hyperparameters ., 3, 1, @ 9, B, 2 € R5o. Finally, we define

M; ~ I'(ay;, Bu) (5.28)
with the hyperparameters o, fy; € R~o. By combining (5.22)—(5.28), we obtain

fpi(pi) = fDZ(Dz>fQZ(Qz)fI\7Il(Mz)
= F_l(diﬁ Q4,15 5d,1) F_1<d?,2; Qq.2, 501,2)
X F_l(qzl; av,l? V71) F_l(qu; av,27 V,Q)

X T(M;; o, Byr) (5.29)
with

_ d, 0 21, 0 _
p;, = (D;,Q;, M;) = ( o N h 22X2 ’Mi>' (5.30)
0 dm 0555 qi,2|2

As mentioned above, the joint distribution of all parameter triples p;.; is defined by a

Dirichlet process according to Definition 3.1, that is,

fDP ~ DP(@DP, fg), (531)

where app € R is the concentration parameter and fg(p;) is the base pdf, and
p; | (for = fop) 2 fop. (5.32)
As fa(p;) = Jo, (p;) (see (3.19)), we have (see (5.29))

fG(pi) = F_1<d§,1§ Q4,15 Bd,l) F_l(dzzg; Q4,25 5d,2)
X F_l(qzﬁ Ay 1y v,1) F_l(qz?g? Ay 9, v,2)
x T(M;; ay, By)- (5.33)
The targets in each class have equal parameter triples (see (3.25)), that is,
P; = Pc (5.34)
where ¢; € N is the random class indicator (which assigns a class to target i) and
p. = (D7, Q;, M) (5.35)

is the random parameter triple of class c.
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5.1.4 Independence Assumptions

Let us briefly summarize some (conditional) independence assumptions that will be needed

in the following section. Some of the following assumptions were already discussed above

or can be found in Figure 5.2.

A)

A.2)

A.3)

A4)

A.5)

A.6)

A7)

A8)

A.9)

A.10)

A11)

A12)

The states and measurements (x; Ny Ny o YiNg Nm) given the parameters p, are
conditionally independent of the states and measurements (x; Ny Ny o YN NE,i’)

as well as the parameters p;, of every other target ¢’ # i.

The state x; , is conditionally independent of the states x; Ny -2 given the previous

state x; ,_; and the parameters p,.

The measurement y, ,, is conditionally independent of the states x; Ny 1 and mea-

surements y; y_ ., given the state x; ,, and the parameters p;.
The state x; v, . is independent of the parameters p,.

The states x; v ., are conditionally independent of the parameters D, and M, given

the parameter Q,.

The numbers of measurements M, y_ ., are conditionally independent of the states

Xi,Ng :n, and the parameters Q, and D, given the parameter I\_/Ii.

The measurements y, ,, are conditionally independent of the parameters Q; and M,

given the number of measurements M, , the state x,,,, and the parameter D,.

\no

The pre-measurement z; ,, ,, is conditionally independent of the number of measure-

ments M, , given the parameter D,.

The pre-measurement z, ,, ,,, is conditionally independent of the state x;,, given the

parameter D,.

The parameter D, is independent of the numbers of measurements M, and the

states x; Ng ;-
’ K

The parameter D, is conditionally independent of the states x;, Ng n given the pre-

measurements z; Ny -
El K3

The parameter Q; is conditionally independent of the states x; n ., given the driving

NOISe V; v 115
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5.2 Inference

In this section, we will concretize the distributions used in the algorithms in Chapter 4
when applied to the statistical model for extended target tracking described in Section
5.1. Furthermore, we will introduce a simple MCMC algorithm for inference in our sta-
tistical model, which will be used as a reference algorithm to illustrate the performance
of the algorithms introduced in Chapter 4. This reference algorithm, however, can only
be derived for some special cases of a Bayesian nonparametric state-space model, while
the algorithms introduced in Chapter 4 can be applied to a wide range of Bayesian non-
parametric state-space models. For simplicity, we will only discuss the case Ng,; =1 and
Ng,; = N for all targets i € {1,...,}. This setting can easily be adapted to the general
case as discussed in Section 4.2.

As discussed in Section 4.1.1, the algorithms are used to generate samples in order to

approximate an expectation (see (4.6))

J = E(h(xlzl,lzNy Ci.1, P:M) | Yirin = yl:],l:N)7 (5.36)

or to infer the most likely class assignment (see (4.8))

éjoint,l:] = argiax., . en? P(cllf = CuJ | YiriN = yl:[,l:N)‘ (537)

5.2.1 Conditional Probability Distributions

Before we discuss the specific algorithms, let us first derive, within our statistical model,
the conditional probability distributions that are used in the algorithms presented in

Chapter 4.

Conditional pdf f, ..y, ~ We first consider the conditional pdf of the parameter
triple p; given the states x; ;,, and measurements y, ;.. By applying Bayes’ theorem and

the chain rule we obtain

fpi\xi,m,yi,l:n (p; | Li1n yi,l:n) X Uk 1:m.¥5 1. P (xi,1:n7 Yiin |pi)fpi (p;)

= Z vxi,l:n)yi’1:n7Mi,1:n‘pi (wi,lsn7 yi,l:n’ M/ ’pl)fpl (pZ>' (5'38>
M'=0
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80 5. Application to Extended Target Tracking

Using that y,,, defines M, ,, the chain rule, and (5.29), we have

©,n

fpi\xz',l:n,yi,lm (p; | L 1:n yz‘,l:n)
= Uxitin ¥i 1M 105 (xi,l;m Yirns Mi1m |pi)fpi (p;)
= Ui 1Yy 1M 1. ID; Qi,l\_/li<mi,1:n7 Yirms Mg | Dy Qi Mz)fDZ(DZ)fQZ<Qz)f|\_/IZ(Mz)
= f“nlM xi1:m:0;,Q;,M, <y21n| il L i,l:n?Dsz‘?Mi)fDi(Di)
X fxi,1;n|Di,Qi,l\7li(wi,1:n | D;, Q,, Ml)sz(Qz)
X P, o 0,0, (M 1 | @510 D, Qi M) fig (M) (5.39)

i,1:m?

Let us simplify the factors in (5.39), starting with

fyiylm\Mi’lm,xi,l :D;,Q;.M, Yion | M 105 T 1, D, Qs Mi)fDi (D)
= fyi’lm|Mi71m,xi,1 n,D (yz 1 | M, i1 L4 1:ms Dz’)fDi<Di>
= fyi,l;n|M¢71;n7Xi,1n (yzln| 11n7wi,1:n7 i) fo, IM“n,x“n(D | zln?wi,lzn)J (5.40)
where the first step can be shown using assumptions A.7 and A.3, and the second step
follows from assumption A.10. Using Bayes’ theorem, that (5.10) is a bijective trans-

formation of z;, ,, given x, ,, and then finally assumption A.11, we can further simplify

(5.40) to
fyil:n‘M'Ll:n7xia1nD Q;, l\/l (yzln’ i,1:m zln’Dsz? z)fDl(Dz>
x fp, il¥i 1My 1o X 1in (D, | Yitins M 10 mi,m)

- fD |Zl 1M i,1:moXi,1im (D | zz 1in Mi,l:n? wi,l:n)
- fD |len7 'Ll:n(D |Z21nﬂMi,1:n) (541>
with z; , = (zm’l, e Ziam ) and (see (5.10))
Zinm — R(xi,n)il(Yz‘,n,m - Hxi,n) = R<Xi,n)T(y'i,n,m - Hxi,n)' (542>

,n,

In order to further simplify (5.41), first note that we have

leln M; 1.n,D (11n|M11n7D): H Hfz zn’m|D)
n'=1 m=1
= H H N(zi,n’,msoaDi)a (543)

n/=1 m=1

where we have used assumption A.8, (5.12), and that the z, , . were assumed conditionally

,n,m

i.i.d. across n and m given D,. As D, is a diagonal matrix with independent inverse
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5.2. Inference 81

gamma distributed entries (see (5.22)—(5.24)) and as the inverse gamma distribution is
the conjugate prior for the variance of the Gaussian distribution,! it finally follows from

(5.41) and (5.43) that

fyi,l:n‘Mi,lzn’xivln’D ,Q;, M (yzlnl 7,1 zln? Q M)fD ( )
n M n’
Ocr_1<zl’ad1+ Z zn”ﬁdl_{— Z Z zn ml)

n/=1 m=1

erl <d122’ad2+ Z zn7ﬁd2+ Z Z Z’Ln m2> (544>

n'=1 n’=1 m=1
With 2, 15 Zipmes 07y, and df, being the elements of z;,, ,, and D, that is,
_ T T
zi,n,m - [Zi,n,m,l Zi,n,m,?] - R(mi,n) (yi,n,m - Hmi,n) (545)

and (see (5.13))

d, 0
D, =" (5.46)
0 dz,
The second factor in (5.39) to simplify is
fxi,l;n|Di,Qi,|\_/|i(mi,1:n |D,,Q;, Mz)fQZ(Qz) = fxi,l:n‘Qi(mi,lzn | Qz)fo,(Qz)

