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Preface 
 

 

While writing this thesis, it is time to take a look back on the past four years and rethink 

numerous ideas that came up during the experiments and, at times, rather in between the 

scientific work. Failures like inoperative prototypes were taking place next to more pleasant 

adventures, such as no fewer than seven patents registered since 20141. Some of these have 

been developed for one of the companies that I frequently deal with; others for the Technical 

University of Vienna, which means something special to me. While industrial patents are a 

fixed part of a company strategy to protect knowledge created in-house and demonstrate 

innovative strength to the sector, applied technological development is often viewed with 

some reservation at scientific institutions, even in technical areas. “Too far away from basic 

research,” or, “with too low an academic level for university research” are standard phrases 

put against application-oriented research. Meanwhile, many projects without direct use for 

industrial application often do not meet customer needs. 

I must confess that there are some who have made ritzier calculations of complex problems or 

have set up their experiments closer to the latest methods of authors in top journals. However, 

my basic idea behind every single project is to improve an existing solution, solve a given 

problem, or give food for thought by creating products – not only concepts – that are 

standalone solutions which find their place even amongst the numerous existing devices in the 

sector of sensor technology. These solutions mostly evolve from similar concepts developed 

in the past, by me or my predecessors, but with a subtle difference, thereby creating 

something completely new, as we will see in the present thesis. 

With this attitude, me and my team do not always run into open doors. Naturally, everyone 

who does not run a system according to existing rules is met with resistance; currently 

however, a new designation, especially in the startup community, is evolving for such people. 

We call these people “Game Changers” and appreciate their novel concepts that have been 

created outside of the boundaries posed by large companies, or even what would seem 

reasonable under huge economic pressure at large. These “Game Changers” devise products 

and services that are out of the box, driven by their own creativity and personal enthusiasm 

for a vision of something new and sometimes, at first sight, unusable. Indeed, some ideas 

                                                 
1 Two patents registered within the scientific work (AT517945 (A4)  -  SENSOR ZUR BESTIMMUNG EINES 
DREHWINKELS – 15.06.2017 – issued and PCT/AT2017/060082 – Force Sensor – 04.10.2018 – issued and 
internationalized (PCT)) and five patents within the industrial development (two issued – three registered) 

https://at.espacenet.com/publicationDetails/biblio?FT=D&date=20170615&DB=&locale=de_AT&CC=AT&NR=517945A4&KC=A4&ND=4
https://at.espacenet.com/publicationDetails/biblio?FT=D&date=20170615&DB=&locale=de_AT&CC=AT&NR=517945A4&KC=A4&ND=4
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reveal their best usage only long after having been invented, as it has been the case with the 

PikoSens prototype which was originally designed as a force-sensor and now works as a high 

precision displacement-sensor in many prototype applications. Being a Game Changer means 

swimming against the tide and going the path of greatest resistance. But it is the best part of 

the game to work on something new by changing everything old; which, however, does not 

mean that everything old has to be changed (like the title page of the University of Göttingen 

from 1908). 

This thesis, which mainly talks about the PikoSens project, is the outcome of the past four 

years of autonomous research enabled mostly by Professor Franz Keplinger. He allowed free 

reign to me and my ideas and undertakings, which were not always easy to handle whilst my 

team and I were spending a lot of time fixing problems outside of my research work. In the 

end, we are able to show a well-defined sensor prototype beyond entrepreneurial applications, 

which already allows us to cooperate with two leading companies from the measurement 

technology sector in third-party funded research projects, and we look ahead to continuing the 

scientific work in the next years to create stand-alone sensor technology for highly complex 

applications. The university background opens many doors for us to deal with the best 

companies in our sector, and we are hopeful for this cooperation to continue. 
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Kurzfassung 
 
 
Diese Arbeit beschäftigt sich mit den Möglichkeiten, einfache MEMS Sensor-Strukturen 

möglichst umfangreich zu nutzen und deren Einsatzmöglichkeiten zu erweitern. Der 

Ausgangspunkt der Entwicklung sind die Arbeiten von Univ.-Prof. Dr. Franz Keplinger und 

Dr. Michael Stifter, welche sich zunächst mit der Herstellung und Vermessung von einfachen 

Silizium Kragbalken für den Einsatz als eindimensionales Magnetometer beschäftigen und im 

Weiteren, durch die Weiterentwicklung zu U-förmigen Balken, auch zwei Feldkomponenten 

des Magnetfeldes vermessen können. Eingesetzt werden für diese Sensor-Strukturen Standard 

MEMS Prozesse sowie Referenzmessungen unter dem Einsatz eines Laser-Doppler-

Vibrometers, welches als Referenz für alle weitern Strukturen herangezogen wird, wodurch 

eine hohe Vergleichbarkeit der Strukturen gegeben ist.  Diese vom Prinzip nicht neue 

Technologie wurde jedoch durch deren Arbeit so fein abgestimmt, dass die erzielbare 

Sensitivität im Bereich jener der Hall-Sensoren liegt und mit Messbedingungen im Vakuum 

noch verbessert werden kann. 

Alle erwähnten Sensoren sind Lorentz Kraft angeregt und haben zu diesem Zweck 

Leiterbahnen, meist aus Gold, auf ihrer Oberfläche mittels welcher bei den Sensoren durch 

geeignete Positionierung gezielt zwischen mehreren Feldkomponenten unterschieden werden 

kann. Dieses Prinzip wird übernommen und findet auch bei der weiteren Entwicklung der 

Sensorstrukturen in dieser Arbeit Anwendung. Die Entwicklung geht dabei mit dem Vorbild 

der U-Struktur, mit welcher ein bis zwei Magnetfeldkomponenten vermessen werden können, 

hin zu einer Magnetfeldgradientenstruktur, welche eine örtliche Auflösung des Feldgradienten 

abbilden soll. Dies wird durch zwei gegenübergestellte und mechanisch gekoppelte 

Strukturen realisiert. Von dieser Sensor-Struktur wurden im Zuge der Entwicklung zwei 

unterschiedliche Strukturen realisiert welche durch geschickte Geometrieauswahl 

unterschiedliche Temperaturabhängigkeiten der Resonanzfrequenz aufweisen. Bei ansonsten 

gleichbleibenden Werkstoff- und Geometrieparametern konnte auf diese Weise die 

Abhängigkeit von der Umgebungstemperatur um 75% verringert werden2.  

Im letzten Abschnitt wird auf die Entwicklung des PikoSens „Displacement Sensors“ 

eingegangen, welcher als Weiterentwicklung der Magnetfeldgradientenstruktur gesehen 

werden kann. Eine kreuzförmige Basis-Struktur dient als vorgespannte Saite und wird durch 

die Verschiebung des Sensorrahmens, welcher in vier Bereiche unterteilt ist, „verspannt“. 

                                                 
2 A. Dabsch et al.; „Temperature dependency of silicon structure for magnetic field gradient sensing“; Journal of Micromechanics and Microengineering; Dec. 2017 

http://iopscience.iop.org/journal/0960-1317
http://iopscience.iop.org/journal/0960-1317
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Diese Verspannung bewirkt eine unterschiedliche Änderung aller Resonanzmoden, je nach 

Belastungsrichtung und –stärke. Durch dieses Modell können mehrere Kraftkomponenten 

gleichzeitig bestimmt werden, was sowohl durch Simulation als auch durch Messungen 

gezeigt wird. Die Vorteile der Temperatureffekt-Kompensation aus den Gradienten-

Strukturen wurden für diese Entwicklung übernommen, wobei der Effekt auch hier deutlich 

nachweisbar ist. 
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I. Motivation and Concepts  

1.1 Introduction 
 
Let’s start.  

Sensors are the most powerful tools in an automation process and in the aspiring field of 

robotics. As Goethe said, “The senses are not deceiving, but the verdict is deceptive”3 . 

Modern sensors are the senses of robots and machines, which interact with humans in many 

applications: From uses in the automotive sector to modern electronic devices, up to fully 

automated fabrication and delivery systems.  

In recent years, the level auf automation in industry and production has increased 

dramatically. This has been accompanied by a large and growing number of sensor 

manufacturers from a wide variety of specialties and various economic sectors. The global 

sensor market for automation processes is expected to grow at an annual rate of 11.3% during 

the five-year period starting 2017 and to reach a market volume of 241 billion dollars4. 

According to the same study, medical technologies will grow above average at 12.6% per 

year and will outpace the electronics industry with respect to the number of sensor elements 

used. In the same period, the number of requested industry robots will double, up to over 

500,000 units per year5. 

Increased interest in sensors in almost all industries favours the development of novel, highly 

specialised sensors and thus fuels the interest of researchers and research institutes. Combined 

                                                 
3 Johann Wolfang von Goethe;„Maximen und Reflexionen, Nachlaß, Über Natur und Naturwissenschaft“ 
4 CAGR – Allied Market Research – German Ministry for Economy and Energy “Industrie 4.0 Zielmarktanalyse 
USA 2017” 
5  IFR – International Federation of Robotics; „How robots conquer industry worldwide“; 
https://ifr.org/downloads/press/Presentation_PC_27_Sept_2017.pdf; 27.9.2018 12:34 Uhr. 
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with new driveline technologies, sensor and measurement systems are strong tools for 

automation tasks and justify high development costs of smart automation systems.  

Developing new sensor technologies does not always mean starting from scratch, but rather 

also finding new ways to use existing tools with a minimum effort of adaption. It can either 

mean creating sensors with a wide range of applications and finding new ways to implement 

them, or finding new possibilities to use the existing hardware of sensors to measure other 

physical quantities. For example, we’ve developed the PikoSens sensing element to measure 

small displacements based on a classic magnetic-field-sensor, using the main features of the 

microstructure. 

 

Mechanical micro sensors, generally grouped under the collective term MEMS (micro-

electro-mechanical-system), along with widely spread silicon etching and CMOS technology, 

open a wide area of possibilities and provide a maximum of freedom for layout options. These 

standard tools enable the use of mechanical sensors for many applications, e.g. electro-

magnetic field sensors and micro fluidic elements, as well as force- or displacement sensing.  

 

The first chapter of this work explains the theoretical background of the sensor development 

and the models for the simulation processes. The attached chapters are the presented 

publications in chronological order, followed by the patent document (PCT) of the developed 

sensor which is the basis of this work. 
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1.2 Existing MEMS devices 
 

The starting point of the development of the PikoSens displacement sensors is the resonant 

single cantilever magnetic field sensor, invented by Donzier et. al. in 1991i. The sensor device 

is a cantilever manufactured out of a monocrystalline silicon, using standard etching 

technology. The excitation is achieved through the Lorentz force, triggered by an alternating 

current with a frequency near the resonance frequency of the cantilever, and the external static 

B-field.  

 

 
Figure 1: left: single clamped "cantilever" plate, right: double clamped cantilever. Depicted are the main 
parameters for an excitation of the cantilever by the Lorentz force under the influence of a magnetic field. 

 

Using this simple structure design, the authors found that the sensitivity of the device is 

independent of the plate size and inversely proportional to the third power of the thickness. 

The resolution reached with this technology is 10 nT/Hz (resonance frequency 10 kHz and 

current 20 mA). Due to the high plate surface-to-mass ratio of the sensing structure, air 

damping is the largest limitation to a high Q factor and resolution. The design is applied in 

ATM (atomic force microscope) too, extended by an ultrafine measuring tip at the free end of 

the cantilever, as presented by Koblischka et. al.ii, amongst others. An enhanced version of 

this sensor device was presented by Stifter in 2012 iii  by using the same structure type 

extended by a counter electrode based capacitive readout and tested at the CERN accelerator 

dipole in 2015iv, as described in Publication I. 

Using the same single clamped cantilever type, Lang et. al.v presented a chemical sensor, 

based on a cantilever array of eight parallel cantilevers, fixed on the same side, to detect gases 

and vapors. The sensor uses additional coatings on the top surface, which interact with the gas 

to be detected. The linked particles on the surface increase the effective mass of the 

cantilever  ∆𝑚 . Based on this, there are two operation modes for the sensor device. One 
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detects the static bending of the cantilever, which is related to the surface stress. The second, 

dynamic mode detects the mass change by the following formulavi,   

 
 ∆𝑚 =  𝑘0.72𝜋² ( 1𝑓𝑓2 − 1𝑓𝑖2) 

 

(1) 

where 𝑘 is the spring constant of the cantilever, 𝑓𝑖 the resonance frequency without additional 

load and 𝑓𝑓 the resonance frequency during the measurement. This fundamental equation is 

derived from the simple, single cantilever structure. It shows that the indirect connection 

between resonance frequencies is associated with the function of the PikoSens device, as will 

be shown below.  

The fundamental approach to using an existing development for alternative applications is the 

principal contribution of this work. The range of applications is further extended by Baselt et. 

al. in 2002, who present another possibility for the usage of a single clamped cantilever, 

introducing a micro cantilever-based hydrogen sensor which is able to detect hydrogen 

concentrations between 0.1 and 100% (linear output in a range of 10 to 90% hydrogen)vii. The 

best example for an application of such sensors can be found in fuel cells to detect hazardous 

leaks in hydrogen tanks, which operate in the same way as the chemical sensor by Lang (v). 

The Sensor uses a thin-film coated polymer layer, interacting with the surrounding hydrogen 

(this process is fully reversible) and increases the bending of the cantilever depending on the 

hydrogen concentration on the surface-layer. Using a capacitive readout, the counter electrode 

detects the bending of the cantilever tip.  

In 2005, Keplingerviii introduced a magnetic field sensor based on the works of Deladiix and 

Latorrex, using a U-shaped cantilever, excited also by Lorentz Force. This structure type has a 

larger width/stiffness ratio which enables higher sensitivity compared to the single clamped 

cantilever “plates”. Using these fewer stiff structures, three components of the magnetic flux 

density are theoretically detectable, utilizing symmetric-/antisymmetric and in-plane 

excitation respectively. Simulations show that such in-plane modes have resonance 

frequencies in a range that is not accessible by currently available measuring instruments. 
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Figure 2: U-shaped cantilever with the main parameters (I, B and F) acting as a magnetometer. Only the 
beam in y-direction has a contribution to the excitation. 

 

These devices have higher sensitivity with regard to the single clamped cantilever and reach 

higher Q factors which does not seem extraordinary considering the much higher 

stiffness/mass ratio (approximately height/cross-section-area of the cantilever). Splitting the 

readout of the vibration amplitude into a symmetric and an antisymmetric component, the 

device, when restricted to one component of the flux density, allows the determination of the 

flux density gradient. The most important limitation, also with this device, is the Q factor 

(~10³ with this sensor) which can be increased by bringing the sensor device into a tight 

sealed vacuum encapsulation. Then, Q factors in a range of 105 are achievable.  

 

1.2.1 Further development 
 
The existing devices mentioned above deliver the tools to design a stand-alone magnetic field 

gradient sensor using a mirrored double U-shaped structure as described in Publication II xi. 

Both U-shaped-substructures are interconnected by an additional coupling bar to align 

minimal variations of the geometry of both U-structures caused by variations in the 

manufacturing process and, therefore, variations in the resonance frequencies of the two 

structures. The resonant operation mode needs an exact synchronisation of the two opposite 

structures as the high Q factor produces differences in the deflection without the coupling bar. 
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Figure 3: Magnetic field gradient structures. Left: double U-shaped structure. Right: Omega-shaped 
strucure, Temperature effect compensation sub-structure (3) 

To analyse the temperature dependency of the double clamped structures (attachment points 

are marked with green arrows), two different structure types are introduced. Fig. 3 & 4, one 

double U-shaped structure (left picture) as already described and a double omega-shaped 

structure (right picture), which has a much lower temperature dependency of the resonance 

frequency than the double U-shaped one.6  

 
Figure 4: Cross shaped displacement sensing structure "PikoSens" with the theoretical possible 
parameters to be measured (F1, F2, M1, M2 and M3). 

