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ABSTRACT:
Multilayer piezoelectric transducers and resonators are widely used for generating propagating and standing acoustic

waves as well as for sensor devices. More recently, layered piezoelectric structures based on thin film technology

became increasingly important for electromechanical filters used in mobile phones. As a consequence, analytical

mathematical modeling of such structures is of high interest. In this paper, a general rigorous transfer matrix

description for one-dimensional (1D) layered structures consisting of piezoelectric, visco-elastic, and dielectric

layers of arbitrary number is introduced to characterize the electrical and mechanical behavior of a general piezo-

electric transducer or resonator with two electrodes and arbitrary acoustic termination impedances (Rig-1D-model).

This model is the most general 1D analytical description of layered piezoelectric structures available and can be

used for the characterization of various composite transducer and resonant sensor applications. Considered in detail

are layered structures with the technically important cases of only one electromechanically coupled mode, and the

structure at one or both outer surfaces is in contact with semi-infinite media. For such devices, it is shown how the

frequency dependence of the total electrical admittance and spatial dependence of the displacements can be calculated.
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I. INTRODUCTION

From a historical point of view, the first descriptions of

layered piezoelectric structures were based on electrical trans-

mission line analogies.1–4 The electrical network multimode

representations for arrangements of piezoelectric plates consist

of eight-port models, in particular, of six mechanical and two

electrical ports. For the electromechanical characterization of

stacked structures, the mechanical ports have to be intercon-

nected via fictive transformers to model the coupling between

the three eigenmodes. This description has the advantage of

being somehow pictorial—at least for an electrical engineer—

but requires involved electrical network analysis and the use of

an electro-acoustical analogy.2

In the subsequent development, an important milestone

was the introduction of a general 8� 8 transfer matrix descrip-

tion of arbitrarily oriented layered piezoelectric resonator

structures.5 In this so-called one-dimensional (1D) description,

the physical quantities are not necessarily limited, only their

location dependence is limited. In each plane x� ¼ constant,

the physical quantities have the same value regardless of the

considered location in this plane, that is, they depend only on

the coordinate x� . The direction of x� corresponds to the thick-

ness direction of the piezoelectric plate. This restricted spatial

dependence of the physical variables lead to a simplification of

the governing equations. For example, the stress vector

component, cijkl@i@lukðx1; x2; x3Þ, simplifies to c�jk�@�@�ukðx�Þ
for a chosen value �. These simplifications allow the analytical

solution of the equations of motion for a piezoelectric plate as

shown in the work of Nowotny and Benes.5 The predictive

results delivered by this so-called 1D model are in good to

excellent agreement with measurement results from various

practical piezoelectric transducer, resonator, and filter struc-

tures, especially in thin-film applications, i.e., when the thick-

nesses of the considered (exciting/active and anisotropic)

layers are much smaller than their lateral dimensions or certain

measures (“energy trapping”) prevent mode coupling

(induced, e.g., by the device clamping at the edges).

In a further development step, the original restriction to

two electrodes could be extended to the treatment of an arbi-

trary number of electrodes by also representing the electrode

layers by a matrix description.6 The model was derived

without using any electro-acoustical analogies as an exact

analytical solution of the governing differential equations

supplemented by their appropriate boundary conditions at

the terminating surfaces and electrical port. In the

approaches by Nowotny and Benes5 and Nowotny et al.6 for

the outer terminating surfaces of the stack, the boundary

condition for resonators with free end planes, i.e., vanishing

mechanical stress, was used. In some applications, this con-

dition was replaced by the complementary resonator bound-

ary condition of fixed end planes (vanishing displacement).7

A general solution of the problem in closed form for any

stacking sequence of layers was obtained, where each layera)Electronic mail: stefan.braun@tuwien.ac.at
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is characterized by the following parameters: layer thick-

ness, mass density, effective elastic constants, piezoelectric

constants, dielectric constants, and viscosity as a measure of

the electromechanical losses. This 1D model allowed the

calculation of the electrical admittance appearing between

the electrodes for any frequency by performing only simple

matrix multiplications and inherently covered the general

case of multimode excitations and their coupling effects.

In summary, the work of Nowotny and Benes5 allowed

the determination of the entire frequency spectrum of those

composite resonators for the resonator boundary condition

cases of free and fixed outer surfaces.

A. Previous applications

Because in most application cases only two electrodes

are present, the previous work of Nowotny and Benes5 was

widely used in numerous fields ranging from

(a) resonant ultrasonic field generation in liquids for parti-

cle separation technologies, ultrasonic cell filters for

perfusion-bioreactors, as well as for other ultrasonic

standing wave (USW) devices8,9 over

(b) resonant sensors, e.g., for quartz-crystal thin film

thickness monitors;10,11

(c) electric filter applications, especially for mobile phones,

where the piezoelectric resonator layer (e.g., TiN) is

acoustic wave reflective face-mounted by the use of

quarter-wavelength acoustic impedance transformation

layers between the substrate and resonator12–18 to

(d) acoustic transmission and delay lines.9,19–21

B. Recent applications

In the present paper, the rigorous model of Nowotny and

Benes5 is extended to cover the most general boundary con-

dition of terminating the outer planes of the sandwich struc-

ture by semi-infinite media of arbitrary acoustic impedance.

The description introduced below with code name Rig-1D-

model is herewith the most general 1D analytical description

of layered piezoelectric structures available and can be used

for the modeling of any composite transducer and resonant

sensor application. Consequently, the scope of possible appli-

cations of the Rig-1D-model is further extended to

(a) transducers with matching and backing layers, e.g., for

SONAR and ultrasonic imaging22–26 and

(b) resonant sensors in contact with fluids, e.g., viscosity,

density, or speed of sound sensors.7,26–36

II. GENERAL 1D MATHEMATICAL MODEL

For the Rig-1D-model presented here, we adopt the

transfer matrix formalism introduced in Nowotny et al.6 and

apply it to the case of two electrodes. Although this finally

leads to the description of two electrodes as given in

Nowotny and Benes,5 the more recent paper6 is chosen as a

starting point because the structure of the equations used in

Ref. 6 is more suitable for our present approach.

The thickness direction of the layered piezoelectric

structure is denoted as x� in accordance with the IEEE

Standard on Piezoelectricity.37 In particular, for a Y-cut

quartz �¼ 2, which means that the thickness direction is the

y-direction, whereas for a piezo-ceramic material �¼ 3, the

thickness direction is the z-direction. If the piezoelectric

material exhibits only one displacement eigen-direction, as

in the two cases just mentioned, the transfer matrix calcula-

tions simplify because the matrix dimensions reduce from

8� 8 to 4� 4 due to the fact that the displacement is aligned

with or is perpendicular to the axis direction, x� . This reduc-

tion was used in many applications of the transfer matrix

model; see, e.g., Refs. 38–41. Consequently, these cases of

technical importance will be considered in more detail

below.

A. Transfer matrix of one film layer

Regarding a plate located between x� ¼ 0 and x� ¼ l
(see Fig. 1), we can calculate the boundary values of the dis-

placement vector (Cartesian) components, ui, the stress vec-

tor components, Tj, with i; j ¼ 1; 2; 3, the electric potential,

u, and the electric displacement, D� , at x� ¼ l as linear func-

tions of the boundary values at x� ¼ 0 (for details, see the

work of Nowotny and Benes5). Considering solutions with

time dependence, eþjxt (time harmonic solutions), these lin-

ear relations between the boundary values at the two sides

of the plate can be written in the form (see Ref. 6)

u1

u2

u3

T1

T2

T3

u

D�

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

x�¼l

¼

Muu
11 Muu

12 Muu
13 MuT

11 MuT
12 MuT

13 0 MuD
1

Muu
21 Muu

22 Muu
23 MuT

21 MuT
22 MuT

23 0 MuD
2

Muu
31 Muu

32 Muu
33 MuT

31 MuT
32 MuT

33 0 MuD
3

MTu
11 MTu

12 MTu
13 MTT

11 MTT
12 MTT

13 0 MTD
1

MTu
21 MTu

22 MTu
23 MTT

21 MTT
22 MTT

23 0 MTD
2

MTu
31 MTu

32 MTu
33 MTT

31 MTT
32 MTT

33 0 MTD
3

Muu
1 Muu

2 Muu
3 MuT

1 MuT
2 MuT

3 1 MuD

0 0 0 0 0 0 0 1

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
M

u1

u2

u3

T1

T2

T3

u

D�

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

x�¼0

; (1)
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with an 8� 8 transfer matrix, M. The different parts of the

complete 8� 8 transfer matrix are given by the following

formulas with the Cartesian components i; j; k; l ¼ 1; 2; 3
(see Ref. 6):

Muu
ij ¼

X
n

bðnÞi bðnÞj cos aðnÞlx; (2)

MuT
il ¼

X
n

bðnÞi bðnÞl

1

zðnÞ x
sin aðnÞlx; (3)

MTu
kj ¼ �

X
n

bðnÞk bðnÞj zðnÞ x sin aðnÞlx; (4)

MTT
kl ¼ Muu

kl ; (5)

MuD
i ¼

X
n

bðnÞi

kðnÞffiffiffiffiffiffiffiffiffiffi
e�� q
p

x
sin aðnÞlx; (6)

MTD
k ¼ �

X
n

bðnÞk

kðnÞ zðnÞffiffiffiffiffiffiffiffiffiffi
e�� q
p 1� cos aðnÞlxð Þ; (7)

Muu
j ¼ MTD

j ; (8)

MuT
l ¼ MuD

l ; (9)

MuD ¼ � l

e��
1�

X
n

kðnÞ2

aðnÞlx
sin aðnÞlx

 !
: (10)