X fQilxi,lzn (Q’L | wi,l:n)7 (547>

where we have used assumption A.5 and Bayes’ theorem. As
vi,n = xi,n - in,n—l (548)
for n € {2,..., N}, by (5.2), we can express v, ,., using X;1.,, and thus, we can restate

(5.47) as
fxi,lm|Di,Qi,l\_/li(mi,1:n | D,;, Q,, Mi)fQi(Qi) X fQi|v,-2m,x¢,1;n(Qi | U, 2:ns mi,l:n)

= faq, \v”n(Qi | 'Uz',2:n)a (5.49)

where we have used assumption A.12. In order to further simplify (5.49), first note that

we have

fviyglei (vi,2:n 1Q,) = H fvm,\Qi(Ui,n' Q;) = H N(”i,n'3 0,Q,), (5.50)
n’'=2

n'/=2

Hf p ~ T (a, B) and x| (p = p) L N (u,p) fori € {1,...,T}, then p|(x1.; = z1.7) ~ T (a/, ) with
o =a+Land =B+ 350 (@i -
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82 5. Application to Extended Target Tracking

as the v; , are i.i.d. across n given Q;, and Gaussian according to (5.4). Using again the
fact that the inverse gamma distribution is the conjugate prior for the variance of the
Gaussian distribution and that Q, is a diagonal matrix with inverse gamma distributed

entries (see (5.25)—(5.27)), we obtain

fxiyltn\Di,Qi,l\_/li (wz',lzn | D;, Q;, Mz)le (Q,)

1
XX F_l (qih O[V71 +n— 1, /8\,71 + 5 Z (Ulz,n’,l + U’in/,2)>
n'=2
1
x 1 ((1?,2; Ao tn—1p,+5 > (st Ugn,A)) (5.51)
n/=2

with v, VUi Gi1, and g7y being the elements of v, ,, and Q;, that is,

2,m,19 v

(Y

©,n,27 Yi,n,3?

Vin = [Uz‘,n,l Yin,2 Vin3 Ui,n,4]T (5.52)
and (see (5.5))

2
qz’,1|2 059

2
() Qi,2|2

Q = (5.53)

The last factor in (5.39) that we will simplify is

pMi,lm|xi71;n,Di,Qi,l\7li(Mi,l:n | ;1.0 Dy, Qs Mz)fl\_/ll(Mz) = pMiylin\l\_/li(Mi,lzn | Mz)fl\_/h(Mz)

x fl\_/li|Mi,1:n (MZ | Mi,l:n)a (554)

where we have used assumption A.6 and Bayes’ theorem. Note that the M, ;. given M,
are Poisson distributed according to (5.9) and that M, is gamma distributed according to
(5.28). As the gamma distribution is the conjugate prior of the Poisson distribution,? it

follows that

i

ox T (Mi; o+ > M, By + n> (5.55)
=1

pMi,lm|xi71:n,Di,Qi,l\7li(Mi,lzn |, 1.0 Dy, Qs M;) fia (M)

Having simplified all factors of (5.39) with (5.44), (5.55), and (5.51), we finally arrive

2If p ~ T'(a, B) and x;|(p = p) L Pois(p) for i € {1,...,1}, then p|(x1.; = z1.1) ~ I'(¢/, ') with

a’:a—l—Zf:lxi and 8/ = [+ 1.
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at

fpilxi,lzn,yi,lm (p; | Li1ms yi,l:n) =1 <dz 1 Qg T Z in’ 76d 1t 35 Z Z Zin'.m 1)

’*1m 1

<127ad2+ Z ’75(12—{_ Z Zzzn m2>

n'=1 n'=1 m=1

zl’ v1+n ]'ﬁvl—’_ Z 1n’1+vln/2>>

n’—2

1
qz?’ V2+n 1’6V,2+§ Z(Uzn’,?)_‘_vz’z,n’,él))

n'=2

/_\/\

><F< Z m,ﬁMJrn) (5.56)

with

2, 0
D,=|" : (5.58)
0 d,
(21, 0
Q= |1 e (5.59)
_02><2 Qi,QIQ
yi,n’ - (yi,n’,lv s ’yz‘,n’,Mi n/)a (56())
zi,n’,m = R<wi,n’)T(yi,n’,m - Hwi,n’) = [Zi,n’,m,b Zi,n’,m,?]T7 (561)
Vi = Tigy — F®; 10y = 03001 Vi o Vi 3 Ui,n’,4]T' (5.62)

Conditional pdf fp:x,, ..., We will also need the conditional pdf of the class

Cl:vaicvyI:I,l:n
parameter triple p} given the states x;.; 1.,, indicator variables ¢;.;, other class parameter

triples p*,., and measurements y,.;,,. Using (4.23), we have

* *
fPZ|X1:I,1:n7C1:Iapic,Y1;171;n (pc | ml:[,l:n’ Ci:1; P yl:[,l:n)

S R ) ) (5.6

’L.Ci:C
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84 5. Application to Extended Target 'Tracking

Further, using the same derivation as in (5.39), but using the states and observations of

all targets ¢ with ¢; = ¢ instead of just a single target, we can restate (5.63) as

>k *
fpz|xl:1,1m7C1:1,pic7y1:1,1:n (pc | L1.11:n5 CLiTs P y1;1,1;n)

X H (fyi,lzn‘Mi,lzn’xivl n,0;,Q;, |V| (yz 1:n | 7,1:m wi,l:rm Dz7 QZ7 Mc*)fDZ(DZ)

X xi,l:n‘DprMi (mi,lzn | Dz7 Q:’ M:)le (Q:)
XD, 0@, (Mi i | @4 100 D2 Q2 M) fia (M), (5.64)

By using almost the same derivations as for (5.44), (5.55), and (5.51), but again using
the states and observations of all targets ¢ with ¢; = ¢ instead of just a single target, and

then inserting the results into (5.64), we obtain (see (5.56))

* *
fPZ|X1:1,1:n7C1:1,PiC7Y1;1,1;n (pc ’ wl:[,l:n? CrIs Py Y11, l-n)

:F (dz21’ad1+ Z Z zn’?ﬂdl—i_ Z Z Z Zzn’ml)

zc*cn/ 1 zc*cn’ 1 m=1

XF_I (d:22,06d2+ Z ZManﬁdQ—i_ Z Z Z Z@n m2>

zc*cn’ 1 zc*cn’ 1 m=1

xr(M:;aM+ S S Mt S n)

e;=cn/=1 iic,=c

XF_l (CI:,QD n_l Z 1 6v1+ Z Z zn’l+vzn’2)>

iic;=c zc—cn’ 2

XF_l <q>ck,2a v2+ n’_l Z 1 /8V2+ Z Z zn’3+vzn’4)> (565)

iic;=c i:ic;=cn/=2

with (5.57)-(5.62). Note that in (5.65) we use the data of all targets in each class, instead
of the data of a single target as in (5.56).

5.2.2 Reference Algorithm

To illustrate the performance of the algorithms introduced in Chapter 4 for the statistical
model of this chapter, we will first derive a simple MCMC algorithm that uses cycles of
MCMC kernels (see Section 2.4.3) as a reference. That is, we develop kernels to sample
each random vector of the states x;,; .y, indicator variables ¢;.;, and parameter triples
p;, , separately given the current samples of every other random vector. Note that this
algorithm can only be derived for some special cases of a Bayesian nonparametric state-
space model.

The algorithm starts with an intialization of arbitrary samples a:g } LN c1 1: and p

I
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5.2.2.1 Sampling the States

We use a separate Metropolis-Hastings kernel (see Sections 2.4.2 and 2.4.3) to sample
the states x;.;,, at each time n of each target i. We treat the states and measurements
(%13, Yi1.v) of each target i separately as the states and measurements (X; 1.y, ¥, 1.3)
given the parameter triple p; or equivalently p;, are independent of the states and mea-

surements (X; 1.y, ¥y 1.xv) of every other target i’ # i (see assumption A.1).