 

Coming from the structures for the magnetic field gradient, we already have wide-range 

knowledge about the effects of external loads on the resonance frequency of the respective 

modes of the structure. Taking a step further, we introduce a cross shaped structure that is 

related to the double U-shaped structure, to measure the displacement in the x- and y-direction 

by tracing the resonance frequency of different vibration modes. Therefore, the cross-shaped 

structure is attached at its four ends to a sensor frame that has meander sub-structures between 

                                                 
6 As shown in “A. Dabsch, “Temperature dependency of silicon structures for magnetic field gradient sensing” 
Journal of Micromechanics and Microengineering, July 2017” [23] 
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the attachment points to enable the deformation of the sensing element. With this structure 

type, we are theoretically able to measure five degrees of freedom (DOF). The possible 

parameters to measure are two linear displacements in the plane of the sensing structure (F1 

and F2) and three moments (M1, M2 and M3) around the three main axes. The displacement 

measurement structure, named “PikoSens”, is the main contribution of the present work and is 

part of the further development to implement the wide field of application of this structure 

type. 
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II. Background and Theory  

 

 

 
2.1 Euler-Bernoulli and Timoshenko beam  

 

Like many calculations in this field, the theoretical background within this work starts with 

the Euler-Bernoulli and, subsequently, the Timoshenko beam theory. These two fundamental 

theories qualify the standard model of a cantilever, independent of its mounting (e.g. single- 

or double clamped) by choosing the appropriate boundary conditions. xii  The following 

equation, the Euler-Bernoulli equation, is the most general way to describe a single cantilever: 

 

 

 𝜕2𝜕𝑥2 (𝐸𝐽𝑦𝑧(𝑥) 𝜕2𝜓𝜕𝑥2 ) + 𝜌𝐴(𝑥) 𝜕2𝜓𝜕𝑡2 = 𝑞(𝑥, 𝑡) 
(2) 

 

This partial differential equation of 4th order is described by the young’s modulus E xiii which 

will be described later, 𝐽𝑦𝑧  the geometrical moment of inertia of the present cross section 𝐴(𝑥) and the mass density 𝜌. The transvers loading is represented by  𝑞(𝑥, 𝑡). The anisotropic 

SOI wafer used for this special case will be described in a later chapter.  

 

 
Figure 5: single clamped cantilever with constant geometrical moment of inertia and material 
characteristica over the entire length. 
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The term 𝐸𝐽𝑦𝑧(𝑥) represents the bending stiffness of the cantilever and is the most important 

factor to determine the eigenfrequencies of the cantilever. 𝜓 is the displacement of the beam 

in the z-direction7.  

The following equations simplify the Timoshenko theory:  

 

 𝑀 = −𝐸𝐽𝑦𝑧(𝑥) 𝜕2𝜓𝜕𝑥2      and    𝜕𝑀𝜕𝑥 = 𝐹 = −𝐸𝐽𝑦𝑧(𝑥) 𝜕3𝜓𝜕𝑥3  

 

(3) 

Here, M is the bending moment of the beam and F is the shearing force. With a constant cross 

section over the complete length, 𝐽𝑦𝑧(𝑥)  is independent of the longitudinal coordinate x 

( 𝐽𝑦𝑧(𝑥)  ⟶  𝐽𝑦𝑧 ). By separating X and T, the equilibrium conditions can be described as 

follows: 

 

 𝜕𝐹𝜕𝑥 = −𝑞 
(4) 

 

 𝐸𝐽𝑦𝑧 𝜕4𝜓𝜕𝑥4 = − 𝜕2𝑀𝜕𝑥2 = 𝑞 
(5) 

 
The equations are used for a single clamped cantilever by solving the eigenvalue problem 

with a separation ansatz. It should be noted that these equations are limited to the length of the 

cantilever if the Poisson’s ratio 𝜈xiv is negligible. 

 

 𝜓(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡)     and     𝑇(𝑡) ∝ 𝑒−𝑖𝜔𝑡 (6) 

   

In this case, using  𝛽 = 𝜌𝐴𝐸𝐽𝑦𝑧, the Euler-Bernoulli equation becomes 

 

 𝜕4𝜓𝜕𝑥4 + 𝛽 𝜕2𝜓𝜕𝑡2 = 0 
(7) 

 

A harmonic ansatz for X(x) is 

 

                                                 
7 The (static) deflection of the single cantilever as well as in good condition the U-shaped cantilever excited by 
the Lorentz force is given by the following: 𝐹𝐿 = 𝐼 ∙ 𝐵 ∙ 𝐿  (with 𝐼 as the current; 𝐵 is the magnetic flux density 
and L the length of the current carrying conductor); deflection 𝑊(𝑙) = 𝐹𝐿∙𝑙33𝐸𝐽 . 
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 𝑋(𝑥) = 𝐶1 cos(𝛽𝜔2𝑥) + 𝐶2 sin(𝛽𝜔2𝑥) + 𝐶3 cosh(𝛽𝜔2𝑥) + 𝐶4 sinh(𝛽𝜔2𝑥) (8) 

 

The boundary conditions for a single clamped cantilever, in fact of zero bending moment and 

zero shearing force at the tip of the beam, are: 

 

 𝜓(0) = 𝜓′(0) = 𝜓′′(𝐿) = 𝜓′′′ (𝐿) = 0 (9) 

 

Solving the eigenvalue problem with these boundary conditions, the characteristic polynomial 

and the geometric Eigenfrequenciesxv become   1 + cos(𝜅𝑖𝐿) cosh(𝜅𝑖𝐿) = 0 

 

 𝜅𝑖 = √𝜔2 𝜌𝐴𝐸𝐽𝑦𝑧4    (10) 

 

Solving the equation of the characteristic polynomial for the first three modes, we get 𝜅1𝐿 =1.875; 𝜅2𝐿 = 4.694 and 𝜅2𝐿 = 7.855.  The eigenfrequencies become: 

 

 

 𝜔𝑖 = 𝜅𝑖2√𝐸𝐽𝑦𝑧𝜌𝐴  
(11) 

 
The Timoshenko beam equation includes the shear deformation in the cantilever. These 
deformations have an effect if the following condition cannot be met, where G is the shear 
modulus: 
 
 
 𝐸𝐽𝑦𝑧𝜈 𝐴 𝐺 𝐿2 ≪ 1 

(12) 

 
Equation 12 is the relation between bending stiffness and shear stiffness times length square 
and means that the Euler Bernoulli beam has a higher stiffness overall than the Timoshenko 
beam which is given by the following equation: 
 
 
 𝜕2𝜕𝑥2 (𝐸𝐽𝑦𝑧(𝑥) 𝜕2𝜓𝜕𝑥2 ) + 𝜌 𝐽𝑦𝑧 𝜕2𝜓𝜕𝑡2  +  𝜈 𝐴 𝐺 𝜕 𝜓𝜕𝑥 = 𝑞(𝑥, 𝑡) 

(13) 
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2.2 The U-shaped cantilever 
 

 
 

In case of the U-shaped cantilever, we add an additional tip mass to simulate the crossbeam 

and assume that the geometrical moment of inertia 𝐽𝑦𝑧 is equal for the single cantilever as 

well as the U-shaped one. The additional boundary condition, which constitutes the shear 

force at the tip of the cantilever, in respect of the tip mass is: 

 

 𝜓′′′(𝐿) + 𝜅𝑖4 𝜇 𝐿 𝜓(𝐿) = 0  (14) 

 

with the mass ratio 𝜇. 

 𝜇 = 𝑚𝜌𝐴𝐿 (15) 

 

In this case, the mass m represents the cross beam of the U-shaped cantilever and A is the 

cross section of both cantilevers in x-direction. The characteristic polynomial with this new 

boundary condition extends to  

 

 1 + cos(𝜅𝐿) cosh(𝜅𝐿) + 𝜇 𝜅 𝐿[cos(𝜅𝐿) sinh(𝜅𝐿) − sin(𝜅𝐿) cosh(κL)] = 0 xvi (16) 



The U-shaped cantilever 

 
 22 

 
Figure 6: Analytical model for the U-Shaped Cantilever with an additional mass on the tip of a single 
clamped cantilever instead of the cross beam. 

 

This approximation of the U-shaped cantilever loses its validity at higher vibration modes 

compared to FEM simulations as done by Stifter (iv), e.g. because the single cantilever’s tip 

mass neglects the bending as well as the wide of the crossbeam.  
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2.3 Magnetic field gradient structures 

 
As described in the previous chapter, the investigated cantilever is a double U-shaped 

structure with an additional coupling bar between the two substructures to measure the 

magnetic flux density gradient. The coupling bar aligns the vibration of both structures, which 

have small differences in their resonance frequency due to manufacturing tolerances.  

 

 
Figure 7: Double U-shaped structure, parallel excitation mode, magnetic flux density and gradient in x-
direction 

The structures are Lorentz force driven as depicts in figure 7. If the magnetic flux density (z-

direction) is perpendicular to the crossbeams, the remaining leads (x-direction) are negligible 

due to the excitation of the vibration modes. The Lorenz force, based on Faradays induction 

lawxvii, acts on the structure in z-direction is described as 

 

 𝐹𝑧⃗⃗⃗⃗ = 𝐿𝑦𝑦 𝐼𝑦⃗⃗⃗⃗ × 𝐵𝑥⃗⃗⃗⃗⃗         𝐼⊥𝐵→⎯ሮ       = 𝐿𝑦𝑦 𝐼𝑦⃗⃗⃗⃗  𝐵𝑥⃗⃗⃗⃗⃗ (17) 

 

The measurement signal of a magnetic flux density gradient in x-direction is the difference of 

the deflection amplitude between the both crossbeams. To reduce the required current 

strength of the sensing element and thus an unwanted self-heating of the structure the sensor 

works in a frequency selective system near to the resonance frequencies of the mechanical 
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structures. Therefore, the quality factor Q is the most important index to describe a 

mechanical resonator. There are different ways do estimate the Q factor like the bandwidth 

methodxviii or the logarithmic decrement method. 

The Q factor can be described as 

 

 𝑄 = 𝜔0Δω (18) 

 

Where 𝜔0 is the resonance frequency and Δω the frequency gap at half high of the resonance 

peak. In a resonant vibration mode, the signal of the resonator amplifies with the Q factor 

around the resonance frequency. A complete calculation of the quality factor can only be 

approximated for complex structures as seen in [XVIII] and perfectly summarised and 

reprocessed by S. Schmid. A reduction of the Q factor is mostly induced by damping 

mechanismsxix like clamping, friction, surface-friction, thermo elastic damping (TED) and in 

case of double clamped beams – dilution damping.  

 

The simplified model for an analytical calculation of the flux density gradient structure is a 

double clamped cantilever with an additional mass in the middle (see Figure 10). The 

calculations and the FEM simulations are in good agreement with the measurements for the 

first symmetric and the first anti-symmetric mode (see chapter 4.4.5 Table III). The same 

model is also applied for the cross shaped displacement sensor structure in the following 

chapter.  

Special contributions will be made to the coupling bar, which interconnects the two U-shaped 

substructures. For small flux density gradients, a larger width between the two crossbeams 

enables a higher sensitivity of the sensor while keeping the spring constant of the crossbeam 

constant. The variable parameter of the coupling bar is the width b, which influences the 

coupling factor of the interconnection (XI).  Γ means the width of the resonance peak at half high, is represented by Δ𝜔𝑠 which is the 

difference between the resonance frequencies of the coupled resonators.  

 

 Γ = Δ𝜔𝑠 = 𝜔2 − 𝜔1 = 𝑘𝑐𝑘𝑅 𝜔1 
(19) 
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With 𝑘𝑐 is the spring constant of the coupling bar and 𝑘𝑅 of the resonator. Both are mostly 

determined by the Young’s modulus, which is constant all over the structure. For Δ𝜔𝑠 ≪ Γ we 

are in the strong coupling regime. 

 

 
Figure 8: Resonant amplitude over frequency.  a: two strongly coupled resonators; b: resonance gap with 𝛥𝜔𝑠 in the scale of  𝛤; c: weak coupling of two resonators. Figure adopted from [xix]. 

 

Too weak of a coupling creates a resonance frequency gap between the two sub structures 

which means an unequal amplification between these both sub-structures while exciting the 

sensor with an single frequency signal. This also means a variation in the deflection of the U-

shaped cantilevers regarding to a change in the magnetic flux density.  

 

  
Figure 9: left: first symmetric mode of the double U-shaped structure; right: first anti-symmetric vibration 
mode 

Creating an analytical model, the geometrical boundary conditions of the both sided clamped 

double U-shaped structure is given as: 

 

 𝜓(0) = 𝜓′(0) = 𝜓(𝐿) = 𝜓′(𝐿) = 0                                        (20) 

 

In the following, a case discrimination between symmetric and anti-symmetric vibration 

modes creates different boundary conditions: 
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For symmetric modes  

 

 𝜓′ (𝐿2) = 0             𝜓′′(0) = 𝜓′′(𝐿) (21) 

 

and for anti-symmetric modes 

 

 𝜓′′ (𝐿2) = 0             𝜓′′(0) = −𝜓′′(𝐿) (22) 

   

 
 

Figure 10: Double clamped cantilever as analogous model for the double U-shaped as well as the cross-
shaped structure. 

 

In Figure 10 m’ is the reduced mass out of the two cross beams as well as the coupling bar 

which influences the mass ratio 𝜇: 

 

 𝜇 = 𝑚′𝜌𝐴𝐿 
(23) 

 

With the given set of boundary conditions (equation 20 and 21), the eigenvalue problem can 

be summarised to the characteristic polynomial: 

 

 cos(𝜅𝐿) sinh(𝜅𝐿) + cosh(𝜅𝐿) sin(𝜅𝐿) + 𝜅𝜇𝐿 cos(𝜅𝐿) cosh(𝜅𝐿) − 1 = 0 (24) 
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Depending on the mass ratio 𝜇, we can distinguish three cases: 

 

 𝜇 = 0 ⟶ 𝜅1𝐿 = 0,501;  𝜅2𝐿 = 2,212;  𝜅2𝐿 = 5,504 

 

(25) 

 𝜇 = 1 ⟶ 𝜅1𝐿 = 0,334;  𝜅2𝐿 = 1,810;  𝜅2𝐿 = 4,883 

 

(26) 

 𝜇 ≫ 1 ⟶ 𝜅1𝐿 = 1,571;  𝜅2𝐿 = 4,712;  𝜅2𝐿 = 7,854 (27) 

 𝜇 = 0 ⟶ Represents a double clamped cantilever without an additional mass in the middle. 𝜇 = 1 ⟶ Is the most representative case for the given cantilever. 𝜇 ≫ 1 ⟶ Theoretical model for a large additional mass on a string. 
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2.3.1 Nonlinearities occurring at double clamped cantilevers 
 
The two main sources of nonlinearities are material effects and geometric nonlinearity. The 

nonlinearities of the material, described by the enlarged Hooke’s law (equation 28). While in 

most cases small deflections result in linear behaviour between stress and strain, larger 

deflections are the reality. Even the Young’s modulus has nonlinearities, which is described 

in the enlarged Hook’s lawxx: 

 𝜎 = 𝐸0𝜀 + 𝐸1𝜀2 + ⋯ (28) 

 

The second part is the geometric nonlinearity which is most influenced by the clamping and 

the cantilever type. An example is the structure type as seen in Figure 10, a double clamped 

cantilever. The main parameter is spring hardening by elongation of the deflected 

cantileverxxi. The spring constant of the resonator 𝑘𝑅 enlarges to: 

 

 𝑘𝑅 = 𝑘𝑅0(1 + 𝑘𝑅1𝑥 + 𝑘𝑅2𝑥2 + ⋯ ) (29) 

 

The material nonlinearity is a restriction for sensors measuring the deflection, like the Lorentz 

force driven magnetic field sensors described above (chapter 2.2), where the measuring range 

is limited due to the nonlinear effects at higher deflections. The geometric nonlinearity effect 

affects sensors measuring the resonance frequency like the PikoSens micro displacement 

sensor (chapter VI) or the chemical sensor by H. Lang et. al.[v]. Figure 11 depicts the effect 

of a nonlinear spring constant on the transfer function.  

