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Kurzfassung

In dieser Arbeit werden gemischte Formulierungen fiir nichtlineare Probleme in der Konti-
nuumsmechanik und Schalentheorie vorgestellt und besprochen.

Waéhrend Standardmethoden in der Kontinuumsmechanik, wo das Verschiebungsfeld als
Unbekannte angesetzt wird, oftmals den Nachteil von nicht robusten Formulierungen mit
sich bringt, kénnen Kombinationen von Funktionenrdumen mit schwécherer Regularitét so-
genannte “Locking” Phénomene verhindern. Gemischte Zweifeld-Methoden, die zusétzlich
noch den Spannungstensor als Unbekannte verwenden, werden in der linearisierten Elas-
tizitédtstheorie bereits hdufiger verwendetet. Diese konnen jedoch nicht sofort auf nichtli-
neare Materialien verallgemeinert werden, da sie im Allgemeinen nicht invertierbar sind.
Zusétzlich setzen geometrische Nichtlinearitdten die Multiplikation von Ableitungen voraus,
welche bei Rd&umen mit geringer Regularitéit nicht wohldefiniert sind. Dadurch motiviert
werden sogenannte Dreifeld-Formulierungen vorgestellt, wo ein “Lifting” von distributionel-
len Ableitungen auf eine quadratisch integrierbare Funktion verwendet wird. Dieser Ansatz
wird auch fiir (fast) inkompressible Materialien speziell behandelt.

Fiir (nichtlineare) Koiter-Schalen ist ein zweimal schwach differenzierbares Verschie-
bungsfeld notwendig, da ein Differenzialoperator vierter Ordnung involviert ist. Die Kon-
struktion von solchen global differenzierbaren finiten Elementen hat sich als &uflerst schwie-
rig erwiesen. Stattdessen fiihren wir ein zusétzliches Spannungsfeld ein um Verschiebungen
in den Sobolevraum erster Ordnung und damit einfacheren Elementen zu ermoglichen. Wir
zeigen, dass sich diese Methode im Falle kleiner Verzerrungen bei Platten zu der Hellan—
Herrmann—Johnson Methode vereinfacht. Weiters werden Erweiterungen zu nichtlinearen
Naghdi Schalen présentiert.

Bei diinnen Schalen tritt bei gekriimmten Elementen sogenanntes Membranlocking auf.
Wir présentieren eine Interpolationsmethode beruhend auf den etwas weniger bekannten
Regge finiten Elementen um ein solches Locking auf Dreiecksgittern zu verhindern. Dieser
Ansatz kann mithilfe von finiten Elementen fiir den topologischen Dualraum als gemisch-
tes Variationsproblem angesetzt werden. Wir diskutieren Zusammenhénge zwischen der
vorgestellten Methode und bereits existierenden Elementen.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Abstract

In this work mixed formulations for nonlinear problems in continuum mechanics and shells
are presented and discussed.

While standard methods in continuum mechanics, where the displacement field is used
as unknown, often suffer from non-robust formulations, a combination of function spaces
with lower regularity assumptions may circumvent so-called “locking” phenomena. Mixed
two-field methods, where the stress tensor is considered as additional unknown, are already
used quite often in linear elasticity. These approaches, however, can mostly not directly
be generalized to nonlinear materials, as they are in general not invertable. Additionally,
geometric nonlinearities require multiplication of derivatives, which are not well-defined
for spaces with low regularities. With this motivation so-called three-field formulations
are proposed, where a lifting of distributional derivatives to square-integrable functions is
accomplished. This approach is further extended to (nearly) incompressible materials.

For (nonlinear) Koiter shells a twice weakly differentiable displacement field is required,
as a fourth-order differential operator is involved. The construction of such globally differ-
entiable finite elements has turned out to be extremely challenging. Instead, we introduce
an additional stress field to enable displacements to be in a first order Sobolev space and
thus more simple finite elements are available. We show that this method simplifies to the
Hellan—Herrmann—Johnson method in the small strain regime for plates. Further, exten-
sions to nonlinear Naghdi shells are presented.

For thin shell structures so-called membrane locking occurs for curved elements. We
present an interpolation procedure based on the less common Regge finite elements to
prevent this locking behavior for triangulations. This approach can be accomplished with
finite elements for the topological dual space as mixed variational problem. We discuss
connections between the presented methods and existing elements.
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1. Introduction

Nonlinear elasticity is an active and huge topic of research including theory and applications
in industry. Even in the subtopics of continuum mechanics and shells the literature is
enormous and research interest did not decrease especially since the beginning of finite
elements decades ago.

The most direct approach to solve problems arising in elasticity numerically is to use
Lagrangian finite elements for the vector valued displacement field v as unknown.

Under the assumption of small deformations and isotropic materials the linear problem
of continuum mechanics reads in strong form: Find u € [H'(2)]¢ fulfilling given boundary
conditions and

—div(2/€(u) + Adiv(u)I) = f in Q, (1.0.1)
and the nonlinear problem: Find u € [H'(2)]¢ fulfilling given boundary conditions and
—div(P(u)) = f in Q. (1.0.2)

Here, Q C R%, d = 2,3, is a bounded domain, /i and A the Lamé parameters, f an external
force, €(-) denotes the symmetric part of the gradient, and P the first Piola—Kirchhoff
stress tensor.

In the linear case one easily obtains with Korn’s inequality [96] cglull;, < [Jullfs +

|e(u)||2, that the coercivity constant deteriorates for anisotropic domains as then ¢ — 0.
Further, nearly incompressible materials are characterized by the parameter A > 1. Thus,
the standard method is neither robust in the parameter \ nor for deteriorating aspect ratio.
Mixed methods, where additional fields with less regularity assumptions are used, overcome
the aforementioned problems. E.g., by introducing the pressure p = A div(u) a regularized
Stokes problem with penalty is obtained

/ 2[1€(u) : €(du) dx + / pdiv(ou) dz = / f-oudz for all du, (1.0.3a)
Q Q Q

1
/div(u)épd:z: —/ Xpépd:z: =0 for all dop, (1.0.3b)
Q Q

which is well-defined for the limit A — oo, if a stable pairing for (u,p) is considered.

For a robust formulation with respect to anisotropic domains the tangential-displacement
and normal-normal-stress continuous (TDNNS) method introduces the stress tensor o =
Ce(u), with o € H(divdiv,Q) = {o € [LQ(Q)]gan‘f |div(div(e)) € H=1(Q)}, and assumes

the displacement u to be in the weaker H(curl) space. As proven in [171, 172, 174], the
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1. Introduction

formulation
/ Clo:dodr+ (div(éa),u) = 0 for all 0o € H(divdiv,2), (1.0.4a)
Q
(div(o), du) = —/ f-oudz for all du € H(curl, ), (1.0.4b)
Q

where (-, ) denotes the duality pairing H (curl)* x H(curl), is robust in the aspect ratio
and, by adding a stabilization term, also in the incompressible limit [211]. Constructing
stable mixed formulation for nonlinear elasticity has gained interest in the last 30 years
and is an ongoing topic of research [209, 205, 130, 176, 189, 187, 55, 237, 43, 223, 203,
204, 6, 22, 208, 204, 128]. An extension of the TDNNS method to nonlinear materials is
not straight forward as the material law cannot be inverted in general and the geometric
nonlinearity requires multiplication of the deformation gradient F' = I + Vu. As only
the curl of u € H(curl) is square-integrable its gradient is a distribution, which cannot be
directly multiplied. Thus, we propose three approaches based on the Hu—Washizu principle
where the distributional deformation gradient or Cauchy—Green strain tensor is lifted to an
additional square-integrable strain field and the stress acts as the corresponding Lagrange
multiplier, e.g.,

L(u, F,P) = / V(F)dx — (F — I — Vu, P), (1.0.5)
Q

with ¥(-) denoting a hyperelastic energy potential. For the additional strain fields so-

called Regge elements [190, 78, 85, 147] are used entailing more beneficial properties than

standard discontinuous elements. Therefore, we propose novel basis functions for Regge

quadrilaterals, hexahedra, and prism elements.

The (nearly) incompressible case in the nonlinear setting is characterized by det(F') =
det(I + Vu) = 1, i.e., the volume is preserved during deformation. We show how the
distributional determinant for displacement fields discretized with Nédélec elements can be
lifted to a regular field.

For thin-walled structures a dimension reduction yields the equation of shells, where the
energy splits additively into a membrane, bending, and shearing part

tEmem(u) + 7fg‘Eli)end(uv /6) + tEshear(u, ﬁ) = f(u) (106)

Here, ¢t denotes the thickness parameter, u the displacement of the shell, and 3 a rotation
field for Naghdi shells. By assuming the Kirchhoff-Love hypothesis the shearing energy
is zero and expressing S in terms of u leads to a fourth order differential operator in the
bending term. For plates the linearized bending energy then reduces to the biharmonic
problem

. 1
Biena(w) = 51IVw]7.. (1.0.7)

For a primal method the vertical deflection w requires H?-conforming finite elements, i.e.,
finite elements which are globally differentiable. The construction of such (high-order)
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1. Introduction

elements is tedious. The Hellan-Herrmann—Johnson (HHJ) method [114, 116, 127, 91]
introduces the linearized moment tensor o := V2w as additional unknown leading to the
mixed saddle-point problem

/ o:dodx + (div(do), Vw) =0 for all 6o € H(divdiv,Q), (1.0.8a)

Q

(div(e), Vow) = —/ f-owdx for all sw € HY(Q), (1.0.8b)
Q

where the same duality pairing as in (1.0.4) is used. Thus, the regularity requirement of
w reduces to be in H! enabling the usage of standard Lagrangian elements. We extend
the HHJ method to nonlinear Koiter shells by using the moment tensor o € H(divdiv),
which is the energetic conjugate to the difference of the curvature tensors between the
initial and deformed configuration. By adding additional shearing parameters v € H (curl)
the method is generalized to nonlinear Naghdi shells in terms of a hierarchical model [95].
It turns out that this approach extends the TDNNS method for Reissner-Mindlin plates
[173] to nonlinear shells.

When dividing (1.0.6) by #3 and assuming that the shell problem is in the bending
dominated regime [71, 72], i.e., f = 3 f with f = O(1), the limit case of vanishing thickness
t — 0 enforces zero membrane and shear energy, Fyem(t) = Eghear(u, ) = 0. Due to the
lack of finite element approximations to represent pure bending modes without inducing
parasitic membrane and shearing modes, the numerical solution tends to be trivially zero
and so-called locking occurs. The phenomenon of shear locking is mathematically well
understood and several methods based on the problem intrinsic tangential continuity of

the rotational field have been proposed [2, 31, 65, 173, 241, 170, 123, 151, 170, 119, 35,
125, 224, 210]. Membrane locking, however, is more involved as it appears only for curved
shell elements [217, 218, 47, 135, 72, 11, 75, 76, 139, 181]. We propose adding the Regge

interpolation operator into the membrane energy term,
IZR E=(u) 131, (1.0.9)

where E=(u) denotes the Green strain tensor on the surface and M the material tensor,
alleviates membrane locking without introducing spurious zero-energy modes. Further, we
present a connection to the mized interpolation of tensorial components (MITC) elements
[34, 35, 135] by proposing a tying point procedure to perform the interpolation, where no
explicit construction of Regge elements is needed. Therefore, the method can easily be
incorporated into existing shell elements.

1.1. Outline of this thesis

This thesis focuses on two major topics of nonlinear elasticity, namely continuum mechanics
(Chapters 2, 4, and 6) and shells (Chapter 7 and 8). The therein involved Sobolev and
finite element spaces are discussed in detail in Chapter 3 and 5, respectively. The structure
of this work is given as follows:

e Chapter 2 is devoted to the derivation of equation of nonlinear elasticity. We assume
a minimization problem induced by a hyperelastic energy potential and compute the
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1. Introduction

first variation to conclude the corresponding Euler-Lagrange equation in weak and
strong form. Then, under the small strain assumption, the equation of linear elasticity
is derived.

In Chapter 3 a variational framework is briefly presented including standard and less
common Sobolev spaces, important inequalities, and abstract existence and unique-
ness results for linear variational formulations.

The standard primal formulation of linear elasticity and several mixed formulations
are discussed in terms of applicability and robustness properties in Chapter 4. Meth-
ods based on the Hellinger—Reissner principle involving the stress tensor as additional
unknown and Hu—Washizu three field formulations, where, additionally to displace-
ment and stress fields, also the strain tensor is used, are compared. We focus on
robustness with respect to the incompressible limit and deteriorating aspect ratio of
domains.

Chapter 5 is dedicated to summarize the ingredients to construct high-order finite
elements including: Standard H' Lagrangian (nodal) and discontinuous L? elements,
Nédélec and Raviart-Thomas/Brezzi-Douglas—Marini elements developed for dis-
cretizing the Sobolev spaces H(curl) and H(div) in a conforming way, as well as
matrix valued Hellan-Herrmann—Johnson and Regge elements related to the function
spaces H(divdiv) and H (curl curl), respectively. Further, novel hierarchical and ar-
bitrary order Regge elements for quadrilaterals, hexahedra, and prisms are proposed.
The principle of functionals is used to construct finite elements for the topological
dual spaces to define interpolation operators or to use them directly in variational
formulations. Transformation rules for the resulting dual finite elements are presented
to achieve geometry-free discretizations.

Three different approaches to generalize the TDNNS method from linear to nonlinear
elasticity based on lifting of distributions to more regular functions by means of a Hu—
Washizu formulation are proposed in Chapter 6. The case of (nearly) incompressible
materials is treated by a lifting procedure of the distributional determinant of the
deformation gradient. We prove that all nonlinear approaches are consistent and the
corresponding linearizations are uniquely solvable. Numerical results are presented
to confirm the performance of these methods.

In Chapter 7 the equation of nonlinear shells is derived from full 3D elasticity by a
“geometrically exact” approach including shear deformable Naghdi and shear rigidity
Koiter shells, which get linearized and reduced to plates and beams. The problem
of computing the shape operator on discretized non-smooth manifolds and finite el-
ements on surfaces are discussed. Then, a formulation for nonlinear Koiter shells
circumventing the usually required C'-continuity of elements based on the Hellan—
Herrmann—Johnson method and an extension to nonlinear Naghdi shells by introduc-
ing additional rotational unknowns discretized by Nédélec elements is proposed. The
relation to existing methods for linear plates is discussed and numerically verified.
Further, several numerical examples are presented.
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e We conclude with Chapter 8 where the locking behavior of shells induced by the small
thickness parameter t is discussed. After an overview of shear locking in the context of
Reissner—Mindlin plates is given, we focus on the phenomenon of membrane locking.
To reduce and alleviate this unintended behavior we insert the Regge interpolation
operator into the membrane energy term weakening the implicitly given kernel con-
straints. We discuss a tying point interpolation procedure revealing a connection to
the MITC shell elements. Several numerical examples are presented to validate the

performance of the method.

Some of the presented results have been published in the works [164, 165, 163]. In this thesis,
however, we generalize and discuss these results and add several additional comments.

Implementations

therefore directly available.

Notation

a=b

a>b

a~b

I

A:B= ?,j:l AijBZj
sym(A) = (A + AT)
skw(A) = §(A —AT)
tI‘(A) = ’Ld:]. A”
dev(A) = A — AT
U X v

URU=uv'

u®v=sym(u®uv)

d
UV =Y U

Do
GL(d)
S0(d)

ML (d)
S>(d)

Y Oxg
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For all numerical examples the open source finite element software Netgen and NGSolve!,
see [196, 197], were used. The novel Regge elements are implemented in NGSolve and

When integrating over a volume, boundary, or co-dimensional 2 boundaries (edges in 3D
and vertices in 2D) the notations dz, ds, d\ are used. Further notations, which will be
used throughout this work, are listed below:

a < c¢b with ¢ > 0 independent of mesh-size h
b=<a

a=<banda>="b

identity matrix

Frobenius scalar product

symmetric part of matrix

skew-symmetric part of matrix

trace of matrix

deviatoric part of matrix

cross product of vectors in three dimensions
dyadic product (tensor product)

symmetric dyadic product

Euclidean scalar product

gradient of scalar and vector valued function

set of regular matrices of dimension d

special orthogonal group of dimension d

set of d x d matrices with positive determinant
set of positive definite d x d matrices
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1. Introduction

> tq>

fi, A
Sd
- 1l2

[RniFs

div(u) = 30, 34, div(A) =

P,=n®n

Up =U-N
u=u—(u-n)n=(I—Pyu
A, =n'An

Ay =(I—-P,)A(I - P,)

2

2

d 0Aq;
i=1 Oz

d  9Ag
i=1 Oz

Young modulus

Poisson ratio

Lamé parameters

unit sphere in d 4+ 1 dimensions
FEuclidean norm

Frobenius norm

divergence of vector and matrix valued function

normal projection

normal component of vector

tangential component of vector
normal-normal component of matrix
normal-tangential component of matrix
tangential-tangential component of matrix
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2. Elasticity

This section is devoted to the introduction of the equations of elasticity. We focus on
hyperelastic materials and refer to the literature for a comprehensive introduction into
(nonlinear) elasticity and continuum mechanics [87, 117, 154, 236, 58, 56, 1412].

2.1. Strain tensors

Let Q € R? be an open and bounded domain in d = 2,3 dimensions and let the boundary
00 be sufficiently smooth. Then € describes the reference configuration of a body, also
called undeformed configuration. The boundary is split into a Dirichlet and Neumann part
I'p and Iy, respectively, with 'p N Ty = 0 and I'p UTy = 052. Further, we assume that
the measure of I'p is not zero, i.e., |[I'p| # 0.

Applying external forces to the body leads to deformation represented by the function

$:Q — R
x — ®(z), (2.1.1)
which can be split additively into the identity function and the displacement u
d =id + u. (2.1.2)
Next, we introduce the deformation gradient
F:=1+4+Vu=Vo, (2.1.3)

where I denotes the identity matrix. A deformation is called permissible if the deformation
determinant J := det(F') is greater than zero, J > 0, which entails that the material is
non-interpenetrable, i.e., the orientation is preserved and volume elements with positive
measure have also positive measure after the deformation.

To measure the quadratic change of lengths of the deformation the Cauchy—Green strain
tensor is introduced as

C:=F'F. (2.1.4)

It is also called metric tensor in the context of differential geometry and shells, see Sec-
tion 7.2. There holds for ® € C?(2, R?) with Taylor’s theorem

|®(z + Az) — ®(z)||>  Az'CAz
[Az|? Az
If C = I, then the body gets not deformed, however, it could be rotated or translated.

The following theorem states that these motions are exactly the kernel of C' — I, so-called
rigid body motions.

+O(||Az])), for || Az|| — 0. (2.1.5)
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2. FElasticity

2.1 Theorem. Let Q) be a connected domain and ® € C1(,R?). Then a deformation
s a rigid body motion if and only if

O(z) = a+ Qu, (2.1.6)

where a € R and Q € SO(d).

Proof. See e.g., [87, Theorem 1.8-1]. O
This motivates the definition of the Green strain tensor
1
E = §(C—I) (2.1.7)

measuring the real strains induced by the deformation ®. Inserting (2.1.3)—(2.1.4) yields
the representation

1
E-: (vuTvu rvul vu) . (2.1.8)

Assuming Vu = O(g) with 1 > ¢ > 0 small and neglecting all higher order terms gives the
linearized strain tensor

(VUT + Vu) = sym(Vu) (2.1.9)

| =

€(u) :=

used in linearized elasticity.

2.2. Hyperelastic materials

We consider hyperelastic constitutive relations, i.e., the deformation energy is given by a
potential ¥ : Q x R¥>4 5 R

Edef:/Q\Il(:c,F(u(m)))dx. (2.2.1)

For more general elastic materials and a derivation based on conservation laws we refer to
the literature. Further, for ease of presentation we assume that the potential is homoge-
neous, 1.e.,

U(z,) = 0(). (2.2.2)

Given Dirichlet data up on I'p, a static body load f, and traction forces g on I'y we can
define the following minimization problem

W(u) = /Q\I'(F(u)) —frudr — /F g - uds — minl!. (2.2.3)

We seek for a function u (the function space will be specified later) in the set of admissible
displacements given by

Vi={u:Q— R u=up onT'p, det(F(u)) > 0}. (2.2.4)
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2. FElasticity

g 7l
I'p

Figure 2.1.: Initial configuration of a body  with Dirichlet boundary I'p, external forces
f and g, and outer normal vector n.

Note, that the constraint det(F'(u)) > 0 is often given implicitly in the material law or is
neglected in the small deformation case.

To compute the weak formulation of (2.2.3) we take the first variation in direction du,
well-known as the principle of virtual works, yielding

v
OuW(u)(du) = ov :Véu— f-dudr — / g-ouds =0 (2.2.5)
q OF Iy
for all admissible test functions du, i.e., du € Vj, where
Vo:={0u:Q—=R¥du=0o0nTp}. (2.2.6)
By defining the first Piola—Kirchhoff stress tensor
ov
P.=_— 2.2.

oF (2.2.7)

and integration by parts in (2.2.5), we obtain the Euler-Lagrange equation of (2.2.3)

—div(P)=f inQ,
u=up on I'p, (2.2.8)
Pn=g on 'y,

where n denotes the outer normal vector of 2, cf. Figure 2.1.

Definition 2.1. We call a hyperelastic potential
e objective (frame-indifferent), if for all F' € M, (d) and Q € SO(d)

U(QF)=Y(F). (2.2.9)

e isotropic, if for all F' € M, (d) and Q € SO(d)
U(FQ)=Y(F). (2.2.10)
For an isotropic material as e.g., steel there are no preferred directions. A crucial conse-

quence of objectivity is that the energy potential only depends on the Cauchy—Green strain
tensor.
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2. FElasticity

2.2 Theorem. A potential U : R¥™?4 — R is frame-indifferent if and only if it is a
function of the CauchyGreen strain tensor C = F'F, i.e.,

U(F) =¥(C). (2.2.11)

Proof. See e.g., [58, Chapter VI, Theorem 1.6]. O

Assuming a frame-indifferent and isotropic potential yields that it is a function of the
invariants of the Cauchy—Green strain tensor.

2.3 Theorem (Rivlin—Ericksen). An energy potential U : R4 — R is frame-
indifferent and isotropic if and only if there exists a function ¥ : S<(d) — R depending
only on the invariants of the characteristic polynomial det(\I — C) = X3 — I1(C)\? —
I,(C)\ — I3(C) such that

U(F) = T(L(C), 1(C), I5(C)), (2.2.12)

where, with tr(C) and det(C') denoting the trace and determinant of C,

L(C)=tx(C), L(C)=:(tr(C)?*-tx(C?), IL(C)=det(C). (2.2.13)

N

Proof. See e.g., [195]. O

Throughout this thesis we will consider frame-indifferent potentials and write ¥ inde-
pendently of arguments F';, C, and E.

Using Theorem 2.2, the weak form (2.2.5) can be rewritten as: Find u admissible such
that for all du € V;

NG
QO—(C(U)) csym(FVéu)dx = / f-oudr + / g - ouds, (2.2.14)
QO oC Q 'y
where we utilized that 0,C(u)(0u) = 2sym(FViu).
Defining the second Piola—Kirchhoff stress tensor
ov
X i=2— 2.2.15
5C ( )
and exploiting the symmetry of 3 gives
/FZ:V(Sud:U:/f-(Sudx—l—/ g-ouds. (2.2.16)
Q Q I'n
Consequently, we obtain the relation
P="F3. (2.2.17)

10
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2. FElasticity

Note that in contrast to X, P is not symmetric. For the sake of completeness, the (symmet-
ric) Cauchy stress tensor o acting on the deformed configuration of the body is introduced
by

1 10U
= _-PF'=_-2_FT, 2.2.18
777 JOF ( )
The St. Venant-Kirchhoff material law
Uyk(E) = i||E|? A E)?
vk(E) = o||E||% + Qtr( ) (2.2.19)

is widely used to model nonlinear behavior in a moderate deformation regime. It may
happen for large deformations, however, that elements get compressed heavily and are
even pressed through others. The material law of Neo—Hooke

Uny(C) = g (tr(C — I) —log(det(C))) + g(log(det(c)))2 (2.2.20)
prevents this non-physical behavior as there holds
Unu(C) — 0o for det(C) = (det(F))? — 0 or det(C) — oo, (2.2.21)

i.e., infinite energy is needed to completely compress or stretch the material. We remark
that, especially in the (nearly) incompressible regime, a slightly different material law of
Neo—Hooke is also used, namely

~

U\ (C) = £ (tr(C = I) — log(det(C))) + %( det(C) —1)% (2.2.22)

N

The two material constants {1 > 0 and A > 0 used above are the so-called Lamé parameters.
Two more physically interpretable constants are the Young’s modulus E >0, representing
the stiffness of a solid material, and the Poisson’s ratio 0 < 7 < 1/2. The latter describes the
amount of expansion or contraction in the perpendicular direction to the force compressing
or stretching the material. To convert these parameters the following formulae are used

po 2 — E= M (2.2.23a)

2N+ f) A+

. Ev ) E
A= (1+0)(1—20)’ F=o+o) (2:2:23b)

Note, that in the limit & — %, or equivalently A= oo, the material is called incompressible
necessitating special (numerical) treatment.

2.3. Theoretical results of nonlinear elasticity

The question of existence and uniqueness of this (highly nonlinear) equations is delicate
[142, 87]. From physical examples it is known that we cannot expect uniqueness. Con-
sidering e.g., a rubber strip where both ends are fixed and neglecting gravity the identity

11
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2. FElasticity

Figure 2.2.: Two solutions of rubber strip clamped on left and right boundary.

is a trivial solution for the displacement. When twisting one of the ends by 27 (360°) we
obtain a different solution to the same boundary conditions, see Figure 2.2. In this manner
we can even produce infinitely many solutions by twisting. Other examples are given e.g.,
by buckling or snap through problems, where for one external force two different solutions
exist (one before and one after the snap through).

For existence one approach exploits, if possible, the polyconvex structure of the energy
potential ¥ in its invariants I;(C), compare (2.2.13), proving the existence of minimizers
[29]. The material law of St. Venant—Kirchhoff is not polyconvex, but the Neo-Hooke mate-
rial law falls in this category. A large class of Ogden-type materials fulfills this assumption.
Another ansatz uses the implicit function theorem obtaining a unique solution for small
data. Therefore, however, strong regularity assumptions have to be made [37].

Only little rigorous mathematical numerical analysis for finite elasticity has been accom-
plished so far. E.g., in [70] a priori error estimates for finite element discretizations in
nonlinear elasticity are discussed for polyconvex materials under the assumption of suffi-
ciently small right-hand sides.

2.4. Linearized elasticity

Under the assumption of small deformations all three stress tensors (2.2.7), (2.2.15), and
(2.2.18) reduce to one, which we denote by o. Assuming a quadratic potential ¥(-) we
deduce a linear stress-strain relation by o = Ce, where C denotes the fourth order elasticity
tensor. For an isotropic and frame-indifferent material the stress-strain relation is of the
form

011 1—v 1 v 0 €11
g929 v 1 v v €99
g33 o 3 v v 1—70 €33
o | (1+0)(1-20) 1—20 €12
o13 1—20 €13
023 0 1-—20 €923
(2.4.1)
12
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2. FElasticity

For U # % relation (2.4.1) can be inverted, e = Clo,

€11 1 - —U 011

€922 —U 1 —U g929

€33 _ l —U =D 1 033 (2 4 2)
€12 E 1+ o12 o
€13 1+7 013

€23 1 + v 0923

and C~! is called the compliance tensor. The strong form of (2.2.8) becomes in the lin-
earized case

—div(e) = f in Q,
u=up on I'p, (2.4.3)

on=g on 'y,

and the variational problem (inserting the stress-strain relation) reads: Find u € V such
that for all du € V}

/Q(Ce(u) : €(du) dx = /Qf -dudx + /FN g-duds. (2.4.4)

The material laws of St. Venant—Kirchhoff and Neo—Hooke reduce to the linear material
law of Hooke

~

Ws(e) = el + 5 (ir(e))? (2.4.5)

and we obtain the problem: Find u admissible such that for all admissible test functions
ou

/92,& €(u) : e(du) + Adiv(u)div(du) dz = /Qf -oudx —I—/F g - ouds. (2.4.6)

N

The unique solvability of (2.4.4) is proven in Chapter 4. Note that (2.4.4) and (2.4.6)
coincide for C defined as in (2.4.1). Further, relation (2.4.2) can be written compactly as

e == (1L+9)g — ptrlo)D) = - ((1 + 9)dev(e) + 2ﬁtr(o-)I> L (247)

where dev(A) denotes the deviatoric part of a matrix. Here, the case 7 = 0.5 is well-defined
leading to the identity € = 1Jr?”dev(a), which is unique up to the trace of o.

13
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3. Variational framework

In this chapter we introduce and discuss essential properties of Sobolev and function spaces
used in this thesis and summarize important inequalities, existence, and uniqueness results
for coercive and saddle-point problems.

Therefore, let Q C R%, d = 2,3 be an open Lipschitz domain, i.e., the boundary 9 can
be described by a finite number of Lipschitz continuous functions. Further, we assume that
the boundary is either smooth, 92 € C°, or piece-wise smooth, i.e., there exists a finite
partition I'; € C*°, i =1,...,n, with 0Q = |, T; and T; NT; =0 for i # j. For a Lipschitz
domain there exists an (almost everywhere) defined outer normal vector n : 9Q — S?—1.

The set of k-times differentiable scalar-, vector-, and matrix-valued functions is denoted
by Ck(Q), [C*(Q)]%, and [CF(2)]9*4, respectively. With D(Q) = C°(2) the set of all
smooth test functions with compact support is denoted and with D'(Q) := (C§°(Q2))’ the
set of all distributions.

3.1. Function spaces

The gradient of a scalar function v € C'(Q) and vector field v € [C1(2)]? is defined as

ou ou ov; d
= =—,...,— = . 1.1
YVu (83;1’ , &Cd) , Vo <8xj> (3.1.1)

ij=1

For a vector field v € [C1(€)]? and a matrix valued function A € [C*(Q)]9*¢ the divergence
is given by

d 0Ay
4 5y ijl 81‘?
div(v) == 8;, div(A) := : : (3.1.2)
i=1 "

zd 0Ay;
Jj=1 Oz;

In two spatial dimensions two different curl-operators exist, namely

u
Curl(u) := (_32‘92u> , curl(v) = g:: — g:;, (3.1.3)

whereas in three dimension we use both notations for

T
curl(v) = V x v = (0 _ vy Qv Dug Ovy _ 6) (3.1.4)

81‘2 8.%'37 3333 8.1‘1 ’ 8.%'1 8952

and for matrix valued functions the curl is taken row-wise.

14
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3. Variational framework

3.1.1. Scalar and vector valued spaces

We define for u,v : Q — R the L?-scalar product and norm by
(u,v)2(q) = /Qu ~vdz, Hu||%g(ﬂ) = (U, u) r2(q) (3.1.5)

and call u square-integrable if it has finite L2-norm, [ullz2() < oo. If the domain ) is
obvious it will be neglected for a more compact notation. We define the following Sobolev
spaces

LX) == {u: Q = R||jull2 < oo}, (3.1.6a)
LaQy:{ueL%Q)yéudxzoh (3.1.6b)
HYQ) = {u e L*(Q) | Vu € [L*(2)]}, (3.1.6¢)
H*(Q) := {u € L*(Q)| Vu € [H*1(Q)]}, (3.1.6d)
H(div, Q) := {u € [L*(Q)]? ]| div(u) € L*(Q)}, (3.1.6¢)
H(curl, Q) := {u € [L2()]? | curl(u) € [L2(Q)]4"}, (3.1.6f)

with d* := 2d — 3 and the differential operators are understood in weak sense. E.g., the
weak gradient v = Vu € [L2(Q)]? of u € H'(Q) is defined by the relation

/Qv~\11dx:—/gudiv(\ll)d:c (3.1.7)

for all smooth test functions ¥ € [D(Q)]<.
The corresponding (semi-) norms to the function spaces (3.1.6) are given by

[ullF = llull7z + [[VaZ2, (3.1.8a)
[ullFpe = lullZe + 1 VullF-1 ), (3.1.8b)
Jul g = [|VFull 2, (3.1.8¢)
[ HUH%2 + [[div(w)||72, (3.1.8d)
[l Fr(eunty = [l + leurl(w)| 7. (3.1.8¢)

For Lipschitz-domains the function spaces can be defined equivalently [2] by

H'”H(curl) H'”H(div)
9y

HY(Q) = Co@) | H(eurl, ) = 0% () H(div, Q) = C=(Q) . (3.1.9)
where C*°(€)) denotes the set of infinitely differentiable functions up to the boundary and

Ok (Q)H.HV denotes the closure with respect to the norm || - ||y

Further, we define the trace space of H'(Q) for I' C 99 by

1 u\r) —u 2
()= O 0l =l + [ [ MO ds) asiy

(3.1.10)

NI

H

15
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3. Variational framework

and its dual space H_%(F) = H%(I‘)*

In the following we summarize essential properties of the Sobolev spaces, which can be
found in several textbooks, e.g., [53, 58]. For the spaces H'(Q2), H(div, ), and H(curl, Q)
there exist well-defined trace operators. Let n denote the outer normal vector of 2. Then,
the normal and tangential component of a vector valued function w is given by u, :=u-n
and u; := u — (u - n)n, respectively.

3.1 Theorem (Traces). Letu e H'(2), n be the outer normal vector on 9 and t
the tangential vector on 082 for two dimensions. Then there exists a linear and bounded
operator

trp : HY(Q) — H2(T), |trr(w)| 1

w5 lullgr Yu € HY(Q) (3.1.11)

such that (trr(u))(z) = u(z) Yo € T for u € C1(Q).
Let u € H(div,2). Then there exists a linear and bounded operator

trn,l" : H(diV, Q) - H_%(F)7 ||trn,F(u)HH—% = HU’HH(le) Vu € H(diV, Q) (3112)

such that (tr,r(u))(z) = u(z) - n(z) Vo € T for u € [CH(Q)]4.
Let u € H(curl, ). Then there exists a linear and bounded operator

tryp : H(curl, ) — [H2(T)]%, leree ()l 3 = l[wll e Yu € H(curl, Q) (3.1.13)

such that (tryp (u)l) (z)

z) =u(x) t(z) if d =2 and (tryr(u))(z) = u(z) x n(z) ifd =3
Vo € T for u € [CH(Q)]%.

Therefore, the following spaces with zero traces on I' C 92 can be defined by

HE(Q) = {u € H'(Q) | trr(u) = 0}, (3.1.14a)
Hr(div, Q) := {u € H(div, Q) | tr, r(u) = 0}, (3.1.14b)
Hr(curl, Q) := {u € H(curl, Q) | tr,r(u) = 0}. (3.1.14¢c)

For T' = 9 we will use the notations H}(Q), Ho(div, ), and Ho(curl, Q).

Additionally to H 2 (T') we will use the dual spaces H1(Q) := H}(Q)*, H(div,Q)*, and
H(curl, Q)*. The corresponding norms are defined as follows: For a Hilbert space V' and
its topological dual space V* the dual norm for f € V* is given by

Il o= sup L. (Frudyeny = F(u). (3.1.15)
u#0

The dual space of Hg(curl) and Hy(div) is given by H~'(div) [I71, Lemma 1] and
H~'(curl) [143, Lemma 1],

Ho(curl)* = H1(div) := {u € [H Q)] |div(v) € H(Q)}, (3.1.16)
Ho(div)* = H Y(curl) := {u € [HH(Q)]¢]| curl(u) € [HH(Q)]?"}, (3.1.17)
16
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3. Variational framework

where the differential operators are understood in the sense of distributions.
Having well-defined traces at hand enables integration by parts:

3.2 Theorem (Green’s formulae). There holds for all u € HY(Q) and v €
H(div,Q)

/QVu ~vdr = —/Qudiv(v) dx + <trn,8Q(v)7trBQ(U)>H7%XH% (3.1.18)
and for all u € H(curl, Q) and v € [H'(Q)]

/chrl(u) cvdr = /Qu - Curl(v) dx — (try pa(u), traQ(U»H*%xH%' (3.1.19)

As we will construct finite element spaces element-wise the question arises which interface
conditions have to be fulfilled such that we obtain a global function in the above spaces.

3.3 Theorem (Interface conditions). Let T ={T1,...,T,} be a non-overlapping
domain decomposition of Q, i.e., T, NT; =0 for i # j and Q = |J, T;. Define T;j =
T, NT; the common interface of two neighboring sub-domains T;, Tj € T. Let u, v, &
be defined piece-wise for each T; such that u; = ulr, € HY(T;), v; = v|p, € H(div,T;),
and & = &|1, € H(curl, T;), respectively. If for all i,5 € {1,...,n}

e trp,, (u;) = trr,,; (u;) then w € HY(Q) and (Vu)|r, = Vu,.
e tr,r, (v;) = tr,r,; (vj) then v € H(div,Q) and div(v)|r, = div(v;).

o tryr, (&) = trer,; (&) then § € H(curl, Q) and curl(§)|r, = curl(&;).

3.1.2. Matrix valued spaces

To introduce (less common) matrix valued function spaces we start with the set of all

symmetric and skew-symmetric matrices in L? denoted by [LQ(Q)]gyXHCf and [LQ(Q)]glfvf , Te-
spectively. Next, we define the following matrix valued function spaces
HY™(div, Q) == {o € [L*(Q))4:¢ | div(e) € [L* ()]}, (3.1.20)
H(divdiv,Q) == {o € [L*(Q)]4:¢ | div(div(e)) € H(Q)}, (3.1.21)
H(curleurl, Q) == {o € [L*(Q)]4sd | curl(curl(o) ") € [HH(Q)] <"}, (3.1.22)
with the norms
o1 Frevmaivy = lolIZ2 + lldiv(e) 72, (3.1.23)
o717 aiv aivy = 1l + ldiv(div(e))[I7-1. (3.1.24)
o1 st curty = llol72 + lleurl(curl(e) )7+ (3.1.25)

Note that curl(curl(o) ") is the incompatibility operator also denoted by Inc(e) := curl curl(o) :

curl(curl(e) 7).
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3. Variational framework

An equivalent characterization of the spaces H(divdiv) and H(curlcurl) are given by
211],

H(divdiv,Q) = {o € [L*(Q)]Ld |div(e) € H(curl)*}, (3.1.26a)
H(curlcurl, Q) = {o € [LZ(Q)]‘SinIg |curl(o) " e [H(div)*]4" ). (3.1.26b)

Other definitions of H(divdiv) and H(curlcurl): A different definition of the space
H(divdiv) was given in [182] in the context of densely defined operators for solving the
biharmonic plate equation

H(divdiv, Q; Q)sym := {0 € [L*(Q)]4%9]| the functional F : u > / Vu:odr, ucW,
Q

sym
is bounded in the Q-norm}, (3.1.27)
where with I'1,T's C 09
2 8”
W:={ueH (Q)\uzo,a—:00nF1,u:00nI‘2},
n
Q:={ucH (Q)|u=00onT1UTs}, |-llg:=1"m
together with the norm
ol Fivaivir = llolZ2 + div(div(e)) 13-

Equality of definitions (3.1.21) and (3.1.27) holds if I'; = 9Q and thus Q = H}(Q2). In
[80, 81] (3.1.21) and (3.1.22) are denoted by H~!(divdiv) and H~!(curlcurl). Therein the

)

authors define the spaces

H(divdiv, Q; L?) := {o € [L*(Q))& | div(div(e)) € L*(Q)}, (3.1.28)
H(curlcurl, Q; L?) := {o € [LQ(Q)]S;H? |curl(curl(o) ") € [L2(Q)] >4}, (3.1.29)

where more regularity is required.

Traces, Green’s formulae and interface conditions: Note, that the divergence and curl
operator are taken row-wise for matrix valued functions. As before, trace operators, Green’s
identities, and interface conditions can be specified and thus, spaces with zero traces can be
defined analogously. The space HY™(div) requires the square-integrability of the divergence
and thus, has a well-defined (vector-valued) normal trace. The other two spaces are more
involved. We only note that for H(divdiv) and H(curlcurl) the normal-normal o, =
n'on, and tangential-tangential, oy := (I — P,)o (I — P,) with the normal projection
P, := n ® n, traces, respectively, are well-defined. Further, the interface conditions are a
bit more complicated. For more details we refer to [211, 174]. The results for H (curl curl)
are topic of further research.
Thus, we can define spaces with zero traces

Hyy (divdiv) == {o € [L*(Q)]5d | div(div(e)) € HH(Q), trpnry (0) =0}, (3.1.30a)

sym
Hy (curleurl) := {o € [L2(Q)| 43¢ | curl(curl(o) ") € [HE ()", tryy py () = 0}
(3.1.30b)
18
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3. Variational framework

For the sake of completeness of matrix-valued function spaces in the spirit of H(div div)
and H (curlcurl) we give also the definition of the space H(curldiv), used e.g., for the
incompressible Stokes equations as stress space in combination with H (div)-conforming
velocity fields, with corresponding norm

H(curldiv, Q) := {o € [L*(Q)]*?| curl(div(o)) € [HH(Q)]T}
= {o € [L2()]™?|div(e) € H(div,Q)*},
||U||§{(curldiv) = ||0-”%2 + ||CllI'l(d1V(O'))||%{71

Note that the normal-tangential trace, o := (I — Py,)on, is well-defined, we refer for
more details to [143, 108].

3.2. Inequalities

We state some useful inequalities, which can be found in the literature. Friedrichs’ inequal-
ity asserts that the full norm can be controlled by its corresponding semi-norm if all traces
vanish on a non-trivial part on the boundary.

3.4 Lemma (Friedrichs’ inequality). Let  be a connected and bounded Lipschitz
domain and assume that U'p C 0 has positive measure. For k € N there exists a
constant cp > 0 such that for all u € H’lﬁD(Q)

[ull e < crlulge, (3.2.1)

and cp depends only on Q, I'p and k.

Poincare’s inequality can be used to control the H'-norm by its semi-norm and the mean
value if no boundary conditions are prescribed.

3.5 Lemma (Poincaré’s inequality). Let Q be a connected and bounded Lipschitz
domain. There exists a constant cp > 0 depending only on 2 such that for all u €

H'(9)
2
ull3n < cb <\u|§11 + (/Quda:) ) . (3.2.2)

Surprisingly, the full gradient of a vector valued function can be bounded by its symmetric
part, cf. [96], at the cost of possibly large constants for anisotropic domains.

3.6 Lemma (Korn’s inequality). Let Q be a connected and bounded Lipschitz
domain. Then there exists a constant ¢x > 0 such that

Ecllulin < llulfs + llew)]7, (3.2.3)

for all u € [HY(Q)]? and ¢x depends only on Q. Assume further that Tp C 02 has
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3. Variational framework

positive measure. Then there exists a constant cx > 0 such that
Cicllullfn < lle(w)|72 (3.2.4)

for all u € [H%D (). The constants ¢ and cx tend to zero for deteriorating aspect
ratio.

3.3. Existence and uniqueness for variational problems

For linear variational problems frameworks (depending on the problem structure) for prov-
ing existence and uniqueness have been developed, which can be found in several finite
element textbooks e.g., [53, 58]. Let therefore (V|- ||yv) and (@, ] - |/@) be two Hilbert
spaces equipped with their natural norms.

Definition 3.1. A bilinear form a : V x Q — R is called

1. continuous (or bounded) if there exists o > 0 such that for all w € V and p € Q)
la(u, p)| < allullv]ple,
2. coercive (or elliptic) if V' = @ and there exists 5 > 0 such that for all u € V
au,u) > Bllullf
3. non-negative if V.= Q and for all u € V

a(u,u) >0

The existence and uniqueness for elliptic problems of the form: Find v € V such that
for all du € V

a(u,du) = f(u) (3.3.1)

follows directly by Lax—Milgram.

3.7 Theorem (Lax—Milgram). Leta(-,-):V xV — R be a continuous and elliptic
bilinear form. Then, for all f € V* there exists a unique solution uw € V of (3.3.1)
and there holds the stability estimate (with 8 as in Definition 3.1)

1
lullv < ZI1fllv-- (33.2)

Indefinite saddle-point problems, arising e.g., for minimization problems under constrains,
are of the following form: Find (u,p) € V x @ such that for all (du,dp) € V x Q

a(u,ou) + b(du,p) = f(ou), (3.3.3a)
b(u, dp) = g(dp). (3.3.3b)
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3. Variational framework

Equation (3.3.3b) enforces a constraint on u, which can be incorporated as a penalty
formulation yielding the structure (¢ > 0 large)

a(u, 6u) + b(du,p) = f(ou), (3.3.4a)

b(u, op) — %C(p, op) = g(dp). (3.3.4b)

To prove existence and uniqueness of those type of saddle-point problems the following
theorems are used involving the famous Ladyzhenskaya—Babuska—Brezzi (LBB) condition
[141, 24, 61].

3.8 Theorem (Brezzi). Assume that a(-,-) : V xV =R and b(-,-) : V xQ — R
are continuous bilinear forms, i.e.,

la(u,v)] < asllullvolly Va0 €V, (3.3.5)
bw,q)| < Ballullvlglg Vu € ViV € Q. (3.3.6)

Assume there holds coercivity of a(-,-) on the kernel, i.e.,

alu,u) > oq|lull}  Yu e Vg, (3.3.7)
Vo :={ueV|blu,q) =0 VYqge@} (3.3.8)

and there holds the LBB condition
b(u, q)

wev |lully

> Billallq Vg€ Q. (3.3.9)

Then, the mized problem (3.3.3) is uniquely solvable. The solution fulfills the stability
estimate

lullv +llglle < cClfllv-+ligliq-) (3.3.10)

with the constant ¢ depending on a1, a9, 1, and Pa.

3.9 Theorem (extended Brezzi). Assume all requirements of Theorem 3.8 are
fulfilled. Further, let c(-,-) be a continuous and non-negative bilinear form and af(-,-)
non-negative. Then, for t > 1, the mized problem (3.3.4) has a unique solution,
fulfilling the following stability estimate independent of t

lullv + llallq < clfllv-+llgllg+), ¢ c(®). (3.3.11)
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4. Standard and mixed methods for linear
elasticity

In this section we give an overview of (mixed) formulations of linear elasticity. For the

ease of presentation we assume homogeneous Dirichlet boundary condition v = 0 on the

whole boundary I'p = 92 throughout the section. Note, that the case of inhomogeneous
Dirichlet data and mixed boundary conditions can easily be adopted.

4.1. Standard primal setting

In the primal setting of (2.4.4) the Sobolev space [HE(€)]? is used for the displacement u
and the following bilinear form and right-hand side are defined

a(u, du) = / 2 e(u) : e(6u) + X div(w)div(du) dz = / Ce(u) : €(0u) dz, (4.1.1a)
Q Q
f(ou) :== / f-oudx. (4.1.1b)
Q
To prove coercivity of (4.1.1a) we use Korn’s inequality to control the whole gradient by

its symmetric part. Note that the constant cg( tends to zero for anisotropic domains. We
obtain coercivity and continuity of the bilinear form and continuity of the right-hand side

|a(u, 6u)| < 2+ A)lull g1 |6ull 41, (4.1.2a)
a(u,uw) > 2fcrellull3, (4.1.2b)
[fOu)l < [1f[[r=2 |6l g2 (4.1.2¢)

Thus, with Lax—Milgram, Theorem 3.7, we obtain a unique solution. However, the problem
is ill-conditioned for A — oo or cx — 0 as these parameters are involved in the continuity
and coercivity constants.