Time Step n € {2,...,N — 1} Before we define the Metropolis-Hastings kernel for
the first time step, let us first consider the time steps n € {2,..., N — 1}. We choose
our proposal pdf for x;,, for all n € {2,..., N — 1} as the conditional pdf of the state
X;, given every other state x;,,, 1, X; .41,y and the parameter triple p;,, that is, every

random variable except the state x; ,, and the measurements y, .y, that is,

() (h=1)  x(k—1)
Jin\ Lin wi,l:n—ljwz n+1:N» P (k 1)
(k—1) #(k—1)
= fx TR S -3 ( Zn‘mzln L Tint1:N> P (h-1) ) (5.66)

Using assumption A.2, it can be shown that the state x, , is conditionally independent of

the states x; Ng ;n—2 and X; 1o N, . given the previous state x, the next state x; 4,

,n—1

and the parameter triple pg., and therefore, we can simplify (5.66) to

x| 2D *(k—1)
Jin\Lin 1, 1 n—1 i,n—l—l:N?pC(_k—l)
7

k k—1 *(k—1
- fx x 1%y 10PE; (mi,n ’ wz(,rz—la wE n+1)7p ((k 1))) (567)

Using Bayes’ theorem, we obtain further

(k) (k1) *(k—1)
Gin\Lin | Litm—15Lin+1:N: P (k1)

(k— 1) w(k—1) (k) w(k—1)
X fxim+1|xim_1,xi7nm§i (wz n+1 ’ L; n 1) Lin: P (k 1) )f il Xin—1:PE (mi,n ‘ Lin-1,P (k 1)
(5.68)
The first factor in (5.68) can be expressed as
(k—1) (k1)
fxi,n+1‘xi,n71’xi,n’p:i Z; n+1 mz n 15 Lin, p k 1)
— *(k—1)
- fxi’n+1|xi7n,pgi (SCI n+1 ’ Lin, P (k 1) (569>

where we have used assumption A.2. Using assumptions A.2 and A.5, it can be shown

that x; ,,, is conditionally independent of D, and M:i given x; , and Q;,, and therefore,
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86 5. Application to Extended Target Tracking

we have

(k—1) (k—1)
fxi’n+1\xi’n71,xi’n,r’§‘i mln-ﬁ-l mzn 17$1nap(k 1)

= Pt (2] [ 200, QUEEY). (5.70)

Inserting (5.6) into (5.70), we obtain

(k1) (k1)
fxin+1|xin71,xin,p§. wzn—i—l wzn 17‘13zn7p(k 1)

_N( 7,n+17szn7Q (lic 1% )
=N(F'al, @i, F *g,f SEHT. (5.71)
The second factor in (5.68) can be expressed as

Ix. X; 1 15PE; (wi,n ‘ wz(,krg—la nglfjll))) = N<wi,n§ sz(,kn)—la ngfjll)))7 (572>

i,m

where we have also used (5.6). As the conjugate prior for the mean of a Gaussian distri-
bution is the Gaussian distribution,® and as (5.72) is the prior for the mean of (5.71), it

follows that we can simplify (5.68) to obtain the final expression for our proposal pdf

gin (i |21 2l P00) = N (105 ) 50 ) (5.73)
with
) = (@) + (Pl ) )
< ((QUE) T Fall + (FrQl D E ") F )
(@) (@) E)
(@) Faltl .+ PR Q) "atit) 574
and Z

50 = (@) + (Fratye ) )
= (( ngflﬁ)) +FN(Q5) 'F) (5.75)
Following Section 2.4.3, our target pdf is

*
fxi,nlxi,lm,l’Xi,n+1:N7Xﬁi,1:N,P$M701:1,y1;1,1:1\r (.’Ei’n ’ CBi,l:n—l’ wi,n—i—l:N? wﬁi,l:]\h pCl:I’ Ci., yl:],l:N)'

(5.76)

3If p ~ N(p, 1) and x;|(p = p) ~ N(p, o) fori € {1,..., I}, then p|(x1.; = ®1.7) ~ N (¢, X)) with
= (S IS ) (B e+ B N ) and B = (B 4151
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Using assumption A.1 and then assumptions A.2 and A.3, it can be shown that

*
fxi’n|xi,1m_1,xi’nH:N,Xﬁi’l:N,le:I,C1;1,y1:1,1:N (@i | Li1n—1>Lint1:N> L= 1:N> Pey, > CL:I, yl:[,l:N)
- fX ‘len 15 ,n+1N7Pc ,yle(wzn | wzln 17wzn+1N7pcl yle)

= fxiyn\xi,n_l,xi,nﬂ,péi,yi,n( in | n—1s mz’,n+1ap;-a yi,n)‘ (5.77)

Therefore, a candidate :L'l(];), sampled from g; ,, (@5’2 ’ ccg,kl):n_l, a:z(’;:l)]\,,p g,f?f), is accepted
:szk,z = 75,2 with probability
k k k k «(k
Pion = min {1 po (20, 2l el el e v (5.78)
where

— (k k k—1 k—1
Pn(wz(gn)?%(n Y 1(72 1?:B§n+1)7p((k 1))7yzn>

(k—1) _*(k—1)
fXLn\Xi,n_l,Xi’n_,_l,Pé‘i,yi,n mz n 1)L n+1 p (k 1) » Y, n
- 1) o)
fxi’n|xi7n71,xi‘n+1,pé‘i,yi’n m wz n 1Ly n+1 p (k Y n

Gin (wz(qu,_l)

(k) (k—1) *(k—1)
wi,l:n—l: Lin+1:N> P (e-1)

5.79)
—1 w(k—1)\ (
gi,n( ‘ wz 1 n—1s wz(,n—&-l):Na pc(_(k—l))>
or rejected mﬁ’j? = wgﬁfl) with probability 1 — Pa(lz)n
In order to simplify (5.79), we insert (5.67) to obtain
k) (k=1) _(k k—1 k—1
pn( ’E727w7§,n ) ’E’n? I?m’gn—i-l))p((k 1))7yzn>
k—1 k—1
fxi,n‘xi,nﬂ’xi,nﬂ’l’&7Yi,n ( ‘ wz n 1 :BE n+1)7 b ((k 1))7 Y; n)
- (h—1 h—1) (k1
fxi,n|Xi,n_1,xi’n+17pé‘i7yi,n (iB : ‘ Z; n 1 mg n+1) P ((k 1))7 Y, n)
(k—1) (k—1) (kfl)
fxi’n|x¢,nflvxi,n+1vp§i (fE ‘ 'r'cl n 1 wi,n+1 P (kfl) )
X (5.80)

(k—1) *(k 1)
fxim\xi’n_l,xi,nﬂ,pa mzn 17mzn+1’p (k 1)
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Before we continue with the simplification of (5.80), first note that
(k (k—1) (k1)
fxi,nlxi,n—l’xi,n+17pgi7yi,n <w’i7n ‘ mz’,n)—la z‘,n+1) ) pc('(kfl) s yi,n)

7 o g™ D <)
i %1% P8 \Fin | Lin—1 z,n+17pcgk71)

(k) (k—1) *(k—1)
fxi’n|xi7n_17xi7n+17p; YinM; (wi,n ‘ Lin-1>Lintls pcgkfl) y Yino M~’

(k) (k=1) s(k—1)
fX. |Xi,n71’xi,n+17p(’§i7Mi,n (w’L,’n wi7n717 wi7n+1 ) pc’gk*U ) Mian

(k) (k—=1) x(k-1)
‘ Mi,m Lin, mi,n—h mi,n—f—l ) pcgkfl)
K3

P B 0D )
yi,n|Mi,n’xi,n—1’xi,n+1’p:¢ yi,n i,ny in—1 Yintl pc(k—l)
7

fy, : (v,
yl,’n | Mi,n 7xi,n ’xi,n—l ’Xi,n+1 7pc,L- (yz,n

fx

(k) (k=1) s(k—1)
fX. |Xi,n71’xi,n+1’p§i7Mi,n (wz7n ) wiﬂl*l’ wzyn+1 ? pcgk*U ’ Mi:n

i,m
_ (k) (k=1) x(k—1)
B fyim|Ml.,n,xi7n,xi’n_1,xi,n_~_1,p;‘i7 (yz,n ‘ Mi,n7 Lin, mi,n—h mi,n—H ) pcgk_l) 5 81
N (k) (k=1) _x(k—1) ’ (5.81)
fyi,n|Mi,n7xi,n—17xz‘,n+1?p:¢ Yin i Lin—1>Lin+1s pc(k—l)
k2

X X

o x, ) p:
i,n!tin—1",n4+1Fc»

(k) (k=1) _x(k—1)
M, ., (mi,n } mi,n—h mi,n—H ) pc(_k—l) s Mi,n
2

where the first step can be shown using assumption A.6 and we have used Bayes’ theorem

in the second step. Inserting (5.81) into (5.80) twice, we further obtain

—(k k—1 k k—1 *(k—1
Pn («’BZ('JZ, wz(,n )7 wz(',rZ—la wz(',n+l)7pc((k—1))> yi,n)

