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Kurzfassung

Hilberts zehntes Problem ist die Frage, ob es einen Algorithmus gibt, der fiir ein gegebenes
Polynom mit ganzzahligen Koeffizienten bestimmt, ob es ganzzahlige Nullstellen hat. Als
Folgerung aus dem MRDP-Theorem wurde gezeigt, dass kein solcher Algorithmus existiert.
Anders ausgedriickt: Diophantische Erfiillbarkeit is unentscheidbar fiir die Arithmetik der
natiirlichen Zahlen. Eine naheliegende Fragestellung ist nun das Problem der Entscheid-
barkeit der Diophantischen Erfiillbarkeit fiir schwéchere arithmetische Theorien.

In dieser Arbeit prisentieren wir einen neuen beweistheoretischen Ansatz, um Diophan-
tische Erfiillbarkeitsprobleme zu entscheiden. Wir arbeiten in einer arithmetischen Theorie
A, deren Sprache Nachfolger, Vorginger, Addition und Multiplikation enthélt. Ein Resul-
tat von Shepherdson erlaubt es uns, eine Theorie AB zu definieren, die sich nur um ein
Axiomenschema von der Theorie der offenen Induktion {iber A unterscheidet. Wir zeigen,
dass das Diophantische Erfiillbarkeit fiir AB entscheidbar ist.
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Abstract

Hilbert’s 10th problem is the question whether there is an algorithm which, given a poly-
nomial with integer coefficients, determines whether it has integer roots. It has been shown
that no such algorithm exists as a consequence of the MRDP theorem. In other words: Dio-
phantine satisfiability is undecidable for arithmetic. One can now ask whether the problem
of Diophantine satisfiability is decidable for weaker theories of arithmetic.

In this thesis we present a novel proof-theoretic approach for deciding Diophantine satis-
fiability problems. We work in a base arithmetical theory A in the language with successors,
predecessors, addition and multiplication and use a result by Shepherdson to define a the-
ory AB which is one axiom schema short of the theory of open induction over A. We show
that Diophantine satisfiability of AB is decidable.
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1 Introduction

Hilbert’s 10th problem is the question whether there is an algorithm which, given a poly-
nomial with integer coefficients, determines whether it has integer roots. It has been shown
that no such algorithm exists as a consequence of the MRDP theorem, named after Matiya-
sevi¢, Robinson, Davis and Putnam.

A generalization of Hilbert’s 10th problem is this: Given an arithmetical theory T, is
there an algorithm which decides for every Diophantine equation, whether one can prove
its unsolvability in T7 We call such problems Diophantine satisfiability problems. Some
variations of the MRDP theorem show the undecidability of Diophantine satisfiability prob-
lems for theories weaker than Peano arithmetic. A positive result has been obtained by
Jerabek, who showed in [3] that Diophantine satisfiability in the Robinson arithmetic @ is
decidable. The decidability for IOpen, the theory of open induction over () has remained
an open problem since it was posed by Shepherdson [1].

In this thesis we present a new proof-theoretic approach for deciding Diophantine satis-
fiability. We work in an arithmetical base theory A whose language consists of successors,
predecessors, addition and multiplication, but does not contain inequality. Using a result
by Shepherdson [5] we extract a subtheory AB of the theory of open induction over A and
show decidability of Diophantine satisfiability for AB.

The rest of this thesis is structured as follows: In chapter 2 we introduce definitions and
notations for the rest of the thesis and mention basic results from proof theory and the
study of arithmetical theories. Chapter 3 introduces the main result of this thesis, defines
the specialized proof calculus Pr, outlines the proof strategy and shows the soundness of
Pr as a first result. In chapters 4 and 5 respectively we show completeness and decidability
of Pr. The thesis concludes in chapter 6 by giving an outline for future work.
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2 Preliminaries

2.1 Logic and proof theory

In this thesis we will use several different proof calculi, so we introduce a general notion of
proof calculus which fits these different scenarios:

Definition 2.1. Let X be a set. For n € N an inference rule of arity n on X is a relation

I C X"*Y. Elements of I are called I-inferences and for (S, S1,...,S,) € I we also write
Sy -+ S,
g I.
Furthermore, S is called the conclusion of the inference and S1,...,S, are called the

premises of the inference. A non-empty inference rule of arity 0 is called initial.

A proof calculus on X is a set C of inference rules on X. The relation m is a C-proof of S
(in symbols: 7 |-, S) is inductively defined as the smallest relation with the following closure
property: If I € C is an n-ary inference rule, Si,...,5, € X, m |-¢ S1,..., 7 |=¢ Sn such
that (S,S1,...,S,) € I, then (S,I,m1,...,m) |- S.

Instead of (S,1,m1,...,m,) |-¢ S we also write

7'('1 DY ﬂ'n
S L

and instead of w1 |=¢ S1,..., 70 ¢ Sn, (S, 1,71, ..., ) o S we write

(1) ()
Sy - S,

g 1.

We say 7 is a C-proof if there exists an S € X such that w |-, S. By definition, we have
that if w is a C-proof then there is a unique S such that 7w |-, S. If 7 |-, S, we say that S
is the conclusion of w. We say that 7 ends in an inference rule I if 7 = (S, I, m1,...,m,)
for some C-proofs m1,...,m, and S € X. We inductively define that a C-proof 7 uses an
inference rule I if w ends in I or m = (S, J,m1,...,m,) and any of the proofs 7y, ..., T, uses
I. If m = (S,I,7,...,m,), then my,...,m, are called direct subproofs of 7. Further, we
inductively define that p is a subproof of w if p = 7 or p is a subproof of a direct subproof
P of m. If m = (S, I, Mete, Mright) we call Mg the left direct subproof of m and myign; the
right direct subproof of w. Further let p,o be subproofs of m. We say p is between 7 and
o if o is a subproof of p. We say p is strictly between 7w and o if p is between w and o,
p# o and p # m. We say a subproof p of m with a certain property is a lowermost such
subproof if the only subproof between w and p with that property is p itself. We say that p
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2 Preliminaries

is an uppermost such subproof, if the only subproof of p with that property is p itself. We
inductively define the number of inferences in m = (S,1,m1,...,m,), written as #(mw) by
#(m) =1+ >, #(m). We define the number of I-inferences in m (denoted by #(m))
as the number of subproofs of m that end in an I-inference.

We write |-¢ S or C |- S to mean there exists a C-proof m with 7 |-, S. If C is a proof
calculus on X and J is an inference rule on X we write C+J for the proof calculus CU{J}.

In this thesis we will only use languages with equality. Therefore, we will just use language
when we mean language with equality.

Definition 2.2. We define the set of variables as V := {x, |n € N}. Let L be a language.
We call T (L) the set of L-terms. Further we write A(L) for the set of L-atoms, N(L) for
the set of negated L-atoms and Lit(L) for the set of L-literals. For ¢ € Lit(L) we write p*
for the dual literal of o, i.e. for ¢ we set o= = - and for ¢ = ) we set = = 1p.
F(L) denotes set of L-formulas built from — (negation), A (conjunction), V (disjunction),
D (implication), Yo (universal quantification) and Iz (existential quantification). Fg(L)
is the set of quantifier-free L-formulas. For L-formulas @, we write @ <> ¥ as a shorthand

for (p DY) A (Y D o).

Definition 2.3. Let X be a set. A multiset over X is a function X — N. Let I" be a
multiset. For x € X we write x € I', if I'(x) > 0. Let A be another multiset. We write
I CAif(x) < A(z) for allz € X. We write T UA for the multiset = — T'(x) + A(x),
I'NA for the multiset x — min(I'(z), A(x)) and I' — A for the multiset x — I'(z) ~ A(x)
where n = m isn —m if n > m and 0 otherwise. We define the support of I', denoted
by supp(T'), as the set {x € X |T'(z) > 0}. We say T is finite if I'(x) > 0 only for finitely
many © € X. If T is finite we denote by |T| size of T', defined as ) . T'(x). We write )
for the multiset x — 0. We write M(X) for the set of finite multisets over X.

Definition 2.4 (sequent). Let L be a language and let T'; A be finite multisets of formulas
in F(L). Then the tuple (I'; A) is called a L-sequent, written as I' — A. T is called the
antecedent of the sequent and A is called the succedent of the sequent. IfT' = {p1,...,on}
and A = {11,...,¢¥n} we often omit the curly braces and write @1, ..., 00 — V1,..., Uy
for the sequent I' — A. We also miz these notations and e.g. write ¢, I' — A, for the
sequent I' U {p} — AU {t}. The set of L-sequents is denoted by Seq(L).

Definition 2.5. Let L be a language and ¢ € F(L). We denote the set of free variables of
0 by FV(p). IfFV(p) = 0, we say that ¢ is closed. We extend these notions to multisets of

formulas T' by FV(I') := U, er FV(p) and sequents ' — A by FV(I' — A) := FV(I'UA).

Notation 2.6. Let L be a language, t € T (L) and let 1, ..., x, be variables. We write
t(z1,...,2n) to mean that the variables x1,...,x, may occur in t. Further, if we have
Ul,...,uy € T (L) we write t(uy,...,u,) for the term which results from simultaneously
substituting the variables x; in t by the terms u;. We extend this notation for substitution to
substituting free variables in formulas, multisets of formulas, sequents and proofs. Instead
of writing u1, ..., u, we often abbreviate to u, if n is clear from the context or irrelevant.

Definition 2.7. Let L be a language, o, € F(L). We write ¥ = ¢ if ¢ is a subformula
of ¢ and also say ¢ contains ¢. We say ¢ contains —, if there is a ¢ € F(L) with



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

2.1 Logic and proof theory

(=) = . Similarly, for © € {A,V, D}, we say ¢ contains ©, if there are v, x € F(L) with
(VOX) =2 . For Q € {V,3} we also say y contains Q, if there is a 1) € F(L) and a variable
x with (Qx) = ¢. Now let I'; A be multisets of L-formulas and s € {—=,A,V,D,V,3}. We
say T contains s if there is a @ € I' such that ¢ contains s. We say I' — A contains s if
I'UA contains s.

Definition 2.8. Let L be a language. In the following, I', A, II and A denote arbitrary
multisets of L- formulas, ¢ and v denote arbitrary L-formulas, A denotes an arbitrary
atomic L-formula, t denotes an arbitrary L-term and x,y denote variables. We now define
inference rules on Seq(L) by their inferences:

(i) logical axiom:
) axiom.

A is called the principal occurrence.

(ii) weakening:
r —A r —A

S S— ., — T2 Wright-
o, ' — A left and r—Ap ght

@ is called the principal occurrence, I', A is called the context.
(i4i) contraction:

@aQOaF—>A F—)A,QD,QO

ST A Cleft and A0 Cright -

@ in the conclusion is called the principal occurrence, The p-occurrences in the
premises are called auxiliary occurrences. I', A is called the context.

(iv) cut:
' —Ae oI —A
LI — AJA

We call ¢ the cut formula. The occurrences of ¢ in the premises are called auxiliary
occurrences. cut has no principal occurrence. I', 11, A, A is called the context

cut.

If ¢ is atomic we call the cut-inference atomic.

(v) negation:
r— A
—Q, r —A

o, ' — A

-~ 'right-
I — A,ﬁgo &

Tleft and

The occurrence of ¢ in the premise is called auxiliary occurrence. The occurrence of
= in the conclusion is called principal occurrence. I', A is called the context.
(vi) conjunction:

o, 0, I — A A p ' —Ae II— AW
oA, T — A et an T,IL— AN oAy

/\right~

The occurrences of v, in the premises are called auxiliary occurrences. The occur-
rences of p A in the conclusion are called principal occurrences. I'; A and T, TI, A, A
are called the context respectively.
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2 Preliminaries

(vit) disjunction:
o, ' —A P II—A ' — A g9
Vieft and _—
eV, NI — AJA I'—ApVvy

\/right .

The occurrences of @, in the premises are called auxiliary occurrences. The occur-
rences of eV in the conclusion are called principal occurrences. I') A and I', TI, A, A
are called the context respectively.

(viii) implication:
I —Ae ,II—A
e DY, IVII— AA

The occurrences of p,v in the premises are called auxiliary occurrences. The oc-
currences of ¢ O 1 in the conclusion are called principal occurrences. I') A and
I'II, A, A are called the context respectively.

QO,F—)A’MJ
' —AeDv

Dleft and Oright -

(iz) universal quantification:

), T — A ' — A, po(y)

vri
Vep(z), I — A Viett and I' — AVzp(x) et

where y ¢ FV(I' — A, Vxo(x)). The occurrence of ¢ in the premise is called
auxiliary occurrence. The occurrence of Vx ¢ in the conclusion is called principal
occurrence. I', A is called the context. y is called eigenvariable. The condition that
y does not occur in the lower sequent is called the eigenvariable condition.

(x) existential quantification:

' — A p(t)
I — A, 3z p(x)

Jzp(x), I — A

left and right

where y ¢ FV(3xp(x),I' — A). The occurrence of ¢ in the premise is called
auxiliary occurrence. The occurrence of 3x ¢ in the conclusion is called principal
occurrence. I', A is called the context. y is called eigenvariable. The condition that
y does not occur in the lower sequent is called the eigenvariable condition.

(xi) reflexivity:
— =1 et

t =t is called the principal occurrence.

(xii) equality:
' - Ajt=u A(t),II — A

eq—left
Aw), T, — A A A7eft
I —At=u II— A A(t)
€q—right
LI — AJA, A(u)
' - Ajt=u A(u),lI — A
eq<left
A(t), T, I — AA
T At= 11 AA
— ! Y — 4 (U) eq<—right .

T, — A, A A()
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2.1 Logic and proof theory

In all the equality inferences we call t = w the auxiliary equality and A the prin-
cipal equality. We also call the occurrences of t = wu, A(u), A(t) in the premises
auxiliary occurrences and the occurrences of A in the conclusion principal occur-
rences. I',II, A, A is called the context. We call the rules eq—er; and eq—rright the
left-to-right equality rules and eq<—iey and eq<—rigne the right-to-left equality rules.

We also define sets of inference rules:

(i) structural rules S := {axiom, Wieft, Wright, Cleft s Cright, Cut},

(1) propositional rules B := { e, right, Meft, Aright Vieft, Vrights Dleft> Dright }
(iii) quantifier rules Q := {Vieft, Vright, Jleft, Iright }»

() equational rules £ := {refl, eq—rief, €q—right » €q4—left s €44 right }

(v) sequent calculus with equality LK™ (L) :=SUBUQUE.

If the language L is known from the context, we just write LK™ instead of LK=(L). It
is well-known that LK™ is a reasonable proof calculus for first order logic with equality by
the following

Theorem 2.9. (soundness and completeness of LK=) Let L be a language. Then for all
closed L-sequents I' — A there holds: LK=(L) derives ' — A if and only if

AXERYAL

el PeEA
1s valid in first order logic with equality.

Proof. 1t is straightforward to see that all rules in LK™ are sound.

