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>❤❡ ❡♥>✐@❡ ✇♦@❦✳ ■♥ ♣❛@>✐❝✉❧❛@ ✇❡ ❢♦❝✉? ♦♥ ▲E✈② ♣@♦❝❡??❡?✱ >❤❛> ✇✐❧❧ ♥❡①> ❜❡ ✉?❡❞
>♦ ♠♦❞❡❧ ?>♦❝❦ ♣@✐❝❡?✱ ❞✐?♣❧❛②✐♥❣ >❤❡ @❡❧❛>✐♦♥ ❜❡>✇❡❡♥ >❤❡✐@ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡>?
❛♥❞ >❤❡ ♠♦@❡ ❣❡♥❡@❛❧ ❝♦♥❝❡♣> ♦❢ ❝❤❛@❛❝>❡@✐?>✐❝? ♦❢ ❛ ?❡♠✐♠❛@>✐♥❣❛❧❡✳

✶✳✶ ▲A✈② L@♦❝❡??❡? ❛♥❞ ■♥✜♥✐>❡❧② ❉✐✈✐?✐❜❧❡ ❉✐?✲

>@✐❜✉>✐♦♥

❉❡✜♥✐A✐♦♥ ✶✳✶✳ ❆ Rd✕✈❛❧✉❡❞ ?>♦❝❤❛?>✐❝ ♣@♦❝❡?? X = {Xt}t≥0 ❞❡✜♥❡❞ ♦♥ ❛
♣@♦❜❛❜✐❧✐>② ?♣❛❝❡ (Ω,F , P ) ✐? ❛ ▲Q✈② ♣O♦❝❡NN ✐❢ >❤❡ ♥❡①> ❝♦♥❞✐>✐♦♥? ❛@❡ ?❛>✐?✜❡❞✿

✐✳ ❢♦@ ❛♥② ❝❤♦✐❝❡ ♦❢ n ∈ N ❛♥❞ 0 ≤ t0 < ... < tn✱ >❤❡ @❛♥❞♦♠ ✈❛@✐❛❜❧❡?
Xt0 , Xt1 −Xt0 , ..., Xtn −Xtn−1 ❛@❡ ✐♥❞❡♣❡♥❞❡♥>✳ ❚❤✐? ✐? >❤❡ ✐♥❞❡♣❡♥❞❡♥>
✐♥❝@❡♠❡♥>? ♣@♦♣❡@>②❀

✐✐✳ X0 = 0 ❛✳?✳❀

✐✐✐✳ >❤❡ ❞✐?>@✐❜✉>✐♦♥ ♦❢ Xt+s −Xs ❞♦❡? ♥♦> ❞❡♣❡♥❞ ♦♥ s ❢♦@ ❛♥② s, t ≥ 0✳ ❚❤✐?
✐? >❤❡ >❡♠♣♦@❛❧ ❤♦♠♦❣❡♥❡✐>②✱ ♦@ ?>❛>✐♦♥❛@② ✐♥❝@❡♠❡♥>?✱ ♣@♦♣❡@>②❀

✐✈✳ X ✐? ❝♦♥>✐♥✉♦✉? ✐♥ ♣@♦❜❛❜✐❧✐>②✱ >❤❛> ✐?✱ ❢♦@ ❡✈❡@② t > 0 ❛♥❞ > 0 ✐> @❡?✉❧>?
lims→t P (|Xs −Xt| > ) = 0❀

✈✳ X ✐? @✐❣❤>✕❝♦♥>✐♥✉♦✉? ✇✐>❤ ❧❡❢> ❧✐♠✐>?✱ ✐✳❡✳✱ ✐> ✐? ❛ ❝c❞❧c❣ ♣@♦❝❡??✳

❉@♦♣♣✐♥❣ >❤❡ ❝♦♥❞✐>✐♦♥ ✭✈✳✮ ✇❡ ❤❛✈❡ ❛ ▲Q✈② ♣O♦❝❡NN ✐♥ ❧❛✇ ❀ ✇✐>❤♦✉> >❤❡ ?>❛✲
>✐♦♥❛@✐>② ♦❢ ✐♥❝@❡♠❡♥>? >❤❡ ♣@♦❝❡?? ✐? ❝❛❧❧❡❞ ❛❞❞✐M✐✈❡ ♣O♦❝❡NN✱ ❛♥❞ ✐❢ ✐> ❞♦❡? ♥♦>
?❛>✐?❢② ❡✈❡♥ >❤❡ ❝c❞❧c❣ ♣@♦♣❡@>② ✐> ✇✐❧❧ ❜❡ ❛♥ ❛❞❞✐M✐✈❡ ♣O♦❝❡NN ✐♥ ❧❛✇✳

❉❡✜♥✐A✐♦♥ ✶✳✷✳ ❚❤❡ ❝❤❛O❛❝M❡O✐NM✐❝ ❢✉♥❝M✐♦♥ µ ♦❢ ❛ ♣O♦❜❛❜✐❧✐M② ♠❡❛N✉O❡ ✭♦@ ❞✐N✲
MO✐❜✉M✐♦♥✮ µ ♦♥ Rd ✐? ❞❡✜♥❡❞ ❜②

µ (z) :=
Rd

ei<z,x> µ (dx) , z ∈ Rd.

✶
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❚❤❡ ❝❤❛O❛❝M❡O✐NM✐❝ ❢✉♥❝M✐♦♥ ♦❢ ❛ @❛♥❞♦♠ ✈❛@✐❛❜❧❡ X ♦♥ Rd ✐? ❞❡✜♥❡❞ ❜②

PX (z) :=
Rd

ei<z,x> PX (dx) , z ∈ Rd.

●✐✈❡♥ ❛ ❞✐?>@✐❜✉>✐♦♥ µ ♦♥ Rd✱ ✇❡ ❤❛✈❡ >❤❛> µ (0) = 1, |µ| ≤ 1 ❛♥❞ µ ✐?
❝♦♥>✐♥✉♦✉? ✐♥ ✐>? ❞♦♠❛✐♥✳ ■> ✐? ❛❧?♦ ✇❡❧❧ ❦♥♦✇♥ >❤❛> ✐❢ >✇♦ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡?
µ1, µ2 ❤❛✈❡ >❤❡ ?❛♠❡ ❝❤❛@❛❝>❡@✐?>✐❝ ❢✉♥❝>✐♦♥✱ ✐✳❡✳✱ µ1 = µ2✱ >❤❡♥ µ1 = µ2✳

❉❡✜♥✐A✐♦♥ ✶✳✸✳ ❚❤❡ ❝♦♥✈♦❧✉M✐♦♥ µ ♦❢ >✇♦ ❞✐?>@✐❜✉>✐♦♥? µ1 ❛♥❞ µ2 ♦♥ Rd ✐?
❞❡♥♦>❡❞ ❜② µ = µ1 ∗ µ2 ❛♥❞ ✐> ✐? >❤❡ ❞✐?>@✐❜✉>✐♦♥ ♦♥ Rd ❞❡✜♥❡❞ ❜②

µ (B) :=
Rd×Rd

1B (x+ y) (µ1 ⊗ µ2)(dx, dy) , B ∈ B Rd ,

✇❤❡@❡ µ1 ⊗ µ2 ❞❡♥♦>❡? >❤❡ ♣@♦❞✉❝> ♠❡❛?✉@❡ ♦♥ Rd × Rd✳

❚❤❡ ❝♦♥✈♦❧✉>✐♦♥ ✐? ❛ ❝♦♠♠✉>❛>✐✈❡ ❛♥❞ ❛??♦❝✐❛>✐✈❡ ♦♣❡@❛>✐♦♥✳ ■> ✐? ♣♦??✐❜❧❡
>♦ ?❤♦✇ >❤❛> ✐❢ µ = µ1 ∗ µ2✱ ✇❤❡@❡ µ1 ❛♥❞ µ2 ❛@❡ >✇♦ ❞✐?>@✐❜✉>✐♦♥? ♦♥ Rd✱ >❤❡♥
µ = µ1 µ2✳ ❡ ❞❡♥♦>❡ ❜② µn >❤❡ n−❢♦❧❞ ❝♦♥✈♦❧✉>✐♦♥ ♦❢ ❛ ❞✐?>@✐❜✉>✐♦♥ µ ✇✐>❤
✐>?❡❧❢✱ >❤❛> ✐?✱

µn = µ ∗ ... ∗ µ
n

.

❉❡✜♥✐A✐♦♥ ✶✳✹✳ ❆ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡ µ ♦♥ Rd ✐? ✐♥✜♥✐M❡❧② ❞✐✈✐N✐❜❧❡ ✐❢ ❢♦@ ❛♥②
n ∈ N >❤❡@❡ ❡①✐?>? ❛ ❞✐?>@✐❜✉>✐♦♥ µn ♦♥ Rd ?✉❝❤ >❤❛> µ = µn

n✳

❆ @❛♥❞♦♠ ✈❛@✐❛❜❧❡ X ✐? ✐♥✜♥✐M❡❧② ❞✐✈✐N✐❜❧❡ ✐❢ PX ✐? ?♦✳

❊B✉✐✈❛❧❡♥>❧②✱ ❛ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡ µ ♦♥ Rd ✐? ✐♥✜♥✐M❡❧② ❞✐✈✐N✐❜❧❡ ✐❢ ❢♦@ ❛♥②
n ∈ N >❤❡@❡ ❡①✐?>? ❛ ❞✐?>@✐❜✉>✐♦♥ µn ♦♥ Rd ?✉❝❤ >❤❛> µ = µn

n
✳

❋@♦♠ >❤❡ ❞❡✜♥✐>✐♦♥✱ ✐> ✐♠♠❡❞✐❛>❡❧② ❢♦❧❧♦✇? >❤❛> >❤❡ ❝♦♥✈♦❧✉>✐♦♥ ♦❢ >✇♦ ✐♥✜♥✐>❡❧②
❞✐✈✐?✐❜❧❡ ❞✐?>@✐❜✉>✐♦♥? ✐? ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡ ❛♥❞ >❤❛> µ (z) = 0 ❢♦@ ❛♥② z ∈ Rd✱
♣@♦✈✐❞❡❞ µ ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡✳ ■♥ >❤❡ ♥❡①> ❡①❛♠♣❧❡ ✇❡ @❡❝❛❧❧ >❤❡ ♠❛✐♥ ❢❡❛>✉@❡?
♦❢ >❤❡ ◆♦O♠❛❧ ■♥✈❡ON❡ ●❛✉NN✐❛♥ ✭NIG✮ ❞✐?>@✐❜✉>✐♦♥✿ ✐> ✐? ✐♠♣♦@>❛♥> ❜❡❝❛✉?❡ ❛
▲E✈② ♣@♦❝❡?? X = {Xt}t ✇✐>❤ X1 ∼ NIG ♣@♦✈✐❞❡? ❛ ❣♦♦❞ ✜> >♦ >❤❡ ❞❛>❛ ✇❡ ❛@❡
❣♦✐♥❣ >♦ ❛♥❛❧②③❡✳

❊①❛♠♣❧❡ ✶✳✶✳ ❆ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡ µ ♦♥ R ✐? ?❛✐❞ >♦ ❜❡NIG ✇✐>❤ ♣❛@❛♠❡>❡@?
(α, β, µ, δ)✱ ✇❤❡@❡ 0 ≤ |β| < α, µ ∈ R ❛♥❞ δ > 0✱ ✐❢ ✐> ❤❛? >❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡♥?✐>②✿

fNIG (x;α, β, µ, δ) =
α

π
exp δ α2 − β2 + β (x− µ)

K1 αδ 1 + x−µ
δ

2

1 + x−µ
δ

2
,

✭✶✳✶✮
✇✐>❤ K1 >❤❛> ❞❡♥♦>❡? >❤❡ ♠♦❞✐✜❡❞ ❇❡??❡❧ ❢✉♥❝>✐♦♥ ♦❢ >❤❡ >❤✐@❞ ❦✐♥❞ ✇✐>❤ ✐♥❞❡①
1 ❛♥❞ x ∈ R✳ ❋♦@ ❛ ❞❡✜♥✐>✐♦♥ ♦❢ K1 ✇❡ @❡❢❡@ >♦ ✶✳

❆ NIG ❞✐?>@✐❜✉>✐♦♥ ✐? ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡✱ ?✐♥❝❡ ✐> ✐? ❛ ♣❛@>✐❝✉❧❛@ ●❡♥❡O❛❧✐③❡❞
❍②♣❡O❜♦❧✐❝ ❞✐?>@✐❜✉>✐♦♥ ✭?❡❡✱ ❡✳❣✳✱ ✺ ❛♥❞ ✶✸✮✳ ❡ @❡❢❡@ >♦ ❘❡♠❛@❦ ✶✳✶ ❜❡❧♦✇
❢♦@ ❛ >❤♦@♦✉❣❤ ❝♦♥?>@✉❝>✐♦♥ ♦❢ ?✉❝❤ ❞✐?>@✐❜✉>✐♦♥✳ ●✐✈❡♥ X ∼ NIG (α, β, µ, δ)✱
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✇❡ ❤❛✈❡

E [X] = µ+
δβ

α2 − β2
, Var [X] =

δα2

(α2 − β2)
3/2

,

Skew [X] = 3
β

α δ α2 − β2
1/2

.

❙♦♠❡>✐♠❡? ✐> ✐? ❝♦♥✈❡♥✐❡♥> >♦ @❡♣@❡?❡♥> >❤❡ ❢♦✉@ ♣❛@❛♠❡>❡@? ♦❢ ❛ NIG ❞✐?>@✐❜✉✲
>✐♦♥ ✐♥ >❤❡ ?♦✕❝❛❧❧❡❞ N❤❛♣❡ MO✐❛♥❣❧❡✱ ✐♥>@♦❞✉❝✐♥❣ >❤❡ ❝♦✉♣❧❡ (ξ, χ) ❞❡✜♥❡❞ ❜②

ξ := 1 + δ α2 − β2
−1/2

, χ :=
ξβ

α
.

■> ❢♦❧❧♦✇? >❤❛> 0 ≤ |χ| < ξ < 1✱ ?♦ >❤❡?❡ ♥❡✇ B✉❛♥>✐>✐❡? ❛❝>✉❛❧❧② ❧✐❡ ✐♥ ❛ >@✐❛♥❣❧❡✳
◆♦>✐❝❡ >❤❛> χ ✐? ❛ ♠❡❛?✉@❡ ♦❢ >❤❡ ?❦❡✇♥❡?? ♦❢ >❤❡ ❞✐?>@✐❜✉>✐♦♥✿ ✐♥❞❡❡❞✱ ✐> ❤❛?
>❤❡ ?❛♠❡ ?✐❣♥ ❛? β✱ ✇❤✐❝❤ ✐♥ >✉@♥ ❞❡>❡@♠✐♥❡? >❤❡ ?✐❣♥ ♦❢ Skew [X]✳

■♥ >❤❡ ❝❛?❡ >❤❛> X ✐? ?>❛♥❞❛@❞✱ ✐>? ❞❡♥?✐>② ?✐♠♣❧✐✜❡? >♦

fX (x) = fX (x; ξ, χ) , x ∈ R,

✐✳❡✳✱ >❤❡ ♥✉♠❜❡@? ♦❢ ♣❛@❛♠❡>❡@? @❡❞✉❝❡? >♦ 2✳ ///

❘❡♠❛E❦ ✶✳✶✳ ❆ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡ µ ♦♥ (R+,B (R+)) ✐? ?❛✐❞ ❛ ●❡♥❡O❛❧✐③❡❞
■♥✈❡ON❡ ●❛✉NN✐❛♥ ✭●■●✮ ❞✐?>@✐❜✉>✐♦♥ ✇✐>❤ ♣❛@❛♠❡>❡@? ν ∈ R, δ > 0, γ > 0 ✐❢ ✐>?
❞❡♥?✐>② ✇✐>❤ @❡?♣❡❝> >♦ >❤❡ ▲❡❜❡?❣✉❡ ♠❡❛?✉@❡ ✐? ❛? ❢♦❧❧♦✇?✿

fGIG (x; ν, δ, γ) =
γ

δ

ν 1

2Kν (γδ)
xν−1 exp −1

2
δ2x−1 + γ2x , x > 0.

✭✶✳✷✮
■♥ ♦@❞❡@ >♦ ?❤♦✇ >❤❛> fGIG ✐? ❛ ❞❡♥?✐>② ❢✉♥❝>✐♦♥✱ ✇❡ ♥❡❡❞ >❤❡ ♥❡①> @❡♣@❡?❡♥>❛>✐♦♥
✭✸✵✱ ❢♦@♠✉❧❛ 8✱ ♣❛❣❡ 182✮ ❢♦@ Kν ✱ >❤❡ ♠♦❞✐✜❡❞ ❇❡??❡❧ ❢✉♥❝>✐♦♥ ♦❢ >❤❡ >❤✐@❞ ❦✐♥❞
✇✐>❤ ✐♥❞❡① ν✿

Kν (x) =
1

2

∞

0

yν−1 exp −x

2
y +

1

y
dy, x > 0. ✭✶✳✸✮

■♥ ❋✐❣✉@❡ ✶✳✶ ❜❡❧♦✇ >❤❡@❡ ❛@❡ >❤❡ ♣❧♦>? ♦❢ >❤❡ ♠♦❞✐✜❡❞ ❇❡??❡❧ ❢✉♥❝>✐♦♥? ♦❢ >❤❡
✜@?> >❤@❡❡✱ ♥♦♥♥❡❣❛>✐✈❡✱ ✐♥>❡❣❡@ ♦@❞❡@?✳ ❡ ❤❛✈❡ ♦❜>❛✐♥❡❞ >❤❡♠ ❢@♦♠ ❛ ?❛♠♣❧❡
♦❢ @❛♥❞♦♠❧② ❝❤♦?❡♥ ♣♦✐♥>?✱ ✐♥ >✉@♥ ❣♦>>❡♥ ✇✐>❤ >❤❡ ?♦❢>✇❛@❡ ❘✳ ❚❤❡ ❝♦♠♣✉>❛>✐♦♥
♦❢ >❤❡ ♥❡①> ✐♥>❡❣@❛❧ ❛❧❧♦✇? ✉? >♦ ✜♥❞ >❤❡ ♥♦@♠❛❧✐③❛>✐♦♥ ❝♦♥?>❛♥> ✐♥ ✭✶✳✷✮✿

∞

0

xν−1e−
1
2 (δ

2x−1+γ2x) dx =
∞

0

xν−1e−
1
2γδ(

δ
γ x−1+ γ

δ x) dx

=
δ

γ

ν ∞

0

yν−1e−
1
2γδ(y+

1
y ) dy = 2

δ

γ

ν

Kν (γδ) ,

✇❤❡@❡ ✐♥ >❤❡ ?❡❝♦♥❞ ❡B✉❛❧✐>② ✇❡ ♠❛❞❡ >❤❡ ?✉❜?>✐>✉>✐♦♥ y = γ
δ x✳ ❇❡?✐❞❡?✱ Kν > 0

✐♥ R+ ❢@♦♠ ✭✶✳✸✮✳ ❚❤❡@❡❢♦@ fGIG ✐? ❛❝>✉❛❧❧② ❛ ❞❡♥?✐>② ❢✉♥❝>✐♦♥ ♦♥ R+✳

▲❡> ✉? ✜① ♦>❤❡@ >✇♦ ♣❛@❛♠❡>❡@? α, β ∈ R✱ ✇✐>❤ 0 ≤ |β| < α✳ ❋♦@ ❛♥② µ ∈ R✱
y ∈ R+ ✇❡ ❞❡♥♦>❡ ❜② fN (·;µ, β, y) >❤❡ ❞❡♥?✐>② ♦❢ >❤❡ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡ ♦♥
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❋✐❣✉@❡ ✶✳✶✿ ▼♦❞✐✜❡❞ ❇❡??❡❧ ❢✉♥❝>✐♦♥? ♦❢ >❤❡ ✜@?> >❤@❡❡✱ ♥♦♥♥❡❣❛>✐✈❡✱ ✐♥>❡❣❡@
♦@❞❡@?✳

(R,B (R)) ❣❡♥❡@❛>❡❞ ❜② ❛ @❛♥❞♦♠ ✈❛@✐❛❜❧❡ X ∼ N (µ+ βy, y)✳ ■> ✐? ♣♦??✐❜❧❡ >♦
✐♥>@♦❞✉❝❡ ❛ ♥❡✇ ❞✐?>@✐❜✉>✐♦♥ ♦♥ (R,B (R)) ❝♦♥?✐❞❡@✐♥❣ >❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝>✐♦♥✿

fGH (x; ν, α, β, µ, δ) :=
∞

0

fN (x;µ, β, y) fGIG y; ν, δ, α2 − β2 dy

=
1√
2π

α2 − β2

δ

ν
1

2Kν δ α2 − β2

∞

0

1√
y
e−

1
2y (x−µ−βy)2yν−1e−

1
2 (δ

2y−1+(α2−β2)y) dy

=
1√
2π

α2 − β2

δ

ν
1

2Kν δ α2 − β2
eβ(x−µ)

∞

0

yν−1− 1
2 exp −1

2

1

y
δ2 + (x− µ)

2
+ α2y dy

=
1√
2π

α2 − β2

δ

ν
1

2Kν δ α2 − β2
eβ(x−µ)

 δ2 + (x− µ)
2

α

ν− 1
2

∞

0

z(ν−
1
2 )−1 exp −1

2
z−1 + z α δ2 + (x− µ)

2
dz

=
α2 − β2

ν

√
2πδναν− 1

2Kν δ α2 − β2
eβ(x−µ)

Kν− 1
2

α δ2 + (x− µ)
2

δ2 + (x− µ)
2

1
2−ν

, x ∈ R,

✭✶✳✹✮
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✇❤❡@❡ ✐♥ >❤❡ ❧❛?> ❜✉> ♦♥❡ ❡B✉❛❧✐>② ✇❡ ♠❛❞❡ >❤❡ ?✉❜?>✐>✉>✐♦♥ z = α√
δ2+(x−µ)2

y

❛♥❞ ✐♥ >❤❡ ❧❛?> ✇❡ ✉?❡❞ ✭✶✳✸✮✳ ❆ ?>@❛✐❣❤>❢♦@✇❛@❞ ❛♣♣❧✐❝❛>✐♦♥ ♦❢ ❚♦♥❡❧❧✐✬? >❤❡✲
♦@❡♠ ?❤♦✇? >❤❛> fGH (·; ν, α, β, µ, δ) ✐? ❛ ❞❡♥?✐>② ❢✉♥❝>✐♦♥✿ >❤❡ ❝♦@@❡?♣♦♥❞✐♥❣
♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡ ♦♥ (R,B (R)) ✐? ❝❛❧❧❡❞ ●❡♥❡O❛❧✐③❡❞ ❍②♣❡O❜♦❧✐❝ ❞✐?>@✐❜✉>✐♦♥✳

❡ @❡?>♦@❡ >❤❡ NIG ❞❡♥?✐>② ✭✶✳✶✮ >❛❦✐♥❣ ν = − 1
2 ✐♥ ✭✶✳✹✮✳ ■♥ ❢❛❝>✱ ❢♦@ ❡✈❡@②

ν ∈ R✱ ✐> @❡?✉❧>? K−ν = Kν ❛♥❞ >❤❡ @❡♣@❡?❡♥>❛>✐♦♥ ✭✶✱ ❢♦@♠✉❧❛ 9.6.23✱ ♣❛❣❡
376✮

Kν (x) =

√
π 1

2x
ν

Γ ν + 1
2

∞

1

e−xt t2 − 1
ν− 1

2 dt, x > 0,

✇❤✐❝❤ ❤♦❧❞? ❢♦@ ❡✈❡@② ν > − 1
2 ✱ ❡♥❛❜❧❡? ✉? >♦ ❝♦♥❝❧✉❞❡

K− 1
2
(x) = K 1

2
(x) = − πx

2

1

x
e−xt ∞

1
=

π

2

e−x

√
x
, x > 0.

◆♦A❛A✐♦♥✳ ❡ ❞❡♥♦>❡ ✇✐>❤ µt >❤❡ t✕>❤ ♣♦✇❡@ ♦❢ >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝ ❢✉♥❝>✐♦♥ µ✱
>❤❛> ✐?✱ µt (z) = (µ (z))

t
❢♦@ ❛♥② z ∈ Rd✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ @❡?✉❧> ✐? ❞✉❡ >♦ ❑✳✕■✳ ❙❛>♦ ✭▲❡♠♠❛ 7.9 ✐♥ ✷✼✮✳

QE♦♣♦C✐A✐♦♥✳ ■❢ µ ✐N ✐♥✜♥✐M❡❧② ❞✐✈✐N✐❜❧❡✱ ❢♦O ❛♥② t ∈ [0,∞) M❤❡ ❢✉♥❝M✐♦♥ µt ✐N
M❤❡ ❝❤❛O❛❝M❡O✐NM✐❝ ❢✉♥❝M✐♦♥ ♦❢ ❛ ♣O♦❜❛❜✐❧✐M② ♠❡❛N✉O❡ ♦♥ Rd ✇❤✐❝❤ ✐N ✐♥✜♥✐M❡❧②
❞✐✈✐N✐❜❧❡✳

❚❤❡ ❞✐?>@✐❜✉>✐♦♥ ✇❤♦?❡ ❡①✐?>❡♥❝❡ ✐? ❡♥?✉@❡❞ ❜② >❤✐? ♣@♦♣♦?✐>✐♦♥ ✐? ♦❜✈✐♦✉?❧②
✉♥✐B✉❡ ❛♥❞ ✐> ✇✐❧❧ ❜❡ ❞❡♥♦>❡❞ ❜② µt✳

❚❤❡@❡ ✐? ❛ ?>@✐❝> @❡❧❛>✐♦♥ ❜❡>✇❡❡♥ ▲E✈② ♣@♦❝❡??❡? ❛♥❞ ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡
❞✐?>@✐❜✉>✐♦♥?✱ ✇❤✐❝❤ ✐? ?❤♦✇♥ ✐♥ >❤❡ ♥❡①> ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✶✳✷✳ ●✐✈❡♥ ❛ ▲E✈② ♣@♦❝❡?? X = {Xt}t✱ ❢♦@ ❡✈❡@② t ≥ 0 >❤❡ @❛♥❞♦♠
✈❛@✐❛❜❧❡ Xt ✐? ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡✳ ■♥❞❡❡❞✱ >❤❡ ❝❛?❡ t = 0 ✐? >@✐✈✐❛❧✱ ❜❡❝❛✉?❡
❜② ✭✐✐✳✮ ✐♥ ❉❡✜♥✐>✐♦♥ ✶✳✶ ✇❡ ❤❛✈❡ PX0

= δ0✱ ✇❤✐❝❤ ✐? ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡ ❛?

δ0 = δn0 ❢♦@ ❛♥② n ∈ N.

❋✐① t > 0 ❛♥❞ n ∈ N✳ ▲❡> tk := kt
n ❢♦@ k = 0, ..., n ❛♥❞ ❞❡♥♦>❡ ❜②

µn := P(Xtk
−Xtk−1)

,

✇❤✐❝❤ ❞♦❡? ♥♦> ❞❡♣❡♥❞ ♦♥ >❤❡ ❝❤♦✐❝❡ ♦❢ k ∈ {1, ..., n} ❜② >❡♠♣♦@❛❧ ❤♦♠♦❣❡♥❡✐>②✳
❡ ❝❛♥ ♥♦✇ @❡❛❞

Xt = X0 + (Xt1 −X0) + ...+ Xtn −Xtn−1 ,

?♦ ❜② ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ >❤❡ ✐♥❝@❡♠❡♥>? ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ PXt = µn
n
✱ >❤❛> ✐?✱

PXt = µn
n✳ ///

❘❡♠❛E❦ ✶✳✷✳ ❚❤❡ ♣@❡✈✐♦✉? @❛>✐♦♥❛❧ ?>✐❧❧ ❤♦❧❞? ❢♦@ ▲E✈② ♣@♦❝❡??❡? ✐♥ ❧❛✇✱ ?✐♥❝❡
✇❡ ❞♦ ♥♦> ♥❡❡❞ >❤❡ ❝c❞❧c❣ ❝♦♥❞✐>✐♦♥✳ ■> ✐? ❛❧?♦ ♣♦??✐❜❧❡ >♦ ?❤♦✇ ✭?❡❡ ❚❤❡♦@❡♠
9.1 ✐♥ ✷✼✮ >❤❛> Xt ✐? ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡ ❢♦@ ❛♥② t ≥ 0 ✇❤❡♥ X = {Xt}t ✐? ❥✉?>
❛♥ ❛❞❞✐>✐✈❡ ♣@♦❝❡?? ✐♥ ❧❛✇✱ ?♦ >❤❡ >❡♠♣♦@❛❧ ❤♦♠♦❣❡♥❡✐>② ✐? ♥♦> ♥❡❝❡??❛@②✳

❡ ❡♥❞ >❤✐? ?❡❝>✐♦♥ ❜② ♣@❡?❡♥>✐♥❣ ❛ ❝❧❛??✐❝❛❧ >❤❡♦@❡♠ ✇❤✐❝❤ ?>@❡♥❣>❤❡♥? >❤❡
❜♦♥❞ ✇❡ ❤❛✈❡ ❥✉?> ✐♥>@♦❞✉❝❡❞✳
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❚❤❡♦E❡♠ ✶✳✶✳ ❋♦O ❡✈❡O② ✐♥✜♥✐M❡❧② ❞✐✈✐N✐❜❧❡ ❞✐NMO✐❜✉M✐♦♥ µ ♦♥ Rd✱ M❤❡O❡ ❡①✐NMN
❛ ▲Q✈② ♣O♦❝❡NN X = {Xt}t N✉❝❤ M❤❛M PX1 = µ✳

❚❤✐N ♣O♦❝❡NN ✐N ✉♥✐R✉❡ ✉♣ M♦ ✐❞❡♥M✐M② ✐♥ ❧❛✇ ❛♥❞

PXt = µt, t ≥ 0.

❡ @❡❢❡@ >♦ ❚❤❡♦@❡♠ 7.10 ❛♥❞ ❈♦@♦❧❧❛@② 11.6 ✐♥ ✷✼ ❢♦@ ❛ ♣@♦♦❢✳

✶✳✷ ▲A✈②✕❑✐♥>❝❤✐♥❡ ❘❡♣@❡?❡♥>❛>✐♦♥

❚❤❡ ❢♦❧❧♦✇✐♥❣✱ @❡♥♦✇♥❡❞ >❤❡♦@❡♠ ♣@♦✈✐❞❡? ❛ @❡♣@❡?❡♥>❛>✐♦♥ ♦❢ >❤❡ ❝❤❛@❛❝>❡@✲
✐?>✐❝ ❢✉♥❝>✐♦♥ ♦❢ ❛♥② ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡ ❞✐?>@✐❜✉>✐♦♥✳ ❡ ❞❡♥♦>❡ ❜② D >❤❡ ✉♥✐>
❜❛❧❧ ✐♥ Rd✱ >❤❛> ✐?✱ D := x ∈ Rd : |x| ≤ 1 ✳

❚❤❡♦E❡♠ ✶✳✷✳ ❛✳ ■❢ µ ✐N ❛♥ ✐♥✜♥✐M❡❧② ❞✐✈✐N✐❜❧❡ ❞✐NMO✐❜✉M✐♦♥ ♦♥ Rd✱ M❤❡♥

µ (z) = exp − 1

2
< z,Az > +i < γ, z >

+
Rd

ei<z,x> − 1− i < z, x > 1D (x) ν (dx) , z ∈ Rd,

✭✶✳✺✮

✇❤❡O❡ A ✐N ❛ N②♠♠❡MO✐❝✱ ♣♦N✐M✐✈❡ N❡♠✐❞❡✜♥✐M❡ d×d ♠❛MO✐①✱ ν ✐N ❛ ♠❡❛N✉O❡
♦♥ Rd N❛M✐N❢②✐♥❣

✐✳ ν ({0}) = 0 ✐✐✳
Rd

|x|2 ∧ 1 ν (dx) < ∞

❛♥❞ γ ∈ Rd✳

❜✳ ❚❤❡ O❡♣O❡N❡♥M❛M✐♦♥ ✭✶✳✺✮ ♦❢ µ ❜② (A, ν, γ) ✐N ✉♥✐R✉❡✳

❉❡✜♥✐A✐♦♥ ✶✳✺✳ ❚❤❡ >@✐♣❧❡> (A, ν, γ) ✐♥ ❚❤❡♦@❡♠ ✶✳✷ ✐? ❝❛❧❧❡❞ >❤❡ ❣❡♥❡O❛M✐♥❣
MO✐♣❧❡M ♦❢ µ✳ ■♥ ♣❛@>✐❝✉❧❛@✱ ν ✐? >❤❡ ▲Q✈② ♠❡❛N✉O❡ ♦❢ µ✳

❡ ❝❛❧❧ ❣❡♥❡O❛M✐♥❣ MO✐♣❧❡M ♦❢ ❛ ▲E✈② ♣@♦❝❡?? X = {Xt}t >❤❡ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡>
♦❢ PX1 ✳ ❈♦♥?✐❞❡@✐♥❣ ❛♥ ❛❞❞✐>✐✈❡ ♣@♦❝❡?? Y = {Yt}t✱ ✇❡ ❝❛❧❧ N②NM❡♠ ♦❢ ❣❡♥❡O❛M✐♥❣
MO✐♣❧❡MN ♦❢ Y >❤❡ ?❡> {(At, νt, γt)}t≥0✱ ✇❤❡@❡ (At, νt, γt) ✐? >❤❡ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> ♦❢
PXt ❢♦@ ❡✈❡@② t ≥ 0✳ ❚❤❡ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> ♦❢ ❛♥ ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡ ❞✐?>@✐❜✉>✐♦♥
♦♥ R ✇✐❧❧ ❜❡ ❞❡♥♦>❡❞ ❜② σ2, ν, γ ✳

❊①❛♠♣❧❡ ✶✳✸✳ ▲❡> µ ❜❡ ❛ NIG ❞✐?>@✐❜✉>✐♦♥ ✇✐>❤ ♣❛@❛♠❡>❡@? (α, β, µ, δ)✳ ❚❤❡♥
✐>? ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> ✐? ❣✐✈❡♥ ❜②✿



σ2 = 0

ν (dx) =
δα

π |x|e
βxK1 (α |x|) dx

γ = µ+
2δα

π

1

0

sinh (βx)K1 (αx) dx

.

❋♦@ ❛♥ ❡①♣❧✐❝✐> ❝❛❧❝✉❧❛>✐♦♥✱ ✇❡ @❡❢❡@ >♦ >❤❡ ♣❛♣❡@ ✹✳
❙✐♥❝❡ σ2 = 0✱ ❛ ▲E✈② ♣@♦❝❡?? X = {Xt}t ❝♦@@❡?♣♦♥❞✐♥❣ >♦ µ✱ ✐✳❡✳✱ ?✉❝❤ >❤❛>

PX1
= µ✱ ✇✐❧❧ ❜❡ ❛ ♣✉O❡ ❥✉♠♣ ♣@♦❝❡??✳ ///



✼ ✶✳✷✳ ▲➱✕❑■◆❚❈❍■◆❊ ❘❊;❘❊❙❊◆❚❆❚■❖◆

❡ ❛@❡ ❣♦✐♥❣ >♦ ♣@♦✈❡ ♣❛@> ✭❜✳✮ ♦❢ ❚❤❡♦@❡♠ ✶✳✷✱ ❛? ✐> ✐? ✉?❡❢✉❧ >♦ ?❤♦✇ >❤❡
❝♦@@❡?♣♦♥❞❡♥❝❡ ❜❡>✇❡❡♥ >❤❡ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> ♦❢ ❛ ▲E✈② ♣@♦❝❡?? ❛♥❞ >❤❡ ♠♦@❡
❣❡♥❡@❛❧ ❝♦♥❝❡♣> ♦❢ ❝❤❛@❛❝>❡@✐?>✐❝? ♦❢ ?❡♠✐♠❛@>✐♥❣❛❧❡✳ ❡ ?>❛@> ❜② >❤❡ ❢♦❧❧♦✇✐♥❣

▲❡♠♠❛ ✶✳✶✳ ❆ ♠❡❛N✉O❡ ν ♦♥ Rd N❛M✐N❢②✐♥❣

✐✳ ν ({0}) = 0 ✐✐✳
Rd

|x|2 ∧ 1 ν (dx) < ∞

✐N σ✕✜♥✐M❡✳

^O♦♦❢✳ ❋♦@ ❛♥② n ∈ N✱ ❧❡> B1/n := x ∈ Rd : |x| ≤ 1
n . ❚❤❛♥❦? >♦ ✭✐✐✳✮ ✐> @❡?✉❧>?

ν B1/n
c < ∞✳ ■♥❞❡❡❞✱

1
n<|x|<1

ν (dx) = n2

1
n<|x|<1

1

n2
ν (dx) ≤ n2

1
n<|x|<1

|x|2 ν (dx) < ∞,

>❤❡@❡❢♦@❡ ν B1/n
c =

1
n<|x|<1

+
|x|≥1

ν (dx) < ∞. ❍❡♥❝❡✱ ✉?✐♥❣ ❛❧?♦ ✭✐✳✮✱

✇❡ ❝❛♥ @❡❛❞ Rd ❛? ❛ ❝♦✉♥>❛❜❧❡ ✉♥✐♦♥ ♦❢ ?❡>? ♦❢ ✜♥✐>❡ ♠❡❛?✉@❡✿

Rd = {0}
n∈N

B1/n
c .

❚❤✐? ❝♦♠♣❧❡>❡? >❤❡ ♣@♦♦❢✳

■♥ ♣❛@>✐❝✉❧❛@✱ >❤❡ ▲E✈② ♠❡❛?✉@❡ ♦❢ ❛♥② ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡ ❞✐?>@✐❜✉>✐♦♥ ✐?
σ✕✜♥✐>❡✳

^O♦♦❢ ♦❢ ❚❤❡♦O❡♠ ✶✳✷✱ ✭❜✳✮✳ ■> ✐? ❦♥♦✇♥ >❤❛> ❢♦@ ❛♥② n ∈ N >❤❡@❡ ❡①✐?>? ?♦♠❡
θn ∈ C✱ ✇✐>❤ |θn| ≤ 1✱ ?✉❝❤ >❤❛>

exp (iu) =

n−1

k=0

(iu)
k

k!
+ θn

|u|n
n!

, u ∈ R. ✭✶✳✻✮

❆??✉♠❡ >❤❛> ✭✶✳✺✮ ❤♦❧❞?✳ ❡ ♥♦>❡ >❤❛> ❢♦@ ❛♥② z ∈ Rd ✐> ❤♦❧❞?

ei<z,x> − 1− i < z, x > 1D (x) ≤ 1

2
|z|2 |x|2 1D (x) + 2 1{|x|>1} (x) , x ∈ Rd,

❜② ✭✶✳✻✮ ❛♥❞ ei<z,·> − 1 ≤ 2✳ ❙✐♥❝❡ Rd |x|2 ∧ 1 ν (dx) < ∞✱ ❜② ▲❡❜❡?❣✉❡✬?

❝♦♥✈❡@❣❡♥❝❡ >❤❡♦@❡♠ >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝ ❡①♣♦♥❡♥>

ψ (z) :=−1

2
<z,Az> +i <γ, z>

+
Rd

ei<z,x>− 1− i < z, x > 1D (x) ν (dx) , z ∈ Rd ✭✶✳✼✮

✐? ❝♦♥>✐♥✉♦✉? ✐♥ z✳ ❚❤✐? ✐♠♣❧✐❡? >❤❛> ψ ✐? ✉♥✐B✉❡❧② ❞❡>❡@♠✐♥❡❞ ❜② µ✳ ◆♦✇ ✇❡
❝❤♦♦?❡ z ∈ Rd ❛♥❞ ❝♦♥?✐❞❡@

ψ (sz) = −1

2
s2 < z,Az > +is < γ, z >

+
Rd

ei<sz,x> − 1− i < sz, x > 1D (x) ν (dx) , s ∈ R;
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❛♣♣❧②✐♥❣ ❛❣❛✐♥ >❤❡ ❞♦♠✐♥❛>❡❞ ❝♦♥✈❡@❣❡♥❝❡ >❤❡♦@❡♠ ✇❡ ✐♥❢❡@

1

s2
ψ (sz) → −1

2
< z,Az > ❛? s → ∞.

❍❡♥❝❡ A ✐? ✉♥✐B✉❡❧② ❞❡>❡@♠✐♥❡❞ ❜② µ✳
▲❡> η (z) := ψ (z) + 1

2 < z,Az >, z ∈ Rd, ❛♥❞ C := [−1, 1]
d
✱ ❛ d✕❞✐♠❡♥?✐♦♥❛❧

❝✉❜❡ ♦❢ ?✐❞❡ 2✳ ❋♦@ ❛♥② z ∈ Rd ✇❡ ❤❛✈❡

2d

Rd

ei<z,x>

1−
d

j=1

sinxj

xj

 ν (dx) =
C

(η (z)− η (z + w)) dw. ✭✶✳✽✮

■♥❞❡❡❞✱ ✐❢ ✇❡ ✜① z ∈ Rd✱ >❤❡♥ ❢@♦♠ >❤❡ ❞❡✜♥✐>✐♦♥ ♦❢ η ✇❡ ❣❡>

η (z)− η (z + w) = −i < γ,w >

+
Rd

ei<z,x> − ei<z+w,x> + i < w, x > 1D (x) ν (dx)

❢♦@ ❛♥② w ∈ Rd✳ ❡ ❢✉@>❤❡@ ♥♦>❡ >❤❛>✱ ❜② ✭✶✳✻✮✱ ✐> @❡?✉❧>?

ei<z,x> − ei<z+w,x> + i < w, x > = ei<z,x> 1− ei<w,x> + i < w, x >

≤ ei<z,x> 1− ei<w,x> + i < w, x > + i < w, x > 1− ei<z,x>

≤ 1

2
|w|2 |x|2 + |w| |z| |x|2 , w ∈ Rd, |x| ≤ 1.

■> >❤❡♥ ❢♦❧❧♦✇? >❤❛>

ei<z,x> − ei<z+w,x> + i < w, x > 1D (x) ≤ 1

2
|w|2 |x|2 + |w| |z| |x|2 1D (x)

+ 2 1{|x|>1} (x) , w ∈ Rd, x ∈ R.

❚❤✉?✱ ❜② ❚♦♥❡❧❧✐✬? >❤❡♦@❡♠ >❤❡ ❢✉♥❝>✐♦♥

ei<z,x> − ei<z+w,x> + i < w, x > 1D (x) ∈ L1 Rd × C ,

✇❤❡@❡ ✐♥ Rd ×C ✇❡ ❝♦♥?✐❞❡@ >❤❡ ♣@♦❞✉❝> ♠❡❛?✉@❡ ν (dx)⊗ dw✳ ❆?
C
< γ,w >

dw = 0✱ ❋✉❜✐♥✐✬? >❤❡♦@❡♠ ❛♣♣❧✐❡? ❛♥❞ ✇❡ ❣❡>

C

(η (z)− η (z + w)) dw =
Rd C

ei<z,x> − ei<z+w,x>

+ i < w, x > 1D (x) dw ν (dx)

=
Rd

ei<z,x>

C

1− ei<w,x> dw ν (dx)

= 2d

Rd

ei<z,x>

1−
d

j=1

sinxj

xj

 ν (dx) ,

✇❤❡@❡ ✐♥ >❤❡ ❧❛?> ❡B✉❛❧✐>② ✇❡ ❤❛✈❡ ✉?❡❞ >❤❛> |C| = 2d ❛♥❞

ei(w1x1+...+wdxd) = (cosw1x1 + i sinw1x1) ... (coswdxd + i sinwdxd) ,
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❤❡♥❝❡

C

1− ei<w,x> dw = 2d −
d

j=i [−1,1]

(coswjxj + i sinwjxj) dwj

= 2d −
d

j=1

2
sinxj

xj
= 2d

1−
d

j=1

sinxj

xj

 .

■> ❤❛? ❜❡❡♥ ♣♦??✐❜❧❡ >♦ ✉?❡ ❋✉❜✐♥✐✬? ❛♥❞ ❚♦♥❡❧❧✐✬? >❤❡♦@❡♠? >❤❛♥❦? >♦ >❤❡ σ✕
✜♥✐>❡♥❡?? ♦❢ ν✱ ✇❤✐❝❤ ✐? ❛??✉@❡❞ ❜② ▲❡♠♠❛ ✶✳✶✳ ❆> >❤✐? ♣♦✐♥> ✇❡ ❞❡✜♥❡

ρ (dx) := 2d

1−
d

j=1

sinxj

xj

 ν (dx) ;

?✐♥❝❡
d
j=1

sin xj

xj
= 1 − |x|2

6 + o |x|3 ❢♦@ x → 0✱ >❤❡♥ ρ ✐? ❛ ✜♥✐>❡ ♠❡❛?✉@❡ ♦♥

Rd ✇✐>❤ ❋♦✉@✐❡@ >@❛♥?❢♦@♠ ❣✐✈❡♥ ❜②

ρ (z) =
Rd

ei<z,x> ρ (dx) =
C

(η (z)− η (z + w)) dw, z ∈ Rd.

❆? ✐♥ >❤❡ ❝❛?❡ ♦❢ >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝ ❢✉♥❝>✐♦♥? ❢♦@ ❞✐?>@✐❜✉>✐♦♥?✱ ❛ ✜♥✐>❡ ❇♦@❡❧
♠❡❛?✉@❡ ✐? ?♦❧❡❧② ✐♥❞✐❝❛>❡❞ ❜② ✐>? ❋♦✉@✐❡@ >@❛♥?❢♦@♠✳ ❚❤❡@❡❢♦@❡ ρ ✭❛♥❞ ρ✱ ❛?
✇❡❧❧✮ ✐? ✉♥✐B✉❡❧② ❞❡>❡@♠✐♥❡❞ ❜② η✱ ❛♥❞ ?♦ ❜② µ✳ ❘❡❝❛❧❧✐♥❣ >❤❛> ν ({0}) = 0 ❛♥❞
>❤❡ ❞❡♥?✐>② ♦❢ ρ ✐? ?>@✐❝>❧② ♣♦?✐>✐✈❡ ✐♥ Rd \ {0}✱ ✇❡ ❝❛♥ ❛✣@♠ >❤❛> ν ❞❡♣❡♥❞?
♦♥❧② ♦♥ µ✳

❙✐♥❝❡ ✇❡ ❝❛♥ ♦❜>❛✐♥ γ ❢@♦♠ >❤❡ ❡①♣@❡??✐♦♥ ♦❢ ψ ❛? ❛ ❢✉♥❝>✐♦♥ ♦❢ A ❛♥❞ ν
❜② ✭✶✳✼✮✱ >❤❡ ♣@♦♦❢ ✐? ❝♦♠♣❧❡>❡✳

❘❡♠❛E❦ ✶✳✸✳ ■> ✐? ♥♦> ♥❡❝❡??❛@② >♦ >❛❦❡ 1D (·) >♦ ❤❛✈❡ ✐♥>❡❣@❛❜✐❧✐>② ✐♥ ✭✶✳✺✮✳
❚❤❡ ♥❡①> ❡①❛♠♣❧❡? ?❤♦✇ >✇♦ ♣♦??✐❜❧❡ ❛❧>❡@♥❛>✐✈❡? ❢♦@ ?✉❝❤ ❢✉♥❝>✐♦♥✳

❊①❛♠♣❧❡ ✶✳✹✳ ▲❡> c : Rd → R ❜❡ ❛ ❜♦✉♥❞❡❞ ❢✉♥❝>✐♦♥ ?✉❝❤ >❤❛>

c (x) = 1 + o (|x| , |x| → 0) ✱ c (x) = O 1
|x| , |x| → ∞ ✳

■♥ >❤✐? ✇❛② ❢♦@ ❡✈❡@② z ∈ Rd ✇❡ @❡?>♦@❡

ei<z,x> − 1− i < z, x > c (x) ≤ |z| o |x|2 , |x| → 0 +
1

2
|z|2 |x|2 , x ∈ Rd

❛♥❞

ei<z,x> − 1− i < z, x > c (x) ≤ 2 + |< z, x >|O 1

|x| , |x| → ∞ , x ∈ Rd.

■♥ >❤✐? ?❡>>✐♥❣✱ @❡❝❛❧❧✐♥❣ >❤❛> c ✐? ❜♦✉♥❞❡❞ ✇❡ ❝❛♥ ❞❡✜♥❡

γc := γ +
Rd

x (c (x)− 1D (x)) ν (dx) ❝♦♠♣♦♥❡♥>✇✐?❡,

?♦ >❤❛> >❤❡ ▲E✈②✕❑✐♥>❝❤✐♥❡ ❢♦@♠✉❧❛ ✭✶✳✺✮ ❜❡❝♦♠❡?