 

 
Figure 11: left: linear response of an oscillator transmission curve; right: the resonance peak is driften to 
lower frequencies (xxi, p.716) 

 

Geometrical nonlinearity is most seen by bending modes as used in almost every sensor 

structure described before and often occur parallel with temperature affected effects like 

buckling due to thermal expansion or otherwise high tensile stresses occurred by thermal 

contraction.  
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2.4 Temperature dependency model  
 

 
In this section we develop an analytical model for the temperature dependency of the double 

clamped structures. Main cause for the dependence is the different thermal expansion 

coefficient of the silicon cantilever and the bulk material. We assume that the thermal 

expansion reduces the pre-stress of the stretched string (which is the substitute model for the 

double U-shaped cantilever) without buckling of the cantilever. A useful theoretical model is 

the “monoaxial constrained thermal expansion prevention” given by the following equation: 

 

 𝜀𝑥 = 𝜀𝑡ℎ + 𝜀𝑚 = 0 (30) 

 

Where the strain 𝜀𝑥 is the relative extension of the double clamped cantilever which can be 

separated in the thermal expansion (𝜀𝑡ℎ = 𝛼 ∙ ∆𝑇) and the mechanical expansion (𝜀𝑚) acting 

against each other. 

 

 
Figure 12: Analogous model for the temperature effected double clamped cantilever under tensile stress 𝜎. Boundary conditions are equal to the simple double clamped cantilever (figure 10). 

 

The occurring stress, which has a linear dependence of the temperature, acting on the 

cantilever is determined by: 

 

 𝜎 = −𝐸(𝑇) ∙ 𝛼 ∙ ∆𝑇 (31) 
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𝐸(𝑇) is the temperature dependent young’s modulus of silicon which is 130GPa for axial load 

(e.g. [110]  or [1̅00]  direction) with an temperature coefficient of -60ppm/K xxii . 𝛼  is the 

thermal expansion coefficient from silicon (=1 ∙ 10-8 1/K xxiii ) and ∆𝑇  the temperature 

difference.  

The Timoshenko beam theory differential for this model modifies to: 

 

 𝜕2𝜕𝑥2 (𝐸𝐽𝑦𝑧(𝑥) 𝜕2𝜓𝜕𝑥2 ) + 𝜌𝐴(𝑥) 𝜕2𝜓𝜕𝑡2 − 𝑁 𝜕2𝜓𝜕𝑥2 = 0 

 

(32) 
 

 

With   𝑁 = 𝜎𝐴 is the tensile force acting on the cantilever and   𝜓 = 𝜓(𝑥, 𝑡).  We use the 

same sinusoidal Ansatz as before to solve the eigenvalue problem with the wavenumber 𝜅𝑖. 
 

 𝜔𝑖 = 𝜅𝑖2√𝐸𝐽𝑦𝑧𝜌𝐴 √1 + 𝜎𝐴𝐸𝐽𝑦𝑧𝜅𝑖2 

 

(33) 
 

The eigenfrequencies increase with the tensile stress in the additional term multiplied to the 

already known term from the unstressed cantilever (equation 10).  

The wavenumber 𝜅𝑖 for our cantilever now also depends on the tensile stress and comes from 

the  

 𝜅𝑖 = √ 𝜎𝐴𝐸𝐽𝑦𝑧                  (34) 
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2.5 Torsional plate sensing structure  
 

Another interesting structure was created by a double clamped cantilever with a rectangular 

plate in the middle (Figure 13). It was originally intended for measurements of the magnetic 

field gradient. This torsional bending structure is excited by two gold conductor paths which 

carry antiparallel current (in contrast to the bending structures which need parallel currents or 

a single conductor path).  

 

 
Figure 13: Torsional bending structure represented by a rectangular plate on a double clamped cantilever. 
The axil load P presents the stress by thermal expansion of the structure. Only the important current 
carrying parts ae depicted.  

 
The torsional bending structure completes the set of double clamped sensing structures. The 

following calculations help understand the proportionate torsional twist, depending on the 

load state, combined with the simple bending oscillation used by the PikoSens structures. In 

our calculation model we made some concessions to simplify the boundary conditions. First, 

the length of the plate Lp is much smaller than the complete length of the cantilever L so that 

due to the smaller torsional stiffness of the cantilever the majority of the torsion occurs in the 

cantilever while the plate only rotates around the y-axis. Second, the cantilever is long enough 

that boundary effects of the connection area between plate and cantilever and cantilever and 

sensor frame can be neglected. 

The Timoshenko equation for this model for only torsional modes is described by: 

 

 [𝐺𝐽𝑦𝑧 − 𝑃𝐼𝛼𝑚 ] 𝜕2𝜑𝜕𝑥2 − 𝐼𝛼 𝜕2𝜑𝜕𝑡2 = 0 
(35) 
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In this model, 𝐺 is the shear modulus8 (xxiv) and 𝐼𝛼/𝑚 the polar mass moment of inertia per 

unit length and mass9. P is the axial load depicted in Figure 13. 𝐽𝑦𝑧 as already known is the 

moment of inertia of the complete cantilever, but in good approximation represented by the 

moment of inertia of the cantilever itself. 𝐺𝐽𝑦𝑧 represents the shear stiffness of the cantilever. 

The boundary conditions for the torsional bending oscillation are given in the following: 

 

 𝜑(0, 𝑡) = 𝜑(𝐿, 𝑡) = 0 

 

(36) 
 

 

And we get the eigenvalue: 

 

 𝜔0 = 𝜋𝐿 √𝐺𝐽𝑦𝑧𝐼𝛼 − 𝑃𝑚 

 

(37) 

In contrast to the bending structures, we are only interested in the first vibration mode. The 

effect of the axial load (e.g. induced by thermal expansion) at the resonance frequency is 

shown by comparing equations 31 and 37 and is described in detail during chapter 5.4. 

 

  

                                                 
8 Shear modulus 𝐺 = 12(1+𝜈) 𝐸 is related to the shear stress by 𝜏 = 𝐺 ∙ tan (𝛾) with 𝛾 as the rotation angle.  
9 𝐼𝛼𝑚 = 112 (𝑏2 + ℎ2) with b is the wide of the cantilever and h is the high.  
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2.6 Contribution to publications 
 

The second part of this work is represented by six publications, commencing with the µ-wire 

magnetic field sensor we tested at the CERN laboratories (publication I), the magnetic field 

gradient sensors (publications II and III) and the multiaxial force sensor (publications IV and 

V). At least the issued patent containing the micro newton force sensor (publication VI). In 

the following breakdown there are my contributions to the individual publications (expect 

publication six): 

 

 M. Stifter; “MEMS µ-wire magnetic field detection method@CERN.”; IEEE Sensors Journal, 
15717295, 2015 vol2 
Co-author; in print 
Internet publication: https://ieeexplore.ieee.org/abstract/document/7370244 
25% 

 
 A. Dabsch, “MEMS cantilever based magnetic field gradient sensor”, Journal of 

micromechanics and microengineering, vol 27 no 5, april 2017 
Lead author; in print 
Internet publication: https://iopscience.iop.org/article/10.1088/1361-6439/aa654f/meta 
75% 

 
 A. Dabsch; “Temperature dependency of solicon structures for magnetic field gradient 

sensing”; Journal of Micromechanics and Microengineering; July 2017 
Lead author; in print 
Internet publication: https://iopscience.iop.org/article/10.1088/1361-
6439/aa7d28/meta 
75% 

 
 A. Dabsch; “Multiaxial Resonant MEMS Force Sensor”; Journal of Micromechanics 

and Microengineering;  vol 28 no 10; june 2018 
Lead author, in print 
Internet Publication: https://iopscience.iop.org/article/10.1088/1361-6439/aac13e/meta 
90% 

 
 A. Dabsch; “Two dimensional displacement measurement with MEMS structure”; 

Journal of Micromechanics and Microengineering 
Lead author, under review 
90% 

 

Publications one was the first work I was able to join at the institute and I was glad to find a 

motivated team that enables me to contribute to a degree that I also join the research stay at 

the CERN in Geneva. I created the pcb with the belonging readout circuit and was responsible 

for the complete measurement setup and the equipment.  

https://ieeexplore.ieee.org/abstract/document/7370244
https://iopscience.iop.org/article/10.1088/1361-6439/aa654f/meta
http://iopscience.iop.org/journal/0960-1317
https://iopscience.iop.org/article/10.1088/1361-6439/aa7d28/meta
https://iopscience.iop.org/article/10.1088/1361-6439/aa7d28/meta
https://iopscience.iop.org/article/10.1088/1361-6439/aac13e/meta
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Publications two to six where caused mainly under my responsibility. I made the design for 

the new magnetic field gradient sensors because I was not able to measure the measurement 

signals as accurate as I want to and finally I designed the multiaxial force sensor after I read a 

paper about the challenging measurement tasks in medical technology, particular for meniscus 

prosthesis. Therefore publication six is mainly instigated by me with the help of Prof. Franz 

Keplinger. 
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III. Publication One 

MEMS μ-Wire Magnetic Field Detection 
Method@CERN 
 
Authored by M. Stifter, H. Steiner, W. Horschitz, T. Sauter, T. Glatzl, A. Dabsch and F. 
Keplinger 
Published in: 2015 IEEE SENSORS 
 
Abstract 
 
This work reports a novel construction of amicromachined MEMS magnetometer detecting 

static magnetic fields of CERN's reference dipole with a custom made capacitive read-out. 

The magnetic flux density is characterized via vibration modes of the MEMS structure which 

are sensed capacitively. The device consists of a single-crystal silicon clamped-free plate 

(cantilever) carrying a thin conductor. The cantilever and thin film metal electrodes are 

separated by a small gap, building a vibrating plate capacitor. Movements of the cantilever are 

read out conveniently by electronic circuits. A static magnetic field generates a force density 

acting on the conductor that alternates according to the frequency of the current. By knowing 

the electrical current, the deflection amplitude of the cantilever is a measure of the component 

of the magnetic flux density that points perpendicular to the current. The highest vibration 

amplitudes are expected, of course, in the vicinity of resonance frequencies of the 

micromachined structure. At ambient pressure the prototype sensor has a measured resonance 

frequency of 3.8 kHz for the fundamental mode and 20 kHz for the first antisymmetric mode. 

In experiments, the magnetic flux of the dipole has been characterized between 0.1 and 1 T, 

with a relative uncertainty of 3·10-4. 

 

3.1 Introduction 
The experimental focus of this work was on developing a resonant MEMS magnetic field 

sensor with a capacitive readout. A Lorentz-force actuated MEMS cantilever was designed, 

fabricated and characterized as magnetometer for both static and alternating magnetic fields. 

https://ieeexplore.ieee.org/xpl/mostRecentIssue.jsp?punumber=7350021
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Emphasis was laid on both the optimization of the sensitivity of the mechanical resonator and 

the characterization of the sensor over many orders of magnitude. The sensor is based on a 

novel hybrid design, with two independent wafers (silicon and Pyrex), which are mounted on 

top of each other with a custom SU-8 bonding process. All process steps are carried out on 

wafer level, except the contacting one with the silver conductive paste. The applied 

frequency-selective measurement method of mechanical oscillations provides an alternative to 

the common broadband measurement techniques. The transducer depicted in Fig. 1 measures 

preferably at resonance, where it rejects broadband interfering signals efficiently because of 

the considerable resonant enhancement [1]. If the interfering frequency components do not 

match the resonance frequency, they are effectively suppressed by the transducer. With a 

careful design, resonators made of monocrystalline-silicon can reach remarkable high quality 

factors of the order 102 to 104 [2].  

 

 
Fig. 1. Setup for the characterization of the MEMS sensor for magnetic flux densities in the range of 0.1 
to 1 T.  

 

The oscillatory movement is measured capacitively. An electrostatic force on the mass of the 

oscillating cantilever is imposed by the sensing electrodes and decreases the resonance 

frequency. The stability of such structures is possibly deteriorated by the occurrence of a 

strong electrostatic softening mechanism [3, 4, 5]. Besides fundamental properties, such as the 

resonance frequency or the band-width of the resonance peaks, nonlinearities were analyzed 

to develop guidelines for the improvement of the transducer’s sensitivity [6]. Ideally, the 

resonance frequency is independent of the vibration’s amplitude, but in nonlinear systems like 

the cantilever subjected to an amplitude- dependent electrostatic force, the resonant frequency 

depends on operating conditions and the amplitude response can exhibit hysteresis 

phenomena [7, 8]. Additionally to the excitation of the mechanical structure at its natural 

resonance, higher modes are also possible, that allow to suppress acoustic interferences.  
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For the development of the whole microelectromechanical system a comprehensive 

characterization of the structures is necessary. The analog signal acquisition is based on the 

evaluation of the readout capacitor with a high impedance source follower enabling for low 

system nonlinearity. The operating range regarding the magnetic flux density can be varied 

over several orders of magnitude by changing the excitation current. 

 

3.2 Device Fabrication 
 

The fabrication process for the device is based on the silicon-on-insulator (SOI) technology, 

where two monocrystalline silicon layers are separated by a thin layer of silicon dioxide 

(SiO2). Compared to the use of simple silicon wafers this technology offers a defined etch 

stop due to the large selectivity of the etchant between silicon (Si) and SiO2. The thicknesses 

of the device layer and the handle layer are 20 μm and 350 μm, respectively. 

 
Fig. 2. Schematic cross section of the test device depicting the arrangement of the two sensing electrodes. 

 
The counterpart of the free vibrating planar structure, i.e., the wafer with the sensing 

electrodes is fabricated on a Pyrex glass-wafer. In Fig. 2 an SU-8 layer is applied on the Pyrex 

glass-wafer, where a custom SU-8 bonding process on wafer level creates a 13 μm high 

spacer, which is equal to the equilibrium distance d between the sensing electrodes and the 

vibrating structure. The two wafers are mounted on top of each other. The geometrical 

parameters of the MEMS sensor are summarized in Table I. 
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TABLE I.  PARAMETER OF THE CANTILEVER 

Length l 2 mm 

Width w 1.75 mm 

Height h 20 µm 

Lead width bAu 70 µm 

Electrode gap d 13 µm 

 

3.3 Experimental Setup 
 
The MEMS sensor is placed in the reference dipole of CERN depticted in Fig. 3, with an 

effective aperture of L = 2.5 m, H = 80 mm and W = 300 mm. The field range of 1 T (stab.: 

10-5 T) is monitored continously with an NMR probe (MetroLAB PT 2025) and periodically 

mapped. Additionally, a Hall probe (FM 302, AS-NTM-2) is placed next to the NMR probe, 

enabling the measurement of different vector components of the magnetic field. 