In these equations, l and x denote the thickness of the

layer and circular frequency, respectively. All of the other

variables can be calculated from the material constants mass

density, q, elastic stiffness constant, c�jk� (for constant elec-

tric field, E; full notation, cE
�jk�), piezoelectric constant, e��j,

and dielectric constant, e�� (for constant strain, S; full nota-

tion, eS
��). From the piezoelectrically stiffened elastic con-

stant tensor (see Refs. 37 and 42),

�c�jk� ¼ c�jk� þ
e��je��k

e��
; (11)

one can calculate the three eigenvalues, �cðnÞ, and the corre-

sponding three eigenvectors, bðnÞj , such that

�c�jk� bðnÞk ¼ �cðnÞ bðnÞj ; n ¼ 1; 2; 3: (12)

In the calculations, we make use of the Einstein summation

convention over double Latin indices; the Greek index, �,

remains fixed. The slowness, aðnÞ, is given by

aðnÞ ¼
ffiffiffiffiffiffiffi
q

�cðnÞ

r
; (13)

the acoustic impedance per cross-sectional area, zðnÞ, is

given by

zðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
�cðnÞ q

q
; (14)

and the dimensionless piezoelectric coupling factor, kðnÞ, is

given by

kðnÞ ¼
e��j b

ðnÞ
jffiffiffiffiffiffiffiffiffiffiffiffiffi

�cðnÞe��
p : (15)

If we consider materials with elastic and dielectric losses,

we can use complex material constants as shown by

Holland.43 For a time dependence of the form eþjxt, as usu-

ally used by electrical engineers, this means that the imagi-

nary part has to be taken as positive for the elastic stiffness

constant, c, and negative for the dielectric constant, e.
For the further calculations, we write Eq. (1) in a more

compact vector notation as

~u

~T

u

D�

0
BBBB@

1
CCCCA

x�¼l

¼

Muu MuT 0 ~M
uD

MTu MTT 0 ~M
TD

~M
uu ~M

uT
1 MuD

0 0 0 1

0
BBBB@

1
CCCCA

~u

~T

u

D�

0
BBBB@

1
CCCCA

x�¼0

: (16)

B. Transfer matrix of a layered stack

The physical boundary condition for slip-free interfacing

surfaces of two films is the equality of the values of the varia-

bles,~u; ~T ; u; D� , at the interface, which we have chosen as ter-

mination parameters for the transfer matrix description.

Therefore, in the transfer matrix description, the connection

between two films appears to be a matrix multiplication of the

single transfer matrices. If the general form of the transfer

matrix as given by Eq. (1) is used for each single film of a stack,

it can be shown that this general form is conserved after matrix

multiplication.5 Consequently, the total transfer matrix for an

arbitrary number of films without an electrode in between is of

the same form as the general transfer matrix of a single film.

According to Eq. (1), the boundary values, D� , are

equal for both sides of a dielectric film. However, this is not

the case for an electrically conducting electrode. On both

sides of such an electrode, the values of D� , in general, are

different and will be denoted as Dþ� and D�� (see Fig. 2). The

difference, Dþ� � D�� , is related to the electric charge per

FIG. 1. (Color online) Boundary values for a single layer of thickness, l.

FIG. 2. Boundary values for an electrode.
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unit area on the electrode and from Maxwell’s equations, we

obtain the electric current, I, flowing to the electrode as

I ¼ jxA Dþ� � D��
� �

; (17)

where A denotes the area of the electrode. Equation (17)

shows that the boundary values of D� directly depend on the

electric current, I, flowing to this electrode. We can use Eq.

(17) to connect the values (~u; ~T ; u; D�) on both sides, Eþ

and E�, of the electrode

~u
~T

u

D�

0
BBB@

1
CCCA

Eþ

¼

~u
~T

u

D�

0
BBB@

1
CCCA

E�

þ

0

0

0

1

0
BBB@

1
CCCA I

jxA
: (18)

C. Composite structure with two electrodes

If an ordered stack with two electrodes (see Fig. 3) is

considered, for both electrodes, the equation

~u

~T

u

D�

0
BBBB@

1
CCCCA

x�¼b

¼MGQF

~u

~T

u

D�

0
BBBB@

1
CCCCA

x�¼a

þMGQ

0

0

0

1

0
BBBB@

1
CCCCA I0

jxA

þMG

0

0

0

1

0
BBBB@

1
CCCCA I1

jxA
(19)

is obtained by using Eq. (18). Here, the notation,

MGQF ¼MG MQ MF ; MGQ ¼MG MQ; (20)

is used whereby the transfer matrix for a stack without an

electrode is given by the matrix product of the single layer

transfer matrices of all of the layers within the stack (the

matrix multiplication always occurs according to the order

in the stack).

Writing Eq. (19) more explicitly [cf. Eq. (16)], we obtain

~ub ¼Muu
GQF~ua þMuT

GQF
~Ta þ ~M

uD

GQF D�a

þ ~M
uD

GQ

I0

jxA
þ ~M

uD

G

I1

jxA
; (21)

~Tb ¼MTu
GQF~ua þMTT

GQF
~Ta þ ~M

TD

GQF D�a

þ ~M
TD

GQ

I0

jxA
þ ~M

TD

G

I1

jxA
; (22)

ub ¼ ~M
uu

GQF~ua þ ~M
uT

GQF
~Ta þ ua þMuD

GQF D�a

þMuD
GQ

I0

jxA
þMuD

G

I1

jxA
; (23)

D�b ¼ D�a þ
I0

jxA
þ I1

jxA
: (24)

For the boundary media A and B, the relations D�b ¼ D�a

¼ 0 hold and, furthermore, the equation I0 ¼ �I1 applies.

D. Boundary medium conditions

As the non-piezoelectric boundary media A and B are

assumed to be extended semi-infinitely, only outgoing waves

can be present. Outgoing waves in medium A as solution of the

equation of motion [see Eq. (5.21) on p. 36 of Tiersten42],

c�ij�@�@�uj ¼ q€ui; i ¼ 1; 2; 3; (25)

are given by

uiAðx�; tÞ ¼
X

n

C
ðnÞ
A bðnÞiA ejxaðnÞ

A
x�ejxt; (26)

where C
ðnÞ
A are the displacement amplitudes for the three dif-

ferent eigenmodes described by the eigenvectors bðnÞiA of Eq.

(12),

c�ij�A bðnÞjA ¼ c
ðnÞ
A bðnÞiA ; n ¼ 1; 2; 3;

and the slowness, aðnÞA , according to Eq. (13),

aðnÞA ¼
ffiffiffiffiffiffiffi
q

c
ðnÞ
A

s
:

The calculation of the stress,

T�i ¼ c�ij�@�uj;

gives, in a first step,

TiA ¼ c�ij�A

X
n

C
ðnÞ
A bðnÞjA jxaðnÞA ejxaðnÞA x�ejxt

¼ jx
X

n

C
ðnÞ
A c
ðnÞ
A bðnÞiA aðnÞA ejxaðnÞA x�ejxt

¼ jx
X

n

c
ðnÞ
A aðnÞA bðnÞiA

X
m

dnmC
ðmÞ
A ejxaðmÞA x�ejxt:

FIG. 3. (Color online) The composite structure with layered stack, Q,

between two electrodes and layered stack, F, with boundary medium, A, at

one side and layered stack, G, with boundary medium, B, at the other side.
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Using the orthogonality relation of the eigenvectors, bðnÞiA ,

bðnÞjA bðmÞjA ¼ dnm;

and the definition of the acoustic impedance per cross-

sectional area, z
ðnÞ
A [see Eqs. (13) and (14)], is

z
ðnÞ
A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
c
ðnÞ
A qA

q
¼ c

ðnÞ
A

ffiffiffiffiffiffiffi
qA

c
ðnÞ
A

s
¼ c

ðnÞ
A aðnÞA ;

one obtains

TiA ¼ jx
X

n

z
ðnÞ
A bðnÞiA bðnÞjA

X
m

C
ðmÞ
A bðmÞjA ejxaðmÞ

A
x�ejxt: (27)

The sum over m now exactly represents the displacement,

ujA [see Eq. (26)]. Therefore, one can write

TiAðx�; tÞ ¼ jx
X

n

z
ðnÞ
A bðnÞiA bðnÞjA ujAðx�; tÞ: (28)

For the further calculations, it is essential to note that the

stress vector, ~T , is directly connected to the displacement

vector,~u. As a consequence, a relation between the mechan-

ical variable,~u, and the electric variable, u, can be obtained.

Equation (28) can be written in short notation as

~TAðx�; tÞ ¼ jxNTu
A ~uAðx�; tÞ; (29)

with the 3� 3 matrix,

NTu
A

� �
ij ¼

X
n

z
ðnÞ
A bðnÞiA bðnÞjA : (30)

In analogy, for outgoing waves in medium B, the ansatz,

uiBðx�; tÞ ¼
X

n

C
ðnÞ
B bðnÞiB e�jxaðnÞB x�ejxt; (31)

is used for the displacement. Hence, the stress can be speci-

fied to

~TBðx�; tÞ ¼ �jxNTu
B ~uBðx�; tÞ; (32)

with the 3� 3 matrix,

NTu
B

� �
ij ¼

X
n

z
ðnÞ
B bðnÞiB bðnÞjB : (33)

We now use Eqs. (21)–(24) to obtain a relationship between

the values of the electric currents and the mechanical dis-

placements at the surfaces x� ¼ a and x� ¼ b.