µ (z) = exp − 1

2
< z,Az > +i < γc, z >

+
Rd

ei<z,x> − 1− i < z, x > c (x) ν (dx) , z ∈ Rd. ✭✶✳✾✮

◆♦>❡ >❤❛> ♦♥❧② γc ❞❡♣❡♥❞? ♦♥ >❤❡ ❝❤♦✐❝❡ ♦❢ c✿ ♥❡✐>❤❡@ A ♥♦@ ν ❞♦❡?✳ ///
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❊①❛♠♣❧❡ ✶✳✺✳ ▲❡> h : Rd → Rd ❜❡ ❜♦✉♥❞❡❞✱ ✇✐>❤ h (x) = x ✐♥ ❛ ♥❡✐❣❤❜♦@✲
❤♦♦❞ ♦❢ 0✳ ▲❛>❡@ ♦♥✱ ✇❡ ✇✐❧❧ ❝❛❧❧ ?✉❝❤ ❛♣♣❧✐❝❛>✐♦♥? MO✉♥❝❛M✐♦♥ ❢✉♥❝M✐♦♥N ✭?❡❡
❉❡✜♥✐>✐♦♥ ✶✳✶✷✮✳ ■> ✐? ✐♠♠❡❞✐❛>❡ >♦ ?❤♦✇✱ ❢♦@ ❛♥② z ∈ Rd✱ >❤❡ ❢♦❧❧♦✇✐♥❣✿

ei<z,x> − 1− i < z, h (x) > ≤ 1

2
|z|2 |x|2

✐♥ ❛ ♥❡✐❣❤❜♦@❤♦♦❞ ♦❢ 0 ❛♥❞

ei<z,x> − 1− i < z, h (x) > ≤ 2 + C |z| , x ∈ Rd,

❢♦@ ?♦♠❡ ♣♦?✐>✐✈❡ ❝♦♥?>❛♥> C ?✉❝❤ >❤❛> h ≤ C ✐♥ Rd✳ ■❢ ✇❡ ♣✉>

γh := γ +
Rd

(h (x)− x1D (x)) ν (dx) ❝♦♠♣♦♥❡♥>✇✐?❡,

>❤❡♥ >❤❡ ▲E✈②✕❑✐♥>❝❤✐♥❡ ❢♦@♠✉❧❛ ✭✶✳✺✮ ❜❡❝♦♠❡?

µ (z) = exp − 1

2
< z,Az > +i < γh, z >

+
Rd

ei<z,x> − 1− i < z, h (x) > ν (dx) , z ∈ Rd. ✭✶✳✶✵✮

❖♥❝❡ ❛❣❛✐♥✱ ♦♥❧② γh ❞❡♣❡♥❞? ♦♥ >❤❡ ❝❤♦✐❝❡ ♦❢ >❤❡ >@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥✳ ///

❡ ♥♦✇ ✇❛♥> >♦ ❡①>❡♥❞✱ ✐♥ ?♦♠❡ ?❡♥?❡✱ >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝ ❢✉♥❝>✐♦♥ ✭❛♥❞
❡①♣♦♥❡♥>✮ ♦❢ ❛♥ ✐♥✜♥✐>❡❧② ❞✐✈✐?✐❜❧❡ ❞✐?>@✐❜✉>✐♦♥ >♦ ❛ ?✉❜?❡> ♦❢ Cd✳

❉❡✜♥✐A✐♦♥ ✶✳✻✳ ▲❡> g ❜❡ ❛ ♠❡❛?✉@❛❜❧❡✱ ♥♦♥♥❡❣❛>✐✈❡ ❢✉♥❝>✐♦♥ ♦♥ A ∈ B Rd ✳
❚❤❡ g✕♠♦♠❡♥> ♦❢ ❛ ♠❡❛?✉@❡ ν ♦♥ A ✐?

A
g (x) ν (dx)✳

❚❤❡ g✕♠♦♠❡♥> ♦❢ ❛ @❛♥❞♦♠ ✈❛@✐❛❜❧❡X ♦♥ Rd ✐? E [g(X)] = Rd g (x)PX(dx) ✳

❉❡✜♥✐A✐♦♥ ✶✳✼✳ ❆ ❢✉♥❝>✐♦♥ g ♦♥ Rd ✐? ?❛✐❞ N✉❜♠✉❧M✐♣❧✐❝❛M✐✈❡ ✐❢ ✐> ✐? ♥♦♥♥❡❣❛>✐✈❡
❛♥❞ >❤❡@❡ ❡①✐?>? ❛ ❝♦♥?>❛♥> a > 0 ?✉❝❤ >❤❛>

g (x+ y) ≤ a g (x) g (y) , x, y ∈ Rd.

❡ ❧❛@❣❡❧② ✉?❡ >❤❡?❡ ?✉❜♠✉❧>✐♣❧❝❛>✐✈❡ ❢✉♥❝>✐♦♥?✿

|x| ∨ 1✱ exp |x|β ❢♦@ ❛♥② 0 < β ≤ 1✱ exp (< c, x >) ❢♦@ ?♦♠❡ c ∈ Rd✳

❖❜✈✐♦✉?❧②✱ >❤❡ ♣@♦❞✉❝> ♦❢ >✇♦ ?✉❜♠✉❧>✐♣❧✐❝❛>✐✈❡ ❢✉♥❝>✐♦♥? ✐? ?✉❜♠✉❧>✐♣❧✐❝❛>✐✈❡✱
❛? ✇❡❧❧✳

❆ ♣@♦♣❡@>② P @❡❧❛>❡❞ >♦ ❛ ❞✐?>@✐❜✉>✐♦♥ ♦♥ Rd ✐? ?❛✐❞ ❛ M✐♠❡ ✐♥❞❡♣❡♥❞❡♥M
❞✐NMO✐❜✉M✐♦♥❛❧ ♣O♦♣❡OM② ✐♥ >❤❡ ❝❧❛?? ♦❢ ▲E✈② ♣@♦❝❡??❡? ✐❢✱ ❣✐✈❡♥ ❛ ▲E✈② ♣@♦❝❡??
X = {Xt}t✱ >❤❡ ❢♦❧❧♦✇✐♥❣ ❡B✉✐✈❛❧❡♥❝❡ ❤♦❧❞?✿

PXt
❤❛? P ❢♦@ ?♦♠❡ t > 0 ⇐⇒ PXt

❤❛? P ❢♦@ ❡✈❡@② t > 0.

❚❤❡ ♥❡①> @❡?✉❧> ✐? >❤❡ ❚❤❡♦@❡♠ 25.3 ✐♥ ✷✼✳

❚❤❡♦E❡♠ ✶✳✸✳ ▲❡M g ❜❡ ❛ ♠❡❛N✉O❛❜❧❡✱ N✉❜♠✉❧M✐♣❧✐❝❛M✐✈❡ ❛♥❞ ❧♦❝❛❧❧② ❜♦✉♥❞❡❞
❢✉♥❝M✐♦♥ ♦♥ Rd✳ ❚❤❡♥ M❤❡ ✜♥✐M❡♥❡NN ♦❢ M❤❡ g✕♠♦♠❡♥M ✐N ❛ >✐♠❡ ✐♥❞❡♣❡♥❞❡♥>
❞✐?>@✐❜✉>✐♦♥❛❧ ♣@♦♣❡@>② ✐♥ M❤❡ ❝❧❛NN ♦❢ ▲Q✈② ♣O♦❝❡NN❡N✳ ▼♦O❡♦✈❡O✱ ✐❢ X = {Xt}t
✐N ❛ ▲Q✈② ♣O♦❝❡NN ♦♥ Rd ✇✐M❤ ❣❡♥❡O❛M✐♥❣ MO✐♣❧❡M (A, ν, γ)✱ M❤❡♥ Xt ❤❛N ✜♥✐M❡ g✕
♠♦♠❡♥M ❢♦O ❡✈❡O② t > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ν |x|>1

❤❛N ✜♥✐M❡ g✕♠♦♠❡♥M✳
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❚❤✉?✱ E [g (Xt)] < ∞ ❢♦@ ❡✈❡@② t > 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ |x|>1
g (x) ν (dx) < ∞✳

▲❡> ✉? >❛❦❡ ✐♥>♦ ❛❝❝♦✉♥> ❛ ▲E✈② ♣@♦❝❡?? X = {Xt}t ♦♥ Rd ✇✐>❤ ❣❡♥❡@✲
❛>✐♥❣ >@✐♣❧❡> (A, ν, γ) ❛♥❞ ❞❡✜♥❡ ❢♦@ c ∈ Rd >❤❡ ?✉❜♠✉❧>✐♣❧✐❝❛>✐✈❡ ❢✉♥❝>✐♦♥
gc (x) := exp (< c, x >) , x ∈ Rd✱ ✇❤✐❝❤ ✐? ❝♦♥>✐♥✉♦✉?✱ ❤❡♥❝❡ ❧♦❝❛❧❧② ❜♦✉♥❞❡❞
❛♥❞ ♠❡❛?✉@❛❜❧❡✳ ●✐✈❡♥ u,w ∈ Cd✱ ✇❡ ❝♦♥?✐❞❡@

< u,w >:=

d

j=1

ujwj ,

?♦ ✐> ✐? ♥♦> >❤❡ ❤❡@♠✐>✐❛♥ ✐♥♥❡@ ♣@♦❞✉❝>✳ ❡ ✐♥>@♦❞✉❝❡ >❤❡ ❢♦❧❧♦✇✐♥❣ ?❡>✿

C := c ∈ Rd :
|x|>1

e<c,x> ν (dx) < ∞ .

❖❢ ❝♦✉@?❡ 0 ∈ C✱ ♠♦@❡♦✈❡@ C ✐? ❝♦♥✈❡①✳ ■♥❞❡❡❞✱ ❧❡>>✐♥❣ c1, c2 ∈ C ❛♥❞ t ∈ (0, 1)✱
✇❡ ❝♦♠♣✉>❡

|x|>1

e<c1t+(1−t)c2,x> ν (dx) =
|x|>1

et<c1,x>e(1−t)<c2,x> ν (dx)

≤
|x|>1

e<c1,x> ν (dx)

t

|x|>1

e<c2,x> ν (dx)

1−t

< ∞,

✇❤❡@❡ ✐♥ >❤❡ ❧❛?> ♣❛??❛❣❡ ✇❡ ❤❛✈❡ ✉?❡❞ ❍♦❧❞❡@✬? ✐♥❡B✉❛❧✐>②✳ ❚❤❡♦@❡♠ ✶✳✸ ?>❛>❡?
>❤❛> c ∈ C ⇔ E e<c,Xt> < ∞ ❢♦@ ?♦♠❡ t > 0 ✭❡B✉✐✈❛❧❡♥>❧②✱ ❢♦@ ❛♥② t > 0✮✳ ❆>

>❤✐? ♣♦✐♥> ✇❡ ?❡> >❤❡ ❢✉♥❝>✐♦♥ Ψ : D → C ❛? ❢♦❧❧♦✇?✿

Ψ(w) :=
1

2
<w,Aw > + <γ,w>

+
Rd

e<w,x> − 1− <w, x>1D (x) ν (dx) , w ∈ D, ✭✶✳✶✶✮

✇❤❡@❡ D := w ∈ Cd : Re (w) ∈ C ✳ ❡ ✐♠♠❡❞✐❛>❡❧② ♥♦>❡ >❤❛> iz ∈ D ❢♦@ ❛♥②

z ∈ Rd✳ ■♥ ♦@❞❡@ >♦ ?❤♦✇ >❤❛> >❤❡ ✐♥>❡❣@❛❧ ✐♥ ✭✶✳✶✶✮ ✐? ✇❡❧❧ ♣♦?❡❞✱ ✇❡ ✜① w ∈ D
❛♥❞ ?>❛@> ♦✛ ❜② ❝♦♥?✐❞❡@✐♥❣ x ∈ D❀ ❜② ✭✶✳✻✮ ✇❡ ❣❡>

e<w,x> − 1− < w, x >1D (x) = e<Re(w),x>ei<Im(w),x>− 1−< w, x >

= 1+ < Re (w) , x > +
1

2
< Re (w) , x >2 +O |x|2 , |x| → 0

1 + i < Im (w) , x > +
1

2
θ < Im (w) , x >2 − 1− < w, x > ,

✇❤❡@❡ θ ∈ C ✐? ♣@♦✈✐❞❡❞✳ ❙♦ |e<w,x> − 1− < w, x > 1D (x)| = O |x|2 , |x| → 0 ✳

❆? ❢❛@ ❛? >❤❡ ❝❛?❡ |x| > 1 ✐? ❝♦♥❝❡@♥❡❞✱ @❡❝❛❧❧✐♥❣ >❤❛>Re (w) ∈ C ✇❡ ✐♠♠❡❞✐❛>❡❧②
❤❛✈❡

|x|>1

e<w,x> ν (dx) =
|x|>1

e<Re(w),x> ν (dx) < ∞.

❚❤❡@❡❢♦@❡ >❤❡ ❢✉♥❝>✐♦♥ Ψ ✐? ❛❝>✉❛❧❧② ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ D ❛♥❞ ✇❡ ❛❧?♦ ❤❛✈❡

E e<w,Xt> = E e<Re(w),Xt> < ∞ ❢♦@ ❛♥② w ∈ D, t ≥ 0.
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❚❤❡♦@❡♠ 25.17 ✐♥ ✷✼ ❛✣@♠? >❤❛>

E e<w,Xt> = etΨ(w) ❢♦@ ❛♥② w ∈ D, t ≥ 0. ✭✶✳✶✷✮

❍❡♥❝❡❢♦@>❤✱ ✇❡ ❝❛❧❧ Ψ >❤❡ ❝✉♠✉❧❛♥M ❢✉♥❝M✐♦♥ ♦❢ >❤❡ ▲E✈② ♣@♦❝❡?? X✳ ■♥ ♣❛@>✐❝✲
✉❧❛@✱ ❢@♦♠ >❤❡ ❞❡✜♥✐>✐♦♥ ✭✶✳✶✶✮ ♦❢ Ψ ✇❡ ♥♦>✐❝❡ >❤❛>

Ψ(iz) = ψ (z) , z ∈ Rd.

■♥ >❤✐? ?❡♥?❡ Ψ ❡①>❡♥❞? ψ >♦ ❛ ?✉❜?❡> ♦❢ Cd✳

❘❡♠❛E❦ ✶✳✹✳ ✐>❤ ❛ ?✐♠✐❧❛@ @❡❛?♦♥✐♥❣ >♦ >❤❛> ♦❢ ❘❡♠❛@❦ ✶✳✸✱ ✇❡ ❝❛♥ ?✉❜?>✐>✉>❡
>❤❡ ❢✉♥❝>✐♦♥ 1D (·) ✐♥ ✭✶✳✶✶✮✳ ❋♦@ ❡①❛♠♣❧❡✱ ✐❢ ✇❡ >❛❦❡ ❛ >@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥ h

✭?❡❡ ❉❡✜♥✐>✐♦♥ ✶✳✶✷✮✱ >❤❡♥ Ψ = Ψh ✐♥ D✱ ✇❤❡@❡

Ψh (w) :=
1

2
<w,Aw > + <γh, w>

+
Rd

e<w,x> − 1− <w, h (x)> ν (dx) , w ∈ D

❛♥❞ γh ✐? ❞❡✜♥❡❞ ❛? ✐♥ ❊①❛♠♣❧❡ ✶✳✺✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✇✐❧❧ ❜❡ ❝@✉❝✐❛❧ ✐♥ ❞❡✈❡❧♦♣✐♥❣ >❤❡ ❊NN❝❤❡O ♠❡❛N✉O❡✳

❊①❛♠♣❧❡ ✶✳✻✳ ▲❡> X = {Xt}t ❜❡ ❛ R✕✈❛❧✉❡❞ ▲E✈② ♣@♦❝❡?? ❞❡✜♥❡❞ ♦♥ ❛ ♣@♦❜✲
❛❜✐❧✐>② ?♣❛❝❡ (Ω,F , P )✱ Ψ ❜❡ ✐>? ❝✉♠✉❧❛♥> ❢✉♥❝>✐♦♥ ❛♥❞ θ ∈ R ❜❡ ?✉❝❤ >❤❛>
E [exp (θXt)] < ∞ ❢♦@ ?♦♠❡ t > 0 ✭❡B✉✐✈❛❧❡♥>❧②✱ ❢♦@ ❛♥② t > 0✮✳ ❚❤❡♥ ✇❡
❝♦♥?✐❞❡@ >❤❡ ♣@♦❝❡?? M = {Mt}t✱ ✇❤❡@❡

Mt := eθXt−tΨ(θ), t ≥ 0.

❡ ♥♦>❡ >❤❛>M ✐? ✐♥>❡❣@❛❜❧❡✱ ❜② ❛??✉♠♣>✐♦♥ ❛♥❞ >❤❡ ❢❛❝> >❤❛> tΨ(θ) ✐? ❝♦♥?>❛♥>
✐♥ Ω ❢♦@ ❡✈❡@② t ≥ 0✳ ▲❡> ✉? ♥♦✇ ❝♦♥?>@✉❝> >❤❡ ♠✐♥✐♠❛❧ ❛✉❣♠❡♥>❡❞ ✜❧>@❛>✐♦♥
F = (Ft)t≥0 ♦❢ X✱ ✐✳❡✳✱ Ft = σ N F0

t ❢♦@ ❛♥② t ≥ 0✱ ✇❤❡@❡ F0
t t

✐? >❤❡
♥❛>✉@❛❧ ✜❧>@❛>✐♦♥ ♦❢ >❤❡ ♣@♦❝❡?? ❛♥❞ N ✐? >❤❡ ❝♦❧❧❡❝>✐♦♥ ♦❢ F✕♥❡❣❧✐❣✐❜❧❡ ?❡>?❀
♦❜✈✐♦✉?❧②✱ M ✐? F✕❛❞❛♣>❡❞✳ ■❢ ✇❡ ✜① t > s ≥ 0✱ >❤❡♥ ✉?✐♥❣ ✭✶✳✶✷✮ ❛♥❞ >❤❡
♣@♦♣❡@>✐❡? ♦❢ >❤❡ ✐♥❝@❡♠❡♥>? ✇❡ @❡❛❞✐❧② ♦❜>❛✐♥

E [Mt|Fs] = E eθXt−tΨ(θ) Fs
a.s.
= eθXs−sΨ(θ)E eθ(Xt−Xs) Fs e−(t−s)Ψ(θ)

a.s.
= Ms E eθXt−s e−(t−s)Ψ(θ) = Ms.

❚❤✉?✱ M ✐? ❛ ♠❛@>✐♥❣❛❧❡ ✇✐>❤ ♠❡❛♥ 1✳
❚❤❡ ❡①>❡♥?✐♦♥ ♦❢ >❤✐? ♣@♦♣❡@>② >♦ >❤❡ d✕❞✐♠❡♥?✐♦♥❛❧ ❝❛?❡ ✐? ?>@❛✐❣❤>❢♦@✇❛@❞✳

■♥❞❡❡❞✱ ✐❢ ✇❡ ❝♦♥?✐❞❡@ θ ∈ C ✭⇒ E e<θ,Xt> < ∞ ❢♦@ ❡✈❡@② t > 0✮✱ >❤❡♥ >❤❡
♣@♦❝❡?? M = {Mt}t ❞❡✜♥❡❞ ❜②

Mt := e<θ,Xt>−tΨ(θ), t ≥ 0

✐? ❛ ♠❛@>✐♥❣❛❧❡ ✇✐>❤ ❡①♣❡❝>❛>✐♦♥ 1✿

E [Mt|Fs] = E e<θ,Xt>−tΨ(θ) Fs

a.s.
= e<θ,Xs>−sΨ(θ)E e<θ,Xt−Xs> Fs e−(t−s)Ψ(θ)

a.s.
= Ms E e<θ,Xt−s> e−(t−s)Ψ(θ) = Ms.
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❉❡✜♥✐A✐♦♥ ✶✳✽✳ ❋✐① T > 0 ❛♥❞ ❧❡> θ ∈ C✳ ❚❤❡ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡ P θ ♦♥ FT ✱

✇✐>❤ P θ ∼ P ♦♥ FT ✱ ❞❡✜♥❡❞ ❜② dP θ

dP
:= MT ✐? ❝❛❧❧❡❞ >❤❡ ❊NN❝❤❡O MO❛♥N❢♦O♠ ♦❢

P ✇✐>❤ @❡?♣❡❝> >♦ θ✳

❚❤❡ ❞❡♥?✐>② ♣@♦❝❡?? ✐? ❣✐✈❡♥ ❜②
dP θ

Ft

dP
Ft

= Mt, t ∈ [0, T ]✳ ///

✶✳✸ ▲A✈②✕■># ❉❡❝♦♠♣♦?✐>✐♦♥

■♥ >❤✐? ?❡❝>✐♦♥ ✇❡ ✐♥>@♦❞✉❝❡ ❛♥❞ ❞✐?❝✉?? ♦♥❡ ♦❢ >❤❡ ♠♦?> ✐♠♣♦@>❛♥> >❤❡♦@❡♠
✐♥ >❤❡ >❤❡♦@② ♦❢ ▲E✈② ♣@♦❝❡??❡?✿ >❤❡ ▲Q✈②✕■M# ❞❡❝♦♠♣♦N✐M✐♦♥ ♦❢ N❛♠♣❧❡ ♣❛M❤N✱ ✐♥
>❤❡ ❢♦@♠✉❧❛>✐♦♥ ?✉❣❣❡?>❡❞ ❜② ❑✳✕■✳ ❙❛>♦ ✐♥ ✷✼✳ ❡ ?>❛@> ♦✛ ❜② ♣@❡?❡♥>✐♥❣ >❤❡
♥❡①>

❉❡✜♥✐A✐♦♥ ✶✳✾✳ ▲❡> (Θ,B, ρ) ❜❡ ❛ σ✕✜♥✐>❡ ♠❡❛?✉@❡ ?♣❛❝❡✳ ❆ ❢❛♠✐❧② ♦❢ N✕✈❛❧✉❡❞
@❛♥❞♦♠ ✈❛@✐❛❜❧❡? {N (B) , B ∈ B} ❞❡✜♥❡❞ ♦♥ ❛ ♣@♦❜❛❜✐❧✐>② ?♣❛❝❡ (Ω,F , P ) ✐?
?❛✐❞ ❛ ^♦✐NN♦♥ O❛♥❞♦♠ ♠❡❛N✉O❡ ✇✐M❤ ✐♥M❡♥N✐M② ρ ✐❢ >❤❡ ❢♦❧❧♦✇✐♥❣ ♣@♦♣❡@>✐❡? ❤♦❧❞✿

✐✳ ❢♦@ ❡✈❡@② B ∈ B, N (B) ✐? ❛ g♦✐??♦♥ @❛♥❞♦♠ ✈❛@✐❛❜❧❡ ✇✐>❤ ♠❡❛♥ ρ (B)❀

✐✐✳ ✐❢ B1, ..., Bn ∈ B ❛@❡ ❞✐?❥♦✐♥>✱ >❤❡♥ N (B1) , ..., N (Bn) ❛@❡ ✐♥❞❡♣❡♥❞❡♥>❀

✐✐✐✳ ❢♦@ ❛♥② ω ∈ Ω, N (·, ω) ✐? ❛ ♠❡❛?✉@❡ ♦♥ Θ✳

▼♦@❡♦✈❡@✱ ✇❡ ❞❡♥♦>❡ ❜② Da,b := x ∈ Rd : a < |x| ≤ b ❛♥❞ H := (0,∞) ×
D0,∞ = (0,∞)× Rd \ {0} ✱ ✇❤✐❝❤ ✇❡ ❡♥❞♦✇ ✇✐>❤ >❤❡ ♣@♦❞✉❝> σ✕❛❧❣❡❜@❛ H :=
B (0,∞)⊗ B (D0,∞)✳

❚❤❡♦E❡♠ ✶✳✹ ✭✷✼✱ ❚❤❡♦@❡♠ 19.2✮✳ ▲❡M X = {Xt}t ❜❡ ❛♥ ❛❞❞✐M✐✈❡ ♣O♦❝❡NN ♦♥
Rd ❞❡✜♥❡❞ ♦♥ ❛ ♣O♦❜❛❜✐❧✐M② N♣❛❝❡ (Ω,F , P ) ✇✐M❤ N②NM❡♠ ♦❢ ❣❡♥❡O❛M✐♥❣ MO✐♣❧❡MN
{(At, νt, γt)}t✳ ❉❡✜♥❡ M❤❡ ♠❡❛N✉O❡ ν ♦♥ (H,H) ❜②

ν (0, t]×B := νt B , ❢♦O ❛♥② B ∈ B (D0,∞) , t > 0.

❋♦O ❡✈❡O② B ∈ H ✇❡ N❡M

J (B,ω) := # s ∈ R+ : (s,Xs (ω)−Xs− (ω)) ∈ B , ω ∈ Ω.

❚❤❡♥✿

❛✳ {J (B) , B ∈ H} ✐N ❛ ^♦✐NN♦♥ O❛♥❞♦♠ ♠❡❛N✉O❡ ♦♥ H ✇✐M❤ ✐♥M❡♥N✐M② ν❀

❜✳ M❤❡O❡ ❡①✐NMN Ω1 ∈ F ✱ ✇✐M❤ P (Ω1) = 1✱ N✉❝❤ M❤❛M ❢♦O ❛♥② ω ∈ Ω1

X1
t (ω) := lim

→0+ (0,t]×D ,1

(xJ (d (s, x) , ω)− xν (d (s, x)))

+
(0,t]×D1,∞

xJ (d (s, x) , ω)

✐N ❞❡✜♥❡❞ ❢♦O ❛❧❧ t ∈ [0,∞) ❛♥❞ M❤❡ ❝♦♥✈❡O❣❡♥❝❡ ✐N ✉♥✐❢♦O♠ ✐♥ t ♦♥ ❛♥②
❜♦✉♥❞❡❞ ✐♥M❡O✈❛❧✳ ❚❤❡ ♣O♦❝❡NN X1 = X1

t t
✐N ❛❞❞✐M✐✈❡ ♦♥ Rd ✇✐M❤ N②NM❡♠

♦❢ ❣❡♥❡O❛M✐♥❣ MO✐♣❧❡MN {(0, νt, 0)}t❀
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❝✳ ❞❡✜♥❡ X2 := X −X1 ✐♥ Ω1✳ ❚❤❡O❡ ❡①✐NMN Ω2 ∈ F ✱ ✇✐M❤ P (Ω2) = 1✱ N✉❝❤
M❤❛M X2

t (ω) ✐N ❝♦♥M✐♥✉♦✉N ✐♥ t ❢♦O ❛♥② ω ∈ Ω2✳ ❚❤❡ ♣O♦❝❡NN X2 = X2
t t

✐N ❛❞❞✐M✐✈❡ ♦♥ Rd ✇✐M❤ N②NM❡♠ ♦❢ ❣❡♥❡O❛M✐♥❣ MO✐♣❧❡MN {(At, 0, γt)}t❀
❞✳ M❤❡ ♣O♦❝❡NN❡N X1 ❛♥❞ X2 ❛O❡ ✐♥❞❡♣❡♥❞❡♥M✳

❡ ❝❛❧❧ lim →0+ (0,t]×D ,1
(xJ (d (s, x) , ω)− xν (d (s, x))) >❤❡ ❝♦♠♣❡♥N❛M❡❞

N✉♠ ♦❢ ❥✉♠♣N ♦❢ >❤❡ ♣@♦❝❡?? X✳
❡ ♥♦✇ ❞✐?❝✉?? >❤❡ ♣@❡✈✐♦✉? >❤❡♦@❡♠ ❛? ❢❛@ ❛? ❛ ▲E✈② ♣@♦❝❡?? X = {Xt}t

✇✐>❤ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> (A, ν, γ) ✐? ❝♦♥❝❡@♥❡❞✳ ❇② ❚❤❡♦@❡♠ ✶✳✶ ✐>? ?②?>❡♠ ♦❢ ❣❡♥✲
❡@❛>✐♥❣ >@✐♣❧❡>? ✐? {(tA, tν, tγ)}t ❛♥❞ >❤❡ ♠❡❛?✉@❡ ν ?✐♠♣❧✐✜❡? >♦ ν = dt

(0,∞)
⊗

ν Rd\{0}✳ ❚❤✐? ✐♠♣❧✐❡? >❤❛> Xi = Xi
t t

✱ ❢♦@ i = 1, 2✱ ❛@❡ ▲E✈② ♣@♦❝❡??❡?✱ ❛?

✇❡❧❧✳ ■♥ ❢❛❝>✱ ❝♦♥?✐❞❡@✐♥❣ ❛ ❣❡♥❡@✐❝ ❛❞❞✐>✐✈❡ ♣@♦❝❡?? Y = {Yt}t ✇✐>❤ ?②?>❡♠ ♦❢
❣❡♥❡@❛>✐♥❣ >@✐♣❧❡>? {(At, νt, γt)}t = {(tA, tν, tγ)}t✱ ❢♦@ ❛♥② ❝❤♦✐❝❡ 0 ≤ s < t ✇❡
❤❛✈❡ >❤❛> Yt − Ys ✐? ✐♥❞❡♣❡♥❞❡♥> ❢@♦♠ Ys ✱ ❤❡♥❝❡

PYt = PYt−Ys+Ys = PYt−YsPYs .

❙✐♥❝❡ PYs (z) = 0 ❢♦@ ❡✈❡@② z ∈ Rd✱ ❜② ✭✶✳✺✮ ✇❡ ❝❛♥ ❡❛?✐❧② ❣❡>

PYt−Ys (z) =
PYt (z)

PYs (z)
= exp − 1

2
(t− s) < z,Az > +i (t− s) < γ, z >

+ (t− s)
Rd

ei<z,x> − 1− i < x, z > 1D (x) ν (dx)

= PYt−s (z) , z ∈ Rd.

❚❤✉?✱ X ❝❛♥ ❜❡ ?❡❡♥ ❛? >❤❡ ?✉♠ ♦❢ >✇♦ ✐♥❞❡♣❡♥❞❡♥> ▲E✈② ♣@♦❝❡??❡?✱ ❛> ❧❡❛?>
✐♥ Ω2✳ ■♥ ♣❛@>✐❝✉❧❛@✱ X2

t ❤❛? >❤❡ ?❛♠❡ ❞✐?>@✐❜✉>✐♦♥ ❛? >❤❡ ❤♦♠♦❧♦❣♦✉? @❛♥❞♦♠
✈❛@✐❛❜❧❡ ♦❢ >❤❡ ?✉♠ ❜❡>✇❡❡♥ ❛ ❝♦♥?>❛♥> ❞@✐❢> ❛♥❞ ❛ ✐❡♥❡@ ♣@♦❝❡??✱ >❤❛> ✐?✱

X2
t

d
= γt+

√
AWt, t ≥ 0,

✇❤❡@❡W = {Wt}t ✐? ❛ ❇@♦✇♥✐❛♥ ♠♦>✐♦♥ ❛♥❞
√
A ✐? >❤❡ ✉♥✐B✉❡✱ ♣♦?✐>✐✈❡ ?❡♠✐❞❡❢✲

✐♥✐>❡ ?B✉❛@❡ @♦♦> ♦❢ >❤❡ ♠❛>@✐① A✳ ■♥❞❡❡❞✱ ✐> ✐? ❝❡@>❛✐♥❧② >@✉❡ >❤❛> Wt
d
=

√
tZ

❢♦@ ❡✈❡@② t ≥ 0✱ ✇❤❡@❡ Z ∼ N (0, Id)✳ ❍❡♥❝❡ ❞❡✜♥✐♥❣ Yt := γt+
√
AWt ❢♦@ t ≥ 0

✇❡ ❣❡>

Yt
d
= γt+

√
t
√
AZ ∼ N (tγ, tA) , t > 0

?♦ ✐>? ❝❤❛@❛❝>❡@✐?>✐❝ ❢✉♥❝>✐♦♥ ✐? ✇❡❧❧ ❦♥♦✇♥ ❛♥❞ ❣✐✈❡♥ ❜② >❤❡ ❢♦❧❧♦✇✐♥❣✿

E ei<z,Yt> = exp it < γ, z > −1

2
t < z,Az > , t > 0, z ∈ Rd.

❚❤✐? ✐♠♣❧✐❡? Yt
d
= X2

t ❢♦@ ❡✈❡@② t ≥ 0✱ ❛? @❡B✉❡?>❡❞✳ ❆❝>✉❛❧❧② ✇❡ ❝❛♥ ?>❛>❡
?♦♠❡>❤✐♥❣ ♠♦@❡✿ ?✐♥❝❡ Y = {Yt}t ✐? ❛ ▲E✈② ♣@♦❝❡?? ✇✐>❤ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡>
(A, 0, γ)✱ >❤❡ ?❛♠❡ ❛? X2✱ ❛❝❝♦@❞✐♥❣ >♦ ❚❤❡♦@❡♠ ✶✳✶ >❤❡ ♣@♦❝❡??❡? X2 ❛♥❞ Y
❛@❡ ✐❞❡♥>✐❝❛❧ ✐♥ ❧❛✇✳

■> ✐? ?❧✐❣❤>❧② ♠♦@❡ ❝♦♠♣❧✐❝❛>❡❞ >♦ ❛♥❛❧②③❡ >❤❡ ♣@♦❝❡?? X1✱ ?♣❡❝✐✜❝❛❧❧② >❤❡
>❡@♠ Nt :=

(0,t]×D1,∞
xJ (d (s, x) , ω) , t ≥ 0✳ ❖✉@ ✜♥❛❧ ❣♦❛❧ ✐? >♦ ♣@♦✈❡ >❤❛>

N = {Nt}t ✐? ❛ ❝♦♠♣♦✉♥❞ g♦✐??♦♥ ♣@♦❝❡??✳ ❡ ♥❡❡❞ >❤❡ ♥❡①> @❡?✉❧>✳
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QE♦♣♦C✐A✐♦♥ ✶✳✶ ✭✷✼✱ g@♦♣♦?✐>✐♦♥ 19.5✮✳ ▲❡M (Θ,B, ρ) ❜❡ ❛ ♠❡❛N✉O❡ N♣❛❝❡ ✇✐M❤
ρ (θ) < ∞ ❛♥❞ {N (B) , B ∈ B} ❜❡ ❛ ^♦✐NN♦♥ O❛♥❞♦♠ ♠❡❛N✉O❡ ✇✐M❤ ✐♥M❡♥N✐M② ρ✳
▲❡M φ : Θ → Rd ❜❡ ❛ ♠❡❛N✉O❛❜❧❡ ❢✉♥❝M✐♦♥✱ ❛♥❞ ❞❡✜♥❡

Y :=
Θ

φ (θ) N (dθ) ❝♦♠♣♦♥❡♥M✇✐N❡.

❚❤❡♥

E ei<z,Y > = exp
Θ

ei<z,φ(θ)> − 1 ρ (dθ) , z ∈ Rd. ✭✶✳✶✸✮

■♥ >❤❡ ?❛♠❡ ♥♦>❛>✐♦♥ ❛? >❤❡ ♣@♦♣♦?✐>✐♦♥✱ ✇❡ ❞❡✜♥❡ ♦♥ Θ >❤❡ ♣@♦❜❛❜✐❧✐>②
♠❡❛?✉@❡

P (dθ) :=
ρ (dθ)

ρ (Θ)
,

♦❜✈✐♦✉?❧② ❛??✉♠✐♥❣ >❤❛> ρ (Θ) > 0✳ ❉❡♥♦>✐♥❣ ❜② Pφ−1(dx) >❤❡ ♣✉?❤❢♦@✇❛@❞
❞✐?>@✐❜✉>✐♦♥ ♦♥ Rd ✭✐✳❡✳✱ Pφ−1 (B) := P φ−1 (B) ❢♦@ ❛♥② B ∈ B Rd ✮✱ ✇❡ ❝❛♥
@❡✇@✐>❡ ✭✶✳✶✸✮ ❛?

E ei<z,Y > = exp ρ (Θ)
Θ

ei<z,φ(θ)> P (dθ)− 1

= exp ρ (Θ)
Rd

ei<z,x> Pφ−1 (dx)− 1 , z ∈ Rd.

❙♦ ✐❢ ✇❡ ?✉♣♣♦?❡ >❤❛> Pφ−1 ({0}) = 0✱ ✇❡ ?❡❡ >❤❛> Y ❤❛? ❛ ❝♦♠♣♦✉♥❞ g♦✐??♦♥
❞✐?>@✐❜✉>✐♦♥ ✇✐>❤ ❝♦♥?>❛♥> ρ (Θ) ❛♥❞ ❞✐?>@✐❜✉>✐♦♥ Pφ−1 (dx)✳

▲❡> ✉? ❝♦♥?✐❞❡@ ❛❣❛✐♥ >❤❡ ♣@♦❝❡?? N ❛♥❞ ✜① t > 0✳ ❚❛❦✐♥❣ >❤❡ ?♣❛❝❡ Ht,1 :=
(0, t]×D1,∞ ✇✐>❤ ♠❡❛?✉@❡ ν

Ht,1
✱ ✐> @❡?✉❧>?

ν
Ht,1

(Ht,1) = tν (D1,∞) < ∞.

❙♦✱ ❜② >❤❡ ❛@❣✉♠❡♥> ❛❢>❡@ >❤❡ ♣@♦♣♦?✐>✐♦♥ ❛❜♦✈❡✱ ✐❢ ν (D1,∞) > 0 ✇❡ ❛@@✐✈❡ ❛>

E ei<z,Nt> = exp tν (D1,∞)
Rd

ei<z,x> ν

tν (D1,∞)
φ−1(dx)− 1 , z ∈ Rd

✇✐>❤ ν
tν(D1,∞) φ−1 (dx) ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣@❡??❡❞ ❛?

ν

tν (D1,∞)
φ−1 (B) =

0, ✐❢ B ⊂ D
ν(B∩D1,∞)
ν(D1,∞) , ♦>❤❡@✇✐?❡

, B ∈ B Rd ,

>❤❛> ✐?✱
ν

tν (D1,∞)
φ−1 (B) =

ν (B ∩D1,∞)

ν (D1,∞)
, B ∈ B Rd . ✭✶✳✶✹✮

❚❤✉?✱ ✇❡ ❝❛♥ ?❛② >❤❛> N ✐? ❛ ❝♦♠♣♦✉♥❞ g♦✐??♦♥ ♣@♦❝❡?? ✇✐>❤ ❝♦♥?>❛♥> ν (D1,∞)

❛♥❞ ❞✐?>@✐❜✉>✐♦♥ ν
tν(D1,∞) φ−1 (dx)✳

❋✐♥❛❧❧②✱ ✇❡ ❣✐✈❡ ❛ ❝❧❛??✐❝❛❧ ✐♥>❡@♣@❡>❛>✐♦♥ ♦❢ >❤❡ ▲E✈② ♠❡❛?✉@❡✳ ❋♦@ ❡✈❡@② t >
0, B ∈ B Rd \ {0} ✱ ✐> @❡?✉❧>? >❤❛> J ((0, t]×B) ✐? ❛ g♦✐??♦♥ @❛♥❞♦♠ ✈❛@✐❛❜❧❡
✇✐>❤ ♠❡❛♥ tν (B) ❛♥❞ ❝♦✉♥>? >❤❡ ♥✉♠❜❡@ ♦❢ ❥✉♠♣? ❜❡❢♦@❡ >✐♠❡ t ✇❤✐❝❤ ❧✐❡? ✐♥ >❤❡
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?❡> B✳ ❚❛❦✐♥❣ t = 1✱ ✐> ❢♦❧❧♦✇? ν (B) = E [J ((0, 1]×B)]✱ ?♦ >❤❡ ▲E✈② ♠❡❛?✉@❡ ♦❢
❛ ?❡> B ❝❛♥ ❜❡ >❤♦✉❣❤> ♦❢ ❛? >❤❡ ❡①♣❡❝>❡❞ ♥✉♠❜❡@ ♦❢ ❥✉♠♣? ♦❢ >❤❡ ▲E✈② ♣@♦❝❡??
✐♥ B ✐♥ >❤❡ ✉♥✐>❛@② >✐♠❡ ✐♥>❡@✈❛❧✳

❡ ❝♦♥❝❧✉❞❡ >❤✐? ?❡❝>✐♦♥ ✇✐>❤ ❛ @❡♠❛@❦ ✇❤✐❝❤ ♣❛✈❡? >❤❡ ✇❛② ❢♦@ >❤❡ ❣❡♥❡@✲
❛❧✐③❛>✐♦♥? ♦❢ >❤❡ ♥❡①> ?❡❝>✐♦♥✳

❘❡♠❛E❦ ✶✳✺✳ ❙♦ ❢❛@✱ ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ >❤❡ >❤❡♦@② ♦❢ ▲E✈② ♣@♦❝❡??❡? ✐♥ ❛
?✐♠♣❧❡ ♣@♦❜❛❜✐❧✐>② ?♣❛❝❡ (Ω,F , P )✱ ✇✐>❤♦✉> ❛ ✜❧>@❛>✐♦♥✳ ❍♦✇❡✈❡@✱ ✇❡ ❝❛♥ ❡♥❞♦✇
?✉❝❤ Ω ✇✐>❤ ❛ ✧♥✐❝❡✧ ✜❧>@❛>✐♦♥ ✐♥ ❛ ♥❛>✉@❛❧ ✇❛②✳ ▲❡> ✉? ❝♦♥?✐❞❡@ X = {Xt}t ❛
▲E✈② ♣@♦❝❡?? ♦♥ Ω❀ ✇❡ ❞❡♥♦>❡ ❜② F = (Ft)t >❤❡ ❛✉❣♠❡♥>❡❞ ✜❧>@❛>✐♦♥ ❣❡♥❡@❛>❡❞
❜② X✱ >❤❛> ✐?✱ Ft = σ F0

t N ❢♦@ ❡✈❡@② t ≥ 0✱ ✇❤❡@❡ F0
t t

✐? >❤❡ ♥❛>✉@❛❧
✜❧>@❛>✐♦♥ ♦❢ >❤❡ ♣@♦❝❡?? ❛♥❞ N >❤❡ ❝♦❧❧❡❝>✐♦♥ ♦❢ F✕♥❡❣❧✐❣✐❜❧❡ ?❡>?✳ ❆❝❝♦@❞✐♥❣
>♦ ✷✹✱ ❚❤❡♦@❡♠ 31✱ F ✐? @✐❣❤>✕❝♦♥>✐♥✉♦✉?✱ ?♦ ✐> ?❛>✐?✜❡? >❤❡ ✉?✉❛❧ ❤②♣♦>❤❡?✐?✱
❛? ✇❡❧❧✳ ❚❤✐♥❦✐♥❣ ♦❢ >❤❡ ▲E✈② ♣@♦❝❡?? X ♦♥ >❤❡ ?>♦❝❤❛?>✐❝ ❜❛?✐? (Ω,F , P ;F)✱ ✐>
♦❜✈✐♦✉?❧② @❡?✉❧>? >♦ ❜❡ ❛❞❛♣>❡❞ ❛♥❞ >❤❡ ❝♦♥❞✐>✐♦♥ ✭✐✳✮ ✐♥ ❉❡✜♥✐>✐♦♥ ✶✳✶ ❝❛♥ ❜❡
?✉❜?>✐>✉>❡❞ ❜② >❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿

✐✬✳ Xt −Xs ✐? ✐♥❞❡♣❡♥❞❡♥> ❢@♦♠ Fs ❢♦@ ❡✈❡@② 0 ≤ s < t✳

✶✳✹ ❈❤❛@❛❝>❡@✐?>✐❝? ❖❢ ❙❡♠✐♠❛@>✐♥❣❛❧❡?

❚❤❡ ❛✐♠ ♦❢ >❤✐? ?❡❝>✐♦♥ ✐? >♦ ❣❡♥❡@❛❧✐③❡ >❤❡ ❝♦♥❝❡♣> ♦❢ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> ♦❢ ❛
▲E✈② ♣@♦❝❡?? >♦ ?❡♠✐♠❛@>✐♥❣❛❧❡?✳ ❍❡@❡ ✇❡ ♠❛✐♥❧② ❢♦❧❧♦✇ ✷✽✱ ❈❤❛♣>❡@ ■■✳

❡ ?>❛@> ♦✛ ❜② ✜①✐♥❣ ❛ ?>♦❝❤❛?>✐❝ ❜❛?✐? (Ω,F , P ;F)✱ ✇✐>❤ F ✇❤✐❝❤ ?❛>✐?✜❡?
>❤❡ ✉?✉❛❧ ❤②♣♦>❤❡?✐? ✭✐♥ >❤✐? ❝❛?❡ ✐> ✐? ♥♦> ❛ ❜✐❣ ❛??✉♠♣>✐♦♥✱ ?✐♥❝❡ ✇❡ ❛@❡ ❣♦✐♥❣ >♦
✇♦@❦ ✇✐>❤ >❤❡ ❛✉❣♠❡♥>❡❞ ✜❧>@❛>✐♦♥ ♦❢ ❛ ▲E✈② ♣@♦❝❡??✱ ✇❤✐❝❤ ❢✉❧✜❧❧? >❤✐? @❡B✉❡?>
❛❝❝♦@❞✐♥❣ >♦ ❘❡♠❛@❦ ✶✳✺✮✳ ●✐✈❡♥ >✇♦ ?>♦♣♣✐♥❣ >✐♠❡? S, T ✱ ✇❡ ❞❡♥♦>❡ ❜② S, T 
>❤❡ ?>♦❝❤❛?>✐❝ ✐♥>❡@✈❛❧✱ ✐✳❡✳✱ >❤❡ @❛♥❞♦♠ ?❡>

S, T  := (t, ω) ∈ R+
0 × Ω : S (ω) ≤ t ≤ T (ω) .

❙✐♠✐❧❛@❧②✱ ✇❡ ❝❛♥ ❞❡✜♥❡ >❤❡ ♦>❤❡@ >❤@❡❡ >②♣❡? ♦❢ ?>♦❝❤❛?>✐❝ ✐♥>❡@✈❛❧✳ ■♥ ♦@❞❡@
>♦ ❦❡❡♣ ♥♦>❛>✐♦♥ ?✐♠♣❧❡✱ ✇❡ ❞❡♥♦>❡ ❜② T  := T, T ✳ ❘❡❝❛❧❧ >❤❛> >❤❡ ♦♣>✐♦♥❛❧
σ✕❛❧❣❡❜@❛ O ✐? >❤❡ σ✕❛❧❣❡❜@❛ ♦♥ R+

0 × Ω ❣❡♥❡@❛>❡❞ ❜② ❛❧❧ >❤❡ ❝c❞❧c❣✱ ❛❞❛♣>❡❞
♣@♦❝❡??❡?✱ ✇❤✐❧❡ >❤❡ ♣@❡❞✐❝>❛❜❧❡ σ✕❛❧❣❡❜@❛ P ✐? >❤❡ ♦♥❡ ❣❡♥❡@❛>❡❞ ❜② ❛❧❧ ❝c❣✱
❛❞❛♣>❡❞ ♣@♦❝❡??❡?✳

❉❡✜♥✐A✐♦♥ ✶✳✶✵✳ ❆ @❛♥❞♦♠ ?❡> A ✐? ❝❛❧❧❡❞ M❤✐♥ ✐❢ ✐> ✐? ♦❢ >❤❡ ❢♦@♠

A =
n

Tn,

✇❤❡@❡ (Tn)n ✐? ❛ ?❡B✉❡♥❝❡ ♦❢ ?>♦♣♣✐♥❣ >✐♠❡?✳

■> ✐? ✐♠♣♦@>❛♥> >♦ ♦❜?❡@✈❡ >❤❛> >❤❡ ?❡❝>✐♦♥? t ∈ R+
0 : (t, ω) ∈ A ✱ ❢♦@ ω ∈ Ω✱

❛@❡ ❛> ♠♦?> ❝♦✉♥>❛❜❧❡ ✇❤❡♥ A ✐? ❛ >❤✐♥ ?❡>✳ ❡ ❤❛✈❡ >❤❡ ❢♦❧❧♦✇✐♥❣✱ ♣@❡❧✐♠✐♥❛@②
@❡?✉❧>✳

QE♦♣♦C✐A✐♦♥ ✶✳✷✳ ■❢ X = {Xt}t ✐N ❛ ❝3❞❧3❣✱ ❛❞❛♣M❡❞ ♣O♦❝❡NN✱ M❤❡♥ M❤❡ O❛♥❞♦♠
N❡M {ΔX = 0} ✐N M❤✐♥✳
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^O♦♦❢✳ ▲❡> n ∈ N✱ ♣✉> Tn
0 := 0 ❛♥❞ ❞❡✜♥❡ ✐>❡@❛>✐✈❡❧②

Tn
p+1 := inf t > Tn

p : Xt −XTp
n

>
1

2n
, p ∈ N.

■♥ ♦@❞❡@ >♦ ♣@♦✈❡ >❤❛> >❤❡?❡ ♦❜❥❡❝>? ❛@❡ F+✕?>♦♣♣✐♥❣ >✐♠❡? ✭❛♥❞ >❤❡♥ F✕?>♦♣♣✐♥❣
>✐♠❡? >♦✱ ❛? F ✐? ❛??✉♠❡❞ >♦ ❜❡ @✐❣❤>✕❝♦♥>✐♥✉♦✉?✮✱ ✇❡ ♣@❡?❡♥> ❛♥ ✐♥❞✉❝>✐✈❡
❛@❣✉♠❡♥>✳ ❖❢ ❝♦✉@?❡✱ Tn

0 ✐? ❛ F+✕?>♦♣♣✐♥❣ >✐♠❡❀ >❤❡♥ ✇❡ ?✉♣♣♦?❡ >❤❛> ❛❧?♦ Tn
p

✐? ?♦ ❢♦@ p ∈ N ❛? ✐♥❞✉❝>✐✈❡ ❤②♣♦>❤❡?✐?✳ ❋♦@ ❡✈❡@② t ∈ R+
0 ✇❡ ❞❡♥♦>❡ ❜② Yt >❤❡

@❛♥❞♦♠ ✈❛@✐❛❜❧❡

Yt (ω) := Xt −XTp
n(ω) (ω) 1[Tp

n(ω),∞) (t) , ω ∈ Ω,

?♦ Yt = Xt −XTp
n∧t 1{Tp

n≤t}✳ ❙✐♥❝❡ X ✐? ♣@♦❣@❡??✐✈❡✱ ❜② ❛❞❛♣>❡❞♥❡?? ❛♥❞
@✐❣❤>✕❝♦♥>✐♥✉✐>②✱ ❛♥❞ {T p

n ≤ t} ∈ Ft+ = Ft✱ t ≥ 0✱ ❜② ❛??✉♠♣>✐♦♥✱ Y = {Yt}t
✐? ❛♥ ❛❞❛♣>❡❞ ♣@♦❝❡?? ✇❤✐❝❤ ✐♥❤❡@✐>? ❢@♦♠ X >❤❡ ❝c❞❧c❣ ♣@♦♣❡@>②✳ ◆♦✇ ✇❡ ❝❛♥
❡①♣@❡??