~ (k) (k) (k=1) _s«(k—1)
fyiyn|Mi7n,xi,n,xi7n_1,Xi7n+1,Pé‘i (yi,n ‘ Mi,n’ wi,rm wz’,n—h wz’,n—i—l ) pc('kfl)
K3

f 2B k=) (k1)
YinlM; X 1%y 1oPE \Yin i Lin-1 Lin+1, P (k-1
k2

(k) (k=1) _«(k—1)
fY'L‘,nIMi7n7xi’n_17xi,n+17P§i (ylﬂ’b ‘ Miy'r“ wivn_17 mz,n—i—l ’ pc(.kil)
i

(k—1) _ (k) (k—1) _*(k—1)
fyi,TL'Mi,n’xi,n’xi,nfl’Xi,n+17p§i (yZ,TL ‘ Mi,n? wi,n ) w’i,’rLfl? a:’L,’n+1 Y pc(k—l)

~ (k) (k) (k=1) _+(k—1)
fyi,nlMi,n7xi7n7xi’n_17xi,n+1vpgi (yun ‘ Mi,n7 wi,n’ wi,n—b wi,n+1 ) pc(_kfl)
— i
- (k—1) (k) (k=1) _#(k—1)\ " <582>
fyi,n|Mi7n,xi1n,xi,n71,xi7n+1,p§‘i Yin imsLin Lin—1>Lintls pC(k71)

k3

X

It can be shown, using assumption A.3, that we can simplify 5.82 to

—(k k—1 k k—1 *(k—1
Pn ($§7TB, mz(m )7 mz(',n)—la mz(,n—i-l)> pc(_(k—l))v yi,n)

= (k) w(k—1)
fyi,n\Mi,mXi,n,Péi (yz,n ‘ Mi,n7 wi,n ’ pcgk—l)
1

(k—1) _#(k—1)
fyi,nlMi,n,xi,n,p; (yi,n ‘ Mz, P -1
1

— (k) — (k) y*(k—1)
in,n|MrL‘7n7Xi’n7D:§i (yz,n Mi,n? mi,n? DC(.kfl)

= = o (5.83)
TP Ol DY ot )

i,n’"i,mn?

where we have used assumption A.7 in the second step. Finally, as (5.10) is a bijective
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affine transformation, it follows that

k k k—1 k—1
pu(@is @il 2l P i)

5 (k) = (k) (k—1)
le My %, nsz (zi,n Mi,n? wi,na DC(k—l)

(k—1) (k—1) *(k—1)
szn|Mzn7X1n,D:.,<zi,n Mi,mwin aDC(k—n

le’!L‘Mln? :( ‘ 7,1’L7 (k 1) )

*(k—1)
len“vlzn, < 1n7 (k 1)
M, (k) #(k—1)
Hml:? ( 'an70 D(k 1) )

= 1, (5.84)
Hmlzri ( z(nm)’o D ((flic 11)))

with 2% = R@!")"(y,,, ., — Hz\") and 2" ) = R(z )" (y, . — Ha!"7 V), where

'an

we have used assumptlon A.9 in the second step as well as assumption A.8, (5.12), and

that the z were assumed conditionally i.i.d. across n and m given D, in the second

7,m,m

step. Therefore, (5.78) becomes

M.
23 N (210,070 D7)
1, (5.85)

H ZTLN( znm70 'D*((’f 11))

Time Step 1 Similarly to (5.66), we choose our proposal pdf for the first time step as

k—1 *(k—1 k—1 *(k—1
gi.1 (w“ wgvziN)’pcé’“*U)) S (a’@ 1 ‘ wz( 2: N)apc((k—m))- (5.86)

We can simplify (5.86), using same derivation as for (5.68) but without the condition on

X; 1.n—1 OF X, ,,_1 in all occurring pdfs, to
s | 850 D) ¢ oo, (005 | 10 B o, (| 8). (580
The first factor in (5.87) is (5.72) for n = 2, and the second factor is
Feoalor, (i [ PI00Y) = Ni(i1:0,55), (5.88)

where we have used assumption A.4 and (5.1). Similarly to (5.73), we can use the facts
that (5.88) is the prior for the mean of the first factor in (5.87) and that the conjugate

prior for the mean of a Gaussian distribution is the Gaussian distribution, and obtain

g (@ [ 5.2 00) = A (s 50 (5.8
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90 5. Application to Extended Target Tracking

with
= (B0 + (P E ) )
x (S0 + (FQ) (7 HT) el
= (= + F( Zg,f,ﬁ)) 'F) FT(QZf,f ) el (5.90)
and

“(k—1 —1\ -1
=0 = (30 (Pl E ) )
~1
= (3 + P Q) F) . (5.91)
The target pdf for the first time step is
fx¢,1‘Xi’gszx_‘iJ;N:p:l:I7c1:I:Y1;I,1;N (.’.CZ'J | mi,?:]\” wﬁi,l:]\ﬁ pzl:[7 Ci.p, yl:],l:N)' (592>

Using assumption A.1 and then assumptions A.2 and A.3, it can be shown that

%
RS LIV TN (i1 L;o.N>»Loi1:.NPe,.;» CL1:05 "J1:1,1:N)

fxi,1|xz‘,2:N7Xw‘,1.

- *
- in’l‘Xi’Q:N,P;,yi,lzN( i,2:N?pci7 yi,l:N)

- fxi,l‘xig?pa’yi,l (wial | mi,va:p yi,l)' (593)
Therefore, a candidate :EZ() sampled from g,1< Z; ‘wk 2 pz(_(,]f__ll))), is accepted
wz(kl) = :El(kl) with probability
k) (k- k
P(z)l = mln{l Pl( 1(1)733§,1 l)umz(2 1),p ((k 1))7% 1)} (5-94>

where

_(k k—1 k-1 k—1
Pl(mz(‘,l)amfg,l )amz(‘z )7P((k 1)),%1)

_ fxz‘l‘xi,2v"§-7yzw1( ‘w(k D,p((: 1%)’%1)9“( Y ‘xk 1)’ng(fj1%)) 5.95
R e P e P P ) M

or rejected wgkl) = wgﬁ_l) with probability 1 — Pélz)l

Using the same derivation as for (5.84) with n = 1 and without the condition on x; ., ,
or x;,,_; in all occurring pdfs, we can simplify (5.95) to

My (k) #(k—1)

1 (@(k) m(k_l) m(]“3—1) p*(k—l) y ) . Hm:l ( ’levO D (k 1))
1,19 %41 y 2,2 P k-1 5 Yin) = 77, -

| N0 D)

zlm?

(5.96)
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with 20, = R@) Wi, — HELY) and 21, = R ") Wi, — Hell ), and
therefore (5.94) becomes

k—1
" 2 N (21,50, DY) o
[Ad) k‘ 1 * ]{3 1
H N( zlm)70D((k 1)))
Time Step N For the last time step IV, we choose our proposal pdf as
k *(k—1 k—1
g’i,N (m’i7N ’ m;l):N_lapc(_(k—l))) fle\l‘xz 1N— 17pC (a‘fl N ’ mz 1 N— 17p ((k 1))) (598)
Using assumption A.2, we obtain
x(k—1) x(k—1)
gzN<$zN ’ Z; 1 N-1,P o) ) fxiYN|xin71,pé‘ (sz ‘ :l:ZN 171701(_1%1) )7 (5-99>
which is
k—1 k—1 k—1
giv(@in | - 1,p*((k V) = N (i Fzl Y, *fk ). (5.100)
according to (5.6).
Here, the target pdf is
fxi,N‘xi,l:Nfl’Xﬁi,lszél;]’clifvyl:I,I:N (CL‘@N | Li1:N—1)L=i1:N> p;:p Ci.1, yl:[,l:N)' (5'101)
Using assumption A.1 and then assumptions A.2 and A.3, it can be shown that
inVN|xi71:N717Xﬂi,1:N7p:1:I7C1:I7y1:I,1:N (@i | Li1:N-1>L i 1:N> p;:,, Ci.1, yl:I,l:N)
= fxi7N|Xi,1:N71:Pé‘i’Yi,lzN (wlyN | m’i,l:N—l? p:z’ Cll]) y’L,lN)
- fxi,N|xi,N—17p:Z~7yi,N (mi’N | TiN-1 p;w yz‘,N)7 (5.102)

Therefore, a candidate a_zgka,, sampled from gzN( zN’mle 1,p((,f 11))>, is accepted

5 ]2[ z") ;. n with probability

k —(k k— k k
Pa(z)N - mln{lapN(wz(,]zhwz(,Nl)awz(]zf »LP ((k 11))7y7,N>} (5103)
where
k k—1 k—1
px (@ il 2l Pl 1)),yzN)
x(k—1) *(kfl))

B fxi,lei,N—l’p:i’yirN( ‘ x; N LD 5D Y, N)gl N( x; Nl) ‘ wgkl),N—lap (k—1) (5.104)