Using D�b ¼ D�a ¼ 0 and I0 ¼ �I1 in Eqs. (21) and

(22), the following connection between the boundary values

of the displacement at the surfaces next to the outside media

B and A can be obtained:

~ub¼ Muu
GQFþMuT

GQF jxNTu
A

� �
~ua� ~M

uD

GQ� ~M
uD

G

� �
I1

jxA
; (34)

�jxNTu
B ~ub ¼ MTu

GQF þMTT
GQF jxNTu

A

� �
~ua

� ~M
TD

GQ � ~M
TD

G

� �
I1

jxA
: (35)

An elimination of the displacement, ~ub, from Eqs. (34) and

(35) is easily possible and yields

�jxNTu
B Muu

GQF þMuT
GQF jxNTu

A

� �
~ua� ~M

uD

GQ� ~M
uD

G

� �
I1

jxA

� 	
¼ MTu

GQF þMTT
GQF jxNTu

A

� �
~ua� ~M

TD

GQ� ~M
TD

G

� �
I1

jxA
:

(36)

Equation (36) represents a direct relation between the dis-

placement, ~ua, at the interface, x� ¼ a, and the electric cur-

rent, I1, flowing to the resonator,

~ua ¼ MTu
GQF þ jx MTT

GQF NTu
A þ jx NTu

B Muu
GQF

h
�x2NTu

B MuT
GQF NTu

A

i�1

� ~M
TD

GQ � ~M
TD

G þ jxNTu
B

�
~M

uD

GQ � ~M
uD

G

�� 	
I1

jxA
:

(37)

Here, the exponent of the first factor on the right-hand side,

½� � ���1
, denotes matrix inversion (not to be confused with the

reciprocal). This direct relationship between electric and

mechanical variables is a consequence of the presence of piezo-

electric materials in the stack between the electrodes. Only film

layers with nonvanishing electromechanical coupling factors, k,

have nonzero transfer matrix elements, ~M
TD

GQ;
~M

TD

G ; ~M
uD

GQ, and

~M
uD

G , occurring in the last bracket of Eq. (37).

E. Electric admittance of a composite structure

To obtain a relationship between the electric currents and

electric potentials at the electrodes, potential equations are

needed. The transfer matrix connections between the boundary

surface at x� ¼ a and electrodes at x� ¼ e1 and x� ¼ e0 are

given by [see the analogous connection given by Eq. (19)]

~u

~T

u

D�

0
BBBB@

1
CCCCA

x�¼e1

¼MQF

~u

~T

u

D�

0
BBBB@

1
CCCCA

x�¼a

þMQ

0

0

0

1

0
BBBB@

1
CCCCA I0

jxA
; (38)

~u

~T

u

D�

0
BBBB@

1
CCCCA

x�¼e0

¼MF

~u

~T

u

D�

0
BBBB@

1
CCCCA

x�¼a

: (39)

From Eqs. (38) and (39), we obtain explicit formulas for the

electric potentials, u1 and u0, such that
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u1 ¼ ~M
uu

QF þ jx~M
uT

QF NTu
A

� �
~ua þ ua þMuD

Q

I0

jxA
; (40)

u0 ¼ ~M
uu

F þ jx~M
uT

F NTu
A

� �
~ua þ ua: (41)

If we assume that electrode 0 is grounded (u0 ¼ 0), the

boundary potential value, ua, can be calculated from Eq.

(41) as a function of~ua,

ua ¼ � ~M
uu

F þ jx~M
uT

F NTu
A

� �
~ua: (42)

Using Eq. (42) for the calculation of u1 results in

u1 ¼ MuD
Q

I0

jxA
þ ~M

uu

QF þ jx~M
uT

QFNTu
A

�
�~Muu

F � jx~M
uT

F NTu
A

�
~ua: (43)

This is a linear relation between the electric potential, u1,

and the electric current, I1 [see Eq. (37) for ~ua and use

I0 ¼ �I1], which defines the electric impedance, ZðxÞ, of

the piezoelectric resonator as

u1 ¼ ZðxÞ I1: (44)

Therefore, from Eq. (43) and using Eq. (37), the following

formula for the electric impedance is obtained:

ZðxÞ¼ 1

jxA
�MuD

Q þ ~M
uu

QFþjx~M
uT

QFNTu
A

�h
�~Muu

F �jx~M
uT

F NTu
A

�
� MTu

GQFþjxMTT
GQF NTu

A þjxNTu
B Muu

GQF

�
�x2NTu

B MuT
GQFNTu

A

��1

� ~M
TD

GQ� ~M
TD

G þjxNTu
B

�
~M

uD

GQ� ~M
uD

G

�
 �	
: (45)

F. Spatial course of the displacement

To get the spatial x�-dependence of the quantities dis-

placement, ~uðx�Þ, stress, ~Tðx�Þ, electric potential, uðx�Þ, and

electric displacement, D�ðx�Þ, we only need to know the

starting values of these variables at the surface, x� ¼ a, and

then we can use the transfer matrices for an arbitrarily cho-

sen location, x� . Depending on the chosen value of x� , one

or more stacked layers need to be taken into account to cal-

culate the values ~uðx�Þ; ~Tðx�Þ; uðx�Þ, and D�ðx�Þ. The

boundary values,~ua; ~Ta; ua, and D�a, depend on the driving

voltage, u1, only. The displacement,~ua, is given by Eq. (37)

using I1 ¼ u1=ZðxÞ, the stress, ~Ta, is computed from Eq.

(29) using ~ua, the potential, ua, is given by Eq. (42), and the

electric displacement, D�a, is zero.

Using these boundary values, all of the x�-dependent

quantities can be calculated such that

~u

~T

u

D�

0
BBBB@

1
CCCCA

x�

¼Mx�a

~ua

~Ta

ua

0

0
BBBB@

1
CCCCA� Mx�e0 �Mx�e1ð Þ

�

0

0

0

1

0
BBBB@

1
CCCCA 1

jxA

u1

ZðxÞ : (46)

Depending on the position, x� , the regarding contribution of

the electrodes has to be included (for stack F no electrode,

for stack Q the electrode zero, this means the transfer

matrix, Mx�e0, and for stack G both electrodes, this means

transfer matrices Mx�e0 and Mx�e1).

III. ONLY ONE ELECTROMECHANICALLY COUPLED
MODE

A. 4 3 4 transfer matrix

If the crystallographic orientation of the active piezo-

electric layer, reflected in the specific structure of the 8� 8

transfer matrix, implies that an electric voltage applied to

the electrodes can only excite mechanical displacement cor-

responding to one of the three eigenmodes, a reduction from

the 8� 8 transfer matrix to a 4� 4 transfer matrix is possi-

ble. From all of the vectors, ~u; ~T ; ~M
uD
; ~M

TD
; ~M

uu
; ~M

uT
, and

all of the 3� 3 matrices, Muu;MuT ;MTu;MTT , only one ele-

ment is necessary for the calculation:

u

T

u

D�

0
BBBB@

1
CCCCA

x�¼l

¼

Muu MuT 0 MuD

MTu MTT 0 MTD

Muu MuT 1 MuD

0 0 0 1

0
BBBB@

1
CCCCA

u

T

u

D�

0
BBBB@

1
CCCCA

x�¼0

:

(47)

B. Electric admittance

The formula (45) for the electric impedance, ZðxÞ, sim-

plifies to

ZðxÞ ¼ 1

jxA
�MuD

Q þ
Muu

QF þ jxzAMuT
QF �Muu

F � jxzAMuT
F

� �
MTD

GQ �MTD
G þ jxzBMuD

GQ � jxzBMuD
G

� �
MTu

GQF þ jxðzAMTT
GQF þ zBMuu

GQFÞ � x2zAzBMuT
GQF

2
4

3
5
: (48)

Here, zA and zB denote the specific acoustic impedances of the boundary media, A and B, respectively.
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Experimental results are usually specified in terms of

the admittance, YðxÞ¼ 1/ZðxÞ. A plot of YðxÞ is also used

to determine the different harmonic resonance frequencies,

fm�, fm, and fmþ of a piezoelectric resonator (see Fig. 5).

C. Mechanical displacement

For the calculation of the mechanical displacement, as a

starting point, we need the boundary value, ua, given in the

general formula, Eq. (37). If the calculation can be performed

with a 4� 4 transfer matrix, this formula simplifies to

ua ¼
1

jxA

u1

ZðxÞ

�
MTD

GQ�MTD
G þ jxzBðMuD

GQ�MuD
G Þ

MTu
GQFþ jxzAMTT

GQFþ jxzBMuu
GQF�x2zAzBMuT

GQF

:

(49)

IV. ONLY ONE PIEZOELECTRIC LAYER

If only one of the three eigenmodes in a single piezo-

electric layer is excited, a 4� 4 transfer matrix description

is possible, and the elements of the transfer matrix are given

by the following simplified relations:

Muu ¼ cos alx; (50)

MuT ¼ 1

z x
sin alx; (51)

MTu ¼ �z x sin alx; (52)

MTT ¼ Muu; (53)

MuD ¼
ffiffiffiffiffiffi
1

e q

s
k

x
sin alx; (54)

MTD ¼ �
ffiffiffiffiffiffi
1

e q

s
k z 1� cos alxð Þ; (55)

Muu ¼ MTD; (56)

MuT ¼ MuD; (57)

MuD ¼ � l

e
1� k2 1

alx
sin alx


 �
: (58)

In Eqs. (50)–(58), e is the component, e�� , of the dielectric

constant. With one component, c, of the elastic stiffness

constant, c�jk� , and one component, e, of the piezoelectric

constant, e��j, the piezoelectrically stiffened elastic constant,

�c, is given by

�c ¼ cþ e2

e
: (59)

This piezoelectrically stiffened elastic constant together

with the mass density, q, is used for the calculation of the

slowness,

a ¼
ffiffiffi
q
�c

r
: (60)

