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Introduction

Our main object of interest is the study of valuations. These are functions that take values in
an Abelian semigroup and satisfy the inclusion-exclusion principle, i.e.,

(AU B) = ¢(4) + ¢(B) — p(AN B),

for suitable A and B. In particular, we examine valuations on nonempty, convex and compact
sets, K(V), in a Euclidean n-dimensional vector space V' and valuations on smooth manifolds
with corners. We will restrict our attention to continuous valuations in an appropriate sense.
Moreover, in the convex case, it is fruitful to examine valuations that are invariant under linear
transformations. The characterization of the space of continuous and rigid motion invariant
valuations, by Hadwiger, as the linear span of the intrinsic volumes allowed for effortless proofs
of kinematic formulas:

/ u(ANgK) d Z {Hk} [} lum(z‘l)um(K)-

=0

Since formulas of this kind play an important role in integral geometry, we want to generalize
them.

In Section 1, we start by giving an overview of properties of (V') and smooth manifolds that we
are going to need in the following. Moreover, we introduce a representation theoretic approach
to smooth vectors of a Frechet space.

Next, in Section 2, we introduce spaces of valuations. First, the Banach space of translation
invariant continuous valuations, Val(V'), will be defined. Alesker introduced in [2] a dense sub-
space, Val*™(V'), with nice algebraic and topological properties. Moreover, we will take a look
at another important approach to valuations, which is also due to Alesker [3]. Finally, we will
be able to define smooth valuations on smooth manifolds, V*°(M), as it is done in [4]. One of
the most important properties, that we are going to use in this thesis is the identification of
smooth valuations with smooth differential forms.

In Section 3 we define the product and the convolution on Val*™(V'), we follow Bernig’s and
Alesker’s approach from [15] and [2], respectively. To highlight the importance of these algebraic
structures, we give a brief introduction to more general kinematic formulas. Alesker showed
in [2], that the space G-invariant valuations with a closed subgroup G C SO(n), that acts
transitively on the sphere, Val®, is finite dimensional. For a basis ¢1,...,¢,, we therefore
obtain the additive and intersectional kinematic formulas:

//¢k (KN (z+gL)) dgdx = Za”@ )5 (L),

731

/¢kK+gL Vdg= 3 b,0(K)y (L),

3,j=1

The associated operators kg : Val® — Val® @ Val® defined by

bp Y a6 ® by,

1,J
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and ag : Val® — Val® @ Val® defined by

m
G Y arjhi ® ¢y,

i,J

are called kinematic operators. In [13], Bernig showed the connection between the algebraic
opertions and the kinematic operators in the Fundamental Theorem of Algebraic Integral Geo-
metry (FTAIG). We give a short description of this theorem: Let mg : Val® @ Val® — Val® be
the restriction of the product to Val® and let pdg : Val® — (Val®)* be the induced embedding
into the dual space. We obtain

(pda ® pda) o kg = mg o pdg.

Similar, we proceed with the convolution. Hence, let ¢ : Val®@Val® — Val® be the restriction
of the convolution to Val®, then

(pde ® pda) o ag = ¢ o pdg.

Therefore if we want to state kinematic formulas in a more general way, we should try to lift the
introduced operations to smooth valuations on manifolds. This is done in Section 4. Similar to
the product on Val*™(V'), we obtain a dense embedding into the dual space of compactly sup-
ported smooth valuations, pd : V(M) — (V°(M))* := V~°°(M). This embedding is described
in Section 5. Since we already mentioned that the space of smooth valuations can be seen as a
space of differential forms, we can identify the corresponding dual spaces. Proposition 5.2.7 is
due to Bernig and describes the precise connection of these spaces.

Finally, in Section 5 we want to extend the convolution to compactly supported valuations on
smooth manifolds. It was introduced by Bernig and Alesker in [8]. The convolution is defined in
terms of generalized valuations, i.e. elements of V~°°(M), by the push-forward of the exterior
product under the addition map. In Proposition 6.2.10, we get a representation in the sense of
generalized valuations and Proposition 6.2.12 yields the desired extension.

II
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1 General background

1.1 Convex Bodies

In this thesis we are often dealing with the set of convex bodies on a vector space V. We need
some basic definitions and properties which we are going to recall in the following. For proofs
and more details, we refer to [29].

1.1.1 Support functions

Let V' be an n-dimensional vector space with a fixed scalar product (-,-) and (V') the set of
compact, convex and nonempty sets in V with respect to this Euclidean topology. The map
d: (V) x K(V) — R defined by

d(A,B) = inf{e > 0: A C B+ B.(0),B C A+ B.(0)}.

defines a metric on IC(V'). It is called the Hausdorff metric. Equipped with this metric we have
the following important properties:

Proposition 1.1.1. The topological space (KC(V'),d) is a complete, locally compact metric space.

Every K € K(V) is determined by a function on V' that gives a correspondence between convex
bodies and continuous functions: The support function hg : V' — R of K is defined by

h‘K(y) = h(K> y) = max(x7y)'
reK
Since these functions are 1-homogeneous it is useful to work with their restriction to the sphere
S7~1. Hence we get the following result:

Theorem 1.1.2. The map ¢ : K(V) — C(S" 1), K — h(K,-) is an isometric imbedding of
K(V) into the Banach space C(S™ 1), i.e., we have

d(K7 L) = ||h(K7 ) - h(Lv )How
for K, L € K(V).

Definition 1.1.3. We say K € K(V) has a smooth boundary, if its boundary is a smooth
manifold. Let us denote the set of convex bodies with smooth boundary by (V') and the set
of all bodies which contain 0 in their interior with /Co(V').

Lemma 1.1.4. For K € K®(V), we have hxx € C®°(S" L R) and hx(y) = (Vhg(y),y).

Another important property of the space of convex bodies is that the volume vol,, : (V) — R
is continuous.

Theorem 1.1.5. The volume vol, : (V) — R is a continuous map with respect to the Haus-
dorff metric.

The set of nonempty compact subsets of V' is also a complete metric space, when endowed with
the Hausdorff metric, but it is important to mention, that the volume is not continuous on this
space. The volume induces an important class of real-valued functions:

Definition 1.1.6. The mixed volume of Kj,..., K, € K(V) is defined by
1 n
V(K. Kp) == > (=1)Ft > volp (Kiy + -+ K;,).

|
n: k=1 1<i1 < <im<n
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We need the following theorem concerning mixed volumes to define a finite measure on S™~!
called the surface area measure of a convex body K:

Theorem 1.1.7. Let Ky,...,K,—1 € K(V). There is a finite measure S(K1,...,Ky,_1,-) on
S™=1 . called the mized area measure of K1,...,K,_1, such that

1
V(KL K K) = - / (K, u)dS(Ky, ..., Kn_1,u)
Snfl

for all K € K(V).

Definition 1.1.8. The surface area measure S,_1(K,-) of a convex body K € K(V) is the

measure on S”~! defined by
Sp—1(K,-):=S(K,...,K,-).

A body K € K(V) has a curvature function s,_1(K,-) € C(S"1), if
ClSn_l(K, ) = Sn_l(K, -)dO’,

where o is the rotation-invariant probability measure on S”~!. We say K has positive curvature,
if s,—1(K,-) is a positive function. The convex bodies with positive curvature form a dense
subset of (V):

Theorem 1.1.9. Let K € IC(V') and € > 0. Then there is a smooth convex body L € K(V') with
positive curvature and d(K, L) < e.

Theorem 1.1.10. If f € C%(S"~1), then there exists a convex body K € K(V) and s > 0 such
that
f(x) = hig(x) — shp, (o) (z),r € st

with ||h|| < c||fllcz. In particular, every f € C?(S™™ 1) can be written as the difference of two
support functions.

It is crucial that if f € C¥(S™1), we can choose K € K(V) with hx € C*¥(S"~!) in the theorem
above, such that [|hxl|cr(gn-1) < || fllcr(gn-1). Therefore, every f € C°°(S"!) can be written
as a difference of smooth support functions.

1.2 Smooth Manifolds

We want to recall some basic definitions from the theory of smooth manifolds, which we will
need throughout this thesis. For proofs and more details, we refer to [25, 11] and [24].

1.2.1 Fiber Bundles

Definition 1.2.1. Let M, F' be smooth manifolds. A smooth fiber bundle over M with model
fiber F' is a smooth manifold E together with a surjective smooth map « : £ — M with the
property that for each x € M, there exists a neighbourhood U of z in M and a diffeomorphism
® : 77 1(U) — U x F, called local trivialization of E over U such that the following diagram
commutes:
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The most important example of a fiber bundle is given by a smooth vector bundle.

Definition 1.2.2. Let M be a smooth manifold. A real smooth vector bundle of rank k over
M is a smooth manifold F together with a surjective smooth map w : £ — M satisfying the
following conditions:

1. For each p € M, the fiber E, = 7 !(p) over p is endowed with the structure of a k-
dimensional real vector space.

2. For each p € M, there exist a neighbourhood U of p in M and a diffeomorphism @ :
7Y U) — U x RF satisfying

(a) ipo® =

(b) for each g € U, the restriction of ® to E, is a vector space isomorphism from E, to
{a} x RE.

A rank-1 vector bundle is called a line bundle. The space E is called the total space of the
bundle and M is called its base. Furthermore 7 is called the projection.

Example 1.2.3. Let T'M be the tangent bundle of a smooth n-manifold with or without boundary.
The topology and smooth structure on 7'M are the unique ones with respect to which 7 : TM —
M is a smooth vector bundle with the given vector space structure on the fibers, and such that
all coordinate vector fields are smooth local sections. A proof of this can be found in [25,
Proposition 10.4].

The bundle of covariant k-tensors has as well a natural structure as smooth vector bundles over
M.

Definition 1.2.4. Let 7 : £ — M be a smooth vector bundle. A section of E is a section of
the map m, that is a continuous map o : M — FE satisfying moo = Idyy, i.e., o(p) is an element
of the fiber E), for each p € M. A local section is a continuous map o : U — E defined on some
open subset U C M and satisfying m o o = Idy.

The zero section of F is the global section 0 : M — E defined by

O(p) =0€ E,, Vpe M.
The support of a section o is the closure of the set

{peM:o(p)#0}
Ezxample 1.2.5. We can identify the space of smooth real-valued functions on M, denoted by
C° (M) with the space of smooth sections of the line bundle M x R — M.

More generally we can define the space of smooth sections.

Definition 1.2.6. If £ — M is a smooth vector bundle, the set of all smooth global sections
of E is a vector space, which we denote by C*°(M, E).

Definition 1.2.7. Given a smooth vector bundle 7g : E — M, a smooth subbundle of F is a
smooth vector bundle 7p : D — M in which D is an embedded submanifold of EF and 7p is the
restriction of mg to D, such that for each p € M, the subset D, = DN E, is a linear subspace
of E,.

The following examples of subbundles will appear in the upcoming sections.
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Ezxample 1.2.8. Let M be a smooth manifold.

e The bundle of alternating tensors A*T™* M is a smooth subbundle of the bundle of covariant
k-tensors, T*T*M, with rank (Z) Sections of A¥T*M are called k-forms and we denote
the space of smooth k-forms by QF(M).

e Let S C M be an embedded submanifold. The conormal bundle of S is defined to be the
subset
NyS={(¢gn)€eT"M:qe S n|r,s=0} CT*M.

Nj3,S is a smooth subbundle of 7*M|g. Let us denote the smooth embedding by ¢ : S —
M, then we can compute the conormal bundle by considering ker d¢*. This follows since
we identify 7,5 with dig(T3S) C M. Therefore we get for (¢,n) € Ny, S

n(diqv) = 0 Vv € T3S < dig(n)(v) = 0 Vo € T,S.

e Let V be a vector space and let us denote by P4 (V') the manifold defined by

P (V)= (V\{0}) /R+.

Let E be a vector bundle over a smooth manifold M. We define the vector bundle over
M whose fiber over a point p € M is given by P4 (E,). We will denote it by Pr. In
the special case of the cotangent bundle T*M we call it the cosphere bundle of M. It
is a (2n — 1)-dimensional manifold of all tuples (p, [{]), with p € M,§ € T;M \ {0} and
the equivalence class [¢] is with respect to the relation given above. It inherits a map

s:= Py — Py given by s(z, [£]) = (x, [-£]).

There are several operations defined on a manifold that induce operations on the vector bundle.
The following definition is taken from [11].

Definition 1.2.9. Let ng : £ — M be a smooth fiber bundle with n-dimensional fibers, such
that both E and M are oriented. If v € QF(E), its integral over the fibres is the differential

form m,v € QF"(M) such that
/ mv/\n:/ v A TEN,
M B

for all differential forms 7 on the base M, where w1 denotes the pull-back of the differential
form.

Proposition 1.2.10. Let g : E — M be a smooth fiber bundle. The integral over the fibers
commutes with the exterior differential, in the sense that

dmea = 7y (da).

We also have
T (a AT B) = mea A .

Definition 1.2.11 (Pull-back of manifold). Let M;, My and N be smooth manifolds and let
f: M — N be a smooth submersion. The pull-back of N is defined to be the embedded
submanifold of M; x My given by

My xn My := My X, N,p, Mo = {(p1,p2) € M1 x My : fi(p1) = fa(p2)}
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with the universal property: For each pair of smooth maps g; : O — M; with f; 0 g1 = f2 0 go,
there exists a uniquely determined smooth map g : O — My xx My with myr v 09 = gi.

g2

wl

M, — T N

The tangent space in a point (p1,p2) € My X n Ms is given by

T(pl,pg)(Ml XN MQ) = {(’Ul, ’Uz) € Tlel D Tp2M2 sdfivr = dfgvg}. (1.2)

The following lemma combines properties of the pull-back of a manifold and the integration
along fibers. For details, we refer to [7, Lemma 2.20].

Lemma 1.2.12. Let My, My and N be smooth oriented manifold and let the diagram in (1.1)
be a cartesian square. Then for v € Q*(My), we have

Mot 0 Thiy = fi 0 fau
An important tool related to integration over a smooth manifold is the concept of densities:

Definition 1.2.13. Let V be a real n- dimensional vector space. A multilinear map
p:Vx.-.-xV-=>R
is called a density if for any linear map T : V — V', we have
w(Tv, ..., Tv,) = |det T|p(vy,...,vp).
The following proposition can be found in [25, Proposition 16.35].

Proposition 1.2.14. If w € A™(V*), the map |w|: V x --- x V — R defined by
|w](v1, ..y vn) = |w(v1, - 00)]

is a density. Moreover the space of densities over V, denoted by DV is a one-dimensional vector
space, spanned by |wl|, for any nonzero w € A™(V*).

Definition 1.2.15. Let M be a smooth manifold with or without boundary. The set

pV = [[ D(T,M)
peEM

is called the density bundle of M.

The density bundle is a smooth line bundle over M. The construction of the local trivialisation
is as follows. Let (U, (z)) be any smooth coordinate chart on M. Let v = da' A -+ A da™.
Since |vp| is a basis for DT,M at each point p € U, the map ® : 7~ 1(U) — U x R given by
O (clvp|) = (p, ) is a bijection. For more details, we refer to [25].
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1.2.2 Lie Groups

Definition 1.2.16. A Lie group is a smooth manifold G that is also a group with the property
that the multiplication map m : G x G — G and the inversion map i : G — G are smooth.

Ezample 1.2.17. The group GL(V) is a Lie group. A famous theorem of Cartan states, that
the closed subgroups of a Lie group are Lie subgroups. Hence all closed subgroups of GL(V)
are Lie groups as well.

Definition 1.2.18. Let G be a Lie group and let M be smooth manifold. A left action of G
on M isamap a: G x M — M with

(9,p) = alg,p) =:g-p

that satisfies

a(g1,a(g2,p)) = a(m(g1, 92),p),Yg1,92 € G and p e M
a(e,p) =p Vp € M.

Right actions are defined analogously. An action is said to be transitive if for every pair of
points p,q € M, there exists g € G such that g-p = ¢. We call a subset of S C M invariant if
G-SCS.

Ezample 1.2.19. The Lie Group GL(V') acts on the vector space V by linear transformations,
where the action is just the usual matrix-vector product.

Definition 1.2.20. Suppose G is a Lie group and M, N are smooth manifolds endowed with
smooth left G-actions. A map F': M — N is said to be G-equivariant with respect to the given
G actions if for each g € G,

F(g-p) =g F(p).

1.2.3 Contact manifolds

Definition 1.2.21. A smooth distribution on M of rank k is a rank-k smooth subbundle of
TM. If D is a rank-k distribution on a smooth n-manifold M, any n — k linearly independent
1-forms w1, . ..,w,_ defined on an open subset U C M and satisfying

D, = ker wi|gN---Nker wy_klq

for each g € U are called local defining forms for D. More generally, if 0 < p < n, we say that
a p-form w € QP(M) annihilates D if w(X1,...,X,) =0, whenever X1, ..., X, are local secions
of D.

