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We demonstrate numerically and experimentally that
intense pulses propagating in gas-filled capillaries can
undergo localization in space and time due to strong
plasma defocusing. This phenomenon can occur be-
low or above the self-focusing threshold Pcr as a re-
sult of ionization-induced refraction that excites higher-
order modes. The constructive interference of higher-
order modes leads to spatio-temporal localization and
resurgence of the intensity. Simulations show that
this confinement is more prominent at shorter wave-
length pulses and for smaller capillary diameters. Ex-
periments with ultraviolet pulses show evidence that
this ionization-induced refocusing appears below Pcr
and thus represents a mechanism for spatio-temporal
confinement without self-focusing. © 2018 Optical Society

of America

OCIS codes: (190.7110) Ultrafast nonlinear optics; (350.5500) Propaga-
tion; (260.3230) Ionization.
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Propagation of intense pulses in gases is inevitably accompa-
nied by ionization. The resulting plasma defocusing reduces
the laser intensity and shortens the effective interaction length
of nonlinear processes such as high-harmonic generation and
supercontinuum generation. To overcome this limit, various ap-
proaches of guiding intense pulses have been developed. Kerr-
induced filamentation can be utilized under conditions of weak
ionization [1]. Shock-formed plasma waveguides [2] and gas-
filled capillary discharge waveguides [3] exploit the transversely
decreasing refractive index and enable total internal reflection.
However, this approach increases the complexity of the inter-
action and is restricted to a narrow range of plasma densities.
Pulses can also be guided using glancing incidence reflection
in capillaries [4] or anti-resonant reflection in photonic crystal
fibers [5]. In hollow fibers, monomode guiding of the fundamen-
tal mode is preferred owing to its small attenuation and has been
demonstrated when the ionization degree is small or the gas den-
sity is low [6]. As the laser intensity increases, strong nonlinear

interactions excite higher-order modes in waveguides, and the
spatio-temporal coupling of these modes gives rise to new phe-
nomena such as pulse self-compression [7] and generation of
multimode optical solitons [8].

Recent experiments have demonstrated efficient generation
of high-order harmonics beyond the water window driven by
UV pulses in a capillary filled with gases near atmospheric pres-
sures, that must be occuring in multiply-ionized plasmas [9].
The HHG emission is optimized at a capillary length of 1.3 cm
and gas pressure of several hundred torr. Normally, the coher-
ence length of phase matching in such a highly-ionized plasma
is only 1.5 µm, and the absorption length is 1.3 mm, if the lin-
ear and nonlinear indices of the ions are not taken into account.
Moreover, efficient soft X-ray harmonic generation suggests that
a laser intensity of 6× 1015 W/cm2 is sustained over some length
in the capillary waveguide, i.e., some form of spatio-temporal
localization.

In this Letter, we show through simulations that such spatio-
temporal localization can occur through the combined effect of
plasma defocusing and reflection from the capillary walls and is
unrelated to P/Pcr. We also show that at higher powers P� Pcr
this localization can be enhanced, in contrast to common belief
that self-focusing limits the pulse energy for ionization-induced
pulse compression in capillaries and high powers should be
avoided [10, 11]. Simulations indicate that spatio-temporal local-
ization is enhanced by using smaller capillary radii and shorter
wavelengths, and since plasma generation depends on the laser
intensity, focusing more tightly into the waveguide core is bene-
ficial for excitation of higher-order modes and inducing strong
spatio-temporal nonlinear localization. Our experiments with
ultraviolet pulses provide evidence that refocusing reminiscent
of self-focusing occurs for input powers below Pcr.

We model nonlinear propagation in a gas-filled capillary us-
ing the nonlinear envelope equation [12] with a modal expan-
sion [13, 14] for the transverse coordinates. For a linearly polar-
ized beam with cylindrical symmetry, the electric field can be
approximated as,

E(r, t, z) = ∑
n
En(t, z)J0(k⊥,nr) exp(ikz,0z− iω0t), (1)

where En(t, z) is the complex modal envelope, J0(k⊥,nr) is the
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zeroth-order Bessel function, which we take to be the basis of
the spatial mode in the circular waveguide, n is the mode index,
k⊥,n = un/a is the axial wave number with un the nth root of
the equation J0(un) = 0, a is the radius of the capillary, and kz,n
is the wave number in the propagation direction,

kz,n(ω, k⊥,n) =
√

k2(ω)− k2
⊥,n , (2)

where k(ω) = ωn(ω)/c, ω is angular frequency, n(ω) is the
refractive index, and c is the speed of light. The evolution of
each modal component is described by [15],