Tn
p+1 = inf t > 0 : |Yt| > 1

2n
,

❤❡♥❝❡ ❜② >❤❡ @✐❣❤>✕❝♦♥>✐♥✉✐>② ♦❢ Y ❛♥❞ >❤❡ ❢❛❝> >❤❛> x ∈ Rd : |x| > 1
2n ✐? ♦♣❡♥

✇❡ ❤❛✈❡

Tn
p+1 < t =

s∈Q,s<t

|Ys| > 1

2n
∈ Ft, t > 0.

❚❤❡@❡❢♦@❡ Tn
p+1 ✐? ❛ F+✕?>♦♣♣✐♥❣ >✐♠❡✱ ?♦ ❛ F✕?>♦♣♣✐♥❣ >✐♠❡✱ >♦♦✳

❙✐♥❝❡ X ✐? ❛❞❛♣>❡❞ ❛♥❞ ❤❛? >❤❡ ❝c❞❧c❣ ♣@♦♣❡@>②✱ >❤❡ ♣@♦❝❡?? ΔX ✐? ♦♣>✐♦♥❛❧✳
■> ❢♦❧❧♦✇? >❤❛>

An
p := ΔXTn

p
= 0, Tn

p < ∞ ∈ FTn
p
, (n, p) ∈ N× N,

?♦ ✇❡ ❝❛♥ ✐♥>@♦❞✉❝❡ ♦>❤❡@ F✕?>♦♣♣✐♥❣ >✐♠❡?

Tn
p :=

Tn
p , ✐♥ An

p

∞, ♦>❤❡@✇✐?❡
, (n, p) ∈ N× N.

❡ ❝♦♠♣❧❡>❡ >❤❡ ♣@♦♦❢ ?❤♦✇✐♥❣ >❤❡ @❛♥❞♦♠ ?❡>? ❡B✉❛❧✐>②

{ΔX = 0} =
n,p

Tn
p .

❚❤❡ ✐♥❝❧✉?✐♦♥ ✧⊃✧ ✐? >❤❡ ❡❛?✐❡?> ♦♥❡✳ ■♥❞❡❡❞✱ ❧❡> (t, ω) ∈ n,p Tn
p . ❚❤❡♥ >❤❡@❡

❡①✐?>? ❛ ❝♦✉♣❧❡ (n, p) ∈ N × N ?✉❝❤ >❤❛> (t, ω) ∈ Tn
p ✱ ?♦ t = Tn

p (ω) < ∞
✐♠♣❧✐❡? ω ∈ An

p ❛♥❞ t = Tn
p (ω)✱ ✇❤❡♥❝❡ ΔXt (ω) = 0✳

■♥ ♦@❞❡@ >♦ ♣@♦✈❡ ❛❧?♦ >❤❡ ♦>❤❡@ ✐♥❝❧✉?✐♦♥ ✧⊂✧✱ ❧❡> (t, ω) ∈ {ΔX = 0}✳ ❙✐♥❝❡
X ✐? ❝c❞❧c❣✱ >❤❡♥ Tn

p ∞ ❛? p → ∞ ♣♦✐♥>✇✐?❡✱ ❢♦@ ❛♥② n ∈ N❀ ♠♦@❡♦✈❡@
Tn
1 > 0✳ ❆? ΔXt (ω) = 0✱ >❤❡♥ >❤❡@❡ ❡①✐?>? n ∈ N ?✉❝❤ >❤❛>

|Xt (ω)−Xt− (ω)| > 1

2n
.

❚❤✐? ✐♠♣❧✐❡? >❤❛> T
(n+1)
1 (ω) ≤ t✳ ■♥❞❡❡❞✱ ❛??✉♠✐♥❣ ❜② ❝♦♥>@❛❞✐❝>✐♦♥ >❤❛>

T
(n+1)
1 (ω) > t✱ >❤❡♥

|Xt (ω)−Xt− (ω)| ≤ |Xt (ω)−X0 (ω)|+ |Xt− (ω)−X0 (ω)| ≤ 1

2n
,
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✇❤✐❝❤ ✐? ❡✈✐❞❡♥>❧② ❛♥ ❛❜?✉@❞✐>②✳ ❆> >❤✐? ♣♦✐♥>✱ ✐❢ T
(n+1)
1 (ω) = t✱ >❤❡♥ (t, ω) ∈

T
(n+1)
1  ❛♥❞ ✇❡ ❛@❡ ❞♦♥❡❀ ✐❢ ✐♥?>❡❛❞ T

(n+1)
1 (ω) < t✱ ✉?✐♥❣ >❤❛> T

(n+1)
p ∞ ❛?

p → ∞ ✇✐>❤ ❛♥ ❛♥❛❧♦❣♦✉? ❛@❣✉♠❡♥> ✇❡ ❝❛♥ ?>❛>❡ ❛❣❛✐♥ >❤❡ ❡①✐?>❡♥❝❡ ♦❢ ❛ p ∈ N
?✉❝❤ >❤❛> T

(n+1)
p (ω) = t✱ ❤❡♥❝❡ (t, ω) ∈ T

(n+1)
p ✳

❉❡✜♥✐A✐♦♥ ✶✳✶✶✳ ▲❡> X = {Xt}t ❜❡ ❛♥ ❛❞❛♣>❡❞✱ ❝c❞❧c❣✱ Rd✕✈❛❧✉❡❞ ♣@♦❝❡??✳
❚❤❡ ♠❡❛?✉@❡ µX ♦♥ R+

0 × Rd ❞❡✜♥❡❞ ❜②

µX (ω; dt, dx) =
s

1{x=0} (ΔXs (ω)) δ(s,ΔXs(ω)) (dt, dx) , ω ∈ Ω, ✭✶✳✶✺✮

✇❤❡@❡ δ(a) ❞❡♥♦>❡? >❤❡ ❉✐@❛❝ ♠❡❛?✉@❡ ❛> ❛ ♣♦✐♥> a✱ ✐? ❝❛❧❧❡❞ ♠❡❛N✉O❡ ❛NN♦❝✐❛M❡❞
M♦ ✐MN ❥✉♠♣N✳

◆♦>❡ >❤❛> >❤✐? ❞❡✜♥✐>✐♦♥ ♠❛❦❡? ?❡♥?❡ >❤❛♥❦? >♦ >❤❡ ♣@❡✈✐♦✉? ♣@♦♣♦?✐>✐♦♥✿ >❤❡
?❡> {ΔX = 0} ✐? >❤✐♥✱ ?♦ ✐>? ?❡❝>✐♦♥? ❛@❡ ❛> ♠♦?> ❝♦✉♥>❛❜❧❡ ❛♥❞ ✇❡ ❦♥♦✇ ❤♦✇ >♦
✐♥>❡@♣@❡> >❤❡ ?✉♠ ✐♥ ✭✶✳✶✺✮✳ ❚❤❡ ♠❡❛?✉@❡ ♦✇❡? ✐>? ♥❛♠❡ >♦ >❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝>✿ ✐❢
✇❡ ✜① t ∈ R+ ❛♥❞ B ∈ B Rd ✱ >❤❡♥

µX (ω; (0, t]×B) =
s≤t

1{x=0}∩B (ΔXs (ω)) , ω ∈ Ω,

?♦ ✐> ❝♦✉♥>? >❤❡ ♥✉♠❜❡@ ♦❢ ❥✉♠♣? ♦❢ X ✇❤✐❝❤ ❧✐❡ ✐♥ B ❜❡❢♦@❡ >✐♠❡ t✳
❋♦@ ❛ >❤♦@♦✉❣❤✱ ❛♥❞ ②❡> @❛>❤❡@ ❧✐♥❡❛@✱ ✐♥>@♦❞✉❝>✐♦♥ >♦ ❣❡♥❡@❛❧ @❛♥❞♦♠ ♠❡❛✲

?✉@❡ ✇❡ @❡❢❡@ >♦ ✷✽✱ ✐♥ ♣❛@>✐❝✉❧❛@ ❈❤❛♣>❡@ ■■✱ ➓1❛✱ 1❜ ❛♥❞ ✇❡ >@② >♦ ?>✐❝❦ >♦ >❤❡
♥♦>❛>✐♦♥ >❤❡@❡✐♥✳ ■> ✐? ♣♦??✐❜❧❡ >♦ ♣@♦✈❡ >❤❛> µX ✐? ❛♥ ✐♥>❡❣❡@✕✈❛❧✉❡❞ @❛♥❞♦♠
♠❡❛?✉@❡ ♦♥ R+

0 × Rd ✭✷✽✱ g@♦♣♦?✐>✐♦♥ ■■✱ 1.16✮✳
❡ ♥♦✇ ❝♦♥?✐❞❡@ ❛ ♣@♦❝❡?? X = {Xt}t ✇❤✐❝❤ ✐? ❛ d✕❞✐♠❡♥?✐♦♥❛❧✱ F✕❛❞❛♣>❡❞

?❡♠✐♠❛@>✐♥❣❛❧❡✱ ❤✐❣❤❧✐❣❤>✐♥❣ >❤❛> ✐♥ >❤✐? ✇♦@❦ ❡✈❡@② ?❡♠✐♠❛@>✐♥❣❛❧❡ ✐? ❝c❞❧c❣✳

❉❡✜♥✐A✐♦♥ ✶✳✶✷✳ ❆ ❜♦✉♥❞❡❞ ❢✉♥❝>✐♦♥ h : Rd → Rd ?✉❝❤ >❤❛> h (x) = x ✐♥ ❛
♥❡✐❣❤❜♦@❤♦♦❞ ♦❢ 0 ✐? ❝❛❧❧❡❞ MO✉♥❝❛M✐♦♥ ❢✉♥❝M✐♦♥✳

❡ ❞❡♥♦>❡ ❜② Cd
t >❤❡ ?❡> ♦❢ ❛❧❧ >@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥?✳

◆♦A❛A✐♦♥✳ ❚❤❡ ?❡> ♦❢ >❤❡ R✕✈❛❧✉❡❞✱ ❝c❞❧c❣✱ ❛❞❛♣>❡❞✱ ♥♦♥❞❡❝@❡❛?✐♥❣ ✭@❡?♣✳ ✜✲
♥✐>❡ ✈❛@✐❛>✐♦♥✮ ♣@♦❝❡??❡? ?>❛@>✐♥❣ ❛> 0 ✐? ❞❡♥♦>❡❞ ❜② V+ ✭@❡?♣✳ V✮✳ ❋♦@ ❛ ♣@♦❝❡??
A ∈ V+✱ ✐> ✐? ✇❡❧❧✕❞❡✜♥❡❞ A∞ := limt→∞ At✿ >❤❡ ?❡> ♦❢ A ∈ V+ ?✉❝❤ >❤❛> A∞ ✐?
✐♥>❡❣@❛❜❧❡ ✐? ❞❡♥♦>❡❞ ❜② A+✳ ❚❤❡ ?♣❛❝❡ ♦❢ >❤❡ ❝c❞❧c❣✱ ❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡? ?>❛@>✐♥❣
❛> 0 ✐? ✐♥❞✐❝❛>❡❞ ❜② L✳ ❚❤❡ ?②♠❜♦❧ · ❞❡♥♦>❡? >❤❡ ✐♥>❡❣@❛>✐♦♥✱ ✐♥ ❛ ?❡♥?❡ ✇❤✐❝❤
✐? ❝❧❡❛@ ❢@♦♠ >❤❡ ❝♦♥>❡?> >✐♠❡ ❜② >✐♠❡✳

▲❡> h ∈ Cd
t ✱ >❤❡♥ ΔX −h (ΔX) = 0 ♦♥❧② ✐❢ |ΔX| > b ❢♦@ ?♦♠❡ b > 0✳ ❉❡✜♥❡

X (h)t := s≤t [ΔXs − h (ΔXs)]

X (h)t := Xt −X (h)t
, t ≥ 0. ✭✶✳✶✻✮

❡ ♥♦>✐❝❡ X (h) = X (h)t
t
✐? ❛ d✕❞✐♠❡♥?✐♦♥❛❧ ♣@♦❝❡?? ✐♥ Vd ✭✐>? ❝♦♠♣♦♥❡♥>?

❛@❡ ✐♥ V✮✱ ✇❤✐❧❡ X (h) = {X (h)t}t ✐? ❛ ?❡♠✐♠❛@>✐♥❣❛❧❡ ✇✐>❤ ΔX (h) = h (ΔX)✱
✇❤✐❝❤ ✐? ❜♦✉♥❞❡❞✳ ❚❤❡@❡❢♦@❡ X (h) ✐? ❛ ?♣❡❝✐❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡ ❛♥❞ ✐>? ❝❛♥♦♥✐❝❛❧
❞❡❝♦♠♣♦?✐>✐♦♥ ✇✐❧❧ ❜❡

X (h) = X0 +M (h) +B (h) , ✭✶✳✶✼✮

✇❤❡@❡ B (h) ✐? ❛ ♣@❡❞✐❝>❛❜❧❡ ♣@♦❝❡?? ✐♥ Vd ❛♥❞ M (h) ∈ Ld ✭✐>? ❝♦♠♣♦♥❡♥>? ❛@❡
✐♥ L✮✳
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❉❡✜♥✐A✐♦♥ ✶✳✶✸✳ ❋✐① h ∈ Cd
t ✳ ❚❤❡ ❝❤❛O❛❝M❡O✐NM✐❝N ♦❢ X ✇✐>❤ @❡?♣❡❝> >♦ h ❛@❡

>❤❡ >@✐♣❧❡> B,C, νX ✱ ✇❤❡@❡✿

✐✳ B = Bi
i≤d

✐? ❛ ♣@❡❞✐❝>❛❜❧❡ ♣@♦❝❡?? ✐♥ Vd✱ ♥❛♠❡❧② B = B (h) ✐♥ ✭✶✳✶✼✮❀

✐✐✳ C= Cij
i,j≤d

✐? ❛ ❝♦♥>✐♥✉♦✉? ♣@♦❝❡?? ✐♥Vd×d✱ ♥❛♠❡❧② Cij =< Xi,c, Xj,c>✱

✇❤❡@❡ Xi,c ✐? >❤❡ ❝♦♥>✐♥✉♦✉? ♠❛@>✐♥❣❛❧❡ ♣❛@> ♦❢ Xi❀

✐✐✐✳ νX ✐? ❛ ♣@❡❞✐❝>❛❜❧❡ @❛♥❞♦♠ ♠❡❛?✉@❡ ♦♥ R+
0 ×Rd✱ ♥❛♠❡❧② >❤❡ ❝♦♠♣❡♥?❛>♦@

♦❢ µX ✳

■> ✐? ❝❧❡❛@ >❤❛> C ❛♥❞ νX ❞♦ ♥♦> ❞❡♣❡♥❞ ♦♥ >❤❡ ❝❤♦✐❝❡ ♦❢ h ✇❤✐❧❡ B ❞♦❡?✳
❋✉@>❤❡@♠♦@❡✱ ❢@♦♠ >❤❡ ❞❡✜♥✐>✐♦♥ ✐> ❢♦❧❧♦✇? >❤❛> >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝? ❛@❡ ✉♥✐B✉❡
✉♣ >♦ ❛ P✕♥✉❧❧ ?❡>✳ ❚❤✐? ❛❧❧♦✇? ❢♦@ ❛ ✧❣♦♦❞ ✈❡@?✐♦♥✧ ♦❢ >❤❡♠✱ ❛❝❝♦@❞✐♥❣ >♦ >❤❡
♥❡①> @❡?✉❧>✳

QE♦♣♦C✐A✐♦♥ ✶✳✸ ✭✷✽✱ g@♦♣♦?✐>✐♦♥ ■■✱ 2.9✮✳ ❚❤❡O❡ ❡①✐NMN ❛ ✈❡ON✐♦♥ ♦❢ M❤❡ ❝❤❛O✲
❛❝M❡O✐NM✐❝N B,C, νX ♦❢ X ♦❢ M❤❡ ❢♦O♠


Bi = bi ·A, i = 1, ..., d

Cij = cij ·A, i, j = 1, ..., d

νX (ω; dt, dx) = dAt (ω)F(t,ω) (dx) ^✕a.s.

,

✇❤❡O❡ νX {t} × Rd ≤ 1 ✐❞❡♥M✐❝❛❧❧② ❛♥❞

❛✳ A ✐N ❛ ♣O❡❞✐❝M❛❜❧❡ ♣O♦❝❡NN ✐♥ A+
loc❀

❜✳ b = bi
i≤d

✐N ❛ d✕❞✐♠❡♥N✐♦♥❛❧ ♣O❡❞✐❝M❛❜❧❡ ♣O♦❝❡NN❀

❝✳ c = cij ✐N ❛ ♣O❡❞✐❝M❛❜❧❡ ♣O♦❝❡NN ✇✐M❤ ✈❛❧✉❡N ✐♥ M❤❡ N❡M ♦❢ ❛❧❧ N②♠♠❡MO✐❝✱
♣♦N✐M✐✈❡ N❡♠✐❞❡✜♥✐M❡✱ d× d ♠❛MO✐❝❡N❀

❞✳ F(t,ω) (dx) ✐N ❛ MO❛♥N✐M✐♦♥ ❦❡O♥❡❧ ❢O♦♠ R+
0 × Ω,P ✐♥M♦ Rd,B Rd N❛M✲

✐N❢②✐♥❣✱ ❛♠♦♥❣ ♦M❤❡ON✱ M❤❡ ❢♦❧❧♦✇✐♥❣✿

✐✳ F(t,ω) ({0}) = 0 ✐✐✳ Rd |x|2 ∧ 1 F(t,ω) (dx) ≤ 1

❢♦O ❡✈❡O② t ∈ R+
0 , ω ∈ Ω✳

❡ ❛@❡ ♥♦✇ @❡❛❞② >♦ ?❤♦✇ >❤❡ @❡❧❛>✐♦♥ ❜❡>✇❡❡♥ ❝❤❛@❛❝>❡@✐?>✐❝? ♦❢ ?❡♠✐♠❛@>✐♥✲
❣❛❧❡ ❛♥❞ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> ♦❢ ❛ ▲E✈② ♣@♦❝❡??✳

❉❡✜♥✐A✐♦♥ ✶✳✶✹✳ ❆ ♣@♦❝❡?? X = {Xt}t ✐? ❛ PII ♣@♦❝❡?? ✐❢ ✐> ✐? ❝c❞❧c❣✱ ❛❞❛♣>❡❞✱
?>❛@>? ❛> 0 ❛♥❞ ❤❛? ✐♥❞❡♣❡♥❞❡♥> ✐♥❝@❡♠❡♥>?✱ >❤❛> ✐?✱ Xt − Xs ✐? ✐♥❞❡♣❡♥❞❡♥>
❢@♦♠ >❤❡ σ✕❛❧❣❡❜@❛ Fs ❢♦@ ❡✈❡@② 0 ≤ s < t✳ ❋✉@>❤❡@✱ ✐❢ ✐> ❛❧?♦ ❤❛? ?>❛>✐♦♥❛@②
✐♥❝@❡♠❡♥>?✱ >❤❡♥ ✐> ✐? ❛ PIIS ♣@♦❝❡??✳

❖❢ ❝♦✉@?❡✱ ❛ ▲E✈② ♣@♦❝❡?? ✐? ❛ PIIS ♣@♦❝❡?? ✭?❡❡ ❘❡♠❛@❦ ✶✳✺✮✳ ●✐✈❡♥ X =
{Xt}t ❛ PII ♣@♦❝❡??✱ ❢♦@ ❡✈❡@② z ∈ Rd ✇❡ ✐♥>@♦❞✉❝❡ >❤❡ ❢✉♥❝>✐♦♥

g (z)t := E ei<z,Xt> , t ≥ 0.

■> ✐? ♣♦??✐❜❧❡ >♦ ♣@♦✈❡ ✭✷✽✱ ❚❤❡♦@❡♠ ■■✱ 4.14✮ >❤❛> X ✐? ❛ ?❡♠✐♠❛@>✐♥❣❛❧❡ ✐❢ ❛♥❞
♦♥❧② ✐❢ >❤❡ ❢✉♥❝>✐♦♥? t → g (z)t ❤❛✈❡ ✜♥✐>❡ ✈❛@✐❛>✐♦♥ ♦✈❡@ ✜♥✐>❡ ✐♥>❡@✈❛❧? ❢♦@ ❛♥②
z ∈ Rd✳



✶✳✹✳ ❈❍❆❘❆❈❚❊❘■❙❚■❈❙ ❖❋ ❙❊▼■▼❆❘❚■◆●❆▲❊❙ ✷✵

▲❡♠♠❛ ✶✳✷✳ ❊✈❡O② PIIS ♣O♦❝❡NN ✐N ❛ N❡♠✐♠❛OM✐♥❣❛❧❡✳

^O♦♦❢✳ ▲❡> X = {Xt}t ❜❡ ❛ PIIS ♣@♦❝❡?? ❛♥❞ ✜① z ∈ Rd✳ ❚❤❡♥

g (z)t+s = E ei<z,Xt+s> = E ei<z,Xt+s−Xs> E ei<z,Xs>

= E ei<z,Xt> E ei<z,Xs> = g (z)s g (z)t , s, t ∈ R+
0 ,

✇❤❡@❡ ✐♥ >❤❡ ?❡❝♦♥❞ ❡B✉❛❧✐>② ✇❡ ❤❛✈❡ ✉?❡❞ >❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ ✐♥❝@❡♠❡♥>? ❛♥❞
✐♥ >❤❡ >❤✐@❞ >❤❡✐@ >❡♠♣♦@❛❧ ❤♦♠♦❣❡♥❡✐>②✳ ❙✐♥❝❡ g (z)0 = 1 ❛♥❞ t → g (z)t ✐?
@✐❣❤>✕❝♦♥>✐♥✉♦✉?✱ >❤❡♥ >❤❡@❡ ❡①✐?>? λz ∈ C ?✉❝❤ >❤❛> g (z)· = exp (λz·)✱ ✇❤✐❝❤
❤❛? ❧♦❝❛❧❧② ✜♥✐>❡ ✈❛@✐❛>✐♦♥✳ ❚❤✐? ❝♦♠♣❧❡>❡? >❤❡ ♣@♦♦❢✳

■♥ ♣❛@>✐❝✉❧❛@✱ ❡✈❡@② ▲E✈② ♣@♦❝❡?? ✐? ❛ ?❡♠✐♠❛@>✐♥❣❛❧❡✱ ?♦ ✐> ♠❛❦❡? ?❡♥?❡ >♦
?>✉❞② ✐>? ❝❤❛@❛❝>❡@✐?>✐❝? ❛♥❞ >❤❡✐@ @❡❧❛>✐♦♥ ✇✐>❤ >❤❡ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡>✳ ❚❤❡ ♥❡①>
>❤❡♦@❡♠ ♣@♦✈✐❞❡? ✉? ✇✐>❤ >❤❡ ❧✐♥❦ ✇❡ ❛@❡ ?❡❛@❝❤✐♥❣ ❢♦@✳

❚❤❡♦E❡♠ ✶✳✺ ✭✷✽✱ ❈♦@♦❧❧❛@② ■■✱ 4.19✮✳ ❆ d✕❞✐♠❡♥N✐♦♥❛❧ ♣O♦❝❡NN X = {Xt}t
✐N ❛ PIIS ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐M ✐N ❛ N❡♠✐♠❛OM✐♥❣❛❧❡ ❛❞♠✐MM✐♥❣ ❛ ✈❡ON✐♦♥ B,C, νX

♦❢ ✐MN ❝❤❛O❛❝M❡O✐NM✐❝N ♦❢ M❤❡ ❢♦O♠

Bt (ω) = bt

Ct (ω) = ct

νX (ω; dt, dx) = dt F (dx)

, t ≥ 0, ω ∈ Ω,

✇❤❡O❡ b ∈ Rd✱ c ✐N ❛ N②♠♠❡MO✐❝✱ ♣♦N✐M✐✈❡ N❡♠✐❞❡✜♥✐M❡ d× d ♠❛MO✐①✱ ❛♥❞ F (dx)
✐N ❛ ♠❡❛N✉O❡ ♦♥ Rd N✉❝❤ M❤❛M

✐✳ F ({0}) = 0❀ ✐✐✳ Rd |x|2 ∧ 1 F (dx) < ∞ ✳

▼♦O❡♦✈❡O✱ ❢♦O ❛♥② t ∈ R+
0 ❛♥❞ z ∈ Rd✱ M❤❡ ▲Q✈②✕❑✐♥M❝❤✐♥❡ ❢♦O♠✉❧❛ ❤♦❧❞N✿

E ei<z,Xt> = exp t − 1

2
< z, cz > +i < b, z >

+
Rd

ei<z,x> − 1− i < z, h (x) > F (dx) . ✭✶✳✶✽✮

❡ ♥♦>❡ >❤❛> ❛ PIIS ♣@♦❝❡?? ❤❛? ❛ ✈❡@?✐♦♥ ♦❢ ✐>? ❝❤❛@❛❝>❡@✐?>✐❝ ✇❤✐❝❤ ✐?
❞❡>❡@♠✐♥✐?>✐❝✱ ✇✐>❤ νX (dt, dx) = dt⊗ F (dx)✳

❋✐♥❛❧❧②✱ ✇❡ >❛❦❡ ✐♥>♦ ❛❝❝♦✉♥> ❛ ▲E✈② ♣@♦❝❡?? L = {Lt}t ✇✐>❤ ❣❡♥❡@❛>✐♥❣
>@✐♣❧❡> (A, ν, γh) ✇✐>❤ @❡?♣❡❝> >♦ ❛ >@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥ h ✭?❡❡ ❊①❛♠♣❧❡ ✶✳✺✮✳
❈♦♥?✐❞❡@✐♥❣ t = 1 ✐♥ ✭✶✳✶✽✮✱ ❜② ✉♥✐B✉❡♥❡?? ♦❢ >❤❡ ▲E✈②✕❑✐♥>❝❤✐♥❡ @❡♣@❡?❡♥>❛>✐♦♥
✇❡ ❣❡>✿

❛✳ b = γh ❜✳ c = A ❝✳ F (dx) = ν (dx) ✳

❍❡♥❝❡✱ >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝? ♦❢ L @❡❧❛>✐✈❡ >♦ h ❛@❡ ❣✐✈❡♥ ❜②

(γht, At, dt⊗ ν (dx)) .



❈❤❛♣+❡- ✷

❊<<❝❤❡> ▼❡❛<✉>❡

■♥ >❤✐? ❝❤❛♣>❡@ ✇❡ ✜@?> ♣@❡?❡♥> >❤❡ >❤❡♦@② ♥❡❝❡??❛@② >♦ ❝♦♥?>@✉❝> >❤❡ ❊NN✲
❝❤❡O ♠❡❛N✉O❡ ❢♦@ ❜♦>❤ ❡①♣♦♥❡♥>✐❛❧ ❛♥❞ ❧✐♥❡❛@ ♣@♦❝❡??❡?✳ ▲❛>❡@✱ ✇❡ ?♣❡❝✐❢② >❤❡
❞②♥❛♠✐❝? ♦❢ >❤❡ ?>♦❝❦ ♣@✐❝❡? ❛♥❞ ❞✐?❝✉?? ?✉✣❝✐❡♥> ❝♦♥❞✐>✐♦♥? ❢♦@ >❤❡ ❡①✐?>❡♥❝❡ ♦❢
>❤❡ ❊??❝❤❡@ ♠❡❛?✉@❡✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝♦♥?✐❞❡@❡❞ ❛? ❛ ❧♦❝❛❧❧② ❡B✉✐✈❛❧❡♥> ♠❛@>✐♥❣❛❧❡
♠❡❛?✉@❡✳ ▼♦@❡♦✈❡@✱ ✐♥ >❤❡ ❣❡♦♠❡>@✐❝ ❝❛?❡ ✇❡ ✉?❡ ✐> >♦ ?✐♠✉❧❛>❡ >❤❡ ♣@✐❝❡? ♦❢
❊✉@♦♣❡❛♥ ❝❛❧❧ ♦♣>✐♦♥?✱ ❝♦♠♣❛@✐♥❣ >❤❡ @❡?✉❧>? >♦ @❡❛❧ ❞❛>❛✳

✷✳✶ ▲❛♣❧❛❝❡ ❈✉♠✉❧❛♥> L@♦❝❡??❡?

❋✐① ❛ ?>♦❝❤❛?>✐❝ ❜❛?✐? (Ω,F , P ;F)✱ ✇✐>❤ F ✇❤✐❝❤ ?❛>✐?✜❡? >❤❡ ✉?✉❛❧ ❤②♣♦>❤❡?✐?
>❤@♦✉❣❤♦✉> >❤✐? ❝❤❛♣>❡@✳

❉❡✜♥✐A✐♦♥ ✷✳✶✳ ❆ @❛♥❞♦♠ ?❡> A ⊂ R+
0 × Ω ✐? ❝❛❧❧❡❞ ❡✈❛♥❡N❝❡♥M ✐❢

P {ω ∈ Ω : ∃t ∈ R+
0 ?✉❝❤ >❤❛> (t, ω) ∈ A} = 0.

❚✇♦ ?>♦❝❤❛?>✐❝ ♣@♦❝❡??❡? X = {Xt}t ❛♥❞ Y = {Yt}t ❛@❡ ❡B✉❛❧ ✉♣ M♦ ❡✈❛♥❡N✲
❝❡♥❝❡✱ ♦@ ❡B✉✐✈❛❧❡♥>❧②✱ ✉♣ M♦ ✐♥❞✐NM✐♥❣✉✐N❤❛❜✐❧✐M②✱ ✐❢ >❤❡ @❛♥❞♦♠ ?❡> {X = Y } ✐?
❡✈❛♥❡?❝❡♥>✱ ✐✳❡✳✱

P {ω ∈ Ω : ∃t ∈ R+
0 ?✉❝❤ >❤❛> Xt (ω) = Yt (ω)} = 0.

❉❡✜♥✐A✐♦♥ ✷✳✷✳ ❚❤❡ @❡❛❧✕✈❛❧✉❡❞ ?❡♠✐♠❛@>✐♥❣❛❧❡ X ✐? ?❛✐❞ >♦ ❜❡ ❡①♣♦♥❡♥M✐❛❧❧②
N♣❡❝✐❛❧ ✐❢ exp (X −X0) ✐? ❛ ?♣❡❝✐❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡✳

◆♦A❛A✐♦♥✳ ❚❤❡ ?②♠❜♦❧ M ❞❡♥♦>❡? >❤❡ ?♣❛❝❡ ♦❢ ❝c❞❧c❣ ♠❛@>✐♥❣❛❧❡?✳

■❢ X ✐? ❛ ?♣❡❝✐❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡ ✇✐>❤ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦?✐>✐♦♥ X = X0 +
A + M ✱ >❤❡♥ >❤❡ ♣@♦❝❡?? A ❝❛♥ ❜❡ ❝❛❧❧❡❞ ❛❞❞✐M✐✈❡ ❝♦♠♣❡♥N❛M♦O✱ ♦@ ❞O✐❢M✱ ♦❢ X
❛♥❞ ✐> ✐? >❤❡ ✉♥✐B✉❡ ✭✉♣ >♦ ❡✈❛♥❡?❝❡♥❝❡✮ ♣@❡❞✐❝>❛❜❧❡ ♣@♦❝❡?? ✐♥ V ?✉❝❤ >❤❛>
X −X0 −A ∈ L✳ ❇② ❛♥❛❧♦❣②✱ ✇❡ ?❡>✿

❉❡✜♥✐A✐♦♥ ✷✳✸✳ ▲❡> X ❜❡ ❛ @❡❛❧✕✈❛❧✉❡❞ ?❡♠✐♠❛@>✐♥❣❛❧❡✳ ❆ ♣@❡❞✐❝>❛❜❧❡ ♣@♦❝❡??
V ∈ V ✐? ❝❛❧❧❡❞ ❛♥ ❡①♣♦♥❡♥M✐❛❧ ❝♦♠♣❡♥N❛M♦O ♦❢ X ✐❢ exp (X −X0 − V ) ∈ Mloc✳

❡ ❤❛✈❡ >❤❡ ❢♦❧❧♦✇✐♥❣✱ ?✐♠♣❧❡ @❡?✉❧>✳

✷✶



✷✳✶✳ ▲❆;▲❆❈❊ ❈▼▲❆◆❚ ;❘❖❈❊❙❙❊❙ ✷✷

QE♦♣♦C✐A✐♦♥ ✷✳✶✳ ❆ O❡❛❧✕✈❛❧✉❡❞ N❡♠✐♠❛OM✐♥❣❛❧❡ X ❤❛N ❛♥ ❡①♣♦♥❡♥M✐❛❧ ❝♦♠♣❡♥✲
N❛M♦O ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐M ✐N ❡①♣♦♥❡♥M✐❛❧❧② N♣❡❝✐❛❧✳

❚❤❡ ❡①♣♦♥❡♥M✐❛❧ ❝♦♠♣❡♥N❛M♦O ✐N ✉♥✐R✉❡ ✉♣ M♦ ❡✈❛♥❡N❝❡♥❝❡✳

■♥ ♦@❞❡@ >♦ ♣@♦✈❡ >❤✐? ♣@♦♣♦?✐>✐♦♥✱ ✇❡ ♥❡❡❞ ?♦♠❡ ✐♥❢♦@♠❛>✐♦♥ ♦♥ >❤❡ ♠✉❧>✐✲
♣❧✐❝❛>✐✈❡ ❞❡❝♦♠♣♦?✐>✐♦♥ ♦❢ ❛ ?❡♠✐♠❛@>✐♥❣❛❧❡✳

▲❡♠♠❛ ✷✳✶ ✭✷✽✱ ❚❤❡♦@❡♠ ■■✱ ✽✳✷✶✮✳ ▲❡M X ❜❡ ❛ N❡♠✐♠❛OM✐♥❣❛❧❡ ✇✐M❤ X0 = 1
N✉❝❤ M❤❛M X ❛♥❞ X− M❛❦❡ M❤❡✐O ✈❛❧✉❡N ✐♥ (0,∞)✳ ❚❤❡♥ X = LD✱ ✇❤❡O❡ L ✐N
❛ ♣♦N✐M✐✈❡ ❧♦❝❛❧ ♠❛OM✐♥❣❛❧❡✱ D ✐N ❛ ♣♦N✐M✐✈❡ ♣O❡❞✐❝M❛❜❧❡ ♣O♦❝❡NN ✇✐M❤ ❧♦❝❛❧❧② ✜♥✐M❡
✈❛O✐❛M✐♦♥ ❛♥❞ L0 = D0 = 1✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ X ✐N ❛ N♣❡❝✐❛❧ N❡♠✐♠❛OM✐♥❣❛❧❡✳

■♥ M❤✐N ❝❛N❡✱ M❤❡ ♠✉❧M✐♣❧✐❝❛M✐✈❡ ❞❡❝♦♠♣♦N✐M✐♦♥ ✐N ✉♥✐R✉❡ ✉♣ M♦ ❡✈❛♥❡N❝❡♥❝❡✳

^O♦♦❢ ♦❢ ^O♦♣♦N✐M✐♦♥ ✷✳✶✳ ❡ ✜@?> ❛??✉♠❡ >❤❛> X ❤❛? ❛♥ ❡①♣♦♥❡♥>✐❛❧ ❝♦♠♣❡♥✲
?❛>♦@ V ∈ V✳ ❡ ❝❛♥ ❞❡✜♥❡

D := exp (V ) ❛♥❞ L := exp (X −X0 − V ) ∈ Mloc✳

❆? >❤❡ ❢✉♥❝>✐♦♥ exp (·) ✐? ▲✐♣✕❝♦♥>✐♥✉♦✉? ✐♥ ❛♥② ❝♦♠♣❛❝> ✐♥>❡@✈❛❧ ❛♥❞ V ∈ V✱ >❤❡
♣@♦❝❡?? D ❤❛? ✜♥✐>❡ ✈❛@✐❛>✐♦♥ ❛♥❞ V0 = 0 ✐♠♣❧✐❡? D0 = 1✳ ❋@♦♠ >❤❡ ❝♦♥>✐♥✉✐>②
♦❢ exp (x) ❛♥❞ >❤❡ ❢❛❝> >❤❛> V ✐? ♣@❡❞✐❝>❛❜❧❡ ✐> ✐? ♦❜✈✐♦✉? >❤❛> D ✐? ♣@❡❞✐❝>❛❜❧❡✱
❛? ✇❡❧❧✳ ❚❤❡@❡❢♦@❡

exp (X −X0) = LD

✐? ❛ ?♣❡❝✐❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡✱ ❜② ▲❡♠♠❛ ✷✳✶✳
■❢ ✐♥?>❡❛❞ ✇❡ >❛❦❡ X >♦ ❜❡ ❛♥ ❡①♣♦♥❡♥>✐❛❧❧② ?♣❡❝✐❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡✱ >❤❡♥

exp (X −X0) ✐? ❛ ?♣❡❝✐❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡ ❛♥❞ ▲❡♠♠❛ ✷✳✶ ?>❛>❡? >❤❛>

exp (X −X0) = LD,

✇❤❡@❡D ✐? ❛ ♣♦?✐>✐✈❡ ♣@❡❞✐❝>❛❜❧❡ ♣@♦❝❡?? ♦❢ ❧♦❝❛❧❧② ✜♥✐>❡ ✈❛@✐❛>✐♦♥ ❛♥❞ L ∈ Mloc✱
✇✐>❤ D0 = L0 = 1✳ ❉❡✜♥✐♥❣

V := log(D) ∈ V,

✇❡ @❡❛❞✐❧② ❣❡> >❤❛> V ✐? ❛♥ ❡①♣♦♥❡♥>✐❛❧ ❝♦♠♣❡♥?❛>♦@ ♦❢ X✳
■♥ ❡❛❝❤ ❝❛?❡✱ >❤❡ ♠✉❧>✐♣❧✐❝❛>✐✈❡ ❞❡❝♦♠♣♦?✐>✐♦♥ ♦❢ ❛ ?♣❡❝✐❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡ ✐?

✉♥✐B✉❡ ✉♣ >♦ ❡✈❛♥❡?❝❡♥❝❡✱ ❛♥❞ ?♦ ✐? >❤❡ ❡①♣♦♥❡♥>✐❛❧ ❝♦♠♣❡♥?❛>♦@✳

❡ ♥♦✇ >✉@♥ ♦✉@ ❛>>❡♥>✐♦♥ >♦ >❤❡ ▲❛♣❧❛❝❡ ❝✉♠✉❧❛♥> ♣@♦❝❡??✳ ▲❡> ✉? ❝♦♥?✐❞❡@
❛ d✕❞✐♠❡♥?✐♦♥❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡ X = X1, ..., Xd ✳ ❡ ❞❡♥♦>❡ ❜② E ❛♥❞ L♦❣
>❤❡ ?>♦❝❤❛?>✐❝ ❡①♣♦♥❡♥>✐❛❧ ❛♥❞ >❤❡ ?>♦❝❤❛?>✐❝ ❧♦❣❛@✐>❤♠✱ @❡?♣❡❝>✐✈❡❧②✳

❉❡✜♥✐A✐♦♥ ✷✳✹✳ ▲❡> θ ∈ L (X) ❜❡ ?✉❝❤ >❤❛> θ ·X ✐? ❡①♣♦♥❡♥>✐❛❧❧② ?♣❡❝✐❛❧✳ ❚❤❡

▲❛♣❧❛❝❡ ❝✉♠✉❧❛♥M KX (θ) ♦❢ X ❛> θ ✐? ❞❡✜♥❡❞ ❛? >❤❡ ❛❞❞✐>✐✈❡ ❝♦♠♣❡♥?❛>♦@ ♦❢
>❤❡ @❡❛❧✕✈❛❧✉❡❞✱ ?♣❡❝✐❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡

L♦❣ (exp (θ ·X)) .

❚❤❡ ♠♦❞✐✜❡❞ ▲❛♣❧❛❝❡ ❝✉♠✉❧❛♥M KX (θ) ♦❢ X ❛> θ ✐? >❤❡ ♣@♦❝❡??

KX (θ) := log E KX (θ) . ✭✷✳✶✮
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❡ ♥♦>❡ >❤❛> >❤✐? ❞❡✜♥✐>✐♦♥ ✐? ✇❡❧❧ ♣♦?❡❞✳
■♥❞❡❡❞✱ >❤❡ ♣@♦❝❡?? L♦❣ (exp (θ ·X)) ✐? ❛ ?♣❡❝✐❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡✱ ?✐♥❝❡ ✐> ?❛>✐?✜❡?

L♦❣ (exp (θ ·X)) =
1

(exp (θ ·X))−
· exp (θ ·X) ,

❤❡♥❝❡ >❤❡ ❛❞❞✐>✐✈❡ ❝♦♠♣❡♥?❛>♦@ ✐? ♣@❡❞✐❝>❛❜❧❡ ❝♦♥?✐❞❡@✐♥❣ >❤❛> exp (θ ·X) ✐?

?♣❡❝✐❛❧ ❛♥❞ 1
(exp(θ·X))−

✐? ♣@❡❞✐❝>❛❜❧❡✳ ❚❤✐? ?❤♦✇? >❤❛> KX (θ) ✐? ✇❡❧❧ ❞❡✜♥❡❞✳

❆? ❢❛@ ❛? KX (θ) ✐? ❝♦♥❝❡@♥❡❞✱ ❚❤❡♦@❡♠ ■■■✱ 7.4 ✐♥ ✷✽ ?❤♦✇? >❤❛>

ΔKX (θ)t =
Rd

e<θt,x> − 1 νX ({t} × dx) > −1, t ≥ 0,

?✐♥❝❡ ✇❡ ❛@❡ ✇♦@❦✐♥❣ ✇✐>❤ ❛ ✈❡@?✐♦♥ ♦❢ >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝? ♦❢ X ?✉❝❤ >❤❛>

νX {t} × Rd ≤ 1

✐❞❡♥>✐❝❛❧❧②✳ ❚❤✉?✱ >❤❡ ?>♦❝❤❛?>✐❝ ❡①♣♦♥❡♥>✐❛❧ ✐♥ ✭✷✳✶✮ ✐? ?>@✐❝>❧② ♣♦?✐>✐✈❡✳
❚❤❡♦@❡♠ ■■■✱ ✼✳✶✹ ✐♥ ✷✽ ?❤♦✇? >❤❛> ✐❢ θ · X ✐? ❡①♣♦♥❡♥>✐❛❧❧② ?♣❡❝✐❛❧✱ >❤❡♥

KX (θ) ✐? ✐>? ❡①♣♦♥❡♥>✐❛❧ ❝♦♠♣❡♥?❛>♦@✳ ❚❤✐? ✐♠♣❧✐❡? >❤❛> >❤❡ ♣@♦❝❡?? Zθ =
{Zθ

t }t✱ ❞❡✜♥❡❞ ❜②

Zθ := exp θ ·X −KX(θ) ∈ Mloc,

✇✐>❤ Zθ
0 = 1✳ ❡ >@② >♦ ✜♥❞ ❝♦♥❞✐>✐♦♥? ✉♥❞❡@ ✇❤✐❝❤ ✐> ✐? ♣♦??✐❜❧❡ >♦ ❞❡✜♥❡ ❛

♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡ P θ ✐♥ F ✇❤✐❝❤ ✐? ❧♦❝❛❧❧② ❛❜?♦❧✉>❡❧② ❝♦♥>✐♥✉♦✉? ✇✐>❤ @❡?♣❡❝>

>♦ P ✭✐♥ ?②♠❜♦❧?✱ P θ
loc

P ✮ ?✉❝❤ >❤❛> Zθ ✐? >❤❡ ❞❡♥?✐>② ♣@♦❝❡?? ♦❢ P θ @❡❧❛>✐✈❡
>♦ P ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ >❤❡♦@❡♠ ♣@♦✈✐❞❡? ✉? ✇✐>❤ ♦♥❡ ♣♦??✐❜❧❡ ?♦❧✉>✐♦♥✳

❚❤❡♦E❡♠✳ ■❢ X = {Xt}t ✐N ❛♥ ✉♥✐❢♦O♠❧② ✐♥M❡❣O❛❜❧❡ ✭UI✮ ♠❛OM✐♥❣❛❧❡✱ M❤❡♥
Xt → X∞ a.s. ❛♥❞ ✐♥ L1✳ ▼♦O❡♦✈❡O

E [X∞|Ft] = Xt a.s. ❢♦O ❛♥② t ∈ R+
0 .

❍❡♥❝❡ ✐❢ ✇❡ ❛??✉♠❡ >❤❛> Zθ ✐? ❛ UI ♠❛@>✐♥❣❛❧❡✱ >❤❡♥ ✇❡ ❝❛♥ ❞❡✜♥❡

P θ(dω) := Zθ
∞P (dω).

■> ✐? >@✐✈✐❛❧ >♦ ?❤♦✇ >❤❛> Zθ ✐? >❤❡ ❞❡♥?✐>② ♦❢ P θ @❡❧❛>✐✈❡ >♦ P ✳ ■♥❞❡❡❞✱ ❢♦@ ❛♥②
t ∈ R+

0 ✐> @❡?✉❧>?✿

P θ (F ) = EP Zθ
∞1F = EP EP Zθ

∞|Ft 1F = EP Zθ
t 1F , F ∈ Ft.

❘❡♠❛E❦ ✷✳✶✳ ◆♦>✐♥❣ >❤❛> Zθ
t > 0 ❢♦@ ❡✈❡@② t ∈ R+

0 ✱ ✇❡ ❝❛♥ ?>❛>❡ >❤❛> P θ ❛♥❞
P ❛@❡ ❛❝>✉❛❧❧② ❧♦❝❛❧❧② ❡B✉✐✈❛❧❡♥>✳

✷✳✷ ●❡♦♠❡>@✐❝ ❊??❝❤❡@ ▼❡❛?✉@❡

❡ ♥♦✇ ✇❛♥> >♦ ✐♠♣♦?❡ ?♦♠❡ ❤②♣♦>❤❡?✐? ?✉❝❤ >❤❛> ❢♦@ ❛♥② i = 1, ..., d >❤❡
♣@♦❝❡??

Si := Si
0 exp Xi ,

✇✐>❤ Si
0 ∈ R+✱ ✐? ❛ P θ✕❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡✳ ■♥ ♦@❞❡@ >♦ ❞♦ ?♦✱ ✇❡ ♥❡❡❞ >❤❡ ❢♦❧❧♦✇✐♥❣✱

✇✐❞❡❧② ✉?❡❞ @❡?✉❧>✳
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▲❡♠♠❛ ✷✳✷✳ ▲❡M P, P ❜❡ M✇♦ ♣O♦❜❛❜✐❧✐M② ♠❡❛N✉O❡N ♦♥ (Ω,F ;F) N✉❝❤ M❤❛M P
loc

P ❛♥❞ ❞❡♥♦M❡ ❜② Z = {Zt}t M❤❡ ❘❛❞♦♥✕◆✐❦♦❞②♠ ❞❡♥N✐M② ♣O♦❝❡NN✳ ▲❡M X = {Xt}t
❜❡ ❛ R✕✈❛❧✉❡❞✱ ❝3❞❧3❣✱ ❛❞❛♣M❡❞ ♣O♦❝❡NN✳ ❚❤❡♥✿

❛✳ X ✐N ❛ P ✕♠❛OM✐♥❣❛❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ XZ ✐N ❛ P✕♠❛OM✐♥❣❛❧❡❀

❜✳ X ✐N ❛ P ✕❧♦❝❛❧ ♠❛OM✐♥❣❛❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ XZ ✐N ❛ P✕❧♦❝❛❧ ♠❛OM✐♥❣❛❧❡✳

^O♦♦❢✳ ❛✳ ❋♦@ ❛♥② t ∈ R+
0 ✱ ♦❜✈✐♦✉?❧② Xt ∈ L1(P ) ⇔ XtZt ∈ L1 (P )✳ ▲❡>

✉? ?✉♣♣♦?❡ >❤❛> >❤❡ ♣@♦❝❡?? X ✐? P ✕✐♥>❡❣@❛❜❧❡ ✭✐✳❡✳✱ Xt ∈ L1 (P ) ❢♦@ ❛♥②
t ∈ R+

0 ✮✳ ❡ ✜① t ∈ R+
0 ❛♥❞ ♥♦>❡ >❤❛>

EP [Xt1A] = EP [XtZt1A] , A ∈ Ft.

■> ❢♦❧❧♦✇? >❤❛>✱ ❢♦@ ❛♥② 0 ≤ s < t✱ ✇❡ ❤❛✈❡ EP [Xt −Xs|Fs]
a.s.
= 0 ✐❢ ❛♥❞

♦♥❧② ✐❢

EP [(Xt −Xs) 1A] = EP [XtZt1A]− EP [XsZs1A] = 0, A ∈ Fs.

❚❤✐? ✐? ❡B✉✐✈❛❧❡♥> >♦

EP [XtZt −XsZs|Fs]
a.s.
= 0.

❜✳ ✐>❤♦✉> ❧♦?? ♦❢ ❣❡♥❡@❛❧✐>② ✇❡ ♠❛② ❛??✉♠❡ >❤❛> X0 = 0✳ ❋✐① τ ❛ F✕
?>♦♣♣✐♥❣ >✐♠❡ ❛♥❞ t > 0✳ ❙✐♥❝❡ Z ✐? ❛ ❝c❞❧c❣ P✕♠❛@>✐♥❣❛❧❡✱ ❉♦♦❜✬?
♦♣>✐♦♥❛❧ ?❛♠♣❧✐♥❣ >❤❡♦@❡♠ ❛♣♣❧✐❡? ❛♥❞ ✇❡ ❣❡> EP [Zt|Fτ ] = Zt∧τ ❛❧♠♦?>
?✉@❡❧②✳ ❚❤❡@❡❢♦@❡

EP [|Xτ
t Zt|] = EP [|Xτ∧tZt|] = EP [|(XZ)

τ
t |] .

