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Kurzfassung

Der erste Teil der Arbeit beschäftigt sich mit verschiedenen Varianten des Räuber-
Beute Modells und mit Modellen aus der Epidemiologie. Ein um Kapital und Pro-
duktion erweitertes Räuber-Beute Modell wird anschließend mit einem SIR-Modell
vereint. Daraus erhalten wir das fünfdimensionale, nicht lineare und nicht autonome
dynamische BSIRKModell. Dieses kann beim Auftreten einer infektiösen Erkrankung
angewendet werden, um die Wechselwirkungen zwischen natürlichen Ressourcen, ge-
sunden, infizierten und genesenen Personen und Kapital zu untersuchen.
Der zweite Teil der Arbeit beschäftigt sich mit der systematischen Analyse zweier
Modelle. Ziel dabei ist es interessante Bifurkationspunkte zu finden, an denen sich
das qualitative Verhalten von Lösungen ändert. Klassische Beispiele dafür sind eine
Änderung der Anzahl an Attraktoren, wie Gleichgewichte oder Limeszyklen, oder
eine Änderung in deren Stabilität. Das Auffinden von Bifurkationspunkten ist im
Bereich Modellierung und Simulation ein zentraler Aspekt, da sich schon durch klei-
ne Schätzungenauigkeiten für Parameterwerte nahe den Bifurkationspunkten große
Verhaltensänderungen von Lösungen ergeben können.
Zuerst wird eine systematische Analyse für das um Kapital und Produktion erwei-
terte Räuber-Beute Modell durchgeführt. Hier können zentrale Bifurkationspunkte
wie Hopf-Bifurkationen oder homokline Bifurkationen gefunden werden. Anschlie-
ßend wird eine Bifurkationsanalyse für das BSIRK Modell durchgeführt. Es wird
gezeigt, dass hier für gewisse Parameterwerte chaotisches Verhalten auftreten kann.
Durchgeführt werden die systematischen Analysen in MatCont, einer Matlab Tool-

box, welche sich auf numerische Bifurkationsanalyse spezialisiert.





Abstract

The first part of the thesis introduces different variants of the predator-prey model
and models from epidemiology. A predator-prey model extended by capital and
production is then combined with a SIR model. This results in a five dimensional,
non-linear and non-autonomous dynamic system, called BSIRK model. It can be
applied in situations where an infectious disease occurs and it is able to examine the
interactions between natural resources, susceptible, infected and recovered individu-
als and capital.
The second part of the thesis deals with the systematic analysis of two models. The
aim is to find interesting bifurcation points at which the qualitative behaviour of
solutions changes. Classic examples are a change in the number of attractors, such
as equilibria or limit cycles, or a change in their stability.
Finding bifurcation points is a central aspect within modelling and simulation, since
small estimation inaccuracies for parameter values estimated close to a bifurcation
point can result in big changes in the behaviour of solutions.
At first, a systematic analysis is carried out for the predator-prey model extended by
capital and production. Central bifurcation points like Hopf bifurcations or homo-
clinic bifurcations can be found here. A bifurcation analysis is then carried out for
the BSIRK model. It is shown that chaotic behaviour can occur for certain parame-
ter values in this model.
The systematic analyses are carried out in MatCont, a Matlab toolbox specialized in
numerical bifurcation analysis.





Danksagung
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1 Introduction

Without doubt, 2020 was a very special year, which can not be compared to many
others. An infectious disease called Covid-19 spread all over the world within months
and made humanity face unprecedented problems. National lockdowns, travel restric-
tions, unemployment and the collapse of health care systems were only a few of many
consequences. Even now, a year later, the dangers have not been averted.
In epidemiology mathematical models are used to analyse the spread of infectious
diseases within a population. A lot of different variants and modifications exist. But
before choosing a model, it is very important to understand the properties of the dis-
ease, because disease-related and environment-related factors need to be taken into
account. The occurrence of the Covid-19 pandemic made epidemiological models
gain a lot of popularity and was the reason to develop a new dynamic system.
A predator-prey model extended by capital and production and a SIR model with
vital dynamics from epidemiology serve as a basis. They are merged and together
they form the BSIRK model, a five dimensional, non-linear and non-autonomous
dynamic system. Within this model, predators are interpreted as human beings and
are divided into three disjoint classes: individuals who are susceptible to the disease,
people who are infected and capable of transmitting the disease and persons who have
recovered from the disease with immunity. Prey is interpreted as nature. Therefore
the BSIRK model can be applied to situations where an infectious disease spreads
among humanity and is able to examine the interactions between natural resources,
humans and capital.
The aim of this work is to carry out a bifurcation analysis for two models, which
means finding critical parameter values where the qualitative behaviour of solutions
change. These critical values are called bifurcation points. Finding those points is a
central aspect within modelling and simulation, since small estimation inaccuracies
for parameter values estimated close to a bifurcation point can result in big changes
in the behaviour of solutions. Classic examples of bifurcations are a change in the
number of attractors, such as equilibria or limit cycles, or a change in their stability.
The book of Kuznetsov (2004) serves as a reference work for all different types of
bifurcations.
The systematic analysis is done for two models. At first the predator-prey model
extended by capital and production is examined. This serves as a baseline model
and is used for situations where no epidemic occurs. Hopf bifurcations and homo-
clinic orbits are found by bifurcating the fertility rate of humans. Also bifurcations
of codimension two are found, like a Cusp point or Bogdanov-Takens point. Then
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1 Introduction

the bifurcation analysis is done for the BSIRK model. In addition to bifurcations of
codimension one and two, chaotic behaviour is found by changing the parameter of
saturation. The sensitivity to initial conditions is computed by the Lyapunov expo-
nents in MATLAB.
The models are implemented and examined in MatCont, which is a MATLAB soft-
ware package specialized on numerical continuation and bifurcation analysis of non-
linear dynamic systems. It is updated regularly by many contributors, see Dhooge,
Govaerts, Kuznetsov, et al. (2008).
This thesis is organized in six sections. Chapter 2 analyses the Lotka-Volterra equa-
tions and introduces a predator-prey model, which is extended by a capital stock
and production. In section 3 two famous models from epidemiology are examined,
namely the SIR model with and without vital dynamics. In chapter 4 these models
are merged and the resulting BSIRK model is formulated. The systematic analyses
in MatCont and plots of different bifurcations can be found in section 5. Chapter 6
summarizes the results and concludes.
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2 Predator-Prey Models

2.1 General Predator-Prey Model

A general predator-prey model, or often called Kolmogorov’s predator-prey model
(see Freedman 1980, Brauer and Castillo-Chávez 2001), considers two populations
inside a certain area, whose sizes at time t are denoted by B(t) and P (t). B(t)
represents the population of preys at time t, P (t) the amount of predators. As
in Lopez-Ruiz and Fournier-Prunaret (2004), the following assumptions are made
to keep the model simple, even tough they would be unrealistic in most of these
predator-prey environments:

❼ The predator species P depends exclusively on the prey species B as its only
food supply.

❼ The prey species B has unlimited food supply and space to live in, with no
other threat than the specific predator P .

The functions B and P are taken to be continuous and changes in population size
are given by their time derivatives Ḃ := dB/dt and Ṗ := dP/dt. The interaction of
these populations is captured in the dynamic of the system, which is described by
two autonomous differential equations

Ḃ = B f(B,P ) (A1)

Ṗ = P g(B,P ) (A2)

with f and g, the rates of increase of the two species, being once continuously differ-
entiable. It is assumed and generally accepted by ecologists that

∂f

∂P
< 0 and

∂g

∂B
> 0, (A3)

which imply a negative impact of predators on the growth rate of preys and a positive
impact of preys on the growth rate of predators.
As mentioned in Sigmund (2007), other conditions regarding the growth rates f and
g are also discussed in Kolmogorov (1936). But due to their controversy, we do not
want to put them into our general predator-prey model.
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2 Predator-Prey Models

Not many such pure predator-prey relationships as obtained from the assumptions
above have been observed in nature. But there is one classic study about interacting
populations, which comes close to it. It is given by the Canadian lynx and snowshoe
hare pelt-trading records of the Hudson’s Bay Company from 1845 to 1935. Even
tough this is an indirect measure, it is reasonable to assume that the amount of pelts
collected by trapping is proportional to the number of lynx and hare in the wild.
The following figure shows a cyclical behaviour of both species. The booms and

Figure 2.1: The lynx and hare pelt-trading records from 1845 - 1935.

the busts in the lynx population seem to follow the ups and downs of the snowshoe
hare population with a little delay. This behaviour emphasizes also the validity of
restrictions A3.
A very basic model, which is capable of generating such a cyclical behaviour, is the
following Lotka-Volterra model.
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2.2 Lotka-Volterra Model

2.2 Lotka-Volterra Model

The Lotka-Volterra model is the simplest of all predator-prey interactions and was
derived independently by Lotka (1925) and Volterra (1926). It is based on linear
growth rates for both species, which can be written as

f(B,P ) = νB − µBP

g(B,P ) = νPB − µP

with positive constants νB, µB, νP and µP . As can be seen easily, both functions
satisfy restrictions A3.
Inserting the linear growth rates into the general predator-prey dynamics A1 and A2
leads us to a pair of coupled first-order nonlinear differential equations, which are
commonly known as the Lotka-Volterra equations:

Ḃ = νBB − µBBP (B1)

Ṗ = νPBP − µPP (B2)

The positive parameters νB, µB, νP , µP describe the dynamics and the interaction of
the two species as follows:

❼ The parameter νB describes the growth rate of preys in the absence of predators.

❼ The parameter µB measures the impact of predation and characterizes the
death rate of preys per predator.

❼ The parameter νP describes the reproduction rate of predators per pray. It
measures the predator’s ability of converting prey into progeny.

❼ The parameter µP characterizes the death rate or emigration of predators if
there are no preys.

Therefore the first equation B1 shows that the rate of change of the prey’s population
is given by its growth rate minus the rate at which it is preyed upon. The second
equation B2 states that the rate of change of the predator’s population depends on
its reproduction ability minus its natural death rate.

2.2.1 Equilibria

At first we want to find constant solutions for the dynamic system given by B1 and
B2. Therefore we search for points (B,P ) at which the population sizes do not change
any more. These equilibria are obtained by setting the right sides of the differential
equations equal to zero and solving for B and P . By doing so we find two equilibria
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2 Predator-Prey Models

given by �
B̂1, P̂1

�
= (0, 0)

�
B̂2, P̂2

�
=

�
µP

νP
,
νB
µB

�
with positive constants νB, µB, νP , µP . (B̂1, P̂1) stands for the extinction of predators
and preys, whereas (B̂2, P̂2) represents a inner fixed point at which both populations
maintain their numbers over time.