For completeness we use the fact the the equality calculus LK, in [(] is complete and
note that it is straightforward to show that the equality axioms can be proven in LK™
using the equality rules in LK=. More precisely, let n € N, ¢1,...,ty,u1,...,u, € T (L),
let f € L be an n-ary function symbol and let R € L U {=} be an n-ary relation symbol.
It is straightforward to show the following in LK™:

LK™ | —t=t,
LK™ }—tl = Uly...,bn = Up —>f(t1,...,tn) :f(ul,...,un),
LK™ ’—tl = Uly...,ln :un,R(tl,...,tn) —>R(u1,...,un).
O

Definition 2.10. Let L be a language. An L-theory is a set of closed L-formulas. For
I' — A € Seq(L) we write T =T — A if LK= | Tp,I' — A for a finite set Ty C T.
For a formula ¢ € F(L) we write T | ¢, if T -— . If T = {o1,...,0,} is finite
we often omit the curly braces and write o1,...,0, - T — A or oy,...,0n F @. Let
® C F(L). The deductive closure of T in ® is TH(®) := {¢ € ®|T |- ¢}. Further, the
deductive closure of T is TF := TH(F(L)). We say T is consistent if T |[f—. Let
M be an L-structure. For an L-term we write t™ for the interpretation of the term t
in M. For an L-formula ¢ we write M |= ¢ if M satisfies ¢. The theory of M is
Th(M) :={p € F(L) |y is closed and M = p}.
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2 Preliminaries

When showing statements of the form 7' |- ¢ where T is a theory, it is often cumbersome
and less readable to write out a LK™ -proof explicitly. In those situations we will instead
carry out the proof in ordinary mathematical reasoning, prefix it with the phrase “Work
in 7”7 and be cautious to only use the axioms given in 7T'. Since LK=(L) is complete by
Theorem 2.9, an explicit LK=(L)-proof can be constructed.

Even in cases where we provide an explicit proof in a proof calculus it is often useful to
shorten some straightforward inferences. To this end we introduce the following notation:
Let I be a unary inference rule. We write
fis
st
to mean that from a proof m of we can construct a proof of S by repeated application of
the inference rule I. For rules where there is a left and right variant say Il and Lijgne we
also just write
E I*

S
to mean that from a proof m of we can construct a proof of S by repeated application of the
inference rules lier and Ipjgns. We will mostly use this notation for the rules wiet;, Wright, Cleft
and Cright-

In a few cases we use the notation

s
SI,J

to denote that we first apply I to m and then J to the resulting proof.
In this thesis we will also use some standard definitions and results of proof theory:

Definition 2.11. Let L be a language. A variable  is called eigenvariable of an LK~ (L)-
proof 7 if x is eigenvariable of an inference which is used by w. An LK=(L)-proof m is
called regular, if all eigenvariables of w are pairwise different.

Lemma 2.12. Let L be a language and w FLK=(L) S. Then there exists a regular proof
m |‘LK=(L) S.

Proof sketch. Rename the eigenvariables appropriately. O
Lemma 2.13. Let L be a language S(T) € Seq(L) andt € T (L). If LK=(L) - S(Z), then
LK=(L) |- 5(1).

Proof sketch. Let m(Z) |- x=(,) S(z). Without loss of generality t does not contain
an eigenvariable of m and no variable in z is an eigenvariable of 7 (otherwise rename
eigenvariables in 7 accordingly). Replacing Z by ¢ in all sequents of 7 yields a proof

7(t) |—LK=(L) S(t). O

Theorem 2.14 (cut elimination). Let L be a language. If LK=(L) - T — A, then there
exists an LK=(L)-proof m of I' — A where all cuts are atomic.

Proof. See [0]. O

An important corollary of the cut elimination theorem is the subformula property. For
LK™ we will use the following form:
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2.2 Arithmetical theories

Theorem 2.15 (subformula property). Let L be a language and let s € {—,A\,V,D,V¥, 3},
S € Seq(L) and w }‘LK=(L) S where all cuts are atomic. If T uses the inference rule Sief;
OT Syight, then S contains s.

Proof sketch. Since s can only occur in non-atomic formulas and all cuts are atomic, there
is no inference rule where s is in the upper sequent, but not in the lower sequent. Thus,
the statement can be shown by a straightforward induction on 7. ]

2.2 Arithmetical theories

Definition 2.16. We define the language S, := {0,s, p, 4, -} where 0 is a constant symbol,
s, p are unary function symbols and 4, + are binary function symbols. Furthermore we set

§:= S\ {p}-

Definition 2.17 (theory A). Consider the formulas

Vr s(z) # 0, (A1)

p(0) =0, (Az)

Vz p(s(z)) = =, (As)

Ve x+0=ux, (Ag)

Vo Vy @ +s(y) = s(z +y), (A5)
Vo x-0=0, (Ag)

ey a-s(y) =a-y+a (A7)

We define A :={Ai,...,A7}.

Definition 2.18 (induction axiom). Let L be a language with L O S. Let p(z,z) € F(L).
Then the induction axiom for ¢ with respect to x is the formula

I (p) :=Vz (9(0,2) DV (p(x,2) D ¢(s(x),2)) D Vo p(z,2)).
For F C F(L) we define I(F) :={I,(¢)| ¢ € F, x is a variable}.

In this thesis, by IOpen
Consequently we define:

p» we refer to the theory of open induction in the language Sp.

Definition 2.19 (IOpen,). We define I0Open, := AU I(Fy(Sp))-

Notation 2.20. Lett € T (Sp) and n € N. We inductively define the term nt € T (Sp) by
0t :=0 and (n+ 1)t :=t + nt.

IOpen,, has a characterization due to Shepherdson (see [5]):
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2 Preliminaries

Theorem 2.21. Over the theory A the set of formulas I(Fu(Sp)) is equivalent to the
formulas

Ve (xr =0V z=s(p(x))), (B1)

VeVy 2 +y=y+x, (B2)

VeVyVz (x+y)+z=x+ (y+ 2), (B3)

VeVyVz (e +y=a4+2Dy=2z), (By)

VaeVy -y =1y-x, (Bs)

VeVyVz x-(y-2) = (x-y) - 2, (Bg)

VeVyVz 2« (y+2)=x-y+x-2 (B7)

and

m—1

VmVsz(mx:myD \/(z—l—i)-:c:(z—l—i)-y), form > 2. cr)
i=0

This allows us to consider variations of IOpen,:

Definition 2.22. We define AB := AU{By,...,B;}. Further, consider the formulas:
VeVy (mx =my Dax=y) form > 2. (Cm)
Then we define ABCy, := ABU{Cy, |m > 2}.

Remark 2.23. [t is straightforward to show ABC,, |- C!. for m > 2. Thus we have
AB C I0Open,™ C ABC,,I™.

Let L O S be a language and let T' be an L-theory. The Diophantine satisfiability problem
for T is the question whether the set

Dr:={(t(z),u(z)) € T(S) x T (S) |TU{3zt(x) = u(x)} is consistent}

is decidable. Two results in this area are that D¢ is decidable where @) is the Robinson
arithmetic (see [3]) and Dry(y) is undecidable as a consequence of the MRDP theorem.
The decidability of Diopen is a long-standing open problem (see [1]). In this thesis we show
that D 4p is decidable as a consequence of the decidability of AB™(N(S)).

10
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3 The main result

Our goal in this thesis is to show
Theorem 3.1. ABT(N(S)) is decidable.

In the remainder of this short chapter we briefly outline our proof strategy: We will
first introduce a specialized proof calculus Pr, show its soundness and completeness with
respect to ABF(N(S)) and then prove its decidability.

3.1 Calculus Pr

Our calculus is based on the observation that the axioms in AB without A, As, As and
By allow us to more or less work with terms as with polynomials. We will expand on this
observation later, but now introduce a notion of equivalence to factor out this polynomial
part and present a simple calculus based only on A; and Bj.

Definition 3.2. Let L be a language and I' a multiset of L-formulas. We define the relation
S on A(L) by

oMY= LKT T,0 — ¢ and LK™ |- T, — .
We extend <3 to Lit(L) by setting
er = & U{(np, )¢9 € A(L) and ¢ & ¥} .
Lemma 3.3. < is a congruence relation with respect to *.
Proof. (i) Reflexivity: If ¢ € A(L), then ¢ < ¢ and thus ¢ <1 ¢ by

—— axiom.
Y—¢

If o € N(L), then ot S @+ by what has been just shown. Thus ¢ <1 .
(ii) Symmetry: Follows immediately from the definition.

(iii) Transitivity: Let ¢,,x € Lit(L) with ¢ <p 1 and ¢ < x. By the definition of
<1 we have either ¢, 19, x € A(L) or ¢,v,x € N(L). In the first case we have proofs
m =T, ¢ —Yand m |- = I, — x. Now I' |- ¢ — x by

(m1) (m2)
Fy—1v Ty —x .

Fal—"@—)X *
F790—>X left

ut .

11
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3 The main result

I' - x — ¢ follows similarly.

If p,9,x € N(L), then the statement follows by what has just been shown and the
definition of <.

(iv) Congruence: By the definition of <1 we have ¢ <1 9 if and only if - < ot
O

Definition 3.4. For ¢ € Lit(L) we denote its equivalence class with respect to <1 by [¢]r.
For a multiset @ C Lit(L) we set [P]r := {[p]r| ¢ € @}, i.e. the multiset of equivalence
classes of literals in @.

The following shows that substitution is well-defined for equivalence classes:

Lemma 3.5. Let L be a language, T' a multiset of L-formulas, ¢(Z),v(Z) € Lit(L) with
o(Z) ©1p Y(Z) and t € T(L). Then o(t) <1 ¥(t).

Proof. Follows from Lemma 2.13. O

Definition 3.6. Let T := AB\ {Aj, A2, A3, B1}. The calculus Pr acts on [N(S)|r and
has the inference rules

_ pex O]r lps@)Ir pyar
[s(t) # Olr A and T[gp(x)]T - B

where t € T'(S), ¢ € N(S) and x is a variable.

Remark 3.7. Note that the theory T implies the laws of a commutative semiring. By By
and congruence of + we have that T - VaxVyVz e+ y=z+ 2+ y=z.

Example 3.8. Let o(x) :=x-x # x+5(0). We show Pr |- [¢(x)]r. It is straightforward
to show ¢(0) <71 s(0) # 0 and ¢(s(x)) <71 x-x + = # s(0). Furthermore, we have
©(s(0)) 1 s(0) # 0 and (s(s(x))) <rs(x-x+x+ x4+ x) #0. Thus we get a Pp-proof
of [e(x)]r by

— A

5(0) £ 07 A

var
B 1

s(x z4+x+x+2) %0
[z x4+ 2 # s(0)]

SO Z o 1

T var

[o(@)lr
We reduce our main result to the following three results:
Theorem 3.9 (soundness of Pr). Let ¢ € N(S). If Pr |- [¢|r, then AB |- .
Theorem 3.10 (completeness of Pr). Let ¢ € N(S). If AB |- ¢, then Pr |- [¢]r.
Theorem 3.11 (decidability of Pr). The set Pr™ := {p € N(S)|Pr |- [¢]r} is decidable.
Now the main result follows by

Proof of Theorem 3.1. By soundness (Theorem 3.9) and completeness (Theorem 3.10) we
have that AB |- ¢ if and only if Pr |- [p]r. Thus ABF(N(S)) is decidable by the
decidability of Pr (Theorem 3.11). O

12
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3.2 Soundness of Pr

A straightforward corollary of Theorem 3.1 is
Corollary 3.12. Dp is decidable.

Proof. By Theorem 3.1 we get that AB™(N(S)) is decidable. Now the statement follows
from

Dap = {p(7) € A(S) | ABU {37 ¢(7)} [ —}
= {p() € A(S)[AB [/ 37 () —}
={p(z) € A(S)[AB [/ o(z) —}
= {p(z) € A(S)[AB [ —¢(2)}
={¢(2) e N(S)|AB /- ¥(2)}

O

We show Theorem 3.9 in the next section. The following two chapters are dedicated to
proving theorems 3.10 and 3.11 respectively.

3.2 Soundness of Pr

We show soundness of Pp by transforming proofs in Pp into LK™ -proofs. For this we use

Lemma 3.13. Let ¢(z) € N(Sp) andt € T'(Sp). Then

{B1} |- ¢(0), vV ¢(s(x)) — &(b).

Proof. Work in {B;}: By By we have t =0Vt = s(p(t)). In the first case we can use ¢(0)
to prove ¢(t). In the other case we use Vx ¢(s(z)) for = = p(t). O

Proof of Theorem 5.9. Let m |—p_ [p]r. Since ¢ € N(S) we have ot € A(S). We proceed
by induction on 7. If 7 =
ax
[olr b
then, o <7 s(t) # 0 for some t € T'(S). Since <7 is congruent we have ¢+ < s(t) = 0.

Therefore we have a proof 7’ ;= T, ¢t — s(t) = 0. Now LK= - AB — ¢ by

s(t) =0—s(t) =0 axiont
() s(t) # 0,5(t) =0 — \;le“
T, ot —ss(t)=0  Aps(t)=0—
T AL — .
AB, gpL —
m “Tright -

Ifr=
(mo)  (ms)
[900]T [(pS]T Bi/ar7

[elT

13
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3 The main result

then there is a variable x such that for ¢ = ¢(z) we have g <1 ¢(0) as well as
¢s <1 @(s(z)). Using the induction hypothesis we have proofs 7, -y x= AB — ¢(0)
and T(s(z)) Frx= AB — ¢(s(z)). By applying Lemma 3.13 we get a proof

7 k= Bi,¢(0),Vz o(s(x)) — .
Now we have LK= |- AB — ¢ by

(Te(s(2)) (Te(0)) ()
AB — p(s()) v AB — 0(0) By, 9(0),Vzp(s(z)) — ¢
AB — Yz p(s(z)) & AB, B1,Vr p(s(x)) — ¢ et
AB,AB, B — o .

AB — 7 Cleft -

cut

14
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4 Completeness

Our goal for this chapter is to show completeness of Pr with respect to provability of
negated equations in AB, i.e. for ¢ € N(S) with AB |- ¢ there holds Pr |- [¢]7.

First we observe that we can remove the predecessor axioms As and As by using a
“deskolemized” version of Bj:

Definition 4.1. We define Bf :==Va (x =0V Iyx = s(y)) and
AB? := (AB\ {As, A3, By}) U {Blﬂ}.

AB? proves that s is injective:
Lemma 4.2. Ay, As, By, By |- VaVy (s(z) =s(y) Dz =y)

Proof. Work in AB?:
s(z+0) =s(y+0)

z +5(0) =y +s(0)
s(0) +2=s(0) +y

= = = |

x=y.

Lemma 4.3. Let ¢ € F(S). If AB |- ¢, then AB? |- ¢.

Proof. We show this statement by contraposition. If AB7 |£ ¢, then there is a model
M = (M, 0M M M M) of AB? such that M £ . We now construct a model M, of
AB such that M, = ¢. We set M, = (M, oM, M M M 5Mo) swhere pMe : M — M s

defined as
oM if g = oM
p(a) = . v
b if a = s (b) for some b € M.

Note that this is well-defined: Since M |= Aj, the two cases are distinct. Because M |= Bf
we have that for all a € M that either a = 0™ or there is a b € M such that a = sM(b).
Furthermore, by Lemma 4.2 we have that there is at most one such b.

By construction we have that M, = AB \ {42, A3, B1}. It remains to show M, = As,
M, = Az, M, = By and M, = ¢. Clearly, by definition of pM? we have pMp(0M) = 0M,
therefore M, = As. Now let b € M, then we also have pM»(sM(b)) = b by definition,
therefore M, = As. Also, if b # 0M, then there is a ¢ € M such that b = sM(c)
since M = Bf. Then sM(pMe(b)) = sM(c) = b. Therefore M, = B;. Since ¢ is
a formula without predecessors and M has the same interpretation as M on formulas
without predecessors, we get that M, [~ ¢. O

15



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

4 Completeness

Also note the following reduction:
Lemma 4.4. Let p € A(S). If AB? |- =y, then AB? |- ¢ —.