To obtain a robust formulations for nearly incompressible materials like rubber we can
introduce the pressure

p = Adiv(u) (4.1.3)

as additional unknown leading the following saddle point problem:

4.1 Problem. Find (u,p) € [HE(Q)]4 x LE(Q) such that for all (§u,dp) € [HE ()] x
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4. Standard and mixed methods for linear elasticity

L3(2)
/QQ[L €(u) : €(du) dx —{—/Qdiv(éu)pdx = /Qf -oudz, (4.1.4a)

/div(u)épdx —}/pépdx =0. (4.1.4b)
Q AJo

Due to the (extended) Brezzi Theorem 3.9 the solution of (4.1.4) is robust in A, for A > 1.
Now, also the limit case A = 0o is well-defined leading to a Stokes type problem. Thus,
one has to use Stokes stable finite elements for discretization. Note, that we have to use
L%(Q) for the pressure space as Dirichlet data are prescribed on the whole boundary. If
ITp| < |09 the space L?(£2) has to be used instead.

4.2. Hellinger—Reissner mixed methods

The concept of including the stresses additionally to displacements goes back to [115, 180,
192]. Using more variables enables to shift regularity assumptions between the involved
spaces. The resulting saddle-point problems are more complicated to analyze but more
robust methods can be constructed.

4.2.1. Primal mixed method

Assuming a regular elasticity tensor C one may invert the stress-strain relation o = Ce,
i.e.,
. 1

= Ce = 2f1e(u r(e e(u)=Clo = iev ——tr(o .
o =Ce =2jie(u) + A tr(e)I, e(u)=C 2ud ()+d(d5\+2ﬂ)t( I, (4.2.1)

with dev(o) == o — %I the deviatoric part of a matrix. Using (4.2.1) as an additional
equation with o as new unknown yields:

4.2 Problem. Find (o,u) € V x Q such that for all (do,éu) € V x Q
/ Clo:dodr — / €(u) : dodxr =0, (4.2.2a)
Q Q
— / o :e(0u)dx = —/ [ oudx. (4.2.2b)
Q Q
Choosing V := [LZ(Q)]gan‘f and Q := [H}(2)]? leads a well-defined problem.
Proof. Defining
a:VxV =R, /(Clo' do dx,
Q
b:V xQ —R, b(o,du) €(0u) : odr,
Q
23
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4. Standard and mixed methods for linear elasticity

the continuity of b(-,-) as well as coercivity and continuity of a(-,-) are obvious. The LBB
condition follows immediately by choosing for given u € Hg(Q) o := e(u) € [L*()]4:d,
yielding

b
wp o)

O.G[LQ(Q)]gerg HUHL2

> [le(w)llze = cxllullg

Thus, Theorem 3.8 can be applied. ]

Due to Korn’s inequality we expect problems for cx — 0. To obtain a robust formulation
for A — oo the pressure p as in (4.1.4) can be introduced.

4.2.2. Dual mixed method

Integration by parts in (4.2.2) gives the variational equation:

4.3 Problem. Find (o,u) € V x Q such that for all (do,éu) € V x Q
/ Clo:dode+ / u-div(éo)dx =0 (4.2.3a)
Q Q

/ div(o) - dudx = —/ f - oudz. (4.2.3b)
Q Q

This time V := H¥"(div,Q) and Q := [L?(22)]¢ can be chosen, see e.g., [75]. Thus, the
displacement wu is discontinuous, whereas o has a well-defined divergence operator. Note,
that in the case of pure Dirichlet boundary conditions the stress space has to be adapted to
H»™(div, Q) := {o € H¥™(div, Q) | tr(c) = 0} as by taking the trace of the first equation
in (4.2.1) we have

div(u) dz = (201 + d&)/ Uy ds = 0.
o0

/ tr(or) dz = (201 + d3) / tr(€) do = (21 + dA) /
Q Q Q
One can prove [1] that on the kernel Vy = {o € HY™(div,Q) | [ div(o)-udr =0 Yue
[L2(€2)]9} the bilinear form af(-,-) is coercive independently of A enabling a robust method
for A — co. For the (non-trivial) construction of conforming finite elements for H™ (div, Q)
fulfilling the discrete kernel coercivity for Problem 4.3 we refer to [9, 3, 20], where quite

high polynomial orders have to be used.

4.2.3. Dual mixed method with weak symmetry

Due to the difficulty of constructing finite elements for Problem 4.3 the symmetry of
H"™(div, Q) can be broken and reinforced in weak sense [13, 215, 15] leading to:

W

‘ 4.4 Problem. Find (o,u,w) € [H(div,Q)]¢ x [L?(2)]¢ x [L2(Q)]gkxd such that for all
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4. Standard and mixed methods for linear elasticity

(00, du, dw) € [H(div, )] x [L2(Q)]4 x [L2(Q)]44
/ Clo:dodr+ / u-div(do) dx + / w:dodr =0, (4.2.4a)
Q Q Q
/ div(e) - dudx = —/ [ oudx, (4.2.4b)
Q Q
/ o dwdz =0. (4.2.4c)
Q

Existence and uniqueness follows directly as the problem is equivalent to (4.2.3). In this
setting comparably simple elements can be constructed as e.g., the PEERS (plane elasticity
element with reduced symmetry) element [13].

4.3. TDNNS mixed method

Depending on how the term fQ div(o) - udz is interpreted, different regularity assump-
tions have to be made. In (4.2.3) the term is interpreted as L?-inner product, whereas in
(4.2.2) in the sense of the duality pairing (div(e),u)g-14g1. A third approach is to use
the duality pairing (div(o), u) g (curl)* x H(curl)- Consequently, o lies in the function space
H(div div,Q) =: V, compare (3.1.26a), and u in Hp(curl,Q2) =: @ and the tangential-
displacement normal-normal-stress continuous method in terms of Sobolev spaces reads:

4.5 Problem. Find (o,u) € V x Q such that for all (6o ,du) € V x Q
/Q(Clo' 200 dz + (div(60), u) 5 (curl)* x H(curl) = 0, (4.3.1a)
(div(e), 6u) Fr(curly x H (curl) =— /Q f - oudx. (4.3.1b)
For a proof that the problem is well-posed we refer to [171, 174]. As therein Korn’s inequal-

ity is not used the formulation is robust with respect to large aspect ratios [172]. Further,
by adding a consistent stabilization term the method is also robust in the incompressible
limit A — oo [211].

4.4. Hu—Washizu principle

Instead of using the stress o and displacement u as independent fields leading to a two-field
saddle-point problem, the Hu-Washizu principle [230] uses further the strain € as additional
unknown yielding the following three-field formulation:

4.6 Problem. Find (e,u,0) € [L*(Q)]4<d x [HF(Q)]? x [L2(Q)]LXE such that for all

sym
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4. Standard and mixed methods for linear elasticity

(de, ou, 6or) € [LA(Q)J4G5 x [Hy ()7 x [LX ()]G

sym sym

/ Ce : dedx - / o :dedx =0, (4.4.1a)
Q Q
- / o :sym(Vou)dr = —/ f-oudx, (4.4.1b)
Q Q

/ €:dodr — / sym(Vu) : 0o dx = 0. (4.4.1c)
Q Q

Choosing V' := [LZ(Q)]gerg x [HY(Q)]? and Q := [LQ(Q)]gyXIg one can easily prove that the
requirements of Brezzi’s Theorem 3.8 are fulfilled, see e.g., [78].

Again, it is possible to shift regularity between u and o such that (u,o) € [L?(Q)]¢ x
H»™(div, Q) and (u,o) € Hp(curl, Q) x H(div div,Q) are also stable pairings, compare

also the first limitation principle in [219].

Different three-field formulations using an additional enhanced strain have been proposed
in the literature, see e.g., [210, 129] for more details. Therein, the strain is assumed to de-
compose additivly into a compatible part, associated with the displacement field, and an
enhanced part. These methods were proven to be stable and efficient by various patch
tests and benchmark problems. In [185] also rigorous stability and convergence proofs were
provided. The equivalence of some classes of EAS and Hellinger—Reissner elements has
been proven in [18]. By assuming that the discrete stress space is perpendicular to the
enhanced strain space, the stresses can be eliminated a priori yielding a system involving
only the displacement and the enhanced strain fields.

One main difference between the Hellinger—Reissner methods and the Hu—Washizu prin-
ciple is the inversion of the material law represented by the fourth order tensor C. This will
play an essential role for the nonlinear case as the involved materials cannot be inverted in
general. Further, the additional strain field provides more flexibility for constructing stable
methods.
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5. Finite elements

This chapter is devoted to give an overview of H', L% H(curl), H(div), and H(div div)
elements and facet spaces. For the Regge elements used to discretize the function space
H(curl curl) we present a novel hierarchical, arbitrary order basis for triangles, quadrilat-
erals, tetrahedra, hexahedra, and prisms. Further, given the degrees of freedom (dofs)
and the basis functions the implementation of projections into the finite element spaces by
discretizing the dual spaces is discussed. Finally, the (linear) TDNNS method is briefly
introduced in terms of finite elements as preparation for Chapter 6.

We start by giving basic definitions and notations regarding triangulations and the ref-
erence element.

5.1. Basics and notations

Let Q € R d = 2,3, be a domain with Lipschitz boundary and 7}, = {T'} a triangulation
consisting of piece-wise (possibly polynomial curved) triangles and quadrilaterals in two
space dimensions and tetrahedra, prisms, or hexahedra in three dimensions.

Definition 5.1 (Regular triangulation). We call a triangulation T, of  regular if

1. the elements are non-overlapping 7° N T°=0,T =+ T € T, where T° denotes the
interior of T,

2. the domain  is covered by the elements Q = J T,
TETh

3. the intersection of two elements is either empty, or a common face, edge, or vertex of
both.

The subscript h indicates that discretized objects are considered. For a more regular
mesh, see Definition 5.3, h directly corresponds to the size of the elements of 7T,.

The set of all vertices of the triangulation of T is given by Vj. With Fj, the set of all
facets, edges and faces in two and three dimensions, respectively, is denoted and in three
dimensions the set of all edges is given by £,. Analogously, we can define these sets for
a single element T € T, with the notation Vj,(T'), Fn(T), and E,(T). Further, on each
boundary 0T we define the outer normal vector n.

The set of all piece-wise polynomials on the triangulation 7} up to degree k is defined
by P*(Th) = Ilrer, PH(T) and the polynomials living only on the skeleton are denoted

by PE(Fy) and PF(E).

Definition 5.2. For a facet F' € F} with corresponding neighboring elements 17, T> we
define the global facet normal w.l.o.g. by np := np, = —ng,. For a piece-wise smooth
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5. Finite elements

ng 195

Figure 5.1.: Mapping from reference to physical triangle and tetrahedron with correspond-
ing normal and tangential vectors.

scalar or vector valued function u : T; UTy — RY the jump, and for a vector valued function
u the normal and tangential jump are defined by

[u]F == uln, —ulry,  [un]r = vng |7 + tng, |1, [wlr = [u—uan]p. (5.1.1)
For a boundary facet F' C 07T N 9S) the jumps are given by
[ulp == ulr, [un]r :=uny, [ue]r:=Ju—un]r. (5.1.2)

For the ease of presentation we will neglect the subscript F' if no misunderstandings are
possible.

For finite element methods it is a common strategy to define the elements, more precisely
their basis functions, on a reference element and map them onto so-called physical elements
in such a manner that globally a valid (finite element) function is achieved. In the following
we will denote the reference element by 7' and for a (possibly curved) physical element T'
a one-to-one transformation function

or T =T
e ) (5.1.3)
T Op(z) = x.
The Jacobian and Hessian of the transformation &7 are given by
Gr = Vor, Hr;:=V?®r;, i=1,...,d. (5.1.4)
Further, we define the Jacobi determinant Jp := det(Gr), measuring the volume defor-
mation, as well as Jr := |[cof (Gr)ir|2 = Jr||GF ir|2 and Jg := |Grig|2, where iy

and fg are the corresponding facet outer normal vector and normalized tangential edge
vector of the reference element. The transformation of these vectors is given by, compare
Figure 5.1,

1 R
npo®r=—G, np, tg o ®p = TGTL‘E. (5.1.5)
E
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5. Finite elements

The local mesh size can be defined by

ho®r :=|Gr|, hp = max h(zx). (5.1.6)

Depending on the shape of the elements a family of triangulations fulfills different regu-
larity assumptions.

Definition 5.3. A family of regular triangulations (7, )n>0 is called

e shape-regqular, if there exists c1,co > 0 independent of Ay such that the condition
number of G is bounded: ¢; < |Gr||||GL|| < ¢a for all T € T,.

e quasi-uniform, if there exist c¢1,co > 0 independent of h such that for all T' € T, :
ch < hr <cesh.

e uniform, if there exists a h > 0 such that for all x € Q : h(x) = h.

For a shape-regular triangulation the elements do not degenerate for h — 0, i.e., the
angles are strictly bounded away from 0 and 180 degrees. In a quasi-uniform triangulation
the elements have nearly the same size, whereas for a uniform mesh all elements are of the
same size. Throughout this thesis we will assume shape-regular triangulations, although in
most cases they will be quasi-uniform.

For a shape-regular triangulation there holds |Jr| ~ th and thus, the element and facet
mesh size can also be defined as

— |JT1| + |JT2’

1
hr := |Jr|4, hr T

for F =T, N1T5. (5.1.7)

Having a regular triangulation at hand we can give the definition of a finite element [30]
and a finite element space.

Definition 5.4 (Finite element). The triplet (7, V, ) is called a finite element if

1. the element domain 7' C R? is a bounded and closed set with non-empty interior and
piece-wise smooth boundary,

2. the space of shape functions V is finite dimensional,

3. the set of degrees of freedom (dofs) N' = {Ny,..., Ny} is a basis for V*, the dual
space of V.

Definition 5.5 (Finite element space). Let 73, = {T} be a regular triangulation of Q C R?
and each T is equipped with a finite element (T, V(T), N(T)). We call the space of shape
functions, where the dofs shared between elements coincide,

Viim fue [ VIT)|N(uls) = N(uls) YN € N(T) 0N (T))} (5.1.8)
TeT

a finite element space.
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5. Finite elements

5.2. Construction of (high-order) finite elements

We discuss the construction of (high-order) H'-, L?-, H(div)-, and H (curl)-conforming
finite elements, hybridization spaces, and further of the matrix valued H(divdiv) (Hellan—
Herrmann-Johnson) and H (curl curl) (Regge) elements including (homogeneous) essential
boundary conditions on I'p C 9€2. For all elements the corresponding spaces and dofs are
given for triangles and tetrahedral except the H(curl curl) elements, where a (new) basis is
explicitly constructed for triangles, quadrilaterals, tetrahedra, hexahedra, and prisms.

We note, that it is possible to construct all elements with variable polynomial order,
e.g., different orders for edges, faces and inner dofs. For the ease of presentation, however,
we will consider only elements with uniform order. Further, for the construction of global
elements the orientation of edges and faces is essential. We will not focus on this problem
by assuming that the orientations always fit and refer to [239] and therein references.

First, we give a brief overview of orthogonal polynomials.

5.2.1. Orthogonal polynomials

To construct hierarchical high-order finite element basis orthogonal polynomials play a
crucial rule. Besides the fast evaluation due to their three-term recursions and numerical
stability they lead to sparser matrices. For more details about orthogonal polynomials and
their application in (high-order) finite elements we refer to [1, 5, 441] and references therein.
We define the Legendre polynomials via Rodrigues’ formula

1 d* n
ln i [-1,1] = R, In(z) := St g (932 _ 1)

(5.2.1)

fulfilling the orthogonality property

1
2
where ¢;; denotes the Kronecker delta. The integrated Legendre polynomials are given for
x € [-1,1] by
L, :[-1,1] = R, L,(x):= / ln—1(s)ds, n>2, (5.2.3)
satisfying
1 1
/_1 Li(z)Li(x)dr =0, i# ], /_1 Li(x)Lj(x)dx =0, [i—j|>2. (5.2.4)

Further, the scaled Legendre polynomials and scaled integrated Legendre polynomials are
defined by

n, [T
15(x,y) = y"l, (y) , x € [~y,y], y € (0,1], (5.2.5)
Lg(x,y) =y"L, (Zj) , z€[-y,yl,ye (0,1, n>2 (5.2.6)
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5. Finite elements

and for «, 8 > —1 the (scaled) Jacobi polynomials iR [—1,1] = R by

(a,8) - (=" 1 " 1 22)" — (1 — 2)%1 — 2)P
PP () Sl () da” (w(z) (1—27)"), wx)=0-2)*1—-2)", (5.2.7)
P88 (g ) := Plesd) (g) y", x € [-y,y], y € (0,1], (5.2.8)
satisfying
1 a+B+1 ~ :
(0,8) () pled) 2 Pli+tat+ DI+ 6+1)
P P! - 2.
/_1”(@ e I Ll voraprny: oy s Farupery o R S G

where I'(+) denotes the Gamma function. With pioY (x) = l,(z) the Legendre polynomials
can be recovered. Note, that all these orthogonal polynomials can be efficiently evaluated
in terms of a three-term recursion, see [239].

The construction of an L?-orthogonal basis of order k on a triangle is based on the
Dubiner basis [95]

2i4+1,0 . .
PP L% [0,1] 5 R, Pi(a,y) =1 (2,1 — )PP 2y 1), i+j<k
(5.2.10)

Therefore, with the Duffy transformation from the quadrilateral [—1,1]? to the reference
triangle

D:[-1,1> =T
(€ o) = (J0+O0 - 5040

D77 — [-1,1)?

(MM A=\ (5.2.11b)
(z,y) = (&) = < W 72A3—1> = <)\1+A2,1—2(A1+A2)>,

(5.2.11a)

where \; := 1 —x —y, Ay := z, and A3 := y denote the barycentric coordinates of T,
compare Figure 5.8, we obtain that cpfj()\g —A1,A3), i+ 7 < k, build a basis of polynomial
order k on the reference triangle 7'.

Also in three dimensions the corresponding Dubiner basis combined with the Duffy trans-
formation from the hexahedron [—1,1]3 to the reference tetrahedron 7

A2 — A1 A3 — (A1 + o) >
s 1)y = ) a2)‘ -1 5
(&m,¢) <)\2+)\1 A1+ A2+ A3 4
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5. Finite elements

N gy

Figure 5.2.: Lowest order H'- and L2-conforming finite elements for triangle and tetrahe-
dron.

where A\ ;== 1—2x—y—2, Ao := 2, A3 := gy, and Ay := z denote the barycentric coordinates
of T, cf. Figure 5.11, lead to the following polynomial basis of T

901[7)]’31 : [0, 1]3 — R, 305]?31()\1, )\2, )\3) = ZZS()\Q — )\1, )\1 + )\Q)sziJrl’S()\g — )\1 — )\2, )\3 + )\1 + )\2)

X P21 -2\ + X2+ A3)), i+ji+n<k. (5.2.12)

If we restrict the Dubiner basis P to edges or faces the Legendre or 2D Dubiner

polynomials are recovered, which is useful to construct elements leading to valid lower

dimensional elements when restricted to faces or edges. Also the restriction of the 2D
Dubiner basis to edges leads to Legendre polynomials.

5.2.2. Finite element space for L.?> and H'

The Lagrangian finite elements use piece-wise (smooth) polynomials which are globally
continuous to obtain a H'-conforming finite element space, see Theorem 3.3, whereas dis-
continuous piece-wise polynomials are sufficient to discretize L?

Ur .= PHTy) N C(Q),
U;lf,o ={ueUf|lu=0o0nTp}
QF = PM(Th),. (5.2.14)

(5.2.13)

For a (high-order) construction of these finite elements we refer e.g., to [239, 58, 240]. The
dofs can be specified as follows in three dimensions:

5.1 Theorem. Let T}, be a triangulation of Q C R3 consisting of tetrahedra and
k > 0. If for a function u € U,’f holds
u(V) =0, for all Ve Vp, (5.2.15a)
/ wqd\ = for all g € P*"2(E) for all E € &, (5.2.15b)
E
/ uqds = for all g € P*73(F) for all F € Fy, (5.2.15¢)
F
/ uqdr = for all q € P*=4(T) for all T € Ty, (5.2.15d)
T
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5. Finite elements

TR R @

Figure 5.3.: Lowest order RT and BDM elements for triangle and tetrahedron.

then w = 0. If for a function u € Qﬁ with k > 0 holds
/ wqdr =0 for all g € PH(T}), (5.2.16)
T

then u = 0.

In two dimensions for a triangulation consisting of triangles the dofs (5.2.15a)—(5.2.15¢) are
used for u € U,’f, where £, and Fj, are replaced with Fj, and T}, respectively, compare
Figure 5.2.

5.2.3. Finite element space for H(div)

To construct H (div)-conforming elements we notice that normal jumps have to be zero, see
interface condition Theorem 3.3. Two different families have been proposed. The Raviart—
Thomas (RT) elements [184] consisting of polynomials of order k and special polynomials
of order k + 1 such that the range of the divergence operator is P*(77},)

RT" .= {u=a+bz|ac [P"(TH)]%be P(Th), [un]r = OVF € F1},

) ) (5.2.17)
RTy :={u e RT" |u, =0onT'p},

where PF* .= {p € P¥|p = 3" aabir .. -xf/d, S ky =k, Vi € {1,...,m}} denotes

the set of homogeneous polynomials of degree k. The class of Brezzi-Douglas—Marini

(BDM) elements [63] uses the full polynomial space, see also Figure 5.3,
BDM" := {u € [P*(T1)]?| [un]F = OVF € Fy},

. . (5.2.18)
BDMy :=={u € BDM"|u, =0onI'p}.

Note the relations for all £ > 1

div(RT* ') = div(BDM¥),
RT*' ¢ BDM"* ¢ RT* ¢ BDM**!,

i.e., the RT elements of order k approximate the divergence as good as BDM elements of
order k + 1 with less shape functions. Using the BDM elements, however, gives beneficial
L? approximations of a function. For more details of the properties and construction of
H (div)-conforming elements we refer to [53, 239, 145].

The dofs of RT and BDM elements can be characterized by the following result.
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5. Finite elements

5.2 Theorem. Let T} be a triangulation consisting of triangles or tetrahedra and
k> 0. If for a function u € RT* holds

/Funqu =0 for all g € P¥(F) for all F € Fp, (5.2.19a)

/Tu ~qdr =0 for all g € [P*=1(T))? for all T € T, (5.2.19b)
Then w = 0. If for a function v € BDMP¥ with k > 0 holds (5.2.19a) and

/Tu ~qdr =0 for all g € NF72(T) for all T € Ty, (5.2.20)

where N is the Nédélec space of first kind defined in (5.2.25), then u = 0.

When transforming an H (div)-conforming finite element from the reference to a physical
element the continuity of its normal component has to be preserved. Therefore, the so-
called Piola transformation is used.

5.3 Theorem (Piola transformation). Let ® : T — T be a diffeomorphic mapping
from the reference element T' to the physical element T. Let 6 € H(div,T). Then, the
Piola transformation defined by

0= Ppl6] == (J'G5) o ®7, (5.2.21)
with G the gradient of ®, G := V®, and J := det(G) has the following properties:
1. o is in the space H(div,T) with

divy(0) = (J 'divz(6)) o @71 (5.2.22)
2. Let furthermore F be a facet of the reference element and F = @(F) Then

/a-npds:/&-nﬁd& (5.2.23)
F B

5.2.4. Finite element space for H(curl)

Similar to H (div)-conforming elements Theorem 3.3 states that the tangential jumps have
to be zero for H(curl)-conforming elements. Again, two types of families exist called Nédélec
elements of first and second kind [161, 162]. In two dimensions the Nédélec elements can
be achieved by rotating the RT and BDM elements by 90 degrees, compare Figures 5.3 and
5.4. The local polynomial space for Nédélec elements of first kind is given by

NE(T) = [PHT)) @ {q € [PH4(T)) 2 - g = 0} (5.2.24)
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5. Finite elements

NS B B

Figure 5.4.: Lowest order Nédélec elements of first and second kind for triangle and tetra-
hedron.

and the finite element spaces in three dimensions by

NF={ue H NF(T) | uy continuous},
TET (5.2.25)

/\/}Ifo ={u e NF|u, =0 on I'p},

NF; o= {u € [P*(T1)]? | uy continuous},

A . (5.2.26)
Niro:={u €N |uy=0o0nTp}.

For the construction and properties of H (curl)-conforming elements we refer to [157,
239, 198]. The Nédélec elements are constructed such that the trace of a three-dimensional
element results in a valid 2D Nédélec element, see Figure 5.4. Thus, we state the dofs only
for three spatial dimensions. Note that the orthogonal space of a vector u € R? is defined
as

ut = {u}t = {v e R¥|v-u=0}. (5.2.27)

Further, we denote with [P*(F)]3 Nnf the space of tangential vector fields on the facet,
i.e., the space [P¥(Tiyg)]? on a triangle is mapped onto the facet.

5.4 Theorem. Let T, be a triangulation consisting of tetrahedra and k > 0. If for a
function u € N¥ holds

/ u-tpqd\=0 for all g € Pk(E) for all E € &y, (5.2.28a)

E

/ up - qds =0 for all g € [P*"Y(F)]? Nng for all F € Fp, (5.2.28b)
F

/ u-qdr =0 for all g € [P*=2(T)) for all T € T, (5.2.28c¢)
T

where tg denotes the tangential vector of the edge E, then uw = 0. If for a function
u € NF¥, with k > 0 (5.2.28a) holds and

/ ug-qds =0 for all ¢ € RT*(F) for all F € Fy, (5.2.29a)
F
/ u-qdr=0 for all ¢ € RT*3(T) for all T € T, (5.2.29b)
T
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5. Finite elements

where RT(F) and RT(T) denote the two-dimensional Raviart-Thomas space (5.2.17)
mapped onto the face and the 3D RT space on the element T, then u = 0.

To preserve the tangential continuity during transformation the so-called covariant trans-
formation is used.

5.5 Theorem (Covariant transformation). Let @ : T — T be a diffeomorphic
mapping from the reference element T to a physical element T. Let t € H(curl,T).
Then, the covariant transformation defined by

w:=G "hod7 (5.2.30)
where G denotes the gradient of ® and J = det(G), has the following properties:
1. Let T C R3. Then u is in H(curl, T) with
curl, (u) = Pg[curly(@)] = (J'G curlg(a)) o @71, (5.2.31)
where Pgl-] denotes the Piola transformation (5.2.21).
2. Let T C R2. Then u is in H(curl,T) with

curl, (u) = (J teurly (@) o @1 (5.2.32)

3. Let furthermore E be an edge with tangential vector t; of the reference element

A

and E = ®(E). Then

/U'tEdS:/ﬂ'tEdé. (5.2.33)
E E

Due to the factor J~!G the following identity holds in three spatial dimensions for u € V},,
V}, the Nédélec space of first or second kind, and W}, the RT or BDM space of appropriate
polynomial orders

div(curl(w)) = div(Po[curl(@)]) = %div(curl(ﬂ)) o1 =0, (5.2.34)

i.e., the exact sequence from the continuous level is inherited by the discrete one if the
H(div)- and H (curl)-conforming elements are chosen. This is reflected in the de Rham
complex in three dimensions:

' —Y s H(cwl) - H(div) —2s 12

U U U U

curl

Uh L) Vh — Wh L Qh
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5. Finite elements
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Figure 5.5.: Lowest order H (div div) elements for triangles, quadrilaterals, tetrahedra, hex-
ahedra, and prisms.

5.2.5. Finite element space for H(divdiv), Hellan—-Herrmann—Johnson
elements

Normal-normal continuous elements for solving fourth order plate problems are used as
part of the Hellan-Herrmann—Johnson (HHJ) method [114, 116, 127, 91]. In the context
of mixed problems for elasticity the function space H(divdiv) (3.1.21) has been closer
investigated and the same finite element space for triangles and tetrahedra has been used
in [211, 171].

For two-dimensional domains, triangular and quadrilateral elements have been intro-
duced, while for three-dimensional meshes tetrahedral, hexahedral and prismatric elements
have been developed so far, see [171, 172, 155].

For triangles and tetrahedral elements the space is given by
Sh o= {0 € [PY(TIG  [onlr = OVF € Fi}, (5.2.35)
220 ={oceXl|om=00nTp},

see also Figure 5.5.
To preserve the normal-normal continuity during the mapping from the reference to the
physical element the Piola transformation 5.2.21 is used twice, once from the left and right

1
god = ﬁGErGT. (5.2.36)

The dofs are given by:

5.6 Theorem. Let Ty a triangulation consisting of triangles or tetrahedra and k > 0.
If for a function o € EZ holds

/ Onngds =0 for all ¢ € P*(F) for all F € Fy, (5.2.37a)

F

/ o:qdx=0 for all q € [P*~1(T))4nd, (5.2.37b)
T

then o = 0.

Other H(divdiv) finite elements In [30, 81] an L?-H (divdiv) conforming finite element
space of (3.1.28) has been defined in two and three dimensions where besides the normal-
normal components also e.g., in 2D the vertices and 9;(t" on) + n'div(o) are degrees of
freedom.
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5. Finite elements

Figure 5.6.: Left: A non-flat surface consisting of piece-wise flat triangles. A flat and
non-flat vertex patch is considered. Middle: Flattening both vertex patches
preserving the angles leads that for the flat one the angles sum up to a = 27,
whereas for the other holds o < 27 — an angle deficit. Right: By assigning a
length to each edge a metric tensor is defined and is equivalent to the concept
of angle deficits.

For the arising H (div div) functions in [182] a Helmholtz decomposition is used such that
e.g., the fourth order plate problem splits into three second-order problems and thus, no
explicit finite elements for H(divdiv) are directly needed.

5.2.6. Finite element space for H(curlcurl), Regge elements

A geometric discretization of the Einstein field equations by the usage of a piece-wise con-
stant metric was derived by Tullio Regge in [190]. In theoretical and numerical physics
so-called Regge calculus got established and was applied e.g., in fields of relativity and
quantum mechanics. In [234] a comprehensive overview of the development of Regge cal-
culus over the last fifty years was given.

It was observed that Regge’s approach of angle deficits is equivalent to specify lengths
at all edges of a mesh [78, 77], analogously to the concept of Whitney-forms [233], see
Figure 5.6, giving Regge calculus an analytical perspective. In the context of finite element
exterior calculus (FEEC) [18, 16] a finite element structure has been developed [34, 85].
The resulting Regge finite elements have been extended to arbitrary polynomial order on
triangles and tetrahedra in [147].

In this section we present a different hierarchical arbitrary order basis for triangular and
tetrahedral Regge elements and a new (minimal) basis to construct Regge elements for
quadrilateral, hexahedral, and prisms (see Figure 5.7).

The finite element space for triangles in 2D and tetrahedra in three dimensions is given
by

Ry = {o ¢ [Pk(Th)]Zyi;‘f | o continuous},

L N (5.2.38)
Rho = {oc eR}|ow=00nTp},
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5. Finite elements

t

N E A
> e po

Figure 5.7.: Lowest order Regge elements for segments, triangles, quadrilaterals, tetrahedra,
hexahedra, and prisms. Every two-sided arrow <> corresponds to one degree
of freedom.

where oy := (I — P,)o(I — P,), P, = n®n, and will be adapted for the other ele-
ments. Note, that the interface condition is given by the tangential-tangential continuity.
Therefore, the Regge elements get transformed doubled covariantly, compare Theorem 5.5,

cod:=G T6G. (5.2.39)

Triangular elements: Every edge E = [e1, es] of a triangle can be parameterized by

Aes — ey

€l-1,1
o [-1,1]

{e =

and the outer normal vector is given by np = =V, = V(Ae, + A, ), see Figure 5.8.

(0,1),9
3
AM=1—-z— Y,
1 2= Ay =,
(0,0) (1,0) As = 0,

Figure 5.8.: Reference triangle.

We define functionals, the dofs, on the reference triangle 7" with the local space [P*(T))2x2

sym*

Therefore, let {qj ,} and {q;,} denote a polynomial basis of P*(E;) on the edge Ej |
i=1,2,3, and [P*1(T A)]QXQ on T, respectively. Then the functionals read

Vg, io H/ o qp,lp®lgds, (5.2.40a)
A’UH/Uq“ (5.2.40D)
Note that tz ® t . is single-valued, i.e., does not depend on the orientation of ¢ .
On triangular elements the dofs are associated with the edges (5.2.40a), analogously to
H (curl)-conforming elements, and inner bubbles (5.2.40b) for higher polynomial degree.

We now give an explicit basis for the corresponding shape functions {¢;} to (5.2.40a)—
(5.2.40D).
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5. Finite elements

5.7 Theorem. For the reference triangle T and k > 0 the following shape functions
build a basis of [P*(T)]2X2:

sym*

Edge functions: i € {1,2,3} E; = [e1, e2]
Lowest order edge functions:

PE;0 = _V)\el © V)\62> (5.2.41)

High order edge functions: form=1,...,k

@B = =15 Aey = Aoy Aoy + Aey) Ve, © Vey, (5.2.42)

Inner functions: forn4+m <k—1

OT1nm = Phm(A — A2, A3) A1 (VA2 @ V), (5.2.43a)

OT2pm = Phm(A — A2, A3)A2(VA3 @ VA1), (5.2.43b)

PT3 pm = 907?,7”()\1 — A2, A3)A3(V A1 © VAg). (5.2.43c¢)
Proof. The space [P*(T )]2%3 has a dimension of 3(k+ 1)(k +2). The lowest order edge
shape functions are linearly independent as (@g, o)ty ¢, = 0ij, where E; and tg, denotes

the i-th edge and corresponding tangent vector. Due to the use of the scaled Legendre
polynomials the higher order edge functions are also linearly independent. Further, there
holds ((,OTi’n,m)tEjt B = 0 for i,j = 1,2, 3 and thus, the inner shapes are independent of the
edge basis. The claim now follows together with the independence of A\;(VA; ® V) for
1 # j # k and counting all shape functions. O

The symbol ® denotes the symmetric dyadic product of two vectors a ©® b := sym(a ®b).
In the lowest order case, k = 0, the basis functions are explicitly given by

1 1 0o 1 0o -1
SOEl,O = <1 6) ) ‘~PE2,0 - <1 i) P SOE3,0 == <_1 O2> . (5244)
2 2 2

Segments: In one dimension on the reference segment the Regge elements coincide with
L?-conforming discontinuous finite elements.

1 2 A= (1-=z)
/\2 =T
Figure 5.9.: Reference segment.
Thus, a basis of polynomial order k is given by the Legendre polynomials, see Figure 5.9,

WY = l,;()\g — )\1), 1= O, ey k. (5.2.45)

Quadrilateral: An edge E = [e1, e2] of the quadrilateral pointing from e; to eg, cf. Fig-
ure 5.10 can be parameterized by

€p = 0e, — ¢, € [—1,1].
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5. Finite elements

The corresponding tangent vector, outer normal vector, and edge extension parameter,
which is one on F and zero on the opposite edge, are given by

1
TE = iv(Ueg - 061)7 ng = v()\el + )\62)7 /\E = )‘61 + )‘62 € [0’ 1]'

0,1,%  (L1)
43 M=(1-2)1-y), or=(1—-2)+(1—y),
Ay =z(1—y), oy =z +(1—-y),
1 2 x e — _
(0,0) (1,0) 3 = 1Y, 03 =T +Y,
)\4:(1_l’)y7 04:(1_1:)+y7

Figure 5.10.: Reference quadrilateral.
We propose a minimal basis for quadrilateral H(curlcurl) elements such that for an
element of order k the polynomial space [Pk(T)]gyanl is included. The trace of a quadrilateral
element should lead to a valid 1D segment element. This motivates to define the local space

on the reference quadrilateral T by the following tensor product ansatz

. k(7 ypk+1/ 7H! k(T \pk(T
vty = (PP PP ) (5.2.46)
sym PEL )P (1y)
where I, and fy denote the reference segment in x- and y-direction. 1D H'-conforming
elements are denoted by ig 1, whereas the others correspond to L?-conforming ones. This

yields in the lowest order case k = 0 five shape functions, four on the edges and one inner
bubble, cf. Figure 5.7,

1 0 1 0 0 0
(PELO:(l_y) <0 O)a ¢E2,0:y<0 O)’ ¢E3,0:(1_x) <0 1>7

_.(00 (0 1
PE4,0 = 0 1/’ Pr110,0 = % 0/

Note, that the corresponding functionals as in (5.2.40) can easily be specified. For the ease
of presentation, we specify the dofs only for triangles and tetrahedra explicitly.

(5.2.47)

5.8 Theorem. For the reference quadrilateral T and k > 0 the following shape func-
tions build a basis of V(T):

Edge functions: i € {1,2,3,4} E; = [e1, €3]

Lowest order edge functions:

‘PEi70 = )\Ez VTE»L @ VTEia (5248)

High order edge functions: form=1,...,k

Cun = n(E,) e, VTE, © Vg, (5.2.49)
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5. Finite elements

Inner functions:  := 0.5(c¢, — ¢, ), 7 := 0.5(0¢, — 0¢,), forn,m <k —1,

PTinm = ln+1(§) m+1(n)(v§ © V”) (5250&)
@12 = (Ol ()1 — €)(VE © VE), (5.2500)
@15 mm = lnr1(E)lm (1) (1 = 0*)(Vn © V). (5.2.50¢)

Proof. As A, + A¢, is one at the edge and zero at the opposite one the edge functions
(5.2.48)—(5.2.49) are linearly independent. The first class of inner shapes (5.2.50a) span
the off-diagonal entry of the matrix valued function, whereas the others are acting on the
diagonal. By noting that 1 — ¢2 = 2(1 — 2) and 1 — n? = y(1 — y) we deduce that the
other two types of inner bubbles are independent of the edge functions and by counting the
shape functions 4(k 4 1) + (k + 1) + 2k(k + 1) = 2(k + 2)(k + 1) + (k + 1)? = dim V,(T)
the claim follows. O

Tetrahedron: The edges can be parameterized as for triangles and for a face F' = [f1, fa, f3]

the outer normal vector is given by np = —V A, = VAp with Ap = Ay + Ap, + Ap, and A,
the opposite baricentric coordinate, compare Figure 5.11.

M=l—-z—-y—=z

)\221'
A3 =y
=2

Figure 5.11.: Reference tetrahedron.
On the reference tetrahedron 7' with the local space [P¥( A)]g’;n‘? we define {¢qp .}, {qz .},

and {g; ,} as the polynomial basis of PE(E;) on the edge E;, i =1,...,6, [PF1(F; D]ara N
fi: on the faces Fy, i = 1,...,4, and [P* (T )]253 on T, respectlvely Here [PE1(F, DIEEn
f is understood as a basis [P*~1(T; trig)]gyxn% mapped onto the face Fj. Additionally to the

edge and inner dofs (5.2.40a)—(5.2.40b) facet dofs are used to fully prescribe the finite
element

Vion a»—>/ O gty ®tgdA, (5.2.51a)
L UH/G qp, ds (5.2.51b)
n:UH/U:andm. (5.2.51c)

T )

If we restrict the tetrahedron H (curl curl) onto a facet it should coincide with a triangular
element mapped onto the surface. Thus, the basis is given as follows:

5.9 Theorem. For tfze reference tetrahedron T and k > 0 the following shape functions
build a basis of [Pk(T)]g’yXIE :
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5. Finite elements

Edge functions: i € {1,.
Lowest order edge functions:

..,6} Ei = [61,62]

SOFil,n,m
()OFZ.Q,n,m

QOFzg,n,m

PE;;jn ‘=

Facet functions: i =1,...

P16 nm,o ‘= Pnm,o

$E;0 = —V)\el ® V)\€2,

High order edge functions: form=1,...,k

13 (Nes = Aers Aes + Aey) Ve, © Vg,

74E: [fl,f27f3],f0’l"n+m§]€—1

= ‘sz),m()‘h — Afa )\fS))\fI (v)‘fz © V)‘f?,)7
= ComAf = A A )AL (VAR © VAg),
= ‘pv?,mO‘fl — Ao )‘fs))‘f?, (v)‘fl © V)\fQ)'

Inner functions: forn+m+o0<k—2

OTL im0 = P oA, A2, A3) A1 A2 (A3 © Ay),
P12 .m0 = 905,;%,0@17 A2, A3) A2 A3( Ay © A1),
s mo = P o(A1, A2, Ag)Asha (M © Aa),
BT mmo = P o(A1, A2, A3)AaA1 (A2 @ Ag),
OT5 om0 = P o(AL Az, A3) A1 A (A2 © Ag),

28 oA, A2, A3) A2 As (A1 © As).

Proof. As the Regge triangle basis is recycled for the edge and face shape functions we
immediately obtain that these are linearly independent. By construction the inner functions
are independent of the edge and face basis. Therefore, the claim follows by counting the

dimensions: 6(k+1) 4 6k(k+1) + (k- Dk(k+2) = (k+1)(k+2)(k+3) = dim V(T). O

Hexahedral: Similar to the quadrilaterals the edge F = [e1, e2] and face F' = [f1, fa, f3, f4]
can be parameterized by, see Figure 5.12,

£E = 0¢y — O¢y S [_]-7 ]-]7

and the edge extension parameter, which is zero on all parallel edges, face extension pa-

Er,nr) = (of —0p,0p —oyp,) € [—1,1] x [-1,1]

rameter, which is zero on the opposite face, and face normal vector are given by

AE = Aep + ey, AF:)\f1+)\f2+)\f3+)\f4, np = —VAp.
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5. Finite elements

Tooy  gOLY
1,01)
6 T(Lp,1)
(0,00 |4 (0.1,0)
(1,0,0) y
2 3 (1,1,0)

xT

Figure 5.12.: Reference
hexahedron.

M=1=-2z)1-y)(1-=2),
Az =z(1—y)(1—2),

Az =zy(l—2),

A= (1—2)y(l - 2),

As = (1—-2)(1-y)z,

)\6 = :L’(l - y)Z,
A7 = xyz,
)\8 = (1 - x)y'Z?

or=0-2)+1-y)+1-2)
oco=z+(1—y)+(1-2)
os=x+y+(1-2)
o1=(1—2)+y+(1-2)

o5 =(1—2)+(1—y)+2
os=x+(1—y)+=z
or=x+y+=z
og=(1-z)+y+=

For the construction of hexahedral elements we use a tensor product ansatz as for quadri-

lateral elements

V(T) :=

PRIy PEH (LI PR (TH

sym

PE(L)PR(L,)PHHY(TH)
PRI YPE(L)yPHY(TH)

(5.2.56)
PRI PEH (I YPR(LL)
PRA(IYPR(I,)PR(L,)
pk—s—l(jglcﬁll )pkz-i—l (fyHl)pk(jz)

The shape functions are chosen such that the restriction on a face delivers a valid H (curl curl)

quadrilateral element.

5.10 Theorem. For theA reference hexahedron T and k > 0 the following shape func-
tions build a basis of V(T):
Edge functions: i € {1,...,12} E; = [e1, e2]
Lowest order edge functions:
‘PEZ',O = )\Ez VTE»L @ VTEZ'7 (5257)
High order edge functions: form=1,... )k
PEm = () g, VTE, © VTR, (5.2.58)
Face functions: i € {1,...,6} F; = [f1, fa, f3, fa], forn,m <k —1,
PFEL nm = 0.25 Ap, ln+1(E7) lm+1(nE) (VER, © VE,), (5.2.59a)
QDFf,n,m =025 )‘Fi lnt1 (ng)lm(an)(l - U%i)(VUFi © VTZFi)‘ (5'2‘59C)
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5. Finite elements

Inner functions: £ := 0c, — 0¢,, 1 '= O¢y, — Oy, ( 1= Ocy — O¢,, for m,n,o <k,
1m0 = ln-1(E)ln(Ml(O)(1 = £2)(Vn © V), (5.2.60a)
12 mmo = bm(€)ln—1(M)16(¢) (1 = 7*)(VE © V), (5.2.60b)
OT3 0 = Im (&)l (Mlo-1(¢)(1 — ¢*)(VE® V), (5.2.60c)
T4 mmo = bm(E)ln—1(M)lo-1(¢)(1 = 1) (1 = ¢*)(VE © VE), (5.2.60d)
P15 mmo = ln-1(E)ln(Mlo-1(O) (1 = €3)(1 = ¢*)(Vn © Vi), (5.2.60¢)
P16 mmo = bm—1(E)ln-1(Ml(¢)(1 = €)(1 = *)(V¢ © VQ). (5.2.60f)

Proof. As the quadrilateral basis is used for the faces the independence of edge and face
shape functions follows immediately. The inner shapes are constructed such that the are
linearly independent of edge and face basis. Thus, by counting the shape functions 12(k +
D+6((k+1)2+2k(k+1))+3(k(k+1)2+k*(k+1)) = 3(k+2)%(k+1)+3(k+1)*(k+2) =
dim V(T") we conclude the proof. O

Prism: The two triangular and three quadrilateral faces can be parametrized as done
before, defining e.g., o; accordingly. The normal vector of a triangular F' = [f1, fa, f3] and
quadrilateral F' = [f1, fo, f3, fa] face is given by

1

F=—Vug, AP =Ap T Ap T A+ Apy, np = §V>‘F'

“Joony g OLY M=1—-x—y, pp=1-—z
(1,0,1)

5 )‘2 =z, H2 = 1—-=2
(0,000 |5 (0,1,0) A3 =, pz=1—2z

(1’0’2) Y AM=1—-z—y, pa =z

’ As =z, ps =z

A6 =Y, He = 2

Figure 5.13.: Reference prism.

The prismatic reference element is a bit more involved than the tetrahedron or hexahedral
element due to the “mixture” of triangle and quadrilateral faces and the resulting different
handling between z,y and z direction. The prismatic element can be represented by a
tensor product of the 2D reference triangle in the z,y plane and a segment in z-direction
T = ngmy X I Note that some segments correspond to 1D H'-conforming elements
(denoted by I zH ), whereas others to L?-conforming ones. The local polynomial space is
given by

R Pk(Ttrig,m,y)PkH(jfl) Pk(@rig,m,y)PkH@fi) (le(jitrig,r,y))rpk(liz)
V(T) = Pk<Ttrig,ﬂc,y)PkH(I£I ) (le(ﬂ{ig,x,y))ypk(AIZ) )
sym PkH(Ttrig,w,y)Pk(Iz)
(5.2.61)
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5. Finite elements

where the two-dimensional Nédélec space of first kind in the x,y component N [k(Ttrig,x,y)y
i.e, on ng,m’y of the tensor product, appears in the last column in the first two rows. The
upper-left 2 x 2 submatrix of V(T) is constructed by the product of the Regge triangle and
segment, V(T trig,z,y) X V(.f .), the lower-right component by a product of H!-conforming
triangle element with a Regge (or equivalently L2-conforming) segment element, and the
z-z and z-y components (and due to symmetry also the z-z and y-z components) by a
product of a Nédélec triangular element of first kind with a L?-conforming segment.