 

 
Fig. 3. Characterization of the MEMS sensor in the CERN reference dipole. 
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Regarding to the orientation of the device in Fig. 4, in respect to the external magnetic field of 

the dipole, two different families of vibration modes will be favored, namely the first 

symmetric (S1) and the first antisymmetric mode (AS1). 

 

 

Fig. 4. Schematic views of different vibration mode shapes. (a) Depicts the symmetric excitation mode S1 
and (b) the antisymmetric excitation mode AS1 in dependence of the acting Lorentz force. 

 
3.3.1 Measurement Principle 

 
A programmable waveform generator excites the sinusoidal current through the lead, which 

allows spectroscopy of the mechanical structure oscillations due to the Lorentz force. This 

technique is very similar to the stretched wire method, but offers the feasibility to measure the 

variations in the magnetic spatial field and as a result flux linkages with an array of 

micromachined sensors [9]. A Lock-in amplifier (LIA) is synchronized at the fundamental 

frequency to measure the output signal of the custom-built capacitive read-out system. 

 

3.3.2 Capacitive Read-Out 
 
In the case of electrostatic sensing, the cantilever is set to a polarization voltage Up to provide 

the bias for the capacitive detection. The sinusoidal current through the lead is driven by an 

AC voltage uAC , which combines with the DC voltage Up and forms finally the driving 

force of the cantilever readout [5].  

The capacity C(t) varies according to the motion of the cantilever. Apart from the possibility 

to control the dynamic behavior of the cantilever through the polarization voltage Up, 

harmonics with doubled frequency will occur, as a result of the quadratic dependence of the 

electrostatic force. 
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A sophisticated kind of source follower, which is capable of measuring changes in the 

capacitance with a flat transfer function at frequencies from 20 Hz up to 1 MHz, is used as 

amplifier to sense the cantilever vibrations. In contrast to lowimpedance transimpedance 

stages that evaluate the current through C(t), the high input impedance of about 50 GΩ at 1 

pF ensures low harmonic driving forces by the capacitive read-out. Hence, the amplitude of 

the cantilever vibration due to the Lorentz-forced excitation is always much smaller than its 

thickness h as well as its equilibrium distance d between the vibrating cantilever and the 

sensing electrodes. 

 

3.4 Experimental Results 
 
The measurements related to Fig. 5 were performed at CERN with a cantilever featuring a 

length of 2 mm, a width of 1.75 mm, and a thickness of 20 μm. 

 

 
Fig. 5. A comparison of the MEMS sensor with the Hall probe (FM 302, AS-NTM-2), where the 
magnetic field is ramped up. 

 

The MEMS sensor has been characterized with a Hall probe (FM 302, AS-NTM-2), where the 

sensitivity depicted in Fig. 5 of the MEMS magnetometer is 80 μV/100 mT. Below 100 mT 

a slightly saturation of the signal occurs.  
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Airborne noise and structure-borne noise introduced by the power supply of the dipole mask 

the Lorentz force driven oscillations. The offset at the lower bound of the magnetic field is a 

result of rather different and non-vanishing electrical bias potentials of the independent 

sensing electronic assemblies connected to the two sensing electrodes. In Fig. 6 and 7, there is 

a slight hysteretic behavior between 0.1 to 1 T, when the dipole is ramped up and down.  

The resonant sensor has been characterized (in the Lab and under vacuum conditions) over six 

orders of magnitude both capacitive and optical. The sensitivity remained constant with an 

uncertainty of less than one percent which is similar to the Hall sensor.  

Beside the sensitivity the relative uncertainty measured at the fundamental mode (S1) is 3・

10-3, whereas the relative repeatability uncertainty is 5・10-3. The performance of the 

Lorentz-forced sensor in comparison with the commercial Hall sensor is summarized in Table 

II. 

 

 

Fig. 6. Dependence of the capacitive electrical signal (vibration amplitude) of the first symmetric mode 
(S1) on the magnetic flux density for a resonance frequency of 3.8 kHz and the driving current is 1.8 mA. 

 
The benefits of the custom made MEMS sensor are the temperature characteristics and the 

sensitivity, the handicap is the resolution, but the specifications of the commercial Hall sensor 

are due to the offset stability of no significance, if the ambient temperature is not monitored to 

compensate this effect. If, e.g., measurements with a 100 nT resolution are necessary, the 

temperature has to be kept constant at 33 mK, which is not that easy in non-air conditioned 
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environments. But the resonant MEMS sensor offers a negligible offset stability (regarding 

temperature changes). Possibilities to reduce the relative and the repeatability uncertainties 

are measuring the differential output signal of both sensing electrodes and measuring at 

higher resonance frequencies to get rid of the ambient noise. 

 

 

TABLE II.    CHARACTERIZATION OF THE MEMS SENSOR WITH A 
COMMERCIAL HALL PROBE. 
 

 Hall probe FM302, 
AS NTM-2 

Lorentz-forced sensor 
with capacitive readout 

Linear range 2T Custom 

Size 5 mm x 70 mm Custom 

Linearity < 0.1% < 0.1% (linear regime) 

Sensitivity TC 50 ppm/K (up to 500 

ppm/K) 

28 ppm/K 

Offset @25°C Not specified Depends on the electrost. 

config 

Noise (0.1-10 Hz) 12 µTpp 250 pT/sprt(Hz) 

Hysteresis Not specified None 

Bandwidth BW DC – 25 kHz Several 100 Hz at res. &STP 

Power consumption 9 V, 10 mA 20 µW – 20 mW 

Offset stability 3 µT Negligible 

 

When the cantilever is oriented orthogonally with his length to the magnetic field of the 

dipole as depicted in Fig. 4(b), a first antisymmetric excitation mode is feasible due to the 

driving current direction. This leads in Fig. 7 to an increase of the system nonlinearity, but 

also in a decrease of the measurement uncertainty. 
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Fig. 7. Dependence of the differential capacitive electrical signal of both sensing electrodes for the first 
antisymmetric mode (AS1) configuration on the magnetic flux density with a resonance frequency of 20 
kHz and the excitation current is 1.8 mA. 

 
Only precise differential measurements at the first antisymmetric mode (AS1) gave satisfying 

results for flux densities with a relative uncertainty of 3・10-4 and a relative repeatability 

uncertainty of 6・10-4. 

 

3.5 Conclusion 
 
A novel design of a micromachined magnetometer to measure both static and alternating 

magnetic fields was Investigated. The device consists of a single-crystal silicon cantilever 

which bears a thin conductor carrying an alternating current. The cantilever and thin film 

metal electrodes form a vibrating plate capacitance. Movements of the cantilever were be read 

out conveniently by electronic circuits. A static magnetic field evokes a force acting on the 

conductor that alternates according to the frequency of the current. It is oriented perpendicular 

to the directions of both the field and the electrical current. Knowing the amount of current, 

the deflections of the cantilever are a measure of the component of the magnetic flux density 

that points perpendicular to the current. By changing the drive current, the operating range of 

the magnetometer can be adapted to cover more than six orders of magnitude. Which 

resonances are excited depends on the configuration of the field, the electrical current, and 

most important, on the shape of the resonating structure. In the experiments, emphasis was 
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laid on the investigation of the first symmetric and the first antisymmetric mode. The resonant 

enhancement of vibration amplitudes is expressed by the quality factor, which can easily 

exceed in vacuum a value of 104. At standard pressure, however, values of the order of 

hundred are typical indicating the impact of gas friction. Magnetic field induced deflections of 

the cantilever were studied with a custom made capacitive readout. Relative uncertainties of 

3・10-4 in the range of 0.1 to 1 T were achieved for vanishing DC voltage at the vibrating 

plate capacitor. 
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Abstract 
This paper describes major contributions to a MEMS magnetic field gradient sensor. An H-

shaped structure supported by four arms with two circuit paths on the surface is designed for 

measuring two components of the magnetic flux density and one component of the gradient. 

The structure is produced from silicon wafers by a dry etching process. The gold leads on the 

surface carry the alternating current which interacts with the magnetic field component 

perpendicular to the direction of the current. If the excitation frequency is near to a 

mechanical resonance, vibrations with an amplitude within the range of 1 to 10³ nm are 

expected. Both theoretical (simulations and analytic calculations) and experimental analysis 

have been carried out to optimize the structures for different strength of the magnetic 

gradient. In the same way the impact of the coupling structure on the resonance frequency and 

of different operating modes to simultaneously measure two components of the flux density 

were tested. For measuring the local gradient of the flux density the structure was operated at 

the first symmetrical and the first anti-symmetrical mode. Depending on the design, flux 

densities of approximately 2.5 µT and gradients starting from 1µT/mm can be measured. 

 

4.1 Introduction 
 
To measure a magnetic field gradient, normally two or more sensor elements are needed. The 

most common method applies two hall sensors but these elements suffer from large offsets. 

An alternative would be a single sensor element that is shifted mechanically requiring an 

exact positioning system that restricts the applicability. A possible solution are cantilever 

based sensor systems. Such sensors can be applied for example for MRTs (magnetic 

resonance tomography) or for dipole characterization (e.g. CERN LHC (Large Hadron 

Collider) cryodipole [1]) where the sensor can measure local variations of the flux density. 

https://ieeexplore.ieee.org/xpl/mostRecentIssue.jsp?punumber=7350021
http://iopscience.iop.org/journal/0960-1317
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These mechanical based sensors are frequency-selective, e.g. the current over the structure 

has the same frequency as an eigenvalue of the vibrating structure [2]. This principle allows to 

avoid interferences with AC-fields of power lines, because the mechanical frequencies are far 

away from those of technical sources. It is inherent to the design, that both symmetric and 

antisymmetric modes can be excited at the same time. The individual resonance frequencies 

of those modes can be designed to differ substantially and do not influence each other. So it is 

possible to switch between these frequencies to perform different measurements, e.g. to 

measure the x- and y-component or a component of the gradient at the same time.  

Such frequency-selective-structures operate with high quality factors Q, exhibiting high 

oscillation amplitudes and offering high signal to noise ratios for the readout [3].   

One challenge is to handle the temperature dependence of the resonance frequency which 

causes a shift of the resonant peak. The mechanical temperature dependence of the material is 

described by the TCE (Temperature Coefficient of Young´s modulus). The TCE of silicon in 

uniaxial-load cases is approx. -64ppm/°C at room temperature (25°C) and -75ppm/°C at 

125°C [3]. 

 

 

 
 

Fig. 1: Design of the two tested structures a) H-shaped-structure b) Ω-structure   

 
Figure 1a depicts a structure that allows the measurement of two components of the flux 

density (Bx, By) and one of the gradient tensor (𝜕𝐵𝑥/𝜕𝑥). Due to the relative short supporting 
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arms the temperature dependency of the resonant frequency is relative high. Additionally, the 

sensitivity for the field in the y-directions is much smaller than in the x-direction. In contrast, 

the structure in Fig. 1b enables the measurement of both components with similar sensitivity 

and with strongly reduced temperature dependency. 

 

4.2 Design 
 
4.2.1 Beam theory 

 
To simplify the mathematical problem, the U-shaped structure is reduced to a simple Euler-

Bernoulli-Beam with an additional mass at the ends of each single cantilever (see fig. 2), 

 

where, 𝑤 is the displacement in z direction,  𝜌 is the mass density, and 𝐹𝑞 is the distributed 

load.  Taking a single force instead of the coupling bar is a suitable approximation for 

symmetric modes.  

 

 
 

Fig. 2:  Model for a U-shaped cantilever. Fq is the replacement force, 𝐸 is the Young´s modulus of the 
material used, 𝐼  is the second moment of inertia for the specific application, and 𝐴  is cross section of the 
cantilever. 

 

Solving the Euler-Bernoulli differential equation with respect to the given boundary 

conditions delivers the characteristic polynomial for the eigenvalues for a U-shaped 

cantilever. 

 1 + cos(𝜅𝐿) cosh(𝜅𝐿) + 𝜇 𝜅 𝐿(cos(𝜅𝐿) sinh (𝜅𝐿) −                                                 sin(𝜅𝐿) cosh(κL) ) = 0             (1) 
 

with        

                                       𝜅 = √𝜔2 𝜌𝐴𝐸𝐼𝑦4   and 𝜇 = 𝑚𝜌𝐴𝐿 .         (2) 
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4.2.2 Design of the structures 
 

Measuring a gradient field requires a well-defined distance between the two points of 

measurement. The coupling bar between the substructures of the MEMS is necessary to 

couple both structures so that they can vibrate with the same frequency. This is required as the 

fabrication process always causes some structural differences leading to different resonance 

frequencies. Especially a temperature gradient can increase this mismatch and deteriorate the 

measurement [4].  

The coupling bar between the two substructures can be represented in the model by the total 

energy of the coupling structure Etot. It can be divided into two parts. The first one describes 

the potential energy, which is given by:  

 𝐸𝑝𝑜𝑡(𝑦) =  12 ∫ 𝑀2𝐸𝐼 𝑑𝑧𝐿0 −  ∫ 𝑝𝑤 𝑑𝑧𝐿0      (3)              𝑀 = −𝐸𝐼𝑦4      (4) 
 

 
Hence, the first integral is the strain energy and the second the load applied. The kinetic 

energy, is given by:   

 𝐸𝑘𝑖𝑛 = 𝜌𝐴2 [∫ 𝑤̇2𝑑𝑧𝐿0 + ∫ 𝐿2𝜑̇2𝐿0 ]     (5) 
 

 
where the first integral describes the linear movement and the second the rotational energy. In 

this case 𝑤̇  represents the linear velocity and 𝜑̇  is the angular velocity. Therefore, the 

interconnection for these simple structures can be modelled by the interconnection parameter:

  𝐾 → 𝐾[𝑓(𝐸𝐼/𝐿𝑖)] ,      (6) 
 

where 𝐾 is a function of the Young’s modulus and 𝐿𝑖 is the length of the interconnection. 𝐾 = 

0 corresponds to two single structures with no connection and for 𝐾 = 1 the same vibration 

amplitude occurs on both structures. The interconnection parameter cannot be higher than 

one. The most easily controllable parameter for design is the width b. 
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𝐼 = 𝑏ℎ3/12 .      (7) 
 

The Young’s modulus is given by the wafer’s material. The choice of the length 𝐿 of the 

coupling bar (see fig. 4) determines the sensitivity of the sensor. A short connection bar is 

suitable for large gradient fields, while small values it has to be elongated at the cost of the 

spatial resolution [5]. 

The remaining parameter is the width of the coupling bar. The eigenfrequency of the 

cantilever depends first on its own and second on the eigenfrequency of the other cantilever 

due to the coupling bar. A too stiff coupling bar (large width) stimulates the other cantilever 

too much and a too thin interconnection is not able to compensate the difference between both 

substructures. A too small width b causes a weak coupling between the both substructures due 

to a smaller stiffness of the coupling bar. Different resonance frequencies of the substructures 

due to geometrical inaccuracies cause a beat between the bars. A measurement with a test 

structure with half the width b revealed a too weak coupling. Two slightly different resonance 

peaks (3961 Hz and 3969 Hz) occur combined with high quality factor and hamper the 

measurement at a single frequency. 

The quality factor Q of the system is smaller than that of a single cantilever. Through the 

interconnection both resonance frequencies of the substructures merge into one mode. With a 

high quality factor, a minute modification of the resonance frequency causes a substantial 

change in amplitude (see section IV. B).  

 

 
 

Fig. 3: H shaped cantilever with flux density in x-orientation to stimulate symmetric modes  
 

A noteworthy advantage of the structures is the possibility to sense different orientations of 

the flux density at the same time. Figure 3 and 4 depict the orientation of the flux density to 

stimulate symmetric modes at the U-shaped and in the Omega structure. In fig. 5 the 
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orientation of the flux density and the valid currents to stimulate an antisymmetric mode are 

depicted.  