The stability of the first equilibrium (B̂1, P̂1) can be obtained by looking at its lin-
earization (see, e.g., Polyanin and Zaitsevn 2018). The Jacobian matrix of the Lotka-
Volterra model is given by

J(B,P ) =

�
νB − µBP −µBB

νPP νPB − µP



.

Evaluated at the steady state (0, 0) it becomes

J(0, 0) =

�
νB 0
0 −µP



with its eigenvalues λ1 = νB > 0 and λ2 = −µP < 0. As the eigenvalues are real and
their signs differ, the equilibrium at the origin (B̂1, P̂1) is a saddle node and hence
unstable.
Unfortunately the stability of the equilibrium with coexistence can not be determined
by looking at its linearization. The Jacobian matrix evaluated at (B̂2, P̂2) is

J

�
µP

νP
,
νB
µB

�
=

 0
−µBµP

νP
νPνB
µB

0

 .

The eigenvalues of this matrix are λ1 = i
√
νBµP and λ2 = −i

√
νBµP . As they are

purely imaginary and complex conjugate to each other, we can not say anything
about the equilibrium’s stability based on its linearization.

In the following subsection the behaviour of solutions next to the inner equilibrium
is analysed. We use the theory of exact differential equations to find an expression
characterizing different orbits.
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2.2 Lotka-Volterra Model

2.2.2 Periodic Solutions

We want to illustrate the orbits of the solutions in the phase space, where one axis
represents the amount of preys and the other axis indicates the number of predators.
Therefore we divide the predator’s dynamic B2 by the prey’s dynamic B1. This
eliminates time and produces a single differential equation given by

dP

dt

dt

dB
=

P

B

νPB − µP

νB − µBP

⇔ νB − µBP

P
dP − νPB − µP

B
dB = 0 . (B3)

As we know from the theory of exact differential equations (see, e.g., Polyanin and
Zaitsevn 2018), the orbits of the dynamical system B1 and B2 coincide with the
trajectories determined by B3. Equation B3 is exact and can be solved by finding a
function F (B,P ) which satisfies

∂

∂P
F (B,P )

!
=

νB − µBP

P

∂

∂B
F (B,P )

!
= −νPB − µP

B
.

It can be seen easily that

F (B,P ) := νB ln(P )− µBP − νPB + µP ln(B)

satisfies both conditions. From

dF (B,P ) =
∂F (B,P )

∂B
dB +

∂F (B,P )

∂P
dP

(B3)
= 0

we know that F is constant on the solutions of the Lotka-Volterra model. Hence, a
solution can not leave the contour lines of F indicated by F (B,P ) = C. Therefore
these level curves also represent the orbits of B1 and B2.
The right trajectory can be found by solving F (B,P ) = F (B0, P0). B0 = B(t0)
describes the initial population size of preys and P0 = P (t0) the initial amount of
predators at time t0.

We can see the behaviour of solutions in the phase space in figure 2.2. The equilib-
rium at the origin is a saddle node. The stable manifold is given by the ordinate, as
all predators will vanish without any preys. The unstable manifold coincides with
the abscissa, due to the unlimited growth of preys without predators.
Solutions next to the inner equilibrium show cyclical behaviour, as the contour lines
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2 Predator-Prey Models

Figure 2.2: Phase space dynamics for νB = 0.6, µB = 0.03, νP = 0.01, µP = 0.5.

of F are closed curves. Starting at a point in the first quadrant, the solutions rotate
counter clockwise around the steady state of coexistence. This means that the num-
ber of predators follows the development of preys with a little lag.

The following figure 2.3 shows the population sizes of predators and preys plotted
against time. In a setting with initially ten predators and fourty preys, the amount of
preys starts to grow immediately, whereas the number of predators stays low for some
time. After the ratio of preys per predator reaches a high level, the population of
predators grows rapidly due to food in abundance. This leads to decreasing numbers
of preys and causing food shortage. Therefore the population of predators shrinks
until the initial values of the setting are reached again.
The cyclical behaviour of both species matches the findings of the pelt-trading records
from section 2.1. In the theoretical as well as in the empirical time series predators
slightly lag the evolution of preys and one cycle lasts about ten units of time.

2.2.3 Criticism and Extensions

The advantages of the Lotka-Volterra model lie within its simplicity. It is easy to
understand and some results can be proven analytically. But this model’s mathe-
matical relevance surpasses its biological importance.
Firstly, in a situation without predators, the prey grows exponentially and bound-
lessly to infinity. In real life this is not possible for any species. And secondly, as can

8



2.2 Lotka-Volterra Model

Figure 2.3: The Solution for parameters νB = 0.6, µB = 0.03, νP = 0.01, µP = 0.5
and initial conditions t0 = 0, B0 = 40 and P0 = 10 against time.

be seen in figure 2.2, both populations can get infinitesimally close to extinction and
yet recover to a high level. But due to random fluctuations and discrete numbers of
individuals one species might go extinct.
There are a lot of extensions to the Lotka-Volterra model, which try to make the
dynamics more reliable. The idea is to substitute the constant parameters by more
realistic variable response functions. A very popular extension was made by Rosen-
zweig and MacArthur (1963), where the linear growth rate of preys νBB is replaced
by a logistic growth function

h1(B) = νBB

�
1− B

B̄

�
.

The death rate of preys µBBP and the reproduction rate of predators νPBP are
replaced by Holling type II functions of the form

h2(B,P ) = P
µBB

m+B
,

respectively

h3(B,P ) = P
νPB

m+B
.

9



2 Predator-Prey Models

In this model the population of preys can only grow until a carrying capacity B̄ > 0.
The Holling type II functions introduce saturation to the model. The amount of
preys eaten per predator and the number of offspring per predator are limited and
concave in B. In the following section we will extend the Lotka-Volterra model and
take logistic growth of preys and saturation in the form of a Holling type III function
into account.

2.2.4 Lotka-Volterra with Humans and Nature

All of the explanations above can easily be adapted for a setting with humans repre-
senting predators and nature replacing preys. Regarding the general predator-prey
model, the first condition in A3 states that the growth rate of natural resources will
diminish if the amount of people increases, which seems to be true due to a higher
level of consumption. The second one states that the growth rate of humans will
increase if the size of nature rises. As a result of resources in abundance, this also
seems to be valid.
Concerning the Lotka-Volterra model, νB describes the growth rate of nature in the
absence of humans. The parameter µB measures exploitation and characterizes the
consumption of natural resources per human being. νP describes the fertility rate
of humans per unit of natural resource and µP the death rate of humans without
resources.
Equation B1 shows that the rate of change for natural resources is given by its own
growth rate minus the exploitation rate made by humans. Equation B2 states that
the rate of change of humanity’s population depends on its reproduction ability mi-
nus its natural death rate.
Figure 2.3 can also be interpreted in a similar way. In a situation with only few peo-
ple, the growth of nature exceeds it exploitation. Excessive natural resources lead
to a rise in human’s population. After a critical value is surpassed, nature decreases
and due to a lack of resources, humanity follows after some time.
As we will extend the Lotka-Volterra model by production and capital, we will stop
using the interpretation as predators and preys and continue with the interpretation
as humans and natural resources in the following section.

10
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2.3 Predator-Prey Model with Capital

In this part we want to improve the Lotka-Volterra model from section 2.2. We try
to eradicate the points of criticism and expand the model by introducing capital K
and production to the setting.

Like in classical and neoclassical economic models, we use capital K as a factor
of production. One can understand all tools that are necessary in the production
process as capital, but we simply associate it with machines.
Production is carried out by humans and characterized by a production function
F (P,K) with inputs labour P and capital K. One part of the output is consumed
immediately by people, namely (1−s)F (P,K), and the other part sF (P,K) is saved
and reinvested in the economy. The savings rate is given by s ∈ [0, 1].
In order to come up with an equation of change for capital K, we take two properties
into account:

❼ Capital is not used up immediately in the process of production, but depreciates
at a rate δ > 0.

❼ K can be increased by investments. As investments coincide with the savings
made by humans, capital increases by the term sF (P,K).

Therefore the capital accumulation equation takes the form

K̇ = sF (P,K)− δK.

But capital also affects both other differential equations. On the one side, the appli-
cation of a machine consumes energy and facilitates the mining of natural resources
B. Therefore it has a positive effect on the exploitation rate of nature. On the other
side, the use of machines makes work and many aspects of everyday life easier and
safer, hence it has a negative impact on the death rate of humans.

The new differential equation for natural resources B is given by

Ḃ = νBB

�
1− B

B̄

�
− µBP

B2

m+B2
(1 + �1F (P,K) + �2K).

The following changes were made compared to equation B1 from the Lotka-Volterra
model:

❼ A logistic growth function νBB
�
1−B/B̄

�
eliminates the possibility of unlim-

ited growth. Even in the absence of humans P , nature B only grows until an
upper limit B̄ > 0.
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2 Predator-Prey Models

❼ A Holling type III function µBPB2/(m+B2) introduces saturation to humans.
The amount of natural resources consumed per human being is limited. At first
the exploitation rate grows exponentially in B until a threshold. But once all
basic needs are covered, it grows concavely in B. As can be seen in figure 2.4,
the parameter m > 0 indicates whether saturation is reached sooner or later.

❼ The term �1F (P,K) describes the consumption of resources made during the
process of production. Its weighting is given by �1 ≥ 0.

❼ The expression �2K represents the positive impact of capital on the exploitation
of nature. The magnitude of this effect is specified by �2 ≥ 0.

0 1 2 3 4 5 6 7 8 9 10

B

0

0.2

0.4

0.6

0.8

1

B
2
/(

m
+

B
2
)

m=1

m=5

m=10

Figure 2.4: The impact of the parameter m on saturation.

The differential equation for humans P is also updated and takes now the form

Ṗ = νPP
B2

m+B2
−
�
µP0e

−ξ1
(1−s)F (P,K)

P
−ξ2K + µP

�
P.

Compared to equation B2 the following expansions were made:

❼ The Holling type III function B2/(m+B2) reflects saturation in the fertility rate
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2.3 Predator-Prey Model with Capital

of humans. The number of children per human being is now limited. At first
it grows exponentially in B to ensure the survival of the human species. But
once a threshold is surpassed, it grows concavely in B. Again, the parameter
m > 0 indicates whether saturation is reached sooner or later.

❼ The expression (1− s)F (P,K)/P describes consumption per human being. It
has a negative effect on the death rate of humans and its impact is measured
by ξ1 ≥ 0. Due to the exponential form, the death rate decreases convexly in
consumption per person.

