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Abstract

The movements of one and two interacting bubbles inside a weak acoustic incident pres-
sure field have been extensively studied in the past. The results have focused on bubble
systems with limited or no interaction, which greatly simplified the problem. It has
been shown that considering low order couplings between the bubbles produce sign re-
versal effects of the forces. This can produce multi bubble systems with stable separation
distances, which cannot be explained by a model with no coupling.

This thesis covers theoretical derivations of the movement of two fully interacting bubbles
inside an acoustic incident pressure field. A novel approach under the assumption of an
inviscous fluid is introduced. The total forces are approximated in a new way and the
governing equations are linearised, allowing the use of layer potential techniques. We
further calculate the asymptotic forces on one and two bubbles and show that the results
are consistent with past literature. Common approaches with only low order interac-
tions produce growing errors for smaller bubble separations due to higher order coupling
terms getting more significant. In contrast, our approach considers all coupling terms
in the linearised model and should more accurately approximate bubbles with strong
interactions. Partial results are verified by numerical computations and simulations of
two bubble systems are made. Multiple sign reversal effects are observed which show the
complex behaviour of the forces. Further applications and analysis of this approach could
be a fruitful path of understanding the Bjerknes forces near resonance frequencies and
for bubbles in close proximity with each other.
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Kurzfassung

Die Bewegung von ein und zwei interagierenden Blasen in einem schwachen akustischen
Feld sind in der Vergangenheit genau untersucht worden. Die Resultate haben sich auf
Systeme mit wenig oder keiner Interaktion beschriankt, was die Analyse deutlich verein-
facht hat. Unter Beachtung von Kopplungstermen niedriger Ordnung ist gezeigt worden,
dass eine Vorzeichenumkehr der Kraft auftritt. Dadurch sind Mehr-Blasensysteme mit
stabilen Abstéanden moglich, welche nicht durch ungekoppelte Modelle erklart werden
konnen.

Diese Arbeit enthélt theoretische Ableitungen von Bewegungen von zwei Blasen mit Inter-
aktion in einem einfallenden akustischen Druckfeld. Ein neuer Ansatz unter der Annahme
von Fliissigkeiten ohne Viskositat wird eingefithrt. Die Gesamtkraft wird auf eine neue
Weise approximiert und die bestimmenden Gleichungen werden linearisiert, welche die
Verwendung von potentialtheoretischen Techniken erlaubt. Weiters werden die asympto-
tischen Kréfte flir ein und zwei Blasensysteme berechnet und Resultate, konsistent mit
der Literatur, werden abgeleitet. Bestehende Ansétze mit Interaktion niedriger Ordnung
erzeugen zunehmend Fehler fiir kleinere Blasenabsténde, da die Kopplungsterme hoherer
Ordnung an Signifikanz gewinnen. Im Gegensatz dazu betrachtet unser Ansatz alle In-
teraktionsterme hoherer Ordnung im linearisierten Model und sollte Blasen mit starker
Interaktion besser beschreiben. Teilergebnisse werden durch numerische Berechnungen
verifiziert und Simulationen von Zwei-Blasensysteme werden analysiert. Mehrere Vorze-
ichenumkehreffekte sind sichtbar, welche das komplexe Verhalten der Krifte verdeut-
lichen. Weitere Anwendung und Analyse dieses Ansatzes konnte das Verstdndnis der
Bjerknes Krafte nahe der Resonanzfrequenzen und fiir Blasen mit kleinem Trennungsab-
stand erweitern.
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Nomenclature

Ap

Modified AOD operator. Section 5.1.1

Ap/F Operator and vector valued function of the system for the potentials. Ap(w,d)¢ =

m,n
AD

F Section 5.1.1

Terms of the decomposition of Ap. Section 5.1.2

Bi/Bi; Phase shift for incident wave f5; := k - z; and waves travelling between bubble

K1/ Kb

c/C

Az

P/ Py

b7
F1/62

XD
i/ ks

)\i/vi

Wi

WM i

Pin

clusters 3; ; = kid; j. Section 6.1

Bulk modulus of the liquid/bubble. Section 3.2

Capacity and normalized Capacity matrix; C;; = — <X8Dm‘Pj>L2(aD)5 Cij =
|D;|71C; ;. Section 4.1

Distance to the corresponding bubble cluster center Ax = z — z; for @ € D;.
Section 6.1

Contrast; § := —i’ Section 3.2

hs)

Density of the liquid/bubble. Section 3.2

Primary/Secondary Bjerknes force. Section 3.4

Classical approximation of the effective primary /secondary Bjerknes force. Section
2.3

Indicator function of D. Xp|p =1 and Xp|pe = 0.
Wave vector in the liquid/bubble. Section 3.2

Eigenvalue and eigenvector of D~'C. V is the matrix with the eigenvectors v; as
columns. Section 5.2

Frequency of the incident wave. Section 3.2

Resonant frequency corresponding to eigenvalue \;. Section 5.2

First order in § of resonant frequency corresponding to eigenvalue \;. Section 5.2
Pressure field of the linearised problem. Section 3.2.3

Incident pressure field. Section 3.2.3
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Contents 2

i Resonant potential ¢; ==, V/; jo;. Section 5.3
Sf) /K g Single layer potential and Neumann Poincaré operator. Section 4.1
u Displacement field of the linearised problem. Section 3.2.3

v For a vector field ¥ is the field v in the Lagrange picture. For a vector it is the
corresponding vector with unit length.

©i oi = (S%) " Xap,]. Section 4.1

10} Potential of solution with decomposition ¢ = ¢ + (}.’3 and (5 1L ¢, for all 7. Section
5.1.1

/¢y Speed of sound in the liquid/bubble, ¢ == \/g . Section 3.2

Y/ Ylm Normalized and non-normalized spherical harmonics. Section 4.2
D Bubble domains D = U; D;. Section 4.0

d Distance between bubbles.

M /M, Mass/effective mass of a bubble. Section 2.1.1

P Associated Legendre Polynomials. Section 4.2

ri/z; Radius/Centre of spherical inclusion D; = B, (z;).
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1. Introduction

Bubbles are made up of at least two phases and can thus produce very complex problems.
There is a long history on the study of their interactions with other objects and among
themselves. T'wo pioneers of this field were C.A. Bjerknes and his son Vilhelm Bjerknes
who were the first to describe the forces on air bubbles inside a liquid [1] due to an incident
pressure field. In honor of their contributions the mean translatory forces are named after
them. They are mostly looked at in a linear regime, although nonlinear effects can also
be relevant if the forcing amplitude gets large. We will focus on the former case and refer
to a report by Werner Lauterborn and Thomas Kurz [2] for general results.

The interactions between the pressure field and bubbles are most easily measured by
placing them inside a weak standing wave [3, 4]. Depending on their size and the forcing
frequency they get pushed towards the pressure node or antinode. It was established
that the source of this translatory force is due to the oscillations of the bubble and its
interaction with the incident pressure field. Furthermore, for well separated bubbles the
main parameter that decides the direction of the Bjerknes force has been found to be the
phase shifts between the interface movement and an incident field. It was observed that
the direction of the forces has a sudden change near the Minnaert frequency of a bubble.
Minnaert [5] first noticed that bubble oscillations can be modeled by a driven harmonic
oscillator with associated resonance frequency. Most interestingly, the model predicts a
singularity in the coefficient of the scattered wave and thus a sudden sign reversal of the
force. The derivation was later refined with dampening factors, which are made up of
viscosity, thermal and radiative terms [6]. This results in a ”softening” of the singularity
and in a continuous change of phase.

Two contributions to the forces have commonly been stated. The primary Bjerknes force
is the result of the interaction between the forcing pressure field and the bubbles interface
movement. In contrast to that is the secondary Bjerknes force which acts between two
bubbles and results in mutual attraction or repulsion depending if their oscillations are
in or out of phase. Crum compared in his paper [3] the theoretical predictions with
experimental data and derived a simple formula for this interactive force for well separated
bubbles.

It turns out that the secondary Bjerknes force has a very complicated dependency on the
distance and thus has not been analyzed exhaustively. Generally, three main cases were
identified. The simplest cases are two bubbles repelling or attracting each other over all
distances. They appear for forcing frequencies far away from the Minnaert frequency and
are well understood. The most interesting situation occurs when two bubbles attract each
other over large distances, while at the same time they repel each other at closer ranges.
In that case the bubbles jitter at a distance from each other and make up a stable pair.
In this thesis we will cover a new model for the forces on the bubbles and present an
approach using layer potential techniques for solving the system. Our model considers
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CHAPTER 1. INTRODUCTION 4

full interactions between the bubbles and is in comparison to conventional approaches
not limited by the approximation of uniform bubble expansion. Due to uniformity being
increasingly violated for closer separation distances this suggests that our model could
prove to be more accurate for systems of bubbles in close proximity to each other. Sim-
ulations in the last chapter done for two bubble systems show complex interactions, like
a bubble pair getting accelerated in the same direction by the secondary Bjerknes force,
that have to the knowledge of the author not been described so far. This could indicate
new movement patterns if the error due to linearisation does not get too large. This thesis
will look at two types of interactions. Firstly, we will look at general strongly interacting
systems. They contain full interaction terms between the bubbles and produce complex
resonance frequencies. We are going to look in detail into the single and two bubble case.
Second, we will look at weakly interacting systems, which are made up of bubbles, where
the separation distance scales indirectly proportional with the driving frequency. This
greatly simplifies the systems and allows us to use the solution of isolated bubbles to
calculate the Bjerknes force. We will now give a short outline of the chapters.

In chapter two we are going to take a closer look at some derivations that have been
used to arrive at the classical formulas for the Bjerknes forces. This will give us an
idea of the approach that is often taken and provide us with reference formulas for later
comparisons. In chapter three we will find a mathematical model using the Lagrange
representation of fluid dynamics formulas and apply linearisation under the assumption
of weak forcing amplitudes. Finally, a formula for the approximated forces on a bubble
will be derived. Chapter four will cover an introduction in layer potential techniques.
For later use we will also look at statements about spherical harmonics and layer poten-
tials on spheres. Readers familiar with these techniques can skip this chapter. Chapter
five will begin with some general observations about strongly interacting systems and
descriptions of the resonance frequency and scattered solution. We will then derive the
primary Bjerknes force for single spherical bubble systems. Chapter siz introduces the
weakly interacting system and shows how one can use isolated systems to calculate the
resonance frequencies and scattered solutions of the full system. We will then calculate
the secondary Bjerknes force for weakly interacting spherical bubbles. This chapter is
independent of chapter seven and can thus be skipped if one is only interested in the
strongly interacting case. In Chapter seven the strongly interacting case of two spherical
bubbles is covered. We are going to derive the resonance potentials in spherical har-
monics and find a formula of the secondary Bjerknes force. This formula will match up
asymptotically with the classical approximation for well separated bubbles. Additionally,
we will take a look at some simulations using our formulas in the spherical harmonics
basis and discuss the observations. Finally, chapter eight will summarize the results and
talk about limitations and possible steps forward.
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2. Historical considerations

In this chapter we will take a look at some historical derivations of the primary and
secondary Bjerknes forces. The classical experiment to see the primary Bjerknes force is
made up of a system with a standing incident wave p;, (x,t) = Dy, sin(wt) cos(k - « + ).
Depending on the size of the bubbles and the forcing frequency w the bubbles will get
pushed towards the pressure nodes cos(k - ¢ + ) = 0 or anti-nodes sin(k -  + 3) = 0.
The secondary Bjerknes force on the other hand is most easily calculated in a system
of well separated bubbles. There we can consider them separately and only include the
first order interactions afterwards. To achieve this we will first calculate how a bubble
oscillates inside of a primary pressure field and then look at the secondary pressure field
that gets radiated outward from said bubble. Finally, we can combine these two results
and arrive at an approximation of the secondary Bjerknes force.

For easier considerations we will assume that the liquid has no viscosity, has zero curl
and that the bubble is not rotating. In the kinetic bubble section we will look at how the
movement of a rigid sphere inside of a liquid can be approximated. In the pulsating bubble
section we will derive the movement of the bubble walls and the secondary pressure field.
Finally in the Bjerknes forces section we will derive the primary and secondary Bjerknes
forces.

2.1. The kinetic bubble

In this section we assume that a rigid sphere with radius » moves along the z axis of the
system with velocity v,(t). We neglect the viscosity and compressibility of the liquid and
assume that the homogeneous liquid has a curl free velocity field. This reduces the forces
on the bubble to only 2 contributions. The first one appears due to the undisturbed flow,
which we will approximate with Buoyancy considerations and the second one is a virtual
or added mass term [7, p. 100]. We will now use the conservation of energy for a simpler
description. The energy is made up of the kinetic energy of the sphere and the liquid and
some potential energy, namely

Eing + Egingy + Epot = E = const. (2.1.1)

We thus have due to 0;Erinp = 0 (M;g) = v, M0, for M = |B,|p, that

8t‘Ekin,l + v, MO, = _atEpot- (212)

2.1.1. Added mass

This section is going to reproduce the arguments of [7, p. 91]. We will now start by
establishing the kinetic energy of the liquid.
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CHAPTER 2. HISTORICAL CONSIDERATIONS 6

For that we first make the assumption rot(v) = 0 for the velocity field v of the liquid.
We have thus a potential ¢ with
v=Vo. (2.1.3)

The incompressibility of the liquid now gives us
A¢p = 0. (2.1.4)

Furthermore we approximate the bubble as a rigid sphere which pushes the liquid in
normal direction to the surface. We thus have the boundary condition

de

%(r, 0,¢) = v, cos(h). (2.1.5)
Furthermore we assume that the impact of the bubble movement declines over the dis-
tance, more specifically for large & we have

do

m(w) = O(|lxz|™9). (2.1.6)

A basis of the general solutions in spherical coordinates are the well known solid harmon-
ics, they can be derived by separation of variables of the laplace equation. We arrive at
the general solution

l
dx) =) E:tmmEj%T%m@0+bmﬂmVnm@0 (2.1.7)

I m=-—I

with the spherical harmonics Y;™. For the definition of ¥;™ see section 4.2.1. Under the
asymptotic condition the second terms disappears and we get

l
M@=§:E%T§:WMWW@. (2.1.8)
l m=—I

The solution to the boundary conditions is now

3
o= —ﬁvz cos(0). (2.1.9)
Figure 2.1 (a) shows the velocity field of such a sphere moving through the liquid. The
red arrows represent the normal component of the sphere’s velocity on the boundary and
the blue arrows the velocity of the liquid.
Next we will look at the kinetic energy of the liquid. We note that due to ¢ being
harmonic and equation 2.1.9 we get

mm:ﬂ/‘ vide =2 V- (6V6)dx
’ 2 RS/BT 2 RS/BT
o (2.1.10)
— _ﬂ ¢% do_ — s vzpl
2 OB, dn 3 )
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CHAPTER 2. HISTORICAL CONSIDERATIONS 7
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Figure 2.1.: (a) Sketch of a bubble moving inside an incompressible liquid. The blue
arrows represent the velocity of the liquid, while the red arrows represent the
radial components of the velocity. (b) Sketch of a bubble getting accelerated
along with the liquid. The red arrows represent the acceleration field of the
liquid and the bubble.

We further see that
2713 pv, Opv,,

01 Ein, = 3 (2.1.11)
Plugging this into the energy equation 2.1.2 and dividing by v, we arrive at
2713 pyOsv o:F
[Brlpvdiv: + 8= = B, (py+ &) Oy = — =22, (2.1.12)
z

This equation tells us that we can consider the impact of the movement of the liquid on
the bubble as an added inertial mass of the bubble. The total effective mass is thus

!
M, = (D] (p, + %) . (2.1.13)
We restate 2.1.12 now to
o E
M, O, = — L% . e (2.1.14)
Uy

with the effective force F°. For our calculations in the later chapters we will look at the
total force that acts directly on the gas inside the bubble, which has mass M = |B;|pp.
We can see that the forces with effective mass F and the forces with normal mass F' are
related by

F¢ dv F
= — = — 2.1.1
M, dt M ( 5)
for v being the velocity of the bubble. We thus get
M 20
F=F'—=F'—— =2F° 5%). 2.1.1
M, 1+26 +0(0%) ( 6)

with the contrast ¢ := % < %
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CHAPTER 2. HISTORICAL CONSIDERATIONS 8

2.1.2. Kinematic Buoyancy approximation

In the books by Vilhelm Bjerknes [1], where he wrote down the work done by him and
his father Carl Anton Bjerknes, he introduced a force acting on objects inside a liquid
flow. A translation of his explanation reads as follows.

A body moving at the same rate as a translatory accelerated liquid experiences
a buoyancy with the same direction as the acceleration and with a magnitude
of the acceleration times the mass of the displaced liquid.

This can be easily seen by considering a reference frame in which the liquid and bubbles
are stationary and experience a force in the opposite direction of the acceleration instead
of moving. In this transformed system we get a conventional Buoyancy force, which is
proportional to the displaced mass of the liquid. See figure 2.1 (b) for a sketch of such a
field.

Bjerknes now assumes two generalizations in order to apply this principle to real systems.

e First, he assumes that this law still holds if the liquid does not strictly follow a
linear movement, but instead a weakly curved path.

e Second, the bubble does not need to follow the movement of the liquid exactly. This
would result in an additional inertia, which gets neglected. He then observed that
the incident flow can be taken instead of the real flow to calculate the force.

Using these generalizations and Eulers equation we arrive at
F¢ =~ / P10, dx = —/ Vpi, de, (2.1.17)
D(t) D(t)

where p;, is the incident pressure field in the liquid without the inclusion.

We can arrive at the same result using the energy equation if we assume that the pressure
field is approximately the incident field and that p;,(2z) is constant in time. We can then
write for the potential energy

Epot &~ —/ _ Pin(z)dz= —/ Pin(2)dz +/ Piy(2) dz. (2.1.18)
R3\D( R3

t) D(t)

We now get for the displacement vector u(t) of the sphere

d d d
Rl Sl (2)dz== | p, £)d
dt pot dt /D(t)pln(z) z dt/Dpln(m+u( )) &

(2.1.19)
=v- / Vpin(x +u(t))de =v - / Vi, dz.
D D(t)

This provides us with the approximation for the velocity v of the bubble (which can also
be found in [8])

Mo ~ — Vi, de. (2.1.20)
D(t)
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CHAPTER 2. HISTORICAL CONSIDERATIONS 9

2.2. Pulsating bubble

We will now look at the case of a bubble, that is uniformly expanding and contracting
and has no translatory motion. Minnaert first noticed that the air water system can be
modeled by a harmonic oscillator. We are going to follow the guide of [9] to see this.
We will assume a background pressure of p, and that near the bubble a uniform incident
pressure field p;,(¢) is the source of the movement. Further the bubble has the radius
ro + u(t) which is changing in time. The velocity field v again follows rot v = 0 and thus
we have the potential ¢ with

v=Vo (2.2.1)

and
A¢ = 0. (2.2.2)

Additionally, we have in spherical coordinates (7,0, ¢) that

do
— = 2.2.

at 7 = rog + u(t). Using the asymptotic boundary condition 2.1.6 this leads to

2
o(r0.0) = Bt (2.2.4)
The kinetic energy of the liquid can now be calculated
o0 " 2N 2
Eiing = ﬂ/ v2do = 27rpl/ r2 <8tU(t) (ro + 1;( ) > dr
2 Jr3/D(1) ro+ul(t) r
(2.2.5)

= 2np@u) (o +u@) [
ro+u(t)

= 27y (Bpu(t))2(ro + u(t))?

Next, we will look at the bubble interior. We assume that a reversible adiabatic process
takes place, namely for the pressure inside the bubble P(t) we have

P(t)|D(t)|” = const. (2.2.6)

Thus, the excess pressure p := P — py compared to the bubble in equilibrium with v = 0

on the inside only depends on the radius of the bubble. For D(u) = M this turns

the last equation to

p(u) = P —po = py Qﬁgh - 1> _— (<1 + %) o 1) . (2.2.7)
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CHAPTER 2. HISTORICAL CONSIDERATIONS 10

Next we will calculate the potential energy contribution due to the pressure inside the
bubble. We have

u(t)
Epotp = —/ p(t)dx = —/ 4m(ro + u)2p(u) du
D(t) 0

u(t)
= —47(/ (0 4+ u)?pg ((ro +u) Y — 1) du
0

u(t)+ro (228)
= —47r/ u’py (u_g'yrgw - 1) du
7o
7“37 3-3 3-3 1 3_.3

= —4mp, ((u(t) +ro)*™ = rg™"") = 2 ((u(t) +10)" = 75) | -

3— 3y 3

Finally we get the potential energy due to the extra external pressure
47 (ro + u(t))?
B = [ pialt) e = IO, ) (229)
D) 3

After neglecting the kinetic energy of the gas inside the bubble we have the Lagrangian
L= Ekin,l — Epot,b - Epot,e' (2.2.10)

Before proceeding we note that

-3
—8Epljt’b = 47pg(u(t) + 70)? (1 - (@ + 1) 7) : (2.2.11)

This results in the Euler Lagrange equation

4O _ 0L (g + u()u(@uu()? + dn(ro + u()* (0Fu(t))

dt 9(Opu)  du
+ 4 (ro + u(t))? <pin(t) + po (1 - (@ 4 1) 37)) (2.2.12)

To
=0.

We can rewrite this to

M) @Ru(t) + 220 ()
. 3 (2.2.13)
= — 4m(ro 4+ u(t))? (pin(t) + po (1 — <% + 1> 7))

for M (u) = 4m(ro + u(t))3p;. This is the Rayleigh-Plesset equation. If we linearise it for
small uw then we get the equation of a driven harmonic oscillator

D2u(t) + w2 u(t) = —p;?ﬁz) (2.2.14)
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CHAPTER 2. HISTORICAL CONSIDERATIONS 11

[3
wi = 4| 22 (2.2.15)
PITg

For p;,(t) = Dy, sin(wt) this gives us the solution

with the frequency

D sin(wt + )

— . 2.2.16
ol —2) (22.16)

u(t
In our derivation we arrived at an undampened harmonic oscillator and have thus o = 0.
If we had done a more careful approach we would have gotten dampening terms for
radiation loss, viscosity and surface tension [6]. One can prove that

2

2

a:arctan<<2 “2+2“t’;+wm> = 2), (2.2.17)
pIrg oI 2¢; ) w* —wj

where the sum is made up of three terms, which are due to viscous, thermal and acoustic
effects respectively.

The oscillations are the source of a secondary pressure field. We have (due to the Euler
equation) for a liquid particle with trajectory »(¢) that

Vp = — pdy(v(r, 1)) = —p, (atu +) @-v&gri)

. <at(6tu(7"0 +u)?) o drulro + u)Qa . v) ~ (2.2.18)

_ e,
r2 r3

2 2 2 4
— <8tu(ro + u) 4;22(8tu) (ro 4 u) 20y (o :—5u) ) e

where we used equation 2.2.4, ;v = v and €, is the unit vector in radial direction. We
now neglect all higher order terms in v and use equation 2.2.16 to get

(8t2u)r(% = f)inrOW2

v = — e, —
1% Pl 2 r TQ(U.)Q—WJQ\/[)

sin(wt + ey, (2.2.19)
,

We can see a sketch of the field in figure 2.2 (a). Overall we arrive at

~ 2
pinrow

P~ Pin — Po= — T2 =) sin(wt + ). (2.2.20)

2.3. Bjerknes forces

The force on the bubble is a result of the changing volume of the bubble interacting with
the changing pressure field near the bubble. The inclusion experiences a force that pushes
it back and forth depending on the point in time during the oscillation. Over a period
this will result in an overall translatory movement of the bubble.
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CHAPTER 2. HISTORICAL CONSIDERATIONS 12

Figure 2.2.: (a) Sketch of a pulsating bubble. The red arrows represent the velocity field.
(b) Sketch of the approach for calculating the secondary Bjerknes force. We
neglect the interactions between the bubbles and use the field created by the
oscillations of the first bubble to calculate the forces on the second bubble.