Definition 1.2.22. A 2-covector on a finite-dimensional vector space V is said to be nonde-
generate if the linear map @ : V' — V* defined by &(v) = v J w is invertible. A nondegenerate
2-covector is called a symplectic tensor. A vector space endowed with a symplectic tensor is
called a symplectic vector space.

Definition 1.2.23. Let M be an odd-dimensional smooth manifold. A contact form on M
is a nonvanishing smooth 1-form « with the property that for each p € M the restriction of
doy, to the subspace ker o, C T, M is nondegenerate. A contact structure on M is a smooth
distribution H C T'M of rank 2n with the property that any smooth local defining form «
for H is a contact form. A contact manifold is a smooth manifold M together with a contact
structure on M.
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We have a criterion that ensures that a 1-form is a contact form. Sometimes this is used to
define contact forms. For a proof of the following statements, we refer to [25, Proposition 22.24].

Proposition 1.2.24. A smooth 1-form a on a (2n — 1)-dimensional manifold is a contact form
if and only if a A da™ is nonzero everywhere on M.

Example 1.2.25.

e A canonical contact structure on V x S"~! is defined by a := 3"} y;dx;, where the z;,y;
are coordinates in V with [jy||2 = 1.

e As a generalization of Py = P (T*V) = VxP, (V) = V x S" ! we can define a canonical
contact structure on Py given by restriction of the canonical 1-form to Pjyy.

A form w € Q*(M) is called vertical if & Aw = 0, for a contact form a. Given a local contact
form «, then w is vertical if and only if w = o A ¢ for some ¢ € Q*(M). The following theorem
concerning vertical forms will be important in later sections. A proof can be found in [28] and
[18, Proposition 2.48].

Theorem 1.2.26 (Rumin operator). Let M be a contact manifold of dimension 2n — 1. Given
w € Q""Y(M) there exists a unique vertical form w' € Q"~Y(M) such that d(w + w') is vertical.
We define the projection operator @ : Q" ~1(M) — Q"~1(M)

Qw) =w+.

Furthermore we define D :=do Q : Q"1 (M) — Q*(M). D is called the Rumin operator.

1.3 Representation theory

We can examine smooth maps between more general spaces then manifolds. More details to
this topic can be found in [30] and [22].

Definition 1.3.1. A Frechet space is a topological vector space F' satisfying the following
properties:

e F'is Hausdorft.

e The topology is induced by a countable family of semi norms || - |, & € N.

e [ is complete with respect to the metric induced by the family of semi norms.
Definition 1.3.2. Let E, F be Frechet spaces and U open in E. Let f : U — F,z € U and
h € F. We say that f is differentiable at z in direction of A if

Dof(h) = i 5(f( -+ th) = (@)

exists. If this limit exists for any h we say that f is differentiable at . We say f is continuously
differentiable if D, f(h) is continuous in both x and h.

For a Frechet space F' and a smooth manifold M let us denote by C°°(M, F') the Frechet space
of smooth F-valued functions on M with the topology of uniform convergence of all derivatives
on compact subsets of M.

Definition 1.3.3. Let G be a Lie group and let F' be a Frechet space. A homomorphism
p: G — Aut(F) of G into the automorphisms on F' is called a representation. It is called
continuous if the map (g,z) — p(g)x =: g - = is a continuous map from G x F to F.
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By definition, for a continuous representation (p,G) and fixed = € F, the map g — p(g)(x) is
a continuous map from G to F' and therefore p(-)(z) € C(G, F). This motivates the following
definition:

Definition 1.3.4. Let (p, G) be a continuous representation of a Lie group G on a Frechet space
F. We call a vector v € F smooth if p(-)(v) € C*°(G, F). The subspace of all smooth vetcors
in F' is denoted by F'°°. A representation on a Frechet space F' is called smooth if F>° = F.

Lemma 1.3.5. Let (p,G) be a continuous representation of G on a Frechet space F. Then
the p(-) : F — p(-)(F) C C(G, F) is a homeomorphic isomorphism and the image is closed in
C(G,F).

We define the Garding topology on F'*° as the relative topology on ®,(F°°). We obtain the

following useful lemma:

Lemma 1.3.6. Let p and 7 be continuous representations of a Lie Group G on Banach spaces
X andY andletT : X —'Y be a continuous and G-equivariant linear map. Then T(X>°) C Y
and the induced map T : X — Y is continuous.

Let E, I be Banach spaces. If we take a look at the diagonal representation of a Lie group
defined by

g-(e,f)=(g-¢9-f),
it is immediate, that Lemma 1.3.6 can be extended to multilinear maps, i.e., let m: ExX F — G
be a G-equivariant continuous map. Then m(E* x F*°) C G* and the induced map m :
E>® x F*° — G is continuous.

The following lemma is taken from [3, Lemma 1.1.7].

Lemma 1.3.7. Let My, My be two smooth manifolds such that Ms is compact. Let Ey and
Es be smooth finite dimensional vector bundles over My and Ms respectively. Let k € N be
an integer. Let G C My be a compact subset. Then there exists a compact subset G C M;
containing G, an integer | € N and a constant C' such that for any f € C°°(M; x Ms, By ® E»)
there exists a representation

f=Y 9i®h
i=1

such that g; € C*°(Mj, Ey1), h; € C*°(Ms, E2) and

> lgiller@illcram) < Clfllcu@xon):
im1

Remark 1.3.8. Lemma 1.3.7 gives us a description of the dense subset C*°(M; x My, F1 ® E5).
In other words we have

Cl(span{g Qh:ge€ COO(Ml,El),h S COO(MQ,EQ)}) = Coo(Ml X My, B1 ® Eg)
This property is crucial when it comes to defining a product on the space of smooth valuations.

Theorem 1.3.9 (L. Schwartz Kernel Theorem). Let M; and My be compact smooth manifolds.
Let B and Eo be smooth finite dimensional vector bundles over My and M. Let F be a Frechet
space and B : C*° (M, E1) x C*°(Ma, E3) — F' be a continuous bilinear map. Then there exists
a unique continuous linear operator

b:C®(M; x My, 4 ® E9) — F
such that b(f1 ® fa) = B(f1, f2) for any f; € C*°(M;, E;),i =1,2.



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

The following construction is due to [20, Chapter VII|, [19, Chapter VI] and also can be found
in [6]. We are now going to introduce the wave fronts of elements of the dual space of C>°(R"),
denoted by C~>°(R"). Therefore let u € C~>°(R"), then its Fourier transform is defined and is
a continuous function on R™. We now introduce the cone ¥(u) as the complement of the set of
points x, where

a(y)] < ca(l+]y)~"n €N (1.3)
holds for all y in an open Ry g-invariant neighbourhood C' of x. Therefore, we have
Y(u) = {x € R"\ 0 : = has no conic neighbourhood C, such that (1.3) holds Vy € C'}.

As we can see, ¥(u) is a closed Rsg-invariant subset of R™. If we fix a point x € R", we can
define
So(w) =[] B(guw).

peCee(U)
¢(x)#0

Finally, the wave front of u is defined by
WE(u) :=A{(z,y) € R" x (R"\ {0}) : y € X (u)}.

For a fixed closed R -invariant subset A C T*R" \ 0 we define C(**(R") to be the subspace
of C~°(R") consisting of elements u with W F(u) C A. Then, we can define a topology on the
space of generalized sections u with W F(u) C A:

Let ¢ € C(R™) and let C C R™ be any closed Rsg-invariant subset such that

AN (supp(¢) x C) = 0.

We define the semi-norm on C*°(R"™) by
[ullg.c.n = sup [y]" |Gu(y).
yeC

We equip C',*°(R") with the weakest locally convex topology which is stronger than the weak
topology on C*°(R"™) and such that all semi-norms || - ||4,c,» are continuous.
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2 Valuations

Our main interest is the class of valuations. These are real or complex valued functions satisfying
a certain additivity property similar to measures but more general. In the following we want to
give an overview of their important properties.

2.1 Valuations on convex bodies

First we consider the classical case of valuations on convex bodies. For more details, we refer
to [21, 26] and [27].

Definition 2.1.1. A valuation is a real-valued map ¢ on IC(V') such that
(AU B) = ¢(4) + ¢(B) — ¢(AN B)
whenever A, B,AUB € K(V).

As groups act on vector spaces, we can try to transfer this behaviour to valuations. Therefore,
let G be a group that acts on the vector space V' by linear transformations. Then the action of
G on a valuation ¢ is given by

lg- 0)(K) = d(g7'K), Kek(V). (2.1)

A valuation ¢ is called G-invariant if [g - ¢](K) = ¢(K) for all K € K(V),g € G. A subset
W of the set of valuations is called invariant if g - W = {g-¢ : ¢ € W} C W. With the
following definitions we will try to classify certain valuations with some additional topological
and algebraic properties.

Definition 2.1.2. A valuation ¢ on K(V) is called continuous if the map
K — ¢(K)

is continuous with respect to the Hausdorff metric. ¢ is called translation-invariant if ¢(K +v) =
#(K) for all K € K(V) and v € V. It is said to be of degree i if ¢(A\K) = N¢(K) for all
K € K(V) and even if ¢(—K) = ¢(K); odd if ¢(K) = —¢(—K). ¢ is simple, if ¢(K) = 0
for any K € K(V') with empty interior and rigid motion invariant, if it is SO(V')-invariant and
translation-invariant.

Ezample 2.1.3. There are several well known valuations on K(V):
1. The volume vol,, : (V) — R.
2. The Euler characteristic y, defined by x(K) =1 for K € K(V).

With pointwise operations the set of continuous and translation invariant valuations forms
a vector space that we will denote by Val(V). We write Val;(V') for the subset consisting of
valuations of degree i. Moreover the subspace of even and odd valuations is denoted by Val™ (V)
and Val~(V), respectively. Finally we set Vali (V) := Val;(V) N Val* (V). We define a norm
on Val(V) by

@]l := sup{[¢(K)| : K C Bi(0), K € K(V)}, ¢ € Val(V) (2.2)

With the above definitions we can state several interesting properties that combine the algebraic
and topological structures.

10
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Theorem 2.1.4 (McMullen). Let ¢ € Val(V). If K1,..., K, € K(V) and A1, ... Ay > 0, then
(f)()qu + -+ AkKk)

1s a polynomial in A1, ...\ of degree at most n. The coefficients of )\Clh e )\Z’“ are translation
invariant and continuous valuations in K; of degree d; for all j € {1,...,k}.

Proposition 2.1.5. (Val(V),| -||) is a Banach space.

Proof. Let ¢; € Val(V') be a Cauchy sequence. First, we are going to show, that the pointwise
limit exists, i.e., ¢(K) := limj_o ¢;(K) is well-defined for all K € IC(V'). Therefore, let us take
K € K(V). By compactness and the Heine-Borel theorem, K is bounded and therefore, there
is r € Ry, such that K C B,(0) and, hence, %K C B1(0). We obtain by Theorem 2.1.4,

> Lol <K>' -

=1

o (1K) <ol <.

since ||¢;]| is a Cauchy sequence in R. We can deduce that |¢;(K)| is bounded and, thus, the
pointwise limit exists. Obviously, the obtained function is a continuous and translation invariant
valuation. Hence, Val(V') is complete. [ |

It is easily seen that with respect to the norm given in (2.2), Val (V) and Val; (V) are closed
subspaces of Val(V).

Definition 2.1.6. For i € N there is a continuous, rigid motion invariant valuation pu;, which
is homogeneous of degree ¢, called the i-th intrinsic volume. For dim V = n, we have u,, = vol,

and x = po.

Val(V) is an infinite dimensional Banach space. Rigid motion invariant valuations form a small
set in the sense that they span a finite dimensional subspace. The following theorem is an
important part of the classification of rigid motion invariant and simple valuations.

Theorem 2.1.7. Let u be a continuous, rigid motion invariant, simple valuation. Then there
is ¢ € R such that p = cvol,.

This is a theorem of Hadwiger (cf. [21]):

Theorem 2.1.8 (Hadwiger). The intrinsic volumes pg, ..., 1, form a basis of the space of
continuous, rigid motion invariant valuations.

We also have a decomposition of Val(V') which is a corollary of Theorem 2.1.4.
Corollary 2.1.9.

Val = P Valf ® Val;
i=0
Moreover, Valg and Val,, are one-dimensional, where Valy is spanned by x and Val, is spanned
by the volume wvol,,.

The group action described in (2.1) leads to the study of the following space.
Definition 2.1.10. A valuation ¢ € Val(V) is called smooth if the map
GL(V) — Val(V),
g=9-9,

is smooth as a map from the Lie Group GL(V') to the Banach space Val(V'). The space of
translation invariant smooth valuations is denoted by Val®> (V).

11
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We should always bare in mind that topological statements concerning Val* (V') are stated
with resprect to the Garding topology (see [16]).

The following theorem by Alesker (see [1]) concerning irreducible subspaces has far reaching
consequences.

Theorem 2.1.11 (Alesker’s Irreducibility theorem). The representation of GL(V) on Val* (V)
is irreducible, i.e., there are no nontrivial, GL(V')-invariant, and closed subspaces of Val;t(V).

Next we are going to introduce a class of valuations that are generated by the volume:
Definition 2.1.12. Let A € (V). We define the valuation 4 by
pa = vol, (K + A).

We denote the subspace of valuations spanned by pa for A € (V) by

MVol := span{ua: A e K(V)}.
The subspace of smooth valuations with respect to the GL(V')-action is denoted by MV ol* (V).
Theorem 2.1.11 implies an important property of the space MV ol*°.
Theorem 2.1.13. The space MV ol*(V) is dense in Val$®, furthermore MV ol> (V') is dense

in Val>® (V).

2.1.1 Representation of translation-invariant smooth valuations

We want to express valuations as integrals over a certain set called the normal cycle. We follow
[3] and [4].

Definition 2.1.14. Let K € (V) and x € K. The tangent cone T, K at the point x is defined
by
T.K:=cl{yeV:3e>0,x+ey € K}).

We define the normal cone at x as the set
Nor(K,z)={w eV : (y,w) <0,Vy € T,K}.

Moreover we set Nor(K) := U,ex ({2} x Nor(K, x)).
Next the conic normal cycle of K is given by

N(K) ={(z;u) : 2 € 0K,u € Nor(K,z) N S" '} CV x §" 1,
Finally we define the normal cycle by
Np(K) = {(z;u) : 2 € K,u € Nor(K,z) N B(0)} CV x V.

Since we are interested in an integral representation of translation invariant valuations, we also
need certain properties of differential forms. Therefore we need the following definitions.

Definition 2.1.15. Let w € Q*(V x S 1) or w € Q*(V x V).

e We say w is translation-invariant, if it is translation-invariant in the first component, i.e.,
Tiw = w for all x € V, where 7,(a,b) := (a + z,b).

12
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e We say that w is of bi-degree (k,1) if w € QF(V) A QY(X).

e We say w € Q*(V x V) is homogeneous of degree k, if it is k-homogeneous in the second
component, i.e., hiw = Nw, with hy(z,y) = (2, \y).

We denote by Q’fg the space of all smooth, translation-invariant, (n — k)-homogeneous, closed,
n-differential forms w of bi-degree (k,n — k) on V' x V, such that w|yygn—1 is vertical. We set

n—1
Op = @ Q% @ span{ri-dvol,},
k=0

where 7y denotes the canonical projection onto V' and dvol,, = dx1 A --- A dx,. We denote
by Ql} the space of all smooth, translation invariant, (n — 1)-differential forms w of bi-degree
(k,n—k —1) on V x S" such that dw is vertical. We set

n—1
Qr =P 9f.
k=0
With the definitions above, we get the following theorem.

Theorem 2.1.16. Given w € qu‘i, we define

o {d(f"kp*w) on TV \ (V x{0}),

0 on V x {0}, (2:3)

where 7(z,y) == |yl,z,y €V and p: V x V\ (V x {0}) =V x S*! by

(z,y) = (x T(jy)>

Then the linear map ® : QF — Q& w i wp is surjective and wp|yygn—1 = dw.

With these preparations we can state our first classification of smooth translation-invariant
valuations on a vector space V.

Theorem 2.1.17. Let w € Q%. Then the map v(w) : K(V) = R
K / w,
N(K)

is a smooth, translation-invariant valuation of degree k. The map v : Ql} — ValP(V) is
surjective and kerv = {w € Q. : w is evact}.

We also get the following corollary.
Corollary 2.1.18. Let w € Q? Then

(w)(K) = / W,
B(K

Np(K)

In particular, the map vp : Q% — Valg*(V) given by

vp(0)(K)= [ 6. 6c0k,
Np(K)

18 surjective.

13
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The observations of this section yield the following diargam:

Val(V)
o
Qb 2015 Vale(v) (24)
d
9116 VTQ.I 17
2

If we define N(K) := {(z,—v) € 0K x S" 1 : K C Hy,}, where H,, :== {y € V : (y,v) <
(z,v)}, and set N*(K) as the image of N(K) under the map V x S"~t — V x P, (V*) induced
by the inner product, we can state the following theorem.

Theorem 2.1.19. The map (R dvol,) ® QL NV x P (V*)) — Val®(V),

(c dvol,,w) — | K — ¢ dvol,(K) + / wl,
N*(K)

s onto.

