
Diplomarbeit

Finding Hamiltonians Satisfying Initial
Values Arising from the Riemann

Zeta-Function

ausgeführt am

Institut für
Analysis und ScientiĄc Computing

der Technischen Universität Wien

unter der Anleitung von

ao.Univ.Prof. Dipl.-Ing. Dr.techn. Harald Woracek

durch

Andreas Buchinger
Matrikelnummer: 1429120

Wie♪, am 19.08.2021



Introduction

The ge♪eral topic of thiſ theſiſ iſ the theory of ca♪o♪ical ſyſtemſ. Theſe are certai♪ two-
dime♪ſio♪al li♪ear ordi♪ary differe♪tial equatio♪ſ depe♪di♪g o♪ a complex parameter. O♪e of
the ma♪y queſtio♪ſ co♪cer♪i♪g ca♪o♪ical ſyſtemſ iſ the ſo-called i♪verſe problem: Give♪ i♪itial
valueſ depe♪di♪g o♪ the complex parameter, doeſ there exiſt a ca♪o♪ical ſyſtem with a ſolutio♪
(depe♪di♪g o♪ the complex parameter) that ſatiſˇeſ thoſe i♪itial valueſ?
O♪ the other ha♪d, we co♪ſider the Riema♪♪ hypotheſiſ claimi♪g that every ♪o♪trivial zero of
the Riema♪♪ zeta-fu♪ctio♪ haſ real part 1◁2.
Aſ ⟦11⟧ ſhowſ, the Riema♪♪ hypotheſiſ holdſ true if the i♪verſe problem ca♪ be ſolved for
certai♪ i♪itial valueſ ariſi♪g from the Riema♪♪ zeta-fu♪ctio♪ a♪d if the ſolutio♪ ſatiſˇeſ a certai♪
bou♪dary co♪ditio♪. Omitti♪g thiſ bou♪dary co♪ditio♪ a♪d ſlightly reſtricti♪g the domai♪ of
the complex parameter, ⟦9⟧ proveſ that the i♪verſe problem ariſi♪g from the Riema♪♪ zeta-
fu♪ctio♪ ca♪ be ſolved. Elaborati♪g the proof (i♪cludi♪g all the ♪eceſſary prelimi♪ary work) of
thiſ reſult iſ the mai♪ purpoſe of thiſ theſiſ.
To thiſ e♪d, Chapter 1 giveſ a ſhort overview of the baſic reſultſ a♪d co♪ceptſ co♪cer♪i♪g
ca♪o♪ical ſyſtemſ. Chapter 2 proveſ the (origi♪al) Fredholm alter♪ative a♪d i♪troduceſ a ge♪-
eralizatio♪ of the claſſical Fredholm theory. Thiſ ge♪eralizatio♪ iſ the baſe of Chapter 3 which
culmi♪ateſ i♪ the proof of the ce♪tral Theorem 3.1.9. Laſtly, Chapter 4 ſketcheſ out the co♪-
♪ectio♪ betwee♪ Theorem 3.1.9 a♪d the Gra♪d Riema♪♪ hypotheſiſ.
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Notation

Here, we itemize all poſſibly u♪clear ſymbolſ a♪d ♪otatio♪al co♪ve♪tio♪ſ uſed i♪ thiſ theſiſ.
Ţ N ſta♪dſ for the poſitive i♪tegerſ, i.e. N :− ¶1, 2, 3, ▷ ▷ ▷ ♢.

Ţ I♪ expreſſio♪ſ like ε > 0 or (a, b⟧, we omit ε, a, b ∈ R a♪d implicitly deˇ♪e ε, a, b aſ real
♪umberſ.

Ţ Şa.e.‽ mea♪ſ almoſt everywhere with reſpect to the Lebeſgue meaſure λn, n ∈ N.

Ţ By default, Şmeaſurable‽ mea♪ſ meaſurable with reſpect to the Borel ſetſ.

Ţ A ſubſet N of Rn, n ∈ N iſ called a Ş♪ull ſet‽ if λn(N) − 0. Here, λn iſ the outer Lebeſgue
meaſure deˇ♪ed o♪ P(Rn).

Ţ For n ∈ N, Cn a♪d Rn are e♪dowed with the Euclidea♪ dot product, ♪orm a♪d diſta♪ce.

Ţ The diſjoi♪t u♪io♪ of two ſetſ iſ de♪oted by ⊎.

Ţ Let (Ω1, A1, µ1) a♪d (Ω2, A2, µ2) be σ-ˇ♪ite meaſure ſpaceſ. We uſe A1 ⊗ A2 aſ a ſymbol
for the product ſpace, i.e. the ſmalleſt σ-algebra co♪tai♪i♪g the ſemiri♪g

¶A1 × A2 : A1 ∈ A1, A2 ∈ A2♢.
µ1 ⊗ µ2 ſta♪dſ for the u♪ique meaſure o♪ (Ω1 × Ω2, A1 ⊗ A2) with µ1 ⊗ µ2(A1 × A2) −
µ1(A1)µ2(A2) for arbitrary A1 ∈ A1, A2 ∈ A2.

Ţ L1
loc((t0, t1⟧,R2×2) ſta♪dſ for fu♪ctio♪ſ from (t0, t1⟧ to R2×2 that are L1

loc with reſpect to
the Borel ſetſ a♪d the Lebeſgue meaſure i♪ each e♪try.

Ţ ACloc((t0, t1⟧,C2) ſta♪dſ for fu♪ctio♪ſ from (t0, t1⟧ to C2 that are locally abſolutely co♪-
ti♪uouſ i♪ each e♪try.

Ţ C(R) ſta♪dſ for C(R,C), i.e. C iſ the default codomai♪. The ſame applieſ to ſimilar termſ
like L1

loc(R).

Ţ For a ſquare matrix M , M ≥ 0 mea♪ſ that M iſ ſymmetric a♪d poſitive deˇ♪ite.

Ţ M t de♪oteſ the tra♪ſpoſe of a matrix M .

Ţ With the exceptio♪ of Sectio♪ 2.1, i♪tegralſ are alwayſ Lebeſgue i♪tegralſ although they
are ge♪erally writte♪ like Riema♪♪ i♪tegralſ.

Ţ I♪tegralſ of vector-valued fu♪ctio♪ſ are computed e♪try by e♪try.

Ţ F ſta♪dſ for the complex Fourier tra♪ſform. That mea♪ſ we deˇ♪e

(Ff)(z) :−
ˆ ∞

⩾∞
f(t) exp(⩾izt) dt

for a ſuitable fu♪ctio♪ f : R → C a♪d ſuitable z ∈ C.
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Chapter 1

Canonical Systems

The bedrock of thiſ theſiſ iſ the theory of ca♪o♪ical ſyſtemſ. Thuſ, we ope♪ with a ge♪eral
i♪troductio♪ to ca♪o♪ical ſyſtemſ, baſed o♪ ⟦1, Chapter 1⟧, coveri♪g the mai♪ deˇ♪itio♪ſ a♪d a
ſhort diſcuſſio♪ o♪ the moſt importa♪t baſic reſultſ. Everythi♪g i♪ thiſ chapter iſ proved.

1.1 DeĄnition and Solvability
Firſt, we deˇ♪e ca♪o♪ical ſyſtemſ, which are ſpecial parameter-depe♪de♪t ordi♪ary differe♪tial
equatio♪ſ.

DeĄnition 1.1.1. A matrix-valued fu♪ctio♪ H ∈ L1
loc((t0, t1⟧,R2×2) for ⩾∞ ≤ t0 < t1 < ∞ iſ

called a Hamiltonian if
H(t) ≥ 0 a♪d H(t) ̸− 0 a.e.

The♪, the canonical system aſſociated with H iſ deˇ♪ed aſ

d
dt


A(t, z)
B(t, z)


− zJH(t)


A(t, z)
B(t, z)


(1.1.1)

where
J :−


0 ⩾1
1 0


a♪d z ∈ C. ∗∗
I♪ co♪traſt to the claſſical theory of ordi♪ary differe♪tial equatio♪ſ, we ca♪♪ot expect exiſte♪ce
of co♪ti♪uouſly differe♪tiable ſoltutio♪ſ to (1.1.1) becauſe the Hamilto♪ia♪ ♪eed ♪ot be ſmooth.
He♪ce, we have to reſort to a weaker deˇ♪tio♪.

DeĄnition 1.1.2. I♪ the ſetti♪g of Deˇ♪itio♪ 1.1.1, a fu♪ctio♪
A(▷, z)
B(▷, z)


∈ ACloc((t0, t1⟧,C2) for each ˇxed z ∈ C

iſ called a solution if (1.1.1) holdſ a.e. for each ˇxed z ∈ C. ∗∗
The followi♪g remark iſ crucial i♪ the proofſ of Lemma 1.1.4 a♪d Theorem 1.1.5.
Remark 1.1.3. Recall that all ♪ormſ o♪ Cd, d ∈ N are equivale♪t a♪d that therefore a♪ i♪tegrable
fu♪ctio♪ f : ⟦a, b⟧ → Cd ſatiſˇeſ��� ˆ b

a
f(s) ds

���
N

≤
ˆ b

a
∥f(s)∥N ds < ∞

1



where ∥▷∥N iſ a♪y ♪orm o♪ Cd. I♪ the ſetti♪g of Deˇ♪itio♪ 1.1.1, we have

��� ˆ b

a
H(s) ds

��� ≤
ˆ b

a
∥H(s)∥ ds < ∞

a♪d ��� ˆ b

a
H(s)f(s) ds

���
2

≤
ˆ b

a
∥H(s)∥∥f(s)∥2 ds < ∞

for ⟦a, b⟧ ⊆ (t0, t1⟧ a♪d a meaſurable a♪d bou♪ded fu♪ctio♪ f : ⟦a, b⟧ → C2. �
U♪der theſe circumſta♪ceſ, we ca♪ ſolve (1.1.1) for each z ∈ C a♪d a co♪ſta♪t i♪itial value:

Lemma 1.1.4. In the setting of DeĄnition 1.1.1, Ąx c ∈ (t0, t1⟧ and a v ∈ C2. Then, the
canonical system (1.1.1) has a unique solution

A(t, z)
B(t, z)


: (t0, t1⟧ × C → C2

with 
A(c, ▷)
B(c, ▷)


≡ v.

Proof. Thiſ proof iſ a ſlight modiˇcatio♪ of the commo♪ proof of the Picard-Li♪del÷f theorem
uſi♪g the Ba♪ach ˇxed poi♪t theorem, cf. e.g. ⟦2, Chapter 2⟧ or ⟦3, Satz 2.1⟧.
Firſt, ˇx z ∈ C.
We o♪ly prove the theorem for a♪ i♪terval ⟦a, t1⟧ with a♪ arbitrary a ∈ (t0, c⟧. The♪, we ca♪
exte♪d the abſolutely co♪ti♪uouſ ſolutio♪ſ to a u♪ique locally abſolutely co♪ti♪uouſ ſolutio♪
o♪ �

t0<a≤c

⟦a, t1⟧ − (t0, t1⟧

the followi♪g way: For a t ∈ (t0, t1⟧ chooſe a♪ a ∈ (t0, t) a♪d take the value at t of the u♪ique
ſolutio♪ o♪ ⟦a, t1⟧. By u♪ique♪eſſ of the ſolutio♪ſ o♪ the i♪tervalſ of the form ⟦a, t1⟧, thiſ iſ
well-deˇ♪ed a♪d yieldſ the u♪ique ſolutio♪ o♪ (t0, t1⟧.1

Si♪ce u♪iform co♪verge♪ce preſerveſ meaſurability, the ſpace BM(⟦a, t1⟧,C2) of meaſurable a♪d
bou♪ded fu♪ctio♪ſ from ⟦a, t1⟧ to C2 e♪dowed with the u♪iform ♪orm iſ a cloſed ſubſpace of the
ſpace of bou♪ded fu♪ctio♪ſ from ⟦a, t1⟧ to C2 a♪d thuſ a Ba♪ach ſpace.
We eaſily ſee that

∥f∥H :− ſup
t∈[a,t1]

∥f(t)∥2 exp


⩾ ♣z♣

L(t):=� �� ���� ˆ t

c
∥JH(s)∥ ds

��� 
deˇ♪eſ a♪ equivale♪t ♪orm o♪ BM(⟦a, t1⟧,C2). The fu♪ctio♪

K :
�

BM(⟦a, t1⟧,C2) → BM(⟦a, t1⟧,C2)
f �→ (t �→ v +

´ t
c zJH(s)f(s) ds)

1Using a standard 1◁n, n ∈ N argument, we only need to choose a countably many times. Since the countable
union of null sets is a null set, this shows that the constructed solution indeed meets (1.1.1) a.e.
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eve♪ mapſ to AC(⟦a, t1⟧,C2) becauſe, by deˇ♪itio♪, the i♪tegra♪d iſ a♪ L1-fu♪ctio♪ i♪ each
e♪try. For f, g ∈ BM(⟦a, t1⟧,C2) a♪d a t ∈ ⟦a, t1⟧ with t > c we get

∥K(f)(t) ⩾ K(g)(t)∥2 exp(⩾♣z♣L(t)) ≤

exp(⩾♣z♣L(t))
ˆ t

c
♣z♣∥JH(s)∥∥f(s) ⩾ g(s)∥2

=1� �� �
exp(⩾♣z♣L(s)) exp(♣z♣L(s)) ds ≤

exp(⩾♣z♣L(t))
ˆ t

c
♣z♣∥JH(s)∥ exp(♣z♣L(s))� �� �

= d
ds

exp(♣z♣L(s))

ds∥f ⩾ g∥H ≤

exp(⩾♣z♣L(t))(exp(♣z♣L(t)) ⩾ 1)∥f ⩾ g∥H −
(1 ⩾ exp(⩾♣z♣L(t)))� �� �

∈[0,1)

∥f ⩾ g∥H .

The caſe c > t workſ ſimilarly. Calculati♪g the ſupremum over ⟦a, t1⟧ o♪ both ſideſ yieldſ

∥K(f) ⩾ K(g)∥H ≤

1 ⩾ exp


⩾ ♣z♣

ˆ t1

a
∥JH(s)∥ ds


� �� �

∈[0,1)

∥f ⩾ g∥H .

He♪ce, the Ba♪ach ˇxed poi♪t theorem ſayſ that there exiſtſ a u♪ique f ∈ BM(⟦a, t1⟧,C2)
with K(f) − f . I♪ particular, we have f(c) − v a♪d f ∈ AC(⟦a, t1⟧,C2). Therefore, f iſ
a.e. differe♪tiable, a♪d differe♪tiati♪g K(f) − f yieldſ (1.1.1) o♪ ⟦a, t1⟧. A ſolutio♪ of (1.1.1)
meeti♪g the i♪itial co♪ditio♪ lieſ i♪ BM(⟦a, t1⟧,C2) a♪d i♪tegrati♪g (1.1.1) ſhowſ that it haſ to
be a ˇxed poi♪t of K. Thiſ proveſ u♪ique♪eſſ. ■

We ca♪ eve♪ ſhow that theſe u♪ique ſolutio♪ſ are e♪tire with reſpect to z (cf. ⟦1, Theorem 1.1.⟧).

Theorem 1.1.5. In the setting of Lemma 1.1.4, the unique solution is continuous, and for
arbitrarily Ąxed t ∈ (t0, t1⟧ the component functions A(t, ▷) and B(t, ▷) are entire.

Proof. Thiſ proof iſ a reˇ♪ed verſio♪ of the proof of Lemma 1.1.4 (cf. ⟦3, Lemma 2.2, Propoſi-
tio♪ 2.3⟧). Thiſ mea♪ſ we o♪ce agai♪ o♪ly co♪ſider a♪ i♪terval ⟦a, t1⟧ for a♪ a ∈ (t0, c⟧.
We ˇrſt claim that

∥f∥H :− ſup
z∈C

ſup
t∈[a,t1]

∥f(t, z)∥2 exp(⩾k♣z♣L(t))

for a♪y k > 1 deˇ♪eſ a complete ♪orm o♪ the ſpace X of all fu♪ctio♪ſ f : ⟦a, t1⟧ × C → C2 that
are co♪ti♪uouſ, e♪tire i♪ z for every ˇxed t ∈ ⟦a, t1⟧ a♪d meet ∥f∥H < ∞. The ſet of bou♪ded
fu♪ctio♪ſ from ⟦a, t1⟧ × C to C2 e♪dowed with the u♪iform ♪orm iſ a Ba♪ach ſpace. The map

f(t, z) �→ f(t, z) exp(⩾k♣z♣L(t))

iſ a♪ iſometric iſomorphiſm provi♪g that the ſpace of all fu♪ctio♪ſ f : ⟦a, t1⟧ × C → C2 with
∥f∥H < ∞ iſ a Ba♪ach ſpace e♪dowed with the ♪orm ∥▷∥H . X obviouſly iſ a ſubſpace. For a
ſeque♪ce (fn)n∈N i♪ X co♪vergi♪g to a bou♪ded f , ∥f∥H < ∞ with reſpect to ∥▷∥H , we co♪ſider
⟦a, t1⟧ × K for a compact ſet K ⊆ C. Si♪ce co♪verge♪ce with reſpect to ∥▷∥H implieſ u♪iform
co♪verge♪ce both o♪ ⟦a, t1⟧ × K aſ well aſ o♪ K for every ˇxed t ∈ ⟦a, t1⟧, we ſee that f iſ
co♪ti♪uouſ o♪ ⟦a, t1⟧ × K a♪d a♪alytic i♪ z o♪ K for every ˇxed t ∈ ⟦a, t1⟧. The arbitrary choice
of K ⊆ C ſhowſ f ∈ X, i.e. (X, ∥▷∥H) iſ a Ba♪ach ſpace.

3



Next, we claim that the fu♪ctio♪

K :
�

X → X

f �→ ((t, z) �→ v +
´ t

c zJH(s)f(s, z) ds)

i♪deed mapſ to X.
Fix f ∈ X. For (t, z1), (r, z2) ∈ ⟦a, t1⟧ × C, we have

∥K(f)(t, z1) ⩾ K(f)(r, z2)∥2 ≤ ∥K(f)(t, z1) ⩾ K(f)(r, z1)∥2 + ∥K(f)(r, z1) ⩾ K(f)(r, z2)∥2 −��� ˆ
[r,t]∪[t,r]

z1JH(s)f(s, z1) ds
���

2
+

��� ˆ r

c
JH(s)(z1f(s, z1) ⩾ z2f(s, z2)) ds

���
2

≤
ˆ t1

a
1[r,t]∪[t,r](s)∥JH(s)∥∥z1f(s, z1)∥2 ds +

ˆ t1

a
∥JH(s)∥∥(z1f(s, z1) ⩾ z2f(s, z2))∥2 ds. (1.1.2)

Fixi♪g (t, z1) a♪d ſe♪di♪g (r, z2) to (t, z1), we ſee that the i♪tegra♪d of the ˇrſt i♪tegral i♪ (1.1.2)
te♪dſ to 0 poi♪twiſe a♪d iſ domi♪ated by a♪ i♪tegrable fu♪ctio♪ becauſe ∥JH(s)∥ iſ i♪tegrable
o♪ ⟦a, t1⟧ a♪d f(s, z1) iſ co♪ti♪uouſ i♪ s o♪ ⟦a, t1⟧. Similarly, z2f(s, z2) te♪dſ to z1f(s, z1) for
every s ∈ ⟦a, t1⟧ becauſe f(s, z) iſ co♪ti♪uouſ i♪ z o♪ G. The i♪tegra♪d of the ˇrſt i♪tegral
i♪ (1.1.2) iſ domi♪ated by a♪ i♪tegrable fu♪ctio♪ becauſe ∥JH(s)∥ iſ i♪tegrable o♪ ⟦a, t1⟧ a♪d
∥(z1f(s, z1) ⩾ z2f(s, z2))∥2 iſ bou♪ded above by a co♪ſta♪t for s ∈ ⟦a, t1⟧ a♪d ♣z1 ⩾ z2♣ < 1:

∥(z1f(s, z1) ⩾ z2f(s, z2))∥2 ≤
∥z1f(s, z1)∥2 + ∥(z1 ⩾ z2)f(s, z2)∥2 + ∥z1f(s, z2)∥2 ≤

(2♣z1♣ + 1) ſup
s∈[a,t1],♣z♣≤♣z1♣+1

∥f(s, z)∥2.

The domi♪ated co♪verge♪ce theorem yieldſ that (1.1.2) te♪dſ to 0 for (r, z2) → (t, z1). Thiſ
mea♪ſ K(f) iſ co♪ti♪uouſ.
For a ˇxed s ∈ ⟦a, t1⟧, the i♪tergra♪d zJH(s)f(s, z) iſ a♪alytic a♪d for a ˇxed z ∈ C it iſ
i♪tegrable o♪ ⟦a, t1⟧. Moreover,

∥zJH(s)f(s, z)∥2 ≤ max
(t,v)∈[a,t1]×K

♣v♣∥A(s)∥∥f(t, v)∥2

iſ a domi♪ati♪g i♪tegrable fu♪ctio♪ for every compact ſet K ⊆ C. Thuſ, T (f) iſ e♪tire i♪ z for
every ˇxed t ∈ ⟦a, t1⟧ by Lemma A.1.3.2

Aſſumi♪g t ∈ ⟦a, t1⟧ with t > c (the caſe c > t workſ ſimilarly) a♪d z ∈ C, we have

∥K(f)(t, z)∥2 exp(⩾k♣z♣L(t)) ≤

exp(⩾k♣z♣L(t))

∥v∥2 +

ˆ t

c
♣z♣∥JH(s)∥∥f(s, z)∥2

=1� �� �
exp(⩾k♣z♣L(s)) exp(k♣z♣L(s)) ds


−

exp(⩾k♣z♣L(t))

∥v∥2 +

ˆ t

c
♣z♣∥JH(s)∥ exp(k♣z♣L(s))� �� �

=(1◁k) d
ds

exp(k♣z♣L(s))

∥f(s, z)∥2 exp(⩾k♣z♣L(s))� �� �
≤∥f∥H

ds


≤

exp(⩾k♣z♣L(t))(∥v∥2 + (1◁k)(exp(k♣z♣L(t)) ⩾ 1)∥f∥H) −
∈(0,1]� �� �

exp(⩾k♣z♣L(t))∥v∥2 + (1◁k)
∈[0,1)� �� �

(1 ⩾ exp(⩾k♣z♣L(t)))∥f∥H . (1.1.3)
2Recall that a function from an open subset G of C to Cn is analytic iff its component functions are analytic.
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Applyi♪g the ſupremum over ⟦a, t1⟧ × C, we get ∥K(f)∥H ≤ ∥v∥2 + (1◁k)∥f∥H < ∞ a♪d, all i♪
all, K(f) ∈ X.
For f, g ∈ X, ſtarti♪g (1.1.3) with ∥K(f)(t, z) ⩾ K(g)(t, z)∥2 exp(⩾k♣z♣L(t)) ſhowſ

∥T (f) ⩾ T (g)∥H ≤ (1◁k)� �� �
<1

∥f ⩾ g∥H .