 

 
 

Fig. 4: Ω Structure with flux density in x-orientation and the relevant forces for the symmetric modes  
 

The downwards directed force in Fig. 4 is less relevant, because the much shorter lever arm 

doesn´t cause a notable deflection.  

The pure inplane mode was only excitable in the Ω structure (see fig.6). The necessary force 

and the field intensity cannot be generated in the xy direction of the H-shaped structure 

without overlap of vibration with other modes. To avoid electromigration the maximum 

current with respect to the geometry of the gold circuit is restricted at approximate   2 mA for 

continuous operation and 50 mA for short operations. It is not possible to use higher currents 

due to the limited thermal conductivity of the wafer under the lead [6]. The Ω structure proves 

an easier way to stimulate the first inplane mode (lower banding stiffness EIz). 
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Fig. 5: Ω structure with flux density in y-orientation and the relevant forces for the anti-symmetric mode.  
 

Fig. 6 depicts the setup for field in z direction with the relevant forces to stimulate the first 

inplane mode. The Lorentz forces acting on the other substructures cancel each other due to 

the geometry of the sensing structure.   

 

 
Fig. 6: Ω structure with flux density in z-orientation and the relevant forces for the anti-symmetric mode. 
 
 
4.2.3 Dimensioning of the Au-leads   

 
The critical current for the leads which is mentioned in section II.B. is calculated according to 

Blech et. al. [7] considering that the maximal stiffness gradient compensates gaps, generated 

by electro migration. This is based on occurring alternating tensile and compressive stresses. 

In the presented structures, tension and compressive stress occurs equally. The supply voltage 

has no DC-component and, therefore, 

 𝐼𝑐 = 𝛺𝑎∆𝜎𝜌𝑍∗𝑒𝐿 𝐴𝑞   [8]    (8) 
 𝛺𝑎 = 𝛺𝑁𝐴       (9) 
 
 

TABLE I: Parameters for critical current calculation 
 

Symbol Quantity value 
Aq cross section bh 2 ∙ 10−9m2 
L length 5 ∙ 10−3m 𝜌 resistivity 0,022μΩm 𝑍∗𝑒 ∆𝜎 

specific core length 
max. mech. stress 

4,2 ∙ 1,602 ∙ 10−19C  5 ∙ 107N/m² 
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Ωa 𝑁𝐴 
atomic value 
Avogadro constant 

10,2 ∙ 10−6m3/mol 6,022 ∙ 10231/mol 
 
 
Inserting the values of Table 1 delivers a critical current of 2.28mA. This represents the 

maximum current for a continuous operation to guarantee the mechanical stability of the gold 

circuit.  

 
4.2.4 Material specification 

 
Silicon, in our case [100] oriented, exhibits an anisotropic Young’s modulus with same values 

in [1̅10]  and [110]   directions, but reduced values in between. For calculations and 

simulations, it is inevitable to know the orientation of the structure on the silicon wafers. 

Especially at antisymmetric modes, torsional load occurs and cannot perceived simplistically. 

The comparison of the simulated and measured Eigen frequencies in section IV. A. reflects 

the importance of the different values for each direction in space.  With regard to a 3D 

characterization of the magnetic flux density, the different moduli are advantageous, e.g. for 

inplane-modes where the stiffness of the material is lower than for the other modes. 

 

4.3 Fabrication 
 
The MEMS structures are fabricated from a 100 mm SOI-wafer built of a 350µm Si handle 

wafer, 250 nm burried oxide and a 20 µm Si device layer. The SOI wafer is coated on both 

sides with 70 nm LPCVD (low pressure chemical vapor deposition) silicon nitride. 

Sensing structure (front side) and handle wafer (backside) are structured by a DRIE (Deep 

Reactive Ion Etching) process with 30 wt% KOH solution at 75°C, the oxide layer by 

hydrofluoric acid. For the electrical connection the sensor is bonded with gold wires to the 

printed circuit board. The wires are sealed with epoxy resin (UHU® plus rapid). This is 

applied with a self-built dispenser.  

 

4.4 Results 
 
4.4.5 Simulation 

 
The commercial tool COMSOL Multiphysics V5.2 is used to perform the FEM (finite 

elemente methode) simulation. The structures are designed in PTC® Creo Parametrics.  
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TABLE II: Material parameters for simulation (*depending on crystal orientation of the 
silicon wafer) 

 
Symbol Quantity value 

E Young‘s modulus* 170 / 147 GPa 
ν Poisson ratio* 0.28/0.2 

k 
ρ 

Thermal conductivity 
Concentration 

130 W/mK 
2329 Kg/m³ 𝛂 

 
cp 

Thermal cofficient of 
expansion 

Heat capacity 

2.6 106 1/K 
 

700 J/kgK 
 
 
The elements of the stiffness matrix (see table II) are chosen for a [100]    wafer as listed in 

[9]. Figure 7 and 8 depict the first and second symmetric mode of an Omega structure. 

Comparison with Figure 12 and 13 reveal the additional bending at the cross beam from the 

U-shaped structure.  

 

 
Fig. 7: First symmetric mode at 8.156 kHz, with current in parallel direction.  
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Fig. 8: Second symmetric mode at 13.432 kHz, with current in antiparallel  
direction. 
 

 

In Fig. 9 and 10 the first and second asymmetric mode of the Omega shaped structure is 

pictured. There is no torsional stress in the cross beams but at the coupling bar.  

 

 
Fig. 9: First antisymmetric mode at 11.189 kHz, with current in antiparallel direction, field configuration as shown in Fig4. 
 
 

 
Fig. 10: Second antisymmetric mode at 12.999 kHz, with current in parallel direction.  
 

Fig. 7 to Fig. 13 depict the simulated symmetric and antisymmetric modes for the discussed 

structures. The scales in the x- and z- direction are in mm. The deflections in the y- orientation 

are in nm (stimulated with Uss = 2 V and B0 = 350 mT).  
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Fig. 11: Inplane mode at 45.683 kHz, with current in parallel direction. 
 
Fig 11 depicts the first simulated inplane mode for the Omega structure. This theoretical 

deformation is very small and due to additional flux density components in x- or z-direction 

combine with out-of-plane modes. 
 
 

 
Fig. 12: First symmetric mode of the H-shaped structure at 10.23 kHz, with current in parallel direction. 

 

 
Fig. 13: Second symmetric mode of the H-shaped structure at 22.13 kHz, with current in parallel direction. 
 
The inplane mode can be applied to measure the third field component in y-direction. An 
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antiparallel current is necessary to stimulate this mode (Fig. 6).  

In comparison to other modes the stiffness is much higher which causes a lower sensitivity 

due for the flux density. In our case the minimal detectable field intensity is one order of 

magnitude higher than for the other modes. The specific range between the resonant 

frequencies allows to measure three field components at the same time. However, an inplane-

displacement causes a shift of the resonant frequencies of the out-of-plane modes, because the 

inplane-displacement causes internal stresses.       

The simulation delivers information about the stress in the coupling bar. Its value is 

important to match the resonance frequency of the two substructures. A further aspect is, that 

the coupling bar should not have a too small mass to limit the effect of the different resonance 

frequencies of both substructures.    

 

TABLE. III: Resonant frequencies of the two structures and the rel. error between the 
simulated and the measured resonant frequencies in relation to the simulation. 

 
measured 
fres[kHz]  

simulated 
fres[kHz] 

error  
[%] 

Ω structure 8.13 8.16 0.37 
  13.32 13.43 0.82 
  29.65 29.89 0.80 
  37.28 36.13 3.18 

H-shaped  10.35 10.23 1.17 
  21.97 22.13 0.72 

 

Table III summarizes the differences between measured and simulated eigenfrequency of the 

sensing structure. 

The etching processes, especially the wet chemical etching, cause some under etching where 

the “legs” are clamped. These technological tolerances lead to small variations of the length at 

the legs [10]. An adjustment of the length of the supporting legs from the simulation model at 

the first symmetric mode, to match the resonant frequencies causes a smaller relative error at 

the other modes. A section of 150 nm was removed on both supporting arms. Without this 

adjustment, the error between simulation and measurement of the first symmetric mode of the 

Omega shaped structure increases to 4.18%. This reveals that the simulated model of the 

structure is well suited to predict the resonant frequencies 
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4.4.6 Measurement  
 
The magnetic field is generated by two permanent magnets and the sensor is placed in 

between. One of these magnets can be moved by a micrometer screw. With this system, a 

magnetic gradient field can be generated. If the distance between the magnets and the sensor 

is equal on both sides, the field is homogenous. The characterization of the flux density is 

done with a Hall-sensor (Projekt Elektronik GmbH Berlin Teslameter FM 302) that can be 

arranged directly under each substructure.       

        

The leads on the substructures are connected in series, whereas current can flow in parallel or 

antiparallel direction to excite the first symmetric or first antisymmetric mode, respectively. 

 
Fig. 14: H-shaped structure: parallel current mode, with the flux density in this direction, it is used for the unequal 
symmetric modes.  

 

 
Fig. 15: H-shaped structure: antiparallel current mode, with the flux density in this direction, it is used for the equal 
symmetric modes.  
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If the current direction is parallel, symmetric modes (fig. 14) are excited. Every force on the 

cantilever is perpendicular to the flux density and the current direction as shown in Fig. 14. 

For a gradient field and symmetric excitation one of the cantilever exhibits a smaller 

deflection than the other one. This movement can be divided into a symmetric and an 

antisymmetric component (fig. 15). In the first symmetric mode of the cantilever the 

symmetric part is much higher than the antisymmetric. For the second symmetric mode, the 

current is antiparallel.  

To find the resonance frequencies (fig. 16 and 17), a periodic chirp from 3 kHz to 60 kHz 

with 1000 measuring points over the complete range and additional 1000 measuring points in 

the vicinity of the simulated resonance frequencies is applied. 

 

 
 
Fig. 16: Resonance spectrum of the H-shaped structure only for symmetric excitation 
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Fig. 17: Resonance spectrum of the Ω structure only for the symmetric excitation 

 

Afterwards the structure is excited with a sinusoidal current and the resulting deflections are 

recorded with a Micro System Analyzer (MSA 400 from Polytec) (see fig. 18).    

With the measurement of the frequency spectrum also the corresponding quality factor was 

determined (see table IV).  

 

 
TABLE. IV: Quality factors of the respective modes of the structures in ambient conditions. 

 
structure mode fres[kHz] quality factor [1]  
Ω structure S1 8.13 380 
  S2 13.32 538 
  S3 29.65 932 
    
H-shaped  S1 10.35 375 
  S2 21.97 291 
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Fig.18: Measurement setup with the dipole and the H-shaped sensor.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
4.4.7 Gradient measurement 

 
 

 
Fig 19: Measurement of the magnetic flux density gradient field with B0 =218 mT; excitation current 4 mA (R = 47 Ω), 
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deflections of 526 nm at the 1st symmetric mode (8.1 kHz).  ΔB represents the difference of the flux density between the two 

sub structures. And Δy is the deflection difference between these two. With a SNR of 25,2 dB. 
 
 
 

 
Fig 20: Measurement of a magnetic flux density gradient with B0 = 218 mT; excitation current 4 mA (R = 47 Ω), deflections 

of 5.6nm at the 4th symmetric mode (37.3 kHz). With a SNR of  24,9 dB. 

 

Magnetic flux densities between 150 mT and 300 mT cause deflections of the cantilever of 

300 nm to 550 nm (Fig. 19 and 20). To keep the cantilever’s vibration in a linear regime, it is 

common to adjust the currents like done in reference [1] to measure flux densities over 1T. 

The flux densities in the µT regime can be measured with a ten times higher current (40 to 50 

mA) on the structure, causing the same deflection. Without using antiparallel current modes, 

it is possible to detect gradients up to 25 mT per mm at the first symmetric mode.    
 

4.5 Conclusion and Outlook 
 

MEMS based magnetic field gradient sensors are able to measure minute differences in 

magnetic flux density per unit length. The presented design permits the measurement of the 

flux density in two directions and the gradient in one direction. This was achieved by two 

facing substructures coupled with a bar to ajust the resonance frequencies.  

Higher accuracy will be achieved by using a vacuum chamber to eliminate air damping. 

Additional the measurement and control of the surface temperature to reduce the drift of the 

resonance frequency with the ambient temperature will further increase the accuracy of the 

results. 
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V. Publication Three 

Temperature dependency of silicon structures for 
magnetic field gradient sensing 
 
Authored by A. Dabsch, C. Rosenberg, M. Stifter and F. Keplinger 
Published in: Journal of Journal of Micromechanics and Microengineering 
 
 
Abstract 
This work describes the temperature dependence of two sensors for magnetic field gradients 

sensors and demonstrates a structure to compensate the drift of the resonance frequency over 

a wide temperature range. The temperature effect of the sensing element is based on internal 

stresses induced by the thermal expansion of the material wherefore FEM is used to determine 

the change of the eigenvalues of the sensing structure. The experimental setup utilizes a 

Helmholtz coil system to generate the magnetic field and to excite the MEMS-structure with 

Lorentz forces. The MEMS structure is placed on a plate heated with resistors and cooled by a 

Peltier element to control the plate temperature. In the second part, we describe how one can 

exploit the temperature sensitivity for temperature measurements and show the opportunity to 

include the temperature effect to increase the sensitivity of single-crystal silicon made flux 

density gradient sensors.  

 

5.1 Introduction 
 
Typical magnetic field gradient sensors based on MEMS technology [1] exhibit a temperature 

dependence of the resonant frequency that is mainly caused by thermal expansion of the 

cantilever arms [2]. First, the sensors are built out of SOI wafers with a buried Si02-layer 

under the Si sensing structure. The thermal coefficient of expansion of these materials is four 

times lower than that of Si [3]. Second, vibrating structure and carrier frame have different 

masses and therefore different heat capacities, leading to different temperatures in transient 

processes. 
 

https://ieeexplore.ieee.org/xpl/mostRecentIssue.jsp?punumber=7350021
http://iopscience.iop.org/journal/0960-1317
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Fig. 1: Structure of the MEMS Sensor  

 
Due to these differences, temperature variations will expand or tighten the measuring 

structure faster than the carrier frame. A mechanical stress is the consequence which alters the 

resonance frequency. The desired high quality factor of the structure causes a high error level 

in the amplitude due to the temperature dependence [4]. In this work, a specific mechanical 

substructure is designed, fabricated and proposed to compensate this temperature dependence 

(Fig. 1).     
 
 

 
        

Fig. 2: Layout of two structures with relevant Lorentz-forces (Fz) for the first symmetric modes with parallel current (Iy) 
direction (left the double U shaped structure, right the Omega shaped structure). Bx is the magnetic flux density and P is the 
axial load by thermal expansion.  
 
The sensors used within this paper are discussed in an earlier paper of our group regarding to 

the sensitivity of the magnetic flux density gradient (see Table IV). [5].  

5.2 Theory 
 
5.2.1 Extended Euler Bernoulli beam theory – Timoshenko beam 

theory 
 
For the calculation of the temperature coefficient regarding the resonance frequency, the 

Euler Bernoulli beam theory must be extended with the bending and normal stresses.   
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Only the first symmetric mode is investigated in our experiments. Hence, Timoshenko theory 

can be simplified and applied to an oscillating solid-shell element for the H-shaped structure. 