Before calculating this force we will first note that for rigid bubbles and a weak monochro-
matic incident wave p;,(x,t) = sin(wt + a)p;, () no mean translatory force occurs. To

see this we set T := %T and have

I I
= Fe(t dt:——/ /Vpin x,t)dxdt
7| a5 [ [ In@

LT (2.3.1)
=— —/ sin(wt + «) dt/ Vi, (x) dee = 0.
T Jo D
In contrast to this we will now look at bubbles with changing volume. For a weak incident
pressure field with low frequency the bubble approximately still expands uniformly, as in
the last section. Due to the slow change of the pressure gradient, we assume that the
previous derivations still hold. We now define

Definition 2.3.1. The primary Bjerknes force F'y, for an incident pressure field of fre-
quency w, is the mean force that a bubble experiences over a period.

We get by using the kinematic buoyancy approximation the effective Bjerknes force

1 T
Fbe = —?/0 - Vpin(z, t) de dt, (2.3.2)

where T is the period length of the incident pressure field.
If we have a system with more than 1 bubble then we also get a secondary force.

Definition 2.3.2. The secondary Bjerknes force Fy;, for an incident pressure field of
frequency w, on bubble i is the additional force due to the interactions with the other
bubbles compared to the single bubble system containing only bubble i.

For the secondary Bjerknes force we will consider low order coupling between the bubbles.
Namely we calculate the scattered pressure field by only considering a single bubble
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CHAPTER 2. HISTORICAL CONSIDERATIONS 13

system. Then we add this to the incident pressure gradient on the other bubble, while
calculating the pulsations directly with the incident pressure field. We can see a sketch
of this approach in figure 2.2 (b). The first bubble creates a secondary pressure field, the
gradient of this field is depicted as red arrows. The second bubble oscillates due to the
incident field, depicted by the blue arrows.

If p; is the solution to the problem with bubble ¢ removed then we get

T
Fgf = — l/ / Vp;(z,t) dedt — Fl{f
’ T Jo Jp)
1 T
~ = _/ / v(pz - pin)(wv t) de dt?
T Jo Jbiw

where Flif is the first Bjerknes force of a system with only bubble ¢ and ﬁ,(t) is the
oscillating volume of bubble 7 in this system. In total we can thus calculate the mean
acceleration on the bubble

(2.3.3)

M (dv) ~ (F>°). (2.3.4)

2.3.1. Primary Bjerknes Force

We will now look at a one bubble systems. We assume small k and a weak standing
incident wave py,(x,t) = Py, sin(wt) cos(k -  + §). In the lowest order of k we see that
Vp;, is constant in space and get the approximation

1

T
Fiom o /0 D(1)| Vg (8) dt. (2.3.5)

For easier calculations we place the bubble at the center of the coordinate system. |D(t)]
can now be calculated by fixing the position of the inclusion and allowing it to only
uniformly contract and expand like we did in section 2.2. This gives us for a bubble with
radius r; that

1 (T4 b, in(wt ’
F?’e z—/ lll (7“1 + Bin cos(B) sin(w? + a)> Diy ke sin(3) sin(wt) dt

pir1(w? — w?))

T
4
=— / er Dip K sin(wt) dt

t (2.3.6)
1 / 2 Din c08(5) sm(w2 +a) Pink sin(3) sin(wt) dt
pir1(w? — wiy)
Bty
pr(w? — wyy)
Note that we neglected the higher order parts in p;,. This gives us
~9 .

: 2
Fb¢ a ) Din COS(@) Si(2B) (2:3.7)

pr(w? — WM)
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CHAPTER 2. HISTORICAL CONSIDERATIONS 14

2.3.2. Secondary Bjerknes Force

For a two bubble system with the same assumptions as in the 1 bubble case we get

Py~ o / D1 (1) [V (py — pin)(1) (2.3.8)

Here p; is the scattered pressure field if we remove bubble 1 and D;(t) the oscillating
volume of bubble 1 in a system with the other bubbles removed. We assume that the
distance between the bubbles is d and py,, (zi,t)=Dy, cos(B;) sin(wt) in the lowest order of
k at the location z; of bubble 3. d is the unit vector in the direction from the centres of
bubble 1 to bubble 2. For the gradient we will use equation 2.2.19 for the second bubble
and equation 2.2 for D (t). We thus get similarly to the case of the primary Bjerknes
force that

3
O 1 /T A7 <T1 . Din €08(/31) sin(wt + a1)>
2 ¥ =
T

pr1(w? — wip )

Pin c08(B2)raw? .
m sm(wt + OQ)(-d) dt

.1 / 2 Diy 0s(B1) sin(wt + a1) Py, cos(Ba)row?
pir1(w? — wJQVI 1) d?(w? — wjgwg)
o

(2.3.9)
sin(wt + a2)8 dt

This gives us

— 2_
P 2y, S s conlon )
d?py(w _WM,1)(W _WM72)

(2.3.10)

We can thus see that we get a repulsive force if the frequency is between the resonance
frequencies and an attractive force for the other cases. Note that the §; are due to spatial
positioning of the bubbles, while the «; correspond to the phase shifts of the bubble
oscillations due to dampening.
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3. Mathematical model

In this chapter we will informally motivate a linear model and an expression for the
Bjerknes force for weak incident pressure fields. In the section Physical considerations
we introduce the Lagrange representation and derive the governing equations for the
displacement and pressure field using conservation of mass and momentum. After that
we will linearise the equations, set the boundary conditions and connect the bubble
interior to the liquid. Finally the last two sections cover our approximations of the forces
on the bubble by an integral that only depends on surface terms. This will be convenient
for our layer potential approach.

3.1. Physical considerations

The system is made up of a liquid with gas inclusions, namely connected D;(t), which
are not touching and have smooth surfaces. We further set D = U;D;. Our goal is now
to model the forces on the bubbles created by an incident pressure field.

3.1.1. Lagrange representation

We will work with the Lagrange representation, where we look at the evolution of mass
parcels in space and time. A reference system will be used which is made up of the static
inclusions D; that correspond to a system which does not evolve in time and transform it
onto the evolving system. The function 2 : R3/(0D) x (=T, T) — R? maps the reference
frame to the time slices for the liquid and the gas. We are further going to assume that
the bubbles do not combine or split up. Thus we require that 2(-,¢) has a bijective
continuous continuation from D; to D;(t) and from R3/D; to R?/D;(t). We can see in
figure 3.1 a representation of the mapping. We further assume that

2 € C*(RNID x (=T, T)), (3.1.1)

and the derivatives of Z have a continuous continuation on 9D from both sides separately
and smooth 0D;(t). We will also assume that the reference frame can be identified with
the system at time 0 by 2(x,0) = x. We thus get for the displacement field & and the
transformation matrix T' that

w(w,t) = 2(x,t) — 2(x,0) = 2(x,t) — @, Tij =02, =0;; + ;. (3.1.2)

In figure 3.2 (a) we can see a sketch of the displacement field. For weak incident fields we
get that det T > 0, which provides us with the matrix inverse of T and local invertability
of the first derivatives of 2(-,t). For this section we will notify a vector in the Lagrange
representation (reference system) with @, while z represents a vector in the Eulerian

15
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CHAPTER 3. MATHEMATICAL MODEL 16

Z(x,t9)

,7:’(50, tl)

Figure 3.1.: (a) Sketch of reference frame and the mapping into the evolving system.

representation (at a time slice). For a function f in the Eulerian system we define a
corresponding function f in the reference system,

~

flz,t) = f(Z(x,1),1). (3.1.3)

In order to derive the differential equation we will look at the laws governing parcels of
the fluids. Figure 3.2 (a) shows an example on how parcles can change for an expanding
bubble.

3.1.2. Conservation of mass

We assume the conservation of mass M for a parcel V

%—J‘f(t) 0. (3.1.4)

We will now use Reynolds transport theorem A.1. We have for the density p of the parcel
V(t) at z and time ¢ that

dM d d A1 dz .
L4 — [ (L4 0 v, & TY(x,t)dz. (3.1,
rvo-5 UL [ (G0 od V0 5 ) @@ yar (15)

Due to det T > 0, V being arbitrary and ;2 = 9@ this results in

d A1 du
—p+p(T V) - — =0. 3.1.6
i )% (3.1.6)

This is the continuity equation in the reference frame.

3.1.3. Newtons law

We now assume that we can neglect the Lamé terms and thus have no shear stress.
We also assume that only the pressure gradient is a significant force contribution. By
Newtons second law we have for a parcel V

at/ (2 D) (@2)@(z ), ) dz = — [ Vap(z,t)dz. (3.1.7)
V() V()
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CHAPTER 3. MATHEMATICAL MODEL 17

Using Reynolds transport theorem A.1 and the continuity equation 3.1.6 we get

22 . o R
/Vﬁ(m,t)i?(m,t)det(T)dm: —/V(T 'Va)b(, ) det(T) da (3.1.8)

Due to V being arbitrary and 0,2 = dyu this gives us in the reference frame

(p%‘) (1) = — ((T‘lvm) (z,1). (3.1.9)

This equation can also be directly derived by taking the Euler equation and transforming
it into the reference frame.

3.1.4. Equation of state

We now make the assumption that the pressure only depends on the density of the fluid.
This is especially true for an adiabatic process as we will see later on. We have the
equations of state

p=filp),  D=1lp) (3.1.10)
inside the liquid and bubble respectively. For p = f(p) we get

dp

dp _df(p(x,t)) _df .
&= = d—pA(P(m,t))E(f&t) (3.1.11)
and we can thus define the bulk modulus
. R dfipp .
fujpl 1) = Pl ) =2 (0l 1) (3.1.12)
Next we rewrite equation 3.1.6 to
d A1 da
—Db + R(T C— = 1.1

where £ is defined piecewise by the corresponding equations of state inside and outside
the bubble. Finally by combining equation (3.1.9) and (3.1.13) we arrive at
d 1dp L1 1, .1 1/ d 2\ -1 da
—— (T V)-=(T V)p-—|[T —T\|T V)| - —=0. 3.1.14
@) st (17 (1) 7Y) (31.14)
One thing to note is that historically the bubble is assumed to be an ideal gas with
the deformation as an adiabatic process. This approximation holds in the low frequency
domain and was often used to derive the bubble wall oscillations. A parcel V undergoing
a reversible adiabatic process follows p(¢)V7(t) = const. This gives us the equation of
state
p(z,1)p " (z,t) = p(2(z,1), t)p " (2(z, 1), 1) = pop, ', (3.1.15)

where pg is the pressure and py, the density inside the static bubble. For the density this

would mean that
5= (3> . (3.1.16)
Po

2=
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CHAPTER 3. MATHEMATICAL MODEL 18

u(zxs, t)

Figure 3.2.: (a) Sketch of displacement of volume elements due to bubble expansion using
the breathing approximation. The solid lines correspond to the system at
t = 0. (b) Sketch of movement of bubble due to Bjerknes force. The mean
translatory movement of the bubble is described by the Bjerknes force.

Further the bulk modulus inside of the bubble is then

D t
g:szﬂ:nft’f (3.1.17)
0

We note that for our work we only need the assumption of conservation of mass and an
equation of state where p only depends on p.

3.1.5. Surface connections

We have so far not looked at the connection between problems inside and outside the
bubble. For that we need additional assumptions. First we are going to assume that the
liquid and the gas do not mix up. This lead us to the no penetration condition, namely

v-nlp=v-n|_- (3.1.18)

on 0D(t). Secondly we note that we neglect surface tension terms and assume that the
pressure is continuous

pls = pl- (3.1.19)
on 0D(t).

3.2. The linearized solution

If the nonlinear effects are small then we find an approximation by linearizing the pde.
We look at the static solution

Py = const,

3.2.1
Uug = 0 ( )
and with Xp being the indicator function of D we have
ko = Xp(@)kp + Xpa5() k1,
RAD (3.2.2)

po = Xp(x)py + Xga\ () p1-
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CHAPTER 3. MATHEMATICAL MODEL 19

Note that kp, k; represents the bulk modulus for the static bubble on the inside and
outside respectively. Similarly pp, p; is the density of the bubble and liquid for that
system. Finally we have the speed of sound

= /ﬂ, Cp = Iy (3.2.3)
Pl Po

We now look at solutions of 3.1.14 close to the static solution, namely
D = Do + €D, U = ug + €, p = po+e€p, R = Ko + €R. (3.2.4)

Note that knowledge of the equations of state would allow us to find relations between
the terms. Recall for example the reversible adiabatic process, which allows us to deduce
terms for p, & inside the bubble depending only on P, see for example equations 3.1.17 and
3.1.16. Before linearising the differential equation note that we have z(x,t) = x + O(e)
and thus T = 1 + ¢T. We will assume that € < 1 and only look at the lowest order in
the resulting differential equation. Equations 3.1.9 and 3.1.13 turn to

2~

d“u _
PO + Vb =0(e),
S (3.2.5)
v.de B0
AP TIRT:
Combining the equations gives us
d 1dp 1.
— T _v.= = O(e). 3.2.6
U df v pOVp (€) (3.2.6)

We will denote the linearised solution of this differential equation by p with linearised
displacement field w.

3.2.1. Surface connections

For the surface connection terms we note that slippage can take place in our model. This
means that the outermost gas layer can move in relation to the innermost liquid layer.
The no penetration condition reads for all z € 9D(t) in the reference frame

(Gril - m)(@l (2, 8).1) = (il - m)(a|—(=.1), 1), (3.2.7)

where the subscript + notifies the functions on the outside and inside of the bubble. Due
to the assumption of 2 € C? and dD(t) smooth we have (9|« - m) € C! on the surface.
With this and ||+ (z,t) — x|+(2,0)] = O(¢) we get

(O] + - n) (x| £(2,1), 1) =(0ptt|+ - m) (x| £(2,0),t) + O(€?). (3.2.8)
We set x| (2,0) = x|_(2,0) and thus get

Oyt 4 - m)(z, 1) = (D] - n)(x,t) + O(2). (3.2.9)



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU
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The same calculations work for p. Thus a natural choices for surface conditions of the
linearized equation is

p|+ :p|*7

(3.2.10)
Ouly -m =0ul_ - n

on 0D.

3.2.2. Boundary conditions

For our purposes we are going to work with an incident pressure wave p;,, and analyse the
response of the system. We will look at a plane incident waves p;, (x,t) = f)ine‘(k'f”*“’t) of
a single frequency. Fourier transforming the pde 3.2.6 provides us with

2
1

—p(z,w) + V- —Vp(z,w) =0. (3.2.11)

Ko £0

We now define the wave vectors in k; := w/c; and kj := w/¢p, inside the liquid and bubble
respectively. It is now natural to take the Sommerfeld Radiation Condition in order to
select the outgoing solutions for the scattered field.

Definition 3.2.1. For the Helmholtz equation in 3 dimensions the Sommerfeld Radiation
Condition (S.R.C.) for p with incident field p,, is

. d
lim || (m — 1kl> (p—pip) =0 (3.2.12)

for k= w/¢.

To show the significance of the S.R.C. we note that it gets fulfilled by outgoing plane waves
and violated by incoming ones. Going forward we are only going to look at incident waves
with real w and will assume that we have no resonance oscillations of the system. This
fixes our solution to the frequency of the incident wave also called the forcing frequency.

3.2.3. Problem formulation

We will combine the results of the last sections for the formulation of the problem. We
have an incident wave p;,, which is solution to k?pin + Ap;, = 0. We now get that p is
solution to our model if and only if p has no resonance oscillations and

klzp +Ap=0 in R?/D,

kEip+Ap =0 in D,

pl- —pl4+ = Pin on 9D, (3.2.13)
o) _5dp), — 5% on dD,

limg| o0 [@] (k7 = k1) (b= D) =0 (SR.C)
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for the contrast § = p;lpb, = ﬁ/pﬁgl,lil/bv ki = c&iw. We note that § ~ 1072 for a
water air mixture. This will be the starting point later on for our expansion in w and J.
We also get for the displacement field

u= (w?p)"'Vp for xz € R3/D,

u = (w?py)~'Vp for x € D. (3.2.14)

3.3. Force integral approximation

In this section we will derive an approximation of the force on the bubbles. In the same
way as we did for the linearisation of the pde we will look at solutions close to the static
solution. The first relevant term is going to be of order 2. Then we will approximate this
force using the solution of the linearised problem and find a representation using surface
integrals, which are more convenient to evaluate in our layer potential approach.

First we start by considering the non linear momentum equation 3.1.9 and define the
force that acts on a bubble.

Definition 3.3.1. The total force on the bubble for a solution close to the static solution

D=1py+€p and U = ug + € is

Pt =- [

((TAV);@) det(T") dee. (3.3.1)
D

The next lemma expands the force in € for later use.

Lemma 3.3.2. The force on the inclusion close to the static solution can be written as

F(p,a) = — /D i emtl (—T)mwy <1 FeVoa+ %((v @)l - T T+ S det(T)> de
m=0

(3.3.2)
where Ti,j = 0ju;.
Proof. We note the Jacobi identity
Be det(T") = det(T) Te(T " 8.T). (3.3.3)
Further this tells us for T'= 1 + €T that
92 det(T') = det(T) ((Tr(ir”aj))2 - Tr(T*IaGTT“aGT)) . (3.3.4)
Finally using the Neuman series for the inverse of T=1+¢T provides the result. O

Before the next lemma we are going to approximate this force by replacing the pres-
sure and displacement fields with the linearised solutions. We can then use the defining
differential equations to find a surface integral representation of the force.

Next we see that
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Lemma 3.3.3. We get for a solution inside the inclusion p € H?(D) of 8.2.13 with
plop € HY(OD) defined from the inside that

1
Fy(p,u,t) =— (VTp)Qn —(Vp|= -m)Vrpdo (3.3.5)
PewW= JoD

where Vp|_ is defined by continuous continuation from inside the bubble, Fy(p, u,t) de-
fined in lemma 3.3.2 and Vr is the tangential derivative.

Proof. We note that

1
u=——=V 3.3.6
o2 P (3.3.6)
and
ApOip =V - (Vpoip) — Vp - VOp. (3.3.7)

This results in

(T =V -w) VD), = L (2(6:Vp) - Vp— V- (Vpaip))

" ’ (3.3.8)
= (0:(Vp)* =V (Vpoip))
Using the divergence theorem and noting that
(Vp)?*n — (n-Vp)Vp = (Vrp)®n — (Vp|_ - n) Vrp (3.3.9)
provides the result. O

Like in historical approaches we are going to consider the mean force over a period.

Definition 3.3.4. The mean force over one period T = %” for an incident wave with
frequency w is

(F) = %/TF(t) dt. (3.3.10)
0

For the same reason as we saw that the force for a static bubble disappears over a period,
we will now see the same thing happening for the first order of the force.

Lemma 3.3.5. The mean Force on the inclusion over one period of an incident field with
frequency w results in
(F) = (Fy) + O(é). (3.3.11)

Proof. The linearised solution p is also of the same frequency and thus
(Fy) =0. (3.3.12)

a



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

CHAPTER 3. MATHEMATICAL MODEL 23

3.4. Bjerknes Forces

In this section we will define the primary and secondary Bjerknes force in light of the
last section. The primary Bjerknes force is the mean force felt by a single bubble in a
pressure field,

F(p,a) = —%/OT/D ((T_1V)f)) det(T") da dt, (3.4.1)

where T is the period length of the incident pressure field. Using lemma 3.3.3 we arrive
at the approximation

11 /7
Fi(p) = —5= 2n — (Vpl- - . 4.2
1(p) e T/o /aD(VTp) n — (Vp|_ -n)Vrpdodt (3.4.2)

For simpler notation we omitted the €2 term. We will later see that the forces contain
the term f)?n and we note that in the physical system the incident field is proportional
to e. This justifies not including €2 as we can move the factor into p;,. The presence of
bubbles creates secondary pressure fields. The secondary Bjerknes force is the difference
between the force of the multi bubble system compared to the 1 bubble system where we
remove the other bubbles.

We define the approximation of the secondary Bjerknes force on bubble i by

1 1 [T
Fb,(p) :ZWT /0 /a : (Vrp)’n — (Vp|- - n) Vepdo dt — FY,(p), (3.4.3)

where Flii is the first Bjerknes force for the system with only bubble 3.
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4. Mathematical background

In this chapter we are going to set some basic definitions and theorems that we will need
for later analysis. In the first section we will look at the layer potentials and some basic
properties. Then we will describe how the layer potentials behave for spherical bubbles
and state some properties of spherical harmonics. Readers familiar with these topics may
skip this chapter. We start out by defining the domain of the bubbles.

Definition 4.0.1. We have for the bubbles
D:=J D, (4.0.1)

where D;, D; for i # j are disjoint sets in R3 and each D; is a bounded and simply
connected domain with D € CY* for s € (0,1).

4.1. Layer potentials

Now we will look at the single layer and the Neumann-Poincaré operator, which we
will later use to find the solution. This section orients itself on [10]. We start out by
characterizing the fundamental solution of the Helmholtz equation for outgoing solutions.
This will motivate the choice for the single layer potential.

Lemma 4.1.1. The outgoing fundamental solution of the Helmholtz equation (A+k2)p =
f s

1 .
Fx) = ———eklzl, 4.1.1
G (@) =~ e (11.1)
Proof. We start with the Helmholtz equation
(A4 k2GR (x) = —(x). (4.1.2)
For & € R3/B, and due to rotational symmetry we get in spherical coordinates
1
;a,%(rG’c(r)) + k2G*(r) = 0. (4.1.3)
This gets solved by
ptikr
GF(r) = As : (4.1.4)
r
For ¢ € C2° we now have
d
- / L ekmpdo = — [ 6do(8,G%)(e) = 6(0) lim(—4x2(5,G%)()).  (4.1.5)
OB. dn OB, e—0

25
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‘We note that

+ike

lim (—47e(9,G%)(€)) = —4m Ay lir% 25
€E—

e—0

(iik: - 1) —drAy = —1 (4.1.6)
€

we get AL = —ﬁ. Using the S.R.C. we choose the outgoing solution. O

We are now ready to define the single layer potential. The definition tells us that we can
view the layer potential as the solution of the Helmholtz equation due to sources on the
surfaces of the bubbles.

Definition 4.1.2. The single layer potential S% : L>(0D) — H} (R3) is defined by

Splo)(x) = - G*(z — y)@(y) do(y). (4.1.7)

Furthermore we define the Neumann-Poincaré operator Kg* : L2(0D) — L*(0D) by

d
D dnw

K (8l(e) = [ <o-Gha —y)0() dofy), (4.1.8)

where ng 1s the outward normal derivative at x.

For more details on layer potential operators see [10, p. 68-75].

Note that the single layer potential follows the Sommerfeld Radiation Condition and is a
solution to the Helmholtz equation. The next theorem shows us that (for non resonance
frequencies) we even have a unique solution to our model 3.2.13 and that we can represent
the solution using layer potentials.