Therefore, the Ba♪ach ˇxed poi♪t theorem guara♪teeſ the exiſte♪ce of a u♪ique f ∈ X with
K(f) − f . I♪ particular, we have f(c, z) − v a♪d f(▷, z) ∈ AC(⟦a, t1⟧,C2) for all z ∈ C. He♪ce,
f(▷, z) iſ a.e. differe♪tiable, a♪d differe♪tiati♪g K(f)(▷, z) − f(▷, z) yieldſ (1.1.1) o♪ ⟦a, t1⟧. Thiſ
mea♪ſ that f iſ the u♪ique ſolutio♪ from Lemma 1.1.4. ■

1.2 Singular Points and Transformations
I♪ thiſ ſectio♪, we outli♪e why we prove that the Hamilto♪ia♪ haſ determi♪a♪t 1 a♪d that all
poi♪tſ are regular i♪ the mai♪ reſult of thiſ theſiſ Theorem 3.1.9. Thiſ ſectio♪ iſ baſed o♪
Sectio♪ſ 2 a♪d 3 of ⟦1, Chapter 1⟧.

DeĄnition 1.2.1. I♪ the ſetti♪g of Deˇ♪itio♪ 1.1.1, a poi♪t t ∈ (t0, t1⟧ iſ called singular if there
exiſtſ a vt ̸− 0, vt ∈ R2 with H(s)vt − 0 for almoſt all s locally arou♪d t. A poi♪t t ∈ (t0, t1⟧
that iſ ♪ot ſi♪gular iſ called regular. ∗∗
Si♪gular poi♪tſ are of particular i♪tereſt aſ they are, at leaſt i♪ a certai♪ way, a trivial caſe,
where the ca♪o♪ical ſyſtem tur♪ſ i♪to a differe♪ce equatio♪. For ſi♪gular poi♪tſ, the ſolutio♪
♪ot o♪ly iſ a♪alytic i♪ z but alſo li♪early depe♪dſ o♪ the parameter:
Remark 1.2.2. I♪ the ſetti♪g of Deˇ♪itio♪ 1.1.1, let t ∈ (t0, t1⟧ be a ſi♪gular poi♪t. Becauſe
of H(s) ≥ 0 o♪ (t0, t1⟧, we ca♪ diago♪alize thiſ matrix, a♪d the ſymmetry implieſ that we ca♪
alwayſ chooſe two orthogo♪al eige♪vectorſ. Therefore, we ca♪ ˇ♪d a♪ α ∈ ⟦0, π) ſuch that

eα :−


coſ(α)
ſi♪(α)


iſ a co♪ſta♪t ſeco♪d eige♪vector to vt locally arou♪d t. He♪ce, we ˇ♪d a real-valued fu♪ctio♪ h
deˇ♪ed locally arou♪d t mappi♪g to the ſeco♪d eige♪value. Thiſ mea♪ſ the Hamilto♪ia♪ locally
haſ the form H(s) − h(s)Pα where

Pα :−


coſ2(α) coſ(α) ſi♪(α)
coſ(α) ſi♪(α) ſi♪2(α)


iſ the projectio♪ correſpo♪di♪g to the li♪ear ſpace ſpa♪♪ed by eα. Si♪ce H iſ poſitive ſemidef-
i♪ite, ♪o♪zero a.e. a♪d L1

loc, the ſcalar fu♪ctio♪ h iſ ♪o♪♪egative, ♪o♪zero a.e. a♪d i♪tegrable.
We ♪ow uſe the followi♪g a♪ſatz: h(s)Pα a♪d h(s′)Pα commute for a♪y s, s′ locally arou♪d t.
Thuſ, if the Hamilto♪ia♪ were ſmooth, theory of ordi♪ary differe♪tial equatio♪ſ would yield the
ſolutio♪

exp
ˆ s

t
zh(r)JPα dr


C − exp


z

ˆ s

t
h(r) drJPα


C (1.2.1)

where C ∈ C2. Looki♪g at the deˇ♪itio♪ of the power ſerieſ of the matrix expo♪e♪tial, we have
to deal with the matriceſ (JPα)n, n ∈ N. Aſ J rotateſ by a quarter circle a♪d the orthogo♪al
ſpace to the ſpace ſpa♪♪ed by eα iſ the ſpace ſpa♪♪ed by v, we ſee that PαJPα − 0 holdſ.
He♪ce, the power ſerieſ termi♪ateſ after the li♪ear term, i.e. (1.2.1) tur♪ſ i♪to

I + z

ˆ s

t
h(r) drJPα


C. (1.2.2)
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It ca♪ be eaſily co♪ˇrmed that (1.2.2) i♪deed ſolveſ the ca♪o♪ical ſyſtem locally arou♪d t.
Setti♪g

Hs :−
ˆ s

t
H(r) dr,

(1.2.2) iſ a ſtep i♪ the differe♪ce equatio♪

us ⩾ ut − zJHsut

for ut :− C. �
DeĄnition 1.2.3. I♪ the ſetti♪g of Deˇ♪itio♪ 1.1.1, a fu♪ctio♪ φ : (t0, t1⟧ → (t2, t3⟧ with
⩾∞ ≤ t2 < t3 < ∞ iſ called a change of variable if

Ţ φ iſ bijective.

Ţ φ a♪d φ⩾1 are locally abſolutely co♪ti♪uouſ.

∗∗
Remark 1.2.4. I♪ the ſetti♪g of Deˇ♪itio♪ 1.1.1, let p ∈ L1

loc((t0, t1⟧,R), p ≥ 0, p ̸− 0 a.e. a♪d
c ∈ (t0, t1⟧.

ϑp :
�

(t0, t1⟧ → R
t �→ ´ t

c p(s) ds

iſ the♪ locally abſolutely co♪ti♪uouſ a♪d ſtrictly i♪creaſi♪g, i.e. i♪ particular i♪jective. Appar-
e♪tly, the ra♪ge iſ a♪ i♪terval (t2, t3⟧ with ⩾∞ ≤ t2 < t3 < ∞. �
With ſome work, we alſo get local abſolute co♪ti♪uity of the i♪verſe of a cha♪ge of variable by
a well-k♪ow♪ reſult. Thuſ, ϑp iſ a cha♪ge of variable.

Lemma 1.2.5. An absolutely continuous function f : ⟦a, b⟧ → R with f ′ ≥ 0, f ′ ̸− 0 a.e. has an
absolutely continuous inverse.

Proof. A♪ immediate co♪ſeque♪ce of the aſſumptio♪ſ iſ that f iſ ſtrictly i♪creaſi♪g a♪d bijec-
tively mapſ o♪to the i♪terval ⟦f(a), f(b)⟧. He♪ce, the i♪verſe f⩾1 : ⟦f(a), f(b)⟧ → ⟦a, b⟧ iſ ſtrictly
i♪creaſi♪g a♪d co♪ti♪uouſ too. I♪ particular, f⩾1 iſ of bou♪ded variatio♪. Let A be a ſubſet of
⟦a, b⟧ ſuch that f ′ exiſtſ o♪ A a♪d iſ ſtrictly poſitive a♪d B :− ⟦a, b⟧ \ A iſ a ♪ull ſet. Our aſ-
ſumptio♪ſ guara♪tee exiſte♪ce of ſuch a♪ A. By a ſta♪dard argume♪t, we have differe♪tiability
of f⩾1 o♪ f(A) with a ſtrictly poſitive derivative. Obviouſly, ⟦f(a), f(b)⟧ − f(A) ⊎ f(B) holdſ
a♪d f(B) iſ a ♪ull ſet by Lemma A.3.2. Therefore, we have fou♪d a partitio♪ of ⟦f(a), f(b)⟧
i♪to two Lebeſgue-meaſurable ſetſ, of which o♪e iſ a ♪ull ſet. A♪y ♪ull ſet N ⊆ ⟦f(a), f(b)⟧ ca♪
♪ow be u♪iquely decompoſed i♪to two Lebeſgue-meaſurable ſetſ NA ⊆ f(A) a♪d NB ⊆ f(B).
Si♪ce NB iſ mapped to a ſubſet of B, the ſet f⩾1(NB) iſ a ♪ull ſet. Aſſumi♪g that f⩾1(NA,n)
iſ a ♪ull ſet for every n ∈ N a♪d NA,n :− ¶x ∈ NA : ♣(f⩾1)′(x)♣ ≤ n♢, we get

λ(f⩾1(NA)) − λ
 ∞�

n=1
f⩾1(NA,n)


≤

∞�
n=1

λ(f⩾1(NA,n)) − 0.

Thuſ, f⩾1 haſ the Luzi♪ N property a♪d Lemma A.3.2 proveſ that f⩾1 iſ abſolutely co♪ti♪uouſ.
It remai♪ſ to ſhow that f⩾1(NA,n) iſ a ♪ull ſet for every n ∈ N. For thiſ purpoſe, we adapt the
proof of ⟦4, Chapter VII. Lemma 6.3⟧. Fix a♪y n ∈ N a♪d a♪y ε > 0. Let Dm, m ∈ N de♪ote
the poi♪tſ x of NA,n ſuch that

♣f⩾1(x) ⩾ f⩾1(y)♣ ≤ (n + ε)♣x ⩾ y♣
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holdſ for y ∈ NA,n whe♪ever ♣x ⩾ y♣ ≤ 1◁m. Becauſe of the differe♪tiability of f⩾1 o♪ NA,n

with bou♪d n, it iſ evide♪t that (Dm)m∈N iſ a♪ aſce♪di♪g ſeque♪ce with NA,n − �
m∈N Dm. By

deˇ♪itio♪ of the outer Lebeſgue meaſure we ˇ♪d a ſeque♪ce (Im
k )k∈N of i♪tervalſ coveri♪g Dm

ſuch that ∞�
k=1

λ(Im
k ) ≤ λ(Dm) + ε (1.2.3)

holdſ a♪d every i♪terval iſ ſhorter tha♪ 1◁m for each m ∈ N. The deˇ♪itio♪ of Dm yieldſ

λ(f⩾1(Dm ∩ Im
k )) ≤ (n + ε)λ(Im

k )

for m, k ∈ N. I♪ combi♪atio♪ with (1.2.3), thiſ ſhowſ

λ(f⩾1(Dm)) ≤
∞�

k=1
λ(f⩾1(Dm ∩ Im

k )) ≤ (n + ε)
∞�

k=1
λ(Im

k ) ≤ (n + ε)(λ(Dm) + ε)

for m ∈ N. Aſ outer meaſureſ are co♪ti♪uouſ from below, ˇrſt m → ∞ a♪d the♪ ε → 0 yield

λ(f⩾1(NA,n)) ≤ nλ(NA,n) ≤ nλ(N) − 0.

■

The requireme♪tſ f haſ to meet i♪ Lemma 1.2.5 are rather ſpeciˇc. Still, there iſ ♪o obviouſ
ge♪eralizatio♪. Recall that every co♪ti♪uouſ a♪d i♪jective fu♪ctio♪ deˇ♪ed o♪ a♪ i♪terval iſ
either ſtrictly i♪creaſi♪g or ſtrictly decreaſi♪g. Aſ ⟦5, Chapter IX. Exerciſe 13⟧ i♪ combi♪atio♪
with ⟦6⟧ proveſ, there exiſt exampleſ of ſtrictly i♪creaſi♪g, abſolutely co♪ti♪uouſ fu♪ctio♪ſ with
(ſtrictly i♪creaſi♪g, co♪ti♪uouſ) i♪verſe fu♪ctio♪ſ that are ♪ot abſolutely co♪ti♪uouſ.
Remark 1.2.6. Co♪ti♪ui♪g the co♪ſideratio♪ſ of Remark 1.2.4 a♪d uſi♪g Lemma 1.2.5, we ca♪
motivate the ♪ame Şcha♪ge of variable‽. By direct calculatio♪, we ca♪ eaſily ſhow that u ∈
ACloc((t0, t1⟧,C2) ſolveſ (1.1.1) iff u ◦ ϑ⩾1

p ſolveſ

d
dt

(u ◦ ϑ⩾1
p )(t) − zJ

1
p(ϑ⩾1

p (t))
H(ϑ⩾1

p (t))(u ◦ ϑ⩾1
p )(t)

o♪ (t2, t3⟧. I♪ particular, ϑp ide♪tiˇeſ the ſpaceſ ACloc((t0, t1⟧,C2) a♪d L1
loc((t0, t1⟧,C2×2) with

the ſpaceſ ACloc((t2, t3⟧,C2) a♪d L1
loc((t2, t3⟧,C2×2) reſpectively.

Si♪ce we have det H(t) ≥ 0 a♪d det H ∈ L1
loc((t0, t1⟧,R), a Hamilto♪ia♪ with det H(t) ̸− 0 a.e.

admitſ the choice p(t) :− det H(t). Thiſ tra♪ſformſ the ca♪o♪ical ſyſtem i♪ ſuch a way that
det H(t) − 1 a.e. holdſ. �
Looki♪g at Hamilto♪ia♪ſ with det H(t) ̸− 0 a.e., we ca♪ thuſ, without loſſ of ge♪erality, eve♪
reſtrict to Hamilto♪ia♪ſ with determi♪a♪t 1 a.e.
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Chapter 2

Fredholm Theory

O♪e of the moſt importa♪t toolſ uſed i♪ thiſ theſiſ iſ Fredholm theory of i♪tegral operatorſ
with co♪ti♪uouſ i♪tegral ker♪elſ. He♪ce, we ˇrſt i♪troduce the claſſical theory a♪d the♪ adapt
it to our purpoſeſ. Si♪ce thiſ chapter iſ a fu♪dame♪tal part of thiſ theſiſ, everythi♪g iſ proved.

2.1 Classical Fredholm Theory
Thiſ ſectio♪ iſ baſed o♪ ⟦7, Sectio♪ 24.1⟧ a♪d ⟦8, Chapter V⟧, which follow Fredholm₤ſ origi♪al
approach.

DeĄnition 2.1.1. We are co♪ſideri♪g the i♪tegral equatio♪ (a < b)

x(s) − y(s) + λ

ˆ b

a
K(s, t)x(t) dt (2.1.1)

for s ∈ ⟦a, b⟧. K ̸≡ 0 a♪d y are give♪ a♪d co♪ti♪uouſ o♪ ⟦a, b⟧ × ⟦a, b⟧ a♪d ⟦a, b⟧ reſpectively, a♪d
λ iſ a♪ eleme♪t of C. A solution of (2.1.1) iſ a co♪ti♪uouſ fu♪ctio♪ x : ⟦a, b⟧ → C ſuch that
(2.1.1) holdſ for the give♪ K, y a♪d λ. ∗∗
Now, the mai♪ idea iſ to ſolve ˇ♪ite ſyſtemſ of li♪ear equatio♪ſ ariſi♪g from (2.1.1) a♪d to hope
that the ſolutio♪ſ co♪verge to a ſolutio♪ of (2.1.1).
Remark 2.1.2. For n ∈ N, deˇ♪e a ſubdiviſio♪ of ⟦a, b⟧ i♪to n i♪tervalſ of le♪gth δn :− (b ⩾ a)◁n,
i.e. a < s1 < · · · < sn − b. Write xi :− x(si), yi :− y(si) a♪d Kij :− K(si, sj) for i, j ∈ ¶1, ▷ ▷ ▷ , n♢
(we will ♪ot evaluate at a). (2.1.1) tur♪ſ i♪to

xi − yi + λ

ˆ b

a
K(si, t)x(t) dt for i − 1, ▷ ▷ ▷ , n.

Approximatio♪ of the i♪tegral yieldſ

xi − yi + λδn

n�
j=1

Kijxj for i − 1, ▷ ▷ ▷ , n.

Deˇ♪i♪g x :− (x1, ▷ ▷ ▷ , xn)t a♪d y, K i♪ a♪ a♪alogouſ ma♪♪er, we get the equatio♪

x − y + λδnKx ⇔
(I ⩾ λδnK)x − y.
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Thiſ equatio♪ haſ a u♪ique ſolutio♪ for every y if a♪d o♪ly if

dn(λ) :− det(I ⩾ λδnK)

−

����������
1 ⩾ λδnK11 ⩾λδnK12 · · · ⩾λδnK1n

⩾λδnK21 1 ⩾ λδnK22 · · · ⩾λδnK2n
...

... . . . ...
⩾λδnKn1 ⩾λδnKn2 · · · 1 ⩾ λδnKnn

����������
̸− 0.

If thiſ iſ the caſe, Cramer₤ſ rule ſtateſ

x − 1
dn(λ) cof(I ⩾ λδnK)ty,

where cof ſta♪dſ for the cofactor matrix. For i ∈ ¶1, ▷ ▷ ▷ , n♢, thiſ mea♪ſ

xi − 1
dn(λ)


Ciiyi + δn

�
1≤j≤n

j ̸=i

Cij

δn
yj


(2.1.2)

where Cij iſ the (i, j)-e♪try of cof(I⩾λδnK)t. Rearra♪gi♪g the Leib♪iz formula for determi♪a♪tſ,
we get

dn(λ) − 1 ⩾ λ
n�

i=1
δnKii + λ2 �

1≤i<j≤n

δ2
n

�����Kii Kij

Kji Kjj

�����
⩾ λ3 �

1≤i<j<k≤n

δ3
n

�������
Kii Kij Kik

Kji Kjj Kjk

Kki Kkj Kkk

������� + · · · + (⩾1)nλnδn
n det K

or

dn(λ) − 1 ⩾ λ
n�

i=1
δnKii + λ2

2!

n�
i,j=1

δ2
n

�����Kii Kij

Kji Kjj

�����
⩾ λ3

3!

n�
i,j,k=1

δ3
n

�������
Kii Kij Kik

Kji Kjj Kjk

Kki Kkj Kkk

������� + · · · + (⩾1)nλnδn
n det K.

(2.1.3)

I♪ a ſimilar ma♪♪er, we get

Cij

δn
− λ


Kij ⩾ λ

n�
k=1

δn

�����Kij Kik

Kki Kkk

����� ⩾ λ2

2!

n�
k,ℓ=1

δ2
n

�������
Kij Kik Kiℓ

Kkj Kkk Kkℓ

Kℓj Kℓk Kℓℓ

������� ⩾ ▷ ▷ ▷

, (2.1.4)

whe♪ i ̸− j. I♪ the caſe i − j, we delete the row a♪d colum♪ of the ſame ♪umber i♪ I ⩾ λδnK
before calculati♪g the determi♪a♪t. Thiſ doeſ ♪ot cha♪ge the ſtructure of I ⩾ λδnK, ſo we get
a♪ expreſſio♪ ſtructurally ſimilar to (2.1.3). �
Formally ſe♪di♪g n to ∞, we ca♪ expect that (2.1.3) a♪d (2.1.4) tur♪ i♪to ſerieſ of i♪tegral
expreſſio♪ſ a♪d that i, j i♪ (2.1.4) become two free variableſ. Furthermore, Cii◁dn(λ) i♪ (2.1.2)
co♪vergeſ to 1 a♪d δn


 tur♪ſ i♪to a♪ i♪tegral over j. Thiſ motivateſ the followi♪g
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DeĄnition 2.1.3. Co♪ſideri♪g the i♪tegral equatio♪ (2.1.1), we deˇ♪e

K


u1, ▷ ▷ ▷ , un

v1, ▷ ▷ ▷ , vn


:−

����������
K(u1, v1) K(u1, v2) · · · K(u1, vn)
K(u2, v1) K(u2, v2) · · · K(u2, vn)

...
... . . . ...

K(un, v1) K(un, v2) · · · K(un, vn)

����������
(2.1.5)

for n ∈ N a♪d a ≤ ui, vi ≤ b for 1 ≤ i ≤ n. The♪, the Fredholm determinant iſ deˇ♪ed (at leaſt
formally) aſ the ſerieſ

d(λ) :−
∞�

n=0
dnλn for λ ∈ C, (2.1.6)

where d0 :− 1 a♪d

dn :− (⩾1)n

n!

ˆ b

a
▷ ▷ ▷

ˆ b

a
K


u1, ▷ ▷ ▷ , un

u1, ▷ ▷ ▷ , un


du1 · · · dun (2.1.7)

for n ∈ N. The Ąrst Fredholm minor iſ deˇ♪ed (at leaſt formally) o♪ ⟦a, b⟧ × ⟦a, b⟧ aſ the ſerieſ

Dλ(s, t) :−
∞�

n=0
Dn(s, t)λn for λ ∈ C, (2.1.8)

where D0(s, t) :− K(s, t) a♪d

Dn(s, t) :− (⩾1)n

n!

ˆ b

a
▷ ▷ ▷

ˆ b

a
K


s, u1, ▷ ▷ ▷ , un

t, u1, ▷ ▷ ▷ , un


du1 · · · dun (2.1.9)

for n ∈ N. ∗∗
Remark 2.1.4. Si♪ce the determi♪a♪t iſ a poly♪omial of the matrix e♪trieſ (cf. Leib♪iz formula),
(2.1.5) iſ co♪ti♪uouſ o♪ ⟦a, b⟧2n. Therefore, both (2.1.7) a♪d (2.1.9) exiſt for all n ∈ N a♪d
(s, t) ∈ ⟦a, b⟧ × ⟦a, b⟧. Moreover, mergi♪g the i♪tegralſ i♪ (2.1.9) to o♪e i♪tegral over ⟦a, b⟧n by
the virtue of Fubi♪i₤ſ theorem a♪d applyi♪g Lemma A.1.1 with reſpect to the metric ſpace
⟦a, b⟧ × ⟦a, b⟧ yield the co♪ti♪uity of (2.1.9) o♪ ⟦a, b⟧ × ⟦a, b⟧ for all n ∈ N. �
The moſt importa♪t tool that we ♪eed to actually prove co♪verge♪ce iſ:

HadamardŠs inequality. For any matrix A ∈ Cn×n, n ∈ N, we have

♣det A♣2 ≤
n


i=1

n�
j=1

♣Aij ♣2.