Proof. Let m 1= AB? — —=¢. Then we have AB? |- p — by

— axiom
() N "
3
AB? — —p -, o —
3 cut.
AB= p —

O]

Thus it suffices to transform LK™-proofs of AB?, o — into Pp-proofs of [-¢]r. We do
this in a series of steps and introduce intermediate proof calculi where the axioms of AB3
are replaced by rules in the calculus: We then extend LK™ with rules that resemble A*
and BY*" of Pr to get a calculus called LKP7. This allows us to get rid of the axioms
Ay and By. Next, we get rid of quantifier and propositional rules as well as the remaining
theory T" in a calculus called P5. We then introduce a notion of normality for Pr-proofs
which will allow us to get rid of equational and structural rules to only be left with rules
from Pr.

4.1 From LK™ to LKPL

We extend LK™ by two inference rules which resemble the inference rules of Prp:
Definition 4.5. The inference rules A and BY*" are given by

Aax z=0,T1 — Ay x=s(y),y — Ay

T — By
s(t) =0 — and ',y — Ay, Ay !

wheret € T(S), x #y €V and y  FV(I'1,Te — A1, Ag), i.e. BY*" has an eigenvariable
condition. Furthermore we set LKPE to be the proof calculus LK™ + A + BY™.

The goal for this section is to prove a completeness result for LKP7:
Proposition 4.6. Let ¢ € A(S). If AB |- —¢, then LKPE: T, —.

In particular we want to get rid of Ay and Bj in the theory and instead use the rules
AP and BY*". To do this for A}* is straightforward, but to do this for BY*" we need some
groundwork. To simplify the following proofs, we introduce a notation for instantiating
universal quantifiers in a formula:

Definition 4.7. Let L be a language, ¢ € F(L) and t € T (L). We define

olt] == {W) if o =Vay(a) for some y(z) € F(L),

%) otherwise.

We call every formula of the form ¢[t] a partial instance of ¢.

16
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4.1 From LK™ to LKPF

A first important observation is that, even though BY*" only does a case distinction on
variables, this is enough to prove Bf[t] from axioms in T for an arbitrary term ¢ € T ().
To show this we need some closure properties of provability of partial instances of Bla:

Lemma 4.8. Forz € V and t,u € T (S) we have:
(i) LK= + B{* |-— B7[z],
(ii) LK= |-— B{[0],
(i4i) LK= — B7[s(t)],
(iv) LK™ |- Ay, As, Bf[t], Bf[u] — Bi[t + ],
(v) LK= |- As, Ag, A7, Bs, B{[t], B [u] — B{[t - u.

Proof. (i) It is straightforward to find proofs m; ;=2 =0 — 2 =0V Iyx = s(y)
and 7y = =s(y) — = =0V Jyx = s(y). Thus the statement is given by

(m1) (m2)

r=0—2=0Vyz=s(y) z=s(y) —2z=0V3Iyxr=-s(y)
— 2 =0VIyzr=s(y),z=0VIyx =s(y)
— =0V dyx =s(y)

var
B 1

Cright -

(ii) By
—0=0 refl Wright
— 0=10,3y0 = s(y) .
S 0=0Vv3yo=s(y) &Y
(iii) By
N N reﬂ
—sn=s0 "
right
— Jys(t) =s(y)

—s(0) =0, 3ys(t) =s() "

—s(t) =0V 3ys(t) =s(y)

right -

(iv) Work in { A4, A5, Bf[t], Bf[u]}: We do a case distinction on B [u]. If u = 0, then by
Ay we have t + u = t. Thus, the conclusion follows from Bi[t]. If u = s(y) for some
y, then t +u = s(t + y) by As. Thus, the conclusion follows from (iii).

(v) Work in {As, Ag, A7, Bs, Bi[t], B{[u]}: We do a case distinction on Bf[u]. If u =0,

then by Ag we have t-u = 0 and the conclusion follows from (ii). If u = s(x) for some

x, we do a case distinction on Bi[t]. If t = 0, then by Bs we have t -u = u -0 and by

Ag we get t-u = 0. Thus, the conclusion follows from (ii). Now let ¢ = s(y) for some

y. We have t-u =1t-x +t by A7 since u = s(z). By A; we have t-u =s(t-x + y).
Thus, the conclusion follows from (iii).

O

Lemma 4.9. Lett € T (S). Then LK™ 4 BY* |- A\ {41, A2, A3}, Bs — B{[t].

17
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4 Completeness

Proof. We proceed by induction on ¢. The case t € V follows from Proposition 4.8 (i). The
case t = 0 follows from Proposition 4.8 (ii). The case ¢ = s(u) for some u € T (S) follows
from Proposition 4.8 (iii).

If t = u + v for some u,v € T'(S), then by induction hypothesis, there are proofs

T }—LK=+B;'M AN\ {A1} — Bi[u]
Ty }—LK=+B;ar AN {A1} — Bilv).

By Proposition 4.8 (iv), there is a proof
Tu4v };LK: A47 A57 Bla[u]v Bla[v] — Bla[u + U]'

Now the statement is follows from

Ty Tu4v ¢
Ty A \ {A1}7A47A57B%|[’U] — B?[u + ’U] Cut
cu

A\ {A1}, A\ {A1}, Ay, As — Blu+ ] o
left"

A\ {A1} — Bilu+ 1]

If t = w-v for some u,v € T'(S), then the proof is analogous to the previous case but we
use Proposition 4.8 (v) instead of Proposition 4.8 (iv). O

Now we can replace A; and B by the rules A3 and B}

Lemma 4.10. If LKPF | ILT — A, where I is a multiset with supp(II) C {B?,Al},
then LK'P; |~ A \ {Al,AQ,Ag} , B, T — A.

Proof. For this proof we set A" := A\ {A1, A2, A3}. Let 7 }‘LK’PT= II,I' — A. We show
the statement by induction on 7. We first consider the cases where A; is introduced as an

element of II:
Ifr=
(m1)
Ir',r— A
Al,H/,F — A
~——

=II

Wieft

then apply the induction hypothesis to m; to get the desired proof.
Ifr=
(1)
Al,Al,H/,F — A
Al, H/, Ir—A
——

=II

Cleft

then again apply the induction hypothesis to m to get the desired proof.
If 7=
(1)
s(t) #0,1I',T — A
Al, H/, r—A
=11

left s

18
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4.1 From LK™ to LKPF

then apply the induction hypothesis to 71 to get a proof
7Ti '_LK:_,’_PT S(t) # 07 A/7 B5, ]._‘ — A.
Now the statement follows by

s(t)

=0—
—s(t) #0

ax
1

right (7))
s(t) # 0, A, B5,T —» A

A BT — A cut.

There are no other rules that can introduce Ay on the left.

Now consider the cases where Bj is introduced in the last inference as an element of
II. The cases where Bl3 is introduced via wieg; Or Clef are analogous to the cases for Aj.
Therefore we only consider the case where Bf' is introduced by Vieg, i.e. m =

(1)
B[],I',;T — A
B}, II'T — A

——
=II

left

then by induction hypothesis and Lemma 4.9 we have proofs
™ Fikps A Bs, Bi[t],T — A,
i k=g A Bs — Bi[t).
Now the statement follows by

Tt ) .
A Bs, A Bs,T — A <
A By T — A et

The remaining cases are all very similar: We apply the induction hypothesis to the
premises of the last inference, reapply the inference to the resulting proofs and do contrac-
tions. Consider for example the case where 7 ends in Ve, i.e. m =

(m1) (72)
2 ,17F1 —>Al ¢7 ,27F2 —>A2
eV, I, T — A

left -

Then by induction hypothesis we get proofs
™ |—LKPT= A, Bs, 0,1 — Ay,
7Té l_LKPI? A/,B5,¢,F2 — AQ.

Note that in the induction hypothesis we always consider ¢ and ¢ as elements of I", not of
I1, even if they equal A; or Bf. Now the statement follows by

/ /
™ T
1 2
Vieft

A/7B55A/7B57§0\/¢7F—>A c*
A',Bs, o V1,T — A left”
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4 Completeness

If 7 ends in an initial sequent, then II = () since all initial sequents only contain atomic
formulas and thus cannot introduce A; or Bla. We then apply appropriate weakenings. [

This leads us to the main result of this section:

Proof of Proposition 4.6. Let AB |- =p. Then by Lemma 4.3 we have AB? |- —p. Using
Lemma 4.4 we get AB> F ¢ —. By Lemma 4.10 we have a proof

7T, FLK'P; A \ {A17A27A3} 5 B57AB3 \ {Al) Bla}a @.
cT =T

Now by applying cief; a few times we get a 7" |—LKPT: T, — which concludes the
proof. O

We conclude this section by showing cut-elimination and a subformula property for
LKPE .

Definition 4.11. An LKPF -proof 7 is called regular if all inferences with eigenvariable
conditions have pairwise different eigenvariables. Note that this includes the eigenvariable
condition for BY*".

Proposition 4.12. If LKPT |- I' — A. Then there exists a reqular LKPT -proof m of
r —A

Proof sketch. Very similar to the LK™ case. O

Proposition 4.13. If LKPE |- I' — A. Then there exists a LKPF -proof m of ' — A
where all cuts are atomic.

Proof. The proof follows the standard cut-elimination procedure for LK™. We can assume
that the proof is regular because of Proposition 4.12. We have to show that we can perform
rank- and degree-reduction in the presence of BY*". Since B}*" does not introduce a formula
in the lower sequent, it suffices to show rank-reduction. There are four cases to consider:
BY?*" can be the left or right inference above cut and the cut formula can be in the left
or right inference above BY*". We only consider the case where B)?" is the left inference
above cut and the cut formula occurs in the right inference above BY*". The other cases
are similar. Now consider
(m1) (2)
z=0T1 — A1 2=5(y),I'2 — B2 p (73)
', Te — A, Agy ' el — Ay
'y, Ty, I's — Al, Ag, Ag

cut.

Because of the eigenvariable condition on BY*" we have y € FV(I'1,I's — A1, Ag, ). We
can rewrite this proof into

(72) (73)
(7‘(‘1) Tr = S(Q),FQ — A?)SO 80)]-13 — A3 cut
xTr = O,Fl — Al T = S(y)ar27F3 — A27A3 Bi/ar.

1,02, T3 — Aq, Az, Az
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4.2 From LKPF to Py

Since the proof is regular we have that y ¢ FV(I's — Ag3), thus the eigenvariable condition
still holds for BY?". Also, the resulting cut has lower rank. O

Next we state a subformula property for LKP7:

Proposition 4.14. Let s € {—,A,V,D,V,3}, S € Seq(S) and 7 }—LKP; S where all cuts
are atomic. If T uses Siey OT Syight, then S contains s.

Proof. The proof is similar to the proof of Theorem 2.15: Since s can only occur in non-
atomic formulas and all cuts are atomic, there is no inference rule where s is in the upper
sequent, but not in the lower sequent. This also applies to B since z = 0 and = = s(y)
are atomic. Thus, the statement can be shown by a straightforward induction on . O

4.2 From LKPS to Pr

We now introduce a calculus which operates on [A(S)]r and only uses AY*, BY*", equational
and structural rules. This serves as an intermediate step towards our goal calculus Py which
allows us to get rid of quantifier and propositional rules and the premise of T" in the proof
of the previous lemma.

Definition 4.15. P is the proof calculus acting on [A(S)|r where for every inference

F1—>A1 Fn—>An
r—A

1

with I € SUEU{A¥, BY*"} we have the corresponding inference

[Fl]T — [AI]T . [Fn]T — [An]T
Clr — [Alr

)7

in Pr.
In proofs we will often omit the [-|r around multisets and formulas for ease of notation
and instead imply it by the use of |7 in the inference rule. So, instead of the above we will

often just write
F1—>A1 Fn—>An
r—A

[(]p.

We also inherit the notions of auxiliary/principal occurrence/equality and cut formula
from LKP= into this calculus. Since we are now dealing with equivalence classes of for-
mulas, we have to modify the notion of eigenvariable (condition) in [BY*|r. Consider an
inference
z=0T—A z=s(y),lIl —A
III— AA

Bz

We say that the eigenvariable condition is satisfied if for all [p]r € [T U] U[A]7r U[A]r
there exists a ¢ € [p|r such that ¢ does not contain y.
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4 Completeness

Remark 4.16. An alternative calculus is the calculus SUEU{AY, BY*'} on A(S) extended

with the rules
AT — A Ir—AA
< Tleft

AT — A r — AA
where A, A" € A(S) and A <1 A'. This too allows us to exchange atoms with T-equivalent
atoms which is implicit in the calculus we introduced before.

< Tright

For this section we formalize the notion of gquantifier-free instance by expanding on
Definition 4.7:

Definition 4.17. Let L be a language and ¢ € F(L). A ¢ € Fy(L) is called a quantifier-
free instance of ¢, if there are terms ti,...,t, € T (L) such that ¥ = @[t1]...[tn].

We show that we can transform LKPF-proofs of Tt = u — into P -proofs. For this
we use a few lemmas:

Lemma 4.18. Let ¢ be a quantifier-free instance of a formula in T\ {By} and t € T (S).
Then ¢ € A(S) and ¢ &t =t.

Proof. Checking the formulas in 7" we see that the only axiom with non-atomic quantifier-
free instances is By. Thus ¢ € A(S).
Now we have LK™ - T, ¢ — t =t by

—)t:treﬂ*

Top—i=1

Let 1) € T be the formula that ¢ is a quantifier-free instance of. Then LK= |- Tt =t — ¢
by
=0 a)*ciom
w — vleft
Ti=t—p Vet

O]

Lemma 4.19. Let p,¢ € F(S) such that ¢ D 1 is a quantifier-free instance of By. Then
©, 0 € A(S) and ¢ <1 ).

Proof. Since ¢ D 1) is an instance of By, there are t,u,v € T'(S) such that p = t+u =t+v
and Y =u =v. We have LK= - T,u=v —t+u=t4v by

refl
€q—right

U=v — y = p oXom —tt+u=t+u

u=v—t+u=t+v w*
Tu=v—t+u=t+wv left

and LK Tt +u=t+v—u=wuvby

axiom

t+u=t+v—t+u=t+v axiom = s u=v et
eft

t+u:t—|—v3u:v,t+u:t—{—v—>u:vv*
B4,t+u:t+v—>u:vw* left
Tt+u=t4+v—u=uv et
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4.2 From LKPF to Py

Lemma 4.20. If LKPF |- II, Tyt — Ay such that supp(Tay U Aa) € A(S) and 11 is a
multiset of partial instances of formulas in T, then Pr F [Latlr — [Datl7-

Proof. Let © FLKP; II,I'at — A, We can assume that the cuts in 7 are atomic be-
cause of Proposition 4.13. By Lemma 4.14 we then have that m does not use any of the
rules “efts "'right Nleft /\righ‘m Vieft; \/right7 31eft and E|1right- We show that there is a pI‘OOf
d }_77? [Pat]T — [Aat]T‘
If 7 ends in axiom, then m = .
7 — ¢ axiom.
for an atomic formula ¢. If ¢ € Ty, then 7’ =

m [axiom] T.

Otherwise ¢ € II and since ¢ is atomic, it is quantifier-free and we have ¢ <7 0 = 0 by
Lemma 4.18. Thus 7’ =

— [refl] 7.
Ifm=
E—— refl,
then 7’ =
=g [refllr
Ifm= ax
s(t)=0— '’

note that no formula of the form s(¢) = 0 is an instance of a formula in 7" and therefore
II=0. Thus 7’ = o
s)=0 _— [AT 7.