The specific acoustic impedance, z, simplifies to

z ¼
ffiffiffiffiffiffi
�cq
p

; (61)

and the dimensionless piezoelectric coupling factor, k, is

given by

k ¼ effiffiffiffiffi
�ce
p : (62)

For a piezoelectric resonator with only one piezoelectric

layer, Q, between the electrodes and boundary medium, A,

at one side and boundary medium, B, at the other side (see

Fig. 4), Eq. (48) for the electric impedance, ZðxÞ, can be

simplified analytically such that

ZðxÞ ¼ 1

jxA

"
�MuD

þ Muu þ jxzAMuT
� �

MTD þ jxzBMuD
� �

MTu þ jxðzAMTT þ zBMuuÞ � x2zAzBMuT

#
:

(63)

Using Eqs. (50)–(58) results in

ZðxÞ ¼ 1

jxA

l

e
1� k2 1

alx
sin alx


 �
þ 1

eq

�kz 1� cos alxð Þ þ jxzA
k

x
sin alx


 �
�kz 1� cos alxð Þ þ jxzB

k

x
sin alx


 �
�zx sin alxþ jxðzAþ zBÞcos alx�xzAzB

sin alx
z

2
664

3
775:

(64)

This relation can be written as

ZðxÞ ¼ 1

jxA

l

e
1� k2

alx
sin alx� k2

alx
1� cos alx� jza sin alxð Þ 1� cos alx� jzb sin alxð Þ

sin alx� jðza þ zbÞ cos alxþ zazb sin alx

" #
; (65)

where
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za ¼
zA

z
and zb ¼

zB

z
: (66)

Combining the last two terms in the square brackets and

using the capacitance, Co, such that

Co ¼
A e
l
; (67)

and the mean boundary acoustic impedance, zab, such that

zab ¼
za þ zb

2
; (68)

we obtain

ZðxÞ ¼ 1

jxCo
1� 2k2

alx
1� cos alx� jzab sin alx

ð1þ zazbÞ sin alx� 2jzab cos alx

" #
:

(69)

Using the addition theorems of the trigonometric functions,

Eq. (69) can be reduced to

ZðxÞ ¼ 1

jxCo
1� 2k2

alx

tan alx
2
� jzab

1þ zazb � 2jzabcot alx

" #
: (70)

Therefore, for the admittance, YðxÞ, the following formula

is used:

YðxÞ ¼ jxCo 1� 2k2

alx

tan
alx
2
� jzab

1þ zazb� 2jzabcotalx

2
4

3
5�1

: (71)

A. Pure piezoelectric layer

For a single piezoelectric layer without surrounding

media (this means za ¼ zb ¼ zab ¼ 0), the series resonance

angular frequencies, xo
m, are given by the well-known for-

mula [see, e.g., Eq. (9.47) on p. 89 of Tiersten42]

1� 2 k2

alxo
m

tan
alxo

m

2
¼ 0: (72)

If k2 � 1, then the function tan ðalxo
m=2Þ must assume very

large values in accordance with Eq. (72) to determine the

resonance frequencies, xo
m. Consequently, we can write

a l xo
m

2
¼ m

p
2
ð1� do

mÞ; m ¼ 1; 3; 5;… (73)

with a yet unknown small number do
m � 1. Substitution of

Eq. (73) into Eq. (72) and taking into account the correction

term, do
m, in the tangent function only results in

1 ¼ 2 k2

mp
tan

mp
2
ð1� do

mÞ : (74)

Again, as do
m � 1, we can further write

tan
mp
2
ð1� do

mÞ ¼
1

tan
mp
2

do
m

� 2

mpdo
m

: (75)

And, thus, from Eq. (74), the correction term,

do
m ¼

4 k2

m2p2
; (76)

is obtained to leading order. Therefore, the resonance fre-

quencies, xo
m, are approximately given by

xo
m ¼

mp
al

1� 4 k2

m2p2


 �
; m ¼ 1; 3; 5;…: (77)

B. Resonance circle approximation

To describe the admittance, YðxÞ ¼ 1=ZðxÞ, nearby a

resonance frequency, xo
m, approximately, one can take the

frequency dependencies into account only in the tangent and

cotangent functions such that

YappðxÞ ¼ jxo
mCo 1� 2k2

alxo
m

tan
alx

2
� jzab

1þ zazb� 2jzabcotalx

2
4

3
5�1

:

(78)

On writing

alx
2
¼ m

p
2
þ dm with dm ¼

alx
2
� m

p
2
; (79)

one obtains

tan
alx
2
¼ tan m

p
2
þ dm


 �
¼ � 1

tan dm
(80)

and

cot alx ¼ cotðm pþ 2dmÞ ¼
1

tan 2dm
: (81)

Using the leading order approximation for the tangent func-

tion only,

tan dm ¼ dm þ Oðd3
mÞ ; dm � 1; (82)

a resonance circle approximation is obtained such that

FIG. 4. (Color online) The resonator with one piezoelectric layer, Q,

between two electrodes and boundary medium, A, at one side and boundary

medium, B, at the other side.
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YcirðxÞ¼ jxo
mCo 1� 2k2

alxo
m

� 1

dm
� jzab

1þ zazb� jzab
1

dm

2
664

3
775
�1

: (83)

This relation can be rewritten as

YcirðxÞ ¼ jxo
mCo

ð1þ zazbÞdm � jzab

ð1þ zazbÞdm � jzab þ
2k2

alxo
m

ð1þ jzabdmÞ
:

(84)

Using Eq. (79) results in

YcirðxÞ ¼ jxo
mCo

A x� B

C x� D
; (85)

with the abbreviations

A ¼ ð1þ zazbÞ
al

2
; (86)

B ¼ ð1þ zazbÞ
mp
2
þ jzab; (87)

C ¼ 1þ zazb þ jzab
2 k2

alxo
m

 !
al

2
; (88)

D ¼ 1þ zazb þ jzab
2k2

alxo
m

 !
mp
2
þ jzab �

2k2

alxo
m

: (89)

The fact that Eq. (85) describes a circle (see Fig. 5) can be

deduced from the relation

jYcirðxÞ �Mj2 ¼ R2: (90)

Here, the center, M, of the circle is given by

M ¼ jxo
mCo

BC� � AD�

C�D� CD�
; (91)

and the radius, R, is given by

R ¼ xo
mjCoj

jAD� BCj
jC�D� CD�j : (92)

Details of the derivation are given in Appendix A.

C. Resonance frequencies

To calculate the series resonance frequency, fm, and the

frequencies, fm� and fmþ, necessary for the determination of

the half width of the resonance, we use (see Fig. 5)

YcirðxmÞ ¼ M þ R; (93)

Ycirðxm�Þ ¼ M þ jR; (94)

YcirðxmþÞ ¼ M � jR: (95)

Using Eq. (85), one can write

jxo
mCo

Axm � B

Cxm � D
¼ M þ R (96)

or

jxo
mCoðAxm � BÞ ¼ ðCxm � DÞðM þ RÞ; (97)

and, therefore, the resonance angular frequency, xm, is

given by

xm ¼
jxo

mCoB� DM � DR

jxo
mCoA� CM � CR

: (98)

In an analogous way, the angular frequencies, xm� and

xmþ, can be calculated as

xm� ¼
jxo

mCoB� DM � jDR

jxo
mCoA� CM � jCR

; (99)

xmþ ¼
jxo

mCoB� DM þ jDR

jxo
mCoA� CM þ jCR

: (100)

Using the explicit expressions for M and R as given in Eqs. (91)

and (92), these frequencies are given by (see Appendix B)

xm ¼
D�

Co

jCoj
þ D

C�
Co

jCoj
þ C
¼

D�
ffiffiffiffiffiffi
Co

p
þ D

ffiffiffiffiffiffi
C�o

p
C�

ffiffiffiffiffiffi
Co

p
þ C

ffiffiffiffiffiffi
C�o

p ; (101)

xm� ¼
D�

Co

jCoj
þ jD

C�
Co

jCoj
þ jC

¼
D�

ffiffiffiffiffiffi
Co

p
þ jD

ffiffiffiffiffiffi
C�o

p
C�

ffiffiffiffiffiffi
Co

p
þ jC

ffiffiffiffiffiffi
C�o

p ; (102)

xmþ ¼
D�

Co

jCoj
� jD

C�
Co

jCoj
� jC

¼
D�

ffiffiffiffiffiffi
Co

p
� jD

ffiffiffiffiffiffi
C�o

p
C�

ffiffiffiffiffiffi
Co

p
� jC

ffiffiffiffiffiffi
C�o

p : (103)

The half width, xmþ � xm�, is given by

FIG. 5. The circular shape locus of the admittance, YðxÞ, of a piezoelectric

resonator in the vicinity of a resonance frequency. The loci of the low

impedance characteristic frequencies are also shown. Here, fm� and fmþ
denote the left and right half value bandwidth frequencies, respectively; fm
is the series resonance frequency (frequency of maximum conductance).
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xmþ � xm� ¼ 2j
DC� � CD�

C�2
Co

jCoj
þ C2 jCoj

Co

: (104)

1. First order approximation for the resonance
frequencies

If we consider the common case,

za � 1 ; zb � 1 ; k2 � 1; (105)

the first order approximations,

A ¼ al

2
; B ¼ mp

2
þ jzab; C ¼ al

2
;

D ¼ mp
2
þ jzab �

2k2

alxo
m

; (106)

and the further approximation (lossless capacitance),

Co

jCoj
� 1; (107)

this leads to the resonance frequencies,

xm ¼
mp� 2 Im zab �

4k2

jajlxo
m

Re a
jaj

l Re a
; (108)

xm� ¼
1

l ðRe a� Im aÞ mp� 2ðRe zab þ Im zabÞ
�

� 4k2

jajlxo
m

Re aþ Im a
jaj

	
; (109)

xmþ ¼
1

l ðRe aþ Im aÞ mpþ 2ðRe zab � Im zabÞ
�

� 4k2

jajlxo
m

Re a� Im a
jaj

	
: (110)

2. Resonance frequency shift

If the resonator is not immersed in a fluid, the resonance

frequency is given by

xo
m ¼

mp� 4k2

jajlxo
m

Re a
jaj

l Re a
; (111)

whereas for the resonator that is in contact with fluids A and

B, we obtain

xm ¼
mp� 2 Im zab �

4k2

jajlxo
m

Re a
jaj

l Re a
: (112)

Consequently, the shift of the resonance frequency,

xo
m � xm ¼ 2

Im zab

l Re a
; (113)

depends on the imaginary part of zab only. Using the relation

a z ¼ q (114)

[see Eqs. (60) and (61)], and taking into account

Im a� Re a, we obtain the simple equation,

Im zab ¼
lq
2
ðxo

m � xmÞ; (115)

for the determination of the imaginary part of the acoustic

impedances of the fluids A and B.