Theorem 4.1.3. Suppose that k? is not a Dirichlet eigenvalue of —A on D. If p is a
solution of 3.2.13 then we get

[ SER)() + pin(x) = eRY/D,
p(x) = {S% 16]() veD (4.1.9)

for some (¢,v) € L*(0D) x L*(0D) under the conditions

Splel(@) - S W](@) = pinl®) =€0D, 1)
(—5+K5") @) — 6 (3 + K5") (@) = 0% (@) @ e aD. -
Proof. For the proof see [10, p. 73-75]. |

In order to approximate the Layer potential operators we are next going to define an
asymptotic expansion of them. We will see that we can split up the layer potentials into
an operator of a Laplace problem with a perturbation. This approach has been commonly
used before see for example [11].
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Definition 4.1.4. We define for n € N, the continuous linear operators Sp, : L?(0D) —
H} (R3) and K} : L*(0D) — L*(0D) with

loc

Spl8)(e) =~ o [ 2 -y () do
i"(n.—all)) (4.1.11)
Kpl#)(@) =~ | (@ y) nola —y0(y)do

We note that K% is defined as the Cauchy principal value integral and corresponds to the
Neumann-Poincare operator of the Laplace equation.

For the well-definedness of S% and K% note that they are just Sg and Kg* for £ =0,
alternatively see [12].

We will now prove the well-definedness for n > 0. We have for a compact set K C R3
that

- 2
IVSp @l = | (<” D / D(m—y)\w—yw%(y)da(y)) da

47n!
, (4.1.12)
< (= \3D!/ / (Jz — y"?0(y))” do(y) dz
- 47'("/2‘ K JoD ’
where we used the Jensen inequality. Similarly we see that
I8l = [ (g [l w0 dotw)) da
K $/oD (4.1.13)

< (ﬁ) o0 [ [ (==~ ow)" doty) da.

For K having non zero measure, C1(K) = SUpzcop yer [T — y| we get

0 VIK][0D] P G g 4.1.14
15D 2200y, 1 () SW\/CI(K) 24 Oy (K)P A (n - 1) (4.1.14)
and thus S7, is continuous. We can prove the statement for K7 in a similar way.
We will now further simplify the inequalities to proof the next lemma. By introducing a
parameter k£ < min(Cy(K), 1) we see that

e (CLE)k) !
Note that we get after replacing the volume integral in the above proof by the boundary

integral of 0D that
n n Clk n-l
K" 1SBl z(r2(op), 1 (00)) < Coﬁ, (4.1.16)

where H'(OD) denotes the space of functions with L?(0D) tangential derivatives. S

can thus be viewed as an continuous operator between L?(0D) and H'(0D). Finally due
to %S}‘) = K}, we get

( Ol k,)n—Q
(n—2)!"

These inequalities provide us now with the following lemma.

K" IKDl 22 apy) < Cok (4.1.17)
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Lemma 4.1.5. For small k we get that

Sh—Sh=> k'Sh, Ky —Kph=> k'K}p (4.1.18)

n=1 n=1
on L(L*(OD), H*(0D)) and L(L*(0D), L*(0D)) respectively.
Proof. We see that

o n—2
<Cok Y (CLR)™ " Novoo, (4.1.19)

N
HK,’_% =) KK}
L(L2(0D)) n=N+1

n=0

The convergence for Sg can be proven in the same way by taking lemma 4.1.6 and the
considerations before this lemma. O

This shows us that for small k& the lowest order dominates and the rest can be handled
as a perturbation. We can write Slf) — 8% = O(k) in the operator norm. If we restrict
S% to the surface of the inclusions then we have the following nice properties.

Lemma 4.1.6. S% : L?(0D) — HY0D) is bijective with bounded inverse. Further
S9 1 L?(0D) — L*(9D) is self-adjoint.

Proof. For the first part see [12, p. 38]. Self-adjointness follows directly from the defini-
tion. O

We will now state an important property of 5103.
Lemma 4.1.7. We have on 9D the following jump relations

< (sl

= (i% + K%) [¢]. (4.1.20)

Proof. See [12]. O

The kernel of (—% + K%) will in our derivations play a special role and allow us to find
the resonance frequencies later on. We will now characterize it.

Lemma 4.1.8. For the inclusions D; the kernel of (—% + K%) has the basis functions
ei = (S%) " xon) (4.1.21)
for the indicator function xap, on 0D;.

Proof. If ¢ € ker (—% + K%) then we have due to the jump condition that

0= (-5 +K) 0] = 7580011 (41,22

SI% [¢] is harmonic inside the inclusions and fulfills the homogeneous Neumann boundary
condition. It is well known that the solutions are unique up to a constant. Due to the 0
function being a solution inside the inclusions, we arrive at the statement. O
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The capacitance matrix contains important geometry information of our problem. We
will use the normalized capacity matrix later on to find approximations of the resonance
frequencies.

Definition 4.1.9 (Capacitance matrix). For inclusions D; the capacitance matriz is
defined by

Cij = (~Spleil, i) 12 0m) = —/8 pjdo (4.1.23)

k3

The normalized capacitance matriz is defined by

= . Cij

Ci, = D (4.1.24)
The next lemma will be used to prove some integral relations afterwards.
Lemma 4.1.10. The Plemelj’s symmetrization principle identity holds
SOKY = K589, (4.1.25)

Proof. For the proof see [10, p. 25] and note that the definition of K? and K%* are
exactly opposite in the reference. O

We will next expand on a lemma found in [13].

Lemma 4.1.11. For all £ € L*(0D) we have
1. [or S8[¢] (=3 + K%) [n]do = 0 for all n € L*(9D) iff ¢ € ker (—5 + KY),
2 Jop, (=3 + Kp) [(]do =0,
3. faDj (3 + Kp) [€]do = faDj ¢ do,

4- faDj Kp[¢]do = — fD]_ St2[¢ldo forn > 1,

i|D;
5. Jop, Kpleldo = 122 [ & dor

Proof. We use the Plemelj’s symmetrization principle identity to get
0 1 0 _ 1 0%\ @0
Spl¢] —5 Kb (€] do = -5 T Ep Splel§ do
oD

— [, b (=5 +K5) oleae
oD

The bijectivity of S% now proves the first statement. The second statement follows from
the first statement and lemma 4.1.8. The third statement follows from the second one.

ob (4.1.26)
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For the fourth statement we see that for n > 1

d
Kg[g]da_/ dnSD da_/ ASP[€] do

oD;
— ., n—1
=~ [ Ade =y o) do(y) dofa)
(4.1.27)
=15 [, [ nn = Dle—yl" () do(y) do(a)
—— | spjdota)
Dj
Finally for the fifth statement we look at
Kple]d ”‘1/ | @ 9) nale - o' () doty) do(a)
o=— — - o o
o, dmn!  Jap, Jop ‘
(n—1) _
it [ ¥ vy o @e) o)
. oD
(4.1.28)
The proof is concluded by noting that
/ V- (x —y)do(x) = 3|Dj. (4.1.29)
Dj
|

4.2. Spherical inclusions

In this thesis we will do some final calculations for spherical inclusions. Note that al-
though we have a reference sphere that does not mean that our forces are only accurate
for spherical expansions. Due to the connection between the pressure gradient and the
displacement field we can get arbitrary deformations of the bubble during the oscillations.
In this section we will look at properties of spherical harmonics and the layer potentials
for a spherical inclusion.

4.2.1. Spherical harmonics

The Legendre Polynomials are defined for |[t| <1 by the following generating function

4.2.1
V1+ t2 — 2tx Z ( )
The associated Legendre polynomials P/ are now defined by

Pr() = (—1)™(1 - )2 py(a), (4.2.2)

da™
Taking the derivative in t of the generating relation immediately gives us the following
lemma.
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Lemma 4.2.1. A well known recurrence relation for associated Legendre Polynomials is
(I—m+1)P}(x) =20+ 1)aP"(z) — (I +m)P (). (4.2.3)
We can now define the non-normalized spherical harmonics
Y7(0,6) = P (cos(6))e™ (4.2.4)
and the (normalized) spherical harmonics

2041 (1 —m)!

(T cos(O)e™. (4.2:5)

YE’"(Q, ¢) =

Note that the spherical harmonics make up a complete orthonormal system on the unit
sphere. We will denote Y} (2) = Y;"(0, ¢) for a unit vector z with spherical coordinates
0, ¢. The next theorem is the well known addition theorem for spherical harmonics

Theorem 4.2.2. We have

PGE-5) = o S V@)Y (). (4.2.6)
l

Finally we will state a shift lemma for spherical harmonics

Lemma 4.2.3. We can shift spherical harmonics by

1 - > l—i—l’ m—m/)! 1
m ! N m—+m’ /4
WYI (@ —y Z Zz W+ ! yl" () (y)mypﬂf ()
(4.2.7)
and
! l l’+m l | -
., D
—y'ym Y ()Y, (&).
’iU y‘ l y llzz:omlz_:_l l/+m l/+m m)'( l ) (y) 1—1 (w)
(4.2.8)
Proof. For a proof see [14]. O

4.2.2. Layer potentials on a sphere

The layer potentials on a sphere take on an especially easy form. We will first state a
relation between the Single Layer Potential and Neumann-Poincaré operator.

Lemma 4.2.4. For a spherical inclusion D = Brl(zl) we have

Kp[o)(x) = = o L 6](=) (4.2.9)
and more specifically .
Kplé)(@) = -5 -Splél(@) (4.2.10)

forx € 0D.
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Proof. For o,y € 0B,,(z1) and « # y we have

—y) - 1
-y n, 1 (4.2.11)
|z — y? 2rq

This can be seen by using spherical coordinates with x in z direction. Then (x —y) -n, =
71(1—cos(#)) and |z — y|? = 2r?(1 — cos(0)). Inserting this in the definition provides the
statement. O

We will prove a spherical harmonic expansion that allows us to find an easy representation
of S% on the sphere.

Lemma 4.2.5. We have on a sphere x,y € 0By, (z1) that

1
— 7122l+1 Z v @). (4.2.12)

|z -yl

Proof. Without loss of generality we assume z; = 0 and get

o —y|= Ve +y? -2z y=r1/2-22 7. (4.2.13)

Using the generating function of the Legendre polynomials, namely

\/m Z (4.2.14)

for t =1 and z = Z - y we arrive at

=— Z P(z (4.2.15)

|w—y[ r1
Finally using the addition theorem 4.2.2 we arrive at the statement. O

This lemma provides us immediately with the relation for the Single Layer Potential.

Corollary 4.2.6. We have

T
Y’m
2A+1 47

1 I .
- Y= L _ym,
(-3 - K5, ) 01 = - 5y

Proof. Inserting lemma 4.2.5 into the definition and using the orthonormality property
of the spherical harmonics provides the result. O

Sp,, V" =~

This representation will now allow us to prove that the kernel of (—% + K%) for a single
sphere is made up of the constant functions.
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Corollary 4.2.7. For a spherical inclusion D = B,,(z1) we have
1
K9] == (4.2.17)
and )
p1=(Sp) ™ (Xop) =~ (4.2.18)
Proof. We have due to lemma 4.2.4 and lemma 4.2.6
1 1 1
K)[] = —=—S3[1] = ——(-r1) = =. 4.2.1
Bl = —5-5bl1] = —5 (=) = 3 (12.19)
|
Finally we will derive how the layer potential operators act on ;.
Lemma 4.2.8. We have on a sphere D = 0B, (z1) that
in
ST = —2=2"7 4.2.20
D[Sol] (TL + 1)| 1 ( )
and in( D
i"(n —
Kplp1] = ———=2n1pp=t 4.2.21
D[‘Pl] (n n 1)| ™ ( )
Proof. Without loss of generality we assume z; = 0 and have
|z —y| = Va2 +y2 — 2z - y. (4.2.22)
This results in
_jn .
Sple =y [ o=yl oo
TN 8Br1
_in 2 T e e
:%/ QTITI(T% —r? (:05(9))Tl sin(f) do
" i (4.2.23)
:_1 4,017"1 2_/ W' du
I G
~(n+1)!
Using lemma 4.2.4 we arrive at the second statement. O
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5. Strongly interacting systems

In this chapter we will look at multi bubble systems and analyse them using layer potential
techniques. In the first section we rewrite the equations for the potentials, invert the
system and simplify it by only consider the lowest asymptotic orders. For this we will
expand upon the approach by Ammari et al. [15]. In section 2 and 3 we will derive a
formula for the Minnaert frequency and a solution to our problem 3.2.13. Finally we will
look at the 1 bubble case and derive the primary Bjerknes force.

5.1. Bubble oscillation

We saw in the last chapter in theorem 4.1.3 that the solution to our model can be
formulated using the single layer potential. We have for an incident p;, (which is solution
to the free Helmholtz equation in the liquid with frequency w) that

| SE[¥l(x) + pin(x) xeRYD,
p(z) = {Sgb[aﬂ(x) weD (5.1.1)
with the conditions
Sp1el(@) — SE¥] (@) = piy () x €D, 1o
(=5 +KR") el@) — 0 (3 + K1) [W)(@) = 6% (2) @ € oD, -+

ky = w/ep, ky = w/cy, and § = pp/p;. We note that in our application both § and w
are assumed to be very small values. We therefore are going to take the approach of
expanding the operators in said parameters. In order to find the potential functions ¢, ¥
we need to invert the system of the boundary equations.

5.1.1. Inverting the system

In this subsection we will reformulate the equations in terms of an operator, then we
expand it asymptotically and see that it can be viewed as a perturbation of an operator
of a Laplace problem. We then make the latter invertible by some slight changes and use
the Neumann series to invert the operator equation.

For simpler notation we define the Hilbert spaces

H = L*(0D) x L*(D),  Hy:= H'(OD) x L*(0D). (5.1.3)
and the operator
Sy —Sy
A ,0) = % « 5.1.4
e = (4 ) o(a ) o
35
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with Ap(w,d) : H — H1. We further set

— (Z) o Pin
o (O). ro(). o1

We can rewrite equations 5.1.2 to

Ap(w,0)¢p = F. (5.1.6)

Our problem thus reduces to inverting the operator Ap. We are working in the low
frequency w and low contrast § domain and thus Ap can be considered as the Ap(0,0)
operator with a small error. This sort of approach is common in perturbation theory.
Due to S’% being symmetric we can denote

0. _( Sb_ —Sb 0 _ o (Sh (3 KR
(5.1.7)

An easy way to solve perturbed systems is by using the Neumann series for the inversion
of the operator. Sadly, here this is not possible, because .AOD is not invertible. To fix this
we are going to extend this operator in the next lemmas. We will first look at its kernel
which is the problematic part of the domain.

Lemma 5.1.1. We have

ker AY, = span {g;} , p; = <£Z> (5.1.8)

for v; = (S%)_l [Xop,] and D; being the connected parts of D. Further we get

ker A = span { <S%(Es0¢]> } . (5.1.9)

Proof. We remind ourselves of lemma 4.1.8, namely

1
ker <—5 + KD> = span {g;} . (5.1.10)
i

The first statement follows now due to S, being invertible. Next for u € ker A%* we
see that the structure of .A%* and the invertability of S, fixes the upper entry to 0. We
further get for arbitrary ¢ € H that

0= (o), = (555 ) whor) = (ua(-3+m0)I0) . 11

Due to lemma 4.1.11 1 this results in (S%) 7 '[us] € ker (—3 + KY) and thus the state-
ment. g

We will now modify A% to make it invertible.
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Definition 5.1.2. We define an operator from ker .AOD to Hy

0
cipil| = C; Xap, , (5112)
Yew| = So e

7

Py

We now define a modified AY, operator, namely

Apl¢] = AD[¢] + Po[Pier @), (5.1.13)

for Pyrer being the orthogonal projection onto the kernel of A%.

The next lemma shows that the operator really has the properties that we want and can
thus be used in the inversion of the system if we can control the difference to A9,

Lemma 5.1.3. Ap is a bijective bounded linear operator from H to Hi, with

Aple;] = ( XaODi > Further Aj‘j is a bijective bounded linear operator from Hi to H.
/10D

Proof. Linearity and boundedness follows from the same properties of Py and A%. For
injectivity note that Im .AOD 1 ker A%* and thus Im A% 1 Im Py. If we now assume that
Ap[p] = 0 then AY[p] = 0, which results in ¢1 = ¢ = >, cip;. Further we have
Py[Pier®] = 0 and (p;, ¢),, for all i. In total this gives us ¢ = 0.

Next we will prove surjectivity. Due to the bijectivity of S% we only need to consider
the second coordinate of H;. We note that —% + K9 is invertible on L3(dD) [10, p. 23],
which gives us surjectivity by construction. We get

_ 0
Aplei] = Poles] = ( Xop, ) : (5.1.14)
V10D

The bijectivity of AE now follows directly from the bijectivity of Ap due to H; and H
being Banach spaces. O

For easier notation we are going to split up the potential into the kernel of Ap and an
orthogonal part.

Definition 5.1.4. We split up the solution into

¢=¢+d, (5.1.15)
with

=) cip (5.1.16)
and (j~) L, for alli.

We can now invert Ap. The following theorem will set the defining equations for the
coefficients ¢ from Definition 5.1.4. It further finds relations for ¢ that we regularly use
later on.
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Theorem 5.1.5. For Bp = Ap — A}, HABIBDH < 1 and ¢, ¢, defined in definition
5.1.4 we get B
¢ =IplAL'F + ¢ (5.1.17)
with
Ipl¢] = (Z(—flglb’p)”) £. (5.1.18)
n=0
Furthermore we have for the Matriz A with (Ac); == T;[3_; cjp;] and vector R[F| with
Ry[F] = [,p. Fydo — Ti[AL'F) for

Tie] = / (BpIp €), do. (5.1.19)
oD;
that
Ac = R[F). (5.1.20)
Proof. We have
Ap¢ = F. (5.1.21)

Using deﬁ~nition 5.1.2 we get that Ap = /NlD — PyPyier + Bp, Prer® = @ and taking the
inverse (Ap + Bp)~! results in

¢ — (Ap + Bp) ' Pop = (Ap + Bp) ' F. (5.1.22)

We have Py = Apep and due to HABIIS’DH < 1 we arrive at the first result by taking

the Neumann series. Taking the scalar product of the first statement with ¢, gives us

<¢i,A518D (Z(—AB%D)”> cp> = <<pl-,2151 (Z(—Bp,flgl)”) F> . (5.1.23)
n=0 H n=0 H

This turns to

<A51’*<pi,BD (Z( ALBp) ) cp> <A51’*<pi, (Z(—BME)?%) F> .
n=0 n=0 Hq
K9

(5.1.24)

Next we note that due to <X@D , —% + = 0 we get for & € (ker A%)* that

L2(3D)

() ), <* )
V1oDi| 2(dD) V1ol L*(9D)

Y (5.1.25)
= 21; (PoPier€)2 >
| L2(dD)
=0.
We have thus .
A [ker A%] = (ker A%) 1 = ker A9, (5.1.26)
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This together with the bijectivity of A}‘j results in lel’*[ker AV} = ker .A%*. After ap-
plying this to equation 5.1.24 we arrive at

ol )], - (gt
n=0 2/ 12(8D) n=0 2/ L*(9D)

(5.1.27)
for all 7+ and thus the second statement. O

Finally we will state some general relations that will be used for later calculations.

Lemma 5.1.6. We have

T—1 O _ - ) 1 7—1 XaDi _l . 1
() =vamta (). () -ta(l). e

Proof. For Ap (i) = <X80Di> we note that <X§Di> € ker A}, and thus ¢ = ¢ =
V|0D]ep;.

e XoD:
For Ap (i) = ( %Dl> we get

¢ — 4 = (Sp)~'Xop,] = @i- (5.1.29)
The second entry tells us that ¢ = >, c;; and (9, 90j>L2(8D) + (¢, c,oj>L2(aD) = 0 for all
j. Thus ¢ = =9 = %gpi. (]

5.1.2. Strong interaction

We will now take a closer look at the interaction parts of Ap for small perturbations.
Using the expansion terms for Sg, K lk) that we stated in definition 4.1.4 we expand Ap.

Definition 5.1.7. We have

Ap =) _wm™ > §"AD" (5.1.30)
m=0 n=0,1
with A%O =A% and for m >0
1 1
=S —=w=SPh 0 0
mO0 ._ [ ¢*~D =D m,1  _
'AD = (%Krg 10 ) , ‘AD = <0 _CLmKB) s (5.1.31)
Cb b
o1._ (0 0
A = (0 _ (% +KOD)) . (5.1.32)
We will especially note that the following operators have zero entries in the second row
1 gl 1al
=S, —=5
AL = (%013 A D) , AL = (8 8) (5.1.33)

The next lemma gives us an easier representation for the matrix of lemma 5.1.5. We will
use this to find the resonance frequency and the scattering coefficients later on.
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Lemma 5.1.8. The matriz A of theorem 5.1.5 can be up to order O(w* + 6w?) written
as

Ay(w,8) = —k2D +6C + éa (ky — ki) C1yC — ékzﬁ(k‘b +k)D1yC,  (5.1.34)

where 1y is a matriz of ones with dimensions M by M, D := Diag(|D1],...,|Dn|) and
C' the capacity matriz.

Proof. Due to (A}J’Oc)g = (A}jlc)g =0 we get
A= /a (23 + P A0+ 5AY — AR A AL — wd A AR AL [i5])_do

i

+ O(w! + 6w?).

(5.1.35)
Next we note that . el
1 _1ygly,.
Aple;] = ((% Clo) DW) (5.1.36)
and by lemma 5.1.6 we get
ABl <CX8Dj> _ ( %20] > ) (5.1'37)
0 —3%i
Due to Sll) being constant and lemma 4.1.11 this results in
AO,lA—lAl,O[Lp ] do = / 1 <1 +K0> (l _ l) Sl [SD] Z@k do
op,” D7D D ¥ op,2\2 7 ) \ey o) P4
—i (1 1
=—|=——-= id d
8 <Cb Cl> </8ij 0) /8Di;(pk 7
” . (5.1.38)
—1
=—|—-= Ck.; C;
8T (cb cz) (Z kd) (Z k)
k k
—i (1 1
=—|(———1](C1yC);;.
8T <cb cl> (CLuC)ig
Further by again using lemma 4.1.11 we have
A A A ) do = - (l - 1) Shlpi) S K3 o] do
oD, D Y*D YD J 262 e ¢ oD, DU¥) - D
S5 32) (o)
87702 e, q oD ¥ D, 7 DIk
(5.1.39)

—1 1 1
=—|——- = g Cri | |D;
87rc§ <cb cl) ( k kJ) ’ ‘

i (1 1
= 12 <— - —> (D1),C); ,

N 8mep \ ¢
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and
2,0
/ AD ‘Pg / KD SOJ dU = __/ SD ‘P] ,ja
oD, Cb C
L 30 1 1|D |
—.A’[Lp~]daz— K} p;]do = p;do
/61:)1- A ¢ Jop, DLy & Ar Jop ™’
LD S (5.1.40)
-5 = (D1
cg’ 47 Zk: R 4 3( i

1
Ap ] do = — /BD (5 + K%) pjdo = Cij.

oD;

Finally we get

[ (G ab) b sblatar =2 ([ evar) [ (sh) s
= ;—; (Zk: Ck,j) (Z C; k) = 010)

(5.1.41)

Putting all equations together provides the result. O

5.2. Resonant oscillation

In this section we are going to look at resonant oscillations, which are the oscillations that
can occur even if there is no incident pressure field. They are only possible for special
frequencies called the resonance frequencies. For our purposes we will only look at the
frequencies with positive real part.

Definition 5.2.1. For 6 a complex value w;(§) with positive real part is a resonance
frequency of the inclusions iff the kernel of Ap(wi(9),0) is non trivial.

The resonances can be viewed as the characteristic values of the operator-valued analytic
function Ap(-,9). We will now note the following result of the Ghoberg Sigal theory.