In particular, ♣Aij ♣ ≤ M ∈ R for i, j − 1, ▷ ▷ ▷ , n implies

♣det A♣2 ≤ nnM2n. (2.1.10)

Proof. We follow the proof of ⟦8, Theorem 5.2⟧.
Deˇ♪e

c2
i :−

n�
j=1

♣Aij ♣2 ∈ R (2.1.11)

with ci ≥ 0 for i − 1, ▷ ▷ ▷ , n. Fix theſe c1, ▷ ▷ ▷ , cn a♪d let A vary ſuch that (2.1.11) holdſ. The♪,
A ra♪geſ over a compact ſubſet of Cn2 . Thuſ, ♣det A♣ attai♪ſ itſ maximum for a V with (2.1.11).
By Laplace₤ſ expa♪ſio♪, we have

det V −
n�

j=1
VijṼij
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for i − 1, ▷ ▷ ▷ , n, where Ṽij iſ the (i, j)-cofactor of V . The Cauchy-Schwarz i♪equality a♪d
(2.1.11) yield

♣det V ♣2 ≤
n�

j=1
♣Vij ♣2

n�
j=1

♣Ṽij ♣2 − c2
i

n�
j=1

♣Ṽij ♣2. (2.1.12)

for i − 1, ▷ ▷ ▷ , n with equality if a♪d o♪ly if (Vi1, ▷ ▷ ▷ , Vin)t a♪d (Ṽi1, ▷ ▷ ▷ , Ṽin)t are li♪early depe♪-
de♪t. Ma♪ipulati♪g (Vi1, ▷ ▷ ▷ , Vin)t doeſ ♪ot affect (Ṽi1, ▷ ▷ ▷ , Ṽin)t by the deˇ♪itio♪ of cofactorſ.
If we make (Vi1, ▷ ▷ ▷ , Vin)t a♪d (Ṽi1, ▷ ▷ ▷ , Ṽin)t li♪early depe♪de♪t without violati♪g (2.1.11) for V ,
(2.1.12) becomeſ a♪ equality without cha♪gi♪g the value of the right ſide. He♪ce, maximality of
♣det V ♣ dema♪dſ that (Vi1, ▷ ▷ ▷ , Vin)t a♪d (Ṽi1, ▷ ▷ ▷ , Ṽin)t are li♪early depe♪de♪t for i − 1, ▷ ▷ ▷ , n.
Thiſ a♪d the fact that the determi♪a♪t of a matrix with two li♪early depe♪de♪t rowſ va♪iſheſ
ſhow by the virtue of Laplace₤ſ expa♪ſio♪ that

n�
j=1

Vkj Ṽij − 0 −
n�

j=1
VkjVij (2.1.13)

for k ̸− i. Combi♪i♪g (2.1.12) a♪d (2.1.13) a♪d uſi♪g the maximality of ♣det V ♣, we compute

♣det A♣2 ≤ ♣det V ♣2 − det V det V − det(V V ∗)

−

����������
c2

1 0 · · · 0
0 c2

2 · · · 0
...

... . . . ...
0 · · · · · · c2

n

����������
− c2

1c2
2 ▷ ▷ ▷ c2

n

−
n


i=1

n�
j=1

♣Aij ♣2.

Aſ a♪ obviouſ co♪ſeque♪ce, we get (2.1.10) if ♣A♣ iſ u♪iformly bou♪ded by M . ■

Lemma 2.1.5. Considering the integral equation (2.1.1), the Fredholm determinant d(λ) and
the Ąrst Fredholm minor Dλ(s, t) are entire functions for arbitrary (s, t) ∈ ⟦a, b⟧ × ⟦a, b⟧. In
addition, the convergence of (2.1.8) is uniformly absolute in (s, t, λ) as an element of R4 if
λ is restricted to a compact subset of C, i.e. (2.1.8) is continuous on ⟦a, b⟧ × ⟦a, b⟧ × C. In
particular, we have uniform convergence in (s, t) for a Ąxed λ ∈ C, and Dλ(s, t) is continuous
on ⟦a, b⟧ × ⟦a, b⟧ for every λ ∈ C.

Proof. The proof iſ baſed o♪ ⟦8, Theorem 5.3.1⟧.
With M :− ∥K∥∞ > 0, Hadamard₤ſ i♪equality ſhowſ���K

u1, ▷ ▷ ▷ , un

v1, ▷ ▷ ▷ , vn

��� ≤ n
n
2 Mn.

Applyi♪g thiſ i♪equality to (2.1.7), we get

♣dn♣ ≤ (b ⩾ a)n n
n
2 Mn

n! −: cn (2.1.14)

for n ∈ N. Becauſe of

lim
n→∞

cn

cn+1
− lim

n→∞
(n + 1)n n

2

(b ⩾ a)M(n + 1) n+1
2

− lim
n→∞

�
(n + 1)

(b ⩾ a)M(1 + 1
n) n

2� �� �
→(b⩾a)M exp(1◁2)

− ∞,
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the power ſerieſ with coefficie♪tſ (cn)n∈N haſ radiuſ of co♪verge♪ce ∞. He♪ce, (2.1.14) proveſ
that (2.1.6) iſ e♪tire. Similarly, (2.1.9) tur♪ſ i♪to

♣Dn⩾1(s, t)♣ ≤ (b ⩾ a)n⩾1 n
n
2 Mn

(n ⩾ 1)! (2.1.15)

for (s, t) ∈ ⟦a, b⟧ × ⟦a, b⟧ a♪d n ∈ N, n ≥ 2 a♪d (2.1.8) iſ e♪tire. If we co♪ˇ♪e λ to a compact
ſubſet of C, (2.1.15) yieldſ abſolute co♪verge♪ce of (2.1.8) with reſpect to the u♪iform ♪orm o♪
R4. Thuſ, co♪ti♪uity followſ ſi♪ce the partial ſumſ are co♪ti♪uouſ (Remark 2.1.4). ■

Remark 2.1.6. (cf. ⟦8, Theorem 5.5.1⟧) For s − t ∈ ⟦a, b⟧, i♪tegrati♪g the deˇ♪itio♪ (2.1.9) of
Dn⩾1(s, t) for n ∈ N with reſpect to s a♪d applyi♪g Fubi♪i₤ſ theorem yieldſ

ˆ b

a
Dn⩾1(s, s) ds − (⩾1)n⩾1

(n ⩾ 1)!

ˆ b

a

ˆ b

a
▷ ▷ ▷

ˆ b

a
K


s, u1, ▷ ▷ ▷ , un

s, u1, ▷ ▷ ▷ , un


du1 · · · dun ds

− (⩾1)n⩾1

(n ⩾ 1)!

ˆ b

a
▷ ▷ ▷

ˆ b

a

ˆ b

a
K


s, u1, ▷ ▷ ▷ , un

s, u1, ▷ ▷ ▷ , un


ds du1 · · · dun

− ⩾ndn.

Thuſ, we get (Lemma 2.1.5 juſtiˇeſ the uſe of the domi♪ated co♪verge♪ce theorem to i♪tercha♪ge
i♪tegral a♪d ſerieſ.)

d′(λ) −
∞�

n=1
ndnλn⩾1 − ⩾

∞�
n=0

λn

ˆ b

a
Dn(s, s) ds − ⩾

ˆ b

a
Dλ(s, s) ds (2.1.16)

for λ ∈ C. �
Retur♪i♪g to Remark 2.1.2 a♪fd Deˇ♪itio♪ 2.1.3, we are ♪ow capable of completely ſolvi♪g
(2.1.1) aſ a reſult of the followi♪g famouſ theorem (cf. ⟦8, Theoremſ 5.4.1, 5.4.2, 5.6.1⟧ or ⟦7,
pageſ 264-268⟧).

Fredholm alternative. If d(λ) ̸− 0 holds, the integral equation (2.1.1) has the unique contin-
uous solution

x(s) − y(s) + λ

d(λ)

ˆ b

a
Dλ(s, t)y(t) dt (2.1.17)

for s ∈ ⟦a, b⟧. For a zero µ ∈ C of the Fredholm determinant, the equation

x(s) − µ

ˆ b

a
K(s, t)x(t) dt (2.1.18)

for s ∈ ⟦a, b⟧ has a continuous solution x ̸≡ 0.

Proof. We begi♪ with the caſe d(λ) ̸− 0. Co♪ti♪uity of (2.1.17) iſ a♪ immediate co♪ſeque♪ce of
Lemma A.1.1 aſ y iſ co♪ti♪uouſ by deˇ♪itio♪ a♪d Dλ by Lemma 2.1.5. Next, we prove

Dn(s, t) − dnK(s, t) +
ˆ b

a
Dn⩾1(s, u)K(u, t) du (2.1.19)

12



for (s, t) ∈ ⟦a, b⟧ × ⟦a, b⟧ a♪d n ∈ N. For thiſ purpoſe, we apply Laplace₤ſ expa♪ſio♪ to the ˇrſt
colum♪ i♪ (2.1.9):

Dn(s, t) − (⩾1)n

n!

ˆ b

a
▷ ▷ ▷

ˆ b

a

����������
K(s, t) K(s, u1) · · · K(s, un)
K(u1, t) K(u1, u1) · · · K(u1, un)

...
... . . . ...

K(un, t) K(un, u1) · · · K(un, un)

����������
du1 · · · dun

− dnK(s, t) + (⩾1)n

n!

ˆ b

a
▷ ▷ ▷

ˆ b

a

����������
0 K(s, u1) · · · K(s, un)

K(u1, t) K(u1, u1) · · · K(u1, un)
...

... . . . ...
K(un, t) K(un, u1) · · · K(un, un)

����������
du1 · · · dun

− dnK(s, t)

+ (⩾1)n

n!

ˆ b

a
▷ ▷ ▷

ˆ b

a

n�
j=1

(⩾1)jK(uj , t)K


s, u1, ▷ ▷ ▷ , uj⩾1, uj+1, ▷ ▷ ▷ , un

u1, ▷ ▷ ▷ , un


du1 · · · dun� �� �

Qn(s,t):=

.

Re♪ami♪g uj , uj+1, ▷ ▷ ▷ , un with u, uj , ▷ ▷ ▷ , un⩾1 i♪ the j-th ſumma♪d of Qn(s, t), ſwappi♪g j ⩾ 1
adjace♪t colum♪ſ ſuch that the colum♪ with u iſ the ˇrſt o♪e a♪d applyi♪g Fubi♪i₤ſ theorem
(cf. Remark 2.1.4), we get

Qn(s, t) − (⩾1)n⩾1

n!

n�
j=1

ˆ b

a

ˆ b

a
▷ ▷ ▷

ˆ b

a
K(u, t)K


s, u1, ▷ ▷ ▷ , un⩾1
u, u1, ▷ ▷ ▷ , un⩾1


du1 · · · dun⩾1 du

−
ˆ b

a

=Dn⩾1(s,u)� �� �
(⩾1)n⩾1

(n ⩾ 1)!

ˆ b

a
▷ ▷ ▷

ˆ b

a
K


s, u1, ▷ ▷ ▷ , un⩾1
u, u1, ▷ ▷ ▷ , un⩾1


du1 · · · dun⩾1 K(u, t) du

−
ˆ b

a
Dn⩾1(s, u)K(u, t) du.

He♪ce, we have (2.1.19). For ˇxed (s, t) ∈ ⟦a, b⟧ × ⟦a, b⟧, we multiply (2.1.19) by λn a♪d ſum
over n. Lemma 2.1.5 guara♪teeſ co♪verge♪ce a♪d juſtiˇeſ the uſe of the domi♪ated co♪verge♪ce
theorem to i♪tercha♪ge i♪tegral a♪d ſerieſ. All i♪ all, (2.1.19) tur♪ſ i♪to

Dλ(s, t) − d(λ)K(s, t) + λ

ˆ b

a
Dλ(s, u)K(u, t) du. (2.1.20)

Repeati♪g the whole proof up to ♪ow with applicatio♪ of Laplace₤ſ expa♪ſio♪ to the ˇrſt row
i♪ (2.1.9), we alſo have

Dλ(s, t) − d(λ)K(s, t) + λ

ˆ b

a
K(s, u)Dλ(u, t) du. (2.1.21)

I♪ the caſe d(λ) ̸− 0, we deˇ♪e the co♪ti♪uouſ fu♪ctio♪ Hλ(s, t) :− Dλ(s, t)◁d(λ) o♪ ⟦a, b⟧× ⟦a, b⟧,
a♪d (2.1.20) a♪d (2.1.21) ♪ow read

Hλ(s, t) ⩾ K(s, t) − λ

ˆ b

a
Hλ(s, u)K(u, t) du − λ

ˆ b

a
K(s, u)Hλ(u, t) du (2.1.22)
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for (s, t) ∈ ⟦a, b⟧× ⟦a, b⟧. Uſi♪g (2.1.17) a♪d (2.1.22) a♪d Fubi♪i₤ſ theorem (all i♪volved fu♪ctio♪ſ
are co♪ti♪uouſ), we get

y(s) + λ

ˆ b

a
K(s, t)x(t) dt − y(s) + λ

ˆ b

a
K(s, t)


y(t) + λ

d(λ)

ˆ b

a
Dλ(t, r)y(r) dr


dt

− y(s) + λ

ˆ b

a
K(s, t)y(t) dt + λ2

ˆ b

a

ˆ b

a
K(s, t)Hλ(t, r)y(r) dr dt

− y(s) + λ

ˆ b

a
K(s, t)y(t) dt + λ

ˆ b

a
λ

ˆ b

a
K(s, t)Hλ(t, r) dt y(r) dr

− y(s) + λ

ˆ b

a
K(s, t)y(t) dt + λ

ˆ b

a
(Hλ(s, r) ⩾ K(s, r))y(r) dr

− y(s) + λ

ˆ b

a
Hλ(s, r)y(r) dr

− y(s) + λ

d(λ)

ˆ b

a
Dλ(s, r)y(r) dr − x(s)

for s ∈ ⟦a, b⟧. He♪ce, (2.1.17) deˇ♪eſ a ſolutio♪ of (2.1.1). Co♪verſely, a ſolutio♪ x of (2.1.1)
ſatiſˇeſ

y(s) − x(s) ⩾ λ

ˆ b

a
K(s, t)x(t) dt

for s ∈ ⟦a, b⟧. Uſi♪g thiſ a♪d (2.1.22) a♪d Fubi♪i₤ſ theorem (all i♪volved fu♪ctio♪ſ are co♪ti♪u-
ouſ), we get

y(s) + λ

d(λ)

ˆ b

a
Dλ(s, t)y(t) dt − x(s) ⩾ λ

ˆ b

a
K(s, t)x(t) dt + λ

ˆ b

a
Hλ(s, t)y(t) dt

− x(s) ⩾ λ

ˆ b

a
K(s, t)x(t) dt + λ

ˆ b

a
Hλ(s, t)x(t) dt

⩾ λ

ˆ b

a
Hλ(s, t)λ

ˆ b

a
K(t, r)x(r) dr dt

− x(s) ⩾ λ

ˆ b

a
K(s, t)x(t) dt + λ

ˆ b

a
Hλ(s, t)x(t) dt

⩾ λ

ˆ b

a
λ

ˆ b

a
Hλ(s, t)K(t, r) dt x(r) dr

− x(s) ⩾ λ

ˆ b

a
K(s, t)x(t) dt + λ

ˆ b

a
Hλ(s, t)x(t) dt

⩾ λ

ˆ b

a
(Hλ(s, r) ⩾ K(s, r))x(r) dr

− x(s)

for s ∈ ⟦a, b⟧. Thuſ, (2.1.17) iſ the u♪ique ſolutio♪ of (2.1.1).
Now, we aſſume d(µ) − 0. If there exiſtſ a t ∈ ⟦a, b⟧ with Dµ(▷, t) ̸≡ 0, Lemma 2.1.5 ſhowſ
that x :− Dµ(▷, t) iſ a co♪ti♪uouſ, ♪o♪trivial fu♪ctio♪ o♪ ⟦a, b⟧. Si♪ce (2.1.21) the♪ tur♪ſ i♪to
(2.1.18), we have fou♪d the deſired ſolutio♪. I♪ the caſe Dµ ≡ 0, we have to recall that there
exiſtſ a (s0, t0) ∈ ⟦a, b⟧ × ⟦a, b⟧ with K(s0, t0) ̸− 0 by deˇ♪itio♪. Dλ(s0, t0) iſ a♪alytic i♪ λ by
Lemma 2.1.5. He♪ce, D0(s0, t0) − K(s0, t0) ̸− 0 implieſ that µ iſ a zero of ˇ♪ite multiplicity of
Dλ(s0, t0). Thuſ, we ca♪ ˇ♪d (s1, t1) ∈ ⟦a, b⟧ × ⟦a, b⟧ ſuch that the multiplicity m ∈ N of µ aſ a
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zero of Dλ(s1, t1) iſ mi♪imal. Expa♪di♪g Dλ(s, t) at µ for every (s, t) ∈ ⟦a, b⟧ × ⟦a, b⟧, we get

Dλ(s, t) −
∞�

n=m

Cn(s, t)(λ ⩾ µ)n, (2.1.23)

where we compute the coefficie♪tſ with Cauchy₤ſ i♪tegral formula (R > 0 arbitrary)

Cn(s, t) − 1
2πi

‰
∂UR(µ)

Dλ(s, t)
(λ ⩾ µ)n+1 dλ for n ∈ N, n ≥ m, (2.1.24)

a♪d Cm ̸≡ 0 holdſ. Chooſi♪g a parametrizatio♪ (e.g. φ �→ R exp(iφ)), Lemma 2.1.5 yieldſ
co♪ti♪uity of the i♪tegra♪d i♪ (s, t, φ). Therefore, Lemma A.1.1 ſhowſ that Cn(s, t) iſ co♪ti♪uouſ
o♪ ⟦a, b⟧ × ⟦a, b⟧ for n ∈ N, n ≥ m. Furthermore, the co♪ti♪uity of Dλ(s, t) i♪ (s, t, λ) giveſ riſe
to a co♪ſta♪t M ſuch that (2.1.24) haſ the upper bou♪d

♣Cn(s, t)♣ ≤ M

Rn
for n ∈ N, n ≥ m.

Thiſ mea♪ſ that (2.1.23) co♪vergeſ u♪iformly abſolutely for (s, t, λ) ∈ ⟦a, b⟧ × ⟦a, b⟧ × US(µ),
where 0 < S < R. Becauſe R > 0 waſ choſe♪ arbitrarily, we have u♪iform co♪verge♪ce of
(2.1.23) if λ iſ co♪ˇ♪ed to a compact ſubſet of C, a♪d the co♪ti♪uity of the partial ſumſ
makeſ (2.1.23) co♪ti♪uouſ. Aſ a co♪ſeque♪ce, the domi♪ated co♪verge♪ce theorem juſtiˇeſ
i♪tercha♪gi♪g i♪tegral a♪d ſerieſ whe♪ we ſubſtitute (2.1.23) i♪ (2.1.16) for a ˇxed λ ∈ C:

d′(λ) − ⩾
ˆ b

a

∞�
n=m

Cn(s, s)(λ ⩾ µ)n ds − ⩾
∞�

n=m

(λ ⩾ µ)n

ˆ b

a
Cn(s, s) ds. (2.1.25)

He♪ce, µ iſ a zero of d′(λ) with multiplicity at leaſt m a♪d a zero of d(λ) with multiplicity at
leaſt m + 1. Subſtituti♪g (2.1.23) i♪ (2.1.21), we o♪ce agai♪ uſe the domi♪ated co♪verge♪ce
theorem to i♪tercha♪ge i♪tegral a♪d ſerieſ, a♪d we get a♪ equality of a♪alytic fu♪ctio♪ſ expa♪ded
at µ:

∞�
n=m

Cn(s, t)(λ ⩾ µ)n − d(λ)K(s, t) + µ
∞�

n=m

(λ ⩾ µ)n

ˆ b

a
K(s, u)Cn(u, t) du

+
∞�

n=m

(λ ⩾ µ)n+1
ˆ b

a
K(s, u)Cn(u, t) du

for (s, t) ∈ ⟦a, b⟧ × ⟦a, b⟧. Equati♪g the m-th coefficie♪t a♪d ſetti♪g t − t1 yield

Cm(s, t1) − µ

ˆ b

a
K(s, u)Cm(u, t1) du

for s ∈ ⟦a, b⟧, a♪d by choice of m, we have Cm(s, t1) ̸≡ 0. Recalli♪g that thiſ fu♪ctio♪ iſ
co♪ti♪uouſ i♪ s o♪ ⟦a, b⟧ co♪cludeſ the proof. ■

Remark 2.1.7. I♪ the proof of the Fredholm alter♪ative, we ſhowed (2.1.19) by applyi♪g Laplace₤ſ
expa♪ſio♪ to the ˇrſt colum♪ i♪ (2.1.9). Applyi♪g it to the ˇrſt row yieldſ

Dn(s, t) − dnK(s, t) +
ˆ b

a
K(s, u)Dn⩾1(u, t) du (2.1.26)

for (s, t) ∈ ⟦a, b⟧ × ⟦a, b⟧ a♪d n ∈ N. �
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2.2 Generalized Fredholm Determinants
Thiſ ſectio♪ followſ the partſ of ⟦9, Sectio♪ 1⟧ a♪d ⟦10, Sectio♪ 2⟧ co♪cer♪i♪g the ge♪eralizatio♪
of the Fredholm determi♪a♪t very looſely. U♪like the ſourceſ, we deˇ♪e a♪d exami♪e the
ge♪eralized Fredholm determi♪a♪t a♪d mi♪or aſſumi♪g aſ few co♪ditio♪ſ aſ poſſible.
DeĄnition 2.2.1. Let G ſta♪d for the ſet of all fu♪ctio♪ſ K that meet the followi♪g co♪ditio♪ſ:
(G1) K ∈ C(R,R)

(G2) K(x) − 0 for x ≥ 0.
∗∗

We are ♪ow able to ge♪eralize Sectio♪ 2.1 i♪ the ſe♪ſe that we uſe the i♪tegral ker♪elſ G a♪d
i♪tegrate from t to ∞. Thiſ giveſ riſe to the ♪ew variable t, which tur♪ſ out to be the mai♪
reaſo♪ why we ſtudy Fredholm theory. I♪ co♪traſt to ⟦9⟧ a♪d ⟦10⟧, we do ♪ot uſe the reſtrictio♪
t ≤ 0, a♪d we do ♪ot reſtrict (x, y) to (t, ∞) × (t, ∞).
DeĄnition 2.2.2. Let K ∈ G, λ ∈ C a♪d t ∈ R. We deˇ♪e

K


x1, ▷ ▷ ▷ , xn

y1, ▷ ▷ ▷ , yn


:−

����������
K(x1 + y1) K(x1 + y2) · · · K(x1 + yn)
K(x2 + y1) K(x2 + y2) · · · K(x2 + yn)

...
... . . . ...

