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Overview

Motivation: local stability of non-interactive planar sheet
Interaction problem

Analytical & numerical treatment of individual flow regimes

Far-downstream (WKBJ) asymptotics

>

>

>

» Capillary choking
>

» Context: (axi)symmetric flow through channel/pipe exit
>

Achievements & outlook
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Planar waves on a fluid (liquid) sheet

z=nh B
> T
U(2) T2z, 0
2=0 — 4, U
N ,’7"_
Linearise to obtain a Rayleigh problem,

c=c(k,U(z))
w=UR)i+8, (@)= (), -ikp() explik( - ct))

(U(2) = o) (¥ (2) = K*¥(2)) + U"(2)9(2) = 0

inviscid interface conditions, surface tension 7

This is a planar version of the Rayleigh-Plateau problem for droplet formation from a
cylindrical stream of fluid.
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Planar waves on a fluid sheet — uniform flow: Squire modes (1953)

z:hl P
7
U pP=pr
z=0
| p = p2 T F

Linearise to obtain a Rayleigh problem, ¢ = c(k,U)
w=Ui+a, (4,0)=(z),~iki(2))exp(ik(z - ct))

(U~ ¢) (#"(2) ~ K(z)) =0

Squire modes: U(z) = U, consider flow in air.

Instability possible if 7' < 1, depending on p1/ps.
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Planar waves on a fluid sheet — uniform flow: Taylor modes (1959)

P=0

Linearise to obtain a Rayleigh problem, ¢ = ¢(k,U)

u=Ui+a, (4,0)='(2),—ik(z))exp(ik(z — ct))

(U =) (¥"(2) = k*9(2)) =0

—(U—c)zd)’(z)i%?w(z):o on z=0,h

Taylor modes: U(z) = U, neglect air.

Neutral waves
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Planar waves on a fluid sheet — uniform flow: Taylor modes (1959)

P=0 T

(c—U)? = = kh x

{coth(kh/?) sinuous modes
=

tanh(kh/2) varicose modes

Anomalous dispersion: Drazin & Reid (1981, chap. 1)
Stability criteria for any U(z): cf. Yih (1972)
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Stationary planar waves on a fluid sheet — uniform flow

a (x-wavenumber)
IS

Allowed x wavenumbers against T when c=0 (standing waves)
3 X

\ \ Varicose (antisymmetric) mode
\ Sinuous (symmetric) mode

0 0.5 1 15 2 25 3

T (Inverse Weber number)

P=0

™

Stationary waves, ¢ = 0, (kh) = (kh)(T)

sinuous modes

. T(kmx{coth(khﬂ)

tanh(kh/2) varicose modes
7’:
P=—
U2ph
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a (x-wavenumber)

Stationary planar waves on a fluid sheet — uniform flow

=)

Allowed x wavenumbers against T when c=0 (standing waves)
3

™

'\ Varicose (antisymmetric) mode
\ Sinuous (symmetric) mode

0.5 1 15 2 25 3

T (Inverse Weber number)

P=0

P=0 e

Stationary waves, ¢ = 0, (kh) = (kh)(T)

B coth(kh/2)
1= T(kh)x {tanh(kh/2)

sinuous modes
varicose modes

7
T=——
U2ph

Long waves: kh — 0

T —1/2—
T ~ 2/(kh)?

sinuous modes
varicose modes
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Stationary planar waves on a fluid sheet — evolving flow (M. Nguyen)

z=~h -
e
/U(z)
z=0
N %
(b) X/E()
0 005 010 015 020
_ . 1.0 : ; ; 1.00
Profile evolution on O(Re)-length scale
o o - 0.8 0.95
wzwzx - wxwzz = ql)zzza 0.6 b _
R 1090 £
z=0:9 =1, =0, 04 10385 =
z=h(z): ¢ —1=1,, =0. 02fF =
plate edge = = 0: Watson’s profile (1964) 0 02 04 06 08 1.0 12 14 16

oo/

f(z,n) = 1&(33’ z), n:i= Z/B(.’E), ho = h(())
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Stationary planar waves on a fluid sheet — evolving flow (M. Nguyen)

z=nh

\)
/U(z)
z=0

—

U(2) — ) (¥"(2) — k*(2)) + U"(2)9(2) = 0

U (e) = £75
p

Y(z) on z=0,h

Note: U'(0) = U’'(h) =0
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Stationary waves at = = 1.7318