(k 1) *(k—1) *(k 1)
fx2N|sz 17Pcl’y2N Z; mzN 17p(k 1) ’yzN gZN zN wle lﬁp(k 1)
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92 5. Application to Extended Target 'Tracking

or rejected mg% = aj@(fﬁ]\;l) with probablhty 1-— Paa]z,)N

Using the same derivation as for (5.84) with n = N and without the condition on

X; ni1.n OF X,y in all occurring pdfs, we can simplify (5.104) to

M; (k) x(k—1)
_(k k—1 k w(k—1 Hm:l ( le’OD(k 1))

(k) (b1 () (k1) _
pN<wi7N7mi7N y 1N 1, P (k 1) 7y7,N) - M

_ (5.105)
T3 N (25 0:0, D éi“ 2)

with Ez(,k]zf,m = R(igklzf)T(yi,N,m _Hw(k]zf) and Z’Lk]\flr)L - R(wg,lclgl))’r(yi,N,m _ng,kl\?n)a and

)

therefore have

ML k
(D)
P,y =min {1, YA = . (5.106)
121 ( ZiNm: 0, D(k 1))

5.2.2.2 Sampling the Indicator Variables and Parameters

As for the particle Markov chain Monte Carlo Algorithm outlined in Section 4.1.2, we
use Algorithm 4.3 to sample the indicator variables ¢;.; and parameter triples p7 . More
specifically, we sample ¢; = ¢ € {cgk), e ,cgli)l,cgﬁl), e ,cgk_l)} with the conditional

probability (see (4.16))
k k) s (k=1 k
bz(',c) =P (Ci =c ‘ C; = Cgi), Pc, = chk.) ), X1, N = wg:l),lzNa Yirin = yl:[,l:N)> (5.107)

for which an expression is obtained by inserting (5.7), (5.8), and (5.21) into (4.19), that

is,

1—1 I
bﬁ)“ﬁ(;}( =c)+ 3 1 = ))

i'=i4+1
N M,
i *(k=1) (k) (k) py*(k—1) (T
(Lot (31,0:07) LA o RGP R()'))
x N (=;0,3) HN( G Fall), Q). (5.108)

Furthermore, we sample c¢; as being distinct from all the other indicator variables, that
is, ¢; ¢ {c(lk), . ,cgk)l, Eill) o 70(11@—1)}’ with the conditional probability (see (4.17))

)

k k k k—1 k—1 k * *(k—1 k
bz(',O) =P (Ci ¢ {Cg )7 cee 761('—)17 Cz('—i-l )7 s 765 )} ‘ C.;, = c(ﬁi)> pc_.i = pc((k_) )7 X1:1,1:N = wgzl),lzN7

Yiri:n = yl:I,I:N>7 (5.109)
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for which an expression is obtained by inserting (5.7), (5.8), (5.21), (5.29), and (5.56) into
(4.20), that is,

bR o X
“0 O<a+]—1

y r- (CEEQd 15 B4 1) -

(@B agy + EXN M, By + SN S (20,0))
r! (d%;adQ,ﬂM)

DY (B agn + 550 My Bes + 350 S0 (21,,)7)

I (M; oy, By

[ (M;ay + S04 My, By + N)
r (@%S O‘v175v1)

P @y + N = 18y + 350, (6)) + (112,)7))
I (35 000, B,2)

P (@ ags + N — 1,80+ 350, (0)" + (6®,)))

< ( lj_V[ POlS( i ~) ﬁn./\/'(yi,mm;H:cgﬁz, R($£?)bR($§2)T))
m=1

x N(zl);0, 2 )ﬁ/\/( Vi Fal) Q) (5.110)

n’'=2

for any p = (E,Q, ]\?) with

[ o

D=|"1 _ (5.111)
0 d?

e, o

Q=|"" e (5.112)
_02><2 3,

and fp (p) > 0 (where f, (P) is given by (5.33) with p, replaced by p). The samples of

the indicator variables cz(- )

e o8
a new value ¢;

P fk) Y has to be sampled, which will be discussed presently.

*(k)

that are distinct from the other indicator variables are assigned

(k) (k—1)

= max { MaXi/e(1,...i—1} Ci/ > Crnax } + 1. Furthermore, a parameter triple

The parameter triple samples p*) are generated from the conditional pdf (5.65), that
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94 5. Application to Extended Target 'Tracking

is,

(k) (k) (k) )

Jotlxir i errpt ey i ( ’ 331 I LN €1 P-c H YN

=1 (dﬁ, d1+ > Z 1m6d1+ > Zi:n(mml))

zc*cn 1 i:c;=cn=1m=1

XF_l(dCQ,adQ—i— ZZ M; ., Bas+ 5 ZZi(mM))

i:c;=cn=1 i:c.=cn=1m=1

iic;=cn=1 iic;=c

xF( oy Y Z M, Bu+ Y N)

i:c;=c i:c;=cn=2

e o s 00 S 1 S8 (CEL) + 6)7))

i:ic;=c ie;=cn= 2

x 1 (q:722§&v72‘|‘ -1 > 1 5v2+ > Z (( 1”3) (U%(Z)A)2>) (5.113)

with (5.57)-(5.62) and the obvious changes to include the sample index k. Note that
the parameter triple p* (k) ) for a newly generated class, as discussed above, is also sam-
pled from (5.113), but with the newest currently available samples of the other random

variables.

5.2.2.3 Summary

The pseudo-code for one iteration of the complete algorithm is provided in Algorithm 5.1.

5.2.3 Particle Markov Chain Monte Carlo Algorithm

In this section, we discuss the Particle Markov Chain Monte Carlo (PMCMC) algorithm
for inference in Bayesian nonparametric state-space models from Section 4.1.2 applied to
the extended target tracking model of this chapter. The algorithm can be directly applied
by using (5.7), (5.8), (5.21), the conditional pdfs presented in Section 5.2.1, and one of
the following two proposal pdfs.

Bootstrap-Type Proposal pdf The first proposal pdfs that we consider are (see (5.1))
g1(@i1 [P, Yin) = N 150, 5), (5.114)
and (see (5.6))

g(mi,n ‘ wi,nfhpzi?yi,n) = N( ln?szn 1 Q:Z) (5115>
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Algorithm 5.1 Gibbs sampler for extended target tracking

k—1 k—1
Input: ‘13511)1\/7051 )7cr(r11€ax1)7p§k 1))’y111N

1: forall:=1,...,1 do
2: sample 5:5’? from g; 1(5:(]“) ) a:(k_l),p;(,f_ll))) (see (5.89))

3: set az(kl) = 53( with probability P, z)l (see (5.97))

else set wﬁ’? = wl(kl b
for alln=2,... N—ldo

(k) (k—=1) *

5: sample x; from gi,n( ‘wm LT, ml,pc((,f ) )) (see (5.73))
6: set az% = :El];) with probability Pém (see (5.85))
else set a:,fk;? = :cgljl_l)

: end for
8: sample ;EE’“}V from g; v (:E(-k) ’wfk])v 1,p*((,ffll))> (see (5.100))

9: set (k]z, = 5:(]2, with probability Pa( l)N (see (5.106))

else set Eka, = wEkN 2

10: end for
11: forall:=1,...,1 do
12: sample cl(-k) = ¢ with probability b* (

ee
for all ¢ € {O,cl ,...,cgﬁ)l,cgill),. cg )}

13: if C(» ) — 0
set Z( ) = max{maxize{l Lie1) c(,),c(k 1)} +1

max

sample p" " from (5.113)

7

14: end for
15: set ¢®) = max { maX;e(1,...1} M, Cgfz;l)}

16: for all c € {c(k) ...,c&k)} do
17: sample p:® from (5.113)
18: end for

k
OUtPUt: wgl)lN>ch)761(na)mxap gk))

(5.108) and (5.110))
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96 5. Application to Extended Target Tracking

with p;. = (D7, Q" MC*) Note that gi(x,, [P}, y,,) and g(=;,, | x;, 1, P; ¥;,) do not
involve the measurements y, . A particle filter for a state-space model that uses the pdf
of the state transition model as its proposal pdf, as we have here, is known as a bootstrap

filter [43].