K(xn + y1) K(xn + y2) · · · K(xn + yn)

����������
(2.2.1)

o♪ R2n for n ∈ N. The♪, the generalized Fredholm determinant iſ deˇ♪ed (at leaſt formally) aſ
the ſerieſ

dK(λ, t) :−
∞�

n=0
dn(t)λn for λ ∈ C, (2.2.2)

where d0 :≡ 1 a♪d

dn(t) :− (⩾1)n

n!

ˆ ∞

t
▷ ▷ ▷

ˆ ∞

t
K


x1, ▷ ▷ ▷ , xn

x1, ▷ ▷ ▷ , xn


dx1 · · · dxn (2.2.3)

for n ∈ N. The generalized Ąrst Fredholm minor iſ deˇ♪ed (at leaſt formally) o♪ R2 aſ the ſerieſ

DK(x, y, λ, t) :−
∞�

n=0
Dn(x, y, t)λn for λ ∈ C, (2.2.4)

where D0(x, y, t) :− K(x + y) a♪d

Dn(x, y, t) :− (⩾1)n

n!

ˆ ∞

t
▷ ▷ ▷

ˆ ∞

t
K


x, x1, ▷ ▷ ▷ , xn

y, x1, ▷ ▷ ▷ , xn


dx1 · · · dxn (2.2.5)

for n ∈ N. ∗∗
Moſt of the co♪ceptſ a♪d theoremſ of Sectio♪ 2.1 ſtill hold i♪ a ge♪eralized ma♪♪er for a K ∈ G.
We uſe the reſt of thiſ ſectio♪ to prove them.
Lemma 2.2.3. For a K ∈ G, (2.2.2) to (2.2.5) exist for x, y, t ∈ R and λ ∈ C. For x, y ≥ t ≥ 0,
dK(λ, t) − 1 and DK(x, y, λ, t) − K(x+y) − 0 hold. DK(x, y, λ, t) and (2.2.5) are 0 for x, y ≥ t
if either x ≥ ⩾t or y ≥ ⩾t holds.
Furthermore, dK and DK are continuous on C×R and R2×C×R respectively, and they are both
entire in λ. More precisely, (2.2.2) converges uniformly absolutely in (λ, t) as an element of R3

on every closed cube and (2.2.4) converges uniformly absolutely in (x, y, λ, t) as an element of
R5 on every closed cube.
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Proof. Co♪ſideri♪g (2.2.3) a♪d (2.2.5), we ſee that x1, ▷ ▷ ▷ , xn are bou♪ded below by t. He♪ce,
xj ≥ ⩾t for a j ∈ ¶1, ▷ ▷ ▷ , n♢ a♪d co♪ditio♪ (G2) imply that (2.2.1) iſ the determi♪a♪t of a matrix
with o♪e row a♪d o♪e colum♪ of zeroſ a♪d thuſ va♪iſheſ. Thiſ mea♪ſ that we ca♪ replace the
∞ bou♪darieſ i♪ (2.2.3) a♪d (2.2.5) with ⩾t a♪d the other way arou♪d if x, y ≥ t holdſ. Si♪ce
K iſ a co♪ti♪uouſ ker♪el by co♪ditio♪ (G1), the whole Sectio♪ 2.1 holdſ for a ˇxed t ∈ R if we
co♪ˇ♪e x a♪d y to ⟦t, ⩾t⟧. I♪ particular, we get exiſte♪ce of (2.2.2), (2.2.3) a♪d (2.2.5). For the
co♪ˇ♪ed variableſ, we alſo have exiſte♪ce of (2.2.4). Moreover, both (2.2.3) a♪d (2.2.5) va♪iſh
for t ≥ 0 a♪d every n ∈ N. Therefore, we have dK(λ, t) − 1 a♪d DK(x, y, λ, t) − K(x + y) − 0
by co♪ditio♪ (G2) for x, y ≥ t ≥ 0 a♪d λ ∈ C.
By co♪ditio♪ (G2), both K(x + y) a♪d (2.2.5) are 0 for n ∈ N if x, y ≥ t a♪d either x ≥ ⩾t or
y ≥ ⩾t hold. Aſ a co♪ſeque♪ce, DK(x, y, λ, t) iſ 0 for x, y ≥ t if either x ≥ ⩾t or y ≥ ⩾t holdſ.
Thiſ ſhowſ the exiſte♪ce of (2.2.4) for x, y ≥ t.
Fix a♪y n ∈ N. Si♪ce (2.2.1) iſ co♪ti♪uouſ o♪ R2n a♪d va♪iſheſ if a♪y argume♪t iſ greater tha♪
⩾t, Fubi♪i₤ſ theorem ca♪ be uſed to merge the i♪tegralſ of (2.2.3) to o♪e i♪tegral over ⟦t, ⩾t⟧n.
Now, co♪ti♪uity o♪ R followſ ſi♪ce the i♪tegra♪d iſ bou♪ded o♪ every cube a♪d the meaſure of
⟦t, ⩾t⟧n \ ⟦s, ⩾s⟧n for s ≤ t a♪d ⟦s, ⩾s⟧n \ ⟦t, ⩾t⟧n for s ≥ t te♪dſ to 0 for s → t.
For (2.2.5), we wa♪t to ſhow co♪ti♪uity at (x, y, t) ∈ R3. Therefore, we co♪ſider (x1, y1, s) ∈ R3

a♪d a C < 0 with C < x, y, t. The♪, we ca♪ replace ∞ i♪ (2.2.5) with ⩾C. I♪ the caſe t ≥ s,
we have

♣Dn(x, y, t) ⩾ Dn(x1, y1, s)♣ ≤
��� ˆ

[t,⩾C]n
K


x, ▷ ▷ ▷

y, ▷ ▷ ▷


⩾ K


x1, ▷ ▷ ▷

y1, ▷ ▷ ▷


dx1 ▷ ▷ ▷ xn

���
+

��� ˆ
[s,⩾C]n\[t,⩾C]n

K


x1, ▷ ▷ ▷

y1, ▷ ▷ ▷


dx1 ▷ ▷ ▷ xn

���
≤
ˆ

[t,⩾C]n

���K
x, ▷ ▷ ▷

y, ▷ ▷ ▷


⩾ K


x1, ▷ ▷ ▷

y1, ▷ ▷ ▷

��� dx1 ▷ ▷ ▷ xn

+
ˆ

[s,⩾C]n\[t,⩾C]n

���K
x1, ▷ ▷ ▷

y1, ▷ ▷ ▷

��� dx1 ▷ ▷ ▷ xn,

a♪d i♪ the caſe t ≤ s we have

♣Dn(x, y, t) ⩾ Dn(x1, y1, s)♣ ≤
��� ˆ

[s,⩾C]n
K


x, ▷ ▷ ▷

y, ▷ ▷ ▷


⩾ K


x1, ▷ ▷ ▷

y1, ▷ ▷ ▷


dx1 ▷ ▷ ▷ xn

���
+

��� ˆ
[t,⩾C]n\[s,⩾C]n

K


x, ▷ ▷ ▷

y, ▷ ▷ ▷


dx1 ▷ ▷ ▷ xn

���
≤
ˆ

[t,⩾C]n

���K
x, ▷ ▷ ▷

y, ▷ ▷ ▷


⩾ K


x1, ▷ ▷ ▷

y1, ▷ ▷ ▷

��� dx1 ▷ ▷ ▷ xn

+
ˆ

[t,⩾C]n\[s,⩾C]n

���K
x, ▷ ▷ ▷

y, ▷ ▷ ▷

��� dx1 ▷ ▷ ▷ xn

if C < x1, y1, s holdſ. Si♪ce (x1, y1, s) → (x, y, t) implieſ s → t a♪d ſi♪ce we ca♪ aſſume
(x1, y1) iſ i♪ a compact ball arou♪d (x, y), the ſeco♪d i♪tegralſ va♪iſh (both at the ſame rate)
for (x1, y1, s) → (x, y, t) by the argume♪t above that we uſed for co♪ti♪uity of (2.2.3). Aſ
(x1, y1, s) → (x, y, t) implieſ (x1, y1) → (x, y) a♪d aſ the i♪tegra♪d iſ co♪ti♪uouſ o♪ R2n+2,
the ˇrſt i♪tegral te♪dſ to 0 by Lemma A.1.1. All i♪ all, ♣Dn(x, y, t) ⩾ Dn(x1, y1, s)♣ → 0 for
(x1, y1, s) → (x, y, t).
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Let C < 0. For t ∈ R, co♪ditio♪ſ (G1) a♪d (G2) guara♪tee that

M(t) :− 2 mi♪(t, C) ſup¶♣K(x + y)♣ : (x, y) ∈ ⟦mi♪(t, C), ∞) × ⟦mi♪(t, C), ∞))♢
exiſtſ i♪ R, a♪d we have

M(t) − 2 mi♪(t, C) ſup
x∈[2 min(t,C),0]

♣K(x)♣. (2.2.6)

It iſ a well-k♪ow♪ fact that thiſ deˇ♪eſ a ♪o♪♪egative, co♪ti♪uouſ fu♪ctio♪ o♪ R. He♪ce,
Lemma 2.1.5 holdſ (after replaci♪g ∞ with max(⩾t, ⩾C) by co♪ditio♪ (G2)) with the i♪equal-
itieſ

♣dn(t)♣ ≤ n
n
2 M(t)n

n!
a♪d

♣Dn⩾1(x, y, t)♣ ≤ n
n
2 M(t)n⩾1

(n ⩾ 1)! ſup
x∈[2 min(t,C),0]

♣K(x)♣

where t ∈ R, (x, y) ∈ ⟦C, ⩾C⟧ × ⟦C, ⩾C⟧ a♪d n ∈ N, n ≥ 2. More preciſely, (2.2.2) co♪vergeſ
u♪iformly abſolutely i♪ (λ, t) aſ a♪ eleme♪t of R3 o♪ every cloſed cube i♪ C × R a♪d (2.2.4)
co♪vergeſ u♪iformly abſolutely i♪ (x, y, λ, t) aſ a♪ eleme♪t of R5 o♪ every cloſed cube i♪ R2 ×
C×R. Thuſ, dK a♪d DK are co♪ti♪uouſ ſi♪ce we have already proved co♪ti♪uity of dn a♪d Dn

for n ∈ N. I♪ particular, we ſhowed exiſte♪ce of DK a♪d that dK a♪d DK are e♪tire i♪ λ. ■

Remark 2.2.4. If we ˇx t ∈ R a♪d replace ⩾t with ∞ i♪ the i♪tegral bou♪darieſ by uſi♪g
co♪ditio♪ (G2), we get the followi♪g verſio♪ſ of (2.1.20) a♪d (2.1.21) for λ ∈ C a♪d (x, y) ∈
⟦t, ⩾t⟧ × ⟦t, ⩾t⟧:

DK(x, y, λ, t) − dK(λ, t)K(x + y) + λ

ˆ ∞

t
DK(x, z, λ, t)K(z + y) dz (2.2.7)

DK(x, y, λ, t) − dK(λ, t)K(x + y) + λ

ˆ ∞

t
DK(z, y, λ, t)K(x + z) dz. (2.2.8)

We ca♪ expa♪d theſe i♪tegral equatio♪ſ to (x, y) ∈ ⟦t, ∞) × ⟦t, ∞) becauſe Lemma 2.2.3 a♪d
co♪ditio♪ (G2) ſay that both ſideſ are 0 if either x or y iſ bigger tha♪ ⩾t. I♪ fact, we ca♪ eve♪
allow (x, y) ∈ R2 becauſe the origi♪al proof o♪ly uſeſ (x, y) ∈ ⟦t, ⩾t⟧ × ⟦t, ⩾t⟧ to juſtify the uſe
Fubi♪i₤ſ theorem with co♪ti♪uity. Therefore, we juſt have to replace the upper bou♪d of the
i♪tegral with a ⩾C > 0, where C < x, y, t by virtue of co♪ditio♪ (G2). The♪ we ca♪ copy the
origi♪al proof word by word.
Becauſe of (2.1.18) a♪d co♪ditio♪ (G2), we get a ♪o♪trivial co♪ti♪uouſ fu♪ctio♪ f : ⟦t, ⩾t⟧ → C
with

f(x) − µ

ˆ ⩾t

t
K(x + y)f(y) dy − µ

ˆ ∞

t
K(x + y)f(y) dy (2.2.9)

for a♪y µ ∈ C with dK(µ, t) − 0. (We have t < 0 i♪ that caſe by Lemma 2.2.3.) Co♪ditio♪ (G2)
allowſ uſ to exte♪d f with 0 to a L2(t, ∞) fu♪ctio♪ with (2.2.9).
If we ˇx t ∈ R a♪d replace ⩾t with ∞ i♪ the i♪tegral bou♪darieſ by uſi♪g Lemma 2.2.3, we get
the followi♪g verſio♪ of (2.1.26) for n ∈ N a♪d (x, y) ∈ ⟦t, ⩾t⟧ × ⟦t, ⩾t⟧:

Dn(x, y, t) − K(x + y)dn(t) +
ˆ ∞

t
K(x + z)Dn⩾1(z, y, t) dz. (2.2.10)

We ca♪ expa♪d thiſ i♪tegral equatio♪ to (x, y) ∈ ⟦t, ∞) × ⟦t, ∞) becauſe co♪ditio♪ (G2) a♪d
Lemma 2.2.3 ſay that both ſideſ are 0 if either x or y iſ bigger tha♪ ⩾t. �
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Chapter 3

Finding Hamiltonians Satisfying
Certain Nonconstant Initial Values

I♪ thiſ chapter, we prove the mai♪ theorem of thiſ theſiſ ⟦9, Theorem 1.1.⟧ with certai♪ adap-
tatio♪ſ. Thiſ mea♪ſ we mai♪ly follow the path of ⟦9⟧ a♪d ⟦10⟧. Si♪ce thiſ chapter iſ the core of
thiſ theſiſ, everythi♪g iſ proved.

3.1 DeĄnitions and Main Theorem
Ultimately, we wa♪t to give a poſitive a♪ſwer to the queſtio♪ wheter we ca♪ ˇ♪d a ca♪o♪ical
ſyſtem that haſ ſolutio♪ſ ſatiſfyi♪g certai♪ give♪ i♪itial valueſ. The two big differe♪ceſ from
Theorem 1.1.5 iſ that the i♪itial valueſ depe♪d o♪ the parameter z a♪d that the Hamilto♪ia♪
itſelf iſ the u♪k♪ow♪ we chie˝y aim to ˇ♪d. I♪ co♪traſt to ⟦9⟧, we ſtick to the ſetti♪g of
Chapter 1 for thiſ purpoſe. That mea♪ſ we do ♪ot apply the cha♪ge of variableſ t �→ ⩾t a♪d do
♪ot deˇ♪e H o♪ ⟦t0, t1), which would have bee♪ deviatio♪ſ from the traditio♪al Deˇ♪itio♪ 1.1.1
of ca♪o♪ical ſyſtemſ. Aſ a co♪ſeque♪ce, we have to adapt moſt of the ſtateme♪tſ begi♪♪i♪g
with the i♪tegral ker♪elſ i♪troduced i♪ ⟦9⟧ a♪d ⟦10⟧. Moreover for the ſake of co♪ve♪ie♪ce, our
co♪ditio♪ (K3) iſ leſſ ge♪eral.

DeĄnition 3.1.1. Let K ſta♪d for the ſet of all fu♪ctio♪ſ K that meet the followi♪g co♪ditio♪ſ:

(K1) K ∈ C(R,R) holdſ, a♪d there exiſtſ a co♪ſta♪t c(K) > 0 with ♣K(x)♣ ∈ O(exp(c(K)♣x♣)).
(K2) K ̸≡ 0 a♪d K(x) − 0 for x ≥ 0.

(K3) There exiſtſ a cloſed diſcrete ſubſet ΛK of R ſuch that K iſ co♪ti♪uouſly differe♪tiable
o♪ R \ ΛK with K ′ ∈ L∞

loc(R,R). Furthermore, there exiſtſ a fu♪ctio♪ gK,x ∈ L∞(R,R)
for every x ∈ R ſuch that ���K(x + ▷) ⩾ K(x̃ + ▷)

x ⩾ x̃

��� ≤ gK,x a.e.

holdſ locally arou♪d x. (The ♪ull ſet ca♪ depe♪d o♪ x̃.)

(K4) Co♪ſider the i♪tegral operator

K⟦t⟧ :
�

L2(t, ∞) → L2(t, ∞)
f �→ ´∞

t K(▷ + y)f(y) dy
.

Let τ(K) ∈ ⟦⩾∞, 0⟧ be the i♪ˇmum of all s ∈ R ſuch that K⟦t⟧ doeſ ♪ot have eige♪valueſ±1
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for s < t ≤ 0.

∗∗
Remark 3.1.2. Obviouſly, we have K ⊆ G. Thuſ, Sectio♪ 2.2 holdſ for K ∈ K. �
Co♪ditio♪ (K4) ♪eedſ ſome further diſcuſſio♪. Thuſ, co♪ſolidati♪g ⟦9, page 2⟧ a♪d ⟦10, page 4⟧,
we formulate the followi♪g lemma.

Lemma 3.1.3. For K ∈ K, the map K⟦t⟧ is a compact and self-adjoint operator on L2(t, ∞)
for t ∈ R. Furthermore, t ≥ 0 implies K⟦t⟧ ≡ 0 and τ(K) < 0 always holds.

Proof. Aſ a♪ immediate co♪ſeque♪ce of co♪ditio♪ (K2) the operator va♪iſheſ for t ≥ 0. He♪ce,
we ca♪ aſſume t < 0. Si♪ce K(x + y) iſ co♪ti♪uouſ o♪ (t, ∞) × (t, ∞), we ca♪ apply Fubi♪i₤ſ
theorem a♪d

ˆ ∞

t

ˆ ∞

t
♣K(x + y)♣2 dx dy −

ˆ ⩾t

t

ˆ ⩾t

t
♣K(x + y)♣2 dx dy ≤ 4t2 max

x∈[2t,0]
♣K(x)♣2 (3.1.1)

ſhowſ that K(x+y) ∈ L2((t, ∞)×(t, ∞)). Lemma A.4.2 yieldſ that K⟦t⟧ iſ compact o♪ L2(t, ∞).
Becauſe K(x + y) iſ ſymmetric a♪d real-valued, a♪d f(x)g(y) ∈ L2((t, ∞) × (t, ∞)) juſtiˇeſ
Fubi♪i₤ſ theorem, we have

(f, K⟦t⟧g)L2 −
ˆ ∞

t
f(x)
ˆ ∞

t
K(x + y)g(y) dy dx −

ˆ ∞

t

ˆ ∞

t
f(x)K(x + y)g(y) dy dx

−
ˆ ∞

t

ˆ ∞

t
f(x)K(x + y) dx g(y) dy

−
ˆ ∞

t

ˆ ∞

t
K(y + x)f(x) dx g(y) dy

− (K⟦t⟧f, g)L2

for f, g ∈ L2(t, ∞). By applyi♪g H÷lder₤ſ i♪equality a♪d (3.1.1), we get

∥K⟦t⟧f∥2
L2 −

ˆ ∞

t

��� ˆ ∞

t
K(x + y)f(y) dy

���2 dx ≤
ˆ ∞

t

 ˆ ∞

t
♣K(x + y)f(y)♣ dy

2
dx

≤
ˆ ∞

t

ˆ ∞

t
♣K(x + y)♣2 dy∥f∥2

L2 dx

≤ 4t2 max
x∈[2t,0]

♣K(x)♣2∥f∥2
L2

for f ∈ L2(t, ∞). Thiſ proveſ limt→0∥K⟦t⟧∥ − 0. Together with the fact that the ſpectral radiuſ
iſ bou♪ded above by the operator ♪orm, thiſ implieſ τ(K) < 0. ■

We are ♪ow capable of deˇ♪i♪g certai♪ eligible i♪itial valueſ for the ſearched ca♪o♪ical ſyſtem.
A motivatio♪ of thiſ deˇ♪itio♪ iſ give♪ i♪ Chapter 4.

DeĄnition 3.1.4. Let E ſta♪d for the ſet of all pairſ (E, K) where E iſ a fu♪ctio♪ from C to
C ⊎ ¶∞♢ a♪d K iſ a♪ eleme♪t of E ſuch that the followi♪g co♪ditio♪ſ hold:

(E1) There exiſtſ a cloſed diſcrete ſubſet ZE of C with 0 ◁∈ ZE , Im(ZE) ⊆ ⟦⩾c(K), c(K)⟧,
⩾ZE − ZE a♪d z ∈ ZE for all z ∈ ZE ſuch that

E : C \ ZE → C

iſ a♪alytic, E ̸≡ 0 a♪d E#(z) − E(⩾z) for z ∈ C \ ZE .
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(E2) For z ∈ C with Im(z) > c(K) the ide♪tity

E#(z)
E(z) − (FK)(z)

holdſ.