U(2) at 2 =1.7318

o
09999995

U// (Z)

U”(2) at z =17318

1.0000005

o (x-wavenumber)

Eigenvalue solutions for alpha for n=155

Varicose analytical solution for standing waves (¢ = 0)

BWP solution n=155

Sinuous analytical solution for standing waves (¢ = 0)

(e = 0 is uniform profile)
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Stationary waves at = = 0.14993

U(2) at « =0.14993

09

I

"(2) at = =0.14993

o (x-wavenumber)

Eigenvalue solutions for alpha for n=125

Varicose analylical solution for standing waves (e =
BWP solution n=125
Sinuous analytical solution for standing waves (e =

0

0)

0.5
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Stationary waves at = = 0.005982

U(2) at = =0.0050822

U”(2) at @ =0.0050822

o (x-wavenumber)

Eigenvalue solutions for alpha for n=90

5L

351

25T

151

Varicose analytical solution for standing waves (« = 0)
BVP solution n=90

Sinuous analytical solution for standing waves (¢ = 0)

0.5
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Stationary waves at = = 0.0003431

U(z) at @ =0.00034309

U"(2) at = =0.0003430

3.5

o (x-wavenumber)
m
] o w

-
wm

05

Eigenvalue solutions for alpha for n=60

Varicose analylical solution for standing waves (« = 0)
BWP solution n=60

Sinuous analytical solution for standing waves (« = 0)

0.5
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Long-wave analysis of stationary waves

Normalise the Rayleigh problem to:

U (d)// _ ka) + U“ﬂ) — O,

U = +Tk*p(z) on 2z=0,1 pU)=1, T==
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Long-wave analysis of stationary waves

Normalise the Rayleigh problem to:

U (d)// o kZdJ) + UHZZ} _ O,

U =+Tk*p(z) on 2=0,1 (1)=1, T=

If = U(2)8(2)/U(h) then

U287 = K*U%S, S(1) =1, U%S' =4+k?TS on 2z=0,1
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Long-wave analysis of stationary waves

Normalise the Rayleigh problem to:

U (w// _ ka) + UN1/J — 0’

U = +Tk*p(z) on 2z=0,1 v(1)=1, T=

If v = U(2)S(2)/U(h) then
U287 = K*U%S, S(1) =1, U?S8" =+k?TS on 2z2=0,1
Integrate:

T(1+5(0) = /01 U?Sdz
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Long-wave analysis of stationary waves

Normalise the Rayleigh problem to:

U (1/)// _ kz"/)) + UW =)

Uy = +Tk*p(z) on 2=0,1 »(1)=1, T==—, U=Q/h
U2ph
If p = U(2)S(2)/U(h) then
U287 = K*U%S, S(1) =1, U%S' =+k?TS on 2z=0,1

Integrate:

T(1+5(0) = /1 U?Sdz

S(z) = 1+k2/1ZUf’(ft) [T—i—/tUQ(v)S(v

1

)aol
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Long-wave analysis of stationary waves
Normalise the Rayleigh problem to:
U ('l/)” _ ka) _|_ U//w — 0,

U2 = +Tk*p(z) on 2=0,1 o(1)=1, T=

If 4 = U(2)S(2)/U(h) then
U287 = k*U%S, S(1) =1, U?S8" = +k?TS on 2z=0,1
Integrate:
T(1+ 5(0)) = /1 U2S dz

0
S(z) = 1+ K2 /lUfzt) {T+/1t U2(0)S(0) dv]

T(2—k2/01 szt) [T+/1t U2(v)5(v)dvD _ /01 U28dz
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Long-wave analysis of stationary waves

Or:
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k — 0, T = O(1) — sinuous mode

pea)
&

Il
-
+
Nl

[\
\N
=
o.
~
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[\
=
g2
g
o.
ILI
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k — 0, T = T/k®> — varicose mode