■♥❞❡❡❞✱ >❤❡ ♣@♦❝❡?? X ✐? ♣@♦❣@❡??✐✈❡ ✭❛? ❝c❞❧c❣ ❛♥❞ ❛❞❛♣>❡❞✮✱ ❤❡♥❝❡ ❢♦@
❛♥② F✕?>♦♣♣✐♥❣ >✐♠❡ σ >❤❡ ✈❛@✐❛❜❧❡ Xσ ✐? Fσ✕♠❡❛?✉@❛❜❧❡✳ ■♥ ♦✉@ ❝❛?❡✱ >❤✐?
✐♠♣❧✐❡? >❤❛> Xt∧τ ✐? Ft∧τ✕♠❡❛?✉@❛❜❧❡✱ ❛♥❞ ✐♥ ♣❛@>✐❝✉❧❛@ Fτ✕♠❡❛?✉@❛❜❧❡✳
❚❤✉?✱

EP [|Xτ∧t|Zt] = EP EP [|Xτ∧t|Zt|Fτ ] = EP [|Xτ∧t|Zτ∧t] .

❙♦ ✇❡ ❝♦♥❝❧✉❞❡ >❤❛> (XZ)
τ
✐? P✕✐♥>❡❣@❛❜❧❡ ⇔ XτZ ✐? P✕✐♥>❡❣@❛❜❧❡ ⇔ Xτ

✐? P ✕✐♥>❡❣@❛❜❧❡✳
▲❡> ✉? ❛??✉♠❡ >❤❛> XτZ ✐? P✕✐♥>❡❣@❛❜❧❡ ❛♥❞ @❡❛❞

XτZ = [XτZ − (XZ)
τ
] + (XZ)

τ
.

❡ ❝❛❧❧ M := XτZ−(XZ)
τ
❛♥❞ ?❤♦✇ >❤❛> M = {Mt}t ✐? ❛ P✕♠❛@>✐♥❣❛❧❡✳

❋♦@ ❛♥② 0 ≤ s < t ✐> @❡?✉❧>?

EP [Mt| Fs] = EP [Xτ
t Zt − (XZ)

τ
t |Fs] = EP [(Zt − Zτ∧t)Xτ∧t|Fs]

a.s.
= EP EP (Zt − Zτ∧t)Xτ∧t|F(τ∨s)∧t |Fs

a.s.
= EP EP Zt − Zτ∧t|F(τ∨s)∧t Xτ∧t|Fs

a.s.
= EP Z(τ∨s)∧t − Zτ∧t Xτ∧t|Fs

= EP (Zs − Zτ )Xτ1{τ≤s}|Fs = EP (Zs − Zτ∧s)Xτ∧s1{τ≤s}|Fs

a.s.
= (Zs − Zτ∧s)Xτ∧s1{τ≤s} = Ms.
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■> ❢♦❧❧♦✇? >❤❛> (XZ)
τ
✐? ❛ P✕♠❛@>✐♥❣❛❧❡ ⇔ XτZ ✐? ❛ P✕♠❛@>✐♥❣❛❧❡✳ ❇②

♣❛@> ✭❛✳✮✱ >❤✐? ❛♠♦✉♥>? >♦ ?❛②✐♥❣ >❤❛> Xτ ✐? P ✕♠❛@>✐♥❣❛❧❡✱ ❛♥❞ >❤❡ ♣@♦♦❢
✐? ❝♦♠♣❧❡>❡✳

❆> >❤✐? ♣♦✐♥> >❤❡ ♥❡①> >❤❡♦@❡♠ ✐? ✐♠♠❡❞✐❛>❡✳

❚❤❡♦E❡♠ ✷✳✶✳ ▲❡M θ ∈ L (X) ❜❡ N✉❝❤ M❤❛M θ ·X ✐N ❡①♣♦♥❡♥M✐❛❧❧② N♣❡❝✐❛❧ ❛♥❞ Zθ

✐N ❛ UI ♠❛OM✐♥❣❛❧❡✳ ❙❡M

θ
(i)
j :=

θj , j = i

θi + 1, j = i
.

❚❤❡♥ M❤❡ ♣O♦❝❡NN❡N Si = Si
0 exp Xi ❛O❡ P θ✕❧♦❝❛❧ ♠❛OM✐♥❣❛❧❡N ✐❢ ❛♥❞ ♦♥❧② ✐❢

θ(i) ·X ✐N ❡①♣♦♥❡♥M✐❛❧❧② N♣❡❝✐❛❧ ❛♥❞ KX θ(i) = KX (θ) ✉♣ M♦ ❡✈❛♥❡N❝❡♥❝❡ ❢♦O
❛♥② i = 1, ..., d✳

■♥ >❤✐? ❝❛?❡✱ ✇❡ ❝❛❧❧ P θ ❣❡♦♠❡MO✐❝ ❊NN❝❤❡O ♠❡❛N✉O❡✱ ♦@ ❊NN❝❤❡O ♠❛OM✐♥❣❛❧❡
MO❛♥N❢♦O♠ ❢♦@ ❡①♣♦♥❡♥>✐❛❧ ♣@♦❝❡??❡?✳

^O♦♦❢✳ ❋✐① i = 1, ..., d✳ ❇② ▲❡♠♠❛ ✷✳✷✱ exp Xi ✐? ❛ P θ✕❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡ ✐❢ ❛♥❞
♦♥❧② ✐❢

exp Xi Zθ = exp Xi exp θ ·X −KX (θ) = exp θ(i) ·X −KX (θ)

✐? ❛ P✕❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡✳ ❚❤❛♥❦? >♦ >❤❡ ✉♥✐B✉❡♥❡?? ♦❢ >❤❡ ❡①♣♦♥❡♥>✐❛❧ ❝♦♠♣❡♥✲
?❛>♦@✱ >❤✐? ❛♠♦✉♥>? >♦ @❡B✉✐@✐♥❣ ♥♦> ♦♥❧② >❤❛> θ(i) ✐? ❡①♣♦♥❡♥>✐❛❧❧② ?♣❡❝✐❛❧✱ ❜✉>
❛❧?♦ >❤❛> KX θ(i) = KX(θ) ✉♣ >♦ ❡✈❛♥❡?❝❡♥❝❡✳

❚❤❡♦@❡♠ 4.2 ✐♥ ✷✵ ?>❛>❡? >❤❛> ✐❢ d = 1✱ >❤❡♥ >❤❡ ❣❡♦♠❡>@✐❝ ❊??❝❤❡@ ♠❡❛?✉@❡
✐? ✉♥✐B✉❡✱ ♣@♦✈✐❞❡❞ ✐>? ❡①✐?>❡♥❝❡✳

❊①❛♠♣❧❡ ✷✳✶✳ ▲❡> X = {Xt}t ❜❡ ❛ Rd✕✈❛❧✉❡❞ ▲E✈② ♣@♦❝❡?? ✇✐>❤ ❣❡♥❡@❛>✐♥❣
>@✐♣❧❡> (A, ν, γh) ✇✐>❤ @❡?♣❡❝> >♦ >❤❡ >@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥ h✳ ❙✉♣♣♦?❡ >❤❛> >❤❡@❡
❡①✐?>? θ ∈ Rd ?✉❝❤ >❤❛>

E [exp (< θ,Xt >)] < ∞ ❢♦@ ?♦♠❡ t > 0.

❇② ❘❡♠❛@❦ ✶✳✹ ❛♥❞ ❊①❛♠♣❧❡ ✶✳✻ ✇❡ ❦♥♦✇ >❤❛> M = {Mt}t ✐? ❛ ♠❛@>✐♥❣❛❧❡ ✇✐>❤
❡①♣❡❝>❛>✐♦♥ 1✱ ✇❤❡@❡

Mt := exp (< θ,Xt > −tΨh(θ)) , t ≥ 0.

■> ❢♦❧❧♦✇? >❤❛> {< θ,Xt >}t ✐? ❡①♣♦♥❡♥>✐❛❧❧② ?♣❡❝✐❛❧ ✇✐>❤ KX (θ)t = tΨh (θ) , t ≥
0✱ ✉♣ >♦ ❡✈❛♥❡?❝❡♥❝❡✱ ❛♥❞ ✐♥ ♣❛@>✐❝✉❧❛@ >❤❡ ♠♦❞✐✜❡❞ ▲❛♣❧❛❝❡ ❝✉♠✉❧❛♥> ✐? ❛
❞❡>❡@♠✐♥✐?>✐❝ ♣@♦❝❡??✳ ■♥ ♦@❞❡@ >♦ ❞❡✜♥❡ >❤❡ ❊??❝❤❡@ >@❛♥?❢♦@♠ P θ ✐♥ F ✇❡
❝♦♥?✐❞❡@ M >♦ ❜❡ ✉♥✐❢♦@♠❧② ✐♥>❡❣@❛❜❧❡✱ ?♦ P θ (dω) = M∞P (dω)✳ ❚❤✉?✱ ✐❢ ❛❧?♦

E exp < θ(i), Xt > < ∞, i = 1, ..., d, t > 0,



✷✳✸✳ ▲■◆❊❆❘ ❊❙❙❈❍❊❘ ▼❊❆❙❘❊ ✷✻

>❤❡♥ ❚❤❡♦@❡♠ ✷✳✶ ❛♣♣❧✐❡? ❛♥❞ ?>❛>❡? >❤❛> Si = Si
0 exp Xi ❛@❡ P θ✕❧♦❝❛❧ ♠❛@✲

>✐♥❣❛❧❡? ✐❢ ❛♥❞ ♦♥❧② ✐❢ KX(θ(i)) = KX(θ) ✉♣ >♦ ✐♥❞✐?>✐♥❣✉✐?❤❛❜✐❧✐>②✱ i = 1, ..., d✱
❡B✉❛❧✐>② >❤❛> ✐♥ >❤✐? ?❡>>✐♥❣ @❡❞✉❝❡? >♦

γi
h +

1

2
Aii +Ai·θ +

R
exp < θ(i), x > − exp (< θ, x >)− hi (x) ν(dx)

= γi
h +

1

2
Aii +Ai·θ +

R
e<θ,x> ex

i − 1 − hi (x) ν(dx) = 0, i = 1, ..., d,

@❡❝❛❧❧✐♥❣ >❤❛> A ✐? ❛ ?②♠♠❡>@✐❝ ♠❛>@✐①✳ ■♥ >❤✐? ❝❛?❡✱ >❤❡ ❣❡♦♠❡>@✐❝ ❊??❝❤❡@
♠❡❛?✉@❡ ✐? >❤❡ ❊??❝❤❡@ >@❛♥?❢♦@♠✳ ///

✷✳✸ ▲✐♥❡❛@ ❊??❝❤❡@ ▼❡❛?✉@❡

■> ✐? ❝♦♠♠♦♥ >♦ ♠♦❞❡❧ >❤❡ ♣@✐❝❡ ♣@♦❝❡?? S ♦❢ ❛ ?❡❝✉@✐>② ✐♥ ❛ ✜♥❛♥❝✐❛❧ ♠❛@❦❡>
✇✐>❤ ❛ ?>♦❝❤❛?>✐❝ ❡①♣♦♥❡♥>✐❛❧✱ ✐♥?>❡❛❞ ♦❢ ❛ ❝❧❛??✐❝❛❧ ❡①♣♦♥❡♥>✐❛❧✳ ❍♦✇❡✈❡@✱ >❤❡?❡
>✇♦ ❝♦♥❝❡♣>? ❛@❡ ?>@✐❝>❧② @❡❧❛>❡❞ ❜② >❤❡ ♥❡①> @❡?✉❧>✳

QE♦♣♦C✐A✐♦♥ ✷✳✷✳ ▲❡M X ❛♥❞ X ❜❡ M✇♦ O❡❛❧✕✈❛❧✉❡❞ N❡♠✐♠❛OM✐♥❣❛❧❡N✳ ❚❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❤♦❧❞N✿

❛✳ ✐❢ exp (X) = E X ✱ M❤❡♥ X − X0 = Log (exp (X)) ✉♣ M♦ ✐♥❞✐NM✐♥❣✉✐N❤❛✲

❜✐❧✐M②✳ ❋✉OM❤❡O♠♦O❡ X0 = 0 ❛♥❞ ΔX > −1❀

❜✳ ✐❢ X = Log (exp (X))✱ M❤❡♥ exp (X −X0) = E X ✳

^O♦♦❢✳ ▲❡> Y := exp (X)✱ ?♦ ✇❡ ❝❛♥ ?>❛>❡ Y > 0 ❛♥❞ Y− > 0✳

❛✳ ■❢ Y = E X = E X −X0 ✱ >❤❡♥ Y0 = 1✱ ✇❤✐❝❤ ✐♥ >✉@♥ ✐♠♣❧✐❡? X0 = 0✳

▼♦@❡♦✈❡@ E X > 0✱ ?♦ ❜② >❤❡ ❡①♣@❡??✐♦♥ ♦❢ >❤❡ ?>♦❝❤❛?>✐❝ ❡①♣♦♥❡♥>✐❛❧

✭?❡❡✱ ❢♦@ ❡①❛♠♣❧❡✱ g@♦♣♦?✐>✐♦♥ 2.41 ✐♥ ✷✺✮ ✇❡ ❣❡> ΔX > −1✳ ❙✐♥❝❡
L♦❣ (Y ) ✐? >❤❡ ✉♥✐B✉❡ ✭✉♣ >♦ ❡✈❛♥❡?❝❡♥❝❡✮ ?❡♠✐♠❛@>✐♥❣❛❧❡ ?>❛@>✐♥❣ ❛> 0
?✉❝❤ >❤❛>

Y = Y0E (L♦❣ (Y )) = E (L♦❣ (Y )) ,

✇❡ ❤❛✈❡ X −X0 = L♦❣ (exp (X)) ✉♣ >♦ ✐♥❞✐?>✐♥❣✉✐?❤❛❜✐❧✐>②✳

❜✳ ❖♥ >❤❡ ♦>❤❡@ ❤❛♥❞✱ ✐❢ X = L♦❣ (Y )✱ >❤❡♥ ✐> ?✉✣❝❡? >♦ ✉?❡ >❤❡ ♣@♦♣❡@>② ♦❢
>❤❡ ?>♦❝❤❛?>✐❝ ❧♦❣❛@✐>❤♠ ✇❡ ❤❛✈❡ ❥✉?> ❝✐>❡❞ >♦ ♦❜>❛✐♥

E X = E (L♦❣ (Y )) =
Y

Y0
= exp (X −X0) .

❚❤❡ ♣@♦♦❢ ✐? ♥♦✇ ❝♦♠♣❧❡>❡✳

❋♦@ ❡✈❡@② i = 1, ..., d ✇❡ ?❡> Si := Si
0E Xi ✱ ✇❤❡@❡ Si

0 ∈ R+ ❛♥❞ X =

X1, ..., Xd ✐? ❛ d✕❞✐♠❡♥?✐♦♥❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡ ✇✐>❤ ❝❤❛@❛❝>❡@✐?>✐❝? (B,C, νX)
✇✐>❤ @❡?♣❡❝> >♦ ❛ >@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥ h✳ ❡ ❛❧?♦ ❛??✉♠❡ >❤❛> ΔXi > −1✱ ?♦
>❤❛> Si > 0 ❛♥❞ ❝❛♥ @❡♣@❡?❡♥> >❤❡ ♣@✐❝❡ ♦❢ ❛ ?❡❝✉@✐>② ✐♥ >❤❡ ♠❛@❦❡>✳ ❙✐♥❝❡
dSi = Si

−dX
i✱ >❤❡♥ Si ✐? ❛ ❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡ ✐❢ Xi ✐? ?♦✳ ✐❝❡ ✈❡@?❛✱ ✐> @❡?✉❧>?

>❤❛> Xi − Xi
0 = 1

Si
−
· Si = L♦❣ Si ✉♣ >♦ ❡✈❛♥❡?❝❡♥❝❡✱ ❤❡♥❝❡ Xi ✐? ❛ ❧♦❝❛❧

♠❛@>✐♥❣❛❧❡ ✇❤❡♥ Si ✐? ?♦✱ ❛? ✇❡❧❧✳ ❙✐♠✐❧❛@❧② >♦ >❤❡ ❝❛?❡ ♦❢ ❣❡♦♠❡>@✐❝ ❊??❝❤❡@
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♠❡❛?✉@❡✱ ✇❡ ?❡❛@❝❤ ❢♦@ ❛ ♣@♦❝❡?? θ ?✉❝❤ >❤❛> Xi ✭❤❡♥❝❡ Si✱ ❛? ✇❡❧❧✮ ✐? ❛ P θ✕
❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡ ❢♦@ ❡✈❡@② i = 1, ..., d✳ ■♥ ♦@❞❡@ >♦ @❡❛❝❤ >❤❡ ♠❛✐♥ >❤❡♦@❡♠ ♦❢ >❤❡
?❡❝>✐♦♥✱ ✇❡ ♥❡❡❞ ?❡✈❡@❛❧ >❡❝❤♥✐❝❛❧ @❡?✉❧>? >❛❦❡♥ ❢@♦♠ ✷✵✱ ✷✽✳

▲❡> θ ∈ L (X) ❜❡ ?✉❝❤ >❤❛> θ ·X ✐? ❡①♣♦♥❡♥>✐❛❧❧② ?♣❡❝✐❛❧✳ ❚❤❡♦@❡♠ ■■■✱ 7.4

✐♥ ✷✽ ?>❛>❡? >❤❛> KX (θ) = κ (θ) ·A✱ ✇❤❡@❡

κ (θ)t :=< θt, bt > +
1

2
< θt, ctθt >

+
Rd

e<θt,x> − 1− < θt, h(x) > Ft(dx), t ≥ 0. ✭✷✳✷✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✭✷✵✱ ▲❡♠♠❛ 2.11✮ ✐? ❝@✉❝✐❛❧✱ ❜❡❝❛✉?❡ ✐> ❛❧❧♦✇? ✉? >♦
❡①♣@❡?? >❤❡ ❞@✐❢> ♣@♦❝❡?? ❛? ❛ ❢✉♥❝>✐♦♥ ♦❢ >❤❡ ?❡♠✐♠❛@>✐♥❣❛❧❡ ❝❤❛@❛❝>❡@✐?>✐❝?✳

▲❡♠♠❛ ✷✳✸✳ ▲❡M θ ∈ L (X) ❜❡ N✉❝❤ M❤❛M θ ·X ✐N ❛ N♣❡❝✐❛❧ N❡♠✐♠❛OM✐♥❣❛❧❡✳ ❚❤❡♥
✐MN ❞O✐❢M ♣O♦❝❡NN DX (θ) = δ (θ) ·A✱ ✇❤❡O❡

δ (θ)t :=< θt, bt > +
Rd

< θt, x− h(x) > Ft(dx), t ≥ 0.

❆? ❛ ❝♦♥?❡B✉❡♥❝❡ ♦❢ ●✐ON❛♥♦✈✬N M❤❡♦O❡♠ ❢♦@ ?❡♠✐♠❛@>✐♥❣❛❧❡? ✭?❡❡✱ ❢♦@ ❡①✲
❛♠♣❧❡✱ ❚❤❡♦@❡♠ ■■■✱ 3.24 ✐♥ ✷✽✮✱ ✇❡ ❝❛♥ ❡①♣❧✐❝✐>❧② ❡①♣@❡?? >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝?

Bθ, Cθ, νX
θ

✕❛❧✇❛②? ✇✐>❤ @❡?♣❡❝> >♦ >❤❡ ?❛♠❡ h✕ ♦❢ X ✉♥❞❡@ P θ✿


Bθi = Bi + ci·θ ·A+ hi(x)

e<θt,x>

1 +W (θ)t
− 1 νX , i = 1, ..., d

Cθ = C

νX
θ
(dt, dx) =

e<θt,x>

1 +W (θ)t
νX (dt, dx)

,

✭✷✳✸✮
✇❤❡@❡

W (θ)t :=
Rd

e<θt,x> − 1 νX ({t} × dx) , t ≥ 0.

◆♦>❡ >❤❛> ❢♦@ ❡✈❡@② t ∈ R+
0 ✐> @❡?✉❧>? W (θ)t = ΔKX (θ)t > −1✳

❘❡♠❛E❦ ✷✳✷✳ ▲❡> ✉? ✜① ω ∈ Ω, t ≥ 0 ❛♥❞ G ∈ B Rd ✳ ❡ ❤❛✈❡✿

νX (ω; {t} ×G) =
R+

0

dAs (ω)
Rd

1{t}×G (s, x)F(s,ω) (dx)

=
{t}

dAs (ω)
Rd

1G (x)F(t,ω) (dx) = F(t,ω) (G)
{t}

dAs (ω) .

❙✐♥❝❡

{t}
dAs (ω) = At (ω)−At− (ω) ,

✐❢ >❤❡ ❢✉♥❝>✐♦♥ A· (ω) ✐? ❝♦♥>✐♥✉♦✉? ✐♥ t >❤❡♥ νX (ω; {t} × dx) ✐? >❤❡ ♥✉❧❧ ♠❡❛?✉@❡

♦♥ B Rd ✱ ✐♠♣❧②✐♥❣ >❤❛> W (θ)t (ω) = 0✳

❋✐♥❛❧❧②✱ ✇❡ ✐♥>@♦❞✉❝❡ >❤❡ ❞❡@✐✈❛>✐✈❡? ♦❢ ❝✉♠✉❧❛♥> ♣@♦❝❡??❡?✱ ❛❧?♦ ♠❡♥>✐♦♥✐♥❣
g@♦♣♦?✐>✐♦♥ 2.25 ✐♥ ✷✵✳



✷✳✸✳ ▲■◆❊❆❘ ❊❙❙❈❍❊❘ ▼❊❆❙❘❊ ✷✽

❉❡✜♥✐A✐♦♥ ✷✳✺✳ ▲❡> θ ∈ L (X) ❜❡ ?✉❝❤ >❤❛> θ · X ✐? ❛♥ ❡①♣♦♥❡♥>✐❛❧❧② ?♣❡❝✐❛❧
?❡♠✐♠❛@>✐♥❣❛❧❡ ❛♥❞

xie<θt,x> − hi (x) νX ∈ V, i = 1, ..., d.

✐✳ ❚❤❡ ❞❡@✐✈❛>✐✈❡ ♦❢ KX ✐♥ θ ✐? >❤❡ Rd✕✈❛❧✉❡❞ ♣@♦❝❡??

DKX (θ) = D1K
X (θ) , ..., DdK

X (θ) ,

✇❤❡@❡ DiK
X (θ) := Diκ (θ) ·A✱ ✇✐>❤

Diκ (θ)t := bit + ci·t θt +
Rd

xie<θt,x> − hi(x) Ft(dx), t ≥ 0, ✭✷✳✹✮

❢♦@ ❡✈❡@② i = 1, ..., d✳

✐✐✳ ❚❤❡ ❞❡@✐✈❛>✐✈❡ ♦❢ KX ✐♥ θ ✐? >❤❡ Rd✕✈❛❧✉❡❞ ♣@♦❝❡??

DKX (θ) = D1K
X (θ) , ..., DdK

X (θ) ,

✇❤❡@❡

DiK
X (θ) :=

1

1 +W (θ)
·DiK

X (θ) , i = 1, ..., d.

▲❡> ✉? ❥✉?> ♥♦>❡ >❤❛> ✭✷✳✹✮ ❝❛♥ ❜❡ ❣♦>>❡♥ ❜② ❢♦@♠❛❧❧② ❞✐✛❡@❡♥>✐❛>✐♥❣ ✐♥ θ ✭✷✳✷✮✱
✉?✐♥❣ >❤❛> c ✐? ?②♠♠❡>@✐❝✳

QE♦♣♦C✐A✐♦♥ ✷✳✸✳ ♥❞❡O M❤❡ ❤②♣♦M❤❡N✐N ♦❢ ❉❡✜♥✐M✐♦♥ ✷✳✺✱ M❤❡ ❞❡O✐✈❛M✐✈❡N ♦❢
KX ❛♥❞ KX ✐♥ θ ❛O❡ ♣O❡❞✐❝M❛❜❧❡ ♣O♦❝❡NN❡N ✐♥ Vd ❛♥❞ ✐M O❡N✉❧MN DiK

X (θ) =
Diκ (θ) ·A✱ ✇❤❡O❡

Diκ (θ)t := bit + ci·t θt +
Rd

xie<θt,x>

1 +W (θ)t
− hi(x) Ft(dx), t ≥ 0, ✭✷✳✺✮

❢♦O ❡✈❡O② i = 1, ..., d✳

❆> >❤✐? ♣♦✐♥> ✇❡ ❛@❡ @❡❛❞② >♦ ♣@❡?❡♥> >❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❚❤❡♦@❡♠ ✷✳✶ ❢♦@ ?>♦❝❤❛?✲
>✐❝ ❡①♣♦♥❡♥>✐❛❧✳

❚❤❡♦E❡♠ ✷✳✷✳ ▲❡M θ ∈ L (X) ❜❡ N✉❝❤ M❤❛M θ ·X ✐N ❡①♣♦♥❡♥M✐❛❧❧② N♣❡❝✐❛❧ ❛♥❞ Zθ

✐N ❛ UI ♠❛OM✐♥❣❛❧❡✳ ❚❤❡♥ M❤❡ ♣O♦❝❡NN❡N Si = Si
0E Xi ❛O❡ P θ✕❧♦❝❛❧ ♠❛OM✐♥❣❛❧❡N

✐❢ ❛♥❞ ♦♥❧② ✐❢ xie<θt,x> − hi(x) νX ∈ V ❛♥❞ DiK
X (θ) = 0 ❢♦O ❛♥② i = 1, ..., d✳

■♥ >❤✐? ❝❛?❡✱ ✇❡ ❝❛❧❧ P θ ❧✐♥❡❛O ❊NN❝❤❡O ♠❡❛N✉O❡✱ ♦@ ❊NN❝❤❡O ♠❛OM✐♥❣❛❧❡ MO❛♥N✲
❢♦O♠ ❢♦@ ❧✐♥❡❛@ ♣@♦❝❡??❡?✳

^O♦♦❢✳ ❆??✉♠❡ >❤❛> Si✱ ❛♥❞ ?♦ ❛❧?♦ Xi✱ ✐? ❛ P θ✕❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡ ❢♦@ ❛♥② i =

1, ..., d✳ ❇② ✭✷✳✸✮✱ ✇❡ ❝❛♥ ❣❡> >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝? Bθ, Cθ, νX
θ

♦❢ X ✉♥❞❡@ P θ✳

■♥ ♣❛@>✐❝✉❧❛@✱


bθ = b+ cθ +

Rd

h(x)
e<θ,x>

1 +W (θ)
− 1 F (dx), i = 1, ..., d

cθ = c

F θ(dx) =
e<θ,x>

1 +W (θ)
F (dx)

,



✷✾ ✷✳✸✳ ▲■◆❊❆❘ ❊❙❙❈❍❊❘ ▼❊❆❙❘❊

✇❤❡@❡ >❤❡ ✐♥>❡❣@❛❧ ✐♥ >❤❡ ❡①♣@❡??✐♦♥ ♦❢ bθ ♠✉?> ❜❡ @❡❛❞ ❝♦♠♣♦♥❡♥>✇✐?❡✳ ❋✐①
i = 1, ..., d❀ ?✐♥❝❡ Xi ✐? ❛ P θ✕❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡✱ ✇❡ ❝❤♦♦?❡ >❤❡ ❞❡>❡@♠✐♥✐?>✐❝
♣@♦❝❡??❡?

e
(i)
j :=

0, j = i

1, j = i

❛♥❞ ❡①♣@❡?? Xi = e(i) ·X✳ ❇② ▲❡♠♠❛ ✷✳✸ ✇❡ ❞❡❞✉❝❡

0 = bθ
i ·A+ xi − hi (x) νX

θ
= bθ

i ·A+ xi − hi (x)
e<θt,x>

1 +W (θ)t
νX

= Bi + ci·θ ·A+ xi e<θt,x>

1 +W (θ)t
− hi(x) νX , i = 1, ..., d.

❆? xie<θt,x> − hi(x) νX ∈ V ❢♦@ ❡✈❡@② i = 1, ..., d ✭?❡❡ ✷✵✱ ❚❤❡♦@❡♠ 4.4
❢♦@ >❤❡ ❞❡>❛✐❧❡❞ ♣@♦♦❢ ♦❢ >❤✐? >❡❝❤♥✐❝❛❧ @❡?✉❧>✮✱ ❛ ?>@❛✐❣❤>❢♦@✇❛@❞ ❛♣♣❧✐❝❛>✐♦♥ ♦❢
g@♦♣♦?✐>✐♦♥ ✷✳✸ ❣✐✈❡? DKX (θ) = 0✳

✐❝❡ ✈❡@?❛✱ ❛??✉♠✐♥❣ DKX (θ) = 0✱ >❤❡ ?❛♠❡ ♣@♦♣♦?✐>✐♦♥ ②✐❡❧❞?

0 = bi ·A+ ci·θ ·A+
xie<θt,x>

1 +W (θ)t
− hi(x) νX

= bθ
i ·A+

xie<θt,x>

1 +W (θ)t
− hi(x)

e<θt,x>

1 +W (θ)t
νX

= bθ
i ·A+ xi − hi(x) νX

θ
.

❍❡♥❝❡ ▲❡♠♠❛ ✷✳✸ ?❤♦✇? >❤❛> Xi ✐? ❛ P θ✕❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡ ❢♦@ ❡✈❡@② i = 1, ..., d✱
❛♥❞ ?♦ ✐? Si✳

❚❤❡♦@❡♠ 4.5 ✐♥ ✷✵ ?>❛>❡? >❤❛> >❤❡ ❧✐♥❡❛O ❊NN❝❤❡O ♠❡❛N✉O❡ ✐? ✉♥✐B✉❡✱ ♣@♦✲
✈✐❞❡❞ ✐>? ❡①✐?>❡♥❝❡✳

❊①❛♠♣❧❡ ✷✳✷✳ ▲❡> X = {Xt}t ❜❡ ❛ Rd✕✈❛❧✉❡❞ ▲E✈② ♣@♦❝❡?? ✇✐>❤ ❣❡♥❡@❛>✲
✐♥❣ >@✐♣❧❡> (A, ν, γh) ✇✐>❤ @❡?♣❡❝> >♦ >❤❡ >@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥ h✳ ❙✉♣♣♦?❡ >❤❛>
>❤❡@❡ ❡①✐?>? θ ∈ Rd ?✉❝❤ >❤❛> E [exp (< θ,Xt >)] < ∞ ❢♦@ ?♦♠❡ t > 0✳ ❚❤❡♥
{< θ,Xt >}t ✐? ❡①♣♦♥❡♥>✐❛❧❧② ?♣❡❝✐❛❧ ✇✐>❤ KX(θ)t = tΨh(θ), t ≥ 0✱ ✉♣ >♦
❡✈❛♥❡?❝❡♥❝❡✱ ❛? ❛@❣✉❡❞ ✐♥ ❊①❛♠♣❧❡ ✷✳✶✳ ❡ ❢✉@>❤❡@ ❝♦♥?✐❞❡@ M = {Mt}t✱
✇✐>❤ Mt := exp (< θ,Xt > −tΨ(θ)) , t ≥ 0, >♦ ❜❡ ✉♥✐❢♦@♠❧② ✐♥>❡❣@❛❜❧❡✱ ?♦ ✐>
✐? ♣♦??✐❜❧❡ >♦ ❞❡✜♥❡ >❤❡ ❊??❝❤❡@ >@❛♥?❢♦@♠ P θ ✐♥ F ❛? P θ (dω) = M∞P (dω)✳

❚❛❦❡ >❤❡ ?✉❜♠✉❧>✐♣❧✐❝❛>✐✈❡ ❢✉♥❝>✐♦♥

g(x) := (|x| ∨ 1) exp (< θ, x >) , x ∈ Rd,

❛♥❞ ❛??✉♠❡ >❤❛> Xt ❤❛? ✜♥✐>❡ g✕♠♦♠❡♥> ❢♦@ ?♦♠❡ t > 0✳ ❇② ❚❤❡♦@❡♠ ✶✳✸ >❤✐?
✐♠♣❧✐❡? >❤❛> |x|>1

|x| exp (< θ, x >) ν(dx) < ∞✳ ❍❡♥❝❡ ✇❡ ❛❧?♦ ❤❛✈❡

Rd

xi exp (< θ, x >)− hi (x) ν(dx) < ∞, i = 1, ..., d,

?♦ ❢♦@ ❡✈❡@② t ≥ 0 ❛♥❞ i = 1, ..., d ✐> @❡?✉❧>?

xi exp (< θ, x >)− hi (x) νX
t
= t

Rd

xi exp (< θ, x >)− hi (x) ν(dx).



✷✳✹✳ ❆;;▲■❈❆❚■❖◆❙ ✸✵

❚❤✉?✱ >❤❡ ♣@♦❝❡?? xie<θt,x> − hi(x) νX ∈ V ❢♦@ ❛♥② i = 1, ..., d✳

◆♦✇ ❚❤❡♦@❡♠ ✷✳✷ ❛♣♣❧✐❡? ❛♥❞ ?>❛>❡? >❤❛> Si
0E Xi ✐? ❛ P θ✕❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡

✐❢ ❛♥❞ ♦♥❧② ✐❢ DiK
X (θ) = 0 ❢♦@ ❡✈❡@② i✳ ❇② g@♦♣♦?✐>✐♦♥ ✷✳✸✱ >❤✐? ❡B✉❛❧✐>② ❤♦❧❞?

✐❢ ❛♥❞ ♦♥❧② ✐❢

γi
h +Ai·θ +

Rd

xie<θ,x> − hi(x) ν(dx) = 0, i = 1, ..., d, ✭✷✳✻✮

❜❡❝❛✉?❡ ❤❡@❡ W (θ) = 0 ✭?❡❡ ❘❡♠❛@❦ ✷✳✷✮✳ ❘❡❝❛❧❧✐♥❣ >❤❛>

Ψh (θ) =< γh, θ > +
1

2
< θ,Aθ > +

Rd

e<θ,x> − 1− < θ, h(x) > ν(dx)

❛♥❞ >❤❛> A ✐? ❛ ?②♠♠❡>@✐❝ ♠❛>@✐①✱ ✇❡ ♥♦>❡ >❤❛> ✭✷✳✻✮ ❝❛♥ ❜❡ ♦❜>❛✐♥❡❞ ❜② ❢♦@♠❛❧❧②
❞✐✛❡@❡♥>✐❛>✐♥❣ Ψh (θ) ✐♥ θi ❢♦@ ❛♥② i✳ ■♥ >❤✐? ❝❛?❡✱ >❤❡ ❧✐♥❡❛@ ❊??❝❤❡@ ♠❡❛?✉@❡ ✐?
>❤❡ ❊??❝❤❡@ >@❛♥?❢♦@♠✳

❋✉@>❤❡@♠♦@❡✱ ❜② ✭✷✳✸✮ >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝? ♦❢ X @❡❧❛>✐✈❡ >♦ P θ ❛@❡ ❣✐✈❡♥ ❜②

Bθi

t = γi
ht+Ai·θt+

Rd

hi(x) e<θ,x> − 1 ν(dx) t,

Cθ
t = At

νX
θ
(dt, dx) = e<θ,x>νX (dt, dx) = dt e<θ,x> ν (dx)

, t ≥ 0,

?♦ ❚❤❡♦@❡♠ ✶✳✺ ?>❛>❡? >❤❛> ✐> ✐? ❛ PIIS ♣@♦❝❡?? ❡✈❡♥ ✉♥❞❡@ P θ ✭❝❢✳ g@♦♣♦?✐>✐♦♥
9.6 ✐♥ ✷✺✮✳ ///

✷✳✹ ❆♣♣❧✐❝❛>✐♦♥?

✷✳✹✳✶ ●❡♦♠❡.1✐❝ ❊//❝❤❡1 ▼❡❛/✉1❡

■♥ >❤✐? ?❡❝>✐♦♥ ✇❡ ❛♣♣❧② >❤❡ >❤❡♦@② ❞❡✈❡❧♦♣❡❞ ?♦ ❢❛@ >♦ ❛ ?♣❡❝✐✜❝ ♣@✐❝❡ ♣@♦❝❡??✳
▲❡> (Ω,F , P ) ❜❡ ❛ ♣@♦❜❛❜✐❧✐>② ?♣❛❝❡✱ L = {Lt}t≥0 ❜❡ ❛ ❞@✐✈✐♥❣✱ R✕✈❛❧✉❡❞ ▲E✈②

♣@♦❝❡?? ✇✐>❤ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> σ2, ν, γh ✇✐>❤ @❡?♣❡❝> >♦ ❛ ✜①❡❞ >@✉♥❝❛>✐♦♥
❢✉♥❝>✐♦♥ h✳ ❉❡♥♦>❡ ❜② F >❤❡ ❛✉❣♠❡♥>❡❞ ✜❧>@❛>✐♦♥ ♦❢ L✱ ?♦ ✐> ❢✉❧✜❧❧? >❤❡ ✉?✉❛❧
❤②♣♦>❤❡?✐?✳ ❚❤❡ ❞②♥❛♠✐❝? ♦❢ >❤❡ ?♣♦> ♣@✐❝❡? ❛@❡ ❣✐✈❡♥ ❜② >❤❡ ♣@♦❝❡?? S = {St}t✱
❞❡✜♥❡❞ ❜②

S := S0 exp (G) , S0 ∈ R+,

✇❤❡@❡ >❤❡ log✕♣@✐❝❡? G = {Gt}t ❢♦❧❧♦✇

dGt = ρG − λGGt− dt+ σt−dLt, G0 = 0, ✭✶✮

✇✐>❤ ρG, λG ∈ R✳ ❚❤❡ ✈♦❧❛>✐❧✐>② ♣@♦❝❡?? σ2 = σ2
t t

✐? ❞❡✜♥❡❞ ❛? ✐♥ ✷✷ ❜②

σ2
t := k

t

0

eXs ds+ σ2
0 e−Xt− , t ≥ 0, ✭✷✮

✇❤❡@❡ σ2
0 ∈ R+ ❛♥❞ X = {Xt}t ✐? >❤❡ ❝c❞❧c❣✱ ❛❞❛♣>❡❞ ♣@♦❝❡?? ❣✐✈❡♥ ❜②

Xt := η log δ −
0<s≤t

log 1 + Φ (ΔLs)
2

, t ≥ 0,
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✇✐>❤ k > 0, η > 0, Φ ≥ 0✳ g@♦♣♦?✐>✐♦♥ 3.2 ✐♥ ✷✷ ?❤♦✇?

σ2
t = kt− η

t

0

σ2
s ds+Φ

0<s<t

σ2
s (ΔLs)

2
+ σ2

0 , t ≥ 0.

■> ✐? ❡✈✐❞❡♥> ❢@♦♠ ✭✷✮ >❤❛> σ2 ✐? ❛ ❧❡❢>✕❝♦♥>✐♥✉♦✉? ❛♥❞ ❛❞❛♣>❡❞ ♣@♦❝❡??✳ ■♥ ❛♥②
❝❛?❡✱ ✇❡ ♣@❡❢❡@ ✇@✐>✐♥❣ σ− ✐♥?>❡❛❞ ♦❢ ❥✉?> σ >♦ ❤✐❣❤❧✐❣❤> >❤❡ ❢❛❝> >❤❛> ✇❡ ❛@❡
✇♦@❦✐♥❣ ✇✐>❤ ❛ ❝c❣ ❛♥❞ ❛❞❛♣>❡❞✱ ❤❡♥❝❡ ♣@❡❞✐❝>❛❜❧❡✱ ♣@♦❝❡??✳

●✐✈❡♥ ❛♥ ❛❞❛♣>❡❞ ♣@♦❝❡?? r = {rt}t @❡♣@❡?❡♥>✐♥❣ >❤❡ ✐♥>❡@❡?> @❛>❡✱ >❤❡ ❞✐?✲
❝♦✉♥> ❢❛❝>♦@ ✐? {rt − δt}t✱ ✇✐>❤ δt := λGGt−, t ≥ 0✳ ■♥ >❤✐? ?❡>>✐♥❣✱ >❤❡ ❞✐?✲

❝♦✉♥>❡❞ ?♣♦> ♣@✐❝❡? S = St
t
❜❡❝♦♠❡

St := exp −
t

0

(rs − δs) ds St, t ≥ 0.

❡ ❝❛♥ ✐♥>❡@♣@❡> δ = {δt}t ❛? >❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ②✐❡❧❞ ✭✐✳❡✳✱ >❤❡ ❞✐✛❡@❡♥❝❡ ❜❡>✇❡❡♥
?>♦@❛❣❡ ❡①♣❡♥?❡? ❛♥❞ ❝♦♥?✉♠♣>✐♦♥ ✈❛❧✉❡ ♣❡@ ✉♥✐> ♦❢ >✐♠❡✮ ✐♥ >❤❡ ❝❛?❡ ♦❢ ❝♦♠✲
♠♦❞✐>✐❡? ♦@ >❤❡ ❞✐✈✐❞❡♥❞ ②✐❡❧❞ ❢♦@ ?>♦❝❦? ✭?❡❡ ✼✮✳

❚❤✉?✱ ✇❡ ❞❡✜♥❡ >❤❡ ♣@♦❝❡?? G = {Gt}t✱ ✇❤❡@❡ Gt := − t

0
(rs − δs) ds + Gt

❢♦@ ❡✈❡@② t ≥ 0✱ ✇❤♦?❡ ❞②♥❛♠✐❝? ❛@❡ dGt = − (rt − δt) dt + dGt✳ ❡ ❝❛♥ ♥♦✇

❡①♣@❡?? S = S0 exp (G )✳ ❚❤❡@❡❢♦@❡✱ ✇❡ ✇❛♥> >♦ ✜♥❞ ❛ ♣@♦❝❡?? θ ∈ L (G ) ?✉❝❤

>❤❛> S ✐? ❛ P θ✕❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡ ✭♣@♦✈✐❞❡❞ >❤❡ ❡①✐?>❡♥❝❡ ♦❢ P θ✱ ♦❜✈✐♦✉?❧②✮✳

❘❡♠❛E❦ ✷✳✸✳ ❋@♦♠ >❤❡ ❞②♥❛♠✐❝? ♦❢ G ✐♥ ✭✶✮✱ ✐> ❢♦❧❧♦✇? >❤❛> G ❥✉♠♣? ❛> >❤❡
?❛♠❡ >✐♠❡? ❛? L ❞♦❡?✱ ❛♥❞ ΔGt = σt−ΔLt, t ≥ 0✳ ❋✐①❡❞ t ∈ R+ ❛♥❞ ω ∈ Ω✱ >❤❡
♠❡❛?✉@❡ ❛??♦❝✐❛>❡❞ >♦ ✐>? ❥✉♠♣? ✐?

µG (ω; (0, t]×A) =
s≤t

1{x=0}∩A (ΔGs(ω))

=
s≤t

1{x=0} (ΔLs (ω)) 1(σs−(ω))−1A (ΔLs (ω))

= µL w; (0, t]× (σ− (ω))
−1

A , A ∈ B (R) .

▼♦@❡♦✈❡@ ✐> ✐? ❝❧❡❛@ >❤❛> µG = µG✱ >❤❡@❡❢♦@❡ FG
(t,ω) (dy) = ν (σt− (ω) ·)−1

(dy)✱
♠❡❛♥✐♥❣ >❤❛>

FG
(t,ω) (A) =

R
1A (σt− (ω) y) ν (dy) , A ∈ B (R) .

❚❤❡♦E❡♠ ✷✳✸✳ ▲❡M θ ∈ L(G ) ❜❡ N✉❝❤ M❤❛M θ ·G ✐N ❡①♣♦♥❡♥M✐❛❧❧② N♣❡❝✐❛❧ ❛♥❞ Zθ

✐N ❛ UI ♠❛OM✐♥❣❛❧❡✳ ■❢ ❛❧N♦ (θ + 1) ·G ✐N ❡①♣♦♥❡♥M✐❛❧❧② N♣❡❝✐❛❧ ❛♥❞ θ N❛M✐N✜❡N

θt +
1

2
σ2
t−σ

2− rt+ρG+σt−γh+
R

e(θt+1)σt−y− eθtσt−y− σt−h (y) ν (dy)=0

✭✷✳✼✮

❢♦O ❡✈❡O② t ≥ 0✱ M❤❡♥ S ✐N ❛ P θ✕❧♦❝❛❧ ♠❛OM✐♥❣❛❧❡✳

◆♦>❡ >❤❛> G ✐? 1✕❞✐♠❡♥?✐♦♥❛❧✱ >❤❡@❡❢♦@❡ >❤❡ ❣❡♦♠❡MO✐❝ ❊NN❝❤❡O ♠❡❛N✉O❡ ✐?
✉♥✐B✉❡ ✭✐❢ ✐> ❡①✐?>?✮✳
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^O♦♦❢✳ ❡ ✜@?> ❞❡>❡@♠✐♥❡ >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝? ♦❢ G ✉♥❞❡@ P ✇✐>❤ @❡?♣❡❝> >♦ h
❛? ❢✉♥❝>✐♦♥ ♦❢ >❤❡ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> ♦❢ >❤❡ ▲E✈② ♣@♦❝❡?? L✳ ❡ ❞❡✜♥❡

G (h)t :=
s≤t

[ΔGs − h (ΔGs)] = (x− h (x)) µG
t
, t ≥ 0

❛♥❞ G (h)t := Gt−G (h)t , t ≥ 0✳ ❚❤❛♥❦? >♦ >❤❡ ♣@❡✈✐♦✉? @❡♠❛@❦✱ ✇❡ ❝❛♥ ✇@✐>❡

dG (h)t = dGt − dG (h)t = − (rt − δt) dt+ dGt − (x− h (x)) µG (dt, dx)

= − rt − ρG dt+ σt−dLt − (σt−y − h (σt−y)) µL (dt, dy) .

❆? (σ− · L)c = σ− · Lc ❛♥❞ < σ− · Lc, σ− · Lc >= σ2
−σ

2dt✱ ❝♦♥?✐❞❡@✐♥❣ >❤❛>
▲❡♠♠❛ ✷✳✸ ❣✐✈❡?

δL (σ−)t = σt−γh +
R
σt− (y − h (y)) ν(dy), t ≥ 0

✇❡ ❣❡>

bGt = −rt + ρG + σt−γh + R (h (σt−y)− σt−h (y)) ν(dy)
cGt = σ2

t−σ
2

FG
t (dy) = ν(σt−·)−1 (dy)

, t ≥ 0. ✭✷✳✽✮

❆> >❤✐? ♣♦✐♥>✱ ✐❢ θ ?❛>✐?✜❡? κ (θ + 1) − κ (θ) = 0✱ ❚❤❡♦@❡♠ ✷✳✶ ❛♣♣❧✐❡? ❛♥❞ ✇❡

❝❛♥ ❛✣@♠ >❤❛> S ✐? ❛ P θ✕❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡✳ ■♥ ❢❛❝>✱ ✉?✐♥❣ >❤❡ ❡①♣@❡??✐♦♥ ♦❢ κ (θ)
♣@♦✈✐❞❡❞ ❜② ✭✷✳✷✮ ✐> @❡?✉❧>?

κ (θ + 1)t − κ (θ)t

= bGt +
1

2
σ2
t−σ

2 + θtσ
2
t−σ

2 +
R

e(θt+1)x − eθtx − h (x) FG
t (dx)

= θt +
1

2
σ2
t−σ

2−rt +ρG + σt−γh +
R
e(θt+1)σt−y − eθtσt−y−σt−h (y) ν (dy)

= 0, t ≥ 0,

❜② ✭✷✳✼✮✳ ❚❤✐? ❝♦♠♣❧❡>❡? >❤❡ ♣@♦♦❢✳

■❢ L ❢♦❧❧♦✇? ❛ NIG ❞✐?>@✐❜✉>✐♦♥✱ >❤❡♥ >❤❡ ?♦❧✉>✐♦♥? >♦ ❊B✉❛>✐♦♥ ✭✷✳✼✮ ❝❛♥ ❜❡
❡①♣❧✐❝✐>❧② ❡①♣@❡??❡❞✱ ❛? ?❤♦✇♥ ✐♥ >❤❡ ♥❡①> @❡?✉❧>✳ ❡ ❥✉?> ♥❡❡❞ >♦ @❡❝❛❧❧ >❤❛>✱ ✐❢
❛ @❛♥❞♦♠ ✈❛@✐❛❜❧❡ X ∼ NIG (α, β, µ, δ)✱ >❤❡♥ ✐>? ♠♦♠❡♥> ❣❡♥❡@❛>✐♥❣ ❢✉♥❝>✐♦♥
✐? ♣@♦✈✐❞❡❞ ❜②

E ezX = exp µz + δ α2 − β2 − α2 − (β + z)
2

, −α− β ≤ z ≤ α− β.

✭✷✳✾✮

▲❡♠♠❛ ✷✳✹✳ ▲❡M L = {Lt}t ❜❡ ❛ ▲Q✈② ♣O♦❝❡NN ❢♦❧❧♦✇✐♥❣ ❛ NIG ❞✐NMO✐❜✉M✐♦♥
✇✐M❤ ♣❛O❛♠❡M❡ON (α, β, µ, δ) ❛♥❞ N❡M M❤❡ MO✉♥❝❛M✐♦♥ ❢✉♥❝M✐♦♥

h (x) := x1D (x) , x ∈ R.