The shape functions have to be constructed such that the restriction on a triangle or
quadrilateral face delivers a valid H (curl curl) triangle or quadrilateral element, respectively.
E.g., in the lowest order case we obtain twelve shape functions, nine for the edges and three
for the quadrilateral faces, which is the correct number for obtaining valid traces. Motivated
by this and the tensor-product ansatz the basis is given by (the Nédélec triangular basis
for the inner bubbles is taken from [239]):

5.11 Theorem. For the reference prism T and k > 0 the following shape functions
build a basis of V(T):

Edge functions:

Lowest order edge functions: Horizontal edges: i € {1,...,6} E; = [e1, ea]

PpH = —Hey VAey © Vey, (5.2.62)
Vertical edges: i € {1,...,3} E; = [e1, €3]
QOEZ,V = )‘61 Ve @ Ve, (5'2'63)

High order edge functions: form=1,...,k
Horizontal edges: i € {1,...,6} E; = [e1, e2]

Cpi = =l (0cy — e ey VAe, © Vey, (5.2.64)

Vertical edges: i € {1,...,3} E; = [e1, ea]
PEYV ‘= ln(ﬂ@ — ey )Aey Vite, @ Videy (5-2-65)

Face functions:
Triangular face, i € {1,2} F; = [f1, fo, f3] forn+m <k—1

PFElnm = Her (Pr?,m()‘fz = Afs )‘f3))‘f1 (V)‘f2 ® V)‘]03)a (5.2.66a)
PF2nm = Her wﬁm()‘fz —Ams )‘fg))‘fz (V)‘fs ® V>‘f1)a (5.2.66b)
PE3 m = Her P (Mo = Afis A )A s (VA © VAR), (5.2.66¢)

Quadrilateral face, i € {1,2,3} F; = [f1, fa, f3, fa] with horizontal edge [f1, f5], f5 =

fo ipp =p
DR W= 05, VAR — A VAR), €= Apmes = Mgy, €= prpmes — pify
fa else
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5. Finite elements

forn,m <k
LPFil,n,m = ln(ﬁ)lm(C)w © vﬂela (52673)
PF2nm "= Apmax A gy ln—1(E)lm (C)(Vie, © Vie,), (5.2.67b)
PFE3nm = Hfmaxflf ln(f)lm_l(C)(V)\fmax © V)‘fl)v (5.2.67c)

Inner functions: { := uqg — p1, n,m,0 >0

n+m<k—1,o0<k-—1:

O mmo = Phm(A2 = A, A3)lo(Op1pad1 VA2 © Vg, (5.2.68a)
OT2 om0 = Phm(A2 — A1, A3)lo(Op11ara VA3 © VA, (5.2.68b)
PT3 im0 i= %?,m()a — AL A3) ()1 1aA3 VAL © Vg, (5.2.68c)
n+m<k—-—20<k:

OTt o = Pom (A2 = AL, A3)lo(O)MA2AVE © VI, (5.2.68d)
O15 om0 = V(Phm(A2 — A1, A3) A1 d2As) © VC, (5.2.68¢)
n+m<k—10<k:

O16 mo = lo(Q) Pk m(A2 — AL, A5)A1 (M1 VA2 — A2 VA1) @ V¢, (5.2.68f)
P17 im0 = lo(Oln(A3 — A2)A3(A1 VA2 — A2V A1) © V(. (5.2.68g)

Proof. As in the previous proofs it can be easily shown that all shape functions are linearly
independent. Thus, counting 9(k-+1)+3k(k+1)+3((k+1)*+2k(k+1))+ 3k(k+1)k+5(k—
Dk(k+1)+(k+1)k(k+1) = %(kz—kl)(k+2)(k+2)+%(k—|—2)(k—|—3)(k+1)+(k+1)(k+3)(k:+1) =
dim V(T) concludes the proof. O

Note, that the horizontal edge of the quadrilateral faces has to be chosen carefully depend-
ing on the orientation/rotation of the prism explaining the usage of f* and f™* (see [239]
and references therein for a detailed discussion).

In the lowest order case, k = 0, the Nédélec elements of first kind have to be used as part
of the tensor product ansatz (5.2.61) to guarantee that the restriction on a quadrilateral
facet delivers a valid 2D Regge element. For higher order, k& > 1, it is also possible to
use the Nédélec familiy of second kind, i.e., N: IkI instead of N; Ik, which has less inner dofs
(compared to the type one triangular elements with same amount of edge dofs) enabling
two types of Regge prism elements.

Similarity to H(divdiv) elements: In two dimensions, analogically to H (curl) and H (div)

elements, the rotated triangular and quadrilateral H(div div) elements lead to valid H (curl curl)

elements. In [80] e.g., this fact is used to construct a triangular finite element for (3.1.29).
Additional bubbles and different construction based on de’Rham complex: For the

quadrilateral and thus, hexahedral and prism we presented the minimal possible local
space such that a (L2-) convergence rate of k + 1 for element order k is given as the
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5. Finite elements

-

Figure 5.14.: Lowest order facet space for triangle and tetrahedron.

polynomial space [Pk(T)]g;rg is included. One may add additional internal bubbles to

improve properties of these elements, especially if non-structured and thus curved or ill-
shaped meshes are considered. These bubbles might be motivated by the following (exact)
sequence similar to the de’Rham complex in two dimensions (for three dimensions see e.g.,
[85, 113])

sym T
[H1]4 BRI H(curl curl) cur cwrl 72

Further, the used face and inner bubbles can also be (consistently!) constructed in terms of

the complex, entailing possible advantages, compare e.g., the de’Rham based construction
of H', H(curl), and H(div) elements in [239].

5.2.7. Finite element spaces for hybridization

For some techniques as Hybrid Discontinuous Galerkin (HDG) methods [53, 90, 12] or
hybridization (enabling static condensation yielding symmetric positive definite systems
for some classes of mixed problems) it is useful/essential to break the continuity condition
of finite elements and reinforce it in weak sense. Therefore, so-called hybridization or
facet spaces have to be used. When breaking the normal continuity of H (div)-conforming
elements th the corresponding facet space for hybridization is given by, I'y := 0Q\I'p,

L} = PH(Fn),

5.2.69
Ei}ozz{aeﬁﬁa:OonFN}, ( )

i.e., piece-wise polynomials on the skeleton F}, see Figure 5.14. Reordering the facet terms
of the equation

> / up, - méay, ds = 0 for all day, € L} (5.2.70)
TeT or

for a discontinuous (dc) function in the RT or BDM space uy, € th’dc yields

0= Z /(uh]Tl—uh\Tz)-nEéahds+ Z /Fuh-néahds: Z /F[[uhm]]dahds,

FeFim’E FeFtrinry, FEF),
(5.2.71)

where F }ft and F End denote all interior and boundary facets, respectively. Thus, the normal
continuity [u,] = 0 and homogeneous Dirichlet boundary uj , = 0 on I'p are forced. Note
that the essential boundary changes from I'p to I'y.
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5. Finite elements

For the H(divdiv) elements we follow [211] by equipping the facet space £§ with the
normal vector npg, see Definition 5.2, such that its functions are facet-wise two-valued
differing only in the sign. More precisely, by defining this space as the normal-facet space
Fﬁ we have for ay, € Fz that Qhnp, = ~Qhnrg, . Thus, a normal-normal continuous function

with zero normal-normal trace on I'p of a function o € M;fC]g can be achieved by the
equation

0= ah nn 00, ds = O'h wnl dau, ds for all day, € TF 5.2.72
Z h,0-

TeTh Fery,

If an hierarchical basis is used for the H (div)-conforming elements the facet shape functions
can directly be used for the hybridization space. Thus we may set

k facet,k
If = BDM*"",

5.2.73
I o = BDM . (5:2.73)

5.3. Finite elements for dual spaces

For all finite elements we presented the dofs {W;}, which span the dual space. The shape
functions {¢;} for a hierarchical basis, however, are in general not bi-orthogonal to the
functionals, i.e, W;(y;) # d;;. In this section we discuss how a projection operator based
on the functionals and the corresponding dual shape functions can be constructed to inter-
polate arbitrary (sufficiently smooth) functions into the finite element space. This enables
also the usage of finite elements for dual spaces directly involved in variational formula-
tions. Further, we present an adaption to obtain a geometry-free procedure. We will apply
this framework to the H!'-conforming, H (div)-conforming BDM, and Regge elements. The
other elements follow the same ideas. Further, we will restrict ourselves to tetrahedral
elements, but stress that the concept can directly be adapted to other primitives provided
the shape functions and functionals.

H' dual space With the functionals (5.2.15) for a fixed polynomial degree k > 0 denoted
by {\IJV}Z 1 {\IJE}Z 1 {\IJF}Z 1 {\IJT}N or all together as {\IJ }N and a hierarchical basis
of shape functions {c,oz}Z L= {pY } LU {pF } 2 U {pf } T U {pf } 1 the interpolation
operator reads

8. cY(Q) — U,
Ny
U Z QG Pi, (5.3.1)
=0

where the coefficients «; are obtained by the following consideration: Let uj, = I,’f(u) be
the interpolation of a given function u. Then, wuy is the solution of the following system of

49



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

5. Finite elements

Figure 5.15.: Sparsity pattern of H' dual mass matrix MP” (a) Sparsity pattern of six

equations

up(V) = u(V)

Z /uhqu/\: Z /qud/\,
Ee&y, E Ee&y E

> [wnards= 3 [ uards
FeF, ' F FeF, ' B

> [wnards= 3 [ uards
TeT T TeT L T

triangles with order three elements. (b) Sparsity pattern of twelve tetrahedra
with order four elements.

(5.3.2)

for all vertices V' € Vy,, q¢ € P*72(&}), qr € PF3(F}), and ¢r € PF=4(T},). In matrix
form we obtain the linear equation

MP (a;)

MP =

(5.3.3)

with (a;) denoting the corresponding coefficient vector of uy and (MP,);; = ¥V (go}/),

(MPD)i; = \I/Y(%E), (fv)i = ¥Y(u) and analogously for the other components. There
holds by construction, see e.g., [239] for an explicit construction of a hierarchical basis,
U (eF) = 0/ (el) = W (¢]) = 0, UF () = UF(p]) = 0, and ¥f(¢]) = 0 and thus,
eg., M gT = 0, resulting in a lower block triangular dual mass matrix, see Figure 5.15.
This structure can be exploited for inverting M efficiently. Note that the matrix is not
symmetric, as in general e.g., \IJ;r(gof) #0.

We mention that the interpolation operator is often defined/characterized element-wise
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5. Finite elements

by the equations
uw(V) = Zru(V), for all V(T),

/(u—Ihu)qd)\zo, for all ¢ € P*"2(E), E C &(T),
E

s (5.3.4)
/(u—Ihu)qu:O, for all ¢ € P*°(F),F C F(T),
F

/(u —Thu)qgdx =0, forall g€ Pk_4(T)-
T

By transforming the dual shape basis in the correct way it is possible to obtain a
geometry-free matrix, i.e., all element-matrices coincide. To be more precise, with the
following transformations for the dual shape basis

1 1 1
d=—g d=—g d=—g 5.3.5
4dE © Jg qE, qF © Jr qr, qr © Jr qr, ( )

we obtain with a change of variables
[Faain= [ Fad [ Fads= [ Fads [ Tardo= [ Maras
E E F E T T

Therefore, we only need to compute (all permutations of) one element and fill the dual
mass matrix MP or use the information for a matrix-free algorithm.

H(div) BDM dual space: The dual space for BDM elements follows the same ideas. Note,
however, that the inner dual shapes (5.2.20) are more involved because the Nédélec space
of first kind N7 is used. By using an appropriate (hierarchical) basis for BDM elements,
ie., UF (gof) = 0, a lower block triangular matrix is obtained. To be independent of the
geometry the dual basis has to be transformed by

qro® = gp, qro® =G gr. (5.3.6)

There holds with (5.1.5)

1 J
/ YF-nqrds = / JF <G¢F> : (TGTT?@F> ds = / PF - NgF ds,
F ja Jr Jr P

/wT'Qde—[¢T'dei,
T T

i.e., the covariant transformation for H (curl)-conforming elements is used motivating the
choice of N7 as dof.

H(curl curl) dual space: For a detailed construction in two dimensions we refer to [165].
There holds by our hierarchical construction from Section 5.2.6 ¥ (gof ) = Wk (gof) =0
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5. Finite elements

and \I/f (cp]T) = (0 and thus, we again obtain a lower block triangular dual mass matrix.
The corresponding transformation rules for the dual basis are given by

) 1. 1 .
qp o ® = Jrig, qgro®:= —GqrG', qro® := —GqrG', (5.3.7)
JF JT

which yields, involving (5.1.5),

/cpE:th®td)\:/ JEG—T¢EG—1:‘JE(Gf)@(GE)dX:/ op Gt @ Ld,
E B JE E

1
/Lpp:quSZ/ JFGT¢FG1:GqFGTd§=/¢F:qu§,
F P Jr P

1
/goT:qux:/JTG_TngG_l : G(}TGTdﬁc:/gaT:qufc.
T T Jr T

Other dual spaces: The Nédélec space of second kind involves the RT space for faces and
inner dofs in three dimensions (and only inner dofs in 2D). The Piola transformation is
used for the H(curl) dual shapes to obtain a matrix-free discretization. H(divdiv) dual
space elements are straight forward following the construction of the dual shape basis of
H (curl curl) together with the appropriate transformations.

5.4. Discretization of TDNNS method

After the finite element spaces have been introduced we can describe the discretized tan-

gential displacement and tangential-tangential stress continuous (TDNNS) method of Sec-

tion 4.3. Therefore, the normal-normal continuous H (divdiv) space M}, (5.2.35) for the

stress and the H (curl)-conforming tangential continuous Nédélec space of second kind V},

(5.2.26) for the displacement field are used. Note that the essential boundary conditions

for up, € V3, and o), € M}, are the Dirichlet and Neumann boundary, respectively.
Following (4.3.1) the problem reads:

5.12 Problem. For given external forces f and g and Dirichlet data up find stress and
displacement fields (op,up) € M,’f X th such that (op)nn = gn on U, (up): = (up)t
on T'p and for all (dop, dup) € M}’f’o X th,o

/ C oy, : doy, do + (div(den), un)T, = / (up)n (OR)nn ds, (5.4.1a)
Q I'p
(div(oy), oun )T, = —/ f - ouy dx —/ gt - (dup)¢ ds.
Q 'y
(5.4.1b)

The corresponding Lagrangian is given by

1
L(up, o) :=—= | Cloy:opde — (up,div(op))T, — W;PNNS — min max , (5.4.2)
2 Jq up€VE ope M}
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5. Finite elements

with the work of external forces
Wg(PNNS = / fupdx —|—/ gt (up)pds — / (up)n (O R)nn- (5.4.3)
Q 'y I'p

The duality pairing (-, -)7, is defined in the sense of distributions as neither the divergence
of the stress o, nor the gradient of the displacement field uy, is globally a regular function
[171]

(div(on) u)r, = Y ( /

div(ey,) - up dx — / (oh)nt - (up)e ds)

TeET T or
= —Tgh (/Tah : Vuy, dr — /aT(U'h)nn(uh)n dS) = —(e(un), on)T),-

(5.4.4)

Note, that in the boundary integrals in (5.4.4) always one variable is continuous whereas
the other jumps over elements. Therefore, the boundary terms are well-defined in the sense
of distributions.

After discretization, the above saddle point problem leads to a linear system of equations
with an indefinite system matrix of the form

(g %T) <Z> =5 (5.4.5)

where o, u, and f represent the coefficient vectors of the finite elements o and uj, and
the right-hand side f, respectively. The displacement u can be interpreted as Lagrange
multiplier enforcing the force balance equation —div(e) = f.

Nevertheless, a positive definite system matrix can be regained using hybridization tech-
niques. Therefore, the normal-normal continuity of the stresses is broken, such that the
normal-normal component of o;, may be discontinuous across interfaces and does not nec-
essarily satisfy the boundary conditions on I'y anymore. To reinforce the lost continuity
and boundary conditions a Lagrange multiplier oy, is introduced. The discontinuous stress
space is denoted by M ,‘SC. More precisely, let oy, € T'j, from the hybridization space (5.2.73).
Further, oy, has to satisfy the essential boundary conditions on I'p. Then the hybridized
TDNNS problem reads:

5.13 Problem. For given external forces f and g and Dirichlet data up find stress,
displacement, and hybridization fields (o p, up, ap) € Msc’k x VEXTE such that (o), =
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5. Finite elements

(up)n, (up)t = (up)y on Tp and for all (dop, dup, day) € Mde

- > / w00 ) nnds =0, (5.4.6a)

x ViEy x TR,

/C Yoy b0y da + (div(dep,), up) T

TeTh
(div(op), dun)T), = F(Sup),
(5.4.6b)
— Z 5ah O'h nnd = G((Sah),
TeT), 70T
(5.4.6¢)
with F(0up) = — [, f - dudx — fF gt - (Oup)¢ds and G(day,) := _fr gn(0aup)p ds.

The Lagrangian changes to

L(up, oh, ap) :_/(: o opdr — (up, div(oy))T,

+ g / 1) nn(ap)n ds — WIDNNSE o min  min - max , (5.4.7)
TeT) uhev}f O{hEF}fL g-heM}CllC’k

and the work of external forces
W;?NNSh /Q f -up dx + / (gt : (uh)t + gn (ah)n) ds. (5'4'8)
I'n

As described in Section 5.2.7, oy, enforces in equation (5.4.6¢) the normal-normal continu-
ity of o, and the boundary condition. Combining the surface terms in (5.4.6a) one observes
that the Lagrange multiplier oy, has the physical meaning of the normal component of the
displacement

[ (= (@) Gorn)onds. (5.49)
oT

As for o}, and «aj, the same polynomial order is used, the hybridized system (5.4.6) is
equivalent to the original one (5.4.1).

However, the discontinuous stress o, in (5.4.7) does not have any coupling dofs and thus,
one can use static condensation to eliminate it at element level, reducing the number of
total dofs drastically for the final system, and making it therefore symmetric and positive

definite (spd) again
A BN\~ ) _ (o
(B 0) (“) (f)
[e] - (5.4.10)

o=-A"'B" <Z> , —BA'BT (Z) = f.
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5. Finite elements

From the first equation o can be explicitly expressed in terms of w and «. This identity
is inserted into the second equation leading to the Schur-complement matrix —BA~'BT.
Note that A is a block diagonal matrix and thus cheap to invert.

After the linear TDNNS method has been introduced we are in the position to extend it
to the large deformation (and thus nonlinear) regime.
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6. Nonlinear elasticity

For the ease of presentation we will assume throughout this chapter that homogeneous
Dirichlet data up = 0 are prescribed on the whole boundary I'p = 01, if not stated
otherwise. Further, the subscript A is neglected for the finite element functions for a more
compact notation. We strongly emphasis that all methods can easily be adopted including
non-homogeneous Dirichlet data and mixed boundary conditions. For the hyperelastic
potential ¥ we require that it is objective. Throughout this section we denote the finite
element spaces (5.2.13), (5.2.14), (5.2.26), (5.2.35), (5.2.38), and (5.2.73) by Uy, Qn, V4,
My, Ry, and I'y,, respectively.

We will start by summarizing mixed formulations available for nonlinear elasticity. Then,
we will propose extensions of the linear TDNNS method for compressible and (nearly)
incompressible materials.

6.1. State of the art

In analogy to the linear case we briefly summarize some extensions and new (mixed) meth-
ods from linear to finite elasticity.

Standard method: For the standard discretization the Lagrangian elements [U,’f]d are
taken. Together with the notation FF = I + Vu, C = F'F, and & = 20c¥(C) we
obtain:

6.1 Problem. Find u € [U,’;O]d such that for all ou € [U,’;O]d

/ FY :Viudxr = / f-oudx. (6.1.1)
Q Q

The corresponding minimization problem is given by

W(u) = /Q\II(F(U)) — f-udxr — min (6.1.2)

ue[Uk]4

and one can directly use e.g., Newton’s method to solve the nonlinear equation. To improve
the convergence behavior mostly loadsteps are considered by starting with the zero solution
and then increasing the right-hand side.

The problems discussed in Section 4.1 are inherited from the linear method. This mo-
tivates to extend mixed methods and their beneficial properties compared to the primal
formulation to the geometric nonlinear case and nonlinear material laws.
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6. Nonlinear elasticity

Mixed, enhanced assumed strain, and HDG methods: A mixed three-field formulation
including finite-deformation elasto-plasticity has been proposed in [208].

The enhanced strain method from [210] has been extended to nonlinear elasticity [209,
205]. A non-linear mixed-enhanced method with independent deformation gradient and
first Piola—Kirchhoff stress was proposed and generalized to large deformation in [129, 130].
Recently, methods based on polyconvex strain energy-functionals, where the deformation
gradient F', cofactor matrix cof (F'), and determinant J are treated separately in the context
of mixed and enhanced assumed strain methods, have been introduced, see e.g., [176, 201,
54, 55].

A reduced-integration stabilized brick element for large deformations has been introduced
in [189]. Therein, the stabilization technique is based on the enhanced strain method. A
different brick solid-shell element based on reduced integration and hourglass stabilizations
has been proposed in [187]. Lowest-order locking-free hybrid discontinuous Galerkin el-
ements for finite elasticity have been recently developed in [237, 43]. This approach was
shown in [188] to be equivalent to hourglass stabilization and reduced integration. An HDG
method for thick and thin nonlinear elastic structures has been proposed in [223].

In [6] the compatible-strain mixed finite element method (CSMFEMs) for two-dimensional
compressible finite elasticity problems has been proposed. This method falls in the class
of three-field formulations and has also been generalized to three dimensions and incom-
pressible elasticity in [203, 204]. Based on a Hilbert complex of nonlinear elasticity [7] the
displacement u is chosen to be discretized with H!(f2)-conforming elements, its gradient
K = Vu by Nédélec and the first Piola—Kirchhoff stress tensor by Raviart—-Thomas ele-
ments. In the incompressible setting the L?(Q)-conforming space is taken for the pressure

p.

6.2. Nonlinear TDNNS for compressible materials

For nonlinear material laws the TDNNS methods (5.4.2) and (5.4.7) cannot be directly
applied in general. The gradient of the displacement field is a distribution rather than a L?
function due to the weaker tangential continuity of w. Therefore, multiplication is not well-
defined, which is, however, essential for nonlinear material laws. An updated Lagrangian
scheme has been recently proposed and discussed in [175] to enable these sort of materials
avoiding multiplication of distributions.

We will use the Hu—Washizu principle, see Section 4.4, introducing an additional un-
known leading to a three- or five-field formulation based on [163]. We will propose three
different approaches leading to valid methods. In the first one we lift the distributional
gradient Vu+ I to the deformation gradient F' as a new unknown, which is again a square-
integrable function. The second approach uses that for objective materials Theorem 2.2
guarantees that the energy potential ¥ depends on the Cauchy—Green strain tensor C
taking it as an additional field. The third method combines the first two ideas by first
introducing a lifting to an independent F' followed by a projection to a new C, i.e., a
five-field formulation is used.

Throughout this section, we will use the notations F(u) := I +Vu, C(u) := F(u)" F(u),
and F(u) := 0.5(C(u) — I) indicating the dependence on the displacement, whereas F', C,
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6. Nonlinear elasticity

and E denote fields independent of u. Further, for simplicity, we assume a triangulation
T1 consisting of triangles in 2D and tetrahedra in three dimensions, compare Remark 6.7.

6.2.1. Lifting to F

We start by defining the following constrained minimization problem for a continuous
displacement field @ € [UF]4

/ U(F)— f-udr— min . (6.2.1)
Q uE[Uk]d

The corresponding Lagrange functional is given by
L(u, F,P) = / VU(F)—f-udx— / (F—1—-Va): Pdx. (6.2.2)
Q Q
By computing the first variation in direction § F'

/aF\I: 6F — P :6F dx =0 (6.2.3)

we observe that the Lagrange multiplier P is given by the first Piola—Kirchhoff stress ten-
sor. For tangential-continuous displacement functions u € V}, however, the last integral
in (6.2.2) is not well-defined, as Vu does not exist globally in the sense of L2-functions.
For normal-normal continuous non-symmetric P the integral can be interpreted as a dis-
tribution suited for TDNNS elements. We combine the HHJ stress space M} (5.2.35) with
the discontinuous space QF (5.2.14) to M x [QF]%*¢ for the first Piola Klrchhoff stress

skw
tensor and similar, with the discontinuous Regge space (5.2.38), R de [Qh]gkxvf for the
deformation gradient F' leading to the first nonlinear TDNNS method

6.2 Problem. Find a solution (u, F, P) € th,o x [R;, RUCH x [QF)2X4] % [MF x [QF19xd],
for the optimization problem

EF(u,F,P) %minmgxm}n, (6.2.4)

u

with £ (u, F, P) := / U(F)— f-udx+ (Vu,P)r, — / (F—1I):Pdzx, (62.5)
Q Q

where (-, )7, defined as in (5.4.4).

Due to the lifting to a square-integrable F' and the avoidance of the inversion of material
laws the three-field formulation (6.2.4) can handle all kind of nonlinear materials. As we
use discontinuous elements for the additional deformation gradient F', it can be eliminated
on element level for each linearized sub-problem arising during Newton’s method, making
the method competitive. To be more precise: Let A denote the stiffness matrix stemming
from linearizing ¥(F') and B, C are the linearizations of [(F —1I): P dz and (Vu, P)T,.

58



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thek,

°
lio
nowledge

b

o
i
r

M YOU

6. Nonlinear elasticity

The resulting system then reads

A 0 BT\ [(F 0
00 CT)fu]l=1{/].
B C 0 P 0

where F', u, P, and f are the corresponding coefficient vectors. Using the first equation
we can eliminate F' by P and insert the resulting expression in the third equation:
AF+B'P=0=F=—-A"'B'P,
BF +Cu=0= -BA'B'P+Cu=0.

Therefore, we obtain a system of equations involving only P and u

(e D)0

Note, that A is block-diagonal and thus cheap to invert.

Additionally, we can apply hybridization techniques to eliminate P. Therefore, as in the
linear case, o € F’fb is added and the first Piola—Kirchhoff stress is then assumed piece-wise
smooth but discontinuous, leading to:

skw

6.3 Problem. Find a solution (u,F,P,a) € V¥ x [RICF x [QE12Xd) s (M x
[Qf’l]dXd] X Fﬁ,o for the optimization problem

skw
LF (u, F, P, a) — min min max min, (6.2.6)
v o P F
with Lf (u, F, P,a) := L (u, F, P) + Z / P,,a, ds. (6.2.7)
TeT or

6.4 Remark. After the elimination of the discontinuous fields F' and P, a symmetric
minimization problem in the displacement u and hybridization variable « is obtained, com-
parable to the linear case.

We emphasize that the identity matriz I can exactly be represented by the discontinuous
elements used for F'. Therefore, one can also use K := F — I = Vu as independent field
instead of F'.

Gradient splitting: It is possible to further simplify Problem 6.3 by using the (non-
physical) additive splitting of the deformation gradient into a symmetric and a skew-
symmetric part, F' = Fgy, + Fgy. The symmetric part Fyyp, is related to the linearized
strain tensor €(u), whereas the skew-symmetric part Fy is given by the curl of the dis-
placement:

F(u) = Foym(u) + Faw(u), Fsm(u) =1+ €(u), Fgu(u)=skw(curl(v)), (6.2.8)
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6. Nonlinear elasticity

with the skw-operator defined as

skw(v) : R — R2X2 skw(v) : R? — R3X3

skw ? skw ?
0 —U3 ()
1 — 1
V= 0 Y in 2D, v — | v3 0 —un in 3D.
2\v 0 2
—V9 V1 0

For u € Vj, the curl-operator is well-defined, curl(u) € [L?(€2)]¢". Thus, there is no necessity
to “lift” the skew-symmetric part Fiyy(u) to a new independent Fiyy,, as Figy (u) is already
in L?(Q). The (hybridized) Lagrangian from Problem 6.3 can be adapted accordingly,
now using only the symmetric part Pgyy, of the first Piola-Kirchhoff stress as a Lagrange
multiplier for the constraint Figym, = Fgym(u):

6.5 Problem. Find a solution (u, Fsym, Psym, ) € th,o X R‘;C’k X M}?C’k X Fi,o for
the optimization problem

LhF’Sym(u, Fyyn, Poym, @) — min min max min, (6.2.9)
u o Psym sym

with EhF’Sym(u,Fsym, Py, ) = / U(Fgym + skw(curl(u))) — f - udz
Q

+ <vu7Psym>Th - /(Fsym - I) : Psym dx
Q

+ > /a . Py ds. (6.2.10)

TETh

Note that the normal-normal continuity of the first Piola—Kirchhoff stress tensor P is
equivalent to the normal-normal continuity of its symmetric part:

P, = Psymnn and P nn = 0. (6.2.11)

The stress elements M}, from the linear case are used for the discretization of Pgy,. We
motivate the choice of the (discontinuous) Regge elements R%C as finite element space for
Fgy instead of simply assuming Fgyn, € [Qh]g;rg. Assuming non-curved elements the
mapping of the gradient of u € V}, from the reference to a physical element is given by,

compare (5.2.30),
(Vou)o® = G 'VzaG™, sym(Vyu)o® =G Tsym(Via)G 1, (6.2.12)

where ® : T — T , G := V30, and 4 a Nédélec element on the reference element T.
We observe that the gradient gets transformed with a double covariant transformation,
the same as used for Regge elements, see (5.2.39), yielding beneficial properties for e.g.,
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6. Nonlinear elasticity

anisotropic elements. For curved elements (6.2.12) changes to

(Vo) o ® = V; (G—Ta) G!
d d
—erl) (Z 8xj(GT)ik(GTﬂ)k> Gl'+Ga "v,uG!
k=1 ij=1
d d
=G " | Vi~ (Z agcj(GT)ik(G—Ta)k) G, (6.2.13)
k=1 ij=1

where we used that 0,,G™' = —~G~1(9,,G)G~!. Thus, also in the curved setting the
transformation fits to Regge elements, however, also geometry information (the curvature)
is then part of Fgy, € R?LC.

Another motivation is the tangential continuity of u € V} and the resulting tangential-
tangential continuity (Vu has a continuous tangential derivative of its tangential component
Viug) of Vu (and also €(u)) fitting perfectly to the continuity condition of Regge elements,
of. (5.2.38).

6.6 Remark. This additive splitting and simplification leads to fewer local degrees of
freedom than the original hybridized Problem 6.35.
One may recover Py as a post-processing step by using the identity

8Skw(cur1(u))\I/(Fsym + skw(curl(u))) = Pgyw, (6.2.14)

stemming from the variation of (6.2.7) in direction skw(JF).

6.7 Remark. 7o guarantee that in the linear regime the problems are uniquely solvable
the finite element space of F' must contain the space of P (compare Theorem 6.17). For
triangles and tetrahedra the HHJ and Regge space are of the same dimension for fixed poly-
nomial order k. For quadrilaterals, and thus also hexahedra and prisms, the spaces differ
in terms of different amount of inner bubbles. Therefore, e.g., for quadrilaterals one degree
more has to be chosen for the Regge space for F.

6.2.2. Lifting to C

For objective materials Theorem 2.2 states that the energy potential ¥ depends only on
the Cauchy—Green strain tensor C. Thus, instead of solving the constrained minimization
problem (6.2.1), we can consider for continuous displacements % € [UF]¢ the problem

/ V(C)—f-udr— min , (6.2.15)
Q ae[Ux)?

C=C(i)
with its Lagrangian

£, C, %) ::/Q\II(C)—f-&d:c—/ﬂ;(C—(WH—I)T(VQJFI)) Sdr. (6.2.16)

=C(a)
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6. Nonlinear elasticity

Now, the second Piola—Kirchhoff stress tensor 3 is the corresponding Lagrange multiplier.
This can be readily checked by taking the first variation of (6.2.16) in direction 6C' together
with (2.2.15)

1
/ IcW(C): 6C ~ J%:6C du L0, (6.2.17)
Q

explaining the factor 0.5 in (6.2.16). As already discussed in Section 6.2.1 the integral
in (6.2.16) is not well-defined for displacement fields u € V}, which are only tangential-
continuous. Further, the balance equation (2.2.8) implies the normal-continuity of the
first Piola—Kirchhoff tensor, compare also H(div)-conforming finite elements, especially
the coupling condition in Theorem 3.3. With this motivation, the second Piola—Kirchhoff
stress tensor 3 and the Cauchy—Green strain tensor C' are both assumed to be piece-wise
smooth and discontinuous. Further, the hybridization variable o € I'j, is used to enforce
the normal-normal continuity of P = F'X instead of 3. This leads us to the following
saddle point problem:

6.8 Problem. Find a solution (u,C,%, «a) € V}fo X ch’k X Mgc’k X on for the
optimization problem

u «

Ehc(u, C, X «) %minminmgxmén, (6.2.18)

with £E (u,C, 2, a) ::/\Il(C)—f-uda:+;<C(u),2>0—;/C’:Edaz
Q Q

+ > / L ands (6.2.19)

TET L

and (C Z / Cu) : Xdx — 2/8T U (F (1)) nn ds). (6.2.20)

TeTh

The duality pairing (6.2.20) is non-standard as it involves quadratic terms in (the gradient
of) u and thus, is not bilinear. Further we implicitly proposed how distributions can be
multiplied together in this special setting. Hence, the natural question of well-posedness
arises. Therefore, we compute all first variations of Problem 6.8:

/ dc¥(C) : 5C — 150 . S dx = 0, (6.2.21a)
—(C 1 03d 0 ) pnds = .2.21b
/92( (u) — E:E—I—T;/ (1)) ds - 0, (6.2.21b)
(/ F(u)X : Voudx —/ (F(u)X)nndun, — (VouX)p, (o — u)y, ds> — [ frudz = 0,

oT Q

> / ) pnban ds = 0. (6.2.21d)
oT
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6. Nonlinear elasticity

6.9 Lemma. Problem 6.8 is consistent.

Proof. To prove consistency we have to show that the true (smooth) solution @ together
with C = C(ua), ¥ := X(u), and a := tr,u solves (6.2.18) and equivalently (6.2.21).
Considering the left-hand side of (6.2.21c) and inserting the solution % we want to recover
its strong form. First, the hybridization variable « is the normal trace of % and thus,
(4 — a)y, = 0 on 9T Integration by parts and reordering yields

> < /T —div(F(2)%) - oudr + /8 T((F(ﬂ)z)néu—(F(&)E)mdun)ds>

TeT
—T; (/T —div(F(2)X) - 5Ud:c—|—/8T(F(ﬁ)2)nt-6utds>
T;/ —div(F 5udx+E; /[[ ) nt] - Suy ds.

The first term states the element-wise balance equation, —div(F (@)X)|r = f|r, and the
second one the continuity of the normal-tangential components of the first Piola—Kirchhoff
stress tensor which is satisfied for the exact solution. Reordering hybridization terms in
(6.2.21d) yields

> /[[ X)nn]dacds =0, (6.2.22)

Ee&y

forcing also the normal-normal continuity and thus, the continuity of the normal-component
of the first Piola—Kirchhoff stress tensor. Hence, also this interface condition is fulfilled. It
immediately follows that the true solution @ also solves equations (6.2.21a) and (6.2.21b).

O

6.10 Remark. Because of the discontinuity of the 3 and C' fields, they can be eliminated
at element level and the resulting system involves again only u and «. Thus, the same
number of coupling dofs are used as for the lifting of F' in the previous section.

The motivation to use the Regge elements for the Cauchy—Green strain tensor is similar as
before. The deformation gradient F'(u) is tangential continuous for a continuous displace-
ment field u. Therefore, the Green-strain tensor C(u) is tangential-tangential continuous.
Further, for u € H(curl) we have with (6.2.12) (V,u' Vau)o® = G~V 'G'G~ TV 0G ™!
again a doubled covariant transformation from the reference to the physical element,
o T = T, G = V;®. The case of curved elements follow the same lines together
with (6.2.13).

For the choice of the normal-normal continuous stress space M}, for the second Piola—
Kirchhoff stress tensor we note that in the small strain case there holds F'3 ~ 3 and thus,
the method reduces to a linear version of the TDNNS method which is discussed more
precisely in the following.
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6. Nonlinear elasticity

Linearization: Starting from the first variations (6.2.21) under the assumption of small
deformations, i.e., u = O(g), a = O(¢), Vu = O(¢), = = O(¢), C(u) = 2¢€(u) + I + O(?),
Problem 6.8 becomes:

6.11 Problem. Find (u,E,¥,«a) € th,o X Ric’k X M;:C’k X I‘IfL’O such that for all
(6u, 0B, 0%, 60r) € VFy x Ry“" x My“" < T
/ OpV(E):0E - % : 0Edx =0 (6.2.23a)
- > (/ (u)) : 6% dx—i—/ (63 (1 — @) ds> =0, (6.2.23D)
TeTh or
Z (/ Y : Véudx —/ YnOtn ds) = / f-oudr, (6.2.23c)
Ter, T or Q
> / Yoy, ds =0, (6.2.23d)
TeT
where we implicitly defined E := 3(C —I) and §E := 36C.

Assuming a quadratic potential, i.e., gV (FE) = CE, and eliminating E by X with
(6.2.23a) recovers the hybridized TDNNS method (5.4.7). This elimination is possible
if Msc’k C ch’k, compare Theorem 6.17. Thus, the linearized versions of (6.2.19) and
(6.2.6) coincide. Note, that with a quadratic potential Problem 6.11 is the hybridized ver-
sion of the Hu-Washizu principle Problem 4.4.1 with TDNNS elements (and discontinuous
Regge elements instead of L2-conforming ones).

6.12 Remark. Note that due to the affine relation E = 0.5(C — I) and

OgV(E):0E = 0c¥(C):0C (6.2.24)
the problem
/ V(E)— f-adr— min (6.2.25)
Q uE[U’“}

is equivalent to (6.2.15) and thus, one can use E instead of C as additional field.

Stabilization techniques: For large deformations the normal continuity of the displace-
ment u is not guaranteed in weak sense, compare the boundary term in (6.2.21b). Therefore,
to improve robustness of this method in the large deformation regime, one may add the
following well-known stabilization term

Z / (u—a)p(u—a),ds (6.2.26)

TeTh
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6. Nonlinear elasticity

from Hybrid Discontinuous Galerkin (HDG) techniques [53, 90] to the Lagrangian (6.2.19).
Here, h denotes the ratio of the element volume and the boundary area, h = %, compare
(5.1.7), used especially for anisotropic elements and ¢; > 0 is a positive constant. As there
holds t,, = a, for the true solution (6.2.26) is consistent.

Another stabilization technique adds the consistent term

oY / (C = Cw) : (C - C(u)) da (6.2.27)
TeT), T
enforcing the element-wise equality of the lifting with co > 0 and thus supports the lifting.
Note, that these terms on the one hand increase the stability but on the other hand lead
to less accurate solutions if the stability parameters ¢; and co are chosen too large.

6.2.3. Lifting to F and projection to C

As we will see in Section 6.5 the method presented in Section 6.2.1, where a lifting of F
is considered, is more robust in numerical experiments compared to the approach in the
previous section. Therefore, we expect more accurate solutions for the first method. On
the other hand, the number of Newton iterations needed for one load step to converge is
observed to be significantly higher than for the second method. This motivates to combine
both ideas, leading to a lifting of F', exactly as in the first method. Then, the resulting
Cauchy-Green strain tensor C(F) = F T F is going to be interpolated to a new independent
field C. This can be interpreted as a projection of C(F') to C. Here, the method differs
compared to the second approach, where C is a lifting rather than a projection.

Let as again start with a constraint minimization problem for the continuous displace-
ment @ € [UF]?

/ VY(C)—f-udr— min |, (6.2.28)
0 ae[Ux)?

F=F(q)

C=C(F)

with the corresponding Lagrangian
1
L(u, F,P,C,X) = / U (C) - f-ﬁdx—/(F—V&—I) P — E(C—FTF) : X dx.
Q Q
(6.2.29)

Computing the variation in direction §C' yields as in the previous section that the Lagrange
multiplier X, forcing the equality C = C(F'), is the second Piola—Kirchhoff stress tensor.
With the variation in direction §F we deduce that P is given by the first Piola—Kirchhoff
stress tensor

/ P.5F - FX:6Fdz = 0. (6.2.30)
Q

The integral involving the gradient of the displacement in (6.2.29) is interpreted again as
a distribution for u € Vj in the context of TDNNS elements. By combining the spaces

M ,’f X [Qﬁ]sdfvf for the piece-wise smooth, non-symmetric and normal-normal continuous P,

and ch’k X [Qlfl]dXd for the deformation gradient F', together with 3 and C' piece-wise

skw
smooth discontinuous we obtain the following saddle point problem:
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6. Nonlinear elasticity

6.13 Problem. Find a solution (u,F,P,C,X) € V,ffo X [Ric’k x [QF14xd) % (M} x

skw
[Q’fL]gkX‘f] X ch’k X Ric’k for the optimization problem

LFC(u, F,P,C,X) — min max min min max, (6.2.31)
U P F C X2

LFC(u, F, P,C, %) ::/Q\II(C) ~ f-ude — (F —Vu—I,P)r,

—/ %(C — F'F):Xdx, (6.2.32)
Q

where (-, )7, is defined as in (5.4.4).

We can pose the hybridized Lagrangian Efc(u, F,P,C,%, «a) according to Problem 6.3.
Furthermore, as done in Section 6.2.1 the Lagrangian [,hFC’Sym(u, Fsym, Psym,C, X, a) can
be obtained by the gradient splitting and eliminating the skew-symmetric part of F' and
P.

We focus on the additional term

/ (C—F'F):Xdx, (6.2.33)
Q

which is well-defined for square-integrable fields. Therefore, C' can be interpreted as the
local L2-projection of F'T F onto the space of polynomial order used for ¥

C =TI}, (F'F). (6.2.34)

6.14 Remark. Note that this method is equivalent to the first approach in Section 6.2.1, if
the polynomial order for C and X are chosen sufficiently large, namely twice as the degree
used for F'.

6.15 Remark. For this method the discontinuous fields 3, P, C, and F can be eliminated
at element level leading to a symmetric minimization problem in uw and «. Therefore, the
number of coupling dofs coincide with those in Sections 6.2.1 and 6.2.2. The number of
local dofs, however, is higher.

Linearization: In the small strain regime £¥C (u, F', P, C, ) reduces to the linear TDNNS
method (5.4.2). More precisely, taking all first variations of Problem 6.13 (left column) and
linearizing by assuming that v = O(¢), Vu = O(e), F = I + F. with F. = O(¢), and
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6. Nonlinear elasticity

3 = O(e), (right column) yields:

/Q(acxp<c> - %2) . 5C dz = 0, /Q(ac\I/(C) - %2) 5Cdr =0,  (6.2.35)
(P, Vou)y, /Q f - ouda, (P, Vu)r, — /Q f - oud, (6.2.35)
/(FE _P):§Fdz =0, /(2 _P):6Fdz =0, (6.2.35¢)
(1§12 —Vu—1,0P)7, =0, (125 — Vu,dP)7, =0, (6.2.35d)
/Q(C —F'F):6%dx =0, /Q(C — I —2sym(F.)):6%dx =0. (6.2.35¢)

Thus, we obtain with (6.2.35¢) and (6.2.35¢) that P = X is symmetric and F. = 3 (C — I) =
E. By eliminating P and F'. we obtain the (non-hybridized version of the) linearized Prob-
lem 6.2.23. This eliminations require that the spaces for ¥, C, and F' coincide and that
the space of P is a subset of these.

As all three nonlinear TDNNS versions degenerate to the same three-field formulation
in the small strain regime (under the appropriate assumptions on the finite element spaces
and a quadratic potential W) it is sufficient to pose one linearized problem:

6.16 Problem. Find (u,E,X) € Vj x R‘g" X Mp, such that for all (du,dE,d%) €

Vh X R%C X Mh
/ CE : 0E dx —/ X:0Edx=0 (6.2.36a)

Q Q
(Vou, )T, = / [ oudr, (6.2.36b)
Q
- / E :6¥Xdx+ (Vu,63)T, =0. (6.2.36¢)
Q

We prove that this Hu-Washizu problem (cf. Problem 4.6) is well-posed.

6.17 Theorem. Under the assumption that Vj, o x My, is a stable TDNNS pairing and
My, C R%C, Problem 6.16 is uniquely solvable.

Proof. We define the following discrete norms

1
ullf, = Z ”VUH%Q(T)_‘_ Z th[[un]]H%qp), 1Zlag, == 1Bz, (B[R, = | El L2
TETh Fer, F

There holds the norm equivalence, see [171],

ISR, ~ S 1By + Y. ArlSanlZegm.
TETh FeFy
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6. Nonlinear elasticity

We apply Brezzi’s Theorem 3.8 by defining the spaces
V=R x Vi, Q = My,

with the corresponding product norm on V. The bilinear forms

a((E,u),(0E,du)) := /(CE OE dz,

b((E,u), %) = (Vu, )7 /E 5 da,

are continuous

la (E,u), (0E,0u))| < |[(E,u)|v|(0E,du)|yv for all (E,u), (0E,du) €V,

b (B, u),Z) | (B, uw)llv]ZEle for all (E,u) €V, X € Q.
The bilinear form a(-, -) is coercive on the kernel space V) defined by

Vo :={(E,u) e V|b((E,u),X) =0 for all ¥ € Q},
as there holds, see [171, Lemma 7], with Cauchy—Schwarz
full, = sup eI g, o FBE g (o)
sery, 1Bl sewm, 1],
and further (with Apin(|C|) denoting the minimal eigenvalue of C)
a((B,u), (B, u)) > Anin(|C)| E|I%,

(6.2.37)
= Auin(IC]) (1B, + [1ull,) = Amin (ICHI(E, w) -
The LBB condition follows by choosing, for arbitrary but fixed ¥ € Q, u =0and E = —-X
(which is possible as M), C R4)

Vu,X) FE:Xd Y:Xd
wp MEWD)_(Vu Sy, ) B Bde | fo 3 Sdr
ey 1Bl + Tulvy  mupev  1Elr, + llellv; B

= HEHMh

and thus, due to Brezzi’s Theorem, there exists a unique solution ((E,u),X) € V x @
which depends continuously on the right hand side

1B, w)llv + 1Zlle = IIf]lL2-
O

6.18 Remark. For the hybridized version of Problem 6.16 the proof can readily be adapted
from the hybridized TDNNS method.