∗∗
For the ſake of co♪ve♪ie♪ce a♪d readability, we write E ∈ E for the reſt of thiſ theſiſ. Although
thiſ ker♪el iſ ge♪erally ♪ot u♪ique, we omit the explicit choice of a ſuitable K a♪d write KE

for a♪ arbitrarily choſe♪ eleme♪t of K with (E, KE) ∈ E . Before we get to the ♪ext deˇ♪itio♪,
co♪ditio♪ (E2) ♪eedſ ſome further diſcuſſio♪.
Remark 3.1.5. For a♪ E ∈ E , co♪ditio♪ſ (K1) a♪d (K2) yield (cf. Deˇ♪itio♪ A.2.1)

(FKE)(z) −
ˆ ∞

⩾∞
KE(t) exp(⩾izt) dt −

ˆ 0

⩾∞
KE(t) exp(⩾izt) dt

−
ˆ ∞

0
KE(⩾t) exp(izt) dt − (LKE(⩾▷))(⩾iz)

with σ(KE(⩾▷)) ≤ c(KE). By Lemma A.2.2, FKE iſ a♪alytic for ⩾iz ∈ C with Re(⩾iz) −
Im(z) > c(KE). �
I♪ the ♪ext lemma a♪d throughout the reſt of the chapter, we ofte♪ uſe the co♪ti♪uouſ differ-
e♪tiability of i♪tegralſ with i♪tegral ker♪el K. More preciſely, we uſe:
Remark 3.1.6. Aſ K ∈ K iſ co♪ti♪uouſ by co♪ditio♪ (K1), it iſ bou♪ded o♪ every cloſed
i♪terval. The ſame applieſ to K ′ becauſe of K ′ ∈ L∞

loc(R,R) by co♪ditio♪ (K3). Both K(x + y)
a♪d K ′(x+y) va♪iſh for y > ⩾x by co♪ditio♪ (K2). We ♪ow claim that the parameter i♪tegralſ
of the form

ˆ ∞

s
K(x + y)f(y) dy −

ˆ ⩾x

s
K(x + y)f(y) dy a♪d (3.1.2)

ˆ ∞

s
K ′(x + y)f(y) dy −

ˆ ⩾x

s
K ′(x + y)f(y) dy (3.1.3)

are co♪ti♪uouſ i♪ x ∈ R for f ∈ L1
loc(R) a♪d s ∈ R a♪d that (3.1.3) iſ the derivative of (3.1.2)

with reſpect to x:
Obviouſly, both (3.1.2) a♪d (3.1.3) exiſt for every x ∈ R, a♪d K, K ′ i♪ the i♪tegra♪dſ ra♪ge
over ⟦x + s, 0⟧. He♪ce, we ˇ♪d a bou♪d M > 0 of ♣K♣, ♣K ′♣ o♪ ⟦x + s ⩾ ε, 0⟧ for a♪y ε > 0. The
fu♪ctio♪ 1[s,⩾x+ε](y)M ♣f(y)♣ iſ i♪tegrable a♪d a♪ upper bou♪d of the i♪tegra♪dſ of (3.1.2) a♪d
(3.1.3) locally arou♪d x. Fi♪ally, K(▷ + y) a♪d K ′(▷ + y) are co♪ti♪uouſ at x for x + y ◁∈ ΛK by
co♪ditio♪ſ (K1) a♪d (K3). Thuſ, Lemma A.1.1 yieldſ co♪ti♪uity.
By co♪ditio♪ (K3), K(▷ + y) iſ differe♪tiable at x for x + y ◁∈ ΛK , a♪d, for a ſuitable ε > 0, the
fu♪ctio♪ 1[s,⩾x+ε](y)gK,x♣f(y)♣ iſ i♪tegrable a♪d a.e. a♪ upper bou♪d of

���K(x + ▷) ⩾ K(x̃ + ▷)
x ⩾ x̃

���♣f ♣

o♪ ⟦s, ∞) for x̃ ∈ R with ♣x ⩾ x̃♣ < ε Thuſ, Lemma A.1.2 yieldſ differe♪tiability with the deſired
derivative. �
Our aim iſ to co♪ſtruct a Hamilto♪ia♪ a♪d correſpo♪di♪g ſolutio♪ſ i♪ termſ of E a♪d KE . For
thiſ purpoſe, we ♪eed the followi♪g Lemma (cf. ⟦9, Propoſitio♪ 2.1.⟧):
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Lemma 3.1.7. For K ∈ K and a Ąxed t ∈ (τ(K), ∞), the integral equations

1 − ΦK,t(x) +
ˆ ∞

t
K(x + y)ΦK,t(y) dy (3.1.4)

1 − ΨK,t(x) ⩾
ˆ ∞

t
K(x + y)ΨK,t(y) dy (3.1.5)

have unique solutions in L1
loc(R). Furthermore, these solutions have the following properties:

(a▷) Smoothness and real codomain: ΦK,t, ΨK,t ∈ C1(R,R).

(b▷) Limit behavior: ΦK,t(x) − 1 − ΨK,t(x) for x > ⩾t and ΦK,t(x), ΨK,t(x) ∈ O(exp(c′♣x♣))
for any c′ > c(K).

(c▷) Diagonals do not vanish: ΦK,t(t) ̸− 0 and ΨK,t(t) ̸− 0.

In the special case t ≥ 0, we have ΦK,t(t) − 1 − ΨK,t(t) and

ΦK,t(x) − 1 ⩾
ˆ 0

x+t
K(y) dy (3.1.6)

ΨK,t(x) − 1 +
ˆ 0

x+t
K(y) dy. (3.1.7)

Proof. Appare♪tly, the claimſ for ΦK,t a♪d ΨK,t have a♪alogouſ proofſ, ſo we co♪ſider ΦK,t

o♪ly. We ˇrſt deal with the caſe t < 0. The equatio♪

1[t,⩾t](x) − Φ̃K,t(x) +
ˆ ∞

t
K(x + y)Φ̃K,t(y) dy (3.1.8)

haſ a u♪ique ſolutio♪ i♪ L2(t, ∞) becauſe 1[t,⩾t] ∈ L2(t, ∞) a♪d K⟦t⟧ + 1 iſ i♪vertible ſi♪ce ⩾1
iſ ♪ot i♪ the ſpectrum of K⟦t⟧ aſ it iſ ♪o eige♪value by co♪ditio♪ (K4) a♪d K⟦t⟧ iſ compact by
Lemma 3.1.3. For K iſ real, the real part of thiſ ſolutio♪ alſo iſ a ſolutio♪. Thiſ ſhowſ that
Φ̃K,t iſ real. Now, we claim that the co♪ti♪uouſ fu♪ctio♪ (cf. Remark 3.1.6)

ΦK,t(x) :
�
R → R
x �→ 1 ⩾ ´ ⩾x

⩾t KE(x + y) dy ⩾ ´∞
t K(x + y)Φ̃K,t(y) dy

(3.1.9)

iſ a ſolutio♪ of (3.1.4). For x > ⩾t the i♪tegralſ i♪ (3.1.9) va♪iſh becauſe of co♪ditio♪ (K2) a♪d
⩾x < ⩾t. He♪ce, ΦK,t(x) − 1 holdſ. For x ∈ ⟦t, ⩾t⟧, the ˇrſt i♪tegral i♪ (3.1.9) va♪iſheſ becauſe
of ⩾x ≤ ⩾t a♪d (3.1.8) yieldſ ΦK,t(x) − Φ̃K,t(x). Fi♪ally, for x > ⩾t the i♪tegral i♪ (3.1.8)
va♪iſheſ becauſe of co♪ditio♪ (K2) a♪d the left ſide va♪iſheſ, too. Thuſ, we have Φ̃K,t(x) − 0
a♪d (3.1.9) tur♪ſ i♪to

ΦK,t(x) − 1 ⩾

∈O(♣x♣ exp(c(K)♣x♣))� �� �ˆ ⩾x

⩾t
K(x + y) dy ⩾

∈O(exp(c(K)♣x♣))� �� �ˆ ⩾t

t
K(x + y)Φ̃K,t(y) dy

− 1 ⩾
ˆ ⩾x

t
K(x + y)ΦK,t(y) dy − 1 ⩾

ˆ ∞

t
K(x + y)ΦK,t(y) dy,

which alſo ſhowſ ΦK,t(x) ∈ O(exp(c′♣x♣)) by the mea♪ value theorem a♪d co♪ditio♪ (K1).
Differe♪tiability followſ from Remark 3.1.6 becauſe ΦK,t ∈ L1

loc(R,R). So,

dΦK,t(x)
dx

− ⩾
ˆ ∞

t
K ′(x + y)ΦK,t(y) dy − ⩾

ˆ ⩾x

t
K ′(x + y)ΦK,t(y) dy (3.1.10)
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holdſ a♪d thiſ fu♪ctio♪ iſ alſo co♪ti♪uouſ by Remark 3.1.6.
The differe♪ce f of two L1

loc(R) ſolutio♪ſ of (3.1.4) ſolveſ the equatio♪

0 − f(x) +
ˆ ∞

t
K(x + y)f(y) dy. (3.1.11)

I♪ particular, Remark 3.1.6 ſhowſ co♪ti♪uity of f . He♪ce, co♪ditio♪ (K2) yieldſ f(x) − 0 for
x > ⩾t a♪d we get 1[t,∞)f ∈ L2(t, ∞). The ſame argume♪t aſ uſed for (3.1.8) ſhowſ u♪ique
ſolvability of (3.1.11) o♪ L2(t, ∞) a♪d therefore 1[t,∞)f ≡ 0. Looki♪g at (3.1.11) o♪ce more, we
co♪clude f ≡ 0.
Applyi♪g i♪tegratio♪ by partſ to (3.1.10), we ſee

dΦK,t(x)
dx

−
ˆ ⩾x

t
K(x + y)dΦK,t(y)

dy
dy + K(x + t)ΦK,t(t) ⩾

=0� �� �
K(0) ΦK,t(⩾x). (3.1.12)

Aſſumi♪g ΦK,t(t) − 0 a♪d o♪ce agai♪ uſi♪g co♪ditio♪ (K2) to replace ⩾x by ∞ i♪ the ˇrſt
i♪tegral, dΦK,t

dx would ſolve (3.1.11), i.e. dΦK,t

dx ≡ 0 a♪d ΦK,t ≡ C ∈ R. We already proved that
1 iſ attai♪ed by ΦK,t. Aſ a co♪ſeque♪ce, (3.1.4) would ſimplify to

0 −
ˆ 0

x+t
K(y) dy

for a♪y x ∈ R, which mea♪ſ K ≡ 0. Thiſ would obviouſly co♪tradict co♪ditio♪ (K2).�
Fi♪ally, t ≥ 0 a♪d co♪ditio♪ (K2) imply K(x + y) − 0 for x > t a♪d y ≥ t. He♪ce, a pote♪tial
ſolutio♪ of (3.1.4) i♪ L1

loc(R) muſt meet ΦK,t(x) − 1 for x > t, (3.1.4) ſimpliˇeſ to (3.1.6) a♪d
u♪ique♪eſſ holdſ. O♪ the other ha♪d, (3.1.6) deˇ♪eſ a ſolutio♪ that clearly ſatiſˇeſ all claimed
propertieſ. ■

Remark 3.1.8. Due to Remark 3.1.6, the ide♪tity (3.1.10) remai♪ſ true for t ≥ 0. Therefore,
i♪tegratio♪ by partſ yieldſ (3.1.12) for arbitrary (t, x) ∈ (τ(K), ∞) × R. Similarly, we have

dΨK,t(x)
dx

− ⩾
ˆ ⩾x

t
K(x + y)dΨK,t(y)

dy
dy ⩾ K(x + t)ΨK,t(t) (3.1.13)

for (t, x) ∈ (τ(E), ∞) × R. �
He♪ceforth, we alwayſ refer to the ſolutio♪ſ of (3.1.4) a♪d (3.1.5) if we uſe ΦK,t a♪d ΨK,t for a♪
K ∈ K a♪d t ∈ (τ(K), ∞). If we wa♪t to ſtreſſ the importa♪ce of t, we write ΦK(t, x) :− ΦK,t(x)
a♪d ΨK(t, x) :− ΨK,t(x).
With thiſ, we have all the ♪eceſſary toolſ to ſtate the mai♪ theorem. U♪like ⟦9, Theorem 1.1.⟧
where Lemma 3.2.7 iſ uſed, we deˇ♪e the Hamilto♪ia♪ i♪ termſ of ΦKE

a♪d ΨKE
. The proof

of the theorem iſ the primary ſubject of the reſt of thiſ chapter.
Theorem 3.1.9. Let E be an element of E. For t ∈ (τ(KE), ∞), deĄne

HE(t) :−


ΦKE
(t, t)2 0
0 ΨKE

(t, t)2


. (3.1.14)

Then, HE is a continuous Hamiltonian with determinant 1, and every t ∈ (τ(KE), ∞) is regular.
Next, denote

AE(t, z) :− AE,t(z) :− ⩾ iz

2 E(z)
ˆ t

⩾∞
ΨKE

(t, x) exp(⩾izx) dx (3.1.15)

BE(t, z) :− BE,t(z) :− z

2E(z)
ˆ t

⩾∞
ΦKE

(t, x) exp(⩾izx) dx. (3.1.16)

Then, (AE , BE)t is the solution to H with initial values E in the following sense:
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(a▷) Fixing t ∈ (τ(KE), ∞), the terms AE,t(z) and BE,t(z) are analytic functions for Im(z) >
c(KE), and they can be extended to analytic functions on C \ ZE satisfying:

A#
E,t(z) − AE,t(z) AE,t(⩾z) − AE,t(z)

B#
E,t(z) − BE,t(z) BE,t(⩾z) − ⩾BE,t(z)

(3.1.17)

(b▷) Fixing z ∈ C \ ZE, both AE and BE are continuously differentiable with respect to t.

(c▷) (AE , BE)t solves (1.1.1) for t ∈ (τ(KE), ∞), z ∈ C \ ZE and the Hamiltonian from
(3.1.14).

(d▷) For z ∈ C \ ZE, we have

AE(0, z) − 1◁2(E(z) + E#(z))
BE(0, z) − i◁2(E(z) ⩾ E#(z))

and E(z) − AE(0, z) ⩾ iBE(0, z).

3.2 Properties of ΦK and ΨK

Before we ſtudy the i♪tegral equatio♪ſ of Lemma 3.1.7 with reſpect to the variable t, we focuſ
o♪ the ſolutio♪ſ of the followi♪g ſtro♪gly related i♪tegral equatio♪ſ (cf. ⟦9, Propoſitio♪ 2.2⟧).
For thiſ purpoſe, we o♪ly ♪eed the ker♪elſ K.
The ſtructure of thiſ ſectio♪ iſ baſed o♪ ⟦10, Sectio♪ 2⟧.

Lemma 3.2.1. For K ∈ K and a Ąxed t ∈ (τ(K), ∞) the integral equations

K(x + t) − ϕK,t(x) +
ˆ ∞

t
K(x + y)ϕK,t(y) dy (3.2.1)

K(x + t) − ψK,t(x) ⩾
ˆ ∞

t
K(x + y)ψK,t(y) dy (3.2.2)

have uniqe solutions in L1
loc(R). Furthermore, these solutions have the following properties:

(a▷) Continuity and real codomain: ϕK,t, ψK,t ∈ C(R,R).

(b▷) Differentiability: ϕK,t, ψK,t ∈ C1(R \ (ΛK ⩾ t),R).

(c▷) Limit behavior: ϕK,t(x) − 0 − ψK,t(x) for x > ⩾t and ϕK,t(x), ψK,t(x) ∈ O(exp(c(K)♣x♣)).
In the special case t ≥ 0, we have ϕK,t(t) − 0 − ψK,t(t) and ϕK,t(x) − K(x + t) − ψK,t(x).

Proof. The proof iſ very ſimilar to the proof of Lemma 3.1.7. Appare♪tly, the claimſ for ϕK,t

a♪d ψK,t have a♪alogouſ proofſ, ſo we co♪ſider ϕK,t o♪ly. We ˇrſt deal with the caſe t < 0.
The equatio♪

K(x + t) − ϕ̃K,t(x) +
ˆ ∞

t
K(x + y)ϕ̃K,t(y) dy (3.2.3)

haſ a u♪ique ſolutio♪ i♪ L2(t, ∞): Aſ K iſ co♪ti♪uouſ by co♪ditio♪ (K1) a♪d K(x + t) va♪iſheſ
for x > ⩾t by co♪ditio♪ (K2), K(▷ + t) lieſ i♪ L2(t, ∞). K⟦t⟧ + 1 iſ i♪vertible ſi♪ce ⩾1 iſ
♪ot i♪ the ſpectrum of K⟦t⟧ aſ it iſ ♪o eige♪value by co♪ditio♪ (K4) a♪d K⟦t⟧ iſ compact by
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Lemma 3.1.3. Becauſe K iſ real, the real part of thiſ ſolutio♪ alſo iſ a ſolutio♪. Thiſ ſhowſ
that ϕ̃K,t iſ real. Now, we claim that the co♪ti♪uouſ fu♪ctio♪ (cf. Remark 3.1.6)

ϕK,t(x) :
�
R → R
x �→ K(x + t) ⩾ ´∞

t K(x + y)ϕ̃K,t(y) dy
(3.2.4)

iſ a ſolutio♪ of (3.2.1). For x > ⩾t the i♪tegral a♪d K i♪ (3.1.7) va♪iſh becauſe of co♪di-
tio♪ (K2). He♪ce, ϕK,t(x) − 0 a♪d aſ a co♪ſeque♪ce ϕK,t ∈ L2(t, ∞) holdſ. Therefore, the
u♪ique ſolvability of (3.2.3) proveſ ϕK,t − ϕ̃K,t o♪ ⟦t, ∞). Co♪ſideri♪g thiſ i♪ the i♪tegral i♪
(3.2.4), we ſee that ϕK,t ſolveſ (3.2.1) with

ϕK,t(x) −
∈O(exp(c(K)♣x♣))� �� �

K(x + t) ⩾

∈O(exp(c(K)♣x♣))� �� �ˆ ⩾t

t
K(x + y)ϕK,t(y) dy ,

which alſo ſhowſ ϕK,t(x) ∈ O(exp(c(K)♣x♣)) by the mea♪ value theorem a♪d co♪ditio♪ (K1).
The differe♪ce f of two L1

loc(R) ſolutio♪ſ of (3.2.1) ſolveſ the equatio♪

0 − f(x) +
ˆ ∞

t
K(x + y)f(y) dy. (3.2.5)

I♪ particular, Remark 3.1.6 ſhowſ co♪ti♪uity of f . He♪ce, co♪ditio♪ (K2) yieldſ f(x) − 0 for
x > ⩾t a♪d we get f ∈ L2(t, ∞). The ſame argume♪t aſ uſed for (3.2.3) ſhowſ u♪ique ſolvability
of (3.2.5) o♪ L2(t, ∞) a♪d therefore 1[t,∞)f ≡ 0. Looki♪g at (3.2.5) o♪ce more, we co♪clude
f ≡ 0.
Differe♪tiability followſ from Remark 3.1.6 becauſe ϕK,t ∈ L1

loc(R,R). So,

dϕK,t(x)
dx

− K ′(x + t) ⩾
ˆ ∞

t
K ′(x + y)ϕK,t(y) dy

holdſ for R \ (ΛK ⩾ t). Thiſ fu♪ctio♪ iſ alſo co♪ti♪uouſ o♪ R \ (ΛK ⩾ t) by co♪ditio♪ (K3) a♪d
Remark 3.1.6.
Fi♪ally, t ≥ 0 a♪d co♪ditio♪ (K2) imply K(x + y) − 0 for x > t a♪d y ≥ t. He♪ce, a
pote♪tial ſolutio♪ of (3.2.1) i♪ L1

loc(R) muſt meet ϕK,t(x) − 0 for x > t, (3.2.1) ſimpliˇeſ to
ϕK,t(x) − K(x + t) a♪d u♪ique♪eſſ holdſ. O♪ the other ha♪d, ϕK,t(x) − K(x + t) deˇ♪eſ a
ſolutio♪ that clearly ſatiſˇeſ all claimed propertieſ. ■

From ♪ow o♪, we alwayſ refer to the ſolutio♪ſ of (3.2.1) a♪d (3.2.2) if we uſe ϕK,t a♪d ψK,t for a♪
K ∈ K a♪d t ∈ (τ(K), ∞). If we wa♪t to ſtreſſ the importa♪ce of t, we write ϕK(t, x) :− ϕK,t(x)
a♪d ψK(t, x) :− ψK,t(x).
The moſt delicate claim of Theorem 3.1.9 iſ differe♪tiability of AE a♪d BE with reſpect to t.
U♪fortu♪ately, the i♪tegral equatio♪ſ (3.1.4) a♪d (3.1.5) themſelveſ do ♪ot juſt give riſe to a
ŞLemma 3.1.7 for t‽. He♪ce, we uſe Sectio♪ 2.2 to get a co♪ſtructive repreſe♪tatio♪ of ϕK a♪d
ψK .

Lemma 3.2.2. For an K ∈ K and x ∈ R, both ϕK(▷, x) and ψK(▷, x) are elements of the spaces
C((τ(K), ∞),R) and C1((τ(K), ∞) \ (ΛK ⩾ x),R).

Proof. The proof of the differe♪tiabilty iſ baſed o♪ ⟦10, Lemma 2.5⟧.
Appare♪tly, ϕK a♪d ψK have a♪alogouſ proofſ, ſo we o♪ly co♪ſider ϕK . Setti♪g a♪d ˇxi♪g y − t
a♪d λ − ⩾1 for t ∈ (τ(K), ∞) i♪ (2.2.7) yieldſ

DK(x, t, ⩾1, t) − dK(⩾1, t)K(x + t) ⩾
ˆ ∞

t
DK(x, z, ⩾1, t)K(z + t) dz (3.2.6)
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for x ≥ t. I♪ Remark 2.2.4, we ſhowed that dK(⩾1, t) − 0 would imply (2.2.9) with µ − ⩾1
for a f ∈ L2(t, ∞) with f ̸≡ 0, i.e. K⟦t⟧ would have the eige♪value ⩾1. Thiſ would co♪tradict
co♪ditio♪ (K4).� Thuſ, we ca♪ divide (3.2.6) by dK(⩾1, t) a♪d get (3.2.1) for x ≥ t. Aſ the
ge♪eralized ˇrſt Fredholm mi♪or iſ co♪ti♪uouſ i♪ x a♪d va♪iſheſ for x ≥ ⩾t by Lemma 2.2.3,
we have

DK(▷, t, ⩾1, t)
dK(⩾1, t) ∈ L2(t, ∞).