The resonant frequency reads:  
 

 𝑓 = 12𝐿̂ 1√𝜌𝜈 √𝑃,        (1) 

 

where 𝐿̂ is the length of the oscillating structure, 𝜌 is the mass density, ν is the Possion´s ratio, 

and P is the force in longitudinal direction (prestress) [6]. 

 

For a long thin structure with small oscillating amplitude, a √𝑃 dependence is expected. The 

resultant force is generated by the geometry of the structure due to thermal expansion. In 

addition, with the effect of the prestress on the eigenvalues, the Timoshenko beam theory [7] 

is described by:  

 𝜕4𝑢𝑦𝜕𝑥4 − 𝑃𝐸 𝐼𝑧 𝜕2𝑢𝑦𝜕𝑥2 + 𝜌𝐴𝐸𝐼𝑧 𝜕2𝑢𝑦𝜕𝑡2 = 0 .    (2) 

 

Due to the huge difference of the heat capacities of the free standing structure and the carrier 

frame, the MEMS structure responds faster to temperature changes than the carrier frame. The 

occurring outer stresses can be approximately described as a function of the temperature 

difference of the measuring structure to the frame by: 

 

 𝜀ges = 𝜀th +  𝜀m , 𝜀th = 𝛼 ∙  ∆𝑇 , 𝜀m = 𝜎𝐸(𝑇)  ,   (3) 

 

where εges is the total strain, εth is the thermal strain, εm is the mechanical strain by stress, α is 

the thermal coefficient of expansion (TCE), σ is the tensile/compressive stress, E is the 

Young’s modulus [8]. 

 
For a small temperature range from 300K to 350K the nonlinearity of the TCE of silicon, is 

negligible. The occurring stress is 

 

 𝜎 = −𝐸(𝑇) ∙ 𝛼 ∙ ∆𝑇                      (4) 

 

The temperature coefficient from the Young’s modulus of silicon for axial load is −60ppm/K 

and for uniaxial load −75ppm/K. The bending stiffness decreases with temperature [9].  
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For the theoretical consideration, we use the design of a torsional oscillator (Fig. 2).  

 

 
Fig.3: Design of the torsional oscillator with the forces (Fz) for the first torsional mode, with antiparallel currents (Iy), the 
whole length of the structure, plate and bars (L) and the length of the plate (Lp).  
 
 
Applying only antiparallel currents, we excite a pure torsional oscillation without any bending 

components (in the y-direction) due to the symmetric design. The oscillation mode with axial 

load 𝑃 is described by:  

 

 [𝐺𝐽 − 𝑃𝐼𝛼𝑚 ] 𝜕2𝜑𝜕𝑥2 − 𝐼 𝜕2𝜑𝜕𝑡2 = 0 ,     (4) 

 

where 𝐺  represents the shear modulus  and 𝐽  is the moment of inertia (in a good 

approximation the moment of inertia of the bar), 𝐼 is the polar mass moment of inertia per unit 

length, m represents the mass of the oscillator, and 𝜑 is the angular displacement of the bar 

[8]. 

Applying (4) into design considerations, attention should be paid to some design details and 

boundary conditions: The plate in the middle of the oscillating system is short compared to 

the whole bar (𝐿𝑝 < 𝐿̂) and the torsional stiffness of the plate is much higher. The majority of 

the total torsion occurs in the bars. 

The neutral axis and the center of mass axis are congruent and are not subjected to any 

bending deformation. 

The static deflection of the bar caused by the gravitational force on the mass of the plate is 

neglected. The deflections act in the linear elastic regime and boundary effects in the 

connection between plate and bar are neglected.  
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Solving the eigenvalue problem delivers the eigenfrequency of the torsional mode (only the 

first antisymmetric mode with antiparallel current, depicted in Fig. 3 is calculated) 

 

 𝜔𝑃 = 𝜋√𝐿̂ √(𝐺𝐽𝐼 − 𝑃𝑚).      (5) 

 

By setting P to zero the equation yields the eigenfrequency 𝜔0 = 4446 Hz without any 

boundary load through thermal influences. The result of the simplified calculation is in good 

agreement with the experimental data (see chapter IV). The parameters used for the 

calculations are listed in Tab. 1. 

 

TABLE I: Relevant parameters for the simulation of the silicon structure [8] 
 

Symb
ol Quantity Value 𝐺 Shear modulus 64.1 GPa 

ν Poisson ratio 0.28/0.2 𝐿̂ Free length 4 mm 𝐽 𝐼 
 
α 

Sec. moment of 
inertia  
Moment of inertia 
per unit length  

TCE 

2.66 ∙ 10−19 m4 5.32∙ 10−10 kgm² 
 
-60 ppm/K for 
axial load 

 

5.2.2 Influence of the temperature effect of the lead on the operating 
temperature 

 
Due to strong frequency changes caused by small temperature variations, the heating power of 

the lead has to be taken into account.  Therefore, the heat balance of the lead on the Si wafer 

under atmospheric influence is given by: 

 

 𝐾(𝑇) = 𝑃(𝑇)        (6) 

 

where 𝐾(𝑇) is the heat dissipation and 𝑃(𝑇) is the produced heat by the electrical current 

[10]. The heat dissipation to the surroundings, it can be split into the three parts: heat 

conduction (𝑄̇cond), convection (𝑄̇conv) and thermal radiation (𝑄̇rad).  
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 𝐾(𝑇) = 𝑄̇cond(𝑇) + 𝑄̇conv(𝑇) + 𝑄̇rad(𝑇)   (7) 

 𝑄̇cond(𝑇) = λ 𝑇2−𝑇1ℎ 𝐴s      

 𝑄̇conv(𝑇) = α(T) 𝐴s (𝑇2 − 𝑇e)     (8) 

 𝑄̇rad(𝑇) = ε σ 𝐴𝑠 (𝑇24 − 𝑇𝑒4),     (9) 

 

where 𝑇2  is the temperature of the lead, 𝑇1 is the temperature of the Si wafer, ℎ  is the 

thickness of the lead path, 𝐴s is the contact surface of the lead with Si structure, and  𝑇e is the 

ambient temperature.  

 

To calibrate the sensor, the temperature of the sensor frame (silicon wafer) has to be known. 

The energy balance is: 

 𝑃(𝑇) = 𝑈̂eff 𝐼      (10) 

 𝑈̂eff 𝐼 =  λ 𝑇2−𝑇1ℎ 𝐴𝑠 +  α(T) 𝐴s (𝑇2 − 𝑇e)  + ε σ 𝐴s (𝑇24 − 𝑇e4)  (11) 

 
convert→⎯⎯⎯⎯ሮ 𝑇1 = ℎ𝜆 [α(T) (𝑇2 − 𝑇e) + ε σ (𝑇24 − 𝑇𝑒4) + 𝑈eff 𝐼𝐴s ] = 31.209 °C (12) 

 

To calculate 𝑇2 the resistance of the lead with stable power supply was recorded:  

 

 𝑅1 = 𝐿LB𝐴q 𝜌20(1 + 𝛼RΔ𝑇1)   and       (13) 

 𝑅2 = 𝐿LB𝐴q 𝜌20(1 + 𝛼RΔ𝑇2) ,       (14) 

 

where 𝑅1  is the electrical resistance of the lead at room temperature, 𝑅2  is the electrical 

resistance of the lead after 15 minutes of the temperature change, 𝐿LB is the length of the lead, 

and 𝐴q is the cross section of the lead. With the measurement results 𝑇2 becomes: 

 

 𝑇2 = ∆𝑇2 − 𝑇R = 31.211 °C      (15) 

 

The dominating term is 𝑄̇cond which is 70 times larger than 𝑄̇conv and 1600 times larger than 𝑄̇rad. 𝑄̇cond(𝑇) = 2.33 mW,  𝑄̇conv(𝑇) = 0.033 mW, 𝑄̇rad(𝑇) = 0.0014 mW. 

Therefore, for measurements at room temperature and considering the actual geometry the,  𝑄̇conv(𝑇) and  𝑄̇rad(𝑇) can be neglected.(For calculation see Table II) 
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5.2.3 Material specifications 

 
The applied material is [100] silicon featuring an anisotropic Young’s modulus of 170 GPa in 〈111〉 directions and reduced values down to 130 GPa for all other directions [9]. 

Via the lithography process, thin gold leads with a thickness of 150 nm are deposited on the 

silicon structure. These leads are insignificant for the thermal tensile or compressive stress 

due to the Young’s modulus of 78 GPa is 2.2 times higher than that of silicon and the lead is 

100 times thinner than the silicon structure.  

During Au evaporation mechanical stress is introduced in the metal layer and consequently 

within the Si-structure. Afterwards, this pre-stress is be minimised by a thermal treatment at 

90°C for one hour. 

Between the sensor and the Pt100 element, (see Fig 6 and 7) a two-component conductive 

silver epoxy is used as intermediate layer.     

    
 
 

TABLE II: Relevant parameters for the calculation of the heat balance. 
 

Symb
ol Quantity Value λ𝑠  Thermal conductivity 

coefficient 
117 W/mK α(𝑇) Convection coefficient 

for free convection 
6 W/m²K ε𝐴𝑢  emission coefficient 0.04 σ 

 𝜌20 
 𝛼𝑅 

Stefan-Boltzmann 
constant  
Specific resistance of 
gold at room 
temperature  
Temperature 
coefficient of specific 
resistance 

5.6 ∙ 10−8 
W/(m²K4) 
 2.2 ∙10−2 Ωmm²/m 
 3.7 ∙ 10−3 1/K 
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5.3 Simulations 
 
As a first step, the temperature dependency is simulated with the FEM-software COMSOL® 

Multiphysics 5.2.  

 
 

 
Fig. 4: Simulated temperature dependence of the resonance frequencies of the first six modes of the Omega shaped design. 
 
 
Different designs are tested with FEM simulation. Figure 4 and 5 depicts the temperature 

dependence of the resonant frequency of the first six modes. The reference temperature was 

set to 300K [1].  

For modelling, we assumed that there is no thermal expansion of the frame surrounding the 

oscillating structure. A temperature difference between frame and silicon based structure is 

set. For this reason, the supporting points of the structure are fixed in axial direction. 

Avoiding torsion of the gradient structures (plate) the suspension bars are not generally fixed 

in radial direction.   

Comparing Fig. 4 and 5 illustrates that the Omega shaped structure has a lower adjustment of 

the resonant frequency. Due to the smaller stiffness in x-direction, caused by the meander sub 

structure (Fig.2). 
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Fig. 5: Simulated temperature dependence of the resonance frequencies of the first six modes for the double U shaped design. 
 

5.4 Measurements 
 The measurement setup comprises a set of Helmholtz coils where the sensor is fixed in the 

center on a plate that can be heated up. The leads on the structure are connected to a 

waveform generator that produces a periodic chirp in the range of 500 Hz around the resonant 

frequency of the selected sensor. (see Table III) The deflections are recorded with a Micro 

System Analyzer (MSA 400, Polytec).  

 

 
Fig. 6: Measurement setup with Helmholtz coils, heating plate and readout with the vibrometer. 
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The heat control plate is made from aluminum equipped with a PT100 element and four 

heating resistors driven by a PWM controller. To avoid any interferences with the magnetic 

field of the two Helmholtz coils, the heat resistors are placed outside of the coils. For good 

heat transfer and low distortions of the magnetic field, aluminum with its paramagnetic 

properties is used. In the middle of the plate, directly on the surface, the PT100 element is 

placed, measuring the actual temperature of the plate. The controller allows adjusting the 

temperature in a range from room temperature up to 100°C.      

 To measure the temperature of the sensor, more precisely the Si-frame, another Pt100 

element is mounted directly on the Si structure (see Fig. 7 and 8). The limited heat transfer 

between aluminum plate and sensor will cause a slight temperature difference. The result of 

the sensor Pt100 element is the actual temperature for the device (reference temperature for 

the subsequent measurements).  

 

 

TABLE III: Operating parameters 
 

Symb
ol Quantity Value Uss Stimulation voltage 1 V 

Is Parallel current 
mode 

2.3 mA 

IH Current Helmholtz 
coils 

1 A 

B Magnetic field 
 

5.4 mT 
 

 
 

 
Fig. 7: Double U-shaped design with a Pt100 fixed with a silver thermal adhesive. 
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Fig. 8:  Omega shaped design 
  

 
 

Fig. 9:  Torsional oscillator design 
 

 
Fig. 10: Measured temperature induced change of the resonant frequency of the first symetric mode. 
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Fig. 11: Measured change of the resonant frequency of the first antisymetric (torsional) mode from the torsional bending 
structure in dependence of the temperature. 
 

 
Fig. 12: : Measured change of the resonant frequency of the second symetric mode from the double U shaped structure in 
dependence of the temperature. 
 

 
Fig. 13: Measured change of the resonant frequency of the first symetric mode from the Omega shaped structure in 
dependence of the temperature. 
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Fig. 14: Measured change of the resonant frequency of the second symetric mode from the Omega shaped structure in 
dependence of the temperature. 
 
 
The measurements are performed with the highest possible continuous load of the Helmholtz 

coil. With lower flux densities, no significant change in the temperature dependency has 

determined.    

 

 
TABLE IV: used structure types with the sensitivities for magnetic field gradient and the 

temperature sensitivities. 
 

Structure 
 

Sensitivity  
[mT/mm] 

Temp. 
Sensitivity 
[Hz/K] 

U shaped 
 (second sym. 
mode) 

0.09 5.8 

   

Omega shaped 
(second sym. 
mode) 

0.1 
 

1.3 

 
Torsional structure 
(first anti-sym. 
mode) 
 
Torsional structure 
(first sym. mode) 

 

* 
 
 
0.24 

 
12.4 
 
 
0.53 

 
*it’s not possible to measure a field gradient with the torsional bending structure at the anti-symmetric modes. 
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5.5 Conclusion and Outlook 
 
The drift of the resonance frequency during heating and cooling is measured versus the 

temperature (recorded with a second Pt100 element directly on the surface of the Si structure) 

for three different sensor designs. Except of the torsional mode from the torsional bending 

structure (Fig. 10) the depicted results are in good agreement with the simulations (Fig. 4 and 

5) and show a hysteresis between heating and cooling. This effect is caused, first by the 

positioning of the heat plate under the sensor and the single-sided heat supply during the 

heating process. Second, during the cooling process, heat dissipation only occurs on the upper 

surface of the sensor where the Pt100 element is fixed. Third by the high self-cooling rate 

(approximately 1°C per second) without heat supply. To avoid influences from the excitation 

current, it is switched off during the heating and cooling process.  

The measurements reveal the differences between the U shaped design and the Omega shaped 

design (Fig. 12, 13 and 14) with the temperature effect –compensating substructures (see 

Table IV).  Using two sensors with the same sensitivity for the magnetic flux density gradient, 

the temperature effect decreases from 5.8 Hz/K (U shaped) to 1.3 Hz/K (Omega shaped). In 

particular, this effect occurs in the case of symmetric modes due to buckling. However, no 

significant differences between both structure types are seen for antisymmetric modes. 

The torsional bending structure has a temperature effect of 0.5 Hz/K (see Fig.11) using the 

first symetric mode (comparable with a both side fixed beam) caused by the additional mass 

in the center of the beam and the temperature-effect-compensation sub-structure (see Fig.9), 

but 12.4 Hz/K using the first torsional mode (which is used for the magnetic flux density 

gradient measurement).  