Auxiliary-Type Proposal pdf To refine the bootstrap-type proposal pdf, we can
incorporate the measurements y; , of each time step in the proposal pdf. We do this by
using the method of [44] while assuming a circular extent. The circular extent is assumed
because the orientation of the true elliptical extent is unknown and depends on the state
X; ,, which we are sampling. This leads us to defining the proposal pdf for the first state
as [44]

91("31‘,1 ‘p:,.a ym) = N(wi,l; Ky, s Zg1)7 (5.116)

with pf. = (D, Q:, M),

M,

1 i,1
By = H' == > Yt (5.117)

1,1 m=1

d;? I, 0 0,, 0
5, = ]((;[,avg 2 Pzl q;fz 22 T2z (5.118)
i1 |05 0Ogy 0,, I

and d}?, , = d ,d; ,, where we have chosen d}?, , such that a circle with radius d, .,

has the same area as an ellipse with half axis lengths d7, ; and d;, ,. Further, the proposal

pdf for every other state is defined as

g(wi,n | wi,nfhpzia yz,n) - N(wi,n; /*l’gv E!]) (5119>
with
q*21 1 Mz,n
:u’g = Fwi,n—l + mHT M_ Z yi,n,m - Fwi,n—l ) (5120)
qci,l —+ _]\4? 2,1 m=1
*2 l 0
2, = Q- gl | ) (5.121)

d*2

*2 Cj,avg

qci,1+ M. 02,2 02,2
i,m

Note that compared to the bootstrap-type proposal pdf, this proposal pdf has its
mean shifted towards the mean of the measurements and its variance is reduced, which
is especially beneficial in the case of a large number of measurements. A particle filter
for a state-space model that uses the observations in the proposal pdf, as we have here,

is known as an auxiliary particle filter [45].
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5.2.4 Sequential Monte Carlo Algorithm

In this section, we discuss the SMC algorithm of Section 4.1.3 applied to the extended
target tracking model of this chapter. That algorithm, too, can be directly applied using
(5.7), (5.8), (5.21), the conditional pdfs presented in Section 5.2.1, and one of the proposal
pdfs discussed in Section 5.2.3 to generate the intermediate state particles.

As discussed in Section 4.1.3.4, one drawback of directly using the pdfs presented
in Section 5.2.1 is that we require data from the current and all previous time steps.
That is, the required data and the computational complexity grow with n. However, for
the statistical model of this chapter, it is possible to summarize the required data by
a recursively calculated sufficient statistic with constant dimensionality, to be discussed
presently, which results in a constant computational complexity at each time step n.

For this statistical model, it follows from (5.56) and (5.65) that we obtain the simpli-
fications (4.40) and (4.41) with s;,, = (Sin.1,Sin2) € R®*6 where

n
n
Zn’zl Mi,n’
Zn ZMi,n’ 2
o n/=1 £Lum=1 Zi,n’,m,l 5122
Sin1 = M., (5.122)
n Z i,m 22
n/=1 Z-m=1 “in',m,2
n 2 2
D=2 (Vi,n',1 + Vz‘,n',2)
n 2 2
_Zn’:2 (Vi,n',3 + Vz‘,n/,4)_
and
Si7n72 — Si7n71. (5123)

These sufficient statistics can be calculated recursively according to

1 1
Mi,l Mi’n,
ZMM 22 n ZMi,n’ 22 n
o m=1 “i,1,m,1 m=1 “in'm1| o
Sin1 = M.y o + Z w9 =811 1 Z SAim/ 1 = Sin—1,1 1T SAin1
Zm:l Zi1,m,2 n’'=2 Emzl Zin' m,2 n'=2
2 2
0 Vin/ 1 T Vip o
2 2
L 0 i _Vi,n’,3 + Vi,n’,4_

(5.124)
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98 5. Application to Extended Target Tracking

for n > 2, where

1
Mm

M.

> ;11 221 1

Spa = | (5.125)
sty i,

2 om=1 Zi i m2

0

and

Sain1 = ; mm (5.126)

Therefore, we define u1(X;1,y;) and u(S;n—1,Xin, ¥;,) (see Section 4.1.3.4) such that
Si1 = U1(Xz‘,17yi71) = (Si,1,175i,1,1) (5.127)
and
Sim = U(Simn—1,Xin: Yin) = (Sin—1,1 + SAin1>Sin-1,1 +Sain1) (5.128)

for n > 2.

5.3 Performance Evaluation

In this section, we will investigate the performance of the MC algorithms outlined in
Sections 5.2.2-5.2.4 for joint tracking and clustering based on the statistical model de-
scribed in Section 5.1. In particular, in Section 5.3.1 we will discuss the convergence of
the algorithms, and in Section 5.3.2 we will investigate the performance gain due to joint

tracking and clustering.

5.3.1 Algorithm Convergence

We first investigate the convergence of the MC algorithms discussed in Sections 5.2.2—

5.2.4.
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5.3. Performance Evaluation 99

5.3.1.1 Data Sets

We use T' = 10 synthetic data sets sampled from the statistical model discussed in Section
5.1. The data sets are samples of the measurements Yi,Ng N, for all targets i € {1,...,1}.
Each data set is based on I = 10 targets that are observed over 5 time steps with starting
time Ng, = 1 and ending time Ng,; = 5 for all targets i € {1,...,I}. Furthermore, we
generate at least one measurement at the starting time, that is, Mz(tjz,s > 1 for all targets
ie{l,...,I} and data sets t € {1,...,T}. The hyperparameters are chosen as app = 1,
gy = Qg = 3, Bq1 = Pap =90, oy = ayp =3, B,y = By = 50, ayy = 3, By = 0.6,
AT = 1, and 3, = diag([100* 100* 10* 10%]) for all data sets; they are assumed to be
known by all algorithms. Note that* E(D}) = diag([5% 5%]), E(Q}) = diag([5* 5% 5% 5?]),
and® E(M?)) = 5 for this hyperparameter choice. One of the data sets is illustrated in

Figure 5.5, where we have plotted the measurements of all targets at all time steps.
250 r
200 f

150 | . - g

100 | ;.

50 f -

0 -

Yinm2

.50 L
-100 o
-150

-200

-250

-200 -100 0 100 200
Yinm,1

Fig. 5.5: A data set for extended target tracking.

5.3.1.2 Algorithms

The MC algorithms are applied to the data sets in order to generate K samples of the
states x;,, and parameter triple p, = (D;, Q;, M,) for all targets i € {1,...,I}, conditioned

4The expectation of the inverse gamma distribution I‘_l(a, B) with a > 1 is ai

I
®The expectation of the gamma distribution I'(a, 3) is 5



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

100 5. Application to Extended Target 'Tracking

on the measurements Yi,Ng Ny, forallie {1,...,1}.

We compare the reference algorithm discussed in Section 5.2.2, the PMCMC algorithm
discussed in Section 5.2.3 with L = 10, and the SMC algorithm using the Metropolis-
Hastings algorithm to sample the states discussed in Section 5.2.4. Note that we do not
consider the SMC algorithm using the Gibbs sampling algorithm to sample the states as
it is too computationally intensive for larger numbers of samples K. Furthermore, we
do not consider the SMC algorithm using the bootstrap-type proposal pdf as it performs
significantly worse than the other algorithms. This is mainly because the particles at
the starting time of each target are sampled from (5.114) using the uninformative co-
variance matrix X, resulting in poor approximations. The PMCMC algorithm using
the bootstrap-type proposal pdf does not suffer from this problem to a similar extent
due to the deterministically set particle within the particle Gibbs sampler. We denote
the reference algorithm as RA, the PMCMC algorithm using the bootstrap-type proposal
pdf as PMCMC-BS, the PMCMC algorithm using the auxiliary-type proposal pdf as
PMCMC-AUX, and the SMC algorithm using the auxiliary-type proposal pdf and the
Metropolis-Hastings algorithm to sample the states as SMC-MH-AUX.

The MCMC algorithms, that is, the RA, PMCMC-BS, and PMCMC-AUX algo-
rithms, are initialized as follows. For each data set t € {1,...,7} and each tar-
(t.1)

get i € {1,...,I}, the target’s position initialization a;, ., is chosen as the mean of

the measurements yz(t% for all time steps n € {Ng;,..., Ng;} with a non-zero number

t)

of measurements, that is, Mi( > 1, and chosen using linear inter- or extrapolation

for all time steps n € {Ng;, ..., Ng,;} with Ml(t,z = 0. The target’s velocity initial-

.. . . t,1 t,1 t,1 .
ization is calculated according to m§7n7%14 = ﬁ(m;nll’m — a:l(n)m) for the time steps

n € {Ng;,...,Ng; — 1}, and set to m,(f,;f;A = Ef,;l_)173:4 for the ending time n = N, We
(t,1)

initialize the class indicator variables according to ¢;”’ = ¢ and the parameter triples

according to ngi’ll)) = (E(D),E(Q}), E(M?)).