S(z)1+k2/1z(% [12*/; UQ(U)S(v)dv}

1 1 1
T<2T/ d)kz[/ s+t [ o
0 U 0 0

W(Z)/j U%(t)S(t) dt}
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Long waves: U(0) < 1

08+
0.8 -
0.7 -
0.6+
05+
0.4 -
0.3+
0.2t

01

U(z) at = =0.00034309

///
- = o € 2 o o = @ = = a = I -
’o.lz o.; o.lc o.la 1 I.IZ 1.‘4v 15
S=kK/k? <1, k*=0()
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Long waves: U(0) < 1, cf. interaction theory

S(2) =1+ k2 /1 ngt) {T+/1t U2(0)S(v) dv]

T(1+S(0) = /1 U?Sdt = Jg

z=0(1): S=1+0k?), Js~Si=J
So:  T(1+8(0)=Js~J
z=0(0), putn=0:  S0)=1+k**(—I {T - Js})
So:  T2—-k2I(T—-J))=J

1= ok*2IJ|T — 1

_osgn(T - 1)T
2T -1

_ R dn
L T=T/J I,= /
/ i 0 Ug(n) 5/29



Interaction theory

Motivation: asymptotic theory of developed (real) flow negotiating trailing edge,
classical 2D steady supercritical overfall of liquid layer

=0

I

h
]

Hakkmen Rott near wake

i trailing plate edge /

€ L

Topic: interactive LD limit downstream of edge
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Basic scalings: high-Re shear-layer balance

IS
Il
c

trailing plate edge /'

Hakkmen Rott near wake

L -

Incident base flow: @, adjustment length L
Q=UH, U¥L=vU/H® = H/L=0/Q=Re ' =0

Interactive LD scales: z = &/L = O(Re=%/7), z=%/H = O(Re~2/7) 6126



Scaling laws

Watson’s base flow above edge

° e = T X =ul(0) ~0.6930, J —/h0u2(z)dz =A
U ﬁ \/gv 0 0 . ) 0 0 0 0

Least-degenerate interactive limit: 2 control groups

T - o ﬁ ho _
soeds, ~ W O = G pganr =00

T =

e= (T —1|/J)Y%/Re =0

LD, leading order
X =N/ x, Z =/ 2

b €T B /7 Wk 2/
Yo wix,2, L2 ~5_px), ( i—ho) ~ W[
0

i H_(X), Hy(X)
Q A puz N7 ]

=, =

H
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Flow over edge in lab (H,O, standard conditions): vary H, = hoH, U
~ KNS 74 75 1/16 - hT g7 1/32 m
H, = ( = ~0774mm (), Ur =55 Sy ) <0483
- Ho\16/7 T5/7 U /H.1\1/2
- (17) T2 T, (HOT)
5T P T T T 2 TP = g
T
Gl interaction invalid,
4 T / 1is choking
v
3 _"| I. ___________________________
kY
1Y 41 _ -
AR\ Ho = H, ()
i"-\ Ho=1mm (——-)
_i \\":’ L -10.5 Hp = 2mm ( ————— )
S e i
100 x € i T LT e U (ms)
0 Z 1 1 1 1 0
0 0.5 1 T 1.5 2 2.5 3
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Interaction problem: X > 0, jet-type P/A law

UpWzx —UxWyz = —P'(X)+Vzzz
X>0, Z=0: W=,y =0
Uyp(X,00) =1, A(X) = lim, o (¥ — Z)
P=C(G+SA"), C=T/@2T-1), S=sgn(T 1)
W(0+,2) = W(0—,Z), A'(0+)=A(0-), A"(0+)=—SG <« P(0)=0

Classifcation: streamline curvature vs. capillarity

>0 (0<T<1/2 0or T>1) ...stabilising feedback: waves

<0 (1/2<T<1) ... compressive/expansive
gA”, o=8C<{ =Foo (T=1/2+4) ... choking (cf. linear waves)

=41 (T'=14) ... regular limits

=0 (T=1) ... choking (excluded)
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Elevations of free streamlines

Laplace pressure & interaction law

P=TH"/IT-1=C(G+SA"), C=T/2T-1), S=sgn(T-1)