Subsequently to this basic characterization, the research team aim at another set of different 

sensors with capacitive readout as magnetic field gradient sensor on the one hand and as high 

sensitive temperature sensor on the other hand. The structure is very sensitive to changes of 

the force on the supporting points. The team will use this effect to fabricate a multi axial force 

sensor with high sensitivity. 
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VI. Publication Four 

Multiaxial Resonant MEMS Force Sensor  
 
Authored by A. Dabsch, C. Rosenberg, P. Klug, M. Stifter and F. Keplinger 
Published in: Journal of Journal of Micromechanics and Microengineering 
 
 
Abstract 
Miniaturized force sensors are indispensable components in various applications such as 

atomic force microscopes. In most cases the sensor is sensitive only to a single component at 

the force vector. For a complete characterisation of the actual load state all three components 

are required and this in combination with the three torque components (six-axis force / torque 

sensor). We report on a sensor to measure two components of the force vector and three 

components of the torques simultaneously using a resonant vibrating cross-shaped bar. The 

sensor is manufactured  on an SOI Wafer with standard Si-technology. The sensing structures 

are excited by Lorentz forces and detuned by the mechanical stress due to the applied force 

and torque. Currently, the shifts of the resonant frequencies are measured with a scanning 

laser vibrometer. To be able to compensate the influence of temperature additional Pt-

termistors on the surface of the structure measure the actual temperature. Furthermore, the 

sensing structure is suspended to the sensor frame with compliant structures to reduce the 

temperature interferences. To investigate the effect of these substructures three different types 

are compared. With the multiaxial MEMS Force sensor we achieved a sensitivity of almost 10 

pN/Hz. 

 

6.1 Introduction 
In most cases indirect force sensors are based on strain gauges and exhibit a decreasing 

accuracy with smaller deflections of the measurement object [1]. Furthermore a single 

torsional load, especially at thin components, generates normally no exploitable signal. The 

presented sensor exhibits a 20 µm thick cross shaped vibrating structure suspended to the 

sensor-frame via sub-structures for temperature compensation as depicted in Figure 1 [2].  

https://ieeexplore.ieee.org/xpl/mostRecentIssue.jsp?punumber=7350021
http://iopscience.iop.org/journal/0960-1317
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Figure 14: Design of the sensor element comprising manufacturing frame, sensor frame and sensing 
substructure. The insert shows the substructures for reducing the temperature influence.  

 
Compared to sensors that are fabricated with other technologies [3][4] the presented MEMS 

sensor is able to sense five mechanical degrees of freedom, namely two force and three torque 

components by exploiting the shift of the resonant frequency of in-plane and out-of-plane 

vibration mode due to mechanical stress. The force components are in x and y direction and 

the torque moments are around the x-, y- and z- axis. F. Beyeler et. al presented a six-axis 

force sensor but with a capacitive readout what is less insensitive against external influences 

[5]. The modes are excited by Lorentz-forces applying a periodic chirp with a frequency 

range from 2 to 50 kHz.  
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Figure 15: Sensing principle for a load in y direction and excitation with Bx, and Iy. For the reference 
temperature a four wire measurement is applied (Ix). 

The MEMS - structure is excited by Lorentz-force caused by the currents in the leads and the 

magnetic field at a permanent magnet (see Figure 2) for the out-of-plane modes achieved by a 

permanent magnet (see Figure 11). The temperature dependence of the structure due to the 

different thermal expansion coefficients and due to the temperature dependent Young’s and 

shear moduli are considered by an on-chip measurement of the temperature with a Pt-

thermistor with a nominal resistance of 1 kΩ. This, in combination with a four-wire 

measurement, allows the compensation of the temperature dependent effects during the 

experiment. The asymmetrical load in Fig. 2 generates a compression of the device in y-

direction and causes a torque around the z-axis. With additional vibration modes the 

measurement accuracy can be enhanced.  

  

Central element of the sensor is a compliant micromechanical structure that consists of four Si 

parts when the load is applied. These four parts are connected by meanders 

(extensional/compressional sub-structure in Figure 1) their thickness and length are the main 

design parameter for the sensitivity of the sensor. This transducer element converts the 

applied Load into deflections of the Si-parts. These are deflections used by another element, 

the sensing substructure. Hence, the deflections change the resonant frequency of the 

vibration modes. Whereby the spring constant of the meander is large compared to the spring 

constant of the sensing sub-structure. The expected displacements are small enough allowing 

the springs to be considered as linear elements. Thereby it is also possible to use the sensor 

for micro positioning systems. Potential applications are in robotic and medicine technology, 



Theory and Simulation 

 
 83 

caused thru the simultaneous multi displacement/force detection. The main focus in this study 

is the sensing structure and not the Readout. A. Nakai et. al presented a sensor with piezo 

resistive beams for the readout, which could be a role model for further development of the 

sensor [6].  

 

 
Figure 16: Five degrees of freedom, namely two force and three torgue components 

The sensor is able to measure five degrees of freedom (see Figure 3). For these five degrees, 

five modes are necessary. In this paper only the two force components are described and 

presented.  

6.2 Theory and Simulation 
 
6.2.1 Timoshenko beam theory 

 
To describe a prestressed doubly-clamped beam Timoshenko beam theory can be used [7]. 

 

 𝜕4𝑢𝑦𝜕𝑥4 − 𝐹𝐸 𝐼𝑧 𝜕2𝑢𝑦𝜕𝑥2 + 𝜌𝐴𝐸𝐼𝑧 𝜕2𝑢𝑦𝜕𝑡2 = 0 .     (1) 

 

Where 𝑢𝑦 is the deflection, F is the pre-stress, E the Young’s modulus, Iz is the moment of 

inertia, 𝜌 is the density and A is the cross-section of the cantilever.  

To adapt this model to any geometry a double clamped cantilever has to be extended to a 

cross shaped structure with an additional mass (ma) in the middle. This mass reduces the 

eigenfrequency compared to the simple cantilever. Additionally, with different length Lx and 

Ly the resonant frequencies of the modes corresponding to the different arms will split up (see 

figure 3).  
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Figure 17: Sensing structure with the additional mass in the middle and the acting force F 

 
According to the Timoshenko theory, the resonance frequency can approximately represented 

by [8]: 

 𝑓𝑟𝑒𝑠 ~ √𝐹 .       (2) 

 

Where F is the pulling force or –F the compressive force, acting equally on both arms of the 

sensing structure (see Figure 3) for symmetric loads. For an asymmetric load (a torque around 

z axis) we subtract the symmetric part from both forces and get a characteristic of the 

resonance frequency depending on two factors. First the symmetric force  

 

 𝐹sym = 𝐹1+𝐹22        (3) 

 

And second the torque around the z axis 

 

 𝐹asym 𝐿𝑥 = 𝐹1−𝐹22 𝐿𝑥      (4) 

 

The load force is applied to the sensing structure by piezo actuators under the sensing frame. 

To simplify the measurement of the load we neglect the spring constant of the sensing 

structure and focus only on the meander structures in the frame (see Figure 1). 

For the analytical model of the sensing structure we simplify the cross-shaped structure with 

the centered mass to a single clamped cantilever with an additional mass on the tip and a four 
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times higher stiffness of the cantilever and determine the boundary conditions as described 

below. 

 𝑓(0) = 𝑓′(0) = 𝑓′(𝐿) = 0      (5) 

 𝑓′′′(𝐿) + 𝜅4 𝜇 𝐿 𝑓(𝐿) = 0      (6) 

with 𝜅4 = 𝜔2 𝜌𝐴𝐸𝐼𝑧      (7) 

 

with the ratio µ of the masses of the tip and the cantilever: 

 𝜇 = 𝑚𝜌𝐴𝐿                 (8) 

 

To solve the eigenvalue problem we use the ansatz  

 𝑓(𝑥) = 𝐶1 sin(𝜅𝑥) + 𝐶2 cos(𝜅𝑥) + 𝐶3 sinh(𝜅𝑥) + 𝐶4cosh (𝜅𝑥)   (9) 

 

That delivers the characteristic polynom for the symmetric modes. 

 cos(𝜅𝐿) sinh(𝜅𝐿) + cosh(𝜅𝐿) sin(𝜅𝐿) + 𝜅𝐿𝜇 cos(𝜅𝐿) cosh(𝜅𝐿) − 1 = 0 (10) 

 

To solve the equation, we distinguish between three cases.  

 μ ≈  1:     𝜅1𝐿 = 0.33;  𝜅2𝐿 = 1.81   𝜅3𝐿 = 4.88 μ ≫ 1:     𝜅1𝐿 = 0.50;  𝜅2𝐿 = 2.21   𝜅3𝐿 = 5.50   μ ⟶  ∞:    𝜅1𝐿 = 1.57;  𝜅2𝐿 = 4.71   𝜅3𝐿 = 7.85 

 

Without additional mass µ = 0 the model is identical with the double clamped cantilever. 

 

6.2.2 Simulation 
 
To verify the desired effect of the substructures for temperature compensation we tested three 

different types of suspension bars for the sensing structure (Fig. 4).  
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Figure 18: Different types of suspension structures 

The Joule heating on the silicon structures with their small cross-section causes an 

overtemperature at the structure compared to the Si-frame. This causes mechanical stress and 

detunes the resonant frequencies of the sensing structure. The simulations confirm the 

expected dependence of the frequency on the temperature. Figure 5 and 6 depict the first 

symmetric mode of the sensing structure with the three different suspension. 

 

 
Figure 19: Temperature dependence of the resonance frequency of the first symmetric mode 

 



Theory and Simulation 

 
 87 

Figure 20: Temperature dependence of the resonance frequency of the first antisymmetric mode 

To simulate the dependence of the resonance frequency on the applied force or a given 

displacement (deformation) the material parameters as listed in Table 1 are used (force load 

see Figure 3. 

Figures 7 and 8 depict the simulation results of the dependence of the resonant frequencies of 

both, the first symmetric and the first anti-symmetric mode. Structure with the type A 

suspension-sub-structure, have a negative responsivity Δf / Δd, when Δf and Δd are the 

change of resonance frequency and the change of displacement, respectively. This is a result 

of the complex structure design. As expected, the direct clamped structure type (type b) has 

the highest frequency to displacement ratio but also with the highest temperature dependence 

ratio. 

 

 
Figure 21: Dependence of the resonance frequency of the symmetric modes from the displacement. 

 
Figure 22: Dependence of the resonance frequency of the anti-symmetric modes from the displacement. 
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Type A has a temperature compensating substructure with a small meander to eliminate the 

effect caused by the thermal expansion of the sensing structure relative to the sensor frame 

[2]. To clarify the effect of the mechanical design two additional layouts are investigated, type 

B and C, without and with simple compensating structure, respectively. These layouts allow 

for distinction between compressive stresses and moments by simultaneously using 

symmetric and antisymmetric modes [7]. 

  

6.3 Fabrication and Material Parameters 
 
The device is fabricated with Si-technology using 100 mm SOI-wafer, ⧼100⧽ oriented, with a 350 µm thick 

handle wafer, a burried oxide layer (250 nm) and a 20 µm Si-device layer. The wafer is coated on both sides 

with a 70 nm LPCVD silicon nitride layer. 

 
 

Figure 23: Fabrication process of the sensor using deep reactive ion etching and lift of technique.  

 
Figure 9 depicts the fabrication process. After the first lithography, Pt is evaporated and 

structured with lift-off. (Fig. 9 I, II). Afterwards, the Au-leads are structured with the second 

lift-off process (Fig. 9 III, IV). The third photolithography process creates the etching mask 

for the dry etching process of the device – layer (VI, VII). Now the device layer has to be 
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protected for the subsequent procedures with a protective resist. After backside etching (Fig. 9 

VIII, IX and X) the sensor element is fixed at the four corners in the suspension structure. 

Now the sensor is separated from the form utilizing an extraction stamp. 

 

 

The single sensor element is mounted on an aluminum base with epoxide resin, aligned at two 

sides (see Fig. 10) and connected to a printed circuit board with Au-band wires.  
 

 
 

Figure 24: PCB with mounted sensor 

 
Table 1 lists the material parameters for the leads (Au and Pt) and the different layers. 

 
 

TABLE I: Material parameters for simulation (*depending on crystal orientation on the 
silicon wafer) and the resistance values. 

 
Symbol Quantity               value 
E Young‘s modulus* 170 / 147 GPa 
ν Poisson ratio* 0.28/0.2 

k 
ρ 

Thermal conductivity 
Density 

130 W/mK 
2329 kg/m³ 𝛼 

 
cp 

RLB1 

RLB2 

Rtemp 

Thermal cofficient of 
expansion  
Heat capacity  
resistance of circuit 1 
resistance of circuit 2 
resistance of platinum 
element  

2.6 106 1/K 
  
700 J/kgK 
160 Ω 
159 Ω 
405 Ω 
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6.4 Measurements 
 
6.4.3 Measurment Setup 

 
The setup consists first of the sensor chip connected to the printed circuit board, the base plate 

and the four wire temperature measurement, second the four piezo actuators with their 

positioning device and third the dipole array for the magnetic field excitation respectively (see 

Figure 7).  

The piezo actuators from “PI-Ceramics” are driven by two power source combined with two 

E-610 piezo amplifier also from “PI-Ceramics”.  

 

 

 
 

Figure 25: Measurement setup with the sensor package and the piezo actuators. The magnetic stimulation 
by a permanent magnet dipole 

 

The reference temperature measurement is done with a Pt-lead on the surface of the sensor 

element which is connected, by four gold wires, to the circuit board. One corner of the MEMS 

chip is fixed on the Al-base and stick together with the circuit board. The mechanical 

oscillations of the sensing sub-structures are currently read-out by a micro-system analyzer 

(Polytec MSA 400) with 10:1 macro lens. 
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6.4.4 Experiments 
 
The sensor is powered by the function generator of the MSA400 with Uss=0.55 V and I=0.45 

mA. A periodic chirp from 2 kHz to 20 kHz is used to excite, the first and second symmetric 

and anti-symmetric modes. A small excitation amplitude is used to introduce as little heat as 

possible to the sensing structure to reduce changes of the resonant frequency due to the 

thermal stress as much as possible. The permanent magnet dipole generates a flux density of 

22 mT and consequently deflections of up to 1 nm. The mechanical quality factor Q is 

approximately 230.  

The measured value is the deflection of the sensor frame caused by the piezo actuators as 

depicted in Fig. 11. The whole operational range of the actuators is used.  

With this experiment we measure both, the symmetric and the anti-symmetric deflection 

which generates a moment with different symmetric offsets. 

 Different modes are utilized to demonstrate the various effects due to the compressive stress 

and moments. A large shift of the resonance frequency occurs from a compression stress 

while using a symmetric mode in contrast to an anti-symmetric mode with a small drift as 

seen by comparing figure 12, 13 and 14, 15 respectively. The different graphs in figure 13 

result from three different compression pre-stresses (symmetric deflection). Noteworthy is the 

good correlation between measurement and simulation of the gradient. The deviation of the 

experimental results from the simulated results influenced by the measurement setup itself 

and fabrication tolerances from the sensing structure suspensions.   

 

 
Figure 26: Shift of the resonance frequency of the second symmetric mode (7.36 kHz) by a parallel symmetric load state from 

both piezo actuators of 2.5 µm. Measurement results in comparison with the simulated values.  
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Figure 27: Shift of the resonance frequency of the second symmetric mode (7.36 kHz) stressed by a moment and with a 

superimposed compressive force. Measurement results in comparison with the simulated values.  

 

The corresponding situation for the antisymmetric mode is depicted in Fig. 14, 15 and 16. 

Hence, a moment acting on the sensor changes the resonant frequency of the second 

antisymmetric mode by 300 Hz/µm, where as the resonant frequency for symmetric load is 

only slightly influenced (1Hz/µm).  

The temperature of the device layer (including the sensing structure) was 24.6°C throughout 

the whole experiment, measured with the two Pt elements as described in section I. 