Lemma 5.2.2. There exists a 6y so that for all |§] < &g the characteristic values w;(J),
to the operator valued analytic function Ap(w,?), have w;(0) = 0 and are smooth in §.

Proof. For a proof see [16]. O
We can now expand the resonance frequencies for small §.

Lemma 5.2.3. For each resonance frequency w; we have a normalized eigenvector v; with
eigenvalue \; of the normalized capacity matric D™1C for D := Diag(|D1],...,|Dy|) so
that we get

wi = warg + im + O(8%/2), (5.2.1)
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with the frequency

Wi = \/5)\Z‘c§ (5.2.2)

1 cg 2'UHD1MDUi
= o\ 5.2.3
Ti 8me ' vHDu; ( )

and

where 17 is a matriz of ones with dimensions M by M.

Proof. Due to lemma 5.1.8 we have

(—k,?D +6C + éa (ky — k) C1p,C — éki(kb + kl)DlMC> c=0((w? +0)¥c).

(5.2.4)
Up to order O((w? + dw + 62)|c|) this gives us
(kD + 0C + O(w® + 6w + 6%)) ¢ = 0. (5.2.5)
Thus we have
c=v+é, (5.2.6)

where v is an eigenvector of D™'C with eigenvalue \, the vector & = O((6 + w)|c|) and
Wwi=wi 40 (5%) (5.2.7)
for wys == (S)\C%. Using lemma 5.1.8 up to full order we get

(—k,?D +6C + 8%5 (ky — k) C1,C — S%kg(k:b + k:l)DlMC> c=0(c]). (5.2.8)

This turns to

O(8%c|) = (—kiD +6C) &

2 i i, (5.2.9)
+ | —kyD +6C + g(; (ky — k) C1pC — ka (ky + k) D1y, C ) v.

Next we note that C is symmetric because of the self adjointness of S%. With this
and the symmetry of D we can follow symmetry for (—ng +6C). We thus have
v (=k2D + 6C) = O((6 + w)|c|). With this we get

ot (-kl?D +5C + Sia (ky — k1) C13,C — 8Lk§(kb + kl)DlMC> v = 0(5%|c?).
T Y
(5.2.10)
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Due to v being a normalized eigenvector we have |¢| = O(1) and

9 9 H60+8%5(kb_kl)01Mc_ékg(kb‘i‘kl)DlMcv

= 62
w” =cjv | T Do . + O(6%)
_ 2, m D+ 5wy (' — 1) C1yC — XT3 0% (e, + 1) C1nC 05
=G, Iz v+ ( )
v Dv
i -1 1 -1, -1
ZCZUH)\(SDJrg&uM ((cb - ) — (¢, +¢ )) CIMCU+O(52)
b v Do
.2 H
_ 9 g v C1)Cv 9
=wiys 1n o wM—’UHD’U + 0(5 )
(5.2.11)
Using the Ansatz w = wys + it + O(w? + dw), with 7 < § we see that
1 ¢ v C1,,Cv
27wy = —— LA\ 0wy ———a—— + O(8?). 5.2.12
TeM e v Dv +00) ( )

Finally we arrive at

1 cz v C1,,Cv
= 5.2.13
g 87 ¢ v Do ( )

For a single spherical bubble this simplifies to a simple equation.

Corollary 5.2.4. For a single spherical inclusion the resonance frequency wy is

3(5c§ 3 ¢
==t —ib=—2+0 §3/2). 5.2.14
w1 7“% 1 9 art + ( ) ( )

Proof. With V =1,

4 3
D= ”37"1 . C =41 (5.2.15)
and lemma 5.2.3 we arrive at the statement. O

Remark 5.2.5. We will now verify that this result is consistent with past results by
considering a reversible adiabatic process and especially use equation 3.1.17. We then get

3605 chpb 3Ky 37D
iy =[5t = = [ = [ (5.2.16)
1 1Pl 1Pl 101

The right side is exactly the historic Minnaert frequency that we saw in 2.2.15 in the lowest
order. We also have for frequencies close to the resonance frequency w —wy = O(9) that

ST L 2 3/2
T = ——wi = ——w* 4+ O0(67). 5.2.17
L= —ghwhy = gkt + O(6") (5:2.17)
Which corresponds to the acoustic dampening term in equation 2.2.17. Note that the
different sign appears due to the resonance frequency and thus the complex term appearing

in the denominator of the solution.
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5.3. Scattered solution

In this section we will consider the impact of an incident plane wave
Pin = f)ineikm (531)

tand

and derive the scattered solution. Note that all terms share the time dependence e
therefore we do not need to consider it for now. We will first prove an auxiliary lemma
which will help us in the main proof of lemma 5.3.4. The main idea is to work in the
basis of eigenvectors of C in order to diagonalize the relations for the coefficients of the

functions.

Lemma 5.3.1. A defined in theorem 5.1.5 in the basis of the normalized eigenvectors V.
of D'C turns, up to order O(3_,(w; — w)(w; + w)?), to

~ 1
Ay =— 5DV (w* - Q) (5.3.2)
%
where € == Diag(wi,...,wnr) contains resonance frequencies corresponding to the eigen-
vectors v;, w is the identity matriz times w, D = Diag(|D1|,...,|Dy|) and V = O(1).
Further R defined in theorem 5.1.5 turns up to order w® + wd to
Ry = %DV (W?+93,) V', (5.3.3)
b
for Q= Diag(war1, - .., wwm,nm) being the matriz of wiy;.

Proof. For w = w; with corresponding ¢; so that
A(w;,0)e; =0 (5.3.4)
we get
O((w? + 0)?) =(Ay(w, ) — Ag(w;, 0))e; (535
= — ¢, 2De;i(w? — w}) + O((w — wi)(w + wi)?|eil).
We note that ¢; = v; + O(w;), where v; is a normalized eigenvalue of C and thus get
—¢;2Dvi(w? — w?) = O((w — wi)(w + w;)?). (5.3.6)
This provides the first statement. We get that

/ (—wQA%O.,ZlBIF — 5A%1A51F) do
aD; 2

f)in 1
=5 E /(?D —l{;gk%[gpj] -0 (5 + K%) [p;] do + O(w3 + wd)
j I3

= B | BDil +0_ Ciy | + O +wd) = (% (k2D +5C) 1M,1> +O(W* + wd)
j |

7

= (;)igDV (w2 + ﬂ?\/‘,) V_11M71> + O(w? + wd).
% i

(5.3.7)
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Next we introduce a scaling relation between w and §.

Definition 5.3.2. We have the scaling relation
W —wpr; ~ OF (5.3.8)
for all i with % < i <1, p— =ming g, py = max; p; and pi= 2+ 2(p— — 2u4).

This relation signifies that the forcing frequency stays close or at least does not in a
relative sense move away from the resonance frequencies of the system. We proof the
following auxiliary lemma for later use.

Lemma 5.3.3. For the scaling relation 5.3.2 and c defined in 5.1.4 we get

i+ % = (VdV 111); + O(wh) (5.3.9)
and -
c; — % = W2(VQ2dV " 1,71); + O(wh) (5.3.10)
for d = Diag(dy,...,dy) and
—(w? — W3, + 2iTWwas —wa2 elai
d; = Py w? ( ) M _ Pinthtii (5.3.11)

M,i
R T T ey

with
arctan —j;:% + 7, w<wip,
o = Mt (5.3.12)

2T W
arctan | ———g= |, W > W

M,i

w?—w

Proof. We denote by €,;,iT the diagonal matrices containing the two lowest orders of
the resonance frequency. Lemma 5.3.1 gives us

- 1
AV + O(w* ) = Ay = —= DV (w® — (Qf +12Qy7)). (5.3.13)
%
and -
R+ 0w = Ry = %DV(w2 + Q2 )V (5.3.14)
%

We note that Ac = R+ O(w?) and by using the Neumann series thus get

(V1) =(A; ' Ry); + O(w? 2k —2u4))

A,) 5.3.15
i
Next we note that
L NH ~
((?DV) " Ar) (62DV) 7 Ay) = (w? - @37 + 47202, (5.3.16)
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On the same line we have

_\H B .
((G2DV) A1) (7DV) " Ry = — B (o — @ — direw? @) VL

+ O(w*21-).
(5.3.17)

Finally we can use these two results to arrive at
- 1 - \H - N\ ! - _
A'Ry = (((cb—?DV) "A) (G7ov) A4)> ((;2DV) " A" (;2DV) " Ry

= B - 037 47203 (o' - 2 — tire ) Vs
+ @(w2+2(u7 —2#+))

(5.3.18)

Next we note that we can replace w by wys; in the highest order. Due to this we have

4 4 : 2
P P W —wyy,; + HTWWY . 942 —2
.y _|_ﬂ AV} o V1 4+ O(w (h——=2p4)
7 Z Jst ( (wg o w2 ) + 47_ wMZ ( M71)2 ( )

— —l—w + 2iTw
=— E 1% v 11 4 O(w2 T2 =2p4)y,
]lplanz (( — wMi) +4T»L wMi> ( M71)Z + (w )

l (5.3.19)

The formula for ¢; — p% can be seen in the same way. O

Finally we can find the approximations for the coefficients of the resonance potential in
the basis of eigenvectors.

Lemma 5.3.4. Under the scaling assumption 5.3.2 we get for the solutions ¢, to 5.1.6
that

¢ = Gidi(V ' 1a1)i + O(wh) (5.3.20)

and

) = ZQ (V7 g1)i + O(wh). (5.3.21)

Mz

for the resonance potentials (; = Zj V ip; and d; defined in lemma 5.3.5.

Proof. We note that due to theorem 5.1.5 we get
T (11 2-2 _ Din ! 2-9
&= (A F) + o) = Ba s, (_1) T O )
. ' (5.3.22)
pln Z Cl 11M1 <_1> + O(w2—2ﬂ+)‘

This results in the potentials ¢ = >, f%cpi +pandp =3, ﬁ%%‘ + ¢. Using lemma
5.3.3 we get the result. O
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The single bubble case again simplifies a lot.

Corollary 5.3.5. Under the scaling assumption 5.53.2 we get for a single inclusion

~ 2 i«
—Pinwise
di = PinWyy - (5.3.23)
V@2 =2 + (k)
with
C 2
arctan fjgf—i‘:g]q + T, w<wy
o= oo (5.3.24)
arctan ( E2A w>w
w27w12\/1 ) M
for un= % we get the more simple form
_i’) w2 99
dy = 5" + O(w* ™). (5.3.25)
w? — wi,
Proof. We note that V =1 and
Cw?,
T=— Sre, (5.3.26)
Inserting this in lemma 5.3.4 provides the statement. g

Note that we can exchange w with wj; in the imaginary term due to the difference being
of higher order. As we already noted in remark 5.2.5 this provides the well known phase
shift term for a bubble with no viscosity and thermal effects [17].

5.4. Single spherical bubble systems

In this section we will derive the pressure field and its gradient on the bubble surface for
a single spherical bubble. Afterwards we will use these relations to find a formula for the
primary Bjerknes force and compare the result to historical derivations.

5.4.1. Operator relations

This subsection contains basics calculations for Af)l and .Ajﬁj for a single bubble and can
be skipped for readers not interested in the details. We will first state some results for
the operator ABI.

Lemma 5.4.1. We have for D = B,, and [ > 0 that

- (0 A+1_,, (1 (YN 2041 (0
=——YY = Y, . 4.1
AD (nm) 1 l 1) 'AD 0 1 l 1 (5 )

We further have

10\ _ ol (Yo _ Lol
A, (YOO)_ VarYy <1> AL <o =50 () (5.4.2)
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(G
tivity of S we get ¢ = 9. Further using lemma 4.2.4 we see that

Proof. For Ap <¢> = (YF)m> we note that due to the first entry being 0 and the bijec-
1

1 1 1
IR )0 = - (14 =88 ) [¢] = v (5.4.3)
2 2 r1
Using the Ansatz ¢ = cY;™ and lemma 4.2.6 we arrive at
1 1
—=(1l= =y =Y 4.4
2 < 2 + 1) “h =4 (5-44)

m
This gives us ¢ = —#Y}m We note that <Y2m,YbO>L2(8D) = 0 and PyPyer <?m> =0.
l

This concludes the proof of the first statement.
- m
For the second statement we set Ap <¢> = (Yl > We get

Y 0
1 0
-3 + K% )¢l =0 (5.4.5)
and thus ¢ = cYOO. We now have
Sl — ] = Y™ (5.4.6)

and due to lemma 4.2.6 arrive at 1) = %"IlYlm—i—CYOO. With <¢>, YOO>L2(8D)+<¢)’ Y00>L2(8D) =
0 this results in ¢ = 0.
The last 2 statements follow directly from lemma 5.1.6.

|
We now rewrite this for the first orders of a plane wave.
Corollary 5.4.2. We have
1 (n-k\ [ O 1 ((n-K)?\ =k
Ap < 0 >— <%nk>’ Ap < 0 "\ k)? - Bk (5.4.7)
r T1
and
i1 0\ _ ,(nk -1 0 I PR 25— VAT (1
Ap <nk =3 n-kj)’ Ap (n-k)?) 2(11 k)" +k 3 1)
(5.4.8)

Proof. Follows directly from lemma 5.4.1. We choose the coordinate system with z entry
in k direction. We thus have

1
k-n=|kl %YP (5.4.9)

1( [16
(k-n)? = I<:2§ < T”YQO + \/471'}/()0) : (5.4.10)

and
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‘We thus have

~ 21 ( [l6my0 o /ry0 1( 1 1
ALt k 3( 5 Yo + 47TY0) = k2= EEYZO 0) _ Var—YY _1
0 3 5 1 1 2r 1

(5.4.11)
Furthermore we get
. 0 1 167 5 1
-1 _ g2t [ [0 O9v0 s 0
Ap <k2%( WTWYQM\/EK)O)) =k 3( V75 g¥2 — VarviaTho (1)
; (5.4.12)
Vir_ 5
= —§(k:-n)2—k2L 1 .
2 3 1
|

The last lemma covers some terms that will appear in our derivations.

Lemma 5.4.3. We have for a constant ¢ that
0,1 7—1 ik - nry - 0 0,1 7—1 (k . nr1)2 B 0
Ap Ap ( 0 >_<—2ik-n>’ Ap Ap ( 0 T \-3rin-k)?2+¢);
Proof. We see that

0,1 7—1 ik - nry . 0,1 0 . 0 - 0
Ap Ap ( 0 > = Ap (Bik . n) o <_(% + K%)[?)ik . n]) = <—Qik ' ’n) . (5.4.14)

Further we get

AR AL <(k 'On)2> =Ap' <g(n : 2,1)2 n 02> = (_(% + Kg)[i?(n k)% + C2]>

5.4.2. Internal pressure gradient

Using the calculations of the last subsection we can now prove formulas for the pressure
and its gradient on the surface. We are going to prove the following theorem in this
subsection.
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Theorem 5.4.4. For a single bubble and a standing wave p;, = p;, cos(k - z + ) we get
for some constant ¢ that

p=¢€—3p;,0sin(y)k - nr; — 5131-7127‘% cos(y)(k - n)? + Ow®) (5.4.16)
and for another constant ¢ that
Vp|_ =én —36p,,sin(y)k — 5@”%7“1(16 -n)k cos(y) + O(w®) (5.4.17)
on 0D. We further have in lower orders
V| = —dlkg%l cos(y)m + O(w*2), (5.4.18)

where dy is defined in 5.5.5 and the scaling relation 5.3.2.

1
ppw?

translatory motion and the term of order éw? correspond to a deformation of the bubble,
thus in order dw? the bubble does not in general follow the breathing approximation
anymore (i.e. getting uniformly stretched/contracted), especially if it is at an antinode
of a standing wave. We can see an exaggerated sketch of this in 5.1.

We can see that due to u|_ =

Vp| that the term of order wd corresponds to a

We will now show a few statements in order to proof theorem 5.4.4. We start out by
defining vector spaces that allow us to more easily denote the next statements.

Definition 5.4.5. We define
Hy :=span{Y},j=0,...,s} (5.4.19)

and
Hy' = Hy x Hy. (5.4.20)

The following corollary summarizes which parts of ¢ have to be looked at.

Corollary 5.4.6. We have for all i,j that

ApiHp) c Hy s ARHHY) € H'
Ad(HY) < HY,  AS(HEYH C HE, (5.4.21)
Ap'(H}g)) € Hp,'.

Proof. The first 2 statements follow directly from lemma 5.4.1.

Statement 3 holds due to symmetry and lemma 4.2.4. Statement 4 follows from 7.2.2.
The last one follows directly from the definition. O

We will now look at the potentials of the system.
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Lemma 5.4.7. We define Ip 5 as the operator that contains all terms below order w?, w3s
of Iy defined in lemma 5.1.5. We have

Ipslei] € HY. (5.4.22)
We further have with the scaling relation 5.3.2 that
. 5\ 2
(I5[A51F])1 = —0p;,91k - n + p,,, <§> ri(k-n)? + épy + O(W°) (5.4.23)

Proof. Corollary 5.4.6 immediately proves the first statement. With the corollary we also
see that only .A%l provides a non constant second entry in ¢ up to order w®. We get due
to lemma 5.4.3 for a constant ¢ that

(Is[ABIF])l :AJ_)l (513111(1"’ ‘n E ri(k - n)2)>

- - _ )21y
A AN (pmrl(lk n—ri(k-n)°; ) + Gy (5.4.24)
- 0 -
=AM aes - A +c
b <35pin1k : n> b <5pm2r1(k n)? >
Using lemma 5.4.1 we arrive at the statement. O

With this statement about the potentials we will proceed by looking at the normal deriva-
tive of the pressure.

Lemma 5.4.8. For a single spherical inclusion, an incident field p;, = p;,e'®*) and the
scaling relation 5.3.2 we get

d 5
—p’ = &+ 3P0k -1 = Oy (k- 1) + O(w) (5.4.25)
on 0D. We further have in the lower order
dp 27"1 4-2
—| = —dikj Hy. 4.2
Inl_ 1 + O(w™ ) (5.4.26)

Proof. We have

dp d 1 o _/5)\?
Inl_ :‘3%5% [p1] + <—§ + K%) [—5Pin91k M+ 0Piy <§> ri(k-n)?| + O’
d 5 5
:c_dnS [p1] + 0Ds, 31k - M — 5pm 1(k-n)* + O(wP).
(5.4.27)

Note that %Sﬁl [p1] is constant due to symmetry/y; being constant. Next we see, using
lemma 4.2.8, that

2 7“1 3 17"1

— k=L + O,

(5.4.28)
O

1 _
(=3 + K ) o) = R Blon] + K EBon] + O™ 2) = 132
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X xk

Figure 5.1.: Sketch of the deformation of a bubble at different times during a period. For
this sketch we consider deformations up to order dw?.

In the same way we can derive the pressure on the surface.

Lemma 5.4.9. For a single spherical inclusion, an incident field p,,, = f)mei(k'z) and the
scaling relation 5.3.2 we get for a constant ¢ that

p= ¢+ 3p;,0ik -nr; — 5@1‘7127”%(’“ -n)? + O (5.4.29)
on 0D and
Vip = 35,,0i(k — (k- n)n) — mngn(k (k= (k-m)n) +OW®).  (5.4.30)

Proof. We have

5\ 2
p=S1316] = S8 lor] + 5 | -0 n-+ 05, (3 ) e | +0)
2
(5.4.31)
5 an & ~ 5 o 2 5
=¢ + 3p;,0ik - nry — 5pin1r1(k -n)°+ O0w?).
O

Now in order to finish the proof of theorem 5.4.4 we add up the contributions for the
standing wave p;, = %(f)ine”e““'m +Piye e ®)  We are now equipped to calculate the
primary Bjerknes force.

5.4.3. Primary Bjerknes force

The following theorem shows that the first Bjerknes force is consistent with the results
in literature [17]. We can see with this formula that for the case w > wjys our bubble
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CHAPTER 5. STRONGLY INTERACTING SYSTEMS 53

experiences a force toward the nearest pressure node (cos() = 0). While for w < wyy
it is towards the closest pressure antinode (cos(f) = 1). We can see a sketch of this in
figure 5.2. Note that in the literature the force gets applied to the Minnaert bubble with
added mass. This means that our force has an additional factor 29, see section 2.1.1.

Theorem 5.4.10. We assume a standing incident field p;, = p;, cos(k - © + [3) and the
scaling relation 5.3.2. Then the first Bjerknes force for a spherical bubble turns to

o M1 cos(ay) sin(20)
o - ()’

Proof. We remind ourselves of lemma 3.3.3,

Fb = 2572, k+ O(p; w2, (5.4.32)

Fy=— / (Vrp|-)*n — (Vp|- - n) Vrp|- dodt. (5.4.33)
P T Y5)
We see that

Vrp = —3p;,0sin(B)(k — (k- n)n) sin(wt) — 5pm5 1(k-n)(k — (k-n)n)cos(B) + Ow’).
(5.4.34)
We thus see that due to theorem 5.4.4 we get

(Vrpy|-)?n— (Vpy|- - n) Vrpy |- =

___ Duwiysin(wit + o) 17 =+ c08(8)3Pi0 sin(8) (k — (k - n)n) sin(wt)

Vi w2+ (het)
+ & k’n+ &k -n)’n+ ek -n)k + OW" + Wb H)
2

__ Dunwy Sinwt + 1) sin(wt) k- pindsin(28) (k — (k- m)n)

\/(W2 — w2 )2+ (%klw?wf
+ ek + &k n)’n + Gk - n)k + 0w ).

(5.4.35)
We further have
/ k— (k-n)ndo = k|oD| — ]D\ §7rr1k: (5.4.36)
oD
and the following integrals disappear
/ k*ndo = / (k-n)’ndo = / (k-n)kdo = 0. (5.4.37)
oD oD oD
Further we see that
1 T
T/ sin(wt 4 o) sin(wt) dt = cos(2a1). (5.4.38)
0
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Figure 5.2.: Sketch of the directions of the primary Bjerknes forces for different config-
urations of a bubble in a standing wave of fixed forcing frequencies w. The
red /blue circles represent bubbles with a resonance frequency smaller/larger
than this frequency. They get pushed toward the nodes/anti-nodes respec-
tively. Note that the length of the arrows are arbitrary and that we do not
consider the secondary Bjerknes forces here.

This results in

1 cos(a) Piaw? drrd 1 5.
F} = PR = =k — - Dd sin(28)k + O(py 1w’ ™)
b \/(w2 —w3)?+ (%klw%/[)
o k2 omp3 w? ) e
=pZ 52 3 L M - cos(a1) sin(28)k + O(p; tw ™)
P V@2 = @32 + (riky?)
:ng)?nm cos(av ) sin(243) . k+ O(plwd20)
P2 = w32+ (i)
(5.4.39)
O
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6. Weakly interacting system

In this chapter we will define weakly interacting systems, which are made up of clusters
of strongly interacting bubbles with scaling distances to the other clusters. We will the
derive an appropriate scaling and separate the system into isolated and interacting parts.
Finally we will apply this to separated spherical bubbles and calculate the secondary
Bjerknes force for them.

6.1. Scaling distance decomposition

We will start out by the description of weakly interacting systems. The main idea of
this approach is to fix the phase shift that a wave experiences travelling between bubble
clusters. This naturally results in a scaling of the distance due to changing w. The system
is made up of weakly interacting inclusion clusters D; with centres z;o for i =1,..., M,
which can be split into connected inclusions D; ; for j =1,..., M;. We can see a sketch
of the setup in figure 6.1. Next we define the scaled cluster centres

Z,(d) = dzi[) (6.1.1)

G , Rl P23 = kda 3 e

Figure 6.1.: Sketch of a far field system. The distance between the dotted areas scales
and is indirect proportional to the frequency. This results in a constant
phase shift for a wave propagating between inclusion clusters. We see that
M1 :3,M2 == 1,M3 =2 andM:3.