We obtain a map ¥ : Q2 HV x Py (V*)) — Val®(V) defined by

w / w.
N*()

The following theorem describes its kernel:

Theorem 2.1.20 (Kernel Theorem). Let V' be an n-dimensional real vector space. Then w €
ker(W) if and only if Dw =0 and my.w = 0.

2.1.2 Spaces of valuations

We have already introduced the spaces Val* (V) and Val(V'). For the study of valuations on
more general sets than vector spaces, we need different approaches to smooth valuations. We
follow [3] and [4].

Definition 2.1.21. Let V' be an n-dimensional real vector space. Let us denote by C'V (V') the
space of continuous valuations on (V') with respect to the Hausdorff metric. Equipped with
the topology of uniform convergence on compact subsets of (V), CV (V') becomes a Frechet
space. Let QV (V) denote the space of continuous valuations on V' which satisfy that the map
given by

K(V)— C™([0,1] x V),
K — ¢(tK + x),

is continuous. Let us call such valuations quasi-smooth. For a compact subset G C V', we define
a seminorm on QV (V') by

[9llc :== sup [[¢(tK + z)| cn(jo,1yxa)-
KCG

The family of seminorms obtained by taking all compact subsets G C V induces a Frechet
topology on QV (V).

14
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Definition 2.1.22. The natural representation of the group of affine transformations of V' in
the space QV (V) is continuous. We will denote by SV (V') the elements of the affine-smooth
vectors in QV (V).

There are several descriptions of the space SV (V'), which will become important in the upcoming
sections. The first one is an integral representation which is similar to the translation invariant
case, where N(K) is the normal cycle of K defined in Definition 2.2.1. For a proof, we refer to
[3, Theorem 5.2.2].

Theorem 2.1.23. The map ¥ : C®(V,DV)dC®(V x S" L A" YV x S Y@ ri0) — SV(V)

(v,m) — Kr—>/1/—|— / n

K N(K)
18 onto.
For the next representation, we need some preparations.

Theorem 2.1.24. Let V be a vector space, let K = (K1,...,K,) with K; € K(V) and let
pe C®(V,DV). We define Mg : R%. — R by

S
()\1, ey >\s) = W <Z)\’KZ> .
i=1
Mg has the following properties
1. Mgp e C®(R%) and Mg is a continuous operator from C(V,DV') to C*(R%).
2. For sequences pj — p in C°(V,DV) and KZJ — K; in K(V), we have convergence
Migipj = Mg in C=(R3).
According to Theorem 2.1.24 we have

as

/ = T
(63(“)"41) s 7AS))(K) T O -+ - O

7 (K + zsj)\jAj) S SV(V) (2.5)
0

Jj=1

Due to Theorem 1.1.10 we can represent an element of h € C°°(S" 1 R) as a difference of two
support functionals of compact, convex bodies, i.e. h = hy — hp with A, B € K(V). Let us
define

OL(u, hy ... hs) =04 (1, ha, ... hs) — OL(p, hp, ..., hs).

It needs to be shown that this map is independend of the choice of the support functionals.
Therefore let h = ha, — hp, = ha, — hp,. By Minkowski linearity of the support functionals
we get ha,+B, = ha,+B,. Now Minkowski linearity of (2.5) yields

O (1t hoys s ) — Ol By hs) = O (1t hogs - ) — Ot By - )
<:>@;(,UJ, hAl,...,hs) + @;(,U,th,---,hs) = @;(u, hAQ,...,hs) —i—@;(,u,hgl,...,hs)
@@;(M, hA1 + h327 ‘. '7h8) = @;(luahAg + hBla . ')hs)

<:>@;(M’ hA1+327 s hs) = @;(M, hA2+Bl7 cee 7hs)-
Hence we obtain the multilinear continuous map

0, : C™(V,DV) x (C®(S" 1, R))* — SV(V),

15
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that induces the map
Q) : C®(V x (8" H* DV @ R®*) — SV(V)
by Theorem 1.3.9. Let us set Oy = >.¥  ©). Moreover let us define
Ov =P o, PV x (SN, DV @ R¥F) — SV(V).
k=0 k=0
To see that the map ©y is an epimorphism, we have to introduce a filtration of SV (V'): We
define the filtration W; by

k
W; = {qb e SV(V): %gb(tlf +a)|,_, =0k <i,KeK(V),ze V} . (2.6)

By [3, Proposition 3.1.1] we obtain
SV(V)=Wo 2 W1 2 2 W, 2 W1 =0,
which yields a grading of SV (V')
SV(V) = @ Wi/ Wis1 =t grw SV (V). (2.7)
k=0

We therefore expect a connection between O, and the filtration, which is given in the next
proposition.

Proposition 2.1.25. The image of the map Oy, : @F_, C®(V x (S"~1)!, DV @ R¥") — SV (V)
1s equal to Wy_p.

Finally our second description of SV (V) is given by:
Theorem 2.1.26. The continuous linear map Oy is onto. It is uniquely defined by the property

k
i (K—FZ)\iAi)a Ai >0,
0

=1

6k

Ov(H®ha, @+ ®ha)(K) = AN O

fork=0,...,n,ue C®(V,DV), A,...., A, € K=(V), K € K(V).

For our next representation of elements of SV(V'), we need the vector bundle over V' whose
fiber over z € V is equal to the space of translation invariant GL(T,V')-smooth valuations on
the tangent space T,V i.e., Val*(T,V). Let us denote this vector bundle by Val(TV). For a
proof of the following proposition we refer to [3, Proposition 3.1.5].

Proposition 2.1.27. The map Ay, : Wy, — C®(V,Val*(TV)) defined by

1 dk

K —
O | K=

|, _go(tK + )]

has the following properties
1. A : Wi = C®(V,Val*(T'V)) is an epimorphism.

2. ker Ay, = Wiy1. Moreover Wi, /Wiy is isomorphic to C*(V,Val*(TV)).

16
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To keep track of the introduced spaces and properties we sum up in the following diagram. We
will abbreviate Fy, := @ C®(V x (S"1)* DV @ R®*) and A" ! = A" L(V x S71).
k=0

CV (V)
Ul
QV(V)
5 (2.8)
Co(V,DV) & C(V x S L A" @ m0) —rmet SV(V) g Fy

Diizg O (V. Val>(TV)) 22— @iy Wi/ Wit

Next we are going to introduce another class of sets that are the domains of functionals that
satisfy the exclusion-inclusion principle, which can even be defined for smooth manifolds:

Definition 2.1.28. Let M be an n-dimensional smooth manifold, P C M. We call P a
submanifold with corners of M if it is compact, connected and locally diffeomorphic to R™ % x
R’éo, where k is fixed for P. We denote the family of these sets by P(M).

Definition 2.1.29 (Push-forward). Let M be a smooth manifold, f : M — R" be a smooth,
proper submersion and let ¢ be a function with the property p(AUB) = ¢(A)+¢(B)—d(ANB),
for A,B and AUB,ANB € P(X). We define the push-forward by

Fe(K) = ¢(f7HK)).

Obviously (V) NP(V) is a dense subset of K(V'), hence for every continuous valuation given
on this dense subset, we get a uniquely defined extension to a valuation on (V).

Definition 2.1.30. Let M be a smooth manifold. A functional ¢ : P(M) — R that satisfies
d(AUB) = ¢(A) + ¢(B) — ¢(AN B), wherever it is well-defined, is called a smooth valuation if
for any point p € M there is a neighbourhood U, C M and a chart ¢ : U, — R", such that the
restriction of the push-forward p.¢ : L(R™) N P(R™) — R extends uniquely by continuity from
the dense subset (V') to a valuation of SV(R™). The space of valuations with this property
will be denoted by V*°(M).

Due to its construction, there is a strong connection between the spaces SV (V') and V> (V),
see [4, Proposition 2.4.12]:

Proposition 2.1.31. Let V be an n-dimensional real vector space. There is an isomorphism
of Frechet spaces between V°(V) and SV (V).

Finally we can sum up the connection between V*°(V') and SV (V).

SV(V) &2 02(V,DV) & C=(V x S~ A"t @ 7o)

2.1.31 (2.9)
2.2.2

V()

Due to the definition of V*°(M) we can define a filtration by considering open sets that are
diffeomorphic to R":
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Definition 2.1.32. Let M be a smooth manifold and let W; be the filtration given in (2.6).
We define W;(M) by

Wi(M) :={¢p € V(M) : I(U, p) with ¢ : U — R" diffeomorphism , p.¢ € W;}.
It is not surprising that for vector spaces the filtration coincides, see [4, Proposition 3.1.3].

Proposition 2.1.33. Let V be a vector space. Then Wi(V)) = W;.

2.2 Valuations on smooth manifolds

For sake of simplicity, we will always assume that the manifold is oriented. Similar as in
Theorem 2.1.23, we want a representation of smooth valuations as an integral over a certain
set. This motivates the following definition:

Definition 2.2.1. Let M be a smooth manifold and let P € P(M). The normal cycle of P is
a subset N(P) C Py defined by

N(P) = [J(T,P)°\ {0}) /R0,

peEP

where

TyP = {€ € TyM : 2y:[0,1] M,y € C1(0,1], M),7/(0) = £}
and (7T, P)° denotes the dual cone of T),P.
The proof of the following statement can be found in [4, Lemma 2.4.8].
Lemma 2.2.2. Let M be a smooth manifold.

o Let v e QY (M) andn € Q" Y(Ppr). Then P [pv+ In(pyn defines a smooth valuation
on M.

o Let p € V(M) and p € M. Then there exists an open neighbourhood U of p and a pair
of differential forms (v,n) € Q™(U) x QY (Py) such that for any P € P(U) one has

¢>(P):/V+ / " (2.10)

P N(P)

Remark 2.2.3. A smooth valuation is sometimes defined as a functional which can be represented
in the form (2.10). By Lemma 2.2.2 these definitions are equivalent.

The support of a smooth valuation ¢ € V>°(M) is defined to be the set
supp ¢ := M \ {p € M : 3U C M open,p € U with ¢|y = 0}.

The space of all ¢ € V>°(M) with compact support is a subspace of V*°(M). We will denote it
by V°(M). There is a useful property of compactly supported valuations. A proof of this can
be found in [12, Lemma 2.3].

Lemma 2.2.4. Let M be a smooth manifold and let ¢ € V°(M). Then ¢ can be represented
by a pair (v,n) € Q" (M) x Q"1 (Pys) of compactly supported differential forms.
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From Lemma 2.2.2 we obtain a surjective map W : Q*(M) & Q" 1(Py;) — V(M) given by

(v,m) = P'—>/V+ / n (2.11)

P N(P)

It will give rise to a topology on the space of smooth valuations. Since this map is not injective,
we have to determine its kernels to gain a representation in the sense of topological vector
spaces. Since the representation as an integral over the normal cycle carries over to the case of
a smooth manifold, we expect that we can state a theorem which is similar to Theorem 2.1.20.
For a proof of Theorem 2.2.5 we refer to [14, Theorem 1].

Theorem 2.2.5. Let M be a smooth oriented manifold of dimension n and let U be the map
from (2.11). Then (v,n) € ker V if and only if

e Dn+myv =0,
o mm =0,

where D is the Rumin operator that was introduced in Theorem 1.2.26 and mar. is the integral
along fibers from Proposition 1.2.10. Moreover, if Dn+ 3, v = 0, then U(v,n) =rx, r € R.

Remark 2.2.6. By continuity of the given operators, we see that the kernel of ¥ is closed in
QY (M) @ Q" L(Pys). We equip the space of smooth valuations on a smooth manifold M with

the topology induced by W. Therefore
T QY M) @ Q" Y (Py)/ ker U — V(M)

is a linear homeomorphism of Frechet spaces.

Since most of the constructions concerning manifolds are local, it is useful to have a partition of
unity which is also possible for valuations. At this point we call y, the Euler characteristic, a unit
and the explanation will follow in Section 4. This proposition can be found in [5, Proposition
6.2.1].

Proposition 2.2.7. Let (Uy)aca be a locally finite open covering of a smooth manifold M.
Then there exists a family (¢a)aca € V(M) such that

supp(¢a) C Us and Y ¢ = X,
a€cA

where the sum is locally finite.
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3 Product and Convolution of translation invariant valuations
on convex bodies

There are at least two important algebraic operations on the space of translation invariant
valuations on convex bodies. They give rise to the definition of similar operations on valuations
on smooth manifolds which we will examine in sections 4 and 6.

3.1 Definition of the Product of smooth translation invariant valuations

Let us recall Theorem 2.1.13. The space MV ol* is dense in Val*> (V). We will make use of
this fact in the following to define a product on Val*>(V'). We follow [2].

Definition 3.1.1. Let A, B € K(V) and pa,pup be the respective valuations from Defini-
tion 2.1.12. Then we define the exterior product of 4 and pup by

(AR up) (K) = vola, (K + (A x B)), (3.1)
with K € (V' x V).
We obtain the following formula:

Lemma 3.1.2. For A, B € K(V), we have

(1 ® o) () = [ (K + (A x {0)) 1 ({2} x V)da
Vv

By this integral representation, we get a continuous extension to MVol(V):

Proposition 3.1.3. The bilinear map from (3.1) uniquely extends to a bilinear, associative and
commutative product on MV ol that is continuous in each argument.

Hence we can define:

Definition 3.1.4. Let ¢, € MVol(V). We define - : MVol(V) x MVol(V) — MVol(V') by
(0,9) = &= A% (o K ¥),
with the diagonal embedding A : V — V x V.

Due to the integral representation it is immediate that the Euler characteristic x acts as a unit.
We make sure that the product is GL(V')-equivariant:

9 (na-p)(K) = volzn(A(g~ K) + A x B)
= det(g7")v0lo(A(K) +g-Ax g- B)
= ((g- pa) - (g- up))(K).

Thus this product induces a GL(V') equivariant product on MV 0l* (V). To obtain a continuous
product on Val* (V') we proceed similar to Theorem 2.1.26 to gain the following representation.

Theorem 3.1.5. For every 0 < k <mn, there is an open and continuous epimorphism
Oy : Val, ® C®((S"H)F) = Val (V)
which is GL(V)-equivariant with respect to the action given by

gt g tay,
lg= el 7 llgtanll )

(g- @1, o) = llgoall -~ [lgzel f (
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With the help of this representation we consider pa, up € MVol*> (V) as image of © = >~ O
of some F' € C°°((S" 1*) and G € C>°((S"1)!). By the Stone-Weierstrass theorem, we obtain
that

span{ fi(z1) -+ fu(zp) : fi € CF(S" 1)}

is dense in C>®((S"~1¥). Moreover, we already know that every C*°(S™~!)-function can be
represented as the difference of two support functions of convex bodies. Therefore we reduce
the problem to the level of support functions. By construction of O, we have

Or((cvoly) @ (hay,...,ha,) =V (K[n—k], A1, ..., Ap_i).

From this we can show that the exterior product is a continuous map X : MVol>*(V) x
MVol*(V) — Val(V). Finally since MVol*>(V) is dense in Val®> (V) this extends by con-
tinuity. With the above observations, we can finally state the following theorem.

Theorem 3.1.6. The exterior product X : Val>® (V) x Val>® (V) — Val(V x V) is continuous.

The theorem above implies that the product - : Val® (V) x Val* (V) — Val is continuous.
We make use of Lemma 1.3.6 to infer that the product maps to Val® (V). We thus obtain the
following theorem:

Theorem 3.1.7. We can extend the product on MV ol>(V) to a product
S Val® (V) x Val™ (V) — Val®™(V)
with the following properties:
o - Val® (V) x Val>®(V) = Val*(V) is continuous.
e The Euler characteristic x acts as a unit.

o Valp*(V)-Val* (V) C Vali,;(V), de., if o € ValP(V) and o € Val®(V), then ¢ -9 €
Valps,; where Val3 (V) = {0} if m > n.

o The product of valuations with given parity is only odd if their parity is different.

o Let W C V be a linear subspace. The restriction map rw : Val®(V) — Val>*(W)
commutes with the product, i.e., ryw (¢ - ) = rw (@) - rw ().

e The product is GL(V')-equivariant, that is,
g-(¢-¢)=1(9-9)-(g-¢),9 € GL(V).

3.1.1 Embedding of continuous translation invariant valuations I

Furthermore, we can extend this bilinear map to a larger set. It will give us an embedding of
continuous translation invariant valuations into the dual space of Val®> (V). We will state a
similar result in Section 5. For details, we refer to [20].

Theorem 3.1.8. There is a continuous extension
S Val(V) x Val®(V) = Val(V)

of the product given in Theorem 3.1.7.
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To obtain the desired embedding, we need Theorem 2.1.4, from that we get the projection
Kn : Val(V) = Val, (V)

which is a projection to a one dimensional space, that is spanned by vol,,. With a fixed scalar
product we can identify Val, with R, by sending vol,, to 1. Hence we obtain a continuous
functional on Val(V'), since it is a composition of continuous maps. This motivates the following
definition:

Definition 3.1.9. Let ¢ € Val(V) and * the product given in Theorem 3.1.8. Then we can
define pd(v)(¢) : Val(V) — (Val>*(V))* by

Hence, we obtain the following;:

Theorem 3.1.10. The map pd is an embedding with dense image of the space of continuous
translation invariant valuations into the dual space of smooth translation invariant valuations.