■❢ ❛ ♣O♦❝❡NN θ = {θt}t N✉❝❤ M❤❛M

(σt−θt) (ω) , σt− (θt + 1)(ω) ∈ [−α− β, α− β] , t ∈ R+
0 , ω ∈ Ω ✭✷✳✶✵✮
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❢✉❧✜❧❧N ❊R✉❛M✐♦♥ ✭✷✳✼✮✱ M❤❡♥ ❢♦O ❡✈❡O② t ≥ 0 ✇❡ ❤❛✈❡

θ1,2t =
1

2 R2
t + δ2σ2

t− σt−
− δ2σ3

t−− 2βδ2σ2
t−−R2

t (σt− + 2β)

± 4α2δ2R2
tσ

2
t−+4R4

tα
2−R2

t δ
2σ4

t−−
R6

t

δ2
−2σ2

t−R4
t ,

✭✷✳✶✶✮

✇✐M❤ Rt := −rt + ρG + µσt−.

^O♦♦❢✳ ❙✐♥❝❡ L1 ∼ NIG (α, β, µ, δ)✱ ✭✶✳✶✷✮ ❛♣♣❧✐❡? ❛♥❞ ❛❧♦♥❣ ✇✐>❤ ❊①❛♠♣❧❡ ✶✳✸
?>❛>❡? >❤❛> ❢♦@ ❡✈❡@② z ∈ [−α− β, α− β] ✐> @❡?✉❧>?

E ezL1 = exp µz + γ1z +
R
(ezx − 1− zx1D (x)) ν (dx) ,

✇❤❡@❡

γ1 :=
2δα

π

1

0

sinh (βx)K1 (αx) dx

❛♥❞

ν (dx) =
δα

π |x|e
βxK1 (α |x|) dx.

◆♦✇ ✭✷✳✾✮ ②✐❡❧❞?✱ ❢♦@ >❤❡ ?❛♠❡ z ∈ [−α− β, α− β]✱ >❤❡ ♥❡①> ❡B✉❛❧✐>②✿

δ α2 − β2 − α2 − (β + z)
2

= γ1z +
R
(ezx−1− zx1D (x)) ν (dx) . ✭✷✳✶✷✮

❋♦❧❧♦✇✐♥❣ >❤❡ ❢♦@❡❣♦✐♥❣ ♣@♦♦❢ ✇❡ ❤❛✈❡

0 = κ (θ + 1)t − κ (θ)t

= Rt + σt−γ1 +
R

e(θt+1)σt−x − 1− eθtσt−x − 1 − σt−x1D (x) ν (dx)

= Rt + σt−γ1 +
R

e(θt+1)σt−x − 1− σt− (θt + 1)x1D (x) ν (dx)

−
R

eθtσt−x − 1− σt−θtx1D (x) ν (dx) , t ≥ 0. ✭✷✳✶✸✮

❈♦♥?✐❞❡@✐♥❣ >❤❛> σ−γ1 = σ− [(θ + 1)− θ] γ1 >@✐✈✐❛❧❧② ❤♦❧❞?✱ ✇❡ ❝❛♥ ❝♦♥>✐♥✉❡
❡①♣❛♥❞✐♥❣ ♦♥ >❤❡ ❝❤❛✐♥ ♦❢ ❡B✉❛❧✐>✐❡? ✐♥ ✭✷✳✶✸✮ ❛@@✐✈✐♥❣ ❛>✿

0 = Rt + σt− (θt + 1) γ1 +
R

e(θt+1)σt−x − 1− σt− (θt + 1)x1D (x) ν (dx)

− σt−θtγ1 +
R

eθtσt−x − 1− σt−θtx1D (x) ν (dx)

= Rt + δ α2 − (β + σt−θt)
2 − α2 − (β + σt− (θt + 1))

2
, t ≥ 0,

✇❤❡@❡ ✐♥ >❤❡ ❧❛?> ♣❛??❛❣❡ ✇❡ ✉?❡❞ ✭✷✳✶✷✮ >♦❣❡>❤❡@ ✇✐>❤ >❤❡ >❡❝❤♥✐❝❛❧ ❛??✉♠♣✲
>✐♦♥ ✭✷✳✶✵✮✳ ■♥ ♦@❞❡@ >♦ ❝♦♠♣❧❡>❡ >❤❡ ♣@♦♦❢ ✇❡ >❤❡@❡❢♦@❡ ♥❡❡❞ >♦ ✜♥❞✱ ❢♦@ ❛♥②
t ≥ 0✱ >❤❡ ♣♦??✐❜❧❡ ?♦❧✉>✐♦♥? ♦❢ >❤❡ ❢♦❧❧♦✇✐♥❣ ❡B✉❛>✐♦♥✿

Rt + δ α2 − (β + σt−θt)
2 − α2 − (β + σt− (θt + 1))

2
= 0. ✭✷✳✶✹✮
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❡ ✇@✐>❡ ✭✷✳✶✹✮ ❛?

α2 − (β + σt− (θt + 1))
2
=

Rt

δ
+ α2 − (β + σt−θt)

2

❛♥❞ >❤❡♥ ✇❡ ?B✉❛@❡ ❜♦>❤ ?✐❞❡?✱ ❣❡>>✐♥❣

2
Rt

δ
α2 − (β + σt−θt)

2
= − σ2

t− + 2βσt− +
R2

t

δ2
− 2σ2

t−θt.

❘❡♣❡❛>✐♥❣ ♦♥❝❡ ❛❣❛✐♥ >❤❡ ?❛♠❡ ♦♣❡@❛>✐♦♥ ♦❢ ?B✉❛@✐♥❣ ✇❡ ❡♥❞ ✉♣ ✇✐>❤ ❛♥ ❡B✉❛>✐♦♥
♦❢ ?❡❝♦♥❞ ❞❡❣@❡❡ ✐♥ θ✱ ♥❛♠❡❧②

4σ2
t− σ2

t− +
R2

t

δ2
θ2t + 4σt− σ3

t− + 2βσ2
t− +

R2
t

δ2
σt− + 2β

R2
t

δ2
θt + ct = 0,

✭✷✳✶✺✮

✇❤❡@❡ >❤❡ ❝♦❡✣❝✐❡♥> ct := σ2
t− + 2βσt− +

R2
t

δ2

2

−4
R2

t

δ2 α2 − β2 . ❚❤❡ ?♦❧✉>✐♦♥?

>♦ ✭✷✳✶✺✮ ❝❛♥ ❜❡ ❛❧❣❡❜@❛✐❝❛❧❧② ❝♦♠♣✉>❡❞ ✭❛❞♠✐>>❡❞❧②✱ >❤❡ ❝❛❧❝✉❧❛>✐♦♥ ✐? B✉✐>❡
>@✐❝❦②✮ ❛♥❞ ❛@❡ ♣@♦✈✐❞❡❞ ❜② ✭✷✳✶✶✮✳ ❚❤✐? ❝♦♠♣❧❡>❡? >❤❡ ♣@♦♦❢✳

▲❡♠♠❛ ✷✳✹ ❞♦❡? ♥♦> ❛❞❞ ❛♥②>❤✐♥❣ >♦ >❤❡ >❤❡♦@② ❞❡✈❡❧♦♣❡❞ ?♦ ❢❛@✱ ❜✉> ✐> ✐?
❝@✉❝✐❛❧ ✐♥ ❛♣♣❧✐❝❛>✐♦♥?✳ ■♥ ❢❛❝>✱ ❤❛✈✐♥❣ ❛♥ ❡①♣❧✐❝✐> ❡①♣@❡??✐♦♥ ❢♦@ θ ❡♥❛❜❧❡? ✉?
>♦ ?✐♠✉❧❛>❡ >❤❡ ?♣♦> ♣@✐❝❡? ✉♥❞❡@ >❤❡ ♠❛@>✐♥❣❛❧❡ ♠❡❛?✉@❡✱ ❣✐✈❡♥ ✐♥ >❤✐? ❝❛?❡ ❜②
>❤❡ ❣❡♦♠❡>@✐❝ ❊??❝❤❡@ ♠❡❛?✉@❡✳ ❇♦>❤ ❜@❛♥❝❤❡? ♦❢ >❤❡ ?♦❧✉>✐♦♥? ✭✷✳✶✶✮ ❤❛✈❡ ❜❡❡♥
>❡?>❡❞ ❡♠♣✐@✐❝❛❧❧②✱ ❜✉> ♦♥❧②

θt=
1

2 R2
t + δ2σ2

t− σt−
− δ2σ3

t−− 2βδ2σ2
t−−R2

t (σt− + 2β)

− 4α2δ2R2
tσ

2
t−+ 4R4

tα
2−R2

t δ
2σ4

t−−
R6

t

δ2
− 2σ2

t−R4
t

✭✷✳✶✻✮

♣@❡✈❡♥>? >❤❡ @✐?❦✕♥❡✉>@❛❧ ❞②♥❛♠✐❝? ❢@♦♠ ❡①♣❧♦❞✐♥❣✳

❙✐♠✉❧❛A✐♦♥ ♦❢ A❤❡ P θ✕❞②♥❛♠✐❝C

❙✐♥❝❡ ✇❡ ❛@❡ ❣♦✐♥❣ >♦ ❝♦♥?✐❞❡@ ♦♣>✐♦♥? ♦♥ ?>♦❝❦? ❛♥❞ ♥♦> ♦♥ ❝♦♠♠♦❞✐>✐❡?✱
>❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ②✐❡❧❞ δ ✐? @❡❞✉♥❞❛♥>✱ ?♦ ✇❡ @❡♠♦✈❡ ✐> ❜② ?❡>>✐♥❣ λG = 0✳ ❋♦@ >❤❡
?❛❦❡ ♦❢ ?✐♠♣❧✐❝✐>② ✇❡ ❝♦♥?✐❞❡@ ❛ ❝♦♥?>❛♥> ❛♥♥✉❛❧ ✐♥>❡@❡?> @❛>❡ r ∈ R+ ❛♥❞ ♣✉>
ρG = 0✿ ✐♥ >❤✐? ✇❛②✱ ✉♥❞❡@ >❤❡ ❤✐?>♦@✐❝❛❧ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡ P ✱ >❤❡ log✕♣@✐❝❡?
G ❢♦❧❧♦✇ ❛ COGARCH ♣@♦❝❡??✱ ❛? ✐♥>@♦❞✉❝❡❞ ✐♥ ✷✷✱ ❛♥❞ ✭✶✮ @❡❞✉❝❡? >♦

dGt = σt−dLt, G0 = 0.

❙✉❝❤ >②♣❡? ♦❢ ♣@♦❝❡??❡? ❛@❡ ❣❡♥❡@❛❧✐③❡❞ ❜② >❤❡ ?♦✕❝❛❧❧❡❞ COGARCH(p, q)✱
✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ✐♥>@♦❞✉❝❡❞ ✐♥ ✻✿ ❚❤❡♦@❡♠ 2.2 >❤❡@❡✐♥ ❞✐?♣❧❛②? >❤❡ ❝♦♥♥❡❝>✐♦♥
✇✐>❤ >❤❡ ♠♦❞❡❧ ✇❡ ❛@❡ ❛❞♦♣>✐♥❣✳ ■♥ ♦✉@ ❛♣♣@♦❛❝❤ >❤❡ ❞@✐✈✐♥❣ ▲E✈② ♣@♦❝❡?? L ✐?
❛??✉♠❡❞ >♦ ❤❛✈❡ ❛ NIG ❞✐?>@✐❜✉>✐♦♥ ❛♥❞ ✇❡ ❢✉@>❤❡@ ?✉♣♣♦?❡ >❤❛> >❤❡ ❤②♣♦>❤❡?✐?
♦❢ ❚❤❡♦@❡♠ ✷✳✸ ❛@❡ ?❛>✐?✜❡❞ ✭✇✐>❤ >@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥ h (x) = x1D (x) , x ∈ R✮✱
?♦ >❤❛> >❤❡ ❣❡♦♠❡>@✐❝ ❊??❝❤❡@ ♠❡❛?✉@❡ P θ ❢♦@ S ✐? ✉♥✐B✉❡❧② ❞❡>❡@♠✐♥❡❞✳ ❡
❡?>✐♠❛>❡ ❛❧❧ >❤❡ ♣❛@❛♠❡>❡@? ♦❢ >❤❡ ♠♦❞❡❧ ❢@♦♠ >❤❡ >✐♠❡ ?❡@✐❡? ♦❢ >❤❡ ✉♥❞❡@❧②✐♥❣
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❛??❡> log✕♣@✐❝❡? ✉?✐♥❣ >❤❡ R✕♣❛❝❦❛❣❡ ②✉✐♠❛ ✭?❡❡✱ ❡✳❣✳✱ ✶✻✮✱ ✇❤✐❝❤ ❝♦♠♣✉>❡?
>❤❡♠ ❛❝❝♦@❞✐♥❣ >♦ >❤❡ ♣@♦❝❡❞✉@❡ ❡①♣❧❛✐♥❡❞ ✐♥ ✶✼✳ ❆> >❤✐? ♣♦✐♥>✱ ✇❡ ✉?❡ >❤❡
❢♦✉♥❞ ❝♦❡✣❝✐❡♥>? >♦ ?✐♠✉❧❛>❡ ❛ ?✉✣❝✐❡♥>❧② ❧❛@❣❡ ♥✉♠❜❡@ ♦❢ ♣❛>❤? ♦❢ >❤❡ ✈❛@✐❛♥❝❡
♣@♦❝❡?? σ2✿ >❤❛♥❦? >♦ ✭✷✳✶✻✮✱ ❢@♦♠ ❡❛❝❤ ♦❢ >❤❡♠ ✇❡ ❝❛♥ @❡❝♦✈❡@ ❛ >@❛❥❡❝>♦@② ♦❢ θ✱
❛? ✇❡❧❧✳ ❚❤❡ ♣@♦❜❧❡♠ >❤❡@❡❢♦@❡ @❡❞✉❝❡? >♦ ❣❡♥❡@❛>✐♥❣ >❤❡ ♣❛>❤? ♦❢ G ❢@♦♠ >❤♦?❡
✇❡ ❤❛✈❡ ❥✉?> ♦❜>❛✐♥❡❞✳ ❆❢>❡@ >❤❡ ❝❤❛♥❣❡ ♦❢ ♠❡❛?✉@❡✱ L ✐? ♥♦> ❛ ▲E✈② ♣@♦❝❡??
❛♥②♠♦@❡✿ ✐♥❞❡❡❞✱ ❜② ✭✷✳✸✮ ❛♥❞ ❘❡♠❛@❦ ✷✳✷ ✇❡ ❤❛✈❡

F θ
t (dx) = eθtxν (dx) , t ≥ 0

❛♥❞ ❚❤❡♦@❡♠ ✶✳✺ ❡♥?✉@❡? >❤❛> L ✐? ♥♦> ❡✈❡♥ ❛ PIIS ♣@♦❝❡?? ✉♥❞❡@ P θ✳ ❆? ❛
❝♦♥?❡B✉❡♥❝❡ ♦❢ >❤✐? ❢❛❝>✱ G ✐? ♥♦> ❛ COGARCH ♣@♦❝❡?? ✉♥❞❡@ >❤❡ ♠❛@>✐♥❣❛❧❡
♠❡❛?✉@❡ ❛♥❞ >❤❡ ?✐♠✉❧❛>✐♦♥ ♦❢ ✐>? >@❛❥❡❝>♦@✐❡? ❣❡>? ❝♦♠♣❧✐❝❛>❡❞✳ ❚❤❡ ✐❞❡❛ ✇❡
❢♦❧❧♦✇ >♦ ♦✈❡@❝♦♠❡ >❤✐? ?❡>❜❛❝❦ ✐? >♦ ✉?❡ >❤❡ ❝❛♥♦♥✐❝❛❧ @❡♣@❡?❡♥>❛>✐♦♥ ❢♦@ ?❡♠✐✲
♠❛@>✐♥❣❛❧❡? ✭✷✽✱ ❚❤❡♦@❡♠ ■■✱ 2.34✮✿ ❣✐✈❡♥ ❛ d✕❞✐♠❡♥?✐♦♥❛❧ ?❡♠✐♠❛@>✐♥❣❛❧❡
X = {Xt}t ✇✐>❤ ❝❤❛@❛❝>❡@✐?>✐❝? B,C, νX @❡❧❛>✐✈❡ >♦ >❤❡ >@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥
h✱ >❤❡♥ >❤❡ ♥❡①> @❡♣@❡?❡♥>❛>✐♦♥ ❤♦❧❞?✿

X = X0 +Xc +B + h (x) (µX − νX) + (x− h (x)) µX . ✭✷✳✶✼✮

❋✐① >❤❡ >@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥ h (x) := x 1{|z|< } (x)✱ ✇❤❡@❡ ≤ 1 ✐? ❛@❜✐>@❛@✐❧② ❝❤♦✲
?❡♥✳ ❈♦♥?✐❞❡@✐♥❣ ❊①❛♠♣❧❡? ✶✳✸ ❛♥❞ ✶✳✺✱ ?>@❛✐❣❤>❢♦@✇❛@❞ ❝♦♠♣✉>❛>✐♦♥? ♣@♦✈✐❞❡
>❤❡ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> ♦❢ L ✉♥❞❡@ P ✇✐>❤ @❡?♣❡❝> >♦ h✿


σ2 = 0

ν (dx) =
δα

π |x|e
βxK1 (α |x|) dx

γh = γ −
<|x|<1

x ν (dx)

,

✇❤❡@❡ γ = µ +
2δα

π

1

0

sinh (βx)K1 (αx) dx✳ ❋@♦♠ >❤❡ ♣@♦♦❢ ♦❢ ❚❤❡♦@❡♠ ✷✳✸✱

?♣❡❝✐✜❝❛❧❧② ❢@♦♠ ✭✷✳✽✮✱ ✇❡ @❡❛❞✐❧② ❣❡> >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝? ♦❢ G ✉♥❞❡@ P ✿

bt = σt−γh + R (h (σt−x)− σt−h (x)) ν(dx)
ct = 0

Ft(dx) = ν(σt−·)−1 (dx)

, t ≥ 0.

❡ ✐♥✈♦❦❡ ♦♥❝❡ ❛❣❛✐♥ ✭✷✳✸✮ >♦❣❡>❤❡@ ✇✐>❤ ❘❡♠❛@❦ ✷✳✷ >♦ ✜♥❞ >❤❡♠ ✉♥❞❡@ P θ✿

bθt = bt + R h (x) eθtx − 1 Ft(dx)

cθt = 0

F θ
t (dx) = eθtxν(σt−·)−1 (dx)

, t ≥ 0. ✭✷✳✶✽✮

❡ ♥♦✇ ❢♦❝✉? ♦♥ >❤❡ @❡♣@❡?❡♥>❛>✐♦♥ ♦❢ G ❣✐✈❡♥ ❜② ✭✷✳✶✼✮✳ ❇② ❝♦♥?>@✉❝>✐♦♥
G0 = 0✱ ❛♥❞ ♦❜✈✐♦✉?❧② Gc = 0✱ ❛? ✇❡❧❧✱ ?✐♥❝❡ cθt = 0, t ≥ 0✳ ❆? @❡❣❛@❞? >❤❡ >❡@♠
B = {Bt}t✱ ✐> ❝❛♥ ❜❡ ❡❛?✐❧② ♦❜>❛✐♥❡❞ ❜②

Bt =
(0,t)

bθs ds, t ≥ 0,
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❤❡♥❝❡ ✇❡ ❡①♣❛♥❞ ♦♥ >❤❡ ❝♦♠♣✉>❛>✐♦♥? ✐♥ ✭✷✳✶✽✮✿

bθt = bt +
R
σt−y 1{|z|< } (σt−y) eθtσt−y − 1 ν (dy) , t ≥ 0.

❙✉❜?>✐>✉>✐♥❣ >❤❡ ❡①♣@❡??✐♦♥ ♦❢ bt ✇❡ ❝♦♥❝❧✉❞❡

bθt = σt−γh +
|x|< /σt−

σt−y
δα

π |y|e
(θtσt−+β)yK1 (α |y|) dy

−
(− , )

σt−y
δα

π |y|e
βyK1 (α |y|) dy, t ≥ 0.

❡ ♥❡①> @❡♣❧❛❝❡ >❤❡ >❡@♠ h (x) (µG − νG) ✇✐>❤ ❛♥♦>❤❡@ ♦♥❡ @❡♣@❡?❡♥>✐♥❣ >❤❡
✈❛@✐❛>✐♦♥ ♦❢ >❤❡ ?♠❛❧❧ ❥✉♠♣? ♦❢ G✱ ❛? ?✉❣❣❡?>❡❞ ✐♥ ✸ ✐♥ >❤❡ ❝❛?❡ ♦❢ ▲E✈② ♣@♦✲
❝❡??❡?✳ ■♥ ♣❛@>✐❝✉❧❛@✱ ✇❡ ✐♥>@♦❞✉❝❡ >❤❡ ♣@♦❝❡?? σ2 ( ) = σ2 ( )t t

✱ ❞❡✜♥❡❞ ❜②

σ2 ( )t :=
|x|<

x2 F θ
t (dx) , t ≥ 0.

✐>❤ >❤❡ ✉?✉❛❧ ❝❛❧❝✉❧❛>✐♦♥? ✇❡ ❣❡>

σ2 ( )t =
R
x2eθtx 1{|z|< } (x) Ft (dx) =

R
σ2
t−y

2eθtσt−y 1{|z|< } (σt−y) ν (dy)

=
|x|< /σt−

σ2
t−y

2 δα

π |y|e
(θtσt−+β)yK1 (α |y|) dy, t ≥ 0.

❚❛❦✐♥❣ ❛ ❇@♦✇♥✐❛♥ ♠♦>✐♦♥ W = {Wt}t✱ ✇❡ ❛♣♣@♦①✐♠❛>❡ ❛ >@❛❥❡❝>♦@② ♦❢ h (x)
(µG − νG) ✇✐>❤ ♦♥❡ ♦❢ σ2 ( )W ✳

❋✐♥❛❧❧② ✇❡ >✉@♥ ♦✉@ ❛>>❡♥>✐♦♥ >♦ >❤❡ >❡@♠ (x− h (x)) µG✳ ■♥ ♦@❞❡@ >♦
?✐♠✉❧❛>❡ ✐>? ♣❛>❤?✱ ✇❡ ♣@♦❝❡❡❞ ✐♥ ❛♥❛❧♦❣② >♦ >❤❡ ▲E✈②✕■>" ❞❡❝♦♠♣♦?✐>✐♦♥ >❤❡♦@❡♠
♣@❡?❡♥>❡❞ ✐♥ ❙❡❝>✐♦♥ ✶✳✸ ✭❚❤❡♦@❡♠ ✶✳✹✮✳ ■♥ >❤❛> ✐♥?>❛♥❝❡✱ ✇❡ ♣@♦✈❡❞ >❤❛>✱ ✐❢ L
✐? ❛ ▲E✈② ♣@♦❝❡??✱ >❤❡♥

(0,t]×D(1,∞)

xJ (ds, dx) =
[0,t]×Rd

(x− x1D (x)) µL (ds, dx)

= (x− x 1D (x)) µL
t
, t ≥ 0

✐? ❛ ❝♦♠♣♦✉♥❞ g♦✐??♦♥ ♣@♦❝❡?? ✇✐>❤ ❞✐?>@✐❜✉>✐♦♥ ν
tν(D1,∞) φ−1 (dx) ✭?❡❡ ✭✶✳✶✹✮✮

❛♥❞ ❝♦♥?>❛♥> ν (D1,∞)✳ ■♥ >❤✐? ❝❛?❡✱ ✇❡ ❝♦♥?✐❞❡@ ❛ ♥♦♥❤♦♠♦❣❡♥❡♦✉? g♦✐??♦♥
♣@♦❝❡?? ✇✐>❤ >✐♠❡✕✈❛@②✐♥❣ ✐♥>❡♥?✐>②

λt := F θ
t ({|x| > }) =

R
eθtσt−y 1D ,∞ (σt−y)

δα

π |y|e
βyK1 (α |y|) dy

=
|x|> /σt−

δα

π |y|e
(θtσt−+β)yK1 (α |y|) dy, t ≥ 0.

❚❤❡ ❥✉♠♣? >✐♠❡ ♦❢ ?✉❝❤ ♣@♦❝❡?? ❤❛✈❡ ❜❡❡♥ ?✐♠✉❧❛>❡❞ ✇✐>❤ ❛ M❤✐♥♥✐♥❣ ❛❧❣♦O✐M❤♠✱
❛? ♣@♦♣♦?❡❞ ✐♥ ✷✸✳ ■♥?>❡❛❞✱ >❤❡ >✐♠❡✕✈❛@②✐♥❣ ❥✉♠♣? ?✐③❡? ❛@❡ ❛??✉♠❡❞ >♦ ❜❡

ct :=
R
x 1D ,∞ (x) F θ

t (dx)

=
|x|> /σt−

σt−y
δα

π |y|e
(θtσt−+β)yK1 (α |y|) dy, t ≥ 0.
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❋✐❣✉@❡ ✷✳✶✿ ❆❆g▲ ❝❛❧❧ ♦♣>✐♦♥✱ ❙>@✐❦❡ 165$✳
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▼❛>✉@✐>②

❖
♣
>✐
♦
♥
g
@✐
❝❡

✭$
✮

❘❡❛❧ ♦♣>✐♦♥ ♣@✐❝❡?
❙✐♠✉❧❛>❡❞ ♦♣>✐♦♥ ♣@✐❝❡?

❋♦❧❧♦✇✐♥❣ >❤❡?❡ ?>❡♣? ✇❡ ❝❛♥ ❣❡> ❛? ♠❛♥② >@❛❥❡❝>♦@✐❡? ♦❢ G ✭❛♥❞ ?♦ ♦❢ S✮ ✉♥❞❡@
P θ ❛? ✇❡ ✇❛♥>✳ ▲❡>N ❜❡ >❤❡ ♥✉♠❜❡@ ♦❢ ✐>❡@❛>✐♦♥? ✇❡ @✉♥ ❛♥❞ Si✱ ❢♦@ i = 1, ..., N ✱
❜❡ >❤❡ ❝♦@@❡?♣♦♥❞✐♥❣✱ ?✐♠✉❧❛>❡❞ >@❛❥❡❝>♦@✐❡? ♦❢ >❤❡ ?♣♦> ♣@✐❝❡✳ ❘❡❝❛❧❧✐♥❣ >❤❛>
P θ ✐? ❛ ♠❛@>✐♥❣❛❧❡ ♠❡❛?✉@❡ ❢♦@ S ✇❤✐❝❤ ✐? ❧♦❝❛❧❧② ❡B✉✐✈❛❧❡♥> >♦ P ✱ ✇❡ ✉?❡ ✐>
❛? ♣@✐❝✐♥❣ ♠❡❛?✉@❡✳ ❚❤✐? ♠❡❛♥? >❤❛> ✇❡ ♦❜>❛✐♥ >❤❡ ♣@✐❝❡ ♦❢ ❛♥ ❊✉@♦♣❡❛♥ ❝❛❧❧
♦♣>✐♦♥ ✇✐>❤ ?>@✐❦❡ K ❛♥❞ ♠❛>✉@✐>② T ❜② ❝♦♠♣✉>✐♥❣ >❤❡ ?❛♠♣❧❡ ♠❡❛♥ ♦❢ >❤❡
✈❡❝>♦@ ♦❢ ❝♦♠♣♦♥❡♥>?

e−rT Si (T )−K
+
, i = 1, ..., N.

❊♠♣✐E✐❝❛❧ ❘❡C✉❧AC

❡ ❤❛✈❡ ❡♠♣✐@✐❝❛❧❧② >❡?>❡❞ >❤❡ ❊??❝❤❡@ ♠❡>❤♦❞ ✇✐>❤ >❤❡ ♣@✐❝❡? ♦❢ ❝❛❧❧ ♦♣>✐♦♥?
♦♥ ❆♣♣❧❡ ■♥❝✳ ?>♦❝❦ ✭>✐❝❦❡@ ?②♠❜♦❧✿ ❆❆g▲✮ ✇✐>❤ ✜①❡❞ ?>@✐❦❡ ❛> 165$✳ ❋✐❣✉@❡ ✷✳✶
❛❜♦✈❡ ?❤♦✇? >❤❡ ?✐♠✉❧❛>❡❞ ♦♣>✐♦♥ ♣@✐❝❡? ❛? ❛ ❢✉♥❝>✐♦♥ ♦❢ >❤❡✐@ ♠❛>✉@✐>✐❡?✳ ❡
@❡❢❡@ >♦ ❆♣♣❡♥❞✐① ❆✱ ❙❡❝>✐♦♥ ❆✳✶✱ ❢♦@ >❤❡ ✉?❡❞ ❝♦❞❡✳ ❚❤❡ ❛✈❡@❛❣❡ ♦❢ >❤❡ ❛❜?♦❧✉>❡
✈❛❧✉❡? ♦❢ ♣❡@❝❡♥>❛❣❡ ❞✐✛❡@❡♥❝❡ ✐? 6.6525%✳

❡ ❛❧?♦ >@✐❡❞ >♦ ❛♣♣❧② >❤❡ ❣❡♦♠❡>@✐❝ ❊??❝❤❡@ ♠❡❛?✉@❡ >♦ >❤❡ ♣@✐❝❡? ♦❢ ❝❛❧❧
♦♣>✐♦♥? ♦♥▼✐❝O♦N♦❢M ❈♦O♣♦O❛M✐♦♥ ?>♦❝❦ ✭>✐❝❦❡@ ?②♠❜♦❧✿ ▼❙❋❚✮ ✇✐>❤ ?>@✐❦❡ 110$✿
❋✐❣✉@❡ ✷✳✷ ❜❡❧♦✇ ❞✐?♣❧❛②? >❤❡ ♦✉>❝♦♠❡?✳ ■♥ >❤✐? ❝❛?❡✱ >❤❡ ♠❡❛♥ ♦❢ ❛❜?♦❧✉>❡ ✈❛❧✉❡?
♦❢ ♣❡@❝❡♥>❛❣❡ ❞✐✛❡@❡♥❝❡ ?❡>>❧❡? ❞♦✇♥ ❛> 5.2701%✳

❘❡♠❛E❦ ✷✳✹✳ ■♥ ❜♦>❤ >❤❡ ?✐♠✉❧❛>✐♦♥? >❤❡ @❡❛❧ ❞❛>❛ ✇❛? ♦❜>❛✐♥❡❞ ❢@♦♠ >❤❡
✇❡❜?✐>❡ ❤''♣*✿✴✴✇✇✇✳♥❛*❞❛+✳❝♦♠✱ ✇❤❡@❡ ❆♠❡@✐❝❛♥ ♦♣>✐♦♥? ❛@❡ >@❛❞❡❞✳ ❖✉@
❛@❣✉♠❡♥> ❣❡♥❡@❛>❡? >❤❡ ♦♣>✐♦♥ ♣@✐❝❡? ❛??✉♠✐♥❣ >❤❡② ❛@❡ ❊✉@♦♣❡❛♥✱ ✐♥?>❡❛❞✳ ■♥
❛♥② ❝❛?❡✱ >❤✐? ❛♣♣@♦①✐♠❛>✐♦♥ ❝❛♥ ❜❡ ❛❝❝❡♣>❡❞ ❛? ♠❡❛♥✐♥❣❢✉❧ ❢♦@ >✇♦ @❡❛?♦♥?✿

❼ >❤❡ ❛♥❛❧②③❡❞ ❞❡@✐✈❛>✐✈❡? ❤❛✈❡ ?❤♦@>✲>❡@♠ ♠❛>✉@✐>✐❡?✱ ?♦ ✇❡ ❛@❡ ❛❧❧♦✇❡❞ >♦
✐❣♥♦@❡ >❤❡ ❞✐✈✐❞❡♥❞ ②✐❡❧❞❀
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❋✐❣✉@❡ ✷✳✷✿ ▼❙❋❚ ❝❛❧❧ ♦♣>✐♦♥✱ ❙>@✐❦❡ 110$✳
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▼❛>✉@✐>②
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✭$
✮

❘❡❛❧ ♦♣>✐♦♥ ♣@✐❝❡?
❙✐♠✉❧❛>❡❞ ♦♣>✐♦♥ ♣@✐❝❡?

❼ >❤❡ >✐♠❡ ✈❛❧✉❡? ♦❢ >❤❡ ♦♣>✐♦♥? ✇❡@❡ ❛❧✇❛②? ♣♦?✐>✐✈❡✱ ✐♠♣❧②✐♥❣ >❤❛> ✐> ✐?
❝♦♥✈❡♥✐❡♥> >♦ ?❡❧❧ >❤❡ ♦♣>✐♦♥ @❛>❤❡@ >❤❛♥ ❡①❡@❝✐?✐♥❣ ✐>? ❝❛❧❧ @✐❣❤>✳

✷✳✹✳✷ ▲✐♥❡❛1 ❊//❝❤❡1 ▼❡❛/✉1❡

❆? ✇❡ ❤❛✈❡ ❛❧@❡❛❞② ❛@❣✉❡❞ ❛> >❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝>✐♦♥ ✷✳✸✱ ?♦♠❡>✐♠❡? ✐> ✐?
❝♦♥✈❡♥✐❡♥> >♦ ✉?❡ >❤❡ ?>♦❝❤❛?>✐❝ ❡①♣♦♥❡♥>✐❛❧ E ✐♥?>❡❛❞ ♦❢ >❤❡ ?>❛♥❞❛@❞ ❡①♣♦✲
♥❡♥>✐❛❧ exp >♦ ♠♦❞❡❧ ♣@✐❝❡?✳ ■♥ >❤❡ ♣@❡✈✐♦✉? ?✉❜?❡❝>✐♦♥✱ ✇❡ ❤❛❞ >❤❡ ♣@♦❝❡??❡?
S = {St}t✱ ✇✐>❤ St = S0 exp (Gt) , t ≥ 0✱ ✇❤✐❝❤ ❞❡?❝@✐❜❡❞ >❤❡ ?♣♦> ♣@✐❝❡? ❛♥❞

S = St
t
✱ ✇✐>❤ St = S0 exp (Gt) , t ≥ 0✱ ❢♦@ >❤❡ ❞✐?❝♦✉♥>❡❞ ?♣♦> ♣@✐❝❡?✳ ❈♦♥✲

?✐❞❡@✐♥❣ >❤❛> G0 = G0 = 0✱ >❤❛♥❦? >♦ g@♦♣♦?✐>✐♦♥ ✷✳✷ ✇❡ ❝❛♥ ❡①♣@❡?? >❤❡?❡
♣@♦❝❡??❡? ❜② ?>♦❝❤❛?>✐❝ ❡①♣♦♥❡♥>✐❛❧ ❛? ❢♦❧❧♦✇?✿

St = S0E G
t
, St = S0E G

t
, t ≥ 0,

✇❤❡@❡ G := L♦❣ (exp (G)) ❛♥❞ G := L♦❣ (exp (G ))✳ ❚❤❡ ♥❡①> >❤❡♦@❡♠ ✭✷✽✱
❚❤❡♦@❡♠ ■■✱ 8.10✮ ?❤♦✇? ❤♦✇ >♦ ❞❡@✐✈❡ >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝? ♦❢ G ❢@♦♠ >❤♦?❡ ♦❢
G ✳

❚❤❡♦E❡♠ ✷✳✹✳ ▲❡M X ❛♥❞ X ❜❡ M✇♦ O❡❛❧✕✈❛❧✉❡❞ N❡♠✐♠❛OM✐♥❣❛❧❡N N✉❝❤ M❤❛M
X = L♦❣ (exp (X))✳ ❉❡♥♦M❡ ❜② B,C, νX M❤❡ ❝❤❛O❛❝M❡O✐NM✐❝N ♦❢ X ✇✐M❤ O❡✲

N♣❡❝M M♦ ❛ MO✉♥❝❛M✐♦♥ ❢✉♥❝M✐♦♥ h✳ ❚❤❡♥ M❤❡O❡ ❡①✐NMN ❛ ✈❡ON✐♦♥ B,C, νX ♦❢ M❤❡

❝❤❛O❛❝M❡O✐NM✐❝N ♦❢ X✱ ❛❧✇❛②N O❡❧❛M✐✈❡ M♦ h✱ N❛M✐N❢②✐♥❣

B = B + C

2 + (h (ex − 1)− h (x)) νX

C = C

1G (x) νX = 1G (ex − 1) νX , G ∈ B (R)
. ✭✷✳✶✾✮
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■♥ ♣❛@>✐❝✉❧❛@✱ @❡❝❛❧❧✐♥❣ >❤❛>

B = b ·A
C = c ·A
νX (ω; dt, dx) = dAt (ω)F(t,ω) (dx) g✕a.s.

,

❢@♦♠ ✭✷✳✶✾✮ ✇❡ ❣❡>

bt = bt +

ct
2 + R (h (ex − 1)− h (x)) Ft (dx)

ct = ct

F t (dx) = Ft (e
· − 1)

−1
(dx)

, t ≥ 0, ✭✷✳✷✵✮

✇❤❡@❡ >❤❡ ❧❛?> ❡①♣@❡??✐♦♥ ❝❛♥ ❜❡ ❡①♣❧✐❝✐>❧② ✇@✐>>❡♥ ✐♥ >❤✐? ✇❛②✿

F t (G) =
R
1G (ex − 1)Ft (dx) , G ∈ B (R) , t ≥ 0.

✐>❤ >❤❡ ♥❡✇ ❡①♣@❡??✐♦♥ ♦❢ >❤❡ ♣@♦❝❡?? S✱ >❤❡ ✐❞❡❛ ✐? >♦ ❛♣♣❧② ❚❤❡♦@❡♠ ✷✳✷ ✐♥
♦@❞❡@ >♦ ✜♥❞ ❛♥♦>❤❡@ ?✉✣❝✐❡♥> ❝♦♥❞✐>✐♦♥ >♦ ♠❛❦❡ P θ ❛ ♠❛@>✐♥❣❛❧❡ ♠❡❛?✉@❡ ❢♦@
S✳ ❡ ♦❜>❛✐♥ >❤❡ ❢♦❧❧♦✇✐♥❣ @❡?✉❧>✿

❚❤❡♦E❡♠ ✷✳✺✳ ▲❡M θ ∈ L(G ) ❜❡ N✉❝❤ M❤❛M θ ·G ✐N ❡①♣♦♥❡♥M✐❛❧❧② N♣❡❝✐❛❧ ❛♥❞ Zθ

✐N ❛ UI ♠❛OM✐♥❣❛❧❡✳ ■❢ M❤❡ ♣O♦❝❡NN x eθtx − h (x) νG ∈ V ❛♥❞ θ N❛M✐N✜❡N

θt +
1

2
σ2
t−σ

2−rt+ρG+σt−γh+
R

(eσt−y− 1) eθt(e
σt−y−1)− σt−h (y) ν(dy)=0

✭✷✳✷✶✮

❢♦O ❡✈❡O② t ≥ 0✱ M❤❡♥ S ✐N ❛ P θ✕❧♦❝❛❧ ♠❛OM✐♥❣❛❧❡✳

◆♦>❡ >❤❛> ✐♥ >❤✐? ❝❛?❡ P θ ✐? >❤❡ ❊NN❝❤❡O ♠❛OM✐♥❣❛❧❡ MO❛♥N❢♦O♠ ❢♦@ ❧✐♥❡❛@
♣@♦❝❡??❡?✱ ?♦ ✐> ✐? ✉♥✐B✉❡✳

^O♦♦❢✳ ❡ ✜@?> ❞❡>❡@♠✐♥❡ >❤❡ ❝❤❛@❛❝>❡@✐?>✐❝? ♦❢ G ✉♥❞❡@ P ✇✐>❤ @❡?♣❡❝> >♦ >❤❡
>@✉♥❝❛>✐♦♥ ❢✉♥❝>✐♦♥ h✳ ❋@♦♠ >❤❡ ♣@♦♦❢ ♦❢ ❚❤❡♦@❡♠ ✷✳✸ ✭?❡❡✱ ✐♥ ♣❛@>✐❝✉❧❛@✱ ✭✷✳✽✮✮
✇❡ ❛❧@❡❛❞② ❦♥♦✇ >❤♦?❡ ♦❢ G ❀ ?✐♥❝❡ G = L♦❣ (exp (G ))✱ >❤❡ ♣@❡✈✐♦✉? >❤❡♦@❡♠
❛♣♣❧✐❡? ❛♥❞ ✭✷✳✷✵✮ ?>❛>❡?


bt = bGt + 1

2c
G
t + R (h (ex − 1)− h (x)) FG

t (dx)

ct = cGt
F t (dx) = FG

t (e· − 1)
−1

(dx)

, t ≥ 0. ✭✷✳✷✷✮

❆> >❤✐? ♣♦✐♥>✱ ✐❢ DKG (θ) = 0✱ >❤❡♥ ❚❤❡♦@❡♠ ✷✳✷ ❡♥❛❜❧❡? ✉? >♦ ❝♦♥❝❧✉❞❡ >❤❛>

P θ ✐? ❛ ♠❛@>✐♥❣❛❧❡ ♠❡❛?✉@❡ ❢♦@ S✱ ❛? ❞❡?✐@❡❞✳ ❙✐♥❝❡ DKG (θ) = Dκ (θ) dt✱ ✇❡
❢♦❝✉? ♦♥ >❤❡ >❡@♠

Dκ (θ)t = bt + ctθt +
R

x eθtx

1 +W (θ)t
− h (x) F t (dx)

= θt +
1

2
σ2
t−σ

2− rt + ρG+ σt−γh +
R
(h (σt−y)− σt−h (y)) ν (dy)

+
R
(h (ex − 1)− h (x))FG

t (dx) +
R

x eθtx − h (x) FG
t (e· − 1)

−1
(dx), t ≥ 0

✭✷✳✷✸✮
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♥♦>✐♥❣ >❤❛> W (θ) = 0 ✭?❡❡ ❘❡♠❛@❦ ✷✳✷✮✳ ◆♦✇ ❢♦@ ❡✈❡@② t ≥ 0 ✐> @❡?✉❧>?

R
(h (ex − 1)− h (x))FG

t (dx) =
R
(h (eσt−y − 1)− h (σt−y)) ν (dy) ;

❢✉@>❤❡@♠♦@❡

R
x eθtx − h (x) FG

t (e· − 1)
−1

(dx) =
R
(ez − 1) eθt(e

z−1)−h (ez − 1) FG
t (dz)

=
R

(eσt−y − 1) eθt(e
σt−y−1) − h (eσt−y − 1) ν (dy) .

g❧✉❣❣✐♥❣ >❤❡?❡ >✇♦ >❡@♠? ✐♥>♦ ✭✷✳✷✸✮ ✇❡ ❡♥❞ ✉♣ ✇✐>❤

θt +
1

2
σ2
t−σ

2− rt + ρG+ σt−γh +
R

(eσt−y− 1) eθt(e
σt−y−1)− σt−h (y) ν(dy)

= Dκ (θ)t = 0, t ≥ 0,

❜② ✭✷✳✷✶✮✳ ❚❤✐? ❝♦♠♣❧❡>❡? >❤❡ ♣@♦♦❢✳

❘❡♠❛E❦ ✷✳✺✳ ❊✈❡♥ ✐❢ >❤❡ >❤❡♦@② ❞❡✈❡❧♦♣❡❞ ❢♦@ >❤❡ ❧✐♥❡❛@ ❊??❝❤❡@ ♠❡❛?✉@❡
❛❧❧♦✇❡❞ ✉? >♦ ❣❡> ❚❤❡♦@❡♠ ✷✳✺✱ ✇❤✐❝❤ ✐? >❤❡ ♥❛>✉@❛❧ ❛♥❛❧♦❣♦♥ ♦❢ ❚❤❡♦@❡♠ ✷✳✸✱
✉♥❢♦@>✉♥❛>❡❧② ✇❡ ❝♦✉❧❞ ♥♦> ?✐♠✉❧❛>❡ ♦♣>✐♦♥ ♣@✐❝❡? ♠♦❞❡❧✐♥❣ >❤❡ ?>♦❝❦ ❞②♥❛♠✐❝?
✇✐>❤ ❛ ?>♦❝❤❛?>✐❝ ❡①♣♦♥❡♥>✐❛❧✳ ■♥ ❢❛❝>✱ ✇❡ ✇❡@❡ ♥♦> ❛❜❧❡ >♦ ✜♥❞ ❛♥ ❛♣♣@♦♣@✐❛>❡
❞@✐✈✐♥❣ ▲E✈② ♣@♦❝❡?? ❢♦@ >❤❡ ❡①♣❧✐❝✐> ❝♦♠♣✉>❛>✐♦♥ ♦❢ >❤❡ ?♦❧✉>✐♦♥? >♦ ✭✷✳✷✶✮✳
❚❤✐? ❞@❛✇❜❛❝❦ ♣@❡✈❡♥>❡❞ ✉? ❢@♦♠ ♦❜>❛✐♥✐♥❣ ❛♥ ❛♥❛❧♦❣♦✉? ♦❢ ▲❡♠♠❛ ✷✳✹✱ ❛♥❞
❝♦♥?❡B✉❡♥>❧② ❢@♦♠ ?✐♠✉❧❛>✐♥❣ ❛ >@❛❥❡❝>♦@② ❢♦@ >❤❡ ♣@♦❝❡?? θ✱ ✇❤✐❝❤ ✇❛? ❡??❡♥>✐❛❧
>♦ ?>❛@> >❤❡ ♣@♦❝❡❞✉@❡ ❞❡?❝@✐❜❡❞ ✐♥ ?✉❜?❡❝>✐♦♥ ✷✳✹✳✶✳
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5>✐❝❡<

❘❡❛?♦♥✐♥❣ ♦♥ >❤❡ ❝♦♥?>@✉❝>✐♦♥ ♦❢ >❤❡ ❊??❝❤❡@ ♠❡❛?✉@❡✱ ♦♥❡ ♠✐❣❤> ♥♦>❡ >❤❛>
>❤❡ ❞❡♥?✐>② ♣@♦❝❡?? ✐? ❞❡✜♥❡❞ ?♦❧❡❧② ❜② >❤❡ ?♣♦> ♣@✐❝❡?✳ ❚❤✐? ❢❛❝> ❝❛♥ @❡♣@❡?❡♥> ❛♥
✐♥>✉✐>✐✈❡ ?❡>❜❛❝❦ ❡?♣❡❝✐❛❧❧② ✐♥ ❧✐B✉✐❞ ♠❛@❦❡>?✱ ✇❤❡@❡ >❤❡ >✐♠❡ ?❡@✐❡? ♦❢ ❞❡@✐✈❛>✐✈❡
♣@✐❝❡? ✐? ❛✈❛✐❧❛❜❧❡✳ ■♥ ♦@❞❡@ >♦ ?♦❧✈❡ >❤✐? ♣@♦❜❧❡♠✱ ✇❡ ❝❛♥ ❛♣♣@♦❛❝❤ ✐> ❜② >❤❡ ?♦✕
❝❛❧❧❡❞ ❈❛❧✐❜O❛M✐♦♥ ▼❡M❤♦❞ ✿ ✐♥ ❢❡✇ ✇♦@❞?✱ ✐> ❝♦♥?✐?>? ✐♥ ♠♦❞❡❧✐♥❣ >❤❡ ❞②♥❛♠✐❝? ♦❢
>❤❡ ?♣♦> ♣@✐❝❡? ❞✐@❡❝>❧② ✉♥❞❡@ ❛ ♠❛@>✐♥❣❛❧❡ ♠❡❛?✉@❡✱ ✇❤✐❝❤ ✐? ❝✉?>♦♠❛@✐❧② ?❛✐❞
>♦ ❜❡ ✧❝❤♦?❡♥✧ ❜② >❤❡ ♠❛@❦❡>✳
■♥ >❤❡ ♥❡①> ?❡❝>✐♦♥? ✇❡ ✐♥>@♦❞✉❝❡ ?♦♠❡ >❤❡♦@❡>✐❝❛❧ >♦♣✐❝? ❛✐♠✐♥❣ >♦ ❡①♣❧❛✐♥ ✐♥
✇❤✐❝❤ ?❡♥?❡ >❤❡ ♠❛@❦❡> ❞❡>❡@♠✐♥❡? ✭✧❝❤♦♦?❡?✧✮ >❤❡ ♠❡❛?✉@❡✳

✸✳✶ ▲A✈② L@♦❝❡??❡? ❖♥ ❙❦♦@♦❦❤♦❞ ❙♣❛❝❡

▲❡> ✉? ❝♦♥?✐❞❡@ ❛ Rd✕✈❛❧✉❡❞✱ ❛❞❞✐>✐✈❡ ♣@♦❝❡?? {Xt}t ✇✐>❤ ?②?>❡♠ ♦❢ ❣❡♥✲
❡@❛>✐♥❣ >@✐♣❧❡>? {(At, νt, γt)}t ♦♥ ❛ ♣@♦❜❛❜✐❧✐>② ?♣❛❝❡ (Ω,F , P )✳ ❡ ✐♥>@♦❞✉❝❡
>❤❡ ❙❦♦O♦❦❤♦❞ ❙♣❛❝❡ D ❛? >❤❡ ?♣❛❝❡ ♦❢ >❤❡ Rd✕✈❛❧✉❡❞✱ ❝c❞❧c❣ ❢✉♥❝>✐♦♥? ❞❡✜♥❡❞
♦♥ R+

0 ✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❤❛✈❡ D := D [0,∞) ,Rd . ❋♦@ ❛♥② t ≥ 0 ❞❡♥♦>❡ ❜②
xt : D → Rd >❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝>✐♦♥✿

xt (ξ) := ξ (t) , ξ ∈ D.