6.19 Remark. One may interpret ¥ in (6.2.33) as an element of the dual space of the
Regge elements, which gives that C' is the Regge interpolant

C=1L(F'F), (6.2.38)
where e.g., in two dimensions considering (5.2.40a)—(5.2.40b)

(2,C — F'F)r:xr, = Z/ —F'F): Eda:—i—/ (C—F'"F)y: 3y ds. (6.2.39)
TETh or
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6. Nonlinear elasticity

6.3. Nonlinear TDNNS for (nearly) incompressible materials

As already discussed in Chapter 4 nearly incompressible materials like rubber may lead
to ill-posed problems as the Lamé parameter A tends to infinity. In the linear setting a
common strategy is to define a new variable, the pressure, p := j\div(u), leading to a
Stokes-like mixed saddle point problem, see Problem 4.1. Other approaches use elements
which are robust with respect to the parameter \ as e.g., H (div)-conforming elements [104]
or are based on a split of the strain into a deviatoric and spherical part. The construction
of stable methods for incompressible materials in the large deformation regime is ongoing
topic of research and also here, methods based on mixed formulations have been proposed,
e.g., [22, 208, 54, 204, 128]. The large deformation counterpart of the deviatoric and
spherical splitting is the multiplicative Flory split [103] of the deformation gradient F' into
its volumetric JaI and isochoric J~ 4 F part.

As in the previous section we will use the notation J(u) := det(F(u)) to indicate the
dependence on the displacement, whereas J denotes a field independent of w.

In the nonlinear case incompressibility is characterized by the equation

1= J(u) = det(F) = det(I + V), (6.3.1)

i.e., the volume of the material gets preserved during deformation. Throughout this section
we assume a Neo—Hookean material law of the form

%W(J)2 = g(tr(FTF — I) — 2log(det(F))) + %W(J){ (6.3.2)
where the function W : RT — R fulfills W(J) = 0 < J = 1 (the material laws (2.2.20) and
(2.2.22) are of this form).

Motivated by the linear case (4.1.4) we can define the pressure p := AW (J) leading to
the following Lagrangian, which gets discretized e.g., by the Stokes stable Taylor—-Hood
elements [118].

U(F,J):= U(F) +

6.20 Problem. Find a solution (u,p) € [U}lf,o]d X U,'f_l for the optimization problem

L(u,p) —)m&n max, (6.3.3)
with L(u,p) == /S]\Ilﬂ(F(u)) —fu+pW(J(u)— 215\]92 dx. (6.3.4)

The problem is well-posed for the limit A= oo, however, the incompressibility constraint
is only imposed weakly by

/ W (J(u))opdx =0 for all op, (6.3.5)
Q

due to the high polynomial degree of W (J(u)). Even in the linear case Taylor-Hood
elements do not lead to (point-wise) exact divergence free solutions

/ div(u)gder =0 for all ¢ € U,lffl =+ div(u) = 0.
Q
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6. Nonlinear elasticity

Thus, exact incompressibility is not guaranteed. We mention that for exact divergence free
solutions div(u) = 0 the property div(V}) C Qp has to hold, where V}, and @}, denotes the
displacement and pressure space, respectively.

Using tangential continuous elements for the displacement field u yields the same problem
as in Section 6.2.2 of multiplying distributions. The reason for this is that in two dimensions
the determinant is quadratic and in three dimensions even cubic in Vu. Therefore, in the
spirit of Section 6.2.2, we introduce the determinant of the deformation gradient as a
new independent field. Like in previous sections, also a lifting to an independent F' or
C is needed to obtain a well-defined problem. Therefore, we consider the lifting to F'
from Section 6.2.1 and note that the other two approaches can also be directly adapted.
Starting from a continuous displacement field we propose the following compressible and
incompressible problems

/\I/(F,J)—f-ﬂdx—> min /\II(F,J)—f-ﬁdm% min (6.3.6a)
Q ae[Uf) Q ae[Uf]?

F=F(u) F=F(u)

J=J(u) J=J(u)

with the corresponding Lagrange functionals

L(a,F,P,J,0) = /

\I’(F,J)—f-adaz—/(F—Va—I):P—(J—J(a))adx,
Q

! (6.3.7a)
WA(F) — f-iide —/(F VG- I): P (J - J(@)0 + W()pda.

LG, F,P,J,0,p) = / [
(6.3.7b)

Q

Note that for the nearly incompressible case the term —in can be added to (6.3.7b). In
the incompressible limit P is the constitutive part of the stress stemming from the variation
in direction 0 F

/ OpUM(F):0F — P:6Fdx =0 for all §F. (6.3.8)
Q

Together with the contribution 6 of the incompressibility constraint coming from the vari-
ation of (6.3.7b) in direction 6.J

/Q OyW (J)pdJ — 05 dx =0  for all 6.J, (6.3.9)
the total stress is given through the variation in direction du
/Q(P + 0 cof (F(i1))) : Vi da — /Qf Sidr =0 for all 5i, (6.3.10)
where we used the identity
Dy (u)(6u) = J(u)F~ T (u) : Vou = cof (F(u)) : Véu. (6.3.11)
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6. Nonlinear elasticity

Note that cof (F(@)) = F (@)~ as J = 1 for the critical points of the Lagrangian. Thus,
the full first Piola-Kirchhoff stress tensor reads P = P + 6 cof(F'(@)). Also in the com-
pressible case (6.3.7a) the total stress is given by P. As already discussed in Section 6.2.2
only the first Piola—Kirchhoff stress tensor has to be normal-continuous. Therefore, dis-
continuous elements for P and ¢ are used and the hybrid variable « is used to enforce the
normal-normal continuity of P.

For the compressible case with a tangential-continuous displacement field the problem
reads:

6.21 Problem. Find a solution (u, F, P, J,0,a) € V|f; x [RIF 5 [QK L] x [MPH

skw
[Qﬁ]ggﬁ] X QZ X Qk by Fk’ 1o for the optimization problem

D](u, F.,P,J 0,a) — min min max min min max, (6.3.12)
u J 0 ot F P

with L7 (u, F, P, J,0,a) := / U(F,J)—f-u—(F—1I): Pdx+ (Vu, P)r,

+ ) / (P + 6 cof (F () pnon ds — (J — J(u),8)o, (6.3.13)
TeT
(T — J(u), 0 = T;h ( /T (J — J(u)0dz + /8 ncof (F (1)) ds> . (6.3.14)

and (-, )7, defined as in (5.4.4).

Taking the first variation of (6.3.7a) in direction 6. we deduce that 6 = AW (J)9;W (J),
which is the work conjugate stress to J, compare [54]. Taking all first variations yields the
following system of equations

(Vou, P)r, + Z /Hcof : Vou dx
TeTh
- U cof (F (1)) nnb + (4 — @)y (Oycof (F(u))(0u))nnb ds = / f-dudx, (6.3.15a)
oT Q
/ GW ()W (J) — 0)6.] da Lo, (6.3.15b)
_ T; (/ ()66 dz: + /aT(u — )ncof (F(u))nndd ds) Lo, (6.3.15¢)
3 / (P + 6 cof (F(w))),,, dou, ds =0, (6.3.15d)
TeTh,
/ OpU(F,J)(6F) — P : 6F dx Lo, (6.3.15¢)
Q
/ (I —F):06Pdz+(Vu,0P)7, + > | 8Ppuua,ds 2 0. (6.3.15¢)
Q

T€7—h or

Note, that cof (F(u))n, = det(F(u)y) is single-valued, as the tangential derivative of the
tangential continuous displacement u is a continuous function. Here, F'(u); denotes the
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6. Nonlinear elasticity

Figure 6.1.: Change of volume in-plane (blue) and out-of-plane (red) between two elements.

tangential-tangential 2 x 2 sub-matrix of F'(u) in three dimensions and a scalar in 2D. The
boundary term cof (F(u))nn[u,] measures the change of volume induced by the in-plane
deformation, cof (F(u))n, = det(F(u)y), and the out-of-plane displacement via the jump
[un], cf. Figure 6.1. As a result also the change of volume between elements is considered
for the lifting to J and not only the element-wise contribution:

det(I +V T
:{ et(I + Vu) on (6.3.16)

cof (F(u))pn[un]r on F.

The polynomial orders for the spaces in Problem 6.21 are chosen such that for all variables
the (optimal) convergence rate O(h¥) in the corresponding (natural) norms is expected
(stemming from linear theory). We note that it is possible to increase the orders for J and
0, cf. Theorem 6.26. As we again multiplied distributions and defined a new nonlinear
duality pairing, we have to show that the problem is consistent.

6.22 Lemma. Problem 6.21 is consistent.

Proof. To show consistency of (6.3.15) we proceed as in Lemma 6.9 and set for the exact
(smooth) solution u, F := F(u), J := J(a), 0 :== Ao;W(J(a)), P := 0pV(F(a),J(a)),
and « = trpa. Starting with the left-hand side of (6.3.15a), noting that (& — a), = 0,
yields

(Véu, P) + Z </T9c0f(F(&)) : Véudx — dupcof (F(u))nnb ds)

TET, or

—(Vou, P+ 3 < /T —div(0 cof (F(@))) - dudz + / ((5ucof(F(&))n—6uncof(F(&))nn)9ds>

TET;, or
=(Vou, P) + TEZTh (/T —div(0 cof (F(w))) - dudx + - ouy - cof (F(@))n.0 ds)
= —div(P + @ cof (F(@))) - dudx + dug - [(P + 0 cof (F(w)))nt] ds.
T%;h/T E%;h /E

The first term is the piece-wise force balance equation and the jump term enforces the
normal-tangential continuity and together with (6.3.15a) the continuity of the normal com-
ponents of the first Piola—Kirchhoff stress tensor. For the exact solution these conditions
are fulfilled. Analogously, one can easily see that the other equations are also fulfilled. [
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6. Nonlinear elasticity

For the (nearly) incompressible case we follow the same ideas as before posing the prob-
lem:

6.23 Problem. Find a solution (u, F', P, J,0,a,p) € V,{fo R, RICH [Qh]dXd] [M;jc’k X

skw
[Qﬁ]glfwd] X Q’Z X Qk Uy Fk ho X Qﬁ_l for the optimization problem

LP(u, F, P, J,0,a,p) — min min max min min max max, (6.3.17)
U J 0 a F P p

N 1
with LP(u, F, P, J,0,a,p) := /\I/“( ) — f-u—(F—I):P—Qj\p2+W(J)pd:E

(Vu, P n+2/ (P + 0 cof (F(u)))uman ds — (J — J(u),8)0, (6.3.18)
TeET

where (-,-)7, and (-,-)o are defined as in (5.4.4) and (6.3.14), respectively.

Similar to Problem 6.20 the pressure p is used to enforce J = 1 in a weak sense. However,
due to the lifting from J(u) to J involving also boundary terms not only the element-wise
incompressibility is forced.

Again, we used complete discontinuous stresses P together with the hybridization vari-
able o enforcing the normal-normal continuity, (P + 0 cof(F'(u))),,,, of the total stress.
The consistency follows analogously to Lemma 6.22.

Linearization: We consider the small strain assumptions u = O(e), Vu = O(¢e), J = 1+ J.
(J. = O(¢)), cof (F(u)) = I + O(e), J(u) =1 +div(u) + O(?), F = I + F. (F. = O(¢)),
and § = O(g). The incompressible part of material laws (2.2.20) and (2.2.22) reduce
both to W(J)0;W (J) = J. in the linear regime and thus, we obtain for the compressible
Problem 6.21:

(Vou, P)r, + Z </ 0 div(du) der — 5un9ds> = / f-dude, (6.3.19a)
T T Q

TeET L

/(& J. — 0)8J du =0, (6.3.19b)
Q

> <— / (J. — div(u))80 dz + / (u — @), 00 ds) =0, (6.3.19¢)
TET), T or

> / (P + 0)dau, ds =0, (6.3.19d)
TeTh

/(Qﬂsym(F) P):0F dx =0, (6.3.19¢)
/ F.:0Pdx+ (Vu,0P), + Y / SPppor, ds =0, (6.3.19f)

TeTh

where we used that Op VA (F) ~ 2fisym(F.).
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6. Nonlinear elasticity

For the (nearly) incompressible case, variation (6.3.15b) and thus linearization (6.3.19b)
changes and a new equation induced by the pressure appears:

/(p —0)6J dx =0, (6.3.20a)
Q

1
Je — —=p ) dpdr = 0. 6.3.20b
J, (=)o 63209

Note, that the lifting J. in (6.3.19¢) consists of a volume and a jump term, including the
change of displacement in normal direction between two elements

J— {div(u) onT, (6.3.21)
[upn]F  on F.

Thus, in the incompressible case the element-wise incompressibility as well as the normal-
flow through elements is forced to be zero, i.e., the balance of mass is globally considered and
not only (locally) element-wise, compare also H (div)-conforming elements in the context
of incompressible Stokes equations [145].

By defining E := sym(F'.) and renaming ¥ := P, which is now symmetric, and J := J;
we obtain the following linearized problems:

6.24 Problem. Find a solution (u, E,X,J,0,«a) € Vhlfo X Ric’k X M}?C’k X Qfl_l
Qk by Fk o for the optimization problem

A
L, (u, E, %, J,0,0) = / GIE|: —f-u—E:% —(J—div(u))d — 5J2 dz

+ (Vu, X)r, + Z / (X + 01,0, — unbds. (6.3.22)
TeTh

6.25 Problem. Find a solution (u, E,X,J,0,a,p) € th,o X Ric’k X Msc’k X ijl
Qk L Fk ho % Qz_l for the optimization problem

1
Lh (u,E, %, J,0,a,p) = / G|E|% — f-u—E:3— (J—div(u))d — 51’2 +pJdx
+ (Vu, Z)r, + Z / (2 + 0I)pnay, — unbds. (6.3.23)
TETh

6.26 Theorem. Let Vo X M,S}C x 'y o be a stable TDNNS pairing, M,‘fc C RY, the
spaces for 0 and J coincide, and the pressure space is a subset of those. Then both,
Problem 6.2 and Problem 6.25, are uniquely solvable.
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6. Nonlinear elasticity

Proof. We start by proving the existence and uniqueness of solutions of Problem (6.24).
Let (u,a) € Vo xTpo, X € M,‘fc, E € R, J,0 € Qp, define the discrete norms

1,0, = 3 Iy + 3 5ol = a)ulBegey

TeT, Fe]-‘h
1Zlas, = 1Z][z2, [ Ell=, = [EllL2,

and equip Q, with the L?-norm. There holds the norm equivalences

=30, ~ D 1252y + D hellZanlliaey, 10172 ~ D 10017200+ Y helllO]l72 -

TET FeFy TeT FeFy

We define the following spaces for Brezzi’s Theorem
V= R{C X Vio x Tho X Q. Q = M x Qp,

with the corresponding product norms and the bilinear forms
a((E,u,a,J),(6E, du,da,8.J)) = / 2 E : 6E + \JoJ du

b((E,u, o, J), ( Z/dw N0 +3%: (Vu— E)dz
TeTh

+ / (Sn + 0) (0 — ) ds.
or
It can be readily checked that these are continuous. For the kernel coercivity we have
Vo :={(E,u,a,J) € V:b((E,u,a,J),(3,0)) =0 for all (£,0) € Q}
and the hybridized version of [171, Lemma 7]

ZTeTh fT Vu:odr+ faT onn(a—u)yds
[(w, @)|lvj,xr, = sup .
S EE

We use V| by explicitly setting 0 = 0

ZTeTh JrVu:Xdz+ fBT Yon(a—u),ds

I, @)[vi,xr), = sup

SeMe 13 2
Vi E:XYdx
SeMe L2

Further there holds by setting 3 =0 in Vj

fQJQda: Vo >orer, Jrdiv(u Hdac—i—fa (v —u)p ds

[J]|z2 = sup = sup
ocn 022 6cq 161 2
(6.3.24)
= (w, d)llvxr, 2 (1B, (6.3.25)
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6. Nonlinear elasticity

Therefore, the kernel coercivity holds
a((E,u,a,J), (E,u,a, J)) = [[(E,u,a, J)||y  forall (E,u,a,J) € V.

For the LBB condition we get for all arbitrary but fixed (X, 60) € @

b(E,u,a,J),(X,0)) (wa)=0 fQ JO— E : X dx
sup > sup
(B,u,0,J)EV [(E,u, o, J)|lv (E,J)ERLXQp | E[R,, + [I/]|2
E=-X,]=0
= [[(Z0)e.

The choices are valid due to the requirement of the spaces. Thus, due to Brezzi’s Theorem,
there exists a unique solution ((E,u,a, J),(X,0)) € V x Q which depends continuously on
the right-hand side

(B, w, e, [y + [[(35,0) [l = ell fll 2

Next, we show existence and uniqueness of Problem 6.25 by first proving that the incom-
pressible case “\ = 00" is well-posed and then deduce directly with the extended Brezzi
Theorem 3.9 that Problem 6.25 is uniquely solvable (with stability constant independently
of A) for 1 <\ < oo.

We equip the pressure space Qh C Qp, with the L?-norm and define on the product spaces

V=R x Vio x Tho X Qn, Q = M} x Qp, x Qp,
the bilinear forms

a’(E,u,a,J), (0E, du,dc,0J)) := /Z[LE 0F dzx,

WP((E,u,a,J),(2,0,p)) Z /le J)0+pJ+3:(Vu—E)dx
TeT,

+ / (Sn +0)(e = w)a ds),
oT
which are obviously continuous. The estimates (6.3.24) and (6.3.25) also hold on
Ve ={(E,u,a,J) € V:VP((E,u,a,J),(2,0,p)) =0 for all (X,0,p) € Q}

as V' C Vj and thus the kernel coercivity follows immediately. For the LBB condition let X,
6, and p be arbitrary but fixed. We solve (5.4.6) with a different right-hand side as auxiliary
problem: Find (o, u, ) € M,CLlc X Vi 0 xT'y o such that for all (éo, du, da) € M,‘jc XVhoxTho

/U:éadx— /Vu (50’+/ (0 — u)p(00)pn ds = 0,
Q TeTh or

_ Z /V&u a'dx—/ SUpOpp ds = — Z /V(Su E—i—HI)dx—/ Sup (X + 01 )y, ds,

TET) TET) or
— Z 5an0'nn ds = — Z 5an Y +01),,ds,
TET TeTh
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6. Nonlinear elasticity

Figure 6.2.: Reference configuration, intermediate configuration and actual configuration
(left) and normal and tangential vector on reference and intermediate configu-
ration (right).

where o = 3 + 01 is part of the unique solution (o, u,«). Further, we have the stability
estimate ||(u, &)||v, xr, || = (|1Z||ar, + 1|0]/2) and by choosing 0o = X + 01 as test function
we obtain

(@ — Wn(S + 00 ds) = | + 01| 2.

3 (/Tvu:(2+91)+/

TeT, or

We fix the corresponding u and «, which yields with the choices J = p, E = —4% and
Young’s' inequality

S bp((E,u,a,J),(Z,H,p)) > S prJ—Je—ZEd$+||E+0I”L2
up > up
Euwaney (B ua )|y B.)eriexQy 1EIR, + 112 + e (3], + 110]]2)
Ipll72 = (p,0) 12 + 527 + 2(X, 01) 12 + [|0]]7
- 1Z]l=,, + llpllL2 + 6] 22
sllplliz + (G = o)llolZ: + (5 = DIl
- 1Zll=, + llpllL2 + 10122
e=1
= [1(2,0,p)lo;
which concludes the proof. O

6.27 Remark. Note that we need the estimate ||J||p2 < ||E|®, in the proof as A can
be zero. If X # 0 the kernel coercivity of Problem 6.24 follows directly also without this
estimate.

6.4. Updated Lagrangian

When large rotations occur, normal and tangential directions vary strongly when going from
reference to spatial configuration. This may lead to problems as the proposed methods
highly depend on these vectors. We observed sub-optimal behavior for thin structured
elements for the methods with lifting to F or F/C. For the method with lifting to C

Young: —ab > —;—EaQ — 562 for all a,b € R, e >0
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6. Nonlinear elasticity

even breakdown has been observed as the rotations approached about 90°. To mitigate
these problems, an updated Lagrangian scheme can be applied, where in each load step the
configuration obtained in the last load step is used as intermediate configuration, compare
Figure 6.2. As rotations during a single load step to be less than 90° can be assumed, better
behavior of the method is expected. For a precise description of the updated Lagrangian
method we refer to [163, 175].

6.5. Numerical examples

In this section the methods from Section 6.2.1, 6.2.2, and 6.2.3 are denoted by F', C', and
FC, respectively. As already mentioned before, we observed that the F-based method is
more robust compared to the C-based method giving slightly better results, however, at the
cost of more Newton iterations for every load step. The F'C-based method incorporates
both advantages, the robustness of F- and the faster Newton convergence of C-based
method. The drawback of this approach is to be locally more expensive, due to the higher
number of local dofs.

For all benchmarks quadratic polynomial order for the displacement field u, k = 2, is
used. We emphasize, however, that also the lowest order polynomial degree £k = 1 can be
used as well as higher polynomial orders. We compare the methods also with standard
Lagrangian elements of polynomial order k& = 2 for the displacement u solving (6.1.2). We
denote it by method “std”. Note that for the same grids the coupling dofs of our methods
are nearly doubled compared to the standard Lagrangian method in two dimensions as
there are asymptotically three times more edges than vertices, #F ~ 3#V, where the dofs
are placed (compare Figure 5.2 and Figure 5.4). In the three dimensional case the coupling
type dofs are approximately four times more due to the fact that #E ~ 7T#V.

To solve the nonlinear problems a Newton method with possible damping is used to-
gether with a load step scheme, where the right-hand side is scaled by a factor starting
from zero and then gets increased gradually to one. The stiffness matrices appearing dur-
ing the Newton iterations are symmetric due to solving constraint minimization problems.
Furthermore, as we use static condensation, the resulting smaller system is also a mini-
mization problem involving only the displacement based unknowns w and «, enabling the
use of the built in sparsecholesky solver of NGSolve.

The following benchmark examples and results for the compressible regime are taken
from [163], to which we refer also for more examples including applications of the updated
Lagrangian scheme. Full code examples are available.

6.5.1. Shearing Plate
We apply shear loads to a clamped square plate with length 1 mm, see Figure 6.3. This

benchmark has been considered e.g., in [0, 186]. The exact displacement field is assumed
to be
1,3 1 .: T
Uy = <2?J + 3sin (zy)>
0

2www.gitlab.com/mneunteufel /nonlinear_elasticity
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6. Nonlinear elasticity

1 mm

Figure 6.3.: Geometry of shearing plate example.

ne dof | coupl. dof | [|U —Ullz2 | | F — Fex| 12
F 14 852 138 4.11e-04 7.01e-03
56 3390 534 5.86e-05 1.99e-03
230 | 13860 2130 6.24e-06 4.53e-04
938 | 56400 8562 6.64e-07 1.03e-04
3724 | 223680 33756 8.22e-08 2.57e-05
(& 14 852 138 5.12e-04 1.64e-02*
56 3390 534 6.15e-05 4.63e-03*
230 | 13860 2130 6.62e-06 1.08e-03*
938 | 56400 8562 7.04e-07 2.50e-04*
3724 | 223680 33756 8.70e-08 6.17e-05"
FC | 14 1692 138 4.11e-04 7.01e-03
56 6750 534 5.86e-05 1.99e-03
230 | 27660 2130 6.24e-06 4.53e-04
938 | 112680 8562 6.64e-07 1.03e-04
3724 | 447120 33756 8.22e-08 2.57e-05

Table 6.1.: Results for shearing plate example. For all methods the number of elements,
number of dofs and coupling dofs, and the L?-error of the displacement and
deformation gradient are presented. *: For the C-based method |[|C — C|2
is computed.

and the Neo-Hookean material law (2.2.22) with parameters i = A = 1 Nmm™2 is used.

With the exact solution Ug at hand the corresponding right hand sides f and g can be
easily computed. Unstructured triangular meshes are used and the final deformation is
depicted in Figure 6.4. The results for all methods can be found in Table 6.1. Figure
6.5 shows the absolute error of the displacement ||[U — Uel|z2 and deformation gradient
|F' — Fexl||12. Note that for the C-based method the quantity ||C — Cel|12 is computed
instead, as the approach does not use the deformation gradient F'. Thus, the corresponding
error curve is slightly shifted above compared to the others. The expected optimal rates
for all methods are observed, cubic for the displacement U and quadratic for F and C,
respectively. For the C-based method we needed stabilization (6.2.26) with ¢; = 1 to
guarantee convergence also for finer grids.

6.5.2. Cook’s Membrane

We consider the well-established Cook’s membrane problem, see Figure 6.6, which has
been used as a benchmark problem by [0, 186]. Material parameters for the hyperelastic

79



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thek,

L]
10
ledge

now!

3
|
r ki

6. Nonlinear elasticity

LTI
=y 7. e 1 o s ¥. - a1 ]

Figure 6.4.: Final deformation of shearing plate example with 14 and 934 elements.
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Figure 6.5.: L?-errors of the methods with respect to the coupling dofs for shearing plate

example. Left: Displacement error ||U — Uey||r2. Right: Error of deformation
gradient ||F' — Fel| 2 for F- and FC-based method and Cauchy—Green strain
tensor ||C — Cul|12 for C-based method.
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6. Nonlinear elasticity

potential (2.2.20) are i = 80.194Nmm~2 and A = 40889.8 Nmm™2, i.e., the material
behaves nearly incompressible. The quantity of interest is given by the vertical deflection
at point A, cf. Figure 6.6. Different shear forces f = 8,16,24,32Nmm~? are considered
and structured quadrilateral meshes with 2 x 2, 4 x 4, 8 x 8, 16 x 16, 32 x 32 grids are
used. It is well-known that on the top left corner a strong singularity leads to reduced
convergence rates. Therefore, mostly adaptive (triangular) or nested meshes are used to
resolve the singularity. For the proposed methods, however, already a coarse 2 x 2 uniform
quadrilateral grid produces accurate results being already in the correct magnitude, see
Figure 6.7. In Figure 6.8 a comparison between the standard and F-based method for
f = 32 is shown, where a significant difference in the vertical deflection can be seen for
the coarse mesh. We observe that the quadrilateral on the top left deforms also on the
clamped left boundary, as the components are not prescribed point-wise giving the proposed
methods more flexibility.

A T T T
so— o —— std 8
—— F 8
16 mm f 20 | —e—std 16
i = F 16
——std 24
L] SR 6 |——F 2
——std 32
—— F 32
44 mm 101 |
57 | | i

1 1 1 1 1
0 02 04 06 08 1 1.2
coupl. dof 104

48 mm

Figure 6.7.: Vertical deflection w at point A for

Cook’s membrane example for f

Figure 6.6.: Geometry of Cook’s mem-

based method.
brane example.

For the C-based method, however, stabilization techniques (6.2.26) and (6.2.27) are used
with parameters ¢y = 1 and co = %, respectively. With them, only on the finest grid for
the large forces f = 24,32 Newton’s method did not converge, showing the more robust
behavior of the F' and F'C methods. The results for forces f = 16,24, 32 can be found in

Table 6.2. All results are comparable with those in [6, 136].

6.5.3. Cylindrical Shell

The benchmark presented in [189, 186] has to be adapted in terms of the force and boundary
condition as line forces and traces are not well-defined in terms of Sobolev spaces in three
spatial dimensions. The same geometry and material parameters are considered. A quarter
of a cylindrical structure with 7, = 9 —t/2mm, [ = 15mm, and thickness ¢ = 2mm or
0.2mm, see Figure 6.9, and 7 = 6000 Nmm 2 and A = 24000 N mm™2 together with the
hyperelastic potential (2.2.20). Clamped boundary conditions are prescribed at the bottom
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coupl. dof w U || 2 w U 12 w Ul 12
f=16 f=24 f=32

std 32 9.902 153.983 | 13.305 212.422 | 16.348 265.766

112 12.012  199.393 | 15.579 269.195 | 18.574 329.713

416 13.281 232.024 | 17.052 315.428 | 20.053 385.690
1600 13.794  246.522 | 17.700 337.958 | 20.778 415.150
6272 13.977 252.014 | 17.948 346.933 | 21.093 427.745
F 60 14.299  261.363 | 18.439 363.620 | 21.769 453.584
216 14.218 259.260 | 18.317 359.827 | 21.639 448.622
816 14.188 258.691 | 18.317 360.305 | 21.747 453.602
3168 14.195 259.070 | 18.346 361.587 | 21.612 448.416
12480 14.201  259.345 | 18.281 359.313 | 21.530 445.142
C 60 13.872  249.196 | 17.980 346.236 | 21.237 429.732
216 14.031 253.808 | 18.109 351.697 | 21.354 436.172
816 14.094 255.716 | 18.159 354.099 | 21.405 439.173
3168 14.123  256.705 | 18.189 355.628 | 21.455 441.717
12480 14.142  257.391 - - - -

FC 60 14.295 261.013 | 18.424 362.626 | 21.734 451.528
216 14.205 258.870 | 18.292 358.944 | 21.596 446.903
816 14.179 258.389 | 18.584 370.337 | 21.769 455.071

3168 14.300 262.429 | 18.345 361.562 | 21.573 446.896
12480 14.204  259.429 | 18.265 358.718 | 21.531 445.182

Table 6.2.: Results for Cook’s membrane example for f = 16,24,32 with 2 x 2,4 x4, 8 x §,
16 x 16, and 32 x 32 grids. For all methods the number of coupling dofs, the
vertical deflection at point A and the L? norm of the displacement are presented.
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Figure 6.10.: Curved meshes with 8 x 4 x 1 grid for cylindrical shell example for t = 2 and
t=0.2.

area and an area shear force f = 240Nmm™2 (f = 2.7Nmm™~2 for ¢t = 0.2mm) is applied
on the top. Structured hexahedra meshes with 8 x 4 x 1, 16 x 8 x 1, 32 x 16 x 1 grids are
used, see Figure 6.10. For the standard method also a 64 x 32 x 1 grid is used such that
the the overall number of dofs are comparable.

The vertical deflection at point A is depicted in Figure 6.12 and the final deformations
are shown in Figure 6.11. The results can be found in Table 6.3. We observed a locking
behavior, see Section 8, for the standard method, which becomes more significant for the
small thickness. All of the three presented methods give already satisfying results for the
coarsest mesh. The reference values were computed with the standard method and degree
k = 4 on the finest grid, where locking is circumvented due to the high polynomial degree.
We note, that the methods do not converge towards the reference solution for ¢ = 2 as
only one layer in the thin direction is used. For the thinner structure, ¢ = 0.2, the values
coincide. As already mentioned, the F-based method may suffer from a larger number of
Newton iterations to reach the requested precision, whereas the C- and F'C-based method

84



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub
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Figure 6.11.: Final configuration of cylindrical shell example for ¢t = 2 and ¢ = 0.2 with
16 x 8 x 1 grid.

—13.5F

—o— std
= F
—14 —o- C 5l
——FC
—145] —— ref
3 3
15 i —10 |-
—15.5 i
e —15|
| | | |
0 2 4 6
coupl. dof 104 coupl. dof 104

Figure 6.12.: Vertical deflection of cylindrical shell example at point A.

coupl. dof w WUl 12 w U] 2

t=2 t=0.2
std 1125 -13.676  211.958 | -2.613 14.350
4365 -14.835 231.071 | -10.927 58.065

17181 -15.030 234.734 | -14.287 76.437
68157 -15.067 235.513 | -14.806 79.387
F 3300 -15.598 244.530 | -14.749 78.920
12936 -15.658 245.756 | -14.844 79.571
51216 -15.678 246.149 | -14.876  79.825
& 300 -15.648 245.779 | -14.304 76.878
12936 -15.721  246.883 | -14.830 79.521
51216 -15.784  247.951 | -14.876 79.825
FC 3300 -15.600 244.586 | -14.753 78.946
12936 -15.658  245.757 | -14.844 79.576
51216 -15.678 246.143 | -14.876  79.825

Table 6.3.: Results for cylindrical shell example. For all methods the number of coupling
dofs, the vertical deflection at point A and the L? norm of the displacement are
given.
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t |stdd F C FC
216 5 5 5
02| 7 78 45 45

Table 6.4.: Number of Newton iterations for 32 x 16 x 1 grid in cylindrical shell example.

z

Figure 6.13.: 3D geometry of inflation of a hollow spherical ball example and 2D cross-
section.

have a better convergence behavior. In Table 6.4 the numbers of Newton iterations can be
found, where twelve overall load steps were considered. Also the standard method needs
more iterations than the C- and F'C-based variant.

6.5.4. Inflation of a Hollow Spherical Ball

A hollow spherical ball is subjected to the boundary condition u;, = (7 — 1)Z on the inner
boundary, whereas the outer boundary is left free. The inner and outer radius are given by
R; = 0.5mm and R, = 1 mm, respectively, cf. [201]. We consider Problem 6.23 together
with W(J) = (1 — J)? and i = I1Nmm~2. The final configuration is reached for v = 3,
starting from v = 1, the initial configuration. Due to symmetry, only one eight of the ball
is considered, see Figure 6.13. Unstructured curved tetrahedral meshes are used as shown
in Figure 6.14. The exact solution reads

r 4 1
o) = (M 1) @) = g+ SR - a(R) . (65)

where R = || @2, r(R) = (R3 + (03— 1)R§)é and g(R) = R(3r3(R) + (3 — 1) RS /r(R).

The results can be found in Table 6.5 and Figure 6.15. Again, the deflection is in the
right regime for the coarse grid for the lifting method.
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Figure 6.14.: Curved mesh (left) and final configuration with 85 elements for inflation of a
hollow spherical ball example.

coupl. dof ~ w  ||U — Uex|lz2 | coupl. dofs ~ w  ||U — Uex||12

std 583 0.606 7.30 x 1073 1531 0.617 3.13x 1073
12094 0.620 1.64 x 1074
F 2196 0.620 2.59 x 10~3 6099 0.620 1.35x 1073

55173 0.620 1.01 x 1074

Table 6.5.: Results for inflation of a hollow spherical ball example. The number of coupling
dofs, the radial deflection at point A, and the L?-error of the displacement are
presented.

9 T ——T T T
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Figure 6.15.: L? displacement error for inflation of a hollow spherical ball example.
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7. Shells

7.1. Introduction

The appearance of shell structures, where one direction is significantly smaller than the
others, are common in nature and technology. The scaling reaches from small like cell
membranes to large as e.g., parts of cars and air planes. So-called thin-walled structures,
see Figure 7.1, as plates and shells entail several numerical difficulties. One would need
anisotropic (curved) elements to discretize the geometry or an enormous amount of isotropic
elements. These approaches, however, lead to possible locking phenomena or a not justified
large number of elements and thus, expensive computational costs.

Therefore, models were developed where only the mid-surface of the structure gets dis-
cretized and assumptions are made to “neglect” the thin direction, i.e., a dimension re-
duction. A derivation from continuum theory to obtain a shell model by simplifications
and kinematic assumptions was given for plates by Kirchhoff [136] and Love [119]. Koiter
[138] derived consistent equations for shells from continuum mechanics and Naghdi [160]
proposed shell models of arbitrary order. Another idea coming from Cosserat [92] directly
starts with a 2D model and postulating the balance equations. Therein the shell is described
by its mid-surface and an additional independent director field on it. This geometrically
exact shell models can be used in the linear [193] and nonlinear regime [206]. Giving a full
overview of existing shell models and elements is a nearly impossible task and not topic
of this thesis. We refer to the immense amount of literature, e.g., [238], where a general
overview of shell elements is given.

The behavior of shell models should coincide with the full model, especially in the limit
t — 0, when the thickness tends to zero. Besides asymptotic analysis in the thickness
parameter t the derivation of beam, plate, and shell models from 3D elasticity has also
been done via I'-convergence (see [140] and references therein). Models with extensions to
varying thicknesses have also been proposed. Throughout this work, however, we assume
a homogeneous thickness.

As the thickness t becomes small the shell falls in one of two different categories: the
membrane dominated (inhibited pure bending) or bending dominated (non-inhibited pure
bending) case [71]. This behavior enforced by the appearance of different powers of the
thickness ¢ in the equations may lead to so-called membrane and shear locking necessitating
special numerical treatments and will be discussed in Chapter 8.

7.2. Differential geometry and shell description

A mathematical description of the mid-surface of a shell necessitates notation and results
from differential geometry. We provide some basic results and definitions and refer to the
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% i% t
Figure 7.1.: Thin-walled shell structure with thickness ¢.

literature of differential geometry, e.g., [213], and especially shells [72, 19, 88, 206, 207, 71,
19, 235]. In this work, we will use a coordinate free description of quantities on the surface,
comparable to the notation in [231], and only differ explicitly between vector fields in the
tangential and in normal direction. Our notation is also comparable to tangential differen-
tial calculus (TDC) [93] applied to membrane problems [112] and especially to Kirchhoff
and Reissner—Mindlin shells, see [200, 199] and references therein. As the notation of curvi-
linear coordinates is widely used, we also provide a very brief overview of this description
form and state the essential results and formulas in this framework.

7.2.1. Initial configuration of shells

To describe a shell structure we start with the definition of a surface, or more generally of
a (sub-)manifold.

Definition 7.1. Let 0 < k < n. A differentiable function ¢ : w — R™ with w C R¥ open
is called an embedding if Vo € R™ ¥ has full rank, i.e., Vo is injective. S C R" is a
k-dimensional submanifold of R™ if for every x € S there exists an embedding ¢ : V — U
from V' C R¥ open to an open neighborhood U C R” of z such that SN U = ¢(V). For
n=3and k=2 we call § a surface and for k = 1 a curve. A surface S is called orientable
if there exists a globally continuous normal vector field v : S — S2.

In the following we assume w.l.o.g. that the manifold S can be parameterized with a sin-
gle embedding and note that the results can easily be extended by using an atlas, i.e., a set
of embeddings covering the whole manifold. Further, we will consider orientable surfaces
and weaken this assumption only in the case of surfaces with kinks and branched shells.
Therefore, e.g., Mobius-strips are forbidden.

Looking at a plate structure as depicted in Figure 7.2 (a) one can describe every point
X in it by its mid-surface w and going along the normal vector, X = x + zv. Therefore,
the question arises if we can describe every thin-walled structure in this form. The answer
is positive, if the structure is smooth and “thin” enough.

7.1 Theorem. Let w C R? a domain and let p € C3(w,R3) be an embedding. Then
there exists t > 0 such that the mapping © : Q@ — R3, Q := w x (—t/2,t/2) defined by

O(x,2) == p(x) + zv(z) V(z,2) € Q (7.2.1)
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(a) (b)

Figure 7.2.: Description of shell structures by its mid-surface S and normal vector v. Every
point X can be represented in the form X = x + zv. (a) Flat structure. (b)
Curved structure.

is a C2%-diffeomorphism from Q onto ©(Q) and det(r1,72,v) > 0 in Q, where 7; = 376
and v = ||‘I";1>z<7:;2||2'
Proof. See e.g., [38, Theorem 4.1-1]. O

The requirement on the thickness ¢ depends on the curvature of the shell, compare also
Remark 7.5. Theorem 7.1 justifies to split a shell 2 into its mid-surface S and the corre-
sponding normal vector v

A={X=z+zv()|zeS, zc[-t/2,t/2]}, (7.2.2)

as depicted in Figure 7.2 (b), compare also [97, Lemma 2.8].

Definition 7.2. We call a surface S, fulfilling the requirements of Theorem 7.1, together
with its normal vector field v : S — S? the initial configuration of a shell and (S, 7) with
a unit vector field 7 : S — S?, also called director, a configuration of a shell.

To compute derivatives of functions on the surface S we either need to pull them back to
the flat case by the Moore—Penrose pseudo-inverse or extend the function to the full space,
use the classical derivative, and project the result back to the surface.

Definition 7.3. Let § C R™ be a smooth k-dimensional sub-manifold, p € S, f: S — R and
¢ : RF — S a smooth embedding. Then we call the function f differentiable, f € C1(S),
at p € S, w.lo.g. p(0)=p,if

Vo f(p) = V((f 0 9)(0))(Vep(0))T (7.2.3)
is differentiable in classical sense and call V.. f the tangential or surface gradient of f. Here,
(V)T € R¥¥" denotes the Moore—Penrose pseudo-inverse of Vi € R™¥F,

The definition is independent of the particular embedding ¢ and can be extended easily
to vector valued functions f : S — R”. A manifold is equipped at each point p € S with a
tangent space:
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¢

/\@

Figure 7.3.: Push forward by V¢ of a tangent vector £ onto tangent space of a surface.

Definition 7.4. Let S be a surface with normal vector field v. Then, for every point p € S
the tangent space T),S is defined by the set of all vectors which are perpendicular to v(p)

7,8 = {v(p)}t = {veR3|v L v(p)} (7.2.4)

and the tangential bundle of S is given by T'S := Upes{p} x T),S. Further, the projection
operator onto T'S is defined by

P, =T-vev:R*=TS. (7.2.5)

The definition of the tangent space can be extended directly to n — 1-dimensional sub-
manifolds. Note, that with a given embedding ¢ : R*~! — S there holds

T,S = Vo(p)R" ' := {Vo(p)n|n € R"'}. (7.2.6)

Thus, Vi can be seen as a push forward mapping tangent vectors in the plane to tangent
vectors onto the manifold, see Figure 7.3.

With Theorem 7.1 and (7.2.5) for given f : S — R an extension F' : R®> — R can be
defined such that P, F = f. With this at hand we define the tangential derivative as

V.f = P.VF, (7.2.7)

which is independent of the choice of the extension F', see [97]. Note that (7.2.7) is an
equivalent definition to (7.2.3). For vector valued functions f : S — R? the surface gradient
via extension is given by V,.f = VF P.. From a finite element point of view Definition 7.3
fits perfectly in the design of a reference element T C R2, where the derivative is computed
and then mapped via the pseudo-inverse (see Section 7.5), whereas (7.2.7) might be better
suited for e.g., theoretical results.

Definition 7.5. The surface divergence of a vector valued function u € [C'(S)]? is defined
by div,(u) := tr(V,u). For d = 3 the surface curl of a vector valued function u is given by
curl, (u) := (V, x U) - v = div,(u x v) and for a scalar ¢ € C1(S) Curl,(¢) := v x V¢,
where v is the outer normal vector and U an extension of u into the neighborhood of S.

With the projection operator P, onto the tangent space at hand we can define the
covariant surface derivative:

Definition 7.6. Let S C R™ be a smooth n — 1-dimensional sub-manifold, P, the projection
onto the tangent space, and f : & — R" a differentiable vector field. The covariant surface
gradient of f is defined by

ViVf =PV, f (7.2.8)
or via extension F': R” — R" as V¢ f := P,V . FP,.
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Note, that for a vector field f on S there holds vV f = 0 and V< fv = 0, but in
general vV, f #0 (only V,fv =0).

To measure distances, angles, and curvatures on manifolds the following fundamental
forms are introduced.

Definition 7.7. Let S be a shell, v,w € TS, and 7 : S — S? a director field. Then the
(generalized) first, second, and third fundamental forms are given by

I(v,w) = (v,w), (7.2.9a)
ITy(0,w) = %((vm),m + (0, Voo w)), (7.2.9b)
I11;(v,w) = (V.ov,V, Dw), (7.2.9¢)

where (-, -) denotes the Euclidean scalar product in R3. Further, the shear form o : TS —
R is defined for all p € § by

(05)p : TS = R, v (D(p),v). (7.2.10)

Note, that for the normal vector v on S there holds I71,(-,:) = (V,v-,-) and o, = 0.
Vv is the Weingarten tensor, also called the shape operator & : TS — T'S. It is further
referred to as curvature tensor as the second derivatives of the underlying embedding of
the shell contain the curvature information.

7.2.2. Curvilinear coordinates for shells

We compactly introduce the ingredients to describe a shell in curvilinear coordinates and
refer to Appendix A and the literature, e.g., [72] and references therein, for a comprehensive
introduction. Throughout the thesis we will use the notation « for a vector u if curvilinear
coordinates are considered.

Let ¢ be an embedding of a surface. Then the two vectors

o = 8“055;152) (7.2.11)

are linearly independent and form a basis of the tangent space of the surface, compare
Definition 7.4. Together with the normal vector d3 := =2>%2— the 3D chart (7.2.1) reads

lla1xaz]l2

0(¢',6%,6%) = p(¢',€%) + £a3(¢,€%). (7.2.12)

The set {d1,ds} is called the covariant basis of the surface and the contravariant basis
{a@',a*} is given by the relation @, - @’ = 6g, a, 8 =1,2.

The components of the first, second, and third fundamental forms a, b, ¢, cf. (7.2.9)
with 7 = v, are given by

S o S S " o A
Gop = lo -G8,  bap=d3-dap=—034 0a,  Cap=b5brg,
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where b3 = a® byg = d‘% - d3. Note that from the relation [|dsll2 = 1 we can deduce that
d3.0 = —bAa).

With the surface Christoffel symbols Fga =dgq ar = —dg - Eifa the surface derivative,
compare Definition 7.3, of a vector field @ in curvilinear coordinates is given by

’llia = (u/ngC — Fgauk) 66 + béuAc_i;g.

The components of the surface covariant derivative of #, cf. Definition 7.6, are defined
by

UB|q 1= UBa — Féau)\-

The 3D covariant base vectors induced by the 3D chart (7.2.12) are

. _ 09 32 (sh_ 30 2 . _ 00
ga—@—aa‘f'fas,a—(éa—fba)ah 93—8753

and the components of the corresponding 3D metric tensor g are given by

—

:as

Jap = Gap — 28005 + (€%)?Cap,  Ga3 =0, g3 =1 (7.2.13)

The connections between the 3D and surface quantities are given by evaluating the three-
dimensional objects at the mid-surface: aap = (gas)les—o; F;\YB = (Fg5)|§3:0> and bag =
(Fiﬁ)|§3:0 (T" defined as in (A.0.1)).

7.2.3. Deformed configuration

Definition 7.8. Let (S, 7) be the initial configuration of a shell. A deformation ® = (¢, ?)
of S is given by

D: S x[~t/2,t/2] — R,

(2,2) > () + 20(c), (7:2:14)

where ¢ is the deformation of the mid-surface and o : S — S? a differentiable unit vector
field. We call S := ¢(S) together with 7 := 1o ¢! a deformed configuration of the shell.

In the following we will also use the additive splitting of the deformation ¢ into the
identity function and the displacement u, ¢ = id + u.

As the shell gets deformed we need to transform the normal and tangential vectors from
the initial to the current deformation. Therefore, we collect some useful properties. The
cofactor matrix can be defined via the relation

cof (A) := det(A)A™" for all A € GL(3) (7.2.15)

or equivalently as the matrix whose (4,7)-th entry corresponds to the determinant of the 2x 2
sub-matrix resulting from deleting the i-th row and j-th column of A. Thus, the cofactor
matrix is also well-defined for non invertible matrices. From identity (7.2.15) there directly
follows (by a density argument) that cof(AB) = cof(A)cof(B), cof(A") = cof(A)T,
cof(A™1) = cof(A)~! (if A € GL(3)).
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7.2 Lemma. Let A € R3*3 withrank(A) = 2 and v € R? withv € ker(A). Then there
holds, with P+ = v @ v the complementary orthogonal projection of P, =1 — v ® v,

v
[[oll27

where v :=
1. ATcof(A) =0.
2. cof(P;) = P+.
3. ||cof(A)vllz = [[v]l2]|cof (A)| -

Proof.

1. As the set of regular matrices GL(3) is dense in the set of all matrices there exists
for all A € R3*3 and £ > 0 some A. € GL(3) such that ||[A. — A||r < e. Therefore,
with (7.2.15) and continuity of the determinant, there holds

T _ 1 T 1 _
A cof(A) = il_r)r(l) A, cof(A;) = il_r)r(l) det(A;) = 0.