❼ The term ξ2K describes the impact capital has on the death rate of humans.
As assumed above, the use of machines makes work and everyday life easier
and safer, hence it has a negative impact on the death rate of humans. Due to
the exponential form, this effect is convex in capital. Its weighting is given by
ξ2 ≥ 0.

❼ The death rate of humans is now split into two terms. The basic and biolog-
ical mortality is given by µP > 0, the death rate which can be influenced by
consumption and capital is denoted by µP0 > 0.

In summary, the model we use to analyse the situation before the outbreak of an
infectious disease is given by these three differential equations:

Ḃ = νBB

�
1− B

B̄

�
− µBP

B2

m+B2
(1 + �1F (P,K) + �2K) (C1)

Ṗ = νPP
B2

m+B2
−

�
µP0e

−ξ1
(1−s)F (P,K)

P
−ξ2K + µP

�
P (C2)

K̇ = sF (P,K)− δK (C3)
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3 Epidemiological Models

In epidemiology mathematical models are used to analyse the spread of infectious
diseases within a population. These models gained a lot of popularity recently due
to the outbreak of Covid-19. They can be applied to display the dynamics of an
epidemic and make them understandable. In order to control the outbreak, they can
also help to choose the right measures. In this section we want to have a closer look
at two basic and popular epidemiological models.

3.1 SIR Model without Vital Dynamics

The SIR model from Kermack and McKendrick (1927) can be used to describe the
spread of diseases, for which infected persons gain permanent immunity afterwards.
In the SIR model without vital dynamics births and natural deaths are omitted.
Especially in epidemics which occur very fast, the flu for example, the impact of
demography can be neglected.

As in Hethcote (1989) the model divides the population N(t) at time t into three
disjoint classes of individuals, namely

❼ S(t): susceptible individuals - the amount of people who are neither infected
by the disease nor immune at time t,

❼ I(t): infectious individuals - the amount of infected people who are capable of
transmitting the disease to susceptible persons at time t,

❼ R(t): recovered individuals - the amount of people who have recovered from
the disease with permanent immunity at time t.

It holds that N(t) = S(t)+I(t)+R(t) with N(t) ≥ 0, S(t) ≥ 0, I(t) ≥ 0 and R(t) ≥ 0
at any time t. For simplicity we will write N,S, I, R instead of N(t), S(t), I(t), R(t).

Also the following assumptions are made in Hethcote (1989):

❼ The size of the populationN is sufficiently large, so that each class of individuals
can be considered as continuous variable.

❼ The average number of infectious contacts per infected person per unit of time
is α > 0. Therefore the average number of susceptible individuals getting
infected every time unit is αIS/N .
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❼ Infected persons start being infectious immediately and recover at a constant
rate γ > 0. This means that an individual is infectious for an average period
of 1/γ units of time.

The dynamic of the SIR model without vital dynamics is described by a triple of
first-order nonlinear differential equations

Ṡ = −α
SI

N
(D1)

İ = α
SI

N
− γI (D2)

Ṙ = γI (D3)

with initial conditions S(0) = S0 > 0, I(0) = I0 > 0 and R(0) = 0. The differential
equation D1 describes the transition rate from S to I. D2 shows that the amount of
infectious individuals is increasing due to infection and decreasing due to recovery.
Equation D3 describes the recovery rate from I to R. The transition rates are
summed up below.

Susceptible
αSI/N−→ Infectious

γI−→ Recovered

3.1.1 Analysis of the Dynamics

We want to examine the characteristics of solutions of the SIR model without vital
dynamics given by D1 - D3. As there is neither fertility nor mortality,

Ṅ = Ṡ + İ + Ṙ

= −α
SI

N
+ α

SI

N
− γI + γI

= 0,

the size of the population N is constant over time and the amount of recovered
individuals can always be found from S and I by using

R(t) = N − S(t)− I(t).

Hence, it is sufficient to analyse the dynamic of D1 and D2 in the (S, I) phase space.
The permissible area is given by the triangle T := {(S, I) | S ≥ 0, I ≥ 0, S+ I ≤ N}.
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3.1 SIR Model without Vital Dynamics

As Ṡ = 0 if S = 0, İ = 0 if I = 0 and ˙(S + I) = −γI ≤ 0 if S + I = N , the variables
can not leave the area T at any time.
There is a line of equilibria given by (S, 0) for 0 ≤ S ≤ N . This means that once the
abscissa is reached, the dynamic ends.

One major aspect is to find out weather or not an epidemic is emerging. For that
we examine the dynamic of the class of infectious individuals I. Starting at a point
S0 > 0 and I0 > 0 with N = S0 + I0, equation D2 yields

d I(t)

dt

����
t=0

= I0

�
α
S0

N
− γ

� �
> 0 ⇔ S0 >

γ
α
N

< 0 ⇔ S0 <
γ
α
N

This means that the amount of infected persons at the beginning is increasing and an
epidemic occurs if the amount of susceptible individuals is bigger than the threshold
ρ := γN/α. The size of I(t) keeps rising as long as S(t) > ρ.
On the other hand, the disease vanishes if there are not enough susceptible persons
left, namely if S(t) < ρ. And as Ṡ ≤ 0, there will never be an outbreak of the disease
again.

3.1.2 Trajectories

We also want to have a look at the behaviour of solutions in the (S, I) phase space.
Dividing the dynamic of infected individuals D2 by the dynamic of susceptible indi-
viduals D1 produces a single differential equation given by

dI

dt

dt

dS
= −1 + ρ

1

S

⇔ dI −
�
ρ
1

S
− 1

�
dS = 0.

As in subsection 2.2.2, this equation is exact with its potential function

F (S, I) = I + S − ρ ln(S).

We know that the trajectories of the solutions of the dynamic system D1 and D2 in
the (S, I) phase space are determined by the contour lines F (S, I) = C, which yields

I(S) = ρ ln(S)− S + C.
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The right trajectory for the initial value problem is found by using C = F (S0, I0),
which leads to

I(S) = ρ ln

�
S

S0

�
− S +N.

The behaviour of solutions in the (S, I) space can be seen in figure 3.1. All trajectories
start at the line determined by S + I = N . As long as the amount of susceptible
individuals S is bigger than the threshold ρ (marked by the dashed line), the amount
of infected individuals I keeps rising. At the dashed line İ = 0 and the maximum of
infectious people is reached with

Imax = ρ ln

�
ρ

S0

�
− ρ+N.

But if the initial amount of susceptible individuals S0 is already smaller than ρ, the
maximum of infectious people Imax is given by I0.
Figure 3.1 also shows that in the end all trajectories cut the abscissa at a positive
value for S. This means that the epidemic ends due to a lack of infectious individuals,
and not because there are no susceptible people left.
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Figure 3.1: Phase space dynamics for N = 100, α = 0.3, γ = 0.1, ρ = 100/3.
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3.1 SIR Model without Vital Dynamics

The following figure 3.2 shows the evolution of susceptible, infectious and recovered
individuals over time. Starting initially with eighty susceptible persons and twenty
infected people, the amount of infectious individuals rises as there are more than
ρ = 100/3 susceptibles left. After about ten units of time the epidemic reaches its
peak with close to 37 infected persons. At this point the amount of recovered people
rises the fastest.
The epidemic decreases once the number of susceptible individuals falls below the
threshold of ρ people. In the end there are no infectious persons left, which ends the
dynamic. But there are a few susceptibles, who survive the epidemic without getting
infected.
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Figure 3.2: The solution for parameters α = 0.3, γ = 0.1, ρ = 100/3 and initial
conditions S0 = 80, I0 = 20 and R0 = 0 against time.
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3.2 SIR Model with Vital Dynamics

The SIR model with vital dynamics extends the SIR model from section 3.1 by birth
and natural death. It can be used to model diseases which stay within a population
for a longer period of time, so that it is necessary to take vital dynamics into consid-
eration.

In addition to the definitions and requirements above, the following assumptions, as
in Hethcote (1989), are made for the SIR model with vital dynamics:

❼ People are born and die at equal rates given by µ > 0. All newborns enter the
system as susceptible individuals.

❼ Individuals from each class die at a constant rate µ > 0. This entails an
exponential age structure with an average lifetime of 1/µ time units.

Due to the additional assumptions, the differential equations D1 - D3 have to be
updated. The SIR model with vital dynamics is described by

Ṡ = µN − α
SI

N
− µS (E1)

İ = α
SI

N
− γI − µI (E2)

Ṙ = γI − µR (E3)

with initial conditions S(0) = S0 > 0, I(0) = I0 > 0 and R(0) = 0. Birth is given
by the term µN and increases the amount of susceptible persons. Natural death is
denoted by the expressions µS, µI and µR and decreases the numbers of susceptible,
infected and recovered individuals. The transition rates are summed up below.

µN

↓
Susceptible

αSI/N−→ Infectious
γI−→ Recovered

↓
µS

↓
µI

↓
µR

3.2.1 Analysis of the Dynamics

Very similar to subsection 3.1.1, we want to analyse the properties of solutions of
the SIR model with vital dynamics given by E1 - E3. It follows directly from the
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3.2 SIR Model with Vital Dynamics

transition rates that

Ṅ = Ṡ + İ + Ṙ

= µN − α
SI

N
− µS + α

SI

N
− γI − µI + γI − µR

= µN − µ(S + I +R)

= 0.

Therefore the size of the population N is constant over time again, and the amount
of recovered individuals can be found from S and I by using

R(t) = N − S(t)− I(t).

Hence, as in the previous section, it is sufficient to analyse the dynamic of E1 and
E2 in the permissible area T = {(S, I) | S ≥ 0, I ≥ 0, S + I ≤ N} of the (S, I) phase
space. The variables can not leave the area T at any time as Ṡ = µN > 0 if S = 0,
İ = 0 if I = 0 and ˙(S + I) = −γI ≤ 0 if S + I = N .

Due to the change in the dynamic of infectious individuals, also the condition of
weather or not an epidemic is emerging has changed. Starting at a point S0 > 0 and
I0 > 0 with N = S0 + I0, equation E3 results in

d I(t)

dt

����
t=0

= I0

�
α
S0

N
− γ − µ

� �
> 0 ⇔ S0 >

γ+µ
α

N

< 0 ⇔ S0 <
γ+µ
α

N

This means that the amount of infected persons at the beginning is increasing and an
epidemic occurs if the amount of susceptible individuals is bigger than the threshold
δ := (γ + µ)N/α. The size of I(t) keeps rising as long as S(t) > δ.
On the other hand, the spread of the disease decreases if there are not enough sus-
ceptible persons left, namely if S(t) < δ. But in contrast to the previous section,
there is a possibility in the SIR model with vital dynamics that Ṡ ≥ 0, which gives
a chance of a second outbreak when susceptible individuals have gained in numbers
again.