❡ ❝❛♥ ♥♦✇ ❡♥❞♦✇ >❤❡ ?♣❛❝❡ D ✇✐>❤ >❤❡ σ✕❛❧❣❡❜@❛ FD := σ ({xt, t ≥ 0}) . ■> ✐?
❛❧?♦ ♥❛>✉@❛❧ >♦ ❝♦♥?✐❞❡@ ❛ ✜❧>@❛>✐♦♥ F ♦♥ >❤❡ ♠❡❛?✉@❛❜❧❡ ?♣❛❝❡ (D,FD)✱ ♥❛♠❡❧②

F := (Ft)t≥0 , ✇❤❡@❡ Ft := σ ({xs, 0 ≤ s ≤ t}) , t ≥ 0. ✭✸✳✶✮

❙✐♥❝❡ {Xt}t ✐? ❛ ❝c❞❧c❣ ♣@♦❝❡??✱ ✇❡ ❝❛♥ ❞❡✜♥❡ >❤❡ ♠❛♣ φ : Ω → D ❣✐✈❡♥ ❜②

φ (ω) := X· (ω) , ω ∈ Ω,

✇❤❡@❡ X· (ω) : [0,∞) → Rd✱ ✇✐>❤ X· (ω) (t) := Xt (ω) ❢♦@ ❛♥② t ≥ 0✳ ❚❤❡
❢✉♥❝>✐♦♥ φ ✐? F/FD ♠❡❛?✉@❛❜❧❡✿ >♦ ?❡❡ >❤✐?✱ ✐> ?✉✣❝❡? >♦ @❡❛❞

FD = σ ({xt, t ≥ 0}) = σ x−1
t (B) , B ∈ B Rd , t ≥ 0 .

✹✶
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❍❡♥❝❡ ❢♦@ ❡✈❡@② B ∈ B Rd ❛♥❞ t ≥ 0 ✇❡ ❤❛✈❡

φ−1 x−1
t (B) = ω ∈ Ω : φ (ω) ∈ x−1

t (B) = ω ∈ Ω : X· (ω) ∈ x−1
t (B)

= {ω ∈ Ω : Xt (ω) ∈ B} = X−1
t (B) ∈ F ,

❛♥❞ >❤❡ ❞❡?✐@❡❞ ♠❡❛?✉@❛❜✐❧✐>② ♦❢ φ ❢♦❧❧♦✇? ✐♠♠❡❞✐❛>❡❧②✳ ❚❤✐? ❛❧❧♦✇? ✉? >♦ ❝♦♥✲
?>@✉❝> >❤❡ ♣✉?❤❢♦@✇❛@❞ ♠❡❛?✉@❡ PD ♦♥ (D,FD)✱ >❤❛> ✐?✱

PD (A) := Pφ−1 (A) = P φ−1 (A) , A ∈ FD. ✭✸✳✷✮

❡ ♥♦✇ ❢♦❝✉? ♦♥ >❤❡ ?>♦❝❤❛?>✐❝ ♣@♦❝❡?? {xt}t ❞❡✜♥❡❞ ♦♥ >❤❡ ♣@♦❜❛❜✐❧✐>②
?♣❛❝❡ D,FD, PD ✳ ❋✐① ❛ ❝②❧✐♥❞❡@ ?❡> C ∈ FD✱ ✐✳❡✳✱

C = {ξ ∈ D : ξ (t1) ∈ B1, ..., ξ (tn) ∈ Bn} ,
❢♦@ ?♦♠❡ t1 < t2 < ... < tn, B1, ..., Bn ∈ B Rd ❛♥❞ n ∈ N✳ ❇② ✭✸✳✷✮✱ ✇❡ ❣❡>

PD (xt1 ∈ B1, ..., xtn ∈ Bn) = PD (C) = P φ−1 (C)

= P (Xt1 ∈ B1, ..., Xtn ∈ Bn) .

❚❤✉?✱ {xt}t ❛♥❞ {Xt}t ❛@❡ ✐❞❡♥>✐❝❛❧ ✐♥ ❧❛✇✱ ✇❤❡♥❝❡ {xt}t ✐? ❛♥ ❛❞❞✐>✐✈❡ ♣@♦❝❡??
✇✐>❤ >❤❡ ?❛♠❡ ?②?>❡♠ ♦❢ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡>? ❛? {Xt}t✳ ❋✉@>❤❡@♠♦@❡✱ ✐❢ {Xt}t
✇❡@❡ ❛ ▲E✈② ♣@♦❝❡??✱ >❤❡♥ >❤❡ >❡♠♣♦@❛❧ ❤♦♠♦❣❡♥❡✐>② ✇♦✉❧❞ ❜❡ ✐♥❤❡@✐>❡❞ ❜②
{xt}t✱ ✇❤✐❝❤ ✇♦✉❧❞ ❜❡ ❛ ▲E✈② ♣@♦❝❡??✱ ❛? ✇❡❧❧✳

▲❡> ✉? ♥♦✇ >❛❦❡ ✐♥>♦ ❛❝❝♦✉♥> >✇♦ ▲E✈② ♣@♦❝❡??❡? ({xt}t , P ) ❛♥❞ ({xt}t , P )✱
❜♦>❤ ❞❡✜♥❡❞ ♦♥ >❤❡ ❙❦♦@♦❦❤♦❞ ?♣❛❝❡ (D,FD) ❡♥❞♦✇❡❞ ✇✐>❤ >❤❡ ✜❧>@❛>✐♦♥ F
✐♥ ✭✸✳✶✮✳ ❡ ❝❛♥ >❤✐♥❦ ♦❢ P ❛♥❞ P ❛? >✇♦ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡? ♦♥ (D,FD)
❞❡>❡@♠✐♥❡❞ ❜② >✇♦ ▲E✈② ♣@♦❝❡??❡? ❞❡✜♥❡❞ ♦♥ ❛ ♣❛✐@ ♦❢ ♣@♦❜❛❜✐❧✐>② ?♣❛❝❡? ✭♥♦>
♥❡❝❡??❛@✐❧② >❤❡ ?❛♠❡ ?♣❛❝❡✮✱ ❛? ?❤♦✇♥ ❜② >❤❡ ♣@❡✈✐♦✉? ❛@❣✉♠❡♥>✳ ❡ ✇❛♥> >♦
✜♥❞ ♦✉> ✇❤❛> ❝♦♥❞✐>✐♦♥? ♠✉?> ❜❡ ❛??✉♠❡❞ ✐♥ ♦@❞❡@ >♦ ❤❛✈❡

P Ft
∼ P Ft

❢♦@ ❡✈❡@② t > 0.

❚❤✐? ♣@♦❜❧❡♠ ✇❛? ✜@?> ?♦❧✈❡❞ ❜② ❙❦♦@♦❦❤♦❞✱ ❑✉♥✐>❛✱ ❛>❛♥❛❜❡ ❛♥❞ ◆❡✉♠❛♥♥✱
❛♠♦♥❣ ♦>❤❡@?✳ ❡ ?✉♠♠❛@✐③❡ >❤❡✐@ @❡?✉❧>? ✐♥ >❤❡ ♥❡①> >❤❡♦@❡♠✳

❚❤❡♦E❡♠ ✸✳✶✳ ▲❡M ({xt}t , P )✱ ({xt}t , P ) ❜❡ ▲Q✈② ♣O♦❝❡NN❡N ♦♥ Rd ✇✐M❤ ❣❡♥❡O✲
❛M✐♥❣ MO✐♣❧❡MN (A, ν, γ) ❛♥❞ (A , ν , γ )✱ O❡N♣❡❝M✐✈❡❧②✳ ❚❤❡♥ M❤❡ ❢♦❧❧♦✇✐♥❣ ♣O♦♣❡OM✐❡N
❛O❡ ❡R✉✐✈❛❧❡♥M✿

❛✳ P Ft
∼ P Ft

❢♦O ❡✈❡O② t > 0❀

❜✳ M❤❡ ❣❡♥❡O❛M✐♥❣ MO✐♣❧❡MN N❛M✐N❢②

A = A ✱ ν ∼ ν ✳

❇❡N✐❞❡N✱ ❝♦♥N✐❞❡O✐♥❣ M❤❡ ❢✉♥❝M✐♦♥ φ : Rd → R ❞❡✜♥❡❞ ❜② φ := log dν
dν ✱ ✐M

O❡N✉❧MN✿

Rd

eφ(x)/2 − 1
2

ν (dx) < ∞ ✭✸✳✸✮

❛♥❞

γ − γ −
|x|≤1

x (ν − ν) (dx) ∈ Ay, y ∈ Rd . ✭✸✳✹✮
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■♥ M❤✐N ❝❛N❡✱ ❝❤♦N❡♥ η ∈ Rd N✉❝❤ M❤❛M γ − γ − |x|≤1
x (ν − ν) (dx) = Aη✱ M❤❡O❡

❡①✐NMN ❛ ♣O♦❝❡NN U = {Ut}t ❞❡✜♥❡❞ ♦♥ D ✇❤✐❝❤ ❢✉❧✜❧❧N✿

✐✳ U ✐N ❛ P✕▲Q✈② ♣O♦❝❡NN ♦♥ R ✇✐M❤ ❣❡♥❡O❛M✐♥❣ MO✐♣❧❡M σ2
U , νU , γU ❣✐✈❡♥ ❜②


σ2
U =< η,Aη >

νU = νφ−1
R\{0}

γU = − 1
2 < η,Aη > − R (ey − 1− y 1D (y)) νφ−1 (dy)

;

✐✐✳ EP eUt = EP e−Ut = 1 ❢♦O ❡✈❡O② t ≥ 0❀

✐✐✐✳ eUt =
dP Ft

dP Ft

P − a.s. ❢♦O ❡✈❡O② t > 0✳

❡ @❡❢❡@ >♦ ✷✼✱ ❚❤❡♦@❡♠? 33.1 ❛♥❞ 33.2 ❢♦@ ❛ ♣@♦♦❢ ❛? ✇❡❧❧ ❛? ❛♥ ❡①♣❧✐❝✐>
❡①♣@❡??✐♦♥ ♦❢ >❤❡ ♣@♦❝❡?? U ✳ ❡ ❥✉?> ♥♦>❡ >❤❛>✱ ❛❝❝♦@❞✐♥❣ >♦ ❚❤❡♦@❡♠ ✶✳✶✱ ❜② ✭✐✳✮
>❤❡ ♣@♦❝❡?? U ✐? ✉♥✐B✉❡ ✉♣ >♦ ✐❞❡♥>✐>② ✐♥ ❧❛✇ ❛♥❞ >❤❛> >❤❡ ❝♦♠♣♦♥❡♥>? ♦❢ >❤❡
✐♥>❡❣@❛❧ ✐♥ ✭✸✳✹✮ ❛@❡ ✜♥✐>❡ ❜② ✭✸✳✸✮✿

|x|≤1

xi (ν − ν) (dx) =
|x|≤1

xi eφ(x) − 1 ν (dx)

≤
|x|≤1

|x| eφ(x) − 1 ν (dx) < ∞, i = 1, ..., d.

✸✳✷ ❘❡❧❛>✐✈❡ ❊♥>@♦♣② ❖❢ L@♦❜❛❜✐❧✐>② ▼❡❛?✉@❡?

❡ ♣@❡?❡♥> >❤❡ ❞❡✜♥✐>✐♦♥ ♦❢ @❡❧❛>✐✈❡ ❡♥>@♦♣② ❛? ♣@♦♣♦?❡❞ ✐♥ ✶✽✳

❉❡✜♥✐A✐♦♥ ✸✳✶✳ ●✐✈❡♥ >✇♦ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡? P, P ♦♥ ❛ ♠❡❛?✉@❛❜❧❡ ?♣❛❝❡
(Ω,F)✱ >❤❡ @❡❧❛>✐✈❡ ❡♥>@♦♣② H (P, P ) ♦❢ P ✇✐>❤ @❡?♣❡❝> >♦ P ✐? ❞❡✜♥❡❞ ❜②

H (P, P ) := Ω
log dP

dP (ω) P (dω) , ✐❢ P P

∞, ♦>❤❡@✇✐?❡
.

❋✐@?> ♦❢ ❛❧❧✱ ✇❡ ❤❛✈❡ >♦ ❞✐?❝✉?? ✇❤❡>❤❡@ ♦@ ♥♦> >❤✐? ❞❡✜♥✐>✐♦♥ ✐? ✇❡❧❧ ♣♦?❡❞✳
❚♦ >❤✐? ❛✐♠✱ ✇❡ ❤❛✈❡ >♦ ♣@♦✈❡ >❤❛> >❤❡ ❢✉♥❝>✐♦♥ log dP

dP ✐? ❞❡✜♥❡❞ P✕❛✳?✳ ✐♥
Ω ✇❤❡♥ P P ✳
❚❤✐? ✐? ♦❜✈✐♦✉? ✇❤❡♥ P ∼ P ✱ ❜❡❝❛✉?❡ ✐♥ >❤✐? ❝❛?❡ dP

dP > 0 P ✕❛✳?✳✱ ❛♥❞ >❤❡@❡❢♦@❡

P✕❛✳?✳✱ ❛? ✇❡❧❧✳ ■❢ ✐♥?>❡❛❞ P P ✱ ❜✉> P P ✱ >❤❡♥ dP
dP = 0 ✐? ❛ ?✉❜?❡> ♦❢ Ω

✇✐>❤ ♣♦?✐>✐✈❡ P ✕♣@♦❜❛❜✐❧✐>② ✭?♦✱ ❢♦@ ❡①❛♠♣❧❡✱ ✐> ✇♦✉❧❞ ♥♦> ❜❡ ♣♦??✐❜❧❡ >♦ ❞❡✜♥❡

Ω
log dP

dP (ω) P (dω)✮✳ ❡ ♣✉>

Ω := ω ∈ Ω :
dP

dP
(ω) > 0 ∈ F ;

✐> @❡?✉❧>? P (Ω ) < 1✳ ❈♦♥?✐❞❡@✐♥❣ >❤❡ ♠❡❛?✉@❛❜❧❡ ?♣❛❝❡ Ω ,F
Ω

✱ >❤❡♥

P
Ω

:= P F|Ω ❛♥❞ P
Ω

:= P F|Ω ❛@❡ ❡B✉✐✈❛❧❡♥> ♠❡❛?✉@❡? ✭♥♦>❡ >❤❛> P
Ω

✐?

❝❡@>❛✐♥❧② ♥♦> ❛ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡✮✱ ❜❡❝❛✉?❡

dP
Ω

dP
Ω

=
dP

dP Ω

> 0.
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■> ❢♦❧❧♦✇? >❤❛>

P (Ω ) =
Ω

dP

dP Ω

(ω)P (dω) =
Ω

dP

dP
(ω)P (dω) = P (Ω) = 1, ❛? ❞❡?✐@❡❞.

❍♦✇❡✈❡@✱ ✐> ✐? ?>✐❧❧ ♥♦> ❝❧❡❛@ ✐❢ ✇❡ ❝❛♥ ✇@✐>❡
Ω
log dP

dP (ω) P (dω)✱ ?✐♥❝❡ >❤❡
✐♥>❡❣@❛♥❞ ❤❛? ♥♦> ❝♦♥?>❛♥> ?✐❣♥ ?♦ >❤❡ ✐♥>❡❣@❛❧ ❝♦✉❧❞ ♥♦> ♠❛❦❡ ?❡♥?❡✳ ❋♦@ >❤✐?
@❡❛?♦♥✱ ✇❡ ❝♦♥?✐❞❡@

log
dP

dP
(ω)

−
= − log

dP

dP
(ω) 1{z≤1}

dP

dP
(ω) , ω ∈ Ω .

❚❤❡♥✱ @❡❝❛❧❧✐♥❣ >❤❛> log (x) 1{z≥1} (x) ≤ x ❢♦@ ❛♥② x > 0✱ ✇❡ ❣❡>

Ω

log
dP

dP
(ω)

−
P (dω) =

Ω

− log
dP

dP
(ω) 1{z≤1}

dP

dP
(ω) P (dω)

=
Ω

log
dP

Ω

dP
Ω

(ω) 1{z≥1}
dP |Ω
dP |Ω (ω) P (dω) ≤

Ω

dP
Ω

dP
Ω

(ω)P (dω)

= P (Ω ) ≤ 1 < ∞,

✇❤❡@❡ ✐♥ >❤❡ ?❡❝♦♥❞ ❡B✉❛❧✐>② ✇❡ ❤❛✈❡ ✉?❡❞
dP

Ω

dP
Ω

= dP
dP Ω

−1
✳ ❚❤❡@❡❢♦@❡

H (P, P ) ✐? ❛❝>✉❛❧❧② ❛ B✉❛♥>✐>② ✇❡ ❝❛♥ ❤❛♥❞❧❡✳
❋@♦♠ ♥♦✇ ♦♥ ✇❡ ✜① ❛ ♠❡❛?✉@❛❜❧❡ ?♣❛❝❡ (Ω,F)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣@♦♣❡@>② ♦❢

>❤❡ @❡❧❛>✐✈❡ ❡♥>@♦♣② ✐? ❛? ?✐♠♣❧❡ ❛? ✐♠♣♦@>❛♥>✳

QE♦♣♦C✐A✐♦♥ ✸✳✶✳ ❋♦O ❛♥② ♣❛✐O P, P ♦❢ ♣O♦❜❛❜✐❧✐M② ♠❡❛N✉O❡N ♦♥ (Ω,F) ✐M O❡N✉❧MN

H (P, P ) ≥ 0.

❊R✉❛❧✐M② ❤♦❧❞N ✐❢ ❛♥❞ ♦♥❧② ✐❢ P = P ✳

^O♦♦❢✳ ❡ ❥✉?> ?>✉❞② >❤❡ ♥♦♥>@✐✈✐❛❧ ❝❛?❡✱ ✐✳❡✳✱ ✇❡ ❛??✉♠❡ P P ✳ ❘❡❝❛❧❧✐♥❣
>❤❛> log x ≤ x− 1 ❢♦@ ❛♥② x > 0✱ ✇❡ ❤❛✈❡

H (P, P ) =
Ω

log
dP

dP
(ω) P (dω) = −

Ω

log
dP

Ω

dP
Ω

(ω) P (dω)

≥
Ω

1− dP
Ω

dP
Ω

(ω) P (dω) = P (Ω )− P (Ω ) = 1− P (Ω ) ≥ 0.

■❢ P P ✱ >❤❡♥ P (Ω ) < 1✱ ❛? ❛❧@❡❛❞② ❞✐?❝✉??❡❞ ❛❜♦✈❡✱ ?♦ H (P, P ) > 0✳ ■❢
✐♥?>❡❛❞ ✇❡ ❛??✉♠❡ P ∼ P ✭❤❡♥❝❡ P (Ω ) = 1✮✱ ❜❡❛@✐♥❣ ✐♥ ♠✐♥❞ >❤❛> log x =
x− 1 ⇔ x = 1✱ ✇❡ ❝❛♥ ?>❛>❡ >❤❛> >❤❡ ❡B✉❛❧✐>②

−
Ω

log
dP

dP
(ω) P (dω) =

Ω

1− dP

dP
(ω) P (dω)

❤♦❧❞? ✐❢ ❛♥❞ ♦♥❧② ✐❢ dP
dP = 1 P✕❛✳?✳ ✐♥ Ω ✱ ❛♥❞ >❤❡@❡❢♦@❡ ✐♥ Ω✱ >♦♦✳ ■♥ >✉@♥✱ >❤✐?

✐? ❡B✉✐✈❛❧❡♥> >♦ ?❛② P = P ✐♥ F ✱ ❝♦♠♣❧❡>✐♥❣ >❤❡ ♣@♦♦❢✳
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❚❤❡ ❢❛❝> >❤❛>H ✐? ♥♦♥♥❡❣❛>✐✈❡ ❡♥❛❜❧❡? ✉? >♦ ✉♥❞❡@?>❛♥❞ ✐> ❛? ❛♥ ❡①♣@❡??✐♦♥ ♦❢
>❤❡ ?✐♠✐❧❛@✐>② ♦❢ >✇♦ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡?✳ ❋♦@ >❤✐? @❡❛?♦♥✱ >❤❡ @❡❧❛>✐✈❡ ❡♥>@♦♣②
✐? ❛❧?♦ ❝❛❧❧❡❞ ❞✐?>❛♥❝❡ ✭♦@ ❞✐✈❡@❣❡♥❝❡✮✱ ♥❛♠❡❧② >❤❡ ❑✉❧❧❜❛❝❦✕▲❡✐❜❧❡O ❞✐?>❛♥❝❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡B✉❛❧✐>② ✐? ✇❡❧❧ ❦♥♦✇♥✿

m

i=1

ai log
ai
bi

≥ a log
a

b
❢♦@ ❛♥② ai, bi > 0, m ∈ N, ✭✸✳✺✮

✇❤❡@❡ a :=
m
i=1 ai ❛♥❞ ❛♥❛❧♦❣♦✉?❧② b :=

m
i=1 bi✳ ▼♦@❡ ♣@❡❝✐?❡❧②✱ ❡B✉❛❧✐>②

✐♥ ✭✸✳✺✮ ❤♦❧❞? ✐❢ ❛♥❞ ♦♥❧② ✐❢

a1
b1

=
a2
b2

= ... =
am
bm

.

❚❤✐? ❡❧❡♠❡♥>❛@② >♦♦❧ ?✉✣❝❡? >♦ ♣@♦✈❡ ❛ ❝@✉❝✐❛❧ ♣@♦♣❡@>② ♦❢ @❡❧❛>✐✈❡ ❡♥>@♦♣②✿ >❤❡
?>@✐❝> ❝♦♥✈❡①✐>②✳

QE♦♣♦C✐A✐♦♥ ✸✳✷✳ ●✐✈❡♥ M❤O❡❡ ♣O♦❜❛❜✐❧✐M② ♠❡❛N✉O❡N P,Q ❛♥❞ P ♦♥ (Ω,F) N❛M✲
✐N❢②✐♥❣ P ∼ P ,Q ∼ P ❛♥❞ P = Q✱ M❤❡♥ ❢♦O ❡✈❡O② α ∈ (0, 1) ✐M O❡N✉❧MN

H (αP + (1− α)Q,P ) < αH (P, P ) + (1− α)H (Q,P ) .

^O♦♦❢✳ ▲❡> ✉? ✜① ❛ ❣❡♥❡@✐❝ α ∈ (0, 1) ❛♥❞ ❞❡✜♥❡ >❤❡ ♥❡✇ ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡

µ := αP + (1− α)Q;

✇❡ ❤❛✈❡ µ ∼ P ✱ ♦❜✈✐♦✉?❧②✳ ❡ ❞❡✜♥❡

f :=
dP

dP
, g :=

dQ

dP
, h := αf + (1− α) g,

?♦ ✐> ✐? ✐♠♠❡❞✐❛>❡ >♦ ♥♦>❡ >❤❛> dµ
dP = h✳ ❡ ❝❧❛✐♠ >❤❡ ❡①✐?>❡♥❝❡ ♦❢ ❛ ?✉❜?❡>

M ♦❢ {ω ∈ Ω : f (ω) > 0, g (ω) > 0, f (ω) = g (ω)} ?✉❝❤ >❤❛> P (M) > 0✳ ■❢ >❤❛>
✇❡@❡ >@✉❡✱ >❤❡♥ ✐♥ >❤❡ ?❡> {f > 0, g > 0} >❤❡ ❢♦❧❧♦✇✐♥❣ ✇♦✉❧❞ ❜❡ ?❛>✐?✜❡❞✿

αf log
αf

α
+ (1− α) g log

(1− α) g

(1− α)
≥ h log h,

❜② ✭✸✳✺✮✳ ■♥ ♣❛@>✐❝✉❧❛@✱ >❤✐? ✐♥❡B✉❛❧✐>② ✇♦✉❧❞ ❜❡ ?>@✐❝> ✐♥ ❛ ?❡> ✇✐>❤ ♣♦?✐>✐✈❡
P ✕♣@♦❜❛❜✐❧✐>②✱ ❤❡♥❝❡

{f>0,g>0}
αf log f dP +

{f>0,g>0}
(1− α) g log g dP >

{f>0,g>0}
h log h dP .

❙✐♥❝❡

{h > 0} = {f > 0, g = 0} {f > 0, g > 0} {f = 0, g > 0}

❛♥❞ ❢✉@>❤❡@♠♦@❡ {f > 0, g = 0} , {f = 0, g > 0} ❛@❡ >✇♦ P ✕♥✉❧❧ ?❡>? ❣✐✈❡♥ P ∼
P ∼ Q✱ ✇❡ ❝♦✉❧❞ ❝♦♥❝❧✉❞❡

H (µ, P ) =
{h>0}

h log h dP <
{f>0}

αf log f dP +
{g>0}

(1− α) g log g dP

= αH (P, P ) + (1− α)H (Q,P ) .
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■♥ ♦@❞❡@ >♦ ?❤♦✇ ♦✉@ ❝❧❛✐♠✱ ❛??✉♠❡ ❜② ❝♦♥>@❛❞✐❝>✐♦♥ >❤❛> f = g P ✕❛✳?✳ ✐♥
{f > 0, g > 0}✳ ❚❤❡@❡❢♦@❡✱ ❢♦@ ❡✈❡@② A ∈ F ✇❡ ❤❛✈❡

P (A) = EP [f 1A] = EP f 1A∩{f>0,g>0} + EP f 1A∩{f>0,g=0}

= EP g 1A∩{f>0,g>0} ,

❛? P ({f > 0, g = 0}) = 0✳ ■♥ >❤❡ ?❛♠❡ ✇❛② ✇❡ ❣❡>

Q (A) = EP g 1A∩{f>0,g>0} .

❚❤✐? ✐♠♣❧✐❡? >❤❛> P = Q✱ ✇❤✐❝❤ ✐? ❛♥ ❛❜?✉@❞✐>② ?✐♥❝❡ ✇❡ ?>❛@>❡❞ ♦✛ ✇✐>❤ >✇♦
❞✐✛❡@❡♥> ♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡?✳ ❚❤❡ ♣@♦♦❢ ✐? ♥♦✇ ❝♦♠♣❧❡>❡✳

❡ ✜♥❛❧❧② ?❤♦✇ ❛ @❡?✉❧> ✇❤✐❝❤ ❝♦♠♣✉>❡? ❡①♣❧✐❝✐>❧② >❤❡ @❡❧❛>✐✈❡ ❡♥>@♦♣② ♦❢
>✇♦ ❡B✉✐✈❛❧❡♥> ▲E✈② ♣@♦❝❡??❡? ✐♥ >❤❡ ❙❦♦@♦❦❤♦❞ ?♣❛❝❡ ❛? ❛ ❢✉♥❝>✐♦♥ ♦❢ >❤❡✐@
❣❡♥❡@❛>✐♥❣ >@✐♣❧❡>?✳

❚❤❡♦E❡♠ ✸✳✷✳ ▲❡M ({xt}t , P )✱ ({xt}t , P ) ❜❡ ▲Q✈② ♣O♦❝❡NN❡N ♦♥ Rd ❞❡✜♥❡❞ ♦♥
(D,FD) ✇✐M❤ ❣❡♥❡O❛M✐♥❣ MO✐♣❧❡MN (A, ν, γ) ❛♥❞ (A , ν , γ )✱ O❡N♣❡❝M✐✈❡❧②✳ ❙✉♣♣♦N❡
M❤❛M P Ft

∼ P Ft
❢♦O ❡✈❡O② t > 0 ❛♥❞ ❝❤♦♦N❡ η ∈ Rd N✉❝❤ M❤❛M

γ − γ −
|x|≤1

x (ν − ν) (dx) = Aη.

❆NN✉♠❡ ❛❧N♦ M❤❛M EP [g (Ut)] < ∞ ❢♦O N♦♠❡ t > 0✱ ✇❤❡O❡ g (x) := (|x| ∨ 1) e|x|

❢♦O ❛♥② x ∈ R✳ ❚❤❡♥ ❢♦O ❡✈❡O② T > 0 ✐M O❡N✉❧MN

H P FT
, P FT

=
T

2
< η,Aη > +T

Rd

dν

dν
log

dν

dν
+ 1− dν

dν
dν. ✭✸✳✻✮

^O♦♦❢✳ ▲❡> ✉? ✜① ❛ ✜♥✐>❡ >✐♠❡ ❤♦@✐③♦♥ T > 0✳ ❋♦@ ❛♥② z ∈ (0, 1)✱ ❜② ❛??✉♠♣>✐♦♥
✇❡ ❤❛✈❡

EP ezUT =
R
ezx PUT

(dx) ≤
R
g (x) PUT

(dx) < ∞.

❡ ✐♥>@♦❞✉❝❡ >❤❡ ♠♦♠❡♥> ❣❡♥❡@❛>✐♥❣ ❢✉♥❝>✐♦♥

MGFUT (z) := EP ezUT = eTΨ(z), z ∈ (0, 1) ,

✇❤❡@❡ Ψ ✐? >❤❡ ❝✉♠✉❧❛♥> ❢✉♥❝>✐♦♥ ♦❢ >❤❡ ▲E✈② ♣@♦❝❡?? U ✱ ✐✳❡✳✱

Ψ(z) =
1

2
σ2
Uz

2 + γUz +
R
(ezx − 1− zx1D (x)) νU (dx) , z ∈ (0, 1) , ✭✸✳✼✮

❛♥❞ >❤❡ ❧❛?> ❡B✉❛❧✐>② ✐? ❡♥?✉@❡❞ ❜② ✭✶✳✶✷✮✳ ❆❝>✉❛❧❧② MGFUT ✐? ✇❡❧❧ ❞❡✜♥❡❞ ❛❧?♦
✐♥ z = 1✱ ✇✐>❤ MGFUT

(1) = EP eUT = eTΨ(1) = 1✱ ❜② ✭✐✐✳✮ ✐♥ ❚❤❡♦@❡♠ ✸✳✶✳
❡ ❝❛♥ ?❡❡ >❤❛> MGFUT

✐? ❞✐✛❡@❡♥>✐❛❜❧❡ ✐♥ (0, 1) ✇✐>❤ MGFUT
(·) =

EP UT e
·UT ✳ ■♥❞❡❡❞✱ ❢♦@ ❡✈❡@② z ∈ (0, 1)✱ MGFUT (z) = R ezx PUT (dx) ❛♥❞

✇❡ ❝❛♥ ❞❡@✐✈❡ ✉♥❞❡@ ✐♥>❡❣@❛❧ ?✐❣♥ ?✐♥❝❡

|x| ezx ≤ g (x) ∈ L1 (PUT
) , z ∈ (0, 1) , x ∈ R.
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❆> >❤✐? ♣♦✐♥> >❤❡ ❞♦♠✐♥❛>❡❞ ❝♦♥✈❡@❣❡♥❝❡ >❤❡♦@❡♠ @❡❛❞✐❧② ?❤♦✇? >❤❛>

lim
z→1−

MGFUT
(z) =

R
xex PUT

(dx) = EP UT e
UT .

❖♥ >❤❡ ♦>❤❡@ ❤❛♥❞✱ ✇❡ ✐♥>@♦❞✉❝❡ >❤❡ ❢✉♥❝>✐♦♥

f (z) := eTΨ(z), z ∈ (0, 1) .

❊✈❡♥ ✐♥ >❤✐? ❝❛?❡ ✇❡ ❝❛♥ ❛✣@♠ >❤❛> f ✐? ❞✐✛❡@❡♥>✐❛❜❧❡ ✐♥ ✐>? ❞♦♠❛✐♥✱ ✇✐>❤
❞❡@✐✈❛>✐✈❡ ♣@♦✈✐❞❡❞ ❜②

f (z) = TeTΨ(z)Ψ (z) , z ∈ (0, 1) .

■♥ ♣❛@>✐❝✉❧❛@ >❤❡ ❢♦❧❧♦✇✐♥❣ ❡B✉❛❧✐>② ✐? >@✉❡✿

Ψ (z) = σ2
Uz + γU +

R
(xezx − x 1D (x)) νU (dx) , z ∈ (0, 1) .

■♥ ❢❛❝>✱ ✇❡ ❝❛♥ ❞❡@✐✈❡ ✉♥❞❡@ >❤❡ ✐♥>❡❣@❛❧ ?✐❣♥ ✐♥ ✭✸✳✼✮ ❛?✱ ❢♦@ ❡✈❡@② z ∈ (0, 1)✱ ✐>
@❡?✉❧>? >❤❛> |xezx − x| ≤ 1 + e✱ x ∈ D✱ ✇✐>❤ xezx − x ≤ Cx2 ✐♥ ❛ ♥❡✐❣❤❜♦@❤♦♦❞
♦❢ 0 ❢♦@ ?♦♠❡ ❝♦♥?>❛♥> C > 0 ♥♦> ❞❡♣❡♥❞✐♥❣ ♦♥ z✳ ▼♦@❡♦✈❡@✱ |x| ezx ≤ g (x) ❢♦@
|x| > 1✱ ✇✐>❤ |x|>1

|x| e|x| νU (dx) < ∞ ❜② ❚❤❡♦@❡♠ ✶✳✸✳ ❆♣♣❧②✐♥❣ ❛♥♦>❤❡@ >✐♠❡

>❤❡ ▲❡❜❡?❣✉❡✬? ❝♦♥✈❡@❣❡♥❝❡ >❤❡♦@❡♠ ✇❡ ❛@@✐✈❡ ❛>

lim
z→1−

MGFUT
(z) = TeTΨ(1) σ2

U + γU +
R
(xex − x 1D (x)) νU (dx) .

❚❤❡@❡❢♦@❡

EP UT e
UT = TeTΨ(1) σ2

U + γU +
R
(xex − x 1D (x)) νU (dx)

=
T

2
< η,Aη > +T

Rd

dν

dν
log

dν

dν
+ 1− dν

dν
dν,

✉?✐♥❣ >❤❡ ❡①♣@❡??✐♦♥ ♦❢ σ2
U , νU , γU ✐♥ ✭✐✳✮ ♦❢ ❚❤❡♦@❡♠ ✸✳✶✳ ❙✐♥❝❡

dP
Ft

dP
Ft

= eUt

❢♦@ ❡✈❡@② t > 0 ✭?❡❡ ✭✐✐✐✳✮ ✐♥ ❚❤❡♦@❡♠ ✸✳✶✮ ❛♥❞

H P FT
, P FT

=
D

dP FT

dP FT

log
dP FT

dP FT

dP = EP UT e
UT ,

✇❡ ❣❡> ✭✸✳✻✮ ❛♥❞ ✇❡ ❛@❡ ❞♦♥❡✳

❘❡♠❛E❦ ✸✳✶✳ ■♥ >❤❡ ❝❛?❡ ♦❢ >✇♦ R✕✈❛❧✉❡❞ ▲E✈② ♣@♦❝❡??❡? ({xt}t , P )✱ ({xt}t , P )

✇✐>❤ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡>? σ2, ν, γ ❛♥❞ σ2 , ν , γ ✱ @❡?♣❡❝>✐✈❡❧②✱ ✉♥❞❡@ >❤❡ ❤②✲

♣♦>❤❡?✐? ♦❢ >❤❡ ♣@❡✈✐♦✉? >❤❡♦@❡♠ ✭✸✳✻✮ @❡❞✉❝❡? >♦

H P FT
, P FT

=
T

2
σ2η2 + T

R

dν

dν
log

dν

dν
+ 1− dν

dν
dν.

■❢ ✇❡ ❛@❡ ❞❡❛❧✐♥❣ ✇✐>❤ ♣✉@❡ ❥✉♠♣ ♣@♦❝❡??❡? ✭❡✳❣✳✱ NIG ♣@♦❝❡??❡?✮✱ >❤❡ ✜@?> >❡@♠
✐♥ >❤❡ ?✉♠ ♦❢ >❤❡ @✐❣❤>✕❤❛♥❞ ?✐❞❡ ✐? 0❀ ✐❢ ✐♥?>❡❛❞ σ2 > 0✱ >❤❡♥ ✇❡ ❝❛♥ ❡①♣@❡??

T

2
σ2η2 =

T

2σ2
γ − γ −

|x|≤1

x (ν − ν) (dx)

2

,

@❡?>♦@✐♥❣ g@♦♣♦?✐>✐♦♥ 9.10 ✐♥ ✶✶✳



✸✳✸✳ ❆;;▲■❈❆❚■❖◆ ❚❖ ❊❘❖;❊❆◆ ❈❆▲▲ ❖;❚■❖◆❙ ✹✽

✸✳✸ ❆♣♣❧✐❝❛>✐♦♥ ❚♦ ❊✉@♦♣❡❛♥ ❈❛❧❧ ❖♣>✐♦♥?

▲❡> (Ω,F , Q) ❜❡ ❛ ♣@♦❜❛❜✐❧✐>② ?♣❛❝❡ ❛♥❞ L = {Lt}t ❜❡ ❛ ❞@✐✈✐♥❣✱ R✕✈❛❧✉❡❞
▲E✈② ♣@♦❝❡?? ✇✐>❤ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> σ2, ν, γ ✳ ❡ ❡♥❞♦✇ >❤✐? ?♣❛❝❡ ✇✐>❤ G✱
>❤❡ ❛✉❣♠❡♥>❡❞ ✜❧>@❛>✐♦♥ ♦❢ L✱ ?♦ ✐> ?❛>✐?✜❡? >❤❡ ✉?✉❛❧ ❤②♣♦>❤❡?✐?✳ ❉❡♥♦>❡ ❜②
µL >❤❡ ♠❡❛?✉@❡ ❛??♦❝✐❛>❡❞ >♦ >❤❡ ❥✉♠♣? ♦❢ L ❛♥❞ νL ✐>? ❝♦♠♣❡♥?❛>♦@✱ ♥❛♠❡❧②
νL (dx) = dt ⊗ ν (dx)✳ ❡ ♥♦✇ ❞❡?❝@✐❜❡ >❤❡ ❞②♥❛♠✐❝? ♦❢ >❤❡ ?>♦❝❦ ♣@✐❝❡? S =
{St}t ✇✐>❤ ❛♥ ❡①♣♦♥❡♥M✐❛❧ ▲Q✈②✕♠♦❞❡❧✱ ♠❡❛♥✐♥❣ >❤❛>

St := S0 exp (rt+ Lt) , t ≥ 0, ✭✸✮

✇✐>❤ S0 ∈ R+ ❛♥❞ r ∈ R+ @❡♣@❡?❡♥>✐♥❣ >❤❡ ❝♦♥?>❛♥> ❛♥♥✉❛❧ ✐♥>❡@❡?> @❛>❡✳ ■♥ >❤✐?
✇❛②✱ >❤❡ ❞✐?❝♦✉♥>✐♥❣ ♣@♦❝❡?? R = {Rt}t @❡❞✉❝❡? >♦ >❤❡ ❞❡>❡@♠✐♥✐?>✐❝ ❢✉♥❝>✐♦♥

Rt := exp (−rt) , t ≥ 0.

❆? ❛❧@❡❛❞② ?❛✐❞ ❛> >❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ >❤✐? ❝❤❛♣>❡@✱ ✇❡ ✇❛♥> Q >♦ ❜❡ ❛ ♠❛@>✐♥❣❛❧❡
♠❡❛?✉@❡ ❢♦@ S✱ >❤❡@❡❢♦@❡ ✇❡ ❛❞❞ >✇♦ ❤②♣♦>❤❡?✐?✿

✐✳ >❤❡@❡ ❡①✐?>? t > 0 ?✉❝❤ >❤❛> EQ[exp (Lt)] < ∞❀

✐✐✳ Ψ(1) = 1
2σ

2 + γ + R (ex − 1− x1D (x)) ν (dx) = 0✳

✐>❤ >❤❡?❡ ❛??✉♠♣>✐♦♥?✱ ❊①❛♠♣❧❡ ✶✳✻ ❡♥?✉@❡? >❤❛> {exp (Lt)}t ✐? ❛ ♠❛@>✐♥❣❛❧❡
✇✐>❤ EQ [exp (Lt)] = 1 ❢♦@ ❡✈❡@② t > 0✳ ❚❛❦✐♥❣ ✐♥>♦ ❛❝❝♦✉♥> >❤❡ ❞✐?❝♦✉♥>❡❞ ?♣♦>

♣@✐❝❡? ♣@♦❝❡?? S = St
t
✱ ❞❡✜♥❡❞ ❜②

St := RtSt = S0 exp (Lt) , t ≥ 0,

✇❡ ❝❛♥ ?>❛>❡ >❤❛> ✐> ✐? ❛ Q ♠❛@>✐♥❣❛❧❡ ✇✐>❤ ❝♦♥?>❛♥> ❡①♣❡❝>❛>✐♦♥ ❡B✉❛❧ >♦ S0✳
❚❤✉?✱ ✇❡ ❤❛✈❡ ❛❝>✉❛❧❧② ♠♦❞❡❧❡❞ >❤❡ ?♣♦> ♣@✐❝❡? ❞✐@❡❝>❧② ✉♥❞❡@ ❛ ♠❛@>✐♥❣❛❧❡
♠❡❛?✉@❡✳

❡ ❛@❡ ❣♦✐♥❣ >♦ ❝♦♥?✐❞❡@ >❤❡ ❞@✐✈✐♥❣ ▲E✈② ♣@♦❝❡?? L >♦ ❜❡ ❛ ♣✉@❡ ❥✉♠♣
♣@♦❝❡??✱ ?♦ ✐>? ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡> ?✐♠♣❧✐✜❡? ❝♦♥?✐❞❡@✐♥❣ >❤❛> σ2 = 0✳ ■♥ ♣❛@>✐❝✉❧❛@✱
❞✉❡ >♦ ❛??✉♠♣>✐♦♥ ✭✐✐✳✮ ✇❡ ❣❡> >❤❡ ♥❡①> @❡❧❛>✐♦♥✿

γ = −
R
(ex − 1− x1D (x)) ν (dx) . ✭✸✳✽✮

▲❡> ✉? ?✉♣♣♦?❡ >❤❛> ✐♥ >❤❡ ♠❛@❦❡> >❤❡@❡ ❛@❡ N ❊✉@♦♣❡❛♥ ❝❛❧❧ ♦♣>✐♦♥? ✇✐>❤ ✜①❡❞
♠❛>✉@✐>② T ✱ ❛♥❞ ❞❡♥♦>❡ ❜② Kj ❛♥❞ Cj >❤❡ ?>@✐❦❡ ♣@✐❝❡ ❛♥❞ ♦❜?❡@✈❡❞ ♣@✐❝❡ ♦❢ >❤❡
j✕>❤ ❞❡@✐✈❛>✐✈❡ ❢♦@ ❡❛❝❤ j = 1, ..., N ✱ @❡?♣❡❝>✐✈❡❧②✳ ■♥ ♦✉@ ♠♦❞❡❧ ✐> ✐? ❝♦♥✈❡♥✐❡♥>
>♦ ❝♦♥?✐❞❡@ >❤❡ B✉❛♥>✐>✐❡?

kj = log (Kj) , j = 1, ..., N.

■♥ >❤✐? ?❡>>✐♥❣✱ S ✐? >❤❡ ♣@✐❝❡ ♣@♦❝❡?? ♦❢ >❤❡ ✉♥❞❡@❧②✐♥❣ ❛??❡>✳ ❙✐♥❝❡ Q ✐? ❛
♠❛@>✐♥❣❛❧❡ ♠❡❛?✉@❡ ❢♦@ S✱ ✇❡ ❝❛♥ ✉?❡ ✐> >♦ ♣@✐❝❡ ♦♣>✐♦♥? ❛? ❢♦❧❧♦✇?✿

Cj
ν := exp (−rT )EQ (ST − exp (kj))

+
, j = 1, ..., N.

❉❡♥♦>✐♥❣ ❜② QLT >❤❡ ♣✉?❤❢♦@✇❛@❞ ❞✐?>@✐❜✉>✐♦♥ ♦♥ R ❣❡♥❡@❛>❡❞ ❜② LT ✇❡ ❤❛✈❡

Cj
ν = exp (−rT )

R
S0e

rT+y − ekj
+
QLT

(dy) , j = 1, ..., N.
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❍❡♥❝❡ ❦♥♦✇✐♥❣ >❤❡ ▲E✈② ♠❡❛?✉@❡ ν✱ ✇❡ ❝❛♥ @❡>@✐❡✈❡ >❤❡ ✇❤♦❧❡ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡>
❛♥❞ ❝♦♠♣✉>❡ >❤❡ ♦♣>✐♦♥ ♣@✐❝❡?✳

❚❤❡ ✈❡@② @❡❛?♦♥❛❜❧❡ ❛♥❞ ✐♥>✉✐>✐✈❡ ✐❞❡❛ ❜❡❤✐♥❞ >❤❡ ❝❛❧✐❜@❛>✐♦♥ ✐? >♦ ❝❤♦♦?❡ ν
?✉❝❤ >❤❛> Cj

ν ✐? ✧❝❧♦?❡✧ >♦ Cj ❢♦@ ❛♥② j = 1, ..., N ✳ ❋♦@ ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❝❤♦♦?❡
❛? ▲E✈② ♠❡❛?✉@❡ ♦❢ >❤❡ ♠♦❞❡❧ >❤❡ ❢♦❧❧♦✇✐♥❣✿

ν = argmin
ν


N

j=1

wj Cj
ν − Cj 2

 , ✭✸✳✾✮

✇❤❡@❡ >❤❡ wj✕? ❛@❡ ❢❛❝>♦@? ✇❤✐❝❤ @❡♣@❡?❡♥> >❤❡ @❡❧❛>✐✈❡ ✇❡✐❣❤>? ♦❢ >❤❡ ❝♦♥>@❛❝>?✱
?♦ >❤❡② @❡✢❡❝> >❤❡ ❝♦♥✜❞❡♥❝❡ ✐♥ ?✐♥❣❧❡ ❞❛>❛ ♣♦✐♥>✳ ■♥ >❤✐? ❝❛?❡✱ >❤❡② ❝❛♥ ❜❡
❛??❡??❡❞ ❢@♦♠ >❤❡ ❜✐❞✕❛?❦ ?♣@❡❛❞✿

wj :=
1

Cj
BID − Cj

ASK

2 , j = 1, ..., N.