No slip to free slip: small-scale (Navier—Stokes) analysis

X=0+: H.=H =H"=0 = P(0)=0

Thus,
Hi(X)=(1-C)[SGX?%2— A'(0)X — A(0)] CAX)
T (C - DA(X)
parabola:
0<T < 1/2: classical downfall, H_ wavy, in phase

(X>1)
1<T: ‘upfall, H. wavy, in antiphase
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Well-posedness

Hakkinen—Rott near wake

3/7
T, n =z X)

0<X < (T/2T - 1))

Uz (0—,2) ~ AZ
@, P] ~ X?3[AV3F(n), A3 ), IT = 0.61334

57
X n—oo: F' =n+EST

grants

1-Ti
T

K A"(X)+SG =0(X%?), H' = P

Downstream marching well-posed up to flow reversal
F not perturbed by eigensolutions (Scheichl 2023)

Condensed interaction
G=0,T=1/2: [ P]=X?3[A3F(n),A*31I)
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Numerical results (G. Pasias)

Bifurcation:
Sinuous / supercritical: Varicose / subcritical: compressive flow reversal
Vs.
no waves upstream waves upstream .
expansive blow-up
H_, P
0.8

0.63592649874013002

0.6

: 0 -0.6 G=02
. i . . ) T T T T PR A A | : .
-1 6 10 y 4 9 14 575 -375 175 y 25 225 08¢ T varied ‘l
. ! L ! 1
0 4 9 5 14 19



Numerical results

Sinuous / ‘flapping’

(G. Pasias)

Varicose / ‘sausage-type’

5 - : 5 : ; ; ‘ ‘ -

T N N Ay
~
- ~— o

~ o

o N | o —

N ~_
5+ Y 5F
10 L . L L
-5 0 5 10 0 25 17.5 225 275 325

G=0.1,T=0.2

G =001, T=20
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Choking of a capillary wave & non-wavy breakdown: 7T ~ 1/2

blow-up

P = T—1 AH 03 "

= G+ sgn(T — 1)4"]

. . e 025 Y flow reversal
Least-degenerate distinguished limit near \
condensed interaction G e " separatrix G = G,(T),
. e numerical =
G=a"G=0(), a=4T-1/2)"" > = orf /
R R R . R ons?"/Gs ~T(T—=1/2 5/7

(X,Z,¥,A, P~ [o*X,0Z,0*¥,0A, o*P] R: ‘ ( / ) ‘

. ) R R 5 0.6 0‘7 T
SP=G—-A" S=segn(T—1/2)

(0,2)=2%2, A00)=0, A"0)=G

S =—1: (cnoidal) waves (G — o)

<I: flowreversal (X — o)
S=+1: 457G { =TI: Goldstein wake (X — o)
> I': finite-X blow-up sl

g(T—1/2) 14/29



Condensed results: 4 fundamental detached-jet manifestations

upwards, non-wavy
reversed-flow breakdown:
1/2<T <1

upwards, symmetric (varicose)
modes, phase shift indefinite:
1<T

cf. inviscid slender jets
(Keller & Weitz 1957)

downwards,
antisymmetric (sinuous) modes,

downwards, non-wavy blow-up: X = Xj, self-consistent for all X:

1/2<T <1 0<T<1/2
/ \T / 15/29



Condensed results: 3 manifestations valid for X < oo

N

ﬂ

s

(1-A4x/G)

I
I
I
I
| - 1 A
| supercritical capillary flow! subcritical
| G= Gs(T): | separatrix -1
I I
I I
1 ! ) 8
: I
é ! -3 I i 1
0 0.5 1 T 0 0.5 1 15 T
acX?® 400 (0<T<1/2, T>1 or 1/2<T<1, G=G,)
AX?2 — -0 (1/2<T<1, G<Gy)
0<T<1/2, T>1
H_~H e A L (12 T/l chz
- o 2 ’ SO 2T — 1 ( / < <1, - s)

(1/2<T <1, G<Gy)
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WKBJ analysis

351

251

N

AX)
Numerical
Theoretical, A(X) = 0. 8920X ¥
5 10 15 20 25 30 35

40

0.8

0.6

0.4

0.2}

02

-04 &

P(X)

PX)
Goldstein asymptote
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WKBJ analysis: ¥ = X'3F(X,n), n=Z/X'3, X = oo
Interaction problem

(Fi_2Fan)/3_ann+X(FnFnX — Fx Fyy) :_Xl/BP/(X)

non-||, viscosity ‘rapid’ convection
P'(X)=0A"(X), A(X)=X3a(X)
n=0: F=F,=0 n—o0: F,=n+a+EST

Translational invariance absorbed

X X—X, n+—Z/(X—Xo)Y?