If =

(1)
©, SOaF — Aat

Cleft s
@, r ? Aat

with T such that I'U {¢} =TT U TTy. If ¢ € I, we apply the induction hypothesis to m; to
get a proof 7} of [Tat]r — [Aat]r. Then n" = 7}, If ¢ € Ty, then we apply the induction
hypothesis to 71 to get a proof 7} of [¢]r, [¢]r, [[ NTat]r — [Aat)r. Then 7’ =

(1)
@, QO,F N Fat — Aat
©, I'nN Fat — Aat
—_——

[Cleft] T
=Tlat

The cases where m ends in Cyight, Wieft OF Wright are argued similarly.
Now consider the case m =

(m1) (m2)
't — Ao o,y — Ay
', Ty — A, Ay

cut
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4 Completeness

with I't, ', A1, Ag such that ' UI'y = ITUT'y and AjUA = Ay, Since ¢ is atomic we can
apply the induction hypothesis to 71 and 72 to get proofs 7} }—7); [C1NTatlr — [A1]T, [@]T
and ) };,PIZ‘ [ol7, [T2 NTatlr — [Az]r. Now, 7’ =

(m1) (3)

1Nl — A, 0, To Ny — Ao

' NTa, o NTay — Aq, Ag [out]r
~~ SN——
:Fat :Aat
Ifr=
(m1) (m2)
' — Ait=u t), 'y — A
! ! p(t). o 2 eq—7left

o(u),I', Iy — Ay, Ay

with ¢ atomic and 'y, T2, A1, Ag such that I’y UT2 U {cp(u)} =ITIUT, and A1 UAg = Ayy.
Since (t) and t = u are atomic we can apply the induction hypothesis to 71 and w5 to get
proofs ) of [I'1 NTat]r — [Ad]r, [t = ulp and 7 of [p(u)]r, [['2 N Tatlr — [As]r. Now
let 7§ :=

(m1) (m5)
Ny — A1,t =u gO(t),FQ NIy — As

(p(U),Fl N Fata FQ N Fat — Al; AQ
A
=~Rat

leq— et 7

If o(u) € Ty we have I'yy = {p(u)} U ('t NTa) U (T2 NTy) and ©" = 75, Otherwise,
o(u) € 1T and we have p(u) <7 0 = 0 by Lemma 4.18. Thus, 7’ =

/
fl (m3)
refl]r ©(u), 1 NTa, ToNTay — A, Ag
Fl N FataFQ N Pat — Al) AQ
~——
:Fat :Aat

— o) [cut]p.

If 7 ends in other equality rules, we perform a similar transformation.
Now consider m =

(m1) (72)

=0T — A1 x=5(y), Iy — Ao
', Iy — Ay, Ay

var
B 1 >

with 'y, I'a, Ay, Ag where 'Y UI's = ITUL 3¢, A1UAy = Ay and y & FV(Fl,FQ — Aq, Ag)
Since x = 0 and = = s(y) are atomic we can apply the induction hypothesis to 7 and 79 to
get proofs 7} of [x = 0]p, [['1NTa]r — [A1]r and 7 of [x = s(y)|r, [[2NTat]r — [Ag]7.
Then 7’ =

(1) (72)
r=0,T1NTy — Ay x:s(y),FgﬁFat — Ay
Fl N Fat7F2 N Fat — A17A2

~——r

:Fat :Aat

[BY*]r.
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4.3 From PF to [BY*]p-normal proofs

Now consider m =

(m1) (m2)
' — A Y, Ty — Ay

2 D ¢7F1)F2 — AlvAQ

with I'1,T'9, Ay, Ag such that {¢ DY} UT; Uy = ITUT . Since ¢ D ¥ is not atomic, it
is an instance of a formula in 7. The only formula in 7" which contains D is By, therefore
we have p =t +u =1t + v and ¢ = u = v for some t,u,v € T (S). There holds ¢ < ¢
by Lemma 4.19. Since ¢ and v are atomic we can apply the induction hypothesis to m;
and 7y to get proofs 7} of [I'1 NTat]r — [A1] 7, [¢]r and @b of (Y], [2 NTat]r — [Ag]p.
Since [p]r = [¢]7, we can replace Doy by a cut to get ' =

(m1) (73)
Flﬂrat—>A1,§0 w»FQQFatHAZ[
't NT, Fo NTa — Aq, Ag

——

:Fat :Aat

Dlefts

cut|p .

7 cannot end in D¢ since all formulas in A,¢ are atomic.
Now consider ™ =
(1)

QO(ZL/),F — Aat
Ve p(z), I — Ay

with {Vz p(z)} UT = IIUT,. Since Yz ¢(x) is not atomic we have that Vz ¢(x) and ¢(t)
are instances of a formula in 7. Thus we can apply the induction hypothesis to 7 to get

vleft

a proof 7} of [[at]r — [Aat]r. Now, 7/ = 7.
Note that 7 cannot end in Vg since all formulas in A, are atomic. L]

Now, the main result for this section follows:
Proposition 4.21. Let p € A(S) and LKP: T, —. Then PT |- [plr —.
Proof. Follows directly from Lemma 4.20 for II = T, T'yy = {¢} and Ay = 0. O

4.3 From Pr to [B{*]r-normal proofs

In this section we discuss the notion of [B}*]r-normal proofs which will allow us to extract
the Pp-proof structure from Pr-proofs. Further, [BY*|r-normal proofs will give us the
ability to substitute free variables in P7-proofs: Note that the [BY*"]p-rule is not preserved
under substitutions of variables by arbitrary terms in proofs. Since the rule requires that we
use a variable x in the antecedent of the premises we cannot substitute x by arbitrary terms
since then the corresponding [By*]r-inference might not be valid anymore. To do this, we
first need to be able to uniquely identify the variables associated with a [BY*"]p-inference.

Lemma 4.22. Let x,y be variables. If t =0 <p y =0, then x = y.

Proof. By assumption we have T' |- = 0 — y = 0. Now further assume that = # y.
Since N is a model of T' we have that N =2 = 0 D y = 0. However, under the variable
mapping b with b(x) = 0 and b(y) = 1 we have that x = 0 is satisfied, but y = 0 is not.
Therefore we have a contradiction and = = y. O
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Lemma 4.23. Let x,y, z,w be variables with x # z and y # w. If x = s(z) &7 y = s(w),
then x =y and z = w.

Proof. By assumption we have T' |- z = s(z) — y = s(w). Since N is a model of T we
have N =2 = s(z) D y = s(w). Now assume x # y. Under the variable mapping b with
b(x) =1 and b(y) = b(z) = b(w) = 0 we have N = 2 = s(z), but N |~ y = s(w) which is
a contradiction. Therefore z = y. Now assume z # w, then under the variable mapping b
with b(z) = b(y) = 1,b(z) = 0 and b(w) = 1 we have that N |= 2 = s(z), but N £ y = s(w),
which is a contradiction. Therefore w = z. O

This means the following is well-defined:
Definition 4.24. Consider a [BY*|p-inference

r=0T—A z=s(y),lI —A
OIo— AJA

[Bi*]r.

We call x the split variable and y the eigenvariable of this inference. For a Pr -proof m we
write EV(m) for the set of variables which are eigenvariable of a [BY*]r-inference in m and
SV(rm) for the set of variables which are split variables of a [BY*|r-inference in w. We say
7 is EV-regular if all eigenvariables of [BY*"|p-inferences in m are pairwise distinct.

This allows us to formulate conditions under which substitution of terms is allowed:

Lemma 4.25. Let 7(x) }7737? [[(z)]r — [A(z)]p. Further let x be a variable such that
x & SV(m(x)) and let t € T (S) such that FV(t) NEV(xw) = (0. Then there exists a proof
7T(t) };,P’Z? [F(t)]T — [A(t)]T with #[Bilar]T(ﬂ'(t)) = #[Bi;ar]T(ﬂ'(m))

Proof. We proceed by induction on 7.
If n(z) =

Sa(@) =0 — AT

then 7(t) = A3
1 1T

s(u(t)) = 0 —

is a Pr-proof of [I'(t)]r — [A(t)]7. A similar argument holds, if 7 ends in [refl]; or
[axiom] 7.

If 7(z) ends in a contraction or weakening we can apply the induction hypothesis to the
direct subproof 7’(z) of m(xz). We can then reapply the contraction or weakening to 7'(t)
to get the desired proof.

If m(z) =

(m1 () (m2(2))
[i(z) — As(@), u(@) = v(z) @(u(z),z),To(r) — Ao(z)
P(0(2),2), T1(2), T2 (@) — B (a), B (a)

[eq—rtest] 7,
then by induction hypothesis we have 7 (t) };PT? ,C1(0)]r — [A1(t)] 7, [u(t) = v(t)]r and

ma(t) Fp= [p(u(®), )]z, L2(t)lr — [Aa(t)]r. Thus, applying [eq—iesi]r to mi(t) and m(t)
gives the desired result. A similar arguments works for the other equality rules and [cut]r.
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4.3 From PF to [BY*]p-normal proofs

If m(x) =

(m1(2)) (m2(2))
y=0,I1(x) — Ai(z) y=-s(2),I2(x) — As(x)
)

y(z),To(z) — Ay(x), Aoz [BY*]r,

then note that y # = since x € SV(m(x)) and z # x since z is an eigenvariable and z is a
free variable in 7. By induction hypothesis we have proofs

m(t) p= [y = O, (D)7 — [A1(D)]r

and
ma(t) Fp= ly = s(2)]r, L2(t)l7 — [Aa(t)]7.

Thus, applying [BY*|r to m1(t) and ma(t) gives the desired result. Note that the eigenvari-
able condition is satisfied since FV(t) N EV(n(z)) = 0.
Note than in all cases the number of [B}*'|-inferences was preserved. O

The following property makes it easier to fulfill the conditions for Lemma 4.25.

Definition 4.26. Let w |—p= [['|r — [A]r. We say mis [BY*]|p-regular if for all subproofs
T

p of ™ and all subproofs p’ of p there holds: If p and p’ end in [BY*'|r and both their last

[BY*|p-inferences have the same split variable, then p = p'.

To extract the Ppr-proof structure from P -proofs we transform Pr -proofs into proofs
where [By*]r-inferences occur after all [cut]r and equality inferences. To do this, the
following definitions are useful.

Definition 4.27. Let C be a proof calculus and Z,J C C. We say a C-proof 7 is %—formed
if all subproofs p of m which end in one of the rules in I, do not use any of the rules in
J. We say a C-proof 7 is Z |-formed if 7 is %—formed. Let p be a subproof of m, and let
o' be a subproof of p. Further let p' end in a rule from J and let p end in a rule from T.

Then we call (p', p) an %—Violating pair of 7. If p' is a direct subproof of p we call (p', p)

a direct %—violating pair of w. If T = {I} we often omit the braces and write é—violating
pair. Similarly if J is a singleton set.

Remark 4.28. It is straightforward to show that a proof is %-formed if and only if it has

no %—m’olating pairs. Also note, there is a C%Z-m'olatmg pair if and only if there is a direct

%—m’olating Dair.

Definition 4.29. We set
Er = {leq—1eft]T, [€d— right] T, [€Q$1eft] 75 [€Q4—rignt] T, [cut]T }

and
Wr = {[Wiegt| 75 [Wright) T} -

Now we can define what we mean by [BY*"|p-normal proofs:
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Definition 4.30. A PF -proof m is called [BY*"|p-normal if all of the following hold:
(i) m is EV-regular.
(ii) 7 is [BY*]r-regular.
(iii) 7 is [BéTTr}T—formed.
(iv) 7 is Wr |-formed.
The goal for this section is to show that we can always obtain [B}*]p-normal Pz -proofs:

Proposition 4.31. If P7 |- [Ilr — [Alr, then there exists a [BY*|p-normal PF -proof
Of [F]T — [A]T

4.3.1 Wy |-formed proofs

In this subsection we show that weakenings can be moved down in Pz -proofs which also
allows us to consider proofs without weakening.

Lemma 4.32. Let « }—PT: [C)r — [A]p. Then there exists a proof 7’ FP; Clr — [A]r
such that:

(i) © is Wy | formed.
(i1) If w is EV-regular, then so is 7.

(1i1) If 7 is [BY*]p-regular, then so is 7.

(i) If m is [BffTr]T—formed, then so is 7.
1

Proof. This proof is similar to the procedure for removing weakenings in [2]. In this proof
we write violating pair to mean Bfm\,%—vz'olatmg pair.

Let 7/ |—73T: [[lr — [A]r. By Remark 4.28 it suffices to show that there is a proof
™ };PY? [[']r — [A]r such that 7 has no violating pairs. To do this, we proceed by
induction on the number of violating pairs of 7’/. If 7’ has no violating pairs, we are done.

Otherwise let (p/, p) be a direct violating pair and let I’, I be the inferences that o', p end
in respectively. We distinguish two cases:

(i) If the principal occurrence of I’ is in the context of I, we can exchange I and I’ and
still have a Px-proof. For example if p’ ends in [wieg]7 and p =

(")
Hl — A17 TP [Wl ft]T (pl/l)
o, I — A, p ¢ P, Iy — Ao [
o, 11,y — Ay, Ay

cut]r
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4.3 From PF to [BY*]p-normal proofs

then we have a proof of [['|]r — [A]r with at least one fewer violating pair by
replacing p in 7 with

(r") (")
Iy — Ay, Y 9,1y — Ag

Iy, Iy — Aq, Ag
@, I, IIp — Ay, As

[cut]
[Wieft]T-

Thus, we can apply the induction hypothesis. A similar procedure works for other
rules in Pr .

(ii) Otherwise the principal occurrence of I’ is an auxiliary occurrence of I.

(a) If p=
(p")
o, 1T — A
oo T & el
(:017—[—1\ Cleft |7,

then by replacing p in 7w by p” we get a proof of I' — A with at least one fewer
violating pair. A similar argument works, if p ends in [Cright]T.
(b) If p=
(")
H1 — A1 [W ] ] (p”/)
114 —>A1,t:u right T’ w(t),ﬂg —>A2
¢(U)a H17 H2 — A17 A2

leq—1est T,

then by replacing p in 7 by
(p")
H1 — A1
¢(U)7H17H2 — A17A2

[w]

we get a proof of [I'l7 — [A]r with at least one fewer violating pair than
and we can apply the induction hypothesis. A similar argument works for other
equality rules, [cut]r and [BY*"|r and also if p is the right direct subproof of p.

Note that in all cases, EV-regularity, [BY*"]r-regularity and [BffTr]T—form are preserved. [J
1

Lemma 4.33. Let 7 |-p= [[]p — [A]p. Then there are I" € I', A C A and a proof
T =y e — [Ar. If w is EV-regular, then so is 7.

Proof. Let 7 }—p; [l — [A]r. By Lemma 4.32 we can assume that 7 is Wy |-formed.
Note that this preserves EV-regularity. We show the statement by induction on the number
of inferences from Wr that m uses. If m does not use any rules from Wr we can set
I"=T,A"= A and 7’ = m. Otherwise 7 ends in a rule from Wy since 7 is Wr |-formed.

If =
(1)

F1—>A1

m [Wieft]T,
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then by induction hypothesis we have a 7} }_PTz\WT [T ]r — [A]]r for some T} C T U{p}
and A} € Ay. With 7’ = 7], I' =T} and A’ = A/ the statement follows. A similar
procedure of “walking up the proof tree” works for [Wyign¢|7. Ol

_&r_ _
4.3.2 G formed proofs

Now we show that Pj-proofs can be transformed into proofs where [BY*]r-inferences are
the last binary inferences. To do this we use a well-founded order on multisets:

Definition 4.34. Let X be a set and let > a binary relation on X. We define the multiset
order >™1 on M(X) by T >™ A if and only if there are I, A € M(X) with ) I C T,
A = (T =TI)UA and for all y € A there exists a x € 11 such that x > y. We write T <™ A
if A >™ul,

Lemma 4.35. (X, >) is well-founded if and only if (M(X), >™1) s,
Proof. See for example [1] Theorem 2.5.5. O

Definition 4.36. Let m be a Pr -proof. Further let my,...,m, be the direct subproofs of

7. We now inductively define the [Bf%h—violation measure of m (denoted as V(w)) by the
1

multiset

V(im) =JV(m)u

i=1 0 otherwise.