55
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CHAPTER 6. WEAKLY INTERACTING SYSTEM 56

for the scaling factor d. The inclusion clusters will be shifted away from each other from
zio to zi(d), namely D;(d) = D;+ z;(d—1). For simpler notation we write Az =z — z;
for € OD;, d;; = z; — z;, dij = |d;j| = d|z;o — zjp0| and 8@3 the unit vector in
direction d; ;. Next we define the phase shifts that an incident plane wave and a wave
travelling between the clusters experience, namely

/Bi =k- Zi, ,Biﬂ' = kldiJ. (6.1.2)

We will further assume that the distance parameter d scales indirect proportional to

the frequency w, more specifically we have constant 3; and ; ;. This also guarantees
r; < d for w < 1, which will simplify the geometrical structure ”felt” by the other
bubble clusters. We define the incident plane wave for a wave vector k as

Pin(T) = Pine™™. (6.1.3)

It is noteworthy that the problem x € D;(d) with
k2p(x) + Ap(x) =0 (6.1.4)

can be rewritten to @ € d~1(D; — 2;0) + zio With
(kD + Ap) (z) = 0 (6.1.5)

for Ebz = kgd2 = const and p(x) = p(ad). Similar statements hold for the liquid part
and the boundary conditions. This shows that we can rescale the size of the inclusions
and move them closer together instead of increasing the distance and decreasing the
frequency.

6.1.1. Far field expansion

Due to the distances between the clusters scaling indirect proportional to the frequency
we need to find a new decomposition of Ap for the parts coupling between different
bubble clusters. For coupling inside the same cluster we can use the expansion of strongly
interacting systems. We will first look at S’]z-)’i and find a new expansion

S [8l(x) = S kS [6)(Ax) (6.1.6)

for x € D; with j # i. Note that the expansion operators S %i’j g ~only depend on Ax and
thus do not scale with distance. In general this can be achieved by using the generating
function of the Legendre polynomials and the recurrence relation (lemma 4.2.1). We then
get for |z| > |y| that

l
rm—ywziz(ﬁ) @ + )P - D). (6.1.7)
2l 2\
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This gives us for large d, © € 9D;, y € 0D; and v the unit vector in direction Az — Ay
that

~

1
lx —y| =d|d;; + (Ax — Ay)g

(6.1.8)

Ax — Ny |! o~
:dz %(1—1— | Az — Ay PP (U-dm).
]

We can now insert this in the definition of the layer potentials 4.1.2, use the relation
between d and w and derive the expansion in w. The well definiteness and convergence
can be proven in the same manner as we did in the strongly interacting case in lemma
4.1.5. For our purposes this is not necessary as we only need the first orders of the
expansion. This leads us to the following lemma.

Lemma 6.1.1. We have

a0,8i5 ob.Bi el
2,] 1
1Bij(1 — 1B, . ~

3% ol ae) = L Tia) [ G (Aw — Ag)o(y) doy)

A Jon, ™ 610

d 0.8, _d a8, _ h
dnxsbh5J¢Kllm)—-dnmsph5ﬂ¢Kllw)——0

d =24, _ eiﬁi’j(l — iﬁi,j) / 5.
dnz SDi,Dj [gb] (Am) - 471—51'2]‘ oD, dz,j nx¢(y) do(y)

forx € OD; and j # 1.

Proof. Let us first examine |z — y| for € Dj,y € D;. Using the Taylor expansion of

V14 x we get

|z —y| =d

-~ 1
d;;+ (Az — Ay)a‘
1 (6.1.10)
=d+d;; - (Ax — Ay)+ O <ﬁ> .

This can be applied to the single layer potential to get

—1 D Ap 1~ 1
i ) =t [ edeentn (3G (Ae - Ay ) v doty) + OGP
1

———1 il 1—d;; (Ax— Ay 1 1 —ikid y)do(y) + O(w?
(6.1.11)

a
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In order to use this decomposition more easily we are going to apply it to a different
single layer representation (see [10]) of the multi bubble system compared to the strongly
interacting case. We have

X SE il(x) + p(z) xeRYD,
p(x) = {S%i[di](w) ve D, (6.1.12)

with

S [0 () — 555 [ (@) = Dy (@) + X0 S5 1) (@),
(4 + K8 ) @) — 6 (3 + K5, ) () = 6 (B () + 50 255 [5](=)
(6.1.13)

on 0D;. Next we will again rewrite the surface condition in terms of an operator equation.
We define the operator

M (¢) _ S lod — 35 Sp, ]
D =
O lopxon, (=3 + K5 ) o = 6 (3 + K5 ) i) — 5,0 2358 [
(6.1.14)
and the vector valued function
~ ik-z; ik-Nz
— — Pin _ Pin€ ‘e
Fp, = Flyp,xop, = <5diipin> = <5I~)ineik-zieik-Azik _ nD,-) : (6.1.15)
We get
Ap (Z) _F. (6.1.16)

6.1.2. Separated and interaction parts

In this section we will split up the operators into interaction and seperated parts. Then
we will invert the system in equation 6.1.16 in a similar way as we did in the strongly
interacting case. Like before the potentials will then be decomposed.

We will now start out by splitting up the contributions into a separated and an interaction
part. The former corresponds to only internal interactions, namely only the terms that
map between the inclusions D; ; and D; ;. of the same inclusion cluster D;. The interaction
part on the other hand contains the terms that ”feel” the other inclusion clusters. Further
a singular subscript D; of an operator denotes the operator of a system that is made up of
only D; and |sp, next to a vector valued function denotes the vector, where all coordinates
are limited to the domain 0D;. We will denote operators on all inclusion with a subscript
D. In the next section we will expand A Di\D, in w and d, namely

Z Zwmé"ADhD (6.1.17)

m=0n=0
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But first we will be using the embedding tp, of dD; into 0D to define other useful
operators
o(x) x €Dy,

(6.1.18)

and ¢p, = tp, X tp,. Further we define the Projection onto a bubble cluster Pp,(¢) :=
@lop,xop,- We decompose the operator Bp = A", A, into parts mapping from bubble
cluster ¢ to cluster j, namely

BDZ-,D]- = PD]. oBpoup,. (6.1.19)

Note that B, = Bp, p, can be viewed as the operator for a system with only the strongly
interacting inclusion cluster D; and we are thus able to analyse it by using the theory of
the last chapter. We further define the separated and interaction operators piecewise by

Pp,oBpoup, =06 ;Bp, B = Bp — BS), (6.1.20)

which correspond to the part acting inside a bubble cluster and between them respectively.
We now get the following expansion between different bubble clusters.

Lemma 6.1.2. We get fori # j, n >0 that

ansBig
00 _ 401 _ a1 _ (00 no . [0 —ng’_ J
‘ADi,Dj - ‘ADi,D]- - ‘ADZ-,D]- - (0 O> ) ADZ.’D]. — (O cl 0 2 s (6121)
0 0
At = Gl 6.1.22
Di,D; 0 _diz ngl”gw ( )

and Ag”;n = A7anDi corresponding to the operators of the strongly interaction case de-
scribed in definition 5.1.7.

Proof. Follows directly from lemma 6.1.1. O

With this lemma we can immediately see that
AR = A%, (6.1.23)

We can thus define the invertible extension for the whole system by considering the
extension of it for the clusters separately. We get again for all ¢, j by piecewise definition

Pp,oApoup, =6 ;Ap,. (6.1.24)
We will now split up the potentials again.

Definition 6.1.3. For ¢, ; being defined in lemma 5.1.1 and extended with 0 on 0D;
for j # 1 we set _
p=p+¢, (6.1.25)
with
=) cp,iPp,; (6.1.26)
i,J

and ¢~) L ep,; foralli,j.
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CHAPTER 6. WEAKLY INTERACTING SYSTEM 60

With this we are going to extend theorem 5.1.5 to weakly interacting systems. The
main difference is going to be that we will split up all contributions into interacting and
separated parts. Interaction operators are made up of at least one term that couples
between bubble clusters, while for separated operators only contain operators acting on
one cluster.

Lemma 6.1.4. For inclusions clusters D; with connected parts D;;, Bp = Ap — A%,
HABlBDH <1 and c, @, p defined in definition 6.1.3 we get

¢°lopy, #'lop,

~

dlon, = (Inl(Ap,) " Flo, + elon]) + (F(Ap) "F+¢l)| . (6127)

with
Ilg) = (Z(—AEW - <—f1518i7>"> £ (6.1.28)
n=0
Furthermore we have a Matriz Ap and a vector Rp[F] with tuples (k,l) as indices, where
k notifies the cluster and [ the bubble in said cluster with

(Ape) (AHO) (k1)
(Ape) k) = (Ap,cp, )i+ Tzk,l) (],
i (6.1.29)
R?’CJ)[F] R(k,l)[F]

—_——
(Rp[F)) k1) = (Rpy i[Flop,)) =T, [Ap F).

for Ap,,Rp,; being the matriz and vector defined for the strongly interacting case in
theorem 5.1.5 and

Ty, [€] = / ((Bp1p+BpIp)E), do. (6.1.30)
aDk’l
We then get
ADC:RD[F]. (6.1.31)
Proof. Equivalent proof. We just separate the interaction and separated part. O

6.1.3. Resonance frequency and resonance coefficient

This section will generalize the statements of the strongly interacting system. It will show
that in the lowest order we can calculate the potentials of the whole system by calculating
the potentials for the isolated bubble clusters. In the next lemma we will calculate Ap
up to order w* 4+ w?6. For this we will denote it as a matrix with row and column indices
(4,7), which correspond to the coefficients of the functions ¢p, ; and inclusion D ;.

Lemma 6.1.5. The matrices A$, and A%, of lemma 6.1.4 can be, up to order O(w*+5w?)
written as

i
(Aba) ), 6.5 = (—ngDi +0Cp, + 20 (ky — k1) CDilMicDi> .
o (6.1.32)

i
_ (a?kg(kb + l-cl)DDilMiC’Di) ,
T il
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(ASDA)(k,l),(z‘,j) =0 for k#1 and

Z' 1
(AD,4)(k,l),(i,j) = 8_7TMi’kkl (5CD1-1MZ~,M;€CD;€ + ngDilMinkCDk)jJ , (6133)

. . . 85,5
where D p, == Diag( +|Dp;m,1), Cp, is the capacity matriz of D;, M; j = eﬁi ;

fori#j, M;; =0 and 1y v, o matrix filled with ones and dimensions M; by Mj,.

Proof. The separated part directly follows from the systems with only one bubble cluster,
see lemma 5.1.8.
We note that due to lemma 6.1.2 we have for m + 2n < 4 that (A7} D c)2 = (AB?C)Q =

(A D c)g = 0 and thus not get a second component up to order (w?+6§)? through operators
coupling between clusters. We now need for i # k to only consider

i 20, 7 \—1 41,0 01 1,0
Al (i) :/(90 . ((_ngDi (Ap,) 1A}3k, — woAp, (Ap,)” ADk,Di) [SDDk,l])2da
K2V}

+ O(w* + dw?).

(6.1.34)
We get
ADi,j(A%j(AD )" ‘ADk p,[¥D,a])2do = —/aD ;;S | (D, Z‘PD L do
= 8§§:cl Z(Cpk)m,l Zn:(ca.)j,n (6.1.35)
= 8TMIH(CD 10 1, C Dy )il
and
/aDij(-A%?(ADi)_lAgz,Di[‘PDk,z])2 do = 2_61 cll o, Sl ’8’“ (0D ZKD ©p, | do
- %}ZG?% Zn:(DDi)j,n ;(CDk)ml
- 87ri§cl M (D p,Luw, €, )ji

(6.1.36)

We note for the case i = j that we only get a component inside the integral if the last
operator does not act between bubble clusters. Thus for the interaction part we would
need to couple to another cluster, back and then use an operator to couple to the second
component. This is however of higher order and we arrive thus at the statement. O

The next lemma shows that the resonance frequency of the system is in the lowest order
equivalent to the frequency of the isolated inclusions.
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CHAPTER 6. WEAKLY INTERACTING SYSTEM 62

Lemma 6.1.6. For each resonance frequency wp, ; we have a normalized eigenvector
vp,,; with eigenvalue Ap, ; of DB%CDl. for Dp, = Diag(|Dp, 11, -.,|Dp,m,|) so that we
get

wp,j = war,p,j + O(?), (6.1.37)

for the frequencie warp,j == \/0Ap, jci. If the matrices DB:CDi for all i do not share

etgenvalues then we get

Wp,j = Wr.p, j + 17D, ; + O(6%/?), (6.1.38)
and
1 ¢t vy, ‘DDile‘DDivDi,'
Ty = — e NG, 2 ’ (6.1.39)
v 8 ¢ ] 'UDZ-jDDivDiJ

with the matriz of ones 1y, of dimension M; x M;.

Proof. The lowest order does not contain any interaction. Thus we can use the arguments
for a single cluster. If Ap, ; is only eigenvalue for a single cluster D; then for ¢ # j we get
vp, = O(w|v|) and thus all interaction terms disappear up to order 52. g

We will again introduce a scaling relation.

Definition 6.1.7. We have the scaling relation
W — WM,D;,j "~ OHDisi (6.1.40)

for all i with § < pp, ; <1, p = mingj up, j, pr = max;j pp,j and p =2+ 2(u- —
2p4)

The interactions disappear in the lowest orders, therefore we find the following corollaries.

Corollary 6.1.8. If the matrices DB}CDi do not share eigenvalues, the scaling relation
6.1.7 holds then we have for c defined in 6.1.3 that

cp,j+ % =% (V p,dp, V! 1a,1); + Owh) (6.1.41)
and B
D) — % = WAV p, Q37 p,dp, V51, 1); + O(wh) (6.1.42)

for dp, being the matriz d for D; defined in lemma 5.5.3.

Proof. We will first note that by subtracting
Ap(wp,,j,0)vp,; =0 (6.1.43)

we get

s 1
A4 :H %DDi (_VDi(WZ — Q%Z)) + O(w2+2‘u_), (6.1.44)
i
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and the interaction part
Al = O(W?T2-), (6.1.45)

Next we have
(AB?,D]‘Q? = ("4%?,&'5)2 - (A%j,Dj€)2 =0 (6.1.46)

and thus no interaction part of R, namely

Ri =0 (6.1.47)
up to order w?. Using
s elk-zipik- Az
- in®
F|8Di - <5f)in€1k-zielk~Azik . nz> (6’1'48)
and lemma 5.3.1 we get
Ry = Pin [T etk 201 (o2 1 3, (6.1.49)
i1 2 D.): -
(2
We can use the same prove as in lemma 5.3.3. O

Finally we will state a corollary for the potentials. It shows that it suffices to calculate
the potentials in the bubble clusters individually.

Corollary 6.1.9. If the matrices DB?CDZ. do not share eigenvalues and the scaling re-
lations hold 6.1.7 then we get

6= (D@ dp, (V1) + OwWh) (6.1.50)
ij
and ,
Y= Z CDi,jeiﬁidDi,jQw—<V511Mi,1>j + O(w") (6.1.51)
ij WM, D;,j

the resonance potentials (p, j = > ,(V p,)ij¥¢D, and dp, ; defined in lemma 5.3.3.

Proof. We have

I'[¢] = O(w) (6.1.52)
and thus
I'[p] = O(w?~2+). (6.1.53)
This results in
~s eikzz 1 .
¢ =]] pm2 ©D.j (_1) + O(W?™2). (6.1.54)
i 7=0
O
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6.2. Far field interaction between spheres

We will now look at the case of bubble clusters D; being made up of a single sphere each.
This allows us to prove the following theorem for the pressure and its derivative on the
surfaces. Note that we gain an additional term compared to a one bubble system. This
will be the source of the secondary Bjerknes force as we will see later. Note that we will
drop the second index that notifies which bubble we choose in a cluster, for example dp, ;
is now dp,.

Theorem 6.2.1. For spherical inclusions and a flat incident wave 6.1.8 and the scaling
relation 6.1.7 we get

)
Vp =cn — 31~)m5 Sin(ﬁj)k - 5ﬁm COS(ﬁj)g J(k ’ ’I’L)k
=
dn w2 eBi R (6.2.1)
— 37 8kF cos(8;) B (1 —18;))Cp,3di; + OW*)
i#j “M.D; 47T’8i,]'

on 0D;. We further have in a lower order that

Vp

— — cos(B;)dp, k:g%n + O, (6.2.2)

I
The rest of this section will prove this theorem, readers not interested in the details may

skip this part. We start out by categorizing the images of different different spaces under
AD™. We can immediately by the definition of the operators see the following corollary.

Corollary 6.2.2. For all s,t we have
1,0 ; 0,0 ,0 ;

for HY' defined in 5.4.5.
We will next look at the interaction terms

Lemma 6.2.3. We have for i # j that
elBi;

(Ip,.p,)1 <¢(I’Di) = &pp, + ow? - ﬁ;%j (1—iB:i,;)Cp,9d; ; - nj + O(w®) (6.2.4)
and
(T, p,)1 <¢§i> = Gop, + O(W0). (6.2.5)
Furthermore we get
(I, p.)1 <Z£§> = Gpp, + OWP). (6.2.6)
We also have the separated part
. . 5\ 2
I, p, = —0Dye* 9k - n + 0p,,e™ = <§> ri(k-m)? + éop, + O(WP). (6.2.7)
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Proof. We get due to the previous corollary that

; 0 -
(Ip,.p; 1 ( > =Cpp; + O(w®)
¥D;

+ ((5002(«‘{17]-)_1-’4%} (AD]-)_I-A%?,DJ- - 5W2(ADJ-)

_1 421 0
A i’Dj) (90Dz>>1
iBi,j

2,
D
- 2 e . 1 —1 0 5
=Cpp, — 0kj W(l —iBi;)Cp, | (Ap,) 3d,; - n, +0(w”)
i.j b 1
. o P . . 5
=&pp, + 0ki ——=5-(1 = 1Bi;)Cp,9d; ; - mj + O(w’).
4
(6.2.8)

We note for the other statements that only AE’ Dj,.A 0 A% 1, A3O,A2D1,AD results in
a second coordinate up to order O(w®) and thus need to be the last operator that gets
applied before ABI. The coupling of two bubbles has at least order w. Thus for i = j
we only need to consider .A%(_], A%}. Due to the coupling being only of lowest order this
results in both coordinates bleing constant and getting transformed to constants by the
operators. For ¢ # j we note that

<A§§;?Dj (¢§i>)2 —0 (6.2.9)

and we thus apply the operators that we listed above only on constant functions, which
results in a constant second coordinate. The seperated part directly follows from the
statement for strongly interacting systems. O

Using the last lemma we arrive at the layer potential corresponding to the function on
the inside of the sphere

Lemma 6.2.4. We get

dp.w? ePii . ~
Slop, = _ 0k cos(5;) ;’4 Pl ~i6;,;)Cp,9d;; - m
#i “ , (6.2.10)
5
505000k 1+ cos(5)00 (3 ) 13k m)? + o, + Ot
and
¢|8Dj = COS(IBj)dD]‘SODj + O(W’u) (6211)

To finish the proof of the theorem we note that we have to only calculate Sg’ [¢] on a
single bubble and can thus proceed exactly like in lemma 5.4.9 and 5.4.8.
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6.3. Secondary Bjerknes force

We will look at a special case of the scaling relation 6.1.7 with

1
pog — pi— < g ¢ (6.3.1)
for0<e< % and thus
w—2py =2+ 2(p— —3us) >1—4p_ + 6e. (6.3.2)

We have to take this assumption so that the force is not of higher order. The condition
is especially true if
1
w—wpm,p, ~ 02 for all 7. (6.3.3)

The next lemma gives an estimate for the second Bjerknes force in the far field.

Lemma 6.3.1. In the case of a standing wave p;, = D;, cos(k-x) cos(wt) with the scaling
described in equation 6.3.1 the force estimate on the bubble turns in the far field to

2 2.. Cosa_+ +~_a
S S R Gl R il )

 pd? 2
i#] P \/(w2 — WJZ\/[,DZ-)2 + (Tjk‘lw%Jﬂ»)
cos(Bj) cos(Bi)\/1+ B2,
Qdi,j + O(plflw4—4u7+6e)‘
V62 i+ (b )

Bi,j is defined by the relation

(6.3.4)

X

/1 + szeiéi,j =1-1i8;;. (6.3.5)

Especially the following corollary holds true with 5y small (Note that we need to choose
Bo first and for this fixed Sy we look at the w limit).

Corollary 6.3.2. Under the same conditions as lemma 6.3.1 we get

FL —a, 3 2T cos(ap, — ap,) cos(By) cos(B)

> ai,j
= P 2 .2 )2 2 V2 2 — w2 2 2 ?
L o s (b ()

+0 pl—1w4—4u7+66 + Z ﬂi,j
J
(6.3.6)

Remark 6.3.3. This result is consistent with the classical results 2.53.10 if we take two
bubbles. Note that we again get a factor 26 due to us not working with the effective mass.

We will now proceed with the proof of lemma 6.3.1.
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CHAPTER 6. WEAKLY INTERACTING SYSTEM 67

Proof. We remind ourselves that the secondary Bjerknes force on the bubble can be
written as

IR
FS==| — _)*n — (Vp|- - _dodt - F},. 6.3.7
b=7 | = [ (el (Velm Vipldodt—Fh(63)
We have due to theorem 6.2.1 that
Vrp = O(w? ). (6.3.8)
We also get
S
d Dipw cos(ap, + wt A
L cos(B;) MD; , + ) k2L 0w, (6.3.9)
dn 2.2 32 2 2 3
(w —wM7Dj) + <4TDjwM7Dj>
and
5
Vrp =cn — 3Py, 0 sin(B)k — 6Py, cos(ﬂj)ﬁrj(k -n)k
i
dnw? eiBi N (6.3.10)
— 37 5k cos(B) B (1 —i8,5)Cp,3ds; + O(wtH)
vy wiy p, 4767

The term 3p;,0 sin(5;)k corresponds to the primary Bjerknes force, we are thus going to
ignore it for calculating the secondary Bjerknes force. Furthermore we note that

/ (k-n)(k — (k-n)n)do =0 (6.3.11)
oD,

and
~ . 8mr?

N . 1
/ (dij — (dij-m)n)do =d;; (\3173‘! - —!Dj|> =d;j—*. (6.3.12)
aD; Ty 3

We thus arrive at

21.2, 2
F(p) =0y -ty TS
3p1

5 prrird cos(ap, + B + Bij — ap;) cos(B;) cos(Bi)y /1 + BF;
i#j 51'2,j \/(w2 — cuﬁmji)2 + <4T%iw]2\/[,Di) \/(w2 — w12\4,Dj)2 + <4T]%jw]2\/[,Dj>
_4mw?s 3 Phurirs cos(ap, + Bij + Bij — ap,)
[y
PriE dz; \/(w2 —wip,)?+ (47’1271@]2\/[7131,)
cos(f;) cos(Bi) /1 + B?j R
v oy + O(p; 20wt

V@ = on, 2+ (173 680,)

(]

X

(6.3.13)
Using o — 2p4 > 1 — 4p— + 6e concludes the proof. O
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7. Multiple strongly interacting bubbles

In this chapter we will calculate the secondary Bjerknes force for strongly interacting
bubble systems. We will first state the main results of the first three sections. Readers
not interested in the details of the proof may skip to section 7.5. In section 7.1 we
will find a formula for general systems. In the two sections afterwards we will derive
representations of the operators and potentials in spherical harmonics for two sphere
systems. After that we will derive a general form of the capacity matrix and see that it
is consistent with past results. Section 7.4 covers a derivation of the capacity matrix and
resonance frequencies. Then we will look at the asymptotic cases: bubbles that are close
to touching or far apart. We will derive an approximation of the force for the later case
and compare it to past results. Finally, in the last section some empirical studies will
be performed in the basis of the spherical harmonics on the bubble surfaces and the sign
reversal is discussed.