∂Ẽn

∂ζ
= i[kz,n(ω) + iαn − κ(ω)]Ẽn +

i
2kz,n

ω2

ε0c2 (P̃NL,n + i
J̃n

ω
),

(3)
where ˜ indicates that the quantity is in the frequency domain, ζ
is the propagation distance, κ(ω) = k0 + (ω−ω0)/vg, and vg is
the group velocity of the fundamental mode. Losses are mainly
due to partial reflection at the gas-glass interface, and under
the condition k0a � un [16], the loss coefficient αn is given by,
αn = 1

2
( un

2π

)2 λ2

a3
1+εcl√
εcl−1

, where εcl is the dielectric constant of the
cladding. Kerr-nonlinearity and ionization effects are included
in P̃NL and J̃ , which are calculated in the frequency domain
using the following expressions:

P̃NL = 2ε0n0ñ2IE , (4)

J̃ = − nω

2kz,nc
∑i WiUpiρ̃iE

I +
e2

me

τc

1− iωτc
ρ̃E , (5)

where n2 is the nonlinear refractive index, I is the laser intensity,
Ẽ = ∑n Ẽn J0(k⊥,nr), Wi is the ionization rate, ρi and Upi are
the density and ionization potential of ions of ith charge state,
respectively, e and me are the electron charge and mass, τc is the
collision time between the electrons and ions or neutral atoms,
and ρ is the electron density. The number density ρi is calculated
from the rate equations using PPT ionization rate [17]. The terms
P̃NL and J̃ lead to mode coupling, and their modal components
P̃NL,n and J̃n are substituted into Eq. 3. An alternative approach
without modal decomposition can be found in Ref. [18].

While simulations near atmospheric pressure and above us-
ing the nonlinear envelope equation predict femtosecond fila-
mentation in free space, the laser intensity remains moderate
owing to intensity clamping [19]. For simulations of pulse prop-
agation in gas-filled hollow fibers, the intensity is typically near
or just above the ionization threshold [11, 20]. In our simula-
tions, the intensity is as high as 6 × 1015 W/cm2, producing
multiply-ionized plasmas. Therefore, we include multiple ion-
ization up to Ar7+. The nonlinear refractive index due to the
depletion of neutral atoms and generation of ions is calculated
using n2 = ∑ n2,iρi/ρ0 with n2,i given by Table S2 in Ref. [9],
and we assume electron-ion collision time is the same as that of
electron-neutral collision in calculating τc. The number of modes
in the simulation is selected carefully to ensure the convergence
of the results as mode number increases.

Figure 1 shows the simulation results for a 2-mJ, 35-fs, 270-
nm pulse propagating in a capillary filled with 200-torr argon
gas (P/Pcr = 27, Keldysh parameter γ = 0.439 for ionizing
Ar), similar to the conditions in Ref. [9]. Here we use 46 modes
and 512 grids in space and 2048 grids in time; halving the grid
spacing yields the same results. The capillary is composed of
3 sections with a total length of 1.3 cm and density gradient
at each end [9]. The spatio-temporal profiles at the entrance
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Fig. 1. Numerical simulation of a 35-fs pulse at 270-nm propa-
gating in a 200-torr Ar gas-filled capillary of 200-µm diameter.
(a) Spatio-temporal profiles at z = 0, 0.36 cm, and 1.0 cm,
respectively. The horizontal dashed line indicates the capil-
lary dimension. (b) On-axis peak intensity as a function of the
propagation distance. The light-green and light-red sections
indicate the defocusing and refocusing regions. (c) The fluence
distribution as a function of the propagation distance. (d) On-
axis temporal profile vs. propagation distance. (e) Integrated
spectrum (log scale) vs. propagation distance.

(z = 0), defocusing region (z = 0.36 cm), and refocusing re-
gion (z = 1.0 cm) are shown in Fig. 1(a). The input beam size
w = 0.23a is much smaller than that for optimal coupling into
the fundamental mode (w = 0.65a). Loss at the higher-order
modes is insignificant for this length, and tight focusing at the
input allows a high input intensity of 6× 1015 W/cm2. The de-
focused beam is reflected by the capillary wall and interferes
with the undeflected portion of the beam, producing the fringes
in the second profile. The evolution of the on-axis peak inten-
sity during the propagation is plotted in Fig. 1(b). Two distinct
regions are identified. In the defocusing region (z . 0.4 cm),
the intensity decreases since the plasma defocuses the beam.
The peak intensity rises as the pulse propagates further and the
beam enters into a refocusing region. It is important that a high
intensity occurs inside the capillary. The pressure at the entrance
is low, and the number density of the gas reaches maximum
inside the capillary, where the pulse can interact with the high
gas density. Figure 1(c) shows the fluence distribution along
the capillary in which a narrow string appears in the refocusing
region. Figure 1(d) is the on-axis temporal profile. Since the de-
focused beam undergoes a large angle reflection, it is composed
by higher-order modes with group velocities slower than that of
the fundamental mode. The pulse duration is shorter than the
input since the spectrum is broadened and the group-velocity
dispersion of higher-order modes ∂2kz/∂2ω is anomalous which
results in pulse compression. Figure 1(e) shows the integrated
spectrum along the propagation distance and a strong blue shift
occurs, which is primarily caused by the ionization.