The dual space of Val® (V) is often called the space of generalized valuations.

3.2 Definition of the Convolution of smooth translation invariant valuations
There is another algebraic structure on Val* (V) called the convolution. We follow [15].

Definition 3.2.1. Let I be a monotone multi index and set I¢ := {1,...,n}\ I. The Hodge
s-operator * : AV — A"*V is determined by

*dIL’] = O'[y[cdw]c
where o7 re is the sign of the permutation mapping (I, I¢) to {1,...,n}.
For futher reading and properties of the Hodge *-operator, we refer to [25].

Definition 3.2.2. Let X be either S"~! or V. The operator #; : AKV AAX — A" FV AAX
is defined by

n—=k

wr(wr Awz) = (=1)("27) (k1) A wo
for wy € AkV,oJQ cAX.
Definition 3.2.3. Let oy € Q’r}, o € Qif, b1 € Q%,ﬂg € QZB and let us define
oy kag = (2n—k—1)"1 *fl [(n—Ek)*1 a1 A*rdag + (n—1) %1 ag A x1da ]

B1*B B2 =1 (x181 A *12),

(myvoly) xp B = Bi.

Let A € K*°(V) and denote its support function by h : S"~! — R. We define

77A(y) — TVhA(y)v y#0,
o y=0,
and the Lipschitz map G4 : V xV -V
(@,y) =+ na(y). (3.2)

It is easy to see that G4(Np(K)) = K + A. We set 04 := G*%(dvol,). Now, let us recall
Corollary 2.1.18. The following identification of p4 € MV ol (V) with the differential forms
given above is crucial. For a proof we refer to [15, Lemma 2.8].
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Theorem 3.2.4. For A € K®(V), we have 04 € Qp and vp(04) = 4.
Now we are ready to define the convolution on smooth, translation-invariant valuations.

Theorem 3.2.5. Let ¢, € Val™®(V), 3 € Q% and v € Q% with

ve(B) = ¢, vp(v) = ¢.

Then the bilinear map, given by

.. {ValOO(V) x Val® (V) — Val™(V)
oxd =va(Brp7)

1s called the convolution and defines an associative, commutative and continuous product of
degree —n on Val® (V). Moreover, it satisfies

LA * [IB = HA+B, (3.3)
forall A,B € K(V).

Equation (3.3) will help us to show that the convolution in Section 6 actually is an extension
of the operation above.

3.2.1 Embedding of continuous translation invariant valuations II

Similar to the product we want to extend the convolution to a map * : Val(V) x Val*> (V). We
therefore need the definition of a push-forward of a continuous valuation.

Lemma 3.2.6. Let V,W be vector spaces and f : V. — W be a surjective linear map. Let
k be the dimension of ker f and fir Lebesgue measures volyer ¢ and voly on ker f and voly =
VOlyer f @ volyy. Let A€ KK(V),B € IC(W), then

1 ok

15 voly (A + eB) = volier f(B)volw (f(A)).

e=0

The above lemma motivates that for ¢ € Val(V) and a surjective linear map f : V. — W we
can define a valuation 7 € Val(ker f) for fixed K € IC(V') by

1 oF

Tk O(K +€S) =:7(S).

e=0

By McMullen’s decomposition, ¢(K + €S) is a polynomial in e with degree less or equal k and the
corresponding coefficients are k-homogeneous, translation invariant and continuous valuations.
Hence there is C(K, ¢) € R such that

7 = C(K, ¢)v0lier ¢-
Next, we define the pull-back of f by
f+d(K) := C(K,¢), K € K(W) with f(K) = K.

This definition is independent of the choice of K. Together with these preparations we obtain
the following theorem.
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Theorem 3.2.7. Let a : V x V. — V be the addition map and let pa,pup € Val(V). Then
ax(paXpp) = pasp.

Due to (3.3) we obtain the desired extension:

Theorem 3.2.8. There is a continuous extension of x to Val(V') x Val> (V') given by a, o X.
We denote this extension by %.

Similar to Definition 3.1.9 this yields an embedding, where we identify the space Valy(V') with
R by sending x to 1.

Definition 3.2.9. Let ¢ € Val(V) and % be the convolution given in Theorem 3.2.8. Then we
can define the map pd'(¢)(¢) : Val(V) — (Val>(V))* by

¥ (¢ = Ro(¢*y)]

We obtain the following diagram:

Val(V) x Val*®(V) Val(V) Val(V) x Val®(V) Val(V)
Val(V) pd Val(V) pd’
R (Val™(V))* R (Val(V))*
24
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4 Product of valuations on smooth manifolds

In this section we want to introduce a multiplicative structure on the space of smooth valuations
on manifolds. At first we have to define a product on valuations on vector spaces, then we will
make use of the strong connection between the spaces SV (R™) and V*°(R") to obtain a similar
result on smooth manifolds. We follow [5].

4.1 Product of valuations in SV (V)

Let V be a vector space of dimensions n. We give a short introduction to a product defined
on SV(V) x SV(V). Therefore we need the description of SV (V) in terms of smooth sections
given in Theorem 2.1.26. Let us define a map M : C=(V,DV) x C®°(S"~1 R)! x C>®(V,DV) x
C>®(S" L R)™ — QV(V x V) by

M(Maélv"'75’61”)7717"%771)([() =
(,U,XV) K+ Z)\ZAlXZﬁ]B] s
=1 7=1

OA1 - 0N OBy -+ OB
where the & and 7; are the support functions of the A; € K(V) and B; € K(V). By Theo-
rem 1.3.9 we obtain a map M : @, C=(V x (S" 1)L, DV @ R®) x @,, C°(V x (S""1)™, DV ®
RE™) — Q(V x V).
The construction of the product on SV(V) is given in the following diagram. We abbreviate
the notation by Fy := @, C>®(V x (S"~ 1), D @ R®!):

FyxF, —M QV(V xV)

Oy xOy 4.1.1
{% J = J{A* (4.1)

SV(V) x SV(V (Fy x Fy)/ker(Oy x Oy) ——--2-— SV(V)

This is similar to the idea of constructiong the product on translation invariant valuations. It
thus needs to be shown that ker(©y x ©y) C ker M.

To prove this claim we need a decomposition of ¢ € SV(V). First Lemma 1.3.7 implies that
every element 1) € C°(V x (S""1)* DV @ R®*) can be decomposed into

oo
w:Zm@hA; ® @ hy,
where p1; € DV and the h i are support functions of some smooth convex bodies A; Therefore

we can decompose ¢ = >77_ ¢;. Moreover, by Proposition 2.1.25, we have ©,(1;) = ¢; € Wi,—;
for some 1; € C°(V x (S” DI DV @ R®J) Hence, we obtain

¢:Z¢]:ZZN5®hN® @ h 4i
=0 j=0i=1

Notice that this decomposition is not unique since the kernel of ©y, is not trivial.

Lemma 4.1.1. The bilinear map M introduced above admits a unique factorization to a con-

tinuous bilinear map
M :SV(V)xSV(V)—=QV(V xV)

such that M = M' o (Oy x Oy). We will denote M' (¢, 1)) by ¢ X ).
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Proof. By (4.1) it suffices to show that M (f,g) = 0 for fixed f € Fy and arbirtrary g € Fyy.
Since the considered expressions are continuous, it is enough to show that M(f,g) = 0 for
g=p®h; ®---® hg. We are going to prove that

k
) / Oy (f) ((K+ > 6;(0 x Bj)) N(V x {w})) dv(w). (4.2)

weW J=1

ak
M1, 9)(K) = 5556,

By our assumption, it then follows that M(f,¢)(K) = 0 and thus the claim. In order to prove
the above identity, we will restrict us to the case f = p® g1 ® -+ - ® g;. Due to the obeservations
above, the claim will follow by continuity of M. We get

o &' d l
M(f,g) = K (A .(0 x B;
(f7g> 8A18>\k89189[ O(Mxy)< +;)\Z( ZX0)+;9<OX ])
o' o ,
T 9000, 0n - O, / Z KJFZQJ‘(OXBJ‘) NV xA{w}) | dv(w)
weW J=1
o' r
S / ov(f) | [ £+30;00% By) | n (v x {w}) | du(w).
a0y ---00,|, —
weW JI=
By continuity, this equation holds for all f € Fy . |

Bare in mind that the integral representation given in (4.2) holds for all f € Fy,. We will make
use of this fact in the upcoming section.

With these preparations we can define the expression ¢ - ¢ := A*(¢ K ¢)), with A being the
diagonal imbedding. We have the following properties:

Theorem 4.1.2. Let V' be a vector space and ¢, € SV(V). We define a bilinear map with
the following properties:

e The product ¢ - € SV (V).
e The product is a continuous map SV (V) x SV(V) — SV (V).
o SV (V) becomes an associative commutative algebra with the Euler characteristic as a unit.

e The filtration introduced in Equation (2.6) is compatible with this multiplication, i.e.

Wi - W; € Wiy

Proof. The map A : V. — V x V induces a continuous map from (V) to K(V x V). Thus
let p € QV(V x V). The map K — ¢(tA(K) + z) is continuous with respect to the Hausdorff
metric as a composition of the continuous maps K — ¢(tK + x) with K € K(V x V) and
K — A(K) with K € (V). We obtain A*¢ € QV (V). Hence, by definition, it follows
SV(V)-SV(V) C QV (V). Moreover the map A* is continuous with respect to the Frechet
topology given on QV (V), since it is a contraction. The product commutes with the action
of affine transformations and, hence, the product of affine-smooth vectors is affine-smooth.
Therefore SV(V) - SV(V) C SV(V) and continuity follows in the same way. For the other
properties we refer to [3, Theorem 4.1.2]. [ |

Hence we obtain the following definition:
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Definition 4.1.3. Let ¢,1 € SV(V). The bilinear map - : SV(V) x SV(V) — SV(V)

(0, 0) = ¢ -9 := A% (¢ W)
defines a product on SV (V).

Theorem 4.1.4. The graded algebra grywy SV (V') is canonically isomorphic to the graded algebra
C>®(V,Val*(V)) with the pointwise multiplication on V and the k-th graded term of it is equal
to C°(V,Val*(V)).

4.2 Product of valuations in V(M)

As already mentioned, the definition of the product on V*°(M) is strongly connected to the
product on SV (R™). Our first attempt to define the product will a priori not be independent
of the chosen chart:
Let M be a smooth n-dimensional manifold and ¢,¢ € V>°(M). Let (U, ) be a chart of M
with U diffeomorphic to R™. Then, by Definition 2.1.30, ¢.¢ € SV(R™) and hence by (2.7) can
be decomposed as

Pxp = Po+ -+ On,

with ¢; € W,,_;(R™). Now recall that Proposition 2.1.27 yields a decomposition of ¢; into

$i(S) = 1
J = ON...0\

J

O,ugv (S + )xiA%) ;

with ﬂgv € C*(V,DV). Obvoiously we obtain the same decomposition for ¢*i) with 1/{\, €
C>(V,DV). Due to Section 4.1, we have

n oI+’

Therefore if we want to define a product by

(¢-V)v = 9lv - Ylu,

we have to take into account that the expressions (4.3) and (4.4) heavily depend on the chosen
chart (U, ). To prove independence, we have to consider the expressions above on the overlap

of two arbitrary different charts (U, ) and (U, ). Let us denote the valuation constructed
above by ¢|y o, 9|y and ¢|5 op 1|7, hence we aim for

(0l op Y[0)lung = (Plg o Yl lno- (4.5)

In this section we will show that (4.3) and indeed defines a product of valuations on smooth
manifolds that extends the linear case from Section 4.1. At first we have to make some technical
preparations. A proof can be found in [9, Lemma 3.1.14].

Lemma 4.2.1. Let M be a smooth n-manifold. Let p1,ps : M — R™ be two smooth maps
which map M diffeomorphically onto open subsets o1 (M), pa(M). Let ¢ € V>°(M). Assume
that ¢(K) = 0 for any compact domain K C M with smooth boundary such that both ¢1(K)
and p2(K) are convex. Then ¢ = 0.
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By means of Lemma 4.2.1, it suffices to show that

(puw - ut) ((K)) = (Dot - 9ut))(P(K))

for any compact domain K C U N U with smooth boundary, such that o(K) and @(K) are
convex. The independence of charts is now reduced to showing that

n_ oo i+7’ y y J : 7’
(1 x ) | (o X ) (K) + N AY %
% N,ZN’ 8)\1 . 8)\j6u1 e 6,uj/ 0 N N ; g
S5 e x 7o) 0% 21000 + (3o Z '
[ X ) | (@ x @) (K) + M A
7.3 NN 8)\1 . 8)\j6u1 ce a,uj/ 0 N N =1 —1

As this problem is symmetric in Vg\;, the crucial equality is

oit+d’
Z Z O\ ... ONOu1 . Oy “N X 7)

7,37 N,N’

AZAU % Z ,LLz’Bl/ ’

Mu.

‘)
‘)
g )

(ZA AY, x Z WBN,)

I
_

X I/ /
%; NZN’ 8/\1 8/\j8,u1 ce 8/}, MN N

)

|

e -

S )

Remark 4.2.2. Due to these preparations, we can restrict our observations to a fixed com-
pact smooth n-dimensional submanifold M’ C V x V which projects diffeomorphically onto
its images in V under both projections pi,ps : V. x V. — V. Moreover let us fix a com-
pact submanifold with boundary M C M’ such that M NOM = () and let py,po : M — V
be the restrictions of the projections to M’. The following lemmas give an integral repre-
sentation of the expressions above. We will have to consider the space H of smooth func-
tions on V* \ {0} that are homogeneous of degree one. Moreove we will need the maps
cH xV x Pp(V*) x [0,1] — V defined by &(h,p,n,t) = p + tVh(n), the smooth map
:H x C®(V,DV) = C®°(V x P (V*) x [0,1], A" @ {,0)

(hy ) = (R, ) 1
and finally let us define the map © : C*°(V x P (V*) x [0,1], A" ® 7j,0) — V>(V) by

[1] /™

wis | P s (Ow)(P) = / w

N*(P)x[0,1]

By [4], every smooth valuation can be represented as an image of ©. We follow [9, Section 3
and 4].

Lemma 4.2.3. Let V be an n-dimensional vector space.

1. The map v : V=(V) x C®(V,DV) x K(V)F1 x Réo —R

k
(thuaKaAl?'"7Ak7)‘1’"'7)\k)'_> / ¢<Kﬂ(x_z)\l‘42)> d,UJ(.ZE)

eV =1

is a continuous function which is smooth on V°(V) x C*(V,DV) x Rgo for fized
(K, AL, ... AF) e K(V)k+L,
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2. Let R > 0 and k € N. Then there exist a constant C' > 0, a positive integer L € N, and
continuous seminorms || - || and || - ||" on V>°(V) and C(V,DV), respectively, depending
on n,k and R, such that for any strictly convexr compact sets Ay,..., A € K=®(V) and
any K € (V) such that K is contained in the centered Euclidean ball of radius R, one
has an estimate

k
< llelllall TT Ihallon sn-ry.-

i=1

k
L [ 60— 3 nAau)

ev =1
Lemma 4.2.4. Let ¢ € V°(V) be a smooth valuation of the form
Y= (005 (Z ”N®h3}v'”®hfzﬁv>

N=1

with vy C C®(V,DV) being smooth densities, and By € K>(V), containing the origin in the
interior, and such that for any compact subset T CV and any L € N,

00 l
> lwwllory [T g oz sn1y < oc.
N=1 =1

Let A € K(V). Let u € C®(V,DV). Let M C M' CV xV be as in Remark 4.2.2. Assume
that p1 (M) is convex. Then the series

z
(un B vn) <M + A x (Z Mz’B§V>>

=1

N=1 6,ul cee 6ul

0

converges absolutely and its sum is equal to
[ (G105 )) () 1 (@ = A))du).

With the preparations above we are able to justify that the product is well-defined.
Lemma 4.2.5. The equality given in (4.6) holds.