3. Half width of the resonance

If Im a� Re a, we can use the following simplified

expressions:

xm� ¼
1

l Re a
mp� 2ðRe zab þ Im zabÞ
�

� 4k2

jajlxo
m

Re aþ Im a
jaj

	
; (116)

xmþ ¼
1

l Re a
mpþ 2ðRe zab � Im zabÞ
�

� 4k2

jajlxo
m

Re a� Im a
jaj

	
; (117)

instead of Eqs. (109) and (110) for the calculation of the

half width of the resonance. From Eqs. (116) and (117), for

the half width, we obtain

xmþ � xm� ¼
4 Re zab þ

8k2

jajlxo
m

Im a
jaj

l Re a
: (118)

Without fluid around the piezoelectric resonator, this half

width is determined by the imaginary part of a,

xo
mþ � xo

m� ¼

8k2

jajlxo
m

Im a
jaj

l Re a
: (119)

Therefore, the change of the half width caused by the fluid

is given by

xmþ � xm�ð Þ � xo
mþ � xo

m�
� �

¼ 4
Re zab

l Re a
: (120)

As a consequence of Eq. (120), the change of the half width

is determined by the real part of zab. Again, using Eq. (114),

one obtains

Re zab ¼
lqQ

4
xmþ � xm�ð Þ � xo

mþ � xo
m�

� �� 

(121)

for the determination of the real part of the acoustic imped-

ance of the fluid.
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4. Equivalent circuit model

The Butterworth–Van Dyke equivalent circuit model is

widely used for the description of the electrical behavior of

piezoelectric bulk resonators44–46; see Fig. 6.

Although this circuit model describes the actual res-

onator in the vicinity of one of its frequencies of reso-

nance only, it has the advantage of being directly

applicable to electric circuit analysis. Therefore, it is of

great interest to derive the parameters of the equivalent

circuit model from our theoretical treatment of piezo-

electric resonators.

In many studies, an equivalent circuit diagram for the

unloaded resonator is supplemented by further electrical

equivalent circuit diagrams for the load.47–49 However, here

it is shown that for a regarded resonance, the

Butterworth–Van Dyke equivalent circuit model is sufficient

to describe the entire resonator structure because Eq. (85)

describes a circle approximation for the loaded resonator.

The circuit branch, consisting of R1, L1, and C1, is

called the motional arm and describes the specific properties

of the resonance. Its admittance, Y1ðxÞ, is given by

Y1ðxÞ ¼
1

R1 þ jxL1 þ
1

jxC1

: (122)

It describes a circle with radius 1=ð2R1Þ, and the resonance

frequencies follow from the relations

Y1ðxmÞ ¼
1

R1

; (123)

Y1ðxm�Þ ¼
1þ j

2R1

; (124)

Y1ðxmþÞ ¼
1� j

2R1

; (125)

with the results

xm ¼
1ffiffiffiffiffiffiffiffiffiffi

L1C1

p ; (126)

xmþ � xm� ¼
R1

L1

: (127)

Using the circle approximation results given for the circle

radius, R, in Eq. (92), the resonance frequency, xm, in

Eqs. (98) or (112), and the half width, xmþ � xm�, in

Eqs. (104) or (118), we obtain three equations for the calcu-

lation of the three elements of the motional arm:

R1 ¼
1

2R
; L1 ¼

R1

xmþ � xm�
; C1 ¼

1

L1x2
m

: (128)

The parallel capacitance, Cm, is determined by the imagi-

nary part of the center, M, of the circle approximation,

which is given in Eq. (91),

Cm ¼ Re Co
BC� � AD�

C�D� CD�

� 	
: (129)

D. Mechanical displacement

For a piezoelectric layer, Q, without layers, F and G,

the mechanical displacement, ua, given in Eq. (49) can be

stated explicitly,

ua ¼
I1

jxA

MTD þ jxzBMuD

MTuþ jxzAMTT þ jxzBMuu�x2zAzBMuT
: (130)

Using Eqs. (50)–(58) leads to

ua¼
I1

jxA

ffiffiffiffiffi
1

eq

s �kz 1�cosalxð Þþ jxzB
k

x
sinalx

� zxþx2zAzB

zx


 �
sinalxþ jxðzAþzBÞcosalx

:

This relation can be written as

ua ¼
I1

jxA

ffiffiffiffiffiffi
1

e q

s
kz

1

zx
1� cos alx� jzb sin alx

1þ zazbð Þsin alx� 2jzab cos alx
;

(131)

where the abbreviations are as given in Eqs. (66) and (68).

Equation (131) can be simplified to

ua ¼
I1

jxA

ffiffiffiffiffiffi
1

e q

s
k

1

x

1� cos alx
sin alx

� jzb

1þ zazb � 2jzabcot alx
;

and can be further simplified to

ua ¼
I1

jxA

ffiffiffiffiffi
1

eq

s
k

x

tan
alx
2
� j zb

1þ zazb � 2jzab cot alx
: (132)

If one has the same fluid on both sides, this means that

za ¼ zb ¼ zab; (133)

and we can use the expression from formula (71),
FIG. 6. The Butterworth–Van Dyke equivalent circuit model for one vibra-

tion mode of a piezoelectric resonator.
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2k2

alx

tan
alx

2
� j zb

1þ zazb � 2jzabcot alx
¼ 1� jxCo

YðxÞ ; (134)

to simplify expression (132) even further to obtain

ua ¼ I1

e
2e

1

jxCo
� 1

YðxÞ

� 	
: (135)

This is a useful short formula for the calculation of the

mechanical vibration amplitude. To obtain the maximum

value of ua, the absolute value, juaj, must be taken as ua is a

function of time.

V. PIEZO-CERAMIC RESONATOR

We consider a 1D resonator structure where the piezo-

electric layer of thickness, l, is made of piezoelectric

ceramics. If the thickness direction of the piezo-ceramic

layer is the direction of the electric polarization of the

piezo-ceramic, usually chosen as z-direction, the 8� 8 trans-

fer matrix, MC, of this layer is given by5

MC ¼

Muu
xx 0 0 MuT

xx 0 0 0 0

0 Muu
yy 0 0 MuT

yy 0 0 0

0 0 Muu
zz 0 0 MuT

zz 0 MuD
z

MTu
xx 0 0 MTT

xx 0 0 0 0

0 MTu
yy 0 0 MTT

yy 0 0 0

0 0 MTu
zz 0 0 MTT

zz 0 MTD
z

0 0 Muu
z 0 0 MuT

z 1 MuD

0 0 0 0 0 0 0 1

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

:

(136)

The structure of the transfer matrix implies that an applied

electric voltage can only cause mechanical displacement in

the z-direction. Therefore, this 8� 8 transfer matrix allows a

reduction to a 4� 4 transfer matrix, whereby the elements

of the 4� 4 transfer matrix given in Eqs. (50)–(58) have to

be calculated with the dielectric constant, ezz, the elastic con-

stant, czzzz, and the piezoelectric constant, ezzz.

The material data of the used piezo-ceramic plate reso-

nator PIC255 together with the specific acoustic impedances

z of the surrounding media air and water are given in

Table I. The thickness, l, was adapted accordingly to include

the effect of the electrodes (for the resonator in air, the cal-

culated resonance frequency, f1, was adjusted to the experi-

mental resonance frequency) and the imaginary part of the

elastic constant, czzzz, was adjusted to include all of the

losses of the experimental setup.

Using these data, we can calculate the admittance,

YðxÞ, for all of the frequencies from Eq. (71).

A. Vacuum termination

If the piezo-ceramic resonator is used in vacuum, we

have

zvacuum ¼ 0 ! za ¼ 0; zb ¼ 0: (137)

From Eq. (70), we immediately obtain the well-known

result for a piezoelectric plate resonator in vacuum [see,

e.g., Eq. (162) on p. 59 of the IEEE Standard on

Piezoelectricity37],

ZðxÞ ¼ 1

jxCo
1� k2

tan
alx
2

alx
2

2
664

3
775: (138)

B. Air termination

The calculated and measured values of the admittance,

YðxÞ, for the frequency range of the first two resonances are

shown in Fig. 7 (the measurements were performed using an

Agilent 4395A Network/Spectrum/Impedance Analyzer,

Agilent Technologies, Inc., Santa Clara, CA). The detailed

frequency dependence of the first resonance is depicted in

TABLE I. Material data of the piezo-ceramic resonator PIC255 according

to data sheets provided by the manufacturer (PI Ceramic, Lederhose,

Germany; see Ref. 55) and the boundary media.