This recovery of the intensity appears similar to that in fem-
tosecond filamentation caused by dynamic spatial replenish-
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Fig. 2. On-axis (a) peak intensity and (b) fluence during prop-
agation for the following three simulation conditions: (i) n2 of
neutral atoms and ions are included (solid blue curve); (ii) n2
of ions is not included (dashed green curve); (iii) n2 of neutral
atoms and ions are set to zero (dotted red curve).

ment [21], in which the intensity peaks again when the tail of the
defocused pulse refocuses due to self-focusing. To investigate
the role of self-focusing in our simulations, we artificially include
or remove the n2 of the atoms and ions, and the resulting on-axis
peak intensity and on-axis fluence are shown in Figs. 2(a) and
2(b), respectively, for P = 50 GW. We show the following three
cases: n2 of atoms and ions is included (solid blue curve), n2 of
ions is set to zero (dashed green curve), and n2 of atoms and ions
are both set to zero (dotted red curve). Thus the solid blue curve
corresponds to P/Pcr = 27 and the dotted red curve represents
P < Pcr = ∞. The dashed green curve nearly overlaps with
the solid blue curve, indicating that n2 of ions plays little role
in the propagation dynamics, although it is essential for achiev-
ing effective phase-matching in high-harmonic generation [9].
The refocusing pattern is similar for all three curves, indicating
that self-focusing does not play a role in the spatial confinement
mechanism. Note that the fluence rises to half of the input while
the intensity increases to almost that of the input, which is due
to pulse self-compression during propagation. In the refocusing
region, switching on n2 increases the peak intensity. For exam-
ple, at z ≈ 1 cm, the intensity maximum is 4.9× 1015 W/cm2

when n2 = 0 and 5.7× 1015 W/cm2 when n2 6= 0 while there is
almost no change in the peak fluence. Thus, we conclude that
the presence of n2 mainly affects the pulse in the time domain
through spectral broadening via self-phase modulation.

Simulations for input energies of 1 mJ and 0.02 mJ are shown
in Fig. 3(a), which illustrate this ionization-assisted confinement.
The capillary length is 6 cm. For Ein = 0.02 mJ, the pulse under-
goes linear propagation and the intensity drops monotonically
over several centimeters. As the energy is increased to 1 mJ,
substantial ionization occurs, which defocuses the beam within
half centimeter, and a narrow filament string follows. The ap-
pearance of this confinement depends on the intensity only, thus
a tighter input focusing is beneficial. As shown in Fig. 1(b), the
maximum intensity in the gas is much higher than the ionization
threshold. This is in contrast to femtosecond filamentation, in
which the peak intensity remains at just above the ionization
threshold and the rest of the energy forms an energy reservoir.
The intense pulse produces a plasma, which acts as a diverging
lens. After reflection on the capillary wall, the diverging beam

0.0 0.2 0.4 0.6 0.8 1.0 1.2
distance (cm )

0

1

2

3

4

5

6

7

8

o
n

-a
x

is
 p

e
a

k
 i

n
te

n
si

ty
 (

W
/c

m
2

)

400 torr

200 torr

100 torr

0 1 2 3 4 5 6
distance (cm )

10
-2

10
-1

10
0

I/
I 0

(a)

(b)

6 cm

2
0
0
 μ

m
 

1 mJ
0.02 mJ

Fig. 3. (a) On-axis peak intensity as a function of the propa-
gation distance for Ein = 0.02 mJ and 1 mJ. The inserts are
the fluence distribution along the propagation distance for
the two curves. (b) On-axis peak intensity as a function of the
propagation distance for different pressures.

converges back to the center of the capillary. However, it does
not converge to a single point. The smaller the divergence angle
of the defocused beam, the greater the distance at which it will
be refocused. Due to the spread of divergence angles, the refo-
cusing takes place for a certain length and forms a long filament.
Moreover, additional plasma is produced at the position of the
intensity spikes, resulting in further defocusing. Equivalently,
this confinement can be described as the constructive interfer-
ence of higher-order modes excited by plasma defocusing.