Proof. Our main goal is to reduce the calculation to

J

Zza.aiaﬂ/(ﬂ?v x 1) (w < Q)(K) + (Z N AT x ZwBE‘;ﬂé)) - (48
N/ .
i (1 % 7) ((90 x ¢)(K) + (E NAY < 3 e BY, )) . (4.9)
N ; —

The claim then follows from Lemma 4.2.4, if we insert M = (¢ x ¢)(K), ¥ = @) and p; =
po = @ for (4.8) and ¥ = @, M = (¢ x ¢)(K) and p1 = ¢, pa = @ for (4.9). We then obtain

[ (o™l ((K) 0 (@ = A)dix) =

zeV

/ (¢ 0 @™ (@) (@(K) N (z = A))dp(z).

zeV
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This is obviously true. Therefore let us show that we just have to consider expressions like (4.8)
and (4.9). At first by [9], we have absolute convergence and smoothness of

no aj“‘j/ . . J . J’ Y
iy x ) [ (0 @) () + [ o MAl x Y B | |-
]Z,]; ]\%I 8)\1 . 8)\j8u1 R 3,%‘/ 0 N N Z:l N zz:l N

Therefore we can interchange sum and differentiation and obtain

ZZ B3V m ZZ (1 <) ((w x @) (K) + (Z)\iA’j{, x ZNBEVJ)) _

]/ N/ 8/”’1 a:u’]
By Lemma 4.2.3, we can use the first part of the proof and conclude that (4.6) holds. |

The previous statements and the preparations from the beginning of this section now justify
the following definition:

Definition 4.2.6. We define the product of ¢, € V>°(M) locally for any open chart U by
(¢ )lv = dlu - Plu-

By compactness of P € P(M), we can cover it with a finite number of maps and thus, by finite
additivity, (¢ - ¥)(P) is well-defined.

To sum up, we get the following theorem:
Theorem 4.2.7. The product from Definition 4.2.6 - : V(M) x V(M) — V*(M),
(@) = -9

1 a continuous, commutative, and associative bilinear map with the Euler characteristic as unit
and therefore V*°(M) becomes an algebra.

Lemma 4.2.8. For any ¢,¢ € V>°(M),

supp(¢ - 1) C supp ¢ N supp .

Proof. By Definition 5.2.3 we have (¢ - )|y = ¢|y - ¥|y. Hence for p € (supp ¢)¢ U (supp ¢)¢
there is U such that either ¢|y = 0 or 1|y = 0. Therefore we get

(@)l =9dlv-Ylv=0.
It follows that p € supp(¢ - )¢ and this implies

supp(¢ - ¥) C (supp ¢) N (supp ).

Theorem 4.2.9. We have

Wi(M) - W;(M) C Wiy (M)
Proof. This follows from the construction of the product and Theorem 4.1.2. |
Definition 4.2.10. Let S C M. We denote the space of smooth valuations with supp¢ C S
by V& (M). We denote the space of valuations with compact support by V2°(M) and endow it

with the topology of inductive limit of the spaces V3°(M) (with the relative topology), where
S runs through all compact subsets of M.

Similar to the linear case, Proposition 2.1.27, we have the following statement. For a proof, we
refer to [5, Theorem 3.1.2].

Lemma 4.2.11. Let M be a smooth manifold. We have
Wi (M) /Wit1 (M) = CZ(M,Val*(TM)).
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5 The dual space of V(M)

In the following we are going to introduce the dual space of V°(M). We will make use of the
identifications obtained in Section 2.

5.1 Currents

By Remark 2.2.6, we have a correspondence between smooth valuations and smooth differential
forms in terms of topological vector spaces. If we want to consider continuous linear functionals
on V(M) and recall Lemma 2.2.4, the following definitions are of special interest. We follow
[20, 5] and [8].

Definition 5.1.1. We set Dy(M) := (QIS(M))* The elements of this space are called k-

currents. The boundary of a k-current 7 is the (k — 1) current 0T such that (0T,w) =
(T,dw),w € QF1(X). If T = 0, then T is called a cycle. The support of a current T is
defined as

suppT := M\ {p€ M :3U C M open,p € U, T(¢) =0 with supp¢p C U}.

Example 5.1.2. A very important example of a k-current is

(CIRE

S

where S is a k-dimensional closed oriented submanifold of M. By Stoke’s theorem, we have

(O11S1)m) = (ST dn) = [ dn= [ 0= (08

S os

and hence 9[[S]] = [[05]].

Moreover we can identify a smooth compactly supported differential form v with a current by

([[M]Jev,m) = ([[M]], v A

These kind of currents form a large subset of the space of currents.

We can define several useful operations on currents which are based on pull-backs and push-
forwards:

Definition 5.1.3. Let M and N be smooth manifolds, let T € Dy(M) and let f : M — N
be a smooth map with f|supp7 proper. Then we can define the push-forward f.T € Djy(N)
by (fT,n) = (T,(f*n), where ¢ € C°(M) is equal to 1 in a neighbourhood of (supp7’) N
(supp f*n) and f* denotes the pullback of a k-form.

Definition 5.1.4. For T € Dy (M) and S € D;(N) there is a unique current 7'® .S € Dy (M X
N) such that
(TS, myw Amym) = (T,v)(S, ), (5.1)

where v € QF(M),n € QL(N) and 7y, 7n are the projections from M x N to M and N,
respectively.
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Ezxample 5.1.5. We want to compute the exterior product of smooth differential forms given by
the identification of Example 5.1.2. Therefore let v, € QI (M) and 71,7 : M x M — M the
canonical projections. Since the product is uniquely defined by (5.1) we compute

([[M]]y B’ [[M]|n, miw A maé) = ([[M]]er, w)([[M]]un, ¢ (M/Vmﬂ) (M/an)

On the other hand we have

(M x M]lL(miv A m3n), mw A m56) = / (wiv Am3n) A (nfw A T50)
MxM

= [ mwAw) AT0AS)
M><M

90

Therefore, we conclude that [[M]|.ry K [[M]]un = [[M x M]]_(7fv A 75n).

Remark 5.1.6. Let A C T*M \ 0 be a closed conical Eet, in the sense that it is conical restricted
to every tangent space T,M for all p € M. We set A:=AU0 CT*M.

The definition in Section 1 concerning the wave fronts carries over to the case of the dual space
of k-differential forms.

Proposition 5.1.7. Let T be a current. Then the following holds:
1. The wave front WF(T') is a closed Rsg-invariant subset of T*M \ 0.
2. WE(T) =0 if and only if T is smooth.
Let M be a smooth manifold and let ' C T*M \ 0 be a closed conical set. Then we set
Dyr :={T € Dp(M): WF(T) CT}.

Let us equip this space with the topology described in Section 1.3. We obtain the following
proposition, see [20, Theorem 8.2.3].

Proposition 5.1.8. Given T' € Dy (M), there exists a sequence of compactly supported k-
currents (w;)jen € QPF(M) such that

([[M]]ewj)jen = T in Dyr(M)
and hence we can identify compactly supported smooth forms with a dense subspace of Dy r(M).

The operations that were introduced at the beginning of this section are continuous maps under
some assumptions on the wave fronts.

Proposition 5.1.9. Let M, N be smooth manifolds, 'y CT*M\0,I'y CT*N\O0 closed conical
subsets. Set T :=T; x Ty C T*(M x N). Then the exterior product is a jointly sequentially
continuous bilinear map

X . Dk,l"l (M) X Dl,l"g (N) — 'Dk_;,_l’p(M X N)
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Proposition 5.1.10. Let f : M — N be a smooth and proper map between smooth manifolds
and T CT*X \ 0 be a closed conical set. Let

Sl ={(q,n) € T*"N\0:3p e f'(q), (p.df;;(n) €T}
Then the push-forward map f.« of currents is a sequentially continuous map
f* : Dkvp(M) — ’Dkyf*p(N)

Proposition 5.1.11. Let f : M — N be a smooth map between smooth manifolds, where
M may have a boundary B. Let I' C T*N \ 0 be a closed conical set satisfying the following
transversality conditions:

1. Ifpe M,(f(p),n) €T, then df;(n) # 0.

2. Ifp € B,(f(p),n) €T, then (dfl);(n) #0.

Define
ST =A(p,dfy(n)) e T"M \0:pe M, (f(p),n) €T}

Then there exists a unique sequentially continuous map
f*:De(N) = Dipepynz, By foy (M)
extending the pull-back of smooth forms, i.e., (f*[[N]].v,w) = ([[M]].f*v,w).
In other words Condition 2 of Proposition 5.1.11 reads
*TNNyB=10.
According to the definition of the pull-back and push-forward, we have
WF(f*T) C f*T' and WF(f.T) C f.L, (5.2)

for T' € Dy, r and a smooth map satisfying 1 and 2.

Ezxample 5.1.12. Let FF : M — N be a diffeomorphism and let ® : M — O be a smooth
submersion. We want to give a description of F,®*T", for a closed conical set I' C T*N \ 0.
Elements of ®*T" are of the form (p,d®;(n)) and elements of F,I" are of the form (y,7n) with
dF;_l(y) (n) € TV, we obtain that elements of F,®*T" satisfy

dFja(,)(€) = dDy(n) = € = (dF ™), d®y (n) = d(® 0 F~ ), (),
with (p,n) € I

To define the next operation, let A : M — M x M be the diagonal embedding and let 77, 15
be currents and. Then, the intersection of currents is the bilinear map defined by

ThNTy = A*(Tl X Tg),
whenever these expressions exist.

Proposition 5.1.13. Let M be a smooth manifold of dimension n and T'1,T's C T*M \ 0 be
closed conical sets such that the following transversality condition is satisfied:

F1ﬂ8F2:@.

Set
T:= f1 +T2 = {(pa &1 +§2) : (pa 51) € fl? (pa§2) S TQ}

Then the intersection is a jointly sequentially continuous map

N : Dy, (M) x Dyry (M) — Diyi—nr(M).
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Proof. Since the intersection is defined as the pull-back of the diagonal-imbedding A we have
to consider f = A in Proposition 5.1.11. To verify the transversality condition, let p € M
and (A(p),n) € T'1. By identifying T(,, ,y(M x M) with T,M & T,M via the map a(v) =
(A1) (pr.p2) (V)5 A(T2) (1,2 (V) We gt

a(dAp(v)) = (A1) pp) (dAp(0)), d(T1) (pp) (dAp(v))) = (v, 0)

and, furthermore, by the identification T(’; p)(M x M) =T;M @ T; M, we have

dAL(n, §)v = (n,&)(v,v) = v + Ev. (5.3)

Now, by our assumption, n # —¢, for n € I'; and £ € T's. Hence, A*(T} K T3) is well defined.
The corresponding wave fronts satisfy

WFA* (T X T)) CAWEF(TY X Ty) CAY(WF(Ty) x WE(T3))
The computations in (5.3) show that this yields W F (A*(T}XT,) C T.Thus the claim follows. B
The support of the current 77 N T> has the following property
supp(Ty N Ty) = supp(A*(Ty K 7)) € A~ (supp Ty x supp T3)) C supp T3 N supp Tb.
Hence, we have supp(71 NT») C supp 77 N supp 1.

Proposition 5.1.14. Let S C M be a compact oriented k-dimensional submanifold and [[S]]
the k-dimensional current of integration against S. Then

WE([[S]) = NasS,
where Ny, S is the conormal bundle from Example 1.2.8.
For a proof of the following theorem, we refer to [20, Example 8.2.5].

Proposition 5.1.15. Let T be a k-dimensional current on M and w an l-form on M. Then

WF(TL¢) C WE(T).

5.2 The space of generalized valuations

5.2.1 Embedding of smooth valuations

Definition 5.2.1. Define the space of generalized valuations by
VoR(M) = (VO (M))*

equipped with the weak topology on the dual space.

First we can observe that V°°(M) is densely embedded into V~°°(M). This is a consequence of
Lemma 4.2.8.

Definition 5.2.2. Let M be a smooth manifold and fix a compact subset S. Let us choose a
compact subset S’ with smooth boundary and such that S is contained in the interior of S’.
Then S’ € P(M). For any ¢ € V(M) we define

$ [o=a(s).
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The map © [ : V(M) — R is a continuous linear functional. Moreover for fixed S the definition
is independent of S’ containing S. To see this let us take another compact subset with smooth
boundary containing S in the interior, denoted by S”. This leaves us to show that ¢(S) = ¢(S”).
Using the additivity property we get

P(S") = o(S) + ¢(S”\ S") — (95).
Now since S C int S” and by definition supp ¢ C S, we have
¢(S') + o(S"\ §') — $(9S) = ¢(5)

and thus the claim holds. This motivates the following definition.

Definition 5.2.3. Let M be a smooth manifold. Then we define
/ ‘ {ng(M) - R
o= o

the integration functional on V°(M), which acts as ¥ [ for ¢ € Vg°(M) for any compact subset
S of M.

As a consequence of Lemma 4.2.8, for ¢ € V>°(M) and ¢ € V*°(M), we have that supp(¢ - )
is compact and, hence, pd : V(M) x V*(M) — R
6.0)~ [6-v. (5.4)
is well-defined.
Theorem 5.2.4.
o For any ¢ € Wi(M) \ Wit1(M), there exists 1 € Wy_; (M) such that [ ¢ - # 0.
o For any ¢ € Wi o(M)\ Wiy1,(M) there exists yp € Wy_;(M) such that [ ¢ -1 # 0.

Proof. The proof follows by considering Theorem 4.2.9 and the representation in Lemma 4.2.11.
|

Theorem 5.2.5. Consider the bilinear form from (5.4). It is a perfect pairing. More precisely,
the induced map 1 : V(M) — V=°(M) given by

¢ = (@) = [¢ = pd(9) ()] (5:5)

is injective and has dense image in V~°(M).

Proof. Let S = cl(¢«(V>*(M))) C V~>°(M). By a corollary of the Hahn-Banach theorem we get
a linear homeomorphism

(V=°(M)/S)* — S+

This leads us to determine S+. We have
St={w eV (M) : (p,w) =0,6 € V(M)}
= {w eV ®(M): /w p=0,0€ V“(M)} = {0},

since the map ¢ is injective by Theorem 5.2.5. Therefore, S = cl(¢(V*°(M))) =V~>(M). N1
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For ¢p € V™°°(M), we define the support of ¢ by
supp ;=M\ {p€ M : 3U C M open,p € U,9(¢) =0, V¢ with supp¢ C U}.

Moreover, let S C M. We denote the space of generalized valuations with support contained
in S by Vg*°(M) and by V;°°(M) the space of generalized valuations with compact support.
We endow V;*°(M) with the topology of inductive limit when each space Vg™ (M), with S
compact, is endowed with the relative topology on V~°°(M). The following statement can be
found in [5].

Proposition 5.2.6. The integration functional
/ V(M) - R
extends uniquely by continuity to a functional
/ V(M) —- R
Proof. For any o € V2°(M) we obtain a functional a: V*°(M) — R defined by
6 / - ¢

This is possible since the support of a - ¢ is compact for any ¢ € V°>°(M). Furthermore we can
extend this functional to a map & : V~°°(M) — R by continuity, by
a(6) = lim a(¢;)

for any sequence with ¢; € V>°(M) converging to ¢ in V~°°(M). To obtain a functional on
V(M) let us fix an arbitrary compact subset S C M and a smooth compactly supported
valuation o € V2°(M) such that « equals the Euler chracteristic in a neighbourhood of S. We
claim that the restriction of & to Vg (M) is the desired extension of the integration functional
to Vg™ (M). To check this, let us fix a compact neighbourhood S’ of S such that the restriction
of a to S’ is still equal to the Euler characteristic. By [5, Proposition 7.3.4], every valuation
from Vg°°(M) can be approximated by a net from V& (M). Hence, it is enough to check that

for any ¢ € V(M) one has
/a-¢:/¢.

This follows since ¢ - (v — x) = 0. [

5.2.2 Generalized valuations as pairs of currents

Due to the representation of a smooth valuation as a pair of differential forms, we obtain an
identification of V™°°(M) with a space of currents. Together with Remark 2.2.6 we obtain the
following result. A proof of this theorem can be found in [7, Section 8§].

Proposition 5.2.7. The space V~°°(M) of generalized valuations is in one to one correspon-
dence with the space of pairs of currents (C,T) € Dp(M)XDy—1(Par) such that T is a Legendrian
cylee and m, T = 0C.
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With the duality given in Proposition 5.2.7, we obtain for 1) € V~°°(M) represented by the pair
of currents (C,T) € Dp(M) x Dyp—1(Pys) and ¢ € V°(M) represented by the pair of compactly
supported differential forms (v,7) € Q2(M) x Q=Y (Py),

(¥, ¢) == (C,v) +(T,n)

and hence
Q (M) & QL (Pyy)/ ker U «—F— V(M),
(5.6)
(Q(M) @ Q= 1(Py)/ ker U)* + 2y Y=°(M) = (ker U)~.

Here (ker ¥)* denotes the set {(C,T) € Dp(M)xDy_1(Par) : (v, CY+{n,T) =0, (v,n) € ker U}.
We can identify submanifolds with corners as generalized valuations by an injection which has
dense image due to the weak topology:

P(M)—V (M),
P [ p(P)].

Therefore it is useful to describe P € P(M) and ¢ € V*°(M) in terms of currents, where we
again use the identification of ¢ with (v, n):

P ([P [IN(P)]) (5.7)
(v, n) < ([([M]lemaran, [[Parles™(Dn + myyv) (5-8)

where 7/ is the projection 7y : Pyy — M. For a proof we refer to [7, Theorem 2].
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6 Convolution of valuations on manifolds

To introduce a convolution that acts similar to the one we introduced in Section 3 we need
some operations on generalized valuations. Among these operations we will get an extension of
the product introduced in Section 4. Recall that we established generalized valuations as the
dual space of compactly supported smooth valuations and hence we identified them with pairs
of currents. This strategy will become important in the upcoming section. We follow [6, 7] and

[8].