3.2.2 Equilibria

Another important difference compared to the previous section 3.1 is that the SIR
model with vital dynamics includes a possibility of an inner equilibrium. In order
to find all constant solutions for the reduced dynamic system E1 and E2, we set the
differential equations equal to zero and solve for S and I. By doing so we find two
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equilibria given by �
Ŝ1, Î1

�
= (N, 0)

�
Ŝ2, Î2

�
=

�
δ ,

µN

α

�
N

δ
− 1


�
with the threshold δ = (γ + µ)N/α from above. (Ŝ1, Î1) stands for a disease free
equilibrium, whereas (Ŝ2, Î2) represents a inner fixed point at which both classes
maintain their numbers over time if

σ :=
α

γ + µ
> 1.

As 1/(γ+µ) is the average period of infectivity and α the average number of contacts
per time unit, σ is the average number of contacts of an infected person during its
infectious period. It is also called contact number or basic reproduction rate.

The analysis of the behaviour of solutions next to the equilibria is based on the proof
of Theorem 6.1 in Hethcote (1989). The conditions for local stability can be found by
looking at the linearizations. The Jacobian matrix of the pair of differential equations
E1 and E2 is given by

J(S, I) =

� −α I
N
− µ −α S

N

α I
N

α S
N
− µ− γ

�
.

Evaluated at the steady state (Ŝ1, Î1) = (N, 0) it becomes

J(N, 0) =

� −µ −α
0 α− µ− γ



with its eigenvalues λ1 = −µ < 0 and λ2 = α − µ − γ. In case σ < 1, both eigen-
values are real and negative, hence (Ŝ1, Î1) = (N, 0) is a stable node. If σ > 1, the
eigenvalues are real and their signs differ, which makes the equilibrium a saddle node
and therefore unstable.
In case σ = 1 we can not say anything about the stability of the equilibrium from
its linearization as the eigenvalue λ2 = 0. But as no trajectory can leave the area T
at any time, it follows from the Poincaré-Bendixson theorem (see, e.g., Coddington
and Levinson 1955) that all paths either approach or coincide with a fixed point or
a cycle, or get closer to a cycle graph (see Coleman 1983). The Poincaré-Bendixson
theorem is only valid for two dimensional systems. And as we examine the reduced
system E1 and E2 in the (S, I) phase space, it can be applied here.
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3.2 SIR Model with Vital Dynamics

If σ ≤ 1, (Ŝ1, Î1) = (N, 0) is the only equilibrium in T . In addition, there can not
be a cycle, as cycles need to contain at least one fixed point inside. Also a cycle
graph in T is not possible, because a homoclinic loop can not emerge from a stable
equilibrium (see Guckenheimer and Holmes 1983).
Therefore the equilibrium (Ŝ1, Î1) = (N, 0) is asymptotically stable on T for σ ≤ 1
and a saddle node with the stable manifold {(S, 0) | 0 ≤ S ≤ N} for σ > 1.

The second equilibrium (Ŝ2, Î2) = (δ, µN/α[N/δ − 1]) is an inner fixed point and
differs from the first steady state (Ŝ1, Î1) = (N, 0) if and only if σ > 1. The Jacobian
matrix J(S, I) evaluated at the second equilibrium (Ŝ2, Î2) is given by

J

�
δ ,

µN

α

�
N

δ
− 1


�
=

 −µN
δ

−(γ + µ)

µ
�
N
δ
− 1

	
0

 .

With the trace t = −µN/δ being negative and the determinant d = µ(γ+µ)[N/δ−1]
being positive, we can obtain from the relation

λ1,2 =
t

2
±
�

t2

4
− d

that both eigenvalues λ1,2 have negative real part. Therefore the second equilibrium

(Ŝ2, Î2) = (δ, µN/α[N/δ − 1]) is locally stable.
The Bendixson-Dulac test with multiplying factor 1/I (see Hethcote 1976) applied
on the dynamical system E1 and E2 yields

∂

∂S

�
µ
N

I
− α

S

N
− µ

S

I

�
+

∂

∂I

�
α
S

N
− γ − µ

�
= − α

N
− µ

I
< 0.

Hence, if σ > 1, there is no closed path in T and the second equilibrium (Ŝ2, Î2) is
stable on T \ {(S, 0) | 0 ≤ S ≤ N}, with {(S, 0) | 0 ≤ S ≤ N} representing the
stable manifold of the saddle node (Ŝ1, Î1) = (N, 0).

3.2.3 Phase Space Dynamics

The behaviour of solutions of the SIR model with vital dynamics for two different
scenarios can be seen in figure 3.3. In case the contact number is low, σ = 0.5 <
1, figure (a) shows that the amount of infected individuals I is decreasing from
the beginning since the spread of the epidemic is not strong enough. The disease
vanishes over time with neither infected nor recovered individuals R left as the unique
equilibrium (Ŝ1, Î1) = (N, 0) = (100, 0) is stable on T .
In case the basic reproduction rate is high, σ = 2 > 1, figure (b) shows that the
number of infected individuals I is rising as long as the amount of susceptible people
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S is greater than the threshold δ = 50 (indicated by the dashed line) and decreasing
if the number of susceptibles S is lower than δ. In this scenario the eigenvalues of the
inner equilibrium are imaginary and complex conjugated to each other with negative
real parts, therefore (Ŝ2, Î2) = (δ, µN/α[N/δ − 1]) ≈ (50, 5) is a stable spiral sink.
The trajectories rotate counter clockwise around the steady state, which means that
infection follows the availability of sufficient susceptible individuals with a small lag.
The other equilibrium on the boundary of T (Ŝ1, Î1) = (N, 0) = (100, 0) is a saddle
node with its stable manifold given by {(S, 0) | 0 ≤ S ≤ 100}.
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(a) σ = 0.5
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(b) σ = 2

Figure 3.3: (S, I) phase space dynamics for different values of σ.

The evolution of each class for a scenario with a high contact number of σ = 2 can
be seen in figure 3.4. Starting initially with eighty susceptible individuals and twenty
infectious persons, the amount of infected people rises as long as there are more than
δ = 50 susceptibles left. After about ten units of time the epidemic reaches its peak
with a maximum of 27 infected individuals.
The epidemic decreases as long as the number of susceptible individuals lies below
the threshold of δ persons. But as people die from each class at equal rates and
newborns enter the world as susceptible individuals, the amount of susceptibles rises
again after some time. When the threshold of δ susceptible persons is surpassed, a
second and smaller wave of infections is triggered.
This process repeats itself over and over again. The outbreaks of the disease get
smaller every time and the whole scenario converges to a steady state with 50 sus-
ceptible individuals, 5 infected persons and 45 recovered people.
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3.3 Criticism and Extensions
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Figure 3.4: The solution for parameters α = 0.22, γ = 0.1, µ = 0.01, δ = 50, σ = 2
and initial conditions S0 = 80, I0 = 20 and R0 = 0 against time.

3.3 Criticism and Extensions

The SIR model without vital dynamics and the SIR model with vital dynamics de-
scribed in section 3.1 and 3.2 are two of the most popular epidemiological models.
But due to their simplicity they can only be used for certain kind of diseases. Before
choosing a model for analysis, it is very important to understand the properties of
a disease. In addition to the disease-related factors, such as the way it is trans-
mitted, infectivity, immunity and mortality, also environmental-related factors, such
as demography, public health care and geography have major impacts on the way
a epidemic can be treated. Therefore many different modifications and extensions
have been made to the basic SIR models over the last few years.
In case recovering from the disease does not give you immunity at all, a SIS model
with a transition rate from infected individuals I to susceptible people S can be
applied. If you only gain immunity for some limited time, the SIRS model, which
contains the possibility for recovered individualsR to become susceptible again, might
suit best.
Another kind of immunity is considered in a MSIR model. In contrast to the SIR
model with vital dynamics from the previous section, newborns do not enter the sys-
tem as susceptible individuals S. In this scenario babies enter the model in the new
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class of maternally-derived immunity M , which lasts for some time before becoming
susceptible S. Measles is a very dangerous disease and is modelled like this.
An extended model, which can be used for lethal diseases, is the SIRD model. It
introduces a fourth class of people, namely the group of deceased individuals D, and
a mortality rate leading from infected persons I to dead individuals D.
In case there is a incubation period for a disease, in which individuals are infected
but not yet infectious, a SEIR model can be used. The new class of exposed persons
E receives people from the class of susceptibles S and looses them to the class of
infectious individuals I.
Of course different models can also be merged or updated with vaccination. The
MSEIRS model is the fusion of a SIRS, MSIR and SEIR model. Vaccination can be
added by making newborns immune or introducing a transition rate from susceptible
individuals S to recovered persons R.
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4 BSIRK Model

In this section we want to create a dynamic system, which allows us to examine the
impacts of an infectious disease on predators within a predator-prey relationship.
Therefore the predator-prey model with capital from section 2.3 (equations C1 - C3)
is merged with a slightly modified SIR model with vital dynamics from section 3.2
(equations E1 -E3). We will refer to the new model as BSIRK model, where each
letter is representing a variable (prey B, susceptible individuals S, infected persons
I, recovered people R and capital K). The interpretation of the parameters are the
same as in sections 2.3, 3.1 and 3.2.
As in chapter 2, prey B is identified as nature and predators P as human beings.
In the BSIRK model an infectious disease spreads within the population of humans.
Therefore humanity P is divided into the three disjoint classes of individuals of the
SIR model with vital dynamics, namely susceptibles S, infected individuals I and
recovered people R. At any time t it holds that

P (t) = S(t) + I(t) +R(t).

The dynamic for natural ressources B is given by

Ḃ = νBB

�
1− B

B̄

�
− µB(S +R)

B2

m+B2
(1 + �1F (S +R,K) + �2K).

It is equal to differential equation C1 from section 2.3, except for the fact that in-
fected individuals I are on sick leave. Their consumption of natural resources is set
equal to zero for the duration of the infection. Production is only carried out with
the labour of susceptibles S and recovered persons R. Nature is expanding by the
logistic growth function νBB(1−B/B̄) and decreasing by a Holling type III function
µB(S + R)B2/(m+ B2) representing consumption of natural resources with satura-
tion. The size of consumption also depends on production F (S+R,K) and capitalK.

The differential equation for susceptible individuals S is given by

Ṡ = νP (S +R)
B2

m+B2
−
�
µP0e

−ξ1
(1−s)F (S+R,K)

S+I+R
−ξ2K + µP

�
S−�

α + (α0 − α)e−ρt
�
eρ̄

F (S+R,K)
S+I+R SI.
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This dynamic is based on equation C2 from section 2.3 and updated with a transition
rate from susceptible persons S to infected people I:

❼ The Holling type III function νP (S + R)B2/(m+ B2) represents the fact that
all children are born as susceptible individuals. Infected persons I are not
involved in the reproduction process for the duration of their infection. As in
the exploitation of nature, there is a saturation in the fertility rate of humans.