❆❧>❤♦✉❣❤ ❛ ?♦❧✉>✐♦♥ >♦ ✭✸✳✾✮ ✇❛? ❢♦✉♥❞✱ ✐> ❝♦✉❧❞ ♥♦> ❜❡ ✉♥✐B✉❡ ❛♥❞ >❤❡ ❢✉♥❝>✐♦♥❛❧
N
j=1 wj Cj

ν − Cj 2
❝♦✉❧❞ ♣@❡?❡♥> ✢❛> @❡❣✐♦♥?✱ ✐✳❡✳✱ ✐> ✐? ♥♦> ?❡♥?✐>✐✈❡ >♦ ✈❛@✐❛✲

>✐♦♥? ✐♥ ♠♦❞❡❧ ♣❛@❛♠❡>❡@?✳ ❍❡♥❝❡ >❤❡ ♣@♦❜❧❡♠ ❡①♣@❡??❡❞ ✐♥ ✭✸✳✾✮ ✐? ✐❧❧ ♣♦?❡❞✳
❡ @❡❢❡@ >♦ ✶✶✱ ❈❤❛♣>❡@ 13✱ ❢♦@ ❛♥ ❡♠♣✐@✐❝❛❧ ❛♥❛❧②?✐? ♦❢ >❤✐? ?✐>✉❛>✐♦♥✳

❋♦@ >❤✐? @❡❛?♦♥ ✇❡ ✇❛♥> >♦ ✐♥>@♦❞✉❝❡ ❛ @❡❣✉❧❛@✐③❛>✐♦♥ >❡@♠✳ ❙✉♣♣♦?❡ >❤❛>
❛ ❤✐NM♦O✐❝❛❧ ✭♦@ ♣O✐♦O✮✱ ♣✉@❡ ❥✉♠♣✱ ❞@✐✈✐♥❣ ▲E✈② ♣@♦❝❡?? ✇✐>❤ ❣❡♥❡@❛>✐♥❣ >@✐♣❧❡>
(0, ν0, γ0) ❤❛? ❜❡❡♥ ?>❛>✐?>✐❝❛❧❧② ❡?>✐♠❛>❡❞ ❢@♦♠ >❤❡ >✐♠❡ ?❡@✐❡? ♦❢ >❤❡ ✉♥❞❡@❧②✐♥❣
❛??❡> ♣@✐❝❡✳ ▲❡> >❤❡♥ L0 = L0

t t
❜❡ >❤✐? ♣@✐♦@ ♣@♦❝❡??✿ ✐> ♠❛❦❡? ?❡♥?❡ >♦ @❡B✉✐@❡

QL0

❛♥❞ QL✱ >❤❡ ❞✐?>@✐❜✉>✐♦♥? ♦♥ >❤❡ ❙❦♦@♦❦❤♦❞ ?♣❛❝❡ (D,FD;F) ❣❡♥❡@❛>❡❞
❜② L0 ❛♥❞ L✱ @❡?♣❡❝>✐✈❡❧②✱ >♦ ❜❡ ❡B✉✐✈❛❧❡♥> ♦♥ Ft ❢♦@ ❡✈❡@② t > 0✳ ■> ❛♣♣❡❛@?
❝❧❡❛@ >❤❛> >❤❡ @❡❣✉❧❛@✐③❛>✐♦♥ >❡@♠ ?❤♦✉❧❞ ♣❡♥❛❧✐③❡ >❤♦?❡ ♠♦❞❡❧? ✇❤♦?❡ ❣❡♥❡@❛>❡❞
♣@♦❜❛❜✐❧✐>② ♠❡❛?✉@❡ ♦♥ (D,FD) ✐? ❢❛@ ✕✐♥ ?♦♠❡ ?❡♥?❡✕ ❢@♦♠ QL0

✳ ❚❤✐? @❡❛?♦♥✐♥❣

❧❡❛❞? ✉? >♦ ✉?❡ >❤❡ @❡❧❛>✐✈❡ ❡♥>@♦♣② ❛? ❛ ♠❡❛?✉@❡ ♦❢ >❤❡ ❞✐✈❡@?✐>② ❢@♦♠ QL0

✳ ■♥
❝♦♥❝❧✉?✐♦♥✱ ?✐♥❝❡ ❜② ❘❡♠❛@❦ ✸✳✶ >❤❡ ❡B✉❛❧✐>②

H QL

Ft

, QL0

Ft

= t
R

dν

dν0
log

dν

dν0
+ 1− dν

dν0
dν0

❤♦❧❞?✱ >❤❡ ♣@♦❜❧❡♠ >♦ ❜❡ ?♦❧✈❡❞ ❜❡❝♦♠❡?✿

ν = argmin
ν∈Q


N

j=1

wj Cj
ν − Cj 2

+ α
R

dν

dν0
log

dν

dν0
+ 1− dν

dν0
dν0

 ,

✭✸✳✶✵✮
✇❤❡@❡

Q := ν : QL

Ft

∼ QL0

Ft

, t > 0

❛♥❞ α ✐? ❝❛❧❧❡❞ O❡❣✉❧❛O✐③❛M✐♦♥ ♣❛O❛♠❡M❡O ✿ >❤❡ ❤✐❣❤❡@ α ✐?✱ >❤❡ ♠♦@❡ ✇❡ >@✉?> >❤❡
✐♥✐>✐❛❧ ❞✐?>@✐❜✉>✐♦♥ ❛♥❞ >❤❡ ❧❡?? ✐♠♣♦@>❛♥❝❡ ✇❡ ❣✐✈❡ >♦ ❝❛❧✐❜@❛>✐♦♥✳ ❚❤❡ ❡①✐?>❡♥❝❡
♦❢ ❛ ?♦❧✉>✐♦♥ >♦ ✭✸✳✶✵✮ ❤❛? ❜❡❡♥ ?>✉❞✐❡❞✱ ❛♠♦♥❣ ♦>❤❡@?✱ ✐♥ ✶✷ ❛♥❞ ✷✶ ✳ ❋♦@ >❤❡
?❛❦❡ ♦❢ ?✐♠♣❧✐❝✐>② ✇❡ ❛@❡ ❣♦✐♥❣ >♦ @❡❧❛① >❤❡ ❛??✉♠♣>✐♦♥? ✐♥ ✭✸✳✶✵✮✱ ❝♦♥?✐❞❡@✐♥❣
>❤❡ ♠✐♥✐♠✐③❛>✐♦♥ ✐♥ >❤❡ ?❡> ♦❢ >❤❡ ▲E✈② ♠❡❛?✉@❡? ν ∼ ν0✳
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◆✉♠❡E✐❝❛❧ ❆♣♣E♦①✐♠❛A✐♦♥

■♥ ♦@❞❡@ >♦ >❛❝❦❧❡ >❤❡ ♦♣>✐♠✐③❛>✐♦♥ ♣@♦❜❧❡♠ ✭✸✳✶✵✮✱ ✇❡ ?>❛@> ❜② ✜①✐♥❣ ❛
♠❛>✉@✐>② T ❛♥❞ >❤❡ ♣♦✐♥>? xj ∈ R+✱ ❢♦@ j = 1, ..., N ✱ ✇✐>❤ x1 < x2 < ... < xN ✿
>❤❡② @❡♣@❡?❡♥> >❤❡ ❣@✐❞ ♦❢ >❤❡ log✕?>@✐❦❡ ♣@✐❝❡? ♦❢ >❤❡ ♦♣>✐♦♥? ❛✈❛✐❧❛❜❧❡ ♦♥ >❤❡
♠❛@❦❡>✳ ❡ >❤❡♥ ❡?>✐♠❛>❡ >❤❡ ♣❛@❛♠❡>❡@? ♦❢ >❤❡ ❤✐?>♦@✐❝❛❧✱ ❞@✐✈✐♥❣ ▲E✈② ♣@♦❝❡??
L0 = L0

t t
✱ ❛??✉♠❡❞ >♦ ❤❛✈❡ ❛ NIG ❞✐?>@✐❜✉>✐♦♥✱ ❢@♦♠ >❤❡ >✐♠❡ ?❡@✐❡? ♦❢

>❤❡ ✉♥❞❡@❧②✐♥❣ ❛??❡> ✇✐>❤ >❤❡ ❣❡♥❡O❛❧✐③❡❞ ♠❡M❤♦❞ ♦❢ ♠♦♠❡♥MN ✭?❡❡ ✶✺✮✳ ❆>
>❤✐? ♣♦✐♥>✱ ✇❡ ✐♥>@♦❞✉❝❡ ❛ ❞✐?❝@❡>✐③❛>✐♦♥ ❣@✐❞ ❝♦♥?✐?>✐♥❣ ✐♥ >❤❡ ♣♦✐♥>? yh✱ ❢♦@
h = 1, ..., Nd✱ ✇✐>❤ −∞ = y0 < y1 < y2 < ... < yNd

✱ ✇❤✐❝❤ ❝♦♥?>✐>✉>❡? ❛
♣❛@>✐>✐♦♥ ♦❢ >❤❡ ✐♥>❡@✈❛❧ [−M,M ] ❢♦@ ?♦♠❡ M > 0✱ ❛♥❞ ✇❡ ❛♣♣@♦①✐♠❛>❡ >❤❡
▲E✈② ♠❡❛?✉@❡ ♦❢ L0 ✇✐>❤ >❤❡ ❞✐?❝@❡>❡ ✈❡@?✐♦♥

ν0d (dy) =

Nd

h=1

ν0hδ(yh) (dy) ,

✇❤❡@❡ δ(a) ✐?✱ ❛? ✉?✉❛❧✱ >❤❡ ❉✐@❛❝ ♠❡❛?✉@❡ ❛> ❛ ♣♦✐♥> a ❛♥❞

ν0h =
(yh−1,yh]

dν0, h = 1, ..., Nd − 1; ν0Nd
=

(yNd−1,∞)
dν0.

◆♦✇ ✇❡ >❛❦❡ ❛♥♦>❤❡@ ♠❡❛?✉@❡ ✇✐>❤ >❤❡ ?❛♠❡ ♠❛?? ♣♦✐♥>? ❛? >❤❡ ♣@❡✈✐♦✉? ♦♥❡✱
♥❛♠❡❧②

νd (dy) =

Nd

h=1

νhδ(yh) (dy) ,

✇✐>❤ νh ∈ R+ ❢♦@ ❡✈❡@② h = 1, ..., Nd✳ ❡ @❡♠❛@❦ >❤❛> >❤❡ ❝❛❧✐❜@❛>❡❞ ♠❡❛?✉@❡ νd
✐? ❡B✉✐✈❛❧❡♥> >♦ ν0d ✱ ❜✉> ♥♦> >♦ >❤❡ ♣@✐♦@ ν0✳ ❡ ✐♥>❡@♣@❡> >❤❡?❡ ♠❡❛?✉@❡? νd ❛?
>❤❡ ❞✐?❝@❡>✐③❡❞ ▲E✈② ♠❡❛?✉@❡? ♦❢ ❞@✐✈✐♥❣✱ ♣✉@❡ ❥✉♠♣ ▲E✈② ♣@♦❝❡??❡? L = {Lt}t✳
❆✐♠✐♥❣ >♦ ❡①♣❧✐❝✐>❧② ❝♦♠♣✉>❡ >❤❡ ❞✐?❝@❡>❡ ✈❡@?✐♦♥ ♦❢ >❤❡ ❡♥>@♦♣② >❡@♠ ✐♥ ✭✸✳✶✵✮

R

dνd
dν0d

log
dνd
dν0d

+ 1− dνd
dν0d

dν0d ✭✸✳✶✶✮

✇❡ ♥❡❡❞ >♦ ✜♥❞ >❤❡ ❘❛❞♦♥✕◆✐❦♦❞②♠ ❞❡@✐✈❛>✐✈❡ dνd

dν0
d
✳ ❙♦ ✇❡ ✜① ❛ ❣❡♥❡@✐❝ A ∈

B (R) ❛♥❞ ♥♦>❡ >❤❛> >❤❡ ♥❡①> ❡B✉❛❧✐>✐❡? >@✐✈✐❛❧❧② ❤♦❧❞✿

νd (A) =

Nd

h=1

νhδ(yh) (A) =

Nd

h=1

νh1A (yh) =

Nd

h=1

νh
ν0h

ν0h 1A (yh) . ✭✸✳✶✷✮

❖♥ >❤❡ ♦>❤❡@ ❤❛♥❞✱ ❞❡✜♥❡ >❤❡ ❢✉♥❝>✐♦♥

f (y) :=
νh

ν0
h
, ✐❢ yh−1 < y ≤ yh, h = 1, ..., Nd

0, ♦>❤❡@✇✐?❡
.

■> @❡?✉❧>?

R
f1A dν0d =

Nd

h=1

νh
ν0h (yh−1,yh]

1A (y) ν0d (dy) =

Nd

h=1

νh
ν0h

ν0d ((yh−1, yh] ∩A)

=

Nd

h=1

νh
ν0h

ν0h1A (yh) , ✭✸✳✶✸✮
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✉?✐♥❣ >❤❛> ν0d ((yh−1, yh] ∩A) = ν0h1A (yh)✳ ❈♦♠♣❛@✐♥❣ >❤❡ ❧❛?> >❡@♠? ✐♥ ✭✸✳✶✷✮
❛♥❞ ✭✸✳✶✸✮ ✇❡ ❝❛♥ ?>❛>❡ >❤❛> dνd

dν0
d
= f ✳ ▼♦✈✐♥❣ ❜❛❝❦ >♦ >❤❡ ✐♥>❡❣@❛❧ ✭✸✳✶✶✮ ✇❡ ❣❡>

R

dνd
dν0d

log
dνd
dν0d

+ 1− dνd
dν0d

dν0d =
(−∞,yNd ]

dνd
dν0d

log
dνd
dν0d

+ 1− dνd
dν0d

dν0d

=
(−∞,y1]

+...+
(yNd−1,yNd ]

dνd
dν0d

log
dνd
dν0d

+ 1− dνd
dν0d

dν0d

=

Nd

h=1

νh
ν0h

log
νh
ν0h

+ 1− νh
ν0h

ν0d ((yh−1, yh])

=

Nd

h=1

νh log νh − log ν0h + ν0h − νh .

◆♦✇ ✇❡ ♥❡❡❞ >♦ ❡①♣@❡?? ❛❧?♦ >❤❡ B✉❛♥>✐>②
N
j=1 wj Cj

ν − Cj 2
❛? ❛ ❢✉♥❝>✐♦♥ ♦❢

ν1, ..., νNd
✳ ■♥ ♦@❞❡@ >♦ ❞♦ ?♦✱ ❛? ?✉❣❣❡?>❡❞ ✐♥ ✶✶✱ ✇❡ ❢♦❧❧♦✇ >❤❡ ❈❛@@ ❛♥❞ ▼❛❞❛♥

❛♣♣@♦❛❝❤ ✭?❡❡ >❤❡ ♣❛♣❡@ ✽✱ ❙❡❝>✐♦♥ ✸✳✷✱ ❢♦@ ❢✉@>❤❡@ ❞❡>❛✐❧?✮✳ ❚❤✐? ♠❡❛♥? >❤❛> ✇❡
❞♦ ♥♦> ❛♣♣@♦①✐♠❛>❡ ❞✐@❡❝>❧② >❤❡ ♦♣>✐♦♥ ♣@✐❝❡? Cν (k)✱ ?✐♥❝❡ ❛ ?✇✐❢> ❛♣♣❧✐❝❛>✐♦♥ ♦❢
▲❡❜❡?❣✉❡✬? ❝♦♥✈❡@❣❡♥❝❡ >❤❡♦@❡♠ ?❤♦✇? >❤❛> Cν >❡♥❞? >♦ S0 ❛? k → −∞✱ ❤❡♥❝❡
✐> ✐? ♥♦> ✐♥>❡❣@❛❜❧❡ ✐♥ k✳ ■♥?>❡❛❞✱ ✇❡ >❛❦❡ ✐♥>♦ ❛❝❝♦✉♥> >❤❡ ?♦✕❝❛❧❧❡❞ ♠♦❞✐✜❡❞
M✐♠❡ ✈❛❧✉❡ zT ✱ ✇❤✐❝❤ ✐? ❞❡✜♥❡❞ ❜②

zT (k) := Cν (k)− S0 − ek−rT +
, k ∈ R.

❡ ❛@❡ ❣♦✐♥❣ >♦ ❛??✉♠❡ >❤❛> zT ❛♥❞ ✐>? ✐♥✈❡@?❡ ❋♦✉@✐❡@ >@❛♥?❢♦@♠ ζT ❛@❡ ✐♥>❡✲
❣@❛❜❧❡✱ ?♦ >❤❛> ❜② ✐♥✈❡@?✐♦♥ ✭?❡❡✱ ❡✳❣✳✱ ❚❤❡♦@❡♠ ✾✳✶✶ ✐♥ ✷✻✮ ✇❡ ❣❡>

zT (k) =
1√
2π R

e−ikuζT (u) du a.e. ✭✸✳✶✹✮

❋✐① k ∈ R❀ ✇❡ ✜@?> ❛♥❛❧②③❡ >❤❡ >❡@♠

S0 − ek−rT +
= S0 − ek−rT 1{z≤log S0+rT} (k)

= e−rT

R
elog S0+rT − ek 1{z≤log S0+rT} (k)QLT

(dy) ;

❝♦♥?✐❞❡@✐♥❣ >❤❛> ✇❡ ?✐♠✐❧❛@❧② ❣❡> >❤❡ ❡B✉❛❧✐>②

Cν (k) = e−rT

R
ey+log S0+rT − ek 1{z≤y+log S0+rT} (k)QLT (dy)

✇❡ ❝❛♥ ❡①♣@❡?? zT (k) ❛? ❢♦❧❧♦✇?✿

zT (k) = e−rT

R
S0e

rT+y − ek 1{z≥k−log S0−rT} (y)

− S0e
rT − ek 1{z≤log S0+rT} (k) QLT

(dy) .

❆❣❛✐♥✱ @❡❝❛❧❧✐♥❣ >❤❡ ❛??✉♠♣>✐♦♥ ✭✐✐✳✮✱ ❛❝❝♦@❞✐♥❣ >♦ ✇❤✐❝❤

R
ey QLT

(dy) = 1,
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✇❡ ✜♥❛❧❧② ♦❜>❛✐♥

zT (k) = e−rT

R
S0e

rT+y − ek

1{z≥k−log S0−rT} (y)− 1{z≤log S0+rT} (k) QLT (dy) , k ∈ R.

❚❤❡ ✐❞❡❛ ✐? >♦ ❣❡> ❛♥ ❡?>✐♠❛>✐♦♥ ♦❢ >❤❡ ✈❛❧✉❡? zT (xj) , j = 1, ..., N ✱ ✉?✐♥❣ >❤❡
❋♦✉@✐❡@ >@❛♥?❢♦@♠ ❛♥❞ ✐>? ✐♥✈❡@?❡✳ ❚❤❡@❡❢♦@❡ ✇❡ ✜① ❛ ♣♦✐♥> u ∈ R ❛♥❞ ❞❡✜♥❡ >❤❡
✐♥✈❡@?❡ ❋♦✉@✐❡@ >@❛♥?❢♦@♠

ζT (u) :=
1√
2π R

eiukzT (k) dk.

❆❧❧♦✇✐♥❣ ♦✉@?❡❧✈❡? >♦ ?✇✐>❝❤ >❤❡ ♦@❞❡@ ♦❢ ✐♥>❡❣@❛>✐♦♥ ✇❡ ❤❛✈❡

ζT (u) =
e−rT

√
2π R R

eiuk S0e
rT+y − ek

1{z≤y+log S0+rT} (k)− 1{z≤log S0+rT} (k) dk QLT
(dy)

=−e−rT

√
2π (−∞,0] (y+log S0+rT,log S0+rT )

eiuk S0e
rT+y − ek dk QLT

(dy)

+
e−rT

√
2π (0,∞) (log S0+rT,y+log S0+rT )

eiuk S0e
rT+y − ek dk QLT

(dy) .

✭✸✳✶✺✮

❡ ❢♦❝✉? ♦♥ >❤❡ ❝♦♠♣✉>❛>✐♦♥ ♦❢ >❤❡ ✜@?> ❛❞❞❡♥❞ ♦❢ ✭✸✳✶✺✮✳ ❆ B✉✐❝❦ ❡①♣❧✐❝✐>
❝❛❧❝✉❧❛>✐♦♥ ♦❢ >❤❡ ✐♥♥❡@ ✐♥>❡❣@❛❧ ✭@❡?♣❡❝> >♦ >❤❡ ▲❡❜❡?❣✉❡ ♠❡❛?✉@❡✮ ♦❢ ?✉❝❤ >❡@♠✱
✇❤✐❝❤ ✇❡ ✐♥❞✐❝❛>❡ ❜② I1✱ ❣✐✈❡?

I1 (y) = S0
erT+y+iu(log S0+rT )

iu(iu+ 1)
iu 1− e−y + 1− eiuy

= S0
erT+iu(log S0+rT )

iu+ 1
(ey − 1) + S0

erT+iu(log S0+rT )

iu (iu+ 1)
ey

− S0
eiu log S0e(iu+1)rT

iu (iu+ 1)
ey+iuy, y ∈ (−∞, 0] .

❆♥ ✐❞❡♥>✐❝❛❧ ♣@♦❝❡❞✉@❡ ❡♥❛❜❧❡? ✉? >♦ ❝♦♠♣✉>❡ >❤❡ ✐♥♥❡@ ✐♥>❡❣@❛❧ I2 ♦❢ >❤❡ ?❡❝♦♥❞
❛❞❞❡♥❞ ✐♥ ✭✸✳✶✺✮✱ ❛? ✇❡❧❧✳ ■♥ ♣❛@>✐❝✉❧❛@ ✇❡ ❛@@✐✈❡ ❛>

I2 (y) = −S0
erT+iu(log S0+rT )

iu+ 1
(ey − 1)− S0

erT+iu(log S0+rT )

iu (iu+ 1)
ey

+ S0
eiu log S0e(iu+1)rT

iu (iu+ 1)
ey+iuy, y ∈ (0,∞) .

❍❡♥❝❡ ✐> ✐? ♣♦??✐❜❧❡ >♦ ❡①♣@❡?? >❤❡ ✐♥✈❡@?❡ ❋♦✉@✐❡@ >@❛♥?❢♦@♠ ❛?

ζT (u) =
S0√
2π

eiu(log S0+rT )

iu+ 1 R
(1− ey)QLT

(dy)− 1

iu R
ey QLT

(dy)

+
1

iu R
ey+iuy QLT

(dy) .



✺✸ ✸✳✸✳ ❆;;▲■❈❆❚■❖◆ ❚❖ ❊❘❖;❊❆◆ ❈❆▲▲ ❖;❚■❖◆❙

❚❤❛♥❦? >♦ ❛??✉♠♣>✐♦♥ ✭✐✳✮ ❛♥❞ ✭✶✳✶✷✮ ✇❡ ❝♦♥❝❧✉❞❡ >❤❛>

ζT (u) =
S0√
2π

eiu(log S0+rT )

iu (iu+ 1)
eTΨ(iu+1) − 1 , u ∈ R. ✭✸✳✶✻✮

❘❡❝❛❧❧✐♥❣ >❤❡ ❞❡✜♥✐>✐♦♥ ♦❢ Ψ ✐♥ ✭✶✳✶✶✮✱ ✇❡ ?✉❜?>✐>✉>❡ >❤❡ ❞✐?❝@❡>❡ ✈❡@?✐♦♥ νd ❢♦@
>❤❡ ▲E✈② ♠❡❛?✉@❡ ν ❛??♦❝✐❛>❡❞ >♦ L✳ ❆? ❛ ❝♦♥?❡B✉❡♥❝❡ ♦❢ ✭✸✳✽✮ ✇❡ ♦❜>❛✐♥

Ψ(iu+ 1)
R

e(iu+1)y − iuey − ey + iu νd (dy)

=
R
ey eiuy − 1 νd (dy) + iu

R
(1− ey) νd (dy)

=

Nd

h=1

eyh eiuyh − 1 νh + iu

Nd

h=1

(1− eyh) νh, u ∈ R.

g❧✉❣❣✐♥❣ >❤✐? >❡@♠ ✐♥>♦ ✭✸✳✶✻✮ ✇❡ ❡✈❡♥>✉❛❧❧② ❡♥❞ ✉♣ ✇✐>❤ >❤❡ ♥❡①> ❛♣♣@♦①✐♠❛✲
>✐♦♥✿

ζT (u)
S0√
2π

eiu(log S0+rT )

iu (iu+ 1)
exp T

Nd

h=1

eyh eiuyh − 1 νh

+ iuT

Nd

h=1

(1− eyh) νh − 1 , u ∈ R. ✭✸✳✶✼✮

▲❡> ✉? ❡?>✐♠❛>❡ >❤❡ ♠♦❞✐✜❡❞ >✐♠❡ ✈❛❧✉❡ zT ❛> >❤❡ ♣♦✐♥>? xj ✱ ❢♦@ j = 1, ..., N ✳
■♥ ♦@❞❡@ >♦ ❝♦♠♣✉>❡ >❤❡ ✐♥>❡❣@❛❧ ✐♥ ✭✸✳✶✹✮✱ ✇❡ ❞❡❝✐❞❡ >♦ ❝♦♥?>@✉❝> ❛♥♦>❤❡@ ❣@✐❞✱
>❤✐? >✐♠❡ ✉♥✐❢♦@♠ ✇✐>❤ ♠❡?❤ d > 0✱ ✇❤✐❝❤ ❝♦♥>❛✐♥? >❤❡ ♣♦✐♥>? ♦❢ >❤❡ ♣@❡✈✐♦✉?
♦♥❡ ♦❢ >❤❡ log✕?>@✐❦❡ ♣@✐❝❡?✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❝❤♦?❡♥ N ∈ N✱ ✇❡ ✐♥>@♦❞✉❝❡

xn :=
2πn

NΔ
, n = −N, ...,−1, 0, 1, ..., N,

✇❤❡@❡ A := 2π
d ✐? >❤❡ ?✐③❡ ♦❢ >❤❡ ❞✐?❝@❡>✐③❛>✐♦♥ ✐♥>❡@✈❛❧ ✇❤✐❧❡ Δ := A

N
✳ ❚❤❡

❝♦♥?>@✉❝>✐♦♥ ✐? ❝❛@@✐❡❞ ♦✉> ?♦ >❤❛> ❢♦@ ❡✈❡@② j = 1, ..., N ❛♥❞ h = 1, ..., Nd >❤❡@❡

❡①✐?>? ❛ nhj ∈ −N + 1, ..., N − 1 ?✉❝❤ >❤❛> xj − yh = xnhj
✳ ❋✐♥❛❧❧② ✇❡ ❞❡✜♥❡

>❤❡ ♣♦✐♥>? ♦❢ >❤❡ ❞✐?❝@❡>✐③❛>✐♦♥ ❣@✐❞ ❛?

uk := −A

2
+ kΔ, k = 0, ..., N.

❡ >❤❡♥ ❝♦♠♣✉>❡

zT (xn)
1√
2π (−A/2,A/2)

e−iuxnζT (u) du
1√
2π

A

N

N−1

k=0

e−iukxnwkζT (uk)

=
1√
2π

A

N
ei

A
2 xn

N−1

k=0

exp −i
2πn

N
k wkζT (uk) , n = 0, ..., N − 1,

✇❤❡@❡ wk ❛@❡ ❝♦❡✣❝✐❡♥>? ❝❤♦?❡♥ ❛❝❝♦@❞✐♥❣ >♦ >❤❡ >@❛♣❡③♦✐❞❛❧ @✉❧❡ ❛?

wk :=
1
2 , ✐❢ k = 0, N − 1

1, ✐❢ k = 1, ..., N − 2
.
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❍❡♥❝❡ ✐> ✐? ♣♦??✐❜❧❡ >♦ ❣❡> >❤❡ ✈❛❧✉❡? zT (xn)✱ ❢♦@ n = 0, ..., N − 1✱ ✇✐>❤ ❛ ❢❛NM

❋♦✉O✐❡O MO❛♥N❢♦O♠ ✭❋❋❚✮ ♦♥❝❡ ❦♥♦✇♥ ζT (uk) ❢♦@ k = 0, ..., N − 1✳ ❉✉❡ >♦
>❤❡ ?②♠♠❡>@② ♦❢ >❤❡ ❣@✐❞✱ ❛♥ ❛♥❛❧♦❣♦✉? @❡❛?♦♥✐♥❣ ❧❡❛❞? >♦ @❡>@✐❡✈❡ zT (xn) ❢♦@

n = −N + 1, ...,−1✱ @❡❝❛❧❧✐♥❣ >♦ ✉?❡ ❛♥ ✐♥✈❡@?❡ ❞✐?❝@❡>❡ ❋♦✉@✐❡@ >@❛♥?❢♦@♠✳ ■♥

❝♦♥❝❧✉?✐♦♥✱ g@♦❜❧❡♠ ✭✸✳✶✵✮ >@❛♥?❧❛>❡? ✐♥>♦ >❤❡ ♠✐♥✐♠✐③❛>✐♦♥ ✐♥ (R+)
d
♦❢ >❤❡ ♥❡①>

♦❜❥❡❝>✐✈❡ ❢✉♥❝>✐♦♥❛❧✿

F (ν1, ..., νNd
) =

N

j=1

wj zt (xj) + S0 − exj−rT + − Cj
2

+ α

Nd

h=1

νh log νh − log ν0h + ν0h − νh .

■♥ ♦@❞❡@ >♦ ?♣❡❡❞ ✉♣ >❤❡ ♦♣>✐♠✐③❛>✐♦♥ ✭✇❡ ✉?❡❞ >❤❡ ▲✲❇❋●❙✲❇ ❛❧❣♦@✐>❤♠✮✱ ✇❡
❝♦♠♣✉>❡ >❤❡ ❞❡@✐✈❛>✐✈❡? ♦❢ F ✳ ❚❤❡ ❡♥>@♦♣② >❡@♠ ✐? ❡❛?② >♦ ❞❡@✐✈❡✱ ❤❡♥❝❡ ✇❡
❢♦❝✉? ♦♥ >❤❡ ♦>❤❡@ ♦♥❡✳ ❚♦ ❢❛❝✐❧✐>❛>❡ >❤❡ ♥♦>❛>✐♦♥✱ ❞❡♥♦>❡ ❜②

Cu :=
S0√
2π

eiu(log S0+rT )

iu (iu+ 1)
, u ∈ R

❛♥❞ ❜② g (ν1, ..., νNd
) >❤❡ ❛@❣✉♠❡♥> ♦❢ >❤❡ ❡①♣♦♥❡♥>✐❛❧ ✐♥ ✭✸✳✶✼✮✳ ♥❞❡@ ?✉✐>❛❜❧❡

✐♥>❡❣@❛❜✐❧✐>② ❝♦♥❞✐>✐♦♥?✱ ❢♦@ ❡✈❡@② u ∈ R ❛♥❞ h = 1, ..., Nd ✇❡ ❣❡>

∂ζT (u)

∂νh
(ν1, ..., νNd

) = CuTe
g(ν1,...,νNd) eyh eiuyh − 1 + iu (1− eyh)

=
S0√
2π

T

iu+ 1
eiu(log S0+rT ) (1− eyh) eg(ν1,...,νNd)

+ TeyhζT (u) eiuyh − 1 + TeyhCu eiuyh − 1 .

❋@♦♠ ✭✸✳✶✹✮✱ ❜② ❡①♣❧✐❝✐> ❝❛❧❝✉❧❛>✐♦♥ ❢♦@ ❡✈❡@② k ∈ R ❛♥❞ h = 1, ..., Nd ✇❡ ♦❜>❛✐♥

∂zT (k)

∂νh
(ν1, ..., νNd

) =
1√
2π R

e−iuk ∂ζT (u)

∂νh
(ν1, ..., νNd

) du

=
S0

2π
T (1− eyh)

R

e−iuk

iu+ 1
eiu(log S0+rT )eg(ν1,...,νNd)du

+ Teyh zT (k − yh) + S0 − ek−rT−yh
+− zT (k)− S0 − ek−rT +

.

✭✸✳✶✽✮

❆? ❛❧@❡❛❞② ❞♦♥❡ ✇✐>❤ zT ✱ ✇❡ ❝❛♥ ❛♣♣@♦①✐♠❛>❡ >❤❡ ✜@?> ❛❞❞❡♥❞ ✐♥ ✭✸✳✶✽✮ ✇❤❡♥

k = xn✱ ❢♦@ n = 0, ..., N − 1✱ ✇✐>❤ ❛ ❋❋❚✿

R

e−iuxn

iu+ 1
eiu(rT+log S0)eg(ν1,...,νNd)

A

N

N−1

k=0

e−iukxnwkf (uk)

=
A

N
ei

A
2 xn

N−1

k=0

exp −i
2πn

N
k wkf (uk) ,

✇❤❡@❡

f (u) :=

√
2π

S0
iuζT (u) +

eiu(log S0+rT )

iu+ 1
, u ∈ R.
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g✉>>✐♥❣ >♦❣❡>❤❡@ ❛❧❧ >❤❡ >❡@♠? ✇❡ ❤❛✈❡ ❧❛❜♦@✐♦✉?❧② ❣♦>>❡♥ ✇❡ ❝❛♥ ♥✉♠❡@✐❝❛❧❧②
❝❛❧❝✉❧❛>❡ >❤❡ ❞❡@✐✈❛>✐✈❡? ♦❢ >❤❡ ♦❜❥❡❝>✐✈❡ ❢✉♥❝>✐♦♥❛❧ F ✱ ✇❤✐❝❤ ❛@❡ ♣@♦✈✐❞❡❞ ❜②

∂F
∂νh

(ν1, ..., νNd
) =2

N

j=1

wj zT (xj)+ S0 − exj−rT +− Cj ∂zT (xj)

∂νh
(ν1, ..., νNd

)

+ α log νh − log ν0h

❢♦@ ❛♥② h = 1, ..., Nd✳
■♥ ♦✉@ ?✐♠✉❧❛>✐♦♥ ✇❡ ✇❛♥> >♦ ❣✐✈❡ >❤❡ ?❛♠❡ ✐♠♣♦@>❛♥❝❡ >♦ ❛❧❧ ♦♣>✐♦♥ ♣@✐❝❡?

❛✈❛✐❧❛❜❧❡ ✐♥ >❤❡ ♠❛@❦❡>✱ ♠❡❛♥✐♥❣ >❤❛> ✇❡ ❞❡❝✐❞❡ ♥♦> >♦ ♠✐@@♦@ >❤❡ ❝✉?>♦♠❡@?✬
♣@❡❢❡@❡♥❝❡?✳ ❚❤✐? >@❛♥?❧❛>❡? ✐♥>♦ ❛??✐❣♥✐♥❣ >❤❡ ?❛♠❡ ✇❡✐❣❤> ❛> ❡❛❝❤ ❞❛>❛ ♣♦✐♥>✱
❡①♣❧✐❝✐>❧②

wj =
1

N
, j = 1, ..., N.

❋✐♥❛❧❧② >❤❡ @❡❣✉❧❛@✐③❛>✐♦♥ ♣❛@❛♠❡>❡@ α ♠✉?> ❜❡ ♣✐❝❦❡❞✳ ■♥ ♦@❞❡@ >♦ ❞♦ ?♦✱ ✇❡
✐♥>❡@♣@❡> ✐> ❛? ❛ ♣@♦①② ♦❢ >❤❡ ♠❛@❦❡> ❡@@♦@✳ ❚❤❡@❡❢♦@❡✱ ✐♥ ❛ ✜@?> ♠♦♠❡♥> ✇❡
♠✐♥✐♠✐③❡ >❤❡ B✉❛❞@❛>✐❝ ♣@✐❝✐♥❣ ❡@@♦@ ✭✸✳✾✮ ✇✐>❤♦✉> ❡♥>@♦♣② >❡@♠✳ ❉❡♥♦>✐♥❣ ❜②

0 >❤❡ ✈❛❧✉❡ ♦❢ >❤❡ ❢✉♥❝>✐♦♥❛❧ ❛> >❤❡ ❢♦✉♥❞ ♠✐♥✐♠✉♠✱ ?✉❝❤ ✈❛❧✉❡ ❝❛♥ ❜❡ >❤♦✉❣❤>
>♦ ❛? ❛ ♠❡❛?✉@❡ ♦❢ >❤❡ ❞✐?>❛♥❝❡ ❜❡>✇❡❡♥ >❤❡ ♠❛@❦❡> ❛♥❞ >❤❡ ?❡❧❡❝>❡❞ ♠♦❞❡❧ ❝❧❛??✳
■> ✐? >❤❡♥ ?❛>✐?❢❛❝>♦@② >♦ >❛❦❡

α := 0.

❇❡?✐❞❡?✱ ✇❡ @❡♠❛@❦ >❤❛>✱ ✉?✐♥❣ >❤❡ ❝❛❧✐❜@❛>✐♦♥ ♣@♦❝❡❞✉@❡✱ ❛ ?✐♥❣❧❡ ?✐♠✉❧❛>✐♦♥
♣@♦✈✐❞❡? >❤❡ ✇❤♦❧❡ ♦♣>✐♦♥ ❝❤❛✐♥ ❝♦@@❡?♣♦♥❞✐♥❣ >♦ >❤❡ ❞❡?✐@❡❞ ?>@✐❦❡✕♣@✐❝❡? ❛> ❛
✜①❡❞ ♠❛>✉@✐>② T ✳

❊♠♣✐E✐❝❛❧ ❘❡C✉❧AC

❡ ❤❛✈❡ ❡♠♣✐@✐❝❛❧❧② >❡?>❡❞ >❤✐? ♠❡>❤♦❞ ✇✐>❤ >❤❡ ♣@✐❝❡? ♦❢ ❝❛❧❧ ♦♣>✐♦♥? ♦♥
❆❧♣❤❛❜❡M ■♥❝✳ ❝❧❛?? ❈ ?>♦❝❦ ✭>✐❝❦❡@ ?②♠❜♦❧✿ ●❖❖●✱ ♥♦ ✈♦>✐♥❣ @✐❣❤>?✮ ❡①♣✐@✐♥❣ ✐♥
❏❛♥✱ 2020✿ 11 ♠♦♥>❤? ❢@♦♠ >❤❡ >✐♠❡ ♦❢ ?✐♠✉❧❛>✐♦♥✳ ❋✐❣✉@❡ ✸✳✶ ?❤♦✇? >❤❡ @❡?✉❧>?
♦❢ ?✉❝❤ ✐♠♣❧❡♠❡♥>❛>✐♦♥✳ ❡ @❡❢❡@ >♦ ❆♣♣❡♥❞✐① ❆✱ ❙❡❝>✐♦♥ ❆✳✷✱ ❢♦@ >❤❡ ✉?❡❞
❝♦❞❡✳ ❚❤❡ ❛✈❡@❛❣❡ ♦❢ >❤❡ ❛❜?♦❧✉>❡ ✈❛❧✉❡? ♦❢ ♣❡@❝❡♥>❛❣❡ ❞✐✛❡@❡♥❝❡ ✐? 1.7360%✳

❡ ❛❧?♦ >@✐❡❞ >♦ ❝❛❧✐❜@❛>❡ ♦✉@ ♠❡>❤♦❞ >♦ >❤❡ ♣@✐❝❡? ♦❢ ❝❛❧❧ ♦♣>✐♦♥? ♦♥ ❆♠❛✲
③♦♥✳❝♦♠✱ ■♥❝✳ ?>♦❝❦ ✭>✐❝❦❡@ ?②♠❜♦❧✿ ❆▼◆✮✿ ❋✐❣✉@❡ ✸✳✷ ❜❡❧♦✇ ❞✐?♣❧❛②? >❤❡
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⑥
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✮✮✩✈❛❧✉❡

⑥

C❡E✉✐C❡✭A❞❡✮

❜♠❂❇▼✭①❂✵✱?✵❂✵✱❚❂✭❧❡♥❣?❤✭❧♦❣❞❛②♣C✐❝❡✮✲✶✮✱◆❂❧❡♥❣?❤✭❧♦❣❞❛②♣C✐❝❡✮✲✶✮

❛❞❞❡♥❞♦✶❂✈❡❝?♦C✭♠♦❞❡❂✧♥✉♠❡C✐❝✧✱ ❧❡♥❣?❤❂❧❡♥❣?❤✭❧♦❣❞❛②♣C✐❝❡✮✮

❢♦C ✭? ✐♥ ✶✿❧❡♥❣?❤✭❧♦❣❞❛②♣C✐❝❡✮✮ ④

❛❞❞❡♥❞♦✶?❂ AEC?✭✈❛C✐❛?✐♦♥A♠❛❧❧❥✉♠♣A?✮✯✭❜♠?✮

⑥

★★A✐♠✉❧❛?❡ ❛ ?C❛❥❡❝?♦C② ♦❢ ?❤❡ ✧l♦✐AA♦♥✧ ❝♦♠♣♦♥❡♥?

★★❝♦♠♣✉?❡ ?❤❡ ✐♥?❡♥A✐?② ♦❢ ?❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉A l♦✐AA♦♥ ♣C♦❝❡AA

❧❛♠❜❞❛❂♥✉♠❡C✐❝✭✮

❢♦C ✭? ✐♥ ✶✿❧❡♥❣?❤✭❧♦❣❞❛②♣C✐❝❡✮✮ ④

❧❛♠❜❞❛?❁✲✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭①✮ ④❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A✭①✮✮✯❡①♣✭✭

❜❡?❛✰?❤❡?❛?✯AEC?✭A✐❣♠❛✷?✮✮✯①✮✯❜❡AA❡❧❑✭❛❧♣❤❛✯❛❜A✭①✮✱✶✱

❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱❧♦✇❡C ❂ ✲■♥❢✱✉♣♣❡C❂✲❡♣A✐❧♦♥✯✶✴AEC?✭

A✐❣♠❛✷?✮✮✩✈❛❧✉❡✰✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭①✮ ④❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A✭

①✮✮✯❡①♣✭✭❜❡?❛✰?❤❡?❛?✯AEC?✭A✐❣♠❛✷?✮✮✯①✮✯❜❡AA❡❧❑✭❛❧♣❤❛✯❛❜A✭

①✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱❧♦✇❡C ❂ ✶✴AEC?✭A✐❣♠❛✷?✮✯❡♣A✐❧♦♥

✱✉♣♣❡C❂■♥❢✮✩✈❛❧✉❡

⑥

★★❛♣♣❧② ?❤❡ ?❤✐♥♥✐♥❣ ❛❧❣♦C✐?❤♠ ?♦ ❣❡? ?❤❡ ❥✉♠♣A ?✐♠❡

C✉♥✶❂◆❍ll✳A✐♠✭❧❛♠❜❞❛✱✭❧❡♥❣?❤✭❧♦❣❞❛②♣C✐❝❡✮✲✶✮✮

★★❝♦♠♣✉?❡ ?❤❡ ?✐♠❡✲✈❛C②✐♥❣ ❥✉♠♣A A✐③❡A

❥✉♠♣A❂♥✉♠❡C✐❝✭✮

❢♦C ✭? ✐♥ ✶✿❧❡♥❣?❤✭C✉♥✶✮✮ ④

❥✉♠♣A❁✲❝✭❥✉♠♣A✱✭✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭①✮ ④AEC?✭A✐❣♠❛✷C✉♥✶?✰✶✮✯①✯

❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A✭①✮✮✯❡①♣✭✭❜❡?❛✰?❤❡?❛C✉♥✶?✰✶✯AEC?✭

A✐❣♠❛✷C✉♥✶?✰✶✮✮✯①✮✯❜❡AA❡❧❑✭❛❧♣❤❛✯❛❜A✭①✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂

❋❆▲❙❊✮⑥✱❧♦✇❡C ❂ ✲■♥❢✱✉♣♣❡C❂✲❡♣A✐❧♦♥✴AEC?✭A✐❣♠❛✷C✉♥✶?✰✶✮✮✩

✈❛❧✉❡✰✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭①✮ ④AEC?✭A✐❣♠❛✷C✉♥✶?✰✶✮✯①✯❞❡❧?❛✯

❛❧♣❤❛✴✭♣✐✯❛❜A✭①✮✮✯❡①♣✭✭❜❡?❛✰?❤❡?❛C✉♥✶?✰✶✯AEC?✭A✐❣♠❛✷C✉♥✶

?✰✶✮✮✯①✮✯❜❡AA❡❧❑✭❛❧♣❤❛✯❛❜A✭①✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱

❧♦✇❡C ❂❡♣A✐❧♦♥✴AEC?✭A✐❣♠❛✷C✉♥✶?✰✶✮✱✉♣♣❡C❂■♥❢✮✩✈❛❧✉❡✮✮

⑥

★★♣✉? ?♦❣❡?❤❡C✱ ♣C❡A❡C✈✐♥❣ ?❤❡ ♦C❞❡C✱ ?❤❡ ❥✉♠♣ ?✐♠❡A ✇✐?❤ ?❤❡ ❛♥❛❧②③❡❞

❞❛②A



❆✳✶✳ ❊❙❙❈❍❊❘ ▼❊❆❙❘❊ ❈❖❉❊ ✻✽

✉♥✐?❡❁✲❝✭✵✿✭❧❡♥❣?❤✭❧♦❣❞❛②♣C✐❝❡✮✲✶✮✱C✉♥✶✮

✉♥✐?❡❞❂✉♥✐?❡✦❞✉♣❧✐❝❛?❡❞✭✉♥✐?❡✮

♦C❞❂A♦C?✭✉♥✐?❡❞✱❞❡❝C❡❛A✐♥❣ ❂ ❋❆▲❙❊✮

❝❂❝✭✇❤✐❝❤✭♦C❞❂❂?❡♠♣✐✶✮✱✇❤✐❝❤✭♦C❞❂❂?❡♠♣✐✷✮✱✇❤✐❝❤✭♦C❞❂❂?❡♠♣✐✸✮✱✇❤✐❝❤✭

♦C❞❂❂?❡♠♣✐✹✮✱✇❤✐❝❤✭♦C❞❂❂?❡♠♣✐✺✮✮

♦C❞❞❡❢❥❂❝

★★❇✉✐❧❞ ❇

❜?❤❡?❛❂✈❡❝?♦C✭♠♦❞❡❂✧♥✉♠❡C✐❝✧✱ ❧❡♥❣?❤❂❧❡♥❣?❤✭?❤❡?❛✮✮

❢♦C ✭? ✐♥ ✶✿❧❡♥❣?❤✭?❤❡?❛✮✮ ④

❜?❤❡?❛?❂AEC?✭A✐❣♠❛✷?✮✯❣❛♠♠❛◆■●❤✲✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭②✮ ④

AEC?✭A✐❣♠❛✷?✮✯②✯❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A ✭②✮✮✯❡①♣✭❜❡?❛✯②✮✯

❜❡AA❡❧❑✭❛❧♣❤❛✯❛❜A✭②✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱❧♦✇❡C❂✲❡♣A✐❧♦♥✱

✉♣♣❡C❂✲✵✳✵✵✵✵✶✮✩✈❛❧✉❡✲✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭②✮ ④AEC?✭A✐❣♠❛✷?✮✯

②✯❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A✭②✮✮✯❡①♣✭❜❡?❛✯②✮✯❜❡AA❡❧❑✭❛❧♣❤❛✯❛❜A✭②✮✱✶✱

❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱❧♦✇❡C❂✵✳✵✵✵✵✶✱✉♣♣❡C❂❡♣A✐❧♦♥✮✩✈❛❧✉❡ ✰

✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭②✮ ④AEC?✭A✐❣♠❛✷?✮✯②✯❡①♣✭?❤❡?❛?✯AEC?✭

A✐❣♠❛✷?✮✯②✮✯❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A✭②✮✮✯❡①♣✭❜❡?❛✯②✮✯❜❡AA❡❧❑✭

❛❧♣❤❛✯❛❜A✭②✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱❧♦✇❡C❂✵✳✵✵✵✵✶✱✉♣♣❡C❂

❡♣A✐❧♦♥✴AEC?✭A✐❣♠❛✷?✮✮✩✈❛❧✉❡✰✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭②✮ ④AEC?✭

A✐❣♠❛✷?✮✯②✯❡①♣✭?❤❡?❛?✯AEC?✭A✐❣♠❛✷?✮✯②✮✯❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯

❛❜A ✭②✮✮✯❡①♣✭❜❡?❛✯②✮✯❜❡AA❡❧❑✭❛❧♣❤❛✯❛❜A✭②✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂

❋❆▲❙❊✮⑥✱❧♦✇❡C❂✲❡♣A✐❧♦♥✴AEC?✭A✐❣♠❛✷?✮✱✉♣♣❡C❂✲✵✳✵✵✵✵✶✮✩✈❛❧✉❡

⑥

★★❣❡♥❡C❛?❡ ?❤❡ C✐A❦✲♥❡✉?C❛❧ ♣❛?❤

❇❂❝✉♠A✉♠✭❜?❤❡?❛✮

✐♥❝C❜C♦✇♥❂❝✭✵✱❞✐❢❢✭❛❞❞❡♥❞♦✶✱✶✮✮

❣❂✈❡❝?♦C✭♠♦❞❡❂✧♥✉♠❡C✐❝✧✱ ❧❡♥❣?❤❂❧❡♥❣?❤✭♦C❞✮✮

❣✶❂✵

❢♦C ✭✐ ✐♥ ✷✿❧❡♥❣?❤✭♦C❞✮✮ ④

✐❢ ✭✐A✳❡❧❡♠❡♥?✭♦C❞✐✱✵✿✭❧❡♥❣?❤✭❧♦❣❞❛②♣C✐❝❡✮✲✶✮✮✮ ④

❣✐❂❣✐✲✶✰✐♥❝C❜C♦✇♥♦C❞✐✰✶

⑥

❡❧A❡ ④

❣✐❂❣✐✲✶✰❥✉♠♣A✇❤✐❝❤✭C✉♥✶❂❂♦C❞✐✮

⑥

⑥

❢♦C ✭✐ ✐♥ ✷✿❧❡♥❣?❤✭♦C❞✮✮ ④

❣✐❂❣✐✰❇♦C❞✐✰✶

⑥

①❥❁✲❣

⑥

★★A✐♠✉❧❛?❡ ?❤❡ ❝❛❧❧ ♦♣?✐♦♥ ♣C✐❝❡A

A?C✐❦❡❂✶✻✺

♣C❡❞✐❝?❡❞♣C✐❝❡A❂❧✐A?✭✮

❢♦C ✭✐ ✐♥ ✶✿♥✐?❡C✮ ④

❝❂♥✉♠❡C✐❝✭✮

❢♦C ✭? ✐♥ ✶✿✺✮ ④

❝❂❝✭❝✱✶✼✵✳✺✯❡①♣✭①✐♦C❞❞❡❢✐?✮✮

⑥

♣C❡❞✐❝?❡❞♣C✐❝❡A✐❂❝

⑥

❚❚▼✳❝❛❧❧❂❧✐A?✭✮

❢♦C ✭✐ ✐♥ ✶✿♥✐?❡C✮ ④

❝❂♥✉♠❡C✐❝✭✮



✻✾ ❆✳✷✳ ❈❆▲■❇❘❆❚■❖◆ ❈❖❉❊

❢♦C ✭? ✐♥ ✶✿✺✮ ④

❝❂❝✭❝✱❡①♣✭✲C✯?❡♠♣✐?✮✯♣♠❛①✭✵✱♣C❡❞✐❝?❡❞♣C✐❝❡A✐?✲

A?C✐❦❡✮✮

⑥

❚❚▼✳❝❛❧❧✐❂❝

⑥

❛✉①❂❧✐A?✭✮

❢♦C ✭? ✐♥ ✶✿✺✮ ④

❝❂♥✉♠❡C✐❝✭✮

❢♦C ✭✐ ✐♥ ✶✿♥✐?❡C✮ ④

❝❂❝✭❝✱❚❚▼✳❝❛❧❧✐?✮

⑥

❛✉①?❂❝

⑥

♣C❡❞✐❝?❡❞♣C✐❝❡A❖l❚■❖◆❙❂♥✉♠❡C✐❝✭✮

❢♦C ✭? ✐♥ ✶✿✺✮ ④

♣C❡❞✐❝?❡❞♣C✐❝❡A❖l❚■❖◆❙?❂♠❡❛♥✭❛✉①?✮

⑥

♣C❡❞✐❝?❡❞♣C✐❝❡A❖l❚■❖◆❙

❈❂❝✭✾✳✷✵✱✶✶✳✵✵✱✶✹✳✹✵✱✶✺✳✼✵✱✷✶✳✷✵✮

♠❡❛♥✭✭❛❜A✭♣C❡❞✐❝?❡❞♣C✐❝❡A❖l❚■❖◆❙✲❈✮✮✴❈✮

❆✳✷ ❈❛❧✐❜@❛>✐♦♥ ❈♦❞❡

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡ @❡❢❡@? >♦ >❤❡ ?✐♠✉❧❛>✐♦♥ ♦❢ ●❖❖● ♦♣>✐♦♥ ♣@✐❝❡?✳