Quantity, symbol Value Dimension

Thickness, l 0.892 mm

Piezoelectric active area, A 2.37 cm2

Density, q 7.80 g/cm3

Elastic constant, cE
zzzz 97:06þ j 0:55 GN/m2

Dielectric constant, eS
zz 857:4� j 17:0 (relative)

Piezoelectric constant, ezzz 13.82 N/(Vm)

Acoustic impedance air, zair 414.0 Ns/m3

Acoustic impedance water, zwat 1.480� 106 Ns/m3

FIG. 7. (Color online) The admittance, YðxÞ, for a piezo-ceramic resonator

PIC255 with air at both sides. The first two resonances with resonance fre-

quencies, f1 and f3, are shown [solid line, calculation according to Eq. (68)

using the data given in Table I; the dots denote measurement results].
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Fig. 8. The resonance circles become smaller for higher har-

monics as can be observed in Fig. 7.

The numerical results for the first two resonance

frequencies, f1 and f3, are given in the second column of

Table II. Because of the small magnitude of the acoustic

impedance of air, there is practically no difference to the

results obtained for vacuum.

C. Resonator immersed in water

A significant change in the values of the admittance is

obtained when the resonator is immersed in water; see Fig. 9.

In Figs. 10 and 11, the results for air and water sur-

roundings are compared. The shift of the resonance frequen-

cies is vanishingly small, but the half width is drastically

changed by the influence of the water surrounding as shown

in Fig. 11 and Table II.

D. Mechanical displacement

The mechanical displacement, uzðzÞ, can be calculated

with the help of Eq. (37). The results for an electric current

amplitude, I1 ¼ 1 A, are shown in Figs. 12 and 13.

For the air-laden resonator operated at the first reso-

nance frequency f1 ¼ 2016:557 kHz the measured value of

the admittance is Yðx1Þ ¼ ð910 þj 34ÞmS, Consequently,

the evaluation of Eq. (135) leads to a mechanical vibration

amplitude of ua ¼ ð�0:30� j 10:73Þ nm using the material

data given in Table I and an electric current of I1 ¼ 1 A. Its

absolute value is juaj ¼ 10:73 nm, in accordance with the

maximum value of uz shown in Fig. 12.

For the water-laden resonator operated at the first reso-

nance frequency f1 ¼ 2016:560 kHz the measured value of the

admittance is Yðx1Þ ¼ ð84:83þ j 26:78ÞmS. Consequently,

the evaluation of Eq. (135) leads to a mechanical vibration

amplitude of ua ¼ ð�2:93� j 9:76Þ nm using the material

data given in Table I and an electric current of I1 ¼ 1 A. Its

absolute value is juaj ¼ 10:2 nm, in accordance with the maxi-

mum value of uz shown in Fig. 13.

The displacement amplitude for the air-laden resonator

is nearly equal to the regarding amplitude of the unladen

resonator. In the case of the unladen resonator, YðxÞ is

FIG. 8. (Color online) The conductance, Re YðxÞ, and susceptance,

Im YðxÞ, for a piezo-ceramic resonator PIC255 surrounded by air at both

sides (solid line, calculated values for Re YðxÞ; dashed line, Im YðxÞ; open

and full dots, measurement results). The neighborhood of the first resonance

at f1 ¼ 2016:6 kHz is shown.

TABLE II. Computed resonance frequencies of the piezo-ceramic resonator

PIC255 with different outside boundary media.

Air outside Water outside

f1� 2010.398 1939.387 kHz

f1 2016.557 2016.560 kHz

f1þ 2022.720 2094.392 kHz

f3� 6566.626 6502.716 kHz

f3 6594.103 6594.178 kHz

f3þ 6621.581 6685.930 kHz

FIG. 9. (Color online) The admittance, YðxÞ, for a piezo-ceramic resonator

PIC255 immersed in water at both sides. The neighborhood of the first reso-

nance frequency at f1 ¼ 2016:557 kHz is shown (solid line, calculated val-

ues according to Rig-1D-model; dots, measured values).

FIG. 10. (Color online) A comparison of the admittance, YðxÞ, for a piezo-

ceramic resonator surrounded by air (solid line) and immersed in water

(dashed line). The open and solid dots denote measured values. In both

cases, only the first resonance is displayed.
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given by the inverse of Eq. (138), which leads to the ampli-

tude, uo
a, for the unladen resonator,

uo
a ¼ I1

ezz

2ezzz

k2

jxCo

tan
alx

2
alx
2

: (139)

This amplitude, uo
a, can also be calculated from Eq. (132) by

setting za ¼ zb ¼ zab ¼ 0, resulting in

uo
a ¼

I1

jxA

ffiffiffiffiffiffiffiffi
1

ezzq

s
k

x
tan

alx
2
: (140)

The numerical evaluation of this formula results in the value

uo
a ¼ ð�0:30� j 10:73Þ nm. This means that the difference

between the regarding results of the unladen and air-laden

resonator is extremely small.

FIG. 12. (Color online) The piezo-ceramic resonator PIC255 of thickness

l ¼ 0:892 mm in air. The distribution of the longitudinal vibration ampli-

tude, uz, along the thickness direction, z, is shown for the first resonance

(full line) and third resonance (dotted line) for a fixed value of the electric

current amplitude, I1 ¼ 1 A. The point in time, t, was chosen such that the

maximum amplitude of uz occurs at z¼ 0, cf. Eq. (143).

FIG. 13. (Color online) The piezo-ceramic resonator PIC255 of thickness

l ¼ 0:892 mm immersed in water. The course of the longitudinal vibration

amplitude, uz, along the thickness direction, z, is shown for the first reso-

nance (full line) and third resonance (dotted line) for a fixed value of the

electric current amplitude, I1 ¼ 1 A. The point in time, t, was chosen so that

the maximum amplitude of uz occurs at z¼ 0, cf. Eq. (143).

FIG. 11. (Color online) The conductance, Re YðxÞ, in the neighborhood of

the resonance frequency, f1, for a piezo-ceramic resonator PIC255 sur-

rounded by air (solid line; scale on the left side) and immersed in water

(dashed line; scale on the right side).
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E. Restrictions for a linear analysis

The present analysis is based exclusively on the solu-

tion of linear equations, cf. the work of Nowotny and

Benes.5 From a fluid mechanics perspective, however,

compression wave phenomena excited in the surrounding

fluid allow a solely linear description only under certain

restrictions, which are given below. If we assume purely

viscous (Newtonian) fluid behavior, the relevant dimen-

sionless groups are the acoustic Mach number, Ma, and the

inverse of the acoustic Reynolds number, Re, which is

defined by

Ma ¼ juajf
c0

� 1 ;
1

Re
¼ g

c0kq0

� 1; (141)

and represent small (perturbation) parameters in the present

context. Here, juaj, f, k, c0, and q0 denote the characteristic

wave amplitude, its frequency, wavelength, the sound speed,

and density of the fluid, respectively, determined at the qui-

escent (unperturbed) state. For the acoustic wave in the con-

sidered fluid being governed by a linear dissipative wave

equation compatible with the approach of the present study,

the order of magnitude relations,

Ma2 � 1=Re ; Ma	 1=Re2; (142)

must hold; see, e.g., Ref. 50. In that case, the wave ampli-

tude in the fluid may be approximated by

uzðz; tÞ ¼ uaejðxt�kzÞe�az; (143)

where k ¼ 2p=k and the attenuation coefficient a is given by

a ¼ x2d

2c3
0

; d ¼ g
q0

4

3
þ f

g
þ c� 1

Pr


 �
; (144)

see, e.g., Ref. 51 (pp. 225–232). Here, the diffusivity, d,

contains the bulk viscosity, f, of the fluid and the last term

covers thermal attenuation (neglected in the present study

throughout) where c, Pr ¼ gcp=j, cp, and j denote the heat

capacity ratio, Prandtl number, the specific heat capacity at

constant pressure, and thermal conductivity, respectively.

For the example presented in Fig. 13 of this study (plane

compression wave in water at 20 
C), the reference values

are juaj � 10�8 m; f � 2� 106 Hz (first resonance fre-

quency), c0 � 1440 m=s; q0 � 998 kg=m3; g � 10�3 Pa s,

and k ¼ c0=f � 0:7� 10�3 m. As a consequence, we obtain

Ma � 10�5 and 1=Re � 10�3, which is in full agreement

with the conditions (142) of linear acoustics.

Based on the water data given in Thompson,51 one finds

4=3þ f=g � 4:4 and ðc� 1Þ=Pr � 0:93� 10�3, indicating

that the propagation of a compression wave in water (or, in

general, in liquids in contrast to the situation with gases) can

be viewed as an isothermal process in very good approxima-

tion. The diffusivity is d � 4:4� 10�6 m2=s, and for the

attenuation coefficient, one obtains a � 0:12 m�1 for our

example.

VI. AT-CUT QUARTZ RESONATOR

We consider a resonator structure where the piezoelec-

tric layer is an AT-cut quartz.37 The thickness direction is

chosen to be the y-direction. Then, the general 8� 8 transfer

matrix, MQ, of the quartz layer is given by

MQ ¼

Muu
xx 0 0 MuT

xx 0 0 0 MuD
x

0 Muu
yy 0 0 MuT

yy 0 0 0

0 0 Muu
zz 0 0 MuT

zz 0 0

MTu
xx 0 0 MTT

xx 0 0 0 MTD
x

0 MTu
yy 0 0 MTT

yy 0 0 0

0 0 MTu
zz 0 0 MTT

zz 0 0

Muu
x 0 0 MuT

x 0 0 1 MuD

0 0 0 0 0 0 0 1

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

:

(145)

The structure of the transfer matrix implies that an electric

voltage applied to the electrodes can only cause mechanical

displacement in the x-direction and, consequently, a purely

transversal wave (thickness shear mode) is excited.