We will now state the two main results of this chapter. The following theorem describes
the secondary Bjerknes force for general systems. Remarkably we can see in the asymp-
totic regime that the force depends only on the frequency and amplitude of the incident
wave but not the orientation. Thus the secondary Bjerknes forces dominate for bubbles
that are not too far apart.

Theorem 7.0.1. We have for a system of bubbles D; and w —wpy; ~ 61/2 the secondary
Bjerknes force

k4
b Ky ,
Fs, =32 Jzk:ejekFDi,j,k + O(w) (7.0.1)

for the force coefficients e; = d;(V~"'1y); with d; defined in lemma 5.3.3, the force
contributions Fp, ;. and

o Fp = Fp (q"[¢, A\, alCe, Ae]) + Fh, (alCs. Al alCis Ak))
o Fp.(q1,q1) = — [yp, 1 Vg2 do,

o Fp,(a1,02) = [op,(Vrar)(Vra)ndo,

o q[G, il = ((*NE)lPK%) +PSp) + %Nﬁlp) [GF

o (G M) = (1= PYER +£P) (6,

where \; are the eigenvalues of C and V is the corresponding matrix of normalized
etgenvectors. Further (; == Zj V;ip; are the resonance functions, 1— P is the orthogonal

69
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CHAPTER 7. MULTIPLE STRONGLY INTERACTING BUBBLES 70

projection onto the functions cXp, and Np is the Dirichlet-to-Neumann operator, which
is defined in 7.1.1. We further have

dp 2 n 3
5 =k > eiq™[Gi il + O(w?),

: (7.0.2)
p=ki > eiqGi \i] + O(W?).

Proof. The theorem follows from lemma 3.3.3 and lemma 7.1.6. The factor % is due to

the time integral. O

Remark 7.0.2. We can also see that we get force contributions F'p,. ;. to the Bjerknes
force for all combinations of e;ej. e; contains a singularity at the resonance frequency w;.
We thus can expect that the term €2 dominates close to that frequency. We are going to
see such a pattern at the end of this chapters in the simulations. Furthermore this shows
us that the sign of Fp, ;; defines the sign of the total Bjerknes force close to the singu-
larity and is one of the mechanisms for sign reversal of that force. This happens because
changes in distance between the bubbles result in shifting resonance frequencies and can
thus move one of them closer to the forcing frequency. If the term near corresponding
to that singularity has the opposite sign then we can locally expect a sign reversal to take
place. Another mechanism is the change due to the changing of relative magnitude of the
force contributions F'p, ;. towards each other. We will see in the two spherical bubble
case that for bubbles far apart one of the contributions declines asymptomatically slower
than the rest, while for closer ranges another force contribution dominates.

Next, we are going to describe the forces for systems made up of two spherical bubbles.
Due to symmetry of the system the direction of the force is fixed by the vector between
the centres of the bubbles. The next formula is going to find explicit formulas for the
forces, by working in the basis made up of two sets of spherical harmonics centred at
the first and second spherical bubble. We will further assume without loss of generality
that the bubble centres lie on the z-axis. One has a positive and the other a negative z
component. The spherical harmonic parameters 6, ¢ correspond to the common spherical
coordinates with the centres of the bubbles being the origins. For simpler notation we
will in this chapter use the indices . They represent a variable with choice + or — and
will be used as an index and as a sign in mathematical operations. Note that +1, %o
represent two different variables with the before mentioned properties. + as an index will
be used to represent the upper bubble except for (, where it corresponds to the resonance
function of the bigger frequency wy. This does not create an inconsistency because we
choose r_ > ry and note that the frequency w, corresponds to the upper bubble D, in
the far field. We will also write Yl(i short for Yli (0+,d+)Xop, the spherical harmonic
centred in 0D4 to reduce clutter. The next lemma summarizes the results of sections
7.2, 7.3 and 7.4. Although it is very complex it can be used to simulate the secondary
Bjerknes force and most importantly the force contributions separately. Compared to the
direct numerical inversion of the system we thus get additional information, which can
help analyse the system.
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CHAPTER 7. MULTIPLE STRONGLY INTERACTING BUBBLES 71

Lemma 7.0.3. For two spherical bubbles with w —wpr+ ~ 812 we can describe the force
contributions described in theorem 7.0.1 in the spherical harmonic basis

(141 (1+2)

! __
0 10 (QZ(H)()%HSg .
vl y))=—rie,{ — WD) oy 7.0.3
D, (Y1, Yr) e (20-1)(20+1) P=i-1 ( )

0 else,

and

l
(
Fp, (F37) =% ) s =11, (7.04)

We further have the relations

qV22 , Nlop., Z Grp., (V2 VY. (7.0.5)
where for 14, >0
0 —rifijl:f (i) + =4, = Fo,
Gi.,.Ds, <Yli17>‘) = d'+ 71«1 (21=43) zﬂ/ 20, +1)(20_+1)
plErEs Y=y b s T=41= i(2 |
7.0.6
and Gy p., (Yl(i, A) =0 forl # ly. Additionally we get
0 0
qn[lei 5 ’aDi ZGZ Dj[2 li s ) I - (707)
with
ly+2 i
TL rE (q:l)i o -
Gﬁ D4 (Y}?t ’)‘) = { dli“z \/Zli—HSéO’lI = :l:l = T2 (708)
2 Eg 1 5!1,0%_’_(1_5&70)% + =4 ==+

and GfDi (Yl[i, A) =0 forl # ly. We further have for the matriz of eigenvectors V' of
C that

® (1, = Zj:Q Viz,iﬁpiz;
o o lop., =2, Y (0+,,0)Er 4, Do,

. — 4 1
® Eisipy, = F2(20) 7'\ o7 2ok Doneo Ahtr talne, Cnttsln,

i Al,il,i3|n¢2 = +3 LT3 (Al,ihi?) - Al_17i17i3>
Z|:3 (l + 1)€i377i2 (Al’:l:17:l:3 - Al+17:|:1,:|:3)7
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(4 5) (= Insq I£amsy —2In4,])

L Al,:l:l,iQ = (:l:11>(:l:21)e 1—e CEHDUny+In-D

. R B N .
o C7} ilns :Z paem ) Ve —m (1)

k=m

1
(—1)rth 2kt n| (1 _ €2|ni|) 7

l
[+m k+h
m — m—+h
* Ciigln = Z (k’ + m> (k m) (+1)

k=m

k+1
(_1)1€+h6—h|77i\ (1 _ 6_2|77i|) ‘

Furthermore the bi-spherical parameters are defined as

Vdtre+r)d=re+ro)(d+re —r)(d—ry —r-)

a = ’
2d (7.0.9)

a

Nt = +sinh~! (—) ,
r+
the capacity matriz is
—(20+1) 0+ | 1 4, =+
e 1 1 2,

Ctpy = dmf Z e @D D {_e—(2l+1)nﬁ 1) £ 4 (7.0.10)

and éi,j = |DZ~\_1C,~J.

Proof. The relation for the forces follow from lemma 7.2.5. We get G' by lemma 7.2.4
and lemma 7.2.3. Corollary 7.3.6 can be used to find the expansion of ¢4 in spherical
harmonics. The capacity matrix representation can be found in lemma 7.4.4. O

7.1. Surface pressure and displacement

In this section we will prove theorem 7.0.1. We start out by defining the Dirichlet-to-
Neumann operator Ap.

Definition 7.1.1. We have the Dirichlet-to-Neumann operator Np : H}(0D) — L3(dD)
with L§(0D) = {f € L*(dD) : [y, fdo = 0,Vi}, Hy(dD) = H'(ID) N L§(dD) and

Nplullap, = dnlap for v; solution to

(7.1.1)

Av; =0 in D;,
Vi =u on 0D;.

We will now prove useful relations for later use.
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Lemma 7.1.2. We have
1 0 i—1

and for some ¢; that

SHUAG )] = N Pos + Y @Xop,, (7.1.3)

with the Dirichlet to Neumann operator Np and the orthogonal projection P onto L% (0D).

Proof. We assume

¢ = A v (7.1.4)
and get

<—% ; K,%) (61] + (PoPrerl])2 = o (7.1.5)

Applying P to both sides provides the first result. The Neumann condition fixes the
function on the boundary up to a constant on all bounded domains. Due to %S%]_ =
(—% + K%) this concludes the proof. O

The next lemma gives us a representation of the pressure and its normal derivative on
the surface by calculating the potentials defined in theorem 5.1.5.

Lemma 7.1.3. We have for an incident plane wave p,, and resonance potentials (; that
_ 1
101 = S ke (N PD + PS3) + 4P [¢]
» J
J

+ZéiX,9D, + O(w?® 4 wd + 62), (7.1.6)

dSkb
Zkb6]< P)K} + " P) (] + O(w? + wé + 6%).

fore; ==d;j(V=11p);.
Proof. We have with theorem 5.1.5 that

¢ = (1-Ap (WAR +w? AR+ AR +(w AL AR)?) (AD (pm) - cp) +O(W* +wé+5%).

0
(7 1.7)
ABO provides only constant functions, which in turn get transformed to ¢; by AE) and
thus have for some ¢; that

o= ZCZ%—( w2 A%+ 5. A% (AD <ﬁ6n> +go>>1+(’)(w3+w5+62)

—ZCMZ—(AD 2A20+5A01 (me~+¢>> +O(W? + wb + 62).

1

(7.1.8)
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We now have for some ¢; by using lemma 5.3.3 and 7.1.2 that

+ Z &Xop, + ki <% + ci> S [pi] + O(w® 4+ wd + 6%)
i (7.1.9)
2

S e+ Y (kz (N5 P + PS3) + 52 N;P) )
7 J

“Wh,j

+ O(w® + wé + §2),

where N,* goes from L2(9D) to Hj(0D). Further we get

dS’k?b[gb]—Z Pin 4 ;) (—k2PEB[G] + KEDIG) + (—22 e ) 6P (5 + KD ) [
dn - 7 ) b D15 b DS 7 Ci 5 D | Pi

+ O(w® + wé + 62)
2

=> ¢ (kg(l - P)K} + 5w“2—P> (6] + O(w? + wé + 6%).
j Mi

(7.1.10)

7.2. Coupling spherical bubbles

In this section we will prove lemma 7.0.3 by looking at spherical bubbles and deriving
formulas for S%,S% in spherical harmonics. For simplicity we will assume that their
centres lie on the z-axis and we will work with spherical coordinate systems, where the
bubble centres are the origins. For the proof of the following statement see appendix B.

Theorem 7.2.1. We have

.

0 m _ 2 o0 T4 T m
1. SDi [Yii ] |8D:F = T3 Zl;‘::[) d+ =+ al+,l7,mYVl¥ )

0 m i 0o lerl: m
2. KDi [Yli]‘aD; =T ZZIZO U al+,l_,ml:|ZYl:F )

Ip 1
P

T
3. Sp. Vi lops = 371 200 2o T Y i mbiy g (s 7 d),

_

2 Ly
2 . Ti o0 T rT_
4 Kp ViMops = 572 220 o i Vi @i o mCis 1o m (1, 75, d)
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12

B

= W&o

o 5 w 5 0 P 8 5 n , B = 5
Figure 7.1.: (a) and (b) show plots of the absolute values of the coefficients for the spher-
ical harmonic basis of S% and S%. The system is made up of 2 spheres with
radii 5/6 and a distance of 20. The color represents the spherical harmonic
on which we apply the operators. The z axis represents discrete coefficients
but for easier readability we plotted continuous lines. Note that we validated
the results by using Lebedev quadrature on the spheres, where we replaced
the singularity by an analytical expression, which is exact for locally constant
functions. We get a maximal absolute error of ~ 2-107' and ~ 5- 10714,

with
o (l + l/)!(—l)l+m
SR DU+ DT+ m)I(— m)I(T + m)I(I — m)!
2 2 20— (14+1")+2m? I+ £0,

)

’I"2 T
by (o d) = 33 + o773 =D =1)(+7) (7.2.1)
s I [+1'=0
20+3 2'+3 !
2r'?
(' d) =5 T3 Vo m

for m| <lyAl_.

Note that the asymmetric (—l)l+ term in a; ,, is due to the direction of the axis. If
we reflect the coordinate system on the upper bubble through its center (so that the
spherical harmonics point at each other) then this term disappears due to ¥} (—n4.) =
(D)"Y (ny).

We also have the following formula for a self coupling term of a bubble.

Corollary 7.2.2. We have on a sphere

! Y™ (7.2.2)

2 m 9,3
S lon. = 2 G )

The proof can be found in appendix B.
Lemma 7.2.3. We have

(Nplv))lap, = Np,[v]ap,] (7.2.3)
and for spherical inclusions with I > 0 we have
Np Y™ = Y. (7.2.4)
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Proof. Assume that v is the solution of

Av =0 in D;
! o (7.2.5)
=Y/ ondD;.
The Laplace equation without singularity is solved by
v= Z aprtY;m. (7.2.6)
k
We can see that
Ok = akkzr (7.2.7)
and thus l
r
v=——>-Y" 7.2.8
lT‘é_l l ( )
|

We will now look at the operators that appear in the force terms.

Lemma 7.2.4. We have

1
—1 2 2 m _ + — m
(_ND PKD_'—PSD)D/ZZE XaDj:”aDJ; - l ] dl++l_+1 (2lq: +3)l:‘:}/l; al+,l,,m~ (729)
F=

and for ly > 0 that

3
-1 2 2 m Ty m
- PK P Y,''X = — Y'". 7.2.1
( ND D + SD)[ I+ aDi”aDi (2lﬂ: ¥ 1)(2l:|: 3)l:|: I+ < 0)

Additionally we can see that we have

l++2

2 m T4 U= (:Fl)li 0
(1= P)KLYi!Xon.Jlons = = T =Y (7.2.11)
and )
r
(1— P)K%[Yl;nxal)i”aDi = 611,0%:}/00~ (7.2.12)

Proof. We have

L b
~1 7} - 1
N PKD [le:i: XaD:t] |8D$ - Z dl++l +1 (NDI) }/l::nabr,lf,mcli,l;,m (’I”i, rr, d)

l I
ri +

dl++l Y 0 mC e (T4, T, d).
2=

(7.2.13)
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We get

Cladem(Ts,75,d) J 212
— m(re,r—,d) = ———1T——, 7.2.14

This proves the first statement. We have due to lemma 4.2.4

_ 1 _
N KR Xop,Jlop. ==—Np ' SHIY " Xop. ]lop.

2
" . (7.2.15)
T2l — 1) (20 + 1) (204 +3)lx =
and we now see that
1 5 1 B 1
(202 — 1)(20x + 1) 2+ +3)lx  “ (24 — 1)(2le + 1) (24 +3) (24 +1)(20+ +3)I+
(7.2.16)
To arrive at the third statement we note that we get
(—1)! 1
a1 00 = , aplo = 7.2.17
1,0,0 T 0,1,0 ST ( )
and o
2
cLoo(r 1, d) = % (7.2.18)
|

The formula of the forces relies on the tangential derivative on the surface, which we will
now calculate. We first transform the gradient in spherical coordinates and see that

cos(0) cos(9) 1 — sin(¢)
V =n0, + — | cos(0)sin(¢) | 0y + — cos(¢) | Op. (7.2.19)
r — sin(6) rsin(6) 0

Due to rotational symmetry in ¢ we are able to neglect the last term and get

cos(0) cos(o)
VrSE[g] = = [ cos(6) sin(e) | 0S¥ 4. (7.2.20)
"\ —sin(6)
and .
(VrSE19)* = —5 (S [8])". (72.21)
Lemma 7.2.5. We have on a sphere B, that
(1+1)(1+2) l/ =141
(20+1)(21+3) ’
0 03 . _ .~ ) (-1l g
/E?BT Y,'VrYy do =re, TononT '=1-1, (7.2.22)
0 else.
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and
WD) g
\/((2z+;)((2zj33) ’
0 0 PN 1(1+1)(1—1 7
/BBT (VoY) (VrY))ndo =€, Tomas U=t (7.2.23)
0 else.
Furthermore we can see that
I(l+1) < 1 1 )
VrY)s = VP, - Vo). 7.2.24
Vs = AT \ V=T o e (7.2:24)
Proof. We are going to use the well known recurrence relation for Legendre polynomials
I(l+1)
() (2)(1 —2?) = W(Plo—l - Ply). (7.2.25)

Thus we have

—sin(0)dp (P (cos(6))) =(1 — cos*(6)) () (cos(6))

7.2.26
IR Ceos(6) — Pl (cos(6) 20
from this follows the first statement. We next see that
(V2 PP) (V2-Pf) cos(6) =5 (P cos(8)s(PR(cos(6))) cos(6) i
=5 (PP (cos(8)) (PP (cos(6) sin’ (8) cos 6).

We will also use another well known relation for Legendre polynomials, namely

1
P = m((l + 1P’y +1PY). (7.2.28)

Combining the two recurrence relations results in

(PO () — 2%) = ((l DI+ DR, 0+ DR U+ 1)(z+2)p;>+2>
! 2-1)20+1) (2 -1)(20+3)  (20+1)(2 +3)

(7.2.29)
On the other hand we also have the relation
(P = @' = )P + (P ) (7.2.30)
and thus
[1'/2—-1]
(PN = Y (@ —-1-4k)P)_| 4. (7.2.31)
k=0

Due to fil P (z)P)°(z) dz = 6l,l/212ﬁ we see that | + I’ has to be odd for the integral to
be nonzero. Next we note that due to equation 7.2.29 and 7.2.31 we get for I’ —1 <[ —2
that .

/ (PO (2)(PY) (2)(z — 2%) dz = 0. (7.2.32)

-1
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Due to symmetry the same is true for [ —1 <1’ — 2. Thus only [ ="+ 1,I’ — 1 provide
values. For [ =1' + 1 we get

/ 1
| (VoY) (V) mydo RYUCERVCER) | @@y @) - ) o
OB, -1
- — (-DII+D) (= D+1)
—VelE e 1)(2l DI+ JRI-DEI+1)
(7.2.33)

Finally we exchanging [ and !’ provides the result for [ =1’ — 1. O

7.3. Eigenfunction of two spheres

The Helmholtz equation is invariant under translation and rotation. We can therefore
position both spheres along the z axis and consider them in bispherical coordinates. The
bispherical coordinates have an associated focal length f := 2a and parameters n € R,
¢£€l0,m), ¢ €0,2m) so that

_ sin(&) cos(¢) . sin(§) sin(¢)
cosh(n) — cos(&)’ v cosh(n) — cos(§)’
o (7.3.1)

- cosh(n) — cos(&)”

Figure 7.2 (a) shows the bispherical coordinates for constant n or {. Note that for n — +oo
we focus in on the focal points with r, = r, = 0 and r, = £a respectively. We can see
that for constant n # 0 the coordinates describe spheres around the focal point on the
same side of the z axis. In order to describe the two bubbles we define, for d being the
distance between the centres of the spheres,

a::\/(d+7"++7”—)(d—7“++7“_)(d+7“+—r_)(d—r+—r_)

. 2d (7.3.2)
N+ =+ sinh ™! (-) ,

T+

where 1 for consistency with the other sections r— > r,. If we now place the centres of
the spheres along the z axis with coordinates

zy = acoth(ny) (7.3.3)

then the surfaces of the spheres are described by bispherical coordinates with constant
17 = n+. A sketch of this is shown in figure 7.2 (b).
It is further well known that

etn = % (7.3.4)
Tat

where 7,4 is the distance from the upper and lower focal point respectively. We also note
that £ is the angle between these connecting lines and ¢ takes on the same role as in
spherical coordinates. We can see a sketch of this in figure 7.3 (a).
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T+

Figure 7.2.: In figure (a) we can see a sketch of the bispherical coordinate system for fixed
1 and & respectively. Note that ¢ corresponds to a rotation around the z axis.
Figure (b) shows a sketch of the bubbles Dy and the focal points at z = +a.
Each sphere can be represented by bispherical coordinates by an appropriate
fixed .

The Laplace equation separates in bispherical coordiantes and we are going to make use
of the bispherical harmonics to solve for the resonance potential of two spheres.

Definition 7.3.1. Using bispherical coordinates we define the bispherical harmonics

B (n,€,¢) = v/2(cosh(n) — cos(€))e* DY (¢, ). (7.3.5)

We note that going forward we are going to notify BE 4 by B . Finally we will later on
need that

1
V/2(cosh(n) — cos(€))etn = — rae 41y —2008(8)rafrat = (7.3.6)
Ta+ Tat
and the following fact.
Remark 7.3.2. We get
Z4, F2a :m(COSh(nil) +9 sinh(ns,)) = F1ra, €727 (7.3.7)
and
L sl — g2nsly, (7.3.8)
T+

7.3.1. Eigenfunction in bispherical coordinates

We will in this section derive the resonance potential in a similar way as in [11]. Tt is well
known that the ¢ symmetric solution to the laplace equation can be written as

v(n,§) = AyBiy+A_B_. (7.3.9)
l
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Using the generating function of the legendre function we get

1 = V2 = —(+5) |
v/cosh(n) — cos(€) B eln/21\/1 4 e=2Inl — 2 cos(&)e—nl - \/izl:e 2l Py (cos(€)).

(7.3.10)
We will now derive the solutions vy with vi|spp = Xgp,.. We have +ni = |n4| and
looking at v4 on 9Dy we get

Z A B+ A_B_ = Z B+ (7.3.11)
l l
and thus
Ay = ) lnel=ne) _ 4, o=@+ Dns (7.3.12)
On the other hand we see on 0D+ that
Z A By +A_B_ =0, (7.3.13)
!
which results in
Al = —Ap Pz (7.3.14)
Finally we see that for v+ we get
U+ 5) (=Inx|+n+) U+ 3) (=Inx|—n+)
At g = T D Apg— = TSy r— Ry (7.3.15)
This can be rewritten, using the choices of sign 4, £,
e+ 3) (= Insy [£2me, —2[n+, )
Aty = (1) (2 ) i (7.3.16)
Next we note that q
e L (7.3.17)
dn - coshne —cos €
and see that
dB dB
¥ b = T a *(coshny, — cos€) —dl’il
n4, Ntq n UE

=F2 (2 ) (sinh(n+,) £1 (20 4+ 1)(coshny, — cos§)) Bl’i1|8Di2
= F2 (2a) " (sinh(ns,) £1 (20 + 1) coshn,) B+, |
T2 (F11)(2a) 7! ((l +1)e™ ™2 By s, + leF1MEs Bl—l,il\niQ) -
(7.3.18)
Finally we see that
4B,

0D, 7 dni2

dvg,

P+, loDs, =

(7.3.19)

_ ZAH dB +

8D:|:2 l dn:tZ

dn:t2 aDﬂ:Q

Combining these results gives us
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C Ta—

Figure 7.3.: Figure a shows ¢ and 7.+, which can be used to calculate the bispherical
coordinates. We can see in b the change in the spherical coordinates centered
at the upper focal point due to a transformation of r,_.