2. We choose 71, 75 € R3 such that B := (7'1 T 1/) € SO(3). The claim follows directly
as cof(A) = A for A € SO(3) and

100 00 0
cof (P,) = cof(B)cof ([0 1 0])cof(BHY=B |0 0 0| B™'=pPL
000 001

3. With cof(A)7; = cof(AP,)7; = cof (A)P7; = 0 for i = 1,2 and 7; as in 2), we get

2
[cof (A)v|2 = v cof (AT A)w = v cof (AT A)v + ZTZTCOf(ATA)TZ'
=1

= tr(cof (AT A)) = |lcof (A)||%.

7.3 Lemma. Let S be a shell with normal vector field U and ¢ : S — R? a diffeomor-
phism. For the resulting deformed shell S := ¢(S) let v be the corresponding normal
vector and T € T,S a normalized tangent vector at p € S. Then, with Fz := Vz¢ and
W:=v X T, there exists T € T¢71(p)§ such that

0 F-7 o cof (F7)v cof (F7)v oo F7TTH
T — — = — = 9 = s T —p
| F=7 |2 [cof (F7)V|2  |lcof (F7)|r | P71 7l
(7.2.16)
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Proof. The former claim is the definition of mapping of tangent vectors via push forward
and thus obvious. For the second claim let p € § and n € T,,§ be arbitrary. Then

1

_T T _ Lemma 7.2
. = F* f F* — 0
100V Thaleot ey 1T T
For the latter we compute
1 T
pod-vod= — — 71" F=lcof (F7)7 = 0,
| F=1 il 2|cof (F=)7 2
1 1
po¢-Tod= i Fr Fer = n'T=0,

— — — — K
| E7 2| F77 |2 IE7 a2 | F77 2

where we used that Fxicof(Fz) = F+' Prcof(F5) Lemma 7.2 (3 ond F-'F- = P>. As the
three vector fields are perpendicular and normalized there holds det(vo¢, 7o ¢, po¢) = £1.
To show that the orientation is preserved we extend the vectors to full space, compare

(7.2.7), by using a full rank matrix F' € M (3) and A := (I ® ||_FIT:—:UV”2) -7

- FT
F o F7 Al
I F=T72’ | F7 |2’ | Azll2"

By neglecting the denominators we obtain
det(F~ "0, F7, Afi) = det(F~ "o, F7, F~ ')
= det(F~ ") det(z, F' F7,7)
= det(F~-"axv- (F"F7) =det(F~ )| F7|j3 > 0.

7.4 Lemma. Let S be a shell with normal vector field 7 and ¢ : S — R3 a diffeomor-
phism of the form ¢ = id +wu. For the resulting deformed shell S := ¢(S) let v, T, and
w defined as in Lemma 7.53. Assume that Vzu = O(e). Then the linearization of these
vectors is given by

vo¢p=70—Vsu U+ 0O, (7.2.17a)
Top=7+ (I -TRT)V-uT + O(e?), (7.2.17D)
pod=n+(I—-7@7)Vru— Veu' )i+ O(). (7.2.17c)

Proof. The claim can be proved by using the first variations of v, 7, and p given in Ap-
pendix B, e.g., (B.0.1). However, it is faster to extend the deformation gradient F> to a
full rank matrix F' and compute

F Ty
Ou(vo ¢ o) lu=0 = Ou <> ou) |u=o0
(v o ¢)(du) 7] (0u)]
F VL F~ o T 1
=(- — +F U
< |1F~ 7| |F-To|?
= —Vou' v+ (Vou)mwv = —(I —7 @ 0)Vou' v = —Vziu' 7,

(F~'7, FvasuTFT)) |u=0
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where we used that 9, F~! = —F~19,. FF~!. The proof of the others follow the same
lines. O

To evaluate the fundamental and shear forms given in Definition 7.7 for a deformed shell
S= ®(S) so-called pull backs are used. Therefore, let v, w € T'S, ¥ the normal vector on
S and 7 : S — S?. Then, with the notation V, for the derivative on S and V> for the
derivative on S we have

" [(v,w) := (V=7, V=0w), 7.2.18a

7.2.18c
7.2.18d

S*I115(v,W) 1= (V457 0 ® V3D, V7 0 & Vb W),

(
*I15(7,7) = % (V570 ® V20T, V,d@) + (V20T, V50 DV-0w)),  (7.2.18b
(
O 0y(-) == 05 (V7D ). (

)
)
)
)

Matrix representations of the (pull-backed) forms are given, F'z := Vz®, by
I=P.P.=P. II,=V.7, T1T;=V+0V-7, o5 =0,
O I =FlF;, O [1;=sym(F1V,.00® F5), (7.2.19)
S II;=FIV,00® ' Voo®Fr, 03 =Fliod.

In the following we will write e.g., I instead of ®*I for a more compact notation.

7.3. Shell models

As mentioned at the beginning of this section, deriving a 2D shell formulation from 3D
elasticity is a highly non-trivial topic of research. We will briefly introduce a Galerkin
semi-discretization and then follow [231, 232] to derive a geometrically exact shell model
comparable with [200] in the shear deformable case and [38] when using the Kirchhoff-Love
hypothesis (see Section 7.3.4).

7.3.1. Galerkin semi-discretization

A (high-order) semi-discretization of shells is based on the approximation along the thick-
ness direction by a power series of the displacement [160]

oo
u(@,z) =uo(x) + Y 2wi(z), w €S, z€[~t/2,1/2]. (7.3.1)
i=1
Using a finite sum gives the approximation

N

u(zx, 2) =~ up(z) + Z Zw;(z). (7.3.2)
=1

These methods are called (for N > 1) hierarchical models (or p-methods).
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The multilayer approach (h-method) divides the shell in thickness direction into layers
and uses e.g., piece-wise linear polynomials in every layer

N

u(zx, z) ~ Zd;l(z)wl(a:), (7.3.3)

=1

where ¢; is a hat-function being 1 at one specific layer and 0 at the others.
In this work we consider only (7.3.2) with N = 1, where the Reissner-Mindlin and
Kirchhoff-Love models described later are included.

7.3.2. A geometrically nonlinear derivation

Let S be the initial configuration of a shell and 7 the corresponding normal vector field.
We use (7.3.2) with N = 1 and assume that the deformation in Definition 7.8 is of the
following form
D: 8 x [~t/2,t/2] - R
(z,2) = ¢(x) + R(V(x), ¢(x)), (7.3.4)

where ¢ is the deformation of the mid-surface and
R:S? xS —§? (7.3.5)

can be understood as a nonlinear rotation of the normal vector (compare the Reissner—
Mindlin assumptions in Section 7.3.3). To simplify notation we neglect the 2 and ¢ depen-
dency of R.

We split the full 3D gradient of the deformation ® into its tangential and normal com-
ponent, namely

VO = V:b + V. (7.3.6)

and denote the projection onto the normal direction by P, := P: =7 ® 7.

The Cauchy—Green strain tensor (metric tensor) of the full 3D deformed shell is given
by C = V®'V®. Together with V.(2R(7)) = R(P) ® 7 and the notation Fr := Vz¢ we
obtain

C = (F-+:V-R(7)+ R(7)®7) (Fz +2V-R([) + R(V) ®7)
= F- F-+2zsym (FFTV?R(FD +2°V-R(®) V-R(7)
+F;"RO)®7+ (R@)®7) F-+ R®)' R(¥)P., (7.3.7)
=1

where we used that from ||R(7)||2 = 1 there follows VzR(7)R(7) = 0. Note, that with the
chain rule there holds V.7 o ¢ Fz = Vz(0 o ¢) = VzR(7). Thus, with Definition 7.7, we

can identify

C =1+221Ige) + 211 gwp) + (CrE) @V +V® ore)) + P-. (7.3.8)
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Figure 7.4.: Sketched membrane, bending, and shearing energy of a shell.

AN
~

For the undeformed configuration we obtain
C =1+ 2211y + 2*TI1; + P, (7.3.9)

compare also the 3D metric tensor (7.2.13) in curvilinear coordinates.
The Green strain tensor is given by

E=-(C-0) (7.3.10)

N | =

and together with the linear material law of St. Venant—Kirchhoff the whole energy of the
deformed shell reads

t
1 /b
W= /2 / B3, ds, dz. (7.3.11)
2 —tJs
For a discussion of justification for using a linear material law we refer to e.g., [168]. Using
Steiner’s formula [214]
ds. = (1—2zH + zzK) ds (7.3.12)
with the mean and Gauf} curvature H and K, respectively, yields
t t t
1 2 2 2 2 2 92
W = 3 |E|as dz — 2H Z||E||ay dz + K 27| E|| 3 dz | ds. (7.3.13)
s \J-4 = -4

We assume that ¢/L < 1 (L denoting the characteristic length), |1 —I||ps < ¢, and K < t,
i.e., that the membrane energy and Gaufl curvature are small. Then, using asymptotic
analysis neglecting all terms of order O(*) or higher gives the energy [231, 200]

1 t - t3 _
W = 2/5 <4|u — I3+ TR - IT)3 + tnG\aR(V)]2> ds. (7.3.14)
Here, G = 2(1731/) and k denote the shearing modulus and shear correction factor, respec-

tively. The shear correction factor k < 1, used to compensate high-order effects of the shear
stresses which are not constant through the thickness, is mostly set to 5/6 in practice [19].
Note that the shear correction factor does not appear during the derivation in terms of
asymptotic analysis and is added afterwards. For the plate derivation based on variational
methods in [1] the factor 5/6 directly appears in front of the shearing part.
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The three terms in (7.3.14) correspond to the membrane, bending, and shearing energy,
cf. Figure 7.4. Under the assumptions of Reissner-Mindlin, see Section 7.3.3, the material
norm is of the form

2 E 2 - 2
Il 1lar == T2 (tr()* 4+ (1 = 2)tr(-?)) . (7.3.15)

Using the matrix representations (7.2.19) together with E~ := 0.5(F;' F= — P=) gives
the following form of (7.3.14)

tkG

t t3
W = / (2\\ETH%\4 - ﬁHsym(F;TV;R(P)) — V7|3 + 2]FTTR(1/)]2> ds. (7.3.16)
S

7.5 Remark. From Steiner’s formula (7.3.12) we observe that the shell has to be suffi-
ciently thin such that the expression 1 —22zH + 22K stays always strictly positive, depending
on the radius of curvature of the smallest modulus of the surface, compare Theorem 7.1.

7.3.3. Naghdi shell, Reissner—Mindlin plate, and Timoshenko beam

We use (7.3.16) as starting point to derive formulations of (nonlinear) Naghdi shells, the
two-dimensional Reissner—Mindlin plate, and the Timoshenko beam in one dimension. In
the following we use the displacement field v := ¢ — id as unknown.

The hypothesis of Reissner—-Mindlin [156, 191], which we will use gradually in the follow-
ing, are stated as follows:

(H1) Lines normal to the mid-surface are deformed linearly, i.e., they lie on a straight line.
(H2) The deformation in normal direction is independent of the normal coordinate.
(H3) Points on the mid-surface get only deformed in normal direction.

(H4) The normal stress o33 vanishes (often called plane-stress assumption).

A rigorous justification of hypothesis (H4) started in 1959 [158] and has been completed
decades later by [1] and [60] using the two-energies principle. Therein it was proven for
plates that the full 3D solution converges to the Kirchhoff-Love and Reissner—Mindlin
model as the thickness ¢ tends to 0. There holds, under the assumption of a convex middle-
surface or a smooth boundary,

[ —uFM < O(th),  [lut —uRE] < O, (7.317)
and [|(03%)33]| = (’)(t%)Ha:”dH, which can be seen as a justification of the hypothesis.

Under assumption (H4) and using (2.4.1) we can eliminate the strain component €33 by

1%
€33 = 51 (€11 + €22). (7.3.18)
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Inserting this into the other equations of (2.4.1) yields

011 v 0 €11
0929 E v 1 €929
019 = m 1—v R €12 (7319)
013 1—v €13
093 0 1—7v €93

and splitting this into the in-plane (o711, 022, 012) and shearing (o713, 023) parts gives the
material norm (7.3.15) and shear modulus G.

Nonlinear Naghdi shell: With (H1) and (H2) the director 7 o ¢ = R(7,u) is given by a
(nonlinear) rotation matrix R € SO(3). Although rotational matrices with finite rotations
can be well described by e.g., Euler parameters, Quaternions, or Rodrigues parameters, we
will consider a different approach better suited for the finite elements involved in the later
proposed methods. The rotation can be split by first rotating the normal vector such that
it is orthogonal to the deformed mid-plane (compare the Kirchhoff-love hypothesis (H5) in
Section 7.3.4) and then a second rotation, the shear, is applied, i.e.,

_ = - cof (F7)U _ _ cof(Fz)7 + v
R(Va U»’Y) - R(’}/)Vng) - R(7)||C0f(F?)P||2 or R(V7u’7) - ||COf(F7)ﬁ—|—’}/H2’
(7.3.20)

where v = (71,72) are the two shearing parameters and R(v) € SO(3). This hierarchical
approach can be simplified under the assumption that the shearing term is small (see [167])
_ cof (F7)v
R(T,u,y) = ———o T2 1 7.3.21
providing the advantage of an additive (instead of a multiplicative) splitting.
Note that v € {v o ¢} is perpendicular to the deformed normal vector. Thus we need

to pull the shear back via the classical push forward F'z or the covariant transformation
(FD)"

vo¢:=F7y, yo¢:=(FL)T5. (7.3.22)

Defining the director as R(7,u,7), we obtain the nonlinear Naghdi shell energy (without
a right-hand side)

tkG
IR RO d.

(7.3.23)

t 3 o _
Wry = / (2||E7H?w + ﬂllsym(FJV?R(v,u,v)) — V7|3 +
S

Linear Naghdi shell: For infinitesimal rotations there holds 7 o ¢ = R(7,u) ~ (I +
skw(B1, B2))v as the tangent space at the identity for the special orthogonal group SO(3) is
the set of skew-symmetric matrices, compare also Figure 7.5 for the classical linearization
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b~ tan 3

5

| |

Figure 7.5.: Linearized angle.

of the angle. There holds skw(/31, 32)7 L 7 and thus, we can identify it with a vector field
3 := skw(f1, 32)7 in the tangent bundle TS, i.e., 3 L ¥ and thus, 7o ¢ ~ U + .

We can also start with the linear approximation v o ¢ ~ 7, cf. (7.3.22). Linearizing the
deformed normal vector (7.2.17a) vo¢ ~ T — Vzu'V we get Vo ¢ = U — Vzu'U +7 with

57 € TS the shear and we can define the rotation 3 := —Vzu'% 4+ 7. Thus, the shearing
term in (7.3.23) simplifies to
F:"R@,u,7)~ Veu' U+ —Veu' B~ Vru' 7+ 3, (7.3.24)

as V-u' B = O(£?). Further, with
F:"VzR(W,u,7) — ViU ~ Fz V(U + ) — ViU = F7 ' V:8 + Vzu' V70
~ PV 4 Veu' Vit = VEE + Vou | Vo (7.3.25)
the bending energy changes to
Hsym(F;TV;R(ﬁ, u, 7)) — V7|3 = [|[sym(VEY 3 + V;uTV;ﬁ)H%\/I. (7.3.26)
Thus we obtain the linearized Naghdi shell energy
lin t vz, b To 2 o G T_ | g2
WrmM = /3 <2||Sym( = u)|ar + ﬂ”sym(v%ovﬁ + Vzu' V)3 + TW?U v+ B > ds,
(7.3.27)
where we used the linearized membrane energy
IE713s =~ [lsym (V5 u)l[az- (7.3.28)

In curvilinear coordinates the corresponding (variational) problem of (7.3.27) reads, cf.
[72]: Find (for given right-hand side f) «@ and g such that for all §@ and 5

3 -, -, —, -,
/S C B <t'ya5(ﬁ)%\u(5ﬁ) + %Xaﬁ(ﬁ, B)x (6, 55)) + Kt Do (@, B)Cr (0T, 65) ds

= / f-oads, (7.3.29)
S
where
. 1
Yap () == B (%m + Uma) — bapus, (7.3.30a)
Lo 1
Xap (@, B) = 5 <5a|5 + Bgja — bitrja — béuMg) + capus, (7.3.30b)
L1
Calit, B) 1= 5 (B + iz a0 + baun), (7.3.30¢)
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and
CoPA = B a®aPt 4 q“haP 4 iaaﬁaku (7.3.31a)
21+ D) 1—o ’ e
D = ff —a® (7.3.31b)
14

7.6 Remark. Note, that with the kinematic assumptions (H1) — (H2) in the linear regime
the total displacement is given by

U(g.€%.€%) = a(¢'. &) + €8(¢", €)aM(e! &)
leading to the same formulation (7.3.29) [72, 199].

Using the shear v := 5 = Vzu' 7 + 3, (7.3.27) changes to

3 tkG

in t cov t cov
Wit = [ (5T e + Gy llsm(vE - Py + ) ds (1332

where Hy := Zg’:l(V;Qui)ﬁi with V72 denoting the surface Hessian, see e.g., [97, 200]. As
it involves a second order operator leading to a fourth order problem, (7.3.27) is mostly
used instead of (7.3.32).

Reissner—Mindlin plate: By assuming that the shell is a flat plate, i.e., the normal vector
is constant (w.lLo.g. 7= (0 0 1)T), (7.3.27) decouples into a 2D membrane problem and
the 2D Reissner-Mindlin plate model with Q := S C R?:

Cre(@) : €(6) de = / f-oude, (7.3.33)
Q Q
Cpe(p) : €(08) +tG (Vw + B) - (Véw + 63) de = / faowdx, (7.3.34)
Q Q
where @ := (u1 UQ)T, w := ug, €(-) the symmetric part of the gradient, and derivatives
are taken only in the first two directions. Further, Cpe := ﬁ (1 —Dp)e+vtr(e)),

Cue := 1—22(@36.

Due to three displacement and two rotational degrees of freedom the Reissner—Mindlin
plate is also denoted as 5-parameter model. There holds, compare (7.3.2),

U = V1 + 2wy, Uz = Vg + ZW2, U3 = U3 (7.3.35)

and thus, €33 = % = 0, whereas €11 and €y are linear polynomials. From (2.4.1) we have

that o33 = A\(€11 + €22) leading to an asymptotically incorrect model. Thus, the hypothesis
(H4), o33 = 0, has been used leading to €33 = 527 (€11 + €22) # 0. Due to this discrepancy
the normal-normal component of the strain is condensed out of the material law equation.

One may hope that by using linear polynomials in z for us, called (1,1,1)-model, over-
comes this problem of modifying the 3D material law. However, it turns out that a quadratic
approach, (1,1,2)-model, is needed to directly use 3D material models [1(].

The hypothesis (H3) is used to neglect the membrane problem (7.3.33) yielding solely
(7.3.34) involving only two rotational unknowns and the vertical deflection.
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Timoshenko beam: Reducing the plate to one dimension the so-called Timoshenko beam
is recovered (together with a membrane problem of the form (7.3.33))

/ DB'(3B) +thG (' + B)((5w) + 55) dx = / fow dz, (7.3.36)
Q Q

where D := % is the bending rigidity.
As discussed in Section 8.2, already for this simplified model shear locking appears and

needs to be treated accordingly.

7.3.4. Koiter shell, Kirchhoff-Love plate, and Euler—Bernoulli beam
Additionally to the hypothesis (H1) — (H4) the Kirchhoff-Love hypothesis reads

(H5) Normals to the undeformed middle surface move to normals of the deformed middle
surface without any change in length.

Nonlinear Koiter shell:  With hypothesis (H1), (H2), and (H5) and Lemma 7.3 the director
U o ¢ is of the form

1

= mcof(F;)?. (7.3.37)

vog¢
Thus, the shearing energy is zero and the nonlinear Koiter shell energy is given by

t t3 cof (F7)v
— [ (LB %, + = Fz'Vr (it |) = Vapllag | ds. 3.

Linear Koiter shell: Linearization (7.2.17a) gives 7o¢ = 7— Vzu' v+ O(e?) yielding with
the linearized membrane energy (7.3.28)

Tolin t cov t3 cov —
.- [ (2Hsym<vf W)y + b lsym(VS (%M)H%) s, (7.3.30)

In classical shell theory the term Vzu' V7 is neglected for the linearized bending energy
[207]. Thus, (7.3.39) simplifies to (compare also [200])

in t cov t3
Wit = [ (T 0l + flomPrali ) ds (3.0)

Note, that in the limit ¢ — 0 in (7.3.27) we obtain f = —V-u ' recovering (7.3.40) as then
VB + Vzu'Vz0 = — P=H;. The same holds for the shearing formulation (7.3.32).

The problem in curvilinear coordinates reads [72]: Find (for given right-hand side f) @
such that for all du

3

_, . _, _, .
/SCQ/W <t Va3 (W) Y2 (67) + upag(u)p)\#(éu)) ds = /Sf -duds, (7.3.41)
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where O M ~, 5 are as in (7.3.30a), (7.3.31a) and
Pap(l) = usjas + bg‘ﬂu“ + bhtyp + Dgtuyla — Capus, (7.3.42)
with

A A
u3|aﬁ = u3,a[‘3 - FZBU&M, bl;'ﬁ = bgvﬂ + ngba - Faﬁbﬁ

Kirchhoff-Love plate: By assuming that the shell is a flat plate Q@ C R? and 7 =
(0 0 1)T, (7.3.40) decouples into the membrane problem (7.3.33) and the Kirchhoff-
Love plate model:

/ CpViw : Viwdr = / fowdx. (7.3.43)
Q Q

As in the Kirchhoff-Love model only the 3 displacement parameters appear it is also called
3-parameter model.

Euler-Bernoulli beam: In one dimension the Kirchhoff-Love plate degenerates to the
Fuler-Bernoulli beam

/Dw”(éw)“daz:/féwdx. (7.3.44)
Q Q

Note, that compared to the Timoshenko beam (7.3.36) no shear locking appears, (as no
shearing term is involved).

7.4. Discrete differential geometry

Up to now we have considered smooth surfaces for the derivation of the different shell
models. When discretizing the initial configuration of a smooth shell the resulting elements
are continuously connected, but not necessarily in a smooth way. As the curvature of a
surface depends on the derivative of the normal vector field, i.e., the second derivative of
the embedding, the natural question of how to define curvature on discrete geometries arise
and is discussed in this section from a finite element (and distributional) point of view.

7.4.1. Discrete surfaces

Let T}, be a piece-wise smooth and globally continuous surface triangulation approximating
the smooth manifold S such that the vertices of T}, lie exactly on §. More precisely, let
Trn = {T;}, with T; smooth manifolds and piece-wise smooth boundary 0T and define
TTy := U/TT; as the tangential bundle of Tj. Thus, we can define on every element
T a (globally not necessarily continuous) normal vector v and on the edges (normalized)
tangential vectors 77, and 7z such that the element-normal (co-normal) vectors puy, := v X7,
and ugr := vr X Tr are pointing outward of 17, and Ty, respectively, see Figure 7.6. We
neglect the subscripts L and R, if the corresponding element 7" is obvious. Remember that
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TR AML
IR ’

VR

Figure 7.6.: Normal, tangential and element-normal vectors v, 7 and p on two neighbored
elements.

Figure 7.7.: Jump of normal vector over two affine elements.

integrating over volume, surfaces, or edges (vertices in 2D) is denoted by dz, ds, or dA,
respectively.

Let T4 be a triangulation of § with polynomial approximation order & > 1. If the
order of approximation is obvious or not essential, we simply write T j. To curve the mesh
in such a way that an optimal isoparametric finite element approximations we refer to [146]
(compare also [97]). A projection-based interpolation procedure for curving geometries is
given in [94].

7.4.2. Discrete curvatures

For an affine triangulation 77,1 the discrete outer normal vector v is piece-wise constant
and thus, V v|r = 0 for all T € Tp. Moreover, the normal vector may jump over the
interfaces, see Figure 7.7. Hence, the discrete shape operator can at best be a distribution,
which requires a detailed derivation. This is motivated by discrete differential geometry,
e.g., [109], where the angle is also used as part of the curvature computation.

We start with an affine 1D curve in two dimensions and w.l.o.g. consider two line
segments and one point P = (0, 0), where the normal vector jumps with angle a as depicted
in Figure 7.8 (a). Our goal is to derive an approximation of the curvature formula at the
point P. To this end, we construct a family of C''-smooth approximation of the curve
parametrised by € > 0. Starting with an e-circle centered at P, we define the unique
circle that goes through the same intersection points with the curve as the e-circle and

cuts it in a 90 degree angle, see Figure 7.8 (b). This circle with radius r. = 81;(;1?05)& )

and midpoint M. = (e, —r.) is then used as C''-approximation of the junction, cf. Figure
7.8 (c). Thus, we can define the continuous and piece-wise smooth approximated normal
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vy, TR TE TR
A P
Ty, Tr
(a) (b) (c)
Figure 7.8.: Construction of approximation of discrete jump. (a) The affine curve with

jump angle a. (b) The construction of the circles. (c¢) The final approximated
smooth curve.

vector field v, : T. — S! and the corresponding shape operator

vy, for x € T7,, 0 for x € Ty,
ve(x) = % for x € T¢, Vv = —%Hs ® pe for x € Ty, (7.4.1)
VR for x € Ty, 0 for x € Ty,

: 1 (w2 Mcp) , i
with p. = =] < (21 — M) ) the tangential vector on T, 17, := Tr\U(P) and
T := Tr\U.(P) and Si denotes the unit-sphere in 2D. Note that . = —pz and pe = pp
on the interfaces T- N Ty, and T NT'r, where uy, and pugr are the element-normal vectors,
cf. Figure 7.6. Further, there exists a continuous and bijective mapping ®. : T — 7.

B.(x) = {:ﬂ for x € Tp\U:(P),

N 7.4.2
(@ — M) for z € Tp NU(P), ( )

with @, =9 id.

To compute the limit € — 0 for the curvature we define the corresponding test function
on the triangulation ¥ : 7, — R?*2 to be element-normal element-normal continuous, i.e.,
MI‘I’M L= Yy, = Wyunus on the skeleton £),. Thus, the element-normal element-normal
component “does not see” the junction of the discretized geometry. Further it should be
symmetric, as the shape operator is, and thus has the form ¥ = Uy ® p with U : R?2 - R a
continuous function. The test function on the smoothed surface 7. reads ¥. = Y, ® p..
Then, with the transformation and Lebesgue dominated convergence theorem we obtain

(=V, v, W), = lIm(=V, v, O.)r .
’ e—0

1
= lim _FME @ pe : Wpte ® pre ds
e

e—0 I,

=lim [ —Y(M;+rx)ds(z) =— |I'1| U(P)
e—0 I

:—/ <(VL,UR)\I/d>\,
P
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Figure 7.9.: Construction of approximation of discrete jump in 3D. (a) The affine curve
with junction. (b) The approximated smooth surface.

with the notation <((vr, vg) := arccos(vr, - vg) for the angle and

Lo (ot (o)) e G+ T ((Gnte)) e (55 vl (743)

Thus, the discrete shape operator on a triangulation 77 ; can be defined as

(~Ve, W), == > /TVTVSIT:\Ilds— > /E<1(VL,1/R)\IIWd)\. (7.4.4)

TETh Ee&y,

Note, that for a high-order approximation of the surface the jump term becomes less impor-
tant in terms of curvature information, however, as we will see, it is crucial for numerical
stability.

The generalization to two-dimensional sub-manifolds in three dimensions is done in an
analogous manner, see Figure 7.9. For the vertices one might also use a smoothing by an e-
sphere, compute the normal vector on this regularized surface, and then use the limit ¢ — 0
as distributional value on the vertex. This limit, however, is zero as the surface of the sphere
converges with quadratic order to zero whereas the norm of the shape operator Vi, is only of
order O(e~1). Therefore, as in the two-dimensional case, the test function ¥ : 7, — Rg’;n?;
has to be element-normal element-normal continuous, i.e., 0 = [¥,,] := ¥,,|1, — ¥ uulT5,
and symmetric. The construction of such surface finite element spaces is given in the
following section. We note that other algorithms in discrete differential geometry use also
vertex patches to compute the curvature, see e.g., [109].

From a finite element point of view the discrete normal vector v on the (curved) elements
is globally tangential-continuous. The corresponding shape operator is thus tangential-
tangential continuous. As it is also symmetric we can use the prescribed procedure as a
lifting from the distributional Weingarten tensor to a more regular 2D Regge finite element
mapped onto the surface, where the HHJ space acts as Lagrange multiplier, compare also
Section 6.2. E.g., to compute the norm of the curvature tensor we can use

1
Lk, 0) = 5w —/ k:ods+ (Vov,a)7, ) (7.4.5)

Th

where k and o are in the tangential-tangential continuous Regge and normal-normal contin-
uous HHJ finite element space mapped onto the surface. For shells we are more interested
in the difference of the curvature between the initial and deformed configuration to measure
the bending energy. This can be achieved with the moment tensor o acting as Lagrange
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Kk = 2sin (%) m:2tan(%)

Figure 7.10.: Three different consistent discrete curvatures based on Steiner’s offset formula.

multiplier without the lifted curvature tensors £ and . Thus, we will not follow the idea
of a lifting and consider a Hellinger—Reissner type formulation

1
Wie) = 3l + (Vov0)7,. (7.4.6)

7.7 Remark. Note, that the question where to place the normal vector (and directors
for shells) is not uniformly answered. Instead of placing them at the elements a common
strateqy is to average the normal vector e.g., at vertices to obtain a globally continuous
field. Then the gradient would be globally well-defined in weak sense, however, for kinks
and branched shells there is no unique way to average the normal vector [/9]. As discussed,
e.g., in [291], the directors can be placed also on edges for an improved approzimation prop-
erty of the exact geometry if a piece-wise affine triangulation is used.

7.8 Remark. For the definition of curvature of a curve Steiner’s offset formula can also
be considered. Depending on how the offset curve gets continuously continued different kind
of curvatures at the jump are obtained, see e.g., [107, /2] and Figure 7.10. All three ver-
sions coincide in the limit of smooth surfaces a — 0. The third one is the only, where
the curvature tends to infinity for o« — w. The first approach leads to the same curvature
as our variational derivation. It is possible to consider also the other curvature defini-
tions, however as we will see, the difference of the angles between the initial and deformed
configuration will always be close to zero.

7.5. Finite elements on surfaces

Before introducing finite element spaces on surfaces we need to define the function spaces
on manifolds and start with the integration by parts formula. For a comprehensive intro-
duction of finite elements on surfaces we refer to [97].

7.9 Theorem (Integration by parts on manifolds). Let S by an n — 1-
dimensional submanifold of R™ with smooth boundary 0S. Further let v be the normal
vector, ji the co-normal, and f € CY(S) a differentiable function up to the boundary.
Then there holds with the mean curvature H = tr(V,v)

/SVdes:/Ssz/ds—ir/asfud)\. (7.5.1)
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Proof. See e.g., [97, Theorem 2.10.]. O

Definition 7.9. The set of square-integrable functions on the surface S is defined as
L*S) :={u:8 - R| ull22(sy < 0o} (7.5.2)

A function f € L*(S) is weakly differentiable, u = V, f € [L*(S)]", if for all ¥ € [C°(S)]"
there holds

/SfdivT(\I/)ds_—/Su.\I/der/Squ;.,,ds (75.3)

and the Sobolev space H'(S) is given by
HY(S) :={u € L*S)| V,u € [L*(S)|"}. (7.5.4)
For vector valued function spaces on surfaces we first define

[L2(8)]2 == {u € [L*(S)]* |u-v = 0}, (7.5.5a)
[L2(S)P3 = {o € [LA(S)*3|ov=v'o =0} (7.5.5Db)

as the set of square-integrable tangential vector and matrix fields on & and then

H(div,S) := {u € [L*(S)]? | div,(u) € L*(S)}, (7.5.6a)
H(curl,S) := {u € [L*(S))2 | curl, (uv) € L*(S)}, (7.5.6b)

and analogously H (divdiv,S) and H(curlcurl,S). The following sequences are exact and
comparable to the flat two-dimensional case, see Definition 7.5 and [194],
R —9 HYS) Y H(cwrl,S) <25 12(8) —2 0,

Curl- 0

. , (7.5.7)
R —9 g(S) 2 H(div,S) -2 12(8) —2 0.

The finite element spaces introduced in Chapter 5 fall into two categories:
1. Spaces where the trace of a 3D element results in a 2D element of the same space.

2. Spaces where the trace of a 3D element does not lead to a valid 2D element of the
same space.

The spaces H', H(curl), and H(curlcurl) belong to the first class, whereas L%, H(div),
H(divdiv), and H(curldiv) are contained in the second category.

Nevertheless, we generally describe how 2D flat elements (triangles and quadrilaterals)
can be mapped onto surfaces. Therefore, let T C R? be the reference element and &7 :
T—ThLCR3a (not necessarily affine but smooth) mapping onto a surface element, i.e.,
@7 can be seen as an embedding (V®7 € R3*? has full rank).

Let @ be an H!'-conforming finite element on T. Then, with uo®p := G a H'-conforming
finite element is defined as the continuity of @ is directly inherited by w directly to u. The
L?-conforming elements follow the same idea, see Figure 7.5.
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Dr (I)T

T -

Figure 7.11.: Mapping of H'- and L?-conforming elements from reference triangle onto a
curved physical surface element.

Thus, we can define
QN(Th) :=={u e L*(Ty)|VT € T30 € PK(T) : ulp o op = 4}, (7.5.8)
UR(Ty) == {u e HY(T) |VT € Ty, 3a € PH(T) : u|p o Br = @, u continuous}.  (7.5.9)

To preserve the normal or tangential continuity of H(div)- or H (curl)-conforming finite
elements the Piola and Covariant transformations (5.2.21) and (5.2.30) are adapted

— 1 ~ _ 3%x2 _ T
wo ®p 1= jGu, G=Vor cR** J=,/det(G'G), (7.5.10)
vodr=(GH'o, G =(G'G)'GT, (7.5.11)

with the Moore-Penrose pseudo inverse GT. Therefore

ViF(Th) == {u € H(curl, T) |VT € Ty 3 € [PH(T)]? - ulp o &p = (G T4, [u] = 0},
(7.5.12)

Wii(Th) = {u € H(div, Tp) VT € Tj, 3 € [PHT)]” : ulp o ®p = %Ga, [u] = 0}.
(7.5.13)

In the same spirit the transformation rules for H(divdiv) and H(curlcurl) elements on
surfaces are given by
1

e G6G', Todp = (GHT+GT. (7.5.14)

g o (I)T =
The finite element spaces MF(7}) and Ry (T}) are defined accordingly. To simplify nota-
tion we neglect the dependency of T}, if no misunderstandings are possible.

Note that G in (7.5.10) acts as a push forward of the tangent vector field 4, if R? is iden-
tified as a sub-manifold of R3, compare Figure 7.3. Thus, the transformed u is a tangent
vector field on the surface, which can be used to construct e.g., divergence-free tangential
methods for incompressible flows on surfaces [144].

7.10 Remark. As a consequence the tensor o acts also on the tangent space of the surface,
e, o :TTpxTTp —=Randov=v'o =0.

The definitions of the facet space (5.2.69) and normal-facet space (5.2.73) on surfaces,
denoted by Ff(T}) and I¥(T}), follow immediately. Note, that for the normal-facet space
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the Piola transformation has to be used to transform the involved normal vector.

7.11 Remark. The dual shapes presented in Section 5.3 can also directly be applied in
terms of surface spaces. Only the transformations (to obtain e.g., a geometry-free matriz)
need to be adapted accordingly, e.q., the inverse of the Jacobi matriz G~ has to be replaced
by the Moore-Penrose pseudo-inverse G1.

7.12 Remark. A polynomial (non-affine) mapping ® of order k yields the requirement
to have e.g, a H'-conforming finite element space of order k, i.e., an isoparametric dis-
cretization to represent polynomials on the surface should be used. Otherwise, non-optimal
convergence-rates or extreme locking behavior (see Chapter 8) may be the consequence.

7.6. Hellan—-Herrmann—Johnson stress space for plates

As preparation for the (nonlinear) shells, we describe how the HHJ stress space (5.2.35) is
used to discretize the fourth order Kirchhoff-Love plate without H2-conforming (and thus
C1-) elements and the Reissner-Mindlin plate together with rotations 8 in the Nédélec
space avoiding shear locking (see Section 8.2).

7.6.1. HHJ method for Kirchhoff-Love plates

Assuming a flat plate Q@ C R? and an external force f acting orthogonal on £, see Figure
7.12, the following strong form of the fourth order problem (7.3.43) describes the vertical
deflection w of a plate considering linearized bending:

div(div(e)) = f, o:=CpV?w inQ, (7.6.1a)

w =0, g—;jj =0 on I, (7.6.1Db)

w=0, on=0 on Iy, (7.6.1c)
a0'7115 .

Onn =0, T +div(e) - n=0 on I'y, (7.6.1d)

lontle = onyt, () — Oppty(2) =0 Vo € Vry, (7.6.1e)

where the boundary I' = 9 splits into a clamped, simply supported, and free boundary
Ic, T's, and I'y, respectively. Vr, denotes the set of corner points where the two adjacent
edges belong to I'y. Physically, o, is the normal bending moment, 6(t" on) +n'div(o)
the effective transverse shear force, and ¢ on the torsion moment. Further, the shear force
q is given by ¢ = —div(o). For simplicity we assume a totally clamped plate, I'. = 012, in
the following. Then, the weak formulation reads:

7.13 Problem. Find w € HZ(Q) such that for all Sw € HZ ()

/(CBV2U) V3w dx = / fwdz. (7.6.2)
Q Q
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A A

Figure 7.12.: Plate with external force f.

The construction of H?-conforming finite elements is a difficult task as they have to be
globally C! instead of being “just” continuous over interfaces. Examples of such elements
are the Argyris and Bell triangles or the Bogner—Fox—Schmit quadrilateral. The Hsieh—
Clough—Tocher element falls in the category of so-called macro-elements, where one triangle
is divided into three smaller ones. The famous Morley triangle [159] is a nonconforming
finite element, where the normal derivative is used as degree of freedom at the edges.

In [182] a Helmholtz decomposition of (3.1.27) is used to split the fourth order equation
(7.6.1) into three second order problems enabling the use of Sobolev spaces with simpler
finite elements.

The HHJ method for fourth order Kirchhoff plates has been developed and first analyzed
in [114, 116, 127]. Superconvergence results and postprocessing procedures were developed
and analyzed until the early 90’s by several authors [(67, 66, 91, 10, 216] and 20 years
later the method regained interest. An adaptive FEM algorithm based on a residual a
posteriori error estimator has been developed in [120] and an equilibrate based a posteriori
error estimator, where the best possible reliability constant is achieved, was proposed in
[59]. The convergence of the V-cycle multigrid method for this method was proved in
[79]. Recently, the Kirchhoff plate equation on curved domains and surfaces using the HHJ
method has been analyzed in [19, 229].

The HHJ method overcomes the issue of C'-conformity by introducing the moment tensor

o :=CVuw (7.6.3)

as an additional tensor field leading to a mixed saddle point problem:

7.14 Problem. Find (w,0) € H} () x H(divdiv,Q) such that for all (w,do) €
HE(Q) x H(divdiv, Q)

/ (Cglo- 0o dr + <Vw, div(60)>H(curl)*><H(curl) =0, (764&)
Q

<V5w7diV(G»H(Curl)*XH(curl) == /Q fow. (764b)

Note, that due to VH! C H(curl) the duality pairing is well-defined, compare (3.1.26a).
With Uy, and My, as in (5.2.13) and (5.2.35) the discretized problem is given by:
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7.15 Problem. Find (wy, o) € U,’f"gl x MF such that for all (Swy,, 60) € U,If"gl x MF

/ Célo'h : 50’h dxr + <th, diV((SO’h»Th = 0, (765&)
Q

(Vown, div(on))T, __ /Q fowp. (7.6.5b)

The duality pairing is defined as in (5.4.4)

(Vw,div(e))1, = Z /TVw -div(e) dz — / (Vw) - opt ds

TeT or

= — Z / Viw: odr +/ (Vw)ponnds = —<V2w,a>7—h.
T T

TeT

We cite the following a priori estimates [91] and therein references (where a slightly
different space in the continuous setting instead of H(divdiv) is used). An extension to
mixed boundary conditions has been done e.g., in [52] using mesh-dependent norms [25].
For regularity results of the plate problem we refer to [51].

7.16 Theorem. Let (o, w) be the solution of Problem 7.14, (op,wp) the solution of
Problem 7.15 and w € H*T2(Q) N HZ(Q) the solution of Problem 7.13. Then

lo = onllze + llw — whl g1 < chF (10| grss + 0] grere) (7.6.6)
and

Hw — ’U)hHL2 < Chk+1 ("LT}’Hk+1 + ‘QIJ’Hk+2) . (7.6.7)

One can break the normal-normal continuity of the moment tensor o and add an ad-
ditional Lagrange multiplier living on the skeleton & of T} to reinforce the continuity,
compare the hybridized TDNNS Problem 5.13. This enables static condensation, elimi-
nating the dofs of o, on element level, leading to a positive definite system involving only
wyp, and «p. The added Lagrange multiplier oy has the physical meaning of the normal
derivative of w and in [91] a first convergence result for arbitrary polynomial order of
| (an)n — g%” — 0 for h — 0 has been proposed.

For the more regular H(div div, 2; L?) space (3.1.28), where div(div(o)) is assumed to be
in L?(€), the saddle point Problems 7.14 and 7.15 are stable together with discontinuous
displacement fields w € L?(2) [30, &1].

In [26] it was shown that, if a domain with smooth boundary gets approximated by a
polygonal domain, the solutions do not necessarily converge towards the solution of the
smooth domain. This so-called Babuska paradox shows that one cannot expect conver-
gence if a lowest-order, i.e., an affine, discretization of the geometry is considered. In [19],
however, it was shown that the HHJ method does not suffer from this behavior giving it a
geometrically non-conforming sight.
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7.6.2. TDNNS method for Reissner—Mindlin plates

When dividing the Reissner-Mindlin plate equation (7.3.34) by ¢3 we obtain the following
minimization problem in the vertical deflection w and rotational vector field 3

1 kG .
Wit (w, 8) = S lleB)e, + 5z IVw = BTz = (f,w) -1 — minl, (7.6.8)

where we used the notation [e(8)[|Z,, := [(Cpe(B)) : €(B) d.

The TDNNS method developed for linear elasticity and discussed in Sections 4.3 and
5.4 has already been successfully applied to Reissner—Mindlin plates [I73]. The therein
used moment tensor gets interpolated into the HHJ stress space. To avoid shear locking for
small thickness parameters ¢, see Section 8.2, the rotations are assumed to be in the H (curl)
space rather than in [H']?, 8 € H(curl, ). The gradient of a H(curl) function, however, is
not square-integrable and thus the linearized moment stress tensor o is introduced leading
to the problem:

7.17 Problem. Find (w,o,3) € H}(Q) x H(divdiv, Q) x Ho(curl, Q) such that for
all (dw,é0,6B) € HF () x H(divdiv, Q) x Hoy(curl, )

/ Céla 00 dx + <Ba diV(50)>H(Curl)*><H(curl) =0, (769&)
Q

. kG
(68 4v(@)) s cut o) — - | (Vo= B) - (Vo =68) do == [ fow. (7.6.9b)

With (5.2.13), (5.2.35), and (5.2.26) the discretized problem reads:

7.18 Problem. Find (wp, o, Bp) € UffglxM,]foh]fO such that for all (0wp, 0oy, 08) €
Upbt x MF x ViE

/ Cglon : dopdx + By, div(dor))T, =0, (7.6.10a)
Q
(66 divon))r, — 55 [ (Vun = 50) - (Voun — 661 do =~ [ foun. (76100

Note that the same duality pairings in (7.6.4) and (7.6.9) (respectively (7.6.5) and
(7.6.10)) are used as VH' C H(curl). Due to the De’'Rham complex this relation is
inherited to the discrete counterparts.

Using the shear v = Vw —  instead of the rotation 5 as unknown, compare (7.3.32),
Problem 7.17 changes to the equivalent form:

7.19 Problem. Find (w,o,v) € H}(Q) x H(divdiv,Q) x Ho(curl,Q) such that for
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all (sw,d0,8v) € HL(Q) x H(divdiv, Q) x Hp(curl, Q)
/ (CElO' Do dr + <Vw - div(50)>H(curl)*><H(curl) =0, (7611&)
Q
: kG
<V5w - 5'77dlv(a»H(curl)*XH(curl) - tT /Q v oyde = — /Q fow. (7611b)

Here we can see the close relation to the HHJ formulation for the Kirchhoff-Love plate:
We obtain that in the limit ¢ — 0 there holds |y| — 0 (or equivalently |Vw — 3| — 0) and
thus, Problem 7.14 is (formally) recovered. In [173] the auxiliary variable 4 := %G(Vw— B),
which can be seen as a kind of normalized shear stress, is introduced as additional unknown
and equation to prove convergence independently of the thickness parameter t, i.e., shear
locking is circumvented, see also Section 8.2:

7.20 Theorem. Let (w, o, 3) € HE(Q) x H(divdiv, Q) x Hy(curl, Q) the ezact solution
of Problem 7.17 and (wp, o, Br) the corresponding finite element solution. Then there
holds the a priori estimate for 1 <m < k

lw —wpll g1 + 18 = Bull ety + lo = onllan, + 15 — Fnll 2
< ch™ (||B]lgm+r + ol gm + A am),  (7.6.12)

with ¢ # c(t).

7.7. Hellan—Herrmann—Johnson stress space for nonlinear shells

In this section we propose an extension of the HHJ method from Kirchhoff-Love plates
(7.6.5) to nonlinear shells. We show that linearization leads to the HHJ method for linear
Koiter shells (7.3.40) and in the case of a flat plate the classical HHJ method is recovered.
Further, we discuss the treatment of structures with kinks and branched shells which do
not necessitate additional requirements and can be handled naturally due to the special
jump term arising in the method. Then we extend the method to nonlinear Naghdi shells
by introducing additional shearing variables in such a way that in the limit ¢ — 0 the HHJ
method for nonlinear Koiter shells is regained and in the linear case a natural extension of
the TDNNS method for Reissner-Mindlin plates (7.6.10) is achieved.