" {{#[Bifar]T(ﬂ')} if m ends in a rule from Ep

Remark 4.37. The sum of the elements in V (w) is the number of [Bf%h—m’olatmg Pairs.
1
Lemma 4.38. Let m be a P5 \ Wr-proof. There holds:
(i) m is wéTTr}T-formed if and only if all elements in V() are 0.

(i) max V(m) < #(gyar),. (7).

(111) Let p be a subproof of m with conclusion [T')p — [A]r and let p/ }—pT: Clr — [A]r
with V(p') <™V (p). Further let ' be the proof where p is replaced by p' in 7. Then
V(') <™l v(r).

Proof. (i) Straightforward.

(ii) Follows by a straightforward induction on .

(iii) We proceed by induction on the number of subproofs between 7 and p. If there is only

one such subproof, then m = p and the statement follows by assumption. Otherwise

let o be the subproof of 7 such that p is a direct subproof of . Further, let o’

be the proof where p is replaced by p’ in ¢’. Then by the definition of V' we have
V(o") <™ V(o) and we can apply the induction hypothesis to 7 and o.

O

The following definition is useful in the upcoming proof.
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4.3 From PF to [BY*]p-normal proofs

Definition 4.39. Let I' be a multiset and n € N. We inductively define the multiset n - T’
by0-T':=0 and (n+1)-T':=(n-T)UT.

As a reminder, note that

Pr \ Wr = {[AT]r, [BY™]7, [cut]r, [axiom]r, [Ciett| T, [Cright T,
[refl] 7, [eq—=1ets| 7, [€d—right | T, [€Q¢—1eft )T, [€Q4right] T }-

Lemma 4.40. Let 7 }’PT=\WT - [Tz — [A]r. Then there exists a wé%h-formed proof

proof 7’ FP;?\WT [Clr — [A]p. If © is EV-regular, then so is 7.

Proof. Let m FpTz\WT [[]r — [A]p. We proceed by induction on V(m) with respect to
>mul (note that >™1! is well-founded by Lemma 4.35). If all elements in V() are 0 we are
done by Lemma 4.38 (i). Otherwise there is an uppermost subproof p of = such that p ends
in a rule from & and # (pyary,.(p) > 0 is maximal in V(7). Since #(pyarj,.(p) > 0 there is a
lowermost subproof p’ of p that ends in [BY*"]p. Since we chose p and p’ to be uppermost
and lowermost respectively we have that the inferences of subproofs strictly between p and
p' are only contractions.

Now we only consider the case where p ends in [eq—egt]r. The cases where p ends in
a different equality rule or [cut]y can be argued similarly. Further we only consider the
case where p’ is a subproof of the right direct subproof of p. Again, the other case can be
handled analogously. Now p =

(p2) (p3)
€Tr = O,FQ, (I’Q(t) — A2 €r = s(y), 1"3’ @3(75) - Ag [Bvar]T
(pl) @2(1&),(1)3(75),]_—‘2,:[‘3 — Ay, A3 [C] 1
F1—>A1,t:u So(t)7H—>A T
[eq_>left]T

gO(U),Fl,H — Al,A

where ®9(t) and P3(t) are the multisets with supp(Pa(t)), supp(Ps(t)) C {p(t)} which are
contracted to the o(t)-occurrence in the right premise of the last inference of p.
Now for n < |®3] we inductively define a proof

P8 Fpmuy = 0.~ {p(w)} (@2 = n) - {0(t)} ,n - T1,Ty — n- Ay, Ay
~—— ~———

ERN —: A"
by p3 = ps and pyt! =
(p1) )
I —ALt=u z=0,n-{p(w)}, (|2 —n) - {p®)}, " — A" leq—1ert]
r=0,(n+1)-{o)}, (P —n—1) {o)},T1,I™ — Ay, A" oft]T-
=In+1 —An+1

Note that this corresponds to a repeated application of [eq—eft]7 With p1 as the left premise
and py as the base case for the right premise. Now we set

ph = P'Q(I)z' FP?\WT x=0,Po(u), [P2] - T,y — [P - Ay, As.
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4 Completeness

It is straightforward to see that p), uses |®2| many new [eq—ef|r-inferences.
Similarly we obtain a proof

Py Fp=\wy © = 5(y), @3(u), [ 3] - T1, Ty — [03] - Ay, Ag

Note that similar constructions are possible for other equality rules and [cut]r.
Now set p/ =
ph rs
Do (u), Py(u), (|Po| + [P3]) - ', T, I's — (| P2f 4 [P3]) - Ay, Ag, Ay
C,O(U),FLH — Al,A

[BY*]r

[c]7-

We have

V(p) = V(p1) UV (p2) UV (p3) U {1+ #(myony, (1) + #impo, (02) + 5y, (03) |

=IT

and

V(p") = (|22 +[@3]) - V(p1) UV(p2) UV (p3) U[Da|- { #Byery, (1) + #Byar) (p2)
U[®@s| - § #(Byar) (p1) + #(Byar) (03)

Now we have V(p') = (V(p) = II') UA’ for A’ :=

(1®2] 4 [@3] = 1) - V(1) U [®2] - { #(Byor) (1) + # By 1 (p2)

U |®g] - {#[Bvar (p1) + #(Byar), (,03)} :
By Lemma 4.38 (ii) we get
max V(p1) < #(pyar)p (1) < 1+ #pyarjp (1) + #(yer (p2) + # By (3)-

and therefore we have
max A < 1+ #pyar) (p1) + F [y (02) + # gy, (p3) € 11

Thus V(p/) <™ V(p). Let 7’ be the proof where p is replaced by p’ in 7, then by Lemma
4.38 (iii) we get V(7') <™ V(7). Now, by induction hypothesis there is a [B§+]T—formed
Pz \ Wr-proof of [I'l7 — [A]r. Note that EV-regularity is preserved in every step. [

4.3.3 Regular proofs

In this subsection we show that we can construct EV-regular and [By*]r-regular proofs.
First observe that we can rename free variables in P7-proofs:

Lemma 4.41. Let w(x) FP; L(x)]r — [A(z)]r and lety € V withy € EV(w(x)). Then
there exists a proof w(y) Fp; C(y)]r — [A(y)]r such that:
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4.3 From PF to [BY*]p-normal proofs

(i) If n(x) is Wr |-formed, so is (y).
(ii) If (x) is [Bé%h-formed, s0 is m(y).

(i13) If m(x) is [BY*|r-regular and either y = = or y is not a split variable of a [BY*|r-
inference in m(x), then 7(y) is [BY*"|r-regular.

() EV(n(y)) = EV(x(z)).
(v) #1By)r (7)) = #iyer), (7(2).

Proof. We proceed by induction on 7.
If m(z) =

s(u(z)) =0 — AT 1,

then 7(y) = A3
11T

s(u(y)) =0 —

Similarly, if 7(z) ends in [refl]y or [axiom]r.

If 7 ends in a contraction or a weakening we can apply the induction hypothesis to the
direct subproof 7’ of 7. We can then reapply the contraction or weakening to 7’ to get the
desired proof.

If n(z) =

(m1(z)) (m2(z))
[y(z) — Ai(z),u(z) =v(@) »(u),z),l(2)
o(v(z),z), T (z), Ta(x) — Ar(z), Aoz

)_> Az() led—1ett] T,

then by induction hypothesis we have 7 (y) }—PT: Ci()]r — [A1(W)]7, [uly) = v(y)|r
and ma(y) f=p= [p(u(y),y)lr, L2(y)lr — [A2(y)lr. Thus, applying [eq—er]r to m1(y)
and ma(y) gives the desired result. A similar arguments works for the other equality rules

and [cut]p.
Now consider 7(x) =

(m1(2)) (ma())
z2=0,I'1(z) — Ai(x) z=s(w),T2(x) — As(x)

) var
Fl(x)’ FZ(x) — A1(m), AQ(;L') [Bl ]T-

If z # x, then by induction hypothesis we have proofs

m(y) Fp= [z =0, [T1(y)]r — [Ai(y)]r,
m2(y) Fp= [z =s(w)]r, C2(y)lr — [A2(y)]r.

Applying [By*]r to m1(y) and ma(y) gives the desired result.
Otherwise, if z = x, then by induction hypothesis we have proofs

m(Y) Fp= [y = 0z, T1(y)]r — [A1(y)]r,
m2(y) Fpz= [y = s(w)]r, L2 (y)lr — [A2(y)lr

el
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4 Completeness

and we have 7(y) =

(m1(y)) (m2(y))
y=0,T1(y) — A1(y) y=s(w),T2(y) — Az(y)
[1(y), T2(y) — A1(y), Aa(y)

Note that y # w since y ¢ EV(7(x)) by assumption.

Since we do not change the proof structure we have that 7(y) preserves Wy |-form and
w§+]T—f0rm. [BY?|r-regularity is preserved by the variable change, if y is not already a
split variable of a [BY*"]r-inference in 7 or if y = « (i.e. the proof is not changed). Also no
eigenvariables are changed, therefore EV(7w(z)) = EV(7(y)). Furthermore note that in all

cases the number of [B)*|p-inferences was preserved. O

[BY*]r.

Lemma 4.42. Let 7 }—pT: [Clr — [A]r and let X be a finite set of variables. Then there
exist an EV-regular proof ' }—PTz [C)r — [A]r such that EV(7') N X = 0.

Proof. We proceed by induction on 7.
If 7 ends in an initial rule, then 7 has no eigenvariables and the statement follows trivially.
If 7 ends in a contraction or weakening we can apply the induction hypothesis to the
direct subproof 7’ of m. We can then reapply the contraction or weakening to 7’ to get the
desired proof.

If 7=
(m1) (T2)
Fl —>A1,t:u (p(t),FQ —)AQ

@(U),Fl, FQ — Ah AQ

leq—1ett ],

then by applying the induction hypothesis to 71 and m get EV-regular P -proofs 7} of
[T1]r — [A1]7, [t = u]p such that X NEV(m) = 0 and 7 of [p(t)]7, [L2]r — [A2]r such
that (X UEV(7})) NEV (7)) = (0. Thus, applying [eq—1eft]7 to 7 and 75 gives the desired
proof. A similar argument works for the other equality rules and [cut]z.
Now consider m =
(m1) (m2(y))
Tr = O,Fl — Al r = S(y),rg — AQ

var
I',To — Ay, Ag B

By induction hypothesis we get an EV-regular proof 7} }—7); [ = O]r, [I'1]r — [Ai]r
such that EV(7]) N (X U{y}) = 0. Also by induction hypothesis we then get an EV-regular
proof 75 (y) Fp= [z =s(y)lr, T2Jr — [As]r such that EV(my) N (X U{y} UEV(r})) = 0.
If y ¢ X, then applying [BY*]r to 7] and 7% gives the desired result. Otherwise pick a
variable ¢’ such that ¥ ¢ X UEV(7]) UEV(7}) and ' is not a split variable of a [BY*"]p-
inference in 75 (y). By Lemma 4.41 we have that 75(y') p= [z = s(y)]r, [Da]r — [Ao]r
and 75(y') preserves EV-regularity. Now 7’ =
(1) (m3(y))
=0T — A1 z=5s(y),Ts — Ao
'y, Ty — Al, Ag

[BY*"]r

is a proof with the desired properties. ]
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4.3 From PF to [BY*]p-normal proofs

Lemma 4.43. Let w }_P; [Clr — [A]r be EV-regular, Wr |-formed and [Bﬁ%h—formed.
Then there is a [BY*|p-normal proof 7’ FP? Clr — [Alr

Proof. We show that we construct a [BY*|p-regular proof from 7 while preserving EV-
regularity, Wr |-formedness and [ Bfar} -formedness. For this we proceed by induction on
#(m).

If 7 ends in an initial rule or a rule from & then 7 does not use [BY*]r by [BéfTr]T—
formedness and thus is trivially [B}Y*"|p-regular. If 7 ends in a weakening rule we can apply
the induction hypothesis to the direct subproof of © and reapply the weakening rule to get
the desired proof. This works similarly if 7 ends in a contraction rule.

Now consider m =

(m1) (72)

I‘:O,Fl —)Al ZE:S(y),FQ —>A2

var
I',To — Ay, Ag Bl

By induction hypothesis there are [ B‘Ea,} -formed, [BY*|pr-regular proofs

™ Fp=awy @ =00, [Ti)r — [Adr,

™ Fp=uwy [ = s@)]r, [Lo]r — [Aa]r.
Note that 7} and 75 do not use weakening, since 7w is Wy |-formed. We set 7" =

(m1) (m3)

l’ZO,Fl —)Al ZE:S(y),FQ —>A2

var
[',To — Ay, Ag Bl

If  is not a split variable of any [BY®]p-inference that 7] or 7} use, then we set #’ = 7"
Now ' is still B Bvaf] -formed and [Bfar]T—regular, since the split variable x is distinct from
those in 7] and 7).

If x is a split variable of some [B}*]p-inference that 7 or 7, use, then there is a subproof
of 7} or 7}, that ends in a [BY*"]|p-inference with split variable 2. Since 7} and 7, are [BY*"]p-

regular, both contain at most one such subproof. Let p be such a subproof, i.e. p =

(p1) (p2(2))

x:O,Hl —)Al IE:S(Z),HQ —)Ag

var
IT;, Il — Aq, Ag Bl

We now show that there is a proof p’ Fp; [Ii]7, [Io]r — [A1]p, [A2]7 such that no
[BY?"|p-inference in p’ has z as split variable. For this we distinguish two cases:

(i) p is a subproof of 7}: As a lemma we show that the conclusion of all subproofs p”
between 7} and p contains an occurrence of x = 0 which is in the context of the last
inference of p”. Then, in particular this applies to p. We do this by induction on the
number of subproofs between 77 and p: If there is one such subproof, then p = 7
and 7] has this property. Otherwise, since 7} is Wy J-formed and [B‘vgar] -formed,
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all subproofs between 7] and p end in [Clef]7, [Cright]T or [BY*]p. All these rules
preserve the property from the conclusion to the premises. In particular [By*]r-
inferences have a split variable distinct from = because of [BY*"|p-regularity. Thus we
can apply the induction hypothesis and conclude the proof of this lemma.

Now we have x = 0 € II; U Il,. Again, we distinguish two cases:
(a) If x =0 € 11, we set p/ =

(p1)

r = 0,H1 — A1 [ ]
i A, Cleft|T

(b) If . =0 € Iy, we set p/ =

(p1)
z=0,T1; — Ay

IT;, Iy — Aq, Ag

[w*]r.

(ii) p is a subproof of 7: By Lemma 4.41 we can replace the variable z in ps by y (note
that 7w is EV-regular, thus y € EV(p2(z))) to get a Wy |-formed and [Bif%h—formed
proof p2(y) p, [z = s(y)]r, [llzJr — [A2]p. Without loss of generality pa(y) is
[BY*]p-regular. Otherwise we apply the induction hypothesis to it. Similar to the
previous case we can show x = s(y) € II; UIlp. Again, we have two cases:

(a) If x = s(y) € 111, we set p/ =
(p2(y))
x=s(y), Iy — Ay .
I,y — A, Ay Ir-

(b) If z = s(y) € Iy, we set p' =
(p2(y))
xTr = S(y),HQ — AQ
I, — A2
Iy, IIy — Aq, Ag

[Cleft] T
[w*]7.