Global conservation of momentum

——

G
mean flow ‘rapid’ convection
18/29



WKBJ analysis: X — oo
Asymptotic hierarchy: algebraic-log decay
k(X) = (6ko/T)XY® + E1 X" +0(1) (ko >0, 1/6 >k > —1), E = explik(X)X]

{f 0= am} = B[ X270 boo{foo (), 1} ++-]

by ‘Reynolds stress’

+ ElXN [blo{ fl()(?]) 9 1} P Xﬂ b11{f11(77)> 1} + X77/6 b12{f12(77)» 1} i }
eigenfunction enforced

+ B2 X [bao{ fao(m), 1} + -] + O(E3X>*) + c.c.  (p, B < 0)

X3P Jo = —ikJE* X /6 [b1g + b11 XP + (3broki /ko) (s + X" + ... ]+ +cc.

RC: X0x ~ XE'/E ~iko X"/ [
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WKBJ analysis: X — oo

E(X) = (6ko/T)XY6 4 k1 X"+ 0(1) (ko >0, 1/6 >k > —1), E = exp[ik(X)X]

{fra—an} = EO[X2“+7/6 boo{ foo(n), 1} +---]

by ‘Reynolds stress’

+ EtXx* [blo{ fl()(’f]) R 1} —|—Xﬁ bll{fll(ﬂ)y 1} —|—X77/6 blg{flg(n), 1} e oc }

eigenfunction enforced

+ B> X?#[boo{ foo(m), 1} + -] + O(E*X?**) + c.c.  (p, B < 0)

XY3P Jo = — k3 E* X/ [byg + b1 XP + (3biok1/ko)(k+ )Xo 4. ]+ e

Upstream history fixes amplitudes b; € C

We seek Fi,(n), fio(n), ko, 1
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WKBJ analysis: secularity conditions f/,(cc) =1

P’, K, nonlinear, non-||, viscosity = forcing I;;(n) of j-th mode, I, =0
> j>0,1>0

Efh = Fhfin—o(iko)® = L, fu(0)=0

fim) (" o(iko)? + Lji(t)
F1, (1) - RO

. > Lj(n) T _dn
1—o(T kQIZ/ 200y U I:/
(T)(5ko) Lo o Fin) L F(n)
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WKBJ analysis:  f};(c0) =1

P', k', nonlinear, non-||, viscosity = forcing I;(n) of j-th mode, I; =0

> i>0,1>0

) n ik 2 L

F) fi = Fl fii—o(iko)? = Iy, fu(0)=0 = %:/0 Wdt
— L N\2T . o Ijz(ﬁ) d = > _dn

Lol [ s fo= [ gty

> j=1,1=0
1=0(T)k2ly, TImfio=0

20/29



WKBJ analysis:  f};(c0) =1

P’, k', nonlinear, non-||, viscosity = forcing I;(n) of j-th mode, I, =0

> i>0,1>0

. "o (jko)? + Lt
Frfii—Fofio—o(iko)® = L, fu(0)=0 = % :/0 Wdt
' B % () B > dp
1—o(T)(jko)*Io = /0 FZ’,%(??) dn, Io= ,/0 F2(n)

> j=1,1=0
1= O'(T)kg[(), Im fl() =0
(F;r% - 2F77LF7/7/1)/3 - F#L/ ~ 2k"(]|I)10|2)(2ll+7/6 Im(ﬂf{,()) =0 v:u

dominant Reynolds stress

= byp=0, Us=F =G ... Goldsteinwake, a,, ~ 0.89200

m
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WKBJ analysis: f (<) =1

> j=0,1>0: E°X*D (non-interactive)
(2/3+ (G for — G" fo) = 2G fg1/3 = foi = Lou, for(0) = f;(0) =0
n—oo: f{;=1+EST