As the RA, PMCMC-BS, and PMCMC-AUX algorithms are MCMC algorithms, we
execute them only once for each data set in order to generate the maximum number of
samples K., that we will require for our analysis. We can then evaluate the algorithm
performance for different values of K € {1,..., Kyax} by simply using the first K of our
generated samples. However, as the SMC-MH-AUX algorithm is an SMC algorithm, we

have to run it for each K separately.
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5.3. Performance Evaluation 101

5.3.1.3 Performance Metrics

For our performance evaluation, we will use, for all targets ¢ € {1,...,1}, the state
estimates
) _ LS ()
2. ==Y x;, (5.129)
) K = ;

for all n € {Ng;,...,Ng,;} and i € {1,..., I} and the parameter estimates

A

SGE) _ LSS k) AGK) _ L sn k) oK) L k)
Di7 :EZDZ’ ) C)i7 :EZQ17 ) i :?ZM17 ) (5130>
k=1 k=1

which are approximations of the respective posterior means. To evaluate algorithm con-
vergence, we would ideally use the mean square errors (MSEs) of the state and parameter
estimates (5.129) and (5.130) relative to their respective true posterior mean — subse-
quently called posterior mean MSEs — as a function of the number of samples K, that

is,

J I B | ! 2
K (LK .
MSESY = =3 > — 3 &l — &, (5.131)
t=1i=1 {VTS;i n=Ng,
W _ LIS L e o
MSE; " = — L, 5 — X s 5.132
Tgy TI ; ; NTSJ n;sz wz,n,3.4 wz,n,3.4‘ 9’ ( )
and
MSEE) — L So SR [HEE) _ po?
b =772 D - D | (5.133)
NEE o) of YRRl (5.134)
¢ T TIGE™ ol '
MSE®) — }T:EI: (a9 — ary* (5.135)
M TI == 2 7 ) .
where || - ||2 is the Euclidean norm,% || - ||z is the Frobenius norm,™ Nopg; = N, — Ng,+1

v

M"Y are the true posterior means.

(A 7

is the number of time steps, and &) Dgt), Q

i,n

1
6The Euclidean norm of a vector © = [z; ... zp]T € RM is ||z||o = (Z%Zl |Zm|?) 2.
"The Frobenius norm of a matrix A = (@mon)mef1,...MYy,nef1,...N} € RMXN is || Allr

M N 2\ %
- (ZmZI Zn:l |a’m7’ﬂ| ) : R R
8Calculating the MSEs of the complete matrices Dgt’K) in (5.133) and Qgt’K) in (5.134) instead of the
MSEs of their individual entries is reasonable because ﬁgt’K) and QZ(-t’K) are diagonal matrices where,
due to our hyperparameter choice, the diagonal entries are distributed according to the same distribution.
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102 5. Application to Extended Target 'Tracking

However, as the true posterior means are unknown, we will approximate them according

to

A

A S TCISY S TC S R IO IO R VIC R v

b

&)

(5.136)

)

where we use a sufficiently large number of samples K , and the samples generated with
an MCMC algorithm that is proven to converge to the true posterior mean. We choose
the number of samples K and the algorithm generating these samples such that the MSEs
relative to the respective ground truth wg 7)1, Dl(t), th), MZ( ) — subsequently called ground

truth MSEs — seem to have converged. The ground truth MSEs are given by

N
(K) 1 T I 1 E,i (LK) © 9
MSE$1 2 I Z Z (t) Z in,1:2 — Lin1:2 9 (5137)
t=1i=1 N1g,; e N(t)
(K) 1 T I 1 N]Ejt,z, (LK) (t) 9
MSEws 4 - TI Z Z (t) Z in,3:4 Z; M,3:4 | (5138)
t=11i=1 NTS,i n:NS(t)
and
MSEE) — LSSt [ HEE) _ pi? - 130
b =77 L2 [P - DY (5.139)
MSEY) = LSy gl 0 5.140
Q —ﬁ;; Q" -Q7| . (5.140)
1) _ L NN (0F) )2
MSE = = 3 5 (M = M) (5.141)

~
Il
—
-
Il
—

A
o~
=
i |
>
H~

Note that the ground truth :/lcz " DZ@, Q. ) is known as we are using synthetic data

sets.

5.3.1.4 Results

In order to evaluate the convergence of our algorithms, we first evaluate the ground
truth MSEs, defined in (5.137)—(5.141), as a function of the number of samples K. The
results are illustrated in Figure 5.6 for the ground truth MSEs of the state estimates
and in Figure 5.7 for the ground truth MSEs of the parameter estimates. While all
algorithms seem to converge, the PMCMC-AUX algorithm tends to converge significantly
faster than the other algorithms. Further, the PMCMC-AUX algorithm converges faster
than the PMCMC-BS algorithm, which suggests that the auxiliary-type proposal pdf
performs better than the bootstrap-type pdf. The superior performance of the auxiliary-
type proposal pdf is not surprising, considering that the auxiliary-type proposal pdf uses

the previous state and the measurements, instead of just the previous state.
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410"

RA
— — — PMCMC-BS

S [ PMCMC-AUX
---------- . ~+ % SMC-MH-AUX

RA

""" — — — PMCMC-BS
--------------------- PMCMC-AUX

sz L e X+ SMC-MH-AUX

Fig. 5.6: Ground truth MSEs of the state estimates as a function of the number of samples.

While Figures 5.6 and 5.7 suggest that all algorithms converge in terms of the ground
truth MSEs, we still need to investigate if all algorithms converge to the true posterior
mean. Therefore, in Figures 5.8 and 5.9, we illustrate the (approximated) posterior mean
MSEs, defined in (5.131)-(5.135), as a function of the number of samples K. Here, for
the approximations (5.136), we have chosen K =10* samples generated by the PMCMC-
AUX algorithm. Note that the PMCMC-AUX algorithm is an MCMC algorithm that is
proven to converge to the true posterior mean. The fact that the posterior mean MSEs
in Figures 5.8 and 5.9 decrease with an increasing number of samples K suggests that all

algorithms converge to the true posterior mean.

5.3.2 Tracking and Parameter Estimation Performance

In this section, we will evaluate the tracking and parameter estimation performance gain
due to target clustering. We will consider cases where the targets belong to different
classes, but the number of classes and the class parameters are unknown. In particular,
we will compare inference based on the statistical model discussed in Section 5.1, which
includes target clustering, to inference based on a simplified statistical model, which does

not include target clustering and will be discussed in Section 5.3.2.1.
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35-102x..
RA
— — — PMCMC-BS
S e A PMCMC-AUX
B 54102 <% SMC-MH-AUX
2 Y P e e e T e
E o= = T =N T T
------------------------ X
1.3.102 . e T SN ol :
10" 102 103
K
6-10*
RA
— — —PMCMC-BS | _
S i R S B PMCMC-AUX
ERRRLY ~ X SMG-MH-AUX
2 Ul T
""""""""" X
15107 o e .
107 102 0
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13100
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<% SMC-MH-AUX
T T ey
M |
103

Fig. 5.7: Ground truth MSEs of the parameter estimates as a function of the number of samples.

5.3.2.1 Algorithms

Similarly to Section 5.3.1, we apply MC algorithms to different data sets in order to

generate K samples of the states x,,, and the parameter triple p; = (D,, Q,, M,) for all
targets i € {1,..., I}, conditioned on the measurements Yi,Ng N, forallie {1,...,1}.

For the case with clustering, we use the PMCMC algorithm discussed in Section 5.2.3
with the auxiliary-type proposal pdf, which is based on the statistical model discussed
in Section 5.1, as it was the fastest converging algorithm in Section 5.3.1. We will use
K =10% and L = 10, as these parameters provided accurate results.

For the case without clustering, we use the same algorithm as for the case with clus-
tering, but with small modifications. More specifically, we adapt the PMCMC algorithm
discussed in Section 5.2.3 to a simplified version of the statistical model discussed in Sec-

tion 5.1. The simplified statistical model uses the same motion model (see Section 5.1.1)
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Fig. 5.8: Posterior mean MSEs of the state estimates as a function of the number of samples.

and measurement model (see Section 5.1.2), but the parameter triple p, of the individual
targets ¢ € {1,...,I} are i.i.d. according to the base pdf fo(p;) (see (5.33)) instead of
distributed according to the the Dirichlet process (see (5.32)). In the statistical model
discussed in Section 5.1, the class parameter triple p;; are i.i.d. according to the base pdf
fa(py) (see (3.13)), and therefore it follows that the simplified statistical model is equiv-
alent to the statistical model discussed in Section 5.1 with each target deterministically
assigned to a separate class, that is, ¢; = i for all targets ¢ € {1,...,I}. This allows us
to easily adapt the PMCMC algorithm discussed in Section 5.2.3 to the simplified statis-
tical model by deterministically setting cz(-k) = i for all targets i € {1,...,1} instead of

obtaining the cgk) by sampling c;.