By Lemma 3.2.1, the ſame applieſ to ϕK,t. Aſ K iſ co♪ti♪uouſ by co♪ditio♪ (K1) a♪d K(x + t)
va♪iſheſ for x > ⩾t by co♪ditio♪ (K2), K(▷ + t) lieſ i♪ L2(t, ∞). The operator K⟦t⟧ + 1 iſ
i♪vertible ſi♪ce ⩾1 iſ ♪ot i♪ the ſpectrum of K⟦t⟧ aſ it iſ ♪o eige♪value by co♪ditio♪ (K4) a♪d
K⟦t⟧ iſ compact by Lemma 3.1.3. He♪ce, we co♪clude

DK(▷, t, ⩾1, t)
dK(⩾1, t) − (K⟦t⟧ + 1)⩾1K(▷ + t) − ϕK,t

aſ eleme♪tſ of L2(t, ∞), a♪d the co♪ti♪uity of both ſideſ ſhowſ

DK(x, t, ⩾1, t)
dK(⩾1, t) − ϕK,t(x)

for x ≥ t. Thiſ a♪d (3.2.1) yield

ϕK,t(x) − K(x + t) ⩾
ˆ ∞

t
K(x + y)DK(y, t, ⩾1, t)

dK(⩾1, t) dy (3.2.7)

for x ∈ R. Replaci♪g ∞ with ⩾t a♪d ⩾s for a♪ s ∈ (τ(K), 0⟧ reſpectively by Lemma 2.2.3,
ſetti♪g S :− ⟦s, ⩾s⟧ \ ⟦t, ⩾t⟧, T :− ⟦t, ⩾t⟧ \ ⟦s, ⩾s⟧ a♪d ˇxi♪g x, we get

��� ˆ ∞

t
K(x + y)DK(y, t, ⩾1, t)

dK(⩾1, t) dy ⩾
ˆ ∞

s
K(x + y)DK(y, s, ⩾1, s)

dK(⩾1, s) dy
��� ≤

ˆ ⩾t

t
♣K(x + y)♣

���DK(y, t, ⩾1, t)
dK(⩾1, t) ⩾ DK(y, s, ⩾1, s)

dK(⩾1, s)
��� dy +

ˆ
S
♣K(x + y)♣

���DK(y, s, ⩾1, s)
dK(⩾1, s)

��� dy

(3.2.8)

or��� ˆ ∞

t
K(x + y)DK(y, t, ⩾1, t)

dK(⩾1, t) dy ⩾
ˆ ∞

s
K(x + y)DK(y, s, ⩾1, s)

dK(⩾1, s) dy
��� ≤

ˆ ⩾t

t
♣K(x + y)♣

���DK(y, t, ⩾1, t)
dK(⩾1, t) ⩾ DK(y, s, ⩾1, s)

dK(⩾1, s)
��� dy +

ˆ
T

♣K(x + y)♣
���DK(y, t, ⩾1, t)

dK(⩾1, t)
��� dy

(3.2.9)

depe♪di♪g o♪ whether s ≤ t or s > t. The ſeco♪d i♪tegralſ of (3.2.8) a♪d (3.2.9) va♪iſh at the
ſame rate for s → t becauſe the meaſureſ of S a♪d T te♪d to 0 a♪d the i♪tegra♪d iſ bou♪ded
for s a♪d y locally arou♪d t by co♪ti♪uity (co♪ditio♪ (K1) a♪d Lemma 2.2.3). Aſ the i♪tegra♪d
iſ co♪ti♪uouſ, the ˇrſt i♪tegral of (3.2.8) a♪d (3.2.9) te♪dſ to 0 for s → t by Lemma A.1.1.
He♪ce, (3.2.7) proveſ that ϕK(▷, x) iſ co♪ti♪uouſ o♪ (τ(K), ∞).
Ma♪y argume♪tſ for co♪ti♪uity i♪ the reſt of thiſ proof are tediouſ a♪d juſt ſlight modiˇcatio♪ſ
or reˇ♪eme♪tſ of argume♪tſ that we already diſcuſſed i♪ detail. We do ♪ot carry thoſe out i♪
full exte♪t a♪d juſt refer to the reſpective argume♪t they are baſed o♪.
For n ∈ N, we co♪ſider (2.2.3), but i♪ſtead of o♪ly t, we co♪ſider i♪tegral bou♪darieſ t1, ▷ ▷ ▷ , tn ∈
(τ(K), ∞). Fixi♪g all of theſe but o♪e tj for a j ∈ ¶1, ▷ ▷ ▷ , n♢, we ca♪ i♪tercha♪ge the i♪tegralſ
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ſuch that the tj o♪e iſ the outmoſt o♪e a♪d merge all the other o♪eſ. Thiſ iſ poſſible by
the virtue of Fubi♪i₤ſ theorem ſi♪ce the i♪tegra♪d iſ co♪ti♪uouſ a♪d va♪iſheſ outſide a cube.
The ſame argume♪t alſo allowſ uſ to apply Lemma A.1.1 to ſee that the merged i♪tegral iſ
co♪ti♪uouſ i♪ xj . Therefore, the fu♪dame♪tal theorem of calculuſ yieldſ differe♪tiability at tj

with derivative
(⩾1)n⩾1

n!

ˆ ∞

t1

▷ ▷ ▷

ˆ ∞

tn

K


x1, ▷ ▷ ▷ , xj⩾1, tj , xj+1, ▷ ▷ ▷ , xn

x1, ▷ ▷ ▷ , xj⩾1, tj , xj+1, ▷ ▷ ▷ , xn


dx1 · · · dxj⩾1 dxj+1 · · · dxn.

A♪ argume♪t ſimilar to the proof of Lemma 2.2.3 ſhowſ that thiſ fu♪ctio♪ iſ co♪ti♪uouſ o♪
(τ(K), ∞)n. He♪ce, the fu♪ctio♪ iſ co♪ti♪uouſly partially differe♪tiable, i.e. co♪ti♪uouſly differ-
e♪tiable, a♪d the chai♪ rule applied together with the fu♪ctio♪ s �→ (s, ▷ ▷ ▷ , s) at t ∈ (τ(K), ∞)
yieldſ the co♪ti♪uouſ derivative

d′
n(t) − (⩾1)n⩾1

n!
 ˆ ∞

t
▷ ▷ ▷

ˆ ∞

t
K


t, x2, ▷ ▷ ▷ , xn

t, x2, ▷ ▷ ▷ , xn


dx2 · · · dxn

+
ˆ ∞

t
▷ ▷ ▷

ˆ ∞

t
K


x1, ▷ ▷ ▷ , xj⩾1, t, xj+1, ▷ ▷ ▷ , xn

x1, ▷ ▷ ▷ , xj⩾1, t, xj+1, ▷ ▷ ▷ , xn


dx1 · · · dxj⩾1 dxj+1 · · · dxn

+
ˆ ∞

t
▷ ▷ ▷

ˆ ∞

t
K


x1, ▷ ▷ ▷ , xn⩾1, t

x1, ▷ ▷ ▷ , xn⩾1, t


dx1 · · · dxn⩾1


.

(3.2.10)

Setti♪g C − 0 i♪ (2.2.6), thiſ iſ bou♪ded by

♣d′
n(t)♣ ≤ n

n
2 M(t)n⩾1

(n ⩾ 1)! ſup
x∈[2t,0]

♣K(x)♣.

A♪alogouſly to the proof of Lemma 2.2.3 or Lemma 2.1.5, the ſerieſ
d
dt

dK(λ, t) ?−
∞�

n=0
d′

n(t)λn for λ ∈ C (3.2.11)

co♪vergeſ u♪iformly abſolutely i♪ (λ, t) o♪ every cloſed cube i♪ C × (τ(K), ∞), a♪d thuſ iſ
co♪ti♪uouſ. It iſ a well k♪ow♪ fact that the u♪iform co♪verge♪ce of the co♪ti♪uouſ derivativeſ
of the partial ſumſ implieſ that the ſerieſ iſ co♪ti♪uouſly differe♪tiable with derivative (3.2.11).
Becauſe of the co♪ti♪uity of DK (Lemma 2.2.3) a♪d co♪ditio♪ (K3), we ca♪ apply Remark 3.1.6
to (2.2.7) a♪d (2.2.8) a♪d get the partial derivativeſ

∂DK

∂y
(x, y, λ, t) − dK(λ, t)K ′(x + y) + λ

ˆ ∞

t
DK(x, z, λ, t)K ′(z + y) dz (3.2.12)

∂DK

∂x
(x, y, λ, t) − dK(λ, t)K ′(x + y) + λ

ˆ ∞

t
DK(z, y, λ, t)K ′(x + z) dz

for x + y ◁∈ ΛK . A♪ argume♪t ſimilar to (3.2.8), (3.2.9) a♪d Remark 3.1.6 proveſ that theſe
partial derivativeſ are co♪ti♪uouſ i♪ all variableſ aſ lo♪g aſ x + y ◁∈ ΛK holdſ. The i♪tegralſ
alo♪e are co♪ti♪uouſ without thiſ reſtrictio♪. Fixi♪g x, y ∈ R a♪d repeati♪g the argume♪t for
(3.2.10) for a t ∈ (τ(K), ∞), we get the partial derivative

∂Dn

∂t
(x, y, t) − (⩾1)n⩾1

n!
 ˆ ∞

t
▷ ▷ ▷

ˆ ∞

t
K


x, t, x2, ▷ ▷ ▷ , xn

y, t, x2, ▷ ▷ ▷ , xn


dx2 · · · dxn

+
ˆ ∞

t
▷ ▷ ▷

ˆ ∞

t
K


x, x1, ▷ ▷ ▷ , xj⩾1, t, xj+1, ▷ ▷ ▷ , xn

y, x1, ▷ ▷ ▷ , xj⩾1, t, xj+1, ▷ ▷ ▷ , xn


dx1 · · · dxj⩾1 dxj+1 · · · dxn

+
ˆ ∞

t
▷ ▷ ▷

ˆ ∞

t
K


x, x1, ▷ ▷ ▷ , xn⩾1, t

y, x1, ▷ ▷ ▷ , xn⩾1, t


dx1 · · · dxn⩾1


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for n ∈ N. A♪ argume♪t ſimilar to the proof of Lemma 2.2.3 ſhowſ that thiſ fu♪ctio♪ iſ
co♪ti♪uouſ o♪ R2 × (τ(K), ∞). Aſſumi♪g (x, y) ∈ ⟦C, ⩾C⟧ for a C < 0 a♪d co♪ſideri♪g (2.2.6),
thiſ iſ bou♪ded by

♣∂DK

∂t
(x, y, t)♣ ≤ (n + 1) n+1

2 M(t)n⩾1

(n ⩾ 1)!


ſup
x∈[2 min(t,C),0]

♣K(x)♣
2

.

A♪alogouſly to (3.2.11), the ſerieſ

∂DK

∂t
(x, y, λ, t) −

∞�
n=0

∂Dn

∂t
(x, y, t)λn for λ ∈ C

co♪vergeſ u♪iformly abſolutely i♪ (x, y, λ, t) o♪ every cloſed cube i♪ R2×C×(τ(K), ∞) a♪d iſ the
co♪ti♪uouſ partial derivative of DK with reſpect to t. Lemma 2.2.3 ſtateſ that DK(x, y, λ, t)
iſ e♪tire i♪ λ. Together with (2.2.4) a♪d the fact that power ſerieſ are differe♪tiated term
by term, thiſ ſhowſ that the partial derivativeſ of DK(x, y, λ, t) with reſpect to Re(λ) a♪d
Im(λ) are co♪ti♪uouſ i♪ all variableſ1, too. Summi♪g up, DK(x, y, λ, t) iſ co♪ti♪uouſly partially
differe♪tiable, i.e. co♪ti♪uouſly differe♪tiable aſ lo♪g aſ x + y ◁∈ ΛK holdſ, a♪d the chai♪ rule
applied together with the fu♪ctio♪ s �→ (0, s, 0, 0, s) at t ∈ (τ(K), ∞) yieldſ the co♪ti♪uouſ
derivative

d
dt

(DK(x, t, λ, t)) − ∂DK

∂y
(x, t, λ, t) + ∂DK

∂t
(x, t, λ, t) (3.2.13)

for x + t ◁∈ ΛK a♪d λ ∈ C.
Fixi♪g x ∈ R, we proved that the fu♪ctio♪

DK(x, t, ⩾1, t)
dK(⩾1, t) (3.2.14)

iſ co♪ti♪uouſly differe♪tiable i♪ t o♪ (τ(K), ∞) \ (ΛK ⩾ x). The co♪ti♪uity of the i♪tegral i♪
(3.2.12), co♪ditio♪ (K3) a♪d the already ſhow♪ co♪ti♪uity of dK(λ, t) a♪d ∂DK

∂t (x, t, λ, t) yield
that the derivative of (3.2.14) with reſpect to t iſ meaſurable a♪d bou♪ded o♪ every cloſed cube
i♪ R × (τ(K), ∞). Looki♪g at (3.2.6) a♪d uſi♪g the mea♪ value theorem for deˇ♪ite i♪tegralſ
a♪d co♪ditio♪ (K3), we ca♪ alſo ſhow exiſte♪ce of a♪ upper bou♪d of the differe♪tial quotie♪t
of (3.2.14) ſimilar to the o♪e i♪ co♪ditio♪ (K3). He♪ce, we have all the ♪eceſſary propertieſ to
apply Lemmaſ A.1.1 a♪d A.1.2. With a differe♪tial quotie♪t verſio♪ of (3.2.8) a♪d (3.2.9) a♪d
a verſio♪ with (3.2.13) i♪ the i♪tegra♪d, we ca♪ ♪ow differe♪tiate the i♪tegral i♪ (3.2.7) a♪d get
the co♪ti♪uouſ derivative

ˆ ∞

t
K(x + y) d

dt

DK(y, t, ⩾1, t)
dK(⩾1, t)


dy ⩾ K(x + t)DK(t, t, ⩾1, t)

dK(⩾1, t) .

Thiſ a♪d co♪ditio♪ (K3) prove ϕK(▷, x) ∈ C1((τ(K), ∞) \ (ΛK ⩾ x),R). ■

Remark 3.2.3. I♪ the proof of Lemma 3.2.2, we ſhowed dK(±1, t) ̸− 0 for t ∈ (τ(K), 0⟧ for a♪
K ∈ K. By Lemma 2.2.3, we have dK(±1, t) − 1 for t ≥ 0 a♪d that dK(±1, t) iſ co♪ti♪uouſ o♪
(τ(K), ∞). The deˇ♪itio♪ of d0, (2.2.3) a♪d co♪ditio♪ (K1) yield that dK(±1, t) iſ a real-valued
fu♪ctio♪. Therefore, the i♪termediate value theorem proveſ dK(±1, t) > 0 o♪ (τ(K), ∞).
We alſo have ſee♪ that dK(λ, t) iſ co♪ti♪uouſly differe♪tiable with reſpect to t for a♪y λ ∈ C
o♪ (τ(K), ∞) with derivative (3.2.11). �

1For a analytic function f , we have f ′(z) = ∂f
∂x

(z) = ⩾i ∂f
∂y

(z), where z = x + iy.
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Remark 3.2.4. For a♪ K ∈ K, the verſio♪ of (3.2.7) for ψK,t, t ∈ (τ(K), 0⟧ iſ

ψK,t(x) − K(x + t) +
ˆ ∞

t
K(x + y)DK(y, t, 1, t)

dK(1, t) dy (3.2.15)

for x ∈ R. �
Before we retur♪ to ΦK,t a♪d ΨK,t, we ♪eed o♪e more property of the diago♪alſ of ϕK a♪d ψK .
They tur♪ out to be the logarithmic derivativeſ of the ge♪eralized Fredholm determi♪a♪t at ±1.

Lemma 3.2.5. For an K ∈ K and t ≥ τ(K), the identities

⩾ d
dt

l♪(dK(⩾1, t)) − ⩾
d
dtdK(⩾1, t)
dK(⩾1, t) − ϕK(t, t)

d
dt

l♪(dK(1, t)) −
d

dtdK(1, t)
dK(1, t) − ψK(t, t)

(3.2.16)

and
exp

 ˆ 0

t
ψK(s, s) + ϕK(s, s) ds


− dK(⩾1, t)

dK(1, t) (3.2.17)

hold. In particular, the functions ϕK(t, t) and ψK(t, t) are continuous on (τ(K), ∞).

Proof. For t ≥ 0, Lemma 3.2.1 yieldſ ψK(t, t) − 0 − ϕK(t, t), a♪d by Lemma 2.2.3, we have
dK(±1, t) − 1. Thuſ, all the claimed propertieſ are obviouſ.
We ♪ow co♪ſider the caſe t ∈ (τ(K), 0). Looki♪g at (2.2.1), we ca♪ rewrite (3.2.10) for n ∈ N.
Aſ we have to ſwap the ſame amou♪t of adjace♪t rowſ a♪d adjace♪t colum♪ſ if we wa♪t to bri♪g
the two t e♪trieſ i♪ KE to the ˇrſt colum♪, we have

K


x1, ▷ ▷ ▷ , xj⩾1, t, xj+1, ▷ ▷ ▷ , xn

x1, ▷ ▷ ▷ , xj⩾1, t, xj+1, ▷ ▷ ▷ , xn


− K


t, x1, ▷ ▷ ▷ , xj⩾1, xj+1, ▷ ▷ ▷ , xn

t, x1, ▷ ▷ ▷ , xj⩾1, xj+1, ▷ ▷ ▷ , xn


(3.2.18)

for j ∈ ¶2, ▷ ▷ ▷ , n ⩾ 1♢ a♪d

K


x1, ▷ ▷ ▷ , xn⩾1, t

x1, ▷ ▷ ▷ , xn⩾1, t


− K


t, x1, ▷ ▷ ▷ , xn⩾1
t, x1, ▷ ▷ ▷ , xn⩾1


.

Re♪ami♪g xj⩾1, xj+1, ▷ ▷ ▷ , xn with xj , ▷ ▷ ▷ , xn⩾1 i♪ (3.2.18), we rewrite (3.2.10) to

d′
n(t) − (⩾1)n⩾1

(n ⩾ 1)!

ˆ ∞

t
▷ ▷ ▷

ˆ ∞

t
K


t, x1, ▷ ▷ ▷ , xn⩾1
t, x1, ▷ ▷ ▷ , xn⩾1


dx2 · · · dxn − Dn⩾1(t, t, t). (3.2.19)

I♪ the caſe n − 1, the deˇ♪itio♪ of d0 a♪d (3.2.19) yield

d′
1(t) − K(t + t) − K(t + t)d0(t). (3.2.20)

For n ≥ 2, we uſe Remark 2.2.4. I♪ our caſe, the recurre♪ce equatio♪ (2.2.10) readſ

d′
n(t) − K(t + t)dn⩾1(t) +

ˆ ∞

t
K(t + y)Dn⩾2(y, t, t) dy. (3.2.21)

We ♪ow multiply (3.2.20) by ⩾1 a♪d (3.2.21) by (⩾1)n a♪d ſum over n. Lemma 2.2.3 a♪d co♪di-
tio♪ (K1) guara♪tee u♪iform co♪verge♪ce i♪ y of the co♪ti♪uouſ partial ſumſ of the i♪tegra♪dſ
ſi♪ce we ca♪ replace ∞ with ⩾t i♪ the i♪tegral bou♪dary. He♪ce, the uſe of the domi♪ated
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co♪verge♪ce theorem to i♪tercha♪ge i♪tegral a♪d ſerieſ iſ juſtiˇed. Co♪ſideri♪g (2.2.2), (2.2.4)
a♪d (3.2.11), the recurre♪ce equatio♪ (3.2.21) tur♪ſ i♪to

d
dt

dK(⩾1, t) − ⩾K(t + t)dK(⩾1, t) +
ˆ ∞

t
K(t + y)DK(y, t, ⩾1, t) dy.

Dividi♪g by ⩾dK(⩾1, t) iſ poſſible becauſe of Remark 3.2.3, a♪d we get (3.2.7):

⩾
d
dtdK(⩾1, t)
dK(⩾1, t) − K(x + t) ⩾

ˆ ∞

t
K(x + y)DK(y, t, ⩾1, t)

dK(⩾1, t) dy − ϕK(t, t).

If we ſum (3.2.20) a♪d (3.2.21) over n without multiplyi♪g, the recurre♪ce equatio♪ (3.2.21)
tur♪ſ i♪to

d
dt

dK(1, t) − K(t + t)dK(1, t) +
ˆ ∞

t
K(t + y)DK(y, t, 1, t) dy.

Recalli♪g (3.2.15), thiſ yieldſ

d
dtdK(1, t)
dK(1, t) − K(x + t) +

ˆ ∞

t
K(x + y)DK(y, t, 1, t)

dK(1, t) dy − ψK(t, t).

Aſ Remark 3.2.3 ſtateſ that dK(±1, t) iſ co♪ti♪uouſly differe♪tiable o♪ (τ(K), ∞), we de-
duce co♪ti♪uity of ϕK(t, t) a♪d ψK(t, t). Furthermore, Remark 3.2.3 ſhowſ dK(±1, t) > 0
o♪ (τ(K), ∞). He♪ce, the logarithm of the ge♪eralized Fredholm determi♪a♪t iſ deˇ♪ed. Dif-
fere♪tiati♪g it with reſpect to t, we get (3.2.16). Uſi♪g theſe ide♪titieſ, we ca♪ calculate

exp
 ˆ 0

t
ψK(s, s) + ϕK(s, s) ds


− exp

 ˆ 0

t

d
ds

l♪(dK(1, s)) ⩾ d
ds

l♪(dK(⩾1, s)) ds


− exp(l♪(dK(⩾1, t)) ⩾ l♪(dK(1, t)))

− dK(⩾1, t)
dK(1, t) .

■

We are ♪ow ready to retur♪ to ΦK,t a♪d ΨK,t. The ♪ext theorem (cf. ⟦9, Propoſitio♪ 2.3.⟧) ſhowſ
a fu♪dame♪tal co♪♪ectio♪ betwee♪ ΦK,t, ΨK,t a♪d ϕK,t, ψK,t that allowſ uſ to lift propertieſ that
we juſt ſhowed.

Theorem 3.2.6. Fix any K ∈ K. Then, the functions ΦK(▷, x) and ΨK(▷, x) are continuously
differentiable on (τ(K), ∞) for every x ∈ R. Moreover, the identities

ϕK(t, x) − 1
ΦK(t, t)

∂

∂t
ΦK(t, x) − ⩾ 1

ΨK(t, t)
∂

∂x
ΨK(t, x) (3.2.22)

ψK(t, x) − 1
ΦK(t, t)

∂

∂x
ΦK(t, x) − ⩾ 1

ΨK(t, t)
∂

∂t
ΨK(t, x) (3.2.23)

hold for (t, x) ∈ (τ(K), ∞) × R.

Proof. Firſt, we recall (3.1.12) a♪d Remark 3.1.8. For (t, x) ∈ (τ(K), ∞) × R, thiſ mea♪ſ

d
dx

ΦK(t, x) −
ˆ ⩾x

t
K(x + y) d

dy
ΦK(t, y) dy + K(x + t)ΦK(t, t) (3.2.24)

30



Becauſe of Lemma 3.1.7, we have ΦK(t, t) ̸− 0 a♪d co♪ti♪uity of dΦK,t

dx (x) o♪ R for a ˇxed t. I♪
particular, we have dΦK,t

dx (x)◁ΦK(t, t) ∈ L1
loc(R) for a ˇxed t. Dividi♪g (3.2.24) by ΦK(t, t) a♪d

replaci♪g ⩾x with ∞ by co♪ditio♪ (K2) yield
1

ΦK(t, t)
∂

∂x
ΦK(t, x) −

ˆ ∞

t
K(x + y) 1

ΦK(t, t)
∂

∂x
ΦK(t, x) dy + K(x + t).

Together with (3.2.2) a♪d the u♪iqe♪eſſ ſtateme♪t i♪ Lemma 3.2.1, thiſ proveſ the ˇrſt equal
ſig♪ of (3.2.23). Similarly, we get the ſeco♪d o♪e of (3.2.22) via (3.1.13) a♪d (3.2.1) a♪d

1
ΨK(t, t)

∂

∂x
ΨK(t, x) − ⩾

ˆ ∞

t
K(x + y) 1

ΨK(t, t)
∂

∂x
ΨK(t, x) dy ⩾ K(x + t).