> j=1,1=0: E'X*
G/f{O - G/Iflo - U]f(z) =0

=o(Tk2I,, Iy =
1=o(T)kslo, Io ez

~0.8525 = ko(T), o>0 O

> else
G'fiy = G" fu = o (jko)* = L

2 > Ij (77)
B eI
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WKBJ analysis: 1— ;2 = [(1;;/G")(n)dn (SC)

> j=21=0: E°X%

_ ) b5, bao _ 1 / fio — f10f10d
2o %2, a2

Iy = (f10f10 Im fo0 =0

> j=1,1=1: E1XH»+8
Re(b11111/b1o) = kok1 [30 — (G fio — G f10) /3] (k + 1) X"71/678
20

— (b20/b%0)|b10*(fo0 f10 — 22010 + Frofag) X2HP
nonlinear feedback

m(blllll/blo) = O(X_7/6_B)

= f=2u=k-1/6>-7/6 O

22/29



WKBJ analysis: 1— ;2 = [(1;;/G")(n)dn (SC)
> j=2,1=0: E?X?¢

Ino = (fi0f1o — f13)

b(2)1 b2o _ / flO f10f10 d Imfzo -0

Tbag 2, oz
> j=1,1=1: E'XWB
Re(b11111/b10) = 20kok1(k + 1)
— (ba0/b30)|b10l*(fo0 f10 — 2f2010 + f10f50)
Im(b11111/b10) =0

B=2u=rk—-1/6>—7/6,
(SC) = kil X ‘b10|2

22/29



WKBJ analysis: 1 — j° fo

> j=1,1=2: E'Xr7/6

Im(bial12/b10) = [(2/3 + p)(G' f1o —

]Z/G/2 77 (SC)

2
okg

G"f10) —2/3G fio — fio] /ko — oko(3p + 3/2)

non-||, viscosity

—(2/3Gfio + fi0)/ko — oko(5/6 + 2p)
5 0 7 *2/3G [y + 1§
(SC) = wu 53> 1 _Q:/O dezo.wm O
5 2
=== = =—--0
B 5 & 3

23/29



WKBJ analysis: recovers linear long-wave limit

dn
G"(n)
3 T
251 .
R
\/E 2 - -
151 .
1 -
sk o choking
0 :
0 15 7 2
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WKBJ analysis

(G. Pasias)

Numerical trends confirm b1y — oo, kg — 0

A(X) against X
sl
l H {

il m‘
I\
Hw“‘ub‘i

(a) G=02,T=0.1

il
st
m“rm‘u H‘M‘H el
Il
MHH“‘\HHM
I
\‘H

|
|
e

() G=02,T=03

A(X) against X
oaf iR
i i

mum

rnw‘ \
f ) 144
\‘ HHH‘\‘ IV [y

(b) G=02,T=02

A(X) against X

—a
[ )
Wive tough e R R

g ANN
s R AN
"“H\“H“M‘M
ca R
»‘MMMHHM‘\MV-'
i ¢
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WKBJ analysis (G. Pasias)
p=—5/12—2/2, 2 ~0.1074

A(X) against X

G =02, I hl“nl

m JH\.W
T = 0.49 ‘j“m ﬂ MMM@!‘L“

0 200 300 400 500 600 700

Numerical wave amplitude and prediction

~ lg |2b10|

WKBJ don’t unveal b1o(G,T)...

5| G =0.2

)
b
/ locked, T — o0 ?
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WKBJ analysis (G. Pasias)

351

X 5000 A~apXY34+boX V222 E(X)+ce., P~ —(b1o/Io) XY 22E(X)+c.c. !
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Flow through channel exit

J(L

«—F—

-Inviscid-Core= = = - - - - -

I 0(6) Viscous BL

Re = Umax a/l/

(G =0, S.Harris)

No surface tension: Tillett (1968)

Flow symmetric, gravity in flow direction.