6.1 Operations on generalized valuations

To define an extension of the convolution we need the exterior product of generalized valuations.
Therefore, let M, My be smooth manifolds without boundary of dimensions ni,no and set
M := M; x Ms. Moreover we define

My o =Py x My = {(p1,p2,[§1: 0]),p1 € My, p2 € Ms, & € T My \ {0}} C Py,
Mot = My x Pay, = {(p1,p2,[0: &]),p1 € My, 20 € M, & € Ty, Mp \ {0}} C Py

Let us consider the fiber bundle A over M, given by

Am TT o6 GLIELIGD (6 6] € BTy, 0 M, [61] € By TS My, [64] € By TS M),
(p1,p2)eM

We set
[@M = cl ( H {(PLPZ, [fl : 52]7 [&]a [fé]) € A(m,pz) : 51752 7é 0’ [51] - [51]’ KQ] - Ké]}) = A
(p1,p2)EM

Py is a manifold of dimension 2(n; + ng) — 1 with boundary N = Nj U N3, where

Ni= T A@upe &0 [a] ) &, # 0} € Py,

(p1,p2)EM

No= ] {lpr,p2,10: &l [ml, [€2)) s m, &2 # 0} S Py

(p1.p2)EM
Then we define F : Py; — Py by
(1,12, [&1: &2, [61], [€2]) = (p1, P2, [&1 = &2)).
We see that F(N) = M := M; U Msy C Py Next we define ® : Py — Ppy, % Py, by
(p1. P2 [61 = &2, (€1, [&2)) = (1, [1]), (P2, [€2]))-
We also need the projections

p1: Py, X My — Py,

P2 My X Ppr, = Py,

pi: My x My — M;,i=1,2

g Prary X Pogy — Poyy,i =1, 2.
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Finally let 47 : ]PMl X My — PM and 19 : My X IP)M'2 — ]P)M be defined by il(pl,[fl],pg) =
(p1,p2, [€ : 0]) and i2(p1, P2, [€2]) = (p1,Dp2,]0 : &2]). Then we obtain M = imi; U imis.
We will make use of the following diagram:

q1 q2
Py, &——— Pyy X Pppy, ———— Py,

[}
Py
F
Puy x My — 2 Py 2 My x Py (6.1)
ml lm
Pary ™ P,
gl [
My 2 My x My — 2 M,

Definition 6.1.1 (Exterior product of generalized valuations). Let 1); € V=°°(M) be given by
pairs of currents (Cj,T;). Then the generalized valuation i K 1o € V™°°(M) is defined by the
pair of currents

C:= C1KCy, (6.2)
T := F*@*(Tl X Tg) + (]31 o WM)*Cl N (Z'Q*pzTg) + (il*pTTl) N (ﬁg o TI'M)*CQ.
For a proof of the following continuity statement, we refer to [6, Claim 2.1.9].

Proposition 6.1.2. The exterior product defined in (6.2) and (6.3) defines a bilinear jointly
sequentially continuous map

, {V“X’(Ml) X V™0(My) — V(M)
| (1, ) >y Ko

From the above definition we obtain

supp(¢1 M 1hy) C supp(¢1) x supp(¢2). (6.4)

To see this, we examine each current separately. We are going to show that (supp Cy x supp C3)¢ C
(supp C)¢. The argument for T follows in a similar way. Let us take (p1,p2) € (supp C x supp Cs)°.
Then, without loss of generality, there is an open neighbourhood U; of p; with Cy(v) = 0 for
all v € Q7(M) with suppv C U;. The subset of (ny + ng)-forms of QM *72(M; x Ms) spanned
by 73, v1 A Ty, v2 with v € QFi(M;) is dense. By Definition 5.1.4, we get

<Cl X 02,777\41V1 A 7T*M21/2> = <Cl, I/1><CQ, 1/2> =0
with supp(v1) C U; and hence by linearity and continuity, we get (p1,p2) € (supp C)°.
Proposition 6.1.3. Let M;, My be smooth manifolds and let A; CT*M; \ 0,I'; CT*Pys, \ 0 be
closed conical sets. Set
= ]\1 X /_XQ - T*(M),
= F.(®*(Ty xTq) + N[;M-/V’) U (P10 mar)* Ay 4 iup3Ta] U [i1.piT1 + (P2 0 mar)*Ag] € T*Pyy

s [

Then the exterior product given by (6.2) and (6.3) is a jointly sequentially continuous map

Varr, (M) X Vi, (Mz) = Vi (M),
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Proof. We have to verify the conditions from Section 5.1. Since V, (M x My) is a vector
space, we can consider each term of the sum in (6.2) and (6.3) separately:

e WF(C1 X (Cy) CTI'y x I'y due to Proposition 5.1.9.
e By 5.2 and Proposition 5.1.10, we get that
WEF(F(®*(T1 X T)) C F.(WF(®*(Th K Ty))).
Since Py, has boundary A, we obtain by Proposition 5.1.11,
WFE (@ (T XTy)) COWF(TH K T,) + NIE;MN CP*(T'y xI'y) + N]Ii,'fM/\/'
and, to sum up, we get,

WF(F*((I)*(Tl X TQ)) - F*((I)*WF(Tl X Tg) + NH;MN) - F*((I)*(Fl X PQ) + NI;MN)

e Considering (p1 o mar)*Ch N (i24p3T3), Proposition 5.1.13 yields
WE((promam)"Cr 0 (i2epaT)) € WE((pr o ma)"Cr) + WE((igepaT2))-
and, furthermore, we have
WEF((p1omm)"Cr) C (promm) WF(Cr) C (p1oma) Ay
and
W ((i24p3T2)) C o« (WF(p3T2)) C s (paWF(T2)) < i+ (pT'2)

and, thus, B -
WEF((p1omar)*Ch N (i24p5T2)) C (P10 mar)* A1 + d24(p3l2).

o At last, we examine (i1.pj771)) N (P2 o mar)*Ca. Similar to the above arguments we get

W F((i1+piT1)) N (P2 0 mar)*Ca) C [(p1 0 mar)* A1 + i2upiTa] U [i1.piT1 + (P2 0 mar)*Ag).

Now the claim follows. [ |

To define another operation on generalized valuations, we need the following preperations. The
upcoming proposition then yields a dense embedding of smooth valuations into generalized
valuations with wave fronts as specified below. Therefore, we consider the fiber bundle over a
smooth manifold M consisting of tuples

Bi=TT {@.[&: . [€], ), Q) : €2 m) € P (T, (M x M), [€),[/], [¢] € Po(Ty M)},
peEM

and define

a=]!

= cl (H {(,[€: (€. [K)) € B:ipe M, &En,E+n#0,[E'] =€, [n] = [n],[§+n] = [C]}) :

peM

P is a (3n — 1)-dimensional manifold whose boundary N consists of the three manifolds

No == {(p,[¢: =€],[€], [-€], [C]) : p € M, &, ¢ € Ty M\ {0}},
N = {(p,[€:0,1&, ), 1€]) : p € M, &, € Ty M\ {0}},
Ny :={(p,[0: 7], [£], [n],[n]) : p € M,n,& € T; M\ {0}}.
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Let @ : P — Py x 3 Pas be the map, defined by

(p, [§ 2l (€', [0, 1) = (2, [€1D), (0 [0]))

and let p : P — Py be defined by

(p, [€ = ], [§I]> [77/]’ [€]) = (p, [€])-

Hence, we get the following diagram

' m (6.5)

P—T 5 M-
o M

IP)M <q71]P>M XM]P)M L) PM

with q1, g2, w37 and 7 being the corresponding projections. This construction is taken from [8].
Together with the tools developed at the beginning of this section, we can give a representation
of the product defined in Section 4 by identifying smooth valuations with differential forms. For
a proof we refer to [7, Theorem 2].

Proposition 6.1.4. Let M be an n-dimensional smooth oriented manifold and let ¢, ¢y €
V(M) be represented by (v1,m1), (v2,n2) € QY (M) x Q""Y(Py). Then the product ¢1 - ¢y is
represented by

V= ﬂ'M*(nl A S*(Dng +7FX41/2)) + v A T2 € Q(M),

n = p«®* (g A 36 Dn2) + mu A wymarenz € Q(Pay).

Moreover, we have

TM*T) =T M+ N\ TA12, (6.6)
D+ 7*v =p®*(qi (D1 + wiyv1) A ¢3(Dnz + wiyve) )+
T A (Dng + masve) + waymarsn A (Dny + wygv). (6.8)

Proposition 6.1.4 motivates the following definition:

Definition 6.1.5. Let 1)1 € Vxlo%l and Yy € VX;R and (C1,T1),(Cy,T2) be pairs of the
corresponding currents. Then we define a bilinear map

- VX;’%I(M) X VX;}Q(M) — V7 (M),
by defining currents in the following way

C:=CiNCy € Dy(M), (6.9)
T := (—1)”]3*&)*(qu1 N Q;TQ) + 71'}%01 N1y + 11N 71';402 € Dn—l(PM)~ (6.10)

To see that the map given in Definition 6.1.5 equals the product introduced in Section 4 of
smooth valuations, we make use of Proposition 6.1.4. By (5.8) the product of ¢; - ¢2 corresponds
to the currents

(mars, 87 (D + wagv))-
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Therefore, we need to show that

T = (C1 N Cy),
s (Dn +mhyv) = (=1)"5:®*(iTh N g5 T3) + 7y Cr N To + T1 Ny Co,
with C; = mym; and T; = s*(Dn; + 73,1v4). We are just going to prove the claim for C. For T
we refer to [7, Theorem 8.3]. By definition of C; N Cy and by Example 5.1.5, we have

(C1 N Co,w) = (A*([[M]]lem X [[M]]n2), w)
= (A*[[M x M]J(7{7aram A T aran2), W)
= ([[M]JL A (7 marem A 3T A14772), W)

= ([[M]]c(marem A Tazen2), w).

Hence C1 N Cy = [[M]]u(maremi A Tarsn2).

For a proof of the continuity statement below, we refer to [7, Theorem 8.3].

Theorem 6.1.6. Let M be a smooth manifold and let A; CT*M \ 0,T; C T*Py; \ 0 be closed
conical sets. Suppose that the following conditions are satisfied:

1. Al N S(AQ) = @
'y Ns(myAz) = 0.
Ty Ns(myAr) = 0.

e

If for some (p,[€]) € Pnr we have m € T, ey and n2 € Tal, 1)) vanish on the fibers of
T, then m # —na.

5. Let (p, [}, m) € T'y with (p,[§]) € Par and 1 € T3, 1\Par \ {0} and (p, [—=¢], m2) € T with
(p,[=€]) € Py and 2 € T{;} [_ﬂ)IP’M \ {0} and let T : Pyy xpr Ppyp — Payp x Pyy be the
natural embedding. Set ¢ := dTEkp,[g},[—g])(m’ n2) € T(Z[&H*E])PM X Pas. Then

d0*(C) & NE,, xarPar Al el 1))

where

e(p, [51]7 [62]) = (p) [51]7 [_62])5

and A is the diagonal in Py Xas Pyy.

Then the product of smooth valuations extends to a unique jointly sequentially continuous bilin-
ear map

Vior, (M) X Vir, (M) = V=2(M).

In the following proposition we will refine the statement about the product given in Theo-
rem 6.1.6.

Proposition 6.1.7. Let A CT*M \ 0,T' C T*Py; \ 0 be closed conical sets such that

Ty (A) CT and mympl CT (6.11)
Then the multiplication map

VoR(M) x Vi (M) — Ve (M),

is well-defined and jointly sequentially continuous.
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Proof. Let ¢1 € V*(M),¢2 € V(M) and (C;,T;) be the corresponding currents. The cur-
rents associated to the product ¢; - ¢o are given in Definition 6.1.5. As in the proof of Proposi-
tion 6.1.3, we can consider each summand of each current separately:

1. C: Since C is smooth, we have by Proposition 5.1.13,

WF(C)=WF(C1NCy) CWFE(Cy)+WF(Cq) =A.

Therefore the claim holds for C.

2. T: We have to examine all summands of T" separately:

(a) (=1)"p®*(qiTy N g5T):
First, let us mention that

WE(gTiNgTe) € WE(qiTh) + WE(qzT3).
By smoothness of T7, we get
WE(¢iTiNgyTa) € oWF(Tz).

Hence, by Proposition 5.1.11, to prove that O* (¢t Ty N g3Ty) is well defined, we have
to consider the boundary N of P and therefore

WE(®*(¢/T1 Ng5Ty)) € ©*WF(g3T3) € 9" (g3T) + Nz N
This leads us to show that
(g2 0 @) TN NN =0, (6.12)
so that ®*(¢iTy N ¢3T3) is well defined and
Px((g2 0 ®)*T + NaN) C T, (6.13)
to make sure that WF((—1)"p.®*(¢;Ty N ¢5T»)) € T. Now let us fix a point z € P
and let us set y1 := p(xz) € Py, y2 := (g2 0 D) (x) € Pps. Moreover, we fix

o € (8*(g3T) + N2N)| (6.14)

x

B € T Py, with dpi(B) = o (6.15)

We are aiming for a # 0 and € I'|;,. The desired equalities in (6.12) and (6.13)
will then follow, since

(z,dp(8)) = (w,0) € (®"(a3T) + NgN) | = (y1.8) € be (8" (@3T) + NEN)

xT

= (yl,ﬁ) el.

T

In order to prove this, we are going to distinguish between the case when z is in
the interior and when z is in the boundary of P. We are just going to describe the
cases * € P\ N and € N. The remaining cases are similar. We will denote the
projection of P to M by 7:
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e Let » € P\ N: «a # 0 is satisfied, since
d(ga 0 ®) : TP — T,,Ppy
is onto and, therefore, the dual map is injective. According to (6.5), we have

7(p, 1€ ), (€], 0, [C]) = p = (mar 0 g2 0 @) (p, [€ 2 1], [€1], 1], [CD)
= (ma o p)(p; [€ 2 ), [€'], [], [€))-

This shows that d(my 0 p) = d(mpr 0 g2 0 ®) = d7 and, hence, that the kernels of
these maps are equal. Moreover, we can conclude that

b,
=N

ker(d(qz o ®)) + ker(dp) C ker(dr).

We even get equality since the kernel of dryy is disjoint to the image of d(gz o ®)
and dp, respectively. By the choice of a, there is v € T'|,, with

o = d(gg 0 ®)*y.
Hence, we can infer that « is in the image of d7*. This implies that
v € Tly, Ndmyg (T M)y,

ie, v = dmjy,,0 € I'ly, with 6 € T, M. Now, we are making use of the
surjectivity of dp,:

dpy(8) = a =d(ga o ®)*y = B = (dpy) ' 0 d(gz 0 )"dmyy,,0
= (dp}) " o d(mary, © g2 0 ©)*0

= (dﬁ;)_l odpy o dﬂ'?\/[’m(s = dTr}k\/[,yQ(S.

Hence, 5 € my,map I and, by assumption, 7y, mar " C Ty, .
o Let z € N: We can write

a=d(g o i))*(v) +n = dp*(B),

where v € I'|,,n € T;\iflmx, a € Ty, Pyy. Since the restriction
(220 ®)lg, : No = P

is a submersion, we can deduce the properties in the same way as in the case
above.
Hence the first summand satisfies the conditions.

(b) m3,C1 N Ty:
The smoothness of C; and T3 imply

From this, it follows that the second summand also satisfies W F(7},C1 NT) C T

(C) TiNm X/[CQ:
At last, the smoothness of T} implies

WF(T1 N W}kaQ) - {0} + W%WF(CQ) - W}k\/[A CT.
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By these computation, the claim follows. |

As a crucial consequence of the above proposition, we get Proposition 6.1.9. It is a powerful
tool since it is often easier to prove statements for smooth valuations. At first we need the case
of R™. For a proof, we refer to [7, Lemma 8.2].

Lemma 6.1.8. Let ¢ € V, T(R") be a generalized valuation on R"™. Then there exists a sequence
of smooth valuations (¢;)jen such that ¢; — ¢ in V, T (R").

Proposition 6.1.9. Let A C T*M \ 0,T' C T*Py; \ 0 be closed conical sets satisfying (6.11).
Then V*>°(M) is sequentially dense in V) 7 (M).

Proof. Let us take a locally finite open covering (U,) of the manifold M and open sets (O,)
diffeomorphic to R™ such that the closure of U, in M is compact and contained in O,. Now
by Proposition 2.2.7 there exists a partition of unity in valuations subordinate to the covering
(Ua). Let ¢ € Vi ¥(M). Then

C:Z¢a'<-

As we have shown above in Proposition 6.1.7, 1 - ¢ € Vy 7 (M). This reduces the proof to the
case 1 - ¢ for some fixed o, hence we can assume that ¢ € V, (M) is a compactly supported
valuation with support contained in an open set O, C M. Thén, by Lemma 6.1.8, there exists
a sequence (j € V*°(O,) which converges to (|o, in V7 (Oq).
Let us choose a smooth compactly supported valuation 7 on O, which is equal to the Euler
characteristic x in a neighbourhood of supp(¢). Then it follows

TG =7 (o, =Clo, n VT (0a),
and supp(7 - ;) € supp(7). If we extend (; by zero to M the result follows. |

We need the following diagram to keep track of the operations considered in the upcoming
propositions.