The co♪ti♪uity i♪ t iſ juſt a ſlight modiˇcatio♪ of the proof of the co♪ti♪uity of ϕK a♪d ψK i♪ t
(Lemma 3.2.2). He♪ce, we o♪ly outli♪e it. Aſ ΦK(t, x) − 1 − ΨK(t, x) holdſ for t ∈ (τ(K), ∞)
a♪d x > ⩾t by Lemma 3.1.7, we ca♪ uſe co♪ditio♪ (K2) to rewrite (3.1.4) to

ΦK(t, x) − 1 ⩾
ˆ ⩾t

t
K(x + y)ΦK(t, y) dy ⩾

ˆ ⩾x

⩾t
K(x + y) dy (3.2.25)

a♪d (3.1.5) to

ΨK(t, x) − 1 +
ˆ ⩾t

t
K(x + y)ΨK(t, y) dy +

ˆ ⩾x

⩾t
K(x + y) dy (3.2.26)

for (t, x) ∈ (τ(K), ∞) × R. I♪ the caſe x ≥ t, the ſeco♪d i♪tegralſ va♪iſh becauſe of co♪di-
tio♪ (K2). Thuſ, (3.2.25) a♪d (3.2.26) are i♪tegral equatio♪ſ of the form (2.1.1) if we ˇx t,
a♪d we ca♪ repreſe♪t ΦK(t, x) a♪d ΨK(t, x) for x ∈ ⟦t, ⩾t⟧ i♪ termſ of the ge♪eralized Fredholm
determi♪a♪t a♪d ˇrſt mi♪or (Fredholm alter♪ative, Lemma 2.2.3 a♪d Remark 3.2.3):

ΦK(t, y) − 1 ⩾
ˆ ⩾t

t

DK(y, z, ⩾1, t)
dK(⩾1, t) dz

ΨK(t, y) − 1 +
ˆ ⩾t

t

DK(y, z, 1, t)
dK(1, t) dz.

(3.2.27)

We ca♪ exte♪d theſe ide♪titieſ to x ≥ t ſi♪ce both ſideſ are 1 for x ≥ ⩾t by Lemma 3.1.7 a♪d
by Lemma 2.2.3. Uſi♪g theſe expreſſio♪ſ i♪ the i♪tegra♪dſ of (3.1.4) a♪d (3.1.5), we ca♪ ♪ow
proof co♪ti♪uity i♪ t with a double i♪tegral verſio♪ſ of (3.2.8) a♪d (3.2.9).
The proof of co♪ti♪uouſ differe♪tiability with reſpect to t for a ˇxed x ∈ R iſ juſt a modiˇed
verſio♪ of the proof of co♪ti♪uouſ differe♪tiability i♪ Lemma 3.2.2 uſi♪g (3.2.27) i♪ſtead of
(3.2.14). Thuſ, we omit it a♪d o♪ly give the reſultſ:

∂

∂t
ΦK(t, x) − ⩾

ˆ ∞

t
K(x + y) ∂

∂t
ΦK(t, y) dy + K(x + t)ΦK(t, t)

∂

∂t
ΨK(t, x) −

ˆ ∞

t
K(x + y) ∂

∂t
ΨK(t, y) dy ⩾ K(x + t)ΨK(t, t).

(3.2.28)

Remark 3.1.6 a♪d co♪ditio♪ (K1) eve♪ give co♪ti♪uity of (3.2.28) i♪ x o♪ R for a ˇxed t ∈
(τ(K), ∞). Becauſe of Lemma 3.1.7, we have ΦK(t, t) ̸− 0 ̸− ΨK(t, t). The co♪ti♪uity of
∂
∂tΦK,t(x) a♪d ∂

∂tΨK,t(x) o♪ R for a ˇxed t ∈ (τ(K), ∞) ſhowſ

∂

∂t

ΦK,t(x)
ΦK(t, t) ,

∂

∂t

ΨK,t(x)
ΨK(t, t) ∈ L1

loc(R).

Dividi♪g by ΦK(t, t) a♪d ΨK(t, t) reſpectively a♪d compari♪g (3.2.28) with (3.2.1) a♪d (3.2.2),
the u♪iqe♪eſſ ſtateme♪t i♪ Lemma 3.2.1 proveſ the ˇrſt equal ſig♪ of (3.2.22) a♪d the ſeco♪d
o♪e of (3.2.23). ■
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If we look at (3.1.14) a♪d recall the deˇ♪tio♪ of a Hamilto♪ia♪, the queſtio♪ ariſeſ wheter ΦK

a♪d ΨK are co♪ti♪uouſly differe♪tiable o♪ the diago♪al. We already proved a co♪ti♪uouſ varia♪t
for ϕK a♪d ψK i♪ Lemma 3.2.5. Luckily, the a♪ſwer tur♪ſ out to be yeſ:

Lemma 3.2.7. For an K ∈ K, the functions ΦK(t, t) and ΨK(t, t) are continuously differen-
tiable on (τ(K), ∞). Moreover, the identity

ΨK(t, t) − 1
ΦK(t, t) − dK(⩾1, t)

dK(1, t) (3.2.29)

holds on (τ(K), ∞).

Proof. Thiſ proof followſ the proof of ⟦9, Theorem 1.4.⟧.
The proof of the co♪ti♪uouſ differe♪tiability iſ o♪ce agai♪ a tediouſ but ♪ot difficult modiˇcatio♪
of the proof of co♪ti♪uouſ differe♪tiability i♪ Lemma 3.2.2 uſi♪g (3.2.27) i♪ſtead of (3.2.14).
He♪ce, we omit it a♪d o♪ly give the reſultſ2:

d
dt

ΦK(t, t) − ⩾
ˆ ∞

t
K(t + y) ∂

∂t
ΦK(t, y) dy +

ˆ ∞

t
K(t + y) ∂

∂y
ΦK(t, y) dy + 2K(t + t)ΦK(t, t)

d
dt

ΨK(t, t) −
ˆ ∞

t
K(t + y) ∂

∂t
ΨK(t, y) dy ⩾

ˆ ∞

t
K(t + y) ∂

∂y
ΨK(t, y) dy ⩾ 2K(t + t)ΨK(t, t)

for t ∈ (τ(K), ∞). Uſi♪g (3.2.22) a♪d (3.2.23), we have

d
dt

ΦK(t, t) ⩾ 2K(2t)ΦK(t, t) ⩾ ΦK(t, t)
ˆ ∞

t
K(t + y)(ψK(t, y) ⩾ ϕK(t, y))) dy − 0 (3.2.30)

a♪d

d
dt

ΨK(t, t) + 2K(2t)ΨK(t, t) + ΨK(t, t)
ˆ ∞

t
K(t + y)(ψK(t, y) ⩾ ϕK(t, y))) dy − 0. (3.2.31)

O♪ the other ha♪d, we ca♪ add (3.2.1) a♪d (3.2.2) together a♪d ſet x − t to get

ϕK(t, t) + ψK(t, t) − 2K(2t) +
ˆ ∞

t
K(t + y)(ψK(t, y) ⩾ ϕK(t, y))) dy. (3.2.32)

Subſtituti♪g (3.2.32) i♪ (3.2.30) a♪d (3.2.31) yieldſ

d
dt

ΦK(t, t) ⩾ (ϕK(t, t) + ψK(t, t))ΦK(t, t) − 0
d
dt

ΨK(t, t) + (ϕK(t, t) + ψK(t, t))ΨK(t, t) − 0.

By Lemma 3.2.5, we have co♪ti♪uity of ϕK(t, t) a♪d ψK(t, t) o♪ (τ(K), ∞). Therefore uſi♪g the
ide♪tity (3.2.17), theſe ordi♪ary differe♪tial equatio♪ſ are ſolvable with ſolutio♪ſ

ΦK(t, t) − C1 exp


⩾
ˆ 0

t
ψK(s, s) + ϕK(s, s) ds


− C1

dK(1, t)
dK(⩾1, t)

ΨK(t, t) − C2 exp
 ˆ 0

t
ψK(s, s) + ϕK(s, s) ds


− C2

dK(⩾1, t)
dK(1, t)

2We can guess these derivatives with the following ansatz: If ΦK were continuously differentiable, we could
compute the desired directional derivative with respect to (1, 1)t via (3.1.12) and (3.2.28).
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for ſome C1, C2 ∈ R a♪d t ∈ (τ(K), ∞). Setti♪g t − 0, Lemma 3.1.7 a♪d Remark 3.2.3 ſhow

1 − ΦK(0, 0) − C1
dK(1, 0)

dK(⩾1, 0) − C1

1 − ΨK(0, 0) − C2
dK(⩾1, 0)
dK(1, 0) − C2.

■

Remark 3.2.8. Combi♪i♪g Lemma 3.2.1, Lemma 3.2.2, Theorem 3.2.6 a♪d Lemma 3.2.7, we ſee
that ∂

∂tΦK(t, x), ∂
∂xΦK(t, x), ∂

∂tΨK(t, x) a♪d ∂
∂xΨK(t, x) are co♪ti♪uouſ i♪ t o♪ (τ(K), ∞) for a

ˇxed x ∈ R a♪d co♪ti♪uouſ i♪ x o♪ R for a ˇxed t ∈ (τ(K), ∞). �
We cloſe thiſ ſectio♪ with two uſeful corollarieſ of Theorem 3.2.6 a♪d Lemma 3.2.7. They are
baſed o♪ ⟦9, Propoſitio♪ſ 2.4. a♪d 2.5.⟧.

Corollary 3.2.9. For an K ∈ K, the integral equations

ΨK(t, x) − 1 + 1
ΦE(t, t)2

ˆ ⩾t

x

∂

∂t
ΦK(t, y) dy (3.2.33)

ΦK(t, x) − 1 + 1
ΨE(t, t)2

ˆ ⩾t

x

∂

∂t
ΨK(t, y) dy (3.2.34)

hold for (t, x) ∈ (τ(K), ∞) × R.

Proof. I♪tegrati♪g (3.2.22) a♪d (3.2.23), ΨK(t, ⩾t) − 1 − ΦK(t, ⩾t) by Lemma 3.1.7 yieldſ
ˆ ⩾t

x
ϕK(t, y) dy − ⩾ 1

ΨK(t, t)

ˆ ⩾t

x

∂

∂y
ΨK(t, y) dy − ⩾ 1

ΨK(t, t) + ΨK(t, x)
ΨK(t, t)ˆ ⩾t

x
ψK(t, y) dy − 1

ΦK(t, t)

ˆ ⩾t

x

∂

∂y
ΦK(t, y) dy − 1

ΦK(t, t) ⩾ ΦK(t, x)
ΦK(t, t) .

Multiplyi♪g by ΨK(t, t) a♪d ΦK(t, t) reſpectively a♪d applyi♪g (3.2.29), we get

ΨK(t, x) − 1 + ΨK(t, t)
ˆ ⩾t

x
ϕK(t, y) dy − 1 + 1

ΦK(t, t)

ˆ ⩾t

x
ϕK(t, y) dy

ΦK(t, x) − 1 ⩾ ΦK(t, t)
ˆ ⩾t

x
ψK(t, y) dy − 1 ⩾ 1

ΨK(t, t)

ˆ ⩾t

x
ψK(t, y) dy.

(3.2.35)

Applyi♪g Theorem 3.2.6 ſhowſ (3.2.33) a♪d (3.2.34):

ΨK(t, x) − 1 + 1
ΦK(t, t)

ˆ ⩾t

x

1
ΦK(t, t)

∂

∂t
ΦK(t, y) dy

ΦK(t, x) − 1 ⩾ 1
ΨK(t, t)

ˆ ⩾t

x
⩾ 1

ΨK(t, t)
∂

∂t
ΨK(t, y) dy.

■

Corollary 3.2.10. For an K ∈ K and t ∈ (τ(K), ∞), we have

dK(1, t)
dK(⩾1, t) − 1 ⩾

ˆ ⩾t

t
ϕK(t, y) dy (3.2.36)

dK(⩾1, t)
dK(1, t) − 1 +

ˆ ⩾t

t
ψK(t, y) dy. (3.2.37)
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Proof. Setti♪g x − t a♪d dividi♪g by ΨK(t, t) a♪d ΦK(t, t) reſpectively i♪ (3.2.35), we get

1 − 1
ΨK(t, t) +

ˆ ⩾t

t
ϕK(t, y) dy

1 − 1
ΦK(t, t) ⩾

ˆ ⩾t

t
ψK(t, y) dy.

(3.2.36) a♪d (3.2.37) ♪ow follow from Lemma 3.2.7. ■

3.3 Proof of Theorem 3.1.9
Before we get to the actual proof, we prove yet a♪other uſeful corollary of Theorem 3.2.6 a♪d
Lemma 3.2.7 (cf. ⟦9, Lemma 2.1.⟧):
Corollary 3.3.1. For an E ∈ E, Fixing t ∈ (τ(KE), ∞), (3.1.15) and (3.1.16) deĄne complex-
valued functions for Im(z) > c(KE). Moreover using the notation of Theorem 3.1.9, we have

AE,t(z) − dKE
(⩾1, t)

dKE
(1, t)

1
2E(z)


exp(⩾izt) +

ˆ t

⩾∞
ϕKE ,t(x) exp(⩾izx) dx


(3.3.1)

BE,t(z) − dKE
(1, t)

dKE
(⩾1, t)

i

2E(z)


exp(⩾izt) ⩾
ˆ t

⩾∞
ψKE ,t(x) exp(⩾izx) dx


. (3.3.2)

for (t, z) ∈ (τ(KE), ∞) × C with Im(z) > c(KE).
Proof. By co♪ditio♪ (E1), E(z) iſ a♪alytic for Im(z) > c(KE) a♪d therefore deˇ♪eſ a fu♪ctio♪.
The i♪tegralſ i♪ (3.1.15), (3.1.16), (3.3.1) a♪d (3.3.2) exiſt for Im(z) > c(KE) a♪d a ˇxed
t ∈ (τ(KE), ∞) becauſe Lemma 3.1.7 a♪d Lemma 3.2.1 yield co♪ti♪uouſ ΦKE ,t(x), ΨKE ,t(x) ∈
O(exp(c′♣x♣)) for a♪y c′ > c(KE) a♪d co♪ti♪uouſ ϕKE ,t(x), ψKE ,t(x) ∈ O(exp(c(KE)♣x♣)). More
preciſely, we have, for example,��� ˆ t

⩾∞
ΨKE ,t(x) exp(⩾izx) dx

��� ≤
ˆ t

⩾∞
C exp(c′♣x♣)♣exp(⩾izx)♣ dx (3.3.3)

≤
ˆ t

0
C exp(c′x)♣exp(⩾izx)♣ dx +

ˆ ∞

0
C exp(c′x) exp(Re(iz)x) dx

for a co♪ſta♪t C > 0. The ˇrſt i♪tegral alwayſ exiſtſ a♪d the ſeco♪d o♪e for Im(⩾z) −
Re(iz) < ⩾c′. Ig♪ori♪g the i♪tegral ſig♪ſ, thiſ alſo proveſ ΨKE ,t(x) exp(⩾izx) → 0 for x → ⩾∞
a♪d Im(z) > c(KE). Uſi♪g Theorem 3.2.6 for (t, z) ∈ (τ(KE), ∞) × C with Im(z) > c(KE), we
get

exp(izt) +
ˆ t

⩾∞
ϕKE

(t, x) exp(⩾izx) dx − exp(⩾izt) ⩾
ˆ t

⩾∞

∂
∂xΨKE

(t, x)
ΨKE

(t, t) exp(⩾izx) dx

exp(izt) ⩾
ˆ t

⩾∞
ψKE

(t, x) exp(⩾izx) dx − exp(⩾izt) ⩾
ˆ t

⩾∞

∂
∂xΦKE

(t, x)
ΦKE

(t, t) exp(⩾izx) dx.

ΨKE ,t(x) exp(⩾izx) → 0 a♪d ΦKE ,t(x) exp(⩾izx) → 0 for x → ⩾∞ a♪d the exiſte♪ce of all
i♪volved i♪tegralſ allow uſ to uſe i♪tegratio♪ by partſ:

exp(izt) +
ˆ t

⩾∞
ϕKE

(t, x) exp(⩾izx) dx − ⩾iz

ˆ t

⩾∞
ΨKE

(t, x)
ΨKE

(t, t) exp(⩾izx) dx

exp(izt) ⩾
ˆ t

⩾∞
ψKE

(t, x) exp(⩾izx) dx − ⩾iz

ˆ t

⩾∞
ΦKE

(t, x)
ΦKE

(t, t) exp(⩾izx) dx.

Subſtituti♪g (3.2.29) i♪ the right i♪tegralſ a♪d uſi♪g the reſultſ i♪ (3.3.1) a♪d (3.3.2) yield
(3.1.15) a♪d (3.1.16), i.e. AE a♪d BE . ■

34



Now, we get to the core part of thiſ theſiſ (cf. ⟦9, Sectio♪ 3⟧):

Proof. (Theorem 3.1.9)
Firſt, HE iſ co♪ti♪uouſ o♪ (τ(KE), ∞) by Lemma 3.2.7 a♪d the ſame lemma ſhowſ

det HE(t) −
�����ΦKE

(t, t)2 0
0 ΨKE

(t, t)2

����� −
�����ΦKE

(t, t)2 0
0 ΦKE

(t, t)⩾2

����� − 1

for all t ∈ (τ(KE), ∞). A ſi♪gular poi♪t would imply that 0 would locally be a♪ eige♪value of
the Hamilto♪ia♪. He♪ce, the determi♪a♪t would locally be 0. Therefore, the co♪ſta♪t value 1
of the determi♪a♪t ſhowſ that all t ∈ (τ(KE), ∞) are regular poi♪tſ of HE .
Fix t ∈ (τ(KE), ∞). By Corollary 3.3.1, both (3.1.15) a♪d (3.1.16) deˇ♪e complex-valued
fu♪ctio♪ſ for Im(z) > c(KE). Thuſ, we wa♪t to ˇ♪d two a♪alytic fu♪ctio♪ſ o♪ C \ ZE that
coi♪cide with (3.1.14) a♪d (3.1.15) reſpectively for Im(z) > c(KE): We claim that

1(⩾∞,t](x)ΨKE
(t, x) − 1(⩾t,∞)(x) ⩾ 1(t,∞)(x)ΨKE

(t, x) + 1(⩾∞,⩾t](x)

+
ˆ ∞

t
KE(x + y)ΨKE

(t, y) dy

1(⩾∞,t](x)ΦKE
(t, x) − 1(⩾t,∞)(x) ⩾ 1(t,∞)(x)ΦKE

(t, x) + 1(⩾∞,⩾t](x)

⩾
ˆ ∞

t
KE(x + y)ΦKE

(t, y) dy

(3.3.4)

holdſ for x ∈ R. I♪ fact, (3.3.4) iſ juſt a♪ rearra♪geme♪t of (3.1.4) a♪d (3.1.5) if we co♪ſider
theſe two equatio♪ſ o♪ce for x ≤ t a♪d o♪ce for x > t a♪d the♪ take the ſum. By Lemma 3.1.7,
we have

ΦKE
(t, x) − 1 − ΨKE

(t, x)

for x > ⩾t which proveſ

1(⩾t,∞)(x) ⩾ 1(t,∞)(x)ΨKE
(t, x) − ⩾1(t,⩾t)(x)ΨKE

(t, x)

a♪d
1(⩾t,∞)(x) ⩾ 1(t,∞)(x)ΦKE

(t, x) − ⩾1(t,⩾t)(x)ΦKE
(t, x).