Lemma 7.3.3. We have for two spheres in bispherical coordinates

_1 7 e
oiilopy, = Fof Y Aty 4lns, Bitlyy, + At =lne, Bl (7.3.20)
l

with

Apty iy lng, =3 1eT2 (A1) by — Ayt ay) 3 (L4 D)™ (Ap s, 1y — Al ) 1)-
(7.3.21)

7.3.2. Connecting bispherical to spherical coordinates

In this section we are following the proof of [18] to connect the bispherical harmonics
to spherical harmonics with centers in the focal points. Then we will shift them to the
centers of the two bubbles.

Lemma 7.3.4. We have for two bubbles

! l+ m i f k+1 B
B} = +1)Fm Y™ (Oat, }). 7.3.22
mwed =Y ()0 (L) e (7322
Proof. We will denote by ro+ — % the transformation of r,+ to %, ie. rop(rar — %)

is the distance towards a focal point if we transform the distance to the other one. See
figure 7.3(b) for a sketch.
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We first note by using the cosine law that

2\ 2 2
2,2 _ .2 f2+<f_) —r2+<ra,—>f>
f+2’;g——ra+ = cos(0_) = o - - o) (7.3.23)
Ta— 2

Ta—

This provides us with r,4 (ra_ — f—2) = raxf Tp general we get

Ta— Ta—

2
Tat <7"a:F — f_> = 7’a:|:f' (7324)
Tag Ta

Next we note that

. 2 2\ 2
Y A S N R
cosOus | ra— )= 2f’;?;f = Frosra cos(§),
(7.3.25)
where we again used the cosine rule and in general we get
f2
coS O+ (ra:F — —) = Fcos(§). (7.3.26)
TaF

We can now connect the spherical with the bispherical harmonic, namely

BJ =/2(cosh(n) — cos(€))et DY (€, 6)

:(il)leré ((T?)lfflm(aa;,cﬁ)) (rai R Tii) (7.3.27)

where we used equation 7.3.26 and that P/"(—z) = (—1)""™P/™(z). We are next using
the shift lemma for spherical harmonics 4.2.3 to shift them to the other focal point

l m . 2
Bli (:l:l)l—‘rm 1 Z( ) (l+ )(:Ff) (l ZYE l’(ea:ta(b)) (razl:_> f )

r :tfl_l P l’!(l -+ m) Tat
l -1
+ - Y™ 0+,
Taifz1l§)( ! >( f) Tat ll( id’)

ey (e (L) )

:(:tl)H_m

=0 Tat
l k+1
l+m k / -
(1) [ — Y,™(0,
kz;n<k_|_m> ) <Tai> k ( iv(b)v
(7.3.28)
where we used that ;"' (£f) = 8, o(£1)". O
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€
]

K2 ula |

o 5 X 1 m =

Figure 7.4.: (a) shows the coupling coefficients for different bispherical harmonics. The
system is made up of two spheres with radius r+ = 5,6 and separation
d = 20. The color represents the coefficient ! of B;  (For better readability
every third line is bold) and on the x axis we have the parameter I’ of the
spherical harmonics. In the upper/lower plot we see the coefficient on the
upper/lower sphere. The results were checked by Lebedev quadrature and
produced a maximal L? error of ~ 4.6-1072 for the upper and ~ 210710 for
the lower case. In (b) we instead look at Bs 4 for different distances. This
time the color corresponds to the spherical harmonic. The maximal L? errors
to the quadrature are ~ 7.7 - 1073 and ~ 1.8 - 10~!? respectively.

Finally we will shift the spherical harmonics to the centers z4 = (0,0, z4) with z4 =
acoth(ny) of the two spheres with radius ry = m We will look at the points on
the surfaces of the spheres and derive a series of spherical harmonics to represent the

bispherical harmonics.

Lemma 7.3.5. We have

Blrquzl:l |77i2 = Z i/izn(ei27 ¢)C£}17il |77i2 (7329)

h=m

for
INh
m ‘ Il+m\ /h—m ke (— 2+ + gk fh+1
Cl,h,i‘flﬂ: = Z <k + m> <k . m) (£1) T:ht-&-l ’
k:ml (7.3.30)
omo L+m\ (k+h (FDFmHh
l,h,$"’]:ﬁ: T Z E+m k—m (—zi:Fa)k‘H“Ll :
k=m

Proof. First we will shift the spherical harmonics along the z-axis from +a to z+. We
have |z4+ F a| < r4 and can thus see that

1 M R h—m —Zi:l:ah_l~m
i) =3 ([0 S e, @aa
a+t h=l +
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Inserting this for the bispherical harmonics we get on the sphere DL that

By, :=¢2 cosh(nz) — cos(€))e 2=y (¢ )

B l+m kmoo h—m (—zi:I:a)h kka
Z <k +m> S hz:% <7<3 - m) pht Vil (02, 9) (7.3.32)
INh

l+m\ [(h—m pam (—2e £ a)hF fEFL
=) Y 1) :
Z W (b0 ; <k+m> <kzm>( ) rhtl

On the other hand shifting the spherical harmonics from Fa to zo.. We have |z1 Fa| > ry
and can thus see that

1 - o0 l h -1 l+m,.h B
TV e 0) = F Y < + )(_(ziq):a)lﬁﬂy’r(ei’@ (7.3.33)

l—m
a+ h=m

where we used fﬁm(m/—\y) = (—1)l1~ﬁm(y—/\w) and (Y,7™)* = (=1)"Y;™. Inserting this
in equation 7.3.28 results in

Bi" |, :=¢2 cosh(+) — cos(€))e Dl ym (¢, )
h fk+1

b+ m kel N qyim (KR ri o
_Z <k+m) (1) h;n( D ) T g (0:9)

l
~m l+m k-+h (:I:l)k"'m"'lrifk"'l
- Z Y0+, 9) Z <k+m> (k: _m> (—21 F a)Fthtl
h=m

k=m
(7.3.34)

This concludes the proof. O
Finally combining the results of the last two sections provides us with

Corollary 7.3.6. The basis functions of the kernel of (—% —i—K,OD) has the following
spherical harmonic representation

oiilons, =Y YV (01,,0)Er s, Iy, (7.3.35)
l

47
Bi, by, =Fof Vart+1 ZZ An s s lns, Onid alne, - (7.3.36)

+3 h=0

7.4. Capacity matrix

We will first establish a general form for the eigenvalues and eigenvectors of the normalized
capacity matrix for general inclusions. Then we establish the capacity matrix for a two
sphere system and see that the result is consistent with literature.
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Figure 7.5.: In this figure we look at the coefficients of the resonance potential ¢4 in
spherical harmonics for two bubbles with radii » = 5,6. The color of the lines
correspond to the parameter [ of the spherical harmonics Y;". In (a)/(b) we
look at the potential on the upper/lower sphere. The black curve represents
the L? error to the function Xp . after applying the formula of SOD to the
potential.

Lemma 7.4.1. For two inclusions, which do not need to be spheres, the resonance fre-
quency w4+ 1s

1¢ 5 |Di(As+Cio—Coy)?
Wi = /0L —id—2)\2 2 222 4 0(8%?), 7.4.1
+ = 1/0c A+ Sr e (Gay— A2+ GriCrn (3 (7.4.1)

for the eigenvalues A+ of the matriz C’,

1/ -~ - - - o——
A = 5 <Cl,1 + 0272 + \/(0171 — 0272)2 + 4017202,1> (7.4.2)
with eigenvectors
~ NV
V4 = (/\+ — 02,2, 02,1) (7.4.3)
and .
voi= (CraA- = Cua) (7.4.4)

Proof. The eigenvalues and eigenvectors can be directly checked. We can also see due to
the symmetry of C that

’UfDlMyMD’U_F _ (ID1|( A4 — C~'2’2) + |D2|C~'2,1)2 _ |D1|2()\+ + C~'1,2 — 62’2)2
v Dvy ID1[(Cap = As)? +|Ds|Cay ID1l((Caz = A4)? + C21C2)
(7.4.5)

We can now use lemma 5.2.3 to conclude the proof. O

Remark 7.4.2. For two identical inclusions, which do not need to be spheres, we get
Ci1=C>s3 and thus
>\i = 01,1 + 01,2. (7.4.6)
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Together with lemma 7.4.1 this results in the following corollary.

Corollary 7.4.3. For two identical inclusion we have

= = 1 = -
o = /3 (Cra+ Cra) — 52 (Cra+ Cra? Di| + O), (7.4.7)

= \/(562(6’171 — 6172) + 0(53/2)

In the next lemma we will derive a formula for the capacity matrix, which is consistent
with the known results, see for example [11].

Lemma 7.4.4. The capacity matriz for two spheres, which do not need to be spheres, is

—(2l+1) [0+, | 1 4, = 49,
Cuippy = 4rf Z SRS (AT Ie {_e—mzﬂ)m1 L 4y (7.4.8)

Proof. We use formula corollary 7.3.6 and the orthogonality of spherical harmonics to get

Ciz,il == /8 o+, do
Dy,
=4y f1 Z/

—1.2 1
=t fTori A Z Z Ap sy lne, Ch0,25 0,

:|:27 E E Ahilis’niQC’h,l,is’ni
+3 h=0

+3 h=0
o =
Apty :|:3‘T]i et — Tk + =49 =23
= 4o 47 - 2 x ’
2 f :tZB hgo (@ini — @:Fﬂi)z ei2(h+1)77¥ — e:t277:|:h :t = :t2 = — :i:3 .
(7.4.9)
Where we use that
h
Z <h> (:Fl)k+1fk+1 _ :i:f (1 N f >h

= \k (—z¢ £a)fl (25 Fa) 2zx Fa (7.4.10)

:(e:tQU:F _ 1)e:|:277:Fh _ e:|:2(h+1)77:F _ eT2n5h

We further have that

Z Al,:‘:hﬂ:s ’Tiig = Z E3leToME2 (Al,i17i3 - Al—l,:‘:l,i:a)
l l

43 (1 + 1)eF3m*2 (Apy 25 — A1+ +5)

=y > Apg, oy (€572 — F10) (7.4.11)
l
U+ 3) (=0t [£3n+,)
_ +3n+, _ F3nt
=43 ( 2 —¢ 2 Z oEs I )ne, _ 30,




Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

CHAPTER 7. MULTIPLE STRONGLY INTERACTING BUBBLES 88

and further for +£9 = &5 = =+ that

ZAlvilaﬂ:Mi (eiQ(l—H)n:F — eiQWZFZ) -
l

=4 ZAl,il,:teini (l(eiQ(l+1)n; - eianFl) i (l + 1)(€i2(l+2)n; - €i2n¢(l+1)))
l

+q ZAl,:I:l,:teini((l + 1)(€:|:2(l+1)77;; o e:i:277:,:l) - l(e:l:an:F o e:t277:,:(l—1)))
l

=0.
(7.4.12)
Combining these equations provides the result. O
Using the last lemma we can derive a formula for the rescaled capacity matrix
r 3Dy | 3¢ @D ng i)

~ 2 PR TR DI (N RS ) 2 PR IR (FARES

C=D'C=3f . (7.4.13)
3 — @D (g |+l ) 3= 2+ D)In_|
| oD ns F =D | Ry (o e )

7.5. Asymptotic case

In this section we will look at the two extreme cases of bubble separation. For bubbles
close to touching we are going to see that in the lowest order only the resonance coefficient
of the in phase oscillation of the bubbles is going to have an impact on the scattered solu-
tion. Furthermore we will describe the asymptotic behaviour of the resonance frequencies
for that case. For bubbles far apart we will see that in the lowest order the resonance
frequencies correspond to systems of isolated bubbles. Then we will derive a formula for
low order coupling and see that it is consistent with past results. Finally we will look at
the Bjerknes forces in this regime and arrive at the historical approximation.

7.5.1. Close to touching

For this approximation we will assume that the separation € :== d — ry — r_ scales with
e~ e for 0 < B < 1. We will rely on [11] and cite the results. We have the
eigenvectors

vy = (_1_1> +00°%?), v = G) +O(5°/?). (7.5.1)

We can see that the first eigenvector represents bubbles oscillating out of phase, while
the second one are bubbles in phase. This results in

Vi, = <(1’> + 0(8°/%) (7.5.2)

for V' being the matrix of these eigenvectors. This shows us that the contribution of
the out of phase oscillation gets scaled down for the scattered field. This makes sense
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insofar as that the bubbles get driven by the same field and due to the large wavelength
experience almost the same incident pressure field. We further have

Theorem 7.5.1. We have in the close to touching case

wy = 56%A+,0(6) + 0(61/2>’ (7 5 3)
o =\ fAGA+ 0

for
3 (1 1 T4T_ 2ryr_
A = = 4+ = 1
+0(€) 2 <ri * T?i> re+r_ 8 <(r+ +7"_)e> ’
3 3 (7.5.4)
ryop +rio_
A0 =33
ry +ro
with

3r¢

oy = > L S— (7.5.5)

(s Prs 2=l — )

Proof. See Theorem 4.4 in [11] for the proof. We extend it with the statement for w_ by

inserting u -
= +0(e) (7.5.6)
el - i+

into the definition of o; in the reference. O

In the simulations we are going to see these relations empirically.

7.5.2. Far field

In the far field case we assume that the distance between the bubble centres d is large.
We can then expand the capacity matrix and the force in d~'. We will next prove the
representation of the resonance frequencies. Readers not interested in the calculations
may skip to equation 7.5.14. We will start by stating the following expansions

= g\/<1 - “*Z#) (1 - (”;—;‘)2) - g <1 - Ti;&) L O3 (1.57)

and
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This results in

2a — ryr- — (ri +r2) -3
1 — e—(ntl+n-) — d (1 - 2 +0(d™). (7.5.9)

The last two equations allow us to restate the capacity matrix

retriE R
C =4r +0(d™?) (7.5.10)
—H= o+

In order to find the resonance frequencies we will state the normalized capacity matrix

—92 _ T, or_
3 ol
C=3 +0(d™?). (7.5.11)
—2
—=
We note that
2 2 212
-2 -2 r— '+ =2 —2\2 (r2 —ri) —4
<T+ —r_"+ d27'+ — W) = (7’+ —r_ ) + QW + O(d ) (7.5.12)
Using lemma 7.4.1 and equation 7.5.11 we see that
S S e -2 -2 (r2 —r})? 1
At == + — 249 O(d—*
79 (TJF tro d?r.r (re®—r)+ d?r3 3 d2ryr_ +0(d™)
3( o o r2HrE -2 -2 rd +rd —4
:§<r+ +rZ oy T [ (r—rZ )2+2d23 3 +0(d™%)
B3( o o TEHrE -2 -2 rd 4l —4
2 <T+ tro d2ryr_ fre” ==l dPryr_|rz —r3 o)
(7.5.13)
Due to r— > ry this results in
Ay =372+ 31 + O™ (7.5.14)
+ = or . Je
=T Rrr_(r2 —12)
Note that wy = ,/5)\icg now solves
r4r— _
(WJQ\/I,Jr — wi)(w?\/fy_ — wi) - wi =0(d 4) (7.5.15)

for W%L 4= 50237“;2 being the resonance frequency corresponding to the isolated bubble.
This equation has been previously used to estimate the change in the resonance fre-
quency due to the inclusion of the lowest order interactions between the bubbles [19, 20].
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Note that our general lemma for the capacity matrix (lemma 7.4.4) contains all linear
interactions between the bubbles and holds therefore over all distances.
We now get using the Taylor expansion of v/1 + x that

3
wy = 1\/36ciry? <1 + ﬁ%) + O+ 627, (7.5.16)

Note that in the above equation the larger resonance frequency is increasing and the lower
one decreasing for decreasing distances. Although this is only a low order approximation
we will later on observe this over the whole simulation domain.

We now get for the matrix of eigenvectors of C by using lemma 7.4.1 and rescaling that

7.3
0 ——
v— (! g 3 T 4+ 0d?) (7.5.17)
0 ]. T‘+ 0
Y —T
+ —
and
r3
—1 1 —1 _7»2_',*7E —92
Vila={,)-d hE +O0(d™7). (7.5.18)
2 2
’I"_,'_f’l”_

The first equation tells us that in the lowest order the resonance functions correspond to
oscillations of the individual bubbles. The latter equation thus tells us that the resonance
potentials will both be present in the potential of the scattered field for bubbles far apart.

Bjerknes force

In this subsection we will now calculate an approximation of the secondary Bjerknes force.
For that we use lemma 7.0.3 and evaluate G.

Lemma 7.5.2. We have in the far field
var

{)L,D (So:l:v >‘) - T+ + O(dig)’
- 3 | (7.5.19)
r
?Di (904:7 A)=Fv 1277Xd_:’2: + O(dig)

and GlT,LDiQ (o4, A) = O(d™3) for the rest. We also have

V12w ryryr_

G1py(ps,A) =F — +0(d?),
A d
S (7.5.20)
Trer_ _
Gros(ps,N) = F =5 +0(d™)
and G p., (9, A) = O(d=3) forl > 2.
Proof. For a proof see appendix C. O



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

CHAPTER 7. MULTIPLE STRONGLY INTERACTING BUBBLES 92

Note that this tells us that the bubbles oscillate uniformly up to order O(d~2). We can
now calculate the pressure gradient.

Lemma 7.5.3. We have

d 4 . 2 2
L <1 + TiQw—Z) YO+ 0P +d2),  (7.521)
dn Dy 3 wi-—w d wr —w

Proof. We use lemma 7.5.2 and lemma 7.0.3 to get

dp o VA4 wi -1 wi 1 0
o . =k} 3 Vit—— — 2(V 1o1)+ +V:t,:Fw:2F _wg(V Loa)s | Yo
+O(w? +d?)
_ 2V A7y wi wi s N w2 s -
b3 wi—w? Wi —widri-rl) w2 -—-w2dri-r}) 0
+ O(W? +d7?)
VATry wi rewl w?
_ k‘2 + YD O 3 d_2
b3 w3 —w? d (wi—w?)(wi—w?) 0+ O +dT)
Varry wi T w?
_ ]{72 + YO O 3 d—2 ,
b3 wi—aﬂ( dw2—2>0+(w+ )
(7.5.22)
where we used
i i WHlwi — wy) (7.5.23)
w2 —w? wi-w? (w2 —w?)(wi—w?)
to arrive at the result. O

We can see that this corresponds to the solution of the linearized Rayleigh-Plesset equa-
tion of two bubbles with linear coupling [21, p. 10]. It is now straightforward to calculate
the secondary Bjerknes force.

Lemma 7.5.4. In the far field the secondary Bjerknes force on Bubble DL turns to

2nw?p?, 1 1 .
= P - e, + O(w+d®). (7.5.24)

F =T 20
2.0x = T o wi—wlw? —w? d?

Proof. Lemma 7.0.3 tells us that
2
\/§ '

Further we remind ourselves that Ay = 3/r%, w} = )\icgé and e+ = dy + O(d™!). We

B (Ve YY) = —rze. (7.5.25)
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get
kl% n -3
Fyp. :m€+€—FDi(90i7¢¢) +O0(w+d™)
kit 2 ~ -3
= _ m&re—riﬁGO,Di(‘pi’ A+)G1p(pr, Ax)e. + Ow+d ™)

k} 2 VAr  V12mryr_ _
::F—zwgbdplare_riﬁ 3 T4 PN e.+0w+d 3)

7.5.26)
Ak 1 orire _3 (
= F —3w2(5pl d+d_g—d2 e, + O(w +d )
ATk} Dpwi  Dnw? rird 5
= (@) d
i 9c2bp w2 — w? w? —w? d? e+ 0w+d™)
2mwp? 1 1 ryr 3
=F2§ pl mwi_oﬂw%—oﬂ P e, +0w+d7).
O

We can see that this matches up nicely with the historic considerations that we derived
in lemma 2.3.10. For later reference in our simulations we will describe the asymptotic
behaviour of the force contributions defined in theorem 7.0.1.

Lemma 7.5.5. We have the asymptotic scaling

-3 —2
FD+7+7+ ~ d ’ FD+7+77 ~ d ’

- - 7.5.27
FD+,—’+ ~ d 4’ FDJr’_,_ ~ d 3' ( )
Proof. We have
Fp, 4+ ~Gop, (¢+)G1p, (p4) ~ d=3,
F _ NGn G )~ d—27
D+, 0.Dy (:4) 1,0, (p-) y —_—
FD+,—,+ NV+»*GO,D+(¢+)G1,D+ (p4) ~d 7,
Fp, _~Vi G¢p (p1)Gip,(p-) ~d >
O

7.6. Numerical illustration

In this section we will empirically analyse the two bubble system by considering a specific
example. We will look at a system of two bubbles for characteristic lengths €/(ry + r_)
between 1072 and 10%. Further we set

§=10"1, =1, ¢g=1. (7.6.1)

The simulations were done in the basis of the spherical harmonics on the bubble surfaces
and by using the formulas derived in this chapter.
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Figure 7.6.: In the figures we look at the case of two spheres with radii 5 and 6 for
different separations. In a we show the eigenvalues of the normalized capacity
matrix C. We have indicated the theoretical predictions of the asymptotic
approximation with dotted and slashed lines. Note that the constant d was
fitted by least square error. In figure b we look at the coordinates of the
vector (1,1)7 in the normalized eigenbasis of C.

Remark 7.6.1. For easier comparisons we will invert the sign of the Force on the upper
bubble. Thus a positive force on a bubble represents an attractive force toward the other
bubble.

We are going to cover two cases. On the one hand we will look at a system with similar
sized bubbles r = 5,6 and on the other hand a system with bubbles of very different sizes
r=1,5.

Before going into detail we will shortly summarize the patterns of the two systems, which
can be seen in figures 7.8 and figure 7.10. The numerics show different patterns in our
scope, some of which are already well known [21]. The first one describes the bubbles
attracting each other over all distances, which will be seen for example in the first system
for wi. Further bubbles can repel each other if they are far apart, which turns to attraction
at shorter distances, we will see this in the first system for w4. The inverse is also the case,
where bubbles attract each other at large separations but repel at shorter ones. This will
be seen in the second system for ws. This creates a stable distance for the bubbles.
Further we are going to see a few more complex patterns. In the first system for ws we
will see that the bubbles attract each other at large distances, but when they move closer
they will start to repel but finally at very short ranges this will change again to attraction.
Another interesting example are wi and ws in the second system, where at close ranges the
smaller bubble feels an attractive force, while the larger one gets accelerated away. This
is noteworthy insofar that the two bubble system experiences a total acceleration and
it does not depend on the direction of the incident waves. If the simulations accurately
depict reality this could create a travelling bubble pair without the direct influence of the
incident wave gradient.

We will first look at the case of the similar sized bubbles. Then we will look at the
second system of differently sized bubbles. For some consideration of the accuracy of our
formulas by comparing it to direct inversion of the system see appendix D.
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Figure 7.7.: In (a) the choice of driving frequencies in relation to the resonance frequencies
is visualized. (b) shows the change of the coefficients d.

7.6.1. Similar sized bubbles

We set the radii of the bubbles to 5 and 6. We will first take a look at the eigenvalues and
eigenvectors of C, which correspond to the resonance frequencies. In figure 7.6 (a) the
change of eigenvalues due to the interactions is presented. For large characteristic lengths
we can see that they match up nicely with the asymptotic behaviour for the far field.
This corresponds to the frequencies of two isolated spheres. For decreasing distances we
can see that the upper resonance frequency, which in the far field is associated to the
smaller sphere, starts increasing. On the other hand the eigenvalue corresponding to the
other sphere decreases slightly and stays similarly sized. We see that the divergence rate
of the bigger eigenvalue and the asymptotic value of the smaller eigenvalue matches up
nicely for the prediction for the close to touching case.

i in the normalized eigenbasis of C. This
corresponds to an equal and constant stimulation of both bubbles. In the far field we
have almost no interactions and each resonance function is associated to a bubble. On
the other hand for the close to touching case the resonance functions correspond to the
bubbles oscillating exactly in or exactly out of phase. We can see in the figure how the
coefficients move between these extremes.