]P)M L M X fmur PN L ]P)N

N Jﬂl PN : (6.16)

M—t N

where p : M x4, Py — Py is the projection map with p(z,[n]) = (f(x),[n]). Since f is a
submersion, the dual map of the differential is injective and hence it induces an injective map
af* . M X fry Py — Py wtih
df*(p, [€]) = (p, [df, €])-
Therefore, we can consider M X . Py as a subset of Py;. We will make use of this, to define
a pull-back operator as a dual to the push forward on smooth valuations. In order to do that,
we need a description of the push forward in terms of differential forms. A proof of this can be
found in [6, Proposition 3.2.3].

Proposition 6.1.10. Let ¢ € V°(M) be represented by the pair (v,m) € QP(M) x QP ~1(Py)
and let f: M — N be a smooth, proper submersion. Then the valuation f.¢ is represented by
the pair (f.v, p«(df*)™n).

Definition 6.1.11. Let M, N be smooth manifolds and let f : M — N be a smooth submersion.
We define the pull-back operator f* : V=>°(N) — V~°°(M) as the adjoint operator to f, :
V(M) — VX(N), ie., let p € V™°°(N), then,

([, ) == (¥, [+), Yo € VZ(M).
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With the help of Proposition 6.1.10 we get the following representation of the pull-back operator
in terms of currents:

Proposition 6.1.12. Let M, N be smooth manifolds and let f : M — N be a smooth submer-
sion. Ifv € V™°(N) corresponds to a pair of currents (C,T), then f*i € V™°°(M) corresponds
to the pair of currents

C' = f*C, (6.17)
T = (df*).p*T. (6.18)

Proof. By Lemma 2.2.4, ¢ € V°(M) can be represented by (v,n) € Q2(M) x Q» 1(Py). By
Proposition 6.1.10, we have

(70, 8) = (1 £u8) = (C, fov) + (T, puldf*) ) = (£7C,w) + {(df)op T m)-
|
By Proposition 6.1.12, we can compute the wave fronts of f*iy. Since C' is smooth, we have
WE(f*C) € f*WF(C) = {0}.
For T', we have to consider once more Proposition 5.1.11,
WE((df*)p*T) C (df*)TWFR'T) C (df*)op WE(T) + Nz, (M % 1.1y Px)

Since T' is smooth, we obtain W F'((df*).p*T) C N, (M X\ Pn). Thus, this gives rise to an
operator f*: V(N) — Vy 3 (Mx fr P )C(M)-

YPas firNtN)y
Due to Proposition 5.2.6 and (6.4), we get a continuous functional [ : V™°(M) — R by
considering

v [0 (6.19)
with ¢ € V&%‘? - This is well-defined since v - ¢ has compact support.

Definition 6.1.13. Let M, N be smooth manifolds and let f : M — N be a smooth, proper
submersion. By (6.19) we can define f.1) € V~°°(N) by

(b, 6) = /M¢ Fé. 6 € VR(N).

We obtain the following diagram

Yy e
ViY (M) —— V==(N)
o 6.20
V(M) (020
%.19)[ Jv-fo
¢ . ¢
VE(N) —— Vi (M) R

with T = N§, (M X f .z, Py).
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Proposition 6.1.14. Let ¢ € V, T (M) and f : M — N be a smooth and proper submersion.
Then the pushforward f.p € V™°°(N) is well-defined provided that

NN, (M X5y Py) =0. (6.21)
The map
fe t VRF (M) = V™(N) (6.22)
1s sequentially continuous.

Proof. We have to show that the product ¢ - f*¢ is defined for every ¢ € V°°(N) and therefore
that conditions 1-5 in Theorem 6.1.6 hold for

(Alyrl) = (A,F) and (A27F2) = <@7NI;M(M Xfn PN))'

Obviously, the first and second conditions are satisfied since Ay = ().
Next, mpr odf* : M X ¢ 7 Pn — M is a submersion, since

(df*) ¢} d?TM =T = d((df*) (¢} dﬂ‘M) = d7T1
and m is a submersion. Therefore, for n € Ng, (M X\ Py), we have
n € Np,, (M X5y Pn) = ker(d(df*) o dmar)” = (d(df*) o dmpr)*(n) = dni(n) =0

and, hence, n = 0. We can conclude that conditions 3 and 4 are satisfied. Finally, let (z,[¢],n1) €
Iy, (SE, [*f], 7’]2) € I'y. Then,

d(id x s)* o d7*(m1,n2)(v,v) = d7*(n1,m2)(d(id x s)(v,v))
=m(v) +n2(ds(v)) = m(v) + ds"(n2(v))
= d7(m,ds*(n2))(v, v).

Since I'z is closed under ds*, we have ds*(n2) € I'2. Now d7*(n1,ds*(12)) € Np, 2y, Al(a.je 1)
if and only if 7y = —ds*(n2) and, hence,

I'NNp, (M Xjp., Pn)=10
implies 5. |

In the following we will need to consider the support of a generalized valuation obtained by a
push-forward. We claim

supp(f«1) C f(supp ). (6.23)

To show that, we take U C f(supp®)® open and ¢ € V°(N) with supp¢ C U. Since the

product satisfies supp(¢ - f*¢) C supp(¢¥)) Nsupp(f*¢) and supp(f*¢) C f~!(supp ¢), it follows
that

(suppey N f~1(U))¢ = supp() U f~H(U) C supp(¥)° U f~ ' (supp ¢)° C supp(¢) - f*¢)°.

Now, a point in the intersection z € supp N f~1(U) satisfies f(x) € f(supp®). And the claim
follows.
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Proposition 6.1.15. Let f : M — N be a smooth and proper submersion. Suppose A and
I' satisfy (6.21). Let ¢ € V(M) be represented by the pair of currents (C,T). Let the
push-forward f.1) be represented by the pair of currents (C',T"). Then

T' = p.(df*)"T. (6.24)

Proof. First, we are going to prove the statement for smooth ¢ € V*°(M) and corresponding
smooth forms (w, ¢). According to (5.8), we have C = (mr)w and T = Dw + 7}3,¢. We have
already shown that the push-forward f.1) has a representation (f.¢,p.«(df*)*w). Translating
into the language of currents, we get C" = (7n)«p«(df*)*w and T" = D(p.(df*)*w) + 7 f+¢. By
Lemma 1.2.12, (6.16) leads to

Po(df*) i = pumié = T fub (6.25)
To verify the proposition for smooth v, we have to show that
D(p.(df*)"w) = pa(df*)* Dev. (6.26)
From this the claim follows since,

pe(df*) T = pu(df*)* (Dw + 73 9)
2 D(p.(df*)*w) + pu(df*)
2 D(p.(df*)*w) + 7 fup = T".

Now, let w be a smooth differential form. By definition of the Rumin operator D = d o @ (see
Theorem 1.2.26), @ maps w to the unique form w + w’ such that ' is vertical and d(w + w’)
is vertical. Now, since the exterior derivative commutes with pullbacks and integration along

fibers,

p+(df*)" Dw = d(p.(df*)*(Q(w))) = d(p-(df*)"(w)) + d(p«(df )" ("))
= p(df*)" (d(w)) + d(p.(df )" ().

Now, let us assume that p.(df*)* maps vertical forms to vertical forms. Then p,(df*)*Dw =
d(p«(df*)*(w)) + d(p«(df*)*(w")) is vertical. This means that the unique element @ such that
d(p«(df*)*(w) + @) is vertical, is given by @ = p.(df*)*(w’). On the other hand, we have

D(p«(df*)"(w)) = d(p«(df )" (w)) + d(ps(df*)* ().

Hence, it suffices to show that p,(df*)* maps vertical forms to vertical forms. This claim holds
by [8, Proposition 4.6].

For the general case, we fix A,T" with the given properties and take ¢ € VX%O(M ). Since we
can approximate ¥ by a sequence of smooth valuations 1,, € V*>°(M), we can use sequential
continuity of fi : V7 (M) — V™°(N) to get convergence of T; to T" in D(N). As we have
seen above, we can represent T, as p.(df*)*T,,. Again by sequential continuity, we obtain that
p«(df*)*T,, — pi(df*)*T in D(N) and the claim follows. [ |

Corollary 6.1.16. Let f : M — N be a smooth and proper submersion. Suppose A and T’
satisfy (6.21). Then the push-forward map is a continuous map

fe s ViR (M) = Vi (N)

with A" :=T*N \ 0 and I := p,(df*)*T.
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Proof. By Proposition 6.1.15, we have to check if propositions 5.1.11 and 5.1.10 hold for (6.24).
We have,

WF(C') C LWF(C) €
WE(T') = WF(p.(df*)" ) < P*WF((df )*T) C pu(df*)" WE(T) C pu(df*)T =T",

since WF(T) CT. [ |

Proposition 6.1.17. Let f: M — N, g : N — O be smooth proper submersions between smooth
manifolds. Let A C T*M \ 0,T' C T*Py; \ 0 be closed conical sets satisfying condition (6.21).
Let N :=T*N\ 0 and I := p.(df*)*T" and suppose I'" satisfies (6.21). Then

giofi=1(g0f) on V/;%O(M)
In particular, both sides of this equation are well-defined maps.

Proof. In order to check if (g o f). is well defined on V, {7, let us take a look at the following

diagram,
/ TPNO

MXo[P %NXOPO

d(y:y lq ldg*

PMTMXNPNW)PN

By Proposition 6.1.14, we have to show that I' " Ny (M xoPp) = 0. Since Ng,, (M xoPp) =
ker(d(d(g o f)*)*) = ker(d(df* o dq)*) = ker(dg* o d(df*)*), we have to show that dg*{ # 0 for
all £ € (df*)*T

Aiming for a contradiction, we assume that there exists (x,[n]) € M xo Pop and

§e Ty, ) (M xn Py) with € # 0,(q(x,[n]),§) € (df*)*T" and dqz‘z’[n])ﬁ = 0. Due to (1.2),
the kernel of the map

dpMN lg(a,ln)) * To(a,ln)) (M XN PN) = Ty (g fm)) (PN)

consists of vectors of the form (v, 0) with df;(v) = 0. Since these vectors are therfore in the kernel

of & and imdpj,y = (kerdpyn)™, it follows that & = dpjyy, & with & € T> N

This implies that (f(x), [dg;‘j(x)n] &) €pun, (df) T =T". The assumptlon leads to

d(dg” ) )5 # 0.

Since f is a submersion, the map d(f x zd)?‘ F@) ) is injective and hence we obtain

d(f % id){, 1y © Adg")(pay € 7 0

This is a contradiction, since dg* o (f X id) = pasn © ¢ and

A4{y o)) © APMN, g ) € = A = O-

q(x,[n

Hence, it follows that (g o f).¢ is well defined for ¢ € V; ¥ (M).

For ¢ € V, (M) we can approximate v, by Proposition 6.1.9, with a sequence of smooth
valuations (¢ )nen € V*°(M) if the condition (6.22) concerning the wave fronts is satisfied. We
will show that (A,I') with I' :== 7},(A) UT satisfy the desired conditions, that is
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1. myAC T,
2. WLWM*f‘ - f‘,
3. TNN (M xfxy Py).
1 and 2 hold obviously. Finally, 3 is satisfied since an element of the intersection satisfies
neln Np,, (M Xy Pn) = 0=d(df")n=d(df")"drya=d(rodf) a=dria.

Since m; is a submersion, it follows that n = 0 and the claim follows. Analogously, we define
IV := 7*(A’). Now by sequentially continuity of the maps

f* : VX%O(M) — V/:/ F/(M)

L V% (M) = VX (0),
(g0 f)* VLE (M) = VX (0),

we have

in V=°°(0). Now, by definition of the pull-back on smooth valuations, it follows that g.(f (1)) =
(9.0 f)wtbn and we obtain g,(f.(¥)) = (go ). N
6.2 Convolution of generalized valuations

The definition of the convolution is similar to the construction in Theorem 3.2.8.

Definition 6.2.1. Let G be a Lie group acting on a smooth manifold M by a smooth map
a:GxM — M. Let u be a generalized valuation on G and 1 a generalized valuation on
M. The convolution pu * 1 is defined as the generalized valuation a.(u X ), provided that the
push-forward exists.

We want to make use of (6.1) by setting M; = G and My = M for a Lie Group G that acts
transitively on a smooth manifold M and extend it by the following diagram

]P’GxIP’M

q{\

Peym (G X M) Xqmy Pyt —— Py - (6.27)

|

PGXM
Lemma 6.2.2. Let G act transitively on M. Let da* : (G x M) Xgx,, Par = Paxar. Then
da*((G x M) X g7y, Prr) N M = 0.

Proof. For (g,p,[7]) € (G x M) Xax,, Par, we have da*(g,p,[7]) = (g,p, dal[{, ,(7)]). Aiming
for a contradiction suppose that (g,p, [da’("g p)(T)]) € My, ie., [da’{gp)(T)] = [¢ : 0] for some
§ € T;G. We obtain

0 = {da(y )7 (0,v)) = (7, da(g,p) (0,0))
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for v € T, M. But since

alg~',alg.p) =g 'gp=p=nalg,a(g"",p))

holds for all (g,p) € G x M, the map T,G & T,M — Ty, M, (0,v) + da(,,)(0,v) is an isomor-
phism, and thus we have 7 = 0, a contradiction.
On the other hand, if we have (g, p, [daf, , (T)]) € M2 and u € TyG, then

0= (da?‘g’p) (1), (u,0)) = (1,dag ) (u,0)).
The transitivity of the action of G on M implies that for ¢ € G and p € M, there is ¢ € M
with a(g,q) = g - ¢ = p. Hence, the map a4 : G - M
p > alg,p)

is surjective and T,G ® T,M — Ty, M, (u,0) — da(y ) (u, 0) is onto. Therefore we can conclude
7 =0, a contradiction. |

Lemma 6.2.2 is crucial, since the map F |]13,GxM\  is a diffeomorphism and, hence, we can invert
F on Py \ M. We get the following result.

Lemma 6.2.3. Let

ri=®o0F loda*: (G x M) Xgqn, Prr — Pa x Py
Then the map

((rgoqi) xg2)or: (G x M) Xqny, Pr— Gx Py
s a diffeomorphism.

Proof. Forge G let 1y : M — G x M

= (9, p)-

Again let a, be the multiplication by g € G. We have a oty = a4 and di, is injective with
inverse dmys. Moreover, (da,,) o dig), = (dagy), is an isomorhpism and since this property
transfers to the dual map, we get that (dig); o daf, ) = = (day); is an isomorphism. Now let

(g b, [5]) (G X M) Xa, Py, then

((raoq1) x g2) o ® o F~" o da*(g,p, [¢])

= (o q1) X g2) o ® 0 F~ (g, p, [da, ) (£)])
= (9, p, [(dg), 0 dafy ) (§)])

= (9, p, [(dag),&]).

(rgoq1) x q2) o7(g,p,[€]) =

Definition 6.2.4. Let M be a smooth manifold. Let V; (M) be defined by
V(M) = T_E]C\)4\O,dw;‘VIT*M\O(M)'

These generalized valuations are called tame.
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Ezxample 6.2.5. Let K C R" be a smooth compact convex body. Then the generalized valuation
Ti given by

(i, ) = = t:Ou(tK)’ pe Ve (RY)
is tame. For a proof of this, we refer to [8, Proposition 6.5].
Proposition 6.2.6. Let G act transitively on M.
1. The convolution product x : V. °(G) x V=°(M) — V=>°(M) is well-defined and jointly

C
sequentially continuous.

2. Let p € V. °(G) and ¢ € V=°°(M). Let (C1,T1),(C2,T2) be the currents corresponding
to o and v respectively. Let (C,T) be the currents corresponding to p* 1. Then

T = p*’l"*(Tl X TQ)

3. supp(p *¢) C a(supp p x supp ).
Proof.

L. Let p € V.;°(G) and ¢ € V=°°(M) and let (C1,T1) and (C2,T») be the corresponding
currents. By Definition 6.1.5, the exterior product pu X v corresponds to currents (C,T")
given by

C' = C) K Co,
T = F.®*(Ty ¥ Ty) + (p1 o Taxamr ) *Cr N (i24p3T2) + i1.0iT1 N (P2 © Taxnr ) Co.

Let us denote the currents corresponding to a.(pX1) by (C,T'). Then Proposition 6.1.15
yields a representation of the current T as,

T = p.(da*)*T".

To justify that this expression is well defined, we have to consider (6.21). Recall that for
a tame valuation p we have, WF(T7) C dnT*G \ 0, therefore, we obtain

W(Tl X TQ) - W(Tl) X W(TQ) - dﬂ'E(T*G) X W(Tg).