Now we replace p by p’ in 7 to get a proof 7" FPT: [T}y — [A]r. Since p’ does not have
any [BY*]r-inferences which have x as split variable, we have that 7 is [B}*']p-regular.

Also note that 7" is [BéfTr}T—formed since 7}, 75 and p’ are. Finally we get #’ by applying
Lemma 4.32 to ©””’. Note that EV-regularity is preserved in every step. O

Proof of Proposition 4.31. Let m }—P? [y — [A]lr. We apply Lemma 4.42 for X = () to
7 to get an EV-regular proof 7 }—PTz [[]r — [A]pr. Then by Lemma 4.33 we get I C T’
and A’ C A and an EV-regular proof m }_'Pj?\WT [I]p — [A’]p. With Lemma 4.40 we
get an EV-regular, [Béffr]T—formed proof 7o }_PTz\WT ]y — [A']7. By Lemma 4.43 we
get a [BY*]r-normal proof 73 }773’1? V] — [A’]r. Now we apply appropriate weakenings
to w3 get the desired [BY*]r-normal proof. O
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4.4 From [BY*|p-normal proofs to Pr

4.4 From [B}*]p-normal proofs to Pr

In this section we finally transform [By*'|p-normal proofs into Pr-proofs. First we reduce
this problem to the transformation of P -proofs without weakening and [BY*]7:

Definition 4.44. We set

AT = Pr \{[Wiest) 1, [Wrignt|7, [B1™]1}
= {[AT]7, [clest| T, [Cright]T, [cut]T, [eq—1ett| T, [€d— right T, (€A lett | T, [€Q—right T }

We will use the following proposition now and prove it at the end of this section

Proposition 4.45. Let ¢ € A(S) and let T' be a multiset with supp(I') C {p} such that
AT |- [C)lr —. Then there exists a t € T (S) with ¢ <1 s(t) = 0.

The following is a completeness result for Pr with respect to Pr:

Proposition 4.46. Let ¢ € A(S) and let T' be a multiset with supp(I') C {¢} such that
’P; }— [F]T —. Then Pr }— [_\QO]T.

Proof. Let p FPT: [I'l7 —. By Proposition 4.31 we can assume that p is [B)*|p-normal.
Now let 7 be the lowermost subproof of p which is not a weakening or contraction. Then,
since p is Wr |-formed, we have 7 }_P?\WT [["]p — for some multiset I such that
supp(I") C {¢}. We proceed by induction on #pgyar),. (7).

If 7 does not use [BY*]r, then 7 }—Alz [I']p —. Thus, by Proposition 4.45 we have a
t € T (S) such that ¢ <7 s(t) = 0 and therefore Pr |- [-p]r by A3

Otherwise, since 7 is [Béﬁ—formed we have that 7 ends in [BY*|r, i.e. m =

mo(x)) (ms(,y))

[BY*"]

By Lemma 4.42 we can assume that = is not an eigenvariable of my or 7. Since 7 is
[BY*]p-regular we have that = is not a split variable in any [By*]r-inference that mo or s
use. Furthermore y & EV(7s(x,y)) since 7 is EV-regular. Thus, by Lemma 4.25 we have
proofs

70(0) Fp=\y, (0= 07, [[1(0)]7 —

and
ms(s(y),y) Fp=\wy [5W) = s@)lr, [Ma(s(y))]lr —

such that #[Bilar}T(ﬂ()(O)) = #[Birar]T(ﬂ'o([E)) and #[Bilar]T(ﬂ's(S(y),y)) = #[Byar}T(ﬂs(Z',y)).
Now we have proofs xg =

(m0(0))
—o=o leflr [

Fl(O) —
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and xs(y) =
[refl] (ms(s(y), v)

cut|r.
To(sly) — e

By Lemma 4.41 there is a [B)*|p-normal proof xs(z) FP%\WT I'y(s(x)) — such that
Xs(z) has the same number of [B{*']r-inferences as xs(y). Since #(pyarj,.(Xo) < #(pyar],. ()
and #(gyary. (Xs(2)) < #(pyar],.(7), we can apply the induction hypothesis to get proofs

™ Fp, = [2e(0)] and m |=p, [2o(s(2))]. Now Pr |- [~¢(x)] by

O

To finish the completeness proof it remains to show Proposition 4.45. For the following
proofs we use some simple results about the relation <t introduced in Chapter 3.

Lemma 4.47. Let L be a language, I' a multiset in A(L), ¢ € A(L) and t € T (L). Then
port=tifand only if LKZ T — o.

Proof. — : We have LK= | I';t = t — ¢. Thus, by using refl and cut we get
LK= T — ¢

<= : LK™ |- I',po — t =t follows from refl and weakenings. LK™ |- I',t =t — ¢
follows by using the assumption and one wieg. ]

Lemma 4.48. Let L be a language, I' C II multisets of L-formulas and ¢, € A(L). If
¢ <1 Y, then ¢ < .

Proof. Follows immediately by using weakenings. O

Lemma 4.49. Let L be a language, T' a multiset in F(L), ¢(x) € A(L), t,u € T (L) and
T k=T — t =u. Then ¢(t) S (u).

Proof. LK= |- T', o(t) — ¢(u) follows by

) .
N ./, axiom
L—t=u o) =00 gy

t
Lp(t) — ¢(u)

and LK™ |- T', ¢(u) — ¢(t) follows similarly by using ¢(u) in axiom and eq<—ight- O

Lemma 4.50. Let ¢ € F(S), let I be a multiset in F(S) and let ¢ € I' U {0 = 0} such
that ¢ <r_gyy . Then LK™ |- T — .

Proof. We distinguish two cases:

(i) v € I: Then LK= |- T — {¢}, ¢ — ¢, i.e. LK= T — ¢.
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4.4 From [BY*|p-normal proofs to Pr

(i) v =0 =0: Then LK= FT'—={0=0},0 =0 — ¢. Since LK= |F— 0 = 0 by
using a cut and, if 0 = 0 € I, using a weakening we get LK™ |- I' — ¢.

O]

Lemma 4.51. Let I', A be multisets in A(S) and 7 FAIZ L)y — [A]r. Then [A]r has
at most one element and w does not use [Cright]7-

Proof. We show the statement by induction on 7. Clearly the statement holds for the
initial sequents. If 7 ends in [clegt]7 then the statement follows by applying the induction
hypothesis to the direct subproof. Note that m cannot end in [cygne|7: If it did, then
by induction hypothesis the succeedent of the direct subproof of m can have at most one
element which means that [cyigns]7 cannot be applied.

Ifr=
(m1) (m2)
F1—>A17¢ X7F2—>A2
I',To — Ay, Ag

[cut] T,

with ¥ <7 x, then by induction hypothesis we have Ay = () and A, has at most one
element and 7 does not use [cright|7. Thus A has at most one element.
If m =
(1) (m2)
Fl — Al,t =u lb(t),rg — Ag
TZJ(U), ry,I's — Al, Ag

[eq—>1eft] s

then by induction hypothesis we have that A is empty, Ao has at most one element and
7 does not use [Cright|7. Thus A has at most one element.
Ifr=
(1) (2)
Iy — Al,t =u I'y— 1/J(t),A2
Fla FQ — d}(u)? Ala A2

[eqﬁright]T )

then by induction hypothesis we have that A; and As are empty and 7w does not use
[Cright]7- Thus, A has at most one element. A similar argument works for the cases where
7 ends in other equality rules. O

Lemma 4.52. Let I' be a multiset in A(S) and p € A(S). If AT - [T)lr — [¢]r, then
there exists a ¢ € I'U{0 = 0} such that ¢ <pur—qyy V-

Proof. Let m |- 4= [l — [¢]r. We show the statement by induction on 7.

If 7 ends in [refl]7, then ¢ <7 t = ¢ for some t € T (S). By Lemma 4.47 we then have
pe70=0.

If 7 ends in [axiom]p, then we have I' = {x} and x <7 ¢, therefore the statement
follows.

7 cannot end in [A{¥]p, since the succeedent of the conclusion of 7 is not empty.

By Lemma 4.51 we have that 7 does not use [Ciight|r. If 7 ends in [cieg]7, then the
statement follows by applying the induction hypothesis to the direct subproof of 7.
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4 Completeness

Now consider the case where m ends in cut. By Lemma 4.51 we have that the left premise
of the last cut-inference has at most one element in the suceedent. This must be the cut
formula. Therefore ¢ can only occur in the right premise. Thus, 7 =

(m1) (m2)
' —x1 x2,I'2— ¢
I',I'o — ¢

[cut]p

with x1 <7 x2. We apply the induction hypothesis to 71 and 7 to get a ¢y € T'1U{0 = 0}

with x1 ©7ur, —y,) ¥1 and aths € ToU{x2,0 = 0} with ¢ < 7ur,ufye}—{v»} ¥2- By Lemma
4.50 we get LK= | T,T'y — x1. From x1 <7 x2 we now get LK= |- T,T'y — x2 by
using a cut and contractions. We further distinguish two cases:

(i) 12 # x2: Then we have LK™ |- T,T'1 — x2 and ¢ < qur,ufye}—{y»} ¥2- Thus we
get LK= | T, T — {¢2} , 9 — ¢ and LK= | T, T — {2} , o — 13 by introducing
appropriate cuts and contractions. Therefore we have ¢ <rur_ (4,1 V2.

(11) o = x2: Then ¢ STUry X2 =T X1 <:>TUF1—{1111} 1. By using Lemma 4.48 we get
© STur—{yp} Y1-

Now consider the case where 7 ends in an equality rule. Note that ¢ cannot be in the

succedent of the left premise since the auxiliary equality is already in the succeedent and

by Lemma 4.51 there can be at most one formula in the succeedent. We first consider the
case where 7 ends in [eq—eg|p. Thus, 7 =

(m1) (m2)
' —t=u x(),I'y— ¢
X(u),I'1, T — ¢

[eq— 1t 7

We apply the induction hypothesis to 7w and 72 to get a 11 € 'y U {0 = 0} such that

t =uSrur,—{y;} Y1 and a g € T2 U {x(t),0 = 0} such that ¢ <7rur,ufye)i—{v.} ¥2- By
Lemma 4.50 we get LK™ |- I'y — ¢ = u. We now distinguish two cases:

(i) Y2 # x(t): Using Lemma 4.49 we get LK= | I'y,x(u) — x(t). Also, since

© STUr ULt} —{ue) Y2 We get LKT | T.T — {2}, x(u),v2 — ¢ as well as
LK= F T,T — {2}, x(u), o — 19 by introducing appropriate cuts and contrac-

tions. Therefore we have ¢ < rur_{y,} 2.

(ii) ¥2(t) = x(t): Then we have ¥2(t) <rur, ¥2(u) by Lemma 4.49 and thus we get
© <:>TUF—{’L/)2(’U,)} o (u) eIy (u) by Lemma 3.5.
Ifr=
(1) (m2)

I'f —t=u F2—><p(t)

—rri )
1—\17 FQ - SO(’U,) [eq ght]T

i.e.  is the principal equality, then again by induction hypothesis we get a ¢ € I'oU{0 = 0}
such that ¢(t) <rur,—fyy ¥. We also have p(u) <rur, ¢(t) by Lemma 4.49 and thus
¢(u) ©rur—{yy ¥ by Lemma 4.48. The cases where 7 ends in [eq¢—jeft|7 Or [eqé—right] can
be proven analogously. O
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4.4 From [BY*|p-normal proofs to Pr

Lemma 4.53. Let I' be a multiset in A(S). If AT F [I']r —, then there exist ¢ € I and
t € T'(S) such that v <pupr_gyp) s(t) = 0.

Proof. Let 7 |- A= [I'}Jr —. We show the statement by induction on 7. Note that 7 cannot
end in [refl]7 or [axiom]7 since the conclusion of 7 has an empty succeedent.

If 7 ends in [A¥*|r, then ']z = {[s(t) = 0]} for some ¢ € T (S). Thus the statement
follows for ¢ = s(t) = 0.

By Lemma 4.51 7 cannot end in [cyight]. If m ends in [cieft]7, then the statement can be
proven by applying the induction hypothesis to the direct subproof of 7.

Ifrm=
(1) (72)
N —xi x2I'2—

I —

[cut]

with x1 <7 X2, then by applying the induction hypothesis to mo we get a 19 € Ty U {x2}
and a t € T'(S5) such that v2 S7ur,u{ys)—{v.} S(t) = 0. By applying Lemma 4.52 to the
conclusion of m; we then get a ¢y € I'y such that x1 <7ur,—{y,} ¥1. We now distinguish
two cases:

(i) 19 € I'y: We have LK™ }7 T.T1 — x1 by xa <:>TUF1—{1,01} Y1. By x1 <1 X2
we get LK™ |- T,y — x2. From 2 ©rur,uiye}—{w.} S(t) = 0 we now get
Y2 S TUr— {4} s(t) = 0 by introducing appropriate cuts and contractions.

(il) 2 = x2: We have ¢9 <, s(t) = 0. Thus we get
Y1 STur, —{1} X1 ST X2 = P2 S1ur, s(t) =0
and in total ¥1 <rur—_gyp,y s(t) = 0.
Ifr=
(1) (m2)

' —u=v Topu) —
F1>F27S0(U) -

leq—1eft] 75

then by applying the induction hypothesis to mo we get a 19 € ToU{p(u)} and a t € T (S)
such that 12 < 7ur,u{p(u)1—{v.} S(t) = 0. By applying Lemma 4.52 to the conclusion of 7
we then get a ¢ € I'y such that u = v Spyr, _(y,) ¥1. We now distinguish two cases:

(i) 92 € T'a: We have LK™ |~ T,I'y — u = v by u = v &qur,—{y,} 1. By Lemma
4.49 we get p(v) <7ur, ¢(u) and in particular LK= |- T, T';, ¢(v) — ¢(u). From

Y2 S TUrU{p(u)}—{ee} S(E) = 0 we now get 19 <qur_{y,) S(t) = 0 by introducing
appropriate cuts and contractions.

(ii) ¥2 = p(u): Now v <, s(t) = 0.
By Lemma 4.49 we have ¢(u) <rur, ¢(t). Thus ¢(u) ©rur—{ew)y s(t) = 0.

Lemma 4.54. Lett € T(S). ThenT [/ 0=0—s(t) =0
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4 Completeness

Proof. NE=T and N|=0=0, but N |~ s(t) = 0 for any ¢t € T (5). O
Proposition 4.55 (consistency of AT). Pr [f—.

Proof. Assume 7 |- 4= —. Then m can only end in [cut]r since all other rules in AT
have at least one element in the conclusion. Therefore ©m =

(m1) (m2)
—p P —
—

[cut]T

with ¢ <7 . By Lemma 4.52 we have ¢ <7 0 = 0 and by Lemma 4.53 we have
¥ <7 s(t) = 0 for some t € T'(S). Thus 0 = 0 <1 s(t) = 0 which is a contradiction to
Lemma 4.54 O

Proof of Proposition 4.45. By Proposition 4.55 we have that I' is not empty. Now let 7
be an AT -proof of [I'|r —. Since supp(I') = {¢} we get AT |- [¢]r — by applying
contractions. Now the statement follows from Lemma 4.53. ]

With this we can conclude the completeness proof for Pr:

Proof of Theorem 3.10. Let AB | —¢. By Lemma 4.4 we have AB |- ¢ —. From
Proposition 4.6 we get LKPF |- T, —. Using Proposition 4.21 gives us Pr - [¢]r —.
Finally, by Proposition 4.46 we have Pr | [—¢]r. O
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5 Decidability

The goal for this chapter is to show the decidability of Prt. To do this, we first observe a
correspondence between polynomials with coefficients in N and 7" (S). We then introduce
an order on polynomials as well as a normal form for polynomial equations. Finally we show
a nﬁcessary condition for Pp-provability and use this to formulate a decision procedure for
Pr

5.1 A polynomial normal form

The goal for this section is to show a correspondence between 7' (.S) and the polynomials
with coeflicients in N with variables as indeterminates.