Gas density also plays an important role in this confinement
phenomenon. The intensity evolution at different pressures is
shown in Fig. 3(b). For lower pressures, it requires a longer
distance to refocus. However, if the pressure is too high, ion-
ization loss becomes significant. The optimal pressure is found
to be several hundred torr, which is close to that used in the
experiments for optimal high-harmonic generation [9].

The dependence of the confinement on wavelength and cap-
illary size is shown in Fig. 4. In the simulations of Figs. 4(a)
and 4(b), 50-fs, 0.15-mJ pulses with λ = 270 nm, 800 nm, or
2.0 µm are propagating in a 155-µm diameter capillary filled
with 1-atm argon gas. Simulations using three capillary sizes
for 800-nm pulses are shown in Figs. 4(c) and 4(d). The con-
finement is favored at UV wavelengths and small capillary
sizes. The coherence length of different modes can be defined
as π/|kz,m − kz,n| ∝ 1/λ, where m and n are the mode order.
Thus, at shorter wavelength, constructive interference with more
modes can be maintained for a longer distance, as shown in
Fig. 4(a). For smaller capillaries, higher-order modes are excited
more efficiently. As the capillary size increases, the confinement
gets weaker and eventually converges to the free space behavior.

We observe evidence of this ionization-induced refocusing ex-
perimentally when 400-nm, 40-fs pulses are tightly focused into
a 2-cm capillary of 155-µm inner diameter in air using a lens with
f = 10 cm. The profile at the linear focus is shown in Fig. 5(a).
The beam profile at the exit of the capillary is imaged. When
the energy is concentrated in the central spot, its size is always
greater than that in free space. So we use the size in free space
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Fig. 4. (a) Fluence distribution along the propagation distance
for three wavelengths: λ = 270 nm, 800 nm, and 2.0 µm. (b)
On-axis peak intensity as a function of the propagation dis-
tance for three wavelengths. (c) Fluence distribution along the
propagation distance for three capillary radii: a = 77.5 µm,
150 µm, and 300 µm. (d) On-axis peak intensity as a function of
the propagation distance for three capillary radii.

as a reference. We choose the linear focus to be approximately
2 mm into the capillary to ensure all the light is collected by the
capillary when ionization occurs. The profile for linear prop-
agation (Ein = 2.8 µJ) is a ring structure as shown in Fig. 5(b),
which is due to destructive interference of different modes on
axis. For Ein = 45 µJ, a peak with narrow width is observed. The
input power is approximately equal to 0.5Pcr, and ionization is
confirmed from the fluorescence and Keldysh parameter γ is
0.63. Figure 5(d) shows the lineout of the profiles of Figs. 5(a)
and 5(c). Figure 5(e) shows FWHM sizes of consecutive shots
at the exit of the capillary and in free space. While the FWHM
sizes are 8.75± 0.24 µm (V) and 9.08± 0.29 µm (H) in free space,
it shrinks to 7.26± 0.76 µm (V) and 8.49± 2.57 µm (H) with the
capillary. Due to the pointing stability of the incoming laser
pulse, some shots have imperfect alignment, resulting in larger
size in particular in the horizontal direction. For the majority
of the shots, we observe a reduction in size in both directions,
which confirms the ionization-induced refocusing at P < Pcr. In
particular, the measured minimum size is reduced from 8.1 µm
in free space to 6.2 µm with the capillary in vertical direction,
and from 8.4 µm to 5.7 µm in horizontal direction.

In conclusion, we numerically and experimentally investi-
gated nonlinear propagation of intense ultrashort pulses in a
gas-filled capillary. Our results are consistent with the spatio-
temporal confinement suggested by recent experiments [9].
Plasma defocusing and subsequent reflection from capillary
walls induce strong spatio-temporal nonlinear localization, and
self-phase modulation due to n2 provides additional pulse tem-
poral compression. Refocusing similar to that which occurs with
self-focusing is observed experimentally for P < Pcr. Control
and optimization of this localization phenomenon has practical
significance for high-field experiments such as high-harmonic
generation [9] and pulse self-compression [10].

This work was supported by the DARPA PULSE program
and a MURI grant from Air Force Office of Scientific Research
under Award FA9550-16-1-0121. Bonggu Shim is supported by
the National Science Foundation under Grant PHY-1707237.
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