Therefore, this 8� 8 transfer matrix allows a reduction to a

4� 4 transfer matrix, whereby the elements of the 4� 4

transfer matrix given in Eqs. (50)–(58) have to be calculated

with the dielectric constant, eyy, elastic constant, cyxxy, and

piezoelectric constant, eyyx.

Calculations based on the Rig-1D-model and regarding

measurements have been performed for an AT-cut quartz

resonator manufactured by KRYSTALY (Hradec Kr�alov�e,

Czech Republic). The data of this resonator are given in

Table III. The thickness of the AT-cut plate (including the

electrodes) was adjusted such that the calculation fits the

measured resonance frequency, f1, and the imaginary part of

the elastic constant was tuned accordingly to include all of

the losses. Using these data, we can calculate the admit-

tance, YðxÞ, for all of the frequencies from Eq. (71).

A. Boundary medium air

Figure 14 depicts the measured and calculated admit-

tances, YðxÞ. The frequency dependencies of the conduc-

tance, Re YðxÞ, and susceptance, Im YðxÞ, are depicted in

Fig. 15.

TABLE III. Material data of the AT-cut quartz resonator according to data

sheets provided by the manufacturer (KRYSTALY, Hradec Kr�alov�e, Czech

Republic; see Ref. 56; model 1, shape plano-convex).

Quantity, symbol Value Dimension

Thickness, l 0.334451 mm

Piezoelectric active area, A 0.135 cm2

Density, qQ 2.649 g/cm3

Elastic constant, cE
yxxy 29:01þ j 0:00045 GN/m2

Dielectric constant, eS
yy 4:50� j 0:0045 (Relative)

Piezoelectric constant, eyyx –0.095 N/(Vm)
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The resonance frequencies, f1, f1þ, and f1� are deter-

mined from these curves and given in Table V. The calcula-

tion was performed according to Eq. (71) with the data

given in Table III and by using zab¼ 0 because the differ-

ence of YðxÞ between vacuum and air is too small to appear

in Figs. 14 and 15.

B. Boundary medium oil

Measurements were also carried out with viscosity stan-

dard oil S200 surrounding the AT-cut quartz resonator at a

temperature of 30 
C. The data of this standard oil are given

in Table IV.

A significant change of the admittance values is

observed when both sides of the resonator are brought into

contact with the oil S200; see Figs. 16 and 17. Here, the

maximum value of Re YðxÞ is about 400 times smaller com-

pared to the unladen case. Furthermore, the resonance fre-

quency is shifted accordingly as shown in Table V, where

the first mode resonance frequencies are listed.

These frequencies can be used to calculate the acoustic

impedance, zL, of standard oil S200 from Eqs. (118) and

(114) such that

zL � ð60:0þ j 59:0Þ kNs=m3: (146)

As the real and imaginary parts of the acoustic impedance

are nearly equal, the oil S200 can be considered as a

Newtonian fluid under the given circumstances. From the

acoustic impedance given in Eq. (146), one obtains the vis-

cosity of oil S200 as

gL � 276 mPa s: (147)

Thereby we used the density,

qL � 834 kg=m3; (148)

which is obtained from Table IV by interpolation.

Figure 18 illustrates that the resonance frequency shift

is half the broadening of the resonance curve for oil S200,

and f air
1 is nearly equal to f oil

1þ. This is a good confirmation of

FIG. 14. (Color online) The admittance, YðxÞ, for an AT-cut quartz resona-

tor surrounded by air on both sides. The first resonance with frequency

f Q
1 ¼ 4950:953 kHz is depicted in the figure [solid line denotes results

according to Eq. (71) using the data given in Table III, and the dots denote

experimental results].

FIG. 15. (Color online) The conductance, Re YðxÞ, and susceptance,

Im YðxÞ, for an AT-cut quartz resonator surrounded by air on both sides

(solid line denotes calculated values for Re YðxÞ, dashed line denotes

Im YðxÞ, and open and full dots denote experimental results). The neighbor-

hood of the first resonance at f Q
1 ¼ 4950:953 kHz is depicted in the graph.

TABLE IV. Certified viscosity oil standard S200 in accordance with ASTM

D2162 and ASTM D1480.

Temperature (
C) Viscosity g (mPa s) Density q (g/cm3)

20.00 447.0 0.8395

25.00 331.6 0.8365

37.78 166.5 0.8287

40.00 149.3 0.8274

FIG. 16. (Color online) The admittance, YðxÞ, for an AT-cut quartz resona-

tor with standard oil S200 at both sides. The neighborhood of the first reso-

nance frequency at f L
1 ¼ 4929 kHz is displayed (solid line denotes

calculated values, and dots denote measured values).
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the results given in Eqs. (133) and (134) for the resonance fre-

quency shift and enlargement of the half width. All of the calcu-

lations for the AT-cut quartz resonator in oil S200 were

performed with the acoustic impedance given in Eq. (146).

C. Fluid at one side of the resonator only

For a piezoelectric resonator with a fluid medium A
only on one side, we have

zab ¼
za

2
; (149)

and, therefore, from Eqs. (113) and (120),

xo
m � xm ¼

Im za

l Re a
; (150)

xmþ � xm�ð Þ � xo
mþ � xo

m�
� �

¼ 2
Re za

l Re a
: (151)

Using Eq. (73) in the approximate form,

l Re a ¼ m p
xo

m

; m ¼ 1; 3; 5;…; (152)

one can write

xo
m � xm ¼

xo
m

m p
Im za; (153)

xmþ � xm�ð Þ � xo
mþ � xo

m�
� �

¼ 2
xo

m

mp
Re za: (154)

Using the viscosity,, gA and the density, qA, of the fluid A,

the specific acoustic impedance, zA, is given by

zA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxgAqA

p
: (155)

Together with the specific acoustic impedance, z, given in

Eq. (61), one obtains

za ¼
zA

z
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxgAqA

�cq

s
: (156)

For a Newtonian fluid, the real and imaginary parts of za are

equal:

Re za ¼ Im za ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xgAqA

2�cq

r
: (157)

On the right sides of Eqs. (153), (154), and (157), always

choosing xm for xo
m and x, one can write

xo
m � xm ¼

xm

m p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xmgAqA

2�cq

r
; (158)

xmþ � xm�ð Þ � xo
mþ � xo

m�
� �

¼ 2
xm

m p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xmgAqA

2�cq

r
: (159)

Furthermore, by using xm ¼ 2pfm in Eq. (158), one obtains

the well-known formula for the resonance frequency shift

caused by a Newtonian fluid (see, e.g., Refs. 5, 32, and 52),

fm � f o
m ¼ �

f 3=2
m

m

ffiffiffiffiffiffiffiffiffiffi
gAqA

p�cq

r
: (160)

Finally, the change of the frequency half width can be

obtained from Eq. (159) to give

fmþ � fm�ð Þ � f o
mþ � f o

m�
� �

¼ 2
f 3=2
m

m

ffiffiffiffiffiffiffiffiffiffi
gAqA

p�cq

r
: (161)

FIG. 18. (Color online) A comparison of the conductance, Re YðxÞ, of an

AT-cut quartz resonator with surrounding air (scale on the right side) and oil

S200 (scale on the left side). (solid line denotes calculated values for air,

dashed line denotes calculated values for oil, and full and open dots denote the

respective measured values). In both cases, only the first resonance is shown.

FIG. 17. (Color online) The conductance, Re YðxÞ, and susceptance,

Im YðxÞ, for an AT-cut quartz resonator in contact with standard oil S200

at both sides (solid line denotes calculated values for Re YðxÞ, dashed line

denotes Im YðxÞ, and open and full dots denote experimental results). The

neighborhood of the first resonance at f L
1 ¼ 4929 kHz is depicted in the

graph.

TABLE V. Measured resonance frequencies of the AT-cut quartz resonator

with different surrounding media.

Outside air Outside oil S200

f1� 4950.907 4907 kHz

f1 4950.953 4929 kHz

f1þ 4951.002 4952 kHz
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Therefore, for a Newtonian fluid, the change of the fre-

quency half width is twice the shift of the resonance fre-

quency. If the determination of gA from Eqs. (160) and

(161) results in different values, the fluid exhibits a non-

Newtonian behavior and, consequently, one has to use the

more general formulas given by Eqs. (153) and (154).

D. Accuracy of the used approximations

To obtain an impression of the accuracy of the approxi-

mations used in Eq. (71) in the form of Eqs. (101)–(103)

and, further, Eqs. (108)–(110), the regarded calculated

numerical values of the frequencies are given in Table VI.

From Eq. (71), one cannot compute the resonance frequen-

cies in a direct way, and only the function YðxÞ can be cal-

culated and, therefore, we have to search for the extremes.

The values listed in Table VI confirm that in the case of sur-

rounding air, the different approximation steps result in

equal values, whereas in the case of surrounding oil S200,

the differences between the results are very small compared

to the considerable shift of the frequencies from surrounding

air to surrounding oil S200. Consequently, the calculation of

the resonance frequencies (and, in a further step, the deter-

mination of the viscosity of the fluid) can be performed with

sufficient accuracy by using Eqs. (108)–(110).

E. Mechanical displacement

The mechanical displacement, uxðy; tÞ, can be calcu-

lated with the help of formula Eq. (37). The result for an

electric current amplitude, I1 ¼ 1 mA, is depicted in Fig. 19.