In figure 7.6 (b) we look at the vector

We will now take a look at the coefficients dy.. Figure 7.7 (a) shows different scenarios for
incident frequencies and (b) the corresponding coefficients. We can see the singularities
of d+ at the crossing points of we,ws with the resonance frequencies.

We will now look at the forces on the smaller bubble D;. We can see in figure 7.8 a plot
of the scaled force contributions for the upper bubble defined by

s 1 (1 1 (1
F:t1,:|:2 = FD+7ﬂ:1,i2 v v! . (7.6.2)
1 +1 1 +5

The relations that we derived in lemma 7.5.5 for the far field match up with the growth
rate in (a). Thus in the far field '} _ dominates and declines slower than the rest. In

our range F® _ is one order bigger than the other contributions for small distances. We

)
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Figure 7.8.: A two bubble system with radii 5,6 is considered. (a) shows the scaled force
contributions acting on the smaller bubble for a range of distances. Note
that due to the scaling the contribution of F° _ dominates for small e. (b)
shows the total forces on the smaller bubble for different driving frequencies.
A stable distance can be seen in ws.

can also see that both of these contributions are positive over the part where they are
largest respectively.

As long as d4 is not significantly bigger than d_ this results in the force being attractive
for small distances due to F® _ dominating. On the other hand for large distances we
also get an attractive force if d;d_ is positive and repulsive otherwise. That are exactly
the cases described in the historical formula for the secondary Bjerknes force. In Figure
7.8 (b) we can see the total force at different incident frequencies. For w; both dy,d_
are similarly sized, have the same sign and thus we get an attractive force over the
whole domain. wo lies just below the lower resonance frequency for the far field and is
just above it in the near field. The behaviour is similar to wy, except that due to the
lowering of the resonance frequency for closer distances d_ has a singularity. This results
in a stronger attraction of the bubble at that point. Although for closer distances d_ is
negative any positive contributions of F{ _ get dominated by the contributions of F?* _
because of dyd_ < d*. Next we look at ws. It lies just above the lower resonance
frequency. In the far field this produces a repulsive force, but for smaller distances due to
the growth of F¥ _ the force gets attractive. wy lies in the middle between both resonance
frequencies. The case is almost identical to w3 except that now due to |d_| being smaller
the attractive behavior sets on later. Finally ws lies a bit above the larger resonance
frequency. For large distances the far field behavior produces an attractive force. If the
bubbles move closer together then when the bigger resonance frequency hits the driving
frequency the term F§ | becomes significant and creates a repulsive force. This creates a
stable distance where the bubble does not move closer or further away. For even smaller €
we get an attractive force again. The forces on the larger bubble (r=6) are not completely
symmetric to the ones on the smaller bubble (r=5) for smaller distances. We note that
the liquid also has momentum and thus the momentum of the bubbles in general does
not get conserved. For more details see appendix D.
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Figure 7.9.: (a) shows the change of resonance frequencies for changing distances and the
choice of driving frequencies. In (b) the forces on the smaller bubble (r=1)
due to a larger bubble (r=5) are presented.

7.6.2. Differently sized bubbles

Here we will work with two bubbles with radius 1 and 5. We will again first look at the
forces on the smaller bubble. In 7.9 (a) we can see that the lower resonance frequency
hardly changes, while the upper one increases for small distances. The driving frequencies
that we will use are also shown in (a). In (b) we consider the force on the smaller bubble.
The forces are similar to the case of two bubbles of similar size that we already covered.
w1 and wy have curves of an attractive force over the whole domain. Note that we now
do not get a singularity for wo because the lower frequency is changing only slightly. w4
is again a repulsive force and changes to an attractive one at close ranges. Finally we
again get a stable distance for ws, because of the singularity due to the increase in the
upper resonance frequency. For a plot of the force contributions see appendix D.

Figure 7.10 (a) shows the force contributions for the larger bubble. We can see that four
sign changes take place, two for F{ _, and one for Ff , and F? | each. This time the
forces at ws stay attractive even at the singularity. This is the case because of F | being
attractive near the singularity and F_ _ for small separation distances. Interestingly this
would suggest that both bubbles get accelerated in the direction from the bigger to the
smaller bubble. Also noteworthy is that for small separations we again see an attraction
for all frequencies due to dominating F_ _.
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Figure 7.10.: (a) shows the force contributions of the larger bubble in the 2 bubble system
(r=1,5). In (b) the total forces are presented for a range of frequencies.
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8. Summary, limitations and outlook

In this thesis we derived an approach of analyzing the Bjerknes forces and applied it to
one or two strongly-interacting and multiple weakly-interacting spherical bubble systems.
To the best knowledge of the author this is the first time that the system with complete
interaction in the linear regime has been considered for analyzing the Bjerknes forces.
The derived analytic formula proved to be consistent with past results for well separated
bubbles, see lemma 7.5.4. Traditionally only uniform expansion of the bubbles has been
looked at, which as we have seen in lemma 7.5.3, does only hold up to order O(d~?2).
Our new method allows us to observe complex effects at small separations caused in part
by deformations of the bubble interface. Due to the scope of the thesis already being
very large, we looked in section 7.6 empirically at two systems and considered different
cases of interactions. We saw multiple occasions, where sign reversal of the Bjerknes
force took place and even observed an example of both bubbles getting accelerated in
the same direction. Multiple simulations for verification of partial results and asymptotic
approximations of our formula, to show consistency with past results, were performed.
Due to the complexity of the topic some simplifications had to be made to allow a reason-
able formulation of the problem. First, we neglected the viscosity and lamé terms in the
Navier-Stokes equation. In past derivations they were often considered and resulted in
phase shifts of the oscillations near the resonance frequencies, see 2.2.17. It may be pos-
sible to modify our approach to include these contributions to achieve higher accuracy.
Furthermore, our approach is limited by the linear nature of the differential equation,
which breaks for high amplitudes of the incident wave. Finally, we limited ourselves so
far to frequencies not too close to resonance, but our approach allows for higher order
calculations of the coefficients d;, which would provide better approximations of the phase
shifts near the singularity.

This thesis shows that our approach produces consistent results with literature and al-
lows an analysis of bubbles, which are strongly interacting. We saw that layer potential
techniques can be used to derive the Bjerknes forces and future investigations, especially
for the close to touching regime, could provide insight into the sign reversal and further
effects at closer ranges.
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Appendix

A. Reynolds transport theorem

C™(D) stands for the n times continously differentiable functions in D where the function
and its derivatives can be continously extended to D.

Theorem A.1. (Reynolds transport theorem) For a coordinatisation z € C?(D x (tg,t1))
of the volume D(t), where the inverse in space x(-,t) is C(D(t)), with reference domain
D and a function f € C1(M) with

M = {(z,t)|t € (to,t1), 2z € D(t)}. (A1)
We get
dij = 47 v-n)do
/ / (d_ + f(T )-(%u)) det(T) dx = /D(t) i - f( )d
(A.2)

with the velocity v(z,t) = (Oyu)(x(z,t),t) with displacement u(x,t) = z(x,t) —
Proof. The proof of reynolds theorem is similar to the proof of [22]. We define
f(a:, t) = f(ﬁ'(:l}, t), t), Tm-(:c, t) = 8,;2j(:1;,t) = (5@]‘ + 8Z-uj(a:, t) (A?))

and note that f € CY(D x (to, 1)), T € CY(D x (to,t1)). Next we see that
/ (z,1) dz—/ f(z t) det(T)(x,t) de. (A4)
D(t)

For invertible T
Oy det(T) = det(T) Tr(T~10,T), (A.5)

which follows from the fact that 0. det(1 + €T")|c—o = Tr(T'). Further we can see that

KT (w,t) = %(ﬁtuj)(m,t) = L Gy @ (3, 1), 0), )

i €T
dOsu;)(2(-,t)t) R 42
- (dzk(‘(’t“ﬂ(m("t)’t) (=) g, (=1 (A.6)

_ZTM @) d vj(2(z,t),1).

This results in

8, det(T)(z, 1) = det(T)(z, t)(V - v)(2(z, 1), 1). (A.7)
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We thus arrive at
d d . .
— fdz= [ —fdet(T)+ f(V-v)det(T)dx
d (A.8)
:/ —f+v-Vf+ fV-vdz.
We additionally note that
Va - ((Bru)(z(2,1),1)) = (T~ Vg - (Qu))(2(z,1),1). (A.9)
|
B. Coupling spherical bubbles
First we will decompose | — y| in spherical harmonics.
Lemma B.1. We have for |x| > |y| that
o=yl —tnfal 3 (1) L (L ZYm* @. (B1)
~\lz|/ 20+1\ 20-1 2l+3m2 ' '
Proof. By the generating function of the Legendre polynomials we get that
|y|> PPN
P(x B.2
EER v )
Using the recurrence relation (lemma 4.2.1) we get
l
vl 2 @+ yhnia - 5)
Ed ||
ly| [+1 PN [ ~ A
— P (>
(| ) lellyl (o Pra(@ - 9) + 5 Pa(@ 9)
' v Lyl =l 1 lyll+t B3
= ) (14 L -2t LT )V\pE- g
212 (%) (%2 (g fyarrs) ) he o
yl\ (1 1y
= . -0 P
|m‘zl:<|m| =1 3t3a2) @)
Finally with the addition theorem 4.2.2 we conclude the proof. O
This immediately provides us with
Corollary B.2. We have for x,y on a sphere with radius r that
l
1
—yl=—1 y,"* Y (ng). :

m=—|
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Next we will look at the case of separated spheres

Lemma B.3. For two spheres B_, By, where the vector from the center of B_ to the
center of By is called d. We have for spherical harmonics with z coordinate in the
direction of d that

l+ 1_ N
|$+ — T | =4m Z dl++l +1 Z }QT’*(nﬁL)YET(n*)al+J7,’mbl+7l77m)
l4,l-=0 :—(l+/\l7)
I 1_—1 lN-
(xy —x_) -n_ rire ’
T, —x_| AT Z dl++l ] Z Y ()Y (o )an, o mer i m-
T L,l-=0 m=—(l4 Al_)
(B.5)
Proof. We set y :=r_n_ — d and have
[z —z_|=|ring —yl. (B.6)

We note that |y| > ry. Next we will use lemma B.1 and then lemma 4.2.3 to shift ¥, (y)
to the center of the lower bubble (we set # = d and y = r_mn_ in said lemma). This
provides us with

Ty —x_ |—\/_Z

y? r2
— + + X
\/2l+ < 20 —1 2l+3>
l
m,* T-i—r l+ l,) O — 1\ *
Z Y (ny) l+m Z AT (1 = )(l’—m)v(Yl’ ) (n-)

m=—1

P+ —2r_mn_- r+r
:_”4”;( 20— 1 2z+3> Z Zdl+l’+1

(=D I+ 1) s o
\/(2l+1)(l—m)!(l+m)!(l/_m)!zyl (ny) (Y, ™) (o)

Furthermore we will next note by using the recurrence relation that

(- )3 ™) ) = (o ) )+ e g () ) (B9
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This gives us
l

_ el (D)™ () (V™) (no)
ey —x_| = \/Ezl:mz_:lzz JIHU+1 \/ 20+ 1)1 —m)! (I +m)! (l/_m)ux

d? "+m)(l" —m) r2 UV'+1+1 r2
<2l—1 (12 (2l’—1)(l+l’)>+2l—1 <12 2 +3 >2z13>
l m,x _
D+ )Y () (V™) (o)
=—dm
El:mz_:”,z V( 2l+1 Y2U 4+ 1)1 —m)!(L+ m)!(! — m)!(I +m)!

Lkl (o 20— (4 fom? 2
JHT+1 (211_1)(%_1)([4_[’) 2043 204+3)°

(B.9)

Noting that (Y,”™)* = (—=1)"™Y;™ provides the first result. Taking the derivative in 7
gives us the second one. O

In the same way as the last lemma we can arrive at the following statement.

Lemma B.4. For two spheres B_, By, where the vector from the center of B_ to the
center of By is called d. We have for spherical harmonics with z coordinate in the
direction of d that

l+ 1_ Nl
r — *
ey —x_ !_47r Z dl+++l ) Z Y1) ()Y (n—)ar, 1 m, (B.10)
+ Ii,_=0 m=—(l3 Al_)

where aj, |_ m, is defined in lemma B.S.

C. Far field

In this section we will prove lemma 7.5.3. We have
Cg,l,i’n:t = O(d2(l/\h)+1il)a Ci?,l,q:‘n:t =0(d™) (C.1)

and more specifically

r2 +7» r2 472 —
+ = % (1 - + ) + O(d )7 C?,O,:I:|77:l: =< 1- Jrd2 ) + O(d 3)7
(1- ”” L) o), sl

0
CO,l,i UES

_ —4 _r ri -
i_<1r—d—§>+0(d ), _d_ir 1= %) +0(),
Cg,l,qc nt — :tTi + O(dig)a C%l,:p nt — :tTi + O(dif)),
b2t lne = T +O(d7), Vot =70 +0(d™)

= () + o)
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Furthermore for [ > 0 we have

Aps il =0d™),  Ajgzly, =0,
7 1-4l\ % 2-91 (C.3)
Al,ﬂF,i‘ni = O(d )7 Al,ﬂF,ﬂF‘ni = O(d )
and
1 ryr_—r? =
Agiiilye =+ (14 272 ) + 0(a ), Aotglpe = O,
~ LT TT T2 e T —_
Araly =% (%) (1- “5) + 0W), Avgsly = FF +0(W7),
Ao gl = :F% +0(d™?), Aozl = F 2 + O(d™4),
AL:Fai’ﬂi - i%z:i + O(d’5), A1,3F7¢|ni - i:ii + (’)(d’4),
Ap il =72 (%) + 0@
(C.4)
For

_ 47 =
Ei4,,p., = F2f 7y ST ) D I S o/ (C.5)
+3 h=0

we can now immediately see that
Lemma C.1. We have

Van

_ ?“+?“_ 4
EO,:I:,Di - e (1 + 2 ) + O(d )7
r _
Eo+p. :Wmi +0(d™?),
1 (C.6)
T_oTLT _
Erip, =+ 53— +0(d™),
[4m _r _
ElFFyD:t =F ? d—:g—i-O(d 4).
Further for 1 > 1 we get
Ei+p, =0(d™?). (C.7)
Proof.
El,:l:,Dj: :O (dl (dll + dildig + Zd2(l/\h)+lfld72h + dld34h>> _ O(dfl)’
h=1
El,ZF,Di -0 <d—1 (dl—ld—l + d_l + Zd2(l/\h)+1_ld1_4h + d—ld2—2h>> _ O(d_l_l).
h=1
(C.8)
Further we get
2 2 2 2 2
B 1 ry+rZ rer— —ri\ d ry+rZ
EO,i,Di—:FV477d <1+ 2 ) |::|:<1+T>E<l— 72 )
i<d> Ti] +O@d3) (C.9)
Vi THT_ 4
= (1+ 5 )+ 0@
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and

d
Eoz.p, =T Vard! {:F %T—} +0(d?)
+

— VAT 4+ O(d™?).
dr+

Further we see that

(C.10)

() (- () )+ 5] e e

[4m ror_ —r? r2 +r2
El,i,Di == ?d ! |: <1 + %) (1 - = 72 >
T

+
=1 [ L o)
VIS

4 |7 rir d\? rere _
Ei+py =F ?d 1[%"‘ d3:F <E> +i7 +0O(d 4)

[4m _re 4
= —3— d*).
F 3 3 P +0(d™)
Finally we note that

b —E [+ (2 23 (1) ] e

5
=0(d™*).

and

Lemma C.2. Using this we can see that

" Vam _
O,Di(QOivA):_ 3 T:‘:"’_O(d 3)’

n 1r _
Tp.(ps:A) =F VI2r5 =5 + O(d ™)
and GlT,LDiQ (p+,,\) = O(d~3) for the rest. We also have

V12w roryr_ _
Gip,(p+,A) =7F Tid—§ +0(d™?),

- V12w ryr_

S +0(d™3)

G1ps(p5,A) =

and Gipy, (Pt A) = O(d=3) forl>2.

(C.12)

(C.14)

(C.15)
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Proof. We use lemma 7.0.3 to get
Pl T2

l
T+ (:l:gl) +2
Gn § :E ?2 2
li27Di2 %:l:l? 1;2,i17D$2

do,1
I+, +1 LE=)
d'F2 V25, +13 (C.16)

2
T‘i 1
+ 01y 0B041,04, 5 + (1= 01, 0) 3 Bty o1, D,

by

We have
" r2 Tre 1 2 _3 17
Gop, (o5, A) = 7 §E0,¥,D3F + Eo,x,Di? +0(d%) =0(d™?) (C.17)
and
L1 2
Gop, (px,A) = 3 +E01Di?+0(d 3)
\/ rer3 r r_ _
—— < -1+ 55 )ri> +0@d®) (C.18)
= 3 T:t + O( )
For ! >1or! >0 and 1 = £9 we have
1
GI'p., (P£1,A) = XEl,il,DiQ +0(d?) =0(d™?). (C.19)
Finally we see that
GTp, (o, A) = FV127 /\ d2 o(d™®). (C.20)

We again use lemma 7.0.3 to get for I+, > 0 that

Groypa, (92, ) == S E At (D) (F) ' (1)
l:l:gaDﬂ:Q P+, l:F l:FQv:tlvD:FQ dl++l—+1 (2lﬂ:2 + 3 l:|:2\/ 2[+ + )(2l_ -+ 1)
2
3
L T+q
E _
P, (TR TIE W)

(C.21)
Next we have
7“:2F7“:|: 1 r+ 3E1,i,Di _3
G1.ps(p,A\) =+ Eo £ pr—5——F% + — El,i,Di —ri———4+0(d”)
# 53 15 (C.22)
V12 _
—F o)
and
rZrd 1 T r3Ei+p _
Gip. (o5, A) = iEOJFDqEZ—QiE)\/— iEl,JF,Di - %+O(d 3)
r=r3 1 \/§ ror_ rir 1
=1 G2 Yoot — 4 £ T O(d3 C.23
”( EaGT Al T 5a) o4 (O
V12w rir_ -~
=F 5 + 0.
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Further we see for I+, > 2 that

GriyDey (020, A) =0(d* + By 2, py,) = O(d™). (C.24)

D. Empirical study

D.1. Additional simulations

First we will revisit a system of two similar sized bubbles with radius 5 and 6. Figure
D.1 shows the scaled force contributions and the total force on the bigger bubble. In
(a) we can see that the main differences are the signs of F'} _ and F* , and that the
sign changes occur at larger distances. Furthermore (b) looks similar to the case of the
smaller bubble except that for ws due to the sign reversal of I _ we get an area where
the bubble gets attracted again. For smaller values we get a second repulsive area due to
Fi _,F? | both being positive and dominating.

a w | Y b wal =" (Y] h
i —_— P —_— ik
uhy
101 1073 ay
s
Fl]:l . r 16~
" ey
10 . 1w
Fz
g
10T =
m — m — ]-. — ]-.n — m_ - - - " " e
ENrs 4120 £irs +r-)

Figure D.1.: (a) shows the scaled force contributions for a bubble of radius 6 interact-
ing with one of radius 5. In (b) the total Bjerknes force is shown for the
frequencies defined in figure 7.7.

In figure D.2 we look at the case of two bubbles with radii 1 and 5. We already looked
at the scaled force contributions for the bigger bubble and will now consider the smaller
bubble. In our scope no sign transition takes place and the total force can be easily
explained by Fy | near the singularity and by F _ and F_ _ dominating. We can again
see that the force for wy is repellent up to a closer distance compared to the similarly
sized bubble case.

D.2. Error

To check the numeric simulations we will be using an exact formula for Ap. For this we
will be using the formulas found in [23, Appendix A].
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a - PaD b - Ese

—
=0 T

1| +8 0 8 .2

|_|:‘;I-.- - ....I:[.:.._ - .]I:.l = ],-I,| — ]‘-:'_ - - . e " s
ENrs 47210 eflre +r=-]

Figure D.2.: (a) shows the scaled force contributions for a bubble of radius 1 interact-
ing with one of radius 5. In (b) the total Bjerknes force is shown for the
frequencies defined in figure 7.9.

Lemma D.1. For spherical inclusions we have for ¢ == —i/-crl-2 that
; (1) m

m chi(kri)hy (k)Y |r| > r,
SHY "M, =4 & i (D.1)

cii(kr)hy (kry) Y™, r| < rg

and for j # i that
m 1 m m
ShY™p, = ch{V(kra) >~ 3" Al (k)Y (D2)
=0 |m/|<V

for

= 2a+1
Alm, =374/ A; WD (kd)C (1, m, ', m’, A, 0), (D.3)
A=0

d being the distance between the centers of the inclusions,

Cl,m,U,m! N, v) =i A1) /Ar (20 4 1) (20 4+ 1)(2A + 1) x

G L)

and ji, hl(l) denotes the spherical bessel and hankel function of the first kind.

Using these formulas we can build a matrix by truncating the spherical harmonic contri-
butions and inverting the system to arrive at the potential functions. Applying S% and
K % on them provides us with the derivatives on the surface. This provides us with a way
to check the results of the simulations.

Looking at figure D.3 we can see that the curves match up for most of the bigger values.
The plots show the forces calculated by inversion of Ap like we described above compared
to the analytic formula. In the first line we cover the case of similarly sized bubbles
(r =5,6) and in the second one the differently sized spheres(r = 1, 5).The relative error
gets large if the driving frequency gets close to a resonance frequency, near points where
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Figure D.3.: The figures show the forces calculated by direct inversion of Ap (reference)
compared to the derived formula in this thesis. (a) and (b) cover the case of
similar sized bubbles, where in the former we have the forces on the smaller
bubble (r=5) and in the later (r=6). (c¢) (with r=1) and (d) (with r=5) in
the same way describe the differently sized system.

the force changes sign and for very small bubble separations.

We can see the relative error in figure D.4. We removed all values with a characteristic
distance of less than 2-10~", that are within 10% of a sign transition or where the driving
frequency is within one percent of a resonance frequency. We can see that the relative
error for (a), (b) and (c) around or below 1% except for the ws. Finally, we can see
that the relative error for (d) is very large, which is mainly present for small separations.
There are multiple reasons that could explain these errors. For one, we work with non-
zero ¢ therefore the formula that we derived cannot be exact as it describes an asymptotic
behavior. Secondly the operator Ap for small § and w is almost singular and thus the
inversion is ill conditioned. This is especially the case near the resonance frequencies,
which are defined by the singularity of Ap. Finally, near the sign reversal of the forces
we can expect high relative errors due to the small values we get there.
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Maximal relative error
Frequency Similar size Different size
(a) Fp, | (b) Fp (c)Fp, | () Fp

w1 1.0% 1.5% 0.93% 27 %
w9 0.42% 0.43% 0.28% 13 %
w3 0.34% 0.85% - -

Wy 0.27% 1.5% 0.37% 6.8%
w5 0.66% 15% 0.62% 1.5%

Figure D.4.: This table shows the relative error of our method and the reference. Note
that we removed all values with €/(r4+r_) < 0.2 and if the driving frequency
is within 1% of a singularity or € within 10% of a sign reversal.
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