❼ The expression µP0e
−ξ1(1−s)F (S+R,K)/(S+I+R)−ξ2K + µP describes the death rate

of susceptible people S. It is influenced by consumption per capita and capital.
As above, all infected individuals are on sick leave and production is made only
by susceptibles S and recovered persons R.

❼ The transition rate from susceptible individuals S to infected persons I is given
by the last part of the differential equation. The average number of susceptibles
getting infected every time unit is split into two pieces:

– The probability of infection during a contact of an infected person with
another individual is described by α + (α0 − α)e−ρt with t ≥ 0. As the
infectiousness changes over time, the disease is allowed to mutate. The
initial infectiousness at t = 0 is marked by α0 ∈ [0, 1], while α ∈ [0, 1]
describes the long term infectiousness as t → ∞. The rapidity of mutation
is influenced by the parameter ρ ≥ 0.

– We assume that the number of contacts per individual is proportional
to the production per capita. A higher production per capita is linked
with more interactions between workers of one company and also between
workers of different companies. Hence, the number of contacts for every
person is described by eρ̄F (S+R,K)/(S+I+R) with a conversion factor ρ̄ ≥ 0.

The dynamic for infected individuals I is given by

İ =
�
α + (α0 − α)e−ρt

�
eρ̄

F (S+R,K)
S+I+R SI−�

µP0e
−ξ1

(1−s)F (S+R,K)
S+I+R

−ξ2K + µP + µI

�
I − γI.

This differential equation is based on equation E2 from section 3.2. The first part de-
scribes the transition rate from susceptible individuals S to infected persons I. The
second part represents the death rate for infected individuals I. It is based on the
basic death rate of all humans µP0e

−ξ1(1−s)F (S+R,K)/(S+I+R)−ξ2K + µP and extended
by a disease specific death rate µI ≥ 0. The last part determines the recovery rate
γ > 0 from infected people I to recovered individuals R.
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The dynamic for recovered individuals R is given by

Ṙ = γI −
�
µP0e

−ξ1
(1−s)F (S+R,K)

S+I+R
−ξ2K + µP

�
R.

This differential equation is equal to equation E3 from section 3.2, except for the
updated basic death rate of humans µP0e

−ξ1(1−s)F (S+R,K)/(S+I+R)−ξ2K + µP .

The differential equation for capital K is given by

K̇ = sF (S +R,K)− δK.

This dynamic is equal to differential equation C3 from section 2.3, except for the fact
that infected people I are on sick leave and production is only made by susceptible
individuals S and recovered persons R.

In summary, the BSIRK model is a five dimensional non-autonomous system which
allows us to examine the impact of an infectious disease on a predator within a
predator-prey relationship. By assuming a Cobb-Douglas production function, namely

F (L,K) = ALβK1−β

with a total factor productivity A > 0, an output elasticity of labour β ∈ (0, 1) and
an output elasticity of capital 1 − β, the dynamics are given by these differential
equations:

Ḃ = νBB

�
1− B

B̄

�
− µB(S +R)

B2

m+B2
(1 + �1A(S +R)βK1−β + �2K) (F1)

Ṡ = νP (S +R)
B2

m+B2
−

�
µP0e

−ξ1
(1−s)A(S+R)βK1−β

S+I+R
−ξ2K + µP

�
S−�

α + (α0 − α)e−ρt
�
eρ̄

A(S+R)βK1−β

S+I+R SI

(F2)

İ =
�
α + (α0 − α)e−ρt

�
eρ̄

A(S+R)βK1−β

S+I+R SI−�
µP0e

−ξ1
(1−s)A(S+R)βK1−β

S+I+R
−ξ2K + µP + µI

�
I − γI

(F3)

Ṙ = γI −
�
µP0e

−ξ1
(1−s)A(S+R)βK1−β

S+I+R
−ξ2K + µP

�
R (F4)

K̇ = sA(S +R)βK1−β − δK (F5)
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4 BSIRK Model

A short overview of all used parameters, their ranges, interpretations and the differ-
ential equations they occur in can be seen in the following table 4.1.

Table 4.1: Summary of all used parameters

Parameter Range Interpretation
Differential

Equations

νB (0,∞) growth rate of nature B

B̄ (0,∞) carrying capacity of nature B

µB (0,∞) exploitation rate of nature B

m (0,∞)
saturation parameter for exploitation

of nature and fertility of humans
B, S

�1 [0,∞) impact of production on nature B

�2 [0,∞) impact of capital on nature B

A (0,∞) total factor productivity B, S, I, R,K

β (0, 1) output elasticity of labour B, S, I, R,K

νP (0,∞) fertility rate of humans S

µP0 (0,∞) variable death rate of humans S, I, R

µP (0,∞) biological death rate of humans S, I, R

ξ1 [0,∞)
impact of consumption per capita on

variable death rate
S, I, R

ξ2 [0,∞)
impact of capital on variable death

rate
S, I, R

s [0, 1] savings rate S, I, R,K

α [0, 1] long term infectiousness S, I

α0 [0, 1] instant infectiousness S, I

ρ [0,∞) rapidity of mutation S, I

ρ̄ [0,∞) conversion factor S, I

µI [0,∞) disease specific death rate I

γ (0,∞) recovery rate I, R

δ (0,∞) depreciation rate K
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5 Systematic Analysis

In this chapter a systematic analysis for both of our introduced models is carried out.
The predator-prey model with capital (equations C1 - C3) from section 2.3 marks
a baseline model, which is applied to situations when no infectious disease spreads
among humans. The BSIRK model (equations F1 - F5) from chapter 4 is used when
an epidemic emerges.
The goal of this analysis is to give ranges for parameters of the model, where the
qualitative behaviour of the solution does not change. In case a dynamic system with
parameter values below a critical value θc displays qualitatively different behaviour
than for parameter values above this critical value θc, the system experiences a bi-
furcation and the critical parameter value θc is called bifurcation point. Classic
bifurcations show a change in the number of attractors, such as equilibria or limit
cycles, or a change in their stability.
Locating the bifurcation points of a dynamic system is an important part of simulat-
ing, as the estimation error of a parameter estimated close to a bifurcation point can
cause big differences to the solutions of the model and their interpretations. Hence,
we will not pay much attention to the quantitative results of the solutions, but rather
on their properties. To get an overlook of different types of bifurcations and further
information about bifurcation theory, see, e.g., Kuznetsov (2004).
The systematic analyses of the predator-prey model with capital and the BSIRK
model are carried out in MatCont. MatCont is a MATLAB software package for
the numerical continuation and bifurcation analysis of either continuous or discrete
dynamical systems depending on parameters. For this examination the graphical
user interface (GUI) of MatCont version 6p11 was used on MATLAB R2021a. For
further information on MatCont see Dhooge, Govaerts, Kuznetsov, et al. (2008).

5.1 Baseline Model before Epidemic

The pre-epidemic baseline model is given by the predator-prey model with capital
(equations C1 - C3) from section 2.3. To specify production a Cobb-Douglas pro-
duction function is chosen, namely

F (L,K) = ALβK1−β
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5 Systematic Analysis

with a total factor productivity A > 0, an output elasticity of labour β ∈ (0, 1) and
an output elasticity of capital 1− β. Therefore the differential equations become:

Ḃ = νBB

�
1− B

B̄

�
− µBP

B2

m+B2
(1 + �1AP

βK1−β + �2K) (G1)

Ṗ = νPP
B2

m+B2
−
�
µP0e

−ξ1
(1−s)APβK1−β

P
−ξ2K + µP

�
P (G2)

K̇ = sAP βK1−β − δK (G3)

Firstly, we implement the dynamic system G1 - G3 in MatCont and choose initial
values for the parameters, from where the bifurcation analysis is started. The initial
setup is given by:

νB = 0.5 B̄ = 100 µB = 0.02 m = 2 �1 = 0.1
A = 1 β = 0.6666 �2 = 0.05 νP = 0.05 µP0 = 0.018
ξ1 = 0.25 s = 0.1 ξ2 = 0.1 µP = 0.002 δ = 0.5

Starting at an initial point B0 = 50, P0 = 10 and K0 = 100 at t0 = 0 makes the
trajectory converge to an equilibrium given by�

B̂1, P̂1, K̂1

�
≈ (0.8977, 30.796, 2.754).

As the real part of the eigenvalues of the Jacobian matrix evaluated at this equilib-
rium are all negative, namely

λ1 ≈ −0.349

λ2 ≈ −0.0998 + 0.0696i

λ3 ≈ −0.0998− 0.0696i,

the equilibrium (B̂1, P̂1, K̂1) is a sink and hence locally stable.

5.1.1 Equilibrium Continuation

Our goal is to study the impact of single parameter changes on the equilibrium
(B̂1, P̂1, K̂1) and find bifurcation points. This procedure is called equilibrium con-
tinuation and can be done in any parameter. But in most of them no bifurcations
happen. In our situation there are three parameters in which bifurcation points can
be found: νP , µP and µP0 . The following examination is focused on the parameter
for the fertility rate of humans νP . The bifurcation analysis for the other parameters
µP and µP0 can be done similarly.
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5.1 Baseline Model before Epidemic

Figure 5.1: Continuation of (B̂1, P̂1, K̂1) with respect to νP in the (νP , B) space.