5.3.2.2 Performance Metrics

To evaluate the tracking and parameter estimation performance gain due to target clus-

tering, we use the clustering gains (CGs) in decibels (dB)

MSE)
CGLY) = 101og (—MSE@;”C , (5.142)
T,.5,NC
MSE)
G = 10log,, | ——aa |, (5.143)
o MSEYY (6
3:47
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Fig. 5.9: Posterior mean MSEs of the parameter estimates as a function of the number of samples.

and
MSE(K)
CGE) = 10log,, | —=2< ],
MSE
CGo” = 10logy, —(%C ,
MSE(} .

MSE(K

(7 )
M ,NC

(5.144)

(5.145)

(5.146)

where MSE(K o MSE 07 MSED o MSEQ o> MSEj; ¢ are the ground truth MSEs using
the samples generated Wlth the PMCMC algorlthm discussed in Section 5.2.3, that is, with
clustering, and MSE, K) L.NC> MSE NC, MSED NG MSE(QI%C, MSE; n¢ are the ground
truth MSEs using the samples generated with the PMCMC algorithm adapted to the

simplified statistical model discussed in Section 5.3.2.1, that is, without clustering. We
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recall that the ground truth MSEs were defined in (5.137)—(5.140).

As parameter estimation is more challenging for targets that only exist for a small
number of time steps Nrg;, the benefit from target clustering is typically larger in that
case. To illustrate this in the case of time series of different lengths, we additionally
calculate the ground truth MSEs and CGs of all targets with a given number of time
steps Nrg, that is, for all targets ¢ with Npg; = Npg. More specifically, we calculate the
ground truth MSEs of all targets with Npg time steps according to (see (5.137)—(5.140))

Ny,
1 T 1 E,i 9
MSEMrsK) — S (0K) (0 5.147
T TI ;i-]\/ ZN NTS n; wz,n,1.2 wz,n,1.2 9’ ( )
TS, TS TS
1 1 NE,'L 9
Npg, K -, (1,K) (t)
MSE:(z&IS ) ﬁ Z . Z N_ Z mi,n,3:4 - mi,n,3:4 9 (5148)
t=14:Npg ,=Nrpg TS n:NS,i
and
1 . 2
MSER ™™ = — %" DO — pO|°, (5.149)
N i:Nyg ,=Nopg ¥
1 & A 2
MSEG™ ™ = =3 3 Q0 - Q| (5.150)
I t=1@:Npg ;=Npg ’
1 & - — N2
MSE[ ™™ = —3 S (M - m) (5.151)
Tl #:Nyg ;=Nrs
and the CGs of all targets with Npg time steps (see (5.142)—(5.146))
(N SCK)
(Npg K) Ti:2
CG,, 1 = 101ogy, (MSE(NTS’K)) (5.152)
®y,9,NC
E(N SCK)
CGWMrsK) = 101ogy, (”—) (5.153)
z;, Nyps ) |
4 MSE{ 5
and
(Npg, K)
MSE, &
CGp ™™ = 10l0g) | ——m—p | (5.154)
MSEp ¢
(Npg, K)
MSE, &
CGy ™™ =10log;, | —&—— |, (5.155)
MSEq N¢
(Npg, K)
MSE "%
cGUrs ™) — 1010g,, s (5.156)
MSE %%
M NC
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108 5. Application to Extended Target 'Tracking

5.3.2.3 Time Series of Equal Length

Data Sets As Section 5.3.1.1 already used data sets with time series of equal length,
we will use these data sets again in this section. That is, we use 17" = 10 synthetic data
sets generated as discussed in Section 5.3.1.1. Each data set includes I = 10 targets that
are observed over 5 time steps with starting time Ng; = 1 and ending time N, =5 for

all targets i € {1,...,1}.

Results in Table 5.1, we summarize the inference results in terms of the ground truth
MSEs, defined in (5.137)—(5.141), for the samples generated with clustering and without
clustering, as well as in terms of the CGs, defined in (5.142)—(5.146). We can observe
that clustering improves parameter estimation noticebly, whereas there is effectively no
improvement of state estimation. The improved parameter estimation can be explained
by the fact that the algorithm with clustering can use the measurements of all the targets
in each class to estimate the class parameters instead of having to estimate the parameters

for each target separately.

MSESY) 1135 | 135 | | CGYY) || —0.02 dB

Ty.o

MSES) || 37.3 | 37.8 | | CGIY) | 0.06 dB

T34

MSEY) || 146 | 157 | | cGE || 0.3 4B

MSEG" || 2049 | 4809 | | CGYY | 3.7 dB

() ()
MSE 06 | 07 | |Gl | 1dB

Tab. 5.1: Ground truth MSEs with and without clustering, denoted as C' and NC, respectively, as well
as the CGs.

5.3.2.4 Time Series of Different Lengths

Data Sets Again similarly to Section 5.3.1.1, we generate 7" = 10 synthetic data sets
that are sampled from the statistical model described in Section 5.1. However, these
data sets now involve I = 10 targets that are observed over a varying number of time
steps Npg; = Ng; — Ng; + 1. In particular, we use Ng; = ceil(§) and Ng; = 5 for all

targets ¢ € {1,...,I}, where ceil(+) is the ceiling function. That is, for example, targets
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5.3. Performance Evaluation 109

1 and 2 are observed over five time steps, and targets 9 and 10 are only observed over
a single time step. Furthermore, we generate at least one measurement at the starting
time, that is, Mi’NS,i > 1 for all targets ¢ € {1,...,I} and data sets t € {1,...,T}. We
use the hyperparameters defined in Section 5.3.1.1 for all data sets, and assume that these

hyperparameters are known by all algorithms.

Results The inference results in terms of the ground truth MSEs, defined in (5.137)—
(5.141), for the samples generated with clustering and without clustering, as well as in
terms of the CGs, defined in (5.142)—(5.146), are summarized in Table 5.2. Further, in
Figure 5.10 we plot the CGs separately calculated for targets with the same number of
observed time steps Néts)l = Ng)l — Ns(tz) + 1, defined in (5.152)—(5.156). We can again
observe that clustering significantly improves parameter estimation, whereas it improves
state estimation only slightly. In particular, we can see in Figure 5.10 that state and
parameter estimation for targets that have only been observed for a low number of time
steps (small Npg,) showed a larger improvement. As for the case of time series of equal
length (see Section 5.3.2.3), the improved parameter estimation is probably due to the
fact that the algorithm with clustering can use all the targets in each class for parameter
estimation instead of estimating the parameters for each target separately. This improve-
ment is especially noticable for targets that are observed over small number of time steps

as they provide only a few data points that can be used for parameter estimation.

C NC

MSE™) | 16,6 | 16.8 | | CGY) | 0.05 dB

Ty.o

MSES) | 70.9 | 82 CGE 1l 0.6 dB

T34

MSEY) || 195 | 910 | | ca¥ || 6.7 dB

MSEG” || 1789 | 3292 | | cGyY || 2.6 dB

) ()
MSE( | 1.8 | 25 | | CG |l 1.4dB

Tab. 5.2: Ground truth MSEs with and without clustering, denoted as C and NC, respectively, as well
as the CGs.
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Chapter 6

Conclusion

After giving an introduction to Monte Carlo methods and Bayesian nonparametrics, we
discussed Bayesian nonparametric state-space models, that is, parameter dependent state-
space models with a Dirichlet process prior. We developed two Monte Carlo based al-
gorithms for inference in these models. As a specific application, we concretized the
Bayesian nonparametric state-space models to an extended target tracking scenario and
applied these algorithms to perform joint tracking and clustering. Finally, we evaluated
the convergence of these algorithms and investigated the performance gain due to joint
tracking and clustering.

Since the Dirichlet process prior of the parameters in our Bayesian nonparametric state-
space models introduces a random class structure, we can use our algorithms not only to
perform inference for the states and parameters, but also to cluster the targets. This is
possible without prior knowledge of number of classes and the parameter values of each
class. The first algorithm we proposed is based on particle Markov chain Monte Carlo
and is suited to batch processing. The second algorithm is based on the resample-move
particle filter and is suited to sequential processing.

Our performance evaluation showed that parameter estimation improved significantly
due to the inherent clustering, especially for short time series. However, state estimation
improved only slightly. This can be explained by the fact that our motion and measure-
ment models allow precise state estimation even with imprecise parameter estimation.

Our statistical model for extended target tracking assumes that the number of targets
is fixed and known, the measurements are already assigned to the individual targets,
and there is no clutter. Thus, further research is necessary to extend our model and
algorithms to the case where the number of targets is time-varying and unknown, some
of the measurements may be clutter, and the assignment of the measurements to a target

or to clutter is unknown. In addition, our model can be adapted to more sophisticated
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112 6. Conclusion

motion and measurement models as well as to additional statistical dependencies between
the targets. Finally, a performance evaluation using real world data sets besides synthetic

data would be desirable.
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