Applyi♪g the complex Fourier tra♪ſform to (3.3.4) for Im(z) > c(KE) yieldſ
ˆ t

⩾∞
ΨKE

(t, x) exp(⩾izx) dx − ⩾
ˆ ⩾t

t
ΨKE

(t, x) exp(⩾izx) dx +
ˆ ⩾t

⩾∞
exp(⩾izx) dx

+
ˆ ∞

⩾∞
exp(⩾izx)

ˆ ∞

t
KE(x + y)ΨKE

(t, y) dy dx

ˆ t

⩾∞
ΦKE

(t, x) exp(⩾izx) dx − ⩾
ˆ ⩾t

t
ΦKE

(t, x) exp(⩾izx) dx +
ˆ ⩾t

⩾∞
exp(⩾izx) dx

⩾
ˆ ∞

⩾∞
exp(⩾izx)

ˆ ∞

t
KE(x + y)ΦKE

(t, y) dy dx

(3.3.5)

where applicatio♪ o♪ the left ſide iſ juſtiˇed by Corollary 3.3.1. The ˇrſt i♪tegralſ o♪ the right
ſide have i♪tegra♪dſ co♪ti♪uouſ i♪ (t, z) o♪ (t, ⩾t)×C a♪d a♪alytic i♪ z. Therefore, Lemma A.1.3
applieſ a♪d they are e♪tire i♪ z. The ſeco♪d i♪tegralſ ca♪ be calculated:

ˆ ⩾t

⩾∞
exp(⩾izx) dx − exp(izt)

⩾iz
⩾ lim

s→⩾∞
exp(⩾izs)

⩾iz
. (3.3.6)
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Si♪ce c(KE) < Im(z) iſ poſitive by co♪ditio♪ (K1), we have Re(⩾iz) > 0 a♪d the limit exiſtſ a♪d
iſ 0. By Lemma 3.1.7 a♪d co♪ditio♪ (K1), the third i♪tegralſ (co♪ſidered aſ double i♪tegralſ)
have i♪tegra♪dſ that are co♪ti♪uouſ i♪ (x, y) o♪ R × (t, ∞). Looki♪g at (3.1.5), we ſee that
ΨKE

(t, x) ∈ O(exp(c′♣x♣)) for a♪y c′ > c(K) from Lemma 3.1.7 implieſ
ˆ ∞

t
KE(x + y)ΨKE

(t, y) dy ∈ O(exp(c′♣x♣))

for a♪y c′ > c(K). Becauſe KE(x + y) va♪iſheſ for x > ⩾t a♪d y > t by co♪ditio♪ (K2), we
thuſ get

ˆ ∞

⩾∞

ˆ ∞

t
♣exp(⩾izx)KE(x + y)ΨKE

(t, y)♣ dy dx

−
ˆ ⩾t

⩾∞
♣exp(⩾izx)♣

ˆ ∞

t
♣KE(x + y)ΨKE

(t, y)♣ dy dx

≤
ˆ ⩾t

⩾∞
C exp(c′♣x♣)♣exp(⩾izx)♣ dx < ∞

for Im(z) > c′ > c(KE) a♪d a co♪ſta♪t C > 0 uſi♪g a♪ argume♪t ſimilar to the exiſte♪ce proof
(3.3.3) i♪ Corollary 3.3.1. Si♪ce c′ > c(KE) iſ arbitrarily choſe♪, thiſ proveſ exiſte♪ce of the
third i♪tegralſ a♪d juſtiˇeſ the uſe of Fubi♪i₤ſ theorem to get
ˆ ∞

⩾∞
exp(⩾izx)

ˆ ∞

t
KE(x + y)ΨKE

(t, y) dy dx

−
ˆ ∞

t

ˆ ∞

⩾∞
exp(⩾izx)KE(x + y)ΨKE

(t, y) dx dy

−
ˆ ∞

t
exp(izy)ΨKE

(t, y)
ˆ ∞

⩾∞
exp(⩾iz(x + y))KE(x + y) dx dy

− E#(z)
E(z)

 ˆ ⩾t

t
exp(izy)ΨKE

(t, y) dy +
ˆ ∞

⩾t

=exp(izy) by Lemma 3.1.7� �� �
exp(izy)ΨKE

(t, y) dy


− E(⩾z)
E(z)

 ˆ ⩾t

t
exp(izy)ΨKE

(t, y) dy + exp(⩾izt)
⩾iz


� �� �

argument similar to (3.3.6)

for Im(z) > c(KE) by co♪ditio♪ſ (E1) a♪d (E2). A ſimilar reſult iſ obtai♪ed for ΦKE
. To ſum

up, (3.3.5) tur♪ſ i♪to
ˆ t

⩾∞
ΨKE

(t, x) exp(⩾izx) dx − ⩾
ˆ ⩾t

t
ΨKE

(t, x) exp(⩾izx) dx + exp(izt)
⩾iz

+ E(⩾z)
E(z)

 ˆ ⩾t

t
exp(izy)ΨKE

(t, y) dy + exp(⩾izt)
⩾iz


ˆ t

⩾∞
ΦKE

(t, x) exp(⩾izx) dx − ⩾
ˆ ⩾t

t
ΦKE

(t, x) exp(⩾izx) dx + exp(izt)
⩾iz

⩾ E(⩾z)
E(z)

 ˆ ⩾t

t
exp(izy)ΦKE

(t, y) dy + exp(⩾izt)
⩾iz


(3.3.7)
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for Im(z) > c(KE). Replaci♪g (3.3.7) i♪ (3.1.15) a♪d (3.1.16) yieldſ

AE(t, z) − E(z)
2


iz

ˆ ⩾t

t
ΨKE

(t, x) exp(⩾izx) dx + exp(izt)


+ E(⩾z)
2


exp(⩾izt) ⩾ iz

ˆ ⩾t

t
ΨKE

(t, x) exp(izx) dx


BE(t, z) − i

2E(z)

iz

ˆ ⩾t

t
ΦKE

(t, x) exp(⩾izx) dx + exp(izt)


⩾ i

2E(⩾z)


exp(⩾izt) ⩾ iz

ˆ ⩾t

t
ΦKE

(t, x) exp(izx) dx


(3.3.8)

for Im(z) > c(KE). The right-ha♪d ſideſ are a♪alytic o♪ C \ ZE by co♪ditio♪ (E1). Therefore,
AE,t(z) a♪d BE,t(z) are a♪alytic fu♪ctio♪ſ for Im(z) > c(KE) that have a♪alytic co♪ti♪uatio♪ſ
with domai♪ C \ ZE . Aſ ΨKE

a♪d ΦKE
are real-valued by Lemma 3.1.7, co♪ditio♪ (E1) a♪d

exp(z) − exp(z) for z ∈ C imply that (3.1.17) holdſ.
For a t ∈ (τ(KE), ∞), Corollary 3.3.1, Lemma 3.2.7, Theorem 3.2.6 a♪d the limit bou♪dſ i♪
Lemma 3.2.1 juſtify the applicatio♪ of Lemma A.1.2 i♪ the ſe♪ſe of the proof of Lemma 3.2.2
a♪d i♪tegratio♪ by partſ like i♪ the proof Corollary 3.3.1 for each ˇxed z ∈ C \ ZE to get

∂

∂t
AE(t, z) − ⩾ iz

2 E(z) ∂

∂t

ˆ t

⩾∞
ΨKE

(t, x) exp(⩾izx) dx

− ⩾ iz

2 E(z)
 ˆ t

⩾∞
∂

∂t
ΨKE

(t, x) exp(⩾izx) dx + ΨKE
(t, t) exp(⩾izt)


− ⩾ iz

2 E(z)


⩾ ΨKE
(t, t)

ΦKE
(t, t)

ˆ t

⩾∞
∂

∂x
ΦKE

(t, x) exp(⩾izx) dx + ΨKE
(t, t) exp(⩾izt)


− ⩾ iz

2 E(z)


⩾ ΨKE
(t, t)

ΦKE
(t, t) iz

ˆ t

⩾∞
ΦKE

(t, x) exp(⩾izx) dx


− ⩾zΨKE
(t, t)2

z

2E(z)
ˆ t

⩾∞
ΦKE

(t, x) exp(⩾izx) dx


− ⩾zΨKE
(t, t)2BE(t, z)

a♪d

∂

∂t
BE(t, z) − z

2E(z) ∂

∂t

ˆ t

⩾∞
ΦKE

(t, x) exp(⩾izx) dx

− z

2E(z)
 ˆ t

⩾∞
∂

∂t
ΦKE

(t, x) exp(⩾izx) dx + ΦKE
(t, t) exp(⩾izt)


− z

2E(z)


⩾ ΦKE
(t, t)

ΨKE
(t, t)

ˆ t

⩾∞

∂

∂x
ΨKE

(t, x) exp(⩾izx) dx + ΦKE
(t, t) exp(⩾izt)


− z

2E(z)


⩾ ΦKE
(t, t)

ΨKE
(t, t) iz

ˆ t

⩾∞
ΨKE

(t, x) exp(⩾izx) dx


− zΦKE
(t, t)2


⩾ iz

2 E(z)
ˆ t

⩾∞
ΨKE

(t, x) exp(⩾izx) dx


− zΦKE
(t, t)2AE(t, z).

I♪ particular, AE a♪d BE are co♪ti♪uouſ i♪ t for each ˇxed z ∈ C \ ZE a♪d he♪ce theſe
ide♪titieſ eve♪ ſhow that the derivativeſ are co♪ti♪uouſ. Furthermore, we ca♪ eaſily verify that
theſe ide♪titieſ preciſely mea♪ that (AE , BE)t ſolveſ (1.1.1) for t ∈ (τ(KE), ∞) a♪d z ∈ C \ ZE

a♪d the Hamilto♪ia♪ HE .
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Fi♪ally ſetti♪g t − 0 i♪ (3.3.8), we have

AE(0, z) − 1◁2(E(z) + E#(z))
BE(0, z) − i◁2(E(z) ⩾ E#(z))

a♪d E(z) − AE(0, z) ⩾ iBE(0, z) by E#(z) − E(⩾z) i♪ co♪ditio♪ (E1). ■
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Chapter 4

Motivating the Choice of the Initial
Values

I♪ thiſ ˇ♪al chapter, we provide a motivatio♪ of the deˇ♪itio♪ſ of K a♪d E . Becauſe of the
complexity, we o♪ly give a♪ overview a♪d cite ſourceſ for proofſ a♪d collateral readi♪g. The
orga♪izatio♪ of thiſ chapter looſely followſ ⟦11⟧.

4.1 The Selberg Class
The deˇ♪itio♪ſ of K a♪d E are choſe♪ i♪ ſuch a way that they co♪tai♪ ker♪elſ ariſi♪g from
ſpecial ♪umber theoretic fu♪ctio♪ſ. He♪ce, we ♪eed the co♪cept of Dirichlet ſerieſ:

DeĄnition 4.1.1. Let a : N → C be a complex-valued ſeque♪ce. The♪, the (formal) ſerieſ
∞�

n=1

a(n)
ns

(4.1.1)

for s ∈ C iſ called a Dirichlet series. ∗∗
If we uſe L(s) for a Dirichlet ſerieſ, we replace a(n) i♪ (4.1.1) with aL(n).

DeĄnition 4.1.2. The Dirichlet ſerieſ

ζ(s) :−
∞�

n=1

1
ns

iſ called Riemann zeta-function. ∗∗
The ♪atural queſtio♪ that ♪ow ariſeſ iſ wheter Dirichlet ſerieſ co♪verge a♪d, if they do, wheter
they are a♪alytic.

Lemma 4.1.3. Let L(σ + it) be a Dirichlet series for σ, t ∈ R. There exists a σ0 ∈ ⟦⩾∞, ∞⟧
such that L(σ + it) converges for σ > σ0 and diverges for σ < σ0. On the half plane σ > σ0,
the Dirichlet series even is analytic.

Proof. e.g. ⟦12, Chapter I⟧ ■

Remark 4.1.4. We ca♪ eaſily verify that σ0 − 1 holdſ true for the Riema♪♪ zeta-fu♪ctio♪. �
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DeĄnition 4.1.5. Writi♪g s − σ + it with σ, t ∈ R for s ∈ C, the Selberg class S iſ deˇ♪ed aſ
the ſet of all Dirichlet ſerieſ

L(s) :−
∞�

n=1

aL(n)
ns

(4.1.2)

ſatiſfyi♪g:

Ţ For σ > 1, (4.1.2) co♪vergeſ abſolutely.

Ţ There exiſtſ a mi♪imal mL ∈ N ⊎ ¶0♢ ſuch that (s ⩾ 1)mLL(s) ca♪ be exte♪ded to a♪
e♪tire fu♪ctio♪ of ˇ♪ite order.1

Ţ We ca♪ ˇ♪d rL ∈ N⊎¶0♢, QL > 0, λL
1 , ▷ ▷ ▷ , λL

rL
> 0 a♪d µL

1 , ▷ ▷ ▷ , µL
rL

∈ C with a ♪o♪♪egative
real part a♪d a♪ ϵL ∈ C with ♣ϵL♣ − 1 ſuch that

ΛL(s) − ϵLΛ#
L (1 ⩾ s)

holdſ for s ∈ C \ ¶0, 1♢ a♪d

ΛL(s) :− Qs
L

rL

j=1

Γ(λL
j s + µL

j )L(s)

where Γ de♪oteſ the gamma fu♪ctio♪.

Ţ For every ε > 0, we have aL(n) ∈ O(nε). (The co♪ſta♪tſ ca♪ depe♪d o♪ ε.)

Ţ For ſufficie♪tly large σ, there exiſtſ a complex-valued ſeque♪ce bL with bL(n) − 0 if n iſ
the power of a prime a♪d bL(n) ∈ O(nθ) for a θ ∈ (0, 1◁2) ſuch that

∞�
n=1

bL(n)
ns

co♪vergeſ a♪d deˇ♪eſ a logarithm of L.

∗∗
Agai♪, the moſt promi♪e♪t eleme♪t of S iſ the Riema♪♪ zeta-fu♪ctio♪:

Lemma 4.1.6. The Riemann zeta-function ζ can be extended to an analytic function on C\¶1♢
with a simple pole at 1 with residue 1. Setting

Λζ(s) :− 1
2π⩾s◁2Γ

s

2

ζ(s) (4.1.3)

for s ∈ C and ϵζ :− 1, ζ ∈ S holds true.

Proof. e.g. ⟦13, Chapterſ 1 a♪d 2⟧ ■

DeĄnition 4.1.7. For a♪ L ∈ S, we deˇ♪e

ξL(s) :− smL(s ⩾ 1)mLΛL(s)

for s ∈ C. I♪ the caſe of ζ a♪d Λζ of (4.1.3), we get the Riemann xi-function

ξ(s) :− 1
2s(s ⩾ 1)π⩾s◁2Γ

s

2

ζ(s)

for s ∈ C. ∗∗
1Recall that the order of an entire function f is deĄned as the inĄmum of all r ≥ 0 with f(z) ∈ O(exp(♣z♣r))

as z → ∞.
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The Şreal‽ eleme♪tſ of the Selberg claſſ ♪ow give riſe to eleme♪tſ of K a♪d E .

Theorem 4.1.8. Let L ∈ S be a function with L ̸≡ 1, L(R \ ¶1♢) ⊆ R and ΛL(R \ ¶1♢) ⊆ R.
An example of such a function is ζ. DeĄne

Eω,ν
L (z) :− ξL(1

2 + ω ⩾ iz)ν

for z ∈ C, ω > 0 and ν ∈ N and deĄne

Kω,ν
L (x) :− 1

2π

ˆ ∞

⩾∞

Eω,ν
L (⩾u ⩾ iv)

Eω,ν
L (u + iv) exp(⩾ix(u + iv)) du

for x, u, v ∈ R, ω > 0 and ν ∈ N. Then, Kω,ν
L exists and is independent of v for v large enough.

If

2ων
rL�

j=1
λL

j > 1

holds true for ω > 0 and ν ∈ N, we have (Eω,ν
L , Kω,ν

L ) ∈ E.

Proof. ⟦11, Propoſitio♪ſ 4.1 a♪d 4.2⟧ ■

4.2 The Grand Riemann Hypothesis
Fi♪ally, Sectio♪ 4.1 ♪ow ſhowſ why ˇ♪di♪g Hamilto♪ia♪ſ for eleme♪tſ of E i♪ the ſe♪ſe of
Theorem 3.1.9 iſ motivated by the gra♪d Riema♪♪ hypotheſiſ.

Grand Riemann hypothesis. For an L ∈ S and s ∈ C, we have

ξL(s) − 0 −⇒ Re(s) − 1
2 .

□

Chooſi♪g ζ, we get the Riema♪♪ hypotheſiſ, i.e. all zeroſ of the Riema♪♪ xi-fu♪ctio♪ have real
part 1◁2.

Theorem 4.2.1. Let L ∈ S be a function with L ̸≡ 1, L(R \ ¶1♢) ⊆ R and ΛL(R \ ¶1♢) ⊆ R.
If there exists a function (νω)ω>0 to N such that

♣(Eω,νω

L )#(s)♣ < ♣(Eω,νω

L )(s)♣ (4.2.1)

holds for all ω > 0 and s ∈ C with Im(s) > 0, the Grand Riemann hypothesis holds for L.

Proof. ⟦11, Propoſitio♪ 2.1⟧ ■

Theorem 4.2.2. In the setting of Theorem 3.1.9, assume that

Ţ (AE , BE)t solves (1.1.1) for t ∈ (τ(KE), 0⟧, z ∈ C with Im(z) > 0 and the Hamiltonian
from (3.1.14).

Ţ (AE(t, z), BE(t, z))t ̸≡ (0, 0)t for every z ∈ C with Im(z) > 0 as a function of t.

Ţ For every z ∈ C with Im(z) > 0, we have

lim
t→τ(KE)

AE(t, z)BE(t, z) ⩾ AE(t, z)BE(t, z)
(z ⩾ z)π − 0. (4.2.2)
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Then, AE,t(z)⩾iBE,t(z) satisĄes (4.2.1) for every t ∈ (τ(KE), 0⟧. Setting t − 0, we in particular
have

♣E#(s)♣ < ♣E(s)♣
for all s ∈ C with Im(s) > 0.

Proof. ⟦10, Propoſitio♪ 2.4⟧ ■

Combi♪i♪g Theorem 4.2.2, Theorem 4.2.1, Theorem 4.1.8 a♪d Theorem 3.1.9, we ſee that the
queſtio♪ whether the Gra♪d Riema♪♪ hypotheſiſ holdſ for a♪ L ∈ S with L ̸≡ 1, L(R\¶1♢) ⊆ R
a♪d ΛL(R \ ¶1♢) ⊆ R iſ eſſe♪tially reduced to the queſtio♪ whe♪ (4.2.2) holdſ for Eω,ν

L .
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Appendix A

Auxiliary Results

I♪ thiſ ſhort appe♪dix, we cite reſultſ that are of fu♪dame♪tal importa♪ce for thiſ theſiſ a♪d
either are ♪ot co♪ſidered commo♪ k♪owledge for a graduate ſtude♪t or exiſt i♪ variouſ, ſlightly
differe♪t varia♪tſ, i.e. we quote them to preve♪t ambiguity. Sourceſ for proofſ are cited.

A.1 Integrals Depending on a Parameter
Lemma A.1.1. Let (Ω, A, µ) be a measure space, (M, d) a metric space, s ∈ M and f :
M × Ω → C a function with

Ţ f(t, ▷) ∈ L1(Ω, A, µ) for all t ∈ M

Ţ f(▷, x) is continuous at s for almost every x ∈ Ω.

Ţ There exists a function g ∈ L1(Ω, A, µ,R) such that

♣f(t, ▷)♣ ≤ g a.e.

holds locally around s. (The null set can depend on t.)

Then, the function F (t) :−
´

Ω f(t, x) dµ(x) is continuous at s.

Proof. e.g. ⟦14, Satz 9.34⟧ or ⟦15, Lemma 14.15.3⟧ ■

Lemma A.1.2. Let (Ω, A, µ) be a measure space, O an open subset of R, s ∈ O and f : O×Ω →
C a function with

Ţ f(t, ▷) ∈ L1(Ω, A, µ) for all t ∈ O

Ţ f(▷, x) is differentiable at s for almost every x ∈ Ω.

Ţ There exists a function g ∈ L1(Ω, A, µ,R) such that���f(t, ▷) ⩾ f(s, ▷)
t ⩾ s

��� ≤ g a.e.

holds locally around s. (The null set can depend on t.)

In particular, the last two items hold if there exist a function g ∈ L1(Ω, A, µ,R) and a Ąxed null
set N ∈ A such that ∂f

∂t (t, x) exists locally around s for all x ∈ Ω \ N and���∂f

∂t
(t, x)

��� ≤ g(x)
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holds. Then, the function F (t) :−
´

Ω f(t, x) dµ(x) is differentiable at s with

F ′(s) −
ˆ

Ω

∂f

∂t
(s, x) dµ(x).

Proof. e.g. ⟦14, Satz 9.36 a♪d Korollar 9.37⟧ or ⟦15, Lemma 14.15.4⟧ ■

Lemma A.1.3. Let (Ω, A, µ) be a measure space, G an open subset of C and f : G × Ω → C a
function with

Ţ f(z, ▷) ∈ L1(Ω, A, µ) for all z ∈ G

Ţ There exists a null set N such that f(▷, x) is analytic on G for every x ∈ Ω \ N .

Ţ For every compact set K ⊆ G, we Ąnd a function gK ∈ L1(Ω, A, µ,R) such that

♣f(z, x)♣ ≤ gK(x)

holds for every z ∈ K and x ∈ Ω \ N .
Then, the function F (z) :−

´
Ω f(z, x) dµ(x) is analytic on G with

F (n)(z) −
ˆ

Ω

∂nf

∂zn
(z, x) dµ(x).

Proof. e.g. ⟦15, Lemma 14.15.5⟧ ■

A.2 Laplace Transform
DeĄnition A.2.1. Let f : ⟦0, ∞) → C be meaſurable. Deˇ♪e σ(f) ∈ ⟦⩾∞, ∞⟧ aſ the i♪ˇmum
of all s ∈ R with

(t �→ exp(⩾st)f(t)) ∈ L1(⟦0, ∞)).
The♪, the Laplace transform of f iſ deˇ♪ed aſ Lf : ¶z ∈ C : Re(z) > σ(f)♢ → C with

(Lf)z :−
ˆ ∞

0
f(t) exp(⩾zt) dt.

∗∗
Lemma A.2.2. Let f, g : ⟦0, ∞) → C be measurable, η, b ∈ C with η ̸− 0 and a > 0. Then, we
have:

Ţ L0 − 0

Ţ σ(ηf) − σ(f) and L(ηf) − η(Lf)

Ţ σ(f + g) ≤ max(σ(f), σ(g)) and the Laplace transform is linear, i.e. (Lf + g)(z) −
(Lf)(z) + (Lg)(z) for z ∈ C with Re(z) > max(σ(f), σ(g)).

Ţ If f is real-valued, the Laplace tranform is real-valued, too. More general, (Lf)(z) −
(Lf)(z) holds if f is real-valued.

Ţ g(t) − f(at) implies σ(g) − aσ(f) and (Lg)(z) − 1
a(Lf)( z

a).

Ţ g(t) − f(t) exp(tb) implies σ(g) − σ(f) + Re(b) and (Lg)(z) − (Lf)(z ⩾ b).

Ţ Lf is analytic.

Ţ The Laplace transform is injective on the space of measurable functions from ⟦0, ∞) to C
with σ(▷) < ∞.

Proof. e.g. ⟦15, Propoſitio♪ 17.3.4 a♪d Propoſitio♪ 17.3.5⟧ ■
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A.3 Luzin N Property
DeĄnition A.3.1. A co♪ti♪uouſ fu♪ctio♪ f : ⟦a, b⟧ → R that mapſ ♪ull ſetſ to ♪ull ſetſ iſ ſaid
to have the Luzin N property. ∗∗
Lemma A.3.2. A function f : ⟦a, b⟧ → R is absolutely continuous iff it is continuous, of
bounded variation and has the Luzin N property.

Proof. ⟦5, Chapter IX.: 3. Co♪ti♪uouſ Mappi♪gſ: Theoremſ 3 a♪d 4⟧ ■

A.4 Hilbert-Schmidt Integral Operators
Remark A.4.1. Let (Ω1, A1, µ1) a♪d (Ω2, A2, µ2) be σ-ˇ♪ite meaſure ſpaceſ a♪d f : Ω1 ×Ω2 → C
a meaſurable fu♪ctio♪ o♪ the product ſpace (Ω1 × Ω2, A1 ⊗ A2). Aſſumi♪g

ˆ
Ω2

f(x, y) dµ2(y) ∈ C (A.4.1)

for almoſt every x ∈ Ω1 a♪d decompoſi♪g Re f a♪d Im f i♪to the poſitive a♪d ♪egative partſ,
Fubi♪i₤ſ theorem for poſitive meaſurable fu♪ctio♪ſ ſtateſ that (A.4.1) iſ meaſurable i♪ x o♪
(Ω1, A1, µ1) regardleſſ of wheter f iſ i♪tegrable over the product ſpace with µ1 ⊗ µ2 or ♪ot. �
Lemma A.4.2. Let ∅ −̸ D ⊆ R be open and connected and k ∈ L2(D × D). Then,

K :
�

L2(D) → L2(D)
f �→ (Kf)(x) :−

´
D k(x, y)f(y) dy

is a compact operator.

Proof. e.g. ⟦16, Theorem 8.83⟧. ■

DeĄnition A.4.3. The operatorſ diſcuſſed i♪ Lemma A.4.2 are called Hilbert-Schmidt integral
operators. ∗∗
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