 

 
Figure 28: Shift of the resonance peak of the second anti-symmetric mode (16.3 kHz) by a parallel load state from both piezo 

actuators of 2.5 µm. Measurement results in comparison with the simulated values.  
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Figure 29: Shift of the resonance peak of the second anti-symmetric mode (16.3 kHz) stressed by a moment and with a 

superimposed compressive force. Measurement results in comparison with the simulated values.  

 

6.5 Conclusion and Outlook 
A resonant MEMS force and displacement sensor is presented to measure both, the 

compressive force and the moment acting on the device using two different vibration modes 

(one symmetric and one anti-symmetric) to distinguish the two load states, generated with two 

piezo actuators. A frequency change of 63 Hz/µm occurs while measuring a compressive 

force load state and a symmetric mode. This allows a sensitivity down to 15 nm/Hz up to 

now. 

The measurements reveal that compressive forces and moments can be easily distinguished 

from each other by measuring both vibrating modes separately. To decrease the temperature 

effect of the silicon material and the oxide layer between support and sensing material, low 

power combined with short measuring intervals is used to excite the sensing structure. 

Next step is the Readout with piezo resistive elements. Caused thru this mentioned method, it 

will push up the possible applications thru the miniaturizing of the complete sensor. 
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Two dimensional displacement measurement with 
MEMS structure  
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Published in: Journal of Journal of Micromechanics and Microengineering 
 
 
Abstract 
In this letter we present a MEMS Sensor to measure displacement in at least two directions. 

The sensor device is a resonant, Lorentz force driven and cross-shaped sensing structure 

whereas the measurement signal is the change of the resonance frequency induced by the 

deformation of the sensor-frame. This device is a pre-study to implement the sensor in a two-

dimensional micro manipulation system for which the team uses a micro system analyzer to 

detect the resonance frequencies of the different vibration modes. The sensor-frame 

deformation between 0.1 and 2 µm is generated by four piezo actuators. With this setup, the 

sensor achieves a sensitivity of up to 20 nm/Hz. The device is fabricated from a 100 mm SOI 

wafer with standard CMOS processes and has two Pt1000 elements integrated on the device 

layer to compensate any effects caused by thermal extension of the structure or temperature 

induced changes of material parameters.  

 

7.1 Introduction 
 
Multiaxial displacement sensing is required in many applications: Atomic force microscopes 

(AFM) that use a two dimensional displacement measurement to detect both the atomic 

structure of the surface and the lateral deviation of the spring-like cantilever [1] (where the 

difference in the deviation between lateral and vertical displacement amounts to two orders of 

magnitude), as well as the industrial automation systems (e.g. quality management for 

production facility) or micromanipulation systems.  

 

Beyeler et. al. presented a six degrees of freedom sensor that is able to measure force and 

torque simultaneously by comparing seven capacitors mounted at the tips of a complex 

https://ieeexplore.ieee.org/xpl/mostRecentIssue.jsp?punumber=7350021
http://iopscience.iop.org/journal/0960-1317
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sensing structure [2]. They reach resolutions down to mirco-Newton and nano-Newtonmeter 

measuring force and torque respectively. 

Another sensor with six degrees of freedom is invented by Brookhuis et. al. in 2013 and uses 

a capacitive readout for biomechanical applications [3] and exhibits a range of up to 50 N 

exterior load. 

The presented sensor concept is already described in previous work but only with a one-

dimensional measurement (one force and one moment respectively) [4]. We apply a resonant 

cross-shaped and Lorentz-force stimulated sensing structure supported in the sensor frame 

with a temperature compensating sub-structure (see Figure 1) [5]. The sensor frame is divided 

into four identical parts, connected by four meander sub-structures that enable the 

deformation of the sensor frame and the sensing structure respectively. To generate a 

determinable signal change, only very little strain is necessary as compared to common strain 

sensors [6].   

 

The exterior load detunes the resonance frequencies of the cross-shaped sensing-structure. To 

detect the complete load-set, we use the resonance frequency change of at least two vibration 

modes. The homogenous magnetic field is generated by a permanent magnet dipole with a 

flux density of 22 mT in the area of the sensing structure. 

 
Figure 30: sensor concept of the sensing device made out of a 100 mm SOI wafer. With gold leads 
(stimulation) and Pt-leads (temperature measurement)  
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7.2 Simulation and Theory 
 
The simulations are performed with COMSOL Multiphysics ® 5.2. The corresponding 

material parameters and the measurement parameters of the circuits are listed in Table 1. 

 
TABLE I: Material parameters for simulation (*depending on crystal orientation on the 
silicon wafer), geometrical parameters of the meander and the resistance values of the 

circuits. 
 

Symbol Quantity value 
E Young‘s modulus* 170 / 147 GPa 
ν Poisson ratio* 0.28/0.2 

k 
ρ 

Thermal conductivity 
Density 

130 W/mK 
2329 kg/m³ 𝛼 

 
RLB1 
RLB2 

Rtemp 

h 
b 
l 

Thermal cofficient of 
expansion 
resistance of circuit 1 
resistance of circuit 2 
resistance of platinum 
height of the meander 
width of the meander 
length of the meander 

2.6 10-6 1/K 
 
160 Ω 
159 Ω 
405 Ω 
0.6 mm 
0.26 mm 
5.95 mm 

   
 
To compare the simulations with the measurement data, the four piezo actuators are 

approximated by distributed loads on the sensor frame. With respect to the limitation in the 

positioning accuracy of the contact surface of the piezo actuators in relation to the sensor 

frame, there is an individual preload of the adjacent pressure marks within the simulation, but 

nevertheless with the same load set. The preload set in the simulation is designed after the 

complete assembly and adjustment is performed at the measuring device to match the 

adjusted resonance frequency of the basic vibration mode after the positioning of the piezo 

actuators. 

To avoid non-linearities of the extension of the piezo actuators, not the entire possible range 

of 2.2 µm deflection is used. Therefore, an additional preload is applied to fix inaccuracies of 

the positioning toward the rotation of the piezo actuator against the sensor frame.  

The spring constant of the extensional/compressional sub-structure (meander) of the sensor 

frame is approximately calculated to estimate the needed force or stress acting on the sensor 

frame [7]. A displacement of 2 µm is desired and the maximum applicable force coming from 
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the piezo actuator is 11.2 N. A first approximation of the spring constant originating from the 

bending beam can be assumed as: 

 𝑐𝑀 = 3𝐸𝐼𝑧𝑙3         (1) 

 

where 𝑐𝑀 is the spring constant of the meander, 𝐸 is the Young’s modulus of silicon (this 

approach neglects the 100 nm thick oxide layer between device- and handle layer), 𝐼𝑧 is the 

second moment of area referred to the z-axis and 𝑙 is the length of the meander structure. 

Using the parameters from Table 1 delivers 𝑐𝑀 ≈ 1.77 N/mm as well as σ ≈ 1850 Pa. 

The temperature dependence of the sensing structure is already simulated in [8]. The 

suspension sub-structure used in this work (see Figure 1) has a temperature dependence of 

approximately 1 Hz/K [5, figure 7], which is small if we consider the short measurement time 

(duration between the first capture of the resonance frequency, adjustment of the piezo 

actuator and the second capture of the changed resonance frequency) in relation to the small 

heat absorption of the sensor in this setup.   

Using the calculated stress or the resulting displacement in the simulation model (Fx), we get 

resonance frequency changes of 110 Hz and -67 Hz for the second and fourth vibration mode 

respectively. These values are also stable, changing the preload of the other stress direction 

(Fy). 

7.3 Experiments and Results 
The measurement setup allows for loads in x- and y- direction (see Figure 2) and is realized 

by contacting four 2*2*2 mm piezo actuators on the sensor frame with micrometer screws, 

driven by two E-610 piezo amplifiers from “PI-Ceramics” (see Figure 3). 

In addition to the depicted forces (Fx and Fy), there a three more potential degrees of freedom 

for measurement (namely three torques around the x-, y-, and z-axis) deforming the sensor 

frame. For each load, another vibration mode is used to characterize the complete load-set. 

Furthermore, it is necessary to note that it is possible to choose arbitrary resonance modes as 

long as the change of the resonance frequency of the selected modes is different. 

In this work the sensor output is the change of the resonance frequency compared to the 

displacement of the sensor frame and thus the position of the suspension points of the sensing 

structure respectively. In this early stage of the sensor development, the resonance frequency 

is detected with a Polytec MSA 400 micro system analyzer.  
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Figure 31: The principle of the measurement setup with forces in x- and y-direction. 

Two permanent magnets in a dipole array create a flux density of 22 mT and with an 

electrical current of 1.2 mA, the Lorentz force excites deflections at a resonance of up to 20 

nm.  

 

 
 

Figure 32: Measurement setup with the piezo-actuators and the MEMS device: 1. PCB; 2. MEMS chip; 3. 
piezo-actuator; 4. sensor mounting 
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Figures 4 and 5 depict the measurement results for the both selected vibration modes. 

Comparing with the almost linear frequency drift from the simulations we see slight rejection 

from the linearity causing through the measuring device and the piezo-positioning. Consider 

the change of the resonance frequency as a function of the displacement of the piezo 

actuators, we see changes of the resonance frequency around 106 Hz and -72 Hz respectively 

what is in good condition with the simulation results. 

 

 
 

Figure 33: two dimensional displacement measurement using the second symmetric vibration mode; max. 
displacement +2µm; max. resonance frequency change 170 Hz. The different graphs represents the 
displacement in y-direction. The standard deviation within this measurement is 4 Hz in average. 
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Figure 34: two dimensional displacement measurement using the fourth symmetric vibration mode; max. 
displacement +2µm; max. resonance frequency change 138 Hz. The different graphs represents the 
displacement in y-direction. The standard deviation within this measurement is 4.5 Hz in average. 

 

7.4 Conclusion and Outlook 
The presented sensor concept enables simultaneous measurement of two displacement 

directions that are perpendicular to each other. The setup consists of a resonant Lorentz force 

stimulated MEMS device and four piezo-actuators to realize the lateral displacement. The 

change of the resonance frequency of the sensing structure is the measurement output signal 

of the sensor. For a displacement of 2 µm, we get a change of 100 Hz of the resonance 

frequency at the second antisymmetric and 70 Hz at the third antisymmetric mode. The 

sensitivity of the sensor in this stage is 20 nm/Hz (standard deviation 0.6 Hz) with a 

resolution of 0.5 Hz from the micro-system-analyzer.  

In a further step, the team will develop a piezo-resistive readout [8] integrated in the sensing 

structure suspensions to miniaturize the sensor concept and to enlarge the field of application. 

Furthermore, an encapsulation of the sensor will be created to minimize environmental 

influences on the sensing structure. To this end, an elastic connecting element will have to be 

designed to avoid effects of the encapsulation on the sensor function. 

7.5 References 
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VIII. Conclusio and Outlook 

In this present thesis we demonstrated a set of different mechanical sensor structures to 

measure at first the magnetic flux density in at least two directions in space as well as the 

local flux density gradient. The last parameter deserves closer attention especially in high 

sensitive applications like the accelerator dipoles at the LHC (large hadron collider) of every 

other particle accelerator. The second sensor type is an outcome of the magnetic field sensors 

and is able to measure displacement in at least two directions in space or torsion around two 

axis perpendicular two each other. In the presented papers are simulation data as well as the 

belonging measurement data compared with each other. We constitute mathematical 

analogous models for the simplest cases all the resonant sensing structures in the theoretical 

part of this thesis.  

 
 

Figure 35: This figure demonstrates the growth of the sensor development during this thesis. Origin from 
the simple cantilever (first and second picture) for magnetic field sensing as well as chemical experiments 
(e.g. mass-spectroscopy) we find the U-shaped magnetic field sensing structure (for one- and two-
dimensional flux density sensing) and the double-U-shaped structure (fourth picture) as well as the 
omega-shaped-structure (not depicted here) for flux density gradient sensing. Finally the cross shaped 
structure from the displacement sensor is depicted at last. 

 
The magnetic flux density gradient sensor has an overall sensitivity of 2.5µT and a minimal 

detectable field gradient of 1µT/mm. During the experiments with the double-U-shaped 

structure and the omega-shaped structure the temperature effect of the resonance frequency 

decreases from 5.8Hz/K to 1.3Hz/K respectively. We also investigated a torsional bending 

structure to demonstrate the temperature effects of a simple double clamped cantilever at 

higher vibration modes and find that the dependency from the resonance frequency is 

12.4Hz/K. The displacement sensor is investigated with a deformation in one direction as well 

as in two dimensions. Using a symmetric and an antisymmetric vibration mode the crosstalk 

between the different load states is almost zero. For a one-dimensional displacement we get a 

sensitivity of 15nm/Hz and 20nm/Hz for two-dimensional displacement. 

 

In the years ahead the sensor development will reach new dimensions induced by a large 

growing automatization sector and even more by an exponential increase of the number of so 
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called smart devices (e.g. in the automotive sector as well as the portable devices) and the 

trend to IoT (internet of things) cross-linking of formerly non digital appliances. Not a quarter 

as good growing is the sector of high specialised sensing devices like AFM (atomic force 

microscopes) modules or testing machines but their requirements are become ever larger and 

therefore the requirements for sensing devices will even harder to handle. In this sector our 

research-projects will find a niche to position the high precise devices for selected unexplored 

applications.   



References 

 
 142 

  



RMAS 

 
 143 

IX. Appendix  

 

9.1 RMAS 
 

The Resonant Memory Array System is a theoretical simulation model. The idea comes from 

the calculations to the PikoSens project and monitors the possibility to store information in a 

cantilever array by varying the positions of mass-points over the length of the cantilever. This 

array is a non-rewritable permanent information storage. Three mass-points located on a 

double clamped cantilever with initial positions distributed symmetrically over the length of 

the cantilever.  The ratio  𝜇  between the additional mass and the cantilever mass is 

approximately one. Each cantilever has a parallel one with the same masses located in the 

initial positions. Apart from manufacturing deviations the two cantilevers have the same 

resonance frequencies and also the temperature induced variations affect equal on both 

cantilevers.  

In theory there are 343 possible variations with these three mass-points provided that each has 

seven possible positions (the initial position and three positions left and right respectively 

delivers 73 states). To avoid undifferentiable mirrored positions we have to subtract 168 states 

and get 175 possible variations. 

 
 

Figure 36: above: mass-points on their initial positions (ground state). below: a possible state marked 
green and a redundant mirrored state marked red. 

 



RMAS 

 
 144 

To store information in the system the position of at least one mass-point on one of the 

cantilevers varies towards the other cantilever to change the resonance frequency. The 

position of the mass-points varies in discrete values to get well defined differences in the 

resonance frequency. The smallest variations depends on the minimal detectable frequency 

change in relation with the readout proceed.  

 

 
 

Figure 37: Model of the Resonant Memory Array System with the two cantilevers including additional 

mass-points in their initial positions. The left cantilever is the reference one and the right has the 

adjustable mass-points do detune the resonance frequency. The cantilevers are even Lorentz Force driven 

whereby the main parameters are depicted.  

 

The frequency variation is, avoiding mirrored shifts of the mass-points, representative for the 

positions and therefore a measure for the stored information.  

  

The length of the cantilever is 350nm, the width 30nm with a thickness of 10nm 

 

 
Figure 38: Analogous model for the calculations and simulations. The additional masses produces shear 

forces which generates three more boundary conditions. 

Well sealed, the RMAS with the permanent written cantilevers are largely independent from 

external influences like magnetic fields or extreme temperatures as aging processes of the 

material occur equal on both, the measurement and the reference cantilever.  
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