UWrx —VxVzz =¥zz22
X>0, Z=0: UW=Uyy =0
Uy7(X,00) =2, A(X) = lim, 00 (V7 —22)
U0+, Z) =¥ (0—,2) = Z*

Symmetry imposes no net displacement
from BL

No upstream influence
H=A
H ~ X'/3  Goldstein wake
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Flow through channel exit (G =0, S. Harris)

We ' = €T’
¢ ‘ O(a) VpWrx —VxWzz = —Px +¥zzz2
«— —>

T : X>07Z:01 UV=Vy;;=0

g . Wy (X, 00) =2, A(X) = lim, o0 (T7—22)
l / 1O(¢) ViscousBL U(0+,2) =¥ (0—,2) = Z*

e=Re Y3 Re=Unaa/v » No upstream influence
> H=A

» T can be scaled out:

(X, @, H, P ~ [T%7,T%/7, 77, T/7]
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Flow through channel exit (G =0, S. Harris)

Surface Displacement H (x)
fory =1, dz = 0.01

251

H(X /
s} /

» Waves with Goldstein wake
emerging on average

051

X

Figure 9
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Flow through channel exit (G =0, S. Harris)

p along Centreline y = 1/2

. @n“e.m;m =1,n=1001,ds =001 Tillett’s core-flow/Rayleigh problem
—— Boundary Line /
q! // Y(1 = y) [Voa + vy +20 =0
1\ _
05 ) (x’ 5) iy
v(z,0) = —1p,
O
-0.5 |
| | e
at I"‘U"“ ] p=2(1-2y)p —2y(1 - y)¢y J
-1.5
0 5 0 5 10

0<z<10 » Weak linear upstream influence
through core.
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Flow through pipe exit
O(a)

Inviscid Core

I 0(6) Viscous BL

€= Re*1/3, Re = Umaxa/v
p~We (V- -n)

—R"(x) 1
(14 R2)%/? TR RE

7

V-n=

R(z) = 1—eH(z), We '= =T

PUaxa
p~eT(H+ H")

+H: cf. subcritical hydrostatic layer

(G =0, S.Harris)

P=T(A+ Axx)

UyWyx —¥x¥yz = —Px +VYzzz

X>0, Z2=0: vY=V¥;,=0

Wyz(X,00) =2, A(X) = lim,_,e0 (Pz—22)

U0+, 2Z) =¥ (0—,2) = Z*

H=A
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Flow through pipe exit

Inviscid Core

I 0(6) Viscous BL

€= Re*1/3, Re = Umaxa/v
p~We (V- -n)

—R'(x) 1
(14 R2)%? TR RE

7

V-n=

R(z) =1—eH(z), We '= =T

Vet

p~e*T(H+ H")

(G =0, S.Harris)

P=T(A+ Axx)

UWzx —WxWzz = —Px +¥zzz

X>0, Z=0: Y=VUy,; =0

!pzz(X, OO) = 27 A(X) = llmzi)oo(!pz_2Z)

T(0+,7) =¥ (0—,2) = Z*

H=A

T—0
[Xa H] ~ [T3/77T1/7]
P=T"A+ Axx ~ Axx
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Flow through pipe exit

Inviscid Core

I 0(6) Viscous BL

€= Re*1/3, Re = Umaxa/v
p~We (V- -n)

—R'(x) 1
(14 R2)%? TR RE

7

V-n=

R(z) =1—eH(z), We '= =T

Vet

p~e*T(H+ H")

(G =0, S.Harris)

P=T(A+ Axx)

UWzx —WxWzz = —Px +¥zzz

X>0, Z=0: Y=VUy,; =0

!pzz(X, OO) = 27 A(X) = llmzi)oo(!pz_2Z)

T(0+,7) =¥ (0—,2) = Z*

H=A

T —
[XvH} ~ [TS,T]
P=A+T "Axx ~ A
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Achievements & further outlook

Core results

» Self-consistent theory of developed film having just passed plate edge
» Flow regimes of surprisingly rich physics identified

» Capillary ripples: nonlinear extension

» Choking: T ~1/2, T ~ 1

» Breakdowns by flow reversal or blow-up

To-dos

» Regularise: breakdowns, T ~ 1

» Unsteadiness & stability

» Symmetry-breaking effects in exit problem
» Careful experiment desirable!

Thank you for attention!
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