For the oil-laden resonator operated at the first resonance

frequency f1 ¼ 4929 kHz, the measured value of the admit-

tance is Yðx1Þ ¼ ð0:035þ j 0:050ÞmS Using the material

data given in Table III and an electric current of I1¼ 1 mA,

a value of ua ¼ ð1:97þ j 1:40Þ nm for the mechanical vibra-

tion amplitude is obtained. The maximum amplitude is,

thus, juaj ¼ 2:42 nm, which is in agreement with the results

depicted in Fig. 19.

An analogous calculation for the air-laden resonator

operated at the first resonance frequency f1 ¼ 4950:95 kHz

with a measured value of the admittance Yðx1Þ ¼ ð18:7
þ j 0:05ÞmS, and an electric current of I1 ¼ 1 mA, gives the

mechanical amplitude ua ¼ ð0:01þ j 4:19Þ nm. The

maximum amplitude is, thus, juaj ¼ 4:19 nm. Consequently,

the oil causes a reduction of the mechanical vibration ampli-

tude of about 40%.

In the case of the unladen resonator, we can use Eq.

(132) with za ¼ zb ¼ zab ¼ 0 such that

uo
a ¼

I1

jxA

ffiffiffiffiffi
1

eq

s
k

x
tan

alx
2
: (162)

The numerical evaluation of this formula results in the value

uo
a ¼ ð0:01þ j 4:19Þ nm. This means that the difference in

displacement amplitudes between the unladen and air-laden

resonator is extremely low.

For a Newtonian fluid A with the shear (dynamic) vis-

cosity, gA, the acoustic impedance, zA, and slowness, aA, are

given by

zA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxgAqA

p
; aA ¼

1� jffiffiffi
2
p

ffiffiffiffiffiffiffiffiffi
qA

xgA

r
; (163)

and the displacement course, uxðy; tÞ, of the strongly damped

shear wave in the fluid (see Fig. 19) with the characteristic

penetration depth,

TABLE VI. Calculated resonance frequencies of the AT-cut quartz resona-

tor using the exact result, Eq. (71), and the approximations, Eqs.

(101)–(103) and (108)–(110).

Equation (71) Equations (101)–(103) Equations (108)–(110)

Air outside

f o
1� 4950.915 4950.915 4950.915 kHz

f o
1 4950.957 4950.957 4950.957 kHz

f o
1þ 4950.999 4950.999 4950.999 kHz

Oil S200 outside

f1� 4908.288 4908.131 4908.140 kHz

f1 4929.694 4929.748 4929.749 kHz

f1þ 4951.102 4951.339 4951.337 kHz

FIG. 19. An AT-cut quartz resonator of thickness l ¼ 0:334451 mm in stan-

dard oil S200. The course of the transversal vibration amplitude, ux, along

the thickness direction, y, is shown for the first resonance frequency,

f1 ¼ 4929 kHz, for an electric current amplitude of I1 ¼ 1 mA. The point in

time, t, was chosen such that the maximum amplitude of ux occurs at y¼ 0,

cf. Eq. (165).
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dA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gA=ðxqAÞ

p
; (164)

is given by

uxðy; tÞ ¼ ua ejðxt�y=dAÞe�y=dA ; (165)

which is in full agreement with the situation in the so-

called Stokes oscillating boundary layer (or Stokes second

problem); see, e.g., the chapter entitled “Oscillatory

motion in a viscous fluid” on pp. 83–92 in Ref. 53. Most

importantly, here, the amplitude of the shear wave accord-

ing to Eq. (37) can be stated explicitly, cf. the study of

Jakoby.54

VII. SUMMARY AND CONCLUSIONS

A general transfer matrix description for 1D layered

structures consisting of piezoelectric and non-

piezoelectric layers of arbitrary number and with termi-

nation layers of arbitrary acoustic impedance has been

introduced and applied to calculate the frequency-

dependent electrical admittance between two electrodes.

Furthermore, explicit formulas for the computation of

the spatial dependence along the normal axis of the

quantities displacement, ~u, strain, ~T , electric potential,

u, and dielectric displacement, D� , have been derived.

For the spatial course of the displacement characteristic,

numerical examples have been presented for longitudinal

waves generated by a typical piezo-ceramic and shear-

waves generated by an AT-cut quartz plate. From these

examples, it can be learned that the mechanical ampli-

tude is directly proportional to the electric driving volt-

age, and the proportionality factor is determined by the

electric admittance, piezoelectric constant, and dielectric

constant. Thus, the hardly measurable mechanical vibra-

tion amplitudes can be computed simply from the easy

to measure driving voltage and electric admittance.

A comparison between model predictions and measure-

ments shows good agreement for the resonance frequency

shift and broadening of the conductance resonance curve—

in particular, the increase in the full width at half-maximum

(FWHM)—caused by the boundary medium. Moreover,

useful analytical expressions for the determination of the

mechanical displacement amplitudes of the fluid-laden and

unladen resonators are presented and used for calculating

the spatial course of these vibration amplitudes for the

investigated exemplary samples.

The main results for fluid viscosity sensors are Eqs.

(115) and (121), which show that the shift of the resonance

frequency caused by the fluid is connected to the imaginary

part of the acoustic impedance of the fluid, whereas the

broadening of the conductance resonance curve, in particu-

lar, the FWHM, is related to its real part. In the case of a

Newtonian fluid, the shift of the resonance frequency or

FWHM of the conductance resonance curve can be used to

calculate the shear viscosity of the fluid in contact with the

piezoelectric resonator.
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APPENDIX A: CIRCLE EQUATION

Substituting Eq. (85) into Eq. (90) results in����jxo
mCo

A x� B

C x� D
�M

����2 ¼ R2: (A1)

Using

M ¼ jxo
mCo

BC� � AD�

C�D� CD�
(A2)

and

R ¼ xo
m jCoj

jAD� BCj
jC�D� CD�j ; (A3)

one can write���� A x� B

C x� D
� BC� � AD�

C�D� CD�

����2 ¼ jAD� BCj2

jC�D� CD�j2
: (A4)

With

Ax� B

Cx� D
� BC� � AD�

C�D� CD�

¼ ðAx� BÞðC�D� CD�Þ � ðCx� DÞðBC� � AD�Þ
ðCx� DÞðC�D� CD�Þ

¼ ðAC�D� CBC�Þxþ ðBCD� � DAD�Þ
ðCx� DÞðC�D� CD�Þ

¼ ðAD� CBÞðC�x� D�Þ
ðCx� DÞðC�D� CD�Þ (A5)

and ����C�x� D�

Cx� D

����2 ¼ 1; (A6)

one can see that Eq. (A4) is fulfilled and, therefore, Eq. (85),

in fact, represents a circle.

APPENDIX B: FREQUENCY CALCULATION

Using

jxo
mCoB� DM

¼ jxo
mCo B� D

BC� � AD�

C�D� CD�


 �
¼ jxo

mCo
BC�D� BCD� � DBC� þ DAD�

C�D� CD�

¼ jxo
mCoD�

AD� BC

C�D� CD�
(B1)
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and

jxo
mCoA� CM

¼ jxo
mCo A� C

BC� � AD�

C�D� CD�


 �
¼ jxo

mCo
AC�D� ACD� � CBC� þ CAD�

C�D� CD�

¼ jxo
mCo C�

AD� BC

C�D� CD�
; (B2)

from Eq. (98), one obtains

xm ¼
jxo

mCoD�ðAD� BCÞ � DRðC�D� CD�Þ
jxo

mCoC�ðAD� BCÞ � CRðC�D� CD�Þ : (B3)

Using the expression for R given in Eq. (92), one can write

xm ¼
jxo

mCoD�FA � DFC xo
mjCoj

jFAj
jFCj

jxo
mCoC�FA � CFC xo

mjCoj
jFAj
jFCj

; (B4)

with the factors FA ¼ AD� BC and FC ¼ C�D� CD�.
Explicitly, one can write

xm ¼
D�

Co

jCoj
AD� BC

jAD� BCj þ jD
C�D� CD�

jC�D� CD�j

C�
Co

jCoj
AD� BC

jAD� BCj þ jC
C�D� CD�

jC�D� CD�j

: (B5)

By using Eqs. (86)–(89), the calculation of the factor, FA,

gives a simple result:

FA ¼ ð1þ zazbÞ
al

2

� 1þ zazb þ jzab
2 k2

alxo
m

 !
mp
2
þ jzab �

2k2

alxo
m

" #

� ð1þ zazbÞ
mp
2
þ jzab

� 	
1þ zazb þ jzab

2k2

alxo
m

" #
al

2

¼ ð1þ zazbÞ
al

2
jzab �

2k2

alxo
m

" #

� jzab 1þ zazb þ jzab
2 k2

alxo
m

" #
al

2

¼ �ð1þ zazbÞ
al

2

2 k2

alxo
m

þ zazb
2k2

alxo
m

al

2
¼ � k2

xo
m

:

(B6)

Consequently, one obtains

AD� BC

jAD� BCj ¼ �1: (B7)

Furthermore, C�D� CD� is purely imaginary,

C�D� CD�

jC�D� CD�j ¼ j: (B8)

Using Eqs. (B7) and (B8), formula (B5) for the resonance

frequency can be written as

xm ¼
D�

Co

jCoj
þ D

C�
Co

jCoj
þ C

: (B9)

In an analogous manner, one obtains

xm� ¼
D�

Co

jCoj
þ jD

C�
Co

jCoj
þ jC

(B10)

and

xmþ ¼
D�

Co

jCoj
� jD

C�
Co

jCoj
� jC

: (B11)
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