Condition 2 is satisfied for the submersion ® since the differential d®* at any point is thus
injective. Hence, ®*(T7 X Tb) is well-defined. For a point ¢ € P\ N, we get

WF(®*(Ty K Ty))|, C O WF(Th K 13)|a(q) € " (dre(1T7G) x WF(Ty)).
With Example 5.1.12 we infer for u € Pgyxpr \ M,
WFE(F.2"(Ty K Ty))|, C F®*WEF(Ty K Ty) C F.®* (dr&(T*G) x WE(Ty)) C
{d(® o F7H) (w1, 92) s y1 = drgan, a1 € Ty (p-1(uy) G Y2 € WE(T2) | go(a(r—1 ()}
Let us set
A:={d(®o F N (y1,y2) : u € Posar \ M,y = drgay, 21 € TG} U Np, M.
Proposition 6.1.3 yields that the exterior product is a jointly sequentially continuous map

M Vo (G) x V(M) = Vit amo.no (G X M).
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Hence the map (71,Ts) — F.®*(Ty X Ty) is jointly sequentially continuous as a map
Darz,(r+c)(Pa) x D(Par) — Da(Pexar). Since

supp(io«psTs) C iz(py ' (supp T2)) € Mo,
we obtain supp((p1 o mar)*C1 Nigp3Ts) C Mo and, therefore,

F((p1 o ma)*C1 N (i24p3T2)) € Npg, M2 C A

The map (Cy,T2) — (p1 o mar)*Ch N (i2+p315) is a jointly sequentially continuous map
D(G) x D(Ppr) = Da(Paxar). Similarly, since i1,pjT} is supported on My, we get

WF((il*p’{Tl) N (;52 o WM)*CQ) - NﬁGxMMl - A.

The map (77,C2) — (i1.piT1) N (P2 o mar)*Cy is a jointly sequentially continuous map
Dars, (r+c)(Pa) x D(M) — Da(Pgxar). Thus, we have WIF(T") C A and, therefore,

XV 72(G) x VT2 (M) — EEE)GxM)\o,A\o(G x M).

By Lemma 6.2.2, the image of da* is disjoint from M. Take an element ¢ € A\NIE,TGXMM.
Then

c=d(®o F7 Y (dnfx1,y0) (6.28)
with u € Pgxasr \ M. We then obtain

d(da*)*c = d(® o F~' o da*)*(drkay, y2) = dr* o d((mg o q1) % q2)* (1, %2) (6.29)
d(((mG o q1) X g2) or)* (21, y2). (6.30)

If ¢ # 0, by (6.28), we have (z1,y2) # (0,0) and, since the map ((rgoqi) X g2) or is a
diffeomorphism, we get that d(da*)*c # 0. Hence, by Corollary 6.1.16, the map

0s  ViSamono(G X M) = V(M)

is defined and sequentially continuous. Putting things together, the convolution is well-
defined and jointly sequentially continuous.

. We observe that the images of i1 and is are contained in M, while the image of da* is

disjoint from M, therefore, the second and the third term vanish. Hence, by (6.27), we
get

r=®oF 'oda* = r* = (da*)*F,®",
where this equation holds at first for smooth differential forms but since they are dense,
it holds for all T' € D4(Pgxar) and we obtain the desired formula.

. By (6.4), we have

supp(u X ) C supp(p) x supp(y)
and, by (6.23),

supp(a«(u X)) C a(supp(p X)) C a(supp p X supp ).

Thus the claim follows.
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Proposition 6.2.7. Let p € V_°(G). If 1 € V™°°(M) is smooth or belongs to V; (M), then
the same holds true for p . The maps

1% 1V 0(G) x V(M) — VX (M),
2. % : V2 (G) x V(M) — Vi ® (M),

are jointly sequentially continuous. In particular, if G acts on itself by multiplication, then
V.°(G) is closed under convolution.

Proof.  The currents corresponding to p * v are (C,T) with T' = p,(da*)*T’. To compute the
wave front, let s € (G x M) Xq4.x,, Par. According to (6.29) we have

d(da*)*c = d(® o F~' o da*)*(drkxy, y2)
and, therefore,
WF((da*)*T") C {dri(dnfazy,y2) : v1 € (@ () G Y2 € WE(T2)|gpor(s) }-

We conclude that the push-forward T = p,(da*)*T" satisfies

WF(T)|t =WF(ps(da®)*T") |t C pu(da*) WF(T") (6.31)
g{?’] € jjt*]P)M :ds e p_l(t), ElOél S T:G(q1(T(S)))G’ (632)
Jy2 € WF(T2)|g,(r(s)) such that dpi(n) = dri(drizy,y2)} =: B (6.33)
with t € Pyy;.

1. For ¢ € V*°(M), we have T5 is smooth and, therefore, WF(Ty) = 0. Let n € B, then
there are s = (g,p,[£]) € p~1(¢) and 71 € T;G with

dpg(n) = dri(dngr1,0).

Now, for v € T;Pys, we can choose an element ¢ € Ts((G X M) X g r,, Par) with 0 = (v,0).
Since rgoqior : (G x M) Xqr,, Py — G is the projection on the first factor and p is
the projection on the last factor, we have dps0 = v and d(7wg o ¢1 o r)s0 = 0. Thus,

(n,v) = (n, dpsv) = (dpsn, v) = (dri(dngz1,0),0)
= (d(mrgoqor)ix1,v) = (x1,d(rgoqor)st) =0.
Hence, n = 0, which means that 7" is smooth.

2. For ¢ € V; °°(M), we have, by definition, WF(T3) C dny,(T*M). Let n € B. Then we
have,
dpin = dri(drfay, dilypre) = d(® o F~1 o da®) i (drkay, dnl xs).

For ((g,p), [&1: &2]) € Paxar \ M, we have

(e x mar) o @ o F~1((g,p), [&1 : &) = (ma x mar) (g, [61]), (p, [€2)))
= (9,p) = maxm((9,p) [1 : &2)).

We therefore, get
dpn = d(da”) " dm g py (21, 72).
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Now, we take a vector v € TyP; with dmps(v) = 0. As in the first part of this proof, we can
choose an element 0 € T5((G X M) X g z,, Par) such that dps(0) = v and d(mgxpoda™)s0 =
0. We obtain

(n,v) = (n,dps0) = (dpn, ) = ((x1,22), (7Gx M © da*)s0) = 0.

Once again, by use of (kerdmy )t = imdr;, it follows that n € dn}, (T*M) and ¢ x ) €
Vi 2 (M).

Finally, the convolution makes V. ;°(G) to an algebra. To verify that, we need the associativity
of the convolution:

Proposition 6.2.8. Let G act transitively on M. Let p1,pe € V. °(G) and ¢ € V=°(M).
Then

punx (po * @) = (p1 * p2) * &,

Proof. Let us denote the multiplication on G by m : G x G — G and the action of G on M by
a:Gx M — M. We also have to consider the map a : G x G x M — M defined by

(91,92,p) — 9192p-
Moreover, we define maps r1 : (G X G x M) Xg r,, Par = P x (G X M) Xq 50, Par)

(91,92,]9, [T]) = ((glv [‘fl])v (g2ap7 [52]))

for da*
o da(gl,gzp

Pq) x Py by

)(T) =(1,82) € Ty, G x T, ,M and 12 : (G X G X M) Xany, Py — (G X G) X ng

(91, 92,0, [7]) = ((g1, 92, [€1]), (p, [€2]))
for da?‘glg%p)(T) = (&1,&) € T,,,G xT; M. Finally, we need the maps p1,p2 : (GXGXM) Xy,

]PM — (GXM) Xa,ﬂMPM with p1(917927p7 [T]) = (91,92]9, [T]) and p2(917927p7 [T]) = (91927p7 [T])
Let rpr,7q, pyr and pe be defined as in (6.27). We obtain the following diagram

(G xG X M) Xany, Py s Pe x (G x M) Xa,mn Par) MPGxPGxPM

lm J{id XDM

(GXM) ><omrM IEDM IP’Gx]P’M

[

P

(6.34)

M

and the corresponding diagram

(G x G X M) X0y, Prr —2— ((G x G) x M) xm,wc]Pg)xIP’MMIP’Gx]P’GxPM

lpl ip(; Xid

(G x M) Xa,my PM v Pa X Py
o
Py
(6.35)
59



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfigbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

We set

71 := (id X rpr) oy,
To := (rg X id) o 1y,
P1:=pMm oD,
D2 := PM © D2.

Let (C1,T1),(Cy,T3),(Cs,T3) and (C,T') be the corresponding currents representing piq, fi2, ¢
and pq * (ue * ¢). Then

\

Pyt (T W pagary, (To K T3))

pa x (po * @) - \ / (6.36)

pyvsr (1o W T3

It follows with the reprsentation of the current T,

Th

T = pareryy (T W oppperi (To X T3))
= (pa)«rar(id X par)«(id x rar)* (11 K T K T)
= (pa)«(p1)+77 (id x rar) " (Ty W T K T3)
= (p1)«(71)"(Th X T3 X T3).

On the other hand, let (C’,7") be the pair of currents representing (i * u2) * ¢. Then

Sy

pexre(Ti K Ty)

(1 * pi2) / \ (6.37)

Py (T3 Wpgard (T K Ty))
Ty /

and again we obtain

T" = pusryy (T3 W pgars(Ty K Th))
= (prr)«rar (pe X id)«(ra x id)" (T1 X T» X T3)
= (pm)«(p2)sr3(ra x id)" (Th W T W T3)
= (P2)«(72)" (T1 K T, X T3)

Hence we can deduce that T' = T". Therefore, py * (g * ¢) — (1 * p2) * ¢ is represented by
(C,0) for some C. Since we can approximate with a sequence of smooth valuations, we are
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going to examine the case p1,ps € VX(G) and ¢ € V(M) at first. Hence, C' is smooth
and, by Theorem 2.2.5, uq * (u2 * ¢) — (1 * p2) * ¢ is a multiple of the Euler characteristic
on M. Aiming for py * (ug * ¢) = (1 * u2) * ¢, we can restrict ourselves to the case that the
supports of the valuations p1, puo and ¢ are contained in open sets U;,Us C G and Us C M
such that a(U; x Us x Us) # M, this is possible since we can choose a partition of unity. Then
w1 * (pg * @) — (p1 * pe) * ¢ = rx is a multiple of the Euler characteristic and supported in a
proper subset of M, therefore r = 0.

Next let pu1, p2 € V. °(G) and ¢ € V™=°°(M). By Proposition 6.1.9, it follows that there exist

sequences ,u{, /ﬂé € V.1 (G) and ¢; € V>°(M) converging to pi1, o and ¢ respectively. Finally,
by jointly sequential continuity, we have

1 (b % &) = pax (2 = @)
and

(1] * 13) % ¢ = (un % p1a) * 6.
By the case above, we have

o (b &) = (] % i) &
and, hence,

puy o (p2 * @) = (p1 * p2) * ¢.

[ |

Due to 3 in Proposition 6.2.6, the support of the convolution of two compactly supported
generalized valuations is compact, since it is a closed subset of the set a(suppp x supp ),
which is the image of a compact set under a continuous function. This and Proposition 6.2.8
now imply:

Corollary 6.2.9. The space (V. °(G),*) is an algebra.

c,t

6.2.1 Extension of the convolution of valuations on vector spaces

As we will see in this section the convolution defined in Definition 6.2.1 is an extension of the
convolution of Section 3.

For A € K(V), we can define a generalized valuation

(C(A), ) = pu(A), € VE(V).

If we take a compactly supported signed measure p on V', we obtain the generalized valuation
Yas= [ Dy = 4) duy) € V=),
With fixed p, the map (V) — V=°(V)
Ay a (6.38)

is continuous. This follows by dominated convergence and the fact that the normal cycle is a
continuous map from K£(V) — R.

Proposition 6.2.10. Let pu be a smooth compactly supported signed measure and let A be a
smooth convex body. Then the image of the smooth valuation T with 7(K) = pu(K + A) under
the injection V>°(V)) = V=>(V) equals 1, 4.
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Proof. This follows by the definition of the product and the perfect pairing. If v € V°(V), then
(rv) = [rov= [ty = Dduy) = [ T~ D.0)du(y) = W)
14 \%

Proposition 6.2.11. Let Vi, Vs be affine spaces. Let uy, uo be compactly supported signed
measures and A; € KC(V;),i=1,2. Then

77[1#1,141 X w#z,fb = d’ul&tz,z‘h xAg-

Proof. By the following computations, we have

VpaRpn, Ay x Ay (V1, V2) = / (C((y1,y2) — A1 x Az), (v1,v2))d(p1 B p2) (Y1, y2) =

VixVa
— / / (D((y1 — A1) % (y2 — A2)), (v1, v2))dpaa (y1)dpia (32)
Vi Vo
= /Vl(yl — Ap)dp (y1) X /VZ(EJQ — A2)dpa(y2)
Vi Va
= [ T~ A ) () B [ (T~ Ax).v)dna()
:‘?wm,Al X py,a,) (1, 12). .
Thus the claim follows. |

Finally we can show that the convolution on generalized valuations actually extends the convo-
lution constructed in Section 3.

Proposition 6.2.12. Leta:V xV — V be the addition map. Let i be a compactly supported
smooth signed measure, Ay, Ay € K (V') with positive curvature. Then

G*wu,Al XAy — wa*M,A1+A2 .

Proof. We define a sequence of convex bodies with smooth boundary and positive curvature,
B;, by their support functions. After fixing a Euclidean scalar product, we can take a sequence
of smooth probability measures p; on SO(2n), with supp(p;) — Id and set

MBLO = [ gl x A2).€)dpil).

SO(2n)

B, has the desired properties, since we can interchange differentiation and integration and it
has positive curvature, since A7 X Ao has positive curvature. Now, let us take an arbitrary
& € V*. The map g — g(A; x Ag) is continuous with respect to the topology on SO(2n) and
the Hausdorff metric. Due to the continuity of h, we get a neighbourhood W of A; x As, such
that [h(A, &) — h(A1 X Ay, &)| < € for all A € W. Furthermore let us take a neighbourhood U
of the identity element in SO(2n) and let i be sufficiently large such that supp(p;) € U and
U(A; x Ag) C W. We obtain with the triangle inequality,

| gl x 42).6) = (A1 x Az, €)dpilg)| < e
SO(2n)
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Hence, we have convergence of B; — Ay x Ay. We aim for convergence of ¢, g, in V, T(V x V),
therefore we describe the corresponding currents and seek for an integral representation of the

form
u(K + B;) /u—l— / n

for some v € Q?*(V x V) and n € Q2" 1Py ).

e v: By definition of the convolution of a measure with a measureable and bounded function,
the current C; is given by the smooth function 1, * € C°(V). Therefore v = 1p, * p.

e 7): Since B; is smooth, the normal cycle of K + B; is given by (7;).N(K) (this is similar to
the map G 4 in Equation (3.2)), where 7; : Py — Py v is given by 7;(x1, 2, [&1 @ &2]) =
((x1,2) + dg, g2)hB;, [€1 : &2]). By the Poincare lemma, we can choose x € Q2" 1(V x V)
with dx = p. With Stoke’s theorem, we get

pk+By= [ = [an= [ w= [ wan= [ mrien
K+B; K+B; (K+B;) N(K+B;) N(K)
Hence n = 77y, /K.

By 5.7 and 5.8 we infer that C; = 1p, * p and T; = D(7/ (k) = 777y 1. Next, let us
consider the set M from the beginning of this section:

M=VXVXSCPyyyyw =P (T*(VxV))=(VxV)xPL((VxV)"),
where

S:i={[61:0]: & e VIN{OF UL{[0: L] : & € VEN{0}} C Py ((V x V)).

Let A CT*(V x V) \ 0 be the set generated by the positive multiples on the second factor in
T*(V x V)\ 0 of M and set I' := 7{, ,yA € T*Pyy \ 0. Continuity of the convolution with
respect to the Hausdorff metric yields convergence of 1, * pu in Dy, 4(V x V) to TLa,xa, * p.
The support function of Ay x A is smooth outside S and hp,|(vxv)\s = hayxa,|(vxv)=\s, in
C*®((V x V)*\ S). Therefore, 7; converges in C*°(Pyxy \ M, Py« \ M). Hence the currents
T; converge smoothly to T outside I'. We can conclude that v, B, = ¢, 4, x4, in VT (V x V).
By Lemma 6.2.2, we have ’

CANg, (VXV) Xamy,, Pv)=0.
Therefore, Proposition 6.2.6 implies that the push-forward map
Gy VX}O(V X V)=V (V)
is a sequentially continuous map. By [6, Proposition 3.6.5] we have
. B; = Va, pa(By)

and with (6.38) we obtain the convergence of a.ty, B, = Vo, pa(B;) 10 Yaup,a1+4, in V72(V),
since addition is continuous in the Hausdorff metric. Hence we get a«v¥, B, — as, A,x4, in
the weak topology, and, moreover, on a«¥, A, x A, = Va, u,A;+A,, as claimed. |
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