By continuing the equilibrium (B̂1, P̂1, K̂1) with respect to the parameter νP , the bi-
furcation diagram from figure 5.1 can be found. Decreasing νP step by step changes
the value of the equilibrium (B̂1, P̂1, K̂1).
At ν∗

P,1 ≈ 0.02917 a Hopf bifurcation (see, e.g., Kuznetsov 2004) happens and is
marked by the letter H in figure 5.1. The first Lyapunov coefficient is calculated
automatically by MatCont and has a negative value. Therefore the Hopf bifurcation
is supercritical. This means that the equilibrium (B̂1, P̂1, K̂1) is unstable and sur-
rounded by a stable limit cycle for νP values smaller than 0.02917. For νP values
bigger than 0.02917 the equilibrium (B̂1, P̂1, K̂1) is stable.
At ν∗

P,2 ≈ 0.01559 and ν∗
P,3 ≈ 0.01064 a neutral saddle equilibrium occurs (also

marked by H in figure 5.1). In these cases the sum of two eigenvalues is zero. But
there are no bifurcations happening, as the equilibrium is a hyperbolic saddle in both
points.
At ν∗

P,4 ≈ 0.00848 a limit point, often called fold bifurcation or saddle node bifur-
cation, occurs (again, see Kuznetsov 2004). It is marked by LP in figure 5.1 and
represents the collision of (B̂1, P̂1, K̂1) with another equilibrium.
In order to find out where the other colliding equilibrium comes from, one needs to
mention that there are other two trivial equilibria existing for the dynamic system
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5 Systematic Analysis

G1 - G3: �
B̂2, P̂2, K̂2

�
= (0, 0, 0)�

B̂3, P̂3, K̂3

�
= (B̄, 0, 0)

(B̂2, P̂2, K̂2) represents the full extinction of natural resources B, humans P and cap-
ital K, while (B̂3, P̂3, K̂3) marks the situation where humans P and capital K vanish
and nature B grows to its carrying capacity B̄.
From figures 5.1, 5.2 (a) and 5.2 (b) it can be seen that the equilibrium (B̂3, P̂3, K̂3)
experiences a branch point at ν∗

P,5 ≈ 0.01828 (again, see Kuznetsov 2004). In this

point, marked by BP in the figure, a fourth equilibrium (B̂4, P̂4, K̂4) emerges from
(B̂3, P̂3, K̂3) and moves inside. And by decreasing νP , the equilibrium (B̂4, P̂4, K̂4)
changes its values until it collides with equilibrium (B̂1, P̂1, K̂1) at the limit point
ν∗
P,4 ≈ 0.00848. Hence, there are at least four equilibria existing for νP ∈ (ν∗

P,4, ν
∗
P,5) ≈

(0.00848, 0.01828).
Both equilibria, the equilibrium found by computation (B̂1, P̂1, K̂1) and the equilib-
ria emerging from the branch point (B̂4, P̂4, K̂4), vanish for νP values smaller than
0.00848.

A short summary of the bifurcation points mentioned above can be seen in table 5.1.
The continuation of the equilibrium (B̂1, P̂1, K̂1) with respect to νP plotted within
the (νP , P ) space and plotted within the (νP , K) space can be seen in figure 5.2.

Table 5.1: Bifurcation points found by (B̂1, P̂1, K̂1) continuation with respect to νP

Bifurcation Point Interpretation Participating Equilibria

ν∗
P,1 ≈ 0.02917 supercritical Hopf bifurcation (B̂1, P̂1, K̂1)

ν∗
P,4 ≈ 0.00848 limit point (B̂1, P̂1, K̂1), (B̂4, P̂4, K̂4)

ν∗
P,5 ≈ 0.01828 branch point (B̂3, P̂3, K̂3), (B̂4, P̂4, K̂4)

5.1.2 Hopf Point, Limit Point and Branch Point Continuation

In this section, the bifurcation points from above are continued. There are two possi-
bilities available for continuing a Hopf bifurcation. On the one hand, the Hopf point
can be continued with respect to two free parameters. As a result we will obtain a
Hopf curve, which can be analysed in the two dimensional parameter space. On the
other hand, the limit cycle, which emerges at the Hopf bifurcation, can be continued
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Figure 5.2: Plots of the equilibrium curve in the (νP , P ) and (νP , K) space.

with respect to one free parameter. By doing so, we follow the size and the positon of
the limit cycle when the parameter changes. Here, the Hopf point will be continued.
The continuation of the limit cycle will be done in the following section.
Of course, the limit point and the branch point can be continued in two parameters
as well. Like for the Hopf point, a curve will be obtained and can be examined in
the two dimensional parameter space. When such a line is crossed due to changing
parameters, a bifurcation might happen and solutions of either side of the curve can
have different qualitative characteristics. The continuation of the limit point and the
branch point will be done also in this section.

At first, the continuation of the Hopf point is carried out. We choose νP , the fertility
rate of humans, and µP0 , the variable death rate of humans, as our free parameters.
Therefore the Hopf curve in the (νP , µP0) space shows the position of the Hopf point
with respect to those two parameters. The obtained plot can be seen in figure 5.3.
As we are only interested in solutions to systems with positive parameter values for
νP and µP0 , we focus on the interpretation of bifurcations happening in the first
quadrant. The figure consists out of two lines and one loop.
The lowest line represents the occurrence of supercritical Hopf bifurcations. This
means that a stable sink exists for parameter values out of the low right area. But
when crossing the line, the supercritical Hopf bifurcation happens. A stable limit
cycle emerges and the equilibrium changes its stability becoming an unstable saddle.
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Figure 5.3: Continuation of the Hopf point with respect to νP and µP0 .

The loop in the middle area does not represent a bifurcation. It only marks that
exactly on the loop the equilibrium becomes a neutral saddle equilibrium, where the
sum of two eigenvalues is zero. But the equilibrium is a hyperbolic saddle, hence
there are no bifurcations happening.
The highest line represents the limit point bifurcations. It means that when this
line is crossed, a fold bifurcation or also called saddle node bifurcation occurs and
that the equilibrium (B̂1, P̂1, K̂1) collides with the equilibrium (B̂4, P̂4, K̂4). Both
equilibria vanish for parameter values within the top left area.
Also present on the highest line in figure 5.3 is a Bogdanov-Takens bifurcation (see
Kuznetsov 2004). It occurs at (ν∗

P,1, µ
∗
P0,1

) ≈ (0.003814, 0.005034) and is marked by
BT . At this point a Hopf curve, a saddle node bifurcation curve and a homoclinic bi-
furcation curve meet. The saddle node bifurcation curve comes from the continuation
of the limit point. The homoclinic bifurcation (see Kuznetsov 2004) appears when
the limit cycle (emerging from the Hopf bifurcation) intersects with an equilibrium.
It was not possible to draw the homoclinic bifurcation curve, starting at the BT
point. As written in Al-Hdaibat and Govaerts (2013), the numerical continuation of
homoclinic bifurcations is very sensitive and a lot of trial and error has to be made.
Also changes to the MatCont code might be necessary. The origin of the homoclinic
bifurcation is addressed in the following section.
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(a) Continuation of the limit point
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Figure 5.4: Plots of the continuation of the limit point and the branch point with
respect to νP and µP0 .

The continuation of the limit point and the branch point can be seen in figure 5.4.
Again, we choose νP and µP0 as the two free parameters.
In figure 5.4 (a) the continuation of the limit point is plotted. It coincides with the
highest line of the Hopf curve. Crossing the line means that a saddle node bifurcation
happens, where two equilibria collide and vanish for parameter values out of the top
left area. Additionally to the Bogdanov-Takens bifurcation, a Cusp bifurcation (see
Kuznetsov 2004) is present at (ν∗

P,2, µ
∗
P0,2

) ≈ (0.002, 0). At this point two saddle node
bifurcation curves meet, the continuation of the limit point and the continuation of
the branch point.
The curve representing the continuation of the branch point is plotted on the right
side of figure 5.4. When crossing the line from the bottom, the equilibrium (B̂4, P̂4, K̂4)
emerges from (B̂3, P̂3, K̂3). Hence, the number of attractors are different on either
side of the curve.

When putting all continuations into one plot, figure 5.5 is obtained. For different
areas within this bifurcation diagram, solutions with different qualitative character-
istics exist.
For example, in case the parameter values for νP and µP0 are from region A, then
there exist three equilibria: the stable inner equilibrium (B̂1, P̂1, K̂1) and the unsta-
ble equilibria on the axes (B̂2, P̂2, K̂2) = (0, 0, 0) and (B̂3, P̂3, K̂3) = (B̄, 0, 0). This
means that as t → ∞, the system converges to a state of coexistence between natural
resources, humanity and capital stock.
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Figure 5.5: Continuation of the Hopf point (blue), limit point (red) and branch point
(green) with respect to νP and µP0 .

If the parameter values of νP and µP0 are from region B, then the equilibrium
(B̂1, P̂1, K̂1) experienced a supercritical Hopf bifurcation. Therefore a stable limit
cycle exists and enables periodic solutions. A solution for νP = 0.02 and µP0 = 0.015
is plotted in figure 5.6. The periodic behaviour can be seen easily. As in section
2.2.2, the solution in the (B,P ) space rotates counter clockwise, which means that
the number of humans follows the development of natural resources with a little lag.
In case the parameter values are from the area C, the other inner equilibrium

(B̂4, P̂4, K̂4) has emerged from (B̂3, P̂3, K̂3) as we crossed the continuation of the
branch point. The dotted lines in area C only mark the neutral saddle equilibria,
hence no bifurcation happens when crossing these lines.
If the parameter values of νP and µP0 are from region D, then the two inner equilib-
ria experienced a saddle node bifurcation as the continuation of the limit point was
crossed. After the collision, both equilibria vanish. The solutions of the dynamic
system now converge to the equilibrium (B̂3, P̂3, K̂3) = (B̄, 0, 0). As the value of the
variable death rate of humans µP0 is very high in comparison to the fertility rate of
humans νP in region D, it is not surprising that humanity becomes extinct in this
case. Trajectories plotted for νP = 0.02 and µP0 = 0.08 can be seen in figure 5.7.
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Figure 5.6: Plots of the periodic solution at νP = 0.02 and µP0 = 0.015 against time.

Figure 5.7: Different trajectories plotted for νP = 0.02 and µP0 = 0.08.
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5.1.3 Limit Cycle Continuation

Now the stable limit cycle, which emerges at the Hopf bifurcation point, is continued
with respect to the parameter νP . As the parameter νP decreases, the limit cycle
changes its position and its size.
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Figure 5.8: The position and size of the limit cycle plotted for various values of νP
in the (B,P ) space.

The movement of the limit cycle in the (B,P ) space can be seen in figure 5.8. At
ν∗
P,1 ≈ 0.02917, the Hopf bifurcation happens and a stable limit cycle emerges from
the equilibrium. The size of the limit cycle is small at the beginning. For example,
see the red limit cycle for νP = 0.0291 in figure 5.8. But by decreasing νP step
by step, the size of the limit cycle increases. Again, see the green limit cycle for
νP = 0.02906. At ν∗

P,2 ≈ 0.02905 a branch point of limit cycles occurs (see also fold
bifurcation of cycles in Kuznetsov 2004). At this bifurcation point, the limit cycle
intersects and merges with another limit cycle. This results in a sudden and big
change of size, as the blue limit cycle for νP = 0.02904 shows. After this bifurcation,
the position of the limit cycle keeps changing until ν∗

P,3 ≈ 0.01497. At this value a
homoclinic bifurcation happens (see Kuznetsov 2004), which means that the limit
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5.1 Baseline Model before Epidemic

cycle meets the saddle node equilibrium (B̂4, P̂4, K̂4) from subsection 5.1.1. In this
case the unstable manifold of the saddle node equilibrium matches with the stable
manifold of the equilibrium. The homoclinic connection is shown by the black curve
in figure 5.8. The limit cycle vanishes for νP values smaller than ν∗

P,3.
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Figure 5.9: The impact of the limit cycle continuation on its period.