7.7.1. HHJ for nonlinear Koiter shells

The difficulty of constructing simple C'-conforming Kirchhoff-Love shell elements led to
the development of the well-known discrete Kirchhoff triangle and quadrilateral (DKT and
DKQ) elements, where the Kirchhoff constraint, compare (H5) in Section 7.3.4, is enforced
in a discrete way at the vertices [38] or along the edges. The (nonconforming) famous
Morley triangle [159] consists of additional rotational degrees of freedoms at the edges
besides displacement dofs at the vertices. In [11] (high-order) formulations of a family of DK
shell elements of various shapes as triangles, quadrilaterals, pentagons, and hexahedra were
proposed. A generalization of the Morley triangle to finite rotations has been developed in
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[226]. The class of rotation-free (RF) elements eliminate the rotational degrees of freedom
by using out-of-plane translation degrees of freedom (dofs). The so-called basic shell triangle
(BST) and basic shell nodal (BSN) elements use a triangle as control domain, linked to its
neighbored triangles, or a vertex patch, respectively [166]. An extension to quadrilaterals
and finite rotations via an updated Lagrangian was given in [68] and an improvement of
the element shape dependency forced by the control patches has been developed [105].
An alternative approach based on discontinuous Galerkin (DG) methods [99], where the
continuity of derivatives is enforced weakly via stabilization terms on interior boundaries,
has been extended to linear Koiter shells [I11]. In [227] a penalty formulation is used to
enforce the C'-continuity in terms of penalizing the angle difference enabling also kinks
and branched shell structures. In Isogeometric Analysis (IGA) [122] nonuniform rational
B-splines (NURBS) are used as basis functions which are constructed to be smooth (at least
C1). This has been exploited to directly implement (nonlinear) Kirchhoff-Love formulations
on shells [200], where kinks are treated by angle preservation over so-called patches [131].
A hierarchical family of isogeometric shell elements was presented in [93].

In this section we propose a method, compare also [164], for nonlinear Koiter shells
based on the HHJ stress space for the moment tensor, circumventing the necessity of C'-
conforming elements. To this end the jump term, following the discussion and results of
Section 7.4.2, plays a crucial role.

We start with shell energy (7.3.38), the notation v o ¢ = %, and material law
(7.3.15)
t t3
Wi () = [ (§1Brls + gyllorm(Fs oo 0) - Vool ) ds. (1)
S

In the following we neglect for ease of presentation the subscript A for the finite element
functions. For a possibly curved but not C! triangulation 77, of S consisting of triangles
and quadrilaterals we use, as discussed in Section 7.4.2, the distributional form of the
difference of the shape operators (7.4.4), leading to the saddle point problem

t 6 _
£lu.0) = By = Sl + (P20 6) ~ Vo), (172)
t 6 _
= SIBls = el + Y [ (P00 - Vo) s
TeT
+ Z / (<(VL, I/R) o (25 — <I(PL,PR)) UWCZA, (773)
E

Ee&y

compare Figure 7.6 for the normal vector v, and vr on neighbored elements.

The Lagrange parameter o has the physical meaning of the moment tensor, which is
the energetic conjugate of the difference of the curvatures of the deformed and initial
configuration. Note that the thickness parameter ¢ appears now also in the denominator
and the inverse material tensor given by

147

I s = /Th(tr(?)—%iltr(.)%ds (7.7.4)
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is used. In the smooth case the Lagrange functional is equivalent to the original minimiza-
tion problem and thus consistent:

7.21 Theorem. Assume that T, is a globally smooth manifold, T} € C', and
o € [L2(Tw)353 ., u € [H*(Th)]®. Then, solving the saddle point problem (7.7.2)

sym,T?
is equivalent to minimizing the energy (7.7.1).

Proof. We compute the variations of the Lagrange functional in (7.7.2), noting that for a
smooth triangulation 7, the jump term vanishes,

12
O L(u,0)(do) = / —t—gM_la 100 + (F7'Vz(vo¢) — VsD) : do ds = 0, (7.7.5a)
Th

OuL(u,o)(du) = (9u(§HE;H?VI)(5u) + [r o : 0u(F="V=(vo¢) — Vs0)(0u) ds = 0.
' (7.7.5b)

Expressing o from (7.7.5a)
t3 T _
g — EM(F? v?(V o QZ)) — V?V)
and inserting this into (7.7.5b) yields

3
0= (Gl I30)0u) + | {5 M(F5 Voo o 6) = V5) : 0u(F5 V(v 0 6) — V57)(5u)

Th
t t? _
= 0u(5 || B7|[30) (0u) + 0u( [ F=" V(v 0 6) = V7| 3) (61) = 0uWikw, () (6u).
Thus, we conclude that (7.7.1) and (7.7.2) are equivalent. O

We reduced the fourth order minimization problem (7.7.1) to a second order mixed sad-
dle point problem. With some computations, we finally obtain the following Lagrange
functional.

7.22 Problem. Find (u,a) € [UF]> x MF~' which solve the saddle point problem

t 6 _ _
£lu.0) = 5 |Belfs ~ gl = 3 [ oot 1= 700 6)Vem) s ds
TETh

+ Z /E(<I(VL,VR) 0 ¢ — <V, VR))omm dA, (7.7.6)

Ee&y,

where Hyop 1= S8 (V22u)vi 0 ¢, of. (7.3.40).

Proof. Equivalence of (7.7.6) and (7.7.2) follows by differentiating the identity F-'vo¢ = 0
and some computations
H1 .o
/U:FTTVT(I/O(;S)dS:—/ Hs:0 | -vod¢ds,
T

T H3:O’
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where H; := V=2u;+V=((P=);), (P7); denoting the i-th column of P-. With P> = I-7Qv
we obtain

H,: o 3 3
vo¢p-|Hy: o :Zyiogbv?((P;)i—FV;ui) o= —Zvioqﬁ(vy(?@P)i — V:2u,) o
Hs:o i=1 i=1

3
= - Z%‘ 0 ¢((V+0;) @ T +7;V+U — V72u;) - o

i=1

3
=—((vood -V)Vsr — Z viopVztu) o= —((vo ¢ - D)Vl — Hyop) : 0,
i=1

where we used that Vzv; @7V : ¢ = 0 as o acts on the tangent bundle, see Remark 7.10. [

7.23 Remark. In case of a flat plane as initial configuration (7.7.6) simplifies to

t 6
£l0,0) = 51 = lolhas = 3 [ Hoosods+ Y [ (alvrm) o domar
TeT Ee&y,
(7.7.7)

as U = const and <(vp,vRr) = 0.

As mentioned before, the resulting system is a saddle point problem, which would lead
to an indefinite matrix after assembling. To overcome this problem, we can use completely
discontinuous elements for the moment tensor o and introduce a hybridization variable
o€ Fﬁ_l ((5.2.73) mapped onto the surface) to reinforce the normal-normal continuity of
o:

7.24 Problem. Find (u,o0,q) € [UF]3 x Msc’k_l X Fi_l for the saddle point problem

t 6 _ _
LMu, o, 0) = §||E;H?VI — 7?3”0'“?\/1—1 — Z /T(’)-tl,0¢ +(1-v-vo@)Vsr): ods
TETh

+ E%;h /E (<(vp,vR) 0 ¢ — <(Tp, TR)) ((om) dA + /E azlom] dA,
(7.7.8)

with (oz) = (05,7, + Oapne) denoting the mean value of o

Due to the hybridization variable «, we can use static condensation to eliminate the
degrees of freedom of the moment tensor o locally, which leads to a minimization problem
(in u and «) again. The new unknown « has the physical meaning of the changed angle,
the rotation, between elements.
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vy VR vy {v} VR {v}

(a) (b) (c)

Figure 7.13.: Angle computation: (a) Angle between vy and vg. (b) Averaged normal
vector with normal vector v. (c) Averaged normal vector with element normal
vector .

Computational aspects: For the computation of the jump term we use that

Z/ (vi,vR) o ¢ — <(T1,TR) d)\_Z/ {v}v)op—<a({w},m)d\  (7.7.9)

Ee&y TeETh

Z/ {7}, m) — <({v}, p) o pd, (7.7.10)

TeT

as <({v},v) = § — <({v}, ), see Figure 7.13. Here, {v} m(uL + vg) denotes
the averaged normal vector. This algebraic equivalent reformu{atlon is numerically much
more stable as the derivative of arccos(z) has singularities at * = £1 and we expect (for
the triangulation of a smooth surface) {v} - v ~ 1, whereas for {v} - u ~ 0 the derivatives
of arccos are well-defined.

To compute the deformed averaged normal vector {v} o ¢ on an edge, information of
the two neighbored elements is needed at once, which would require e.g., Discontinuous
Galerkin techniques leading to a denser stiffness matrix. Instead, one can use the informa-
tion of the last (loadstep) solution {v}", cf. Figure 7.14. This, and also (7.7.9), is based

on the following simple geometric observation:

7.25 Lemma. Let a,b € R® with ||a||s = ||bll2 = 1. Further let ¢ € R with ||c[j2 = 1
and ¢ “lies between” a and b, i.e., there existst € (0,1) such that ¢ € span{t a+(1—t)b}.
Then there holds

arccos(a - b) = arccos(a - ¢) 4 arccos(c - b). (7.7.11)

In three spatial dimensions, to fulfill the requirement of Lemma 7.25 that {v}" “lies be-
tween” up and pp, i.e., to measure the correct angle, we have to project {v}" to the plane
orthogonal to the tangent vector 7 by using the orthogonal projection PTLE =T—T10¢pRT700,
and then re-normalize it leading to the (nonlinear) operator

1
v —r————Pr {V}". 7.7.12
P = [pr gy P ) (7.7.12)
Note that PiE is single-valued on each edge and 7 o ¢ itself depends on the unknown
deformation. By using (7.7.12) we have to ensure that {v}" lies between the two element-
normal vectors, see Figure 7.14. For smooth manifolds the angle between the element-
normal vectors tends to 180 degree as h — 0. Hence, this assumption is fulfilled, if the
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Figure 7.14.: Angle computation with the current averaged normal vector {r} and the
averaged normal vector {v}" from the previous step.

elements do not rotate more than half of their included angle during one loadstep, which
is an acceptable and realistic assumption.
Therefore, for given averaged normal vector {v}"™ Problem 7.24 changes to

7.26 Problem. Let {v}" be given. Find (u,o,a) € [UF]3 x M,C:C’k_1 x T%L for the
saddle point problem

t 6 _ _
Chupe(s0.0) = 1B~ lolns + 3 (= [ (st (17 v00)770) 0 ds
TETh

- [ («PLy).0 00 = <(F)7) — o5) o dr). (7713)

Note, that PTJ;E,({V}n)'MO¢: ”ég]&% asTo¢ L pod.

The averaged normal vector {v}" can easily be computed by the following (local) prob-
lem, where boundaries with clamped or symmetry boundary conditions have to be treated
as Dirichlet boundary.

7.27 Problem. For given (non-continuous) normal vector field v™ find 1 € [Ff]? such
that n =7 on I'p and for all én € [F,’f’o]?’

Z/ nondi = Z/ v ondA. (7.7.14)
TeT), 70T reT), 7T

Then define {v}" := ||17nHz'

Final algorithm: The final algorithm consists of the following steps:

1. For given displacement u" and v = v(u") compute the averaged normal vector {v}"
via Problem 7.27.

2. Find (u, o, ) by solving Problem 7.26.

For the very first Newton iteration the projection operator PTlE has no effect on the
residuum (the first variation) and the stiffness matrix simplifies immensely compared to
the following Newton iterations as {v}" L 7" = 7(u"), see Appendix B. Therefore, if
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the averaging procedure is performed after every Newton iteration the effort of computing
variations of the jump terms is reduced at the cost of solving additional local problems.
Another advantage is that the restriction of the rotation of elements in one loadstep is
weakened to the restriction in one single Newton iteration step, which is practically always
fulfilled.

The direct use of the angle yields that the solutions are independent of the number
of loadsteps, as long as Newton’s method converges, in contrast to a classical updated
Lagrangian formulation. The usage of the angle directly follows from the distributional
curvature in Section 7.4.2. The idea to use an angle for finite rotations has already been
investigated in literature. E.g., in [220] the edge degrees of the Morley triangle [159] are
interpreted as angles ¢ and an additional director d on the edges is introduced to measure
the change of angle

S—c \ L
@ = arctan | — |,
v-d o

Figure 7.15.: Angle computation with director d.

which is updated in every Newton iteration, compare Figure 7.15. Therefore, instead of
averaging, in [220] the director gets transformed by a rotational matrix T' based on the
well-known Euler—Rodrigues formula

. oy 2
T:I+SH;(9)®+;<SH19(2)> ©%, ©—skw(@), 0=|0, 0cR
2

Angle linearization: If the initial configuration stems from a smooth surface we expect
the angles of the form <({v}, u) tending to % for the mesh-size h — 0, i.e., {v}-pu — 0.
With Taylor we obtain

A(whp) =5~ v} e+ O{w} ) for [{w} -l = 0. (7.7.15)

Therefore, a possible simplification of the jump term can be achieved by

t 6 _ _
Coye(u.:0) = 1Bl = gloles = 3 [ Honat(1-7 vo Vim0 s
TeTh

+ / (PL {1} - o ¢ — {7} - i+ ap) o dA. (7.7.16)
oT

Note that if an approximation 7 j of S with higher order £ > 1 is given, the assumption
{v} - u ~ 0 is fulfilled already for quite coarse meshes (depending on the curvature of S
and S). For large deformations or rotations, however, this simplification might lead to
slightly different results depending on the number of loadsteps comparable to an updated
Lagrangian scheme.
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% FX
[ AN

Figure 7.16.: Lowest order H(divdiv), H' and normal facet elements for the moment, dis-
placement and hybrldlzation variable (top) and lowest order, quadratic hy-
bridized quadrilateral shell element, and Morley triangle element (bottom).

Boundary conditions: As we use H'-conforming elements for the displacement field u the
Dirichlet boundary condition v = up can be used to prescribe the displacement on the
boundary. For ¢ € H(divdiv) we can prescribe the normal-normal component op;. For
free boundaries homogeneous Dirichlet data, oz = 0, are used in combination with the do-
nothing Neumann condition for u. If homogeneous Dirichlet data for u and o are prescribed
we obtain a simply supported boundary. Do-nothing Neumann conditions for o together
with w4 = 0 are used for clamped boundaries. Symmetry boundary conditions can be
achieved with the do-nothing Neumann condition for o and the usual symmetry conditions
for the displacement field u. By setting non-homogeneous Dirichlet data for o one can
prescribe a moment. In the case of a complete discontinuous moment tensor together with
the hybridization variable «, the boundary conditions for o have to be incorporated in
terms of «, which has the physical meaning of the changed angle (rotation). Note that
the essential and natural boundary conditions swap, i.e., the clamped boundary condition
is now set directly as homogeneous Dirichlet data, az = 0, and the prescribed moment is
handled naturally as a right-hand side.

Shell element: Combining the displacement u € [UF(T}3)]3, the moment tensor o €
M}~ (T}) and, eventually, the hybridization space I';~'(77,) leads to the final shell ele-
ment. In Figure 7.16 the hybridized lowest order (linear) and quadratic element for quadri-
laterals is depicted. Note, that the degrees of freedom of the hybridized lowest order triangle
shell element are equivalent to the (nonlinear) Morley element [159, 226]. If we use the
lowest order elements on triangles for (7.7.6) then the Hessian term vanishes, as only linear
polynomials are used, i.e., the curvature is measured only via the change of angles. For
quadrilaterals the Hessian is constant on each element in this case.

To solve (7.7.6) we have to assemble the corresponding stiffness matrix. As it is formu-
lated in terms of a Lagrange functional, the first and second variations must be computed,
which is a bit challenging due to the non-linearity but doable, see Appendix B. If, how-
ever, the finite element software supports energy based integrators, where the variations
are calculated automatically, one can use directly the Lagrange functional (7.7.6). If this is
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not the case we recommend using the averaging procedure after every Newton step as then
the stiffness matrix simplifies immensely. Further, the resulting stiffness matrix is always
symmetric as it stems from a Lagrange functional.

The hidden interface condition for the displacement w in strong form is not needed for the
method itself. However, if one uses e.g., residual error estimators, the boundary conditions
are crucial. For a computation one might start with the first variations from Appendix B
and then integrate by parts. For Zienkiewicz—Zhu error estimators [242] the stresses given
by

Omem = tM E=, Obend = O, O shear = 0 (7717)

get interpolated into a finite element space with appropriate continuity and the difference
is then used as error indicator.

7.7.2. Branched shells and kinks

Up to now we have described the method for smooth surfaces. As shown below, however,
that in the case of kinks and branched shells the (hybridized version of the) proposed
method can directly be applied without additional treatments.

For a recent and comprehensive review of junctions in shells we refer to [177] and refer-
ences therein. As discussed in [19] the placement of the directors is challenging for shells
with kinks and especially for branched shells as there is no unique way to determine one
director, if more branches come together. A common strategy is to use e.g., additional
drilling rotations [124]. In [102] rotation-free triangular shell elements were extended to
finite rotations by computing the angles between the elements via the control domain. The
angle preservation over kinks is achieved in [227] via a penalty formulation enabling also
branched shell structures. In IGA kinks are treated by preserving the angles over patches
[134].

For the proposed method the averaging procedure to obtain {v}" is valid independently
of the amount of elements/branches attached to one single edge.

If we compute the variations of (7.7.6) with respect to o, we obtain in strong form that
the angle from the initial configuration gets weakly preserved. Formally, if we choose test
functions o which are zero everywhere except on the edge E we obtain

/ (<(vp,vr) 0 ¢ — <(VL,VR))00 1y dA 20 for all oo (7.7.18)
E
and thus in strong form

<X(VL, I/R) o= Q(UL,ﬁR). (7719)
Here, the normal-normal continuity of the moment tensor o is the key ingredient, as it

“does not see” the kink and the normal-normal component of the moment gets preserved,
which is an important interface condition for kinks. As the junctions are treated by edge
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integral terms, the method can handle triangulations consisting of triangles and quadrilat-
erals at the same time.

7.28 Remark. Note, that in the case of junctions angle simplification (7.7.15) cannot be
used any more, as |{v}-pu| - 0 for h — 0 at the kinks.

Furthermore, also branching shells, where one edge is shared by more than two elements
can be simulated with the method without any extra treatment in a natural way. Now the
condition for the moments is that the sum of all incoming moments is equal to the sum of
all outflow moments, i.e., the law of moment conservation. Thus, it may happen that one
branch is not affected by moments, compare Section 7.8.4 and Figure 7.28 for an example
where all moments induced by a force applied at one branch get completely compensated
by the branch where the structure is fixed. The third involved branch undergoes a pure
rotation and thus no moments appear.

Normally, depending on the amount of involved branches, different number of e.g., La-
grange parameters have to be used. For the hybridized version, however, no further treat-
ment is necessary. The non-hybridized version on the other hand does not work directly in
the case of branched shells.

7.7.3. HHJ for linear Koiter shells

For the small deformation regime we show that Problem 7.24 (or equivalently Problem 7.26)
reduces to the (hybridized) HHJ method of the linear Koiter shell formulation (7.3.40) under
the assumption that the exact geometry S is approximated sufficiently well.

7.29 Problem. Find (u,o,a) € [UF]? x M}?C’k_l x TF~1 for the saddle point problem

t 6

h

Chu.,0) = Glsym(V ) e~ glolig + Y (= [ #Hoiods
TeT

[ (T o)+ o). (77.20)

7.30 Theorem. Assume that T, discretizes a smooth surface S with h and k such
that {v} - i, = {v} - ir = O(e). Then there holds: Problem 7.29 is the linearization
of Problem 7.24.

Proof. As we started with the nonlinear Koiter shell (7.3.38) it suffices to show that the
special jump terms of (7.7.8) reduces to the jump term of (7.7.20). For ease of presentation
we neglect the ¢ dependency and write e.g., p for u o ¢.

With (7.7.15) and setting {v}" = {¥} we start with the term P ({7}) - p — {7} - L.
Noting that {7} -7 = 0 yields

L) .y — {r}-p
Pl 1= @ = @y e
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and with (7.2.17b)
(v}t nr= {7} )T+ {r} T —T7T)VeuT + ({7} - (I — T @ T)VFuT))T
= {7} - (I —-77)VzuT))T = ({7} - (VzuT))T.
We obtain, using (7.2.17c),
P (7)) - n—{v} - m= {w} - (5= Veup) + {7} - 5({7}, ({7} (V7ur))7) — {7} - 1
= —{P} . V;uﬁ
With {7} =7 + O(e) the claim follows. O

7.31 Remark. As already mentioned, the geometry assumption is easily fulfilled if a
high-order approximation k > 1 is used. Furthermore, if this condition is not fulfilled the
geometry approrimation error might dominate the linearization error.

Theorem 7.30 generalizes the result in [164], where it has been shown that the lineariza-
tion in the case of a flat plate leads to the classical HHJ method for Kirchhoff-Love plates.
Note that the geometry assumption is automatically fulfilled for a plate as initial configu-
ration.

7.32 Corollary. Let S be a flat plate S C R%. Then the HHJ method for plates given
by Problem 7.15 is the linearized bending term of Problem 7.2/.

Proof. Follows directly from Theorem 7.30 as {7} - = 0. O

7.33 Remark. In the linearized problem the hybridization variable o has the physical
meaning of the linearized angle r% This dof is also used in the (nonconforming) Morley
triangle. Thus the higher order (hybridized) HHJ method can be interpreted as an extension

of the Morley element.

7.34 Remark. In [1575] Problem 7.29 is discretized by using a Helmholtz decomposition of
H(divdiv) solving three second order problems involving standard Sobolev spaces instead.

For an analysis of Problem 7.29 one may extend the results from [229] for the bending
term and the membrane term involving standard Lagrangian elements. Due to the cou-
pling with the fundamental forms, compare (7.3.42), a rigorous proof without additional
assumption might, however, be extremely challenging.

7.7.4. HHJ for nonlinear Naghdi shells

To include also transverse shear effects the DK elements have been extended by using e.g.,
Assumed Natural Strain (ANS) or Discrete Shear methods [10, 39]. Another class based
on a special interpolation are the discrete Kirchhoff-Mindlin triangle and quadrilateral
(DKMT and DKMQ) elements [131], which have been combined with the optimal mem-
brane triangular element OPT [101] as a facet shell element in nonlinear analysis [133].
Recently, the DKMQ elements have also been directly applied to shells [132, 228]. By
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using a co-rotational approach [100] these elements can be extended to the large defor-
mation regime. Methods based on incompatible (nonconforming) linear rotation fields are
applicable also for finite deformations [118, 169, 69]. The so-called mized interpolation of
tensorial components (MITC) elements originally developed for plate elements [34, 35, 32]
and extended to shell elements [36, 73] are widely used and several works and improvements
have been published including extensions to finite deformations, e.g., [120].

In this section we add an additional shearing parameter v € H(curl) and use a hierarchi-
cal approach to extend the nonlinear HHJ method from Koiter to Naghdi shells. We will
see that in the linearized case the method reduces to the TDNNS method for Reissner—
Mindlin plates extended to linear shells. The shearing parameter 7 o ¢ is of dimension two
and perpendicular to the deformed normal vector, i.e., lives in the deformed tangent space.
This motivates to use the space H (curl) mapped onto the surface and use the corresponding
covariant transformation 5o ¢ = (F=1)T~.

We start as in Section 7.7.1 with the shell energy (7.3.23), where vo¢ =
(compare also (7.3.22)), and material law (7.3.15)

cof (F2)o+(F=1) T~
[[cof (F7)o+(F=1) T2

t 3 5 B tkG -
WRM (Un, Yh) = /SQHETH%\/I + ﬂHSym(F?TV?(V 0¢)) — Vzull3r + THF?TV o ¢||3 ds.

(7.7.21)

We again neglect the subscript h for the finite element functions in the following. The
procedure for handling distributional forms of the difference of the shape operators (7.4.4)
can be directly extended to the curvature difference induced by the director fields, leading
to the saddle point problem

t 6 _
L(u,,0) = 51 B=lir = loli + > /T (F7TV=(vo¢) = Vsv) : o ds
TeTh

tkG _ R _
HEEIPT 00l S [ ((rm) 00 - <(mi ) o (17.22)
E

Ee&y

One may now proceed as in Section 7.7.1 yielding a method for nonlinear Naghdi shells.
We, however, simplify the highly nonlinear expression of Zo¢ by assuming that the shearing
parameter is small as discussed and applied in [167], (F+1) Ty = O(¢), yielding 7 ~ vo ¢ +
(F;T)Tfy with v o ¢ the deformed surface normal vector as in the previous sections. Then,
the volume term [, (F;TV?D op— V;ﬁ) : o ds in (7.7.22) can be simplified analogously
to (7.7.6)

/ Vzio¢: (Fzo)ds= / (Hiop — V0 ¢ -UVzD) 1 0 — (F;T)Tv - (Fzdivs(o))ds
T T
+ [ @y (From)
oT

=/(HDO¢—50¢-VVTV):a—’y‘diVT(a)ds—k/ v opdA.
T or
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The boundary term measuring the change of angle reduces to

| (o6, vh) = 35— a5 5)) oy
and also the shearing energy simplifies
1F70 0 93 = |13 (7.7.23)

Thus, the problem of nonlinear Naghdi shells reads with Vi as in (7.5.12)

7.35 Problem. Find (u,v,0) € [UF]? x V}ffl X M}ffl which solve the saddle point
problem, with 7o ¢ :=vo ¢+ (Fz1) T,

t
L(u,y,0) = §HEFH%\4 + Z /T(?'Lf,od) +(1—vo¢ -v)Vs): 0 —~-dive(o)ds
TeTh

+ ?HWH%L/ (<(v,{v}) 0 — <V, {P}) o+ 7 - oprdA.  (7.7.24)
oT

7.36 Remark. Note that we can compute the Moore—Penrose pseudo-inverse via
Frf = (F?TF? + P%) TR (7.7.25)
as we know that the kernel of F= is spanned by U (see also the Tikhonov reqularization).
It is straight forward to rewrite the boundary part in terms of a projection of the averaged

normal vector, as we have in this hierarchical approach an additive splitting of the Koiter
formulation and the additional shearing parameter:

7.37 Problem. Let {v}" be given and 7o ¢ :=vo ¢+ (F=')T~. Find (u,o,v,a) €
[UF? x MR Xth_l X Fi_l for the saddle point problem

h
Chpol,0,7,0) = L1 Bslys — rllolig + o Il
+ Z / (Hioop + (L =00 D) VD) : 0 — v -dive(o)ds
TeT T
- /a (SPAY.10)0 6 = <TH ) = g+ 7 o A

(7.7.26)

7.7.5. HHJ/TDNNS for linear Naghdi shells

With the small deformation assumption we directly have that (F=")T~ ~ v = O(¢). There-
fore, the additive splitting v o ¢ = v o ¢ 4 ~ is automatically justified. The linear Naghdi
shell problem (7.3.32) with the HHJ stress space reads:
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7.38 Problem. Find (u,o) € [UF]3 x th_l X M,]f_l for the saddle point problem

t cov tkG 6
L 0,7) = 2 sym(V )R + 5 18 — ol
+ Z <— /T(HV - VF’Y) rods+ /6T((V7—U,TV)N +’)’ﬁ)0’w Cl)\)

TETh
(7.7.27)

Due to the hierarchical ansatz we immediately obtain that the proposed method for non-
linear Naghdi shells degenerates to the linear Problem 7.38:

7.39 Corollary. Assume that the requirements of Theorem 7.30 are fulfilled. Then
Problem 7.38 is the linearization of Problem 7.35. In particular, if the initial config-
uration S is a flat plate, then the TDNNS method for Reissner—Mindlin plates Prob-
lem 7.18 is recovered.

Corollary 7.39 states that Problem 7.38 generalizes the TDNNS method for Reissner—
Mindlin plates proposed in [173] to general linear Naghdi shells. Further, Problem 7.37 can
be interpreted as a nonlinear extension of the TDNNS method to shells.

7.8. Numerical examples

We show some numerical examples to demonstrate the performance of the presented meth-
ods. First, we confirm numerically that in the linear regime the proposed methods for
nonlinear Koiter and Naghdi shells converge to their linear versions, compare Theorem 7.30
and Corollary 7.39. Further, the convergence of the nonlinear Naghdi shell model to the
Koiter shell is tested for decreasing thickness ¢ — 0. Then nonlinear benchmarks are dis-
cussed. We refer to [164], where the following results are partly taken from, for several
further numerical examples. For quadratic displacements v immense membrane locking is
observed. Therefore, we use special procedures discussed in detail in Chapter 8 to avoid
this locking behavior. For cubic or higher order displacement fields strong locking effects
are not observed for moderately fine grids.

7.8.1. Convergence behaviors

For the convergence studies we consider the twisted beam example [152]. Therein, a beam
is twisted by 90 degrees and clamped on the left side, and a point load F' in x- or z-direction
is applied on the middle of the right boundary. The material and geometrical properties
are F = 2.9 x 107, = 0.22, L = 12, b = 1.1, see Figure 7.17. We use cubic displacement
fields on a 60 x 10 structured triangular grid with ¢ = 0.032, F' = f P, and decrease the
force magnitude. As observed in Figure 7.18 the nonlinear methods converge to their linear
counterparts with a quadratic convergence rate in the force magnitude. Next, we decrease
the thickness ¢ and scale the force appropriately with t3 as the twisted beam example is
in the so-called bending dominated regime (see Chapter 8). We observe a convergence of
quadratic rate in the thickness, cf. Figure 7.19. This is expected as in terms of asymptotical
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Figure 7.17.:
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Figure 7.18.: Convergence of nonlinear Naghdi and Koiter method towards linear coun-
terparts for twisted beam with k£ = 3, 60 x 10 triangular grid, ¢ = 0.0032,
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Geometry of twisted beam with a 12 x 2 triangular grid.
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F=fP,and f=1x10"21x1073,...,1x 107",
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Figure 7.19.: Convergence of nonlinear Naghdi to Koiter method for twisted beam with
k = 3, 60 x 10 triangular grid, ¢ = 0.32,0.032,0.0032,0.00032, and F =
0.3125 3 P,.
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Figure 7.20.: Geometry of cantilever subjected to end shear force benchmark.

analysis the Kirchhoff-Love model can be seen as an low order approximation of the full 3D
model, whereas the Reissner—-Mindlin theory is of higher order. With these results we can
also deduce that the linear Naghdi shell converges to the linear Koiter model for decreasing
thickness. Examples with exact solutions to test for numerical convergence in the linear
regime can be found e.g., in [225].

7.8.2. Cantilever subjected to end shear force

A cantilever fixed on the left side is subjected to an end shear force P on the right boundary.
The material and geometrical properties are given by E =12x105 0 =0, L = 10,
W =1,t=0.1 and Punax = 4, see Figure 7.20. Different structured quadrilateral grids are
used. The reference values are taken from [222]. In Figure 7.21 the initial and deformed
configuration of the mesh is depicted. In Figure 7.22 and Table 7.1 the results for quadratic
displacements can be found. In Figure 7.23 a convergence plot is given.
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Figure 7.21.: Initial and final configuration of cantilever subjected to end shear force.

P/Prax | U | W || P/Puax | -U | W
0.05 |0.026 | 0.664 | 055 | 1.811 |5.210
0.10 | 0.104 | 1.311 || 0.60 | 2.007 | 5.452
0.15 |0.225|1.926 | 0.65 |2.195 | 5.669
020 |0.382|2498 | 070 |2.375 | 5.864
025 | 0565 |3.021 | 075 | 2.546 | 6.040
0.30 | 0.765 | 3.494 | 0.80 | 2.710 | 6.199
035 | 0974|3919 | 085 |2.867 |6.344
040 | 1.187 | 4299 | 0.90 | 3.015 | 6.476
045 | 1.399 | 4638 | 095 |3.157 | 6.597
0.50 | 1.608 | 4.940 | 1.00 | 3.292 | 6.708

Table 7.1.: Horizontal and vertical deflection of cantilever subjected to end shear force with
16 x 1 grid.
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v #

L

Figure 7.24.: Geometry, initial and final configuration of cantilever subjected to end mo-
ment benchmark.
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Figure 7.23.: Convergence with respect to
number of degrees of freedom of
vertical load-deflection for can-
tilever subjected to end shear
force with 1 x 1, 2 x 1, 4 x 2,
..., 128 x 6 grid.

Figure 7.22.: Horizontal and vertical load-
deflection for cantilever sub-
jected to end shear force with
16 x 1 grid.

7.8.3. Cantilever subjected to end moment

A cantilever clamped on the left boundary is subjected to a moment force M on the
right. On the other boundaries we use symmetry boundary conditions. The material and
geometrical properties are given by E=12x 10,9 =0, L =12, W =1, t = 0.1 and
Max = 507/3, see Figure 7.24.

The results for quadratic displacement fields u can be found in Figure 7.25 and Table 7.2.
As an analytic solution is known for this benchmark a convergence plot is given in Figure
7.26, where we observe a cubic convergence rate for the deflection, which is the optimal
one for quadratic displacements (compare the Aubin-Nitsche technique for the L?-norm).
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M/ Mmax U Uex W | Wex || M/Munax U Uex W | Wex
0.05 -0.196 | -0.196 | 1.870 | 1.870 0.55 -13.075 | -13.073 | 6.788 | 6.775
0.10 -0.773 | -0.774 | 3.648 | 3.648 0.60 -13.875 | -13.871 | 5.772 | 5.758
0.15 -1.698 | -1.699 | 5.249 | 5.248 0.65 -14.384 | -14.377 | 4.678 | 4.665
0.20 -2.916 | -2.918 | 6.600 | 6.598 0.70 -14.603 | -14.595 | 3.583 | 3.571
0.25 -4.357 | -4.361 | 7.643 | 7.639 0.75 -14.556 | -14.546 | 2.556 | 2.546
0.30 -5.942 | -5.945 | 8.338 | 8.333 0.80 -14.280 | -14.270 | 1.656 | 1.650
0.35 -7.582 | -7.585 | 8.671 | 8.664 0.85 -13.826 | -13.818 | 0.931 | 0.926
0.40 -9.191 | -9.194 | 8.646 | 8.637 0.90 -13.254 | -13.247 | 0.407 | 0.405
0.45 -10.687 | -10.688 | 8.291 | 8.281 0.95 -12.625 | -12.621 | 0.099 | 0.098
0.50 -12.000 | -12.000 | 7.652 | 7.639 1.00 -12.000 | -12.000 | 0.000 | 0.000

Table 7.2.: Horizontal and vertical deflection of cantilever subjected to end moment for

M /Minax

0.8

0.6

0.4

0.2

16 x 1 grid.

deflection

10725 —

1074

|W - Wref‘/Wref

Figure 7.26.:

Figure 7.25.: Horizontal and vertical load-
deflection for cantilever sub-
jected to end moment with 16 x

1 grid.

7.8.4. T-section cantilever

Ll 1 1 Lol
102 103

ndof

Relative error with respect to
number of degrees of freedom of
vertical load-deflection for can-
tilever subjected to end moment
with 4x2, 8x3, ..., 128 x6 grid
for M /Mpyax = 0.25.

For the last example we consider a T-section cantilever, where more than two elements
share an edge. The material and geometrical properties are E=6x10%0=0,t=0.1,
L =1, W =1, and H = 1. The structure is clamped on the bottom and a shear force
Prax = 1 x 10* is applied on the left boundary, compare Figure 7.27. For this example we
used a cubic displacement field.

Due to the shear force P a moment is induced on the left top branch, which goes over the
kink to the bottom branch where the structure is fixed and the moments get compensated.
No moments appear on the right top branch and thus, it only rotates and the curvature
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Figure 7.27.: Geometry of T-section cantilever and deformed configuration.
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Figure 7.28.: Horizontal and vertical deflection at point A for T-section cantilever with
cubic displacement field (left) and norm of moment tensor o (right).
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is zero also after the deformation. The deflections of the point A and the moments are

depicted in Figure 7.28.
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8. (Membrane) Locking

As already mentioned in Chapter 7 the small thickness parameter ¢ is involved in formu-
lations of plates and shells. Due to the lack of finite element approximations fulfilling the
implicitly given constraints of the underlying physical model so-called locking phenomena
occur [28, 82]. As the thickness becomes small, t — 0, the shell falls in one of the following
different categories: the membrane dominated, bending dominated, or mixed case [71, 72].
This depends heavily on the type of geometry, prescribed boundary conditions and given
external forces and is sometimes difficult to predict. For shells, shear and membrane lock-
ing can be observed in the bending dominated case. The former, induced by the Kirchhoff
constraint, see (H5) in Section 7.3.4, in the limit case of vanishing thickness, has been
extensively discussed and analyzed [3, 31, 65, 173]. In the case of plates rigorous mathe-
matical proofs that shear locking is prevented have been stated and a variety of successfully
shear locking free plate and shell elements have been proposed based on several approaches:
an incomplete list of common formulations to alleviate shear locking includes reduced inte-
gration schemes in combination with hourglass stabilization techniques [241, 170], assumed
strain methods [123, 151, 170, 119, 35, 125], and multifield formulations [224, 210], where
the strains and/or stresses are additionally considered as independent fields.

In the case of membrane locking, also called inextensional locking, the curved elements
are not able to exactly represent pure bending modes after discretization. As a result
unintentional parasitic membrane modes are incited. Due to the different scaling of the
energy terms with respect to the parameter ¢, the artificially induced membrane energy
starts dominating the bending energy. This effect becomes critical for small thicknesses and
the numerical solution tends to be trivially zero. Therefore, the general goal is to alleviate
membrane locking by weakening the membrane energy carefully without introducing so-
called spurious zero energy modes, which have zero membrane energy, spoiling the solution.
Available methods rely on various techniques. Frequently, ideas from procedures to avoid
shear locking are transferred and adapted. E.g., stabilized reduced integration schemes
[217, 218] directly relax the membrane constraints by under-integration as each integration
point can be interpreted as additional equation. Assumed strain methods [47, 135, 72]
evaluate the strain components only at judiciously chosen points, which can be interpreted
as an interpolation procedure. Mixed methods adding e.g., the membrane force tensor as
additional unknown [11, 75, 76, 98] follow a similar idea. The therein involved spaces,
however, are explicitly described instead of proposing only interpolation or tying points.
These three different approaches lead sometimes to equivalent methods [153, 57, 48]. The
discrete strain gap method [139], where the normal strains are modified to eliminating
parasitic strain modes, are related to assumed strain approaches. It is motivated by the
discrete shear gap (DSG) method used to circumvent shear locking [50]. In [15] these
methods are taken as motivation to double the unknown variables to construct locking free
methods independent of the discretization scheme. A framework based on discrete models
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has been proposed in [181].

To prove in terms of rigorous numerical analysis that a method is robust with respect to
membrane locking independently of the thickness and asymptotic regime is hard compared
to shear locking. The main reason for this is that shear locking can be observed already
for simple plate and beam problems, whereas for membrane locking to occur curved shells
have to be considered, involving geometric quantities as the Weingarten tensor. Currently,
results are mostly available only for special geometries or restrictive assumptions [11, 178,
106, 83, 75]. A numerical inf-sup test for mixed shell elements has been proposed in [37].

It is well known that by increasing the polynomial degree for the displacement field,
i.e., p and hp-refinement strategies [178, 220, 110], the problem of membrane locking can
be reduced. For low order triangular elements, however, only little impact of the reduced
integration techniques has been observed [33].

We discuss the appearance of membrane and shear locking and take a closer look at the
Timoshenko beam and Reissner—-Mindlin plate, where the effect of shear locking and how
it can be circumvented is discussed. Then we propose a novel method based on Regge
elements, where the resulting Regge interpolation operator is used to construct membrane
locking free methods for shells, staying stable in the membrane dominated regime, by in-
terpolating the (nonlinear) Green strain tensor in the membrane energy term. Several of
the above mentioned methods for successfully circumventing shear locking are constructed
such that they reflect the intrinsic tangential continuity of the rotational fields. The pre-
sented approach preserves the problem-specific tangential-tangential continuity condition
of the membrane strain and follow [165]. Further, a tying point procedure to accomplish
the interpolation without explicitly constructing Regge elements is presented revealing a
connection to MITC triangular shell elements. With the interpolation operator or tying
point procedure at hand, the proposed method can easily be incorporated into existing
shell elements and finite element code.

8.1. Locking phenomena

The terminology locking is used in the engineering literature as the finite element solutions
like e.g., displacements are way too small compared to the true solution. The numerical
solution is also called to be too stiff.

From a mathematical point of view locking occurs if the constant in Cea’s Lemma

|lu —upllx <e(t) inf [ju—ovp|x (8.1.1)
v EXp

depends on a small parameter ¢, i.e., the solutions do not converge uniformly in the pa-
rameter as h — 0. Rigorous mathematical analysis of the locking effects can be found e.g.,
in [8, 202] and for plate models in [221].

For a huge class of problems the involved terms get scaled differently by the critical
parameter as is the case for plates and shells, where the membrane and shear term are
scaled linearly with ¢ and the bending energy by ¢, compare (7.3.16). Other examples are

nearly incompressible elastic materials, where the Lamé parameter A tends to infinity, see
Chapter 4, leading to so-called volume locking (also called Poisson locking). In the theory
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8. (Membrane) Locking

of developable surfaces [212] membrane locking is challenging. Several further examples
where locking appears can be found e.g., in [30].

We follow [58] and choose as a model problem ag : X x X — R to be a continuous but
not coercive bilinear form on a Hilbert space X and B : X — L?(f2) a continuous and
linear operator. For a continuous right-hand side f we have the problem:

8.1 Problem. For 0 <t <1, findu € X such that for all fu € X

1
ao(u, du) + t2/ Bu Béudx = / foudx. (8.1.2)
Q )

We assume that a(u, du) := ag(u, ou)+t=2 [, Bu Béudz is coercive and therefore, for every
fixed ¢ the Lax—Milgram Lemma 3.7 guarantees a unique solution u!. The operator B has
usually a non-trivial, infinite-dimensional kernel. Thus, if we formally let ¢t — 0, the term
t—2 fQ Bu BSudx can be interpreted as penalty forcing that the limit solution u lies in
the kernel of B, Bu? = 0. However, if we use a finite element space X} C X the kernel
of the operator might be locked, X; Nker B = . Due to the approximation property
of X} we only can hope that the finite element functions are “near” to the kernel, i.e.,
Bu =0 = ||BZ)ul/2 < O(h). If we can prove that for all u;, € X}, the inequality

B unllz2 > c(h)llunllx (8.1.3)

holds then the coercivity constant of (8.1.2) is given by

()2
a(up,up) > (ao + (tf;) ) lunll%- (8.1.4)
—_———

=l
Thus, we can expect locking [27] and with the stability estimate
1 t?

lunllx < —llfllx- < WHfo* (8.1.5)

we can see that small parameters ¢ produce small solutions as long as t < h, explaining

the terminology “locking”. When the mesh size is in the same regime as the parameter ¢

the so-called pre-asymptotic range, see e.g., Figures 8.1 and 8.4, is left and the expected
convergence rates can be observed.

From (8.1.4) we can see that the coercivity constant becomes large when ¢ — 0. There-

fore, the problem can be seen as ill-posed. We call a method robust if it converges uniformly
in the small parameter ¢t as h — 0.

To overcome the locking behavior without using a fine grid such that h < ¢ several

approaches have been proposed. E.g.,
1. Rewrite the problem as a mixed saddle point problem: If we define p := & Bu

+2
Problem 8.1 changes to
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8.2 Problem. For 0 <t <1, find (u,pu) € X x Q such that for all (du,op) €
X xQ

ap(u, du) —|—/B§u,u,da; :/féudx, (8.1.6a)
Q Q

/ Budpdx — t2/ wopdr = 0. (8.1.6b)
Q Q

Now, the limit ¢ — 0 is well-defined and if the (finite element) spaces fit the re-
quirements of Theorem 3.9 (which is not always trivial to show) we have a robust
method.

2. Using a reduction operator: One can try inserting an operator R relaxing the kernel
constraint of operator B:

8.3 Problem. For 0 <t <1, find u € X such that for all u € X

ao(u,(su)—i—tlz/RBuRBéud:cz/f&uda:. (8.1.7)
Q Q

3. Adding more finite element functions: In the enhanced assumed strain methods [210]
additional (non-conforming) functions are added to the space X} to increase the
number of functions lying in the kernel of B. From a physical point of view these
enhanced strains are chosen such that parasitic modes stemming from the compatible
strains inducing locking are compensated or eliminated.

These methods are sometimes equivalent [153, 57, 48]. E.g., equation (8.1.6b) induces a
projection operator

1 1
= t—2IL2(B u) =: t—QRBu, (8.1.8)

which leads in the discretized case to the minimization problem
1 1 9 .
W(up) = iao(uh,uh) + ﬁHRBuhHLQ — [ fupdxr — min!, (8.1.9)
Q

cf. Problem 8.3, with R : L?(Q) — @}, a reduced integration operator, where @, is defined
as in (5.2.14).

For shells, we can define the subspace

Up :={(u,8) | Emem (u,u) =0 A Egpear((u, ), (u, 3)) = 0}, (8.1.10)

where Fyem (-, ) and Egpear(+, ) are the bilinear forms induced by the membrane and shear
energy | E-||3; and 52 || F= T R(u, 8)||3;. respectively, compare (7.3.23). For (u, ) € Uy
the membrane and shear strains vanish. Depending heavily on the geometry of the shell
and the prescribed boundary conditions there holds either Uy = {0} or Uy # {0}. For
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8. (Membrane) Locking

the first case, called inhibit pure bending or membrane dominated, Emem (-, ) + Eshear(*s )
induces a norm and it has been proven in [71, 72] that the right-hand side f has to be of
order O(t) to obtain a well-defined limit solution for ¢ — 0. In terms of locking the second
case Uy # {0} is more challenging and interesting. Here, pure bending is not inhibited and
thus, the shell is called to be in a bending dominated regime. Then the appropriate scaling
of the right-hand side is t3, f = t3f with f = O(1), and dividing all terms by ¢ yields

Evenda((u, B8), (0u,68)) + %2 (Emem (U, 0u) + Eghear((u, 8), (du,68))) = /Qféu dx, V(du, ).

(8.1.11)

Thus we are in the setting of Problem 8.1. Therefore, in the limit ¢ — 0 the solution is
forced to have zero membrane and shear energy. This leads to possible membrane and shear
locking in the finite element setting. Note, that in case of plates and beams the membrane
term decouples from the shear and bending energy and thus, only shear locking occurs,
compare (7.3.33)—(7.3.34).

8.4 Remark. To be precise, there is no one-to-one correspondence between inhibited pure
bending/ non-inhibited pure bending, and membrane dominated/bending dominated. If the
applied loading is non-admissible or does not activate corresponding modes, the shell is said
to be in a mized state [71, 35].

8.5 Remark. We emphasize that depending on the prescribed boundary conditions bound-
ary layers may appear for Naghdi shells and Reissner—Mindlin plates, whose scaling depends
on the thickness parameter t. Thus, to obtain optimal convergence rates these layers have
to be resolved by e.g., nested meshes. This, however, is out of scope of this thesis and we
refer to the literature, e.g., [17, 179].

8.2. Timoshenko beam, Reissner—Mindlin plate, and shear
locking

For the Kirchhoff plate (7.3.43) and Bernoulli beam (7.3.44) shear locking does not occur
as the Kirchhoff-Love hypothesis (H5) forces that the directors stay always perpendicular
to the mid-surface and therefore, the shearing energy is always zero. As shear locking
is much better (mathematically) understood than membrane locking we discuss this phe-
nomenon first. One reason is that shear locking appears already for simple beam or plate
examples, whereas membrane locking occurs only in the case of curved elements. Another
motivation to discuss shear locking in more detail first is the reduction operator used for
MITC (plate) elements to circumvent shear locking as the proposed method for avoiding
membrane locking is related to a MITC tying point procedure.