Definition 5.1. By N[V] we denote the set of polynomials with coefficients in N and inde-
terminates in 'V (i.e. the variables). A polynomial p is an element of N[V]. A monomial
m is a polynomial such that exactly one coefficient is 1 and the others are 0. The set of
monomials is denoted by M[V]. Note that every monomial m can be identified by the finite
multiset of variables vars(m) : V. — N : x +— exponent of z in m. The monomial m with
vars(m) = () corresponds to the constant monomial and is also denoted by 1. Every polyno-
mial p can be identified by the finite multiset of monomials mons(p) : M[V] — N :m — [m]p
where [m|p denotes the coefficient of m in p. We say m is a monomial of p if [m]p > 0.
We define <y to be the strict total order on V, defined by x, <y Xm if and only if n < m.
We define <jqjv) to be the strict total order on M[V'] defined by m1 <ppy) ma if and only
if vars(my) <% vars(ms), where < denotes the multiset order with respect to <y. We
define the set variables of p by v(p) := UmEmonS(p) supp(vars(m)). By abuse of notation
we sometimes write v(p) for the tuple of pairwise distinct variables (x1,...,xy,) such that
v(p) ={z1,...,xn} and x1 <y ... <y .

It seems unusual to identify polynomials with a multiset of monomials where the mul-
tiplicity of each monomial is given by the coefficient of the monomial in the respective
polynomial, but it works nicely together with a multiset order we use later on.

Lemma 5.2. <pyy is a strict total order.

Proof. See [1] Lemma 2.5.4. O

There is a correspondence between 7' (S) and N[V]:

Definition 5.3. poly : T'(S) — N[V] is the computable function recursively defined by the
following procedure:
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5 Decidability

Lett € T'(S5).

Ift = x for a variable z, then poly(t) = x.

Ift =0, then poly(t) = 0.

Ift = s(u) for some uw €T (S), then poly(t) = poly(u) + 1.

Ift =u+wv for some u,v € T (S5), then poly(t) = poly(u) + poly(v).

Ift =wu-v for some u,v € T (S), then poly(t) = poly(u) - poly(v).
Definition 5.4. Forn € N and t1,...,t, € T (S) we inductively define the terms > ., t;
and [T7_, t by

0 n+1 n
Zti = 0, Zti = tl"‘zti-i—l;
i=1 i=1 i=1

n+1

0 n
Hti :El, Hti = tl'Hti-‘rl'
=1 i=1 i=1

Definition 5.5. Let m € M[V]. Then the term m € T (S) is defined by [[;_, x; where
{21,..., 20} = vars(m) and 21 <y --- <y x,. Let p € N[V, then the term p is defined by
>y m; where {m1,...,my} = mons(p) and m;y <My SMv) M

Lemma 5.6. Lett € T(S). Then T |- s(t) = s(0) + ¢.
Proof. Work in T":
B> As Ay
s(0)+t=1t+s(0) =s(t+0)=s(t).
0

Lemma 5.7. Let t,u € T(S). Then T |- poly(t) + poly(u) = poly(t) + poly(u) and
T = poly(t) - poly(u) = poly(t) - poly(u).
Proof sketch. Since T contains commutativity and associativity laws for 4+ and - and a

distributivity law (Bs, Bs, Bs, Bg and B7), it can be shown that sums and products can
be rearranged in T O

The following lemma shows that ¢ — poly(¢) acts as a normal form for S-terms:

Lemma 5.8. Lett € T(S). Then T |- poly(t) = t.

Proof. We proceed by induction on t.

If t =0, then poly(t) = 0 and 0 = 0, thus the statement holds.

If we have ¢t = s(u) for some u € T'(5), then we have poly(t) = poly(u) + 1 as well as
poly(u) +1 = s(0) + poly(u). We then have T |- poly(t) = s(poly(u)) by Lemma 5.6.
Using the induction hypothesis we get T' |- poly(t) = ¢.

If t = u+ v for some u,v € T (5), then by induction hypothesis we get T |- poly(u) = u
and T |- poly(v) = v. Thus T | poly(u) 4+ poly(v) = t. By Lemma 5.7 we have

T | poly(u) 4+ poly(v) = poly(¢) and thus T" |- poly(t) = t.

If t = w-wv for some u,v € T (S), then by induction hypothesis we have T' |- poly(u) = u
and T |- poly(v) = v. Thus T |- poly(u) - poly(v) = ¢t. Using Lemma 5.7 we get
T | poly(u) - poly(v) = poly(t) and thus T |- poly(t) = t. O
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5.2 A polynomial order

Definition 5.9. Let p € N{x1,...,z,}, let z1,...,x, be pairwise distinct variables and
let p = p(x1,...,2,). Then p induces a function p : T(S)" — N[V] : (t1,...,t,) —
poly(p(t1,...,tn)).

Lemma 5.10. Let p € N[V], let z1,...,x, be pairwise distinct variables, let t1,...,t, €
T(S) and let p = p(x1,...,2,). Then T |- p(t1,...,ty) = p(t1,... tn).

Proof. Note that p(t1,...,t,) = poly(p(t1,...,t,)). Thus the statement follows by Lemma
5.8. O

5.2 A polynomial order

The following definition will allow us to formulate a necessary condition for provability in

Pr.

Definition 5.11. Let mi,me € M[V] and p,q € N[V]. We write my <mon ma if my
strictly divides ma, i.e. if vars(mq) C vars(mz). Note that <mon S a strict partial order.
We say my is a maximal monomial of p if my is mazimal in mons(p) with respect to <mon-
The multiset of maximal monomials in p is denoted by maxmons(p). We write p <mon q if

mons(p) <™ mons(q). We say p and ¢ are strictly monomially comparable (in symbols:

p gmon Q) Zf either P <mon ¢ 0T ¢ <mon P-
We now study this monomial order in more detail.
Lemma 5.12. <y,oy s a well-founded strict partial order on N[V].

Proof. Tt is well-known that <y,on is a well-founded strict partial order on M[V]. The
corresponding multiset order <2 is a well-founded strict partial order (see [1] Lemmas

2.5.4 and 2.5.5). Thus <pon is a well-founded strict partial order on N[V]. O

Lemma 5.13. Let p,q € N[V]| with p <mon ¢- If mons(p) N mons(q) = 0, then for all
x € mons(p) there is a y € maxmons(q) such that © <mon Y-

Proof. Since p <mon ¢ there are () # II C mons(g) and A with mons(p) = (mons(q) —II)UA
such that for all z € A there exists a y € I such that  <jon y. Since mons(p)Nmons(q) = ()
we have II = mons(¢q) and therefore A = mons(p). Now for all x € mons(p) there is
a y € mons(q) such that x <pen y. If y is not maximal in mons(q), then there exists
a y € maxmons(q) with y <mon ¥ and by extension & <pon y'. Thus the statement
follows. O

Lemma 5.14. Let p, q € N[V| with maxmons(p) Nmaxmons(q) = 0. Then p <mon q if and

only if maxmons(p) <2 maxmons(q).

Proof. = : By assumption there are multisets () # II C mons(g) and A C mons(p) with
mons(p) = (mons(g) — IT) U A such that for all z € A there exists a y € II such that
T <mon Y. Now let € maxmons(p). Then either x € A or # € mons(g). We show in
both cases that there is a ¥’ € maxmons(q) such that x <pon v'. If 2 € A, there is a
y € IT C mons(q) such that 2 <yen y and therefore there is a ¥’ € maxmons(q) such that
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5 Decidability

T <mon Y. If z € mons(q), then z ¢ maxmons(q) since maxmons(p) N maxmons(q) = 0.
Thus, there is a y' € maxmons(q) such that  <yen ¢'. Therefore we have

maxmons(p) = (maxmons(q) — maxmons(q)) U maxmons(p)

and for all € maxmons(p) there is a ¢y € maxmons(q) with © <pmon y, which means
maxmons(p) <M maxmons(q).

<= : By assumption there are multisets ) # II C maxmons(q) and A such that
maxmons(p) = (maxmons(g) — II) U A and for all x € A there exists a y € II such that
T <mon Y. Since maxmons(p) and maxmons(q) are disjoint we have II = maxmons(q)
and A = maxmons(p). Thus, for all z € maxmons(p), there is a y € maxmons(q) such
that * <mon y. Now let 2 € mons(p). Then there exists a 2/ € maxmons(p) and a

y' € maxmons(q) such that  <pon ' <mon 3. Therefore with IT = mons(q), A = mons(p)

we get mons(p) = (mons(g) — IT) U A which means mons(p) <22 mons(q). O
Lemma 5.15. Let m be a monomial, let x1,...,x; be patrwise distinct variables and set
s(z) := (s(x1),...,s(xg)). Further let mo be a monomial of m(s(z)) with mg # m. Then

we have my <mon M and as a consequence
maxmons(m(s(z))) = {m}.

Proof. Let X :={x1,...,2x}. Note that we have

ms@) =[] @+1- J[ =
xE€vars(m) x€vars(m)
reX zZX

Distributing out this product shows that every monomial of m(s()) has the form [[ .y =
for some X,, C vars(m), i.e. every monomial of m(s(z)) divides m. By assumption

we have mg # m and thus mg <mon m. Since m € mons(m(s(z))) it follows that
maxmons(m(s(z))) = {m}. O

Lemma 5.16. Let m € M[V], (z1,...,z) := v(m) and s(z) := (s(z1),...,s(zx)). Then
mons(m(s(z))) = {I,ea v| A C vars(m)}, i.e. m’ € mons(m(s(z))) if and only m’ divides

Proof. Similarly to the previous proof we get

m(s(@)= [ @+0.

vevars(m)

Distributing out this product shows that every monomial of m(s(x1),...,s(zx)) has the
form J[,ca v for some multiset A C vars(m). Furthermore given A C vars(m) induces
a monomial m via vars(m) = A. This shows the second part of the statement since m’

divides m if and only if vars(m’) C vars(m). O

Lemma 5.17. Let p € N[V] and let x1,...,z) be pairwise distinct variables. Then
maxmons(p(s(z1),...,s(x))) = maxmons(p)
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5.3 A normal form for polynomial equations

Proof. Note that m is a maximal monomial of p(s(z1), . ..,s(xy)) if and only m is a maximal
monomial in the multiset (U, , ¢ mons(p) Maxmons(m(s(z1), ... ,s(zx))) which equals mons(p)
by Lemma 5.15. This means m is a maximal monomial of p(s(x1),...,s(zx)) if and only if
m is a maximal monomial of p. Therefore the statement follows. ]

5.3 A normal form for polynomial equations

The following function allows us to compute a normal form of negated equations between
S-terms.

Definition 5.18. reduce : N[V] x N[V] — N[V] x N[V] is the computable function defined
by (p,q) — (p',q") where p’ is the polynomial with mons(p’) = mons(p) — mons(q) and ¢’ is
the polynomial with mons(q’) = mons(q) — mons(p).

Lemma 5.19. Let p,q € N[V] and (p/, ) := reduce(p, q). Then
(i) mons(p’) N mons(q’) = 0
(i) mons(p) = mons(p’) U (mons(p) Nmons(q)),
(iii) mons(q) = mons(q’) U (mons(p) Nmons(q)),
(i) p=gorpy =4

Proof. (i) to (iii) follow directly from the definition of reduce. Now we show (iv): By
By and congruence of + we get T' |- VaVyVzae +y = v+ 2z <> y = 2. In addition to
commutativity and associativity of 4+ this implies that monomials that occur in both p and
q can be cancelled while preserving <. O

For the following a characterization of multiset orders is useful:
Lemma 5.20. Let (X,>) be a strict partial order and M, N € M(X). Then

M >" N = M # N and for alln € N — M there is an m € M — N with m > n

Proof. See [1] Lemma 2.5.6. O

Lemma 5.21. Let p,q € N[V] and (p/,q') := reduce(p,q). Then p <mon ¢ if and only if
/ /
p <m0n q *

Proof. By Lemma 5.20 we have p <pon ¢ if and only if mons(p) # mons(q) and for all
m1 € mons(p) — mons(q) there is a mo € mons(q) — mons(p) with m; <men m2. By the
definition of reduce and Lemma 5.19 this exactly the case if p’ <mpon ¢'- O

Lemma 5.22. Let p,q € N[V] with p <mon ¢, mons(p) N mons(q) = (. Furthermore let
z:= (x1,..., k) be pairwise distinct variables such that {x1,...,x} = v(p)Uv(q). We set
s(z) := (s(z1),-..,s(zx)) and (p',q") := reduce(p(s(Z)), q¢(s(Z))). There holds:

(1) P <mon @',
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5 Decidability

(1) If p # 0, then p' <mon p-

Proof.
maxmons(q(s(z))) = maxmons( (z)). By Lemma 5.14 we get p(s(Z)) <mon ¢(s(T)).
Therefore we have p’ <uon ¢’ by Lemma 5.21.

(i) P' <mon ¢': By Lemma 5.17 we have maxmons(p(s(Z))) = maxmons(p(Z)) and

(ii) We show this result in two steps:

(a) supp(maxmons(p(s(z)))) C supp(mons(g(s(z)))): Since p # 0 we get p(s(z)) # 0

and thus mons(p(s(z))) # 0. Now let m be a maximal monomial of p(s(Z)). Then
by Lemma 5.17 m is a maximal monomial of p. Since mons(p) N mons(q) = 0
and p <mon ¢ there is a maximal monomial m, of ¢, with m <mon my by
Lemma 5.13. Therefore m = Hvepv for some multiset I' C vars(mgy). By
Lemma 5.16 we have mons(mg(s(z))) = {[],ea v|A C vars(mg)} and therefore
m € mons(my(s(z))) C mons(q(s(m))) i.e. m € mons(q(s(x))).

(b) P’ <mon p: Since p # 0 we have mons(p(s(z))) # 0. By (a) we thus have

IT := mons(p) N mons(q(s(z))) # 0. Let

mons(p(s(z)))<p = | (mons(m(s(z))) — {m}).

méemons(p)

Since for all monomials m we have m € mons(m(s(z))) by Lemma 5.15 we
get mons(p(s(Z))) = mons(p) U mons(p(s(Z)))<p. Furthermore by the definition
of reduce we have mons(p’) = mons(p(s(z))) — mons(q(s(z))). Therefore we
have mons(p’) = (mons(p) U mons(p(s(Z)))<p) — mons(q(s(z))). We now set
A :=mons(p(s(Z)))<p— (mons(q(s(z))) —1I) to get mons(p’) = (mons(p) —II)UA.
Now for z € A we have x € mons(p(s(Z)))<p and thus there is an m € mons(p)
such that x € mons(m(s(z))) — {m} and thus  <yen m by Lemma 5.16. Now
there exists a y € maxmons(p) such that * <o, y since either m is already
maximal in mons(p) or there is a maximal monomial y € mons(p) such that
m <mon Y- By (a) we have y € mons(¢(s(z))) and therefore y € II. In total we

have p’ <mon P-
]

5.4 A necessary condition for Pp-provability

We now study the T-equivalence of equations more closely. A useful result is the following:

Proposition 5.23. Let (R,+Rr,0r, r,1g) be a commutative ring with 1. We also set

R := (R,0R,s®, 4R R) with
0% := O,
s®(z) :=x +r 1g,
+7 = +rg,
= p.
Then R =T.
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5.4 A necessary condition for Pp-provability

Proof. Straightforward. O

Remark 5.24. We denote by Z[V] the set of polynomials with coefficients in Z and inde-
terminates in V. Note that Z[V'] is a commutative ring with 1. For p € Z[V] we define the
ideal generated by p as (p) := {q-p|q € Z[V]}. A result from abstract algebra shows that
the quotient Z[V]/(p) is again a commutative ring with 1.