The bifurcation points ν∗
P,1, ν

∗
P,2, ν

∗
P,3 and their effects on the period of the limit cycle

can be seen in the following figure. At ν∗
P,1 ≈ 0.02917 the limit cycle emerges from the

Hopf bifurcation. This is marked by the limit point cycle bifurcation LPC is figure
5.9. The size of the limit cycle is growing slowly as νP decreases. The branch point of
limit cycles BPC occurs at ν∗

P,2 ≈ 0.02905 and leads to a sudden and big rise in the
period as the limit cycles intersect. The period keeps growing until ν∗

P,3 ≈ 0.01497.
At this point the homoclinic bifurcation happens. It is marked by LPC in the figure.
The period grows to infinity, because there is an equilibrium on the limit cycle.

At the branch point of cycles bifurcation ν∗
P,2 ≈ 0.02905 two limit cycles coexist and

collide. This contact gives rise to very bizarre numerically computed trajectories.
One of them can be found in figure 5.10. The orbit switches back and forth between
the limit cycles and deviates from them all the time due to computational inaccuracy.
Further information on branch point of cycles bifurcations and how to handle them
in MatCont can be found in Dhooge, Govaerts, and Kuznetsov (2004).
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Figure 5.10: Plot of a bizarre trajectory for νP = 0.029052.

A short summary of the bifurcation points found during the limit cycle continuation
with respect to νP can be seen in table 5.2.

Table 5.2: Bifurcation points at limit cycle continuation

Bifurcation Point Interpretation Participating Equilibrium

ν∗
P,1 ≈ 0.02917 supercritical Hopf bifurcation (B̂1, P̂1, K̂1)

ν∗
P,2 ≈ 0.02905 branch point of limit cycles -

ν∗
P,3 ≈ 0.01497 homoclinic bifurcation (B̂4, P̂4, K̂4)
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5.2 BSIRK Model

5.2 BSIRK Model

The BSIRK model is a dynamic system, which can be applied to examine the rela-
tionship between natural resources, humans and capital in case an infectious disease
spreads among humanity. The systematic properties of the BSIRK model are studied
in this section. The five differential equations F1 - F5 determine the dynamics of the
model and are listed below.

Ḃ = νBB

�
1− B

B̄

�
− µB(S +R)

B2

m+B2
(1 + �1A(S +R)βK1−β + �2K) (F1)

Ṡ = νP (S +R)
B2

m+B2
−

�
µP0e

−ξ1
(1−s)A(S+R)βK1−β

S+I+R
−ξ2K + µP

�
S−�

α + (α0 − α)e−ρt
�
eρ̄

A(S+R)βK1−β

S+I+R SI

(F2)

İ =
�
α + (α0 − α)e−ρt

�
eρ̄

A(S+R)βK1−β

S+I+R SI−�
µP0e

−ξ1
(1−s)A(S+R)βK1−β

S+I+R
−ξ2K + µP + µI

�
I − γI

(F3)

Ṙ = γI −
�
µP0e

−ξ1
(1−s)A(S+R)βK1−β

S+I+R
−ξ2K + µP

�
R (F4)

K̇ = sA(S +R)βK1−β − δK (F5)

The appearance of the independent time variable t in equation F2 and F3 makes the
system non-autonomous. Hence, finding equilibria by setting the right sides of the
differential equations equal to zero is not possible.
To overcome this problem and make a systematic analysis possible, we set t = ∞ in
the respective equations F2 and F3. This is done, because equilibria and limit cycles
can only be reached when t → ∞, and therefore this does not change the position
of the attractors and makes the system autonomous. By doing so, the following
dynamic system is obtained.

Ḃ = νBB

�
1− B

B̄

�
− µB(S +R)

B2

m+B2
(1 + �1A(S +R)βK1−β + �2K) (G1)

Ṡ = νP (S +R)
B2

m+B2
−

�
µP0e

−ξ1
(1−s)A(S+R)βK1−β

S+I+R
−ξ2K + µP

�
S−

αeρ̄
A(S+R)βK1−β

S+I+R SI

(G2)
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İ = αeρ̄
A(S+R)βK1−β

S+I+R SI −
�
µP0e

−ξ1
(1−s)A(S+R)βK1−β

S+I+R
−ξ2K

+ µP + µI

�
I − γI

(G3)

Ṙ = γI −
�
µP0e

−ξ1
(1−s)A(S+R)βK1−β

S+I+R
−ξ2K + µP

�
R (G4)

K̇ = sA(S +R)βK1−β − δK (G5)

Within this section, the autonomous system G1 - G5 is used to compute equilibria
and carry out the bifurcation analysis in MatCont. But the non-autonomous system
F1 - F5 is used for plotting trajectories of solutions against time.
Another possibility for dealing with non-autonomous systems is to introduce an aux-
iliary variable H denoted by H = t/(1 + t). By doing so, the independent time
variable can be replaced by t = H/(1−H). Adding the differential equation for H,
namely

Ḣ = (1−H)2,

makes the system autonomous. But this method increases the dimension of the sys-
tem and thus also the computing effort. Therefore we apply the first method in this
work by setting t = ∞.

As in the previous section, the first step is to implement the dynamic systems G1 -
G5 in MatCont and choose initial values for the parameters. From there the bifurca-
tion analysis is started by changing parameter values and examining the qualitative
properties of the solutions. The initial setup is given by:

νB = 1 B̄ = 10 µB = 0.1
m = 9.6 �1 = 0.05 A = 1
β = 0.5 �2 = 0.25 νP = 0.1
µP0 = 0.04 ξ1 = 0.2 s = 0.2
ξ2 = 0.2 µP = 0.04 α = 0.08
α0 = 0.06 ρ = 1 ρ̄ = 0.01
µI = 0.1 γ = 0.01 δ = 0.1
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Starting at an initial point B0 = 10, S0 = 6, I0 = 1, R0 = 0 and K0 = 10 at t0 = 0
makes the trajectory converge to an equilibrium given by�

B̂1, Ŝ1, Î1, R̂1, K̂1

�
≈ (9.35, 1.92, 0.62, 0.135, 8.22).

As the real part of the eigenvalues of the Jacobian matrix evaluated at this equilib-
rium are all negative, namely

λ1 ≈ −0.8824

λ2 ≈ −0.0567

λ3 ≈ −0.039

λ4 ≈ −0.0045 + 0.0863i

λ5 ≈ −0.0045− 0.0863i,

the equilibrium (B̂1, Ŝ1, Î1, R̂1, K̂1) is a sink and hence locally stable.

5.2.1 Equilibrium Continuation

In order to find bifurcation points, the equilibrium (B̂1, Ŝ1, Î1, R̂1, K̂1) is continued
with respect to the parameter for the biological death rate of humans µP . As men-
tioned in the previous section, equilibrium continuation can be done in any parameter,
but in most of them no bifurcation points can be found.

The continuation of the equilibrium (B̂1, Ŝ1, Î1, R̂1, K̂1) with respect to the parameter
µP is represented by the middle line in the left part of figure 5.11.
The bifurcation diagram also shows the continuation of two more equilibria, (B̂2, Ŝ2,
Î2, R̂2, K̂2) and (B̂3, Ŝ3, Î3, R̂3, K̂3). Both of them describe a steady state, where the
infectious disease vanishes, which means Î3 = R̂3 = Î4 = R̂4 = 0. The difference is
that in (B̂2, Ŝ2, Î2, R̂2, K̂2) the steady state value for nature B is high, but for suscep-
tible individuals S and capital K low. Therefore the trade off enables a nature full of
resources near its carrying capacity with economy being small. In (B̂3, Ŝ3, Î3, R̂3, K̂3)
the steady state value of nature B is low, but for susceptible humans S and capital
K high. This means that at this equilibrium nature is being exploited much more in
order to keep a big economy.
Decreasing µP step by step from an initial value of 0.04 changes the position of all
three equilibria, but shows no more bifurcations. The first bifurcation point when
increasing µP is met at µ∗

P,1 ≈ 0.0702. At this value a Hopf bifurcation happens to

(B̂1, Ŝ1, Î1, R̂1, K̂1). The first Lyapunov coefficient is negative, hence the Hopf bifur-
cation is supercritical. This means that the equilibrium (B̂1, Ŝ1, Î1, R̂1, K̂1) becomes
unstable and surrounded by a stable limit cycle for µP values higher but close to
µ∗
P,1. The Hopf bifurcation is marked by H in figure 5.11
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Figure 5.11: Continuation of (B̂1, Ŝ1, Î1, R̂1, K̂1), (B̂2, Ŝ2, Î2, R̂2, K̂2) and
(B̂3, Ŝ3, Î3, R̂3, K̂3) with respect to µP in the (µP , B) space.

The second bifurcation happens at µ∗
P,2 ≈ 0.0855. At this value a branch point occurs,

which means that the equilibrium (B̂1, Ŝ1, Î1, R̂1, K̂1) intersects with the equilibrium
(B̂2, Ŝ2, Î2, R̂2, K̂2). The branch point is marked by BP in figure 5.11. The fixed
point (B̂1, Ŝ1, Î1, R̂1, K̂1) vanishes for µP values bigger than µ∗

P,2, as the steady state
values for infected persons I and recovered individuals R get negative.
Continuing (B̂2, Ŝ2, Î2, R̂2, K̂2) from the branch point BP by increasing µP leads
to a limit point, or often called fold bifurcation. At µ∗

P,3 ≈ 0.086 the equilibria

(B̂2, Ŝ2, Î2, R̂2, K̂2) and (B̂3, Ŝ3, Î3, R̂3, K̂3) collide. Both equilibria vanish for µP val-
ues bigger than µ∗

P,3. The limit point is marked by LP in figure 5.11.

The other three points marked by H on the equilibrium line of (B̂3, Ŝ3, Î3, R̂3, K̂3),
the lowest of all curves, represent neutral saddle equilibria. At these points the sum
of two eigenvalues is zero. But there are no bifurcations happening, as the equilib-
rium is a hyperbolic saddle in all three cases.
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5.2 BSIRK Model

A short summary of the bifurcation points mentioned above can be seen in table 5.3.
The equilibrium curves plotted within the (µP , S) and (µP , K) space can be seen in
figure 5.12.