Timoshenko beam: The Timoshenko beam (7.3.36) is a one-dimensional example where
shear locking appears if low-order elements are used. Let €2 = (0,1) be a beam with length
[ and thickness t. Neglecting material constants we obtain:
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8. (Membrane) Locking

8.6 Problem (Timoshenko beam). Minimize for (w,3) € H*(Q) x [HY(Q)]?

1 1 .
W(w, B) = 5”5/”%2(9) + ﬁ”“/ — BlZ2) — /QdeﬂC — min! (8.2.1)

The first term is the bending and the second one the shearing energy. The operator B in
the context of Problem 8.1.2 is given by B(w, ) := w’ — .

One can show, see [78], that the kernel {(w,3) € HY(Q) x [HY(Q))?| B(w,B) = 0},
which consists exactly of the deformations fulfilling the Kirchhoff-Love hypothesis (H5), is
infinite-dimensional. Further, for piece-wise linear elements there holds ||w}, — Bp| 2 >
ch (||wp|| g1 + ||8n || 1) and therefore locking occurs, compare (8.1.3). Introducing the shear
term «y := t~2 (w' — B) € L*(Q) and rewriting (8.2.1) as a saddle point problem leads to:

8.7 Problem. Find (w,[3,7) € H () x [H(Q)]? x L*(Q) such that for all
(0w, 88, 8v) € H'(Q) x [HY(Q)]* x L*(Q)

l ! l
/B’éﬂ/dx +/(5w'—66)7dx:/ fowdx, (8.2.2a)
0 0 0
l

l
/ (w' — B)dydx — t2/ ~yoy dx = 0. (8.2.2b)
0 0

On the kernel By = {(w,3) € HY(Q) x [H'(Q)]?|w’ = B} there holds with Friedrichs’s
inequality (3.2.1)

, 1 1
181172 = S IBla + 5Bl = e (1Bl +11B8llz2) = e (1Bl + llwlla)- (8.2.3)

Further, following [55], for given v € L?(Q) define p(x) := 2(I — ) and

A= [as) [oras ww = [Tas—a [Cporas 56 =)

Then, there holds |[w'||r2 < ¢|lvllr2, 18]z < cl|v]lz2, and w' — 8 = . Thus, the LBB
condition is fulfilled

l / 2
— d 1
sup fo(w By dx > H’YHLQ > — 7|l 2 (8.2.4)

et x[m 2 wlg + [18llg — [wllpz + 182 — 2¢

Brezzi’'s Theorem 3.9 now gives the robust estimate

1
1Bl + llwllm + llw’ = Bllee < el flla, e # e(t). (8.2.5)

Using lowest-order Lagrange elements for w and 3 and lowest-order discontinuous L2-
conforming elements for v gives a stable discretization of Problem 8.7, which can easily be
shown.

As mentioned before, the saddle point problem is often equivalent to applying a reduction
operator R. Here, R : L*(Q) — Q?L evaluates the shear term w’ — 3 on the mid-points of
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Figure 8.1.: Results for beam fixed on the left and shear force on the right boundary with
t =0.1,...,0.0001 and “do nothing” k = 1 (left), reduced integration k = 1
(middle), and “do nothing” k = 2 (right). Top: Vertical deflection w at right
end point. Bottom: Relative error |w — wex|/|wex| at right boundary.

the discretization intervals. For the enhanced assumed strain method the space for the
displacements gets enriched with non-conforming elements of the form ¢, € Ej := {e¢ €
L3(Q) e € PY(Th), e(&) = 0,& the mid points of the intervals} and the shear term reads

1

I
572 / (why + e, — Br)* du,
0

leading to the same result as 8, — e, = RS-

If higher order elements are used, e.g., quadratic ones, the locking phenomenon vanishes
too. For a numerical example we fix a beam = [0, 1] on the left boundary and apply a
shear force f = t3 as external force on the right boundary. Note, that the cubic scaling with
the thickness ¢ is necessary as we are in the bending dominated case. Reference solutions
are computed by using a fine grid in combination with a high polynomial order. As depicted
in Figure 8.1 extreme locking occurs if lowest-order linear elements for displacements and
rotations are used and the classical pre-asymptotic regimes can be observed. The reduced
integration scheme leads to uniform convergence independently of the thickness ¢t and also
for quadratic elements the locking phenomenon is overcome.

Reissner—Mindlin plate: Next, we want to investigate the shear locking behavior for the
Reissner-Mindlin plate (7.3.34) in two spatial dimensions Q C R

Following the same idea as for the Timoshenko beam we introduce the shear term v :=
t=2(Vw — ) leading to the saddle point problem:
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8.8 Problem. Find (w,3,7) € H}(Q) x [H}(Q)]? x [L*()]? such that for all
X

(6w, 88, 0v) € Hy () x [Hg(Q)]? x [L*(Q)]?
/ﬂe(ﬁ) ce(0p)dx + /Q(Véw —08) -ydx = /Qféw dx (8.2.6a)
/(Vw —B) - oydx — t2/ v -0y dx = 0. (8.2.6b)
) )

One might try to prove stability using the L?-norm of 4. This, however, turns out to fail.
The reason is that in the limit case t — 0 the L2-regularity of v is lost:

8.9 Problem (Kirchhoff plate via penalty). Find (w,3,7v) € H(Q) x [H(2)]* x
Ho(curl, Q)* such that for all (sw,88,8v) € HE () x [HE(Q)]? x Ho(curl, Q)*

/Qe(ﬁ) : €(68) dx+/Q(V5w55)-’ydx = /Qféwdx, (8.2.7a)

/(Vw —f)-0vydx = 0. (8.2.7b)
Q

As the dual space of Hy(curl) is H!(div), see (3.1.16), stability of Problem 8.9 can be
proven with the norms [|wl[g1, ||B|lg1, and [[V][g-1(giv), see e.g., [55]. With the help of
the finite element dual space of Hy(curl, Q)*, see Section 5.3, we can also directly solve
Problem 8.9 numerically.

Note that in Problem 8.9 ~ is a Lagrange parameter, whereas in Problem 8.8 it has the
physical meaning of a normalized shear stress. With the motivation of the limit problem,
one can prove stability of Problem 8.8 with the norms [|w|| g1, [|8][ g1, and [|7[| g1 (aiv) +
t||7y||z2, where the constants are independent of the thickness parameter ¢. The proof is
based on a Helmholtz-decomposition of H~1(div) = VH} @ Curl(L?/R) and L? = VH} @
Curl(H'/R) [64] leading to three decoupled problems, two Poisson and a Stokes problem
with penalty. To be more precise, with v = Vr + Curl(p) and 6y = Vér + Curl(dp) one
obtains

/VT-Véwda::/f&de Vow € H(Q),
Q Q
/ €(B) : €(0f) — peurl(0f) dx = / Vr-60dx VoB € [H}(Q)]?,
Q Q
—/ curl(3)dp + t2Curl(p) - Curl(dp) dz = 0 Vop € HY(Q)/R,
Q

/ Yuw - Vordr = / B-Vor +t2f5rd93 Yor € H&(Q)
Q Q
(8.2.8)

Using Stokes stable spaces we obtain that the problem is well-posed with constants inde-
pendently of t. To mimic this procedure in the finite element setting a discrete Helmholtz-
decomposition is needed. The following axioms of Brezzi, Bathe, and Fortin [62] are suffi-
cient:
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Let the spaces U, C H}(Q), V,, C [HY(Q)]?, Qn € L*(Q)/R, T, C H(curl,Q) and the
reduction operator R : V}, — I'y, have the following properties:

(P1) VU, C Ty,
(P2) curl(Ty) C Qp,

(P3) The pairing (V3,Qp) fulfills the Stokes LBB condition: 3¢ € RT, ¢ # ¢(h), such that
for all pp, € Qp,

fQ curl(By) pp dx

> cllpallr2
BrEVR HBhHHl 7

(P4) With the L2-projection onto @ there holds curl(RB) = Pycurl(p) for all 8 €
[HL(Q))?, i.e., the following diagram commutes

[HH(Q)]? — L2(9)

curl
ry —— Qn

\Y

(P5) The sequence {7, r, —<, , is exact.

Then, with these finite element spaces and reduction operator R the discrete version of
(8.2.8) is well-posed independent of ¢. The reduction operator R is defined via functionals
as in Theorem 5.4, compare also (5.3.4).

Thus, it can be rigorously proven that a large class of MITC elements do not suffer from
shear locking [65]:

8.10 Problem (MITC elements with reduction operator). Let Uy, V}, and
a reduction operator R be given, such that there exists Qp and 'y to fulfill azioms

(P1)-(P5). Find (wp, ) € Up X Vi, such that for all (dwp,68,) € Uy X Vj,

/ e(By) e(aﬂh)dx+tl2 / (Vwn — RBy) - (Vowy — ROBy) du — / F owp . (8.2.9)
Q Q Q

Three families of stable combinations in the discrete setting were proposed in [65], see
Figure 8.2.

In [21] the connection between MITC elements and the reduction operator R into the
Nédélec space is discussed and an overview of other robust methods circumventing shear
locking and stable elements is given and mathematically analyzed.

Nevertheless, we show how the tying point procedure and the reduction operator are
related as we use this to reveal a relation between the proposed Regge interpolation and
the MITC triangular shell procedure to alleviate membrane locking in Section 8.3.2. For
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IAVANAYN

Figure 8.2.: MITC7 element: deflection w, rotation [, auxiliary shear 7, and auxiliary
“pressure” p.

1
Y2

Y1
0xq xo 1

:2—}—2\[

Figure 8.3.: Tying points for MITC7 element with xy = y; = % — 7 = o
Ta ( /6,1/6), and

and the inner points are placed at M = (1/3,1/3),
Tp =(2/3,1/6), Tc = (1/6,2/3).

the MITC7 element [32] the reduction operator £ — R¢ is defined on each element T via
the equations, compare also Section 5.3 and (5.3.4),

[E(f — RE)iqeds =0  Vgp € P'(E), (8.2.10a)
/T(£ —RE)-qrdz=0 Vg € [PY(T))>. (8.2.10Db)

On the other hand the shear strain € is assumed to be of the following form

€ = a1 + iz + cry + y(dz + ey),

~ (8.2.11)
€y = az + boy + coy — x(dx + ey),

and the coefficients are determined by forcing that the assumed strain € coincides with the
directly computed shear strain € := Vw — 8 at so-called tying points depicted in Figure 8.3.
More precisely, at the edges the conditions €,(z1,0) = €,(x1,0), €,(x2,0) = €;(x2,0),

éy(ovyl) = ey(ouyl)u Ey(07y2) = ey(07y2)7 &Ild, with € = %(Ey_ex)a él(xluyZ) =
€(r1,y2), €(x2,y1) = €(x2,y1) are prescribed. This is equivalent to use a two-point

Gaufl quadrature formula for (8.2.10a). For the last two equations the mean value at the
inner tying points is prescribed €,(M) = % (€,(Ta) + €:(TB) + €x(T¢)) and analogically
for €, and thus differ to (8.2.10b), as the constraint can be interpreted as under-integration
of €; and €, by using the mid-point, whereas the given strain € gets integrated with a rule
exact for linear polynomials. Prescribing the mean values by using the mid-point rule for
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both, however, is also possible.

As already discussed in Section 7.6.2 another possibility to obtain a robust finite element
discretization is to directly use H (curl)-conforming Nédélec elements for the rotation field
B instead of inserting a reduction operator R. To obtain a well-defined bending energy,
the (symmetric part of the) gradient of 8 € H(curl) is not square-integrable, the moment
tensor o is additionally introduced [173]. The linked interpolation method [23] augments
the deflection space by rotation degrees of freedom instead of reducing the rotation fields.
As shown in [150] this method is connected to the MITC approach.

A different approach without using a Helmholtz decomposition is based on a splitting
of the shearing term with t% = #HQ + t,%, t? = t2 2t2, where h denotes the local
mesh-size. The first part is added to the bending energy term yielding the saddle-point
formulation:

8.11 Problem. Find (w, ) € H&(Q [HE(Q)]? x [LA(Q)]? such that for all
(6w, 0B, 6v) € Hy(Q) x [Hy(Q)]* x [L2(Q)]?

ap, (w, B), (dw,d8)) + /Q(V(sw —6p) -ydr = /Qf - ow, (8.2.12a)

/(Vw —B)-dydr — t’2/ v - 0y dx =0. (8.2.12b)
Q Q

As ap, ((w, B), (0w, 68)) = [, €(Bn) : €(8Bn) + sz (Vw — B) - (Vow — 63) dx is coercive
on the whole space, stable finite elements can be constructed easier compared to the ele-
ments based on the discrete Helmholtz decomposition, see e.g., [74, 58, 21] for more details.

For a numerical example we consider a simply supported circle with radius R = 5 and
parameters E= 10.92, o = 0.3, k = 5/6, where a vertical force f = 0.01 is applied. Due to
symmetry only one quarter of the circle is meshed and an exact solution is known [131]. As
depicted in Figure 8.4 enormous locking occurs if no reduction operator for the rotations
is considered, using linear elements for both unknowns. With the operator R, however, we
obtain uniform convergence in the thickness parameter ¢. High-order methods may lead to
less locking or even circumvent it [221].

8.12 Remark. In contrast to the Timoshenko beam the term Vw — [ lies in the more
regular space H(curl, Q) and not only in [L?(Q))? as VH(Q) C H(curl, Q). Note, that in
one dimension H(curl, Q) and L*(Q) coincide.

8.3. Membrane locking and Regge interpolation

After the phenomenon of shear locking has been discussed and a variety of ideas to prevent
locking have been presented we focus on curved shells, where membrane locking additionally
appears in the bending dominated setting. In the following we consider Koiter shells,
neglecting the shear energy and thus a priori circumventing shear locking, to focus on the
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g 5
relative error
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Figure 8.4.: Relative error ||w — wex||r2/||wex|| 12 for Reissner-Mindlin plate example with
linear elements, reduction operator with linear elements, quadratic elements,
and fourth order elements with thicknesses t = 1071, ..., 107°.

problem of membrane locking. We, however, emphasize that the results can directly be
applied to Naghdi shells including shearing. If we assume the Kirchhoff-Love hypothesis
(H5) the shell energy (7.3.38) can be written in operator notation

t Ermem (1) 4 2 Epena(u) = f(u). (8.3.1)

Dividing through t3 and defining f := t73 f the rescaled right-hand side yields

%Emem(u) + Eyena (1) = f(u). (8.3.2)
If the new right-hand side is independent of the thickness parameter, i.e., f = O(1), we
are in the bending dominated case (non-inhibited pure bending) and membrane locking
may occur. For ¢ — 0 the first term of (8.3.2) can be interpreted as a penalty forcing
Emem(u) = 0 in the limit.

In the following we assume that the shell surface S gets discretized by a triangulation
T consisting of (curved) triangles and we follow [165].

8.3.1. Usage of Regge interpolant

Let the discrete displacements uyp, € [U ,’f]?’ live in the Lagrangian nodal finite element space
(7.5.9). For the proposed method we insert the Regge interpolation operator into the Regge
elements of polynomial order £ — 1 into the membrane energy term

LB (833)
where I,fk is defined as (compare (5.2.40) and Section 5.3)
/ (Br — I}, E7)7 7, qdA = 0 for all ¢ € P*(E), (8.3.4a)
E
/T (B= —I[%E7): Qds =0 for all Q € [P*~1(T")252. (8.3.4b)
Note that for the linearized membrane strain tensor E7 ~ %(P?Vyuh + V?UZP?) mem-

brane locking also occurs and the Regge interpolation operator is used in the same way as
in the nonlinear case.
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Due to the tangential-continuity of the discrete Jacobian Vzuy, the Green strain tensor
E+ is tangential-tangential continuous. Thus, it is mathematically equivalent to apply the
projection operator Iﬁk_l only element-wise, which makes the method competitive — no
additional global system has to be solved. Furthermore, beneficial properties of systems
to be symmetric or positive definite are preserved. Therefore, only a small problem has
to be solved on each element and the intrinsic tangential-tangential continuity is preserved
comparable to the reduction operator for the Reissner-Mindlin plate from the previous
section, where the tangential continuity is inherited.

We emphasize that (8.3.3) is equivalent to a three-field Hu—Washizu formulation by

introducing the discontinuous Regge interpolant E; € Rk Lde and corresponding local

k— ldC]

shape functionals Q) € [R;~ as additional unknowns. Note that the functionals

(5.2.40) span the discrete topological dual space [Rz_l’dc]

for the membrane energy reads

*. The corresponding Lagrangian

Clun B @) = [ IBulf do+ (B~ Br. Qur,. (8.3.5)

where, according to (5.2.40) and (8.3.4), with Q) = (Qr,QF)

(En— Bz, Qu)7, = Y /Eh— - Qde+Z/ Er)rprs QEds)

TeET EeoT
(8.3.6)

and thus, Ej, = I}?k 1E=. In numerical experiments we observed that less Newton itera-
tions are needed with (8.3.5) compared to the direct interpolation procedure (8.3.3), if the
full nonlinear Green strain tensor E= is used.

8.3.2. Relation to MITC shell elements

Similar to shear locking where the MITC element procedure is highly related to the projec-
tion operator into H (curl)-conforming elements, called reduction operator R in Section 8.2,
there exists a connection between the Regge interpolation (8.3.4) and the procedure used
for triangular MITC shell elements.

Namely, the interpolation of a given strain FE into the Regge finite element space R,
can also be performed by using tying points inspired by MITC elements. This entails the
advantage to perform the interpolation without the need of implementing Regge shape
functions and can thus be easily incorporated to existing finite element code. In the
following we describe the procedure for second order displacements, corresponding first
order Regge elements, and an isoparametrically quadratic curved geometry on the ref-
erence triangle. Further, we will consider the full nonlinear Green strain tensor E :=
%(P;V?uh + V uy, TP+ V- 7y, V= uh) and stress that the procedure for the linearized strain
tensor En = (P Vz=up + VTuh =) follows exactly the same lines. We begin by trans-
forming the Volume term of (8.3.6) to the reference triangle. Let ® be the corresponding
mapping, T = ®(T ), and G := V;® € R3*? the Jacobi matrix. Computing the first

variation in direction 6Qp = (0Q7,0QE) € [73,1Z 4% vields with (5.3.7) for the surface (cf.
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Figure 8.5.: Tying points (x, left), integration points (circles, middle), and points for E,,

component (right) with z; =y = 3 — 2—\1/5 and To = yo = 3 + ﬁ

Remark 7.11), and (P7zVzup) o ® = Pz o CIDViahGT that for all 5QT c [po(jw)]gyxrg
~ 1 R
0= /(Eh —E):iQrdx = /(Eh — GV, — §V@1§LZV§E@;L) 10Qr di. (8.3.7)
T T

Here, we exploited the symmetry of 5QT and that Pz o ® G = G. For the boundary term
we obtain analogously that for all Qg € P(F)

~ 1 .
0= / (B — E)rpr 0Qu ds = / (B, — GV iy, — 5%@{%%)% §Qpds.  (8.3.8)
B E

Note, that no inverse matrix appears after transformation to the reference element due
to the dual transformations (5.3.7) entailing the advantage of using integration rules of
reduced order to perform exact integration, if necessary.

In Figure 8.5 the used tying and integration points are depicted. The tangential-
tangential components of the interpolated strain are assumed to be linear, e.g., (Eh)m =
a + bz + cy. For integrating (8.3.8) we use the two point Gaufl quadrature formula on the
edges. Note that the integration is even exact as for second order displacements and for
a quadratic curved geometry E = sym(GTV@ﬂh + %via;vmh) is quadratic and 5@;;
is linear. The resulting two equations can be reformulated by prescribing the conditions
(Ep)ez(21,0) = Eup(x1,0) and (Ep)pe(22,0) = Egu(22,0) at the corresponding tying
points. This ansatz is equivalent to the procedure used for the MITC6 triangular shell
elements in [135] for edges.

The last equation for completely determining (Eh)m is given by integrating (8.3.7) with
a quadrature rule being exact for quadratic polynomials on the triangle: (Eh)m (0.5,0) +
(Eh)m(O 0.5) + (Eh)m(O 5,0.5) = Em(O 5,0) + Em(O 0. 5) + Em(O 5,0.5). This cor-
responds to the tying point condition (Ej).(1/3,1/3) = (Em(() 5,0) + E.,(0,0.5) +
E..(0.5,0.5)) as (Eh)m is linear and 0Qr constant. We trled also the straight forward
and simpler condition (E},)z(1/3,1/3) = E4»(1/3,1/3), i.e., under-integration of the zero
moment of E,, on the element by applying the mid-point rule. We observed in numerical
experiments, however, that in the membrane dominated case this may lead to unstable
behavior. It seems that due to the under-integration spurious zero energy modes get acti-
vated. In [135] different tying points for the three components of E), are chosen inside T,
and thus, the proposed method differs for the inner part.
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The other two tangential-tangential components of E), are treated the same way, where
the diagonal component is defined by (Ej); = %((Eh)m +(Ep)yy) — (Ep)ay-

Consequently, we can interpret the interpolation procedure into the Regge finite element
space as an MITC method of arbitrary order, where the tying points are chosen implicitly
accordingly to the integration points for (8.3.7)—(8.3.8) or equivalently to the dofs of the
Regge elements. The idea of choosing the tying points on the edges yields a tangential-
tangential continuous assumed membrane strain, which has recently been investigated also
for the quadrilateral MITC4+ shell element [137]. In this thesis, however, we only consider
triangles for the Regge interpolation. Nevertheless, we emphasize that the five tying points
chosen in [137] can be related to the five degrees of freedom of the lowest order quadrilateral
Regge element, compare (5.2.46)—(5.2.47). First numerical experiments applying the pro-
posed method for quadrilaterals were promising. Further investigation is topic of research,
especially the question of possible requirement of special additional internal bubbles for the
displacement field u as well as for the Regge elements.

8.3.3. Discussion

A rigorous mathematical proof that the proposed Regge interpolation method avoids mem-
brane locking in the bending dominated case while staying stable in the membrane dom-
inated regime has not been achieved yet, not even in the linear regime. The involved
geometric quantities as the Weingarten tensor and the strong coupling between the mem-
brane and bending (and possible shearing) energy makes a proof challenging. Therefore,
we present a discussion based on more heuristic arguments instead, following [165].

Let u be the exact solution of the linear shell problem (7.3.40) in the bending dominated
case such that the limit constraint EI% (u) = 0 is exactly fulfilled. Interpolating u into
the Lagrangian finite element space [U}’f]3 , up, = ZIp pu, where Zj, denotes the nodal inter-
polation operator (5.3.4), does not guarantee in general that EI (uy,) = 0 for the discrete
displacements. I.e., the kernel of the membrane operator does not get preserved by the
interpolation operator. As a result, pure bending modes might induce so-called artificial
discrete parasitic membrane strains leading to unintended membrane energy. This effect
gets amplified for small thickness parameters ¢t and starts dominating the bending energy,
the shell element is called to be too stiff and membrane locking occurs.

By applying the Regge interpolation operator, I}?qurlgém(Uh)a we are able to relax the
discrete constraints. Reduced and selective integratiyon schemes follow the same idea, using
less Gauf} integration points for the (components of the) membrane energy term, and are
frequently used for quadrilateral elements. Placed inside the elements this corresponds to
an L? rather than a Regge interpolation. If we compare the number of integration points,
which can be interpreted as the number of constraints as each integration point induces
an equation, we observe that on a single triangle T° the number of constraints coincides,
namely 3(k + 1)(k + 2)/2. Note that in the context of variational interpolation (8.3.3), or
equivalently three-field formulation (8.3.5), this number corresponds to the amount of dofs
of the interpolation space Rfl

Considering a triangulation 7, however, the number of constraints differs in the lowest

order case significantly due to the different placements of the dofs. For Regge elements we
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have one dof per edge, whereas in the reduced integration scheme three per element are
used. Asymptotically there holds for a triangulation

#T ~ 24V,  H#E~3#V,  #E= g#T, (8.3.9)

where #1', #FE, and #V denote the number of triangles, edges, and vertices, respectively.
Therefore, there holds

H#E ~ 3#V < 6#V ~ 3#T (8.3.10)

and thus, using the Regge interpolation reduces the number of constraints asymptotically
by a factor of two compared to the L2-projection. Furthermore, on an infinite triangulation
T there holds for the so-called constraint ratio (also denoted constraint count) [121]

#dofs _3#HV _#HE

= = R =1. 8.3.11
" #constraints #E #E ( )

Here, the number of dofs are given by the three Lagrangian displacement fields at each
vertex, involved in the membrane energy, and the number of constraints is the amount of
dofs of the Regge space. For Lagrangian elements of polynomial order k£ and corresponding
Regge elements of order k — 1 the constraint ratio is thus given by

LBV 4 (- DB+ YT RPHE

T = wup = ! (8.3.12)

and therefore, the ratio is 1 for arbitrary order. In the continuous setting the constraint ratio
is also 1 (three displacement fields and three equations forcing zero membrane energy in
the limit ¢ — 0). As a result, (immense) locking (7 < 1) is not expected. Further relaxation
of the constraint would lead to r > 1 and thus, the constraints may be underrepresented
and possibly spurious energy modes appear. Note that the concept of constraint ratio is
not a rigorous mathematical proof whether locking is avoided or not. For a finite grid of a
plate or non-closed surface there holds

3+ #E = 34V — #Vp = 24V + #V7, (8.3.13)

where #Vp and #V; are denoting the number of vertices on the boundary and in the
inner domain, respectively. The discrepancy of three corresponds to the number of rigid-
body motions in two dimensions: two translations and one rotation. Thus, for a given
displacement field at the vertices one can find a unique value per edge describing the
(tangential-tangential) distance (or stretch) between two vertices. This suits perfectly to
the following exact sequence

Vsym [COO(Q)]2X2 curl T curl COO(Q)

sym

RB —L [C>(Q))?
zh,kl Iﬁ’kill [zh,k]*l : (8.3.14)

k—1 curl T curl k1
RE cul el k)
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8. (Membrane) Locking

where RB := {Az +b|A € R?*2, AT = —A b € R?} denotes the set of linearized rigid
body motions, [Z, ;|* is defined by the relation ([Zj, x|*u, vn)pr = (u, vy) 2 for allu € C>(Q)
and v, € U }]f , and [U }]f]* is the topological dual space of U, }]f spanned by the corresponding
functionals, cf. Section 5.3.

In [85, 113] the authors used this sequence, also called Kréner compler, in three dimen-
sions as a part of a larger complex and proved in the lowest order case that it is commuting
and exact. For a nonlinear complex one has to replace the symmetric gradient by the
Green strain tensor and RB = {Az +b| A € SO(2), b € R?}, where SO(2) denotes the
set of all orthogonal 2 x 2 matrices with determinant one. The incompatibility operator
curl curl is the linearization of the Riemann curvature tensor, see e.g., [38]. An extension
of (8.3.14) onto the surface is not straight forward. With sequence (7.5.7) there holds e.g.,
curl! curl, (sym(V,-)) = 0, but the linearized membrane strains are given by the covari-
ant derivative sym(V$®) = sym(P,V;-) and pure bending modes are also included in the
kernel of sym(V$°). The extension of the incompatibility operator to the surface can be
achieved by seeing it as part of the Saint—Venant compatibility equations on surfaces [39].

If the full nonlinear membrane energy term is considered in (7.3.38), the Green strain
operator Er : [P(T})]* — [P?*2(T},)]&%¢ doubles the polynomial degree asymptotically,
with the exception of lowest-order £k = 1. This can lead to even worse discrete kernel
conservation. Due to the Regge interpolant, however, the Green strain tensor gets projected
back to polynomial degree k — 1 and again the number of constraints are significantly
reduced.

In the lowest order case k = 1 for the displacements, membrane locking is not observed as
long as an isoparametric mapping for the shell geometry is considered, i.e., affine elements
are used. Curving the geometry by a higher polynomial degree as the displacement field
leads to immense membrane locking. However, using the lowest-order Regge interpolation
IZL?O reduces this locking phenomena too.

As already discussed above, the Regge interpolation procedure is connected to the MITC
triangular shell elements, if the tying points are chosen accordingly. Therefore a new finite
element context and thus more structure is given by explicitly describing the involved
interpolation space. In Section 8.2 an identification of the MITC plate tying points as
interpolation of the shear strain into the H(curl)-conforming Nédélec element space has
been discussed. This relation has been successfully exploited to prove rigorously that the
MITC (plate) elements are free of shear locking [65] independent of the thickness parameter
t. Therefore, the usage of Regge elements might be a step towards a better understanding
of membrane locking and maybe will build an ingredient for a rigorous mathematical proof.

8.4. Numerical examples

We conclude the thesis by presenting several benchmarks to demonstrate the excellent
performance of the proposed Regge interpolation method, which are taken from [165].

To avoid a priori possible shear locking effects we use the Koiter shell model presented in
Section 7.7. For the benchmarks we use second order finite elements for the displacements
u and the geometry is mapped isoparametrically. When using the presented tying point
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Figure 8.6.: Geometry and meshes with 4 x4 and 16 x 16 grids for axisymmetric hyperboloid
with free ends benchmark.

procedure the effort of the proposed method is comparable with that of (the membrane
part of) the MITC6 shell elements. Further, we use the MITC6 membrane procedure as
comparison.

The forces are chosen such that the deformations stay in the linear regime. Thus, the
differences between the linearized and full nonlinear membrane energy is negligible. Fur-
ther, the forces are scaled appropriately with the thickness parameter ¢ (¢3 in the bending
dominated and t in the membrane dominated regime) such that the deformations stay in
the same magnitude. The reference values are computed by using fourth order finite ele-
ments for the displacement on the finest mesh and the relative error of the quantities of
interest is computed by |result - referencel/|referencel.

8.4.1. Axisymmetric hyperboloid with free ends

An axisymmetric hyperboloid described by the equation
2?4+ =R*+2% z2€[-R,R] (8.4.1)

with free boundaries is loaded by a force, see [72, 135, 137]. Due to symmetries we
consider only one eighth of the geometry and symmetry boundary conditions are pre-
scribed, compare Figure 8.6 for the geometry and meshes. The material and geometric
parameters are given by R = 1, £ = 2.85 x 10%, 7 = 0.3, t € {0.1,0.01,0.001,0.0001},
P=—"L__cos 2¢) (x, vy, 0 T

T (2¢) ( )

2 +y2

The radial deflection at point A is listed in Tables 8.1-8.2 and the relative error in
Figure 8.7. Therein the classical locking behavior can be observed, if the membrane term
is left untreated, as the pre-asymptotic range increases rapidly for smaller thicknesses. The
MITC procedure improves this unsatisfactory behavior and also decreases the initial error
for coarse meshes. Using Regge interpolation avoids the pre-asymptotic behavior further.
We emphasize that for t = 0.0001 with 8 elements the difference with a factor of 10° is
immensely between “do nothing” and Regge interpolation (2 x 10719 vs. 1.92 x 107° with
the reference value 1.89 x 107°).

8.4.2. Uniform bending of cylindrical shell

We apply a moment force M to a cylindrical shell, which is fixed at the top and free on the
other boundaries [139]. The material and geometric parameters are R = 0.1, b = 0.025,
E=2x10° 7 =0,t¢e{0.1,0.01,0.001,0.0001}, My = (t/R)3, see also Figure 8.8.
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Figure 8.7.: Relative error with respect to number of elements for axisymmetric hyperboloid
with free ends with “do nothing”, MITC procedure, and Regge interpolation.

W i
10! 102 103 104
nel

Regge interpolation

nel \ t 0.1 0.01 0.001 0.0001

8 -1.40971 -0.08393 -0.00216 -0.00002

32 -1.99954 -0.41024 -0.01227 -0.00013

128 | -2.22354 -1.23888 -0.11740 -0.00182

512 | -2.24731 -1.77470 -0.61248 -0.02537

2048 | -2.24893 -1.88687 -1.45795 -0.20875

8192 | -2.24903 -1.89560 -1.83745 -0.91489

32768 | -2.24904 -1.89616 -1.88895 -1.64433

Table 8.1.: Results for axisymmetric hyperboloid with free ends x10° with “do nothing”
and 2 X 2,4 x4, 8 x 8, ..., 128 x 128 triangular grids.

nel \ t 0.1 0.01 0.001 0.0001

8 -2.23800 -1.92570 -1.92213 -1.92209

32 -2.24693 -1.89837 -1.89502 -1.89498

128 | -2.24902 -1.89641 -1.89303 -1.89299

512 | -2.24904 -1.89622 -1.89276 -1.89271

2048 | -2.24904 -1.89620 -1.89270 -1.89262

8192 | -2.24904 -1.89620 -1.89271 -1.89259

32768 | -2.24904 -1.89620 -1.89271 -1.89259

Table 8.2.: Results for axisymmetric hyperboloid with free ends x10° with Regge interpo-

lation and 2 x 2,4 x 4, 8 X 8, ..., 128 x 128 triangular grids.
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8. (Membrane) Locking

Figure 8.8.: Geometry and meshes with 8 x 1 and 32 x 2 grid for uniform bending of
cylindrical shell benchmark.

nel \ t 0.1 0.01 0.001 0.0001
8 6.00078 5.20275 2.43791 2.23652
16 6.00142 5.95961 4.44983 2.89530
32 6.00029 5.99792 5.88843 4.62872
128 6.00011 5.99971 5.96252 5.18277
384 6.00010  6.00007 5.99700 5.80409

1024 | 6.00010 6.00010 5.99987 5.98020
2560 | 6.00010 6.00010 6.00008 5.99852

Table 8.3.: Results for uniform bending of cylindrical shell x10* with “do nothing” and
4x1,8x1,16 x1,32x2,64 x 3,128 x4, and 256 x 5 triangular grids.

The deflection orthogonal to the radial direction is computed at point A. The results
can be found in Tables 8.3-8.4 and Figure 8.9. In this benchmark the method without
any interpolation does not produce a strong pre-asymptotic regime for small thicknesses.
However, the initial relative error increases and the error curves are shifted parallel. In
contrast, the initial errors with the Regge interpolation are independent of the thickness
and show a uniform convergence behavior. Furthermore, the MITC procedure delivers
exactly the same results in this example as the proposed Regge interpolation.

As the Poisson ratio 7 = 0 the membrane energy density || Emem |3, of the exact solution
hast to be exactly zero. The numerical result for ¢ = 0.0001 and a 32 x 2 grid depicted in
Figure 8.10 shows significant oscillations in the membrane energy density with a magnitude
of about 1 x 1077 for the “do nothing” method. For the Regge interpolation on the other
hand the density of the interpolated strain ||Z}%, Eyem |3 is constant and with 4.5 x 10714
nearly exact zero. 7
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Figure 8.9.: Relative error with respect to number of elements for uniform bending of cylin-
drical shell with “do nothing” and MITC procedure/Regge interpolation.

nel \ t 0.1 0.01 0.001 0.0001
8 6.00051 6.00050 6.00050 6.00050
16 6.00013 6.00013 6.00013 6.00013
32 6.00010 6.00010 6.00010 6.00010
128 | 6.00010 6.00010 6.00010 6.00010
384 | 6.00010 6.00010 6.00010 6.00010

1024 | 6.00010 6.00010 6.00010 6.00010
2560 | 6.00010 6.00010 6.00010 6.00010

Table 8.4.: Results for uniform bending of cylindrical shell x10* with Regge interpolation
and 4 x 1,8 x 1,16 x 1, 32 x 2, 64 x 3, 128 x 4, and 256 x 5 triangular grids.
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Figure 8.10.: Membrane energy density of uniform bending of cylindrical shell with “do
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nothing” and Regge interpolation for ¢ = 0.0001 and 32 x 2 grid.
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Figure 8.11.: Geometry and unstructured meshes with 11 and 84 elements for open hemi-
sphere with clamped ends benchmark.

nel \ t 0.1 0.01 0.001 0.0001
11 1.40550 1.41500 1.41510 1.41510
20 1.17835 1.14513 1.14461 1.14460
84 1.13244 1.12607 1.12551 1.12551
342 1.12707 1.12036 1.12034 1.12034

1368 | 1.12762 1.11990 1.11917 1.11919
5420 | 1.12765 1.12028 1.11895 1.11899
21482 | 1.12765 1.12031 1.11917 1.11897

Table 8.5.: Results for open hemisphere with clamped ends x10° with “do nothing”.

8.4.3. Open hemisphere with clamped ends

As a final example we consider an 18° open hemisphere with clamped top and bottom
edges [72], which falls in the membrane dominated case. Only one fourth of the hemisphere
is considered due to symmetry with appropriate boundary conditions, see Figure 8.11.
The material and geometric parameters are given by R = 10, E = 6.825 x 107, o = 0.3,
andt € {0.1,0.01,0.001,0.0001}. The volume force density is P = {5 cos(2()v, where ¢
denotes the angle between the x and y component.

The deflection in z-direction at point A is listed in Table 8.5 and 8.6. In Figure 8.12
the relative error is shown. As expected the “do nothing” method does not suffer from
membrane locking in the case of inhibited pure bending. Using the Regge interpolation
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nel \ t 0.1 0.01 0.001 0.0001
11 1.31230 1.31583 1.31587 1.31587
20 1.20520 1.20922 1.20927 1.20927
84 1.12825 1.13285 1.13302 1.13303
342 112726 1.12282 1.12369 1.12370

1368 | 1.12762 1.12028 1.12045 1.12054
5420 | 1.12765 1.12030 1.11942 1.11964
21482 | 1.12765 1.12031 1.11923 1.11926

Table 8.6.: Results for open hemisphere with clamped ends x10° with Regge interpolation.
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Figure 8.12.: Relative error with respect to number of elements for open hemisphere with
clamped ends with “do nothing” and Regge interpolation.

operator only a minimal deterioration in the convergence rates for smaller thicknesses can
be observed. However, this effect is nearly negligible. Interestingly, also in this membrane
dominated example the usage of the interpolation operator yields better results if a coarse
mesh is used.
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A. Curvilinear coordinates

Let ¢',i = 1,2,3, be a (contravariant) basis of R* and g; the corresponding dual (covariant)
basis defined by the relation
gﬂg’]:6;7 /i7j:1)2)37

where 6; denotes the Kronecker delta. Then a vector @ € R is given in co- and contravariant
components by
i

i=aj =dg, a=dg, d=a-g,
where we used the Einstein summation convention a;j' = Z?:l a;G' with the convention
that Latin indices range from one to three and Greek indices from one to two. A matrix
A is given in co-, contravariant, and mixed components by
A=4;50f = A5 g = A]7 g,
with the (dyadic) tensor product ®. The scalar and Frobenius scalar product is defined by
a-b=ab, A:B=A;BY.

The metric tensor g is given by

which is used to transform coordinates from co- to contravariant components and vice-versa
(also called raise/lower indices)

a' = gYay, ai = gija’,

where a; and a’ are the co- and contravariant components of the vector a@. If g§; are
orthonormal there holds g;; = g7 = ij-

Let © C R? be open and ® : Q — R? smooth and injective. The curvilinear coordinates
induced by the mapping ® are defined by

098

gi: a—giv = 17 27 3>
and ¢; are linearly independent at each point. Let @ be a vector given in the curvilinear
basis. Then, with the notation #; := %7 the (covariant-covariant) components of Vi are
given by
i = g — Dfug, Vil = u; 7 ® 7,

where f‘fi denotes the 3D Christoffel symbol

=k S ok

IS =gji-g- (A.0.1)
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B. Computation of variations

Variations of geometric vectors: As preparation we use the following identity in three
dimensions for the variation of the cofactor matrix

1 (tr(A)? — tr(A%)) T — tr(A)A + A2,

cof(A)T = 5

yielding
Ou(cof (F7)7)(0u) = (tr(F;)tr(V;éu) —2F;": V;éu) 7 — tr(Vzou)F5"
—tr(F7)Vrou' 7+ Fr ' Veou' 74 Veou' Fr'o. (B.0.1)
The second variation is straight forward as the cofactor matrix is quadratic in 3D
02 (cof (F>)7) (6u, Au) = <tr(V;Au)tr(V;5u) —2V-Au! V;éu) 7 — tr(V=ou)V-Au ' 7
— tr(V-Au)Vz0u' 7 + (V=Au' Vzou' + Vzou' VzAu')D.

With the tensor cross product X defined in [55] the cofactor matrix reads cof(A) =
%A X A and with linearity and symmetry a more compact notation of the derivatives is
achieved: 9, (cof (F7)7)(6u) = (F7 X Vz6u)v, 02(cof (F7)7)(du, Au) = (VzAu X Vzdu)v.

Now, we start with the variations of the normalized tangential vector

F-7 V=out F-7 V=6ut
Ou(T 0 @)(du) = Oy < ) ou T (F+7,V=0ut Pi
(7o )0u) =0\ 777 ) O = Tl ~ T R Y=
and
V=0ut V=Aut
85 70 ¢)(0u, Au) = ————(F77, Ve AuT) — ———(F57, V=0ut
(700w 80 =~ g 7 Ve >
+37F (F+7,V=0uT)(F+7, V:AuT) — b7 (VzAuT, V70uT).
T uT FT, VFAUT UT uT
| F77]|° ||[F=7]3

For the outer normal vector we have analogically

L Bu(cof (F2)7)(5u)
B ot @)

Ou(v o @) (0u) =
with

Plo=v—(vop-vvog

160



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

B. Computation of variations

and the second variation follows the same lines as for the tangential vector. The variations
of the element normal vector follows now immediately as pogp =vogp x170¢

B | Oy(cof (F7)7)(0u) | Vzout
Ou(po@)(du) = 0y(v x 1) = P;, Tcof (F2)7]| xTop+vopx P TF
B (cof(F2)7) (6u) (v 0 6. 0u(cof (F=)7)(51))
leof@Eml T T ok (R
. Vzour . (T 0 ¢, V=0uT)
LRGN == e Ty

The second variation is a simple but lengthy calculation and thus not stated here.

First variations: We compute the first variations of (7.7.13). For a more compact notation
we neglect the ¢ dependency and write e.g., 7 instead of 7o¢. Further we write {v} instead
of {v}" — note that {v} does not depend on u:

0uly |1 B 130)(Gw) = 2(M By, F> V5bu),

0o (3l 34-2)(00) = 3 (M~ 60,

8u((V?2uZVZ +(1—=7-v)Vz) : 0)(0u) = (V?2(5uil/i + V#ui@ul/i(éu) — V- Ouv(0u)V7D) : o,
05 (VZ2uiv; + (1 =7 - v)V0) : 0)(00) = (V-2uv; + (1 — 7 - v)V4D) : o,

Bu(<(Pr, ({v}), ) (6u) =

_ 1 {I/} auu(6u) {V},U' . (5u A
\/1—(PTLE({V}). 1) <H{v} Wl T = (o} P v durOu) (v} )).
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B. Computation of variations

Second variations: The second variations, especially the boundary jump term, are quite
lengthy, but manageable:

ag(g 1B+ 30) (51, Au) = 46(M sym(F+V+Aw), F>V10u) + 2t (M Ey, Vs Au" Vrdu),

6 12,
33(§||0!\%4—1)(50,A0) =M Ao, d0),

D2((VAuv; + (1 =7 - v)VD) : 0)(0u, Au) = (V26u;0uvi(Au) + V=2 Audyv; (du)
+ V22,0203 (Su, Au) — 7 - 02v(du, Au) V=) : o
e 0u(VZ2uvs + (1 — 7 - v)V5D) : 0)(6u, Ac) = (V?Q(Suil/i + V21,0, vi (6u)

—?-8uy(5u)v?ﬁ) : Ao,
(P ((1}), 1)) (s Aur) = — ! (P )
V1= (P - 2
{v}-n N DAL 7 {v} - Oup(Au) {v} - Oup(du)
(o=t 7 - der @) 0+ o= =) (= o

{v}-n 1
ToT= (o T OG- ) - >

\/1— (PL({v})-
v} - 02p(du, Au v} Oup(du
<{H{}v} el * T G- darBuN(} 1)+

{v}-n SO (AU (Y - Py - 8 (Su))(fv) - 7
TS ) TTH5({V} Our(Au))({v} - 7)]|({v} - Our(6u) ({v} - 7) +

[({v} - 957 (6u, Aw))({v} - 7) + ({v} - Qur () ({v} C%T(AU))D-

{V}-c'“)uu(Au)

{v} —{v}- 773
{v}-p

vy =} P

Projection update in every Newton iteration: If we average the normal vector after every
Newton iteration there holds {v} - 7 = 0 and thus

AP0, W)00) =~ ) B0
and
O P (D). 1) B, A) = =g (v} - ) (0} - DB ({1} - Duti(50)
T ()
1 2
= ()00, 80 + (v} ) (v} Aur(Bu) (v} - Dur(Bu)) ).

162



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

1]

M. Abramowitz. Handbook of Mathematical Functions, With Formulas, Graphs, and
Mathematical Tables. Dover Publications, Inc., New York, NY, USA, 1974.

R. A. Adams and J. J. Fournier. Sobolev spaces. Academic Press, 2 edition, 2003.

S. Adams and B. Cockburn. A mixed finite element method for elasticity in three
dimensions. Journal of Scientific Computing, 25(3):515-521, 2004.

S. M. Alessandrini, D. N. Arnold, R. S. Falk, and A. L. Madureira. Derivation and
justification of plate models by variational methods. In M. Fortin, editor, Plates and
Shells (Quebec 1996), volume 21, pages 1-20. AMS Providence RI, 1999.

G. E. Andrews, R. Askey, and R. Roy. Special functions. Encyclopedia of Mathematics
and its Applications. Cambridge University Press, 1999.

A. Angoshtari, M. F. Shojaei, and A. Yavari. Compatible-strain mixed finite element
methods for 2D compressible nonlinear elasticity. Computer Methods in Applied Me-
chanics and Engineering, 313:596-631, 2017.

A. Angoshtari and A. Yavari. Hilbert complexes of nonlinear elasticity. Zeitschrift
fir angewandte Mathematik und Physik, 67(6):143, 2016.

D. N. Arnold. Discretization by finite elements of a model parameter dependent
problem. Numerische Mathematik, 37(3):405-421, 1981.

D. N. Arnold, G. Awanou, and R. Winther. Finite elements for symmetric tensors in
three dimensions. Mathematics of Computation, 77(263):1229-1251, 2008.

D. N. Arnold and F. Brezzi. Mixed and nonconforming finite element methods :
implementation, postprocessing and error estimates. ESAIM: M2AN, 19(1):7-32,
1985.

D. N. Arnold and F. Brezzi. Locking-free finite element methods for shells. Mathe-
matics of Computation of the American Mathematical Society, 66(217):1-14, 1997.

D. N. Arnold, F. Brezzi, B. Cockburn, and L. D. Marini. Unified analysis of discontin-
uous Galerkin methods for elliptic problems. SIAM Journal on Numerical Analysis,
39(5):1749-1779, 2002.

D. N. Arnold, F. Brezzi, and J. Douglas. PEERS: a new mixed finite element for
plane elasticity. Japan Journal of Applied Mathematics, 1(2):347, 1984.

163



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

D. N. Arnold, J. Douglas, and C. P. Gupta. A family of higher order mixed finite
element methods for plane elasticity. Numerische Mathematik, 45(1):1-22, 1984.