Definition 5.25. Fort,u € T (S) we define [t = u] := poly(t) — poly(u) € Z[V].

Lemma 5.26. Let p € Z[V], t,u € T (S) and M := Z[V]/(p). Then M =1t = u if and
only if [t = u] € (p).

Proof. Note that M =t = u <= tM = vM. Since M satisfies ring axioms we get
tM = M = tM_yM = 0+(p). It is straightforward to show that for all terms v € T (S)
we have v = poly(v)+(p). Thus tM—uM = 0+(p) <= (poly(t)—poly(u))+(p) = 0+(p).
This means t" —u™M =0+ (p) <= [t = u] + (p) = 0+ (p). This is exactly the case if
[t =u] € (p). O

Lemma 5.27. Let t1,t2, U1, U2 € T (S) [fT }7 t1 = ta — u1 = u2, then [[tl = tg]] divides
[[u1 = UQ]].

Proof. Set M := Z[V]/([t1 = t2]). By Proposition 5.23 and Remark 5.24 we have M =T
and thus M |= t; = to D u; = wug. By Lemma 5.26 we have M |= t; = to. Thus
M E u; = up. By Lemma 5.26 we get Ju; = ua] € ([t1 = t2]), i.e. [t1 = t2] divides
[[u1 = UQ]]. O

Proposition 5.28. Let tq,to, ui,ug € T'(S) such that t; = to < uy = uz. Then we have
[[tl = tQH = :I:[[u1 = UQ]].

Proof. By Lemma 5.27 we get that [t; = to] divides [u1 = wuz] and [u; = wug] divides
[t1 = t2]. As a consequence we have [t; = to] = £]u; = ug]. O

Lemma 5.29. Let p,q € N[V]. If Pr |- [p # q|r, then p Smon q-

Proof. By Lemmas 5.19 and 5.21 we can assume mons(p) N mons(q) = ), otherwise apply
reduce to (p,q). Now let 7 |-p  [p # gl7. We proceed by induction on 7.

If 7 ends in A9, then p = g <1 s(v) = 0 for some v € T'(S). Then by Proposition 5.28
we have that [p = ¢] = £[s(v) = 0]. Note that [s(v) = 0] € N[V]. Therefore [p = ¢]
either has only non-negative coefficients or only non-positive coefficients. Note that not
both p and ¢ can be 0, since then Pr | [0 % 0]y which contradicts the soundness of Pr
(Theorem 3.9). Since mons(p) Nmons(q) = 0 we get p =0 or ¢ = 0. In both cases we have

P Smon ¢-
If 7 ends in B, ie. m =

then p(0) # ¢(0) <7 p(0) # ¢(0) and p(s(z)) # q(s(x)) <7 p(s(z)) # q(s(x)) by

s
Lemma 5.10. By induction hypothesis we have p(s(z)) Smon ¢(s(z)). By Lemma 5.17
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5 Decidability

there holds maxmons(p(s(x))) = maxmons(p) as well as maxmons(g(s(z))) = maxmons(q).
Therefore maxmons(p(s(z))) N maxmons(g(s(z))) = 0 and by Lemma 5.14 we either have
maxmons(p(s(x))) <mul maxmons(q(s(:v))) or maxmons(q(s(z))) <§§3}1 maxmons(p(s(z))).
Therefore maxmons(p) <2 maxmons(g) or maxmons(q) <™ maxmons(p) and thus

P Smon ¢ by Lemma 5.14. 0

Note that the corresponding property does not hold in N: We have that N = 2z # 2y +1
since the left side is even and the right side is odd, but 2z £mnon 2y + 1, since £ Zmon -

5.5 A decision procedure for PTF

We now consider the terms that arise from using BY*" in Pp-proofs in more detail:

Definition 5.30. Let k € N and let x1, ...,z be pairwise distinct variables. We define
the set
Y(z1,...,28) == {(t1,...,tg) [ for alli € {1,... k} t; € {0,s(z;)}}.

We now show some reductions for Pp-provability:

Lemma 5.31. Let ¢(xz) € N(S). Then Pr |- [¢(z)|r if and only if Pr | [¢(0)]r and
Pr = [p(s(x))]r-

Proof. <=: Apply B}*" to the given proofs.

= Let 7 |-p, [p()]T.

If m ends in A¥, then ¢(x) <7 s(t(z)) # 0 for some t(z) € T (S). Then by Lemma 3.5
we have (0) 7 s((0)) % 0 and w(s(x)) <7 s(t(s(x))) # 0. Thus [¢(0)}r and [p(s(x))]r
are provable by Af*.

Ifrm=
(1) (72)
[@(O)]T [@(S .T))]T Byar
1 >
o(z)|T
then 71 and w9 are the desired proofs. O

Lemma 5.32. Let k € N and ¢(x1,...,x;) € N(S). Then Pr |- [p(z1,...,2%)]7 if and
only if Pr |- [p(a)]r for allu € Y (z1,...,xk).

Proof. We proceed by induction on k. If k = 0, then Y (z1,...,2;) = {()} and the statement
follows trivially.
Now let ¢ = @(x1,...,zk, Tp11). Note that Y (zp41) = {0,s(xg+1)}. Therefore a restate-

ment of Lemma 5.31 is Pr |- [p(z1,...,z41)]7r if and only if Pr | [p(z1, ..., 2k, ugt1)]|T
for all ug.1 € Y(xy1). Thus, by mductlon hypothesis we have Pr |- [cp(azl, ey Ty Ut1)|T
if and only if Pr | [p(u1,...,uk, ugs1)]r for all (ug,...,ug) € Y(z1, ) and also
Ug+1 € Y(xpa1). Since we have

Y(le, c 737k+1) = {(ul, R ,uk,uk+1) | (ul, oy uk) S Y(xl, R ,:I?k),uk+1 € Y(a:k+1)}
this concludes the proof. O
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5.5 A decision procedure for Pri

Definition 5.33. decidey) : N[V] x N[V] — {0, 1} is recursively defined as

Let p/,q' € N[V].

Compute (p,q) := reduce(p’, q’).

If p %Emon ¢, return 0.

If g =0 return 1 if [1]p > 1, otherwise return 0.
If p =0 return 1 if [1]qg > 1, otherwise return 0.

In all other cases let T := v(p) Uv(q).

Compute (pa,qa) = reduce(p(a), q(u)) for u € Y ()
Return min {decide Ny (pa, qa) |6 € Y(Z)}.

We introduce a well-founded strict partial order to show termination of decide yy:

Definition 5.34. Let p1,p2,q1,q2 € N[V]. If p1 Smon P2 we set
. P1 7:fpl <mon P2,
min(py, p2) :=

b2 ifPQ <mon P1-

We define

(P17p2) <mon (Q1,QQ) =D §mon D2 and q1 gmon q2 and min(phpQ) <mon min(QL CJ2)

and
(P1,p2) <t (q1,q2) : <= |V(p1) Uv(p2)| < |[v(q1) Uv(g2)| or

[v(p1) Uv(p2)| = |v(q1) Uv(ge)| and
(P1,P2) <mon (q1,92)-

Lemma 5.35. <pon on N[V| x N[V] and <; are well-founded strict partial orders.

Proof. Showing that <y, is a strict partial order is straightforward. The well-foundedness
of <mon follows from the well-foundedness of <yon on N[V] (Lemma 5.12). Note that <,
is a lexicographic product of two well-founded strict partial orders. Therefore <; is also a
well-founded strict partial order (see for example [!] Lemmas 2.4.1 and 2.4.2). O

Lemma 5.36. Let p,q € N[V] and let T := (x1,...,x) be pairwise distinct variables

such that {x1,...,xx} = v(p) Uv(q). Furthermore we set s(z) := (s(x1),...,s(xx)) and
(¥, ') := reduce(p(s()), q(s(7))). If p#0, ¢ # 0 and p Smon ¢, then (p',q') <mon (P, q)-

Proof. 1f p <mon ¢, then by Lemma 5.22 we have p’ <pon ¢ and p’ <pon p, thus (p',¢") <mon
(p,q). A similar argument works, if ¢ <mon p. O

Lemma 5.37. decideyyy) terminates.
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5 Decidability

Proof. We proceed by induction on <;: First observe that decidepy terminates for v, q
where v(p') Uv(q’) = 0: In this case we have p,q € N. If p Zon ¢, then decideypy
terminates (in this case p %mon ¢ simply means p = ¢q). If p Spon ¢, then p # ¢. If
P >mon ¢, then [1]Jp = p > 0 and ¢ = 0 by the definition of reduce. If ¢ >pon p, then
[1l]g = ¢ > 0 and p = 0 by the definition of reduce. In both cases decidey; terminates.
Now let there be at least one variable in v(p') U v(q'), let p,q # 0 and p Spon g (oth-
erwise decidey(y terminates trivially). Also set s(Z) := (s(z1),...,5(z|y)). Then we have
(pa,qa) <t (p',q) for uw € Y(Z) \ {s(Z)} since |v(pz) Uv(ga)| < \V )Uv( ")|. Further we
have (ps(z); Gs(z)) <mon (p,q) by Lemma 5.36. Also (p,q) <mon (P',¢') by Lemma 5.21.
Therefore we have (ps(z), qs(i,)) <t (p',q') and the statement follows by the induction hy-
pothesis. O

Lemma 5.38. Let p',q' € N[V]. Then decidenp(p',¢') = 1 if and only if Pr |- [p’ # ']z

Proof. We proceed by induction on (p/,q’) with respect to <;. Let (p,q) := reduce(p’, ¢).

If p £mon ¢, then deciden(y)(p,¢) = 0 and Pr [/ [p # ¢|r by the contraposition of
Lemma 5.29. Now consider the case where p <pon ¢. If p = 0 and [l]g > 1, then
deciden(y(p, q) = 1. Also we have T' |- p = s(qg — 1) and therefore p # ¢ <1 s(g — 1) # 0,
thus Pr |- [p # q]r by A?*. A similar argument applies if ¢ = 0 and [1]p > 1.

If p = 0 and [1]g = 0, then decide(p,q) = 0. Now ¢(0,...,0) = 0 = p(0,...,0) and
Pr [£ [0 # 07 by soundness of Pp (Theorem 3.9). Thus, by Lemma 5.32 Pr |~ [p # q]r.
A similar argument applies if ¢ = 0 and [1]p = 0. S

Now consider the case where p # 0, ¢ # 0 and p Smon ¢ Let (pa,qa) as in Definition
5.33. Now

decide yjy(p, ¢) = min {decide Nv)(Pas qa) |w €Y }

By Lemma 5.32 we have Pr |- [p # ¢|r if and only if Pr |- [p(a) # q(w)]r for all u € Y (Z).
By Lemma 5.19, this is equivalent to Pr |- [pa # qalr. Note that (pa,qa) <¢ (p/,¢'). Thus,
by induction hypothesis this is equivalent to decide. Nv](Pas qa) = 1 for all w € Y( ), i.e. if
and only if decideny(p, ¢) = 1. O

Now we can show that PT'_ is decidable:
Proof of Theorem 3.11. The decision procedure is as follows:

Let ¢ € N(S). Extract the ¢t,u € T (S) such that ¢ = ¢t # u. Return
decide v (poly(t), poly (u)).
By Lemma 5.37 this procedure terminates and by Lemma 5.38 the procedure decides

whether Pr |- [poly(t) # poly(u)]r. By Lemma 5.8 we get poly(t) # poly(u) <1 ¢ and
thus this procedure decides whether Pr - [¢]. O

Example 5.39. Let o(z) := x -z % x +s(0) as in example 3.8. The decision procedure
on this example proceeds as follows: Note that o(x) € N(S), thus we extract the polyno-
mials p = x> and q := = + 1 and compute decide v (p,q). We have 2 >yon o + 1,
since x and 1 are strict divisors of x>. Neither p nor q are 0, therefore we compute
decide [y (reduce(p(0), ¢(0))) and decide yy|(reduce(p(s(x)), q(s(x)))). We have p(0) = 0,
q(0) = 1, and reduce(p(0),¢(0)) = (0,1) and therefore decideyy(reduce(p(0),¢(0))) =
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5.5 A decision procedure for Pri

1. Furthermore we have p(s(z)) = z? + 2z + 1 and q(s(x)) = = + 2. Thus we get
reduce(p(s(z)), ¢(s(x))) = (2? + z, 1) (p',q). Since neither p' nor ¢' are 0 we com-
pute decide ypyj(reduce(p’(0),¢'(0))) and decide ypyj(reduce(p’(s(z)), ¢'(s(x)))) = 1. We
have p'(0) = 0 and ¢'(0) = 1, therefore demdeN[V](reduce( '(0),¢'(0))) = 1. We get
p'(s(z)) = 22 4+ 3z +2 and ¢'(s(z)) = 1. Thus reduce(p/(s(z)), ¢ (s(x))) = (> + 3z + 1,0).

Now decide py)(reduce(p’(s(x)), ¢'(s(x)))) = 1 and decide yjy)(reduce(p(s(x)), q(s(z)))) and
in total decideyy(reduce(p, q)) = 1. This confirms that Pr |~ [¢(x)]r as already shown
in ezample 3.8. Note that the computation of decide ) (p, q) mirrors the tree structure of
the proof from example 3.8. The computation can be visualized in tree form:

2?4 x4+1

My e s(@)

0#41 2?2+2x+1#2+2
| reduce
>+ #1
20/ Ners)

041 224+3z+2#1

ﬁ ‘reduce
22 +32+1#0

Example 5.40. Let p(z,y) :=2-x-y+1# 2-(x+vy). We show Pr |- [p(z,y)]r by
drawing the computation tree as in the previous example. We omit most of the reduce steps
for brevity. We have poly(2-x-y+1) =2xy+1 and poly(2- (x +vy)) = 2x + 2y. Now the
computation tree looks like

2zy + 1 # 2x + 2y o
x — 0 x +— s(x

V W
x — 0 x T
1%0 y — s(y) y:OS()

20y +2x+2y+3#2x+2y+4

0#42y+1 0#2x+1 ‘reduce
. 2zy # 1
z 0 z = s(z)\ Y = s(v)
y = s(y) y+—0

0#1 0#1 22y+2x+2y+1+#0
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6 Conclusion

We presented a novel approach based on proof-theory to solve Diophantine satisfiability
problems and applied it to a theory AB adjacent to a theory of open induction over a
base arithmetical theory A whose language includes successors, predecessors, addition and
multiplication (but no inequality). To do this we introduced a simple specialized proof
calculus Pp and showed its soundness and completeness with respect to AB. Finally,
showing the the decidability of Pp allowed us to decide Diophantine satisfiability for AB.

Using this approach leads to some avenues for future work: Note that the axioms C,,
have a very similar structure to the axiom By, in that the implication is an equivalence.
Thus, by incorporating the axioms C,, into the theory 7', we suspect that the method we
presented in this thesis can be adapted to show

Conjecture 6.1. Dpc,, s decidable.

The axioms C], have a more complicated structure. However, it may be possible to
incorporate them into the proof calculus Pr by introducing a new inference rule, as we
did with A; and B;. This will however require a more careful analysis of the interaction
between that inference rule with BY*":

Conjecture 6.2. DIOPenp is decidable.

Note that in this thesis IOpen, refers to open induction over a language without <.
Therefore, even if the above conjecture is true, the long-standing question of the decidability
of Diopen still remains an open problem.
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