Table 5.3: Bifurcation points found by equilibrium continuation with respect to µP

Bifurcation Point Interpretation Participating Equilibria

µ∗
P,1 ≈ 0.0702 supercritical Hopf bifurcation (B̂1, Ŝ1, Î1, R̂1, K̂1)

µ∗
P,2 ≈ 0.0855 branch point

(B̂1, Ŝ1, Î1, R̂1, K̂1),

(B̂2, Ŝ2, Î2, R̂2, K̂2)

µ∗
P,3 ≈ 0.086 limit point

(B̂2, Ŝ2, Î2, R̂2, K̂2),

(B̂3, Ŝ3, Î3, R̂3, K̂3)
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Figure 5.12: Plots of the equilibrium curves in the (µP , S) and (µP , K) space.
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5 Systematic Analysis

5.2.2 Hopf Point, Limit Point and Branch Point Continuation

In this section, the Hopf point, the limit point and the branch point from above are
continued with respect to two free parameters. The biological death rate of humans
µP and the recovery rate of humans γ are chosen as the bifurcation parameters. The
obtained curves will be analysed in the two dimensional parameter space (µP , γ).
When such a line is crossed due to changing parameters, a bifurcation might happen
and solutions of either side of the curve can have different qualitative behaviour. The
continuation of the limit cycle, which emerges at the Hopf bifurcation, will be done
in the following section.
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Figure 5.13: Continuation of the Hopf point (blue), limit point (red) and branch point
(green) with respect to µP and γ.

The continuation of the Hopf point can be seen by the blue line in figure 5.13. At
(µ∗

P,1, γ
∗
1) ≈ (0.086, 0.058) a Bogdanov-Takens bifurcation occurs. It is marked by

BT . At this point a Hopf curve, a saddle node bifurcation curve and a homoclinic
bifurcation curve meet. The saddle node bifurcation curve is given by the red line,
which represents the continuation of the limit point. It was not possible to draw
the homoclinic bifurcation curve due to numerical difficulties within MatCont (see
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5.2 BSIRK Model

Al-Hdaibat and Govaerts 2013). But the origin of the homoclinic bifurcation is ad-
dressed in the following section.
In case the parameter values of µP and γ are from region A, three non-trivial equilib-
ria exist. There is the stable inner equilibrium (B̂1, Ŝ1, Î1, R̂1, K̂1) and the unstable
equilibria (B̂2, Ŝ2, Î2, R̂2, K̂2) (big nature, small economy) and (B̂3, Ŝ3, Î3, R̂3, K̂3) (ex-
ploited nature, big economy), where in both cases the disease has vanished. Hence,
as t → ∞, the system converges to a steady state of coexistence within area A.
Crossing the blue line by changing the parameter values of µP and γ means experi-
encing a supercritical Hopf bifurcation. Therefore a stable limit cycle exists for area
B and enables periodic solutions. A trajectory plotted with the non-autonomous
differential equations F1 - F5 for parameter values from region B can be seen in
figure 5.14.
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Figure 5.14: Plots of a periodic solution from area B against time.
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Right at the green line of figure 5.13, the continuation of the branch point, the
inner equilibrium (B̂1, Ŝ1, Î1, R̂1, K̂1) intersects with (B̂2, Ŝ2, Î2, R̂2, K̂2). But both
equilibria also exist within region C.
The continuation of the limit point is given by the red curve. When crossing this
line (B̂2, Ŝ2, Î2, R̂2, K̂2) and (B̂3, Ŝ3, Î3, R̂3, K̂3) collide. A fold bifurcation happens,
which means both of them vanish for parameter values out of area D. The inner
equilibrium (B̂1, Ŝ1, Î1, R̂1, K̂1) gets negative steady state values, hence we stopped
drawing the continuation. Trajectories for parameter values out of this area converge
to the trivial equilibria (B̄, 0, 0, 0, 0). This is not a surprise as the natural death rate
of humans is very high then.

5.2.3 Limit Cycle Continuation

Now the stable limit cycle, which emerges at the supercritical Hopf bifurcation, is
continued with respect to the parameter µP . The dependence of the position and
the size of the limit cycle on the parameter µP can be seen in figure 5.15. The limit
cycle emerges at the Hopf bifurcation µ∗

P,1 ≈ 0.0702. From there it keeps growing
until µ∗

P,2 ≈ 0.08. At this point a limit point of cycles occurs. It is marked by LPC
in figure 5.15 and represents a homoclinic bifurcation, where the limit cycle collides
with the equilibrium (B̂2, Ŝ2, Î2, R̂2, K̂2) (big nature, small economy). The effects of
the homoclinic bifurcation can be seen in figure 5.16. Next to µ∗

P,2 ≈ 0.08, the period
explodes.

Table 5.4: Bifurcation points at limit cycle continuation

Bifurcation Point Interpretation
Participating Equilib-

rium

µ∗
P,1 ≈ 0.0702 supercritical Hopf bifurcation (B̂1, Ŝ1, Î1, R̂1, K̂1)

µ∗
P,2 ≈ 0.08 homoclinic bifurcation (B̂2, Ŝ2, Î2, R̂2, K̂2)
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5.2 BSIRK Model

Figure 5.15: The position and size of the limit cycle plotted for different values of µP

in the (S,B, µP ) space.
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Figure 5.16: The impact of µP on the period of the limit cycle.
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5 Systematic Analysis

5.2.4 Chaotic Behaviour

As a final point, we show that chaotic behaviour is present within the BSIRK model.
Chaotic behaviour can be described as deterministic random behaviour within a
bounded space that is sensitive to initial conditions (see Pham et al. 2018). A fa-
mous dynamic system which shows chaotic behaviour for specific parameter values
is the Lorenz system (see Eriksson, Johnson, and Estep 2004).
In the BSIRK model we consider the limit cycle from above at the parameter value
µP = 0.08. This is just before it experiences the homoclinic bifurcation and collides
with the equilibrium (B̂2, Ŝ2, Î2, R̂2, K̂2). Starting from this curve, a limit cycle con-
tinuation is carried out with respect to the saturation parameter m. A plot of the
stable limit cycle for m = 4 in the (S,B,K) space can be seen in figure 5.17 (a).
Figure 5.17 (b) shows a B trajectory, computed by the non-autonomous dynamic
system F1 - F5, with a short transitional path.
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Figure 5.17: Plot of the stable limit cycle in the (S,B,K) space and a B trajectory
with transitional path for m = 4.

At µ∗
1 ≈ 2.8823 a period-doubling bifurcation, or often called flip bifurcation (see

Kuznetsov 2004), happens. The period increases instantly from 210 to 400. The
effects can be seen in figure 5.18, where the stable limit cycle and the B trajectory
with a small transitional path, again computed by the non-autonomous dynamic
system F1 - F5, are plotted for m = 2.5. The trajectory now needs to take two
rounds until it reaches the spot where it started again.
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(a) Stable limit cycle
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Figure 5.18: Plot of the stable limit cycle in the (S,B,K) space and a B trajectory
with transitional path for m = 2.5.

More period-doubling bifurcations happen as m decreases. The limit cycle becomes
a chaotic attractor and is plotted for m = 1 in figure 5.19. A chaotic trajectory for
the case m = 1, computed by the non-autonomous dynamic system F1 - F5, can be
seen in figure 5.20.
Unfortunately there are no methods in MatCont available to detect chaos. When
continuing the limit cycle with respect to the parameter m as above, only the first
double-period bifurcation is found. All the others have to be searched manually. Also
the impacts on the period of the limit cycle are not detected.
But there are other possibilities to find out if chaotic behaviour is present, such as
looking at the Lyapunov exponents of the dynamic system. The Lyapunov exponents
measure the sensitive dependence on initial conditions and calculating them is a
technical tool, which gives us a hint whether we experience chaos or not. They can
only be considered as indicators for chaos at specific parameter values. To calculate
them in Matlab, the script of Govorukhin (2021) was used.
The biggest Lyapunov exponent for the initial setup with m = 1 and µP = 0.08 is
estimated by 0.023. It is greater than zero, which means that the difference of two
adjacent trajectories grows exponentially after some time. But also for other values,
namely m ∈ [0.14, 2.18], the biggest Lyapunov exponent is positive. Hence, chaotic
behaviour is indicated for m ∈ [0.14, 2.18].
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Figure 5.19: Plot of the chaotic attractor for m = 1 in the (S,B,K) space.
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Figure 5.20: Chaotic B trajectory for m = 1 against time.
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6 Conclusion

In this thesis two new dynamic models were introduced. The first system, a predator-
prey model extended by capital and production, was used as a baseline model. It
was applied to analyse situations in which no infectious disease is spreading. The
second system, the BSIRK model, was created by merging the baseline model with
a SIR model from epidemiology. It was used to analyse the interactions between
natural resources, susceptible, infected and recovered individuals and capital, in case
an epidemic occurs.
A systematic analysis was carried out for both models in MatCont. Starting from
an initial setup with convergence to a stable and inner sink, parameter values were
changed in order to find bifurcation points. Popular bifurcations of codimension one,
such as a supercritical Hopf bifurcation, a branch point and a fold bifurcation, were
found in both models by continuing equilibria. Also the appearance of homoclinic bi-
furcations by continuing limit cycles were shown in both models. A fold bifurcation of
cycles was only present in the baseline model. Regarding bifurcations of codimension
two, a Bogdanov-Takens point was found in both models by continuing the bifurca-
tion points of codimension one. The occurrence of a Cusp bifurcation could only be
found in the predator-prey model extended by capital and production. However, the
appearance of chaotic behaviour and a chaotic attractor were only present within the
BSIRK model.
But finding these bifurcation points is only the tip of the iceberg. As the occurrence
of bifurcations depends on the initial setup of parameters, the models are far from
being analysed completely. In fact, many other bifurcation points might be found
for different initial setups. Therefore much more research has to be done, in order to
be able to withdraw quantitative results from both models.
One major aspect is to find accurate estimators for the parameters of each model.
Carrying out a systematic analysis based on a realistic initial setup reveals serious
bifurcation points. Only when this is done, quantitative results can be obtained.
However, finding reliable estimators is difficult. Especially for parameters concerning
infectious diseases, because conducting experiments within this area is either impos-
sible or very expensive. Therefore a lot of data has to be collected during naturally
emerging epidemics.
The computational inaccuracies of numerical toolboxes are another problem I faced
while working on this thesis. Sometimes equilibria can not be continued or scripts
stop working due to a division by zero error, even though the whole fraction exists.
Also the continuation of homoclinic bifurcations is very sensitive and connected with
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6 Conclusion

a lot of trial and error.
All these issues might be addressed in future studies or solved within the future up-
dates. Still, the enormous impacts of Covid-19 have shown us that time, research
and work dedicated to those topics is essential.
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