D. N. Arnold, R. Falk, and R. Winther. Mixed finite element methods for linear elas-
ticity with weakly imposed symmetry. Mathematics of Computation, 76(260):1699—
1723, 2007.

D. N. Arnold, R. Falk, and R. Winther. Finite element exterior calculus: from
Hodge theory to numerical stability. Bulletin of the American Mathematical Society,
47(2):281-354, 2010.

D. N. Arnold and R. S. Falk. Asymptotic analysis of the boundary layer for the
Reissner-Mindlin plate model. SIAM Journal on Mathematical Analysis, 27(2):486—
514, 1996.

D. N. Arnold, R. S. Falk, and R. Winther. Finite element exterior calculus, homo-
logical techniques, and applications. Acta numerica, 15:1-155, 2006.

D. N. Arnold and S. W. Walker. The Hellan-Herrmann—Johnson method with curved
elements. STAM Journal on Numerical Analysis, 58(5):2829-2855, 2020.

D. N. Arnold and R. Winther. Mixed finite elements for elasticity. Numerische
Mathematik, 92(3):401-419, 2002.

F. Auricchio, L. B. da Veiga, F. Brezzi, and C. Lovadina. Mized Finite Element
Methods, pages 1-53. American Cancer Society, 2017.

F. Auricchio, L. B. Da Veiga, C. Lovadina, A. Reali, R. L. Taylor, and P. Wriggers.
Approximation of incompressible large deformation elastic problems: some unresolved
issues. Computational Mechanics, 52(5):1153-1167, 2013.

F. Auricchio and C. Lovadina. Analysis of kinematic linked interpolation methods
for Reissner—-Mindlin plate problems. Computer Methods in Applied Mechanics and
Engineering, 190(18):2465-2482, 2001.

I. Babuska. The finite element method with Lagrangian multipliers. Numerische
Mathematik, 20(3):179-192, 1973.

I. Babusgka, J. Osborn, and J. Pitkdranta. Analysis of mixed methods using mesh
dependent norms. Mathematics of Computation, 35(152):1039-1062, 1980.

I. Babuska and J. Pitkaranta. The plate paradox for hard and soft simple support.
SIAM Journal on Mathematical Analysis, 21(3):551-576, 1990.

1. Babuska and M. Suri. Locking effects in the finite element approximation of elas-
ticity problems. Numerische Mathematik, 62(1):439-463, 1992.

I. Babuska and M. Suri. On locking and robustness in the finite element method.
SIAM Journal on Numerical Analysis, 29(5):1261-1293, 1992.

164



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

[37]

[38]

J. M. Ball. Convexity conditions and existence theorems in nonlinear elasticity.
Archive for Rational Mechanics and Analysis, 63(4):337-403, 1976.

K.-J. Bathe. Finite element procedures. Pearson Education, Inc, Watertown, MA, 2
edition, 2014.

K.-J. Bathe and F. Brezzi. A simplified analysis of two plate bending elements — the
MITC4 and MITC9 elements. In G. N. Pande and J. Middleton, editors, Numerical
Techniques for Engineering Analysis and Design, pages 407-417, Dordrecht, 1987.
Springer Netherlands.

K.-J. Bathe, F. Brezzi, and S. W. Cho. The MITC7 and MITC9 plate bending
elements. Computers & Structures, 32(3):797-814, 1989.

K.-J. Bathe, D. Chapelle, and P.-S. Lee. A shell problem ‘highly sensitive’ to thickness
changes. International Journal for Numerical Methods in Engineering, 57(8):1039—
1052, 2003.

K.-J. Bathe and E. N. Dvorkin. A four-node plate bending element based on
Mindlin/Reissner plate theory and a mixed interpolation. International Journal for
Numerical Methods in Engineering, 21(2):367-383, 1985.

K.-J. Bathe and E. N. Dvorkin. A formulation of general shell elements—the use of
mixed interpolation of tensorial components. International Journal for Numerical
Methods in Engineering, 22(3):697-722, 1986.

K.-J. Bathe, A. losilevich, and D. Chapelle. An evaluation of the MITC shell elements.
Computers € Structures, 75(1):1-30, 2000.

K.-J. Bathe, A. Iosilevich, and D. Chapelle. An inf-sup test for shell finite elements.
Computers € Structures, 75(5):439-456, 2000.

J.-L. Batoz, K.-J. Bathe, and L.-W. Ho. A study of three-node triangular plate
bending elements. International Journal for Numerical Methods in Engineering,
15(12):1771-1812, 1980.

J.-L. Batoz and I. Katili. On a simple triangular Reissner/Mindlin plate element
based on incompatible modes and discrete constraints. International Journal for
Numerical Methods in Engineering, 35(8):1603-1632, 1992.

J. L. Batoz and P. Lardeur. A discrete shear triangular nine D.O.F. element for the
analysis of thick to very thin plates. International Journal for Numerical Methods in
Engineering, 28(3):533-560, 1989.

J. L. Batoz, C. L. Zheng, and F. Hammadi. Formulation and evaluation of new
triangular, quadrilateral, pentagonal and hexagonal discrete Kirchhoff plate/shell
elements. International Journal for Numerical Methods in Engineering, 52(5-6):615—
630, 2001.

165



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[42]

[43]

[49]

[50]

[51]

U. Bauer, K. Polthier, and M. Wardetzky. Uniform convergence of discrete curvatures
from nets of curvature lines. Discrete & Computational Geometry, 43(4):798-823,
2010.

H. R. Bayat, J. Kramer, L. Wunderlich, S. Wulfinghoff, S. Reese, B. Wohlmuth, and
C. Wieners. Numerical evaluation of discontinuous and nonconforming finite element
methods in nonlinear solid mechanics. Computational Mechanics, 62(6):1413-1427,
2018.

S. Beuchler and J. Schoberl. New shape functions for triangular p-FEM using inte-
grated Jacobi polynomials. Numerische Mathematik, 103(3):339-366, 2006.

S. Bieber, B. Oesterle, E. Ramm, and M. Bischoff. A variational method to avoid
locking—independent of the discretization scheme. International Journal for Numer-
ical Methods in Engineering, 114(8):801-827, 2018.

M. Bischoff. Theorie und Numerik einer dreidimensionalen Schalenformulierung.
PhD thesis, University of Stuttgart, 1999.

M. Bischoff and E. Ramm. Shear deformable shell elements for large strains and
rotations. International Journal for Numerical Methods in Engineering, 40(23):4427—
4449, 1997.

M. Bischoff, E. Ramm, and D. Braess. A class of equivalent enhanced assumed strain
and hybrid stress finite elements. Computational Mechanics, 22(6):443-449, 1999.

M. Bischoff, E. Ramm, and J. Irslinger. Models and Finite Elements for Thin- Walled
Structures, pages 1-86. American Cancer Society, 2017.

K.-U. Bletzinger, M. Bischoff, and E. Ramm. A unified approach for shear-locking-free
triangular and rectangular shell finite elements. Computers € Structures, 75(3):321—
334, 2000.

H. Blum and R. Rannacher. On the boundary value problem of the biharmonic
operator on domains with angular corners. Mathematical Methods in the Applied
Sciences, 2(4):556-581, 1980.

H. Blum and R. Rannacher. On mixed finite element methods in plate bending
analysis. Computational Mechanics, 6(3):221-236, 1990.

D. Boffi, F. Brezzi, and M. Fortin. Mixzed finite element methods and applications,
volume 44. Springer-Verlag Berlin Heidelberg, Berlin, Heidelberg, 1 edition, 2013.

J. Bonet, A. J. Gil, and R. Ortigosa. A computational framework for polyconvex
large strain elasticity. Computer Methods in Applied Mechanics and Engineering,
283:1061-1094, 2015.

J. Bonet, A. J. Gil, and R. Ortigosa. On a tensor cross product based formulation of
large strain solid mechanics. International Journal of Solids and Structures, 84:49-63,
2016.

166



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[56]

[57]

[58]

[59]

[60]

[61]

[62]

J. Bonet, A. J. Gil, and R. D. Wood. Nonlinear Solid Mechanics for Finite Element
Analysis: Statics. Cambridge University Press, 2016.

D. Braess. Enhanced assumed strain elements and locking in membrane problems.
Computer Methods in Applied Mechanics and Engineering, 165(1):155-174, 1998.

D. Braess. Finite Elemente - Theorie, schnelle Léser und Anwendungen in der Elas-
tizitatstheorie. Springer-Verlag, Berlin Heidelberg, 5 edition, 2013.

D. Braess, A. Pechstein, and J. Schoberl. An equilibration based a posteriori error
estimate for the biharmonic equation and two finite element methods. IMA Journal
of Numerical Analysis, 40(2):951-975, 2019.

D. Braess, S. Sauter, and C. Schwab. On the justification of plate models. Journal
of Elasticity, 103(1):53-71, 2011.

F. Brezzi. On the existence, uniqueness and approximation of saddle-point problems
arising from Lagrangian multipliers. R.A.I.R.O. Analyse Numérique, 8(R2):129-151,
1974.

F. Brezzi, K.-J. Bathe, and M. Fortin. Mixed-interpolated elements for Reissner—
Mindlin plates.  International Journal for Numerical Methods in FEngineering,
28(8):1787-1801, 1989.

F. Brezzi, J. Douglas, and L. D. Marini. Two families of mixed finite elements for
second order elliptic problems. Numerische Mathematik, 47(2):217-235, 1985.

F. Brezzi and M. Fortin. Numerical approximation of Mindlin-Reissner plates. Math-
ematics of computation, 47(175):151-158, 1986.

F. Brezzi, M. Fortin, and R. Stenberg. Error analysis of mixed-interpolated elements
for Reissner-Mindlin plates. Mathematical Models and Methods in Applied Sciences,
1(2):125-151, 1991.

F. Brezzi, L. Marini, A. Quarteroni, and P. Raviart. On an equilibrium finite element
method for plate bending problems. CALCOLO, 17(3):271-291, 1980.

F. Brezzi and P. Raviart. Mixed finite element methods for 4th order elliptic equa-
tions. In J. J. H. Miller, editor, Numerical Analysis I11: Proceedings of the Royal Irish
Academy Conferenceon Numerical Analysis, pages 33-56, London, 1977. Academic
Press Chichester.

M. Brunet and F. Sabourin. Analysis of a rotation-free 4-node shell element. Inter-
national Journal for Numerical Methods in Engineering, 66(9):1483-1510, 2006.

E. Campello, P. Pimenta, and P. Wriggers. A triangular finite shell element based on
a fully nonlinear shell formulation. Computational Mechanics, 31(6):505-518, 2003.

C. Carstensen and G. Dolzmann. An a priori error estimate for finite element dis-
cretizations in nonlinear elasticity for polyconvex materials under small loads. Nu-
merische Mathematik, 97(1):67-80, 2004.

167



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[71]

[72]

[73]

[74]

[80]

[81]

[82]

[83]

D. Chapelle and K. Bathe. Fundamental considerations for the finite element analysis
of shell structures. Computers € Structures, 66(1):19-36, 1998.

D. Chapelle and K.-J. Bathe. The finite element analysis of shells - fundamentals.
Springer-Verlag, Berlin Heidelberg, 2 edition, 2011.

D. Chapelle, D. Oliveira, and M. Bucalem. MITC elements for a classical shell model.
Computers € Structures, 81(8):523-533, 2003. K.J Bathe 60th Anniversary Issue.

D. Chapelle and R. Stenberg. An optimal low-order locking-free finite element method
for Reissner—Mindlin plates. Mathematical Models and Methods in Applied Sciences,
8(3):407-430, 1998.

D. Chapelle and R. Stenberg. Stabilized finite element formulations for shells in a
bending dominated state. SIAM Journal on Numerical Analysis, 36(1):32-73, 1998.

D. Chapelle and R. Stenberg. Locking-free mixed stabilized finite element methods
for bending-dominated shells. volume 21, pages 81-94, 1999.

J. Cheeger, W. Miiller, and R. Schrader. On the curvature of piecewise flat spaces.
Communications in Mathematical Physics, 92(3):405-454, 1984.

J. Cheeger, W. Miiller, and R. Schrader. Kinematic and tube formulas for piecewise
linear spaces. Indiana University Mathematics Journal, 35(4):737-754, 1986.

L. Chen, J. Hu, and X. Huang. Multigrid methods for Hellan-Herrmann—Johnson
mixed method of Kirchhoff plate bending problems. Journal of Scientific Computing,
76(2):673-696, 2018.

L. Chen and X. Huang. Finite elements for divdiv-conforming symmetric tensors.
arXiw preprint 2005.01271, 2020.

L. Chen and X. Huang. Finite elements for divdiv-conforming symmetric tensors in
three dimensions. arXiv preprint 2007.12399, 2020.

D. Chenais and J.-C. Paumier. On the locking phenomenon for a class of elliptic
problems. Numerische Mathematik, 67(4):427-440, 1994.

D. Choi, F. Palma, E. Sanchez-Palencia, and M. Vilarino. Membrane locking in
the finite element computation of very thin elastic shells. ESAIM: Mathematical
Modelling and Numerical Analysis, 32(2):131-152, 1998.

S. H. Christiansen. A characterization of second-order differential operators on finite
element spaces. Mathematical Models and Methods in Applied Sciences, 14(12):1881—
1892, 2004.

S. H. Christiansen. On the linearization of Regge calculus. Numerische Mathematik,
119(4):613-640, 2011.

P. G. Ciarlet. The Finite Element Method for Elliptic Problems. North-Holland
Publishing Co., Amsterdam, New York,Oxford, 1978.

168



Bibliography

[87]

[88]

[39]

[90]

[91]

[100]

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[101]

[ 3ibliothek,
Your knowledge hub

P. G. Ciarlet. Mathematical FElasticity. Vol. I: Three-Dimensional FElasticity, vol-
ume 20. North-Holland, Amsterdam, 1988.

P. G. Ciarlet. An introduction to differential geometry with applications to elasticity.
Journal of Elasticity, 78-79(1):1-215, 2005.

P. G. Ciarlet, L. Gratie, and C. Mardare. Intrinsic methods in elasticity: a math-
ematical survey. Discrete € Continuous Dynamical Systems - A, 23(1&2):133-164,
2009.

B. Cockburn, J. Gopalakrishnan, and R. Lazarov. Unified hybridization of discon-
tinuous Galerkin, mixed, and continuous Galerkin methods for second order elliptic
problems. SIAM Journal on Numerical Analysis, 47(2):1319-1365, 20009.

M. I. Comodi. The Hellan-Herrmann—Johnson method: Some new error estimates
and postprocessing. Mathematics of Computation, 52(185):17-29, 1989.

E. Cosserat and F. Cosserat. Théorie des corps déformables. Nature, 81(67), 1909.

M. C. Delfour and J.-P. Zolésio. Shapes and geometries: metrics, analysis, differential
calculus, and optimization. STAM, Philadelphia, 2 edition, 2011.

L. Demkowicz. Projection-based interpolation. ICES Report, 4(3):1-22, 2004.

M. Dubiner. Spectral methods on triangles and other domains. Journal of Scientific
Computing, 6(4):345-390, 1991.

G. Duvant and J. L. Lions. Inequalities in Mechanics and Physics, volume 219 of
Grundlehren der mathematischen Wissenschaften. Springer-Verlag, Berlin Heidel-
berg, 1 edition, 1976.

G. Dziuk and C. M. Elliott. Finite element methods for surface PDEs. Acta Numerica,
22:289-396, 2013.

R. Echter, B. Oesterle, and M. Bischoff. A hierarchic family of isogeometric shell finite
elements. Computer Methods in Applied Mechanics and Engineering, 254:170-180,
2013.

G. Engel, K. Garikipati, T. J. R. Hughes, M. Larson, L. Mazzei, and R. Taylor. Con-
tinuous/discontinuous finite element approximations of fourth-order elliptic problems
in structural and continuum mechanics with applications to thin beams and plates,
and strain gradient elasticity. Computer Methods in Applied Mechanics and Engi-
neering, 191(34):3669-3750, 2002.

C. Felippa and B. Haugen. A unified formulation of small-strain corotational finite
elements: 1. Theory. Computer Methods in Applied Mechanics and Engineering,
194(21):2285-2335, 2005. Computational Methods for Shells.

C. A. Felippa. A study of optimal membrane triangles with drilling freedoms. Com-
puter Methods in Applied Mechanics and Engineering, 192(16):2125-2168, 2003.

169



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

F. G. Flores and E. Onate. A rotation-free shell triangle for the analysis of kinked
and branching shells. International Journal for Numerical Methods in Engineering,
69(7):1521-1551, 2007.

P. J. Flory. Thermodynamic relations for high elastic materials. Trans. Faraday Soc.,
57:829-838, 1961.

G. Fu, C. Lehrenfeld, A. Linke, and T. Streckenbach. Locking free and gradient robust
H(div)-conforming HDG methods for linear elasticity. arXiv preprint 2001.08610,
2020.

M. Gérdsback and G. Tibert. A comparison of rotation-free triangular shell elements
for unstructured meshes. Computer Methods in Applied Mechanics and Engineering,
196(49):5001-5015, 2007.

K. Gerdes, A. Matache, and C. Schwab. Analysis of membrane locking in hp FEM
for a cylindrical shell. ZAMM - Journal of Applied Mathematics and Mechanics /
Zeitschrift fir Angewandte Mathematik und Mechanik, 78(10):663-686, 1998.

Y. Gingold, A. Secord, J. Y. Han, E. Grinspun, and D. Zorin. A discrete model for
inelastic deformation of thin shells. Technical report, Courant Institute of Mathe-
matical Sciences, New York University, 2004.

J. Gopalakrishnan, P. L. Lederer, and J. Schéberl. A mass conserving mixed stress for-
mulation for the Stokes equations. IMA Journal of Numerical Analysis, 40(3):1838—
1874, 2019.

E. Grinspun, Y. Gingold, J. Reisman, and D. Zorin. Computing discrete shape
operators on general meshes. Computer Graphics Forum, 25(3):547-556, 2006.

H. Hakula, Y. Leino, and J. Pitkdranta. Scale resolution, locking, and high-order
finite element modelling of shells. Computer Methods in Applied Mechanics and
Engineering, 133(3):157-182, 1996.

P. Hansbo and M. G. Larson. Continuous/discontinuous finite element modelling of
Kirchhoff plate structures in R3 using tangential differential calculus. Computational
Mechanics, 60(4):693-702, 2017.

P. Hansbo, M. G. Larson, and F. Larsson. Tangential differential calculus and the
finite element modeling of a large deformation elastic membrane problem. Computa-
tional Mechanics, 56(1):87-95, 2015.

P. Hauret and F. Hecht. A discrete differential sequence for elasticity based upon
continuous displacements. SIAM Journal on Scientific Computing, 35(1):B291-B314,
2013.

K. Hellan. Analysis of elastic plates in flexure by a simplified finite element method.
Acta Polytechnica Scandinavica, Civil Engineering Series, 46, 1967.

170



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

E. Hellinger. Die allgemeinen Ansétze der Mechanik der Kontinua. In F. Klein and
C. Miiller, editors, Mechanik, pages 601-694, Wiesbaden, 1907. Vieweg+Teubner
Verlag.

L. R. Herrmann. Finite element bending analysis for plates. Journal of the Engineer-
ing Mechanics Division, 93(5):13-26, 1967.

G. Holzapfel. Nonlinear Solid Mechanics. A Continuum Approach for Engineering.
John Wiley & Sons, LTD, Chichester, 2000.

P. Hood and C. Taylor. Numerical solution of the Navier-Stokes equations using the
finite element technique. Computers € Fluids, 1(1):73-100, 1973.

H. C. Huang and E. Hinton. A new nine node degenerated shell element with
enhanced membrane and shear interpolation. International Journal for Numerical
Methods in Engineering, 22(1):73-92, 1986.

J. Huang, X. Huang, and Y. Xu. Convergence of an adaptive mixed finite element
method for Kirchhoff plate bending problems. SIAM Journal on Numerical Analysis,
49(2):574-607, 2011.

T. J. R. Hughes. The finite element method: linear static and dynamic finite element
analysis. Dover Publications Inc., Mineola, New York., 2000.

T. J. R. Hughes, J. Cottrell, and Y. Bazilevs. Isogeometric analysis: CAD, finite ele-
ments, NURBS, exact geometry and mesh refinement. Computer Methods in Applied
Mechanics and Engineering, 194(39):4135-4195, 2005.

T. J. R. Hughes and T. E. Tezduyar. Finite elements based upon Mindlin plate theory
with particular reference to the four-node bilinear isoparametric element. Journal of
Applied Mechanics, 48(3):587-596, 1981.

A. Tbrahimbegovié. Stress resultant geometrically nonlinear shell theory with drilling
rotations—Part I. A consistent formulation. Computer Methods in Applied Mechanics
and Engineering, 118(3):265-284, 1994.

J. Jang and P. M. Pinsky. An assumed covariant strain based 9-node shell element.
International Journal for Numerical Methods in Engineering, 24(12):2389-2411, 1987.

H.-M. Jeon, Y. Lee, P.-S. Lee, and K.-J. Bathe. The MITC3+ shell element in
geometric nonlinear analysis. Computers € Structures, 146:91-104, 2015.

C. Johnson. On the convergence of a mixed finite element method for plate bending
moments. Numerische Mathematik, 21(1):43-62, 1973.

E. Karabelas, G. Haase, G. Plank, and C. M. Augustin. Versatile stabilized finite ele-
ment formulations for nearly and fully incompressible solid mechanics. Computational
mechanics, 65(1):193-215, 2020.

171



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

[141]

[142]

E. P. Kasper and R. L. Taylor. A mixed-enhanced strain method: Part I: Geometri-
cally linear problems. Computers & Structures, 75(3):237-250, 2000.

E. P. Kasper and R. L. Taylor. A mixed-enhanced strain method: Part II: Geomet-
rically nonlinear problems. Computers € Structures, 75(3):251-260, 2000.

I. Katili. A new discrete Kirchhoff-Mindlin element based on Mindlin-Reissner plate
theory and assumed shear strain fields—Part I: An extended DKT element for thick-
plate bending analysis. International Journal for Numerical Methods in Engineering,
36(11):1859-1883, 1993.

I. Katili, J.-L. Batoz, I. J. Maknun, A. Hamdouni, and O. Millet. The develop-
ment of DKMQ plate bending element for thick to thin shell analysis based on
the Naghdi/Reissner/Mindlin shell theory. Finite Elements in Analysis and Design,
100:12-27, 2015.

P. Khosravi, R. Ganesan, and R. Sedaghati. An efficient facet shell element for
corotational nonlinear analysis of thin and moderately thick laminated composite
structures. Computers €& Structures, 86(9):850-858, 2008. Composites.

J. Kiendl, K.-U. Bletzinger, J. Linhard, and R. Wiichner. Isogeometric shell anal-
ysis with Kirchhoff-Love elements. Computer Methods in Applied Mechanics and
Engineering, 198(49):3902-3914, 2009.

D.-N. Kim and K.-J. Bathe. A triangular six-node shell element. Computers &
Structures, 87(23):1451-1460, 2009.

G. Kirchhoff. Uber das Gleichgewicht und die Bewegung einer elastischen Scheibe.
Journal fir die reine und angewandte Mathematik, 40:51-88, 1850.

Y. Ko, P.-S. Lee, and K.-J. Bathe. A new MITC4+ shell element. Computers &
Structures, 182:404-418, 2017.

W. Koiter. A consistent first approximation in the general theory of thin elastic shells.
In W. Koiter, editor, The theory of thin elastic shells, pages 12-33. North-Holland,
Amsterdam, 1960.

F. Koschnick, M. Bischoff, N. Camprubi, and K.-U. Bletzinger. The discrete strain
gap method and membrane locking. Computer Methods in Applied Mechanics and
Engineering, 194(21):2444-2463, 2005.

R. Kupferman and J. P. Solomon. A Riemannian approach to reduced plate, shell,
and rod theories. Journal of Functional Analysis, 266(5):2989-3039, 2014.

O. A. Ladyzhenskaya. The mathematical theory of viscous incompressible flow, vol-
ume 2. Gordon and Breach New York, New York, 1969.

P. Le Tallec. Numerical methods for nonlinear three-dimensional elasticity. volume 3
of Handbook of Numerical Analysis, pages 465—622. Elsevier, 1994.

172



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

[157]

P. L. Lederer. A Mass Conserving Mixed Stress Formulation For Incompressible
Flows. PhD thesis, TU Wien, 2019.

P. L. Lederer, C. Lehrenfeld, and J. Schoberl. Divergence-free tangential finite element
methods for incompressible flows on surfaces. International Journal for Numerical
Methods in Engineering, 121(11):2503-2533, 2020.

C. Lehrenfeld. Hybrid discontinuous Galerkin methods for solving incompressible flow
problems. Master’s thesis, Rheinisch-Westfélischen Technischen Hochschule Aachen,
2010.

M. Lenoir. Optimal isoparametric finite elements and error estimates for domains
involving curved boundaries. SIAM Journal on Numerical Analysis, 23(3):562-580,
1986.

L. Li. Regge Finite Elements with Applications in Solid Mechanics and Relativity.
PhD thesis, University of Minnesota, 2018.

C. Lovadina. A low-order nonconforming finite element for Reissner-Mindlin plates.
SIAM Journal on Numerical Analysis, 42(6):2688-2705, 2005.

A. E. H. Love. XVI. The small free vibrations and deformation of a thin elastic shell.
Philosophical Transactions of the Royal Society of London. (A.), 179:491-546, 1888.

M. Lyly. On the connection between some linear triangular Reissner-Mindlin plate
bending elements. Numerische Mathematik, 85(1):77-107, 2000.

R. H. Macneal. Derivation of element stiffness matrices by assumed strain distribu-
tions. Nuclear Engineering and Design, 70(1):3-12, 1982.

R. H. Macneal and R. L. Harder. A proposed standard set of problems to test finite
element accuracy. Finite Elements in Analysis and Design, 1(1):3-20, 1985.

D. S. Malkus and T. J. R. Hughes. Mixed finite element methods — Reduced and
selective integration techniques: A unification of concepts. Computer Methods in
Applied Mechanics and Engineering, 15(1):63-81, 1978.

J. E. Marsden and T. J. R. Hughes. Mathematical foundations of elasticity. Dover
Publication, Inc, New York, 1994.

M. Meindlhumer and A. Pechstein. 3D mixed finite elements for curved, flat piezoelec-
tric structures. International Journal of Smart and Nano Materials, 10(4):249-267,
2019.

R. Mindlin. Influence of rotatory inertia and shear on flexural motions of isotropic,
elastic plates. Journal of Applied Mechanics, 18:31-38, 1951.

P. Monk. Finite element methods for Mazxwell’s equations. Numerical Mathematics
and Scientific Computation. Oxford University Press, New York, 2003.

173



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[158]

[159]

[160]

[161]

[162]

163

[164]

[165]

[166]

[167]

[168]

169

[170]

[171]

[172]

[173]

D. Morgenstern. Herleitung der Plattentheorie aus der dreidimensionalen Elastizitats-
theorie. Archive for Rational Mechanics and Analysis, 4(1):145-152, 1959.

L. S. D. Morley. The constant-moment plate-bending element. Journal of Strain
Analysis, 6(1):20-24, 1971.

P. Naghdi. The theory of shells. In S. Fliigge, editor, Handbuch der Physik, volume
VI/2. Springer-Verlag, Berlin and New York, 1972.

J. C. Nédélec. Mixed finite elements in R3. Numerische Mathematik, 35(3):315-341,
1980.

J. C. Nédélec. A new family of mixed finite elements in R3. Numerische Mathematik,
50(1):57-81, 1986.

M. Neunteufel, A. S. Pechstein, and J. Schéberl. Three-field mixed finite element
methods for nonlinear elasticity. arXiv preprint 2009.03928, 2020.

M. Neunteufel and J. Schoberl. The Hellan—Herrmann—Johnson method for nonlinear
shells. Computers & Structures, 225:106109, 2019.

M. Neunteufel and J. Schoberl. Avoiding membrane locking with Regge interpolation.
Computer Methods in Applied Mechanics and Engineering, 373:113524, 2021.

E. Onate and F. Zarate. Rotation-free triangular plate and shell elements. Interna-
tional Journal for Numerical Methods in Engineering, 47(1-3):557-603, 2000.

B. Oesterle, R. Sachse, E. Ramm, and M. Bischoff. Hierarchic isogeometric large ro-
tation shell elements including linearized transverse shear parametrization. Computer
Methods in Applied Mechanics and Engineering, 321:383-405, 2017.

R. Ogden. Non-linear Flastic Deformations. Dover Civil and Mechanical Engineering.
Dover Publications, 1997.

E. Onate, F. Zarate, and F. Flores. A simple triangular element for thick and thin
plate and shell analysis. International Journal for Numerical Methods in Engineering,
37(15):2569-2582, 1994.

K. C. Park and G. M. Stanley. A curved CO shell element based on assumed natural-
coordinate strains. Journal of Applied Mechanics, 53(2):278-290, 1986.

A. Pechstein and J. Schoberl. Tangential-displacement and normal-normal-stress
continuous mixed finite elements for elasticity. Math. Models Methods Appl. Sci.,
21(8):1761-1782, 2011.

A. Pechstein and J. Schoberl. Anisotropic mixed finite elements for elasticity. Inter-
national Journal for Numerical Methods in Engineering, 90(2):196-217, 2012.

A. Pechstein and J. Schoberl. The TDNNS method for Reissner—-Mindlin plates.
Numerische Mathematik, 137(3):713-740, 2017.

174



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[174]

[175]

[176]

[177]

178

[179]

[180]

[181]

[182]

[183]

[184]

[185]

[186]

187]

A. Pechstein and J. Schoberl. An analysis of the TDNNS method using natural
norms. Numerische Mathematik, 139(1):93-120, 2018.

A. S. Pechstein. Large deformation mixed finite elements for smart structures. Me-
chanics of Advanced Materials and Structures, 0(0):1-11, 2019.

R. Pfefferkorn and P. Betsch. Extension of the enhanced assumed strain method
based on the structure of polyconvex strain-energy functions. International Journal
for Numerical Methods in Engineering, 121(8):1695-1737, 2020.

W. Pietraszkiewicz and V. Konopinska. Junctions in shell structures: A review.
Thin-Walled Structures, 95:310-334, 2015.

J. Pitkaranta. The problem of membrane locking in finite element analysis of cylin-
drical shells. Numerische Mathematik, 61(1):523-542, 1992.

J. Pitkédranta, A.-M. Matache, and C. Schwab. Fourier mode analysis of layers in shal-
low shell deformations. Computer Methods in Applied Mechanics and Engineering,
190(22):2943-2975, 2001.

G. Prange. Das Fxtremum der Formanderungsarbeit: Habilitationsschrift Technische
Hochschule Hannover 1916. Edited by K. Knothe , Lehrstuhl fiir Geschichte der
Naturwissenschaften, LMU Miinchen, 1999.

A. Quaglino. A framework for creating low-order shell elements free of membrane
locking. International Journal for Numerical Methods in Engineering, 108(1):55-75,
2016.

K. Rafetseder and W. Zulehner. A decomposition result for Kirchhoff plate bending
problems and a new discretization approach. SIAM Journal on Numerical Analysis,
56(3):1961-1986, 2018.

K. Rafetseder and W. Zulehner. A new mixed approach to Kirchhoff-Love shells.
Computer Methods in Applied Mechanics and Engineering, 346:440-455, 2019.

P.-A. Raviart and J.-M. Thomas. A mixed finite element method for 2-nd order
elliptic problems. In Mathematical Aspects of Finite Element Methods, volume 66,
pages 292-315. Springer, 1977.

B. Reddy and J. Simo. Stability and convergence of a class of enhanced strain
methods. SIAM Journal on Numerical Analysis, 32(6):1705-1728, 1995.

S. Reese. On the equivalent of mixed element formulations and the concept of re-
duced integration in large deformation problems. International Journal of Nonlinear
Sciences and Numerical Simulation, 3(1):1-34, 2002.

S. Reese. A large deformation solid-shell concept based on reduced integration with
hourglass stabilization. International Journal for Numerical Methods in Engineering,
69(8):1671-1716, 2007.

175



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[188]

[189)]

[190]

[191]

[192]

193]

[194]

[195]

[196]

[197]

[198]

[199]

[200]

[201]

[202]

S. Reese, H. Bayat, and S. Wulfinghoff. On an equivalence between a discontinu-
ous Galerkin method and reduced integration with hourglass stabilization for finite
elasticity. Computer Methods in Applied Mechanics and Engineering, 325:175-197,
2017.

S. Reese, P. Wriggers, and B. Reddy. A new locking-free brick element technique
for large deformation problems in elasticity. Computers € Structures, 75(3):291-304,
2000.

T. Regge. General relativity without coordinates. Il Nuovo Cimento (1955-1965),
19(3):558-571, 1961.

E. Reissner. The effect of transverse shear deformation on the bending of elastic
plates. Journal of Applied Mechanics, 67:A69—AT7, 1945.

E. Reissner. On a variational theorem in elasticity. Journal of Mathematics and
Physics, 29(1-4):90-95, 1950.

E. Reissner. On the foundations of the theory of elastic shells. In H. Gortler, editor,
Applied Mechanics, pages 20-30, Berlin, Heidelberg, 1966. Springer Berlin Heidelberg.

A. Reusken. Stream function formulation of surface Stokes equations. IMA Journal
of Numerical Analysis, 40(1):109-139, 2018.

R. S. Rivlin and J. L. Ericksen. Stress-deformation relations for isotropic materials.
Journal of Rational Mechanics and Analysis, 4:323—-425, 1955.

J. Schoberl. NETGEN an advancing front 2D/3D-mesh generator based on abstract
rules. Computing and Visualization in Science, 1(1):41-52, 1997.

J. Schoberl. C++ 11 implementation of finite elements in NGSolve. Institute for
Analysis and Scientific Computing, Vienna University of Technology, 2014.

J. Schoberl and S. Zaglmayr. High order Nédélec elements with local complete se-
quence properties. COMPEL - The international journal for computation and math-
ematics in electrical and electronic engineering, 24(2):374-384, 2005.

D. Schollhammer and T. Fries. Reissner—Mindlin shell theory based on tangen-
tial differential calculus. Computer Methods in Applied Mechanics and Engineering,
352:172-188, 2019.

D. Schollhammer and T.-P. Fries. Kirchhoff-Love shell theory based on tangential
differential calculus. Computational Mechanics, 64(1):113-131, 2019.

J. Schroder, P. Wriggers, and D. Balzani. A new mixed finite element based on
different approximations of the minors of deformation tensors. Computer Methods in
Applied Mechanics and Engineering, 200(49):3583-3600, 2011.

C. Schwab. p-and hp-finite element methods: Theory and applications in solid and
fluid mechanics. Clarendon Press, Oxford, 1998.

176



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

203]

[204]

[205]

206]

[207]

[208]

209

[210]

[211]

[212]

[213]

214]

[215]

[216]

M. F. Shojaei and A. Yavari. Compatible-strain mixed finite element methods for
incompressible nonlinear elasticity. Journal of Computational Physics, 361:247-279,
2018.

M. F. Shojaei and A. Yavari. Compatible-strain mixed finite element methods for 3D
compressible and incompressible nonlinear elasticity. Computer Methods in Applied
Mechanics and Engineering, 357:112610, 2019.

J. Simo, F. Armero, and R. Taylor. Improved versions of assumed enhanced strain
tri-linear elements for 3D finite deformation problems. Computer Methods in Applied
Mechanics and Engineering, 110(3):359-386, 1993.

J. Simo and D. Fox. On a stress resultant geometrically exact shell model. Part I:
Formulation and optimal parametrization. Computer Methods in Applied Mechanics
and Engineering, 72(3):267-304, 1989.

J. Simo, D. Fox, and M. Rifai. On a stress resultant geometrically exact shell model.
Part II: The linear theory; computational aspects. Computer Methods in Applied
Mechanics and Engineering, 73(1):53-92, 1989.

J. Simo, R. Taylor, and K. Pister. Variational and projection methods for the vol-
ume constraint in finite deformation elasto-plasticity. Computer Methods in Applied
Mechanics and Engineering, 51(1):177-208, 1985.

J. C. Simo and F. Armero. Geometrically non-linear enhanced strain mixed methods
and the method of incompatible modes. International Journal for Numerical Methods
in Engineering, 33(7):1413-1449, 1992.

J. C. Simo and M. S. Rifai. A class of mixed assumed strain methods and the method
of incompatible modes. International Journal for Numerical Methods in Engineering,
29(8):1595-1638, 1990.

A. Sinwel. A new family of mixed finite elements for elasticity. PhD thesis, Johannes
Kepler Universitat Linz, 2009.

J. Solomon, E. Vouga, M. Wardetzky, and E. Grinspun. Flexible developable surfaces.
Computer Graphics Forum, 31(5):1567-1576, 2012.

M. Spivak. A comprehensive introduction to differential geometry, volume 1. Publish
or Perish, Inc., Houston, Texas, 3 edition, 1999.

J. Steiner. Uber parallele Flichen. Monatsber. Preuss. Akad. Wiss, 2:114-118, 1840.

R. Stenberg. A family of mixed finite elements for the elasticity problem. Numerische
Mathematik, 53(5):513-538, 1988.

R. Stenberg. Postprocessing schemes for some mixed finite elements. ESAIM: M2AN,
25(1):151-167, 1991.

177



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[217]

[218]

[219]

[220]

[221]

[222]

[223]

[224]

[225]

[226]

[227]

[228]

[229]

[230]

H. Stolarski and T. Belytschko. Membrane locking and reduced integration for curved
elements. Journal of Applied Mechanics, 49(1):172-176, 1982.

H. Stolarski and T. Belytschko. Shear and membrane locking in curved CO elements.
Computer Methods in Applied Mechanics and Engineering, 41(3):279-296, 1983.

H. Stolarski and T. Belytschko. Limitation principles for mixed finite elements based
on the Hu-Washizu variational formulation. Computer Methods in Applied Mechanics
and Engineering, 60(2):195-216, 1987.

M. Suri. Analytical and computational assessment of locking in the hp finite element
method. Computer Methods in Applied Mechanics and Engineering, 133(3):347-371,
1996.

M. Suri, I. Babuska, and C. Schwab. Locking effects in the finite element approxi-
mation of plate models. Mathematics of Computation, 64(210):461-482, 1995.

K. Y. Sze, X. H. Liu, and S. H. Lo. Popular benchmark problems for geometric
nonlinear analysis of shells. Finite Elements in Analysis and Design, 40(11):1551—
1569, 2004.

S. Terrana, N. Nguyen, J. Bonet, and J. Peraire. A hybridizable discontinuous
Galerkin method for both thin and 3D nonlinear elastic structures. Computer Meth-
ods in Applied Mechanics and Engineering, 352:561-585, 2019.

A. Tessler and T. J. R. Hughes. A three-node Mindlin plate element with im-
proved transverse shear. Computer Methods in Applied Mechanics and Engineering,
50(1):71-101, 1985.

S. P. Timoshenko and S. Woinowsky-Krieger. Theory of plates and shells. Engineering
Mechanics series. McGraw-Hill, New York, 2 edition, 1959.

F. van Keulen and J. Booij. Refined consistent formulation of a curved triangular
finite rotation shell element. International Journal for Numerical Methods in Engi-
neering, 39(16):2803-2820, 1996.

N. Viebahn, P. M. Pimenta, and J. Schréder. A simple triangular finite element for
nonlinear thin shells: statics, dynamics and anisotropy. Computational Mechanics,
59(2):281-297, 2017.

V. Stembera and J. Fiissl. DKMQ24 shell element with improved membrane be-
haviour. Finite Elements in Analysis and Design, 175:103341, 2020.

S. Walker. The Kirchhoff plate equation on surfaces: The surface Hellan-Herrman—
Johnson method. 2020.

K. Washizu. Variational methods in elasticity and plasticity, volume 3. Pergamon
press Oxford, 1975.

178



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Bibliography

[231]

[232]

[233]

[234]

[235]

[236]

[237]

[238]

239

[240]

[241]

[242]

C. Weischedel. A discrete geometric view on shear-deformable shell models. PhD
thesis, Georg-August-Universitdt Gottingen, 2012.

C. Weischedel, A. Tuganov, T. Hermansson, J. Linn, and M. Wardetzky. Construc-
tion of discrete shell models by geometric finite differences. Technical Report 220,
Fraunhofer (ITWM), 2012.

H. Whitney. Geometric integration theory. Princeton University Press, Princeton, N.
J, 1957.

R. M. Williams and P. A. Tuckey. Regge calculus: a brief review and bibliography.
Classical and Quantum Gravity, 9(5):1409-1422, 1992.

K. Wisniewski. Finite rotation shells. Basic equations and finite elements for Reissner
kinematics. Springer, Netherlands, 1 edition, 2010.

P. Wriggers. Nonlinear finite element methods. Springer Science & Business Media,
Heidelberg, 1 edition, 2008.

S. Wulfinghoff, H. R. Bayat, A. Alipour, and S. Reese. A low-order locking-free
hybrid discontinuous Galerkin element formulation for large deformations. Computer
Methods in Applied Mechanics and Engineering, 323:353-372, 2017.

H. T. Y. Yang, S. Saigal, A. Masud, and R. K. Kapania. A survey of recent shell
finite elements. International Journal for Numerical Methods in Engineering, 47(1-
3):101-127, 2000.

S. Zaglmayr. High Order Finite Element Methods for Electromagnetic Field Compu-
tation. PhD thesis, Johannes Kepler Universitat Linz, 2006.

O. Zienkiewicz and R. Taylor. The Finite Element Method. Vol. 1: The Basis.
Butterworth-Heinemann, Oxford, 5 edition, 2000.

O. C. Zienkiewicz, R. L. Taylor, and J. M. Too. Reduced integration technique in
general analysis of plates and shells. International Journal for Numerical Methods in
Engineering, 3(2):275-290, 1971.

O. C. Zienkiewicz and J. Z. Zhu. A simple error estimator and adaptive procedure
for practical engineering analysis. International Journal for Numerical Methods in
Engineering, 24(2):337-357, 1987.

179



Curriculum Vitae

Personliche Daten

Name Michael Neunteufel
Geburtsdatum  01.03.1994
Geburtsort Wien
Nationalitit Osterreich
Email michael.neunteufel@tuwien.ac.at
Ausbildung

seit 01/2020
11/2017-12/2019
10/2016-10,/2017

10/2013-10/2016
06/2012

Universititsassistent am Institut fiir Analysis und Scientific
Computing, TU Wien, Osterreich

Projektassistent am Institut fiir Analysis und Scientific Compu-
ting, TU Wien, Osterreich

Masterstudium Technische Mathematik, TU Wien, Osterreich
Bachelorstudium Technische Mathematik, TU Wien, Osterreich
Matura, Schulen der Dominikanerinnen, Wien, Osterreich

Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Wissenschaftliche Publikationen

e A. Chejanovsky, M. Neunteufel, I. Miinch, J. Schéberl and P. Neff, A hybrid HizH(curl)
finite element formulation for a planar relaxed micromorphic continuum, (arXiv:2009.13397)

e M. Neunteufel, A. Pechstein and J. Schéberl, Three-field mized finite element methods
for nonlinear elasticity, (arXiv:2009.03928)

e D. Melching, M. Neunteufel, J. Schoberl and U. Stefanelli, A finite-strain model for
incomplete damage in elastoplastic materials, Computer Methods in Applied Mecha-
nics and Engineering, 374 (2021), 113571

e M. Neunteufel and J. Schéberl, Avoiding Membrane Locking with Regge Interpolation,
Computer Methods in Applied Mechanics and Engineering, 373 (2021), 113524



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

thek,

blio
nowledge

3
|
r ki

M YOU

Bibliography

e M. Neunteufel and J. Schoberl, Fluid-structure interaction with H(div)-conforming
finite elements, Computers & Structures, 243 (2021), 106402

e P. Gangl, K. Sturm, M. Neunteufel and J. Schoberl, Fully and Semi-Automated Shape
Differentiation in NGSolve, Structural and Multidisciplinary Optimization, (2020)

e M. Neunteufel and J. Schéberl, The Hellan—Herrmann—Johnson Method for Nonlinear
Shells, Computers & Structures, 225 (2019), 106109

Wien, am 11. Februar 2021

Michael Neunteufel

181



	Introduction
	Outline of this thesis

	Elasticity
	Strain tensors
	Hyperelastic materials
	Theoretical results of nonlinear elasticity
	Linearized elasticity

	Variational framework
	Function spaces
	Scalar and vector valued spaces
	Matrix valued spaces

	Inequalities
	Existence and uniqueness for variational problems

	Standard and mixed methods for linear elasticity
	Standard primal setting
	Hellinger–Reissner mixed methods
	Primal mixed method
	Dual mixed method
	Dual mixed method with weak symmetry

	TDNNS mixed method
	Hu–Washizu principle

	Finite elements
	Basics and notations
	Construction of (high-order) finite elements
	Orthogonal polynomials
	Finite element space for  and 
	Finite element space for 
	Finite element space for 
	Finite element space for , Hellan–Herrmann–Johnson elements
	Finite element space for , Regge elements
	Finite element spaces for hybridization

	Finite elements for dual spaces
	Discretization of TDNNS method

	Nonlinear elasticity
	State of the art
	Nonlinear TDNNS for compressible materials
	Lifting to F
	Lifting to C
	Lifting to F and projection to C

	Nonlinear TDNNS for (nearly) incompressible materials
	Updated Lagrangian
	Numerical examples
	Shearing Plate
	Cook's Membrane
	Cylindrical Shell
	Inflation of a Hollow Spherical Ball


	Shells
	Introduction
	Differential geometry and shell description
	Initial configuration of shells
	Curvilinear coordinates for shells
	Deformed configuration

	Shell models
	Galerkin semi-discretization
	A geometrically nonlinear derivation
	Naghdi shell, Reissner–Mindlin plate, and Timoshenko beam
	Koiter shell, Kirchhoff–Love plate, and Euler–Bernoulli beam

	Discrete differential geometry
	Discrete surfaces
	Discrete curvatures

	Finite elements on surfaces
	Hellan–Herrmann–Johnson stress space for plates
	HHJ method for Kirchhoff–Love plates
	TDNNS method for Reissner–Mindlin plates

	Hellan–Herrmann–Johnson stress space for nonlinear shells
	HHJ for nonlinear Koiter shells
	Branched shells and kinks
	HHJ for linear Koiter shells
	HHJ for nonlinear Naghdi shells
	HHJ/TDNNS for linear Naghdi shells

	Numerical examples
	Convergence behaviors
	Cantilever subjected to end shear force
	Cantilever subjected to end moment
	T-section cantilever


	(Membrane) Locking
	Locking phenomena
	Timoshenko beam, Reissner–Mindlin plate, and shear locking
	Membrane locking and Regge interpolation
	Usage of Regge interpolant
	Relation to MITC shell elements
	Discussion

	Numerical examples
	Axisymmetric hyperboloid with free ends
	Uniform bending of cylindrical shell
	Open hemisphere with clamped ends


	Curvilinear coordinates
	Computation of variations
	Bibliography