★★ ❝♦♥A?C✉❝?✐♦♥ ♦❢ ?❤❡ ♦❜❥❡❝?✐✈❡ ❢✉♥❝?✐♦♥❛❧ ?♦ ❜❡ ♠✐♥✐♠✐③❡❞

❞❂✵✳✵✵✶

❆❂✷✯♣✐✴❞

◆?✐❧❞❡❂✼✹✺✶

◆❂✻

❙?C✐❦❡A❂♥✉♠❡C✐❝✭◆✮

❢♦C ✭❥ ✐♥ ✶✿◆✮ ④

❙?C✐❦❡A❥❂✶✵✽✵✰❥✯✶✵

⑥

◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡❂✽

C❂✵✳✵✵✽

❚❂✶✶✴✶✷

❈❂❝✭✶✷✵✳✹✺✱✶✶✻✳✻✱✶✶✷✳✺✱✶✶✷✳✻✱✶✵✻✳✻✽✱✶✵✶✳✺✮

❂❝✭✶✱✶✱✶✱✶✱✶✱✶✮

❂✶✴◆✯

❙✵❂✶✶✶✸✳✽

❉❡❧?❛❁✲❆✴◆?✐❧❞❡

★★ ❜✉✐❧❞ ?❤❡ ♣♦✐♥?A ♦❢ ?❤❡ ❜✐❣❣❡C ❣C✐❞ ①

①❂✈❡❝?♦C✭♠♦❞❡❂✧♥✉♠❡C✐❝✧✱❧❡♥❣?❤ ❂ ◆?✐❧❞❡✰✶✮

❢♦C ✭♥ ✐♥ ✶✿✭◆?✐❧❞❡✰✶✮✮ ④

①♥❂❞✯✭♥✲✶✮

⑥

★★ ❜✉✐❧❞ ?❤❡ ❞✐A❝C❡?✐③❛?✐♦♥ ♣♦✐♥?A ♦❢ ?❤❡ ▲❡✈② ▼❡❛A✉C❡

❞✐A❂✈❡❝?♦C✭♠♦❞❡❂✧♥✉♠❡C✐❝✧✮

❞✐A✶❂✵✳✵✶

❢♦C ✭♥ ✐♥ ✷✿✭◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✴✷✮✮ ④

❞✐A♥❂①♠✐♥✭✇❤✐❝❤✭①❃✵✳✵✸✰❞✐A♥✲✶✮✮



❆✳✷✳ ❈❆▲■❇❘❆❚■❖◆ ❈❖❉❊ ✼✵

⑥

❞✐A❂A♦C?✭❝✭✲❞✐A✱❞✐A✮✮

❞✐A

★★ ❞❡❢✐♥❡ ?❤❡ ❞✐A❝C❡?✐③❛?✐♦♥ ❣C✐❞ ♦❢ ♣♦✐♥?A ✉❦

✉❂✈❡❝?♦C✭♠♦❞❡❂✧♥✉♠❡C✐❝✧✱❧❡♥❣?❤ ❂ ◆?✐❧❞❡✰✶✮

❢♦C ✭❦ ✐♥ ✶✿✭◆?✐❧❞❡✰✶✮✮ ④

✉❦❂✲❆✴✷✰✭❦✲✶✮✯❉❡❧?❛

⑥

★★❜✉✐❧❞ ?❤❡ ✇❡✐❣❤?A ✇ ❛❝❝♦C❞✐♥❣ ?♦ ?❤❡ ?C❛♣❡③♦✐❞❛❧ C✉❧❡

✇?✐❧❞❡❂✈❡❝?♦C✭♠♦❞❡❂✧♥✉♠❡C✐❝✧✱❧❡♥❣?❤ ❂ ◆?✐❧❞❡✮

✇?✐❧❞❡✶❂✶✴✷

✇?✐❧❞❡◆?✐❧❞❡❂✶✴✷

❢♦C ✭❦ ✐♥ ✷✿✭◆?✐❧❞❡✲✶✮✮ ④

✇?✐❧❞❡❦❂✶

⑥

★★ ❝♦♠♣✉?❡ ❡?❛✭✉❦✮ ❢♦C ❦❂✵✱✳✳✳✱◆?✐❧❞❡✳

★★ A♣❡❝✐❢② ?❤❡ A♠❛❧❧❡C ❣C✐❞ ♦❢ ❧♦❣✲A?C✐❦❡A

①C❡A?C✐❝?❡❞❂ ✈❡❝?♦C✭♠♦❞❡❂✧♥✉♠❡C✐❝✧✱❧❡♥❣?❤ ❂ ◆✮

❢♦C ✭❥ ✐♥ ✶✿◆✮ ④

❝❂♥✉♠❡C✐❝✭◆?✐❧❞❡✰✶✮

❢♦C ✭♥ ✐♥ ✶✿✭◆?✐❧❞❡✰✶✮✮ ④

❝♥❂❛❜A✭①♥✲❧♦❣✭❙?C✐❦❡A✮❥✮

⑥

①C❡A?C✐❝?❡❞❥❂①✇❤✐❝❤✭❝❂❂♠✐♥✭❝✮✮

⑥

❡①♣✭①C❡A?C✐❝?❡❞✮

✐❂AEC?✭✲✶✰✵✐✮

★★ A❡? ?❤❡ ❢✉♥❝?✐♦♥A ❡?❛ ✫ ③❡?❛

❡?❛❂❧✐A?✭✮

❢♦C ✭❦ ✐♥ ✶✿◆?✐❧❞❡✮ ④

❡?❛❦ ❁✲ ❢✉♥❝?✐♦♥✭♥✉✱❦✮ ④

✶✴✭AEC?✭✷✯♣✐✮✮✯❙✵✯❡①♣✭✐✯✉❦✯C✯❚✰✐✯✉❦✯❧♦❣✭❙✵✮✮✴✭✐✯✉❦

✯✭✶✰✐✯✉❦✮✮✯✭❡①♣✭❚✯✭✐✯✉❦✯A✉♠✭✭✶✲❡①♣✭❞✐A✮✮✯♥✉✮✰A✉♠✭

❡①♣✭❞✐A✮✯✭❡①♣✭✐✯✉❦✯❞✐A✮✲✶✮✯♥✉✮✮✮✲✶✮

⑥

⑥

③❛✉①❂❧✐A?✭✮

③❛✉①❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④

❝❂✈❡❝?♦C✭✮

❢♦C ✭❦ ✐♥ ✶✿◆?✐❧❞❡✮ ④

❝❂❝✭❝✱✇?✐❧❞❡❦✯❡?❛❦✭♥✉✱❦✮✮

⑥

❝

⑥

❣♣♦A❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④❢❢?✭③❛✉①✭♥✉✮✮⑥

③❂❧✐A?✭✮

❢♦C ✭♥ ✐♥ ✶✿◆?✐❧❞❡✮ ④

③♥❁✲❢✉♥❝?✐♦♥✭♥✉✱♥✮④

❘❡✭✶✴✭AEC?✭✷✯♣✐✮✮✯❆✴◆?✐❧❞❡✯❡①♣✭✐✯❆✴✷✯①♥✮✯❣♣♦A✭♥✉✮♥✮

⑥

⑥

❣♥❡❣❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④❢❢?✭③❛✉①✭♥✉✮✱✐♥✈❡CA❡❂❚❘❊✮⑥

③♥❡❣❂❧✐A?✭✮

❢♦C ✭♥ ✐♥ ✶✿◆?✐❧❞❡ ✮ ④



✼✶ ❆✳✷✳ ❈❆▲■❇❘❆❚■❖◆ ❈❖❉❊

③♥❡❣♥❁✲❢✉♥❝?✐♦♥✭♥✉✱♥✮④

❘❡✭✶✴✭AEC?✭✷✯♣✐✮✮✯❆✴◆?✐❧❞❡✯❡①♣✭✲✐✯❆✴✷✯①♥✮✯❣♥❡❣✭♥✉✮♥✮

⑥

⑥

★★ ❡✈❛❧✉❛?✐♦♥ ♦❢ ③ ✐♥ ?❤❡ ❣C✐❞ ♦❢ ❧♦❣✭A?C✐❦❡A✮

③C❡A?C✐❝?❡❞❂❧✐A?✭✮

❢♦C ✭❥ ✐♥ ✶✿◆✮ ④

③C❡A?C✐❝?❡❞❥❁✲❢✉♥❝?✐♦♥✭♥✉✱❥✮④

③✇❤✐❝❤✭①❂❂①C❡A?C✐❝?❡❞❥✮✭♥✉✱✇❤✐❝❤✭①❂❂①C❡A?C✐❝?❡❞❥

✮✮

⑥

⑥

★★❊♥?C♦♣② ?❡C♠

❛❧♣❤❛❂✶✳✸✾✽✷✹✾✹✺✵✺✾✾✽✾

❇❡?❛❂✲✵✳✷✻✺✼✸✺✺✽✺✸✻✼✻✼✷

❞❡❧?❛❂✶✳✹✻✼✷✾✹✸✺✷✼✾✾✻✻

♠✉❂✵✳✷✾✺✽✺✸✸✽✸✺✻✼✽✺✻

★★❞❡?❡C♠✐♥❡ ?❤❡ ❞✐A❝C❡?✐③❡❞ ✈❛❧✉❡A ♦❢ ?❤❡ ♣C✐♦C ♥✉✵❥

♥✉✵❂♥✉♠❡C✐❝✭❧❡♥❣?❤❂◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✮

♥✉✵✶❂✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭①✮④❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A✭①✮✮✯❡①♣✭❇❡?❛✯①✮✯❜❡AA❡❧❑✭

❛❧♣❤❛✯❛❜A✭①✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱❧♦✇❡C ❂ ✲■♥❢✱✉♣♣❡C❂❞✐A✶✮✩

✈❛❧✉❡

❢♦C ✭❤ ✐♥ ✷✿✭◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✲✶✮✮ ④

✐❢ ✭❤❂❂✺✮ ④

♥✉✵❤❂✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭①✮ ④❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A✭①✮✮✯❡①♣✭

❇❡?❛✯①✮✯❜❡AA❡❧❑✭❛❧♣❤❛✯❛❜A✭①✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱

❧♦✇❡C ❂ ❞✐A❤✲✶✱✉♣♣❡C❂✲✳✵✵✺✮✩✈❛❧✉❡✰✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥

✭①✮ ④❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A✭①✮✮✯❡①♣✭❇❡?❛✯①✮✯❜❡AA❡❧❑✭❛❧♣❤❛

✯❛❜A✭①✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱❧♦✇❡C ❂ ✵✳✵✵✺✱✉♣♣❡C❂

❞✐A❤✮✩✈❛❧✉❡

⑥

❡❧A❡ ④

♥✉✵❤❂✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭①✮ ④❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A✭①✮✮✯❡①♣✭

❇❡?❛✯①✮✯❜❡AA❡❧❑✭❛❧♣❤❛✯❛❜A✭①✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱

❧♦✇❡C ❂ ❞✐A❤✲✶✱✉♣♣❡C❂❞✐A❤✮✩✈❛❧✉❡

⑥

⑥

♥✉✵◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡❂✐♥?❡❣C❛?❡✭❢✉♥❝?✐♦♥✭①✮④❞❡❧?❛✯❛❧♣❤❛✴✭♣✐✯❛❜A✭①

✮✮✯❡①♣✭❇❡?❛✯①✮✯❜❡AA❡❧❑✭❛❧♣❤❛✯❛❜A✭①✮✱✶✱❡①♣♦♥✳A❝❛❧❡❞ ❂ ❋❆▲❙❊✮⑥✱❧♦✇❡C ❂

❞✐A◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✲✶✱✉♣♣❡C❂■♥❢✮✩✈❛❧✉❡

♥✉✵

★★❞❡?❡C♠✐♥❡ ?❤❡ ❡♥?C♦♣② ?❡C♠ ✭❡①♣C❡AA❡❞ ❜② ❛ ❞✐A❝C❡?✐③❡❞ ✐♥?❡❣C❛❧✮

❡♥?C♦♣②?❡C♠❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④

❝❂✈❡❝?♦C✭✮

❢♦C ✭❤ ✐♥ ✶✿◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✮④

❝❂❝✭❝✱♥✉❤✯✭❧♦❣✭♥✉❤✴♥✉✵❤✮✮✰♥✉✵❤✲♥✉❤✮

⑥

A✉♠✭❝✮

⑥

★★ ?❤✐A ✐A ?❤❡ A❡❛C❝❤❡❞ ♦❜❥❡❝?✐✈❡ ❢✉♥❝?✐♦♥❛❧

❛❞❞❡♥❞♦✶♦❜❥❡❝?✐✈❡❂❧✐A?✭✮

❛❞❞❡♥❞♦✶♦❜❥❡❝?✐✈❡❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④

❝❂✈❡❝?♦C✭✮

❢♦C ✭❥ ✐♥ ✶✿◆✮ ④
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❝❂❝✭❝✱❥✯✭❛❜A✭③C❡A?C✐❝?❡❞❥✭♥✉✱❥✮✰♣♠❛①✭✵✱❙✵✲❡①♣✭①

C❡A?C✐❝?❡❞❥✲C✯❚✮✮✲❈❥✮✮✷✮

⑥

A✉♠✭❝✮

⑥

♦❜❥❡❝?✐✈❡❢✉♥❝?✐♦♥❛❧❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④❛❞❞❡♥❞♦✶♦❜❥❡❝?✐✈❡✭♥✉✮⑥

★★❝♦♠♣✉?❛?✐♦♥ ♦❢ ?❤❡ ❣C❛❞✐❡♥? ❢♦C ❣C❛❞✐❡♥? ❞❡A❝❡♥? ♠❡?❤♦❞

★★❡♥?C♦♣② ?❡C♠

❣C❛❞❡♥?C♦♣②?❡C♠❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④

❝❂✈❡❝?♦C✭✮

❢♦C ✭❤ ✐♥ ✶✿◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✮④

❝❂❝✭❝✱❧♦❣✭♥✉❤✴♥✉✵❤✮✮

⑥

❝

⑥

★★ ❢♦❝✉A ♦♥ ?❤❡ ❞✐❢❢✐❝✉❧? ❣C❛❞✐❡♥?

❛❞❞❡♥❞♦✶❛✉①❂❧✐A?✭✮

❛❞❞❡♥❞♦✶❛✉①❁✲❢✉♥❝?✐♦♥✭♥✉✱❤✮ ④

❝❂✈❡❝?♦C✭✮

❢♦C ✭❥ ✐♥ ✶✿◆✮ ④

✐❢ ✭①C❡A?C✐❝?❡❞❥❃❂❞✐A❤✮ ④

✐❢ ✭❞✐A❤❃✵✮ ④

❝❂❝✭❝✱❥✯✭③C❡A?C✐❝?❡❞❥✭♥✉✱❥✮✰♠❛①✭✵✱❙✵✲❡①♣✭①

C❡A?C✐❝?❡❞❥✲C✯❚✮✮✲❈❥✮✯✭③✇❤✐❝❤✭①❂❂①

C❡A?C✐❝?❡❞❥✮✲✇❤✐❝❤✭①❂❂❞✐A❤✮✰✶✭♥✉✱✇❤✐❝❤✭①

❂❂①C❡A?C✐❝?❡❞❥✮✲✇❤✐❝❤✭①❂❂❞✐A❤✮✰✶✮✲③

C❡A?C✐❝?❡❞❥✭♥✉✱❥✮✮✮

⑥

❡❧A❡ ④

❝❂❝✭❝✱❥✯✭③C❡A?C✐❝?❡❞❥✭♥✉✱❥✮✰♠❛①✭✵✱❙✵✲❡①♣✭①

C❡A?C✐❝?❡❞❥✲C✯❚✮✮✲❈❥✮✯✭③✇❤✐❝❤✭①❂❂①

C❡A?C✐❝?❡❞❥✮✰✇❤✐❝❤✭①❂❂❛❜A✭❞✐A❤✮✮✲✶✭♥✉✱

✇❤✐❝❤✭①❂❂①C❡A?C✐❝?❡❞❥✮✰✇❤✐❝❤✭①❂❂❛❜A✭❞✐A❤✮✮

✲✶✮✲③C❡A?C✐❝?❡❞❥✭♥✉✱❥✮✮✮

⑥

⑥

❡❧A❡ ④

❝❂❝✭❝✱❥✯✭③C❡A?C✐❝?❡❞❥✭♥✉✱❥✮✰♠❛①✭✵✱❙✵✲❡①♣✭①

C❡A?C✐❝?❡❞❥✲C✯❚✮✮✲❈❥✮✯✭③♥❡❣✇❤✐❝❤✭①❂❂❞✐A

❤✮✲✇❤✐❝❤✭①❂❂①C❡A?C✐❝?❡❞❥✮✰✶✭♥✉✱✇❤✐❝❤✭①❂❂

❞✐A❤✮✲✇❤✐❝❤✭①❂❂①C❡A?C✐❝?❡❞❥✮✰✶✮✲③

C❡A?C✐❝?❡❞❥✭♥✉✱❥✮✮✮

⑥

⑥

A✉♠✭❝✮

⑥

❛❞❞❡♥❞♦✶❂❧✐A?✭✮

❢♦C ✭❤ ✐♥ ✶✿◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✮ ④

❛❞❞❡♥❞♦✶❤❁✲❢✉♥❝?✐♦♥✭♥✉✱❤✮ ④

✷✯❚✯❡①♣✭❞✐A❤✮✯❛❞❞❡♥❞♦✶❛✉①✭♥✉✱❤✮

⑥

⑥

❛❞❞❡♥❞♦✷❛✉①❂❧✐A?✭✮
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❛❞❞❡♥❞♦✷❛✉①❁✲❢✉♥❝?✐♦♥✭♥✉✱❤✮ ④

❝❂✈❡❝?♦C✭✮

❢♦C ✭❥ ✐♥ ✶✿◆✮ ④

❝❂❝✭❝✱❥✯✭③C❡A?C✐❝?❡❞❥✭♥✉✱❥✮✰♠❛①✭✵✱❙✵✲❡①♣✭①

C❡A?C✐❝?❡❞❥✲C✯❚✮✮✲❈❥✮✯✭♠❛①✭✵✱❙✵✲❡①♣✭①C❡A?C✐❝?❡❞

❥✲C✯❚✲❞✐A❤✮✮✲♠❛①✭✵✱❙✵✲❡①♣✭①C❡A?C✐❝?❡❞❥✲C✯❚✮✮✮✮

⑥

A✉♠✭❝✮

⑥

❛❞❞❡♥❞♦✷❂❧✐A?✭✮

❢♦C ✭❤ ✐♥ ✶✿◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✮ ④

❛❞❞❡♥❞♦✷❤❁✲❢✉♥❝?✐♦♥✭♥✉✱❤✮ ④

✷✯❚✯❡①♣✭❞✐A❤✮✯❛❞❞❡♥❞♦✷❛✉①✭♥✉✱❤✮

⑥

⑥

❢♥♦?❡A❂❧✐A?✭✮

❢♦C ✭❦ ✐♥ ✶✿◆?✐❧❞❡✮ ④

❢♥♦?❡A❦ ❁✲ ❢✉♥❝?✐♦♥✭♥✉✱❦✮ ④

AEC?✭✷✯♣✐✮✴❙✵✯✐✯✉❦✯❡?❛❦✭♥✉✱❦✮✰❡①♣✭✐✯✉❦✯✭❧♦❣✭❙✵✮

✰C✯❚✮✮✴✭✐✯✉❦✰✶✮

⑥

⑥

❛✉①❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④

❝❂✈❡❝?♦C✭✮

❢♦C ✭❦ ✐♥ ✶✿◆?✐❧❞❡✮ ④

❝❂❝✭❝✱✇?✐❧❞❡❦✯❢♥♦?❡A❦✭♥✉✱❦✮✮

⑥

❝

⑥

❣❛❣❛✐♥❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④❢❢?✭❛✉①✭♥✉✮✮⑥

❛❞❞❡♥❞♦✸❛✉①❂❧✐A?✭✮

❛❞❞❡♥❞♦✸❛✉①❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④

❝❂✈❡❝?♦C✭✮

❢♦C ✭❥ ✐♥ ✶✿◆✮ ④

❝❂❝✭❝✱❥✯✭③C❡A?C✐❝?❡❞❥✭♥✉✱❥✮✰♠❛①✭✵✱❙✵✲❡①♣✭①

C❡A?C✐❝?❡❞❥✲C✯❚✮✮✲❈❥✮✯❡①♣✭✐✯①C❡A?C✐❝?❡❞❥✯❆✴✷✮✯❣

❛❣❛✐♥✭♥✉✮✇❤✐❝❤✭①❂❂①C❡A?C✐❝?❡❞❥✮✮

⑥

A✉♠✭❘❡✭❝✮✮

⑥

❛❞❞❡♥❞♦✸❂❧✐A?✭✮

❢♦C ✭❤ ✐♥ ✶✿◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✮ ④

❛❞❞❡♥❞♦✸❤❁✲❢✉♥❝?✐♦♥✭♥✉✱❤✮ ④

❙✵✯❚✴♣✐✯❆✴◆?✐❧❞❡✯✭✶✲❡①♣✭❞✐A❤✮✮✯❛❞❞❡♥❞♦✸❛✉①✭♥✉✮

⑥

⑥

★★ ?❤✐A ✐A ?❤❡ ❣C♦AA ❣C❛❞✐❡♥?

❣C❛❞❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④

❝❂✈❡❝?♦C✭✮

❢♦C ✭❤ ✐♥ ✶✿◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✮ ④

❝❂❝✭❝✱❛❞❞❡♥❞♦✶❤✭♥✉✱❤✮✰❛❞❞❡♥❞♦✷❤✭♥✉✱❤✮✰

❛❞❞❡♥❞♦✸❤✭♥✉✱❤✮✮

⑥

❝
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⑥

?✐③✐❛C❡✈❡♥❣❡❂♦♣?✐♠✭♥✉✵✱ ♦❜❥❡❝?✐✈❡❢✉♥❝?✐♦♥❛❧✱ ❣C❛❞✱ ♠❡?❤♦❞ ❂ ✧▲✲❇❋●❙✲❇✧✱

❧♦✇❡C❂✶❡✲✶✼✮

?✐③✐❛C❡✈❡♥❣❡

❛❧♣❤❛C❡❣✉❧❛C✐③❛?✐♦♥❂?✐③✐❛C❡✈❡♥❣❡✩✈❛❧✉❡

♦❜❥❡❝?✐✈❡❢✉♥❝?✐♦♥❛❧✶❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④

❛❞❞❡♥❞♦✶♦❜❥❡❝?✐✈❡✭♥✉✮✰❛❧♣❤❛C❡❣✉❧❛C✐③❛?✐♦♥✯❡♥?C♦♣②?❡C♠✭♥✉✮

⑥

❣C❛❞✶❁✲❢✉♥❝?✐♦♥✭♥✉✮ ④

❝❂✈❡❝?♦C✭✮

❢♦C ✭❤ ✐♥ ✶✿◆❞✐A❝C❡?✐③❛?✐♦♥♠❡❛A✉C❡✮ ④

❝❂❝✭❝✱❛❞❞❡♥❞♦✶❤✭♥✉✱❤✮✰❛❞❞❡♥❞♦✷❤✭♥✉✱❤✮✰❛❞❞❡♥❞♦✸❤

✭♥✉✱❤✮✰❛❧♣❤❛C❡❣✉❧❛C✐③❛?✐♦♥✯❣C❛❞❡♥?C♦♣②?❡C♠✭♥✉✮❤

✮

⑥

❝

⑥

?✐③✐❛✶C❡✈❡♥❣❡❂♦♣?✐♠✭♥✉✵✱ ♦❜❥❡❝?✐✈❡❢✉♥❝?✐♦♥❛❧✶✱ ❣C❛❞✶✱ ♠❡?❤♦❞ ❂ ✧▲✲❇❋●❙✲

❇✧✱❧♦✇❡C❂✶❡✲✶✼✮

?✐③✐❛✶C❡✈❡♥❣❡❧❛❜❡❧④❦❡②⑥

♣C❡❞✐❝?❡❞♦♣?✐♦♥♣C✐❝❡A❂♥✉♠❡C✐❝✭◆✮

❢♦C ✭❥ ✐♥ ✶✿◆✮ ④

♣C❡❞✐❝?❡❞♦♣?✐♦♥♣C✐❝❡A❥❂③C❡A?C✐❝?❡❞❥✭?✐③✐❛✶C❡✈❡♥❣❡✩♣❛C✱❥✮

✰♣♠❛①✭✵✱❙✵✲❡①♣✭①C❡A?C✐❝?❡❞❥✲C✯❚✮✮

⑥

♣C❡❞✐❝?❡❞♦♣?✐♦♥♣C✐❝❡A

♠❡❛♥✭✭❛❜A✭♣C❡❞✐❝?❡❞♦♣?✐♦♥♣C✐❝❡A✲❈✮✮✴❈✮



❆♣♣❡♥❞✐① ❇

◆♦♥♣❛>❛♠❡:>✐❝ ❊<:✐♠❛:✐♦♥ ❖❢

❘✐<❦✕◆❡✉:>❛❧ ❉❡♥<✐:✐❡<

■♥ >❤✐? ❛♣♣❡♥❞✐① ✇❡ ❛@❡ ❣♦✐♥❣ >♦ ♣@❡?❡♥> ❛♥ ♦♣>✐♦♥ ♣@✐❝✐♥❣ ♠❡>❤♦❞ ✇❤✐❝❤
✐? ♥♦♥♣❛@❛♠❡>@✐❝✳ ❚❤❡ @❡♠❛@❦❛❜❧❡ ❛❞✈❛♥>❛❣❡ ✐♥ >❤✐? ❛♣♣@♦❛❝❤ ✐? >❤❛> ✇❡ ❝❛♥
@❡❞✉❝❡ >❤❡ ♠✐??♣❡❝✐✜❝❛>✐♦♥ @✐?❦✳ ■♥ ♦>❤❡@ >❡@♠?✱ >❤✐? ♠♦❞❡❧ ❞✐?♣❡♥?❡? ✇✐>❤ >❤❡
❝♦♥?>@❛✐♥>? ❣✐✈❡♥ ❜② >❤❡ ❛??✉♠♣>✐♦♥? ♦♥ >❤❡ ✉♥❞❡@❧②✐♥❣ ❛??❡> ♣@✐❝❡ ❞②♥❛♠✐❝? ♦@
>❤❡ ?>❛>✐?>✐❝❛❧ ❢❛♠✐❧② ♦❢ ❞✐?>@✐❜✉>✐♦♥? >❤❛> >❤❡ @✐?❦✕♥❡✉>@❛❧ ❞❡♥?✐>② ✐? ❛??✉♠❡❞
>♦ ❜❡❧♦♥❣ >♦✳ ❚❤✐? ✇✐❧❧ >✉@♥ ✐♥>♦ >❤❡ ❛❜?❡♥❝❡ ♦❢ ❞②♥❛♠✐❝? ❢♦@ >❤❡ ♣@✐❝❡ ♣@♦❝❡??
S✳ ❖❢ ❝♦✉@?❡✱ ♥♦♥♣❛@❛♠❡>@✐❝ ❡?>✐♠❛>✐♦♥ >❡❝❤♥✐B✉❡? @❡B✉✐@❡ ❧❛@❣❡@ ?❛♠♣❧❡ ?✐③❡?
❢♦@ >❤❡ ?❛♠❡ ❛❝❝✉@❛❝② ❛? ♣❛@❛♠❡>@✐❝ ❡?>✐♠❛>✐♦♥ ♣@♦❝❡❞✉@❡?✱ >❤❡@❡❢♦@❡ >❤❡ ✐♥✲
❝@❡❛?✐♥❣ ❛✈❛✐❧❛❜✐❧✐>② ♦❢ ❧❛@❣❡ ❞❛>❛ ?❡>? ✭❡✳❣✳✱ ✐♥>@❛❞❛② >@❛❞❡❞ ♦♣>✐♦♥ ♣@✐❝❡?✮ ♠❛❞❡
>❤❡♠ ❞♦❛❜❧❡ ❛♥❞ ❢❡❛?✐❜❧❡✳ ■♥ ♣❛@>✐❝✉❧❛@✱ ✇❡ ✉♥❞❡@?❝♦@❡ >❤❡ ❦❡② ♣❛??❛❣❡? ♦❢ >❤❡
♣❛♣❡@ ✶✹✳ ❡ ✐♥?>❡❛❞ @❡❢❡@ >♦ ✾✱ ✶✵ ❢♦@ ❛♥ ❛❞❛♣>❛>✐♦♥ ♦❢ >❤❡ ?❛♠❡ ♠♦❞❡❧ >♦
❝♦♠♠♦❞✐>② ❢✉>✉@❡? ♠❛@❦❡>?✳

▲❡> ✉? ✐♥>@♦❞✉❝❡ ❛ ❣❡♥❡@✐❝ ?❡❝✉@✐>② ✇❤♦?❡ ♣@✐❝❡ ♣@♦❝❡?? ✐? ❞❡?❝@✐❜❡❞ ❜② >❤❡
R+✕✈❛❧✉❡❞ ?>♦❝❤❛?>✐❝ ♣@♦❝❡?? S = {St}t ❞❡✜♥❡❞ ♦♥ ❛ @❡❢❡@❡♥❝❡ ♣@♦❜❛❜✐❧✐>② ?♣❛❝❡
(Ω,F , P )✳ ❇❡?✐❞❡?✱ ✇❡ ❛??✉♠❡ >❤❛> >❤❡ ♠❛@❦❡> ✐? ❞②♥❛♠✐❝❛❧❧② ❝♦♠♣❧❡>❡ ❛♥❞ >❤❛>
✐> ❛❞♠✐>? ❛♥ ❡B✉✐✈❛❧❡♥> ♠❛@>✐♥❣❛❧❡ ♠❡❛?✉@❡Q ❢♦@ S✳ ❚❤✐? ♠❡❛♥? >❤❛> >❤❡ ♣@♦❝❡??

S = St
t
✱ ❞❡✜♥❡❞ ❜②

St := e−
t
0
r(s) dsSt, t ≥ 0,

✇✐>❤ r = r (t) , t ≥ 0✱ ✇❤✐❝❤ ✐? ❛ ❞❡>❡@♠✐♥✐?>✐❝ ❢✉♥❝>✐♦♥ @❡♣@❡?❡♥>✐♥❣ >❤❡ @✐?❦✕
❢@❡❡ ✐♥>❡@❡?> @❛>❡✱ ✐? ❛ Q✕❧♦❝❛❧ ♠❛@>✐♥❣❛❧❡✳ ❚♦ ❡❛?❡ >❤❡ ♥♦>❛>✐♦♥✱ ✇❡ ?❡> ru−t :=
u

t
r (s) ds✳ ♥❞❡@ >❤❡?❡ ❛??✉♠♣>✐♦♥?✱ ✐❢ ✇❡ ❝♦♥?✐❞❡@ ❛♥ ❊✉@♦♣❡❛♥ ❝❛❧❧ ♦♣>✐♦♥

♦♥ S ✇✐>❤ ♠❛>✉@✐>② T ❛♥❞ ?>@✐❦❡ K✱ >❤❡♥ ✐>? ♣@✐❝❡ ❛> >✐♠❡ t ≥ 0 ✐? ❞❡>❡@♠✐♥❡❞
❜② >❤❡ O✐N❦✕♥❡✉MO❛❧ ♣O✐❝✐♥❣ ❢♦O♠✉❧❛✿

Ct K,T = e−rT−t

(0,∞)

(ST −K)
+
q ST |T , rT−t, δT−t, St dST . ✭❇✳✶✮

■♥ ✭❇✳✶✮✱ >❤❡ B✉❛♥>✐>② δT−t @❡♣@❡?❡♥>? >❤❡ ❞✐✈✐❞❡♥❞ ②✐❡❧❞ ♦❢ >❤❡ ❛??❡> ✐♥ >❤❡

♣❡@✐♦❞ t, T ❛♥❞ q ST |T , rT−t, δT−t, St ✐? >❤❡ ❝♦♥❞✐>✐♦♥❛❧ @✐?❦✕♥❡✉>@❛❧ ❞❡♥?✐>②✳
■♠♣❧✐❝✐>❧② ✇❡ ❛@❡ ❛??✉♠✐♥❣ >❤❛> >❤❡?❡ ?>❛>❡ ✈❛@✐❛❜❧❡? ❝♦♥>❛✐♥ ❛❧❧ >❤❡ ♥❡❡❞❡❞
✐♥❢♦@♠❛>✐♦♥ >♦ ❡?>✐♠❛>❡ >❤❡ ♦♣>✐♦♥ ♣@✐❝❡? ❛♥❞ q✱ ✇❤✐❧❡ ♦>❤❡@ ♠❛@❦❡> ❢❛❝>♦@?✱

✼✺
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?✉❝❤ ❛? >❤❡ ✈♦❧❛>✐❧✐>②✱ ❛@❡ ❝♦♥?✐❞❡@❡❞ >♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡✳ ■♥>@♦❞✉❝✐♥❣ >❤❡ >✐♠❡ >♦
♠❛>✉@✐>② τ := T − t✱ >❤❡♥ ✭❇✳✶✮ @❡❞✉❝❡? >♦

Ct K,T = e−rτ

(0,∞)

(ST −K)
+
q ST |T , rτ , δτ , St dST .

■♥ ♦@❞❡@ >♦ ❦❡❡♣ >❤❡ ♥♦>❛>✐♦♥ ?✐♠♣❧❡✱ ✇❡ ❥✉?> ✇@✐>❡ q (ST ) ✐♥?>❡❛❞ ♦❢ q (ST |·)✳ ■❢
✇❡ ♥♦✇ ❛??✉♠❡ >❤❛> ❛❧❧ >❤❡ ✈❛@✐❛❜❧❡? ♦>❤❡@ >❤❛♥ K ❛@❡ ✜①❡❞✱ >❤❡♥ >❤❡ ♣@✐❝❡ ♦❢
❛♥ ❊✉@♦♣❡❛♥ ❝❛❧❧ ♦♣>✐♦♥ ❡①♣✐@✐♥❣ ✐♥ τ ✉♥✐>? ♦❢ >✐♠❡ ❝❛♥ ❜❡ ❡①♣@❡??❡❞ ✉♥❞❡@ >❤❡
❤✐?>♦@✐❝❛❧ ♣@♦❜❛❜✐❧✐>② ❞❡♥?✐>② p ✐♥ >❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

Ct (K) = e−rτ

(0,∞)

(ST −K)
+ q (ST )

p (ST )
p (ST ) dST

= e−rτ

(0,∞)

(ST −K)
+
m (ST ) p (ST ) dST , ✭❇✳✷✮

✇❤❡@❡ m (·) ✐? ❞❡✜♥❡❞ ❜②

q (ST ) = m (ST ) p (ST ) , ST ∈ R+ ✭❇✳✸✮

❛♥❞ ✐? ❝❛❧❧❡❞ ♣O✐❝✐♥❣ ❦❡O♥❡❧✱ ♦@ NM♦❝❤❛NM✐❝ ❞✐N❝♦✉♥M ❢❛❝M♦O✳ ■♥ ✜♥❛♥❝✐❛❧ ♠❛>❤❡♠❛>✲
✐❝? >❤✐? B✉❛♥>✐>② ✐? ♣❛@>✐❝✉❧❛@❧② ✐♠♣♦@>❛♥>✱ ?✐♥❝❡ ✐> ?✉♠♠❛@✐③❡? >❤❡ @❡❧❛>✐♦♥?❤✐♣
❜❡>✇❡❡♥ >❤❡ ♣❤②?✐❝❛❧ ♠❡❛?✉@❡ p ❛♥❞ >❤❡ @✐?❦✕♥❡✉>@❛❧ ❞❡♥?✐>② ✭RND✮ q✱ ❤❡♥❝❡
✐♥❢♦@♠❛>✐♦♥ ♦♥ >❤❡ ❛??❡> ♣@✐❝❡✳

❇✳✶ ❊?>✐♠❛>✐♦♥ ❖❢ RND ✐❛ ❊♠♣✐@✐❝❛❧ L@✐❝✐♥❣

❑❡@♥❡❧

❋@♦♠ ❛♥ ❡❝♦♥♦♠✐❝ ♣♦✐♥> ♦❢ ✈✐❡✇✱ >❤❡ ♣@✐❝✐♥❣ ❦❡@♥❡❧ m ❞❡?❝@✐❜❡? >❤❡ @✐?❦
♣@❡❢❡@❡♥❝❡? ♦❢ ❛♥ ❛❣❡♥> ✐♥ ❛♥ ❡①❝❤❛♥❣❡ ❡❝♦♥♦♠② ❛♥❞ ✐♥ ❛ ❧♦> ♦❢ ❛♣♣❧✐❝❛>✐♦♥? ✐> ✐?
>❤❡ ♦❜❥❡❝> ♦❢ ✐♥>❡@❡?>✳ ❖✉@ ❣♦❛❧ ✐? >♦ ❡?>✐♠❛>❡ m ❞✐@❡❝>❧②✱ ✐✳❡✳✱ ❢@♦♠ ♦❜?❡@✈❛❜❧❡
♦♣>✐♦♥ ♣@✐❝❡?✱ ❛? ✇❡❧❧ ❛? >♦ ❡✈❛❧✉❛>❡ p ❢@♦♠ ❤✐?>♦@✐❝❛❧ ❞❛>❛✳ ■♥ >❤✐? ✇❛②✱ ✇❡ ✇♦✉❧❞
❜❡ ❡♥❛❜❧❡❞ >♦ ❛??❡? ❛♥ ❛♣♣@❛✐?❛❧ ♦❢ q ✉?✐♥❣ ✭❇✳✸✮✳ ❆? ❛❧@❡❛❞② ❤❛♣♣❡♥❡❞ ❢♦@ >❤❡
RND✱ ✇❡ ❝❛♥♥♦> ✐♥❝♦@♣♦@❛>❡ ❛❧❧ >❤❡ ❢❛❝>♦@? ❞@✐✈✐♥❣ >❤❡ ❢♦@♠ ♦❢ >❤❡ ♣@✐❝✐♥❣
❦❡@♥❡❧✱ ?♦ ✇❡ ❝♦♥?✐❞❡@ ✐>? ♣@♦❥❡❝>✐♦♥ ✐♥>♦ >❤❡ ?❡> ♦❢ ❛✈❛✐❧❛❜❧❡ ♣❛②♦✛ ❢✉♥❝>✐♦♥?
❛♥❞ ❞❡♥♦>❡ ✐> ❛? m∗✳ ■♥ >❤✐? ✇❛②✱ m∗ ✐? ❛ ❢✉♥❝>✐♦♥ ♦❢ ♦♥❧② ST ✳ ❡ ❤❛✈❡ >♦
@❡B✉✐@❡ >✇♦ >❡❝❤♥✐❝❛❧ ❛??✉♠♣>✐♦♥?✿

✐✳ >❤❡ ❛♣♣❧✐❝❛>✐♦♥? m ❛♥❞ m∗ ♥❡❡❞ >♦ ❜❡ ❝❧♦?❡ ✐♥ ?♦♠❡ ?❡♥?❡✳ ❡ >❤❡@❡❢♦@❡
✜① > 0 ?✉✣❝✐❡♥>❧② ?♠❛❧❧ ❛♥❞ ❛??✉♠❡ >❤❛>

m−m∗ 2 :=
R+

|m (x)−m∗ (x)| dx < ;

✐✐✳ >❤❡@❡ ❡①✐?>? ❛ ?❡B✉❡♥❝❡ (αl)l ⊂ R ?✉❝❤ >❤❛> >❤❡ ♣@♦❥❡❝>✐♦♥ m∗ ❤❛? >❤❡
?❡@✐❡? ❡①♣❛♥?✐♦♥

m∗ (ST ) =

∞

l=1

αlgl (ST ) , ST ∈ R+, ✭❇✳✹✮

✇❤❡@❡ {gl}l ✐? ❛ ✜①❡❞ ❝♦❧❧❡❝>✐♦♥ ♦❢ ❜❛?✐? ❢✉♥❝>✐♦♥?✳ ❋♦@ ❡①❛♠♣❧❡✱ ♣❛♣❡@ ✶✹
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❋✐❣✉@❡ ❇✳✶✿ ❋✐@?> ✜✈❡ >❡@♠? ♦❢ ▲❛❣✉❡@@❡ ♣♦❧②♥♦♠✐❛❧ ?❡B✉❡♥❝❡✳

❘❡♠❛E❦ ❇✳✶✳ ❚❤❡ ▲❛❣✉❡OO❡ ♣♦❧②♥♦♠✐❛❧N ❛@❡ ❛ ♣♦❧②♥♦♠✐❛❧ ?❡B✉❡♥❝❡ ❞❡✜♥❡❞ ❜②
@❡❝✉@@❡♥❝❡✳ ■♥ ♣❛@>✐❝✉❧❛@✱ ♣✉>>✐♥❣ >❤❡ ✜@?> >✇♦ >❡@♠?

g0 (x) := 1✱ g1 (x) := 1− x

❢♦@ x ∈ R✱ >❤❡♥

gl+1 (x) :=
(2l + 1− x) gl (x)− lgl−1 (x)

l + 1
, x ∈ R, l = 2, 3, ... .

❍❡♥❝❡✱ ❢♦@ ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❡❛?✐❧② ❣❡>✿

g2 (x) =
1

2
x2 − 4x+ 2 ;

g3 (x) =
1

6
−x3 + 9x2 − 18x+ 6 ;

g4 (x) =
1

24
x4 − 16x3 + 72x2 − 96x+ 24 .

❆❝❝♦@❞✐♥❣ >♦ ✶✱ ❢♦@♠✉❧❛ 22.6.15✱ >❤❡ ❢✉♥❝>✐♦♥? gl ❛@❡ ?♦❧✉>✐♦♥? >♦ >❤❡ ▲❛❣✉❡@@❡✬?
❞✐✛❡@❡♥>✐❛❧ ❡B✉❛>✐♦♥

xy + (1− x)y + ly = 0, l ∈ N

❛♥❞ >❤❡② ❝❛♥ ❜❡ ❞✐@❡❝>❧② ❝♦♠♣✉>❡❞ ❜② ✭❢♦@♠✉❧❛ 13.60 ✐♥ ✷✮

gl (x) =

l

k=0

l

k

(−1)
k

k!
xk, x ∈ R,

✇❤✐❝❤ ?❤♦✇? >❤❛> gl (0) =
l
0 = 1 ❢♦@ ❛♥② l ∈ N✳ ❈♦♥?✐❞❡@✐♥❣ >❤❡ ✐♥♥❡@ ♣@♦❞✉❝>

< ·, · >: R [x]× R [x] → R ❞❡✜♥❡❞ ❜②

< f, g >:=
∞

0

f (x) g (x) e−x dx, f, g ∈ R [x] ,
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gl (x) =
ex

l!

dl

dul
ule−u

u=x

, x ∈ R

>♦ ❝♦♥❝❧✉❞❡ >❤❛> >❤❡ ▲❛❣✉❡@@❡✬? ♣♦❧②♥♦♠✐❛❧? ❝♦♥?>✐>✉>❡ ❛♥ ♦@>❤♦♥♦@♠❛❧ ?②?>❡♠✳

■♥ ♣@❛❝>✐❝❡✱ ✈❡@② ✐♥>✉✐>✐✈❡❧②✱ ✇❡ ❝❛♥ ♦♥❧② ❡①♣❛♥❞ m∗ ✉♣ >♦ ❛ ✜♥✐>❡ ♥✉♠❜❡@
L✳ ❙♦✱ ❤❛✈✐♥❣ ✜①❡❞ ?✉❝❤ L✱ ✐❢ ✇❡ ✇❡@❡ ❛❜❧❡ >♦ ❡?>✐♠❛>❡ >❤❡ ❝♦❡✣❝✐❡♥>? αl

✭❢♦@ l = 1, ..., L✮ ❞✐@❡❝>❧② ❢@♦♠ >❤❡ ♠❛@❦❡>✱ ❢♦@ ❡①❛♠♣❧❡ ✉?✐♥❣ >❤❡ ❧❡❛?>✕?B✉❛@❡?
♣@♦❝❡❞✉@❡✱ >❤❡♥ ✇❡ ✇♦✉❧❞ ♦❜>❛✐♥ >❤❡ ❛♣♣@♦①✐♠❛>✐♦♥

m∗ (ST ) =

L

l=1

αlgl (ST ) , ST ∈ R+.

❇② >❤❡ ❛??✉♠♣>✐♦♥ ✭✐✳✮✱ ?✉❝❤ ❡?>✐♠❛>❡ ✇♦✉❧❞ ♣@♦✈✐❞❡ ✉? ✇✐>❤ ❛♥ ❛♣♣@♦①✐♠❛>✐♦♥
♦❢ m✱ ❛? ✇❡❧❧✳ ■> ✐? ♦❜✈✐♦✉? >❤❛> >❤❡ ❝❤♦✐❝❡ ♦❢ L✱ ✇❤✐❝❤ ✐? >❤❡ ♣♦✐♥> ❛> ✇❤✐❝❤ ✇❡
>@✉♥❝❛>❡ >❤❡ ?❡@✐❡? ✐♥ ✭❇✳✹✮✱ ❤❛? ❞❡❡♣ ❛❢>❡@♠❛>❤ ✐♥ >❤❡ B✉❛❧✐>② ♦❢ >❤❡ ❡?>✐♠❛>✐♦♥✿
>❤❡ ❧❛@❣❡@ L✱ >❤❡ ❜❡>>❡@ >❤❡ ✜>✱ ❜✉> >❤❡ ❤✐❣❤❡@ >❤❡ ❝♦♠♣✉>❛>✐♦♥❛❧ ❝♦?> ❛♥❞ ❧❡??
@♦❜✉?> >❤❡ @❡?✉❧>✳ ❍♦✇❡✈❡@✱ >❤❡ ♣@✐❝✐♥❣ ❦❡@♥❡❧ ✐? ♦♥❧② ✐♥❞✐@❡❝>❧② ❞❡>❡@♠✐♥❡❞ ❜②
>❤❡ ♣@✐❝❡ ♦❢ ❛♥ ❊✉@♦♣❡❛♥ ❝❛❧❧ ♦♣>✐♦♥ >❤@♦✉❣❤ ✭❇✳✷✮✳ ❚❤✉?✱ >❤❡ ♣@♦❜❧❡♠ ✐? ♥♦✇

>♦ ✜♥❞ ❛ ❢❡❛?✐❜❧❡ ❡?>✐♠❛>♦@ ♦❢ >❤❡ ✈❡❝>♦@ α := (α1, ..., αL)
T
✳

▲❡> ✉? ?✉♣♣♦?❡ >❤❛> >❤❡@❡ ❛@❡ N ♦♣>✐♦♥? ✐♥ >❤❡ ♠❛@❦❡> ❛> >✐♠❡ t✱ ✇✐>❤
♠❛>✉@✐>② Ti✱ ?>@✐❦❡ Ki ❛♥❞ ♣@✐❝❡ Ci

t ✱ ❢♦@ i = 1, ..., N ✳ ❉❡♥♦>❡ >❤❡ ✈❡❝>♦@ ♦❢ ♣@✐❝❡?
❜②

Ct := C1
t , ..., C

N
t

T

❛♥❞ ❞❡✜♥❡✱ ❢♦@ ❡✈❡@② l = 1, ..., L✱ >❤❡ B✉❛♥>✐>✐❡?

ψil := e−rτi

(0,∞)

(STi −Ki)
+
gl (STi) p (STi) dSTi , i = 1, ..., N.

◆♦✇ ❜② ✭❇✳✷✮ ✇❡ ?❤♦✉❧❞ ♦❜>❛✐♥

Ci
t = e−rτi

(0,∞)

(STi −Ki)
+

L

l=1

αlgl (STi) p (STi) dSTi + i

=

L

l=1

αlψil + i, i = 1, ..., N,

❢♦@ ?♦♠❡ i > 0 ?♠❛❧❧ ❡♥♦✉❣❤✳ ❚❤❡♥✱ ❢♦@ p ❦♥♦✇♥✱ >❤❡ ✈❡❝>♦@ α := (α1, ..., αL)
T

❝♦✉❧❞ ❜❡ ♦❜>❛✐♥❡❞ ❜② ❛ ❧❡❛?>✕?B✉❛@❡? >❡❝❤♥✐B✉❡✿

α = argmin
α


N

i=1

Ci
t −

L

l=1

αlψil

2
 . ✭❇✳✺✮

❍♦✇❡✈❡@ ❡✈❡♥ ✐♥ >❤✐? ❝❛?❡ p ✐? ♥♦> ❦♥♦✇♥ ❛♥❞ ❝❛♥ ♦♥❧② ❜❡ ❡?>✐♠❛>❡❞✳ ■♥ ♦@❞❡@
>♦ ❞♦ ?♦✱ ✇❡ @❡♣❧❛❝❡ ✐> ❜② ❛ ❦❡@♥❡❧ ❞❡♥?✐>② ❡?>✐♠❛>♦@ p✱ ❛@@✐✈✐♥❣ ❛>

ψ̂il := e−rτi

(0,∞)

(STi −Ki)
+
gl (STi

) p (STi
) dSTi

, i = 1, ..., N,
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✇❤❡@❡ l = 1, ..., L✳ ❋♦❧❧♦✇✐♥❣ >❤✐? ♠❡>❤♦❞ ✇❡ ❡♥❞ ✉♣ ✇✐>❤ ❛♥ ❡?>✐♠❛>♦@ α ♦❢ α
✇❤✐❝❤ ✐? ❛ ❢❡❛?✐❜❧❡ ✈❡@?✐♦♥ ♦❢ ✭❇✳✺✮✱ ♥❛♠❡❧②

α = ΨTΨ
−1

ΨTCt,

✇❤❡@❡ Ψ ✐? >❤❡ N × L ♠❛>@✐① ❣✐✈❡♥ ❜② Ψ :=


ψ̂11 ψ̂12 . . . ψ̂1L

ψ̂21 ψ̂22 . . . ψ̂2L

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

ψ̂N1 ψ̂N2 . . . ψ̂NL

✳
❆> >❤✐? ♣♦✐♥>✱ ✇❡ @❡>@❛❝❡ ♦✉@ ?>❡♣? ❣❡>>✐♥❣ ❛♥ ❡?>✐♠❛>❡ ♦❢ >❤❡ ♣@✐❝✐♥❣ ❦❡@♥❡❧

♣@♦✈✐❞❡❞ ❜②
m (s) = g(s)α (s) , s ≥ 0,

✇❤❡@❡ g := (g1, ..., gL)✳ ■♥ ❝♦♥❝❧✉?✐♦♥✱ >❤❡ @✐?❦✕♥❡✉>@❛❧ ❞❡♥?✐>② ✐? ❡?>✐♠❛>❡❞
❜② ✭❇✳✸✮ ❛?

q (s) = m (s) p (s) , s ≥ 0.


